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Abstract

This thesis contains three main results.

The first result states that, outside a slim set associated with a Gaussian
process with long time memory, paths can be canonically enhanced to
geometric rough paths. This allows us to apply the powerful Universal
Limit Theorem in rough path theory to study the quasi-sure properties
of the solutions of stochastic differential equations driven by Gaussian
processes. The key idea is to use a norm, invented by B. Hambly and
T.Lyons, which dominates the p-variation distance and the fact that the
roughness of a Gaussian sample path is evenly distributed over time.

The second result is the almost-sure uniqueness of the signatures of SLE,
curves for k < 4. We prove this by first expressing the Fourier transform
of the winding angle of the SLE curve in terms of its signature. This
formula also gives us a relation between the expected signature and the
n-point functions studied in the SLE and Statistical Physics literature. It
is important that the Chordal SLE,, measure in D is supported on simple
curves from —1 to 1 for 0 < k < 4, and hence the image of the curve
determines the curve up to reparametrisation.

The third result is a formula for the expected signature of Gaussian pro-
cesses generated by strictly regular kernels. The idea is to approximate
the expected signature of this class of processes by the expected signa-
ture of their piecewise linear approximations. This reduces the problem
to computing the moments of Gaussian random variables, which can be
done using Wick’s formula.
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Chapter 1

Introduction

The theory of rough paths began with a desire to define ordinary differential equations
(ODEs) driven by paths which do not have bounded total variation. According to T.
Lyons [Lyn98|, if such a differential equation were to be defined so that the associated
[t6 map is continuous, it should be considered as one driven by the path together with
its “iterated integrals” (see section 1.3). These “iterated integrals” will be a central
object of interest in this thesis. In this chapter, we shall recall the basic setting in

rough path theory and state the main results of this thesis.

1.1 Paths with finite p-variations

Let p>1,T >0 and d € N. Let VP (Rd) denote the set of all continuous functions

v : [0, T] — R? with finite p-variations, i.e.

B =

I, = <Sl;pz Veiar — %k\p> < 00 (1.1.1)
k



where the supremum is taken over all finite partitions P := (to,t1,..,t,—1,t,), With
O=to<ti < ---<t,1<t,=T.
It is elementary to show that for ¢ > p, VP (Rd) c V! (Rd). If we define for

v € Up»1 VP (R?) the roughness of v as

inf {p>1:7€V” (R} (1.1.2)

then VP (]Rd) can be considered as the set of paths with roughness less than or equal
to p.

Notice thhat in (1.1.2), we have restricted p to be in the range [1,00). This is
because if vy is continuous and that for some p < 1, [|7||, < oo, then 7 is a constant

path.

Remark 1. The notation nyHVp([Ol

) will also be used to denote |||,

1.2 Tensor algebra

We have briefly mentioned the role of iterated integrals in the study of differential
equations. It turns out that if we embed the sequence of iterated integrals in the tensor
algebra, then the additivity property of integral will translate into the multiplicative
property of the sequence of iterated integrals with respect to the tensor algebra.

Let T™ (Rd) and T (]Rd) denote the graded algebras on R? defined by

T (RY) := @p_y (R)™



and

T (RY) = @2, (RY)™

where (R?) 0 ._R.

We shall define two projection maps as follow:
1. 7 will denote the projection map from 7' (R?) to (Rd)®n.
2. m, will denote the projection map from 7' (R?) onto 7™ (R¢).

Let {ey,...,eq} be the standard basis of R%. Let e, ..., e} denote the corresponding
dual basis of R¥. Note that {e;, ® ---®e;, : (i1,...,i,) € {1,...,d}"} forms a basis
of (Rd)®n. We now embed, in the algebraic sense, T ((Rd)*) into T ((Rd))* by
extending linearly the map €] ® ... ®e; in [(Rd) *} “" defined by

e, ®...®¢e (6,®...0¢, = lifn=Fkandji =ii,...,Jn = in.

J1

= 0 otherwise.

*

Let I := (iy,...,in) € {1,...,d}*", we will also denote the functional e}, ® ... ® ¢}

by ef or 7l. For w € T (]Rd), e;, ®...®e; is called the projection of w onto the

basis e;;, ®...®e;,.
We equip (Rd)®k with a norm by identifying (Rd) “* with R? and we equip
7™ (R?) with the norm

o k
‘WlTn(Rd) = Orél]?gl ‘W( ) (W)l .

Definition 2. Let v € V' (RY)and let A, (s,t) := {(t1,...,tn) 1 s <ty <--- <1, < t}.



The lift of 7 is a function S (7) : {(s,t) : 0 < s < ¢} = T (R?) defined by

oo

SV = 1+Z/A oy ® O, (1.2.1)

n=1

where the sum + is the direct sum operation in 7' (Rd) and the integrals are taken in
the Lebesgue-Stieltjes sense.

The signature of a path v € V' (R%) on [0, 7] is defined to be S Mo,z

Remark 3. Note that in particular we have

e, @@, (S(o) = /0 e (dy,) el (dyy) -

<t <. <tp<t

_ J1 Jk
= / dyy - diy
0<t1<...<tp<t

where 777 is the j;th component of v with respect to the basis e;,.

Note in particular that 7™ <S (v)s’t> = fAn(s 7 ®. .. @dy, and will be called
the n-th grading of the lift of v. We will denote m, <S (7)“) by S (V)44

The signature of a path satisfies the Chen’s identity:

SMsu®S (Ve =50, VO<s<u<t<T (1.2.2)

1.3 Geometric rough paths

For paths which do not have bounded total variations, their iterated integrals can-

not be defined in the classical sense. Therefore, we need the notion of geometric



rough paths, which are multiplicative functionals which can be approximated by the
signatures of smooth functions under some metric.

Let Nor:={(s,1) : 0<s <t <T}.

Definition 4. Let n € Nand p > 1. Let V? (T " (]Rd)) denote the set of all continuous
functions w from Ay to T™ (Rd) such that
Lo (wse) = 1.
2. w satisfies
»\ P
e (S ) <
where supp runs over all partitions tgp =0<t; <ta < .. <t,=T.

Let w', w? be elements of VP (T™ (R?)). We define, for each p > 1, a distance

)

For p > 1, let |p| be the integer part of p. The metric plle)) (+,+) defined on

—var

function between w! and w? by

hSRES

p
k

(n) 1,2\ _ k 1 k 2
o 00 = g (S (1) -7 ()

where supp, runs over all partitions o =0<t; <ty < .. <t,=1T.

1 % (TL”J (Rd)) is known as the p-variation metric and will be denoted by d, (-, ).

Let G, (R?) be the completion of the set {(s, t) — ) (S (w)sjt> cw e P! (Rd)}
under the p-variation metric in V? (TW (R?)). G, (RY) is called the space of
p—geometric rough paths.

It turns out that each geometric rough path can be uniquely extend to a function



in VP (T (R?)) for all n > |p].

Theorem 5. ([Lyn98]) Let p > 1. Let w € VP (T} (R?)) and that w is multiplica-
tive, in the sense that

Ws X Wyt = Ws it

for all 0 < s < u < t. Then for all N > |p|, there exists a unique multiplicative

functional Sy (w) € VP (TN (R?)) such that

Tipl (Sn (w)) = w

Recall that a continuous function w : Az — TP (RY) lies in GQ, (R?) if we can
approximate w in the p -variation metric by signatures of paths which have bounded
total variations.

One candidate for such an approximation is the piecewise linear interpolation of

w, defined as below:

Definition 6. Let w : [0,7] — R be a continuous function.
Let D= (0=ty <t <. <t,=1T) be a partition of [0,7]. We define the piece-

wise linear interpolation of w with respect to the partition D by

w (tiy1) —w(t)

D
t) = tl
wr{E) = w (i) + tiy1 — U

(t — tz) t e [tiati-i-l] .

The piecewise linear interpolation taken with respect to the dyadic partition P, :=

(tk =M k=0,..., 2’") is known as the dyadic interpolation.

— gm)



1.4 Range of the signature

Although in Definition 2 we defined S () as a function from Ay 7 to T’ (Rd), the map
S () in fact takes its value in a much smaller space, which we shall now describe.
Let V' be a finite dimensional vector space over a field F. For a,b € V, define
la,b] = a®b—b®a. Let A and B be two subsets of T'(V) and let [A, B] =
span{[a,b] : a € A, b € B}.
Let £1 (V) :=V and

Lot (V) = [L0 (V),V].
Let £ (V) = &> L, (V).

Proposition 7. (K. Chen,[Chen57])Let v be a continuous path in RY with finite total

variation. Then log S (v)y, € £ (RY) .

1.4.1 Bibliographical note

The iterated integrals of one-form was first studied by Chen in [Chen54| who proved
a version of the identity (1.2.2). While studying the continuity of the It6 map of
classical ODEs, T. Lyons|Lyn98| recognised that the key in defining a topology so
that the Itd6 map is continuous, lies in the iterated integrals of the driving signal. In
the same paper, he formulated the notion of geometric rough paths, proved Theorem
5 and proved that the Itd6 map is indeed continuous in the space of geometric rough
paths.

His work has since been applied in the context of stochastic analysis, where the



object of interest usually do not have bounded total variation. There are a number
of stochastic processes whose sample paths could almost surely be lifted to geometric
rough paths. (More precisely, this means that all paths on the complement of the
null set of the measure in consideration can be lifted to geometric rough paths.). We

include some examples as follows:

e Brownian motion (E.M. Sipilainen, [Spl93]).

Gaussian processes with long time memory (Coutin and Qian[CQ02]).

e Brownian motion on the Sierpinski gasket (Hambly and Lyons [HL9S|).

Symmetric diffusions with generators of elliptic differential operators of second

order. (Bass, Hambly and Lyons [BHL02|).

Planar a-Hélder domains, with o > 1 (Yam [Yamo08]).

The partial sum process of orthogonal expansion (Yang, [DL11]).

In [Wil01], D. Williams used rough path theory to make sense of differential equations
driven by Levy processes and proved the existence and uniqueness of solutions. In
[FGL13], physical Brownian motions was enhanced to rough paths with a non stan-
dard type of area. In [CFV(9|, Cass, Friz and Victoir proved that the existence of
density for the solutions to differential equations driven by non-degenerate Gaussian
processes. In [LL05|, A. Lejay and T. Lyons showed that it is possible to find two
sequences of approximations of Brownian motions in the uniform topology, such that

the corresponding sequences of Levy area go to different limits.



1.5 Plan for the rest of this thesis

1.5.1 A Quasi-sure approximation theorem for Gaussian rough
paths with long time memory

Lyons’ theory has also been used to define and study stochastic differential equations
in a pathwise sense. This is possible if the paths can be enhanced into geometric rough
paths outside a null set with respect to the probability measure in consideration. In

[CQO2|, L. Coutin and Z. Qian proved that if w := (wtl, oo wd is a centered

)ogtgl
d-dimensional Gaussian process with independent components satisfying a “long time

memory” condition (which we recall in Chapter 2) then there exists a P—null set N/

such that on N,

S5 (w"™) is a Cauchy sequence in G, (RY) (1.5.1)

This theorem means that stochastic differential equations can be defined for Gaus-
sian processes satisfying the Coutin-Qian condition in a canonical way outside a null
set.

In the Chapter 1, we would like to prove a stronger result that the statement
(1.5.1) holds on the complement of a slim set, defined in the sense of Malliavin.

After publishing this result online, we were informed of the similar work in [Thm06]
who proved that Brownian sample paths can be quasi-surely and canonically lifted to

2-geometric rough paths.



1.5.2 Signature through Green’s theorem

In the introduction, we mentioned the role of the iterated integrals of paths in the
study of ODEs. In fact, the study of iterated integrals began long before the birth of
rough path theory in Chen’s work|Chen54]. In particular, he proved in [Chen58| that
for paths which are irreducible and piecewise regular, the sequence of iterated integrals
of paths uniquely determine the paths up to translations and reparametrisations.

His result was vastly extended and studied in a new light by Hambly and Lyons
[LHO2| who proved that two paths 7,7 : [0,1] — R? with finite total variation has
same signature if and only if they can be obtained from each other by a tree-like
deformation. In Chapter 3, we prove that if we know a priori that a curve is a simple
curve in D from —1 to 1 with finite p-variation, where p < 2, then we may recover
the curve from its signature.

It was first observed by Yam [YamO8]| that as tree-like deformation does not change
the topological feature of a path, it should be possible to extract topological infor-
mation of a path from its signature. For paths with bounded total variations, he also
gave a formula for the winding number of a path in terms of its signature. In this
chapter, we asked if Yam’s formula can be simplified if we seek instead an expression
for the Fourier transform of a path’s winding number around (z,y), considered as a

function in (x,y). The answer is positive.

10



1.5.3 Signatures of SLE curves

Recently the almost sure uniqueness of signature problem for stochastic processes has
also been considered. Le Jan and Qian|L.Q12] proved that the signatures of Brownian
motion sample paths determine the Brownian motion paths almost surely. The result
was extended to diffusion processes in [Gengl3|. In the fourth chapter, we prove the
almost sure uniqueness for SLE,, curves where 0 < k < 4.

Moreover, we use the formula between winding number and signature provided in
Chapter 3 to obtain a relation between the expected signature of the Chordal SLE,
measure and the n-point functions studied in the SLE literature.

One can also the reverse question of whether the expected signature of the Chordal
SLE measure can be expressed in terms of the n-point functions. Here, we are only
able to express this relation explicitly up to the fourth grading. The first three grading

of the expected signature of SLE curves was computed by B. Werness in [Werl2].

1.5.4 Expected signature for Gaussian processes with strictly
regular kernels

The expected signature of a stochastic process can be considered as the Laplace’s
transform of the law of a process. In the cubature method of numerical integration,
it is also used to calculate the cubature measure which approximates the Wiener
measure. The expected signature of Brownian motion up to a fixed time were studied
independently by T. Fawcett in [Faw03] and N. Victoir in [LV04]. The expected

signature of Brownian motion up to an exit time of a domain and of the general

11



diffusion up to a fixed time was studied by Ni and Lyons[LH11].

In the Chapter 5, we calculate the expected signature of Gaussian processes
with strictly regular kernels. These are Gaussian processes with regular kernels (see
[AMNO1]) which do not have Brownian components.

The original motivation for undertaking this study was to find the expected signa-
ture of fractional Brownian motions for H > % After posting this result on arXiv, we
were informed that the expected signature for fractional Brownian motions for Hurst
parameter H > % had already appeared in [BCO7|. Therefore, this chapter should be

considered as a generalisation of the result in [BCO7].

12



Chapter 2

A quasi-sure approximation theorem
for Gaussian processes with long time

memory

Recall that in order to apply the rough path theory to stochastic differential equations,
we must prove that the sample paths can be almost surely enhanced into geometric
rough paths. Such a result was proved for Gaussian processes with long time memory
by L. Coutin and Z. Qian in [CQ02]|. In this chapter we shall prove that Coutin-Qian’s
result holds quasi-surely. In [Thm06], which we were made aware after publishing this
result, Inahama proved that quasi-surely Brownian sample paths can be canonically
enhanced into geometric rough paths. In the joint work with X. Geng and Z. Qian,
which we shall present in this chapter, we prove that this holds for Gaussian processes

with long time memory.

13



Our strategy is to replace the metric d,, which is difficult to deal with because

of the supremum structure, with the norms (p,) invented by B. Hambly and T.

j=12,3
Lyons in [HL98|, which is easier to analyse. Then by observing that the roughness of
Gaussian sample paths is evenly distributed over the dyadic partitions (see (2.2.1)),
our task is reduced to estimating the Sobelev norm of polynomials of Gaussian random
variables. Finally, we use the fact that the Sobelev norm of polynomial functionals
in the abstract Wiener space is bounded by their L? norm times a constant which
depends only on its degree. In the proof for the Brownian motion case in [Thm06],

Inahama got around the same problem by using the norms (p;) together with

j=1,2,3
the fact that a Borel set A is slim if and only if 6 (A) = 0 for any positive Watanabe
distribution 6.

First we shall recall some basic notions of Quasi-sure Analysis (for details, please

see [M1v97]).

2.1 Preliminaries

Let B denote the totality of continuous functions w : [0,1] — R¢ such that wy = 0.
We equip B with the uniform topology and the corresponding Borel o-algebra B. We
shall put a measure P on (B, BB) that satisfies the following condition.

Condition 1: P is a probability measure on (B, B) such that the coordinate
process t — w; is a d—dimensional continuous centered Gaussian process with inde-

pendent components. Moreover, there exists a H > i and C'yor, Crrar > 0 such that

14



the process t — w; satisfies

E (wj — wi)Q < Chal |t — $|2H Vs, t € ]0,1]

E (w} — wi) (w),, —wi, ) < Crout |t%5‘2 vt,s €[0,1],7 >0, |=2 <1
(2.1.1)

where w' are the coordinate components of the coordinate process t — wy.

Remark 8. It was shown in Remark 4.4.2 in [LQO02| that the fractional Brownian

motion with Hurst parameter H > 411 satisfies Condition 1.

