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Excitations in the higher-lattice gauge theory model for topological phases. II.
The (2+1)-dimensional case
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In this work, the second paper of this series, we study the (2+1)-dimensional version of a Hamiltonian model
for topological phases based on higher-lattice gauge theory. We construct the ribbon operators that produce the
pointlike excitations. These ribbon operators are used to find the braiding properties and topological charge
carried by the pointlike excitations. The model also hosts looplike excitations, which are produced by membrane
operators. By considering a change of basis, we show that, in certain cases, some looplike excitations represent
domain walls between patches corresponding to different symmetry-related ground states, and we find this
symmetry. We also map the higher-lattice gauge theory Hamiltonian to the symmetry-enriched string-net model
for symmetry-enriched topological phases described by Heinrich, Burnell, Fidkowski, and Levin [Phys. Rev. B

94, 235136 (2016)], again in a subset of cases.
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I. INTRODUCTION

In this series of papers, we are examining the commut-
ing projector model for topological phases from Ref. [1],
based on higher-lattice gauge theory (see also Refs. [2-7]
for further work on these phases, as well as Refs. [8—10] for
work on similar models). In the previous paper in this series,
we discussed the higher-lattice gauge theory model in 3+1
dimensions [(3+1)D], but the model can also be defined in
241 dimensions [(2+1)D], as discussed in Ref. [1] (with a
generalization of this (2+1)D model also studied in Ref. [7]).
This lower-dimensional case exhibits interesting properties in
its own right. Despite the spatial lattice being 2D, the model
hosts looplike excitations. Furthermore, the ground state on
a sphere is generally degenerate [1]. These features are both
somewhat unusual, and are not found in generic models for
(24+1)D topological phases. We will find that, in certain cases,
both of these features can be explained by an additional,
spontaneously broken, symmetry. The looplike excitations (or
at least a subset of them) form domain walls between patches
corresponding to the different ground states. In these cases,
the model is therefore an example of a so-called “symmetry-
enriched topological phase,” or SET phase.

In an SET phase, in addition to long-range entanglement,
there is an enforced symmetry [11,12]. This can be con-
trasted with a symmetry-protected topological phase (SPT
phase), which is a short-range entangled phase where the
degrees of freedom can be “disentangled” smoothly into a
product state with a suitable local unitary evolution, but only
by breaking the symmetry [12,13]. When considering addi-
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tional enforced symmetries, the space of phases becomes even
richer, and so there has been considerable interest in SET
phases, and Hamiltonian models describing them [11,14-29].
One Hamiltonian model of particular interest is the symmetry-
enriched string-net model of Ref. [16], which generalizes the
Levin-Wen string-net model [30] to allow for an additional
symmetry. In this symmetry-enriched string-net model, which
we describe in more detail and relate to the higher-lattice
gauge theory model in Sec. VIII, there are additional degrees
of freedom on the plaquettes of the 2D lattice, with the sym-
metry affecting these degrees of freedom. In some cases this
symmetry may permute the anyons of the model, converting
one anyon type into another (although we do not find this
feature for the higher-lattice gauge theory model).

Another interesting feature exhibited by the higher-lattice
gauge theory model is condensation and confinement. This
refers to the situation where some topological charges join
the topological vacuum (trivial charge) [31-35]. During this
process some charges become confined, so that it costs energy
to separate an anyon from its associated antianyon. The theory
of anyon condensation in (241)D is well developed [31-35],
and commuting projector models that exhibit this property
include the family examined in Ref. [36], which is a gener-
alization of Kitaev’s quantum double model [37]. Indeed, we
will draw on the methods developed in Ref. [36] to explicitly
show which topological sectors are confined. We do this by
constructing the topological charge measurement operators
and demonstrating that certain measurement operators are
only compatible with confined excitations.

There are other advantages to considering the higher-lattice
gauge theory model in (2+1)D, despite the existence of the
(3+1)D model. The first advantage is theoretical: there al-
ready exists a well-understood structure for considering many
topological phases in (2+1)D. Bosonic topological phases
are believed to be characterized by modular tensor cate-
gories, along with the chiral central charge and other objects
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relating to any symmetry present [15,26,27]. In addition,
many features of topological phases in (2+1)D, including
the previously mentioned condensation and confinement, have
been extensively studied compared to their (341)D counter-
parts. This gives us a framework with which to understand the
features of any particular topological phase, but it also means
that any physics found outside the accepted structure would
be an interesting challenge to existing knowledge. The other
advantage is more pragmatic: there are by now many exam-
ples of experimentally observed (2+1)D topological phases,
including fractional quantum Hall systems [38—42] as well as
small fabricated systems [43]. It is therefore more realistic to
suppose that a (2+1)D phase may be observed in experiment
than a (34+1)D one (at least for the near future).

A. Structure of this paper

Here we briefly outline the layout of the rest of this paper.
We begin in Sec. II by reminding the reader of some con-
cepts and mathematical ideas discussed in Ref. [44]. Then in
Secs. III and IV we start describing our results by presenting
the ribbon operators in (2+1)D, for two of the special cases
described in Ref. [44] and more concisely here in Sec. II
(cases 1 and 3 from Table I). Ribbon operators create, an-
nihilate, and move the quasiparticles of our theory, so these
are the key to many of our other results. By obtaining these
operators, we can work out the fusion rules of our theory, that
is how we can bring multiple particles together and consider
them as a single object. The ribbon operators can also be
used to obtain the braiding relations of our theory, which
describe what happens when we move the excitations around
each other. We consider these braiding relations in Sec. V.
Having looked at these ideas in fairly general cases, in Sec. VI
we take two specific examples that highlight some of the
important features of this model. In Sec. VII, we interpret var-
ious features of the (241)D model when a particular operator
called > (which we define in Sec. II) is trivial, by changing
basis from group elements to irreps, and expose a symmetry
in the model. We then use this basis to construct a mapping
between some of the higher-lattice gauge theory models and
the symmetry-enriched string-net construction from Ref. [16].
Finally, in Sec. IX we consider the fopological sectors of
the models. The topological sectors classify the conserved
charges that the excitations carry. These sectors therefore
determine what distinct species of anyon are present in the
model. We examine how these sectors change when the model
undergoes a condensation-confinement transition, where some
charges join the topological vacuum and become trivial and
other charges become confined.

The proofs for many of our results are relegated to the
Supplemental Material [45]. In Sec. S-I, we calculate the
commutation relations between the ribbon and membrane op-
erators and the energy terms, therefore showing which energy
terms are excited. Then, in Sec. S-II, we prove that the non-
confined ribbon operators are topological, meaning that the
ribbon can be smoothly deformed without changing the action
of the ribbon operator. Next, in Sec. S-III, we demonstrate
the pattern of condensation for the magnetic excitations (i.e.,
which magnetic excitations are topologically trivial and can
be produced by local operators). An explicit calculation of the

braiding of the various excitations is presented in Sec. S-1V,
while the measurement operators for topological charge are
constructed in Sec. S-V. Then, in Sec. S-VI, we give some
miscellaneous algebraic proofs that support Sec. VII of the
main text. Finally, in Sec. S-VII, we show that, in certain
cases, it is possible to construct the magnetic excitations of the
model even when B> is nontrivial. In these cases, the magnetic
and electric excitations have an interesting pattern of con-
densation and confinement that depends on which degenerate
ground state we create the excitations from.

II. SUMMARY OF THE MODEL

Before describing our results, we would briefly like to
review some ideas we covered in the previous paper in this
series, Ref. [44], to prevent readers from needing to refer
back to that work (or Ref. [1], where the model was originally
defined) for definitions. The higher-lattice gauge theory model
is based on a generalization of ordinary lattice gauge theory,
where in addition to the ordinary (1-)gauge field, there is a
second 2-gauge field which describes a gauge symmetry on
the first gauge field itself. That is, while an ordinary gauge
field describes a transformation of pointlike objects (matter)
the higher gauge field describes a transformation of extended
objects, such as the Wilson lines.

We work with a 2D lattice, where the (directed) edges are
labeled by elements of a group G (the 1-gauge field) and
the plaquettes (which have both an orientation and a distin-
guished vertex called the base point) are labeled by elements
of a second group E (the 2-gauge field). These groups are
part of a “crossed module” and each crossed module de-
fines a different lattice model. A crossed module (G, E, 9, >)
consists of the two previously mentioned groups, together
with two maps 0 : E — G and > : G — Aut(E). Here 9 is
a group homomorphism from E to G which controls the
action of the 2-gauge transforms on the 1-gauge field, while
D> is another homomorphism that maps elements of G to
automorphisms on E (isomorphisms from E to itself) and
controls the action of the 1-gauge transforms on the 2-gauge
field. We write the automorphisms in the form g>> (so each
g>> is a particular isomorphism), and we denote this map
acting on an element e of E by gi> e. The fact that [> is a
homomorphism means that these maps have a group structure:
g1 > (g2>e) = (g182) > e for any elements g, g» € G and
e € E.In addition to restrictions put upon the maps > and d by
them being homomorphisms, the two maps must also satisfy
additional constraints, called the Peiffer conditions, in order
for the parallel transport processes described by the gauge
fields to be consistent [46,47]. These Peiffer conditions are

d(g>e) = gdle)g ", (1

de)> f=efe . )

Definition 1. A crossed module is a collection (G, E, 9, I>),
where G and E are groups, and 0 : E — G and > : G —
Aut(E) are group homomorphisms satisfying the Peiffer con-
ditions (1) and (2).

While the spatial dimensions are represented by a lattice,
the time dimension is continuous with evolution controlled by
a Hamiltonian. This Hamiltonian, as introduced in Ref. [1], is
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a sum of commuting projector terms:

H=— Y A=Y A—- Y B,

vertices, v edges, i plaquettes, p

where, unlike the version we used in Ref. [44], there are no
blob (3-cell) terms because the 2D lattice has no 3-cells. Here
the vertex term A, is an average over the 1-gauge transforms
at vertex v labeled by the different elements of G:

1
A== ) A @)
GI

geG

where A$ fluctuates the states of the surrounding edges i and
also changes the state of any plaquette p for which v is the
base point:

88i if v is the start of i,
AS:gi— {gig! ifvistheendofi,
gi otherwise,
> e, if v is the base point of p,
AS e, — {g ! : P NG
ep otherwise.

From this definition, we see that > describes how the
(1-gauge) vertex transforms act on the surface labels that
are based at that vertex. Geometrically, the vertex transform
acts like parallel transport of that vertex across an edge, and
so > describes how the 2-gauge field changes under such
parallel transport. Equivalently, it describes how the label of
the field changes when we alter the base point of a plaquette or
surface [1].

The individual vertex transforms satisfy the algebra
ASA" = A" which further leads to the result ASA, = A, (i.e.,
the vertex transforms can be absorbed into the corresponding
vertex term). Because of this, the vertex term is a projector
which projects onto states which are 1-gauge invariant at that
vertex. This also means that the ground states (which are
eigenstates of each vertex term with eigenvalue 1) can absorb
vertex transforms (i.e., the ground state is 1-gauge invariant):

A§ |GS) = A3A, |GS) = A, |GS) = |GS)

for all vertices v and elements g € G. In fact we can absorb
the vertex transform A% into any state for which the vertex v
is unexcited, not just the ground states.

Similarly, the edge term A4; is an average of the 2-gauge
transforms at edge i labeled by the different elements of the
group E:

1
A= — YA 6
7 6)

ecE

Here A¢ fluctuates the labels of the plaquettes adjacent
to the edge i, and multiplies the label of edge i itself

Vi4+1 v; = S(Z) Vi41 = 5(2) (¥

g(vo — s(i))

g(vo — (i)
Vo Vo

ep = eplg(vo — s(i)) > e ] ey — [g(vo — s(i)) > €] ep

FIG. 1. (Copy of Fig. 22 from Ref. [44]) The path involved in
the effect of the 2-gauge transform .A¢ on a plaquette p depends
on whether the edge i is aligned with the p (as in the left case)
or antialigned (as in the right case). If the edge is aligned with
the plaquette, then the path [vy — s(i)] in the transformation of the
plaquette label is aligned with p, whereas if i is antialigned with p,
then the path [vy — s(7)] is antialigned with p. Either way, the path is
aligned with the edge i.

by d(e):
A g — de)gr ifi= ii,
8 otherwise,
epfglvo(p) — ()l >e” '} ifiison pand
aligned with p,
Af tep = { {glvo(p) — (D] > elep, if i is on p and
points against p,
ep otherwise.

@)

Here vg(p) is the base point of plaquette p and s(i) is the
source of edge i (an edge points from its source vertex to its
target vertex). vo(p) — s(i) is the path around the plaquette,
following the circulation of the plaquette, from the base point
of p to the source of i. On the other hand, vg(p) — s(i) is the
path from the base point to the source of i traveling against the
circulation of the plaquette, as illustrated in Fig. 1.

These edge transforms satisfy an algebra analogous to the
vertex transforms. That is, we have .AfA{ = .Aff . This again
allows the individual transforms to be absorbed into the corre-
sponding energy term: A A; = A;. Because of this, the edge
terms project to states which are 2-gauge invariant at that edge
and in particular the ground state satisfies A{ |GS) = |GS) for
all edges i and elements e € E.

The two types of gauge transform satisfy the mutual
algebra [1]

ASTCAT
ACAS

ACAE = i if v is s'(i),
otherwise.

This means that the 2-gauge symmetry is not entirely 1-gauge

symmetric, with the discrepancy described by [>. Nonetheless,

the overall energy terms .4; and A, do commute because the

D> action can be absorbed into the sum over elements of E in

Eq. (6) for A;.

Finally, the plaquette term B, enforces so-called fake flat-
ness on the plaquette p [1]. A plaquette satisfies fake flatness
if its boundary path element g, is related to its plaquette
label e, by d(e,)g, = 1. B, then projects onto the states
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for which fake flatness of the plaquette p is satisfied. The
plaquette term enters the Hamiltonian with a minus sign, so
this leads to a reduction in energy for states satisfying fake
flatness. This energy term commutes with both the 1-gauge
transforms and 2-gauge transforms, so the Hamiltonian is in-
deed a commuting projector Hamiltonian. For readers familiar
with Kitaev’s quantum double model [37], which is based on
lattice gauge theory, this plaquette term (and the vertex term
from earlier) may seem familiar, except for the factor of d(e),).
Whereas in the quantum double model, the plaquette term
ensures that contractible closed loops have trivial label, in the
higher-lattice gauge theory model such closed loops can have
any label in the subgroup d(E) C G, provided that this label
matches the surface label contained within the closed loop.
Indeed, the edge transforms described by Eq. (7) ensure that
the ground state contains closed loops with these nontrivial
labels. As we will discuss in more detail later, this leads
to some of the magnetic vortices associated to G becoming
condensed, meaning they proliferate within the ground state.

This similarity to Kitaev’s quantum double model extends
beyond the plaquette term. Indeed, if we take the group E to
be trivial, then the higher-lattice gauge theory model reduces
to Kitaev’s model [37], with the vertex and plaquette terms
becoming the analogous terms from Kitaev’s model and the
edge terms becoming trivial. This is because the group E
describes a higher gauge field that acts on the original gauge
field and so taking it to be trivial recovers the ordinary lattice
gauge theory described by Kitaev’s model. For this reason,
it will be useful to compare and contrast the features of the
higher-lattice gauge theory model to those of the Kitaev quan-
tum double model. As we go on, we will find many similarities
with the quantum double model, but will also find interesting
properties not present in Kitaev’s model, such as looplike
excitations, confinement, and a ground-state degeneracy on
the sphere.

The final thing that we would like to discuss before getting
to our results is the special cases of the model. As described
in Ref. [44], there are some obstructions that prevent us from
considering a general crossed module without restricting to
fake flatness. In particular, in the most general case the edge
energy terms are not invariant under changes to the branching
structure of the lattice and moving the base point of a plaquette
all the way around the plaquette changes the plaquette label.
In (2+1)D, we are only able to consider two special cases
fully (rather than the three in (3+1)D, although we consider
some additional cases in Sec. VI A and in Sec. S-VII in the
Supplemental Material [45]). These are the cases when >
is trivial, but we do not restrict the Hilbert space, and the
case of a general crossed module, but where we restrict the
Hilbert space to only include fake-flat configurations (where
configurations are basis states for which each edge and pla-
quette is labeled by an appropriate group element). These two
special cases are shown in Table I. In the (34+1)D case we
were also able to deal with the case where E is Abelian and
0 maps to the center of G, but > is general and fake flatness
is not enforced on the level of the Hilbert space (case 2 in
Table I). However in the (2+1)D model we were not able
to construct the magnetic (fake-flatness violating) excitations
in this case (at least not generally, although see Sec. VIA3
and Sec. S-VII A in the Supplemental Material [45] for a

TABLE I. A summary of the special cases of the model in
(24+1)D. Note that case 2, which is a generalization of case 1 and
was examined closely for the (3+1)D case in Ref. [44], will not be
considered here for the (241)D case.

Full

Hilbert

Case E > Jd(E) space
1 Abelian Trivial C center(G) Yes
2 Abelian General C center(G) Yes
3 General General General No

construction in some cases). We note that restricting to the
case where > is trivial also simplifies the group E and the
map 9. The first Peiffer condition (g > ¢) = gd(e)g~" (for all
g€ G and e € E) becomes d(e) = gd(e)g~', which implies
that all elements 0(e) are in the center of G. Furthermore,
the second Peiffer condition d(e) > f = efe™! (for each pair
e, f € E)becomes f = efe~!, which implies that the group
E is Abelian.

II1. RIBBON OPERATORS WHEN > IS TRIVIAL

The creation and movement of the topological excitations
in the (24+1)D model are governed by ribbon operators. The
name ribbon operators [37] originates from the fact that, in
order to produce a pair of excitations, we typically have to
act along a ribbon whose end points lie at the positions of
the excitations. We must act along a ribbon, rather than just
locally at the location of our excitations, because the excita-
tions may carry a conserved charge, called fopological charge
[48]. Because this charge is conserved, we cannot create a
single charge-carrying excitation, and can instead only trans-
port charge along a path by producing two excitations with
opposite charge at the ends of the path. To do so we must act
along the entire path, hence the requirement for an operator
with linearly extended support. In addition to being linearly
extended, the width of the creation operator may also be small
but finite, hence the name ribbon operators, rather than string
operators. These ribbon operators underpin most of our other
results, and so we will start by constructing them and looking
at how they interact with the energy terms.

As we mentioned in Sec. I, due to the consistency issues
described in Ref. [44] (in Sec. I F), we restrict to the special
cases described in Table I. The first case that we look at is
the one where 1> is trivial (thatisgi>e=e Vge G, e € E).
In this case we find two simple types of pointlike excitations:
excitations that violate the vertex terms (electric excitations)
and excitations that violate the plaquette terms (magnetic
excitations). These excitations are analogous to the electric
and magnetic excitations of the Kitaev quantum double model
[37], as we will see in the next sections. We can also fuse
these two types of excitation to produce dyonic excitations,
which excite both the vertices and plaquettes at the ends of
the ribbon.

A. Electric excitations

The first excitations that we look at are the electric excita-
tions, corresponding to violations of the vertex energy terms.
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FIG. 2. (Copy of Fig. 37 from Ref. [44]) An electric ribbon
operator measures the value of a path and assigns a weight to each
possibility, creating excitations at the two ends of the path. In order
to find the group element associated to the path, we must first find
the contribution of each edge to the path. In this example, the edges
along the path are shown in black. Some of the edges are antialigned
with the path and so we must invert the elements associated to these
edges to find their contribution to the path. This is represented by the
gray dashed lines, which are labeled with the contribution of each
edge to the path.

In Sec. I we explained that the vertex terms enforced 1-gauge
symmetry on their lower-energy eigenstates. Therefore, the
electric excitations correspond to violations of this gauge
symmetry.

To study these excitations, we first construct their associ-
ated ribbon operators, which produce the excitations at the
ends of a ribbon. The electric ribbon operator acts along a
path made of connected edges from the lattice. This ribbon
operator measures the group element associated to that path
and then assigns a weight to each possible value. We define
an operator g(¢) which measures the group element of a path
t, where the path element is the product of the elements
associated to the edges along the path (or the inverse of the
edge element if an edge is antialigned with the path, as shown
in Fig. 2). Then the electric ribbon operators applied on a path
t are given by

$9(1) =) ad@(0). 9). ®)
geG

where o, are coefficients which describe the ribbon operator.
These operators commute with all of the plaquette energy
terms because both the ribbon operators and the plaquette
terms are diagonal in the basis described by group elements
(where the basis states are those for which each edge is la-
beled by an element of G and each plaquette is labeled by
an element of E). These ribbon operators also commute with
all of the vertex terms, except for the two at the ends of the
path. This is because the vertex transform only affects the
labels of paths starting or ending at that vertex, not paths
that just pass through the vertex. As we show in Sec. S-I A
in the Supplemental Material [45], if a path passes through a
vertex, then the vertex transform A% gives a factor of g~! to the
contribution to the path label from the edge on which the path
enters the vertex, and a factor of g to the contribution from
the edge on which the path leaves the vertex, which cancel.
This means that the only vertex transforms that affect the path
element are the ones applied on the two ends of the path,
and so only the vertex energy terms at these ends may fail
to commute with the ribbon operator.

If our ribbon operator commutes with particular energy
terms, it means that the ribbon operator does not excite those
energy terms. Therefore, the operator may excite the two
vertices at the ends of the path, but not any other vertices or

plaquettes. Notice that we have not yet mentioned the edge
terms. We will see later in this section that the edge terms are
significant and provide a mechanism for the confinement of
some of the electric particles.

Looking at the expression for our ribbon operators, given
in Eq. (8), we see that there is a |G|-dimensional space of
electric operators because we have a coefficient for each group
element. An appropriate basis for this space has basis vectors
labeled by the irreducible representations of the group G.
For these basis vectors, the coefficients are given by matrix
elements of the irreps:

sRab(r) = 3 (DR @b @(). 8). ©)

geG

where [DR(g)] is the matrix representation of g in representa-
tion R, while a and b are the indices of the matrix. The fact
that the operators labeled by the possible R, a and b in this
way do indeed form a basis for the space of electric ribbon
operators follows from the grand orthogonality theorem of
representation theory (a proof that such a change of basis
from group elements to irreps is allowed is given in Ref. [49],
for example). We expect (and show in Sec. S-V C 1 in the
Supplemental Material [45]) that the fopological sectors of
pure electric excitations are labeled by these irreps. A topo-
logical sector is a group of particle types that carry the same
conserved charge, called topological charge. Any degrees of
freedom within the sector (such as the matrix indices a and
b here) describe nonconserved, local quantities. These local
quantities may be changed by local operators, but to change
the topological charge of an excitation we must transport
that topological charge away using a ribbon operator. A par-
ticularly important idea related to topological charge is that
there must be a so-called vacuum topological charge, which
is carried by the ground state. We can see this reflected in the
electric ribbon operators. When R is the trivial irrep, given by
D'*(g) = 1 ¥ g € G, the ribbon operator is given by

Y 8,9 =1,

geG

which is just the identity operator. Naturally, the identity
operator does not produce any excitations, and so will not
excite the two vertices at the end points of the path. In fact, of
the electric ribbon operators labeled by the irreps of G, only
the electric ribbon labeled by the trivial irrep fails to excite the
two vertices. This suggests that the irrep labels the topological
charge and the trivial irrep corresponds to the vacuum charge.
This is true for pure electric excitations, but the picture is more
complicated when we also allow for magnetic excitations.
Nonetheless, the trivial irrep labels the case where the electric
part of the topological charge is trivial and labels the vacuum
if the magnetic part is also trivial.

Those familiar with Kitaev’s quantum double model [37]
may notice that these ribbon operators are exactly the same
as the ribbon operators corresponding to the electric exci-
tations in the Kitaev quantum double model. However, in
the higher-lattice gauge theory case, these electric excitations
have an additional feature: they may be confined. By confined,
we mean that when we create a pair of excitations from the
vacuum, there is an energy cost for pulling the pair apart.
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This energy grows with the length of the ribbon operator we
apply to move them. In this model, the mechanism for this
confinement is through the edge terms of the Hamiltonian.
Unlike in the Kitaev quantum double model, there are energy
terms associated to the edges of our lattice that allow the edges
to be excited. We find that some of the electric operators excite
every edge along the path that they act on, so that the energy
cost of the ribbon operator has a component proportional to
the length of the ribbon.

In order to determine which electric excitations are con-
fined, we need to consider how the edge terms interact with
the path element measured by the ribbon operators. Recall
from Sec. I that an edge transform .A{ changes the label of
the edge i on which the operator is applied by the element
d(e). Because a ribbon operator measures the group element
of a path on the lattice, the ribbon operator can be sensitive
to this change in path element and so will not commute with
the edge transform in general. However, the element d(e) is
not a general element of G, but instead lies in the image of 0.
This means that the potential noncommutativity of the ribbon
operators and edge transforms is controlled by the map a. For
example, if 8 mapped only to the identity element of G, then
the factor d(e) would be trivial and so the edge transform
would not affect the path element, meaning that all of the
ribbon operators would commute with the edge transforms.
Even when 9 is nontrivial, not every electric ribbon operator is
sensitive to factors in the image of d. Considering the general
electric ribbon operator given in Eq. (8), we can divide the
ribbon operators into a class of confined ribbon operators and
a class of unconfined ones. As we prove in Sec. S-I A of the
Supplemental Material [45], a ribbon operator is unconfined
if the coefficients o, satisfy

Qg =g forallge GandeeE. (10)

That is, the ribbon operator is unconfined if « is only a
function of the coset of d(E) in G and not of elements within
the coset. On the other hand, a ribbon operator is confined
in orthogonal cases, where the coefficients within each coset
sum to zero:

Zaga(e)ZOVgEG. (11

ecE

A general ribbon operator will have coefficients that can be
split into a sum of two parts, the first being a function of
coset only and the second summing to zero over a coset. This
pattern of confinement is the same as that for the related four-
dimensional (4D) field theory discussed in Ref. [8], where the
electric operators are confined if they can detect factors in a
subgroup 7 (H) [equivalent to d(E) here].

Another way to look at which ribbon operators are confined
is to use the irrep basis described in Eq. (9), for which it
is easy to separate the confined and unconfined excitations.
Because the image of 9 is a (normal) subgroup of G, each
irreducible representation of G gives us a representation of
d(E), by restricting the irrep to the subgroup. That is, for each
irrep R of G we have a representation of d(E), R,, defined
by Ry(h) = R(h) for h € 9(E). If this representation is trivial,
then the electric ribbon operator is not sensitive to changes to
the path element in d(E) and so is not sensitive to the edge
transform, therefore commuting with the transform (and the

edge energy term). On the other hand, if the ribbon operator
carries some nontrivial irrep of the image of d, then applying
the edge term (which is an average of the edge transforms
with each label in E) applies factors to the path element which
average over the elements in the image of d. Because aver-
aging over a nontrivial irrep gives zero by the orthogonality
theorem, this leads to the edge energy term annihilating the
state produced by the ribbon operator. This means that the
edge energy terms along the ribbon are excited by the ribbon
operator, and so the corresponding excitations are confined.

For example, consider the quaternion group Qg. This group
has elements 1, —1, i, —i, j, —j, k, and —k. The group has a
two-dimensional irrep with corresponding matrices given by
+1, and +io; (for [=1, 2, 3), where o; are the three Pauli
matrices. Qg has a Z, subgroup {1, —1}. By restricting the
two-dimensional irrep to these elements, we get the matrices
+1,, which form a (reducible) representation of the subgroup
Z,. As we see in this Qg example, the restricted represen-
tation R, need not be an irreducible representation of 9(E).
However, when > is trivial, d(F) is in the center of G (and
so the subgroup is Abelian). This means that, from Clifford’s
theorem [50], the restricted representation Ry branches into
copies of one particular (1D) irrep of 9(F), Ria"'. Because d(E)
is in the center of G, this can also be understood from Schur’s
lemma, which enforces that the matrices in the restricted irrep
must be scalar multiples of the identity matrix. As an example
of this branching, in the Qg example above, the 2D irrep gives
us two copies of the nontrivial irrep of Z,, which has phases
{1, —1} representing the two elements of Z,. If the irrep RI™
is trivial, so that Riar" (g) = 1 for all g € 9(E), then the excita-
tions labeled by the irrep R are unconfined. On the other hand,
if the irrep Ria”' is nontrivial (as in the example above) then
the excitations labeled by R are confined. A similar argument
holds when > is not trivial [so that d(E) is not in the center
of G, though in that case Ria”' need not be 1D, and rathe( than
copies of RY" we will have different irreps related to Ry" by
conjugation, as we can deduce from Clifford’s theorem [50].

Having obtained the ribbon operators that produce the
electric excitations, we can make use of them to examine
the properties of these excitations. One important property is
the set of fusion rules of the excitations. To understand fusion,
recall that our excitations carry some conserved charge. Then,
given two such excitations, we can bring them close together
and ask what their total charge is. We say that the two charges
fuse to the total charge. To find the fusion properties we
consider applying two electric operators in sequence on the
same path. This corresponds to the process where we produce
a pair of excitations and separate them using a ribbon operator,
before producing another pair of excitations and moving them
to the locations of the first pair, i.e., to the ends of the same
ribbon. Then we want to ask what total charge is located at
each end of the ribbon. Applying these ribbon operators, we
have that

D IDR ()ad (g, 2()) Y ID™ (k)ead(k, §(1))

geG keG

=Y > DM (1wl D (K)]ead (g, 218K, 3(1))

g€G keG
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=YY D" (@1a[D® (k)lead (g, KIS (K, &(t))

g€G keG

= Y [ID" (9)1a[D® ()1ad (g, 8(1)).

geG

As described previously in this section, the irreps R; and R,
label conserved charges, while the matrix indices describe
internal degrees of freedom. By allowing a, b, ¢, and d to
vary here (which moves us through the internal spaces of the
individual sectors), we see all possible results from fusing the
charges labeled by R; and R;. The result is the tensor product
of the irreps R; ® R,, with four matrix indices. This tensor
product is a representation but not necessarily an irreducible
one. However, we can then decompose this representation into
irreps. The resulting irreps will describe the possible charges
resulting from fusion. The fusion of the electric excitations is
therefore described by the decomposition of products of irreps
of the group G [i.e., the electric excitations are described by
the fusion category Rep(G), although the nonconfined excita-
tions form a subcategory].

