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We have carried out numerical studies which consider the modulation of a picosecond long

relativistic electron beam in a plasma channel and the generation of a micro-bunched train. The sub-

sequent propagation of the micro-bunched beam in the vacuum area was also investigated. The same

numerical model was then used to simulate the radiation arising from the interaction of the micro-

bunched beam with a metallic grating. The dependence of the radiation spectrum on the parameters

of the micro-bunched beam has been studied and the tunability of the radiation by the variation of

the micro-bunch spacing has been demonstrated. The micro-bunch spacing can be changed easily by

altering the plasma density without changing the beam energy or current. Using the results of these

studies, we develop a conceptual design of a tunable source of coherent terahertz (THz) radiation

driven by a plasma modulated beam. Such a source would be a potential and useful alternative to

conventional vacuum THz tubes and THz free-electron laser sources. Published by AIP Publishing.
https://doi.org/10.1063/1.5017551

I. INTRODUCTION

The terahertz (THz) spectral region covers the frequency

range from 0.1 to 10 THz. This is a range of interest to many

areas, including information and communication technology,

biology, medical sciences, non-destructive detection, and secu-

rity.1–3 Due to the development of accelerator and femtosecond

(fs) laser technologies around the world, linear accelerators

(LINACs) have become more compact and affordable, and

relativistic femtosecond electron beams with single particle

energy in the region 10 MeV to 50 MeV are readily available. It

has been suggested that THz radiation sources could be devel-

oped which are driven by accelerators in this energy range.4–9

The attractive features of such sources include tunability over a

broad frequency and power range, from 0.1 THz to 10 THz and

from 10 W to 10 MW (pulse regime), respectively.

Coherent radiation generated by a short (in comparison

with operating wavelength) relativistic electron bunch (a con-

ventional method used in many laboratories10–13) has a broad-

band spectrum, while the conversion of the kinetic energy of

the beam into THz radiation is not very efficient. Due to strong

space-charge forces, it is difficult to compress a high charge

(>1 nC) into a very short bunch, especially when the beam has

a relatively low energy (<10 MeV). This limits the number of

electrons in the bunch and thus the peak power generated. To

solve this issue, a pre-bunched electron beam consisting of a

train of micro-bunches can be used; this would maintain the

total high charge within the micro-bunch train and the coher-

ence of the output radiation. Reducing the space-charge effect

also helps to overcome other technical issues such as RF

breakdown and overheating.

There are a number of methods for generating trains of

fs-long micro-bunches with bunch spacing of picoseconds

and sub-picoseconds. The first is to modulate the electron

beam by using laser pulses, either by direct modulation of

the emission at the photocathode8,14–16 or by laser-beam

interaction inside an undulator in the beamline.17,18 These

methods have been proved efficient in bunching electron

beams; however, the introduction of lasers along the beam-

line makes the whole system more complex and expensive.

Other methods include the transformation of the beam

energy modulation into a density modulation7,19 and the

beam slicing technique,20–22 together with the utilization of

appropriate beam optics. The last two methods require no

additional complex components, while the tunability is lim-

ited due to the constraints of the design. It has been proved

that by importing a long electron beam into a plasma chan-

nel, the beam can be divided into a train of micro-bunches

via the self-modulation instability (SMI) with the spacing

defined by the plasma density.23,24 The self-modulation is

due to the self-excited wakefield in the transverse plane. The

biggest advantage of this approach compared with the others

listed is its simplicity, as the micro-bunch spacing can be

tuned by changing the gas pressure in the plasma capillary

(assuming the plasma is produced by the voltage discharge

in gas) and thus the plasma density.