Remark 9. The first inequality in (2.1.1) is called the Holder condition whereas the

second inequality in (2.1.1) is called the long time memory condition.

Let P be a measure satisfying Condition 1. For each i, let R; (s,t) be the corre-
lation function of the ith coordinate component of the Gaussian process. We shall
construct a Hilbert space associated with R;, which will give rise to a differential
structure on the space of functionals on B. Define an inner product (-, -),, on the set

of indicator functions by

(Lol L)y, = Ri(si i)

for any s,t € [0,1]. We may extend this inner product by linearity to R%valued
step functions. Let H; be the Hilbert space obtained by taking completion of the
set of these step functions with respect to (-, >H Let H be the Hilbert space ob-
tained by taking the orthogonal direct sum of the Hilberts spaces H;. For ¢ > 1,
let L7 (P) denotes the L7 space with respect to the probability measure P. The map
A (1[0,51}7 i 1[075d})t — Zle w; extends to an isometric embedding from H to

15



L?(P) and (B, H,P) forms an abstract Wiener space in the sense of Gross. From now
on, H will denote the image of Z.

The Cameron-Martin theorem states that for any h € H, the measure obtained
by shifting P in the direction of h is absolutely continuous with respect to P. This

allows us to define the derivative of functionals of B.

Definition 10. A function F' : B — R is H-differentiable if there exists DF € H*
such that

d
L F (@ +eh) |- = DF (h)

for all h € H.
In general, for each m € N, F' is m times H-differentiable if there exists a bounded

multilinear functional D™F : H™ — R such that

O"F

g @t the A twhn) fu——t 0 = DT F (ha, o )
1--- m

A function F : B — R? is m-times H-differentiable if each coordinate component of
F is m-times H differentiable. Moreover, the derivative of F' = (F},..., F;) will be
defined as

d
D™F (hy,....hm) =Y D"F;@e
i=1
where (eq, ..., ey) is the standard basis of RY.

We say a function F : B — R? is smooth if there are n € N, 1)y,...,1, € B* and

16



infinitely differentiable functions f; : R™ — R which has polynomial growth such that

d

F(.T) = Zfl (<$7¢1>7~~-><$7¢n>)ei

i=1

for all z € B.
The set of all smooth functions B — R? will be denoted by S. We also have by a

direct calculation that

where v;,,...,1;, should be regarded as elements of H*, and for (hy, ..., h;) € HF,

Vi, @ ... @Y (ha, ... hy) =5 (k) .. 0, (hy).

Define a norm on § by

Il = 1F ey + 310 Flong
k=1

where [|-[| 4z denotes the LY norm taken with respect to P.

We shall denote the completion of S with respect to [|-[|, . by W™

One class of subspaces of S which will be of particular interest to us is the sub-
spaces of polynomial functionals Py, N > 1. They are defined as in S except that
the functions f; are now required to be polynomials of degree no more than N.

The following lemma will imply that the Sobelev norm of a polynomial functional
can be estimated in terms of the L? (P) norm of the polynomial. The first statement

was proved as Theorem 3.46 in [Jan97|(see Remark 3.45 for the explicit constant) and

17



the second is Proposition 1.2.2 in [Nal95].

Lemma 11. Let N > 1. Then

1. For all ¢ > 1 and X € Py,

N(q+2)

X Loy <372 Xl L2ge)

2. Let F : B — R be a L? random variable with the Wiener chaos expansion
F = %" J.F, where J, is the projection of L*(P) onto the nth Wiener chaos.

Then F € WE2 if and only if

2
> P F | 7ae) < 0. (2.1.2)
n=1

Moreover, in this case,

o0

!
(0l = 3 o
k

This gives immediately the following.

Corollary 12. Let N € N and g > 1. Then

N(q+2)

IFll,, <2-3%%

N 1P|l 2

for all F' € Py and all r € NU{0}.

18



Proof. As F is a polynomial functional, the sum in 2.1.2 is trivially finite. Hence

N
E (104 F o) = 2 o 1 F e

nk

N1 ,
< mz [ F (| 72wy
" n=k

N ,
< N =) 1F |72y -

By the first statement of Lemma 11,

(N—Fk)(a+2)

D"l el ey < 372 I D*F ] e

HL2(IP’)

(N—k)(g+2) N! 2
<3 (m) 1Fl 2wy

||Lq(IP)

Therefore

||F||r,q - Z H”DkFHH@kHLq(P)
k=0

e (V-k)@2) N! 2
SZ%?’ | (m> ¥l

We now recall the notion of capacity.

Definition 13. The (r, ¢)-capacity is defined for open sets O in B as

Cap,,, (O) := inf {HFHW FeWrt F>1onO, F>0on B ]P’—a.s.}

19



and for arbitrary sets A in B as
Cap, , (A) :=inf {Cap, ,(0) : O open in , A C O}

We now recall some basic properties of (r,¢)-capacity from the potential theory

of Abstract Wiener space.

Proposition 14. For allr € N and ¢ > 1, the following statements hold
LIf X CY, then Cap, X < Cap, Y.

2.Let (An),so be a countable sequence of sets in B. Then Cap, , (Ui A,) <

Zzozl Capr,q (An) :

3.For all subsets A of B,Cap, ,A < Cap, ,A for all1 <r <sand1 <p<gq.
Proof. See [MIv97]. O

Furthermore, we also have a Tchebychev-type inequality and a Borel-Cantelli

lemma for Cap,,.

Proposition 15. 1. Let r € N and ¢ > 1. Then for all X > 0, and all continuous

functions f: B — R such that f € WP,

Cap,y {w:  (w) > A} < £ 1],

2. Let {An},5, be a sequence of subsets of B. If

Y Cap, , (A,) < o0
n=1

20



then

Cap, , (lim sup An) =0
Proof. See [M1v97]. O

From this point onwards, we will fix H > %, p € (2,4) and Hp > 1.

We wish to apply the first statement of Proposition 15 with f being the functional
w — d, (w(m), w(m“)), where w(™ denotes the dyadic interpolation of w and d, is
the p-variation metric defined in Definition 4 of Chapter 1. The key problem is that
it is not known (indeed we do not believe) that the functional w — d, (w™, w™+V)
is in WP for all r,p > 1. We get around this problem by using a norm p invented in

[HL98] which dominates the p-variation norm.

Definition 16. Let w = (1,w',w? w?) and w = (1,w', w? @?*) be two functions

from A = {(s,1) : 0 < s <t <1} to T% (R?). Let ¢} := & for k = 1,...,2". For

)

vy>p—1,7=1,2,3, define

S fe

00 2™

. ) — Y J _

i (w0, ) = | 3o Y fwy g~
n=1 k=1

and

pj (w) == p; (w,0)

where 0 := (1,0,0,0).

Remark 17. Note that p; depends also on p and 7. As mentioned, we have fixed p.

We will now also fix v to be a real number greater than 4.
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Proposition 18. 1.For p € [3,4), there exists a C > 0 such that for all w,w : N —

T3 (R),

d, (w, w) <C.max {p; (w,w), p2 (w, W), p3 (w, w)
p1(w, @) ((p1 (w) + p1 (@))* + (pz (w) + p2 (W))) ,
p2 (0, w) (p1 (w) + pr (W) , pr (w, ) (p1 (w) + p1 (w))}

pi (w, @) (p; (w) + p; (w))"

:C max i
{(2,5,k) ENxNxNU{0}:i+5k<3}

2. Forp € [2,3), there exists a C > 0 such that for all w,w : A\ — T? (Rd),

dp (w, w) <C.max {p, (w,w) , p (w, W), p1 (w, w) (p2 (w) + p2 (w))}

pi (w, ) (p; (w) + p; (w))".

max
{(4,4,k) ENXNx NU{0}:i+jk <2}

3. Forp € [1,2), there exists a C > 0 such that for all w,w : N\ — R%,

d, (w, w) <C.p; (w,w)

pi (w, @) (p; (w) + p; (w))"

max
{(3,5,k) ENXNxNU{0}:i+jk<1}

Proof. See [LQ02|, Chapter 4. O

Finally, we will recall the following L? (P) estimates from [LQ02| on Gaussian

processes with long time memory.

For each w € B, let w(™) denote the dyadic interpolation of w as defined in

Definition 6.
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Lemma 19. Let P be a measure satisfying Condition 1 and H be the parameter
specified in Condition 1. Let C* be defined as C* := max (Cyo, Crrar) where Crg

and Cpryr is defined in Condition 1. Then for j=1,..., [%J and 1 < k <27,

C;.27"Hi vn < m,

n n
tk—l’tk

Hw(m),j

L2(P) o o
Cj_!231 (J+1).2m(1*H)J*nJ’ Vn > m,

where

1
c, = Cf,3

2d¢ (4 — 4H)? .\ 3_24>

Cy = max(Crra, Crol) ( 1 — 9—3(H-1) 2

9 9H)T 3108
Cy — max (Ci/TQM,Cfi/j> (7d3/2 < > oy )

1_9-3@H-Dk = 6

and ¢ denotes the classical zeta function.

Moreover,

(D1 () 0, vnsm
ot = e S ,
20*232.2m1-H)=n  yp >y
3dC*C (4 — 4H)? 27 3UH-Dm=3n  yp <y
Hw(m+1),2 ™2 <
tZ—UtZ tZ_ptZ L2([F’) -
%0*312‘22m(17H)72n’ Yn >m
Td3C*3C (2 — 2H)? 2-3(H-Um=Yn gy <y
(m+1),3 _  (m),3 <
tz_utﬁ tZ—l’tZ LQ(P) -

%0*3336‘2%(17}1)73@ Yn >m
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Proof. See Appendix or [LQO02| Proposition 4.4.1 and 4.5.1 and (4.2.4). H

Remark 20. Note that we only have the estimates for nggm)ijt;g .. and ”wﬁéﬂ T%] - wi;:ln )ijtﬁ
—1 L (IP)) —1 —1

where 1 < j < L%J That means for H € (%, 1], we can only prove that, outside a
slim set, w(™ is a Cauchy sequence in G$2, for all % < p < 2. Likewise we can only
prove that for H € [%, %), outside a slim set, w™ is a Cauchy sequence in G$2, for
% < p < 3. This is not a problem because by the continuity of the extension of mul-
tiplicative functional (see Theorem 2.2.2 in [Lyn98]), if w(™ is a Cauchy sequence in
G(2,, then the extension of w™ to a multiplicative functional on T (Rd) is a Cauchy

sequence in G, for all ¢ > p.

2.2 Main result and proof

We now state the main result of this chapter.
Theorem 21. Let P be a measure satisfying Condition 1. Let H be the parameter

specified in Condition 1. Let p € (%, L%J + 1). Let w(™ = (1,w(m)’1, e ,w(m)’L”J)

be the first three levels of the lift of the dyadic interpolation of w, then
Cap,., {w cw™ is not a Cauchy sequence in GQP} =0

for anyr € N and ¢ > 1.
To prove this, we need an intermediate lemma.

Lemma 22. Let P and H satisfy the condition of Theorem21. Let p € (%,4),

. ~1
e (0,Hp—1),q>1,reN, N > max{g,Q_l (H— 9%) } be an integer. For

24
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allmzl,)\>0andjzl,...,L%J;

Capr,q {w L ps (w(erl)’w(m)) > )\} < C;.)\fQN <2—m(2jN(H—9pi)—1) i 2—Nm(4H71))

and

Cap, ,{w: p; (’w(m)) > A} < C’]'-'./\_QJ\7

where

Vo N roon o —2N1 N
Ci _ 38N+qN+121+2+2NN209 pc*N

C’é _ 32(16N+qN+1)23+rd2N0*2]\7C (4 . 4H)N ]\7509 %

1
1— 221\7n(9%1—1)+1

C{' _ 3(41\7+q1\7+1)23+3N50;2N%C*N381\7

Y

Cé’ _ 32(4N+qN+1>23+rN§C;N% V <2dC (4 - 4H)§ + 3_24

1 2
76 3 108
i oa3(AN+gNH1+2) 03+ N AN sl 32 C(2—2H)? 3
C; =3 ( §)o3+5 N c, *C <7d o Tan—D + G X

1

Proof. For j =1,..., L%J, define

I; (m,A) : = Cap,, {w : p; (w(m+1),w(m)) > A}

25
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Recall that

>
—~
SA
3
+
=
N
I
N
[]e
3
2
(Y]
3
RS
w:/g
- +
<52
o
T3
R
=3
N~
TS

{w:p; (W™D w™) > A}
{ S Y| -
> p—

j>/\?}

2 A720
>

}fora116’>0

Do 127
2 7 9—n(O+1)
0o i (m+1), m),
CcU, Ui:l { ‘wt tZLJ wEZ_)lftZ ! > W forall @ >0 (221)
T A2N2_2Nn(e+1)'
=uUX, Ui, ‘wtmﬂtl’] wi™i,| > — & foralld >0,NeN
E—1'Yk 0o —no\2N 2
(Zn:l n'Y2 " ) P

Let Cy = (Zn L n27 "9) . Then by the countable additivity of Cap,.,,

oo 2™ aN
z :2 : (m+1), m),
[j (m? )\) S Capr,q { ‘wt tZL] wlgz,)lftz

> C %)\2N272Nn(9+1) }

forall@>0,q21,r€NandN2r.

Observe that the map w — )wtm“}y wgzm_)jtz

is a polynomial in finitely
many functionals of the form w — w; — ws, and thus is continuous with respect to

the uniform topology in B. This allows us to apply the Tchebychev’s inequality to
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obtain

oo 2" 2Nn(6+1)2 Y
92 » (m+1),' oy 12N
n=1k=1 C, "\2N ™4
By Lemma 11 and Corollary 12, for all ¢ > 1 and r, N € N,
. . 12N - r . . |12N
m+1), m), z j \7 m~+1 m),
H’wiz et <21 g () ) w7 — i
Tq L2(P)
— 9l+s .31\7j(q+2) <N )7 (m+1),5 w( ),J 2N
t? l’tn tk 1’ L4N(]P’)
oo - \Z 2N
< 2i(4N+aN+1) o143 (N ) 2 pmADa ().
- J tz l’tn tZ 1’tn L2(]P’)
Putting this back into (2.2.2) we have that
oo 2™ - ]
. - J 1) iy
[j (m; )\) <C <q’ r, N, (9,p> A2V Z Z 22Nn(9+1)5 wgz_??z’] _ wgz )1,{75” L) (2.2.3)

n=1 k=1

where

]

¢ (CL?“, N,@,p) — 3i(4N+aN+1) 9145 (Nj>2 C;QN%

Repeating the entire argument on p; (w(m)) instead of p; (w(m“), 'w(m)) and on

(m),j

Wyn ™ "pm instead of w(mH)J (m),j

= Wy we also have
kE—1"k

(mg 2N

kl’

oo 2" B ,
Capr7q (Pj ('w(m)) > )\) <(C (q,r, N, 97p) A2 Z Z 92Nn(6+1)2

n=1 k=1

L2(p)

We now substitute the estimates from Lemma 19 into (2.2.3) to produce our final

estimates for I; (m;\),j =1,..., L%J The following inequalities shall hold for all
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. ~1
€ (0,Hp—1)and N > max {%, 2-1 (H — %) }, and the constant C' may vary
from line to line but will depend only on ¢, r, N, 0 and p.

For j = 1, using the formula for the sum of geometric series we have,

00 2n
I (m, ) < GAY ST YT g2 g2 m(1— ) -
n=m+1 k=1
Scll_)\—QN22Nm(l—H) Z 2n(2N[9%171]+1)
n=m+1

_ cll'/\—2N2m[2N(0?#—H)+1].

where

- ~ - v L ~
& = 38N+qN+121+g+2NNgC€—2N; N

and the sum in the second inequality converges because our choice of N means that

oN > (H—é’i1>1 > (1—9i1>1.
p

p

For 7 = 2, similarly,

m 2"

I (m,\) < 0’2.)\*2]\7 (Z Z 22]\~/n(9+1)%27N(m(4H71)+n)

n=1 k=1

[e's) 2n
i Z 222Nn(9+1)§22m2m(1H)zn)>

n=m+1 k=1

< 4;(c9’2+1 I 2N (2—Nm(4H—1) 4 2m[4N(9%17H)+1]> ‘
1—-27"\p

where

—2N

o = 32(16N+q1\7+1)21+rd2NC*2N< (4— 4H)N N%Ce

For 7 =3,
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2”

I3 (m, \) < A2 (Z

1 k=

[e) 2m
2Nn(0+1)2 52N [3m(1— H)—3n)
£ 3 S

n=m+1 k=1

92Nn(0+1)2 52N [ (4H ~1)m+5 (1+2H)n]
1

< 613(09,3“ 1)+1 AT <2m[6N(9#7H)+1] + Q_Nm(4H_l)>
1-2""\Ve

where

¢ = 33(28N+q1§f+1+g)21+gd3NNgCG—2N%C*3NC (2 - 2H)N .

