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1 Introduction

The important question of how poverty should best be measured has generated wide interest both in
policy circles and in academia, leading to a large discourse on the level of poverty and the different
poverty measures. Most of these poverty indices, however, capture poverty only at a given point in
time (Watts (1968), Sen (1976), Clark, Hemming and Ulph (1981), Chakravarty (1983), Foster, Greer
and Thorbecke (1984); see also Zheng (1997)). An increasing number of studies, however, indicate that
measuring poverty at any single point in time is inadequate for capturing the true level of poverty,
since a far greater proportion of people may experience poverty when observed over a longer term
(Baulch and Hoddinott (2000)).

In this paper, we develop classes of intertemporal poverty measures which take into account previ-
ous poverty experiences of individuals. Our focus is exclusively with the measurement of intertemporal
poverty at the individual level, rather than at the societal level. Thus, we attempt to address the
question of distinguishing between two individuals who may have the same level of poverty in the
current period, but had different levels of poverty, or were poor at different times from one another,
in the past.

Given this objective, the paper adds to a recent literature with notable contributions by Foster
(2009), Hoy and Zheng (2011), Bossert, Chakravarty and D’Ambrosio (2012), Mendola, Busetta and
Milito (2011) and Zheng (2011), among others.! In Foster (2009), the spread of poor episodes over
time is of no importance; only the proportion of spells in which the individual is in poverty is taken
into account. Overall poverty for each individual is a simple average of the generalized poverty gaps
in each period. Bossert et al. (2012), on the other hand, assign particular importance to the extent to
which individuals are in a state of poverty for consecutive periods. They argue for a principle in which
people facing periods of poverty which are interrupted by relatively affluent periods are deemed as
being able to manage more easily than those who are exposed to longer consecutive periods of poverty
(even if the total number of periods of poverty and non-poverty are the same in each case). In this
context, one can argue that while the bunching of poor episodes is important in its own right, there
is also a case for explicitly taking into account the role of affluent periods in mitigating subsequent
poverty.

More recently, Mendola et al. (2011) and Zheng (2011) have proposed measures, which by consid-
ering each pair of poor episodes, take into account the damaging impact of consecutive poor episodes

as well as the mitigating effect of affluent spells. In both these papers, proximity of one poor episode to

!See also Cruces (2005), Calvo and Dercon (2009), Grab and Grimm (2007), Carter and Tkegami (2007), Porter and
Quinn (2008), Foster and Santos (2012) and Gradin, del Rio and Canté (2012).



another serves to intensify the overall experience of poverty. While Mendola et al. (2011) consider the
number of non-poor periods between two periods of poverty as an indicator of the mitigating effect,
Zheng (2011), in a general framework, allows for non-poor periods to directly interact with the poor
periods. In both papers, the mitigation depends on the distance between two poor episodes. Thus,
it is difficult to disentangle whether affluent periods have an independent mitigating impact, separate
from simply indicating that the poor episodes are not close together. A similar issue arises in Hoy
and Zheng (2011), where a person who is poor in periods which are either consecutive, or separated
by only short spells of relative wellbeing, is worse off than a person with similar incomes but more
widely dispersed poor episodes.

The classes of measures proposed in this paper are motivated by the relevance of consecutive poor
periods, but afford a richer interpretation of the dynamics which cause closely bunched poor spells to
be debilitating. The method used differs from that of the existing literature in how both the mitigating
effect of affluent periods and the debilitating impact of consecutive episodes of poverty are accounted
for. It is motivated by the observation that the longer the spell of relative affluence experienced
prior to becoming poor, the better equipped an individual is to deal with that period of poverty. In
our measures, the impact of a poor period is discounted according to the number of affluent periods
directly preceding it.

This approach allows us to account for the mitigating impact of affluence independently from the
intensification of poverty arising from the bunching of poor episodes. To illustrate the advantage of
our methodology, consider the following stylized example. Suppose that there are two individuals who
both live over three time periods. Each is poor, and to a similar extent, in only one of the three
periods. The first person is poor in the first period, while the second person is poor in the last period.
Our measures would indicate that the second person is better off since he had an opportunity to
accumulate resources before facing the poor episode. However, most of the existing measures, such as
those by Foster (2009), Bossert et al. (2012), Mendola et al. (2011) and the Newtonian measure by
Zheng (2011), are unable to distinguish between such cases.?

We capture the intensification of poverty due to bunching by weighting each poor period according
to the number of directly preceding poor periods. Consider another example where two individuals
live for two time periods and are poor in each period. Suppose that the first person is poor in the

first period by a certain amount but only half as poor in the second period. Suppose that it is the

*Hoy and Zheng (2011) would rank these cases differently. However, the motivation for doing so is very different from
that here. They explicitly consider poverty early in life to be more damaging than poverty later on. We have no such
assumption here.

Zheng (2011) proposes several classes of measures. Here, and for the rest of the paper, we are concerned mainly with
his Newtonian poverty measure (p. 10).



other way around for the second person. Intuitively, it seems reasonable to expect the two profiles to
be ranked differently, since in one case poverty is decreasing, while in the other case it is increasing.
In contrast to our measures, most existing measures, including those of Foster (2009), Bossert et al.
(2012), Mendola et al. (2011) and Zheng (2011) are unable to distinguish between these two profiles.

