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Abstract

Neuroimaging techniques, such as functional magnetic resonance imaging (fMRI) and
structural MRI, have become essential tools for understanding function and pathology
of the human brain. fMRI allows researchers to identify brain regions associated
with specific cognitive and behavioural processes by measuring blood-oxygen-level-
dependent (BOLD) signals. Structural MRI provides high-resolution mapping of
brain anatomy, allowing for the identification of morphological alternations, such as
white matter lesions, which improves our understanding of neurodegenerative and
cerebrovascular diseases. Despite recent developments in data sharing and availability
of large-scale neuroimaging cohorts, several common analytical challenges remain.
Individual neuroimaging studies often rely on relatively small sample sizes, which
limits statistical power and reduces the generalisability of findings. Many existing
analytical approaches struggle with balancing model complexity, interpretability and
scalability. Another critical limitation is the lack of methods that explicitly model
spatial dependence in neuroimaging data while maintaining computationally efficiency.
Addressing these challenges is crucial for improving the reliability, reproducibility, and
clinical relevance of neuroimaging-based research.

This thesis addresses these challenges by developing statistical methods that explic-
itly capture spatial dependence in neuroimaging data, while ensuring computational
efficiency and strong scalability. The proposed methodological frameworks are built
upon generalised linear models (GLMs) that incorporate spatial components through
spline parametrisations or Gaussian kernels. These models provide flexibility to accom-
modate either globally constant or spatially varying covariates, support probability
or intensity estimation within the regression framework, and enable flexible voxel-
wise statistical testing for spatial homogeneity or group comparisons. To address
computational challenges posed by large-scale neuroimaging datasets, this thesis intro-
duces several dimension reduction and efficiency-enhancing strategies, including model
factorisation, parallel computing, memory-efficient algorithms. In addition, it investi-

gates robust and accurate inference methods, such as standard error estimation using



sandwich estimator, and a bootstrap-based approach for non-parametric inference.
Our proposed methods are applied to two important neuroimaging applications,
demonstrating their interpretability, scalability, and robustness: (1) coordinate-based
meta-analysis (CBMA) of task- or stimulus-based fMRI studies, and (2) brain lesion
probability estimation from T2-weighted MRI data, as well as inference on the spatially
varying effects of risk factors. In the context of CBMA, the developed models offer a
more accurate and spatially smooth approximation of activation intensity functions
from CBMA data. They also enable a systematic investigation of potential sources
of variability. This framework is further extended to accommodate multiple-group
comparisons, allowing for inference on differences in activation patterns across groups.
For brain lesion mapping, similar principles are employed to estimate the voxel-wise
effects of clinical risk factors (such as age and cardiovascular conditions) on lesion

distribution across the brain.



Declaration

I declare that this thesis is entirely my own work, except where specific
reference is made to the work of others. The content of this thesis is
original and has not been submitted, in whole or in part, for consideration
for any other degree or qualification at this or any other university or
institution. Any material that is the outcome of work done in collaboration

is indicated as such within the text.

e The work presented in Chapter 3 has been published in Biostatistics
journal under the title "Neuroimaging Meta Regression for Coordinate
Based Meta Analysis Data with a Spatial Model" (Yu et al., 2024).
This work was also presented as a poster at the Organization for
Human Brain Mapping (OHBM) Annual Meetings in 2021 and 2022.

e The work presented in Chapter 4 shall be submitted for publication
shortly. This work was previously presented as a poster at the
Organization for Human Brain Mapping (OHBM) Annual Meetings
in 2023.

e The work presented in Chapter 5 shall be submitted for publication
shortly.

Yifan Yu

April 2025



Contents

1 Introduction

1.1
1.2

Motivation . . . . . . .

OVErVIEW . . . o o o

2 Background

2.1

2.2

2.3

24

Neuroimaging . . . . . . . . . . . ..
2.1.1 Neuroimaging in Neuroscience . . . . . . . . .. .. ... ...
2.1.2  Functional Magnetic Resonance Imaging (fMRI) . . . . . . ..
2.1.3 Preprocessing in fMRI . . . .. .. .. ... ... ...
2.1.4  Structural Magnetic Resonance Imaging (Structural MRI)
2.1.5 Large-scale Neuroimaging Datasets . . . . .. . ... ... ..
2.1.5.1 Neurosynth . . . ... ... ... ... ... ..
2.1.5.2 UK Biobank . . .. ... ... ... ... .. ..
Statistical Modelling in Neuroimaging . . . . . . . .. ... ... ...
2.2.1 Generalised Linear models (GLMs) . . . ... ... ... ...
2.2.2  Estimation Methods . . . ... ... ... ... ... .....
2.2.3  Optimisation and Computation . . . . . ... ... ... ...
Neuroimaging Statistics . . . . . . . . . ... ... L.
2.3.1 Global Tests of Model Fitness . . . . .. ... ... ... ...
2.3.2  Localised Inference Using Chi-square Tests . . . . . . . . . ..
2.3.3 Robust Variance Estimation (Sandwich Estimator) . . . . ..
2.3.4 Multiple Comparison Correction . . . . . . . .. ... .. ...
2.3.5  Resampling and Bootstrapping Techniques . . . . . . . . . ..
Meta-Analysis in Neuroimaging . . . . . . . . . . . . ... ... ...
24.1 Meta-Analysis . . . . . ..o
2.4.2 Image-Based Meta-Analysis (IBMA) . . ... ... ... ...
2.4.3 Coordinate-Based Meta-Analysis (CBMA) . . ... ... ...
2.4.4 CBMA Datasets and Repositories . . . . . . . ... ... ...



2.5  White Matter Hyperintensities (WMHs) . . ... .. ... ... ... 42

2.5.1 Clinical Relevance and Pathophysiology . . . ... ... ... 43
2.5.2  MRI Characteristics and Imaging Modalities . . . . . . . . .. 44
2.5.3 WMH Segmentation . . .. ... ... ... ... ... ... 45
2.6 Contributions of Thesis . . . . . . . . . .. ... ... ... ..., 47

Neuroimaging Meta Regression for Coordinate Based Meta Analysis

Data with a Spatial Model 49
3.1 Introduction . . . . . . . . ... 49
3.2 Methods . . . . . . . . 52
3.2.1 Deterministic model . . . . .. ... 0oL 53
3.2.1.1  Generic regression structure . . . . . .. .. ... .. 53

3.2.1.2 Spline parameterization . . . . . . ... .. ... .. 53

3.2.2 Stochasticmodel . . . . ... ... ... L 55
3.2.2.1 Poisson model . . . . ... ... oL 56

3.2.2.2 Negative Binomial model . . . . .. ... ... ... 57

3.2.2.3 Clustered Negative Binomial model . . . . . . . . .. 58

3.2.2.4  Quasi-Poisson model . . . . .. ... ... L. 60

3.2.3 Model factorisation . . . . . .. ... ... ... 60
3.2.4 Model optimisation . . . . . ... ... 62
3.2.5 Statistical inference . . . . ... ..o o0 64
3.2.5.1 Global test of model fitness . . . .. ... ... ... 64

3.2.5.2  Localised inference with Wald tests on uf](- and 77;-); .. 65

3.2.5.3 Inference on publication-level covariates . . . . . .. 66

3.3 Experiments . . . . . . ... 66
3.3.1 Simulation settings . . . . . ... ... oL 66
3.3.2 Applications to 20 meta-analytic datasets . . . . . . ... ... 67

34 Results. . . .. . . 68
3.4.1 Simulationresults . . . . .. ... 0oL 68
3.4.2 Results from 20 meta-analytic datasets . . . . . ... .. ... 70
3.4.3 Comparison with ALE . . ... ... ... ... ... ..... 72
3.4.4 Effect of publication-level covariates . . . . . . . .. ... ... 76

3.5 Discussion . . . . .. 76
3.6 Software . . . . . . . ... 78

i



4 CBMR: Meta Regression and Inference for Coordinate Based Meta

Analysis Data Across Multiple Groups 82
4.1 Introduction . . . . . . . . ... 83
4.1.1 Background . . . .. ... L oo 83
4.1.1.1 Spatial model: spline parameterization . . . . . . . . 85

4.1.1.2 CBMR parameter estimation . . . ... .. .. ... 86

4.1.1.3 Inference . . .. .. ... ... oL 87

4.1.2 Preliminaries . . . . . . . . .. ... ... 89
4.1.2.1 The single-group CBMR . . . . . .. ... ... ... 89

4.1.2.2 The multi-group CBMR . . . . . ... ... ... .. 90

4.2 Methods . . . . . .. 91
4.2.1 The CBMR pipeline . . . ... ... ... ... ... ... 91
4.2.1.1 Input specification . . . . . ... ... L. 92

4.2.1.2  Meta-regression . . . . . . ... 94

4.2.1.3 Parameter estimation . . . ... .. ... ... ... 97

4.2.1.4 Meta-inference and output . . . . .. .. ... 99

4.2.2 Simulation methods . . . . . . . ... ... 102
4.2.3 Real data methods . . . .. ... ... ... ... 104

4.3 Results. . . . . .. 106
4.3.1 Simulationresults . . . . . . ... oo 106
4.3.1.1 Parameter optimisation . . . . ... ... ... ... 106

4.3.1.2 Computation time . . . . . ... ... ... ..... 106

4.3.1.3 Validation of the Meta-inference stage . . . . . . .. 107

4.3.2 Realdataresults . . ... ... .. .. ... ... ... ... 110
4.3.2.1 Model comparison . . . .. ... ... ... ... 110

4.3.2.2 Analysisresults . . . . ... ..o 111

4.3.2.3 Computation time . . . . . ... ... ... ..... 114

4.4 Discussion and conclusion . . . . .. ... .. L. 116

5 Efficient Lesion Estimation Using a Spatial Poisson Process and a

Scalable Approximate Model 119
5.1 Introduction . . . . . . .. ..o 119
5.1.1 Mass-Univariate Methods and Bayesian Methods . . . . . .. 121
5.1.2  Spatial model . . . . . ..o oo 122
5.1.3 Parameter estimation . . . . . . ... ... oL L. 123
5.1.4 Statistical Inference . . . . . . . ... oL 126

il



5.2 Methods . . . . . . L 127

5.2.1 Generic GLM structure . . . . . . ... ... 127
5.2.2 Scalable approximate model factorisation . . . . . . . . .. .. 129
5.2.3 Statistical inference . . . . . ... .o oL 133
5.3 Simulation study . . . . . ... 136
5.3.1 Data generation process . . . . . . . ... ... ... ... .. 137

5.3.2 Regression and inference for probability estimation using the
full model . . . . . .. . ... 138

5.3.3 Regression and inference for probability estimation using the

scalable approximate model factorisation . . . . . .. ... .. 140

5.4 UK Biobank Application . . . . . . .. ... ... ... ... ..., . 143
5.4.1 Dataset description and pre-processing steps . . . . . . . . .. 143

5.4.2 Estimation accuracy and computational efficiency . . . . . . . 145

5.4.3 Statistical inference . . . . . . ... L0 151

5.5 Discussion . . . . ... L. 153

6 Conclusions and Future Direction 156
6.1 Conclusions . . . . . . . . . . . 156
6.2 Future Directions . . . . . . . . . . .. ... 157

A Appendix for Neuroimaging Meta Regression for Coordinate Based

Meta Analysis Data with a Spatial Model 161
A.1 Detailed derivation of stochastic models. . . . . . ... .. ... ... 161
A.1.1 Poissonmodel . . . . . ... ..o 161
A.1.2 Negative Binomial (Poisson-Gamma) Model . . . . .. .. .. 162
A.1.3 Moment Matching Approach . . . . . . . ... ... ... ... 163
A.1.4 Evaluating the effectiveness of moment matching approach . . 164
A.1.5 Two-stage hierarchy Poisson-Gamma model . . . . .. .. .. 165
A.1.6 Covariance structure in Clustered NB model . . . . . . . . .. 166
A.2 Deterministic model . . . . . ... ... .. 168
A.2.1 Model factorisation: Poisson model . . . . . . ... ... ... 168
A.2.2 Model factorisation: NBmodel . . . ... ... ... ..... 169
A.2.3 Model factorisation: clustered NB model . . . . . . ... ... 171
A.2.4 Using IRLS to Optimize the Quasi-Poisson Model . . . . . . . 171
A.2.5 Using the Delta Method to Estimate the Standard Errors of n*
and X .. 173
A.3 Simulation studies to validate the spatial design matrix in CBMR . . 174

v



A.3.1 Cubic B-spline basis and Gaussian kernel basis functions . . . 174
A.3.2 Sensitivity analysis on knots locations, numbers and degree of

B-spline basis . . . . . ... 176

A.4 Statistical inference and generalised linear hypothesis testing . . . . . 182

A.4.1 Contrasts on regression coefficient of publication-level covariates 182

A.4.2 PP-plots of spatial homogeneity tests for each 20 meta-analytic

datasets . . . . . .. 183

A.4.3 Likelihood-based comparison between Poisson, NB and clustered
NBmodel . . . . . . ... . 183
A.4.4 Effect of publication-level covariates . . . . . . ... ... ... 184
A.5 Comparison of ALE and CBMR activation maps . . . . . . . .. ... 184
A.6 Comparison with Bayesian LGCP regression . . . . .. .. ... ... 184

B Appendix for CBMR: Meta Regression and Inference for Coordinate

Based Meta Analysis Data Across Multiple Groups 198
B.1 Roughness penalty of spline bases . . . . . . ... ... ... ..... 198
B.2 Log-likelihood function in CBMR regression . . . . .. .. ... ... 200
B.2.1 Model factorisation: Poisson model . . . . . . ... ... ... 200
B.2.2 Model factorisation: Negative Binomial (NB) model . . . . . . 201
B.3 Group-Wise Comparison of Activation Regions . . . . . . . . ... .. 203

C Appendix for Efficient Lesion Estimation Using a Spatial Poisson

Process and a Scalable Approximate Model 205
C.1 Generic GLM structure . . . . . . . . .. ... .. ... ... ... 205
C.1.1 Poisson approximation for low-rate Bernoulli distributions . . 205

C.1.2 Incorporation of quadratic and cubic terms in the covariate matrix206
C.1.3 Modelling age effects with linear or cubic terms in UK Biobank

data . . . . .. 209

C.2 Model factorisation . . . . . . . . . ... ... o 210

C.2.1 Scalable approximate multivariate modelling of binary image data210

C.2.2 Assessing inference validity in the scalable approximate model

factorisation . . . . . . . ... 213

C.3 UK Biobank Application . . . . . . . . .. .. ... ... ... .... 213
C.3.1 Statistics maps for inference using UK Biobank data . . . . . 213
Bibliography 217



Chapter 1

Introduction

1.1 Motivation

Over the past few decades, neuroimaging has become essential to advancing our under-
standing of brain function and pathology. Functional neuroimaging modalities such
as functional magnetic resonance imaging (fMRI) and positron emission tomography
(PET) infer neural activity by measuring changes in cerebral blood flow, oxygenation
levels, and metabolic processes [Logothetis, 2008, Raichle, 1998]. These techniques
have significantly contributed to cognitive neuroscience by allowing researchers to
identify brain regions associated with a wide range of cognitive processes, such as per-
ception, memory, attention, and decision-making [Cabeza and Nyberg, 2000, Petersen
and Posner, 2012]. Complementing functional methods, structural magnetic resonance
imaging (MRI) provides high-resolution anatomical images, which are essential for
identifying and characterising structural brain abnormalities. For example, white
matter lesions, which are frequently observed in ageing populations and are associated
with neurological conditions such as small vessel disease and dementia, can be readily
visualised using structural MRI [Wardlaw et al., 2013b, Debette and Markus, 2010].

As the field of neuroimaging has rapidly expanded, so too has the need to synthesise
findings across individual studies. Neuroimaging research often faces limitations such as
small sample sizes, heterogeneous methodologies, and diverse data analysis pipelines.
These issues reduce statistical power and increase the likelihood of false-positive
results, previous studies estimate that 10 — 20% of reported activation coordinates

in fMRI research may reflect spurious rather than true effects [Eickhoff et al., 2012,



Button et al., 2013]. To address these limitations, researchers increasingly employ meta-
analytic approaches that aggregate evidence from multiple studies to improve statistical
robustness and reveal consistent activation patterns across diverse experimental designs
[Turkeltaub et al., 2002, Fox et al., 2005].

Coordinate-based meta-analysis (CBMA) remains one of the most widely adopted
methods in neuroimaging meta-analysis. In contrast to image-based meta-analysis
(IBMA), which requires access to full statistical parametric maps, CBMA relies solely
on reported peak activation coordinates extracted from published studies. Its promi-
nence is largely attributable to historical limitations in data sharing, when entire
statistical maps were rarely available. These constraints led to the development of
large-scale coordinate databases such as BrainMap [Laird et al., 2005] and Neurosynth
[Yarkoni et al., 2011], which aggregate activation foci across thousands of studies.
Despite its widespread application, CBMA is constrained by the inherent sparsity
and incompleteness of coordinate-based data. Specifically, it lacks critical information
regarding the spatial extent and statistical magnitude of activation clusters, which
restricts the precision of effect size estimation and increases uncertainty in the locali-
sation of true effects [Salimi-Khorshidi et al., 2009, Eickhoff et al., 2009]. Additionally,
heterogeneity in statistical thresholding, reporting practices and anatomical labelling
across studies further contributes to variability in the meta-analytic results [Samart-
sidis et al.,; 2019|. These limitations can affect the validity of statistical inferences,
particularly when estimating the consistency of activation across studies or comparing

effects between experiment conditions.

In parallel, structural neuroimaging research has focused on brain abnormalities such
as white matter hyperintensities (WMHs), which are frequently observed in ageing
populations. WMHs appear as regions of increased signal intensity on T2-weighted and
fluid-attenuated inversion recovery (FLAIR) MRI sequences and are widely recognised
markers of cerebral small vessel disease [Wardlaw et al., 2013b, Debette and Markus,
2010|. Their presence and volume are strongly associated with vascular risk factors,
including hypertension, diabetes, smoking and hypercholesterolemia [DeCarli et al.,
2005b, Schmidt et al., 1999]. The spatial distribution of WMHs, particularly in
periventricular and deep white matter regions, has been associated with cognitive
impairment, reduced processing speed, executive dysfunction and an increased risk
of developing dementia [Gunning-Dixon and Raz, 2000, Debette and Markus, 2010].
Quantifying and mapping WMHs is essential for understanding their clinical relevance.

Modern lesion mapping methods often involve estimating voxel-wise lesion probabilities



across the brain and assessing their associations with demographic and clinical risk
factors [Rostrup et al., 2012]. These analyses provide valuable insights into the
underlying mechanisms of disease, support early risk stratification, and inform the

development of personalised prevention and intervention strategies.

Despite differences in data types and research objectives, CBMA and lesion mapping
share common methodological challenges, most notably, the need to accurately model
spatial dependence across brain regions. Conventional voxel-wise statistical approaches
typically treat each voxel independently, ignoring the inherent spatial correlations
present in neuroimaging data. This assumption of independence can result in ineffi-
cient parameter estimates, inflated false positive rates and reduced statistical power,
ultimately leading to results that are difficult to interpret or potentially misleading
[Worsley et al., 2002, Nichols and Holmes, 2002]. Accounting for spatial structure
is particularly critical in large-scale neuroimaging datasets such as the UK Biobank
[Miller et al., 2016] and the Adolescent Brain Cognitive Development (ABCD) study
[Casey et al., 2018]. These datasets also highlight the growing demand for statistical
methods that are both spatially informed and scalable, while remaining computation-
ally efficient. As neuroimaging studies continue to increase in size and complexity, there
is an growing need for analytical approaches that balance computational feasibility

with statistical rigour and interpretability [Bowring et al., 2019].

Although recent advances in Bayesian spatial models have enabled the explicit incor-
poration of spatial dependence in neuroimaging analyses, offering improved accuracy
and more interpretable results [Bowman, 2007, Montagna et al., 2018], these models
typically rely on computationally intensive algorithms, such as Markov Chain Monte
Carlo (MCMC), and often require parallel computing or approximation techniques
for practical implementation [Rue et al., 2009]. While these methods are well-suited
for capturing complex spatial patterns, their high computational demands present
significant challenges when scaling to large neuroimaging datasets. In contrast, classi-
cal mass-univariate approaches, although simple and computationally efficient, fail
to account for spatial dependence and may produce unstable or suboptimal results,
particularly in sparse or noisy data scenarios. This trade-off between model complexity
and computationally feasibility remains a central challenge in developing robust and

scalable frameworks for neuroimaging analysis.

Given these limitations, there remains a clear and ongoing need for methodological

frameworks that explicitly model spatial dependencies, flexibly incorporate publication-



level covariates or clinical risk factors, and scale efficiently to large neuroimaging
datasets. The objective of this thesis is to develop practical statistical approaches
that strike a balance between interpretability, statistical validity and computational
efficiency, thereby facilitating robust and reproducible analyses in neuroimaging

research.

1.2 Overview

This thesis presents a unified methodological framework to address key analytical
challenges in neuroimaging. Through three interconnected projects, it advances
statistical methods that explicitly model spatial dependencies, incorporate covariates
that are either globally consistent or spatially varying, and ensure scalability for large

and complex datasets.

Chapter 3 addresses foundational methodological challenges in coordinate-based meta-
analysis (CBMA), a widely used technique for synthesising activation coordinates
reported across multiple fMRI studies. Existing CBMA approaches include kernel-
based methods, which offer limited statistical interpretability and flexibility, and
Bayesian methods, which provide greater interpretability but are computationally
intensive. To overcome these limitations, this project introduces a frequentist spatial
generalised linear model (GLM) that employs spline-based smoothing to explicitly
capture spatial dependence. This model also supports meta-regression with publication-

level covariates, enabling the investigation of heterogeneity across studies.

Chapter 4 extends the framework introduced in Chapter 3 to accommodate multi-group
CBMA, addressing the practical need to compare activation patterns across different
experimental or clinical groups, which is a common challenge in cognitive neuroscience.
The proposed multi-group model estimates group-specific spatial intensity functions
while sharing globally consistent publication-level covariates. To mitigate issues related
to data sparsity (i.e., insufficient numbers of foci per group), the model incorporates
regularisation techniques alongside robust inference procedures based on bootstrapping
and resampling. These improvements ensure numerical stability and valid statistical
inference even in challenging scenarios. The methodological developments from this
project have been implemented as a module within NIMARE, an accessible, open-

source software library.



Finally, Chapter 5 demonstrates the broader applicability of the spatial modelling
framework by extending its statistical principles to a different neuroimaging task:
voxel-wise lesion probability mapping using structural MRI data. Unlike CBMA, which
aggregates sparse data across multiple studies, lesion mapping utilises individual-level
imaging data to estimate how clinical risk factors (such as age, hypertension, or genetic
markers) influence lesion incidence across the brain. Conventional mass-univariate
methods for this task ignore spatial dependencies, while advanced Bayesian spatial
models are computationally intensive for large-scale datasets. To bridge this gap, we
propose a spatial GLM approach specifically adapted for lesion data, again leveraging
spline-based smoothing, scalable computational strategies through model factorisation,
and robust inference techniques. These methodological innovations ensure an efficient
and reliable estimation of lesion probability maps, even in large datasets such as the
UK Biobank [Miller et al., 2016].

Taken together, these three projects demonstrate how a cohesive spatial modelling
framework can be effectively applied across a broad range of neuroimaging analy-
ses. Progressing from single-group meta-regression to multi-group comparisons, and
ultimately to individual-level lesion mapping, the thesis highlights the flexibility, gen-
eralisability, and practical utility of spatially informed GLMs. Collectively, this work
provides the neuroimaging community with robust, interpretable, and computationally
efficient analytical tools that enhance the reliability and reproducibility of scientific

discovery.



Chapter 2

Background

In this chapter, we provide background material that forms the foundation of our
research. We begin with a broad overview of neuroimaging modalities and their
applications in neuroscience in Section 2.1. Section 2.2 then introduces statistical
modelling techniques for neuroimaging data, with a focus on the structure of generalised
linear models (GLMs) and their estimation and optimisation methods. In Section 2.3,
we outline key statistics preliminaries that are employed throughout this thesis. Finally,
Sections 2.4 and 2.5 describe the two primary neuroimaging applications to which
our proposed methods are applied: meta-analysis in neuroimaging studies, and the
clinical relevance, pathophysiology and segmentation of white matter hyperintensities

(WMHs).

This chapter provides a concise overview of key neuroimaging statistics concepts
referenced throughout this thesis. It is not intended as a comprehensive introduction
and therefore omits detailed explanations of concepts that are not central to the core
contributions of this work. Additional information related to Section 2.1, Section 2.4
and Section 2.5 can be found in Poldrack et al. [2011], Jenkinson and Chappell [2018§]
and Brown and Semelka [2011]. Broader neuroimaging statistical methods discussed in
Section 2.2 and 2.3 are covered in more detail by Lazar [2008], Fox [2015] and Dobson
and Barnett [2018].



2.1 Neuroimaging

In this section, we first provide a brief introduction to neuroimaging applications
in neuroscience (Section 2.1.1). We then narrow the focus to task- or stimulus-
based functional magnetic resonance imaging (fMRI) and T2-weighted structural
MRI, discussed in Sections 2.1.2 and 2.1.4, respectively. Following this, Section 2.1.3
outlines the standard preprocessing pipeline used for fMRI data prior to statistical
analysis. Finally, Section 2.1.5 presents several examples of publicly available large-
scale neuroimaging datasets, reflecting the growing emphasis on data sharing and

open access practices within the neuroscience research community.

2.1.1 Neuroimaging in Neuroscience

Historically, neuroscience as a distinct and integrative scientific discipline has expe-
rienced rapid growth over the past few decades, although its foundations date back
much further. Early investigations of the nervous system can be traced to ancient civi-
lizations, while systematic neuroanatomical studies began in the 19th century [Finger,
2001, Shepherd, 2015]. Modern neuroscience began to take shape in the latter half of
the 20th century, driven by major breakthroughs in molecular and cellular biology, such
as the discovery and characterisation of ion channels and neurotransmitters [Kandel,
2001], as well as advances in electrophysiological techniques, notably the development
of patch-clamp recording for measuring neuronal activity at the single-cell level [Neher
and Sakmann, 1976]. At the same time, the emergence of non-invasive neuroimaging
techniques, including magnetic resonance imaging (MRI), functional MRI (fMRI),
positron emission tomography (PET), and electroencephalography (EEG), provided
unprecedented insights into the structure and function of the living human brain
[Raichle, 2009]. Over the past thirty years, neuroscience has evolved into a highly
interdisciplinary and data-intensive field, integrating perspectives and methodologies
from biology, psychology, physics, computer science, mathematics, and biomedical
engineering. This convergence has allowed researchers to investigate the brain across
multiple spatial and temporal scales, from molecular signalling and synaptic transmis-
sion to complex neural circuits and large-scale brain networks underlying perception,

cognition and behaviour [Sejnowski et al., 2014].

Neuroimaging methods have become central to neuroscience research, providing



powerful non-invasive tools for investigating how the brain gives rise to cognitive
functions, emotional states, and behavioural responses. Among these techniques,
fMRI has emerged as one of the most widely used modalities. By measuring blood-
oxygen-level-dependent (BOLD) signals as an indicator of neural activity, fMRI
enables researchers to identify and characterise brain regions and large-scale functional
networks involved in various cognitive processes [Ogawa et al.; 1990, Logothetis, 2008|.
This approach has profoundly advanced our understanding of the neural correlates
of attention, memory, language, decision-making, and affective processing [Petersen
and Sporns, 2015]. Complementary to fMRI, EEG and MEG offer millisecond-
level temporal resolution, making them indispensable for investigating the timing of
neural events. EEG, in particular, is valuable for studying event-related potentials
(ERPs), which reveal the sequential stages of sensory processing and decision-making
[Luck, 2014]. Similarly, MEG has been used to capture the fast dynamics of neural
oscillations during language comprehension, perceptual integration, and other cognitive
processes |Baillet, 2017]. These electrophysiological techniques can detect rapid neural
communication that fMRI (with slower temporal resolution) may overlook. To achieve
a more comprehensive understanding of both the timing and localisation of brain
activity, EEG or MEG is often combined with fMRI in multimodal neuroimaging
studies [Debener et al., 2006]. Meanwhile, PET enables non-invasive visualisation of
biochemical processes and molecular targets in the living brain. By using radiolabelled
tracers, PET can measure neurotransmitter system activity, receptor binding potential,
and metabolic processes during specific cognitive or emotional states. However, due to
its limited temporal resolution, PET is better suited for examining sustained mental
states rather than capturing rapid, event-related neural responses. Additionally,
diffusion tensor imaging (DTT) and related diffusion-based techniques are widely used
to map structural brain connectivity by measuring the anisotropic diffusion of water
molecules along white matter tracts [Basser et al., 1994]. In cognitive neuroscience,
DTT has proven invaluable for exploring how the microstructural integrity of specific
white matter tracts (often quantified using metrics such as factional anisotropy (FA))
relates to individual differences in cognitive functions, including executive control and

working memory [Madden et al., 2008].

Neuroimaging methods are also essential tools in clinical neuroscience, supporting the
diagnosis of neurological disorders, guiding therapeutic interventions, and monitoring
disease progression. MRI, with its high anatomical resolution, is routinely used

to detect brain tumours, strokes and neurodegenerative atrophy |[Wardlaw et al.,



2013b|. In neurosurgical planning, particularly for brain tumours, task-based fMRI is
increasingly employed pre-surgically to localise critical functional areas such as the
language and motor cortices, relative to the lesion [Petrella et al., 2006, Bizzi et al.,
2008]. DTT is another valuable technique: when tumours are located near key white
matter pathways, DTI can reveal displacement or infiltration of these fibres, allowing
surgeons to plan safer surgical routes that minimise damage to essential tracts [Wedeen
et al., 2008, Essayed et al., 2017|. Together, these imaging modalities provide crucial
information to guide decisions about whether to operate and how to maximise tumour

resection while preserving neurological function.

In clinical psychiatry, neuroimaging is not yet routinely used for diagnosis, but research
findings are increasingly being translated into potential biomarkers. For example,
PET has been employed to visualise neurotransmitter abnormalities, in psychiatric
conditions such as depression or schizophrenia [Howes and Kapur, 2009]. fMRI and
EEG are also being explored as tools for identifying biomarkers, including altered
functional connectivity in major depressive disorder and distinctive EEG patterns in
autism spectrum disorder [Drysdale et al., 2017, Dinstein et al., 2012]. One emerging
area is pain assessment, where fMRI patterns have been investigated as objective
correlates of pain perception [Woo et al., 2017|. Although such applications remain
largely experimental, they demonstrate the growing potential of neuroimaging methods

to impact clinical practice and even extend into commercial domains.

Neuroimaging technology continues to advance rapidly, offering higher spatial and
temporal resolution, faster acquisition time, and novel capabilities are expanding
the boundaries of brain research. High-resolution imaging, in particular, has seen
dramatic progress with the development of ultra-high-field MRI scanners (e.g. 7
Tesla and beyond), which provide finer anatomical detail and greater sensitivity to
microstructural features [Ugurbil, 2014]. These advancements have enabled more
precise mapping of brain morphology, including detailed measurements of cortical
thickness, surface area, and gyrification [Fischl, 2012]. In functional imaging, the
implementation of multiband echo-planar imaging (EPI) has substantially increased
temporal resolution, allowing researchers to capture rapid fluctuations in brain activity

and enhance functional connectivity analyses [Smith et al., 2013].

Another major frontier in neuroimaging is the integration of machine learning and Al,
which is rapidly transforming data analysis, interpretation and clinical translation. In

structural and functional MRI, a wide range of machine learning algorithms, ranging



from classical models such as support vector machines (SVMs) and random forests
to more advanced deep learning architectures like convolutional neural networks
(CNNs) and graph neural networks (GNNs), have been applied to diverse tasks [Wen
et al.,; 2020, Ktena et al., 2018]. These tasks include brain tissue segmentation,
lesion detection, disease classification and the prediction of behavioural and cognitive
phenotypes [Lundervold and Lundervold, 2019, Litjens et al., 2017|. By capturing
complex spatial and temporal patterns in high-dimensional neuroimaging data, these
models can uncover subtle brain-behaviour relationships and facilitate data-driven
discovery of imaging biomarkers, and identify early indicators of neurological and

psychiatric disorders [Vieira et al., 2017].

2.1.2 Functional Magnetic Resonance Imaging (fMRI)

Functional magnetic resonance imaging (fMRI) is a non-invasive neuroimaging tech-
nique that enables the investigation of brain activity by detecting changes in blood
oxygenation and cerebral blood flow associated with neural activation. These changes
are typically captured through the blood-oxygen-level-dependent (BOLD) signal, which
reflects the ratio of oxygenated to deoxygenated hemoglobin, as an indirect indicator
of local neuronal activity. fMRI can be applied in both resting-state paradigms, where
participants are not engaged in any specific task, and task-based paradigms, in which
participants perform cognitive, sensory, or motor tasks designed to elicit specific
brain responses [Ogawa et al., 1990, Smith et al., 2009]. In both approaches, fMRI
involves the acquisition of a time series of T2*-weighted images, typically collected at
repetition times (TRs) ranging from 1 to 3 seconds. This results in a four-dimensional
dataset (three spatial dimensions over time) that captures temporal fluctuations in
BOLD signal across the brain. By analysing these signal changes, researchers can
identify brain regions or large-scale functional networks whose activity is temporally
correlated with either externally presented stimuli (in task-based fMRI studies) or
spontaneous intrinsic neural activity (in resting-state studies). Such analyses allows
the investigation of functional connectivity, revealing coherent patterns of activity
across different brain regions. This temporal information is critical for understanding
the dynamic organisation of functional brain networks [Poldrack et al., 2011, Power
et al., 2011].

fMRI offers relatively high spatial resolution (typically in the range of 2 — 3 mm

isotropic), which allows for precise localisation of brain activity at the level of cortical
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Figure 2.1: Physiological factors influencing the BOLD response. In response to
a stimulus, the BOLD signal is modulated by a combination of neuronal activity,
cerebral blood flow (CBF), cerebral blood volume (CBV) and the cerebral metabolic
rate of oxygen consumption (CMRO,). This illustration is adapted from the models
presented in Buxton [2012].

and subcortical structures [Logothetis, 2008]. However, its temporal resolution is
inherently constrained by the characteristics of the haemodynamic response function
(HRF), as illustrated in Figure 2.1. The BOLD signal reflects vascular responses to
underlying neuronal activity, typically peaking around 4 — 6 seconds after stimulus
onset and returning to baseline within 12 — 20 seconds |Glover, 1999|. As a result,
fMRI is less suited for capturing rapid or transient neural events compared to elec-
trophysiological methods like EEG or MEG. Despite this limitation, fMRI remains
one of the most powerful and widely used neuroimaging tools in cognitive, affective,
and clinical neuroscience. It enables non-invasive mapping of brain function and
supports investigations into the neural correlates of psychological processes, including
perception, attention, memory, language, emotion, and decision-making [Poldrack
et al., 2011].

Recent advances in acquisition methods, such as multiband imaging, have significantly
improved temporal resolution, enabling whole-brain coverage with shorter repetition
times (TRs) [Feinberg and Yacoub, 2012|. In parallel, novel analytical approaches
such as functional connectivity analysis, independent component analysis (ICA),

and graph-theoretical modelling, have significantly expanded the utility of fMRI
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beyond the investigation of localised brain activation. These methods allow for the
characterisation of large-scale functional brain networks and facilitate research into
how patterns of inter-regional communication are altered in various neurological and

psychiatric disorders [Smith et al., 2011, van den Heuvel and Sporns, 2019].
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Figure 2.2: Event-related (left) and block (right) designs in task-based fMRI. For
each experimental design, the predicted BOLD signal is obtained by convolving the
stimulus onset timing (top) with an approximation of the haemodynamic response
function (HRF, bottom).

Among the two principal paradigms in fMRI: resting-state fMRI and task-based fMRI,
this thesis primarily focuses on task-based fMRI. In task-based fMRI, participants
engage in specific cognitive, sensory or motor tasks during image acquisition, enabling
the identification of brain regions whose activity is modulated by experimentally
controlled conditions [Poldrack et al., 2011]. Experimental designs in task-based f{MRI
typically follow one of three formats: block designs, even-related designs, or hybrid
combinations. As illustrated in Figure 2.2, block designs group similar stimuli or tasks

into discrete time intervals (blocks), which improves statistical power by eliciting strong
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and sustained BOLD signal changes [Friston et al., 1999]. In contrast, event-related
designs present stimuli in a randomised and temporally separated format, which
allows for finer temporal resolution and the modelling of transient neural responses
[Josephs et al., 1997]. The choice of design depends on the cognitive precesses under
investigation, as well as the trade-offs between signal strength, temporal resolution,
and flexibility.

Experimental conditions in task-based fMRI are typically modelled using the general
linear model (GLM), which estimates the relationship between the observed BOLD
signal and a set of predicted haemodynamic responses based on the timing and nature
of experimental stimuli [Friston et al., 1994al. This involves convolving the onset
times of each condition with a canonical haemodynamic response function (HRF),
which approximates the delayed and dispersed nature of the BOLD response following
neural activation. The resulting design matrix allows for voxel-wise statistical inference
to identify brain regions whose activity is significantly associated with specific task
conditions [Poldrack et al., 2011].

2.1.3 Preprocessing in fMRI

fMRI data require extensive preprocessing prior to statistical analysis to correct for
various sources of noise and artefacts, and to standardise the data across subjects and
scanning sessions. These preprocessing steps are essential for enhancing data quality,
improving the signal-to-noise ratio (SNR) and ensuring accurate spatial alignment of
anatomical structures across participates [Poldrack et al., 2011, Esteban et al., 2019].

The most commonly used preprocessing procedures are summarised below:

e Distortion Correction is a critical step that compensates for spatial defor-
mations in acquired fMRI images, primarily caused by magnetic field inho-
mogeneities. These distortions are most pronounced in echo-planar imaging
(EPI), and are particularly evident in regions near air-tissue interfaces due to
susceptibility-induced magnetic field gradients. Accurate distortion correction
improves co-registration between functional and anatomical images, enhances
anatomical fidelity and increases the validity of group-level analyses in functional

imaging studies [Jezzard and Balaban, 1995, Poldrack et al., 2011].
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e Motion Correction addresses artefacts introduced by head movement during
image acquisition, which can significantly degrade the quality and reliability
of fMRI data. Even subtle movements can introduce substantial errors in the
BOLD signal. These motion-related artefacts might result in spurious activations,
temporal misalignment of voxels, reduced sensitivity in detecting true neural
effects, ultimately compromising statistical power and increasing the risk of false
positives and false negatives in group-level analyses. Accurate motion correction
is therefore essential for valid inference in both task-based and resting-state
fMRI studies [Friston et al., 1996, Power et al., 2012, Satterthwaite et al., 2012].

e Bain Extraction involves isolating the intracranial brain from non-brain tissues
in MRI images. These non-brain structures are generally not relevant for most
neuroimaging analyses and, if not removed, can adversely affect downstream
preprocessing steps, including spatial normalisation, inter-subject registration,
tissue segmentation and functional alignment [Smith, 2002|. Inaccurate brain
extraction might lead to distorted estimates of brain morphology, increased
inter-subject variability, and compromised statistical inference. To address these
challenges, various automated tolls have been developed, including the Brain
Extraction Tool (BET) in FSL [Smith, 2002, 3dSkullStrip in AFNI [Cox, 1996],
as well as more recent hybrid or deep learning-based approaches such as ROBEX
[[glesias et al., 2011] and DeepBrain [Kleesick et al., 2016].

e Spatial Smoothing involves convolving the imaging data with a spatial filter,
most commonly a Gaussian kernel, which replaces the signal intensity at each
voxel with a weighted average of its neighbouring voxels. The degree of smoothing
is determined by the full-width at half-maximum (FWHM) of the Gaussian kernel,
which typically ranges from 4 to 12 mm, depending on the spatial resolution of
the data and the size of expected size of activation clusters [Hopfinger et al., 2000,
Mikl et al., 2008]. While this process effectively blurs the image, it effectively
suppresses high-frequency spatial noise and enhances the sensitivity for detecting
spatially extended patterns of brain activation, making statistical inference more

robust and reliable.

e Co-registration aims to align images acquired from different modalities or
sessions into a common anatomical space. In most fMRI studies, this process
specifically refers to the alignment of low-resolution, T2*-weighted functional im-
ages to high-resolution T1-weighted structural images from the same participant
[Ashburner and Friston, 1997].
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e Registration typically refers inter-subject registration or spatial normalisation,
in which each subject’s MRI scan is transformed into a common anatomical space
or standard brain template (e.g., the MNI152 or Talairach atlas). Registration
usually involves estimating a combination of affine and non-linear deformations
that more accurately match the individual’s brain morphology to the geometry

of the reference template [Ashburner and Friston, 1999].

e Bias Field Correction addresses low-frequency spatial intensity variations in
MRI scans that are unrelated to actual tissue characteristics. These artifacts are
especially pronounced at higher magnetic field strengths (e.g., 3T and above).
If uncorrected, bias fields can distort tissue contrast, impair tissue segmentation,
and reduce the accuracy of subsequent steps such as image registration and
spatial normalisation. Bias field correction algorithms aim to estimate and
remove this smoothly varying multiplicative field, thereby restoring consistent
intensity values for the same tissue type across the image [Sled et al., 1998,
Tustison et al., 2010].

e Slice Timing Correction compensates for temporal differences in slice acquisi-
tion within a single volume. In standard echo-planar imaging (EPI) acquisition,
slices are acquired sequentially rather than simultaneously, resulting in temporal
offsets across the volume. Depending on the repetition time (TR) and the total
number of slices, these offsets can reach several hundred milliseconds. Such time
differences can introduce temporal mismatches between the recorded signal and
the actual neural events, potentially affecting the accuracy of BOLD responses,
particularly in event-related designs where precise temporal alignment is critical
[Henson et al., 1999, Sladky et al., 2011].

2.1.4 Structural Magnetic Resonance Imaging (Structural MRI)

Structural Magnetic Resonance Imaging (Structural MRI) is a non-invasive neu-
roimaging technique that provides high-resolution, three-dimensional representations
of brain’s anatomical structures. In contrast to fMRI, which captures temporal fluctu-
ations in the BOLD signal associated with neuronal activity, structural MRI provides
static images that accurately reflect the brain’s morphology with high spatial precision.

Structural MRI has been essential in identifying morphological changes related to age-

15



ing, neurodevelopmental processes, and a wide range of neuropathological conditions,

including Alzheimer’s disease, multiple sclerosis, and schizophrenia.

Structural MRI includes a variety of imaging modalities designed to visualise different
tissue properties within the brain at high spatial resolution. These modalities primarily
differ in their sensitivity to tissue-specific magnetic properties, such as proton density
and relaxation times (T1, T2 and T2*), which reflect the underlying microstructural
composition of neural tissues [McRobbie et al., 2017]. T1-weighted imaging provides
excellent contrast between gray and white matter, and is widely employed for anatomi-
cal segmentation, volumetric quantification, and surface-based morphometric analyses.
In contrast, T2-weighted and FLAIR (Fluid-Attenuated Inversion Recovery) sequences
are particular sensitive to fluid content and pathological changes such as inflammation,
demyelination and edema, making them especially valuable for detecting white matter
lesions and cerebrovascular abnormalities [Filippi et al., 2016, Wardlaw et al., 2013a].
The choice of imaging modality and sequence parameters thus depends on the specific
anatomical structures or pathological processes of interest, enabling a comprehensive

assessment of brain structures in both clinical diagnostics and neuroscience research.

While structural MRI is a powerful and widely used tool for visualising brain anatomy,
it also has several notable limitations. One major constraint is its limited sensitivity
to subtle or early-stage pathological changes, particularly those do not produce overt
morphological alternations. Microstructural abnormalities, early neurodegenerative
processes, or mild inflammatory responses may remain undetected on conventional
T1- or T2-weighted scans until significant tissue degeneration has occurred [Jack
et al., 2010]. Additionally, structural MRI is susceptible to various artifacts that can
compromise image quality and the interpretability of morphometric data. One of the
most prevalent source of artifact is head motion during acquisition, which can introduce
blurring, ghosting, and spatial distortion, particularly during longer scan sessions.
[Reuter et al., 2015]. Even subtle motion can systematically bias estimates of cortical
thickness, gray matter volume and other structural metrics. Moreover, magnetic field
inhomogeneities, especially near air-tissue interfaces can lead to signal dropouts and
geometric distortions, further limiting the reliability of structural measurements in
these regions [Jezzard and Balaban, 1995|. These challenges highlight the importance
of optimised acquisition protocols, effective motion correction techniques, and rigorous

quality control procedures in structural MRI research.
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2.1.5 Large-scale Neuroimaging Datasets

Over the past few decades, advances in brain imaging have significantly deepened
our understanding of human brain structure and function. However, many early
neuroimaging findings were constrained by small sample sizes, limited statistical
power, and a lack of population diversity, which are factors that known to undermine
the reliability and reproducibility of findings [Button et al., 2013, Marek et al., 2022].
These methodological limitations have raised critical concerns about the generalisability

and robustness of neuroimaging-based inferences.

In response, the field has increasingly moved toward more rigorous and reproducible
scientific practices, large-scale and demographically diverse studies are increasingly
recognised as essential for generating reliable and generalisable insights. Notable
initiatives include Neurosynth, which provides large-scale, automated meta-analytic
synthesis of published fMRI studies, providing a data-driven framework for synthesising
activation patterns across the literature [Yarkoni et al., 2011]; The UK Biobank, a
population-based imaging cohort with over 100,000 participants, associating brain
imaging with extensive genetic, behavioural and health data [Miller et al., 2016];
The Human Connectome Project (HCP), which offers high-resolution, multi-modal
imaging and behavioural assessments from a well-characterised sample of healthy
adults [Van Essen et al., 2013]. These resources have become foundational to the
emerging field of population-level neuroscience, enabling more robust and replicable

inference and discovery.

2.1.5.1 Neurosynth

Neurosynth is a large-scale, publicly available meta-analytic dataset that systemat-
ically links psychological concepts to patterns of brain activation by automatically
extracting and aggregating data from the fMRI literature. Developed by Yarkoni
et al. [2011], Neurosynth dataset consists of activation coordinates and associated
cognitive terms parsed from thousands of published fMRI studies using text mining
and natural language processing techniques. It enables the generation of statistical
maps through both forward inference (estimating the likelihood of activation given
a cognitive term) and reverse inference (estimating the likelihood of a cognitive pro-
cess given observed brain activation), supporting robust identification of consistent

structure—function associations across the literature [Yarkoni et al., 2011]. By making
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large-scale activation data openly accessible in a standardised format, Neurosynth
facilitates transparency, reproducibility, and scalability in cognitive neuroscience. It
also addresses methodological challenges such as analytic flexibility, publication bias

and limited statistical power in individual studies [Poldrack et al., 2013].