Similarly, we have the following estimate for Cap,. , (pj (w(m)) > /\)7

m 2" v -
Cap, 4 (pj ('w(m)) > )\) < C;/'/\—2N (Z Z 92Nn(0+1)F 5—2NjnH

n=1 k=1

o] 2m _ . i

Z Z22Nn(9+1);22N(m(1—H)j_nj)>

n=m+1 k=1
1\ —2N n[QNj(ﬂ_H)_,'_l] 2 P
< Cj-)\ (Zl 2 P + - 221%‘”(%_ )+1
20;'/ —2N

T 92Nin(t 1)+

where the series in the second inequality converges again due to our choice of # and
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N and

N N r o~ —2oN1 N, N
Clll _ 3(4N+qN+1)21+§N§CG P o*N 8N

~ <2dg(4—4H)% +3_24>2N

L . _fa _
& = 32(4N+qN+1)21+rN509 Ne 2N S
1 — 9 S(H-1) 92

1 2N
2—2H): 38
((2-2H)" | )

lf = (NN ) o1es jrs oo Ve s (732 :
1 — 2 3(H-1)k 6

We now prove Theorem 21.

. -1
Proof. Letp € (2,4),0 € (0,Hp—1),¢q>1,r € Nand N > max{%,Q‘l (H— 9%1) }
be an integer.
(I, Y 641 Y
Let0<e<mmm{<2N<H—T>—1>,N(4H—1)}.

Note first that by the triangle inequality in dp,

{w - w™) is not a Cauchy sequence in GQP}

C {w : Z dy (w(m),w(m+1)) = oo}

m=1

& m m m m k
CUitn<| | {w : Zpi (w™, w™ V) (p; (w™) + p; (w™))" = OO}

m=1

: m m m m 1
C Urppee s L (0, 007) (o (10) 4, (™) > 1)

m—0o0

Therefore, by the subadditivity of Cap,, and by the Borel Cantelli Lemma, it is
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sufficient to prove that for all » € N and ¢ > 1 and i + jk < [%J

Z Cap,, {w ;i (fw(m)’w("”rl)) (/)j (w(m)) + pj (w(m)))k > %} < oo (2.24)
m=1

We first consider the case k > 0, where

w0 o )+ p (0 > o

C

1
w pr (w™ w0 > 22%} 0w (o (w0) 4 p (w0 0))* > 20

C

C — — =

{w ) (w(m)) > Qm%_l}

Therefore it is sufficient to prove that for all r € N and ¢ > 1,

Z Cap,, {w L (0™, wmY) > 221ms} < 00 (2.2.5)
m=1
and
Z Cap,, {w : p; ('w(m)) > 2"‘%_1} < 0. (2.2.6)
m=1

By the first inequality in Lemma 22, there is a constant C' which is independent

of m, such that

31



Capnq {w L pi (w(mﬂ)7 w(m)) > 2226} < (94N me (2—m(2z‘N(H—9pi)—1) 4 271\7m(4H71))

But by our choice of ¢, ¢ < ﬁ (2]\7 (H — 9%) — 1) and € < “{T’l, hence (2.2.5)

follows.
To prove (2.2.6), note that from the second inequality in Lemma 22, there is a

constant C' which is independent of m such that
Cap {w : i (w(m)) > 2m%_1} < 0'2—2ng.

From which (2.2.6) follows directly.

To prove the k = 0 case in (2.2.4) means proving

S 1
) Cap {w L pi (W™, wm V) > %} < o0.
m=1
which of course follows from (2.2.5) as

{w i (,w(m)7w(m+1)) > ﬁ} C {w P (’w(m)y’w(mﬂ)) > 22}715} '

This completes the proof of Theorem 21. O
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Chapter 3

Signature through Green’s theorem

As introduced in Chapter 1, the signature of a path is a formal series of its iterated
integrals. In [Chen54|, K.T. Chen observed that the map that sends a path to its
signature forms a homomorphism from the concatenation algebra to the space of
formal non-commutative power sereis and used it to study the cohomology of loop
spaces. Recent interests in the study of signature has been sparked by its role in rough
path theory. In particular, it was shown by Hambly and Lyons in [LHO2| that for
ODEs driven by paths with bounded total variations, the signature is a fundamental
representation of the effect of the driving signal on the solution.

If we consider the signature as a map from the path space to the tensor algebra,
then an interesting question is whether this map is injective. This was first considered
by Chen himself [Chen58|, who proved that irreducible, piecewise regular continuous
paths have the same signature if and only if they are equal up to a translation and a
reparametrisation.

His result was generalised with a new, quantitative approach by Hambly and Lyons
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in [LHO2| who showed that two paths v and 4 with finite total variations have the
same signature if and only if v can be expressed as the concatenation of 4 with a
tree-like path o. A continuous function o : [0,1] — R? is tree-like if there exists a
continuous function A : [0, 1] — [0, 00) such that A (0) = (1) =0 and

or— 05| <h(t)+h(s)—2 inf h(u).

s<u<t

In this chapter we establish uniqueness amongst paths ~ satisfying the following
conditions:

Let D be the unit disc in C.

1. 7 can be reparametrised as a continuous curve 7 : [0, 1] — D, such that 7 (0) =

—1,%(1) =1and 4 (0,1) C D.
2. 7 has finite p-variation for some 1 < p < 2.

3. 7 is a simple curve.

Let Cy (—1,1,D) denote the set of paths v satisfying these three conditions. Let S ()
denote the signature (see Definition 26) of a path ~.

Theorem 23. Let v, v € Co(—=1,1,D). Then S (7)o, = S ('), if and only if v and

~' are equal up to a reparametrisation.

An interesting, but difficult extension is to prove that if the signatures of two
curves with finite p > 1 -variations are equal, then the paths are equal up to the tree-
like path equivalence. The restriction 1 < p < 2 gives us the existence of signature
for free, thanks to Young’s integration theory.
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3.0.1 Young’s integrals, signature and approximation theo-
rems

While the Lebesgue-Stieltjes integration theory is sufficient to define integrals against
functions with finite 1-variations, we need Young’s integration theory to define in-
tegrals against functions with finite p variations, where 1 < p < 2. A proof of the

following criterion for the existence of Young’s integral can be found in [LCLO4|:

Theorem 24. (L. Young[Yng36]/)Let T > 0, t € [0,T] and p,q > 1 be such that
s+ e >1,T >0 Then forvy. € V?([0,t],R) and v/ € VI ([0,1],R), the following
limit exists:

t
dy = i | ( ro_ ’,) 3.0.1
/0 ydy lenrgOZ%Z Yoo — Ve (3.0.1)

where the sum is over partition points 0 =ty < t; < .. < t, =t in P, and ||P| :=
sup; [tiy1 — til.
Furthermore, as a function of t, t — f(f vdvy' € Vi([0,T],R), and there is a

constant C, , > 0 depending only on p and q such that

/. (7s = 70) d;

0

< vaq ||/Y||VP([O7T]7R) ||’y,||Vq([07T]’R) . (3.0.2)
Va([0,T],R)

The limit in (3.0.1) is called the Young’s integral of ~v with respect to v'. In the
case when ' has finite 1-variation, the integral coincides with the Lebesgue-Stieltjes
integral.

For convenience, we make explicit the following immediate corollary of (3.0.2) :

Corollary 25. Let 1 < p < 2. Let 0™ 4™ - [0, T] — R be two convergent sequences,
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with limits o and v such that oy = a(()m), o, = a%m), Yo = vém) and v, = %m) for all

m €N, in VP ([0,T],R?) and V7 ([0,T],R) respectively. Then

/ 7§m>da§m) — / ~vsdo
0 0

=0.
Va([0,7],R)

lim
m—0o0

In particular,

1 1
lim o™ dym = / osds.
0 0

m—r0o0

Theorem 24 allows us to define the signature of v € VP ([0, T ,Rd) for 1 <p<2.
We will use A, (s,t) to denote the set {(t1,..,t,) : s < t; < ... <t, <t} and Ny r to

denote the set {(s,t): 0 <s <t <T}.

Definition 26. Let 1 < p < 2 and v € VP ([O,T] ,Rd). The lift of v is a function

S(-): Do — T (R?), defined by

()= 1+Z/A oy 0 ® O, (3.0.3)
n=1 n{$;

where the sum + is the direct sum operation in T’ (Rd).

The signature of v on S (7), ;- is defined as S () -

Remark 27. S (7). . is well-defined for v € VP ([0,T],R?), with p < 2 because, for
instance, [ dy®dy exists because %+é > 1. Moreover, the resulting integral remains

in V7 ([0, T],R?), so the resulting integral can be integrated again with respect to .

Remark 28. Let ey, ..,eq be the standard basis in R, If 4. = Zley.(i)ei, then we
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have, using the notation from Chapter 1,

Ay (s,t)

The term [ An(s) dfyt(il)...d’y,fi") will be denoted by 71?2+ if no confusion is possible.

1

Definition 29. Let (£, (Ft)0+F> P) be a filtered probability space. Let v be a
stochastic process taking value in R? such that, with probability one, its sample
paths have finite p-variations, for some 1 < p < 2. Then the expected signature of P

is the expected value of the signature of ~.

We shall use the following properties of signature, whose proofs can be found in
ILCLO4].

1. (Invariance under reparametrisation)For any ¢t € [0,00), S (7),, is invariant
under any reparametrisation of v on [0, t].

2. (Inverse) S (7)o ® S (ﬁ)O,T — 1, where 5 (¢) := v (T —t) is the reversal of
and 1 is the identity element in 7' (R?).

3. (Chen’s Identity)S (7),, ® S (7),, = S (7)o, forany 0 <s <u <t <T

4.(Shuffle product formula) If we define a shuffle of 1,...,7 and r + 1,....7 + s
to be a permutation of {1,2 ...,r + s} such that o (1) < 0(2) < .. < o(r) and

o(r+l)<..<o(r+s).

Proposition 30. (/LCL04/, Theorem 2.15)Let 1 < p < 2 and v € V¥ ([0,T],R?),
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then using the notation of Remark 28,

fYk‘l...kT . fykr+1~~-kr+s — E fykofl(l)“‘kofl(r+s)
shuf fles o

where - 1s the multiplication operation in R.

In another words,

G, @@ (SM) ., ® ... 0, (S()

= Z e",;flm ®...®¢ ,  (S().

shuf fles o

k1...k‘,«|_|k’r+1...kr+s .

The sum Zshufﬂes " 7’%*1(1)“"%*1(“8) is denoted by ~y The sum

* *
e R e
Z kafl(l) ® ® ko'fl(r+s)
shuffles o

: * *
is denoted by A S NC A

Recall that for a continuous function v and a partition P :=t) =0 < t; < .. <
t, = T, the piecewise linear interpolation of v with respect to P is defined as the

following function on [0, 77:

’yf =Yy + (u> (t — tz) fort € [tivti-l—l]
Liv1 — 1

Then the following approximation theorem holds:

Lemma 31. (Lemma 1.12 and Proposition 1.14, [LCL0OJ/)Let p and q be such that
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1<p<gq. Let y € VP ([O,T] ,Rd). Then for all finite partitions P,

HfY,PHVp([O’TLRd) < HfYH\)P<[O7T],Rd)

Furthermore for all ¢ > 0, there exists a 6 > 0 such that for all partitions P of

0, T satisfying ||P|| < 6 we have

||7_7P||vq([o,T],Rd) < ¢, and

sup ||7t—7tp” < E.
te[0,7

We shall need to use Green’s theorem to evaluate the signature. In order to ensure
that the domain we are integrating over is a Jordan domain, we will approximate our

curves by simple curves. This is made possible by the following lemma:

Lemma 32. Let v : [0,1] — C be a continuous simple curve. Then for all € > 0,

there exists a partition P of [0,1] such that ||P|| < & and ~¥ is simple.
Proof. See|Wer12|, Lemma 4.3. O
The following corollary follows immediately.

Corollary 33. Let v : [0,1] — D be a continuous simple curve such that vy = —1,
v =1 and v CD forallt € (0,1). Then for all € > 0, there exists a partition P of
0,1] such that ||P|| < € and ~” is simple. Furthermore, vF C D fort € (0,1) and

W=-1,+=1.

Proof. The only new assertion here is that v” (0,1) C D. Since v, v,,, C D fori # 0
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or n — 1, thus by the convexity of I, the line segment between v;, and v, , lies in ID.
Note also that the line segment strictly between 7, and v, and the segment between

Yn—1 and v, also lies in D by convexity. O]

The following lemma is extremely useful in proving the properties of Young’s

integral.

Lemma 34. Let v : [0,1] — R? be a continuous curve with finite p-variation, where

p < 2. Let P, be a sequence of partitions such that P,, contains both 0 and 1 for all

m and ||Pnl = 0 as m — oo. Forany I € {1,...,d}",
i [$ (o] = Jim e [$ (7)) (3.0.4)

where ey 1s defined in Chapter 1 section 4.

Proof. See Corollary 2.11 in [LCLOA4]. O

3.1 Uniqueness of signature

The term "™ @ e5®+ (S (7)o 1) is an important term in the signature of n for our
purpose and will be given the special notation 7, ;. These particular iterated integrals
can be reduced to just one line integral, which can be evaluated using Green’s theorem.

This idea is the content of the following lemma.

Lemma 35. Let n : [0,1] — R? be a positively oriented, continuous, simple closed

40



curve with bounded total variation and D be its interior, then

1Bt g ra(+D) (S (77)0,1> (3.1.1)
1(-1* O\" (@ _\F
= —— - - dad 3.1.2
ol k] /D (flf o ) <’Yo y) rdy ( )
Let n,, 1, denote 61@("“) ® e;®(k+1) (S (77)0,1>.

In general if (k1,11), ..., (kn, 1) € N2, we have

Mher iy =Ml (3.1.3)

Lj
— CkJ/ {H;‘l (xj — né”) ki (77(()2) — yj> ] 1pndaidy;...dz,dy, (3.1.4)
R2n

where Cyx) = H?:1 [#] and 1pn denotes the indicator function of the set
VRSN

D" =0 {(z1, 915 T, Un) ¢ (T5,95) € D}

Proof. Let nMand n® be the first and second coordinate components of 1 respec-
tively.
Recall that

1
_ 1 1 2 2
Nink = /0 dngl) c 'dngnl1dn£n)+2 o 'd,r]gn)-{—k-&-Q.

The key idea here is to integrate with respect to nMs first and then integrate the
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n?s.

1 1
Mk = // dngl)...dngnlldng)...dngill
0<t1<..<tp41<51<...<Sp1<1

1 n+
= / () ! )) Ay,
0

<s1<...<s54+1<1 n+1)

= / / / / CESY 7751) — 77(() )> dnSk+1 dn(Q) by Fubini’s theorem
Sk

1 n+1
- M,—,/ (=) (7 07)

k
= n' k' . <x ) < @ _ y>kdxdy by Green’s Theorem

where D is the interior of 7.

Let (k1,01) ..., (kn,1,) € N?, then by Fubini’s theorem,

My 1y -+ Mk 1,
1 1 kl ll
A (5”1 - 7761)) <77§2) - y1> 1p (x1,y1) deydy; X ...

1 1 kn In
ST / (x” - 77(()1)> <77§2) - yn> 1p (0, yn) dz,dy,
[

n 11 n 1 k; 2 L
= Hj:lmﬂ/RQn {H] 1 <$] _77(() )> (77§ ) _?Jj) }

Apn (21, Y1, T, Yp) dz1..dyp,

where 1pn (21, Y1, ..., Tn, Yn) denotes the indicator function of the set

D" = rW?:l {(37173/17 --7xn7yn> : (xj7yj> = D} ’
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Remark 36. B. Werness [Werl2| is the first to realise that the Green’s theorem can
be used to compute some terms in the signature of a curve. He used it to prove
the n = 2,k = 1 case of Lemma 35 in order to compute the first three terms of the

expected signature of SLE curve.

Note that Lemma 35 cannot be applied directly to elements of Cy (—1,1,D) as
they are not closed curves and are “too rough”. For the first problem, we need to
“close off” the curves in C; (—1, 1,D) by concatenating it with the upper semi-circular
boundary of D from 1 to —1. Let us describe this more precisely.

Recall that Cy (—1,1,D) is defined just before the statement of Theorem 23.

Let ¢ denote the anti-clockwise semi-circular boundary of D, or more precisely,
¢ (t) := (cost,sint),0 <t <.

Let p > 1. For elements v and 7 in VP ([O,TQ] ,Rd) and VP ([O,Tl] ,Rd), define a

concatenation product *:V? ([0, To] , RY) xV? ([0, T3] ,RY) —VP ([0, T7 + T3] ,R?) by

7*7(”) = 7(“)7 UG[O,Tl],

yxy(w) = FJuw-T)+v(T1) =5(0), well,Ti+ T

Then for v € Cy (—1,1,D), n = v x ¢ is a simple closed curve.
As 71 does not in general has bounded total variation, we will prove a version of

Lemma 35 that works for 7.
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Lemma 37. Let v € Co(—1,1,D) . If n =~ % ¢ and D is the interior of n, then

€T®n+1€§®k+1 (S (T7>0,1) (315)
1 (_1)k n_ k

= 1 . 1.
Ry /D(x+ )" ytdady (3.1.6)

Let e denote e[ es@h (S (77)071>.

