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Abstract

The promise constraint satisfaction problem (PCSP) is a recently introduced vast generalisation
of the constraint satisfaction problem (CSP) that captures approximability of satisfiable instances.
A PCSP instance comes with two forms of each constraint: a strict one and a weak one. Given the
promise that a solution exists under the strict constraints, the task is to find a solution under the
weak constraints.

Austrin, Guruswami, and Hastad [SICOMP’17] showed that the problem of distinguishing k-CNF
formulas that are g-satisfiable (some assignment satisfies at least g literals in every clause) from those
that are not even 1-satisfiable is NP-hard if { < % and is in P otherwise. We study a generalisation of
SAT on arbitrary finite domains, with clauses that are disjunctions of unary constraints, and establish
analogous behaviour. Thus we give a dichotomy for a natural fragment of PCSPs on arbitrary finite
domains. The hardness side is proved using the algebraic approach via a new general NP-hardness
criterion on polymorphisms, which is based on a gap version of the Layered Label Cover problem. We
show that previously used criteria are insufficient, and so this problem gives an interesting benchmark
of algebraic techniques for proving hardness of approximation in problems such as PCSPs.

Next we turn to non-symmetric PCSPs. While there now exist several dichotomy results for
fragments of PCSPs, they all consider PCSPs that are symmetric in some way. 1-in-3-SAT and Not-
All-Equal-3-SAT are classic examples of Boolean symmetric CSPs. While both problems are NP-hard,
Brakensiek and Guruswami showed [SICOMP’21] that given a satisfiable instance of 1-in-3-SAT, one
can efficiently find a solution to the corresponding instance of (weaker) Not-All-Equal-3-SAT. In other
words, the PCSP template (1-in-3, NAE) is tractable. We study PCSP templates obtained from the
Boolean template (t-in-k, NAE) by either adding tuples to t-in-k or removing tuples from NAE.
For the former, we obtain an “algorithmic dichotomy” and classify all templates as either tractable or
not solvable by one of the strongest known algorithms for PCSPs, the combined basic LP and affine
IP relaxation of Brakensiek et al. [SICOMP’20]. For the latter, we classify all templates as either
tractable or NP-hard.

Finally, we investigate problems of the form PCSP(1-in-3, B) for B over an arbitrary finite domain.
Barto, Battistelli, and Berg [STACS’21] almost completely classified such templates over domain size
three, and suggested that over arbitrary domains, (1-in-3,NAE) and (1-in-3, C3) might be the

only tractable templates, where C3 is a relation representing a 3-cycle. Through a connection to
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number theory, we exhibit an infinite family of tractable templates, of which (1-in-3, NAE) and
(1-in-3, C3) are the simplest members. We conjecture that this family contains all tractable cases
of PCSP(1-in-3,B), and we prove NP-hardness or non-solvability by BLP+AIP for certain PCSPs

outside the family.
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Chapter 1

Introduction

How hard is it to find a 6-colouring of a 3-colourable graph? We do not know but believe it to be NP-
hard. Despite sustained effort, the complexity of this approzimate graph colouring problem remains
unresolved almost 50 years after it was first studied by Garey and Johnson [43]. The current state of
the art for approximate graph colouring is the NP-hardness of finding a 5-colouring of a 3-colourable
graph [10].

Approximate graph colouring is an example of the promise constraint satisfaction problem (PCSP),
which is a vast generalisation of the constraint satisfaction problem (CSP). Many fundamental com-
putational problems such as graph colouring and Boolean satisfiability are captured by the framework
of fized-template CSPs, which have been the object of intense study [31, 32, 58] since a systematic
study was initiated by Feder and Vardi [40]. Roughly, a CSP consists of a set of variables and a
set of constraints over these variables where the goal is to assign values to the variables so that all
constraints are satisfied. More formally, for a finite relational structure A, the computational problem
CSP(A) is as follows: Given a structure X similar to A, is there a homomorphism from X to A? If
A = Kj is a clique on 3 vertices, then CSP(A) is the graph 3-colouring problem.

