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Abstract

This thesis is concerned with graphical Gaussian models with equality
constraints on the concentration or partial correlation matrix introduced by
Hgjsgaard and Lauritzen (2008) as RCON and RCOR models. The models can
be represented by vertex and edge coloured graphs G = (V, ), where parameters
associated with equally coloured vertices or edges are restricted to being identical.

In the first part of this thesis we study the problem of estimability of a non-zero
model mean p if the covariance structure X is restricted to satisfy the constraints
of an RCON or RCOR model but is otherwise unknown. Exploiting results in
Kruskal (1968), we obtain a characterisation of suitable linear spaces €2 such that if
. is restricted as above, the maximum likelihood estimator ji and the least squares
estimator p* of u coincide for p € Q, thus allowing p and ¥ to be estimated inde-
pendently. For the special case of {2 being specified by equality relations among the
entries of p according to a partition M of the model variables V', our characterisation
translates into a necessary and sufficient regularity condition on M and (V,E).

In the second part we address model selection for RCON and RCOR models. Due
to the large number of models, we study the structure of four model classes lying
strictly within the sets of RCON and RCOR models, each of which is defined by
desirable statistical properties corresponding to colouring regularity conditions. Two
of these appear in Hgjsgaard and Lauritzen (2008), while the other two arise from
the regularity condition ensuring equality of estimators 4 = p* we find in the first
part. We show each of the colouring classes to form complete lattices, which qualifies
the corresponding model spaces for an Edwards-Havranek model selection procedure
(Edwards and Havranek, 1987). We develop a corresponding algorithm for one of
the model classes and give an algorithm for a systematic search in accordance with
the Edwards-Havréanek principles for a second class. Both are applied to data sets
previously analysed in the literature, with very encouraging performances.
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1. Introduction

Graphical models use graphs to represent dependencies between stochastic variables,
which Markov properties interpret in terms of conditional independence relations
between the variables. Together with distributional assumptions the represented
dependency relations define a statistical model. Monographs which give an overview
of the field include Whittaker (1990), Lauritzen (1996) and Edwards (2000).

We consider graphical models for random vectors Y = (Y, )aey which are assumed
to follow a Ny (i, Y) multivariate Gaussian distribution. The models, also known
as covariance selection models (Dempster, 1972), can be represented by undirected
graphs G = (V, E). A vertex a € V represents variable Y, and a pair of vertices
a, 3 € V are joined by an edge in F unless Y,, and Y3 are conditionally independent
given the remaining variables. As, for the Gaussian distribution, Y, and Y3 are
conditionally independent given the rest if and only if (E_l)a[g = 0, missing edges
in F correspond to zero entries in the inverse covariance matrix ¥ 1.

In addition to providing a concise form of visualisation of the conditional inde-
pendence structure, the graphical representation can be exploited to make statistical
inference computations more efficient, which has made graphical Gaussian models
a popular modelling tool. In modern day applications of the models, such as
mathematical genetics (Wu et al., 2003; Schéafer and Strimmer, 2005), Statisticians

are often faced with a very large number of variables p while having relatively few
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observations n (e.g. Castelo and Roverato, 2006), which makes Statistical modelling
challenging. The difficulty arises as the maximum likelihood estimate S of ¥ exists
with probability one if and only if the rank of the sample covariance matrix is
sufficiently large, with the bound depending on the ratio of p and n. If this is too
small, estimation of ¥ may not be feasible.

The models studied in this thesis address this difficulty by placing additional
equality constraints on the model parameters, thus reducing the number of parame-
ters to be estimated (Hgjsgaard and Lauritzen, 2008). More precisely, RCON and
RCOR models combine equality constraints on the diagonal of ¥~! with constraints
on a further set of parameters. For RCON models, this is given by the non-
zero off-diagonal entries of 7!, while RCOR models place equality constraints
on the non-zero partial correlations pagp\(ag)- AS (X7 Yap = 0 if and only if
PapV\{ag} = 0, both constraint types can be represented by a vertex and edge
coloured graph G = (V, ), with V depicting the constraints on the diagonal entries
of ¥=! and & corresponding to the constraints on off-diagonal concentrations or
partial correlations respectively.

The exact relationship between equality constraints and ni,, the minimal number
of required observations for maximum likelihood estimates to exist with probability
one, is not known in general, however first studies (Hgjsgaard and Lauritzen, 2008;
Uhler, 2010) show that equality restrictions generally reduce np;,. This makes
RCON and RCOR models a promising model class for modern day applications.

A topic not addressed in the literature is estimation of a restricted model mean
w if 3 is to satisfy the constraints of an RCON or RCOR model but is otherwise
unknown. Further, suitable model selection methods are required for the models to

become widely applicable in practice. These are the main topics of this thesis.
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1.1. Thesis Overview

We begin by introducing graphical models and reviewing past treatments of sym-
metry constraints in graphical Gaussian models in Chapter 2, and devote Chapter
3 to the definition and first properties of RCON and RCOR models. Chapters 4-6

present our own results.

Chapter 4

When Hgjsgaard and Lauritzen (2008) introduced RCON and RCOR models, their
primary interest lay in maximum likelihood estimation of the covariance matrix X
and they therefore restricted the model mean to be zero throughout. We lift this
constraint and consider maximum likelihood estimation of a non-zero mean g if X
is subject to the constraints of an RCON or RCOR model but otherwise unknown.
For the Gaussian distribution, in the case of an unknown covariance matrix X,
maximum likelihood estimation for p is non-trivial as for ¥ known the maximum
likelihood estimator i of p may depend on Y. The least-squares estimator u*
however is defined by minimizing the sum of squares and has no relation to >, so that
in case of equality of estimators i = p*, ;4 and 3 may be estimated independently.
Exploiting Kruskal (1968), in Section 4.3 we obtain a characterisation of all linear
spaces () such that if 3 is restricted to satisfy the constraints of a given RCON or
RCOR model, & and p* coincide if p is restricted to lie in € (Theorem 4.2).
Section 4.4 treats the special case that 2 is specified by equality relations among
the entries of . We let M denote the partition of V' such that whenever two vertices
lie in the same set in M the corresponding means are restricted to being equal, and
show that the previously obtained chracterisation translates into a two-fold necessary

and sufficient regularity condition on M and (V, ) (Theorem 4.3).
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In Section 4.5 we illustrate the last mentioned result by applying it to comparative
experiments according to Latin square designs (Bailey, 2008) if ¥ ~! is restricted to lie
in a homogeneous nearest-neighbour lattice scheme (Besag, 1974) or a homogeneous

nearest-neighbour torus scheme, which we define following Besag and Moran (1975).

Chapter 5

Whereas every undirected graph G = (V, E) gives rise to one unrestricted graphical
Gaussian model, there are as many RCON and RCOR models with conditional
independence structure represented by G as there are combinations of a vertex
colouring V with an edge colouring £. This large number of models makes model
selection challenging and motivates the study of the structure of model spaces lying
strictly within the sets of RCON and RCOR models. Particularly favourable are
classes of models which place equality constraints in a pattern which makes them
more readily interpretable. Chapter 5 is concerned with the study of the structure
of four such model classes, each corresponding to a regularity condition on (V,¢).

Two model classes appear in Hgjsgaard and Lauritzen (2008) and we term the
corresponding graph colouring classes to be edge reqular and permutation generated
respectively. Edge regular colourings represent constraints which yield the same
model specification whether they represent an RCON or an RCOR model, and
permutation generated colourings, special cases of the former, represent constraints
induced by permutation symmetry in the variable labels. Further, we term colou-
rings which for M = V satisfy the regularity condition ensuring i = p* found in
Chapter 4 vertez regular, and, following Siemons (1983), term colourings which are
both vertex and edge regular to be regular.

Our main results are that each of the four corresponding model classes forms a



1. Introduction

complete non-distributive lattice with respect to model inclusion with meet and join

operations we identify (Theorems 5.2, 5.3, 5.4, 5.5).

Chapter 6

Given that each of the four model classes studied in Chapter 5 forms a complete lat-
tice, their model spaces qualify for an Edwards-Havranek model selection procedure
(Edwards and Havranek, 1987). Due to greatest tractability of model structure
and most intuitive interpretability of constraints, we focus on edge regular and
permutation generated colourings.

In Section 6.2 we develop an Edwards-Havranek model selection algorithm for
models represented by edge regular colourings and illustrate the procedure by ap-
plying it to a data set with five variables. After fitting 232 models out of 1.3 - 10°
models in the search space, our algorithm arrived at 4 minimally accepted models,
each in very good agreement with previous analyses (Edwards, 2000).

The intricate relationship between permutation groups acting on the vertex set of
an undirected graph and their vertex and edge orbits makes it non-trivial to develop
an explicit Edwards-Havranek model selection procedure for graphical Gaussian
models represented by permutation generated colourings. Nevertheless, we provide a
description of the structure of the model class in Section 6.3 which makes it possible
to conduct a model search obeying the Edwards-Havranek principles.

Applied to a data set on four variables, commonly known as Frets’ heads (Frets,
1921; Mardia et al., 1979), our search procedure arrived at 9 minimally accepted
models after fitting 48 models, out of a total of 251, collectively in strong agreement

with previous analyses (Whittaker, 1990).
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1.2. Contributions

In summary, the contributions in this thesis include:

e Characterisation of all linear spaces {2 such that if 3 is restricted to satisfy the

constraints of a given RCON or RCOR model but is otherwise unknown, the
maximum likelihood estimator [ and least squares estimator u* of p coincide if p

is restricted to lie in €2, thus allowing p and X to be estimated independently.

Identification of a colouring criterion giving a necessary and sufficient condition
for equality of estimators o = p* if ¥ is restricted to satisfy the constraints of a

given RCON or RCOR model and p is subject to equality constraints.

Description of the lattice structure of four model classes strictly within the sets
of RCON and RCOR models each defined by statistically desirable properties
corresponding to colouring regularities in (V, ), two of which are first identified

in this thesis.

Construction of an Edwards-Havranek model selection procedure for one of the

model classes above.

Construction of a systematic search procedure in accordance with the Edwards-

Havranek principles for a second class.



2. Background

2.1. Notation and Terminology

2.1.1. Undirected Graphs

An undirected graph is a pair G = (V, E), where V is a finite set of vertices and
the set of edges E C {{o,B} | o,8 € V} is a set of unordered pairs of vertices.
We assume all of the considered graphs to be simple, meaning that no vertex is
connected to itself through an edge and that there are no multiple edges. For ease
of exposition we write a3 for the edge {a, f} connecting vertices a and 3. af and
Ba thus refer to the same edge. A graph is complete if all possible edges are present
and empty if it has no edges. V' = {1,2,...,d} is abbreviated as V = [d].

A path of length n from « to 8 is a sequence a = «g,...,q, = [ of distinct
vertices such that a; 10y € E for alli =1,...,n. For A,B,C C V, C is said to
separate A from B if for all pairs a« € A and 8 € B, all paths from « to 8 contain
a vertex in C. G’ = (V, E') is a subgraph of G = (V, E) if E' C E. For A as above,
we say that G4 = (A, E4) is a subgraph induced by A if E4 contains all edges in F
which connect vertices in A.

If there is an edge a8 between o and 3, then af is said to be incident with o and

B and a and B are adjacent or neighbours. The set of neighbours of a vertex « is
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denoted ne(a), with {a} Une(a) = cl(a) denoting the closure of a. ne(A) denotes
the set (J,c 4 ne(a) \ 4, and similarly cl(A)={J,c cl(). For G = (V,E) and a € V
we call the size of ne(a) the degree of a in G. If all « € V' have the same degree in
G, we say that G is regular.

G is bipartite with vertex components V;, and Va if V; and V, partition V' and Gy,
and Gy, are both empty. If G is bipartite with vertex components V; and V5 such
that all a € V1 have the same degree in G and all 5 € V5 have the same degree in

G, we call G bi-regular.

2.1.2. Vectors and Matrices

We generally index vectors and matrices by discrete finite sets. For a set V', a vector
in RY is denoted by ¥ = (ya)acv and for a €V, ¥4 = (Ya)aca- A matrix A in RV*V
is written as A = (aag)a,ev -

For A = (aqg)a,pev and an undirected graph G = (V, E) we let A(G) denote the

RY*V matrix given by

ang ifaf ekl
A(G)ap = .

0 otherwise

For a set of matrices M, M(G) = {A(G) | A € M}, and M™ denotes the set of
positive-definite matrices inside M. The set of symmetric matrices is denoted by S.
If not stated explicitly, the indexing set of a matrix is determined by the context.
We indicate that a matrix is symmetric by only writing its elements on the diagonal
and above. Asterisks as matrix entries indicate that the corresponding entry is

unconstrained apart from any restrictions stated explicitly.
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2.1.3. Graph Colouring

For an undirected graph G with vertex set V', a vertex colouring of G is a partition
V = {Vi,...,Vi} of V, where we refer to Vi,..., Vi as the vertex colour classes.
Similarly, an edge colouring of G is a partition & = {E1, ..., E;} of the edge set into
[ edge colour classes Eq, ..., E;. A colour class consisting of just one element is called
a singleton, and a colour class with more than one element composite. G = (V,€) is
called a coloured graph and (V,E) a graph colouring.

For V and & as above, and u € V, we let T" denote the V' x V diagonal matrix
with 7%, = 1 if and only if o € u and zero otherwise. Similarly for u € &, we let
T* be the symmetric V' x V' matrix with T} =1 if and only if a8 € u and zero
otherwise. We call {T"},cyus the generating matrices of V and €.

For a partition P of a set S and a,b € S we write a = b (P) to denote that a and
b are elements of the same set in P. For two partitions P;, Py of the same set we
write P; < Py if each set in P5 is a union of sets in P; and say that P, is finer than
P2, or equivalently that Py is coarser than P;.

In our display of coloured graphs, we let black vertices and edges represent sin-
gleton colour classes. Whenever a vertex receives a colour, for clarity of exposition,
we indicate its colour class by the number of asterisks we place next to it. Similarly,

we indicate the colour class of an edge by dashes.

2.1.4. Permutation Groups

For a discrete set A, we let S(A) denote the symmetric group of A, which contains
all permutations o acting on A. We denote permutations in cycle notation, so that
o = (i i2...1,) maps ig to ig4q for 1 < k < r and i, to 4;. It is a group theoretic

fact that every permutation o € S(A) can be uniquely expressed as a product of
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disjoint cycles (up to their order). For 01,09 € S(A), we write o109 to mean o; 0 03.

For a group I' C S(A) and a € A, we call the set {b| 3 o € I such that o(a) = b}
the I'-orbit of a in A, which we sometimes simply abbreviate by orbit if it is clear
which group the orbit is generated by. The relation of being in the same I'-orbit is
an equivalence relation on A. Thus I' partitions A into disjoint orbits and we call
this partition I'-orbit partition or simply orbit partition of A.

I C S(A) is a subgroup of ' C S(A), denoted I” < T', if I is a subset of I" and T
is itself a group with the same binary operation as I'. TV is a proper subgroup of I'
if TV is a subgroup of I and IV # T". A generating set {g1,...,gx}, with generators
gi,---, 0k, of I' is a subset of I" which is not contained in any proper subgroup of
I'. Equivalently, {g1,...,gr} is a generating set of T if it is a subset of I and every
element of I' can be expressed as a combination of the g; and their inverses. We
then write I' = (g1, ..., gx) and say that I' is generated by g1,...,gx. A generating
set does not have to be unique.

Each permutation o € S(A) can be represented by an A x A permutation matriz
G(0) with G(0)qp = 1 if and only if o maps  to « and zero otherwise for o, € A.
For all o € S(A),

Go)' =Gle™) =G(o)™!

so that for Y € R4, & € R4, 5 € S(A) and o, 3 € A,

(G(O’)Y) = Ya(a) and (G(U)ZG(O’)_l)aﬁ = Za(a)a(ﬁ)' (21)

«

The direct product T' = T'y x I'y of two groups I'y and T’y is given by I' = {(071, 02) |
o1 € 'y, 02 € 'y} and binary operation (o1, 02)(07, 0%) = (010}, 020%). For a graph

G = (V,E), we let Aut(G) denote the automorphism group of G, containing all

10
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permutations o € S(V') which leave F invariant. For a comprehensive introduction

to group theory see Rotmann (1995).
2.2. Graphical Gaussian Models
We closely follow parts of Chapters 3 and 5 in Lauritzen (1996) in our exposition.

2.2.1. The Multivariate Gaussian Distribution

Let Y = (Ya)aev be a random vector in RV, € RV and ¥ € RV*VNS*. Y follows
a multivariate normal or Gaussian distribution with mean p and covariance matriz

¥, denoted by Y ~ Ny (i, X) if the density of Y is given by

S mY) = g el - 0" - 0/2)
o (det X )1/2 exp{—yT Sy /2 4+ pI'e y — 271 p/2}
= (detX~ )1/2 exp{—tr(X " yyT /2) + uTE 7y — pTE 1 /2}(2.2)

where we refer to X1 as the concentration matriz. If we let

=12t ==2"1eo0=(STRY) (2.3)

and

ty) = (—yy" /2,y) (2.4)

then for the inner product on ©

((S1,v1), (S2,v2)) = tr(5152) + vl s,

11
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the expression in the exponential in (2.2) can be written as

0,t(y)) —p"= /2.

Since the integral

/ e~ =TS w2 gy,
RV

is finite if and only if ¥~ is positive definite, it follows that the multivariate Gaussian
distribution Ny (p, X)) is a regular exponential family (Brown, 1986) with canonical
parameter # as in (2.3) and canonical statistic ¢(y) as in (2.4).

The entries in ¥~! have a simple interpretation. The diagonal elements (X71)aq

are reciprocals of the conditional variances given the remaining variables,
(X aa = Var(Ya|Yin (o)) " (2.5)

for all @ € V, and letting

for a, B € V, a # B, gives the negative partial correlation coefficients

, _ COV(Yaa Y,B‘YV\{O%B})
aBlV\{« -
BIV\{e,8} Var(Ya‘YV\{aﬁ})l/QVar(Yﬁ|YV\{O‘75})1/2

= _Caﬁ (27)

for a, 8 € V, a # B. Tt follows that (¥7!),s = 0 if and only if Y, and Yj are
conditionally independent given the remaining variables. Adopting the notation

introduced by Dawid (1979), we write

(ENag=0 <= YollYs|Yin(ap)- (2.8)

12
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2.2.2. Markov Properties for Undirected Graphs

Definition 2.1 Let Y = (Y, )aev and let G = (V, E') be an undirected graph. Then

the distribution of Y is said to obey
(P) the pairwise Markov property (relative to G) if for all o, B € V,
af¢E = Yol Ys|Yi(ap}
(L) the local Markov property (relative to G) if for all « € V,
Yo AL Yinea) | Yod(a)s
(G) the global Markov property (relative to G) if for all A, B, S CV,
ALlcB|S = Y4lYg|Ys

where | denotes graph separation. A model is said to obey the above Markov

properties if all its distributions do.
O

A further property associated with G and (Y4 )acy is the factorisation property.

Definition 2.2 For Y = (Y, )aev and G = (V, E), a density or distribution satisfies
the factorisation property (F) (relative to G) if it may be written as the product
Macata(y), where A is the set of subsets of V' which induce complete subgraphs of
G, and 94(y) depends on y, only. A model satisfies the factorisation property if all

its distributions do. .

The factorisation property can be visualised by a factor graph (Frey et al., 1998).

13
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Definition 2.3 (Frey) Let ¥ = (ya)acv and let g(y) be a function in y which
factorises as g(y) = I;erga, (y) where A; C V and g4, cannot be factorised further
for i € I. The factor graph of g is the graph Gr = (VU F, Er) with F being the set

of factor nodes F' = {ga, }icr and Er = {aga, | « € V, ga, € F with o € A;}.
([l

The properties satisfy the following structural relations. The first part of the
result is due to Pearl and Paz (1987), while the second part is usually attributed to
Hammersley and Clifford (1971).

Proposition 2.1 If a probability distribution on'Y = (Yy)aev satisfies

YallYp|Youp and Yo LYo |Yeup = YallYipue) lYp

for all disjoint subsets A, B, C' and D of V, then
(G) <= (L) <= (P).
Further, for positive probability distributions with continuous positive density,

(F) <= (G) <= (L) <= (P).

2.2.3. Graphical Gaussian Models

Definition 2.4 If G = (V, E) is an undirected graph and Y = (Y, )qcv is a random
variable taking values in RY, the graphical Gaussian model for Y with graph G is
given by assuming that Y follows a N/ (u, X) distribution with g € RV and ¥ € S

which obeys the Markov properties with respect to G.
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2. Background

As the density of a multivariate normal distribution is positive and continuous,
by Proposition 2.1, graphical Gaussian models satisfy the factorisation property. It
follows that relation (2.8) is equivalent to assuming the concentrations (X71),5 to
be equal to zero for all pairs a, 8 € V which are not adjacent in G. The graphical

Gaussian model for Y can thus be compactly described as

Y ~Ny(,Y), peRY, u71esSHa).

Further, in factor graphs of graphical Gaussian models, in the notation of Defini-
tion 2.3, either 4; = {a} or A; = {«, 8} for o, 5 € V, with a factor being present if
and only if the corresponding entry in 3! is not restricted to zero. Thus the factor
graph of a graphical Gaussian model with graph G = (V, E) equals Gy = (VUF, Ef)
with FF' = {e | e € E} and Ep = {ae | @ € V, e € E is incident with « in G}.
An example is given in Figure 2.1 for V' = [4], displayed as circles, and F =

{12, 14,23, 34}, displayed as squares.

4 3
1 2
12
(a) G=(V,E) (b) Gr = (VUF,EF)

Figure 2.1.: Graph G = (V, E) and factor graph Gp = (VU F, ER).

As the constraints of graphical Gaussian models on the multivariate distribution

15



2. Background

are linear in ¥ 7!, they form regular exponential families, with

b = (271(G),€) €09 =0N(S(G).R") = (§7(G),RY)

toy) = (' (G)/2,y)

where © is as in (2.3).

2.3. Symmetry in the Gaussian Distribution

As the elegant principle of symmetry plays a significant role in many disciplines
describing natural phenomena, symmetry studies and methodology incorporating
inherent symmetry appear throughout the Statistics literature. Classical examples
are designs of comparative experiments (Bailey, 2008) and analysis of structured
data (Dawid, 1988; Viana, 2008). Further, invariance arguments appear in estima-
tion and decision problems (Eaton, 1983, 1989).

The Gaussian distribution has received attention in many applications with in-
trinsic symmetries. Examples are interchangeable tests, referred to as parallel
forms (Wilks, 1946; Votaw, 1948), signal transmission with receivers arranged on
the vertices of a regular polygon (Olkin and Press, 1969; Olkin, 1972), responses
at election polls (Arnold, 1973) and observations between related measurements in
biology and the medical sciences (Votaw et al., 1950; Arnold, 1973; Olkin, 2000).

Below, we distinguish between permutation and general group induced symmetry.
In this thesis we only treat permutation symmetry, however include general group

symmetry here for completeness.
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2. Background

2.3.1. Permutation Symmetry

A covariance structure ¥ € ST is said to be subject to permutation induced sym-

metry if there exists a group I' < S(V') such that

G(0)EG(o) ' =% forallo e (2.9)

and X,3 = X0 only if there exists o € I' such that o maps {a, 5} to {v,0}. ' is
then said to generate the covariance structure.
Permutation group induced symmetry structures in the covariance which have

received particular attention are the spherical covariance structure,

Y=0¢%I, o?>0, (2.10)

generated by T' = S(V), the intraclass covariance structure, also referred to as

completely symmetric or uniform,

L p p
1 ..
n—o2|" g €S, (2.11)
pop 1

1 p2 P1k
pr2 1 - pog
Y =02 ] ] ) ) S 8+, Pij = Pli—j» (2.12)
Pk P2k 1

17



2. Background

with T'=((123 ... |[V])), and the compound symmetry covariance structure,
Y1 oz 0 owdik
oidiz Y2 - oodog
Y= . ‘ ‘ €S, (2.13)
ok ookdor o Xy

with ¥; having the intraclass covariance structure and .J;; being a matrix of suitable
dimensions whose entries are all one for 1 < ¢, 7 < k. The symmetry is generated by
I'=5(V1) x S(Va) x ... x S(Vg), Vi being the index set of ¥;. Each of the above
covariance structures contains the previously stated ones as special cases.

Past treatments are primarily concerned with estimation and hypothesis testing.

Wilks (1946) considered testing the null hypotheses

Hpe © intraclass structure in 3, po = p for alla € V
H,.: intraclass structure in 2

H,, : jpo=pforall a €V, given that ¥ has an intraclass structure

based on one sample and developed the likelihood ratio test statistics to test the
above hypotheses against the general alternative. Exact moments and null distri-
butions of the statistics were found to be given by products of independent beta
distributions and expressions involving their logarithms were shown to have x?
asymptotic distributions with appropriate numbers of degrees of freedom.

Votaw (1948) generalised the results in Wilks (1946) for the compound symmetry
structure for more than one sample by repeating the analysis for 12 null hypotheses,

which contained H,y., Hye and H,, as special cases.
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Olkin and Press (1969) studied the spherical, intraclass and circular covariance

structures and considered the following statistical tests:

H; : sphericity versus circularity (with unconstrained mean vector)

H, : intraclass versus circularity (with unconstrained mean vector)

Hs : circularity versus general alternative (with unconstrained mean vector)
Hy: p =0, given that 3 has circular structure

Hs: po = pfor all o € V) given that X has circular structure

The corresponding likelihood ratio tests were shown to be distributed as products
of suitable independent beta distributions and different approximations of null and
non-null distributions of the test statistics were obtained.

A further generalisation of previous results was obtained by Olkin (1972) who
considered block symmetric models, in which ¥ is partitioned into blocks that are
arranged according to a spherical, intraclass or circular structure. The analysis in
Olkin and Press (1969) was repeated for Hj,...,HL, with H! denoting the block
variant of H;, and analogous results were obtained. Further developments can be
found in Olkin and Press (1969); Olkin (1972); Young (1975); Olkin (2000), and the

references therein.

2.3.2. General Group Induced Symmetry

Dropping the assumption of a fixed basis for the observations, Andersson (1975)
unified all previously obtained results on Gaussian models invariant under a permu-
tation group by considering them as special cases of invariant normal models, which

he defined to be Gaussian models invariant under a general group I' acting on the
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observation space. He showed all invariant normal models to be given by products
of models with real, complex or quaternion covariance structures, and derived the
maximum likelihood estimator of p and ¥ and its distribution in full generality.
Andersson et al. (1983) studied ten hypothesis testing problems involving the
above covariance structures and obtained their likelihood ratio test statistics. It was
shown that all testing problems in which both the null and alternative hypothesis
are an invariant normal model can be decomposed into simpler problems, each of
which has the form of one of the ten problems referred to above. A further covariance
structure, parametrised by a special Clifford Algebra, was found and analysed in the
same fashion by Jensen (1988). Estimation and hypothesis testing for the complex

covariance structure were further considered in Andersen et al. (1995).

2.3.3. Graphical Symmetry Models

A first treatment of a class of graphical Gaussian models with symmetry constraints
generated by permutation is given in Hylleberg et al. (1993), who studied models
which they termed graphical symmetry models. These combine permutation sym-
metry induced restrictions on ¥ 7! with conditional independence constraints, and
thus, in particular, contain the covariance structures (2.9)-(2.13) as special cases.

Put formally, if for a permutation group I' < S(V)

SM)={SeRVV ST =5, G(0)SG(oc) =8, VoeT} (2.14)

then the graphical symmetry model with dependence structure represented by G =

(V, E) and symmetry constraints on ¥ =1 induced by T' is given by assuming

Y ~ Ny (0,8), 7teST)nST(aG). (2.15)
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As for all ¢ € S(V) and all S € RV*V such that S is non-singular,

G(0)SG(o) ' =8 = G(0)S™'G(o) =571

ST =g — (s =51
the condition on ¥=! in (2.15) may be equivalently expressed as
yle{Z el =%, Go)2Ge) =%, Vo eI} nSTHG)

which exhibits the constraints of graphical symmetry models to be combinations
of the previously studied permutation symmetry induced constraints on X given in
(2.9) with conditional independence constraints.

In direct analogy to previous work on the Gaussian distribution, Hylleberg et al.
(1993) studied maximum likelihood estimation of X, paying particular attention to
the special case of compound covariance structure, given in (2.13). Explicit likeli-
hood ratio tests for additional conditional independence constraints were developed
for decomposable graphs, i.e. for graphs which do not contain cycles of length greater
than 3 as induced subgraphs, and possible tests for additional symmetry constraints
were described and characterised.

It will be shown in Section 3.4.1 that graphical symmetry models are a special
case of the models studied in this thesis.

For completeness we mention that symmetry studies for other Gaussian
conditional independence models, not considered in this thesis, include

Andersson and Madsen (1998) and Madsen (2000).
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3. Model Definitions and First Properties

This chapter is devoted to the formal introduction of the models this thesis is

concerned with, as they were defined in Hgjsgaard and Lauritzen (2008).