In this paper, we discuss the steps required to observe

tunable THz radiation from a picosecond long relativistic

electron beam using the plasma modulation technique. We

start with the basic principles of the beam modulation in the

plasma, demonstrating efficient pre-bunching of the beam

and formulating the challenges associated with the utilization

of such a beam. The influence of different parameters on the

beam modulation is investigated in Secs. II and III. The

injection and propagation of the modulated beam into vac-

uum area are investigated numerically using the Particle-in-

Cell (PIC) code VSim in Sec. IV. This section also considersa)Electronic mail: huibo.zhang@physics.ox.ac.uk
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the conditions under which the beam modulation is pre-

served in the vacuum area for a distance long enough (in our

case 10 cm) to observe coherent radiation. Section V dis-

cusses the generation of coherent radiation by the interaction

of a micro-bunched beam with a periodic metal grating. The

conclusions are presented in Sec. VI.

II. SELF-MODULATION INSTABILITY AND BEAM
MODULATION IN PLASMA-LINEAR THEORY

A plasma wakefield can be generated by an electron beam

moving through a plasma channel. To evaluate the radial forces

acting upon the beam and the beam dynamics, the slow ampli-

tude envelope equation for the azimuthally symmetric beam

can be used25–27 (see Appendix A for a more detailed discus-

sion). This treatment uses a reference frame moving with the

beam and the beam is divided into thin (as compared with

plasma wavelength) slices; all electrons inside a slice have the

same longitudinal velocity meaning that a particle inside such

a slice can only move within the transverse plane. This model

is reasonable and valid for a relatively small energy modulation

of a relativistic (>10 MeV) electron beam and the longitudinal

modulation of the velocities of the particles inside the slice can

be neglected. A typical set of beam parameters used in our sim-

ulations are listed in Table I.

The initial beam transverse profile is assumed to be

Gaussian with the transverse size rr changing with the propa-

gation distance in the plasma, while the longitudinal profile

can be of an arbitrary geometry. In particular, we are inter-

ested in the trapezoidal longitudinal profile, meaning that the

beam has a uniform density in the central section, as well as

rise and decay slopes (with the corresponding rise/decay

times), which are defined by the time from zero to maximum

density. If the rise and decay times are equal to zero, the lon-

gitudinal profile is square (bunch with a square profile has

been demonstrated in Refs. 20 and 21). The density distribu-

tion nb of a square beam with the parameters listed in Table I

can be defined as nbðrÞ ¼ nb0 exp ð�r2=2r2
r Þ and nb0 ¼ Q=

2peLr2
r0 ¼ 2:3� 1013=cm3. Assuming that the plasma wave-

length kp is 300 lm (1 THz), the plasma density np can be

calculated to be 1.24� 1016/cm3 (plasma frequency xp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
npe2=m0�0

p
), and nb0/np� 0.2%, meaning that one can

consider the beam-plasma interaction is in the linear regime.

There are a number of parameters which can be varied to

maximise the beam modulation. Considering the beam param-

eters listed in Table I and using the beam envelope model

described above, the evolution of the bunch transverse size

rr(z,n) as a function of the longitudinal propagation distance z
and the relative coordinate of the beam n (in a reference frame

moving with the beam) can be studied. The results of the semi-

analytical studies of the beam modulation for different plasma

densities are shown in Fig. 1(a). It shows that a long bunch

with a length of 10 ps has been modulated into a micro-bunch

train, with the periodicity defined by the plasma frequency

after propagating through 3.6 cm in the plasma channel. The

micro-bunches are equidistant, with separations of 300 lm,

200 lm and 150 lm corresponding to a specific plasma wave-

length defined by the plasma density. For a given length Lp of

the plasma channel, increasing the plasma density results in an

increase in the modulation frequency and a decrease in the

amplitude of the modulations (smaller transverse focusing and

defocusing forces acting upon the beam). As far as the evolu-

tion of the beam modulation is concerned [Fig. 1(b)], we see

that a longer propagation distance Lp results in a higher beam

modulation amplitude for fixed beam parameters. An initially

unmodulated beam after a short propagation distance (<15kp)

(solid green line) has no obvious modulation. With the increase

in the propagation distance, a periodic modulation occurs

along the beam which can clearly be seen in the range from

45kp to 90kp. At longer propagation distances (>90kp), the

amplitude of the modulation starts to vary. The modulation is

stronger at the tail and weaker at the head (non-uniform modu-

lation). The interaction between the beam and the wakefield

becomes non-linear and more accurate numerical modelling is

required to describe the beam-plasma interaction.