Like Foster (2009), Bossert et al. (2012), Mendola et al. (2011) and others, we do not allow
the level of income in affluent periods to mitigate poverty in other periods. Yet one can argue that
affluent periods should have some mitigating effect on poverty. Our measures are general and do
not specify the mitigating attributes explicitly (e.g., income as in Hoy and Zheng (2011) and Zheng
(2011)). Implicit in our approach is that, in the absence of income smoothing opportunities, the
mitigating effect of affluent periods is transmitted through non-income dimensions such as assets,
health, social networks, human capital and so on.? For instance, in a rich and detailed study, Narayan
et al. (2009) have found that, in India, those who move out of poverty have “almost always made
investment in land.” Typically these investments would also include acquiring education and building
social networks, the latter of which is regarded by Woolcock and Narayan (2000) as being one of the
primary resources the poor have for managing risk and vulnerability. There is also strong evidence
that in rural areas of developing countries body weight varies significantly between peak and off-peak
seasons (Behrman and Deolalikar 1989; Dercon and Krishnan 2000). People who have a possibility of
falling into hardship often use their “body as a store of energy” during affluent times by employing
a “feast now fast later” strategy (see Dercon and Hoddinott, 2003, pp. 7-8). There is significant
evidence that these factors do indeed, in general, have some impact on mitigating poverty (Narayan
et al. (2000), Sen and Hulme (2004)). Thus, from a social planner’s perspective, when evaluating
intertemporal poverty, there might be sufficient reason to take into account the mitigating impact of
affluent periods on subsequent poverty even in the absence of income smoothing.

In our measures, the mitigating impact of a spell of affluence does not last long. There is strong
evidence that, in the face of poverty, households draw down their existing resources quite significantly
(Hulme (2003), Moser (1996)). Davis (2006) and Davis and Baulch (2009), for example, provide
empirical evidence that in Bangladesh, while improvements in life conditions of individuals typically
occur slowly, over long periods of time, they decline suddenly following shocks. With regard to social
networks, Beall (2001) points out that such social resources can be quickly eroded by poverty. In
contrast, both Mendola et al. (2011) and Zheng (2011) allow a single episode of affluence to have a
mitigating impact on all subsequent episodes of poverty.

Our approach retains much of the appealing intuition of Bossert et al. (2012), with respect to the

30ur notion of income smoothing is based on Morduch (1995, p. 104) where households can smooth income by
“making conservative production and employment choices and diversifying economic activities.”



exacerbating impact of bunching of poor episodes, but adds to this the characteristics of mitigation of
poverty by preceding non-poor periods and an increasing intensification of the impact of consecutive
episodes of poverty. The proposed intertemporal poverty measures are quite general and allow for a
range of possible judgements as to the overall impact of a poor period that is preceded by a non-poor
spell and also to the overall effect of consecutive periods of poverty. When no significance is attached
to either the relatively affluent periods or to the exacerbating impact of consecutive periods of poverty,
our class of relative intertemporal poverty measures reduces to the simple average of per period (static)
poverty measures advocated by Foster (2009). In this sense we provide axiomatic foundations for a
class of measures that encompasses the latter.*

The remainder of the paper is organized as follows. Section 2 introduces our notation and the basic
framework. Section 3 formally introduces our classes of individual intertemporal poverty measures and
provides axiomatic characterizations. The following section discusses two important extensions of the
measures presented in Section 3. Section 5 concludes the paper. All proofs are deferred to the

Appendix.

2 Notation and Basic Framework

We focus on the measurement of an individual’s aggregate poverty over finitely many time periods.
This requires the determination of a static poverty index for each time period and an aggregation of
the latter across time. Subsequently, one can construct measures of poverty for an entire society by
aggregating across individuals. We focus on the former two steps.

For T € Nlet t € {1,...,T} denote a particular time period. An individual has income z; > 0 in
each period t = 1,...,T. The income is net of any taxes and transfers.® It is important to note that
since this is an ex-post measure the income in each period is the realised income for that period.

As usual, there is an exogenously determined poverty line z; for each time period ¢, where 0 < z; <
oo, and z =(z1,...,27) € RL denotes the profile of poverty lines. If x; < z; in period ¢t € {1,...,T},

the individual is poor and has an income shortfall p; € [0,1].6 If ; > 2, the individual is non-poor

4Note that here, and throughout the paper, we are referring to Foster (2009)’s total intertemporal poverty measure,
not his chronic poverty measure. Foster (2009) defines a poverty duration cut-off line as the minimum proportion of time
periods a person must be poor in order to be deemed chronically poor; individuals who are in poverty for a proportion
of periods less than this threshold are considered transiently poor. Foster (2009)’s total intertemporal poverty measure
is obtained by choosing a poverty duration cut-off line of zero.

’Net income can be thought of as consumption, but then our interpretation of the measure has to change in line with
this. If we assume consumption as our primitive, then the mitigating impact of affluent periods reflects non-consumption
smoothing mechanisms since presumably any consumption smoothing is already reflected in the consumption vector.

SFor example, p; could be any static poverty measure from the literature, such as a normalized poverty gap. In fact,
with some minor amendments, our results will go through for a more general definition, where p: € Ry.



and p; = 0.

The individual’s poverty profile is p = (p1,...,pr), representing the income shortfalls that the
individual faces in each of the T time periods. Thus, a poverty profile is a T-vector where p €
[0, 1]T. We use 07 to represent the poverty profile in which there is no poor period, i.e. p; = 0,
for all t € {1,...,T}. Further, a T-period poverty profile with only one poor period such as p =
(0,...,0,ps,0,...,0), 1 <s <T, is represented as p =p; - T where e is the profile with e; = 0 for
allt € {1,...,T}\{s} and e; = 1.