3.1. RCON Models: Equality Restrictions on

Concentrations

RCON models place equality restrictions on the concentration matrix ¥~!. They
restrict off-diagonal elements separately from those lying on the diagonal, so that
the models can be represented by coloured graphs G = (V, ). The corresponding

set of positive definite matrices is denoted by ST(V, £). Put formally:

Definition 3.1 Let G = (V, E)) be an undirected graph, let (V, ) be a colouring of
G and let Y be a random vector in RY. Then the RCON model for Y represented

by G = (V,E) is given by assuming
Y ~Ny(0,%), tesSt(,E)

with

N
$+(v,5)={ > T AGRM} . (3.1)

ueVUE
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3. Model Definitions and First Properties

Thus in brief, RCON models restrict the entries of ¥~! according to

a=p V) = (X Naa=(E"Yps fora,BeV
af =6 (€) = (X Nap =215 foraB,yscE
af ¢ E = (X Nap=0 fora,BeV, a#p

which exhibits RCON models as regular exponential families. For all G = (V, &),
ST (V,€) is an open convex cone. The following RCON model will be considered

further in Section 6.2.3.

Example 3.1 The data consist of the examination marks of 88 students in five
mathematical subjects (Mardia et al., 1979). Whittaker (1990) and Edwards (2000)
previously demonstrated an excellent fit to the unconstrained model represented by
the graph shown in Figure 3.1(a). Hgjsgaard and Lauritzen (2008) show the data
to also support the RCON model represented by the graph in Figure 3.1(b). The

model specifications are

Y ~Ny(0,%), 27leM,

with M given below the corresponding graphs. If the subjects are indexed in alpha-
betical order, the graph colouring representing the constraints of the RCON model
is given by (V,€) with V = {{1},{2,5},{3,4}} and & = {{12}, {13, 14,15,24,35}}.

Note that the number of model parameters has been reduced from 11 to 5.

0
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3. Model Definitions and First Properties

Vectors Analysis Vectors Analysis
K% K%
Algebra Algebra
* *
Mechanics Statistics Mechanics Statistics
* ok ok % %k + * * A1z Az A3 *

0 = O Aoz 0 ANz O

M = x* 0 % M = Azz 0 iz

* 0 Asz 0

* >\22

(a) Conditional independence structure. (b) RCON model.

Figure 3.1.: Mathematics marks example.
3.2. RCOR Models: Equality Restrictions on Partial
Correlations

RCOR models place equality restrictions on the diagonal elements of the concentra-
tion matrix X! and on the non-zero partial correlations Pap|V\{a,8}> Eiven in (2.7).

If for a given ©7!, we let A,C € RV*Y be given by

(E_I)Qa a=f 1 a=p
Aas = Cop = . (32)

0 a#p —PapV\{a,f} @ F P

then, by (2.6), ¥~! = ACA, and

(E_l)aa = (2_1)55 — Aga = Aﬁg for a, €V

PapV\{a,B} = ProV\{rs} =  Cap=0Cy foraB,yd ekl
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3. Model Definitions and First Properties

leading to the following definition for RCOR models.

Definition 3.2 Let G = (V, E) be an undirected graph, let (V,£) be a colouring of
G and let Y be a random vector in RY. Then the RCOR model for Y represented

by G = (V,E) is given by assuming
Y ~ Ny (0,%), SteRTYV,E)

where

uey ue€

+
RY(V, &) = {ACA\A:ZnuT“, neRY, C=1+> 7nT" 7€ (—1,1)5} .
(

Thus in brief, RCOR models restrict the entries of ™! according to

a=p6 (V) = (E Naa=(E"Yps fora,BeV
af =76 (€) = Cop=Cys foraB,véckE
af € B o (Eil)aﬁzO for a, B €V, a # B.

Note that as, by (2.6) and (2.7), for a # S, Z;é = 0 if and only if pagp\ (a8 =
0, the above constraints are indeed consistent.

RT(V, &) forms a differentiable manifold in ST which is not generally a cone, so
that RCOR models are only curved exponential families (Brown, 1986). RCOR mo-
dels are scale invariant if variables inside the same vertex colour class are rescaled in
the same way (Hgjsgaard and Lauritzen, 2008). Thus they are particularly suitable

for variables measured on different scales.
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3. Model Definitions and First Properties

Example 3.2 The data is concerned with anxiety and anger in a trait and
state version of 684 students (Cox and Wermuth, 1993) and strongly support
the conditional independence model displayed in Figure 3.2(a). As shown in
Hgjsgaard and Lauritzen (2008), they also support the RCOR model represented
by the coloured graph in Figure 3.2(b), parametrised by 6 parameters rather than
8. The variable names are combinations between T  or S, for ‘trait’ and ‘state’, and

X or N, standing for ‘anxiety’ and ‘anger’. The model specifications are
Y ~Ny(0,%), XS teM

with M given below the graphs. The variables are indexed anti-clockwise starting

from TX.
SX SN SX SN
TX TN TX TN
* % * * Nt MmN 0 N1 T2M4 *
* *x 0 3 T 0
M = M = 2 T27 12773
* 3 N3T2M4
* i
(a) Conditional independence structure. (b) RCOR model.

Figure 3.2.: Personality characteristics example.

3.3. Coloured Factor Graphs

Just as unconstrained graphical Gaussian models may be represented by factor

graphs, RCON and RCOR models can be represented by coloured factor graphs.

Definition 3.3 For G = (V, &) representing an RCON or RCOR model, let N be a

set of nodes with each node representing an edge in F and let A/ be the colouring
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3. Model Definitions and First Properties

of N in which nodes receive the same colour if and only if the corresponding edges
are equally coloured in £. The coloured factor graph of the model is the vertex and
node coloured graph

gF: (VUN,EF)

where Er = {an | a € V,n € N and n represents an edge incident with a}.

We provide an example for illustration in Figure 3.3.

*ok *ok
4 3
1 2
* *
(a) G =(V,€) (b) Gr = (VUN, Er)

Figure 3.3.: Coloured graph G and coloured factor graph Gr.

3.4. Structural Relations Between Model Types

While RCON and RCOR models do not place equality constraints on the same
parameter sets, an RCON and RCOR model represented by the same coloured graph
G = (V, &) may still yield the same model constraints. The corresponding necessary
and sufficient condition on (V,€) is given in Hojsgaard and Lauritzen (2008). First

we define edge regularity of a graph colouring.
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3. Model Definitions and First Properties

Definition 3.4 Let G = (V,&) be a coloured graph. We say that (V,€) is edge
regular if any unordered pair of edges in the same colour class in £ connects the

same vertex colour classes in V.

O

Proposition 3.1 (Hgjsgaard and Lauritzen) The RCON and RCOR models

that are determined by the coloured graph G = (V,E) yield identical restrictions
STWV,E) =RT(V,€)

if and only if (V,€&) is edge regular.

3.4.1. Permutation Symmetry

A special case of the models characterised in Proposition 3.1 are models with equality
constraints which are induced by permutation symmetry, i.e. models which were
termed graphical symmetry models in Hylleberg et al. (1993). This will be shown
below in Proposition 3.2. First we introduce some notation.

Recall that for a permutation group I' < S(V) and an undirected graph G =
(V, E)), the graphical symmetry model with dependence structure represented by G
and symmetry constraints induced by I is given by assuming ¥~! € S(I') N SH(G),
with S(I') as in (2.14). Let

VO = {af |0, V)={af|a,f€V.a#f}Ufaa|aeVy=VZ U VO

and for 0 € T, let s, : V® — V@ be defined by s, : af — o(a)o(8). Then

[ = {85 | 0 € '} is a group with binary operation given by composition of functions.
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3. Model Definitions and First Properties

For o € I' < S(V) let ~, be the binary relation on V() given by

af ~eyo it sy(af) =70 (3.4)

and define the binary relation ~r by
af ~pyd if Fo €T such that aff ~, 0. (3.5)

As T is a group, ~r is an equivalence relation on V® and the orbits of T' in
V(2 are the equivalence classes of ~p. Further, since all ¢ € T are bijections on V,
af #r aa for all a, 8 € V with a # 3, so that the orbits of [ in V@ either contain
only elements from Vf) or only elements from V? . We obtain that the T-orbit
partition of V) is given by the union of a partition of Vf) and a partition of v,

Clearly the two sets vV and V are isomorphic and may therefore be identified,
so that the T-orbit partition of V() induces a partition of Vf) and a partition of V.
We denote these by &r and Vr respectively, which, by construction, are defined by

a=p(Vr) — oo ~r B8, a,BeV (3.6)

afB =9 (ér) — af ~r 6, af, vd € Vf). (3.7)

It is natural to associate the vertex and edge sets of the complete graph
Ky = (V,Ey) with V@, ap e Vf) then corresponds to an edge in Ey and
aa € VP corresponds to a vertex in V. The partitions Vr and & may then be

visualised by the coloured graph Kr = (Vr, &r).
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Example 3.3 Let V' = [5] and

T = ((12), (345)) = {Id, (12), (345), (543), (12)(345), (12)(543)}.

Then Vr = {{1,2},{3,4,5}} and & = {{12},{13,14,15,23,24,25},{34,35,45}}.
The corresponding coloured complete graph Kr = (Vr, &r) is given in Figure 3.4.
4

kk

Figure 3.4.: Kr = (Vr,&r)

Finally, for two partitions P; and Ps, let
P1AP, ={C | C € Py, C C D for some D € Ps}.

Lemma 3.1 Let G = (V, E) be an undirected graph and let T' < S(V') with Vr and

Er being the orbit partitions of V' and Vf) induced by T. Then

SM)NSHG) =St (Vr, ErA{E)).

O

Proof: Let 71 € S(T)NS™(G). By definitions of S(T) in (2.14) and of ~r in (3.5),

we can deduce that for all af,~6 € 1742

af ~r vo = (Eil)aﬁ = (271)75‘
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By (3.6) and (3.7), this is equivalent to

a=p8(Vr) — (Y, = (2—1)65, a,BeV (3.8)

af=a0 (&) = ()= (5, eBa0ev BY)

Further, ¥~! € S(G) if and only if
aB¢E = (E)5=0 (3.10)

and X! is positive definite, so that, if we let ErAE denote the set of edges which

lie in some set of ErA{E}, then by (3.8), (3.9) and (3.10), ¥~ € S(T') N ST(G) if

and only if
a=0(Vr) — ENaa=EYgs, aBeV
aB =6 (ErA{E}) — (B ey = 1 aB vevy
aB & ErAE S (27),5=0. apeV,

and Y71 is positive definite, or equivalently

>l e ST(Vr, ErA{E}).

Example 3.4 et V and I' be as in Example 3.3 and let
G = (V,{12,15,23,34,35,45}) as displayed in Figure 3.5.
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Figure 3.5.: G = (V, {12, 15, 23, 34, 35,45})

Then the covariance structure of the graphical symmetry model with dependence

structure represented by G and symmetry induced by I is given by assuming

\ +
A1 x A2z A2z o3 * x 0 0 =
A1 A23 A23  A23 x % 0 0
RS A3z Aza Asa | N *ook X
A33 34 x %
/\33 ) *
+
)\11 * 0 0 0
A1 0 0 0
= A33 34 A3a
A33 34
Asz /) )

which is precisely ST(Vr, ErA{E}) with ErA{E} = {{12},{34,35,45}}. The corre-
sponding graph is displayed in Figure 3.6.
O

We are now ready to prove the claim stipulated at the beginning of this section.
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3. Model Definitions and First Properties

Figure 3.6.: G = (Vr,ErA{E})

Proposition 3.2 Let G = (V, E) and let T' < S(V) with Vr and Er being the orbit
partitions of V' and Vf) induced by T. Then

SINSHG) =ST(Vr, ErA{EY}) = RY (Vr, ErA{E}).
O
Proof: The first equality has been shown in Lemma 3.1, so in order to prove the
claim, by Proposition 3.1, it suffices to show that whenever two edges in ErA{E}

are of equal colour they connect the same vertex colour classes in Vr.

So let 0,76 € V) be such that af = 70 (ErA{E}). Then, by definition of

ErA{E}, it must also hold that a5 =0 (&r). As, by (3.4) and (3.5),
WB=0 (&) = 0= a()(B)
for some o € I', we must have either

a=v (Vr)and =06 (Vr) or a=4 (Vr)and 8=~ (V).

In Example 3.4, ErAFE # E so that some additional conditional independence

constraints have been introduced by the symmetry. This happens if and only if
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there exists an edge colour class in & which partially lies in F and partially doesn’t,
or equivalently if and only if I' £ Aut(G). It is therefore sensible to only consider

graphical symmetry models specified by constraints of the form
Yy lesMnSHG), T <Aut(Q)

which is precisely the definition of covariance structures of RCOP models given in

Hgjsgaard and Lauritzen (2008).

Definition 3.5 Let G = (V,E) be an undirected graph, let I' < Aut(G) be a
permutation group and let Y be a random vector in RY. Then the RCOP model for

Y generated by I' with graph G is given by assuming

Y ~Ny(0,%), ZlesSIM)nSHG)

with S(I') as in (2.14).
O
If for G = (V,E) and I' as in Definition 3.5 we let V denote the orbits of T’
in V and let £ denote the partition of E consisting of [-orbits in V(Q), then the
constraints of the RCOP model generated by I" with graph G can be represented by
the coloured graph G = (V,£). We define graph colourings of this type representing

RCOP models to be permutation generated below.

Definition 3.6 Let I' < S(V') and let Vr and & denote the vertex orbit partition
of V and edge orbit partition of Vf) generated by T respectively. A graph colouring

(V, E) is permutation generated with generating group I' if

V=7r, ECér.
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For RCOP models, Proposition 3.2 becomes the following, also to be found in
Hgjsgaard and Lauritzen (2008).

Corollary 3.1 (Hgjsgaard and Lauritzen) Let G = (V, E) and let I' < Aut(G)

with orbits V and € in 'V and E respectively. Then

SO NST(G) =ST(V,E) =RT(V,€).

0

From now on, we will work with RCOP rather than graphical symmetry models.

In particular, we will consider the following RCOP model further in Section 6.3.2.

Example 3.5 The data, commonly referred to as Fret’s heads, is concerned with
the head dimensions of 25 pairs of first and second sons (Frets, 1921; Mardia et al.,
1979). Previous analyses (Whittaker, 1990) support a model represented by the
graph in Figure 3.7(a), where L; and B; denote the head length and head breadth
of son i for i = 1,2. Hgjsgaard and Lauritzen (2008) showed the model generated
by T' = ((B1B2)(L1L2)), corresponding to permuting the two sons, represented by

the graph in Figure 3.7(b) to be an excellent fit. The model specifications are

Y ~Ny(0,%), 2 lem

with M given in Figure 3.7. For ¢ = 1,2, L; stands for the head length of son ¢ and

B; stands for the head breadth of son «.
O

As RCOP models place the same equality constrains on concentrations as they do

on partial correlations, they clearly combine the favourable properties of RCON and
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Kok Kok

Ly Ly Ly Ly

By By By By

* *
* % 0 x + A11 * 0 A1a -
M= x % 0 M= A1 Aa O
* K As3 *
* )\33
(a) Conditional independence structure. (b) RCOP model.

Figure 3.7.: Frets’ heads example.

RCOR models. Thus RCOP models are RCON models which are scale-invariant if
variables in the same vertex colour class are manipulated in the same way.

A particularly attractive feature of RCOP models is that the maximum likelihood
estimate 3 of >, if it exists, may be obtained as for an unconstrained graphical

Gaussian model after replacing yy” by
w' =1 > Glo)yy"Glo) Y, (3.11)

i.e. by replacing the entries in yy? by the average of all entries in yy’ which

correspond to the same colour class in V U & (Lauritzen, 1989).
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4. Estimation of the Mean under Linear

Constraints

When Hgjsgaard and Lauritzen (2008) introduced RCON and RCOR models, they
assumed the model mean p to be zero throughout. We extend their study by
considering maximum likelihood estimation of a non-zero mean p subject to linear
constraints based on a (column vector) sample Y!' = 3!, ... V" = ¢ assumed
to be drawn from a ANy (u,X) distribution, with ¥ being restricted to satisfy the

constraints of an RCON or RCOR model. More precisely, we let
Q=Im(X)={p|p=Xp,BecR}CRY (4.1)

for some fixed design matriz X € RV** using the obvious notation, of rank k and

consider inference about p based on assuming
Y= n—+ €, w e Q, €; ~iid NV(O, E) (4.2)

with ¥ being subject to X! € ST(V,€) or 271 € R (V, &) for some given graph
colouring (V, £), but is otherwise unknown.

For the Gaussian distribution, maximum likelihood estimation of p under an
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4. Estimation of the Mean under Linear Constraints

unknown covariance structure is generally non-trivial, as the maximiser of the like-
lihood function in p for fixed ¥ may depend on Y. The least squares estimator u*
is defined by minimizing the sum of squares so that in case of equality of estimators
f and p*, the former is independent of ¥. Using Kruskal (1968), we characterise
all vector spaces 2 which ensure equality of estimators fi = p* in (4.2) for both
constraint types ¥~ € ST(V,&) or 71 € RT(V,€).

Conditions for equality of estimators have been considered in the literature before.

Eaton (1970) showed that for

Yi=pi+e, €~aNy(0,8), 2 lest (4.3)

and g = (p1,..., )" the only vector space W ensuring that i = p* for u € W is
of the form

W={u|p=2B,7Z c R fixed, B € RF*V}, (4.4)

with (4.3) and (4.4) jointly defining a multivariate analysis of variance (MANOVA)
model. Using results in Kruskal (1968), Eaton (1983) further characterised all such
spaces W ensuring equality of estimators if 3 is assumed to have a diagonal block
structure, and if ¥ is assumed to have an intraclass covariance structure, see (2.11).

Our work is similar in spirit, however while the results in Eaton (1970) and Eaton
(1983) is coordinate free, we assume the observations to be given in a fixed basis.
This makes the constraints ¥=! € S*(V,&) or 7! € RT(V,€), and p* = u for
1 <7 < n meaningful.

We pay special attention to the case when Q in (4.1) is specified by equality
constraints on the entries of . Such hypotheses in the mean have been considered

for the Gaussian distribution with symmetries and without conditional independence
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4. Estimation of the Mean under Linear Constraints

relations, see Section 2.3.1, however not for models combining the two.

We let M denote the partition of V' placing two vertices in the same set whenever
the corresponding means are restricted to being identical and write Q = Q(M).
For (V,€) as above, the derived characterisation of all viable € translates into a
twofold necessary and sufficient condition on M and (V,&): (i) M must be finer
than V; and (ii) M must be equitable with respect to every edge colour class in
& as defined by Sachs (1966). An example where condition (i) is violated is the
Behrens-Fisher problem, concerned with testing the equality of two means under
the assumption of unequal variances (Behrens, 1929; Fisher, 1939). Most of the
presented results concerning equality constraints on the mean can also be found in
Gehrmann and Lauritzen (2011).

We conclude the chapter with examples from comparative experiments according
to Latin square designs (Bailey, 2008). The two models we consider are given by
a homogeneous nearest-neighbour lattice scheme (Besag, 1974), which restricts ¥ ~*
to lie inside ST(V,€) = RT(V,€) with G = (V,€) being a coloured lattice, and a
homogeneous nearest-neighbour torus scheme, represented by a coloured torus, which

we define following Besag and Moran (1975).

4.1. Estimation of the Mean

Estimators for p other than the maximum likelihood estimator [ are the least squares
estimator p* and the Gauss-Markov estimator [i. Below we formally define the
estimators and state relations between them, first obtained by Kruskal (1968), which

can be exploited to ensure uniqueness of f[i.
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4. Estimation of the Mean under Linear Constraints

4.1.1. The Least Squares Estimator

If Y € RV is a random vector satisfying E(Y) = pu € Q with Q as in (4.1), then the

least squares estimator p* of u € ) takes the value of p € Q which minimises

g(w) = = )" (Y — p)

over ). It directly follows that u* is equal to the orthogonal projection of Y on €2

with respect to the standard inner product in RV, (z,y) = 27y, and is given by
= X(XTx)"1xTy. (4.5)

Thus p* exists for all Y and all 2, and in particular is always uniquely determined
by the two. Further, y* is independent of any distributional assumptions about Y,

as well as the covariance structure X.

4.1.2. The Gauss-Markov Estimator

If Y € RV is as above and Cov(Y) = ¥ € ST is known up to a multiplicative
constant, i.e. ¥ = 02 with ¥¢ € ST known and o2 > 0 unknown, then the Gauss-
Markov estimator fi of p is the linear unbiased estimator of p € €2 which has minimal
variance. It is given by the orthogonal projection of Y on 2 with respect to the inner

product

(z,9)s, =255y (4.6)

(Kruskal, 1968) and equals

f=jis, = X(XT2 X)X Ty y. (4.7)
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4. Estimation of the Mean under Linear Constraints

The fact that fi is unique is usually referred to as the Gauss-Markov Theorem (e.g.
Theorem 4.1 in Eaton, 1983).

While the Gauss-Markov estimator, just as the least squares estimator, does not
depend on any distributional assumptions, it directly depends on the covariance
structure of Y, which, in general, is required to be known up to a multiplicative
constant for the estimate to be computed. The following necessary and sufficient
condition on 2 and ¥ for the two estimators p* and i to agree has first been shown

by Kruskal (1968). It can also be found in Haberman (1975) and Eaton (1983).

Proposition 4.1 (Kruskal) Let Y € RV be a random vector, @ < RV and ¢ €
St. Then if B(Y) = p is restricted to lie in Q and Cov(Y) = ¥ = 02X with 02 > 0
unknown, the two estimators p* and i agree if and only if Q) is invariant under Eal,

i.e. if and only if 2619 c Q.

Lemma 4.1 For ¥ € St and Q <RV,

YNCO <— YN=0 = Y 0=0 = x'ocqo

0

Proof of Proposition 4.1: The two defining conditions of the estimators u* and fi are
Y —p* )= (Y — 5,5, 2) =0 forall z € Q.

By Lemma 4.1, if Zo_lﬂ C Q then 2619 = () so that the two defining relations
are the same, and therefore, by uniqueness, u* = ji. For the converse, let y € Q.

Then p* = 0, and so @ = 0, giving that y =y — 1 € (ZEIQ)L. We obtain that
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4. Estimation of the Mean under Linear Constraints

Q- C (Ea 1Q)L, which implies X 10 C Q, which by Lemma 4.1 is equivalent to
-1
X, Q=0
|

We conclude:

Corollary 4.1 Let Y' = y',...., Y™ =y € RY be a random sample drawn from
a distribution whose mean value u is restricted to lie in a vector space Q < RY
and whose concentration matriz X1 is restricted to lie in R C S*. Then for all
Y71 € R, the Gauss-Markov estimator ji of i and the least squares estimator pi* of

w based on Y1, ... Y™ are identical if and only if X1Q C Q.

4.1.3. The Maximum Likelihood Estimator

For a random vector Y € RY assumed to follow a Ny (i, %) distribution with

peN<RY and 7! € R C ST, the maximum likelihood estimator i is defined by

(1,%) = arg max L(u, % |y)
HELY,
STler
_ 1 Ty—1
= arg Lneleg @V (der )12 exp{—(y —p)" X" (y — n)/2}.
YTeER

Thus in order to obtain fi, the likelihood function L(u, Y | y) needs to be jointly
maximised in p and . If ¥~ € R is fixed, maximising the likelihood in x subject

to p € € is equivalent to minimising

h(p) = (y—w)"S (y—p)

over €. The value taken by /i which minimises h(u) over 2 is precisely the orthogonal
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projection of Y on  with respect to the inner product in (4.6) with g = X, so that
for ¥ fixed we have that the maximum likelihood estimator f of u is equal to the
Gauss-Markov estimator fi = fis of u. Thus if ¥~! € R is unknown, f, if it exists,

can be found by maximising L(fix, Y | y) in ¥ over R:

A~

fo=fis, with ¥ =arg max L(is,X|y)
Y-ler

with L(fi¢, Y | y) usually referred to as the profile likelihood of ¥. Combining this

with Corollary 4.1 we obtain:

Proposition 4.2 Let Y! = ¢! ..., Y™ = 4" be a random sample drawn from a
Ny (u, 2) distribution with u € Q for some Q@ <RV and ¥~ € R C S*. Then for
all X~ € R, the least squares estimator u* and the mazimum likelihood estimator

[ of u based on Y, ..., Y™ are identical if and only if ¥~1Q C Q.
O

4.2. Invariance under Generator Matrices

Below we show that for RCON and RCOR models, invariance of Q under 7! is

equivalent to invariance under the generator matrices {T%},cpue.

Proposition 4.3 For a random sample drawn from a Ny (u,X) distribution with

p€Q<RY and 71 € ST(V, &) for some coloured graph G = (V,€),

p=p" = T'QCQ YueVUE.

O

Proof: By Proposition 4.2, i = u* if and only if 271Q C Q for all =1 € ST(V, ),

so that it suffices to show that 71 C Q for all 71 € ST(V,€) if and only if
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TvQ C Qforallue VUE.
By Definition 3.1, all 7! € S8T(V,€) can be written in the form
Y7 =3 cvue AT with A € RYY such that £7! is positive definite.
Suppose first that
T"Q CQ YueVUE.

Since ) is an affine space, we directly obtain that X71Q C Q for all X~ € ST(V,€).
Conversely, suppose X1Q C Qforall 2! € ST(V,€). As ST(V, €) is a relatively

open cone, for all 3=t € ST(V,€) and u € VU E there exists v, € R\ {0} such that

Sy ="+, T c ST(V,E).

By assumption, X71Q C © and 5,0 C ©, so that

(Sy =2 Ha =1, 10 C Q.

The same result holds for RT(V, €):

Proposition 4.4 For a random sample drawn from a Ny (u,X) distribution with

peQ<RY and 271 € RT(V, &) for some coloured graph G = (V, ),

= p — T'QCQ YueVUE.

0

Proof: We again exploit Proposition 4.2, and prove the claim by showing that
Y CQforall 37t e RT(V,€) if and only if T“Q C Q for all u € VUE.
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4. Estimation of the Mean under Linear Constraints

By Definition 3.2, all =1 € R*(V, £) can be written as

Y l=ACA= E Ay T'TY + § Cuyy, T TYTY . (4.8)
PENISY v,WEY,
uel

where A and C are as in (3.2) such that X! is positive definite, and for v € V and

u € £ we write a, for as if @ € v and ¢, for cop if a8 € u. As for v,w € V,

T°T% = T" if and only if v = w and T"T" = 0 otherwise, (4.8) simplifies to

ST =) a1 4+ ) cuaua, TUTUT (4.9)
vey v,wEV,
ueé

As before, invariance of Q under T" for all u € VUE directly implies invariance of
Q under all 271 € RT(V, €). So suppose X710 C Q for all =1 € RT(V,£). Then,

in particular, Q is invariant under all ¥~! inside the model which are of the form

Yl = ACA with A = ¢%I, 02 >0,

represented by the graph colouring ({V'},£), which is clearly edge regular as all
edges connect the only vertex colour class back to itself. By Proposition 3.1 this

implies ST({V},€) = RT({V}, ) so that by Proposition 4.3,

TQ CQ Yuef.

For the vertex colouring, consider the submodel

Yt = ACA with C =1,

47



4. Estimation of the Mean under Linear Constraints

represented by the empty graph with edge regular colouring (V,?). By Proposition
4.3,

TQCQ Yve.
|

Definition 4.1 For a coloured graph G = (V,€), let T(G) = {T* |[u e VUE}. We
say that Q < RV is Q is G-stable if TQ C § for all T € T(G) and let the set of
G-stable Q be denoted by ®(G).

Then Propositions 4.3 and 4.4 may be equivalently phrased as:

Proposition 4.5 For a random sample drawn from a Ny (u,X) distribution with
peQ<RY and 71 € ST(V, &) for some coloured graph G = (V, &), it = p* if and
only if Q € ®(G). The same holds if ST(V,E) is replaced by RT(V,E).

4.3. Characterisation of ®(G)

The goal of this section is a full characterisation of ®(G), given in Theorem 4.2

below.

