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Abstract

This thesis is concerned with graphical Gaussian models with equality
constraints on the concentration or partial correlation matrix introduced by
Højsgaard and Lauritzen (2008) as RCON and RCOR models. The models can
be represented by vertex and edge coloured graphs G = (V , E), where parameters
associated with equally coloured vertices or edges are restricted to being identical.

In the first part of this thesis we study the problem of estimability of a non-zero
model mean µ if the covariance structure Σ is restricted to satisfy the constraints
of an RCON or RCOR model but is otherwise unknown. Exploiting results in
Kruskal (1968), we obtain a characterisation of suitable linear spaces Ω such that if
Σ is restricted as above, the maximum likelihood estimator µ̂ and the least squares
estimator µ∗ of µ coincide for µ ∈ Ω, thus allowing µ and Σ to be estimated inde-
pendently. For the special case of Ω being specified by equality relations among the
entries of µ according to a partitionM of the model variables V , our characterisation
translates into a necessary and sufficient regularity condition on M and (V , E).

In the second part we address model selection for RCON and RCOR models. Due
to the large number of models, we study the structure of four model classes lying
strictly within the sets of RCON and RCOR models, each of which is defined by
desirable statistical properties corresponding to colouring regularity conditions. Two
of these appear in Højsgaard and Lauritzen (2008), while the other two arise from
the regularity condition ensuring equality of estimators µ̂ = µ∗ we find in the first
part. We show each of the colouring classes to form complete lattices, which qualifies
the corresponding model spaces for an Edwards-Havránek model selection procedure
(Edwards and Havránek, 1987). We develop a corresponding algorithm for one of
the model classes and give an algorithm for a systematic search in accordance with
the Edwards-Havránek principles for a second class. Both are applied to data sets
previously analysed in the literature, with very encouraging performances.
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1. Introduction

Graphical models use graphs to represent dependencies between stochastic variables,

which Markov properties interpret in terms of conditional independence relations

between the variables. Together with distributional assumptions the represented

dependency relations define a statistical model. Monographs which give an overview

of the field include Whittaker (1990), Lauritzen (1996) and Edwards (2000).

We consider graphical models for random vectors Y = (Yα)α∈V which are assumed

to follow a NV (µ,Σ) multivariate Gaussian distribution. The models, also known

as covariance selection models (Dempster, 1972), can be represented by undirected

graphs G = (V,E). A vertex α ∈ V represents variable Yα and a pair of vertices

α, β ∈ V are joined by an edge in E unless Yα and Yβ are conditionally independent

given the remaining variables. As, for the Gaussian distribution, Yα and Yβ are

conditionally independent given the rest if and only if (Σ−1)αβ = 0, missing edges

in E correspond to zero entries in the inverse covariance matrix Σ−1.

In addition to providing a concise form of visualisation of the conditional inde-

pendence structure, the graphical representation can be exploited to make statistical

inference computations more efficient, which has made graphical Gaussian models

a popular modelling tool. In modern day applications of the models, such as

mathematical genetics (Wu et al., 2003; Schäfer and Strimmer, 2005), Statisticians

are often faced with a very large number of variables p while having relatively few
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1. Introduction

observations n (e.g. Castelo and Roverato, 2006), which makes Statistical modelling

challenging. The difficulty arises as the maximum likelihood estimate Σ̂ of Σ exists

with probability one if and only if the rank of the sample covariance matrix is

sufficiently large, with the bound depending on the ratio of p and n. If this is too

small, estimation of Σ may not be feasible.

The models studied in this thesis address this difficulty by placing additional

equality constraints on the model parameters, thus reducing the number of parame-

ters to be estimated (Højsgaard and Lauritzen, 2008). More precisely, RCON and

RCOR models combine equality constraints on the diagonal of Σ−1 with constraints

on a further set of parameters. For RCON models, this is given by the non-

zero off-diagonal entries of Σ−1, while RCOR models place equality constraints

on the non-zero partial correlations ραβ|V \{αβ}. As (Σ−1)αβ = 0 if and only if

ραβ|V \{αβ} = 0, both constraint types can be represented by a vertex and edge

coloured graph G = (V , E), with V depicting the constraints on the diagonal entries

of Σ−1 and E corresponding to the constraints on off-diagonal concentrations or

partial correlations respectively.

The exact relationship between equality constraints and nmin, the minimal number

of required observations for maximum likelihood estimates to exist with probability

one, is not known in general, however first studies (Højsgaard and Lauritzen, 2008;

Uhler, 2010) show that equality restrictions generally reduce nmin. This makes

RCON and RCOR models a promising model class for modern day applications.

A topic not addressed in the literature is estimation of a restricted model mean

µ if Σ is to satisfy the constraints of an RCON or RCOR model but is otherwise

unknown. Further, suitable model selection methods are required for the models to

become widely applicable in practice. These are the main topics of this thesis.
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1. Introduction

1.1. Thesis Overview

We begin by introducing graphical models and reviewing past treatments of sym-

metry constraints in graphical Gaussian models in Chapter 2, and devote Chapter

3 to the definition and first properties of RCON and RCOR models. Chapters 4-6

present our own results.

Chapter 4

When Højsgaard and Lauritzen (2008) introduced RCON and RCOR models, their

primary interest lay in maximum likelihood estimation of the covariance matrix Σ

and they therefore restricted the model mean to be zero throughout. We lift this

constraint and consider maximum likelihood estimation of a non-zero mean µ if Σ

is subject to the constraints of an RCON or RCOR model but otherwise unknown.

For the Gaussian distribution, in the case of an unknown covariance matrix Σ,

maximum likelihood estimation for µ is non-trivial as for Σ known the maximum

likelihood estimator µ̂ of µ may depend on Σ. The least-squares estimator µ∗

however is defined by minimizing the sum of squares and has no relation to Σ, so that

in case of equality of estimators µ̂ = µ∗, µ and Σ may be estimated independently.

Exploiting Kruskal (1968), in Section 4.3 we obtain a characterisation of all linear

spaces Ω such that if Σ is restricted to satisfy the constraints of a given RCON or

RCOR model, µ̂ and µ∗ coincide if µ is restricted to lie in Ω (Theorem 4.2).

Section 4.4 treats the special case that Ω is specified by equality relations among

the entries of µ. We let M denote the partition of V such that whenever two vertices

lie in the same set in M the corresponding means are restricted to being equal, and

show that the previously obtained chracterisation translates into a two-fold necessary

and sufficient regularity condition on M and (V , E) (Theorem 4.3).

3



1. Introduction

In Section 4.5 we illustrate the last mentioned result by applying it to comparative

experiments according to Latin square designs (Bailey, 2008) if Σ−1 is restricted to lie

in a homogeneous nearest-neighbour lattice scheme (Besag, 1974) or a homogeneous

nearest-neighbour torus scheme, which we define following Besag and Moran (1975).

Chapter 5

Whereas every undirected graph G = (V,E) gives rise to one unrestricted graphical

Gaussian model, there are as many RCON and RCOR models with conditional

independence structure represented by G as there are combinations of a vertex

colouring V with an edge colouring E . This large number of models makes model

selection challenging and motivates the study of the structure of model spaces lying

strictly within the sets of RCON and RCOR models. Particularly favourable are

classes of models which place equality constraints in a pattern which makes them

more readily interpretable. Chapter 5 is concerned with the study of the structure

of four such model classes, each corresponding to a regularity condition on (V , E).

Two model classes appear in Højsgaard and Lauritzen (2008) and we term the

corresponding graph colouring classes to be edge regular and permutation generated

respectively. Edge regular colourings represent constraints which yield the same

model specification whether they represent an RCON or an RCOR model, and

permutation generated colourings, special cases of the former, represent constraints

induced by permutation symmetry in the variable labels. Further, we term colou-

rings which for M = V satisfy the regularity condition ensuring µ̂ = µ∗ found in

Chapter 4 vertex regular, and, following Siemons (1983), term colourings which are

both vertex and edge regular to be regular.

Our main results are that each of the four corresponding model classes forms a

4



1. Introduction

complete non-distributive lattice with respect to model inclusion with meet and join

operations we identify (Theorems 5.2, 5.3, 5.4, 5.5).

Chapter 6

Given that each of the four model classes studied in Chapter 5 forms a complete lat-

tice, their model spaces qualify for an Edwards-Havránek model selection procedure

(Edwards and Havránek, 1987). Due to greatest tractability of model structure

and most intuitive interpretability of constraints, we focus on edge regular and

permutation generated colourings.

In Section 6.2 we develop an Edwards-Havránek model selection algorithm for

models represented by edge regular colourings and illustrate the procedure by ap-

plying it to a data set with five variables. After fitting 232 models out of 1.3 · 106

models in the search space, our algorithm arrived at 4 minimally accepted models,

each in very good agreement with previous analyses (Edwards, 2000).

The intricate relationship between permutation groups acting on the vertex set of

an undirected graph and their vertex and edge orbits makes it non-trivial to develop

an explicit Edwards-Havránek model selection procedure for graphical Gaussian

models represented by permutation generated colourings. Nevertheless, we provide a

description of the structure of the model class in Section 6.3 which makes it possible

to conduct a model search obeying the Edwards-Havránek principles.

Applied to a data set on four variables, commonly known as Frets’ heads (Frets,

1921; Mardia et al., 1979), our search procedure arrived at 9 minimally accepted

models after fitting 48 models, out of a total of 251, collectively in strong agreement

with previous analyses (Whittaker, 1990).

5
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1.2. Contributions

In summary, the contributions in this thesis include:

• Characterisation of all linear spaces Ω such that if Σ is restricted to satisfy the

constraints of a given RCON or RCOR model but is otherwise unknown, the

maximum likelihood estimator µ̂ and least squares estimator µ∗ of µ coincide if µ

is restricted to lie in Ω, thus allowing µ and Σ to be estimated independently.

• Identification of a colouring criterion giving a necessary and sufficient condition

for equality of estimators µ̂ = µ∗ if Σ is restricted to satisfy the constraints of a

given RCON or RCOR model and µ is subject to equality constraints.

• Description of the lattice structure of four model classes strictly within the sets

of RCON and RCOR models each defined by statistically desirable properties

corresponding to colouring regularities in (V , E), two of which are first identified

in this thesis.

• Construction of an Edwards-Havránek model selection procedure for one of the

model classes above.

• Construction of a systematic search procedure in accordance with the Edwards-

Havránek principles for a second class.

6



2. Background

2.1. Notation and Terminology

2.1.1. Undirected Graphs

An undirected graph is a pair G = (V,E), where V is a finite set of vertices and

the set of edges E ⊆ {{α, β} | α, β ∈ V } is a set of unordered pairs of vertices.

We assume all of the considered graphs to be simple, meaning that no vertex is

connected to itself through an edge and that there are no multiple edges. For ease

of exposition we write αβ for the edge {α, β} connecting vertices α and β. αβ and

βα thus refer to the same edge. A graph is complete if all possible edges are present

and empty if it has no edges. V = {1, 2, . . . , d} is abbreviated as V = [d].

A path of length n from α to β is a sequence α = α0, . . . , αn = β of distinct

vertices such that αi−1αi ∈ E for all i = 1, . . . , n. For A,B,C ⊆ V , C is said to

separate A from B if for all pairs α ∈ A and β ∈ B, all paths from α to β contain

a vertex in C. G′ = (V,E′) is a subgraph of G = (V,E) if E′ ⊆ E. For A as above,

we say that GA = (A,EA) is a subgraph induced by A if EA contains all edges in E

which connect vertices in A.

If there is an edge αβ between α and β, then αβ is said to be incident with α and

β and α and β are adjacent or neighbours. The set of neighbours of a vertex α is

7



2. Background

denoted ne(α), with {α} ∪ ne(α) = cl(α) denoting the closure of α. ne(A) denotes

the set
⋃

α∈A ne(α) \A, and similarly cl(A)=
⋃

α∈A cl(α). For G = (V,E) and α ∈ V

we call the size of ne(α) the degree of α in G. If all α ∈ V have the same degree in

G, we say that G is regular.

G is bipartite with vertex components V1 and V2 if V1 and V2 partition V and GV1

and GV2 are both empty. If G is bipartite with vertex components V1 and V2 such

that all α ∈ V1 have the same degree in G and all β ∈ V2 have the same degree in

G, we call G bi-regular.

2.1.2. Vectors and Matrices

We generally index vectors and matrices by discrete finite sets. For a set V , a vector

in R
V is denoted by y = (yα)α∈V and for a ⊆ V , ya = (yα)α∈a. A matrix A in R

V×V

is written as A = (aαβ)α,β∈V .

For A = (aαβ)α,β∈V and an undirected graph G = (V,E) we let A(G) denote the

R
V×V matrix given by

A(G)αβ =















aαβ if αβ ∈ E

0 otherwise

.

For a set of matrices M , M(G) = {A(G) | A ∈ M}, and M+ denotes the set of

positive-definite matrices inside M . The set of symmetric matrices is denoted by S.

If not stated explicitly, the indexing set of a matrix is determined by the context.

We indicate that a matrix is symmetric by only writing its elements on the diagonal

and above. Asterisks as matrix entries indicate that the corresponding entry is

unconstrained apart from any restrictions stated explicitly.

8



2. Background

2.1.3. Graph Colouring

For an undirected graph G with vertex set V , a vertex colouring of G is a partition

V = {V1, . . . , Vk} of V , where we refer to V1, . . . , Vk as the vertex colour classes.

Similarly, an edge colouring of G is a partition E = {E1, . . . , El} of the edge set into

l edge colour classes E1, . . . , El. A colour class consisting of just one element is called

a singleton, and a colour class with more than one element composite. G = (V , E) is

called a coloured graph and (V , E) a graph colouring.

For V and E as above, and u ∈ V , we let T u denote the V × V diagonal matrix

with T u
αα = 1 if and only if α ∈ u and zero otherwise. Similarly for u ∈ E , we let

T u be the symmetric V × V matrix with T u
αβ = 1 if and only if αβ ∈ u and zero

otherwise. We call {T u}u∈V∪E the generating matrices of V and E .

For a partition P of a set S and a, b ∈ S we write a ≡ b (P) to denote that a and

b are elements of the same set in P. For two partitions P1,P2 of the same set we

write P1 ≤ P2 if each set in P2 is a union of sets in P1 and say that P1 is finer than

P2, or equivalently that P2 is coarser than P1.

In our display of coloured graphs, we let black vertices and edges represent sin-

gleton colour classes. Whenever a vertex receives a colour, for clarity of exposition,

we indicate its colour class by the number of asterisks we place next to it. Similarly,

we indicate the colour class of an edge by dashes.

2.1.4. Permutation Groups

For a discrete set A, we let S(A) denote the symmetric group of A, which contains

all permutations σ acting on A. We denote permutations in cycle notation, so that

σ = (i1 i2 . . . ir) maps ik to ik+1 for 1 ≤ k < r and ir to i1. It is a group theoretic

fact that every permutation σ ∈ S(A) can be uniquely expressed as a product of

9



2. Background

disjoint cycles (up to their order). For σ1, σ2 ∈ S(A), we write σ1σ2 to mean σ1 ◦σ2.

For a group Γ ⊆ S(A) and a ∈ A, we call the set {b | ∃ σ ∈ Γ such that σ(a) = b}

the Γ-orbit of a in A, which we sometimes simply abbreviate by orbit if it is clear

which group the orbit is generated by. The relation of being in the same Γ-orbit is

an equivalence relation on A. Thus Γ partitions A into disjoint orbits and we call

this partition Γ-orbit partition or simply orbit partition of A.

Γ′ ⊆ S(A) is a subgroup of Γ ⊆ S(A), denoted Γ′ ≤ Γ, if Γ′ is a subset of Γ and Γ′

is itself a group with the same binary operation as Γ. Γ′ is a proper subgroup of Γ

if Γ′ is a subgroup of Γ and Γ′ 6= Γ. A generating set {g1, . . . , gk}, with generators

g1, . . . , gk, of Γ is a subset of Γ which is not contained in any proper subgroup of

Γ. Equivalently, {g1, . . . , gk} is a generating set of Γ if it is a subset of Γ and every

element of Γ can be expressed as a combination of the gi and their inverses. We

then write Γ = 〈g1, . . . , gk〉 and say that Γ is generated by g1, . . . , gk. A generating

set does not have to be unique.

Each permutation σ ∈ S(A) can be represented by an A×A permutation matrix

G(σ) with G(σ)αβ = 1 if and only if σ maps β to α and zero otherwise for α, β ∈ A.

For all σ ∈ S(A),

G(σ)T = G(σ−1) = G(σ)−1

so that for Y ∈ R
A, Σ ∈ R

A×A, σ ∈ S(A) and α, β ∈ A,

(G(σ)Y )α = Yσ(α) and
(

G(σ)ΣG(σ)−1
)

αβ
= Σσ(α)σ(β). (2.1)

The direct product Γ = Γ1×Γ2 of two groups Γ1 and Γ2 is given by Γ = {(σ1, σ2) |

σ1 ∈ Γ1, σ2 ∈ Γ2} and binary operation (σ1, σ2)(σ
′
1, σ

′
2) = (σ1σ

′
1, σ2σ

′
2). For a graph

G = (V,E), we let Aut(G) denote the automorphism group of G, containing all

10



2. Background

permutations σ ∈ S(V ) which leave E invariant. For a comprehensive introduction

to group theory see Rotmann (1995).

2.2. Graphical Gaussian Models

We closely follow parts of Chapters 3 and 5 in Lauritzen (1996) in our exposition.

2.2.1. The Multivariate Gaussian Distribution

Let Y = (Yα)α∈V be a random vector in R
V , µ ∈ R

V and Σ ∈ R
V×V ∩S+. Y follows

a multivariate normal or Gaussian distribution with mean µ and covariance matrix

Σ, denoted by Y ∼ NV (µ,Σ) if the density of Y is given by

f(y | µ,Σ) =
1

(2π)|V |/2(detΣ)1/2
exp{−(y − µ)TΣ−1(y − µ)/2}

∝
(

detΣ−1
)1/2

exp{−yTΣ−1y/2 + µTΣ−1y − µTΣ−1µ/2}

=
(

detΣ−1
)1/2

exp{−tr(Σ−1yyT /2) + µTΣ−1y − µTΣ−1µ/2}.(2.2)

where we refer to Σ−1 as the concentration matrix. If we let

θ = (Σ−1,Σ−1µ) = (Σ−1, ξ) ∈ Θ = (S+,RV ) (2.3)

and

t(y) = (−yyT /2, y) (2.4)

then for the inner product on Θ

〈(S1, v1), (S2, v2)〉 = tr(S1S2) + vT1 v2,

11



2. Background

the expression in the exponential in (2.2) can be written as

〈θ, t(y)〉 − µTΣ−1µ/2.

Since the integral
∫

RV

e−(y−µ)TΣ−1(y−µ)/2dy

is finite if and only if Σ−1 is positive definite, it follows that the multivariate Gaussian

distribution NV (µ,Σ) is a regular exponential family (Brown, 1986) with canonical

parameter θ as in (2.3) and canonical statistic t(y) as in (2.4).

The entries in Σ−1 have a simple interpretation. The diagonal elements (Σ−1)αα

are reciprocals of the conditional variances given the remaining variables,

(Σ−1)αα = Var(Yα|YV \{α})
−1 (2.5)

for all α ∈ V , and letting

Cαβ =
(Σ−1)αβ

√

(Σ−1)αα(Σ−1)ββ
(2.6)

for α, β ∈ V , α 6= β, gives the negative partial correlation coefficients

ραβ|V \{α,β} =
Cov(Yα, Yβ|YV \{α,β})

Var(Yα|YV \{α,β})1/2Var(Yβ |YV \{α,β})1/2
= −Cαβ (2.7)

for α, β ∈ V , α 6= β. It follows that (Σ−1)αβ = 0 if and only if Yα and Yβ are

conditionally independent given the remaining variables. Adopting the notation

introduced by Dawid (1979), we write

(Σ−1)αβ = 0 ⇐⇒ Yα⊥⊥Yβ | YV \{α,β}. (2.8)

12
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2.2.2. Markov Properties for Undirected Graphs

Definition 2.1 Let Y = (Yα)α∈V and let G = (V,E) be an undirected graph. Then

the distribution of Y is said to obey

(P) the pairwise Markov property (relative to G) if for all α, β ∈ V ,

αβ 6∈ E ⇒ Yα⊥⊥Yβ | YV \{α,β},

(L) the local Markov property (relative to G) if for all α ∈ V ,

Yα⊥⊥YV \cl(α) | Ybd(α),

(G) the global Markov property (relative to G) if for all A,B, S ⊆ V ,

A⊥GB | S ⇒ YA⊥⊥YB | YS

where ⊥G denotes graph separation. A model is said to obey the above Markov

properties if all its distributions do.
�

A further property associated with G and (Yα)α∈V is the factorisation property.

Definition 2.2 For Y = (Yα)α∈V and G = (V,E), a density or distribution satisfies

the factorisation property (F) (relative to G) if it may be written as the product

Πa∈Aψa(y), where A is the set of subsets of V which induce complete subgraphs of

G, and ψa(y) depends on ya only. A model satisfies the factorisation property if all

its distributions do.
�

The factorisation property can be visualised by a factor graph (Frey et al., 1998).

13



2. Background

Definition 2.3 (Frey) Let y = (yα)α∈V and let g(y) be a function in y which

factorises as g(y) = Πi∈IgAi
(y) where Ai ⊆ V and gAi

cannot be factorised further

for i ∈ I. The factor graph of g is the graph GF = (V ∪F,EF ) with F being the set

of factor nodes F = {gAi
}i∈I and EF = {αgAi

| α ∈ V, gAi
∈ F with α ∈ Ai}.

�

The properties satisfy the following structural relations. The first part of the

result is due to Pearl and Paz (1987), while the second part is usually attributed to

Hammersley and Clifford (1971).

Proposition 2.1 If a probability distribution on Y = (Yα)α∈V satisfies

YA ⊥⊥YB | YC∪D and YA⊥⊥YC | YB∪D =⇒ YA⊥⊥Y(B∪C) | YD

for all disjoint subsets A, B, C and D of V , then

(G) ⇐⇒ (L) ⇐⇒ (P ).

Further, for positive probability distributions with continuous positive density,

(F ) ⇐⇒ (G) ⇐⇒ (L) ⇐⇒ (P ).

�

2.2.3. Graphical Gaussian Models

Definition 2.4 If G = (V,E) is an undirected graph and Y = (Yα)α∈V is a random

variable taking values in R
V , the graphical Gaussian model for Y with graph G is

given by assuming that Y follows a NV (µ,Σ) distribution with µ ∈ R
V and Σ ∈ S+

which obeys the Markov properties with respect to G.

�
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2. Background

As the density of a multivariate normal distribution is positive and continuous,

by Proposition 2.1, graphical Gaussian models satisfy the factorisation property. It

follows that relation (2.8) is equivalent to assuming the concentrations (Σ−1)αβ to

be equal to zero for all pairs α, β ∈ V which are not adjacent in G. The graphical

Gaussian model for Y can thus be compactly described as

Y ∼ NV (µ,Σ), µ ∈ R
V , Σ−1 ∈ S+(G).

Further, in factor graphs of graphical Gaussian models, in the notation of Defini-

tion 2.3, either Ai = {α} or Ai = {α, β} for α, β ∈ V , with a factor being present if

and only if the corresponding entry in Σ−1 is not restricted to zero. Thus the factor

graph of a graphical Gaussian model with graph G = (V,E) equals GF = (V ∪F,EF )

with F = {e | e ∈ E} and EF = {αe | α ∈ V, e ∈ E is incident with α in G}.

An example is given in Figure 2.1 for V = [4], displayed as circles, and F =

{12, 14, 23, 34}, displayed as squares.
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(a) G = (V,E)
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(b) GF = (V ∪ F,EF )

Figure 2.1.: Graph G = (V,E) and factor graph GF = (V ∪ F,EF ).

As the constraints of graphical Gaussian models on the multivariate distribution
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2. Background

are linear in Σ−1, they form regular exponential families, with

θ0 = (Σ−1(G), ξ) ∈ Θ0 = Θ ∩ (S(G),RV ) = (S+(G),RV )

t0(y) = (−yyT (G)/2, y)

where Θ is as in (2.3).

2.3. Symmetry in the Gaussian Distribution

As the elegant principle of symmetry plays a significant role in many disciplines

describing natural phenomena, symmetry studies and methodology incorporating

inherent symmetry appear throughout the Statistics literature. Classical examples

are designs of comparative experiments (Bailey, 2008) and analysis of structured

data (Dawid, 1988; Viana, 2008). Further, invariance arguments appear in estima-

tion and decision problems (Eaton, 1983, 1989).

The Gaussian distribution has received attention in many applications with in-

trinsic symmetries. Examples are interchangeable tests, referred to as parallel

forms (Wilks, 1946; Votaw, 1948), signal transmission with receivers arranged on

the vertices of a regular polygon (Olkin and Press, 1969; Olkin, 1972), responses

at election polls (Arnold, 1973) and observations between related measurements in

biology and the medical sciences (Votaw et al., 1950; Arnold, 1973; Olkin, 2000).

Below, we distinguish between permutation and general group induced symmetry.

In this thesis we only treat permutation symmetry, however include general group

symmetry here for completeness.
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2.3.1. Permutation Symmetry

A covariance structure Σ ∈ S+ is said to be subject to permutation induced sym-

metry if there exists a group Γ ≤ S(V ) such that

G(σ)ΣG(σ)−1 = Σ for all σ ∈ Γ (2.9)

and Σαβ = Σγδ only if there exists σ ∈ Γ such that σ maps {α, β} to {γ, δ}. Γ is

then said to generate the covariance structure.

Permutation group induced symmetry structures in the covariance which have

received particular attention are the spherical covariance structure,

Σ = σ2I, σ2 > 0, (2.10)

generated by Γ = S(V ), the intraclass covariance structure, also referred to as

completely symmetric or uniform,

Σ = σ2



















1 ρ · · · ρ

ρ 1 · · · ρ

...
...

. . .
...

ρ ρ · · · 1



















∈ S+, (2.11)

also generated by Γ = S(V ), the circular covariance structure,

Σ = σ2



















1 ρ12 · · · ρ1k

ρ12 1 · · · ρ2k
...

...
. . .

...

ρ1k ρ2k · · · 1



















∈ S+, ρij = ρ|i−j|, (2.12)
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2. Background

with Γ = 〈(1 2 3 . . . |V |)〉, and the compound symmetry covariance structure,

Σ =



















Σ1 σ12J12 · · · σ1kJ1k

σ12J12 Σ2 · · · σ2kJ2k
...

...
. . .

...

σ1kJ1k σ2kJ2k · · · Σk



















∈ S+, (2.13)

with Σi having the intraclass covariance structure and Jij being a matrix of suitable

dimensions whose entries are all one for 1 ≤ i, j ≤ k. The symmetry is generated by

Γ = S(V1) × S(V2) × . . . × S(Vk), Vi being the index set of Σi. Each of the above

covariance structures contains the previously stated ones as special cases.

Past treatments are primarily concerned with estimation and hypothesis testing.

Wilks (1946) considered testing the null hypotheses

Hmvc : intraclass structure in Σ, µα = µ for all α ∈ V

Hvc : intraclass structure in Σ

Hm : µα = µ for all α ∈ V, given that Σ has an intraclass structure

based on one sample and developed the likelihood ratio test statistics to test the

above hypotheses against the general alternative. Exact moments and null distri-

butions of the statistics were found to be given by products of independent beta

distributions and expressions involving their logarithms were shown to have χ2

asymptotic distributions with appropriate numbers of degrees of freedom.

Votaw (1948) generalised the results in Wilks (1946) for the compound symmetry

structure for more than one sample by repeating the analysis for 12 null hypotheses,

which contained Hmvc, Hvc and Hm as special cases.
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Olkin and Press (1969) studied the spherical, intraclass and circular covariance

structures and considered the following statistical tests:

H1 : sphericity versus circularity (with unconstrained mean vector)

H2 : intraclass versus circularity (with unconstrained mean vector)

H3 : circularity versus general alternative (with unconstrained mean vector)

H4 : µ = 0, given that Σ has circular structure

H5 : µα = µ for all α ∈ V, given that Σ has circular structure

The corresponding likelihood ratio tests were shown to be distributed as products

of suitable independent beta distributions and different approximations of null and

non-null distributions of the test statistics were obtained.

A further generalisation of previous results was obtained by Olkin (1972) who

considered block symmetric models, in which Σ is partitioned into blocks that are

arranged according to a spherical, intraclass or circular structure. The analysis in

Olkin and Press (1969) was repeated for H ′
1, . . . , H

′
5, with H ′

i denoting the block

variant of Hi, and analogous results were obtained. Further developments can be

found in Olkin and Press (1969); Olkin (1972); Young (1975); Olkin (2000), and the

references therein.

2.3.2. General Group Induced Symmetry

Dropping the assumption of a fixed basis for the observations, Andersson (1975)

unified all previously obtained results on Gaussian models invariant under a permu-

tation group by considering them as special cases of invariant normal models, which

he defined to be Gaussian models invariant under a general group Γ acting on the
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observation space. He showed all invariant normal models to be given by products

of models with real, complex or quaternion covariance structures, and derived the

maximum likelihood estimator of µ and Σ and its distribution in full generality.

Andersson et al. (1983) studied ten hypothesis testing problems involving the

above covariance structures and obtained their likelihood ratio test statistics. It was

shown that all testing problems in which both the null and alternative hypothesis

are an invariant normal model can be decomposed into simpler problems, each of

which has the form of one of the ten problems referred to above. A further covariance

structure, parametrised by a special Clifford Algebra, was found and analysed in the

same fashion by Jensen (1988). Estimation and hypothesis testing for the complex

covariance structure were further considered in Andersen et al. (1995).

2.3.3. Graphical Symmetry Models

A first treatment of a class of graphical Gaussian models with symmetry constraints

generated by permutation is given in Hylleberg et al. (1993), who studied models

which they termed graphical symmetry models. These combine permutation sym-

metry induced restrictions on Σ−1 with conditional independence constraints, and

thus, in particular, contain the covariance structures (2.9)-(2.13) as special cases.

Put formally, if for a permutation group Γ ≤ S(V )

S(Γ) = {S ∈ R
V×V | ST = S, G(σ)SG(σ)−1 = S, ∀ σ ∈ Γ} (2.14)

then the graphical symmetry model with dependence structure represented by G =

(V,E) and symmetry constraints on Σ−1 induced by Γ is given by assuming

Y ∼ NV (0,Σ), Σ−1 ∈ S(Γ) ∩ S+(G). (2.15)
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As for all σ ∈ S(V ) and all S ∈ R
V×V such that S is non-singular,

G(σ)SG(σ)−1 = S ⇐⇒ G(σ)S−1G(σ)−1 = S−1

ST = S ⇐⇒
(

S−1
)T

= S−1

the condition on Σ−1 in (2.15) may be equivalently expressed as

Σ−1 ∈ {Σ−1 | ΣT = Σ, G(σ)ΣG(σ)−1 = Σ, ∀ σ ∈ Γ} ∩ S+(G)

which exhibits the constraints of graphical symmetry models to be combinations

of the previously studied permutation symmetry induced constraints on Σ given in

(2.9) with conditional independence constraints.

In direct analogy to previous work on the Gaussian distribution, Hylleberg et al.

(1993) studied maximum likelihood estimation of Σ, paying particular attention to

the special case of compound covariance structure, given in (2.13). Explicit likeli-

hood ratio tests for additional conditional independence constraints were developed

for decomposable graphs, i.e. for graphs which do not contain cycles of length greater

than 3 as induced subgraphs, and possible tests for additional symmetry constraints

were described and characterised.

It will be shown in Section 3.4.1 that graphical symmetry models are a special

case of the models studied in this thesis.

For completeness we mention that symmetry studies for other Gaussian

conditional independence models, not considered in this thesis, include

Andersson and Madsen (1998) and Madsen (2000).
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3. Model Definitions and First Properties

This chapter is devoted to the formal introduction of the models this thesis is

concerned with, as they were defined in Højsgaard and Lauritzen (2008).

3.1. RCON Models: Equality Restrictions on

Concentrations

RCON models place equality restrictions on the concentration matrix Σ−1. They

restrict off-diagonal elements separately from those lying on the diagonal, so that

the models can be represented by coloured graphs G = (V , E). The corresponding

set of positive definite matrices is denoted by S+(V , E). Put formally:

Definition 3.1 Let G = (V,E) be an undirected graph, let (V , E) be a colouring of

G and let Y be a random vector in R
V . Then the RCON model for Y represented

by G = (V , E) is given by assuming

Y ∼ NV (0,Σ), Σ−1 ∈ S+(V , E)

with

S+(V , E) =
{

∑

u∈V∪E
λuT

u, λ ∈ R
V∪E
}+

. (3.1)

�
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3. Model Definitions and First Properties

Thus in brief, RCON models restrict the entries of Σ−1 according to

α ≡ β (V) =⇒ (Σ−1)αα = (Σ−1)ββ for α, β ∈ V

αβ ≡ γδ (E) =⇒ (Σ−1)αβ = (Σ−1)γδ for αβ, γδ ∈ E

αβ 6∈ E =⇒ (Σ−1)αβ = 0 for α, β ∈ V, α 6= β

which exhibits RCON models as regular exponential families. For all G = (V , E),

S+(V , E) is an open convex cone. The following RCON model will be considered

further in Section 6.2.3.