2.1.5.2 UK Biobank

The UK Biobank is a large-scale, prospective epidemiological cohort study designed
to investigate the genetic, environmental and lifestyle factors that influence human
health and disease. It includes approximately 500,000 participants, aged 40 and 69
at the time of recruitment (2006 — 2010), the majority of whom are of white British
ancestry |Bycroft et al., 2018]. Although the cohort is not fully representative of the
general UK population (healthier, older, and less ethnically diverse), it provides an
unprecedented resource for population-level research, due to its extensive breadth and

depth of phenotypic, genotypic, and imaging data [Fry et al., 2017].

An imaging extension of the UK Biobank, launched in 2014, aims to collect multimodal
brain imaging data, including structural MRI, diffusion MRI and resting-state fMRI,
from up to 100,000 participants. This unprecedented large-scale initiative facilitates
in-depth investigations into the neural correlates of ageing, disease susceptibility, and
brain—behaviour relationships across a broad population [Miller et al., 2016]. The
richness, standardisation and open accessibility of the UK Biobank dataset have made
it a cornerstone of modern neuroimaging research, particularly for studies focused
on improving reproducibility, statistical power and generalisability in brain-wide

association and population neuroscience.

In the real data application presented in Chapter 5, we utilise the brain lesion masks
derived from the T2-weighted FLAIR MRI scans from the UK Biobank to investigate
associations between lesion incidence and potential risk factors, such as ageing and
CVR factors.

2.2 Statistical Modelling in Neuroimaging

In this section, we present generalised linear models (GLMs), which constitute one

of the most widely used statistical modelling frameworks in neuroimaging. We begin

18



by introducing the fundamental definition and structure of GLMs in Section 2.2.2.
This is followed by a discussion of key estimation techniques, including maximum
likelihood estimation and score equations, in Section 2.2.3. Finally, Section 2.3

addresses optimisation and computational consideration relevant to the application of
GLMs.

2.2.1 Generalised Linear models (GLMs)

We first start with standard linear models and then extend to generalised linear models
(GLMs). In its classical form, the linear model assumes that a continuous response
variable Y; € R where i indexes observations (samples), and is linearly related to
a set of corresponding explanatory variables X; = [z;1, 2, ..., ;] € RP through a
linear predictor 7; = X,' 3, where 8 = [Bi,...,[3,] € R denotes a vector of unknown

coefficients. The model is expressed as
Y =X, B+e, & ~N(0, a2, (2.1)

where the errors ¢; are assumed to be independent and identically distributed (i.i.d.)
Gaussian random variables with constant variance 0. This formulation implies that
the conditional expectation of Y; given X; is u; = E[Y; | X;] = X,' 3, and the variance is
constant across all observations [Montgomery et al., 2021, Seber and Lee, 2003]. While
the linear model is computationally efficient and analytically tractable, admitting
closed-form solutions via ordinary least squares (OLS), its applicability is limited to
scenarios where the response is continuous, and approximately normally distributed

with constant variance.

However, in many real-world problems, responses are binary, count-valued, or otherwise
non-normal. These limitations motivate the extension to generalised linear models
(GLMs), which preserve the linear structure of the predictor but relax the assumptions
on the distribution of Y; and the relationship between the expected response u; and
the linear predictor 7;, thereby accommodating a broader class of responses through
appropriate link functions and maximum likelihood estimation. Unlike linear models,
which assume that the response variable is continuous and normally distributed with
constant variance, GLMs extend this framework by allowing the response variable to
follow any distribution from the exponential family (to be described). This flexibility
makes GLMs suitable for modelling a wide range of outcome types, including binary

outcomes, count data, and positively skewed continuous outcomes, among others.
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Additionally, GLMs relax the assumption of a direct (identity) relationship between
the expected response and the linear predictor by introducing a link function, which
transforms the expected response to ensure that predictions remain within appropriate
ranges (e.g., probabilities between 0 and 1 for binary outcomes), thereby enabling non-
linear relationships to be modelled within a linear modelling framework [McCullagh,
2019, Dobson and Barnett, 2018].

GLMs have three main components:

1. Stochastic Component (Exponential Family Distribution):
Rather than assuming the observed response Y; is always Gaussian, we extend
it to a probability distribution from the exponential family, a broad class of
distributions that include many commonly encountered in practice. A univariate
distribution belongs to the exponential family if it can be written in the canonical

form:
f(y 18) = hy)exp (n(0) - T(y) — A(0))
where 6 is the canonical (natural) parameter, and h(y),n(0),T(y), A(0) are
known functions that define the distribution, where:
e 7)(0) is the natural parameter,

T(y) is the sufficient statistic,
o A(

0) is the log-partition function,

e h(y) is the base measure (always non-negative).
The exponential family is in its canonical form if n(d) = 6 which is always
possible by letting the transformed parameters 7(6) to be the parameters. Many

well-known distributions can be seen as special cases of the exponential family

and we give a few examples below:
Bernoulli Distribution

Original form:
flylp)=p(1-p)"" ye{0,1}

Exponential family form:

fly]60)=exp (y9 —log(1 + 66)) , O=log <1]0%p)

Components:
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* T(y)=y
o A(0) = log(1 + ¢%)
e hy) =1

Normal Distribution (Known Variance o?)

1 1) = ———exp (—(y‘“>2)

Exponential family form:

fly | p) =exp <_29722> V2o exp (% _u_2>

Original form:

202
Components:
e n(p) =25
e T(y)=y
2
o Aln) = 252

e h(y) =exp (—%) /V2mo?
Poisson Distribution

Original form:

Exponential family form:
1 0
fly|6) :aexp(ye—e ), 0 = log A

Components:
e n(0)=10

e T(y)
o A(0)

o h(y) =

Y

69
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2. Deterministic Component (Linear Predictor):
As in standard linear regression, the effect of covariates is modelled through a
linear combination. Let X; = [X;1, Xjo, ..., Xj,] be the vector of covariates for

the i-th observation. The linear predictor n; is defined as:

ni = Bo+ B Xa + -+ BpXip,

where 8 = [Bo, b1, - - ., Bp) is the vector of regression coefficients. Note that it is
equivalent to insert 1 as the first dimension of X; and let X; = [1, X;1, Xjo, ..., Xjp]
SO we can write:

m=X;8"
This linear form provides interpretability and tractability, and it remains central
to the GLM structure, even when the response is not linearly related to the

predictors.

3. Link Function:
To connect the linear predictor 7; with the mean of the response variable

w; = E[Y;], a link function ¢(-) is introduced:
g(m) =m = X[ 5.

The link function must be monotonic and differentiable, and it ensures that
the domain of u; matches the range of the linear predictor 7;. The inverse link

function, g~!(n), maps the linear predictor back to the mean of the distribution.

A special case is the canonical link function, defined such that n;, = 6;, i.e.,
the linear predictor equals the canonical parameter of the exponential family
distribution. Using the canonical link often simplifies the mathematical form of

the likelihood and the estimation process.

However, in neuroimaging applications, the use of the canonical link function
is not always required, and can sometimes be suboptimal. Researchers often
choose alternative link functions that provide more interpretable model outputs,
especially when the objective involves communicating effect sizes or latent
processes. For example, while the canonical logit link is standard in logistic
regression with a Bernoulli response, the probit link is sometimes preferred
when the interpretation aligns with an underlying latent Gaussian process, as is
common in hierarchical or Bayesian models [Albert and Chib, 1993, McCullagh,

2019]. Moreover, canonical links do not always provide the best empirical fit for
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the relationship between predictors and brain responses. In functional MRI or
lesion mapping studies, activation intensity or lesion presence may exhibit non-
linear associations with variables such as age, clinical risk factors, or cognitive
performance. In such scenarios, alternative link functions (e.g., identity, log
or complementary log-log links) can provide better model fit and improved
predictive performance [Kim et al., 2021, Datta et al., 2020]. Non-canonical
link functions can also improve numerical stability and convergence behaviour
in iterative optimisation procedures. This advantage becomes particularly
relevant when using regularisation techniques or approximate Bayesian inference,
where canonical link assumptions can introduce estimation instability or overly
aggressive shrinkage [Woolrich et al., 2009, Carpenter et al., 2017|. Furthermore,
many advanced neuroimaging models, especially those incorporating spatial
priors, hierarchical structures or latent factor representations, derive from the
classical GLM framework. In these contexts, the flexibility to choose a non-
canonical link function enables better alignment with the model structure and
improved compatibility with inference procedures such as Markov chain Monte
Carlo (MCMC) or variational methods [Penny et al., 2005, Montagna et al.,
2018].

2.2.2 Estimation Methods

GLMs are estimated using methods that extend the classical least squares framework
of linear models to accommodate non-Gaussian responses and non-linear link functions.
Parameters are typically estimated via maximum likelihood estimation (MLE), which
generally lacks closed-form solutions due to the non-linearity introduced by the link
function and the structure of the likelihood function. As a result, estimation relies on
iterative numerical techniques, most notably the iteratively re-weighted least squares
(IRLS) algorithm. IRLS can be interpreted as a special case of the Fisher scoring
method, an optimisation approach that substitutes the expected information matrix
for the observed one, which improves numerical stability and convergence efficiency
[McCullagh, 2019]. These iterative procedures are fundamental to the practical
implementation of GLMs in statistical software. In this section, we illustrate each of

these estimation methods in detail.

1. Maximum likelihood estimation (MLE):
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Assume we have n independent observations (X;,Y;), for i = 1,...,n, modelled
using a generalised linear model (GLM). Under this model, each response Y;
follows a distribution from the exponential family. The parameter vector /3 of the
GLM is commonly estimated through maximum likelihood estimation (MLE).
The joint likelihood function for all observations is expressed as the product of

their individual probability density (or mass) functions:

L(B) = [ [ £(wi | B) = [ ] I(wi) exp (T () — A(my))] (2.2)
i=1 =1
where 1; = X' 3 is the linear predictor, and the functions h(y;), T(v;), A(n;) are

defined by the chosen exponential family distribution.

For numerical stability, we typically maximise the log-likelihood function, which
is defined as:

n

[(B) =log L(B) = > [nT(y:) — Aln:) + log h(y;)] (23)

i=1

. Fisher Scoring and Iteratively Re-weighted Least Squares (IRLS):

We begin by introducing the score equations. To obtain the maximum likelihood
estimator B, we differentiate the log-likelihood function with respect to 5 and
set the resulting expressions equal to zero. These equations, known as the score

equations, are given by:

ap) _ - A _3A(77i) on; - N : o
5 = 2 | T~ 52| G = 3w —Emoan g <o
Since n; = X, 3, we have:
on; ‘
8/8 - X’l7

simplifying the score equations to:

n

> [T(y:) —E[T(Y))]] X; = 0.

i=1

For most GLMs, the sufficient statistic is simply 7(y;) = v;, and thus the score

equations further simplify to:
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n

Z(?Jz — i) X = 0,

i=1
where p; = E[Y;] is linked to /3 via the inverse of the link function g='(n;).

Typically, the score equations do not have closed-form solutions. Thus, iterative
numerical methods such as Newton-Raphson method or Fisher scoring are
employed to approximate solutions. Under the terminology of the Newton-
Raphson method, the score vector U(f3) = VI(f) is the gradient of the log-
likelihood, and the Hessian matrix H(3) = V2I(8) is the matrix of second
derivatives. Fisher scoring replaces the observed Hessian with its expectation,

known as the Fisher information matrix. This leads to the update rule:

-1

B = B 4 [1(8)] " U(5™),

While the iteratively re-weighted least squares (IRLS), a practical method for
estimating parameters in GLMs, solves a series of weighted least squares problem
of the form

/B(m-l-l) — (XTW(m)X)_lXTW(m)Z(m),
where W™ is a diagonal weight matrix at iteration m, depending on the current

estimates. The diagonal entries of the weight matrix are given by:

1
' (s))” Var(Y;)

Wi =

and the working response 2™ is a first-order Taylor approximation of the inverse
link function around the current estimate. It transforms the non-linear GLM

problem into a locally linear regression:

g'(ptm)

This procedure is implemented algorithmically through the Iteratively Re-
weighted Least Squares (IRLS) method:
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Algorithm 1 Tteratively Re-weighted Least Squares (IRLS)

1: Initialize 5
2: for m =0,1,2,... until convergence do
3: Compute linear predictor: n\™ = X, g™
4: Compute mean: ,ugm) = g*l(ngm))
5: Compute weights:
wl = :

6: Compute adjusted response:

7. Update parameters:

BomHD — (X Ty ™) X)—l X T m) 5(m)

The IRLS algorithm is equivalent to Fisher scoring when the link function is
canonical (e.g., the logit link for Bernoulli responses or the log link for Poisson

responses), and the weights used in IRLS match the Fisher information structure.

2.2.3 Optimisation and Computation

In addition to IRLS, the limited-memory Briyden-Fletcher-Goldfarb-Shanno (L-BFGS)
algorithm is a widely used quasi-Newton optimisation method for fitting GLMs,
particularly in high-dimensional or regularised settings. Unlike IRLS, which relies on
repeated matrix inversions, L-BFGS approximates the inverse Hessian matrix using a
limited amount of memory and gradient information from previous iterations [Byrd
et al., 1995]. This approach significantly reduces computational and memory burdens,
making it well-suited for large-scale problems where explicit computation of the full
Hessian is infeasible or numerically unstable. This method is especially effective in
penalised GLMs, such as those involving L (lasso) or Lo (ridge) regularisation, where
the optimisation landscape may be non-smooth or requires efficient gradient-based
optimisation [Ng, 2004]. Due to its scalability and robustness, L-BFGS has been widely
adopted in modern statistical and machine learning toolkits, including scikit-learn,
PyTorch, TensorFlow and R.
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As neuroimaging datasets continue to expand in both size and complexity, driven by
advances in high-resolution imaging, large-scale cohort studies and multi-modal data
integration, the computational demands of fitting GLMs have increased substantially.
This challenges is particularly evident in mass-univariate analysis, where a separate
GLM is fitted to each voxel or region, resulting in thousands to millions of individual
model fits. Therefore, parallelisation has emerged as a key strategy for scaling GLM
estimation to large datasets. Since voxelwise or subject-level GLMs are independent,
they can be evaluated in parallel across multiple CPUs or GPUs, thereby optimising the
efficiency of computational resources. This approach significantly reduces runtime and
also facilitates the adoption of more advanced statistical models, such as regularised
GLMs and Bayesian hierarchical models, which introduce additional computational

complexity.

2.3 Neuroimaging Statistics

In this section, we describe how statistical inference methods are applied to analyse
the regression coefficients obtained in Section 2.2. First, in Section 2.3.1, we introduce
global tests used to assess overall model fitness. Following this, in Section 2.3.2, we
outline the localised inference approaches for evaluating the significance of spatial
homogeneity or group differences at the voxel level, as well as using the inverse of
the Fisher information matrix to estimate standard errors. Next, in Section 2.3.3, we
describe an alternative method, the robust variance estimator (sandwich estimator),
which provides a more accurate and reliable standard error estimates, particularly
under model misspecification. Afterwards, Section 2.3.4 addresses the issue of multiple
comparison correction, especially in the context of voxel-level statistical inference
in neuroimaging data. Finally, we discuss the use of resampling and bootstrapping
techniques in situations where parametric statistical tests might not provide reliable

inference.

2.3.1 Global Tests of Model Fitness

In neuroimaging statistics, global tests of model fitness are used to evaluate whether a
statistical model sufficiently captures the overall structure of the observed data across

the entire brain or within a predefined region of interest (ROI). These tests evaluate
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whether the residuals or unexplained variance are consistent with the assumptions
of the model, thereby providing a measure of model adequacy. Unlike voxel-wise
tests, which evaluate local effects at individual voxels, global tests are sensitive to
widespread deviations from model assumptions, such as spatial correlation misspecifi-
cation or incorrect error distributions. Common approaches include likelihood ratio
tests, deviance statistics, and information criteria such as the Akaike Information
Criterion (AIC) and Bayesian Information Criterion (BIC) [Akaike, 1998, Schwarz,
1978]. In neuroimaging, the General Linear Model (GLM) often employs global tests
to validate the overall adequacy of the design matrix and the specification of the noise
model [Friston et al., 1994a]. Moreover, permutation-based global inference methods
have been developed to address the complex spatial dependencies in neuroimaging
data |[Nichols and Holmes, 2002]. These approaches do not depend on parametric
assumptions regarding the distribution of test statistics, making them especially useful

when standard assumptions are violated [Winkler et al., 2014].

The likelihood ratio test (LRT) is a classical method for comparing the goodness-of-fit
of two nested model: a simpler (reduced) model that is a special case of a more
complex (full) model. Let £y and £; denote the maximum likelihoods under the

reduced and full models, respectively. The LRT statistics is defined as:

A= —2log <%) = —2[log Ly — log L] (2.4)

1

which, under standard regularity conditions and under the null hypothesis H, that

the reduced model is correct, asymptotically follows a chi-square distribution:
A~y (2.5)

where k is the difference in the number of parameters between the full and reduced
models [Wilks, 1938].

In Generalised Linear Models (GLMs), the LRT is widely used to evaluate whether
the inclusion of additional predictors significantly improves model fit. For example, in
neuroimaging applications, the LRT can be employed to test whether the addition of
a clinical covariate, such as diagnosis, age or interaction term, significantly improves
the explanation of voxel-wise data variation [Friston et al., 1994a]. Beyond evaluating
predictor inclusion, the LRT is also useful for assessing distributional assumptions
within the GLM framework. For example, when modelling count data in neuroimaging

(e.g., lesion count or event-related spike data), the LRT can be used to compare a

28



Poisson model to a more flexible Negative Binomial model, which accommodates
overdispersion. A significant LRT result in this context indicates that the Negative
Binomial distribution provides a better fit, highlighting the importance of accurately

capturing variance structure in the data [Cameron and Trivedi, 2013].

While comparing non-nested models or models with different levels of complexity, infor-
mation criteria, such as Akaike Information Criterion (AIC) and Bayesian Information
Criterion (BIC) are commonly employed as quantitative tools for model selection.
These criteria balance model fit and complexity by introducing a penalty term for
the number of parameters, thereby reducing the risk of overfitting. In neuroimaging,
careful model selection is particularly critical for accurately characterising underlying

brain activity or structural features while avoiding overfitting.

Given a statistical model with likelihood £, number of estimated parameters k£, and

sample size n, AIC and BIC are defined as:

AIC = —2log L + 2k,

(2.6)

BIC = —2log £ + klogn.
The AIC, derived from information theory, aims to identify the model that minimises
the expected Kullback-Leibler (KL) divergence between the true data-generating
process and the fitted model [Akaike, 1974]. In contrast, the BIC, grounded in
Bayesian principles, approximates the Bayes factor under certain regularity conditions.
As the sample size n increases, BIC generally favours more parsimonious models,

reflecting its stronger penalty for model complexity [Schwarz, 1978].

In neuroimaging, these information criteria are applied across a wide range of appli-
cations, including the selection of explanatory variables in generalised linear models
(GLMs) [Friston et al., 1994a], the comparison of alternative spatial priors in Bayesian
hierarchical models [Penny et al., 2005], and the evaluation of distributional assump-
tions in count data models (e.g., comparing Poisson vs. Negative Binomial models)
[Cameron and Trivedi, 2013, Yu et al., 2024]. While these criteria are often computed
at the voxel level, caution is required when interpreting results in the presence of
spatial correlation, as standard assumptions of independent observations may be

violated.
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2.3.2 Localised Inference Using Chi-square Tests

In neuroimaging, localised inference refers to statistical testing conducted at the
voxel level, aiming to identify brain regions where the observed signal significantly
deviates from that expected under a specified null hypothesis. This voxel-wise analytic
framework is fundamental to both functional and structural neuroimaging studies,
allowing the detection of spatially specific patterns of brain activation or morphological
variation at high resolution [Friston et al., 1994a, Worsley et al., 1996|. Typically, the
null hypothesis assumes no effect or no difference in signal intensity across experimental
conditions or subject groups, and voxel-level test statistics are used to evaluate
deviations from this assumption. Given that neuroimaging datasets often consist of
hundreds of thousands of voxels, localised inference must rigorously address the multiple
comparisons problem to ensure valid statistical inference. Accordingly, correction
procedures are applied to control for either the family-wise error rate (FWER) or the

false discovery rate (FDR), as discussed in more details in Section 2.3.4.

We propose that localised inference can be formulated in a general and flexible statis-
tical framework, capable of accommodating a wide range of group-level comparisons
and model structures. Specifically, let C' € R™*S be a contrast matrix designed to
test linear hypotheses involving S groups. At each voxel j, the null hypothesis can be
expressed as,

Hy: C'éj = 0,,x1

where éj denotes the estimated model parameters at voxel j, typically derived from a
generalised linear model (GLM) fitted independently at each spatial location [Friston
et al., 1994a]. The contrast matrix C' defines the specific hypothesis being tested, such
as group differences, condition effects or interaction terms. To test the null hypothesis,

a voxel-wise test statistic is given by

(Chy)T(CV;CT)HCh) = X, (27)
where V; denotes the estimated covariance matrix of éj, and m is the rank of the
contrast matrix C. Under standard regularity conditions and assuming that éj is
asymptotically normally distributed, this test statistic follows a chi-square distribution
with m degrees of freedom [Rao et al., 1973|. Such quadratic forms are widely used in
neuroimaging for multi-group or multivariate inference, especially in analyses involving

complex experimental designs or hierarchical modelling frameworks [Friston, 2002].
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In the special case where only a single model parameter is tested against a null

hypothesis of homogeneity, Equation 2.7 simplifies to the classical Wald test:

0, —

SEG,) — N(0,1) (2.8)

A

where SE(6;) denotes the standard error of the estimator 6;, and 6, is the value of
the parameter under the null hypothesis. This univariate form of localised inference is
widely employed in voxel-wise analyses to assess the significance of individual effects,
typically by comparing estimated activation or contrast values against zero (i.e., no
effect) or an alternative baseline. It is particularly useful in mass-univariate framework

due to its computational efficiency and straightforward interpretation.

In the GLM commonly used in neuroimaging analyses, a standard approach for
estimating the covariance matrix of the model parameters involved in Equation 2.7 is
to invert the observed Fisher information matrix. The Fisher information quantifies the
amount of information that the observed data contain about an unknown parameter
on which the likelihood function depends. Under standard regularity conditions, the
inverse of the Fisher information provides an asymptotically consistent estimator
of the covariance matrix of the maximum likelihood estimates (MLEs) [Casella and
Berger, 2002, Pawitan, 2001]. Specifically, for a parameter vector 6 the covariance
matrix Cov(éj) is typically approximated by I(6)~!, where () denotes the observed
Fisher information evaluated at the MLE. This approach is particularly advantageous
in large-sample settings, where the asymptotic normality of the MLE ensures valid
inference. In neuroimaging studies, where thousands of voxel-wise hypotheses are
tested simultaneously, accurate estimator of the parameter covariance structure is
essential for valid statistical inference. It directly affects the type I error rates and the
reliability of test statistics [Efron, 2010].

2.3.3 Robust Variance Estimation (Sandwich Estimator)

However, under model misspecification, such as when the assumed likelihood does not
accurately represent the data-generating process, using the inverse of the Fisher infor-
mation matrix to estimate the covariance of parameter estimates can result in biased
and inconsistent inference. This is because the Fisher information relies on correct
model specification, including assumptions of homoscedasticity, independence, and the

correct functional form of the model. When these assumptions are violated, standard
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(model-based) variance estimators typically underestimate the true variability of the
parameter estimates, which can result in inflated type I error rates and overconfident
inferences, thereby compromising the validity the reliability of statistical conclusions
[White, 1982].

To address the limitations of model-based variance estimators under misspecification,
robust variance estimation, commonly known as the sandwich estimator, provides
a consistent and asymptotically valid alternative. Unlike traditional methods that
rely on correct model misspecification of the full likelihood, the sandwich estimator
requires only that the estimating equations are unbiased. It accommodates violations
of standard assumptions such as heteroscedasticity and within-cluster correlation by
using the empirical variability of the residuals to adjust the estimated covariance
matrix of the parameter estimates [White, 1980, Huber, 1967]. This robustness makes
the sandwich estimator particularly useful in settings involving clustered, longitudinal,
or otherwise dependent data structures, where conventional variance estimators often
underestimate uncertainty. It is widely applied in generalised estimating equations
(GEEs), generalised linear models (GLMs), and semi-parametric regression frameworks,
providing a principled approach to ensure valid statistical inference even when certain

model assumptions are violated |Liang and Zeger, 1986, Zhou et al., 2020].

2.3.4 Multiple Comparison Correction

In a typical fMRI analysis, statistical inference is performed independently at each
voxel, often involving approximately 2.2 x 10° voxels across the entire brain. Under
the mass-univariate approach, this corresponds to conducting 2.2 x 10° hypothesis
tests simultaneously (one per voxel). If the global null hypothesis were true, and the
statistical maps were thresholded using a conventional uncorrected significance level

of a = 0.05, then by chance alone, one would expect approximately
0.05 x 2.2 x 10° = 1.1 x 10*

voxels to be incorrectly identified as significant. These false positives arise purely due

to random noise, in the absence of any true underlying signal.

This issue is referred as the multiple comparison problem, where the likelihood of
observing false positives increases with the number of statistical tests performed

simultaneously. In neuroimaging, this issue is particularly pronounced due to the
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high spatial resolution of fMRI data. Without appropriate correction for multiple
comparisons, statistical maps may misleadingly suggest widespread brain activation,

even in the absence of true effects.

To control this inflation of false positives, a wide variety of multiple comparison
correction methods have been developed. These methods aim to maintain statistical
validity across the large number of voxel-wise tests typically performed in fMRI and
other neuroimaging modalities. One class of methods focuses on controlling the
Family-Wise Error Rate (FWER), which is defined as the probability of making at
least one false positive across all conducted tests. A classical example is the Bonferroni
correction, which adjusts the significance threshold by dividing the desired « level
by the number of tests (i.e., auq; = a/m). While simple and stringent, Bonferroni
correction is often overly conservative in neuroimaging due to the spatial correlation
among voxels. More advanced approaches based on Random Field Theory (RFT)
account for the smoothness and spatial structure of brain images. RFT estimates the
expected Euler characteristic (EC) of the excursion set to approximate the distribution
of the maximum statistic under the null hypothesis [Friston et al.; 1994b, Worsley
et al., 1996, Nichols and Hayasaka, 2003]. These methods allow for cluster-level and
peak-level inference while preserving strong control over FWER, offering improved
sensitivity over traditional methods in the analysis of spatially correlated neuroimaging
data.

In contrast, False Discovery Rate (FDR)-based methods aim to control the expected
proportion of false positives among the set of rejected hypotheses. Introduced by
Benjamini and Hochberg [1995], FDR procedures provide a less stringent but more
powerful alternative to FWER control, especially in scenarios where many true effects
are expected. FDR is particularly useful in exploratory neuroimaging analyses, where
the emphasis is on identifying a broad set of potentially meaningful voxels while
tolerating a controlled proportion of false positives. However, standard FDR methods
can be sensitive to the dependency structure among tests and may be less robust in
settings with strong spatial correlation, unless appropriately adjusted to account for

such dependencies |Genovese et al., 2002].

In summary, FWER control is generally preferred in clinical applications, where
minimising false positives is essential to ensure reliability and reproducibility of
findings. Such stringent control is particular important when statistical results may

inform clinical decisions or guide follow-up research. In contrast, FDR control is more
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appropriate for exploratory analyses, where the primary goal is to detect as many
true effects as possible, even at the cost of accepting a limited proportion of false
positives. FDR-based methods allow researchers to balance sensitivity and specificity
in high-dimensional settings, making them especially useful for generating hypotheses
and for identifying spatially distributed activation patterns across the brain [Benjamini

and Hochberg, 1995, Genovese et al., 2002].

Additionally, non-parametric permutation tests have become increasingly popular in
neuroimaging due to their flexibility, robustness and minimal reliance on distributional
assumptions. Unlike traditional parametric methods, which often rely on assumptions
such as multivariate normality and spatial smoothness, permutation-based inference
constructs the empirical null distribution of the test statistics by randomly shuffling
data labels or experimental conditions. This resampling approach provides exact
control of the family-wise error rate (FWER) under the null hypothesis, regardless
of the underlying data distribution [Nichols and Holmes, 2002]. Permutation tests
are particularly well-suited to the complex or often non-standard data structures
encountered in neuroimaging, as well as high-dimensional and spatially correlated
nature of fMRI data. Because they do not rely on parametric assumptions, they
inherently account for spatial dependencies within the data. Moreover, permutation
methods are highly adaptable, supporting a wide range of experimental designs,
including one-sample and two-sample tests, regression models and repeated measures
designs. Methods such as Threshold-Free Cluster Enhancement (TFCE) [Smith
and Nichols, 2009] and maximal statistic correction across space further increase
their statistical sensitivity while maintaining strict control over type I error. These
approaches enhance signal detection without relying on arbitrary cluster-forming
thresholds, thereby offering a more data-driven and interpretable framework for
identifying significant effects. As a result, permutation-based inference becomes not
only more powerful but also more principled and robust in neuroimaging analysis.
Despite their traditionally high computational cost, recent algorithmic advancements
and the availability of high-performance computing resources have made permutation

testing computationally feasible even for large-scale neuroimaging datasets.

2.3.5 Resampling and Bootstrapping Techniques

Bootstrapping is a statistical resampling technique in which multiple samples are

drawn with replacement from an observed dataset to empirically estimate the sampling
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distribution of a statistic. Introduced by Efron [1992], the bootstrap provides a robust,
non-parametric framework to quantify the variability (e.g., standard error, confidence
interval) of estimators such as mean, regression coefficients or more complex estimators
by simulating the process of repeated sampling from the population. Unlike traditional
parametric methods, which rely on assumptions about the underlying distribution
(e.g., normality), the non-parametric bootstrapping leverages the observed data as
an empirical approximation to the true population. This approach is particularly
advantageous in situations where theoretical distributions are analytically intractable
or when sample sizes are small and asymptotic approximations may not hold [Efron
and Tibshirani, 1994].

In contrast, parametric bootstrapping assumes a known parametric model for the
data-generating process. After fitting this model to the observed data (typically
using maximum likelihood estimation (MLE) or Bayesian inference), the estimated
parameters are used to simulate synthetic datasets from the assumed distribution
[Davison and Hinkley, 1997]. For each simulated dataset, the statistic of interest is
recalculated, and the empirical distribution of these bootstrapped statistics is used to
approximate the sampling distribution. This method can yield more precise estimates
than the non-parametric bootstrap when the underlying model is correctly specified,
as the incorporation of structural assumptions often leads to reduced variance in
the estimates |Efron and Tibshirani, 1994]. However, parametric bootstrapping is
inherently more sensitive to model misspecification: if the assumed distribution poorly
reflects the true data-generating process, the resulting inferences might be biased or
misleading [Shao and Tu, 2012]. Thus, it presents a trade-off between model-based
efficiency and robustness to distributional assumptions, underscoring the importance

of rigorous model validation prior to its application.

Unlike analytical methods that derive variance or confidence intervals using closed-form
expressions or asymptotic theory, bootstrapping relies on recalculating the statistic
of interest across many resampled dataset to empirically approximate its sampling
[Efron and Tibshirani, 1994, Davison and Hinkley, 1997]. To obtain stable and reliable
estimates, a large number of bootstrap resamples (often ranging from hundreds to
several thousands) is typically required. Each replicate involving resampling the
data, re-estimating the model and computing the statistic, making the procedure
computationally intensive, particularly for complex models such as generalised linear
models (GLMs) or mixed-effects models. This computational burden is further

amplified in high-dimensional applications like voxel-wise analyses in neuroimaging,
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where model estimation must be repeated independently at each voxel, often across
hundreds of thousands of voxels. Because the total workload scales linearly (or worse)
with both the number of voxels and the number of bootstrap replicates, runtime and
total computation demands increase rapidly. In addition, each bootstrap replicate
may require saving the full-resolution intermediate outputs (e.g., test statistic maps),
which can result in substantial memory and storage requirements, particularly when
working with full-brain 3D or 4D datasets from modalities such as fMRI or PET.

Despite these computational challenges, bootstrapping is inherently parallelisable:
each bootstrap replicate is independent and can be distributed efficiently across
multiple CPU cores or computing nodes within a high-performance computing (HPC)
environment. In contrast, many traditional parametric inference procedures, such as
the expectation-maximisation (EM) algorithm or Markov chain Monte Carlo (MCMC)
methods, involve iterative, sequential updates and are often more difficult to parallelise
effectively [Gilks et al., 1995, McLachlan and Krishnan, 2008|.

2.4 Meta-Analysis in Neuroimaging

In this section, we provide a brief overview of meta-analysis in neuroimaging. First,
Section 2.4.1 introduces the general concept of meta-analysis. Following this, Section
2.4.2 and Section 2.4.3 then describe the two main categories of neuroimaging meta-
analysis: image-based meta-analysis (IBMA) and coordinate-based meta-analysis
(CBMA). Within CBMA, both kernel-based and model-based methods are discussed.
Finally, Section 2.4.4 presents large-scale CBMA datasets and platforms, with a focus

on Neurosynth and its associated tools.

2.4.1 Meta-Analysis

Meta-analysis is a statistical technique that systematically synthesises findings from
multiple independent studies addressing a common research question. By aggregat-
ing effect sizes or measures of association, meta-analysis increases statistical power,
improves the precision of effect estimation, and resolves inconsistencies that may
arise from conflicting individual findings. This approach is particularly valuable in
disciplines such as psychology and neuroscience, where individual studies often suffer

from small sample sizes, low statistical power and methodological heterogeneity (e.g.,
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differences in experimental design, measurement instruments, analysis pipelines and
participant populations) [Hunter and Schmidt, 2004, loannidis, 2005|. In addition to
estimating overall effects, meta-analysis allows for the investigation of moderators and
potential sources of heterogeneity across studies through techniques such as subgroup
analysis meta-regression [Thompson and Higgins, 2002|. These capabilities make
meta-analysis an essential tool in evidence-based research, allowing for the synthesis
of broader scientific conclusions and the formulation of more generalisable inferences

from the literature [Borenstein et al., 2021].

In neuroimaging, two main methodological approaches have been developed for con-
ducting meta-analysis of brain activation data: image-based meta-analysis (IBMA)
and coordinate-based meta-analysis (CBMA). Both approaches have contributed sig-
nificantly to cumulative neuroimaging research and offer complementary advantages

depending on the availability and resolution of underlying data.

2.4.2 Image-Based Meta-Analysis (IBMA)

Image-based meta-analysis (IBMA) is a quantitative approach in neuroimaging that
integrates unthresholded statistical maps (such as t-statistic or z-statistic images)
across multiple independent studies to derive population-level inferences about brain
function. Unlike coordinate-based meta-analysis (CBMA), which relies solely on
reported peak activation coordinates and is thus limited to sparse, thresholded data,
IBMA leverages the full spatial resolution of three-dimensional statistical images
[Salimi-Khorshidi et al., 2009, Nichols and Hayasaka, 2003|. This approach allows for
voxel-wise modelling of both within-study effect sizes and between-study variability,
typically within a random-effects or mixed-effects framework [Wager et al., 2007]. As a
result, IBMA provides more accurate estimates of activation magnitude and improved
control of false positives by leveraging full statistical maps, while also preserving

sub-threshold signals that may be omitted in CBMA approaches.

Several specific IBMA methods have been developed to combine statistical maps
from multiple neuroimaging studies while preserving voxel-wise information. Among
p-value combination methods, one widely used approach is Fisher’s method, a classic
meta-analytic method that aggregates independent p-values by summing their log-

arithmic transformations. Specifically, Fisher’s method computes the test statistic

k
X = =2 In(p;) where p; are the p-values from k independent studies. Under the
i=1

37



null hypothesis, this statistic follows a chi-squared distribution with 2k degrees of
freedom [Fisher, 1970]. An alternative approach is Stouffer’s method, which com-
bines standardised test statistics (Z-score) from each study, optionally incorporating

study-specific weights. The combined Z-score is given by

k
Z W;Z;
Z — =1

where z; is the Z-score for the i—th study and w; is a corresponding weight, often
based on the sample size or inverse variance. This method allows for greater flexibility
by accommodating heterogeneity in study designs and has been shown to provide
increased statistical power under certain conditions [Stouffer et al., 1949|. Despite their
simplicity and analytical convenience, both Fisher’s and Stouffer’s methods assume
statistical independence across studies and do not account for spatial correlations
inherent in neuroimaging data. When applied voxel-wise without adjustment, these
limitations can lead to inflated false-positive rates and reduce the robustness and

reliability of meta-analytic inferences.

Effect-size-based IBMA models quantify and synthesise standardised effect across
studies. Fixed effects models assume that all included studies share a single true effect
size, so observed variability reflects only within-study sampling error. Pooled effects
(Hedges g), are typically aggregated using inverse-variance weighting, where studies
with more precise estimates (i.e., smaller standard errors) contribute more heavily to
the pooled effect size [Borenstein et al., 2021|. Alternatively, random-effects models
introduce a between-study variance component, often denoted as 72. A widely adopted
method for estimating this variance is the DerSimonian-Laird method [DerSimonian
and Laird, 1986], which provides more conservative and generalisable inferences by
allowing the true effect sizes to vary across studies and modelling them as normally
distributed around an overall mean. Additionally, Hedges’ g includes a correction for
small-sample bias, improving the accuracy of effect size estimates when sample sizes
are limited [Hedges, 1981]. This adjustment is particularly critical in neuroimaging
research, where limited participant numbers are common and uncorrected estimates

may be systematically inflated and biased.

Likelihood-based approaches in IBMA construct a voxel-wise likelihood from each

study’s effect size map and its associated variances. These models flexibly accommodate
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studies of varying quality by incorporating weights based on either sample size (sample-
size-based likelihood) or within-study variance (variance-based likelihood), thereby
adjusting for the relative precision of individual studies [Wager et al., 2007, Salimi-
Khorshidi et al., 2009]. By accounting for heteroscedasticity and imbalanced study
designs, likelihood-based methods often yield more stable and statistically efficient
inferences compared to unweighted alternatives. Another technique is weighted least
squares (WLS), which estimates voxel-wise meta-analytic effects by minimising the
weighted sum of squared deviations, where weights inversely proportional to the
variance of each study’s effect size estimate [Becker, 1992|. This method is particularly
advantageous when effect size precision varies substantially across studies, a common
scenario in neuroimaging due to differences in sample size, scanner strength and
preprocessing pipelines. Additionally, permuted ordinary least square (permuted
OLS) provides a non-parametric inference framework by generating empirical null
distributions through permutation |[Nichols and Holmes, 2002|. This resampling
approach offers robust control over family-wise Type I error rate and is especially
useful when assumptions of normality and homoscedasticity are violated, as is often

the case in voxel-wise neuroimaging data.

Despite these methodological advantages, the broader adoption of IBMA has histor-
ically been constrained by limited data availability. Most published neuroimaging
studies have traditionally reported only peak activation coordinates, while full un-
thresholded maps are rarely shared. However, recent initiatives such as NeuroVault
[Gorgolewski et al., 2015] have significantly improved data accessibility by providing a
centralised, open-access repository for unthresholded statistical maps, thereby facilitat-
ing the wider implementation of IBMA methods and more reproducible neuroimaging

research.

2.4.3 Coordinate-Based Meta-Analysis (CBMA)

Unlike IBMA, which requires access to full statistical maps, CBMA relies on reported
peak activation coordinates (foci) from individual studies. These coordinates are
typically provided in standardised stereotaxic spaces such as Talairach or Montreal
Neurological Institute (MNI) space. Because full unthresholded statistical maps are
often unavailable, due to data-sharing restrictions or legacy reporting practices, CBMA
provides a practical and scalable alternative for synthesising findings across large

volumes of published neuroimaging literature.

39



In CBMA, activation coordinates from multiple studies are aggregated to estimate
the likelihood of activation in each brain region, based on the assumption that true
effects are more likely to recur across independent studies. To account for spatial
uncertainty in the reported peaks, each coordinate is modelled using a probabilistic
kernel, for example, a 3D Gaussian centred at the reported location. These kernels

are then combined across studies to construct a meta-analytic map of brain activity.

CBMA methods are broadly categorised into kernel-based methods and model-based
approaches. Among the kernel-based methods, activation Likelihood Estimation (ALE)
is one of the most widely used. ALE estimates the probability of activation at each
voxel by combining modelled activation maps from individual studies, and assesses
statistical significance through permutation testing to generate a null distribution of
random spatial convergence |Eickhoff et al.; 2009]. Another commonly used method,
Multilevel Kernel Density Analysis (MKDA), places spherical kernels around reported
foci and incorporates study-level weights (typically based on sample size) to compute
voxel-wise statistics. Inference is then conducted by comparing the observed activation
pattern to a null distribution generated from randomly located foci [Wager et al.,
2007]. Seed-based d Mapping (SDM) and its variants offer a hybrid framework that
integrates both peak coordinates and available effect size estimates (when available),
thereby combining features of CBMA and IBMA [Radua et al., 2012]. While kernel-
based methods are computationally efficient and conceptually straightforward, they
have several limitations. These include limited statistical interpretability, inability
to explicitly model spatial dependence or uncertainty, and constraints on performing

group-level comparisons.

Model-based CBMA is an emerging and increasingly influential framework for syn-
thesising results from neuroimaging studies that incorporates a formal probabilistic
framework. Unlike kernel-base CBMA methods which estimate activation maps by
convolving reported foci with fixed spatial kernels, model-based approaches employ
structured probabilistic models that allow for more rigorous statistical inference and
greater flexibility. In particular, Bayesian model-based CBMA treats reported peak
coordinates as stochastic realisations from latent spatial processes, thereby enabling
explicit modelling of spatial uncertainty, between-study heterogeneity and inter-study
variability. A prominent class of these models is grounded in spatial point process
theory, where the distribution of activation foci is governed by latent spatial intensity
functions. These intensity functions are typically modelled using Gaussian processes

or latent factor structures to capture spatial dependencies and reduce dimensionality
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[Kang et al., 2011, Montagna et al., 2018, Samartsidis et al., 2019]. Such models
support full Bayesian inference, offering posterior estimates of activation probabilities,
while also facilitating meta-regression and subgroup analyses through the inclusion
of publication-level covariates. While Bayesian model-based methods offer improved
accuracy and interpretability compared to kernel-based approaches, they are also more
computationally intensive, often requiring parallel computation on GPUs [Samartsidis
et al., 2019].

Despite their reliance on sparse and thresholded peak coordinates, CBMA methods
remain widely used due to the accessibility of published activation coordinates and
their ability to summarise findings across extensive literatures. Recent methodolog-
ical developments, including improved spatial modelling, the integration of effect
size information, and hybrid CBMA-IBMA frameworks, continue to improve the
interpretability and statistical power of coordinate-based meta-analytic findings in

cognitive and clinical neuroscience.

2.4.4 CBMA Datasets and Repositories

Several curated repositories have been developed to support CBMA by aggregating
these activation coordinates along with comprehensive metadata describing exper-
imental conditions. One prominent example is BrainMap [Laird et al., 2005], a
manually curated database containing thousands of peer-reviewed functional neu-
roimaging experiments. Each entry in BrainMap is richly annotated with metadata,
including behavioural domain (e.g., cognitive, affective, sensorimotor), paradigm class,
subject population characteristics, and specific experimental contrasts, enabling struc-
tured and hypothesis-driven meta-analyses across a wide range of psychological and

neuroscientific topics.

In contrast to manually curated meta-analytic datasets, Neurosynth [Yarkoni et al.,
2011] adopts an automated, data-driven approach that leverages text mining and
natural language processing (NLP) techniques to extract activation foci and associated
cognitive terms directly from the neuroimaging literature. Neurosynth automatically
parses thousands of published articles indexed in PubMed to identify reported peak
activation coordinates (in MNI and Talairach space) and links them to terms derived

from article abstract. By statistically modelling the co-occurrence between terms and
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brain locations using a naive Bayes classifier, Neurosynth enables large-scale meta-
analyses that reveal associations between psychological concepts and neural activity.
This framework facilitates both forward inference (estimating the probability of brain
activation given the presence of a specific term) and reverse inference (estimating
the probability of a psychological process given activation at a specific brain region),
supporting exploratory analyses of the brain’s functional architecture. Over time, the
Neurosynth framework has evolved into a broader ecosystem of tools. For example,
NeuroVault [Gorgolewski et al., 2015] is a closely integrated repository designed for
sharing unthresholded statistical maps, allowing for greater spatial precision and
reproducibility in meta-analytic studies. Another extension, Neuroynth Compose
[Kent et al., 2024], builds upon the Neurosynth database by using language models
to generate natural language descriptions of brain activation patterns. This tool
represents a novel step toward automated cognitive decoding, enabling researchers to

translate activation maps into interpretable psychological summaries.

Building on the foundation of Neurosynth, NeuroQuery [Dockes et al., 2020] introduces
a more advanced predictive modelling framework. It employs regularised regression
techniques to estimate continuous voxel-wise activation patterns from arbitrary natural
language queries. Unlike Neurosynth’s discrete term-based approach, NeuroQuery
captures the multivariate relationship between linguistic features and brain activation,
allowing for more precise and interpretable mapping from text to neuroimaging data.
Additionally, NeuroQuery integrates a larger and more diverse corpus of studies
and leverages improved coordinate extraction and spatial normalisation procedures,
enhancing both coverage and anatomical specificity. As such, it provides a powerful
tool for hypothesis generation, reverse inference, and large-scale cognitive ontology

mapping in neuroimaging research.

2.5 White Matter Hyperintensities (WMHs)

In this section, we provide background information on white matter hyperintensities
(WMHs). We begin by discussing the clinical relevance and underlying pathophysiology
of WMHs in Section 2.5.1. Next, we describe the MRI characteristics and imaging
modalities commonly used to detect WMHs in Section 2.5.2. Finally, we present an

overview of current brain lesion segmentation approaches in Section 2.5.3.
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2.5.1 Clinical Relevance and Pathophysiology

White matter hyperintensities (WMHs) are among the most frequently observed
radiological abnormalities in ageing brains and are widely recognised as key imaging
biomarkers of cerebral small vessel disease (SVD) [Longstreth et al., 1996, de Leeuw
et al., 2001]. These lesions appear as regions of increased signal intensity on T2-
weighted and fluid-attenuated inversion recovery (FLAIR) MRI sequence, as it sup-
presses the signal from cerebrospinal fluid (CSF), thereby enhancing the contrast
between normal and pathological tissue. WMHs are most commonly observed in the
periventricular and the deep subcortical white matter, and are typically bilateral, with

a relatively symmetrical distribution.

Extensive research has consistently demonstrated that WMHs are highly prevalent
in older adults, with both the incidence and volume increasing significantly with age
[de Leeuw et al., 2001]. In some population-based cohorts, the prevalence of WMHs
in individuals over the age of 65 has been estimated to exceed 90%. Beyond ageing,
WDMHs are closely associated with a range of modifiable cerebral vascular risk factors,
including hypertension, type 2 diabetes, cigarette smoking, and hyperlipidaemia, as
well as non-modifiable factors such as genetic predisposition and sex [Longstreth
et al., 1996, Debette and Markus, 2010]. Among these, hypertension has emerged as
a particularly influential risk factor, likely due to its chronic adverse effects on the

structural and functional integrity of small cerebral vessels.