If (k1,1y) s ..., (kn, 1) € N%, we have

Merly Mol (3.1.7)

= Ck,l/ [H?:1 (x; +1) kjy;j] 1pndxidy;...de,dy, (3.1.8)
R2n

1
where Cy ) = 117_, [%]

Proof. Let v € Cy(—1,1,D). By Corollary 33, there exists a sequence of partitions
(Pm)22_, such that ||P]| — 0asm — oo, ¥o™ = —1, 9™ = 1 and 7P x ¢ is a simple
closed curve. Let D,, be the interior of ¥7 % ¢ , which we shall denote as 1(™.

Prm we have for each (z,y) € RA\nuU>_, n'™ 1p (z,y) —

Since v — v in |||,
1p (z,y), where D is the interior of 7. As ~ has finite p-variation, where p < 2,
v can be reparametrised to be a %—Hb'lder continuous path (|[LCLO4]|, Section 1.2.2)
and hence [0, 1] has Hausdorff dimension strictly less than 2. Therefore, the set

n U, n(m) has two dimensional Lebesgue measure is zero. Thus 1p, — 1p almost

everywhere on R? in Lebesgue measure.
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By the bounded convergence theorem,

lim (z+1)"" (=) " 1p,, dady

m—0o0 R2

- /2 (x + 1)”_1 (—y)k_1 1pdady
R

By Lemma 34,

lim 777:7]: = Tn,k-
m—00 ’
(3.1.5) then follows from Lemma 35.
(3.1.7) follows from (3.1.5) directly. O

Before proving our main result, we need just one more technical lemma.

Lemma 38. Let 7,7 € Co(—1,1,D). If v[0,1] = +'[0,1], then there exists a con-

tinuous strictly increasing function r (t) such that

’Yr(t) = 72
for all t €0, 1].

Proof. Let v~1 denote the inverse of the function t — v;, which exists as v is a simple
curve.

Define a function 7 : [0,1] — [0,1] by r (¢) =y~ o7/ (¢).

As both 4 and «/ are injective continuous functions and ~ [0, 1] = +'[0, 1], thus r

is a bijective continuous function from [0, 1] to [0, 1]. Hence it is monotone.
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But v =79 = -1, 71 =9 = 1,0 r(0) = 0 and r(1) = 1. Hence r is an

increasing function and the result follows. O]

We now prove the main result of this chapter.

Proof. (of Theorem 23)The only if direction follows from the invariance of signature

under reparametrisation.

Let 7,7 € Cy (—1,1,D) be such that S () =S (7).

Let n:=vy*¢ and 7' := ' * ¢ . By Chen’s identity, S () = S (7) implies

Let D and D' be the interior of 1 and 1’ respectively.

Since 7,7 € Cy (—1,1,D), we have by Lemma 37 that for ¢ =n, 7', A= D, D’,

I L
(n—1)! (k—1)!

1" @ €3 (S (9)) = [y @)

Then S (n),, = S (n')y, implies that

/ (z+1)" "y p (2,y) dedy = / (z+ 1"y p (2,y) dedy
R?

RQ

for all n and k.
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Thus

ei/\l/ eI (2, y) dedy = em/ eI (1, y) dady
R? R?

for all (A1, Ag) € R2.

By the fact that Fourier transform is injective on L! (R?),

1p (z,y) = 1p/ (2,y) (3.1.10)

for almost all (z,y) € R?.

Therefore, both D\ D’ and D'\ D are null sets with respect to the Lebesgue mea-
sure.

As both D\D’ and D'\D are open, so they must both be empty. This means
Dc D' and D' C D. Thus D = D'.

Note that as 7,7’ are simple curves and v,7 C D except at the endpoints, the
domains D and D’ are Jordan domains. Using the Jordan curve theorem, we can
prove that W = R?\D for any Jordan domain D.

As D = D', we have R?\ D = R?\ D', implying that v [0,1] = 7' [0, 1]. The result

follows from Lemma 38. O
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3.2 Signature and Winding Number

In fact, the Green’s theorem calculation from the last section can be generalised to give
a relationship between a path’s signature and its winding number. It was first pointed
out by P. Yam|[YamO08| that as any tree-like deformation of a path would not change
the path’s homotopy class, it should be possible to extract topological information
about a path from its signature. Indeed, such a relationship was apparent as far back
as 1936, in a paper by Rado|Rad36], who observed that the Levy area of a smooth
path is equal to integral of its winding number around (z,y), considered as a function
of (z,y). In [Yam08], Yam expressed the winding number of a path in terms of its

signature. He starts with the formula

1 1
Winding number around z = —
2mi J,w — z

dw.

and smoothened the kernel w — ﬁ around the singularity at w = z. He then

expanded ﬁ into a power series of w and used the fact that the line integrals along
~ of polynomials in w can be expressed in terms of the signature of ~.

Here we prove that infinitely many terms in a path’s signature can be expressed
in terms of the moments of its winding number. The proof of the following result,

and indeed all results in this section, will appear in the subsection 2.2.2 and 2.2.3.

Theorem 39. Let v : [0,1] — R? be a continuous closed curve with bounded total

variation. Let {ej, ey} be the standard basis of R2.

48



Then

e>{®n+1 ® e;®k+1 (log S (7))

k x"yk
= (-1) Ty n(y =, (x,y)) dzdy. (3.2.1)

where 1 (7 — Yo, (z,y)) is the winding number of the curve vy — 7y around the points

(z,y).

As the winding number of a path does not contain information about the order
at which it passes through points, whereas signature does, we cannot expect that the
signature of a path can be expressed in terms of just winding numbers. In particular,
let @ and b be two closed curves in R?, both starting at 0 and let x denote the
concatenation operation between two paths. Then a x b and b x a have the same
winding number around any point, but in general do not have the same signature.
Nevertheless, it is natural to ask how many terms in the signature series of a path
can be represented in terms of its winding numbers. The answer is that the first four

terms of a closed curve’s signature can be expressed in terms of its winding number.

Corollary 40. Let v : [0,1] — R? be a continuous closed curve with bounded total

variation. The first four terms of log (S (7)) can be expressed in terms of the function

(x,y) = n(y — 70, (z,y)) alone.

In the final section we will prove that the number “four” is sharp. In other words,
there are two paths +v,7" which has the same winding number around every point,

but 7 (log (S (v))) and 7® (log (S (7))) differs. Let us discuss the reason for that.
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Consider the following Hall basis (see, for example, p90 of [Reu93|) for the free Lie

algebra generated by {e;,e;} up to degree five:

Helv [e17 62]] 7e1]7 H[ela [eh e2“ 761] 761] ) Hel’ [elv eQH ) [ela 62]] ’ [eh [elv 62“ 5
er, e, e, [[e1, e2] ,e]]], [er, [[[er, ea] , €] , €2]] , [[e1, €2] , [[€1, €2] , €2]], [€1, €],

[[e1, 2], 2], ea], [[[[e1, €2 , €], €3] @3], [e1, [[e1, 2], 2]], [[€1, €] , 2] , €.

Note that for each element h in the Hall basis of degree four or less, there is exactly

one pair (ny, kp,) such that n, + k, < 4 such that
¥ @ e (h) =1
and for all others n’ # ny, or k' # k;, we have
e @ ex® (h) = 0.

This changes in the fifth degree, because, for example,

ei" @ e3" ([le1, e2], e, [e1, €2]]]) = 0

for all n, k. As the functional e}" ® e3* picks out the elements in the log signature
which are the moments of the winding number, this means that we are unable to

express [[e1, e2], [e1, [e1, ez2]]]" (10g5 (7)071> in terms of just the winding number of
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~. This corresponds to the impossibility of expressing the iterated integral

/0< <t<1 [bys, sl bes [ dell

in terms of a single line integral.
A key step in the proof of Theorem 39 is the following lemma, which is a direct

consequence of Green’s theorem:

Proposition 41. Let v : [0,1] — R? be a closed curve with bounded total variation.
Let n (v, (x,y)) denote the winding number of v around (z,y) € R

Then

* n * _1 " n
e;®mt) g @+ (S ("o 1> = (n,k), / 2"y (v =i (2,y)) dady. (3.2.2)
B ]RQ

and consequently,

/ My (v — g (2,y)) dady (3.2.3)

RQ

= Y A (Ag)F D g B (s w)m) . (3.2.4)
n>0,k>0

Unfortunately, computing the inverse Fourier transform of the left hand side of
(3.2.3) is highly non-trivial, making it difficult in practice to obtain a closed curve’s
winding number from its signature.

Theorem 41 also means that the information contained in the values of e{*" ™! ®
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e3Pkt (S (7)071>, also denoted as 7, , are exactly the increment and the winding

angle of a curve . More precisely,

Proposition 42. Let v, : [0,1] — R? be two continuous curves with bounded total
variations such that o = .
Then Yny = Yy for all nyk > 0 and v = ) if and only if 1 = v, and the

winding angle of v and v around (z,y) are equal for all (x,y) € R*\~v[0,1]U~[0,1].

3.2.1 Winding number

In this section, we shall recall the definition and topological properties of winding

number.
Definition 43. A continuous function v : [0, 1] — R? is a closed curve if 7o = ;.

Let 7 : [0,1] — R? be a continuous function. Let z € R*\y[0, 1]. Then

Y - Vs — 2
92 () =

defines a function [0,1] — S*.
Let p: R — S, p(x) = € be a covering map for S'. Then there exists a lift
g7 : [0,1] — R such that po g7 = ¢g7. The winding number of v will be defined in

terms of g, (2) by the following lemma:

Lemma 44. ([Nar85], Chapter 3 Lemma 1 and 2)Let vy : [0,1] — R? be a continuous
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curve, and z € v[0,1]. Then the number

A(v,2) =g (1) — g2 (0) (3.2.5)

depends only on v and z but not on the lift g2. A (v, z) is called the winding angle of
v around the point z.
If v is a closed curve, then n(y,z) = %A (7, 2) is an integer and will be called

the winding number of v around z.

Remark 45. We may define the winding angle for any 7 : [a,b] — R? by simply

replacing 0 by a, 1 by b in the above definition.

Remark 46. The winding number is also known as the topological index, degree, or

the topological quantum number.

Define the reversal operation < by

5 (u) =y (1—u). (3.2.6)

It follows from (3.2.5) that for all continuous functions 7, ~,

A(y*v, (2, y) = Ay, (v, 9) + A, (7,9))

A (W? ({L‘, y)) =-A (77 (ZE, y))

(3.2.7)

The following theorem, which we shall need, is intuitively clear but is highly non-
trivial:
Theorem 47. ([Munkres|, p404)Let v : [0,1] — R? be a simple closed curve. Let
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Int(y) and Ext(v) be its interior and exterior respectively. Then n(v,z) = 0 for all
z €Fzt(y). Moreover, either n(v,z) = 1 for all z € Int(y) or n(v,z) = —1 for
all z € Int (). 7 is called positively oriented if n(7,z) = 1 and negatively oriented

otherwise.

We shall need a few more properties of 7 (7, z). First we need the notion of freely

homotopic, or in another word, continuous deformation.

Definition 48. Let v and 4/ be closed curves in X € R2 Let I': [0,1]> — X be a
continuous function such that

1. T'(0,t) =y and I' (1,2) = v, ,

2. T'(s,0) =T (s,1) for all s € [0, 1].

Then we say that v and ' are freely homotopic in X.
Proposition 49. (/Munkres/, p403)Let v,y be closed curves in R Then

1. If v and +' are freely homotopic in R*\ {2}, then n(v,2) =n (v, 2).

2.If z,w lies in the same connected component of R*\v[0,1], then n(y,z) =
(7, w).
Remark 50. 2. immediately implies that for all z € R*\~y[0,1], there exists a ball
B. (z) around z such that 7 (v, z) = n (v, w) for all w € B. (2).

The following result says that z — 1 (7, z) is compactly supported.
Lemma 51. Let Bg (0) be the unit disc centered at 0 with radius R. If v[0,1] C
Bgr (0), then n(vy,2) =0 for all z € Bg (0)°.
Proof. For each z € Bgr(0)°, the constant path mapping ¢ to 0 for all ¢ € [0,1] is

freely homotopic to v in R?\ {2z} via the free homotopy (s,t) — s7;. O
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3.2.2 Proof of Proposition 41 and 42

A key tool in our proof of Proposition 41 and 42 is the following Green’s theorem for

paths with bounded total variations.

Theorem 52. (/Rad36] and [BP71])Let v = (vV,4®) : [0,T] — R? be a closed
curve with bounded total variation. Let f, g : R? — R have continuous partial deriva-

tives in both variables. Then

[ @t @)+ 09w ) dedy = [ o —gin . (328)
C Y
and
1
H77 (77 ')HLZ S \/_4_71— HfYHVI([O,T],R% (329)

where the equality in (3.2.9) holds if and only if there exists (x,y) € R*, n € N and

R >0 such that v, = (x + Rcos 2mnt, x + Rsin 2mnt).

The f (z,y) =z, g (z,y) = y case of (3.2.8) was proved in [Rad36] and the proof
for the general case is essentially the same. New, complete proofs for (3.2.8) were
subsequently given by [Vog81| and [YamO0§|.

The second inequality is the well-known Banchoff-Pohl isoperimetric inequality|BP71].

Recall that we shall denote e]*" ! @ e3®F*! (S (7)071> bY Yo k-

The following trick of reducing 7, to a single line integral was part of the proof

in Lemma 35 but for the convenience of later use we state it explicitly here again.

Lemma 53. Let v : [0,1] — R? be a continuous path with bounded total variation.
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Then for alln >0 and k > 0,

1 1 n+1 k
Mk = / (O =) (W = 12) .
. . 0

Proof. See the proof of Lemma 35. O
We will now prove Lemma 41.

Proof. (of Lemma 41)By Lemma 53, v satisfies

1 YooY Lo o\ e
Yok = (n+1)'k'/ (% ) ) (71 — ) dy@. (3.2.10)
. . 0

Using Green’s theorem, we have

_ Ll O\" (@ k
Tk = g /Rz (m o > (71 y) n (7, (z,y)) dzdy (3.2.11)

where 7 (7, (z,y)) is the winding number of v around the point (z,y).

Note that from (3.2.5), n (v, (x + %o, ¥ + %0)) = 1 (v — Y0, (%, ¥)).

Hence by a change of variable, we obtain (3.2.2).
Multiplying (3.2.11) by A% and (— ;)" and summing over all n and k in we obtain

(3.2.3). O
We now prove Proposition 42.

Proof. (of Proposition 42)We shall first prove the only if direction.
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By (3.2.10), yux = Yy for all n,k > 0 and v, = ) if and only if

1 ooV e @\ e
m[/o <7§)—’Yo) (71 —%5)) dy?

R S I G O RN N A e R e AL aeS

RS

for all n,k > 0 and vy, = ;.
H
Let 0 := v * 7'. Then by the additivity of Lebesgue-Stieltjes integral, (3.2.12)

holds if and only if,

' M\ (@ b
/ <0§1’—’Vo> (71 —a§2>> dol? = 0 (3.2.13)
0

forall n,k > 0 and 7, = ;.

By Green’s theorem, (3.2.13) holds and v, = 71 if and only if

/o1 <x - 7‘51))n (%2) - y)k n(o, (2,y))dzdy =0 (3.2.14)

for all n,k > 0 and v, = ;.
As (x,y) — n (0o, (x,y)) has compact support on R? we may multiply both sides

A5
AR

by % and for any A\; and A\ in C, and sum over n and k to obtain,
! ) @) _
[y o g dady = 0
0

As (z,y) — n (0, (z,y)) has compact support and is in L? (R?) by (3.2.9), it is in
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L' (R?). The Fourier transform is injective on L', so

1 (o, (z,y)) =0 (3.2.15)

almost everywhere in (z,y) with respect to the Lebesgue measure.

According to Remark 50, if there exists a (z,y) € R*\o [0, 1] such that 7 (o, (z,y)) #
0, then there exists an open ball B. ((x,y)) C R? such that 7 (o, (x,y)) # 0 on
B. ((x,y)). This is a contradiction to (3.2.15). Therefore, 7 (o, (z,y)) = 0 for all
(z,y) € R*\a [0, 1].

Hence in particular, as

100, (5.0) = 5 (A, (2.)) — A G, (2,9))

we have A (7, (z,)) = A (7', (2,9)) for all (z, ) € B2\ (v[0,1] U’ [0, 1]).
For the “if” direction, note that A (v, (z,y)) = A (7, (z,y)) on (z,y) € R*\ (v[0,1] U~'[0,1])
and v, = ~y; implies

n(o, (z,y)) =0

almost everywhere in (x,y). Therefore, equation (3.2.14) holds. As the logic from
(3.2.12) to (3.2.14) are “if and only if” and hence if (3.2.14) holds, (3.2.12) also holds,

and we have 7, ), = v, for all n, &k > 0. O

Our goal now is to prove Theorem 39. We will first recall some basic Lie algebra.
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3.2.3 Proof of Theorem 39
Hall basis

Let A be a set. Let K be a field. The Hall basis, introduced in [Hall50], is a simple
way of assigning a basis to a free Lie algebra £ (A) generated by A through the
operation of concatenation. Let us describe the construction of the Hall basis.

