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Coherently oscillating radical pairs are an important chemical system that can
surprisingly appear in different domains, such as avian magnetoreception or as the
basis of a qubit for quantum computation. This thesis is concerned with studying
this system in different areas, focusing on simulations and the development of
new computational tools.

First, we present two studies on avian magnetorecception. One is about how
isotopic substitutions can affect the hypothesised compass mechanism of birds.
The results of this study are planned to be used in future spectroscopic studies as
well as behavioural experiments aimed at elucidating the origin of magnetic sens-
ing in avian species. The other study involves examining the effect of stochastic,
time-dependent magnetic fields on the compass mechanism. This study compares
theoretical findings with behavioural experiments and provides evidence that the
action-spectrum histogram, an approximate theoretical tool for quantifying the
effect of radiofrequency noise, remains accurate in most circumstances.

In addition, we present a study on the design of EPR pulse sequences for
organic molecular electron spin qubits. The study builds on existing work on this
topic and demonstrates that previous studies had distinct flaws. As a result, a
number of enhancements are proposed for producing improved pulse sequences,
and an example of successful experimental use of pulse sequences is presented in
one of the appendices. In addition, the study quantifies the effects of relaxation
and nuclear spins on the performance of quantum logic gates.

The final chapter focuses on new additions to the software programme Mol-
Spin, which is an advanced platform for calculations involving spin dynam-
ics. These new additions are centred on the implementation of the stochastic
Schrodinger equation and recent advances in the estimation of quantum mechan-
ical traces. When you combine these methods with careful engineering, the use
of modern linear algebra algorithms, and new ways to reduce the time it takes
to integrate certain systems, you get a full toolkit that can simulate systems that
weren’t possible before. For instance, the singlet yield profile of a simulation of a
system with 14 nuclear spins that follows the trajectory of a molecular dynamics

simulation of a protein is shown in this chapter.
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1 Introduction

The spin-correlated radical pair represents a noteworthy chemical system that
serves as the fundamental foundation for the scientific discipline commonly
known as "Spin Chemistry".'~ This phenomenon involves the interaction between
two entangled unpaired electrons, along with the interplay of a surrounding
"bath" consisting of nuclear spins and external magnetic fields that affects the out-
come of the recombination reactions of electrons.>® This kinetic scheme, called the
radical pair mechanism (RPM), is able to capture magnetic field effects that show
up as a change in the yields of recombination reactions. ' Very weak magnetic
fields that are insignificant compared to the thermal motion of molecules can have
a significant impact on RPM. = This can be explained as an outcome of quantum
mechanical coherence, which is observed even at room temperature for these sys-
tems.*° The use of this system is ubiquitous, from forming the hypothesis of avian
magnetoreception®’~ to serving as a qubit for a quantum computer. !°-!* Radical
pair reactions in different domains and their simulations on modern computers
that aid experimental and theoretical research will be the central topic of this

thesis.

This chapter begins with an overview of the quantum mechanical property of
spin and then explores the fundamental ideas that underlie the RPM. Addition-
ally, we will delve into the application of quantum dynamics to modelling these
systems. Furthermore, we shall elucidate the significant interactions between elec-

tron and nuclear spins, which together form the spin Hamiltonian. Subsequently,
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we will examine the significant application of the radical pair mechanism in the
fields of quantum biology, quantum information science, and related subjects. In
the end, we will present the primary ideas of this thesis, which will provide a

context for further discussion of RPM.

Spin 1.1

Spin is a quantum mechanical property of electrons and nuclei that manifests in
relativistic quantum mechanics. ' This is the central property under investigation
in spin dynamics simulations and experiments. In this section, we will examine
the fundamental characteristics and quantum mechanical attributes of spin. These
teatures will be elaborated upon in subsequent sections as we delve into the

quantum dynamics associated with these spin states.

Spin is a purely quantum property that is at times referred to as the "intrinsic"
angular momentum (as opposed to the orbital angular momentum that describes
the spatial part of the particles).® Spin for a particle is described by the total spin
angular momentum quantum number, S, and the spin magnetic number ms. S
can take either non-negative integer or half-integer values and ms can have values
mg € {-5,-S+1,...,5—-1,S}. For instance, for S = 1/2 the possible mg values
are +1/2 and —1/2. In general, a particle with S will have a total of 2S + 1 possible

spin states.

A A A A A T
The spin angular momentum S is a vector property, with S = (S xr Sy Sz) p
where §x, §y, §7_ are its three Cartesian components. These operators obey these

commutations relations: *”

[S\j, §k] = ihe]'klgl 1.1
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Here, j, k, I canbe one of x,y, z, [A, B] = AB — BA, i.e. a commutator, and €

is the Levi-Civita symbol, in 3 dimensions defined as:!”

+1, if(i,],k)is (1,2,3), (2,3,1) or (3,1,2),
ek =9 -1, if(i,j,k)is (3,2,1), (2,1,3)0r (1,3,2), 1.2

0, ifi=j,orj=kork=i

The square of the total spin angular momentum, §2 = §-§, can be shown
through the use of commutation relations to commute with each Cartesian spin

operator: 7

[§2, §i] ~0 13

It follows that the eigenstates of spin, defined by mgs and S, for $2and S,

operators are: !’

S%|S, mg) = H*S(S +1)|S, mg)
14

5. 1S, msy = hms|S, ms)

In this thesis, the most common spin number S will be 1/2 (such as for an
electron spin or a 'H nuclei) and 1 (such as for a *N nuclei). Also, the eigenstates
of an electron spin (that has S = 1/2) are very frequent in simulations and exper-
iments, thus, they have specific labels, |a@) for the "spin up" state and |ﬁ ) for the
"spin down" state: !

jay = 2’72

11 1 1
E’ §> and |‘B> = |- ——> 1.5

Spin operators are defined as Hilbert space matrices and this formalism will

be used throughout the thesis. Each Cartesian spin operator is defined through a
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Pauli matrix ¢;, which for S = 1/2 are:!”

01
Gx = 7
1 0
0 —i
oy = , 1.6
i 0
1 0
GZ =
0 -1

Each spin operator will be 5; = 1i6;/2. Also, note that the dimensions of the
Pauli matrices match the number of possible spin states—this remains true for any
total spin angular momentum quantum number S. Pauli matrices are also exam-
ples of hermitian operators, since o; = ¢! (1 denotes conjugate transpose). This
is an important property for quantum mechanical operators and is a fundamen-
tal property of the Hamiltonian, H, constructed from Cartesian spin operators.
Note, there are analogous Pauli matrices for other S values yet they will not be

demonstrated here.

While modelling radical reactions, we will be interested in spin systems that
interact with one another. Such as a pair of electron spins, which is central to the
thesis and serves as the foundation for the radical pair model. The electron spins
can couple in a similar way as angular momentum does. Two electron spins,
§1 and QZ, will have total angular momentum S = 1,0 (the total spin angular
momentum can be added parallel or anti-parallel). When the spins are coupled,
we find that the total number of states is a multiple between possible states of each
individual system, in this case 4. The first of these possible states comes from the

situation S = 0, in which case the coupled systems spin magnetic number can
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only be equal to Mg = 0. This is referred to as a singlet state, |S):”

1S) =10,0) = iz (lan) ® [2) - [B1) ® |a) 17

Here ® is a tensor product that is used for coupled spin systems. When S =1,
the spin magnetic number has 3 different values Mg = -1, 0, 1, which correspond

to these 3 states, labelled as |T_), |Ty) and |T. ), respectively: '/

IT-) = 11,-1) = [B1) ® |p2)

7 2y elga) +[51) o) 18

ITy) =11,1) = |a1) ® |az)

To) =11,0) =

These are referred to as the Triplet states. When electrons are in orbitals, they
follow the Pauli principle, which states that an electron in the orbitals of a single
molecule has to have at least one unique quantum number.'” Hence, the coupled
electron states can only be in a singlet state where the electrons counteract each
other and are paired. It is also called singlet because the multiplicity of this state
is one. Also, the magnetic field does not influence this state because the total
spin momentum is zero (splitting of spectral lines is governed by the Zeeman
effect, extensively studied in this Sec. 1.4). When the electron spins, however, are
unpaired and in different orbitals, they no longer have the symmetry constraint of
the Pauli principle and can interconvert to other states, i.e., the three triplet states,
which are magnetically active. This is illustrated in Fig. 1.1. This dynamic leads

to the radical pair mechanism detailed more in Sec. 1.2.
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2]

2]/1vel |B|

Figure 1.1 The relative energies of singlet, |S) and triplet states, |T} - o), with increasing
magnetic field strength [B|. When |B| = 0, then the singlet and triplet states are split by
the exchange interaction J. We have assumed that | > 0, otherwise the singlet state would
have higher energy than |Tp). y. is the gyromagnetic ratio of an electron.

In general, we will deal with systems that have more than two spins. The size of
the system will grow exponentially with the number of spins (explained further
in Sec. 2.1), so it will become harder to model these systems with increasing
numbers of spins. There are different ways to circumvent this issue, and the
discussion of this will be the basis of Chapter 2 which will go into the details of

simulating complex spin systems.
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Radical Pair Mechanism 1.2

In this section, we will examine the radical pair mechanism (RPM), the central
point of study in much of spin chemistry and all of this thesis. The RPM reaction
scheme, first proposed independently by Closs,'® Kaptein, and Oosterhoff, ' is

detailed in Figure 1.2.%2

{(A+B)" — '[A*+B*] 7> YA +B"]

hv kﬁ.‘ k_g kT

(A+B) 'p P

Figure 1.2 The general scheme of the radical pair mechanism. A spin correlated radical
pair ! [A*~ + B**] is formed after an initial excitation (usually by light, denoted by a label
hv) followed by a series of electron transfers (denoted by a single arrow and label ET).
This radical pair, initially in a singlet electronic state, coherently interconverts to the triplet
state 3 [A*~ + B**], controlled by the system’s Hamiltonian H. During the reaction, the
radicals can react to form either singlet !P or triplet 3P products, as well as recombine to
the ground state at a rate described by the backward recombination rate constant kp.

The general mechanism of the RPM follows these steps:

1. Transition to an excited state by, usually, photoexcitation. Denoted as hv in

the diagram.

2. Electron transfer step(s) (ET) to a spin correlated radical pair (SCRP) in
an initial singlet state-! [A*~ + B**]. The initial state is singlet due to the
assumption that the spin is conserved during the electronic excitation and

electron transfer step(s), due to small spin-orbit coupling.”

3. Singlet state coherently interconverts to the triplet state (defined as intersys-
tem crossing, ISC) 3[A®~ + B**] due to spin interaction described in Hamil-

tonian H , which will be reviewed in detail in Sec. 1.4. This coherent inter-
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conversion is illustrated for a model system without spin recombination in
Fig. 1.3. The direction of applied field influences the S-T interconversion
due to anisotropic hyperfine interactions in the system, hence, forming a
basis of RPM systems being able to capture anisotropic effects, which could

be the basis of radical pair based magnetoreception of birds.”

4. SCRPs can react from singlet state to form singlet products, ! P, or from triplet
state to form triplet products, 3P. Both of these processes are described by
first order rate constants, ks for singlet pathway and kr for triplet pathway.
Also, SCRPs can recombine to ground state, described by rate constant kg.
The identities of reaction products and possible pathways depend on the

system.

The identity of A and B depends on the model system. For instance, one of the
models for animal magnetoreception involves a radical pair of [FAD*~ TrpH*"]
found in cryptochrome proteins, where FAD is flavin adenine dinucleotide and
Trp is tryptophan.” In this example, both radical pair precursors are separate
molecules, and following a series of electron transfers from the tryptophan triad
or tetrad, an electron is transferred to FAD and a radical pair is formed.” In other
cases, both A and B can be a part of the same molecule such as PTZ-Ph,-PDI
molecular wires, shown in Fig. 1.4.2?? This system is a (Donor-Bridge—Acceptor)
D-B-A system. Nonetheless, the physical basis of the mechanism stays the same
in both cases.

Some of the physical systems studied in the literature may have a slightly more
complex kinetic model that explains the observed experimental results and spin
dynamics, despite the simplicity of the RPM scheme depicted here. An example
is Fay et al’s finding of magnetic-field-independent background contributions
that are required to replicate the experimental results for charge recombination

of molecular wires.?! Due to the difficulty of simulating all possible processes,
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Figure 1.3 Coherent interconversion of singlet probability Ps(t) with time (0 < t < 2 us)
for a toy model radical pair that contains two nitrogen atoms (}4N). The direction of
the magnetic field influences the profile of this process, which is determined by the
strength of anisotropic hyperfine interactions and can be captured by the quantum yield
measurements for different field values and /or directions. The top graph denotes a system
where the magnetic field points along the z-axis, and the bottom graph showcases a system
where the magnetic field points along the x-axis. The first nuclear spin that was coupled
to the first electron had these elements in the hyperfine tensor: A,y = Ayy = —0.0989 mT
and A, = 1.7569 mT. The second nuclear spin coupled to the second electron had these
elements in the hyperfine tensor: Ay = A,y = —0.0636 mT and A,, = 1.0812 mT. No
electron-electron interactions were present. Magnetic field strength was |B| = 50 uT.
Note that recombination effects were omitted for these graphs.

however, simulations of these systems are restricted to RPM schemes similar to

the one described above.

CISS Effect 1.2.]

In recent years, there has been a lot of research into chirally induced spin se-
lectivity (CISS) that stems from observations that electron transfers through a

chiral medium can result in different efficacy depending on the spin states of the

23-25

electron. Also, there is currently interest in molecular chiral donor-bridge-
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PTZ Ph, PDI

Figure 1.4 The chemical structure of PTZ** — Ph,, —PDI*~ molecular wire with donor (PTZ)
coloured in red and acceptor (PDI) coloured in blue.

acceptor systems as a platform for exploring the molecular origins of the CISS
effect and researching the importance of it in natural phenomena.?-%* In addi-
tion, the CISS effect can be applied in quantum computing applications utilis-
ing molecular qubits to aid in the initialization, processing, and readout of the

qubits 12,28,34

If the CISS effect is present in the radical pair mechanism, then the formation
of the spin correlated radical pair will be affected, through polarisation effects in
the initial state and / or additional coherence effects, as well as affecting the recom-
bination processes of the radicals.® This thesis will be limited to RPM dynamics
without the CISS effect either due to no chilarity present in molecules during the
electron transfer steps and/or negligible spin-orbit coupling. It is important to
note that the magnetoreception hypothesis based on the [FAD*~ TrpH®*| radical
pair has chirality in the system, and that there have been studies exploring the
effects of a chiral medium on this mechanism, finding that the CISS effect could
increase the sensitivity of the compass.®>>>% There are various hypotheses and
theoretical models for this effect, but the phenomenon is not fully understood at

this time. Future research should shed a light on whether or not CISS is involved

10
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in magnetoreception. In this thesis, we have examined different aspects of the

compass mechanism without incorporating CISS effects.

1
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Quantum Dynamics 13

The main equation that is used to model time-dependent behaviour of these sys-
tems is the Liouville-von-Neumann equation which is extended with an operator,

K, that is used to model radical recombination (h = 1):337-3

% = [H ﬁ(t)] - {K ﬁ(t)} 19

[-,-] is the commutator and {:,-} is the anti-commutator. Here, p(t) is the
density matrix that describes the quantum state of the system. To understand
what is a density matrix and how it is useful for modelling quantum mechanical

systems, we look at the expectation value of an observable (O) for a quantum

system described by an ensemble of N identical copies: “’*!
N
(0) = Z (¢u| Olon) 110

n=1

These are the quantities that map quantum mechanical theory and simulations

to real world and experiments. This will one of the main tools in simulation.

We can find a more concise definition of (O) by defining quantum mechanical

trace for an operator A on a Hilbert space H with basis a |k):

Tr [A] = > (kA k) 11

k

12
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Hence, the expectation value of an observable O:

(0) = (0| OF )

Z|=

5 M =z
Djz i[M=

¢n|c‘>2|k> (kl @n)

1< A
Kl > low) (@ O 1K)

n=1

N
N A
D léu) (94| O

n=1

=
1]
—_

112

N

ZIH

A resolution of the identity, =Y « |k) (k|, was used in the 2nd line. Naturally,
a quantity p emerges that we define as the density operator and this will be the

main way systems will be described in RPM calculations: *!

113

Z| =
:MZ
=y
=
~

Hence, the expectation value for an observable A and time-dependent density
operator of the system (note that the common (-) is not used for expectation values,

and this formalism will be used throughout the thesis):*!
A(t) = Tr [Aﬁ(t)] 114
K is called the phenomenological Haberkorn operator:®’

~ ksa kra
K=—P —P 11
P st >

Here ks is the rate constant for spin-selective singlet state recombination, and
kr is the rate constant for spin-selective triplet state recombination. This form
of K accounts only for the pathways leading to 'P and ®P in Figure 1.2, and it is

the most common form of the recombination operator used in modelling. If the

13
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pathway leading back to the ground state is necessary, kpDPs/2 must be added to
R, where kg is the constant of backward recombination. Ps and Pr are projection

operators for singlet and triplet states, that can be defined as:!”

~ 1a A A
P5=Zﬂ—51'52

3 1.16
Pr=-I1+81-S,
4
These projectors have these important mathematical properties:
Ps + Pr =Tand P2 = P, 117

Here P;isa generic projection operator. The first property is a simple extension
from Ps and Pr definitions in Eq. 1.16. The second property comes from the
algebraic definition of a projection operator, which is called idempotence.*? Also,
we refer to Ps as a complementary projection operator to Pr, and vice versa.*? Both

of these properties are utilized in derivations of algorithms.

The initial proposition of the Haberkorn operator was a way to explain exper-
imental observations and was not derived from theory. This form has been well

accepted in the community 384344

and has been successfully used for many years in
explaining spin phenomena. However, recently, there have been questions about
the validity of this approach and a number of alternative suggestions based on a
quantum measurement approach: 1) the quantum Zeno approach by Kominis;*
and 2) the Jones-Hore approach.*® Quantum measurement approaches include a
description of recombination processes through probabilistic "measurement" pro-
cesses that collapse the wave function, which is a more fundamental description

than phenomenological rate equation-based approaches. The main addition to

the recombination dynamics that Jones and Hore have found from the quantum

14
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measurement approach is an additional singlet-triplet dephasing term:*64”
0 e
Z—t = —kgr (Psp(t)PT + PTp(t)Ps) 118

kst = (ks + kr)/2. This additional term will definitely affect the dynamics and
there are computational approaches to add these affects to spin dynamics.*” Yet,
the authors of Jones-Hore approach noted themselves that this addition will most
likely be hardly distinguished in experiments and could also come from other
decohorence sources in spin dynamics., such as modulation of hyperfine interac-
tions or translational modulation of electron-electron interactions (both of these
types of interactions will be reviewed in Sec. 1.4).%® Moreover, the Haberkorn op-
erator has been rigorously shown to appear from non-adiabatic rate theory by the
use of the Nakajima-Zwanzig projector approach.?” The authors concluded that
the Haberkorn operator should account for most of the recombination processes,
although there are higher order contributions which in principle are not in the
operator (like the dephasing terms) yet they could appear in the other forms in
the dynamics from H. Hence, taking into account all the recent progress in un-
derstanding the microscopic nature of these recombination processes and the evi-
dence of Haberkorn operator reappearing in rigorous analysis from non-adiabatic
rate theory and quantum master equation approaches, we will exclusively use the

Haberkorn form for radical pair recombination throughout the thesis.

The solution to Eq. 1.9 for time-independent H and K (time-dependent case

will be explored in Sec. 2.3):%!

ﬁ(t) — e—iI:It—I%tp\(O)eHI:It—Izt 1.19

The initial state will always be considered as a singlet state, due to spin conser-
vation of electron transfer reactions, as discussed before.” Nuclear spin states will

be assumed to be in a maximally mixed state*® (essentially identity operators for
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13 Quantum Dynamics

nuclear spin density operators) which remains true unless the system operates at

very low temperatures, which will not be true for any of the systems described in

the thesis. Thus, the initial state for a radical pair system, 5(0):
n 1s &
pO)=ZPselz 1.20

Here Z is the size of the nuclear spin subspace, Ps is a singlet projection
operator in the electron subspace (a 4 x 4 matrix) and I is an identity operator of
size Z X Z. Hence, the resultant dimensions of p(0) will be 4Z x 4Z, as required.

Some of the main observables of interest for RPM are the the time-dependent
populations of the singlet, Ps(t), the triplet Pr(t) electronic states and the total

radical population Pr:

Ps(t) = Tr :ﬁgﬁ(t):

Pr(t) = Tr [Prp(t) 1.2

Pi() = Tr [T ()

N is the size of the full spin space of the radical pair. Using properties in Eq.

1.17 we can show that:

Po(t)+Pr(t) = Tr [135 ﬁ(t)] +Tr [ﬁTﬁ(t)] ~Tr [(PS + ﬁT) ﬁ(t)] ~Tr [ﬁNﬁ(t)] = Py(t)
1.22

These are the main variables of interest that will be used as comparison to
experiment and for formulation of the model of magnetoreception. Specifically,
we will be interested in the total yields of singlet and triplet projection operators

when the radical pair will be fully recombined:

Ps(00) = ks / Ps(t)dt
0 1.23

Pr(co) = kr é " pr(b)t
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Where ®s is the singlet yield, and @7 is the triplet yield. All simulations
of these systems are concerned with evaluating these yield values, and different
strategies, which are the central points of this thesis, will be reviewed in Chapter
2, and as a part of studies in Chapters 3, 4, and 6. Moreover, in some cases, such as
in molecular wires, or other experiments, the yield may be evaluated at an earlier
time T. Hence, definitions in Eq. 1.23 are adapted to (only shown for the singlet
yield):

T
Ds(T) = ks /) Ps(t)dt 1.24

There is an alternative definition of the quantum mechanical trace in Eq. 1.14
where the observable is time-dependent. By considering the expectation value of

a generic observable A and plugging in Eq. 1.19, we find: ¥

A(t) = Tr [ﬁ(t)A] — Tr [e—iﬁf—ﬁ(%m)e+ff”—ﬁfA]
125
— Ty [ﬁ(o)e+iﬁt—1%tA"e—iﬁt—1%t] — Ty [ﬁ(O)AA(t)]

This definition where the observable is time-dependent is named as the Heisen-
berg picture (in contrast to the Schrédinger picture where the density operator is

time-dependent). Here, the general time-dependent operator is defined as:

A(t) _ e+iﬁt—IZtA‘e—iﬁt—1%t 126

This property is derived by applying the cyclic property of a trace:*
Tr[ABC] = Tr[BCA] = Tr [CAB] 1.27
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13 Quantum Dynamics

It should be clear that ®g(c0) + @r(c0) = 1, and this can be shown rigorously:°!

Ps(c0) + Dr(c0) = Tr {,3(0) / ) ksﬁs(t) + kTﬁT(t)) dt}

=Tr {p(O)/ ZK(t)dt}

= Tr ﬁ(O)/ +iHt- KtzKe—lHt tht}

4 (_ +ifAt-Rt ,—iAt-Kt
{ O)/0 e e )dt}

50 [ +ift-Rt —iﬁt—l%t]oo}
() [-er ek

(O)I[N} =Tr {p(0)} =1
This derivation utilizes the definition of the trace in Eq. 1.25.

1.28

=Tr

=Tr
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Spin Interactions 1.4

The RPM is primarily governed by the coherent interconversion of the singlet
and triplet states. This interconversion process can be fully explained by the

interactions of spin within the spin Hamiltonian of the system, A:13

I:IZI:I1+1212+I:I]+I:ID 1.29

Here, H ; denotes the exchange interaction and Hp denotes the electron-
electron dipolar (EED) interaction, which are interradical interactions, i.e. be-
tween the electron spins. ﬁi, where 7 is either radical 1 or 2, denotes the intrarad-
ical interactions, which are split to hyperfine, a hyps and Zeeman, a 7 interactions:

A

H; = I:Ihyp,i + I:IZ,i 1.30

This section will explain the origins and characteristics of the Zeeman, ex-
change, EED, and hyperfine spin interactions. Additionally, we will examine the
spin Hamiltonian employed in Electron Paramagnetic Resonance (EPR) experi-
ments, particularly in the context of high magnetic field strengths.

All the spin interactions, quantum master equations and density operators

will assume units for which # = 1.

Zeeman Interaction 1.4.1

Zeeman interaction is the splitting of electron spin energy levels due to the inter-
action between external magnetic field and the magnetic moment created by the
spin:°?

H;=w-S=-y.B-§ 1.31

Here w = —y,.B where v, is the gyromagnetic ratio of the electron spin and B is

the magnetic field vector. y, can also be defined as y, = —g.up/h (i = 1), relating
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1.4 Spin Interactions

it to the electron g-factor, g., and Bohr magneton, up. g. can be thought of as a
dimensionless proportionality constant between the observed magnetic moment
and the angular momentum of the spin, where as up is a unit for magnetic
moments. S is a vector for Cartesian electron spin angular momentum operators
§= (5., 5y, 82)

In the simulation of molecular systems containing radicals, it is commonly as-
sumed that the interaction between the magnetic field produced by the electron’s
orbital motion (known as the orbital angular momentum) and its spin angular
momentum, commonly referred to as the spin-orbit coupling, is typically con-
sidered to be negligible.”!” The prerequisite for this condition is the absence of
heavy atoms and the absence of high symmetry in the radical, such as linearity.”
Negligible spin-orbit coupling has two important consequences for the Zeeman
effect. First, the g-factor is regarded as isotropic (generally speaking, the g factor
is a tensor property that can have asymmetric terms). This is due to the require-
ment of significant spin orbit coupling to introduce anisotropic terms in the g
factor.”®> Moreover, it is worth noting that in numerous instances, radical pairs
exhibit rapid tumbling behaviour in solution. This characteristic further leads to
the insignificance of any anisotropic contributions, as the anisotropic components
of the tensor effectively average out to zero if the radical is rapidly tumbling.”
Second, it is commonly assumed that the value of g, is equivalent to the free elec-
tron g-factor in situations where there are no measured g-factors. This is also an
outcome of small spin-orbit coupling, which can be illustrated by considering the

value of isotropic g-factor determined by second order perturbation theory:>>>*

27 (0| L|n) - (n|L1|0)
e 3 E, —E,

n>0

1.32

Where A is the spin-orbit coupling, L is the electron orbital angular momentum

vector operator, |n) is an eigenstate of the spatial Hamiltonian with energy E,.
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Unless, A is much larger then the energy difference E,, — Eo, § ® g, revealing the
basis of the assumption that g. is equal to the free electron value. The experimental
determination of the g-factor can also serve as a reliable means to assess the degree
of spin-orbit coupling.

B is the magnetic field vector, defined as:
B = |B| (sin(0) cos(¢p), sin(6)sin(¢), cos(G))T 1.33

The direction of the magnetic field vector is defined by two angles, inclination
angle 0 and azimuthal angle ¢. Inclination angle is the angle between the mag-
netic field vector and the z-axis. Azimuthal angle is the angle of the magnetic field
vector’s projection onto the xy plane and the x-axis. The strength of the magnetic

field is defined as |B]|.

Another important property of the electron’s Zeeman effect is its Larmor fre-
quency. A system for a single electron, with states |a) and |ﬁ>, can be solved
analytically for the Zeeman Hamiltonian in Eq. 1.31, to yield energy of the states
as —y.ms |B|. The energy difference between these two states, defined as the

Larmor frequency, vi, is:"?

_ Ve |B

1.34
27

VL

Larmor Frequency is an important value for radical-pair based magneto-
reception. It is used as a rough estimate of the required lifetime for a radical
pair to significantly interact with an external magnetic field.” For instance, for
Earth’s magnetic field strength |B| = 50 uT, the period of Larmor frequency is
T = 1/vy = 0.71 us. This means radical-pair lifetimes of 1 us are required for
this effect. There are currently no found biological radical systems that have such
a long lifetime, this fact being one of the arguments against this mechanism as a

basis for animal magnetoreception.”
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1.4 Spin Interactions

Nuclear spins can also interact with the magnetic field through nuclear spin

Zeeman effect:”?

ﬁZ,nuc = Z ViB : ii 1.35
i

Here I; are nuclear spin quantum operators for nuclei i and y; is the gyromag-
netic ratio of nuclei i. In all simulations for this thesis, the effect will be neglected.
Primarily because the gyromagnetic ratios of nuclear spins are much smaller than
those of electron spins, and because the magnetic fields considered in this thesis
are also too small for this interaction to be significant.For illustration, the ratios
between electron spin gyromagnetic ratio and two common nuclei considered in
spin dynamics, 'H and *N (g-factor values for these nuclear spins are shown in
Appendix A):

Ve ) Ve

~
~

658, ——— ~ 9105 136
yn('H) yn(*N)

Moreover, the same argument can be applied to explain why nuclear spin-
nuclear spin interactions are usually neglected in radical pair spin dynamics. The

interaction scales with the gyromagnetic ratios of nuclear spins, hence, those

interactions will be tiny compared to the terms that involve electron spins.>?°
Note, y, = 176.086 us~t mT~1.7
Dipolar Interaction 14.2

One of the interactions between electron spins is the electron-electron dipolar
(EED) interaction. It is a coupling that arises from the interaction of magnetic
dipole moments created by the electron spins.!” The usual form for this interaction
56

in a spin Hamiltonian is:

Ap=S5,-D-S, 137

Where D is the dipolar interaction tensor. It can be derived by considering
how the magnetic field created by one of the electrons interacts with the magnetic

dipole moment of the second electron. The magnetic dipole moment created by
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an electron with spin operators S;, g-factor, g, and gyromagnetic ratio, y,:'”
m; = .7.S; 1.38

The electron i creates magnetic field B; at a point in space described by r. Point

dipole approximation is employed here: 74

B; =

Lo (mi B 3r(r - ml)) _ HogeYe (éz B 3r(r - S,-)) 139

4mrd r2 - 48 r2
r = |r| is the distance between two radicals, and po is the magnetic constant.

The EED interaction between the two electrons is given as:

I:ID = —B1 -my 1.40

g2 (s & 35115y
= S-S, -
473 r2

This expression can be rewritten in the form of Eq. 1.37, by setting D as:>*

25,2
D= E8IE (13225 = p (1-3257) 1.41
4rtr3 r2 r2

D is the dipolar constant, I is the unit matrix and ® is the outer product. From
this form, we can observe that the strength of this interaction scales with .

The EED interaction can be ignored when the radical pair is rapidly tumbling
in a solution because the traceless tensor D vanishes.'”* In addition, EED is
sometimes referred to as zero field splitting because it eliminates triplet state
degeneracy even in the absence of a magnetic field.”* However, it is important to
note that EED is not the only possible source of zero field splitting, which can also

be caused by spin-orbit coupling.>?

Exchange Interaction 14.3

The exchange interaction is an isotropic electron-electron interaction that mani-

fests from the orbital overlap between two electron spins. It is a spin coupling,
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1.4 Spin Interactions

despite being a consequence of the spatial parts of the wavefunction, and is incor-

porated into the Hamiltonian as:>

H;=-2J§;- S, 142

Where | is exchange constant. This interaction is a combination of direct
exchange interaction between the radicals and long range superexchange interac-
tion.

The exchange interaction is assumed to have an exponential relationship with
the radical-pair distance r, which is the distance between the centres of the two

radicals, and has no relationship with radical-pair orientation:!

J(r) = Joe™"/" 143

Here Jp and r; are empirical parameters.

Hyperfine Interaction 14.4

Hyperfine interaction is the interaction between an electron spin and a nuclear
spin of a radical. The hyperfine interaction between an electron i and nucleus j is
defined as:

Huyp.i = Si - Ayj - 1 144

Ajj is the hyperfine tensor that describes the interactions’ strength and direc-
tionality. This tensor decomposes to two terms, an isotropic part with constant

ais0 and an anisotropic tensor A yiso:
A = Aaniso + aisoﬂ 1.45

The anisotropic terms come from the dipolar coupling between the nuclear

spin and electron spin magnetic moments, analogous to EED coupling between
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electron spins.”® The other term comes from the Fermi contact interaction and
it’s generally isotropic. It can be described as a correction to the point dipole
approximation made in the derivation of the dipole interaction and considers
the coupling of the electron spin when electron is inside the nucleus.>”® In gen-
eral, both of these quantities are computed by utilizing the wavefunction of the
electron in the radical'” that is generally calculated by Density Functional The-
ory (DFT).”® Also, Electron Paramagnetic Resonance (EPR) techniques such as
Electron-Nuclear Double Resonance Spectroscopy (ENDOR) can be utilized to
measure these properties.” " Yet, usually there is an issue of finding the sign
of the hyperfine interactions, for which DFT method can be utilized, as seen in

different studies. 2!

At times, it is useful to quantify the magnetic field generated by the isotropic

hyperfine coupling interactions and we will use the effective hyperfine field for

radical i for this comparison:63

N;
Biyp,i = | ), a2 Tik(lix +1) 1.46
k=1

Here, a;; are isotropic hyperfine constants for nuclei k coupled to electron i.

Hyperfine interaction constants used in Chapter 3 were computed in Gaussian-
03%* at the UB3LYP/EPR-III level *® and we would like to acknowledge Dr. Ilya
Kuprov, Department of Chemistry, University of Southampton for calculating

those constants.
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1.4 Spin Interactions

High Field Hamiltonian 14.5

When the magnetic field strength |B| is much higher in strength than other inter-
actions in the system we can employ a secular approximation that significantly

simplifies the spin Hamiltonian to: /6=

B = By + Flpgps + Fngpa + By + A
Az = —y1|B| 51, — 12 |B| 82,

Hy =2]5:-5, 147
Ap = 3D (3805 - 61-%)

N;
Z (Aikfik,z + Biink,x))

k=1

thp,z’ =85iz®

Here D = D(cos?(6) — 1/3) with D as the strength of dipolar interaction, 0
as the angle between the applied magnetic field and the dipolar axis, | is the
exchange interaction, y; is the gyromagnetic ratio of electron i, N; is the number
of nuclear spins on radical i and A, B are hyperfine coupling coefficients. A hyp,i
is an anisotropic hyperfine interaction despite, on a first look, omitting some
"pseudo-secular” terms, as demonstrated in Ref. 66.

This form of the spin Hamiltonian has a lot of simplifications which arise with
high magnetic fields and is used to explain EPR experiments. This form will be
used in Chapter 5 and Appendix D for studies that aimed to carry out a CNOT

gate operation on organic molecular spin qubits based on the RPM.
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Applications 1.5

The RPM model can be utilised in a variety of contexts, either to explain natural
phenomena or to design practical systems for scientific and other applications. We
will examine in depth two application-related topics: 1) avian magnetoreception
and 2) organic molecular spin qubits. Also, at the conclusion, we will discuss

additional systems that have significant RPM applications.

Avian Magnetoreception 1.5.1

It is established that birds have the remarkable ability to sense the direction of
Earth’s magnetic field.®*”! Birds use this sense, combined with the ability to
use visual cues (stars,”>”* landmarks”>7® or the sun),”” " to fly extraordinarily
large distances while migrating.®1%* Other species are also capable of sensing
the magnetic field, but the majority of recent biological research and evidence
regarding this sense has focused on migratory birds. In this section, we will focus
on the mechanism of avian magnetoreception.

Despite the fact that the physical origins of this sense in birds are still being
debated, there are a variety of current hints regarding it. The sense depends
on the inclination of the magnetic field rather than its polarity.”%”! Moreover,
behavioural experiments have revealed that it is a light-mediated sense.*=%% Also,
behavioural experiments have demonstrated that weak, time-dependent magnetic

89?

fields can disrupt the compass sense.?”? ~* Radical pair-based magnetic sensing

is the only current hypothesis which may fully or partially explain all of these

observations of avian magnetic sense.>’

The current hypothesis, first suggested in 2000® (although cryptochrome in-
dependent mechanism was first suggested in 1978%), is that a radical pair can
be formed in photoreceptor proteins called Cryptochrome (CRY),”*” that are
found in the eyes of birds (amongst many other places in the body) and it is the

only known vertebrate photoreceptor molecule that can form radical pairs under
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1.5 Applications

light illumination?*-'% (Chlorophyll can as well,'"! yet it is not found in birds).
Hence, after light illumination, there is a series of electron transfers that produces
a radical pair which can capture the inclination of Earth’s magnetic field which
the bird can sense. The current thought identities of these radicals is that one of
them is a non-covalently bound redox-active flavin adenine dinucleotide cofac-
tor (FAD), which is known to absorb blue light when in its fully oxidized state.”
Next, after photoactivation of FAD, four consecutive electron transfers along a
tetrad of tryptophan (Trp) residues!'*1921% form a radical pair composed of a
flavosemiquinone radical (FAD®*") and a radical TrpH®" that is the terminal Trp

residue in the triad.”!% This process is illustrated in Fig. 1.5.

AR

Zk jﬂ{w;.‘)_,,

oy

v

v

Figure 1.5 Arrangement of FAD cofactor and 4 tryptophan residues (W4, Wg,, W, Wp) in
European Robin Cry4a during formation of a [FAD'_ Trp CH°+] radical pair. Initially light
activates the FAD cofactor (denoted by the lighting bolt), which initiates a four electron
transfer cascade until the fourth tryptophan (Wp, also denoted as TRPp) forms a cation
Trpp,H**. The arrangements of molecules are from homology protein model of European
Robin Cry4a taken from Ref. 107.

Hence, the current hypothesis is that [FAD'_ TrpCH°+] radical pair is cen-
tral to the avian magnetoreception. The RPM mechanism of avian magneto-
reception for this radical pair is detailed in Fig 1.6. The possibility of this mecha-

185—88,106,108—110

nism is supported through a number of experimenta and theoret-
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ical 197 111-121 jnhyestigations. Also, an artificial radical pair system composed of
carotenoid—porphyrin—fullerene has been able to detect magnetic field effects with
|B| as low as Earth’s magnetic field and was able to detect directional magnetic
field effects in stronger fields (3.1 mT).? This gives the radical pair-based avian
magnetoreception hypothesis a strong foundation, because a chemical radical pair

system that can pick up on very weak magnetic fields can be built.

FAD" + TrpH %
1[FAD“ TrpH'+ H (t) 3[FAD*- T]cpH'+

k k
hv ks N / ¢

[FADH‘ Trp°]

FAD + TrpH

Figure 1.6 Photochemical reaction scheme for radical pair based magnetoreception. Initial
photoexcitation of FAD and sequential electron transfer reactions produce a radical pair
[FAD" TrpH°+] , denoted as RP1. RP1 can coherently interconvert between singlet and
triplet states, which is controlled by the direction of the magnetic field and interactions of
electron and nuclear spins of radicals. RP1 can either recombine to the ground state with
a rate constant ks or convert to [FADH® Trp*| (denoted as RP2) by deprotonation with a
rate constant kc. RP2 is thought not to be sensitive to magnetic fields and believed to be
involved in the signalling mechanism for the magnetic field effect’s sensing. This scheme
is adapted from Ref. 7

Yet, there are currently a few theoretical and biological issues regarding this
model. When full interactions and large spin spaces are taken into account, the
spin dynamics of [FAD®~ TrpH"*| exhibit a relatively small anisotropy (the mea-
sure of compass sensitivity), which may be insufficient for sensing.”*’ There have
been hints in the literature that a quantum mechanical needle effect''* could pro-
vide this required sensitivity, but a realistic theoretical model with full quantum

effects that would have this effect has not been proposed, and it has also been
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demonstrated that this effect does not appear in a more realistic [FAD’" TrpH’+]
system.'?? In addition, the radical pair lifetime must be long enough for the mag-
netic field to alter the spin coherence sufficiently for the Earth’s magnetic field
to be detected, ideally on the order of 1 us.”'?® As a result, a significant amount
of current research is focused on either potential alternative mechanisms of this
sense or theoretical modifications to the current model that would increase either

the anisotropy or the lifetime of these radical pairs.

One of the possible alternative mechanisms is that FAD is paired with a hypo-
thetical radical Z, which would have no hyperfine coupling values.'™® This rad-
ical pair has demonstrated increased sensitivity in simulations and was initially
proposed to address the behavioural experiments demonstrating that radiofre-
quency noise at the Larmor frequency disrupted the compass sense.” However,
a more recent and meticulously conducted behavioural experiment was unable
to replicate this result, casting serious doubt on this hypothesis.”* Additionally,
Z’s plausible or probable identity is currently unknown. There have been several
proposed identities for Z, including superoxide radical O3~ and ascorbic acid
radical Asc®.'?* Ascorbic acid is only bound to cryptochrome for a few nanosec-
onds, whereas the radical pair lifetime required for magnetic sensing would be
between 1 and 10 us, according to molecular dynamics studies,””! and theoretical
studies of superoxide involvement in spin dynamics with FAD*™ have shown that
it may be too speculative due to, among other things, the rapid relaxation of the
superoxide radical.'? Consequently, there are no currently accepted identities for
Z, nor is there consensus that it is involved in the mechanism of the magnetic

compass.

In addition, it has been proposed that the compass sensor consists of two rad-
ical pairs between FAD and W and Wp tryptophans, with the electron hopping
between these two residues during spin dynamics.!%!!! This alternative mech-

anism is shown in Fig. 1.7. Simulations show that this dynamical equilibrium
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between RPc and RPp sites could be an ideal combination of necessary properties

of magnetic field sensing and signalling. 19>111

Furthermore, another proposed alternative is that the compass sensor is com-
posed of two radical pairs between FAD and W¢ and Wp tryptophans, with the
electron hopping between these two residues during spin dynamics.This alter-
native mechanism is shown in Fig. 1.7. Simulations show that this dynamical
equilibrium between RPc and RPp sites could be an ideal combination of nec-
essary properties of magnetic field sensing and signalling.!%>!!! Also, a study
determined ! that a weighted average of both site spin couplings is sufficient
to incorporate the effects into spin dynamics; essentially, a radical pair that is
intermediate between the two sites will have similar spin effects as the composite
radical pair. Therefore, it is not necessary to simulate the composite radical pair
for modelling purposes in order to examine the effects of interests, such as time-
dependent field effects, on this mechanism. In addition, additional experimental

observation is necessary for this model to be accepted.

Also, a number of hypotheses exists which propose special conditions in the

spin dynamics that would amplify [FAD'_ TrpH'+] radical pair’s anisotropy, such

113,126 127-129

as a special form of electron-electron interactions, scavenging radicals,

nuclear polarization effects'!!

or extra motions in the dynamics that increase
anisotropy.?’ Although, these considerations are promising corrections to the
current mechanism, none of these claims have yet been rigorously proven with

experimental studies.

In recent years, there has been a growing consensus that the mechanism
of avian magnetoreception may not be explicable using classical physics mod-

307132132133 Geen as requiring a quantum mechanical explanation are the

els
sensing of such low magnetic fields and radiofrequency disruptions to the com-
pass sense. Consequently, this field of study belongs to the emerging field of

Quantum Biology, which also investigates diverse topics such as enzyme reac-
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Figure 1.7 An alternative mechanism of magnetoreception. After initial photoexcitation
and electron transfer reactions, a composite radical pair is formed that includes RPc and
RPp that interchange between each other with rate constants kcp and kpc. Hence, the
mechanism would an average of properties of the two distinct reaction centres. Both
of these sites can recombine to the ground state with rate constants kcr and kcy. As
well as form stabilized radical pairs with rate constants kcy and kpy. Analogous to the
mechanism with just one radical pair centre. The stabilized radical pairs can form a
potential signalling state that would transfer the magnetic field information. Adapted
from Ref. 106

tions, 3414 photosynthesis, >3 and DNA proton tunnelling. 1>#14156 These
biological phenomena could be explained by non-trivial quantum effects, which
are central to this field’s characteristics. Due to the requirement of spin coherence
for singlet-triplet interconversion, the current hypothetical RPM model for avian

magnetoreception aligns well with the field of Quantum Biology.

Our simulations in this thesis will model currently the most probable mecha-
nism to explain avian magnetoreception shown in Fig. 1.6. We will look at new

theoretical insights to this mechanism via investigations of isotope substitutions
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effects and the effects of time-dependent white noise on the compass mechanism.

This will be the basis of Chapters 3 and 4.

Molecular Qubits 1.5.2

Quantum computing is now one of the largest fields in physics, computer science,
and engineering, and many research groups and private companies are attempt-
ing to exploit quantum mechanical phenomena in order to perform computer
simulations that would otherwise be incredibly challenging with classical com-
puters. This is precisely the concept Feynman outlined in his groundbreaking
1982 paper 7 describing quantum computers. He proposed that a classical sim-
ulation of quantum mechanical systems is too difficult for a classical computer,
and that these systems should instead be simulated by computers that adhere to
quantum mechanical laws. Consequently, the fundamental principle of quantum
computing is that certain computational tasks can be simulated on a quantum
computer with a quantum algorithm with much better scaling of time and space
complexity than on a classical computer. After the initial proposal of Feynman, a
number of quantum algorithms surfaced that have a quantum speedup, such as
the Deutsch-Jozsa algorithm for solving oracle problems in 1985,'% Shor’s algo-
rithms for breaking widely used RSA and Diffie-Hellman encryption protocols in
1994,1%% and Grover’s algorithm for unstructured search problems in 1996.' In
1996, Lloyd also demonstrated that a quantum computer could simulate quantum
mechanical systems with local interactions without the exponential overhead of

classical algorithms. ¢!

As aresult, it is accepted in principle that a working com-
puter that employs the laws of quantum mechanics can be a very powerful device
for various computational tasks; however, there are still known current obstacles

to achieving this objective.

A quantum computer is a physical quantum mechanical system composed of

different particles, such as spins, atoms, or photons, with specific interactions and
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unitary time evolution that can be altered with different control techniques (such
as time-dependent magnetic fields) and tailored to perform other computations

161162 Any two-level quantum mechanical sys-

or mimic other quantum systems.
tem is, in theory, capable of functioning as a quantum computer. Nonetheless,
DiVincenzo’s criteria for a quantum computer impose stricter requirements. Here

is a list of the five prerequisites for a system to act as a quantum computer: 143

1. A scalable physical system with well-characterized qubits

2. The ability to initialize the state of the qubits to a simple fiducial state
3. Long relevant decoherence times

4. A "universal" set of quantum gates

5. A qubit-specific measurement capability

Therefore, there are straightforward and well-defined "rules" for creating new
quantum systems for quantum computing. In some respects, none of the current
platforms meet all of the requirements, as methods of scaling systems to 10,000
or more qubits, which would be required for a future quantum computer, re-
mains unknown. However, decoherence is one of the most important properties
that must be reduced. Quantum mechanical coherence is lost when a quantum
computer, which is ultimately an open quantum system, interacts with the envi-
ronment and someone "controls" the machine, resulting in significant errors in

162

results. '~ Therefore, systems with a low decoherence rate are preferred.

In fact, there are calculations that utilise the quantum mechanical computer’s
inherent noise to simulate open quantum systems, such as RPM systems, 16416
as first proposed by Lloyd.!'®! This will be discussed briefly in Sec. 2.7. In
addition, there are numerous quantum error correction techniques that seek to

mitigate quantum mechanical errors caused by decoherence using larger quantum

circuits.'%0-1%® This is a very important and expanding field of study, but we are
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| Introduction

not concerned with such advanced quantum computing concepts in this thesis.

Therefore, neither topic will be discussed further.

The fundamental units of information in a quantum computer are qubits,
which are two-level systems (the higher-dimensional alternatives are known as
qudits, 1’ but we will focus on qubits). Qubits are a system that can exist in either

the |0) or |1) state, or in a superposition of the two (when the state is pure): 12

W) = al0)+B|1) 148

|W) can be anything in between |0) and |1) with the only requirement that
|a|? + |B|*> = 1. These states are then programmed with various quantum logic
gates—quantum alternatives to the classical logic gates, that can be either single
qubit or multi-qubit.

The most plausible candidates for qubits include semiconducting materi-

S 170-172 176-178
4

al neutral atoms,”>717> trapped ions, and nitrogen-vacancy cen-
tres. 797181 All of these systems have extended coherence times, low decoherence
and examples of high fidelity single and two qubit gates. Nevertheless, almost
all of these systems are currently affected by the "scaling problem". For practical
applications, quantum computing will require a very large number of qubits that
interact with one another and can be individually controlled, and the scale is not
tens of qubits but at least 100-1000, if not much more. Currently, each of these sys-
tems has a qubit maximum in the hundreds. !%? Trapped ions and semiconductors
(the platform on which Google recently conducted a quantum supremacy 7" ex-

periment) are among the leaders in terms of all variables necessary for engineering

quantum computers.

Intriguingly, we will focus in this thesis on molecular qubits, a platform that
is unlikely to be used for universal quantum computations. At the present time,

none of these molecular systems could claim to be a dominant quantum com-
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1.5 Applications

puting platform in the future. However, they possess a number of fascinating
properties and characteristics that make research on them worthwhile. Molecular
systems and organic synthesis have a number of advantages over other platforms
that rely primarily on solid state materials: 1) Extensive control over the na-
ture of the qubits through synthesis, 2) Ease of spatially positioning individual
molecular qubits via covalent or non-covalent assemblies, and 3) Reproducibil-
ity of qubits, i.e. the same molecule synthesised in different laboratories will
always have the same atomic distances (unlike other technologies that deal with
materials). 1% Numerous examples of molecular qubit systems exist, including

spin systems in heterodimetallic lanthanide complexes,'®* hybrid rotaxanes, '®

186,187

vanadium complexes, photogenerated radical pairs in triradical Pt com-

188 and photoisomerization-induced spin-charge Co complexes.'®” More-

plexes,
over, there are numerous solid state systems based on nuclear and electron spins,

such as nitrogen-vacancy (NV),!%1% silicon-vacancy centres (SV),"*!% phos-

196,197 198-200

phorus donor qubits in silicon, and silicon quantum dots.

In this thesis, we will focus on a system that is devoid of transition metals: a
molecular spin qubit that is based on electron spins in an organic RPM system.
The main task of Chapter 5 and Appendix D chapters will be to map the RPM
to a quantum circuit that can do computations, such as the two-qubit operation
CNOT. This is pictorially illustrated in Fig. 1.8. The opposite of this, modelling

RPM on a quantum circuit, will be briefly mentioned in 2.7.

Other Systems 15.3

Radical pair phenomena can be observed in systems other than the two primary
examples studied and described in this thesis. Molecular conductors that mimic
the long-distance transport of electrons found in photosynthetic reaction centres
have been designed using radical pairs.?>?"1-2* These systems are desirable for

201,205

use in photosynthetic light-harvesting complexes, in addition to molecular
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Figure 1.8 An illustration of the central aims of Chapter 5 and Appendix D): mapping a
quantum circuit (shown below) from a RPM model. The circuit pictured at the bottom
of the picture, is a circuit of two qubits (like the 2 electrons in a radical pair) that is
controlled by some unitary action U which can be modelled with spin interactions and
time-dependent magnetic fields. At the end, either one qubit (shown in this graph)
or two qubits are measured to get classical information about the state of the qubit.
Although real schemes of measurements are more complicated, this sort of approach
with certain algorithms can do computational tasks that would have an exponential
speed-up compared to classical approaches. Chapter 5 will elaborate on quantum logic
gates and other aspects of mapping RPM to a quantum circuit.

electronics and nanotechnology.2%2%7

Furthermore, it is believed that polaron
pairs are involved in organic light-emitting diodes (OLEDs) that exhibit magnetic
field effects.?’8-210 Radical pair theory has provided a recent theoretical analysis
of this topic.?!! Also, it has been mentioned that an artificial system based on
RPM can detect extremely weak magnetic fields.” Recently, a similar detection

use for sensing electric fields was proposed;?'? this is an intriguing new avenue

for RPM that is still in its early stages and must be investigated further through
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1.5 Applications

experiments and theory. Lastly, there have been some suggestions that RPM can
be the basis of other biological processes besides magnetoreception, such as the
effects of hypomagnetic fields and radical pair formation in proteins that may
contribute to harmful byproducts.?!>2!> Many of these interesting systems can be
modelled with MolSpin, a sophisticated software package for efficient modelling of
spin systems;2'%?!” the new additions to this software will serve as the foundation

for Chapters 2 and 6.
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Qutline of the thesis 1.6

This thesis, following the integrated thesis structure, will start with Chapter 2
detailing all the technical details of the simulation methods used in the whole

thesis.

Then, two articles examining novel concepts for investigating the radical pair-
based magnetoreception hypothesis will be presented. Chapter 3 will investi-
gate the effects of isotopic substitution on the [FAD" TrpH'+] radical pair-based
compass mechanism. Specifically, simulations involving isotopic substitutions of
nitrogen, carbon, and hydrogen in FAD were conducted. The purpose of this
study was to determine which substitution patterns have the greatest impact on
the compass mechanism, either by eradicating the information the magnetic sen-
sor provides or altering its directional response. Using this knowledge of isotopic
substitution effects, we intend to design a "killer" experiment that will provide con-
crete evidence of radical pair involvement in magnetoreception. The birds (most
likely European robins) would be administered isotopically enriched riboflavin,
an essential nutrient that can only be obtained through their diet. After a period
of time during which all flavins would be replaced with isotopically enriched
versions, behavioural tests would be conducted to determine the directional re-
sponse of these "modified birds". A great deal of preliminary work is presently
being conducted in preparation for these experiments. Furthermore, we aim to
clarify a technical detail that was not fully explained in Chapter 3 which is crucial
for understanding the simulations of these systems. The methods available at
the time of publishing Chapter 3 had a maximum threshold of 12 or 13 nuclear
spins included in simulations.Therefore, simulations of these systems involved a
reduced number of nuclear spins, which is smaller than the real number in the full
system. The selection of which nuclear spins to include is based on the size of the
hyperfine coupling and its anisotropy. Therefore, the spins that are anisotropic

and have the highest coupling constants are given priority, while isotropic spin
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1.6 Outline of the thesis

(almost always hydrogens) with small hyperfine constants are typically excluded.
This is a widely used simplification used in important studies such as Ref. 114
and 115. It is believed that omitting the isotropic hydrogen spins would not sig-
nificantly affect the spin dynamics. However, large-scale studies are needed to
confirm this claim, which is now possible due to the algorithmic advances made

in Chapter 6.

The second study in Chapter 4 examined the effects of time-dependent mag-
netic fields, specifically radiofrequency noise, on the RPM of avian magneto-
reception. We utilised a novel method capable of incorporating stochastic ra-
diofrequency noise, and contrasted the results to behavioural experiments. In
addition, we examined whether the action-spectrum histogram, an approxima-
tive tool for evaluating radiofrequency effects, is an accurate tool by comparing

its predictions with calculations of spin dynamics.

Chapter 5 is a study on the EPR pulse sequence design for radical pair-based
organic molecular spin qubits. This work expands on previous research on pulse
sequences® that was utilised in the experimental realisation of CNOT gate ac-
tion on molecular spin qubits in Ref. 14, which claimed that this operation was
accomplished with a fidelity of 0.97. This is an exceptionally high number for
an organic system at the relatively high experimental temperature of 85 K. Our
research demonstrates that this is not feasible. For these systems, an upper bound
for the fidelity of this quantum gate operation was derived, and it is evident that
0.97 fidelity is an impossible value for these experiments. In addition, flaws were
discovered in the initial pulse sequence protocols described in Ref. 65 , meaning
that the study described in Ref. 14 did not accomplish a CNOT gate operation
but rather a similar quantum gate operation. Instead, we have proposed the cor-
rect sequences for these experiments, which are also significantly more concise
and straightforward to implement. For instance, for a more complex high-field

Hamiltonian, Ref. 65 proposed a pulse sequence consisting of 16 selective pulses
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and 3 non-selective pulses, whereas the same result can be obtained with as few
as 5 selective pulses (for a radical pair initialised in a singlet state). Consequently,
there is no definitive instance of a CNOT quantum gate experiment for an RPM-
based organic molecular spin qubit. In the experimental investigation presented
in Appendix D, we will demonstrate a successful application of a CNOT quantum
logic gate to a radical-pair based molecular spin qubit.