From a pathophysiological perspective, WMHs are believed to arise from a combination
of chronic cerebral hypoperfusion and blood-brain barrier (BBB) dysfunction, both
of which are consequences of progressive small vessel damage. Histopathological
analyses have revealed that WMHs correspond to a spectrum of tissue abnormalities,
including myelin loss, axonal degeneration, gliosis, and rarefaction of the white matter
[Pantoni, 2010]. These changes are primarily driven by small vessel pathologies such
as arteriosclerosis, lipohyalinosis and fibrinoid necrosis affecting the small perforating
arterioles that supply the deep white matter [Wardlaw et al., 2013b]. Compromised
autoregulatory capacity of these vessels, along with endothelial dysfunction, leads to
impaired regulation of cerebral blood flow, reduced clearance of interstitial fluid, and

increased permeability of the BBB, all of which contribute to tissue injury over time.

Clinically, the presence and severity of WMHs have been associated with a range of

adverse outcomes. They are a well-established risk factor for cognitive impairment
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and dementia, particularly vascular cognitive impairment and mixed Alzheimer’s
disease pathology. WMHs are also associated with reduced processing speed, executive
dysfunction, gait disturbances, and an increased risk of falls and disability in older
adults [Debette and Markus, 2010]. Furthermore, accumulating evidence suggests that
the progression of WMHs over time can predict future stroke and worsen functional
outcomes after cerebrovascular events. As such, WMHs are increasingly recognised
not only as markers of existing small vessel pathology but also as potential early
indicators of subclinical cerebrovascular disease, making them a valuable target for

early intervention and longitudinal monitoring.

In summary, WMHs are important neuroimaging features with substantial clinical and
pathophysiological relevance. Their presence reflects underlying small vessel pathology
that contributes to a wide range of neurological and cognitive impairments. Given
their high prevalence and strong association with modifiable vascular risk factors,
WMHs provide critical insight into the relationship between vascular health and
brain ageing. Consequently, WMHs serve not only as diagnostic markers but also
as potential therapeutic targets for the prevention and management of age-related

neurovascular and neurodegenerative disorders.

2.5.2 MRI Characteristics and Imaging Modalities

On MRI, WMHs are characterised by distinct signal characteristic across different
imaging sequences. They typically appear as hyperintense regions on T2-weighted and
fluid-attenuated recovery (FLAIR) images. FLAIR imaging is particularly effective in
detecting WMHs, as it suppresses the signal from cerebrospinal fluid (CSF), thereby
enhancing the visibility of lesions against surrounding brain tissue. Conversely, WMHs
often appear isointense or hypointensity on T1-weighted images, especially when the
lesions are more severe and confluent. T1 hypointensity has been associated with
more severe underlying structural damage, including demyelination, gliosis, and axonal
degeneration [DeCarli et al., 2005a, Gouw et al., 2011].

Anatomically, WMHs are commonly categorised based on their spatial distribution
into two primary subtypes: periventricular WMHs (PVWMHs), which are located
adjacent to the lateral ventricles, and deep WMHs (DWMHs), which occur in the
subcortical or deep white matter. This classification is clinically relevant, as these

subtypes may reflect distinct underlying vascular pathologies and differ in their clinical
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implications. PVWMHs are often associated with age-related changes and alternations
in CSF dynamics, as well as chronic periventricular ischemia, whereas DWMHs are
more closely linked to hypertensive arteriopathy and chronic hypoperfusion of the deep
perforating arteries [Fazekas et al., 1987, Wardlaw et al., 2013b|. Some studies suggest
that DWMHs are more predictive of cognitive decline, particularly in domains such
as processing speed and executive function [Gouw et al., 2011, Debette and Markus,
2010].

While conventional structural MRI, particularly FLAIR and T2-weighted imaging,
remains the standard approach for detecting and visually quantifying WMHs, advances
in neuroimaging have enabled more refined and quantitative assessments of WMH
burden and the integrity of surrounding white matter tissue. Automated and semi-
automated volumetric segmentation algorithms now allow for precise measurement of
WMH load, reducing inter-rater variability and improving the reliability of longitudinal
tracking in both clinical and research settings [Caligiuri et al.; 2015]. In addition,
diffusion tensor imaging (DTI) provides valuable microstructural insights into white
matter by measuring parameters such as fractional anisotropy (FA) and mean diffusivity
(MD), which can detect subtle alterations in tissue integrity even in regions that
appear normal on conventional MRI [Bastin et al.; 2009, O’Sullivan et al., 2001].
These findings have revealed that microstructural abnormalities often extend beyond
the visible borders of WMHs, suggesting a more diffuse pattern of white matter injury

typically associated with cerebral small vessel disease [Maillard et al., 2014].

2.5.3 WMH Segmentation

Accurate segmentation of WMHs is essential for quantifying lesion burden, monitoring
disease progression, assessing their impact on cognitive and functional outcomes,
and evaluating the efficacy of interventions targeting vascular risk. Segmentation
methods can be broadly categorised into manual, semi-automated and fully automated

approaches,

1. Manual segmentation, often regarded as the gold standard due to its anatomi-
cal precision, involves voxel-wise delineation by trained experts. While it provides
high accuracy, this approach is labour-intensive, time-consuming and subject to

inter- and intra-rater variability [Gouw et al., 2008|.
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2. Semi-automated methods combine user input with algorithmic processing
(such as intensity thresholding and edge detection) to improve efficiency and
reproducibility. However, manual correction is often still required, especially in
cases with complex lesion morphology or suboptimal image equality [Caligiuri
et al., 2015].

3. Fully automated algorithm, including tools such as BIANCA (Brain Intensity
Abnormality Classification Algorithm), LST (Lesion Segmentation Tool), and
deep learning-based models (e.g., U-Net architectures), offer high-throughput
and reproducible WMH segmentation across large-scale and multi-site datasets
[Griffanti et al., 2016, Schmidt et al., 2012, Liu et al., 2024]. These methods
typically integrate multimodal MRI inputs (such as T1-weighted, T2-weighted,
and FLAIR sequences), and often utilise combinations of intensity, spatial and

anatomical priors to improve segmentation accuracy and robustness.

In this thesis, we focus on large-scale lesion mapping studies from the UK Biobank
[Miller et al., 2016|, where binary WMH lesion masks have been generated using
BIANCA |Griffanti et al., 2016]. BIANCA is a fully automated, supervised machine
learning tool developed as part of the FMRIB Software Library (FSL), specifically
proposed for the segmentation of WMHs and other brain lesions on MRI. It employs
a k-nearest neighbours (k-NN) classifier to differentiate lesion from non-lesion voxels
based on local intensity features and spatial coordinates. During the training phase,
manually annotated examples are used to construct a model that generates proba-
bilistic lesion maps for new subjects. Key features of BIANCA include its ability to
incorporate anatomical priors, such as distance from the lateral ventricles, and the
flexibility to adjust probability thresholds and feature sets to optimise performance
for specific datasets. This algorithm has demonstrated reliable and reproducible
WMH segmentations across various clinical and population-based studies, particularly
those focused on ageing and cerebral small vessel disease. However, its accuracy
can be sensitive to the quality, size and representativeness of the training dataset,
requiring careful consideration when applied to heterogeneous imaging protocols or

across different imaging sites.

Recent advances in machine learning, particularly in deep learning, have significantly
improved the performance of automated WMHs segmentation. Convolutional neural
networks (CNN), especially architectures based on U-Net and its variants, have

demonstrated high segmentation accuracy comparable to, and in some cases exceeding
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that of human experts in well-controlled settings [Kuijf et al., 2019, Liu et al., 2024].
These models are capable of automatically learning hierarchical and spatially invariant
features from multi-contrast MRI inputs (e.g., FLAIR and T1-weighted images). This
capabilities allows them to robustly detect WMHs with substantial variability in
size, shape and signal intensity, thereby addressing many limitations inherent in
conventional machine learning approaches. Moreover, deep learning-based methods
often generalise more effectively across diverse imaging datasets, particularly when

trained on sufficiently large and heterogeneous cohorts.

Despite these advances, several challenges remain. One major limitation is the
generalisability of deep learning models across different MRI scanners, acquisition
protocols, population cohorts and disease conditions. Such variability can lead to
inconsistent segmentation outputs, reducing the applicability of trained models in real-
world studies. Difference in image resolution, signal-to-noise ratio and tissue contrast
can introduce systematic biases that compromise the accuracy and comparability
of WMH metric across studies. These challenges highlight the critical need for
harmonization of image preprocessing pipelines, implementation of robust cross-site
calibration strategies, and the adoption of publicly available, standardised benchmark
datasets to support rigorous and reproducible evaluation of segmentation performance
[Wardlaw et al., 2013b, Kuijf et al., 2019].

2.6 Contributions of Thesis

The main contribution of this thesis is the development of efficient and scalable
generalised linear model (GLM) frameworks with an integrated spatial component,
which can accommodate a wide range of stochastic distributions for modelling the
complex and diverse characteristics of neuroimaging data. Scalability to the large
sample sizes of population-level studies is achieved through robust model factorisation
techniques and accurate approximation strategies. In addition, a flexible statistical
inference framework is proposed, allowing for a variety of hypothesis tests related to
spatial homogeneity and group-level comparisons. The proposed frameworks support
both parametric and non-parametric inference approaches, including bootstrapping
and resampling, which are particularly well-suited to the sparse and high-dimensional
nature of neuroimaging data. Spatial dependence between neighbouring brain locations

is captured through a spatial model with spline-based parametrisation, allowing for
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smooth and interpretable spatial effects. This thesis is structured into three main
chapters: the first two focus on meta regression and inference framework, applied to
20 coordinate-based meta-analytic datasets; the final chapter presents a spatial lesion

estimation model and its application to lesion mapping in the UK Biobank dataset.

In Chapter 3, we develop a meta-regression framework for coordinate-based meta-
analysis (CBMA) data, referred to as CBMR (Coordinate-Based Meta-Regression).
This framework incorporates a spline-based parametrised spatial model as a general
and flexible approach for analysing CBMA datasets. We apply CBMR to a collection
of 20 CBMA datasets, demonstrating its effectiveness in synthesising findings across
studies. In this work, we also explore and compare multiple stochastic models and
extend the framework to incorporate publication-level covariates, allowing for the
investigation of potential sources of heterogeneity at both the voxel and publication

levels.

In Chapter 4, we extend CBMR to support multiple groups and introduce a roughness
penalty to regularise the smoothness of the spatial functions parametrised by splines.
We also develop a parametric bootstrap method as an alternative for more accurate
inference in datasets with an insufficient number of foci, aiming to improve both the
accuracy and robustness of the inference. This extended CBMR module is implemented

in the open-source Python package NiMare, which is designed for meta-regression and

meta-inference on CBMA fMRI datasets.

In Chapter 5, we develop a scalable voxel-wise GLM framework that incorporates
an efficient approximate factorisation method for large-scale regression. The model
supports flexible inference using either Chi-square tests or, alternatively, a sandwich
estimator to improve accuracy and robustness under model misspecification. In our
real data application, we apply the model to UK Biobank data to identify association
between risk factors (e.g., age and cardiovascular risk factors) and lesion incidence

probability.
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Chapter 3

Neuroimaging Meta Regression for
Coordinate Based Meta Analysis Data
with a Spatial Model

This chapter focuses on meta-regression and inference methodology for coordinate-
based meta-analysis (CBMA) of fMRI data. We propose a generative coordinate-based
meta-regression (CBMR) framework to approximate smooth activation intensity
functions and investigate the effects of publication-level covariates (e.g., year of
publication, sample size). To capture the spatial structure of brain activation, we
employ spline parameterization, and we consider four stochastic models to account for
random variation in reported foci. To evaluate the validity of the proposed CBMR
framework, we estimate brain activation across 20 meta-analytic datasets, conduct
voxel-level spatial homogeneity tests, and compare our results with those obtained

using existing kernel-based approaches.

3.1 Introduction

Functional neuroimaging includes a number of techniques to image brain activity,
including positron emission tomography (PET) and functional magnetic resonance
imaging (fMRI). Starting three decades ago, PET studies were used to compare brain
activity between rest and experimental conditions, producing maps of “activation",
images of statistics measuring the strength of the experimental effect. Especially in the

last two decades, the literature on fMRI activations has grown rapidly, which motivates
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a need to integrate findings, establish consistency and explore heterogeneity across
independent but related studies. However in both PET and fMRI studies, validity
is challenged by common drawbacks such as small sample sizes, a high prevalence
of false positives (approximately 10 — 20% of reported foci in publications are false
positives |Wager et al., 2007]), significant heterogeneity among studies and unreliable
inference due to their diversity in measurements and types of analysis [Samartsidis
et al., 2017]. Meta-analysis is an essential tool to address these limitations and improve
statistical power by pooling evidence from multiple studies and providing insight into
consistent results. While there are also applications of neuroimaging meta-analysis
to resting-state fMRI and structural analysis using voxel-based morphometry, in this
work we focus on fMRI but note that our work applies to data from other types of

studies.

Meta-analysis in neuroimaging research is classified into two categories: image-based
meta-analysis (IBMA) which uses the 3D statistical maps of original studies and
coordinate-based meta-analysis (CBMA) which uses the reported spatial coordinates
of activation foci in standard MNI or Talairach space. Ideally, only IBMA would be
used, as there is substantial information loss by only using activation foci as compared
to full statistics maps, and further accuracy loss occurs when deactivation foci are
ignored [Salimi-Khorshidi et al., 2009]. However, while it is now more common to share
entire statistical maps in published studies, historically, researchers typically reported
only the z,y, z coordinates of peak activation (local maxima) within each activation
region. While this data is sparse, with an average of fewer than 10 foci reported per
publication, and there are large-scale coordinate databases (e.g., BrainMap [Laird
et al., 2005], Neurosynth |Yarkoni et al., 2011]) that index thousands of studies. Hence,

CBMA remains the predominant approach for neuroimaging meta-analysis.

To identify brain regions with consistent activation across studies, researchers have
developed a variety of CBMA methods, which are either kernel-based or model-based.
Kernel-based CBMA methods utilise spatial kernel functions to model the uncertainty
around each reported focus. In contrast, model-based CBMA methods employ nuanced
statistical models with assumptions about the underlying brain function. Among
those kernel-based methods, activation likelihood estimation (ALE, with a Gaussian
kernel), multilevel kernel density analysis (MKDA, with a uniform sphere) and signed
differential mapping (SDM, with a Gaussian kernel scaled by effect size) are commonly
used [Turkeltaub et al., 2002, Eickhoff et al., 2012, Wager et al., 2007, Radua et al.,

2012]. None of the three methods is based on a formal statistical model, however, all
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are able to obtain statistical inferences by referencing to a null hypothesis of total
random arrangement of the foci [Samartsidis et al., 2017]. Voxels with significant
p-values are considered regions of consistent activation. Multiple testing corrected
inferences are made by controlling the family-wise error rate using the null maximum
distribution [Westfall and Young, 1993] or the false discovery rate (FDR) (Benjamini-
Hochberg (BH) procedure, |Benjamini and Hochberg, 1995]). However, kernel-based
methods lack interpretability, generally do not allow group comparison, do not model
the spatial dependence of activation foci, nor can accommodate publication-level

covariates to conduct a meta-regression [Samartsidis et al., 2019].

Bayesian model-based methods address these limitations, and are categorised into
parametric spatial point process models [Kang et al., 2011, Montagna et al., 2018,
Samartsidis et al., 2019] and non-parametric Bayesian models [Yue et al., 2012, Kang
et al., 2014]. They use explicit generative models for the data with testable assumptions.
Although they generally provide advances in interpretability and accuracy over kernel-
based methods, they are computationally intensive approaches and generally require
parallel computing on GPUs [Samartsidis et al., 2019]|, and only some approaches can
conduct meta-regression to estimate the effect of publication-level covariates. Further,
it can be more challenging for practitioners to interpret the spatial posterior intensity

functions and utilise spatial Bayesian models in practice.

In this work, we propose classical frequentist models that explicitly account for the
spatial structure of the distribution of activation foci. Specifically, we develop a
spatial model that takes the form of a generalised linear model (GLM), where we
make use of a spline parameterization to induce a smooth response and model the
entire image jointly; we allow for image-wise publication-level regressors and consider
different stochastic models to find the most accurate but parsimonious fit. Although
Poisson is the classic distribution for describing independent foci counts, we have
previously found evidence of over-dispersion [Samartsidis et al., 2020a], and thus we
further explore a Negative Binomial model, a Clustered Negative Binomial model and

a Quasi-Poisson model to allow excess variation in counts data.

Our work builds on the existing methods for CBMA, while introducing key innovations.
From the Bayesian work, we adopt the concept of explicit spatial models; from the
kernel methods, we incorporate the idea of fixing the degree of spatial smoothness.
The contribution of this meta-regression model is both methodological and practical —

it provides a generative regression model that estimates a smooth intensity function
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and can incorporate publication-level regressors. Meanwhile, using a crucial memory-
saving model factorisation, it also offers a computationally efficient alternative to
existing Bayesian spatial regression models and provides an accurate estimation of
the intensity function. While our method is suitable for any CBMA data, we are
particularly motivated by studies of cognition. Cognition encompasses various mental
processes, including perception, intelligence, problem solving, social interactions, and
can be affected by substance use. We demonstrate this meta-regression framework on
previously published meta-analyses of 20 cognitive and psychological tasks, allowing
generalised linear hypothesis testing on spatial effect, as well as inference on the effect

of publication-level covariates.

In the remainder of this work, we present our proposed meta-regression framework,
introduce the model factorisation and optimisation procedures, as well as inferences
on meta-regression outcomes via statistical tests in Section 3.2. Then we explain the
experiment settings in Section 3.3 and explore different variants of stochastic models on
the 20 meta-analytic datasets. We describe multiple goodness-of-fit statistics to identify
the most accurate model, establish valid FPR control via Monte Carlo simulation under
the null hypothesis of spatial homogeneity, followed by a comparison of homogeneity
tests with kernel methods in Section 4.3. Finally, Section 3.5 summarises our findings

and discusses potential extension of this meta-regression framework in the future.

3.2 Methods

GLMs are described in terms of their stochastic and deterministic components. Our
deterministic model features a regression structure with a spatial component utilising
spline parameterization and a publication-level covariate component. For the stochastic
model, we consider multiple models motivated by CBMA data characteristics. We
then propose a model factorisation approach to make our methods scalable, before

outlining a general inference framework.
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3.2.1 Deterministic model

3.2.1.1 Generic regression structure

Assume there are N voxels in each of M publications, and then our CBMA data
at voxel j for publication 7 is the voxelwise count of foci Y;;, written as a N-vector
Y, = [Vi1, Y, - ,YiN]T for publication 7. We generate a spatial design matrix X
(N x P) with P cubic B-spline bases (more details to follow in Section 3.2.1.2) and
construct a publication-level covariates matrix Z (M x R) using R publication-level
covariates from each of M publications. For the CBMA framework, the central object
of interest is the voxelwise intensity function for publication ¢, which considers both
effects of smooth spatial bases and publication-level covariates. In this setting, we

concisely write the model for publication ¢ as
log(pi) = log [E(Y;)] = X8 + (Zi7)1n (3.1)

where § (P x 1) and v (R x 1) are regression coefficients for spatial bases X and
publication-level covariates Z, respectively, Z; is the i* row of publication-level
regressors Z, and 1y is a N-vector of 1’s; the estimated intensity is j,;; for publications
i=1,..,M and voxels j = 1,..., N, written as the N-vector u; = [f;1, fli2, - - 'Mz’N]T for
publication 7. This model is identifiable as long as we ensure each covariate variable
is mean zero, letting X capture the overall mean. The GLM for all voxels in all M

publications is then
log [E(Y)] = (1y ® X)B + (Z ® 1)y (32)

where Y = [Y},Ys, -+, Yy|" is a (M x N)-vector, containing voxelwise foci count
for all of M publications, and ® is the Kronecker product. Note that our GLM has
millions of rows (M N) and the spatial design matrix has billions of entries (M N x P).
In consideration of implementation complexity and memory requirement, we will

propose a simplified reformulation of this GLM in Section 3.2.3.

3.2.1.2 Spline parameterization

Previous work on spatial point process modelling of CBMA data has treated each
publication’s foci as a realisation of a doubly-stochastic Poisson process, also known

as a Cox process. In some of that work, the log intensity function is parametrised by
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superimposed Gaussian kernel basis functions [Montagna et al., 2018|, while in others,
the log intensity is a Gaussian process [Samartsidis et al., 2019]. Both the tensor
product of cubic B-spline bases and the Gaussian kernel basis functions are suitable
for modelling spatial intensity. Their smoothness, stability and ability to provide
local support make them ideal spatial bases for CBMA applications. We choose
tensor product splines for this work but, in a small evaluation, found that these two
approaches have comparable performance; see Appendix A.3.1 of the Supplementary

material.

A 1-dimensional cubic B-spline is a piece-wise polynomial of order 3, where pre-specified
knots determine the parameterization of basis functions where the polynomial sections
join. For our 3D lattice, assume there are v,, voxels along the x direction, the coefficients
of v, voxels evaluated at each of n, B-spline bases construct a coefficient matrix C,
(size v, X my). Similarly, there exist another two coefficient matrices C,, and C, (size
vy X n, and v, x n,) along y and z direction. The whole coefficient matrix C' of
3-dimensional B-spline bases is constructed by taking the tensor product of the three

coefficient matrices (see Figure 3.1 for a 2D illustration),
C=0,00,C, (3.3)

The matrix of C' is (v,v,v,) X (nynyn,), and is the basis for the entire 3D volume,
while the analysis is based on a brain mask of N voxels. The design matrix X is
obtained from C' after a three-step process: First, rows corresponding to voxels outside
the brain mask are removed; then, columns are removed if they correspond to weakly
supported B-spline bases (a B-spline basis is regarded as “weakly supported" if its
maximum value of coefficients evaluated at each voxel is below 0.1). Finally, the rows
are re-normalised (sum to 1) to preserve the “partition of unity" property of B-spline

bases.

We define our cubic B-spline bases with equally spaced knots in z, y and z dimen-
sions, and thus we parametrise the level of spatial smoothness by the knot spacing.
Larger knots spacing, smaller basis, and greater smoothness; conversely, closer knots,
larger basis, and greater ability to represent fine details. Conceptually, more flexible
parameterizations would allow arbitrary knots locations, but with the consideration
of minimising computational complexity, we fix the design matrix X based on pre-
specified knots spacing and locations. We also provide practical recommendation
on parameter selection for knot configuration in section A.3.2 in the Supplementary

material. While other spline applications use a dense array of knots and then control
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Figure 3.1: Illustration of a 2D tensor product spline basis.

smoothness with a roughness penalty, the computational and memory requirements
of our spatial model demand that we judiciously select the coarsest spline spacing

consistent with our application.

3.2.2 Stochastic model

Different stochastic assumptions on the CBMA foci data determine the form of
statistical likelihood we use. We consider a set of four stochastic models for the
distribution of foci counts at the voxel level. All of our models take the form of
GLMs, where inhomogeneous intensity at each voxel is captured by the spline bases
and any publication-level covariate (as per Equation 3.2). We fit our model either by
maximising log-likelihood function iteratively via L-BFGS (Limited-memory Broy-
den—Fletcher—Goldfarb—Shanno) algorithm [Shanno, 1970] or iteratively re-weighted
least squares (IRLS) for Quasi-likelihood models. We now elaborate each of these

models in turn and discuss their strengths and limitations.
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3.2.2.1 Poisson model

In practice, the count of foci Y;; (for publications i =1,--- , M, voxels j =1,--- ,N)
is only ever 0 or 1, which strictly indicates a Binomial model. However, inspired
by previous success with the Poisson point process, and the accuracy of the Poisson
approximation for low-rate Binomial data |[Eisenberg et al., 1966], we consider a

Poisson model.

If foci arise from a realisation of a (continuous) inhomogeneous Poisson process, the
(discrete) voxel-wise counts will be independently distributed as Poisson random
variables, with a rate equal to the integral of the (true, unobserved, continuous)
intensity function over each voxel. As the sum of multiple independent Poisson
random variables is also Poisson, this also gives rise to a practical consequence: it
is equivalent to either model the set of M publication-level counts or the summed
counts at each voxel. Following the deterministic structure outlined in Equation (3.1),

the intensity for voxel j in publication ¢ is
E[Yi;] = py;

N (3.4)

log(pij) = mij = x; B+ Ziry

where Y;; ~ Poisson(s;), x]T is the j'" row of spatial design matrix X (N x P), and 3
is the regression coefficient of spline bases. The data vector Y has a length-(MN),
which is impractical to represent explicitly. Under the assumption of independence
of counts across publications, the likelihood function is exactly same if we model the
voxel-wise total foci count over publications instead (more details to follow in A.1.1

in the Supplementary material), which gives rise to the modified Poisson model on

summed data at voxel j over all publications, Y, ; = > Y},

E[Y.;] = 1.

where p, ; = Z H;5 is the expected sum of intensity at voxel j over publications. Under

this formulatlon the likelihood to be optimised is,

N
1(0) =1(8,7) = Y [¥.;10g(k.;) — i — log(Y.5))] (3:6)
J=1
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3.2.2.2 Negative Binomial model

While Poisson model is widely used in the regression of count data, it is recognised that
counts often display over-dispersion (the variance of the response variable substantially
exceeds the mean). Imposing a Poisson model based on the unrealistic assumption
(variance equals mean) may underestimate the standard error, and lead to biased
estimation of the regression coefficients. While Barndorff-Nielsen and Yeo [1969]
proposed a formal definition of spatial Negative Binomial model, it involves Gaussian
processes and complexities we sought to avoid. Hence, here we do not propose a
formal point process model, but rather simply assert that the count data at each
voxel follows a Negative binomial (NB) distribution independently, thus allowing for

anticipated excess variance relative to Poisson |Lawless, 1987].

Our NB model uses a single parameter « shared over all publications and all voxels to
index variance in excess of the Poisson model. For each publication ¢ and voxel 7, let
Aij follow a Gamma distribution with mean f;; and variance a,u?j; then conditioned on
Aij, let Yi; be Poisson with mean \;;. It can be shown that the marginal distribution

of Y;; follows a NB distribution with probability mass function,

Py = ) = e L () ) (12 )" e

Iy + DI (a™") \1 + apy 1+ ovpui

In terms of the success count and probability parameterization, NB(r, p), we have

Y;; ~ NB(a™, a*fzuij)’ with mean E(Yj;) = p;; and variance V(Yy;) = py; + o

Details on the derivation of the probability density function of the NB model can be

found in A.1.2 of the Supplementary material. When o > 0, we observe Poisson-excess
variance of ozp?j; or analogous to the coefficient of variation, the coefficient of excess
variation is , /au%j /1ij = v/a, which can be interpreted roughly as the relative excess

standard deviation relative to a Poisson model.

Again, the data vector is impractical to represent explicitly, but unlike Poisson, the
sum of multiple independent NB random variables doesn’t follow an NB distribution.
Thus, we propose a moment matching approach to approximate the mean (first
moment) and variance (second moment) of this convolution of NB distributions, which
significantly facilitates the simplification of the log-likelihood function. Matching the

first two moments, the approximate NB distribution of the total count of foci over all
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M
publications at voxel j is given by Y, ; = > Y;; ~ NB(r}, p), where
i=1

M 2
2 >, Hij
r— N.,j ’ i=1
A TR M
2 1, . 2
g g+ D0 1
i=1 i=1

with corresponding excess variance

M 2
> i
i=1

2 )
e

o =a

which gives rise to the simplified NB log-likelihood function,
N
1(0) = 1(B,a) = Z [log D(Y;+ 7)) —logT'(Y.; +1) —log I'(r}) 4+ rjlog (1 — p}) + Y ; logpﬂ

Jj=1

(3.8)

Details on the derivations of the moment matching approach can be found in A.1.3
in the Supplementary material. We have also included a simulation in section A.1.4
in the Supplementary material, which demonstrates the accuracy of this method in
approximating the sum of NB distributed variates. Our findings indicate a negligible
bias (0.3098%) in the standard error estimates for the mean estimate using the moment
matching approach. Furthermore, the maximum likelihood estimates (MLEs) for both

methods are remarkably close to their true values.

3.2.2.3 Clustered Negative Binomial model

While the NB model can be regarded as a kind of “random effects" Poisson model, as
developed above, the latent Gamma random variable introduces independent variation
at each voxel. Instead, we could assert that the random (Gamma-distributed) effects are
not independent voxel-wise effects, but rather latent characteristics of each publication,
representing a shared effect over the entire brain for a given publication. This is, in fact,
the approach used by a Bayesian CBMA method [Samartsidis et al., 2019], and in a
non-imaging setting, a Poisson-Gamma model for two-stage cluster sampling |Geoffroy
and Weerakkody, 2001]. Therefore, we now consider a third GLM, where at the first
stage, we assume each individual publication 7 is sampled with a global latent value \;

from a Gamma distribution with mean 1 and variance «, which accommodates excess
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variance by the dispersion parameter o (A\; ~ Gamma(a™',a™!)). At the second stage,
conditioned on the global variable );, Y;; are drawn from a Poisson distribution with
mean A;/t;; (Yij| A ~ Poisson(\;p;5)), where p;; is the expected intensity parametrised
by spatial regression parameter § and covariates regression parameter . The marginal

distribution of Y;; also follows an NB distribution,

Ly + o) ot N\
P(Y; = y;;) = “ o 3.9
¥ = 4s) Pyij + DI (™) \pij + ™! pij +at 39

where Y;; ~ NB(a™, a_’ffi”ij) with mean E(Y;;) = p5; and variance V(Y;) = pi; +aps;.

Details on the derivation of the probability density function of the clustered NB model

can be found in A.1.5 in the Supplementary material. This two-stage hierarchical
Clustered NB model also introduces a covariance structure between foci within a
publication, which is determined by the expected intensity of the observations as
well as the dispersion parameter « (see A.1.6 in the Supplementary material). The

covariance for publications i and ¢, and distinct voxel j and j' is,

C(Yy, Yo ) = auuuw it =1 (3.10)
C(Yij,Y;/’j/) =0, if1 #7
The log-likelihood is the sum of terms over independent publications,
Zlog 217 127 aY;ZN)]
= Ma tlog(a™!) — MlogI'(a +ZlogFY +a™h)
=1
M
—ZZIogY'—Z(YQ,_jLOz )lOgMz +a” —i—ZZY;]log,uU
i=1 j=1 i=1 i=1 j5=1
(3.11)

where Y] | Z ; 1s the sum of foci within publication 7. One limitation of this model,

though, is that it doesn’t admit a factorisation and depends on the length-(MN) data

vector (see A.1.6 in Supplementary material).

While the intra-publication dependence is well-motivated, the Clustered NB model
depends on the strong assumption that excess variance is captured by the global
dispersion \;. If there is voxel-wise independent excess variance, the previous NB

model will be preferred; we assess this issue below with real data evaluations.

29



3.2.2.4 Quasi-Poisson model

As an alternative to the NB model, Quasi-Poisson model also allows for over-dispersed
count data, and is a straightforward elaboration of the GLM. Instead of specifying a
specific probability distribution for count data, the Quasi-Poisson model only requires
a mean model and a variance function, V(Y;;) = 0pu,; (with 6 > 1). While the variance-
mean relationship is linear for the Quasi-Poisson model, it is quadratic in the NB
model. This results in small foci counts being weighted more and can have greater
adjustment effect in the Quasi-Poisson model, which theoretically might be ideal for
our scenario where most brain regions have zero or low foci counts [Ver Hoef and
Boveng, 2007].

Quasi-Poisson model can be framed as a GLM, with the mean and variance for voxel
J in publication i given by,
E[Y;;] = py

(3.12)
Var(Yy;) = Opi;.

Without a likelihood function, we instead use ILRS algorithm, with the (k + 1)

iteration given by,

B[kJrl] _ 5[k} + (X*TW[k]X*>—1X*T(Y _ ,U[k])

2 [k+1] 2 [K] *Trr7[k] 7%\ —1 7% T k] (3-13)
Y =7 —l—(ZWZ)Z(Y—,u)

where W = diag(#3t, - B ... B BEMN) and X* =1y ® X, ZF = 1y ®

7. This model can be simplified as well, though we again defer that to the next
Section 3.2.3.

3.2.3 Model factorisation

Having derived the explicit log-likelihood functions for meta-regression with three
stochastic likelihood-based models, as well as the updating equation for a quasi-
likelihood based model, we now consider model factorisation to replace the full
(M N)-vector of foci counts by sufficient statistics. Following the generic formulation
of GLM proposed in Section 3.2.1.1,

P R
i = log (i) = ZXjkﬁk + Z ZisYs- (3.14)
k=1 s=1
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1;; is the estimated linear response from GLM, specific to each voxel j in each individual
publication 7. In our neuroimaging application, there are always at least 220,000
voxels (IV), hundreds or thousands of publications M, and ~500 or more basis elements
(P = 456 for 20mm knots spacing), giving rise to millions of rows (M N) and billions
of entries (M N x (P + R)) in a GLM formulation. Thus, we propose a reformulation
of this model into a series of sufficient statistics that are never larger than M or
N in dimension. First, note that the localised spatial effect ;¥ and global effect of

publication-level covariates i for publication i factorise u;; as

P R P R
Hij = €Xp <Z Xjkﬂk + Z Zis’Ys) = exp <Z XJkBk) exp (Z ZisVs) = MJX /’L’LZ
k=1 s=1 k=1 s=1
(3.15)

To further simplify the log-likelihood function, we also use the fact that Y;; <1 (either
0 or 1), as there will never be more than one foci at the same location in a given

publication. Define the following notation:

e let N-vector u* = exp(X3) be the vector of spatial effects;

e let M-vector u? = exp(Z~) be the vector of global publication-level covariates

effects;

M
e as already defined, Y ; = > V;; is sum of foci counts at voxel j across all
i=1

publications, and define the N-vector Y, = [V.1,---,Y. x| ";

N

e and let Y;, = > Y, be the sum of foci counts for publication ¢ across all voxels,
j=1
and define the M-vector Y, = [Yy,,---,Yas.]".

The simplified factorisation of total log-likelihood functions or IRLS updating equa-
tion are specific to each stochastic model. Full details are provided in A.2 in the

Supplementary material; in summary:

e Poisson model:

(B, 0) =Y log(u™) + Y log(u?) — [17p™] [1747], (3.16)
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e NB model: As described in Section 3.2.2.2, we approximate a sum of independent

NB variables again as a NB:

M
X 1Z2)2
. M v, - NB - (L@X)Z[]_TMZ]Z ;(M] wi)
~J Z ~ ( ]’p]) M )
= o 3 (i )? (o) LT )T +Z(u§‘u?)2
(3.17)
o Z(u] n?)?

with dispersion parameter o/ = W The log-likelihood function is given
J

by,

N
o, B8,7) =) [logT(Y.; + 7)) —log I'(Y,; + 1) — log T'(})) + 7/ log (1 — p})) + Y. ;log p}] ,
7j=1

(3.18)
e Clustered NB model:
la, B,7) = Ma log(a™) — MlogI'(« —|—ZlogFY +a™)
y =t (3.19)
=Y (Vi.+a Hlogla™ + pi.) + Y. log(p™) + Y. log(n?)
i=1

where dispersion parameter o« measures the excess variance across all publications

and all voxels,

e Quasi-Poisson model:
AU+ = 5[]‘] + (XWX XY, — (V)
’ , (3.20)
AR =3V (ZTVEIZ) T Z (Y, = (b))

B BN A i 4
where W = diag(5-,--- ,5¥%) and V = diag(5-, &=, - -+, 5L,

3.2.4 Model optimisation

For likelihood-based models (Poisson, NB and clustered NB model; Section 3.2.2.1 -

Section 3.2.2.3) without publication-level covariates, we employ Fisher scoring for the

iterative optimisation of parameters in GLMs. Fisher scoring replaces the gradient

and Hessian of Newton’s method with the score and observed Fisher’s information,
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respectively [Longford, 1987]. Writing 6 for all parameters, the updating equation at
the (k + 1) iteration is,

0
k+1 k k))y—1 k])
where the observed Fisher information is (%) = E [— gjé(f%} ok’

For the Poisson model, § = [, 7], the Fisher information is given by,

S/ L
10)=1(8,y)=| %0 %% (3.22)
T 9v0BT T 9oy T
with negative Hessian matrix of 3, <_aﬂaa%> = X Tdiag(puX)X; the negative
PxP
-
9%l _(__ 9% _ T, X I\T 77. : :
cross term <—W>PXR = ( —8785T>Rxp = [X p][(p?)" Z]; and negative Hessian
matrix of 7, (_855£T> = Zdiag(p?)Z.

Likelihood-based models with publication-level covariates lead to more complicated
derivations of updating equations via Fisher scoring. Instead, we use a more efficient
quasi-Newton algorithm (the L-BFGS algorithm, [Shanno, 1970]), which minimises
smooth, nonlinear functions without directly computing the Hessian matrix. It
estimates the observed Fisher Information with gradient evaluations, significantly
reducing both memory requirements and computational complexity. It is particularly
well-suited for optimisation problems characterised by a large number of variables,
where computing the full Hessian matrix would be computationally expensive or even

infeasible due to memory constraints.

Lastly, for Quasi-likelihood models (e.g. Quasi-Poisson model, see Section 3.2.2.4)
when exact likelihood functions are computationally infeasible, optimising the regres-
sion coefficients using Fisher scoring becomes impractical. Instead, we employ the
Iteratively Reweighted Least Squares (IRLS) method to iteratively find the optimal
regression coefficients. For the updating equations, please refer to Section A.2.4 in the

Supplementary Material.
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3.2.5 Statistical inference

3.2.5.1 Global test of model fitness

Among the proposed stochastic models in Section 3.2.2, the Poisson, NB and clustered
NB model are likelihood-based, while Quasi-Poisson model is Quasi-likelihood based
(its exact likelihood is computationally infeasible). To compare the goodness of fit from
a global perspective, we will utilise likelihood-based comparison criteria (e.g., LRT
and Akaike information criterion (AIC)) with likelihood-based models, as well as other
global model fitness criteria across all stochastic models within this meta-regression

framework.

Likelihood-based model selection criteria LRT uses the difference in log-likelihoods
to test the null hypothesis that the true model is the smaller nested model. Since the
Poisson model is nested in both the NB model and the clustered NB model with a
dispersion parameter o = 0, for the null hypothesis Hy: dispersion parameter a = 0,

the likelihood-ratio test statistic is given by,
ALr = —2 [l(éo) - l(é)]

where 1(f) = I(&, 3,4) is the maximum log-likelihood of the NB model or clustered
NB model without any constraint on parameters, and l(éo) =l(a =0, B,&) is the
maximum log-likelihood of the NB model or clustered NB model with the dispersion
parameter « constrained at 0 (i.e. Poisson model). The test statistic is Chi-square

distributed with 1 degree of freedom.

AIC is an alternatives to LRT which also address the trade-off between the goodness
of fit and the simplicity of the model, and they address the overfitting problem by
penalising the number of parameters in the model. To measure the goodness of fit of
a model M on dataset D,

AIC = 2k — 21(6) (3.23)

~

where [(0) is the maximised log-likelihood function of the model M, k is the number
of parameters in model M and n is the number of data points in the dataset D. The
model with the smaller AIC is believed to be a better fit to the dataset.

Bias and variance of estimation For the purpose of selecting the best model in
terms of goodness of fit across a variety of datasets, we extend the model comparisons

to include all stochastic models proposed in Section 3.2.2; including the Quasi-Poisson
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model. As the central outcome of this meta-regression framework is voxel-wise intensity
estimation for each publication, with the effect of publication-level covariates being
considered, it’s natural to utilise bias and variance of intensity estimation as new

criteria stated below,

e Relative bias of the estimated total sum of intensity (per publication), compared

with the averaged sum of foci count (per publication) across multiple datasets;

e Relative bias of standard deviation (SD) in each of x,y, z dimension, compared
with the actual Standard deviation in foci count (per publication) across multiple

datasets;

e Relative bias of voxel-wise variance between the actual foci count (per publication)

and the intensity estimation (per publication).

Here, relative bias is evaluated instead of absolute bias, especially when applied to a

variety of datasets with diverse foci counts.

3.2.5.2 Localised inference with Wald tests on ,uf]‘f and 77;-)]{

While our model is parameterised by P basis elements, users want to make inference
at each of the IV voxels. Hence, we provide localised inference on estimated spatial
intensity p;s (or n;; = log(y;;)) and the regression coefficient of publication-level

covariates () via Wald tests.

Test of spatial homogeneity: In the CBMA context, the most basic inference is a
test of homogeneity to identify regions where more foci arise than would be expected

if there were no spatial structure. Precisely, we use the null hypothesis on voxelwise

M N

intensity estimation or estimated linear response, Ho : ;5 = pio = Z:l zjlY;j /(MN)
1=1)=

or ni)]{ = 19 = log(uo) at voxel j, for publication i. The standard error for § can

be asymptotically estimated from the inverse of the observed Fisher Information
matrix, which gives rise to the standard error for the linear response 775;, and thus
the standard error for y;% is obtained via the delta method (see Section A.2.5 in the
Supplementary Material for details). It allows inference via Wald tests by examining

voxelwise intensity estimation against the null hypothesis of homogeneity over space.
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. . . X X .
The signed Wald statistic for p;; or n;; takes the form:

o~ o L my Mo

T TUSE(E) T SEMY)

u (3.24)
where SE(u;)) is the standard error of the estimated spatial intensity p;s, and SE(;})
is the standard error of the estimated linear response ni)]{ , and the statistics are
asymptotically Gaussian. Finally, we can create p-value maps that are thresholded to
control the false discovery rate (FDR) at 5% [Benjamini and Hochberg, 1995].

3.2.5.3 Inference on publication-level covariates

For the regression coefficient v (s x 1) of publication-level covariates, we consider
general linear hypothesis (GLH) tests through a contrast matrix C,, (m x s). Under
the null hypothesis,

Hy: Cyy = 051 (3.25)

The test statistic follows a x? distribution with m degree of freedom asymptotically,
. . _ D
(C5A) (5 Cov()CT)H(CA) = X, (3.26)

and in the case of a single contrast (m = 1), a signed Z test can be computed. Details
of GLH on publication-level covariates can be found in A.4.1 in the Supplementary

material.

3.3 Experiments

3.3.1 Simulation settings

The statistical analyses of model estimation with CBMA data are conducted at the
voxel level: voxelwise test statistics are evaluated to examine the significance of the
experimental effect. Therefore, before investigating model fitness, we evaluate our
models’ false positive rates (FPR) under null settings. Due to the computationally
intensive nature of these evaluations, we only evaluated the two models that showed
promise in other evaluations, Poisson and NB. Under the null hypothesis of spatial

homogeneity, we use Monte Carlo (MC) simulation to establish the validity of FPR
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control for the test of spatial intensity (u”). Specifically, we will explore meta-
regression with either the Poisson or NB model, with or without publication-level
covariates. To ensure the validity of FPR control is applicable to all CBMA data, the
sampling mechanism is either model-based or empirical, with simulated foci count
always analogous to the foci count within a real dataset. Specifically, in model-based
sampling, the data generating mechanism matches the regression model, with the
number of publications and average foci per publication identical to the original
dataset; while in empirical sampling, real data foci locations are randomly shuffled to

guarantee the spatial homogeneity of the foci distribution.

3.3.2 Applications to 20 meta-analytic datasets

Cognition concerns psychological and cognitive processes that focus on learning people’s
perception, interpretation and response to information and stimuli. It refers to both
conscious procedure and unconscious, automatic mechanisms in the brain that occur
as a response to stimuli, and is highly variable across individuals [Gallagher et al.,
2019]. Cognition has been studied intensively to identify brain regions involved in
cognition tasks, conducted in an MRI scanner. Here we use 20 previously published
meta-analytic datasets for the purpose of evaluating the accuracy and sensitivity of
this meta-regression framework, as well as analysing the goodness of fit of stochastic
models with respect to different CBMA datasets. These datasets involve multiple

aspects of cognition research, as listed in Table 3.1.

The preprocessing steps are summarised in Figure 3.2. The discrete sampling space
of our analysis is the 2mm?® MNI (Montreal Neurological Institute) atlas [Collins
et al., 1994], with dimensions 91 x 109 x 91, and N = 228,483 brain voxels. We first
apply this brain mask to remove foci outside the brain and remove any multiple-foci
(while original data peaks are always distinct, a foci count in excess of 1 can occur
when Talairach coordinates are rounded to the MNI 2mm grid). We then extract
all the sufficient statistics after model factorisation in Section 3.2.3, including the
spatial design matrix X (/N x P) generated from B-spline bases, total foci count per
voxel Y, (N x 1) and total foci count per publication Y, (M x 1) and publication-level

covariates Z(M x R) if considered.
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Table 3.1: Number of experiments and foci counts of 20 meta-analytic datasets.

Dataset ‘ number of experiments ‘ total count of foci ‘ max foci count ‘ average foci count
1. Social Processing 599 4934 47 8.24
2. PTSD 22 154 26 7.00
3. Substance Use 89 657 110 7.38
4. Dementia 28 1194 548 42.64
5. Cue Reactivity 275 3197 58 11.63
6. Emotion Regulation 338 3543 87 10.48
7. Decision Making 145 1225 49 8.45
8. Reward 850 6791 59 7.99
9. Sleep Deprivation 44 454 59 10.32
10. Naturalistic 122 1220 59 10.00
11. Problem Solving 282 3043 44 10.79
12. Emotion 1738 22038 203 12.68
13. Cannabis Use 81 314 16 3.88
14. Nicotine Use 13 77 23 5.92
15. Frontal Pole CBP 795 9525 57 11.98
16. Face Perception 385 2920 50 7.58
17. Nicotine Administration | 75 349 24 4.65
18. Executive Function 243 2629 54 10.82
19. Finger Tapping 76 696 27 9.16
20. n-Back 29 640 69 22.07

3.4 Results

3.4.1 Simulation results

For each of the 20 meta-analytic datasets, we simulate foci distribution under a
null hypothesis of spatial homogeneity, estimate spatial intensity and investigate the
distribution of voxel-wise p-values for the eight different scenarios: fitting Poisson
or NB model, using a model-based or empirical (random shuffling) data sampling
mechanism, and including or omitting publication-level covariates. For all settings,
we use a B-spline knot spacing of 20mm in z,y, z direction, producing P = 456 basis
elements. The computation of test statistics depends on the covariance of regression
coefficients, which is approximated by the inverse of the Fisher Information matrix of
optimised parameters at maximised log-likelihood (see Section 3.2.4). Empirically, we
sometimes found the p-values are underestimated, particularly below the threshold
of 1073, which we believe has two causes. Firstly, the inference based on the inverse
Fisher Information (FI) matrix is only asymptotic, and hence under- or over-coverage
could be obtained for any finite number of publications N. Secondly, small meta-

analysis with some regions having essentially no foci drive some of the § coefficients
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Figure 3.2: Preprocessing pipeline of meta-analytic datasets before fitting CBMR
framework. Note that panel A and B are applicable to all datasets, which generate a
spatial design matrix X, total foci count per voxel Y, (NN x 1) and total foci count
per publication Y, (M x 1). Panel C is only needed if the effect of publication-level
covariates is considered, as covariates matrix Z (M X R).

to negative infinity, producing an estimated rate of zero, which in turn produces an
ill-conditioned and singular FI matrix. In our experiments, we observed that datasets
with a total foci count of at least 1000 generally avoided these singularity problems
and produced accurate standard errors for NB model, however, this criterion also
depends on the chosen spline knot spacings (we also provide a practical guideline of
choosing appropriate knot spacings based on the total foci counts in Section A.4.1 in
the Supplementary material). We tried various different approaches to regularise and
make the FI matrix invertible but these often deflated the computed sample variances,

inflating significance, and hence are not part of the proposed method.