Example 3.1 The data consist of the examination marks of 88 students in five

mathematical subjects (Mardia et al., 1979). Whittaker (1990) and Edwards (2000)

previously demonstrated an excellent fit to the unconstrained model represented by

the graph shown in Figure 3.1(a). Højsgaard and Lauritzen (2008) show the data

to also support the RCON model represented by the graph in Figure 3.1(b). The

model specifications are

Y ∼ NV (0,Σ), Σ−1 ∈M,

with M given below the corresponding graphs. If the subjects are indexed in alpha-

betical order, the graph colouring representing the constraints of the RCON model

is given by (V , E) with V = {{1}, {2, 5}, {3, 4}} and E = {{12}, {13, 14, 15, 24, 35}}.

Note that the number of model parameters has been reduced from 11 to 5.

�
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(b) RCON model.

Figure 3.1.: Mathematics marks example.

3.2. RCOR Models: Equality Restrictions on Partial

Correlations

RCOR models place equality restrictions on the diagonal elements of the concentra-

tion matrix Σ−1 and on the non-zero partial correlations ραβ|V \{α,β}, given in (2.7).

If for a given Σ−1, we let A,C ∈ R
V×V be given by

Aαβ =















√

(Σ−1)αα α = β

0 α 6= β

Cαβ =















1 α = β

−ραβ|V \{α,β} α 6= β

, (3.2)

then, by (2.6), Σ−1 = ACA, and

(Σ−1)αα = (Σ−1)ββ ⇐⇒ Aαα = Aββ for α, β ∈ V

ραβ|V \{α,β} = ργδ|V \{γ,δ} ⇐⇒ Cαβ = Cγδ for αβ, γδ ∈ E
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3. Model Definitions and First Properties

leading to the following definition for RCOR models.

Definition 3.2 Let G = (V,E) be an undirected graph, let (V , E) be a colouring of

G and let Y be a random vector in R
V . Then the RCOR model for Y represented

by G = (V , E) is given by assuming

Y ∼ NV (0,Σ), Σ−1 ∈ R+(V , E)

where

R+(V , E) =
{

ACA | A =
∑

u∈V
ηuT

u, η ∈ R
V
+, C = I +

∑

u∈E
τuT

u, τ ∈ (−1, 1)E
}+

.

(3.3)

�

Thus in brief, RCOR models restrict the entries of Σ−1 according to

α ≡ β (V) =⇒ (Σ−1)αα = (Σ−1)ββ for α, β ∈ V

αβ ≡ γδ (E) =⇒ Cαβ = Cγδ for αβ, γδ ∈ E

αβ 6∈ E =⇒ (Σ−1)αβ = 0 for α, β ∈ V, α 6= β.

Note that as, by (2.6) and (2.7), for α 6= β, Σ−1
αβ = 0 if and only if ραβ|V \{α,β} =

0, the above constraints are indeed consistent.

R+(V , E) forms a differentiable manifold in S+ which is not generally a cone, so

that RCOR models are only curved exponential families (Brown, 1986). RCOR mo-

dels are scale invariant if variables inside the same vertex colour class are rescaled in

the same way (Højsgaard and Lauritzen, 2008). Thus they are particularly suitable

for variables measured on different scales.
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3. Model Definitions and First Properties

Example 3.2 The data is concerned with anxiety and anger in a trait and

state version of 684 students (Cox and Wermuth, 1993) and strongly support

the conditional independence model displayed in Figure 3.2(a). As shown in

Højsgaard and Lauritzen (2008), they also support the RCOR model represented

by the coloured graph in Figure 3.2(b), parametrised by 6 parameters rather than

8. The variable names are combinations between T or S, for ‘trait’ and ‘state’, and

X or N , standing for ‘anxiety’ and ‘anger’. The model specifications are

Y ∼ NV (0,Σ), Σ−1 ∈M

with M given below the graphs. The variables are indexed anti-clockwise starting

from TX.
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(a) Conditional independence structure.

TX

SX

TN

SN

u

u

u

u

M =























η2
1 η1τ1η2 0 η1τ2η4

η2
2 η2τ1η3 0

η2
3 η3τ2η4

η2
4























+

(b) RCOR model.

Figure 3.2.: Personality characteristics example.
�

3.3. Coloured Factor Graphs

Just as unconstrained graphical Gaussian models may be represented by factor

graphs, RCON and RCOR models can be represented by coloured factor graphs.

Definition 3.3 For G = (V , E) representing an RCON or RCOR model, let N be a

set of nodes with each node representing an edge in E and let N be the colouring
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3. Model Definitions and First Properties

of N in which nodes receive the same colour if and only if the corresponding edges

are equally coloured in E . The coloured factor graph of the model is the vertex and

node coloured graph

GF = (V ∪ N , EF )

where EF = {αn | α ∈ V, n ∈ N and n represents an edge incident with α}.
�

We provide an example for illustration in Figure 3.3.

1

4

2

3

∗ ∗

∗∗ ∗∗

u

u

u

u

(a) G = (V, E)

1

4

2

3

12

23

34

14 �
�
�
�

@
@
@
@

�
�

�
�

@
@

@
@

u

u

u

u

� �

�

�

∗ ∗

∗∗ ∗∗

⋄ ⋄

(b) GF = (V ∪ N , EF )

Figure 3.3.: Coloured graph G and coloured factor graph GF .

3.4. Structural Relations Between Model Types

While RCON and RCOR models do not place equality constraints on the same

parameter sets, an RCON and RCOR model represented by the same coloured graph

G = (V , E) may still yield the same model constraints. The corresponding necessary

and sufficient condition on (V , E) is given in Højsgaard and Lauritzen (2008). First

we define edge regularity of a graph colouring.
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3. Model Definitions and First Properties

Definition 3.4 Let G = (V , E) be a coloured graph. We say that (V , E) is edge

regular if any unordered pair of edges in the same colour class in E connects the

same vertex colour classes in V .
�

Proposition 3.1 (Højsgaard and Lauritzen) The RCON and RCOR models

that are determined by the coloured graph G = (V , E) yield identical restrictions

S+(V , E) = R+(V , E)

if and only if (V , E) is edge regular.

�

3.4.1. Permutation Symmetry

A special case of the models characterised in Proposition 3.1 are models with equality

constraints which are induced by permutation symmetry, i.e. models which were

termed graphical symmetry models in Hylleberg et al. (1993). This will be shown

below in Proposition 3.2. First we introduce some notation.

Recall that for a permutation group Γ ≤ S(V ) and an undirected graph G =

(V,E), the graphical symmetry model with dependence structure represented by G

and symmetry constraints induced by Γ is given by assuming Σ−1 ∈ S(Γ) ∩ S+(G),

with S(Γ) as in (2.14). Let

V (2) = {αβ | α, β ∈ V } = {αβ | α, β ∈ V, α 6= β} ∪ {αα | α ∈ V } = V
(2)
6= ∪ V (2)

=

and for σ ∈ Γ, let sσ : V (2) → V (2) be defined by sσ : αβ 7→ σ(α)σ(β). Then

Γ̃ = {sσ | σ ∈ Γ} is a group with binary operation given by composition of functions.
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3. Model Definitions and First Properties

For σ ∈ Γ ≤ S(V ) let ∼σ be the binary relation on V (2) given by

αβ ∼σ γδ if sσ(αβ) = γδ (3.4)

and define the binary relation ∼Γ by

αβ ∼Γ γδ if ∃ σ ∈ Γ such that αβ ∼σ γδ. (3.5)

As Γ is a group, ∼Γ is an equivalence relation on V (2) and the orbits of Γ̃ in

V (2) are the equivalence classes of ∼Γ. Further, since all σ ∈ Γ are bijections on V ,

αβ 6∼Γ αα for all α, β ∈ V with α 6= β, so that the orbits of Γ̃ in V (2) either contain

only elements from V
(2)
6= or only elements from V

(2)
= . We obtain that the Γ̃-orbit

partition of V (2) is given by the union of a partition of V
(2)
6= and a partition of V

(2)
= .

Clearly the two sets V
(2)
= and V are isomorphic and may therefore be identified,

so that the Γ̃-orbit partition of V (2) induces a partition of V
(2)
6= and a partition of V .

We denote these by EΓ and VΓ respectively, which, by construction, are defined by

α ≡ β (VΓ) ⇐⇒ αα ∼Γ ββ, α, β ∈ V (3.6)

αβ ≡ γδ (EΓ) ⇐⇒ αβ ∼Γ γδ, αβ, γδ ∈ V
(2)
6= . (3.7)

It is natural to associate the vertex and edge sets of the complete graph

KV = (V,EV ) with V (2). αβ ∈ V
(2)
6= then corresponds to an edge in EV and

αα ∈ V
(2)
= corresponds to a vertex in V . The partitions VΓ and EΓ may then be

visualised by the coloured graph KΓ = (VΓ, EΓ).

30



3. Model Definitions and First Properties

Example 3.3 Let V = [5] and

Γ = 〈(12), (345)〉 = {Id, (12), (345), (543), (12)(345), (12)(543)}.

Then VΓ = {{1, 2}, {3, 4, 5}} and EΓ = {{12}, {13, 14, 15, 23, 24, 25}, {34, 35, 45}}.

The corresponding coloured complete graph KΓ = (VΓ, EΓ) is given in Figure 3.4.
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Figure 3.4.: KΓ = (VΓ, EΓ)
�

Finally, for two partitions P1 and P2, let

P1∆P2 = {C | C ∈ P1, C ⊆ D for some D ∈ P2}.

Lemma 3.1 Let G = (V,E) be an undirected graph and let Γ ≤ S(V ) with VΓ and

EΓ being the orbit partitions of V and V
(2)
6= induced by Γ̃. Then

S(Γ) ∩ S+(G) = S+(VΓ, EΓ∆{E}).

�

Proof : Let Σ−1 ∈ S(Γ)∩S+(G). By definitions of S(Γ) in (2.14) and of ∼Γ in (3.5),

we can deduce that for all αβ, γδ ∈ V (2)

αβ ∼Γ γδ =⇒
(

Σ−1
)

αβ
=
(

Σ−1
)

γδ
.
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3. Model Definitions and First Properties

By (3.6) and (3.7), this is equivalent to

α ≡ β (VΓ) =⇒
(

Σ−1
)

αα
=
(

Σ−1
)

ββ
, α, β ∈ V (3.8)

αβ ≡ γδ (EΓ) =⇒
(

Σ−1
)

αβ
=
(

Σ−1
)

γδ
, αβ, γδ ∈ V

(2)
6= . (3.9)

Further, Σ−1 ∈ S+(G) if and only if

αβ 6∈ E =⇒
(

Σ−1
)

αβ
= 0 (3.10)

and Σ−1 is positive definite, so that, if we let EΓ∆E denote the set of edges which

lie in some set of EΓ∆{E}, then by (3.8), (3.9) and (3.10), Σ−1 ∈ S(Γ) ∩ S+(G) if

and only if

α ≡ β (VΓ) =⇒
(

Σ−1
)

αα
=
(

Σ−1
)

ββ
, α, β ∈ V

αβ ≡ γδ (EΓ∆{E}) =⇒
(

Σ−1
)

αβ
=
(

Σ−1
)

γδ
, αβ, γδ ∈ V

(2)
6=

αβ 6∈ EΓ∆E =⇒
(

Σ−1
)

αβ
= 0, αβ ∈ V

(2)
6= ,

and Σ−1 is positive definite, or equivalently

Σ−1 ∈ S+(VΓ, EΓ∆{E}).

�

Example 3.4 Let V and Γ be as in Example 3.3 and let

G = (V, {12, 15, 23, 34, 35, 45}) as displayed in Figure 3.5.
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Figure 3.5.: G = (V, {12, 15, 23, 34, 35, 45})

Then the covariance structure of the graphical symmetry model with dependence

structure represented by G and symmetry induced by Γ is given by assuming
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which is precisely S+(VΓ, EΓ∆{E}) with EΓ∆{E} = {{12}, {34, 35, 45}}. The corre-

sponding graph is displayed in Figure 3.6.

�

We are now ready to prove the claim stipulated at the beginning of this section.
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Figure 3.6.: G = (VΓ, EΓ∆{E})

Proposition 3.2 Let G = (V,E) and let Γ ≤ S(V ) with VΓ and EΓ being the orbit

partitions of V and V
(2)
6= induced by Γ̃. Then

S(Γ) ∩ S+(G) = S+(VΓ, EΓ∆{E}) = R+(VΓ, EΓ∆{E}).

�

Proof : The first equality has been shown in Lemma 3.1, so in order to prove the

claim, by Proposition 3.1, it suffices to show that whenever two edges in EΓ∆{E}

are of equal colour they connect the same vertex colour classes in VΓ.

So let αβ, γδ ∈ V
(2)
6= be such that αβ ≡ γδ (EΓ∆{E}). Then, by definition of

EΓ∆{E}, it must also hold that αβ ≡ γδ (EΓ). As, by (3.4) and (3.5),

αβ ≡ γδ (EΓ) ⇐⇒ γδ = σ(α)σ(β)

for some σ ∈ Γ, we must have either

α ≡ γ (VΓ) and β ≡ δ (VΓ) or α ≡ δ (VΓ) and β ≡ γ (VΓ).

�

In Example 3.4, EΓ∆E 6= E so that some additional conditional independence

constraints have been introduced by the symmetry. This happens if and only if
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3. Model Definitions and First Properties

there exists an edge colour class in EΓ which partially lies in E and partially doesn’t,

or equivalently if and only if Γ 6≤ Aut(G). It is therefore sensible to only consider

graphical symmetry models specified by constraints of the form

Σ−1 ∈ S(Γ) ∩ S+(G), Γ ≤ Aut(G)

which is precisely the definition of covariance structures of RCOP models given in

Højsgaard and Lauritzen (2008).

Definition 3.5 Let G = (V,E) be an undirected graph, let Γ ≤ Aut(G) be a

permutation group and let Y be a random vector in R
V . Then the RCOP model for

Y generated by Γ with graph G is given by assuming

Y ∼ NV (0,Σ), Σ−1 ∈ S(Γ) ∩ S+(G)

with S(Γ) as in (2.14).

�

If for G = (V,E) and Γ as in Definition 3.5 we let V denote the orbits of Γ

in V and let E denote the partition of E consisting of Γ̃-orbits in V
(2)
6= , then the

constraints of the RCOP model generated by Γ with graph G can be represented by

the coloured graph G = (V , E). We define graph colourings of this type representing

RCOP models to be permutation generated below.

Definition 3.6 Let Γ ≤ S(V ) and let VΓ and EΓ denote the vertex orbit partition

of V and edge orbit partition of V
(2)
6= generated by Γ̃ respectively. A graph colouring

(V , E) is permutation generated with generating group Γ if

V = VΓ, E ⊆ EΓ.
�
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3. Model Definitions and First Properties

For RCOP models, Proposition 3.2 becomes the following, also to be found in

Højsgaard and Lauritzen (2008).

Corollary 3.1 (Højsgaard and Lauritzen) Let G = (V,E) and let Γ ≤ Aut(G)

with orbits V and E in V and E respectively. Then

S(Γ) ∩ S+(G) = S+(V , E) = R+(V , E).

�

From now on, we will work with RCOP rather than graphical symmetry models.

In particular, we will consider the following RCOP model further in Section 6.3.2.

Example 3.5 The data, commonly referred to as Fret’s heads, is concerned with

the head dimensions of 25 pairs of first and second sons (Frets, 1921; Mardia et al.,

1979). Previous analyses (Whittaker, 1990) support a model represented by the

graph in Figure 3.7(a), where Li and Bi denote the head length and head breadth

of son i for i = 1, 2. Højsgaard and Lauritzen (2008) showed the model generated

by Γ = 〈(B1B2)(L1L2)〉, corresponding to permuting the two sons, represented by

the graph in Figure 3.7(b) to be an excellent fit. The model specifications are

Y ∼ NV (0,Σ), Σ−1 ∈M

with M given in Figure 3.7. For i = 1, 2, Li stands for the head length of son i and

Bi stands for the head breadth of son i.

�

As RCOP models place the same equality constrains on concentrations as they do

on partial correlations, they clearly combine the favourable properties of RCON and
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(b) RCOP model.

Figure 3.7.: Frets’ heads example.

RCOR models. Thus RCOP models are RCON models which are scale-invariant if

variables in the same vertex colour class are manipulated in the same way.

A particularly attractive feature of RCOP models is that the maximum likelihood

estimate Σ̂ of Σ, if it exists, may be obtained as for an unconstrained graphical

Gaussian model after replacing yyT by

yyT =
1

|Γ|
∑

σ∈Γ
G(σ)yyTG(σ)−1, (3.11)

i.e. by replacing the entries in yyT by the average of all entries in yyT which

correspond to the same colour class in V ∪ E (Lauritzen, 1989).
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4. Estimation of the Mean under Linear

Constraints

When Højsgaard and Lauritzen (2008) introduced RCON and RCOR models, they

assumed the model mean µ to be zero throughout. We extend their study by

considering maximum likelihood estimation of a non-zero mean µ subject to linear

constraints based on a (column vector) sample Y 1 = y1, . . . , Y n = yn assumed

to be drawn from a NV (µ,Σ) distribution, with Σ being restricted to satisfy the

constraints of an RCON or RCOR model. More precisely, we let

Ω = Im(X) = {µ | µ = Xβ, β ∈ R
k} ⊆ R

V (4.1)

for some fixed design matrix X ∈ R
V×k, using the obvious notation, of rank k and

consider inference about µ based on assuming

Y i = µ+ ǫi, µ ∈ Ω, ǫi ∼iid NV (0,Σ) (4.2)

with Σ being subject to Σ−1 ∈ S+(V , E) or Σ−1 ∈ R+(V , E) for some given graph

colouring (V , E), but is otherwise unknown.

For the Gaussian distribution, maximum likelihood estimation of µ under an

39



4. Estimation of the Mean under Linear Constraints

unknown covariance structure is generally non-trivial, as the maximiser of the like-

lihood function in µ for fixed Σ may depend on Σ. The least squares estimator µ∗

is defined by minimizing the sum of squares so that in case of equality of estimators

µ̂ and µ∗, the former is independent of Σ. Using Kruskal (1968), we characterise

all vector spaces Ω which ensure equality of estimators µ̂ = µ∗ in (4.2) for both

constraint types Σ−1 ∈ S+(V , E) or Σ−1 ∈ R+(V , E).

Conditions for equality of estimators have been considered in the literature before.

Eaton (1970) showed that for

Y i = µi + ǫi, ǫi ∼iid NV (0,Σ), Σ−1 ∈ S+ (4.3)

and µ = (µ1, . . . , µn)
T the only vector space W ensuring that µ̂ = µ∗ for µ ∈ W is

of the form

W = {µ | µ = ZB,Z ∈ R
n×k fixed, B ∈ R

k×V }, (4.4)

with (4.3) and (4.4) jointly defining a multivariate analysis of variance (MANOVA)

model. Using results in Kruskal (1968), Eaton (1983) further characterised all such

spaces W ensuring equality of estimators if Σ is assumed to have a diagonal block

structure, and if Σ is assumed to have an intraclass covariance structure, see (2.11).

Our work is similar in spirit, however while the results in Eaton (1970) and Eaton

(1983) is coordinate free, we assume the observations to be given in a fixed basis.

This makes the constraints Σ−1 ∈ S+(V , E) or Σ−1 ∈ R+(V , E), and µi = µ for

1 ≤ i ≤ n meaningful.

We pay special attention to the case when Ω in (4.1) is specified by equality

constraints on the entries of µ. Such hypotheses in the mean have been considered

for the Gaussian distribution with symmetries and without conditional independence
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4. Estimation of the Mean under Linear Constraints

relations, see Section 2.3.1, however not for models combining the two.

We let M denote the partition of V placing two vertices in the same set whenever

the corresponding means are restricted to being identical and write Ω = Ω(M).

For (V , E) as above, the derived characterisation of all viable Ω translates into a

twofold necessary and sufficient condition on M and (V , E): (i) M must be finer

than V ; and (ii) M must be equitable with respect to every edge colour class in

E as defined by Sachs (1966). An example where condition (i) is violated is the

Behrens-Fisher problem, concerned with testing the equality of two means under

the assumption of unequal variances (Behrens, 1929; Fisher, 1939). Most of the

presented results concerning equality constraints on the mean can also be found in

Gehrmann and Lauritzen (2011).

We conclude the chapter with examples from comparative experiments according

to Latin square designs (Bailey, 2008). The two models we consider are given by

a homogeneous nearest-neighbour lattice scheme (Besag, 1974), which restricts Σ−1

to lie inside S+(V , E) = R+(V , E) with G = (V , E) being a coloured lattice, and a

homogeneous nearest-neighbour torus scheme, represented by a coloured torus, which

we define following Besag and Moran (1975).

4.1. Estimation of the Mean

Estimators for µ other than the maximum likelihood estimator µ̂ are the least squares

estimator µ∗ and the Gauss-Markov estimator µ̃. Below we formally define the

estimators and state relations between them, first obtained by Kruskal (1968), which

can be exploited to ensure uniqueness of µ̂.
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4. Estimation of the Mean under Linear Constraints

4.1.1. The Least Squares Estimator

If Y ∈ R
V is a random vector satisfying E(Y ) = µ ∈ Ω with Ω as in (4.1), then the

least squares estimator µ∗ of µ ∈ Ω takes the value of µ ∈ Ω which minimises

g(µ) = (Y − µ)T (Y − µ)

over Ω. It directly follows that µ∗ is equal to the orthogonal projection of Y on Ω

with respect to the standard inner product in R
V , (x, y) = xT y, and is given by

µ∗ = X(XTX)−1XTY. (4.5)

Thus µ∗ exists for all Y and all Ω, and in particular is always uniquely determined

by the two. Further, µ∗ is independent of any distributional assumptions about Y ,

as well as the covariance structure Σ.

4.1.2. The Gauss-Markov Estimator

If Y ∈ R
V is as above and Cov(Y ) = Σ ∈ S+ is known up to a multiplicative

constant, i.e. Σ = σ2Σ0 with Σ0 ∈ S+ known and σ2 > 0 unknown, then the Gauss-

Markov estimator µ̃ of µ is the linear unbiased estimator of µ ∈ Ω which has minimal

variance. It is given by the orthogonal projection of Y on Ω with respect to the inner

product

(x, y)Σ0 = xTΣ−1
0 y (4.6)

(Kruskal, 1968) and equals

µ̃ = µ̃Σ0 = X(XTΣ−1
0 X)−1XTΣ−1

0 Y. (4.7)
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4. Estimation of the Mean under Linear Constraints

The fact that µ̃ is unique is usually referred to as the Gauss-Markov Theorem (e.g.

Theorem 4.1 in Eaton, 1983).

While the Gauss-Markov estimator, just as the least squares estimator, does not

depend on any distributional assumptions, it directly depends on the covariance

structure of Y , which, in general, is required to be known up to a multiplicative

constant for the estimate to be computed. The following necessary and sufficient

condition on Ω and Σ0 for the two estimators µ∗ and µ̃ to agree has first been shown

by Kruskal (1968). It can also be found in Haberman (1975) and Eaton (1983).

Proposition 4.1 (Kruskal) Let Y ∈ R
V be a random vector, Ω ≤ R

V and Σ0 ∈

S+. Then if E(Y ) = µ is restricted to lie in Ω and Cov(Y ) = Σ = σ2Σ0 with σ2 > 0

unknown, the two estimators µ∗ and µ̃ agree if and only if Ω is invariant under Σ−1
0 ,

i.e. if and only if Σ−1
0 Ω ⊆ Ω.

�

Lemma 4.1 For Σ ∈ S+ and Ω ≤ R
V ,

ΣΩ ⊆ Ω ⇐⇒ ΣΩ = Ω ⇐⇒ Σ−1Ω = Ω ⇐⇒ Σ−1Ω ⊆ Ω.

�

Proof of Proposition 4.1: The two defining conditions of the estimators µ∗ and µ̃ are

(Y − µ∗, x) = (Y − µ̃,Σ−1
0 x) = 0 for all x ∈ Ω.

By Lemma 4.1, if Σ−1
0 Ω ⊆ Ω then Σ−1

0 Ω = Ω so that the two defining relations

are the same, and therefore, by uniqueness, µ∗ = µ̃. For the converse, let y ∈ Ω⊥.

Then µ∗ = 0, and so µ̃ = 0, giving that y = y − µ̃ ∈
(

Σ−1
0 Ω

)⊥
. We obtain that
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4. Estimation of the Mean under Linear Constraints

Ω⊥ ⊆
(

Σ−1
0 Ω

)⊥
, which implies Σ−1

0 Ω ⊆ Ω, which by Lemma 4.1 is equivalent to

Σ−1
0 Ω = Ω.

�

We conclude:

Corollary 4.1 Let Y 1 = y1, . . . , Y n = yn ∈ R
V be a random sample drawn from

a distribution whose mean value µ is restricted to lie in a vector space Ω ≤ R
V

and whose concentration matrix Σ−1 is restricted to lie in R ⊆ S+. Then for all

Σ−1 ∈ R, the Gauss-Markov estimator µ̃ of µ and the least squares estimator µ∗ of

µ based on Y 1, . . . , Y n are identical if and only if Σ−1Ω ⊆ Ω.

�

4.1.3. The Maximum Likelihood Estimator

For a random vector Y ∈ R
V assumed to follow a NV (µ,Σ) distribution with

µ ∈ Ω ≤ R
V and Σ−1 ∈ R ⊆ S+, the maximum likelihood estimator µ̂ is defined by

(µ̂, Σ̂) = arg max
µ∈Ω,

Σ−1∈R

L(µ,Σ | y)

= arg max
µ∈Ω,

Σ−1∈R

1

(2π)|V |/2(detΣ)1/2
exp{−(y − µ)TΣ−1(y − µ)/2}.

Thus in order to obtain µ̂, the likelihood function L(µ,Σ | y) needs to be jointly

maximised in µ and Σ. If Σ−1 ∈ R is fixed, maximising the likelihood in µ subject

to µ ∈ Ω is equivalent to minimising

h(µ) = (y − µ)TΣ−1(y − µ)

over Ω. The value taken by µ̂ which minimises h(µ) over Ω is precisely the orthogonal
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projection of Y on Ω with respect to the inner product in (4.6) with Σ0 = Σ, so that

for Σ fixed we have that the maximum likelihood estimator µ̂ of µ is equal to the

Gauss-Markov estimator µ̃ = µ̃Σ of µ. Thus if Σ−1 ∈ R is unknown, µ̂, if it exists,

can be found by maximising L(µ̃Σ,Σ | y) in Σ over R:

µ̂ = µ̃Σ̂ with Σ̂ = arg max
Σ−1∈R

L(µ̃Σ,Σ | y)

with L(µ̃Σ̂,Σ | y) usually referred to as the profile likelihood of Σ. Combining this

with Corollary 4.1 we obtain:

Proposition 4.2 Let Y 1 = y1, . . . , Y n = yn be a random sample drawn from a

NV (µ,Σ) distribution with µ ∈ Ω for some Ω ≤ R
V and Σ−1 ∈ R ⊆ S+. Then for

all Σ−1 ∈ R, the least squares estimator µ∗ and the maximum likelihood estimator

µ̂ of µ based on Y 1, . . . , Y n are identical if and only if Σ−1Ω ⊆ Ω.

�

4.2. Invariance under Generator Matrices

Below we show that for RCON and RCOR models, invariance of Ω under Σ−1 is

equivalent to invariance under the generator matrices {T u}u∈V∪E .

Proposition 4.3 For a random sample drawn from a NV (µ,Σ) distribution with

µ ∈ Ω ≤ R
V and Σ−1 ∈ S+(V , E) for some coloured graph G = (V , E),

µ̂ = µ∗ ⇐⇒ T uΩ ⊆ Ω ∀u ∈ V ∪ E .

�

Proof: By Proposition 4.2, µ̂ = µ∗ if and only if Σ−1Ω ⊆ Ω for all Σ−1 ∈ S+(V , E),

so that it suffices to show that Σ−1Ω ⊆ Ω for all Σ−1 ∈ S+(V , E) if and only if
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T uΩ ⊆ Ω for all u ∈ V ∪ E .

By Definition 3.1, all Σ−1 ∈ S+(V , E) can be written in the form

Σ−1 =
∑

u∈V∪E λuT
u with λ ∈ R

V∪E such that Σ−1 is positive definite.

Suppose first that

T uΩ ⊆ Ω ∀u ∈ V ∪ E .

Since Ω is an affine space, we directly obtain that Σ−1Ω ⊆ Ω for all Σ−1 ∈ S+(V , E).

Conversely, suppose Σ−1Ω ⊆ Ω for all Σ−1 ∈ S+(V , E). As S+(V , E) is a relatively

open cone, for all Σ−1 ∈ S+(V , E) and u ∈ V ∪ E there exists νu ∈ R \ {0} such that

Su = Σ−1 + νuT
u ∈ S+(V , E).

By assumption, Σ−1Ω ⊆ Ω and SuΩ ⊆ Ω, so that

(Su − Σ−1)Ω = νuT
uΩ ⊆ Ω.

�

The same result holds for R+(V , E):

Proposition 4.4 For a random sample drawn from a NV (µ,Σ) distribution with

µ ∈ Ω ≤ R
V and Σ−1 ∈ R+(V , E) for some coloured graph G = (V , E),

µ̂ = µ∗ ⇐⇒ T uΩ ⊆ Ω ∀u ∈ V ∪ E .

�

Proof: We again exploit Proposition 4.2, and prove the claim by showing that

Σ−1Ω ⊆ Ω for all Σ−1 ∈ R+(V , E) if and only if T uΩ ⊆ Ω for all u ∈ V ∪ E .
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By Definition 3.2, all Σ−1 ∈ R+(V , E) can be written as

Σ−1 = ACA =
∑

v,w∈V
avawT

vTw +
∑

v,w∈V,
u∈E

cuavawT
vT uTw. (4.8)

where A and C are as in (3.2) such that Σ−1 is positive definite, and for v ∈ V and

u ∈ E we write av for aαα if α ∈ v and cu for cαβ if αβ ∈ u. As for v, w ∈ V ,

T vTw = T v if and only if v = w and T vTw = 0 otherwise, (4.8) simplifies to

Σ−1 =
∑

v∈V
a2vT

v +
∑

v,w∈V,
u∈E

cuavawT
vT uTw. (4.9)

As before, invariance of Ω under T u for all u ∈ V ∪E directly implies invariance of

Ω under all Σ−1 ∈ R+(V , E). So suppose Σ−1Ω ⊆ Ω for all Σ−1 ∈ R+(V , E). Then,

in particular, Ω is invariant under all Σ−1 inside the model which are of the form

Σ−1 = ACA with A = σ2I, σ2 > 0,

represented by the graph colouring ({V }, E), which is clearly edge regular as all

edges connect the only vertex colour class back to itself. By Proposition 3.1 this

implies S+({V }, E) = R+({V }, E) so that by Proposition 4.3,

T uΩ ⊆ Ω ∀u ∈ E .

For the vertex colouring, consider the submodel

Σ−1 = ACA with C = I,
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represented by the empty graph with edge regular colouring (V , ∅). By Proposition

4.3,

T vΩ ⊆ Ω ∀v ∈ V .
�

Definition 4.1 For a coloured graph G = (V , E), let T (G) = {T u | u ∈ V ∪ E}. We

say that Ω ≤ R
V is Ω is G-stable if TΩ ⊆ Ω for all T ∈ T (G) and let the set of

G-stable Ω be denoted by Φ(G).
�

Then Propositions 4.3 and 4.4 may be equivalently phrased as:

Proposition 4.5 For a random sample drawn from a NV (µ,Σ) distribution with

µ ∈ Ω ≤ R
V and Σ−1 ∈ S+(V , E) for some coloured graph G = (V , E), µ̂ = µ∗ if and

only if Ω ∈ Φ(G). The same holds if S+(V , E) is replaced by R+(V , E).
�

4.3. Characterisation of Φ(G)

The goal of this section is a full characterisation of Φ(G), given in Theorem 4.2

below.

4.3.1. Preliminaries

Notation

For a finite dimensional vector space W and W1, . . . ,Wk ≤W we let

+1≤i≤k Wi =W1 + . . .+Wk = {w | ∃ wi ∈Wi for 1 ≤ i ≤ k such that w =
k
∑

i=1

wi}.
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If W = +1≤i≤k Wi and Wj ∩ (+1≤i≤j−1 Wi) = {0} for all 2 ≤ j ≤ k, W is a direct

sum of W1,W2, . . . ,Wk and we write

W =W1 ⊕ . . .⊕Wk =
⊕

1≤i≤k

Wi. (4.10)

For R ≤ W , R⊥ denotes the orthogonal complement of R in W with respect to

the standard inner product

R⊥ = {ω ∈W | (x, ω) = 0 ∀ x ∈ R}.