Lastly, Chapter 6 was dedicated to novel implementations to software package
MolSpin, which is an advanced platform for simulating radical pair systems. We
incorporated new research into the Stochastic Schrodinger Equation (SSE)?!® and
the approximations of quantum mechanical traces*’ to generate a comprehensive
framework of methods capable of modelling a wide variety of interesting and pre-
viously inaccessible RPM systems. This is the result of rigorous engineering, the
incorporation of modern linear algebra algorithms, and the introduction of new
simulation ideas. For instance, we developed a heuristic that in some instances
can reduce by a factor of 5 the required integration time of quantum mechanical
yields. This new framework will be presented with different replicated results
from the literature and with new simulations that demonstrate the power of these

new software additions.
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Outline of the thesis
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2 Simulation of Radical Pairs

In this section, we will first review some theory important to understanding
simulations of RPM. Then, we will review some of the common methods of
simulating radical pairs that were used in Chapters 3 and 4. The discussion
will then be extended to a complete framework of spin dynamics that is the
foundation of Chapter 6 and has been implemented into the MolSpin software
package. Two state vector propagation methods, stochastic and direct, will be
overviewed which constitute a complete toolkit for simulating any radical pair
reaction of interest. We will continue with a quick review of methods that are
not part of this thesis yet are important parts of simulating radical pair processes:
semi-classical approximations and quantum computer algorithms. Finally, we
will conclude with a short review of the molecular dynamics methods that were

used in Chapter 6

Hamiltonian Matrix 2.1

The Hamiltonian H is the fundamental object of modelling any quantum me-
chanical system. When we are modelling RPM, this object is a matrix of N X N

dimensions, where N is the size of the full spin space, calculated as:
N=4]_[(21n+1) 21
n

Here 4 accounts for 2 electron spins of multiplicity 2, and I, is the spin quantum

number of nuclear spin n. The growth of N is exponential in relation to the total
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2.1 Hamiltonian Matrix

number of nuclear spins that are involved in the dynamics. This poses a challenge
when attempting to translate mathematical concepts related to spin dynamics into

computer code.

If the Hamiltonian H is stored in dense format, it will consist of a total of N2
elements. The term "dense" is used to describe a scenario in which all elements
of a matrix are stored in random access memory (RAM), regardless of whether
the element has a value of zero. Every element necessitates a storage capacity
of 16 bytes. The reason for this is mostly attributed to the utilisation of double
precision, which necessitates the allocation of 8 bytes for each numerical value.?"
In the context of complex numbers, a single complex number requires two nu-

merical values, resulting in a total requirement of 16 bytes. Hence, the memory

requirement for allocating H in dense format:

16 x N2 \B < 16 X N2
1024 T 10242

_ 16X N2

MB=——-+GB 22
10243

Mpense(N) = 16 x N? bytes =

As demonstrated in Table 2.1, storage requirement Mp,,s. quickly increases

as N increases.

No. of Nuc. Spins | N | Mpense(N) | Msparse(N) | S

2 16 4 kB 3 kB 50%

4 64 64 kB 18 kB 18.75%
6 256 1 MB 96 kB 6.25%
8 1024 16 MB 480 kB 1.95%
10 4096 256 MB 2.25MB 0.59%
12 16384 4GB 10.5 MB 0.17%
14 65536 64 GB 48 MB 0.05%
16 262144 1TB 216 MB 0.014%
18 1048576 16 TB 960 MB 0.004%
20 4194304 256 TB 413 GB | 0.001%

Table 2.1 A table that illustrates how N, size of the full spin space, Mp.us.(N), memory
requirement to store a dense matrix of dimensions N XN, Mg parse (N), memory requirement
to store a sparse matrix (for a typical spin Hamiltonian) of dimensions N X N, and, S,
sparsity, scales with the number of nuclear spins. We exclusively use nuclear spins with
spin quantum number I = 1/2 to allow the use of Equations 2.7 and 2.6.
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2 Simulation of Radical Pairs

Spin Hamiltonians typically exhibit a high degree of sparsity. A matrix is
classified as sparse if the majority of its elements are equal to zero. Therefore, a
reduced quantity of data would be required to store during a simulation. Specif-
ically, it would be enough to store the coordinates of each element together with
their corresponding values. Every coordinate can be stored as a single precision
number, which only use 4 bytes per value.?!” Therefore, the memory required to

store a sparse matrix with nnz non-zero elements:

Msparse(nnz) = 16 X nnz +4 x 2 X nnz bytes = 24 X nnz bytes

B 24 X nnz B 24 X nnz B 24 X nnz 2.3

= — = GB
1024 10242 10243

This is one of the simpler sparse matrix formats, but there are numerous sparse

storage techniques.?!”

Spin Hamiltonian, in the uncoupled spin basis, will have this estimated num-

ber of non-zero elements:>*

2 21
nnz:162+4ﬁz(§: ik ) 24

nnz will depend on spin interactions of the system and Eq. 2.4 is taken as
a general guideline useful for illustration purposes. Here, Z is total number of

nuclear spin states, i.e. N = 4Z. If [;; = 1/2, then nnz reduces to:>*

nnz =16Z +8Zlog, Z = 2N log, N 2.5

Examples below will assume that I;x = 1/2 for all nuclear spins. If we plug in

Eq. 2.5 into Eq. 2.3, we get:

48N 1 N 48N 1 N 48N 1 N
08, KB = 08> MB = 08>

1024 10242 10243
2.6

Msparse(N) = 48N log, N bytes =

45



2.1 Hamiltonian Matrix

We can also define sparsity of spin, S, which is the ratio between the number

of nnz elements and the total number of elements:

2log, N
S = T X 100% 2.7

All of these trends are illustrated in Table 2.1.

The computer clusters utilised for computational purposes in this thesis were
typically equipped with a maximum of 96 GB of Random Access Memory (RAM).
In the context of conducting simulations and employing numerical linear algebra
algorithms, it is customary to store all variables and matrices in RAM, a dedicated
storage medium intended specifically for temporary data storage purposes. If the
method mandates the utilisation of a dense format for matrix storage, it becomes
evident that a matrix with the dimensions of a 14 nuclear spin matrix, as presented
in Table 2.1, will approach the upper threshold of possible storage, particularly
when considering the presence of additional objects involved in calculations. In
contrast, the utilisation of a sparse format for storing the spin Hamiltonian matrix
enables the routine storage and utilisation of matrices of considerable size, such
as those encompassing 20 nuclear spins. Additionally, it is worth noting that the
level of sparsity, S, exhibits a decreasing trend as the magnitude of the complete
spin space increases. Hence, algorithms that can leverage sparse matrix storage

are preferred to algorithms that require dense matrix storage.

The choice of a matrix storage type also has an impact on the computational
performance scaling of algorithms. In this thesis, the "big O" notation will be
employed to represent the performance evaluation of algorithms, denoted by the
symbol O. This demonstrates the relationship between the time or space complex-
ity of an algorithm and the scale of the system.>?! For instance, O(N?) exhibits
that the algorithm scales quadratically with the size of the system N. Hence, the

storage of a dense matrix scales with O(N?) as shown in Eq. 2.2 and seen in Table
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2 Simulation of Radical Pairs

2.1. Whereas, the storage of a sparse matrix scales with O(N log, N) as shown
in Eq. 2.6 and seen in Table 2.1. In practical scenarios, the scaling of time may
deviate from the predetermined scaling due to several external factors that influ-
ence the efficiency of a computer programme. These factors include compilers,
system architecture, computer code, and other relevant elements. However, it
is often advisable to use this as a guiding principle when determining the most
appropriate algorithm for a certain situation.

We can use this logic and notation to investigate two main operations that
are fundamental to spin dynamics simulations, matrix X matrix multiplication
and matrix X vector multiplication. First, for matrix X vector multiplication, with
matrix N X N and vector N X 1, dense matrix format for both objects requires N
multiplications and additions to generate the first component of the vector. This
will be repeated N times for N components, so the scaling of the whole operation
becomes O(N?). However, in sparse matrix format we will only have N log, N
components in the matrix, reducing the scaling of the operation to O(N log, N).
Exactly the same applies to matrix X matrix multiplication, for dense storage it is
O(N?) whereas for sparse storage (one of matrix is sparse and the other dense) it
is O(N? log, N). These ideas will be important when considering the speed and

computational power of algorithms.
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22 Liouville Space

Liouville Space 2.2

The Liouville-von-Neumann equation in Eq. 1.9 can be written in alternative

form, through the Liouville space representation:°

d|p(t))
dt

-_f |p(t)) 2.8

Here, this equation is linear in p and this can be achieved by defining the
Liouvillian superoperator:

L=i|f,|+{&} 29
The matrix form of £:
L=i(Asoly-IyeAT)+(Rol+1a k) 210
This simplifies to this form for symmetric recombination (reviewed in Sec.2.5.1): 114

£=4ﬁ®m—m®ﬁﬂ+@hz 211

Note that the density operator in Eq. 2.8 is in a different form—we refer to this

as "flatten" form of a density matrix, for instance for a 2 X 2 density matrix p:

P11

p= P11 P12 <=>|(3>= P12 1
P21 P22 P21
P22

The solution to the Eq. 2.8 is:

() = e~ 2 |p(h) 213
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2 Simulation of Radical Pairs

We can use this solution to calculate ®g:

Og = ks/ Ps(t)dt 2.14
0
Here,
Ps(t) = Tr Kps oLt ,5(0)>l = <135 oLt ,3(0)> 2.15
Hence,
Og = ks/ <155 e_ﬁt ﬁ(0)> dt
0
= ks <135 / e_ﬁtdt‘ ﬁ(0)>
’ s 216
= —kg 135 lﬁ_le_Lt ﬁ(O)
t=0
= ks <135 f_1| 5(0)>

Only the basics of this approach are outlined here. This is a very expansive
topic and one of the main tools for analysing open quantum systems.??" It has
extensively been used in RPM research for calculating quantities, deriving new

master equations, and proving mathematical properties. 323>39/40/47,114,221-223

The scope of this thesis will be constrained to a narrow examination of this sub-
ject matter, as Louiville space algorithms are not well-suited for modelling large
spin systems. The solution of Eq. 2.16 corresponds to the solution of a linear sys-
tem of equations, for which there are several efficient iterative methods available
that exhibit good scalability, depending on the particular features of the system
under consideration.?’” However, the primary concern arises from the system’s
complexity, as it requires the utilisation of superoperators with dimensions of
N2 x N2. Therefore, despite the computational complexity of solving this system
(at the best case) being O(D?), with D representing the system size, the effective

complexity would be O(N*),where N denotes the size of the entire spin Hilbert
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space. The scalability of this approach is suboptimal, and it is anticipated that
storage limitations would arise expeditiously, even in the case when all matrices
are sparse. As a consequence, the focus of our research in this thesis was to use

Hilbert space methods for addressing spin dynamics problems.

50



2 Simulation of Radical Pairs
Time Dependence in Spin Dynamics 2.3

The central equation for modelling dynamics of RPM is the modified Liouville-
von-Neumann equation, that includes Haberkorn recombination operator, in Eq.
1.9, reviewed in Chapter 1.3. Eq. 1.9 assumes that there are no time-dependent
change in A or K-only p(t) changes in times. This case will be refereed to as the

Static case.

The Liouville-von-Neumann equation can be expanded to incorporate time

variation in the interaction terms:*218
PO a1
a [H(t)'P(t)]—{K(f)/P(t)} 2.17

This case will be refereed to as the Dynamic case. The time-dependence in the
Hamiltonian is incorporated by separating it to a static, Hy, and time-dependent
part, V(t):

H=Hy+V(t)=Hy+ Zf]-(t)A]- 218
j

Here f;(t) are scalar stochastic fluctuation functions for a spin operator A j- To
illustrate this notation with an example, imagine a system that has a magnetic
field that points to the z-direction with strength |B| which oscillates as a sinusoid

with frequency vp:

A =(1-cos(vpt))(B-S1+B-Sy) = (1-cos(vpt))|B|S1z +(1—cos(vpt))|B|S2, 2.19
There will two time-dependent components: fi(t) = f2(t) = (1 — cos(vpt))|B|

and /11 = §1Z and Az = 522. All time-dependent spin interactions can be described

in this way.
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2.3 Time Dependence in Spin Dynamics

The time-dependent reaction recombination operator, K(t), has the following

form:

R(t) = Z k@z(t)ﬁ@ 2.20
(C)]

Where kg is the reaction rate coefficient for state ®, ® € {S,T,,T_, Ty} and Pg

is the projection operator of state ©.

The solution to Eq. 2.17 is:

p(t) = Ul(t,0)p(0)U(t, 0) 2.21

Time propagator U(t, 0), which evolves the state from fg to ¢ is defined as:

U(ty, to) = fexp [/
fo

f1

(—z’I:I(T) - K(T)) d’l’l 2.22

T is time-ordering operator (or path-ordering in general).?* It is an operator
that orders the multiplication of operators in terms of time, earlier operators
appearing on the right. The use of T can be exemplified by an example of its

application to two operators at different times:

T (AtB(12)) = 0(t1 - )A(1)B(E) + 0t — t)B(12) A1) 223
Here, O(t) is "heaviside step function":

+1, t>0
o(t) = 2.24
0, t<0

The need for time-ordering is more apparent when we think about the Taylor
series form of the matrix exponential, exp(A) = Do 1/K! (A)k. The Eq. 2.22

can be approximated by the first order Magnus expansion, removing the need to
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2 Simulation of Radical Pairs

consider time-ordering:?%°

to+ot
I:I(to + 0t, ty) = exp [/ (—iI:I(T) — I%(’C)) dTl

to

2.25
=exp [—iQ(tg + Ot, ty)Ot]

This approximation is valid only for small time differences t; — ty = 6t. Qs

called the generator, which is used to evolve the spin state, and is given by:*'®

tg+ot

to+0t 1 R
Q(to + 6t tg) = Hy — 2—& Z Po / ke(0)dT+ = ; A /to fi(t)dt 226

The use of this will be extended in Secs. 2.6 and 2.5.2.
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24 Time Step Choice

Time Step Choice 2.4

Prior to discussing the algorithms, it is important to examine an essential yet

sometimes overlooked question, which is the choice of the time step size.

A common calculated value for RPM is the singlet yield (yet the described

ideas will be analogous and important to any other yield calculation):

Og = ks/ Ps(t)dt 2.27
0

Some of the common simulation algorithms evaluate Ps(t) for a fixed number
of time points N; from 0 to T (defined as total integration time which is not
necessarily T = oo, discussed thoroughly in Sec. 2.6 and Chapter 6) and then
numerically integrate Ps(t) to find the singlet yield. Hence, we need to choose a
time step 0t, defined as:

ot = — 2.28

The selection of 6t is non-trivial and it must be sufficiently small to effectively
capture the quantum dynamics of the spin system. In order to adhere to the
Nyquist sampling condition, it is necessary to ensure that the system is evolved

using a time step equivalent to a minimum of two data points per period of the

most rapid oscillation: 22

_ Tfast
2

ot 2.29

Here Ty, is the period of the fastest motion. Ty, can be approximated
by examining the coupling strengths within the Hamiltonian and the rates of
recombination processes. Alternatively, in can be calculated with the eigenvalue
decomposition of A: A =VE \7‘1, with eigenvalues A;. The dominant frequency

within the system will correspond to the transition occurring between the highest
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2 Simulation of Radical Pairs

and lowest energy levels present:

Vast = maxi()\i)h— min(A;) 230

Here h is Planck’s constant, max(-) and min(-) are the maximum and minimum

functions. The time step will be evaluated as:

1
2(Vfast)

ot = 2.31

Note that this approach only works for static systems and dynamic system that
have low amplitude changes. Also, computing eigenvalues might not be possible
for a large spin systems. In this case, 6t can be estimated from smaller spin
systems, or determined empirically.

A common choice of 6t in this thesis was 6t = 4 ns for [FAD" TrpH'*] radical
pair systems, yet, this is not a rule of thumb and depends on the system to be

simulated.
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2.5 Simulation Methods

Simulation Methods 2.5

In this section we will review the simulation methods used the throughout thesis

which are not state vector propagation based, i.e. ones reviewed in Sec. 2.6.

Full Quantum Dynamics via Matrix Diagonalization 2.5.1

This is a fully accurate method that is used for static simulations and symmetric
recombination. Symmetric recombination refers to a case when the recombination
rate constants for spin-selective singlet and triplet pathways are equal, ks = kr.
This is a very common simplification to the dynamics that reduces computational

cost and mathematical complexity of K:

s _ ks kT"_kS(" A)_ks
K= 2P5+2PT— > Ps + Pr) = Z]IN 2.32

Hence, reducing the recombination processes to a scalar value (Iy is commu-
tative with any matrix and hence the exponentials from Eq. 1.19 can be simplified;
this will be demonstrated below in the derivation of the method).

This method utilizes eigenvalue decomposition of H:2
H=VEV™! 2.33

Here V are the eigenvectors and E are the eigenvalues of H. The method
described below requires the full spectrum of H (ie. all eigenvalues) and all
eigenvectors that are generally dense. The main algorithm that is used to compute
the eigenvalue decomposition, QR algorithm, requires that the H is stored in
dense format.?!” The intricacies of this will be not explored here, yet the outcome
of storing the Hamiltonian as a dense matrix has a far reaching consequence of
this method having a clear limit of the size of the system, around 12 — 14 nuclear
spins. This is explored further in Chapter 6. Overall, this is a great method for

intermediate-size problems, as well as benchmarking new methods.
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2 Simulation of Radical Pairs

The formula to compute the Singlet Yield is given as:?*
47 4Z 2
1 . 2 ks
D5 = - (PS) R 2.34

Where Z is the size of nuclear spin subspace of the radical pair, ks is the symmetric
recombination constant, (135) = (n| Ps |m), |n) is eigenstate n and wy,;, = E; —
nm

E,., where E,; is the energy of eigenstate n.

Derivation of the method??”

Singlet yield is defined as:

Qg = ks/ Ps(t)dt 2.35
0

Here,

Ps(t) = Tr [ﬁsﬁ(t)] — Tr [ﬁse-”@“-ﬁf ﬁ(O)e”m‘Kt] 236

The definition of p(t) in Eq. 1.19 was used here. It was shown in Eq. 2.32 that

R = ks Iy /2, hence, the exponential propagator can be simplified as:

_ifi—R _ifit_ks _ifit _ks _ksy A
e iHt Kt:e iHt——5tIy —_— ZHte s tIN —_— ztg iHt 237

The simplification can be made since [ﬁ , I[N] = 0, that can be shown through

the Lie formula for an exponential matrix: >’

. .k
) 1401
eAtB = 1im (ekAekB) 2.38

k—o0
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2.5 Simulation Methods

Plugging in the Taylor form of the exponential matrix, we find:

1A 1p o 1 - 1 A
erer _(Z n'k" n) Zm!k’”Bm)
n=0 m=0
1+ ias Las Ly Neds L Loy
k 2k2 6k3 k 2k2 6k3 2.39
_ 1~ 4 1 (2 A5 “z)
_1[+k(A+B)+2k2(A +2AB + B°) +
1/~ = 1 A A)\2 1AL
., L R _ Y(A+B)
_I[+k(A+B) 2k2(A+B) + ... =ek\ATF

Hence, the trace in Eq. 2.36 is simplified to:

Ps(t) = e*stTr ﬁse_imﬁ(O)e”m] = esIP(t) 2.40

Ps(t) is the expectation value of the singlet projection operator acting on the
spin system when only H interactions influence spin dynamics. Thus, the singlet

yield when recombination rates are symmetric is given as:

D = kg / e kI PL(t) dt 2.41
0

Inserting eigenvalue decomposition of H to P’S (t) gives:

/ Fay i s 1 Y A YL A
Py(t)=Tr [Pse_lHtﬁ(O)eHH] = zTr [e—thPSe+thpS]
2.42

1 3 LS N AT A 1 B A Dy An
= z"1"1- [Ve—lEtv—1PSVe+lEtv—lps] — z"[‘I- [e—lEtPSe+lEtPS]

E is diagonal with eigenvalues as elements. Derivations were made with the

cyclic property of the trace and we defined 135 =V1psV.
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2 Simulation of Radical Pairs

135 can be further redefined by inserting resolutions of identity of the Hamil-

tonian eigenstates, Iy = Zi{l |n) (n|, to P'S(t) :

P, s(t) = lTr

elEf(Z|m><m|) (Z|n><n|) *ZEf(Zlkal) (ZW”)]

(1 e ) (m| Pg ) (n| ™" [k) (k| Pg |1) =

NI

zEmt +iE, t —iwmynt

ikl =35 34e),

m=1n=1

m,n,k,1=1
1 47 R R
= Z (Il e™ ™ [m) (n| e*™* |k) (m| Pg |n) (1| Pg |k)" =
m,n,k,[=1
47
1
7 2.¢
m,n=1

2.43

The trace operation in the third line can be removed since we have a scalar
number as the argument. Also, in the third line the hermiticity property of the
hermitian operator 135, (k| 135 |1y = (1] 135 |k)*, was used. Going from the third line
to the fourth, it was assumed that [ = m and n = k. In fourth line, the full notation

for the double sum is used for clarity. (135) = (m| 135 |n) and wy,, = Ey — E,.
mn

Inserting Eq. 2.43 to Eq. 2.41 yields:

47 47

ks 5\ [T —tkstaomit ks ZZ: ZZ: s P 1
(DS = — (P ) / —RSTWmn dt = = (P ) :
2.44
Since,
/<oo e_(ks+a)mni)f dt = _;'e—(ks-f-wm”i)t — 1 ' 2 45
0 kS + Wmnl 0 kS + Wmnl
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2.5 Simulation Methods

Lastly, rationalizing complex denominator:

ks 242\ p 1 ks — nni ks E N 2 ks — @

Dg =5 (%) . _ks (%)
S V4 mZ:an S mn k5+a)mnz ks_wmnl YA 7,12:21 S mn k§+a)mn

47 47 2 47 47
1 (A” 2 k ks p’ Wmn
2y J(P3),
S

2.46
By noticing that w,y = —wnm, we can deduce that the imaginary part in the

second line of Eq. 2.46 disappears, and we find a closed form solution of the

singlet yield: v o
2 k2
2.47

2, 2
ks + @iy

Time-Dependent Effects for Symmetric Recombination Sys-
tem 2.5.2

This is a method for a dynamic system with symmetric recombination rates. Also, it
is a method for non-coupled radicals, a term that refers to a situation when there are
no interactions between electron spins and each radical has its own Hamiltonian,

a i, l.e. [Fll, ﬁz] = (0. Hence, the Hamiltonian for the whole system will be: 63

ﬁ = I’Afl ® f,‘\Iz = ﬁl ® ]Izzz + 1[221 ® ﬁz 2.48

@ denotes the Kronecker sum.” Z; is the size of nuclear spin subspace of
radical i. An important property of the Kronecker sum is that it can simplify
exponential matrices:’

eA®B — o4 @ B 2.49

More generally, the dynamics of the individual non-coupled radicals can be

separated-this greatly reduces the computational cost and the storage require-
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2 Simulation of Radical Pairs

ments for the algorithm. It is shown in the derivation below how that works in

practise.

The singlet yield is calculated by:

g = kg / e kst P, (t)dt 2.50
0
Where 48,63,228
! 1 X,Y,zZ
Py(t) = 7+ Z R(alg(t) ® Rfﬁ)(t) 2.51
ap

Rg;(t) is the electron spin correlation tensors for radical i. More details and

definitions are shown below in the derivation of the method.

This is a great method overall yet it has five major disadvantages: 1) it uses
dense matrices, 2) it only describes symmetric recombination processes, 3) the time
scaling is some form of O(N?), hence, it gets too expensive for large systems,
4) it does not include electron spin - electron spin effects which are necessary
for modelling real systems, 5) the split operator form is used in the algorithm
which has an intrinsic error-hence, either the time step or the time-dependent
interactions have to be small (shown below and derived in Appendix B). The
described approach proves to be highly effective in addressing particular systems,
particularly those with approximately seven nuclear spins within each radical.
However, subsequent sections will delve into more sophisticated methods for
studying time-dependent dynamics. This was the main computational approach

used in Chapter 4.
Derivation of the method ®®

The singlet yield for a symmetric system (from Eq. 2.41):

s = ks / e kst P, (t)dt 2.52
0
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2.5 Simulation Methods

With,
’ A 1 A YL A Yy
P.(t) = Tr[p(t)Ps] = ETr[PSe“HfPSe—le] 2.53

Substituting the definition of Ps from Eq. 1.16 to P;(t):

1 (1 A A el A A\

Ps(t) ZZTI' (ZI[N_Sl'SZ) et! (Z]IN_Sl'SZ)e iHt

= lTI' iI[N — 1@1 . Qz + gl . §2€+H:H§1 . gze_iﬁt 2.54
Z 16N "2 '
_ 1 15 1 & & +iHIS. & —iﬁt]
—Z(TrlzPs 1|+ Tr [51 S,et 1S, . §ye
The first term:

1. [1- 1 1 . 1 1 1 1

“Tr|=Ps — —I| = —Tr[Ps] - —Tr[l] = —Z — ——4Z = ~ 255

Z r[z S 16] 27 WPs] = gg7 Trlll = 572 ~ 16742 = 5

The second term (using the facts that H = H; ® H, and that [H;, H,] = 0):
1 G & +idtd & —iHt
~Tr [51 et tS . S0 ] _
(éla ® gZa) €+H:It (§15 ® gzﬁ) e_iﬁt]
-7 Z Tr V(gla ® §2a) gritheri)t (glﬁ ® §2/3) e‘“ﬁl@ﬁz}t]

(2 oo . o (A ,A . 256
(310 ® 820 (e¥f @ ¥ ) (315 @ S5 (70 @ o1 |

Z Tr [(§1a6+iﬁlt§1ﬁe—iﬁlt) ® (§2a6+iﬁzt§2ﬁe—iﬁzt)]

ap

" 717>

X,Y,z

1 2
= > R ®RE(H)
af
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2 Simulation of Radical Pairs

The sum .4 is a double sum over «, § which are simply Cartesian directions

x, y and z. Rg;, are electron spin correlation tensors for the spin in radical i:%

- 1 A Lifita  —ifl, 1 A A
R(Oj)ﬁ(t) = Z—iTrzz,. Siae™M1S 50 lHlt] = Z—iTrzzi [Sia(o)siﬁ(t)] 2.57
Traz,[] is the trace over 2Z; elements of the spin subspace of radical i. With,
Siplt) = e+int§iﬁe‘iﬁft. Hence, Pg(t) will simplify to: 4863228

XY,z

. 1
Py =7+ > Rgﬂ)(t) ® Rfj;(t) 2.58
ap

Hence, to compute Pfs(t) we need to find the 9 terms in the double sum and
collect them for each time point ¢. From this point there are different approaches
to solve Eq. 2.52. We will choose to time-evolve each spin correlation tensor, done

by equation:
. 1 A A A 0.5t & 20
RUME+0t) = —Traz, [ $1a(0)3ip(t +01)| and Sip(e+5t) = e* 0t Gyy()e =0t 250

By evolving the correlation tensors for N; with some time step dt, and evolving
long enough so that the radical pair is mostly recombined, we can numerically
integrate Eq. 2.52 with trapezium rule to find the singlet yield. Also, one reduction
in computational cost comes from realizing that only S ix(t) and S iy(t) are needed

to describe the dynamics for each radical i at some time ¢, because:
Siz = —2i81:(1)Siy (1) 2.60

This comes from the properties of electron spin operators.

The Hamiltonian A can be extended from this point to a time-dependent case,
following the dynamics described in Eq. 2.17. This is done by replacing the expo-

nentials of a static Hamiltonian with the exponentials of a dynamic Hamiltonian,
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2.5 Simulation Methods

discussed in Sec. 2.3 and showed in Egs. 2.25 and 2.26:

H»ét(

e—iﬁét — f“eft —-iH(1))dt o —IQE+OL 1)t 261

The generator () has a time-dependent part, ﬁTD and a static part, A s:

Q(t + 6t,t) = Hs + Hrp(t + 6t, 1)

Hs = Ho 2.62

t+0t

. 1 ~

Arp(t + ot t) = EZA]- fi()dr
- t
J

The split operator form (second order Trotter expansion) is used to decompose

this as: 2%’

—i(Ae+h _if —ih _if
e i(Hs+Hrp(t+0t,t))6t _ o~ 5HrD(t+81,1)0t ,~iHs0t o~ Hrp (t+01,1)0t +O(6t3) 263

The error of this decomposition is derived in in Appendix B. The reason for
using the split operator format is that we can evaluate the static and dynamic
contributions separately. The exponential of Hs can be evaluated once, and re-
used multiple times. It is evaluated by calculating the eigenvalue decomposition
of A I

I:IS = VEV!and e‘iﬁsét = Ve_iéétf/_l 2.64

The exponential propagator of I:ITD will have to be recalculated for each time
propagation step. Usually, the structure of the time-dependent interactions can
be exploited to simplify the calculations of this exponential operator. For instance,

in the study in Chapter 4, Hrp only included time-dependent magnetic fields:

t+0t
HTD,i(t + 0t,t) = a ( fB(T)dT) B;(t)-S; =B;(t)-S; 2.65
t
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2 Simulation of Radical Pairs

Ay p,i is time-dependent Hamiltonian for radical i. B;(t) is unit vector that
denotes the magnetic field direction at time ¢, fg(f) is a scalar function that denotes
the magnetic field’s strength which can fluctuate during the reaction. Since B;(t) =

(Bix(t), Biy(t), Biz(t))T, then we can define:

t+6t t+6t t+ot
B =g ([ o), [ oae] s, ([ e Bioo)

_ (Eix(t), Biy(t), Biz(t))T

T

2.66

HArp i can be evaluated in the single electron subspace and multiplied by the
identity matrix for the larger nuclear spin subspace of radical 7 to get the needed

matrix in the full subspace of radical i:

FITD(t + 0t,t) = (ﬁl(t) . g;) Q1lz, = Bi(t) ® 1z, 2.67

By the properties of electron spin operators and their matrix form for spin 1/2

particles:
1 Bi-(t) Bix(t) — iByy (¢
Bi=5_ o : 2.68
Bix(t) + iBiy(t) _Biz(t)
Hence the exponential propagator for Hrp ; is:
e—%ﬁTD(t+5t,t)(5t — e—i(B{(f)@]zi)ét — e—iBi(t)ét ®]IZ,' 2.69

Note, that the exponential property e®! = ¢4 ® I was used. By leveraging
the inherent structure of the Hamiltonian, the computational resources required
for calculating the exponential matrix pertaining to time-dependent terms can be

significantly reduced. Also, an analytical expression for the exponential of B;(t)
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2.5 + Simulation Methods
can be found via the eigenvalue decomposition, 8; = WDW-1:
eB = WePW1 2.70

Here, ¢ = —i6t /4. Expressions for D and W are found through solving a simple

characteristic equation:

N -L 0
D = 2.71
0 L
2=L  z+L
W — x+iy  x+iy 272
1 1

. -x—-iy Z+L
Wl = i 4 2.73
x+iy 2L-z
With,
x = Bi(t), y = Biy(t), z = Bix(t)
2.74

L= \x?2+y?+22

The time complexity of the algorithm will depend on each individual case but
generally, since calculating matrix exponentials will become the major bottleneck,
the general scaling should be O(N?). Here N; is the larger spin subspace out of
N7 and N».

Two Site Relaxation 2.5.3

Two site relaxation model refers to a very simple site hopping model between two

radical pair sites H4 and Hp, were jumps occur at rate ky,:

Hjs 2 Hp 2.75



2 Simulation of Radical Pairs

It is a simple model that has been used in different studies to quantify the

114,218 and it was

magnitude of relaxation effects caused by tumbling of radicals
used in Chapter 3 to evaluate the relaxation caused by different nuclear isotopes
of FAD*™ radical. It is a method that uses symmetric recombination and assumes

that both sites are static. Although in principle the algorithm is a dynamic method,

the calculations use static Hamiltonians for both sites.

The singlet yield is given by:?*

Wz>) 2.76

. N
Here <P5 = ‘Ps> are the Liouville space representations of the singlet projec-

tion operator and ‘Wz> are the Liouville space state vectors that will be described

below in the derivation of the method.

Derivation of the method?*°

The dynamics of the scheme in Eq. 2.75 can be mapped to a simple kinetics

scheme: 230

d|palt A A
WaN A Fa—kw kn \(Pa®) -

d|pr(t A n
st ko —L5— k) \|p(®)

|ﬁi(t)> is the Liouville space representation of the density matrix for site i and

£ is the Liuoville space superoperator for site i. This equation can be written as:

d |prs(t))

T ~Lrs |prs(t)) 2.78

With,
A La+k —k
Lrs = AT o A " 2.79
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Where TS denotes the density matrix and the superoperator for both sites.

e solution to this equation is:

1prs(t)) = e~ 15" |prs(0))

The singlet yield, according to Eq. 2.16:

Ds = ks <135

L7 prs(o)
If we set:

L7 prs(0)) = (W)

|prs(0)) = -ETS W)

and denote ‘W> = (‘Wl> ,

®s = ks (<135

Expanding the second line of Eq. 2.82 in matrix form:
|ﬁA(0)> _ LAA + ki, —k W1>
p50)) \ =k Lotk |2)

By a simple Gaussian elimination step we reduce this to:

50,230

15.4(0)) LFatkn K

pih e (Zeon) |0 (Ben)-si(faen

S~—
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W2>) , then the singlet yield is given as:

2.80

2.81
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2 Simulation of Radical Pairs

Hence, we get these two simultaneous equations to solve:

94 )) = (La+ ko) [0) = ko )

|!33(0)> + ki (.liq + km)_1 = ((-EB n km) R (fA N km)_l) ‘VAV2> 2.86

This linear system of equations is solved by finding ‘VA\/2> and then using it to

find ‘W1>:

2.87

This calculation can be accomplished by performing two evaluations of matrix
inverses using any linear system of equations algorithm, which can be easily

implemented in computer code.
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2.6 Complete Simulation Toolkit in MolSpin

Complete Simulation Toolkit in MolSpin 2.6

In Chapter 6 an extensive study is presented on the new implementations to Mol-
Spin—an advanced spin dynamics computing software written in C++ that offers
high flexibility in defining reactions, spin interactions, user-friendly extensibility,
an intuitive input interface and high computational speed through CPU paral-
lelization.?!%2'” MolSpin already had an extensive library of algorithms for spin
dynamics, such as the ability to model complex spin relaxation models with Bloch-
Redfield-Wangsness (BRW) theory.!” Nonetheless, the unique contribution to this
computer suite presented in Chapter 6 is the implementation of recent discoveries
of computational approaches based on the stochastic sampling of the trace and
the Stochastic Schrodinger Equation formalism.**?!® These approaches are ground-
breaking as they enable the simulation of large and intricate time-dependent spin
systems that were previously unattainable. An example of such a system is the
spin dynamics of a 14-nuclear spin system, where the spin interactions are de-
rived from the trajectory obtained from protein molecular dynamics simulations.
Furthermore, the new additions to MolSpin include a new heuristic for reducing
integration time of estimating quantum yields and an automated algorithm for
time-propagation with exponential algorithms which handles parameter choice-
allowing non-experts of numerical simulations start using MolSpin more easily for
their research questions. The main theory behind the new implementations will
be reviewed in this section with a mention of how it can be integrated in MolSpin

at the end.
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2 Simulation of Radical Pairs

Direct Method 2.6.1

We will first review a method named Direct. It is solves the quantum master

equation in Eq. 2.17, as explained in Sec. 2.3.

We can evaluate the trace of some observable A in Eq. 1.14 in the basis of:*

{8} ={10) ® M) ® M)} 2.88

Where |®) are the electron spin states and |M;) is the nuclear spin state of

radical 7, given by:

IM;) = [Mi) ® [Mi2) ® -+ ® [ M) 2.89

The initial state is defined as:

n 1
p(0) = = |®init) (Oinit| ® 17 2.90

Here ©;,;; is either S, Ty, T, and T_. In most RPM reactions, the initial state is
always singlet, but there could be pathways that would lead to an initial triplet
state.® Hence, the new implementations in MolSpin include a choice of the initial

state, allowing flexibility for modelling.

My is the projection of k-th nuclear spin in the radical i onto the z-axis, i.e.

the magnetic quantum number. The expectation value of A then is:

At)= "> >7(0, M1, Ma| A(t) |©, My, Mp)

® M M;

1 . ~n A
=7 DY (0, My, M| U(t,0)' AT, 005(0) |©, M1, M) 291
® M M;

1 n
= Z Z (Oinit, M1, Mp; t| A |Oinit, M1, Mp; t) .
M;: M,
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Since p(0) = |Oinit) (Oinit| ® Iz/Z , the sum over © vanishes with only O;;
state remaining, because all terms for ® # Oj,;; are zero. Also, we used this
definition, |®jnit, M1, Mp; t) = ﬁ(t, 0) |®Oinit, M1, M3), where U is defined in Eq.
2.25. Thus, the trace is computed by expanding it over all nuclear spin states and
propagating each state until time ¢. Each nuclear spin state follows the Stochastic

Schrédinger Equation (SSE):%'8

d N N
T |®init, M1, Mp; t) = (—iH(t) - K(t)) |®init, M1, Mp; t), 2.92

Hence, the expensive part of this algorithm is the time propagation of nuclear

spin states, with U taken from Eq. 2.25 (more information is in Sec. 2.3):
|Oinit, M1, My; t + 6t) = e "X 1@ My, My; t) 2.93

Although this equation seems complicated, this equation is just o = f (AA)Z;,
where  and b are vectors and f (A) is a function of matrix A. Also, f (A)l; is
defined as the action of f(A) on b.23! There are a number of algorithms that
allows us to calculate f (A)I; directly without calculating f (A). Hence, A can just
be stored in sparse format and used later when needed, whereas f (A) (in our case
the function is an exponential of a matrix) will most likely be dense for a sparse

matrix input.

The most common algorithms that compute the action of an exponential matrix
are based on the Krylov subspace approaches.?*>?3*> They will not be explored
here in detail because we have utilized a different method that is based on scaling
and squaring of matrix exponential (among many other things) and it will be
reviewed extensively in the SI of Chapter 6. Furthermore, the limiting step of the
algorithm for calculating the action of the matrix exponential is sparse matrix X
vector calculation, which is shown to scale as O(N log N) in Sec. 2.1. The overall

scaling of the method will be O(N?log N) since we are propagating Z nuclear
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2 Simulation of Radical Pairs

spin states (although technically Z is not equal N, we will choose to use it in the

notation, because this will not change the overall scaling).

Direct method is a very versatile tool for simulating small spin systems since it
is fast and can include time-dependency in any interaction. Despite being a less
commonly employed and relatively simple approach, we consider this method
to possess significant computational capabilities for simulating spin dynamics on
modern computer systems. This method should be the algorithm of choice for
most spin systems that have < 8 — 10 nuclear spins. In the subsequent section,
we will examine a methodology that is going to be the preferred computational

approach for larger spin systems.

Stochastic Method 2.6.2

The starting point in deriving the Stochastic method will be the same as in Sec.
2.6.1-evaluation of the quantum mechanical trace. Yet, in this case a resolution of

identity of the following form will be utilized:?'®

I;=2 / p(&) (&) (p(&)| d& 2.94

|¢(§)> are normalized nuclear spin states, parametrized by a set of real vari-

ables &, which has a normalized probability density p(&).
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Plugging it into Eq. 1.14 with p(0) definition in Eq. 2.90:
A(t) = Tr ’Ap(t)]
= Te | Q(t, 0T AUL(E, 0)p(0) (f4 ® fz)]
= Tr [U(¢,0)* AU, 0) (184t (Oinit] ®17) (la ® / (P(&)[¥(&)) (¥(©)]) dé)]

=Tr [U(t, 0" AU(t,0) / (p(&)|Omit, P(&)) <@ml~t,¢(s)|)ds]

=Tt | [ p(&) (@i, 908 00,07 A0, 0 lors, y(6)) ds]
= [ Pl [(@nr, y(©] 01,0 ALL(E, 0[O0 (&) e
:/P(é) (@i, P(&); t

A|®it, Y(&);t) dE

2.95

Here we defined:
|©rnit, P(&); t) = U(t,0)|Opnir, P(&)) 2.96

This time-propagation is done analogously to Sec. 2.6.1 and Eq. 2.96 follows
SSE. Also, the trace in Eq. 2.95 is analogous to Eq. 2.91 yet it is an integral instead
of a summation. This integral can be approximated with Monte Carlo sampling
and we will have to choose M normalized states |gb(§)> to time-propagate. The
choice of these states are crucial and determines the performance of the method.
We want in general M << Z for this method to be a viable alternative to the direct

method.

The two main choices for the normalized states |1,D(.§)> have been the coherent
spin states and the SU(Z) spin states. *”?'® Coherent spin states has been the choice
of states when this efficient state sampling was initially proposed. However, it is
now evident that this method is suboptimal, as the error of the approximation

scales only as O(1/ VM).* Hence, the mention and implementation of coherent
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spin states in MolSpin can be considered as a legacy of its development; for an
extensive reviews on coherent spin states we point to other sources. 4218234
The main choice of states for Monte Carlo sampling will be the SU(Z) coherent
states, with an error of approximation scaling as O(1/ VMZ).218 SU(Z) states will

be defined in Sec. 2.6.2 and the derivation of the error scaling will be reviewed in

Appendix C.

It can be observed that the stochastic method is analogous almost in every way
to direct method, besides the difference in trace sampling approach. The time
propagation will scale as O(N log N), identical to direct method. However, the
overall scaling of the method reduces to O(MN log N) since we are propagating
M states that are required for approximating the integral. We will show in
Chapter 6 that M = 1 can be enough for very large spin systems to produce
an error that is sufficient for "graphical accuracy'-the scaling of this approach
can be as low as O(N log N) which is almost linear. Lastly, the time scaling of
direct and stochastic methods also depend on the number of time propagation
steps N;. Thus, the scaling for direct method-O(N;N 2 log N), and for stochastic
method-O(N;MN log N).

SU(Z) Spin States

SU(Z) coherent state is denoted as |Z). Z is a vector of complex numbers Z, =
Xn + 1Y, where X,, and Y}, are randomly sampled independent random deviates.

|Z) state in a chosen basis {|n)}:?%

Z
1Z) = Zzn In) 2.97
n=1

The original labelling of these states is SU(N) states where N is just dimen-
sionality, i.e. N=Z. |Z) states are normalized, i.e. (Z|Z) = 1. Hence, the general

resolution of identity operator for nuclear spins in Eq. 2.94 can be resolved
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as: 218,235

B o(1Z] - 1)
I, _zéz /RZ (—Szz 1Z) (Z|)dXdY 2.98

S»7 is the surface area of a 2Z dimensional hypersphere of unit radius:

2r($)*#

S22 = 1(z)

2.99

The distribution from which the states are sampled is p(Z) = 6(|Z| — 1)/S»z.
An important property of this distribution is that it is invariant under unitary
transformations of the vector Z, Z — UZ. Hence, this method is independent of

the choice of basis |n).

In practise, Z is sampled by sampling 2Z independent normal deviates X, and

Y,,—very straightforward to implement computationally.

Observables in State Vector Propagation Approaches - 2.6.3

In both methods, the quantum mechanical yields are calculated by:

ke T
Dg = H——kﬂ/)' Pe(t)dt 2.100

Here ©® = S, Ty, T_,T,. ke is the recombination rate constant for state ©.
The term 1 — e%T is a novel heuristic explained extensively in Chapter 6. It
approximates the quantum yield of T = co with a reduced T, that can lessen the
required integration time by 2 to 5 times, depending on the system in question. Yet,
this currently works only for symmetric recombination rates and time-independent

recombination terms kg.
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Table 2.2 Available tasks and properties in MolSpin to use the SSE method. The tasks
are divided into two Hilbert Space (HS) regimes: StaticHS (time-independent Hamil-
tonian) and DynamicHS (time-dependent Hamiltonian). Furthermore, direct (Direct)
and stochastic (Stoch) methods are available for quantum yields (Yields) and pure time-
evolution of spin states (TimeEvo). Type: Describes what can be calculated, which is
either the time-evolution (TE) or quantum yields (QY). TD (Time-Dependency): de-
scribes if the method can be used with time-dependent interactions. All of the methods
utilize Haberkorn reaction operators for describing radical reactions.Memory and speed:
the memory and calculation scaling of a task class, which for most task types scales expo-
nentially with system size. M is the number of Monte Carlo samples, N is the size of the
full spin spin subspace and Z is the size of the nuclear spin subspace. Error: describes
the error in the final results of the simulations. Exact means that there are no errors in the
calculations and the scaling was given only for SU(Z) spin states. In the case of coherent

spin states, the scaling would be O(1/VM). )

Task class Type TD  Memory Speed Error
StaticHS- QY No O(Nlog(N)) O(N;MNlog(N)) O(1/VMZ)
StochYields

StaticHS- TE No O(Nlog(N)) O(N;MNlog(N)) O(1/VMZ)
StochTimeEvo

StaticHS- QY No O(Nlog(N)) O(N;N?log(N)) Exact Method
DirectYields

StaticHS- TE No O(Nlog(N)) O(N;N?log(N)) Exact Method
DirectTimeEvo

DynamicHS- QY Yes O(Nlog(N)) O(N:MNlog(N)) O(1/VMZ)
StochYields

DynamicHS- TE Yes O(Nlog(N)) O(N:MNlog(N)) O(1/VMZ)
StochTimeEvo

DynamicHS- QY Yes O(Nlog(N)) O(N;N?log(N)) ExactMethod
DirectYields

DynamicHS- TE Yes O(Nlog(N)) O(N;N?log(N)) ExactMethod
DirectTimeEvo

MolSpin Implementations 2.6.4

All of the above mentioned algorithms described in this section have been added

to the newest release of MolSpin, and are summarised in Table 2.2.

Time-dependent interactions, i.e. integrals of f;(7) terms in Eq. 2.26 definition
of the generator, can be easily implemented by .mst files as a MolSpin trajectory

that can integrate complex time-dependencies into a spin dynamics calculation.
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2.7 Other Methods

The following example shows a .mst file for an N5 nucleus in its eigenframe, when

only the A,, component of the hyperfine coupling tensor is modulating;:

Gl W N =

00 N1 O

time mat.xx mat.xy mat.xz mat.yx mat.yy mat.yz mat.zx mat.zy mat.zz
00 -0.00009359 0O 0. 0.00 -0.00009359 0.00 0.60 O 00185977
05 -0.00009359 0 0. 0.00 -0.00009359 0. 0. 0. 00188710
-0.00009359 0.00 0.00 0.00 -0.00009359 0.00 0.00 0.00
15 -0.00009359 0 0 0.00 -0.00009359 0.00 0.60 O
20 -0.00009359 0 0 0.00 -0.00009359 0 0 0
0 0 0.00 -0.00009359 0 0 0

00188667
00188617
00188876
00188732

oo

25 -0.00009359

- oo
=
=3

Each .mst file can be attributed to a specific object in the input via the trajectory

keyword:

e e e

// Hyperfine interactions
4| Interaction FADHYP1

{
IgnoreTensors = true;

CommonPrefactor = false;
type = hyperfine;

groupl = El1;

group2 = FADNS;

tensor = trajectory("motions_azz0@5ns.mst");
trajectory = "motions_azz_005ns.mst";

Further descriptions of the input files and the documention for new imple-

mentations of the study in Chapter 6 can be found in the MolSpin manual.?*°

Other Methods 2.7

There is a large number of studies and methods in the spin dynamics community

which have not been used in this thesis. The two main areas of these methods are

48,51,63,223,237 164,165

semi-classical methods and quantum algorithms. This thesis was
fully concerned with classical algorithms that compute spin dynamics without
approximations to the equation of motion in Eq. 2.17 or interaction terms, yet
the other two classes of methods can be useful depending on the simulation case.
Semi-classical methodologies possess the capability of capturing the dynamics of
systems that are beyond the reach of non-approximate methods, and their ac-
curacy improves with the increase of the number of nuclear spins.48 Yet, these
methods are not effective in studying the intricate time-dependent spin interac-

tion effects in mid-sized spin systems. Quantum algorithms designed for quantum

circuits represent a highly promising trajectory for the future of computation,
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2 Simulation of Radical Pairs

particularly once quantum computers achieve fault tolerance. Nevertheless, even
with the current state of Noisy Intermediate Scale Quantum (NISQ) comput-
ers, the algorithms for simulating RPM have the capability to compute precise
quantum dynamics data. The primary strategy employed involves leveraging the
inherent noise present in quantum computers as the primary factor contributing to
the system’s decoherence. Additionally, the researchers consider recombination
and other related phenomena within this framework. '%* Moreover, it is currently
postulated that these systems possess the capability to replicate dynamics that
are beyond the reach of any conventional classical algorithm.!®* The intended
meaning of the authors’ studies remains uncertain, and it is our belief that our
framework in MolSpin has the capability to simulate any system of interest, in-
cluding quantum circuits with noisy qubits. In principle, these circuits can be
mapped to the dynamics of the RPM system, which allows for fluctuations and
time-dependent variations in the Hamiltonian and recombination terms that can
correspond to any desired system. However, it is not currently possible to assert

this claim with confidence without replicating the aforementioned results.
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2.8 Molecular Dynamics

Molecular Dynamics 2.8

Molecular Dynamics (MD) is not a central theme of this thesis, however, this
technique has been utilized in Chapter 6, hence, we shortly review the methods
in this section. The methodology was adapted from Ref. 107.

In Chapter 6 we aimed to explore the SSE method and explore the possible
scope of applications it could be applied to. Hence, we presented a spin dynamics
simulation of a radical pair system with dynamics determined by a MD simulation
of ErCry4a. There is no available crystal structure for this system, hence, we
employed a homology model created in prior investigation. 192323 This model
was constructed by aligning the amino acid sequence of ErCry4a®!’ with the
known crystal structure of ClCry4a (PDB ID: 6PUO0).?*! We conducted all-atom
molecular dynamics (MD) simulations for the RPC (Radical Pair C) states of
ErCry4a using the NAMD software?*>?*> and set up the calculations using the
VIKING online platform.?**

The simulations involved solvating ErCry4a in an aqueous solution containing
50 mM NaCl, resulting in a system with 100,518 atoms, and were run for a
total of 953 nanoseconds (ns). The simulations featured the oxidized TrpC**
residue (W318) and reduce FAD*". These simulations initially utilized radical
charges and structures obtained from a previous 200+ ns study of ErCry4a, which
were considered well-equilibrated.!”® The CHARMMS36 force field with CMAP
corrections was used to model standard residues in the protein,?*>~2*’ the TIP3P

model was used for the water,?4>%4

and the temperature was maintained at 310
K with a Langevin thermostat. In the studies of the librational motions of the
radicals, the protein structures in each simulation were aligned using VMD?* by
minimizing the difference in the positions of all backbone Co atoms in each MD

frame from the corresponding Co positions in the first frame of the production

simulation.
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2 Simulation of Radical Pairs

Conclusions 2.9

In this chapter we have made an extensive review of the computational methods
that form the theoretical and computational basis of Chapters 3, 4 and 6. Also, we
introduced a novel computational framework for complex spin dynamics calcu-
lations implemented in the software package MolSpin. We believe this toolkit of
methods to be a state-of-the-art way to simulate spin dynamics of RPM. Although,
other software packages for spin dynamics exists, like Spinach® or EasySpin,>>!
they are geared towards simulating NMR and EPR data. In fact, Spinach has a
spin dynamics module for RPM simulations,2>° yet, it cannot include complex
time-dependent trajectories for spin interactions and it uses approximate relax-
ation theories (such as BRW theory) instead of the full description of the motion.
Hence, there are currently no alternative simulation packages that are as similar
or as powerful to the methodology we illustrated in this section and in Chapter 6.
It is hoped that this software package will be beneficial for future investigations

in various domains, such as the study of radical pair based magnetoreception or

the development of spin qubits utilising molecular spin systems.
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ABSTRACT: The biophysical mechanism of the magnetic
compass sense of migratory songbirds is thought to rely on the
photochemical reactions of flavin-containing radical pairs in
cryptochrome proteins located in the birds’ eyes. A consequence
of this hypothesis is that the effect of the Earth’s magnetic field on
the quantum yields of reaction products should be sensitive to
isotopic substitutions that modify the hyperfine interactions in the
radicals. In this report, we use spin dynamics simulations to explore
the effects of '"H — ?H, )C — C, and N — N isotopic
substitutions on the functioning of cryptochrome 4a as a magnetic
direction sensor. Two main conclusions emerge. (1) Uniform FAD® A yperfine interactions 14N
deuteration of the flavin chromophore appears to be the best way

to boost the anisotropy of the magnetic field effect and to change its symmetry. (2) ">C substitution of three of the 12 flavin carbons,
in particular C4, C4a, and C8a, seems to be the best recipe for attenuating the anisotropy. These predictions should give insight into
the factors that control the magnetic sensitivity once spectroscopic techniques are available for measuring magnetic field effects on
oriented protein samples.

Bl INTRODUCTION It is well established that radical pair reactions can be
influenced by weak magnetic fields when certain chemical and

Migratory songbirds have a remarkable ability to use the
g oY § v physical conditions are satisfied.””””>° One of the most

direction of the Earth’s magnetic field to help them navigate ; ’ o ]
between their breeding and wintering grounds.l’z The important in the context of magnetoreception is that, in at least

biophysical mechanism of this light-dependent magnetic one of the radicals, the unpaired electron must have magnetic

compass is uncertain but seems to involve magnetically hyperfine interactions with one or more atomic nuclei such as
sensitive photochemical reactions within photoreceptor cells 'H and "N.* These interactions, which drive coherent
in the retina.”~’ The most likely magnetoreceptor is Cry4a, interconversion of the singlet and triplet electronic states of
one of the six known avian cryptochrome (Cry) proteins, in the radical pair, determine to a large degree the effect of a weak
which short-lived radical pairs can be formed by the passage of applied magnetic field on the yields of the reaction products. If,
an electron along a chain of four tryptophan (TrpH) residues as is usually the case for organic radicals, the hyperfine
to the photoexcited flavin adenine dinucleotide (FAD) interactions are anisotropic, the radical pair can form the basis
chromophore in the center of the protein.”*”"* In support of a magnetic direction sensor. Both FAD®” and TrpH®*
of this proposal, flavin-tryptophan radical pairs, radicals satisfy these conditions, and indeed, the 'H and "N

[FAD*"TrpH®**], in purified Cry4a from the migratory
European robin (Erithacus rubecula, Er) have recently been
shown to be sensitive to weak applied magnetic fields."*'”
However, it has yet to be demonstrated that Cry4a has the
same photochemistry in wvivo or that it satisfies other
requirements for a viable magnetic direction sensor. Another
possibility, for which there is currently less evidence, is that the
magnetic sensitivity in vivo originates in a different radical pair,
formed during the dark recovery of a photochemically reduced
state of the protein.'®™'® There has also been some discussion
of Cryla as an alternative to Cry4a, even though it does not
bind FAD strongly in vitro.""™*'

hyperfine interactions in FAD®~ seem to be near optimum for
magnetic compass sensing.26

A consequence of the fundamental role of hyperfine
interactions in the spin dynamics of radical pairs is that

Received: July 28, 2022
Revised:  December 29, 2022
Published: January 20, 2023
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(a)

C7a

(b)

N5

Figure 1. Representations of the hyperfine tensors of (a) *C (green) and (b) 'H (yellow) and N (blue) in FAD*". Nuclei with strongly
anisotropic hyperfine interactions have large, nonspherical surfaces, e.g,, NS and C8. Atom labels follow IUPAC nomenclature. The molecular axis

system is shown in (a).

isotopic substitution can in principle be used to provide insight
into the factors that control the magnetic sensitivity.””*®
Replacing one isotope of an element by another either changes
the nuclear magnetic moment and therefore the hyperfine
interaction (e.g, 'H - ?H, YN — BN) or introduces a
hyperfine interaction where none existed before (e.g., *C —
B3C). In this report, we use spin dynamics simulations to
explore the effects of H, C, and N isotopic substitution on the
operation of Cry4a as a compass magnetosensor. Results for
both [FAD* TrpH®*] and [FAD*"Z*] radical pairs, hereinafter
abbreviated to FAD-Trp and FAD-Z, are presented (Z° is a
hypothetical radical with no hyperfine interactions). The aim is
to determine patterns of isotopic substitution that could be
interesting for future in vitro measurements of anisotropic
magnetic field effects on oriented proteins using optical
spectroscopic methods.'#*°7%*

B METHODS

The spin dynamics of FAD-Trp and FAD-Z radical pairs were
simulated as described in ref 33, using a density matrix master
equation to account for the relevant magnetic interactions and
recombination kinetics. Singlet and triplet radical pairs were
assumed to react spin-selectively with equal rate constants, k =
10° 57!, to give distinct products.”® Reaction product fields
were calculated as a function of the direction of an external
Earth-strength (49 §T) magnetic yield. The dipolar (D) and
exchange (J) interactions in FAD-Trp were taken from a
preliminary analysis of electron paramagnetic resonance data
obtained from an ErCry4 mutant in which the fourth
(terminal) tryptophan of the Trp-tetrad had been replaced
by phenylalanine to block the final electron transfer step: D =
—11.2 MHz, J] = —0.65 MHz. Within the point—dipole
approximation, this value of D corresponds to a center-to-
center separation of 1.91 nm. A subsequent, more refined
analysis'* of the same data gave slightly different values of the
two parameters; however we do not expect these differences to
affect the conclusions of the present study. The orientation of
TrpH®* relative to FAD®” is that of Trp318 (the third
component of the Trp-tetrad) relative to FAD in the crystal
structure of pigeon (Columba livia) Cry4a,” which has been
predicted to closely resemble the structures of other bird Cry4s
including Cry4a from the European robin.’® The third
tryptophan was chosen, rather than the fourth (Trp369),
because it seems to make a much larger contribution to the
magnetic field effects on wild-type Cry4a.'*'® The same values

839

of D and ] were used for the FAD-Z radical pair. The g-values
of both radicals were taken to be equal to the free-electron
value, g..