4.3.1. Preliminaries
Notation

For a finite dimensional vector space W and W1,..., W) < W we let

k
ticick Wi =Wi+ ...+ Wi ={w]|3w; € W; for 1 <i <k such that w =Y _w;}.
=1
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4. Estimation of the Mean under Linear Constraints

ItTw = +1<i<k W, and VV] N (+1§z’§j71 Wl) = {O} for all 2 < j < k, W is a direct

sum of Wy, Wy, ..., W, and we write

W=Wao.. oW.=E W (4.10)
1<i<k

For R < W, Rt denotes the orthogonal complement of R in W with respect to

the standard inner product
Rt ={weW|(z,w) =0V € R}

We say that Wi,..., Wy provide an orthogonal decomposition of W in (4.10) if
1
(@i;ﬁjWi) :Wj for 1 Sj Sk‘
Forb C ACYV, we let 1};4 : R4 < R be the embedding

Ilf‘:w»—>x with z, = w, for a € b.
H? : R4 — R4 denotes the orthogonal projection

" wo fora€ebd
It w—= 2 with 2, =

0 otherwise
so that (Hf)2 = Hf for all b C A and

anb=0 =— MO} =0, and anb=0, A=aUb — M2+ =1,4
(4.11)

where T4 denotes the identity matrix in R4, which we sometimes also write as I, |A]-
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4. Estimation of the Mean under Linear Constraints

For Q <RY, we let
O = {z € R’ | 3w € Q such that 24 = w, for a € b} <R®
denote the image of Q under ZV, also abbreviated by Zp, and let €, < RY the image
of ) under Hl‘)/, also abbreviated by IIj.
QA:{JJEQA|HUJEQA such that z, = wq foraeb,xa:OforaeA\b}gRA

denotes the image of €24 under Hf.

Linear Algebra

We make repeated use of the Spectral Theorem (e.g. Theorem 7.27 in Friedberg et al.
(1979) or Theorem 1 in §79 in Halmos (1958)):

Theorem 4.1 (Spectral Theorem) Let T be a symmetric real matriz in RW*W

and let A denote the spectrum of T, containing all eigenvalues of T. Then A C
R, and, if for A € A, E\ denotes the eigenspace corresponding to A and IIy the

orthogonal projection on E),
(Z) RY = @)\e/\ Ey
.. l /
(Z’L) (@/\GA\{X}EA> :E)\I, NeA
(’L’L’L) ILIIy =0 if A # )\/, A, NeA
(i’l)) I:Z)\EAHA

(v) T =3 yep M.

The following is a direct consequence of the Spectral Theorem:
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RWXW with spectrum A and for

Lemma 4.2 Let T be a symmetric real matrix in
X\ € A let Ey denote the corresponding eigenspace. Then for A < RW, TA C A if
and only if there exist Ay < E) for A € A such that

A=A (4.12)

AEA
U

Proof: We observe first that TA C A if and only if whenever {wy,...,wy} is a basis
for A, then span ({Twi,...,Twy}) C span ({w1,...,wr}) = A, and that A satisfies

(4.12) if and only if A has a basis of the form
w; € E)\Z. Ai €A V1<i<k. (4.13)

This directly implies that if A is given by (4.12), then TA C A since the
basis in (4.13) satisfies span ({Twy,...,Twr}) = span({A\wi,...,\zwr}) C
span ({w1,...,wk}).

Conversely, suppose TA C A. Let S denote the restriction of T operating on A.
Then as T is a self-adjoint linear transformation, so is S. Applying The Spectral

Theorem to S then directly gives (4.12).
[ ]

Lemma 4.3 Let G = (V, E) be a bipartite graph with vertex components a and b
and let T denote the adjacency matrix of G. Let A denote the spectrum of T and

for A € A let Ey be the corresponding eigenspace. Then

(g — ) E\ = (I, — ) E\ = E_j.
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Proof: As E) is a vector space, clearly

(I, — I, Ey = (I, — I1,) E).

For the second equality, let g € E). Then, as T is the adjacency matrix of a

bipartite graph connecting a to b, it has the form

0 B 1 ifafeF,aca,BeEDb
BT 0 0 otherwise
so that
T (I1,g) = Mg and T (IIyg) = Al,g.
Hence
T, —1) g] = T (Iug) —T (Ipg)
= )\Hbg — /\Hag
= —A(ll, — 1) g,
giving

(IT, — Iy)Ey C E_.
By symmetry we also have
(g —Ty) E_) C Ey

so that

(I, — ) (I, — ) E_y = E_, C (Il, — I1,) Ej.
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4.3.2. First Properties of ®(G)

Proposition 4.6 Let G = (V,E) be a coloured graph. Then
()
Qed(G) = Qtecd(Q)
(i)
0L, edG) — N, Q1+ e Q)
([l

Proof: For (i), suppose Q € ®(G) and let € Q. Then (z,w) = 0 for all w € Q.
So let w € Q and consider (Tz,w) for T € T(G):

(Tz,w) = (z,TTw) = (z,Tw) = (z,w') =0

where the last equality follows from the fact that Tw = w’ € Q by stability of Q
under 7. This gives that Tz € Q* for all T € T(G) and all z € Q*, or equivalently
that Q* € ®(G). The other direction follows directly from the fact that (QL)J' = 0.

For (ii), let Q1,99 € ®(G) and suppose z € 1 N Oy and y € Q1 + Q2. Then
Tz € Q) and Tx € Qg, so that Tz € Q1 N Qo, giving Q1 N Qe € ¢(G). Further,
Ty = T(w1+ws) = wi+w) for wy,w] € Q1 and wa, wh € Qo, giving that Ty € Q1 +Qo,

so that Q1 + Q9 € ®(G). -

Proposition 4.6 only exploits that all T € T(G) are symmetric. Below we describe

the implications of stability under the generating matrices T for u € V and u € £.

Vertex Colour Classes

Lemma 4.4 For a coloured graph G = (V,€) and Q2 <RV,
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T'QC O YoeV — Q:@Qv.
vey
O

Proof: Suppose that 7%Q C Q for all v € V. Then Q, C Q for all v € V so that
certainly +,cyp QU C Q. Since clearly Q C +,¢y Qv, we have = +,cp QU. As

further €, is constantly zero on RV\? for all v € V, we obtain

0= Q. (4.15)

veEY

Conversely, suppose (4.15) holds. It follows directly that

"0 =Q,C0 Ywe.

Edge Colour Classes

For G = (V,€), u € £ and v,w € V, let E“{*"} C 4 denote the set of edges inside u

which connect v to w and call the coloured subgraph
gu{vw} _ (V, {Eu{vw}})

which only contains edges in E*{""} the u{vw}-subgraph of G. Distinguishing
between the two cases v # w and v = w, the adjacency matrix 71"} of Gu{vw} can
be directly expressed in terms of 7%, TV and T%,

(o) ToTYTY + TYTYTY  for v # w
T'u vw — .

T T Y for v =w
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If we order V such that the vertices in v appear in the ordering first, followed by

the vertices in w, then T%{*®} and T} equal

o The{vw}]l w{ov) Tl{vv}l
T = and T = (4.16)
0 0 0 0

with Tlutvwl ¢ ROUw)x(Uw) heing the adjacency matrix of the u{vw}-component

glulvw}] — ({v,w}, {Eu{vw}})

of G, which has the same edge set as G“{*} but only vUw as its vertex set. Similarly,

Tl{vell € RY%Y is the adjacency matrix of the u{vv}-component
gltvotl = ({o}, {EHvH))

of G, which has the same edge set as G*1*"} but only v as its vertex set. The zeros

in (4.16) represent matrices of suitable dimensions whose entries are all zero.

Example 4.1 Let G = (V, £) be the graph shown in Figure 4.1(a) with V' = [8], V =
{v1,v2,v3} and € = {u1,us} with v = [3] va = {4,5,6}, v3 = {7,8}, w1 = {12,13,
23,14,15,16,26,36} and ug = {47,57,67,68}. The u;{vivs}-subgraph of G

gulviezh — (141,2,3},{4,5,6}, {7,8}}, {{14,15,16,26,36}})

is displayed in Figure 4.1(b) and the three components of G are given in Figure 4.2.
0

95



4. Estimation of the Mean under Linear Constraints

* 4 * 4
L sk * k% 1 % * k%
5 7 * ) 7
% * ok k 2 % * ok k
6 8 * 6 8
3 3
%k *k
U1 V2 U3 U1 V2 U3
(5] (75} u9 ul
(a) G= (V) (b) G2 0102) = ({ug, vz}, (B2 (102}

Figure 4.1.: Vertex and edge coloured graph G with one of its u{vw}-subgraphs.

* * *k *k
3 1 4 4 .\H\** «
* Kok *.*/H/ 7
* Kk Kok 8
1 2 3 6 6
* *
vy U1 () V2 U3
Uq U U2
(a) u1{viv1}-component. (b) u1{v1v2}-component. (¢) uz2{v2vs}-component.
Figure 4.2.: Components of G.

Lemma 4.5 Let G = (V,€) be a coloured graph and let Q@ < RY be of the form
=P,y Q,. Then foruc €,

T'QCQ — TH""QCQ VoweV

— 7Tl o C Qe Vv, w E V.

Proof: We consider the first equivalence claim first. Since for u € &,

T = IT"] = (Z T”) " (Z Tw>
veY wey
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= ) (TVTTV 4+ TYT"TY) + » T'TT"

{va}gv veY
_ Z Tu{vw} + Z Tu{vv}7
{v,w}CV veY

invariance of Q under T%*%} for v,w €V clearly implies invariance of {2 under 7.
So suppose that € is invariant under T“. Since, by construction, € is invariant
under TV for all v € V, Q is also invariant under T*T*T%* and T*T*T" for all
v,w € V. This directly gives that € is invariant under (TVT*T" + T*T*T") for all
v,w € V, or equivalently under 7"} for all v, w € V.
The second equivalence claim follows from the relation between T"{**} and

Tlvel in (4.16).
|

4.3.3. G-Invariance

Combined, Lemma 4.4 and Lemma 4.5 imply:

Proposition 4.7 For G = (V,&) and Q <RV, Q € ®(G) if and only if

0= (4.17)

veY

and for allu € &, v,w €V,

T HO L L C Qo (4.18)
O
Proof: By definition, Q € ®(G) if and only if 7%Q C Q for all w € VUE. By Lemma

4.4, T"Q C Q for w € V if and only if (4.17) holds. By Lemma 4.5, T"Q2 C Q for

u € & if and only if (4.18). -
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Thus ®(G) is uniquely determined by the components of G = (V, ). In partic-
ular, ®(G) is invariant under graph modifications which leave the components of
G invariant. These modifications consist precisely of merging and splitting of edge

colour classes such that edges which lie in the same component and

(a) have the same colour in € never receive different colours

(b) have different colours in &£ never receive the same colour.

The graph representing the largest model one may obtain in this way never
contains two equally coloured edges between different pairs of vertex colour classes
and thus has an edge regular colouring. By Proposition 3.1, it represents a model

placing the same constraints on the concentrations and partial correlations.

Corollary 4.2 Let G = (V,&) be a coloured graph and let £ be an edge colouring
obtained from & by splitting and merging of edge colour classes obeying the principles

in (a) and (b) above. Then for G' = (V,&’)

G’ with the finest such colouring is given by G' = (V,E*) where in £* two edges have
the same colour if and only if they have the same colour in € and connect the same

vertex colour classes inV. (V,E*) then satisfies

STV, &) =RV,

and represents the largest RCON model and the largest RCOR model with the same

components as G.
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Distinguishing between the two cases v = w and v # w, below we obtain a
necessary and sufficient condition on €, for v € V for (4.18) to hold.
For u € &, we let A1} denote the spectrum of T} and let A[Z%{WH contain

all non-negative elements of A1} For eigenvalue \ € Al{vwd], E/[\u{vwH < RYWw

is to denote the corresponding eigenspace.

Proposition 4.8 Let u € € and v,w € V. Then
T[u{vw}]Qva - Qva (419)

for v =w if and only if there exist AE{“{W}] < E/[\u{w}] for A € AW gueh that

O, = @ A[;A{WH
A€Au{vo}]
and for v # w if and only if there exist A[;\J{Uw}] < EE\U{W}H for A € A[gévw}] such

that

Q’U _ I;)Uw @ A[;L{Uw}] and Qw _ Ig]Uw @ A[;L{Uw}]
)\EA[E%{UWH )\EA[E%{UW}]
(4.20)

O

Proof: For v = w, the claim is a direct consequence of Lemma 4.2.

For v # w, suppose first that Q. is as in (4.20). It follows that for g € Q,uw,

g=T"g+T07g = > o+ Y wy
AeABTwN  eplo
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for some vy, wy € A&L{Uw” for \ € A[;évw}]. Now

T[u{vw}]g — T[u{v'w}} HgUw Z vy +vaUw Z w)
realfred realfred

— T[u{vw}} Z ngw'l))\ + Z Hz}Uw,w)\

AT AT
_ ufow)] [ Lovw + (7Y = TI5)
o Z T 9 U

Aealfowd]

I _ Hva - Hva
Y e ( v — ( : o ))wA
PN

where the last equality follows from (4.11). As vy, w) € AE\”{WH < Eg\u{vw}], by

Lemma 4.3, we have (IT)"% — 147"y, (TI5YY — TI57%)wy, € E[f\{vw}], giving

2
Aeale

vUw _ JTvYw
+ Z </\Iva + )\(1_[21} Hw )> (1N

AeAli (e

Iv w — Hva_Hva
_ Z )\( u (v2 w )>U)\

AeAl )

- L HUUw_HUUw
. )\<va+(@ w )>uu
]

2
Aealsfrun

= > Mot Y AIYw,
Aealsfre AeAlfre]

€ Qva

where we again used (4.11). As g and p are chosen arbitrarily, this establishes (4.19).
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Conversely, suppose (4.19) holds. Then, as Quuy = quw &) Q”wuw, the Spectral
Theorem applied to T{vw}] gives that for all w € QZU“’ there exist unique wy €

FE /[\u{vw}] such that

o= Y

AeAlufow}]

and as, by definition of quw, for all x € Qzuw, zq = 0 for a € w, we must have for

w e QU
w o= (I —IIw) g
— (szUw _ HZ}Uw) Z Wy
AeAlufvw}]
AcAlufvw}]
By Lemma 4.3,
(HZUw _ H&Uﬂ)) = E[_Uivw}]’
so that

W_)\ = (ngw - Hz}Uw) W)

and therefore

QZUU) _ @ (A[;{vw}] ® (HgUw o HZUUw) A[;{“”H) ,

Al

for some AE\u{W}] < E/[\u{vw}] for A € A%vw}], which gives

0, =T () =z | @ At

(2

Aealifvu
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4. Estimation of the Mean under Linear Constraints

Similarly,

Oy = Z&Uw @ A[;L{UU’H

[u{vw}]
Aenlyd .

We are now ready to give our main result in this chapter, which follows from

Proposition 4.7 and Proposition 4.8:

Theorem 4.2 For G = (V,€) and Q <R, Q € ®(G) if and only if

Q0= O (4.21)
veV
and for all uw € € and all v,w € V there exist A[;\“L{vw}] < E/[\u{vw}] for X e Alv{vwl]

such that simultaneously

Q-7 | @ A @y abe (122)
)\EA[;Lé'uw}] AeA[u{vv}]

O

Proof: To prove the claim, by Proposition 4.7, it suffices to show that condition
(4.22) is equivalent to condition (4.18). This follows from applying Proposition 4.8
to every combination of an edge colour class u € £ and a vertex colour class pair

v,w € V.
|

Note the principal difference between Theorem 4.2 and Proposition 4.8. While
Proposition 4.8 gives necessary and sufficient conditions for invariance for only
one component, Theorem 4.2 does so for the entire graph, which is a union of

components. It precisely states that the necessary and sufficient conditions derived in
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4. Estimation of the Mean under Linear Constraints

Proposition 4.8 must hold for every component in the graph. Thus while Proposition
4.8 gives a condition for Q < RV to be stable within a single component, Theorem
4.2 provides for stability within all components and across all components.
Finally we describe the construction of suitable design matrices X of spaces
Q2 € (G). For a sequence of real-valued matrices (M;),c s, let diag((M;);es) denote

the block-diagonal matrix whose j** block is the 7% matrix in the sequence. Then:

Proposition 4.9 Let G = (V,E) be a coloured graph and let Q € &(G). Let Vi CV
be the set of vertex colour classes v in 'V for which Q, # 0 and let V,. C V be the
set partitioned by Vy. For v € V4, let d° = dim(Q,) > 0 and let XV € RV be q

matriz whose columns are given by a basis for Q,. Then

Qy, =Im(X) where X = diag((X")vev, ).
([l
Proof: By Theorem 4.2, if Q € ®(G), then
0= Q.
veV
For v € V4, by construction of X¥, Q, = Im(X"), so that, as
QV+ — @ Q’Ua
veEVL
Qv, = Im (diag((X")vev,)), as claimed.
[ ]
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4. Estimation of the Mean under Linear Constraints

4.3.4. Example

We illustrate our results by applying them to the graph G displayed in Figure 4.1(a)
in Example 4.1. Applying Proposition 4.8, we first give all stable spaces {2 for each
component, displayed in Figure 4.2, individually and then, using Theorem 4.2, give

all spaces in ®(G). We abbreviate span({wi,...,wr}) by (wi,...,wk).

Example 4.2 The graph component GU1{"1v1}l displayed in Figure 4.2(a) in

Example 4.1 has adjacency matrix

0 1 1
Tlafodl — | o 4
1 1 0

which has spectrum and eigenspaces

1

=
—_

Alur{vivi}] ={-1,2}, E£u1{v1v1}] =[], E[_ull{vﬂn}] =D
1

—_

]

If {r,s} = ra |y | s2 is an orthonormal basis for EL“II {vren} , by Proposition

3 S3

4.8, Q,, <R is stable under T {v1v1}l if and only if

1 T1 S1
Quy=a(|1])@B(|r )&= |)
1 T3 53

with o, 8,7 € {0,1}. Thus Q,, is T {"1v1}invariant if and only if it contains the
unit vector or is orthogonal to it. All 8 T{v1vtH invariant spaces Q,, for general r

and s together with X! are given in Table A.1 in Appendix A.
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4. Estimation of the Mean under Linear Constraints

If Gluitvivd] g regarded as a vertex and edge coloured graph with one compo-
nent only, then we have found all spaces in ®(G#1{v1v1}]), In full agreement with
Proposition 4.6, all of them can be grouped into pairs of orthogonal complements
in R¥. The diagram in Figure 4.3 summarises the structure of ®(Glivivill) by
representing each Q € (G [“1{”1”1}]) by their index in Table A.1 and connecting two
indices whenever one space forms a maximal subset of the other. (In standard lattice
theory terminology, introduced in Section 5.1.2, Figure 4.3 shows the Hasse diagram
of the complete lattice ®(G1{v1v1}]). We have not shown the last mentioned fact,

which however is not difficult to do using Proposition 4.6.)

8

/

4 6 7

AKX

2 3 b}

\V

1

Figure 4.3.: Structure of ®(glui{vivill),

0

Example 4.3 The graph component Gl“11v122}] displayed in Figure 4.2(b) has ad-
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4. Estimation of the Mean under Linear Constraints

jacency matrix

000111
000001
Py _ [0 0 0 0 01
100000
1 000
111000

which, omitting the superscript [u;{viva}] for the sake of brevity, has spectrum and

eigenspaces
A ={0,£1,+2},
0 0 -1 -1 2 —92
0 -1 1 1 1 —1
0 1 1 1 1 —1
Eo = ; , Br = , By = , Br = s Bo =
o={(| | S EE B B ) B =
1 0 —1 1 1 1
0 0 1 —1 2 2

By Proposition 4.8, £y, Uy, is invariant under Tltviv2}] if and only if

Qm = aBy®~YB1 D 6B;

Qy, = PCHOYCL ®IC

with «, 8,7,60 € {0,1} and

All 16 possible pairs of €2,, and €, are given in Table A.2 in Appendix A. Table

A.3 in Appendix A gives the relations between p1, . .., g corresponding to the spaces
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4. Estimation of the Mean under Linear Constraints

in Table A.2, together with design matrices X' and Xv2. If Glv1{v1v2} is regarded as
a vertex and edge coloured graph with one component only, then we have found all
spaces in ®(Gl1{v1v2}]) “again in full agreement with Proposition 4.6. The structure

of (Gl iviv2lly is summarised in Figure 4.4.

16
8 12
4 6 7 10 11 14 15
2 3 ) 9 13
1

Figure 4.4.: Structure of @(g[“l{“”?}]).

O

Example 4.4 The adjacency matrix of the component G2{v23} displayed in Fi-

gure 4.2(c) is

00010
00010
rletvevstl — fg g g 1 1
11100
00100
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4. Estimation of the Mean under Linear Constraints

which, omitting the superscript [ua{vovs}] for the sake of brevity, has spectrum and

eigenspaces
A:{o,i\/2+f2,i\/2—f2},
-1 2-2 —(2-+2)
1 2-2 —-(2-v2)
Eo=(|o|), E 2+\/§:< —2+2V2 ), B 2+\/§:( 2-2v2
0 2-V2)V2++v2 (2-V2)V2+2
0 (—4+3vV2)V2+ V2 (—4+3v2)V2+V2
242 —(24++v?2)
242 -(2+V2)
FE 2_\/§:< —(2—0—2\/5) >, E_ 2_\/§:< 2_‘_2\/5 >
2+V2)V2— 2 2+Vv2)V2 -2
(—4-3V2)vV2 -2 (-4 -3vV2)vV2 -2

By Proposition 4.8, €2,,y, is invariant under Tlu2{v2vsdl if and only if

Dy, = aDO@ﬁDm@’YDm

oy = BE e 0 o

with a, 8,7 € {0,1} and

-1 1 1
D0:< 1 >a D 2+\/§_< 1 >a D 2_\/§_< 1 )7
0 V2 -2

1

1
Fm:<(1+ﬁ>>’ i 2—\/5:<<1\/§>>'

All 8 possible pairs of €2, and €2,, are given in Table A.4 in Appendix A. Table
A.5in Appendix A gives the relations between pig4, . . ., ug corresponding to the spaces

in Table A.4, together with matrices X2 and Xvs. If Glu2{v2vs}l ig regarded as a
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4. Estimation of the Mean under Linear Constraints

vertex and edge coloured graph with one component only, then we have found all
spaces in ®(Glu2{v2vsl]) The structure of ®(G#21v2v3}) the same as the structure of

®(Gtvvll) which is represented by the diagram in Figure 4.3.
]

We now combine the constraints of ®(G) on each of the individual components to

obtain all spaces Q in ®(G).

Example 4.5 For G displayed in Figure 4.1(a), by Theorem 4.2, Q < RY lies in
®(G) if and only if
Q=0 &y, Oy

and

Q, = @ A[;n {orv1}] _ 1l @ A[;:n{vwz}] (4.23)
1 V1 N
AeAlvi{vivi}] /\GA[Zul{vNJQ}]

Oy, = Ig;Uvz EB A[;tl{vlvz}]

)\EA[;l{vva}]
R P aleteed (4.24)

)\GA[Z%{UQ”?,}]

Q, = T2 | P aleted (4.25)

[ug{vavz}]
realiztozs

for some A[;”{Ujvk}] as in Theorem 4.2 for 1 < 4,57 <2 and 1 < k < 3. Note how a
choice for A&ul{vlm}} limits the possibilities for A[;”{UWQ}] in order for (4.23) to be
satisfied. Once A[;“{UM}] are chosen, in order for (4.24) to hold, A[;LQ{WS}] must be

chosen accordingly, which, by (4.25), uniquely determines .
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4. Estimation of the Mean under Linear Constraints

We begin by considering the constraints imposed on 2,, by the component pair
Gluttvivi}] gpq gluafvivz}], Consulting Table A.1 for Q[ul{“”lﬂ, and Tables A.2 and

A.3 for Glm{v1v2}] e obtain the only compatible possibilities to be

1. Q, =0, Q,=0

2. Q, =0, Qu, =(| 1 |)

0 -1
4Qv1:< -1 >7 Qv2:< 1 >
1 0
1 1
0 —1
5 Qm: < -1 > ) Q’U2: < 1 >
1 0
1
0
6. %= (], o,=r
1
1

7. Q, =R", Q=1 1]

8. Q, =R",  Q, =R®.

Considering the component pair Gl#1{v1v2}] and Gu2iv2vs}] gives the following four

compatible combinations for €2, and €,

1L Q=0 Q=0
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4. Estimation of the Mean under Linear Constraints

3. Q=11 D] , Q=R

4. Q, =R¥™,  Q, =R®".

Forming the intersection, Q = Q,, ® Q,, ® Q,, € ®(G) if and only if Q,,, 2, and

2, fall into one of the following cases

1. Qy =0, Q,=0  Q,=0

0
0 -1
4 QU1:< -1 >7 Qv2:< 1 >, QUSZO
1 0
1 1
0 -1
5 Qvl — < -1 > N Qvg = < 1 > , QUS = [R?3
1 0
1
—1
6. 2y, =R™, Qy, = < 1 > ) st =R"™
0
1
0
7. Q= ([, Qu=R=2 Q=R
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4. Estimation of the Mean under Linear Constraints

8. Q,, =R", Q,, =R, Qy, = RY.
The corresponding design matrices X are given by

1. X not defined.

2. X =X" =] -1 |; X" and X"® not defined.

3. X=X"2=|1|; X" and X not defined.

0
0 —1
4. X = diag(X", X"?) = diag —1{, | 1 ; XV not defined.
1 0
10 11
5. X = diag 1 1], |1 1], Iy
11 10
11
6. X =diag | I35, |1 1], I2
10
10
7. X = diag 1 1|, I3, Ip
11

giving the corresponding maximum likelihood estimates, based on a sample Y! =

Yyl YY" =97 to be

ﬂZZO f0r1§z§8
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4. Estimation of the Mean under Linear Constraints

0 for i =1,4,5,6,7,8

n

S (v —y)/2n fori=3

=
I
(]

0 fori=1,2,3,6,7,8

n

jzl(yfl —y2)/2n fori=4

Z}ll(yé - yi)/Qn forte=5

=
I
(]

\

0 for i =1,6,7,8
fli = Z;l=1(yf - Z/g+1)/2n fori=2,4
Z?ﬂ(?/zj —yl_)/2n fori=35
23‘121 yf/n fori=1,6,7,8
fli = Z?:l(yf + yzﬂ)/?n fori=2,4
Z?:l(yg + yZ_l)/2n for i =3.5
2?21 yf/n fori=1,2,3,6,7,8
i = -
Z?:ﬂyi +yi)/2n fori=4,5
Yyl /n for i =1,4,5,6,7,8
i =

Z}Ll(yé + yé)/Qn for i =2,3
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4. Estimation of the Mean under Linear Constraints

n
,&i:ny/n for 1 <i<8.
j=1

Note how all mean spaces 2 in ®(G) can be grouped into orthogonal complements

in R" @ R @ R". The structure of ®(G) is given in Figure 4.5.

8

1
Figure 4.5.: Structure of ®(G).

4.4. Equality Constraints on the Mean

Theorem 4.2 gave a necessary and sufficient condition for Q < RV to lie inside ®(G)
for a coloured graph G = (V, £). In this section we consider the special case of spaces
) which are constant on given subsets of V', corresponding to equality constraints

on the entries of the mean vector u. More precisely, we consider spaces of the form

QM) = {u € RV | pto = g whenever a = § (M)}
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4. Estimation of the Mean under Linear Constraints

or equivalently,

oM = @, with Q=(,) YneM (4.26)
nem

for partitions M of V, where e, € R" denotes the constant vector whose entries
are all equal to one. We will show that for such €2, conditions (4.21) and (4.22) in
Theorem 4.2 translate into regularity conditions on M and (V, ).

4.4.1. Equitable Partitions

Equitable partitions were first introduced by Sachs (1966):

Definition 4.2 (Sachs) Let G = (V, E) be an undirected graph. Then a partition

V of V is called equitable with respect to G if for all v € V, a, 8 € v,

[ne(a) Nw| = |ne(B) Nw| VweV.

The following directly follows from the definition of equitable partitions:

Lemma 4.6 Let G = (V, E) be an undirected graph. ThenV is equitable with respect
to G if and only if for all W C V, W is equitable with respect to GV = (W, Ey)

where W = Uyepww.

O

Lemma 4.7 Let G = (V, E) be an undirected graph with adjacency matriz T and
let V be a partition of V. Then TQV) C Q(V) if and only if V is equitable with

respect to G.
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4. Estimation of the Mean under Linear Constraints

Proof: Let x € Q(V) and consider the action of T on x. For a € V|

(Tz)a = Z IB:Z Z zB-

BEne(a) v€V Bene(a)Mv

As, by assumption, x is constant on each set v € V), taking the value x, say, the

above simplifies to

(Tz)o = [ne(a) Nv|z,. (4.27)
vey

Now (T'z) € (V) if and only if (Tx)o = (Tx)s whenever a = 8 (V). By (4.27)

this happens if and only if
lne(a) Nw| = ne(B) Nwv| Yove,

i.e. if and only if V is equitable with respect to G as claimed.
|

For an alternative, and essentially equivalent, proof in the framework of Algebraic

Graph Theory we refer to Chan and Godsil (1997, Lemma 2.2). We deduce:

Lemma 4.8 Let G = (V,E) be a vertex coloured graph. Let T be the adjacency
matriz of G = (V, E), let A denote the spectrum of T' and for A\ € A let Ey be the
eigenspace of A. Then there exist Ay < Ey for X\ € A such that
V) = P Ax
AEA

if and only if V is equitable with respect to G.
O

Proof: By Lemma 4.7, V is equitable with respect to G if and only if TQ(V) C Q(V).