Let M (A) denote the set of planar rooted complete binary trees with leaves la-
belled as elements of A. A Hall set H is a subset of M (A) satisfying the following

conditions:

e ACH.

e We may assign a total order < on H.

e h=(hy,hy)in M (A)\A belongs to H if and only if

hl,hQGHandh<h2, hi < hs

and

either hy € A or hy = (h7, h}) where hl, > hs.

There is in general infinitely many Hall sets for each set A, unless |A] =1 or 0.
Let A* denote the set of all words formed by a finite concatenation of elements of
A. Let f: M (A) — A* be the map defined by f(t) =tif t € A, and if t = (¢4, 1),

then f(t) = f (t1) f (t2)-
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Let H be a fixed Hall set. For each h € f (H), define a polynomial P, by the rule

that:
[ ] Ph:hlfhEA
° Ph = [Phlvpha]a it h= hlhg, where h17h2 € f(H)

It is a theorem of Hall (for a proof see [Reu93|, Theorem 4.9) that for each Hall set
H, theset {P, : h € f(H)} forms a basis for the free Lie algebra generated by A over

a field K.

Proof of Theorem 39

Proof. (of Theorem 39)By Proposition 41, it suffices to prove that
1" @ e (S (7)) = €197 @ e (log S (7))
By definition, we have
= g: kl (log S (v

As 7y is closed, we have

7@ (log S (7)) = 0.

Hence the first term (ie. the one with the least degree) in the Lie series log S ()

has degree at least two. However, if w is a Lie series generated by the alphabet
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{e1,e5} and the first term of w has degree at least two, then
1o @ ik (") =0

if r > 2.
Therefore,

i®" @ e (S (7)) = 1" @ €5 (log S (7))

We now prove Corollary 40.

Proof. (of Corollary 40)
According to [Reu93| (Example 4.8), a Hall basis for the Lie polynomials up to

degree 4 generated by the set {e1, ez} is (a reordering of)

e1,eq, [e1,es],[e1,[e1, ezx]], [es, [e1, €3]], (3.2.16)

le1, [e1,[e1, e2]]], [e1, [e2, [e1, e2]]], [e2, [e2, [e1, €2]]] . (3.2.17)

Let B} be the dual basis corresponding to the basis (3.2.16). To prove Corollary
40, it is sufficient to express, for each f € Bj, the value f (log.S (7)) in terms of the
winding number of 7.

As 7 is a closed curve, e} (log (S (7)071>) =0fori=1,2.
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Since

le1,e0]" = €] ® e}

le1, [er, e2]]" = e]** @ ey

[ea, [e1, e2]]" = —€f ® €52
le1, [e, [e1, 62]]]* = 6>f®3 X €9
[e1, [e2, [e1, e2]]]" = —€i%? @ €52

[e2, [e2, [e1, e2]]]" = €] ® €57,

we have by Theorem 39,

le1, e2]” (log (S (7)) n (v =, (2,y)) dedy

[e1, [e1, e2]]" (log (S (7))) xn (v = 70, (2,y)) dedy

€2, [e1, e2]]" (log (S (7))) yn (v — 0, (z,y)) dzdy

Il
— — —

N | —

[e1, [e1, [e1, e2]]]" (log (S (7)) /90277 (v = Y0, (z,y)) dzdy

[e1, [e2, [e1, e2]]]" (log (S (7)) =

—

zyn (v = Y0, (2, y)) dedy

lex, [ex, [ex, ea]]]” (log (S (7)) = / ¥21 (v — 0, (2,9)) dady.

N | —
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Sharpness of Corollary 40
The purpose of this section is to prove the following sharpness compliment to Corollary

40.

Proposition 54. There exists two paths v,~" such that the winding number of v and

~" around every point is equal , but the fifth term of their signature differs.

Proof. With an abuse of notation, let e; denote the path ¢ — te;, t € [0,1] and let
Y =€1 k€2 x —€1%x—€2 k —€1 x —€2 x €1 x €2

and

7 = —e;x —eg k€1 x ey x €] €y *x —€] *x —€y.

where * denote the concatenation product defined just before Lemma 37.

By (3.2.7) and Theorem 47,

n (7, (2,9)) = Loxoul-1,0x[-1,0 (T,¥) =7 (7'(907?1)) :

By Lemma 73 (in Chapter 5),

e ey _—e; _—eg —ej

e e (3.2.18)

and
S (7)) = e e e e®e e e, (3.2.19)
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We claim that

(efRe;®ei®e;®er,S (7)) =1

and

(i we;@e;we;@el,S (7)) = 1.

Note that the word e; ® es ® 1 ® €5 ® €7 is “square-free”, i.e. none of the alphabet
in the word is identical to the alphabet on its immediate left or right. This means

the contribution to the value of both

(e1@e;®e®e; @er, 5 (7))

and

(e1@e; e ®e; @er, 5 (7))

only comes from the first order term in exponentials in (3.2.18) and (3.2.19). For
both, the contribution can only comes in one of the following five combinations:
Combination 1. 1¢, 274 3rd 4th 5t exponentials.
Combination 2. 1,274 3 4th 7" exponentials.
Combination 3. 1%¢,274 37 6" 7" exponentials.
Combination 4. 15,274 57 gth 7th exponentials.
Combination 5. 15,474 57 6" 7" exponentials.

For S (), the contributions from Combination 1 and Combination 5 is —1, while
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the contribution from Combination 2 — 4 is 1. Therefore,

(el @e; el ®e; ®er, 5 (7))

= —14+1+1+1-1

For S (v'), the contributions from Combination 1 and Combination 5 is 1, while

the contribution from Combination 2 — 4 is —1. Therefore,

(ef@e;®e] @e; e, S (7))
= 1-1-1-1+1

= -1
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Chapter 4

Signature of SLE curves

Theorem 23, which we proved in the last chapter, only applies to paths with finite
p-variations, where p < 2. In particular, our results can only be applied to study
stochastic processes whose sample paths are almost surely smoother than the Brow-
nian motion sample paths. One example of such processes is the Chordal SLE,
measure. The SLE measures were born from the study of lattice models which have
conformally invariant scaling limit. There are a number of lattice models whose scal-
ing limit have been proved to be an SLE curve under some boundary conditions, such
as the loop erased random walk (x = 2, [LSWO04]), the Ising model (k = 3, [CS12]),
the level lines of Gaussian Free Field (k = 4, [SS09]), percolation on the triangular
lattice (v = 6, [CNO7] and [Snv01]), and the Peano curve of the uniform spanning
tree (k = 8, [LSWO04]).

The path regularity and, in particular, the roughness of SLE curves, in relation
to the speed k of the driving Brownian motion, is an extremely interesting topic. It

is intuitively clear that the SLE curves becomes rougher as the speed of the driving
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Brownian motion increases. In [JL10], the optimal Holder exponent for SLE curves

under the capacity parametrisation was proved to be

1 K
in(=1— .
i (2 24 1 2 — 8\/8-1-,%)

In [Bef08|, V. Beffara proved that the Hausdorff dimension of SLE curves is

min (1 + %,2). Therefore, the optimal Holder exponent cannot exceed 1+ §. B.
Werness|Werl2| proved that for 0 < k < 4, almost surely, there exists a parametri-

sation under which the SLE curve is a-Hoélder for any a < 5 L In another words,

T
the roughness of an SLE curve grows linearly with the speed of the driving Brownian
motion. It is strongly believed that this remains true for 4 < K < 8. However, to the
best of our knowledge, this problem remains open.

Werness’s result allowed him to define the signatures of SLE curves using Young’s
integral and used Green’s theorem to compute the first three terms of the expected
signature of SLE curves in terms of the 1-point function.

This chapter has two purposes. The first is to prove the almost sure uniqueness
of signature for SLE, curves, for 0 < k < 4. The second is to related the expected
signature associated with the Chordal SLE, measures to the n-point functions studied
in the SLE and Statistical Physics literature.

The almost-sure uniqueness problem was first studied by Le Jan and Qian in
[LQ12|, where they proved that the signatures of Brownian motion sample paths

determine the Brownian motion paths almost surely. The result was extended to

diffusion processes in [Gengl3]. Both results rely on the Strong Markov property.
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Although the Chordal SLE, measure is not Markov, the inversion problem can be
tackled for k < 4 since the Chordal SLE,, measure is supported on simple curves from

—1 and 1. Therefore, it follows from Theorem 23 from the last chapter that:

Theorem 55. Let 0 < vk < 4. Let P, be the Chordal SLE, measure in D with
marked points —1 and 1. Then there exists a P.-null set N such that if v,7 € N¢

and S (v)g, =S (7)o, then v and ' are equal up to a reparametrisation.

A proof of Theorem 55 will appear in section 4.1. The expected signature can be
considered as the “Laplace’s transform” of a stochastic process and has been exten-
sively studied in [Nil12| and [LV04]. The sequence of n-point functions of the Chordal
SLE measure was first studied by O. Schramm. Using a generalised Green’s theorem
for non-smooth curves, we may prove the following relationship between the expected

signature and the sequence of n-point functions.

Theorem 56. Let 0 < x < 4. Let P, be the Chordal SLE,., measure in D with marked
points 1 and —1. For each v € Cy(—1,1,D), let ® () denote the concatenation of ~y
with the upper semi-circular boundary of D from 1 to —1. Let j,, x, denote the word
(1,...,1,1,2,...,2) withn;+1 Is followed by k;+1 2s and let I, denotes the n-point

function associated with P, then

N o\
/ edui=1Ni YD (w1, 91) 5 - (e, yn)) dag - - - dyw
RQN

S(® ('Y))o 1

jnl,kl jnN,k:N )

= Z nl,...,TLN,kL..szUHi\;l ()\7,)11Z (_qu)kz E |:€* L...u 6*
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where e; . are linear functionals to be defined in section 2.1 and U denotes the

shuffle product defined in Proposition 30.

We will now recall facts from the SLE theory.

4.1 Schramm-Loewner evolution

Let (Q,]:, (Ft)i0 ,IP’) be a filtered probability space. Let (B;:t>0) be a one-
dimensional standard Brownian Motion. Let 0 < x. Let z € H\ {0}. For each
w € (2, consider the initial value problem:

dgs (z,w) 2

& g(ee) =B P (4.1.1)

We shall recall the following facts about g; from [RS05].

1. For each w, a unique solution to this equation exists up to time 7, > 0, where

T, is the first time such that g; — /kB; — 0 as t — T..

2. Define

Ht:{ZEH:t<TZ} anth:H\Ht

Then H; is open and simply connected.

3. For each time t > 0, g; defines a conformal map from H; onto H. In particular,

g¢ is invertible.

4. Let f,(z) == g7' (2 + /kB,). There exists a P-null set A" such that for all
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w € N¢, the limit

(t,w) = lim ft(z)

z—0,z€eH

exists and ¢t — 4 (¢) is continuous. The two dimensional stochastic process

(3¢ : t > 0) is called the Chordal SLE, curve.

The Loewner correspondence from a continuous path t — B; (w) to t — §(-,w) is
in fact deterministic and one-to-one. Therefore, the measure on the Brownian paths

induces, through this correspondence, a measure on paths in H from 0 to oo, which

we shall call the Chordal SLE,, measure in H.

Proposition 57. Let P, be the Chordal SLE, measure in H. Then with probability
one, the following holds:

1. ([Wer12], Section 4.1)If 0 < x < 4, then for any p > 1+ §, v has finite
p-variation.

2.([RS05], Theorem 7.1 and Theorem 6.1)y : [0,00) — H satisfies 7o = 0 and
liminf, o |§¢| = oo.

3.([RS05], Theorem 6.1)For 0 < k < 4,t — 4, is a simple curve and 7 (0, 00) C H.

The fact that lim; .., 4 = oo a.s. means that the signature S (7)0,00 will not be
defined. Therefore, we shall follow [Werl12| and opt to study the Chordal SLE, curve
in the unit disc D, from —1 to 1. The Chordal SLFE, measure in domain D with

marked points —1 and 1 is defined as follows:

Definition 58. For x > 0. Let P be the Chordal SLE, measure in H, D be a simply
connected subdomain of C, a,b € D and f be a conformal map from H to D, with
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f(0) =a and f(0c0) =b. Then the Chordal SLE, measure in D with marked points

a and b is defined as the measure Po f~1.

Remark 59. Although there is a one dimensional family of conformal maps f such
that f maps H to D, 0 to a and oo to b, the scale invariance of the Chordal SLE
measure in H means that the measure Po f~! is the same no matter which member

f in this one dimensional family we use.

We now prove our almost sure uniqueness theorem concerning the signature of

SLE curves.

Proof. (of Theorem 55)Let P, be the Chordal SLE, measure in D with marked points
—1 and 1. Then by Proposition 57, there exists a P.-null set N, such that for all
v €N,

1. v(0)=—-1,7(1) =1 and v(0,1) C D.

2. ~ has with finite 1 < p < 2 variations.

3. ~y is simple.

Therefore, in particular, N¢ C Cy (—1,1,D).

Let 7,7 € N¢ be such that S(vy) = S ('), then by Theorem 23, v and + are

reparametrisations of each other. O

4.2 Expected signature and n-point functions

4.2.1 n-point functions from expected signature

We will need the following immediate consequence of the shuffle product formula.
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Lemma 60. Let (ky,l), ..., (kn,1,) € N2 Let ji,,. denote the word with k; + 1 1s

followed by l; +1 2s. Then

.
Ve dy o Vi Ly = Y00

where the operation L is the shuffle product operation defined in Proposition 30.

Proof. We shall prove this by induction.
n = 1 follows from the definition.
Suppose

— Ak YWk
’yk17l1”‘,ykn7l7l - ’Y DA o

then by Proposition 30,

(Verda - Veen ) ('Ykn+1,ln+1) = ’Y<jk1‘llumuj’“”’ln>uj’“n+1vln+1

the induction is completed through the associativity of the shuffle product. O

A well-known observable in the theory of SLE is the following sequence of n-point

functions:

Definition 61. Let 0 < x < 4. Let P,, denote the Chordal SLE, measure in D with
marked point —1 and 1. For each v € C5 (—1,1,D), let ® () denote the concatenation
of v and the upper semi-circular boundary of D, oriented in the anti-clockwise direc-

tion. We shall define the n-point function associated with the probability measure P,
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to be:

To (1, Y1, oo Ty Un) = P [(21,91) 5 - - - (T, Yn) € Int® (+)].

The n—point functions for SLE, curves were first studied by O. Schramm who
calculated the 1-point function explicitly in terms of hypergeometric functions (see
[Sch01]). Although PDEs can be written down for the n-point functions, the analytic
expressions for general n and k are not known. The only exception is n = 2 and

8

K = 3, which was predicted in [SC09] and computed rigorously in [BV11].

Proof. (of Theorem 56)

Let 0 < k < 4. Let P, be the Chordal SLE,, measure in D with marked points —1
and 1.

As in the proof of Theoremb5, there exists a P, null set N such that N¢ C
Cy(—1,1,D).

By Lemma 37, we have for each v € N,

N ni  k; —

where (Int® ())" is the set

m;CV:1 {(:Clayla cee 7:CN7yN) : (xkayk) € Intd (7)}

and
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By Lemma 60, ® (7),,, 4, @ (V) my = @ (ry) itz Uikt

By taking linear combinations, we have

/ 62?]:1 Ai(@it 1) +pivitg [1DN] dzy -+ dyy
]RQN

- S I )" () E [@ (i ]

n1,...,nN,k1...kn >0

The result then follows by noting that E [1p~ (-)] = Ty (+). O

As we may determine the signature of ® () from the signature of 7 using Chen’s
identity, this formula gives a relationship between the expected signature of the

Chordal SLE measure and the n-point functions.

4.2.2 Expected signature from n-point functions

We may ask whether it is possible to obtain the expected signature from the n-point
functions. Unfortunately, here we can do no better than the deterministic case and
are only able to obtain an explicit formula only up to the fourth term. To obtain a
simpler formula, we choose to study the Chordal SLE, measure on 1+ ID so that all
paths start from 0. The n-point functions can be defined for the domain 1+ in the

obvious way.

Proposition 62. Let 0 < k < 4. Let v denote the Chordal SLE, curve from 0 to 2
in 14+ D. Let ®(v) denote the concatenation of v with the upper semi-circle of the

unit disc 1 + 1, oriented in the anti-clockwise direction. Then the first four terms of
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the tensor element ® (vy) is

1+ /D ([el, e + [x1, [e1, )] + % [x1, [x1, [el,eQ]]]> Iy ((x1, 1)) derdy; (4.2.1)

1

+ B /4 le1,e2] ® [e1,e] I's ((1,11) , (22, y2)) dridaedasday (4.2.2)
R

where X1 = r1€1 + Y163 and Xo = To€1 + Yoo, and I, is the n-point function for the

Chordal SLE,, measure.