'"H - ?H, *C - C, and N — "N isotopic substitutions
were considered. The natural abundance of 'H, 1*C, and "N in
the unsubstituted radicals was taken to be 100% for all three
isotopes. The hyperfine tensors for 'H, *C, and "N nuclei in
FAD®” were calculated using density functional theory
(Supporting Information Tables S1—83).%° The corresponding
tensors for “H and '*N were obtained using the proportionality
between the strength of the coupling and the nuclear
magnetogyric ratio (y): y(*N)/y(**N) = —1.402 and y(*H)/
y("H) = 0.154. The flavin component of FAD®” has 11
hydrogens and 4 nitrogens, and TrpH*" has 10 hydrogens and
2 nitrogens. Exact simulations of the spin dynamics of multiple
isotopologues of such a large spin system would be prohibitive.
Therefore, unless otherwise stated, we chose the seven nuclei
in FAD®™ with the largest hyperfine interactions: N5, N10, H6,
3 X H8a, and one of the H1' protons.”® The spin system of the
TrpH®" radical comprised the electron spin coupled to the
indole nitrogen via its strongly anisotropic hyperfine
interaction.”® See Figure 1 for atom labeling and representa-
tions of the FAD®*™ 'H, *C, and N hyperfine tensors.

To assess the directional information available from each
radical pair, we calculated @4(6, ¢), the fractional yield of the
singlet recombination reaction. 6 (colatitude) and ¢ (azimuth)
define the direction of the magnetic field vector, B =
IBI(sin 0 cos ¢, sin @sin ¢, cos ), relative to the flavin axis
system (shown in Figure 1a). B is parallel to the z-axis when 6
= 0 and the x-axis when € = 90°, ¢ = 0. The hyperfine tensor
representations in Figure 1 were calculated as follows. The
distance from the nucleus in question to the plotted three-
dimensional surface in the direction (6, ¢) is proportional to
bT-A'b where A is the hyperfine tensor and b = (sin 6 cos ¢,
sin @ sin ¢, cos ).

In some calculations, a two-site hopping model was used to
assess the impact of electron spin relaxation induced by small-
amplitude librational motions of the FAD*~ within its binding
site in the protein. The FAD®™ radical was allowed to jump
back and forth (with rate constant k) between two equally
probable orientations, rotated by +5° around the flavin x-axis.
The reaction yield was calculated by solving two coupled
stochastic Liouville equations, one for each site. Reference 37
gives full details of this calculation.

https://doi.org/10.1021/acs.jpcb.2c05335
J. Phys. Chem. B 2023, 127, 838—845
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B RESULTS

Hydrogen and Nitrogen Isotopologues: Coherent
Spin Dynamics. We start by investigating the effects of
hydrogen and nitrogen isotopic substitution in the FAD®~
component of the FAD-Trp and FAD-Z radical pairs. The

(a)10 FAD-Trp (b) FAD-Z
20 ] WU
» 8 » W 2.N5
mg 6 315 M 3.N10
Qe =] [ 4.N5N10
4 10 [ 5.N5N10,D
[ 6.N5N10,-H
2 5 W7-H
WD
0 0

1727377456 7' '8 1727374567 8

Figure 2. Values of A® for nitrogen and hydrogen isotopologues of
FAD®~ in (a) FAD-Trp and (b) FAD-Z radical pairs. U denotes the
unsubstituted radical pair. NS and N10 denote "N substitution. —H
and D indicate that all five hydrogens in FAD®*~ were omitted or
replaced by deuterium, respectively. See Supporting Information
Tables S4 and SS for a summary of the nuclei included in these
calculations and a key to the notation.

results are summarized in Figures 2 and 3. Figure 2a,b shows
the anisotropy of the singlet reaction yield, defined as

AD¢ = max[D4(0, 0)] — min[Dg(6, 0)] 6))

for several isotopologues. A®y is regarded as the “signal” that
provides the information a bird would need to orient itself in
the geomagnetic field: we assume that the bigger the signal, the
better the compass sensor. For the same radical pairs, Figure

3a—d plots the dependence of ®¢(6,0) on 6, the direction of
the magnetic field vector in the xz-plane of FAD®™.

The signals for the FAD-Z isotopologues (Figures 2b and
3b,d) are about twice the size of those of FAD-Trp (Figures 2a
and 3a,c). Otherwise, FAD-Trp and FAD-Z show broadly
similar magnetic isotope effects; we concentrate here on FAD-
Trp (Figures 2a and 3a,c). All the A®g values shown in Figures
2 and 3 are small (~1072) because of the inclusion of a realistic
dipolar interaction (—400 uT) which inhibits the singlet—
triplet interconversion caused by the somewhat smaller
Zeeman interaction (49 uT).

The first bar in Figure 2a, labeled U, is the FAD-Trp pair
without isotopic substitution, i.e., two “*N nuclei and five 'H in
FAD®™ and a single "N in TrpH*'. The next three bars in
Figure 2a show the effects of "*N — '*N substitution of either
NS alone, N10 alone or NS and N10 together. The change in
A®y is small. One might have expected a modest increase in
A®g on the basis that the "*N hyperfine interactions of the
nitrogens at positions 5 and 10 in FAD®" are strongly
anisotropic (Figure 1) and increase by 40% on "N
substitution. Presumably, any such increase is offset by the
smaller spin quantum number of N (I = 1/2) compared to

"N (I = 1): the magnetic moments (cx y/I(I + 1)) of °N

and "N are in the ratio 0.86 to 1 which would be consistent
with the small magnetic isotope effects in Figure 2.

The fifth bar in Figure 2a, labeled NS, N10, D, is for a radical
pair in which N5 and N10 are '*N, and all five hydrogens have
been replaced by deuterium. The result is a modest increase in
A®g, compared to the unsubstituted case (U). This can be
understood in terms of the ~6.5-fold reduction in the
hyperfine interactions on deuteration. Most of the 'H
interactions in FAD®™ are either nearly isotropic (e.g, H8a),
small (e.g, H7a), or both (see Figure 1). Deuteration reduces

(a) FAD-Trp __ (c) FAD-Trp === U (e) FAD-Trp
N 8r = N5,N10,D z
=3 = N5 = —— N5.N10-H
) = N10 S 5 —h
< = N5N10 S b
2
'e' e 4..
| |
S 4 S
< S
e 4 QD
o 0 ®o o 0 N
. = N X
-2
0 45 90 135 180 0 45 90 135 180
6/ degrees 6/ degrees
(b) FAD-Z @ FADZ  __ ®) FAD-Trp
= 10 — =
S g N5 p=
E” e N10 gs
76 e N5,N10 |
S 4 5
w [%]
S 2 =
(")O mo
S0 =

0 45 90 135 180 0 45
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Figure 3. (a—d) Plots of ®g(6,0) — @4(0, 0) as a function of magnetic field direction, 6, for nitrogen and hydrogen isotopologues of (a, c) FAD-
Trp and (b, d) FAD-Z radical pairs. (e, f) Anisotropy of ®g(6, @), i.e., ®(0, P) = @5(0, p) — (D) where (D) is the isotropic component of
®g(6, ). In (e) and (f), red and blue indicate reaction yields that are, respectively, larger and smaller than the isotropic (i.e., average) reaction
yield. (e) FAD-Trp radical pair with two "*N and no 'H in FAD*~ and one "N in TrpH"*. Axis lengths = 0.008. (f) FAD-Trp radical pair with two
N and five 'H in FAD*~ and one *N in TrpH"*. Axis lengths = 0.003. The plot labels are the same as in Figure 2. The small dips at 6 ~ 120° in
the NS, N10, —H traces in (c) and (d) arise from avoided level crossings. See Supporting Information Tables S4 and S5 for a summary of the nuclei

included in these calculations and a key to the notation.
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Figure 4. (a, b) Values of A®j for carbon isotopologues of FAD-Trp and FAD-Z radical pairs, respectively. (c, d) Plots of ®(6, 0) — @4(0, 0) as a
function of magnetic field direction, 8, for carbon isotopologues of FAD-Trp and FAD-Z radical pairs, respectively. (e, f) Values of A® for carbon
isotopologues of FAD-Trp and FAD-Z radical pairs, respectively. (g, h) Plots of ®4(6, 0) — @4(0, 0) as a function of magnetic field direction, 6, for
carbon isotopologues of FAD-Trp and FAD-Z radical pairs, respectively. The plot and bar chart labels are explained in the text. See Supporting
Information Table S4 for a summary of the nuclei included in these calculations.

these couplings so that, overall, the flavin radical is magneti-
cally more anisotropic; i.e., the effect of the two anisotropic
nitrogens is less diluted by the approximately isotropic
hydrogens. This is confirmed by the sixth and seventh bars
in Figure 2a: complete removal of the five hydrogens, whether
the nitrogens are substituted (NS, N10, —H) or not (—H),
results in a further increase in A®g. Deuteration of all five
hydrogens in FAD®", without substituting the nitrogens
(eighth bar in Figure 2) gave A®g values comparable to the
unsubstituted case.
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As well as increasing A®g, deuteration also changes the form
of ®4(6, 0) in a way that "N substitution does not. The four
traces in Figure 3a (which show the effects of N — N
replacement and correspond to the first four bars of Figure 2a)
have essentially the same shape, with maxima near 8 = 90° and
minima around € = 0°, 180°. The four colored traces in Figure
3¢ (corresponding to bars 5—8 in Figure 2a), however, have
maxima and minima around € = 110°—125° and 6 = 30°—45°,
respectively, suggesting that deuterated radical pairs could
signal a different compass bearing. This effect is confirmed by
Figure 3e,f which shows the anisotropic part of ®4(6, ¢) for

https://doi.org/10.1021/acs.jpcb.2c05335
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(e) —H (where both nitrogens are '*N and all five hydrogens
were omitted) and (f) U (where both nitrogens are '*N and all
S 'H are present). Removal of the 'H hyperfine interactions
rotates the anisotropy by about 30° around the y-axis. We
anticipate that deuteration would have a similar effect.

Carbon Isotopologues: Coherent Spin Dynamics. We
now turn to carbon isotopologues with the expectation that
replacement of a nonmagnetic nucleus (‘*C) with one that has
a magnetic moment (*C) might lead to larger changes in Adg
than found for 'H — ?H or "*N — SN substitutions. The 10
ring carbons (C2, C4, C4a, C5a, C6, C7, C8, C9, C9a, C10a)
and the two methyl carbons (C7a, C8a) in the isoalloxazine
portion of FAD® (Figure 1) were considered. All 220
combinations of three "?C — '3C substitutions were simulated
for both FAD-Trp and FAD-Z. Some of the results are
summarized in bar-chart form in Figure 4a,b and as a function
of 0 in Figure 4c,d. In both cases, the hyperfine interaction of
the H1’ proton in FAD®™ in FAD-Trp was omitted to reduce
the size of the calculation.

Once again, the results for FAD-Z (Figure 4b,d,fh) were
larger by a factor of ~2 but otherwise similar to those for FAD-
Trp (Figure 4a,c,e,g). Focusing now on the bar chart for FAD-
Trp (Figure 4a), none of the 220 carbon isotopologues gave a
value of Ay larger than the unsubstituted case (U, the first
bar in Figure 4a). The combination that came closest to the
unsubstituted radical pair was C6, C8, C9a (second bar). Even
though these carbons have strongly anisotropic hyperfine
tensors, with the same symmetry as NS and N10 (large z-
component, small x- and y-components, Figure 1), they do not
enhance the anisotropy of the magnetic field effect, which
appears to be largely “saturated” by the effects of N5 and to a
lesser extent N10.

The combination of three carbons that produced the
smallest ADg (3.1 times smaller than the unsubstituted case,
U) was C4, C4a, C8«a (third bar in Figure 4a). A®y is smaller
still (4.2 times smaller than U) if, in addition, N5 and N10 are
replaced by '*N (fourth bar). C4, C4a, and C8«t are among the
carbons with the largest hyperfine components in the xy-plane
of the flavin (Figure 1). The large xy-components of these
nuclei could reduce A®g by offsetting the effect of the large z-
components of NS and N10, ie, by making FAD*" less
anisotropic overall.

A smaller reduction in A®g (compared to the unsubstituted
case) is seen when any two of C4, C4a, and C8a are
substituted (bars 5—7 in Figure 4a). Replacing a fourth *C by
13C, in addition to C4, C4a, and C8a, gave neither a further
reduction in A® (Figure 4e) nor much of a change in the 6-
dependence (Figure 4g).

Smaller reductions in A®dg were found for other
combinations of three carbons. Table 1 shows the ten “best”
sets (best at reducing Ady), starting with C4, C4a, C8a and
working down. All but one of the ten sets contain two of C4,
C4a, and C8a. C8a was present in all ten, C4a in six, and C4
in four. The reductions in Ay, relative to the unsubstituted
case, varied between 2.9-fold (set 2) and 2.6-fold (set 10)
compared to 3.1 for C4, C4a, C8a (set 1).

Nitrogen Isotopologues: Spin Relaxation. None of the
calculations reported above included spin relaxation, a process
that is unlikely to be negligible in vivo and is expected to
attenuate the magnetic field effects that arise from the coherent
spin dynamics.”*~*' To explore the magnetic isotope effect on
the loss of spin coherence, we modeled the librational motion
of the FAD radical in its binding site in a protein by allowing it
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Table 1. Ten Sets of Three 2C — 3C Substitutions That
Give the Biggest Reductions in A®D?

C2 C4 C4a C7 CJlJa C8a C9 Cloa 10°Adq
1.70
1.81

. 1.85

° 191

1.94

1.96

1.97

. 1.98

1.99

2.00

“The largest reduction was found for C4, C4a, C8a. The final column

gives values of the reaction yield anisotropy.

O 0 N1 O LW N -

—
[=}

to wobble back and forth between two equally probable
orientations, rotated by +5° around the flavin x-axis.”” Very
similar results were found when this rocking motion was
around the y-axis. Little relaxation is expected either in the
motional narrowing limit, when the rate constant k, for the
wobbling motion is much larger than the hyperfine
interactions, or in the static limit in which k_, is much smaller
than the hyperfine interactions. It is when k, is comparable to
the hyperfine interactions, i.e., 107 s™ < k,, < 10® s7%, that the
spin relaxation should be most effective at destroying the
coherence on which the magnetic sensitivity relies.

Figure Sa shows the dependence of A®g on k, for
unsubstituted (black) and “N — N substituted (color)
FAD-Z radical pairs. Similar results are expected for FAD-Trp.
A®; for the unsubstituted radical pair (U) is reduced 11-fold
from 0.0160 when k,, = 10* s™ to 0.0015 when k,, = 10% s7".
Replacing either NS or N10 or both by '*N reduced A®y for
all but the k, values (10’—10% s!) that induce the fastest
relaxation. Given that the difference between the unsubstituted
radical pair and the "N isotopologues in Figure Sa is only
present for very slow and very fast motions, where spin
relaxation is ineffective, it seems that the majority of the '*N —
SN effect arises from the coherent spin dynamics (shown in
Figure 2) rather than this form of spin relaxation.

Carbon Isotopologues: Spin Relaxation. We anticipate
that replacement of nonmagnetic '>C nuclei by ">C nuclei that
have strongly anisotropic hyperfine interactions (Figure 1)
could enhance spin relaxation effects and lead to bigger
differences between substituted and unsubstituted radical pairs.
To keep the computational demands within reasonable
bounds, FAD-Z was modeled for a single value of k,, (= 10°
s!, chosen to give a large change in A®g) with just four
hyperfine interactions in FAD*~ (NS, N10, H6 and one of the
H8a protons). As above, all 220 three-carbon substitutions
were considered.

Data for the five sets of three carbons that produce the
largest reductions in A®g compared to the unsubstituted case
(bar 1) are shown as bars 2—7 in Figure Sb. All six attenuate
the signal by ~75%. Similar reductions were found when spin
relaxation was not included (Figure Sc). The similarity of
Figure Sb,c suggests that the spin relaxation induced by the
librational motion of FAD®™ is dominated by the modulation
of the "*N hyperfine tensors.

Magnitude of A®s. Finally in this section, we comment
briefly on the strength of the signal (A®g) assumed to allow a
bird to orient in the geomagnetic field. In all of the simulations

https://doi.org/10.1021/acs.jpcb.2c05335
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Figure S. (a) Plots of A®j for nitrogen isotopologues as a function of the rate constant for the wobbling motion of FAD*~ in a FAD-Z radical pair.
(b, c) Values of ADg for carbon isotopologues of FAD-Z radical pairs with and without spin relaxation, respectively. The plot and bar chart labels
are explained in the text. See Supporting Information Table S4 for a summary of the nuclei included in these calculations.

presented here, Ay is of the order of 107, corresponding to a
~0.1% change in the reaction yield for a ~90° change in
orientation with respect to the ~50 uT magnetic field. One
might reasonably ask whether such a small magnetic field effect
is sufficient to form the basis of a viable compass magneto-
receptor. An answer to this important question will have to
wait until more is known about the structure, binding partners,
and signaling of cryptochromes in vivo. We have so little
knowledge of factors such as spin relaxation, amplification
mechanisms, spatial and temporal integration of information
from receptors distributed around the retina, and so on that it
is impossible to say how big A®g would need to be. Magnetic
field effects at the level of 0.1% are undeniably small but if
cryptochromes really are the magnetoreceptors, Nature must
have found a way to cope with weak signals.

B DISCUSSION AND CONCLUSIONS

The dominant effect of isotopic substitution on the spin
dynamics of radical pairs is to scale the strength of the
hyperfine interactions and thereby alter the sensitivity to
external magnetic fields. In the context of magnetoreception,
the relevant quantities are the variation of the reaction yield,
Dg(0, @), with the direction of a ~50 yT magnetic field and
the magnitude of this anisotropy, A®g (eq 1). In the
calculations reported here, we explored the effects of replacing
'H by *H, *C by “C, and "N by "N, for both of the
candidate radical pairs in cryptochrome: FAD-Trp and FAD-Z.

Broadly similar magnetic isotope effects were found for
FAD-Trp and FAD-Z, with FAD-Z having A®g values about
twice those of FAD-Trp, other things being equal (Figures
2—4). The difference between the two radical pairs is less
pronounced than reported by Lee et al.”® because of the
inclusion of a realistic dipolar coupling.*

Nitrogen substitution does not produce large changes in
either ®g(6, ¢p) or ADg whether spin relaxation arising from
librational modulation of the hyperfine interactions is included
or not (Figures 2 and Sa). This is consistent with the similarity
of the magnetic moments of the two isotopes (""N:"N =
0.86:1.00).

Replacement of hydrogen by deuterium, which scales
hyperfine couplings by a factor of 0.154 and the nuclear
magnetic moment by 0.251, has the effect of increasing Adg
and changing the shape of ®4(6, ¢) (Figure 3). This seems to
occur because the approximately isotropic 'H hypefine
interactions dilute the contributions of NS and N10 to A®q,
an effect that is diminished by deuteration.*® Spin relaxation of
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the deuterated FAD*™ radical was not investigated. Recalling
the quadratic dependence on the hyperfine coupling
strength,” spin relaxation arising from modulation of *H
hyperfine couplings should be [y(*H)/y("H)]*> = 42 times
slower than that from the corresponding 'H hyperfine
couplings.

The set of three '>)C — 3C substitutions that produces the
largest reduction in A®y is C4, C4a, and C8a (Figure 4). This
reduction is smaller when only two of C4, C4a, and C8a are
replaced or when another carbon is added to this set of three.
These three carbons feature strongly in the 10 best sets (Table
1).

It is not clear why C4, C4a, C8a have the largest effect on
ADg; a clue comes from the scatter plot in Figure 6 in which
the principal components (A,,, A, A,,) of the "*C hyperfine
interactions are shown in red for C4, C4a, and C8¢, in green
for the carbons that feature in the top 10 sets in Table 1, and in
orange for the rest. Broadly speaking, it is the carbons with
small IA_.| and large A, + A,,|/2 that have the greatest effect
on A®q. Inclusion of these '*C atoms seems to offset the

20
AZZ
1.5+
1.0+
C4a C9a
() O
05
(Axx+Ayy)/2 C Oi\ C2 C7a
1 L 1 O = ]
-0.6 -0.4 - 0.2
C8a
0.5
[ )
C7 -1.0
-1.5 -

Figure 6. Principal hyperfine tensor components for the 12 carbons in
the flavin portion of FAD®". The color code is explained in the text.
The blue line is A,, = (A, + Ayy) /2.
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anisotropic effects of N5 and N10, which both have large 1A_|
> |A,, + A),l/2, and so reduce the overall magnetic anisotropy.

Two main conclusions emerge from this work. (1)
Perdeuteration of FAD appears to be the best way to boost
the reaction yield anisotropy and to change its symmetry. (2)
13C substitution of C4, C4a, and C8a, or one of the other nine
combinations in Table 1 seems to be the best way of reducing
the reaction yield anisotropy. Both predictions will be tested by
measuring magnetic field effects on cryptochromes with the
appropriate FAD isotopologues incorporated.
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nucleus hyperfine tensor / mT
y ~0.0995 0.0029 0
NS 0.0029 —0.0875 0
0 0 1.7569

y —0.0149 0.0021 0
N10 0.0021 —0.0237 0
0 0 0.6046

. —0.2009 —0.0328 0
H6 —0.0328 —0.5271 0
0 0 —0.4336

. 04313 0.0369 0

H8 0.0369 0.4786 0
0 0 04100

- 03492 —0.0015 0
H1 —0.0015  0.2459 0
0 0 0.2289

Table S1. *H and N hyperfine tensors for FAD"" . Calculated by Dr llya Kuprov (University
of Southampton) using density functional theory in Gaussian-03 at the UB3LYP/EPR-III level.
The calculation was done for the radical anion of 7,8,10-trimethyl isoalloxazine (lumiflavin)
in vacuo. The atom numbering scheme is as shown in Fig. 1.
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nucleus hyperfine tensor / mT
~0.0816 —0.0186 0

13¢c2 —0.0186 —0.0534 0
0 0 0.0589

03217 0.0302 0

13cq 0.0302 —0.3279 0
0 0 0.0564

05995 —0.0463 0

13C4a —0.0463 —0.5583 0
0 0 0.6520

05851 00614 0

13C5a 0.0614 —0.4989 0
0 0 —1.2420

" 0.0204 —0.0004 0
C6 —0.0004 0.0251 0
0 0 1.3577

s —0.3265 0.0165 0
C7 0.0165 —0.3341 0
0 0 —0.8004

" 00667 —0.0061 0
Cla —0.0061 0.0733 0
0 0 0.0531

s 0.0393 0.0122 0

C8 0.0122 0.0555 0
0 0  1.6589

. ~0.2520 0.0134 0
C8a 0.0134 —0.2383 0
0 0 —0.2511

s —0.2846 0.0015 0
C9 0.0015 —0.2468 0
0 0 —0.4877

" —0.0711 0.0074 0
Coa 00074 —0.0503 0
0 0 0.6632

13C10a

—0.3215 0.0079 0
0.0079 —0.3660 0
0 0 0.1320

Table S2. 3C hyperfine tensors for FAD"". For other details, see Table S1.
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nucleus hyperfine tensor / mT

0.3176  0.4962 —0.2092
N1 0.4962 0.5919 -0.2662
-0.2092 -0.2662 0.0551

Table S3. N hyperfine tensor for TrpH"*". The calculation was done for the radical cation of
tryptophan in vacuo. N1 is the indole nitrogen. For other details, see Table S1.

FAD radical
Fig. 2, Fig. 3a-d N5, N10, H6, 3xH8a, 1x H1’ |
except for —H and N5,N10, —H which were N5, N10
Fig. 3e N5, N10
Fig. 3f N5, N10, H6, 3xH8a
Fig. 4 N5, N10, H6, 3xH8a + 2, 3, or 4 carbons
Fig. 5a N5, N10, H6, 3xH8a
Figs 5b,c N5, N10, H6, 1xH8a + 3 carbons

Table S4. Nuclei included in the model FAD*~ radical for the calculations shown in Figs 2-5.

label N5 isotope  N10 isotope h_ydrogen
isotopes
1 U 14 14 H
2 N5 15 14 H
3 N10 14 15 H
4 N5,N10 15 15 H
5 N5,N10,D 15 15 D
6 N5,N10,—H 15 15 none
7 -H 14 14 none
8 D 14 14 D

Table S5. Notation used in Figs 2 and 3.

S3
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Abstract

Arguably the most convincing evidence that migratory songbirds detect the direction of the Earth’s
magnetic field by means of photochemical radical-pair reactions in their eyes comes from the finding
that their magnetic compass sense can be disabled by weak time-dependent magnetic fields with
frequencies between ~100 kHz and ~80 MHz. The choice of frequencies in the most recent behavioural
tests (of Eurasian blackcaps) was guided by an approximate theoretical approach which uses “action-
spectrum histograms” to predict the relative extents to which different frequencies could disrupt the
operation of a cryptochrome-based magnetoreceptor. In this report, we compare the histogram
calculated for a simplified flavin-tryptophan radical pair of the type found in cryptochrome with
quantum spin dynamics simulations. We find that the histogram offers a useful qualitative experimental
guide for frequencies above ~10 MHz, predicting a fairly uniform response at frequencies from
~10 MHz up to about 20 MHz below the maximum resonance frequency which falls at 100 MHz for
the pared down spin system modelled here and at 116 MHz for the complete flavin-tryptophan spin
system with 27 nuclear spins. Below 10 MHz, the histogram approach forecasts an increased disruptive
effect which was not consistently seen in the spin dynamics simulations. We conclude that the action-
spectrum histogram concept remains reliable for frequencies above ~10 MHz but should be used with
caution at lower frequencies.

Introduction

It has been known since the 1960s that migratory songbirds possess a magnetic compass to help
them navigate between their breeding and wintering grounds 2. However, the biophysical mechanism
of this extraordinary sense is still unclear 3*. The hypothesis for which there is currently the most
evidence is that the sensor involves magnetically responsive photochemical reactions in the birds’
retinas >’. More specifically, electron transfer reactions in cryptochrome flavoproteins, triggered by the
absorption of blue/green light, are thought to form transient chemical intermediates known as radical
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pairs 5% Subsequent reactions produce a form of the protein — the signalling state — with a quantum
yield that encodes information on the local direction of the geomagnetic field. In vitro measurements
on purified cryptochrome 4a (Cry4a) from the migratory European robin (Erithacus rubecula) have
shown that the coherent interconversion of the singlet and triplet electron-spin states of photo-induced
flavin-tryptophan radical pairs is indeed sensitive to weak static magnetic fields and that the protein has
properties consistent with a magnetosensory function %12,

The radical pair mechanism is a real phenomenon supported by a large number of laboratory
studies of organic radical reactions >, It is clear not only that weak static magnetic fields can alter the
yields of reaction products — even fields as weak as the Earth’s (~50 uT) 617 — but also that such effects
can be modified by time-dependent magnetic fields that oscillate at frequencies in resonance with the
singlet-triplet interconversion, a technique known as reaction yield detected magnetic resonance,
RYDMR 82!, This effect provides the basis for arguably the most convincing evidence that migratory
birds have a radical pair compass, namely the finding that migratory birds can be prevented from
orienting in the Earth’s magnetic field by exposure to weak radiofrequency (RF) electromagnetic fields
with frequencies from a few hundred kHz up to ~80 MHz 22!, Broadband noise-modulated RF fields
have a stronger disorienting effect than single-frequency fields of comparable strength 2.

Recently, in a study of Eurasian blackcaps (Sylvia atricapilla), Leberecht et al. found that the
birds’ ability to orient in the Earth’s field could be disrupted by 75-85 MHz RF noise but not by
magnetic fields of similar intensity in the frequency bands 140-150 MHz and 235-245 MHz implying
an upper limit or “cut-off” frequency between ~80 MHz and ~145 MHz °3!, Based on the eigenvalue
spectrum of the spin Hamiltonian of the radical pairs formed in cryptochrome, the authors argued that
the disruptive effects of RF fields should be approximately independent of frequency up to ~116 MHz
and that the birds’ sensitivity to disorientation by RF fields should be about two orders of magnitude
smaller at frequencies above ~116 MHz. This study, taken together with earlier observations of RF
disorientation at frequencies below ~10 MHz, 262 provides compelling evidence that the magnetic
compass of migratory birds operates by a radical pair mechanism, in which one of the radicals is a
flavosemiquinone such as that formed photochemically in Cry4a 3L, It also argues strongly against: ()
a detection mechanism based on magnetic nanoparticles *?; (b) the disorientation being a bizarre effect
on the birds’ motivation to orient *; and (c) interference with some other aspect of magnetoreception,
e.g., signal transduction 3.

The behavioural assays used to study RF disorientation are labour-intensive and time-
consuming. To obtain statistically significant data, many birds need to be tested many times under
meticulously controlled, double-blind conditions during at least two migratory seasons 23!, The
magnetic exposure conditions for each new test must therefore be chosen carefully in order to make
most efficient use of the available resources. Fortunately, the theoretical basis of the radical pair
mechanism is well established and can be used to guide the choice of experimental conditions via
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computer simulations of the responses to different frequency bands of RF noise 3%, However, exact
quantum mechanical calculations of this sort, which should ideally include all of the internal magnetic
interactions in both radicals, are computationally challenging 3.

It was with this in mind that Hiscock et al. proposed an approximate and less computationally
problematic approach — dubbed “action-spectrum histograms” — to assess the extent to which weak
magnetic fields of different frequencies would compromise the ability of a radical pair to act as a
compass magnetoreceptor 3. Predictions derived from histograms calculated for flavin-tryptophan
radical pairs were used to select the RF frequencies (75-85, 140-150, and 235-245 MHz) in the study
by Leberecht et al. ¥, The histogram method was proposed, without detailed theoretical justification,
by analogy with slow passage, low-power magnetic resonance spectroscopy 3%, To gain a better
understanding of the conditions under which it provides a reliable picture of RF effects on
magnetoreception, we here compare the histogram for a simplified flavin-tryptophan radical pair with
the results of quantum spin dynamics simulations.

Methods

Spin dynamics simulations

We consider a model of the flavin-tryptophan radical pair in cryptochrome, with the two
radicals labelled here A and B. Assuming negligible exchange and dipolar interactions, the time-
dependent spin Hamiltonian can be written as a sum of single-radical terms: H(t)=H , (t)+Hg(t). In
the absence of recombination reactions, the time-dependence of the probability, ps(t), that the pair is
in a singlet state, having been created as a singlet at t =0, is given by 37-*°:

1
ps(t+5t) = Z + Z Z RAaﬁ(t’é‘t) RBaﬂ(t’ét)’ (1)
aexy,z feXY,z
1 . .
Roap(t.6t) = zTr[SQa (t+6t)Sqp |, 2)
éQa (t+5t) _ e—iQQ(t+5t;t)5'[ §Qa (t) e+iQQ(t+5'[;t)5t . (3)

Here, p(0) =1, §Qa (0)= §Qa , the &= x-, y-, or z-component of the electron spin angular momentum
operator for radical Q (e A, B), and Z, is the dimension of the nuclear spin space of radical Q. The
generator, f)Q(t +0t,t), is defined below. The time step, ot , was 3 ns.

Assuming that the singlet and triplet states of the radical pair recombine spin-selectively by
first-order Kinetics with identical rate constants, k, the fraction of pairs that react to form the singlet
product is obtained by evaluating the integral “°:



g = kojo ps(t) e Mt . (4)
0

Neglecting spin-relaxation, the spin Hamiltonian of each radical can be divided into time-
independent and time-dependent terms:

Ho(t) = Hoo +Hau(®), (5)
where
Hoo = —7Bo-Sq + > Sq-Agjloj. (6)
J
Hou(®) = —7eBi(t)-Sq. W

Ileo contains terms for the electron Zeeman interaction with the static magnetic field, By, and the
electron-nuclear hyperfine interactions, while HQl(t) describes the electron Zeeman interaction with
the radiofrequency field, B, (t). in and Agq; are, respectively, the spin angular momentum operator
and the hyperfine interaction tensor of nucleus j in radical Q. The elements of the vector éQ are §QX ,

Sqy» and Sg, , and similarly for 14 ;.

Treating FIQl(t) as a weak perturbation, the propagators in Eq. (3) were evaluated using a split
operator approximation :

et (trat)at exp[iif)Ql(t+5t;t)5t/ 2]exp[iiI:|Q05tJexp[iiQQl(t+5t;t)5t/ 2], (8)

where 4243;
Qq(t+3tt) = Hog+Qqs(t+5t1), 9)
. 1 t+ot .
Qo (t+3tt) = S { Ho(r)dz . (10)

For a fixed time-step, Jt, exp[iiI:IQ05t] need only be calculated once for each direction of B, and
exp[iiﬁQl(tJr&t;t)&t/Z] is cheap to evaluate because I:|Q1(t) depends only on the electron spin
degrees of freedom.

For each direction of the static field, the noise-modulated radiofrequency field was modelled
as a sum of M = 2000 oscillating components:

M

By(t) = ﬁ > by Ny €S (@t + 7y ) - (11)

m=1L



The frequencies w,, and phases y,, were sampled from uniform distributions (@&, , @max) and
2%(0,2r) , respectively. The maximum and minimum radiofrequencies are related to the quantities v,
(centre frequency) and Av (bandwidth) by @, =27(v,-3Av) and @,, =27(v,+3Av). The
amplitudes were taken from a normal distribution with mean zero and standard deviation B,,; (rms =
root-mean-square), and the directions ny,,

-

Ny = (Sin Gy, Cosdy,, sin Gy, singy,, cosby, ) (12)

were uniformly spherically distributed with cosé,, = #(-11) and ¢, = %(0, 2x).

Results
Action-spectrum histograms

The concept of an action-spectrum histogram was introduced by Hiscock et al. to give a
qualitative impression of the likely effects of weak time-dependent magnetic fields on the ability of a
radical pair to act as a compass magnetoreceptor 3. The “resonance effect” of a radiofrequency
magnetic field in resonance with a transition between two energy levels of the radical pair, | j) and |k> ,
was defined as the product of the transition probability and the difference in initial populations of the
two levels. The height of the histogram bar covering the frequency interval [v,v + 6v] is then the sum
of the resonance effects for all transitions with frequencies within that range:

5 NIRRT 1P 3 (k1P ) )
In Eq. (13), |j) and |K) are eigenstates of the time-independent spin Hamiltonian of the radical pair
(see Methods section), hv,, is the energy gap between the two levels, PS is the singlet projection
operator, and I—AIL is the Zeeman spin Hamiltonian for a weak static magnetic field perpendicular to the
geomagnetic field. In Eq. (13), the first term, N, is a normalization constant that ensures the heights of
the histogram bars sum to unity, the second is the transition probability and the third is the difference
in the populations of the two energy levels at the instant the radical pair is formed in a singlet state.
Normalization has the consequence that the strength of the Zeeman interaction in H | isirrelevant %3,

Our aim here is to test the applicability of Eq. (13) by comparing it with spin dynamics
simulations. We start by calculating action-spectrum histograms for a model of the flavin adenine
dinucleotide (FAD)-tryptophan radical pair, [FAD*™ TrpH*"], containing the 14 nuclear spins, out of a
total of 27 #*, that have the largest anisotropic hyperfine interactions: 7 in FAD" and 7 in TrpH"" (the
tensors are listed in the Supplementary Information). The orientation of TrpH™" relative to FAD" was
chosen to match that of the third tryptophan residue of the Trp-tetrad in the X-ray structure of pigeon
Cry4a . The resulting histograms were averaged over 100 randomly chosen directions of an Earth-
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strength (50 uT) magnetic field. The restriction to 14 anisotropic hyperfine interactions is a compromise
between computational feasibility and the desire to model a fairly realistic spin system.

Figure 1(a) shows the complete histogram for this model of the [FAD*™ TrpH""] radical pair
together with an expanded view of the low-frequency region, Fig. 1(b). The widths of the histogram
bins, &v, were 1 MHz and 50 kHz, respectively, and both plots were normalised over the frequency
range 0-110 MHz. Following a ~3-fold drop in amplitude between 0 and 2 MHz, the resonance effect
is approximately flat up to about 80 MHz. The histogram would undoubtedly have been smoother if a
larger number of hyperfine interactions and/or the dipolar coupling had been included 03132 The
resonance effect drops off above 80 MHz and is zero for frequencies above ~100 MHz. This upper limit
on the resonance frequency corresponds to the separation of the highest- and lowest-energy eigenvalues
of the time-independent spin Hamiltonian. It would have been 116 MHz had all 27 nuclear spins been

included 3L,
(a) (b)
g g
S % 0.003 4
o 0.02 )
Qo [&]
= & 0.002 -
< <
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Fig. 1. Action-spectrum histograms of a model [FAD* TrpH*"] radical pair with 14 hyperfine
anisotropic interactions. The widths of the histogram bins are (a) 1 MHz and (b) 0.05 MHz.

Note that there is no “Zeeman resonance” at 1.4 MHz (the Larmor frequency of a free electron
in a 50 uT magnetic field) because both radicals have hyperfine interactions, many of which are larger
than 50 uT. A strong resonance at this frequency is only expected if (a) one of the radicals has all
hyperfine interactions much smaller than 50 uT, and (b) the exchange and dipolar interactions of the
two radicals are also much smaller than 50 pT 3346,

To summarize, Fig. 1 suggests that our model radical pair, with 14 nuclear spins, should be
affected to approximately the same extent by RF magnetic fields with frequencies between ~2 MHz and
~80 MHz, with the effects being somewhat stronger below ~2 MHz and weaker in the range ~80-100
MHz. No effects are expected for radiofrequencies above 100 MHz. Similar predictions can be



anticipated for a [FAD" TrpH""] radical pair with 27 nuclear spins except that the cut-off frequency
would be at ~116 MHz .

Spin dynamics simulations

To test the reliability of Fig. 1 as a guide to the frequency-dependence of RF magnetic field
effects, we performed spin-dynamics simulations using the same model of [FAD™ TrpH™].
Broadband, noise-modulated RF fields (root-mean-square magnetic flux density B,ys and frequency
vo—3Av < v < vy+2Av) were included as described in the Methods section. For each RF field
condition, the fraction of radical pairs that react spin-selectively from the singlet state, d)S(&, Brms),
was calculated as a function of the direction, @, of the static magnetic field, By =50 uT. As in previous
work 448 the amplitude of the anisotropy of ®g was taken as a proxy for the output of the sensor from
which the bird could derive a magnetic compass bearing #’. The change in ®g produced by a broadband
RF field was assessed using 7, the root-mean-square difference between the singlet yields for B,y =
1 uT and B,y =1 nT, with the latter regarded as weak enough that it has no significant effect on the
spin dynamics for the radical-pair lifetimes studied here:

Nﬂ
7 = =3 [g(6,10T) - dg(,10T)T . (14)

Ng T
In Eq. (14), @ is the angle between the magnetic field vector and the z-axis of the flavin ring system
(the normal to the isoalloxazine plane); when @ = = / 2, the field is parallel to the vector connecting the
two nitrogens (N5 and N10) in the central ring of the tricyclic flavin group. y was evaluated by
summing over N, =101 equally spaced values of & in the range [0, n].

Figure 2 shows the dependence of y on v, for radical pairs with lifetimes of 2 us (green) and
100 s (red), superimposed on the heights of the action-spectrum histogram bars (blue, 100 kHz bins).
The full spectrum is presented in Fig. 2(a), with an expansion of the low-frequency region in Fig. 2(b).
The three quantities plotted in both panels were scaled to have the same mean in the range v, = 10-90
MHz.
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Fig. 2. Radiofrequency magnetic field effects, y, for a model [FAD" TrpH""] radical pair with 14
anisotropic hyperfine interactions and a lifetime of 2 us (green) or 100 us (red) superimposed on the
heights of the action-spectrum histogram bars (blue, 100 kHz bins). The three traces have been scaled
to have a mean of 1.0 in the range 10 to 90 MHz. The spin dynamics calculations were performed
for Av =100 kHz bands of RF noise centred at the frequencies of the green and red dots.

Both simulations agree reasonably well with the histogram at frequencies, v, , above ~10 MHz,
confirming that the RF effect is approximately independent of frequency between ~10 MHz and
~80 MHz and that it then drops down to zero at v, ~ 100 MHz and beyond. However, only the
calculation for the 100-us lifetime reproduces the rise in the resonance effect at frequencies below
2 MHz (Fig. 2(b)). For the radical pair with the shorter (2 ps) lifetime, the histogram seriously
overestimates the effect of low-frequency RF fields.

The comparison of the quantum simulations and the histogram method in Fig. 2 is somewhat
complicated by the use of an RF bandwidth (Av =100 kHz) comparable to the frequencies (< 10 MHz)
at which the two approaches disagree. A clearer picture should emerge by choosing a much narrower
bandwidth. Figure 3 shows RF effects calculated for 2 us (green) and 100 ps (red) lifetimes using Av
= 1 kHz bands of RF noise, centred at frequencies, v, , between 1 kHz and 12.8 MHz, plotted with a
logarithmic frequency axis. Once again, the heights of the histogram bars (100 kHz bins) are shown in
blue. What we see now is that at frequencies below ~1 MHz, the histogram overestimates the true
resonance effect for both choices of lifetime. In both cases, y goes through a maximum at v, = 100 kHz
and then levels off when v, <~10 kHz. We discuss this behaviour in the next section.
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Fig. 3. Radiofrequency magnetic field effects, y, for a model [FAD" TrpH®*"] radical pair with 14
hyperfine interactions and a lifetime of 2 us (green) or 100 us (red) superimposed on the heights of
the action-spectrum histogram bars (blue, 100 kHz). The three traces have been scaled to have a mean
of 1.0 at frequencies above 1 MHz. The spin dynamics calculations were performed for Av =1 kHz
bands of RF noise centred at the frequencies of the green and red dots.

Discussion

We have tested the action-spectrum histogram concept * against spin dynamics simulations of
flavin-tryptophan radical pairs in cryptochrome. Our results suggest that the histograms offer a useful
qualitative guide for frequencies between ~10 MHz and the cut-off frequency which falls at 100 MHz
for the pared down spin system modelled here and at 116 MHz for the complete spin system with 27
nuclear spins L. At frequencies below 10 MHz, the histogram predicts an increase in the resonance
effect which was not seen in the spin dynamics simulations of radical pairs with 2 ps lifetimes subject

to 100 kHz bands of RF noise (Fig. 2(b)), or for 2 us or 100 ps lifetimes when the bandwidth was
reduced to 1 kHz.

That the action-spectrum histogram fails at low frequencies, especially for short-lived radical
pairs, is not unexpected: one of the approximations implicit in Eq. (13) is that the radical pairs are
indefinitely stable. To have a significant resonant effect on the coherent spin dynamics of a radical pair,
an RF field would need to undergo at least one period of oscillation before the radicals recombined (or
before the spin-coherence relaxed, whichever happened first). An RF field at any lower frequency
would be equivalent to an effectively static (and randomly oriented) magnetic field. Following this line
of reasoning, the transition from time-dependent field to effectively static field, should occur at
vy =500 kHz for a 2-ps lifetime and at v, ~ 10 kHz for a 100-ps lifetime. Qualitatively, but not
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guantitatively, this seems to be consistent with the left-hand side of Fig. 3: the drop in y occurs at a
lower frequency for the longer of the two lifetimes, but not lower by a factor of 50 as the above argument
would suggest.

This mismatch between this prediction and the results of the simulations has consequences for
the interpretation of the behavioural tests. Kobylkov et al. found that 0.1-100 kHz noise-modulated
RF fields did not disrupt the orientation of Eurasian blackcaps 2°, while Engels et al. found that
European robins were disoriented by 20-450 kHz noise of similar amplitude 2?’. Taking these
observations together, Kobylkov et al.?° concluded that the spin-coherence lifetime must be in the range
2-10 ps (using the argument in the previous paragraph and (450 kHz)* ~ 2 us and (100 kHz)* = 10 ps).
An assumption behind this argument was that a sufficiently low-frequency RF field would be much less
effective at causing disorientation than one in resonance with spin transitions in the radical pair. This
does not appear to be borne out by Figs 2 and 3 which suggest that RF fields below ~2 MHz should
have a similar or larger effect than those in the range 2-80 MHz. Shortcomings of our simulation method
include: (a) the use of RF fields (B,,s = 1 mT) much stronger than those in the behavioural tests
(Bims =10 nT, #); (b) the omission of a dipolar interaction between the radicals; and possibly (c) the
use of an inappropriate measure (y) to quantify the effect of the RF fields on the singlet yield. Further
work will be needed to shed light on this discrepancy.

Acknowledgements

We are grateful for the financial support provided by the European Research Council under the
European Union’s Horizon 2020 research and innovation program, Grant Agreement No. 810002,
Synergy Grant: QuantumBirds. GJP and PJH thank Prof. David E. Manolopoulos for his advice on how
best to do the calculations, Dr. Thomas P. Fay for suggesting Fourier decomposition in Eg. 11, and Dr.
Luca Gerhards for helpful discussions.

10



Simulation of radiofrequency magnetic field effects on a radical pair
cryptochrome-based magnetoreceptor

Gediminas Jurgis Pazéra, and P. J. Hore*

Department of Chemistry, University of Oxford, Physical & Theoretical Chemistry Laboratory, Oxford,
UK.

*Corresponding author: peter.hore@chem.ox.ac.uk

Supporting Information

(a)

Fig. S1. Atom labelling in (a) FAD*~ and (b) TrpH** radicals

11



_0.09950 —0.00287 0
NS 0.00287 -0.08749 0
0 0 175688

-0.01485 -0.00207 O

N10 20.00207 —-0.02371 0
0 0 0.60459

0.20085 0.03280 0

H6 0.03280 —-0.52717 0
0 0 —0.43359

043990 0 0

Hg1, 0 043990 0
H82, H83 0 0  0.43990
040701 —0.00001 —0.00002
1 -0.00001 0.40704 —0.00002
~0.00002 —0.00002 0.40700

Table S1. Hyperfine coupling tensors for FAD®~ (in mT). Standard PDB/IUPAC nomenclature is used
(Fig. S1(a)). Calculations were performed by Dr llya Kuprov, Department of Chemistry, University of
Southampton using density functional theory in Gaussian-03 at the UB3LYP/EPR-III level, for the
radical anion of 7,8,10-trimethyl isoalloxazine (lumiflavin). The hyperfine tensors for the three H8

protons were averaged to reflect the rapid rotation of this methyl group.
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~1.00093 0.20617  0.19326
HE1 0.20617 —0.44157 0.30726
0.19326 030726 —0.35248

-0.57128 0.16088  0.19595
HE3 0.16088 -0.48444 0.08363
0.19595 0.08363 —0.40819

~0.44261 0.12694  0.14890
HZ2 0.12694 —0.35420 0.09527
0.14890  0.09527 —0.29426

1.57245 0.01567 0.04747
HB1 0.01567 1.51560 0.06305
0.04747 0.06305 1.72559

~0.05296 0.05866 —0.04603
NEL 0.05866 0.56445 —0.56480
~0.04603 —0.56480 0.45313

~0.27540 —-0.15716 —0.17450
HD1 —0.15716 -0.27318 0.09233
~0.17450 0.09233 —0.28547

~0.04310 —0.07438 —0.06807
HH2 ~0.07438 —0.27873 —0.03238
~0.06807 —0.03238 —0.30304

Table S2. Hyperfine coupling tensors for TrpH** (in mT). Standard PDB/IUPAC nomenclature is used
(Fig. S1(b)). Calculations were performed by Dr llya Kuprov, Department of Chemistry, University of
Southampton using density functional theory in Gaussian-03 at the UB3LYP/EPR-III level.
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ABSTRACT

Molecular qubits are an emerging platform in quantum information science due to the unmatched structural control that chemical design
and synthesis provide compared to other leading qubit technologies. This theoretical study investigates pulse sequence protocols for spin-
correlated radical pairs, which are important molecular spin qubit pair (SQP) candidates. Here, we introduce improved microwave pulse
protocols for enhancing the execution times of quantum logic gates based on SQPs. Significantly, this study demonstrates that the proposed
pulse sequences effectively remove certain contributions from nuclear spin effects on spin dynamics, which are a common source of decoher-
ence. Additionally, we have analyzed the factors that control the fidelity of the SQP spin state, following the application of the controlled-NOT
gate. It was found that higher magnetic fields introduce a high frequency oscillation in the fidelity. Thereupon, it is suggested that further
research should be geared toward executing quantum gates at lower magnetic field values. In addition, an absolute bound of the fidelity out-
come due to decoherence is determined, which clearly identifies the important factors that control gate execution. Finally, examples of the
application of these pulse sequences to SQPs are described.
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I. INTRODUCTION

There is a growing interest in molecular qubit systems com-
prising electron and nuclear spins for quantum information science
(QIS) and quantum computing (QC). It stems from the extensive
control over the qubit nature that chemical synthesis allows, pro-
viding the ability to fine-tune qubit properties and spatially position
individual molecular qubits via covalent and non-covalent assem-
blies that may be used for quantum sensing (QS) or for preparing
multi-qubit arrays.! Additionally, there are already a number of can-
didates for molecular qubits, such as photogenerated radical-pairs
in donor-bridge-acceptor (D-B-A) systems,”” photogenerated rad-
ical pairs in triradical Pt complexes,’ photoisomerization-induced
spin-charge Co complexes,” and a recent example of a suc-
cessful quantum teleportation experiment that utilized Electron

Paramagnetic Resonance (EPR) for detection.” Besides the universal
issue of coherence times and detection, alongside the experimen-
tal execution of quantum logic gates, further challenges need to be
addressed. These challenges include a full description of the dynam-
ical properties of spin systems via computational or experimental
techniques, coupling to external fields, electron-nuclear hyperfine
interactions, spin-orbit coupling, magnetic spin exchange, and their
effect on controlling the spin states. Furthermore, there is the matter
of understanding environmental contributions to decoherence and
how these effects impact molecular qubits. Addressing all of these
issues would greatly accelerate the utilization of molecular systems
in QIS and QS and provide a toolbox for designing new experi-
ments and applications, which are only at the beginning stages of
this emerging second quantum revolution.”

J. Chem. Phys. 158, 204118 (2023); doi: 10.1063/5.0145278
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In quantum information processing, there are several spin-
based platforms outside molecular spin systems, such as impuri-
ties in semiconductors and quantum dots. Examples of impurities
in semiconductors include colored centers in diamond, such as
nitrogen-vacancy (NV) "'’ and silicon-vacancy (SV) centers,"""
and phosphorus donor qubits in silicon.'”'* Much research has been
conducted on these systems, which have several desirable character-
istics, such as extended coherence times and optical addressability,
and have been applied to sensing applications. However, they have
encountered engineering and production obstacles. These materials
have impurities that are difficult to manage, and spatial place-
ment of defects, scalability to multiple qubits, and coupling of a
large number of qublts are all difficult. In addition, silicon'” "
and germanium'®*’ quantum dots have been prominent QIS plat-
forms. These are potential platforms with high fidelity rates, but
similar to semiconductor impurities, they present fabrication and
control issues, in addition to a high sensitivity to ambient and
charge noise, which can reduce coherence times. This article is
limited to molecular spin systems, which have been on the rise
due to the ability of chemical synthesis to precisely control atomic
placements.

Photogenerated spin-correlated radical pairs (SCRPs) in
donor-bridge-acceptor (D-B-A) molecules are one class of molec-
ular qubit candidates that shows great promise. Their advantages
can be readily demonstrated by considering the widely researched
preparation, photophysics, and spin dynamics of SCRPs, which are
illustrated in Fig. 1.”" ** In these systems, selective photoexcitation
of D, B, or A produces an excited singlet state that undergoes rapid
charge separation to produce a SCRP in an initial singlet spin state.
This SCRP can be considered a spin qubit pair (SQP) and has been
shown to satisfy a number of the DiVincenzo criteria.”® The SCRPs
are generated in a well-defined initial state, and the systems are well-
characterized, potentially scalable, and have been shown to have
long coherence times, around 2 us at relatively high temperatures
of 80 K.” SCRP coherence times can also be increased by reduc-
ing the electron-nuclear hyperfine interactions in each radical using
deuteration and working in a nuclear spin free solvent, in addition
to removing rapidly moving nuclear spins, such as the hydrogen
atoms in methyl groups. Finally, a universal “set” of quantum logic
gates exists, with initial attempts at implementation having been

227 . . . .
shown,””’ and there is evidence of a qubit-specific measurement

1D A*
/\3[D.+ A-—]

1 D-+
3D — A

FIG. 1. Scheme of a typical spin selective charge recombination reaction in
donor-acceptor (D-A) molecules. After initial light excitation and electron trans-
fer reactions, a SCRP in a singlet state is produced, '[D** — A*~]. The singlet
state can interconvert to the triplet state *[D** — A®~] via hyperfine interactions
of each of the spins. Both of these states relax to the ground state via different
pathways. The singlet state relaxes to the ground state via the singlet pathway with
recombination constant ks, and the triplet state recombines to a triplet product via
the triplet pathway with recombination constant k7.

ARTICLE scitation.orgl/journalljcp

capability based on quantum state tomography;* however, further
research needs to be done (Fig. 2).

With respect to QIS, there are a few general criteria for a good
SCRP system: First, the SCRP should have intermediate electron
spin-spin coupling because this value will ultimately determine the
speed at which a gate can be executed. Second, the SCRP should
have long coherence times, T, to ensure that a sufficient number of
gate operations can be made to be useful; Third, the SCRP should be
capable of being oriented in a well-defined, controllable position to
avoid overlapping transitions and to enable proper readout and con-
trol of the spin system. For example, oriented single crystals would
be ideal in this regard.

In this article, we will explore how quantum logic gates can
be implemented in a SCRP system. We will propose improved
pulse sequences for most common two-qubit quantum logic gates in
SCRPs and introduce ways to correct for different noise sources in
the experimental application of these quantum logic gates. Further-
more, we will give a full dynamical description of how the fidelity
of the SQP spin system following Controlled-NOT (CNOT) gate
application will vary with different parameters in the experiment and
give evidence for the advantages of performing these experiments at
lower magnetic fields. Finally, a universal bound on the fidelity value
of a CNOT gate operation will be given when T relaxation effects
are incorporated, providing an understanding of how decoherence
affects SQPs.