To further improve the beam modulation in a plasma chan-

nel, the initial bunch profile must also be considered. Previous

studies28 have shown that the beam modulation depends on the

longitudinal rise time and the strong self-modulation instability

is excited from a sharp rise profile, with a general rule that a

shorter rise time leads to a larger modulation rate. Nevertheless,

this instability can also be observed for electron beams with a

relatively long rise time which simplifies the beam profiling.

The dependence of the beam modulation on the initial rise pro-

file is shown in Figs. 1(c) and 1(d). In particular, two initial lon-

gitudinal rise profiles were considered: linear and sinusoidal. In

the case of the linear profile, if the rise time is equal to a multi-

ple of plasma period (d¼ nTp), only beam compression (focus-

ing) takes place; if the rise profile is not linear, some weak

periodical modulations are still visible even if the rise time

d¼ nTp. (further detailed analysis can be found in Appendix B).

There are some limitations of the above analytical

model as it is based on the assumption of a linear interaction

between the beam and the plasma. As a result, this model is

only applicable to the description of small perturbations (at

the start of the interaction). Nevertheless, it helps limit the

range of the parameters used at the next stage of the investi-

gations, which uses numerical models.

III. BEAM MODULATION IN PLASMA-NUMERICAL
STUDIES

VSim is a full 3D PIC software,29 and it is capable of par-

allel processing which enables the computationally intensive,

self-consistent modelling of the plasma-beam interaction.29

TABLE I. Beam and plasma parameters.

Description Parameters Value

Beam energy E 50 MeV

Beam charge Q 1 nC

Beam length L 3000 lm

Beam transverse size rr0 120 lm

Beam emittance e 1 mm mrad

Beam rise profile … Linear, sinusoidal

Beam rise time d 0, 0.5Tp, Tp, 1.5Tp

Plasma wavelength kp 150 lm, 200 lm, 300 lm

043111-2 Zhang et al. Phys. Plasmas 25, 043111 (2018)



Here, it is used to investigate beam modulation in a plasma

and the generation of coherent THz radiation in the near-field

region. We start by modelling the beam modulation in a

plasma channel. The simulations were carried out using a

frame moving with the electron beam. In this case, we assume

that the EM radiation outside the numerical box cannot affect

the beam and the plasma dynamics inside the box. This is a

reasonable approximation, taking into account that the beam

travels with a speed close to the speed of light (ultra-relativis-

tic beam) and allows a significant reduction of the calculation

time. The radiation due to beam-plasma interactions in Refs.

30–33 is not considered in the beam modulation simulation

process. The dimensions of the simulation box are 3300 lm

(longitudinal direction) by 600 lm (transverse direction), and

it is divided into 660 cells by 318 cells, respectively.

Figure 2 shows the modulated profile of a beam which

has initial parameters as listed in Table I. The results are

shown for beams with trapezoidal initial longitudinal profiles

and various rise and decay times. Figures 2(b)–2(d) illustrate

the results of the numerical studies and show the influence of

the plasma density on a square beam. It can be seen that,

after propagating a distance of 2.3 cm, the beams have differ-

ent periodicities and amplitudes of modulation. The beam in

Fig. 2(b) is fully modulated with periodicity of 300 lm,

while the beams in Figs. 2(c) and 2(d) are partially modu-

lated with the respective periodicities of 200 lm and 150 lm

confirming the results observed in Sec. II. It is worth noting

that, for the same simulation parameters and the same propa-

gation distance in the plasma, the modulation depth pre-

dicted by VSim is larger than that of the analytical model.

The reasons for this are the subject of further investigations.