Proof. Let N be a Chordal SLE, null set such that for all v € N°, ~ is simple,
v(0,1) C D, starts from 0 and ends at 2 and has finite p variation for some p < 2.
Let v € N¢. Using the exactly same computation as in the proof of Corollary 40

and replacing the use of Green’s theorem with Lemma 37, we have the following

me(10g S (© (1)) = | len.ea) ygagy (2.9) dody

R
x[er, [er, eo]] I gy, (2, y) dzdy
Yy [e27 [817 e2” 1IHt<I>(7) (Z’, y) dl’dy

[81, [61, [61, ezm 11nt<1>(7) (Ia ?J) dxdy

8

Yy [eh [eQa [elv 62“] ]'Int(p(»y) (ZE, y) d.l’dy

+
S — — —
1\9|&M

CIA

+ [927 [627 [elv 92]]] 1Intq>(,y) ($7 y) dxdy
/ [e1, 2] + [we; + yey, [e, €]
R2

+2 [ze; + yeq, [re; + yes, [e1, eg]]]) 1Int<1>(7) (z,y) dedy

5



By taking the exponential and writing xe; + yes as x,

M (S @) =1+ [ fered g, (o.9) ddy

R2

+ [ belerseal ggagy (0.3) dody
R2
o [ b ler, el Tygagy (o) dady

+/ le1, €] 1Intq>(7) (z,y) dzdy ®/ le1, €] 1Intq>(7) (z,y) dzdy
R2 R2

Note that

/ €1, €] 1Intq>(y) (z,y) dedy @ / €1, e 1Intq>(y) (z,y) dzdy
R2 R2

:/ [e1, €] ® [er, e 11ntq>(,y) (z1,91) 11111’@(7) (22, y2) dzidy1daody,
R4

The proof is completed by taking expectation.
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Chapter 5

Expected signature of Gaussian

processes with strictly regular kernels

The expected signature of a stochastic process was first studied by T. Fawcett in
[Faw03] and N. Victoire in [LV04], who independently calculated the expected signa-
ture of Brownian motion. This is used in [LV04] to calculate the cubature measure
which approximates the Wiener measure. Since then, interests in the subject have
grown. In [LH11|, Ni and Lyons expressed the expected signature of Brownian motion
in a disc up to the first exit time in terms of the solution of a PDE. In [Werl2], the
first three terms of the expected signature of the Chordal SLE measure were explicitly
calculated. In this article we calculate the expected signature of Gaussian processes
with strictly regular kernel (defined in next section). These are Gaussian processes
with regular kernels (see [AMNO1]) which do not have Brownian components.

The original motivation for undertaking this study was to find the expected sig-

nature of fractional Brownian motions for H > % After posting this result on arXiv,
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we were informed of the calculation of expected signature for fractional Brownian
motions for Hurst parameter H > % has already appeared in [BCO7|. Therefore, this

chapter is a generalisation of the calculation in [BCO7].

5.1 The Main result

We will first recall some notations.
Let T' > 0 be fixed throughout this chapter.
Let A :=={(t,s) eR?: 0< s <t <T}.
Let K (+,-) : A" = R be a function such that:
(K1) For each r, K (-,r) has an integrable derivative on (r, T
(K2) K (rt,r)=0Vr e [0,T].

(K3) Let | K| ((r,T],r) denote the total variation of K (-,r) on (r,T]. Then

/OOO|K|((T,T],T)2dr< 0.

If we remove the condition (K2) and weaken the condition of having an integrable
derivative in (K1) to bounded total variation, then we recover the notion of regular
kernel in [AMNO1]. Our extra conditions mean that our Gaussian processes have to
be strictly smoother than Brownian motion.

Let W; be a Gaussian process of the form

t
W, ::/ K(t,r)dB,, te0,T], (5.1.1)
0
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where d B, denotes the integration in the Itd’s sense.
We shall call an one-dimensional Gaussian process W of the form (5.1.1), where
K satisfies (K1), (K2) and (K3), a Gaussian process with a strictly regular kernel K.
We now fix a basis of R? which shall denote by {ei,...,eq}, throughout this
chapter. A d-dimensional Gaussian process with a strictly regular kernel is a pro-
cess whose coordinate components with respect to this basis are independent and
identically distributed copies of a Gaussian process with a strictly regular kernel.
The expected signature of such a process will be expressed in terms of pairings,

which we shall recall below:

Definition 63. A set 7 is a pairing of {1,2,...,2n — 1,2n} if there exists two injective
functions a : {1,...,n} — {1,...,2n} and b : {1,...,n} — {1,...,2n} such that
a (i) < b(i) for all ¢, the images of a and b form a partition of {1,2,...,2n — 1,2n}
and

7={(a(i),b(2)):i=1,..,n}.

Let Es, be a subset of {1,2,...,d}*" such that (i1, ..., i) € Es, if and only if

for all k € {1,2,...,d}, the set

{J i =k}

has an even number of elements.
Let 11y, denote the set of all possible pairings of {1,2,...,2n}. Given (iy,...,i2,) €

{1,2,... ,d}2", define II;, _;,, to be a subset of Iy, whose elements 7 satisfy

<l7j)E7T — il:ij
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For example, I, ; 25 has only one element, which is {(1,2),(3,4)}. The elements

of H171,272,1,1 are {(17 2) ) (37 4) ) (57 6)}7{(17 5) ) (27 6)7 (37 4)}7 {(17 6) ’ (27 5) ) (37 4)} :
Let 01 K denote the derivative of K with respect to its first coordinate.

We can now state our main result:

Theorem 64. Let W be a d-dimensional Gaussian process with a strictly regular
kernel K. If k = 2n for some n € N, and (i1, ... ,i2,) € Fa,, then the projection to

the basis e;, ® €;,... ® e;, of the expected signature of W up to time T' s

uj/\ul
Z / g jyer {/ (01K (uj,7)] [O1K (w, )] dr| duy..dug,
Non(T) 0

where Ny, (T') denotes the simplex {(uy,...,ug,) ER:0<uy < ... < g, < T}
The projection to the basis e;, @ €;, ... & e;, is zero otherwise.

The key idea of the calculation, inspired by [CQO00], is to first calculate the ex-
pected signature of the piecewise linear approximation of the Gaussian process. This

reduces the problem into computing joint moments of Gaussian random variables,

which can be done using Wick’s formula.

5.2 Signature of Gaussian process

5.2.1 Gaussian process

Recall that A" := {(t,s) e R*: 0< s <t < T}
Let K (+,-) : A" = R be a function satisfying the conditions (K1), (K2) and (K3)
in Section 1.1, and W : [0,7] — R be a Gaussian process satisfying (5.1.1).
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Then W, is a Gaussian process with the covariance function
tAs
Rits) — / K (t,r) K (s,7) dr (5.2.1)
0

The integral in (5.2.1) exists by condition (K3).

By (K1), we have 0, K (-,7) € L'(r,T] and by (K2),
t
K (t,u) = / O K (u,r)du.
Thus (5.2.1) becomes
tAs s t
R(t,s) :/ / / O K (u,r) 0 K (v,r) dudvdr.
0 r r
and in particular, (u,v,r) — 01K (u,r) 01K (v,r) is integrable on the set
{(u,v,7) ;7 € [0, s At],u € [rt],vE[rs]}.
By Fubini’s theorem, we have the following equality:
s t uNv
R(t,s) = / / {/ (01K (u,r)] [01K (v, 7)]dr| dudw. (5.2.2)
o Jo LJo
We shall denote the integrable function (u,v) — OuM (01K (u,7)] [01K (v,r)] dr

by f (u,v).
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To summarise, we have

R(t,s):/ot/osf(u,v)dudv

for some f € L' ([0,T] x [0,T)).

This means that for 0 < 7 and s < ¢ in [0, 7], we have

BV~ W) 7 =W = [ [ 5wy dude

This expression will be key to our computation.
By the symmetry of R (-,), we also have f (u,v) = f (v, u).

We summarise our calculations in the following lemma:

Lemma 65. Let W : [0,T] — R be a Gaussian process with a strictly reqular kernel
K. Then there exists an integrable function f : [0,T]> — R such that f (u,v) =
[ (v,u), and

E[(W; — W) (W, — W,)] = / /:f(u, o) dudv.

5.2.2 Signature of Gaussian processes

Recall that Agp denotes {(s,1) : 0 <s<t<T} Let f: Dor X Dor — R be a

s, t
function. We shall follow [FV10] and use the notation f to denote, for

U, v
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s<tandu <wv,
f ::f(s,u)—i—f(t,v)—f(s,v)—f(t,u)

and a function f : [0,7]° — R is said to have finite p-variation if | flp—varo.r2 < 00,

where

P

|f|p—var;[s,t]><[u,v} = sup (Z |f (R)|p) (523)
ReD (s [uv])

and D ([s,t] x [u,v]) is the set of all rectangular partitions of [s, t] X [u,v], ie. the set

of all rectangles of the form

[s1, 82| X [t1, ]

such that if Ry, Ry € D ([s,t] x [u,v]), then
RiN Ry
is one dimensional and
UReD([s,t)xuw]) B = [5,t] X [u,v].
For a function w : Aoz x Agr — [0, 00), we shall denote, for [s, 1] x [u, v] € [0, T,

w([s,t] X [u,v]) :=w(s,t,u,v)
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Definition 66. A 2D control is a continuous function w : g1 X Ao — [0, 00) such
that for all rectangles Ry,Ry,R in [0,T] x [0,T], such that if Ry URy C R, Ry N Ry
is one dimensional, then

w(Ry) +w(Ry) <w(R)

and that for all rectangles R with zero Lebesgue measure in R? |

w(R)=0

Definition 67. Let w : ANgr x Do — [0,00) be a 2D control and let f : Az X
Ao — R be a continuous function. We say that w controls the p-variation of f if

for all [s, ¢] x [u,v] C [0,T]?,

p

Lemma 68. ([FV10], Lemma 5.56) Let f : DNor X Do — R be a continuous func-
tion. Then f has finite p-variation if and only if there exists a 2D control w such that

w controls the p-variation of f.

We will now recall the existence and some properties of the signatures of Gaussian
processes with strictly regular kernels.

Let X be a d-dimensional Gaussian process, then its covariance function is defined
as Rx (s,t) :=E[X, ® X{].

The following theorem gives the existence of the signatures of some Gaussian
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processes and the approximation result that the limit of E [S (xP )0 T] as ||D]| — 0

is B[S (X)oz

Theorem 69. ([FR]) Let X = (Xl, ..,Xd) [0, T] — R? be a centered, continuous
Gaussian process on a probability space (2, F,P), with X', X7 being independent if
1 # j. Assume that the covariance function of X, denoted by Rx, has finite p-
variation for some p € [1,2) and that there ezists a finite constant K such that

|Rx| 2 < K (see (5.2.3)). Then there exists a process X with sample paths

p—var,[0,T
almost surely in VP (TUT’J (Rd)) for all p € (2p,4), such that for any v > p, %ﬁ—% > 1
and any q > 27 and N € N there exists a constant C' = C (q,p,7, K, N,T) such that

forallr > 1,

_P

L2

for any piecewise linear interpolation X ¥ of X, where the width of the partition is

smaller than %

Definition 70. Let X be a process satisfying the conditions in Theorem 69, we shall
denote the process X in Theorem 69 by S (X) and the expected signature of X on

[0, 7] is defined to be E [S (X)QT].

Proposition 71. Let X be a d-dimensional Gaussian process with a strictly regular

kernel. Then the covariance function of X has finite 1-variation.

Moreover, let D™ be the dyadic partition D™ = (0 L2 (ZMA)T,T). Then

y gmy gm s ty om
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for all N € N,

IE [Sy (XP7)] —E[Sy (X)]| =0
as m — 0o, where |-| is the norm induced by identifying (Rd) o with R

Proof. By Lemma 65 and its notation, the 1-variation of the covariance function of

X, Rx, is controlled by

st x ool i= [ [ 15l sy

Thus by Lemma 68, Rx has finite 1-variation. Moreover, the total 1-variation of Rx
on [0, 7] is bounded above by fOT fOT |f (z,y)| dzdy . Therefore, Theorem 69 applies.
Observe that we have, in the pathwise sense, the following inequality for all N €

N,q > 2:

T

S (XP") 5 = Sn (K)o <

o (Sn (XP") Sy (X)]
Thus by Theorem 69, the only thing to prove is

sup | X" — Xy, =0
0<t<T

Let ¢} := S=T. Then for tf* < ¢ <, we have

t—t" ., =t
(m k )+‘Xtm—Xt|( k+1 )

—qgm k tm o m

k+1 k k+1 k

k+1

XP" - X < | X, - X
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Thus by Lemma 65 and its notation,

t—tm o, —t
D™ k k+1
Xy = Xt|L2 < )Xtﬁnﬂ — X 12 (t?ﬂ _ tzn) + |thm - Xt‘L2 (tznﬂ _ tz%)
1
t—tm ’
< () ([ L olaa
Py — I [t:t74]
. ;
+ (%) / |f (u,v)| dudv
%
< 2</ 2[f(u,v)\dudv>
[tz”vtz’ll]
Note

2
<sup ’XtDm—Xt}LZ) < 4 max /[tMt LS (u,v)| dudv
™,

1<k<2m
Ost<l1 - Zl+1

4/ 1S (u,v)| dudv
VR [t

k+1

IN

m 2 .
The set U2, [t?, t?ﬂ] converge to a set with Lebesgue measure zero as m — oo,

and f is integrable on R?. Thus

2
<Sup X" —Xt|L2) — 0

0<t<1

as m — o0. O
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5.3 Computation

In this section we shall calculate the expected signatures of Gaussian processes with

regular kernels.

A key tool in our calculation is the following Wick’s formula (also known as Isserlis’

theorem):

Theorem 72. [Isl18/Let (Wy,...,W,) be a Gaussian vector. Then

0 if n is odd.
E (I, Wi) =

Zweﬂn i jerE (W:;W;) if n = 2k 1s even.

We will now carry out some preliminary calculations. Recall that f is the function

defined in Lemma 65.
Let 7' denote the dyadic partition point Q%T.

Define ¢; j, with 1 <7 <2™1 < j < 2™, by

Cl,] — - f (u; U) 1[t§yi1’t;nj| X [tﬁl7tT]dudU

Recall that given a continuous path W : [0,7] — R? we define the dyadic ap-

proximation of W by the function
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Let W be a d-dimensional Gaussian process with a strictly regular kernel, and
let W (m) be the random process obtained from the dyadic linear interpolation of its
sample paths.

Let (ki,...,kon) be a finite sequence of natural numbers, satisfying 1 < ky <
ky < .. < koy < 2™. Then the symbol |#k = 1| will denote the number of elements
in the set {j : k; = 1}, and in general, let |#k = i| be the number of elements in the
set {j: k; =1}

The following lemma summarises our preliminary calculation:

Lemma 73. If k = 2n for some n and iy, ..,i2, € Fa,, then the projection onto the

basis e;;, @ - ®e;, of E (S (W (m))o,T) is

! II
Z Z |#k = 1|1 .. |#k = 2m|! LG nenCr k;

i1,ering 1Sk1<ka <. Skop <27

otherwise the projection onto e;, ® - -- @ e;, of E (S (W (m))07T> is zero.

Remark 74. In fact we can prove by induction that

1
:22Nm/ 1du1...dU2N
[#k =11 .. |#k = 2m|! [t;f;_l,tg;]x...x[tm ¢m ]mAgN

kon—1"koN
but we shall not need it here.

Proof. Define X, : [t7,,t7'] — R? by

m

X (1) = Z (W;gl + 2? (WZ;;L - Wti;y_1> (t - tZ‘_l)) €i

%
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Then

S(Xk) = L+ 3000 fon corcconcip @Ko ® .. ®dX,,
XN
oo om i i
= 1+ anl <1< <sn <t [Zz T <Wt;” - Wt;@l) ei] dsy . ..ds,
®n
_ o 2m i i
= 1+ .. [El T (thb - Wt?_1> 61} ﬁtkm_1<51<..<sn<t;n dsy...dsy,

m ; ; en n
= 1+ [Zz QT ( fm tlggl) ei] % (t? - t}?_l)

AW Wi, e
@Z’( ty tkﬂ)

By Chen'’s identity,

(Wi —Wi e Awin —wi ei
S(W((m),) = E 621( E tﬂ) ®...0 e ( 2m 2”1*1) ] (5.3.1)
We have
~ ®j
=i (W) = 3 il (Z (Wf;:‘ - szx) ei)
j=0 " i

The coefficient of e;, ® €;, ® ... ® ¢;, in the expansion of

J
m . 1 _ 7 e: m 1 . .
@2 e (WimWioa)er — 2" Z il (Z (”f;: - ”tzzal> €i>

i

18
" ”ﬂ'j N ”ﬂ']’
=1 i 7y

2 4k = 1] |[#k = 2!