For fusion it is not strictly necessary to have the ribbon
operators acting on the same path. It is sufficient to bring the
excitations close together. However, when the paths do not
align, we cannot simply write the product of ribbon opera-
tors as a single ribbon operator, and so we must use another
method to find the charge of the two excitations. We consider
how to find the charge of a general set of excitations in a
different way in Sec. IX. Having said that, there are cases
where we can combine operators on different paths simply.
This occurs when the path s has the same start and end
points as ¢, and s can be deformed smoothly into ¢ without
crossing any excitations. In this case, due to the plaquette
constraints satisfied by unexcited regions of the lattice, the
group elements assigned to the paths s and ¢ only differ by
an element of d(E). For the unconfined excitations, this has
no effect because such excitations are described by trivial
representations of d(E). This illustrates a general point: the
ribbon operators associated to nonconfined excitations in our
model are topological, in the sense that deforming the ribbons
over a region with no excitations does not affect the result
of acting with the operator. This is proven for each ribbon
and membrane operator in the Supplemental Material (see
Sec. S-1I) [45].

B. Magnetic excitations

The next type of excitation that we examine is called the
magnetic excitation, due to the similarity with the magnetic
excitation in the Kitaev quantum double model [37]. The
magnetic excitations are “flux” excitations, corresponding to
excited plaquette terms. They are called magnetic excitations
because they are associated to closed loops with nontriv-
ial flux (1-holonomy), just like the magnetic field in the
Aharanov-Bohm effect. Just as with the electric excitations,
the ribbon operators that produce the magnetic excitations are
the same as those in the Kitaev quantum double model [37].
To find the ribbon operators for the magnetic excitations, we
consider trying to excite a plaquette term. Recall from Sec. [
that the plaquette term measures the path around the plaquette
and checks if it is compatible with the surface element of the
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FIG. 3. If we consider trying to produce a single-plaquette ex-
citation by changing an edge label (here g;) we instead excite two
plaquettes, as shown in the second diagram. Changing further edges
(here the edge labeled by gs in the second diagram) just pushes these
excitations apart, as shown in the third diagram.

plaquette. Denoting the path around plaquette p, starting at the
base point of p and matching the orientation of the plaquette,
by r(p), the plaquette term is §(d(e,)g(r(p)), 1¢). Starting in
the ground state, to excite such a term we can either change
the plaquette label or the edge labels of the edges that make
up the path r(p). The former case is considered in Sec. III C.
Here we consider the latter approach. We consider trying to
change a single edge on a plaquette, by multiplying it by
some group element in G. However, each edge is shared by
two plaquettes, so performing this operation will excite two
plaquettes rather than one. For example, consider the situation
in Fig. 3. In the left image we have one of the configurations
in the ground state, satisfying the plaquette constraints. Then
we multiply the edge label g; by an element 4 (which will
label our magnetic ribbon operator) to give hg;. Looking at
the bottom plaquette (p;), initially

3(ep)g(r(p1)) = d(ep,)g185' 85 84 = 1a.

Then after our operator acts, we have

3(ep)8(r(p1)) = d(ep hg185' g5 84

= hd(ep,)818;' 85 84
— hlg
—h,

where we used the fact that d(e,) is in the center of G due
to > being trivial (see Sec. II). Looking at Fig. 3, we see that
changing g, will also excite the plaquette p,, as shown in the
middle diagram, because the corresponding edge is shared by
the two plaquettes p; and p,. Therefore, we consider trying to
correct the plaquette holonomy of p,, to leave p, unexcited,
by changing another edge label. To do this, we try multiplying
the edge label gs by some element x. The plaquette holonomy
of p, was originally given by

3(ep,)g(r(p2)) = d(ep,)gsgs ' 81 g7 = 1o
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FIG. 4. An example of a dual path on a lattice. This dual path
includes the shaded plaquettes, which take the role usually held by
vertices on a path. Note that the path passes through, rather than
along, the edges of the lattice.

After changing the two edges, we have instead that

3(ep,)8(r(p2)) = d(ep,)xgsgs gy 'h " g7
= xd(ep,)gs585 &1 ' (8787 ) g7
= x[0(ep,)g585 ' 87" 87]87 ' h " g7
=xlgg;'h g7

=xg;'h g (12)

We see that for this to give 15 (and so to leave the plaquette
unexcited), we need to choose x = g;lhg7. We note that the
value of x needed depends on the edge label g7 and therefore
depends on the state that the ribbon operator is acting on.
This action reduces to multiplying both edges by & when G
is Abelian, but in the non-Abelian case we need to keep track
of additional edge labels.

While this action leaves the plaquete p, unexcited, because
the second edge that we changed is also shared by two plaque-
ttes, a third plaquette (p3 in the figure) must now be excited.
Therefore, we have simply separated the two plaquette ex-
citations that we initially produced and cannot remove the
second excitation (at least not without moving it back to the
first excitation), indicating that the magnetic excitations are
produced in pairs.

Looking at Fig. 3, we note that the edges that we changed
(the ones labeled by gs and g;) are bisected by a path between
the two excited plaquettes. Indeed, generally to create two
plaquette excitations we must act on all edges that are bisected
by a path that connects those two plaquettes. This path exists
on the dual lattice: it travels between the centers of plaquettes
and bisects the edges of the lattice. This is in contrast with a
path on the direct lattice, which passes from vertex to vertex
along the edges of the lattice. Therefore, we call this path the
dual path of the ribbon operator. A simple example of such a
dual path is shown in Fig. 4.

We already mentioned that the factor x = g;lhg7 by which
we must change the second edge in our simple example (see
Fig. 3) is not a constant, but instead depends on the edge label
g7. The edge labeled by g7 lies on a path between the two
excited plaquettes, but on the direct lattice rather than the dual
lattice. Generally, to define our magnetic ribbon operator we
must define both a direct path, which passes from vertex to

FIG. 5. An example of the dual and direct paths. The dual path
is the (blue) double arrow between the shaded plaquettes and the
direct path is the (orange) solid line between the two vertices shown
by circles. The edges cut by the dual path of the magnetic ribbon
operator have their labels changed by the operator.

vertex along the edges of the lattice, and a dual path, which
passes between plaquettes and so cuts through edges on the
lattice. For example, in Fig. 3 the direct path is the edge
labeled by g7, while the dual path passes from plaquette p; to
plaquette p, and cuts through the edges labeled by g; and gs.
The space between the dual and direct paths forms a ribbon,
which is the origin of the name ribbon operator [37]. We give
an example of a ribbon, along with its corresponding direct
and dual paths, in Fig. 5.

Having given a rough motivation and description of the
magnetic ribbon operator, we will now be more specific about
its action. As we just described, when defining our ribbon
operator we must specify a dual path, which connects the
two plaquettes to be excited. We must also give a direct path,
which runs from a specified start point (which we usually take
to lie on the first excited plaquette) and a vertex on the second
excited plaquette. Which edges are affected by the multipli-
cation from the ribbon operator depends on the dual path, but
precisely which factor they are multiplied by depends on the
label of an appropriate section of the direct path. A magnetic
ribbon operator C”(t), labeled by an element / of G and acting
on a ribbon ¢, affects the label g; of an edge i cut by the dual
ribbon according to

if edgei points away
from the direct path,

g ' hg(i)gi

C't): g = (13)

gig@)~'h~'g(f;) ifi points towards

the direct path,

given that 7; is the path from the start point of the direct path
up to the edge i.

As an example of the action of the magnetic ribbon op-
erator, consider Fig. 6. We see that the cut edges are either
left multiplied by some element in the conjugacy class of 4,
or right multiplied by some element in the conjugacy class of
h~!, depending on whether the edge points into or out of the
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FIG. 6. An explicit example of the action of the magnetic ribbon
operator on the edges. The action on the edges cut by the dual path
(the vertical edges) depends on the labels of the edges on the direct
path (horizontal line) and on the orientation of the affected edges.

ribbon. The element within the conjugacy class is determined
by the direct path from the start of the ribbon to the edge
being cut. The reason that this dependence on the direct path
is necessary is that it ensures that plaquettes along the ribbon
(apart from at the ends of our ribbon) are not excited, as we
saw in our earlier example.

As we have discussed already, the ribbon operator has the
effect of exciting the two plaquettes at the end of the ribbon
(the shaded ones in Fig. 5). However, this is not the only
excitation that may be produced by the ribbon operator. The
first vertex on the direct path, which we call the start point
of the ribbon operator (the yellow circle in Fig. 5), may be
excited. The reason that this start point may be excited is the
dependence of the action of the magnetic ribbon operator on
the direct path. As shown in Fig. 6 and Eq. (13), the ribbon
operator multiplies the element of each edge cut by the dual
path by an element g(f;)~'hg(f;) or its inverse, where #; is
the path from the start point to the edge being changed, and
g(#;) is the group element assigned to that path. If we apply
a vertex transform at the start point, then we will change this
path element, and so the vertex transform will not commute
with the ribbon operator. Specifically, the action of the vertex
transform A} takes the path element g(7;) to gg(f;), which
means that the factor g(#;)~'hg(f;) in the action of the ribbon
operator becomes g(7;)~'g~'hgg(f;). We can think of this as
replacing the label / of the ribbon operator by g~'hg and so
our ribbon operator C"(t) becomes cs 'hs (¢) instead. In terms
of a commutation relation, we have

CM(OAS = ASCE4(0), (14)

where v is the start point of 7, and so generally the vertex

transform at the start point does not commute with the ribbon

operator. To determine whether the vertex is excited, we need

to look at the vertex energy term, which is an average over
. _ 1 g . .

the vertex transforms: A, = Gi > e Av- Applying this to our

commutation relation (14), we have

Z C¥8 (1)AS. (15)

geG

A,CH 1) =
1G|

Now we need to use this to evaluate the state produced
by acting with the ribbon operator on the ground state, to
see if the vertex is excited. Because A, is a projector, with
eigenvalue one for the lower-energy state and eigenvalue zero
for the higher-energy state, the expression A,C"(t) |GS) will
give zero if the vertex is excited and C"(¢) |GS) if it is not
excited. To evaluate this expression we can first use the fact
that the ground state is an eigenstate of the vertex term to pull
out a factor of A,, to obtain

A,CM1)|GS) = A,C"(1)A,|GS).

We can then use the commutation relation between the
ribbon operator and vertex term given in Eq. (15) to find that

1 L
ACMDIGS) = — ) " C¥ (1)A%A,|GS).
LCHD)IGS) |G|g§ (1)ASA,|GS)

Then, using the fact that ASA, = A, (as described in Sec. II)
we have

1 .
A,CH)|GS) = ﬁ > CEE (1)A,|GS)
geG

= — chhg (1IGS), (16)

| geG

where we used the relation A,|GS) = |GS) in the final step.
We therefore obtain an average over the ribbon operators
that have label in the conjugacy class of h. We see that
the magnetic ribbon operator does not generally produce an
eigenstate of A, when acting on the ground state, and so the
start-point vertex is not generally in an excited or unexcited
state. In order to construct ribbon operators that leave the
vertex in a definite energy state, we must construct a linear
combination of magnetic ribbon operators with different la-
bels h. A general magnetic operator on the path ¢ is given by
Ca(®) =) heq a,C"(t), where @ is a set of coefficients. Using
Eq. (16) with this linear combination, we obtain

=AY o,C"(1)|GS)

heG

=— Z > a,C¥ (1)|GS).

geG heG

A, G (D)[GS)

Replacing the dummy index /1 with i’ = ghg™!, we have

A,C5(t)|GS) = ZZO( S CY(0)IGS)
geGh’eG
= Z( D ey )Ch "IGS). (A7)

heG geG

Then, the coefficients & determine whether or not the start
point is excited. If the coefficients o, are a function of conju-
gacy class, so that o, = a1 V h, x € G, then the start-point
vertex is not excited. For example, we could have the op-
erator Cpj)(1) = Y C*™7'(¢), which is an equal sum over
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all elements of the conjugacy class of h. In this case the
expression ﬁ > ecG %g-1wg in Eq. (17), which averages over
elements in the conjugacy class of #/, just gives us oy be-
cause the coefficients are already a function of conjugacy class
(specifically, oy, is one if /' is in the same class as & and zero
otherwise). Therefore, the vertex term commutes with such
a linear combination of magnetic ribbon operators and so the
start-point vertex would be unexcited. On the other hand, if the
coefficients for the elements of each conjugacy class sum to
zero, then the vertex is excited. That is, the vertex is definitely
excited if deG Agtjyg1 =0 for each /' in G, as we can see
from Eq. (17). For example, consider the case where we have
a conjugacy class with two elements x and y, and we have a
superposition over only these two elements: aC*(t) + bC” (t).
If a + b = 0, then the vertex is excited.

Generally, any linear combination of basis magnetic ribbon
operators can be written as a sum of two parts, the first of
which is a function of conjugacy class and the second of which
has coefficients which sum to zero within each conjugacy
class. This is because, given coefficients a, for the elements
within a conjugacy class [g;], we can extract the average
coefficient to obtain the part which is a function of conjugacy
class, while the remainder will sum to zero. That is, we write

D aCit)=(a) Y CXO)+ Y (ag— (a))Ci(t), (18)

g€lgi] g€lgi] g€lgi]

where (a) is the mean coefficient for that conjugacy class. The
first term has the same coefficient for each operator in the
conjugacy class, and the coefficients in the second term sum
to zero by the definition of the mean. Therefore, our space
of ribbon operators can be decomposed in terms of ribbon
operators that excite the start point and ones that do not.

From considering the start-point excitations, we can see
that conjugacy classes of G are important when consider-
ing the magnetic ribbon operators. These conjugacy classes
are also important for considering the conserved topologi-
cal charge of the excitations, along with their braiding. We
can think of the magnetic excitation as being labeled by a
conjugacy class and some internal degrees of freedom which
describe the coefficients within the conjugacy class. The topo-
logical sectors will be unions of these classes, as we will
discuss in Sec. III E, while the internal degrees of freedom
contribute to the braiding of the magnetic excitations around
each other together with the conjugacy class.

Now that we have found the ribbon operators for the
magnetic excitations, we can consider fusion of the magnetic
excitations. If we apply two magnetic ribbon operators, la-
beled by g and 4, on the same ribbon in sequence, we get gh
or hg depending on the order in which we apply them (note
that these are in the same conjugacy class and so the resulting
excitations are in the same sector). That is, we have

C8(t)C"(t) = C¥" (1), (19)

when combining two ribbons of the form shown in Fig. 6.

In addition to considering ribbon operators that are purely
magnetic or purely electric, we can consider ribbons made
by applying both a magnetic and electric ribbon on the same
space (that is, the electric ribbon is placed on the direct path of
the magnetic one). We write this as F£(¢) = (g, g(t))C"(¢),

following the notation used by Kitaev in Ref. [37]. Note that,
while the magnetic part acts on a ribbon ¢, the electric oper-
ator only acts on the direct path of that ribbon. Nonetheless,
following Kitaev’s notation, we will use ¢ as the argument for
the electric part as well, and hope that it is clear which part
of the ribbon is relevant for the electric operator. These more
general ribbon operators obey the fusion rules

Fhg (t)th»gz (t) = 8(g1, gz)Fhth,gl(t). (20)

Note that the electric part is not labeled by an irrep, so to re-
cover the familiar fusion of electric excitations from Sec. IIT A
we must take appropriate linear combinations of these ribbon
operators.

C. Single-plaquette multiplication operators

In Sec. IIIB, we mentioned that there are two ways to
produce excitations of the plaquette energy terms. In addi-
tion to exciting the plaquettes by changing the edges around
them (as we did to produce the magnetic excitations), we can
change the plaquette label itself. This can be done simply by
multiplying a single-plaquette label e, by a group element e
(note that when E is Abelian we do not need to worry about
the order of multiplication). We denote the operator that does
this to a plaquette p by M¢(p) and refer to such operators as
“single-plaquette multiplication operators.” If e is in the kernel
of 9, applying the operator M¢(p) does not change d(ep).
Because the plaquette condition d(e,)g(boundary) = 15 only
depends on e, through d(e,), this means that no plaquette
excitation is formed. On the other hand, if e is not in the
kernel, this operator causes a fake-flatness violation and so we
have an excitation of a single plaquette p (no other plaquettes
are affected). Because this excitation is formed on its own by
a local operator, the excitation does not correspond to a non-
trivial anyon (it cannot carry nontrivial topological charge).

From the fact that the single-plaquette multiplication op-
erators, much like the magnetic ribbon operators, produce
plaquette excitations, we may suppose that there is a con-
nection between the two types of operator. Indeed, as we
show in Sec. S-III in the Supplemental Material [45], some
of the magnetic ribbon operators act on the ground state
in the same way as a pair of single-plaquette multiplication
operators applied on the two plaquettes at the ends of the
ribbon. Specifically, this is true for magnetic ribbon operators
whose labels lie in d(E). The single-plaquette multiplication
operators act on the plaquettes, whereas the ribbon operator
acts on the edges of the lattice, but for these particular ribbon
operators the difference between the two types of action is
a series of edge transforms that act trivially on the ground
state. This means that the action of such a magnetic ribbon
operator on the ground state is equivalent to that of local
operators (the single-plaquette multiplication operators) at the
ends of the ribbon. This indicates that the excitations produced
by such a ribbon operator are equivalent to those produced
by the (local) single-plaquette multiplication operators and
so are not topologically protected (the excitations must carry
trivial topological charge). Such an excitation is called con-
densed (we will discuss the concept of condensation further
in Sec. III E). Recalling from Sec. III B [see Eq. (19)] that
the fusion rule for magnetic ribbons is C#(¢)C"(t) = C# (1),
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FIG. 7. Consider an E-valued membrane operator applied on a
fragment of the lattice. We measure the surface label of the mem-
brane (shaded area) and apply a weight to each possibility. This
excites the edges on the boundary of the membrane (solid blue
edges). If > is nontrivial, we must choose a base point for the surface,
which we call the start point of the membrane (here represented by
the yellow dot).

we have that C8(¢)C?®(¢) = C2©)(¢). Then because C?®)(z)
is equivalent to the action of local operators when acting on
the ground state, we see that C4(¢) and C 29(e) (1) are equivalent
up to some local operators (again, when acting on the ground
state). This indicates that the magnetic excitations labeled
by g and gd(e) belong to the same topological sector. The
sectors are therefore not just given by conjugacy classes of
G, unlike in Kitaev’s quantum double model [37], but instead
are given by unions of conjugacy classes that are related by
multiplication by elements of d(E). We can think of these
unions as conjugacy classes of cosets of d(E) in G. This
is because a class that includes an element g includes all
elements of each coset xgx~'d(E) for each x € G (i.e., the
elements of cosets corresponding to elements of the conjugacy
class of g in G). Because d(E) is a normal subgroup, these
cosets can also be written as xgd (E)x ™.

D. Loop excitations

In addition to the features of confinement and condensation
(which can be seen in other extensions to the Kitaev quantum
double model, such as the models studied in Ref. [36]), there
are additional looplike excitations, despite the (2+1)D nature
of the model. These loop excitations are formed by excited
edges, with these edges connecting together to give us a loop.
To construct the excitations, we must act with an operator that
has support across an extended surface, rather than just on a
ribbon. Such an operator is called a membrane operator, and
produces excitations along the boundary of the membrane, as
shown in Fig. 7.

The membrane operators for our loop excitations, which
we will call E-valued membrane operators, act by measuring
the total group element assigned to the surface (calculated
using the rules for composing surfaces given in Ref. [1])
and then applying a weight based on the group element
measured. The operator that measures the total surface el-

ement of the membrane m is denoted by é(m) and can be
expressed as

e(m) = ]‘[

plaquettes pem

g(s.p.(m) — vo(p)) > ¢,

where vy (p) is the base point of plaquette p, s.p.(m) is the start
point of the membrane (which is the base point with respect
to which we measure the surface label), and o, is +1 or —1
to account for the relative orientations of p and m (1 if p and
m are aligned, —1 otherwise). For a general crossed module,
the order of multiplication and the paths [s.p.(rm) — vo(p)]
must be determined using the rules for composing surfaces.
In the present case, where > is trivial (case 1 in Table I), the
expression for the surface label simplifies to

o
[T .

plaquettes pem

é(m) =

and because E is Abelian when > is trivial, the order of
multiplication is arbitrary. The membrane operator is then

L7(e) =) yeb(e, e(m)), @1)

eck

where y, is some set of coefficients. Allowing these co-
efficients to vary gives us a space of possible membrane
operators. This space is (much like the space of electric ribbon
operators) conveniently spanned by irreducible representa-
tions, this time of E. In the case where > is trivial, the group
E must be Abelian and so these irreps are 1D. We therefore
do not need to include matrix indices for our basis vectors,
as we did for the electric operators in Eq. (9). Then the basis
operator labeled by irrep p of E is

L'(m) =) u(e)d(e, o(m)). (22)

eckE

Note that we use greek letters to represent irreps of E through-
out this paper, in order to differentiate them from the irreps
of G, which we represent with upper case roman letters
(typically R).

In a similar way to the fusion of particles, we can fuse
two loops by applying their membrane operators on the same
surface. The membrane operators obey a similar algebra to the
electric ribbon operators. We have

LHm)L"(m) =) p(e)d(e, é(m)) Y v()S(f, é(m))

ecE f
=Y u(e)sle, e(m) Y v(f)S(f, e)
ecE f
=D mew(e)s(e, &(m))
eek
= L"V(m), (23)

from which we see that two excitations labeled by irreps fuse
by multiplication of those irreps. Because the irreps are 1D,
the result of this fusion is an irrep (rather than generically
being a reducible representation as for the general case). This
means that there is only one possible fusion channel (unlike
for the electric excitations where we had branching into mul-
tiple irreps). Such fusion is called Abelian [48].
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FIG. 8. Consider applying two E-valued membrane operators
on two membranes m; and m, (enclosed within the red and blue
loops on the left side of the image), where one membrane (m,) is
contained within the other (m;) and the two membranes share part
of their boundary. Then applying both of these membrane operators
results in the situation shown in the top of the image, where the
common boundary is represented by the thicker purple line at the
top right. We can decompose this product of membrane operators as
two membrane operators acting on the membranes n and m, shown
on the right of the image, which do not share any area. Then the only
operator acting near the previously shared boundary is the membrane
operator acting on the region m, enclosed by the (purple) string in the
bottom right of the image, and the label of this membrane operator
can be obtained from the labels of the original membrane operators
by using the fusion rules from Eq. (23).

Unlike point particles, looplike excitations are extended,
and do not need to be fused along their entire length. That is,
we can consider a case where parts of the loops fuse into a
combined string and then split further along the loops’ bound-
ary, as shown in Fig. 8. For example, this can occur if the two
membrane operators that produce the loops share part, but not
all, of the membrane with each other. Consider the case where
we have two membrane operators L*(m;) and L"(m,) applied
on membranes m; and m,, for which m, is entirely contained
within m;. Further, in order to fuse the strings produced along
the boundaries of the membranes, we consider the case where
the boundary of m; includes some of the boundary of m;, as
shown in Fig. 8. Then some of the excited edges, those on
the shared boundary of the two membranes, are excited due
to the combined action of the two membrane operators, and
so should correspond to a fused string. We therefore expect
this part of the string to correspond to an irrep w - v, just as
for the case of complete fusion discussed above. This can be
shown directly by explicitly considering the action of the two
membrane operators on the shared parts of the membrane and
the parts exclusively in m; (i.e., not in m,). We will refer to
this latter part of the membrane as n. Then we can write the
surface element of m; in terms of the elements of the shared

and exclusive parts as é(m;) = é(mp)é(n). This allows us to
rewrite the product of membrane operators as

L' (my)L" (m2)
=Y u(e)sle, e(m)) Y v(£)S(f, e(ma))
eckE f
=Y ue)s(e. e(my)e(n)) Y v(f)S(f. &(my))
ecE f
=Y (e)s@im) e, e(n) Y v(IS(f, e(m)).
ecE f

Then we can use the fact that we are applying §(f, é(m,))
to replace the element &(m>)~" in the other Kronecker delta
with £~1. This gives us

L' (my)L" (my)
=Y w@s(f e, e(m) Y v(S(f, e(ma))
ecE f
= Y u(fe)s(e, em) Y v((f, e(ma))
e=fle f
=Y ()8, en) Y u(HVNS(S, e(my)),
e'cE f

where we used the fact that u is an irrep of E to write

(e f) = p(e)u(f). Then we note that u(fIv(f)= (-
v)(f) and so

L (my)L" (my)
=D u(€)s(e, em) D (- v)(IS(f. e(my))
-

ek
= L*(n)L*" (my).

Now only the operator L*V(m;) acts on the part of the
membrane near the boundary shared by m; and m; (i.e., near
the fused string), and so we see that, as we expect from
the fusion rules given in Eq. (23), this part of the boundary
corresponds to the irrep u - v.

While it is convenient to label the looplike excitations with
irreps, some of these irreps label condensed excitations. The
reason that some of the loop excitations are condensed can
be seen fairly clearly without detailed calculation. Consider a
closed electric ribbon operator placed on the path around the
boundary of some membrane m. This operator is sensitive to
the path element around the boundary. However, due to fake
flatness, when acting on the ground state this path element
is related to the surface element by d[(e(m)]g(boundary) =
1. That is, the path element can resolve information about
e(m) up to elements of the kernel of 9. This means that any
membrane operators that cannot resolve elements within the
kernel (i.e., excitations labeled by irreps that trivially restrict
to the kernel) are equivalent to electric ribbon operators placed
on the boundary of the membrane. However, the boundary
operator is local to the excitation: it only acts near the excited
loop. We contrast this with the case we have considered so
far, where to create a large loop we need to act on an entire
membrane bounded by it. This is local in a slightly different
sense to the usual meaning because rather than the operators

245133-12



EXCITATIONS IN THE HIGHER-LATTICE GAUGE ...

PHYSICAL REVIEW B 108, 245133 (2023)

having no linear extent, operating on only a few degrees of
freedom, the operators instead act on a region extended in
one dimension (a loop). However, the boundary operators
are local in the sense that they only act in a region that is
close to the loop excitation (the region has potentially large
extension only in the same direction as the loop). This fact
is particularly important in the (341)D case, which we will
study in a future paper (Ref. [51]), where the looplike excita-
tions are truly topological excitations and so the fact that the
excitations can be produced by an operator on the boundary of
a membrane means that the membrane operator cannot move
topological charge across the membrane. Any charge must
only be moved along the support of the operator, and the fact
that the membrane operator is equivalent to an operator on the
boundary (when acting on the ground state) means that charge
can only be moved along the boundary of the membrane. This
means that the excitations cannot carry looplike charge and
so are condensed. The picture in (2+1)D is a little different,
however. In Sec. VII we will see that the loop excitations in
(2+1)D, at least when [> is trivial, are related to a symmetry
of the model. This symmetry is spontaneously broken when
ker(9) is a nontrivial group and the uncondensed excitations
then represent domain walls between different ground states
of the model [with the ground states labeled by different
irreps of ker(d)]. On the other hand, if ker(d) is trivial then
all of the E-valued loops are labeled by irreps with trivial
representations of the kernel and so all of the E-valued loop
excitations are condensed.

E. Condensation and confinement

When discussing our excitations in Sec. III A, we noted
that some of the electric excitations are confined. Whereas
unconfined excitations cost no energy to separate, the confined
excitations have an energy cost proportional to the length of
the ribbon operator producing them. In this model, this energy
cost is due to the edges along the ribbon being excited. We
found in Sec. IIT A that the confined excitations are the elec-
tric excitations whose labeling representation has nontrivial
restriction to the subgroup d(E). We also discussed the idea
that some of our magnetic excitations were equivalent to local
operators in Sec. IIIC, and we described such excitations
as condensed. This is a general feature exhibited by certain
topological models [31,32] and is particularly important when
we consider transitions between topological phases.

Given a topological phase, we can cause a transition by
allowing some of the (bosonic) topological charges to join
the ground state. That is, some of the topologically nontrivial
excitations become trivial, with their conserved charge joining
the vacuum sector, just as we already discussed for some
of our excitations. This process is known as condensation
(hence our use of the term condensed excitations). When
this happens, any excitations that originally braid nontrivially
with the condensing charges must become confined [31,32] in
the condensed phase. The ribbon operators of such confined
excitations can no longer be topological because their nontriv-
ial interaction with the vacuum means that we cannot freely
deform the ribbons through space. This restriction manifests
in the confinement of the excitations.

We can see this process in the context of the higher-lattice
gauge theory models. In the case of the higher-lattice gauge
theory model with > trivial, there can be several models
with the same groups E and G (but different d) and so with
the same Hilbert space on a given lattice. We can therefore
consider transitions between these models. In particular, we
have the model (G, E,d — 1g, > — id), for which d(e) =
1 V e € E. This means that the image of d only contains the
identity element, which in turn means that all irreps of this
image are trivial. This means that there is no confinement of
the electric excitations and no condensation of the magnetic
excitations. We refer to this model as the uncondensed model.
However, we can then consider “switching d on” by changing
d to map onto some larger subgroup of G and considering
this new higher-lattice gauge theory model. In doing this, we
condense the magnetic excitations with label in the image of
the new 9. We will see in Sec. V A that these excitations braid
nontrivially with the electric excitations that carry nontrivial
representations of this subgroup, which results in these elec-
tric excitations being confined.

We also saw that some of our loop excitations were con-
densed. When we go from our uncondensed (G, E,d —
1g, > — id) case to a more general d, we condense the loop
excitations whose irreps restrict to trivial representations of
the kernel of 9. That is, any irreps that have u(ex) =1 for
every ex in the kernel of d are associated to condensed ex-
citations. As we will see in Sec. VII, the uncondensed loop
excitations are associated to domain walls related to a sym-
metry of the model, so it is more appropriate to consider the
condensation in that context rather than as condensation of a
topological charge.