For a profile p we define n; to be the number of consecutive non-poor periods immediately prior
to a poor period t, and we let k; be the number of preceding periods of uninterrupted poverty, up to

and including the poor episode in period ¢. Formally,

0, ift=1orp_1>0
ng ‘=
t—min{s:s<tand ps=---=p_1 =0}, otherwise,
and
1, ift=1orp_1 =0,
]{It =
t—min{s—1:s<tand py >0,Vt =s,...,t}, otherwise.

For example, for T' = 5, the poverty profile p = (p1,0,p3,p4,0) hasny =0, ky = 1, ng = 1, kg = 1,
and ng = 0, k4 = 2. It will later become clear that there is no need to define n; and k; for non-poor

periods.

3 Individual Intertemporal Poverty Indices

An intertemporal poverty measure for an individual is a function that assigns to each poverty profile
a non-negative number. Thus, P : Uren[0,1]7 — R,. The class of individual intertemporal poverty
measures that we consider are close in structure to the measures of Foster (2009) and Bossert et al.
(2012).

We propose a class of measures that takes into account both the poverty mitigation arising from
the presence of affluent periods (n;) and the intensification of poverty due to consecutive poor periods

(k). The constant-relative affluence-dependent intertemporal poverty measure Pg is defined as

T
Z Bpt,where a, 3,0 > 0. (1)

The parameter 6 captures the sensitivity of the poverty experienced in each time period to the income

shortfall. The damaging impact of consecutive periods of poverty, which serve to intensify the overall



impact of poverty, is captured by k;. The parameter a determines the extent of this intensification of
poverty. If o = 0, there is no intensification. Similarly, 8 can be interpreted as an index representing
how much one chooses to discount the impact of an individual’s poor episodes according to preceding
uninterrupted spells of non-poverty. When 8 = 0, there is no mitigation.”

The mitigating effect of an affluent spell on subsequent poverty is determined primarily by its
duration. In the example below, we evaluate an individual’s intertemporal poverty level for a four

period poverty profile p = (p1, p2,p3,p4), where a =1, 5 =1 and 0 = 1.

ExampLE 1 For p; = (1/2,0,1/4,0) we have

1 1 1 1 5
Pr(p1) = 3(1- 5+ 045 7 +0) = o5(= 0.156)

and for pa = (1/2,0,0,1/4) we have

1 1 11 7
Pr(p2) = ;(1-5+0+0+5-7)=

~ 0.146).

The measure Pg differentiates between these two profiles by attaching lower weight to the snapshot
poverty level 1/4 in the second profile, thereby indicating that the second profile represents less
intertemporal poverty. While Mendola et al. (2011) and Zheng (2011) would rank the two profiles in
a similar manner to Pr, the measures of Foster (2009) and Bossert et al. (2012) rank the two profiles
as being equally poor.

Implicit in the importance of the duration of affluent spells is the ‘focus axiom,’” which states that
if income in a non-poor period is increased, this has no effect on overall poverty (see Foster 2009).%
Although this may, at first glance, seem limiting in an intertemporal context, opportunities for income
(or consumption) smoothing between periods is limited, particularly in a developing country context
(Hulme and McKay (2005)). Furthermore, since this is an ex-post measure, in each time period we
observe the realised income, which incorporates any income smoothing that has taken place. Thus, if
an individual had a high income (well above the poverty line) in one period followed by a low income
(just below the poverty line) in the next, this reflects the constraints that the individual faced in those
periods. Allowing further income smoothing between these two periods to take place, which would

be the result if the focus axiom were discarded, would be quite difficult to justify, especially when we

"If both & = 0 and 8 = 0, provided p; is a normalized poverty gap, the measure reduces to the simple average of
static poverty measures advocated by Foster (2009).

8The approach of effectively censoring the income in each time period at the poverty line is common in the literature
on intertemporal poverty measurement and is also adopted by Bossert et al. (2012) and Mendola et al. (2011), among
others. However, this leads to a discontinuity in the measure at the poverty line. For a continuous measure see Hoy and
Zheng (2011).



know that in reality such smoothing has not occurred. As in our approach, Mendola et al. (2011)
also adopt the focus axiom and resort to the duration of affluent spells as a mitigating factor. On the
other hand, there are also some compelling arguments for why income levels during affluent periods
may matter, in particular through investment in assets (McKay (2009)). Hence, we will later relax
this assumption.

The mitigating impact of a spell of affluence dissipates after the initial period of poverty. Individ-
uals may have non-income resources left after the first period, but these may be so limited that their
effectiveness for mitigating poverty further is considered to be negligible. This follows evidence gath-
ered by Hulme (2003) and Moser (1996), among others, where households draw down their existing
resources quite significantly when faced with poverty.

The mitigation due to an affluent spell is a proportion of the poverty level, irrespective of the depth
of poverty. In other words, if we consider two different poverty levels, immediately following the same
number of affluent periods, then they should have the same constant proportion of their poverty levels
mitigated. In this sense, our measures belong to a class based on relative mitigation. Note that the
mitigation of poverty is not occurring through changing the person’s income in the poor period - if
such a change had occurred, this would already be reflected in the person’s income for that period.

Next we illustrate some additional properties of Pr through an example. Againlet o« = =6 = 1.