The claim then follows directly from Lemma 4.2.
|
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4.4.2. Vertex Regular Colourings

The analogue of equitable partitions for vertex coloured graphs are wverter reqular

graph colourings for vertex and edge coloured graphs, which we define below.

Definition 4.3 For G = (V, &) we say that (V, ) is vertex reqular if V is equitable

with respect to G* = (V,u) for all u € £.
U

Vertex regular colourings can be characterised by the following two properties:

Lemma 4.9 A graph colouring (V, &) is vertex regular if and only if for allu € €
and v,w €V, all u{vv}-components are regular and all u{vw}-components are bi-

regular.

Proof: For « € V and u € &€ let

ne,(a) = {f | af € u}. (4.28)

Then, by Definition 4.3, (V, ) is vertex regular if and only if for all u € £, v,w € V,

lne, (o) Nw| = ney,(B) Nw| YV a,B €. (4.29)

For v = w condition (4.29) is equivalent to all u{vv}-components being regular, for

v # w (4.29) is equivalent to all u{vw}-components being bi-regular.
|

Proposition 4.10 A graph colouring (V,E) is vertex reqular if and only if for all

W CV, W,Ey) is vertex reqular, where Eyy = {u N Ew tyee and W = Uyepw.
]
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Put in words, (V, ) is vertex regular if and only if any collection of vertex colour

classes induces a vertex regular colouring.

Proof of Proposition 4.10: If (W, Ey) is vertex regular for all W C V), then clearly
(V,€) is vertex regular as & = £. So suppose that (V,€) is vertex regular. By
Lemma 4.9, for all u € £ and v,w € V, all u{vv}-components are regular and
all u{vw}-components are bi-regular. Since (V,€) and (W, &) agree in their

components for all W C V, (W, &y) must be vertex regular colouring for all W C V.
[

4.4.3. G-Invariance

Theorem 4.3 Let G = (V,€) be a vertex and edge coloured graph and let M be a
partition of V.. Then Q(M) € ®(G) if and only if

(i) M <V

(ii) (M, E) is vertex regular.

Proof: By Theorem 4.2, Q € ®(G) for G = (V,€) if and only if

0= (4.30)

veyY

and for all ©w € £ and all v,w € V there exist A[;L{WH < Eg\u{w}] for \ € Alufvwi]

such that

Q=12 @ A= g altl (4.31)
)\eA[;‘é”w}] AeAlufvv}]
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By definition of Q(M) in (4.26),

if and only if M <V, which is precisely condition (i) in the claim. So to prove the
result we need to show that for M <V, (M, ) is vertex regular if and only if there

exist AE\“{W}] < E;u{m”}] for A € Al“{vw} guch that (4.31) becomes

Q= % Q=(4 VoeV

nCv

So assume M < V), or equivalently that every set in V is a union of sets in M.
For v,w € V let M, denote the partition of v induced by M and similarly for
v Uw and Myyy. Then, by definition of vertex regularity and Proposition 4.10,
(M, €) is vertex regular if and only if for all v,w € V, M, is equitable with respect
to all u{vv}-components of G = (V,€) and M, is equitable with respect to all
u{vw}-components of G = (V, ).

Thus, by Lemma 4.8 applied to each component individually, (M,E) is vertex
regular if and only if for all v € £ and all v € V there exist AE\U{W}] < E/[\u{w}] for
A e Aol guch that

oM,) = P Ayt (4.32)
AeAlufvv)]

Together Lemma 4.3 and Lemma 4.8 give that for all u € £ and all v,w € V there

exist A[;{vw}] < E;“{Uw}] for A € Altvwll guch that

QM) = P At (4.33)
Kealtved]
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if and only if (M, ) is vertex regular. Combining (4.32) and (4.33) we obtain that

there exist AE\U{WH < Eg\u{vv}} for A € Al“{vv} guch that for all v € V,

0, = IgUw @ A[;{”w}] _ @ A[;L{UUH — @ QZ
)\GA[;"ng}] AeAlu{vv}] nCv

for Q, = (ey) if and only if (M, ) is vertex regular.
|
Note that if M is the partition {{a}}aev of V into singletons, corresponding to
Q(M) = R, and thus an unrestricted mean p, then M is finer than any vertex
colouring V and (M, £) is vertex regular for any edge colouring £. Thus M always
satisfies the two conditions in Theorem 4.3, which conforms with the fact that we

always have equality of estimators i = p* for an unrestricted mean pu.

Further, by Proposition 4.6, if Q(M) € ®(G), then Q(M)1 € ®(G) with

QM) ={ueRY|> pa=0,VneM}
acn
Thus all hypotheses in Section 2.3.1 which restricted the mean, namely all except
H,e, either equal g € Q(M) or u € Q(M)* for a partition M of V which satisfies
the conditions in Theorem 4.3.

A well-known example of when condition (i) in Theorem 4.3 is violated is the
Behrens-Fisher problem (Behrens, 1929; Fisher, 1939). The problem, in its original
univariate form, concerns testing the equality of the means p; and ps based on
two samples Yi',...,Y{™ and Yy}, ..., Yy with different variances o3 and o3. If it is
assumed that p; = po = p, the likelihood function may have multiple local maxima

in p, so that standard statistical inference results cease to hold (e.g. Scheffé, 1944).
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(Many alternative solutions have been developed over time, see e.g. Scheffé (1943)
for the univariate case and Bennett (1951) for the multivariate generalisation, also
summarised in Anderson (1984, Section 5.5). For more recent, algebraic, treatments,
see Drton (2008) for the univariate and Buot et al. (2007) for the multivariate case.)
The Behrens-Fisher problem can be formulated in our framework, as, in our
notation, the goal is to maximise the likelihood of a sample drawn from
Y
~MNo(p, %), pEQM), ZteSTWV,E) =RT(V,E) (4.34)
Ys
with M = {{1,2}}, V = {{1},{2}} and €& = (). We give the corresponding graph
colourings in Figure 4.6.

* *
l e o 2 1l e e 2

(a) (V,€) (b) (M, €)

Figure 4.6.: The Behrens-Fisher problem.

Clearly M £ V), so that, by Theorem 4.3, we do not have equality of estimators
w* = fi. Indeed, this is the simplest example of a graphical Gaussian model with
symmetry constraints violating condition (i) in Theorem 4.3.

Looking back at Example 4.5 with coloured graph G = (V, ) displayed in Figure
4.1(a), we observe that the G-stable spaces 2 which are determined by equality
constraints precisely correspond to refinements M of the vertex colouring V which
give rise to vertex regular graph colourings (M, &).

These are the singleton partition M; = {{1},{2},...,{8}}, giving u € RV, and
My = {{1},{2,3},{4,5}, {6}, {7}, {8} } corresponding to y € RV subject to s = 3

and pg4 = ps. The graph colourings (M1, €) and (Ma, E) are given in Figure 4.7.
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4 4
le } le }
K%
T2e@ | T2e@ |
k%
RY | 3 |
(a) (M, €) (b) (M2, €)

Figure 4.7.: Vertex regular colourings of graph G displayed in Figure 4.1(a).

Theorem 4.3 further implies the following for RCOP models:

Corollary 4.3 Let G = (V,€&) be the coloured graph of an RCOP model generated
by permutation group T' < Aut(G). Then Q(V) € ®(G).

For the proof we require the following preliminary result.

Lemma 4.10 Let G = (V, E) be a graph and let T' < Aut(G) have vertex orbits V

and edge orbits £E. Then (V,E) is vertex regular.
]

Proof: We showed in the proof of Proposition 3.2 in Section 2.3.1 that (V,&) is
edge regular, so that whenever two edges are of equal colour in £, they connect the
same vertex colour classes in V.

If a,8 € V are two equally coloured vertices in V), then, by assumption, there
exists a permutation o € T' which maps « to 8 leaving (V, &) invariant, so that «
and $ must have the same degree in every edge colour class. For ne,(«) as in (4.28),
the above imply |ne, () Nv| = |ne,(8) Nv| for all v € V and all pairs «, 8 € V with

a = (V), which is precisely the definition of vertex regularity for (V,€).
|
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Proof of Corollary 4.3: Tt suffices to show that M =V satisfies conditions (i) and

(ii) in Theorem 4.3. (i) trivially holds, and (ii) has been shown in Lemma 4.10.
|

In the next chapter we will show that for every coloured graph G = (V, ), there

exists a unique coarsest partition M of V' such that Q(M) € ®(G).

4.5. Comparative Experiments

We illustrate the result in Theorem 4.3 by applying it to the design of comparative
experiments which ensure mean treatment effects to be estimable by their least
squares estimator if the response is assumed to follow a Gaussian distribution.
Suppose we wish to estimate mean treatment effects (7;).cr of a set of treatments
T with |T| > 1 by applying them to experimental sites labelled by V' which are
arranged in a grid with row set R and column set C'. After treatments are applied

to the sites, the response Y = (Y )aey is measured, assuming that

Y ~ Ny (X)) with E(Ya) = fla = Tr(a)y @€V (4.35)

where T'(«) denotes the treatment which has been applied to site a. If T is the

partition of V', or treatment allocation, given by

a=p3(T) < T()=TF), apeV.

then (4.35) may be equivalently expressed as

Y ~ Ny (u,S) with € Q(T).
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4. Estimation of the Mean under Linear Constraints

Suppose further that while the value of ¥ € ST is unknown, the nature of the
experiment, for instance the physical layout of the experimental sites, suggests (i)
Var(Y,|Y1\{a}) to be constant for all o € V, (ii) the response Y, at any given site a
to be conditionally independent of the remaining variables given Y3 for 3 lying next
to a, and (iii) the non-zero concentrations to be constant within rows and constant
within columns.

If the response at the first and last site in each row are assumed to be uncorrelated,
we are in the setting of a homogeneous nearest-neighbour lattice scheme, as it was first
defined by Besag (1974) as a special case of the nearest-neighbour system introduced
by Whittle (1963) and Bartlett (1955, Section 2.2). If the response at the first and
last site in each row, and similarly column, are assumed to be subject to the same
dependence as all nearest neighbours within rows, and similarly columns, following
Besag and Moran (1975), we refer to the dependence structure as a homogeneous
nearest-neighbour torus scheme.

Such assumptions are common in spatial statistics based on random Markov fields
(Whittle, 1954; Ripley, 1981, 1988), with a classic application lying in modelling the
yield of agricultural plots (Besag, 1974; Besag and Higdon, 1999).

In order to allow for row and column effects on the mean response, it is sensible
to only consider treatment allocations 7 in which each treatment is applied in each
row and column equally often. The simplest way in which this can be satisfied is if
|R| = |C| = |T'| and each treatment appears in each row and each column precisely
once, in which case treatments are allocated according to a Latin square design
(Bailey, 2008, Section 6.2).

The question we address in this section is how treatments should be allocated in

the above settings in order for the maximum likelihood estimator 7 of the mean

84



4. Estimation of the Mean under Linear Constraints

treatment effects 7 is to equal its least squares estimator 7*. Applying Theorem 4.3,
we show that while suitable Latin square designs exist for the lattice scheme only

for |T'| = 2, for a torus scheme suitable designs can be constructed for T' of all sizes.

4.5.1. Homogeneous Nearest-Neighbour Lattice Scheme

For « € V = R x C, let neg(«) denote the immediate neighbourhood of the site

labelled « in its row and similarly for nec(a). If we let N(a) = ner(a) Unec(a),

then a nearest-neighbour lattice scheme assumes (i) Var(Y,|Yyn\ q}) to be constant

for all @ € V, and (ii) Y, to be conditionally independent of Yi\(n(a)ufa}) given

YN(a)- A homogeneous nearest-neighbour lattice scheme assumes the dependence

structure to be independent of the position in the grid, up to boundary effects.
Thus, a homogeneous nearest-neighbour lattice scheme restricts ©~! € St to be

of the form

K2 ifa=p

[(Zl)_l] _ P\ K% if B € neg(a)

o phr? if B € nec(a)

0 otherwise

(where we add the superscript [ for ‘lattice’). If we let

Ef.%:{ozﬂ\a,BGV, B € neg(a)} EZC:{aﬁ|a,B€V,B€nec(a)}

then the dependence structure can be represented by a coloured graph G = (V,€)
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with V = {V'} and

{EL, EL}Y  for p} # ph, ph,ph #0
{ERUELY for ph = ph#0
{EC} for pi =0, ph#0

() g0, =0

where we discard the possibility of an empty edge set as it corresponds to ¥ = 21,
as then we always have 7 = 7* by default.

We give G = (V,€) for |R| = 3 and |C| = 4 in Figure 4.8. As all vertices are of
equal colour, we omit asterisks for ease of exposition. Note that because all vertices

are collected in one colour class, we have ST(V, &) = RT(V,€).

| | | o+ 1o 1@

| | | o110 1+—@

(a) = ({V},{ER. Ec}) (b) G =({V}, Er U Eg)

o o o o
(©) G={V}{EcH (d) G = ({V},{ER})

Figure 4.8.: Homogeneous nearest-neighbour lattice schemes.

Proposition 4.11 Let G = (V,E) be the coloured graph of a homogeneous nearest-
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neighbour lattice scheme. Then there exists a treatment allocation T according to a

|T| x |T'| Latin square such that Q(T) € ®(G) if and only if |T| = 2.
([l

Proof: In order to prove the claim, by Theorem 4.3, it suffices to show that for T
giving rise to a Latin square design and & being equal to any of {E%, Elc}, {Eﬁ%UElC},
{ELY, {ELY, (T, €) is vertex regular if only if |T| = 2.

A lattice has three kinds of vertices: firstly, the corner vertices of degree two;
secondly, the boundary vertices which are not corner vertices, which have degree
three; and finally, the off-boundary vertices of degree four. Let £ be any of {Eﬁ, Elc},
{EL}, and {EL}. If a € V is a corner vertex, then « has degree one in every edge
colour class in £. In order for (7, &) to be vertex regular, this must be true for each
vertex inside the same set as o in 7. Thus if « is not a singleton in 7 (in which
case we have |T| = 1), then any vertex [ in the same set as « in 7 must be a corner
vertex as well. However as every treatment appears exactly once in every row and
column, /3 must be the corner vertex lying diagonally opposite « in G, giving |T'| = 2.

For & = {EL U EL}, as before, let o be in a corner vertex in V. Then « has
degree two in the only edge colour class in the graph. This must be true for all
other vertices § inside the same set as « in T, and as T describes a Latin square
design, 8 must be the corner vertex lying diagonally opposite a in V. Again we
obtain |T'| = 2.

|

The corresponding coloured graphs G = (T,€&) are given in Figure 4.9. The edge

colouring € represents the restrictions on ¥ ~! while the vertex colouring 7 represents

the allocation of treatments.
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*k * *k * *k * Kk *
| o——e o——e
1 o——0 o—{—@
* *ok * *ok * *ok * *ok

(a) 6= (T {Er Ec}) (b)) 6= (T {ERUEGY) () G=(T.{Ec})  (d) G=(T,{ER})

Figure 4.9.: Latin square design for homogeneous nearest-neighbour lattice scheme.

4.5.2. Homogenous Nearest-Neighbour Torus Scheme

If additionally there is a carryover effect from the end of a row to its beginning and
similarly for the columns, for example if the sites are physically arranged on a torus,
»~! will be restricted according to what, following Besag and Moran (1975), we

define to be a homogeneous nearest-neighbour torus scheme. It is given by assuming

K2 ifa=p
pir? if B € Neg(a)

phr? if B € Nec(a)

0 otherwise

(where we add the superscript ¢ for ‘torus’ and) where Neg(«) and Nec(a) denote
the immediate neighbourhoods of a € V' within its row and column respectively if

the first and last vertex in each row are connected, as are the first and last vertex

in each column. If

Ep={af|a,B €V, §€Nep(a)} Eb={aB|a,B €V, B€Neg(a)}
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the corresponding coloured graph G = (V, ) is given by V = {V'} and

{EL,ELY  for pl # ph, pi,ph #0
{ERUER} for pf =ph #0
{EL} for pt =0, pb #0

() ol £0, b =0

The graphs for |[R| = 3 and |C| = 4 are given in Figure 4.10. For ease of exposition,
in our display we indicate edges between first and last vertices in rows and columns
by half edges which point outside the plot. The halves are then assumed to join up

to a full edge. Just as for lattice schemes, we have ST(V, &) = RT(V, €).

(a) 6 = ({V},{ER, Ec}) (b) G =({V}{ERUEG})

(¢) ¢ =({V}HA{ESH (d) G = ({V}.{ER}

Figure 4.10.: Homogeneous nearest-neighbour torus schemes.
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Section 6.2 in Bailey (2008) describes various construction algorithms for Latin
squares. One of them is the cyclic method, in which the consecutiveness of treat-
ments is fixed and the treatments are applied in this order to each row with a
constant shift of one. To give an example, let T' = {t1,t2,%3} and let V be given
by a 3 x 3 grid. Then a Latin square can be constructed by the cyclic method by
applying treatments (t1,t2,t3) to the first row, treatments (¢s,1,t2) to the second
row and treatments (t2, t3,%1) to the third row in that order. Clearly, each treatment

appears precisely once in each row and column.

Proposition 4.12 Let G = (V,E) be the coloured graph of a homogeneous nearest-
neighbour torus scheme. Then if T is a treatment allocation according to a |T'| x |T'|
cyclic Latin square, then Q(T) € ®(G) for all |T| > 1.

O

Proof: In order to prove the claim, by Theorem 4.3, it suffices to show that for T
corresponding to a cyclic Latin square design and € being equal to any of {E%, EL},
{EL UELY, {ELY, {ELY, (T, E) is vertex regular for all [T > 1.

If € is any of {EY, EL}, {EL}, and {EL}, then clearly (T,€&) is vertex regular,
as the adjacencies between the treatments are identical in each row and column by
construction. For & = {Eﬁq U EZC}, it suffices to consider the example displayed in
Figure 4.11. Figure 4.11(a) displays a cyclic Latin square design for |T| = 4. The
labelling of vertices by asterisks to indicate their colour class is omitted for the sake
of legibility.

To show that (7, &) is vertex regular in this case, we need to show that each graph
component GV} has constant degree in v and in w respectively, for all v,w € T.
This holds, as either GI€{v»} is isomorphic to the graph in Figure 4.11(b), or it is

empty.
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e o o
l \ ; \ ; \ { ; e
- | ; | ; ; e
| ; | 1.1 | ; = ;
(a) (T, €) (b) glEtt

Figure 4.11.: Latin square design for homogeneous nearest-neighbour torus scheme.

Note that Propositions 4.11 and 4.12 remain unchanged if instead of (X71)n0 =
(X7 Y for all o, B € V we assume that (871) a0 = (X71) 55 whenever T'(a) = T(B).
This is because for V = {V}, G = (V,€) and T satisfy conditions (i) and (ii) in
Theorem 4.3 if and only if ¢’ = (T,&) and T do, for any partition 7 of V.
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In the previous chapters we identified three colouring regularities which
correspond to statistically desirable properties in the represented RCON and
RCOR models. Edge regular colourings (see Definition 3.4 in Section 3.4) ensure
STV, E) =R (V,E), while vertex regular colourings (see Definition 4.3 in Section
4.4.2) guarantee a model mean subject to equality constraints to be estimable by its
least squares estimate. Permutation generated colourings (Definition 3.6 in Section
3.4.1), representing RCOP models in the terminology of Hgjsgaard and Lauritzen
(2008), are equipped with both properties and additionally allow a particularly
simple maximisation of the likelihood function. A fourth statistically meaningful
colouring regularity is given by the intersection of vertex and edge regular
colourings, which, following Siemons (1983), we term to be regular.

Motivated by the need for model selection methods for RCON and RCOR models
this chapter is devoted to the study of the structure of RCON and RCOR models,
and the model classes corresponding to the above colouring regularities. The moti-
vation to study the latter is threefold: firstly, we demonstrate that the number of
RCON and RCOR models grows dramatically with the number of variables, so that
smaller model search spaces are desirable. Secondly, generic equality constraints of
RCON and RCOR models are generally not readily interpretable and, lastly, do not

guarantee the corresponding model to have any particular statistical properties.
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5. Structures of Model Classes

The main results presented in this chapter are that each of the model classes
forms a non-distributive lattice of models and the identification of their meet and
join operations (Theorems 5.2, 5.3, 5.4, 5.5). They are established by showing that
each model class is stable under model intersection, which gives the shared meet
operation, and by demonstrating that whenever a model does not fall inside a given
class there is a unique smallest larger model which does, giving the distinct join
operations.

Most of the presented results, partially also to be found in Gehrmann (2011),
are of combinatorial or graph theoretic nature. Their interpretation and practical

implications for model selection are deferred to the next chapter.

5.1. Preliminaries

5.1.1. Notation

We let Uy denote the set of undirected graphs with vertex set V', and let 8‘4} be the
set of symmetric positive definite V' x V matrices. S§ = {ST(G) | G € Uy} is to
denote the family of mean-zero graphical Gaussian models with variable set V', and
Fy the set of their factor graphs. For a discrete set S we let P(S) denote the power
set of S and P(S) the set of partitions of S.

In order to keep our exposition readable, in this chapter we identify the set
of coloured graphs on vertex set V with the set of graph colourings of Uy and
denote both by Cy. The two sets are clearly isomorphic and whether we are
referring to a graph colouring or coloured graph shall be determined by context.
For G = (V,€) € Cv, G = (V, E) € Uy denotes the underlying uncoloured graph.

We let SY = {ST(V,€) | (V,€) € Cy} and RY, = {RT(V,€) | (V,€) € Cy} denote
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5. Structures of Model Classes

the sets of corresponding sets of RCON and RCOR models with variable set V. Fy
is to denote the set of coloured factor graphs of RCON and RCOR models, as well
as the set of colourings of Fy. For Gr = (VUN, Ep) € Fy, Gp = (VUN,Ep) € Fy

denotes the underlying uncoloured factor graph.

5.1.2. Partially Ordered Sets and Lattices

A binary relation p on a set A is a subset of A x A with two elements a,b € A being
in relation with respect to p if (a,b) € p, denoted by a p b. If a binary relation p
satisfies (P1)-(P3) below for all a,b,c € A, it is a partial ordering relation and A is

a partially ordered set or poset, which we also denote by (A; <).
(P1) Reflexivity: apa
(P2) Antisymmetry: apbandbpa = a=0b
(P3) Transitivity: apbandbpc = apc

If (A;<) is a poset and B is a nonempty subset of A, then ‘<’ is also a partial
ordering on B and we call (B; <) a subposet of (A;<). <’ is our generic symbol for
a partial ordering. Which ordering is meant will be determined by context.

For H C Aand a € A, a is an upper bound of H if h < a for all h € H. An upper
bound a of H is the least upper bound, or supremum, of H, denoted a = sup H or
a=\/H, if a <b for any upper bound b of H. The lower bound and greatest lower
bound, or infimum, denoted inf H or A\ H, are defined similarly. For H = (), \/ H is
the smallest element in A, called zero, if it exists, and A H is the largest element
in A, called unit, if it exists. For H = {a, b}, we write a A b for \ H and a V b for
\/ H, and call A the meet and V the join operation respectively.

An elegant principle which applies to posets is the duality principle: rather than
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writing a < b we may equivalently write b > a, which also is a binary relation on A
satisfying properties (P1)-(P3). Thus (A;>) is a poset, called the dual of (A; <).
(A; <) is a lattice if a Ab and a V b exists for all a,b € A. Thus in lattices, A and
V are binary operations, which uniquely define the lattice. We therefore sometimes
denote a lattice (A; <) as (4; A, V). An equivalent necessary and sufficient condition
for (A; <) to be a lattice is that A\ H and \/ H exist for all finite nonempty H C A.
A lattice (L; <) is bounded if it has both a zero and a unit. In a bounded lattice
(LyA,V), a € L is a complement of b € L'ifaVvVb=1and aANb = 0. If every
element in L has a complement it is a complemented lattice. L is distributive if for
all a,b,c€ L,
aV((bAc)=(aVb)A(aVc). (5.1)
If L is both complemented and distributive we call it a Boolean algebra. Bounded
distributive lattices are always Boolean algebras. If (L; <) is a lattice and B C L is
non-empty, then (B; <) is a sublattice (B; A, V) of L if it is stable under A and V. If

B is stable under A, it is a meet-sublattice.

Lemma 5.1 Let (L;<) = (L;A,V) be a finite lattice and let (B;<) be a meet-
sublattice of L. Then (B; <) is a lattice with meet operation A inherited from L, and

join operation Vg which for A C B is given by
\/B A:/\{seBlags, alla € A}

and may be distinct from V. 0

We omit the proof as it is immediate. The structure of a lattice (L; <) may be
visualised by a Hasse diagram, in which each element pair a, b, € L is joined by an

edge whenever a < b and there is no z € L\ {a,b} such that a <z <b.
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Lemma 5.2 (P(S);C) is a Boolean algebra for all discrete sets S.
O

Proof: Tt suffices to observe that (P(S); C) is a bounded lattice with zero () and unit
S. The meet and join operations are given by set intersection and set union, which

are distributive operations.

Lemma 5.3 (P(S);<) is a lattice for all discrete sets S. However, (P(S);<) is

generally not a Boolean algebra.

Proof: To prove the claim, we need to show that A H exists for all H C P(S). So
let H={P;}icr € P(S), and let Q € P(S) be given by @ = {{a}}aes if I = H =

(), and otherwise let @ be determined by

a=p(Q) — a=p(P) Viel, a,peS.

Then @ < P; for all i € I while being the coarsest such partition. Thus, @ = A H,
which therefore exists for all H C P(S), establishing the claim. The meet and join

operations of (P(S); <) are given by

a=p (Pl/\PQ)

!

a=p(P) and a=p(P) (5.2)
a=0(PVP) — 3 v,...,7 € S such that v = a, v = £,

Yie1 =% (Py),5i €{l,2} for 1 <i <k (5.3)

for P, P, € P(S) and «, 8 € S. The zero of (P(S5); <) is the singleton partition
{{a}}aes and its unit is {S}. (P(S); <) is generally not a Boolean algebra as

it is not distributive. For instance, relation (5.1) is violated for S = [5] by a =

{{1,2},{3,4},{5}}, b ={{1,4},{2,3,5}} and ¢ = {{1,3},{2,4,5}} as
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aV(bAc)={{1,2,5},{3,4}} # {{1,2,3,4,5}} = (a VD) A (aV o).

Most concepts presented in this section can be found in or trivially deduced from

facts in Chapter I of Grétzer (1998).

5.2. Unrestricted Graphical Gaussian Models

It is well known that Uy is a partially ordered set with partial ordering ‘<’ given

by edge set inclusion, i.e. for G; = (V, E1), Gy = (V, E3) € Uy,
G1=(V,E1) < (V,E3) = Go = E, C Es. (5.4)
Proposition 5.1 (Uy; <) is a Boolean algebra with
Gi1 NGy = (V,E1 N Ey) and G1V Gy = (V,E1UE») (5.5)

fO’f’ G = (‘/, El),GQ = (V, EQ) e Uy.
O

Proof: The claim follows from the fact that (Uy; <) = <P(Vf)); C) (with ‘C’ only

applying to the edges) and Lemma 5.2. The smallest and largest graph in Uy with

respect to ‘<’ defined in (5.4) are the empty graph and complete graph respectively.

[ |
The structure of (Uy, <) directly translates to S;:
Proposition 5.2 For G1,Gs € Uy,
S+(G1) - S+(G2) <~ G1 < GQ.
g
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Proof: ST(G1) C 8T(Gy) if and only if whenever an entry is zero in all matrices in
ST(Gs) it is zero in all matrices in ST(G1). This happens if and only if the set of
missing edges in G is a subset of the missing edges in G, i.e. if and only if G; < Ga.

Combining Proposition 5.1 and Proposition 5.2 we obtain:

7

Proposition 5.3 (S‘C/’Y; C) is a Boolean algebra with partial ordering induced by ‘<

on Uy as defined in (5.5). For G1,Gy € Uy the meet and join operation are

S+<G1) AN S+(G2) = S+(G1 A Gz) S+(G1) V 5+(G2) = S+(G1 V Gg)

Corollary 5.1
5G] = oy =2(%)
0

Proof: This follows directly from the fact that each graph in Uy has at most ('g')

edges, each of which is either present or not.

[ ]
5.3. RCON and RCOR Models
Definition 5.1 For G = (Vg,&), H = Vu,Ex) € Cyv, we write G = H if
(i) G<H
(i) Vg = Vi
(iii) every colour class in &g is a union of colour classes in .
O
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Put in words, G < H if G can be obtained from H through combinations of
e dropping existing edge colour classes
e merging existing edge colour classes
e merging vertex colour classes
or equivalently, if H can be obtained from G by combinations of
e adding new edge colour classes
e splitting existing edge colour classes

e splitting vertex colour classes.