IV. RIBBON OPERATORS WHEN > IS NONTRIVIAL

So far we have dealt with the case where > is trivial. We
also consider the case where > is nontrivial but we restrict
to fake-flat configurations (configurations that satisfy the pla-
quette constraints). In this case, many of the excitations are
largely the same as in the > trivial case discussed in Sec. III,
and so we will not repeat results from that section. Instead,
we will describe the differences between the two cases. The
biggest difference is that we do not allow any magnetic exci-
tations in the fake-flat case because the magnetic excitations
violate fake flatness. The other difference is that the loop
excitations gain an extra feature. Consider the E-valued mem-
brane operator for a loop excitation, which measures the total
surface label of the membrane. As discussed in Ref. [1], the la-
bel of a surface depends on its base point when > is nontrivial.
Therefore, when we specify the membrane operator we must
specify the base point of the surface that we measure. We call
this base point the start point of the membrane operator. In
addition to the edge excitations, the membrane operator may
excite this start-point vertex. Recall that the vertex transform
A$ acting on the base point of a plaquette takes that plaquette
label from e, to g > e,. This is also true for a general sur-
face made up of multiple plaquettes (as we show in Sec. S-I
C in the Supplemental Material [45]). This means that the
vertex operator at the start-point of our membrane will affect
the surface element of the membrane, and so may not com-
mute with our membrane operator. Denoting our membrane
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operator (acting on a membrane m) by Zee g Ved(é(m), e) and
the start point of this operator by s.p,, we have that

D veb(e(m), )AL, = A%, Y "y 8(g > é(m), e)

ecE ecE

= A8, vb(em), g 1> e)

ecE

=A%, Y Yed(em). ).

e=g7'>e

This indicates that the E-valued membrane operator only
commutes with the vertex transform Af_p. at the start point
when the set of coefficients y, satisfy yy. = y, foralle € E.
Then the start-point vertex is not excited when this condi-
tion is satisfied for all g € G and it is excited in orthogonal
cases. Explicitly, after the action of a membrane operator
Y eck Yed(e, &(m)) the start-point vertex is not excited (indi-
cating that the operator is gauge invariant) if the coefficients
for the membrane operator satisfy

Ye=Vee YV8EG, (24)
and it is excited if the coefficients satisfy
D Yere=0 VeekE. (25)
geG

All possible sets of coefficients can be written as a sum of
two sets of coefficients: one set satisfying Eq. (24) and one set
satisfying Eq. (25), in a similar way to how the coefficients for
magnetic ribbon operators could be split into parts that were
functions of conjugacy class and parts that gave zero when
summed over a conjugacy class [as shown in Eq. (18)]. This
is simply because, given an arbitrary set of coefficients, we
can separate the part which is invariant under o> action from
the rest, analogous to separating symmetric and antisymmetric
parts of a matrix. Explicitly, for an arbitrary set of coefficients
y. we have

1 1
Ve:_zyg\>6+ Ve__zygbe s
|G| pomre |G| poer

where the first term satisfies Eq. (24) and the second term
satisfies Eq. (25). This means that we can construct a basis
where each basis element corresponds to either the excited
case or the unexcited case.

This excitation of the start point of the E-valued membrane
operator is, as already mentioned, similar to how the magnetic
ribbon operator can excite its start point, depending on what
linear combination of magnetic ribbon operators is taken. In
the case of the magnetic ribbon operators, it is the conjugacy
classes that are the significant objects for determining when
the start point is excited. For the E-valued membrane opera-
tors, instead of conjugation it is the action of > that matters.
We can define an equivalence relation by e ~ f if and only if
there exists an element g € G such that e = g > f (reflexivity,
symmetry, and transitivity all follow from the group properties
of the map >>), so much like how G is partitioned by con-
jugacy classes, there is a partition of E by “>> classes.” The
vertex at the start point is not excited if the coefficients of the
membrane operators are functions of > class (that is, group

elements in a particular > class all have the same coefficient).
This is similar to how the magnetic excitations have no vertex
excitations if their operator has coefficients that are a function
of conjugacy class.

To better understand these > classes, it may be useful to
go through an example. Consider the crossed module (G =
Zy, E = 73,9 — 1g, I>), where, denoting the elements of G
by 1 and —1, the map > is defined by —1>e =¢~! and
1> e = e forall e € E. Denoting the elements of E = Z3 by
1g, wg, and a)é, we can write the action of —1 > explicitly
as —1> g =lg, -1 >wp = 0w}, and —1 > 0z = wp. We
therefore see that wg and w7 are in the same > class because
they are related by the action of —1 t>. On the other hand, 1g
is in a D> class of its own because it is left invariant by any
> action. Therefore, there are two > classes. In this case the
condition for the start-point vertex of an E-valued membrane
operator not to be excited is that the coefficients of wg and w?
in the membrane operator are the same, while the conditions
for the vertex to be definitely excited are that the coefficients
of g and w} must sum to zero and the coefficient of 1z must
be zero.

So far, we have been considering the E-valued membrane
operators in a basis labeled by elements of E. However, in a
similar way to the > trivial case, it is useful to use irreducible
representations to form a basis for our membrane operators.
Unlike the ©> trivial case, however, E need not be Abelian and
so these irreps do not have to be 1D. Therefore, we also need
to include the matrix indices for the representation in our basis
membrane operators. We define

LPab () = Z[D“(e)]ab5(€, e(m)), (26)

eckE

where D*(e) is the matrix representation of e for irrep © and a
and b are its indices. Under an edge transform Alf , the surface
label e(m) transforms in the same way as individual plaquettes
(see Fig. 1) and so transforms as e(m) — [g(t) > fle(m) or
e(m) — e(m)[g(t) > f~'] for some path element g(¢) (as we
consider in more detail in Sec. S-I C in the Supplemental
Material [45]). This means that we expect our individual edge
transforms .Aif to affect our membrane operator as

> ID*(e)awd (e, é(m))

ecE
— Y [ID*([gr> fle)lwd(e, é(m))
eckE
Il
=Y Y ID*(E> HlaclD*()]esd (e, e(m)),
ecE c=1

where some details of the transformation (such as the label of
g, and whether g > f or its inverse appears) may depend on the
branching structure of the lattice and details of the membrane
operator. Regardless of the precise form of the transformation,
we see that the edge transforms mix labels within a represen-
tation (it mixes operators labeled by different indices ¢ within
the representation). These edge transforms are local operators.
From the fact that the local operator Aif can change the matrix
indices, we see that, as we may expect, the matrix elements
do not label distinct topological charges, but instead describe
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local degrees of freedom. In addition, there is some mixing
of different labels due to the vertex transforms. While edge
transforms only mix excitations with different indices but the
same irreps, vertex transforms mix different representations
within a class of representations that we call a “I>-Rep class”
of representations. To explain what we mean by this, consider
the object

D8%H(e) :== D" (g 1> e).
This defines a representation g > u because

D¥PH(ef) = D"(g > (ef)) = D*((g>€) (g )
=D"(g> e)D" (g > f) = D" (e)D*™ ().

We say that two representations p and « are in the same >-
Rep class if gI> u = o for some g € G. This is an equivalence
relation because of the group properties of the > map. We can
define this equivalence relation simply in the case of 1D reps,
but for higher-dimensional reps we need to be careful because
each irrep is related to a set of equivalent irreps which we
can generate by conjugating the matrix representation by a
constant matrix. Then it could be possible for the g>> action
on an irrep to give an irrep that is equivalent to one of our
irreps, but in a different form. In most cases, we will either be
dealing with the case where E is Abelian or will only care
about subgroups in the center of E (specifically the kernel
of d). In this case conjugation is trivial and the irreps are
unaffected. However, to be concrete, in the non-Abelian case
we should talk about classes of characters, or define the >>-Rep
classes to account for conjugation.

Having discussed these >-Rep classes, we can now see
how they relate to the action of the vertex transform. The
action of the vertex transform on an E-valued membrane
operator is to take L*%*(m) = Y ecr[D*(e)]apd (e, &(m)) to

Y D (@)adle, g7 > e(m))

ecE

= Y D¢ > lwdle, e0m))

e'=g>e
3 D )b (e 2(m))
e'eE

~1
= L& "),

which is labeled by another irrep in the same >-Rep class
as u. The fact that vertex operators link excitations labeled
by irreps within these classes suggests that we should group
the membrane operators into [>-Rep classes of representations
of E. However, just as we discussed in the > trivial case in
Sec. III D, some of the E-valued loops are condensed, which
means that some membrane operators labeled by different
irreps are in fact equivalent up to operators on the boundary
of the membrane. Just as in the > trivial case, the condensed
E-valued loops are those labeled by irreps that have trivial
restriction to the kernel of 9. This follows from the same
reasoning as for the > trivial case: an electric ribbon around
the boundary of a surface can measure the surface element up
to an element of the kernel when that surface satisfies fake
flatness. This condensation of the excitations corresponding
to irreps with trivial restriction to the kernel means that we

should group the looplike excitations into >-Rep classes of
irreps of the kernel of 9. These groupings will fuse in a
non-Abelian way because two >-Rep classes of irreps can
potentially fuse to more than one >>-Rep class. This is true
even if the irreps themselves are 1D (in fact, irreps of the
kernel are always 1D because the kernel is Abelian), so that
an Abelian group E does not necessarily give Abelian fusion.

As an example, consider the crossed module (Z,, Z3, 0 —
1, >>) that we used earlier in this section. Here the map > is
defined by —15 > e = ¢! for any e € Z3 (while 150> is the
identity map). The group Z3 has three irreps. The trivial one,
which we call 1g, is invariant under the > action [because
1g(g> e) = 1 regardless of g], and so is in a >-Rep class
of its own. The other two irreps, which we denote by ag
and o3, are defined by ag(wp) = e, ar(wy) = eF, and
az(e) = ag(e™!) (where wgr and w? are the two nontrivial
elements of E). We therefore see that

—1g > ag(e) = ar(—1lg > e) = ar(e™ ") = az(e),

and so ag and oz,% belong to the same >-Rep class. Now
consider an E-valued membrane operator made from a com-
bination of the ag and o3 irreps:

LA (m) = A L% (m) + A,L% (m),

where A; and A, are nonzero coefficients. If we fuse two
copies of this membrane operator, we obtain

LAm)LA(m)
= (A1 L% (m) + A2L% (m)) (A L% (m) + A2L%% (m))
= AZL* (m)L** (m) + AZL“F (m)L% (m)
+ 24, As L (m)L% (m).
Using the fusion rules given in Eq. (23), we have
Lo (m)L* (m) = L (m) = L (m),
Lo (m)L" (m) = L% (m) = L (m),
and
L% (m)L% (m) = L% (m) = L"* (m).
Therefore,
LAm)L* (m) = A2L% (m) + AZL** (m) + 2A1A, L' (m).

We see that the fusion product includes contributions from
the >-Rep class containing oz and oe,%, but also a term corre-
sponding to the trivial >>-Rep class, indicating that the fusion
is non-Abelian.

V. BRAIDING

In (241)D, one major feature of topological phases of
matter is that the excitations may support braiding statistics
that generalize the familiar bosonic and fermionic exchange
phases [48,52-54]. When one point particle is taken on a
path all the way around another (which would give a trivial
transformation for either fermions or bosons) it can result in
a transformation that is a general phase, or even some more
complicated transformation. Before we discuss the braiding
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FIG. 9. We can create the situation where a particle B braids
around A by first producing A and then moving B around it with
ribbon operators.

results for this model, we should first explain how we find
the braiding relations. We mentioned earlier how the ribbon
operators produce and move excitations. This lets us recast
braiding in terms of commutation relations of the ribbon op-
erators. Consider the following situation, as shown in Fig. 9.
We create a pair of excitations and move one of them (A)
far away from the other, using a ribbon operator on a path 7.
Then we produce another pair of excitations and move one of
these (B) around A, by acting with a ribbon operator on a new
path s.

Now consider applying the operators in the other order,
acting on s first, as shown in Fig. 10. This moves B around
empty space and then creates the other pair and moves A into
the region of interest. Therefore, no braiding has occurred,
because no particle moved around another.

In the first case (shown in Fig. 9), B braided with A but
in this second case (Fig. 10) it has not. However, in the two
cases the particles end up in the same places and have moved
through the same space. Comparing the two (by working out
the commutation relation of the two ribbon operators used to
perform the movement) therefore isolates the effect of braid-
ing B around A from any other details and gives the braiding
relation.

A. The > trivial case

We first look at braiding in the case where > is trivial. In
this case, the nontrivial braiding involves only the electric and
magnetic excitations, and not the looplike excitations. This is
because the braiding relations can be calculated from commu-
tation relations, and the electric and magnetic operators both
commute with the E-valued membrane operators. We can see
this from the fact that the electric and magnetic ribbons act
only on the edge labels, whereas the membrane operators only
act on the surface labels.

We also have trivial braiding between two electric excita-
tions. The braiding is trivial because the electric ribbons are

B B

A
followed by

FIG. 10. By applying the ribbon operators in the other order, we
move particle B through empty space rather than around A.

diagonal in the configuration basis (i.e., the basis where each
edge is labeled by a group element in G and each plaquette
by a group element in E), so that they all commute with each
other. On the other hand, braiding an electric excitation with
a magnetic excitation is not trivial. When the start points of
the operators are the same, electric operators transform under
braiding with magnetic excitations according to the represen-
tation of the electric excitation and the group element of the
magnetic one. For braiding of an electric excitation labeled by
irrep and matrix indices { R, a, b} with a magnetic excitation
labeled by h, we have (as we show in Sec. S-IV A of the
Supplemental Material [45])

Electric-magnetic braiding

IR|
SRPCH(MIGS) = C"(r) Y [D"(W)]acS®P(1)IGS). (27)

c=1

We can understand this relation by considering that the
magnetic excitation sets up a flux labeled by 2. When the elec-
tric excitation crosses the magnetic ribbon, it is acted on by
this flux, so that the path measured by the electric excitation
gains an additional factor of 4. When we consider the irrep
basis, this leads to the factor of [DR(h)],.. We see that different
indices within the representation of the electric excitation are
mixed by this braiding. Note that the precise formula depends
on the orientation of the braiding procedure, so there may
be an inverse on & compared to the result in Eq. (27). This
braiding between the electric and magnetic excitations is the
same as in the Kitaev quantum double model [37] because
the ribbon operators have the same commutation relations
as the corresponding operators in that model. In Ref. [37],
the commutation relations are calculated by using the group
element basis for the electric part of the ribbon, rather than the
irrep basis. Then to obtain the relation given above we simply
need to take appropriate linear combinations of the operators
used in Ref. [37].

One interesting case of the braiding relation given in
Eq. (27) is where we take h to be an element of d(E). In this
case, as we discussed in Sec. III C, the magnetic excitation is
condensed. Taking & = d(e), the braiding relation becomes

SRabH)CIO (1)|GS)

IR|
= Y (D" (3()]acC” (1)1 (1)|GS).

c=1

When ©> is trivial, 9(E) is in the center of G (see Sec. II),
and so [DR(d(e))] must be a scalar multiple of the identity
from Schur’s lemma. The braiding relation therefore simpli-
fies to

SR ()N (r)|GS)
IR|
= Y D@18 L7 ()P (1)|GS)

c=1

= [DR(@(e)]11C"(r)S®*“b(1)|GS). (28)

The diagonal element [D?(d(e))];; can be considered as
an irrep of 9(E) (the irrep branching from the restricted
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representation we described in Sec. III A), and the braiding
is only nontrivial if this irrep is nontrivial. As we described in
Sec. I A, this irrep of d(E') being nontrivial is also the condi-
tion for an electric excitation to be confined. We therefore see
that the only electric excitations that braid nontrivially with
the condensed magnetic excitations are the confined excita-
tions, as we expect.

The final nontrivial braiding is between two magnetic
excitations, with this braiding only being nontrivial when
the group G is non-Abelian. Under braiding, two magnetic
ribbons with the same start point transform by conjugation.
When the end of one ribbon (the end is a quasiparticle) is
taken all the way around one of the other quasiparticles (not
enclosing any other quasiparticle), the label of each is conju-
gated by the product of the labels of each quasiparticle. If we
then consider ribbon operators that are linear combinations
of operators labeled by elements in a certain conjugacy class,
then the braiding results in mixing within this conjugacy class.
In particular, note that if one of the magnetic ribbons is an
equal superposition of all fluxes in a conjugacy class (meaning
it carries no start-point excitation, as discussed in Sec. III1 B),
conjugation has no effect because it just permutes these fluxes
within their conjugacy class. If the ribbon is not an equal
superposition, then it transforms in some other, more com-
plex, way. This means that the degrees of freedom within a
conjugacy class of the flux are nonconserved internal degrees
of freedom that describe how they braid with other fluxes, as
we mentioned in Sec. III B. Again, this braiding is the same as
the braiding of the equivalent excitations in Kitaev’s quantum
double model [37], so we will not go into too much detail here
(although the detailed results are discussed in Sec. S-IV B in
the Supplemental Material [45]).

The nontrivial braiding relations that we have discussed so
far hold only when the ribbon operators have the same start
point. This is because the theory is generally non-Abelian. In
a non-Abelian anyon theory, the braiding between two anyons
depends on what fusion channel they are in [48]. That is,
the braiding operator R% for two anyons a and b depends
on their total anyonic charge c. The excitations are generally
only in a definite fusion channel (as opposed to some operator
superposition) when the ribbons used to create them share
a start point. Therefore, they only have a definite braiding
transformation under the same circumstances.

The notion of definite braiding only occurring when our
operators have a “start point” at the same location also has
an interpretation in terms of the gauge theory picture. In
non-Abelian gauge theory, fluxes are associated with some
closed loop [55]. This closed loop has a definite start point
and moving this start point should be accompanied by some
change of basis. Therefore, to compare two fluxes (such as
when we want to fuse or braid them), they need to be defined
with the same start point. If we start with two fluxes that
have different start points, we therefore need to write one
of these fluxes in terms of a flux based at the other start
point (i.e., work out its label with respect to a different start
point). In our lattice theory, the flux label corresponding to
a new start point is the original flux label conjugated by a
path element operator (not just a fixed group element), so the
flux does not have definite label with respect to that new start
point.

B. The fake-flat case

When we restrict to fake-flat configurations, but allow >
to be nontrivial (case 3 in Table I in Sec. II), we do not
have the magnetic excitations. In addition the E-valued loops
and the electric ribbons still braid trivially, due to the fact
that both are diagonal in the configuration basis. Therefore,
there is no nontrivial braiding in this case. There is nontrivial
commutation between the E-valued membrane operators and
the single-plaquette multiplication operators (which is also the
case in the > trivial case). However, this does not correspond
to braiding because the single-plaquette operators are local
operators and have no interpretation in terms of moving ex-
citations.

While restricting to fake-flatness rules out any magnetic
excitations, the signatures of these missing excitations are
still present in the model. If we consider a manifold with
noncontractible cycles, such as a torus, then some ground
states contain closed loops with labels outside of d(E) (just
like we would expect around a noncondensed magnetic exci-
tation). If we apply an electric ribbon operator around such a
cycle ¢, then this is equivalent to producing a pair of electric
excitations and passing one of them around the cycle. We can
use this to find the transformation from moving the excitation
around the handle. Consider comparing an electric ribbon op-
erator that produces and separates a pair of excitations along
a small path s, to one that produces and separates the pair
along s, but then further moves the excitation at the end of
s around the noncontractible cycle 7. That is, we compare a
ribbon operator applied on s to one applied on the composite
path st. If the ribbon operators are labeled by irrep R of G,
with matrix indices a and b, then the latter ribbon operator is
given by

SRaP(s 1) =Y (DR(@)and(g. §(s - 1))
geG

We can then separate the path element g(s-¢) into two
parts, corresponding to s and 7: g(s - t) = g(s) - g(¢). This tells
us that

sRal(s 1) = 3 (DR@asd g (5) - §(0))

geG

=Y (D*(@)awd(g2(t) ", 8(5))
geG

= D DR, 3.
g=g8(t)'eG

We can then split the matrix element [D?(g'8(¢))]., into
contributions from g and g(¢), to give

IR|

§R4P(s 1) =Y > (DR )ael D @UNIS(2, §(5)).

geG c=1
Recognizing 3, c(DR(g))acd(g, 8(s)) as the electric ribbon
operator $%%¢(s) on the ribbon s, we have

IR|

SRab(s 1) =Y [IDR@E))]pS (s),

c=1
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TABLE II. The notation used for the two groups Z, and Zj3 in
this section.

TABLE III. The result of each map acting on the elements of E.
The final line shows the general action of each map.

G E e d(e) I>e —1>e
Group Zz Z3 lE 1(; lE lE
Elements {1,—-1} { lE,a)E,a)Izg} wEg 1g wEg wé
Irreps {1, —1%} {1g, ag, a2} of lg o WF
General e € E lg e e!

so that moving the excitation around ¢ induces a transfor-
mation that mixes the ribbon operators labeled by different
matrix indices for the irrep R, by (right-) matrix multiplication
by DR[&(t)] (note the similarity to the transformation we pre-
dicted in Sec. II in Ref. [44], except that right multiplication
is required to ensure correct composition, rather than left
multiplication). Here g(¢) is an operator, and cycles (including
noncontractible ones) in the ground state are not generally
in an eigenstate of this path measurement operator (that is,
the cycles are in a linear combination of states with different
labels), so this transformation is not usually a simple one. In
Sec. S-IV C of the Supplemental Material [45], we discuss
in more detail the circumstances where we can simplify this
transformation. We find that, for ground states where g(¢) is
minimally mixed, and where we annihilate the two excitations
at the end of the ribbon operator, the transformation can be
described by the character of the irrep R.

VI. PARTICULAR EXAMPLES

It may be useful to consider some simple examples in more
detail to see the interesting features of the higher-lattice gauge
theory model. Therefore, we will look at two examples that
each highlight a particular feature of the model.

A. Z,, Z3 model

The first features to highlight are the loop excitations and
how these excitations are related to the ground-state degen-
eracy. For simplicity we first look at these in the absence
of condensation and confinement. A convenient model with
which to examine these features is described by the crossed
module (Z,, Z3, d — 1g, >) (which we used as an example
in Sec. IV, but define again here for reference). To distinguish
the elements of the two groups, we will write the elements of
G = Z, as =1 and those of E = Z3 as 1, wg, and a),z,; Then
> is defined by

Il>e=evVecE, —10>1g=I1g,

2

—I>wp =w:, —1>ok=awg.

This can be summarized as 1 > e = e, —1 > e = ¢~ . One
simple way to generalize this crossed module slightly is to
replace the group Z3 with Z,, where n is odd, and define >
by —1>e= ¢~!. However, the features of such a model are
very similar to the Z3 case, so we only present the Z3 case
here. The properties of this crossed module and the notation
used in this section are summarized in Tables IT and III to refer
back to as necessary.

In addition to choosing this particular crossed module, we
also choose a specific lattice, a fragment of which is shown in

Fig. 11. In this lattice we have one kind of vertex, two types of
edge (horizontal and vertical) and one kind of plaquette. The
actions of the corresponding operators are shown in Fig. 12.

It will be convenient to consider a change of basis, to
simplify the action of the operators. For the plaquette elements
we change variables from group elements to irreps. We denote
the three irreps of Z3 by 1g, ag, and a,%. The 1D irreps
form a group under the multiplication defined by (i u2)(e) =
wi(e)ua(e) forirreps g and py. 1g is the identity element for
this group, while ag and o3 are inverses to each other. We can
then define states for the plaquette degrees of freedom using
these irreps:

1

l1g) = ﬁ(HE) + |wg) + |oF)).
1

lag) = ﬁ(HE) + wlog) + 0*|wp)),
1

o) = —=(I1E) + @ lowp) + o]wp)),

S

where w is ¢?*//3. We now wish to see how the various energy

terms act in this new basis. First, we consider the vertex trans-
forms, as defined in Eq. (5) in Sec. II. We consider the state
of the degrees of freedom around a particular vertex, using
the notation |e, g1, g2, g3, g4) defined in Fig. 13. We suppress
any labels corresponding to the degrees of freedom in the
rest of our lattice (because these other degrees of freedom are
unaffected by the vertex transform). Then the corresponding
state where the plaquette is labeled by an irrep w of E is given

' N A A A
VAN SN SN AN ae
A A A A
o ¥ ¥ v Vs
' N A A 7 N

/4_/4_0/4_/4_/4_
FIG. 11. This image shows a fragment of the lattice used for our
example model. The (blue) circulating arrows represent the plaque-

ttes, which are based at the vertices (shown as small black circles)
that are attached to the arrows.

Y
Y
Y
Y
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g1 e 991 9>

A9 = —
g2 g4 929 994
93 gsg~!
g g
e1 e [h>elel] exet
P )4 7
h h
(D) €e2

h e1 h er[h ot e
g2 g2
By e = 0(9192, 9a93) e
91 — |93 g1 — |93
g4 g4

FIG. 12. Here we indicate the action of the vertex transforms,
edge transforms, and plaquette term of the example model.

by

1
[, 81, 82,83, 84) = —= wiele, g1, g2, 83, 84)-
7

eeZ;

From the definition of the vertex transforms [Eq. (5)], we
know that the vertex transform labeled by the identity element
of G is the identity operator. On the other hand, the vertex
transform A;! acts on this new basis as

AN, 810 82, 83, 84)

1
=4, 1% Z plele, g1, &2, 83, 84)

ecls

1
=5 2 m@l-lpe—T-g =g ~1-g—1-g)

ecls

1 _
= ﬁ Z u@le ™, —1-g;,—1-g2, —1-g3,—1-g4)

ecls

(%1

= le, g1, g2, g3, Ja)

| P> 94

g3

FIG. 13. We wish to consider the effect of a vertex transform on
the degrees of freedom around the vertex as we change basis. It is
therefore useful to have a simple notation for the state of the degrees
of freedom affected by the vertex transform in the original basis,
which we define here.

1
= ﬁ Z ,U«(e’—l)|e/’ —1-g1,—1-g2,—1-g3,—1-g4)

e/:e—]

1
= = Z M(e/)71|€/, _1 'g17 _1 'g27 _1 'g?)a _1 'g4>
ﬁe/€Z3
1 1
VG Z po(ele, —1-gi, —1-g,—1-g3,—1-g4)
ﬁe/€Z3
=|n' —1-gr,—1-g,—1-g3, —1-gu). (29)

Next we consider the edge terms, starting by considering
the edge terms for the vertical edges A;. In Fig. 14 we define
the state |ej, ez, g, h) for the degrees of freedom near the
edge. Again, for simplicity we suppress labels corresponding
to the degrees of freedom on the rest of our lattice, which are
unaffected by the edge term.

As described in Eq. (6) in Sec. II, the edge energy terms
are given by averages of different edge transforms, where the
edge transforms are defined in Eq. (7). That is, the edge energy
term is given by A; = IELI >tk AJ;. Then the action of the
edge term in the new basis is

Arlinr, pa, g h)

1
=3 2 Aulemleler er, g h)
e1,e2€75
1
3

1
Z 32"4{ wilemua(er)ler, ez, g, h)

(4] ,€2€Z3 feE

g
ej 62| = le1, €2, 9, h)
<
h

FIG. 14. We introduce notation to represent the state of the de-
grees of freedom around the vertical edges of our lattice (here the
one labeled by g).
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1
=5 D2 mlenma(e) Y Ik fleef ™ g h)

e,e2€Z; feE

1
=5 2 mhe 1D fle) ¢ 8. h). (30)

fie).eheZs

where we replaced the dummy indices ¢; and e, with ¢] =
[A1> flei and €y = e, f ! in the last step. We can then use the
fact that | and p, are irreps to split off the contribution from
f from the contributions of €] and ¢} in Eq. (30) to obtain

Al n2, 8 h)

1
=5 2 me TmHrE)uae)

f.€.e,els

X

le1. €5, 8. h)

1
=3 2w f Ol wa, g h). G
feZs

The above equation includes the quantity 1, (h > f~'). Be-
cause we are working with irreps, rather than group elements,
it is useful to consider the hl> as acting on the irrep rather
than the group, just as we did in Sec. IV for the E-valued
membrane operators. Consider a general expression (g > e),
where p is an irrep of E and g is a general group element of
G. We see that this will give us a new irrep of E acting on e,
W' (e), with the resulting irrep depending on g:

Ir(g>e) =1 = 1g(e),

ar(l > e) = ag(e),

a,%(l >e) = a§(6)3
ar(—1>e)=age™!) = 051;1(6) = ozlza(e),

ap(—11>e) = aple™) = (@) (e) = arle).

Therefore, we can write (g > ) as a group element acting
on an irrep, by defining the irrep g > p according to

u(gee) = [gr> ul(e).

We say that irreps that are related by this > action, for some
value of g € G, are in the same >-Rep class. For this crossed
module, o and o are in the same >-Rep class (they are
related by the action —11>), while the trivial irrep is in a class
of its own. We note that the composition rule for this action
on the irreps is generally reversed:

[(gh) > nl(e) = ul(gh) > e] = ulg> (h > e)]
=[g>ulth>e)=[ar> (g> i), (32)

although this does not matter in this case because G is
Abelian. Under this definition of the [> action on the ir-
reps, for an arbitrary irrep u of E, we have 1 > u = p and

—lopu=pun"l

€2

J = ‘61762797h>

€1
<_

FIG. 15. We introduce notation to describe the state of the de-
grees of freedom affected by a horizontal edge transform.

Returning to our calculation of the action of the edge terms,
we can insert the relation

pih> f7Y = )(fh

into our expression for the action of A4 from Eq. (31) to
obtain

1
Al o, g By = 3 3 Th e i (FOla()l, o, g h)
feZs

=82, h > wlpy, pa, g h), (33)

where the last equality follows from standard orthogonality
relations for irreps of groups. We see that the edge transform
enforces that the irreps labeling the plaquettes separated by
the edge must be related by the action of 41> in the low-energy
state, where & labels the edge separating the base points of the
two plaquettes.