ExXAMPLE 2 For p3 = (0,3/4,1/2,1/4) we have

1 1 3 1 1 17
P — Z.Z249. 2 S

for ps = (0,1/4,1/2,3/4) we have

1 11 1 3 27
and for ps = (3/4,1/2,1/4,0) we have
1 3 1 1 20
P —2(1-Z4+9.= - = _,
r(ps) = 7(1- 7 +2-5+3-2+40) =5

One might reasonably expect the three profiles considered here to be ranked differently, yet the
measures of Foster (2009), Bossert et al. (2012) and Mendola et al. (2011), and the Newtonian measure
of Zheng (2011), all rank them as equal. Our measures distinguish between the poverty profiles ps and
p5. Thus, in our framework, it matters whether the mitigating affluence occurs early, or later on. This,

however, does not imply that it is better for less severe poverty to occur early on, and more severe



poverty to occur later, as is the case in Hoy and Zheng (2011). We do not make any such assumption
and this is evident from a comparison of ps and p4. Here, although the latter profile has less severe
poverty in early periods, it is deemed by our measures to have greater intertemporal poverty because
the episode with the highest severity of poverty in py4 occurs after two periods of poverty while in ps
it occurs after a (mitigating) period of affluence. What is important in our measures is the interplay
between the mitigating effect and the intensification effect. The ranking of poverty profiles depends
on the overall result of this interaction. The proposed measures can also distinguish between p4 and
P5, where in one case poverty has steadily increased and in the other case it has steadily declined.
We now turn to the axiomatic foundations for the proposed affluence-dependent intertemporal

poverty measures.

3.1 A Foundation for Pg

Our first requirement for an individual intertemporal poverty measure is that in trivial cases, where
there is only one time period, the individual intertemporal poverty measure is a reflection of the
income shortfall in that period. This axiom is similar to the single period equivalence axiom proposed

by Bossert et al. (2012).
Ax10M 1 Single period equivalence holds if ¥ p € (0,1], P(p) = p?, where 6 > 0.

Even in the context of a single period, there is scope for a range of judgements as to the relationship
between an income shortfall and poverty. By allowing for a broad range of possible values of 6, we
allow for a broad range of judgements as to the precise nature of this relationship.

The second axiom considers the possibility of partitioning a longer poverty profile into shorter ones
and the relation of the sub-profile measures with the overall measure. This is an additive separability
condition. It is clear from our objective that different periods of poverty will be given different weights
when poverty is aggregated over time. Hence, only a restricted version of separability into specific sub-
profiles is permitted and the timing of the periods which have a non-zero income shortfall is critical.

Similar restrictions on separability were used by Bossert et al. (2012).

Axiom 2 Time decomposability holds if for all periods of length T € N\{1}, all poverty profiles p €
[0,1]7 and all t € {1,...,T — 1} such that p; > 0 and psy1 = 0 then

t T—-1

P(p) = fp(plvapt)_‘_ TP(lea---:pT)-

The axiom means that intertemporal poverty must be equal to a weighted average of two sub-

profiles, where the weights are proportional to the lengths of the two sub-profiles. However, it can



be applied only to situations in which the first sub-profile ends with a poor period and the second
sub-profile starts with a non-poor period.
The next requirement fixes the location of our measurement scale. It concerns only the desirable

case of non-poor profiles.
AxioMm 3 Normalization holds if for all T € N we have P(07) = 0.

Next we focus on axioms which reflect our motivation that poverty in some periods can be mitigated
by preceding periods of affluence. Recall Examples 1 and 2, which demonstrated how an additional
preceding period of non-poverty leads to smaller weights being given to an immediately subsequent
period of poverty. Our next axiom formalizes the intuition that the discounting of a poor period’s

poverty is proportional to the length of the immediately preceding non-poor spell.

Axiom 4 Constant-relative poverty mitigation holds if for all T € N\{1} and all p € (0,1] we have
P(p-el) = P(p-el)/t? for some B3>0 and any t € {1,...,T}.

When 8 = 0, there is no mitigating effect of periods of afluence. On the other hand, 8 > 0 ensures
that non-poor episodes will have an impact on immediately subsequent poor episodes. The axiom also
implies that the greater the length of non-poor spells, the larger will be the discount. However, the
incremental benefit arising from each additional period of affluence (non-poverty) diminishes.

To help clarify these concepts, consider three profiles p = (0,0,2/3), p = (0,2/3,0), and p =
(2/3,0,0). For p there are two affluent periods (ng = 2) before the poor episode, for p there is only
one affluent period (2 = 1) and for p there are none. Thus, unlike the profiles p or P, the poor
episode in p has no possibility of being mitigated by previous affluent periods. Note that for any
profile p =p - €] and p > 0, it will always be the case that t = n; + 1. The axiom of constant-relative
poverty mitigation would then say that the poverty of p and p should be less than that of p, and
given by the following rule (when g = 1)

1 1

P(p) = (1+n3) (p) = 2 P(P).
PO) = PP = 5P

Although the effective rate of discount will depend on the value of 5, what this axiom essentially
proposes is that the level of discount should depend on the number of immediately preceding affluent
periods. Importantly, it does not take into consideration the amount of income during the non-poor
episodes. As discussed above, there may be legitimate reasons for ignoring the amount of income in

non-poor periods, based on lack of income-smoothing opportunities across periods, particularly in a



developing country context, but this is quite a restrictive assumption and we shall later relax this
condition.

It should be noted that there are a number of other possible ways of capturing the mitigating
effect of affluent periods on subsequent poor episodes. A more general axiom could easily be provided
that would accommodate a broader range of methodologies.” Our goal here, however, is to provide an
axiomatic basis for a specific functional form. Thus we concentrate on a particular form of discounting,
as stipulated in the above axiom.

If non-poor episodes have a mitigating effect on poverty, then by a similar intuition, poor episodes
should serve to intensify the experience of subsequent poverty. Our next axiom captures the intuition
that not only do spells of poverty have an exacerbating impact on subsequent poverty, but that the
detrimental impact increases as the length of the poor spell increases. Recall that we use k; to denote

the number of consecutive poor periods, up to and including period ¢.