To establish the validity of spatial homogeneity tests (3 = o, Vj = 1,--- , N) for
each of the 20 meta-analytic datasets, we compute p-values and create P-P plots.
We compute 100 null realisations, each producing N p-values (one for each voxel),
with the null expected —log;, p-values ranging from —log,,(N/(N + 1)) = 0 to
—logo(1/(N + 1)) = 5.359. To avoid the overplotting of 100 curves on the —logy,
P-P plots, for each ordered p-value index on the abscissa we compute the average
and standard deviation (SD) of the 100 corresponding — log,, p-values, plotting the
mean and confidence bounds at £1.96 SD. We rejected the null hypothesis of spatial
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homogeneity at a 5% significance level, and calculated the percentage of rejected voxels
out of the 228, 483 voxels located within the brain. Since the P-P plots are very similar
for each of the eight scenarios, we only display the results for the setting of CBMR
with an NB model without publication-level covariates, sampled with a model-based
approach. Figure 3.3 shows the four representative — log,, P-P plots (results for all 20
datasets shown in Figure A.5 in the Supplementary material), with identity (dashed
diagonal line), 5% significance (dashed horizontal line) and the FDR 5% boundary
(solid diagonal line); gray shaded areas plot the point-wise 95% prediction intervals. It
shows that p-values < 0.05 ~ 10713 are valid, and extreme p-values can skew liberal;
the worst affected cases are datasets with very few foci (e.g. analysis 14). In general,

datasets with total foci counts less than 1000 show poor behaviour.

Since multiple testing correction requires valid p-values far smaller than 0.05, we focus
on controlling the FDR in these null simulations. None of the 20 datasets have valid
FDR control (PP-plots or prediction intervals fall above the 5% Benjamini-Hochberg
threshold). However, the PP plots generally show valid p-values < 1073, and if we
truncate p-values by replacing any p-value smaller than 107 with that value, we
obtain valid (if conservative) FDR control (Table 3.2). This pragmatic approach could
impact power, but empirical results (Section 3.4.2) suggest that the inferences based

on truncated p-values remain sensitive.

Table 3.2: The percentage of invalid FDR control (before/after p-value truncated
at 1073) in 20 meta-analytic datasets over 100 realisations.

Dataset ‘ Before ‘ After ‘ Dataset ‘ Before ‘ After
1. Social Processing 44% 0% 2. PTSD 100% | 0%
3. Substance Use 26% 0% 4. Dementia 16% 0%
5. Cue Reactivity 28% 0% 6. Emotion Regulation | 23% 0%
7. Decision Making 18% 0% 8. Reward 43% 0%
9. Sleep Deprivation 30% 0% 10. Naturalistic 22% 0%
11. Problem Solving 26% 0% 12. Emotion 100% | 0%
13. Cannabis Use 63% 0% 14. Nicotine Use 94% 0%
15. Frontal Pole CBP 90% 0% 16. Face Perception 19% 0%
17. Nicotine Administration | 54% 0% 18. Executive Function | 22% 0%
19. Finger Tapping 22% 0% 20. n-Back 27% 0%

3.4.2 Results from 20 meta-analytic datasets

We first evaluate the goodness of fit among likelihood-based stochastic models (Poisson,

NB and clustered NB model) via comparisons of maximised log-likelihood and AIC. As
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shown in Figure A.6 and Figure A.7 in A.4.3 of the Supplementary material, CBMR
with the NB model outperforms the other two likelihood-based stochastic models in
every dataset. This is not surprising as the NB model is the only likelihood-based
model that allows for the anticipated excess variance relative to Poisson at the voxel
level; clustered NB is better than Poisson for the majority of these 20 meta-analytic
datasets, but only by a small margin. It is conceivable that although a publication-wise
global dispersion parameter exists in the clustered NB models, CBMA data is just as
well specified by a Poisson model at the voxel level. LRT comparison of nested models
rejects the null Poisson model vs. NB for all datasets, with p-value less than 10~%; the
Poisson null is rejected in favour of the clustered NB model for the majority of the 20
meta-analytic datasets (with p-value less than 107%) (see Table A.9 in Appendix A.4.3

of the Supplementary material).

For all methods we also use three metrics to assess model fit:

¢ Relative Absolute Bias of Intensity Sum: This metric compares the sum
of CBMR estimated intensity over the space to the total number of observed

foci counts within the dataset.

e Relative Absolute Bias of Intensity Standard Deviation (SD) in the
x,y, z directions: This metric evaluates the SD of CBMR intensity estimation
compared to the empirical distribution of foci counts in the dataset in all three

directions.

¢ Relative Absolute Bias of Variance at the voxel-wise level: This metric
measures the discrepancy between the asymptotic variance of the fitted CBMR
model empirical variance of foci counts in the dataset, calculated at each voxel

and averaged over voxels with at least one foci.

These metrics were calculated for each of the 20 datasets and are presented using box

plots to illustrate the variability and distribution of the results.

Plots in Figure 3.4a suggest that the four evaluated stochastic models (Poisson, NB,
clustered NB and Quasi-Poisson model) produce consistently estimate the intensity
accurately, with the median relative bias of estimated publication-wise total foci
count less than 1.0%, among which the Poisson model has the lowest median relative

absolute bias (0.05%), across 20 meta-analytic datasets. However, all four stochastic
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models tend to slightly overestimate the publication-wise total foci count in these
datasets. The Quasi-Poisson, in particular, shows a more variable relative absolute bias
across the 20 datasets. The results in Figure 3.4b suggest that the CBMR framework
also provides an accurate estimation of standard variation (SD) of intensity across
the z,y, z dimensions. The relative bias is controlled below 0.25% for all stochastic
models in 20 meta-analytic datasets, and estimated intensity along the x axis are
the most accurate (with the smallest SD bias). As shown in Figure 3.4c, CBMR
with the Poisson model and clustered NB model display a negative bias in variance,
which suggests that excess variance cannot be explained by the Poisson assumption.
The publication-specific over-dispersion modelled by the clustered NB is insufficient,
as this model also has negative bias. Small relative bias is found in both NB and
Quasi-Poisson model (with median 0.78% and 1.25%), with less variation in relative
bias across multiple datasets with the NB model, which suggests both models are

capable of dealing with excess variance in CBMA data.

Overall, we regard these evaluations as evidence that NB model is preferred. While it
has slightly more bias in the publication-wise total foci count (Figure 3.4a), its variance

estimation is considerably more precise compared to the Poisson model (Figure 3.4c).

3.4.3 Comparison with ALE

Activation likelihood estimation (ALE) is one of the widely used kernel-based CBMA
methods. Under the null hypothesis of ALE, any observed clustering of activation
foci is purely due to chance rather than reflecting true convergence or systematic
effects. For each focus, ALE generates a map with a Gaussian kernel centred at
the location, and then combines pairs of maps using the probability of a union of
events rule (P(AU B) = P(A) 4+ P(B) — P(AN B)) at each voxel |[Turkeltaub et al.,
2002]. Tt appears to model the probability that one or more foci arise at a given voxel,

conditional on the total number of foci over all publications.

While the null hypothesis of CBMR assumes spatial homogeneity of activation intensity
across the brain. Specifically, it assumes the estimated activation intensity at each
voxel does not exceed the average intensity. Despite these differences in the null
hypotheses, we compared our CBMR results to ALE, conducting tests for spatial
homogeneity across space with both approaches. For simplicity, we only demonstrate

the comparison of detected activation regions on the Cue Reactivity dataset (total
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foci count of 3197) [Hill-Bowen et al., 2021], and only the z-value map generated by
the CBMR with the NB model is presented here as a representative example. For
comparison purposes, we show z-statistic values at all voxels significant at v = 0.05
uncorrected in Figure 3.5. Here, we choose FWHM=14 to obtain comparative spatial
resolution between ALE and CBMR. Evidence for consistent activation is found in
the left cerebral cortex, frontal orbital cortex, insular cortex, left and right accumbens,
with exact activation regions differing slightly between ALE and CBMR, and ALE
detecting more voxels. This disparity reflects their different sensitivities to spatial
clustering. ALE’s null hypothesis is highly responsive to even modest clusters of
reported foci, meaning mild spatial clusters can readily produce significant results.
CBMR, in contrast, requires a consistent elevation of voxel intensity above the global
mean, thereby imposing a stricter threshold that typically yields fewer significant
voxels. For additional comparisons of ALE and CBMR activation regions across other

meta-analytic datasets (among the 20 datasets), please refer to Appendix A.5.

Another criterion of consistency is the Dice Similarity Coefficient (DSC), the intersec-
tion of ALE and CMBR significant voxels divided by the average number of significant
voxels. As shown in Table 3.3, ALE appears generally more sensitive than CBMR,
regardless of foci counts in the datasets, though DSC varies from 71.89% to 80.33%
on the datasets with more than 1200 foci counts, which demonstrates good similarity
between the methods. While for datasets with less than 1200 foci counts, the DSC
increases as the number of foci grows, this is potentially caused by numerical instability
in CBMR’s standard error estimation, which rely on the inverse Fisher information
matrix. A promising avenue for future work is to develop a more robust, reliable

standard error estimation for CBMR when the number of foci is limited.

ALE evaluates the experimental effect by testing probabilistic maps (generated by a
Gaussian kernel) against the null hypothesis, CBMR estimates activation intensity
and conducts hypothesis testing at the voxel level. Both methods ultimately produce
statistical maps representing either probabilities or intensities, allowing for similar
meta-analytic interpretations. Specifically, in analysing a Social processing dataset
with 4,934 activation foci (Lobo et al. [2021]), both ALE and CBMR identify the
activation in key social processing regions, including the medial prefrontal cortex,
temporoparietal junction, lateral occipital cortex, and precuneus. These findings
align well with established neural processing pathways: lateral occipital regions
initially detect visually-defined social cues, subsequently feeding information to the

temporoparietal junction and precuneus for constructing perspectives and contextual

73



Table 3.3: Number of voxels in activation regions of ALE (FWHM=14) and CBMR
(with the NB model), denoted as |ARargp| and |ARcpumr|, based on uncorrected
p-values with 5% significance level, as well as Dice similarity coefficient in 20 meta-

analytic datasets (Datasets are listed in an ascending order according to total number
of foci).

Dataset ‘ n_foci ‘ ‘ARCBMR| ‘ |ARALE| ‘ |ARCB]WR n ARALE| ‘ DSC

14. Nicotine Use 7 1312 12431 1154 17.79%
2. PTSD 154 6306 15866 5067 45.71%
13. Cannabis Use 314 11841 18390 8235 54.48%
17. Nicotine Administration | 349 11546 18916 8028 52.71%
9. Sleep Deprivation 454 10250 15461 5732 44.59%
20. n-Back 640 19404 31512 17627 69.24%
3. Substance Use 657 19024 26477 13602 59.79%
19. Finger Tapping 696 19067 33914 17939 67.72%
4. Dementia 1194 16244 30437 12464 53.41%
10. Naturalistic 1220 22328 29442 15344 59.28%
7. Decision Making 1225 28284 36735 23372 71.89%
12. Emotion 2038 57698 67699 48847 77.91%
18. Executive Function 2629 33848 46679 31698 78.73%
16. Face Perception 2920 41682 53109 36710 77.45%
11. Problem Solving 3043 38466 51315 34757 77.43%
5. Cue Reactivity 3197 41242 52371 37301 79.69%
6. Emotion Regulation 3543 36602 48157 31176 73.56%
1. Social Processing 4934 48376 61136 40740 74.40%
15. Frontal Pole CBP 9525 53165 65339 47595 80.33%
8. Reward 6791 43048 51721 37711 79.59%

understanding, and ultimately converging in the medial prefrotal cortex for higher-

order inferential processes and valuation [Frith and Frith, 2007, Van Overwalle, 2009].

Some researchers have proposed a stringent threshold (a = 0.0001) on uncorrected
p-values to reduce type I error |Turkeltaub et al.; 2002|, while a more principled
approach is to control the false discovery rate (FDR) via Benjamini-Hochberg (BH)
procedure. Figure 3.6 shows a comparison of results using a 5% FDR threshold, where
CMBR (NB) p-values use a 1072 truncation, and Table 3.4 shows a comparison of the

number of detected voxels.

It is seen that CBMR generally detects fewer voxels than ALE Table 3.4, however
these two approaches are not directly comparable. In previous work ([Samartsidis
et al., 2017]) we demonstrated that ALE behaves like a fixed-effect model, where
significance can be driven by a tiny fraction of “real" publications mixed with purely
noise publications. In contrast, with our model, heterogeneity can be captured by

the NB excess variance term and make inferences more sceptical. As a result, direct
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comparisons of sensitivity seem akin to comparing the power of a fixed effects model
(that neglects an important source of variation) to a mixed effects model, where the
fixed effects model will always be more powerful by design. We also add that CBMR is
grounded in a generative statistical model, accommodates publication-level covariates

and produces standard errors on interpretable parameters.

Instead of relative power, our goal here is to demonstrate that the detected activation
regions produced by both methods are roughly consistent. For this purpose, we found
that the DSC varies between 70.55% and 79.76% for datasets with more than 1225
foci counts, indicating consistency of activation regions between ALE and CBMR

approach after FDR correction.

Table 3.4: Number of voxels in activation regions of ALE (FWHM=14) and CBMR
(with the NB model), denoted as |ARg| and |ARcpar|, based on FDR corrected
p-values (using BH procedure) with 5% significance level, as well as Dice similarity
coefficient in 20 meta-analytic datasets (Datasets are listed in an ascending order
according to total number of foci). Roughly, datasets with at least 1000 foci show
reasonable similarity between ALE and CBMR.

Dataset ‘ n_foci ‘ ‘ARCBMR| ‘ |ARALE| ‘ |ARCBJ\4R N ARALE| ‘ DSC

14. Nicotine Use 7 209 0 0 0.00%
2. PTSD 154 0 1201 0 0.00%
13. Cannabis Use 314 313 152 17 7.31%
17. Nicotine Administration | 349 1338 943 522 45.77%
9. Sleep Deprivation 454 176 0 0 0.00%
20. n-Back 640 11456 17725 10212 69.99%
3. Substance Use 657 3145 2082 1225 46.87%
19. Finger Tapping 696 12410 23837 11590 63.95%
4. Dementia 1194 5126 7931 3142 48.13%
10. Naturalistic 1220 4192 3241 1861 50.07%
7. Decision Making 1225 15331 20468 12628 70.55%
18. Executive Function 2629 26039 37797 24690 77.67%
16. Face Perception 2920 28893 38193 25533 76.12%
11. Problem Solving 3043 28221 39091 25675 76.29%
5. Cue Reactivity 3197 30382 38847 27375 78.57%
6. Emotion Regulation 3543 23388 31620 20056 72.92%
1. Social Processing 4943 34317 45263 28555 71.76%
8. Reward 6791 33021 39743 28728 78.96%
15. Frontal Pole CBP 9525 44030 55251 39594 79.76%
12. Emotion 22038 | 50480 57321 41918 77.77%
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3.4.4 Effect of publication-level covariates

Here we demonstrate how CBMR, unlike ALE, can estimate the effect of publication-
level covariates. We integrate two publication-level covariates, publication-wise (square
root) sample size and year of publication (after centring and standardisation) into the
CBMR framework on each of the 20 meta-analytic datasets. We find, for example, on
Cue Reactivity dataset, the year of publication is not significant (Z = —0.6880,p =
0.4915), while sample size is significant (Z = 6.1454,p < 1078); interpreting the ~y
parameter for sample size finds that a doubling of sample size results in an expected
26.15% increase in the publication-wise spatial intensity (See Table A.10 for p—values

and Z—scores of publication-level covariates on each of the 20 meta-analytic datasets).

3.5 Discussion

In this work we have presented a meta-regression framework with a spatial model as a
general approach for CBMA data, where we have considered multiple stochastic models
and allowed for publication-level factors (e.g., sample size and year of publication).
Our approach uses spline parameterization to model the smooth spatial distribution of
activation foci, and fits a generalised linear model with different variants of voxelwise
(Poisson model, NB model and Quasi-Poisson model) or publication-wise (Clustered
NB model) statistical distributions. Our approach is a computationally efficient
alternative to previous Bayesian spatial regression models, providing the flexibility
and interpretability of a regression model while jointly modelling all of space. For
comparison, using the Cue Reactivity dataset as an example, the implementation of
Bayesian log-Gaussian Cox process regression required approximately 30 hours on an
NVIDIA Tesla K20c GPU card [Samartsidis et al., 2019], in contrast to approximately
537.52 seconds (about 9 minutes) required for CBMR with the NB model on an Intel
Xeon Gold 6340R CPU. Furthermore, grounded in a generalised linear model, we
believe that our meta-regression framework is more comprehensible to practitioners,

relative to inference on the spatial posterior intensity function.

Through simulations on synthetic data (with simulated foci counts analogous to those in
each of 20 meta-analytic datasets), we demonstrated valid FDR control for the spatial
homogeneity null hypothesis after a truncation of p—values below 1073, According to

20 meta-analytic datasets, we found that the NB model is the most accurate stochastic
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model in model comparisons via LRT and AIC, as well as having the smallest relative
bias in both mean and variance of intensity estimation (per publication), while the
Poisson and clustered NB model cannot explain the over-dispersion observed in foci
count. Meanwhile, we also compared the findings of activation regions from both
the ALE and CBMR approach, and justified the validity and robustness of CBMR,
especially on the datasets with relatively high foci count, e.g., datasets with at least
1000 total foci.

There are a few limitations in our work. Here we have only considered a single group
of publications. In future work, we plan to extend our method to estimate the spatial
intensity function of multiple groups (e.g., multiple types of stimuli within a cognitive
task), so that we can investigate the consistency and difference in activation regions
through group comparison. Additionally, our current analysis is limited to the global
effects of publication-level covariates, a pragmatic decision given common application
with 10’s-100’s of publications. We recognise, however, that this approach might
not be appropriate in cases where there are significant spatial variations in covariate
effects. Ideally we would add a basis function to express each covariate effect, though
this would likely be infeasible without many 1000’s of publications. Alternatively we
could use a coarse parcellations (e.g. 3-6 regions) and allow parcel-specific regression

coefficients for each region.

We are currently not using regularisation term on spatial regression coefficients
of CBMR. Initially we considered a Firth-type penalty which indeed guarantees
convergent estimates (especially in brain regions without any foci) and removes the
first-order asymptotic bias term of maximum likelihood estimates, but we found it
also causes significant overestimation of intensity at the edge of brain mask. The
edge effect induced by Firth-type penalty relates to the structure of the Jeffreys prior
and higher variance associated with edge and corner basis elements. However, it’s
plausible to consider regularising likelihood functions with alternative penalty terms
(e.g., Ly or Ly norm) in the future, though requiring hyper-parameter tuning. We
estimate the variance of voxel-wise spatial intensity using the covariance of spatial
regression coefficients found by inverting the Fisher Information matrix. This can
be numerically unstable because the dimension of Fisher Information matrix is large
(there are hundreds or even thousands elements in spline bases), and it might even be
numerically singular for datasets with low foci count since most voxels have near-zero
intensity estimation. We have tried many approaches to improve numerical stability,

including adding an extremely small epsilon (107%) or 1% of the largest diagonal
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element on the diagonal of the Fisher Information matrix, or computing the Fisher
Information assuming the null hypothesis of homogeneity is true. However, all of these
efforts produced underestimation of the variance of voxel-wise spatial intensity and
led to invalid p-values. In future work, we might consider non-parametric methods
to estimate the covariance of spatial regression coefficient instead of the inverse of
Fisher Information, or add a regularisation term on B-spline roughness to avoid very

negative spatial regression coefficients.

Another important direction is a combined IBMA-CBMA analysis, were we extend
our model to include continuous effect size maps. One possible approach is to combine
separate coordinate and intensity models using Markov melding in a fully Bayesian
framework for joining probabilistic sub-models. In this approach, evidence from each
different source is specified in each sub-model, and the sub-models are joined while
preserving all information and uncertainty [Goudie et al., 2019]. Such an approach
might enrich the inference obtained from CBMR by integrating the magnitude of

CBMA activation or even image-based meta-analysis data.

Another direction of interest is investigating the variability caused by different meta-
analysis pipelines. This consideration is important, as we have observed significant
variation in activation regions due to the different sensitivity in analysis pipelines in
each publication. In fact, the CBMR’s publication-level covariates already allow it to
accommodate variations in analysis pipelines by including the specific pipeline used

as a publication-level covariates and understanding its impact at a global level.

Finally, another direction to consider is a zero-inflated stochastic model (e.g., Poisson
or NB model) as the current datasets only consist of publications with at least one
focus, there might be inflated zero foci count than observed. Excess zeros are separated
and modelled independently in zero-inflated models, which might provide a more
accurate approximation for low-rate Binomial data, as was found useful when modelling

image-wise total foci count [Samartsidis et al., 2020a].

3.6 Software

Implementation in the form of Python and Pytorch code can be found in Github
repository. CBMR framework has also been implemented and integrated into NiIMARE
python package.
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Figure 3.3: P-P plot of null p-values, —log,, scale, showing four representative
meta-analytic datasets (Social Processing, Substance Use, Cannabis Use and PTSD
datasets), estimated by CBMR with NB model without publication-level covariates,
with null data generated with a model-based approach. CBMR'’s p-values are generally
valid for p < 0.001, especially for publications with 1000’s of foci.
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Figure 3.4: Results from bias-related model comparison criteria, fitted with four
stochastic models on each of 20 meta-analytic datasets: (a) Box plot of relative
absolute bias of estimated intensity sum (per publication); (b) Box plot of relative
absolute bias of estimated intensity SD in x,y,z directions (per publication); (c¢) Box
plot of relative absolute bias of voxelwise estimated intensity variance (per publication).
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(b) Z-score map generated by CBMR (with NB model)

Figure 3.5: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as Z-scores) generated by ALE (with FWHM=14) and CBMR (with NB model) on
the Cue Reactivity dataset with axial slices at z = —24, —12,0,12, 24, 36, 48. Both
methods identify similar regions for significant evidence against the null of spatial
homogeneity. While ALE finds more significant voxels, it represents a fixed-effects
type of analysis not directly comparable with CBMR inferences (see text).
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Figure 3.6: Activation maps (for significant FDR corrected p-values under 5% signifi-
cance level, presented in Z-scores) generated by ALE and CBMR with FDR correction
(by BH procedure) with truncated p-values of Cue Reactivity dataset. The figure is
shown with axial slices at z = —24, —12,0, 12, 24, 36, 48. Under the null hypothesis
of spatial homogeneity, activation regions with z-scores corresponding to corrected
p-values below the significance level 0.05 are highlighted.
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Chapter 4

CBMR: Meta Regression and
Inference for Coordinate Based Meta
Analysis Data Across Multiple Groups

The previous chapter introduced a classical frequentist meta-regression framework
(CBMR) that explicitly captures the spatial structure of activation foci distributions.
Formulated as a generalised linear model (GLM), the CBMR framework incorporates
a spline-based spatial component and publication-level covariates, while addressing
over-dispersion in foci counts through the use of Negative Binomial (NB) and Clustered
NB models. In this chapter, we extend the framework by introducing a roughness
penalty on the spatial spline bases to enhance numerical stability, improve the ac-
curacy of statistical inference, and enable reliable group-wise intensity estimation
and comparison, even in scenarios with limited foci per publication. Additionally, we
replace traditional Wald-based inference with parametric bootstrapping to address
covariance underestimation in small datasets, allowing for more robust testing of
spatial homogeneity and group equality. The proposed enhancements are validated
through simulation studies and application to a Cue Reactivity dataset, demonstrating

its advantages over existing kernel-based methods.
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4.1 Introduction

4.1.1 Background

To address the limitations of both kernel-based and Bayesian model-based CBMA
approaches, we have proposed a classical frequentist meta-regression framework that
explicitly captures the spatial structure of the activation foci distribution [Yu et al.,
2024|. This model is formulated as a generalised linear model (GLM) and consists of
two key components: a spatial effect, which incorporates a spline parameterization
to generate a smooth response across the entire brain image; and a global effect to
account for publication-level covariates specific to each publication. Four different
stochastic models within the GLM framework have been considered: While Poisson is
the classic distribution for approximating foci distribution (as a low-rate Binomial
distribution) at the voxel level, Samartsidis et al. [2020b] has found evidence of
over-dispersion in CBMA data. To address this, we further explore a Negative
Binomial model to account for the excess variation in foci data. We omit comparisons
with Clustered NB model and Quasi-Poisson models, as they have been shown to
be incapable of accommodating voxel-wise independent excess variance within a
publication and generated a poorer model fit [Yu et al., 2024]. Meanwhile, there are
practical challenges in the implementation and optimisation of this meta-regression
approach for real fMRI datasets. With fewer than 10 reported foci per publication on
average, the values of spatial regressors become highly negative during optimisation.
This leads to difficulties in convergence and poses challenges for statistical inference,
particularly when estimating the covariance structure between different voxels. In
this work, we demonstrate that applying a roughness penalty to the spatial spline
parameterization improves the numerical stability of the meta-regression and enhance
the precision of statistical inference. This modification also enables the estimation of
group-wise intensity functions for multiple groups, and facilitates group comparisons
for spatial activation intensity. By introducing this penalty, we overcome the strict
limitation imposed by the minimum number of foci per group for meta-regression,

making comparisons across multiple groups possible.

A further limitation of our previous meta-regression framework was that the covariance
structure of spatial intensity across different voxel locations, estimated from the inverse
Fisher Information, could encounter numerical issues in small datasets, leading to

underestimation of covariance. To address this, we replaced the parametric inference
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based on the Wald test with parametric and non-parametric bootstrapping approaches,
allowing for tests of spatial homogeneity within each group and group equality in multi-
group datasets. Additionally, we explored parallelizing code execution to accelerate
the bootstrapping process, making it a computationally feasible alternative to the
traditional parametric Wald test. We then demonstrate the validity of bootstrap-based
statistical inference on both simulated and real datasets, comparing its activation

maps with that of traditional kernel-based methods.

In this paper, we present a coordinate-based meta regression and inference (CBMR)
framework for multiple groups, a Python-based tool that allows for the estimation of
both group-specific spatial regressors and regressors for publication-level covariates,
as well as statistical inference for spatial homogeneity and equality of group-specific
intensity functions. The CBMR tool is integrated into the Python package NIMARE
[Salo et al.; 2022], and will be accessible through a web-based platform, Neurosynth
Compose. This platform allows customised neuroimaging meta-analyses using either
self-uploaded data or data imported directly from the Neurosynth database, providing
a wide range of CBMA methods with no programming experience required. Our
current implementation of the CBMR framework consists of meta-regression and
meta-inference modules. The meta-regression module can be executed independently
to estimate group-specific intensity functions, while the meta-inference module uses the
optimised regressors from the meta-regression module as input and supports flexible
(single or multiple, independent or simultaneous) hypothesis testing on either spatial

homogeneity or group equality, which can be easily specified with a contrast matrix.

In the following sections, we first provide background on spline parameterization for
modelling spatial dependence, as well as the stochastic models, parameter estimation
and inferences in CBMR. Following this, we give preliminary statistical information
describing the single-group CBMR and its extension to multi-group settings. In
the method section, we outline the computational pipeline of CBMR, starting with
input specification and dimension reduction, followed by parallelised execution of
optimisation, parameter estimation and finally, inference using either the parametric
Wald test or a bootstrapping approach. Next, we evaluate the validity and performance
of CBMR through simulations and comparisons with existing kernel-based and model-
based approach on real datasets. Finally, we conclude with a real dataset example of

cue reactivity task.
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4.1.1.1 Spatial model: spline parameterization

Gaussian and uniform kernels are commonly used in kernel-based CBMA methods to
model the spatial distribution of reported foci, smoothing and estimating the proba-
bility of activation around each focus to capture spatial uncertainty in neuroimaging
data effectively. In contrast, model-based CBMA methods have previously treated
each publication’s foci as realisations of a doubly-stochastic Poisson process, also
known as a Cox process, in spatial point process modelling of CBMA data. In some
of these model-based approaches, the log intensity function is parametrised either by
superimposed Gaussian kernel basis functions or as a Gaussian process [Montagna
et al., 2018, Samartsidis et al., 2019]. These previous studies highlight the importance

of applying spatial models to explain spatial uncertainty in neuroimaging data.

Here, we propose a spatial model parametrised by a tensor product of cubic B-spline
basis functions. This spatial basis is chosen for its smoothness, stability, and flexibility,
as the level of spatial smoothness is parametrised by knots spacing: larger knots
spacing generates fewer basis functions and thus greater smoothness, while closer
knots produce more basis functions and enhance the model’s ability to capture fine
details. After setting the knot spacing uniformly across the x, y and z directions, we
construct a B-spline curve as a linear combination of the B-spline basis functions in
each direction. We then evaluate the coefficients at each voxel corresponding to the B-
spline bases to construct a coefficient matrix for each direction. The three-dimensional
coefficient matrix of B-spline bases is then constructed by taking the tensor product
of the three coefficient matrices along each of the x,y, z directions, further details are
outlined in [Yu et al., 2024].

We assert that the spatial model parametrised by spline bases is capable of efficiently
capturing spatial uncertainty. This is supported by both its demonstrated effectiveness
in previous experiments within single-group CBMR settings and comparison with
alternative spatial models, such as Gaussian kernels. Minimal differences were observed
between these two spatial models in both simulated and real datasets, as detailed in
[Yu et al., 2024]. Accordingly, we believe it is reasonable to adopt this spatial model

in the current work.
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4.1.1.2 CBMR parameter estimation

A vast amount of literature exists on the development of tools and methodologies for
generalised linear models (GLM). Since the formalization of GLMs in 1972 [Nelder
and Wedderburn, 1972], iterative re-weighted least squares (IRLS) has been recognised
as a reliable and efficient computational approach for parameter estimation, effectively
addressing the complexity introduced by the non-linear relationships. IRLS became
the standard method for parameter estimation in GLMs. Later, the Newton-Raphson
method and its variation, Fisher scoring, were proposed and widely adopted due to
their faster convergence and improved efficiency and numerical stability, particularly
on highly non-linear optimisation surfaces [Jennrich and Sampson, 1976]. Since the
1990s, regularized estimation methods that add a penalty term (e.g., Lasso, Ridge,
and Elastic Net) to the likelihood function have also been developed, encouraging
sparsity and stability in parameter estimation [Tibshirani, 1996, Hoerl and Kennard,
1970, Zou and Hastie, 2005]. More recently, several tools and software built upon
these foundational methods have been developed for GLMs parameter estimation.
Among the most popular are R packages such as glmnet |[Friedman et al., 2010], MASS
[Ripley et al., 2013| and Ime4 |Bates, 2014], as well as Python packages statsmodels
[Seabold and Perktold, 2010], which have made GLM parameter estimation accessible
and scalable, supporting MLE, IRLS, and Bayesian methods. These tools, along with
advancements in computing, enable efficient parameter estimation for GLMs, even

with large datasets and complex models.

However, in meta-regression of fMRI data, parameter estimation is performed for a
model with two components: the spatial effect which includes hundreds of thousands
of different voxels within the brain mask for each publication, and the global effect
of publication-level covariates which moderates the intensity function of a specific
publication by a constant. For a large-scale, voxel-wise GLM analysis to fully optimise
the computational efficiency, it is essential to vectorize computation across voxels.
Many existing GLM tools and software are developed with operations that are not
fully vectorised, especially when dealing with complex or large-scale data structures.
Handling high-dimensional data across iterative computations without careful memory
management can limit vectorization, and GLMs applied to sparse or irregular data
further complicate vectorization due to the challenges brought by sparse matrices.
While for likelihood functions with regularization terms (e.g., Lasso, Ridge, Elastic

Net), additional iterative processes like coordinate descent are required [Friedman
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et al., 2010], making it even more difficult to fully vectorize and parallelize these
computations. Operations that are not amenable to vectorisation create bottlenecks in
large-scale GLM optimisation, as they must be executed separately for each voxel in
each publication, significantly slowing down computation. As a result, many existing

software for GLMs analysis is not suitable for large-scale or complex CBMA data.

Additionally, we believe that efforts should focus on reducing the dimensionality of
the variables rather than the combined product of the number of publications and
voxels used as dimensions. We provide rigorous proofs demonstrating that the GLM
with various stochastic models can be simplified to equivalent forms with sufficient
statistics, with dimensions no grater than either the number of voxels or the number of
publications [Yu et al., 2024]. We will continue to follow this approach in the current

work.

As an efficient and fundamental approach for parameter estimation in GLMs, Maximum
Likelihood Estimation (MLE) is widely used to optimize the model by maximizing
the probability of the observed data given a set of parameters, under the assumptions
of the GLM. One effective optimization algorithm for this task is the Limited-memory
Broyden-Fletcher-Goldfarb-Shanno (L-BFGS), a quasi-Newton method known for
its memory and computational efficiency in handling high-dimensional data and
parameters, as it approximates the Hessian matrix rather than computing it explicitly.
L-BFGS is also chosen for its faster convergence compared to simpler gradient descent
methods, especially in scenarios with complex or irregular likelihood curvatures [Liu
and Nocedal, 1989]. We have observed its effectiveness in optimizing single-group
CBMR scenarios |[Yu et al., 2024|, and we will extend it to the current work, a more

complex multi-group CBMR setting.

4.1.1.3 Inference

For CBMA, the central object of interest is to identify the brain activation regions
associated with a specific cognitive task, or to find differences in activation regions
in respond to similar but distinct stimuli. This requires fMRI GLM analyses to
conclude with significance-based hypothesis tests, conducting either homogeneity tests
or group comparison tests at the voxel-wise level using Wald test statistics. The Wald-
based hypothesis testing procedures in the neuroimaging applications include tests on

both single and multiple parameters. The single-parameter test assesses whether the
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estimated intensity at each voxel is greater than the average intensity expected under
a random distribution of foci, whilst the multiple-parameter test evaluates whether
a specific linear combination of group-wise estimated intensities is distinguishable
from zero at each voxel. In some circumstances, it may also be of practical interest to
assess multiple flexible group comparison hypotheses simultaneously. As the effect of
publication-level covariates is an additional component of CBMR, single- or multiple-
parameter hypothesis testing is also applicable to these covariates, This allows for
assessment of whether a specific publication-level covariate has a significant effect
or whether multiple publication-level covariates have equivalent effects in CBMR,

following the same Wald test procedure.

In existing GLM tools and software, Wald tests are commonly implemented to assess
the significance of individual coefficients or groups of coefficients, typically for testing
whether they are significantly different from zero. However, they are not generally
implemented for more flexible group comparisons, such as testing if two or more
groups of coefficients are equivalent, for example, the summary.glm function in R
packages stats and Python package statsmodel do not support such comparisons.
Additionally, as the hypothesis testing of localised spatial intensity or log-transformed
spatial intensity at each voxel, a key focus in CBMA application, is not supported by
most popular GLM tools.

When a GLM involves multiple hypotheses, such as testing estimated group-specific
intensity against homogeneity or comparing groups voxel-by-voxel, multiple testing
corrections are applied to control for false positives. Without correction, the probability
of encountering at least one false positives increases with the number of tests. For
example, in localised tests across 228,483 voxels (within a MNI152 2mm brain mask),
even a 5% false positive rate could result in a substantial number of false positives.
In neuroimaging data, multiple testing corrections are applied by controlling either
the family wise error rate, using the null maximum distribution [Westfall and Young,
1993] or the false discovery rate (FDR) using the Benjamini-Hochberg procedure
[Benjamini and Hochberg, 1995]. FWER correction is a more stringent approach, as
it minimises the chance of any false positives across the entire set of hypothesis tests.
However, it often reduces statistical power and leads to fewer significant results, for
instance, Bonferroni corrections can be overly conservative and may excessively penalise
neuroimaging datasets. In contrast, FDR correction is more powerful in large-scale

testing scenarios, where hundreds of thousands of tests are conducted simultaneously,
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FDR correction improves statistical power and allows for more significant findings

while still controlling the overall rate of false discoveries among detected results.

In our previous work on single-group CBMR, both single- and multiple-hypothesis
testing of estimated spatial intensity involve the standard error of the estimated
intensity or log-transformed estimated intensity. This is derived from the standard
error of spatial regression coefficients using the inverse of the Fisher Information matrix,
with additional transformations such as the delta method applied. However, in practice,
we observed numerical singularity in the Fisher Information matrix, particularly for
smaller datasets where the total number of foci is below 200 [Yu et al., 2024|. This
motivates us to explore parametric bootstrapping as an alternative to parametric
inference based on the Fisher Information matrix. By obtaining p-values from the
tail of the null bootstrap distribution, we avoid the numerical instability caused by
extremely small estimated intensity values close to zero. Although this approach
increases computational complexity by requiring thousands of bootstrap samples, it

provides a more numerical stable solution, See Section 4.2.1.4 for more details.

4.1.2 Preliminaries

In this section, we provide a brief overiew and description of the multi-group CBMR.
To simplify notation, we begin with the definition of the single-group CBMR in Section
4.1.2.1. Following this, we explain how the definition and notation from Section 4.1.2.1

are extended to the multi-group CBMR setting in Section 4.1.2.2.

4.1.2.1 The single-group CBMR

In the simplest single-group settings, a CBMR with M publications (each containing

N voxels) is assumed to take the following form:

log(p) = log[E(Y;)] = X8 + (Ziy)1w (4.1)

where Y;; is the voxelwise count of foci at voxel j for publication i (either 0 or 1 in
practice), and N—vector Y; = [Yi1, Yia, -, Yin]' represents CBMA data for publica-
tion ¢. The spatial design matrix X (N x P) is generated with spline parameterization
with P cubic B-spline bases as detailed in Section 4.1.1.1 (See also [Yu et al., 2024]),
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and a publication-level covariates matrix Z(M x R) is created with R publication-
level covariates from M publications followed by standardisation as pre-processing
procedure. The estimated intensity is p;; for publications ¢ = 1,--- , M and voxels
j=1,---, N, written as the N—vector p; = [tts1, fti2, " - , i) for publication 4. This
model is identifiable as long as each covariate variable has a mean of zero, allowing X

to capture the overall mean. The GLM for all voxels in all M publications is then

log[E(Y)] = (1 ® X)B+ (Z® 1)y (4.2)

where Y = [V}, Y5, .-+, Y| " is an (M x N)—vector, containing voxelwise foci count
for all M publications, and ® denotes the Kronecker product. Given that our GLM has
millions of rows (M N) and the spatial design matrix has billions of entries (M N x P),
we proposed a simplified reformulation of this GLM to reduce complexity and memory
requirement. A comprehensive discussion of this reformulation, along with a more
detailed introduction to the four stochastic models and the notations used in this

section, is provided in our previous work, [Yu et al., 2024].

4.1.2.2 The multi-group CBMR

In the multi-group CBMR setting, a dataset is categorised into multiple groups, we fit
group-wise activation intensity functions and generate group-specific statistical maps.

Adapting the notation of the previous section, this can be represented as:

log(p1g()) = 10g[E(Yi)] = X Byqi) + (Ziy)1n (4.3)

where the subscript g(i) represents the group that includes publication i. In equation
4.3, the spatial design matrix, parametrised by spline bases with pre-defined knot
spacing, remains fixed across all groups, and the regression coefficient for publication-
level covariates, v, is shared among all groups, while the regression coefficient 3;) is
specific to each group. By incorporating group-specific spatial effects while retaining
shared global publication-level covariates, Equation 4.3 generalises the conventional

form of the single-group CBMR model to the multi-group CBMR framework.

Given a total of M publications divided into G groups, we reorder the publication

indices according to their respective groups and assume that group g contains M,
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€.
publications (M = ) M,). The GLM for all voxels across all M, publications for
i=1

group ¢ can be represented as:

10g[E(Yg)] = (1Mg & X)ﬁg + (Zg ® 1n)y (4.4)

where Y, = [Y1,Ys, -+, Yy, )" and Z, = [Z1, Z5,- -+ , Zu,]" represent the voxelwise
foci counts and publication-level covariates for all M, publications within group g.
Accordingly, the GLM for all voxels across the M publications is formulated by
vertically concatenating equation 4.4 for each group. To address the substantial
memory and computational demands, a similar reformulation procedure is applied to
the multi-group CBMR.

4.2 Methods

This section outlines the computational pipeline employed by CBMR to conduct multi-
group meta-regression and meta-inference on CBMA data, as well as the simulations
and real-data examples, with results presented in Section 4.3. To begin, Section 4.2.1
provides a detailed overview of the stages involved in the CBMR computational pipeline.
Next, Section 4.2.2 describes the simulations designed to evaluate the accuracy and
performance of CBMR. Finally, Section 4.2.3 presents a real-world application using

the Cue Reactivity dataset, demonstrating the practical implementation of CBMR.

4.2.1 The CBMR pipeline

Figure 4.1 presents a visual overview of the CBMR pipeline as an activity diagram.
The pipeline is divided into four stages: meta-regression, parameter estimation and
inference and output. Each stage is described in detail in Sections 4.2.1.1 through
4.2.1.4. The implementation of CBMR algorithm in the Python package NIMARE,

adheres to these same four stages, as illustrated in Figure 4.1 [Salo et al., 2022].
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Figure 4.1: The activity diagram provides a detailed view of the CBMR pipeline. The
pipeline begins and ends with nodes represented by a dark purple circle and nested
dark purple and light purple circles, respectively. Decision nodes are depicted as
diamonds, where decisions are made based on whether the number of foci exceeds
a specified threshold, while computational stages are represented by vertical bars.
Panels separated by these vertical bars correspond to distinct stages within the CBMR
pipeline. The entire pipeline is divided into four main stages: input specification,
meta-regression, parameter estimation, and meta-inference and output.

4.2.1.1 Input specification

Figure 4.2 illustrates the preprocessing steps required to generate all the necessary
input variables for the CBMR pipeline. The preprocessing begins by applying a brain
mask to exclude all voxels outside the brain. The default brain mask is the MNI152
2mm template in the code implementation of CBMR. The voxel space has dimensions
has dimensions of 91 x 109 x 91 in the z, y and z directions, resulting in a total of
902, 629 voxels. However, most of these voxels fall outside of the brain mask. Applying
the brain mask is therefore a crucial step to eliminate redundant voxels and avoid
unnecessary computations involving non-brain regions in subsequent processing steps.
Next, we select equally spaced knots (with a default spacing of 10mm) to construct
cubic B-spline bases along the x, y and z directions, assuming the numbers of B-spline
bases are n,, n, and n., respectively. The coefficients of these basis functions over

Uz, vy and v, voxels yield design matrices with shape n, X v;, n, x v, and n, x v, for
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each dimension. These dimension-specific design matrices are then combined using
the tensor product to construct a comprehensive design matrix for further analysis.
For more details on the spatial model parametrised by spline bases, refer to Section
4.1.1.1 and [Yu et al., 2024].

In fMRI publications, activation foci are typically reported as their z, y and z
coordinates. A CBMA dataset often contains hundreds or thousands of such foci from
numerous publications. It is common and straightforward to compute voxelwise foci
count across the entire brain for each publication. Building on the previous single-
group CBMR model, our current objective is to investigate group-specific activation
intensity functions and perform subsequent CBMR inference analyses. To achieve this,
we define multiple groups with clear selection criteria, categorize all publications into
these groups, and store voxel-wise foci counts separately for each group to support
the analysis. The importance of simplified model factorisation has been highlighted
in our previous work, aiming to reduce dimensionality and alleviate computational
complexity [Yu et al., 2024|. Specifically, we adopt the following two approaches for

different stochastic models:

e Poisson model: The total voxel-wise foci counts across all publications are
assumed to follow a Poisson distribution with the mean equal to the sum of the
estimated mean from each publication. This leverages the additive property of

the Poisson process for computational simplicity and interpretability.

e NB model: By matching the first and second moments (mean and variance), we
approximate the likelihood function under the assumption that the convoluted

voxel-wise foci counts follow a Negative Binomial (NB) distribution.

In this work, we adopt the same convention of applying above model factorisation
methods to simplify the log-likelihood functions. However, unlike previous approaches,
we first categorise all publications into multiple groups and then apply these factori-
sation methods at the group level. Following group-level model factorisation, the
sufficient statistics are reduced to dimensions no greater than either the number of
publications within each group or the number of voxels within the brain mask, as
detailed below,

Mg
o Let Y,; = > Y;; be the sum of foci counts at voxel j across all M, publications
i=1

within in the group g, and the N—vector Y, = [Y1, Yy, -+, Yyn] "5
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N
o Let Yy = > Y, be the sum of foci counts for publication ¢ across all voxels, and
j=1
the M —vector Y; = [V, Yio, -+, Yin);
e Let N-vector ug( = exp(X ;) be the vector of localised spatial effects of publi-

cations in group g;

e Let M-vector u? = exp(Zv) be the vector of global publication-level covariate

effects.

In the CBMR pipeline that incorporates the effects of publication-level covariates, an
additional input variable, Z, (with dimension M x R) is introduced. This variable is
constructed by extracting R publication-level covariates from M publications. Common
examples of publication-level covariates include sample size, year of publication and
participant age. It is important to standardise the publication-level covariates to have a
mean of 0 and a standard error of 1 during preprocessing. This standardisation ensures
that X captures the overall mean, enabling more straightforward and comparable

analyses of spatial intensity functions in subsequent steps.

Another potential input variable introduced during CBMR preprocessing is the rough-
ness penalty matrix J (with dimensions P x P) of spline bases. During optimisation
using L-BFGS, we observed challenges with datasets that have insufficient foci counts,
where some elements of the group-wise spatial regression coefficients 3, are driven to
highly negative values. This results in an overly flexible and detailed representation of
the foci distribution. While such flexibility can model complex patterns, it often leads
to overfitting, unnecessarily intricate functions, and causes numerical instability. To
address these issues, we incorporate a roughness penalty that penalises overly flexible
spatial functions (combinations of spline bases) by discouraging overly complex or
“rough" spatial functions. This ensures smoother and more stable solutions. Details

on constructing the roughness penalty matrix J are provided in Appendix B.1.