A classic result of Schaefer [65] shows that, for any A on a 2-element set, CSP(A) is either solvable
in polynomial time or NP-hard. Hell and Nesetfil [50] showed that this dichotomy also holds if A is
a graph. Based on these two results and a connection to logic, Feder and Vardi famously conjectured
that, for any finite A, CSP(A) is either solvable in polynomial time or NP-hard [40]. Almost 20 years
later, Bulatov [24] and Zhuk [68] independently proved the conjecture in the affirmative, both relying

on the algebraic approach to CSPs [53, 25, 13]. This approach studies CSPs via their polymorphisms
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2 CHAPTER 1. INTRODUCTION

— operations that represent symmetries of solution spaces — and derives its power from the fact that
the complexity of a CSP is completely determined by its polymorphisms [25]. The intuition behind
the algebraic approach is that symmetry in solution spaces can be used to design algorithms, whereas

the absence of symmetry suggests a solution space too complex for efficient algorithms.

Since CSPs exhibit a complexity dichotomy, it follows from Ladner’s Theorem [60] and the as-
sumption P#NP that there are problems in NP not captured by the CSP framework. This raises the
question of whether there exists a more general class of problems exhibiting such a dichotomy, and

gaining insight into this question is one of the motivations behind the study of PCSPs.

PCSPs can be viewed as CSPs with additional information — a promise — about their instances. In
the decision version of a PCSP, the promise creates a gap between the YES and NO instances, and in
the search version, we seek a solution to a problem that is guaranteed to have a solution in a strong
sense. More formally, let A and B be two relational structures such that there is a homomorphism
from A to B, denoted by A — B. The fixed-template PCSP over A and B, denoted by PCSP(A,B),
is the following computational problem: Given X, return YES if X — A and return No if X /4 B.
This is the decision version; the search version is as follows: Given X such that X — A, find a
homomorphism from X to B. If we take A = K3 to be a clique on 3 vertices and B = Kg to be
a clique on 6 vertices, then PCSP(A,B) is an instance of the approximate graph colouring problem
mentioned at the beginning of this chapter. As discussed in Section 2.2, it is known that the decision

version reduces to the search version, but no reduction the other way is currently known.

Austrin, Guruswami, and Hastad [8] adapted the definition of polymorphism to the setting of
PCSPs and established a complexity dichotomy for a promise version of the Boolean satisfiability
problem. In a series of papers [16, 19, 17], Brakensiek and Guruswami linked PCSPs to the universal-
algebraic methods developed for the study of CSPs [13]. Then, building on the result of Barto,
Oprsal, and Pinsker [14] that the complexity of CSP(A) is captured by certain types of identities
involving polymorphisms of A, Barto, Bulin, Krokhin, and Oprsal [10] showed that the algebraic
approach developed for CSPs can be generalised to PCSPs, thus introducing a general methodology

for investigating the computational complexity of PCSPs.

This theory was used in [19] to give a dichotomy for symmetric Boolean PCSPs allowing negation
of variables, and then by Ficak, Kozik, Olsdk, and Stankiewicz [41] to obtain a stronger dichotomy
for all symmetric Boolean PCSPs. Further recent results on PCSPs include the work of Krokhin and

Oprsal [56], Brakensick and Guruswami [18], and Austrin, Bhangale, and Potukuchi [7], as well as



recent progress on the approximate graph colouring problem [67] and the related approximate graph
homomorphism problem [56, 67]. While the complexity of approximate graph colouring remains open,
hardness was proved under stronger assumptions by Dinur, Mossel, and Regev [36], and Guruswami
and Sandeep [49] recently established the same result under a weaker assumption known as the d-to-1

conjecture.

We now outline the problems studied in this thesis.

SetSAT While 3-SAT is NP-hard [30, 61], 2-SAT is solvable in polynomial-time [59]. Austrin,
Guruswami, and Hastad [8] considered the promise problem (a, g, k)-SAT: Given a k-CNF formula
with the promise that there is an assignment satisfying at least g literals in each clause, find an
assignment satisfying at least a < g literals in each clause. The general case easily reduces to the case
a =1, and they showed that (1, g, k)-SAT is NP-hard if £ < % and in P otherwise. Viewing k-SAT as
(1,1, k)-SAT, this shows that, in a natural sense, the transition from tractability to hardness occurs

just after 2 and not just before 3.