Clearly "<’ defines a partial ordering on Cy. For example, for the graphs G; =
Vi, &) for i = 1,2,3 in Figure 5.1, G; < Gy as conditions (i)-(iii) in Definition 5.1

above are satisfied, whereas G; A G3 because conditions (ii) and (iii) are violated.

k% gs k%

G1 G G1
4 o 3 4 3 4 3 4 3
= 2
1 2 1 2 1 2 1 2
* * * * * * * *

Figure 5.1.: Partial ordering in Cyy).
Proposition 5.4 Let G = (Vg,Eg), H = (Vy,En) € Cy. Then

S+(Vg,5g) QS+(VH,5H) — g =H — R+(Vg,5g) gR+(VHaSH)
O

Proof: St(Vg,Eg) € St (Vy,Ex) if and only if whenever an entry is zero for all
matrices in ST (Vy, ) it is zero for all matrices in ST(Vg, £g), and whenever two
entries in all matrices in ST (Vy, Ey) are equal they are also equal in all matrices
in ST(Vg,&g). This is equivalent to G and H satisfying the conditions in Definition

5.1. The same arguments give Rt (Vg,E) C R (Vy, Ey) if and only if G < H.
|
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Proposition 5.5 For G = (Vg,&g), H = Vu,Ex) € Cy, let

GNH = VgV Vy,EVEy) and GUH = Vg ANV, EG"NEY)  (5.6)

where £ C Eg and &5, C &y are mazimal with the property that they are partitions
of the same edge set in EgNEy, 5 = EgU{{EN\Eg}} and &5 = EnU{{Eg\Exy }}.

(Cy; =) is a non-distributive lattice with meet and join operations given by

GANH=GNH and GVH=GUH.

0

Proof: Let Gn = (Vg V V3, E5V E5) = (Vn,én), GF = (Vg, &) and H* = (Vyy, £5)).
Then, by (5.6),
GNH=G"MH",

so that Gn is the infimum of {G, H} in Cy if and only if it is the infimum of {G*, H*}.
To show the latter, we need to prove that Gq < G*, G < H* and that Gn is the

largest such graph. We consider conditions (i), (ii) and (iii) in Definition 5.1.

(i) As En = E§ = Ej,, we clearly have Gn < G* and G < H*.
(ii) As V= Vg V Vg, by construction Vq > Vg and Vq > Vy.

(iii) &n = &G V & which directly implies &n > £ and &q > &5

On is the largest graph which is smaller than both G* and H* as Fn is chosen to

be of maximal order, and V4 and £r are chosen to be as fine as possible.
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For the join operation, let G, = (Vg A Vi, £5° A E5F) = (W, €u) and similarly let
g™ = (Vg,gé*) and H** = (VH,S;[*). Then

GUH =G UH"™.

We need to show that G, = G**, G, = H** and that G, is the smallest such graph.
Verifying conditions (i), (ii) and (iii) in Definition 5.1 gives the following.

(i) As By, = E§" = By = Eg U By, we clearly have G|, > G* and G, > H*".

(ii) As V, = Vg A Vg, by construction Vg >V, and Vy > V.

(iii) &, = &5 A &5 which directly implies £5* > £ and &5 > &L

G, is the smallest graph which is larger than both G** and H** as E, is chosen
to be of minimal order, and M, and £, are chosen to be as coarse as possible.

The zero of (Cy; =) is given by the empty graph with all vertices in one colour
class G = ({V},0) and the unit is the complete graph in which all vertices and edges
form singleton colour classes G = ({{a}}acv, {{aﬁ}}aﬁevf))'

Non-distributivity of (Cy; =) is inherited from non-distributivity of the sets
of possible vertex and edge colourings P(V) and P(Vf)) respectively.  Let
G=0Wg,E),H=0WV&)K=Vk&) € Cy, all agreeing in their edge colouring &.

If (Cy; =) is distributive then
GV(HAK)=(GVH)AN(GVK). (5.7)

for all Vg, Vy, Vi € P(V), £ € P(E). As
GVHAK) = (VgA(VyVVk),E)

(QVH)/\(QVIC) = ((Vg/\V’H)\/(Vg/\V}c),S),
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by the duality principle, (5.7) holds if and only if

VoV (Vu A Vi) = VgV V) A VgV Vi)
for all Vg, Vi, Vi € P(V), i.e. if and only if P(V) is distributive, which it isn’t by
Lemma 5.3. Thus (Cy; =) is non-distributive as well.

We illustrate the meet and join operations in (Cy; <) given in (5.6) in Figure 5.2.

g4/\gs g4\/gs

SIS S |

Figure 5.2.: Meet and join operations in Cpy.

Proposition 5.4 and Proposition 5.5 together give the following result:

Theorem 5.1 (S‘g/;§> and (R%};g> are non-distributive lattices with partial or-
dering induced by ‘X’ on Cy as defined in Definition 5.1. For G = (Vg,&g),
H = Vu, &) € Cy, we let GAH = (Va,EA) and GV H = W, Ey), then the

corresponding meet and join operations are
ST(Vg,E) NST Vi, Ex) = ST(Vn, EN) ST(V5,E) VST Vi, Exn) = ST (W, &),

and similarly for <R‘g/, Q).
Proposition 5.6 The sets Cyy and Fy are isomorphic.

Proof: For G = (V, &) € Cy, the corresponding factor graph G is constructed by
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1. replacing each edge a8 € E by a node and connecting it to o and 3 in V,

2. colouring the nodes with colours not appearing in V, giving two nodes the same

colour if and only if the edges they replace were of equal colour.

Let the corresponding map be denoted by ¢y : Cyy — Fy. Then ¢y is a bijective
homomorphism as is qb‘_/l, as adjacency of two vertices in G directly translates into
a node being connected to the two end vertices in Gr and vice versa. Thus Cy and

Fy are isomorphic.

5.3.1. Number of RCON and RCOR Models

As, by (3.1) and (3.3), for both model types there is one model parameter for
each vertex colour class in V and one for each edge colour class in £ in the graph
G = (V,€&), there are as many RCON and RCOR models with variables V' as there
are coloured graphs with vertex set V, i.e. |Sjf| = |R{;| = [Cy|. Given that the
number of graph colourings of a given graph G = (V, E) is given by the product
|P(V)||P(E)| of the number of partitions of V multiplied by the number of partitions

of E, we obtain

cvi= Y IPWMIPE)=IPV) > [PE). (5.8)

(2) (2)
E§V¢ Eg/#

For a discrete set S of size d, |P(S)| is given by the d* Bell number By (Bell,

1934; Pitman, 1997) which satisfy the recursive relationship

Bay1 = zd: (Z) By (5.9)
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so that
CvI=By| Y, Bie=By ), ( 1 )Bk = BviBaviy -
k=0

(2)
BECVy

We give the first 11 Bell numbers in Table 5.1 together with |Cjy| and |Cf5|.

d‘012345678 9 10 11

By . 1 1 2 5 15 52 203 877 4,140 21,147 115,975 678,570
Table 5.1.: Bell numbers By for 0 < d < 11.
|C[4]| = B4B7y = 13,155 |C[5]] = B5B11 = 35,285,640
For comparison,

4 5
2 2

Uy —2(2) =26 =64 U —2(3) =210 — 1 024,

Berend and Tassa (2010) show that for all € > 0 there exists a d. such that for

d > de,

.. . \4 V| (\‘2/\) ( 2‘)
giving that asymptotically |Cy/| grows faster than (elog|V|) ) .

5.4. Model Classes within RCON and RCOR Models

In the previous chapters three graph colouring regularities have been identified which
correspond to desirable statistical properties in the represented RCON and RCOR

models. This section is devoted to the identification of structural relations between
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the model classes and, most importantly, their structures. We begin by (re)stating

their definitions.

5.4.1. Definitions
Models Represented by Edge Regular Colourings

Edge regular colourings were defined in Definition 3.4 in Section 3.4 as colourings in
which every pair of equally coloured edges connects the same vertex colour classes.
Employing the notion of a graph component, subsequently introduced in Section

4.3.2, we give an equivalent definition below.

Definition 5.2 For G = (V,€) € Cy, (V, ) is edge regular if every u € £ appears in
precisely one u{vw}-component of G for v,w € V. The set of edge regular colourings

in Cy is denoted By, .
O

While the colouring in Figure 5.3(a) is edge regular (both green edges and both
purple edges connect a red vertex to a blue one), the colouring in Figure 5.3(b) is

not, as the green edges appear between different pairs of vertex colours.

kk * k kk
4 3 4 3
1 2 1 2
% kk k kok
(a) (V,€) € By (b) (V) € Cv \ By

Figure 5.3.: An edge regular colouring and one which is not edge regular.

In the above notation, Proposition 3.1 in Section 3.4 states that for G = (V, &) €

Cv, ST(V,&) = R+(V,€) if and only if (V, €) € By.

106



5. Structures of Model Classes

Models Represented by Vertex Regular Colourings

Vertex regular colourings were defined in Definition 4.3 in Section 4.4.2.

Definition 5.3 For G = (V,€) € Cy, we say that (V, &) is vertex regular if V is
an equitable partition with respect to G* = (V,u) for all u € €. The set of vertex

regular colourings in Cy is denoted Py .

O

While the colouring in Figure 5.4(a) is vertex regular, the colouring in Figure
5.4(b) is not. The former has only one edge colour class, so that it is vertex
regular if and only if its vertex colouring is equitable with respect to G, which
it is. The colouring in Figure 5.4(b) cannot be vertex regular as while vertex

4 is incident to a purple edge, vertex 2 isn’t even though they are of the same colour.

kk * k% *

4 3 4 3
1 2 1 2
* kk * Kk
(a) (V,€) € Py (b) (V) € Cy \ Py

Figure 5.4.: A vertex regular colouring and one which is not vertex regular.

By Theorem 4.3 in Section 4.4.3, for G = (V,€) € Cy, (V) € ®(G) if and only if
(V&) € Py.

Models Represented by Regular Colourings

Following Siemons (1983), we define colourings which are both vertex regular and

edge regular to be regular.
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Definition 5.4 For G = (V, &) € Cy we say that (V, &) is regular if (V,€) € Ry =

By N Py.
]

Thus regular colourings (V,€) are the only colourings which represent models

which satisfy ST(V,€) = RT(V,€) and Q(V) € ®(G).
Proposition 5.7 For G = (V,€) € Cy, (V, &) lies inside Ry if and only if

(i) all equally coloured edges connect the same vertex colour classes

(ii) all equally coloured vertices have the same degree in every edge colour class.

O

Proof: By definition of By, (V,€) € By is equivalent to (V, ) satisfying condition
(i) above. For condition (ii), by definition of Py, we have (V,€) € Py if and only
if V is equitable with respect to G* = (V,u) for all u € £. For graph colourings in
By, G* only contains edges between one pair of vertex colours or within one vertex
colour class, so that V is equitable with respect to G* for all v € £ if and only
if every pair of equally coloured vertices has the same degree in every edge colour
class, which is precisely condition (ii).
|
By the above, the colourings in Figure 5.3(b) and Figure 5.4(b) cannot be regular.

While the colouring in Figure 5.4(a) is regular, the colouring in Figure 5.3(a) is not.

Models Represented by Permutation Generated Colourings

Definition 3.6 in Section 3.4.1 defined permutation generated colourings.
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Definition 5.5 Let I' < S(V) and let Vp and & denote the vertex orbit partition
of V and edge orbit partition of Vf) generated by I respectively. A graph colouring
(V, &) € Cy is permutation generated with generating group I' if V = Vr and € C &r.
The set of permutation generated colourings in Cy is denoted Ily, .
O
Among the graph colourings in Figure 5.3 and 5.4, only the colouring in Figure
5.4(a) is permutation generated, with generating group I' = ((13)(24)).
Permutation generated colourings represent RCOP models and possess all desir-

able properties discussed thus far.

5.4.2. Structural Relations

Relations between the colouring classes By, Py, Ry and Il are summarised in the

diagram in Figure 5.5 below.

- (@]

Figure 5.5.: Structural relations between colouring classes.

As Ry = By NPy by definition, trivially Ry € By and Ry C Py. The colouring
displayed in Figure 5.3(b) lies in Py \ R4 and the colouring in Figure 5.4(b) lies in
By \R[4]’ so both inclusions may be strict. That Iy C Ry was established in the
proof of Lemma 4.10 in Section 4.4.3.

The graph G = (V, ) in Figure 5.6 establishes that Ry \ IIyy may be non-empty.

G clearly has a regular colouring (V,€) € R[y). Suppose we also have (V, &) € Ijy;.
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Then there exists a permutation group I' < Aut(G) with vertex and edge orbits
given by V and & respectively. Thus there exists a permutation o € I' preserving
(V,E) which maps vertex 1 to vertex 2 as they have the same colour in V. If 1 is
mapped to 2, the set {4,5} must be mapped to {6,7}. As 4 and 5 are both incident
with vertex 10, 10 must be mapped to a vertex incident to both 6 and 7. However

such a vertex does not exist, so (V, &) & Iljy.

4

*ok
1 5 * % %

k%

Figure 5.6.: A graph with colouring in Ry \ Iy}

For illustration we give the sizes of Uy, Clyj, Bajs Riaj; Pla) and Iy in Table 5.2.

How the four last mentioned sizes can be obtained is described in Appendix B.

St |Uwy  Cw Buy Ry Pu Ty

Size

64 13,155 3,065 251 1,380 251

Table 5.2.: Model set sizes for V' = [4].

The relative sizes in Table 5.2 are representative of the general case: By is the
largest model class, followed by Py and Ry. |Py| will generally be considerably

smaller than |By| as the defining conditions of Py are far more restrictive than
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those of By . Ily is the smallest class of the four for all V', however may equal Ry

for some V, as for example for V' = [4].

5.4.3. Structures

While the structure of each colouring class requires individual treatment, some
properties are shared by the classes and can be obtained simultaneously for all of
them. Below we provide a brief overview of the results we will show in this section

and obtain as many of them as we can in a unified manner. We will show that

(a) each colouring class By, Py, Ry and Iy is a non-distributive meet-sublattice

of (Cyv; =):

(b) the respective join operations Vy for G,H € Ay with X € {B,P,R,II} are
given by G Vy ‘H = sx(G V H) where V is the join operation in Cy and the
functions sy : Cy — Cy return the supremum of a given graph inside Xy, which

we specify explicitly.

Clearly each colouring class is a subposet of (Cy; <) with partial ordering ‘<’. In
order to establish (a) one needs to show that each colouring class is stable under
the meet operation A in (Cy; <) and that each colouring class is non-distributive.
The first claim will be shown for each colouring class individually in the following
sections, while we demonstrate non-stability under V and non-distributivity through
suitable examples below.

For Py, Ry and Ily, non-stability under V is established by observing that while
graphs G4 and G5 in Figure 5.2 lie inside ITy, with generating groups I'y = ((13)(24)),
I's = ((13)) respectively, and therefore also in Py and Ry, their join Gy = G4 V G5

does not. For By, the same is established by the graphs in in Figure 5.7.
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*
*
*
*
*

Figure 5.7.: By is not stable under V.

Combined with the fact that each colouring class is stable under A, the above
establishes that each is a meet-sublattice of (Cy; <), so that by Lemma 5.1 each is
a meet-sublattice of (Cy; =). As the zero and unit in (Cy; =), given by the empty
graph with all vertices in one colouring class and the complete graph with singleton
colour classes, lie in Iy, with generating groups I' = S(V') and I" = (Id) respectively,
they are also the zero and unit in all four colouring classes. Note that graphs Gy,
G5 and Gg = G4 A G5 in Figure 5.2 illustrate the stability of all four colouring classes
under A, with the colouring of Gg being generated by I'¢ = ((13), (24)).

Even before identifying the individual join operations Vg, Vp, Vg and Vi we
can establish non-distributivity of each lattice by a simple example. All graphs Gs,
Go, Gi0, Gg A Gig and Gg V Gg = Gg V Gy displayed in Figure 5.8 lie in IIy,, with
generating groups I's = ((124)), I'g = ((234)), T'io = ((13)(24)), Tga10 = S([4]) and
sy = I'svio = ((24)) respectively, and therefore also in By, Py and Ry .

While the individual join operations are not known at this stage, clearly if for
G, H € By, their join G V H also lies in By, then V = Vg and similarly for the other
colouring classes. This establishes that the V-joins of the graphs displayed in Figure

5.8 must equal the Vg-, Vp-, Vz- and V-joins. Now as

Gg = Gg V (Gg A Gio) # (Gs V Gg) A (Gg V Gio) = G V Gy
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condition (5.1) for a = Gg, b = Gy and ¢ = Gy is violated, so that each colouring

class is non-distributive.

Gs V Go
Js Go Gio Go A G1o Gs V Gio
144 o3 4o 3 4% 3 4ae o3 4o 3
1 2 1 2 1 2 1 02 |1 2
* * * * *3k * * *

Figure 5.8.: Non-distributivity of (By; =), (Py; =), (Ry; =) and (Ily; <).

For (b), let X € {B,P,R,11} and let G,H € Xy. By the above we know Ay to be
a lattice so that the join operation Vy is certain to exist. By definition, X = GVyH
is the smallest graph which satisfies K = G, K = H and K € Xy. The supremum
of G and H in (Cy; =) is the smallest graph satisfying the first two relations so that
K is in fact the smallest graph satisfying I = (G V H) and K € Xy. Thus the join

operation in Xy is given by

g\/XHISX(g\/H)

where sy : Cy — Cy for G € Cy returns the smallest graph which lies in Xy and is
at least as large as G with respect to <.

A vertex and edge coloured graph is enlarged with respect to the partial ordering
=< by adding edge colour classes and splitting vertex and edge colour classes. As no
colouring criterion can be satisfied through adding new edges, s, sp, sg and s
only operate on the colouring of a graph through splitting colour classes.

While the main result we establish is that each colouring class forms a lattice, the
functions sp, sp, sg and sy are also of interest on their own. They can be used

to test whether a given graph colouring falls into a desired colouring class, which it
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does whenever its supremum in the class is given by the colouring itself. We have
implemented these functions in our computer program GraphCheck, which exploits
Brendan McKay’s computer program nauty (McKay, 2010). We briefly describe it
at the end of the section and provide sample output in Appendix C.

Interestingly, while every graph falling outside a given colouring class has a supre-
mum inside the class, this is not true for the infimum which we demonstrate by

examples for each colouring class.

Edge Regular Colourings By

Proposition 5.8 By is stable under the meet operation A in (Cy; =) in (5.6).
O

Proof: Let G = (Vg,&), H = Vu,En) € By. GAH = (Voan, Egan) is obtained
from G and H by dropping of edge colour classes and merging of colour classes. The
only operation potentially leading to G A H lying outside of By is merging of edge
colour classes.

So let af and vd be two edges in G A H of equal colour. Then, by definition of
A in (Cy; =) in (5.6) and of V in partition spaces in (5.3), there exists a sequence
aofBo, - - -, Bk in Egpay such that agfy = aff, apfr = v and o;—168—1 = i f; (Eg)
or aj—18i—1 = a;8; (Ey) for 1 < i < k. As both G and H have edge regular
colourings, «;_1/;—1 and «;3; connect the same vertex colour classes in the graph in
which they are of equal colour, which we denote by {a;—_1,8i-1} = {, 5i} V)
with X € {G,H}. By (5.3) this gives that {«a,5} = {0, 5o} = {ow, bk} =
{7,0} VgV Vy). As Vg V Vi = Vgan, af and v connect the same vertex colour

classes in G A H.
[ |
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Proposition 5.9 Let G = (V,€) € Cy and let Eg be the partition of E given by
af =~ (Eg) if and only if af and Yo lie in the same graph component in G for

af,v6 € E. Then G has a supremum in By with colouring

s(G) = (V,€ A Ep). O

Proof: The claim is trivially true for (V, &) € By. If (V,€) € Cy \ By, an edge regular
colouring cannot be achieved through splitting vertex colour classes or adding edge
colour classes. The only effective manipulation is therefore the splitting of edge
colour classes. The coarsest partition which is finer than £ and gives an edge regular

colouring is £ A &g, as it splits edge colour classes across graph components of G.
|

Note that sg(G) gives precisely the colouring denoted by (V, £*) in Corollary 4.2 in

Section 4.3.3. Combining Proposition 5.8 and Proposition 5.9 with the introduction:

Theorem 5.2 (By; <) is a non-distributive lattice with meet operation N\ inherited

from (Cy; <), and join operation Vg given by

GV H =s5(GVH), G, H € By.

O

It may be interesting to note that while by Proposition 5.9 every graph colouring
inside Cy \ By has a supremum in By, this is not true for the infimum. The graph
G in Figure 5.9 does not have an edge regular colouring (as black vertices stand for
singleton colour classes), while both 4 < G and K < G do. They are largest smaller

graphs as there exist no H',K' € By with H < H' <G and K < K’ < G.
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x x * k%

g H=<G K=<g
Figure 5.9.: Not every graph in Cyy \ By has an infimum in Biy.

Regular Colourings Ry

We treat regular colourings before vertex regular colourings for reasons to become
apparent in the text. The following result allows us to exploit the isomorphism

between Cy and JFy established in Proposition 5.6.

Lemma 5.4 Let G = (V,€) € Cy and let ¢v(G) = G = (VUN,ER) € Fy be the

corresponding coloured factor graph. Then
V,€) e Ry = (VUWN) is equitable with respect to Gp. (5.10)
O

Proof: First note that factor graphs by construction never contain edges between
two nodes or between two vertices, and that a vertex never has the same colour as

a node. This implies that V U N is equitable with respect to G if and only if

(i) nodes of the same colour in A always have equally many neighbours in every

vertex colour class in V, and

(ii) vertices of the same colour in V always have equally many neighbours in every

node colour class in N.

Observing that conditions (i) and (ii) above are equivalent to conditions (i) and (ii)

in Proposition 5.7 for (V,£) completes the proof. -
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We will further require the following results (McKay, 1976):

Lemma 5.5 (McKay) Let G = (V,E) be an undirected graph and let V be a
partition of V.. There is a unique coarsest partition that is finer than V and equitable
with respect to G. We denote this partition by rc(V) and call it coarsest equitable
refinement of ¥V with respect to G. -
Lemma 5.6 (McKay) Let G = (V, E) be an undirected graph and let Vi and Vs
be two partitions of V both equitable with respect to G. Then the join of the two

partitions V1 V Vs s also equitable with respect to G.

This allows us to prove the following:

Proposition 5.10 Ry is stable under the meet operation A in (Cy; =) in (5.6).
]

Proof: Let G = (Vg,&),H = Vu,E4) € Ry. G A H is obtained from G and H
by dropping edge colour classes and merging colour classes. Dropping edge colour
classes cannot lead to G AH lying outside of Ry, so we only need to show that colour
classes are merged in a permissible way.

So let E* be the edge set of G A H, & and & its colourings in &g and &,
and let G* = (Vg,&;) and H* = (Vu,&5). Then G H* € Ry and G AH =
G NH" = (Vg V Vy,EV &), so that in order to prove the claim we need to show
that (Vg vV Vi, &5V &) € Ry

As G*,H* € Ry, by relation (5.10), ¢v(G*) = G = (Vg UNG, E}) € Fy and
oy (H*) = Hp = (Vy UNS,, E},) € Fy both have equitable vertex colourings with

respect to G = Hy. The join of the two colourings satisfies
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(Vg UNG)V (Ve UNF) = (Vg V Vi) U (NG VN3 (5.11)

as elements in V and N are never of the same colour. Combining relations (5.10)

and (5.11) with Lemma 5.6, we obtain

o (VgUNG)V (Vi UNG), ER)) = (Vg V Vi, EGV E) =G ANH =G AH € Ry.

Proposition 5.11 Let G = (V,€) € Cy and let ¢v(G) = Gr = VUN,ER) be the

corresponding coloured factor graph. Then G has a supremum in Ry with colouring
sr(G) = ¢y ((rep(VUN), Br))

where ¢y : Cy —> Fy is the isomorphism defined in the proof of Proposition 5.6.
O

Proof: The claim is trivially true if (V,€) € Ry, as then rg,(VUN) = (VUN)
and ¢ ((rg,(VUN), Ep)) = (V,€). For (V,£) ¢ Ry, the operations which give a
bigger graph are adding edge colour classes and splitting colour classes. If (V,€) is
not regular, it doesn’t satisfy at least one of the conditions (i) and (ii) in Proposition
5.7. As adding edge colour classes does not help satisfy either, the supremum of G
in Ry, if it exists, must have the same edge set as G and a finer colouring.

We consider the graph gb(/l((rGF (VUWN),EFr)) given in the claim. Firstly, by
definition of r¢ ., the coloured factor graph (r¢,(VUN'), Er) has an equitable vertex
and node colouring, which by Lemma 5.4 implies that ¢~!((rg,(V UN), Er)) is
indeed regular. Further, it certainly is larger than G as the colouring of G is refined
by rG,, thus leading to a larger graph than the original. As rg,(V UN) is the
coarsest refinement of (V UN) which is equitable, ¢! ((rg,(V UN), Er)) must be

the smallest graph in Ry which is larger than G.
[
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Combining Proposition 5.10 and Proposition 5.11 with the introduction:

Theorem 5.3 (Ry; <) is a non-distributive lattice with meet operation A inherited

from (Cy; <), and join operation Vg given by

GVrH =sr(GVH), G,HeRy.
O

Just as in (By;=X), graph colourings outside Ry do not necessarily have an
infimum in Ry, as illustrated in Figure 5.10. While G does not have a regular
colouring (as green edges appear between blue and red vertices, and between red
vertices and a black vertex), both H < G and K < G do. There exist no H', K’ € Ry

with H<H <Gand <K' <G.

* kok
1
H=<G
4
* kok
2 %
5

Figure 5.10.: Not every graph in Cf \RW] has an infimum in R7}.

Vertex Regular Colourings Py

Proposition 5.12 Py is stable under the meet operation A in (Cy; <) in (5.6).
([l
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Proof: Let G = (Vg,Eg), H = (Vy,Ex) € Py. Let Egay denote the edge set of GAH
and let £; and &3, be its colourings in &g and & respectively. By definition of the
meet operation in (Cy; =), GAH = (Vg V Vy, EGV E5) so that the edge colouring of
G N H is obtained from & and £y by dropping and merging of edge colour classes.

Since Vg is equitable with respect to G* = (V,u) for all u € &g, it must also
be equitable with respect to G*" = (V,u*) for all u* € E; V & Similarly, Vi is
equitable with respect to G* = (V,u*) for all u* € &GV & Applying Lemma
5.6 gives that then also Vg V Vy is equitable with respect to G = (V,u*) for all

u* € EGV &y, giving G A'H € Py as claimed. -

Lemma 5.7 Let G = (V,&) € Cy and let sg(G) = (Vr,Er). Then for all G’ =
(V/,g) € CV with VR < % < V, SR(g/) = (VR,SR)

O
Proof: For G = (V,€) € Cy, sr(G) finds the unique coarsest refinement (Vg UNR)
of (VW UN) which is equitable with respect to the factor graph Gp = (V UN, EF)
of G and returns the corresponding graph colouring qb(/l((VR UANR,EFr)). By the

isomorphism between Cy and Fy/,

Vr < YV <y < (VR,(C/’R) ~ (VR,E) > (V/,g) ~ (V,S)

= (VRUNR) < (VRUN) <V UN) < (VUN).

As (VR UNR) is the unique coarsest refinement of (VUN) which is equitable with
respect to Gp = (V U N, Er), there exists no coarser partition of VU N which is
finer than (V UN) with the property. Thus, (Vg UNR) is also the unique coarsest

refinement of (V' UN) equitable with respect to G, giving sg(G’") = (Vr,Er)-
|
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Proposition 5.13 Let G = (V,€) € Cy and let sg(G) = (Vr,Er). Then G has a

unique supremum in Py with colouring

SP(g) = (VRv 5)

O

Proof: We first show that (Vg,&) € Py and that (V,€) < (Vg,€). As Ry C Py,
by definition of sz (-), sr(G) = (Vr,ER) € Py. As Eg < & and Py is stable under
the operation of merging edge colour classes, we obtain (Vg,&) € Py. Further, as
Vr <V, clearly (V, &) < (Vg,&).

It remains to be shown that (Vg, £) is the smallest graph with these properties. So
suppose this was false and there exists ¢’ = (V',&’) € Py with (V,€) < (V,&’) <
(Vr,E). Then clearly & = &£ and G’ = (V',€) with Vg < V' < V. Then, as
(V',E) € Py and by definition of By, Py and Ry, we have

sr(G) =sp(G") = (V,ENEgR) (5.12)

where & is a partition of E in which two edges are in the same set if and only if

they lie in the same graph component in G’. However by Lemma 5.7,
sr(G") = (Vr.,ER)

which by uniqueness of sg(G’) together with (5.12) gives V' = V. Thus indeed

sp(G) = (Vr,E), as claimed.
|

Note that this proves our claim at the very end of Section 4.4.3 that for every

coloured graph G = (V, ), there exists a unique coarsest partition M of V such
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that Q(M) € ®(G). This is because, by Theorem 4.3, Q(M) € ®(G) if and only if
M <V and (M, €) € Py. M is precisely given by Vx in Proposition 5.13.