We say that W1, . . . ,Wk provide an orthogonal decomposition of W in (4.10) if
(

⊕

i 6=j Wi

)⊥
=Wj for 1 ≤ j ≤ k.

For b ⊆ A ⊆ V , we let IA
b : RA →֒ R

b be the embedding

IA
b : ω 7→ x with xα = ωα for α ∈ b.

ΠA
b : RA → R

A denotes the orthogonal projection

ΠA
b : ω 7→ x with xα =















ωα for α ∈ b

0 otherwise

so that
(

ΠA
b

)2
= ΠA

b for all b ⊆ A and

a∩ b = ∅ =⇒ ΠA
aΠ

A
b = 0, and a∩ b = ∅, A = a∪ b =⇒ ΠA

a +ΠA
b = IA

(4.11)

where IA denotes the identity matrix in R
A, which we sometimes also write as I|A|.
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For Ω ≤ R
V , we let

Ωb = {x ∈ R
b | ∃ ω ∈ Ω such that xα = ωα for α ∈ b} ≤ R

b

denote the image of Ω under IV
b , also abbreviated by Ib, and let Ω̃b ≤ R

V the image

of Ω under ΠV
b , also abbreviated by Πb.

Ω̃A
b = {x ∈ ΩA | ∃ ω ∈ ΩA such that xα = ωα for α ∈ b, xα = 0 for α ∈ A \ b} ≤ R

A

denotes the image of ΩA under ΠA
b .

Linear Algebra

Wemake repeated use of the Spectral Theorem (e.g. Theorem 7.27 in Friedberg et al.

(1979) or Theorem 1 in §79 in Halmos (1958)):

Theorem 4.1 (Spectral Theorem) Let T be a symmetric real matrix in R
W×W

and let Λ denote the spectrum of T , containing all eigenvalues of T . Then Λ ⊂

R, and, if for λ ∈ Λ, Eλ denotes the eigenspace corresponding to λ and Πλ the

orthogonal projection on Eλ,

(i) R
W =

⊕

λ∈Λ Eλ

(ii)
(

⊕

λ∈Λ\{λ′}Eλ

)⊥
= Eλ′ , λ′ ∈ Λ

(iii) ΠλΠλ′ = 0 if λ 6= λ′, λ, λ′ ∈ Λ

(iv) I =
∑

λ∈ΛΠλ

(v) T =
∑

λ∈Λ λΠλ.
�

The following is a direct consequence of the Spectral Theorem:
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Lemma 4.2 Let T be a symmetric real matrix in R
W×W with spectrum Λ and for

λ ∈ Λ let Eλ denote the corresponding eigenspace. Then for A ≤ R
W , TA ⊆ A if

and only if there exist Aλ ≤ Eλ for λ ∈ Λ such that

A =
⊕

λ∈Λ
Aλ. (4.12)

�

Proof : We observe first that TA ⊆ A if and only if whenever {ω1, . . . , ωk} is a basis

for A, then span ({Tω1, . . . , Tωk}) ⊆ span ({ω1, . . . , ωk}) = A, and that A satisfies

(4.12) if and only if A has a basis of the form

ωi ∈ Eλi
λi ∈ Λ ∀ 1 ≤ i ≤ k. (4.13)

This directly implies that if A is given by (4.12), then TA ⊆ A since the

basis in (4.13) satisfies span ({Tω1, . . . , Tωk}) = span ({λ1ω1, . . . , λkωk}) ⊆

span ({ω1, . . . , ωk}).

Conversely, suppose TA ⊆ A. Let S denote the restriction of T operating on A.

Then as T is a self-adjoint linear transformation, so is S. Applying The Spectral

Theorem to S then directly gives (4.12).

�

Lemma 4.3 Let G = (V,E) be a bipartite graph with vertex components a and b

and let T denote the adjacency matrix of G. Let Λ denote the spectrum of T and

for λ ∈ Λ let Eλ be the corresponding eigenspace. Then

(Πa −Πb)Eλ = (Πb −Πa)Eλ = E−λ.

�
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Proof : As Eλ is a vector space, clearly

(Πa −Πb)Eλ = (Πb −Πa)Eλ.

For the second equality, let g ∈ Eλ. Then, as T is the adjacency matrix of a

bipartite graph connecting a to b, it has the form

T =







0 B

BT 0






with B ∈ R

a×b, Bαβ =















1 if αβ ∈ E,α ∈ a, β ∈ b

0 otherwise

(4.14)

so that

T (Πag) = λΠbg and T (Πbg) = λΠag.

Hence

T [(Πa −Πb) g] = T (Πag)− T (Πbg)

= λΠbg − λΠag

= −λ (Πa −Πb) g,

giving

(Πa −Πb)Eλ ⊆ E−λ.

By symmetry we also have

(Πa −Πb)E−λ ⊆ Eλ

so that

(Πa −Πb)(Πa −Πb)E−λ = E−λ ⊆ (Πa −Πb)Eλ.

�
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4.3.2. First Properties of Φ(G)

Proposition 4.6 Let G = (V , E) be a coloured graph. Then

(i)

Ω ∈ Φ(G) ⇐⇒ Ω⊥ ∈ Φ(G)

(ii)

Ω1,Ω2 ∈ Φ(G) =⇒ Ω1 ∩ Ω2, Ω1 +Ω2 ∈ Φ(G).

�

Proof : For (i), suppose Ω ∈ Φ(G) and let x ∈ Ω⊥. Then (x, ω) = 0 for all ω ∈ Ω.

So let ω ∈ Ω and consider (Tx, ω) for T ∈ T (G):

(Tx, ω) = (x, T Tω) = (x, Tω) = (x, ω′) = 0

where the last equality follows from the fact that Tω = ω′ ∈ Ω by stability of Ω

under T . This gives that Tx ∈ Ω⊥ for all T ∈ T (G) and all x ∈ Ω⊥, or equivalently

that Ω⊥ ∈ Φ(G). The other direction follows directly from the fact that
(

Ω⊥)⊥ = Ω.

For (ii), let Ω1,Ω2 ∈ Φ(G) and suppose x ∈ Ω1 ∩ Ω2 and y ∈ Ω1 + Ω2. Then

Tx ∈ Ω1 and Tx ∈ Ω2, so that Tx ∈ Ω1 ∩ Ω2, giving Ω1 ∩ Ω2 ∈ Φ(G). Further,

Ty = T (ω1+ω2) = ω′
1+ω

′
2 for ω1, ω

′
1 ∈ Ω1 and ω2, ω

′
2 ∈ Ω2, giving that Ty ∈ Ω1+Ω2,

so that Ω1 +Ω2 ∈ Φ(G).
�

Proposition 4.6 only exploits that all T ∈ T (G) are symmetric. Below we describe

the implications of stability under the generating matrices T u for u ∈ V and u ∈ E .

Vertex Colour Classes

Lemma 4.4 For a coloured graph G = (V , E) and Ω ≤ R
V ,
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T vΩ ⊆ Ω ∀v ∈ V ⇐⇒ Ω =
⊕

v∈V
Ω̃v.

�

Proof : Suppose that T vΩ ⊆ Ω for all v ∈ V . Then Ω̃v ⊆ Ω for all v ∈ V so that

certainly +v∈V Ω̃v ⊆ Ω. Since clearly Ω ⊆ +v∈V Ω̃v, we have Ω = +v∈V Ω̃v. As

further Ω̃v is constantly zero on R
V \v for all v ∈ V , we obtain

Ω =
⊕

v∈V
Ω̃v. (4.15)

Conversely, suppose (4.15) holds. It follows directly that

T vΩ = Ω̃v ⊆ Ω ∀v ∈ V .

�

Edge Colour Classes

For G = (V , E), u ∈ E and v, w ∈ V , let Eu{vw} ⊆ u denote the set of edges inside u

which connect v to w and call the coloured subgraph

Gu{vw} = (V , {Eu{vw}})

which only contains edges in Eu{vw} the u{vw}-subgraph of G. Distinguishing

between the two cases v 6= w and v = w, the adjacency matrix T u{vw} of Gu{vw} can

be directly expressed in terms of T u, T v and Tw,

T u{vw} =















T vT uTw + TwT uT v for v 6= w

T vT uT v for v = w

.
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If we order V such that the vertices in v appear in the ordering first, followed by

the vertices in w, then T u{vw} and T u{vv} equal

T u{vw} =







T [u{vw}] 0

0 0






and T u{vv} =







T [u{vv}] 0

0 0






(4.16)

with T [u{vw}] ∈ R
(v∪w)×(v∪w) being the adjacency matrix of the u{vw}-component

G[u{vw}] = ({v, w}, {Eu{vw}})

of G, which has the same edge set as Gu{vw} but only v∪w as its vertex set. Similarly,

T [u{vv}] ∈ R
v×v is the adjacency matrix of the u{vv}-component

G[u{vv}] = ({v}, {Eu{vv}})

of G, which has the same edge set as Gu{vv} but only v as its vertex set. The zeros

in (4.16) represent matrices of suitable dimensions whose entries are all zero.

Example 4.1 Let G = (V , E) be the graph shown in Figure 4.1(a) with V = [8], V =

{v1, v2, v3} and E = {u1, u2} with v1 = [3] v2 = {4, 5, 6}, v3 = {7, 8}, u1 = {12, 13,

23, 14, 15, 16, 26, 36} and u2 = {47, 57, 67, 68}. The u1{v1v2}-subgraph of G

Gu1{v1v2} = ({{1, 2, 3}, {4, 5, 6}, {7, 8}} , {{14, 15, 16, 26, 36}})

is displayed in Figure 4.1(b) and the three components of G are given in Figure 4.2.

�
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(b) Gu1{v1v2} = ({v1, v2}, {E
u1{v1v2}})

Figure 4.1.: Vertex and edge coloured graph G with one of its u{vw}-subgraphs.
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(c) u2{v2v3}-component.

Figure 4.2.: Components of G.

Lemma 4.5 Let G = (V , E) be a coloured graph and let Ω ≤ R
V be of the form

Ω =
⊕

v∈V Ω̃v. Then for u ∈ E,

T uΩ ⊆ Ω ⇐⇒ T u{vw}Ω ⊆ Ω ∀ v, w ∈ V

⇐⇒ T [u{vw}]Ωv∪w ⊆ Ωv∪w ∀ v, w ∈ V .

�

Proof: We consider the first equivalence claim first. Since for u ∈ E ,

T u = IT uI =

(

∑

v∈V
T v

)

T u

(

∑

w∈V
Tw

)
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=
∑

{v,w}⊆V

(T vT uTw + TwT uT v) +
∑

v∈V
T vT uT v

=
∑

{v,w}⊆V

T u{vw} +
∑

v∈V
T u{vv},

invariance of Ω under T u{vw} for v, w ∈ V clearly implies invariance of Ω under T u.

So suppose that Ω is invariant under T u. Since, by construction, Ω is invariant

under T v for all v ∈ V , Ω is also invariant under T vT uTw and TwT uT v for all

v, w ∈ V . This directly gives that Ω is invariant under (T vT uTw + TwT uT v) for all

v, w ∈ V , or equivalently under T u{vw} for all v, w ∈ V .

The second equivalence claim follows from the relation between T u{vw} and

T [u{vw}] in (4.16).

�

4.3.3. G-Invariance

Combined, Lemma 4.4 and Lemma 4.5 imply:

Proposition 4.7 For G = (V , E) and Ω ≤ R
V , Ω ∈ Φ(G) if and only if

Ω =
⊕

v∈V
Ω̃v (4.17)

and for all u ∈ E, v, w ∈ V,

T [u{vw}]Ωv∪w ⊆ Ωv∪w. (4.18)

�

Proof : By definition, Ω ∈ Φ(G) if and only if T uΩ ⊆ Ω for all u ∈ V ∪E . By Lemma

4.4, T uΩ ⊆ Ω for u ∈ V if and only if (4.17) holds. By Lemma 4.5, T uΩ ⊆ Ω for

u ∈ E if and only if (4.18).
�
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Thus Φ(G) is uniquely determined by the components of G = (V , E). In partic-

ular, Φ(G) is invariant under graph modifications which leave the components of

G invariant. These modifications consist precisely of merging and splitting of edge

colour classes such that edges which lie in the same component and

(a) have the same colour in E never receive different colours

(b) have different colours in E never receive the same colour.

The graph representing the largest model one may obtain in this way never

contains two equally coloured edges between different pairs of vertex colour classes

and thus has an edge regular colouring. By Proposition 3.1, it represents a model

placing the same constraints on the concentrations and partial correlations.

Corollary 4.2 Let G = (V , E) be a coloured graph and let E ′ be an edge colouring

obtained from E by splitting and merging of edge colour classes obeying the principles

in (a) and (b) above. Then for G′ = (V , E ′)

Φ(G) = Φ(G′).

G′ with the finest such colouring is given by G′ = (V , E∗) where in E∗ two edges have

the same colour if and only if they have the same colour in E and connect the same

vertex colour classes in V. (V , E∗) then satisfies

S+(V , E∗) = R+(V , E∗)

and represents the largest RCON model and the largest RCOR model with the same

components as G.
�
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Distinguishing between the two cases v = w and v 6= w, below we obtain a

necessary and sufficient condition on Ωv for v ∈ V for (4.18) to hold.

For u ∈ E , we let Λ[u{vw}] denote the spectrum of T [u{vw}] and let Λ
[u{vw}]
≥0 contain

all non-negative elements of Λ[u{vw}]. For eigenvalue λ ∈ Λ[u{vw}], E[u{vw}]
λ ≤ R

v∪w

is to denote the corresponding eigenspace.

Proposition 4.8 Let u ∈ E and v, w ∈ V. Then

T [u{vw}]Ωv∪w ⊆ Ωv∪w (4.19)

for v = w if and only if there exist A
[u{vv}]
λ ≤ E

[u{vv}]
λ for λ ∈ Λ[u{vv}] such that

Ωv =
⊕

λ∈Λ[u{vv}]

A
[u{vv}]
λ ,

and for v 6= w if and only if there exist A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ

[u{vw}]
≥0 such

that

Ωv = Iv∪w
v







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






and Ωw = Iv∪w

w







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






.

(4.20)

�

Proof : For v = w, the claim is a direct consequence of Lemma 4.2.

For v 6= w, suppose first that Ωv∪w is as in (4.20). It follows that for g ∈ Ωv∪w,

g = Πv∪w
v g +Πv∪w

w g =
∑

λ∈Λ[u{vw}]
≥0

vλ +
∑

λ∈Λ[u{vw}]
≥0

wλ
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for some vλ, wλ ∈ A
[u{vw}]
λ for λ ∈ Λ

[u{vw}]
≥0 . Now

T [u{vw}]g = T [u{vw}]






Πv∪w

v







∑

λ∈Λ[u{vw}]
≥0

vλ






+Πv∪w

w







∑

λ∈Λ[u{vw}]
≥0

wλ













= T [u{vw}]







∑

λ∈Λ[u{vw}]
≥0

Πv∪w
v vλ +

∑

λ∈Λ[u{vw}]
≥0

Πv∪w
w wλ







=
∑

λ∈Λ[u{vw}]
≥0

T [u{vw}]
(

Iv∪w + (Πv∪w
v −Πv∪w

w )

2

)

vλ

+
∑

λ∈Λ[u{vw}]
≥0

T [u{vw}]
(

Iv∪w − (Πv∪w
v −Πv∪w

w )

2

)

wλ

where the last equality follows from (4.11). As vλ, wλ ∈ A
[u{vw}]
λ ≤ E

[u{vw}]
λ , by

Lemma 4.3, we have (Πv∪w
v −Πv∪w

w )vλ, (Π
v∪w
v −Πv∪w

w )wλ ∈ E
[u{vw}]
−λ , giving

T [u{vw}]g =
∑

λ∈Λ[u{vw}]
≥0

(

λIv∪w − λ(Πv∪w
v −Πv∪w

w )

2

)

vλ

+
∑

λ∈Λ[u{vw}]
≥0

(

λIv∪w + λ(Πv∪w
v −Πv∪w

w )

2

)

wλ

=
∑

λ∈Λ[u{vw}]
≥0

λ

(

Iv∪w − (Πv∪w
v −Πv∪w

w )

2

)

vλ

+
∑

λ∈Λ[u{vw}]
≥0

λ

(

Iv∪w + (Πv∪w
v −Πv∪w

w )

2

)

wλ

=
∑

λ∈Λ[u{vw}]
≥0

λΠv∪w
w vλ +

∑

λ∈Λ[u{vw}]
≥0

λΠv∪w
v wλ

∈ Ωv∪w

where we again used (4.11). As g and p are chosen arbitrarily, this establishes (4.19).
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Conversely, suppose (4.19) holds. Then, as Ωv∪w = Ω̃v∪w
v ⊕ Ω̃v∪w

w , the Spectral

Theorem applied to T [u{vw}] gives that for all ω ∈ Ω̃v∪w
v there exist unique ωλ ∈

E
[u{vw}]
λ such that

ω =
∑

λ∈Λ[u{vw}]

ωλ,

and as, by definition of Ω̃v∪w
v , for all x ∈ Ω̃v∪w

v , xα = 0 for α ∈ w, we must have for

ω ∈ Ω̃v∪w
v ,

ω =
(

Πv∪w
v −Πv∪w

w

)

ω

=
(

Πv∪w
v −Πv∪w

w

)





∑

λ∈Λ[u{vw}]

ωλ





=
∑

λ∈Λ[u{vw}]

(

Πv∪w
v −Πv∪w

w

)

ωλ.

By Lemma 4.3,
(

Πv∪w
v −Πv∪w

w

)

ωλ ∈ E
[u{vw}]
−λ ,

so that

ω−λ =
(

Πv∪w
v −Πv∪w

w

)

ωλ

and therefore

Ω̃v∪w
v =

⊕

λ∈Λ[u{vw}]
≥0

(

A
[u{vw}]
λ ⊕

(

Πv∪w
v −Πv∪w

w

)

A
[u{vw}]
λ

)

,

for some A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ

[u{vw}]
≥0 , which gives

Ωv = Iv∪w
v

(

Ω̃v∪w
v

)

= Iv∪w
v







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






.
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Similarly,

Ωw = Iv∪w
w







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






.

�

We are now ready to give our main result in this chapter, which follows from

Proposition 4.7 and Proposition 4.8:

Theorem 4.2 For G = (V , E) and Ω ≤ R
V , Ω ∈ Φ(G) if and only if

Ω =
⊕

v∈V
Ω̃v (4.21)

and for all u ∈ E and all v, w ∈ V there exist A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ[u{vw}]

such that simultaneously

Ωv = Iv∪w
v







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






=

⊕

λ∈Λ[u{vv}]

A
[u{vv}]
λ . (4.22)

�

Proof : To prove the claim, by Proposition 4.7, it suffices to show that condition

(4.22) is equivalent to condition (4.18). This follows from applying Proposition 4.8

to every combination of an edge colour class u ∈ E and a vertex colour class pair

v, w ∈ V .
�

Note the principal difference between Theorem 4.2 and Proposition 4.8. While

Proposition 4.8 gives necessary and sufficient conditions for invariance for only

one component, Theorem 4.2 does so for the entire graph, which is a union of

components. It precisely states that the necessary and sufficient conditions derived in
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Proposition 4.8 must hold for every component in the graph. Thus while Proposition

4.8 gives a condition for Ω ≤ R
V to be stable within a single component, Theorem

4.2 provides for stability within all components and across all components.

Finally we describe the construction of suitable design matrices X of spaces

Ω ∈ Φ(G). For a sequence of real-valued matrices (Mj)j∈J , let diag((Mj)j∈J) denote

the block-diagonal matrix whose jth block is the jth matrix in the sequence. Then:

Proposition 4.9 Let G = (V , E) be a coloured graph and let Ω ∈ Φ(G). Let V+ ⊆ V

be the set of vertex colour classes v in V for which Ωv 6= 0 and let V+ ⊆ V be the

set partitioned by V+. For v ∈ V+, let d
v = dim(Ωv) > 0 and let Xv ∈ R

v×dv be a

matrix whose columns are given by a basis for Ωv. Then

ΩV+ = Im(X) where X = diag((Xv)v∈V+).

�

Proof : By Theorem 4.2, if Ω ∈ Φ(G), then

Ω =
⊕

v∈V
Ω̃v.

For v ∈ V+, by construction of Xv, Ωv = Im(Xv), so that, as

ΩV+ =
⊕

v∈V+

Ω̃v,

ΩV+ = Im
(

diag((Xv)v∈V+)
)

, as claimed.

�
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4.3.4. Example

We illustrate our results by applying them to the graph G displayed in Figure 4.1(a)

in Example 4.1. Applying Proposition 4.8, we first give all stable spaces Ω for each

component, displayed in Figure 4.2, individually and then, using Theorem 4.2, give

all spaces in Φ(G). We abbreviate span({ω1, . . . , ωk}) by 〈ω1, . . . , ωk〉.

Example 4.2 The graph component G[u1{v1v1}] displayed in Figure 4.2(a) in

Example 4.1 has adjacency matrix

T [u1{v1v1}] =











0 1 1

1 0 1

1 1 0











which has spectrum and eigenspaces

Λ[u1{v1v1}] = {−1, 2}, E
[u1{v1v1}]
2 = 〈







1

1

1






〉, E

[u1{v1v1}]
−1 =






〈







1

1

1






〉







⊥

.

If {r, s} =

















r1

r2

r3






,







s1

s2

s3

















is an orthonormal basis for E
[u1{v1v1}]
−1 , by Proposition

4.8, Ωv1 ≤ R
v1 is stable under T [u1{v1v1}] if and only if

Ωv1 = α〈







1

1

1






〉 ⊕ β〈







r1

r2

r3






〉 ⊕ γ〈







s1

s2

s3






〉

with α, β, γ ∈ {0, 1}. Thus Ωv1 is T [u1{v1v1}]-invariant if and only if it contains the

unit vector or is orthogonal to it. All 8 T [u1{v1v1}]-invariant spaces Ωv1 for general r

and s together with Xv1 are given in Table A.1 in Appendix A.
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If G[u1{v1v1}] is regarded as a vertex and edge coloured graph with one compo-

nent only, then we have found all spaces in Φ(G[u1{v1v1}]). In full agreement with

Proposition 4.6, all of them can be grouped into pairs of orthogonal complements

in R
v1 . The diagram in Figure 4.3 summarises the structure of Φ(G[u1{v1v1}]) by

representing each Ω ∈ Φ(G[u1{v1v1}]) by their index in Table A.1 and connecting two

indices whenever one space forms a maximal subset of the other. (In standard lattice

theory terminology, introduced in Section 5.1.2, Figure 4.3 shows the Hasse diagram

of the complete lattice Φ(G[u1{v1v1}]). We have not shown the last mentioned fact,

which however is not difficult to do using Proposition 4.6.)

1

2 3 5

4 6 7

8

@
@

@
@@

�
�
�
��

@
@

@
@@

�
�
�
��

@
@

@
@@

�
�
�
��

@
@

@
@@

�
�
�
��

Figure 4.3.: Structure of Φ(G[u1{v1v1}]).

�

Example 4.3 The graph component G[u1{v1v2}] displayed in Figure 4.2(b) has ad-
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jacency matrix

T [u1{v1v2}] =



























0 0 0 1 1 1

0 0 0 0 0 1

0 0 0 0 0 1

1 0 0 0 0 0

1 0 0 0 0 0

1 1 1 0 0 0



























which, omitting the superscript [u1{v1v2}] for the sake of brevity, has spectrum and

eigenspaces

Λ = {0,±1,±2},

E0 = 〈





















0

0

0

−1

1

0





















,





















0

−1

1

0

0

0





















〉, E1 = 〈





















−1

1

1

−1

−1

1





















〉, E−1 = 〈





















−1

1

1

1

1

−1





















〉, E2 = 〈





















2

1

1

1

1

2





















〉, E−2 = 〈





















−2

−1

−1

1

1

2





















〉.

By Proposition 4.8, Ωv1∪v2 is invariant under T [u1{v1v2}] if and only if

Ωv1 = αB0 ⊕ γB1 ⊕ δB2

Ωv2 = βC0 ⊕ γC1 ⊕ δC2

with α, β, γ, δ ∈ {0, 1} and

B0=〈



















0

−1

1



















〉, B1=〈



















−1

1

1



















〉, B2=〈



















2

1

1



















〉, C0=〈



















−1

1

0



















〉, C1=〈



















1

1

−1



















〉, C2=〈



















1

1

2



















〉.

All 16 possible pairs of Ωv1 and Ωv2 are given in Table A.2 in Appendix A. Table

A.3 in Appendix A gives the relations between µ1, . . . , µ6 corresponding to the spaces
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in Table A.2, together with design matrices Xv1 and Xv2 . If G[u1{v1v2}] is regarded as

a vertex and edge coloured graph with one component only, then we have found all

spaces in Φ(G[u1{v1v2}]), again in full agreement with Proposition 4.6. The structure

of Φ(G[u1{v1v2}]) is summarised in Figure 4.4.
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Figure 4.4.: Structure of Φ(G[u1{v1v2}]).

�

Example 4.4 The adjacency matrix of the component G[u2{v2v3}] displayed in Fi-

gure 4.2(c) is

T [u2{v2v3}] =























0 0 0 1 0

0 0 0 1 0

0 0 0 1 1

1 1 1 0 0

0 0 1 0 0























67



4. Estimation of the Mean under Linear Constraints

which, omitting the superscript [u2{v2v3}] for the sake of brevity, has spectrum and

eigenspaces

Λ = {0,±
√

2 +
√
2,±

√

2−
√
2},

E0 = 〈















−1

1

0

0

0















〉, E√
2+

√
2
= 〈















2−
√
2

2−
√
2

−2 + 2
√
2

(2−
√
2)
√

2 +
√
2

(−4 + 3
√
2)
√

2 +
√
2















〉, E−
√

2+
√
2
= 〈















−(2−
√
2)

−(2−
√
2)

2− 2
√
2

(2−
√
2)
√

2 +
√
2

(−4 + 3
√
2)
√

2 +
√
2















〉

E√
2−

√
2
= 〈















2 +
√
2

2 +
√
2

−(2 + 2
√
2)

(2 +
√
2)
√

2−
√
2

(−4− 3
√
2)
√

2−
√
2















〉, E−
√

2−
√
2
= 〈















−(2 +
√
2)

−(2 +
√
2)

2 + 2
√
2

(2 +
√
2)
√

2−
√
2

(−4− 3
√
2)
√

2−
√
2















〉.

By Proposition 4.8, Ωv2∪v3 is invariant under T [u2{v2v3}] if and only if

Ωv2 = αD0 ⊕ βD√
2+

√
2
⊕ γD√

2−
√
2

Ωv3 = βF√
2+

√
2
⊕ γF√

2−
√
2

with α, β, γ ∈ {0, 1} and

D0 = 〈







−1

1

0






〉, D√

2+
√
2
= 〈







1

1
√
2






〉, D√

2−
√
2
= 〈







1

1

−
√
2






〉,

F√
2+

√
2
= 〈
(

1

−1 +
√
2

)

〉, F√
2−

√
2
= 〈
(

1

−1−
√
2

)

〉.

All 8 possible pairs of Ωv2 and Ωv3 are given in Table A.4 in Appendix A. Table

A.5 in Appendix A gives the relations between µ4, . . . , µ8 corresponding to the spaces

in Table A.4, together with matrices Xv2 and Xv3 . If G[u2{v2v3}] is regarded as a
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4. Estimation of the Mean under Linear Constraints

vertex and edge coloured graph with one component only, then we have found all

spaces in Φ(G[u2{v2v3}]). The structure of Φ(G[u2{v2v3}]) the same as the structure of

Φ(G[u1{v1v1}]), which is represented by the diagram in Figure 4.3.

�

We now combine the constraints of Φ(G) on each of the individual components to

obtain all spaces Ω in Φ(G).

Example 4.5 For G displayed in Figure 4.1(a), by Theorem 4.2, Ω ≤ R
V lies in

Φ(G) if and only if

Ω = Ω̃v1 ⊕ Ω̃v2 ⊕ Ω̃v3

and

Ωv1 =
⊕

λ∈Λ[u1{v1v1}]

A
[u1{v1v1}]
λ = Iv1∪v2

v1







⊕

λ∈Λ[u1{v1v2}]
≥

A
[u1{v1v2}]
λ






(4.23)

Ωv2 = Iv1∪v2
v2







⊕

λ∈Λ[u1{v1v2}]
≥

A
[u1{v1v2}]
λ







= Iv2∪v3
v2







⊕

λ∈Λ[u2{v2v3}]
≥

A
[u2{v2v3}]
λ






(4.24)

Ωv3 = Iv2∪v3
v3







⊕

λ∈Λ[u2{v2v3}]
≥

A
[u2{v2v3}]
λ






(4.25)

for some A
[ui{vjvk}]
λ as in Theorem 4.2 for 1 ≤ i, j ≤ 2 and 1 ≤ k ≤ 3. Note how a

choice for A
[u1{v1v1}]
λ limits the possibilities for A

[u1{v1v2}]
λ in order for (4.23) to be

satisfied. Once A
[u1{v1v2}]
λ are chosen, in order for (4.24) to hold, A

[u2{v2v3}]
λ must be

chosen accordingly, which, by (4.25), uniquely determines Ωv3 .

69



4. Estimation of the Mean under Linear Constraints

We begin by considering the constraints imposed on Ωv1 by the component pair

G[u1{v1v1}] and G[u1{v1v2}]. Consulting Table A.1 for G[u1{v1v1}], and Tables A.2 and

A.3 for G[u1{v1v2}], we obtain the only compatible possibilities to be

1. Ωv1 = 0, Ωv2 = 0

2. Ωv1 = 0, Ωv2 = 〈







−1

1

0






〉

3. Ωv1 = 〈







0

−1

1






〉, Ωv2 = 0

4. Ωv1 = 〈







0

−1

1






〉, Ωv2 = 〈







−1

1

0






〉

5. Ωv1 =






〈







0

−1

1






〉







⊥

, Ωv2 =






〈







−1

1

0






〉







⊥

6. Ωv1 =






〈







0

−1

1






〉







⊥

, Ωv2 = R
v2

7. Ωv1 = R
v1 , Ωv2 =






〈







−1

1

0






〉







⊥

8. Ωv1 = R
v1 , Ωv2 = R

v2 .

Considering the component pair G[u1{v1v2}] and G[u2{v2v3}] gives the following four

compatible combinations for Ωv2 and Ωv3

1. Ωv2 = 0, Ωv3 = 0
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4. Estimation of the Mean under Linear Constraints

2. Ωv2 = 〈







−1

1

0






〉, Ωv3 = 0

3. Ωv2 =






〈







−1

1

0






〉







⊥

, Ωv3 = R
v3

4. Ωv2 = R
v2 , Ωv3 = R

v3 .

Forming the intersection, Ω = Ω̃v1 ⊕ Ω̃v2 ⊕ Ω̃v3 ∈ Φ(G) if and only if Ωv1 , Ωv2 and

Ωv3 fall into one of the following cases

1. Ωv1 = 0, Ωv2 = 0, Ωv3 = 0

2. Ωv1 = 〈







0

−1

1






〉, Ωv2 = 0, Ωv3 = 0

3. Ωv1 = 0, Ωv2 = 〈







−1

1

0






〉, Ωv3 = 0

4. Ωv1 = 〈







0

−1

1






〉, Ωv2 = 〈







−1

1

0






〉, Ωv3 = 0

5. Ωv1 =






〈







0

−1

1






〉







⊥

, Ωv2 =






〈







−1

1

0






〉







⊥

, Ωv3 = R
v3

6. Ωv1 = R
v1 , Ωv2 =






〈







−1

1

0






〉







⊥

, Ωv3 = R
v3

7. Ωv1 =






〈







0

−1

1






〉







⊥

, Ωv2 = R
v2 , Ωv3 = R

v3
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8. Ωv1 = R
v1 , Ωv2 = R

v2 , Ωv3 = R
v3.

The corresponding design matrices X are given by

1. X not defined.

2. X = Xv1 =







0

−1

1






; Xv2 and Xv3 not defined.

3. X = Xv2 =







−1

1

0






; Xv1 and Xv3 not defined.

4. X = diag(Xv1 , Xv2) = diag













0

−1

1






,







−1

1

0












; Xv3 not defined.

5. X = diag













1 0

1 1

1 1






,







1 1

1 1

1 0






, I2







6. X = diag






I3,







1 1

1 1

1 0






, I2







7. X = diag













1 0

1 1

1 1






, I3, I2







8. X = I8

giving the corresponding maximum likelihood estimates, based on a sample Y 1 =

y1, . . . , Y n = yn, to be

1.