Il. THEORY
A. Spin Hamiltonian

The spin dynamics of an arbitrary SCRP in a fixed orientation
are governed by its spin Hamiltonian, which includes the anisotropic
electron Zeeman interaction, electron-nuclear hyperfine interac-
tion, electron-electron dipolar interaction, and electron exchange
interaction.”* " If the applied magnetic field is larger than other
interactions in the system, then a secular approximation can be
employed, which simplifies the Hamiltonian to™"""*

I:I = HIZ + thp) (1)
where
. . . a1 s oaTa
Hiz = guus[BIS1: + gous|BISa: + /882 + S D(381:82: — $1S; )

= @181z + w2S2; + D181282: + D2(§1x§2x + SlySZy): (2)

A A Nl A A
Hpyp = Slz(z (Al iy + B1k11k,x))
p

N,
+ SZz(Z (Agplapz + szfzp,x)), (3)
p=1

and

D1:D+], (4)
D
IDZ__5+]
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FIG. 2. Depiction of pulse EPR experiments for implementation of the CNOT gate. (a) and (b) show pulse sequences for H, in Eq. (11), and (b) and (d) show pulse sequences
for Hy in Eq. (12). (a) The pulse sequence in Eq. (32) with added correction in Eq. (36), (b) is the sequence in Eq. (59), (c) is the sequence in Eq. (32) with correction in
Eq. (38), and (d) is the sequence in Eq. (58). (a) and (c) show universal quantum logic gates, and (b) and (d) show quantum logic gates when the initial state is |S). Each
line corresponds to an electron with a Zeeman coupling strength of w;, frequency at which selective pulses are centered around. ; is initial time needed after laser excitation
for the formation of the radical pair, t; is the final time needed between the end of the CNOT gate and read out, s, are spin evolution times, and the remaining times are
intervals between pulses. The blue pulses are non-selective rotations for Sy and S electrons, and yellow pulses are selective rotations.

Here, B is the applied magnetic field, §i and fik are electron
and nuclear spin operators, respectively, N; is the number of nuclear
spins coupled to radical i, 0 is the angle between the applied mag-
netic field and the dipolar axis, J is the electron exchange interaction
constant, D is the strength of the dipolar interaction, y, is Bohr mag-
neton, and g;is the g tensor. With the additional simplification, w; is
the Zeeman frequency of radical i under the applied magnetic field
of strength |B].

Eigenvectors and eigenvalues for H;; are’”’

[1) = |T+), |2) = cos &|S) + sin &|Th),

. (5)
|3) = —sin &|S) + cos &|Th), [4) =|T-),
/\l:9+&’ AZZ_EG)_&’

2 4 2 4 6)
A3=1®—&,A4_—9 &>
2 4 2 4
where
-Aw
t: 28) = 5——7—, 7
an (2£) D+ 1D, (7)

Aw:wszl,Q:w1+w2,®:\/Aw2+D§. (8)

The electron spin-electron spin Hamiltonian, Hi,, can be
further reduced at very high magnetic fields if the difference
between Zeeman energies is much larger than spin interactions, i.e.,
|w2 - wl\ > Dl,

Hiz = 01S1z + 0282, + D1$1:82. 9)

In this study, only the H1, term of the full H will be used for the
design of the pulse sequences, and the influence of Hy,,, on dynamics
will be discussed separately. Furthermore, the following three main
cases of high field H will be discussed during the design of pulse
sequences:

1. Hwith only 8125, interaction:

= D1§12§22. (10)

2. High field H with |w; — w1| > Di:

Hz = wlﬁlz + w2§22 + D1§12§22- (11)

3. High field H:
Hj = 0181z + 0382: + D181:2: + Do (S1:80x + S1y83y). (12)

B. Idempotent operators

A neat and simple tool to derive an analytical form of any two
spin pulse sequence, first introduced by Price et al.,’” involves the
use of primitive idempotent operators, E., that satisfy the following
properties:

E.+E_=1, E2 =E,, E+E- =0. (13)

J. Chem. Phys. 158, 204118 (2023); doi: 10.1063/5.0145278
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Important idempotent operators for electron spins are
B= M1a e BY - 11a28.8
i*i + Jizs i*i iziz jz (14)

Thus, an arbitrary density matrix

Uil Uiz U1z Uig

A Ul U Uz U
U= (15)
Uzl U3z U3z U4

Ugl Ug U3 Ui
can be decomposed using idempotent operators,”’

U = uitELE2 + 2un$ox E B> + 2u13812E- E2 + 4u14$1x8::EL E2
+ 2u21§2inEi + uzinEz, + 41423S]xgszl,E%r + 2u24§1xE1,E%
+ 2u31§1xELEi + 4u328A1xSA2xELEi + u33E1_Ei + 21/[34SA2xE1_Ei

+ 4u41§1x§2inEi + 2M42$A1XE_1'_E3 + 2u43§2xEl_Ei + M44E1_Ei.
(16)

This provides a straightforward way to find a decomposition for
any two-spin quantum gate. An important property for idempotent
operators used throughout this work is

AP~ B, + E-, giventhat [A,E.] =0 (17)
Finally, an important property for the exponential of an
arbitrary Pauli spin matrix Sy is

¢%e = cos(g)]l+i2§k sin(g). (18)
2 2

C. Fidelity

The general measure of closeness between two quantum states
is called the fidelity, and it can be computed with knowledge of their
density matrices p and & using the following equation:*®

2
F(p.6) = (Tr\/ﬁl/zﬁf)l/z) . (19)

Here, p is taken to be the ideal density matrix state, and ¢ is the
experimentally measured density matrix, for instance, determined
by quantum state tomography.”

In the case of an initial pure state p(0)=|¥)(¥| and
5= Uigearp(0) Ujdml, where Uz is trace preserving, the fidelity
measure simplifies to

F = (V|06 Uideal ¥)- (20)

Given that [)2 = p. Here, Uigear is the ideal case propagation
matrix. If we can easily decompose & = Usp,-n|‘l’)(‘l’|U:pm, then the
fidelity measure will be

P 2
F= ‘(\P|UidealU5Pi"|\P> 4

(21)
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where Usp,-n is resultant propagator under arbitrary spin evolution
and rotation pulses.

For instance, if the system has two electron spins that are ini-
tialized in a singlet state and the ideal gate is a CNOT gate, then the
fidelity will be

2

F = (810 Lyor U spinlS)| (22)

I1l. PULSE SEQUENCES FOR TWO QUBIT GATES

The general algorithm for deriving a pulse sequence is as
follows: First, expand the target propagator using idempotent oper-
ators. Second, derive a pulse sequence for a Hamiltonian that
only includes the electron spin-electron spin interaction. Third,
apply correction terms to the pulse sequence to account for other
Hamiltonian terms.”””

In this section, the procedure for generating a pulse sequence
will be demonstrated by finding the CNOT gate pulse sequence for
a SCRP system. Considering that the pulse sequence is derived for
a Hamiltonian without Zeeman and hyperfine interactions, a cor-
rection term will be proposed, which will also alleviate the influence
of hyperfine interactions on the fidelity measure. In addition to the
CNOT gate, the pulse sequence for other generally used two qubit
gates will be introduced. Finally, a simplification for a CNOT gate
for a SCRP starting in a singlet state will be demonstrated that will
significantly reduce the number of pulses needed to execute the gate.

A. Pulse sequence for a CNOT gate

The CNOT gate is one of the fundamental two qubit quantum
logic gates that when combined with several single qubit gates forms
a complete set of quantum logic gates from which any arbitrary uni-
tary transformation can be derived.”® The propagator matrix takes
the form

1 0 0 O

N 01 0 O
Ucnor = . (23)

0 0 0 1

0 0 1 0

Its main action is the inversion of |S«) and |8f) populations in
a two-qubit system that manifests from the state of the first (called
the control) qubit. If the first qubit is in |f3) state, then the state of the
second (called the target) qubit is flipped. The unitary matrix formed
with the expansion in Eq. (16) for this gate is

UCNOT = E_l,_ + ZSAZXEI_. (24)

Given that a pulse sequence is essentially a set of multi-
plied exponential matrices, it becomes possible to find a binomial
multiplication for the expansion that will transform it into an
experimentally feasible pulse sequence,
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UCNOT = El+ + ZSAZXEI,

= E} +i(—i)28E"

= (-i28EL + E} ) (iEL + EL). (25)
By applying Eq. (17) and noting that ¢ =i and ¢S

= -2i$,, according to Eq. (18), we find
Ucnor = ¢ MR T (26)

Using the definitions in Eq. (14), this is expanded as

UCNOT _ eige—igﬁue—igs”ueins” 1Zs”h,. 27)

Due to the nature of the experimental setup and the spin Hamil-
tonian, the S, and $i,9,, terms cannot be directly generated in
the experiment. These exponential terms have to be decomposed
into a form more suited for experimental implementation. There
are a large number of ways to decompose these terms; in addition,
the terms in Eq. (27) commute with each other, resulting in many
different pulse sequences that can achieve the same unitary transfor-
mation. One possible solution, with a particularly clean structure, is
as follows:

P28 .

—iz$
351 e 2

I,
e el i, (28)

oSS0 _ ity jin$1:a i3Sy, (29)

Substituting Eqgs. (28) and (29) into Eq. (27) yields
UCNOT _ ei’;’e—i’;’§zyein§1Z§zZei§§1Xei§(§1y+$2y)e—i’5'(§1x+§2x)' (30)

For the reduced high field Hamiltonian in Eq. (10), the rotation
term, S1:82;, can be treated as a time propagation under the spin
Hamiltonian,

—iH T 81,8
e 1 =e 1z ZZ’

—iH1T = iT[S]zSzz,

~iD1781:82; = in$1:82, (31)
__r_ T
Dy D

Note that D; < 0. The pulse sequence for the CNOT gate (read
from left to right, this notation will be used throughout this paper)
is

o o o A o
901x+2x> 90—(1y+2y)r 9014 w> 902y~ (32)

Here, the degrees show the magnitude of spin selective or non-
selective rotations, and the subscripted index identifies each electron
spin and its phase. The non-degree term represents the propagation
time required for the system.

1. The sign of D,

The reported sequences in Ref. 27 have this form for the spin
evolution time,

ARTICLE scitation.orgl/journalljcp

T=—. (33)

Since, as defined in Eq. (2), D; is a negative quantity for
radical pairs, the reported SWAP and CNOT gate sequences for
electron spins are not appropriate since 77/D; # 7/|Ds|. If T = n/Dy,
the actual CNOT pulse sequence suggested by Ref. 27, which was
recently employed in Ref. 2, takes the form (with adjusted phase)

0 -1 0 O

N -1 0 0 0
Ucnor = . (34)

0 1 0

0 0 0 1

Care must be taken when using pulse sequences to be sure the
right sequence is used for the appropriate case.

B. Corrections for Zeeman interactions

The derived pulse sequence in Eq. (32), namely, the 81255, evo-
lution, breaks down when including the electron Zeeman terms,
suchasinEgs. (11) and (12). The general way to correct this is to split
the spin evolution term into two equal parts and apply an additional
pulse sequence, which will selectively rotate only the $;; terms and
cancel the other Zeeman terms.”” Under the influence of Eq. (11),
this method yields

o818 _ mith ;efm(smsu)efin ;ein(slirSZX)

- e—i(wlglz+m2S22+D 1§|z5‘2z)§e*iﬂ(glx+§2x)

y e—i(w,§12+wz§22+D 1$1:82:) % ein(§ 1+ 2c)

_ e—i(ﬂllg 12+ @28 2. +D 1§1z§2z)§

% e—i(—w1§1z—wz§22+D 1§1z§2z)§

— e*mlslzgzﬂ. (35)

Hence, for each pulse sequence evolving under Eq. (11), the
propagation time 7 is replaced by

o T o T
T = 180—(1x+2x)’ E’ 18014225 E (36)

For the time evolution under Eq. (12), a correction sequence
that divides the spin evolution time into four parts was suggested
in Ref. 27. We note that the same result can be achieved with fewer
dissections and pulse sequences,

einleSZZ _ e—iH3 %e—iﬂS Ix e—ir[S 2 e—iH3 %eiﬂS 1x eiﬂS 2
_ e—iH3 %e—i(—wglz—wzﬁu*@ 1~§1z§zZ—Dz(§1x$2x+§1y§2y))§

— e*iblglzgzﬂ. (37)
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The two exponential terms can be added because the expres- . - ¢ N Af Bl
sions commute. For every pulse sequence that evolves under hyp = Olz kz—:1 (Auelikz + Buih)
Eq. (12), the propagation time 7 is replaced by ) N
2
. . + Szz(Z (AZpIZP,z + BZpIZP,x)): (41)
T — 1802, 18025, > 1807,, 1803, > (38) p=1
H;zyp,z = H; - thp> (42)
C. Hyperfine interaction effects
The hyperfine interaction, which arises from nuclear spins, is . . . o
Hj = w151z — 0282 + D1812822 (43)

typically non-negligible in SCRP systems and is often of a simi-
lar order of magnitude to the D coupling. Nuclear spins signifi-
cantly influence the experimental setting by altering the initial pulse
response, affecting readout through modulation effects, and intro-
ducing additional sources of noise. Whenever possible, these effects ) ) )
should be mitigated through chemical synthesis or isotopic labeling, e Mmat st i(Fpat i), ) §
as well as by creating an environment that minimizes spin deco- Cp $ubr bty
herence, such as employing specific solvents and maintaining low =e =e .
temperatures. Notably, the correction factors introduced earlier can
also eliminate some contributions from hyperfine interaction terms,
potentially enhancing the fidelity of the two qubit gate in situations
where nuclear spin effects cannot be mitigated.

When we add static hyperfine coupling effects to the correction
sequence in Eq. (36). We find

Since [I:Ihyp,Q,H;lypxz] =0 (proof of which is shown in
Appendix A),

(44)

This shows that the overall performance in terms of fidelity of
a pulse sequence for H, will be unaffected by the static hyperfine
interactions of the system.

An equivalent result can be seen for the correction sequence in
Eq. (38) since [thp,3,H;lyP)3] = 0 (proof in Appendix A), where

1820 _ il d min(S1uSa0) jmiflpaf n(S1c+$a) Hyyps = Hs + Hyyp, (45)
= e Mt g Hiat (39)
H;typﬁ = I_AI; - thp) (46)
where
thp,Z =H,+ thp: (40) Hj = ~w1$1; — 0282 + D1 81282 - D2(§lx§2x + §1y§2y)- (47)
TABLE I. Pulse sequences for CNOT, SWAP, Controlled-Z (CZ), and Controlled-Phase (CP) quantum logic gates for coupled
electron spin systems. All of the pulse sequences were derived assuming Hy in Eq. (10), yet the pulse sequences can be
extended with the proposed correction terms for other Hamiltonians. Pulse sequences are read from left to right.
Operation Propagator Pulse sequence
1 0 0 0
U oo 90° 90° 90° 1y, %, 90°
CNOT 0 0 o0 1 1x+2x> —(1x+2x)> —1x> Ak 2y
0o 0 1 0
1 0 0 O
A o 0 1 0 o T o o g o g
Uswap o 1 o o 90" 1x+2x5 L 90" _(1x+20)> 90 142y, ] 90” _(1y+29)> ]
0o 0 0 1
1 0 0 0
A 0o 1 0 0 o o o o
UCZ 0 o0 1 0 90 —1x> 90 1y+2y> 90 1x+2x> 90 =2y \D77T1|
0o 0 0 -1
1 0 0 0
A 01 0 0 o $\° o o $\° o ¢
Ucr(¢) . 9020 ($) _,p 90°26 90° -y (§) 0 90%0 oy
0 0 o
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The result presented above assumes that nuclear Zeeman effects
are negligible in the dynamics due to their small magnitude com-
pared to the electron spin Zeeman effect. If these effects are included
in the dynamics, the time-propagation sequence becomes

e*inSA 1282 — Eim 1§1z$2z76*i2221 Wlkflk,zTe*iZ;Lz] “)ijZp,zT’ (48)
where wjj is gyromagnetic ratio of nuclei j coupled to electron spin i.

Although this effect will undoubtedly influence the spin
dynamics for high magnetic fields, if the nuclear spin space—which
is commonly assumed to be in a fully mixed state—and the elec-
tron spin space are not coupled for the initial nuclear spin space,
then the nuclear Zeeman effect will not affect the fidelity measure
because it does not evolve the electron spin states. However, it is
likely to affect the experimental readout, which is not addressed in
this article.

D. Proposed pulse sequences

The most common two qubit quantum logical gates are the
CNOT, SWAP, CZ, and CP gates.“‘ Their propagators and pulses
sequences are depicted in Table I. The pulse sequences were derived
with evolution under Eq. (10) but can easily be expanded to
account for Eqgs. (11) and (12) as we have already demonstrated. All
derivations are shown in Appendix B.

E. Simplification of the CNOT gate pulse sequence
for an initial singlet state

The propagator for a CNOT gate according to Eq. (10) is
UCNOT _ eif e—i%ﬁzye—iﬂlreigﬁlxeig(ﬁ1},+$2y)e—i§ (S,X+SZX)' (49)

Here, 7 = /D;. If the starting state is a pure singlet state, which
is true in most cases for radical pair systems, and owing to the
fact that applying Ucnor to an initial density matrix p(0) results in

p = Ucnorp (0) UTCNOT, we note that the two non-selective pulses will
cancel,

eig(s‘mﬁzy)e—ig($1X+§2X)p(0)eig(S1X+§2X)e—ig(§,,,+§2y) _ /3(0)) (50)
reducing the propagator for pure singlet initial state to
UCNOT _ ei%e—igﬁzye—iﬁlfeigflx (51)
or to this pulse sequence
9021, T, 903, (52)

If the spin evolution is done according to Eq. (11) and
correction in Eq. (36) is employed, the propagator is
UCNOT _ eig e—igs”zy e—ing e—in(§1X+§2x)e—iH2§
o ein(§1x+§zX)eig§1x

_ eige—igs”zye—iﬁzg e—in(glx+§2X)
—iHy % i28y in(Su+Sa)

X e ez e . (53)
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We can do another simplification since
eiﬂ(§1x+$2x)p(0)e—iﬂ(§1x+§2x) _ p(o), (54)
reducing the operator

. i1 0TS, iyt —in($1e+S$a) —iFIaT LS,
UCNOT:et“e 5 Ve ! 22 m( 1 Z)e ! 2zelz ‘, (55)

yielding a simple three pulse sequence
90214, 71, 1807xs26 T2, 903, (56)

Here, 71 and 7, are arbitrary spin evolution times and should
be multiples of /(2D ).
Finally, evolution according to Eq. (12) provides the corrected
sequence in Eq. (38),
U _ eig e—igﬁzye—iﬁs z e—inS I e—iné: 2 e—im; ein§ 1xeiﬂ§zyeig§u
CNOT
= it o138 il gimSue inSay jiHs 3 minS i inSyy 1281

i

T 18, —iH3I inSy, inS, —iH3I —iZ$,, —inS
=gaeg Ve T2 ey AT 2 T Y (57)

yielding the following five pulse sequence

1803, 907, 71, 1802,,, 180,72, 905, (58)

IV. ANALYTICAL DERIVATIONS OF FIDELITY VALUES

Considering ideal pulses, we have derived in this section a num-
ber of functions that detail how the fidelity value would vary with
time propagation and T’ relaxation time. They provide a useful way
to quantify the dynamics involved in application of a CNOT gate and
what results when the pulses in an experiment are non-ideal. Two
cases were investigated: pulse sequences in Eq. (56) with H; for spin
evolution and 58 with Hj for spin evolution. Finally, an upper bound
will be given to the fidelity value for these systems that predicts the
theoretical maximum possible for a gate, given a T relaxation time.
Derivations are shown in Appendix C (without T;) and Appendix D
(with T, and the upper bound).

A. Fidelity for CNOT gate pulse sequences

First, fidelity F3p for the three pulse sequence with arbitrary
spin evolution times 71, 75 is

Fip= i(cosz(%(n - 12)) +cosz(%(r1 - Tz))
-2 sin(%(n + Tz))cos(%(ﬁ —Tz))
x cos(%(n - Tz))). (59)

When 11 = 75, F3p simplifies to

]—‘3P:%(1—sin(%1))- (60)
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As predicted by the derivations, F3p = 1 when 7 = 7/D;. Addi-
tionally, this equation would predict the dynamics for the case when
H; would be used for time propagation.

Fidelity Fsp for the five pulse sequence is

Fsp = %(1 +sin2(%(ﬁ - Tz))cos (48) +2cos2(%(n - Tz))
+cosz(%(‘rl - 12)) 4 cos(%(‘r] - Tz))
. (cos(%(‘rl + Tz))cos (26) sin(%(n —Tz))
—sin(%(rl +Tz))cos(%(n —Tz)))). 61)

Fsp has a very similar form to F3p and also reduces to
Eq. (60) when 71 =1;. As predicted by the derivation, when
T =T = 71'/(22)1), Fsp=1.

The fidelity equations with T are almost identical to Egs. (59)
and (61), the only difference being that some terms are multiplied by
¢ /> They can be seen in Appendix D.

To recapitulate, these equations predict the fidelity value for a
system with any number of nuclear spins whose influence on the
dynamics will be canceled out due to the applied pulse sequence.

B. Upper bound to fidelity

It is shown in Appendix D that both F3p and Fsp will be
bounded by

1 1 _«
E + 56 7 > }—(Dl,Dz,Tl,Tz,Aw,Q, Tz) (62)

Here, 7 is the total gate time, i.e., 7 = 71 + 72.

This provides a clear understanding of what would be the best
values for certain experiments. For instance, maximum F values for
varying T for the model system are shown in Table I1. For the model
system, 7/|Di| = 142.9 ns. Table II illustrates that for high T,, F
values around 0.9 or even higher can be achieved.

Two parameters ultimately determine the fidelity of the CNOT
gate application, and both larger values of D; and longer T relax-
ation times produce higher fidelity values. Consequently, future
engineering of these systems should be aimed at maximizing both
of these parameters because theoretically such systems could access
fidelity values >0.9.

TABLE Il. Maximum J values (in the middle) for various T, and 7 for a model SCRP
system, for which 7z/|D4| = 142.9 ns.

Ty =1ps Ty =2us T) =4us T, =8us
T= ﬁ 0.9310 0.9649 0.9823 0.9911
T= ﬁ 0.8668 0.9310 0.9649 0.9823
T= |72377|T| 0.7514 0.8668 0.9310 0.9649
T= I%I 0.5646 0.7514 0.8668 0.9310
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V. SIMULATIONS OF THE EXPERIMENTS
A. Model system

We will introduce a model SCRP system TTF-ANI-PI, which
consists of a tetrathiafulvalene (TTF) electron donor, a 4-amino-
1,8-naphthalimide (ANI) chromophoric acceptor, and a pyromel-
litimide (PI) secondary acceptor that will be the basis for a com-
putational analysis and has the necessary parameters for calcu-
lations already reported in the literature.””” " The structure of
TTE-ANI-PI molecule can be seen in Fig. 3.

Following laser excitation of TTF-ANI-PI, a rapid two-step
electron transfer produces a SCRP in an initial |S) state. The radi-
cal cation is localized on the TTF, while the radical anion is on the
PI. The lifetime of the SCRP is sufficiently long (charge recombina-
tion lifetime 7cr = 35.6 us’), as well as spin—spin relaxation lifetime
(T2 = 1.8 us®, but for simplicity, T2 = 2 s will be used throughout
this work), to be able to perform quantum gate operations. The g-
tensor ([g,,,,8,.]) for TTE*" is [2.0159 2.0076 2.0031]* and for

PI°” is [2.0069 2.0069 2.0021]*. The g value in calculations will be
the x-component of the full tensor since the molecule is in a single
orientation that aligns the dipolar axis, magnetic field vector, and the
x-axis of the g-tensor. This molecular design was chosen in order to
exploit the g-value difference to perform qubit selective rotations.
Moreover, the literature spin-spin coupling values are D; = —3.50
MHz, and J is taken to be much smaller than D;.*" The dipolar
interaction axis lies approximately parallel to the applied magnetic
field direction, i.e., 0 = 0. Finally, the radical around PI moiety will
be defined as the target qubit, whereas TTF will be the control qubit.
This choice is arbitrary and can be tailored to each experiment.

Tcs1 ™ 0.7 pPs Tes2 ™ 0.5ns

hv
= e
SRR eTel Seras
z

Q\’ TTF Q o] o Pl o

ANI

\\\\\\\\‘—-j;—ﬂ;////////
Tecr = 35.6 s

FIG. 3. Molecular structure of TTF-ANI-PI with outlined forward electron transfers
(1), after initial photoexcitation, and backward electron transfer (2), during charge
recombination. Adapted from Ref. 2.

*— o+
& H 0 H3
H-N N-H
S\%\S
H2 H1<’
Y ¢
(a) (b)

FIG. 4. Structures of (a) PI*~ and (b) TTF** that were used to calculate the
isotropic hyperfine coupling constants given in Table Ill. Atom labels highlight
magnetically important nuclei that have non-zero spin.
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TABLE IIl. Isotropic hyperfine interaction parameters in MHz for TTF** and PI®~
radicals, which structures and atom labels are shown in Fig. 4.

Molecule Nuclei aiso/ MHz
H1 -3.32
. H2 ~3.19
TTE H3 -5.26
H1 1.46
H2 1.46
PI*~ N1 -2.59
N2 -2.59

There are a number of magnetically active nuclei in this system
that will give rise to hyperfine couplings to the electron spins. Thus,
it is important to quantify their effect on the dynamics. Isotropic
hyperfine couplings for TTF** and PI°*~ radicals (structure and atom
labels are shown in Fig. 4) calculated by Density Functional Theory
(DFT) are shown in Table I1I. The B3LYP functional,’"*’ def2-
TZVP basis set,”"* and D3BJ] dispersion correction”™"” were used
for geometry optimization, while the BP86 functional,** EPR-IIT
basis set for PI*~,* and cc-PV5Z basis set’””" for TTF*" were used
to calculate the hyperfine parameters. These calculations were done
with ORCA.””* These values are not expected to be accurate com-
pared to the experimentally determined values (especially for TTF**
that contains sulfur for which hyperfine optimized EPR-III cannot
be used and we had to use hyperfine-unoptimized cc-PV5Z)” and
only provide qualitative comparison to the spin-spin coupling. We
will compare spin-spin coupling with the effective hyperfine field for

radical i,”*
N; )
Biypi = \| > ailic(Inc + 1). (63)
k=1

Here, aj are isotropic hyperfine constants for nuclei k coupled to
electron i.

For TTE*", Byyp1 = 6.0539 MHz, and for PI°, By
= 5.4799 MHz. Since the magnitude of the effective hyperfine fields
is in the order of magnitude of Dy, it is vital to understand the
influence of hyperfine interactions on the spin dynamics of applying
quantum logic gates.

B. Simulations

Using the parameters obtained for TTF-ANI-PI, the fidelity
following application of a CNOT gate under varying magnetic
field conditions was simulated. Typically, EPR experiments are per-
formed at X-band (9.5 GHz) or higher. We will first simulate the
three pulse sequence at 9.5 GHz, which is high enough to invoke
the weak coupling approximation and for the use of Eq. (36) for
spin evolution. The simulation of Eq. (59) without T, relaxation at
9.5 GHz is shown in Fig. 5(a). The value of 71 is held constant at
71 = /(2D1) = 71.43 ns (optimal value according to theory), and
7, is varied from 0 to 7z/|D;|. There is a very fast oscillation in the
fidelity, for which the principal driving factor is the sum of the elec-
tron Zeeman splitting, (2, introducing a period of T =0.0523 ns.
The period of all of the important motions at this microwave
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FIG. 5. Graphs of fidelity vs spin evolution time for model system introduced in
Sec. \/ A. (a) uses Eq. (59) for fidelity and H, in Eq. (11) for spin evolution. (b) and
(c) uses Eq. (59) for fidelity and Hj in Eq. (12) for spin evolution. Case (c) has T,
relaxation included. The resonance frequency is 9.5 GHz for (a) and 0.475 GHz
for (b) and (c). In all cases, 71 = 7/(2|D4|) = 71.43 ns and 7 is varied from 0
to /| D4| = 142.9 ns.

frequency is summarized in Table I'V. In a real experiment, pulses
will not be ideal, and spectral inhomogeneities will make it impossi-
ble to replicate 71 = 7, = 7/(2D; ), where the maximum is theorized
to occur. One solution is working at a lower magnetic field strength.
For instance, if the field is lowered by 20 times from the X-band
value, then the resonance frequency is about 0.475 GHz and the
period for Q would be T = 1.05 ns, which is a more realistic timing
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TABLE V. Frequencies and periods of oscillatory motions in F3p functions in
Eq. (59) at a 9.5 GHz resonance frequency.

Term Frequency Period (ns)
fo] 19.11 GHz 0.0523
|$ 9.56 GHz 0.105
|Aw| 42.7 MHz 234
|Ae 21.4 MHz 46.7

| 2] 1.75 MHz 571.4

parameter for digital electronics. The graph of Fsp for this magnetic
field strength, with H; for spin evolution, is shown in Fig. 5(b).

In addition, it can be seen that the fidelity values are relatively
high for this case before 7, = /D>, and since T, will decrease Fsp
values with total time 7, we note that it is possible to achieve a
maximum earlier when decoherence effects are taken into account.
Figure 5(c) shows the same graph as Fig. 5(b) but with T, relax-
ation included and the maximum for this graph occurs at 7, = 65.14
ns, and it is F3p = 0.9658, which brings down the total time to
7 =136.57 ns. This result exemplifies the fact that a better under-
standing of the spin dynamics results in ways to reduce the total gate
times.

Even though the majority of issues of implementing quan-
tum logic gates for these systems are alleviated at lower magnetic
field values, engineering pulses for these magnetic field values pro-
pose another challenge. The spectral separation of the EPR lines
of the two radicals will be reduced at lower magnetic fields so that
their linewidths will be larger than their separation, prohibiting the
selective rotations that are necessary for the quantum logic gate
operations. Hence, designing new SCRPs in which hyperfine inter-
actions are minimized or eliminated and that can also be ordered
in crystalline environments may provide the required linewidth
reductions. In addition, alternative experimental protocols, such as
those done with the Gradient Ascent Pulse Engineering (GRAPE)
approach,”” " may prove beneficial. Nonetheless, our results indi-
cate that a lower magnetic field may be a prerequisite for control-
ling the spin states in these systems for QIS applications or that
there is a need for methods to alleviate the fast oscillations from
the dynamics.

VI. CONCLUSIONS

In this article, we introduced a variety of advances in pulse
protocols for executing two qubit quantum logic gates on SCRP sys-
tems and provided the theoretical framework for understanding the
dynamics of applying them to experiments. Specifically, we intro-
duced pulse sequences for CNOT, SWAP, CZ, and CP gates that
have the correct signs for the spin propagation term. In addition,
we have introduced corrections for the Hamiltonians in Eqgs. (11)
and (12) in terms of extra pulse sequences, illustrating how these
corrections cancel out static hyperfine interactions from the dynam-
ics and how with a simplification for a singlet initial state, we can
execute the CNOT gate in either three or five pulses. This is an
improvement from the previous state of the art and will enable new
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experiments to be executed that will utilize these quantum logic
gates. Finally, a theoretical treatment was given for fidelity values
for varying spin evolution times, and a set of analytical equations
were derived for both three and five pulse experiments. These equa-
tions highlight the upper bound for fidelity values that is imposed
by T relaxation and what are the important factors in the dynamics
that control the fidelity value. As a main conclusion, we have shown
that high fidelity values are possible for these systems, yet the res-
onance frequency has to be lower than the 9.5 GHz value typical of
X-band to ensure that the fast oscillations have a long enough period
for control.

There are many possible future directions of research that
this study did not address, e.g., simulations with realistic pulses,
executing selective rotations at lower magnetic fields, theoretical
treatments of echo detection, proposals of new ways to do quantum
state tomography for this system, using GRAPE for executing quan-
tum logic gates, understanding how radical recombination affects
the performance of the gate action, dynamic decoupling or other
schemes to make the gate execution easier, and so on. In addition,
experimentally testing these pulse sequences for different systems,
magnetic field values and different pulse shapes will shed light on
future research directions. Finally, we are currently planning to use
these new pulse sequences in experimental studies on several newly
designed SCRP systems suitable for QIS applications.
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APPENDIX A: COMMUTATION OF HAMILTONIANS Hence, by using properties of commutators, we find that
WITH HYPERFINE INTERACTION TERMS
First, we will derive [ﬁhypz:H;,yp,z]: where [ﬁhyp,bH;lyp,z] = [ﬁz + ﬁhyp,H; - ﬁhyp]
[ S . 1T .

Hyypr = Hy + Hyyp, (A1) = [Hsz] [HZ:thpA]’+ [Fiyp 2] = [Higps Hiyp |
H o = By~ Ay, (A2) = [Hiyps H2] + [Hyyp, o ] (A3)

By plugging in definitions of H,, H %, and H hyp>

[thp,z,H;,yp,z] = [thp: w181z + WS + D1§12§22:| + [thp, —0181z — WS + D1§1z§2z:|
[thp> wl§lz] + [thp> w2§22] + [thp> D1§12§22] - [thp) wlglz] - [thp) (U2§22] + [thp) D1§12§22]

= Z[thp)DISIZSZZ]
A Nl A A A NZ A A A A
=2 Slz(z (Al + B1k11k,x)) + S22\ 3 (Agplapz + Baplap) |, D1$125a
k=1 p=1
=0 (A4)

The final result is zero because nuclear spin operators commute freely with electron spin operators; hence, the final line is identical to
the [Slz + SZZ,D1slezZ] result, i.e., 0.
Evaluating [H hyp,3> H';lypﬁ] has equivalent initial steps, and we find that
[thpﬁ:Hizypﬁ] = [thp> wlglz + CUZSZZ + DISIZSZZ + DZ(SleZx + SlySZy)] + [Hhﬂ;; _wlglz - ‘UZSZZ + D1§12§2z - DZ(SleZx + SlySZy)]
= [Hpyp» 01812] + [Hiypr 0222 | + [Higps D181282z | + [Higpr D2 (S1282x + $1yS2y) |
= [Hypr 01812 = [Higpr 02822 | + [Higpr D1S12822 | = [Higpr D2 (S1682 + S1yS2y) |

= 2[Hyyp D1812522 ] = 0. (A5)
APPENDIX B: DERIVATIONS OF PULSE SEQUENCES Uswap = ¢ 1 ¢ 182 gmimS 1S =imS 1,8y (B4)
1. SWAP gate o
The expression for the SWAP gate found by the expansion in We do not have the right sign for the $1.5,. operator; hence, we
Eq. (16) can take a Hermitian conjugate to get the right sign,

5 12, 448 & pl2
Uswap = B + 451:50:E7 (B1) " ; 02 in S, imS1iSan in 1

USWAP =Uswap=¢ 'ie 192y S 1x5 22 IS 12522 (BS)
This can further be decomposed to

A 1,2 o & pl2 We can decompose the x and y terms as
Uswap = Ey* + 4818, P Y

12 | 2 6 o pl2, pl2
=(iE2"+E;")(—4 E>"+E; are e N e & mre e
(z ¥ )( i81xS2x ¥ ) oS uSa _ eli(S1y+szy)elﬂsleZZe*IE(Sly#»Sz},), (B6)

_ eigEEZ e—i271§ IXSAZXEEZ. (B2)

We note that . . C s .
emSudy _ ei%(s1x+SzX)eiTlSlezZe*i§(SIX+SZX)' (B7)

A

A A A 1 A A
SleZxEl—’z = Slxslx(i]I - ZSIZSZZ)

1, A A A A A Hence, the final unitary is
= ESIXSZX = 281x852x812822
= ESIXSZX + ESU,SZ},. (B3) USWAP _ e—z;eznsleZZetg(Sly+82y)etﬂSIZSzZe—tE(Sl),+Szy)
Hence, the unitary for the SWAP gate is x /1 (S1w+820) gimS Sz =15 (S1s48x) (B8)
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The pulse sequence is

o T o o T o /A
90121255 ﬁ, 90_ (1x42x)> 9O01y+2y5 ﬁ, 90 (1y+29)> ﬁ (B9)

2. CZ gate

The expression for the CZ gate is found by the expansion in
Eq. (16),

Ucz = 285,E + EL. (B10)
Note that
28y, = &"(18) 2 i (B11)
Hence,

1 —inE* E'
=e

N 2 e opl 2
Ugz=e ™-E' +E. = ¢ B (B12)

ELE? is equal to

BB = A)( )
BB = (=1-3u)(=1-%.
(2 :
1
4

1- 26 - 16+ 6.8 B13
21 22+ 1292 ( )

Plugging it into the exponent,

UCZ =e 2612512 iz SZZe—mSleZZ (B14)

The minus sign on the $;,$,, is a problem; hence, we will

take the Hermitian conjugate of this operator (which will leave it
unchanged),

N A i™ in§..S,, —iZ$, —iZ§
UEZ = Uy =e1e™1%g 27271000, (B15)

There are different ways to expand the $), and $»., yet one of

the ways is
Rt NI I N A (B16)
¢35 _ i35y 1380 migSy (B17)

The final unitary for the CZ gate is

UCZ _ eigeinﬁ,zs”zZe—igS”ZZ —igs”lz
= i1 o180 41580y =15 80 =i138sy =181k =128y, %S0
= i1 o185 41580y ,mi5 (S1tSae) mif (S1y+85) i3 Se (B18)

This reproduces the correct gate action, and the pulse
sequence is

T

9031)@ 90?y+2y» 9oi’x+2x’ 9032}/1 m

(B19)
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3. CP gate
A general CP gate for the controlling phase of the |3f) state is

1 00 0
) 010 0
Ucr(9) = (B20)
001 0
00 0 €

A decomposition of the propagation matrix into rotation
matrices is™

N S S ST B S P RN
UCP(¢) _ 614]16 lzslze 1252161(4581182,

6 e e be ba
= ol1 #8152 71581z =15 500

(B21)
The ;. and $,, exponents can be written as
eii%SA“ = eii%glyeigsue ZS” (B22)
e_i%sAZZ = o5l Szye 582 (B23)
The final CP gate is
UCP(¢) _ ei¢§1zs”he—i§s”12 -i2$,,
_ eiqss’l,s‘z, —iZ slyez slx i slyex sb it szye iz st (B24)
Hence, the general pulse sequence is
905, (%)izy, 9025, 9024, (%)_1 903, %. (B25)

APPENDIX C: DERIVATIONS OF FIDELITY EQUATIONS

Two cases will be derived in this section—the fidelity equation
for the three pulse sequence in Eq. (56) with H in Eq. (11) for spin
evolution and the equation for the five pulse sequence in Eq. (58)
with Hj for spin evolution. In each case, the fidelity definition in
Eq. (22) will be used. Both pulse sequences have two spin evolution
times; these will be set as arbitrary propagation times 7, and 7.

1. Three pulse sequence
H, in the matrix form (in |ae), |#B), |Ba), and |BB) basis) is

(oar| Ha|oar) 0 0 0
f, 0 (aB|Ha| o) f) 0
0 0 (Balfafpa) 0
0 0 0 (BBIF2|BB)
(CD
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where
. 1 D Q D
Folaa) = Hy = = (@) + w3) + — = — + =1,
(aalflfoa) = Hi = 3 (o + @) + 20 = T 2
A 1 D Aw D
(aB|H2laB) = Hy = = (01 - wp) - =1 = =5 - =L
2 4 2 4
(BlFLlfo) = Hs = > (w2~ ) - - = 50 - T “
2 =Hy =S (0 —w 1 2 1
. 1 D, Q D
H. =Hy=—-—-— + + — = —— + —,
(BRIH:|BB) = Ha = = (w1 + @2) + — 7 = =— + =
The time-propagation operator in matrix form is
L R A 0 0
) ho. D
—ifl 7 0 ™0 0 0 T 0 0
€ = —iH3T = _jlw Z1 (C3)
0 0 ? 0 0 0 e 2T " 0
0 0 0 —iH,t 0 0 0 ei 5 re—t 4‘ T

Hence, F3p for the three pulse sequence is

R K N e e e\ n
Fip = |<S‘UjpinUCNOT|S)| = ‘(S|(el4e 5, Hlee '"(51‘+52*)e iH 3

+e:
16

i, foa :
e? ) Ucnor|S)

e?

2
i‘e—i%“’(‘rl—rz)ei%(n+rz) iw(r,—rz)ei%(rl+rz) B ( iﬂ(n—rz)e—i%(mrz) . e—i%(n—n)e—i%(nm))|

i(cosz(%(n - Tz)) + cosz(%(rl - Tz)) -2 sin(%(n + Tz))COS(ATw(Tl - Tz))COS(%(Tl - Tz)))

= i(H% cos (Aw(T) - T2))+% cos (Q(m —12)) -2 sin(%(n + 72))‘:05(%0(71 - TZ))COS(%(TI - Tz)))'

This equation is maximum, ie., F =1, when this set of
simultaneous equations is solved,

cos (%(Tl - Tz)) = =1,
cos (%(n - Tz)) = +1, (C5)
sin(%(n + Tz)) =1

The solutions are

T T —:EZHkl
1 2= ZA(ﬁ >
7T
T1— T = % QZ, (C6)
T1+T *l+2ﬂk3
1 z—Dl D,

ki, ks, ks € Z.1f 11 + 1, = /Dy, then solutions for 7; and 7, are

(C4)
[
b ky T nk;
oD T he 2D T Q0
1 1 (C7)
b4 mky b4 mky
T2 = —_—

= F— = F -,
2D1 Aw 2D1 Q

If 1) = 12 and 11 + 72 = 7, then

]-":%(l—sin(%‘f))- (C8)

This is maximum when 7 =7/D; +2nk/D; for keZ, as
expected from derivations.

2. Five pulse sequence

Hj; can be decomposed into
H; =RAR . (C9)

Here,
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AL 0O 0 O
A 0 & 0 O ’
0 0 A3 O
0 0 0 M\
1 0 0 0
1 1
0 —(cosé+siné) ——(cosé&-siné&) 0
e %5( ) %5( )
0 %(sinf—cos 3} ﬁ(cos£+sin &H 0
0 0 0 1
1 0 0 0
0 L(c0s£+sin{’) L(sinf—cosf) 0
R != \/i \/z

0 %(cosf—sin &) 7

0 0 0 1
The matrix exponential of H; can be expressed as

Hy, 0 0 0
0 Hxp Hxs 0
0 Hs» Hi 0
0 0 0 Hu

—iH 5T —iATH—1
e T =Re R =

>

where

L(cos E+siné) 0 .

ARTICLE scitation.orgl/journalljcp
_i2r Dy 2, ;D1
Hy=e igT e —i ‘r, H44:elZT€ i ‘r,
Q]
(C10) Hy = (cos( 5 ) +1i sin (2&) sin (—T))
) D, (C14)
Hs; = (cos( 5 ) — i sin (2&) sin (—r) T
® \ i,
Ha3 = H3 = —i cos (2&) sin (Er)e it
Finally, Fsp for the five pulse sequence is
(C11)
A A 2
Fsp = ’(5\U5TmeCNOT|3)’
|
- 2l
4
1
- Z(Re(z)2 +Im(2)*), (C15)
where
(C12) Q
Re(z) = —cos (5(71 - Tz)) sin (—(‘rl + Tz))
+ cos (%(n - Tz)) co (—(11 + Tz))
(S)
+ sin (E(Tl - Tz)) cos (2&) sin (—(Tl + Tz)) (C16)
a g
Im(z)=—cos(z(n—rz))co (—(Tl+12)) ‘?
(C13) +cos((;9(11—Tz))sm(—(rl+12)) %

- sin(%(n - Tz)) cos (2&) cos(%(n + Tz)). (C17)

The equation after expansion is
|

Fsp = 116 (5 - % cos (O(11 —12) —4&) — = cos (O(71 — 12) +4&) + cos (48) + 2 cos (QA(11 — 72)) + cos (O(11 — 72))
+8 cos(g(rl - Tz))(COS(%(T] + Tz))COS (28) sin(z(n - Tz)) —sin(%(n + Tz))cos(g(n - Tz))))
= é(l + sinz(%(n - 12)) cos (4¢&) + 2COSZ(%(T1 - 12)) +cosz(%(n - 12))

+4 cos(%(n - Tz))(cos(%(n + Tz))COS (28) sin(%(n - Tz)) - sin(%(n + Tﬁ)cos(%(n - Tz)))).

When D, = 0, the fidelity reduces to the form in F3p. When

11 =T, = 7/2,

1 1 D
Fsp = ) sin(—l‘r).

(C18)

(

APPENDIX D: UPPER BOUND TO THE FIDELITY VALUE

To compute fidelity, we will use Eq. (20),
= (¥Y|p(1)[¥), (D1)
) (elp(o)1e)

where p(t) is the density matrix after spin evolution that includes
spin-spin relaxation effects, and

In this form, Fsp =1 when 7= 7/D; + 21k/D; for k€ Z, as

expected.

[¥) = Ucenor |S)- (D2)
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This equation will be used because, due to relaxation, Tr p(t)
# 1. The main difference between these derivations and ones without
relaxation effects is that spin evolution has to be done in the Liouville
space by

p(t+8t) = exp [7(1'131 + I?)St]f)(t), (D3)

J

o>

1
= —di
TZlag(OllOlO

Here, T is spin-spin relaxation lifetime and diag(-) is a diago-
nal matrix. We assume that T relaxation lifetimes are equal for both
sites, that there are no cross-relaxation events, and that spin-lattice
relaxation lifetime T is much longer than T and is negligible in the
dynamics.

Ideal pulses do not involve spin evolution (they are approx-
imated as being instantaneous) and can be carried out in Hilbert
space.

1. Three pulse sequence

F3p for the pulse sequence in Eq. (56) with T relaxation is

Fap = (S| UL yoroUcnor!S)

= i(l + % cos (Q(11 - 1)) + % cos (Aw(t1 - 72))
XCOS(Aziw(Tl —Tz))). (D6)

ARTICLE scitation.orgl/journalljcp

where p(t) is a vectorized density matrix, H is the Hamiltonian
superoperator,

ﬁ=H®Hd—Hd®HT, (D4)

and K is the relaxation superoperator for spin-spin (T) relax-
ation,”’

110010110). (D5)

When T, — oo, we get the right form without relaxation effects.
Moreover, F3p is largest when

cos (11 - 1)) =1,
cos (Aw(t1 —12)) = 1,
D Q A
sin (71(11 + Tz)) cos (5(71 - Tz)) cos (Tw(rl - Tz)) =1
(D7)
An upper bound to F3p naturally emerges for total gate time
7 (7 can also include the time it would normally take pulse sequences

to act to get the ideal pulses sequence values, so it can be extended to
total gate time in a real experiment),

1 1 -2 1 1 _=
—+=-e & =—+—-e > F3p(1,0,Aw, D1, T3). D8
D) 2 ) 2 3p( 1L T2) (D8)

Here, 7 = 171 + 15.

2. Five pulse sequence

Fsp for the pulse sequence in Eq. (58) with T relaxation is

Fsp= (S|UENOTUUCNOT|S) = %(1 +Sin2(%(‘f1 —Tz))COS (48) +2cos2(%(rl - Tz)) + COSZ(?(Tl —Tz))

1141

+4e T cos(%(n - Tz))(cos(%(ﬁ +T2))COS (28) sin(%(n - Tz))
7Sin(%(‘l’1+T2))COS(%(T1*T2)))). (DY)

When T, — oo, we get the right form without relaxation effects.
Moreover, Fsp is largest with the same conditions as F3p, and we
get identical upper bound for total gate time 7,

1 1 _«
— + Ee > f};p(‘l’,Q,Aw,'Dl,Dz,Tz).

3 (D10)
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Abstract

Spin-dependent chemical processes, particularly those influenced by weak magnetic
fields in biological systems and macromolecules, have been receiving increased atten-
tion in the scientific community. Among these processes, the radical pair mechanism
(RPM) has emerged as a critical area of study. Understanding the underlying dynam-
ics of RPM is complex and often necessitates a quantum mechanical description, as
conventional approaches may fall short in capturing the nuances of these processes.
When weak magnetic fields are present, the hyperfine interactions of radicals with ad-
jacent nuclei become the dominant factors that dictate the outcomes of spin-dependent

chemical reactions. In biological systems and macromolecules, where multiple nuclei



are involved, this leads to a computational challenge, as simulating these systems on a
quantum mechanical basis demands an unfeasible amount of computational resources.
Moreover, the constant motions within the system induce spin relaxation effects, sig-
nificantly altering the population of spin states. These effects must be rigorously
considered for an accurate and realistic description of the phenomena.

In response to these challenges, this work introduces an efficient quantum chemical
framework, implemented in our software package MolSpin, designed to compute spin
dynamics problems of radical pairs involving up to 22 spins. The framework goes be-
yond mere numerical simulations by incorporating an explicit description of complex
spin relaxation effects, extracted from both molecular dynamics and quantum chemi-
cal simulations. By doing so, it enables the representation of realistic spin systems of
larger sizes, thus opening new avenues for the investigation of spin-dependent reactions.
This innovation not only enhances the understanding of the intricate behaviors in spin
chemistry but also offers a powerful tool for researchers aiming to unravel the complex

interplay between magnetic fields, molecular structures, and chemical reactions.

1 Introduction

Spin chemistry and the related spin-dependent reactions, which are chiefly mediated through
the radical pair mechanism (RPM), have become increasingly significant in recent scientific
investigations. This interest stems from the RPM’s critical role in diverse phenomena, such
as magnetoreception, which allows migratory species to navigate with precision [1-3], or its
influence on vital biological processes, including those associated with peroxide formation
in proteins or lipids within organisms [4, 5].

The RPM is characterized by the formation of a correlated radical pair, commonly
produced by light-induced charge transfer [6-8]. These radical pairs may exist in singlet
or triplet states, with the population distribution between these states being susceptible
to alteration through Zeemann interaction with an external magnetic field. This leads to
marked variations in spin-dependent reaction yields and gives rise to what is known as the

magnetic field effect (MFE).



In scenarios where the intensity of the external magnetic field is weak, other interactions,
such as hyperfine or dipolar interactions, can predominate and affect the dynamics of the
radicals. In specific protein environments, such as cryptochromes, potentially used in mag-
netoreception, numerous nuclei play a substantial role in the radical pair dynamics [9, 10].
In these contexts, the quantum mechanical portrayal of the radical pair becomes intricate,
as the Hilbert space expands exponentially with the number of spin particles considered,
thus limiting the nuclei that can be included in the description.

Furthermore, the continuous motion of the molecules containing the radical pair can
perturb the relevant interactions, resulting in induced spin-relaxation processes that guide
the radical pair towards equilibrium among all spin states. Past research has established
the importance of accounting for this effect to depict realistic radical pairs accurately [3,
10, 11]. However, the integration of spin relaxation into existing theoretical frameworks,
such as Bloch-Redfield-Wangsness theory [3, 10] (BRW) or Nakajima-Zwanzig theory [12]
(NZ), remains computationally challenging and resource-intensive, particularly when com-
plex perturbations such as motion of a protein are involved.

In 2016, Lewis et al. [13] pioneered a novel methodology for examining radical pair-
based spin systems, significantly enhancing the efficiency of spin dynamics computations.
This method permits the consideration of systems comprising 20 or more spins, laying
the groundwork for further advancements, such as the inclusion of spin relaxation and the
exploration of complex Hamiltonian time-dependencies. In 2021, Fay et al. [14] expanded
on this approach to incorporate time-dependent effects, including spin relaxation, through
stochastic consideration of the Hamiltonian using the stochastic Schrédinger equation (SSE),
thus demonstrating its efficiency in two radical pair examples. This innovative approach
offers a promising alternative for describing spin-relaxation processes in multifaceted radical
pair systems, although the general construction of the complete theory remains a laborious
endeavor, constraining the examination of a wide spectrum of relevant spin systems.

MolSpin, a sophisticated software package, has been engineered to model spin systems
efficiently. It provides a comprehensive suite of functionalities to study spin dynamics and

the impact of spin on intricate chemical reactions. Key attributes of MolSpin include its



generalized approach, user-friendly extensibility, and an intuitive input interface, all of which
promote flexibility in modeling. Additionally, MolSpin is designed for seamless integration
with the web-based platform VIKING (Scandinavian Online Kit For Nanoscale Modeling)
[15], thereby simplifying usability.

This work aims to present and further optimize a generalized framework based on the
methods introduced by Lewis et al. [13] and Fay et al. [14]. The developed algorithm offers
a versatile strategy capable of managing arbitrary radical spin systems, accompanied by a
direct connection to molecular dynamics (MD) simulations. This linkage ensures a user-
friendly yet detailed representation of the complex time-dependent interactions of interest.
Furthermore, new features such as different propagators and a correction factor for the

time-propagation are implemented to further enhance the performance and usability.

2 Theory and implementation

The dynamics of radical pair spin systems are governed by the Liouville-Von Neumann

equation. In its most general form, with the assumption that h = 1, it is expressed as:

oty = —i [ o0)] - {50} M

where p(t) is the density operator of the combined electron-nuclear spin system of the radical
pair and the brackets [-, -] and {-, -} represent the commutator and anti-commutator between
two operators, respectively.

The spin Hamiltonian H characterizes the physical interactions within the system and

is defined as:
(2)
+S,-D-Sy—2JS; - S,,

where the terms within the brackets describe the Zeeman interaction of the 7-th electron

spin S; with the external magnetic field B, and the hyperfine interaction of the i-th electron



spin with the k-th nuclear spin I, via the coupling tensor A;;. g; is the g-value, and up is
the Bohr magneton. The remaining terms characterize the electron-electron dipolar (EED)
coupling and electron exchange.

The spin-dependent reaction operator K in Eq. (1) is described by:
K=Y top (3)
- 9 SR

where kg(t) is the reaction rate constant of state © € {S, 17,7, To}, Pg is the projection
operator of state ©.

The solution to Eq. 1 offers an accurate description for small spin systems. Challenges
arise from the growing number of important spins in the dynamics, leading to exponential
growth of the Hilbert space. Furthermore, constant interaction with the fluctuating macro-
scopic environment alters the expectation values of the spin system, a phenomenon known as
spin-relaxation. Advanced methods, such as the Stochastic Schrédinger equation (SSE) that
includes time-dependent interactions for modeling spin-relaxation and Monte Carlo (MC)
sampling for large systems, can improve computational scaling and enable simulations of
extensive systems [14].

In subsequent sections, we will highlight the derivations and applications of an efficient
formalism for many-spin systems and spin relaxation processes. Before modifying the equa-
tions of interest to describe many-spin systems, we must separate complex time dependencies
from the Hamiltonian and define specific terms for calculating observables of interest. This
will facilitate the formulation of the SSE.

We can express the Liouville-Von Neumann equation as fully time-dependent:
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0] = {&®.50}. (4)

where the time-dependency of the Hamiltonian separates from the static interaction and is

represented in terms of stochastic fluctuation functions f;(¢) and spin system operators flj:

H(t)=Ho+V(t)=Ho+ > f;(t)A;. (5)



Evaluating the time-dependent stochastic fluctuation functions is a significant challenge,
leading to various relaxation theories [16, 17|.