For Figs. 2(e)–2(h), the plasma density np¼ 1.24� 1016/

cm3 was fixed (kp ¼ 300 lm) and a trapezoidal bunch profile

has been assumed. The bunch rise time has been varied as

shown in the figure caption. Comparison of Fig. 2(b) with Figs.

2(e)–2(h) shows that the modulation rate is largest for a square

beam. As observed before (Fig. 1), Fig. 2(e) shows that for a

beam with a linear rise time equal to the plasma period, beam

compression without periodical modulation is predicted. While

for the same rise time, the modulation of the beam with a sinu-

soidal rise profile is clearly shown in Fig. 2(g). Additionally,

Figs. 2(b)–2(d) show that the modulation for the trailing edge

FIG. 1. The beam parameter rr/rr0 plotted as a function of position along the plasma channel for: (a) different plasma frequencies (Lp ¼ 3.6 cm); (b) different

propagation distances (kp ¼ 300 lm); (c) various linear rise times (Tp ¼ 1 ps, Lp¼ 120kp); (d) various sinusoidal rise times (Tp ¼ 1 ps, Lp¼ 120kp). Other beam

parameters are E¼ 50 MeV and Q¼ 1 nC.
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of the beam (left) is larger than that of the leading edge (right),

which is in good agreement with the beam envelope model.

The results observed in these sections underline the importance

of initial beam profile conditioning, for example, profiling of

the beam rise time to observe strong modulation within the

shortest distance.

IV. THE PROPAGATION OF A MODULATED BEAM IN
THE VACUUM AREA

As discussed above, the beam modulation in plasma

happens in the transverse plane due to the focusing and defo-

cusing forces acting on the beam. This modulates the beam

and makes its transverse charge distribution vary; neverthe-

less, the total current of the beam or total charge across a

given cross section does not change. It means that there is no

modulation of the beam current or of the number of electrons

across each transverse plane, in spite of the fact that the

transverse size of the defocused part of the beam is different

from that of the focused part. In order to generate efficient

THz radiation, one may try positioning the target close to the

focused part of the beam but the necessity of avoiding the

direct hit of the target by the defocused electrons will neces-

sitate the positioning of the target well outside the beam tra-

jectory. This would have a strong effect on the generation of

EM radiation. To resolve this issue, one solution would be to

remove the defocused part of the modulated beam, for exam-

ple, by using a suitable collimator. The specific structure of

the collimator is outside the scope of this paper.

The plasma modulated beam has to be transported to the

target (a grating in our case) and separate numerical studies

using VSim simulations have been done to investigate the

transport of the beam from the plasma channel into vacuum

and its propagation in the vacuum area under the effect of

subsequent space-charge forces. First, the micro-bunched

beam has to be brought from the plasma channel into the vac-

uum area by transferring all the beam parameters and self-

fields into a new simulation database. These parameters were

then used as initial conditions at the start of the next stage.

The schematic of the numerical box is shown in Fig. 3. The

boundaries of the box were formed by a perfectly matched

layer which absorbs the exiting EM waves and particles.

The modulated beam (Fig. 2(b), modulation periodicity of

300 lm) was brought into the simulation area and collimated

using an aperture with a diameter of a¼ 100 lm. After the

collimator, the train of micro-bunches was only made up of

radially focused electrons. The comparison of the longitudi-

nal beam profile n(z) before (solid black line) and after the

collimator (red dashed line) is shown in Fig. 4. By removing

the defocused part of the beam, a clear longitudinal modula-

tion with a periodicity of 1 ps was observed.