µ̂i = 0 for 1 ≤ i ≤ 8
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2.

µ̂i =































0 for i = 1, 4, 5, 6, 7, 8

∑n
j=1(y

j
2 − yj3)/2n for i = 2

∑n
j=1(y

j
3 − yj2)/2n for i = 3

3.

µ̂i =































0 for i = 1, 2, 3, 6, 7, 8

∑n
j=1(y

j
4 − yj5)/2n for i = 4

∑n
j=1(y

j
5 − yj4)/2n for i = 5

4.

µ̂i =































0 for i = 1, 6, 7, 8

∑n
j=1(y

j
i − yji+1)/2n for i = 2, 4

∑n
j=1(y

j
i − yji−1)/2n for i = 3, 5

5.

µ̂i =































∑n
j=1 y

j
i /n for i = 1, 6, 7, 8

∑n
j=1(y

j
i + yji+1)/2n for i = 2, 4

∑n
j=1(y

j
i + yji−1)/2n for i = 3, 5

6.

µ̂i =















∑n
j=1 y

j
i /n for i = 1, 2, 3, 6, 7, 8

∑n
j=1(y

j
4 + yj5)/2n for i = 4, 5

7.

µ̂i =















∑n
j=1 y

j
i /n for i = 1, 4, 5, 6, 7, 8

∑n
j=1(y

j
2 + yj3)/2n for i = 2, 3
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4. Estimation of the Mean under Linear Constraints

8.

µ̂i =
n
∑

j=1

yji /n for 1 ≤ i ≤ 8.

Note how all mean spaces Ω in Φ(G) can be grouped into orthogonal complements

in R
v1 ⊕ R

v2 ⊕ R
v3 . The structure of Φ(G) is given in Figure 4.5.

1

632 7
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Figure 4.5.: Structure of Φ(G).

�

4.4. Equality Constraints on the Mean

Theorem 4.2 gave a necessary and sufficient condition for Ω ≤ R
V to lie inside Φ(G)

for a coloured graph G = (V , E). In this section we consider the special case of spaces

Ω which are constant on given subsets of V , corresponding to equality constraints

on the entries of the mean vector µ. More precisely, we consider spaces of the form

Ω(M) = {µ ∈ R
V | µα = µβ whenever α ≡ β (M)}
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4. Estimation of the Mean under Linear Constraints

or equivalently,

Ω(M) =
⊕

η∈M
Ω̃η with Ωη = 〈eη〉 ∀ η ∈ M (4.26)

for partitions M of V , where eη ∈ R
η denotes the constant vector whose entries

are all equal to one. We will show that for such Ω, conditions (4.21) and (4.22) in

Theorem 4.2 translate into regularity conditions on M and (V , E).

4.4.1. Equitable Partitions

Equitable partitions were first introduced by Sachs (1966):

Definition 4.2 (Sachs) Let G = (V,E) be an undirected graph. Then a partition

V of V is called equitable with respect to G if for all v ∈ V , α, β ∈ v,

|ne(α) ∩ w| = |ne(β) ∩ w| ∀ w ∈ V .

�

The following directly follows from the definition of equitable partitions:

Lemma 4.6 Let G = (V,E) be an undirected graph. Then V is equitable with respect

to G if and only if for all W ⊆ V, W is equitable with respect to GW = (W,EW )

where W = ∪w∈Ww.

�

Lemma 4.7 Let G = (V,E) be an undirected graph with adjacency matrix T and

let V be a partition of V . Then TΩ(V) ⊆ Ω(V) if and only if V is equitable with

respect to G.

�
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Proof : Let x ∈ Ω(V) and consider the action of T on x. For α ∈ V ,

(Tx)α =
∑

β∈ne(α)
xβ =

∑

v∈V

∑

β∈ne(α)∩v
xβ.

As, by assumption, x is constant on each set v ∈ V , taking the value xv say, the

above simplifies to

(Tx)α =
∑

v∈V
|ne(α) ∩ v|xv. (4.27)

Now (Tx) ∈ Ω(V) if and only if (Tx)α = (Tx)β whenever α ≡ β (V). By (4.27)

this happens if and only if

|ne(α) ∩ v| = |ne(β) ∩ v| ∀ v ∈ V ,

i.e. if and only if V is equitable with respect to G as claimed.

�

For an alternative, and essentially equivalent, proof in the framework of Algebraic

Graph Theory we refer to Chan and Godsil (1997, Lemma 2.2). We deduce:

Lemma 4.8 Let G = (V , E) be a vertex coloured graph. Let T be the adjacency

matrix of G = (V,E), let Λ denote the spectrum of T and for λ ∈ Λ let Eλ be the

eigenspace of λ. Then there exist Aλ ≤ Eλ for λ ∈ Λ such that

Ω(V) =
⊕

λ∈Λ
Aλ

if and only if V is equitable with respect to G.

�

Proof : By Lemma 4.7, V is equitable with respect to G if and only if TΩ(V) ⊆ Ω(V).

The claim then follows directly from Lemma 4.2.
�
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4.4.2. Vertex Regular Colourings

The analogue of equitable partitions for vertex coloured graphs are vertex regular

graph colourings for vertex and edge coloured graphs, which we define below.

Definition 4.3 For G = (V , E) we say that (V , E) is vertex regular if V is equitable

with respect to Gu = (V, u) for all u ∈ E .
�

Vertex regular colourings can be characterised by the following two properties:

Lemma 4.9 A graph colouring (V , E) is vertex regular if and only if for all u ∈ E

and v, w ∈ V, all u{vv}-components are regular and all u{vw}-components are bi-

regular.

�

Proof : For α ∈ V and u ∈ E let

neu(α) = {β | αβ ∈ u}. (4.28)

Then, by Definition 4.3, (V , E) is vertex regular if and only if for all u ∈ E , v, w ∈ V ,

|neu(α) ∩ w| = |neu(β) ∩ w| ∀ α, β ∈ v. (4.29)

For v = w condition (4.29) is equivalent to all u{vv}-components being regular, for

v 6= w (4.29) is equivalent to all u{vw}-components being bi-regular.

�

Proposition 4.10 A graph colouring (V , E) is vertex regular if and only if for all

W ⊆ V, (W, EW) is vertex regular, where EW = {u ∩ EW }u∈E and W = ∪w∈Ww.

�
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Put in words, (V , E) is vertex regular if and only if any collection of vertex colour

classes induces a vertex regular colouring.

Proof of Proposition 4.10: If (W, EW) is vertex regular for all W ⊆ V , then clearly

(V , E) is vertex regular as EV = E . So suppose that (V , E) is vertex regular. By

Lemma 4.9, for all u ∈ E and v, w ∈ V , all u{vv}-components are regular and

all u{vw}-components are bi-regular. Since (V , E) and (W, EW) agree in their

components for all W ⊆ V , (W, EW) must be vertex regular colouring for all W ⊆ V .
�

4.4.3. G-Invariance

Theorem 4.3 Let G = (V , E) be a vertex and edge coloured graph and let M be a

partition of V . Then Ω(M) ∈ Φ(G) if and only if

(i) M ≤ V

(ii) (M, E) is vertex regular.

�

Proof : By Theorem 4.2, Ω ∈ Φ(G) for G = (V , E) if and only if

Ω =
⊕

v∈V
Ω̃v (4.30)

and for all u ∈ E and all v, w ∈ V there exist A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ[u{vw}]

such that

Ωv = Iv∪w
v







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






=

⊕

λ∈Λ[u{vv}]

A
[u{vv}]
λ . (4.31)
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By definition of Ω(M) in (4.26),

Ω(M) =
⊕

v∈V
Ω̃v

if and only if M ≤ V , which is precisely condition (i) in the claim. So to prove the

result we need to show that for M ≤ V , (M, E) is vertex regular if and only if there

exist A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ[u{vw}] such that (4.31) becomes

Ωv =
⊕

η⊆v

Ω̃v
η, Ωη = 〈eη〉 ∀ v ∈ V .

So assume M ≤ V , or equivalently that every set in V is a union of sets in M.

For v, w ∈ V let Mv denote the partition of v induced by M and similarly for

v ∪ w and Mv∪w. Then, by definition of vertex regularity and Proposition 4.10,

(M, E) is vertex regular if and only if for all v, w ∈ V , Mv is equitable with respect

to all u{vv}-components of G = (V , E) and Mv∪w is equitable with respect to all

u{vw}-components of G = (V , E).

Thus, by Lemma 4.8 applied to each component individually, (M, E) is vertex

regular if and only if for all u ∈ E and all v ∈ V there exist A
[u{vv}]
λ ≤ E

[u{vv}]
λ for

λ ∈ Λ[u{vv}] such that

Ω(Mv) =
⊕

λ∈Λ[u{vv}]

A
[u{vv}]
λ (4.32)

Together Lemma 4.3 and Lemma 4.8 give that for all u ∈ E and all v, w ∈ V there

exist A
[u{vw}]
λ ≤ E

[u{vw}]
λ for λ ∈ Λ[u{vw}] such that

Ω(Mv∪w) =
⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ (4.33)
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if and only if (M, E) is vertex regular. Combining (4.32) and (4.33) we obtain that

there exist A
[u{vv}]
λ ≤ E

[u{vv}]
λ for λ ∈ Λ[u{vv}] such that for all v ∈ V ,

Ωv = Iv∪w
v







⊕

λ∈Λ[u{vw}]
≥0

A
[u{vw}]
λ






=

⊕

λ∈Λ[u{vv}]

A
[u{vv}]
λ =

⊕

η⊆v

Ω̃v
η

for Ωη = 〈eη〉 if and only if (M, E) is vertex regular.

�

Note that if M is the partition {{α}}α∈V of V into singletons, corresponding to

Ω(M) = R
V , and thus an unrestricted mean µ, then M is finer than any vertex

colouring V and (M, E) is vertex regular for any edge colouring E . Thus M always

satisfies the two conditions in Theorem 4.3, which conforms with the fact that we

always have equality of estimators µ̂ = µ∗ for an unrestricted mean µ.

Further, by Proposition 4.6, if Ω(M) ∈ Φ(G), then Ω(M)⊥ ∈ Φ(G) with

Ω(M)⊥ = {µ ∈ R
V |
∑

α∈η
µα = 0, ∀ η ∈ M}.

Thus all hypotheses in Section 2.3.1 which restricted the mean, namely all except

Hvc, either equal µ ∈ Ω(M) or µ ∈ Ω(M)⊥ for a partition M of V which satisfies

the conditions in Theorem 4.3.

A well-known example of when condition (i) in Theorem 4.3 is violated is the

Behrens-Fisher problem (Behrens, 1929; Fisher, 1939). The problem, in its original

univariate form, concerns testing the equality of the means µ1 and µ2 based on

two samples Y 1
1 , . . . , Y

m
1 and Y 1

2 , . . . , Y
n
2 with different variances σ21 and σ22. If it is

assumed that µ1 = µ2 = µ, the likelihood function may have multiple local maxima

in µ, so that standard statistical inference results cease to hold (e.g. Scheffé, 1944).
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(Many alternative solutions have been developed over time, see e.g. Scheffé (1943)

for the univariate case and Bennett (1951) for the multivariate generalisation, also

summarised in Anderson (1984, Section 5.5). For more recent, algebraic, treatments,

see Drton (2008) for the univariate and Buot et al. (2007) for the multivariate case.)

The Behrens-Fisher problem can be formulated in our framework, as, in our

notation, the goal is to maximise the likelihood of a sample drawn from







Y1

Y2






∼ N2(µ,Σ), µ ∈ Ω(M), Σ−1 ∈ S+(V , E) = R+(V , E) (4.34)

with M = {{1, 2}}, V = {{1}, {2}} and E = ∅. We give the corresponding graph

colourings in Figure 4.6.

1 2u u

(a) (V, E)

1 2
∗ ∗u u

(b) (M, E)

Figure 4.6.: The Behrens-Fisher problem.

Clearly M 6≤ V , so that, by Theorem 4.3, we do not have equality of estimators

µ∗ = µ̂. Indeed, this is the simplest example of a graphical Gaussian model with

symmetry constraints violating condition (i) in Theorem 4.3.

Looking back at Example 4.5 with coloured graph G = (V , E) displayed in Figure

4.1(a), we observe that the G-stable spaces Ω which are determined by equality

constraints precisely correspond to refinements M of the vertex colouring V which

give rise to vertex regular graph colourings (M, E).

These are the singleton partition M1 = {{1}, {2}, . . . , {8}}, giving µ ∈ R
V , and

M2 = {{1}, {2, 3}, {4, 5}, {6}, {7}, {8}} corresponding to µ ∈ R
V subject to µ2 = µ3

and µ4 = µ5. The graph colourings (M1, E) and (M2, E) are given in Figure 4.7.
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(b) (M2, E)

Figure 4.7.: Vertex regular colourings of graph G displayed in Figure 4.1(a).

Theorem 4.3 further implies the following for RCOP models:

Corollary 4.3 Let G = (V , E) be the coloured graph of an RCOP model generated

by permutation group Γ ≤ Aut(G). Then Ω(V) ∈ Φ(G).
�

For the proof we require the following preliminary result.

Lemma 4.10 Let G = (V,E) be a graph and let Γ ≤ Aut(G) have vertex orbits V

and edge orbits E. Then (V , E) is vertex regular.

�

Proof: We showed in the proof of Proposition 3.2 in Section 2.3.1 that (V , E) is

edge regular, so that whenever two edges are of equal colour in E , they connect the

same vertex colour classes in V .

If α, β ∈ V are two equally coloured vertices in V , then, by assumption, there

exists a permutation σ ∈ Γ which maps α to β leaving (V , E) invariant, so that α

and β must have the same degree in every edge colour class. For neu(α) as in (4.28),

the above imply |neu(α)∩ v| = |neu(β)∩ v| for all v ∈ V and all pairs α, β ∈ V with

α ≡ β (V), which is precisely the definition of vertex regularity for (V , E).
�
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4. Estimation of the Mean under Linear Constraints

Proof of Corollary 4.3: It suffices to show that M = V satisfies conditions (i) and

(ii) in Theorem 4.3. (i) trivially holds, and (ii) has been shown in Lemma 4.10.

�

In the next chapter we will show that for every coloured graph G = (V , E), there

exists a unique coarsest partition M of V such that Ω(M) ∈ Φ(G).

4.5. Comparative Experiments

We illustrate the result in Theorem 4.3 by applying it to the design of comparative

experiments which ensure mean treatment effects to be estimable by their least

squares estimator if the response is assumed to follow a Gaussian distribution.

Suppose we wish to estimate mean treatment effects (τt)t∈T of a set of treatments

T with |T | > 1 by applying them to experimental sites labelled by V which are

arranged in a grid with row set R and column set C. After treatments are applied

to the sites, the response Y = (Yα)α∈V is measured, assuming that

Y ∼ NV (µ,Σ) with E(Yα) = µα = τT (α), α ∈ V (4.35)

where T (α) denotes the treatment which has been applied to site α. If T is the

partition of V , or treatment allocation, given by

α ≡ β (T ) ⇐⇒ T (α) = T (β), α, β ∈ V.

then (4.35) may be equivalently expressed as

Y ∼ NV (µ,Σ) with µ ∈ Ω(T ).
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4. Estimation of the Mean under Linear Constraints

Suppose further that while the value of Σ ∈ S+ is unknown, the nature of the

experiment, for instance the physical layout of the experimental sites, suggests (i)

Var(Yα|YV \{α}) to be constant for all α ∈ V , (ii) the response Yα at any given site α

to be conditionally independent of the remaining variables given Yβ for β lying next

to α, and (iii) the non-zero concentrations to be constant within rows and constant

within columns.

If the response at the first and last site in each row are assumed to be uncorrelated,

we are in the setting of a homogeneous nearest-neighbour lattice scheme, as it was first

defined by Besag (1974) as a special case of the nearest-neighbour system introduced

by Whittle (1963) and Bartlett (1955, Section 2.2). If the response at the first and

last site in each row, and similarly column, are assumed to be subject to the same

dependence as all nearest neighbours within rows, and similarly columns, following

Besag and Moran (1975), we refer to the dependence structure as a homogeneous

nearest-neighbour torus scheme.

Such assumptions are common in spatial statistics based on random Markov fields

(Whittle, 1954; Ripley, 1981, 1988), with a classic application lying in modelling the

yield of agricultural plots (Besag, 1974; Besag and Higdon, 1999).

In order to allow for row and column effects on the mean response, it is sensible

to only consider treatment allocations T in which each treatment is applied in each

row and column equally often. The simplest way in which this can be satisfied is if

|R| = |C| = |T | and each treatment appears in each row and each column precisely

once, in which case treatments are allocated according to a Latin square design

(Bailey, 2008, Section 6.2).

The question we address in this section is how treatments should be allocated in

the above settings in order for the maximum likelihood estimator τ̂ of the mean
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4. Estimation of the Mean under Linear Constraints

treatment effects τ is to equal its least squares estimator τ∗. Applying Theorem 4.3,

we show that while suitable Latin square designs exist for the lattice scheme only

for |T | = 2, for a torus scheme suitable designs can be constructed for T of all sizes.

4.5.1. Homogeneous Nearest-Neighbour Lattice Scheme

For α ∈ V = R × C, let neR(α) denote the immediate neighbourhood of the site

labelled α in its row and similarly for neC(α). If we let N(α) = neR(α) ∪ neC(α),

then a nearest-neighbour lattice scheme assumes (i) Var(Yα|YV \{α}) to be constant

for all α ∈ V , and (ii) Yα to be conditionally independent of YV \(N(α)∪{α}) given

YN(α). A homogeneous nearest-neighbour lattice scheme assumes the dependence

structure to be independent of the position in the grid, up to boundary effects.

Thus, a homogeneous nearest-neighbour lattice scheme restricts Σ−1 ∈ S+ to be

of the form

[

(Σl)−1
]

αβ
=















































κ2 if α = β

ρl1κ
2 if β ∈ neR(α)

ρl2κ
2 if β ∈ neC(α)

0 otherwise

(where we add the superscript l for ‘lattice’). If we let

El
R = {αβ | α, β ∈ V, β ∈ neR(α)} El

C = {αβ | α, β ∈ V, β ∈ neC(α)}

then the dependence structure can be represented by a coloured graph G = (V , E)
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with V = {V } and

E =















































{El
R, E

l
C} for ρl1 6= ρl2, ρ

l
1, ρ

l
2 6= 0

{El
R ∪ El

C} for ρl1 = ρl2 6= 0

{El
C} for ρl1 = 0, ρl2 6= 0

{El
R} for ρl1 6= 0, ρl2 = 0

where we discard the possibility of an empty edge set as it corresponds to Σ = σ2I,

as then we always have τ̂ = τ∗ by default.

We give G = (V , E) for |R| = 3 and |C| = 4 in Figure 4.8. As all vertices are of

equal colour, we omit asterisks for ease of exposition. Note that because all vertices

are collected in one colour class, we have S+(V , E) = R+(V , E).

u u u

u u u u

u u u u

u

(a) G = ({V }, {El
R, E

l
C})

u u u

u u u u

u u u u

u

(b) G = ({V }, El
R ∪ El

C)

u u u

u u u u

u u u u

u

(c) G = ({V }, {El
C})

u u u

u u u u

u u u u

u

(d) G = ({V }, {El
R})

Figure 4.8.: Homogeneous nearest-neighbour lattice schemes.

Proposition 4.11 Let G = (V , E) be the coloured graph of a homogeneous nearest-
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4. Estimation of the Mean under Linear Constraints

neighbour lattice scheme. Then there exists a treatment allocation T according to a

|T | × |T | Latin square such that Ω(T ) ∈ Φ(G) if and only if |T | = 2.

�

Proof : In order to prove the claim, by Theorem 4.3, it suffices to show that for T

giving rise to a Latin square design and E being equal to any of {El
R, E

l
C}, {El

R∪El
C},

{El
R}, {El

C}, (T , E) is vertex regular if only if |T | = 2.

A lattice has three kinds of vertices: firstly, the corner vertices of degree two;

secondly, the boundary vertices which are not corner vertices, which have degree

three; and finally, the off-boundary vertices of degree four. Let E be any of {El
R, E

l
C},

{El
C}, and {El

R}. If α ∈ V is a corner vertex, then α has degree one in every edge

colour class in E . In order for (T , E) to be vertex regular, this must be true for each

vertex inside the same set as α in T . Thus if α is not a singleton in T (in which

case we have |T | = 1), then any vertex β in the same set as α in T must be a corner

vertex as well. However as every treatment appears exactly once in every row and

column, β must be the corner vertex lying diagonally opposite α in G, giving |T | = 2.

For E = {El
R ∪ El

C}, as before, let α be in a corner vertex in V . Then α has

degree two in the only edge colour class in the graph. This must be true for all

other vertices β inside the same set as α in T , and as T describes a Latin square

design, β must be the corner vertex lying diagonally opposite α in V . Again we

obtain |T | = 2.

�

The corresponding coloured graphs G = (T , E) are given in Figure 4.9. The edge

colouring E represents the restrictions on Σ−1 while the vertex colouring T represents

the allocation of treatments.
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(a) G = (T , {El
R, E

l
C})

∗∗

∗

∗

∗∗

u
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u

(b) G = (T , {El
R ∪El

C})

∗∗

∗

∗

∗∗

u

uu

u

(c) G = (T , {El
C})

∗∗

∗

∗

∗∗

u

uu

u

(d) G = (T , {El
R})

Figure 4.9.: Latin square design for homogeneous nearest-neighbour lattice scheme.

4.5.2. Homogenous Nearest-Neighbour Torus Scheme

If additionally there is a carryover effect from the end of a row to its beginning and

similarly for the columns, for example if the sites are physically arranged on a torus,

Σ−1 will be restricted according to what, following Besag and Moran (1975), we

define to be a homogeneous nearest-neighbour torus scheme. It is given by assuming

[

(Σt)−1
]

αβ
=















































κ2 if α = β

ρt1κ
2 if β ∈ NeR(α)

ρt2κ
2 if β ∈ NeC(α)

0 otherwise

(where we add the superscript t for ‘torus’ and) where NeR(α) and NeC(α) denote

the immediate neighbourhoods of α ∈ V within its row and column respectively if

the first and last vertex in each row are connected, as are the first and last vertex

in each column. If

Et
R = {αβ | α, β ∈ V, β ∈ NeR(α)} Et

C = {αβ | α, β ∈ V, β ∈ NeC(α)}
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the corresponding coloured graph G = (V , E) is given by V = {V } and

E =















































{Et
R, E

t
C} for ρt1 6= ρt2, ρ

t
1, ρ

t
2 6= 0

{Et
R ∪ Et

C} for ρt1 = ρt2 6= 0

{Et
C} for ρt1 = 0, ρt2 6= 0

{Et
R} for ρt1 6= 0, ρt2 = 0

The graphs for |R| = 3 and |C| = 4 are given in Figure 4.10. For ease of exposition,

in our display we indicate edges between first and last vertices in rows and columns

by half edges which point outside the plot. The halves are then assumed to join up

to a full edge. Just as for lattice schemes, we have S+(V , E) = R+(V , E).

u u u

u u u u

u u u u

u

(a) G = ({V }, {Et
R, E

t
C})

u u u

u u u u

u u u u

u

(b) G = ({V }, {Et
R ∪Et

C})

u u u

u u u u

u u u u

u

(c) G = ({V }, {Et
C})

u u u

u u u u

u u u u

u

(d) G = ({V }, {Et
R})

Figure 4.10.: Homogeneous nearest-neighbour torus schemes.
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Section 6.2 in Bailey (2008) describes various construction algorithms for Latin

squares. One of them is the cyclic method, in which the consecutiveness of treat-

ments is fixed and the treatments are applied in this order to each row with a

constant shift of one. To give an example, let T = {t1, t2, t3} and let V be given

by a 3 × 3 grid. Then a Latin square can be constructed by the cyclic method by

applying treatments (t1, t2, t3) to the first row, treatments (t3, t1, t2) to the second

row and treatments (t2, t3, t1) to the third row in that order. Clearly, each treatment

appears precisely once in each row and column.

Proposition 4.12 Let G = (V , E) be the coloured graph of a homogeneous nearest-

neighbour torus scheme. Then if T is a treatment allocation according to a |T |× |T |

cyclic Latin square, then Ω(T ) ∈ Φ(G) for all |T | > 1.

�

Proof : In order to prove the claim, by Theorem 4.3, it suffices to show that for T

corresponding to a cyclic Latin square design and E being equal to any of {Et
R, E

t
C},

{Et
R ∪ Et

C}, {Et
R}, {Et

C}, (T , E) is vertex regular for all |T | > 1.

If E is any of {El
R, E

l
C}, {El

C}, and {El
R}, then clearly (T , E) is vertex regular,

as the adjacencies between the treatments are identical in each row and column by

construction. For E = {El
R ∪ El

C}, it suffices to consider the example displayed in

Figure 4.11. Figure 4.11(a) displays a cyclic Latin square design for |T | = 4. The

labelling of vertices by asterisks to indicate their colour class is omitted for the sake

of legibility.

To show that (T , E) is vertex regular in this case, we need to show that each graph

component G[E{vw}] has constant degree in v and in w respectively, for all v, w ∈ T .

This holds, as either G[E{vw}] is isomorphic to the graph in Figure 4.11(b), or it is

empty.
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u u u u
u u u u
u u u u
u u u u

(a) (T , E)

u u u u
u u u u
u u u u
u u u u

(b) G[E{vw}]

Figure 4.11.: Latin square design for homogeneous nearest-neighbour torus scheme.

�

Note that Propositions 4.11 and 4.12 remain unchanged if instead of (Σ−1)αα =

(Σ−1)ββ for all α, β ∈ V we assume that (Σ−1)αα = (Σ−1)ββ whenever T (α) = T (β).

This is because for V = {V }, G = (V , E) and T satisfy conditions (i) and (ii) in

Theorem 4.3 if and only if G′ = (T , E) and T do, for any partition T of V .
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5. Structures of Model Classes

In the previous chapters we identified three colouring regularities which

correspond to statistically desirable properties in the represented RCON and

RCOR models. Edge regular colourings (see Definition 3.4 in Section 3.4) ensure

S+(V , E) = R+(V , E), while vertex regular colourings (see Definition 4.3 in Section

4.4.2) guarantee a model mean subject to equality constraints to be estimable by its

least squares estimate. Permutation generated colourings (Definition 3.6 in Section

3.4.1), representing RCOP models in the terminology of Højsgaard and Lauritzen

(2008), are equipped with both properties and additionally allow a particularly

simple maximisation of the likelihood function. A fourth statistically meaningful

colouring regularity is given by the intersection of vertex and edge regular

colourings, which, following Siemons (1983), we term to be regular.

Motivated by the need for model selection methods for RCON and RCOR models

this chapter is devoted to the study of the structure of RCON and RCOR models,

and the model classes corresponding to the above colouring regularities. The moti-

vation to study the latter is threefold: firstly, we demonstrate that the number of

RCON and RCOR models grows dramatically with the number of variables, so that

smaller model search spaces are desirable. Secondly, generic equality constraints of

RCON and RCOR models are generally not readily interpretable and, lastly, do not

guarantee the corresponding model to have any particular statistical properties.
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5. Structures of Model Classes

The main results presented in this chapter are that each of the model classes

forms a non-distributive lattice of models and the identification of their meet and

join operations (Theorems 5.2, 5.3, 5.4, 5.5). They are established by showing that

each model class is stable under model intersection, which gives the shared meet

operation, and by demonstrating that whenever a model does not fall inside a given

class there is a unique smallest larger model which does, giving the distinct join

operations.

Most of the presented results, partially also to be found in Gehrmann (2011),

are of combinatorial or graph theoretic nature. Their interpretation and practical

implications for model selection are deferred to the next chapter.

5.1. Preliminaries

5.1.1. Notation

We let UV denote the set of undirected graphs with vertex set V , and let S+
V be the

set of symmetric positive definite V × V matrices. SG
V = {S+(G) | G ∈ UV } is to

denote the family of mean-zero graphical Gaussian models with variable set V , and

FV the set of their factor graphs. For a discrete set S we let P (S) denote the power

set of S and P(S) the set of partitions of S.

In order to keep our exposition readable, in this chapter we identify the set

of coloured graphs on vertex set V with the set of graph colourings of UV and

denote both by CV . The two sets are clearly isomorphic and whether we are

referring to a graph colouring or coloured graph shall be determined by context.

For G = (V , E) ∈ CV , G = (V,E) ∈ UV denotes the underlying uncoloured graph.

We let SG
V = {S+(V , E) | (V , E) ∈ CV } and RG

V = {R+(V , E) | (V , E) ∈ CV } denote
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5. Structures of Model Classes

the sets of corresponding sets of RCON and RCOR models with variable set V . FV

is to denote the set of coloured factor graphs of RCON and RCOR models, as well

as the set of colourings of FV . For GF = (V ∪N , EF ) ∈ FV , GF = (V ∪N,EF ) ∈ FV

denotes the underlying uncoloured factor graph.

5.1.2. Partially Ordered Sets and Lattices

A binary relation ρ on a set A is a subset of A×A with two elements a, b ∈ A being

in relation with respect to ρ if (a, b) ∈ ρ, denoted by a ρ b. If a binary relation ρ

satisfies (P1)-(P3) below for all a, b, c ∈ A, it is a partial ordering relation and A is

a partially ordered set or poset, which we also denote by 〈A;≤〉.

(P1) Reflexivity: a ρ a

(P2) Antisymmetry: a ρ b and b ρ a ⇒ a = b

(P3) Transitivity: a ρ b and b ρ c ⇒ a ρ c

If 〈A;≤〉 is a poset and B is a nonempty subset of A, then ‘≤’ is also a partial

ordering on B and we call 〈B;≤〉 a subposet of 〈A;≤〉. ’≤’ is our generic symbol for

a partial ordering. Which ordering is meant will be determined by context.

For H ⊆ A and a ∈ A, a is an upper bound of H if h ≤ a for all h ∈ H. An upper

bound a of H is the least upper bound, or supremum, of H, denoted a = supH or

a =
∨

H, if a ≤ b for any upper bound b of H. The lower bound and greatest lower

bound, or infimum, denoted infH or
∧

H, are defined similarly. For H = ∅, ∨H is

the smallest element in A, called zero, if it exists, and
∧

H is the largest element

in A, called unit, if it exists. For H = {a, b}, we write a ∧ b for
∧

H and a ∨ b for

∨

H, and call ∧ the meet and ∨ the join operation respectively.

An elegant principle which applies to posets is the duality principle: rather than
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writing a ≤ b we may equivalently write b ≥ a, which also is a binary relation on A

satisfying properties (P1)-(P3). Thus 〈A;≥〉 is a poset, called the dual of 〈A;≤〉.

〈A;≤〉 is a lattice if a ∧ b and a ∨ b exists for all a, b ∈ A. Thus in lattices, ∧ and

∨ are binary operations, which uniquely define the lattice. We therefore sometimes

denote a lattice 〈A;≤〉 as 〈A;∧,∨〉. An equivalent necessary and sufficient condition

for 〈A;≤〉 to be a lattice is that
∧

H and
∨

H exist for all finite nonempty H ⊆ A.

A lattice 〈L;≤〉 is bounded if it has both a zero and a unit. In a bounded lattice

〈L;∧,∨〉, a ∈ L is a complement of b ∈ L if a ∨ b = 1 and a ∧ b = 0. If every

element in L has a complement it is a complemented lattice. L is distributive if for

all a, b, c ∈ L,

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c). (5.1)

If L is both complemented and distributive we call it a Boolean algebra. Bounded

distributive lattices are always Boolean algebras. If 〈L;≤〉 is a lattice and B ⊆ L is

non-empty, then 〈B;≤〉 is a sublattice 〈B;∧,∨〉 of L if it is stable under ∧ and ∨. If

B is stable under ∧, it is a meet-sublattice.

Lemma 5.1 Let 〈L;≤〉 = 〈L;∧,∨〉 be a finite lattice and let 〈B;≤〉 be a meet-

sublattice of L. Then 〈B;≤〉 is a lattice with meet operation ∧ inherited from L, and

join operation ∨B which for A ⊆ B is given by

∨

B A =
∧

{s ∈ B | a ≤ s, all a ∈ A}

and may be distinct from ∨.
�

We omit the proof as it is immediate. The structure of a lattice 〈L;≤〉 may be

visualised by a Hasse diagram, in which each element pair a, b,∈ L is joined by an

edge whenever a ≤ b and there is no x ∈ L \ {a, b} such that a ≤ x ≤ b.

96



5. Structures of Model Classes

Lemma 5.2 〈P (S);⊆〉 is a Boolean algebra for all discrete sets S.

�

Proof : It suffices to observe that 〈P (S);⊆〉 is a bounded lattice with zero ∅ and unit

S. The meet and join operations are given by set intersection and set union, which

are distributive operations.
�

Lemma 5.3 〈P(S);≤〉 is a lattice for all discrete sets S. However, 〈P(S);≤〉 is

generally not a Boolean algebra.