AXI0M 5 Relative poverty intensification holds if for all T € N\{1}, all p € [0,1]7 such that pr_1 > 0
and pr > 0, and o > 0,

P(p) = P(p1,...,pr—1,0) + kFP(pr - e} ).

Consider a poverty profile where the penultimate period is a poor one. This axiom ensures that
the difference in impact between having a poor and having a non-poor episode in the last period is
not determined solely by the size of the income shortfall in the last period - it is also weighted by
a factor depending on the number of poor periods preceding it. Thus the impact of being poor in
the last period, when there was also poverty previously, is greater than the poverty corresponding to
the income shortfall that is being added. The parameter « allows for a range of judgements as to
the precise impact of the preceding poor periods. For a = 0, previous poor episodes should carry
no additional weight. The larger the value of «, the greater the exacerbating impact of the previous
episodes of poverty.

Combining the above axioms we obtain the following result.

PROPOSITION 1 An intertemporal poverty measure satisfies single period equivalence (Axiom 1), time
decomposability (Aziom 2), normalization (Aziom 3), constant-relative poverty mitigation (Axiom
4) and relative poverty intensification (Aziom 5) if and only if it is the constant-relative affluence-

dependent intertemporal poverty measure Pg.

The following proposition demonstrates that the axioms in Proposition 1 are independent.

See Dutta, Roope and Zank (2011) for a more general stucture for poverty mitigation.
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PROPOSITION 2 The axioms single period equivalence (Axiom 1), time decomposability (Aziom 2),
normalization (Aziom 8), constant-relative poverty mitigation (Aziom 4) and relative poverty inten-

sification (Aziom 5) are independent.

Before moving to the next section, we briefly draw attention to the important issue of truncation.
In general, an individual will have lived prior to the first period for which we have data, and he or she
could have been either affluent or poor in those periods. In our paper, however, we do not take into
consideration any such information. Consider any poverty profile p = (p1,...,pr). If the poverty in
the first time period p; > 0, then by definition n; = 0, and k; = 1. Together they imply that poverty

in the first time period will not be mitigated, and neither will it be intensified.

4 Discussion

In this section we discuss two broad extensions of the proposed measures Pg. Firstly, we relax the
focus axiom and allow for income levels in affluent periods to have some mitigating effect on subsequent
poverty. Secondly, we present a class of measures where the mitigating effect of affluent periods is an

absolute amount, rather than a constant proportion of subsequent poverty levels.

4.1 Focus Axiom

Previously we have highlighted that the Pr measures implicitly adopt the focus axiom and have
provided arguments as to why it may be reasonable to do so. Nevertheless, it is also possible to give
a justification for the amount of income in affluent periods to have a role in mitigating subsequent
poverty. As we have discussed earlier, the mitigating effect in our paper is transmitted through non-
income resources, the quantity of which may clearly depend on the levels of income received. The
amount of assets one can purchase, the level of skills one can acquire or the kind of location that one
may be able to move to clearly may depend on the level of income one has during affluent times. Thus
individuals with higher levels of income may be ‘better prepared’ for future hardships. It is this aspect
that we now try to capture by relaxing the focus axiom.'®

Although the amount of income above the poverty line no doubt helps, it does not necessarily have
a strong correlation with achievements along non-income dimensions (see Sen (1985, 1987), UNDP

(1990)). Thus while we want to capture some impact of income levels in non-poor periods, we wish

to ensure that it does not have a one-to-one effect on mitigating subsequent poverty. We would also

0Note that explictly incorporating the non-income dimensions is not feasible in this context, since all we observe is
the ex-post income distribution for the individual across time.

11



like to relax the focus axiom in such a way that we do not lose the duration aspect inherent in our Pg
measure.
With this in mind, for any profile p, let us define,

t/

Z)\t, ifpp=0forallt=s,...,t

ng =

t=s
0 otherwise
where
v, ifxy >0z
A =

1 otherwise

and v > 1 and § > 1. If v = 1, then Ny = ny, i.e. it is the sum of all the non-poor periods directly
preceding period t. On the other hand, if v > 1, then the mitigating factor is the weighted sum of
all those periods, with the weights being higher in periods where income was § times the poverty line.
The parameter § captures how far above the poverty line income must be for it to carry a higher
weight in the mitigating factor. An alternative axiom, in the spirit of our constant-relative poverty

mitigation axiom (Axiom 4) is the following:

AXIOM 6 Relative poverty mitigation holds if for all T € N\{1} and all p € (0,1] we have P(pel) =
P(pel)/(1 +74)? for B3>0 and any t € {1,...,T}.

Note that, in contrast to Axiom 4, if income in non-poor periods is higher than a certain amount,
the discount will be greater.

By replacing the constant-relative poverty mitigation axiom (Axiom 4) in Proposition 1 by Axiom
6, we can derive the relative affluence-dependent intertemporal poverty measure ﬁR which is defined

as follows.

PROPOSITION 3 An intertemporal poverty measure satisfies single period equivalence (Aziom 1), time
decomposability (Axiom 2), normalization (Azxiom 8), relative poverty intensification (Axiom 5) and

relative poverty mitigation (Axiom 6), if and only if it is

T

~ 1 kg
PR(p) = 7 775])9’ where a)579 > 0.
r ; (1+7)""

4.2 Absolute Mitigation

One may raise two other valid objections with the measure Pr that we have proposed in this paper.

The first issue is that the extent of the mitigation, in absolute terms, depends on the level of poverty.

12



Consider the profile p = (0,p). When p = 1, the absolute size of the mitigation under Pr (given
a = =0 =1)is 0.5. On the other hand when p = 0.5, under the same parameters, Pr would
determine the mitigation to be only 0.25. The greater the size of p is, the greater is the size of the
mitigation.!!