4.2.1.2 Meta-regression

Following the preprocessing of CBMR input variables, the next step is to evaluate
different stochastic models to identify the most accurate but parsimonious fit. We
will present the statistical formulations, as well as advantages and drawbacks of all

the stochastic models proposed in our previous work, except for the Quasi-Poisson
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Figure 4.2: This preprocessing pipeline for multi-group meta-analytic datasets is
applied before fitting coordinate-based meta-regression (CBMR) framework. Panel
A, B and C are applicable to all datasets and used to generate the spatial design
matrix X, total foci count per voxel Y, (/N x 1) for group ¢ and total foci count per
publication Y;(M x 1). Panel D is required only when considering the effects of
publication-level covariates, in which case the covariates matrix Z(M x R) is included.
Panel E is recommended for datasets with insufficient foci counts, as it discourages
overly complex spatial functions and improves numerical stability.

model. The exclusion of the Quasi-Poisson model is due to its characteristics as a
Quasi-likelihood-based model that requires optimisation using the IRLS algorithm.
This approach complicates the implementation of optimisation process, as it does not
support the use of L-BFGS algorithm for maximising likelihood functions. Furthermore,
as demonstrated in our previous work, the Quasi-Poisson model is similar to the NB
model in explainability of excess variation in foci count data but exhibits inferior

performance [Yu et al., 2024].

The Poisson model is the simplest stochastic model option in the CBMR pipeline,
both in terms of statistical formulation and computational complexity. In practice,
the count of foci Y;; (for publication i =1,--- , M and voxel j =1,--- , N) is always
0 or 1, which strictly indicates a Binomial model. Therefore, we adopt the Poisson
model, inspired by its previous success with Poisson point process and the accuracy
of Poisson approximations for low-rate Binomial data. One appealing property of
the Poisson process is that the sum of multiple Poisson random variables is also

Poisson. This allows for practical flexibility: it is equivalent to model either the set
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of M, publication-level counts or the summed counts at each voxel for each group g.
Following the model structure outlined in Equation 4.3, the intensity for voxel j in

publication ¢ for group g is,

X A
ElYy6)i] = Bgtyi = Hgg); - 15

(4.5)
log[ﬂg(i) ] = MNgG)j — T /Bg(z + Z’V

where publication 7 belongs to group g(i), Yy, ~ Poisson(pg);), z; is the j7

of spatial design matrix X (N x P), and Sy is spatial regression coefficients of group
g(7). Under the assumption of independence of counts across publications, the total
likelihood function is exactly same if we model the voxelwise total foci count over

publications for each group instead, and the likelihood to be optimised is,

G
l<0) = l(ﬁla e >5G>’7) = Zl(ﬁgf‘)/)
g=1
G N
= Z Z Yyjlog(pgs) — t1g; — log(Yy,!)] (4.6)
g=1 j=1
G
= ZYQT log( ,ug + YT log(p Z
g=1 g=1

For more detailed derivations, refer to Appendix B.2.1.

While Poisson model is widely used for the regression of count data, foci counts often
exhibit over-dispersion in practice, where the variance of the response variable substan-
tially exceeds the mean. In such case, imposing a Poisson model may underestimate
the standard error and lead to biased estimates of the regression coefficients. To
address this, we propose modelling the count data at each voxel as independently
following a group-specific Negative Binomial (NB) distribution, which accounts for
excess variance relative the Poisson model [Lawless, 1987|. The NB model employs a
group-specific single parameter, ay, shared across all publications within group g and
all voxels, to index the variance in excess of Poisson model. Specifically, for group g,
publication 7, and voxel j, let Aj¢;; follows a Gamma distribution with mean fi4(;); and
variance ag,u o . Conditioned on )\g( )j» let Y;; follow a Poisson distribution with mean
Ag(i);- Unlike P01sson, the sum of multiple independent NB random variables doesn’t
follow an NB distribution. To address this, we propose moment matching approach
to approximate the first two moments (mean and variance) of the convolution of NB

distributions. This significantly simplifies the log-likelihood function. By matching the
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first two moments, the approximate NB distribution of the total count of foci across all

publications within group ¢ at voxel j is given by Y,; = Z Yij ~ NB(ry;, py;) where
Mg
12 21 H?j
I 97 / 1=
Toi = " m, Pei T My M, (4.7)
g 115 oy i + 20+ 2 1

with corresponding excess variance for each group g,

My
2 M?j
o, = g (4.8)
! Hgj

which gives rise to the simplified NB log-likelihood function,

G
10) =1(Br,- B, -+ 0, y) = 1By, )
g=1
Sl (4.9)
ZZ log T'(Yy; + 1) — log I'(Yy; 4 1) — log T'(r;)

=1 j=1
+r jlog(l—p’gj)JrY log(py;)]

For more detailed derivations, refer to Appendix B.2.2

4.2.1.3 Parameter estimation

The most computationally intensive stage of CBMR pipeline is the estimation of
the unknown model parameters (5, o, 7y) for each group g. A common approach
for estimating these group-specific parameters is Maximum Likelihood Estimation
(MLE), based on reformulated log-likelihood functions tailored to each stochastic
model described in Section 4.2.1.2. To efficiently optimise these parameters, the
CBMR pipeline employs the L-BFGS algorithm, a quasi-Newton method well-suited
for problems involving large-scale datasets and high-dimensional parameter spaces. By
approximating the Hessian matrix rather than computing and storing it directly, the

L-BFGS algorithm achieves significant computational efficiency, making it ideal for
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the CBMR pipeline [Liu and Nocedal, 1989]. Considering the log-likelihood function is
non-convex for both the NB model, a more cautious optimisation strategy is adopted.
Specifically, a smaller learning rate is used during L-BFGS optimisation to reduce the
risk of the algorithm becoming trapped in a local optimum rather than converging to

the global optimum.

For the Poisson model in CBMR, the group-specific spatial regression coefficient
By is initialise either with random values uniformly distributed within the range
[—0.01,0.01] or with values assuming spatial homogeneity of foci locations. Both
initialisation strategies allow the L-BFGS algorithm to converge effectively. To address
the non-convexity of log-likelihood functions for NB model, we propose using the
optimised spatial regression coefficient 3, from the Poisson model as the initialisation
for these two models, improving the stability and robustness of the optimisation process.
During optimisation, we iteratively optimise the group-wise dispersion parameter o
while keeping the group-specific spatial regression coefficient 3, and if applicable, the
coefficient of publication-level covariates « fixed. Subsequently, o, is fixed, and other
variables are optimised in alternating iterations until convergence. Pseudocode for

this alternating iterations is provided by 3.

Algorithm 2 Alternating iterations for CBMR with NB model
Assign initial estimates to group-specific parameters 3,, o, and group-shared ~y
while Current [(0) and previous ly..,(0) differ by more than a predefined tolerance do

G
Evaluate the previous log-likelihood using lre,(0) = Y l4(By, g, Y)
g=1

while Current [(c,) and previous lyye, (o) differ by more than predefined tolerance
(1e™? by default) do
Update the group-wise dispersion parameter oy, for each group ¢ using L-BFGS
L algorithm, while keeping /3, and ~ (if applicable) fixed.
while Current I(5,,7) and previous lye,(By,7) differ by more than predefined
tolerance (1e™° by default) do
Update the group-specific parameters [, and the group-shared parameter 7 (if
L applicable), while keeping « fixed.
Recompute the current log-likelihood values [(6) and calculate the difference from
the previous log-likelihood values.

In the implementation of the CBMR parameter estimation stage, we use the built-in
function scipy.optimize. minimize(method="L-BFGS-B’) from Scipy to minimise the
objective function (negative log-likelihood function). This L-BFGS function was

chosen for its well-documented and user-friendly interface, which simplifies integration
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into the pipeline. To address the increased computational demands of the parametric
bootstrap method (see Section 4.2.1.4 for details), we also implemented parallelisation
to accelerate computation. Furthermore, we implemented the code in JAX to take
advantage of its automatic differentiation capabilities. This allows for efficient ap-
proximation of the observed Fisher information matrix using the optimised regression
coefficients for inference based on the Wald test (see Section 4.2.1.4 for details), without

the need to explicitly derive the Hessian matrix of the log-likelihood function.

Using the optimised CBMR regression coefficients, we can construct group-specific
estimated intensity maps to intuitively visualise the brain activation patterns. For
more rigorous inference, allowing the identification of brain regions with significant
p-values from statistical maps, we will further implement meta-inference pipelines,
with further details provided in Section 4.2.1.4.

4.2.1.4 Meta-inference and output

The final stage of the CBMR pipeline involves performing inference (for both the
homogeneity test and group comparison test) on the group-specific estimated intensity
maps and outputting the analysis results as statistical maps in NIfTT format. To
conduct voxel-wise hypothesis testing for both types of test, CBMR adopts an approach
similar to that used in the popular GLM python package statsmodels and the R function
glm(). In this approach, the group-specific estimated spatial intensity u;( or its log-
transformed counterpart nf are used to construct test statistics at voxel-wise level, as

well as their standard errors.

Assuming a contrast matrix C'(m x S) is provided for S involved groups, a voxel-wise
null hypothesis Hy : C’éj = 0,,%1 for voxel j can be specified. For simplicity, we assume
that any redundant columns containing only zero elements (corresponding to groups
not involved in the contrast) are removed before proceeding with the analysis. CBMR
computes the corresponding test statistics as:
(Ch)T(CV,CT)TH(Chy) = x;

m

(4.10)

where 6; represents either the estimated intensity i35, - -+, fug;] " or its log-transformed
value [ﬁfg, e ,ﬁgfj]T, in practice, we recommend using the log-transformed values

ﬁfj, as they corresponds to the linear response of GLMs, avoiding the additional
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approximation required to transform f];g to ,&f}g for estimating standard errors. As
the inverse of the Fisher information gives the asymptotic variance of the estimates
of spatial regression coefficients (1, - - , Bs for the S involved groups. Based on the
deterministic structure of GLMs 7, = Xf,, we approximate the variance of 7,
for group g as X" Var(8,)X, where X is the spatial design matrix. Additionally,
V;(S x S) represents the covariance matrix constructed from the estimated variance
of 77;( at the j voxel across all S groups. The degrees of freedom for the statistical
test are determined by the number of rows in the contrast matrix C. To calculate
the corresponding p-values, the test statistics are approximated using a Chi-square

distribution.

In scenarios where only one group is involved (m = S = 1), the statistical test
simplifies to a Wald test, with the null hypothesis formulated as C' (é] —6p) = 0. This

can be further simplified to the following form,

;-0
SE(0;)

W; (4.11)
where éj represents either the estimated intensity ﬂgg for the involved group ¢ or
its log-transformed value 775(]-. The corresponding voxel-wise p-value p; is calculated
under the assumption that the Wald test statistics I follows a standard normal

distribution.

In practice, approximating group-wise spatial regression coefficients by inverting the
Fisher Information matrix often leads to numerical instability. This issue is particularly
pronounced in datasets with an insufficient number of foci, especially during group
comparisons involving multiple CBMR groups, where standard error estimations rely
independently on the inversion of group-specific Fisher information matrix. A practical
threshold for ensuring reliable inference is at least 200 foci per group. This numerical
instability arises primarily due to the high dimensionality of the Fisher Information
matrix, often consisting of hundreds or even thousands of spline bases elements. With
fewer foci, the Fisher Information matrix can become numerically singular, as most

voxels have near-zero intensity estimates.

Despite efforts to improve numerical stability during the optimisation process, such as
adding a roughness penalty to prevent coefficients from being driven to highly negative
values, we observed that approximating group-wise spatial regression coefficient by

inverting Fisher Information matrix often results in numerical instability. This is
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particularly prevalent in datasets with an insufficient number of foci, with a practical
threshold of at least 200 foci per group required for reliable inference. The instability
arises due to the high dimensionality of the Fisher Information matrix, which can have
hundreds or even thousands of elements corresponding to the spline basis functions. For
datasets with a low foci count, the Fisher Information matrix can become numerically
singular because most voxels have near-zero intensity estimates. We have experimented
with several approaches to improve this instability, including adding a small epsilon
(1079) or 1% of the largest diagonal element to the diagonal of the Fisher Information
matrix, and computing the Fisher Information under the assumption that the null
hypothesis of homogeneity is True. However, these methods consistently resulted in
underestimation of the variance of voxel-wise spatial intensity, resulting in invalid

p-values.

Given these challenges, we are now exploring parametric bootstrap methods as an
alternative for meta-inference, rather than relying on statistical tests based on the
inverse of the Fisher Information matrix. The parametric bootstrap is a resampling-
based statistical technique that estimates the sampling distribution of a statistic
without requiring strong parametric assumptions about the underlying data distribu-
tion. Specifically, for group-wise homogeneity test, the bootstrap process involves the
following steps: for each bootstrap sample, foci are randomised under the assumption
of spatial homogeneity, following a Binomial process. The CBMR regression is refitted
to obtain group-wise estimated intensity values or their log-transformed values at
voxel level. This procedure is repeated at least 1000 times to generate the bootstrap
null distribution. Under the null distribution Hy : 77;(]» = 1)g0 OT u§§ = g0, the observed
values of 7,5 or p.;

p-values is then calculated as the probability of observed test results as extreme as

for group ¢ are compared to the bootstrap null distribution. The

the actual results, assuming the null hypothesis is true. While for group comparison
tests, a similar bootstrap procedure is applied with a slight modification: under the
null hypothesis 74; = np; between group A and B, we first combine all foci counts
from both groups to estimate a shared activation intensity function. Data are then
regenerated from the chosen stochastic model associated with the CBMR regression,
ensuring the total number of publications remain the same as before for both groups.
The model is refitted for each bootstrap sample. Repeating this procedure generates
the bootstrap null distribution, and p-values are calculated by comparing the actual
results to the bootstrap null distribution. We assert that this method avoids the nu-

merical issues encountered during the inference stage, although at the cost of increased
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computational requirements. Its validity and effectiveness will be demonstrated in the
Sections 4.2.2.

Additionally, we are also interested in investigating the global effects of publication-
level covariates on group-wise spatial activation functions. For example, we aim to
assess whether there is a global effect of the (square root of) sample size on spatial
activation functions, or whether the influence of (square root of) sample size is stronger
than that of publication year. To address these questions, we perform hypothesis
testing on one or more elements of the regression coefficient vector ~, which captures
the effects of the publication-level covariates. Similarly to the voxelwise hypothesis
testing of spatial intensity in equation 4.10, this is achieved using a contrast matrix
C,(m x s), where s denotes the number of relevant publication-level covariates after
excluding irrelevant ones. The contrast matrix C, allows for the specification of flexible

hypotheses. Under the null hypothesis Hy : C,y = 0,,x1, the test statistic is given by
. . _ D
(C)(C,Cov(H)CT)HCA) = X, (4.12)

where C'ov(¥) represents the covariance structure of elements in 4, and the p-values
can be approximated using a chi-square distribution with m degrees of freedom. Note
that the issue of inverting a numerically singular Fisher Information matrix is unlikely
to arise when performing inference on the regression coefficients of publication-level
covariates. This is because v typically contains only a few elements (fewer than 5),
resulting in a Fisher Information matrix of low dimensionality. Furthermore, since
most of elements in v are unlikely to be simultaneously close to zero, ensuring the
Fisher Information matrix is not numerically singular. Therefore, we believe it is

unnecessary to use bootstrap methods for inference on publication-level covariates.

4.2.2 Simulation methods

In order to quantitively evaluate and demonstrate the computational accuracy and
efficiency of CBMR, extensive simulations were conducted across twelve settings.
Simulated data were generated for three spatial configurations: a two dimensional grid
consisting of 100 x 100 voxels, a three dimensional grid consisting of 100 x 100 x 100
voxels, a three dimensional grid within a MNI152 2mm brain mask, containing 228, 483
voxels. Each configuration was analysed under four data generation designs. These
data generation designs combined two key factors: the underlying intensity function

and the spatial patterns for data generation. The underlying intensity function for
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generating CBMR data is either high (an average total foci count of approximately
1,000 per publication) or low (an average total foci count of approximately 10). Data
generation followed either a homogeneous spatial intensity assumption or a scenario
with two Gaussian bump signals overlaid on a background constant intensity function.
The high-intensity (1,000 foci per publication on average) and spatial homogeneity
setting is primarily used as a sanity check, in contrast, the low-intensity (10 foci
per publication on average) and two bump signals setting is designed to evaluate
model performance under more realistic conditions that closely reflect real-world
datasets. For each simulation, the data includes three groups with identical underlying
intensity functions but differing numbers of publications: 100, 100 and 500, respectively.
Following data generation, CBMR regression is performed using either the Poisson
or NB model. Statistical tests are conducted using either standard error estimates
derived from the inverse of the Fisher Information matrix or a bootstrap approach

with 1,000 bootstrap samples.

In each simulation setting, the spatial design matrix X (P = 2624) is constructed
using cubic B-spline bases with knot spacing of 10mm. This design matrix is fixed
and applied consistently across all groups in every simulation settings. The effect
of publication-level covariates is assumed to exist in all settings, with their values
generated uniformly within the range [—1, 1] and standardised to have a mean of 0
and a standard deviation of 1, allowing X to capture the overall mean. During the
optimisation process in each simulation, the group-specific spatial regression 3, and
the shared regression coefficient v across all groups are estimated, and then used to

construct the group-specific intensity maps, as defined by equation 4.4.

In order to evaluate the accuracy and performance of parameter estimation in each
simulation setting, we conduct meta-inference for both homogeneity test within each
group and the group comparison test between any two groups. These tests were
performed at the voxel level using two inference approaches: (i) parametric statistical
tests, as detailed in Equation 4.10, and (ii) the parametric bootstrap method. After
obtaining voxel-wise p-values, they were sorted in an ascending order and visualised
using a PP-plot to compare the probability distribution of the observed and theoretical
p-values. The x-axis represents the theoretical distribution (a uniform distribution
between 0 and 1), while the y-axis represents the observed distribution. If the two
distribution are similar, the sorted pairs of observed and theoretical p-values are
expected to align closely along the 45—degree diagonal line (y = z). Deviations from

this diagonal indicate discrepancies between the observed data and the theoretical
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distribution. Additionally, the group-specific estimated intensity maps produced by
CBMR were compared using the mean absolute difference across the whole brain image
to assess the accuracy of the CBMR regression stage. Finally, the computational time

for the two inference approaches were recorded for comparison.

In summary, the simulations we have described evaluate CBMR in three key aspects: (i)
the accuracy of parameter estimation during the regression stage, (ii) the performance
of parametric statistical tests and parametric bootstrap method under various data
generation settings, and (iii) computational time required to run the CBMR, pipeline.
All reported results were obtained using an HPC cluster with Intel(R) Xeon(R) Gold
6126 2.60HZ processors each with 16 GB RAM.

4.2.3 Real data methods

As a demonstration of the large-scale capabilities of CBMR, here we present an example
involving a more complex data than those considered in the simulation discussed
in Section 4.2.2. In this example, we use a meta-analytic cue reactivity dataset, as
the cue-reactivity paradigm is a widely employed in neuroimaging studies to elicits
brain activity associated with attentional, affective, and reward processes in response
to appetitive stimuli. We conducted literature search for visual cue-reactivity fMRI
studies focused on drugs of abuse or natural rewards published up to Aug 2020. Cue
types include nicotine, alcohol, cannabis, cocaine, heroin, food or sexual stimuli. This
dataset includes 546 experiments assessing visual stimuli categorised as drug-neutral
("drug", n = 163), natural-neutral ("natural", n = 110) and reward-neutral ("reward",
n = 273). Relevant publication-level information was recorded, including participate
age, sex, cue type, MRI scanner field strength and processing software [Hill-Bowen
et al., 2021].

Here, we address two primary research questions using either voxel-level group-wise

spatial homogeneity tests or group comparison tests between multiple groups:

e Where are the regions of activation associated with a specific group of cue-
reactivity stimuli (e.g. drug-related stimuli) that show stronger estimated

intensity than average, under the assumption of spatial homogeneity?

104



e Where do differences exist in activation regions between two stimulus types
within the cue reactivity dataset (e.g., differences between drug and natural

stimulus groups)?

At the pre-processing stage, all 546 experiments are categorised into three groups
based on their respective visual stimulus types. Foci located outside of the MNI152
2mm brain mask are removed, and a spatial design matrix X (P = 2624) is constructed
using cubic B-splines with a knot spacing of 10mm. In this experiment, we include
the square root of the sample size and publication year as publication-level covariates.
These covariates are standardised to have a mean of 0 and a standard deviation of 1
before being integrated into the CBMR pipeline. At the CBMR regression stage, either
Poisson or Negative Binomial (NB) model is employed for parameter estimation. This
involves optimising the group-specific regression coefficients 3, for each group g, the
group-shared regression coefficients for the effects of the publication-level covariates,
and if the NB model is employed, the group-specific overdispersion parameter c,. Using
these estimates, group-specific intensity maps are then constructed for each group
according to Equation 4.4. At the CBMR inference stage, both group-wise homogeneity
tests and group comparison tests between any two groups are performed. Voxel-wise
p-values are obtained using either statistical tests, as described in Equation 4.10, or by
comparing the observed data to null distributions generated via parametric bootstrap
methods with 1,000 bootstrap samples. Activation maps (for significant uncorrected
p-values under the 5% significance level) generated by these two inference methods are
compared against those generated by ALE. For the group-wise homogeneity test, ALE
activation maps are computed using the default full-width half maximum (FWHM)
settings based on sample size, as described in [Eickhoff et al.; 2012]. For group
comparison, ALE subtraction analysis is employed. Both methods are implemented
using the built-in functions of the Python package NIMARE [Salo et al., 2022].
Additionally, we investigate the global effects of sample size and publication year on
the group-wise intensity functions, analysing if these effects are significant, as well as

comparing the strength for each group g.

The primary goal of the analyses described above is to demonstrate the practical
application of CBMR and to highlight its efficiency and scalability through a real-
world example. To evaluate computational efficiency, the time required for parameter
estimation during the regression stage was recorded for both inference methods:

parametric statistical tests and parametric bootstrap. In Section 4.3.2, results are
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reported for Likelihood Ratio tests, along with alternative model selection criteria
such as AIC and BIC, which takes the model complexity into consideration. All
analyses were conducted on an HPC cluster with Intel(R) Xeon(R) Gold 6126 2.60HZ
processors each with 16 GB RAM.

4.3 Results

4.3.1 Simulation results

4.3.1.1 Parameter optimisation

Across the twelve simulation settings outlined in Section 4.2.2 (three spatial con-
figurations combined with four data generation schemes), all parameter estimates
produced by CBMR regression closely matched the ground truth. For consistency
and clarity, we focus on showcasing results from the experimental design involving
CBMR regression with the NB model applied to a three-dimensional brain image, as
all designs demonstrated similar patterns. The observed absolute bias for intensity
function estimation, averaged across all 1,000 bootstrap samples and voxel locations,
is presented in Table 4.1. We noticed that, settings with low underlying intensity
and intensity functions with two bump signals posed greater challenges for CBMR
regression, as reflected in larger absolute bias values. However, all results remain
within the magnitude of 10~*, demonstrating the validity and accuracy of CBMR

regression for multiple groups under various experimental conditions.

Spatial homogeneous intensity With two bump signals
High intensity 1.1501 x 10~* 2.4335 x 1074
Low intensity 1.6793 x 10~* 6.4429 x 1074

Table 4.1: Bias for CBMR intensity function estimation under different conditions:
high or low underlying intensity levels, combined with either spatially homogeneous
intensity functions or intensity functions with two bump signals.

4.3.1.2 Computation time

We emphasise that, after model re-factorisation, neither the number of foci nor the

number of publications affects the computation time. This is because the sufficient
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statistics are reduced to the group-wise vector of voxel-wise total foci counts across all
publications within group g (y,, N x1) and the vector of total foci counts across all voxel
locations within a publication (y;, M x 1). Only the number of groups influences the
computation of log-likelihood function during the each iteration. Therefore, we assert
that our CBMR regression stages scales efficiently with the number of publications or
foci. Moreover, a larger number of publications or foci improves numerical stability

and accelerates convergence during the optimisation process.

As a computationally efficient alternative to Bayesian model-based meta-regression
methods, one of the key advantages of our CBMR pipeline is its simple, intuitive
statistical structure and scalability. Our experiments demonstrate that the optimisation
in meta-regression with multiple groups takes approximately 30 minutes on an NVIDIA
GTX 1080 Graphics Card — a significant improvement compared to some Bayesian
model-based methods, which require roughly 30 hours on an NIVDIA Tesla K20c GPU
card [Samartsidis et al., 2019]. However, in experimental settings with an insufficient
number of foci (e.g., low underlying intensity functions with either spatial homogeneity
or two bump signals in our setting), we consider using parametric bootstrap methods
as an alternative. This is due to the occurrence of numerical singularities in the Fisher
Information matrix, which prevents the subsequent meta-inference stage. Nonetheless,
the parametric bootstrap method is computationally intensive, as it requires repeated
data simulations (e.g., 1,000 bootstrap samples in our experiment) and model refitting
for each sample to obtain the bootstrap null distribution. In practice, we implemented
parallelisation on HPC clusters to accelerate model re-fitting. Running model-refitting
on five bootstrap samples in parallel on a single HPC cluster nodes with Intel(R)
Xeon(R) Gold 6126 2.60HZ processors takes approximately 40 minutes. Experiments
based on parametric bootstrap methods are feasible only with parallelisation and
the availability of hundreds of HPC cluster nodes. However, this approach is as
computationally intensive as, or even more than the Bayesian model-based methods
and is not easily accessible to users without HPC cluster resources. As a result,
the CBMR regression loses one of its key advantages—computational efficiency, when

applied to small meta-analytic datasets with less than 200 foci per group.

4.3.1.3 Validation of the Meta-inference stage

Following the simulation settings described in Section 4.2.2, we validate the accuracy

of the meta-inference pipeline by evaluating PP-plots of voxel-wise p-values under each

107



simulation scenario. These P-values are computed either using parametric statistical
tests described in Equation 4.10 or through the parametric bootstrap method. A
perfect alignment with the y = z line would indicate that the meta-inference stage
produces valid outcomes, thereby providing confidence to apply the same inference

procedure to real datasets.

Since the PP-plots are very similar across the twelve scenarios, we only present results
for a representative setting: CBMR inference using the parametric statistical test
described in Equation 4.10. This setting compares estimated intensity functions
between two groups with identical underlying intensity functions. These functions
are simulated at different overall intensities (1,000 vs. 5,000 foci, or 100,000 vs.
500, 000 foci) and exhibit either spatial homogeneity or two Gaussian bump signals.
Figure 4.3 displays four — log;, PP-plot corresponding to different underlying intensity
functions in this simulation setting. The plots include the y = z line (dashed diagonal
line), the 5% significance (dashed horizontal line) and the FDR 5% boundary (solid
diagonal line); and gray shaded areas indicating the point-wise 95% prediction intervals.
The results show that for scenarios with low underlying intensity functions (both
spatial homogeneous and with two bump signals), p-values > 0.05 ~ 107! can
skew conservative, while extreme p-values can skew liberal. This poor behaviour is
observed in both spatially homogeneous and bump signal cases, particularly when
the number of foci is insufficient. Conversely, for scenarios with high underlying
intensity functions, the PP-plot lines are only slightly skewed, and the y = z line falls
within the point-wise 95% prediction intervals. These results support the observation
that PP-plots exhibit poor behaviour when the number of foci falls below a certain
threshold (1000 foci in our previous one-group CBMR experiment [Yu et al., 2024]).
In such cases, inference results based on parametric statistical tests become unreliable
due to numerical singularity in the Fisher information matrix encountered during

practical implementation.

For datasets with an insufficient number of publications or foci, we recommend using the
parametric bootstrap method instead, to avoid inverting the Fisher Information matrix
(See 4.2.1.4 for details). Figure 4.4 presents the results of the same representative
simulation setting as above, focusing on the more challenging scenario with a low
underlying intensity function (10 foci sampled per publication on average). The PP-
plot for both foci patterns (spatially homogeneous and with two bump signals) align
closely with the y = «x line, with extreme p-values exhibiting only a slight conservative

skew. These results indicate that the parametric bootstrap method is an effective
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Figure 4.3: PP-plots illustrating group comparison under two underlying intensity
function settings: low (1,000 vs. 5,000 foci) or high (100,000 vs. 500,000 foci). Each
setting includes both spatially homogeneous and two-bump signal configurations. The
plots are based on P-values derived from statistical tests described in Equation 4.10.

alternative to parametric statistical tests for small datasets, although at the expense

of increased computational time.
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Figure 4.4: PP-plots illustrating group comparison under two different types of low
underlying intensity functions (1,000 vs. 5,000 foci). These plots are generated from
P-values obtained across 1,000 bootstrap samples

4.3.2 Real data results

4.3.2.1 Model comparison

We evaluate the goodness of fit among two likelihood-based stochastic models (Poisson
and NB model) by comparing their maximised log-likelihood values. Our analysis
shows that CBMR using the NB model outperforms Poisson model on Cue Reactivity
dataset, when comparing the maximised total log-likelihood values across multiple
groups. This is not surprising, as the NB model accounts for the anticipated excess
variance relative to the Poisson model at voxel level. Given the nested relationship
between the Poisson and NB models (with the group-specific dispersion parameter
a, = 0 for group g in the NB model), we also performed a Likelihood Ratio Test
(LRT) to evaluate the trade-off between model sufficiency and complexity. The LRT
results indicate that the null hypothesis — the simpler nested model (Poisson) is as
good as the full model (NB) — is strongly rejected for the Cue Reactivity dataset,,

with p—values less than 1075.

110



4.3.2.2 Analysis results

We have previously demonstrated the consistency of activation regions detected by
ALE and the CBMR parametric inference method for single-group CBMR analysis
[Yu et al., 2024]. In this section, we extend our investigation to datasets with multiple
groups to assess whether this consistency persists, and to evaluate the similarity of
activation regions identified by the CBMR inference using two methods for standard
error estimation: Fisher information and a parametric bootstrap approach. Our
analysis focuses on group-specific activation regions for each of the three groups and
group-wise comparisons between any two groups within the Cue Reactivity dataset,
which includes a total of 3,197 foci [Hill-Bowen et al., 2021|. As the total count of
foci exceeds the practical recommendation of at least 200 foci per group, both the
parametric statistical test and the parametric bootstrap test are plausible for this
dataset. Therefore, we conduct the subsequent analysis using both methods to confirm
the consistency of the findings. For comparison, we present z-statistic values generated
by the CBMR inference stage using ALE, the CBMR inference based on the parametric
statistical tests described in Equation 4.10, and the parametric bootstrap method for
all voxels significant at o = 0.05 (uncorrected) in Figure 4.5-4.7 and Figure 4.8-B.2.
To ensure comparable spatial resolution, we adopt the default FWHM determined by
effect size in the Python package NIMARE [Salo et al., 2022].

Figure 4.5 - Figure 4.7 demonstrate notable consistency in the detected activation
regions (voxels with uncorrected significant p—values less than 0.05) across the three
groups in the Cue Reactivity dataset. This consistency is particularly evident in the
left cerebral cortex, frontal orbital cortex, insular cortex, and left and right accumbens.
The observed activations in these regions during cue reactivity reflect the engagement
of a complex neural network comprising multiple functional systems: reward processing
and motivation, mediated by the nucleus accumbens and its dopaminergic projections;
value-based decision making, supported by the orbitofrontal cortex, interoceptive
awareness and conscious craving mediated by the insula; cognitive control, attention
and emotional regulations, associated with various parts of prefrontal cortex; and
learning and memory processes, involving cue-outcome associations encoded in the
hippocampus and amygdala. However, slight differences in spatial specificity and
smoothness are observed between the methods: ALE provides the smoothest activation
regions and detects the largest extent of activation, likely because it is sensitive to

the spatial convergence of reported coordinates across studies rather than voxelwise
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Figure 4.5: Comparison of activation regions for the Drug group using the ALE
activation map, parametric statistical tests, and the parametric bootstrap method.

effect size magnitude or spatial specificity. In contrast, the parametric statistical tests
and the parametric bootstrap method yield more stringent and localised activation
regions. This is likely due to CBMR explicitly accounting for both within- and between-
study variance, and often incorporate spatial heterogeneity and uncertainty more
explicitly, leading to more conservative and spatially precise detection of significant
voxels. Despite these differences, all methods exhibit high overall consistency, with
only minimal differences in the location of detected activation regions. Notably, the
Z-statistics in the maps generated by the parametric bootstrap method are often
lower, due to the constraint imposed by the number of bootstrap samples (where the

minimal achievable p—value is 0.001 with 10® bootstrap samples).

Figure 4.8 illustrates activation patterns observed in the group comparisons between
the Drug and Natural groups within the Cue Reactivity dataset. Results from two
additional group comparisons are presented in Figure B.1 and Figure B.2 in Appendix
B.3). These figures highlight voxels with uncorrected significant p—values less than
0.05, demonstrating the reliability of CBMR inference when applied to real datasets,
in comparison to kernel-based methods. Brain regions highlighted in red (indicating

positive z—statistics values and corresponding to uncorrected significant p—values)
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Figure 4.6: Comparison of activation regions for the Natural group using the ALE
activation map, parametric statistical tests, and the parametric bootstrap method.

represent areas where one groups shows stronger activation than the other group.
Conversely, regions highlighted in blue (indicating negative z—statistic values and
corresponding to uncorrected significant p—values) denotes areas where the other
group exhibits stronger activation. Figure 4.8 reveals strong consistency in findings
between ALE subtraction analysis and CBMR inference, highlighting the stability

and accuracy of CBMR even in the presence of group size imbalance.

In the Cue Reactivity dataset, the (square root of) sample size and year of publication
are considered as publication-level covariates to understand their global effects on
group-wise activation intensity functions. Our CBMR analysis revealed that the
activation intensity function increases globally by 8.1587% for each unit increase
in the square root of sample size, and decreases globally by 0.5397% for each unit
decrease in the year of publication. Additionally, we also performed hypothesis testing
to evaluate whether these publication-level covariates have a significant effect (i.e.,
whether their regression coefficients are significantly different from zero). Under
the null hypothesis that these publication-level covariates have no effect, we reject
the null hypothesis for the square root of sample size at the 0.05 confidence level

(p = 1.1732 x 107?). However, we could not reject the null hypothesis for the year
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(b) Z-statistics map generated by parametric statistical tests (see Equation 4.10)
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Figure 4.7: Comparison of activation regions for the Reward group using the ALE
activation map, parametric statistical tests, and the parametric bootstrap method.

of publication (p = 0.6681). Additionally, leveraging the flexibility of the CBMR
inference framework, we compared the effects of these two publication-level covariates.
Under the null hypothesis that the effect of year of publication is stronger than that
of the (square root) of sample size, we rejected the null hypothesis at 0.05 confidence
level (p = 5.1857 x 1077).

4.3.2.3 Computation time

The computation time for CBMR multi-group analysis varies significantly between the
inference stage using parametric statistical tests (as described in Equation 4.10) and
parametric bootstrap method at voxel level. For large datasets with a sufficient number
of publications and foci, where the numerical singularity of the Fisher Information
matrix is not a concern, parametric statistical tests are more computationally efficient.
These tests allow for flexible homogeneity or group comparison analyses with only a
single meta-regression stage. On an NVIDIA GTX 1080 Graphics Card, this approach
takes approximately 30 minutes to complete. However, for datasets with an insufficient

number of publications or foci (fewer than 200 foci per group), the parametric bootstrap
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(c) Z-statistics map generated by parametric bootstrap method for group comparison

Figure 4.8: Differences in activation regions between the Drug and Natural groups:
results from ALE subtraction analysis, parametric statistical tests, and parametric
the bootstrap method.

method becomes necessary during the inference stage. This method involves generating
1,000 bootstrap samples, requiring repeated randomisation of foci locations or data
re-generation and model refitting for each bootstrap samples, significantly increasing
computational complexity. Despite implementing parallelisation to accelerate the
process, running model refitting on 5 bootstrap samples in parallel on a single HPC
cluster node with Intel(R) Xeon(R) Gold 6126 2.60Hz processors takes approximately
40 minutes. Achieving a comparable computational time to the parametric statistical
test method would require around 200 HPC nodes. However, access to HPC resources
with such computational capacity is often limited. Therefore, we recommend avoiding
the parametric bootstrap method whenever possible and using parametric statistical

tests for more computationally efficient analysis.
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4.4 Discussion and conclusion

In this work, we have detailed and presented multi-group CBMR, a module im-
plemented in the open source Python package NIMARE, designed for performing
meta-regression and meta-inference on coordinate-based meta-analytic {MRI datasets.
The meta-regression framework incorporates a spatial model based on spline parametri-
sation, where a roughness penalty is applied to regularise the smoothness of the spline
basis functions. The meta-regression stage fits a generalised linear model with either
Poisson or Negative Binomial (NB) distribution at the voxel level, and accommodates
publication-level covariates such as sample size and year of publication. Our approach
also provides two distinct inference frameworks based on the number of publications
or foci in each group within the dataset: For datasets with a sufficient number of
foci (above a threshold of 200 foci per group), we recommend a computationally
efficient inference method based on parametric statistical tests at the voxel level. This
approach is significantly more efficient than the previously proposed Bayesian spatial
regression model, while retaining the flexibility and interpretability of hypothesis
testing for either spatial homogeneity or group comparisons. For datasets with an
insufficient number of publications or foci, we propose a parametric bootstrap method
as alternative for more accurate inference. In this method, p—values are obtained
by comparing observed values to the null bootstrap distribution. While inherently
computationally intensive, as it requires repeated randomisation of foci locations or
re-generation of data for thousands of bootstrap samples, this approach is necessary to
address numerical issues related to inverting numerically singular Fisher Information
matrices in small datasets. Through simulations on synthetic data under various
experimental settings, we demonstrated that meta-inference outcomes based on para-
metric statistical tests are valid for datasets with sufficient a number of foci (high
underlying intensity functions). However, for datasets with an insufficient number
of foci (low underlying intensity functions), p—values tend to skew liberally. Despite
these challenges, meta-inference outcomes based on parametric bootstrap method
remain valid and accurate even under the most challenging simulation settings with
insufficient foci. Using the Cue Reactivity dataset, we found that NB model is the
preferred stochastic model, as indicated by model comparisons via Likelihood Ratio
Test (LRT). The Poisson model, in contrast, cannot explain over-dispersion observed
in foci counts. Meanwhile, we also compare the activation regions identified by both

ALE and CBMR approaches, utilising both parametric statistical tests or parametric
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bootstrap method. These comparisons validate the accuracy and robustness of CBMR

inference framework, whether for spatial homogeneity or group comparisons.

There are a few limitations in our work. We employ the parametric bootstrap method
for meta-inference on small datasets with insufficient foci count, which improves infer-
ence accuracy at the cost of increased computational time. In parametric bootstrap
methods, the null distribution of a test statistic is generated by resampling data under
the null hypothesis. While effective, this approach is computationally intensive and
has limited precision, specifically, 1/N precision for N bootstrap samples, making it
impossible to achieve finer precision for p—values. In future work, we might explore
distributional approximations to address this limitation. Possible approaches include
asymptotic approximations (e.g., normal or chi-squared distributions) to reduce the
number of bootstrap samples required or data-driven methods (e.g., Gaussian or mix-
ture distributions fitted to the observed data) to improve precision without additional
computation, particularly for significant p—values below 0.05 [Bickel and Freedman,
1981, Hall, 2013]. However, these methods require careful considerations as they may
introduce biases. p—values can be underestimated or overestimated if the true distri-
bution of test statistics deviates from the assumed theoretical distribution. Moreover,
these approaches rely on strong assumptions about the underlying distribution of the
test statistic and might fall when applied to non-standard or complex models where

the null distribution is unknown.

Another potential direction for future development is to ensure the CBMR framework
more accessible to users without coding expertise or access to HPC clusters. Despite the
significant effort invested in implementing CBMR as a module in the Python package
NiMARE, its usage still requires basic coding knowledge, local environment setup, and
familiarity with standard data preprocessing procedures. In contrast, platforms like
Neurosynth Compose [Kent et al., 2024] allow users to perform neuroimaging meta-
analyses entirely within a browser, avoiding the setup for local Python environment.
Neurosynth Compose allows users to search and integrate data from thousands of
neuroimaging publications in the Neurosynth dataset and perform fast computations
in the cloud using automated analysis pipeline. As a free and open platform for
neuroimaging meta-analyses, it eliminates technical barriers for broader accessibility.
Our next step is to integrate the CBMR regression and inference pipeline into the
Neurosynth Compose platform. This integration will make CBMR accessible directly

through a browser interface. Additionally, we plan to explore strategies to accelerate
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the parametric bootstrap method using cloud computing resources, ensuring efficient

and scalable performance for computationally intensive tasks.

Furthermore, there is considerable potential for advancing the theoretical development
of conducting meta-analyses using data from multiple sources. With the growing
practice among researchers of sharing full statistical maps, it is becoming increasingly
important to integrate additional information from both reported foci or full statistical
maps (e.g., p—values or t—values), when available. Some researchers have proposed
Markov melding as a fully Bayesian framework for joining probabilistic sub-models.
In this method, evidence from different sources is specified in each sub-model, and
sub-models are joined while preserving all information and uncertainty [Goudie et al.,
2019]. This approach could enhance inferences derived from CBMR by integrating
the magnitude of CBMR activation or even data from image-based meta-analytic
results. Another promising avenue for future development involves using CBMR
inference outcomes as weights to determine the contribution of voxel-wise statistics
from individual publication to the synthesised meta-analytic results. A well-designed
choice of voxel-wise weights could stabilise variance and control heterogeneity by
ensuring that publications with greater variability contribute less to the overall
meta-analysis. Since CBMR inference outcomes involve voxel-wise variation for each
publication, they provide a data-driven approach for weighting. Future research will
explore where these weights outperform existing methods based on inverse variance,

sample size or effect size.
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Chapter 5

Efficient Lesion Estimation Using a
Spatial Poisson Process and a Scalable
Approximate Model

In this chapter, we shift our focus from coordinate-based meta-analysis (CBMA) to
the estimation of white matter hyperintensities (WMHs). To model their spatial
associations, we propose a scalable voxel-wise generalise linear model (GLM) with
a spatial component to capture spatial dependence across the brain. An efficient
approximate factorisation method is introduced for scalable regression analysis on large-
scale neuroimaging datasets. The model supports flexible statistical inference using
Wald or Chi-square tests, allowing voxel-level testing of individual or combined risk
factor effects. We also compared standard error estimates and find that the sandwich
estimator provides better accuracy and robustness under model misspecification. The
proposed approach is validated through simulation studies and applied to the UK
Biobank dataset (N = 13,677).

5.1 Introduction

MRI is a non-invasive imaging technique to generate high-resolution, three-dimensional
anatomical images of the brain. It’s widely used for understanding brain structures
and functions, as well as for the detection and diagnosis of various neurological diseases.
White matter brain lesion refers to areas of damage or abnormalities in the brain’s white

matter, which typically appear as hyperintensity on T2-weighted and FLAIR MRI
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scans [Wardlaw et al., 2013b|. The prevalence of white matter hyperintensities (WMH)
is strongly associated with brain ageing and is more commonly observed in older
adults, even in the absence of neurological disease. Ageing leads to progressive damage
to small blood vessels in the brain, contributing to WHM formation. Additionally,
other age-related risk factors (e.g., Hypertension, diabetes, high cholesterol) further
accelerate these vascular changes, exacerbating white matter damage. Moreover, white
matter integrity naturally declines with age, even in cognitively healthy individuals,
leading to structural and functional alternations in brain connectivity |Griffanti et al.,
2018]. In addition to ageing, non-ageing-related factors can also contribute to the
occurrence of white matter brain lesions. For example, the total burden of WMH
is greater in individuals with cerebrovascular risk (CVR) factors such as smoking,
hypertension, hypercholesterolemia, diabetes, waist-to-hip ratio and the APOE-¢
(apolypoprotein-E) status). Among these, hypertension typically emerges as the
dominant risk factor, as it introduces arteriosclerosis, leading to thickening, stiffening
and narrowing of small arteries. This process results in chronic hypoperfusion and
ischaemic damage to white matter, which is highly vulnerable to ischaemia [Debette
and Markus, 2010, Veldsman et al., 2020]. An increased WMH burden is strongly
correlated with cognitive decline and higher risk of dementia: specifically, white matter
is critical for efficient neural communication, and its deterioration can lead to slowed
processing speed and executive dysfunction; Additionally, WMH is associated with
memory deficits and an increased risk of dementia, as extensive white matter damage is
associated with cognitive impairment and disease progression; Moreover, the presence
of WMH often indicates underlying cerebrovascular disease [Cees De Groot et al.,
2000, Prins et al., 2004].

Beyond the underlying causes and the resulting cognitive decline associated with
WMH, their spatial location is another important clinical features. The distribution
of WMH determines the neurological functions affected and provides valuable insights
for diagnosis and prognosis. For example, the spatial distribution of white matter
lesions is essential for clinicians to differentiate between various neurological disorders.
Additionally, WMH exhibit significant variability in both spatial distribution and size.
In older adults, lesions predominantly occur in the periventricular and subcortical
white matter, contributing to age-related cognitive decline [De Leeuw et al., 2001].
While gender is not considered as a strong risk factor [Longstreth et al., 1996], CVR
factors influence different vascular territories of the brain depending on the underlying

pathology. CVR factors are also associated with fast progression of WMH, which
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correlates with cognitive decline and executive dysfunction [Debette and Markus,
2010]. Lesion mapping is a powerful tool in clinical and cognitive neuroscience, as it
enables the identification and localisation of brain lesions in relation to neurological and
cognitive functions. Additionally, it accounts for spatially varying effects of risk factors,
such as age, CVR factors and gender, providing insights into brain regions that are
particularly vulnerable to damage from these factors. It is also crucial in monitoring
disease progression and facilitating personalised treatment approaches by tailoring
interventions based to lesion distribution and associated functional impairment [Moore
et al., 2024].

5.1.1 Mass-Univariate Methods and Bayesian Methods

Researchers have developed a voxel-wise mass-univariate approach in which lesion
probability is modelled as a function of clinical risk factors (e.g., age, CVR factors,
gender and education etc.). In this method, logistic regression is fitted independently
at each voxel to estimate voxel-wise lesion probability. However, this approach does
not explicitly model the spatial dependence of neighbouring voxels, even though white
matter brain lesions often exhibit a spatially clustered distribution rather than being
randomly or uniformly distributed across the brain [Rostrup et al., 2012, Lampe et al.,
2019]. Additionally, the potential limitation of small sample size and low incident
response are not addressed, which can lead to convergence failure and unstable
estimates. In some cases, complete separation may occur, giving rise to infinite
coefficients. A possible solution is to use penalised logistic regression (e.g. LASSO,
Ridge regression) to shrink extreme coefficient estimates and prevent overfitting.
Alternatively, Firth’s penalised likelihood estimation can be applied to correct bias in
small-sample logistic regression and avoid complete separation [Firth, 1993, Kosmidis
and Firth, 2021].