For the reaction operator K (t), time-dependency is included by varying the reaction rate
constant ke(t) over time. Usually, the reaction rate constants are time-independent, but
in specific cases (for instance when the two centers of a radical pair move in time) time-
dependency has to be assumed [18|. For spin-dependent reactions, the quantum yields ®¢g

of a specific state reaction are given by:

@ezlm%@ammu (6)

with the time-dependent population of the spin state of interest Pg(t) obtained using:
Po(t) = Tr | Pop(t)] . (7)

where the time-dependent density matrix j(t) is defined by the transformation of the density

matrix at ¢ = 0 with the time propagator U (¢,0):
p(t) = U(t,0)p(0)U(t,0)". (8)

Eq. 8 is the solution of Eq. 4. The propagator U(tl, to) with ¢; = to + Jt, which evolves the

state from tg to tq, is defined as:

O(tto) = T exp [ / i (it (r) - f((f))} , ()

to

where 7' is the time-ordering operator. The initial condition of the density matrix is repre-
sented as the Kronecker product of the initial radical pair state of interest (i.e. singlet or

triplet states) |Oi,¢) and the identity operator states I of the nuclei:
R 1
p(0) = 7 (|Ommit) (Ommit]) ® 1z, (10)

where Z is the size of the nuclear spin Hilbert subspace. In real systems, such as proteins,



many nuclei must be involved in the spin dynamics, leading to numerous nuclear spin states
in I and consequently to the exponential growth of the Hilbert space. The focus of the
work presented here is on the effective evaluation of Eq. 7 without explicitly considering all
possible nuclear spin states.

In the following, we will describe two approaches to evaluate the trace in Eq. 7, termed
direct and stochastic methods. The direct method evolves all possible nuclear spin states
and is suitable for small spin systems, while the stochastic method leverages MC sampling
for efficient simulation of systems with large Hilbert spaces, albeit being impractical for
small spin systems. The combination of these methods enables the simulation of a wide

range of spin systems.

2.1 Direct Method

We can evaluate the quantum mechanical trace in the basis of [13]:

{B} = {l©) ® [My) © [My)}, (11)

where |O) are radical pair electron spin states and |M;) is the nuclear spin state of radical
1, given by:

M) = [Miy) ® [Mig) @ -+ @ |Min,) - (12)

M,y is the projection of k-th nuclear spin in the radical onto the z-axis. We can expand the

trace in Eq. 7 with Eq. 11 by summing over all possible nuclear spin states (M,):



Po(t) = Tr[IPop(t)I]
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The transition from the third to the fourth line in the above equation is accomplished
by invoking the definition of p(t), as outlined in Eq. 8. Additionally, we apply the cyclic
permutation property of the trace, which allows for the rearrangement of the operators

~

inside the trace. Since p(0) = = |Oinit) (Oinit| ® Iz , the sum over © vanishes with only

7
Oini¢t state remaining, because all terms for © # ©,,;; are zero. Lastly, the definition
|Otnit, My, My; t) = U(t,0) |Oimie, My, M) is employed.

The trace is computed directly, summing over all possible nuclear spin states [13]. The

states |Oinit, M1, My; t) follow the dynamics of the Stochastic Schrodinger Equation (SSE)

[14]:

d D )
18, My, My; 8) = (=i () = K (1) ) [Onmie: M1, Mo #). (14)

The time propagation and overall scaling will be discussed in Section 2.3. This direct method
is efficient for small spin systems, but becomes unfeasible when dealing with thousands of
possible nuclear spin states. Thus, the stochastic evaluation of possible nuclear spin states

is an effective procedure to use the formalism in Eq. 14 for larger systems.

2.2 Stochastic Method

The direct method requires Z wavepackets to be propagated to compute the trace in Eq. 7,

which becomes unfeasible for large systems. We can overcome this limitation by introducing



a stochastic evaluation of the trace. This is achieved by defining a resolution of the identity

I of normalized nuclear spin states [1)(€)), parametrized by £[14]:

-2 / dep(€) [1(€)) (W (E)] (15)

where p(&) is the normalized probability density for &.
By substituting this resolution of identity for the nuclear spin states space I, the trace

can be calculated as [14, 19]:

Po(t) = /dfp(f) (Oinit, Ve ()] Po |Osuit, Ve (1)) (16)

where |Oipnit, 1e(0)) = |Oinit) ® [10(€)). The time propagation of |Oiyit, 1e(t)) follows the SSE
in the same way as Eq. 14.

The main choice of these states, and the one used throughout this article, is the SU(Z)
coherent states denoted as |Z), where Z is a vector of complex numbers Z,, = X,, +1iY,,, and
X,, and Y,, are randomly sampled independent normal deviates. The |Z) state in a chosen
basis is given by:

Z) = " |n) Zn, (17)

with the constraint (Z|Z) = 1. SU(Z) states are sampled from the distribution p(Z) =
0(|Z] — 1)/Ssz, where Syz is the surface area of a 2Z-dimensional hypersphere of unit
radius. These states have self-averaging properties due to the invariance of this distribution
under unitary transformations of the vector Z, Z — UZ [14].

Additionally, Coherent Spin States [20] are implemented in MolSpin for research purposes
(see manual [21]). However, we recommend using SU(Z) for all computations, and we will
not discuss Coherent Spin States further (which are discussed extensively in Ref. [13, 14,
22]).

The main advantage of this method is that we only need M Monte Carlo sampled states
to be propagated in solving the trace, compared to Z wave-packets in the direct method.

However, Z > M, and Z must be large for this method to be computationally efficient,



making it viable only for large spin systems (see SI, section 2).

2.3 Stochastic Schrodinger Equation

Both the direct and stochastic methods rely on time-evolving state vectors by the SSE. For

a generic state |U(t)), SSE is given by:
(o)) = (i) — K@) ) (18)
dt ’

and its solution with ty being the initial time:
|9t +6t)) = Ulto + 8t, o) | (ko)) (19)

The time propagator U can be approximated without the time-ordering operator using the

first-order Magnus expansion for small time differences t; — ¢, = ot [23]:

U (to + Ot to) ~ exp [ / R (~ifi(r) - K(ﬂ)]

2 (20)
= exp [—ifl(to + 6t to)dt] ,
where the generator 2, used for evolving the spin state, is given by [14]:
N Z . to+dt
Q(to + ot, o) =H ﬁ2@:139 /to ke (T)dT
to+9dt (21)

In general, time-dependencies are employed in the dynamics by providing MolSpin with the
trajectories (.mst files) of each operator’s integrated fluctuating components tZOJr& fi(r)dr
(for recombination operators the fluctuating component is the recombination rate ko(7)).
This framework offers complete flexibility for stochastic and explicit expressions of time-
dependent interactions, allowing for modeling complex scenarios i.e. in biological environ-

ments, with minimal impact on computation time.

The time-propagation of state vectors is straightforward, requiring only the computation

10



of the action of matrix exponentials for a set of state vectors to find expectation values and
quantum yields of projection operators. In simple terms, this is evaluating e*B, where A
is an n X n matrix and B is n-size vector. Molspin employs two ways of performing this
propagation: short iterative Lanczos (SIL) [24] and short iterative Arnoldi (SIA) [25], both
Krylov subspace methods, as well as a, to our knowledge, novel algorithm for spin dynamics
described on a different topic in Ref. [26] called "autoexpm" (see manual [21] and SI). The
"autoerpm" will be the primary method of exponential propagation presented in this study.

Due to the sparsity of the Hamiltonian, the wavepacket propagation scales with O(Z log(Z))
[13]. This means the direct method, which requires Z wavepackets to be propagated,
scales as O(Z21og(Z)), and overall, including the number of time evolution time-steps,
the scaling is O(N;Z?1og(Z)). The stochastic method, on the other hand, requires only M
Monte Carlo samples to be propagated, reducing the overall scaling to O(M Zlog(Z)), or
O(N.M Z log(Z)) including the number of time-steps.

The stochastic method also requires consideration of errors, as it approximates the total
integral. It is shown that for SU(Z) states, due to their self-averaging property, the error
of the method scales as O(1/v/MZ) [14]. This is a significant improvement compared to
Coherent Spin States, which have an error scaling of O(1/v/M) [13]. Therefore, for very
large systems, only one state may be sufficient for propagation to achieve errors suitable for
graphical accuracy, allowing systems with 20 or more coupled nuclear spins to be considered

with MolSpin (a more detailed analysis is found in the SI, section 2).

2.4 Correction Factor

One of the challenges in both the direct and stochastic methods is the explicit numerical eval-
uation of the time integral. The computational cost for this evaluation increases steadily for
long-living radical pairs, and the often missing availability of explicit environment-induced
spin relaxation along the entire time-trajectory makes an approximation of the spin dynam-
ics towards an infinite time interval desirable.

In the supporting information (SI, section 1), we derive a heuristic for evaluating singlet

yields that can significantly reduce the propagation time needed to calculate the time integral

11



to infinity. The singlet yield with the correction factor is given by:

(I)@(OO) ~ k—Q/O P@)(t) dt, (22)

1 — e hamT

where 7" is the time of integration and ks, the symmetric rate constant. It has been
demonstrated through examples that this heuristic can reduce the simulation time by at
least six times for systems that are static and have symmetric recombination rates (see SI,
1). This principle is currently only applied to symmetric rate constants between reactions
of singlet and triplet states.

It is also applicable for time-dependent Hamiltonians; however, it should be applied
with caution and tested prior to implementation, as the effectiveness of this approximation
depends on the amplitudes of the fluctuations at the end times of the simulation. In the SI,

Section 1 a more detailed analysis with respect to the accuracy is performed.

2.5 Numerical Accuracy of the Stochastic Method

To evaluate the computational accuracy of the stochastic method, we compared the singlet
yield ®g calculated with the stochastic method implemented in MolSpin with the full dynam-
ics algorithm described in Ref. [1] (see Fig. 1b). The system in question is a [FAD®*~ TrpH*"]
radical pair found in cryptochrome proteins. This includes hyperfine interactions as reported
in Ref. [2], and EED and exchange coupling values from Ref. [27]. The system is composed
of 12 nuclear spins: N5, N10, H6, 3x H8, Hf for FAD®*", and N1, H1, H2, H4, H6 for
TrpH*t (see Fig. 1a). It represents a time-independent 14 spin system with two coupled
electron spins.

As seen in Fig. 1b, the calculation with a single MC sample for the state to be propagated
qualitatively captures all the essential details of the graphs, whereas 5 samples or more
yield results with reasonable accuracy. This feature can be attributed to the self-averaging
property of SU(Z) states and effectiveness of MC sampling, reducing the error with the
increase of the size of nuclear spin space and number of MC samples. The full spin space

of this system, with dimensions 55,296 x 55,296, approaches the upper limit of the full
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dynamics method, utilizing matrix diagonalization. While the Hamiltonian is represented
as a sparse matrix, the eigenvector matrix doesn’t share this trait. Like other matrix
diagonalization techniques, the QR algorithm employed here necessitates the Hamiltonian
to be in a dense-matrix format. For a 14-spin system, this demands 45.6 GB of RAM,
presenting a considerable challenge when examining larger systems. Also, the speed of the
algorithm for diagonalization unfavorably scales with O(n?), where n is the dimension of
the matrix. Our implementation overcomes these limitations by utilizing sparse matrices
within the Armadillo framework [28].

To showcase the computational power of the implemented method, we performed a large-
scale calculation of [FAD*™ TrpH**] (to our knowledge, the largest in literature for systems
without explicit approximation to Hamiltonians or dynamics). The system consisted of 20
nuclear spins, which are N5, N10, H6, 2x HS8, 2x Hp, 2x H7 for FAD®*", and N1, N*, H1,
H2, H4, H6, H7, HB3,, HpB,, Ha for TrpH*t (see Fig. 1a). All nitrogen atoms were treated
as "N with I = 1.

The system’s dimension, 21,233,664 x 21,233,664, makes it unfeasible for methods re-
quiring dense matrices, which would require 6561 TB of RAM. Whereas a sparse matrix
requires around 88.6 GB [29] of storage, a size that modern computer clusters can han-
dle. The ability to compute large systems, coupled with the flexibility in including any
interactions, signifies that our framework in MolSpin enables the solution of complex spin
dynamics problems. In subsequent sections, we will highlight the features and flexibility
of the SSE methods in MolSpin, investigate recent examples, reproduce earlier results, and
extend calculations to unique scenarios involving complex protein motions in cryptochrome,

exploring their effects on the spin dynamics of radical-pair-based magnetoreception.

3 Features of SSE in MolSpin

The MolSpin software package is designed with the primary goal of providing a universal
framework to address a wide variety of spin-dependent problems. This framework alleviates
the need for constructing new Hamiltonians and related components for each specific case.

Within the context of the SSE method, MolSpin accommodates all linear and bilinear
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Figure 1: a) Schematic of [FAD'* TrpH'+] radical pair system (TrpH on left, FAD on
right), with labeled atoms that were used in spin dynamics. b) Singlet Yield, ®g, versus
inclination angle of g—ﬁeld, 0, for a 12 nuclear spin [FAD*” TrpH*"] radical pair system. The
full spin dynamics, using matrix diagonalization as described in Ref. [1], were compared to
calculations made with the stochastic method, utilizing varying numbers of SU(Z) spin
states. The magnetic field strength was |B| = 1 mT, and the symmetric recombination rate
(ks = kr) was kgym = 1 ps™'. Integration time was 6908 ns, the time-step was 4 ns, and
the results were adjusted with the previously discussed correction factor. c) Singlet Yield,
dg, versus inclination angle, 6, for a 20 nuclear spin [FAD®*~ TrpH**] radical pair system (22
spin system). Calculations were performed with the stochastic method using 1 SU(Z) spin
state for Monte Carlo sampling. Since we have no results of another method to compare
with this graph to show that it gives the correct results (since it is too computationally
expensive for other methods), we performed 3 calculations with different samples’ initial
state vectors. The graph shows that the results of all of the three different starting states
converged to the same singlet yield profile, hence, ensuring the accuracy of our method and
just using 1 MC sample. The magnetic field strength was |B| =1 mT, and the symmetric
recombination rate was kg, = 1 ps™'. Integration time was 693 ns (4 ns time step) using
the correction factor method (Eq. 22), which is shown to be enough for 14 nuclear spin
cases and other systems in the SI to yield converged results.
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interactions, offering the user flexibility in customizing these interactions |[3].

To enhance its adaptability, MolSpin facilitates the direct parsing of complex time de-
pendencies for interactions or reaction rates through specialized MolSpin trajectory files
(with the .mst extension). Comprehensive documentation on this file format is available in
the supplementary information (SI) section 8 and in the user manual [21].

The implementation of SSE methods in MolSpin supports various initial spin states for
the radical pair, including the state vectors S, Ty, T_, and T, (mixed state can be produced
by calculating each of the state involved in the mixing separately). This support ensures
that comprehensive simulations can be conducted under both singlet and triplet initial
state conditions. As previously mentioned, there are two distinct methods, direct for small
spin systems and stochastic for large spin systems, that utilize either Krylov subspace or
autoexpm methods (discussed in SI) for state vector propagation. For the stochastic method,
MolSpin includes SU(Z) and Coherent spin state sampling methods, although SU(Z) states
are recommended for all computations and Coherent Spin states only for research purposes.

In total, MolSpin offers eight different SSE tasks, each characterized by varying levels
of accuracy, computational demands, and observables to calculate (see Tab. S3). Users can
choose the task most suitable for their specific needs, with additional information on these

options available in the MolSpin manual [21].

4  Simulation of selected Examples

In this section, we aim to demonstrate the capabilities of our generalized framework for
simulating the spin dynamics inherent in the RPM. We will achieve this by both replicating
established results and exploring the behavior of new systems.

Initially, we will focus on the outcomes of large systems simulated with a static Hamil-
tonian, including phenomena such as charge recombination along molecular wires [20] and
the quantum needle effect in the case of magnetoreception observed in the [FADF TrpH'ﬂ
radical pair simulations.

Subsequently, we will revisit the recent work on the driven dynamics of radical pairs

by Smith et al., where evidence of yield enhancement across different motion regimes was
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uncovered [18]. By reproducing key figures, we aim to corroborate the accuracy of the
time-dependent methods implemented in MolSpin.

We will conclude our exploration by delving into relaxation effects in the [FAD'_ TrpH'ﬂ
system. Initially, we will highlight the results obtained using both BRW and SSE ap-
proaches, illustrating their agreement when considering fluctuating hyperfine interactions
extracted from molecular dynamics (MD) simulations. Following this, we will extend our
investigation to encompass regimes, motions, and spin system sizes that have remained
unexplored due to the limitations of approximate methods. This analysis will underscore
the versatility and universality of the method implemented in MolSpin, emphasizing its

potential for further applications in this domain.

4.1 Molecular Wires

Molecular wires have been a subject of interest and research [30, 31]. They are designed, as a
Donor-Bridge-Acceptor (D-B-A) system, to mimic the efficient long-range charge transport
found in photosynthetic reaction centers [31]. Weiss et al. [32] extensively investigated
para-phenylene molecular wires, measuring experimentally the relative triplet and radical
yield changes at different wire lengths and magnetic field strengths. More specifically, they
considered PTZ** — Ph,, — PDI*~ systems, consisting of a phenothiazine (PTZ) donor,
a perylene-3,4:9,10-bis(dicarboximide) (PDI) acceptor, and a bridge of n para-phenylene
rings. The scheme of the system is illustrated in Fig. 2a, where the length of the wire is
controlled by the number of para-phenylene rings, n, that ranged from 2 to 5. Fay et al. [20]
investigated these experimental results and modeled the spin dynamics computationally.
Fay et al. tried to fit different rate constants for singlet and triplet recombination
pathways, and the resulting spin dynamics, to reconstruct relative yields and overall charge
recombination rate constants that were measured by transient absorption spectroscopy. The
exploration of the simple radical pair model to explain magnetic field effects and the inability
to match predictions by experiments, led Fay et al. to explore magnetic-field-independent
contributions to the dynamics that are not usually considered in simple models.

In this section, we chose to replicate the dynamics of an n = 4 molecular wire, Fay et
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al. [20], which can be fully fitted to experimental results of relative radical pair yield versus
magnetic field data without incorporating any correction factors to raw results. As shown in
Fig. 2a, one of the main challenges in this example is the number of nuclei to be considered
(in total 17 nuclei).

The Hamiltonian that models the rapidly tumbling molecular wires in solution is given

by:
ﬁ:ﬁl—FﬁQ—QJSl'SQ, (23)
N;
H; = —vB-S; + Z aiLiy - S;, (24)
k=1

where ~; is the gyromagnetic ratio of radical i (free electron gyromagnetic ratio was used
for both radicals), a; is the isotropic hyperfine coupling constant, and J is the exchange
coupling between the electron spins. The dynamics follow Eq. 1. All 17 nuclei (*H, N)
were included in the spin dynamics, as shown in Fig. 2a. No spin density was assumed at
the black region of Fig. 2a. The magnitudes of the hyperfine couplings were taken from
experimental measurements in Ref. [32], and the signs of the interactions were determined
with DFT calculations in Ref. [20]. The exchange constant 2.J was taken from experiments,
in Ref. [32], as 6.4 mT. The experimental determined recombination rate constants were
kr = 350 pus™! and kg = 2.45 us™1.

The experiments for an n = 4 molecular wire measured the relative radical pair yield,
d RP(B) /Prp(0), or radical pair survival probability, 50 ns after the initial photoexcitation

pulse. Hence, the radical pair yield for a given magnetic field B is measured as:

pp(B,t) = / t Prp(1)dr, (25)

where Prp(7) = Tr [p(7)], or essentially tracking the yield of the identity projection operator
at t = 50 ns. This computation was done using MC sampling with the SU(Z) spin states
method for a Hamiltonian without time dependencies (StaticHS-StochYields). Only 1 spin
state was required to simulate the system (which is a significant improvement over 200

spin states that were used to simulate the same graph in Fay et al. [20] study that utilized

17



coherent spin states, which have error scaling of O(1/v M) compared to O(1/VMZ), as
detailed before). A precise input can be found in Section 8.4 of the SI. The reproduced

relative radical pair yield is shown in Fig. 2b.
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Figure 2: a) The chemical structure of PTZ** — Ph,, — PDI*~ molecular wire with donor
(PTZ) colored in red and acceptor (PDI) colored in blue. In total, 17 nuclei were included
in the calculation and are labeled in the figure. Hyperfine coupling parameters were taken
from Ref. [20]. b) Relative Radical Pair Yield against magnetic field strength for PTZ*" —
Phy — PDI*™ molecular wire. Experimental data (crosses) was taken from Weiss et al.[32].

As can be observed, the influence of the magnetic field strength on the molecular wire
radical pair can be reproduced, revealing a minimum of relative radical pair yield at around

6.4 mT as expected for a "2.J-resonance".
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4.2 Quantum Needle of Magnetoreception

The phenomenon of magnetoreception in migratory species has attracted recent attention in
the field of quantum biology [2, 6-10]. The theory posits that a photo-induced radical pair
within a cryptochrome protein could enable a species to detect the Earth’s weak magnetic
field. Depending on the orientation of the B-field with respect to the radical pair, this could
be utilized as a navigational compass |2, 7, 10]. Specifically, it is hypothesized that the
formation of a radical pair from FAD and TrpH through a light-induced electron transfer
cascade may act as a sensor for an external magnetic field [8].

Hiscock et al. [2] examined a [FAD” TrpH'ﬂ system, inspired by cryptochrome, that
exhibited a pronounced feature at # = 90° angle. This feature was interpreted as a result of
state mixing associated with avoided energy-level crossings of the system, a purely quantum
mechanical effect. Investigations have been conducted to ascertain whether semiclassical
calculations would suffice to model the spin dynamics of these systems [27], making the
quantum mechanical feature an attractive hypothesis for a quantum sensor.

However, this hypothesis has limitations. To observe the effect, long spin-coherence
lifetimes (10-100 us) are required, which have not been reported in any biological system.
Additionally, previous calculations were constrained to 14 nuclear spins and omitted coupling
terms between electron spins, such as exchange and EED, primarily due to computational
limitations at the time of the study [2].

In this study, we reproduced the graph from Ref. [2]| for a 14 nuclear spins (Fig. 1la)
radical pair system in Fig. 3a. A description of the MolSpin input can be found in Section
8.5 of the SI. We performed a calculation using a stochastic approach with SU(Z) spin
states, including EED and exchange couplings (Fig. 3b). The full coupling tensor, C =
D — 2J1, used in the calculations, was derived for the FAD-TrpC radical pair in Drosophila

cryptochrome [27]:

—0.382276  0.292979 —0.146796
C=1 0292979 —0.652196 0.229243 | mT (26)
—0.146796  0.229243  —0.309528
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Figure 3: a) Graphs of Singlet Yield, ®g, vary with 6 for radical pairs with symmetric
recombination rates ranging between 1 and 0.01 us™!. This system has no interadical
couplings, and computations are done with the MolSpin method described in Ref. [33].
For clarity, the k = 0.1 us™! graph is shifted by +0.0025. b) Graphs of Singlet Yield, ®g,
vary with 6 for radical pairs with symmetric recombination rates ranging between 1 and
0.01 ps—t. This system has electron spin coupling defined in Eq. 26. A stochastic method
with SU(Z) states is used. The evaluation of the error is described in detail in SI, Section 2.
The timestep is set to 4 ns and MC sampling to M = 1. Total integration times are 0.691
ps for k=1 us™', 6.91 us for k = 0.1 us™!, and 69.08 us for k = 0.01 pus~!. For a) and b),
14 nuclear spins are used in spin dynamics: N5, N10, H6, 3 x HS8, Hj3, for FAD, and N1,
H1, H2, H4, H6, H7, HB1, for TrpH. Both systems in a) and b) have a singlet initial state
p(0) =1/Z Ps.

Our results with electron-electron spin couplings indicate that the distinct spike is re-
moved, a known effect when intra-radical couplings are considered [34]. This observation
does not necessarily preclude the possibility of a spike in systems with specific inter-radical
couplings. Some studies have suggested mechanisms by which exchange and EED inter-
actions might compensate each other, increasing the overall anisotropy of the singlet yield
[35]. Hence, under special circumstances, a spike may emerge in the quantum dynamics of
more complex radical pair systems. Nonetheless, the current study primarily illustrates that
large systems and long radical pair lifetimes (1-100 us) can be effectively computed using

the new stochastic method implemented in MolSpin.

4.3 Driven Dynamics in Magnetoreception

Motivated by the observed impact of singlet yield anisotropy reduction of intra-radical pair
interactions, as detailed in the last section, researchers have explored additional mechanisms

that might compensate for these effects. Smith et al. investigated the possibility of modu-
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lating inter-radical distances to produce an increase in anisotropies [18] that would enhance
the compass sensitivity of model systems. They introduced the concept of a "live"-radical
pair, characterized by a driven model of radical pair dynamics with coherently modulated
recombination rates, exchange, and EED interactions. Their theoretical analysis concluded
that such a dynamic system could, in principle, exhibit greater sensitivity compared to a
static counterpart.

Smith et al. further proposed potential scenarios that might lead to the harmonic oscil-
lations they studied, such as structural rearrangements following initial charge transfer or
sensory transduction [36], or alterations in protein structure due to proton pumping [37].
It is important to note that this hypothesis remains theoretical and has not been empiri-
cally validated in in vivo systems. Nevertheless, the study provides valuable insights into
potential methods for enhancing the sensitivity of a magnetic compass, which, according to
current simulations, may be inadequate in static systems with electron-electron interactions.

Furthermore, the study conducted by Smith et al. underscores the advanced capabilities
of MolSpin in implementing time-dependent dynamics using the SSE. The software enables
the simulation of intricate time-dependent dynamics in driven systems, accommodating
changes in recombination rates and Hamiltonian coupling values. As such, it constitutes a
robust tool for continued research and modeling within this domain.

The master equation utilized for the model, corresponding to the reaction scheme de-
picted in Fig. 4a, encompasses time-dependent singlet-triplet inter-conversion, forward re-
combination of singlet/triplet states (denoted by k), and time-dependent backward recom-

bination of the singlet state to the ground state (denoted by ky(t)) [18]:

%t) — [ﬁ(t), ﬁ(t)} _ k() {Ps, ﬁ(t)} — ksp(t), (27)

where an effective Hamiltonian Heg(t) can be set as [18] (Note that the Hamiltonian in this

form is used in the wave function formalism not Eq. (27)):

Heg(t) = H(t) —i ("“bét)fas + %H) . (28)
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Figure 4: a) The reaction scheme of a driven radical pair model that has coherently modu-
lating radical pair distance. In the case of our example, A*~ and B** will a [FAD'_ TrpH'ﬂ
radical pair. b) Color Maps of relative anisotropy y for different values of exchange inter-
action strength Jy and driving frequency v,;. The system is a toy model of one nuclear spin
that neglected EED interaction. Magnetic field strength was set to |B| = 50 pT". The here
presented heat map is in excellent agreement with the results of Smith et al. [18].

The effective Hamiltonian ﬁeff(t) integrates both the spin interactions and the recombination
terms, providing a comprehensive representation of the system’s dynamics.

We elected to replicate a basic radical pair system consisting of a single hyperfine-coupled
nitrogen atom (spin / = 1) in one radical, with no hyperfine interactions in the other radical.
Although the study by Smith et al. includes more complex examples, our focus here is
to demonstrate the capability of including time-dependency in both spin interactions and
recombination rate simultaneously, for which this simple model is well-suited.

The inter-radical distance of this system is described by Smith et al. [18] as:
Aq
r(t) = - [1 — cos(2mugt)] + 7o, (29)

where Ay is the amplitude of oscillation, set to 3 A, vy is the driving frequency ranging
from 1 kHz to 1 GHz, and r¢ is the inter-radical distance of the static radical pair, set to
7o = 17.8 A as described by Smith et al. [18].

The singlet recombination is chosen in this exponential form [38]:
kip(t) = ko, exp [=B(r(t) —ro)], (30)

22



and the electron exchange interaction follows:

J(t) = Jo exp[—p (r(t) —ro)], (31)

with ky, =2 s~ kp =1 us~!, and B = 1.4 A™' [39]. Jp is a variable parameter between
—20 MHz and 20 MHz. The EED interaction is not included.

The single hyperfine interaction is assumed to have the same axial symmetry and mag-
nitude as the N5 atom in FAD*™ radical, with the principal components A,, = A, = A, =
—2.6 MHz and A,, = A) = 49.2 MHz.

To evaluate the directional magnetic field effect (MFE), the relative anisotropy y is
computed:

[ — P

X (@ 0.7 .

where @ is the singlet yield computed for a static magnetic field in a parallel direction,
and @, is the corresponding measure for a perpendicular magnetic field with respect to the
A,. component. The resulting graph of relative anisotropy for different Jy and v, values is
displayed in Fig. 4b. In the static case, intra-radical coupling appears to suppress magnetic
field sensitivity for values of modulus |Jy| > 1 MHz. However, as the driving frequency
increases, this suppression is mitigated, with a driving frequency in the approximate range
of 1 to 10 MHz enabling recovery of MFE for —20 < Jy < 20 MHz. The study by Smith
et al. underscores the potential significance of including time-dependent effects for a func-
tional magnetic compass within cryptochrome proteins. As demonstrated, MolSpin can be
effectively employed to model time-dependent Hamiltonians.

However, it should be noted that "artificial" model Hamiltonians may not always be suit-
able for describing motions and other effects that might induce spin relaxation. Therefore,
it is also crucial to have the ability to use time-dependent data extracted from multi-scale
approaches, such as those combining quantum chemical (QC) calculations and MD simula-

tions. The next section will showcase how MolSpin is adept at addressing such challenges.
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4.4 Realistic spin systems using MD-Trajectories

The explicit description of the relaxation process in biological systems, such as the cryp-
tochrome protein in magnetoreception, remains one of the major challenges for the theoret-
ical investigation of realistic spin systems. A particularly difficult aspect is describing the
constant motions of the protein structure within several us, which in turn continually influ-
ence and perturb the spin interactions of the radical pair. Furthermore, a precise calculation
of hyperfine coupling tensors remains a tedious process. The description of the motion and
fluctuations of these interactions can be described sufficiently using MD and QC calcula-
tions |9, 10]. Considering the MD/QM data in spin dynamics calculations is, however, still
a state-of-the-art problem. The challenges here rely not only on the accuracy of the MD
and QC simulations, but also how to incorporate the time-dependencies of the Hamiltonian
into the spin equations of motion. There are approaches such as Bloch-Wangness-Redfield
(BRW) theory to incorporate the dynamic fluctuations via correlation functions. However,
this approach is limited to the number of considered spin due to the rapid growth of ma-
trix dimensionality and has disadvantages when the dynamics of the spin system and the
fluctuations are in a similar time regime [12]. An explicit inclusion of time-dependent ef-
fects is, thus, more natural and can be sufficiently employed using the SSE approach within
MolSpin. As an exemplary study, the radical pair within the cryptochrome 4 of European
Robin (ErCry4) will be investigated within the framework of our SSE method. Furthermore,
a comparison of the SSE method with BRW theory can be found in the SI, section 5.

For the evaluation of induced spin relaxation through dipolar and hyperfiner coupling within
our SSE method, a prolonged MD simulation provided by Griining which has in total a
length of 0.95 us was used. Further information of the employed MD parameter can be
found in Ref. [9]. For each 50 ps frame along the MD trajectory (19,060 frames) the FAD®*™
and TrpH®" geometries were extracted and saturated by replacing the backbone Carbon
with a Hydrogen atom. A similar approach was already employed in previous studies and
can be found in Ref. [9] and [10]. For each extracted frame, the saturation-Hydrogen was
optimized in geometry and hyperfine coupling parameter for 14 nuclei were calculated using

the hybrid-functional B3LYP and the EPR-II basis set (see 6 and 7) as implemented in the
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Gaussianl6 software package [40]. Exemplary hyperfine coupling components fluctuation
within the 0.953 us trajectory of the N5 nuclei within FAD®™ are illustrated in Fig. 5b.
It is notable, that especially the Azz component is changing significantly in time as was
already be found in previous studies [9, 10]. Moreover, for each 50 ps time step the dipolar
coupling was calculated between the centroids of the FAD®~ and TrpH*" (see Fig. 5b). An
evaluation of the time step chosen can be found in the SI, section 6. The fluctuations of the

dipolar coupling are less significant compared to the hyperfine couplings of Nb5.
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14 nuclear spins, 7 on FAD" and 7 on TrpH™*
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Figure 5: a) Visualization of European Robin cryptochrome 4 and FAD®~ and TrpH®"
considered in the MD simulation. The whole trajectory of the MD simulation is 0.953 us.
From the MD data, FAD®*~ and TrpH®" geometries were extracted and spin-spin interactions
are calculated for every 50 ps frame. b) Hyperfine coupling fluctuations of N5 nucleus of
FAD®*™ within MD-trajectory for each 50 ps time step. Hyperfine couplings were calculated
using the B3LYP functional and the EPR-II basis set. Considered nuclei can be found in the
SI Section 7 ¢) Dipolar coupling fluctuations D(t) between FAD®™ and TrpH*" centroids.
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To evaluate the effects of the hyperfine and dipolar coupling time-dependencies, a radical
pair interacting with 14 nuclear spins is investigated using the SSE method (see Fig. 6).
A description of the used input can be found in Section 8.9 of the SI. The lifetime of the
singlet-born radical pair was set to 1 us and a symmetric decay between the singlet and
triplet state reactions is assumed. For illustration purposes, an external magnetic field of
1 mT was employed which is rotated around the 6 angle with 51 points. At each point,
the quantum yield is calculated for different scenarios using the correction factor described
in Section 2.4 because the length of the MD trajectory is still too short for a sufficient
numerical time integration. As a reference, the quantum yield with a static Hamiltonian
(Static) is calculated and compared to the full dynamic Hamiltonian for the hyperfine and
dipolar interactions (FDynamics). Moreover, a static calculation without dipolar inter-
action (StaticNoDipolar) is employed for comparison and each dynamic effect, hyperfine
(HDynamicDStatic) or dipolar coupling (HStaticDDynamic), is calculated separately.

Figure 6 illustrates the quantum yields for the described scenarios. As can be observed,
the static scenario without the inclusion of dipolar coupling (StaticNoDipolar) reveals the
kown signficant anisotropy as demonstrated. After the inclusion of static dipolar coupling
between the two electrons (Static), the anisotropy is suppressed similar to the example in
section 4.2. Nevertheless, a slight anisotropy can still be found, whereby the minima and
maxima are shifted. Note, however, that a strong field of 1 mT was used here and the
anisotropy is significantly reduced if a weaker field in the range of the geomagnetic field
strength is applied (calculations are still running). When including the time-dependent
fluctuations of the dipolar coupling between the two electrons (HStaticDDynamic), only a
minor change compared to the Static scenario can be found. While the overall quantum
yield is slightly increased, the toplogy of the curve does not change. The minor difference
compared to the averaged static scenario indicate that the time-dependency of the dipolar
interaction is less dominat and a static averaged scenario already captures the important
featues of this interaction. However, incorporating the time-dependency of the 14 hyperfine
interactions from FAD®*~ and TrpH** (HDynamicDStatic) the picture changes significantly.

The overall quantum yield is reduced drastically which is in alignment with previous studies
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Figure 6: Singlet yield calculations including 14 nuclear, a magnetic field of 1 mT and 1
ps~! symmetric reaction rate. The magnetic field was rotated around 6 with 51 points. The
dynamic Hamiltonian was constructed using a 50 ps time step for the hyperfine and dipolar
interaction. In total 5 MC samples with SUZ states were used. The total time was set to
953.0 ns with a 0.05 ns time step. The correction factor method discussed was employed to
produce the singlet yields. Inputs can be found in the SI, section 8.9.

investigating the effects of spin relaxation through hyperfine fluctuation using BRW theory
[3, 10, 11|. Furthermore, when comparing the full dynamical scenario (FDynamic) with
the HDynamicDStatic it is furthermore revealed that the time-dependency of the dipolar
interactions does not have a significant impact on the dynamics of the radical pair. Never-
theless, it becomes obvious that not only the number of nuclear spins is of major importance
when investigating a radical pair within a biological system but furthermore the complex
time-dependencies have to be incorporated. The here presented illustrative example re-
veals the possibilities and power of the new MolSpin methods that allow for a sufficient
investigation of very large spin systems on a multiscale, furthermore, incorporating several
time-dependent interactions. The direct consideration of time trajectories allows for a ver-
satile tool kit to explore all kinds of complex time-dependency and directly link the spin

simulations to molecular dynamics and quantum chemistry.
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5 Conclusions

We have introduced and enhanced a robust computational approach in MolSpin for investi-
gating large spin systems under the influence of explicit spin relaxation mechanisms based
on the theoretical framework of Lewis et al. [13| and Fay et al. [14|. By reproducing
established radical pair results and presenting novel applications, we have demonstrated
the method’s accuracy and versatility. This approach enables the simultaneous variation
of all interactions and recombination constants, accommodating complex dynamics, and
even allowing for the inclusion of explicit time-trajectories from MD/QM simulations. This
flexibility opens new avenues for exploring complex motions and relaxation mechanisms
and is a significant advantage compared to other relaxation theories which require explicit
description of certain dynamical processes.

The illustrated examples emphasize the importance of considering all relevant effects.
For example, the inclusion of intra-radical-pair interactions has proven essential for under-
standing radical pair chemistry within cryptochrome proteins, leading to new insights into
how spin relaxation might influence compass sensitivity [18]. While through consideration of
intra-radical-pair effects in the case of Hiscock’s et al. quantum needle a drastically decrease
in the magnetic field sensitivity is observed [2], additional spin relaxation mechanisms of the
intra-radical-pair interactions may again increase the sensitivity as shown in the example
of Smith et al. [18]. Moreover, our simulation of a large spin system (16 spins) consider-
ing the fluctuation of both hyperfine and dipolar interactions of a 0.952 us MD simulation
revealed that significant effects of time-dependent interactions can get diminished when all
interactions are time-dependent.

The algorithm we presented provides a versatile toolkit for efficiently and accurately
addressing a wide range of spin-dependent chemical reactions in arbitary complex systems,
including those involving many nuclear spin interactions. This, furthermore, includes ap-
plications in diverse areas such as the effects of hypomagnetic fields on neurogenesis, the
radical pair formation in proteins that may lead to harmful byproducts or molecular systems
of any other kind [4, 5, 41]. To conclude, our work underscores the potential of this method-

ology for advancing the study of spin chemistry in complex environments in an easy-to-use
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framework.
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1 Correction Factor For Quantum Yields

We define the total quantum yield of a radical pair @7y, (T) for a propagation time T
when kg = kr, i.e. recombination constants are symmetric, as:

Brora(T) = kg /O " Pt (s1)

Here Pi(t) = Tr[p(t)] and Preee(00) = 1. Since the spin-dependent radical recom-
bination rate constants for triplet and singlet states are symmetric (ks = kr), then,
PS + PT = I and the recombination operator simplifies to K = ksl. Hence, the radical
pair yield simplifies to [1]:

T
Pro(T) = ks / e FstP(t)dt =1 — e st (S2)
0

In this case Py(t) only includes dynamics due to interactions described in the spin
Hamiltonian. We will denote e *s7" as € for simplicity. When determining the quantum
yields of various operators, it is essential to compute the integral as time approaches
infinity, corresponding to the point where all states have completely decayed (i.e., when
e = 0). Under such conditions, the following equation is valid:

Dg(00) + Pr(00) = Protar(00) = 1 (S3)
When evaluating the integral up to a time 7', we obtain:
q)s(T) -+ (I)T(T) = (I)Total(T) =1- €7kST (84)

In practical situations, we do not integrate the expectation values to T" = oo. Instead,
we integrate up to a point where € is close to 0. Nonetheless, we also want to ensure that
®s5 + &7 = 1. Hence, we can introduce a novel heuristic:

P5(T) Or(T)
1 — o—ksT 1 — o—FksT = @S(OO) + (I)T<OO) =1 (85)
Or, in general for a projection operator O:
ke T

Po(t) has both Hamiltonian and recombination dynamics.

The parameter € serves as a total time estimator in MolSpin simulations. Users have
the option to specify their preferred total time in ns or to define € as a variable between
0 and 1, upon which the program will compute the total time as:

Ine?
ks

T = (S7)
Some common choices of € are 0.5, 0.1 and 0.01 (e = 0.5 will have the largest error in
the quantum yield estimation and ¢ = 0.01 will have the smallest error out of the three).
Our modification to the quantum yield calculations has proven effective in substan-
tially reducing the integration time required for converged results. To illustrate this, we’ll
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examine a static 14 nuclear spin [FAD'_ TrpH'ﬂ radical pair model. This model incor-
porates the hyperfine parameters for N5, N10, H6, H8;, H85, H83, HS nuclei in FAD,
as well as N1, H1, H2, H4, H6, H7, Hf; nuclei in TrpH, sourced from Ref. [2]. The
stochastic method was used with M = 4 MC samples. Notably, the system had EED
and exchange interactions described in Ref. [3], and |B| = 50 pT', with magnetic field
vector aligned with the z-axis. Figure S1 illustrates the simulation results for the 14 spin
system system under varying symmetric recombination rates, both with and without the
correction factor.

0.8 0.8 0.8
0.6 0.6 0.6
el o kel
9] Q 5]
> > >
0.4 5 0.4 $04
? =05 e=0.1 £=001 _E’ e=05 €=01 £=001 Ev €=05 £=0.1 £=001
@ (7] @
0.2 0.2 0.2
—With Yield Correction g —With Yield Correction g —With Yield Correction
Without Yield Correction Without Yield Correction Without Yield Correction
0 0 0
0 1 2 3 4 5 0 10 20 30 40 50 0 100 200 300 400 500
Integration Time / ps Integration Time / ps Integration Time / ps
(a) (b) (c)

Figure S1: Singlet yield, ®g, versus integration time, 7', graphs for different symmetric
recombination rates: a) ks = 1 us™', b) kg = 0.1 us™!, ¢) ks = 0.01 us~'. The black
dashed line illustrates the converged value of the singlet yield. The system that was
simulated contained 14 nuclei and is described in the text. Different highlighted values of
€ correspond to times calculated by Eq. S7.

Remarkably, across various recombination rate constants, there’s a distinct decrease
in the total integration time required to achieve results with graphical precision. In every
instance, yields calculated with the correction factor reached convergence by ¢ = 0.5
(T = T)), if not sooner. In contrast, without the yield correction, convergence typically
requires € = 0.01 (7" = T5). Thus, the ratio of time between T} and T5 is:

T, 1n0.017'k¢ 1n0.01
T ksIn0.5-1 In0.5 (S8)

A computational reduction of at least 6 times is a significant computational speed-
up that offers calculations of larger systems previously unavailable, and this reduction is
achieved without compromising accuracy. The principle is not extended for asymmetric
recombination rates.

Lastly, the approach can also be extended to time-dependent dynamics. The correc-
tion factor heuristic, in principle, predicts the time-evolution of projection operators from
T to oo. In time-independent cases, this works significantly well since the interactions
are static, thus, the initial trajectory within a small time interval is enough to predict
the trajectory of the remaining time-dependent dynamics with a small error. However,
in time-dependent calculations, where interactions are fluctuating and changing during
the reaction, it is not as straightforward to apply the correction factor or to estimate
the error of the singlet yield calculation. The sufficient time of propagation will depend
on the type, magnitude and frequency of change of time-dependent interactions. Hence,
we have examined a model system of 4 nuclear spins with varying parameters,that was
inspired by the driven radical pair dynamics dynamics from Smith et al. [4], to arrive at
a general rule of thumb of the total time choice for time-dependent systems.
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The spin system contains the 4 nuclear spins, N5, N10 in radical 1 (modeled as FAD)
and N1, H1 in radical 2 (modeled as TrpH). Hyperfine interaction tensors are taken from
Ref. [2]. The symmetric recombination rate is ks = 1 us~' and |B| =1 mT (B pointed
to the z-direction). The time-dependent fluctuation is the exchange coupling between
electrons:

H(t) = —2J(t)S; - S, (S9)
Here, J(t) is taken in the form of Ref. [4] as an oscillating frequency:
J(t) = Joexp(—pr(t) — o), (S10)

where 8 = 1.4 A~ and J; are empirical constants [4]. The time-dependent distance r(t)
between the radicals is taken as:

r(t) = %(1 — cos(2mygt)) + 1. (S11)

Here, Ay =3 A, ry = 17.8A, and v, is the driving frequency [4].

Figure S2 illustrates simulations of the described spin system with v; = 1 MHz and
different strengths of Jy parameter. This figure aims to evaluate how the size of the
time-dependent perturbation affects the accuracy of applying the heuristic to reduce the
required total time of integration. Jy is varied from 0 mT to 50 mT'. In the simulation
where Jy = 0 mT, it is observed that a similar trend to the static case is found: the
quantum yield value calculated with the correction factor quickly converges to the exact
singlet yield for small integration times. This trend remains valid until Jy = 1 mT', where
larger oscillations appear in the singlet yield values calculated with the correction factor
and longer integration times are required for convergence. Nonetheless, it has been found
that € = 0.1 is sufficient to get converged expectation values for all cases examined in Fig.
S2. If a comparison between the time integration value and the lifetime (77, = 1/ks)
of the radical pair is made the following ratio is found:

Tl o In 0.1_1

X ke =1n0.1""~23 S12
TTotal kS 5 ( )

Hence, we have found from this example, that an integration time of at most 2.3 x
lifetime is sufficient to model time-dependent processes. The other observation found was
that for smaller magnitude time-dependent variables a shorter integration time would be
sufficient.

Moreover, we have also did an analysis of the effect of the frequency of time-dependent
variables on the use of the heuristic to estimate quantum yield values. We have chosen
an interaction with Jy = 10 mT and varied v,;. Results are shown in Fig. S3. It is
evident that higher motion frequencies lead to a more accurate approximation of the
yield correction, while slower motions necessitate a longer integration time. Overall, we
can conclude from the examples we analysed, that integration time equal to € = 0.1 should
provide an accurate approximation for moderately fast fluctuations with interactions of
small to moderate magnitude, relative to other interactions in the system.
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Figure S2: Singlet yield, ®g, versus integration time, 7', graphs for different J; empirical
parameters in J(t) equation defined in Eq. S10: a) Jy = 0 mT, b) Jy = 0.2 mT, c)
Jo=05mT,d) Jo=1mT,e) Jo=2mT, 1) Jy=5mT,g) Jo =10 mT, h) Jy = 20 mT,
i) Jo = 50 mT'. The black dashed line illustrates the converged value of the singlet yield.
The system that was simulated contained 4 nuclei and is described in the text. Different
highlighted values of € correspond to times calculated by Eq. S7.
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Figure S3: Singlet yield, &g, versus integration time, T, graphs for different v, parameters
in J(t) equation defined in Eq. S10, with Jy =10 mT: a) vy =05 MHz,b) vy =1 MHz,
c)vg=5MHz v;=10 MHz.

Finally, we have also evaluated the accuracy of the correction factor when simulating
systems with interactions that follow MD trajectories as described in Section 5. MD
simulations are significantly resource demanding and the time trajectory of cryptochrome
4 used in Section 5 has a total time of 550 ns. For MD of proteins, a trajectory of that
time interval is considered extensively long. However, for spin dynamics of radical pairs
which have lifetimes of the order of magnitude of 1 us the time interval may be too short
to yield accurate results. Hence, investigating whether the heuristic could shorten the
integration time is relevant to the simulation of the MD data because we would hope to
simulate systems with lifetimes of the order of magnitude of 1 us.

In this work, the main reason for estimating longer lifetime trajectories of radicals than
the MD data provides is the comparison of spin dynamics estimations of spin relaxation
between BRW and SSE theory. Additionally, it is known that the lifetime of a radical
pairs interacting with the geomagnetic field would require a lifetime of 1 us [5].

In the context of BRW theory, due to its approximations, the interplay between values
of correlation times for spin relaxation effects and the dynamics of the radical pair are
of mandatory importance. For instance, if the correlation times increases in relation to
the dynamics of p(t), the positivity of the density matrix is not guaranteed due to the
perturbative treatment and erratic expectation values will be calculated [6, 7]. Thus,
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shortening lifetimes of a radical pair with constant correlation times may lead to erratic
behavior in the BRW equations. Because of this, the behavior at around kg = 1 us™! as
shown in Fig. S6 should be considered for comparison of BRW and SSE. On the other
hand, to calculated longer lifetimes using SSE, the correction factor approximation has
to be used when only 550 ns MD data is available. With a rate constant of kg = 1 pus™*
a radical pair with a lifetime of 1 us - a quantity around 2 times larger than the total
trajectory time - needs to be considered.

Hence, it is mandatory to confirm whether the total time of 550 ns is enough and what
sort of error is to be expected. A model four nuclear spin system, which comprised N5,
N10 for the FAD radical and Hf;, Hf, for the TrpH radical, described and labeled in Sec.
5.2 is used. Firstly, the symmetric recombination rate is set to kg = 10 us™! - chosen so
that the 550 ns trajectory capture converged singlet yield values for this system without
the use of the heuristic. |B| = 1 mT, the magnetic field aligned with the z-axis. The
direct method was used which gives accurate results without any approximations and a
time-step of dt = 0.5 ns. The results are shown in Fig. S4.

1 -
0.8
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Q i
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% 100ns  200ns 300 ns
04T
(d))
»
0.2 A
—W!ith Yield Correction
0 Without Yield Correction

0 100 200 300 400 500
Integration Time / ns

Figure S4: Singlet Yield, &g, versus integration time, T, graphs for the 4 nuclear spin
radical pair system that had time-dependent interaction from MD trajectory of 550 ns.

In Fig. S4, the labeled red dots reveal that an integration time of 7" = 200 ns is suitable
to model the spin system accurately. Since the lifetime was equal to 77, = 100 ns, our
rule of thumb described before still holds and you would need an integration time that is
around 2 times the lifetime of the radical pair to accurately model this system with the
heuristic. Besides that, for an integration time that is equal to the lifetime, the results
are close to converged values yet a minor error in the quantum yield can be observed. For
an integration time that is 3 times as large as the lifetime (300 ns), the singlet yield is
clearly fully converged without any errors.

In conclusion, for the here presented spin system, integration times that are around
2 times larger than the lifetime would be sufficient to model singlet yield values (similar
to the time-independent case). If the total time is 550 ns, this means a system with a
lifetime of 275 ns could be confidently modeled. Hence, the symmetric recombination
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rate for this lifetime is kg ~ 3.64 us™!, and kg can be kg > 3.6us™ .

Here, only the kg = 10 pus™! scenario is considered and it is questionable whether
estimating a system’s dynamics for a longer lifetime would be appropriate. However, it can
be assumed that in the first approximation the frequency of motions and their perturbation
strength would not change significantly after 550 ns. Hence, if the interactions would
not change drastically, then using the here presented heuristic to yield results for longer
lifetimes can be applied.
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2 Accuracy of the Stochastic Method

In order to evaluate the accuracy of the stochastic method using Monte Carlo sampling,
the standard deviation o of different spin system sizes is evaluated using the following
formalism:

N

1
g = N_1 Z(®Si_u)27

=1

where p is the singlet yield mean, N is the number of sample specific singlet yields, and
dg; is a specific singlet quantum yield.

Calculations are performed for various systems containing nuclear spin numbers rang-
ing from 10 to 16 to examine their statistical error. The selected systems are models for
the [FAD'_TrpH'ﬂ radical pair, chosen due to their extensive computational analysis.
Each system includes at least the following 10 nuclear spins: N5, N10, H6, H8_1, H8_2,
H8_3, HB; for FAD, and N1, H1, H2 for TrpH. For each additional spin, the following
hyperfine constants and nuclei are added in direct order: H4, H6, H7, Hf3; for TrpH,
and Hp,, H7_1 for FAD. The hyperfine interaction parameters are listed in Ref. [2]. The
symmetric recombination rate is set to kg = 1 us~!. Only one MC sample, M = 1, is used
to observe how the error scales with Z. The heuristic for shortening integration time is
applied, with the total time estimated by ¢ = 0.5. The time step is set to 4ns, and the
magnetic field is directed along the z-axis, with a strength of |B| = 1mT.

The data is assumed to follow a normal distribution. It’s important to note that the
standard deviation values presented in the table are calculated based on 500 samples; this
detail should be made explicit earlier in the methodology or data collection section. For
each data set, the mean, p, and standard deviation, o, are determined, and all values,
along with the estimated error, €qgstimateq, are presented in Table S1.

No. of Nuclear Spins ‘ A ‘ 1 ‘ o
10 spins 13824 | 0.39480 | 0.00216
11 spins 27648 | 0.38853 | 0.00140
12 spins 55296 | 0.38546 | 0.00102
13 spins 110592 | 0.38290 | 0.00070
14 spins 221184 | 0.34984 | 0.00046
15 spins 442368 | 0.34706 | 0.00031
16 spins 884736 | 0.34661 | 0.00022

Table S1: Properties of systems with varying numbers of nuclear spins. Z denotes the
size of the full spin space, u represents the mean, and o is the standard deviation of 500
samples.

Selected probability distributions, drawn with ¢ values from Table S1, are depicted
in Fig. S5. It is evident that the error diminishes and the error distribution narrows as
the size of the spin space increases. Therefore, it can be concluded that with M = 1, the
errors are sufficiently small for large systems, those with more than 14 nuclear spins, for
most applications.

S10



2000 -
—10 nuclear spins

—12 nuclear spins
14 nuclear spins
— 16 nuclear spins

—

—
8]
o
o

1000 A

500 1

Probability Density

L
F

AN

-0.01 -0.005 0 0.005 0.01

g - (D)

Figure S5: Probability Density Functions for &g — (®g) values for systems with different
numbers of nuclear spins. Here, (®g) denotes the mean Singlet Yield, also represented
as . The effect of increasing Z is a decrease in error and a narrowing of the probability
density, a phenomenon well established in theory [8].

3 AutoExpm Method

AutoExpm method is, to our knowledge, a new implemented algorithm in terms of radical
pair spin dynamics for computing the action of matrix exponential on a vector (or block
vectors). It is based on scaling and squaring method that is usually used to compute full
matrix exponentials and computes the action of the matrix exponential as:[9]

e B s (T (s~ (—iH6t)))* B (S13)

Here T,, is truncated m term Taylor series:
. T A
Ta(Ad) =) — (S14)

B is a block of n state vectors:

B =[[01(t)) [Ta(t)) ... [Wa(t))] (S15)

The method described in the section bellow uses a few key several ideas to make this
computation as efficient as possible. It carefully estimates parameters m and s to ensure

S11



that the backward error is suitably bounded while the computational cost is minimized,
it does shifting to reduce the norm of A (which reduces the cost) and terminates prema-
ture when a certain accuracy is reached. All of these feature combined makes a unique
algorithm that have a several key advantages to Krylov Subspace algorithms:

1. It can handle multiple columns in B.

2. There are no parameters to be estimated and the algorithm chooses the best ones
itself.

3. It can be quicker than Krylov methods in some cases.

4. Predictable cost of the method. Also cost tends to increase with increasing I|A]1.
Whereas for Krylov methods there is only some dependence with ||A]|;.

We will describe the algorithm below which we named ” AutoExpm”

3.1 7AutoExpm” Algorithm

The main algorithm is in Alg. 1. It uses fl, 0t, B and tolerance tol as an input to solve
exp(—iAdt)B. A will be H or H —iK. The tolerance will determine how accurate the
approximation will be and there are three choices of double, single or half digit precision.
|| - [|oo in the algorithm itself is the infinity-norm.

Algorithm 1: AutoExpm method for computing the action of the matrix expo-
nential

1 = Tr(A)/n

2 A=A— uL

3 [mu, s| = parameters(—iAét, tol)
// The function is in code Fragment in Alg. 2

4 F=18B

5 1 = el

6 fori=1:sdo

7 | =Bl

8 for j =1:m, do

9 B = —iAB6St/(sj)

10 c2 = ||Bl|s

11 F=F+1B

12 if ¢; + co < tol||F|| then

13 L break

14 F=nF

15 B=F

The algorithm that estimates optimal parameters s, m, is shown in Alg. 2. In the
algorithm, || - || is the 1-norm, [-] is the ceiling function, argmin(-) finds the minimum
given different arguments and max(-) computes the maximum from given inputs. Besides
the algorithm, there a few extra equations used for parameter estimation. First, the
equation for optimal cost for a given A:

Con(A) = min {m(ap(A)/9m1 2 <P < P pp—1) —1<m < mm} (S16)
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Here pe: and my,., are maximum parameters for m and p. They are suggested by
the authors of the algorithm from experience as M, = 55 and p,,e: = 8. Also, ap(A) is
defined as : ) )

ap(A) = maz(dy, dyir), dy = || A7 (S17)

0,, are a number of parameters for different values of m that are used for parameter
estimation. They are linked to the tolerance of the method and have different values if
either one of "double”, "single” and "half” tolerance is used. Selected constants for 6,
are shown in Table S2.