Combining Proposition 5.12 and Proposition 5.13 with the introduction:

Theorem 5.4 (Py; =) is a non-distributive lattice with meet operation A inherited

from (Cy; <), and join operation V'p given by

GVpH=sp(GVH), G, HeEPy.
]

Just as in (By; <) and (Ry; <), graph colourings outside Py do not necessarily
have an infimum in Py, as illustrated in Figure 5.11. While G does not have a vertex
regular colouring (as for example only one green edge is incident with vertex 4, while
two green edges are incident with vertices 3 and 5), both H < G and K < G do.
There exist no H',K' € Ry with H < H' <Gand K <K' <G.

K=<g

Figure 5.11.: Not every graph in Cj7) \ Pj7 has an infimum in Pj7).
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5. Structures of Model Classes

Permutation Generated Colourings 11y

Understanding the structure of Iy requires a study of the structure of S(V') and the
relation between a group I' < S(V') and the colouring (Vr, &r) € Iy it generates.
It is a well-established fact that for all I' < S(V') the set of subgroups of I' forms
a lattice with respect to set inclusion (Schmidt, 1994). The lattice is distributive if
and only if T is cyclic, i.e. if and only if " is generated by one element only (Corollary

1.2.4 in Schmidt, 1994). For I' = S(V'), this in particular implies:

Proposition 5.14 (S(V); <) is a non-distributive lattice, with meet and join oper-
ations
My ATy =T1NTy vy =(I'1 UT9), I,y e S(V).
g
Proof: The fact that S(V) < S(V) directly establishes that (S(V); <) is a lattice.
It is non-distributive as there exists no o € S(V) such that S(V') = (o).

For I'1,T'y € S(V), I'1 ATy is the largest group in S(V) satisfying I'y ATy < Ty
and 'y AT9 < T'9. This implies that 'y AT's <T'1 N[y, As 'y NIy is a group itself,
by maximality, I'y ATo =11 NTs.

For the join, I'y VI'g is the smallest group satisfying I'y < T'1VI'g and I's < T'1 Vg,
which implies I'; UT9 <T'; VT9. AsT'; VI is a group, (I'y UT'9) <T'; VI'y. Since
(I'1 UTg) is itself a group, by minimality, I'; V I'y = (I'; UT'9).

|

Unfortunately the lattice structure of (S(V'); <) does not directly translate to ITy .
Firstly, while every group I' < S(V') generates a unique graph colouring (Vr, &r),
the converse is generally false. For example, for V = [4], I'; = ((1234), (12)) and
T = ((1234), (13)), we have 'y # T, but Vr, = Vr, = {V} and &, = &r, = {V7}.
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5. Structures of Model Classes

The non-trivial relationship between permutation groups and the colourings they
generate has been addressed in group theory, however is still poorly understood in
general. The most relevant results available to us have been established by Wielandt
(1969), who found a sufficient condition for a group I' € S(V') not to generate the
same vertex and edge orbits as any other distinct group I" € S(V), and further
showed that for all groups, edge orbits always determine vertex orbits, both given
below. (More results on permutation groups and their orbits are available. However
we abstain from including them, as they lack the generality we require by only

applying to particular classes of groups.)

Proposition 5.15 (Wielandt) Let I' < S(V) be such that there ezists a vertex
«a €V such that the only element in I' which fizes « is the identity. Then there is

no other group T" < S(V') such that (Vr,Er) = (Vr, Er).
O

Proposition 5.16 (Wielandt) ForI' < S(V), and (Vr,&r) as above, Er uniquely

determines Vr, i.e. for T,T" < S(V), if & = Ep then Vr = V.
]

A further fact which makes the relation between S(V') and Ily non-trivial is that
their orderings are not ‘synchronised’, not even for colourings of the complete graph

which lie in ITyy. What we mean by this is made precise in Proposition 5.17.

Lemma 5.8 IfT' < S(V) and Jr = {g1,...,9x} is a generating set of T, then

Ve ér)= N\ V€)= | V Vi V €9

geJr geJr g€Jr
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5. Structures of Model Classes

Proof: Let Jr = {g1, ..

a=p Vr)

Similarly for a8,vé € v

., 9x}. Fora, €V,

= J o €I such that a = o(5)

!

3 h; € (g;) for 1 <i < k such that
a=o(p) for o = hihy...hg

— I, €V withy =a, 7 =0
such that v,_1 = ; (V<g¢)) for1 <i<k

<~ azﬁ(\/ V<g>)

g€Jr

)

af =76 (&r) <= aB =70 ( \/ Egy)-

g€Jr

Proposition 5.17 For I';,T'y < S(V),

INI = (VF275F2) = (VF175F1)?

with the converse being generally false.

O

Proof: Let Jr, and Jr, be generating sets of I'y and I'y respectively. Then, by

Lemma 5.8,

(VF176F1): \/

g€Jr,

Vs V' € Ve = V Vi V €@

g€Jr, ge€Jr, g€Jr,
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5. Structures of Model Classes

Clearly, Jr, =T'1 and Jp, = I'y are valid generating sets, so that

(VF2aSF2) = \/ V(9>’ \/ 5(9)

g€l's IS
= Ve vl V Vol | Véa |Vl V &
g€l g€l2\I'1 g€l g€T2\I'1
= (Vf‘ugrl)/\ \/ V(Q)’ \/ €<9> ’
QGFQ\Fl gGFQ\Fl

directly implying the result.
That the converse is generally false can be established by a simple example. Let
V = [4], I'1 = ((12)) and I'y = ((123)). Then I'y £ I'y, however (Vr,,&r,) =

(Vry,€r, ), as shown in Figure 5.12.

*

4 3 4 3
1 2 1 2
* * * *

(a) (Vry,&r,) (b) (Vry,&r,)

Figure 5.12.: Two permutation generated colourings.
|

Despite the non-trivial relationship between (S(V'); <) and (Ily; <) we still obtain

that Ily is a non-distributive lattice. We begin with a first Lemma.

Lemma 5.9 Ky = {(Vr,&r) | T < S(V)} C Ily is stable under the meet operation

A in (Cy; <) given in (5.6). In particular,

(Vrys€ry) A (Vry, €ry) = (Vryvrs, Eryvry) -
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5. Structures of Model Classes

Proof: Let T'1,T's < S(V) and let Jr, and Jr, be generating sets of I'y and T's

respectively. Then, by Lemma 5.8,

Oroér) = |V Vg V &) Ve ) = |V Vg V€&

g€Jr, g€Jr, ge€Jr, g€Jdr,

so that

(VF17€F1> N (VF27‘€F2) = \/ V(g)a \/ g(g)

g€Jr, UJr, g€Jr, UJr,

By Proposition 5.14, the join of I'; and I's in S(V) is (I'y UT'2), which contains all
elements which can be written as a combination of elements from I'; and elements
from I'y. Now each element in I'y can be written as a combination of elements in Jr,
and their inverses, and similarly for I'y and Jr,, so that every element in (I'; UT'9)
can be written as a combination of elements in Jp, U Jr, and their inverses. Thus

Jr, U Jr, is a generating set of (I'y UT's), so that by Lemma 5.8,

Vry,€ry) A (Vry, €ry) = \/ Vigys \/ Egy | = Vryvrs, Eryvry) -
gEJrlqu2 gEJrlquz

Proposition 5.18 Ily is stable under the meet operation A in (Cy;=) given in
(5.6). In particular, for Gy = (V1,&1), Ga = Va2, E2) € Iy with colourings generated

by I'1, Ty < S(V) respectively, the colouring of Gi A Gy is generated by I'1 V T's.
0

Proof: Let Gz = G1 A Ga = (V3,&3). By definition of Iy, V; = Vr, and &; C &p, for

i = 1,2. By definition of the meet operation in (Cy; <) and Lemma 5.9,

Vs = ViVVea=Vr, VVr, =Vr,vr,

& C EVE Cér Vér, =E&r v,
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5. Structures of Model Classes

so that G A Gy € Il with colouring generated by I'y V I's as claimed. -

Proposition 5.19 For G = (V,€) € Cy, let Aut(V,€) < S(V) denote the largest
group leaving (V,E) invariant and let (Vau, Eaus) denote the graph colouring of
G = (V,E) given by the orbits of Aut(V,€) in V and E respectively. Then G has a

supremum in Iy with colouring

SH(g) = (VAutygAut)-

0

Proof: The claim is trivially true for G € IIy,. So suppose G € Cy \Ily. G is modified
to a larger graph by adding edge colour classes and splitting colour classes. As the
former will not enforce a permutation generated colouring, in order to prove the
claim we need to show that (Vaut,Eaut) is the coarsest refinement of (V,E) which
lies in IIy, .

By definition of Aut(V,€&), it contains all permutations which leave V and &
invariant and therefore is the largest group I' < S(V') satisfying Vr < V and that
Er restricted to E is finer than £. It therefore, by Proposition 5.17, generates the

coarsest such colouring.

Combining Proposition 5.18 and Proposition 5.19 with the introduction:

Theorem 5.5 (Ily; <) is a non-distributive lattice with meet operation A inherited

from (Cy; <), and join operation V11 given by

GVnH =su(GVH), G, Helly.
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5. Structures of Model Classes

Not all coloured graphs in Cy \IIy have an infimum in ITy, as shown in Figure 5.13.
While the colouring of G does not lie in Iy, the colourings of both H, generated
by by I'yy = ((234)), and K, generated by I'c = ((1234)), do. Clearly, H < G and
K < G while no H', K" € Il exist such that H < H' <G and K <K' < G.

g H=<G K=<g
Figure 5.13.: Not every graph in Cy; \H[4] has an infimum in Iljy).

5.4.4. GraphCheck Algorithms

GraphCheck is a program we have developed for the identification of the colouring
classes we have described in this chapter. Given a graph colouring, GraphCheck
determines whether it falls into the desired class, and if not returns the supremum
of the given graph in the class. Hypothesised or inferred RCON and RCOR models
may then be tested for membership in the model classes treated in this chapter.
The corresponding identification algorithms are directly based on Proposition 5.9
for edge regular colourings, Proposition 5.11 for regular colourings, Proposition 5.13
for vertex regular colourings and on Proposition 5.19 for permutation generated
colourings. Outlines of the algorithms together with output for an example graph

are given in Appendix C.
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6. Model Selection

Currently no model selection procedures for RCON and RCOR models are available,
however they are vital for the models to become widely applicable in practice. In the
previous chapter we argued that searching within the four model classes represented
by edge regular, vertex regular, regular and permutation generated colourings will
generally be more feasible than searching in the full sets of RCON or RCOR models.

One way to develop appropriate model selection procedures is by adapting
existing model search algorithms for unconstrained graphical Gaussian models. As
each model class is a complete lattice, it is natural to consider methods exploiting
this structural property. Prominent such methods include stepwise procedures
(Dempster, 1972; Whittaker, 1990; Edwards, 2000), the Edwards-Havranek
model selection procedure (Edwards and Havranek, 1987), and, more recently,
neighbourhood selection with the lasso (Meinshausen and Bithlmann, 2006),
stability selection (Meinshausen and Biithlmann, 2010), and the SINful approach
(Drton and Perlman, 2008).

A crucial difference between the search spaces of unconstrained graphical Gaussian
models and the model classes studied here is that while the former constitute a
distributive lattice (Proposition 5.3 in Section 5.2), the latter are all non-distributive
(Theorems 5.2, 5.3, 5.4, 5.5 in Section 5.4.3). This directly disqualifies neighbour-

hood selection with the lasso, stability selection and the SINful approach, as they all
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6. Model Selection

require distributivity. By contrast, stepwise procedures and the Edwards-Havranek
algorithm can operate on any lattice of models. We concentrate on the latter.

In the most general form, an Edwards-Havranek model search at each stage may
either move up or down the Hasse diagram of the search lattice. It turns out that for
models with edge regular colourings upward moves are computationally significantly
more expensive than downward moves, so that a downwards only procedure, search-
ing within the set of submodels of models initially assumed acceptable, seems most
feasible. Motivated by the very encouraging performance on the data described in
Example 3.1 in Section 3.1, for which the corresponding algorithm fitted 232 models
out of 1.3 - 10° before arriving at 4 smallest acceptable models, we strongly believe
it may perform well in general.

While the other three model classes all equally qualify for an Edwards-Havranek
search procedure, we turn our attention to models with a permutation generated
colouring, as an Edwards-Havranek search for vertex regular and regular colou-
rings would require repeated non-trivial combinatorial constructions. Further, as
permutation generated colourings are special cases of vertex regular and regular
colourings, a search strictly within the model classes represented by the latter
may be achieved by combining a search in permutation generated colourings with
a subsequent local search. One may for instance investigate whether a better
suited model with a vertex regular colouring can be obtained from a minimally
accepted model with permutation generated constraints through merging of edge
colour classes. The required functionality is already available in the R package gRc
(Hgjsgaard and Lauritzen, 2007).

The intricate relationship between permutation groups acting on the vertex set of

an undirected graph and their vertex and edge orbits makes it non-trivial to develop
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6. Model Selection

an explicit Edwards-Havranek model selection procedure for models represented
by permutation generated colourings. However, a construction of a model search
algorithm obeying the Edwards-Havranek principles is still possible and we develop
a corresponding procedure. Applied to the data in Example 3.5 in Section 3.4.1, after
fitting 48 out of 251 models our algorithm arrived at 9 smallest acceptable models,
collectively in very good agreement with previous analyses (Whittaker, 1990).

Most of the results presented in this chapter can be found in Gehrmann (2011).

6.1. The Edwards-Havranek Model Selection Procedure

The Edwards-Havranek model selection procedure operates on model search spaces
which are lattices and is closely related to the all possible models approach, but is
considerably faster. It is based on the following two principles: (i) if a model is
accepted then all models that include it are (weakly) accepted, and (ii) if a model
is rejected then all of its submodels are considered to be (weakly) rejected.

The procedure starts by initially testing a set of models and assigns the accepted
models to a set A and the rejected models to set R. By assumption, all models larger
than A are (weakly) accepted and the ones smaller than R are (weakly) rejected, so
that only min A, the smallest models in A, and max R, the largest models in R, are
of interest. The procedure repeatedly tests model lying immediately below min A
and immediately above max R, and updates the two sets accordingly. Once the
set to be updated remains unchanged, the algorithm returns min A and terminates.
The method to determine whether a model is to be rejected can be any suitable
statistical test in accordance to the principle of coherence (Gabriel, 1969), stating
that a test should not accept a model while rejecting a larger one.

Following Edwards and Havranek (1987), for a set of models S let D,(S) denote
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6. Model Selection

the set of models in the search lattice F say which are smallest with the property

that they are not contained in any model in S,

D,(S)=min{d € F|d ¢ s for all s € S},

and let D,.(S) be the set of largest models that do not contain any model in S,

D,(S) =max{d € F|sZdforall s € S}.

D, (S) is referred to as the acceptance dual of S, and D, (S) as the rejection dual of

S. The procedure may then be summarised as:

1. Test an initial set of models and assign the accepted models to the set A and the
rejected models to the set R.

2. Choose between 3 and 4.

3. Test the models in D, (A) \ R. If all are rejected, stop; otherwise, update A and

R and go to 2.

4. Test the models in D,(R) \ A. If all are accepted, stop; otherwise, update .A and

R and go to 2.

Acceptance and rejection duals can be computed in a recursive manner by using

the following two relations. If S and T' are two sets of models, then

Do(SUT) = min{sVt|s € Du(S),t € Do(T)}

D,(SUT) = max{sAt|se€ D.(S),te D.(T)}.

Thus describing the duals of a single model is enough.
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6. Model Selection

6.2. Models Represented by Edge Regular Colourings

6.2.1. Acceptance Duals

Proposition 6.1 For G = (V,€), the acceptance dual Do(ST(V,E)) inside the set
of models represented by graphs with edge regular colourings consists of all models

represented by G, = (Vq, Eq) satisfying one of the two conditions:
(1i) Vo = {V1,Va} such that V, 2V and E, =0

(1ii) Vo ={V} and E, = {E,} with & # 0 and E, # €
g

Proof: Let G* = (V*,&*) € By represent a model in D,(ST(V,€)). Then, by
definition of acceptance duals, G* A G and there exists no G’ € By such that
G' < G* and G’ £ G. By Definition 5.1 in Section 5.3, G* A G if and only if at least

one of the following holds:
(i) V2V
(i) E*# @ and forall E CE, EX F E\E

By minimality of models in acceptance duals, only one of the two condition is
satisfied by models in the dual. For suppose both (i) and (ii) hold. Then in particular
E* # 0, so that for G’ = (V*,0), G’ < G* while also G’ £ G, which is a contradiction.

So suppose first that V* 2V and that (ii) does not hold. As G* represents the
simplest such model, it must have as few edges as possible, so that £ = (). The
vertex partition giving the simplest model satisfying V* % V is one with as few
vertex colour classes as possible, which is two. Thus G* = (V*,£¥) is of type (1i).

Now suppose that £* # (), that for all sets of edge colour classes E C & we have

£* # £\ € and condition (i) above does not hold. The vertex partition giving the
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simplest such model is V* = {V'}, so that in particular all possible edge colourings
E* will give rise to an edge regular graph colouring.

Suppose that £* has at least two edge colour classes. Then two cases are possible:

(a) E* is a subset of the edges present in G.

(b) E* contains edges which are not present in G, called non-edges below.

In case (a), in order for G* = ({V'},€*) A G to hold, at least one edge colour class,
E’ say, must not be a union of edge colour classes in £. Since there are at least
two colour classes in £*, there exists E” € £* with E” # E'. Let ¢’ = (V,&') =
({V},E*\E"). Then G’ < G* while also G’ A G, so that G* cannot represent a model
in D,(S*(V,€)), which is a contradiction.

In case (b), £ must contain a class consisting of non-edges only or a class being
a union of edges and non-edges. Let this class be E' and let ¢ = (V,&') =
{V},E*\ E”) with E” € £ and E” # E’. Then G’ < G* and G’ £ G, again
leading to a contradiction.

We have established that £* = {E*} for some E* C Vf) . For such edge colourings

condition (ii) above becomes £* # () and £* # £, completing the proof.
|

Put in words, models in the edge regular acceptance dual of ST(V, ) are either
represented by the empty graph with two vertex colour classes which are not unions
of colour classes in V, or by graphs in which all vertices are of the same colour as
are the edges, and the edge set is not a union of colour classes in £.

For example, the coloured graphs in Figure 6.1 represent models which lie in the
acceptance dual of the model represented by the graph with edge regular colouring

in Figure 5.3(a) in Section 5.4.1.
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) e 3 4 3
le e 2 1 2
* Kk * *
(a) A graph of type (1i). (b) A graph of type (1ii).

Figure 6.1.: Acceptance dual corresponding to the graph in Figure 5.3(a).

By construction, acceptance duals are used to test whether there exist models
immediately larger than maxR which can be rejected. Effectively, graphs of type
(1i) in acceptance duals refine the colouring of the maximally rejected models, while
graphs of type (1lii) add edge colour classes, which both give larger models. Thus
the larger a graph G, the fewer colourings there are of type (1i) and (lii), giving
that the size of acceptance duals decreases with increasing models. This is in full
agreement with the definition of acceptance duals.

For G = (V,€), there are 2IVI=1 — 2IVI=1 colourings of type (1i). As each vertex
inside V' is either in one set of V, or the other, there are %(2"/‘ —2)=2VI-1 1

V-1

partitions of V' into two non-empty sets. Out of these precisely 2 — 1 partitions

do not qualify for V, as their classes are unions of the colour classes in V. The same

VIi(v]-1
VIYIED g olg)-1

argument gives there are 2 of models of type (1ii).

Thus the size of an edge regular acceptance dual of ST(V, ) is on the order of

VIivi=1 _
2

olVI=1 _olVI-1 4 9 1_olel-1  9lVI*/2

for large |V|. Hence the size of an edge regular acceptance dual D,(S) of a set of

models S has order up to ('gl)Q‘VR
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6.2.2. Rejection Duals

For a discrete set A we let sing(A) denote the partition of A into singleton colour

classes, so that e.g. sing({1,2,3}) = {{1}, {2}, {3}}.

Proposition 6.2 For G = (V,€), the rejection dual D,.(ST(V,E)) inside the set
of models represented by graphs with edge reqular colourings consists of all models

represented by G, = (V,, &) satisfying one of the three conditions:
(2i) Vv = {{, 8}} Using(V \ {o, }) such that V £V and &, = sing(V")

(2ii) V; = sing(V) and &, = sing(VS?)\ {aB} with af € E

(2iii) V; = {{a, B}, {7, 0}} Using(V \ {a, 8,7,8}) witha = 5 (V), v =4 (V) and

E ={ay,pB0} U Sing(Vf) \ {av, 86}), allowing o = B or v = § but not both,

such that (V,€) £ (Vr, &)
O

Proof: Let G* = (V*,E*) € By represent a model in D,.(ST(V,£)). Then, by
definition of rejection duals, G A G* and there exists no G’ € By such that G* < G’
and G A G'. By Definition 5.1 in Section 5.3, G A G* if and only if at least one of

the following holds:
(i) V* £V
(ii) For all £ C &%, £\ € £ &.

By maximality of models in rejection duals, only one of the condition above holds
for any model in the dual. For suppose both (i) and (ii) are satisfied. Then in
particular £* # sing(Vf)), so that for G’ = (V*,sing(Vf))), G* < G’ while also

G A G', which is a contradiction.
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Suppose first that V* £ V and that (ii) does not hold. As G* represents the largest
such model, it must have as many edges as possible and the finest colouring possible.
The first condition implies that £* = sing(Vf)). Further, for a colouring (V*,&*)
of G = (V, Vf)), if any two edges in £* have the same colour, their end vertices
must receive the same colouring in order to ensure edge regularity. The converse
however does not hold, as giving any two vertices the same colour does not put any
constraints on the edge colouring. Thus giving two vertices in V' the same colour
such that V* £ V gives the largest possible colouring, establishing that if V 2 V*,
then (V*,€*) must be of type (2i) in the claim.

So suppose that condition (i) does not hold, i.e. that V* < V. There are two ways

in which condition (ii) can fail to hold:

(a) There exists a5 € Vf) such that o € E and aff € E*, or

(b) there exist a3,70 € Vf) such that af =0 (£*) and aff £ o (£).

By maximality of G* only one of (a) and (b) can hold. For suppose not and
consider G’ = (V*,£* U {{apf}}) with af € F as in (a). Then G* < G’ and G A G,
which is a contradiction.

In case (a), the largest such model has vertex colouring V* = sing(V), giving a
colouring of type (2ii). In case of (b), in order to give an edge regular colouring
the end vertices of aff and 6 must be of the same colour in V*. By maximality of
(V*,&*) they must also be of the same colour in V, giving that (V*,£*) is precisely
of type (2iii).

[

Graphs representing models in the rejection dual of a model represented by G =
(V,€) almost represent the unrestricted saturated model except for a minor modi-

fication: in graphs of type (2i) two vertices which are not of the same colour in V
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form the only composite colour class in V,, while graphs of type (2ii) are missing
an edge present in G = (V,£). Graphs of type (2iii) have a pair of equally coloured
edges which are not of the same colour in £, while all vertices which receive the same
colour to give an edge regular colouring are also of the same colour in V.

Examples of coloured graphs in the rejection dual of the model represented by the

graph displayed in Figure 5.3(a) in Section 5.4.1 are given in Figure 6.2.

* *
4 3 4 3 4 3
1 2 1 2 1 2
* *
(a) A graph of type (2i). (b) A graph of type (2ii). (c) A graph of type (2iii).

Figure 6.2.: Rejection dual corresponding to the graph in Figure 5.3(a).

By construction, rejection duals contain models which lie immediately below
min . A. Graphs of type (2i) merge vertex colour classes, graphs of type (2ii) cause
edge colour classes to be dropped and graphs of type (2iii) merge edge colour classes,
as well as vertex colour classes to ensure the resulting model to be edge regular.
All operations give graphs which represent smaller models, giving that the size of
rejection duals grows with increasing models. This is in full agreement with the
definition of rejection duals.

Let G = (V,€) with V = {V4,...,Vi} and €& = {E4,...,E;}. Then there are
Z\/;,Vjev,iq' |Vi||V;| graph colourings of type (2i), as there are this many ways of
choosing two vertices in V' which are of different colour in V. There are |E| graphs
of type (2ii) and at most ZEi,Ejes,Kj |E;||Ej| models of type (2iii). (At most as not

every pair of edges of different colours in £ is suitable, as they need to connect the
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same vertex colour classes in V.) This gives that |D,(ST(V,£))| has order at most

S WiVl + 1Bl + D BB ~ VI
Vi, Vi€V, E; E;€E,
i<j 1<j

for some constant ¢ for large |V|. Hence the size of an edge regular rejection dual

D, (S) of a set of models S has order at most (‘g‘)c2\V\8.

6.2.3. An Edwards-Havranek Model Selection Algorithm

The orders of acceptance and rejection duals found in Sections 6.2.1 and 6.2.2 suggest
that, from a computational point of view, working with rejection duals may be more

efficient. This corresponds to the following algorithm.

1. Test an initial set of models and assign each to R if it is rejected and to A

otherwise.

2. Test the models in D,.(A) \ R. If these are all rejected, stop. Otherwise update

A and R and repeat.

We executed the above algorithm on the data set described in Example 3.1 in
Section 3.1 with the saturated uncoloured model as our initial set of accepted models
A and let R = () initially. Models were tested for acceptance by a likelihood ratio
test relative to the saturated unconstrained model at significance level 5%, assuming
an unconstrained mean g, with functionality implemented in the R package gRc
(Hgjsgaard and Lauritzen, 2007).

Out of the 1.3 - 10° models in the search space (Section B.1 in Appendix B),
the algorithm fitted 232 models in 8 stages before arriving at 4 minimally accepted

models whose graphs are displayed in Figure 6.3 together with their BIC values. A
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6. Model Selection

list of all fitted models, grouped by stages of the algorithm, is given in Appendix D.

Vectors g1 Analysis Vectors Go Analysis
ok ok %k *k
Algebra Algebra
* * * *

Mechanics  BIC 2601.617 Statistics Mechanics  BIC 2600.017 Statistics

Vectors Gs Analysis Vectors G Analysis
kk kk %%k kk
Algebra Algebra
* * * *

Mechanics  BIC 2603.376 Statistics Mechanics  BIC 2591.468 Statistics

Figure 6.3.: Minimally accepted models by Edwards-Havranek procedure in Bjs).

The uncoloured graphs underlying the graphs in Figure 6.3 contain the graph in
Figure 3.1(a) in Section 3.1, which represents the previously inferred unconstrained
graphical Gaussian model for the data, as a subgraph. Gi, G and Gs only differ by
one edge and G, has exactly the same edge set. Thus the algorithm picked up the
previously established conditional independence structure correctly.

The minimally accepted model with the lowest BIC wvalue is represented
by G4. It is different from but not unsimilar to the RCON model fitted in
Hgjsgaard and Lauritzen (2008), whose graph is displayed in Figure 3.1(b) in
Section 3.1, which has a slightly lower BIC value of 2587.404 but no specific
properties as it is chosen in an ad hoc manner. Note that the model fitted in
Hgjsgaard and Lauritzen (2008) is not edge regular so that it could not have been

considered by the algorithm.
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Interestingly, the colouring of graph G4 becomes permutation generated after
merging the two singleton edge colour classes into one. The corresponding model
has a BIC value of 2589.148. We conducted local stepwise searches within the set of
RCON models based on BIC value starting from the models represented by graphs
G1, G2, G3 and G4, and arrived at the models represented by Gs, Gg and G7 displayed
in Figure 6.4. (G5 was obtained from G, Gg from G, and G7 from both G3 and Gy.)

Vectors gs Analysis Vectors Gs Analysis
*k *k *k * 3k
. Algebra _ji Algebra,
* * * *

Mechanics  BIC 2595.299 Statistics Mechanics  BIC 2589.777 Statistics

Vectors G Analysis
*ok *ok
Algebra
* *

Mechanics  BIC 2588.332 Statistics

Figure 6.4.: Local RCON search starting from the models displayed in Figure 6.3.

Note the similarity between G; and the graph of the model obtained by
Hgjsgaard and Lauritzen (2008). The latter is obtained from the former by
merging the two composite edge colour classes.