In contrast to mass-univariate GLMs at the voxel level, some Bayesian methods have
addressed these limitations by incorporating spatially varying coefficients to model
the spatial dependence between lesion location and subject-specific covariates. For
example, Ge et al. [2014] proposed a Bayesian spatial generalised linear mixed model
(BSGLMM) with a probit link function that accounts for the binary nature of the lesion
data and includes spatially varying coefficients in Bayesian spatial model. In this model,
these coefficients are treated as latent spatial processes, and jointly modelled using

a multivariate pairwise difference prior model, a special instance of the multivariate
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conditional autoregressive (MCAR) model. However, spatial smoothing priors on the
parameters may induce bias by over-smoothing regression coefficients. Additionally,
posterior approximation relies on sequential Markov chain Monte Carlo (MCMC)
which is not scalable for large datasets, and requires parallel GPUs implementation
[Kindalova et al., 2021]. To improve computational tractability, a Bayesian spatial
generalised linear model with a structured spike-and-slab prior has been proposed to,

leveraging a data augmentation approach [Menacher et al., 2024].

Previous neuroimaging research was limited by small and unrepresentative samples,
due to the challenge of recruiting larger and more diverse participates. However, large-
scale biomedical databases have addressed these limitations by providing researchers
with easier access to extensive datasets. The UK Biobank [Sudlow et al., 2015] and
the ABCD study [Casey et al., 2018| are examples of databases containing thousands
of subjects with various MRI modalities. For instances, the UK Biobank collects and
stores data from 500,000 UK participants aged between 40 — 69, including MRI brain
scans. For brain, heart and full body MR imaging data within the UK Biobank, data
is currently available for 40,000 participates, with a target of 100,000 [Sudlow et al.,
2015]. Beyond neuroimaging data, the UK Biobank also provides genetics, health,
activity monitor data and other clinical data, allowing researchers to explore risk
factors for brain lesion mapping. As large datasets become more widely available,
model scalability and computational efficiency are increasingly crucial for analysing

these datasets effectively.

Motivated by the lack of spatial dependence modelling in mass-univariate voxel-wise
GLMs and the high computational cost of Bayesian posterior inference, we propose a
novel voxel-wise GLM with a spatial model to jointly capture spatial dependence across
the brain, and an efficient approximate model with strong scalability. This approach
provides both statistical interpretability and accuracy, while ensuring computational

efficiency through model factorisation for dimension reduction.

5.1.2 Spatial model

The inclusion of spatial priors in Bayesian methods allows the identification of clustered
brain lesion patterns while accounting for spatial dependencies among neighbouring
locations. For example, in a Bayesian hierarchical spatial model [Xu et al., 2009],

a spatial Poisson process prior is employed to model brain activation centres at
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population level. Similarly, Cosman Jr et al. [2004] employ an Ising Markov random
field (MRF) prior to detect neural activity in fMRI data. In BSGLMM [Ge et al., 2014],
spatially varying coefficients are treated as latent spatial processes and jointly modelled
with a multivariate pairwise difference prior to estimate brain lesion probability map.
Likewise, in BLESS [Menacher et al., 2024], a continuous version of a spike-and-slab
prior is applied to the spatially varying coefficients for lesion probability estimation.
These studies collectively highlight the importance of spatial models in capturing

spatial dependencies in neuroimaging data.

Here, we propose an explicit spatial model parametrised with a tensor product of
cubic B-spline basis functions. This spatial model is chosen based on its previous
success in modelling spatial coordinate-based neuroimaging data [Yu et al., 2024]. It
generates smooth, stable and flexible spatial bases, with the level of spatial smoothness
parametrised by the knots spacing: wider knots spacing generates fewer basis functions
and greater smoothness, while closer knots spacing increases the number of basis
functions, improving the model’s ability to capture finer details. Using these pre-
specified knots, cubic B-spline basis functions are constructed separately for the x,
y and z directions. The coefficients of these basis functions are evaluated at each
voxel location and used to construct spatial coefficient matrices along each axis. A
three-dimensional coefficient matrix is then obtained by taking the tensor product of
the three spatial coefficient matrices, after which weakly supported 3D B-spline bases

near or outside the brain edges are removed.

Another important property of the three-dimensional spatial coefficient matrices is the
partition of unity. Since each 1D B-spline basis function satisfies this property, their
3D tensor product naturally preserves it across dimensions. This ensures numerical
stability by preventing the basis functions from growing arbitrarily large. We assert that
the spatial parametrisation using spline bases efficiently captures spatial dependence.
Additionally, alternative spatial models, such as Gaussian kernels and random Fourier
features [Rahimi and Recht, 2007], would produce comparable results with minimal
differences [Yu et al., 2024].

5.1.3 Parameter estimation

As a flexible generalisation of ordinary linear regression, the Generalised Linear Model

(GLM) links the linear predictor to the response variable through a link function,
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allowing the variance of each observations to be a function of its predicted value. Since
the introduction of GLMs in 1972 [Nelder and Wedderburn, 1972], the iteratively
re-weighted least square (IRLS) method remains popular for maximum likelihood
estimation (MLE). Recognised for its reliability and computational efficiency, IRLS
effectively addresses the complexity introduced by the non-linearity in GLMs. As
a result, it has become the default methods for most Python and R packages for
GLMs, including MASS, mgcv, Ime4 in R [Ripley et al., 2013, Wood and Wood, 2015,
Bates et al., 2015|, and statsmodel and scikit-learn in Python [Seabold and Perktold,
2010, Pedregosa et al., 2011]|. These advancements, combined with improvements in
computing, have enabled efficient parameter estimation for GLMs. The Fisher Scoring
algorithm was introduced as a modification of Newton-Raphson optimisation, offering
more stable and faster convergence, particularly on highly non-linear optimisation
surfaces [McCullagh, 2019]. It also demonstrates better performance in small sample
sizes and high-dimensional settings, as the expected Fisher information matrix facili-
tates smoother parameter updates and reduces numerical instability [Ripley, 2002].
Since the 1990s, penalisation has been integrated into GLM parameter estimation
to improve stability and mitigate overfitting, particularly for high-dimensional data.
Notable examples include the Lasso, Ridge and Elastic Net penalty terms [Tibshirani,
1996, Hoerl and Kennard, 1970, Zou and Hastie, 2005].

In brain lesion probability regression, parameter estimation is performed for a model
that includes multiple risk factors as covariates (e.g., age, CVR factors and gender),
each varying spatially. Polynomial terms (up to cubic) for each risk factor might
also be considered in practice, leading to a substantial number of parameters. To
optimise computational efficiency in large-scale, voxel-wise GLM analysis, it is crucial
to vectorise computations across voxels while retaining shared model components.
However, most existing GLM tools and software are not fully optimised for vectorised
operations, especially when dealing with complex or large-scale data structures. For
instance, while standard GLM implementation in R (glm) and Python (statsmodel)
employ vectorisation to improve efficiency, they often rely on iterative methods that do
not fully exploit vectorised parallel processing [Seabold and Perktold, 2010]. Moreover,
voxel-wise neuroimaging analyses often require custom implementations to achieve
optimal performance. As a result, the limited vectorisation in conventional GLM
software can introduce significant computational bottlenecks, particularly in large-scale

applications such as our model for brain lesion probability mapping.
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Additionally, efforts should focus on reducing the dimensionality of variables to improve
scalability, rather than using the product of the number of subjects and voxels as the
dimension. With tens of thousands of subjects and hundreds of thousands of voxels
per subject, this approach would likely prevent memory bottleneck and alleviates
computational burden. In this work, we provide rigorous proofs on factorisation and
simplification in the coefficient updating equations of voxel-wise GLMs for dimension
reduction, along with Taylor expansion to approximate computational intractable

terms.

As an efficient and fundamental approach for parameter estimation in GLMs, Max-
imum Likelihood Estimation (MLE) identifies the parameter values that maximise
the probability of the observed data under the assumed model. It also ensures
asymptotically normal parameter estimates, particularly for large samples, facilitating
straightforward and accurate hypothesis testing and confidence interval estimation.
An efficient numerical method for large-scale GLM estimation task is the Limited-
memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm, a quasi-Newton
optimisation technique that approximates second-order information while maintaining
computational efficiency [Liu and Nocedal, 1989|. L-BFGS offers several advantages
over other parameter estimation algorithms: it efficiently manages memory by stor-
ing only a limited number of past gradients, achieves fast convergence by using an
approximate inverse Hessian instead of computing it explicitly at each iteration, and
demonstrates robust performance in high-dimensional settings such as neuroimaging
analysis. Building on its effectiveness and efficiency in optimising voxel-wise GLMs
for coordinate-based fMRI data [Yu et al., 2024], we will apply it in this work.

In practice, for high-dimensional or large-scale datasets such as the UK Biobank,
computing and inverting the Hessian matrix or Fisher information matrix becomes
computationally prohibitive, as its complexity scales poorly with the number of param-
eters. This limitation makes second-order optimisation methods, such as IRLS and
Fisher scoring, impractical for large problems. As a result, gradient-based optimisation
methods have been widely explored as alternative approaches. Unlike IRLS which
explicitly solves for parameter updates, gradient-based methods iteratively adjust
parameters in the direction of steepest descent. However, as first-order optimisation
methods, gradient-based approaches often exhibit slow convergence and require careful
parameter tuning, particularly when the Hessian or Fisher Information matrix is
ill-conditioned, leading to numerical instability. To address this, preconditioners are

often introduced to accelerate convergence. A preconditioner is a transformation
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applied to the gradient that effectively rescales the optimisation problem. In this
work, we propose an approximate, scalable gradient-based optimisation method and
provide a practical recommendation for selecting an appropriate preconditioner to

ensure numerical stability in large-scale GLM estimation.

5.1.4 Statistical Inference

In brain lesion probability map, the central objective is to estimate the voxel-wise
probability distribution of lesion presence across the brain, conditioned on clinical risk
factors (e.g., age, gender, hypertension). This estimation models how individual risk
factor contributes to the spatial distribution and likelihood of brain lesions, contrasting
to the lesion incidence rate at the baseline level. Specifically, the subject-specific brain
lesion probability map is interpreted as a superposition of probability maps, each
associated with an individual risk factor. By averaging these covariate-specific brain
lesion probability maps across all subjects, we consistently perform significance-based
GLM hypothesis tests to evaluate the effects of different risk factors at the voxel level,

facilitate comparisons between risk factor effects, and enable groups comparisons.

When GLMs involve multiple hypotheses, such as comparing the effects of risk factors
voxel-by-voxel, multiple comparison becomes a significant challenge. Uncorrected
significance testing increases the risk of inflated Type I errors, particularly in neu-
roimaging data. For example, in localised tests across 228,484 voxels (within an
MNI152 2mm brain mask), even a 5% false positive rate could lead to a substantial
number of false positives. Therefore, multiple testing corrections are applied in neu-
roimaging analyses by controlling either the family wise error rate (FWER), typically
using the null maximum distribution [Westfall and Young, 1993], or the false false
discovery rate (FDR) using the Benjamini-Hochberg (BH) procedure [Benjamini and
Hochberg, 1995]. FWER correction provides stringent control against false positives,
ensuring that results are highly reliable and reproducible. However, it can be overly
conservative, reducing statistical power and making it difficult to detect true effects.
In contrast, FDR correction balances Type I and Type II errors by allowing some false
positives while maintaining statistical power. This approach enables the detection
of more significant findings, while still controlling the overall rate of false discoveries

among detected results, though it does not completely eliminate false positives.
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When a GLM is misspecified and does not accurately capture the true underlying
data generating process, standard maximum likelihood-based variance estimation may
produce biased and inconsistent standard errors. In such cases, the sandwich estimator,
also known as heteroscedasticity-consistent covariance matrix estimator (HCCME) or
robust variance estimator, provides a more reliable alternative for inference [White,
1980]. This method does not rely on correct model specification and remains valid
under heteroscedasticity or other forms of dependence in the residuals. By adjusting
for unknown forms of variability and residual dependence, the sandwich estimator
ensures asymptotically consistent standard error estimates, improving the robustness of
hypothesis testing and confidence interval estimation [Freedman, 2006]. In applications
such as spatial point process modelling of brain lesions, where data exhibits spatial
dependence and potential deviations from assumed distributions (such as overdispersion
in variance), the use of robust standard error estimation techniques like the sandwich

estimator is critical for obtaining valid and reliable statistical inferences.

5.2 Methods

In this section, we provide an overview of the modelling pipeline for estimating brain
lesion probability maps and analysing the effects of spatially varying covariates at the
voxel level, along with a model factorisation to reduce dimensionality and create a
scalable approximation of the original model. Each component is described in detail
in Section 5.2.1 through Section 5.2.3.

5.2.1 Generic GLM structure

A Generalised linear model (GLM) with a Bernoulli distribution and a logit link
function is commonly used for binary classification problems, such as predicting the
probability of an event occurring. Inspired by this, brain lesion occurrence can be
naturally modelled using a Bernoulli distribution, where each voxel for a given subject
is represented as either 0 or 1, indicating the absence or presence of a lesion respectively.
The logit function ensures that the predicted probability remains within the range
(0,1). However, motivated by the previous success of the Poisson point process and the
accuracy of Poisson approximation for low-rate Bernoulli data, we consider a Poisson

model [Eisenberg et al., 1966]. We also provide proof in the Appendix C.1.1 of the
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equivalence between these two distributions, when brain lesion counts are restricted

to either 0 or 1 per voxel in each subject.

Assume there are N voxels for each of M subjects, and the brain lesion data at voxel
j for subject i is represented by the voxelwise lesion count Y;; (either 0 or 1). We
define a subject-specific lesion count vector as Y; = [Yi1, -+ ,Y; N]T. To model spatial
variation, we construct a spatial design matrix B(N x P), parametrised by P cubic
B-spline bases, and a covariates matrix Z(M x R), containing R spatially varying
covariates for each of the M subjects. For estimating brain lesion probability map, the
primary objective is the voxelwise brain lesion probability function for each subject i,
which accounts for the effects of multiple spatially varying covariates. In this setting,

the model for voxel j in subject ¢ is expressed as
log(pij) = log[E(Y;;)] = (Z ® B]') (5.1)

where (PR x 1) represents the regression coefficients of the spatially varying covariates,

Z is the i* row of covariates matrix Z, and BjT is the j" row of spatial design

matrix B. The estimated lesion probability is p;; for subject ¢ = 1,---, M and

voxels 7 = 1,--- , N, and the subject-specific lesion probability vector is defined as

Wi = i1, - - ,uiN]T. The GLM structure for all voxels in all M subjects is then
log(11) = log[E(Y)] = X8 = (2 & B)A (5.2)

where ® represents Kronecker product and X = Z ® B is the Kronecker product
of Z and B, with size (MN x PR) . The vectors Y = [Y},Ys,-+,Yy]" and u =
(1, pro, -+, ag] T are of size (M x N), representing the voxelwise lesion count and the

estimated voxelwise lesion probability for all of M subjects, respectively.

Here, the spatial design matrix B is formed as a tensor product of cubic B-spline
coefficient matrices across the z,y, 2 axes: B = B, ® B, ® Bz, where, for example
B, (v, X n,) represents the coefficients of v, voxels evaluated at n, B-spline bases.
Columns corresponding to weakly supported bases are removed for efficiency and
numerical stability. The covariate matrix Z(M x R) captures spatially varying
covariates, which are standardised to have mean 0 and variance 1 before optimisation.
In practice, an additional column of ones is included in both Z and B for capturing

the overall mean.
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Given the validity of the Poisson approximation as the stochastic component of this
GLM, the log-likelihood function to be optimised is:

M N

10) =1(8) = > > [Vijlog(pi;) — ij — log(¥;;))]

i=1 j=1

=Y log(p) =174

(5.3)

where vectorisation is applied, and the term log(Y;;!) vanishes since Y;; takes only the

values 0 or 1.

The most computationally intensive stage of this modelling pipeline is the estimation
of the unknown coefficients of spatially varying covariates, 3, of size PR x 1. A
common approach for estimating these coefficients is Maximum Likelihood Estimation
(MLE), based on the log-likelihood function across all subjects and voxels, as detailed
in Equation 5.3. For optimisation, L-BFGS is an efficient algorithm particularly
useful for large-scale and high dimensional settings [Liu and Nocedal, 1989]. L-BFGS
approximates the inverse Hessian, providing faster convergence than gradient descent
while requiring significantly less memory than the standard BFGS. As a result, we
use L-BFGS in practice to optimise the full model and obtain the optimal estimates

for the coefficients of the spatially varying covariates.

5.2.2 Scalable approximate model factorisation

Having derived the explicit log-likelihood function, we observe that it’s a summation of
the Poisson log-likelihood over all subjects and voxels, therefore, all variables involved in
Equation 5.3 (i.e., Y and u) have dimensions proportional to the product of the number
of subjects and voxels. This can scale to multiple trillions, resulting in extremely
high memory demands. Although L-BFGS is a memory efficient quasi-second-order
optimisation method, it still struggles with such high-dimensional data. Therefore, to
address implementation complexity and memory constraints, we introduce a model
factorisation in this sections, ensuring that all involved parameters have dimensions
no larger than either the number of subjects or the number of voxels, rather than

their product.

Here, we propose an approximate scalable optimisation approach derived from the
updating equation of IRLS, introducing computational modifications to improve

efficiency. Building upon our previous success using GLMs with a Poisson model
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and log link for estimating the intensity function in spatial point process data, where
spatial and covariate effects are modelled separately for significant computational
advantages [Yu et al., 2024], we adopt this established framework to obtain a robust

initialisation for £ in the current GLM,

logE(Y)=n=n"+n? = B¢+ Zy (5.4)

where £(P x 1) represents regression coefficients corresponding to spatial effects, while
7(R x 1) represents regression coefficients for globally constant covariate effects. We
interpret the spatial term B¢ as a shared, log-transformed brain lesion intensity
map n? that reflects both spatial covariates effects and the underlying neurological
structures common to brain lesion mechanism across all subjects. In contrast, the
global effect term Z+ captures subject-specific covariate effects, modulating the spatial
log-transformed intensity map by a global scaling factor n?. Although this approach
offers reduced flexibility in explicitly modelling the spatial variation of brain lesion
intensity for each covariate, it substantially improves computational efficiency by
separating the estimated voxelwise brain lesion intensity into spatial and global

components: f;; = Mizﬂf = exp(Z ) - eXp(BjTg)‘

For our GLM structure that accounts for spatially varying covariate effects, the
updating equation for the Iteratively Re-weighted Least Square (IRLS) algorithm is
given by,

FED = 0 (XTWOX) X (Y — i) (55

Here, Y is the brain lesion data vector with dimensions M N x 1, where each entry
is binary (0 or 1), indicating the absence or presence of a brain lesion for each
subject at each voxel location. X = Z ® B (dimension M N x PR) represents spatial

parametrisation for each covariate. For iteration (k), the diagonal weight matrix W ®*)
(k)
j

mean values, indexed by ¢ =1,--- M and j =1,--- , N. Additionally, the optimised

is defined as W®*) = diag(,ug?) ), where the diagonal elements p,.’ represent estimated

spatial coefficient ¢ obtained from the separable model is used as the initialisation for

B.

Ideally, the Hessian of the log-likelihood (X TW®) X)~! should be computed using the
updated brain lesion mean estimation p in each iteration (k). However, this introduces
a substantial computational burden since dimensions of both X and W involve M N.

Moreover, the matrix inversion itself incurs an O(n?) computational complexity, making
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it more computationally expensive. As a result, we propose a scalable approximate
model factorisation that replaces variables with prohibitively high dimensions, M N,
with variables of dimension at most either M or N in the IRLS updating equation 5.5.
For the Hessian component (X "W ® X)~! rather than updating it at each iteration
k, we fix it by setting its diagonal elements equal to the subject-specific estimated
brain lesion intensity at the voxel level fi;; = ,&f a7 = exp(BjTé Yexp(Z,'4), and keep
these values unchanged throughout all iterations. Leveraging the separable structure
of i, we further simplify the weight matrix as a Kronecker product of two separable
weight matrices corresponding to spatial effect and covariate effect respectively: W =
Wz ® Wy, where Wy = diag({u} }i=1,.. »r) and Wy = diag({} }iz1.... v). Although
using a fixed Hessian in the updating equation is less accurate compared to updating
it in every iteration, this strategy substantially improves computational efficiency at
the expense of precision. However, this algorithm will still converge to the optimal
solution since the fixed Hessian is regarded as a preconditioner, transforming the IRLS
updating equation 5.5 into a gradient descent algorithm. A preconditioner, in this
context, is a transformation applied to the gradient that accelerates convergence and

stabilise the optimisation process.

For the gradient and residue component X (Y — u®), we consider it essential to
update this term at each iteration, which constitutes the primary computational
challenge during optimisation. A conservative and reliable approach is to compute the
exact update at each iteration while parallelising the computation by partitioning it
into hundreds of independent blocks, each of which can be executed simultaneously. In
practice, we achieve this using the open-source Python library Dask, which efficiently
handles large-scale data by splitting tasks into smaller, manageable units executed
concurrently, significantly improving computational efficiency and reducing memory
usage [Rocklin, 2015]. A more aggressive but feasible alternative involves simplifying
this component by employing a Taylor expansion of 1) around its mean vector across
subjects, represented as exp(1,; ® 7¥)). Using properties of Kronecker products and
the vectorisation-Kronecker product identity, we further simplify this expression to
ensure that all involved parameters scale proportionally to either M or N, rather than

their product M N. The simplified form is as follows,

XY =) = vee(ZTY B)~ (Z"1ar)@ (BT exp(n)™) ~ (2" Z) (BT B)}B® (5.6)
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where Y denotes the reshaped brain lesion data vector Y, transformed from dimension
(MN x1)to (M xN), and let {3 represent the reshaped parameter 3®), converted from
(PR x 1) to (R x P) accordingly. Define Z = [I;; — +1y1},] as the column-centred
(demeaned) version of Z. Additionally, let B = diag(exp(7)® B), which has dimension
N x N. For detailed proofs and further explanations, please refer to Appendix C.2.1.

A summary of this optimisation algorithm is provided in Algorithm 3. We assert
that computing both Hessian and gradient terms block by block with parallelisation
using the Python package Dask ensures an accurate update equation in each iteration,
albeit at the cost of intensive computational complexity. This approach serves as
our baseline method. Additionally, we investigate the use of a fixed Hessian as a
preconditioner throughout all iterations and a Taylor expansion to approximate the
gradient and residue term. Their accuracy is assessed by comparison with the baseline
method and validation through corresponding PP-plots, with further details provided
in Section 5.3.3.
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Algorithm 3 Scalable approximate model factorisation with improved computational
efficiency
Input: Brain lesion data vector Y, covariate matrix 7, spatial parametrisation matrix
B, and parameters ¢ and « in the separable GLM,
Output: Estimated parameter vector /3
while Current [(€,7) and previous ly.e,(§,y) differ by more than pre-defined tolerance
(1719 by default) do
Update the regression coefficients of the spatial effect (£) and the covariate regres-
sion coefficients () using the L-BFGS algorithm in the separable GLM with a
Poisson model and log link function: log(p) =n = B¢ + Z7.

Initialize result 8 «+ é Save the estimated
while ||3*+D — 0| > tol (1e710 by default) AND iteration_ count < mazx_iter (300
by default) do
if preconditioner _mode = “eract” then
| Compute X "W ® X block-wise.
else if preconditioner mode = “approximate” then
Use a fixed Hessian matrix W®) = W, ® Wi = diag(p?) @ diag(u®) =
L diag(exp(Zv)) ® diag(exp(BE)) so that X "W ¥ X remains fixed throughout
all iterations.
if gradient _mode = “exact” then
| Compute X (Y — u®) block-wise.
else if gradient mode = “approximate” then
Compute X T (Y — p®)) using a Taylor expansion around the point exp(1,; ®

™)

XY —u™) = vee(Z2TY B)~(Z " 1ar)@(B" exp(n)™) - (2" Z)& (B B)]p®

Update *+1D by computing

/B(k-‘rl) — B(k) + (XTw(k)X)—lXT(Y . M(k))

return B

5.2.3 Statistical inference

The final stage of this efficient lesion estimation pipeline involves conducting statistical
inference to evaluate covariate effects at the voxel level. This includes testing their
significance or evaluating whether their effects are identical through group comparisons
between two groups. The analysis results are then presented as statistical maps in

NIfTT format. For voxel-wise hypothesis testing in both cases, the mean estimated
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lesion log-transformed contrast involving one or multiple covariates, 77c = (C'® B)f,
or its exponential fi¢, is used to construct voxel-wise test statistics along with their
standard errors. Here, C' represents the contrast matrix that specifies the hypothesis

tests, with further details and descriptions provided later in this section.

For testing whether the effect of a specific covariate is significant, or more generally,
whether a flexible linear combination of multiple covariates is significant at the voxel
level, we define a contrast matrix C'(S x R) for R covariates and specify the voxel-wise
null hypothesis Hy : (C'® B]T)B = 0gy; for any voxel j = 1,---, N. The test statistic

at the voxel 7 is computed as:

(C @ BNATI(C @ B )Cov(B)(C® BN C BB Z%  (5.7)

Here, the contrast matrix C(S x R) is normalised such that each row sums to 1,
B]-T(l x P) represents the j row of spatial parametrisation matrix, and 3(PR x 1) is
the optimised regression coefficient, consequently, C'ov(/3) has dimensions PR x PR.
For computational efficiency, we vectorise the test statistics across all voxels to
accelerate the inference. The degrees of freedom for the statistical test are determined
by the number of rows in the contrast matrix C(S x R). If there are multiple rows
in C' (S > 1), the null hypothesis Hy holds only if the multiple hypothesis tests
corresponding to each row of C' are simultaneously satisfied. The corresponding
p-values are then computed by approximating the test statistics using a Chi-square

distribution.

In the scenarios where only a single hypothesis test is conducted (S = 1) at each voxel
j, the statistical test simplifies to a Wald test. Consequently, the test statistics in

Equation 5.7 can be written in the following simplified form,

(C®Bf)S
(C® B])Cov(B)(C ® B )T

~

o (CeBp
(C® B)Cov(p)(C® B)T

J

(5.8)

Here, W; denotes the Wald test statistic at voxel j, and W = [Wy,--- , W] represents
the vector of Wald test statistics across all voxels. The corresponding voxel-wise p-
values, P = [Py, -+, Py]" can be computed by assuming that the Wald test statistics

W; follow a standard normal distribution. Finally, p-value maps can be generated and
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thresholded to control the false discovery rate (FDR) at 5% following the Benjamini-
Hochberg (BH) procedure [Benjamini and Hochberg, 1995].

For testing whether the covariate effect estimations are independent of sample size,
we extend the general form of voxel-wise test statistics from Equation 5.7 to group
comparisons between groups with different number of subjects but identical underlying
spatial covariate effects as a sanity check. For simplicity, we focus on comparing two
groups, though this approach can be easily extended to comparisons involving more
than two groups. The regression coefficients for group g and group ¢’, denoted as Bg
and Bg/, are estimated independently using the maximum likelihood estimation (MLE)
approach, as described in equation 5.3. Under the null hypothesis that 7, and 7, are
identical regardless of the group-specific sample sizes M, and M. By concatenating
the group-specific regression coefficients as B = [Bg, Bg/], and defining a contrast matrix
of dimension 1 x 2R as C' = [1,---,1,—1,--- ,—1]T the general form of voxel-wise
test statistics from equation 5.7 becomes applicable in this scenario. Alternatively,
since only two groups are involved, the Wald test statistics from equation 5.8 provides
a more intuitive approach. It is important to note that C’OU(B) is a block diagonal
matrix with Cov(f,) and Cov(B,) on the diagonal. The off-diagonal blocks are all
zero because the group-specific regression coefficients are optimised independently,

meaning there is no correlation between them.

The standard approach for estimating the covariance matrix of the regression coeffi-
cients 3 is to invert the Fisher Information matrix. Under general regularity conditions,
the maximum likelihood estimator (MLE) B is asymptotically normally distributed
around the true parameter value 3, such that: 3 ~ N(B,[I(B)]7'). However, this
standard maximum likelihood-based variance estimation lacks robustness and accuracy,
particularly when the GLM is misspecified and does not accurately represent the
underlying data-generating process. This issue arises in our application, where the
standard maximum likelihood-based covariance estimation can be biased and might
underestimate the variability of the regression coefficients. As a result, the sandwich
estimator provides a more reliable and robust alternative, as it adjusts for unknown
forms of variability and residual dependence. For our current GLM described in Equa-

tion 5.2, the sandwich estimator for the covariance matrix of regression coefficients is
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given by

M
Cov(B) = (X TWX)" > UUT(XTWX) ™!
o (5.9)
= (XTWX) DX (Y= ) (Vi — ) T X)(XTWX)
=1
Here, U; = X, (Y;—pu;), where Y; = [Yi1, -, Yin] and p; = [pin, - -+ , ptan] represent the

voxel-wise brain lesion count and estimated lesion intensity mean vectors, respectively.
M
The meat term, Y U;U,", which estimates the variance of the estimating functions,

i
accounts for the spatial correlation of voxels within each subject Y;. In Section 5.3.2,
we will present a detailed and thorough comparison of these two covariance estimation

methods, evaluating their robustness and accuracy through PP-plots.

5.3 Simulation study

To quantitively evaluate and demonstrate the computational accuracy and efficiency
of brain lesion probability estimation, as well as the validity of statistical inference, we
conducted extensive simulations under various settings. In this section, we first describe
the process of simulating lesion data where the ground truth is known, considering
both homogeneous lesion intensity functions across space and those with bumps across
1D, 2D, and 3D spaces. We then perform a series of simulation studies to assess the
performance of the full model, which is based on a spatial Poisson point process with
a GLM structure, using small-scale datasets due to the computational constraints.
The evaluation involves comparing parameter estimates, including their bias, variance
and mean square error (MSE), against the known ground truth. In addition, we
assess the validity of statistical inference for spatial covariate effects through group
comparisons. Specifically, we compare two groups with identical underlying covariate
effects but different sample sizes, using PP-plots to evaluate the accuracy and reliability

of statistical inference.

Subsequently, we extend the model fitting to the scalable approximate model factori-
sation using the same small-scale simulated data. As outlined in Section 5.2.2, we
proposed two approaches: utilising the Python library Dask for parallelisation or
employing the approximate mode based on a separable GLM and a Taylor expansion

for computing the preconditioner and gradient. We consider the method using Dask
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for both preconditioner and gradient as the baseline, as it produces the exact IRLS
updating equation at each iteration. To assess the overall model performance, we
provide a detailed comparison against the baseline method, evaluating parameter
estimates, computational time, and the validity of the corresponding statistical tests
through PP-plots.

5.3.1 Data generation process

To evaluate the accuracy of lesion probability estimation and the robustness of
statistical inference, we propose a data generation process in 1D, 2D and 3D spaces the
is analogous to the spatial covariate effects of real lesions. We simulate lesion locations
under two scenarios for background signals: either spatial homogeneity across the
space or bump signals generated with a Gaussian probability intensity. In the latter
case, a single bump is centred in the middle of the 1D, 2D or 3D setting. To ensure
comparability, we scale the total lesion probability across spaces by a factor that
results in an average lesion prevalence of 1%, aligning with real-world observations.
To incorporate spatial covariate effects associated with subject-specific covariates, we
introduce an additional lesion probability function on top of the background signals.
This function is either spatially homogeneous or follows a bump signal patterns but
differs from the background signal in terms of bandwidth or Gaussian variance. It
is further modulated by one or more subject-specific covariate values, scaled by a
pre-defined coefficient or coefficient vector. Since we standardise the covariate matrix
to have a mean of 0 and a standard deviation of 1, some covariate values might be
negative, leading to a negative signal being added to the background signal. For the
settings where both the background signal and the covariate-associated signal contain
bumps, we add a homogeneous background signal of 0.01 across the entire space. This
prevents an excessive number of voxels from having numerically zero lesion probability,
thereby significantly, thereby significantly improving numerical stability in statistical

inference.

After determining the subject-specific spatial lesion probability functions, we generate
the lesion occurrences at the voxel level for each subject. Each voxel is assigned a value
of 1 (indicating presence) or 0 (indicating absence) based on a Bernoulli distribution,
with the voxel-wise lesion probability as the mean parameter. To store the voxel-wise
lesion counts for each subject, we construct a vector Y of dimension M N x 1, where

M represents the number of subjects and N represents the number of voxels. Given
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that lesion prevalence in the simulated data is only 1%, majority elements of vector Y
are zero, therefore, we use a sparse representation for Y to optimise storage efficiency

in practice.

For the covariate Z, we use one-hot encoding for categorical risk factors, such as
group names, to ensure numerical input and naturally categorise subjects into multiple
groups. While for continuous covariates, we apply standardisation to achieve a mean
of 0 and a standard deviation of 1, preventing large differences in magnitude and
improving numerical stability. Additionally, to improve estimation accuracy, we
include quadratic and cubic terms for the covariates of primary interest, increasing
the flexibility of our GLM model structure. This adjustment is particularly important,
as we have observed instances of overshoot and underestimation in practice, even in
the simplest 1D homogeneous simulation experiments. For further details, please refer
to the Appendix C.1.2

In each simulation setting, the spatial design matrix X (N x P) is constructed using
cubic B-spline bases with knots spacing of either 10 or 5. To ensure numerical stability,
B-spline with weak support, defined as having a total sum across all voxels below
0.1, are removed. An intercept column of ones is then added to X to account for the

overall mean.

5.3.2 Regression and inference for probability estimation using
the full model

Since the accuracy estimation including bias, standard deviation (Std) and mean
square error (MSE), as well as inference validity evaluated by PP-plots, show similar
patterns across 1D, 2D and 3D scenarios, we present only the results for the 3D setting.
As the most challenging case, the 3D scenario rigorously evaluates the accuracy and
robustness of our GLM framework. To reduce the computational burden of performing
the full GLM analysis, including both regression and inference, we limit the 3D space
to dimensions of 20 x 20 x 20, totalling 8000 voxels. Table 5.1 presents the relative
bias, standard deviation (Std) and mean squared error (MSE) of probability function
estimation within a 3D space across 6,000 subjects, divided into two groups (2,000
and 4,000 subjects, respectively). Probability functions were modelled using a GLM

framework that includes cubic polynomial covariate terms. The minimal differences
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between the estimated probability and the actual underlying probability demonstrate

that our GLM framework produces highly accurate probability estimations.

Table 5.1: Relative bias, standard deviation (Std) and mean squared error (MSE) for
probability function estimation in 3D space with 8,000 voxels across 6000 subjects.
The background probability function is either spatially homogeneous or includes a
Gaussian bump centred in the middle of the space. A covariate-associated probability
function with a matching homogeneous or Gaussian-bump type (with the same centre
but a different bandwidth or Gaussian variance) is added.

Underlying probability function Rel.bias Rel.std Rel. MSE
Homogeneous —8.9446 x 10~* 3.7006 x 1072 1.0382 x 1073
Gaussian-bumped —1.3359 x 1072 2.4864 x 1072 4.9351 x 10~*

In order to validate the inference of our GLM framework, we conduct statistical
tests between two groups with identical underlying probability function, as described
by equation 5.7. The contrast matrix C, with dimensions 1 x 2R is defined as
C=1[1,---,1,—-1,---,—1]T, and the regression coefficient vector is 3 = [3,, By]",
constructed by concatenating group-specific regression coefficients. Since only a
single hypothesis test is conducted at each voxel, we further simplify this hypothesis
test to the Wald test, as shown in equation 5.8. We illustrate the comparison
between the observed distribution of p-values and the expected uniform distribution
under the null hypothesis using PP-plots. Derivations from the diagonal line y = x
indicate discrepancies, suggesting whether the observed data align with the assumed
distribution. Specifically, we provides PP-plots for two scenarios in figure 5.1 and 5.2:
spatially homogeneous signals and Gaussian-bump signals with a centrally located
bump. We estimate the standard errors of regression coefficients using either the
Fisher information or the sandwich estimator. The p-values are computed based on
inference on the log-transformed, group-specific Poisson mean estimate vector n,, which
represents the log-linear response in GLM, without applying further approximations
(such as delta methods) to obtain the Poisson mean estimate vector p. The grey shaded
region indicates the 95% confidence interval estimated using the beta distribution.
The yellow dashed line denotes the 0.05 significance level, with voxels below this
line indicating significant p-values and rejection of the null hypothesis. The red
line represents the false discovery rate (FDR) control threshold obtained using the
Benjamini-Hochberg (BH) procedure. From figures 5.1 and 5.2, we observe that the
PP-plots exhibit a significant liberal skew for both the spatially homogeneous signals

and the centrally Gaussian-bump signals when the standard errors of the regression
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coefficients /3 are estimated using the inverse of Fisher information. In contrast, the
PP-plots based on standard errors estimated via the sandwich estimator align closely
with the diagonal y = x line in both scenarios. This demonstrates that the sandwich
estimator provides a more robust and accurate estimation, particularly when the
GLM is misspecified, as it accounts for spatial dependence between neighbouring
voxels. Additionally, despite the unequal sample sizes between the two groups, the
PP-plots for both group 0 minus group 1 and group 1 minus group 0 comparisons
exhibit similar behaviour. This further supports the robustness of our GLM inference

framework, even in the presence of substantial group imbalance.

5.3.3 Regression and inference for probability estimation using
the scalable approximate model factorisation

Given the extremely high dimensionality of variables in regression for real-world
brain lesion applications, which scales with the number of subjects and voxels, we
propose a scalable approximate model factorisation to improve computational efficiency.
Specifically, in the update equation 5.5 for regression coefficients, we approximate the
gradient and residue component by applying a Taylor expansion of x®*) around its
mean at each iteration k. For the preconditioner component, we estimate it using the
optimised probability estimation [ obtained from a separable model fit and keep it
fixed throughout all iterations. As a results, it is essential to assess the accuracy and
validity of these approximations by comparing their regression outcomes with those
obtained by the exact regression using the full update equation. Table 5.2 compares
the accuracy of the scalable approximate model factorisation with that of baseline
method based on the exact regression, evaluated using relative bias, standard deviation
(Std), and mean square error (MSE). Minimal differences are observed when combining
the exact gradient with the approximate preconditioner, while significant discrepancies
are found when both the gradient and the preconditioner are approximated. This
suggests that the Taylor approximation around the mean of 1 might lack precision,
particularly for subjects whose probability estimates deviate significantly from the
mean, as the covariate-dependent probability functions can vary considerably. This
issue requires further investigation, for example, by exploring more precise and efficient
alternatives for gradient approximation. In this work, however, we adopt the exact
gradient in combination with the approximate preconditioner to ensure accurate

regression outcomes.
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(a) PP-plot with standard error estimated using Fisher Information

group_0 - group_1: 3.38% voxels rejected group_1 - group_0: 3.80% voxels rejected

95% Beta I
threshold at -10g10(0.05)

95% Beta CI
threshold at -1og10(0.05)

y=x y=x
35| — FORIBH) control 35 — FOR(BH) control

S

Observed -log10(P)

Observed -log10(P)
\‘\

00 05 1o

s 2 s ) o0 s 1o i 2o 25
Expected -log10(P) Expected -log10(P)

(b) PP-plot with standard error estimated using the sandwich estimator

Figure 5.1: PP-plots (uncorrected p-values on a —logyq scale) for spatially homogeneous
signals in the hypothesis testing of group comparisons between two groups with different
sample sizes (group 0 with 2000 subjects and group 1 with 4000 subjects), using
standard errors estimated with Fisher Information or the sandwich estimator.
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(a) PP-plot with standard error estimated using Fisher Information
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(b) PP-plot with standard error estimated using the sandwich estimator

Figure 5.2: PP-plots (uncorrected p-values on a —log scale) for Gaussian-bumped
signals located at the centre of the 3D space, illustrating the hypothesis testing for
group comparisons between two groups with different sample sizes (group 0 with
2000 subjects and group 1 with 4000 subjects), using standard errors estimated with

Fisher Information or the sandwich estimator.
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Table 5.2: Relative bias, standard deviation (Std), mean squared error (MSE) and
computation time for probability function estimation in a 3D space with 8,000 voxels
across 6000 subjects. Results are shown for two methods: (1) a scalable approximation
to the preconditioner; (2) a scalable approximation to the preconditioner combined
with a Taylor approximation to the gradient. Both methods are compared against
a baseline using the exact update equation. The underlying probability function is
either spatially homogeneous or includes a Gaussian bump centred in the middle of
the space.

Prob  Gradient Preconditioner Rel.bias Rel.std Rel.mse  computation time
Homo exact exact - - - -

Homo exact approx 1.1277e7%  1.8255¢ 2 1.1346¢2 1109.3968s
Homo  approx approx 4.3270 1.0445 19.2479 803.7243s
Bump exact exact - - - -

Bump exact approx 1.8537¢72  2.1667e 2 4.7039¢~2 1132.4808s
Bump  approx approx 7.6704 8.9551 116.6792 819.6692s

We further evaluate the validity of the scalable approximate model factorisation,
using the exact gradient combined with the approximate preconditioner, through
PP-plots presented in Appendix C.2.2. Figure C.4 and C.5 exhibits similar patterns
to the previous PP-plots, regardless of whether the underlying probability is spatially
homogeneous or includes a Gaussian bump at the centre of the space. Specifically, the
PP-plots based on standard errors estimated using the sandwich estimator align closely
with the diagonal y = x line, supporting the validity of the inference. In contrast,
PP-plots based on standard errors estimated via the Fisher Information exhibit a
noticeable liberal skew, indicating that this approach may lead to substantially biased

standard error estimates.

5.4 UK Biobank Application

5.4.1 Dataset description and pre-processing steps

The UK Biobank is a large-scale biomedical database that has been recruiting pre-
dominantly healthy individuals since 2006. Medical imaging has significant potential
for early disease prediction but is often hindered by the difficulty and expense of
acquiring datasets before symptom onset. This has motivated UK Biobank to initiate

an imaging enhancement study in 2014, aiming to acquire high-quality, consistently
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obtained imaging data while continuously tracking health outcomes. The imaging
extension aims to scan 100,000 participants, with imaging modalities including MRI
of brain, heart and body, low-dose X-ray bone and joint scans, and carotid artery
ultrasounds. As of early 2020, imaging data for approximately 45,000 participants
had been collected. This extensive imaging dataset is designed to facilitate early
disease detection and enhance our understanding of various health conditions. By
integrating imaging data with comprehensive health records, UK Biobank provides
a valuable resource for researchers worldwide [Miller et al., 2016]. Our goal is to
understand how various risk factors influence the incidence of brain lesions at specific
voxel location, their potential clinical significance, and the associated cognitive and
neurological consequences. To demonstrate the scalability and accuracy of our efficient
approximate model, we apply it to a subset of the UK Biobank data [Miller et al.,
2016]. The dataset consists of N = 13,677 subjects, each with a brain lesion mask
segmented using the Brain Intensity Abnormality Classification Algorithm (BIANCA)
algorithm |Griffanti et al., 2016] and subject-specific risk factors, including age, gender,
head size and cardiovascular risk (CVR) factors. The CVR score, which ranges from
0 to 8, is derived from summing six categorical variables as detailed in [Veldsman
et al., 2020]. These variables represent hypertension, hypercholesterolemia, smoking,
diabetes, waist-to-hip ratio and the APOE-¢ (apolypoprotein-E) status. Specially,
smoking and APOE-¢ are ordinal (0, 1 or 2), while the other four factors are binary
(1 indicating presence). While this summed score offers a simple and interpretable
representation of the overall CVR burden, it assumes additivity and treats ordinal

risk factors as if they were on an interval scale.

To improve computational efficiency, each subject’s brain lesion mask, originally
derived from 1mm T2 FLAIR images, was registered to the MNI space at a 2mm
resolution. This resulted in each lesion mask being represented in a 3D space with
dimensions of 91 x 109 x 91 voxels, totalling of 228,483 within-brain voxels. To
focus our analysis on relevant regions, we refined the brain lesion masks through the

following steps:

e Exclusion of low-incidence voxels: Voxels with lesion occurrences below an
empirical threshold of 1072 across all subjects were excluded to focus on areas

with significant lesion presence.

e Morphological operations: We applied morphological operations to smooth

the binary lesion mask. Specifically, we retained only the largest connected

144



clusters, removing small and isolated clusters below a size threshold of 20 voxels.

e Cerebrospinal Fluid (CSF) exclusion: Voxels where the CSF probability
exceeded 50% were removed from the brain lesion mask to avoid including

non-brain tissues.

These steps resulted in a refined brain mask containing a total of 14,807 voxels. The
central object of interest is to model the influence of age and CVR factors on the
probability of lesion incidence, while controlling for potential confounding variables
that might also affect lesion probability, including gender and the head size scaling
factor. In our dataset, 52.90% subjects are female (N = 7,235) and 47.10% are male
(N = 6,442), with a mean age of 62.92 years (£7.39 years).

Before model estimation, we performed pre-processing steps on the risk factors. To
analyse the spatially varying, subject-specific risk factors, we constructed a covariate
matrix Z(M x R), where each column corresponds to a specific risk factor. Each
risk factor was standardised to have a mean of 0 and a standard deviation of 1 to
ensure numerical comparability and improve numerical stability. This standardisation
prevents differences in measurement scales from disproportionately affecting the results.
For the spatial matrix B(N x P), parametrised by spline, we selected a spline spacing
of either 10mm (P = 889) or 20mm (P = 297) along each spatial dimension. We also
removed weakly supported B-spline bases at the edges of the lesion mask, specifically,
those for which the sum of all 3D B-spline basis coefficients is below a threshold of 0.1.
This thresholding leverages the partition of unity property of spline parametrisation.
In practice, we included an intercept column of ones in both the covariate matrix Z

and the spatial matrix B to capture the overall mean during regression.

To avoid numerical issues such as overflow during regression, we initialised the spatial
parameter vector B(PR x 1) to zero, except for the element corresponding to the
intercept column of ones in Z ® B, which was set to the log-transformed voxelwise
mean incidence of lesion count. Additionally, the matrices B and Z were rescaled to

further reduce the risk of overflow during optimisation.

5.4.2 Estimation accuracy and computational efficiency

Although we have demonstrated the importance of incorporating quadratic and

cubic terms to enhance model flexibility in Appendix C.1.2, Figure 5.3 reveals a
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predominantly linear relationship between age and the mean empirical lesion probability
across the 100 voxels with the highest lesion incidence rates, and the difference between
the linear fit and the cubic polynomial fit is minimal. Thus, including quadratic and
cubic age terms in regression analyses of risk factors with potential spatially varying
effects might be unnecessary for the UK Biobank dataset. This observation is further
supported by the square-root transformed fitted lesion probabilities shown in Figure
5.4 for the linear fit and Figure C.3 in Appendix C.1.3 for the cubic polynomial
fit. Minimal differences are observed between the highlighted regions produced by
regressions models including only a linear age terms compared to those incorporating
quadratic and cubic age terms. Additionally, the consistency between the empirical
lesion probabilities derived from 13,677 UK Biobank subjects and the fitted lesion
probabilities produced by our proposed scalable approximate model is demonstrated
in Figure 5.4, supporting the validity and accuracy of our approach. We also observe
that a spline spacing of 20mm results in overly smoothed estimates, which fail to
capture finer details in lesion probability patterns. In contrast, a finer spline spacing
of 10mm more effectively represents localised variations. While 10mm might not
be optimal, we recognise the trade-off between spatial precision and computation
efficiency. Even slightly smaller spacing would significantly increase the number of
spline bases, leading to a substantial increase in computational demands. Ideally, a
stepwise evaluation is necessary to determine the optimal spline spacing that balances
precision and efficiency, this represents a future research direction. For the present
work, however, we adopt a 10mm spline spacing and include only the linear term of

the age risk factor in all subsequent regression and inference analyses.