1<ki<ko<..<kn<2m

If n were odd, then as the expected value of the product of an odd number
of Gaussian random variables is zero, we have the coefficient of e;, ® ... ® ¢;, in

E (S (W (m))07t> being zero.
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If (i1,..,99,) ¢ FEa,, then since the process (W, : ¢t > 0) has independent compo-

nents and that the expected value of the product of an odd number of Gaussian

random variables is zero, thus

which in turn implies that

i[5 (W (), )] =0

when (ila .y 7/2n) ¢ E2n-

We now calculate the projection to e;, ® --- ® e;,, of E (S (W (m))07t>, which by

Wick’s formula equals

iz |[E (S (W (), )]

1
Zlgklg...gk%gzm \#k:1|l,_|#k:2muH(lJ)EW

= Zﬂ'enil ,,,,, ion
E| (W4 —wh wh —Wwh,
tkj tk]-—l L k-1

1
iom Z1gk1§...gk2n§2m [#k=1|L.. [#k=27]1 I 5)enChik;

(5.3.2)

is the sum over all possible pairings (,j), 7 > [ from the set

]

The following lemma is crucial to our calculation of the sum in Lemma 73.
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Lemma 75. For ¢ > 1 and any pairing 7 of {1, ..,2n},

E I j)er |ckl7kj‘ —0asm — o0
1§k1§~-§ki:ki+1Ski+2...gk2n§2m

Proof. 1f (1,1 + 1) € 7, then

Zlgklﬁ---ﬁki:kiﬂSki+2---Sk2n§2m I nen }cklvkj ‘

(5.3.3)
2m om kj
< D et el X Hajyem i) P > i ‘Ckl,kj’
Note that for (j,1) # (i,i+ 1),
gm kj
k:jZl Zklzl }cklkj ‘
gm kj
= k=1 2=t Jge S (w,0)] 1[%_1%] y [tZ;._ptZ;]dUdv (5.3.4)
= f[o,T]x[O,T] |f (u, v)| dudv
and that
2m om
RS 10 g e e

= e |f (u,v)] 1Ui:l [ ] < et ] (u,v) dudv.

Since f(-,-) € L' ([0,T]?) and the set UZ", [t7, ¢ ] x [ty, 47 ,] converges to a
null set in R? as m — oo, we have

om

Z ’Ck,k| — 0

k=1
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as m — Q.

Thus by (5.3.3) we have

ZlgklS--~§ki:ki+1Ski+2“'§k2n§2m H(J}l)EW ‘Cklkj‘
n—1
< fnpetom 1 @)l dude] ™ Joan i 1 1 (1,0) | dudo

— 0 as m — oo.

Now if (i,i+ 1) ¢ 7, then let 7 (i), 7 (i + 1) denote the unique integers satisfying
(i,7(0), i+ 1, 7(i+1)) €.

Assume now that (i,7+ 1) ¢ 7, then we have

Zl§k1§§k12k1+1gkl+2SkQTLSQm H(l,j)Eﬂ' ‘Cklkj ‘

< Tgyem\ (@m0, La(+1)) Doky—1 2oyt |Chuk; | (5.3.5)

om m m
X Zkzl Zkﬂ.(l)zl Zkﬁ(z+1):1 Ckszr(z)

’Ckaw(H-l)

Let F (v) := fOT |f (u,v)|du. Then as f (-,-) € L'[0,T]?, we have F (-) € L'[0,T].

Thus
2m T
|f (u,v)|1 dudv—/ F ) 1lm,m 1(v)do.
kﬂ(iz):l /R2 {tg;(i) 7%’;(”_1] <o) 0 e )

Note that since F' > 0, and that F (-) € L, the integral

/OT/OTF(U)F(v)dudv—/OTF(u)du/OTF(U)dU

exist and thus (u,v) — F (u) F (v) is integrable on [0, T]°.
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Hence

2m 2m om
D2 D || lerai)
k=1 kr(iy=1 kx(i41)=1
2m gm
= Z Z / f(u, )] 1 dudv
k=1 k==t R2| el [tﬁu)’tkmwu)fl}X[t?’t?fl]
2771
X [, du
bran=1"% [tkw<i+1>’t’cw<i+1>*1}X[t’“"tk¥1]
<

Z /R2 F (U) F (u) 1[t7€",t§€"_1]><[t2”,tzl_1] (u,v) dudv.

As (u,v) = F (u) F (v) is integrable on L' [0,7], and the set UZ" [t ] x

[t ¢ ] converges to a null set in R?, so that

2777,
Z/Rz F(v) F (u) 1[t’,€",tm <[t ] (u,v) dudv — 0,
k=1

k—1

as m — Q.

Together with (5.3.4) and (5.3.5) we have

Z H(l,j)en ‘Cklkj |

1<k <. <ki=ki11<kio...<kop, <2M

< (Z/ F(v) F (u) 1[t’,3,t’,?_1]X[t;”,tkm_1] (u,v) dudv)

k=1 Y R?

n—2
X (/ |f (u,v)] dudv)
[0,T]x[0,T7]

— 0,
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as m — Q.

This completes the proof of the lemma. O

We now prove our main result Theorem 64.

Proof. (of Theorem 64) By Proposition 71, the expected signature is given by the
limit as m — oo of the sum in Lemma 73.

However, by Lemma 75, for any ¢ > 1, as m — oo,

1
2 Fe =1 gk eer o | =0

1<k <...<ki=kit1<kit2...<kap <2™

Thus
limy, o0 Z1gklg...gk2n§2m \#k:1|!...1|#k:2m|! U nerCrk,
= im0 21<k1<...<k2n§2m \#k:1|!‘..1|#k=2m|!H(J'J)Eﬂckzkj
= limy, o0 Zl<k1<...<k2n§2m H(J’J)Gﬁckl’fj
where the last equality uses the fact that for k1 < ky < ... < kon, we have

4k = 1|1 [k = 27|l = 1.

Note that

H(j,l)Eﬂcklk‘j

- H(lvj)eﬂ— fR2 f (u7 U) 1|:tm7tm
1 1

x[tm o
kol —1] kjtk;—1

}dudv

f]Rz H(j,l)ewf (Uj, Ul) 1[%711_1%”1]X_“X[t%n_vt%n] (ul, C ,u2n) duy...dus,.

95



Thus

lim E I nenChok,
m—oo (7,0)enCk;
1<ki<ko<...<konp<2m
= lim E H(j,l)eﬂf (’LL]', ’LL[) dul ce d'LLQn.

1<k <...<kon <2m [tklfl’tkl]X'“X[tkznfl’tk}n]

Let Ay, (0,T) denote the simplex {(uy,..,us,) E R*: 0 <wuyp < ... <wuy, <T}.

Then,

f[t

tm

m e[t an NAgN (0,7) o jyer |f (uj,w)| duy ... dugy,

m
k1—1° kop—1"ko,

= f[tg;_l,t;yl]x...x[t;’;n_l,t%n] Hajyer |f (uj,w)| duy . .. dugy,
< U nen ‘Cklkj| :

However, by Lemma 75,

g I ner |cklkj} — 0 as m — oo.
1<k1<..<ki=k;11<kit2...<kap <2™

Thus for any 1 <4, as m — oo,

Z /[tkml_l,t;;l]x...x[tm 7 ]NAaN (0,7)

1<k <..<ki=kit1<kiya...<ka, <2™ kop—1"kgp,

H(l,j)ew ’f (Uj, Ul)’ duy ... dusg,y,

converges to zero.
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Hence,

lim Z / H(j’l)eﬂf (Uj, ul) du1 Ce dUQn

m—r0o0
1<k <...<kop<2m ey Ly]xex] tm L
= nll—g(l)o E H(jJ)eﬂf (Uj, Ul) du1 e dUQn

1<h1 <o han<am ¥ [ ] X[t 1N 2an(0.T)

- /A H(l,j)EWf (Uj, 'Lbl) duy ... dus, -

Finally by Lemma 73 and Lemma 71,

Ty, ion (E (S (W))O,T>
= lm 7w, 4, (E(S w (m)))O,T>

m— 00

- Z / l] €7Tf Uy, ul) dul du2n :
ALY

S

,,,,,

5.4 The fractional Brownian motion with Hurst pa-

rameter H > %

We will now show that the formula we give coincide with the following formula for

the expected signature of fractional Brownian motion with Hurst parameter H > %

calculated in [BCOT7].

Proposition 76. (See [BC07], Theorem 31 )Let H > L. If k = 2n for some n € N,

and (i1, ... ,la,) € Eay,, then the projection to the basis e;, ®e;, . ..Re;, of the expected
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signature of fractional Brownian Motion with Hurst parameter H up to time T is

> (H@eH-1nTh)" / Mg jyer (uj — w)* 2 duy...dus,

ﬂ'EHil Dan(1)
where Ny, (1) denotes the simplex {(uy, ..., u,) ER*™: 0 < uy < ... < ug, < 1}. The

projection to the basis e;, @ €;, ... ® e;, s zero otherwise.

Proof. (of Proposition 76)For H > %, let Ky (t,s) be defined, for ¢t > s, as
1 H t H_é H 1
Ky (t,s) =cysz™ / lu—s|" 2u""2du

H(2H-1)

1
2
m] and [ denotes the beta function.

where cyg = {

Then by [NVV99], the fractional Brownian motion B¥ can be represented as
t
Bf = / Ky (t,s)dB,
0

where d B, denotes integration in the sense of Ito.
Note that K (s*,s) = 0 for all s, K (-,s) is differentiable and has a positive,
integrable derivative, and thus Ky satisfies (K1) and (K2).

Now note

t .
Ky (t,s) < cHsé_HtH_é/ |u—s|H_%du
S

c _
< a T s2H =3 (¢ — S)H 2
H—3
C 1
< H 1S§7Ht2H71
H—3
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and thus

2
c

Ky (¢, 3)2 < [—H a 1} gl 2HAH =2
2

and the right hand side is integrable in s.

As K (-, s) is increasing and K (s, s) = 0, |K|((s,t],s) = K (t,5) — K (s, s) =
K (t,s) and (K3) is satisfied.

Therefore, Theorem 64 applies and Proposition 76 follows from a change of vari-

able. O

5.5 Right continuity at H = %

We shall prove that the formula for the expected signature in Propositon 76 reconciles
with the expected signature of Brownian motion when we take limit as H — % By
the self-similarity property of fractional Brownian motions, it is sufficient to establish
this continuity in the case T' = 1. First we recall the expected signature of Brownian

motion up to time 1:

Proposition 77. ([Faw03],[LV04])The n'" level term of the expected signature of

Brownian motion up to time 1 s

1 (& !
Sl <Z € & €i>

i=1

Equivalently, the projection to any basis of the form e;, ® e;;, ® --- ® e; ® e;, is
equal to ﬁ
n
Note that a term e;, ®e;, - - -®e;, would appear in the expansion of (Zle e; ® ei>
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if and only if the pairing m, := {(1,2),(3,4),...,(2n —1,2n)} is in II;

to prove the continuity of the expected signature as H — %, it suffices to prove

1. Let 7, denote the pairing {(1,2),(3,4),...,(2n — 1,2n)}. Then the integral

I,:= (H(2H — 1))”/ M gyen, (uy — u)* 2 duy . . du,

2n
1 1
converges to 5, as H — 3.

2. The integral

(H (2H — 1))"/ Mg jyer (uj —w)* 2 duy. ... dugy,
AQn

converges to 0 as H — % for any m € Es,\,.

We will calculate first the integral I,,, which we may write explicitly as

(H (2H - 1>>n/ H?:l (u2j - Ugj_1>2H_2 du1 . dUQn
AQTL

By Fubini’s theorem, and using the notation wus,,; = 1, we can “integrate usg,s

first” to obtain:

(H 2H — 1 fA UQJ Ugj_1)2H72 du1 e dUQn
= (H 2H — 1 fO san f0u2 H?:l <u2j — u2j,1)2H_2 du1 c. dUQn
U2j—1

= (H 2H — ]_ fO Han=s e foug H;LZI |:IUQj+1 (’Lng — u2j_1)2H—2 dUQj duldu3 N dU2n_1

U2n—3 u3 2H-1
= H" f() " -Jo H?:l (u2j+1 — Ugj_1) duldu3du5 Ce dUgn_l.
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Taking limit as H — % and using the bounded convergence theorem, we have

. 1 puon—3 us
n n n
lim 1 H fo 0 S P | b

2H—-1
<U2j+1 — Ugj_l) duldu3du5 . dU2n_1
_ 1\" 1l puzn-—3 u3
= (5) fO 0 - Jo duldu3du5 ce dUQn_1

. 1
2nn!”

Now we consider other pairings 7 in II;, that is when there exists a k,i such

----- 2n )

that k —i > 1 but(i, k) € m. We have

(H (2H — 1))n fA% H(l,j)ew (Uj — ul)zH_Q du1 .. .du2n

IN

(HH=10))"" [, Mupenon [(Uj — )" dudu; (5.5.1)

X (H (2H - 1)) f (uk - ui>2H_2 1[Ui—17ui+1]x[uk—1auk+l] (ui? uk‘) dulduk

Note that as k — 1> 17+ 1,

2H—-2
H (2H - 1) /R2 (uk - u%) ]‘[UiflyuiJrl]X[ukflvukJrl] (ui7 uk) du;duy,

IN

H (2H — 1)/ (ug — ui)QH_2 L0,up 1] x s 1.1] (Wi, wr) duiduy,
RQ

1
= S [t - (=)™

<3(-06))

where the final inequality holds because 0 < 1 — 227 — (1 —z)* <1 — ( )2H—1

for

N =

1
H>§.
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Thus by (5.5.1),

(H(2H —1))" / M jyer (u; — w)* 2 duy . .. dug,

VALY

1 1 2H—1 L 9
S 5 (1 - (5) ) (H (2H - 1))n_ /A H(l])Eﬂ'\(’L k) ( —ul) B dulde .

Note first that

(H (2H - 1))71—1/ H(l,j)ew\(i,k:) [(uj - ul)QH_Q dulde

< (H(2H—1))”/ g jyer [ug — w2 duy . . . duy,

[0,1)%"

= (2H (2H — 1)) (//yy—xFH?dxdy)
= (2H (2H — 1)) (//]y—x]2H2dxdy>

= 1,

therefore,
(H (2H —1))" / Mg jyen (u; —w)* 2 duy . .. duy,
AQn
2H—1

< (- (1L

-2 2

— 0
as H — %
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Appendix

Proof of Lemma 19

We now give a proof to Lemma 19 in Chapter 1 which appeared in [LQO02|(Proposition
4.4.1 and 4.5.1 and equation (4.24)). The purpose of this Appendix is to make this
thesis self-contained and to give a slightly simplified calculation to Lemma 19. Given
the assumption on our Gaussian processes, the analytical estimates are necessarily
technical, but the algebraic calculation can be greatly simplified using the following

explicit version of the Baker-Hausdorff-Campbell formula:

Proposition 78. (/S599])The first four terms of the Hausdorff series
log (expa ® expb)

at bt 5o, + = ((a o8] + b, [ al).

The following lemma appears as Lemma 4.2.1 and (4.29) in [LQO02].
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Lemma 79. For m > n,

1 gm=nf
1
@ <w§2n+ ) — wfﬁn) tn) =— g [Awtm+1, Awtm-H]
k—1"k k 20—1 21
1=2m=n (k—1)+1
gm—nj

i 1
7'('(3) wﬁﬁ? tzl - wt(ﬁn) ] = = E Awtm+l, Awtm+1, Awtnﬂ-l
k—1'k k—1"k 12 20—1 20—1 21
I=2m—n(k—1)+1
+ | Awpm, | Aw,me1, DNw,m+1
2’ by 7 lor 'y
1 2m—nf
+ 1 E Awt;n & [Awtgltﬁ'i, Awtg;ﬂ}
1=2m—n(k—1)+1
1 2m—nf
+ Z E [Awt;}ﬂ’ Awt;rthl] &® Awt;n
1=2m—n(k—1)+1
1 2m—nk
+ - g Awti’f ® |:Awtglz+ll, Awt$+1]
2- 2
l1,lo=2m""(k—1)+1,l1 <l2
1 2m—nk
+ — E [Awt;rthll, Awt;rlL+1i| ® Awtg
1— 1
ll,l2=2m_n(k‘fl)+l,l1<lg
Proof. Let t? := £ for each continuous function w, let Aw; denote wyn — wyn .
k 2n ’ k k k-1

Let m > n, from the calculation in Lemma 73, we have

m+1
wgn t)n = exp AW m+1 ® ... R exp Awm+1
k—1°"k 2m+1—n<k,1)+1 om+1l-nyg
2m+1—nk

= ®jmgm+1=n (k1) 41 OXP DWymss

o om—njf
= ®@jgm-n(k_1)41 €XD Awt;’iﬂ ® exp Awt;’}“

where the notation ®l2:1+ " is understood to be tensor product multiplication from left

to right.
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By Proposition 78, we have

- 1 1
m—+1 m—n
w'EZ_l,t)z = ®l2:2mfn(k_1)+1 exp <Awtlm + 3 [Awtg;ﬂ, Awt;?ﬂ] + T2 [Awtg;ﬂ, [Awtzﬂ, AthmH

1
+E [Awtgll+17 [Awt;rlLH, Awigfﬂ“ + .. )

where ... denotes Lie polynomials of degree higher than 3.