Next we consider the other type of edge energy term A_,,
corresponding to the horizontal edges of our lattice, for which
we will find a similar result. As with the vertex transform and
other edge transform, we use a simplified notation to describe
the degrees of freedom in the support of this energy term, as
shown in Fig. 15. Then, following the same procedure as for
the vertical edge energy terms, we have the following action
for this horizontal edge energy term [again using the definition
of the edge transforms from Eq. (7) and averaging them to
obtain the edge term]:

Ay, 2, g )

1 :
=5 2 mlenme)Al lei, e 8. h)
er,er,f€Zs
1
=3 D menuaed)leh > £, fer, g h)
er.er,fe€Zs
=< D wElh> fHpalesfHler es, g h)
e\.ey,fels
1 _
=3 2 > Dol Ol o, g h)
feZs
= 8(ua. h > ). 2. 8. h). (34)

Again we see that the irreps labeling the plaquettes sepa-
rated by the edge must be related by the > action of the label
of the edge separating their base points. This suggests that
the plaquette labels must be different to account for the effect
of choosing different base points (recall that moving the base
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point of a plaquette has a similar > action on the plaquette
label). That is, if we had chosen the plaquettes to have the
same base points, the irreps labeling them would be the same
in the low-energy space. Indeed, we shall see that this is true
when we consider this in more detail in Sec. VIAS.

The last energy term to consider is the plaquette term,
which is described in the group element basis in the bottom
of Fig. 12. In a general higher-lattice gauge theory model,
the plaquette term B, depends on the plaquette label e, only
through d(e,). This means that in the example model under
consideration, where d maps to the identity element 15, the
plaquette term does not act on the plaquette labels, and so it
acts exactly the same in the basis where the plaquettes are la-
beled by irreps as in our original basis where they were labeled
by group elements. That is, the plaquette term is satisfied if the
boundary of the plaquette has total label 15, and gives zero
otherwise.

1. Ground states

Having considered the various energy terms of this ex-
ample model, we wish to use them to examine the ground
states. The number of ground states will generally depend
on the topology of the manifold. Our fragment of lattice
can be completed to a variety of manifolds, depending on
the boundary conditions of our lattice. We want to keep the
discussion general, but it may be useful to have the sphere
in mind. Typically, topological models on the sphere have a
unique ground state, in the absence of symmetry. In order to
close the lattice we have been considering into a sphere, we
may need to include additional vertices that do not look like
the ones in the fragment of lattice shown in Fig. 11. However,
the general features of the different energy terms will still be
preserved when we include such vertices.

Now consider the restrictions for states in the ground-state
sector. Flatness constraints (the plaquette terms) restrict our
choice of configuration, by restricting the allowed edge labels.
Then given a set of edge labels, the plaquette labels (in rep-
resentation basis) are restricted by the edge transforms. We
can see from Eqgs. (33) and (34) that the edge transforms fix
the labels w; and u, of neighboring plaquettes to be related
by wy = h > i, where h labels the edge separating the base
points of the two plaquettes. To see how this determines the
allowed plaquette labels, consider taking one of these plaque-
ttes and choosing a particular irrep w to label it. If we choose
W1 to be the trivial irrep 1g, then the label w, of an adjacent
plaquette must satisfy u, = 1z because Al> acts trivially on
the trivial irrep for any group label i € G. Then by iteration,
this will be true for any plaquette connected to the first by
a path on the dual lattice. Therefore, for a path-connected
manifold, once we choose one plaquette to be labeled by 1g,
all of the other plaquette labels must also take that value.

Next we look at the case where we choose the irrep label 1
of the first plaquette to be i = ag or o instead of 1¢. Then
the label u, of an adjacent plaquette could be either ag or o2,
but which one is fixed by the edge configuration (the labels
of the two plaquettes match if the edge connecting their base
points is labeled by 1 and are opposite if the edge is labeled by
—1). Again, all path-connected plaquettes will be fixed in this
way. By iterating the relationship that two adjacent plaquettes

— Uz = h2>M2 Ha =
[ to = hiD> = (hpha) > paf(hihohs) >y
SEnEEREaSy
<« <« I
hl hg h3

FIG. 16. The edge terms relate the labels of neighboring plaque-
ttes, so that the labels 11 and p, of plaquettes 1 and 2 in the figure are
related by o, = hy > w;. By iterating this relation, we can relate the
labels of distant plaquettes, such as plaquettes 1 and 4 in the figure,
as long as they are connected by a ribbon (here the direct path of the
ribbon is the thicker red edges at the bottom and the dual path is the
large orange arrow in the middle).

1 and 2 labeled u; and p, must satisfy o, = h > @, where h
is the label of the edge connecting the base points of plaquette
1 and plaquette 2, we can find the relationship between any
two plaquettes connected by a path (see Fig. 16 for an exam-
ple). For a plaquette 1 with base point at the start of path r and
plaquette n with base point at the end of the path, we must
have u, = g(t) > w1, where g(t) is the label of path ¢. If there
are multiple paths between two plaquettes, we must ask if
these different paths always give consistent conditions on the
two irreps. In order to answer this question, consider two such
paths #; and #, between the two plaquettes. Because these two
paths share the same start and end points, we can construct a
closed path s =12, ! by concatenating one with the inverse of
the other. If the two paths #; and #, can be smoothly deformed
into one another, then the closed path s is contractible and so
must satisfy fake flatness in the ground state. For a general
crossed module, fake flatness enforces that the label of the
closed path is related to the label e, of the surface enclosed
by that path by d(e;)g(s) = 1g. In the case of this specific Z,,
Z3 model, however, 0 maps to the identity element of G and
so d(ey) is always 1g. Therefore, g(s) = g(t;)g(t2)~' = 1g,
meaning that the labels g(#;) and g(t;) of the two paths are
the same, and so the two paths give consistent conditions
Wy = g(t1) >y = g(tz) > . Of course, this relies on the
two paths being related by a smooth deformation, which
means that the closed path s is contractible. However, if this is
not so and the closed path is noncontractible, then the closed
path s can have either label £1. If it has the label —1, then we
have g(t;) = —1 - g(t,), which leads to the two conditions

mn = g() > py

and

wn = [—1-g@2)] > u1,

which together imply that ;1 = —1 > p; in order for the two
conditions to be consistent and all of the edge terms to be
satisfied. This can only be true if ;| = 1g, not if u; = ag or
oz,%. We therefore see that, if there are noncontractible paths,
not all edge configurations are compatible with choosing the
first plaquette label to be ag or a3 (specifically, a configuration
is incompatible with this choice if there are closed paths with
nontrivial label).

From this procedure of fixing the edge configurations, then
making a particular choice for the label of one plaquette,

245133-21



JOE HUXFORD AND STEVEN H. SIMON

PHYSICAL REVIEW B 108, 245133 (2023)

we might think that on the sphere we have three choices of
plaquette configurations per edge configuration, one for each
irrep of E. However, this is not quite true because some of
the resulting sets of plaquette labels are connected by the
energy terms. If we apply [],,,A, ", the product of vertex
transform A;! on every vertex of the lattice, the edge labels
are unchanged because we act on both ends of the edge,
so that g - —1-g- —1 = g. On the other hand, we apply a
transform on the base point of each of the plaquettes precisely
once, so all of the plaquette labels are affected by the >
action from the vertex transform. This means that the label
i, of each plaquette p transforms as p, — —1 > u, [from
Eq. (29)]. This leaves the identity irrep unchanged, and so
does not affect the state arising from an initial choice of
(1 = 1g. On the other hand, if we took a nontrivial irrep
as the label of the first plaquette, then this plaquette swaps
label from oy to oz,% or vice versa. In addition, all of the other
plaquettes swap their labels between these two irreps. The
state resulting from this is the same state we would have if
we had chosen the other label for the first plaquette and then
used that to determine the label of all of the other plaquettes.
Then, because each ground state is invariant under the vertex
transforms, the ground state satisfies [ [, vA,jl |GS) = |GS).
This means that the two plaquette configurations arising from
choosing the label of the first plaquette to be @ = ag or
oy for a given edge configuration must appear with equal
amplitude in the ground state (the configurations are con-
nected by the vertex terms). Therefore, the ground states
produced from the two initial choices of plaquette label are not
distinct.

This means that, for each edge configuration, we have a
choice of only two distinct plaquette configurations, corre-
sponding to the two >-Rep classes of the crossed module.
From these configurations, we can generate a ground state by
acting with a product of all of the vertex energy terms. Given
that the plaquette labels are fixed by our initial choice (to be
1g or an entangled combination of «g and a,%) and the vertex
transforms commute with this fixing, we can forget about the
plaquettes after making that choice. Then the problem reduces
to finding the ground state of Kitaev’s quantum double model.
This gives us two parts to our ground-state sector, one for the
normal Kitaev quantum double model in a tensor product with
1 at each plaquette and one for the quantum double model
entangled with a more complicated plaquette set. In the case
where our manifold is the sphere, this gives us a ground-state
degeneracy of two, rather than giving a ground-state degener-
acy of one as we may expect for a generic topological phase on
a sphere. However, the different ground states can be detected
locally (by measuring the >>-Rep class of the plaquette label
in a single location), so the degeneracy on the sphere is not
topologically protected. Note that the result for the ground-
state degeneracy agrees with a more general calculation given
in Ref. [1], as expected.

2. Excitations

In this model, we have the usual electric excitations of the
Kitaev quantum double model, and these particles behave ex-
actly as in the quantum double model [37]. On the other hand,
we find loop excitations which are not present in Kitaev’s

% €

FIG. 17. We imagine the label of a plaquette to be placed at the
base point of that plaquette.

quantum double model. To understand these loop excitations
it is convenient to change how we label the plaquettes. Instead
of considering the plaquette labels to belong to the plaquette
itself, we put them on the vertex that the plaquette is based at,
as shown in Fig. 17.

Next we note that the edge transform corresponding to
an edge i does not change the label of that edge because
d(e) = ¢ for all e € E in this example model. However, the
action of the edge transform on the plaquettes does depend on
anearby edge, as indicated by Eqs. (33) and (34). Specifically,
the action of the edge transform depends on the edge con-
necting the base points of the plaquettes affected by the edge
transform. It is therefore convenient to relabel our operators to
reflect the edge that matters for its action. Then the edge term
A_, becomes Z; (applied on the edge down and to the left
of the original horizontal edge) and A; becomes Z_, (again
applied on the edge down and to the left of the vertical edge),
and we now refer to the new labeled edges as being excited
or not. The action of these operators can be written more
compactly now that we no longer keep track of the extra edge.
The action of these new edge transforms is defined in Figs. 18
and 19.

Now that we have relabeled our edge transforms, we see
that they enforce that the (now vertex) labels at either end of
the edge that we act on are related by the > action of the
edge label. We can think of adjacent vertices satisfying this
relation as being linked. Then violating an edge transform
can be thought of as “breaking” the link between vertices.
Given a vertex and its neighbors (as shown in Fig. 20), we
can excite the edges connecting the vertex to its neighbours
by changing the label of that vertex. These excited edges
are cut by a loop in the dual lattice, shown in Fig. 21 as a
red dashed line, indicating that we have produced a looplike
excitation. Note that in our original construction (where we
use the original edge transforms .A4;), we would have placed
the excited loop on the direct lattice, up and to the right of
where we place it here. We can fix one of the broken bonds
between the vertex and its neighbors by changing the label of a
neighboring vertex so that the edge condition between the two
vertices is satisfied, restoring the link between them. However,
changing the label of this neighboring vertex will break more

H2 H2

Z4 h = 6(p2, h > 1) h

M1 H1

FIG. 18. Our new vertical edge operator.
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FIG. 19. Our new horizontal edge operator.

links on the neighboring vertex, as shown in Fig. 22. This
simply changes the shape of the excited loop.

Recall that when we looked at the ground states, after
fixing the edge labels we built the plaquette labels by starting
at one plaquette and making the other plaquettes agree with
that first one (in the sense that all of the edges connecting
the plaquettes are satisfied). Similarly, to build the loop exci-
tation, we start by changing one plaquette label, now living
at a vertex, and then make the other labels within the loop
agree with that vertex by ensuring that all links within this
region are satisfied. That is, the region within the excited loop
satisfies the same conditions as the ground state (although the
bonds crossing the boundary of the loop are not satisfied).
This means that we can think of the loop as a domain wall
between two regions representing different ground states or
ground-state-like configurations. This is most clear when we
start in the ground state where all of the vertex labels are 1.
Then to create the loop excitation we multiply one vertex label
by ag or a3 and make all of the other vertices within the loop
agree with that label (so that the edge terms within the loop are
satisfied). However, recalling the general case (see Sec. III D),
the loop excitation may have an excited vertex term at the
start point of the membrane operator unless the membrane
operator assigns equal weight to all surface elements within a
particular class of elements. In this particular model, to avoid
a vertex excitation we must take an equal superposition of the
cases where we multiply the first label by oy (then make all
of the others agree) and the case where we multiply the first
label by a3 (then make all of the others agree). The loop then
corresponds to a domain wall between the 1 ground state
and the ground state made of a combination of ag and o
because the vertex labels within the loop are those that we
would expect in the state made from ag and o} and those
outside are those we expect in the 1y state. By extending
this membrane operator over the entire lattice, we can move
from the 1y ground state to the other ground state. On the
other hand, the privileged vertex will be excited if we take
an orthogonal superposition of the two states built from og

FIG. 20. A vertex and its neighbors, connected by edges.

FIG. 21. Changing the label of a vertex in the ground state breaks
its bonds with the neighboring vertices, resulting in the edges con-
necting the vertex to its neighbors becoming excited.

and o3 (i.e., we take the state built from starting with the first
vertex in the state oz and making the other vertices agree and
then make a linear combination by subtracting the state built
from starting with that vertex in the state a3).

3. Magnetic excitations

As we described in Sec. II, we are not typically able
to construct the magnetic excitations in (2+1)D when > is
nontrivial. For this simple model, however (and some gener-
alizations, as we describe in Sec. S-VII A in the Supplemental
Material [45]), and with this fixed branching structure, we are
able to find these excitations. In fact, the ribbon operator that
produces the magnetic excitation in the (Z,, Z3) model has
exactly the same form as the ones used in Sec. III B for the
> trivial case (and indeed for Kitaev’s quantum double model
[37]). However, unlike in the [> trivial case, the properties of
the magnetic excitations depend on which ground state we
create them from, as we shall see shortly. In order to reveal
these properties, we consider applying the magnetic ribbon
operator on a basis state in the basis where the plaquettes are
labeled by irreps of E (but the edges are still labeled by group
elements of G), as shown in Fig. 23.

We want to consider the commutation relations between
the ribbon operator and the different energy terms. The mag-
netic ribbon operator only acts on the edges of the lattice, and
it does so in the same way as in the case where > is trivial.
This means that it has the usual commutation relations with
the vertex terms (which commute with it because G = Z, is
Abelian) and the plaquette terms (which commute with it,
except at the two end plaquettes), both of which act on the
edges of the lattice in the same way as in the > trivial case. On

FIG. 22. Attempting to fix a broken bond may lead to more ex-
cited edges, thereby expanding or changing the shape of the looplike
excitation.
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FIG. 23. We consider the action of the usual magnetic ribbon
operator, in the basis where the plaquettes are labeled by irreps of
E and the edges by elements of G. The ribbon operator acts only on
the edges of the lattice, and because G is Abelian this action is simple
[without the dependence on the path element of sections of the direct
path seen in the more general case, as described by Eq. (13)]. In this
example, all of the edges cut by the ribbon point in the same direction
(upwards), so the action of the ribbon operator C*(¢) is to multiply
each edge label by x (if an edge pointed the opposite way with respect
the ribbon, it would have its label multiplied by x~! instead).

the other hand, the action of the edge term on the plaquettes
depends on the edge labels [see Eq. (33)], unlike in the >
trivial case, and so there is some potential noncommutativity
here. Looking at Eq. (33), we see that the edge transforms that
may fail to commute with the magnetic ribbon operator are
those whose action on the plaquette labels depends on an edge
label of an edge that is cut by the ribbon operator (e.g., if the
edge label & in Fig. 14 is changed by the ribbon operator, then
that edge transform may fail to commute). If we are using the
Z_, and Z, edge terms, then this means that edge transforms
applied on the edges cut by the ribbon operator may fail to
commute, whereas for the original .4; edge operators, it is the
edge transforms on the edges up and to the right of the cut
edges that may fail to commute (recall from Sec. VI A 2, and
in particular Figs. 18 and 19, that the Z edge term on an edge
is equivalent to the original A term on the edge above and to
the right). This is illustrated in Fig. 24.

Having determined which edge transforms may fail to
commute, we now look explicitly at the commutation rela-

A 4
Y

........... | JITCEPCITEITY CETEITEITER STret

A 4

[]
]
]
H ~
]
:
]

)\ A i \ S| 4
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FIG. 24. The edge terms that may be excited are those whose
action on the plaquette labels depends on the edges cut by the ribbon
operator (the green dashed edges). That means that the edge terms on
the purple dotted edges may be excited if we are using the original A;
edge terms, or the edge terms on the dashed green edges themselves
may be excited if we are using the altered Z, edge terms.

H2
«—
— = |)U‘1 y 2, h‘>
h
A H1
e (t)
—

FIG. 25. We wish to consider the commutation relation between
the edge transforms and magnetic ribbon operator. To do so we
consider the degrees of freedom affected by the edge transforms
indicated in Fig. 24, and provide a shorthand for the associated state.

tions. To do so we must consider the degrees of freedom
around one of the edges cut by the magnetic ribbon, and so we
will use the shorthand illustrated in Fig. 25. Then the action
of the edge term Z; on this state is (from Fig. 18)

Zylp1, pas hy = 8(ua, h > pi)lpr, na, h),

whereas the action of the magnetic ribbon operator C*(¢) on
these degrees of freedom is

C Oy, pa, ) = |y, po, xh).

This means that applying the edge term and then the mag-
netic ribbon operator gives

C ()24 |y, 2, By = 8(pa, h > w)lpr, o, xh),

whereas applying the magnetic ribbon operator and then the
edge term gives

ZhCH ()|, p2, h) = 8(pha, (xh) D> )|y, 2, xh).

In order to determine whether the ribbon operator excites the
edge, we consider the product
ZT C*(t )ZT s

which first projects to the case where the edge is initially
unexcited, then acts with the ribbon operator and then projects
again. If the ribbon operator excites the edge, then this product
will give zero. On the other hand, if the ribbon operator leaves
the edge unexcited, then we will obtain C*(¢)Z; (because the
second projection is trivial). We find that

ZyC )24 |1y p2, h)
= Z38(p2, h > p1)lp, no, xh)
= 8(pa, (xh) > p1)8(u2, h > wi)lpr, o, xh)
=3(h > w1, (xh) > w1)8(ua, h > i), wa, xh)
= 8(u1, x > p1)8(2, h > o)l o, xh)
=8(x > g, w)C () Z4 01, 2, h). (35)

This indicates that whether the edge is excited or not de-
pends on the term §(x > wuq, u1). Taking x to be the only
nontrivial element —1 of G = Z,, and using the rule —1 >
w(e) = u(—1 > e) with the definition of > given in Table III
(—1>e=e"), we see that

—1> ple) = e =u'(e).
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Therefore,

S(=1> pr, ) = 81 1)

This Kronecker delta is satisfied (and so the edge is not ex-
cited) if pu; = lg, and is not satisfied (implying an excited
edge) if p; is ag or o3. A general state will not be an
eigenstate of this operator and so does not give us a well-
defined energy for the edge. However, the ground states that
we constructed in Sec. VIA 1 (which form a basis for the
ground-state sector) will. To see this, recall that we found two
unique ground states on the sphere. In the first, every plaquette
was labeled by the trivial irrep 1. In this case, the plaquette
label will always satisfy the Kronecker delta in Eq. (35), and
so the edge will never be excited by the ribbon operator. This
is true for each edge, and so the magnetic excitation is not
confined. On the other hand, in the second ground state every
irrep is in some combination of the states ag and a3 (entangled
with the states of each other irrep). Regardless of which of
these states the plaquette is in (or how it is entangled), the
plaquette will therefore not satisfy S(Ml_l, u1) and so the
edge will be excited. This will be true for every edge cut
by the ribbon operator (or the edges above and to the right
if we use the original edge terms .4;). This gives an energy
cost that grows with the length of the ribbon, and so we
see that the magnetic ribbon operator is confined. However,
unlike the confinement of the electric excitations that we have
seen previously, this confinement depends on which ground
state we create the magnetic excitation from. While we have
only been considering a specific crossed module here, this
feature is more generic, as we explain in Sec. S-VII A in the
Supplemental Material [45].

4. Condensation

Given that we have a confined magnetic excitation in one
of the ground states, we also expect to see some condensation
in that ground state, in the form of a condensed electric ex-
citation (because confined excitations arise due to nontrivial
braiding with condensed excitations). Recall from Sec. Il E
that we use the term condensed excitation to refer to an exci-
tation which carries trivial topological charge (usually after
some condensation-confinement transition). If we can find
some local operator that reproduces the action of the electric
ribbon operator on the ground state, then we know that the
corresponding electric excitation is condensed. Consider an
electric ribbon operator applied on a path ¢ in the lattice.
Because of how we have chosen our lattice, the two end points
of the path will be the base points for two plaquettes, p; and
D2, as illustrated in Fig. 26. As we showed in Sec. VIA 1, in
the ground state the labels of these two plaquettes in the irrep
basis are related by the action of g(¢)>>. That is, if the labels of
p1 and p, are p; and u,, respectively, then py = g(¢) > ;.
Now consider the bilocal operator §(fi, fi), where [i; mea-
sures the value of plaquette i. In the ground state labeled
by the trivial irrep, this operator acts as the identity because
both plaquettes are labeled by the trivial irrep. However in the
oR /aI% ground state this is not the case. Instead, this Kronecker
delta is one when the path element g(¢) separating the plaque-
ttes is 1 and zero when the path element is —14 (because
—16 > ag = a3). Therefore, when acting on the ground state

>- >- >- >-
-~ -~ -~ -~ -~
+— +— +— —
R R R R
> > > >
-~ -~ -~ -~ -~
P P2
. , . R
> > > »>

FIG. 26. Given an electric ribbon operator applied on a path ¢,
the two ends of the ribbon are the base points for some plaquettes p;
and p,. In the ground state, the labels ©; and p, of the plaquettes
are related by p, = g(t) > p;, where g(t) is the path element of
path ¢. Locally measuring the two plaquette labels therefore gives
information about the path element g(¢), and so can reproduce some
of the supposedly nonlocal electric ribbon operators on ¢, indicating
that the corresponding electric excitations are condensed.

|aR/a12e), we have

8(fu1, o) |or/og) = 8(3(1), 16)|ar/az),

which is just an electric ribbon operator acting on the ground
state. We can also construct

8(fur, ") |ar/og) = 8(8(1), —16)|otr /etg).
This means that a general electric ribbon operator
as(g(1), 1g) + b3(3(t), —1¢)

(where a and b are arbitrary coefficients) can be reproduced
(when acting on this particular ground state) by the bilocal
operator

ad(fur, o) +b8(R1, 231

This indicates that the electric excitations are condensed
(although when G = Z, there is only one independent electric
excitation in the first place because there are two orthogonal
electric ribbon operators, of which one is the trivial operator).
In the ag/aj ground state, where the nontrivial magnetic
excitation is confined, the only nontrivial electric excitation is
condensed (as we may expect from the idea that the confined
excitation should braid nontrivially with the condensed one).
On the other hand, there is no condensation or confinement
in the 1 ground state. Just like the confinement of magnetic
excitations, this ground-state-dependent condensation occurs
in the (2+1)D theory for other crossed modules, as we show
in Sec. S-VII B in the Supplemental Material [45].

5. Alternate lattice

Returning to the discussion of the ground states, we can
make a further simplification to the model that will make the
structure of the ground states more obvious. Instead of basing
every plaquette at the bottom left corner of the plaquette, we
can base every plaquette at a single special vertex vy (in order
to do this in a consistent way, we must have no noncontractible
loops in the lattice). Because the choice of base point is anal-
ogous to a choice of gauge, this is equivalent to choosing all
of the surface elements to be in the same gauge. This should
therefore simplify certain expressions. Apart from the choice
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FIG. 27. The action of the horizontal edge operator Z/, in the
group-valued basis. Here g(vy — v;) is the path element from a priv-
ileged vertex in our lattice v to v;, the vertex at the end of the edge
that is being transformed.

of base point, we proceed as before, replacing the plaquette
labels with representations using a change of basis and placing
the plaquette labels at the vertex down and to the left of the
plaquette (although we note that the plaquette labels are no
longer based at that vertex).

We start by considering the edge transforms on this new
lattice. Just as before, the edge transforms do not affect the
edge on which they are applied, and so it is convenient to
instead associate them with the edge joining the two plaque-
tte labels that they affect. That is, we define new operators
AN Al and Z{ = A/, similar to the operators Z; and Z_,
defined in Figs. 18 and 19, except for individual edge trans-
forms rather than edge energy terms. The action of Z/, on the
group element basis is illustrated in Fig. 27 (and we can obtain
the action of Z{ by rotating the figure 90° anticlockwise).
The associated energy terms Z_, and Z; are obtained by
averaging these transforms over all elements f € E as usual.
For instance
L

Bl

—

Then for the action in the representation basis, we have

Z~>|M1s MZ)

1 1
= (EZZL)(E > Ml(el)M2(€2)|€1,€2>>

f€eE ej,e2€E
1
=3 Z mi(er)ua(er)
e,er,f€Z3
x |[g(vo — v)) > fler, [g(vo — v;) > £~ 'ea)
Z pi(eNpa(e)lfer, f/~ e)

er,ea, f'=g(vo—v;))>f

=$ YD) (T enalf e)le), ¢b)

'€l ej=f"e; ey=f""1es

1 1
=3 2 mU Ny Y meDua(e)le), e))

€z

O —

e\ .ehel;

1
=3 2 mU (Ol )

1€z

=8(1, w2, 12).

Note that the edge label # is not present in this expression.
The two irrep labels on either end of the edge are forced to
be the same in the low-energy state, rather than being related
by the action A>>. In order to obtain this result, we implicitly
used flatness to make sure that all paths with the same end
points have the same label (the same rather than the same
up to an element of d(E) because d(E) is trivial), provided
that all such paths can be deformed into one another (the
manifold is simply connected). The vertical edge transform
gives something similar, enforcing that the irrep labels at the
two ends of the vertical edge are the same. By fixing each
plaquette to have the same base point, we have removed the
impact of the edge labels on the edge transforms. The vertex
transforms are also simplified because now only the vertex
transform at the privileged point vy affects the surface labels,
with the other vertex transforms only affecting the edge labels.
This is because vertex transforms only affect plaquettes if
that vertex is the base point of the plaquette, and we have
chosen all of the plaquettes to have the same base point. The
vertex transform A$, at the privileged base point now takes
all of the (group-valued) plaquette labels ¢, to g > ¢,,. On the
other hand, the vertex transforms at the other vertices do not
change the surface labels, so they act exactly like the vertex
transforms in Kitaev’s quantum double model [37]. The other
energy terms to consider are the plaquette terms. These energy
terms are unaffected by changing the base point. As shown
in Fig. 12, the plaquette term in the example model checks
that the boundary of the plaquette is labeled by the identity
element of G. If we move the base point of the plaquette
along an edge labeled by g, then the label of the boundary of
the plaquette is conjugated by g. However, this has no effect
because the identity is preserved by conjugation (and besides
the group G is Abelian in this case).

We can consider the ground-state degeneracy in the same
way that we did before we changed the base points of the
plaquettes, provided that the manifold is simply connected.
That is, the plaquette terms again determine the allowed edge
configurations and the edge terms then determine the allowed
plaquette configurations for each edge configuration. Then
we fluctuate the configurations by applying the vertex terms.
However, when all of the plaquettes have the same base point
it is easier to interpret the different ground states. This is
because the edge terms now enforce that all of the plaquettes
have the same irrep label in the ground state. In addition, only
the vertex transform at the privileged vertex fluctuates these
irreps and it simply flips between the labels ag and «j for
every plaquette. This means that there are always two choices
for the plaquettes in the ground state (again assuming that
there are no noncontractible paths). Either every plaquette is
labeled by 1, or the plaquettes are in a linear combination of
a product state where all plaquettes are in the u = ag state and
a product state where all plaquettes are in the u = a3 state.

6. Topological phase

Having considered the properties of the Z,, Z3 model, we
can try to identify its topological phase. We found that the
ground states of this model on the sphere can be split into
two sectors, which can be distinguished locally. Namely, one
sector has all plaquettes labeled by the trivial irrep of Zs,
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while the other involves a combination of the two nontrivial
irreps. In the former sector the ground state is equivalent to
that of the toric code, and the excitations also have the same
properties as the toric code. We therefore identify the topo-
logical phase in this sector as that of the toric code. For the
other sector, we found that the magnetic excitation is confined,
while the electric excitation is condensed. This implies that
the topological phase for this sector is trivial.

From the ground state labeled by the trivial irrep, we
can obtain the other ground state by applying a membrane
operator over the entire lattice. However, we do not regard
this operator as a symmetry because it only commutes with
the Hamiltonian in the ground-state space (which is why the
properties of the excitations are different in the two sectors).
It therefore appears that the model contains two separate, but
related, phases that happen to have degenerate ground states
that are not protected by a true symmetry. We expect that this
is a general feature of the models with > nontrivial, although
the inability to construct the magnetic excitations for general
models makes it difficult to classify these phases.

B. Z4, 7.4 model

The next example is the model based on the crossed mod-
ule (G = Z4, E =Z4, 0 — Z,, > trivial). This example is
intended to highlight the condensation and confinement aspect
of the model. We denote the elements of Z4 by 1, i, —1, and
—i. Then we define the map 9 as follows: 9(1) = d(—1) =1
and d(i) = d(—i) = —1. This map preserves the group prod-
uct, as we can see from the following relations:

AEL-+1)=1=1-1=0d(%1)- (%),
Il -4y = —1=1-—1 = 3(£1)- d(+i),
(ki i) =1=—1-—1=d(%i)- d(xi).