A second possible criticism is that there is no possibility of the mitigating effect of affluence being
able to wipe out subsequent poverty completely, no matter how small the income shortfall is and
no matter how many non-poor episodes precede it. There is room for differing judgements on this
point too. It might instead be argued that the fact that there is still poverty in period ¢t means that,
notwithstanding the mitigating effects of the preceding affluence, there remains a definite problem in
period ¢ that cannot be ameliorated completely. These issues are not unique to Pr and any measure
belonging to the relative mitigation class of measures would be prone to the same criticisms.

To obtain the desired relaxation for the manner in which a poor period can be discounted if
preceded by periods of affluence, we need to replace constant-relative poverty mitigation (Axiom 4)
with an axiom in which there is an absolute mitigating effect.

Before stating the axiom, let us define a function h : Zy — R, such that (1) = 0. The

‘absolute’ poverty mitigation axiom can be formally stated as follows.

AX10M 7 Absolute poverty mitigation holds if for all T € N\{1} and all p € (0,1] we have, for any
te{l,...,T}, P(pef) =max (P(pe]) — h(t),0).

Thus we allow for the possibility that the mitigation from affluent periods may be so high that
poverty arising from a subsequent income shortfall can be completely mitigated. The condition h(1) =
0 ensures that in the absence of any prior periods, there is no discounting.

Our final axiom is a monotonicity condition. It considers two poor profiles of length T', each with
only one episode of poverty, of level p. In one profile the poor episode occurs in period ¢ < T and in the
other profile the poor episode takes place in period (¢ —1) > 1. Note that the static level of poverty in
the poor period is the same in each profile. The axiom stipulates that ¢t — 1 directly preceding periods

of affluence have a greater mitigating impact than ¢t — 2 periods.

AXI0M 8 Monotonic poverty mitigation holds if for all T € N\{1} and all p € (0,1] we have P(p -
el )>P(p-el) foranyte{2,...,T}.

The above two axioms along with single period equivalence (Axiom 1), time decomposability

' A natural counter-argument of course is that the proportion of poverty which is mitigated remains the same, regardless
of the poverty level. This possible criticism is somewhat reminiscent of the charge often made against relative inequality
measures, which register no change in inequality when all incomes are increased by the same proportion. Those who
regard absolute differences in income to be important with respect to inequality would reject such measures.

13



(Axiom 2), normalization (Axiom 3) and relative poverty intensification (Axiom 5), characterize a

class of absolute affluence-dependent intertemporal poverty measures.

PROPOSITION 4 An intertemporal poverty measure satisfies single period equivalence (Aziom 1), time
decomposability (Aziom 2), normalization (Azxiom 3), relative poverty intensification (Aziom 5), ab-
solute poverty mitigation (Aziom 7), and monotonic poverty mitigation (Aziom 8) if and only if it
18
TZmaX(k:tpt f(ng), 0), where a, 0 > 0
pﬁéo

and f : Z, — Ry such that f(0) =0 and f(n; +1) > f(ng).12

5 Conclusions

In this paper we have proposed and characterized new classes of individual-level intertemporal poverty
measures. Our main objective was to account for the mitigating effect of affluent periods, as well as
the debilitating impact of prolonged spells of poverty. We have proposed three broad classes of
measures which, collectively, incorporate a broad range of views as to the impact of affluent periods
on subsequent poor episodes. The first proposed class of measures, Pr, incorporates an intertemporal
version of the focus axiom, as used by Foster (2009) and Bossert et al. (2012), where the mitigating
impact of non-poor episodes is the same, irrespective of the level of affluence in those periods. We
relax this stringent restriction in another class of measures, ﬁR, and allow for the level of income in
non-poor periods to have a role in determining the amount of mitigating impact such periods can
bring. Within the classes of measures proposed, we also allow for two broad views as to the way in
which affluent periods mitigate the level of poverty. In Pg,the mitigating impact is ‘proportional’ to
the level of poverty and, as such, can never ameliorate poverty fully. We also characterize a class
of measures, P4, where the mitigating impact is ‘absolute’ and thus has the potential to completely
eradicate subsequent poverty.

Our measures build on the individual-level measures of Bossert et al. (2012), which also evaluate
individual intertemporal poverty as a weighted average across time of snapshot poverty. The central
innovation in our paper lies in using both the number of preceding affluent periods and the number
of consecutive poor periods to determine the weights. We allow for this to be conducted in a quite
general way, so that different judgements regarding the precise composition of the weights can be

accommodated. Our approach provides added sensitivity, allowing one to distinguish between poverty

12Note that the summation in P4 is over only those periods where p; # 0. This is a technical requirement since in our
paper n; (the number of immediately preceding affluent periods) is not defined when p; = 0.
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profiles which other measures in the literature are unable to. This enhanced sensitivity can be useful
for policy purposes as it allows for a more diversified approach when it comes to allocation of resources.
How precisely a redistribution of wealth or consumption should be implemented in an intertemporal
framework, among the poor and also between the time periods, is an important issue to which a

solution is not immediately apparent. This issue is left for future research.

Appendix: Proofs

PROOF OF PROPOSITION 1: We concentrate on the “only if” part of the proof, as it is immediate to
verify that Pgr satisfies the axioms stated in Proposition 1.

Suppose that P satisfies single period equivalence (Axiom 1), time decomposability (Axiom 2),
normalization (Axiom 3) constant-relative poverty mitigation (Axiom 4) and relative poverty intensi-
fication (Axiom 5). We need to show that for any time period 7' € N and any poverty profile p € [0, 1]
we have P(p) = Pr(p) for an exogenously determined «, 8 > 0 and § > 1. So, take any 7' € N and
any poverty profile p € [0, 1]7.