In the vacuum area, the modulated beam experiences

space-charge defocusing forces. Therefore, it is important to

investigate if a micro-bunched beam can propagate to the THz

target while maintaining the required periodicity and ampli-

tude of modulation. In order to understand the stability of the

beam modulation, beams of different energies have been con-

sidered. Using the beam parameters listed in Table I (by vary-

ing beam energy) and assuming that the plasma wavelength is

300 lm, the propagation of plasma modulated beams after col-

limation with energies of 10 MeV, 20 MeV, and 50 MeV was

studied numerically. We note that higher beam energy leads to

a smaller amplitude of beam density modulation (for a given

length of the plasma channel). In order to get the same modu-

lation for beams of different energies, plasma channels of

FIG. 2. Numerical simulations of the bunch modulation after propagating a distance of 2.3 cm, for different plasma densities and beam profiles: (a) initial

charge distribution with square profile; [(b)–(d)] square beam profile with a plasma wavelength of 300 lm (b), 200 lm, (c) and 150 lm (d), respectively;

[(e)–(h)] plasma wavelength kp ¼ 300 lm (Tp ¼ 1 ps), trapezoidal profile with linear rise time of Tp (e) and 1.5Tp (f), trapezoidal profile with sinusoidal rise

time of Tp (g) and 1.5Tp (h). Other beam parameters are E¼ 50 MeV and Q¼ 1 nC.

FIG. 3. A schematic of the VSim simulation showing the beam propagation

through a collimator.
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different lengths 1 cm (10 MeV), 1.5 cm (20 MeV), and 2.2 cm

(50 MeV) were used in the simulations. The comparison of the

collimated beam profiles after propagation over a distance of

1 cm (black dashed line) and 10 cm (solid red line) in the vac-

uum area is shown in Fig. 5. In this case, the longitudinal

beam density is the integration of all the particles within a

200 lm diameter around the beam axis.

For beams with energies above 20 MeV, the longitudinal

modulation of the micro-bunched beam can be preserved over

longer distances than 10 cm used in the simulation. However,

the preservation of the beam modulation for energies below

20 MeV is not as good. One of the possible solutions, for beam

energies below 20 MeV, would be to reduce the micro-bunch

charge by increasing the overall train length while maintaining

the total charge. This would avoid beam dispersion due to the

space-charge effect of individual micro-bunches. With decreas-

ing energy, the number of electrons reaching the end of the

simulation range becomes smaller due to transverse dispersion,

as can be seen from comparison of Figs. 5(b) and 5(f). In prac-

tice, an increase in the beam energy would also increase the

distance over which modulation can be maintained. This would

be an advantage for any practical application.

V. THE GENERATION OF TUNABLE THz RADIATION IN
THE NEAR-FIELD REGION

The THz radiation generation from the micro-bunched

beams has been investigated using VSim. In general, Smith-

Purcell, Cherenkov, transition or diffraction radiation mecha-

nisms can be explored for THz radiation generation but only

the Smith-Purcell mechanism will be considered in this work.

Smith-Purcell radiation (SPr) is observed when an electron

beam propagates above a periodic metallic grating. The motion

of the induced charges on the surface of the grating by the

beam will generate the radiation.10,34–37 When the transverse

and longitudinal dimensions of a single micro-bunch are

smaller than the operating wavelength, the radiation generated

by the bunch is coherent.4 Assuming that the transverse dimen-

sions of the beam are much smaller than the transverse dimen-

sions of the grating, one can use a 2D approximation for the

numerical model. Field distribution along the transverse direc-

tion is not discussed here due to this restriction on the model.

As far-field region calculations of this kind require excessive

amounts of computing resources, our simulations were carried

out in the near-field region.

The schematic of the model is shown in Fig. 6 with

the grating located below the beam. The same boundaries as

shown in Fig. 3 were used to define the numerical box. The

FIG. 4. The normalised longitudinal charge distribution along the beam

propagation direction for the originally modulated beam and the collimated

beam.

FIG. 5. Comparison of the beam profiles (top) and the corresponding form factors (bottom) after propagating 1 cm (black dashed line) and 10 cm (solid red

line) in the vacuum area when the beam energy is: 50 MeV [(a) and (b)]: 20 MeV (c, d); 10 MeV [(e) and (f)].
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grating was assumed to have a length of 12.5 mm, a periodic-

ity of 0.5 mm, and a facet blaze angle a¼ 30�. The distance

between the beam centre and the grating was 0.5 mm. The

field monitor, used to record the magnetic field in the y direc-

tion (By) in the near-field region, was positioned 10 mm

above the grating centre and at 90� to its surface.