Therefore, 9 is indeed a group homomorphism. We can
see that 0 maps Z4 onto the Z, subgroup of Z4: (1, —1).
Having chosen 9 in this way, we now choose > to be trivial.
The crossed module then satisfies the Peiffer conditions, as
we now verify directly. The first Peiffer condition, Eq. (1) in
Sec. II, requires that d(g > e) = gd(e)g~' for all g € G and
e € E. This is true because > is trivial and G is Abelian:

B> trivial a(g > 6), 3(6) GAgslian

de) =
= d(g>e)=gde)g .

gd(e)g™!

The second Peiffer condition, Eq. (2) in Sec. II, states
that 3(e) > f = efe! for all e, f € E. This is true for this
example model because > is trivial and E is Abelian:

e £ f fe!
= de)> f=efe .

Because the maps 0 and > satisfy the homomorphism
conditions and the Peiffer conditions, the collection of objects
(Z4, Zy4, 0, 1>) is a valid crossed module and so this crossed
module defines a higher-lattice gauge theory model. We note
that there is a related model with the same groups G and
E and where > is again trivial, but where 0 : E — 1g, as
discussed in Sec. III E. In this case, because > and 9 are both
trivial, the edge and plaquette labels completely decouple in

E Abelian
= e

AN

>

OLOAD

>

OIOAD

{OFOAD

FIG. 28. A square lattice, with oriented edges and plaquettes.

YT

the Hamiltonian. Furthermore, the excitations in that model
are neither condensed nor confined. We will therefore refer
to that model as the unconfined model and the model with
0 — Z, as the confined model in this section. We can think
of the confinement and condensation in the confined model as
arising from a condensation-confinement transition between
the unconfined and confined models.

Returning to the confined model where 9 maps onto the Z,
subgroup, we now need to choose a lattice. We take a square
lattice, as we did in the previous example. Because > is trivial,
we do not need to specify the base point of each plaquette,
so we simply draw the plaquettes as oriented loops with no
other feature. A fragment of this lattice is shown in Fig. 28.
There are two kinds of edges in this lattice: vertical edges and
horizontal edges. Each vertical edge has the same environment
(i.e., the same objects surrounding it) and each horizontal edge
has the same environment. Similarly, there is only one kind of
plaquette because we have chosen each plaquette to have the
same orientation, and one kind of vertex. Because of this, in
later figures we may not draw the circulation of the plaquette
at all and simply put a label in the middle of the plaquette.
For now, we will not worry about the boundary of this lattice
and simply assume that there is a sensible way to close it
into a sphere or other desired manifold, although this may
necessitate introducing vertices or plaquettes with different
environments.

With the lattice fixed, we next consider the operators that
make up the Hamiltonian: vertex transforms, edge transforms,
and plaquette terms. Because of the simple lattice and crossed
module, the action of these operators can be expressed rela-
tively concisely, as shown in Fig. 29.

1. Excitations

We can now consider the excitations of this example
model, starting with the purely electric ones. To examine the
excitations, we construct the ribbon operators that produce
them. As we discussed in Sec. IIT A, these can be labeled
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FIG. 29. The gauge transforms and plaquette terms in this exam-
ple model. We can obtain the action of the vertical edge transform by
rotating the bottom diagrams by 90° anticlockwise.

by irreps of the group G. Because Z, is Abelian, the irreps
(shown in Table IV) are 1D, which means that we do not need
to give matrix indices in order to specify an electric ribbon
operator. Then the basis operators for the space of electric
ribbon operators are given by

$F(t) =) R(g)5(s, 21)),

geG

where R is an (1D) irrep of G, so that R(g) is the representation
of the element g, and ¢ is the path on which we apply the
operator. We discussed this construction for more general
models in Sec. IIT A.

These ribbon operators commute with the plaquette terms
because both types of operator are diagonal in the basis la-
beled by group elements on each edge. The ribbon operators
also have the same commutation relations with the vertex
operators as the equivalent operators in Kitaev’s quantum
double model [37]. Namely, the ribbon operators commute
with all vertex operators except those at the two end points
of ¢, which are excited by the ribbon operator (except for the
ribbon operator labeled by the trivial irrep, which is just the
identity operator). To see this, we first note that, as discussed
in Sec. IIT A, the vertex transform only affects the labels
of paths that start or end at that vertex, not those that just

TABLE IV. The elements of the unitary irreps of Z,.

1 i -1 —i
1Rep 1 1 1 1
—IRep 1 —1 1 —1
iRep 1 i -1 —i
—iRep 1 —i -1 i

pass through it. This is because under the action of a gauge
transform A$ the path obtains a factor g~! from entering the
vertex and a factor g from leaving the vertex, which cancel.
Therefore, the ribbon operator will commute with all vertex
transforms except those at the start and end of the path, just as
we discussed for a more general case in Sec. III A. Then for
the starting vertex operator, we have the commutation relation

8WAS, = A%, 88(1)

because the path picks up an additional g if the path is acted
on by A¢ p. before we measure it. Then if we wish to reverse
this commutation relation, we have

A8 8(1) = g1 3(0)AS,, .

Then we can check whether the ribbon operator excites the
vertex s.p. when acting on the ground state by applying the
energy term A to the left of the ribbon operator. We see that

AspSH(DIGS) = Ay Y R(2)8(g, 2(1))IGS)

geG
1

=G A%, Y R(2)8(g, 2(1))IGS)
xeG 8eG

- |_ > 2 R@d(g T '2(1)AL, |GS)
xeG geG

= ZZR(g)S(xg, 8(1A, 1GS).
xeG geG

Then we can use the fact that A , [GS) =
in Sec. II to write this as

Z D R(2)8(xg, §(1))IGS)

|GS) as discussed

Asp SR (1)|GS) = Gl

xeG geG
- |_ DD R6TS(E. 2)IGS)
xeG g=xg
<|G| ZR(X-U) >R 20)IGS)
xeG geG
<|G| ZR(xl))SR(t)lGS)
xeG

where we used the fact that R is an irrep to split the contri-
butions from x and ¢. If R is a nontrivial irrep, this is zero
by orthogonality of characters, and if R is the trivial irrep it
is just SR(1)|GS). If A, SR(1)|GS) = 0, the vertex is excited,
so a nontrivial irrep gives an excited vertex at the start of the
path. A similar calculation holds for the vertex transform at
the end of the path and so that vertex is also excited if the
irrep is nontrivial.

Next we consider the commutation relations of the rib-
bon operator with the edge transforms. The ribbon operator
commutes with edge transforms for edges that are not on
the path, but those transforms for edges on the path change
the path label g(¢). This is because, in addition to changing the
plaquette labels, the edge transform .4¢ multiplies the label of
the edge it acts on by d(e). Then we have that

B(AS = A (e)*V3(1),
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where the plus or minus sign depends on the direction of the
edge relative to the direction of ¢ (4 if they are aligned, — if
they are antialigned). This means that

Aig(0) = 3 TVROA.
Therefore, if we act with the edge energy term A; to the
left of the ribbon operator, we have

ASF1)IGS) = ZAf Y R(@)3(g, &1))IGS)

eckE geG

1
= — > ) R(@38(g ()T 31)A!IGS).

|E| ecE geG
As discussed in Sec. II, the ground states satisfy A¢|GS) =
|GS), and so we can write this commutation relation as

AS*(1)|GS) = Z Y R(2)8(g, () TV8(1))IGS)

ecE geG

1
= > Y R(®3@@ g 2(1))IGS)

|E| ecE geG

:—Z Y RO FVg)8(g. 4(1))IGS)

B o—iorons

( ZR(a(eW”)) > R(@)

ecE geG
x 8(¢, 8(1))IGS)

(| T ZR(a(e)(*'U)SR(rnGS)

ecE

where we used the fact that R is an irrep of G to separate
the contribution from ¢ and 9(e). From this commutation
relation, we see that whether the edge energy term is excited or
not (i.e., whether the above expression is zero or not) depends
on the expression (ﬁ Y ek R(3(e)FD)). This expression is
zero if the irrep R is nontrivial in the subgroup d(E) C G.
To see this, let us consider the irreps of G in this model. So
far, our discussion of the electric ribbon operator has been
valid for any crossed module with trivial > and Abelian G.
However, we now consider the specific groups G = E = Z4
and the map d — Z,. For ), . R(d(e)), we have

Z R(3(e)) = R(3(1)) + R(3(—1)) + R(3(i)) + R(3(—1))

ecE
=R(1)+R()+R(—=1)+R(-1)
=2R(1) + 2R(-1).
If R = *igep [ie., if R is one of the irreps sensitive to

factors in d(E)], then R(1) = 1 and R(—1) = —1, implying
that

ZR(B(e)):2-1+2-—1:0.

ecE

This means that, in the case where R = igep, we have

A:8R(1)|GS) = 0.

dual path

71\ 71\ 71\ 7|\

=

FIG. 30. An example of a dual path on our lattice. A magnetic
ribbon operator acting on this dual path will produce excitations at
the plaquettes at the two ends of the path.

This indicates that S’R(t)|GS) is an eigenstate of A; where
the edge i is excited for all edges i on the path ¢. The string
operator therefore costs one unit of energy per edge and so the
corresponding excitations are confined.

On the other hand, the other two irreps satisfy R[d(e)] =
This means that for R = %1gep,

D> R@(e)=2-1+2-1=4,

ecE

so that

ZR(B(e)) =1,

ecE

|E|
and so

A8R)|1GS) = 8R(1)|GS).

Therefore, the electric ribbon operators labeled by these two
irreps commute with the edge terms. This means that the edges
are not excited by the ribbon operators, so the corresponding
excitations are not confined. We can see that the ribbon oper-
ators labeled by irreps with trivial restriction to the image of
0 (the irreps & 1gep) are not confined and those with nontrivial
restriction (figep) are confined, similar to the general claim
made in Sec. III A. Note that in the unconfined model, where
d(E) = {15}, every irrep of the subgroup d(E) C G is trivial,
so that we have no confined excitations.

Next we consider the magnetic excitations (which we can
find because > is trivial). In order to construct a ribbon oper-
ator to produce these excitations, we first choose a path on the
dual lattice, such as the one shown in Fig. 30. The magnetic
ribbon operator C”(¢) multiplies the edges cut by the dual path
by either 4 or h~! depending on the orientation of the edges.
In the example shown in the figure, all of the cut edges point
in the same direction, and so we multiply the label of these
edges by the same element A, as shown in Fig. 31. Note that
this particular form of the magnetic ribbon operator depends
on the Abelian nature of G = Z4 and a more general case
is given in Sec. III B (because G is Abelian we do not need
to define a direct path for the ribbon, although we still need
a convention for whether edges are multiplied by & or h~').
Then we consider how this affects the plaquette terms near
the ribbon. The internal plaquettes, which are those passed
through by the dual path (i.e., those on the ribbon but not at

g1 92 93 94 hgy hga hgs hgs

N UN 7(\ 7 7 A} \ UN

Ch(t) =

FIG. 31. An example of the action of the magnetic operator
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N
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FIG. 32. An example of applying an edge transform followed by
a magnetic ribbon operator. We apply the edge transform on the edge
i (green), initially labeled by the element g,. The final label of i, is
ho(e)g,. If we applied the operators in the opposite order, the label
would be d(e)hg,, which is the same for this model.

7

=~
-
N

>~

the ends of the dual path), have two edges cut by the dual
path. Each of these edges will gain a factor of 4. However, one
of these edges is aligned with the boundary of the plaquette,
while the other is antialigned with the boundary. This means
that the boundary of the plaquettes gains one factor of A
and one factor of #~!, which cancel. Therefore, the magnetic
operator commutes with those internal plaquette operators.
However, the end plaquettes gain only a factor of 4 or A~ !,
so they are excited just as in Kitaev’s quantum double model
[37].

Taking the group G to be Abelian means that the magnetic
ribbon operator commutes with all of the vertex transforms
(again, just like in Kitaev’s quantum double model [37]). This
is because both the vertex and ribbon operators multiply a set
of edges by fixed group elements (there is no configuration
dependence, unlike in the non-Abelian case), and the Abelian
nature of the group G means that the order in which this
multiplication is done does not matter. The ribbon operator
also commutes with the edge transforms for the same reason.
We give an example of this commutation in Fig. 32, where
we first apply an edge transform A{ on the edge labeled by
2>, then apply a magnetic ribbon operator C"(¢). Under these
operations, the edge label g, becomes hd(e)g,, whereas ap-
plying the operators in the opposite order would give d(e)hg,.
However, hd(e)g, = d(e)hg, because G is Abelian, so the
operators commute.

Having discussed all of the energy terms, we see that the
magnetic ribbons only excite the two end plaquettes and com-
mute with all of the other energy terms. In Sec. III B, we saw
that for a general crossed module model the start-point vertex
of the ribbon could be excited by the ribbon operator, but for
this particular model the vertex is not excited because G is
Abelian. Either way, just as in the more general > trivial case,
the magnetic excitations are not confined because excitations

edge i
label g5

edge i1
label g1

HAONOLO

d(e)g2  9(e)gs
/\81/\1/\ 1
6 A O A é A é

FIG. 33. Performing a series of edge transforms on the edges
cut by the dual ribbon has a similar effect to the magnetic ribbon
operator, changing the edge labels and leaving the internal plaquette
labels (here e¢; and e;) invariant. However, the two plaquettes at the
ends of the ribbon (here initially labeled by ¢, and e3) are aftected by
the edge transforms, whereas they are not affected by the magnetic
ribbon operator. This difference between the action of the edge trans-
forms and the action of the magnetic ribbon operator is equivalent to
the action of local operators at the two ends of the ribbon.

edge i3
label g3

(& € €
AilAiQAig

are only produced at the ends of the ribbon rather than along
the length of the ribbon.

While none of the magnetic excitations are confined, some
of them are “condensed.” As we explained in Sec. IIIC,
by condensed we mean that some of the excitations can be
produced by local operators, acting only near the excitations
themselves. This means that they cannot carry a nontrivial
topological charge. To see which excitations are condensed,
consider a ground state. Any ground state is an eigenstate
of the edge terms with eigenvalue one and is unchanged by
applying any edge transform .A{. Therefore, we are free to
apply these transforms without changing the state. The action
of some of the magnetic ribbon operators is equivalent to a
series of edge transforms (which act trivially on the ground
state) and some local operators. To see this, consider applying
an edge transform A{ on each edge cut by the dual path of the
magnetic ribbon operator, as shown in Fig. 33. Apart from the
action on the two end plaquettes, the action shown in Fig. 33
looks exactly like the action of a magnetic ribbon with label
d(e). In fact, we can turn this action into the action of the
magnetic ribbon simply by applying local operators on the
two end plaquettes to correct their labels. That is,

CYOt) = M (po)M* (p3) AS ALAS (36)

where M¢(p) multiplies the single plaquette p by e and is
therefore local to the plaquette, and p, refers to the plaquette
initially labeled by e, in Fig. 33. The operators M' ' po) and
M*(p3) are therefore local to the excitations produced at the
two ends of the ribbon.
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Then acting with both sides of Eq. (36) on a ground state
gives us the equality

CUO)|GS) = M (po)M* (p3) AL A AL |GS)

= M (po)M*(p3)|GS),

where the second equality results from absorbing the A{ into
the ground state as explained earlier. This equality means
that the excitations produced by the magnetic operator can be
reproduced by local operators acting on the ground state, so
those excitations are not topological. That is, they are con-
densed. We see that the magnetic excitations produced by all
magnetic operators with label in the image of d are condensed.
Furthermore, the fusion rule C#(¢)C"(¢t) = C#(t) means that
CO(1)|GS) = C2(t)M® ' (p)M*(ps)|GS), so that the g and
gd(e) excitations differ only by the application of local opera-
tors, and so must be in the same topological sector. Therefore,
the magnetic topological sectors are not labeled by group ele-
ments, but instead by cosets gd(E). A similar argument holds
for any crossed module model where > is trivial (although if
G is non-Abelian the sectors are also widened by conjugation,
as described in Sec. III B). For the particular crossed module
considered in this section, we see that the elements 1 and —1
of G are in the image of 9. Therefore, the magnetic excitation
labeled by —1 is condensed (1 corresponds to no excitation, so
we do not say that it is condensed) and the excitations labeled
by i and —i are in the same sector, but are not condensed.

Having considered the pointlike excitations of this example
model, we next examine the looplike excitations. Thanks to
> being trivial and all of the plaquettes in the lattice having
the same orientation, the membrane operators that produce
these loop excitations are relatively simple. As discussed in
Sec. III D, the membrane operators measure the total surface
label of the membrane and assign a weight to each possible
value. Because > is trivial, when combining the plaquette
labels into a total surface label we do not need to worry about
defining base points and moving them around to ensure that
these match. Combined with the fact that we have chosen all
plaquettes to have the same orientation, this means that the to-
tal surface element of a surface made from multiple plaquettes
becomes a simple product of the operators for the individual
plaquettes. The expression §(é(m), e) from the membrane op-
erator in the general case then becomes ([ ], . €), where
ép is the operator that measures the label of plaquette p. Fur-
thermore, because the group E is Abelian we do not need to
worry about the order of multiplication. As an example, con-
sider a membrane made of four square plaquettes, shown in
Fig. 34. The total surface label of this membrane is esezezeq,
where e, is the plaquette label of plaquette p in the membrane
and p runs from 1 to 4.

Now consider the commutation relations between the
membrane operator and the energy terms. The operator
(e, é(m)) clearly commutes with every vertex transform A
because the vertex transform does not affect any plaquette
labels when > is trivial. Similarly, the operator (e, é(m))
commutes with the plaquettes terms B, because both B, and
the surface measurement operator are diagonal in the element
basis. The membrane operator also commutes with “internal”
edge transforms. An internal edge is an edge where both
plaquettes adjacent to that edge are within the membrane. For

(m) = e4€369€1

FIG. 34. The surface measurement operator é(m) is simplified
when [> is trivial and the plaquettes all have the same orientation.
For a surface m (shaded) formed from the combination of four
plaquettes, the surface label is the product of the labels of each of
these plaquettes, and the order of the product is irrelevant.

>

example, consider Fig. 35. In the figure, the red vertical edge
(initially labeled by g») between the plaquettes labeled by e
and e; is an example of an internal edge because both adjacent
plaquettes are within the surface m. In the case shown in the
figure, we see that under the edge transform A{: the surface
label e(m) transforms as

~1
e(m) = eqezere) — egqezenf ™ fer = eqezere.

For any surface, the edge transform A{ on an edge wholly
within that surface will generate a factor of f (from one of the
plaquettes adjacent to that edge) and a factor of f~! (from the
other plaquette), which will cancel, leaving the surface label
unchanged.

On the other hand, consider transforms on edges that are on
the boundary of m (such as the one labeled by g7 in Fig. 35).

Y
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FIG. 35. An example of the action of an “internal” edge operator
(applied on the thicker red edge with initial label g,) acting on our
combined surface. Note that one plaquette label gains a factor of f
and another gains a factor of f£~!. These factors will cancel when we
consider the total label of the surface.
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FIG. 36. The combination of the boundary of two plaquettes
gives the boundary of the combined surface.

Of the two plaquettes adjacent to such an edge, only one
plaquette is in m, so the surface label e(m) gains a factor of
f or f~! from that plaquette (depending on the orientation
of the edge) from an edge transform labeled by f, without
the compensating factor from the other plaquette. This means
that the edge transform does not generally commute with
the membrane operator, and so the membrane operator may
create edge excitations. When we construct basis membrane
operators labeled by irreps of E, of the form

L¥(m) =) u(e)d(@(m), e)

ecE

for an irrep pu, the membrane operator then excites the bound-
ary edges if the irrep p is nontrivial. If the irrep w is trivial,
then the membrane operator is just the identity operator.

In Sec. III D, we explained that some of the loop excitations
are condensed in the general case. We now wish to consider
how this arises in our example model in more detail. Con-
sider acting with a surface measurement operator é(m) on the
(or a) ground state. The ground state satisfies fake flatness,
which means that we can relate the plaquette labels to the
labels of the path around the boundary of the plaquettes. This
holds not only for individual plaquettes, but also for surfaces
made up of multiple plaquettes. For example, considering
Fig. 35, from fake flatness each plaquette label must satisfy
d(e,) = g;}i, where gy, is the label of the boundary of the
plaquette. This means that

den) = 82838381,
d(e2) = 58687 ' &'
= d(ere1) = 858687 '8, 02858481
= 5868783 &1 8-
We can recognize the right-hand side of the final line as the
label of the boundary of the combined surface of the two
plaquettes (in reverse), as shown in Fig. 36.

Then we wish to combine this with the other plaquettes
from Fig. 35. The labels of these plaquettes satisfy

d(e3) = 88108, ' & s
d(es) = 21181285 ' 810 »
so that
_ 1o 1 11 -1
d(esezerer) = 1181285 819898108 85 858687 83 84 &1
= 2118128687 ' &5 &1 ' &5 ' 8o,

g3 97"

9 é

iy (=) () Mo

99 gi1

FIG. 37. The boundary of four combined plaquettes.

where we used the fact that G is Abelian to cancel group ele-
ments and their inverses (a similar result holds in the general
case, but we have to make more careful use of the Peiffer
conditions if G is non-Abelian). This is the label of the com-
bined boundary of all four plaquettes (in reverse), indicating
that the relationship between the boundary and surface label
holds. The boundary for this combined surface is indicated in
Fig. 37.

Now with this information in hand, consider the four
membrane operators labeled by the irreps of the group
E = Z4. The membrane operator L*(m) labeled by an ir-
rep « and applied on a membrane m is given by L%(m) =
Y ecr @(e)8(e, &(m)). Then we have

L' (m) = 8(2(m), 1) + 8(&(m), —1) + 8(&(m), i)
+ 8(e(m), —i)
=1,
L’lkev(m) = é(e(m), 1) + §(e(m), —1) — §(e(m), i)
— 8(2(m), —i),
L (m) = 8(&(m), 1) — 8(&(m), —1) + i8(e(m), i)
—is(e(m), —i),
L‘iREP(m) =d(e(m), 1)+ 8(e(m), —1) —is(e(m), i)
+ i8(e(m), —i).

We see that the membrane operator labeled by the triv-
ial irrep is just the identity operator because summing over
all of the Kronecker delta just gives one. The membrane
operator labeled by —Ige, can also be written in a simpler
form by combining different Kronecker deltas. Noting that
d(1) =09(—1) =1and 0(i) = d(—i) = —1, we can see that

8(e(m), 1) + 8(é(m), —1) = 8(d(e(m)), 1)
and
8(e(m), i) + 8(é(m), —i) = 8(3(&(m)), —1).
Therefore
L% (m) = 8(3(e(m)), 1) — 8(3(2(m)), —1).

That is, we can write this membrane operator entirely in
terms of d(é(m)), which is not sensitive to elements in the
kernel of 9. In the ground state, the surface label is related
to the label of the boundary of that surface, as we have seen
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previously:
3(2(m))IGS) = &,,IGS),

where we label the boundary element for membrane m by
8am- This means that, when acting on the ground state, the
membrane operator labeled by —1gep gives

L™"*m)|GS) = [8(&,0- 1) — 8(&5n. —1)]IGS).
However, the operator
[S(g;lll’ 1) - S(anlq’ _1)]

is simply an electric ribbon operator applied around the closed
loop that forms the boundary of m (specifically a confined
electric operator, as we require from the fact that the boundary
edges are excited). This indicates that we can replicate the
action of the surface operator by a path operator applied on
the boundary of the surface. This path is local to the excita-
tion (which lies on the boundary of the surface), and so the
excitation is condensed and cannot be a domain wall.

On the other hand, consider the last two membrane op-
erators L*®» (m) and L™« (m). The action of these operators
on the ground state cannot be written in terms of the path
operator g4,,, o these membrane operators are not condensed.
We note that restricting the irreps that label these operators to
the kernel of 9, we have Lirep(1) = 1 and Ligep(—1) = —1.
We therefore see that the noncondensed excitations are labeled
by irreps with nontrivial restriction to the kernel, as we expect
from our more general claim in Sec. IIIE.

This pattern of condensation is reflected in the fusion rules
of the looplike excitations. These excitations satisfy a similar
fusion rule to the magnetic excitations, as we showed more
generally in Sec. III D. Given two membrane operators labeled
by irreps ) and «; of E, the fusion rule is

L ()L™ (m) = Y ai(edler, é(m))az(e)d (e, é(m))

e|,er€E

= Y ailena(er)d(er, e2)d(er, &(m))

er,e€E

= Z o (81 )052(61 )8(61 P é(m))’

e eE

so that two membrane operators labeled by irreps «; and o
fuse to one operator labeled by the irrep oy, defined by
ajoz(e) = aj(e)az(e). From this rule, along with the defi-
nition of the irreps given in Table IV, we can see that the
condensed membrane operator (labeled by —Igep), together
with the trivial operator (labeled by 1gep), form a closed subset
of the membrane operators under fusion, as we may expect.
We can also see that the membrane operator labeled by igep is
related to the membrane operator labeled by —irep by fusion
with the condensed membrane operator —Igep, and so can be
regarded as belonging to the same sector of excitations. We
therefore have two sectors of looplike excitation, with all of
the condensed excitations belonging to the same sector and all
of the noncondensed excitations belonging to another sector in
this case.

i
z(z
* wG 2 o)

1
() = 75 = up(ep)
‘ |E| ep,€F

FIG. 38. In order to examine the ground states, we change basis
from states where the edges and plaquettes are labeled by elements
of G and E to states where they are labeled by irreps of those same
groups.

2. Ground states in the irrep basis

Having considered each of the excitations, we now con-
sider the ground states and ground-state degeneracy. To do
this, it will be simplest to change basis from elements of
the groups G and E to irreps of the groups. This change of
basis for the edge elements and surface elements is shown in
Fig. 38.

We then consider how the energy terms act in this new
basis, starting with the vertex terms. We use the shorthand
notation shown in Fig. 39 for a state with given edge elements
around the vertex in question. After some simple algebra
performed (for a more general case) in Sec. S-VI in the Sup-
plemental Material [45], we find that the vertex terms act in
the irrep basis according to

AU|R13R27R37R4)
= 3((Ry'R2R3R; "), Irep) IR1, Ro, R, Ra). (37)

We can see that the vertex term ensures that the irreps labeling
the surrounding edges fuse to the identity irrep at the vertex
in the ground state (with inverses on some of the irreps to
account for the orientation of the edges). Equivalently, the
irreps labeling the edges entering the vertex fuse to the same
channel as the irreps of the edges leaving the vertex.

Next consider the edge terms in this irrep basis. Again we
define a shorthand for the state of the labels around an edge,
shown in Fig. 40.

Then (again omitting algebraic steps described in Sec. S-VI
in the Supplemental Material [45]) the edge term acts on the

Ry (G)

/N

.  _|R\, Ry, Rs. R
44((;) ‘ 1,412, L13, 4>

/N

R3(G)

FIG. 39. It is convenient to introduce a shorthand for the state of
the edges around a vertex.
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R(G)
m(E) pa(E)
= |p1, p2, R)

FIG. 40. We introduce a shorthand for the labels around an edge.
w1 and p, here label the plaquettes adjacent to the edge.

edge and surrounding plaquettes as
Ailpr, o, R) = 8((17 ' w2) (E), W (E)) 1, p2. R),  (38)
where uf is defined by

wR(e) = R(d(e)), (39)

for all e € E and is itself an irrep of E. The representation
uR derived from the label of the separating edge is called the
defect label for the representation R of that edge. In the par-
ticular case considered in this section, the irreps R = %1gep
have a defect label given by the identity irrep and the irreps
R = *igep have —Ig¢p as the defect label. From Eq. (38) we
see that the edge energy terms enforce a fusion rule, that two
neighboring plaquettes fuse with the edge separating them (or
rather, with the defect label derived from the edge) to give
the identity representation. This is also true for the horizontal
edges, which act in an equivalent way to the vertical edge
transforms (just consider rotating Fig. 40 90° clockwise and
applying the same mathematics). We say that two neighboring
plaquettes separated by an edge are linked, with the dual path
between the two plaquettes called the link. In the ground
state, two linked plaquettes must be related by the fusion rule
derived in Eq. (38). For example, given the link shown in
Fig. 41, the edge term enforces that, in the ground state

!

o = pput. (40)

Finally, consider the plaquette term in this new basis. Once
again, we define a shorthand for the labels of the degrees of
freedom near the plaquette, as shown in Fig. 42. After some
algebra, we find that

Bp|R1, Ry, Ry, Ry, 1)
1
=g 2 |RRiRR:R™'Ry ™Ry, pf). (4)
irreps R
of G

1 (E) p2(E)

FIG. 41. We can consider the plaquettes on either side of an edge
as being linked by the edge (just as adjacent vertices are linked by an
edge). Here the link is represented by the dashed line, which can be
obtained by rotating the edge by 90°.

Ry(G)

>

/'\ /'\ = |R1, Ry, Rs, Ry, 1)
(@) R3(G)
>

R4(G)

FIG. 42. The final energy term to consider is the plaquette term.
We use a shorthand for the state of labels near a plaquette which are
acted on by the plaquette energy term.

where (as described earlier in the section), u® is the irrep of
E defined by uf(e) = R[3(e)] for irrep R of G. We can see
from Eq. (41) that we can split the plaquette energy term into
a sum of terms, one per irrep R, each of which fluctuates the
labels of the edges around the plaquette by R and the label
of the plaquette itself by u®. We call these individual terms
plaquette transforms and write the transform corresponding
to irrep R as Bj. Then B, = & Y ieps  Bi- Because of the
group structure of the 1D irreps, these plaquette transforms
satisfy a similar algebra to the vertex transforms:

R pR> _ pRiR,
BP Bp _Bp ’

as can be directly verified from Eq. (41). In particular, this
algebra means that a plaquette transform can be absorbed
into the corresponding plaquette term (just as for vertex trans-
forms):

R
BB, =B,

This implies that plaquette transforms have no effect on the
ground state because the ground state is an eigenstate of each
plaquette term with eigenvalue one, and so

BX|GS) = BRB,|GS) = B,|GS) = |GS).