The set-satisfiability (SetSAT) problem, first described in [45], generalises the Boolean satisfiability
problem to larger domains, and we prove that it exhibits an analogous hardness transition. As in
(a,g,k)-SAT, an instance of the (a,g,k)-SetSAT problem is a conjunction of clauses, where each
clause is a disjunction of k literals. However, variables x1,...,x, can take values in [d] = {1,...,d},
while literals take the form “x; € S”, where S is any subset of the domain [d] of size 1 < s < d. As
in the Boolean case, an assignment o: {x1,...,z,} — [d] is called g-satisfying if it satisfies at least
g literals in every clause. In (a, g, k)-SetSAT with set size s and domain size d, given an instance
promised to be g-satisfiable, our goal is to find an a-satisfying assignment. When s = 1 and d = 2
we recover Boolean promise SAT, whereas when ¢ = g = 1 we recover the non-promise version of
SetSAT.

The most natural case of SetSAT allows all nontrivial unary constraints (sets) as literals, i.e., the
case s = d — 1. More generally one could consider the problem restricted to any family of literals.
Our work deals with the “folded” case: If a set S is available as a literal, then for all permutations
7 of the domain, 7(S) is also available as a literal. In this case only the cardinality of S matters,
and in fact only the maximum available cardinality matters, so all such problems are equivalent to

(a, g, k)-SetSAT, for some constants a, g, k, s, d.

Our main motivation to study SetSAT as a promise problem is the fact that it constitutes a natural
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fragment of PCSPs. Variants of the Boolean satisfiability problem over larger domains have been
defined using CNFs by Gil, Hermann, Salzer, and Zanuttini [45] and DNFs by Chen and Grohe [27]

but, as far as we are aware, have not been studied as promise problems.

We show that (1, g, k)-SetSAT is tractable if { >

—7 and is NP-hard otherwise. Following [8] and
the abstract algebraic framework of [10], our hardness proof relies on the study of polymorphisms. In
the Boolean case, the proof of [8] shows that every polymorphism depends on only a few variables,
which suffices for a reduction from the Gap Label Cover problem. In our case, this condition does not
hold, and neither do the various generalisations of it used in later work on PCSPs [41, 10, 56]. In fact,
we show that SetSAT has significantly richer, more robust polymorphisms, which makes the appli-

cation of many such conditions impossible. Our main technical contribution is a new condition that

guarantees an NP-hardness reduction from a multilayered variant of the Gap Label Cover problem.

Beyond PCSP(1-in-3, NAE) In Chapter 4 we consider PCSPs that arise from combining (positive)
1-in-3-SAT and (positive) Not-All-Equal-3-SAT. For both problems, the instance is a list of triples of
variables. In 1-in-3-SAT, the task is to find a mapping from the variables to {0,1} so that in each
specified triple exactly one variable is set to 1; we denote this problem by CSP(1-in-3). In Not-All-
Equal-3-SAT, which we denote by CSP(NAE), the task is to find a mapping from the variables to

{0,1} so that in each triple not all variables are assigned the same value.

Unlike most previous works, which focused on symmetric PCSPs, we investigate non-symmetric
PCSPs. Our first motivation is that a classification of more concrete PCSP templates is needed to
improve and extend the general algebraic theory from [10], for example by identifying new hardness and
tractability criteria. At the moment, even an analogue of Schaefer’s Dichotomy Theorem for Boolean
PCSPs seems out of reach. Our second motivation is the pure beauty of the template (1-in-3, NAE).
While CSP(1-in-3) and CSP(NAE) are both NP-hard, PCSP(1-in-3, NAE) admits a polynomial-
time algorithm [19, 17], and its tractability cannot be obtained via a “gadget reduction” to tractable
finite-domain CSPs [10] or via “local consistency checking” algorithms [5].

Let t-in-k denote the Boolean structure with a single relation of arity £ that contains all tuples
with exactly ¢ 1’s, and let NAE denote the Boolean structure with a single relation of arity k that
contains all tuples except for 0¥ and 1¥. Then PCSP(t-in-k, NAE) is a tractable symmetric PCSP.
We study the following two questions: When can we add tuples to t-in-k (thus weakening the promise)

and keep the PCSP tractable? When can we remove tuples from NAE (again weakening the promise)



and keep the PCSP tractable? These changes generally do not result in symmetric templates.