By changing the periodicity of the modulated beams, it is

possible to observe the tunability of the emitted THz radia-

tion. Figure 7 shows the pre-bunched beams, with micro-

bunching spacings of 300 lm, 200 lm, and 150 lm that were

used in the numerical simulations. The energy loss of the

highly relativistic beams due to their interaction with the peri-

odic metal grating is negligible. The bunch profiles of the pre-

bunched beams are kept constant, while they propagate above

the grating. The Fourier transforms of radiation signals By

generated by these micro-bunch trains are shown in Fig. 8.

Traditionally, SPr is investigated in the far-field region,

which means that the dispersion relation which relates the

radiated frequency to the emission angle is always fulfilled.

The dispersion relation is as follows:

k ¼ l

n

1

b
� cos h

� �
; (1)

where k is the radiation wavelength, l is the periodicity of

the grating, n is the order of the radiation, b¼ v/c is the

relativistic factor of the beam, and h is the observation angle

relative to the beam propagation direction.

In Fig. 8, however, there is no monochromatic radiation

at a frequency of 0.6 THz (grating period of 0.5 mm at obser-

vation angle 90�). In this case, the monitor collects the whole

spectrum and without the interference effects, the dispersion

relation is not satisfied. The existence of the micro-bunch

trains ensures that the spectrum in the near-field region is

dominated by the component which corresponds to the bunch

spacing not the spectrum of a single bunch. Our simulations

have also demonstrated that spectra as shown in Fig. 8 are

unaffected by small changes in the beam-grating separation or

in the position of the monitor point used in the simulations.

FIG. 6. A schematic of the VSim simulation showing THz radiation

generation.

FIG. 7. Contour plots of the charge distribution for the micro-bunch trains

after beam collimation with different micro-bunching spacing: 300 lm (a),

200 lm (b), and 150 lm (c). Beam energy¼ 50 MeV.

FIG. 8. Normalised amplitude of the emitted radiation from the micro-

bunch trains after beam collimation (insets are the form factor of the corre-

sponding modulated beams in Fig. 7).
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The frequency of radiation is determined by the micro-

bunch spacing and can be changed by adjusting the bunch

train periodicity. The tunability of the radiation is achieved

by varying the periodicity of the micro-bunch train which in

turn can be controlled by the plasma density. In this case, a

change of the grating period is not required. Assuming

plasma density in the range of 1015/cm3 to 1017/cm3, the tun-

able frequency range would be between 0.3 THz and 3 THz.

This proposed system could potentially be less complex and

costly than a THz Free Electron Laser for the same fre-

quency ranges.

VI. CONCLUSION

We have discussed the modulation of a picoseconds long

relativistic electron beam into a train of micro-bunches. The

interaction between the long electron bunch and a plasma

channel was studied using both analytical theory and numeri-

cal simulations. Based on the analytical beam envelope model,

the parameters which affect the beam modulation have been

analysed, including the plasma density, the beam propagation

distance inside the plasma, and the longitudinal profile of the

original, unmodulated bunch. Good agreement between PIC

simulations and the analytical model was observed. The beam

collimation required to observe efficient transfer of the beam

energy into THz radiation was also studied. Our simulations

show that the interaction of a plasma modulated and colli-

mated beam with a metallic grating would result in the emis-

sion of coherent THz radiation with a spectrum determined by

the micro-bunch spacing in the near-field region. Hence, it

would be possible to consider a tunable THz radiation source

where the tunability is achieved by changing the bunch spac-

ing, which is in turn controlled by the plasma density. We

believe that this approach has the potential to help bridge the

“THz gap” through the development of a versatile, compact,

affordable, and tunable source of coherent THz radiation.
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APPENDIX A: THE BEAM INTERACTION MODEL