Having considered the energy terms of the model in this ir-
rep basis, we can now examine the ground states of the model.
To construct a ground state, we first find a configuration in the
irrep basis that satisfies all of the vertex and edge constraints,
then we apply the plaquette terms to produce a suitable su-
perposition of these. We first pick an edge configuration (in
the irrep basis) that satisfies the vertex terms. These vertex
terms are the same here as in Kitaev’s quantum double model
(when that model is treated in the irrep basis), and so any
irrep configurations which satisfy the vertex terms of Kitaev’s
quantum double model will also satisfy the vertex conditions
of this model.

The next step in finding the ground states is to choose
plaquette labels that satisfy the edge terms, given the edge
labels. In a path-connected manifold (where each pair of
plaquettes is connected by a dual path made of a series of
links) the choice of any single plaquette label (along with the
previously determined edge labels) fixes the labels of the other
plaquettes. To see how this occurs, consider two plaquettes
on the lattice, such as the heavily shaded blue and orange
plaquettes in Fig. 43. Because the lattice is path connected,
we can construct a path on the dual lattice between the two
plaquettes (through the lightly shaded green plaquettes in the
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FIG. 43. Given two plaquettes that can be connected by a path in
the dual lattice, the labels of the two plaquettes in the ground state
are related due to the conditions imposed by the edge energy terms.
For example, here the heavily shaded (blue and orange) plaquettes
are connected by a dual path through the lightly shaded (green)
plaquettes, represented by the (red) dashed line. The edge terms on
the green edges that intersect with this line then enforce that the irrep
1o of the orange plaquette must be related to the irrep w; of the blue

plaquette by 1, = p;ufe R pReyRa in the ground state, where the
R, are the irreps labeling the edges intersected by the dual path.

example in Fig. 43). By rotating the edges cut by the dual path
by 90° in order to form links, we obtain a path of links that
connect the two plaquettes (the red dashed lines in Fig. 43).
The edge term [as given in Eq. (38)] forces the label of two
adjacent plaquettes to be related by fusion of the defect label
of the link connecting them (i.e., of the edge separating the
plaquettes). This means that choosing the label of the first
plaquette in the dual path fixes the label of the next in the
path and so on, until we reach the end of the path. This means
that once we have set the label of one plaquette, the label of
any other plaquette connected to that one by a dual path is also
fixed.

For example, in Fig. 43 the blue plaquette, with label 1,
is separated from the next plaquette along the path by an
edge with label R,. Considering the action of the edge term
applied on that edge, which enforces the relation shown in
Fig. 41 in the ground state, the label of the next plaquette on
the path must be 1, uf, where R is defined in terms of R,
by Eq. (39). We can repeat this for the next plaquette in the
path, and the next, until we reach the final plaquette. This tells
us that the label of the orange plaquette, the last plaquette
on the path, is o = pufepuR uReuRe . This is equivalent to
o = puy ufefoRRe We can imagine taking the edges inter-
sected by the dual path and rotating them by 90° (clockwise),
to form a path connecting the blue and orange plaquettes
(shown as a red dashed line). Then R,R,R.R; is the irrep
that we would obtain from fusing the labels of the rotated
edges along that path. We see that the label of the orange

| |

FIG. 44. There may be many dual paths that connect any two
plaquettes. For example, both the red dashed line and purple dotted
line connect the two heavily shaded (blue and orange) plaquettes
and so both of these paths give constraints on the labels of the two
plaquettes (as described in Fig. 43). If the two paths can be deformed
into one another, then they enclose a contractible surface (the yellow
region in this figure). The vertex terms in this region enforce fusion
rules, so that the total charge carried in or out of the region by
the black edges is trivial, and this ensures that the two paths agree
(carry the same defect label) in the ground state. This guarantees that
both paths give consistent relations between the two plaquettes in the
ground state.

plaquette is obtained by fusing the label of the blue plaquette
with the defect label of the dual path connecting the two
plaquettes (where uF is the defect label corresponding to a
label of R). In this example, the direction of each rotated edge
matches the direction of the path. If a rotated edge pointed
against the dual path, that edge would instead contribute the
inverse irrep to the dual path (in a similar way to how edges
on the lattice contribute to a direct path), which matches the
inverse that would appear in the condition imposed by the
corresponding edge term on the adjacent plaquette labels due
to the orientation of the edge being reversed.

While on a generic path-connected manifold any two pla-
quettes can be connected by links in this way, this does not
guarantee that we can assign the second plaquette a label
in a consistent way. Two plaquettes may be connected by
many different such dual paths, and it is not guaranteed that
these different paths will give a consistent label for the sec-
ond plaquette. However, if we consider a simply connected
manifold, the various different paths can all be deformed into
one another, which means that they differ only by a closed
contractible path on the dual lattice. This closed dual path will
enclose some region of the lattice, as shown in the example
in Fig. 44, and all of the edges that point into or out of this
region (the black edges in Fig. 44) will be cut by the dual
path. However, the vertex terms in that region enforce that the
edges coming into or out of the region must fuse to the identity
[individual vertex terms enforce that the edges coming in and
out of the vertex fuse to the identity, as indicated by Eq. (37)].
This means that the path label (in the irrep basis) associated
to the closed dual path must be trivial. In turn, this means
that the two possible dual paths between the two plaquettes
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FIG. 45. We consider an example of a manifold that is not simply
connected, namely, the torus in the upper part of the figure. The torus
can be represented by a rectangle with its opposite sides identified,
as in the lower part of the figure. As we described in Fig. 43, any
two plaquettes connected by a path in the dual lattice must have their
labels related by fusion with the defect label of the dual path, if the
edges crossed by the dual path are unexcited. This means that the
blue (dark gray in grayscale) plaquette in this figure must have a
label that is related to itself by fusion with the defect label of the
closed dual path shown here. In the case shown in the lower part
of the figure, this means that | (E) = pu;(E)uf(ORORG) More
generally if the closed dual path is ¢ and its defect label is u®®, then
we must have p; = p;u®®. This means that the label of the closed
dual path around the cycle of the torus must satisfy uf® = Iz, in
the ground state.

(which together form the closed path) have the same labels,
and so guarantees that the different paths will give consistent
answers for the label of the second plaquette.

On the other hand, if the manifold is not simply connected,
then we cannot guarantee this consistency, and so some sets of
edge labels may not generate a ground state (i.e., edge excita-
tions may be inevitable for some otherwise valid sets of edge
labels, which is only revealed when trying to find appropriate
plaquette labels). For example, consider the case of a torus,
such as the one shown in Fig. 45. Suppose that the label of
one of the plaquettes is given by w(E). Then, just as we did
in Fig. 43, we can see what labels any other plaquette should
have (if the edges are all unexcited) by fusing this plaquette
label with the defect label of the dual path connecting the
two plaquettes. If the path is ¢, with defect label u®® (the
general version of pR« o yRe R from Fig. 43), then the label
uo of the second plaquette must satisfy p, = p;uR®. Now
consider a noncontractible closed cycle connecting the first
plaquette to itself, such as the cycle of the torus shown in
Fig. 45 (the red cycle), so that pu, = ;. This gives us the
condition p; = pu®®. That is, in order to be consistent with
the edge energy terms, the label of the plaquette must be the
same as the label obtained by fusing the plaquette label with
the defect label of the dual path. If it is not, then there is
a contradiction and so the edge energy terms cannot all be
satisfied. This means that the edge labels are only consistent
with the edge energy terms when u®®) = 1, (irrespective of
the label of the plaquette itself), which is true when the dual
path is labeled by R(¢) = %1gep. This tells us that the ground
state (which must satisfy the edge energy terms) can only have

certain quantum numbers wrapping the cycles of the torus (it
can only have irreps that have trivial defect labels).

Once we have chosen consistent plaquette and edge con-
figurations in the irrep basis (i.e., a set of irrep labels that
satisfy the vertex and edge energy terms), a ground state is
acquired by applying the plaquette energy terms to fluctuate
the configurations. Knowing that all of the different allowed
edge configurations for a spherical manifold are connected
by the fluctuations from the plaquette term (because Kitaev’s
quantum double model [37] has a unique ground state on the
sphere), we would expect the ground-state degeneracy to arise
from the different choices for the label of the first plaquette.
This would suggest a ground-state degeneracy of four on the
sphere, with one state per irrep of E that we can take as
our choice for the first plaquette. However, this value for the
ground-state degeneracy is not quite correct. If we perform a
plaquette transform B§ on each plaquette, it affects each edge
twice in a way that cancels out. This is because each edge is
aligned with one adjacent plaquette and so the edge label gains
a factor of R from the transform associated to that plaquette,
but the edge is antialigned with another plaquette and so the
edge label gains a factor of R~! from that plaquette, which
cancels with the first factor. On the other hand, each plaquette
label is only affected by one transform and so the series
of plaquette transforms changes the label of each plaquette
by uR. Because these plaquette transforms must leave the
ground state invariant (analogous to the behavior of vertex
and edge transforms on the ground state), the state result-
ing from applying this series of plaquette transforms must
appear with equal weight as the original state in the ground
state.

This means that an initial choice for the first plaquette label
of irrep B is not an independent choice from choosing u® B
instead. The initial choice of irrep should only be considered
modulo the possible uR. In this example model, the only
nontrivial irrep that can be expressed as uf(e) = R[d(e)] for
some irrep R of G is the —1lgep representation. This means
that our initial choice of plaquette label is defined only up
to multiplication by the —Igep irrep, i.e., up to a minus sign.
Therefore, the only independent choices are 1rep and irep.
This implies that the ground-state degeneracy should be two
on the sphere, which matches the general formula given in
Ref. [1]. Note that this degeneracy is the same as the number
of sectors of loop excitations, and the noncondensed loop
excitations will form domain walls between different regions
that look like the different ground states. As with the (Z,,
Z3) model considered in Sec. VI A, these ground states are
locally distinguishable rather than being topologically pro-
tected. Unlike for the (Z,, Z3) model, these ground states
are related by a spontaneously broken symmetry. We men-
tioned that multiplying each plaquette irrep by —1gre, must
leave the ground state invariant. This is a global symmetry,
although it is not spontaneously broken. On the other hand
we could also multiply each plaquette irrep by =igep. This is
also a symmetry, although it is spontaneously broken in the
ground-state space. In other words, there is a Z, symmetry
that is spontaneously broken down to Z,, with the broken
symmetry resulting in a nontopological degeneracy and the
unbroken part giving a symmetry-enriched topological phase
(as we discuss further in Sec. VIII). We will discuss this idea
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in more detail in Sec. VII, where we consider the more general
> trivial case.

VII. THE > TRIVIAL CASE IN THE IRREP BASIS

In Sec. VIB 2 we saw that, at least for a particular example
of a higher-lattice gauge theory model, changing the basis for
our Hilbert space allowed us to reveal information about the
ground-state structure of the model. Specifically, it was useful
to change from a basis where the edges and plaquettes were
labeled by group elements of G and E to one where they were
labeled by irreducible representations of those groups. In this
section we will take the more general class of higher-lattice
gauge theory models in (24-1)D for which > is trivial and
apply the same change of basis. We will then examine the
various energy terms in this basis and discuss the ground states
in particular. This change of basis is motivated by work from
Ref. [49], which mapped Kitaev’s quantum double model [37]
to another set of models for (2+1)D topological phases, called
string-net models [30]. In Sec. VIII, we will show that this
change of basis similarly allows us to map some of the higher-
lattice gauge theory models to a construction for symmetry-
enriched topological phases described in Ref. [16].

We start by defining our change of basis, which is a gener-
alization of the one used in Sec. VI B 2. Consider a single edge
of our lattice. In our usual basis, we describe this edge with a
group label. For example, if the edge is labeled by g € G, we
could denote the state of the edge by |g). However, we can
construct an alternate basis, where the edge is instead labeled
by an irrep of G and the matrix indices for that irrep. For an
irrep R and matrix indices a and b, we define the state [49]

IR, a,b) = Z [D*(2)]alg). (42)

geG

where |R| is the dimension of the irrep R and [D?(g)] is the
matrix representing g in the irrep R. This is the same change
of basis we used in Sec. VI B 2, except that because G may be
non-Abelian we must include matrix indices for the represen-
tations in the change of basis. We can apply a similar change
of basis to the plaquette labels, but because E is Abelian when
> is trivial, all of the irreps are one dimensional. Therefore,
for an irrep p of E we can write the corresponding plaquette

state as
1) ,/|E Yo w@le), 3)
ecE

where |e) is the state in which the plaquette is labeled by the
group element e € E and p(e) is the phase representing e in
the 1D irrep (or equivalently is the character of the irrep).
Having defined our new basis for each degree of freedom,
with the basis for the entire lattice made from tensor products
of these individual basis elements, we can see how the energy
terms of our model act in this new basis. This will again be
similar to the results that we found for the example model in
Sec. VIB 2, except for features arising from the possibility of
G being non-Abelian. We will also not restrict to a particular

g1

=Hg1,92}:{g3,94})

g4 g2

g3

FIG. 46. The vertex transform acts on the edges adjacent to that
vertex in a way that depends on whether those edges point towards or
away from the vertex. We therefore need to differentiate between the
inwards and outwards edges in the state, which we do by collecting
their labels in separate sets when we write the state.

lattice, such as the square lattice used in Sec. VI B. We start
by considering the vertex energy term. As described in Sec. II,
a vertex transform A7}, acts on each edge attached to that vertex
(and when D> is trivial the transform acts on no other degrees
of freedom). For an edge i with label g; attached to v, this
action is

xgi if i points away from v,

1

Ay g = _ e
gix if i points towards v.

(44)

In order to describe the action of the vertex transform on all
of the surrounding edges simultaneously, we denote the state
of the adjacent edges by [{ g; }ou:> { & };,)» Where the subscript

in” denotes the inwards pointing edges and the subscript
“out” refers to the outwards pointing ones. For example, in
Fig. 46 we would denote the state of the edges around the ver-
tex by |{ g1, 82}, { g3, g4 }). The action of the vertex transform
A on the state [{ g; }ou, { &/ };,) can then be written as

A & dour £8) 1) = Hxgiouo L& 1) (45)

The vertex energy term A, is then given by A, =
ﬁ > e Al In order to apply this term in our new basis, we

define a state
[DR ,)]a,.b,)

j(gj)]a,b_,-) i{gi Youts {gj }in>’

{Ri, ai, bi Yous {Rj> @), b };,)

{8itou 18/ tin <0ulgomg
edges i

( incoming
edges j

where ) (g1}, SUMS OVer each element of G for each outgoing
edge and Z{ ¢} does the same for each incoming edge.
Then we can apply the vertex energy term to this state. By

applying some algebraic manipulations, given in Sec. S-VI of
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the Supplemental Material [45], we find that
Ayl{Ri, ai, bi You, (R, aj, by ki)

=—zzz( I DR«mm,)

xeG outgomg
edges i

x( I1 [D’*f(x)]c,b,,)

incoming
edges j

X |{Rivcisbi}out7{Rj’aj7cj }in>a (46)

where R is the representation of G conjugate to R, which
satisfies

(D ()] = DR OTE, -
The product
( I1 [DRf(x)]c,ai>( [1 [DRf(x)]c,b,)
outgoing incoming
edges i edges j

is itself a matrix element of a (generally reducible) represen-
tation of G formed from the combination of the individual
representations. Because of the grand orthogonality theorem
for representations, summing this over the elements x € G
projects to the identity representation. The vertex energy term
therefore energetically penalizes states for which the irreps
around the vertex do not fuse to the identity (with the direction
of the edge with respect the vertex accounted for by using
the original irrep or the conjugate irrep). For example, in the
Abelian case, where the irreps are all one dimensional and so
we do not need to consider matrix indices, the action of the
vertex term on a basis state becomes
Av|{Ri }outa {Rj }in>
=4 ( I1 R,~>< I1 Rj>, Trep
outgoing incoming
edges i edges j
X |{Rl }oulv {Rj }in)' (47)
Next we consider the edge term. An edge transform A¢ acts
on the edge i itself and the two adjacent plaquettes. If the edge
is initially labeled by g;, then the edge transform acts on the
edges as A{ : g; = d(e)g;. For an adjacent plaquette p, with
initial label e,, the action of the transform is
—1

eye if the circulation of p matches
the orientation of i,

ee, if the circulation of p opposes
the orientation of i.

Because E is Abelian when > is trivial, we can simplify the
notation here by neglecting the order of multiplication and
writing

Af ey = epe’,
where o, is —1 if the circulation of p aligns with the orienta-
tion of i and is 1 otherwise.

g
€1 €9
O O = ‘9761762>

FIG. 47. The edge transform affects the edge itself and the two
neighboring plaquettes. We wish to introduce a labeling scheme for
the state of the degrees of freedom associated to the edge and these
plaquettes. If the label of the edge is g, the label of the plaquette to
the left of the edge (with respect to the orientation of the edge) is e;
and the label of the right plaquette is e,, then we denote the state by

lg, er, er).

Now we wish to consider the action of the edge transform
in the irrep basis. As illustrated in Fig. 47, we denote the initial
state of the three degrees of freedom (the edge and the two
adjacent plaquettes) in the group element basis by |g, e, €2),
where e labels the plaquette to the left of the edge, while e;
labels the plaquette to the right of the edge. Then to implement
the change of basis to the irrep basis, we define

Z Z [ R(g) ab

eleeE

H{R,a,b}, n1, n2)

X Ml(el)M2(€2)|g,€1,€2),

where we have used greek letters to represent the irreps of E to
distinguish them from the irreps of G. Then in the new basis,
the action of the edge transform is given by

IR|

D ADR[0 () Pactr (e pa(e™)

c=1
x {R,c, b}, 1, 12), (48)

as proven in Sec. S-VI in the Supplemental Material [45]
(where o), is 1 if the plaquette p is antialigned with the edge
and is —1 otherwise). We now wish to consider the object
{DR[8(e)~"1}4 in closer detail. While R is an irrep of G, the
argument d(e) is only ever in the subgroup d(E) of G. Just as
we discussed previously in Sec. IIT A (in the context of electric
ribbon operators), the fact that d(E) is a subgroup in the center
of G means that R branches to multiple copies of the same
irrep of d(E), due to Clifford’s theorem [50]. We can also see
this from Schur’s lemma, which tells us that the matrices of
irrep R that represent elements in d(E) are scalar multiples of
the identity, with the scalar being a 1D irrep of d(E), which
we will denote by RI™. Then we have

[DR(3(e) ™ )ae = 8ucRE"(3(e)™H).

Afl{R’ a, b}’ M1, /J/2> =

Furthermore, we can use this irrep of d(E) to define an
irrep of E, which we call uR, by uf(e) = Ria"'(a(e)). This is
a representation of E due to the fact that 9 is a group homo-
morphism, and it is an irrep because it is a 1D representation.
Substituting these results into Eq. (48) gives us

AfHRa a, b}9 M1, MZ)
= pRe e ™ pa(e™ )R, a, b}, i1, pa).

We now consider the energy term, which is an average over
all of the edge transforms on i: A; = ulg—‘ Y ecr Af. Defining
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w=l(e) = u*(e) = u(e™'), we find from the grand orthogo-

nality theorem that
'Ai|{R7 a, b}’ M1, MZ)
= 8(u*u] u3 Ireper) { R @, b}, 1y ). (49)

We can see that this edge term checks that the irreps of the two
plaquettes on either side of the edge are compatible with the
irrep labeling the edge. This idea becomes more clear if we
take a fixed orientation for the two plaquettes. For example,
we can take the case in Fig. 47, where the two plaquettes have
the same orientation (clockwise). Then with this orientation,
the plaquette on the left is aligned against the direction of the
edge, while the plaquette on the right is aligned with the edge.
This means that the energy term becomes

Ai'{Ra a, b}v I’Ll’ H’Z)
81y Irepey) { Ry a, b}, i, pa)
=8 p1, m){R, a, b}, i, pa). (50)

Then it is clear that the edge term enforces that the irreps
labeling the two plaquettes differ by the irrep u® derived
from the irrep R labeling the edge. We note that, because
uk(e) = Ri(.,”'[a(e)], the irrep X is trivial in the kernel of 9.
That is, for an element ¢; satisfying d(ex) = lg, we have
wRiep) = Rf.j“'(lc) = 1. This means that the Kronecker delta
in Eq. (50) enforces that | (ex) = pa(ex), so the two plaque-
ttes must carry the same irrep of the kernel of 9.

Finally, we consider the plaquette terms. The plaquette
term B? acts in the group element basis according to B?|y) =
8(d(ep)gp, 1), where e, is the label of the plaquette and
gp 1is the path element corresponding to the boundary of the
plaquette. This path element can be expressed as

[1 &

edge i in
boundary(p)

8p =

where o; is 1 if the edge i is oriented along the boundary and
—1 if it is oriented against it. The product is taken in the order
of the boundary, so that the first edge on the boundary is on
the left of the product. We can denote the state of the plaquette
and the edges on the boundary by |e,, {g;}). Then we can
write the action of the plaquette operator on this state as

Bylep, (i) =8 d(e,) [] &7 1o |lep Laid).

edgeiin
boundary(p)

Now we wish to consider the action of the plaquette term
in the irrep basis. We define the irrep basis states by

|, (Ri, ai, bi }) = Z(]‘[

{gi} i

[DR (8)]aib )

x Yy | L eplep g

e €E

We find that the action of the plaquette operator on this
basis state is (as shown in Sec. S-VI of the Supplemental

Material [45])

Bpl/“La {Ri’ ai, bi })

- X XY

irreps Rof G {c¢;} {gi

(H [DR (8o, IR (€7))ee )

x>y |E|u<ep)u (ep)lep, {&i ). (51)

e,€E

We can split the plaquette term into a sum of terms, where
each term corresponds to one irrep R on the right-hand side of
Eq. (51). That is, we write

IRl &
By= 2. g5 (52)
irreps R of G
where
Bﬁ“% {Ria ai, bi }>

—zz(n

} g} i

[DR (8)]ar5:[D* (g7 )1)

<2\ E e, eplep (8:)

e,€E
= Z > (H [DR (8)ay 5, IR (€ e )
} e} i
x - u1® {gi ).

We see that Bﬁ acts by fusing the irrep R into the edges
along the boundary of the plaquette (with an inverse if the
edge is antialigned with the boundary) and fusing the irrep
uR into the plaquette. For example, when G is Abelian this
becomes

Bl {Ri}) = Z(]‘[ |GR(g»R(g,))

(g}

Z |E|u(ep>u (ep)lep, {8i )

=2 (H %(R,»R“f)@,-))
{gi} i

Xy |E|(Mu )ep)lep. (i)

e,€E
= |up®, {RiR% }),

where R%(g) = R(g°"). The total plaquette term B, then fluc-
tuates the irreps of the edges and plaquette by averaging over
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the irreps fused into the edges and plaquette:

Byl AR = Y

irreps R of G

1 R ;i
ﬁluu« {RiR” }). (53)

We note that the plaquette labels resulting from the action
of the plaquette term have the form uu®, where

1R (e) = Ri™(3(e)). (54)

This means that when we restrict the irrep to the kernel of
d, by considering elements ¢ in the kernel, we have

(i) (er) = pnlen)RY(3(ex)) = nle)Ry (1) = plex),

so that the resulting irrep that labels the plaquette has the same
restriction to the kernel of 9 as the original irrep label.

Having considered the action of the different energy terms
in the irrep basis in some detail, we now wish to consider
what this means for the energy eigenstates and in particular
the ground states. In the group element basis, the vertex term
and the edge term both fluctuate the group elements around
the edge or vertex, while the plaquette term puts constraints
on what elements are allowed in the ground state. On the
other hand, in the irrep basis this is reversed. The vertex and
edge terms enforce fusion rules on the irreps in the ground
states, while the plaquette term fluctuates the labels on and
around the plaquette. In order to construct a ground state,
we can first choose a set of edge irrep labels which satisfies
the rules enforced by the vertex terms, which only act on the
edge labels. Then we can pick a set of plaquette irrep labels
that satisfy the edge terms, given our choice of edge labels.
Finally, we apply the plaquette terms to fluctuate these degrees
of freedom and produce the ground states, which are linear
combinations of various irrep configurations satisfying the
fusion rules. For those readers familiar with Kitaev’s quantum
double model, the first step is equivalent to how we would
consider the ground states in that model in the irrep basis
because the vertex term is the same in both models. However,
it is interesting to consider the last two steps in more detail
because these involve the plaquette labels.

First, we want to choose plaquette labels that satisfy the
edge terms. Recall that the edge term acts on an edge i and the
two adjacent plaquettes according to

Al Ri,a, b}, i, pa) = (Wi, w)l{ R, a, b}, i, pa),

provided that the plaquettes have the same clockwise orienta-
tion, where p; is the initial label of the left plaquette and w,
is the label of the right plaquette, as indicated in Fig. 47. This
enforces that the two irreps of E differ by multiplication by an
irrep derived from the edge label R;. This does not fix the label
of either plaquette, but instead ensures that they are related by
a factor. Once p; and R; are chosen, the irrep u, is set. As
explained in Sec. VIB 2, where we considered a particular
example model, if the manifold represented by our lattice is
simply connected, this means that choosing the label of one
plaquette will fix the value of all other plaquettes on the lattice.
In addition, because w® has a trivial restriction to the kernel
of 9, every plaquette label will have the same restriction to the
kernel of 9 (if we choose all of the plaquettes to have the same
orientation, otherwise some will have the conjugate irrep of
the kernel). Keeping this in mind, we now consider applying

the plaquette terms. These fluctuate the values of the edge
and plaquette labels, so that the ground state is not a simple
product state. However, the plaquette term only fluctuates the
plaquette labels by irreps u® which have trivial restriction to
the kernel of 9. This means that the restriction of the plaquette
labels to the kernel of 9 is unaffected by the application of the
plaquette terms. Given that this restriction of the irrep labeling
a plaquette to the kernel is also the same for each plaquette
due to the edge terms, this means that this restriction of the
plaquette label to the kernel of 9 is a property of the overall
ground state constructed in this way. This means (on a simply
connected manifold) that we will have one ground state or
ground-state sector for each possible irrep of the kernel of 9,
and so there are multiple ground states even on the 2-sphere.
This ground-state degeneracy does not arise due to topological
concerns, as we can tell from the fact that the ground state
can be determined locally by measuring the label of a single
plaquette. Instead, for these models with > trivial, there is a
symmetry that results in this ground-state degeneracy.

We claim that, if all of the plaquettes are oriented in the
same way, this symmetry is given by multiplication of each
plaquette’s irrep label by the same irrep u of E (if a plaquette
is oriented in the opposite way, we should instead multiply
its label by the inverse irrep). We denote the operator that
does this by U#, where we have one such operator for each
irrep u of E. In order to be a symmetry of the model, this
operator must commute with the energy terms. The symmetry
operator clearly commutes with the vertex term because the
vertex term does not act on the plaquette labels. However,
we can also show that the symmetry operator commutes with
the other energy terms. Recall that, when the plaquettes all
have the same orientation, the edge energy term checks that
the two plaquettes on either side of the edge have labels related
by multiplication by an irrep associated to the edge. Because
the 1D irreps of E form an Abelian group, multiplying the
irreps of both plaquettes by a common irrep © does not change
the relationship between the two irreps and so preserves this
condition. That is, given an initial state |R, a, b, iy, (2), act-
ing first with the edge term and then the symmetry operator
gives us

U AiIR, a, b, i, pa) = U @S y, w)l{Riy a, b}, iy, o)
= 8@y, p)Ri, a, b}, viur, via).

On the other hand, for the other order of operations we have

AU"IR, a, b, uy, pa)
=Ail{Ri,a,b}, vy, viuz)
= 8oy, vi)l{ Ri, a, b, vier, vpa)
=8y, p){Riva, b}, vy, vus),

where in the last line we used the fact that the irreps of E form
an Abelian group to remove the common factor of v in each
term of the Kronecker delta. This indicates that the symmetry
operator does indeed commute with the edge terms. While
we assumed that the plaquettes all have the same orientation,
the same result holds generally [the symmetry operator then
multiplies the plaquettes with the opposite orientation by the
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inverse irrep v~! but this inverse cancels with an inverse in
the action of the edge term described by Eq. (49)].

Lastly, we must consider the commutation between the
plaquette terms and the symmetry. The plaquette term is
made of a sum of operators B;f which interact with the plaque-
tte labels by multiplying them by an irrep X, but because the
group of irreps of E is Abelian this multiplication always com-
mutes with the multiplication from the symmetry operator.
Therefore, the symmetry operator commutes with the plaque-
tte terms. Combining this with our previous results, we see
that the symmetry operator commutes with all of the energy
terms, as required. We have defined a symmetry operator U*
for all irreps of E, but we mentioned earlier that the ground
states were labeled by irreps of the kernel of 9. The presence
of degenerate ground states, even on a spherical manifold,
suggests that the symmetry is spontaneously broken, but the
fact that the ground states are labeled by irreps of the kernel
of d rather than irreps of the full group E suggests that the
symmetry is only partially broken, as we will see later in this
section.