Table 5.3: Comparison of computational time for regression using the proposed scalable
approximate model on 13,677 UK Biobank subjects, with either 20mm or 10mm spline
spacing, and using either a linear or cubic polynomial term for the age covariate.

B-spline spacing Polynomial order for age covariate Computational time

20mm Linear 39 mins 2 seconds
20mm Cubic 47 mins 34 seconds
10mm Linear 67 mins 17 seconds
10mm Cubic 77 mins 52 seconds

According to the computational time comparison for regression using our proposed
scalable approximate model on 13,677 UK Biobank subjects (Table 5.3), we find
that employing an update equation with an approximate preconditioner and exact

gradient at each iteration demonstrates strong scalability with respect to both the
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Figure 5.3: Scatter plot showing log-transformed empirical lesion probabilities at
the 100 voxels with the highest empirical lesion probabilities among 13,677 UK
Biobank subjects, plotted against subjects’ ages (46 — 80 years). The dashed red line
represents the fitted linear relationship between age and log-transformed empirical
lesion probability across these voxels, while the dashed blue line represents the fitted
cubic polynomial relationship across ages.
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(b) Fitted lesion probability v/p: linear age covariate, 20mm spline spacing
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(c) Fitted lesion probability v/p: linear age covariate, 10mm spline spacing

Figure 5.4: Comparison between square-root transformed empirical lesion probability
(y/p) and model-fitted lesion probabilities (1/p) across 13,677 UK Biobank participants.
Lesion probabilities are fitted using spline spacing of either 20 or 10mm, incorporating
a linear age covariate. Other covariates, including sex, head size and CVR factors, are
modelled linearly in all analyses.
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number of subjects and the dimensionality of the brain lesion data. While the
computational time does not differ significantly between models using a linear versus a
cubic term for the age covariate, a substantial difference is observed between B-spline
spacings of 20mm and 10mm, which correspond to 297 and 889 spatial spline bases,
respectively. Nevertheless, the proposed approximate model remains significantly more
computationally efficient than the full model, making it practical for large-scale data

applications while still delivering accurate regression outcomes.

Table 5.4: Estimated lesion probability, relative risk (RR), and risk difference (RD) for
two risk factors (age and CVR factor) at peak coordinates within 6 clusters, obtained
by thresholding the estimated probability map at 0.1. RR and RD were calculated
based on comparison between mean age 62.72 + 5 years, and CVR factor 1.65 % 0.5.
PV WM represents periventricular white matter.

Location name MNI152 coordinate D RRage RDage RRcvr RDcevr
L anterior PV WM (—16,22,12) 0.3190 1.5949 0.1898 1.0761 0.0243
R anterior PV WM (18,24,10) 0.3072 1.6158 0.1892 1.0735 0.0226
R posterior PV WM (30, —48, 18) 0.2987 1.8602 0.2570 1.0100 0.0297
R posterior PV WM (22, —176,6) 0.2882 1.0864 0.0249 1.0072 0.0021
L posterior PV WM (—28, —50, 18) 0.1481 2.4588 0.2161 1.1496 0.0222
L posterior PV WM (—20,—78,4) 0.1755 1.1873 0.0329 1.0148 0.0026

Another appealing feature of the regression framework based on the proposed approxi-
mate model is its interpretability. In particular, a relative risk (RR) map visualises
lesion probability relative to a baseline setting or reference level, where all risk factors
are fixed at their population mean. From this baseline, the RR map then provides a
spatial representation for understanding how each individual risk factor independently
modifies lesion incidence probability across different brain regions, while all other
factors remain at their mean values. The relative risk (RR) at a given voxel j is

typically defined as,

RR Fitted lesion probability at voxel j (with covariate)
j g

Baseline lesion probability at voxel j (reference)

In contrast, the absolute risk difference (RD) map visualises the absolute difference
in lesion probability relative to the baseline setting or reference level, where all risk
factors are fixed at their population mean. The absolute risk difference (RD) at a
given voxel j is typically defined as

RD, = Fitted lesion probability at voxel j (with covariate)

— Baseline lesion probability at voxel j (reference)
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(a) Square-root transformed fitted lesion probability (1/p) at the reference level, evaluated at
the mean age of 62.92 years and mean CVR factor of 1.65
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(b) Relative risk map exp(10 - B) for the age risk factor, representing the effect of a 10-year
increase in age
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(c) Absolute risk difference map (v/p — /p) for the age risk factor, representing the change
in risk between ages 67.72 years (mean age+5 years) and 57.72 years (mean age—5 years).
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(d) Relative risk map exp(,é) for the CVR risk factor, representing the effect of a one-unit
increase in CVR
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(e) Absolute risk difference map (v/p — /p) for the CVR risk factor, representing the change
in risk between a CVR factor of 2.15 (mean CVR~+0.5) and 1.15 (mean CVR—0.5)

Figure 5.5: Relative risks map for two risk factors, age and CVR, estimated using
the regression with the proposed scalable approximate model on 13,677 UK Biobank
subjects.
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Figure 5.5 presents the relative risk (RR) maps and absolute risk difference (RD) maps
for two specific risk factors: age and CVR factor. In these analyses, all other risk
factors are fixed at their population mean. The figure also includes the square-root
transformed fitted lesion probability at the reference level. Table 5.4 summarises
the estimated lesion probability, RR and RD for age and CVR factor, at the peak
coordinates within 6 clusters, obtained by thresholding the estimated probability
map at 0.1. RR and RD for each risk factor were calculated by comparing ages of
67.72 years (mean age +5 years) versus 57.72 years (mean age —5 years), and CVR
factor of 2.15 (mean CVR +0.5 unit) compared to 1.15 (mean CVR —0.5 unit). A
10-year increase in age around the mean is associated with a substantially stronger risk
difference compared to a one-unit increase in the CVR factor around its mean score.
In both cases, all other risk factors remain consistent at their population mean. Here,
a one-unit increase in the CVR factor represent either developing a new cardiovascular
disease (e.g., hypertension, hypercholesterolemia or diabetes) or one-unit increase in
the level of smoking or APOE-€ status. Specifically, the average relative risk increases
by approximately 184.61% per 10-year age increase, whereas a one-unit increase in
the CVR factor results in an average increase of 22.83%. Despite the difference in
magnitude, both risk factors exhibit consistent patterns of lesion increase around the
lateral ventricles. Additionally, we observe an unusually strong association between a
10—year increase in age and relative risk in the white matter at z = 36, as highlighted
in Figure 5.5b. This may be attributed to the low lesion incidence in this regions at
the reference level, as illustrated in Figure 5.5a, rather than indicating an exceptionally

high sensitivity to age-rated changes.

5.4.3 Statistical inference

To investigate the spatially varying effects of risk factors (such as age and the CVR
factor) on lesion incidence probability, we perform voxel-wise statistical inference using
scalable approximate model factorisation. As demonstrated in our simulation studies
(Appendix C.2.2), standard error estimates obtained by inverting the Fisher information
matrix tend to be underestimated, particularly under model misspecification. In
contrast, the sandwich estimator provides more robust and accurate standard error
estimates. Therefore, we adopt the sandwich estimator for voxel-level inference in the

following analysis.
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As demonstrated in the covariance estimation of 5 using the sandwich estimator in
Equation 5.9, the bread term (X "W X)~! corresponds to the inverse of the observed
Hessian of the log-likelihood. In practice, the diagonal matrix W = diag(fi;;), of
size MN x MN, fort=1,--- ,M and j = 1,--- , N, is often numerically unstable
due to many elements ji;; being close to zero. To address this instability, we employ
singular value decomposition (SVD) to decompose the symmetric matrix X "TW X as
UXV'T, instead of directly computing its inverse or using eigenvalue decomposition.
We then apply a threshold (default: 107®) to the singular values, replacing any value
below the threshold with the threshold itself. The inverse is subsequently computed
as U'S71U'T, where U’ = %(U + V), to improve the numerical stability and precision
of the SVD-based inversion.
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(a) Z-score map showing the effect of the age risk factor

L R L R L R L R

__!.\‘u,:la':!__ .:.--‘“"‘.-.:, 5 & “ ‘1_ o

z=0 z=6 z=12 z=18 z=2. z=30 z=36

(b) Z-score map showing the effect of the CVR risk factor

Figure 5.6: Significance maps (uncorrected Z-scores) for two risk factors, age and
CVR, fitted via regression using the proposed scalable approximate model on 13,677
UK Biobank subjects. The significance maps assess voxel-wise significance of each
risk factor’s effect at a 5% significance level.

Figure 5.6 and Figure C.6 in Appendix C.3.1 presents the uncorrected and FDR-
corrected Z-scores (at the 5% level) for the risk factors (age and CVR factor) with
spatially varying effects at the voxel level. We observed a strong positive association
between brain lesion incidence and the age risk factor across the entire white matter
brain lesion mask. However, the p-values were less significant in regions around the
caudate nucleus and the cerebral cortex. As these structures are primarily composed
of gray matter, the reduced statistical significance is therefore neuroanatomically

consistent with the absence of WMHs in these regions. These apparently "significant"
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gray-matter voxels are likely attributable to methodological artefacts rather than true

pathology. Principal sources of such false positives include:

e Segmentation error of BIANCA: Due to weak intensity contrasts between deep
gray matter and adjacent periventricular white matter on T2 FLAIR image,
BIANCA may apply overly conservative criteria, inadvertently affecting the

accuracy of WMH segmentation.

e Resolution/partial volume effects: Lesion masks segmented at 1mm resolution
in T2 FLAIR space are subsequently resampled to 2mm MNI template for
analysis. This down-sampling and interpolation process can lead to the partial
volume effect, causing lesions to appear to cross tissue boundaries, resulting in

gray-matter voxels inheriting partial WMH labels.

e Non-linear registration inaccuracies: When brains with significant atrophy or
pronounced ventricular enlargement are warped to a standardised template,
structures like the caudate nucleus and cortical mantle may become misaligned.
This can lead to white-matter signals being displaced into adjacent gray-matter

regions.

e Spatial smoothing of statistical maps: The smoothing process applied to statisti-
cal images can artificially extend lesion signals across tissue boundaries, resulting

in spurious significance within adjacent gray-matter regions.

A similar patterns was observed in the Z-score maps for the CVR factor, although the
overall association was weaker compared to age. Furthermore, the p-values for the
effect of CVR factor were not significant at the 5% level in some regions around the

caudate nucleus, likely due to the same methodological artifacts described above.

5.5 Discussion

In this work, we proposed a novel voxel-wise generalised linear model (GLM) with
an integrated spatial model to jointly capture spatial dependence across the brain.
Model flexibility is determined by spline spacing and the polynomial orders of the
risk factors, which together control the smoothness of the spatial effect. An efficient

approximate model factorisation ensures strong scalability, making the approach
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practical for large-scale datasets while significantly reducing computational time. We
validated the accuracy of this approximation by conducting a systematic comparison
with the results obtained from the full model. We also derived relative risk maps to
characterise the effect of each risk factor at the voxel level. In addition, we developed
a robust and accurate inference method that provides standard error estimates using
the sandwich estimator. This allows for voxel-wise hypothesis testing to assess the
statistical significance of risk factor effects and can be extended to more flexible
tests, such as group comparisons or comparisons of different risk factor effects at
the voxel level. This approach is significantly more efficient than the previously
proposed Bayesian spatial regression model. For comparison, using a dataset of 13,677
UK Biobank subjects, the Bayesian spatial spike-and-slab regression model (BLESS,
[Menacher et al., 2024]) required approximately varying between 13 hours 57 minutes
to 21 hours 42 minutes for sample sizes ranging from 500 to 5,000, although the
computational hardware was not specified in the paper. In contrast, our proposed
efficient approximate model factorisation, with 10mm B-spline spacing and only linear
term of age risk factor, involved a total computation time of approximately 4671.55
seconds (less than 1 hour 18 minutes) on an Intel Xeon Gold 6340R CPU. Moreover, as
our method is grounded in a generalised linear model, it offers strong interpretability
and is more accessible for users without access to advanced computation resources
such as GPUs, especially when compared to inference methods relying on spatial

posterior functions.

There are a few limitations in our work. One of the main drawbacks is that the
model does not guarantee that the predicted lesion probability remain strictly within
the valid range of [0,1]. We employed a generalised linear model (GLM) with a
log link function and a Poisson distribution to approximate the low-rate Bernoulli
distribution at the voxel level. The estimated Poisson mean \;; for subject ¢ at voxel
7 is then used to compute the lesion probability, which is truncated at 1, thereby
disregarding the possibility of predicted values exceeding this upper bound. As a
result, our approximation effectively behaves as a truncated Poisson model on the
interval [0,1]. Although this happens very rarely in the context of low-rate brain
lesion probabilities, this discrepancy might still lead to model misspecification and
inference errors, particularly in regions with relatively high lesion incidence. Another
limitation is the numerical instability in estimating the covariance matrix XWX
of the regression coefficient 3, whether computed via the Fisher information or the

sandwich estimator. This issue is particularly pronounced in brain lesion settings,
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where the estimated lesion probabilities are close to zero for most within-brain voxels.
Currently, we address this by using truncated SVD, retaining only the dominant
components with singular values above a pre-specified threshold (107% by default). In
future work, we plan to investigate practical guideline for selecting this threshold, as

well as explore alternative approaches, such as incorporating ridge regularisation.

Another potential direction for future development is to explore further acceleration
of the efficient approximate model factorisation. Currently, the preconditioner is
fixed based on the mean intensity estimation from a separable model fit and remains
unchanged throughout all iterations. Meanwhile, the exact gradient, as the most
computationally intensive component, must be computed at each step. Using an
approximate gradient based on a Taylor expansion around the mean intensity either
leads to divergence or convergence to values that deviate significantly from the
regression estimates obtained with the full model. We believe this issue is driven by
subjects whose estimated lesion probabilities deviate substantially from the mean,
likely due to spatially varying covariate effects. Future research will investigate
alternative gradient approximation methods that outperform the Taylor expansion in

accuracy while remaining computationally efficient to be evaluated at each iteration.
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Chapter 6

Conclusions and Future Direction

6.1 Conclusions

Throughout this thesis, we explored statistical modelling and inference frameworks

that combine efficiency with strong scalability for neuroimaging applications.

In Chapter 1, we discussed the importance of accurately modelling spatial depen-
dence across brain regions, as well as the trade-off between model complexity and
computational feasibility. To contextualise our work, in Chapter 2, we provided a brief
overview of neuroimaging fundamentals, statistical modelling in neuroimaging, infer-
ence methods specific to neuroimaging, meta-analysis approaches and white matter

hyperintensities.

In Chapter 3, we introduced a meta-regression framework that incorporates a spatial
model for CBMA data. The main innovation of this work is the use of spline
parametrisation to model the smooth spatial distribution of activation foci, combined
with a GLM that includes different variants of voxelwise or publication-wise statistical
distribution as its stochastic component. We demonstrated that this approach offers a
computationally efficient alternative to existing Bayesian spatial regression models,
while delivering comparable results. Moreover, this work highlights the presence of
over-dispersion in CBMA data, highlighting the necessity of considering the negative
binomial (NB) model within the meta-regression framework to adequately account for

this characteristic.

To extend this framework to multi-group settings and enable group comparisons,
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we introduced multi-group coordinate-based meta-regression (CBMR) in Chapter 4,
implemented as a module within the open-source Python package NIMARE. By
leveraging a roughness penalty to regularise the smoothness of the spline basis functions
in the spatial model, and applying a parametric bootstrap method for datasets with
an insufficient number of publications or foci, we ensure that inference results remain
valid and reliable. Our theoretical analysis supports the use of model factorisation
to simplify the likelihood function during the iterative optimisation of maximum
likelihood estimates (MLEs). Practical experiments further validated the accuracy
and robustness of our approach for CBMA group comparisons. This work represents
a significant step toward building an efficient, scalable, and flexible meta-regression

and inference framework for multi-group CBMA data.

Similar to CBMA, lesion mapping presents common methodological challenges, such as
accurately modelling spatial dependence across the brain while ensuring computational
efficiency and scalability. In Chapter 5, we demonstrated the broader applicability of
the spatial modelling framework by applying similar statistical principles to voxel-wise
lesion probability mapping using structural MRI data. An efficient approximate model
factorisation ensures strong scalability, making the approach practical for large-scale
datasets and significantly reducing computational time. Additionally, we developed a
robust and accurate inference method that provides standard error estimates via the
sandwich estimator. This work bridges the gap between computationally intensive
Bayesian spatial regression models and other existing methods that lack scalability

for large-scale datasets.

6.2 Future Directions

Having highlighted our research contributions, we now delve into potential future

directions and open questions that merit further investigation.

While significant advancements have been made in CBMA methodologies [Eickhoff
et al., 2016, Miiller et al., 2018], several important avenues remain unexplored. One
promising direction is the integration of richer metadata, such as task paradigms,
demographic variables (e.g., age, sex), clinical characteristics and imaging acquisition
parameters [Maumet et al., 2016]. The inclusion of such auxiliary information would
facilitate more nuanced and context-sensitive meta-analyses, allowing researchers to

disentangle task-specific, population-specific or disease-specific activation patterns and
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to systematically investigate potential sources of heterogeneity across publications.
For example, leveraging structured metadata could facilitate stratified analyses or
meta-regressions that explore how cognitive tasks interact with demographic or clinical
factors, potentially revealing different activation profiles that remain obscured within
traditional CBMA framework, which often neglect these contextual variables [Fox
et al., 2005].

Moreover, the adoption of hierarchical or multi-level modelling frameworks represents
a critical step forward in addressing the complex variability inherent in neuroimaging
publications [Wager et al., 2007]. By explicitly modelling variance components at mul-
tiple levels, such as within-publication variability, between-publication heterogeneity
and higher-level group effects, these approaches can improve statistical power, reduce
bias and produce more generalisable inferences. Hierarchical models also provide
a principled mechanism for incorporating publication-level covariates, accounting
for clustered data structures, and manage unbalanced datasets with varying sample
sizes or numbers of foci. Future developments in this area could involve Bayesian
hierarchical spatial models [Montagna et al., 2018| or mixed-effects GLMs tailored
for CBMA, which would better capture spatial dependencies and cross-publication
variability in large-scale neuroimaging meta-analyses. Furthermore, advances in varia-
tional inference and Markov Chain Monte Carlo (MCMC) techniques could facilitate
scalable estimation procedures, making these complex models computationally feasible

for large-scale neuroimaging meta-analyses.

Additionally, the integration of CBMA with IBMA approaches offers a promising
avenue to enhance statistical power and spatial precision by combining peak coordinate
data with voxel-wise statistical information [Salimi-Khorshidi et al., 2009, Nichols
et al., 2017]. To further advance such integrative frameworks, some researchers have
proposed Markov melding as a fully Bayesian framework for joining probabilistic
sub-models. This method allows evidence from different sources to be specified within
each sub-model, which are then coherently joined while preserving both information
and associated uncertainty [Goudie et al., 2019]. Such hybrid strategies, leveraging
both data types and advanced probabilistic modelling, can effectively overcome the
limitations inherent in relying solely on sparse coordinate data, thereby enabling more

comprehensive, flexible and precise meta-analytic inferences.

In lesion mapping, a key avenue for development is the integration of multimodal

neuroimaging data into existing analytical frameworks. Traditional approaches have
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predominantly relied on structural MRI to identify lesion locations and assess their
associations with behavioural or clinical outcomes [Bates et al., 2003, Rorden et al.,
2009]. However, this emphasis on structural damage alone, but overlooks the broader
impact of lesions on brain connectivity and function, particularly through mechanisms
such as diaschisis and network-level disruptions [Price, 2001, Carrera and Tononi,
2014]. Incorporating additional modalities, such as diffusion-weighted imaging (DWI)
to assess white matter integrity [Thiebaut de Schotten et al., 2015], functional MRI
(fMRI) to capture alterations in functional connectivity [Reber et al., 2021], and
perfusion imaging to evaluate cerebral blood flow dynamics [Hillis, 2016|, can provide
a more comprehensive understanding of lesion-induced disturbances. This multimodal
integration allow researchers to move beyond lesion location alone, providing deeper
insights into how structural disconnections and functional reorganisation contribute

to clinical deficits and influence recovery trajectories [Foulon et al., 2018|

Another critical direction involves the incorporation of spatial priors and anatomical
constraints into lesion mapping analyses. Leveraging prior knowledge regarding
vascular territories [Pexman et al.,; 2001, Tatu et al., 2012], functional parcellations
[Glasser et al., 2016], and anatomical connectivity [Thiebaut de Schotten et al., 2014,
Foulon et al., 2018] can enhance both statistical power and interpretability. Spatial
Bayesian models, including those based on Gaussian Markov random fields [Bates
et al., 2003, Chen et al., 2008] or spatial Poisson processes [Kang et al., 2011], represent

promising frameworks for embedding such biologically informed constraints.

Additionally, a growing area of interest is the formalisation of causal inference within
lesion mapping [Yokoyama et al., 2014, Sperber, 2020]. Whereas traditional analyses
predominantly identify correlational associations between lesion locations and be-
havioural deficits [Rorden and Karnath, 2004], these associations may be confounded
by vascular architecture or lesion volume [Sperber and Karnath, 2017]. Moving to-
wards causal interpretations necessitates the adoption of robust frameworks such
as counterfactual modelling [Pearl, 2009, Hernan and Robins, 2020], instrumental
variable techniques [Angrist et al., 1996, Baiocchi et al., 2014], and Bayesian causal
networks [Ramsey et al., 2010, Mumford and Ramsey, 2014|. These methodologies
provide a more principled foundation for inferring causality, thereby improving both
the translational relevance and clinical utility of lesion mapping findings [Kraemer
et al., 1997].

In summary, the future of spatial statistical frameworks for CBMA and lesion mapping

159



applications will be driven by methodological advancements, including meta-data and
multi-model integration, advanced modelling techniques, hierarchical or multi-level
framework and causal inference approaches. Effectively addressing these challenges
will be crucial for advancing our understanding of brain-behaviour relationships and

enhancing the clinical utility of these analytical methods.

160



Appendix A

Appendix for Neuroimaging Meta
Regression for Coordinate Based Meta
Analysis Data with a Spatial Model

A.1 Detailed derivation of stochastic models

A.1.1 Poisson model

We assert that the sum of two independent Poisson random variables is also Poisson.
Let X ~ Poi(A\;) and Y ~ Poi(\2) be two independent random variables, and
Z =X +Y, then,
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Therefore, Z = X +Y ~ Poi(A; + \2) is also a Poisson variable. The conclusion can be

extended further: the sum of multiple Poisson random variables (Poi()\;),i =1,--- ,n)

also follows a Poisson distribution, with the parameter A = > ;.
i=1

Hence, under the assumption of independence of counts across publications, we
believe that the likelihood function is exactly the same if we model the voxelwise
total foci count over publications (with length-N) instead of voxelwise foci count for
each publication (with expanded length-(NM)). This reformulation can simplify the
computation of the log-likelihood function and reduce the dimensionality of statistics

(never larger than M or N in dimension).

A.1.2 Negative Binomial (Poisson-Gamma) Model

In this section, we describe the formulation of the NB distribution in more detail.
Based on the assumption of NB (Poisson-Gamma) model, there is a single parameter «,
which indicates variance in excess of the Poisson model. For voxel j in publication 7, the
voxelwise mean of intensity A;; follows a Gamma distribution with mean E(\;;) = p;;

and variance Var(\;;) = ay;

-1
Aij ~ Gamma(a ™", C;“ ) = E(\yj) = pij, Var(\y) = apl;
ij

And Y;;|\;; follows a Poisson distribution with conditional mean E(Y;;|\;;) = \;;

e o= Aij
Y;j|/\ij = POiSSOH(/\Z‘j) = P(Y;J|/\U = k‘) = —Jk,"
which gives rise to marginal probability of Y;;
oo )\i’/;je—kij (aiij)i 14 7/\4
P(Yyy = yij) = /P(Y;jM,-j)P(/\ij)dA,-j = / (L G € Ay
Yij! ()
Aij )\ij:()
1+ 00 1+
oo 3 1 i =% Dy, +*

— _OHg : / )\Z’f]e—)\ijA% 16 apgj d)\z] = Hij - 1(y] a) .
yij!r<a))\”_0 y,]'l—‘(a) (au,-j + 1)yij+a

Q=

1 Yij
_ F(yij + i) api; 1
T(yi; + D) \ g +1 o 1

o F(yU + 04_1) 1 o™t Oé/LZ‘j Yis
I‘(yij + 1)F(Oé_1) 1 + Qlhij 1 + Ol
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which satisfies the mathematical form of probability density function of the NB model,
Yij ~ NB(a™!, =—), with mean E[Y};] = p;; and variance V(Yy;) = p; + apil;.

o~ g

A.1.3 Moment Matching Approach

For the purpose of approximating the sum of multiple independent NB random
variables, we approximate a sum of NB variates with a NB distribution by moment

matching (mean and variance). Suppose the voxelwise count in each individual

publication is Y;; ~ NB(a™!, W’fé,l ), and « is a global dispersion parameter. Using

the independence of publications at voxel 7,

E(Y.)) = S E() = 3o
VE(Y, ) = 3 Ver(Yi) = 3 i + 3

=1

To ensure that the proposed NB distribution (Y, ; ~ NB(r’,p’)) matches the mixture

of NB distributions, with regard to both mean and variance, we need

( M
> N?j
M p/ _ i=1
_ M M
E(Y.;) = > pij a Y it 3
=1 = i=1 i=1
- S (3 1iy)?
Var(Y,;) = > pij + 3 ap = N
=1 i=1 - M )
DY s
\ =1

Therefore, the approximated NB distribution of the sum of foci count at voxel j is,

M 5 M 5
(2 m9) X . o N
Y,~NB| 55— =% , with excess variance in the NB approximation
QE#?J- CDINTTE DY) #12]’
i=1 i=1 i=1
o,
A 2 S
1 > Mz‘j) > i
1= = o = = o
r M M
2 )2
ay i > thij)
=1 i=1
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A.1.4 Evaluating the effectiveness of moment matching ap-
proach

To evaluate the effectiveness of the moment matching approach and to substantiate its
application to CBMR with the NB model, we now incorporate simulation experiments

to provide empirical evidence supporting this application.

We conducted a univariate simulation with N = 10000 publications, where the true rate
is homogeneous but the dispersion parameter is shared. Specifically, each publication
1 has mean p; = pg - %Oi, po = 1073, and variance p; + ap?, o = 0.5, generating Y;,

i=1,---,N,

102
Yi~ NB(ui,a), pi=po- 7 (A.2)

Our approximate approach for modelling this data is to assume

Z Y; ~ NB(p, o) (A-3)

where = > u; = po - w, and o is given by (3 p?)/(>° pi)*a. Like in our full
CBMR modlel, here we use Maximum Likelihood (ZML) tolestimate w1 and «, and
we construct large-sample standard errors for p using Fisher’s information. Using
1000 Monte Carlo (MC) realisations, we compute the MC standard deviation of miu
and compare it to the large sample standard errors (inverse Fisher’s information).
Our analysis revealed that, with 1000 Monte Carlo realisations, the MC standard
deviation of [ is 7.1000. In comparison, the standard error, estimated using the Fisher
information from the log-likelihood function, is 7.0780. The relative bias is 0.3098%,
which strongly supports the accuracy of the standard error estimates for i in the

moment matching approach.

The figure A.1 presented below further justifies the accuracy of the moment matching
approach. As demonstrated, the estimate of the mean sum across all publications
(e =Y, 1;) can be effectively parameterised using s alone. It is evident that the
log-likelihood functions of the moment matching approach and the exact log-likelihood
have consistent shapes, although they are on different value scales. The Maximum
likelihood estimates (MLEs) for both methods are remarkably close to their true value
of 1073. This indicates that the MLE for the mean sum of the moment matched

Negative Binomial (NB) distribution is precise.
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Figure A.1: Exact log-likelihood functions of NB distribution and its moment matching
approximation

A.1.5 Two-stage hierarchy Poisson-Gamma model

In this section, we propose a two-stage hierarchy Poisson-Gamma model, which regards
the random (Gamma) effect as a latent characteristic of each publication, instead
of independent voxelwise effects. The name “two-stage hierarchy Poisson-Gamma
model" comes from the modelling procedure: consider the clustered count data Y;;,
i=1,---, M (number of publications), j = 1,--- ;N (number of voxels). Draw \;

from a Gamma distribution with mean 1 and variance o.

A\ ~ Gamma(a ', a ) = E()\) = 1,V(\) = a,
1ot
a a l-1_—a~1);

For each publication i, for each voxel j, Y;;|\; are drawn from a Poisson distribution

f()‘i) =

with mean \;j;;, where f1;; is the spatial mean parameterized by some 5 (B-spline

165



basis coefficients).

A k f)\z,u,u
Yij|Ai ~ Poisson(Aspi;) = P(Yij|Ai = k) = Quippiz) ek

k!
Therefore, the marginal probability of the foci count V;; is,
i /‘LU yzje Hig i éa_l a l-1_—a~1);
P(Yy =yy) = | P(Yylh)P A T lem e ),
by Xi=0 Fa™)

—1

Yij 1 s Yij la_l 1
_ Hij & / )\yij+071_167)\¢(pij+a_1)d)\' o Hij o F(yij + o )
7 1

BRSNS o ! G + a7

Dy +a™h Fij - a! ¢
Iy + (o) \pij +a pij + ot

Therefore, the marginal distribution of foci count follows a NB distribution, Y;; ~

NB(a™, Mj‘f;,l), with mean E(Y;;) = j;; and variance Var(Y;;) = py; + aps;.

A.1.6 Covariance structure in Clustered NB model

The two-stage hierarchical clustered NB model also introduces a covariance structure
between foci within a publication. Specifically, the covariance of the number of count

in voxel j and voxel j’ (Y;; and Y;;) in publication i, modelled by the clustered NB

model is,
E[Y;;Yiy] = By, [E[Yi;Yiy [N]] = b, [E[Yi I NIE[Y iy [N]] = Ex, [(Nipag) (Nigir)]
jat
o a”l —a~ 1A
:Mi',ui‘// A f( d)\i:,ui‘,ui"/ — )\ e id)\
ot [, AN =ty | g

—1

1o
= _ 1 _ _

:luijl’l/lj (Z aa 1+1a/)\ (_)\2)( 1+1 1>\7‘d< _1/\i>
2

e
= pijpij 0 ———T(a™ " +2) = pyipipa’a (a7t 4+ 1)
g i F(orl) g Mg
= (14 o)puijpuige

For different voxels j and j’ within a same publication 1,

Cov(Y;Yijr) = E[YyYy] — EIYGIEYy] = (1 + ) pijpiyr — pajhag = cpigpiye
While for different publications ¢ and 4/,
COV(}/U}/;/]-/) =0
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Now, we will look at the total log-likelihood function of the clustered NB model,
N

using dependence between publications. Let Y; = > Y;; be the sum of foci within
j=1

publication ¢ regardless of location. The joint probability for the number of counts

Y (Vj=1,---,N) from the ith publication is,

f(}/;:b}/;Q’H'? /f il 227. " ZN|)\ d)\ —/ Hf 2'

1] 1
N 1a”
Nzg =
,uz ”6 —1_ 1 _ -1y,
:/ ll ) c(z 1))\? 16 a )\Zd)\i
I'a~

N
1at Y,
a ]Hl Fij ZY”-i-a -
— = —1 Jj=1
= - A exp{—\;( +Z 11 ) YN d)\z
Do) T Yyt ™ =
j=1
. N
LT e
o Ky
= = exp{—Xi(a™ + p ) IA T A
- N )\ p ‘2 /’[‘l 1
Fla=t) [T Yi! ™™
j=1

Yi;
Hlﬂij 1at
J= « - 1
I N Fart (i)
[(a™!) Yij

It gives rise to the log-likelihood function for publication i,

log f(Yi1,+ -, Yin) = a tlog(a ™) +logI'(Yi, + o) —logI'(a Zlog Y;,!
N
— (Yi.+a logla™ + ) + Y Vi log(uiy)
=1
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Therefore, using the independence between publication ¢ and ¢ (i # '), the log-
likelihood of Yj;(Vi = 1,--- ,M,j = 1,---

is,

,N) across all publications and voxels

Z log[f

= Ma *log(a

-, Yin)]

7,17 127

M M N
B~ MlogI'(a™) + Zlog LY, +a ') — Z Zlog Y;;!

i=1 i=1 j=1

—Z(Y Dlog(a™ + p;., —i—ZZ

=1 =1 j=1

i log(1is)

Using the assumption that Y;; = 0 or 1, so that log(Yj;!) = 0 and p;; = p3 p?,
M
o) =) (Vi +

ZlogF
z;[l
—|—Zlogf‘ +a™h) —Z(ﬂ,jt

=1

= Ma 'log(a™) —

(B, a) M log '«

— Mlog '«

.

M M
= Ma tlog(a™') — MlogT'(a™) + Zlogf‘ +at)— Z(E a Hlogla™
i=1 i=1
ZY Z kﬂk]
J=1
M M
= Mo 'log(a™') — MlogI'(a™) + Zlog LY, +at)— Z(Y, a Hlog(a™!

=1 =1

A.2 Deterministic model

A.2.1 Model factorisation: Poisson model

We consider model factorisation to replace the full (M N) — vector of foci counts with

sufficient statistics (the dimension of which is not larger than M or N). Following the
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total log-likelihood function in Equation (3.5),

M N
[ = Z Z log ,uzj = Hij — log yz] - Z Z log Hij — Z Z/Jij -0

i=1 j—1 11]1 i=1 j=1
M N P R
=1 j=1 k=1 s=1 =1 j=1
M R N M (A.4)
Lj=1 i j=1 i=1
— ZY log 1 +ZY loguf — [1Tp*] [17 7]
Lj=1

=Y Mog(p™) +Y] 10g(u )= [1TpX] 17 7]

A.2.2 Model factorisation: NB model

Following the log-likelihood function in Equation (3.7),

a) = Z Z [logT(Yy; +a™') —logI(Y;; + 1) — logI'(a™")

i=1 j=1
+ Yi; log(apu;) — (Yij + o) log(1 + o)
M N [ vi,-1

]
(]

@
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M=,
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2
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T
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or%

i=1 j=1 i=1 j=1 i=1 j=1
M N P R
LYY, (z Kbt Zm) 30 o g1+ apy)
=1 j5=1 k=1 s=1 =1 j5=1

(A.5)

N
Here, the last term > (V;; + a~1) log(1 + apu;), is impractical to simplify, therefore,

j=1
we consider a moment matching method similar to that in Appendix A.1.3, Y, ; ~
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NB(r}, p;) where

OOl D oY O U oo

r =1 1= -1 i=1 -1
rp=a ———=a ————— =a i
; 13 ;(ufuf )? ;(Mf i)
Mo M M ,
Zlﬂij Z(u] pi)? Zl(u] )
/ 1= =1 1=
p; = M M - M M - M M
o7t 3 g+ 2oy o () + () ot b 3 ()
(A.6)
And the parameter o/ of excess variance in the NB approximation is
M ) Mo M
L1 () > Hij Z(u] i)’

S (il PR
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A.2.3 Model factorisation: clustered NB model

Following the total log-likelihood function in Appendix A.1.6, we incorporate the effect

of publication-level covariates into the Clustered NB model,

[(B,a) = Mvlog(v) — MlogI'(v ZlogFY +v) — Z(Y +v) log(v + ;) +ZZ

=1 =1 =1 j=1

= Mwvlog(v) — MlogI'(v —i—ZZlogFY +v) ZZ .+ ) log(v + i)

g=1i€l, g=1i€ly

P R
+ Z Z Z Yij (Z XikBy(iyk + Z Zis%>

= Jj=11i€l,

B
= Mvlog(v) — MlogT'(v +ZZlogFY + ) ZZY +v) log(v + p;.)
el,

g=1i€l, g=1

B M R
+Z ZY;U ZXJ]“BQ +ZY;,ZZ15’YS

g=1 Lj=1 = i=1 =
= Mvlog(v) — MlogI'(v +Zzlogr ZZ 4 ) log(v + ps.)

g=1i€l, g=1i€l,

B
+ 3V log() + Y, log(u?)
g=1

(A.8)

A.2.4 Using IRLS to Optimize the Quasi-Poisson Model

Previously, we optimised the regression coefficients for likelihood-based models (e.g.,
Poisson, NB and clustered NB models) using Fisher scoring or L-BFGS algorithm.
However, for Quasi-likelihood models (e.g., Quasi-Poisson model), where exact likeli-
hood functions are computationally infeasible, we use the Iteratively Reweighted Least

Squares (IRLS) method to iteratively determine the optimal regression coefficients.

An ordinary one-parameter exponential family of density functions can be written as,

fuly) = €™~ - [dG(y)] (A.9)

Here 1 is the expectation parameter, p = f_oooo yf(y)dG(y); y is the natural statistic; n

is the natural or canonical parameter, a monotone function of u; 1 (i) is a normalizing
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function, chosen to make the density integrate to 1. G(y) is the carrier measure for
the exponential family so that Pr,{A} = [, f.(y)dG(y) for measurable sets A.

The Poisson model belongs to the exponential family, as its probability density function

can be written as,

y! (A.10)
= exply log 1 — p — log(y!)]

where 1) = log(u) and ¥(u) = 1+ log(y!).

The double exponential families include an extra parameter 6 to allow for over-

dispersion, so that Var(y) = #. The probability distribution function can be

written as,

Fus(y) = e(8)02{ £u (1)} {£, ()} ~*[dG(y)] (A.11)
The constant ¢(u,0) is defined to make [ fu0(y)dG(y) = 1. Therefore, the proba-

bility of Quasi-Poisson with unknown parameters p and 6 is written as,

Fuo(y) = e, 0)0% [exp(ylog ju — pu — log(y))’ [exp(ylogy — y — log(y!))]" ™

= (1, 0)0% exp{Blylog s — pu — log(y!)] + (1 — O)[ylogy — y — log(y"]}
(A.12)

As a discrete distribution, we can choose a maximum count data n, compute the

probability fu,g(y) of possible count data y = 1,2,--- ,n and scale up the sum to 1.

The updating equation for the k' iteration of IRLS is given by,
BUH] _ (XTWU]X)_IXTWU]gm (A.13)

where &V = bl 4 (W)= (y — ubl) and link function n¥ = g(u¥) = Xkl Wl is a

diagonal matrix with elements,

12
{Lﬁ%} [39’1(?77[3]) 2
onb o] ]
1[3'1 ] (A-14)
v(pg) v(pn)
For Quasi-Poisson model,
2 2
- M1 M ! Hn
and Equation A.13 can be written as,
B[ﬂ-l] _ ﬁ[j] + (XTW[j]X)_lXT(y _ ,u[ﬂ) (A.16)
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A.2.5 Using the Delta Method to Estimate the Standard Errors
of nX and p¥

In the test of homogeneity to identify activation regions, the standard error for
B (regression coefficients) can be asymptotically estimated from the inverse of the
observed Fisher Information matrix. Additionally, the standard error of the linear

response 7755 (n® = X ), can be estimated using the delta method.

By definition, the optimal regression coefficients B converges in probability to its true

value 3, and a central limit theorem can be applied to obtain asymptotic normality,

V(B —B) 2 N(0,%) (A.17)

where n is the number of observations and ¥ is a (symmetric positive semi-definite)
covariance matrix.
Var(i*) = Var(XB)

. A.18
= XCow(p)X" = XuXT (A-18)

Since keeping only the first two terms of the Taylor series, and using vector notation

for the gradient, we can estimate pX as

i = exp(n®) = exp(n) + Vexp(n™) (8 — B)
= exp(n’™) + diag(exp(n™)) (" —7)
Var(u™) = Var (exp(n™) + diag(exp(n™))(n* — 7))
= Var(exp(n™)) 4 Var(diag(exp(n™)) - (n* = 77))
= Var(exp(n™)) + Var(diag(exp(n™)) - ) — Var(diag(exp(n™)) - i)
= Var(diag(exp(n™)) - 1)
= diag(exp(n™)) Var(i”*) diag(exp(n™))
= diag(exp(n™)) XX " diag(exp(n™))
(A.19)

The delta method therefore implies that

V(S — i %) 2 N [0, diag(exp(n)) X EX T diag(exp(n¥))]
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A.3 Simulation studies to validate the spatial design
matrix in CBMR

A.3.1 Cubic B-spline basis and Gaussian kernel basis functions

To rigorously evaluate the robustness of CBMR with a spatial B-spline basis matrix, we
have conducted simulation experiments to demonstrate the effectiveness of the CBMR
approach. These experiments are conducted in 2D settings, with either homogeneous
intensity over the space or two bump signals located at the top-left and bottom-right
corners of the image (these bump signals are constructed using Gaussian distributions,
on the basis of background noise). The spatial design matrix is generated either with

a cubic B-spline basis or a Gaussian kernel basis.

The specific setups are as follows:

e 2D simulation with homogeneous intensity: the intensity values are 0.01, 0.1
and 1.

e 2D simulation with bump signals: generated with two Gaussian distributions at
the top-left and bottom-right corners of the image, combined with background

noise. The expected numbers of foci per experiment are 2, 20, 200, respectively.

We then evaluate the mean, bias and mean square error (MSE) of the intensity
estimates, denoted as [i (averaged across space), as well as the relative difference
in maximised log-likelihood (ML) between spatial design matrix generated with a
B-spline basis or a Gaussian kernel, in each simulation scenario (see Tables A.1 and
A.2 for details).

Therefore, we believe that we’ve substantiated the effectiveness of spatial design
matrices created using either a cubic B-spline basis or a Gaussian kernel in the
estimation of spatial intensity within the CBMR framework, and the difference

between these two approaches is found to be minimal.
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Intensity | Spatial Bias(f1) Std () MSE(/1) Rel. diff
Intensity | matrix in ML
0.01 B-spline basis 6.6516 x107¢ | 2.1370x1072 | 4.5666x10~6 0.0402%
0.01 Gaussian kernel | 5.5857x106 2.2222x1072 | 4.9388x1076 | ¢
0.1 B-spline basis —5.2330x107% | 6.7805x1073 | 4.5978x107° —0.0007%
0.1 Gaussian kernel | —5.9101x107¢ | 7.0259x1073 | 4.9366x10=5 | "
1.0 B-spline basis 7.2501x10-¢ 2.136x1072 | 4.5628x10 0.0002%
1.0 Gaussian kernel | 8.2326x107¢ 2.2054x1072 | 4.8639x10~4 ' 0

Table A.1: Bias, Std, MSE and relative difference in maximised log-likelihood (ML)
for homogeneous spatial intensity

Expected | Spatial Bias(j1) Std(j) MSE() | Rel.diff
n_foci matrix in ML

2 B-spline basis —6.1176e7% | 1.0586e™* | 1.1244e78 1.0890%
2 Gaussian kernel | —5.6949¢7% | 9.1947e~° | 8.4867¢9 | ¢
20 B-spline basis —6.2624e~7 | 2.4268¢7* | 5.889648 0.08738%
20 Gaussian kernel | —3.5496e~% | 2.5395¢~4 | 6.4492¢78 | ¢
200 B-spline basis —1.29598¢7° | 5.9853e~* | 3.5840e~" | 4398%
200 Gaussian kernel | —1.1154e~° 7.8658¢7* | 6.1883¢ " ' 0

Table A.2: Bias, Std, MSE and relative bias of difference in maximised log-likelihood
values for inhomogeneous spatial intensity with two bump signals
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A.3.2 Sensitivity analysis on knots locations, numbers and
degree of B-spline basis

In all experiments described in Section 4.3, we have consistently used a cubic B-spline
basis with a knot spacing of 10 voxels, equivalent to 20 mm. (Henceforth, we will refer
knot spacing only using voxel units.) In this section we demonstrate that this choice
is supported by evidence from experiments, not just prior knowledge or pragmatic
considerations. We will explore how variations in the number of knots, their locations,
and the degree of the B-spline basis affect the downstream meta-regression approach.
This analysis will allow us to provide practical recommendations for parameter selection

in future applications of the CBMR approach.

We perform sensitivity analysis using both simulated settings and real datasets. The

specific setups are as follows:

e Simulation: We create an underlying intensity function, which is the sum of the

following two components:

— An intensity function that is the sum of two scaled two Gaussian probability
density functions with centres at (25,25, 25) and (65,65, 65) in voxel space,
with covariance matrix 5 - I3 (i.e. standard deviation v/5, FWHM = 5.3).
We used a scale factor of 5, which produced an average of 8.44 foci locations

per publication within the brain mask.
— a spatial homogeneous background intensity of 107% across the entire brain
image.
Using this intensity function we simulated data at each voxel according to a
Negative Binomial distribution, with inflation factor a = 0.5.

This procedure is repeated 100 times to compare the relative mean, standard
deviation (SD) and root mean squared error (RMSE) of the estimated intensity
for the following experiment settings. Additionally, we evaluate the relative

difference in maximised log-likelihood values.

We consider the following variations:

— Baseline experiment: Spatial design matrix uses a cubic B-spline basis with

knots spacing of 10 voxels (as in body of the paper);
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B-spline | 1/2 int. | Rel.bias(j1) | Rel.std(i) | RMSE(f1) | Rel. diff
basis shift in ML
Cubic No 4.3941% 13.8096% | 5.6967¢7% | —2.6157%
Quadratic | No 4.1127% 12.2380% | 5.3711e7% | —2.5617%
Cubic Yes 4.7631% 12.7943% | 5.9858¢7% | —2.4767%
Quadratic | Yes 4.4988% 14.2543% | 5.3105¢¢ | —2.5986%

Table A.3: Relative Mean, relative SD, RMSE and relative bias of difference in
maximised log-likelihood values for the simulated dataset, with spline spacing of 5

voxels. The baseline experiment results are highlighted in bold.

— Quadratic vs Cubic B-spline basis: Design matrix uses a quadratic B-spline

bases, while keeping the knot configurations from the baseline experiment.

— Half interval shift: To understand the impact of knot locations, we shift all

knot locations by half an interval to the right, keeping the other knot and

spline configurations unchanged from the baseline experiment.

— Knot spacing: We vary knot spacing (from 4 voxels to 40 voxels) and
analyse a data sufficiency index (described below) to provide practical

recommendations for the future application of the CBMR approach.

e Real datasets: We run CBMR with a Negative Binomial (NB) model on 20
cognitive datasets (details provided in Table 3.1) across various knot spacings
(from 4 voxels to 40 voxels). We use the CBMR-estimated intensity with a knot
spacing of 10 voxels as the baseline experiment, and compare the relative bias,

standard deviation, difference in maximised log-likelihood values and RMSE of

estimated intensity functions generated by other knot spacings.