Suppose T' = 1. In this case single period equivalence holds and P(p) = P(p) = Pgr(p) for some
p € (0,1]. Hence, P(p) = Pr(p) follows.

Assume now that 7' > 1. If p = 07, then by normalization we obtain P(p) = P(07) = 0 = P(0).
Thus, P(p) = Pr(p) follows.

Next we proceed by induction on the number of poor periods, when p # 07. Consider first the
case where there is exactly one poor period. Recall that we represent a T-period poverty profile
p=(p1,...,Ps,-..pT), Wwhere Vt # s, p, = 0 and ps = 1 as el. Thus p =p - el would stand for a
T-period poverty profile p =(p1,...,ps,...pr), where Vt # s, p, = 0 and ps = p

Without loss of generality, we can write p = p - ef where p > 0 and t € {1,...,7}. Thus
P(p) = P(p-el). Then

t T—1
P(p-el) = TP(p -el) + TP(OT_t), by time decomposability,
t
= TP(p -el), by normalization,
t P(p-e}
= T@tﬂel)’ by constant-relative poverty mitigation,
! [1P( )+ = 1P(Ot_1)] by time d bilit
= ——[= — ime decomposabili
T1A—-1 "1} p : y DY ecomposa Ys
P
= T(t;;)’ by normalization,
p9
= T8 by single period equivalence. (2)
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Since ky =1, t = (1 +mny) and V i # t, p; = 0 we can write (2) as

a0
P(p) = Plp-ef) = 5 3 rritss = Palp)

Thus we obtain P(p) = Pr(p).

Suppose now that P(p) = Pgr(p) whenever p contains m poor periods, for some m € {1,...,7 — 1}.
Let p € [0, l]T be any poverty profile, such that the number of poor periodsis m+1. Lett € {2,...,T}
be such that the final poor period is period ¢. Thus t = max{s : 2 < s < T,ps > 0}. From time

decomposability we derive

P(p) = P(pi,...,pt,---,PT)

t Tt
— _P(p.... ~_'p .
T (p1,-- o) + T (Pt41,---,0T)

Now t being the final poor period means that by normalization we get

P(®) = P01, o10) Q

Let s # t be maximal with p; > 0. So s is the last poor period prior to t. Suppose s # t — 1. Then

by time decomposability we obtain

t—s

——P(Pst1y---5Dt) (4)

S
P(p17~"7p57"'7pt):Ep(plv"'ups)—i_ t

Further, P(psi1,...,p:) = P(p; - €l=%) since p; = 0 for all i € {s+1,...,t—1}. Applying single
period equivalence, time decomposability, normalization and constant-relative poverty mitigation and

noting that ks = 1 and ny =t — s — 1, we obtain

ka
P(pst1,---,pt) = WP? (5)

Now consider the case when s =t — 1. Then using relative poverty intensification we get

P(p1,.-. sy »0t) = P(p1,...,ps, 0) + k! P(pre]). (6)

Using time decomposability, single period equivalence and noting that n; = 0, (6) can be written as

P( )= 2 PIL (7)
P1y.--yDPsy---yDt _t P1,-..,Ds (1+nt)’8t
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Now (p1,...,ps) contains m poor periods. Thus, by the induction hypothesis, we have

ki
P(p1,...,ps) = Pr(p1,-..,ps) = szpl where w; = Axn)p (8)

Substituting (8) and (5) into (4) (for the s # t — 1 case) or substituting (8) in (7) (for the s =¢ —1

case) yields

1o~ kopf
P(pl,--.,ps,...,pt)_lz i P
3

ki vt (©)
t = (1+n;)P

* (1+mn)8 ¢

Further, substituting (9) into (3) we obtain

ZS: pl ), kew
— (L+ni)P | (L+m)P

1=

1

P(p):f

Finally, since p; =0 for alli € {s+1,...,t —1} and alli € {t + 1,...,T}, we have

P(p) = ;ZZPZ = Pr(p).

This concludes the proof for the case of m 4+ 1 poor periods, and by induction it follows that

P(p) = Pr(p) for any poverty profile p. This completes the proof of Proposition 1. O

PROOF OF PROPOSITION 2: We demonstrate that axioms single period equivalence (Axiom 1),
time decomposability (Axiom 2), normalization (Axiom 3), absolute poverty mitigation (Axiom 7),
constant-relative poverty mitigation (Axiom 4) and relative poverty intensification (Axiom 5) are
independent by presenting a separate poverty measure that satisfies all the axioms except one. We do
this one at a time for each of the five axioms.

Consider a poverty profile p € [0,1]7. Then the following measure violates single period equivalence

(Axiom 1) but satisfies the other axioms,

“21%
1 + nl

||Mq

The next measure violates time decomposability (Axiom 2) but satisfies the other axioms.
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A measure which violates normalization (Axiom 3) but satisfies the other axioms is given by

10 if peo?

P (P) = T 0
1 ki p; o
e Z )P otherwise
i=1

A measure which violates constant-relative poverty mitigation (Axiom 4) but satisfies the others is

0

PROOF OF PROPOSITION 3: The proof is similar to that of Proposition 1 and is omitted.

PrOOF OF PROPOSITION 4: We concentrate on the “only if” part of the proof, as it is immediate
to verify that P4 satisfies the axioms stated in Proposition 4.