Having constructed this symmetry operator by utilizing the
irrep basis for our model, it is enlightening to consider how
this symmetry operator acts in our original basis. Consider
a state |{u,}), where {1, } denotes the irrep labels i, of
each plaquette p and we do not need to consider the edge
labels. The action of the symmetry operator U" on this state is
(assuming that all of the plaquettes have the same orientation)

UU|{,pr }) = |{v/1vp }>

Now we can use our change of basis to see how this
operator acts in the original basis. A state |{ e, }), where each
plaquette is labeled by a group element e, is given in terms
of the irrep basis states by

1
e =) (H Eu,xe,,)l)w,,}),
P

{up}

where ) {n,} SUMS over all irreps ., of E for each plaquette
p [this can directly be verified as the inverse transformation of
Eq. (43) for each plaquette]. Then the symmetry operator U"
acting on this state is

1
U'lle,h =) (]"[ mu,,(e,»l)ww,,n
P

{up}
= Z (H Tl )Hmp})
{up}

Now because the 1D irreps of E form a group, we may
replace the dummy index ., with u; = V4, in the sum for
each p. This gives us

U'lle, = >

{up=vup}

}<]‘[ Ve >|{u,,}>

(1"[ T lu;,xep)—l)m;n

{u),

v(ep)>

v(ep)> l{ep})

1
(H EM},(%)‘)I{M},})
p

{ry}

(11
(11

=v<1’[e,,>|{ep}>.

p

Given that the plaquettes all have the same orientation,
I1 »€p 1s just the total surface element of the lattice. Writing
this total surface element as e(L), we see that the symmetry
operator acts as

U'l{ep}) = v(eL)l{ep})

on a basis element. We can then write the operator acting on
an arbitrary state ) as
U'ly) = Z v(e)d(e(L), e)lyr), (55

43

where é(L) is the operator that measures the total surface ele-
ment. We note that, if |) is a ground state, then fake flatness
implies that d(é(L)) must be related to the path element 2(L)
corresponding to the path around the boundary of the lattice
by d(é(L))g(L) = 1g. If our manifold is a sphere then the
boundary is trivial, and so we have d(é(L)) = 1. This implies
that, for a ground state |GS) on the sphere, only the labels e in
the kernel of 0 contribute, so that

> " v(e)s(e(L), e)|GS)

ecE

= 3 ved@L). lGS).

ecker(d)

U'|GS) =

This tells us that the action of the symmetry operator U"”
only depends on the restriction of v to the kernel, and in
particular is trivial if the restriction to the kernel is trivial.
Therefore, the symmetries labeled by irreps with such trivial
restrictions are unbroken in the ground states, which further
explains (in the case of the 2-sphere) why the ground states
are labeled by irreps of the kernel and not by general irreps
of E.

For a more general manifold, the picture is slightly more
complicated. We can use the fake-flatness condition to write

IGS) = 8(3(&(L)), &(L)~")IGS).
This allows us to write
U'IGS) = Y v(e)s(@(L), e)8(d(2(L))., ZL)™IGS).
ecE

We can use §(e(L), e) to replace the operator é(L) in the fake-
flatness condition with the variable e:

U'IGS) =) v(e)s(e(L), ©)8(d(e), #(L)™IGS).

ecE

We can represent an element e € E as a product exq, where
ey 1s in the kernel of 9 and ¢ is a representative of an element
of the quotient group E/ ker(d) [so that each coset of ker(d)
in E is represented by a unique element g]. Denoting the set
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of representatives of this quotient group by Q,, we can write
the sum over e € E as

2= 2 2
ecE ereker(d) geQy

This allows us to write the action of the symmetry operator as

UYIGS) = Y v(e)3(e(L), )3(3(e). #L)™H)IGS)

ecE
= Y Y vlaqs@L), eq)
exeker(d) geQy

x 8(3(exq), L) HIGS).
We can then use a defining property of representations to write
v(exrq) = v(ex)v(q). Furthermore, ¢ is in the kernel of 9, and
so d(exq) = 9(q). This gives us

UIGS) = Y Y v(ev(@)s(e(L), exq)

ereker(d) geQy

x 8(3(q). &L)NIGS).

Because the g € Q, are unique representatives of the cosets
of ker(d) in E, there is a unique g satisfying d(q) = &(L)~".
Denoting this value of g (which is generally an operator) by
4r, this allows us to remove the sum over g € Qy and the
Kronecker delta enforcing fake flatness:

U"IGS) = Z v(ex)v(gr)d(e(L), exqi)|GS).
ereker(d)
Then, even if v is trivial in ker(9), so that v(e;) = 1 for all ¢,
the action of the symmetry operator may still be nontrivial.
When v is trivial in the kernel, we have

UYIGS) =v(@) Y, 8(e(L), exdi)IGS).
ereker(9)
Fake flatness ensures that

Z 8(e(L), exqL)IGS) = |GS)
ereker(d)
[from the fact that 3(4.) = &(L)~'], and so this action be-
comes
U’|GS) = v(qL)IGS),
which is a simple phase if |GS) is an eigenstate of g, (i.e.,
has a well-defined boundary label) but can be a more compli-
cated transformation if |GS) is a linear combination of such
states.

The action of the symmetry operators given in Eq. (55)
also reveals additional information about the model and in
particular its excitations. We can see that the action of the
symmetry operator is exactly the same as the action of an
E-valued membrane operator

L¥(m) =) " v(e)s(@(m), e),

eckE

applied over the entire lattice (see Sec. III D). This means that
when we apply an E-valued membrane operator on part of the
lattice it is the same as applying a symmetry operator over
that section of the lattice. This means that we are changing
which irrep that part of the lattice corresponds to, while leav-
ing the rest of the lattice untouched. This creates a domain
corresponding to a different ground state, and so we see that

the looplike excitation on the boundary of the membrane is in
fact a domain wall between these different domains, just as we
discussed for an example model in Sec. VI B 2. This idea can
also give us an alternative interpretation of the condensed loop
excitations. The condensed E-valued membrane operators,
which we found to be equivalent to a confined electric ribbon
operator around the boundary of the membrane, are labeled
by irreps with trivial restriction to the kernel of 9. As we saw
earlier, such irreps correspond to unbroken symmetries, which
do not change the ground state when applied on the entire
lattice (for a sphere). Therefore, it seems that these condensed
membrane operators do not produce a domain corresponding
to a different ground state compared to the rest of the lattice,
which agrees with the idea that these operators act equiva-
lently on the ground state to electric ribbon operators around
the boundary of the membrane (because such local operators
cannot make domains).

Next we consider how to construct projectors to the var-
ious ground-state sectors. All of the plaquettes in a given
basis ground state are labeled by irreps which have the
same restriction to the kernel of 9 (assuming the plaque-
ttes all have the same orientation, otherwise plaquettes with
the opposite orientation will restrict to the inverse irrep).
This means that if we are in the space of ground states,
we can determine which sector we are in by measuring this
quantity for a single plaquette. Consider a plaquette p, with

state |u,) = \/%Ze,,eE p(ep)ley). Now consider applying
a single-plaquette multiplication operator M¢(p) to this pla-
quette, which just multiplies the group label of the plaquette
by e. Then we have

1
MPlg) =\ > wplep)lee,)

e €E

1 -1 7 /
=V D uple'elel)
P

/.
e, =ee,€E

/1 N
= ﬁeg%up(e Dup(e)le,)

= tple™ DIy,
so that the result is the accumulation of a phase p(e‘1 ). Then
for each irrep v of the kernel of 9 we can construct an operator
1

pPl= — M (p).
Eer(@) ee;ﬂ)v(e) ()

Applying this operator to the state |1),) gives us

P'lu,) = o) ee;ﬂ)wew (P) )
_ 1 -1
= Tker(d)] %@”@“ p(elip)
1 *
= Tker(d)] &;a)”@“ P lip).
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ker
p

i, to the kernel of 9, so that ,ul;fr(e) = up(e) for e in the
kernel of 9. We can therefore apply the grand orthogonality
theorem to write

_
| ker(d)]

From p,, we can define an irrep (" of ker(d) by restricting

D v(@mple) = 8(v, 1),

eeker(d)

so that

Pl pp) = 8(v, i) 1)

That is, the operator P projects onto states for which the
plaquette p is labeled by irreps of E that restrict to the irrep
v of the kernel. We saw earlier that we can construct a basis
for the ground states that is labeled by these irreps for the
kernel, so that each plaquette in the ground state has the same
restriction to the kernel. This means that, when applied in
the space of ground states, the projection operator P projects
onto the ground state sector labeled by the irrep v of the kernel
of 9.

In this section we have demonstrated that the (241)D
higher-lattice gauge theory model possesses a global symme-
try when D> is trivial, indicating that it describes some kind
of symmetry-enriched topological (SET) phase. It is therefore
interesting to relate this model to other constructions for SET
phases. In the following section we will do exactly this for one
such construction, known as symmetry-enriched string nets.

VIII. MAPPING THE (2+1)D HIGHER-LATTICE GAUGE
THEORY MODEL TO THE SYMMETRY-ENRICHED
STRING-NET CONSTRUCTION

A. Symmetry-enriched string nets

The higher-lattice gauge theory model in (24+1)D can be
considered as a generalization of Kitaev’s quantum double
model [37]. It is known that Kitaev’s quantum double model
can be mapped to a subset of another class of models for
topological phases, known as the string-net models [49]. In
the same way, we can map the > trivial (2+1)D higher-lattice
gauge theory model to a subset of a class of string-net-like
models, known as symmetry-enriched string nets [16]. In or-
der to explain this connection, we will first give a summary of
the symmetry-enriched string-net models from Ref. [16].

The symmetry-enriched string-net model is considered on
a honeycomb lattice (though it can be generalized to any
trivalent lattice) [16]. The plaquettes of the lattice are labeled
by group elements in some group H. The (directed) edges of
the lattice are labeled by objects in an H extension of a unitary
fusion category C. For the purposes of this work, we can just
consider a fusion category as a collection of objects with some
fusion rules that describe how we can combine them. For
example, given two objects a and b, which can fuse to objects
cord, we write a X b = ¢ 4+ d. More generally, we write that
axb=7y_Nc, where N, are called fusion multiplicities.
There must also be an identity (or vacuum) object which
fuses trivially with the other objects. A familiar example of
a category is the collection of representations of some finite
group X, where the simple objects are the irreps of the group.
These irreps can be fused (by considering a tensor product
of the matrices from each representation) and the result of

this fusion can be decomposed into a sum of irreps. There
are other important components for a fusion category, such as
the so-called F matrices, which encode associativity relations
on the fusion of multiple objects [16]. These are important for
the explicit construction of string-net models [30], but we will
not need to consider them in detail here.

Given a unitary fusion category C, an H extension of that
category is another fusion category D which contains C and
which has a property known as H grading [16]. Each ob-
ject of the new category D is associated to a group element
h € H. This divides the category into parts Dj, such that D =
®nen Dy, with each part satisfying D, x Dy C Dy,. That is,
given an object in D, and an object in D,, their fusion products
must be in Dy,. Furthermore, the part of D corresponding to
the identity element of H is C, so that D;,, = C [16].

Now that we have considered the objects labeling the
directed edges (objects in the category D) and plaquettes
(elements of the symmetry group H) of the honeycomb lattice,
we must consider the Hamiltonian. The Hamiltonian is a sum
of commuting projector operators, where we have operators
for the vertices, edges, and plaquettes of the model, just as we
do in the higher-lattice gauge theory model. The Hamiltonian
is then given by [16]

H=— ) Q=) P— ) B, (50

vertices v edges [ plaquettes p

where we will now define each of these terms. The first oper-
ator Q, is associated to a vertex v of the lattice, and projects
onto states where the three edges adjacent to that vertex obey
the fusion rules (so if two edges go into the vertex and one
comes out, the labels of the two incoming edges must fuse to
the label of the outgoing edge) [16].

The operator P, acting on an edge [, checks that the labels
of the two plaquettes separated by that edge “agree” with the
label of the edge, in the following sense [16]. The edge is
labeled by an object s in D. This object is associated to a group
element h; such that s € D) . Then the operator P, projects
onto the case where the group elements of the plaquettes on
either side of the link differ by multiplication by this element
hs. For example, in the situation shown in Fig. 48, where we
have an edge [ bordered by plaquette p and p/, the projector
P, is one if h;,]hp = h, and zero otherwise. Which plaquette
should play the role of p’ in this expression is determined by
the orientation of the edge: when the edge is rotated by 90°
anticlockwise it should point from p to p'.

Finally, consider the plaquette term B,. This is made of a
sum of terms corresponding to the different object types in the
category D. We have

B, = Z aB,U.
seD

Here B, acts by fusing a closed string of object s into the edges
of plaquette p, while U} right multiplies the plaquette label
h, by hy, where h; is the group label associated to object s. We
have described B), qualitatively here, but it is the same as the
string-net term B;‘, from Ref. [30], for those familiar with the
string-net model.

While the input to the symmetry-enriched string-net model

is an H extension of a category C, the output topological phase
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FIG. 48. In this diagram, adapted from Fig. 9 of Ref. [16], we
consider the energy term associated to the edges of the lattice in the
symmetry-enriched string-net model. Each edge (solid arrows in this
figure) separates two plaquettes (whose centers are represented by
the dots). Then the edge can be associated to an edge in the dual
lattice by rotating it 90° anticlockwise (obtaining the dashed arrows
which connect the plaquettes). The edge term then checks that the
plaquette labels at the two ends of the dual edge differ by a label A,
where s is the label of the edge and /4 is the group element associated
to that label. For example, considering the red edge (labeled by s), the
adjacent plaquettes p and p’ are labeled by h, and h,, respectively.
The dual edge corresponding to the red edge (the red dashed arrow)
points from p to p’ and so the edge term gives one if h;,'h,, = h, and
zero otherwise.

is described by a braided H-crossed extension of Z(C) [16],
where Z(C) is the Drinfeld center of (C) (i.e., the output
from a standard string-net model). This category describes the
fusion and braiding statistics of the topological excitations of
the model, while the symmetry group is given by H.

B. Mapping from the higher-lattice gauge theory model

We will now consider how we can map from the higher-
lattice gauge theory model in (241)D (with > trivial) to
these symmetry-enriched string-net models. In Sec. VII, we
took the (241)D higher-lattice gauge theory model in the
case where D> is trivial, and we expressed each energy term
in a new basis. In this new basis, each edge and plaque-
tte is labeled by an irreducible representation (and matrix
indices, for non-Abelian groups) of G and E, respectively.
In this section we will show that we can use this basis to
relate the higher-lattice gauge theory models (with > trivial)
to the symmetry-enriched string-net models. To do so, we
consider placing the higher-lattice gauge theory model on a
honeycomb lattice, so that it is on the same lattice as the
symmetry-enriched string-net model. However, there is still
some difference in the decoration of the lattice in the two
cases. In the higher-lattice gauge theory model, the plaquettes
have an orientation, whereas they do not in the symmetry-
enriched string-net model. In order to address this, we simply
choose all plaquettes to have the same orientation (clockwise)
for the higher-lattice gauge theory model.

Having fixed the lattice, we now consider the labels of the
edges and plaquettes in the two models. In the higher-lattice
gauge theory model, the edges and plaquettes are typically
labeled by elements of the two groups G and E, respectively.
However, in the irrep basis introduced in Sec. VII, the edges of
this lattice are labeled by irreps of G (and their matrix indices),
while the plaquettes are labeled by irreps of E. Because E
is Abelian, the irreps of E are 1D and form a group. We

claim that this group of irreps corresponds to the symmetry
group H whose elements label the plaquettes in the symmetry-
enriched string-net model. On the other hand, the labels of
the edges are given by irreps of G and their matrix indices
in our irrep basis for the higher-lattice gauge theory model,
while the edges in the symmetry-enriched string-net model are
labeled by objects in a fusion category. The irreps of a group
form a fusion category and we claim that this is the category
D whose objects label the edges in the symmetry-enriched
string-net model. We note that this identification is the same
as the one used in Ref. [49], where Kitaev’s quantum double
was mapped to the (nonenriched) string nets. The mapping
between the edge labels is the same whether we are consid-
ering a map from the quantum double model to the string-net
model or a map from the higher-lattice gauge theory model
to the symmetry-enriched string-net model. This is because
when we omit the plaquette labels (by making the labels
belong to the trivial group), the symmetry-enriched string-net
model becomes an ordinary string-net model and the higher-
lattice gauge theory model becomes Kitaev’s quantum double
model.

One subtlety with the identification of the edge labels in
the two models is that, in the irrep basis of the higher-lattice
gauge theory model, the edges are not only labeled by the
irreps, which are the objects of D, but also the matrix indices
for those irreps (when G is non-Abelian). As described in
Ref. [49], the matrix indices of the edges in Kitaev’s quantum
double model, and so in the higher-lattice gauge theory model,
can be associated to the vertices at the two ends of the edge.
These additional degrees of freedom are fixed when the vertex
terms are applied, with the indices being contracted to ensure
appropriate fusion [49]. This means that, even if the two
models have different Hilbert spaces when G is non-Abelian,
the ground states of the models are equivalent.

So far, we have only considered the labels of the edges
in the symmetry-enriched string-net model as belonging to
a fusion category. However, the category D whose objects
label the edges in the symmetry-enriched string-net model has
additional structure, which is important for further discussion
of the mapping. That is, D is an H extension of another
category C, where H is the group whose elements label the
plaquettes. This means that each object s in D is associated
with a group element A, and the objects in D that correspond
to the identity of H are the objects of C, as discussed in
Sec. VIIT A (and in more detail in Ref. [16]). How is this
reflected in the higher-lattice gauge theory model? We have
identified D as Rep(G), the category formed from the irreps
of G. Given an irrep R of G, it is associated to a 1D irrep
R™ of the subgroup d(E), where RI™(d(e)) = [DR(3(e)]i1.
as we described in Sec. VII when we first considered the irrep
basis. This irrep Ria"" is in turn associated to an irrep u® of
E, satisfying R},"'(B(e)) = uf(e). This is the irrep of E that
we called the defect label of R in Sec. VIB 2. We claim that
this irrep X is the group element associated to the object R
(recall that we have identified the symmetry group H from the
symmetry-enriched string-net model with the group formed
by the irreps of E). That is, if R is the object s of D, then
uR is the group element iy of H associated to that object.
In particular, this means that the objects of C = D;,, are the
irreps with trivial restriction to d(E'), which are equivalent to
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TABLE V. The group Z4 has four irreps, which are one di-
mensional. In each row, we give the phase representing each group
element for a particular irrep (which is equivalently the character for
that irrep).

1(; iG _1(; _iG
1r 1 1 1 1
—1g 1 — 1 -1
ig 1 i -1 —i
—ig 1 —i -1 i

irreps of the quotient group G/d(E) [note that d(E) is central
in G for > trivial].

There is a small subtletly in that, while w®is an irrep of E,
itis not a generic irrep of E. This is because it is only sensitive
to d(e) and not to e itself, which means that it acts trivially on
the kernel of 9. This means that some of the group elements
h € H (which are irreps of E), specifically the irreps of E
with a nontrivial restriction to the kernel, cannot be written
as h = uR for some irrep R of G and so have no objects
associated to them. This means that some of the parts Dj, of the
graded category D are empty. Reference [16] specifically does
not study cases with such empty parts of the graded category,
and so for the sake of this mapping we will restrict to the
case where the kernel of 9 is trivial from here on [so that
E and 9(FE) are isomorphic]. From Sec. VII, we know that
the different ground states of the sphere are labeled by the
irreps of the kernel, and so under this restriction we will not
have degenerate ground states on the sphere (we do not have
spontaneous symmetry breaking).

Before we compare the Hamiltonians of the two models,
we introduce a simple example to help describe the iden-
tification of the objects in the two models, which we will
use throughout this section to explain features of the map-
ping. Consider the crossed module (G = Zy4, E = Z,0 —
Z,, > — id), where 0 maps the elements of E = Z, to the
Z, subgroup of Z4. If we write the elements of G as 1g,
ig, —1g, and —ig, and the elements of E as 1z and —1g,
then we have 0(1g) = 15 and 0(—1g) = —15, which is a
group homomorphism as required. This crossed module (as
required) obeys the Peiffer condition (1) because for any
geGande€E, 9(g>e) = d(e) from > being trivial, and
d(e) = gd(e)g~! because of the Abelian nature of G, so that
d(g>e) = gd(e)g™". It also obeys the second Peiffer condi-
tion, Eq. (2), because for any pair e, f € E we have d(e) >
f = f from > being trivial, and f = efe~! from E being
Abelian, so that 3(e) > f = efe™ .

Having satisfied ourselves that (G = Zg4,E = Z,0 —
Z,, > — id) is indeed a valid crossed module, we can find
the corresponding symmetry-enriched string-net model. The
category D of this string-net model is given by Rep(G = Zy),
whose objects are the four (unitary) irreps of Z4, which we
describe in Table V below. Meanwhile, the symmetry group
H of the symmetry-enriched string net is the group of irreps
of E, i.e., the irreps of Z,, where multiplication for this group
is defined by (ojan)(e) = aj(e)ar(e) for any two irreps oy,
o. The resulting group is itself a copy of Z,. As described in

Sec. VIII A, in the symmetry-enriched string-net model each
object from the category is associated to an element of this
symmetry group (the category has a G grading). The group
element associated to an irrep of G (which is an object in the
category) is the irrep of E obtained by restricting that irrep of
G to the subgroup d(E) of G [note that for the mapping we
restrict to cases where d(E) is isomorphic to E]. Considering
the irreps of Z4, as defined in Table V, we see that the irreps 15
and —1g of G = Z4 restrict to the trivial irrep of Z, = 9(E)
[because +1z(15) = £1g(—15) = 1]. This means that these
two irreps belong to Dy, the part of D associated to the
identity element of the symmetry group. On the other hand,
the irreps +ig restrict to the nontrivial irrep of the Z, sub-
group [because +ig(lg) =1 and +ig(—1g) = —1], and so
belong to the other part of the category D_,,,, associated to
the nontrivial symmetry element.

Next we wish to compare the Hamiltonians of the two
models. We will show that the energy terms of the higher-
lattice gauge theory model are equivalent, in the irrep basis,
to those of the symmetry-enriched string-net model. First,
we consider the vertex terms. In Sec. VII we showed that
the vertex term acts on neighboring edges in the irrep basis
by checking that the irreps fuse to the identity (if all of the
edges point towards the vertex). This is equivalent to the term
Q, from the symmetry-enriched string-net model [16], which
checks that the edges around the vertex obey fusion rules
(so that if they all point inwards, they fuse to the identity).
This is explained in more detail in Ref. [49] for the mapping
between Kitaev’s quantum double model and the string-net
model (the vertex terms for the quantum double model are
the same as those for higher-lattice gauge theory when > is
trivial, and similarly the vertex terms for the string-net model
are the same as those for the symmetry-enriched string-net
model, so the mapping works the same in either case). In
the case of the example model, where the group G = Z,4 is
Abelian, this term is simple because fusion of two irreps R)
and R; is just given by multiplication of the irreps defined by
(R1R>)(g) = R1(g)R2(g) (note that the irreps form a group un-
der this multiplication). Therefore, the vertex term just checks
that the irreps (which are the natural labels for the edges in the
symmetry-enriched string-net model, and which become the
labels of the edges in the higher-lattice gauge theory model
after a change of basis) multiply to give the identity irrep.

The second energy term to consider is the edge term. In
the symmetry-enriched string-net model, the edge term checks
that the two plaquettes separated by that edge have labels
that agree with the edge label. If the two plaquettes p and p’
have labels %, and h,,, while the edge / has label s;, then the
energy term P; gives zero if h;,lhp = h,, (where if we rotate
the edge 90° anticlockwise, it points from p to p’ as shown
in Fig. 48). In Sec. VII we saw that the edge term in the
higher-lattice gauge theory model in the irrep basis enforces
that, for two plaquettes 1 and 2, labeled by irreps | and o,
that are separated by an edge [ with label R;, the labels satisfy
u® = p,. Here plaquette 1 is the plaquette to the left of
the edge and plaquette 2 is to the right (with respect to the
orientation of the edge, as shown in Fig. 49). This is equivalent
to saying that if we rotate the edge by 90° anticlockwise, it
points from plaquette 2 to plaquette 1. That is, in the language
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FIG. 49. For the higher-lattice gauge theory model in the irrep
basis, the vertex term applied on the (red) edge enforces that the
labels of the two adjacent plaquettes differ by an irrep u®, where R is
the irrep of G labeling the edge and uF is an irrep of E derived from
R. This has the same form as the edge term in the symmetry-enriched
string-net model, once we identify R with an object of the category
D and u® with the associated element of the symmetry group.

of the string-net model, plaquette 1 is p’ and plaquette 2 is
p. This means that the condition u® | = ws, which can also
be written as uf = ul’l,uz (using the fact that the group of
1D irreps is Abelian to swap the order of multiplication), is
equivalent to the hy, = h;,lh,, condition from the symmetry-

enriched string-net model. u® is the irrep of E associated to
irrep R; of G in the same way that A, is the group element of
H associated to object s; in the symmetry-enriched string-net
model. Therefore, the edge terms are the same in the two
models.

To understand this better, consider our example model.
In this simple model, the plaquettes have two basis states,
described by the identity irrep and the nontrivial irrep of Z.
Then we can distinguish between two types of edge: ones
where the plaquette label changes across the edge (i.e., the
two plaquettes on either side of the edge have different labels)
and ones where it stays the same. The two situations allow
different edge labels when the edge term is satisfied. If the
plaquette label changes across the edge, then the edge term
tells us that the edge label must correspond to the nontrivial
element of the symmetry group, i.e., the nontrivial irrep of Z,,
in order to satisfy u® | = . From our previous discussion,
we know that the irreps of G = Z4 corresponding to this
nontrivial irrep of Z, are +ig. Therefore, the edge labels that
can separate two different plaquette labels are +ig. On the
other hand, if the plaquette label does not change across the
edge, then the edge must correspond to a trivial irrep of Z,
(1R must be the trivial irrep), so the edge must be labeled by
one of the irreps £1g of G = Z4. In the general case, where
the plaquette label can take more than two values, we have
different kinds of transition of the plaquette label across the
edge, and these must be consistent with the label of the edge,
as described earlier.

The final energy term to consider is the plaquette term. In
the symmetry-enriched string-net model, the plaquette term
B, is given by

— ps 17hs
B, = E aXBpUp ,
se€D

where E; is the same as the plaquette term from the ordinary
string-net model (it acts by fusing a string of label s around the
plaquette) and Ulf’f right multiplies the plaquette label by #;.

Note that we have added a tilde to B; in order to differentiate

it from a similar operator in the higher-lattice gauge theory
model. For the class of these symmetry-enriched string-net
models that we are mapping to, the objects are irreps of the
group G. We can therefore write the plaquette term in these
cases as

— E BRy7hR
Bp = ClRBpUp .
irreps R of G

As we saw in Sec. VII, we can write the plaquette term for
the higher-lattice gauge theory model as

IR|
B,= > G

irreps R of G

where the effect of Bﬁ is to fuse the irrep R into the edges
of the plaquette and also to multiply the plaquette label by
wuR. This action on the edges is the same as the action of the
plaquette term in Kitaev’s quantum double model and there-
fore the same as the action of the ordinary string-net plaquette
term E; (as indicated by the mapping discussed in Ref. [49]).
As noted in Ref. [49] for the mapping from the quantum
double model to the string-net model, there is a subtlety in
that the plaquette term in the string-net model is ill defined
if the fusion rules are not satisfied at adjacent vertices, and is
typically chosen to be zero, whereas for the quantum double
model the plaquette terms are always well defined. However,
this does not affect the ground state because the fusion rules
are satisfied in the ground state. The same thing is true for the
mapping from the higher-lattice gauge theory model to the
symmetry-enriched string-net models.

In addition to the plaquette terms from the two models
acting the same on the edges, the plaquette terms also have
equivalent action on the plaquettes. The plaquette transform
BE multiplies the plaquette term by u*, while the U)* term
from the symmetry-enriched string-net model multiplies the
plaquette label by hg. As we established earlier, the group
element /iy associated to object R is X, so these are the same.
When we include the action on both the edges and the plaque-
ttes, we see that the operator Bﬁ from the higher-lattice gauge

theory model is equivalent to BXU)* from the symmetry-
enriched string-net model. Therefore, the plaquette term of
the higher-lattice gauge theory model maps onto the plaquette
term of the symmetry-enriched string-net model when we take
ag = |R|/|G|. While these coefficients ag can be chosen freely
to define different string-net models [30], they are usually
taken to be ag = dg/D?, where dy is the so-called quantum
dimension of R and D? is the sum of the squared quantum
dimensions of all of the objects: D* = " _,, d?. This choice
of coefficients ensures that the string-net model is associated
to a topological phase with a smooth continuum limit and that
the energy terms are projectors [30]. Indeed, these coefficients
were used in Ref. [16] for the symmetry-enriched string-net
construction. We should therefore check that these coefficients
also agree between the symmetry-enriched string-net model
and the higher-lattice gauge theory model. Identifying the
quantum dimension of irrep R as |R| [49], the total quantum
dimension is given by D* = >~ ¢ |R|> = |G|. This means
that dg/D?> = |R|/|G|. Therefore, the coefficients ag for which
the two plaquette terms match are the standard coefficients
used for string-net models. Combining this with our results
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for the other energy terms, we see that all of the energy terms
match between the two models.

Now let us consider the plaquette term in our simple ex-
ample model. In this case the plaquette term involves a sum
over the four irreps of G = Z,4. Because these irreps are all
one dimensional, the coefficient ag = |R|/|G]| for these irreps
is equal to 41'1' Writing the plaquette term with the symmetry-
enriched string-net notation, we have

1 BRYTh
B, = 4 Z B,U,".
irreps R of G

where Ay is the symmetry element associated to the irrep (or
object, in the string-net language) R. Knowing that the irreps
+1g are associated to the identity element of the symmetry
group, which we denote by 1y, while the irreps +ig are
associated to the nontrivial element, which we denote by — 14,
the plaquette term can be written as

B, = 3(B) +B,")0," + 5(B; + B, )0, ™.
Noting that the action of U)* is to multiply the plaquette
label by hg, we can see that U," is just the identity operator.
Furthermore, B)* just fuses the vacuum string around the

plaquette, so this is also the identity operator. This allows us
to simplify our expression for the plaquette term to
By = ;(1+8,") + (B +B,")0, .

By using the understanding of the ground state that we
gained by examining the edge terms, we can see why the
plaquette term requires the additional action of U;’R on the
plaquette label itself when compared to the ordinary string-net
model. The edge term enforces that a string of label 1z or — 1
must separate plaquettes with the same symmetry label, while
a string of label +ix must separate plaquettes with different
labels. If we were to fuse a string of label +iz around a pla-
quette without changing the plaquette label itself, this would
violate that rule. For example, if the plaquette was originally
surrounded by a single string of label 1, its label must agree
with all of the surrounding plaquettes’ labels. But then when
we fuse a string of label ip around the plaquette, the edge
terms then require that the plaquette label must disagree with
the surrounding plaquettes. In order to satisfy this rule, when
we fuse the string around the plaquette we must also change
the label of the plaquette.