Lastly, the algorithm for parameter estimation also uses this bound to on ||A]l;.

Here ng is the number of rows and [ is the number of columns in B.

A l emma:c
||AH1 < 2n_0 m pmax(pma:p + 3) (818)

Algorithm 2: Parameter estimation for autoexpm method

1 Given: tol, Myaz, Pmaz

2 if If Eq. S18 s satisfied then

3 | M= afgmmlngmmazmH|A||1/9m1

a | s=T|[All/0n]

5 else

6 Let m, be the smallest m achieving the minimum in Eq. S16
7 | 5= maz(Cy,, (A)/m,, 1)

m 5 10 15 20 25 30 35 40 45 50 55
half 8.1 x 107! 2.3 3.8 5.3 6.8 8.2 9.7 1.1 x 10" 1.3 x 10" 1.4 x 10" 1.5 x 10!
single [2.3 x 107! 1.0 2.2 3.6 49 63 77 91 1.1x10" 1.2x 10! 1.3 x 10
double|2.4x 1073 1.4 x 107! 6.4x 107! 1.4 24 35 47 6.0 7.2 8.5 9.9

Table S2: Selected constants 6,, for tolerances of half (tol = 2710, single (tol = 272*) and
double (tol = 27°3) precisions.

A more in depth discussion of the theory behind the algorithm can be found in Ref.
[9]. The an open-source implementation of a more general method of the algorithm can
be found here:
https://github.com/higham /expmv
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4 Implemented Tasks and Perfomance in MolSpin

Table S3 illustrates the available tasks and their respective perfomance as currently im-
plemented in Molspin. Different methologies are available for time-independent and time-
dependent Hamiltonians. For more information we refer to the user manual which can be

found at Ref. [10].

Table S3: Available tasks and properties in MolSpin to use the SSE method. The tasks
are divided into two Hilbert Space (HS) regimes: StaticHS (time-independent Hamil-
tonian) and DynamicHS (time-dependent Hamiltonian). Furthermore, direct (Direct)
and stochastic (Stoch) methods are available for quantum yields (Yields) and pure time-
evolution of spin states (TimeEvo). Type: Describes what can be calculated, which
is either the time-evolution (TE) or quantum yields (QY). TD (Time-Dependency):
Describes if the method can be used with time-dependent interactions. All of the meth-
ods utilize Haberkorn reaction operators for describing radical reactions. Memory and
speed: The memory and calculation scaling of a task class, which for most task types
scales exponentially with system size. M is the number of Monte Carlo samples and Z
is the size of nuclear spin subspace. Error: describes the error in the final results of
simulations. Fzact means that there are no errors in calculations and the scaling was
given only for SU(Z) spin states. In the case of coherent spin states, the scaling would be

O(1 vM).)

Task class Type TD Memory Speed Error
StaticHS- QY No O(Zlog(Z)) O(NMZlog(Z)) O1/VMZ)
StochYields

StaticHS- TE No O(Zlog(Z)) ONMZlog(Z)) O(1/VMZ)
StochTimeEvo

StaticHS- QY No 0O(Zlog(Z)) O(N:Z*1og(Z)) Exact Method
DirectYields

StaticHS- TE No O(Zlog(Z)) O(N;Z*log(Z)) Exact Method
DirectTimeEvo

DynamicHS- QY Yes O(Zlog(Z)) O(NMZlog(Z)) O(1/vVMZ)
StochYields

DynamicHS- TE Yes O(Zlog(Z)) O(N:MZlog(Z)) OQ/VMZ)
StochTimeEvo

DynamicHS- QY Yes O(Zlog(Z)) O(N:Z*log(Z)) Exact Method
DirectYields

DynamicHS- TE Yes O(Zlog(Z)) O(N,Z*log(Z)) Exact Method
DirectTimeEvo
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5 Comparison of Stochastich Schrodinger Equation
with Bloch-Redfield-Wangsness Theory (550 ns)

In recent years, various theoretical approaches have been employed to investigate the
impact of spin relaxation of radical pairs in biological systems [6, 7, 11, 12]. One approach
gaining considerable attention is the phenomenological Lindblad operator, owing to its
ease of application. It primarily requires relaxation rates, which can be derived from
experimental data or theoretical computations [6]. However, these methods often lack
a detailed microscopic physical representation of the actual movements and magnetic
interactions of the radicals.

An alternative approach, called Bloch-Redfield-Wangsness (BRW), provides a quan-
tum master equation characterizing the interaction between a spin system and its environ-
ment as a perturbation introduced through stochastic functions [6, 11, 13]. Furthermore,
it can include time-dependent trajectories generated by the previously mentioned multi-
scale approach. The theory is derived by splitting the Hamiltonian H into a system part
P:Is and an environment part [—A[Env coupled by a time-dependent interaction Hamiltonian
Hl(t)i R R R R

H = H5+HEnv+H1(t). (819)

The goal of BRW theory is to neglect the explicit description of the environment dynamics,

Hrne, focusing instead on the spin dynamics of the system. It modifies H; in a manner

that allows all time-dependence to be described by a simpler stochastic coupling function.
BRW is based on three assumptions, namely:

1. Assuming that the ensemble-averaged expectation value of the interaction operator
Hj is zero.

2. The environment of the spin system is unaffected by the dynamics of the spin system.

3. The time-dependent perturbation has a significantly lower amplitude than the static
Hamiltonian Hg [13].

Several writings detail the full derivation of the BRW master equation [6, 7, 11, 13].
The final equation of motion to solve can be written in Liouville space as:

do(t LA 2, P A
W) —iFp(t) — Kolt) + Rari(t) = Li(), (520)

where Rpp denotes the Redfield relaxation superoperator, which can be formally formu-
lated in the interaction picture (subscript I) as

Rnrpr(t) --3 / A9 (D Ara(), Ars(t = 7)pu (1)

- ga,g(T) [Ara(t), pr(t)Ars(t — 7)), (521)

where A ,(t) are spin system operators (i.e. Si,, S1,), and ga g(7) is a correlation function
condensing the fluctuations of the environment with the lag time 7 as:

9o5(1) = (ba(t)|bs(t + 7)), (522)
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with b, (t) being the coupling parameters of interaction that are modulated by stochastic
fluctuations and defined through the stochastic part of the Hamiltonian:

A(t)—H=ba(t)Aa. (S23)

Here, H is the static part of the Hamiltonian, from which an eigenbasis is used to bring
Eq. S21 into an explicit form. The correlation function can be transformed into spectral
densities Jug(wWimn) [6]:

Jag(wmn):/o dTgaﬁ(T)ei“m“, (S24)

where w,, = w,, — w, are the eigenvalue differences between states |m) and |n) of the
static Hamiltonian [6, 11].

It is assumed that the correlation function decays rapidly in an exponential form,
allowing the solution of the spectral density integral as:

1) = 901 =00 (15 + s ) (525)

_l’_
- —iw 14+ w?r? 1+ w?r?

with ¢(0) being the amplitude of the correlation function. Kattnig et al.[6, 11] showed
that the correlation function of complex situations, such as the motion of atoms in pro-
teins, cannot be accurately described by a single exponential correlation function. A
more realistic description is achieved by constructing the spectral density from a linear
combination of correlation functions:

T = 3 0f0) 7, (520)

q

This formalism can now be used to describe the induced spin relaxation explicitly within
the BRW theory using Molecular Dynamics (MD) data, which employs correlation func-
tions to capture stochastic fluctuations. A comparison of this approach with the SSE
formalism is made to evaluate the advantages and limitations of both methods in describ-
ing spin relaxation.

A simplified spin system of a radical pair within a cryptochrome protein from the
European robin, coupled to the N5 nucleus of the FAD, is used for comparison (see
Fig. S6a). To describe spin relaxation effects through motion similar to previous works,
specific degrees of freedom were extracted from a MD simulation. These are thought to
significantly influence the spin dynamics of the radical pair. Earlier studies found that
the librational motion of the FAD*~ radical and fluctuations in the dihedral angle 2 (Fig.
S6a, green) have a significant effect on the hyperfine coupling of nuclei, which reduces the
anisotropy of the singlet yield [11].

The geometry of FAD®*™ was extracted from 550 ns (500 fs time steps) taken from
the MD trajectory (the data was provided by Gesa Griining [14]). The hyperfine tensors
for selected motions were calculated using density functional theory (B3LYP/EPR-II)
employing Gaussian 09 [15]. The hyperfine tensors calculated for specific dihedral angles
and librational angles are mapped to the frames of the MD trajectory to produce a time-
dependent trajectory of the hyperfine tensor under the influence of these two specific
motions. The procedure is discussed in detail by Kattnig et al. [6, 11]. The amplitudes
9(0), and the corresponding correlation times 79 can be directly used in MolSpin, which
computes the spectral density automatically [6].
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Figure S6: a) Schematic representation depicting the included nucleus, the dihedral angle
Q, and librational motion around all axes (shown in green). The magnetic field B (50
pT) is rotated in the xz-plane through an angle . The radical pair is initialized in
a singlet state. The N5 nucleus is included to model the motion-modulated hyperfine
interaction, with the hyperfine tensor rotated in the eigenframe of the N5 nucleus. The
static part of the hyperfine tensor is chosen to be the average of all frames within the
MD trajectory; all parameters are taken from Griining et al. [14]. b) Selected correlation
functions for elements in the hyperfine coupling tensor extracted from a 550 ns MD
trajectory. Notably, cross-terms including z-components exhibit the strongest correlation,
a well-known phenomenon in FAD due to the hyperfine coupling primarily occurring
perpendicular to the FAD plane (z-axis) [6, 11, 14]. ¢) A comparative analysis of the
static quantum yield ®g, the SSE method with an explicit description of fluctuations over
a 550 ns trajectory, and BRW results incorporating all 81 correlation functions. Two
different reaction rate constants (found in brackets and in ns™') were chosen. For the
slower reaction rate constant (0.001 ns~') the SSE method uses the correction factor
described in Section 2.4.

Fig. S6b illustrates exemplary correlation functions of the 3x3 hyperfine tensor in
the nucleus principal axis system. The mean of the hyperfine coupling elements was
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subtracted (see Eq. S23) to only consider the time-dependent fluctuations. As observed,
cross-correlations, such as zxxz (Fig. S6b), which incorporate coupling components with
z-axis character, are significant and must be considered in the spin relaxation procedure,
as previously described by Kattnig et al.[11]. The strong fluctuation of the N5 hyperfine
tensor in the z-direction (orthogonal to the FAD®*~ plane) is a known feature [6], also found
in the N10 nucleus [6, 11]. Furthermore, it can be observed (i.e. for zzyz) that the 550
ns MD trajectory might be to short for smoothly decaying correlation function fits which
may lead to inaccuracies in the fitting procedure for BRW theory. In general, longer MD
trajectories are required to accurately describing the spin relaxation effects [12]. For the
fitting procedure of these correlation functions, 50 exponential functions (logarithmically
spaced lag times 7 from 0.005 to 300 ns) were taken to extract amplitudes ¢g(0). These
amplitudes are then modulated by the covariance of the two involved coupling elements.
The modified amplitudes and lag times 7 are used for each of the 81 relaxation terms to
construct the Redfield tensor.

For the explicit description of the time-dependent fluctuation of the N5 hyperfine cou-
pling tensor in the framework of SSE, the 1,100,000 frames were averaged over consecutive
5-ns intervals, using the average hyperfine tensor for each 0.5 ns time frame. It was found
that faster motions do not drastically influence the spin dynamics and can be neglected
here (see SI, Section 5.1). Furthermore, for lifetimes longer then 550 ns the previously
discussed quantum yield correction for integration was used due to the missing of longer
MD data.

In both the BRW and SSE scenarios, the static component of the N5 hyperfine coupling
with one electron is averaged over the entire MD trajectory, and calculations are performed
in the N5 nucleus eigenframe. The radical pair originates in a singlet state, with reaction
rate constants kg and kr set to 0.001 and 0.002 ns™!, respectively. The magnetic field,
B , is set to 50 pT, initially parallel to the z-axis and then rotated 180° around the y-axis,
as illustrated in Fig. S6a.

Fig. S6¢c compares the singlet quantum yields of both relaxation methods (circles =
BRW, triangles = SSE) against the static spin dynamics (solid lines). It is evident that
spin relaxation decreases the overall quantum yield compared to the static scenario in both
cases. However, the SSE method induces stronger spin relaxation than the BRW method,
particularly at 0.002 ns~!. At a reaction rate constant of 0.001 ns~! (blue curves), both
BRW and SSE curves align well, indicating similar relaxation effects.

Despite the sensitivity of the BRW approach to the correlation function fitting pro-
cedure and the use of the discussed extrapolation method for SSE in the slow reaction
rate constant case, the relaxation effects observed are consistent. The SSE approach, as
implemented, effectively describes complex spin relaxation mechanisms extracted from
multi-scale MD/QM data. Contrary to the BRW approach, it does not treat the mag-
nitude of time-dependent perturbation as a limiting factor for including spin relaxation,
resulting in a more versatile model. However, it necessitates longer MD trajectories for
slow reaction rate constants (long lifetimes), as evidenced in Section 1 of the SI. It was
demonstrated that to achieve accurate results with the correction factor, integration times
must be at least 2.3 times the lifetime. Therefore, the SSE result for a reaction rate con-
stant of 0.001 ns~* should be considered cautiously.

Similarly, the MD trajectory length is pivotal for accurately capturing spin relaxation
effects within the BRW theory. It is also important to note that the BRW theory may not
be suitable in specific scenarios due to its perturbative-Markovian method foundation [6].
Specifically, the theory may become invalid when spin dynamics of the system becomes
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Figure S7: Calculation of quantum yield of a radical pair with 14 nuclei spins involved
using the SSE method with and without spin relaxation due to motion-modulation of
hyperfine interactions (HFI). Similar parameters to Fig. S6 were used. However, here 14
HFIs were included (see SI 5.2). For the static part of the HFI's the average of the time
trajectory extracted from MD (550 ns) simulations is used for each nucleus. The reaction
rate constants are kg = 10us™!, kr = 10us™!

faster. In such situations, alternative theories like the Nakajima-Zwanzig approach have
been proven to yield superior results [7].

Having successfully compared the SSE approach with another spin relaxation theory
using MD data, it is now possible to investigate the influence of spin relaxation on cryp-
tochromes for a larger number of nuclei. For this, again, the MD trajectory of Griining
et al. for the motion of dihedral and librational angles is used [14]. Figure S7 illustrates
the singlet quantum yield for the cryptochrome radical system of European robin from
FAD and Trp (similar to Fig. S6) when including in total 14 different nuclei. The chosen
nuclei and average hyperfine coupling tensors can be found in the SI, Fig. 5.2.

In the here presented simulation, however, a shorter lifetime of the radical pair is
used because only 550 ns MD trajectory are available and no correction factor should be
used for this example. The example should only server as an illustration, that the SSE
approach can straight-forwardly include many time-dependent interactions using .mst-files
extracted from MD/QM calculations. Thus, the reaction rate constants of kg = 10us™?,
kr = 10us™! are chosen. Additionally, the applied magnetic field was set to 1 mT which
in alignment with the new lifetime of the radical pair to observe a magnetic field effect.
For all hyperfine tensors spin relaxation is considered similar to the N5 case in Fig. S6.

Similar to previous work, the overall anisotropy of the singlet quantum yield decreases
(Fig. S7 static) when including more nuclei to the spin system [14]. After the consideration
of motion-induced spin relaxation through all hyperfine interactions, the overall singlet
quantum yield drops significantly. Thus, spin relaxation still plays a major role when
dealing with big spin systems and MD trajectories can be used to describe the complex
relaxation mechanisms within a protein
To further provide more insight into this feature, we will investigate a radical pair of FAD
and Trp within the Eurpean robin cryptochrome using 1 ps MD simulations to not only
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consider two degrees of freedom such as illustrated here, but all of the motions perturbing
the HFI. Furthermore, dipolar coupling will be included, as its importance was stated
previously.
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5.1 Selection of Time Step for Molecular Dynamics Data (550
ns)

The MD data for the [FAD'_ TrpH'+] radical pair in a protein environment, detailed
section 5, was obtained with a time step of 500 fs. Incorporating all of these frames
into spin dynamics calculations is both resource-intensive and unnecessary. It is crucial
to select a time step that adequately captures all significant motions affecting the spin
dynamics of a radical pair with a lifetime on the order of 1us or several orders of magnitude
more or less. Hence, this section analyses the appropriate choice of a time-step for this
system to yield accurate results.

This requisite time step was estimated by calculating singlet yield graphs for a four
spin system as described in the previous section (Section 1) with varying time steps
for the fluctuation of hyperfine parameters. The system included N5, N10 hyperfine
interactions for the FAD radical, and H 3;, H 3> hyperfine interaction for the TrpH radical.
The labels and average hyperfine interactions of these atoms are provided in Section
S5.2 of the SI. In the static case, averaged hyperfine interactions are used, while in the
dynamic case, the hyperfine interaction parameters were time-dependent and extracted
from MD trajectories. The symmetric recombination rate was set to kg = 10 us™!, and
the magnetic field strength was |B| = 1mT, with no coupling terms between electron
spins. The total simulation time was 550 ns, sufficient to sample the singlet yield values
of a radical pair with a 100 ns lifetime. The direct method, which provides singlet yield
values without any approximations, was employed. The selected time step values were
dt =0.5ns; 0.1ns; 0.05ns; 0.01ns. The graphs for the static and various dynamic cases
are depicted in Fig. S8.

It is concluded that dt = 0.5ns is adequate for modelling this MD data applied to
the spin dynamics of the radical pair. To confirm this, a 14-nuclear spin system was also
calculated, incorporating all hyperfine interactions to examine the time-dependent effects
on the singlet yield.

This 14-nuclear spin radical pair is described in Section 5.2. The static case utilize the
average hyperfine interactions outlined in that section, while the dynamic case involve all
14 nuclei following the trajectory of the MD data. Different time steps are employed to
model the data, with the symmetric recombination rate set to kg = 10 us~!, the magnetic
field strength at |B| = 1mT, and no coupling terms between electron spins. The total
simulation time is 550 ns. The stochastic method is used, with M C' = 5 states employed
for calculating dynamics. The results are displayed in Fig. S9. For the illustrated scenario
as well, dt = 0.5ns is found to be sufficient for modelling the system. Therefore, a time
step of dt = 0.5ns will be used for calculations involving the 550 ns MD trajectory.

521



0.42 -
- -Static
” \ —dt=0.5ns
0.401 —dt=0.1ns /’
—dt =0.05 ns
O N —dt=0.01ns
2 0.38
< 0.
E
20.36 -
n
0.34 -
0.32 : . ; s
0 /4 /2 3n/4 T

Theta / rad.

Figure S8: Singlet Yield &g vs angle 6 graphs for the 4-spin system described in the text.
The static case without time-dependent interactions in H (t) is represented by the black
dashed line, while the other lines correspond to interactions that varied with different
time step dt values.
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Figure S9: Singlet Yield ®¢ vs angle 6 graphs for the 14-spin system described in the text.
The static case without time-dependent interactions in H (t) is represented by the black
dashed line, while the other lines correspond to interactions that varied with different
time step dt values.
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5.2 Averaged Hyperfine Interactions for MD calculations (550
ns)

In this section, we present averaged hyperfine interaction tensors that were constructed
from molecular dynamics data. The hyperfine data for FAD®*™ radical is presented in
Table S4 and data for TrpH*' is presented in Table S5. Structures of both of these
radicals together with atom labels are shown in Fig. S10.

Table S4: Averaged Hyperfine Tensors for FAD®*™ radical. Data was taken from 550 ns
molecular dynamics trajectory of cryptochrome protein. Each of the hyperfine tensor was
rotated to the the frame of N5 of FAD®*™. FAD®™ structure and labels of each atoms can
be seen in Fig. S10a

Atom Hyperfine Tensor /A
—0.0936 0 0
N5 0 —0.0840 0 mT
0 0 1.8807

0.0221 —-0.0120 —0.0812
N10 —0.0120 0.0164  0.0479 | mT
—0.0812 0.0479  0.6850

—0.2519 —0.1238 0.0014
H6 —0.1238 —0.4087 —0.0004 | mT
0.0014 —0.0004 —0.4090

0.1212  —0.0575 0.0308
Hp, —0.0575 0.1564 —0.0391 | mT
0.0308 —0.0391 0.0823

0.5918 0.0302 0.0110
Hg, 0.0302 0.6695 0.0258 | mT
0.0110 0.0258 0.5890

—0.0047 —0.0239 0
HS, —0.0239 0.0727  0.0017 | mT
0 0.0017  —0.0078

0.6153  0.0292 —0.0092
HS; 0.0292  0.6968 —0.0247 | mT
—0.0092 —0.0247 0.6132
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Table S5: Averaged Hyperfine Tensors for TrpH**t radical. Data was taken from 550 ns
molecular dynamics trajectory of cryptochrome protein. Each of the hyperfine tensor was
rotated to the the frame of N5 of FAD®*~. TrpH*" structure and labels of each atom can

be seen in Fig. S10b.

Atom Hyperfine Tensor / A
0.2784 —0.1152 0.0349

HB, —0.1152  0.2505 —0.0144 | mT
0.0340 —0.0144 0.1536
1.2805 —0.0282 0.1112

Hp, —0.0282 1.2083 0.0032 | mT
0.1112  0.0032 1.3298
—0.8471 0.0489 —0.0942

HD, 0.0489 —0.2943 0.2469 | mT
—0.0942 0.2469 —0.5479
—0.3039 0.2069  0.2781

HE, 0.2069 —0.6888 0.0419 | mT
0.2781  0.0419 —0.3646
—0.3705 0.0700  0.1894

HE; 0.0700 —0.7662 —0.0660 | mT
0.1893 —0.0660 —0.5116
—0.4729 —-0.1917 —0.1287

HH, —0.1917 —-0.2737 —0.0019 | mT
—0.1287 —0.0019 —0.5365
0.0831  0.1647 —0.2668

NE; 0.1647  0.0756 —0.2784 | mT
—0.2668 —0.2784 0.3663

524



o HB4, HB, HE;

] N HB, HSC\CHQ H
H81, H82, H83 N10 | 2 HD3 H
H,C NN o) H /
\( HH;
T N N H
H,C N H /" NE;
H N0 H H
H6 HE,

(a) (b)

Figure S10: Molecular structures and labeled atoms of a) FAD*™ and b) TrpH*" radicals
according to the MD data of Griining et al. [14].

All of the hyperfine tensors were rotated to the frame of N5 with only diagonal elements
by:
Ary = RTAR (S27)

R is the matrix of eigenvectors of A(N5):

0.8216 —0.1777 —0.5417
R=| 03158 0.9329 0.1730 (S28)
—0.4746  0.3132  —0.8226

N5 hyperfine tensor before diagonalization was:

0.4860 —0.1866  0.8792
A(N5) = [ —0.1866 —0.02619 —0.2782 (S29)
0.8792 —0.2782  1.2433
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6 Time-step choice for Electronic Structure Calcula-
tions (953 ns)

In SI sections 5, 5.1, and 5.2 we have analysed time-dependent hyperfine interactions
from MD data that only had rotational motions. This data was required for an accurate
comparison with the BRW theory since any other more complicated motion would much
harder and/or infeasible to model with BRW theory.

Nonetheless, in order to showcase the capabilities of the SSE method, we have also
produced a longer MD trajectory (with total time of 953 ns) and used hyperfine interac-
tions in simulations that were calculated with DFT in each frame. Hence, the simulation
with these hyperfine interactions would include all motions, i.e. rotations, translations
and vibrations. In contrast, the previous data set had hyperfine interactions that were
rotated according to the MD trajectory from a single initial DFT calculation. This sec-
tion overviews the choice of the time step of the simulation that was sufficient to include
all interactions. It is an important parameter to estimate correctly because calculating
hyperfine interactions with DFT for each 500 fs frame of the MD trajectory would be
too expensive and unnecessary to capture accurate spin dynamics. Hence, we wanted to
choose the highest time step that would not compromise the accuracy of the simulations.

We have chosen to simulate the first 10 ns of the MD trajectory with different time
steps dt = 500 fs, 1 ps, 5 ps, 10 ps, 50 ps, 100 ps, 200 ps, 500 ps and plot singlet
survival probability against time to see at which dt the plots diverge. Simulating 10 ns
with dt = 500 fs already required 20000 DFT calculations of both FAD and TRP radicals.

In Fig. S11 we see plots of singlet survival probability versus time for a 4 spin system
with different time steps dt. This system included N5, N10 nuclear spins for FAD®*~
radical, and N1, H1 for TrpH*" radical, as described in Section 7. |B| = 1 mT and was
aligned along the z-axis. The recombination rate was k = 10 us™'. Moreover, a time-
dependent dipolar interaction was included in the calculations that was computed from
the MD trajectory.
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Figure S11: Singlet survival probability versus simulation time graphs for the 4-spin
system described in the text. The simulations were done with different time step dt to
gauge what time-step is sufficient to model radical pair processes with the described MD
data.
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From this data, it can be concluded that dt = 500 ps most likely does not capture
all the motions and dt = 200 ps was sufficient to model this system accurately. This is
a surprising result since vibrations are known to have a shorter time scale for which the
determined time step would be too long to capture these motions effectively. We believe
that either singlet survival probability is not affected by the faster motions and/or that
the hyperfine interactions do not significantly change due to vibrations. Moreover, it
would have been more accurate to compare longer simulation times because maybe some
effects would only be visible for longer trajectories. This, as mentioned before, is not
computationally feasible due to the many DFT calculations that are required to do and
would require additional strategies. Also, this publication serves as an introduction of new
MolSpin capabilities and methods, and does not aim to fully analyse these results which
will be done in subsequent publications aimed at analysing short time scale motion effects
on spin dynamics of radical pairs in a protein environment. We will use dt = 50 ps for
further simulations to ensure capturing all important motions of the spin interaction while
still being computationally feasable. Note, that the calculations of hyperfine interaction
for the 0.953 us MD trajectories and 50ps step size led to the calculation of 19,060 quantum
chemical calculations including a geometry optimization of the saturation Hydrogen and
the calculation of hyperfine coupling tensors using the Gaussian16 software [15].
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7 Average Hyperfines from MD data (953 ns)

This section includes average hypefine interactions and the average dipolar interaction for
953 ns trajectory MD data. The hyperfine interactions in this data set were computed
with DFT for each 50 ps time frame. Average hyperfine interactions are displayed in
Tables S6 and S7.

The average dipolar tensor:

0.446 0.386  0.123
D=1038 —0.136 0.061 mT (S30)
0.123 0.061 —0.309

Table S6: Averaged Hyperfine Tensors for FAD®*™ radical. Data was taken from 953 ns
molecular dynamics trajectory of cryptochrome protein. FAD®*™ structure and labels of
each atom can be seen in Fig. S12.

Atom Hyperfine Tensor / A

0.520 —-0.173 0.773
N5 —-0.173 0.044 —0.243 | mT
0.773 —0.243 1.143

0.182 —0.052 0.254
N10 —0.052 0.021 —0.070 | mT
0.254 —0.070 0.392

—0.243 —-0.047 —-0.101
H6 —0.047 —-0.440 0.016 | mT
—0.101 0.016 —0.343

0.140 —0.030 —0.054
H8, —-0.030 0.138  0.043 | mT
—0.054 0.043  0.166

0.394 —-0.004  —0.001
H8, —0.004  0.467 0.016 mT
—0.001 0.016 0.39743516

0.392 —-0.004 —-0.001
H83 —0.004 0.465 0.016 | mT
—0.001 0.016  0.395

0.396 —0.004 —0.001
Hpj, —0.004 0.468 0.016 | mT
—0.001 0.016  0.399
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Table S7: Averaged Hyperfine Tensors for TrpH**t radical. Data was taken from 953 ns
molecular dynamics trajectory of cryptochrome protein. TrpH®" structure and labels of

each atom can be seen in Fig. S12.

Atom Hyperfine Tensor / A
0.527 0.358 0.293

N1 0.358 0.291 0.214 | mT
0.293 0.214 0.226
—-0.664 0.180 —0.013

H1 0.180 —0.507 —0.340 | mT
—0.013 —0.340 —0.046
—0.384 —0.207 0.096

H2 —0.207 —0.168 —0.031 | mT
0.096 —0.031 —0.589
—0.650 0.167 —0.115

H4 0.167 —0.708 —0.153 | mT
—0.115 —0.153 —0.345
—0.201 —-0.137 —0.046

H6 —0.137 —0.240 0.119 | mT
—0.046 0.119 —-0.355
—0.421 0.104 —-0.091

H7 0.104 —-0.427 —0.122 | mT
—0.091 -0.122 —-0.196
0.228 —0.053 —0.089

Hp, —0.063 0.196 0.044 | mT
—0.089 0.044  0.269

Structures of both radical with atoms labels are shown in Fig. S12.
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Figure S12: Molecular structures and labeled atoms of a) FAD*™ and b) TrpH*" used for

MD data (953 ns) modelling..
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8 MolSpin Features & Input Files

This section contains the input files we have used for various simulations presented in this
article, that would enable another user new to MolSpin to try and test out the methods
themselves.

8.1 Format of .mst Files

The MolSpin trajectory (mst) files are used to integrate complex time-dependencies into
a spin dynamics calculation. The files are constucted in a ways that either specific interac-
tions or reactions rates can be adjusted with time-dependencies. The following example
shows a .mst file for an N5 nucleus in its eigenframe extracted from the 550 ns MD
simulation, when only modulating the A,, component of the hyperfine coupling tensor:

T QO N =

S0~

time mat.xx mat.xy mat.xz mat.yx mat.yy mat.yz mat.zx mat.zy mat.zz

¥y
0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00185977
0.05000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00188710
0.10000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00188667
0.15000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00188617
0.20000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00188876
0.25000000 -0.00009359 0.00000000 0.00000000 0.00000000 -0.00009359 0.00000000 0.00000000 0.00000000 0.00188732

The first column is the time which will be set in nanoseconds while the nine following
row describe the time-dependencies of the nine hyperfine tensor elements. As can be
observed only the A,. component is altered. MolSpin is recognizing the format of the
.mst file through the first line. There are many other forms that can be used to include
complex time-dependencies for field fluctuations, reaction rate fluctuations or fluctuations
of principal components of certain coupling tensors. More details can be found in the
manual.

Each .mst file can be attributed to a specific object via the trajectory keyword:

[S TN

[=lieoEN ]

e
W~

lyperfine interactions
Interaction FADHYP1
{

IgnoreTensors = true;
CommonPrefactor = false;
type = hyperfine;

groupl = E1;

group2 = FADNS5;

tensor = trajectory("motion
trajectory = "motions_azz_ 0

azz005ns.mst");
s.mst";

8.2 12 Nuclear Spin System

The template for running the 12 nuclear spin radical pair system of [FAD'_ TrpH'ﬂ
that was used to compare the accuracy of the stochastic method to full dynamics method
that utilizes diagonalization (described in Ref. [16]). This is an example template for a
simulation with MC' = 1 and this variable should be adjusted to other values if needed.
The calculations done in the article had this number ranging from 1 to 50.

T LN O ©0 00 ~T O U LI N

e

SpinSystem systeml
{

Electrons
Spin El1 {type
Spin E2 {type

1/2; tensor
1/2; tensor

isotropic(2.0023);}
isotropic(2.0023);}

electron; spin
electron; spin

Nitrogens
Spin FADN5 {type nucleus; spin

= }
Spin FADN1O{type = nucleus; spin

1; tensor = isotropic(l
1l;tensor = isotropic(l)
)

- ),i
it

i

Spin TRPN1 {type = nucleus; spin = 1l;tensor = isotropic (1l
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// th“ ns

Spin FA] H6 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin FADH81 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin FADH82 {type = nucleus; spin = 1/2;tensor isotropic(l);}

Spin FADH83 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin FADHbeta {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin TRPH1 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin TRPH2 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin TRPH4 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

Spin TRPH6 {type = nucleus; spin = 1/2;tensor = isotropic(l);}

/7

/7

//

Interaction Zeemanl {prefactor= le-3; type = zeeman; field = "0.0 0.0 1.0"; spins = El;}

Interaction Zeeman2 {prefactor= le-3; type = zeeman; field = "0.0 0.0 1.0"; spins = E2;}

//

//

/’//

Interaction FADHYP1 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADN5; tensor = matrix("-0.0989, 0.0039,
0.0; 0.0039, -0.0881, 0.0; 0.0, 0.0, 1.7569");}

41 Interaction FADHYPZ {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADN10; tensor = matrix("-0.0190, -0.0048,
0.0; -0.0048, -0.0196, 0.0; 0.0, 0.0, 0.6046");}

42 Interaction FADHYP3 {prefactor = le 3; type = hyperfine; groupl = El; group2 = FADH6; tensor = matrix("-0.2569, -0.1273,
0.0; -0.1273, -0.4711, 0.0; 0.0, 0.0, -0.4336");}

43 Interaction FADHYP4 (prefactor = le-3; type = hyperfine; groupl = El; group2 = FADH81; tensor = matrix("0.4399, 0.0, 0.0;
0.0, 0.4399, 0.0; 0.0, 0.0, O. 4399")'}

44 Interaction FADHYP5 {prefactor = -3; type = hyperfine; groupl = El; group2 = FADH82; tensor = matrix("0.4399, 0.0, 0.0;
0.0, 0.4399, 0.0; 0.0, 0.0, O. 4399")'}

45 Interaction FADHYPG {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADH83; tensor = matrix("0.4399, 0.0, 0.0;
0.0, 0.4399, 0.0; 0.0, 0.0, 0.4399");}

46 Interaction FADHYP7 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADHbeta; tensor = matrix("0.4070, 0.0,

0; 0.0, 0.4070, 0.0; 0.0, 0.0, O. 4070“)'}

47

48 Interaction TRPHYP1 (prefactor = le-3; type = hyperfine; groupl = E2; group2 = TRPN1l; tensor = matrix("-0.0336, 0.0924,
-0.1354; 0.0924, 0.3303, -0.5318; -0.1354, -0.5318, 0. 6680") }

49 Interaction TRPHYP2 {prefactor = 1e73; type = hyperflne, groupl = E2; group2 = TRPH1l; tensor = matrix("-0.9920, -0.2091,
-0.2003; -0.2091, -0.2631, 0.2803; -0.2003, 0.2803, -0.5398");}

50 Interaction TRPHYP3 {prefactor = le 3; type = hyperflne, groupl = E2; group2 = TRPH2; tensor = matrix("-0.2843, 0.1757,
0.1525; 0.1757, -0.2798, 0.0975; 0.1525, 0.0975, -0.2699");}

51 Interaction TRPHYP4 {prefactor = le-3; type = hyperfine; groupl = E2; group2 = TRPH4; tensor = matrix("-0.5596, -0.1956,

0.1657; 0.1956, 0.4020, 0.0762; -0.1657, 0.0762, -0.5021");}

52 Interaction TRPHYP5 {prefactor = 1e 3; type = hyperfine; groupl = E2; group2 = TRPH6; tensor = matrix("-0.0506, 0.0622,
0.0889; 0.0622, -0.3100, -0.0297; 0.0889, -0.0297, 0.2642");}

53

54 //

55 //

5() //

57

58 Interaction Dipolar {prefactor = 2.0023e-3; IgnoreTensors = true; type = doublespin; groupl = El; group2 = E2; tensor =
matrix("-0.382276, 0.292979, -0.146796; 0.292979, -0. 652190 0. 229243 fO 146796, 0.229243, -0.309528");}

59 // We the tensor vari ak‘ > from ’h” Spin ob o only account for one ue
for conversion f Tesla i rad/ns (MolSpin mu ommonPrefactor (Bohr Mag if
not set to false

60

61 [/

62 // Spin States

63| /) e

64

65| State Singlet {spins(El,E2) = [1/2,-1/2> - |-1/2,1/2>;}

66 State TO {spins(El,E2) = |1/2,-1/2> + |-1/2,1/2>;}

67 State Tp {spin(E2) = [1/2>; spin(El) = |1/2>;} // |T+>

68 State Tm { spin(E2) = |-1/2>; spin(El) = |-1/2>;} // |[T->

69 State Identity {}

70

71 [ e

72 // Transitions

73 //

74

75 Transition Productl {type = sink; source = Singlet; rate = le-3;} // in 1/ns

76 Transition Product2 {type = sink; source = T0; rate = 3;}

77 Transition Product3 {type = sink; source = Tp; rate = le 3;}

78 Transition Product4 {type = sink; source = Tm; rate = le73;}

79

80| }

81| // - - -

82| Settings

83| {

84 Settings general {steps = 51; notifications = details;}

85

86 [/ —mmm e

87 // Actions

88 //

89

90 Action scanl {type = rotatevector; vector = systeml.Zeemanl.field; axis = "0 1 0"; value = 3.6;}

91 Action scan2 {type = rotatevector; vector = systeml.Zeeman2.field; axis = "0 1 0"; value = 3.6;}

92

1

94 // Outputs objects

95 /) ——————— - -

96

97 Output orientationl {type = vectorangle; vector = systeml.Zeemanl.field; reference = "0 0 1";}

?8 Output orientation2 {type = vectorangle; vector = systeml.Zeeman2.field; reference = "0 0 1";}

991 }

100 // ===

101| Run

102] {

103 Task Staticl2SpinSystem {type = "statichs-stoch-yields"; logfile = "staticyield_12spins.log"; datafile =
"staticyield_12spins.dat"; transitionyields = true; initialstate = singlet; samplingmethod = "SUZ"; autoseed = false;
seed = 2.0; montecarlosamples = 1; epsilon = 0.001; timestep = 4; propagationmethod = "autoexpm"; precision =
"single"; yieldcorrections = true;}

104}

8.3 20 Nuclear Spin System

This input template was used to calculate the spin dynamics of the 20 nuclear spin
system of [FAD'_ TrpH'ﬂ, to highlight the computational capabilities of the method.
The actual calculation was done by calculating each 6 point separately in the cluster just
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for the reason that the whole computation could be finished faster than running it on one
node for a long period of time.

é SpinSystem systeml
2] {
3 /) e
4 // Spins
5 /1
6
7 //
8 Spin E1 (type = electron; spin = 1/2; tensor = isotropic(2.0023);}
I? Spin E2 {type = electron; spin = 1/2; tensor = isotropic(2.0023);}
)
11 // Nitrogens
12 Spin FADN5 {type = nucleus; spin = 1; tensor = isotropic(l);}
13 Spin FADN1O {type = nucleus; spin = 1; tensor = isotropic(l);}
14
15 Spin TRPN1 {type = nucleus; spin = 1; tensor = isotropic(l);}
16
17 /
18 Spin FADH6 (type = nucleus; spin = 1/2; tensor = isotropic(l);}
19 Spin FADH81 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
20 Spin FADH82 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
21 Spin FADH83 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
22 Spin FADHbetal {type = nucleus; spin = 1/2; tensor = isotropic(l);}
23 Spin FADHbeta2 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
24 Spin FADH71 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
§5 Spin FADH72 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
26
27 Spin TRPH1 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
28 Spin TRPH2 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
29 Spin TRPH4 {type = nucleus; spin = 1/2, tensor = isotropic(l);}
30 Spin TRPH6 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
31 Spin TRPH7 {type = nucleus; spin = 1/2; tensor = lsotroplc(l),)
32 Spin TRPHbetal {type = nucleus; spin = 1/2; tensor = isotropic(l);}
33 Spin TRPHalpha {type = nucleus; spin = 1/2; tensor = isotropic(l);}
34 Spin TRPNasterisk {type = nucleus; spin = 1; tensor isotropic(1);}
%5 Spin TRPHbeta2 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
36
37 [/ ==
38 // Zeeman interaction
39 //
40
41 Interaction Zeemanl {prefactor= le-3; type = zeeman; field = "0.0 0.0 1.0"; spins = E1;}
42
iz Interaction Zeeman2 {prefactor= le-3; type = zeeman; field = "0.0 0.0 1.0"; spins = E2;}
45 //
46 //
47 /
48 Interactlon FADHYP1 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADN5; tensor = matrix("-0.0989, 0.0039,
0.0039, -0.0881, 0.0; 0.0, 0.0, 1.7569");)
49 Interaction FADHYP2 {prefactor = le- 3 type = hyperfine; groupl = El; group2 = FADN1O; tensor = matrix("-0.0190, -0.0048,
0.0; -0.0048, -0.0196, 0.0; 0.0, O. O 0.6046") }
50 Interaction FADHYP3 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADH6; tensor = matrix("-0.2569, -0.1273,
0; -0.1273, -0.4711, 0.0; 0.0, O O -0.4336");}
51 Interaction FADHYP4 {prefactor = -3; type = hyperfine; groupl = El; group2 = FADH81; tensor = matrix("0.4399, 0.0, 0.0;
9 .0, 0.0, 0. 4399") }
52 Interaction FADHYP5 {prefactor = -3; type = hyperfine; groupl = El; group2 = FADH82; tensor = matrix("0.4399, 0.0, 0.0;
0.0, 0.4399, 0.0; 0.0, 0.0, O. 4399")')
53 Interaction FADHYPG {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADH83; tensor = matrix("0.4399, 0.0, 0.0;
0.0, 0.4399, 0.0; 0.0, 0.0, 0.4399");}
54 Interaction FADHYP7 (prefactor = le-3; type = hyperfine; groupl = El; group2 = FADHbetal; tensor = matrix("0.4070, 0.0,
0.0; 0.0, 0.4070, 0.0; 0.0, 0.0, O. 4070"
55 Interaction FADHYP8 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADHbeta2; tensor = matrix("0.4070, 0.0,
0.0; 0.0, 0.4070, 0.0; 0.0, 0.0, O. 4070");
56 Interaction FADHYP9 {prefactor = le-3; type = hyperfine; groupl = El; group2 = FADH71; tensor = matrix("-0.1416, 0.0,
0.0; 0.0, -0.1416, 0.0; 0.0, 0.0, -0.1416");}
57 Interaction FADHYP10 {prefactor = le 3; type = hyperfine; groupl = El; group2 = FADH72; tensor = matrix("-0.1416, 0.0,
.0; 0.0, -0.1416, 0.0; 0.0, 0.0, -0.1416");}
58
59 Interaction TRPHYP1 {prefactor = le-3; = hyperfine; groupl = E2; group2 = TRPN1l; tensor = matrix("-0.0336, 0.0924,
-0.1354; 0.0924, 0.3303, -0.5318; 0. 1354 70.5318, 0.6680");}
60 Interaction TRPHYPZ (prefactor = l -3; = hyperfine; groupl = E2; group2 = TRPH1l; tensor = matrix("-0.9920, -0.2091
-0.2003; -0.2091, -0.2631, 0.2803; Zo. 2003 0.2803, -0.5398");1}
61 Interaction TRPHYP3 (prefactor = le-3; type = hyperfine; groupl = E2; group2 = TRPH2; tensor = matrix("-0.2843, 0.1757,
0.1525; 0.1757, -0.2798, 0.0975; 0. 1525 0.0975, -0.2699");}
62 Interactlon TRPHYP4 (prefactor = 1e 3; type = hyperfine; groupl = E2; group2 = TRPH4; tensor = matrix("-0.5596, -0.1956,
-0.1657; -0.1956, -0.4020, 0.0762; 70 1657, 0.0762, -0.5021");}
63 Interaction TRPHYP5 {prefactor = le-3; type = hyperfine; gro pl = E2; group2 = TRPH6; tensor = matrix("-0.0506, 0.0622,
0.0889; 0.0622, 3100, -0.0297; 0.0889, -0.0297, 0.2642");
64 Interactlon TRPHYP6 {prefactor = le 3; type = hyper flne, grou pl = E2; group2 = TRPH7; tensor = matrix("-0.4355, -0.1541,
-0.1239; -0.1541, -0.2777, O. 0864 *O 1239, 0.0864, -0.3770");}
65 Interactlon TRPHYP7 {prefactor = -3; type = hyperflne, groupl = E2; group2 = TRPHbetal; tensor = matrix("1.5808,
-0.0453, -0.0506; -0.0453, 1. 5575 0.0988; -0.0506, 0.0988, 1. 6752 )it
66 Interaction TRPHYPS {prefactor = -3; type = hyperfine; groupl 2; groupZ = TRPHalpha; tensor = matrix("-0.0601
0.0037, 0.0331; 0.0037, -0. 0251 O 0111 0.0331, 0.0111, 70.1940");}
67 Interactlon TRPHYP9 {prefactor = 1573, type = hyperfine; groupl = E2; group2 = TRPNasterisk; tensor = matrix("0.1295,
-0.0134, 0.0075; -0.0134, 0.1729, -0.0249; 0.0075, -0.0249, 0.1371");}
68 Interaction TRPHYPlO {prefactor = le 3; type = hyperfine; groupl = E2; group2 = TRPHbeta2; tensor = matrix("0.1634,
-0.0230, -0.0064; -0.0230, -0.0082, 0. 0158; -0.0064, 0.0158, -0.0182");}
69
70 //
71 //
72 //
73
74 Interaction Dipolar {prefactor = 2.0023e-3; IgnoreTensors = true; type = doublespin; groupl = El; group2 = E2; tensor =
matrix("-0.382276, 0.292979, -0.146796; 0.292979, -0. 652196 0.229243;-0.146796, 0.229243, -0.309528");}
75 We e the tensor variable from e Spin :b]eLL( and add 2.0023 to the prefactor to only account for one g
ion from Tesla into rad/ (MolSpin multiplies each interaction by a Com refactor (Bohr Mac
fals
76
77 /] —————————
78 // Spin States
79 s
80| State Singlet {spins(El,E2) = [1/2,-1/2> - |-1/2,1/2>;}
81 State TO {spins(El,E2) = [1/2,-1/2> + |-1/2,1/2>;}
82 State Tp {spin(E2) = |1/2>; spin(El) = |1/2>;} // |T+>
83 State Tm {spin(E2) = |-1/2>; spin(El) = |-1/2>;} // |[T->
84 State Identity {}
85
86 [/
87 // Transitions
88 //
89
90 Transition Productl {type = sink; source = Singlet; rate = le-3;} // in 1/ns
91 Transition Product2 {type = sink; source = T0; rate = le-3;}
92 Transition Product3 {type = sink; source = Tp; rate = le-3;}
93 Transition Product4 {type = sink; source = Tm; rate = le-3;}
94|}
95| //
96| Settings
97
98 Settings general {steps = 51; notifications = details;}
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//
Run

//

// Actions
//
Action scanl {type

Action scan2 {type

Output orientationl {type =
Output orientation2 {type =

vector
vector

rotatevector;
rotatevector;

vectorangle;
vectorangle;

vector =
vector =

axis
axis

systeml.Zeemanl.field;
systeml.Zeeman2.field;

systeml.Zeemanl.field;
systeml.Zeeman2.field;

"o 1 0";
"o 1 0";

reference
reference

value = 3.6;}
value = 3.6;}
= "0 0 1";}
= "0 0 1";}

Task Stati20SpinSystem{type = "statichs-stoch-yields"; logfile = "staticyield_20spins.log"; datafile =
"staticyield_20spins.dat"; transitionyields = true; initialstate = singlet; samplingmethod = "SUZ"; autoseed = false;
seed = 2.0; montecarlosamples = 1; epsilon = 0.5; timestep = 4; propagationmethod = "autoexpm"; precision = "single";

yieldcorrections = true;}
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8.4 Molecular Wires

This is an input file that was used to replicate the relative yield versus magnetic field data
for molecular wire PTZ*" — Phy — PDI*" from Ref. [17]. To replicate the whole data set
the variable m in the Zeeman interaction objects should be set to the magnetic field of

interest (in mT'). The magnetic field range used to replicate the graph was 0 — 12 mT.

SpinSystem systeml
{

// Spins

/’/

// Electrons

Spin El { type = electron; spin = 1/2; tensor = isotropic(2.0023); }
Spin E2 { type = electron; spin = 1/2; tensor = isotropic(2.0023); }

Spin “RadIN1 {type=nucleus; spin=1; tensor
Spin Rad2N1l {type=nucleus; spin=1l; tensor
Spin Rad2N2 {type=nucleus; spin=1l; tensor

isotropic(l);}
isotropic(l);}
isotropic(l);}

//Hydr

Spin RadlHl {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH2 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH3 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH4 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH5 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH6 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH7 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin RadlH8 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H1 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H2 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H3 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H4 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H5 {type=nucleus; spin=1/2; tensor = isotropic(l);}
Spin Rad2H6 {type=nucleus; spin=1/2; tensor = isotropic(l);}

ion

Interaction Zeemanl {prefactor=le-3; type=zeeman; field="0.
Interaction Zeeman2 {prefactor=le-3; type=zeeman; field="0.

oo
oo

.0 m"; spins=El;}
0 m"; spins=E2;}

Interactlon RadlHYP1 {prefactor le-3; type=hyperfine; groupl=El; group2=RadlHl; tensor=matrix("-0.113, 0.0, 0.0; 0.0,
-0.113, 0.0; 0.0, 0.0, -0.113");}

Interactlon RaleYPZ {prefactor le-3; type=hyperfine; groupl=El; group2=RadlH2; tensor=matrix("-0.113, 0.0, 0.0; 0.0,

-0.113, 0.0; 0.0, 0.0, -0.113");}
Interactlon RaleYP3 {prefactor le-3; type=hyperfine; groupl=El; group2=RadlH3; tensor=matrix("-0.05, 0.0, 0.0; 0.0,
-0. .05") ;)

Interaétloﬁ RaleYPS (prefactor le 3; type=hyperfine; groupl=El; group2=RadlH5; tensor=matrix("-0.249, 0.0, 0.0; 0.0,

-0. 0; —-0.249"

Interactlon RaleYP6 (prefactor le 3; type=hyperfine; groupl=El; group2=RadlH6; tensor=matrix("-
-0.249, 0.0; 0.0, 0.0, -0.249");}

Interactlon RaleYP7 (prefactor 1e 3; type=hyperfine; groupl=El; group2=RadlH7; tensor=matrix("0.050, 0.0, 0.0; 0.0,
0.050, 0.0; 0.0, 0.0, 0.050");}

Interaction RaleYPS {prefactor le-3; type=hyperfine; groupl=El; group2=RadlH8; tensor=matrix("0.050, 0.0, 0.0; 0.0,
0.050, 0.0; 0.0, 0.0, O. ")}

Interaction RaleYP9 {prefactor le-3; type=hyperfine; groupl=El; group2=RadlNl; tensor=matrix("0.634, 0.0, 0.0; 0.0,
0.634, 0.0; 0.0, 0.0, 0.634");}

0.
0.
Interactlon RaleYP4 {prefactor le-3; type=hyperfine; groupl=El; group2=RadlH4; tensor=matrix("-0.05, 0.0, 0.0; 0.0,
0.05 0; -0.05"); 0.
0.

249, 0.0, 0.0; 0.0,

Interaction Rad2Hypl {prefactor le-3; type=hyperfine; groupl=E2; group2=Rad2Hl; tensor=matrix("0.0785, 0.0, 0.0; 0.0,
0.0785, 0.0; 0.0, 0.0, 0.0785");}

Interaction Rad2Hyp2 (prefactor le 3; type=hyperfine; groupl=E2; group2=Rad2H2; tensor=matrix("0.0785, 0.0, 0.0; 0.0,
0.0785, 0.0; 0.0, 0.0, 0.0785");}

Interaction RadZHyp3 (prefactor 1e 3; type=hyperfine; groupl=E2; group2=Rad2H3; tensor=matrix("-0.1720, 0.0, 0.0; 0.0,
-0.1720, 0.0; 0.0, 0.0, -0.1720™);}

Interactlon Rad2Hyp4 {prefactor=1le-3; type=hyperfine; groupl=E2; group2=Rad2H4; tensor=matrix("-0.1720, 0.0, 0.0; 0.0,
-0.17 0.0; 0.0, 0.0, -0.1720");}

Interactlon Rad2Hyp5 {prefactor le-3; type=hyperfine; groupl=E2; group2=Rad2H5; tensor=matrix("0.0575, 0.0, 0.0; 0.0,
0.0575, 0.0; 0.0, 0.0, 0.0575");}

Interaction Rad2Hyp6 {prefactor le-3; type=hyperfine; groupl=E2; group2=Rad2H6; tensor=matrix("0.0575, 0.0, 0.0; 0.0,
0.0575, 0.0; 0.0, 0.0, 0.0575");}

Interaction Rad2Hyp7 {prefactor=1e-3; type=hyperfine; groupl=E2; group2=Rad2Nl; tensor=matrix("-0.0621, 0.0, 0.0; 0.0,
-0.0621, 0.0; 0.0, 0.0, -0.0621");}

Interactlon Rad2Hyp8 {prefactor=1e-3; type=hyperfine; groupl=E2; group2=Rad2N2; tensor=matrix("-0.0621, 0.0, 0.0; 0.0,
-0.06 0.0; 0.0, 0.0, -0.0621");}

Interaction Dipolar {prefactor=2.0023e-3; IgnoreTensors=true; type=doublespin; groupl=El; group2=E2; tensor=matrix("6.4
0.0, 0.0; 0.0, 6.4, 0.0; 0.0, 0.0, 6.4");}
/ i the tensor r le from Spin obje
101Spin multi

to only
refactor

J]
// Spin States
’/

State Singlet {spins(El,E2)=|1/2,-1/2>-|-1/2,1/2>;}
State TO {spins(E1l,E2)=|1/2,-1/2>+|-1/2,1/2>;}
State Tp {spin(E2)=|1/2>; spin(El)=|1/2>;}

State Tm {spin(E2)=-|1/2>; spin(El)=-|1/2>;}

State Identity {}

/)

Transition Productl {type=sink; source=Singlet; rate=2.45e-3;} // in 1/ns
Transition Product2 {type=sink; source=T0; rate=350.0e-3;}
Transition Product3 {type=sink; source=Tp; rate=350.0e-3;}
Transition Product4 (type=sink; source=Tm; rate=350.0e-3;}

}
//
Settings

Settings general {steps = 1; notifications = details;}

S35




Task StaticMolecularWires {type = "statichs-stoch-yields"; logfile = "molecularwires.log"; datafile =
"molecularwires.dat"; transitionyields = true; initialstate = singlet; samplingmethod = "SUZ"; autoseed = false; seed =
2.0; montecarlosamples = 1; totaltime = 55; timestep = 0.1; propagationmethod = "autoexpm"; precision = "single";
yieldcorrections = false;}
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8.5 Quantum Needle

This is the input file for the singlet yield versus inclination angle graph for the [FAD'_ TrpH'+]
14 nuclear spin radical pair system. This is the same system as the Quantum Needle ex-
ample from Ref. [2], yet with EED and exchange interactions included, taken from Ref.