Suppose that P satisfies single period equivalence (Axiom 1), time decomposability (Axiom 2),
normalization (Axiom 3), relative poverty intensification (Axiom 5), absolute poverty mitigation (Ax-
iom 7), and monotonic poverty mitigation (Axiom 8). We need to show that for any time period ' € N
and any poverty profile p € [0,1]7 we have P(p) = Pa(p) for a monotonically increasing function
f:Ry — Ry such that f(0) =0 and f(n;+ 1) > f(ng).

Take any 7' € N and any poverty profile p € [0,1]7. Suppose 7' = 1. Note that k; = 1 and n; = 0.

By absolute poverty mitigation, we have
P(pei) = max (P(pe}) — h(1),0). (10)

By construction let f(n:) = th(t), t = ny + 1. Given h(t) € Ry and t € {1,...,T}, f : Z4 — Ry.
When ¢ = 1, it implies f(0) = (1) = 0. Due to single period equivalence and k1 = 1 we can write
equation (10) as

P(p) = max (sz‘pe, o) = Pa(p).

Assume now that 7> 1. If p = 07, then by normalization we obtain P(p) = P(07) = 0 = P4(p).
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Thus, P(p) = Pa(p).

Next, we proceed by induction on the number of poor periods when p # 07. Consider the case
where there is exactly one poor period. Without loss of generality, we can write p = p - etT where
pe€(0,1]and t € {1,...,T}. Thus P(p) = P(p-el). If t = 1 then, applying single period equivalence,

time decomposability and normalization, and noting that k; = 1 and f(0) = 0, yields

1
P . T _ = 0
(p €] ) Tp )

= %max (k:f‘pe - f(O),O) .

For ¢t > 1 applying time decomposability and normalization, we obtain

Pp-el) = LP(p-el).

=
I
"
=
Z
|
=
3
N
o
S~—
=
=
@
L]
@
-
—~
S
N
I
.y
>
—~
~
N~—
o
<
o
o
=3
w0
-+
Ix]
=
Q
=
o
=

(11)

To show that f(n;) is monotonic, consider another profile P(p - e} ;). Applying (11) we get

P(p-ely) = 7 max (P(p) — f(ni1),0). (12)

By Monotonic mitigation it must be the case that P(p-el ;) > P(p-e]l). Comparing (11) and (12)
and noting that n; = n;—1 + 1, we can show f(n;) > f(n;—1). Applying single period equivalence in

(11) and noting that k; = 1, we can show

P(p-el). = %max (k‘f‘pe - f(nt),()) . (13)

Since p; = 0 for all 7 # ¢, we can write (13) as

T
1
P(p) = Pp-ef) = 2 > max (kfp! = f(n:),0) = Pa(p). (14)
i=1
pi7#0
Suppose now that P(p) = P4(p) whenever p contains m poor periods, for some m € {1,...,T — 1}.

Let p € [0, 1]T be any poverty profile, such that the number of poor periods is m+1. Let t € {2,...,T}
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be such that the final poor period is period ¢t. Thus ¢t = max{s : 2 < s < T,ps; > 0}. From time

decomposability we derive

P(P) = P(plv"'apta"'apT)a

t T—1t
= =P —P .
T (pla 7pt) + T (pt+17 7pT)

Now t being the final poor period means that by normalization we get

P(p) = %P(pl, c D) (15)

Let s # t be maximal with p; > 0. So s is the last poor period prior to t. Suppose s # t — 1. Then

by time decomposability we obtain

t—s
——P(Pst1y---,Dt)- (16)

S
P(p17~"7p87"'7pt):Zp(plw"aps)—i_ t

Further, P(psi1,...,p1) = P(pi-e."%) since p; = 0 for all i € {s+1,...,t—1}. Using (14) and

noting that k; = 1 and ny =t — s — 1, we obtain

t
1 a, 0
P(psst, o) = 7— ;lmax (kz pi — f(m'),O) - (17)
pt7#0
Substituting (17) in (16) we get
s 1 o
P(pla ceoyPsyen 7pt) = ;P(plv e 7ps> + E Z max <k7(,xp7,9 - f(n1)70) . (18)
i=s+1
pt#0

Now consider the case when s =t — 1. Using relative poverty intensification we get

P(plaapsapt) :P(p177p550)+k;tap(ptei) (19)

Applying time decomposability, single period equivalence and using (11) we can write (19) as

s k&
P(pla cee 7p81pt) = ;P(pl? R 7p8) + %max(pf - f(n1)70)7
S 1 o
= ZP(pl, .oy Ds) + n max (k; pf — f(n1),0). (20)

Note that in (20) f(n1) = 0, since ny = 0 by definition. Now (p1,...,ps) contains m poor periods. By
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the induction hypothesis, we have

1< N
P(pb'"aps) = PR(pla"'vps) = ;Zmax (kz pze - f(nl)vo) .
i=1

pi#0

(21)

Substituting (21) into (18) (for the s # ¢t — 1 case) or substituting (21) into (20) (for the s = ¢ — 1

case) yields

t

1g 1
P(p1,....Dsy--- D) = EZ max (k?pf — f(ni),0> +3 Z max(kp! — f(ns),0).
i=1

1=s+1
pi#0 pi#0

Further, substituting (22) into (15) we obtain

t

1 > (e (e
P(p) = 7 | > max (kl Pl — f(m-),0> + ) max(kfp] — f(ni),0)
i—1 i=s+1
70 pi#0

Finally, since p; =0 for all i € {t + 1,...,T}, we have

T
P(p) = 7= > max (Kol — f(n).0) = Pa(p).
t=1

pt7#0

(22)

This concludes the proof for the case of m + 1 poor periods, and by induction it follows that P(p) =

P4(p) for any poverty profile p. It therefore follows that P = P4, which completes the proof of

Proposition 4. O
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