We answer the second question completely: If ¢ is odd, k is even, and tuples of only even weight
are removed from NAE, the resulting PCSP is tractable. In all other cases, the resulting PCSP
is NP-hard. Put differently, PCSP(t-in-k, B) is tractable if and only if B = NAE or CSP(B) is
tractable (assuming P#£NP).

To the first question, we give a second-best possible answer: If ¢ is odd, k is even, and tuples of
only odd weight are added to t-in-k, the resulting PCSP is tractable. In all other cases, the resulting
PCSP is not solved by the combined basic LP and affine IP relaxation (BLP + AIP) of Brakensiek,
Guruswami, Wrochna, and Zivny [20], one of the currently strongest known algorithm for PCSPs.
We also show that these PCSPs are not solvable by “local consistency checking” algorithms nor via

“gadget reductions” to tractable finite-domain CSPs.

PCSP(1-in-3,B) on non-Boolean domains Recent work by Barto, Battistelli, and Berg [9] ex-
tended the study of PCSP(1-in-3,NAE) in a different direction: Instead of using relations of larger
arity or doing away with symmetry, they considered templates of the form (1-in-3,B) with B over
an arbitrary finite domain. To any such relation B they associate a directed graph G(B): The vertex
set is the domain of B, and there is a directed edge from u to v if (u,u,v) € B. A symmetric rela-
tion B is uniquely determined by such a graph modulo the presence of rainbow tuples (a,b,c) with
{a,b,c}| = 3. Over domain size three, [9] gave a complexity classification of PCSP(1-in-3, B) for all
but a single B. All their tractable cases followed from G(B) being a 2- or a 3-cycle, with the former
corresponding to B = NAE. (A 1l-cycle corresponds to the trivial case where B contains a constant
tuple.)

Our main result is the discovery of an infinite family of tractable templates whose tractability
arises from certain closed walks in G(B). In particular, a closed walk of length 2¢3" for ¢ € {0,1}
and r > 0 that is “compatible” with G(B) guarantees tractability. This generalises the case where
G(B) is a 2- or a 3-cycle. Our proof uses a result that for certain lengths of walks, a pseudorandom
number generator has full period and therefore distributes the values of polymorphisms in a balanced
way. We conjecture that all tractable cases of PCSP(1-in-3, B) arise in this way, and, alongside other
evidence, we show that solvability by BLP+AIP implies the existence of long cycles in G(B), which

rules out such solvability for structures B with G(B) acyclic.

When B contains no rainbow tuples, the promise gap of (1-in-3,B) is smaller, thus potentially
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making hardness results more accessible. It is easy to show that if G(B) contains a cycle of length
at most three, then it is tractable by AIP; we show that otherwise PCSP(1-in-3, B) is not solvable
by BLP+AIP. Finally, we show that for d > 4, PCSP(1-in-3, B) is NP-hard when G(B) is a cycle of

length d and B contains no rainbow tuples.

Thesis outline In Chapter 2 we define our notation, give examples of CSPs and PCSPs, outline
the algebraic theory of PCSPs, and state existing tractability and hardness results. Chapter 3 focuses
on SetSAT, Chapter 4 on PCSPs related to (t-in-k, NAE), and Chapter 5 on PCSP(1-in-3, B) for
B over an arbitrary finite domain. In Chapter 6 we summarise our results and propose directions for

future work.



Chapter 2

Background

We start by defining and providing examples of CSPs and PCSPs, and then discuss polymorphisms

and minions and their implications for the complexity of PCSPs.

2.1 CSPs

Let [n] = {1,2,...,n}. For a set A, we call R C A* a relation of arity ar(R) = k. We also say that
a function f : A¥ — B has arity ar(f) = k. A relational structure A is a tuple (A; Ry, ..., R,) where
each R; is a relation on A. Unless otherwise stated, we assume that all relational structures are over
a finite set and contain only a finite number of relations, each of which has finite arity.