SN OO DU W

B
SN

17

3]

SpinSystem systeml
{

/ /
Spin E1 (type
Spin E2 {type

1/2;
1/2;

tensor
tensor

electron;
electron;

spin
spin

trogens
pin FADNS5 {type =
Spin FADN1O {type =

tensor
tensor

= 1;

nucleus; H
=1;

nucleus;

spin
spin

isotropic(l);}
isotropic(1l);}

Spin TRPN1 {type nucleus; spin = 1; tensor = isotropic(l);}
// Hydrogens
Spln FADH6 {type =
Spin FADH81 {type
Spin FADH82 {type
Spin FADH83 {type

Spin FADHbeta {type

tensor
tensor
tensor

tensor

tensor

1/2;
1/2;
1/2;

nucleus;
nucleus;
nucleus; spin
nucleus; spin
nucleus; spin =

spin
spin

isotropic(1l);
isotropic(l);
isotropic(1l);
isotropic(1l);

TRPH1
TRPH2
TRPH4
TRPH6
TRPH7

tensor
tensor
tensor

isotropic(1l);
isotropic(1l);
isotropic (1)
tensor isotropic (1)
tensor isotropic (1)
1/2; tensor

Spin
Spin
Spin
Spin
Spin
Spin

nucleus;
nucleus;
nucleus;
nucleus; spin
nucleus; spin
nucleus;

spin
spin
spin

{type
{type
{type
(type
{type =

spin

TRPHbetal {type

//
//
/

field
field

Interaction Zeemanl {prefactor= le-3;
Interaction Zeeman2 {prefactor= le-3;

type
type

zeeman;
zeeman;

= type hyperfine;
1.7569");}
type = hyperfine;
0.6046");}
type = hyperfine;

Interactlon FADHYP1 {prefactor le-3; =
39, -0.088 0.0; 0.0, 0.0,
Interaction FADHYP2 (prefactor = le-3;
; —-0.0048, -0.0196, 0.0; 0.0, 0.0,
Interaction FADHYP3 {prefactor = le-3;
.0; -0.1273, -0.4711, 0.0; 0.0, .O, -0.4336");}
Interactlon FADHYP4 {prefactor le-3; type = hyperfine;
0.0, 0.4399, 0.0; 0.0, 0.0, O. 4399") }
Interaction FADHYPS (prefactor = le-3; type = hyperfine;
0.0, 0.439 0.0; 0.0, 0.0, O. 4399")
Interaction FADHYPG (prefactor le-3; type = hyperfine;
, 0; 0.0, 0.0, 0.4399");}
le-3; typ
0. 4070 )i

Interaction FADHYP7 {prefactor = hyperfine;
; 0.0, 0.4070, 0.0; 0.0, 0.0, }

Interaction TRPHYP1 {prefactor
-0. 0.0924, 0.3303, -0.5318;
Interactlon TRPHYPZ {prefactor = l
-0.2003; -0.2091, -0.2631, 0.2803;
Interaction TRPHYP3 (prefactor = le-3;
0.1525; 0.1757, -0.2798, 0.0975; 0. 152r
Interactlon TRPHYP4 (prefactor = 1e 3; type = hype flne,
-0.1657; -0.1 .4020, 0.0762; 70 1657, 0. 0762, -0.
Interaction TRPHYPS (prefactor = le 3; type = hyperfine; grou
0.0889; -0 -0.0297; 0.0889, -0.0297, 0.2642")
type hyperfine; gr
0.0864; -0.1239, 0.0
1e 3; ype
0.0988;

hyperfine;
-0.5318, 0.
= hyperfine;

0.2803, -0
= hype fine;
O 0975, -0.

le-3; type grou

-0.1354,

-3; type gro
-0. 2003 .5398"
99"); }
gro

Interactlon TRPHYP6 {prefactor = le 3;

39; 0.1541, 0.2777,

Interactlon TRPHYP7 {prefactor
-0.0453,

ou

hyperfine; grou

-0.0506; -0.0453, 1.5575, -0.0506, 0.0988,

Interaction Dipolar {prefactor
matrix ("-

2.0023e-3;
-0.14679; 0.292979,
from the Spin obj
rad/ns (MolSpin

0.382276, 0.292979,

sor variable
into

-0.652196,

State Singlet {spins(E1l,E2)
State TO {spins(El,E2) 11/2,-1/2> +
State Tp {spin(E2) |1/2>; spin(El) =
State Tm {spin(E2) |-1/2>; spin(El)
State Identity { }

11/2,-1/2> - |-1/2,1/2>;}
|-1/2,1/2>;}
11/2>;)

[=1/2>;}

/)

// Transitions
//

rate
le-3;1}
le-3;}
le-3;1}

Productl
Product2
Product3
Product4

Transition
Transition
Transition
Transition

source
source
source
source

Singlet;
TO; rate
Tp; rate
Tm; rate

}

//
Settings
{

Settings general {steps 51; notifications

/
// Actions
v

vector
vector

Action scanl {type
Action scan2 {type

rotatevector;
rotatevector;

isotropic(

".0
".0

groupl
groupl
groupl
groupl
groupl
groupl
groupl

P
6680")
roupl

groupl

upl
5021"

p
il

D
864, -0.3770"

i) E2;
1. 6752")')

IgnoreTensors = true;

and add 2

le-

systeml.Zeemanl.field;
systeml.Zeeman2.field;

isotropic(2.0023);}
isotropic(2.0023);}

}
}
}
}
}

isotropic(1l);}

spins
spins

El; group2 FADN5; tensor = matrix("-0.0989, 0.0039,

El; group2 FADN10; tensor = matrix("-0.0190, -0.0048,

El; group2 FADH6; tensor = matrix("-0.2569, -0.1273,

El; group2 FADH81; tensor = matrix("0.4399, 0.0;

El; group2 FADH82; tensor = matrix("0.4399, 0.0;

0.0,
0.0,
El; group2 FADH83; tensor = matrix("0.4399, 0.0, 0.0;
El; group2 FADHbeta; tensor = matrix("0.4070, 0.

1 = E2; group2 TRPN1; tensor = matrix("-0.0336, 0.0924,

E2; group2 TRPH1; tensor = matrix("-0.9920, -0.2091,

)i}

E2; group2 TRPH2; tensor = matrix("-0.2843, 0.1757,

E2; group2 TRPH4; tensor = matrix("-0.5596, -0.1956,

)i}
1 =

E2; group2 TRPH6; tensor = matrix("-0.0506, 0.0622,

1 =
)i}
1 =

E2; group2 TRPH7; tensor = matrix("-0.4355, -0.1541,

group2 TRPHbetal; tensor matrix("1.5808,

tensor

= doublespin; groupl = group2 = E2;
0.146796, 0.229243, -0. 300528") }
to the pref or to only acc t for one g-value

C onPrefactor (H yneton/hbar) if

type
0.229243

//

in 1/ns

3}

value
value

axis
axis

"1 o0";
"o 10"




96 // Outputs objects

97 /] —————— - -

98

99 Output orientationl {type = vectorangle; vector = systeml.Zeemanl.field; reference = "0 0 1";}

1[;(1) Output orientation2 {type = vectorangle; vector = systeml.Zeeman2.field; reference = "0 0 1";}

1C

102] }

103 // =

104 | Run

1051 {

106 Task Staticl4SpinsYield {type = "statichs-stoch-yields"; logfile = "test_staticyields_l4spins.log"; datafile =
"test_staticyields_l4spins.dat"; transitionyields = true; initialstate = singlet; samplingmethod = "SUZ"; autoseed
false; seed = 2.0; montecarlosamples = 1; epsilon = 0.001; timestep = 4; propagationmethod = "autoexpm"; precision

- "single"; yieldcorrections = true;}

10 }

538



8.6 Driven Recombination Dynamics

This is the input file used to replicate results from Ref. [4]. Depending on the simulation
case, the trajectories of the exchange interaction and recombination kinetics changed.
The equations to form the trajectories were discussed in the article.

SpinSystem systeml
{

4

5 ,,,,,,,,,,

6

7

8 electron; spin=1/2; tensor=isotropic(2.0023);}

9 Spin E2 {type=electron; spin=1/2; tensor=isotropic(2.0023);}

10 / Nitr s

11 {type=nucleus; spin=1; tensor=isotropic(l);}

12
13 /1
14 //

15 /7

16

17 Interaction Zeemanl {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=El;}
18 Interaction Zeeman2 {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=E2;}
19
20 //
21 //
22 //
23
24 Interaction FADHYP1 {prefactor le-3; type=hyperfine; groupl=El; group2=FADN5; tensor=matrix("-0.092774, 0.0, 0.0; 0.0,

0.09277 0.0; 0. 0.0, 1. /5558")
25
26 //
27 //
28 //
29
30 Interactlon Exchange {prefactor 2 0023, IgnoreTensors=true; type= doublespln, groupl =El; group2=E2;
trajectory="D'pclarNu mst"; / t tll~ in
31 the Spin o d ac 2.‘”"2'2 e £
(MolSpin D pc\h interac

State Singlet {spins(El,E2)=|1/2,-1/2>-|-1/2,1/2>;}
State Identity {}

J]
// Transitions

Transition Productl {type=sink; source=Singlet; rate=trajectory("rate.mst"); trajectory="rate.mst";} // in 1/ns
Transition Product2 {type=sink; source=Identity; rate=1.0e-3;

) ;

//
Settings
{
Settings general {steps = 1; notifications = details;}
Run
Task DynamicDrivenModelYield {type = "dynamichs-direct-yields"; logfile = "DynamiclSpin.log"; datafile =
"DynamiclSpin.dat"; transitionyields = true; initialstate = Singlet; timestep = 1.0; totaltime = 12500;
propagationmethod = "autoexpm"; precision = "single"; yieldcorrections = false;}
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8.7 1 Nuclear Spin Relaxation (550 ns)

This script was used to compute the relaxation induced by fluctuating N5 hyperfine
interaction with SSE method which was compared to the results available from BRW
formalism (550 ns).

TR WNFOOOIDUTHR W

bt b

O~

SpinSystem systeml

electron; spin= 1/2; tensor= isotropic(2.0023)};
Spin E2 {type= electron; spin= 1/2; tensor= isotropic(2.0023)};

Sthype= nucleus; spin= 1;; tensor= isotropic(l)};

Interaction Zeemanl {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=El}
Interaction Zeeman2 {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=E2};

//
/' Hy

// Hy
/7

Interaction FADHYP1 {type=hyperfine; groupl=El; group2=FADNS5; tensor=trajectory("motions_N5.mst");
trajectory="motions_N5.mst"}; // .mst file in T

/) —————— e
// Spin States

State Singlet {spins(E1l,E2) = |1/2,-1/2> - |-1/2,1/2>;}
State TO {spins(El,E2) = |1/2,-1/2> + |-1/2,1/2>;}
State Tp {spin(E2) = |1/2>; spin(El) = [1/2>;}

State Tm {spin(E2) = |-1/2>; spin(El) = |-1/2>;}

State Identity {}

/1
// Transitions
//

Transition Productl {type=sink; source=Singlet; rate=1.0e-3}; // in 1/ns
Transition Product2 {type=sink; source=T0; rate=1.0e-3};
Transition Product3 {type=sink; source=Tp; rate=1.0e-3};
Transition Product4 {type=sink; source=Tm; rate=1.0e-3};

Settings
{
Settings general {steps = 51; notifications = details;}

/1
// Actions
//

Action scanl {type = rotatevector; vector = systeml.Zeemanl.field; axis = "0 1 0"; value = 3.6;}
Action scan2 {type = rotatevector; vector = systeml.Zeeman2.field; axis = "0 1 0"; value = 3.6;}
Output orientationl {type = vectorangle; vector = systeml.Zeemanl.field; reference = "0 0 1";}
Output orientation2 {type = vectorangle; vector = systeml.Zeeman2.field; reference = "0 0 1";}
}
Run
{
Task DynamicDirectYield {type = "dynamichs-direct-yields"; logfile = "Dynamic4Spins.log"; datafile = "Dynamic4Spins.dat";
transitionyields = true; initialstate = Singlet; totaltime = 550.0; timestep = 0.5; propagationmethod = "autoexpm";

precision = "single"; yieldcorrections = true;}

To acquire results for a static system, this script was used:

OO~ TR WN

SpinSystem systeml

electron; spin= 1/2; tensor= isotropic(2.0023)};
electron; spin= 1/2; tensor= isotropic(2.0023)};

Interaction Zeemanl {prefactor=le-3; type=zeeman; field="0.
Interaction Zeeman2 {prefactor=le-3; type=zeeman; field="0.

spins=El};

0.05";
0.05"; spins=E2};

0 0.0
0 0.0

Interaction FADHYP1 {prefactor=le-3; type=hyperfine; groupl=El; group2=FADN5; tensor = matrix("-0.09359, 0.00000
0.00000; 0.00000, -0.09359, 0.00000; 0.00000, 0.00000, 1.88074");};
/7

/7 Spin States

/] ——=

State Singlet {spins(El,E2) = |1/2,-1/2> - |-1/2,1/2>;}
State TO {spins(El,E2) = |1/2,-1/2> + |-1/2,1/2>;}
State Tp {spin(E2) = |1/2>; spin(El) = [1/2>;}
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State Tm {spin(E2) = [-1/2>; spin(El) = [-1/2>;}
State Identity {}

/) ——mm
// Transitions
Y

/7

Transition Productl {type=sink; source=Singlet; rate=1.0e-3}; // in 1/ns
Transition Product2 {type=sink; source=T0; rate=1.0e-3};
Transition Product3 {type=sink; source=Tp; rate=1.0e-3};
Transition Product4 {type=sink; source=Tm; rate=1.0e-3};

b

Settings
{

Settings general {steps = 51; notifications = details;}

/] ——————
// Actions

/7

Action scanl {type = rotatevector; vector = systeml.Zeemanl.field; axis = "0 1 0"; value = 3.6;}

Action scan2 {type = rotatevector; vector = systeml.Zeeman2.field; axis = "0 1 0"; value = 3.6;}

/7

// Outputs objects
) T I R

Output orientationl {type = vectorangle; vector = systeml.Zeemanl.field; reference = "0 0 1";}

Output orientation2 {type = vectorangle; vector = systeml.Zeeman2.field; reference = "0 0 1";}

Task StaticirectYield {type = "Statichs-direct-yields"; logfile = "Dynamic4Spins.log"; datafile = "Dynamic4Spins.dat";
transitionyields = true; initialstate = Singlet; totaltime = 550.0; timestep = 0.5; propagationmethod = "autoexpm";

precision = "single"; yieldcorrections = true;}

8.8 14 Nuclear Spin Relaxation (550 ns)

This is the input file used to calculate the spin relaxation effects for the 14 nuclear spin
system for the 550 ns MD trajectory.

SpinSystem systeml
{

S/ ————————————— =
// Spins
/) mmm

// Electrons
Spin E1 {type
Spin E2 {type

1
2
3
4
5
6
7
8

1/2; tensor
1/2; tensor

electron; spin
electron; spin

isotropic(2.0023);}
isotropic(2.0023);}
// Nitr
Spin FADN5 {type = nucleus; spin = 1; tensor = isotropic(l);}
Spin FADN1O {type = nucleus; spin = 1; tensor = isotropic(l);}

Spin TRPNEl {type = nucleus; spin = 1; tensor = isotropic(l);}

// Hydro
Spin FAD type = nucleus; spin = 1/2; tensor = isotropic(l);}
Spin FADHBetal {type = nucleus; spin = 1/2; tensor = isotropic(l);}
Spin FADH81 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
Spin FADH82 {type nucleus; spin 1/2; tensor isotropic(l);}
Spin FADH83 {type = nucleus; spin = 1/2; tensor = isotropic(l);}

Spin TRPHB1 {type = nucleus; spin = 1/2; tensor = isotropic(l);}
Spin TRPHB2 {type = nucleus; spin ; tensor isotropic(l);}
Spin TRPHD1 {type nucleus; spin tensor isotropic(l);}
Spin TRPHEl {type nucleus; spin 1/2; tensor isotropic(1l);}
Spin TRPHE3 {type nucleus; spin tensor isotropic(1l);}
Spin TRPHH2 {type nucleus; spin 1/2; tensor isotropic(1l);}
Spin TRPNE1l {type nucleus; spin 1; tensor = isotropic(l);}

= 1/2;

i

// interaction

Interaction Zeemanl {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=El;}
Interaction Zeeman2 {prefactor=le-3; type=zeeman; field="0.0 0.0 0.05"; spins=E2;}

Interaction FADHYP1 {prefactor = 1.0; type

hyperfine; groupl = El; group2 = FADN5; tensor =
trajectory ("motions_N5.mst"); trajectory

"motions_N5.mst";}

44 Interaction FADHYP2 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADN1O; tensor =
trajectory("motions_N10.mst"); trajectory = "motions_NI10.mst";}

45 Interaction FADHYP3 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADH6; tensor =
trajectory ("motions_H6.mst"); trajectory = "motions_H6.mst";}

46 Interaction FADHYP4 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADHBetal; tensor =
trajectory ("motions_Hlbeta.mst"); trajectory = "motions_Hlbeta.mst";}

47 Interaction FADHYPS5 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADH81; tensor =
trajectory("motions_H81.mst"); trajectory = "motions_H81.mst";}

48 Interaction FADHYP6 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADH82; tensor =
trajectory("motions_H82.mst"); trajectory = "motions_H82.mst";}

49 Interaction FADHYP7 {prefactor = 1.0; type = hyperfine; groupl = El; group2 = FADH83; tensor =
trajectory ("motions_H83.mst"); trajectory = "motions_H83.mst";}

50

51 Interaction TRPHYP1 {prefactor = 1.0; type = hyperfine; groupl = E2; group2 = TRPHB1l; tensor =
trajectory ("motions_HBl_ trp.mst"); trajectory = "motions_HBl trp.mst";}

52 Interaction TRPHYP2 {prefactor = 1.0; type = hyperfine; groupl = E2; group2 = TRPHB2; tensor =
trajectory("motions_HB2_trp.mst"); trajectory = "motions_HB2_trp.mst";}

53 Interaction TRPHYP3 {prefactor = 1.0; type = hyperfine; groupl = E2; group2 = TRPHDl; tensor =
trajectory("motions_HDl_trp.mst"); trajectory = "motions_HDl_trp.mst";}

54 Interaction TRPHYP4 {prefactor = 1.0; type = hyperfine; groupl = E2; group2 = TRPHEl; tensor =
trajectory("motions_HEl_trp.mst"); trajectory = "motions_HEl_trp.mst";}

55 Interaction TRPHYPS {prefactor = 1.0; type = hyperfine; groupl = E2; group2 = TRPHE3; tensor =
trajectory("motions_HE3_trp.mst"); trajectory = "motions_HE3_trp.mst";}

541




SRR
OCONOUAWNFOOOTDUTRWN -

V1 VI V) V)
S O

[N
TR C

45

Interaction TRPHYP6 {prefactor 1.0;
trajectory("motions_HH2_trp.mst");
Interaction TRPHYP7 {prefactor 1.0;

trajectory("motions_NEl_trp.mst");

type

type

Spin States

//
//

/Y

/

State 11/2,-1/2> -
State
State
State
State

Singlet {spins(E1l,E2)
TO {spins(El,E2) 11/2,-1/2> +
Tp {spin(E2) |1/2>; spin(E1l)
Tm {spin(E2) |-1/2>; spin(E1l)
Identity {}

[1/2
[-1

///
// Transitions
/

trajectory

trajectory

|-1/2,

hyperfine; groupl E2; group2 TRPHH2; tensor
= "motions_HH2_trp.mst";}
groupl E2; group2

= "motions_NEIl_trp.mst";}

= hyperfine; = = TRPNEl; tensor

1-1/2,1/2>;}
1/2>;}

>}

/2>;}

Productl
Product2
Product3
Product4

sink;
sink;
sink;
sink;

Transition
Transition
Transition
Transition

source
source
source
source

{type
{type
{type
{type

}

//
Settings
{

Settings general {steps 51; notifications

//

// Actions
//

Singlet; // in 1/ns
TO0; rate
Tp; rate

Tm; rate

details; }

vector
vector

Action scanl {type
Action scan2 {type

rotatevector;
rotatevector;

value
value

axis
axis

systeml.Zeemanl.field;
systeml.Zeeman2.field;

"o 1 0";
"o 1 0";

// Outputs objects

Output orientationl {type
Output orientation2 {type

vectorangle;
vectorangle;

ve
ve

Task DynamicStochYield {type = "dynamichs-s

transitionyields = true;
1; totaltime 550.0;

timestep = 0.5;

initialstate = Singlet;
propagationmethod = "autoexpm";

0 1";
01";

reference
reference

ctor
ctor

systeml.Zeemanl.field;
systeml.Zeeman2.field;

"Dynamicl4Spins.dat";
autoseed = false; seed
yieldcorrections true; }

toch-yields"; logfile = "Dynamicl4Spins.log"; datafile
montecarlosamples = 5; samplingmethod "suz";
precision "single";

This is the input file used to calculate the static case without time-dependent motions.

SpinSystem systeml

// Electrons

Spin E1 {type
Spin E2 {type
// Nitrogens

Spin FADN5 {type

Spin FADN1O {type
Spin TRPNEl (type
// Hydroger
Spin FADH6 {type nucleus; spin
Spin FADHBetal {type = nucleus;

Spin FADH81 {type = nucleus; spln
Spin FADH82 {type nucleus; spin =
Spin FADH83 {type nucleus; spin
Spin TRPHB1 {type nucleus; spin
Spin TRPHB2 {type nucleus; spin
Spin TRPHD1 {type nucleus; spin
Spin TRPHE1l {type nucleus; spin
Spin TRPHE3 {type nucleus; spin
Spin TRPHH2 {type nucleus; spin
Spin TRPNE1l {type nucleus; spin

1/2;
1/2;

tenso
tenso

electron;
electron;

spin
spin

= 1; tenso
1; tens
1; tens

nucleus;
nucleus;
nucleus;

spin
spin
spin

1/2; ten
spin = 1/2;
1/2; te
= 1/2; te
1/2 ten
te
te
te
te
te
te
tens

Zeemanl {prefactor=le-3;
Zeeman2 {prefactor=le-3;

Interaction
Interaction

type=z
type=z

Interaction
0.00000; 0.

FADHYP1 {prefactor le-3;
00000, -0.09359, 0.00000;
FADHYPZ {prefactor e—3' type
-0.011987, -0.081181; -0.011987, O. 016364
Interaction FADHYP3 {prefactor = le 3;
-0.123828, 0.001443; -0.123828,
Interaction FADHYP4 {prefactor =
-0.057543, 0.030752; -0.057543,
Interactlon FADHYPS (prefactor = le-3;
0.03024, 0.01102; 0.03024, 0.66945,
Interaction FADHYPG {prefactor = le 73
-0.02388, 0.00000; -0.02388, 0. O727m
Interaction FADHYP7 (prefactor = le-3;
-0.00917; 0.02921, 0.69678, 70.02473;

type

Interaction =
le-3; type
0.156364,
type
type
-0.

Interaction TRPHYP1

-0.11523, 0.03489;

Interaction TRPHYP2
.02818,

{prefactor = le-3; type
-0.11523, 0. 25048, O
{prefactor = le-3;
0.11121; -0.0281 1. 20832,
Interactlon TRPHYP3 (prefactor = le-3;
0.04893, -0.09419; 0.04893, -0. 29433, O
Interaction TRPHYP4 {prefactor = le-3;
0.2 ; 0.20685, -0.68879, 0.04186;
Interaction TRPHYP5 {prefactor le-3;
0.06995, 1 .06995, -0.76615,
Interaction TRPHYP6 {prefactor = le- 3,
-0.19165, -0.1 ; -0.19165, -0. 27373
Interaction TRPHYP7 {prefactor le-3;
-0.26682; 0.16473, 0.07569, -0.27837;

0.00000,
-3; type
70.408730,

type
0.02582;
0.00167;
00917,

01437

O 00315

type

24691;
ype = hyperflne,

O 27805, 0.

type = hyperfine;

70 06602;

yp;
-0.00185;

type
-0.26682,

r
r

isotropic(2.0023);}
isotropic(2.0023);}

r
or

or

isotropic(l);}
isotropic(1l);}
isotropic(l);}

sor isotropic(l);}
tensor = isotropic(l);}
nsor = isotropic(l);}
nsor isotropic(1l);}
sor isotropic(1l);;}
nsor isotropic(1l);}
nsor isotropic(1l);}
nsor isotropic(l);}
nsor isotropic(l);}
nsor isotropic(1l);}
nsor isotropic(1l);}
or isotropic(1l);}

field="0.
field="0.

spins=El; }
spins=E2; }

eeman;
eeman;

hyperfine; groupl E1; tensor matrix("-0.09359, 0.00000,
0.00000, 1. 88074") )

= hyperflne, groupl 1; grou
0.047916; -0. 081181 O 047916, O. 684963")
= hyperfine, gro El; group2 = FADH6; tensor
-0.000380; 0.001443, -0. 000380 70 408936")’)

= hyperfine; groupl = EI1; 2 = FADHBetal;

-0.039068; 0.030752, -0. 039068 0.082324");}

hyperfine; groupl = EI1; p2 FADH81; tensor
0.01102, 0.02582, 0. 58894"),}

hyperfine; groupl = El; group2 = FADH82;

0.0000, 0.00167, -0.00784");}

= hyperfine; groupl = EI; group2

-0.02473, 0.61306");}

= group2 FADNS5;

p2 FADN1O; matrix ("0.022096

tensor
}

matrix ("-0.251908,

tensor

matrix ("0.121195,

- = = matrix ("0.59178,

matrix ("-

= tensor 0.00471

FADH83; tensor = matrix("0.61530, 0.02921,

hyperfine; tensor matrix ("0.27841
0.03489
= hyp rfine;
0.11121,

= hyperfine;

groupl = E2;
, —0. 01437
groupl

0. 00315

gro p2 = TRPHBI1;
"0.15359" )it
2 roup2 = TRPHB2;
1. 32975 )it

groupl E2; roup2 = TRPHDI1;
-0.094 9, 0. 24691 Zo. 54792 )it
groupl = E2, group2 = TRPHEL;
-0.36458");}
groupl = E2; group2 = TRPHE3;
-0.06602, -0.51155");}
e = hyperflne, groupl = E2; group2
-0.12872 —0.00185, -0.5365
hype rfine; groupl E2; group2
-0.27837, 0.36617");}

tensor matrix ("1.28050,

tensor = matrix("-0.84706

tensor matrix ("-0.3039, 0.20685,

04186,
= matrix ("-

tensor 0.37054,

0.18925,

= tensor = matrix("-0.47286,

TRPHH2;
am)i}
TRPNE1;

= = = matrix ("0.08309

tensor 0.16473,
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// Spin States

State Singlet {spins(E1l,E2) = |1/2,-1/2> - |-1/2,1/2>;}
State TO {spins(E1,E2) = [1/2,-1/2> + [-1/2,1/2>;}
State Tp {spin(E2) = |1/2>; spin(El) = [1/2>;}

State Tm {spin(E2) = |-1/2>; spin(El) = |-1/2>;}

State Identity {}

/1
// Transitions
//

Transition Productl {type = sink; source = Singlet; rate = 1.0e-3;} // in 1/ns
Transition Product2 {type = 51nk; source = T0; rate = 1.0e-3;}
Transition Product3 {type = sink; source = Tp; rate = 1.0e-3;}
Transition Product4 {type = sink; source = Tm; rate = 1.0e-3;}
}
/’/’ ””””””””””
Settings
{
Settings general {steps = 51; notifications = details;}
/] —————— P P
// Actions
//
Action scanl {type = rotatevector; vector = systeml.Zeemanl.field; axis = "0 1 0"; value = 3.6;}
Action scan2 {type = rotatevector; vector = systeml.Zeeman2.field; axis = "0 1 0"; value = 3.6;}
/’//
// Outputs objects
B
Output orientationl {type = vectorangle; vector = systeml.Zeemanl.field; reference = "0 0 1";}
Output orientation2 {type = vectorangle; vector = systeml.Zeeman2.field; reference = "0 0 1";}
}
Run
{
Task StaticHSStochYield {type = "statichs-stoch-yields"; logfile = "Staticl4Spins.log"; datafile = "Staticl4Spins.dat";
transitionyields = true; initialstate = Singlet; montecarlosamples = 5; samplingmethod = "SUZ"; autoseed = false; seed
= 1; epsilon = 0.5; timestep = 4; propagationmethod = "autoexpm"; precision = "single"; yieldcorrections = true;}

8.9 14 Nulear Spin Relaxation for Full Dynamic Picture (0.953

is)

The following input was used to calculated the static scenario of the 0.953 ns MD trajec-

tory extracted hyperine and dipolar couplings using a 1 mT magnetic field.

SpinSystem systeml
{

// Electrons
Spin El {type
Spin E2 {type

1/2;tensor
1/2;tensor

electron;spin
electron;spin

isotropic(2.0023);}
isotropic(2.0023);}

// ens

Spin FADN

{type = nucleus;spin = 1; tensor = isotropic(l);}
Spin FADN1O {type = nucleus;spin = 1; tensor = isotropic(l);}
// Hydrogens

Spln FADH6 {type = nucleus;spin = 1/2; tensor = isotropic(l);}

Spin FADHBetal {type = nucleus;spin = 1/2; tensor = isotropic(l);}

Spin FADH81 {type = nucleus;spin = 1/2; tensor = isotropic(l);}
Spin FADH82 {type = nucleus;spin = 1/2; tensor = isotropic(l);}
Spin FADH83 {type = nucleus;spin = 1/2; tensor = isotropic(l);}

Spin TRPN1 {type = nucleus;spin = 1; tensor = isotropic(l);}
Spin TRPH1 {type = nucleus;spin = 1/2; tensor = isotropic(l);}

Spin TRPH2 {type = nucleus;spin = 1/2; tensor = isotropic(l);}
Spin TRPH4 {type = nucleus;spin = 1/2; tensor isotropic(1l);}

Spin TRPH6 {type nucleus;spin = 1/2; tensor = isotropic(l);}
Spin TRPH7 {type = nucleus;spin = 1/2; tensor = isotropic(l);}
Spin TRPHbetal {type = nucleus;spin = 1/2; tensor = isotropic(l);}
//
//

//

Interaction Zeemanl {prefactor= le-3;type = zeeman;field = "0.0 0.0 1.0"; spins = El1;}

Interaction Zeeman2 {prefactor= le-3;type = zeeman;field = "0.0 0.0 1.0"; spins = E2;}

//

/7 _

Interaction FADHYP1 { prefactor = 1.0e-3; type = hyperfine; groupl = El; group2 = FADN5; tensor = matrix("0.52007444,
0.17396341, 0.77386319; -0. 17396341 0.04412077, 0.24317156; O 7386319, 0.24317156, 1.14359574");}

Interaction FADHYPZ { prefactor = 1.0e-3; type = hyperfine; groupl 1; gr oup2 = FADN10; tensor = matrix("0.18298346
-0.05277072, 0.25433445; -0. 05277072 0.02190145, -0. 07020126 0. 25433445 -0.07020126, 0.39242808")

Interaction FADHYP3 { prefactor = 1.0e-3; type = hyper ine; groupl = El; gr p2 = FADH6; tensor = matrix("-0.2436865
-0.04785683, -0.10072132; -0. 04785683 —-0.44075707, 0.01618169; fD 10072132 0.01618169, -0.3433513");}

Interaction FADHYP4 ({ prefactor = 1.0e-3; e = h erflne, grou = ; groupz = FADHBetal; tensor = matrix("0.14096681

-0.03056939, 70.05447/38 70 03056939 g?WBBQV%??, 0. 0437015% -0. 05447/38 0.04320126, 0.16649b13");}
Interaction FADHYPS {prefa =1.0e-3; pe = hyperfine; groupl = El; group2 = FADH81; tensor = matrix("0.39422546

-0.00411337, 70.00150047 -0. 00411337 0.46730559, 0. 01639205 -0.00150647, 0.01639295, 0.39743516");

Interaction FADHYP6 { prefactor = 1.0e-3; type = hyperflne, groupl = El; group2 = FADH82; tensor =
matrix("0.39264967, -0.00429489, -0.00158974; -0.00429489, 0.46542371, 0.01649609; 70.001b89/4, 0.01649609,
0.39573982") ;}

Interaction FADHYP7 { prefactor = 1.0e-3; type = hyperfine; groupl = El; group2 = FADH83; tensor =
matrix("0.39603212, -0.00424982, -0.00160015; -0.00424982, 0.46886296, 0.01667159; -0.00160015, 0.01667159,
0.39929243") ;}

Interaction TRPHYP1 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPN1; tensor = matrix("0.52785038,
0.35898356, 0.29370566; 0.35898356, 0.29105545, 0.21422574; 0.29370566, 0.21422574, 0.22693535");}

Interaction TRPHYP2 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPHl; tensor =
matrix("-0.66464468, 0.18025424, -0.01356128; 0.18025424, 0.5074232, -0.34080836; -0.01356128, 0.34080836,
-0.04602107"7) ; }

Interaction TRPHYP3 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPH2; tensor =
matrix("-0.38499246, -0.20772771, 0.09630866; -0.20772771, -0.16899912, -0.03159051; 0.09630866, -0.03159051,
-0.58958077") ; }
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Interaction TRPHYP4 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPH4; tensor = matrix("-0.65093005
0.16700591, -0.11514255; 0.16700591, -0.70875244, -0.15378603; -0.11514255, -0.15378603, -0.34527729");}

Interaction TRPHYP5 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPH6; tensor =
matrix("-0.2019179, -0.13717574, -0.04670033; -0.13717574, -0.24083608, 0.11927501; -0.04670033, 0.11927501,
-0.35520921") ;}

Interactfon TRPHYP6 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPH7; tensor =
matrix("-0.42155253, 0.10419954, -0.09128151; 0.10419954, -0.42748508, -0.12276762; -0.09128151, -0.12276762,
-0.19691742");}

Interactfon TRPHYP7 { prefactor = 1.0e-3; type = hyperfine; groupl = E2; group2 = TRPHbetal; tensor =
matrix("0.22845924, -0.05356532, -0.08962462; -0.05356532, 0.19649593, 0.04482989; -0.08962462, 0.04482989,
0.26994276") ;}

//
// Dipolar interactions
//

Interaction Dipolar { prefactor = 2.0023e-3; IgnoreTensors = true; type = doublespin; groupl = El; group2 = E2;
tensor=matrix ("0.44628577, 0.38647182, 0.12319905; 0.38647182, -0.13644849, 0.0615624; 0.12319905, 0.0615624,
-0.30983728");}

e re the tensor variable from the Spin objects and add 2 23 to the prefactor to only ac nt for one g-val
1 from Tesla into rad/ns (MolSpin multiplies each interaction by a Co WPrefactor (Bohr Magneton/hbar) if

to false

3
/7
/'

// Spin States
//

State Singlet {spins(El,E2) = |1/2,-1/2> - |-1/2,1/2>;}
State TO {spins(El,E2) = [1/2,-1/2> + |-1/2,1/2>;}
State Tp {spin(E2) = |1/2>; spin(El) = [1/2>;}
State Tm {spin(E2) = |-1/2>; spin(El) = |-1/2>;}

State Identity {}

//
// Transitions
2 e o

Transition Productl {type sink; source

= Singlet; rate=1.0e-3;} // in 1/ns
Transition Product2 {type = sink; source

TO; rate=1.0e-3;}
Tp; rate=1.0e-3;}
Tm; rate=1.0e-3;}

Transition Product3 {type sink; source
Transition Product4 {type sink; source

}

)
Settings { Settings general {steps = 1; notifications = details;} }
Run

Task StaticHS_Stoch_Yield

{
type = "statichs-stoch-yields";
logfile = "Dynamicl4Spins.log";
datafile = "Dynamicl4Spins.dat";
transitionyields = true;
initialstate = Singlet;

montecarlosamples = 5;
samplingmethod = "SUZ";
autoseed = false;
seed = 1;

epsilon = 0.1;
timestep=0.05;
propagationmethod = "autoexpm";
precision = "single";
yieldcorrections = true;

}

The following input was used to calculated the full dynamics scenario of the 0.953 ns
MD trajectory extracted hyperine and dipolar couplings using a 1 mT magnetic field.

SpinSystem systeml
{

// Electrons
Spin El1 {type electron;spin

= tensor
Spin E2 {type = electron;spin

1/2 isotropic(2.0023);}
1/2; tensor

isotropic(2.0023);}

// Nitrogens (FAl
Spin FADN5 {type nucleus;spin = 1; tensor = isotropic(1.0);
Spin FADN10 {type = nucleus;spin = 1; tensor = isotropic(1l.0

}
it

// Hydrogens (FAD)

Spin FADH6 {type = nucleus;spin = 1/2; tensor = isotropic(1.0);}
Spin FADHBetal {type = nucleus;spin = 1/2; tensor = isotropic(1.0);}
Spin FADH81 {type = nucleus;spin = 1/2; tensor = isotropic(1.0);
Spin FADH82 {type = nucleus;spin = 1/2; tensor isotropic(1.0);}
Spin FADH83 {type = nucleus;spin = 1/2; tensor = isotropic(1.0);}

// Nit >ns (TRP)
Spin TRPN1 {type = nucleus;spin = 1; tensor = isotropic(1.0);}

// Hydrogens (TRP
Spin TRPH1 {type nucleus; spin

)
= 1/2; tensor
Spin TRPH2 {type = nucleus;spin

1/2; tensor
tensor

isotropic(1.0)
isotropic(1.0)
Spin TRPH4 {type nucleus; spin isotropic (1.0
Spin TRPH6 {type nucleus; spin 1/2; tensor isotropic (1.0
Spin TRPH7 {type = nucleus;spin 1/2; tensor isotropic (1.0
Spin TRPHbetal {type = nucleus;spin = 1/2; tensor = isotropic/(

LU L A
-
~
N

}
}
}
}
}

;
;
;
;
;
1

L0)i}

//

Interaction Zeemanl {prefactor= le-3;type = zeeman;field = "0.000 0.000 1.000";spins = E1;}
Interaction Zeeman2 {prefactor= le-3;type = zeeman;field = "0.000 0.000 1.000";spins = E2;}
//
//
/
Interaction FADHYP1 {type = hyperfine; groupl = El; group2 = FADN5;

tensor = trajectory("motions_FAD_N5_dt_50ps.mst"); trajectory = "motions_FAD_N5_dt_50ps.mst";}
Interaction FADHYP2 {type = hyperfine; groupl = El; group2 = FADN1O;

tensor = trajectory("motions_FAD_N10_dt_50ps.mst"); trajectory = "motions_FAD_N10_dt_50ps.mst";}
Interaction FADHYP3 {type = hyperfine; groupl = El; group2 = FADH6;

tensor = trajectory("motions_FAD_H6_dt_50ps.mst"); trajectory = "motions_FAD_H6_dt_50ps.mst";}

S44




49 Interaction FADHYP4 {type = hyperfine; groupl = El; group2 = FADHBetal;

50 tensor = trajectory("motions_FAD_Hbetal_dt_50ps.mst"); trajectory = "motions_FAD_Hbetal_ dt_50ps.mst";}

51

52 Interaction FADHYPS5 {type = hyperfine; groupl = El; group2 = FADHS81;

53 tensor = trajectory("motions_FAD_H81 dt_50ps.mst"); trajectory = "motions_FAD_H81_dt_50ps.mst";}

54

55 Interaction FADHYP6 {type = hyperfine; groupl = El; group2 = FADH82;

56 tensor = trajectory("motions_FAD_H82_dt_50ps.mst"); trajectory = "motions_FAD_H82_dt_50ps.mst";}

57

58 Interaction FADHYP7 {type = hyperfine; groupl = El; group2 = FADH83;

59 tensor = trajectory("motions_FAD_H83_dt_50ps.mst"); trajectory = "motions_FAD_H83_dt_50ps.mst";}

60

61 Interaction TRPHYP1 {type = hyperfine; groupl = E2; group2 = TRPNI;

62 tensor = trajectory("motions_TRP_N1_dt_50ps.mst"); trajectory = "motions_TRP_N1_dt_50ps.mst";}

63

64 Interaction TRPHYP2 {type = hyperfine; groupl = E2; group2 = TRPHI;

65 tensor = trajectory("motions_TRP_H1_dt_50ps.mst"); trajectory = "motions_TRP_H1_dt_50ps.mst"; }

66

67 Interaction TRPHYP3 {type = hyperfine; groupl = E2; group2 = TRPH2;

68 tensor = trajectory("motions_TRP_H2_dt_50ps.mst"); trajectory = "motions_TRP_H2_dt_50ps.mst";}

69

70 Interaction TRPHYP4 {type = hyperfine; groupl = E2; group2 = TRPH4;

71 tensor = trajectory("motions_TRP_H4_dt_50ps.mst"); trajectory = "motions_TRP_H4_dt_50ps.mst";}

72

73 Interaction TRPHYPS5 {type = hyperfine; groupl = E2; group2 = TRPH6;

T4 tensor = trajectory("motions_TRP_H6_dt_50ps.mst"); trajectory = "motions_TRP_H6_dt_50ps.mst";}

75

76 Interaction TRPHYP6 {type = hyperfine; groupl = E2; group2 = TRPH7;

77 tensor = trajectory("motions_TRP_H7_dt_50ps.mst"); trajectory = "motions_TRP_H7_dt_50ps.mst";}

78

79 Interaction TRPHYP7 {type = hyperfine; groupl = E2; group2 = TRPHbetal;

80 tensor = trajectory("motions_TRP_Hbetal_dt_50ps.mst"); trajectory = "motions_TRP_Hbetal dt_50ps.mst";}

81

82

83 //

84 // D

85 /] = -

86 Interaction Dipolar { prefactor = 2.0023; IgnoreTensors = true;type = doublespin; groupl = El; group2 = E2;
7 tensor = trajectory("dipolar_dt_50ps.mst"); trajectory = "dipolar_dt_50ps.mst";}

88

89 [/ —m—mmmm e

90 // Spin States

91 [/ mmmm -

92

93 State Singlet {spins(El,E2) = |1/2,-1/2> - |-1/2,1/2>;}

94

95 State TO {spins(E1l,E2) = |1/2,-1/2> + |-1/2,1/2>;}

96

97 State Tp {spin(E2) = |1/2>; spin(El) = |1/2>;}

98

99 State Tm {spin(E2) = [-1/2>; spin(El) = |-1/2>;}

100

101 State Identity {}

102

103 /] === —— —— -

104 // Transitions

105 /

106

107 Transition Productl {type = sink; source = Singlet; rate=1.0e-3;}

108

109 Transition Product2 {type = sink; source = T0; rate=1.0e-3;}

110

111 Transition Product3 {type = sink; source = Tp; rate=1.0e-3;}

112

113 Transition Product4 {type = sink; source = Tm; rate=1.0e-3;}

114

115] 1}

116 // —— e

117| Settings {

11

Settings general {steps = 1; notifications = details;}

eml.
steml .

nl {type =
n2 {type =

/
//

.field ; axis = "0 1 0";
.field; axis = "0 1 0";

Task StaticHS_Stoch_vield
{
type = "dynamichs-stoch-yields";
logfile = "l4SpinsCorrectedUnitsFDynamic_0.000.log";
datafile = "1l4SpinsCorrectedUnitsFDynamic_0.000.dat";
transitionyields = true;
initialstate = Singlet;
montecarlosamples = 5;
samplingmethod = "SUZ";
autoseed = false;
seed = 1;
totaltime = 953.0;
timestep=0.05;
propagationmethod = "autoexpm";
precision = "single";
yieldcorrections = true;
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/ Conclusions

In this thesis, we looked at photodriven radical pair systems that are ubiquitous

in science, appearing in the hypothesis of avian magnetoreception.”’~>?!1 OLEDs

208-210 10-14

as polaron pairs, applications in quantum information science, and
other systems. The thesis investigated some of these topics with computational
and theoretical tools, and it was mostly concerned with the simulation of these
systems, which have known issues with exponential scaling. The full spin space
of a radical pair grows exponentially with the number of particles in the system,
and a lot of systems of radical pairs can have as many as 20 or more nuclear spins

that are contributing to the spin dynamics. Hence, despite being challenging

computationally, this thesis presented clear ways of overcoming these issues.

Chapter 3 examined the effects of isotopic substitutions on the radical pair-
based compass mechanism. Isotopic substitutions only significantly alter hyper-
fine interactions in spin dynamics. We studied N, 13C, and ?H substitutions
and discovered that the *C substitution for '2C caused the most change. This
result is primarily due to the fact that '2C has S = 0, while 3C has S = 1/2. This
substitution introduces a new hyperfine interaction, whereas nitrogen and hydro-
gen substitutions only modify the magnetic moments of those nuclear spins and
do not significantly affect the anisotropy or the directionality of the singlet yield
profile. While simulating all possible triplets of carbon substitutions, we found
that substitutions of C4, C4A, and C8a produced the greatest alterations. Conse-

quently, this indicates potential substitution patterns for future experimental and
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behavioural research. Moreover, we want to clarify an error made in the published
study that the author wishes to clarify in this thesis. The abstract of Chapter 3
claims that "(1) Uniform deuteration of the flavin chromophore appears to be the best
way to boost the anisotropy of the magnetic field effect and to change its symmetry." This
statement is too strong and only holds true when nitrogen is substituted with 1°N.
Deuteration alone has only shown modest changes in the anisotropy of the system.
Therefore, it cannot be considered the best way to enhance the anisotropy for this
system. Furthermore, evidently, the scale of the systems used in the calculations
was a limiting factor, with the largest system containing only 12 nuclear spins.
Despite this, we were able to quantify the effects of isotopic substitutions and sug-
gest potential causes for these effects. Future research should elucidate the effect
of a larger number of carbon substitutions, which is now feasible with the imple-
mentation of MolSpin described in Chapter 6. Furthermore, it is difficult to predict
the outcomes of behavioural experiments utilising '3C -enriched riboflavin. We
anticipate that birds will respond favourably to the altered riboflavin and that no
isotopic effects will be observed in the chemical reactions of this isotopologue (be-
sides the RPM), which has changes only to the molecule’s backbone, which should
remain unchanged in biochemical transformations. Additional experiments will

clarify this.

Chapter 4 looked into time-dependent field effects on the RPM of avian
magnetoreception. A method for simulating uncoupled radical pair systems with
stochastic time-dependent noise capable of simulating systems with seven nuclear
spins in each radical was developed. The principal finding of this chapter was that
the action-spectrum histogram concept'?? is a precise theoretical instrument for
qualitatively measuring the effect of radiofrequency noise on the spin dynamics
of a system. At least for frequencies within the range of 10 MHz to 100 MHz (or
116 MHz for a full-spin system with 27 nuclear spins”’). In addition, attempts

were made to correlate behavioural experiments with spin dynamics calculations,
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7 Conclusions

but the results were inconclusive because spin dynamics simulations suggested
that RF fields below 2 MHz should have a similar or greater effect than those in
the range 2-80 MHz, whereas behavioural experiments indicate that a sufficiently
low-frequency RF field would be much less effective at inducing disorientation
than one in resonance with spin transitions in the radical. Thus, we were unable
to develop a completely consistent model of radiofrequency radiation disruption
that follows the RPM model and explains all behavioural results, a feat that had
not been accomplished by previous research either.'?> There may be flaws in our
simulation methods, such as the use of RF fields much stronger than those in be-
havioural experiments, the omission of dipolar interaction between radicals, and
the use of an inappropriate measure (the root-mean-square difference between
singlet yields at different RF field strengths) to quantify the effect of the RF fields.
Consequently, future research should focus on identifying systems and models

that are compatible with the behavioural experiments.

Chapter 5 examined the EPR pulse sequence design for an RPM system em-
ploying the relatively dated >? concept of idempotent operator expansion for the
quantum logic gates. Nevertheless, the study presented various pulse sequences
that could be used in experiments, which were an extension and enhancement
of the pulse sequences described in Ref. 65 (which were also shown to have a
flaw with the sign of parameter 9).This was used experimentally in the Ap-
pendix D study that convincingly demonstrated an RPM system after a CNOT
gate operation. In addition, we demonstrated an absolute limit for the CNOT
gate application’s fidelity, Fcnor, with respect to the total gate time 7 and the T»
relaxation time:

+=e 2 > Fenor 7.1

N
N

The experiment in Ref. 14 had a total gate time of 7 = 522 nsand T, = 1.8 us.
Consequently, the upper limit for this system is 0.874 > #cnyor which is consider-

ably less than the reported fidelity of 0.97. Furthermore, it was demonstrated that
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the pulse sequences can eliminate contributions to fidelity from static hyperfine
interaction contributions and that the fidelity value oscillates rapidly when the
magnetic field is relatively strong. This may not be significant for the experimen-
tal readout of these systems and subsequent experiments, but reduced magnetic
fields should be employed in theory for these experiments. A large number of
additional experiments were proposed, such as performing these operations with
gradient ascent algorithms, examining the contribution of radical recombination
to the performance of these systems, theoretical investigation of quantum state
tomography or other readout methods, use of dynamical decoupling or schemes
that facilitate the execution of gates, etc.

The final chapter was all about novel MolSpin implementations. There were
two new primary methods introduced. Direct method for small spin systems that
scales as O(N;Z?1log(Z)); and Stochastic method that scales as O(N;MZ log(Z))
with an error that scales as O(1/VMZ). The combination of these two techniques
provides a comprehensive selection of tools for simulating all radical pairs of
interest. Moreover, the chapter demonstrates the effectiveness of the stochastic
method. It is demonstrated that the calculation for M = 1 provides a more
accurate approximation as the system size increases. Therefore, this technique,
scales as O(Zlog(Z)) (for a constant N; and M = 1)-non-exponentially. Due to
this, it was possible to simulate an RPM system with 14 nuclear spins whose
interactions are based on a molecular dynamics trajectory. We believe that this
new software programme will become increasingly useful as more advanced
simulations are published in the scientific literature using this software. Lastly,
the current heuristic for reducing integration time, which is only available for
symmetric recombination rates, could be extended to asymmetric recombination
rates, and the implementation of GPUs in the software could further improve the
simulation speeds. Otherwise, the software, available at MolSpin, can be utilized

today for simulations of large and complex spin systems.
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A Selected Nuclear Isotopes

I Zz N abundance / %
'H 12 2 +5586 99.99
H 1 3 +0.857 0.0115
2c 0 1 00 98.93
BC 1, 2 +1.405 1.07
BN 1 3 +0404 99.63
BN 12 2 —0.566 0.37
%0 0 1 00 99.76
YO 50 6 0758 0.038

Table A.1 Selected nuclear isotopes with their spin quantum number, degeneracy, nuclear
g-factor, and natural abundance.?*®
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B Errors in Trotter Decompositions for
Matrix Exponentiation

The split operator form is given as: 2%

e—i(Ho+Hl)di’ ~ e—iH1di’/2€—iH0di’e—iH1dt/2 B.1

Expanding the LHS exponential in terms of Taylor series in dt (in Eq. (B.1)),

around t = 0, gives us:

e—i(ﬁ0+ﬁ1)dt _

=1-i(Hy+ Hy)dt — (Ho + Hy) > + i(Hp + H1) 3 + ...

2
=1—i (o -+ Fr) dt — (B3 + ot + Fh o + 1) %Jr
n A A A A A A n 3
+i(Hg+H§H1 + HoH1Hy + HoH? + H1Hj + HiHoHy +HfHO+Hf)d%+...

B.2

Remember, [ﬁo,PAh] # 0. Expanding the RHS same as Taylor series in dt ,

around t = 0, gives us:

. A dt A dt?2 A df3

—ifhdt)2 _ : 2 g3

et / —1—ZH1?—H1?+ZH1£+... B.3
e A A dtz ~ dt3

e~ Hodt = 1 — iHydt — HST + ng? + . B.4
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e—iﬁ]dt/ze—iﬁodte—iﬁldt/z _

= (1 — iﬁ1% + ) (1 — Z'I:Iodt + ) (1 — iHl% + ) =
12 B.5
=1 (Ho+ M) dt - (A2 + Aoty + P + F3) S+
A3 o020, (A2 LoD .0 vz e s das) 4t
+1 HO + ZHOHl + H0H1 +2H1HyH; + 2H1H0 + H1H0 + ng ? + ...
Subtracting Eq. (B.2) by Eq. (B.5), we notice that remaining terms are in the

order of dt3:

e—i(ﬁo+ﬁ1)dﬁ _ e—iﬁldt/ze—l‘ﬁodte—iﬁldt/Z —

A A A A A A A A A A A A A non\ dE3
= i (A3 — 2006183 + 480F o + Aol - 281 Aoy — 20073 + 3l ‘;—4 o=

= O(dt?)

B.6

Hence, the overall error of using the Split Operator formula for non-commuting

matrix exponentials is O(dt?):
e—i(ﬁ0+ﬁ1)dt _ e—iﬁldt/ze—iﬁodte—iﬁldt/z " O(dt3) B.7
If the Split Operator form is used as an exponential integrator, the global error

of using the method is O(dt?), since you need O(dt~!) time steps to go from ¢ = 0

tot =tyax-
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C Error Scaling When Using SU(Z) States
for Trace Sampling

This proof (and analysis) has been adapted from Ref. 218.

Any method of trace sampling attempts to evaluate approximatively the fol-

lowing expression:

n> Ci

Here A is a nuclear spin operator, Tr[. . . | denotes the nuclear spin partial trace,
Z is the dimensionality of the nuclear spin space, and the set of |n) states form a

complete basis for the nuclear spin Hilbert space. In our case, Ais given as:?!

A= /000 <Tre [56a(T)+él:\I(T)]>f(T)dT C.2

Tr.[...] is a partial trace over the electron spin subspace, (...) denotes the
average over the stochastic fluctuations, U(7) is the propagator, f(7)is an arbitrary
function of 7, O is an observable operator, and o, is the electron spin density
operator. For instance, if we are calculating (Ps(t)) = Ps(t) for a radical pair in an

initial singlet state, then O = 135 and o, = 135.

We will presume, for the sake of simplicity, that we have evaluated the average
over stochastic variables (. ..) exactly. This may not be the case precisely, but it is

a reasonable assumption for analysing the effectiveness of trace sampling.?!
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During trace sampling, the approximate value of pi4 is given by an estimator

©4, which is derived from the M sample simulation and is defined as follows:

1 & .
pax@s= 2> (p Ay C3

r=1

|¢(r)> are random normalized nuclear spin states, which are parametrized by
some set of random variables &), i.e. |¢(V)> = |1,b(§(r))>. Each set of &) variables
is sampled at random from the same distribution. We will denote the full set of

M independent sets of random variables 5(7) as & = (E(l), e, S(M)).

We can observe that ©4 is itself a random variable with its own distribution,
thus, we will be most interested in determining its variance and how it scales with
Z. We will designate (... ), as the mean result of an M sample simulation. This

corresponds to integrating over all possible random variable values in & such that:
(&) = / p(&) dgt - / p(&™) dg™ f(5) C4

Where p(&") is the normalized probability density for &") from the resolution

of identity definition in Eq. 2.94.

The coefficients of the randomly samples states in the orthonormal basis |n),
c,(f) = c, (&), are:

¢\ = {(n|p™) C.5

When averaged over &, we assume these coefficients obey the following rela-
tion: 218

. 1
<c£{) cfj,)>M = 0O C6

Here the 1/Z factor naturally arises if the states are normalized such that
(yb(’) |¢(r) ) = 1. Note, if this equation is valid in one basis, it must also be valid in

all other bases. From this equation it can be simply shown, that, on average, the
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C + Error Scaling When Using SU(Z) States for Trace Sampling

estimator for the trace ©4 will be exactly the true quantum mechanical average: '8

(Oa)p = Ua C.7

In order to comprehend the convergence of trace sampling, fluctuations in
the estimator, 6®4 = ©4 — ua, are taken into account. Thus, the mean square

fluctuation (6@ > M can be evaluated as:

(00%) 1 = <@ >M (©4)3

MG

A)WNW) A‘¢<r>>>
r=1r'=1

<<¢<r> A‘ ”W)>>M <<¢<r'> A‘ ¢<r/)>>M) c8
’ Al o,

(e Ale)), (e o)), )

Here, the right-hand side is independent of r because each set of variables
&) is drawn from the same distribution, the same property that was utilised to
acquire the final equality in Eq. C.8. By inserting resolutions of the identity, we

obtain:

A

n’> <m m’>
m’'=
i), - ), )

C.9

3
I
—_~ —
3
I
_
3
I
A _
|
_

Given that A is hermitian (true for all A used in this thesis), its eigenstates form
a basis for the nuclear spin Hilbert space. Choosing |n) such that Aln) = a, |n)

simplifies Eq. C.9 to:
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zZ Z
1
= 55w (e RE), - (), (), ) c

If the randomly sampled states are normalized, i.e. <¢(r)|¢(r)> = 1, then

2, 1e[2 = 1.218 Hence,

V4
S ((eomen), (48], fem) 0 e

n=1

Thus, Eq.C.10 can be written as: 218

Z Z
1
2 _ (1)2) (12 (12 ()2
(003, = 21 0 D Acwbsan (1 PIelR) = (1e7) (1eh'P) ) cre

n=1m=1

Here Aoy, = a, — (1/2) Zi_l ay. This expression can be used to determine an
upper limit for <(5®2 ) o that we will use to demonstrate the convergence of the
SU(Z) state sampling method.