�

Proof : To prove the claim, we need to show that
∧

H exists for all H ⊆ P(S). So

let H = {Pi}i∈I ⊆ P(S), and let Q ∈ P(S) be given by Q = {{α}}α∈S if I = H =

∅, and otherwise let Q be determined by

α ≡ β (Q) ⇐⇒ α ≡ β (Pi) ∀ i ∈ I, α, β ∈ S.

Then Q ≤ Pi for all i ∈ I while being the coarsest such partition. Thus, Q =
∧

H,

which therefore exists for all H ⊆ P(S), establishing the claim. The meet and join

operations of 〈P(S);≤〉 are given by

α ≡ β (P1 ∧ P2) ⇐⇒ α ≡ β (P1) and α ≡ β (P2) (5.2)

α ≡ β (P1 ∨ P2) ⇐⇒ ∃ γ0, . . . , γk ∈ S such that γ0 = α, γk = β,

γi−1 ≡ γi (Pji), ji ∈ {1, 2} for 1 ≤ i ≤ k (5.3)

for P1, P2 ∈ P(S) and α, β ∈ S. The zero of 〈P(S);≤〉 is the singleton partition

{{α}}α∈S and its unit is {S}. 〈P(S);≤〉 is generally not a Boolean algebra as

it is not distributive. For instance, relation (5.1) is violated for S = [5] by a =

{{1, 2}, {3, 4}, {5}}, b = {{1, 4}, {2, 3, 5}} and c = {{1, 3}, {2, 4, 5}} as
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a ∨ (b ∧ c) = {{1, 2, 5}, {3, 4}} 6= {{1, 2, 3, 4, 5}} = (a ∨ b) ∧ (a ∨ c).

�

Most concepts presented in this section can be found in or trivially deduced from

facts in Chapter I of Grätzer (1998).

5.2. Unrestricted Graphical Gaussian Models

It is well known that UV is a partially ordered set with partial ordering ‘≤’ given

by edge set inclusion, i.e. for G1 = (V,E1), G2 = (V,E2) ∈ UV ,

G1 = (V,E1) ≤ (V,E2) = G2 ⇐⇒ E1 ⊆ E2. (5.4)

Proposition 5.1 〈UV ;≤〉 is a Boolean algebra with

G1 ∧G2 = (V,E1 ∩ E2) and G1 ∨G2 = (V,E1 ∪ E2) (5.5)

for G1 = (V,E1), G2 = (V,E2) ∈ UV .
�

Proof : The claim follows from the fact that 〈UV ;≤〉 = 〈P (V (2)
6= );⊆〉 (with ‘⊆’ only

applying to the edges) and Lemma 5.2. The smallest and largest graph in UV with

respect to ‘≤’ defined in (5.4) are the empty graph and complete graph respectively.

�

The structure of 〈UV ,≤〉 directly translates to S+
V :

Proposition 5.2 For G1, G2 ∈ UV ,

S+(G1) ⊆ S+(G2) ⇐⇒ G1 ≤ G2.
�
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Proof: S+(G1) ⊆ S+(G2) if and only if whenever an entry is zero in all matrices in

S+(G2) it is zero in all matrices in S+(G1). This happens if and only if the set of

missing edges in G2 is a subset of the missing edges in G1, i.e. if and only if G1 ≤ G2.

�

Combining Proposition 5.1 and Proposition 5.2 we obtain:

Proposition 5.3 〈SG
V ;⊆〉 is a Boolean algebra with partial ordering induced by ‘≤’

on UV as defined in (5.5). For G1, G2 ∈ UV the meet and join operation are

S+(G1) ∧ S+(G2) = S+(G1 ∧G2) S+(G1) ∨ S+(G2) = S+(G1 ∨G2).

�

Corollary 5.1

|SG
V | = |UV | = 2(

|V |
2 )

�

Proof : This follows directly from the fact that each graph in UV has at most
(|V |

2

)

edges, each of which is either present or not.

�

5.3. RCON and RCOR Models

Definition 5.1 For G = (VG , EG), H = (VH, EH) ∈ CV , we write G � H if

(i) G ≤ H

(ii) VG ≥ VH

(iii) every colour class in EG is a union of colour classes in EH.
�
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Put in words, G � H if G can be obtained from H through combinations of

• dropping existing edge colour classes

• merging existing edge colour classes

• merging vertex colour classes

or equivalently, if H can be obtained from G by combinations of

• adding new edge colour classes

• splitting existing edge colour classes

• splitting vertex colour classes.

Clearly ’�’ defines a partial ordering on CV . For example, for the graphs Gi =

(Vi, Ei) for i = 1, 2, 3 in Figure 5.1, G1 � G2 as conditions (i)-(iii) in Definition 5.1

above are satisfied, whereas G1 6� G3 because conditions (ii) and (iii) are violated.
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Figure 5.1.: Partial ordering in C[4].

Proposition 5.4 Let G = (VG , EG),H = (VH, EH) ∈ CV . Then

S+(VG , EG) ⊆ S+(VH, EH) ⇐⇒ G � H ⇐⇒ R+(VG , EG) ⊆ R+(VH, EH).
�

Proof: S+(VG , EG) ⊆ S+(VH, EH) if and only if whenever an entry is zero for all

matrices in S+(VH, EH) it is zero for all matrices in S+(VG , EG), and whenever two

entries in all matrices in S+(VH, EH) are equal they are also equal in all matrices

in S+(VG , EG). This is equivalent to G and H satisfying the conditions in Definition

5.1. The same arguments give R+(VG , EG) ⊆ R+(VH, EH) if and only if G � H.
�

100



5. Structures of Model Classes

Proposition 5.5 For G = (VG , EG),H = (VH, EH) ∈ CV , let

G ⊓ H = (VG ∨ VH, E∗
G ∨ E∗

H) and G ⊔ H = (VG ∧ VH, E∗∗
G ∧ E∗∗

H ) (5.6)

where E∗
G ⊆ EG and E∗

H ⊆ EH are maximal with the property that they are partitions

of the same edge set in EG∩EH, E∗∗
G = EG∪{{EH\EG}} and E∗∗

H = EH∪{{EG\EH}}.

〈CV ;�〉 is a non-distributive lattice with meet and join operations given by

G ∧ H = G ⊓ H and G ∨ H = G ⊔ H.

�

Proof: Let G⊓ = (VG ∨ VH, E∗
G ∨ E∗

H) = (V⊓, E⊓), G∗ = (VG , E∗
G) and H∗ = (VH, E∗

H).

Then, by (5.6),

G ⊓ H = G∗ ⊓H∗,

so that G⊓ is the infimum of {G,H} in CV if and only if it is the infimum of {G∗,H∗}.

To show the latter, we need to prove that G⊓ � G∗, G⊓ � H∗ and that G⊓ is the

largest such graph. We consider conditions (i), (ii) and (iii) in Definition 5.1.

(i) As E⊓ = E∗
G = E∗

H, we clearly have G⊓ ≤ G∗ and G⊓ ≤ H∗.

(ii) As V⊓ = VG ∨ VH, by construction V⊓ ≥ VG and V⊓ ≥ VH.

(iii) E⊓ = E∗
G ∨ E∗

H which directly implies E⊓ ≥ E∗
G and E⊓ ≥ E∗

H.

G⊓ is the largest graph which is smaller than both G∗ and H∗ as E⊓ is chosen to

be of maximal order, and V⊓ and E⊓ are chosen to be as fine as possible.
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For the join operation, let G⊔ = (VG ∧ VH, E∗∗
G ∧ E∗∗

H ) = (V⊔, E⊔) and similarly let

G∗∗ = (VG , E∗∗
G ) and H∗∗ = (VH, E∗∗

H ). Then

G ⊔ H = G∗∗ ⊔H∗∗.

We need to show that G⊔ � G∗∗, G⊔ � H∗∗ and that G⊔ is the smallest such graph.

Verifying conditions (i), (ii) and (iii) in Definition 5.1 gives the following.

(i) As E⊔ = E∗∗
G = E∗∗

H = EG ∪ EH, we clearly have G⊔ ≥ G∗∗ and G⊔ ≥ H∗∗.

(ii) As V⊔ = VG ∧ VH, by construction VG ≥ V⊔ and VH ≥ V⊔.

(iii) E⊔ = E∗∗
G ∧ E∗∗

H which directly implies E∗∗
G ≥ E⊔ and E∗∗

H ≥ E⊔.

G⊔ is the smallest graph which is larger than both G∗∗ and H∗∗ as E⊔ is chosen

to be of minimal order, and V⊔ and E⊔ are chosen to be as coarse as possible.

The zero of 〈CV ;�〉 is given by the empty graph with all vertices in one colour

class G = ({V }, ∅) and the unit is the complete graph in which all vertices and edges

form singleton colour classes G = ({{α}}α∈V , {{αβ}}αβ∈V (2)
6=

).

Non-distributivity of 〈CV ;�〉 is inherited from non-distributivity of the sets

of possible vertex and edge colourings P(V ) and P(V
(2)
6= ) respectively. Let

G = (VG , E),H = (VH, E),K = (VK, E) ∈ CV , all agreeing in their edge colouring E .

If 〈CV ;�〉 is distributive then

G ∨ (H ∧K) = (G ∨ H) ∧ (G ∨ K). (5.7)

for all VG ,VH,VK ∈ P(V ), E ∈ P(E). As

G ∨ (H ∧K) = (VG ∧ (VH ∨ VK), E)

(G ∨ H) ∧ (G ∨ K) = ((VG ∧ VH) ∨ (VG ∧ VK), E) ,
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by the duality principle, (5.7) holds if and only if

VG ∨ (VH ∧ VK) = (VG ∨ VH) ∧ (VG ∨ VK)

for all VG ,VH,VK ∈ P(V ), i.e. if and only if P(V ) is distributive, which it isn’t by

Lemma 5.3. Thus 〈CV ;�〉 is non-distributive as well.
�

We illustrate the meet and join operations in 〈CV ;�〉 given in (5.6) in Figure 5.2.
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Figure 5.2.: Meet and join operations in C[4].

Proposition 5.4 and Proposition 5.5 together give the following result:

Theorem 5.1 〈SG
V ;⊆〉 and 〈RG

V ;⊆〉 are non-distributive lattices with partial or-

dering induced by ‘�’ on CV as defined in Definition 5.1. For G = (VG , EG),

H = (VH, EH) ∈ CV , we let G ∧ H = (V∧, E∧) and G ∨ H = (V∨, E∨), then the

corresponding meet and join operations are

S+(VG , EG)∧S+(VH, EH) = S+(V∧, E∧) S+(VG , EG)∨S+(VH, EH) = S+(V∨, E∨),

and similarly for 〈RG
V ;⊆〉.

�

Proposition 5.6 The sets CV and FV are isomorphic.

�

Proof: For G = (V , E) ∈ CV , the corresponding factor graph GF is constructed by
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1. replacing each edge αβ ∈ E by a node and connecting it to α and β in V ,

2. colouring the nodes with colours not appearing in V , giving two nodes the same

colour if and only if the edges they replace were of equal colour.

Let the corresponding map be denoted by φV : CV → FV . Then φV is a bijective

homomorphism as is φ−1
V , as adjacency of two vertices in G directly translates into

a node being connected to the two end vertices in GF and vice versa. Thus CV and

FV are isomorphic.

�

5.3.1. Number of RCON and RCOR Models

As, by (3.1) and (3.3), for both model types there is one model parameter for

each vertex colour class in V and one for each edge colour class in E in the graph

G = (V , E), there are as many RCON and RCOR models with variables V as there

are coloured graphs with vertex set V , i.e. |S+
V | = |R+

V | = |CV |. Given that the

number of graph colourings of a given graph G = (V,E) is given by the product

|P (V )||P (E)| of the number of partitions of V multiplied by the number of partitions

of E, we obtain

|CV | =
∑

E⊆V
(2)
6=

|P(V )||P(E)| = |P(V )|
∑

E⊆V
(2)
6=

|P(E)|. (5.8)

For a discrete set S of size d, |P(S)| is given by the dth Bell number Bd (Bell,

1934; Pitman, 1997) which satisfy the recursive relationship

Bd+1 =
d
∑

k=0

(

d

k

)

Bk (5.9)
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so that

|CV | = B|V |
∑

E⊆V
(2)
6=

B|E| = B|V |

(|V |
2 )
∑

k=0

(
(|V |

2

)

k

)

Bk = B|V |B(|V |
2 )+1

.

We give the first 11 Bell numbers in Table 5.1 together with |C[4]| and |C[5]|.

d 0 1 2 3 4 5 6 7 8 9 10 11

Bd 1 1 2 5 15 52 203 877 4,140 21,147 115,975 678,570

Table 5.1.: Bell numbers Bd for 0 ≤ d ≤ 11.

|C[4]| = B4B7 = 13, 155 |C[5]| = B5B11 = 35, 285, 640

For comparison,

|U[4]| = 2(
4
2) = 26 = 64 |U[5]| = 2(

5
2) = 210 = 1, 024.

Berend and Tassa (2010) show that for all ǫ > 0 there exists a dǫ such that for

d > dǫ,
(

d

e log d

)d

< Bd <

(

d

e1−ǫ log d

)d

giving that asymptotically |CV | grows faster than
(

|V |
e log |V |

)|V |
(

(|V |
2 )

e log (|V |
2 )

)(|V |
2 )

.

5.4. Model Classes within RCON and RCOR Models

In the previous chapters three graph colouring regularities have been identified which

correspond to desirable statistical properties in the represented RCON and RCOR

models. This section is devoted to the identification of structural relations between
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the model classes and, most importantly, their structures. We begin by (re)stating

their definitions.

5.4.1. Definitions

Models Represented by Edge Regular Colourings

Edge regular colourings were defined in Definition 3.4 in Section 3.4 as colourings in

which every pair of equally coloured edges connects the same vertex colour classes.

Employing the notion of a graph component, subsequently introduced in Section

4.3.2, we give an equivalent definition below.

Definition 5.2 For G = (V , E) ∈ CV , (V , E) is edge regular if every u ∈ E appears in

precisely one u{vw}-component of G for v, w ∈ V . The set of edge regular colourings

in CV is denoted BV .

�

While the colouring in Figure 5.3(a) is edge regular (both green edges and both

purple edges connect a red vertex to a blue one), the colouring in Figure 5.3(b) is

not, as the green edges appear between different pairs of vertex colours.
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(a) (V, E) ∈ BV
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∗ ∗∗
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(b) (V, E) ∈ CV \ BV

Figure 5.3.: An edge regular colouring and one which is not edge regular.

In the above notation, Proposition 3.1 in Section 3.4 states that for G = (V , E) ∈

CV , S+(V , E) = R+(V , E) if and only if (V , E) ∈ BV .
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Models Represented by Vertex Regular Colourings

Vertex regular colourings were defined in Definition 4.3 in Section 4.4.2.

Definition 5.3 For G = (V , E) ∈ CV , we say that (V , E) is vertex regular if V is

an equitable partition with respect to Gu = (V, u) for all u ∈ E . The set of vertex

regular colourings in CV is denoted PV .

�

While the colouring in Figure 5.4(a) is vertex regular, the colouring in Figure

5.4(b) is not. The former has only one edge colour class, so that it is vertex

regular if and only if its vertex colouring is equitable with respect to G, which

it is. The colouring in Figure 5.4(b) cannot be vertex regular as while vertex

4 is incident to a purple edge, vertex 2 isn’t even though they are of the same colour.
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(b) (V, E) ∈ CV \ PV

Figure 5.4.: A vertex regular colouring and one which is not vertex regular.

By Theorem 4.3 in Section 4.4.3, for G = (V , E) ∈ CV , Ω(V) ∈ Φ(G) if and only if

(V , E) ∈ PV .

Models Represented by Regular Colourings

Following Siemons (1983), we define colourings which are both vertex regular and

edge regular to be regular.
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Definition 5.4 For G = (V , E) ∈ CV we say that (V , E) is regular if (V , E) ∈ RV =

BV ∩ PV .

�

Thus regular colourings (V , E) are the only colourings which represent models

which satisfy S+(V , E) = R+(V , E) and Ω(V) ∈ Φ(G).

Proposition 5.7 For G = (V , E) ∈ CV , (V , E) lies inside RV if and only if

(i) all equally coloured edges connect the same vertex colour classes

(ii) all equally coloured vertices have the same degree in every edge colour class.

�

Proof: By definition of BV , (V , E) ∈ BV is equivalent to (V , E) satisfying condition

(i) above. For condition (ii), by definition of PV , we have (V , E) ∈ PV if and only

if V is equitable with respect to Gu = (V, u) for all u ∈ E . For graph colourings in

BV , G
u only contains edges between one pair of vertex colours or within one vertex

colour class, so that V is equitable with respect to Gu for all u ∈ E if and only

if every pair of equally coloured vertices has the same degree in every edge colour

class, which is precisely condition (ii).

�

By the above, the colourings in Figure 5.3(b) and Figure 5.4(b) cannot be regular.

While the colouring in Figure 5.4(a) is regular, the colouring in Figure 5.3(a) is not.

Models Represented by Permutation Generated Colourings

Definition 3.6 in Section 3.4.1 defined permutation generated colourings.
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Definition 5.5 Let Γ ≤ S(V ) and let VΓ and EΓ denote the vertex orbit partition

of V and edge orbit partition of V
(2)
6= generated by Γ̃ respectively. A graph colouring

(V , E) ∈ CV is permutation generated with generating group Γ if V = VΓ and E ⊆ EΓ.

The set of permutation generated colourings in CV is denoted ΠV .

�

Among the graph colourings in Figure 5.3 and 5.4, only the colouring in Figure

5.4(a) is permutation generated, with generating group Γ = 〈(13)(24)〉.

Permutation generated colourings represent RCOP models and possess all desir-

able properties discussed thus far.

5.4.2. Structural Relations

Relations between the colouring classes BV , PV , RV and ΠV are summarised in the

diagram in Figure 5.5 below.
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PV
RV

ΠV BV

Figure 5.5.: Structural relations between colouring classes.

As RV = BV ∩PV by definition, trivially RV ⊆ BV and RV ⊆ PV . The colouring

displayed in Figure 5.3(b) lies in P[4] \R[4] and the colouring in Figure 5.4(b) lies in

B[4] \ R[4], so both inclusions may be strict. That ΠV ⊆ RV was established in the

proof of Lemma 4.10 in Section 4.4.3.

The graph G = (V , E) in Figure 5.6 establishes that RV \ΠV may be non-empty.

G clearly has a regular colouring (V , E) ∈ R[11]. Suppose we also have (V , E) ∈ Π[11].
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Then there exists a permutation group Γ ≤ Aut(G) with vertex and edge orbits

given by V and E respectively. Thus there exists a permutation σ ∈ Γ preserving

(V , E) which maps vertex 1 to vertex 2 as they have the same colour in V . If 1 is

mapped to 2, the set {4, 5} must be mapped to {6, 7}. As 4 and 5 are both incident

with vertex 10, 10 must be mapped to a vertex incident to both 6 and 7. However

such a vertex does not exist, so (V , E) 6∈ Π[11].
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Figure 5.6.: A graph with colouring in R[11] \Π[11].

For illustration we give the sizes of U[4], C[4], B[4], R[4], P[4] and Π[4] in Table 5.2.

How the four last mentioned sizes can be obtained is described in Appendix B.

Set U[4] C[4] B[4] R[4] P[4] Π[4]

Size 64 13,155 3,065 251 1,380 251

Table 5.2.: Model set sizes for V = [4].

The relative sizes in Table 5.2 are representative of the general case: BV is the

largest model class, followed by PV and RV . |PV | will generally be considerably

smaller than |BV | as the defining conditions of PV are far more restrictive than
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those of BV . ΠV is the smallest class of the four for all V , however may equal RV

for some V , as for example for V = [4].

5.4.3. Structures

While the structure of each colouring class requires individual treatment, some

properties are shared by the classes and can be obtained simultaneously for all of

them. Below we provide a brief overview of the results we will show in this section

and obtain as many of them as we can in a unified manner. We will show that

(a) each colouring class BV , PV , RV and ΠV is a non-distributive meet-sublattice

of 〈CV ;�〉;

(b) the respective join operations ∨X for G,H ∈ XV with X ∈ {B,P,R,Π} are

given by G ∨X H = sX (G ∨ H) where ∨ is the join operation in CV and the

functions sX : CV → CV return the supremum of a given graph inside XV , which

we specify explicitly.

Clearly each colouring class is a subposet of 〈CV ;�〉 with partial ordering ‘�’. In

order to establish (a) one needs to show that each colouring class is stable under

the meet operation ∧ in 〈CV ;�〉 and that each colouring class is non-distributive.

The first claim will be shown for each colouring class individually in the following

sections, while we demonstrate non-stability under ∨ and non-distributivity through

suitable examples below.

For PV , RV and ΠV , non-stability under ∨ is established by observing that while

graphs G4 and G5 in Figure 5.2 lie inside ΠV , with generating groups Γ4 = 〈(13)(24)〉,

Γ5 = 〈(13)〉 respectively, and therefore also in PV and RV , their join G7 = G4 ∨ G5

does not. For BV , the same is established by the graphs in in Figure 5.7.
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Figure 5.7.: B[4] is not stable under ∨.

Combined with the fact that each colouring class is stable under ∧, the above

establishes that each is a meet-sublattice of 〈CV ;�〉, so that by Lemma 5.1 each is

a meet-sublattice of 〈CV ;�〉. As the zero and unit in 〈CV ;�〉, given by the empty

graph with all vertices in one colouring class and the complete graph with singleton

colour classes, lie in ΠV , with generating groups Γ = S(V ) and Γ = 〈Id〉 respectively,

they are also the zero and unit in all four colouring classes. Note that graphs G4,

G5 and G6 = G4 ∧G5 in Figure 5.2 illustrate the stability of all four colouring classes

under ∧, with the colouring of G6 being generated by Γ6 = 〈(13), (24)〉.

Even before identifying the individual join operations ∨B, ∨P , ∨R and ∨Π we

can establish non-distributivity of each lattice by a simple example. All graphs G8,

G9, G10, G9 ∧ G10 and G8 ∨ G9 = G8 ∨ G10 displayed in Figure 5.8 lie in ΠV , with

generating groups Γ8 = 〈(124)〉, Γ9 = 〈(234)〉, Γ10 = 〈(13)(24)〉, Γ9∧10 = S([4]) and

Γ8∨9 = Γ8∨10 = 〈(24)〉 respectively, and therefore also in BV , PV and RV .

While the individual join operations are not known at this stage, clearly if for

G,H ∈ BV , their join G ∨H also lies in BV , then ∨ = ∨B and similarly for the other

colouring classes. This establishes that the ∨-joins of the graphs displayed in Figure

5.8 must equal the ∨B-, ∨P -, ∨R- and ∨Π-joins. Now as

G8 = G8 ∨ (G9 ∧ G10) 6= (G8 ∨ G9) ∧ (G8 ∨ G10) = G8 ∨ G9
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condition (5.1) for a = G8, b = G9 and c = G10 is violated, so that each colouring

class is non-distributive.
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Figure 5.8.: Non-distributivity of 〈BV ;�〉, 〈PV ;�〉, 〈RV ;�〉 and 〈ΠV ;�〉.

For (b), let X ∈ {B,P,R,Π} and let G,H ∈ XV . By the above we know XV to be

a lattice so that the join operation ∨X is certain to exist. By definition, K = G∨X H

is the smallest graph which satisfies K � G, K � H and K ∈ XV . The supremum

of G and H in 〈CV ;�〉 is the smallest graph satisfying the first two relations so that

K is in fact the smallest graph satisfying K � (G ∨ H) and K ∈ XV . Thus the join

operation in XV is given by

G ∨X H = sX (G ∨ H)

where sX : CV → CV for G ∈ CV returns the smallest graph which lies in XV and is

at least as large as G with respect to �.

A vertex and edge coloured graph is enlarged with respect to the partial ordering

� by adding edge colour classes and splitting vertex and edge colour classes. As no

colouring criterion can be satisfied through adding new edges, sB, sP , sR and sΠ

only operate on the colouring of a graph through splitting colour classes.

While the main result we establish is that each colouring class forms a lattice, the

functions sB, sP , sR and sΠ are also of interest on their own. They can be used

to test whether a given graph colouring falls into a desired colouring class, which it
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5. Structures of Model Classes

does whenever its supremum in the class is given by the colouring itself. We have

implemented these functions in our computer program GraphCheck, which exploits

Brendan McKay’s computer program nauty (McKay, 2010). We briefly describe it

at the end of the section and provide sample output in Appendix C.

Interestingly, while every graph falling outside a given colouring class has a supre-

mum inside the class, this is not true for the infimum which we demonstrate by

examples for each colouring class.

Edge Regular Colourings BV

Proposition 5.8 BV is stable under the meet operation ∧ in 〈CV ;�〉 in (5.6).

�

Proof: Let G = (VG , EG),H = (VH, EH) ∈ BV . G ∧ H = (VG∧H, EG∧H) is obtained

from G and H by dropping of edge colour classes and merging of colour classes. The

only operation potentially leading to G ∧ H lying outside of BV is merging of edge

colour classes.

So let αβ and γδ be two edges in G ∧ H of equal colour. Then, by definition of

∧ in 〈CV ;�〉 in (5.6) and of ∨ in partition spaces in (5.3), there exists a sequence

α0β0, . . . , αkβk in EG∧H such that α0β0 = αβ, αkβk = γδ and αi−1βi−1 ≡ αiβi (EG)

or αi−1βi−1 ≡ αiβi (EH) for 1 ≤ i ≤ k. As both G and H have edge regular

colourings, αi−1βi−1 and αiβi connect the same vertex colour classes in the graph in

which they are of equal colour, which we denote by {αi−1, βi−1} ≡ {αi, βi} (VX )

with X ∈ {G,H}. By (5.3) this gives that {α, β} = {α0, β0} ≡ {αk, βk} =

{γ, δ} (VG ∨ VH). As VG ∨ VH = VG∧H, αβ and γδ connect the same vertex colour

classes in G ∧ H.

�
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5. Structures of Model Classes

Proposition 5.9 Let G = (V , E) ∈ CV and let EB be the partition of E given by

αβ ≡ γδ (EB) if and only if αβ and γδ lie in the same graph component in G for

αβ, γδ ∈ E. Then G has a supremum in BV with colouring

sB(G) = (V , E ∧ EB). �

Proof: The claim is trivially true for (V , E) ∈ BV . If (V , E) ∈ CV \BV , an edge regular

colouring cannot be achieved through splitting vertex colour classes or adding edge

colour classes. The only effective manipulation is therefore the splitting of edge

colour classes. The coarsest partition which is finer than E and gives an edge regular

colouring is E ∧ EB, as it splits edge colour classes across graph components of G.
�

Note that sB(G) gives precisely the colouring denoted by (V , E∗) in Corollary 4.2 in

Section 4.3.3. Combining Proposition 5.8 and Proposition 5.9 with the introduction:

Theorem 5.2 〈BV ;�〉 is a non-distributive lattice with meet operation ∧ inherited

from 〈CV ;�〉, and join operation ∨B given by

G ∨B H = sB(G ∨ H), G,H ∈ BV .

�

It may be interesting to note that while by Proposition 5.9 every graph colouring

inside CV \ BV has a supremum in BV , this is not true for the infimum. The graph

G in Figure 5.9 does not have an edge regular colouring (as black vertices stand for

singleton colour classes), while both H ≺ G and K ≺ G do. They are largest smaller

graphs as there exist no H′,K′ ∈ BV with H ≺ H′ ≺ G and K ≺ K′ ≺ G.
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Figure 5.9.: Not every graph in C[4] \ B[4] has an infimum in B[4].

Regular Colourings RV

We treat regular colourings before vertex regular colourings for reasons to become

apparent in the text. The following result allows us to exploit the isomorphism

between CV and FV established in Proposition 5.6.

Lemma 5.4 Let G = (V , E) ∈ CV and let φV (G) = GF = (V ∪ N , EF ) ∈ FV be the

corresponding coloured factor graph. Then

(V , E) ∈ RV ⇐⇒ (V ∪ N ) is equitable with respect to GF . (5.10)

�

Proof: First note that factor graphs by construction never contain edges between

two nodes or between two vertices, and that a vertex never has the same colour as

a node. This implies that V ∪ N is equitable with respect to GF if and only if

(i) nodes of the same colour in N always have equally many neighbours in every

vertex colour class in V , and

(ii) vertices of the same colour in V always have equally many neighbours in every

node colour class in N .

Observing that conditions (i) and (ii) above are equivalent to conditions (i) and (ii)

in Proposition 5.7 for (V , E) completes the proof.
�
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We will further require the following results (McKay, 1976):

Lemma 5.5 (McKay) Let G = (V,E) be an undirected graph and let V be a

partition of V . There is a unique coarsest partition that is finer than V and equitable

with respect to G. We denote this partition by rG(V) and call it coarsest equitable

refinement of V with respect to G.
�

Lemma 5.6 (McKay) Let G = (V,E) be an undirected graph and let V1 and V2

be two partitions of V both equitable with respect to G. Then the join of the two

partitions V1 ∨ V2 is also equitable with respect to G.

�

This allows us to prove the following:

Proposition 5.10 RV is stable under the meet operation ∧ in 〈CV ;�〉 in (5.6).

�

Proof: Let G = (VG , EG),H = (VH, EH) ∈ RV . G ∧ H is obtained from G and H

by dropping edge colour classes and merging colour classes. Dropping edge colour

classes cannot lead to G∧H lying outside of RV , so we only need to show that colour

classes are merged in a permissible way.

So let E∗ be the edge set of G ∧ H, E∗
G and E∗

H its colourings in EG and EH,

and let G∗ = (VG , E∗
G) and H∗ = (VH, E∗

H). Then G∗,H∗ ∈ RV and G ∧ H =

G∗ ∧H∗ = (VG ∨ VH, E∗
G ∨ E∗

H), so that in order to prove the claim we need to show

that (VG ∨ VH, E∗
G ∨ E∗

H) ∈ RV .

As G∗,H∗ ∈ RV , by relation (5.10), φV (G∗) = G∗
F = (VG ∪ N ∗

G , E
∗
F ) ∈ FV and

φV (H∗) = H∗
F = (VH ∪ N ∗

H, E
∗
F ) ∈ FV both have equitable vertex colourings with

respect to G∗
F = H∗

F . The join of the two colourings satisfies
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5. Structures of Model Classes

(VG ∪N ∗
G ) ∨ (VH ∪ N ∗

H) = (VG ∨ VH) ∪ (N ∗
G ∨N ∗

H) (5.11)

as elements in V and N are never of the same colour. Combining relations (5.10)

and (5.11) with Lemma 5.6, we obtain

φ−1
V (((VG ∪N ∗

G ) ∨ (VH ∪N ∗
H), E

∗
F )) = (VG ∨ VH, E∗

G ∨ E∗
H) = G∗ ∧H∗ = G ∧H ∈ RV .

�

Proposition 5.11 Let G = (V , E) ∈ CV and let φV (G) = GF = (V ∪ N , EF ) be the

corresponding coloured factor graph. Then G has a supremum in RV with colouring

sR(G) = φ−1
V ((rGF

(V ∪ N ), EF ))

where φV : CV −→ FV is the isomorphism defined in the proof of Proposition 5.6.
�

Proof: The claim is trivially true if (V , E) ∈ RV , as then rGF
(V ∪ N ) = (V ∪ N )

and φ−1
V ((rGF

(V ∪N ), EF )) = (V , E). For (V , E) 6∈ RV , the operations which give a

bigger graph are adding edge colour classes and splitting colour classes. If (V , E) is

not regular, it doesn’t satisfy at least one of the conditions (i) and (ii) in Proposition

5.7. As adding edge colour classes does not help satisfy either, the supremum of G

in RV , if it exists, must have the same edge set as G and a finer colouring.

We consider the graph φ−1
V ((rGF

(V ∪ N ), EF )) given in the claim. Firstly, by

definition of rGF
, the coloured factor graph (rGF

(V∪N ), EF ) has an equitable vertex

and node colouring, which by Lemma 5.4 implies that φ−1((rGF
(V ∪ N ), EF )) is

indeed regular. Further, it certainly is larger than G as the colouring of GF is refined

by rGF
, thus leading to a larger graph than the original. As rGF

(V ∪ N ) is the

coarsest refinement of (V ∪ N ) which is equitable, φ−1
V ((rGF

(V ∪ N ), EF )) must be

the smallest graph in RV which is larger than G.
�
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Combining Proposition 5.10 and Proposition 5.11 with the introduction:

Theorem 5.3 〈RV ;�〉 is a non-distributive lattice with meet operation ∧ inherited

from 〈CV ;�〉, and join operation ∨R given by

G ∨R H = sR(G ∨ H), G,H ∈ RV .