This example strongly suggests that an Edwards-Havranek model selection pro-

cedure for models with edge regular colourings may be feasible in general.
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6.3. Models Represented by Permutation Generated

Colourings

The intricate relationship between permutation groups and their vertex and edge
orbits makes it non-trivial to develop an explicit description of the acceptance and
rejection duals in IIy,. However, rejection and acceptance duals are nothing but
constructions which allow an Edwards-Havranek search to move along the edges in
the Hasse diagram of a lattice search space, so that if the diagram can be constructed,
an Edwards-Havranek search is possible.

Below we describe the structure of the Hasse diagram of Ily to subsequently

exploit it for model selection.

6.3.1. The Hasse Diagram of Il

Let
Kv ={(Vr,ér) [T < S(V)}

and

Ty - S(V) — ’Cv, I'— (Vp,gp).

Then, as Proposition 5.15 in Section 5.4.3 suggests, 7y is not an injective function.

In particular, if we let
T S(V) - P(VE),  Te &,
by Proposition 5.16 in Section 5.4.3, for I'y, 'y < S(V),

7'('(/(1—‘1) :W{/(Fg) — Wv(Fl) :Wv(rg)‘ (61)
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6. Model Selection

Further let
Oy ={(Vr,0) |IT < S(V)}

and for T' < S(V),
D(&r) ={(Vr,&) | € Cé&r}

Then

Iy =Ky UOy U U D(SF)
r<s(v)

and we can describe the Hasse diagram of (ITy; A, V1) by describing the links within
each of Ky, Oy, D(&r) for I' < S(V') and the links between the sets.
We begin by describing the structure of Ky. By Lemma 5.8 in Section 5.4.3, for

I' < S(V) with generating set Jr,

(Vp, ér) = \/ Vigy \/ Eg) | - (6.2)
g€Jr geJr

Thus all colourings in Ky can be obtained from colourings of the form (V4y, &) for
o € S(V). The colourings generated by groups which have more than one generator
can then be obtained by applying relation (6.2). While there are |V|! permutation
in S(V), not all of them will generate distinct graph colourings as for example
(o1) = (09) if 09 € (01). Further, all vertex colourings V € P(V) are the vertex
colouring of some graph in Ky. For if we take V = {Vi,...,V4}, then V = Vr for

L=501) x...x S(Vg).
Lemma 5.9 in Section 5.4.3 gives that Ky is a complete (non-distributive) sublat-
tice (KCy; A, Vi) of (IIy; A, V). The links in the Hasse diagram of Iy within Ky

are thus given by the Hasse diagram of (KCy; A, Vir).
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6. Model Selection

For D(&r), I' < S(V) observe first that

D(é}‘) NKy = (Vp,gr) D(gr) NOy = (VF, @) (6.3)

Further, by Lemma 5.2 in Section 5.1.2, D(Vr) is a complete (distributive) sublattice
of (Ily; A, V) since it consists of all coloured graphs (Vr, &) with £ lying in the
powerset P(Er) of &r. The unit of D(Vr) is (Vr, &r) € Ky, the zero is (Vr, 0) € Oy,
and (Vr,&1), (Vr, &) € D(Er) are connected by a link in D(&r) if and only if £ and
&y differ by precisely one edge colour class. The links in the Hasse diagram of IIy
within D(&r) are thus given by the Hasse diagram of D(&r). By (6.3), the Hasse
diagram of each D(&r) can be viewed as a connection between (Vr,&r) € Ky and
(Vr,0) € Oy in the Hasse diagram of Iy .

While by (6.1), for I' < S(V'), &r uniquely determines Vp, the converse is generally
false. (Simply consider graphs G5 and Gi¢ in Appendix B.) Thus if for I'y # I'y,
Vr, = Vr, (while &, # &r,) then (Vr,,0) = (Vr,,0) € D(&r,) and (Vr,,0) =
(Vr,,0) € D(&r,) so that D(Ep, )N D(&r,) is non-empty. More generally, in that case
there exist maximal elements (V,&f),..., (V}, &) such that all elements smaller
than or equal to some (V7,&F) lie in D(&r,) N D(&r,) and all other elements in
D(&r,) U D(&r,) lie in only one of D(&r,) and D(&r,). Further, for Vr, # Vp, links
may be present between elements of D(&r,) and D(&r,) as well.

For the structure of Oy, first note that just as all possible vertex colourings each
V € P(V) appear as some vertex colouring in Ky the same must be true for Or which
therefore is isomorphic to the partition lattice P(V'). By Lemma 5.3 in Section 5.1.2,
Oy is a complete (non-distributive) lattice and the links with the Hasse diagram of
Iy are given by the Hasse diagram of Oy .

We illustrate the above description of the structure of Iy by the sketch diagram
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6. Model Selection

in Figure 6.5. The two ellipses represent Ky and Oy, where the links within Ky
and Oy omitted for clarity of exposition. The vertices represent graph colourings
(Vr,&r) and (Vp,0) for T' < S(V), and each path with solid edges between two such
vertices stands for the links in the diagram of D(Er). The dashed edges represent
links between the D(&r).

(VF175F1) (VF27€F2) (Vr‘s,gr‘a) (VF4’€F4) (VF5,5F5)

(VF1 ) (Z)) (VFQ’ (Z)) = (Vrg, (Z)) (VF47 Q)) = (VFE) ) Q))

Figure 6.5.: Structure of Hasse diagram of (ITy; A, V).

Three cases can occur for (V,0): either (V,() is the zero in only one D(&r),
represented by (Vr,,0); (V,0) is the zero in more than one (Vp,, () and they intersect
in (V,0) only, see (Vr,,0) = (Vr,,0); or (V,0) is the zero of more than one D(&r)
which share more elements than only (V, ), represented by (Vp,,0) = (Vr,, 0).

The only non-trivial connections we could not describe explicitly are those between
D(&r,) and D(&r,) for &r, # &r, and the links within ICyy. While this prevents us
from giving an explicit description of the Hasse diagram of Iy, for small sizes |V|
it can certainly be constructed computationally. For example by performing the

following steps:

1. Find all |V|! permutations in S(V') and construct their vertex and edge orbits.
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6. Model Selection

2. Find all graph colourings in Ky which can be obtained from the graphs in 1. by

repeatedly applying the meet operation A in (Cy; =<).
3. Obtain the Hasse diagram of Ky .

4. Obtain the Hasse diagram of D(&r) for all distinct & and the Hasse diagram of

Oy.

5. Check for additional links between all pairs D(Er) and D (&) for T' # T7.

Once the Hasse diagram of Iy is obtained, a downwards search obeying the
Edwards-Havranek principles may be carried out exploiting the diagram in the

following way:
1. Let A contain the saturated model without symmetry constraints and let R = ().

2. If all models one link below min A lie in R, stop and return min A. Otherwise
test all models which lie one link below min.A and do not lie in R, assign the

accepted models to A and the rejected models to R, and repeat.

6.3.2. An Example of an Edwards-Havranek Search

We conducted a downwards only Edwards-Havranek search as described above in the
set of models represented by I}y for the Frets’ heads data in Example 3.5 in Section
3.4.1. As before, models were tested for acceptance by performing a likelihood ratio
test relative to the saturated unconstrained model at significance level 5%, assuming
an unconstrained mean pu.

After fitting 48 models out of the 251 models in the search space in 4 stages, the
algorithm arrived at 9 minimally accepted models, whose graphs are displayed in
Figure 6.6 together with their BIC values. How the search navigated through the

search space is described in full detail in Appendix E.
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Hoao
Ll L2

Bl BZ

Dao = ((B1L1L2))
BIC 458.6692

Haz
L1 L2

Bl B2
*
Ly = ((B1L2))

BIC 460.7432

7'[34
L1 L2

B1 Bz

Tsq = (Id)
BIC 471.1172

sk Ha6 gy
L1 LQ

BIC 458.9100

H35
L1 L2

Bl BQ

g5 = (Id)
BIC 470.4083

ook AT gy
L1 L2

((B1B2)(L1L2))
BIC 459.2543

L1 L2

B1 B2
*
Ts6 = ((B1L1))

BIC 465.8199

((B1Bz), (L1L2))
BIC 451.3409

Bl BQ
*
Ts7 = ((B1L1))

BIC 466.0704

Figure 6.6.: Graphs of minimally accepted models in IIjy for Frets” heads data.

Note that all found models have BIC value lower than the BIC value of 471.2982 of

the model fitted in Hgjsgaard and Lauritzen (2008), whose graph is given in Figure

3.7(b) in Section 3.4.1. The lowest among them corresponds to the model represented

by graph Hs.

Further, the model selected in Hgjsgaard and Lauritzen (2008) is a supermodel, in

fact the supremum, of the models represented by Hyg and Hy7, with a further edge

to complete the four cycle. Interestingly, Hsq and Hss are two of the graphs found

in Section 8.3 in Whittaker (1990), the other two being the underlying uncoloured

graphs of H4g and H47. The graph Haoo vividly stands out from the rest, with a

remarkably small BIC value.
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7. Discussion and Further Work

In this thesis we studied RCON and RCOR models as they were introduced by
Hgjsgaard and Lauritzen (2008). We addressed maximum likelihood estimation of
a non-zero model mean, we studied the structure of model classes within the sets of
RCON and RCOR models and developed model selection techniques. In this section

we discuss the obtained results and suggest direction for possible further work.

7.1. Estimation of Means

In Chapter 4 we obtained a characterisation of linear spaces {2 such that if 3 is
restricted to satisfy the constraints of an RCON or RCOR model, the maximum
likelihood estimator i and least squares estimator p* of p coincide if p is restricted
to liein 2. We further demonstrated that for equality constraints on u, the character-
isation of ) translates into a necessary and sufficient colouring regularity condition.
The latter was illustrated with examples from comparative experiments according
to Latin square designs with the covariance structure of the errors assumed to
satisfy the constraints of a homogeneous nearest-neighbour lattice scheme or its
torus equivalent.

Within comparative experiments, the above combination of constraints on > and

1 is only one possibility of many and other combinations of treatment allocations and
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7. Discussion and Further Work

concentration structures with inherent symmetries may lead to interesting results.
Further, for the torus concentration structure, we merely stated that Latin square
designs constructed in a particular way guarantee estimability of treatment effects
by the least squares estimator. In fact, others are possible and the characterisation
of all suitable Latin square designs leads to non-trivial combinatorial considerations.
Those were omitted for the sake of brevity.

Possible extensions of our work on estimation of model means consists in the
application of our results to settings different from comparative experiments.

A further interesting direction for further work is the quantification of the effect
on the estimation of the mean if it ‘almost’ satisfies the constraints which ensure

equality of estimators (where ‘almost’ will need to be given appropriate meaning).

7.2. Model Selection

In Chapter 5 we showed four model classes within the sets of RCON and RCOR
models, each satisfying desirable statistical properties and being more readily in-
terpretable than RCON and RCOR models in general, to form complete lattices
and identified their meet and join operations. Exploiting the fact that each model
class corresponds to a colouring regularity condition and Brendan McKay’s program
nauty, our computer program GraphCheck can determine whether a coloured graph
represents a model lying in any of the model classes.

As all four model classes form complete non-distributive lattices, each of them
qualifies for the Edwards-Havranek model selection procedure. In Chapter 6 we
argued that two of them, those represented by edge regular and permutation ge-
nerated colourings respectively, are most suitable for such a model search. For the

former model class we developed an Edwards-Havranek model selection algorithm,
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and demonstrated an encouraging performance for a data set on five variables.

We further developed a systematic search procedure in agreement with the
Edwards-Havranek principles for the lattice of models with constraints on %71
induced by permutation symmetry, which we illustrated with the example of
Frets’ heads data on four variables. Here as well, the algorithm performed in
a satisfactory fashion. In order to fully develop an Edwards-Havranek search
algorithm for this class of models, further investigations into the relationship
between permutation groups acting on V' and their orbits in V' and V' x V need to
be undertaken.

While the algorithm’s performance in the above examples was encouraging, it has
to be taken into account that the number of variables is rather small in both cases.
Further, it is at this stage unknown how much this behaviour relied on strong/weak
conditional independence and symmetry relations in the data sets considered. It
may be that the number of models to be tested can still grow in an unmanageable
fashion. Therefore other, and larger, examples should be studied.

A general concern with the Edwards-Havranek model selection procedure is
that the procedure does not control the overall error rate. It may therefore
be worthwhile to explore alternative model selection approaches. While
neighbourhood selection with the lasso (Meinshausen and Biithlmann, 2006),
stability selection (Meinshausen and Biithlmann, 2010), and the SINful approach
(Drton and Perlman, 2008) all do control for the overall error rate, we showed
them not to be directly applicable to the lattices of models studied here due to
their non-distributivity. Modified variants may still be feasible, which could be
investigated.

One further viable alternative may be a variant of the graphical lasso

153



7. Discussion and Further Work

(Friedman et al., 2008; Ravikumar et al., 2008) for models with equality
constraints. In its original form the graphical lasso seeks to maximise the penalised
log-likelihood

logdet 71 — tr(SL™1) — p||=7Y4, (7.1)

over non-negative definite matrices £ ~!, with S denoting the empirical covariance
matrix of the observations, || - ||; being the 1 norm giving the sum of the absolute
values of the elements in the argument matrix and p denoting the penalisation
parameter. Testing for equality constraints on the entries of X1 = (kap)a,pev can

be enforced by replacing (7.1) by the following function

logdet S~ —tr(SE™) = pu|S 7y = p2 3 Jhaa — ksl —ps > Ikap — kool
Oé?Bev a7ﬁ77766‘/7
a#B 6

This lies in direct analogy to the development of the fused lasso (Tibshirani et al.,
2005) from the standard lasso for linear regression. However, it has to be mentioned
that how to maximise the function over a given symmetry class, for example over

models with edge regular colourings to ensure scale invariance, seems non-trivial.

7.3. Likelihood Ratio Tests

A direction for further work of relevance to both main topics addressed in this thesis
is the study of likelihood ratio tests for RCON, RCOR and RCOP models, with and
without constraints on the means. Most interesting is the characterisation of models
which allow likelihood ratio statistics in closed form. Hylleberg et al. (1993) showed
this to hold for mean-zero RCOP models generated by compound symmetry (Votaw,

1948), see (2.13), which are represented by decomposable graphs, i.e. graphs which
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do not have cycles of length greater than 3 as induced subgraphs.

It would be interesting to know whether there are other RCON, RCOR and
RCOP models with this property, and further which assumptions on the means
are permissible. This will facilitate exact model comparison for the models studied
in this thesis, including the comparison of competing restrictions on the means for
a given covariance structure, and may give rise to new model selection procedures.

Conceptually, knowledge about explicit likelihood ratio test will provide an appeal-
ing bridge to results for Gaussian models without conditional independence relations,

for which hypothesis testing was among the first studied topics, see Section 2.3.1.
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Appendix A.

Tables of Stable Subspaces in Section
4.3.4

(o, B,7) Qu, Relation between 1, po, i3 X
1 (07070) 0 p1 = p2 =p3 =0
S1
2| (0,0,1) (s) i =cs;, ceR <82>
"
31 (0,1,0) (r) Wi = cri, c€R <7‘2>
T3
1 1 r1 s1
1] 0.1 <<<1)>) i+ s+ i = 0 < )
1 r3 S3
1 1
51 (1,0,0) <<1 ) p1 = pi2 = p3 (})
n 1 s1
6 000 | @ | e =0 | (105)
s
n 1 rf
7Ly | () s1ju1 + sopiz + saus = 0 Q )
r3
8 (17171) R™ w1, pe, i3 € R I3

Table A.1.: All glur{vivit]_gtable spaces (L, .
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(a, 8,7,9) Oy Qy,
1 | (0,0,0,0) 0 0
2 | (0,1,0,0) 0 Co
3 | (1,0,0,0) By 0
4 | (1,1,0,0) By Co
5 | (0,0,1,0) By C1
6 | (0,1,1,0) By Co®Cy =Cy
7 | (1,0,1,0) By ® By = By C1
8 | (1,1,1,0) Bo® By = By Co® Oy = Cy
9 | (0,0,0,1) By Co
10 | (0,1,0,1) By Co®Cy =Cy
11 | (1,0,0,1) By ® By = By Cy
12 | (1,1,0,1) By ® By = Bf- Co® Cy = CF
13 | (0,0,1,1) B, & By = By C1 @ Cy = Cf
14 | (0,1,1,1) B1 ® By = By Co®Cy & Cy =R™
15 | (1,0,1,1) | Bo® By ® By = R" C1® Cy = Cy
16 | (1,1,1,1) | By@ B1® By =R" | Cy & C; ® Cy = R™2

Table A.2.: Description of ®(Glu{vivally,
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Relations between p1, ..., g

XU

X2

10

11

12

13

14

15
16

Table A.3.: Relations between pq, ...

pr = p2 = p3 =0, pg = p5 = pg = 0
p1 = p2 = p3 =0, pg = —ps, pg =0
p1 =0, po = —p3, pa = p15 = p16 = 0
p1 =0, p2 = —p3, pa = —ps, 16 =0
—H1 = B2 = {3, 4 = K5 = —H6
—p1 = pi2 = p3, 4 + pis + 26 =0
2+ p2 +p3 =0, pa = pis = — 6
2pm + po 4+ p3 =0, pa + ps + 26 =0
Pl = 22 = 2pu3, 2(14 = 25 = fi6
p1 = 2p2 = 2p3, pa+ ps — pg =0
pr— po — p3 =0, 2p4 = 25 = g
pr—pr2 — p3 =0, pra + ps —pe =0
p1 € R, po = ps, pa = ps, pe € R
p1 € R, po = s, pig, ps, p € R

P, 2, 3 € R, g = ps, pe € R

M1, p2, 13 € R, pig, pis, e € R
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(aaﬁfy) Q’UQ QU3
11 (0,0,0) 0 0
21 (0,0,1) D s F o
31 (0,1,0) Dm F o
— i __ TRv:
41 (0,1,1) D\/g,ﬁ@D\/Q+ﬁ—Do F27\/§@F 2+\/§_R3
51 (1,0,0) Dy 0
6| (1,0,1) DO@D\/— \/T F o
71 (1,1,0) DOEBD\/? \/7 F s
8 (1,1,1) DO@DW@D\/M:RUZ F Z_ﬂ@Fm:RUS
Table A.4.: Description of ®(Glu2{v2vsll),
Relations between pig, ..., us XV Xvs
1 pa = pis = pg = 0, p7 = pg = 0
1
2 | V204 = V2pus = —pg, (1+V2)ur = — ( 1@) (,1:/5)
1
3| V24 =V2u5 = pe, (1= V2)ur = —pis (;ﬁ) (_li\/g)
1 1
4 = U5, €R, pur,ug €R 1 1 I
Ha K5, [He K7, 18 NN, 2
5 pa = —ps, pg =0, p7=ps =70

7| pa+ps —V2p6 =0, (1 -

8 pa, s, e € R, p7, pg € R

Table A.5.: Relations between g, . ..
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6 | patps+ V206 =0, (1+V2)pur = —
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Appendix B.

Sizes of Colouring Classes

We observe first that each partition of V' = [4] can be obtained by applying a

permutation in S([4]) to one of

(a) {1}, {2}, {31, {43} (b) {{1,2}, {3}, {4}} (o) {{1,2},{3,4}}
(d) {{1,2,3},{4}} (e) {{1,2,3,4}}.
B.1. Edge Regular Colourings By

By definition of edge regularity, no edge colour may appear in two different compo-
nents. Given the vertex colouring of a graph, the total number of edge colourings
which conform with the criterion is given by the product of the number of possible
edge colourings of each component.

In case (a), there are four singleton vertex colour classes and therefore (;1) =6
u{vw}-components and no u{vv}-components. Each u{vw}-component may either

contain an edge or not which, by (5.9), gives [Eizo (,i) Bk} = By = 2 possibilities.
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The total number of graph colourings in By in case (a) is therefore

(a) [ k=0 (i)Bkr — BS = 64.

Analogously, for the other cases we get

2 2
) [She WB [Shse (VB = B3BE =100

)B4
) By 2 [0 (D) By| = B3Bs = 208
)i

Accounting for the number of different vertex colourings of types (a) through (e),

the above give a total of

4 4 1/4 4 4
|By| = (0>64—|— <2)100+ 2<2)208+ <3>225+ <4>877 = 3,065.

We further obtain |Bjs)|. Each partition of V = [5] can be obtained by applying a

permutation in S([5]) to one of

(a) {{1}, {2}, (3}, {4}, {53} (b) {{1,2}, {3}, {4}, {5}} (¢) {{1,2},{3,4},{5}}
(d) {{1,2},{3,4,5}} () {{1,2,35, {4}, {5}}  (f) {{1,2,3,4},{5}}
(g) {{1,2,3,4,5}}.

Thus, repeating the above steps for V' = [5], the numbers of edge colourings for
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each of the partitions of V' are given by

(a) Lo (1) By] G _ BL = 1,024

(b) Ilc:O (lls)Bk :Zizo (i) Bk: 3 [ 11;:0 (li) Bk} 3 = B3B3 = 2,000

() h=0 (llc)Bk 2 [Zizo (i)Bk}z [ k=0 (:)Bk] = B3B3 B;s = 5,200

(@ [Shoo (084 [ Shoo Q)Bs] | Sho () Bi] = B2BuBr = 26,310

©) [ ()8 [Shoo DB [Shoy ()8 [Sho (8] = BB2 = 6.750
(f) 2:0 (2) Bk: :Zizo (é) Bk: = By B; = 45,604

(@) T, (1B = By = 678,570.

which, accounting for the number of different vertex colourings of types (a) through

(g), gives

1By |

(o)< )

2,000 + —
000+ 5

1

5\ (3 5
2 26,31
(5)(5)5. 200+ (3) 20310+

+ <§> 6,750 + <Z> 45,604 + <§) 678,570

1,336, 214.

B.2. Regular Colourings Ry

We repeat the counting process described for By on Ry. All graphs in case (a) have

a regular colouring and therfore contribute 26 = 64 regular graph colourings to Ria-

The regular colourings for (b) can all be obtained by dropping edge colour classes

from the graph displayed in Figure B.1,

four edge colour classes.

in total giving 24 = 16 graphs as there are
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Figure B.1.: Regular colouring for V' = [4] and V of type (b).

All regular colourings in case (¢) can be obtained from the graph in Figure B.2.
This time we may drop edge colour classes, giving 2* = 16 graphs, and/or merge

the green and purple edge colour class, which gives another 4 graphs.

Figure B.2.: Regular colouring for V' = [4] and V of type (c).

All regular colourings in case (d) can be obtained by dropping edge colour classes

from the graph in Figure B.3, thus giving 2% = 4 graphs.

Figure B.3.: Regular colouring for V' = [4] and V of type (d).

All regular colourings in case (e) may be obtained from the graph in Figure B.4

by dropping and merging of edge colour classes, giving a total number of graphs of

3
3

B, = By = 1b5.

Z(k) k 4 5

k=0
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Figure B.4.: Regular colouring for V' = [4] and V of type (e).

Accounting for the number of different vertex colourings of types (a) through (e),

the above give a total of

4 4 1/4 4 4
Ryl = <0)64+ <2> 16 + 2<2)20+ <3>4+ <4>15 = 251.

B.3. Vertex Regular Colourings Py

|Py| can be found by counting the number of graphs which can be obtained from
graphs in Ry by merging edge colour classes.

The number of edge colour classes in each of the cases (a)-(e) in Ry is: (a) 6, (b)
4, (c) 4, (d) 2 and (e) 3. Thus the total number of permissible edge colourings in

each case is given by

(0)24: <2)Bk By = 52 (d)i <z>Bk —By—5 (e)i <2>Bk _ B, —15.

k=0

We thus obtain

4 4 1/4 4 4
Pl = <0>877+ <2>52+ 2<2>52+ <3>5+ (4>15 = 1,380.
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B.4. Permutation Generated Colourings Il

By Lemma 5.8, all colourings in IIjy can be found by (i) determining all colourings
Vo), E(oy) for o € S([4]), (ii) determining all colourings which can be obtained from
(i) by the meet operation A, and (iii) finding all colourings which can be obtained
from (i) and (ii) by dropping edge colour classes.

For (i), S([4]) contains 4! = 24 permutations, which generate 17 distinct colourings
of the complete graph, given in Figure B.5. (The difference of 7 is due to the
fact that (o) = (0=1) for all 0. For 17 permutations 0 = o~!, while for ¢ =
(123), (124), (134), (234), (1234), (1243), (1324) the two are different.)

For (ii), we obtain 5 additional colourings of the complete graph, given in Figure
B.6 together with one of their generating groups.

We obtain:

|H[4]| N1+ 6Ny + 4Ng + 3N1o + 3(N15 — 1) + 3(N18 — 4) + (Ngl — 4) + Noo

= 2046-20 442243204322 -1)+3(28 —4)+ (2> —4) +2

= 251

where N; denotes the number of graphs one can obtain from graph G; by dropping
edge colour classes. The subtracted correction terms prevent some graphs to be
counted more than once.

Note that we have established that ITjy) = Ryy), as [Ijy) € Ry and [Hiy| = [Ry].
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T = ((234)

j54

FlG =

%X{

F18 =

Nt

1243

Figure B.6.:

Figure B.5.:

g =

'z = ((1324))

((13), (24))

(Vr,&r) with ' =

* *3k

Fiz = ((13)(24))

T2 = ((14), (

167

4 Ga
1

*

Iy = ((14))
L 9
1

*

Ty = {(124))
4% 914 ek
1

* *k
Fia = ((14)(23))

(o) for some o € S([4]).

G
lq 1 L3
1 2
I's = ((23))
G
4 ks
1 2

%Eﬁ

FQI =

(14)(23))

1—‘22 =

(Vr, &r) with T' < S([4]) generated by more than one permutation.
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Appendix C.

GraphCheck Algorithms

GraphCheck is a program we have written in Java which tests vertex and edge
colourings of graphs for the four colouring regularities defined in this thesis. If a
graph colouring does not fall into the desired colouring class, GraphCheck finds the
coarsest refinement of the colouring which does.

Core computations are performed by Brendan McKay’s computer program nauty
2.4 (McKay, 2010). The nauty functions GraphCheck calls are (i) nauty () and (ii)
refine(), which both take a vertex coloured graph as their argument and return
(i) its automorphism group and (ii) the coarsest refinement of the vertex colouring
which is equitable with respect to the entered graph.

Below we give the implemented algorithms for the four colouring classes, together
with the output of each algorithm for the graph G = (V, €) with V = {{0, 2}, {1,3}}
and & = {{01,13,23},{03},{12}} in Figure C.1. As nauty numbers vertices of

graphs starting from zero, so does GraphCheck.
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le | ol

* k%

Figure C.1.: Vertex and edge coloured graph G used for illustration.

G is passed to GraphCheck with the commands given below. n stands for the
number of vertices, g indicates that edge set of the graph is to be given next, f
precedes the vertex colouring, which is given in brackets [] with colour classes
separated by |, and F precedes the edge colouring, also given in brackets [] with
colour classes separated by | and end vertices of an edge separated by -.

‘../data/graph3.txt’, appearing in all outputs, is the path to the corresponding

input file. All four computed graph colourings are displayed in Figure C.2.

(0,2 1 1,3]
F

[0-1,2-3,1-3]

C.1. Edge Regular Colourings By

For a given vertex and edge coloured graph G = (V, €):
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1. Test whether edges inside the same edge colour class connect the same vertex

colour classes.
2. If the answer to 1. is ’Yes’, return ’Colouring is edge regular!” and stop.

3. If the answer to 1. is 'No’, refine £ by splitting an edge colour class whenever it

lies in more than one component, return obtained graph and stop.

3k 3k 3k 5k >k 3k 3k 5k 5k >k >k >k 5k 5k >k %k >k k 5k >k >k >k k 3k >k >k %k >k 3k 5k >k >k %k >k >k >k >k %k %k %k >k >k

Output for graph ../data/graph3.txt

sk ok ok ok ok ok ok sk sk sk s o o o ok sk ok ok ok ok ok ok ok ok sk sk sk sk sk sk sk sk sk sk sk sk ok ok o o sk
Received graph colouring is not edge regular.

Found coarsest colouring refinement which is edge regular.
Vertex colour classes:

(o,211,3]

Edge colour classes:

[0-1, 2-3 | 0-3 | 1-2 | 1-3 ]
C.2. Regular Colourings Ry

For a given vertex and edge coloured graph G = (V, €):

1. Transform G to its corresponding coloured factor graph Gp = (VW UN, ER).

2. Call the nauty function refine () with argument Gr and let it return the coarsest

refinement (V' UN”) of (V UN') which is equitable with respect to Gp.
3. Compare (V' UN) to (VUWN).

4. If the colourings in 3. agree, return ’Colouring is regular!” and stop.
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5. If the colourings in 3. do not agree, compute the vertex and edge coloured graph

G’ corresponding to G'r = (V' UN’, Ep), return G’ and stop.

st ok sk sk ok sk o ok sk ok ok sk sk ok sk ok sk ook sk ook sk sk ok stk sk ok sk ok sk ok sk ook ok ok

Output for graph ../data/graph3.txt

>k 5k >k 3k 5k >k 5k >k 3k 5k 3k 5k >k 5k >k 3k 5k 3k 5k >k 3k 3k 3k 3k >k 5k >k 3k 5k >k 5k %k 3k >k %k 5k %k >k %k %k k k

Received graph colouring is not regular.