For simulated data, since the actual underlying intensity function is known, we
compare the CBMR-estimated intensities across various experiment settings with the
actual underlying intensity function. The results are summarised in Table A.3. Our
findings indicate that both cubic and quadratic B-spline bases, regardless of whether
the knot locations are original or shifted to the right by half an interval, provide
comparable levels of relative bias (ranging between 4.1127% and 4.7631%), relative
standard deviation (ranging between 12.2380% and 14.2543%) and similar level of
RMSE (ranging between 5.3105 x 107 and 5.9858 x 107%). (We examined the spatial
variation in bias, and found it generally occurred in background area where a simulated

dataset had no foci and our method estimated a negligible intensity, below the true
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B-spline | knot Rel.bias(ft) | Rel.SD(f1) | RMSE(f) Rel.diff
basis spacing in ML
Cubic 4 4.3364% 6.8069% | 5.9917¢7¢ | —3.0709%
Cubic | 5 4.3941% | 13.8096% | 5.6967¢¢ | —2.6157%
Cubic 7.5 3.2286% | 10.2068% | 3.9609¢°¢ | —0.9849%
Cubic 10 1.2322% | 10.7362% | 3.4287¢~% | —0.3988%
Cubic 15 —0.6630% 4.7229% | 3.7970e~° 0.1300%
Cubic 20 —4.7553% 5.6380% | 5.1880e° 0.5380%
Cubic 30 —10.0698% 7.0024% | 9.1770e~° 2.4265%
Cubic 40 —13.5894% 4.4585% | 1.0088e75 | 2.77314%

Table A.4: Relative mean, SD, RMSE and relative bias of difference in maximised
log-likelihood values of CBMR results across various knot spacings of cubic B-spline
bases in the simulated dataset. The baseline experiment results are highlighted in

bold.

107 background intensity.) We also compared the maximised log-likelihood values
to those evaluated with true p values. This comparison also shows small variations.
These findings indicate that the knot locations and the degree of the B-spline basis
are not significant factor influencing the estimated intensity function of the CBMR

model.

Additionally, to provide practical guidelines for parameter selection in future appli-
cations of the CBMR approach, we introduce a data sufficiency index. This index
will help to identify the minimum foci contributions per basis element required to
ensure the effective functioning of the CBMR method. Since our basis is a partition
of unity, when we project the foci onto the basis functions and sum over voxels, the
total foci count is ij XY, ;, recalling that Y, ; is sum count over publications at
voxel j and X is the (N x P) is the spatial design matrix. Thus we can consider the

total contribution to each basis element in this simplified setting by

Zley,j, ZX]'ZY:,ja SRR ZXjPY,j
j j J

and summarise this P-vector by the maximum total foci contribution to any one basis

element
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B-spline basis ‘ knot spacing ‘ 1/2 interval shift ‘ Max total foci contribution

Cubic 4.0 No 13.7408
Cubic 5.0 No 18.7957
Cubic 7.5 No 45.3228
Cubic 10.0 No 73.8215
Cubic 15.0 No 182.0279
Cubic 20.0 No 286.8437
Cubic 30.0 No 375.7031
Cubic 40.0 No 362.0541

Table A.5: Maximum of total foci contribution per basis element for the Cue Reactivity
dataset, with the baseline experiment in bold.

Using the maximum total foci contribution per basis element as the data sufficiency
index, we calculated and compared this index across various knot spacings for one
specific dataset, the Cue Reactivity, in Table A.5. This analysis reveals that the
maximum total foci contribution per basis element increases almost monotonically with
wider spline spacings of the B-spline basis, reaching maximum levels at a spacing of 30
voxels, beyond which no significant increases were observed. Additionally, we compared
the relative bias, standard deviation (SD), difference in maximised log-likelihood values
and RMSE in Table A.5. It indicates that all cubic B-spline basis functions with knot
spacings between 4 and 20 voxels are capable of producing very accurate estimations
of the intensity function. Among these, a spline spacing of 15 voxels is the best option,
giving rise to the lowest relative bias, standard deviation, difference in maximised
likelihood value and RMSE. Previously, our practical experience with the CBMR
model indicated that a spline spacing of 10 voxels in datasets with low foci counts
can lead to singularity issues in Fisher information and result in inaccurate standard
errors. As a result, here we explore how to determine the optimal spline spacing for
datasets of different sizes to avoid numerical singularity issues as guided by our data

sufficiency index.

In table A.8, we used the intensity estimation from a spline spacing of 10 voxels as
the reference (since the true underlying intensity function is unknown) and compared
the relative bias, standard deviation, and RMSE of the CBMR with the NB model
across various spline spacings between 4 and 40. We observed that the dissimilarity
(in terms of relative bias and RMSE) increases as the spline spacing diverges from
the reference with spline spacing of 10 voxels, while the relative standard deviation

decreases as the spline spacing widens. This indicates that spline spacing significantly
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influences intensity estimation in real datasets, with larger spline spacings giving rise
to less variation in intensity estimation across different voxel locations. Additionally,
Figure A.2 and Figure A.3, present the results from 100 experiments conducted the
CBMR with the NB model for each of the 20 cognitive datasets (details provided in
Table 3.1) where these datasets were categorised into four groups according to their
total foci counts. We calculated the rate of convergence failures over 100 realisations
and compared these rates across various spline spacings and computed data sufficiency
indiex. (Each optimisation starts with random sampling of 3’s; here we only use one
initialisation for each realisation, though in practice we re-initialise on convergence

failure for real data analyses).

Our analysis revealed that different groups of real datasets require different spline

spacings (or data sufficiency indices), as outlined below:

e For datasets with fewer than 500 foci counts, we recommend a spline spacing of
30 voxels or a data sufficiency index greater than 20, as larger spline spacings
are associated with a higher data sufficiency index which helps to avoid non-

convergence.

e For datasets with foci counts ranging from 500 and 1500, a spline spacing of
20 voxels or a data sufficiency index greater than 20 is recommended. At this
spacing, the rates of failure to converge have been controlled at a very low
level, and no further reductions in failure rates were observed with larger spline

spacings.

e For datasets containing between 1500 and 4000 foci, we recommend a spline
spacing of 15 voxels or a data sufficiecy index more than 65. At this level, the
rate of failures decreased to zero, indicating successful convergence in all 100

experiments.

e For datasets with foci counts more than 4000, a spline spacing of 10 voxels or a
data sufficiency index more than 65 is recommended. For these large datasets,
there is sufficient foci contribution per basis element even with larger spline
spacing, and a spline spacing of 10 voxels helps avoid numerical singularity in

Fisher information.

We have also compared the maximised log-likelihood for each of the 20 cognitive
datasets (details provided in Table 3.1) across 100 runs of the CBMR with the NB
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| Dataset | knot spacing
| 4 E | 7.5 10 | 15 | 20 | 30 | 40
Bias | 85.87% 65.5% 38.48% 0.00% 31.83% 44.53% 52.55% 55.04%
1 SD 176.33% 137.61% 104.13% 87.33% 75.78% 63.78% 61.67% 54.83%
MSE | 7.0767¢=° | 5.4990e~° | 4.0051e™° | 3.1499¢~° | 2.9655¢~° | 2.8073e~° 2.9245¢° 2.8045¢e
Bias | 191.6% 188.56% 140.02% 0.00% 126.30% 143.2% 153.68% 159.95%
2 SD 3868.61% 3681.34% | 1894.89% | 728.63% 224.51% 171.22% 122.16% 124.829
MSE | 1.1887¢=3 | 1.1313e~2 | 5.8314e~* | 2.2362¢~* | 7.9070e~° | 6.8522¢° 6.0274e° 6.2290e
Bias | 191.42% 160.58% 74.21% 0.00% 55.01% 68.62% 75.34% 82.44%
3 SD 1582.41% 920.24% 211.92% 130.73% 96.93% 78.91% 69.44% 75.32%
MSE | 5.2983¢~* | 3.1051e % | 7.4638¢° | 4.3454e~° | 3.7049¢~° | 3.4764e~° 3.4059¢° 3.7122¢
Bias | 166.95% 130.33% 63.06% 0.00% 43.94% 50.54% 57.60% 60.04%
4 SD 896.18% 461.70% 166.37% 116.22% 87.21% 78.23% 70.80% 67.83%
MSE | 1.7039e—3 | 8.9665¢~* | 3.3253¢~% | 2.1724e~* | 1.8251e™* | 1.7404e~* 1.7054e~4 1.6925¢e
Bias | 102.27% 77.41% 41.89% 0.00% 36.68% 48.8% 57.64% 61.57%
5 SD 264.64% 190.12% 136.72% 115.62% 98.71% 86.79% 80.33% 75.94%
MSE | 1.4387¢~* | 1.0409¢* | 7.2508¢~° | 5.8621e™° | 5.3398¢~° | 5.0497¢~° 5.0148¢° 4.9595e
Bias | 98.49% 71.38% 39.93% 0.00% 33.78% 44.92% 51.31% 54.61%
6 SD 228.12% 161.59% 118.08% 99.14% 83.03% 71.05% 67.46% 59.95%
MSE | 1.1348¢~% | 8.0678¢™° | 5.6927¢~° | 4.5275¢~° | 4.0936e~° | 3.8389¢~° 3.8707¢° 3.7036e
Bias | 154.98% 116.96% 60.53% 0.00% 43.95% 58.60% 72.66% 76.76%
7 SD 730.71% 381.54% 190.41% 137.53% 115.32% 94.82% 81.46% 71.76%
MSE | 2.7209¢* | 1.4536e* | 7.2779¢~° | 5.0098¢~° | 4.4953e~° | 4.0603e° 3.9760e~° 3.8275¢e
Bias | 80.82% 61.42% 38.33% 0.00% 32.18% 41.22% 50.46% 53.56%
8 SD 196.23% 163.07% 135.44% 109.80% 96.08% 88.78% 81.64% 79.00%
MSE | 7.3694e7° | 6.0508¢7° | 4.8879¢~° | 3.8129¢~° | 3.5185¢~® | 3.3990e° 3.3329e¢6—5 | 3.3143¢
Bias | 197.88% 185.54% 93.98% 0.00% 64.04% 75.64% 83.72% 85.85%
9 SD 2189.71% 1484.66% | 290.07% 143.11% 91.46% 71.98% 63.13% 53.846%
MSE | 9.9500e~% | 6.7712e~* | 1.3799¢~% | 6.4767e~° | 5.0529¢~° | 4.7252¢~° 4.7453¢7° 4.5860e
Bias | 175.07% 129.23% 61.81% 0.00% 47.85% 57.55% 65.39% 64.84%
10 | SD 924.02% 413.72% 149.45% 103.79% 74.75% 63.66% 60.01% 50.78%
MSE | 3.8582¢~% | 1.7781e~* | 6.6347¢~° | 4.2580e° | 3.6412¢~° | 3.5208¢° 3.6410e° 3.3786¢
Bias | 100.42% 74.67% 41.29% 0.00% 36.24% 51.44% 67.23% 74.56%
11 | SD 302.45% 221.58% 167.48% 145.78% 130.8% 111.18% 95.27% 78.36%
MSE | 1.5210e=% | 1.1160e~* | 8.2328¢7° | 6.9579¢° | 6.4781e™® | 5.8466¢° 5.5654e° 5.1627¢
Bias | 59.51% 46.86% 31.61% 0.00% 25.32% 34.54% 43.39% 46.43%
12 | SD 133.43% 118.22% 102.98% 86.22% 78.66% 71.56% 66.92% 62.73%
MSE | 8.1195¢=° | 7.0674e~® | 5.9869¢~° | 4.7917e~° | 4.5925¢~° | 4.4162e6—5 | 4.4325¢~° 4.3373e
Bias | 198.52% 192.38% 121.30% 0.00% 80.00% 91.32% 98.83% 99.61%
13 | SD 2693.68% 2340.74% | 585.23% 216.71% 116.21% 89.57% 78.86% 71.72%
MSE | 4.5113e~* | 3.9228¢=* | 9.9824¢~5 | 3.6196e° | 2.3564e~° | 2.1364e° 2.1117e75 2.0501e
Bias | 147.03% 147.06% 141.87% 0.00% 177.53% 185.28% 189.74% 192.12%
14 | SD 5499.95% 5500.63% | 5164.26% | 2567.68% | 382.94% 201.42% 129.23% 148.33%
MSE | 1.4306e=3 | 1.4307e™3 | 1.3433¢73 | 6.6762¢~* | 1.0975¢~* | 7.1158¢~° 5.9691e° 6.3110e
Bias | 61.14% 48.01% 30.33% 0.00% 25.52% 36.86% 45.54% 50.12%
15 | SD 135.25% 120.18% 105.26% 95.58% 87.24% 78.39% 73.93% 66.47%
MSE | 7.7930e™° | 6.7951e~® 5.75136;;1 5.0183e° | 4.7728¢~° | 4.5481e~° 4.5590e~° 4.3711e
Bias | 106.78% 79.12% 43.33% 0.00% 35.58% 50.5% 62.55% 65.18%
16 | SD 292.45% 200.44% 143.39% 117.93% 101.4% 86.01% 78.87% 68.37%
MSE | 1.0351e~* | 7.1642¢~° | 4.9800e=° | 3.9206e~° | 3.5726e¢° | 3.3160e° 3.3467¢~° 3.1405¢




Bias | 198.0% 193.39% 115.88% 0.00% 74.11% 85.73% 95.32% 98.57%
17 | SD 2549.71% | 2239.09% | 471.09% 172.02% 96.78% 76.27% 63.3% 58.98%
MSE | 5.1769¢~* | 4.5495¢=% | 9.8206e~° | 3.4822¢~° | 2.4675¢~° | 2.3228¢75 | 2.3163e~° | 2.3253¢~°
Bias | 104.83% 77.16% 43.33% 0.00% 38.09% 59.29% 72.81% 78.34%
18 | SD 340.22% 234.88% 187.97% 163.09% 145.22% 119.39% 106.13% 93.61%
MSE | 1.6885¢~* | 1.1726e~% | 9.1489¢~° | 7.7354e~° | 7.1205¢° | 6.3224¢° | 6.1041e™° | 5.7894e~°
Bias | 183.14% 169.13% 108.53% 0.00% 91.59% 108.5% 126.61% 130.17%
19 | SD 3166.52% | 2614.67% | 1225.12% | 610.3% 356.0% 283.14% 231.17% 207.65%
MSE | 1.0340e=3 | 8.5412e~% | 4.0093e~* | 1.9895¢* | 1.1983¢~* | 9.8843e~5 | 8.5919¢~° | 7.9892¢~°
Bias | 163.83% 138.05% 73.84% 0.00% 62.3% 87.26% 96.93% 109.48
20 | SD 1318.59% | 935.59% 345.83% 253.51% 196.2% 152.56% 138.69% 110.45%
MSE | 1.2851e™3 | 9.1470e% | 3.4203e~% | 2.4520e~* | 1.9910e* | 1.6999¢~* | 1.6366e~* | 1.5041e~*

Table A.8: Relative bias, standard deviation (SD) and relative MSE for each of the 20
cognitive datasets (details provided in Table 3.1), with a spline spacing of 10 voxels as
reference (as the underlying intensity function is unknown).

model, using different spacings of cubic B-spline bases and a reference of spline spacing
of 10 voxels. As depicted in Figure A.4, maximised log-likelihood values decrease
with larger B-spline basis knot spacings. These findings supports the conclusion that
B-spline bases with smaller knot spacings are able to capture finer details and can
produce more accurate estimations of intensity function. Although higher maximised
log-likelihood values are associated with smaller spline spacing (less than the reference
of 10 voxels), they mostly occur in datasets with relatively small foci counts. This
could be linked to numerical singularity in estimating Fisher Information matrix and
reduced accuracy in standard error estimates. Additionally, for any specific dataset,
the relatively high maximised log-likelihood values associated with smaller spline knot

spacings might due to overfitting.

A.4 Statistical inference and generalised linear hy-
pothesis testing

A.4.1 Contrasts on regression coefficient of publication-level
covariates

To investigate the effects of publication-level covariates (e.g., sample size, year of

publication) on activation intensity estimation, we conduct generalised linear hypoth-
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esis testing on the regression coefficients 7. For every publication-level covariate

P)/T7VT: 17 S,
o Hy:Cy=0C,vi,7 7). =0F , where C., is the contrast matrix of size
m x s(m < s)

[ J Hl 2077207[71;72’.“ 775] #Omxl

The covariance of the regression coefficient v, Cov., = Cov([y1, 72, - ,7s]") is approxi-
mated from the inverse of the Fisher Information matrix. According to the asymptotic

normality of the maximum likelihood estimator,

¥ = 2>N( sxlaCOV’Y)
Cy (3 —~) 2 N (0T, C,Cov,CT)
0,5 2 N (Cyv, C,Cov, CT)

Since a quadratic form of normal distribution has a Chi-square distribution,
. _ N\ D
(O’Y,}/)T(CWCOVWC'?) 1(077) — ng,

for example, the contrast matrix C, = [1,0] or [0, 1] is for testing if the regression

coefficient of the 1% or 2"¢ publication-level covariate is zero.

A.4.2 PP-plots of spatial homogeneity tests for each 20 meta-
analytic datasets

Previously, we displayed only the PP-plots of spatial homogeneity tests for four
representative datasets in Section 4.3.1. Here, we will include all PP-plots for 20

meta-analytic datasets in Figure A.5.

A.4.3 Likelihood-based comparison between Poisson, NB and
clustered NB model

To demonstrate the likelihood-based comparison between the Poisson, NB and clustered
NB model, we plot the maximised log-likelihood and AIC for each of the 20 meta-
analytic datasets in Figure A.6 and Figure A.7. We also conduct a Likelihood ratio
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test (LRT) to evaluate the trade-off between model sufficiency and complexity. Here,
we only list the p-values of the LRT between the Poisson and clustered NB model in
Table A.9, as p < 107® for the LRT between the Poisson and NB model for each of

the 20 meta-analytic datasets.

Table A.9: p-values of Likelihood Ratio test between Poisson and clustered NB model

Dataset ‘ p-value ‘ Dataset ‘ p-value ‘ Dataset ‘ p-value
Social Processing | p < 1078 | PTSD p < 1078 | Substance Use p <1078
Dementia p < 1078 | Cue Reactivity p < 1078 | Emotion Regulation | p < 1078
Decision Making | p < 1078 | Reward p < 1078 | Sleep Deprivation p <1078
Naturalistic p < 1078 | Problem Solving p < 1078 | Emotion p <1078
Cannabis Use 1 Nicotine Use p < 1078 | Frontal Pole CBP p <1078
Face Perception p < 1078 | Nicotine Administration | 0.99 Executive Function | p < 1078
Finger Tapping 0.99 n-Back p<10-8

A.4.4 Effect of publication-level covariates

Here, we investigate the effect of publication-wise (square root) sample size and year
of publication (after centring and standardisation) on each of the 20 meta-analytic
datasets. Under the null hypothesis that regression coefficient of each covariate is
not distinguishable from 0 (7; = 0 for ¢« = 1, 2), we conduct hypothesis testing and

summarise the Z—score and p—value in Table A.10.

A.5 Comparison of ALE and CBMR activation maps

In addition to the comparison shown in Figure 3.5 in Section 3.4.3, which represents
uncorrected activation maps generated using CBMR and ALE for the Cue Reactivity
dataset, Figure A.8 to Figure fig. A.16 also provide comparisons of uncorrected
activation maps produced by CBMR and ALE for other coordinate-based meta-

analytic datasets with varying numbers of reported foci.

A.6 Comparison with Bayesian LGCP regression

To validate the accuracy of intensity estimation and the detected activation regions

generated by our CBMR approach, we reached out to the authors of the Bayesian
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Table A.10: Hypothesis testing on the effect of two publication-level
covariates on 20 meta-analytic datasets

| (Square root) sample size| Year of publication

Dataset ‘ Z —score p-value ‘ Z —score p-value
Social Processing 10.9053 p <1078 0.4164 0.6771
PTSD 2.8789 0.004 0.6029 0.5466
Substance Use 4.3887 1.1404 x 10~ | 6.8398 p <1078
Dementia 20.7177 p <1078 —1.3985 0.1620
Cue Reactivity 6.1454 p <1078 —0.6880 0.4915
Emotion Regulation 6.8934 p <1078 —3.9588 7.5329 x 1075
Decision Making 4.1104  3.9499 x 10~° | 0.1060 0.9156
Reward —0.1228 0.9022 - -

Sleep Deprivation 12.8765 p <1078 0.4201 0.6744
Naturalistic 1.7038 0.0884 0.5395 0.5896
Problem Solving 4.3079  1.6485 x 107° | 2.2789 0.0227
Cannabis Use 3.5915 3.2878 x 1074 | 2.2117 0.0270
Nicotine Use 5.0024  5.6631 x 107 | 3.1836 0.0015
Frontal Pole CBP 5.5190  3.4101 x 10~% | 7.4040 p<10~8
Face Perception 3.4090 6.5212 x 10~* | 5.1018 3.3651 x 1077
Nicotine Administration| 1.4594 0.1445 —1.0516 0.2930
Executive Function 1.6989 0.0932 0.5047 0.6138
Finger Tapping - - 0.1764 0.8600
n-Back 1.4616 0.1439 0.1239 0.9014

log-Gaussian Cox Process regression (LGCP; as detailed in [Samartsidis et al., 2019]).
LGCP is a fully Bayesian random-effect meta-regression model capable of estimating
activation intensity through a simulation-based approximation of the posterior using
Markov Chain Monte Carlo (MCMC) methods, and it also accounts for publication-
wise heterogeneity, similar to our CBMR approach. After obtaining the source code

for their method, we applied it to the Cue Reactivity dataset for comparative analysis.

In the absence of p-value maps in the Bayesian LGCP approach, we chose to compare
the estimated intensity maps generated by both the CBMR and LGCP methods, as
presented in Figure A.17a and figure A.17b below (both are thresholded at 2 x 1079).
Our analysis indicates significant consistency in the activation regions identified by
these two approaches, particularly in the left cerebral cortex, frontal orbital cortex,
insular cortex, and left and right accumbens. While we noticed that the activation
regions identified in the CBMR intensity map appeared more isolated. However, these
regions appeared more cohesive in the p-value maps when we controlled the false
discovery rate (FDR) using the BH method (see Figure 3.6).

Although the LGCP model is a robust Bayesian meta-regression model that includes

random-effect terms to address publication-wise heterogeneity, it’s mathematically
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complex, and its MCMC algorithm requires approximately 30 hours of computational
time on an NVIDIA Tesla K20c GPU card, in contrast to approximately 537.52 seconds
(approx 9 minutes) required for the CBMR with the NB model (tested on an Intel
Xeon Gold 6340R CPU) for the Cue Reactivity dataset. Therefore, we believe our
CBMR approach offers a computationally efficient alternative to the LGCP model,

while still achieving comparable accuracy.
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Figure A.2: Rate of failure to converge in 100 experiments for each of the 20 datasets
(details provided in Table 3.1) across various data sufficiency index, categorised into 4
groups according to their total foci counts.
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Figure A.3: Rate of failure to converge in 100 experiments for each of the 20 datasets
(details provided in Table 3.1) across various spline spacings, categorised into 4 groups
according to their total foci counts.
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Figure A.4: Relative difference in maximised log-likelihood for each of the 20 cognitive
datasets (details provided in Table 3.1), with a spline spacing of 10 voxels as the
reference. The size of scatters reflect the total foci counts for each dataset.
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Figure A.5: P-P plot of p-value (under —log,, scale) with all of 20 meta-analytic
datasets, estimated by CBMR with NB model without publication-level covariates,
sampled with model-based approach.
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Figure A.6: Likelihood-based comparison of CBMR with Poisson, NB and clustered
NB models (difference in maximised log-likelihood values, with Poisson model as the
reference). We found that the maximised log-likelihood value of NB model is always
the highest, while for some datasets, the difference of maximised log-likelihood values
between clustered NB and Poisson model is negligible, therefore, the existence of
excess variance has been justified among CBMA data.
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Figure A.7: Likelihood-based comparison of CBMR with Poisson, NB and clustered
NB models (difference in AIC, with Poisson model as the reference). We found that
the AIC of NB model is always the smallest, while for some datasets, the difference
of AIC between clustered NB and Poisson model is negligible, therefore, the least
information loss is observed in NB model.
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Figure A.8: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as — log,, p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Social Processing dataset (599 experiments, 4,934 foci). Axial slices are presented
at 2 = —24,-12,0,12, 24, 36, 48.
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(b) —logio(p) map generated by CBMR (with NB model)

Figure A.9: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —logy,p) generated by ALE (with FWHM=14) and CBMR (with NB model)
for the Emotion Regulation dataset (338 experiments, 3,543 foci). Axial slices are
presented at z = —24, —12,0, 12, 24, 36, 48.
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Figure A.10: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —logy,p) generated by ALE (with FWHM=14) and CBMR (with NB model)
for the Reward dataset (850 experiments, 6,791 foci). Axial slices are presented at
z=—24,—-12,0,12,24, 36, 48.
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(b) —logio(p) map generated by CBMR (with NB model)

Figure A.11: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —logy,p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Naturalistic dataset (122 experiments, 1,220 foci). Axial slices are presented at
»=—24,-12,0,12,24, 36, 48.
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Figure A.12: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as — log,, p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Problem Solving dataset (282 experiments, 3,043 foci). Axial slices are presented
at z = —24,—12,0,12,24, 36, 48.
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(b) —logio(p) map generated by CBMR (with NB model)

Figure A.13: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —logy,p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Emotion dataset (1,738 experiments, 22,038 foci). Axial slices are presented at
z=—24,-12,0,12,24, 36, 48.
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Figure A.14: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as — log,, p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Frontal Pole CBP dataset (795 experiments, 9, 525 foci). Axial slices are presented
at z = —24,—12,0,12,24, 36, 48.
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Figure A.15: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —logy,p) generated by ALE (with FWHM=14) and CBMR (with NB model) for
the Face Perception dataset (385 experiments, 2,920 foci). Axial slices are presented
at z = —24, —12,0, 12, 24, 36, 48.
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Figure A.16: Activation maps (for significant uncorrected p-values, p < 5%, displayed
as —log,op) generated by ALE (with FWHM=14) and CBMR (with NB model)
for the Executive Function dataset (243 experiments, 2,629 foci). Axial slices are
presented at z = —24,—12,0, 12,24, 36, 48.
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Figure A.17: Estimated intensity maps for the Cue Reactivity Dataset with CBMR
(with NB model) and LGCP approaches
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Appendix B

Appendix for CBMR: Meta
Regression and Inference for

Coordinate Based Meta Analysis Data
Across Multiple Groups

B.1 Roughness penalty of spline bases

In the CBMR framework, we used spline parametrisation to construct the spatial model.
However, in practice, we found that the curvature of the spline basis function often
becomes excessively large, adversely impacting numerical stability and subsequent
stages of CBMR inference. To address this issue, we introduced a penalty term for
the B-spline basis to regularise the roughness of the spline basis functions. Following

the definition of B-spline, we have

fa(@) = Zaz‘@z’(ﬂf), fy(y) = Zﬂjbj(y), f(2) =) ken() (B.1)

as the B-spline curves on z,y, z direction, where o, 3;, d;, are parameters and a;, b;, i,
are known B-spline basis functions. As we construct the coefficient matrix C' of
3—dimensional B-spline bases by taking tensor product of coefficient matrices along
x,y, z direction (C = C, ® C, ® C,), the 3—dimensional B-spline bases d(z,y, z) is
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given by the product of marginal B-spline basis in z,y, z direction,

S
foye(@,9,2) = ) veda(,y, 2
s=1

=22 D mas()by ()en(2)

i=1 j=1 i=k
Suppose that each marginal B-spline basis (f,, fy, f.) has an associated function

(Js, Jy, J.) that measures wiggliness, an example of a penalty function is the cubic

spline penalty,

T
Je = A / |2 (z)Pdx = A, /[Z aal (z))*dx
r Toi=1

(B.3)

=\ / a'd(z)a" (z) " adr = N, - aT(/ a"(x)a"(z) " dx)a
where (I x 1)—vector of weights is o = [y, -+, a]" and (I x 1)—vector of cubic
B-spline bases is a(x) = [ay(x),- - ,a;(x)]", therefore, a”(z) = [a(z),--- ,a}(z)]"

represents the vector of second derivatives of the basis functions, and each element is
first order since a;(x) is a cubic B-spline basis. For the penalty term, let d;;x(z,y, 2)
denotes 3—dimension B-spline bases after taking tensor product of B-spline bases on

each of x,y, z dimension, similarly,

nyz(fa:yz) = Azyz/ |fa,c/yz(x7ya z)|2da:dydz :/ Z’yljkdz]k r,y,z )] diL’dde
T,Y,2 T,y,2

ijk

= Az / v di (2, y, 2)d (2, y, 2) Tydadydz
x,Y,z

P / 0,9, 2) e, . 2) T dadydz)y
I'7y,Z

= >\x,y7z7TSxyz7
(B.4)

Here, vis a I.JK x1 vector, and d”’(x, vy, 2) = [di11(z, v, 2), dio(2, 9, 2), - -, dryrc(x,y, 2)] "

also has dimension IJK x 1, if there are I, J, K B-spline bases on z,y, z dimension
respectively. Sy,. = fwz d"(z,y,2)d"(x,y, 2) "dedydz is an IJK x I.JK matrix, and

its 17k element,
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/ Z]k) (%, Y, Z)d;/’j’k’ (.’I, Y,z d:cdydz - / b” ( )CL;// (l’)bg/(y)ch(Z)dl’dde
z,Y,z

oy / d 2)( / ([ dE )

(B.5)

If we define I x I matrix A” = [ a”(x)a”(x)" dz with i element equal to [ af (z)a}(z)dx.
Similarly, we define B” = [ "(y)b"(y)"dy and C" = [ ¢"(z)c"(2)" dz, therefore, Equa-

tion B.5 becomes,
/ dis(x,y, 2)dy 51 (2, y, 2)dedydz = Ay BY Cyl (B.6)
x7y7z

B.2 Log-likelihood function in CBMR regression

B.2.1 Model factorisation: Poisson model

In meta-regression, we employ model factorisation to replace the full (A, N)—vector
of foci counts for each group g with sufficient statistics, reducing the dimensionality to
no more than M, or N). Leveraging the model structure and desirable property of the
Poisson process — where the sum of multiple Poisson random variables is also Poisson
— we simplify the total log-likelihood function for a dataset containing G' groups as

follows:
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G
l(e) :l(ﬁla 7BG7 Zl Bga
g=1

_ Z Z Z jlog(peij) — piy — log(Yi;!)]
g=1 i=1 j=1
G My
:ZZZY;JIOgMU ZZMU
g=1 i=1 j=1 i=1 j5=1
G
Z Z Z Y;;)[log( ug] + log( Nl Z Z '“gJ'u% (B.7)
g=1 i=1 j=1 i=1 j=1
G = My N " My
ZZ i log (1) +ZY§sloguz D ) D]
—1 =1 1 =1
e ‘.
=N v, log(ul) + Z Ylog(uf) =Y 117
g=1 j=1 i=1 g=1
c G
= DY, log(ug) + Y, log(u?) = 3 117415
g=1 g=1

B.2.2 Model factorisation: Negative Binomial (NB) model

Similarly, we apply model factorisation with a Negative Binomial model to ensure that
the dimensionality of each statistic are does not exceed N or M, for group g. However,
since the Negative Binomial is not technically a spatial point process, the sum of
multiple NB variables does not follow a Negative Binomial distribution. Consequently,
we employ a moment matching approach — matching the first two moments (mean
and variance) — to approximate the distribution of the sum of multiple independent

NB variables with another Negative Binomial distribution.
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0) = U(Br,--+ , Ba, ot ag,y) = By, 0, 7)

g=1
G M N
=D D> [logD(Yy + ;") —log (Y + 1) = log I'(ag ) + Y log(agpy) — (Vi + o) logl
g=1 i=1 j=1
G M N Yij—1
=> > | Z log(k +a, ")} —log I'(Yi; + 1) + Yy log(ay) + Yijlog(uiy) — (Vi + oy 7) Ic
g=1 i=1 j=1
G M N M N M N
= Z[(ZZYJ log(a Zzlog(1)> + (ZZ%) log(a)
g=1 \i=1 j=1 i=1 j=1 i=1 j=1
M N P M N
Y, (z kmzzw%) 3OS, a1+ )]
i=1 j=1 = i=1 j=1

(B.8)

According to moment matching approach, for voxel j, we assume Yy; = > Y;; ~

NB(ry;, py;), where

(Z pis)*

/ 711 Fogj

Tgj = % -,
Zl Hig g 210
i= i=
M, M, (B.9)
> /%zj > ,u?j
ro_ i=1 _ i=1
Pgj = My Mg - Mg
agt D g+ DLy oy e+ D
i=1 i=1 i=1
with corresponding excess variance for each group g,
Mg
2
Z /’L’L] 231 IU/Z]
1=
oy = Qg Mg = q, o (B.10)
97

(7; f1i5)?

Therefore, the simplified NB log-likelihood function is given by,

G
l(e) = l(ﬁh aBGaO/h' o 70/6‘7’7) = Zl(ﬁg,a’g,y)
g=1

G N
=> ) [logT'(Yy; + ;) —log T(Yy; + 1) — log T'(rf;) + 14 log(1 — pl;) + Yy; log(p)]
(B.11)
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B.3 Group-Wise Comparison of Activation Regions

Below, we present group comparisons for two additional pairs within the Cue Reactivity

dataset: Drug versus Reward, and Natural versus Reward.
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(a) ALE subtraction analysis for comparison of activation regions between Drug-Neutral and
Reward-Neutral groups
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(b) Z-statistics map generated by parametric statistical tests (see Equation 4.10) for group
comparison
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(c) Z-statistics map generated by parametric bootstrap method for group comparison

Figure B.1: Differences in activation regions between the Drug and Reward groups:
results from ALE subtraction analysis, parametric statistical tests, and the parametric
bootstrap method.
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(a) ALE subtraction analysis for group comparison
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(b) Z-statistics map generated by parametric statistical tests (see Equation 4.10) for group
comparison
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(c) Z-statistics map generated by parametric bootstrap method for group comparison

Figure B.2: Differences in activation regions between the Natural and Reward
groups: results from ALE subtraction analysis, parametric statistical tests, and the
parametric bootstrap method.
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Appendix C

Appendix for Efficient Lesion
Estimation Using a Spatial Poisson

Process and a Scalable Approximate
Model

C.1 Generic GLM structure

C.1.1 Poisson approximation for low-rate Bernoulli distribu-
tions

We assert that Poisson approximation is equivalent to the low-rate Bernoulli model,
when the brain lesion counts are restricted to either 0 or 1 per voxel in each subject.
Let Y;; represent the brain lesion count at voxel j for subject ¢, where Y;; € {0,1}. Let
pi; represent the probability of brain lesion at voxel j for subject 7, let \;; represent
the Poisson mean parameter at the same voxel, where p;;, A;; € (0,1), n;; = log(p;) is
the log-transformed probability. The odds ratio (i.e., the ratio of brain lesion presence
to absence) of the GLM with Bernoulli distribution and logit link function is given by
B 1
L+ exp(—ny)

Py, =1) pij _ 1/(1+exp(=ny))

ratioBernoulli = = =
e P(Y;=0) 1—py exp(—ny)/(1+ exp(—n;

Dij
(C.1)
)) = eXP(Uij)

Now, if we restrict the Poisson distribution to only ¥ = 0 and Y = 1 events in the

GLM with log link, we have to normalize these probabilities so they sum to 1,
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P(Y;; =0) e~ i
P(Y;; =0) = J =
(¥ =0) P(Yi;=0)+P(Y;; =1) e i+ \je
Py =)= Pl e c2)
YT P =0)+ P(Yy=1) e i+ \je N
. P(Yy =1)
= 1atlopeisson P(Y;j — 0) = >\’L] — eXp(an>

Therefore, we have justified that a GLM with log link and Poisson distribution
restricted to {0,1} has the same probability ratio as a GLM with logit link and
Bernoulli distribution with parameter p;; at voxel j for subject 7, making the Poisson

approximation equivalent to Bernoulli distribution.

C.1.2 Incorporation of quadratic and cubic terms in the co-
variate matrix

The most basic covariate matrix Z (of size M x R) contains R columns, each correspond-
ing to a covariate in the generic GLM framework defined by: log(u) = log|E(Y)] =
X = (Z® B)p . However, in practice, we observed that using a standard Z covariate
matrix consisting only linear covariate terms may not provide sufficient flexibility to
accurately capture the intensity estimation p, primarily because p = exp[(Z ® B)f]
implied an exponential relationship. Consequently, to improve model flexibility, we
extended the covariate matrix Z by including quadratic and cubic polynomial terms
of the covariates. We illustrate the comparison between lesion probability estimations
derived from models with only linear terms versus those including up to cubic terms, in
both the homogeneous settings (Figure C.1) and the Gaussian-bumped setting (Figure

C.2) below, using four subject-specific probabilities selected based on quantiles.

We observed overshoots and under-estimation when using a GLM with only linear term
of covariates. In contrast, the GLM including up to cubic polynomial terms provides
probability estimates that closely match the actual underlying probability function,

thus justifying the inclusion of cubic polynomial terms in the GLM framework.
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(a) GLM including only linear terms of covari-

ates.
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(b) GLM including cubic polynomial terms

Figure C.1: Estimation of brain lesion probabilities in a 1D setting with homogeneous
background signals and homogeneous covariate-associated intensities for two groups
containing 2000 and 4000 subjects, respectively. The Generalized Linear Model (GLM)
was fitted using either linear (Figure C.1a) or cubic polynomial (Figure C.1b) terms
of the covariates. The comparison between actual (orange line) and estimated (blue
line) lesion probabilities is presented.
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Figure C.2: Estimation of brain lesion probabilities in a 1D setting with Gaussian-
bumped background signals and Gaussian-bumped covariate-associated intensities for
two groups containing 2000 and 4000 subjects, respectively. The Generalized Linear
Model (GLM) was fitted using either linear (Figure C.2a) or cubic polynomial (Figure
C.2b) terms of the covariates. The comparison between actual (orange line) and
estimated (blue line) lesion probabilities is presented.
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C.1.3 Modelling age effects with linear or cubic terms in UK
Biobank data

We have demonstrated that the difference between the linear fit and the cubic polyno-
mial fit is minimal when modelling the log-transformed empirical lesion probabilities
at the 100 voxels with the highest incidence among 13,677 UK Biobank subjects, with
respect to age (46 — 80 years), as shown in Figure 5.3. Nonetheless, we present the
fitted lesion probabilities using a cubic polynomial of the age covariate below in Figure

C.3, for comparison with the linear fit shown in Figure 5.4
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& “
(a) Empirical lesion probability ,/p D
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0 &5 4% 3% at

z=0 z=6 z=12 z=18 z=2 z=30 2=36

(b) Estimated lesion probability 1/p: cubic age covariate, 20mm spline spacing
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(c) Estimated lesion probability v/p: cubic age covariate, 10mm spline spacing

Figure C.3: Comparison between square-root transformed empirical lesion probability
(1/p) and model-fitted lesion probabilities (1/p) across 13,677 UK Biobank participants.
Lesion probabilities are fitted using spline spacing of either 20 or 10mm, incorporating
a cubic polynomial for the age covariate. Other covariates, including sex, head size
and CVR factors, are modelled linearly in all analyses.
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C.2 Model factorisation

C.2.1 Scalable approximate multivariate modelling of binary
image data

Suppose there are M subjects indexed by ¢ = 1,--- , M, N voxels indexed by j =
1,---, N, P basis elements indexed by p = 1,---, P and R regression coefficient
indexed by r =1,--- | R. Let B(IN x P) denote the spatial matrix of cubic B-spline
bases, Z(M x R) the covariate matrix, and Y (MN x 1) the vector of data for all

subjects and voxels. The log-linear regression is,
logE(Y)=n=Xp (C.3)

where X = Z ® B is a matrix with dimension (M N x PR), the regression coefficient
[ has dimension PR x 1. We propose a scalable approximate model based on the

following steps:

e By leveraging the computational efficiency of the separable model (Yu et al.
[2024]) described in Section 5.2.2; we obtain a separable fit for brain lesion

intensity at the voxel level, expressed as ji;; = i7 ﬂf,

e Given the extremely high dimensionality of the weight matrix W %) = dz‘ag(ug-c)),
where ¢t = 1,--- ,M,j5 = 1,--- | N, as well as the substantial computational
burden of inverting (X TW® X) in each iteration k of IRLS, we fix the weights

for all future iteration as W = (f1;;). For iteration k, we compute

u = exp((Z @ B)BY)]
B = g0+ (X TWX) X T(Y — V) (C.4)
W =W, Wp
where Wy, = diag({p }iz1,.. m), Wa = diag({pF'};=1... v). Hereafter, we refer
(XTWX)~! as pre-conditioner and X T(Y — u®) as gradient.

Using properties of Kronecker product, we simplify the computation of (XTW X)~!
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(dimension: PR x PR) as follows:

WX = (WY oWy (Z® B) = (W,*Z) & (W)*B)
(XTWX)™ = [(WY2X)TWRX]T = {(W,22)T @ (WyB)[(Wy/*2)  (Wy/*B)])} !
={[Z"W,Z) @ [BTWpB)} ™"
= [Z"W3Z] ' @ [B"WpB]™!
(C.5)

where [ZTW;Z]~* has dimension R x R, [B'WgB]~! has dimension P x P. Since
we have computed W = diag(fi;;), the preconditioner (X "W X)~! only needs to be

computed once using Equation C.5 and remains fixed throughout all iterations.

Afterwards, we compute the mean of log linear response of GLM: n = X = (Z® B)
and the mean of intensity estimation from the GLM for iteration (k), using the

following approach:

1
it =11 ® In)(Z  B)Y

_ %(1}42) % BA® (C.6)

. 1
i = — (15, ® Iy) expl(Z © B)3")]

where (1},7) ® B has dimension N x PR, 7t*) and fi*) has dimension N x 1.
As for the gradient and residue term X' (Y — p®)) in IRLS, updating it at each

iteration is unavoidable. Therefore, we employ a Taylor expansion of u*) around the

point exp(1y ® 7*) as follows

exp[(Z ® B)B™] ~ exp(1y @ ™) + [(Z @ B® — 1y @ 1)) © exp(Ly @ 7™)]
=1y @ exp(7™) + [Z ® BE® — %Lw ® (13,Z) ® BB © [1y @ exp(7™)]
= 1y @ exp(n™) +[(Z — %w ® (13,2)) @ BFW] © 1y @ exp(™)]

1
= 1y ®exp(™) + [(Inr — MlMlL)Z ® BAW] © [1a @ exp(7¥)]
(.7)

At iteration k, the gradient term X T (Y — u®) can be further reduced dimension as
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follows,
XY —pu®)=XTy - XTp®
=(Z"®@B")Y —(Z" @ BN exp|(Z @ B)B%)]
—vec(Z'YB) — (Z" @ B") {1y @ exp(7®) + [(Ins — %11\41}4)2 ® BBW)]

© [1y @ exp(n) ]} (x)
(C.8)

e Trick 1: Let Y (M x N) represent the reshaped data vector Y (MN x 1), and
use vec(Z Y B) = (ZT ® BT)Y to avoid Kronecker product computation,

e Trick 2: Define Z = [I; — +-1311,]Z as the column-centred (demeaned) version

of Z.

(%) = vec(Z Y B) — (Z 1a) @ (B exp(i)®) — (2" @ BN)[(Z @ B)B®™] © [1ar @ exp(7)®]
= vec(ZTY B) = (Z"1x) ® (BT exp()) = (27 @ BT)[vee(ZBM BT) © (1 @ exp() V)]

= vec(ZTY/B) — (ZTlM) ® (BT exp(ﬁ)(k)) — (ZT ® BT)vec[Zﬁ(k)BTdiag(exp(ﬁ)(k))]
(C.9)

=

e Trick 3: Let B(k)(R x P) represent the reshaped parameter %) (PR x 1), then
(Z ® B)B® = vec(ZB™BT),

o Trick 4: vec[Z3® BT diag(exp(i))] = vec(ZBMBT) ® (1m ® exp(i])) because
row-wise multiplication with a vector is equivalent to matrix multiplication of

diagonal matrix (with the vector on the diagonal),

e Trick 5: Let B = diag(exp(7)® B) has dimension N x N,

(%) = vec(Z'YB) — (Z 1) @ (BT exp()®) — (27 @ B )vec[Z* B
—vec(Z"YB) — (Z"1y) @ (BT exp()®) — (ZT @ BN [Z @ Bp®]  (C.10)
= vec(Z'YB) — (Z"1y) ® (BT exp(in)®) = [(27Z) @ (BT B)]p"

[ ]

e Trick 6: (Z® B)B%® = vec[Z3® BT], which converts back to Kronecker product

for future simplification.

212



Here, Z" Z has dimension R x R, BT B has dimension P x P. The vectors vec(Z'Y B),
(ZT13) @ (BT exp(7)®) and [(ZT Z) ® (BT B)]f™ all have dimensions PR x 1. Thus,
the updating equation f*+Y) = %) 4 (XTW X)X (Y — u®) has been simplified
to only involve terms without the prohibitively large dimension M N. Additionally,
the dimensions P and R, corresponding to the number of spatial bases and covariates
respectively, are typically moderate and manageable in size. Thus, this approximate
model offers strong scalability, remaining computationally efficient even with an

increase number of subjects.

C.2.2 Assessing inference validity in the scalable approximate
model factorisation

We further evaluate the validity of the scalable approximate model factorisation using
PP-plots, where the exact gradient is combined with the approximate preconditioner
at each iteration. Derivations from the diagonal line y = x indicate discrepancies,

while alignment with the diagonal suggests that the inference outcomes are valid.

C.3 UK Biobank Application

C.3.1 Statistics maps for inference using UK Biobank data

Figure C.6 presents the corrected significance maps, showing FDR-corrected Z-scores
at the 5% level
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(a) PP-plot with standard error estimated using Fisher Information

group 0 - group_1: 4.11% voxels rejected group 1 - group 0: 6.86% voxels rejected

95% Beta CI
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(b) PP-plot with standard error estimated using the sandwich estimator

Figure C.4: PP-plots (uncorrected p-values on a —logy, scale) for spatially homoge-
neous signals, generated using the scalable approximate model with exact gradient and
approximate preconditioner, are shown for hypothesis testing of group comparisons
between two groups with different sample sizes (group 0 with 2000 subjects and
group_ 1 with 4000 subjects). Standard errors are estimated using either Fisher
Information or the sandwich estimator.
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(a) PP-plot with standard error estimated using Fisher Information
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(b) PP-plot with standard error estimated using the sandwich estimator

Figure C.5: PP-plots (uncorrected p-values on a —logyq scale) for Gaussian-bumped
signals located at the centre of the 3D space, using the scalable approximate model
with exact gradient and approximate preconditioner. These plots illustrate hypothesis
testing for group comparisons between two groups with different sample sizes (group 0
with 2000 subjects and group 1 with 4000 subjects), using standard errors estimated
with Fisher Information or the sandwich estimator.
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(a) Z-score map showing the effect of the age risk factor
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(b) Z-score map showing the effect of the CVR risk factor

Figure C.6: Significance maps (FDR~corrected Z-scores at the 5% level) for two risk
factors, age and CVR, fitted via regression using the proposed scalable approximate
model on 13,677 UK Biobank subjects. The significance maps assess voxel-wise
significance of each risk factor’s effect at a 5% significance level.
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