�

Just as in 〈BV ;�〉, graph colourings outside RV do not necessarily have an

infimum in RV , as illustrated in Figure 5.10. While G does not have a regular

colouring (as green edges appear between blue and red vertices, and between red

vertices and a black vertex), both H ≺ G and K ≺ G do. There exist no H′,K′ ∈ RV

with H ≺ H′ ≺ G and K ≺ K′ ≺ G.
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Figure 5.10.: Not every graph in C[7] \ R[7] has an infimum in R[7].

Vertex Regular Colourings PV

Proposition 5.12 PV is stable under the meet operation ∧ in 〈CV ;�〉 in (5.6).

�
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5. Structures of Model Classes

Proof : Let G = (VG , EG),H = (VH, EH) ∈ PV . Let EG∧H denote the edge set of G∧H

and let E∗
G and E∗

H be its colourings in EG and EH respectively. By definition of the

meet operation in 〈CV ;�〉, G ∧H = (VG ∨VH, E∗
G ∨E∗

H) so that the edge colouring of

G ∧ H is obtained from EG and EH by dropping and merging of edge colour classes.

Since VG is equitable with respect to Gu = (V, u) for all u ∈ EG , it must also

be equitable with respect to Gu∗
= (V, u∗) for all u∗ ∈ E∗

G ∨ E∗
H. Similarly, VH is

equitable with respect to Gu∗
= (V, u∗) for all u∗ ∈ E∗

G ∨ E∗
H. Applying Lemma

5.6 gives that then also VG ∨ VH is equitable with respect to Gu∗
= (V, u∗) for all

u∗ ∈ E∗
G ∨ E∗

H, giving G ∧ H ∈ PV as claimed.
�

Lemma 5.7 Let G = (V , E) ∈ CV and let sR(G) = (VR, ER). Then for all G′ =

(V ′, E) ∈ CV with VR ≤ V ′ ≤ V, sR(G′) = (VR, ER).
�

Proof: For G = (V , E) ∈ CV , sR(G) finds the unique coarsest refinement (VR ∪ NR)

of (V ∪ N ) which is equitable with respect to the factor graph GF = (V ∪ N,EF )

of G and returns the corresponding graph colouring φ−1
V ((VR ∪ NR, EF )). By the

isomorphism between CV and FV ,

VR ≤ V ′ ≤ V ⇐⇒ (VR, ER) � (VR, E) � (V ′, E) � (V , E)

⇐⇒ (VR ∪NR) ≤ (VR ∪N ) ≤ (V ′ ∪ N ) ≤ (V ∪ N ).

As (VR∪NR) is the unique coarsest refinement of (V ∪N ) which is equitable with

respect to GF = (V ∪ N,EF ), there exists no coarser partition of V ∪ N which is

finer than (V ∪ N ) with the property. Thus, (VR ∪ NR) is also the unique coarsest

refinement of (V ′ ∪N ) equitable with respect to GF , giving sR(G′) = (VR, ER).
�
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Proposition 5.13 Let G = (V , E) ∈ CV and let sR(G) = (VR, ER). Then G has a

unique supremum in PV with colouring

sP(G) = (VR, E).

�

Proof : We first show that (VR, E) ∈ PV and that (V , E) � (VR, E). As RV ⊆ PV ,

by definition of sR(·), sR(G) = (VR, ER) ∈ PV . As ER ≤ E and PV is stable under

the operation of merging edge colour classes, we obtain (VR, E) ∈ PV . Further, as

VR ≤ V , clearly (V , E) � (VR, E).

It remains to be shown that (VR, E) is the smallest graph with these properties. So

suppose this was false and there exists G′ = (V ′, E ′) ∈ PV with (V , E) ≺ (V ′, E ′) ≺

(VR, E). Then clearly E ′ = E and G′ = (V ′, E) with VR < V ′ < V . Then, as

(V ′, E) ∈ PV and by definition of BV , PV and RV , we have

sR(G′) = sB(G′) = (V ′, E ∧ E ′
B) (5.12)

where E ′
B is a partition of E in which two edges are in the same set if and only if

they lie in the same graph component in G′. However by Lemma 5.7,

sR(G′) = (VR, ER)

which by uniqueness of sR(G′) together with (5.12) gives V ′ = VR. Thus indeed

sP(G) = (VR, E), as claimed.

�

Note that this proves our claim at the very end of Section 4.4.3 that for every

coloured graph G = (V , E), there exists a unique coarsest partition M of V such

121



5. Structures of Model Classes

that Ω(M) ∈ Φ(G). This is because, by Theorem 4.3, Ω(M) ∈ Φ(G) if and only if

M ≤ V and (M, E) ∈ PV . M is precisely given by VR in Proposition 5.13.

Combining Proposition 5.12 and Proposition 5.13 with the introduction:

Theorem 5.4 〈PV ;�〉 is a non-distributive lattice with meet operation ∧ inherited

from 〈CV ;�〉, and join operation ∨P given by

G ∨P H = sP(G ∨ H), G,H ∈ PV .

�

Just as in 〈BV ;�〉 and 〈RV ;�〉, graph colourings outside PV do not necessarily

have an infimum in PV , as illustrated in Figure 5.11. While G does not have a vertex

regular colouring (as for example only one green edge is incident with vertex 4, while

two green edges are incident with vertices 3 and 5), both H ≺ G and K ≺ G do.

There exist no H′,K′ ∈ RV with H ≺ H′ ≺ G and K ≺ K′ ≺ G.
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Figure 5.11.: Not every graph in C[7] \ P[7] has an infimum in P[7].
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Permutation Generated Colourings ΠV

Understanding the structure of ΠV requires a study of the structure of S(V ) and the

relation between a group Γ ≤ S(V ) and the colouring (VΓ, EΓ) ∈ ΠV it generates.

It is a well-established fact that for all Γ ≤ S(V ) the set of subgroups of Γ forms

a lattice with respect to set inclusion (Schmidt, 1994). The lattice is distributive if

and only if Γ is cyclic, i.e. if and only if Γ is generated by one element only (Corollary

1.2.4 in Schmidt, 1994). For Γ = S(V ), this in particular implies:

Proposition 5.14 〈S(V );≤〉 is a non-distributive lattice, with meet and join oper-

ations

Γ1 ∧ Γ2 = Γ1 ∩ Γ2 Γ1 ∨ Γ2 = 〈Γ1 ∪ Γ2〉, Γ1,Γ2 ∈ S(V ).

�

Proof : The fact that S(V ) ≤ S(V ) directly establishes that 〈S(V );≤〉 is a lattice.

It is non-distributive as there exists no σ ∈ S(V ) such that S(V ) = 〈σ〉.

For Γ1,Γ2 ∈ S(V ), Γ1 ∧ Γ2 is the largest group in S(V ) satisfying Γ1 ∧ Γ2 ≤ Γ1

and Γ1 ∧ Γ2 ≤ Γ2. This implies that Γ1 ∧ Γ2 ≤ Γ1 ∩ Γ2. As Γ1 ∩ Γ2 is a group itself,

by maximality, Γ1 ∧ Γ2 = Γ1 ∩ Γ2.

For the join, Γ1∨Γ2 is the smallest group satisfying Γ1 ≤ Γ1∨Γ2 and Γ2 ≤ Γ1∨Γ2,

which implies Γ1 ∪ Γ2 ≤ Γ1 ∨ Γ2. As Γ1 ∨ Γ2 is a group, 〈Γ1 ∪ Γ2〉 ≤ Γ1 ∨ Γ2. Since

〈Γ1 ∪ Γ2〉 is itself a group, by minimality, Γ1 ∨ Γ2 = 〈Γ1 ∪ Γ2〉.
�

Unfortunately the lattice structure of 〈S(V );≤〉 does not directly translate to ΠV .

Firstly, while every group Γ ≤ S(V ) generates a unique graph colouring (VΓ, EΓ),

the converse is generally false. For example, for V = [4], Γ1 = 〈(1234), (12)〉 and

Γ2 = 〈(1234), (13)〉, we have Γ1 6= Γ2, but VΓ1 = VΓ2 = {V } and EΓ1 = EΓ2 = {V (2)
6= }.
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The non-trivial relationship between permutation groups and the colourings they

generate has been addressed in group theory, however is still poorly understood in

general. The most relevant results available to us have been established by Wielandt

(1969), who found a sufficient condition for a group Γ ∈ S(V ) not to generate the

same vertex and edge orbits as any other distinct group Γ′ ∈ S(V ), and further

showed that for all groups, edge orbits always determine vertex orbits, both given

below. (More results on permutation groups and their orbits are available. However

we abstain from including them, as they lack the generality we require by only

applying to particular classes of groups.)

Proposition 5.15 (Wielandt) Let Γ ≤ S(V ) be such that there exists a vertex

α ∈ V such that the only element in Γ which fixes α is the identity. Then there is

no other group Γ′ ≤ S(V ) such that (VΓ, EΓ) = (VΓ′ , EΓ′).

�

Proposition 5.16 (Wielandt) For Γ ≤ S(V ), and (VΓ, EΓ) as above, EΓ uniquely

determines VΓ, i.e. for Γ,Γ′ ≤ S(V ), if EΓ = EΓ′ then VΓ = VΓ′.

�

A further fact which makes the relation between S(V ) and ΠV non-trivial is that

their orderings are not ‘synchronised’, not even for colourings of the complete graph

which lie in ΠV . What we mean by this is made precise in Proposition 5.17.

Lemma 5.8 If Γ ≤ S(V ) and JΓ = {g1, . . . , gk} is a generating set of Γ, then

(VΓ, EΓ) =
∧

g∈JΓ

(

V〈g〉, E〈g〉
)

=





∨

g∈JΓ
V〈g〉,

∨

g∈JΓ
E〈g〉



 .

�
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Proof : Let JΓ = {g1, . . . , gk}. For α, β ∈ V ,

α ≡ β (VΓ) ⇐⇒ ∃ σ ∈ Γ such that α = σ(β)

⇐⇒ ∃ hi ∈ 〈gi〉 for 1 ≤ i ≤ k such that

α = σ(β) for σ = h1h2 . . . hk

⇐⇒ ∃ γ0, γ1, . . . , γk ∈ V with γ0 = α, γk = β

such that γi−1 ≡ γi (V〈gi〉) for 1 ≤ i ≤ k

⇐⇒ α ≡ β (
∨

g∈JΓ
V〈g〉).

Similarly for αβ, γδ ∈ V
(2)
6= ,

αβ ≡ γδ (EΓ) ⇐⇒ αβ ≡ γδ (
∨

g∈JΓ
E〈g〉).

�

Proposition 5.17 For Γ1,Γ2 ≤ S(V ),

Γ1 ≤ Γ2 =⇒ (VΓ2 , EΓ2) � (VΓ1 , EΓ1),

with the converse being generally false.

�

Proof : Let JΓ1 and JΓ2 be generating sets of Γ1 and Γ2 respectively. Then, by

Lemma 5.8,

(VΓ1 , EΓ1) =





∨

g∈JΓ1

V〈g〉,
∨

g∈JΓ1

E〈g〉



 (VΓ2 , EΓ2) =





∨

g∈JΓ2

V〈g〉,
∨

g∈JΓ2

E〈g〉



 .
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Clearly, JΓ1 = Γ1 and JΓ2 = Γ2 are valid generating sets, so that

(VΓ2 , EΓ2) =





∨

g∈Γ2

V〈g〉,
∨

g∈Γ2

E〈g〉





=









∨

g∈Γ1

V〈g〉



 ∨





∨

g∈Γ2\Γ1

V〈g〉



 ,





∨

g∈Γ1

E〈g〉



 ∨





∨

g∈Γ2\Γ1

E〈g〉









= (VΓ1 , EΓ1) ∧





∨

g∈Γ2\Γ1

V〈g〉,
∨

g∈Γ2\Γ1

E〈g〉



 ,

directly implying the result.

That the converse is generally false can be established by a simple example. Let

V = [4], Γ1 = 〈(12)〉 and Γ2 = 〈(123)〉. Then Γ1 6≤ Γ2, however (VΓ2 , EΓ2) �

(VΓ1 , EΓ1), as shown in Figure 5.12.
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Figure 5.12.: Two permutation generated colourings.
�

Despite the non-trivial relationship between 〈S(V );≤〉 and 〈ΠV ;�〉 we still obtain

that ΠV is a non-distributive lattice. We begin with a first Lemma.

Lemma 5.9 KV = {(VΓ, EΓ) | Γ ≤ S(V )} ⊂ ΠV is stable under the meet operation

∧ in 〈CV ;�〉 given in (5.6). In particular,

(VΓ1 , EΓ1) ∧ (VΓ2 , EΓ2) = (VΓ1∨Γ2 , EΓ1∨Γ2) .

�
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5. Structures of Model Classes

Proof: Let Γ1,Γ2 ≤ S(V ) and let JΓ1 and JΓ2 be generating sets of Γ1 and Γ2

respectively. Then, by Lemma 5.8,

(VΓ1 , EΓ1) =





∨

g∈JΓ1

V〈g〉,
∨

g∈JΓ1

E〈g〉



 (VΓ2 , EΓ2) =





∨

g∈JΓ2

V〈g〉,
∨

g∈JΓ2

E〈g〉





so that

(VΓ1 , EΓ1) ∧ (VΓ2 , EΓ2) =





∨

g∈JΓ1
∪JΓ2

V〈g〉,
∨

g∈JΓ1
∪JΓ2

E〈g〉



 .

By Proposition 5.14, the join of Γ1 and Γ2 in S(V ) is 〈Γ1∪Γ2〉, which contains all

elements which can be written as a combination of elements from Γ1 and elements

from Γ2. Now each element in Γ1 can be written as a combination of elements in JΓ1

and their inverses, and similarly for Γ2 and JΓ2 , so that every element in 〈Γ1 ∪ Γ2〉

can be written as a combination of elements in JΓ1 ∪ JΓ2 and their inverses. Thus

JΓ1 ∪ JΓ2 is a generating set of 〈Γ1 ∪ Γ2〉, so that by Lemma 5.8,

(VΓ1 , EΓ1) ∧ (VΓ2 , EΓ2) =





∨

g∈JΓ1
∪JΓ2

V〈g〉,
∨

g∈JΓ1
∪JΓ2

E〈g〉



 = (VΓ1∨Γ2 , EΓ1∨Γ2) .

�

Proposition 5.18 ΠV is stable under the meet operation ∧ in 〈CV ;�〉 given in

(5.6). In particular, for G1 = (V1, E1), G2 = (V2, E2) ∈ ΠV with colourings generated

by Γ1,Γ2 ≤ S(V ) respectively, the colouring of G1 ∧ G2 is generated by Γ1 ∨ Γ2.
�

Proof: Let G3 = G1 ∧ G2 = (V3, E3). By definition of ΠV , Vi = VΓi
and Ei ⊆ EΓi

for

i = 1, 2. By definition of the meet operation in 〈CV ;�〉 and Lemma 5.9,

V3 = V1 ∨ V2 = VΓ1 ∨ VΓ2 = VΓ1∨Γ2

E3 ⊆ E∗
1 ∨ E∗

2 ⊆ EΓ1 ∨ EΓ2 = EΓ1∨Γ2
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5. Structures of Model Classes

so that G1 ∧ G2 ∈ ΠV with colouring generated by Γ1 ∨ Γ2 as claimed.
�

Proposition 5.19 For G = (V , E) ∈ CV , let Aut(V , E) ≤ S(V ) denote the largest

group leaving (V , E) invariant and let (VAut, EAut) denote the graph colouring of

G = (V,E) given by the orbits of Aut(V , E) in V and E respectively. Then G has a

supremum in ΠV with colouring

sΠ(G) = (VAut, EAut).

�

Proof: The claim is trivially true for G ∈ ΠV . So suppose G ∈ CV \ΠV . G is modified

to a larger graph by adding edge colour classes and splitting colour classes. As the

former will not enforce a permutation generated colouring, in order to prove the

claim we need to show that (VAut, EAut) is the coarsest refinement of (V , E) which

lies in ΠV .

By definition of Aut(V , E), it contains all permutations which leave V and E

invariant and therefore is the largest group Γ ≤ S(V ) satisfying VΓ ≤ V and that

EΓ restricted to E is finer than E . It therefore, by Proposition 5.17, generates the

coarsest such colouring.

�

Combining Proposition 5.18 and Proposition 5.19 with the introduction:

Theorem 5.5 〈ΠV ;�〉 is a non-distributive lattice with meet operation ∧ inherited

from 〈CV ;�〉, and join operation ∨Π given by

G ∨Π H = sΠ(G ∨ H), G,H ∈ ΠV .
�
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5. Structures of Model Classes

Not all coloured graphs in CV \ΠV have an infimum in ΠV , as shown in Figure 5.13.

While the colouring of G does not lie in ΠV , the colourings of both H, generated

by by ΓH = 〈(234)〉, and K, generated by ΓK = 〈(1234)〉, do. Clearly, H ≺ G and

K ≺ G while no H′,K′ ∈ ΠV exist such that H ≺ H′ ≺ G and K ≺ K′ ≺ G.
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Figure 5.13.: Not every graph in C[4] \Π[4] has an infimum in Π[4].

5.4.4. GraphCheck Algorithms

GraphCheck is a program we have developed for the identification of the colouring

classes we have described in this chapter. Given a graph colouring, GraphCheck

determines whether it falls into the desired class, and if not returns the supremum

of the given graph in the class. Hypothesised or inferred RCON and RCOR models

may then be tested for membership in the model classes treated in this chapter.

The corresponding identification algorithms are directly based on Proposition 5.9

for edge regular colourings, Proposition 5.11 for regular colourings, Proposition 5.13

for vertex regular colourings and on Proposition 5.19 for permutation generated

colourings. Outlines of the algorithms together with output for an example graph

are given in Appendix C.
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6. Model Selection

Currently no model selection procedures for RCON and RCOR models are available,

however they are vital for the models to become widely applicable in practice. In the

previous chapter we argued that searching within the four model classes represented

by edge regular, vertex regular, regular and permutation generated colourings will

generally be more feasible than searching in the full sets of RCON or RCOR models.

One way to develop appropriate model selection procedures is by adapting

existing model search algorithms for unconstrained graphical Gaussian models. As

each model class is a complete lattice, it is natural to consider methods exploiting

this structural property. Prominent such methods include stepwise procedures

(Dempster, 1972; Whittaker, 1990; Edwards, 2000), the Edwards-Havránek

model selection procedure (Edwards and Havránek, 1987), and, more recently,

neighbourhood selection with the lasso (Meinshausen and Bühlmann, 2006),

stability selection (Meinshausen and Bühlmann, 2010), and the SINful approach

(Drton and Perlman, 2008).

A crucial difference between the search spaces of unconstrained graphical Gaussian

models and the model classes studied here is that while the former constitute a

distributive lattice (Proposition 5.3 in Section 5.2), the latter are all non-distributive

(Theorems 5.2, 5.3, 5.4, 5.5 in Section 5.4.3). This directly disqualifies neighbour-

hood selection with the lasso, stability selection and the SINful approach, as they all
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6. Model Selection

require distributivity. By contrast, stepwise procedures and the Edwards-Havránek

algorithm can operate on any lattice of models. We concentrate on the latter.

In the most general form, an Edwards-Havránek model search at each stage may

either move up or down the Hasse diagram of the search lattice. It turns out that for

models with edge regular colourings upward moves are computationally significantly

more expensive than downward moves, so that a downwards only procedure, search-

ing within the set of submodels of models initially assumed acceptable, seems most

feasible. Motivated by the very encouraging performance on the data described in

Example 3.1 in Section 3.1, for which the corresponding algorithm fitted 232 models

out of 1.3 · 106 before arriving at 4 smallest acceptable models, we strongly believe

it may perform well in general.

While the other three model classes all equally qualify for an Edwards-Havránek

search procedure, we turn our attention to models with a permutation generated

colouring, as an Edwards-Havránek search for vertex regular and regular colou-

rings would require repeated non-trivial combinatorial constructions. Further, as

permutation generated colourings are special cases of vertex regular and regular

colourings, a search strictly within the model classes represented by the latter

may be achieved by combining a search in permutation generated colourings with

a subsequent local search. One may for instance investigate whether a better

suited model with a vertex regular colouring can be obtained from a minimally

accepted model with permutation generated constraints through merging of edge

colour classes. The required functionality is already available in the R package gRc

(Højsgaard and Lauritzen, 2007).

The intricate relationship between permutation groups acting on the vertex set of

an undirected graph and their vertex and edge orbits makes it non-trivial to develop
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an explicit Edwards-Havránek model selection procedure for models represented

by permutation generated colourings. However, a construction of a model search

algorithm obeying the Edwards-Havránek principles is still possible and we develop

a corresponding procedure. Applied to the data in Example 3.5 in Section 3.4.1, after

fitting 48 out of 251 models our algorithm arrived at 9 smallest acceptable models,

collectively in very good agreement with previous analyses (Whittaker, 1990).

Most of the results presented in this chapter can be found in Gehrmann (2011).

6.1. The Edwards-Havránek Model Selection Procedure

The Edwards-Havránek model selection procedure operates on model search spaces

which are lattices and is closely related to the all possible models approach, but is

considerably faster. It is based on the following two principles: (i) if a model is

accepted then all models that include it are (weakly) accepted, and (ii) if a model

is rejected then all of its submodels are considered to be (weakly) rejected.

The procedure starts by initially testing a set of models and assigns the accepted

models to a set A and the rejected models to set R. By assumption, all models larger

than A are (weakly) accepted and the ones smaller than R are (weakly) rejected, so

that only minA, the smallest models in A, and maxR, the largest models in R, are

of interest. The procedure repeatedly tests model lying immediately below minA

and immediately above maxR, and updates the two sets accordingly. Once the

set to be updated remains unchanged, the algorithm returns minA and terminates.

The method to determine whether a model is to be rejected can be any suitable

statistical test in accordance to the principle of coherence (Gabriel, 1969), stating

that a test should not accept a model while rejecting a larger one.

Following Edwards and Havránek (1987), for a set of models S let Da(S) denote
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the set of models in the search lattice F say which are smallest with the property

that they are not contained in any model in S,

Da(S) = min{d ∈ F | d 6⊆ s for all s ∈ S},

and let Dr(S) be the set of largest models that do not contain any model in S,

Dr(S) = max{d ∈ F | s 6⊆ d for all s ∈ S}.

Da(S) is referred to as the acceptance dual of S, and Dr(S) as the rejection dual of

S. The procedure may then be summarised as:

1. Test an initial set of models and assign the accepted models to the set A and the

rejected models to the set R.

2. Choose between 3 and 4.

3. Test the models in Dr(A) \ R. If all are rejected, stop; otherwise, update A and

R and go to 2.

4. Test the models in Da(R) \A. If all are accepted, stop; otherwise, update A and

R and go to 2.

Acceptance and rejection duals can be computed in a recursive manner by using

the following two relations. If S and T are two sets of models, then

Da(S ∪ T ) = min{s ∨ t | s ∈ Da(S), t ∈ Da(T )}

Dr(S ∪ T ) = max{s ∧ t | s ∈ Dr(S), t ∈ Dr(T )}.

Thus describing the duals of a single model is enough.
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6.2. Models Represented by Edge Regular Colourings

6.2.1. Acceptance Duals

Proposition 6.1 For G = (V , E), the acceptance dual Da(S+(V , E)) inside the set

of models represented by graphs with edge regular colourings consists of all models

represented by Ga = (Va, Ea) satisfying one of the two conditions:

(1i) Va = {V1, V2} such that Va 6≥ V and Ea = ∅

(1ii) Va = {V } and Ea = {Ea} with Ea 6= ∅ and Ea 6≥ E
�

Proof : Let G∗ = (V∗, E∗) ∈ BV represent a model in Da(S+(V , E)). Then, by

definition of acceptance duals, G∗ 6� G and there exists no G′ ∈ BV such that

G′ ≺ G∗ and G′ 6� G. By Definition 5.1 in Section 5.3, G∗ 6� G if and only if at least

one of the following holds:

(i) V∗ 6≥ V

(ii) E∗ 6= ∅ and for all Ẽ ⊆ E , E∗ 6≥ E \ Ẽ

By minimality of models in acceptance duals, only one of the two condition is

satisfied by models in the dual. For suppose both (i) and (ii) hold. Then in particular

E∗ 6= ∅, so that for G′ = (V∗, ∅), G′ ≺ G∗ while also G′ 6� G, which is a contradiction.

So suppose first that V∗ 6≥ V and that (ii) does not hold. As G∗ represents the

simplest such model, it must have as few edges as possible, so that E∗ = ∅. The

vertex partition giving the simplest model satisfying V∗ 6≥ V is one with as few

vertex colour classes as possible, which is two. Thus G∗ = (V∗, E∗) is of type (1i).

Now suppose that E∗ 6= ∅, that for all sets of edge colour classes Ẽ ⊆ E we have

E∗ 6≥ E \ Ẽ and condition (i) above does not hold. The vertex partition giving the
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simplest such model is V∗ = {V }, so that in particular all possible edge colourings

E∗ will give rise to an edge regular graph colouring.

Suppose that E∗ has at least two edge colour classes. Then two cases are possible:

(a) E∗ is a subset of the edges present in G.

(b) E∗ contains edges which are not present in G, called non-edges below.

In case (a), in order for G∗ = ({V }, E∗) 6� G to hold, at least one edge colour class,

E′ say, must not be a union of edge colour classes in E . Since there are at least

two colour classes in E∗, there exists E′′ ∈ E∗ with E′′ 6= E′. Let G′ = (V , E ′) =

({V }, E∗\E′′). Then G′ ≺ G∗ while also G′ 6� G, so that G∗ cannot represent a model

in Da(S+(V , E)), which is a contradiction.

In case (b), E∗ must contain a class consisting of non-edges only or a class being

a union of edges and non-edges. Let this class be E′ and let G′ = (V , E ′) =

({V }, E∗ \ E′′) with E′′ ∈ E∗ and E′′ 6= E′. Then G′ ≺ G∗ and G′ 6� G, again

leading to a contradiction.

We have established that E∗ = {E∗} for some E∗ ⊆ V
(2)
6= . For such edge colourings

condition (ii) above becomes E∗ 6= ∅ and E∗ 6≥ E , completing the proof.

�

Put in words, models in the edge regular acceptance dual of S+(V , E) are either

represented by the empty graph with two vertex colour classes which are not unions

of colour classes in V , or by graphs in which all vertices are of the same colour as

are the edges, and the edge set is not a union of colour classes in E .

For example, the coloured graphs in Figure 6.1 represent models which lie in the

acceptance dual of the model represented by the graph with edge regular colouring

in Figure 5.3(a) in Section 5.4.1.
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Figure 6.1.: Acceptance dual corresponding to the graph in Figure 5.3(a).

By construction, acceptance duals are used to test whether there exist models

immediately larger than maxR which can be rejected. Effectively, graphs of type

(1i) in acceptance duals refine the colouring of the maximally rejected models, while

graphs of type (1ii) add edge colour classes, which both give larger models. Thus

the larger a graph G, the fewer colourings there are of type (1i) and (1ii), giving

that the size of acceptance duals decreases with increasing models. This is in full

agreement with the definition of acceptance duals.

For G = (V , E), there are 2|V |−1 − 2|V|−1 colourings of type (1i). As each vertex

inside V is either in one set of Va or the other, there are 1
2(2

|V | − 2) = 2|V |−1 − 1

partitions of V into two non-empty sets. Out of these precisely 2|V|−1 − 1 partitions

do not qualify for Va as their classes are unions of the colour classes in V . The same

argument gives there are 2
|V |(|V |−1)

2
−1 − 2|E|−1 of models of type (1ii).

Thus the size of an edge regular acceptance dual of S+(V , E) is on the order of

2|V |−1 − 2|V|−1 + 2
|V |(|V |−1)

2
−1 − 2|E|−1 ∼ 2|V |2/2

for large |V |. Hence the size of an edge regular acceptance dual Da(S) of a set of

models S has order up to
(|S|

2

)

2|V |2 .
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6.2.2. Rejection Duals

For a discrete set A we let sing(A) denote the partition of A into singleton colour

classes, so that e.g. sing({1, 2, 3}) = {{1}, {2}, {3}}.

Proposition 6.2 For G = (V , E), the rejection dual Dr(S+(V , E)) inside the set

of models represented by graphs with edge regular colourings consists of all models

represented by Gr = (Vr, Er) satisfying one of the three conditions:

(2i) Vr = {{α, β}} ∪ sing(V \ {α, β}) such that Vr 6≤ V and Er = sing(V
(2)
6= )

(2ii) Vr = sing(V ) and Er = sing(V
(2)
6= ) \ {αβ} with αβ ∈ E

(2iii) Vr = {{α, β}, {γ, δ}} ∪ sing(V \ {α, β, γ, δ}) with α ≡ β (V), γ ≡ δ (V) and

Er = {αγ, βδ} ∪ sing(V
(2)
6= \ {αγ, βδ}), allowing α = β or γ = δ but not both,

such that (V , E) 6� (Vr, Er)
�

Proof: Let G∗ = (V∗, E∗) ∈ BV represent a model in Dr(S+(V , E)). Then, by

definition of rejection duals, G 6� G∗ and there exists no G′ ∈ BV such that G∗ ≺ G′

and G 6� G′. By Definition 5.1 in Section 5.3, G 6� G∗ if and only if at least one of

the following holds:

(i) V∗ 6≤ V

(ii) For all Ẽ ⊆ E∗, E∗ \ Ẽ 6≤ E .

By maximality of models in rejection duals, only one of the condition above holds

for any model in the dual. For suppose both (i) and (ii) are satisfied. Then in

particular E∗ 6= sing(V
(2)
6= ), so that for G′ = (V∗, sing(V (2)

6= )), G∗ ≺ G′ while also

G 6� G′, which is a contradiction.
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Suppose first that V∗ 6≤ V and that (ii) does not hold. As G∗ represents the largest

such model, it must have as many edges as possible and the finest colouring possible.

The first condition implies that E∗ = sing(V
(2)
6= ). Further, for a colouring (V∗, E∗)

of G = (V, V
(2)
6= ), if any two edges in E∗ have the same colour, their end vertices

must receive the same colouring in order to ensure edge regularity. The converse

however does not hold, as giving any two vertices the same colour does not put any

constraints on the edge colouring. Thus giving two vertices in V the same colour

such that V∗ 6≤ V gives the largest possible colouring, establishing that if V 6≥ V∗,

then (V∗, E∗) must be of type (2i) in the claim.

So suppose that condition (i) does not hold, i.e. that V∗ ≤ V . There are two ways

in which condition (ii) can fail to hold:

(a) There exists αβ ∈ V
(2)
6= such that αβ ∈ E and αβ 6∈ E∗, or

(b) there exist αβ, γδ ∈ V
(2)
6= such that αβ ≡ γδ (E∗) and αβ 6≡ γδ (E).

By maximality of G∗ only one of (a) and (b) can hold. For suppose not and

consider G′ = (V∗, E∗ ∪ {{αβ}}) with αβ ∈ E as in (a). Then G∗ ≺ G′ and G 6� G′,

which is a contradiction.

In case (a), the largest such model has vertex colouring V∗ = sing(V ), giving a

colouring of type (2ii). In case of (b), in order to give an edge regular colouring

the end vertices of αβ and γδ must be of the same colour in V∗. By maximality of

(V∗, E∗) they must also be of the same colour in V , giving that (V∗, E∗) is precisely

of type (2iii).

�

Graphs representing models in the rejection dual of a model represented by G =

(V , E) almost represent the unrestricted saturated model except for a minor modi-

fication: in graphs of type (2i) two vertices which are not of the same colour in V
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form the only composite colour class in Vr, while graphs of type (2ii) are missing

an edge present in G = (V , E). Graphs of type (2iii) have a pair of equally coloured

edges which are not of the same colour in E , while all vertices which receive the same

colour to give an edge regular colouring are also of the same colour in V .

Examples of coloured graphs in the rejection dual of the model represented by the

graph displayed in Figure 5.3(a) in Section 5.4.1 are given in Figure 6.2.
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1

4

2

3
�

�
�

�

@
@
@
@u

u

u

u

(b) A graph of type (2ii).
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(c) A graph of type (2iii).

Figure 6.2.: Rejection dual corresponding to the graph in Figure 5.3(a).

By construction, rejection duals contain models which lie immediately below

minA. Graphs of type (2i) merge vertex colour classes, graphs of type (2ii) cause

edge colour classes to be dropped and graphs of type (2iii) merge edge colour classes,

as well as vertex colour classes to ensure the resulting model to be edge regular.

All operations give graphs which represent smaller models, giving that the size of

rejection duals grows with increasing models. This is in full agreement with the

definition of rejection duals.