We have therefore shown that there is an equivalence be-
tween a subset of the higher-lattice gauge theory models and
a subset of the symmetry-enriched string-net models. Specif-
ically, we considered a higher-lattice gauge theory model
described by the crossed module (G, E, 9, >), where > is
trivial (g > e = eforall g € Gand e € E) and ker(d) is just the
identity element 1r. We saw that such a model is equivalent
to the symmetry-enriched string-net model labeled by a group
H = Rep(E) and an H-graded fusion category Rep(G). This
means that the topological phase described by the two models
is the same, allowing us to identify the SET phase realized
by the higher-lattice gauge theory model as described by a
braided Rep(E)-crossed extension of Z[Rep(G/9(€))]. While
we assumed that E and d(E) were isomorphic for this map-
ping, the fact that a nontrivial ker(d) introduces spontaneous
symmetry breaking described by irreps of the kernel (as we

discussed in Sec. VII) suggests that a similar result holds for
nontrivial ker(d), but with H = Rep[E /ker(d)] as the unbro-
ken part of the symmetry instead of the full symmetry [note
that the properties of the electric and magnetic excitations are
unaffected by changing E while keeping d(E) fixed].

We can also use this correspondence between Hamilto-
nians to identify features in the two models. For example,
in the higher-lattice gauge theory model we know that we
obtain looplike excitations labeled by irreps of E. However,
we also know that these looplike excitations are equivalent to
confined electric excitations (at least, in the absence of other
excitations) if the irrep labeling them is not sensitive to the
kernel of E. Because we took the kernel of 9 to be trivial
when we mapped to the symmetry-enriched string-net model,
this means that all of these looplike excitations are of this
type. We therefore expect the presence of confined excitations
in the symmetry-enriched string-net models, but not uncon-
densed loop excitations (which correspond to domain walls
between different ground states). In the higher-lattice gauge
theory model, the confined electric excitations are labeled
by irreps of G which have nontrivial restriction to d(E). In
the language of the symmetry-enriched string-net models, the
confined electric excitations should be those whose label is
associated to a nontrivial group element of H, meaning those
labeled by objects that are not in the category C of which D
is a group extension. We expect this to hold outside of the
small subset of symmetry-enriched string nets that we can
map to directly. This is because in Ref. [16] it is stated that
the anyonic excitations are the same as those produced by an
ordinary string-net model with C as an input category, and so
any extra excitations (such as the extra electric excitations we
find in the higher-lattice gauge theory model) must be either
confined or condensed.

As an example of the confined and condensed excitations,
consider the simple model (Z4, Z,, 3, > — id) we have been
looking at throughout this section. From our general results
for higher-lattice gauge theory models (see Sec. III), we know
that there are four electric ribbon operators labeled by the
different irreps of G = Z4. However, the excitations produced
by the ribbon operators labeled by irreps with nontrivial re-
striction to the image of 9, i.e., to the Z, subgroup of Z,4, are
confined. Therefore, the excitations labeled by the irreps +ig
are confined. These are the same irreps that are associated to
the nontrivial symmetry group element (the nontrivial irrep of
E), as we expect from the general discussion above. This just
leaves the ribbon operators labeled by the irreps 1z and —1g,
of which the one labeled by 1g is the trivial operator. We also
know that there are four purely magnetic ribbon operators,
labeled by the group elements of G = Z4, but the operators
labeled by elements in d(E) correspond to condensed excita-
tions. The ribbon operator labeled by the identity element is
always trivial, but we also see that the excitation labeled by
—1¢ is condensed (which also means that the two remaining
magnetic excitations belong to the same topological sector).
These confined electric and condensed magnetic excitations
(and excitations built from fusion with them) would not be
counted towards the excitations described in Ref. [16] because
the authors of that work were only interested in distinct types
of (unconfined) anyons. This leaves us with only one uncon-
fined electric excitation and one distinct magnetic excitation,
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along with their fusion product and the trivial charge. These
are the same excitations we would expect for the toric code.
This matches the prediction from Ref. [16] because the cate-
gory C of objects with trivial symmetry group label contains
the irreps 1z and —1g, and so the excitations should be the
same as those from the C = Rep(Z,) string-net model (which
is the toric code).

Another important feature in both models is the presence of
a symmetry. In Sec. VII, we saw that the higher-lattice gauge
theory model (with > trivial) has a symmetry under multiply-
ing each plaquette label (in the irrep basis) by an irrep v of E.
This is equivalent to the symmetry of the symmetry-enriched
string-net models of Ref. [16] under multiplication of each
plaquette label by a group element 7 of H. This symmetry
exists for all of the symmetry-enriched string-net models, not
just the ones we can map to from the higher-lattice gauge
theory model. In the symmetry-enriched string-net model, this
symmetry can permute the excitation types (for instance, an
example is given in Ref. [16] where the symmetry swaps
between the electric and magnetic excitations of the toric
code). In the case of the higher-lattice gauge theory models,
however, the ribbon operators that produce the electric and
magnetic excitations do not act on the plaquette labels and so
these excitations are not affected by the symmetry.

IX. TOPOLOGICAL CHARGE FROM CLOSED RIBBON
OPERATORS WHEN > IS TRIVIAL

Now that we have looked at the excitations and their prop-
erties, it will be useful to discuss the conserved topological
charge carried by the excitations in more detail, particularly
to illustrate the ideas of confinement and condensation. The
topological charge contained in a region of the lattice cannot
be changed, except by moving some charge into or out of
the region by using an operator that connects the interior and
exterior of the region. That is, the charge cannot be changed by
any local operator, where by local we here mean an operator
entirely contained within the region. This means that any
operator that changes the topological charge within a region
will move charge through the boundary of that region and
so can be detected by an operator on the boundary of the
region. Indeed, the topological charge within a region can be
measured by an operator on the boundary of the region. Be-
cause the topological charge is conserved in this sense, rather
than being conserved by the action of the Hamiltonian, the
charges are really properties of the Hilbert space. However,
the Hamiltonian determines which particular set of charges
are relevant for the particular model. The ground state acts as
the topological vacuum for that set of charges, meaning that
the ground state has trivial topological charge in all regions.
This enforces additional properties for the topological charge
realized by the topological model. First, smoothly deforming
the boundary within which we measure the charge should not
change the value of charge measured, as long as the boundary
does not cross any excitations in doing so (thereby including
or excluding additional excitations in or from the region of
interest). This is because deforming the surface will just in-
clude more or less of the vacuum, which has trivial topological
charge. Second, the Hamiltonian does not produce or move
excitations, so we require that the topological charge within a

surface be conserved under the action of the Hamiltonian. In
addition to these properties, we require some way to combine
the charge in two regions to get a total topological charge, in
order to reproduce the fusion rules of anyon theories.

Given these properties, we look for measurement operators
that would detect such a charge. Following Ref. [36], we
wish to construct these operators from the ribbon operators
of our model. The ribbon operators (apart from the confined
ones) have many of the properties that we require. They can
freely be deformed, provided that we leave the end points
fixed. Furthermore, the ribbon operators form a complete set
of operators, once we also include the E-valued membrane
operators and single-plaquette multiplication operators. To see
this, note that we can apply each operator on a single edge
or plaquette by choosing the associated ribbon or membrane
appropriately. The electric ribbon operator then measures the
value of an edge, while the magnetic operator allows us to
multiply an edge by any element of G. Combining these
therefore allows us to freely measure and control the state of
an individual edge. Similarly, the E-valued membrane oper-
ator allows us to measure the state of an individual plaquette
and the single-plaquette multiplication operator allows us to
multiply the plaquette label by any element of E. To produce
any operator, we can use the measurement operators on every
edge and plaquette to fix which state in our Hilbert space we
act on and then use the other operators to control the action
on that state. Then summing over each possible state in our
Hilbert space with a different action for each state will give us
a general operator. We can therefore create any operator as a
combination of ribbon and membrane operators (along with
the single-plaquette multiplication operators). However, the
ribbon operators will generally produce excitations, with only
closed ribbon operators potentially producing no excitations.
Therefore, we must restrict to operators that can be produced
by combining closed ribbon operators (and single-plaquette
multiplication operators or E-valued membrane operators, al-
though these correspond to the symmetry content of the theory
and we will only use these operators in a limited way, as we
describe later). Some of the closed ribbon operators do still
produce excitations where they join onto themselves (i.e., at
the start of the ribbon, which is also the end), and so we
must further restrict to closed ribbon operators that do not
create such excitations. This is required to make operators
that simply measure the topological charge, without moving
said charge. These closed ribbon operators will then form an
algebra, from which we can produce our charge measurement
operators.

In order to produce the charge measurement operators, we
first choose a region whose topological charge we want to
measure. We then consider applying a general electric and
magnetic closed ribbon operator around the boundary of that
surface. We choose the labels of these ribbon operators, and
take linear combinations of them, to ensure that this closed
ribbon operator does not produce any excitations. As we
will see later, we may also need to apply a single-plaquette
multiplication operator to ensure that the magnetic ribbon
operator does not produce an excitation at the start (which
is also the end) of the ribbon. Apart from this, we do not
use any single-plaquette multiplication operators or E-valued
membrane operators. This is because these operators either
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correspond to the symmetry content of the model, or are
related to condensed versions of the ribbon operators. The
single-plaquette measurement operators in the kernel of 9 dis-
tinguish between the symmetry-related ground states, while
the E-valued membrane operators locally perform the sym-
metry transformation, as we discussed in Sec. VII. Therefore,
we regard two valid measurement operators that differ only by
these operators as equivalent when considering the topologi-
cal content of the model.

For the higher-lattice gauge theory models with > trivial,
we can construct the charge measurement operators explic-
itly. These charge measurement operators will be useful for
considering condensation and confinement. During condensa-
tion, a charge from the original uncondensed model joins the
ground state of the new model (after condensation). Therefore,
the expectation value of the charge measurement operator of
the old model should be nonzero when applied to the ground
state of the new model [36]. Because of this fact, it is useful to
first construct the charge measurement operators in the uncon-
densed higher-lattice gauge theory models. We explained in
Sec. III E that, given a model described by the crossed module
(G, E, d,> — id), we can construct another crossed module
(G,E,d = 1g,> — id), with d(e) = 15 V e € E. Because
the groups G and E are the same as in the original model,
the Hilbert spaces of the models based on the two crossed
modules are the same. However, in the new model the image
of 9 is d(E) = { 15 } and the kernel is ker(d) = E. This indi-
cates (from our analysis on the ribbons in Sec. III) that there
should be no condensation or confinement. In this unconfined
model £ and G completely decouple in the energy terms. The
vertex term and plaquette terms become the equivalent terms
from Kitaev’s quantum double model [37]. In addition, the
edge transform now only affects the surface labels. We can
therefore consider this model as a copy of Kitaev’s quan-
tum double model describing the edge elements combined
with an independent model describing the surface elements.
The surface elements are fluctuated by the edge transforms.
Following the arguments in Sec. VIB 2, but taking d — 1,
the edge terms project to states where the plaquettes are all
labeled by the same irrep of E in the irrep basis, with the
choice of that irrep describing the various ground states on
the sphere.

Because of this decoupling of the surface and edge el-
ements, the G-valued excitations (the electric and magnetic
excitations) are exactly the same as in Kitaev’s quantum dou-
ble model [37], with no confinement. In particular, the ribbon
algebra is the same and the ribbons only fail to commute with
vertex and plaquette terms at the end sites of the ribbon. Then,
following the methods of Bombin and Martin-Delgado [36],
we can find the measurement operators that detect the charges
labeled by objects in G. As we show in Sec. S-V B in the Sup-
plemental Material [45], the relevant closed ribbon projectors
are labeled by two quantities. The first label is a conjugacy
class C of G. Given such a conjugacy class, we choose a
representative rc. We can then construct the centralizer N¢ of
that representative, which is the subgroup formed by elements
that commute with r¢. The centralizers of different represen-
tatives of the conjugacy class are isomorphic, so the choice of
representative is not significant. Then we can construct irreps
of this centralizer. The irrep R of the centralizer is the second

label for our projector. The measurement operators on a closed
ribbon o are then given by

ke ._ IRl

7= 2 TRDKDS (57)

De(Nc).;

where

KPC = NN padaared (58)

qeQc deD

just like the equivalent operators for the quantum double
model found in Ref. [36]. Here (N¢).; is the set of conjugacy
classes of the centralizer N¢, |N¢| is the size of N¢, xg is the
character of irrep R, and Q¢ is a set of representatives of the
quotient group G/N¢, so that for each ¢; € C there is a unique
gi € Qc such that ¢; = g;rcq; I F(,h ¢ is the combined electric
and magnetic ribbon that we defined at the end of Sec. III B
(where the first argument in the superscript corresponds to
the magnetic part and the second argument corresponds to the
electric part). Then, substituting the expression for K”€ into
the one for KX, we see that

K= S g0 Y Y R e (s9)

INc| De(Ne)ej 4€Qc deD

The set of these operators over each conjugacy class and
irrep of the centralizer of that conjugacy class (defined as the
centralizer of the fixed representative) form a set of orthog-
onal projectors that make up a resolution of the identity, as
described in Ref. [36].

From the fact that both the braiding (as described in
Sec. V A) and the topological charge projectors match those
from Kitaev’s quantum double model in the uncondensed case
when > is trivial, we infer that the phase described by the
uncondensed model is the same as the quantum double model
with group G, albeit with an additional symmetry described
by the group E.

A. Condensation

We have now constructed the topological charges for our
uncondensed model. We can then use these charge measure-
ment operators to see which of these charges condense in our
original model (where 0 need not be trivial, though we still
require > to be trivial). Because the ground state is the topo-
logical vacuum of the model, any charges which are present
in the ground state of the condensed model must have (at
least partially) condensed. Therefore, we must calculate the
expectation value of the charge measurement operators to see
which charges have condensed. That is, we must work out

(KEC) == (GS|KXC|GS),

where K€ is a measurement operator in the uncondensed
model and |GS) is a ground state of the condensed model.
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We have
(GSIKS€|GS)

:(GS|% Y XD Y Y Fada e |Gs)

De(Ne ). q€Qc deD
IR| - ¥
= (O8I Y XD €1 (o)
De(Nc).; q€Qc deD

x 8(g(0), greq™")|GS).

Then we use the fact that C"(¢)|GS) = |GS) for a closed,
contractible ribbon, as established in Sec. S-II B of the Sup-
plemental Material [45], to write

(GSIK}€|GS)

R
>

Nel pée, ;

_ Rl
INC| 2

De(Nc).j

Xr(D) Y Y 8(20), greq HIGS)

q€Qc deD

Xr(D) Y D (GSI8(g(0), greq™")IGS).

q€Qc deD

Because o is a contractible closed path, g(o) must be in
d(E) in the ground state due to fake flatness. Indeed, because
the edge terms fluctuate the path element by all of the elements
in d(E), g(o) is equally likely to be any element of this
subgroup. Therefore,

(GS18(g(0), greq™"IGS) = ———38(rc € I(E)).

1
[0(E)|
The expectation value of the measurement operator is then

(GS|KXC|GS)

R
=l 2 Ta0 T Y it €96,

De(Nc ). qeQc deD
When r¢ is in 9(E), all elements of G commute with it
[because d(E) is in the center of G when > is trivial] and
so N¢ is just G. This also means that Q¢ is trivial and just
includes the identity element. Therefore,

RC
(GSIKEC|GS) = |G|ZXR( )|8(E)|8(rcea(E))

1
.10 5y 0 € DED).

where in the last line we used the orthogonality of characters.
The condensed charges are those for which this quantity is
nonzero. Therefore, we see that the condensed charges are
those where R is trivial and C is a subset of the image of
d. If C is in 9(FE), then C only contains a single element
d(e) because d(F) is in the center of G. This means that the
charge measurement operators for the condensed charges can
be written in a simpler way as Ko< " = &1 Loaec B

Consider how this measurement operator acts when it en-
closes an excitation (produced by some open ribbon operator).
It checks that the path of the measurement operator (the closed
ribbon operator) has a path element of d(e). This isolates the
case where the excitation has a magnetic label in d(E). The
closed ribbon operator also acts with an equal superposition of

every magnetic operator. This checks that the electric part of
the excitation is trivial, so that the excitation is pure magnetic.
Then the condensed magnetic excitations, those measured by
the closed ribbon operators with nonzero expectation in the
ground state, are the pure magnetic ones with label in the
image of d. This agrees with our discussion in Sec. IIIC,
where we came to the same conclusion based on the ribbon
operators that produce the corresponding excitations.

B. Confinement

In the previous section, we put the measurement operators
of the uncondensed model into the condensed model to see
which of the charges were condensed in the latter model. In
this section, we look at the charges of the condensed model
and see which of those are confined. To construct the topolog-
ical charge measurement operators for the condensed model,
we first throw out the ribbon operators that fail to commute
with the edge terms. This is because our measurement op-
erators must commute with all of the energy terms. We find
that the remaining measurement operators are labeled by two
objects, C and R. When we discussed the charge measurement
operators for the uncondensed model, the appropriate label C
was a conjugacy class of G. However, for a general model, the
appropriate label C indicates a union of cosets, the “conjugacy
class of cosets” that was discussed earlier in Sec. III C. Specif-
ically, C labels a union of cosets gd(E) for each g within a
conjugacy class of G. We can also define the classes C with the
following equivalence relation: g ~ xd(e)gx™! Vx € G, e €
E. We choose for each such class a representative element
rc € G. Then the second label of the measurement operator R
is an irrep of the group N, where N is the subgroup of G
made up of elements g such that greg™' ’1 € J(E). That is,
N/ is the subgroup of elements that commute with 7¢ up to an
element of 9(E).

The measurement operator also depends on the symmetry
state of the plaquette at the start and end of the ribbon. In
Sec. VII, we discussed how there is a spontaneously broken
symmetry, and the plaquettes in the different states correspond
to different irreps of the kernel of 9. If the plaquette is labeled
by the trivial irrep, then the projectors to definite topological
charge are defined by

IR| _
Ky = > Xw(DKX, (60)
C! e

where (N/) is the set of conjugacy classes of N/- (so that each
D is a conjugacy class), |R| is the dimension of irrep R, and
KPC is given by

KDC Z Z Z quffl qreq™"hp g f(re.d)™! (p)

qeQc deD hed(E)

1
" Tker(@)] 2

ereker(d)

M*(p). (61)

Here Q¢ is a set of representatives of the quotient group
G/N(., and conjugating r¢ by each element ¢ € Q¢ generates
all elements of the equivalence class C up to factors in d(E).
M ted ™ p) is a single-plaquette multiplication operator that
multiplies the first plaquette on the ribbon p (the start and end
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energetic string

confined excitation

measurement ribbon

FIG. 50. If our measurement operator encloses a confined exci-
tation (or multiple such excitations), the energetic string dragged by
this excitation will pass through our measurement ribbon and cause
an edge to be excited.

plaquettes for the closed ribbon) by an element f(r¢c,d)”!
such that 9(f (r¢, d)) = rcdrc_ld’l. This means that the topo-
logical charge projector labeled by union C of cosets and irrep
R of N{. is given by the following:

Topological charge projectors

¢'p

(NG )ej q€Qc deD hed(E)

—1 1
f(re,d) e
x M (p) ket (d)] E M*(p). (62)

ereker(d)

In Sec. S-V B of the Supplemental Material [45], we
prove that these are indeed orthogonal projectors. In addition,
we construct the projectors corresponding to other symmetry
states of the plaquette p (by applying the symmetry operators
U" from Sec. VII).

Having found the projectors to definite topological charge,
we want to consider which charges are confined. When we
measure a confined charge, there will always be a violation
of one or more energy terms on the measurement ribbon,
due to the presence of the confining string. Given that we
expect confinement to be due to the edge terms (from our
discussion of the ribbon operators), we expect that at least one
of the outward-pointing edges on our ribbon should be vio-
lated in the measured state. An example situation is shown in
Fig. 50.

We can therefore check whether a charge is confined by
applying a product of all of the edge terms cut by the dual path
of the ribbon . For a confined charge, at least one of the edges
must be excited and so the state must be an eigenstate where
one of the edge terms has eigenvalue zero. This means that the
product of edge terms will give zero. That is, whenever the
state being measured has definite topological charge labeled
by R and C, so that K¥¢|y) = |y), if R and C correspond
to a confined charge we must have [[,_, Ail¥) = 0. This
means that the product of operators [, AKEC must give
zero because KXC projects to states for which the product
of edge terms gives zero (and the edge terms commute with
the measurement operator). On the other hand, if a charge

is not confined, then a state |{) with that charge enclosed
by the ribbon (and no other excitations near the ribbon) will
satisfy

[TA) = 1v)

€0
because the edges will not be excited. Instead of considering
a product of the edge terms, we can consider a product of
edge transforms, which also leaves the state invariant when
the edges are unexcited (because any edge transforms on
unexcited edges leave the state invariant). We consider the

product

[T

ieo
where we assume that all of the edges i point outwards (we
would simply replace e with ¢! for any edge that pointed
inwards). Then the state |yr) corresponding to an unconfined
charge within o must satisfy

[TA41v) = 1v).

ico

This implies that for an arbitrary state |¢r) we must have

[TAk 1) = k0,
ieo

where R and C label an unconfined charge, because Kfc
projects to states which correspond to that unconfined charge.

We now wish to use this fact to identify the confined
charges. As we prove in Sec. S-1II in the Supplemental Ma-
terial [45], any magnetic ribbon with label in d(E) can be
written as a product of edge transforms, multiplied by two
operators at the ends of the ribbon that change the labels of
the plaquettes at each end. In that section, we consider open
ribbons. However, for closed ribbons, the two end plaquettes
are at the same place and the two single-plaquette multipli-
cation operators will cancel out. This means that any closed
magnetic ribbon operator with label in d(E) can be expressed
simply as a product of edge transforms. The converse is also
true, and a product of edge transforms along the dual path of a
ribbon can be written as a condensed closed magnetic ribbon
operator. That is, given a closed ribbon o where all of the
edges cut by the dual path of the ribbon point outwards (away
from the direct path of the ribbon), we have

C'0) =[] A (63)
ico
If some of the edges instead pointed inwards (towards the
direct path), we would simply have to change the label e to
e~! for those edges in the right-hand side of this equation. We
can use this result to write the condition for the unconfined
charges as

CY U)K 1y) = KXNp).

Writing the condition in this way is useful because we can
combine C?®) (o) with KR, using our algebra of operators, to
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obtain a condition on KX itself. We have

IR| -
YO (5 \KRC = D cd@ quq qreq” hp g f(re.d)”! M
@G = ST @Y DT> o) ()lker(a)l > M%(p)
C! DeL) q€Qc deD hed(E) exeker(d)
|N, ZXR(d)Z 3 EPadaared s e (p)lker(8)| > M),
deN; qeQc hed(E) ereker(d)

where for convenience we replaced the sum over conjugacy classes D of N/. and elements d in that conjugacy class with a single
sum over elements of Nj.. Because d(E) is in the center of G (due to [> being trivial), we can commute d(e) next to d in the label

of F, d()adg™ arca™h Then we can replace the dummy variable d with d’ = 3(e)d [because d(e) is in the center of G, d’ will also

be in N/], to obtain F; 9d'a7"arca™'h e fact that d(e) commutes with all elements of G also means that f(r¢, d) can be chosen to
be the same as f(r¢, d’) (recall that f(rc, d) satisfies d(f(rc, d)) = rcdrc_ld ! which is the same as red'vg ~'d’~1). This gives

us
R|
Ca(e) KRC |
() A >

d'=d(e)deN,.

Te@(e)d) Y D e ared g foed) ()

q€Qc hed(E)

> M*(p).

| ker(8 )| ereker(d)

We can split the character YR(B(e)‘ld’) into the contributions from d(e) and d’:

IR|

IRl IR|

Xr@(e)"'d") =Y (DR @) d)r =D Y DR (@) IR,

c=1

c=1 a=1

We can then use the fact that (E) is in the center of G (which also means that it is always in N/.) to simplify this expression.

From Schur’s lemma,

[DR(@3(e) I, = 8, [DR(3(e)™ NI},

(because the matrix must be a scalar multiple of the identity). We can then define an irrep of 9(E), R},"', by

Ri™(3(e)) = [D*(@(e),

as we have before in Sec. III A when discussing the electric excitations. We then have

IR| IR|

X&) 'd) =YY R (d(e)) 8uc(D* (),

c=1 a=1

This then implies that

=Ry (3™ )" ) (D@,

IR|
= RI™(3(e)xr(d).

c=1

. IR _ _ B T S
Ca(é)(o.)KfC — |N/ | Z XR(a(e) ]d/) Z Z ngdq \qrcq th(rc,d) (p) | ker(8)| Z MEk (p)
Cl a'=d(e)deN,. q€0c hed(E) exeker(d)
= Ri™(d(e d Fad'a areq S e, d)! M
(())W ST ADIDD ()Iker(a)| S M)
d'eN(. q€Qc hed(E) ereker(d)

= RI™(d(e))KXC.

We see that KXC is left invariant, and so the charge labeled by
the pair R and C is unconfined, when Rg“(a(e)) = 1 for each
e € E, i.e., when the irrep RI™ is trivial. This gives us a simple
way to check, from the label of a charge, that the charge is
unconfined.

From the above argument, we may expect that charges with
irrep label R corresponding to a nontrivial irrep RI™ of 9(E)
are confined. We can check this directly to make sure that
the charges are always definitely confined or definitely un-
confined (rather than confinement depending on some internal

(64)

(

our operator to check whether any of the edges of our ribbon
are excited can be written as

[TA=T4TT4 = o SITATT 4

ico ieo i'eo eckE ico i'eo

Then using this form and Eq. (63), we see that

[JAKE =]]A— Z Z]_[A;Kfc

ico ico eckE i'eo
space of the charge) as we expect. As discussed previously,
for a confined charge applying the edge terms on each of the = l_[ A — ZCW)( )KRC
edges surrounding the measurement region will give us zero ico ecE
because at least one of the outwards edges must be excited. 1 |E] i xc
That is, [];., AKX = 0. We know that we can extract from = l_[ TETE)] C'(o)K, .
the edge term 4; any edge transform: A; = A; A¢. Therefore, hed(E)
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Using Eq. (64), this implies that

[JAKFE=T] A[@ > Rm(HKEC

ieo ieo hed(E)
= 0 iff R™ is not the trivial irrep.

This indicates that the charges with nontrivial irreps of 0(E)
are confined, as we expect from our discussion of ribbon
operators in Sec. III A, where we saw that electric ribbon
operators labeled by such irreps are confined.

So far we have not related the labels of the ribbon oper-
ators to the labels of the topological charge carried by the
excitations they produce. However, in Sec. S-V C in the
Supplemental Material [45], we use the charge measurement
operators to verify our intuition about the charge carried by
electric and magnetic excitations. For example, by applying
the measurement operator around an excitation produced by
a pure electric ribbon labeled by irrep R, of G, and matrix
indices a and b, we find that such an excitation has label C
given by the class containing the identity 1 (this class is the
image of d). We then find that the second label R is R, or R,
depending on whether we measure the excitation at the start or
the end of the ribbon. This matches our intuition that the irrep,
and not the matrix indices a and b, should label the topological
charge.

X. CONCLUSION

The (2+41)D higher-lattice gauge theory model is interest-
ing, in that it contains features outside those from the more
heavily studied string-net and Kitaev quantum double models.
Here we have been able to study many of these properties
in two cases: one where [> is trivial and one where we re-
strict to fake-flat configurations. By constructing the ribbon
operators that produce the pointlike excitations, we found
that these particles are analogous to the electric and magnetic
excitations from Kitaev’s quantum double model [37]. Un-
like the excitations in the quantum double model, however,
some of the anyons in the higher-lattice gauge theory model
are confined, and others are condensed, in a similar way to
the excitations from Ref. [36]. In the > trivial case, we were
able to discuss this in terms of a condensation-confinement
transition, just as we did for the (3+1)D case in Ref. [44]. We
also used the ribbon operators to find the braiding relations
of these pointlike excitations, which are analogous to those
for Kitaev’s model [37], and to construct the projectors to
definite topological charge (following the method used in
Ref. [36]).

One intriguing feature of the (2+1)D higher-lattice gauge
theory model is that, despite being in (2+1)D, there are loop-
like excitations that are produced by membrane operators.
We found that, when > is trivial, these looplike excitations
can be interpreted in terms of two distinct phenomena. First,
some of the loop excitations correspond to confined ver-
sions of the electric excitations which are produced pairwise
and separated, before being recombined, thereby dragging
an energetic string which connects into a loop. More inter-
estingly, some of the looplike excitations can be interpreted
as domain walls between patches of lattice corresponding
to different ground states (with general looplike excitations
made from a combination of the two types). This revealed
the presence of a symmetry, which leads to multiple ground
states even on a spherical spatial manifold. Therefore, at least
under certain circumstances, the lattice model represents a
symmetry-enriched topological phase (SET phase). We fur-
ther confirmed this by mapping a subset of the higher-lattice
gauge theory models (where [> is trivial and we further make
d injective) to a subset of the symmetry-enriched string-net
models from Ref. [16]. However, unlike in the wider class
of symmetry-enriched string-net models, the symmetry in
the higher-lattice gauge theory models never permutes the
anyon types (at least in the cases we were able to study in
detail).

This leads us to an interesting avenue for potential further
study: We have found a tidy interpretation of the higher-lattice
gauge theory model in (241)D in terms of a SET phase only
when > is trivial. It would be interesting to further study the
case where > is nontrivial (beyond the examples considered in
Sec. VI A, as well as Sec. S-VII of the Supplemental Material
[45]), if a method for dealing with the inconsistency under
changes to the branching structure can be found. Furthermore,
the fact that the symmetry in the cases where > is trivial does
not permute the anyon types raises the question of whether
there is an extension to this model which does allow the
symmetry to permute anyon type.

In compliance with EPSRC policy framework on research
data, this publication is theoretical work that does not require
supporting research data.
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