For a beam moving through a plasma channel while hav-

ing charge density much less than the electron density of the

plasma, the plasma wakefield generated can be described

analytically using linear wakefield theory.25,26 Here, we con-

sider only the radial forces and their effect on beam dynam-

ics. To describe this, the slow amplitude envelope equation

for the azimuthally symmetric beam can be written as27

@2rr

@z2
� e2

r3
r

� 1

cm0c2

hrWri
2rr

¼ 0; (A1)

where rr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2=2i

p
is the beam transverse size, e is the

beam r.m.s emittance, c is the beam relativistic factor, Wr is

the radial force acting on a single electron, and z is the longi-

tudinal coordinate along the beam propagation. We note that

no acceleration was assumed due to longitudinal wakefields

(@c@z ¼ 0), in other words no beam modulation due to the lon-

gitudinal velocity modulation. Also the beam hosing instabil-

ity is ignored here, (hri ¼ 0). In the axisymmetric cylindrical

system, hr2i ¼
Ðþ1

0
r2nbðrÞrdr=

Ðþ1
0

nbðrÞrdr, which is the

average of all electrons in the transverse direction. The radial

force Wr can be written as

Wrðn;r;zÞ¼Wr1ðn;r;zÞþWr2ðn;r;zÞ;

Wr1ðn;r;zÞ¼�
e2

�0kpe

ðn

þ1
sinkpeðn�n0ÞRðn0;r;zÞdn0;

Wr2ðn;r;zÞ¼
e2

�0k2
pec

2
Rðn;r;zÞ;

(A2)

with

Rðn;r;zÞ¼�k3
peK1ðkperÞ

ðr

0

r0dr0nbðn;r0;zÞI0ðkper0Þ

þk3
peI1ðkperÞ

ðþ1
r

r0dr0nbðn;r0;zÞK0ðkper0Þ; (A3)

where Wr1 is the focusing force caused by the plasma pertur-

bation, Wr2 represents the defocusing force due to the elec-

trons self-repulsion within the beam, R(n, r, z) describes the

radial bunch profile dependence of the wakefield, kpe is the

plasma wave number, n¼ –vbtþ z is a co-moving variable,

which means the relative distance from the middle of the

beam, nb(n, r, z) is beam charge density distribution, and I0,1

and K0,1 are the modified Bessel functions of the zeroth and

first order.

APPENDIX B: TRANSVERSE WAKEFIELD ANALYSIS

The analysis of the dependence of the modulation of the

initial long bunch on its properties, and specifically on its

rise time and on the shape of the leading edges, is as follows:

assuming that the initial particle distributions in the longitu-

dinal and transverse directions are uncorrelated, the beam

density can be written as

nbðn; rÞ ¼ nbk ðnÞnb?ðrÞ: (B1)

Thus, the transverse force Wr1 can be written as Wr1

¼ f(n)g(r), and we have

f ðnÞ ¼ � e2

�0kpe

ðn

þ1
nbk ðn

0Þ sin kpeðn� n0Þdn0;

gðrÞ ¼ �k3
peK1ðkperÞ

ðr

0

r0dr0nb?ðr0ÞI0ðkper0Þ

þk3
peI1ðkperÞ

ðþ1
r

r0dr0nb?ðr0ÞK0ðkper0Þ;

(B2)

where f(n) depends on the longitudinal profile nbk ðnÞ, and

g(r) depends on the transverse profile nb?ðrÞ.
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The dependence of f(n) on the longitudinal profile is

shown in Fig. 9. For the profile with linear rise time equal to

the plasma period, there is no oscillation of the wakefield com-

ponent f(n), while the oscillating component does not become

zero for sinusoidal rise beam or square beam. Therefore, in the

case of the beam with linear rise time equal to a plasma period

there is only spatially constant force acting on the beam and

the beam is not modulated, while a beam with sinusoidal rise

time also equal to a plasma period can still be modulated.
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