Let G = (V , E) with V = {V1, . . . , Vk} and E = {E1, . . . , El}. Then there are

∑

Vi,Vj∈V,i<j |Vi||Vj | graph colourings of type (2i), as there are this many ways of

choosing two vertices in V which are of different colour in V . There are |E| graphs

of type (2ii) and at most
∑

Ei,Ej∈E,i<j |Ei||Ej | models of type (2iii). (At most as not

every pair of edges of different colours in E is suitable, as they need to connect the
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same vertex colour classes in V .) This gives that |Dr(S+(V , E))| has order at most

∑

Vi,Vj∈V,
i<j

|Vi||Vj | + |E| +
∑

Ei,Ej∈E,
i<j

|Ei||Ej | ∼ c|V |4

for some constant c for large |V |. Hence the size of an edge regular rejection dual

Da(S) of a set of models S has order at most
(|S|

2

)

c2|V |8.

6.2.3. An Edwards-Havránek Model Selection Algorithm

The orders of acceptance and rejection duals found in Sections 6.2.1 and 6.2.2 suggest

that, from a computational point of view, working with rejection duals may be more

efficient. This corresponds to the following algorithm.

1. Test an initial set of models and assign each to R if it is rejected and to A

otherwise.

2. Test the models in Dr(A) \ R. If these are all rejected, stop. Otherwise update

A and R and repeat.

We executed the above algorithm on the data set described in Example 3.1 in

Section 3.1 with the saturated uncoloured model as our initial set of accepted models

A and let R = ∅ initially. Models were tested for acceptance by a likelihood ratio

test relative to the saturated unconstrained model at significance level 5%, assuming

an unconstrained mean µ, with functionality implemented in the R package gRc

(Højsgaard and Lauritzen, 2007).

Out of the 1.3 · 106 models in the search space (Section B.1 in Appendix B),

the algorithm fitted 232 models in 8 stages before arriving at 4 minimally accepted

models whose graphs are displayed in Figure 6.3 together with their BIC values. A
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list of all fitted models, grouped by stages of the algorithm, is given in Appendix D.
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Figure 6.3.: Minimally accepted models by Edwards-Havránek procedure in B[5].

The uncoloured graphs underlying the graphs in Figure 6.3 contain the graph in

Figure 3.1(a) in Section 3.1, which represents the previously inferred unconstrained

graphical Gaussian model for the data, as a subgraph. G1, G2 and G3 only differ by

one edge and G4 has exactly the same edge set. Thus the algorithm picked up the

previously established conditional independence structure correctly.

The minimally accepted model with the lowest BIC value is represented

by G4. It is different from but not unsimilar to the RCON model fitted in

Højsgaard and Lauritzen (2008), whose graph is displayed in Figure 3.1(b) in

Section 3.1, which has a slightly lower BIC value of 2587.404 but no specific

properties as it is chosen in an ad hoc manner. Note that the model fitted in

Højsgaard and Lauritzen (2008) is not edge regular so that it could not have been

considered by the algorithm.
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Interestingly, the colouring of graph G4 becomes permutation generated after

merging the two singleton edge colour classes into one. The corresponding model

has a BIC value of 2589.148. We conducted local stepwise searches within the set of

RCON models based on BIC value starting from the models represented by graphs

G1, G2, G3 and G4, and arrived at the models represented by G5, G6 and G7 displayed

in Figure 6.4. (G5 was obtained from G1, G6 from G2, and G7 from both G3 and G4.)
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Figure 6.4.: Local RCON search starting from the models displayed in Figure 6.3.

Note the similarity between G7 and the graph of the model obtained by

Højsgaard and Lauritzen (2008). The latter is obtained from the former by

merging the two composite edge colour classes.

This example strongly suggests that an Edwards-Havránek model selection pro-

cedure for models with edge regular colourings may be feasible in general.
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6.3. Models Represented by Permutation Generated

Colourings

The intricate relationship between permutation groups and their vertex and edge

orbits makes it non-trivial to develop an explicit description of the acceptance and

rejection duals in ΠV . However, rejection and acceptance duals are nothing but

constructions which allow an Edwards-Havránek search to move along the edges in

the Hasse diagram of a lattice search space, so that if the diagram can be constructed,

an Edwards-Havránek search is possible.

Below we describe the structure of the Hasse diagram of ΠV to subsequently

exploit it for model selection.

6.3.1. The Hasse Diagram of ΠV

Let

KV = {(VΓ, EΓ) | Γ ≤ S(V )}

and

πV : S(V ) → KV , Γ 7→ (VΓ, EΓ).

Then, as Proposition 5.15 in Section 5.4.3 suggests, πV is not an injective function.

In particular, if we let

π′V : S(V ) → P(V
(2)
6= ), Γ 7→ EΓ,

by Proposition 5.16 in Section 5.4.3, for Γ1,Γ2 ≤ S(V ),

π′V (Γ1) = π′V (Γ2) =⇒ πV (Γ1) = πV (Γ2). (6.1)
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Further let

OV = {(VΓ, ∅) | Γ ≤ S(V )}

and for Γ ≤ S(V ),

D(EΓ) = {(VΓ, E) | E ⊆ EΓ}.

Then

ΠV = KV ∪ OV ∪





⋃

Γ≤S(V )

D(EΓ)





and we can describe the Hasse diagram of 〈ΠV ;∧,∨Π〉 by describing the links within

each of KV , OV , D(EΓ) for Γ ≤ S(V ) and the links between the sets.

We begin by describing the structure of KV . By Lemma 5.8 in Section 5.4.3, for

Γ ≤ S(V ) with generating set JΓ,

(VΓ, EΓ) =





∨

g∈JΓ
V〈g〉,

∨

g∈JΓ
E〈g〉



 . (6.2)

Thus all colourings in KV can be obtained from colourings of the form (V〈σ〉, E〈σ〉) for

σ ∈ S(V ). The colourings generated by groups which have more than one generator

can then be obtained by applying relation (6.2). While there are |V |! permutation

in S(V ), not all of them will generate distinct graph colourings as for example

〈σ1〉 = 〈σ2〉 if σ2 ∈ 〈σ1〉. Further, all vertex colourings V ∈ P(V ) are the vertex

colouring of some graph in KV . For if we take V = {V1, . . . , Vk}, then V = VΓ for

Γ = S(V1)× . . .× S(Vk).

Lemma 5.9 in Section 5.4.3 gives that KV is a complete (non-distributive) sublat-

tice 〈KV ;∧,∨Π〉 of 〈ΠV ;∧,∨Π〉. The links in the Hasse diagram of ΠV within KV

are thus given by the Hasse diagram of 〈KV ;∧,∨Π〉.
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For D(EΓ), Γ ≤ S(V ) observe first that

D(EΓ) ∩ KV = (VΓ, EΓ) D(EΓ) ∩ OV = (VΓ, ∅). (6.3)

Further, by Lemma 5.2 in Section 5.1.2, D(VΓ) is a complete (distributive) sublattice

of 〈ΠV ;∧,∨Π〉 since it consists of all coloured graphs (VΓ, E) with E lying in the

powerset P (EΓ) of EΓ. The unit of D(VΓ) is (VΓ, EΓ) ∈ KV , the zero is (VΓ, ∅) ∈ OV ,

and (VΓ, E1), (VΓ, E2) ∈ D(EΓ) are connected by a link in D(EΓ) if and only if E1 and

E2 differ by precisely one edge colour class. The links in the Hasse diagram of ΠV

within D(EΓ) are thus given by the Hasse diagram of D(EΓ). By (6.3), the Hasse

diagram of each D(EΓ) can be viewed as a connection between (VΓ, EΓ) ∈ KV and

(VΓ, ∅) ∈ OV in the Hasse diagram of ΠV .

While by (6.1), for Γ ≤ S(V ), EΓ uniquely determines VΓ, the converse is generally

false. (Simply consider graphs G15 and G16 in Appendix B.) Thus if for Γ1 6= Γ2,

VΓ1 = VΓ2 (while EΓ1 6= EΓ2) then (VΓ1 , ∅) = (VΓ2 , ∅) ∈ D(EΓ1) and (VΓ1 , ∅) =

(VΓ2 , ∅) ∈ D(EΓ2) so that D(EΓ1)∩D(EΓ2) is non-empty. More generally, in that case

there exist maximal elements (V∗
1 , E∗

1 ), . . . , (V∗
k , E∗

k ) such that all elements smaller

than or equal to some (V∗
i , E∗

i ) lie in D(EΓ1) ∩ D(EΓ2) and all other elements in

D(EΓ1)∪D(EΓ2) lie in only one of D(EΓ1) and D(EΓ2). Further, for VΓ1 6= VΓ2 links

may be present between elements of D(EΓ1) and D(EΓ2) as well.

For the structure of OV , first note that just as all possible vertex colourings each

V ∈ P(V ) appear as some vertex colouring in KV the same must be true forOΓ which

therefore is isomorphic to the partition lattice P(V ). By Lemma 5.3 in Section 5.1.2,

OV is a complete (non-distributive) lattice and the links with the Hasse diagram of

ΠV are given by the Hasse diagram of OV .

We illustrate the above description of the structure of ΠV by the sketch diagram
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in Figure 6.5. The two ellipses represent KV and OV , where the links within KV

and OV omitted for clarity of exposition. The vertices represent graph colourings

(VΓ, EΓ) and (VΓ, ∅) for Γ ≤ S(V ), and each path with solid edges between two such

vertices stands for the links in the diagram of D(EΓ). The dashed edges represent

links between the D(EΓ).
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Figure 6.5.: Structure of Hasse diagram of 〈ΠV ;∧,∨Π〉.

Three cases can occur for (V , ∅): either (V , ∅) is the zero in only one D(EΓ),

represented by (VΓ1 , ∅); (V , ∅) is the zero in more than one (VΓ1 , ∅) and they intersect

in (V , ∅) only, see (VΓ2 , ∅) = (VΓ3 , ∅); or (V , ∅) is the zero of more than one D(EΓ)

which share more elements than only (V , ∅), represented by (VΓ4 , ∅) = (VΓ5 , ∅).

The only non-trivial connections we could not describe explicitly are those between

D(EΓ1) and D(EΓ2) for EΓ1 6= EΓ2 and the links within KV . While this prevents us

from giving an explicit description of the Hasse diagram of ΠV , for small sizes |V |

it can certainly be constructed computationally. For example by performing the

following steps:

1. Find all |V |! permutations in S(V ) and construct their vertex and edge orbits.
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2. Find all graph colourings in KV which can be obtained from the graphs in 1. by

repeatedly applying the meet operation ∧ in 〈CV ;�〉.

3. Obtain the Hasse diagram of KV .

4. Obtain the Hasse diagram of D(EΓ) for all distinct EΓ and the Hasse diagram of

OV .

5. Check for additional links between all pairs D(EΓ) and D(EΓ′) for Γ 6= Γ′.

Once the Hasse diagram of ΠV is obtained, a downwards search obeying the

Edwards-Havránek principles may be carried out exploiting the diagram in the

following way:

1. Let A contain the saturated model without symmetry constraints and let R = ∅.

2. If all models one link below minA lie in R, stop and return minA. Otherwise

test all models which lie one link below minA and do not lie in R, assign the

accepted models to A and the rejected models to R, and repeat.

6.3.2. An Example of an Edwards-Havránek Search

We conducted a downwards only Edwards-Havránek search as described above in the

set of models represented by Π[4] for the Frets’ heads data in Example 3.5 in Section

3.4.1. As before, models were tested for acceptance by performing a likelihood ratio

test relative to the saturated unconstrained model at significance level 5%, assuming

an unconstrained mean µ.

After fitting 48 models out of the 251 models in the search space in 4 stages, the

algorithm arrived at 9 minimally accepted models, whose graphs are displayed in

Figure 6.6 together with their BIC values. How the search navigated through the

search space is described in full detail in Appendix E.
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Figure 6.6.: Graphs of minimally accepted models in Π[4] for Frets’ heads data.

Note that all found models have BIC value lower than the BIC value of 471.2982 of

the model fitted in Højsgaard and Lauritzen (2008), whose graph is given in Figure

3.7(b) in Section 3.4.1. The lowest among them corresponds to the model represented

by graph H48.

Further, the model selected in Højsgaard and Lauritzen (2008) is a supermodel, in

fact the supremum, of the models represented by H46 and H47, with a further edge

to complete the four cycle. Interestingly, H34 and H35 are two of the graphs found

in Section 8.3 in Whittaker (1990), the other two being the underlying uncoloured

graphs of H46 and H47. The graph H22 vividly stands out from the rest, with a

remarkably small BIC value.
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7. Discussion and Further Work

In this thesis we studied RCON and RCOR models as they were introduced by

Højsgaard and Lauritzen (2008). We addressed maximum likelihood estimation of

a non-zero model mean, we studied the structure of model classes within the sets of

RCON and RCOR models and developed model selection techniques. In this section

we discuss the obtained results and suggest direction for possible further work.

7.1. Estimation of Means

In Chapter 4 we obtained a characterisation of linear spaces Ω such that if Σ is

restricted to satisfy the constraints of an RCON or RCOR model, the maximum

likelihood estimator µ̂ and least squares estimator µ∗ of µ coincide if µ is restricted

to lie in Ω. We further demonstrated that for equality constraints on µ, the character-

isation of Ω translates into a necessary and sufficient colouring regularity condition.

The latter was illustrated with examples from comparative experiments according

to Latin square designs with the covariance structure of the errors assumed to

satisfy the constraints of a homogeneous nearest-neighbour lattice scheme or its

torus equivalent.

Within comparative experiments, the above combination of constraints on Σ and

µ is only one possibility of many and other combinations of treatment allocations and
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concentration structures with inherent symmetries may lead to interesting results.

Further, for the torus concentration structure, we merely stated that Latin square

designs constructed in a particular way guarantee estimability of treatment effects

by the least squares estimator. In fact, others are possible and the characterisation

of all suitable Latin square designs leads to non-trivial combinatorial considerations.

Those were omitted for the sake of brevity.

Possible extensions of our work on estimation of model means consists in the

application of our results to settings different from comparative experiments.

A further interesting direction for further work is the quantification of the effect

on the estimation of the mean if it ‘almost’ satisfies the constraints which ensure

equality of estimators (where ‘almost’ will need to be given appropriate meaning).

7.2. Model Selection

In Chapter 5 we showed four model classes within the sets of RCON and RCOR

models, each satisfying desirable statistical properties and being more readily in-

terpretable than RCON and RCOR models in general, to form complete lattices

and identified their meet and join operations. Exploiting the fact that each model

class corresponds to a colouring regularity condition and Brendan McKay’s program

nauty, our computer program GraphCheck can determine whether a coloured graph

represents a model lying in any of the model classes.

As all four model classes form complete non-distributive lattices, each of them

qualifies for the Edwards-Havránek model selection procedure. In Chapter 6 we

argued that two of them, those represented by edge regular and permutation ge-

nerated colourings respectively, are most suitable for such a model search. For the

former model class we developed an Edwards-Havránek model selection algorithm,
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and demonstrated an encouraging performance for a data set on five variables.

We further developed a systematic search procedure in agreement with the

Edwards-Havránek principles for the lattice of models with constraints on Σ−1

induced by permutation symmetry, which we illustrated with the example of

Frets’ heads data on four variables. Here as well, the algorithm performed in

a satisfactory fashion. In order to fully develop an Edwards-Havránek search

algorithm for this class of models, further investigations into the relationship

between permutation groups acting on V and their orbits in V and V × V need to

be undertaken.

While the algorithm’s performance in the above examples was encouraging, it has

to be taken into account that the number of variables is rather small in both cases.

Further, it is at this stage unknown how much this behaviour relied on strong/weak

conditional independence and symmetry relations in the data sets considered. It

may be that the number of models to be tested can still grow in an unmanageable

fashion. Therefore other, and larger, examples should be studied.

A general concern with the Edwards-Havránek model selection procedure is

that the procedure does not control the overall error rate. It may therefore

be worthwhile to explore alternative model selection approaches. While

neighbourhood selection with the lasso (Meinshausen and Bühlmann, 2006),

stability selection (Meinshausen and Bühlmann, 2010), and the SINful approach

(Drton and Perlman, 2008) all do control for the overall error rate, we showed

them not to be directly applicable to the lattices of models studied here due to

their non-distributivity. Modified variants may still be feasible, which could be

investigated.

One further viable alternative may be a variant of the graphical lasso
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(Friedman et al., 2008; Ravikumar et al., 2008) for models with equality

constraints. In its original form the graphical lasso seeks to maximise the penalised

log-likelihood

log detΣ−1 − tr(SΣ−1)− ρ‖Σ−1‖1, (7.1)

over non-negative definite matrices Σ−1, with S denoting the empirical covariance

matrix of the observations, ‖ · ‖1 being the l1 norm giving the sum of the absolute

values of the elements in the argument matrix and ρ denoting the penalisation

parameter. Testing for equality constraints on the entries of Σ−1 = (kαβ)α,β∈V can

be enforced by replacing (7.1) by the following function

log detΣ−1 − tr(SΣ−1)− ρ1‖Σ−1‖1 − ρ2
∑

α,β∈V
|kαα − kββ| − ρ3

∑

α,β,γ,δ∈V,
α 6=β,γ 6=δ

|kαβ − kγδ|.

This lies in direct analogy to the development of the fused lasso (Tibshirani et al.,

2005) from the standard lasso for linear regression. However, it has to be mentioned

that how to maximise the function over a given symmetry class, for example over

models with edge regular colourings to ensure scale invariance, seems non-trivial.

7.3. Likelihood Ratio Tests

A direction for further work of relevance to both main topics addressed in this thesis

is the study of likelihood ratio tests for RCON, RCOR and RCOP models, with and

without constraints on the means. Most interesting is the characterisation of models

which allow likelihood ratio statistics in closed form. Hylleberg et al. (1993) showed

this to hold for mean-zero RCOP models generated by compound symmetry (Votaw,

1948), see (2.13), which are represented by decomposable graphs, i.e. graphs which
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do not have cycles of length greater than 3 as induced subgraphs.

It would be interesting to know whether there are other RCON, RCOR and

RCOP models with this property, and further which assumptions on the means

are permissible. This will facilitate exact model comparison for the models studied

in this thesis, including the comparison of competing restrictions on the means for

a given covariance structure, and may give rise to new model selection procedures.

Conceptually, knowledge about explicit likelihood ratio test will provide an appeal-

ing bridge to results for Gaussian models without conditional independence relations,

for which hypothesis testing was among the first studied topics, see Section 2.3.1.
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Appendix A.

Tables of Stable Subspaces in Section

4.3.4

(α, β, γ) Ωv1 Relation between µ1, µ2, µ3 Xv1

1 (0, 0, 0) 0 µ1 = µ2 = µ3 = 0

2 (0, 0, 1) 〈s〉 µi = csi, c ∈ R

(

s1
s2
s3

)

3 (0, 1, 0) 〈r〉 µi = cri, c ∈ R

(

r1
r2
r3

)

4 (0, 1, 1)

(

〈
(

1
1
1

)

〉
)⊥

µ1 + µ2 + µ3 = 0

(

r1 s1
r2 s2
r3 s3

)

5 (1, 0, 0) 〈
(

1
1
1

)

〉 µ1 = µ2 = µ3

(

1
1
1

)

6 (1, 0, 1) (〈r〉)⊥ r1µ1 + r2µ2 + r3µ3 = 0

(

1 s1
1 s2
1 s3

)

7 (1, 1, 0) (〈s〉)⊥ s1µ1 + s2µ2 + s3µ3 = 0

(

1 r1
1 r2
1 r3

)

8 (1, 1, 1) R
v1 µ1, µ2, µ3 ∈ R I3

Table A.1.: All G[u1{v1v1}]-stable spaces Ωv1 .
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(α, β, γ, δ) Ωv1 Ωv2

1 (0, 0, 0, 0) 0 0

2 (0, 1, 0, 0) 0 C0

3 (1, 0, 0, 0) B0 0

4 (1, 1, 0, 0) B0 C0

5 (0, 0, 1, 0) B1 C1

6 (0, 1, 1, 0) B1 C0 ⊕ C1 = C⊥
2

7 (1, 0, 1, 0) B0 ⊕B1 = B⊥
2 C1

8 (1, 1, 1, 0) B0 ⊕B1 = B⊥
2 C0 ⊕ C1 = C⊥

2

9 (0, 0, 0, 1) B2 C2

10 (0, 1, 0, 1) B2 C0 ⊕ C2 = C⊥
1

11 (1, 0, 0, 1) B0 ⊕B2 = B⊥
1 C2

12 (1, 1, 0, 1) B0 ⊕B2 = B⊥
1 C0 ⊕ C2 = C⊥

1

13 (0, 0, 1, 1) B1 ⊕B2 = B⊥
0 C1 ⊕ C2 = C⊥

0

14 (0, 1, 1, 1) B1 ⊕B2 = B⊥
0 C0 ⊕ C1 ⊕ C2 = R

v2

15 (1, 0, 1, 1) B0 ⊕B1 ⊕B2 = R
v1 C1 ⊕ C2 = C⊥

0

16 (1, 1, 1, 1) B0 ⊕B1 ⊕B2 = R
v1 C0 ⊕ C1 ⊕ C2 = R

v2

Table A.2.: Description of Φ(G[u1{v1v2}]).
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Relations between µ1, . . . , µ6 Xv1 Xv2

1 µ1 = µ2 = µ3 = 0, µ4 = µ5 = µ6 = 0

2 µ1 = µ2 = µ3 = 0, µ4 = −µ5, µ6 = 0

(

1
−1
0

)

3 µ1 = 0, µ2 = −µ3, µ4 = µ5 = µ6 = 0

(

0
1
−1

)

4 µ1 = 0, µ2 = −µ3, µ4 = −µ5, µ6 = 0

(

0
1
−1

) (

1
−1
0

)

5 −µ1 = µ2 = µ3, µ4 = µ5 = −µ6
(−1

1
1

) (

1
1
−1

)

6 −µ1 = µ2 = µ3, µ4 + µ5 + 2µ6 = 0

(−1
1
1

) (−1 1
1 1
0 −1

)

7 2µ1 + µ2 + µ3 = 0, µ4 = µ5 = −µ6
(

0 −1
−1 1
1 1

) (

1
1
−1

)

8 2µ1 + µ2 + µ3 = 0, µ4 + µ5 + 2µ6 = 0

(

0 −1
−1 1
1 1

) (−1 1
1 1
0 −1

)

9 µ1 = 2µ2 = 2µ3, 2µ4 = 2µ5 = µ6

(

2
1
1

)

(

1
1
2

)

10 µ1 = 2µ2 = 2µ3, µ4 + µ5 − µ6 = 0

(

2
1
1

)

(

−1 1
1 1
0 2

)

11 µ1 − µ2 − µ3 = 0, 2µ4 = 2µ5 = µ6

(

0 2
−1 1
1 1

) (

1
1
2

)

12 µ1 − µ2 − µ3 = 0, µ4 + µ5 − µ6 = 0

(

0 2
−1 1
1 1

) (−1 1
1 1
0 2

)

13 µ1 ∈ R, µ2 = µ3, µ4 = µ5, µ6 ∈ R

(−1 2
1 1
1 1

) (

1 1
1 1
−1 2

)

14 µ1 ∈ R, µ2 = µ3, µ4, µ5, µ6 ∈ R

(−1 2
1 1
1 1

)

I3

15 µ1, µ2, µ3 ∈ R, µ4 = µ5, µ6 ∈ R I3

(

1 1
1 1
−1 2

)

16 µ1, µ2, µ3 ∈ R, µ4, µ5, µ6 ∈ R I3 I3

Table A.3.: Relations between µ1, . . . , µ6 and design matrices for Φ(G[u1{v1v2}]).
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(α, β, γ) Ωv2 Ωv3

1 (0, 0, 0) 0 0

2 (0, 0, 1) D√
2−

√
2

F√
2−

√
2

3 (0, 1, 0) D√
2+

√
2

F√
2+

√
2

4 (0, 1, 1) D√
2−

√
2
⊕D√

2+
√
2
= D⊥

0 F√
2−

√
2
⊕ F√

2+
√
2
= R

v3

5 (1, 0, 0) D0 0

6 (1, 0, 1) D0 ⊕D√
2−

√
2
= D⊥√

2+
√
2

F√
2−

√
2

7 (1, 1, 0) D0 ⊕D√
2+

√
2
= D⊥√

2−
√
2

F√
2+

√
2

8 (1, 1, 1) D0 ⊕D√
2−

√
2
⊕D√

2+
√
2
= R

v2 F√
2−

√
2
⊕ F√

2+
√
2
= R

v3

Table A.4.: Description of Φ(G[u2{v2v3}]).

Relations between µ4, . . . , µ8 Xv2 Xv3

1 µ4 = µ5 = µ6 = 0, µ7 = µ8 = 0

2
√
2µ4 =

√
2µ5 = −µ6, (1 +

√
2)µ7 = −µ8

(

1
1

−
√
2

)

(

1

−1−
√
2

)

3
√
2µ4 =

√
2µ5 = µ6, (1−

√
2)µ7 = −µ8

(

1
1√
2

)

(

1

−1 +
√
2

)

4 µ4 = µ5, µ6 ∈ R, µ7, µ8 ∈ R

(

1 1
1 1√
2 −

√
2

)

I2

5 µ4 = −µ5, µ6 = 0, µ7 = µ8 = 0

(−1
1
0

)

6 µ4 + µ5 +
√
2µ6 = 0, (1 +

√
2)µ7 = −µ8

(

−1 1
1 1

0 −
√
2

)

(

1

−1−
√
2

)

7 µ4 + µ5 −
√
2µ6 = 0, (1−

√
2)µ7 = −µ8

(

−1 1
1 1

0
√
2

)

(

1

−1 +
√
2

)

8 µ4, µ5, µ6 ∈ R, µ7, µ8 ∈ R I3 I2

Table A.5.: Relations between µ4, . . . , µ8 and design matrices for Φ(G[u2{v2v3}]).
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Appendix B.

Sizes of Colouring Classes

We observe first that each partition of V = [4] can be obtained by applying a

permutation in S([4]) to one of

(a) {{1}, {2}, {3}, {4}} (b) {{1, 2}, {3}, {4}} (c) {{1, 2}, {3, 4}}

(d) {{1, 2, 3}, {4}} (e) {{1, 2, 3, 4}}.

B.1. Edge Regular Colourings BV

By definition of edge regularity, no edge colour may appear in two different compo-

nents. Given the vertex colouring of a graph, the total number of edge colourings

which conform with the criterion is given by the product of the number of possible

edge colourings of each component.

In case (a), there are four singleton vertex colour classes and therefore
(

4
2

)

= 6

u{vw}-components and no u{vv}-components. Each u{vw}-component may either

contain an edge or not which, by (5.9), gives
[

∑1
k=0

(

1
k

)

Bk

]

= B2 = 2 possibilities.
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The total number of graph colourings in B[4] in case (a) is therefore

(a)
[

∑1
k=0

(

1
k

)

Bk

]6
= B6

2 = 64.

Analogously, for the other cases we get

(b)
[

∑1
k=0

(

1
k

)

Bk

]2 [
∑2

k=0

(

2
k

)

Bk

]2
= B2

2B
2
3 = 100

(c)
[

∑1
k=0

(

1
k

)

Bk

]2 [
∑4

k=0

(

4
k

)

Bk

]

= B2
2B5 = 208

(d)
[

∑3
k=0

(

3
k

)

Bk

]2
= B2

4 = 225

(e)
∑6

k=0

(

6
k

)

Bk = B7 = 877.

Accounting for the number of different vertex colourings of types (a) through (e),

the above give a total of

|B[4]| =
(

4

0

)

64 +

(

4

2

)

100 +
1

2

(

4

2

)

208 +

(

4

3

)

225 +

(

4

4

)

877 = 3, 065.

We further obtain |B[5]|. Each partition of V = [5] can be obtained by applying a

permutation in S([5]) to one of

(a) {{1}, {2}, {3}, {4}, {5}} (b) {{1, 2}, {3}, {4}, {5}} (c) {{1, 2}, {3, 4}, {5}}

(d) {{1, 2}, {3, 4, 5}} (e) {{1, 2, 3}, {4}, {5}} (f) {{1, 2, 3, 4}, {5}}

(g) {{1, 2, 3, 4, 5}}.

Thus, repeating the above steps for V = [5], the numbers of edge colourings for
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each of the partitions of V are given by

(a)
[

∑1
k=0

(

1
k

)

Bk

](52)
= B10

2 = 1, 024

(b)
[

∑1
k=0

(

1
k

)

Bk

] [

∑2
k=0

(

2
k

)

Bk

]3 [
∑1

k=0

(

1
k

)

Bk

]3
= B4

2B
3
3 = 2, 000

(c)
[

∑1
k=0

(

1
k

)

Bk

]2 [
∑2

k=0

(

2
k

)

Bk

]2 [
∑4

k=0

(

4
k

)

Bk

]

= B2
2B

2
3B5 = 5, 200

(d)
[

∑1
k=0

(

1
k

)

Bk

] [

∑3
k=0

(

3
k

)

Bk

] [

∑6
k=0

(

6
k

)

Bk

]

= B2B4B7 = 26, 310

(e)
[

∑3
k=0

(

3
k

)

Bk

] [

∑3
k=0

(

3
k

)

Bk

] [

∑3
k=0

(

3
k

)

Bk

] [

∑1
k=0

(

1
k

)

Bk

]

= B3
4B2 = 6, 750

(f)
[

∑6
k=0

(

6
k

)

Bk

] [

∑4
k=0

(

4
k

)

Bk

]

= B7B5 = 45, 604

(g)
∑10

k=0

(

10
k

)

Bk = B11 = 678, 570.

which, accounting for the number of different vertex colourings of types (a) through

(g), gives

|B[5]| =

(

5

0

)

1, 024 +

(

5

2

)

2, 000 +
1

2

(

5

2

)(

3

2

)

5, 200 +

(

5

2

)

26, 310 +

+

(

5

3

)

6, 750 +

(

5

4

)

45, 604 +

(

5

5

)

678, 570

= 1, 336, 214.

B.2. Regular Colourings RV

We repeat the counting process described for BV on RV . All graphs in case (a) have

a regular colouring and therfore contribute 26 = 64 regular graph colourings to R[4].

The regular colourings for (b) can all be obtained by dropping edge colour classes

from the graph displayed in Figure B.1, in total giving 24 = 16 graphs as there are

four edge colour classes.
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∗ ∗
Figure B.1.: Regular colouring for V = [4] and V of type (b).

All regular colourings in case (c) can be obtained from the graph in Figure B.2.

This time we may drop edge colour classes, giving 24 = 16 graphs, and/or merge

the green and purple edge colour class, which gives another 4 graphs.

1

4

2

3
�

�
�

� @
@

@
@

u

u

u

u

∗ ∗

∗∗ ∗∗

Figure B.2.: Regular colouring for V = [4] and V of type (c).

All regular colourings in case (d) can be obtained by dropping edge colour classes

from the graph in Figure B.3, thus giving 22 = 4 graphs.

1

4

2

3
�

�
�

�

@
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u
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u

∗ ∗

∗

Figure B.3.: Regular colouring for V = [4] and V of type (d).

All regular colourings in case (e) may be obtained from the graph in Figure B.4

by dropping and merging of edge colour classes, giving a total number of graphs of

3
∑

k=0

(

3

k

)

Bk = B4 = 15.
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Figure B.4.: Regular colouring for V = [4] and V of type (e).

Accounting for the number of different vertex colourings of types (a) through (e),

the above give a total of

|R[4]| =
(

4

0

)

64 +

(

4

2

)

16 +
1

2

(

4

2

)

20 +

(

4

3

)

4 +

(

4

4

)

15 = 251.

B.3. Vertex Regular Colourings PV

|PV | can be found by counting the number of graphs which can be obtained from

graphs in RV by merging edge colour classes.

The number of edge colour classes in each of the cases (a)-(e) in RV is: (a) 6, (b)

4, (c) 4, (d) 2 and (e) 3. Thus the total number of permissible edge colourings in

each case is given by

(a)
6
∑

k=0

(

6

k

)

Bk = B7 = 877 (b)
4
∑

k=0

(

4

k

)

Bk = B5 = 52

(c)
4
∑

k=0

(

4

k

)

Bk = B5 = 52 (d)
2
∑

k=0

(

2

k

)

Bk = B3 = 5 (e)
3
∑

k=0

(

3

k

)

Bk = B4 = 15.

We thus obtain

|P[4]| =
(

4

0

)

877 +

(

4

2

)

52 +
1

2

(

4

2

)

52 +

(

4

3

)

5 +

(

4

4

)

15 = 1, 380.
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B.4. Permutation Generated Colourings ΠV

By Lemma 5.8, all colourings in Π[4] can be found by (i) determining all colourings

(V〈σ〉, E〈σ〉) for σ ∈ S([4]), (ii) determining all colourings which can be obtained from

(i) by the meet operation ∧, and (iii) finding all colourings which can be obtained

from (i) and (ii) by dropping edge colour classes.

For (i), S([4]) contains 4! = 24 permutations, which generate 17 distinct colourings

of the complete graph, given in Figure B.5. (The difference of 7 is due to the

fact that 〈σ〉 = 〈σ−1〉 for all σ. For 17 permutations σ = σ−1, while for σ =

(123), (124), (134), (234), (1234), (1243), (1324) the two are different.)