Found coarsest colouring refinement which is regular.
Vertex colour classes:

(ol 2131]1]

Edge colour classes:

[ 1-3 ] 0-1 | 2-3 | 0-3 | 1-2 1]

C.3. Vertex Regular Colourings Py
For a given vertex and edge coloured graph G = (V, &):

1. Transform G to its coloured factor graph Gp = (VUN, ER).

2. Call the nauty function refine () with argument Gy and let it return the coarsest

refinement (V' UN”) of (V UN') which is equitable with respect to G.
3. Compare V' to V.
4. Tf the colourings in 3. agree, return 'Colouring is vertex regular!” and stop.

5. If the colourings in 3. do not agree, compute the vertex and edge coloured graph

G’ corresponding to G'r = (V' UN, EF), return G’ and stop.
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>k >k 3k 3k 5k >k >k >k 3k 3k 5k >k >k 5k 5k 3k >k %k >k 3k 5k >k >k %k >k 3k >k >k %k %k 3k >k >k >k >k %k 5k >k >k *k >k k

Output for graph ../data/graph3.txt

sk sk ok ok ok ok sk sk sk s s o o s sk ok ok ok ok ok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk ok o o ok
Received graph colouring is not vertex regular.

Found coarsest colouring refinement which is vertex regular.
Vertex colour classes:

(ol 213111

Edge colour classes:

[ 0-1, 1-3, 2-3 | 0-3 | 1-2]

C.4. Permutation Generated Colourings Il
For a given vertex and edge coloured graph G = (V, €):

1. Transform G to its corresponding coloured factor graph Gp = (W UN, ER).

2. Call the nauty function nauty() with argument Gr and let it return the orbits

(V' UN") of T' = Aut(VUN, Ep) in (VWUN).
3. Compare (V' UN’) to (VUWN).

4. If the colourings in 3. agree, return ’Colouring is permutation generated!” and

stop.

5. If the colourings in 3. do not agree, find the vertex and edge coloured graph G’

corresponding to G = (V' UN’, Er), return G’ and stop.
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>k >k 3k 3k 5k >k >k >k 3k 3k 5k >k >k 5k 5k 3k >k %k >k 3k 5k >k >k %k >k 3k >k >k %k %k 3k >k >k >k >k %k 5k >k >k *k >k k

Output for graph ../data/graph3.txt

sk sk ok ok ok ok sk sk sk s s o o s sk ok ok ok ok ok ok ok sk ok sk sk sk sk sk sk sk sk sk sk sk ok o o ok

Received graph colouring is not permutation generated.

Found coarsest colouring refinement which is permutation generated.
Vertex colour classes:

(ol 112131

Edge colour classes:

[Oo-1 ] 0-3 | 1-2 | 1-3 | 2-3]

s5(9) sr(9) sp(G) s(9)

Figure C.2.: Colourings of G obtained by GraphCheck.

Note that the computed sz (G) and sp(G) are identical. This is precisely right as

I}y = Ryy), as shown in Appendix B.
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Appendix D.

Models Fitted in Section 6.2.3

We denote the variables Algebra, Analysis, Mechanics, Statistics and Vectors by al,
an, me, st and ve respectively. A model is defined through its differences from the
saturated unrestricted model, using the following notation. If a model is represented
by the complete graph in which each vertex and each edge forms a singleton colour
class except for vertices al and an which are assigned the same colour, we denote
the model by ‘al+an’. If additionally the edge between me and st is missing, the
model is denoted by ‘al+an, -me:st’. If a further constraint is that edges ‘an:st’
and ‘al:st’ are of equal colour, we write ‘al+an, -me:st, an:st+al:st’.

We group the models by stage of the algorithm and indicate by an A’ or 'R’
whether the model was accepted or rejected. The minimally accepted models are

underlined.

Stage 0

Fit of saturated model without constraints.
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Stage 1

20 models fitted: 6 accepted, 14 rejected.

e 10 with one vertex pair of equal colour.

e 10 with one missing edge.

1. me+ve
2. me+al
3. me+an
4. me+st
5. ve+al
6. ve+an
7. ve+st
8. al+an
9. al+st
10. antst
11. -me:ve
12, -me:al
13. -me:an
14. -me:st
15.  -ve:al
16. -ve:an
17.  -ve:st
18. -al:an
19. -al:st
20. -an:st
Stage 2

ol - = = s B =" AR- R~ A=~ A== v = - B -~

21 models fitted: 19 accepted, 2 rejected.

e 1 with two vertex pairs of equal colour.
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e 6 with one vertex pair of equal colour and one edge pair of equal colour.
e 8 with one vertex pair of equal colour and one missing edge.

e 6 with two missing edges.

1. me+st, ve+an A
2. me+st, me:ve+st:ve R
3. me+st, me:al+st:al A
4., me+st, me:an+st:an A
5. ve+an, ve:me+an:me A
6. ve+an, ve:st+an:st A
7. ve+an, ve:al+an:al R
8. me+st, -me:an A
9. me+st, -me:st A
10. me+st, -ve:an A
11. me+st, -ve:st A
12. ve+an, -me:an A
13. ve+an, -me:st A
14. ve+an, -ve:an A
15. ve+an, -ve:st A
16. -me:an, -me:st A
17. -me:an, -ve:an A
18. -me:an, -ve:st A
19. -me:st, -ve:an A
20. -me:st, -ve:st A
21. -ve:an, -ve:st A
Stage 3

41 models fitted: 40 accepted, 1 rejected.

e 6 with two vertex pairs of equal colour and one edge pair of equal colour.

e 4 with two vertex pairs of equal colour and one missing edge.
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2 with one vertex pair of equal colour and two edge pairs of equal colour.

13 with one vertex pair of equal colour, one edge pair of equal colour and one

missing edge.

12 with one vertex pair of equal colour and two missing edges.

4 with three missing edges.

—

© 0 N e o W N

NN NN NN NN e e e e e e e e
NS g R B3NS S ® NS o kW N o= D

me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
ve+an,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
ve+an,
vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
me+st,

me+st,

ve+an, me:al+st:
vet+an, me:an+st:
ve+an, ve:me+an:
vet+an, ve:st+an:
vetan, me:vet+st:
vet+an, an:me+st:
ve+an, -me:an
ve+an, -me:st
vet+an, -ve:an
vet+an, -ve:st
me:al+st:al, me:
ve:st+an:st, ve
me:al+st:al, -me
me:al+st:al, -me
me:al+st:al, -ve
me:al+st:al, -ve
me:an+st:an, -me
me:an+st:an, -ve
me:an+st:an, -ve
ve:metan:me, -me
ve:me+an:me, -ve
ve:me+an:me, -ve
ve:st+an:st, -me
ve:st+an:st, -me
ve:st+an:st, -ve:
-me:an, -me:st
-me:an, -ve:an

al

me

st

an

ve

ant+st:an

:me+an:me

ran

:st

ran

:st

:st

:st

:st

ran

:st

:st

an

e e S = e g
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28. me+st, -me:an, -ve:st
29. me+st, -me:st, -ve:an
30. me+st, -me:st, -ve:st
31. me+st, -ve:an, -ve:st
32. vet+an, -me:an, -me:st
33. ve+an, -me:an, -ve:an
34. ve+an, -me:an, -ve:st
35. vetan, -me:st, -ve:an
36. vet+an, -me:st, -ve:st

37. vet+an, -ve:an, -ve:st

e e S

38. -me:an, -me:st, -ve:an
39. -me:an, -me:st, -ve:st
40. -me:an, -ve:an, -ve:st
41. -me:st, -ve:an, -ve:st
Stage 4

56 models fitted: 56 accepted, 0 rejected.

e 6 with two vertex pairs of equal colour and two edge pairs of equal colour.

20 with two vertex pairs of equal colour, one edge pair of equal colour and one

missing edge.

e 6 with two vertex pairs of equal colour and two missing edges.

15 with one vertex pair of equal colour, one edge pair of equal colour and two

missing edges.

8 with one vertex pair of equal colour and three missing edges.

1 with four missing edges.

1. me+st, vet+an, ve:me+an:me, me:al+st:al A

2. me+st, ve+an, ve:me+an:me+st:an A
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e I A

10

11.
12.
13

14

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,

me+st,

vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
ve+an,
ve+an,

ve+an,

me:ant+ve:st+st:an

ve:st+an:st,
me:ve+st:an,
an:me+st:ve,
ve:me+an:me,
ve:me+an:me,
ve:me+an:me,
ve:st+an:st,
ve:st+an:st,
ve:st+an:st,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:an+st:an,
me:an+st:an,
me:ant+st:an,
me:ve+st:an,
me:ve+st:an,
me:ve+st:an,

me:ve+st:an,

me:al+st:al

me:al+st:al

me:al+st:al

-me:st

-ve:an

-ve:st

~me:an

-me:st

—ve:an

-me:an

-me:st

-ve:an

-ve:st

-me:st

—-ve:an

-ve:st

—me:an

-me:st

—ve:an

-ve:st

—-an:me, -st:ve

an:me+st:ve,

an:me+st:ve,

-me:st

—ve:an

-me:an, -me:st

—“me:an, -ve:an

-me:an, -ve:st

-me:st, -ve:an

-me:st, -ve:st

-ve:an, -ve:st

me:al+st:al, -me:an,

me:al+st:al, -me:an,

me:al+st:al, -me:an,

me:al+st:al, -me:st,

me:al+st:al, -me:st,

me:al+st:al, -ve:an,

-me:st

—ve:an

-ve:st

—ve:an

-ve:st

-ve:st

b o e S e i S A e o e e e
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39. me+st, me:an+st:an, -me:st, -ve:an
40. me+st, me:an+st:an, -me:st, -ve:st
41. me+st, me:an+st:an, -ve:an, -ve:st
42. ve+an, ve:me+an:me, -me:st, -ve:an
43. ve+an, ve:me+an:me, -me:st, -ve:st
44. ve+an, ve:me+an:me, -ve:an, -ve:st
45. vetan, ve:st+an:st, -me:an, -me:st
46. ve+an, ve:st+an:st, -me:an, -ve:an
47. ve+an, ve:st+an:st, -me:st, -ve:an
48. me+st, -me:an, -me:st, -ve:an
49. me+st, -me:an, -me:st, -ve:st
50. me+st, -me:an, -ve:an, -ve:st
51. me+st, -me:st, -ve:an, -ve:st
52. ve+an, -me:an, -me:st, -ve:an
53. ve+an, -me:an, -me:st, -ve:st
54. ve+an, -me:an, -ve:an, -ve:st

55. ve+an, -me:st, -ve:an, -ve:st

= O e e e e e S

56. -me:an, -me:st, -ve:an, -ve:st

Stage 5

55 models fitted: 55 accepted, 0 rejected.

18 with two vertex pairs of equal colour, two edge pairs of equal colour and one

missing edge.

24 with two vertex pairs of equal colour, one edge pair of equal colour and two

missing edges.

4 with two vertex pairs of equal colour and three missing edges.

7 with one vertex pair of equal colour, one edge pair of equal colour and three

missing edges.

e 2 with one vertex pair of equal colour and four missing edges.
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me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
ve+an,
ve+an,
vet+an,
vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
me+st,
me+st,

me+st,

vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
ve+an,
ve+an,
ve+an,
ve+an,
vet+an,
ve+an,
ve+an,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
me+st,
ve+an,
ve+an,

ve+an,
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ve:me+an:me, me:al+st:al, -ve:st
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—ve:an
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ve:st+an:st, me:al+st:al, -me:an

ve:st+an:st,
ve:st+an:st,
me:vet+st:an,
me:ve+st:an,
me:ve+st:an,

me:ve+st:an,

me:al+st:al, -me:st

me:al+st:al, -ve:an

me:al+st:al, -me:an

me:al+st:al, -me:st

me:al+st:al, -ve:an

me:al+st:al, -ve:st

-an:me, -st:ve, me:al+st:al

an:me+st:ve, me:al+st:al, -me:st

an:me+st:ve,
ve:me+an:me,
ve:me+an:me,
ve:me+an:me,
ve:st+an:st,
ve:st+an:st,
ve:st+an:st,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:al+st:al,
me:an+st:an,
me:an+st:an,
me:an+st:an,
me:ve+st:an,
me:ve+st:an,

me:ve+st:an,

me:al+st:al, -ve:an

-me:st,
-me:st,
-ve:an,
-me:an,
-me:an,
-me:st,
-me:an,
-me:an,
-me:an,
-me:st,
-me:st,
-ve:an,
-me:st,
-me:st,
-ve:an,
-me:an,
-me:an,

-me:an,

-ve:an
-ve:st
-ve:st
-me:st
-ve:an
-ve:an
-me:st
-ve:an
-ve:st
-ve:an
-ve:st
-ve:st
-ve:an
-ve:st
-ve:st
-me:st
-ve:an

-ve:st
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37. me+st, vetan, me:ve+st:an, -me:st, -ve:an

38. me+st, ve+tan, me:ve+st:an, -me:st, -ve:st

39. me+st, ve+an, me:ve+st:an, -ve:an, -ve:st

40. me+st, ve+an, -an:me, -st:ve, -me:st

41. me+st, ve+an, -st:ve, -me:an, -ve:an

42. me+st, vet+an, an:me+st:ve, -me:st, -ve:an

43. me+st, ve+an, -me:an, -me:st, -ve:an

44. me+st, ve+tan, -me:an, -me:st, -ve:st

45, me+st, ve+an, -me:an, -ve:an, -ve:st

46. me+st, vet+an, -me:st, -ve:an, -ve:st

47. me+st, me:al+st:al, -me:an, -me:st, -ve:an
48. me+st, me:al+st:al, -me:an, -me:st, -ve:st
49. me+st, me:al+st:al, -me:an, -ve:an, -ve:st
50. me+st, me:al+st:al, -me:st, -ve:an, -ve:st
51. me+st, me:an+st:an, -me:st, -ve:an, -ve:st
52. ve+an, ve:me+an:me, -me:st, -ve:an, -ve:st
53. ve+an, ve:st+an:st, -me:an, -me:st, -ve:an

54. me+st, -me:an, -me:st, -ve:an, -ve:st

L e e e e

55. ve+an, -me:an, -me:st, -ve:an, -ve:st

Stage 6

29 models fitted: 29 accepted, 0 rejected.

17 with two vertex pairs of equal colour, two edge pairs of equal colour and two

missing edges.

10 with two vertex pairs of equal colour, one edge pair of equal colour and three

missing edges.

1 with two vertex pairs of equal colour and four missing edges.

e 1 with one vertex pair of equal colour, one edge pair of equal colour and four

missing edges.
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1. me+st, vet+an, ve:me+an:me, me:al+st:al, -me:st, -ve:an A
2. me+st, vet+an, ve:me+an:me, me:al+st:al, -me:st, -ve:st A
3. me+st, ve+an, ve:me+an:me, me:al+st:al, -ve:an, -ve:st A
4. me+st, ve+an, ve:me+an:me+st:an, -me:st, -ve:an A
5. me+st, vet+an, ve:me+an:me+st:an, -me:st, -ve:st A
6. me+st, vetan, ve:met+an:me+st:an, -ve:an, -ve:st A
7. me+st, ve+an, me:an+ve:st+st:an, -me:st, -ve:an A
8. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -me:st A
9. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -ve:an A
10. me+st, vet+an, ve:st+an:st, me:al+st:al, -me:st, -ve:an A
11. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:an, -ve:st A
12. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:st, -ve:an A
13. me+st, ve+an, me:ve+st:an, me:al+st:al, -me:st, -ve:st A
14. me+st, ve+an, me:ve+st:an, me:al+st:al, -ve:an, -ve:st A
15. ve+an, me+st, me:al+st:al, -an:me, -st:ve, -me:st A
16. ve+an, me+st, me:al+st:al, -st:ve, -me:an, -ve:an A
17. ve+an, me+st, me:al+st:al, an:me+st:ve, -me:st, -ve:an A
18. me+st, ve+an, ve:me+an:me, -me:st, -ve:an, -ve:st A
19. me+st, ve+an, ve:st+an:st, -me:an, -me:st, -ve:an A
20. ve+an, me+st, me:al+st:al, -me:an, -ve:an, -ve:st A
21. ve+an, me+st, me:al+st:al, -me:st, -ve:an, -ve:st A
22. ve+an, me+st, me:an+st:an, -me:st, -ve:an, -ve:st A
23. me+st, ve+an, me:ve+st:an, -me:an, -me:st, -ve:an A
24. me+st, ve+an, me:ve+st:an, -me:an, -me:st, -ve:st A
25. me+st, ve+an, me:ve+st:an, -me:an, -ve:an, -ve:st A
26. me+st, ve+an, me:ve+st:an, -me:st, -ve:an, -ve:st A
27. me+st, vetan, -an:me, -st:ve, -me:st, -ve:an A
28. me+st, vetan, -me:an, -me:st, -ve:an, -ve:st A
29. me+st, me:al+st:al, -me:an, -me:st, -ve:an, -ve:st A

Stage 7
9 models fitted: 9 accepted, 0 rejected.

e 8 with two vertex pairs of equal colour, two edge pairs of equal colour and three
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missing edges.

e 1 with two vertex pairs of equal colour, one edge pair of equal colour and four

missing edges.

1. me+st, ve+an, ve:me+an:me, me:al+st:al, -me:st, -ve:an, -ve:st A
2. me+st, vetan, ve:met+an:me+st:an, -me:st, -ve:an, -ve:st A
3. me+st, ve+an, ve:st+an:st, me:al+st:al, -me:an, -me:st, -ve:an A
4. me+st, ve+an, me:al+st:al, me:vet+st:an, -me:an, -me:st, -ve:an A
5. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -me:st, -ve:st A
6. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -ve:an, -ve:st A
7. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:st, -ve:an, -ve:st A
8. me+st, ve+an, me:al+st:al, -st:ve, -me:an, -me:st, -ve:an A
9. me+st, vet+an, me:ve+st:an, -me:an, -me:st, -ve:an, -ve:st A

Stage 8

1 model fitted: 1 accepted, 0 rejected.

e 1 with two vertex pairs of equal colour, two edge pairs of equal colour and four

missing edges.

1. me+st, ve+an, me:al+st:al, me:ve+st:an, -me:an, -me:st, -ve:an, -ve:st A

232 models in total: 215 accepted, 17 maximally rejected, 4 minimally accepted.

185



186



Appendix E.

Models Fitted in Section 6.3.2

We label the graphs representing the fitted models by H; for 0 < ¢ < 48. The
labelling by G; for 1 < j < 22 is the labelling used in Section B.1 in Appendix B.
We circle elements in the given Hasse diagrams to indicate that the corresponding
model was minimally accepted in the current stage of the algorithm.

Stage 0 consisted of fitting the saturated model with singleton colour classes,

whose graph Hj is given in Figure E.1.

Ho =G1
L1 L2

B1 BQ
To = (Id)
Figure E.1.: Stage 0: the saturated model Hy.

The Hasse diagram of Ky is given in Figure E.2. Gy is circled as after stage 0 it
is the only minimally accepted model in K.
In stage 1 a total of 15 models was fitted: the models represented by the 6 graphs

linked to Ho = Gi in D((q)) and those represented by the 9 graphs linked to
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Go gs G4 Gs Gs Gr G2 Gi3 Gia
7>

Figure E.2.: Hasse diagram of K.

Ho = G1 in Kyy), of which 9 were accepted in total. We display the corresponding 15
graphs in Figure E.3. The graphs of the accepted models are given in colour, while
the graphs representing the rejected models appear in gray. Their colouring may be
inferred from the asterisks placed next to the vertices and the dashes on the edges.

The Hasse diagram of Ky in Figure E.4 illustrates the results of stage 1 for K.
The graphs of the rejected models, and their links, are coloured in gray and all
minimally accepted models are circled.

Stage 2 continued to explore K4 by fitting models represented by graphs linked to
the previously accepted ones, and moved down D(&r) for all (Vr,&r) € Ky which
have previously been accepted. 16 models were fitted in total, of which 4 lie in
D(Eray) \ Kpyp, 2 lie in Ky and 10 lie in D(Er) \ Ky for (Vr, &r) € Ky accepted in
stage 1. All models were accepted. The graphs are given in Figure E.5. Graph Hao

is circled as it represents a minimally accepted model, i.e. all models smaller than
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Ha

Ll L2
Bl BZ
Iy = (Id)

He
Ly Lo
B: Ba
T'e = (Id)

Figure E.3.: Stage 1: 15 models fitted of which 9 accepted and 6 rejected.

the one represented by Hoo were rejected at some stage by the algorithm.
We give the updated Hasse diagram of K4 after stage 2 of the algorithm in Figure
E.6. Now all of K4y has been covered by the search as each model is either rejected

or accepted. All next steps of the algorithm lie in D(&r) for I' < S(V') such that

Hr =Go
L1 Lo
B1 B
* k
I'7 = ((B1B2))
*Hm = 97*
Ll L2
Bl B2

Ti2 = ((L1L2))

Hs
L1 L2
Bl BQ
I's = <Id>
xHs =0
L1 Lo
B, By

Bl BQ

I's =
((B1B2)(L1Le2))

*
*

(Vr,€r) € Ky has been previously accepted.

In total 13 models were fitted in stage 3, all of which were accepted and whose
graphs are given in Figure E.7. 5 models are minimally accepted and are therefore
circled. In stage 4, a total of 4 models was fitted, all displayed in Figure E.8, only
1 of which was rejected and the remaining 3 minimally accepted. The algorithm

terminated with 9 minimally accepted models, whose graphs are displayed in Figure

6.6 in Section 6.3.2, after fitting 48 in total.
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1.

age

Figure E.4.: Minimally accepted colourings in Ky after st
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Hie
Lo

N

B,

T = (Id)
Hoa1
L1

X

B

Ia1 = (Id)

Lo

Bl BQ

Iy
*
X
3
*

[a6 = ((B1L2))

Ly Lo

B By

*
* *
X
w
=2
*
* *

I's1 =
((B1B2)(L1L2))

By

Har Hais
L1 Lo Ly Lo
By By By Bo
Tys = (Id)
>Z'>[k23 = g1§k*
L1 L2
Bl BQ
* *
P23 =
((B1Ba), (L1L2))
Hor 4 x  Hos
L1 Lo Ly Lo
By By By Bs

*

a7 = ((B1L2)) Pag = ((L1L2))

Hio
L1 L2
Bl B2
Iy = (Id)
Haa
L1 L2
Bl BQ
* *

T24 = ((B1B2))

* HQQ *
L1 L2

B1 B2

Tag = ((L1L2))

Hao
L1 L2
B1 B2
Ty = (Id)
Hoas
L1 LQ
Bl BQ
* *

T25 = ((B1B2))

ok M0 gy
L1 L2

Bl B2
* *
T30 =

((B1B2)(L1Lz))

Figure E.5.: Stage 2: 16 models fitted of which 16 accepted and 0 rejected.
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\

Figure E.6.: Minimally accepted colourings in Ky after stage 2.

Hszz Has
L1 L2 Ll

B1 B2 Bl

s = (Id)

Bl BQ Bl B2 Bl B2 Bl BQ

% % * * * * * *

T'ss = T'3o = T'so = Iy = <(BlBQ)>
((BiB2)(L1L2))  ((BiB2),(L1L2))  ((BiB2),(L1L2))

x Tz g s TLA4 ex
Ly Ly Ly Lo
By By B By

* *
Fy =

Tz = ((L1L2)) ((B1B:)(L1Ls))

Figure E.7.: Stage 3: 13 models fitted of which 13 accepted and 0 rejected.
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Figure E.8.: Stage 4: 4 models fitted of which 3 accepted and 1 rejected.
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Glossary

The following is a list of most symbols used in this thesis.

Undirected Graphs

Vv Discrete finite set.

Ve {{a,8} o, B €V},

v {{o. 8} | 0. B € V,a # B}

af For o, 8 € V with a # 3, short form for {«, 5}.

E Subset of Vf).

G=(V,E) Undirected graph with vertex set V and edge set E.
Uy Set of undirected graphs with vertex set V.

~ Adjacent.

ne(a) {BeV |apeE}.

ne,(«) {B €V |af € u} where u C E.

Permutation Groups

S(V) Symmetric group of V.

o Element of S(V).

r Subgroup of S(V).

Jr Generating set of T'.

I't xI'y For subgroups I'y and I'y of S(V'), direct product of I'y and I's.
Aut(G) {c€S(V)|ap € E<aola)o(B) e E}.
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]
PV)
P(V)
PLAP;

{1,2,...,d}, for d € N.

Power set of V.

Set of partitions of V.

{C'| C € P,C C D for some D € Py}, where P; and P, are
partitions of not necessarily the same set.

Elements of P(V).

Element of P(E).

o and S lie in the same set in M.

Graph colouring.

Vertex and edge coloured graph.

Graph colouring of (V, V?(f)) given by coarsest partitions which

are invariant under the action of I' on V' and Vf).

Special Matrices

Iy
T’LL

T(V)
T(€)
T(9)
Tu{vw}

Tlu{vw))
G(o)

For A C V, identity matrix in RAXA Sometimes written as I|A‘.
For u € V: matrix in RV*Y given by T%, = 1 for a € u and
T3 = O otherwise. For u € £: matrix in RV*V given by Tgﬁ =1
for a8 € v and T 5 = 0 otherwise.

{T" | u eV}

{T" | ue&}.

TV)UT(E).

TTYTY + TYTYTY foru € £, v,w € V, v # w;

T°TYTY foru € £, v,w €V, v =w.

Submatrix of 7"} with rows and columns indexed by v U w.
Matrix in RV*V given by G(0)as = 1 if 0(8) = a and
G(0)ap = 0 otherwise.
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Parameter Sets

RV
RVXV

S
S+
SH(G)

Statistics

X1Y
XUY|Z
Yi

Set of vectors indexed by the elements of V' with entries in R.
Set of matrices whose rows and columns are indexed by the
elements of V' with entries in R.

Set of symmetric matrices.

Set of symmetric positive definite matrices.

Set of symmetric positive definite matrices in RY*Y which have
zeros in entries which correspond to edges missing from F.

ST Nspan(7(9)).

STN{ACA | A € span(T(V)), C = Iy + B, B € span(T (€))}.
SN{S|G()'SG(e) =8V oecTl}.

Subspace of RV .

{QITQCQvVTeT(G)}.

{n € RV | uo = pg whenever a = 8 (M)}.

X independent of Y.

X conditionally independent of Y given Z.

ith observation.

Multivariate Gaussian distribution on RV with p € RY and
Y eStnRV*V.

Covariance matrix.

Concentration matrix.

Mean vector.

Maximum likelihood estimator of .

Gauss-Markov estimator of .

Least squares estimator of u.

Set of graphical Gaussian models with variables indexed by V.
Set of RCON models with variables indexed by V.

Set of RCOR models with variables indexed by V.
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Further Graphs

Gr = (VUN,Er) Factor graph.

Fy

Set of factor graphs with vertex set V.

Gr = (VUN,Ep) Coloured factor graph.

Fv

Cv

By

Pv

Rv

Iy
gu{vw}
Eu{vw}
Glulvw)]

Set of coloured factor graphs with vertex set V.

Set of coloured graphs with vertex set V.

Set of graphs in Cy with edge regular colouring.

Set of graphs in Cy with vertex regular colouring.

Set of graphs in Cy with regular colouring.

Set of graphs in Cy with permutation generated colouring.
Graph whose adjacency matrix is given by 7w},

Edge set of gu{vw}.

Graph whose adjacency matrix is given by T [u{vw}]

Partially Ordered Sets, Lattices and Orderings

=

Partially ordered set A with partial ordering <.

Lattice A with meet operation A and join operation V.

Subset of.

Partial ordering symbol, with precise meaning depending on the
type of objects it is applied to. For a < b with a,b € S,

(i) S =RR: ‘less than or equal to’,
(i) S = the set of linear subspaces of RV: ‘subspace of”,
(iii) S = S(V): ‘subgroup of’,
(iv) 8 =P(V): ‘finer than’,
(v) S = Uy: ‘subgraph of’.

Symbol of partial ordering on Cy .

Spectral Analysis

Alufvwl
)
pletonl
Al

Spectrum of Tu{vw},
Non-negative elements of Alu{vw}]
Eigenspace of T"{?®}] corresponding to A € Al{vwl,

Subspace of Eg\u{vw} I
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Projections and Embeddings

Hg‘ For b C A C V, orthogonal projection from R4 to R4, given by

) (Hfﬂ;)a =z, for € b and (H‘b“x)a = 0 otherwise.

Qp Image of €2 under Hl‘)/.

I{f‘ For b C A C V, embedding of R? in R?, given by (fo)a = T4
for a € b.

Qp Image of Q under Ilf‘.
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