By using the series expansion of exp and collecting the terms in (]Rd) #? and

(Rd)®3’

T

@) () (m) —

m (“’tzfl’tz wt271,t2> - > [Awtzt}’ﬁwtg;ﬂ]
1=2m=n(k—1)+1
1 2m—nk

(3) (m+1) _  (m) _ -

T (wt’g_l,tz wtg_pt;:) =15 Z [Awt;r;ﬂ, [Awtg;ﬂ,ﬁwtgzﬂﬂ

1=2m=n(k—1)+1

27’”7”]{:

+ [Awtglt, [Awt;rluﬂ, Aw@;i”
L1
4

Awt’m ® [Awtm+1’ Awtm+li|
E : 1 21—1 21
1=2m—n(k—1)+1
2m—nk
_'_ - E [Awtm+l7 Awtm+1:| ® Awtm
201 21 l
[=2m—"n(k—1)+1
1 2m—nk
+ - Awtm ® |:Awtm+1 ,Awtm+1:|
2 Z ly 2lp—1 205
l1,lo=2m""(k—1)+1,l1<l2
1 2m—nk
+ = g [Awthrl ,Awtm+1:| ® Awym.
2 20 —1 219 l2

11712:2m77L(k—1)+1,l1 <l2

We need one more easy algebraic lemma.
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Lemma 80. Let a = Zle ae; , b= ijl bjej and c = 22:1 cper. Then

[a, b] = Z (Ciji — aibj) e; X ej
1#£]

[a, [a, b“ = Z a; (ajbk — bjak) €; (029 ej &® €, — Z (aibj — biaj) are; X ej & €L
ik i

a® [b, C] = Z a; (bjCk — Cjbk) e X €, X e.

We will now proceed with the analytical estimates.

Lemma 81. Let w be a continuous path. Then for all m > n,

m+1),1 m),1
il = iy
Proof. This follows directly from the definition. O

Lemma 82. Let P be a measure satisfying Condition 1 and H be the parameter

specified in Condition 1. Assume that H < 1

3- Then for 1 < k < 2" and for all

m>n,

()2 (m).2
Hwtzwtz Wiy

L2(P) < 2dmax (Crrar, Crror) ¢ (4 — 4H)% - S(AH-1m—1in

Proof. Note that

m+1),2 m),2 1 2 :
wgn t)" - wlgn ) m = 5 [Awtm-ﬁ—l, AwtrrH-l
k - 2 201 21

k-1
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Thus

2
(mv)2 . (m)2
EHwtz_l,tz T | e
R?)

2m—nk

Z > B (A Avlyn - A A )

20—1
z;ﬁ] rl=2m-n(k—1)+1

(Aw el A’ s — Aw! ym+1 Aw m+1> ’

t27 1 2r 1

<d? Z ‘E (Aw SRWAN T m+1> E (Awtlg;“ Awlfl;,ﬁl) ‘

2l 1 t2r 1

+ d? Z ‘E (Aw " Awtm+1> (Aw IRYANT) m+1> ’

Loty 2r o (2
r<l
‘I‘ _d E (Aw m+1> E (Awthrl)
2 tor—1 21
=2m—7n(k—1)+
1 2m—nl
2
+ —d E ’ (Aw m+1 Aw m+1> (Aw m-+1 Awtm+1> ‘
2 to111 129 20—1
l:27”*"(k71)

1 1
<d? Z Z LTM24Hm T m+d Z Z LTM24Hm — )yt

]=2m—n(k—1)41 r=1 1=2m—n(k—1)+1 r=1

2mnk 2m— "k

L Cho | 1 Clrum
™ §d Z 94Hm - Qd Z 94Hm
1=2m=7 (k—1)+1 1=2m=n (k—1)+1
1 d? 1 d_, . C?
2 2 m—n m—n 2 ~LTM
<3d’ max (Clpyy, Chioy) (4 — 4H) 2m o4
where the third last inequality comes from Condition 1. O

We now proceed to the estimates for the third term of the signature.

Lemma 83. Let P be a measure satisfying Condition 1 and H be the parameter
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specified in Condition 1. Assume that H < Then for 1 < k < 2" and all m > n,

1
3

(m+1),3 (m),3 3/2 3/2 Ll 1)ym—1t2H
Hwtgfl,tg = Wyn g < 7d*?max <C’LTM, C’H/O[> C(2—2H)2 2 z(4H-m==3

L2(P)

Proof. We shall estimate the first term in the formula for wt(mﬂtls - wiﬁ? »3 4 i Pro-

position 79.

2

2m—nk
E [Awtm+1, [Awthrl, Awtm+1i|i|
20—1 20-1 21
l=2m—n(k—1)+1 L2(P)
2m—nk
= E E E (Aw i AN e AW — 20w Aw e A’ o
tQT 1 27‘ 1 t27‘ t27‘ 1 27‘ 1 2r
rl=2m-n(k—1)+1 i,J,u
+Awt£n+11 A’ e Aw’ m+1> X (5.5.2)
T 27" 1

(Aw mr Aw? mHAw 1 —2AW! je Aw ey A’ g + AwY 1 Aw? mHAw m+1>

CTARY tor 11 29 27 29 290

(5.5.3)

After expanding each bracket inside the sum, we see that each term in the sum is

of the form

E (Awtnz+1 Aw m+1 Aw{m-&-l A,LUt*m-‘,-lAu} m+1 Aw m+1)

2r—1 2r1 21—-1 2l1

for indices 14, ..., .

By Wick’s formula (Theorem 72),

‘E(AwmHAmeAmeAmeAmeAme>

27" 1 21" 1 2l 1 t2[ 1

< Z H(jl )em

pairings «

<Aw’7 Aw!! )

(5.5.4)
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where ny =ng =2r — 1, ng =2r, ngy =ns =20 — 1, ng = 21.

At least one term in the product “IL(; e, will pair one of Aw'l s Aw® Aoy Aw® 1
27‘ 1 2'r 1 2r

to one of Aw™ 1 Awiiwl, sz?nﬂ.lf r # [, then this term will be bounded by
20—1 21

2l1

< Crrm Crrum )
92Hm || — p|?7217 928m (12] — 2p 4-1[)> 21

C’LTM
22Hm |l . T|2—2H'

All other terms in the product Il(; e, will be bounded by

1
22Hm :

max (CLTM7CHOZ) (555)

As there are

55 =15 terms in the sum > pairings > We have

1 7
‘E <Awtrln+l Awtm+1 Awtm+1 Awtm+1 Awtfn+l Aw m+1> ‘

2r—1 2r—1 21—1 21—1
max (CLTM7 CI%{OZ)
26Hm|l—7”|2_2H '

If » = [, then using (5.5.4) together with (5.5.5), we have

i ie
‘E(Aw;HAmeAmeAmeAmeAw;HN
21

2r 1 t2r 1 2l 1 t2l 1

15max (CLTMv CISt[ol)
— 26Hm
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Therefore (5.5.3) is bounded by

maX LTM7 013101) — max ( LTM7 013{01)
2 Z Z 96Hm |l |2 2H +15 Z Z 96Hm
r<l i,j,u [=2m—"(k—1)+1 %,j,u
45d° max (Cpay, Cr) € (2 — 2H) 27
— 26Hm '

(5.5.6)

The procedure of estimating the second term in (79) is exactly the same and yields

the same bound. For the third term and fourth in (79), we note that
Awt;n = Awt;rlzﬂ + Awt;}j} (5.5.7)

and the logic for estimating the first term in (79) applies. The upper bound for the
third and fourth term in (79) will be double that of the the first term due to (5.5.7).

We shall now estimate the final term in (79).

E E <wtm — Wm ) (29 [Awtm+1, Awtm+1]
-1 2m—n(k_1) 20—1 21
[=2m=n(k—1)41 (Rd)®3

— E E E (wzm — wim ) (Aw a1 DWW o Awtm+1 Aw m+1> X
r—1 2m—n(k—1)

torlq 2 2r—1 ly,
j#u rl=2m=n(k—1)+1

<w§ﬁ1 — wzm > (ijmﬂﬁwfmﬂ Aw, 1 Aw m+1> (5.5.8)

om—n(k_1) ty 11 21 to/ 1 o

Note that the terms obtained by expanding the brackets in (5.5.8) are either of

the form
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E (wi;”_l - wﬁm ) (wi;" 1 wtm > (Aw m+1 AU} m+1 Aw?, m+1 Awm )9)

2M—"(k—1) torl1

or
E (wim — wim > (wfm wtm > (Aw AN TIL o Aws 1 Aw m+1> )
r—1 2m—n(k—1) -1 2m—n(k—1) tarl1 ty 1
(5.5.10)

The process of estimating (5.5.9) and (5.5.10) are exactly the same. We will only

do the estimates for (5.5.9) here.

We will first consider the case i # b. The procedure of estimating case ¢ # a is

identical. Here we have

’JE (wzm — Wim ) (wgm — W, ) <Awtm+1 Auwb 1 AW Aw m+1> ‘
r—1 2m—n(k—1) -1 2M—n(f—1) 2r—1 2'r 20—1
— ‘E (wim — w:m > (w;m QUZm > (A’U)tm+1 Aw m+1> ‘ ‘E (Aw m+1 Aw m+1> ‘ .
r—1 2M—"n(k—1) -1 2m—n (k1) 2r—1 torly tor

However, by Condition 1., if r <,

C
b b LTM
m m <
‘E <Awt2T+lAwt21+1> ‘ >~ 22Hm |l _ 7‘|272H

and if r =1,

‘ (Awm+1Aw m+1> < Clrol

1248 — 92Hm’
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By Wick’s formula,

'LUZm — w;n > <Aw m+1 A'LU m+1> ‘

t2r 1 21 1

< ’E (w,ﬁm — Wim ) <w§m — W > ‘ ’]E <Aw 1 Aw m+1> ‘
r—1 2M—"n (k1) -1 2M—n (k—1) 27‘ 1 t2l 1

a
Awtm+1
2r—1

]E ((w;m wtm ) Aw 7n+1> ‘
l 2M—"n(k—1) 29

E ((wilm — Wi > Aw m+1}‘5 11)

t2'r 1

2Mm—n (1)

We may apply the Cauchy-Schwarz ineqaulity and Condition 1 to the first term

n (5.5.11) to obtain

‘E (wzm — W, ) <w§m — Wim ) ‘ ‘E (Aw 1 Aw m+1) ‘
2Mm—"n(k—1) -1 2M—"n(k—1) torl1 tor 11

max (C7 7y, Cror) ‘
— 22Hm |l . 2 2H

max (C%TMv OHol) CHol
22Hm |l . 7,‘2—2H 22nH

‘wi —w!
tm tm
zm*nw—l) L2(P) am=n(k-1) || 2(p)

max (Cirar; Cral)
92H(m+n) |] — T|2*2H

We will estimate the second term in (5.5.11).

By Cauchy-Schwarz inequality again,

‘E ((wzm — Wi ) Awtm+1> ‘
r 2m—n (k1) 20—1

C’Hol
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Similarly,

B ((why, —wly ) Suf )]
=1 2M=" (k—1) 21-1

CHOZ
—  9H(m+n)’

Therefore, the second term in (5.5.11) is estimated as

’E (wgm |~ Wim ) AWt
m

om—n(x_1) torl1
2
C’Hol

—  92H(m+n)’

E ((wém — Wym ) Aw“mH) ‘
-1 2m—n(k—1) b1

Exactly the same computation gives the estimates for the third term in (5.5.11)

as

’E (wgm Wi ) At |E ((w;m Wi ) Awgmﬂ)(
r—1 2M="(k—1) tor s =1 2M="(k—1) 2r—1
2
C’Hol
—  92H(m+n)’

Thus we obtain the estimates for (5.5.9) for the case r < [ as

. . . . b b
‘E (w;m 1 - U)Zm > (wz'lm 1 - wzm ) (Awam+1 Awtm+l Aw?m+1 Awthrl) ‘
= - 2r

oam—n(k_1) oam—n(k_1) torl1 20—1 21
3 3
max (Cyr,, Crrar)
92H (men)+2Hm || — p272H
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while if r = [,

‘E <w;m i ) (w;;nl — W ) (Aw i A AW AWy
T— —

om—n(_1) om—n(k_1) tor1 27 toy

3 3
max (Cyro; Cira)
- 94H(m+n)+2Hm

Hence by (5.5.8)

2m—"k

E Z <wt?11 — wt;lm " (ke 1)) X [Awtgr;iri, Awt;rzﬂ]
l:2m7n(k,1)+1 (Rd>®3
om—nf
max CHol? CLTM) 3 max (01351017 C%TM)
< 8 Z 94H (m+n)+2Hm = |2 om T+ 4d Z Q4H (m-+n)+2Hm

r=2m—"n(k—1)+1

12d3 max (C%;, Corpp) 2™
— 922H(m+n)+2Hm

C(2-2H).

This combining with (5.5.6) and Lemma 79 we have,

Td/ max (CR, O3 ) € (2 - 202 2

(m+1),3 (m),3 <
Hth Y Wi " tn @) — 92H (m+n)+2Hm

We now proceed to estimate

m—+1),7 m ,'
k—1"k Ic 1’

L2(P)
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when n > m, the easier case.

Lemma 84. Let P be a measure satisfying Condition 1 and H be the parameter
specified in Condition 1. There exists a constant C' depending only on d and H such

that for j=1,...,3 and 1 <k <2", n>m,

H“’ mg < Cliol 3225+2) gm(1-H)j-ny (5.5.12)
blillee) = !
and
J
H (n1)g _ m)s < 2Ch01 322542 gm(1-H)~jn (5.5.13)
et 5ty L2(P) ]| . o

Proof. Let | be such that [¢}_;,¢7] C [t,,¢"]. Then by Lemma 73,

S (w(m)) _ 62m (wt{”*wt{’iJ(tZ*tZ—l)‘

n n
SR

Hence in particular, for j =1, 2, 3,

im J n n J
2‘7 <wtlfﬂ - wtiﬁil) (tk‘ - tk—l)
k—1:0k 4! ’

m)g \2 Q%M (g _qn 2 j(2+2)2; 2\ 7/
E <w§n )Jt") < ( §j|)2 k 1) 31 i+2)2] (]E (wtlm B wtlnil) )
92jm O}{ol3j2(2j+2)

(]|)2 22jHm+2jn

(Y . .
< 3]2(2j+2) H0122](17H)m72]n'

- ()°
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We will now prove (5.5.13). We will first estimate it cruelly as,

(m+1),5 _  (m).j (m+1),j (m),j
Hwtz_ptz Wi || oy = Hwtz_ptz L) Hwtz_ptz .
It then follows easily that
1
2
w(mH)J . w(m),j < 2OHol 3j2(2j+2)2j(17H)mfjn
oty Bt oy = 1 .

wET) J
k

when m > n.

Finally we will give the estimates for
L2(P)

n
,17tk

Lemma 85. Let P be a measure satisfying Condition 1 and H be the parameter

specified in Condition 1. Then for j=1,..., L%J and 1 <k <2", m > n,

Hw(m),j

n n
tk—17tk

< ;.27
L (P)

where

1
c, = C;,3"

2dC (4 — 4H)? 3%
CQ = maX(CLTM,CHOl)<1C< ) +—>

2—%(41{—1) 2
2—2H): 308
Oy = max (CE/TQM,CE;/O%) (7d3/2 ¢ L )

1 _9-s@H-Dk ¢
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Proof. Observe that

m—
m),j (k+1), k),j n).j
[z, Z [t — s, Jus]
il T et bt |2 ) -t || 2 ey

For 7 =1, we have

1
< Oz 342(17H)m7n
LQ(P) - HOl

‘w(m) 1

k—1:tk

1
< Cj, 32

For 7 = 2, we have

(m),2 (k+1),2 ),2 (n),2
H i) = ZH t- 1’n Yt || ) Hwtﬁ vl |l L2 p)
) m—1
s 1
< 2dmax (Crrar, Cro) ¢ (4 —4H)? 9~ (4H—1)k—
k=n
_,_%3242—2%1
2
L (1= 9o baH-Dm-n)
s 2me(Curas, Cuuo) (4 =472 1 — 9 3(H-1)
+ ChHol 3129—2nH
2
<

1
2dC (4—4H)T 312\ .
max (Crrar, Crot) ( ] 5(2_;(411_)1) + 7) 9—2Hn
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For j = 3, we have

m—1
(m),3 (k+1).3 (k)3 (n),3
Hwt:: oy S ZH N | . H ot | ey
k=n
m—1
< 7d*? max (CE/TQM,C}Q}@) (2 —2H)? Y 2 3UH-Dk-H3n
k=n
3
4 Céfol 3108273711-1
3/2 3/2 1 5-3nH 1
< TaPmax (CF, Cof) ¢ (2 - 2H) 2 T
3
+ Cé]ol 31082—3nH
<

1
3/2 3/2 C(2_2H)5 3108 —3nH
max (CL/TMa CH/ol> <7d3/21 _ o S(AH-1)k + 6 27,
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