For (ii), we obtain 5 additional colourings of the complete graph, given in Figure

B.6 together with one of their generating groups.

We obtain:

|Π[4]| = N1 + 6N2 + 4N8 + 3N12 + 3(N15 − 1) + 3(N18 − 4) + (N21 − 4) +N22

= 26 + 6 · 24 + 4 · 22 + 3 · 24 + 3(22 − 1) + 3(23 − 4) + (23 − 4) + 2

= 251

where Ni denotes the number of graphs one can obtain from graph Gi by dropping

edge colour classes. The subtracted correction terms prevent some graphs to be

counted more than once.

Note that we have established that Π[4] = R[4], as Π[4] ⊆ R[4] and |Π[4]| = |R[4]|.
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Figure B.5.: (VΓ, EΓ) with Γ = 〈σ〉 for some σ ∈ S([4]).
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Figure B.6.: (VΓ, EΓ) with Γ ≤ S([4]) generated by more than one permutation.
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Appendix C.

GraphCheck Algorithms

GraphCheck is a program we have written in Java which tests vertex and edge

colourings of graphs for the four colouring regularities defined in this thesis. If a

graph colouring does not fall into the desired colouring class, GraphCheck finds the

coarsest refinement of the colouring which does.

Core computations are performed by Brendan McKay’s computer program nauty

2.4 (McKay, 2010). The nauty functions GraphCheck calls are (i) nauty() and (ii)

refine(), which both take a vertex coloured graph as their argument and return

(i) its automorphism group and (ii) the coarsest refinement of the vertex colouring

which is equitable with respect to the entered graph.

Below we give the implemented algorithms for the four colouring classes, together

with the output of each algorithm for the graph G = (V , E) with V = {{0, 2}, {1, 3}}

and E = {{01, 13, 23}, {03}, {12}} in Figure C.1. As nauty numbers vertices of

graphs starting from zero, so does GraphCheck.
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Figure C.1.: Vertex and edge coloured graph G used for illustration.

G is passed to GraphCheck with the commands given below. n stands for the

number of vertices, g indicates that edge set of the graph is to be given next, f

precedes the vertex colouring, which is given in brackets [] with colour classes

separated by |, and F precedes the edge colouring, also given in brackets [] with

colour classes separated by | and end vertices of an edge separated by -.

‘../data/graph3.txt’, appearing in all outputs, is the path to the corresponding

input file. All four computed graph colourings are displayed in Figure C.2.

n = 4

g

0:1,3

1:2,3

2:3

f

[0,2 | 1,3]

F

[0-1,2-3,1-3]

C.1. Edge Regular Colourings BV

For a given vertex and edge coloured graph G = (V , E):
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1. Test whether edges inside the same edge colour class connect the same vertex

colour classes.

2. If the answer to 1. is ’Yes’, return ’Colouring is edge regular!’ and stop.

3. If the answer to 1. is ’No’, refine E by splitting an edge colour class whenever it

lies in more than one component, return obtained graph and stop.

******************************************

Output for graph ../data/graph3.txt

******************************************

Received graph colouring is not edge regular.

Found coarsest colouring refinement which is edge regular.

Vertex colour classes:

[ 0, 2 | 1, 3 ]

Edge colour classes:

[ 0-1, 2-3 | 0-3 | 1-2 | 1-3 ]

C.2. Regular Colourings RV

For a given vertex and edge coloured graph G = (V , E):

1. Transform G to its corresponding coloured factor graph GF = (V ∪ N , EF ).

2. Call the nauty function refine() with argument GF and let it return the coarsest

refinement (V ′ ∪N ′) of (V ∪ N ) which is equitable with respect to GF .

3. Compare (V ′ ∪N ′) to (V ∪ N ).

4. If the colourings in 3. agree, return ’Colouring is regular!’ and stop.
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5. If the colourings in 3. do not agree, compute the vertex and edge coloured graph

G′ corresponding to G′
F = (V ′ ∪ N ′, EF ), return G′ and stop.

******************************************

Output for graph ../data/graph3.txt

******************************************

Received graph colouring is not regular.

Found coarsest colouring refinement which is regular.

Vertex colour classes:

[ 0 | 2 | 3 | 1 ]

Edge colour classes:

[ 1-3 | 0-1 | 2-3 | 0-3 | 1-2 ]

C.3. Vertex Regular Colourings PV

For a given vertex and edge coloured graph G = (V , E):

1. Transform G to its coloured factor graph GF = (V ∪ N , EF ).

2. Call the nauty function refine() with argument GF and let it return the coarsest

refinement (V ′ ∪N ′) of (V ∪ N ) which is equitable with respect to GF .

3. Compare V ′ to V .

4. If the colourings in 3. agree, return ’Colouring is vertex regular!’ and stop.

5. If the colourings in 3. do not agree, compute the vertex and edge coloured graph

G′ corresponding to G′
F = (V ′ ∪ N , EF ), return G′ and stop.
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******************************************

Output for graph ../data/graph3.txt

******************************************

Received graph colouring is not vertex regular.

Found coarsest colouring refinement which is vertex regular.

Vertex colour classes:

[ 0 | 2 | 3 | 1 ]

Edge colour classes:

[ 0-1, 1-3, 2-3 | 0-3 | 1-2 ]

C.4. Permutation Generated Colourings ΠV

For a given vertex and edge coloured graph G = (V , E):

1. Transform G to its corresponding coloured factor graph GF = (V ∪ N , EF ).

2. Call the nauty function nauty() with argument GF and let it return the orbits

(V ′ ∪N ′) of Γ = Aut(V ∪ N , EF ) in (V ∪ N ).

3. Compare (V ′ ∪N ′) to (V ∪ N ).

4. If the colourings in 3. agree, return ’Colouring is permutation generated!’ and

stop.

5. If the colourings in 3. do not agree, find the vertex and edge coloured graph G′

corresponding to G′
F = (V ′ ∪ N ′, EF ), return G′ and stop.
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******************************************

Output for graph ../data/graph3.txt

******************************************

Received graph colouring is not permutation generated.

Found coarsest colouring refinement which is permutation generated.

Vertex colour classes:

[ 0 | 1 | 2 | 3 ]

Edge colour classes:

[ 0-1 | 0-3 | 1-2 | 1-3 | 2-3 ]
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Figure C.2.: Colourings of G obtained by GraphCheck.

Note that the computed sR(G) and sΠ(G) are identical. This is precisely right as

Π[4] = R[4], as shown in Appendix B.
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Appendix D.

Models Fitted in Section 6.2.3

We denote the variables Algebra, Analysis, Mechanics, Statistics and Vectors by al,

an, me, st and ve respectively. A model is defined through its differences from the

saturated unrestricted model, using the following notation. If a model is represented

by the complete graph in which each vertex and each edge forms a singleton colour

class except for vertices al and an which are assigned the same colour, we denote

the model by ‘al+an’. If additionally the edge between me and st is missing, the

model is denoted by ‘al+an, -me:st’. If a further constraint is that edges ‘an:st’

and ‘al:st’ are of equal colour, we write ‘al+an, -me:st, an:st+al:st’.

We group the models by stage of the algorithm and indicate by an ’A’ or ’R’

whether the model was accepted or rejected. The minimally accepted models are

underlined.

Stage 0

Fit of saturated model without constraints.

175



Stage 1

20 models fitted: 6 accepted, 14 rejected.

• 10 with one vertex pair of equal colour.

• 10 with one missing edge.

1. me+ve R

2. me+al R

3. me+an R

4. me+st A

5. ve+al R

6. ve+an A

7. ve+st R

8. al+an R

9. al+st R

10. an+st R

11. -me:ve R

12. -me:al R

13. -me:an A

14. -me:st A

15. -ve:al R

16. -ve:an A

17. -ve:st A

18. -al:an R

19. -al:st R

20. -an:st R

Stage 2

21 models fitted: 19 accepted, 2 rejected.

• 1 with two vertex pairs of equal colour.
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• 6 with one vertex pair of equal colour and one edge pair of equal colour.

• 8 with one vertex pair of equal colour and one missing edge.

• 6 with two missing edges.

1. me+st, ve+an A

2. me+st, me:ve+st:ve R

3. me+st, me:al+st:al A

4. me+st, me:an+st:an A

5. ve+an, ve:me+an:me A

6. ve+an, ve:st+an:st A

7. ve+an, ve:al+an:al R

8. me+st, -me:an A

9. me+st, -me:st A

10. me+st, -ve:an A

11. me+st, -ve:st A

12. ve+an, -me:an A

13. ve+an, -me:st A

14. ve+an, -ve:an A

15. ve+an, -ve:st A

16. -me:an, -me:st A

17. -me:an, -ve:an A

18. -me:an, -ve:st A

19. -me:st, -ve:an A

20. -me:st, -ve:st A

21. -ve:an, -ve:st A

Stage 3

41 models fitted: 40 accepted, 1 rejected.

• 6 with two vertex pairs of equal colour and one edge pair of equal colour.

• 4 with two vertex pairs of equal colour and one missing edge.
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• 2 with one vertex pair of equal colour and two edge pairs of equal colour.

• 13 with one vertex pair of equal colour, one edge pair of equal colour and one

missing edge.

• 12 with one vertex pair of equal colour and two missing edges.

• 4 with three missing edges.

1. me+st, ve+an, me:al+st:al A

2. me+st, ve+an, me:an+st:an A

3. me+st, ve+an, ve:me+an:me A

4. me+st, ve+an, ve:st+an:st A

5. me+st, ve+an, me:ve+st:an A

6. me+st, ve+an, an:me+st:ve A

7. me+st, ve+an, -me:an A

8. me+st, ve+an, -me:st A

9. me+st, ve+an, -ve:an A

10. me+st, ve+an, -ve:st A

11. me+st, me:al+st:al, me:an+st:an R

12. ve+an, ve:st+an:st, ve:me+an:me A

13. me+st, me:al+st:al, -me:an A

14. me+st, me:al+st:al, -me:st A

15. me+st, me:al+st:al, -ve:an A

16. me+st, me:al+st:al, -ve:st A

17. me+st, me:an+st:an, -me:st A

18. me+st, me:an+st:an, -ve:an A

19. me+st, me:an+st:an, -ve:st A

20. ve+an, ve:me+an:me, -me:st A

21. ve+an, ve:me+an:me, -ve:an A

22. ve+an, ve:me+an:me, -ve:st A

23. ve+an, ve:st+an:st, -me:an A

24. ve+an, ve:st+an:st, -me:st A

25. ve+an, ve:st+an:st, -ve:an A

26. me+st, -me:an, -me:st A

27. me+st, -me:an, -ve:an A
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28. me+st, -me:an, -ve:st A

29. me+st, -me:st, -ve:an A

30. me+st, -me:st, -ve:st A

31. me+st, -ve:an, -ve:st A

32. ve+an, -me:an, -me:st A

33. ve+an, -me:an, -ve:an A

34. ve+an, -me:an, -ve:st A

35. ve+an, -me:st, -ve:an A

36. ve+an, -me:st, -ve:st A

37. ve+an, -ve:an, -ve:st A

38. -me:an, -me:st, -ve:an A

39. -me:an, -me:st, -ve:st A

40. -me:an, -ve:an, -ve:st A

41. -me:st, -ve:an, -ve:st A

Stage 4

56 models fitted: 56 accepted, 0 rejected.

• 6 with two vertex pairs of equal colour and two edge pairs of equal colour.

• 20 with two vertex pairs of equal colour, one edge pair of equal colour and one

missing edge.

• 6 with two vertex pairs of equal colour and two missing edges.

• 15 with one vertex pair of equal colour, one edge pair of equal colour and two

missing edges.

• 8 with one vertex pair of equal colour and three missing edges.

• 1 with four missing edges.

1. me+st, ve+an, ve:me+an:me, me:al+st:al A

2. me+st, ve+an, ve:me+an:me+st:an A
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3. me+st, ve+an, me:an+ve:st+st:an A

4. me+st, ve+an, ve:st+an:st, me:al+st:al A

5. me+st, ve+an, me:ve+st:an, me:al+st:al A

6. me+st, ve+an, an:me+st:ve, me:al+st:al A

7. me+st, ve+an, ve:me+an:me, -me:st A

8. me+st, ve+an, ve:me+an:me, -ve:an A

9. me+st, ve+an, ve:me+an:me, -ve:st A

10. me+st, ve+an, ve:st+an:st, -me:an A

11. me+st, ve+an, ve:st+an:st, -me:st A

12. me+st, ve+an, ve:st+an:st, -ve:an A

13. me+st, ve+an, me:al+st:al, -me:an A

14. me+st, ve+an, me:al+st:al, -me:st A

15. me+st, ve+an, me:al+st:al, -ve:an A

16. me+st, ve+an, me:al+st:al, -ve:st A

17. me+st, ve+an, me:an+st:an, -me:st A

18. me+st, ve+an, me:an+st:an, -ve:an A

19. me+st, ve+an, me:an+st:an, -ve:st A

20. me+st, ve+an, me:ve+st:an, -me:an A

21. me+st, ve+an, me:ve+st:an, -me:st A

22. me+st, ve+an, me:ve+st:an, -ve:an A

23. me+st, ve+an, me:ve+st:an, -ve:st A

24. me+st, ve+an, -an:me, -st:ve A

25. me+st, ve+an, an:me+st:ve, -me:st A

26. me+st, ve+an, an:me+st:ve, -ve:an A

27. me+st, ve+an, -me:an, -me:st A

28. me+st, ve+an, -me:an, -ve:an A

29. me+st, ve+an, -me:an, -ve:st A

30. me+st, ve+an, -me:st, -ve:an A

31. me+st, ve+an, -me:st, -ve:st A

32. me+st, ve+an, -ve:an, -ve:st A

33. me+st, me:al+st:al, -me:an, -me:st A

34. me+st, me:al+st:al, -me:an, -ve:an A

35. me+st, me:al+st:al, -me:an, -ve:st A

36. me+st, me:al+st:al, -me:st, -ve:an A

37. me+st, me:al+st:al, -me:st, -ve:st A

38. me+st, me:al+st:al, -ve:an, -ve:st A
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39. me+st, me:an+st:an, -me:st, -ve:an A

40. me+st, me:an+st:an, -me:st, -ve:st A

41. me+st, me:an+st:an, -ve:an, -ve:st A

42. ve+an, ve:me+an:me, -me:st, -ve:an A

43. ve+an, ve:me+an:me, -me:st, -ve:st A

44. ve+an, ve:me+an:me, -ve:an, -ve:st A

45. ve+an, ve:st+an:st, -me:an, -me:st A

46. ve+an, ve:st+an:st, -me:an, -ve:an A

47. ve+an, ve:st+an:st, -me:st, -ve:an A

48. me+st, -me:an, -me:st, -ve:an A

49. me+st, -me:an, -me:st, -ve:st A

50. me+st, -me:an, -ve:an, -ve:st A

51. me+st, -me:st, -ve:an, -ve:st A

52. ve+an, -me:an, -me:st, -ve:an A

53. ve+an, -me:an, -me:st, -ve:st A

54. ve+an, -me:an, -ve:an, -ve:st A

55. ve+an, -me:st, -ve:an, -ve:st A

56. -me:an, -me:st, -ve:an, -ve:st A

Stage 5

55 models fitted: 55 accepted, 0 rejected.

• 18 with two vertex pairs of equal colour, two edge pairs of equal colour and one

missing edge.

• 24 with two vertex pairs of equal colour, one edge pair of equal colour and two

missing edges.

• 4 with two vertex pairs of equal colour and three missing edges.

• 7 with one vertex pair of equal colour, one edge pair of equal colour and three

missing edges.

• 2 with one vertex pair of equal colour and four missing edges.
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1. me+st, ve+an, ve:me+an:me, me:al+st:al, -me:st A

2. me+st, ve+an, ve:me+an:me, me:al+st:al, -ve:an A

3. me+st, ve+an, ve:me+an:me, me:al+st:al, -ve:st A

4. me+st, ve+an, me:an+ve:st+st:an, -me:st A

5. me+st, ve+an, me:an+ve:st+st:an, -ve:an A

6. me+st, ve+an, ve:me+me:an+st:an, -me:st A

7. me+st, ve+an, ve:me+an:me+st:an, -ve:an A

8. me+st, ve+an, ve:me+me:an+st:an, -ve:st A

9. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an A

10. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:st A

11. me+st, ve+an, ve:st+an:st, me:al+st:al, -ve:an A

12. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:an A

13. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:st A

14. me+st, ve+an, me:ve+st:an, me:al+st:al, -ve:an A

15. me+st, ve+an, me:ve+st:an, me:al+st:al, -ve:st A

16. me+st, ve+an, -an:me, -st:ve, me:al+st:al A

17. me+st, ve+an, an:me+st:ve, me:al+st:al, -me:st A

18. me+st, ve+an, an:me+st:ve, me:al+st:al, -ve:an A

19. me+st, ve+an, ve:me+an:me, -me:st, -ve:an A

20. me+st, ve+an, ve:me+an:me, -me:st, -ve:st A

21. me+st, ve+an, ve:me+an:me, -ve:an, -ve:st A

22. me+st, ve+an, ve:st+an:st, -me:an, -me:st A

23. me+st, ve+an, ve:st+an:st, -me:an, -ve:an A

24. me+st, ve+an, ve:st+an:st, -me:st, -ve:an A

25. ve+an, me+st, me:al+st:al, -me:an, -me:st A

26. ve+an, me+st, me:al+st:al, -me:an, -ve:an A

27. ve+an, me+st, me:al+st:al, -me:an, -ve:st A

28. ve+an, me+st, me:al+st:al, -me:st, -ve:an A

29. ve+an, me+st, me:al+st:al, -me:st, -ve:st A

30. ve+an, me+st, me:al+st:al, -ve:an, -ve:st A

31. ve+an, me+st, me:an+st:an, -me:st, -ve:an A

32. ve+an, me+st, me:an+st:an, -me:st, -ve:st A

33. ve+an, me+st, me:an+st:an, -ve:an, -ve:st A

34. me+st, ve+an, me:ve+st:an, -me:an, -me:st A

35. me+st, ve+an, me:ve+st:an, -me:an, -ve:an A

36. me+st, ve+an, me:ve+st:an, -me:an, -ve:st A
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37. me+st, ve+an, me:ve+st:an, -me:st, -ve:an A

38. me+st, ve+an, me:ve+st:an, -me:st, -ve:st A

39. me+st, ve+an, me:ve+st:an, -ve:an, -ve:st A

40. me+st, ve+an, -an:me, -st:ve, -me:st A

41. me+st, ve+an, -st:ve, -me:an, -ve:an A

42. me+st, ve+an, an:me+st:ve, -me:st, -ve:an A

43. me+st, ve+an, -me:an, -me:st, -ve:an A

44. me+st, ve+an, -me:an, -me:st, -ve:st A

45. me+st, ve+an, -me:an, -ve:an, -ve:st A

46. me+st, ve+an, -me:st, -ve:an, -ve:st A

47. me+st, me:al+st:al, -me:an, -me:st, -ve:an A

48. me+st, me:al+st:al, -me:an, -me:st, -ve:st A

49. me+st, me:al+st:al, -me:an, -ve:an, -ve:st A

50. me+st, me:al+st:al, -me:st, -ve:an, -ve:st A

51. me+st, me:an+st:an, -me:st, -ve:an, -ve:st A

52. ve+an, ve:me+an:me, -me:st, -ve:an, -ve:st A

53. ve+an, ve:st+an:st, -me:an, -me:st, -ve:an A

54. me+st, -me:an, -me:st, -ve:an, -ve:st A

55. ve+an, -me:an, -me:st, -ve:an, -ve:st A

Stage 6

29 models fitted: 29 accepted, 0 rejected.

• 17 with two vertex pairs of equal colour, two edge pairs of equal colour and two

missing edges.

• 10 with two vertex pairs of equal colour, one edge pair of equal colour and three

missing edges.

• 1 with two vertex pairs of equal colour and four missing edges.

• 1 with one vertex pair of equal colour, one edge pair of equal colour and four

missing edges.
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1. me+st, ve+an, ve:me+an:me, me:al+st:al, -me:st, -ve:an A

2. me+st, ve+an, ve:me+an:me, me:al+st:al, -me:st, -ve:st A

3. me+st, ve+an, ve:me+an:me, me:al+st:al, -ve:an, -ve:st A

4. me+st, ve+an, ve:me+an:me+st:an, -me:st, -ve:an A

5. me+st, ve+an, ve:me+an:me+st:an, -me:st, -ve:st A

6. me+st, ve+an, ve:me+an:me+st:an, -ve:an, -ve:st A

7. me+st, ve+an, me:an+ve:st+st:an, -me:st, -ve:an A

8. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -me:st A

9. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -ve:an A

10. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:st, -ve:an A

11. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:an, -ve:st A

12. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:st, -ve:an A

13. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:st, -ve:st A

14. me+st, ve+an, me:ve+st:an, me:al+st:al, -ve:an, -ve:st A

15. ve+an, me+st, me:al+st:al, -an:me, -st:ve, -me:st A

16. ve+an, me+st, me:al+st:al, -st:ve, -me:an, -ve:an A

17. ve+an, me+st, me:al+st:al, an:me+st:ve, -me:st, -ve:an A

18. me+st, ve+an, ve:me+an:me, -me:st, -ve:an, -ve:st A

19. me+st, ve+an, ve:st+an:st, -me:an, -me:st, -ve:an A

20. ve+an, me+st, me:al+st:al, -me:an, -ve:an, -ve:st A

21. ve+an, me+st, me:al+st:al, -me:st, -ve:an, -ve:st A

22. ve+an, me+st, me:an+st:an, -me:st, -ve:an, -ve:st A

23. me+st, ve+an, me:ve+st:an, -me:an, -me:st, -ve:an A

24. me+st, ve+an, me:ve+st:an, -me:an, -me:st, -ve:st A

25. me+st, ve+an, me:ve+st:an, -me:an, -ve:an, -ve:st A

26. me+st, ve+an, me:ve+st:an, -me:st, -ve:an, -ve:st A

27. me+st, ve+an, -an:me, -st:ve, -me:st, -ve:an A

28. me+st, ve+an, -me:an, -me:st, -ve:an, -ve:st A

29. me+st, me:al+st:al, -me:an, -me:st, -ve:an, -ve:st A

Stage 7

9 models fitted: 9 accepted, 0 rejected.

• 8 with two vertex pairs of equal colour, two edge pairs of equal colour and three
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missing edges.

• 1 with two vertex pairs of equal colour, one edge pair of equal colour and four

missing edges.

1. me+st, ve+an, ve:me+an:me, me:al+st:al, -me:st, -ve:an, -ve:st A

2. me+st, ve+an, ve:me+an:me+st:an, -me:st, -ve:an, -ve:st A

3. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -me:st, -ve:an A

4. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -me:st, -ve:an A

5. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -me:st, -ve:st A

6. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -ve:an, -ve:st A

7. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:st, -ve:an, -ve:st A

8. me+st, ve+an, me:al+st:al, -st:ve, -me:an, -me:st, -ve:an A

9. me+st, ve+an, me:ve+st:an, -me:an, -me:st, -ve:an, -ve:st A

Stage 8

1 model fitted: 1 accepted, 0 rejected.

• 1 with two vertex pairs of equal colour, two edge pairs of equal colour and four

missing edges.

1. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -me:st, -ve:an, -ve:st A

232 models in total: 215 accepted, 17 maximally rejected, 4 minimally accepted.
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Appendix E.

Models Fitted in Section 6.3.2

We label the graphs representing the fitted models by Hi for 0 ≤ i ≤ 48. The

labelling by Gj for 1 ≤ j ≤ 22 is the labelling used in Section B.1 in Appendix B.

We circle elements in the given Hasse diagrams to indicate that the corresponding

model was minimally accepted in the current stage of the algorithm.

Stage 0 consisted of fitting the saturated model with singleton colour classes,

whose graph H0 is given in Figure E.1.
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H0 = G1

Γ0 = 〈Id〉

Figure E.1.: Stage 0: the saturated model H0.

The Hasse diagram of K[4] is given in Figure E.2. G1 is circled as after stage 0 it

is the only minimally accepted model in K[4].

In stage 1 a total of 15 models was fitted: the models represented by the 6 graphs

linked to H0 = G1 in D(E〈Id〉) and those represented by the 9 graphs linked to
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Figure E.2.: Hasse diagram of K[4].

H0 = G1 in K[4], of which 9 were accepted in total. We display the corresponding 15

graphs in Figure E.3. The graphs of the accepted models are given in colour, while

the graphs representing the rejected models appear in gray. Their colouring may be

inferred from the asterisks placed next to the vertices and the dashes on the edges.

The Hasse diagram of K[4] in Figure E.4 illustrates the results of stage 1 for K[4].

The graphs of the rejected models, and their links, are coloured in gray and all

minimally accepted models are circled.

Stage 2 continued to explore K[4] by fitting models represented by graphs linked to

the previously accepted ones, and moved down D(EΓ) for all (VΓ, EΓ) ∈ K[4] which

have previously been accepted. 16 models were fitted in total, of which 4 lie in

D(E〈Id〉) \ K[4], 2 lie in K[4] and 10 lie in D(EΓ) \ K[4] for (VΓ, EΓ) ∈ K[4] accepted in

stage 1. All models were accepted. The graphs are given in Figure E.5. Graph H22

is circled as it represents a minimally accepted model, i.e. all models smaller than
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Figure E.3.: Stage 1: 15 models fitted of which 9 accepted and 6 rejected.

the one represented by H22 were rejected at some stage by the algorithm.

We give the updated Hasse diagram of K[4] after stage 2 of the algorithm in Figure

E.6. Now all of K[4] has been covered by the search as each model is either rejected

or accepted. All next steps of the algorithm lie in D(EΓ) for Γ ≤ S(V ) such that

(VΓ, EΓ) ∈ K[4] has been previously accepted.

In total 13 models were fitted in stage 3, all of which were accepted and whose

graphs are given in Figure E.7. 5 models are minimally accepted and are therefore

circled. In stage 4, a total of 4 models was fitted, all displayed in Figure E.8, only

1 of which was rejected and the remaining 3 minimally accepted. The algorithm

terminated with 9 minimally accepted models, whose graphs are displayed in Figure

6.6 in Section 6.3.2, after fitting 48 in total.
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Figure E.4.: Minimally accepted colourings in K[4] after stage 1.
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Figure E.5.: Stage 2: 16 models fitted of which 16 accepted and 0 rejected.
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Figure E.6.: Minimally accepted colourings in K[4] after stage 2.
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Figure E.7.: Stage 3: 13 models fitted of which 13 accepted and 0 rejected.
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Figure E.8.: Stage 4: 4 models fitted of which 3 accepted and 1 rejected.
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Glossary

The following is a list of most symbols used in this thesis.

Undirected Graphs

V Discrete finite set.

V (2) {{α, β} | α, β ∈ V }.
V

(2)
6= {{α, β} | α, β ∈ V, α 6= β}.
αβ For α, β ∈ V with α 6= β, short form for {α, β}.
E Subset of V

(2)
6= .

G = (V,E) Undirected graph with vertex set V and edge set E.
UV Set of undirected graphs with vertex set V .
∼ Adjacent.
ne(α) {β ∈ V | αβ ∈ E}.
neu(α) {β ∈ V | αβ ∈ u} where u ⊂ E.

Permutation Groups

S(V ) Symmetric group of V .
σ Element of S(V ).
Γ Subgroup of S(V ).
JΓ Generating set of Γ.
Γ1 × Γ2 For subgroups Γ1 and Γ2 of S(V ), direct product of Γ1 and Γ2.
Aut(G) {σ ∈ S(V ) | αβ ∈ E ⇔ σ(α)σ(β) ∈ E}.
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Sets, Partitions and Colourings

[d] {1, 2, . . . , d}, for d ∈ N.
P (V ) Power set of V .
P(V ) Set of partitions of V .
P1∆P2 {C | C ∈ P1, C ⊆ D for some D ∈ P2}, where P1 and P2 are

partitions of not necessarily the same set.
M, V Elements of P(V ).
E Element of P(E).
α ≡ β (M) α and β lie in the same set in M.
(V , E) Graph colouring.
G = (V , E) Vertex and edge coloured graph.

(VΓ, EΓ) Graph colouring of (V, V
(2)
6= ) given by coarsest partitions which

are invariant under the action of Γ on V and V
(2)
6= .

Special Matrices

IA For A ⊆ V , identity matrix in R
A×A. Sometimes written as I|A|.

T u For u ∈ V : matrix in R
V×V given by T u

αα = 1 for α ∈ u and
T u
αβ = 0 otherwise. For u ∈ E : matrix in R

V×V given by T u
αβ = 1

for αβ ∈ u and T u
αβ = 0 otherwise.

T (V) {T u | u ∈ V}.
T (E) {T u | u ∈ E}.
T (G) T (V) ∪ T (E).
T u{vw} T vT uTw + TwT uT v for u ∈ E , v, w ∈ V , v 6= w;

T vT uT v for u ∈ E , v, w ∈ V , v = w.

T [u{vw}] Submatrix of T u{vw} with rows and columns indexed by v ∪ w.
G(σ) Matrix in R

V×V given by G(σ)αβ = 1 if σ(β) = α and
G(σ)αβ = 0 otherwise.
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Parameter Sets

R
V Set of vectors indexed by the elements of V with entries in R.

R
V×V Set of matrices whose rows and columns are indexed by the

elements of V with entries in R.
S Set of symmetric matrices.
S+ Set of symmetric positive definite matrices.
S+(G) Set of symmetric positive definite matrices in R

V×V which have
zeros in entries which correspond to edges missing from E.

S+(V , E) S+ ∩ span(T (G)).
R+(V , E) S+ ∩ {ACA | A ∈ span(T (V)), C = IV +B, B ∈ span(T (E))}.
S(Γ) S ∩ {S | G(σ)TSG(σ)T = S ∀ σ ∈ Γ}.
Ω Subspace of RV .
Φ(G) {Ω | TΩ ⊆ Ω ∀ T ∈ T (G)}.
Ω(M) {µ ∈ R

V | µα = µβ whenever α ≡ β (M)}.

Statistics

X ⊥⊥Y X independent of Y .
X ⊥⊥Y | Z X conditionally independent of Y given Z.
Y i ith observation.
NV (µ,Σ) Multivariate Gaussian distribution on R

V with µ ∈ R
V and

Σ ∈ S+ ∩ R
V×V .

Σ Covariance matrix.
Σ−1 Concentration matrix.
µ Mean vector.
µ̂ Maximum likelihood estimator of µ.
µ̃ Gauss-Markov estimator of µ.
µ∗ Least squares estimator of µ.
SG
V Set of graphical Gaussian models with variables indexed by V .

SG
V Set of RCON models with variables indexed by V .

RG
V Set of RCOR models with variables indexed by V .
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Further Graphs

GF = (V ∪N,EF ) Factor graph.
FV Set of factor graphs with vertex set V .
GF = (V ∪N , EF ) Coloured factor graph.
FV Set of coloured factor graphs with vertex set V .
CV Set of coloured graphs with vertex set V .
BV Set of graphs in CV with edge regular colouring.
PV Set of graphs in CV with vertex regular colouring.
RV Set of graphs in CV with regular colouring.
ΠV Set of graphs in CV with permutation generated colouring.

Gu{vw} Graph whose adjacency matrix is given by T u{vw}.
Eu{vw} Edge set of Gu{vw}.
G[u{vw}] Graph whose adjacency matrix is given by T [u{vw}].

Partially Ordered Sets, Lattices and Orderings

〈A;≤〉 Partially ordered set A with partial ordering ≤.
〈A;∧,∨〉 Lattice A with meet operation ∧ and join operation ∨.
⊆ Subset of.
≤ Partial ordering symbol, with precise meaning depending on the

type of objects it is applied to. For a ≤ b with a, b ∈ S,

(i) S = R: ‘less than or equal to’,

(ii) S = the set of linear subspaces of RV : ‘subspace of’,

(iii) S = S(V ): ‘subgroup of’,

(iv) S = P(V ): ‘finer than’,

(v) S = UV : ‘subgraph of’.

� Symbol of partial ordering on CV .

Spectral Analysis

Λ[u{vw}] Spectrum of T [u{vw}].

Λ
[u{vw}]
≥0 Non-negative elements of Λ[u{vw}].

E
[u{vw}]
λ Eigenspace of T [u{vw}] corresponding to λ ∈ Λ[u{vw}].

A
[u{vw}]
λ Subspace of E

[u{vw}]
λ .
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Projections and Embeddings

ΠA
b For b ⊆ A ⊆ V , orthogonal projection from R

A to R
A, given by

(

ΠA
b x
)

α
= xα for α ∈ b and

(

ΠA
b x
)

α
= 0 otherwise.

Ω̃b Image of Ω under ΠV
b .

IA
b For b ⊆ A ⊆ V , embedding of RA in R

b, given by
(

ΠA
b x
)

α
= xα

for α ∈ b.
Ωb Image of Ω under IA

b .
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