First, we note that:

|Aay| < Aa C.13

Ay is the range of eigenvalues of A. This property for quantities such as the
singlet yield or singlet survival probability will be bounded by 1.2 This gives

the following upper limit on <6® > M
AN N (12} 2 r) (r)
2 A r r 2 )2
(007)y < MZZK [l >M <|Cn | > <|ch >M‘ C14
n=1m=1
Moreover, rearranging Eq. C.11 gives:

4\ /1.2 _ ()21 .(1))2 (r))2 (r))2
<|Cm| >M <|C | >M B Z (<|C” Flew| >M <|C | >M<|Cm| >M) C15

n+m

This means, the upper bound can be written as:*!®
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C + Error Scaling When Using SU(Z) States for Trace Sampling

2A4 ZZ (") 2\
2 )4 2
If the sum on the right-hand side of this equation scales as O(1/Z), trace

sampling will be defined as self-averaging.?>* This will be shown to be the case

for SU(Z) state sampling method.

2p
We will want to evaluate < CE,Z)| > for p = 0,1 to find a closed-form solution
M

for Eq. C.16. For |Z) states, this is:*!®

2 —
< P> =/ dX/ ay Q22D (2 vy 7
M RZ RZ Soy

This integral can be evaluated using the following general formula for Gamma

)

functions: 2>

27 27
“ I'(pr+1/2
/ dZé(|Z|—1)| |z,f”k=2H’<—1 (p’; /2 C.18
R2Z o r'z+ Zk:l Pk)

Since S,z = 2I'(1/2)?*/T(Z), for p = 0,1 we find:

B

Substituting these values into Eq. C.16, we find that:

2

(”4> = C19
u_ Z(Z+1)

Cm

)

C.20

202 7 - 2A2
(5®j>sA21:A+i
M="M Z(Z+1) MZ 72
Notably, this holds true for any basis |n), as the distribution from which |Z)
states are sampled is unitary transformation invariant, i.e. 6(|Z|-1) = 6(|UZ|-1),

where U is an arbitrary unitary matrix.?!® Hence, proving that the overall error

using SU(Z) states scales as O(1/VMZ).
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Article 5: Quantum Gate Opera-
tions on a Spectrally Addressable

Photogenerated Molecular Electron
Spin-Qubit Pair
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ABSTRACT: Sub-nanosecond photodriven electron transfer from a molecular Spin Qubit Pair
donor to an acceptor can be used to generate a radical pair (RP) having two
entangled electron spins in a well-defined pure initial singlet quantum state to serve
as a spin-qubit pair (SQP). Achieving good spin-qubit addressability is challenging
because many organic radical ions have large hyperfine couplings (HFCs) in
addition to significant g-anisotropy, which results in significant spectral overlap.
Moreover, using radicals with g-factors that deviate significantly from that of the
free electron results in difficulty generating microwave pulses with sufficiently large
bandwidths to manipulate the two spins either simultaneously or selectively as is

CNOT Gate
AWG
- t t
P go 1,
0
Reduced Hyperfine

Coupling Yields
Spectral Addressability

necessary to implement the controlled-NOT (CNOT) quantum gate essential for

quantum algorithms. Here, we address these issues by using a covalently linked donor—acceptor(1)—acceptor(2) (D-A;-A,)
molecule with significantly reduced HFCs that uses fully deuterated peri-xanthenoxanthene (PXX) as D, naphthalenemonoimide
(NMI) as A}, and a Cg, derivative as A,. Selective photoexcitation of PXX within PXX-d,-NMI-Cgj results in sub-nanosecond, two-
step electron transfer to generate the long-lived PXX**-do-NMI-C,*~ SQP. Alignment of PXX*"-dy-NMI-Cg,"~ in the nematic liquid
crystal 4-cyano-4'-(n-pentyl)biphenyl (SCB) at cryogenic temperatures results in well-resolved, narrow resonances for each electron
spin. We demonstrate both single-qubit gate and two-qubit CNOT gate operations using both selective and nonselective Gaussian-
shaped microwave pulses and broadband spectral detection of the spin states following the gate operations.

B INTRODUCTION

New computation, communication, and sensing technologies
provided by quantum information science (QIS) are drawing
considerable attention.'™ The identification and character-
ization of new molecular systems to serve as qubits in these
applications have motivated chemists to contribute to this
field” by taking advantage of synthetic tunability®” and the
ease with which unpaired electron spins in molecules can be
manipulated using microwave pulses.*”'’ These molecular
systems employ multiple electron spin qubits within interacting
organic radicals®”"'~"* and/or metal complexes'*~*° and have
achieved advances in extending coherence lifetimes'”*"** and
scaling up the number of qubits.'®***> However, thermally
polarized electron spins*® with well-defined initial spin states
essential for QIS applications”” are only available at high
magnetic fields and/or millikelvin temperatures.“
Spin-selective, light-driven processes in molecular qubit
systems have shown significant promise for creating well-
defined initial electron spin-qubsit states.”*****° For example,
sub-nanosecond photodriven electron transfer from a molec-
ular donor (D) covalently linked to an acceptor (A) via a
bridge molecule (B) has been shown to generate a D**-B-A*~
radical pair having two entangled electron spins in a well-
defined pure initial singlet quantum state that can serve as a
spin-qubit pair (SQP) even at room temperature.”*"** The

© 2023 American Chemical Society

\ 4 ACS Publications

6585

entanglement of the two electron spins in these SQPs results
from their electron spin—spin exchange (J) and/or dipolar (D)
couplings. In addition, the two electron spins of the SQP
experience different magnetic environments as a consequence
of differing electron—nuclear hyperfine couplings (HFCs)
between D*" and A®7, as well as differing spin—orbit
interactions within each radical ion leading to different
electronic g-tensors. The two-particle wave functions of the
SQP in the coupled basis are IS), IT,;), IT,), and IT,,), where
IS) = 1/~2[laB) — Ifa)] and IT,) = 1/2[laf) + |fa)]
constitute two of the four possible entangled Bell states of
the system.”® The other two Bell states, 1/~/2 [lat) + 188)]

and 1/~/2[laa) — IBB)], are obtained by linear combinations
of IT,;) = laa) and IT_;) = Iff). Upon application of a
magnetic field that is much larger than J, D, and the differences
in the HFCs and g-tensors of both radical ions comprising the
SQP, only the IS) and IT,) spin states of the SQP are close in
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Published: March 13, 2023 =h <%
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energy and mix to give |®,) and |®y) (Figure 1). These mixed
states are described by |®,) = cos ¢ IS) + sin ¢ IT) and D)

/S
<

I
Figure 1. Radical pair energy levels in the high magnetic field limit
showing the result of mixing IS) and IT,) states.

[@a)
|®g

e

|T-4)

cos ¢ ITy) + sin ¢ IS), where the angle ¢ describes the
degree of mixing and is related to ], D, and the differences in
the HFCs and g-tensors of the two radical ions.””****** In
contrast, the |T,;) and IT_)) states are energetically far
removed from |T;) and do not mix with IS). Since the SQP is
initially formed in a pure IS) state, |®,) and D) are
overpopulated, which produces strong spin polarization that
can be observed readily with time-resolved EPR spectroscopy
using either continuous (TREPR) or pulsed microwave
radiation (pulse-EPR).

Pulse-EPR has been used to demonstrate quantum state
teleportation,'> spin polarization transfer to a third spin,”~*
and varying degrees of qubit-specific addressability using
photogenerated SQPs.'“** However, the radical ions employed
in these D-B-A molecules typically have large hydrogen and
nitrogen HFCs relative to the difference in their g-tensors,
which results in significant spectral overlap of the two spin
resonances of the SQP, limiting spectral resolution and thus
addressability. In addition, a distribution of the D** and A*~ g-
tensor orientations relative to one another and to the applied
magnetic field often contributes to spectral broadening. All of
these effects make it difficult to generate microwave pulses
with sufficiently broad bandwidths to manipulate the two spins
of the SQP either simultaneously or selectively as is necessary
to implement the controlled-NOT (CNOT) quantum gate
essential for executing quantum algorithms.'>**

1: PXX-NMI-Cg; 1-dg: PXX-dg-NMI-Cgo

Here, we address these issues by designing and synthesizing
a covalently linked donor—acceptor(1)—acceptor(2) (D-A;-
A,) molecule with significantly reduced HFCs by using fully
deuterated peri-xanthenoxanthene (PXX) as D, naphthalene-
monoimide (NMI) as A, and a Cg, derivative as A, (1-d).
These donors and acceptors were chosen to optimize the
photoinduced electron transfer rates within PXX-dy-NMI-Cg,
to ensure rapid two-step electron transfer leading to PXX**-d,-
NMI-Cg4,*~ at cryogenic temperatures. PXX has a lowest
excited singlet state energy E; = 2.75 eV; yet it is relatively easy
to oxidize (E,, = 0.82 V vs SCE***®). NMI was chosen as the
intermediate acceptor because it does not absorb in the visible
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spectrum, and its one-electron reduction ;)otential is
sufficiently negative (Epgp = —1.4 V vs SCE") to ensure
that the energy of the initial photogenerated SQP PXX**-dy-
NMI*"-Cq, is high enough to rapidly reduce Cgy (E,.q = —0.6
V vs SCE™) to give PXX**-dy-NMI-Cg,"".

Selective photoexcitation of PXX within PXX-dy-NMI-Cg,
results in sub-nanosecond, two-step electron transfer to form
an entangled, long-lived PXX*"-NMI-C,*~ SQP. Alignment of
PXX**-NMI-C,"~ in the nematic liquid crystal 4-cyano-4'-(n-
pentyl)biphenyl (SCB) effectively eliminates the spectral
complexities resulting from the anisotropic g-tensors of both
PXX** and Cg4,"~, which results in well-resolved resonances for
each electron spin, thus providing a platform for quantum gate
operations. We demonstrate both single-qubit gates and two-
qubit CNOT gates implemented with frequency-selective and
broadband, nonselective Gaussian-shaped microwave pulses
followed by broadband spectral detection of the spin states
following the gate operations.

B EXPERIMENTAL METHODS

Synthesis. Detailed synthetic procedures and characterization of 1
and 1-d, are given in the Supporting Information (SI). The PXX
radical cation (PXX**) and PXX-d,, radical cation (PXX**-d,,) were
prepared by adding a substoichiometric amount (0.8 equiv) of
nitrosonium tetrafluoroborate to a 100 M dichloromethane solution
of PXX or PXX-d,, respectively. The radical solutions were used
immediately for EPR measurements.

Optical Spectroscopy. UV—visible absorption spectra were
obtained using a Shimadzu UV-1800 spectrometer in a quartz cuvette
with a 1 mm path length. Femtosecond and nanosecond transient
absorption (fsTA and nsTA) spectroscopy was conducted using an
apparatus described previously (for a brief description see the SI).*
Samples for room-temperature TA experiments were dissolved in
toluene and prepared with an optical density of 0.8 at 450 nm in 2
mm quartz cuvettes fused to a glass bulb. This bulb was used to
subject each sample to four freeze—pump—thaw cycles under vacuum
(107 Torr) to remove oxygen. Samples were stirred to minimize the
effects of local heating and degradation. For TA experiments at low
temperature, a solution of 1 in CH,Cl, was prepared with an optical
density of 0.8 at 450 nm in a 2 mm quartz cuvette. The solution was
then evaporated to dryness with a stream of N, in a small vial and was
placed in a N,-atmosphere glovebox. Inside the glovebox, a volume of
2-methyltetrahydrofuran (mTHF) equivalent to the amount of
CH,Cl, used previously was added to the vial to obtain a solution
of similar optical density. This solution was then sealed in a sample
cell consisting of two quartz windows separated by a 2 mm PTFE
spacer. The sealed sample cell was then removed from the glovebox
and placed inside a Janis VNF-100 cryostat (Janis Research Co. LLC)
coupled to a Cryo-Con 32B (Cryogenics Control Systems, Inc.)
temperature controller. The sample was then cooled to 85 K to
measure the TA spectra.

Visible and near-infrared data were individually chirp-corrected
(Surface Xplorer 4, Ultrafast Systems, LLC), and fsTA and nsTA data
were merged in MATLAB prior to kinetic analysis. Data were
analyzed using selected-wavelength global fitting to the models as
described in the text. The errors of the lifetimes given in the figures
are derived from the standard deviations from the global fitting
propagated with the uncertainty described by the instrument response
(0.3 ps and 0.8 ns for fsTA and nsTA, respectively). Details of the
kinetic fitting were described previously.>

Steady-State Continuous-Wave EPR Spectroscopy (CW-
EPR). CW-EPR measurements were performed on ~20 uL, 100
#M samples in dichloromethane solution that were loaded into quartz
tubes (2.40 mm o.d., 2.00 mm i.d.), subjected to three freeze—pump—
thaw cycles on a vacuum line (10™* Torr), and sealed with a hydrogen
torch. Measurements at the X-band (9.5 GHz) were performed with a
Bruker Elexsys E580, equipped with a 4122SHQE resonator. Scans
were performed with a magnetic field modulation amplitude of 0.1 G,

https://doi.org/10.1021/jacs.3c01243
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Figure 2. (a) UV—vis spectra of 1 and 1-d, in toluene solution at 295 K. (b) Evolution-associated spectra obtained from fsTA data of 1 at 85 K in

mTHEF solution following 4., = 450 nm excitation.

modulation frequency of 60 kHz, and nonsaturating microwave power
of 1.5 mW.

Time-Resolved EPR Spectroscopy. Measurements were made
at the X-band (~9.6 GHz) on a Bruker Elexsys E680 X/W EPR
spectrometer with a split ring resonator (ER4118X-MS3). The
temperature was set by an Oxford Instruments CF935 continuous
flow optical cryostat with liquid nitrogen or liquid helium. Direct
detection using CW microwaves was performed following photo-
excitation. Kinetic traces of the transient magnetization under CW
microwave irradiation were detected in quadrature. Time traces were
recorded over a range of magnetic fields to give 2D spectra. Spectra
were processed by first subtracting the signal prior to the laser pulse
for each kinetic trace (at a given magnetic field point) and then
subtracting the signal average at off-resonant magnetic field points
from the spectra obtained at a given time. All processing and fitting of
the spectra were performed in MATLAB using lab-written scripts and
the simulation package EasySpin v6.0-dev.>!

Pulse-EPR Spectroscopy. Shaped microwave pulses were
generated using a commercial Bruker SpinJet II arbitrary waveform
generator (AWG) module. A Gaussian-shaped pulse was used for
both selective and nonselective turning angle operations because it
provides a more uniform excitation across the field-swept echo-
detected spectrum than traditional square pulses. The excitation
profiles of 20 and 80 ns Gaussian pulses were measured to provide
sufficient bandwidth for the nonselective and selective SQP
excitations, respectively, necessary to perform the CNOT gate pulse
sequence (Figure S1). The turning angles of these pulses were
controlled by their amplitude as output by the AWG. These
amplitudes were kept within a linear response regime of the traveling
wave tube (TWT) amplifier. The resonator response profile (Figure
S2) and the TWT response profile and amplitude for the pulse
turning angles for specific pulse lengths were calibrated with the EPR
signal from the triplet state of Cy, as an internal standard generated by
photoexcitation of the sample. All of the pulse experiments were
started with an initial delay after the laser flash Tp,r = 50 ns. The
electron spin echoes were collected with a 7/2—7—7x pulse sequence,
with 7 = 500 ns, and a 16-step CYCLOPS®” phase cycle; this tau value
was chosen to ensure that the spin—echo was not truncated by the
instrument deadtime and to be well within the T,, = 1.5 us phase
memory time of PXX**-d,-NMI-Cg,*~ (Figure S7). Prior to Fourier
transformation, the echo was apodized with a Hamming window,
zero-filled, and circularly shifted to evenly split the spin—echo.
Following Fourier transformation, the spectrum was appropriately
phased into absorption/emission and dispersion. In the single-qubit
nutation experiment, the variable amplitude nutation pulse occurred
500 ns before the detection sequence.

B RESULTS AND DISCUSSION

Optical Spectroscopy. Steady-state absorption spectra of
1 and 1-dy in toluene are shown in Figure 2a. Since deuteration
does not change the electronic structure of PXX, 1 and 1-d,
have identical absorption spectra with a characteristic vibra-
tional progression at 393, 417, and 447 nm resulting from
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PXX."*® The strong absorption below 360 nm and broad
absorption that covers the entire visible region with stronger
absorption at shorter wavelengths results from Cg.>>"*

Transient absorption spectroscopy was used to monitor the
photoinduced electron transfer dynamics of 1 in 2-methylte-
trahydrofuran (mTHF) at 85 K. Time-resolved spectra at
selected times and kinetic fits at selected wavelengths are
shown in Figure S3, while global fitting of the data set using an
A — B — C model yields the evolution-associated spectra
given in Figure 2b. Immediately after laser excitation of PXX in
1, a ground-state bleach appears at 450 nm along with
stimulated emission features at 480 and 520 nm and an
excited-state absorption at 650 nm. The subsequent charge
transfer reaction "*PXX-NMI-Cg, — PXX**-NMI*"-Cq, occurs
in Tcg; = 277 + 4 ps, resulting in the appearance of absorption
bands at 530 and 1000 nm due to PXX**.*>*® The second
charge transfer reaction, PXX**-NMI*"-C¢, — PXX*'-NMI-
Ceo", occurs in 7cg, = 997 + 31 ps, as evidenced by
broadening of the 1000 nm absorption peak due to the
coexistence of Cy,"~ and PXX*". PXX**-NMI-C,,"~ eventually
decays to form PXX-NMI-**C, with a time constant of 2.0 +
0.2 ps (Figure S4). As will be shown below, lowering the
temperature to 10 K results in increasing this lifetime to 13 + 1
us. Partial coexcitation of Cg, also produces some Cg, triplet
excited state (**Cg,), which has an absorption at 680 nm that
appears on a longer time scale (Figure S4).

CW-EPR Spectroscopy. Chemically generated PXX** and
PXX**-d), in dichloromethane solution were characterized by
CW-EPR spectroscopy (Figure S5). The unpaired electron in
PXX*" is coupled to its hydrogen atoms, and the isotropic
hyperfine coupling constants (HFCs) of the five inequivalent
hydrogen atoms were obtained from fitting the experimental
spectrum and are summarized in Table S1. The EPR spectrum
of PXX**-d,, exhibits significant spectral narrowing resulting
from the ~6.5-fold reduction in gyromagnetic ratio of
deuterium relative to hydrogen. The structure that appears
atop the derivative spectrum of PXX*'-d);, results from
unresolved deuterium HFCs.

TREPR Spectroscopy. To evaluate the feasibility of
PXX*"-dy-NMI-C¢,*~ as a potential SQP system for quantum
gate operations, TREPR measurements were performed on
both 1 and 1-dg in mTHF and 5CB at 85 K. The spectra were
recorded in direct detection mode, where positive signals are
enhanced absorptive (a) transitions and negative signals are
emissive (e) ones. Figure 3 shows the corresponding TREPR
spectra at 200 ns after a 7 ns, 450 nm laser pulse. The
difference in g-tensors between PXX®* and C4,"~ allows for
spectral separation of the two radicals at X-band frequencies.
However, significant line broadening at lower field was

https://doi.org/10.1021/jacs.3c01243
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Figure 3. TREPR spectra at 85 K and 200 ns following a 450 nm, 7 ns
laser pulse and spectral simulations. (a) PXX**-NMI-C4*~ (1) in
mTHF, (b) PXX-dy**-NMI-C4"~ (1-dy) in mTHF, and (c) PXX-
dy*-NMI-C¢,"~ (1-d,) in SCB aligned along the magnetic field. The
vertical lines connected to the dots show the transitions of the SQPs,
whose principal axes, x, y or z, are parallel to the magnetic field, where
z is defined as the direction that connects the two spins, and x and y
are perpendicular to z.

observed for 1 due to the unresolved hydrogen atom HFCs in
PXX** (Figure 3a). The higher field portion of the spectrum
with transitions primarily from Cg*" has a narrow (aea)
polarization pattern owing to the nuclear-spin-free nature of
Ceo®~ and its axial g-tensor, whose anisotropy is likely due to
the pyrrolidino-functionalization of Cg, that distorts its
symmetry.

Compared to 1, the lower field features in the TREPR
spectrum of 1-dy in mTHF are narrowed in the absence of
hydrogen HFCs. The entire TREPR spectrum of 1-dy is nearly
centrosymmetric and shows an (e,a,e,a,e,a) polarization pattern,

which deviates from the ideal (¢,a,¢,a) pattern predicted for the
four spin transitions of SQPs.”"** This deviation is attributed
to the axial g-tensors of both PXX®* and Cg*". The Zeeman
splitting of an electron spin in an anisotropic molecule is a
function of the molecular orientation with respect to the
external magnetic field; likewise, the TREPR spectrum of a
randomly oriented ensemble of SQPs in a frozen matrix, such
as that of 1-dy in mTHEF, results in a powder pattern composed
of the SQP transitions at all orientations (Figure 3b).

To eliminate the spectral complexity from random molecular
orientations, 1-dy was dissolved in SCB, and the sample was
aligned by the magnetic field at 295 K, then frozen. The
aligned sample shows a well-resolved (eaea) polarization
pattern (from lower field to higher field) spanning roughly 35
MHz that permits qubit addressability using both frequency-
selective and nonselective microwave pulses necessary for
quantum gate operations (Figure 3c). The TREPR spectra of 1
and 1-d, can be globally simulated using the same spin model
with a spin—spin dipolar coupling constant D = —3 MHz and
two axial g-tensors:, [2.0045, 2.0045, 2.0031] and [2.0003,
2.0003, 2.0019], for PXX** and Cg"°~, respectively. The
spectral simulation of 1 in frozen mTHF used a 20 MHz
Gaussian peak-to-peak line width to account for unresolved
hydrogen HFCs of PXX** (Table S1).

EPR Spectral Readout with Nonselective Pulses. The
strategies of g-factor engineering, deuteration, and alignment of
1-dy produce well-resolved SQP EPR spectra, allowing for
uniform excitation of the entire EPR spectrum using a 20 ns
Gaussian-shaped microwave pulse. Instead of using traditional
field-sweep detection, the EPR spectrum of 1-dy in 5CB in the
frequency domain can be obtained by measuring the entire
spin—echo time trace in the time domain®® at the central
magnetic field of the spectrum and performing a Fourier
transform to obtain the EPR spectrum in the frequency
domain. In principle, when all the spin transitions are excited,
the resulting frequency spectrum of the SQP should exhibit the
same spectral features and polarization pattern as the TREPR
spectrum. To ensure the same bandwidths between the two
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Figure S. (a) Pulse sequence of the single-qubit nutation where Tp,p = S0 ns, the black pulse is a frequency-selective 80 ns nutation pulse, 7 = 500
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population diagrams for selective nutation pulses 0 and 7, respectively, applied to Cyy"~

pulses, the turning angles of the 7#/2 and # microwave pulses
were determined by adjusting the pulse amplitudes rather than
the pulse lengths (Figure 4a). The SQP spin—echo shows
strong oscillations (Figure 4b), which carry all the spectral
information in the time domain, similar to a free induction
decay (FID). The TREPR spectrum of 1-dy in SCB is well-
reproduced in the frequency domain (Figure 4c), showing the
same (e,a,¢,a) polarization pattern (from high frequency to low
frequency), which demonstrates this technique as a feasible
detection scheme for quantum gate operations.
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Single-Qubit Operations. Single-qubit operations were
performed on 1-dy oriented in SCB at 10 K using an 80 ns
Gaussian-shaped, frequency-selective pulse. Decreasing the
temperature from 85 K to 10 K extends the SQP lifetime from
2.0 &+ 0.2 ps to 13 + 1 us (Figure S6). The amplitude of this
pulse was incremented to perform a nutation that targeted
either C4,*~ or PXX®*, depending on the frequency offset of
the pulse (Figure S1b). The effect of the single-qubit nutation
pulse was monitored using the detection scheme discussed in
the previous section. Figure 5a shows the pulse sequence used
in this experiment, where the nutation pulse has a frequency

https://doi.org/10.1021/jacs.3c01243
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offset of —9 MHz that selectively operates on C4"". The
frequency spectrum of the SQP produced after photoexciting
1-d, is plotted against the turning angle of the nutation pulse in
Figure Sb, which can be simulated accurately in the frequency
domain, Figure Sc. In addition, if PXX®" is selectively excited
by the nutation pulse, the same nutation behavior is observed
(Figure S8a), which can also be simulated accurately (Figure
S8b). This nutation effect is attributed to entanglement
between the Cg*~ and PXX®* electron spins.** The PXX**-
dg-NMI-Cg,*~ SQP generated after photoexciting 1-d, is in an
initial singlet state, which results in population of the laf) and
|par) spin states of the SQP in the high field limit>” (Figure
5d), where the first and second Greek letters in the kets denote
the spin states of PXX®* and Cg"7, respectively. The
absorptive and emissive spectral features of Cg,*™ are assigned
to the laf) to laar) and |fa) to |ff) transitions, respectively
(Figure Se). The spin configurations in the uncoupled basis are
shown next to the energy levels to highlight the spin flips
associated with each transition. The nutation 7 pulse applied to
the transitions of C4,"~ acts as a NOT gate and flips the spin
populations from laf) to laa) and from Ifa) to 1f)
simultaneously (Figure Sg), causing the entire spectrum to
flip accordingly (Figure Sf). More generally this operation can

be written as 1//2[laf) — Ifa)] = 1/2 [laa) — 18B)]
and is a protocol related to superdense coding in QIS.** The
same behavior was observed when the nutation pulse was
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applied to PXX**, where 1/~/2[laf) — |a)] = 1/32[1pp)
— laa]), (Figure S8).

The Three-Pulse CNOT Gate. One of the original
microwave pulse sequences proposed by Volkov and
Salikhov®® for the CNOT gate is composed of five microwave
pulses, resulting in a relatively long gate execution time.'’
However, the fact that the photogenerated SQP is created in
an initial singlet state allows for reduction of the number of
pulses necessary to implement the CNOT gate (see SI, eqs
S1—S4). Here, a three-pulse sequence is used to execute the
CNOT gate and the spectrum after the gate is read out using a
broadband Hahn echo pulse sequence as described previously
(Figure 6a)."”” The CNOT gate pulse sequence comprises two
80 ns frequency-selective 7/2 microwave pulses at the
resonance frequencies of the control and target qubits and
one 20 ns frequency nonselective 7 pulse that excites all four
transitions of the SQP. The two spin evolution times L = z/(2]
— 8/3D), where the spin—spin exchange coupling (J) and
dipolar coupling (D) between the two spins of the SQP are
determined experimentally using out-of-phase electron spin
echo envelope modulation measurements (OOP-ESEEM)
(Figure $9).°7° Figure 6b shows the spectral changes that
occur when L is incremented with PXX®" acting as the control
qubit. The SQP spectra after the pulse sequence oscillate at the
same period as the OOP-ESEEM signal (Figure S9),
suggesting that both ] and D are contributing to the spin
precession in the absence of microwave pulses. Furthermore,

https://doi.org/10.1021/jacs.3c01243
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Figure 7. Expected (a) and experimentally measured (b) density matrices of the PXX-dy**-NMI-Cq,*~ (1-dy) SQP after applying the CNOT gate.

when L = 55 ns, the CNOT gate occurs, yielding an EPR
spectrum with a strong absorptive doublet (a,a) feature on
resonance with Cy,"~ and a weaker (e,a,¢) feature on resonance
with PXX** (Figure 6¢). Ideally, when PXX** is acting as the
control qubit, the target qubit C4,"~ will experience a spin flip
only when PXX** is in the /j state. Therefore, when the CNOT
gate is applied to the SQP with its initial spin state of
1/V2[lep) — 1Ba)], the laf) state remains unchanged,
whereas the |fa) state is transferred to the |ff) state as a
result of the spin flip on the target qubit because the control

qubit is in the 4 state, 1/</2 [laf) — fa)] > 1/v2 [laf) —
I33)]. Realistically, the |fa) state in SQP is mixed with a small
percentage of laf) character, thus leaving a small |fa) spin
population. As a consequence, applying the CNOT gate to the
SQP results in an EPR spectrum with a strong absorptive
doublet on the target qubit and a weaker absorption on the
control qubit (Figure 6d). Once again, the spin configurations
in the uncoupled basis are shown next to the energy levels to
highlight the spin flips associated with each transition.
However, the EPR spectrum after the CNOT gate does not
completely match what is predicted by the simulation,
indicating a nonunity fidelity of the CNOT gate, which is
likely due to nonideality of the microwave pulses, such as the
finite pulse length resulting in nonuniform excitation profiles
over the desired frequency range.

Quantum State Tomography and CNOT Gate Fidel-
ity. The fidelity F of a quantum operation as defined in eq 1 is
a common metric used to assess the success of an experimental
quantum logic gate, which compares an ideal density matrix p
of a quantum system to the experimentally determined density
matrix ¢ of the same system.

F(p, 0) = (tryp'?op'* )’ (1)

The ideal density matrix p can be constructed using the
density matrix of the initial SQP spin state and the matrix
representation of the CNOT gate. After applying the CNOT
gate, the experimental density matrix o of the SQP can be
measured using frequency-selective microwave pulses with 90°
turning angles (Figure S10). Using the symbols I, X, and Y to
represent the identity operation, a 90° rotation about the x-
axis, and a 90° rotation about the y-axis, respectively,
performing a total of nine operations following the CNOT
gate,""%* I, XI, YI, IX, IV, XX, YY, XY, YX, rotates the off-
diagonal elements of the density matrix to the diagonal of the
matrix, which are read out as spin populations that manifest
themselves as different polarization patterns in the EPR spectra
(Figure S11). The experimental density matrix is reconstructed
subsequently by solving linear equations whose unknowns are
the matrix elements. The linear equations are simplified further
by neglecting the double-quantum coherences and the
coherences related to the laa) spin state because no spin

population is present in that state. The ideal and experimental
density matrices reconstructed by this method are shown in
Figure 7 and eqs S14 and S15. We obtained a fidelity of 0.89,
which shows that the microwave pulse sequence used here
accurately executes the CNOT gate. By comparing Figures 7a
and 7b, the main source of deviation from the ideal CNOT
gate comes from coherence between the |fa) and If) states
potentially generated by nonideal excitation by the microwave
pulses.

B CONCLUSIONS

In this study, we synthesized PXX-dy-NMI-C4, in which
deuteration of the PXX donor, use of the Cy, as the nuclear
spin-free acceptor with an unusually low g-factor, and
alignment of photogenerated PXX**-dy-NMI-C4,*~ in SCB
result in an SQP having four spectrally separated, narrow
transitions, providing a platform for quantum logic gate
operations. Single-qubit gates and the two-qubit CNOT gate
were demonstrated using this system, which form a complete
set of gates necessary for quantum information applications.
These results illustrate the opportunities afforded by tailoring
the properties of photogenerated radical pairs to serve as SQPs.
Nevertheless, several challenges remain in scaling-up these
systems to multiqubit assemblies needed for QIS applications.
Some of these challenges currently being researched include
using shaped microwave pulses to establish uniform pulse
bandwidths, improved gate fidelities, optical selectivity to
address different SQPs, and better control of anisotropic
magnetic interactions to enhance spin addressability.
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1. Synthesis and Characterization

All chemicals were purchased from Sigma-Aldrich, Inc. unless noted otherwise. 'H and '*C NMR
spectra were acquired with a Bruker Avance III 500 MHz instrument equipped with a DCH
CryoProbe. Mass spectroscopy was performed using a Bruker Rapiflex MALDI-TOF. Purification
was performed using silica gel from Sorbent Technologies (Atlanta, GA). The synthesis of
Compound 1 or 1-dy is outlined in Scheme S1 and the synthesis of PXX-d| is outlined in Scheme

S2.
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Compound 2: In a 100-ml round bottom flask equipped with a magnetic stir bar was added 1 g
(3.8 mmol) of 1,4-dibromo-2,5-dimethylbenzene, 3.8 g (15 mmol) of bis(pinacolato)diboron, 136
mg (0.2 mmol) of Pd(dppf)Cl, and 2.2 g (23 mmol) of potassium acetate. The solid mixture was
pump-purged three times under a nitrogen atmosphere before 20 ml of N,-degassed 1,4-dioxane
was injected into the flask and brought to reflux. 12 hours later, the solvent was removed under
vacuum and the crude product was purified using silica gel column chromatography with 50%
dichloromethane in hexane as eluents, yielding 1.2 g (82%) of white powder as product. 'H NMR
(500 MHz, CDCl;) 6 7.56 (s, 2H), 2.50 (s, 6H), 1.36 (s, 24H). 3C NMR (126 MHz, CDCl;) &

140.58, 136.94, 83.43, 24.91, 21.52.

Compound 3: In a 50-ml round bottom flask equipped with a stir bar and a Dean-Stark trap was
placed with 1 g (5.5 mmol) of 4-bromobenzaldehyde 2.4 ml (44 mmol) of anhydrous ethylene
glycol, 70 mg (0.28 mmol) of p-toluenesulfonic acid, 0.5 ml of silica gel and 12 ml of toluene. The
reaction was brought up to 110 °C for 2 hours until the solvent in the Dean-Stark trap is no longer

turbid. The mixture was poured into 20 ml of ethyl acetate and washed with water (10 ml % 3) and

S3



brine (5 ml). The organic layer was dried with anhydrous Na,SO,4 and removed under vacuum to
yield 1.25 g of colorless oil as product. '"H NMR (500 MHz, CDCl3) 6 7.52 — 7.46 (m, 2H), 7.37 —
7.30 (m, 2H), 5.75 (s, 1H), 4.13 — 4.05 (m, 2H), 4.05 — 3.97 (m, 2H). 3C NMR (126 MHz, CDCl5)

0 136.96, 131.55, 128.23, 123.30, 103.07, 65.36.

Compound 4: In a 100-ml round bottom flask equipped with a magnetic stir bar was added 1 g
(4.4 mmol) of 3, 1.2 g (9 mmol) of bis(pinacolato)diboron, 78 mg (0.38 mmol) of Pd(dppf)Cl, and
1.1 g (13 mmol) of potassium acetate. The solid mixture was pump-purged three times under a
nitrogen atmosphere before 20 ml of N,-degassed 1,4-dioxane was injected into the flask and
brought to reflux. 12 hours later, the solvent was removed under vacuum and the crude product
was purified using silica gel column chromatography with dichloromethane as eluents, yielding
501 mg (49%) of white powder as product. 'H NMR (500 MHz, CDCl3) 6 7.80 (d, J = 8.1 Hz, 2H),
7.45 (d, J = 8.1 Hz, 2H), 5.82 (s,1H), 4.13 — 4.06 (m, 2H), 4.06 — 3.98 (m, 2H), 1.32 (s, 12H). 13C

NMR (126 MHz, CDCl;) 6 140.80, 138.08, 128.76, 125.71, 103.61, 84.37, 83.89, 65.30, 24.91.

Compound 5: 500 mg of 4, 470 mg of 4-bromo-2,5-dimethylaniline, 70 mg of Pd(dppf)Cl, and
2.3 g of cesium carbonate was placed in a 50-ml round bottomed flask that was equipped with a
stir bar and condenser. After pump-purge cycles, the solid was protected in an N, atmosphere and
20 ml of degassed 10% water in tetrahydrofuran solution was added to the reaction vessel and
refluxed for 12 hours. The reaction mixture was then extracted with dichloromethane and washed
with water. After the solvent was removed from the organic layer under vacuum, the crude product
was purified using silica gel chromatography with dichloromethane as eluent to yield 300 mg (61%)
of off-white waxy solid as product. '"H NMR (500 MHz, CDCls) & 7.48 —7.45 (m, 2H), 7.32 — 7.28

(m, 2H), 6.91 (s, 1H), 6.58 (s, 1H), 5.83 (s, 1H), 4.21 — 4.10 (m, 2H), 4.10 — 4.00 (m, 2H), 3.58

S4



(br, 2H), 2.16 (s, 3H), 2.14 (s, 3H). 3C NMR (126 MHz, CDCl;) § 134.47, 133.79, 132.85, 131.27,

129.39, 128.26, 126.30, 123.19, 122.30, 103.75, 65.46, 29.74, 20.15, 17.19.

Compound 6: 120 mg of 4-Bromo-1,8-naphthalic anhydride, 170 mg of 5, 20 mg of zinc acetate
and 10 ml of pyridine were added to a 25-ml round bottomed flask that was equipped with a
magnetic stir bar and a water condenser. The reaction was heated to 100 °C for 24 hours before
the solvent was removed using a rotary evaporator. The crude product was passing through a silica
gel column with dichloromethane as eluent to yield 78 mg (32%) of off-white powder as the
product. '"H NMR (500 MHz, CDCl;) 8 8.72 (dd, J = 7.3, 1.1 Hz, 1H), 8.65 (dd, J = 8.5, 1.1 Hz,
1H), 8.48 (d, J = 7.8 Hz, 1H), 8.09 (d, J = 7.8 Hz, 1H), 7.90 (dd, J = 8.5, 7.3 Hz, 1H), 7.53 (d, ] =
8.1 Hz, 2H), 7.40 (d, J = 8.3 Hz, 2H), 7.22 (s, 1H), 7.09 (s, 1H), 5.86 (s, 1H), 4.22 — 4.12 (m, 2H),
4.12 — 4.02 (m, 2H), 2.24 (s, 3H), 2.13 (s, 3H). 13C NMR (126 MHz, CDCl;) & 163.56, 142.36,
142.29, 136.45, 134.47, 133.79, 133.25, 132.85, 132.59, 131.76, 131.27, 130.88, 130.85, 130.04,

129.98, 129.68, 129.54, 129.39, 128.26, 126.30, 123.19, 122.30, 103.75, 65.46, 20.15, 17.19.

Compound 7: 100 mg of PXX-Br, 150 mg of 2, 10 mg of Pd(dppf)Cl, and 76 mg of potassium
carbonate were placed in a 100-ml round bottomed flask that was equipped with a magnetic stir
bar and a condenser. After the solid mixture was pump-purged three times and protected in a
nitrogen atmosphere, 20 ml of degassed tetrahydrofuran was injected into the reaction vessel and
heated up till reflux for 12 hours. The solvent was then removed under vacuum and the crude
product was purified using silica gel chromatography with 50 % dichloromethane in hexane as
eluent to yield 70 mg of product. "H NMR (500 MHz, CDCl3) 6 7.68 (s, 1H), 7.31 (d, J = 9.0 Hz,
1H), 7.10 — 7.07 (m, 2H), 7.00 (s, 1H), 6.95 — 6.91 (m, 2H), 6.86 (d, J = 9.2 Hz, 1H), 6.80 (d, J =

9.3 Hz, 1H), 6.70 (t, ] = 7.8 Hz, 1H), 6.65 — 6.61 (m, 1H), 2.52 (s, 3H), 2.02 (s, 3H), 1.36 (s, 12H).
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Compound 8: 35 mg of 6, 70 mg of 7, 55 mg of cesium carbonate and 2 mg of Pd(dppf)Cl, was
placed in a 25-ml round bottomed flask and pump-purged three times with N, before 10 ml of N»-
degassed 10 % water in tetrahydrofuran solution was injected. The reaction was brought up to
reflux for 12 hours before the solvent was removed using a rotary evaporator. The crude product
was purified using a silica gel chromatography with dichloromethane as eluent to yield 46 mg of
product. '"H NMR (500 MHz, CDCl;) 4 8.76 — 8.66 (m, 2H), 8.11 — 8.02 (m, 1H), 7.83 — 7.71 (m,
2H), 7.54 (d, J = 8.1 Hz, 2H), 7.42 (d, J = 8.0 Hz, 2H), 7.35 (dt, J = 9.0, 1.7 Hz, 1H), 7.25 (s, 1H),
7.23 —7.21 (m, 1H), 7.20 (s, 1H), 7.14 (s, 1H), 7.13 — 7.10 (m, 2H), 7.09 — 7.02 (m, 2H), 6.99 —
6.96 (m, 1H), 6.93 (s, 1H), 6.78 (dd, J = 7.8, 2.5 Hz, 1H), 6.67 (ddd, ] = 5.3, 4.5, 3.1 Hz, 1H), 5.87
(s, 1H), 4.22 — 4.14 (m, 2H), 4.09 — 4.04 (m, 2H), 2.26 (s, 3H), 2.20 (s, 3H), 2.12 (s, 3H), 2.03 (s,

3H). MS (MALDI-TOF) m/z: [M*] calculated for Cs7H39NOg4 833.28; found 835.316.

Compound 9: 80 mg of 8 was dissolved in 15 ml of tetrahydrofuran in a 20-ml scintillation vial
with the addition of 0.1 ml of 37 % hydrochloric acid and stirred at room temperature. Three hours
later, the deprotection was completed as monitored by NMR. The reaction was quenched by
sodium bicarbonate and extracted with dichloromethane. The product in the organic layer was used
directly for the next step after the solvent was removed under vacuum. 'H NMR (500 MHz, CDCl5)
0 10.02 (s, 1H), 8.72 — 8.62 (m, 2H), 8.02 (td, J = 7.6, 1.2 Hz, 1H), 7.90 (d, J = 8.0 Hz, 2H), 7.77
—7.67 (m, 2H), 7.53 (d, J = 8.0 Hz, 2H), 7.29 (dd, J = 9.0, 2.3 Hz, 1H), 7.22 (s, 1H), 7.18 (s, 1H),
7.15 (s, 1H), 7.13 (d, J = 2.3 Hz, 1H), 7.06 (p, J = 2.7 Hz, 2H), 7.04 — 7.00 (m, 1H), 7.00 — 6.96
(m, 1H), 6.95 — 6.90 (m, 1H), 6.86 (t, ] = 8.7 Hz, 1H), 6.72 (dd, ] = 7.8, 2.4 Hz, 1H), 6.61 (td,J =
4.7, 3.1 Hz, 1H), 2.23 (s, 3H), 2.17 (s, 3H), 2.08 (s, 3H), 2.01 (s, 3H). MS (MALDI-TOF) m/z:

[M*] calculated for CssH35sNOs 789.25; found 789.566.
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Compound 1: In a 50-ml round bottomed flask equipped with a magnetic stir bar and a water
condenser was placed with 50 mg of 9, 17 mg of sarcosine and 136 mg of C¢, that were pump-
purged three times with N,. 20 ml of 1,2-dichlorobenzene was added to the flask and heated to 120
°C for 15 hours. After the reaction was cooled down, the solvent was removed under vacuum and
the crude product was purify with silica gel column chromatography using 15% of
dichloromethane in hexane to remove unreacted Cg first then flash with dichloromethane to obtain
the crude product. The crude product was then purified with the same chromatography procedure
two extra times to completely remove Cg to yield 20 mg of dark brown solid as product. '"H NMR
(500 MHz, CDCl;) & 8.74 — 8.66 (m, 2H), 8.05 (ddd, J = 7.8, 6.5, 1.2 Hz, 1H), 7.86 (s, 2H), 7.79
—7.70 (m, 2H), 7.45 (dd, J = 5.4, 2.6 Hz, 2H), 7.35 (dt, J = 9.1, 1.8 Hz, 1H), 7.28 (s, 1H), 7.22 (d,
J=5.5Hz, 1H), 7.19 (dd, J =6.2,4.1 Hz, 1H), 7.12 (dq, J = 5.2, 2.4 Hz, 3H), 7.09 — 7.05 (m, 1H),
7.05-7.01 (m, 1H), 6.97 (dt, J = 9.1, 1.9 Hz, 1H), 6.95 — 6.88 (m, 1H), 6.78 (dd, J = 7.8, 2.5 Hz,
1H), 6.67 (ddd, J=5.4,4.5,3.2 Hz, 1H), 5.02 (d, J = 9.3 Hz, 1H), 5.00 (s, 1H), 4.30 (d, ] = 9.4 Hz,
1H), 2.89 (s, 3H), 2.18 (s, 6H), 2.12 (s, 3H), 2.05 (s, 3H). 13C NMR (126 MHz, CDCls) § 146.50,
146.46, 146.42, 145.49, 145.38, 145.32, 145.28, 145.26, 144.99, 144.94, 144.92, 144.90, 144.76,
144.62, 144.60, 144.58, 144.51, 144.48, 144.44, 144.40, 144.35, 144.30, 144.22, 143.76, 143.49,
143.25, 143.17, 143.16, 142.26, 142.12, 142.05, 141.96, 141.72, 141.64, 141.55, 141.28, 141.25,
141.23, 141.03, 140.94, 140.79, 140.58, 140.44, 139.21, 139.14, 138.97, 138.62, 134.32, 133.21,
132.21, 131.36, 129.31, 82.29, 39.20, 28.76, 19.14, 18.62, 16.16, 13.10. MS (MALDI-TOF) m/z:

[M*] calculated for C;17H4oN>O4 1537.30; found 1537.492.

BINOL-d;,: BINOL (2g), D20 (20 ml) and PtO2 (30 mg, 0.02 equiv.) were placed in a 125-ml
Parr acid digestion vessel. The sealed vessel was placed in an air circulating drying oven and

heated to 220 °C for 48 hours. The vessel was then cooled to room temperature and 100 ml of
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dichloromethane was added to dissolve the product. After filtration, the filtrate was collected, and
the solvent removed under vacuum. The crude product underwent another deuteration cycle for
complete deuteration (> 95%) to yield 1.6 g (75%) of product that was used directly for the next

step. MS (MALDI-TOF) m/z: [M*] calculated for C,gHD,30, 299.18; found 299.276.

PXX-dyy: The synthesis of PXX-do from BINOL-d;, follows the literature procedure.! MS

(MALDI-TOF) m/z: [M*] calculated for C,yD 00, 292.13; found 292.242.

Compound 1-dy: The synthesis of 1-dy follows the same route as 1 except for using PXX-dy-Br
as the precursor. MS (MALDI-TOF) m/z: [M*] calculated for C,;7H3;DgN,O4 1546.36; found

1546.408.

2. Microwave Pulse Characterization

a) FFT Intensity (a.u.) b) 1.0
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Figure S1. (a) Echo detected field sweep of PXX-dy"-NMI-Cqy'~ generated by 450-nm
photoexcitation of 1-dy at 10 K in 5CB aligned along the external magnetic field direction.
20-ns Gaussian-shaped n/2 and & pulses are used in the experiment to ensure the same excitation
bandwidths of both microwave pulses to cover the entire EPR spectrum of the radical pair.
Fourier transformation of the echo at each field position gives the corresponding frequency
spectra and were plot against the magnetic field. The features with frequencies lager than 20
MHz or lower than -20 MHz belong to 3*Cy. (b) Frequency spectra of 1-dj at the field position
indicated by the dashed line in (a) showing the complete EPR spectrum of the SQP. The shaded
area shows the bandwidths of Gaussian-shaped microwave pulses, indicating the feasibility of
selective and non-selective excitation.
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Figure S2. Resonator profile characterized by a three-pulse nutation experiment at various
microwave frequencies. The plot of nutation frequencies versus microwave frequencies is fit
with a resonator model to give the center frequency Fy and the quality factor Q.

3. Transient Absorption Spectroscopy

Transient absorption spectra and kinetics were acquired using a regeneratively amplified
Ti:sapphire laser system (Tsunami oscillator/Spitfire amplifier (Spectra-Physics) was used to
pump a commercial collinear optical parametric amplifier (TOPAS-Prime, Light-Conversion LLC)
to generate 450 nm laser pulses.? Before interaction with the sample, the probe was split using a
neutral density filter so that one portion interacted with the sample and one portion provided a
reference spectrum. The pump (450 nm, 1 pJ/pulse, 120 fs) was sent through a commercial
depolarizer (DPU-25-A, Thorlabs, Inc.) to suppress the effects of rotational dynamics and chopped
at 500 Hz. The pump was focused to about 0.2 mm diameter and the probe to about 0.1 mm
diameter at the sample. The reference probe and the transmitted probe were coupled into optical

fibers and detected using a customized Helios spectrometer and Helios software (Ultrafast Systems,
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LLC). Nanosecond visible transient absorption (nsTA) spectroscopy experiments were performed
using the pump pulse described for the fSTA experiments paired with a photonic crystal fiber ultra-
broadband probe generated by a customized EOS spectrometer (Ultrafast Systems, LLC). The
temporal resolution was about 120-280 fs in the fSTA experiments and about 600-900 ps in the
nsTA experiments. Visible fSTA spectra were collected for 3 s at each pump-probe time delay;

nsTA spectra were collected using similar durations.

a) b)
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Figure S3. a) fsTA data of 1 at 85 K in mTHF solution following A.x = 450 nm excitation. b)
Comparison of the kinetic traces to the fit at selected probe wavelengths.
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Figure S4. a) nsTA data of 1 at 85 K in mTHF solution following Aex = 414 nm excitation. b)
Decay-associated spectra (DAS) of 1. ¢) Comparison of the kinetic traces to the fit at selected

probe wavelengths.
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4. Electron Paramagnetic Resonance Spectroscopy
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Figure S5. CW-EPR spectra of PXX"* (black) and PXX""-d,( (blue) in dichloromethane
solution at 295 K. The spectral fitting of PXX"* is shown in red.

Table S1. Proton Hyperfine Couplings Extracted From CW-EPR Spectrum of PXX"*

B H, e+

Proton H1 H2 H3 H4 HS5

Hyperfine Coupling (MHz) 5.00 0.51 6.37 9.47 2.45
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Figure S6. Lifetime of PXX-dy""-NMI-Cgy'"at 10 K in 5CB aligned along the external
magnetic field direction determined using electron spin echo detection following Aex =
450 nm excitation of 1-dy. Tpar is the delay between the laser pulse and the /2 pulse of
the Hahn echo pulse sequence. The delay between the n/2 and = pulses of the Hahn
echo sequence is 500 ns.
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Figure S7. Phase memory time of Cgy'~ and PXX"" in the PXX-dy*-NMI-Cgy"~ SQP
measured in SCB at 10 K using a /2 — 1 — m — 1 — echo pulse sequence. Both the /2
and & pulses are Gaussian-shaped 80-ns frequency selective microwave pulses to ensure
selective excitation of either C4*~ or PXX"", which effectively eliminates OOP-ESEEM
such that the exponential decay of the spin echo versus t can be observed. The spin echo
was integrated and plot against the inter pulse delay t. Fitting the curve to a mono-
exponential decay yields T},.
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Figure S8. (a) Single-qubit gate operation using a three-pulse nutation pulse sequence on
PXX-dy"-NMI-Cgp""at 85 K in 5CB aligned along the external magnetic field direction using
a selective nutation pulse that excites PXX""and a non-selective Hahn echo sequence that
detects the entire EPR spectrum. The pulse lengths and intervals are the same as in Figure 5.
(b) Frequency domain simulation of the experiment.

OOP-ESEEM

The out-of-phase ESEEM experiment on 1-dy measured in the nematic liquid crystal 5CB that is
aligned parallel or perpendicular to the magnetic field allows one to extract the D and J values
simultaneously.? Theoretically, the oscillation frequency in the parallel case is |[-4D/3+2.J], while
when the molecules are aligned perpendicular to the magnetic field, an oscillation frequency of
|2D/3+2J] would be obtained. Plugging the experimental data into these two equations yields J =

0.15 MHz and D = -2.98 MHz.
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Figure S9. Out-of-phase ESEEM measurements on PXX-dy"-NMI-C4p""at 85 K in 5CB
liquid crystal that is (a) aligned along the external magnetic field direction, or (b) aligned
perpendicular to the external magnetic field direction.

The three-pulse CNOT gate

Following the methodology proposed by Salihkov,* the operator of the CNOT gate can be obtained

in the following equation:

0CN0T = olt/4g —l2y/2 5 —iHT/2 o —in(lix + I22) p —iHT/2 p —ttl12/2 o =i (l1x + I32) (S1)

Where /;,, I5,, and I, are the spin operators, and /7 and 7 are the spin Hamiltonian for the SQP and
the spin evolution time, respectively. Since the SQP is initialized to the singlet state, to which the

following equation applies:
eiT[(le"‘12x)|S)(S|e—i7T(11x+12x) = |SWS| (S2)

The CNOT gate operator can thus be simplified as following:

UCNOT — ein/4e —lﬂ.’]zy/Ze —iH'[/Ze —lﬂ.’(llx + sz)e —iHT/Ze —LT[le/Z (S3)

Substituting the spin Hamiltonian of the SQP into eq S3 yields:
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lA]CNOT — eirr/4e —l7T12y/Zei7T11z12z/Ze —in(l1 + 12x)ei7T11z12z/2€ —tl1,/2 (S4)

Hence, the pulse sequence for CNOT gate is n/2.1x, L, Tix 2x, L, ©/25,, where delay L = 2J except in

the case of molecules that are aligned with the magnetic field, where L = 2J — 8/3D.
Quantum state tomography

To obtain the density matrix of the SQP after implementation of the CNOT gate, nine pulse
sequences were used (Figure S10), which comprise the three-pulse CNOT gate, a tomographic
projection pulse and a two-pulse detection sequence. We assume the density matrix ¢ of SQP after

the CNOT gate takes the form of the following:

a1z Q12 ai3 dig

az1 Az Q3 QA4
o= (S5)
a3z1 daszz Aasz3 d34

Ag1 Q42 Q43 Q44
Where each elements are complex numbers and the basis set is composed of the following states:
lao>, |af>, |Bo> and |BB>. Since there is virtually no population in the |ao> state after application
of the CNOT gate as verified in the EPR spectrum and the double quantum coherence is small, the
elements in the first row and the first column as well as a3 and a;, are all zero. The operators
corresponding the m/2 pulses after the CNOT gate can be calculated using the spin operator

functions provided by EasySpin,> which are following:

1 0 —i O
0 1 0 —i
0 —i O 1
1 0 -1 0
01 0o -1
vi=1A2|7 o 1 o (S7)
01 o 1
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1 —i 0 0
— 1 0 0
IX = 1/\/2 0 0 1 —i (S8)
0 0 —i 1
1 -1 0 0
1 1 0 0
IY=1A2]y o 1 _1 (S9)
0o o0 1 1
1 - =i -1
- 1 -1 —i
Xx=wl_; 1 1 i (S10)

vy=1/27 4 1 _1 (S11)

1 )
XY="%_ i 1 -1

(S12)

1 -1 -1 1
1 1 -1 -1

1 1 1 1
The density matrices after the CNOT gate and the tomography pulses are thus UsU’, where U is
one of S6-S13 and U’ is the complex transpose of U. The diagonal elements of the resulting
matrices will be the level populations of |ao>, |af>, |Bo> and |BB> as functions of a;j (i and j are
the indices), and the difference between the populations of jao™> and |ap>, |ao> and |Bo>, [Bo> and
IBB>, |op> and |BP> yield the intensities of the EPR spectra at the corresponding frequencies. By

reading out the peak intensities at each transition in Figure S11, solving the linear equations of aj;
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and normalizing them yield the final experimental density matrix in eq S15. The theoretical density

matrix is shown in eq S14.

0 0 0 0
o 05 0 —o05

P=lo 0 0 o0 (S14)
0 —05 0 05
0 0 0 0
0 05 0 —0.31 + 0.12i

5=1p 0 0 0.13 — 0.1i (S15)
0 —0.475+0.02i 0.13—0.1i 0.483
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Figure S10. Pulse sequences used for quantum state tomography measurements. After laser
excitation (Tpar = 50 ns), the three-pulse CNOT gate was implemented right before
tomography pulses, which consist of 80-ns selective n/2 pulses that rotate the Cgp™ or PXX™*
electron spins along x or y-axis in the Bloch sphere, were employed. After waiting t; = 100 ns,
the final spin states populations were readout using the non-selective Hahn-echo sequence,
where 1, = 500 ns, which is described in the main text. The 80-ns frequency-selective pulses
are black and the 20-ns frequency-non-selective pulses are red.
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Figure S11. Quantum state tomography of PXX-dy""-NMI-C4y"~ measured in 5CB aligned
along the external magnetic field direction at 10 K.
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