Two relational structures A = (A;Ry,...,R,) and B = (B; Sy,...,5,) are similar if p = ¢ and
ar(R;) = ar(S;) for every ¢ € [p]. A map h : A — B between similar relational structures is called a
homomorphism from A to B, denoted by h : A — B, if h preserves all relations, that is, for every
i € [p] and every tuple x € R;, we have h(x) € S;, with h applied component-wise. The existence of
a homomorphism from A to B is denoted by A — B.

For a k-ary relation R on A, we denote its complement by R¢ = A* \ R, and for a relational
structure A, we denote by A€ the structure with relations R® for each relation R in A. We say that
A is symmetric if for every relation R € A and (a1, ..., aa(r)) € R, we have (ar),...,ar@ar(r))) € R
for every permutation 7.

We denote by <, a polynomial-time many-one reduction and by =, a polynomial-time many-one

equivalence. A computational problem is called tractable if all of its instances can be solved in time

7



8 CHAPTER 2. BACKGROUND
polynomial in the instance size.

Example 2.1. Graphs and directed graphs (digraphs) are one of the best known examples of relational
structures. A digraph G with vertex set V and edge set E has relational structure (V; E) with the
single binary relation E; for graphs, we also require that the edge relation be symmetric: (u,v) € E

if and only if (v,u) € E.

Example 2.2. We call a hypergraph k-uniform if it has exactly k vertices in every hyperedge. A
k-uniform hypergraph has (V; E) as its relational structure, where FE is a symmetric k-ary relation on

V.

Example 2.3. Logical formulas in conjunctive normal form (k-CNF) can be expressed as relational
structures: For a set of variables V', we take the structure (V; (S¢,...¢, )t,ef0,13), Where S, ¢, (z1,..., T)
is the relation consisting of all tuples that satisfy the clause containing x; negated if t; = 1 and x;

non-negated otherwise.
Relational structures are the building blocks of CSPs, as the next definition shows.

Definition 2.4. For a relational structure A, we define two variants of the computational problem
CSP(A). Given a relational structure X similar to A, the decision problem CSP4(A) of CSP(A)
asks whether there exists a homomorphism X — A. The search problem CSP4(A) asks to find a

homomorphism from X to A. We call A the template of CSP(A).

For any template A, CSP4(A) reduces to CSPs(A): A search algorithm for CSPs(A) can be
modified to a decision algorithm for CSP4(A) by returning YEs if a solution is found and NO otherwise,
and so we say that decision reduces to search. The converse, that search reduces to decision, is known
to hold for CSPs [29, 25]. Therefore, for the sake of complexity, there is no need to distinguish between

the two, and we often refer to both problems simply by CSP(A).

Example 2.5. Let G be a relational structure representing a graph, as in Example 2.1, and let
K. = ([c]; #) be the relational structure of the complete graph on ¢ vertices. Then CSP4(K.) is the

problem of deciding whether there exists a homomorphism from G — K., that is, a c-colouring of G.

Example 2.6. A generalisation of the graph colouring problem in Example 2.5 is the H-colouring
problem: Given a graph G, determine whether there exists a homomorphism G — H. This problem

is in P if H is bipartite or has a loop and is NP-hard otherwise [50].
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Example 2.7. For a directed graph G, the directed graph homomorphism problem CSP(G) asks to
decide, for a directed graph X, whether X — G. Every CSP is equivalent to such a problem for some
G [40].

Graph colouring problems can be generalised to hypergraphs in many ways, some of which we now
describe. We give definitions only for k-uniform hypergraphs, but some of the generalisations can also

be made to non-uniform hypergraphs by adding relations of appropriate arities to the template.

Example 2.8. For 1 <t < k, the t-in-k hypergraph colouring problem asks to find a {0, 1}-colouring
of a k-uniform hypergraph such that in each hyperedge, exactly ¢ variables are set to 1. Formally, the
problem is CSP(t-in-k) where t-in-k = ({0,1}; {z € {0,1}* : |{i : z; = 1}| = t}). This problem is
sometimes referred to as (positive) t-in-k-SAT, and is NP-hard for k¥ > 3 and 1 <t < k by Schaefer’s

Theorem [65], which is stated precisely in Theorem 2.32.

Example 2.9. The (non-monochromatic) hypergraph colouring problem asks to find a colouring of
a k-uniform hypergraph such that no hyperedge contains vertices of only one colour. Formally, the
problem is CSP(NAE,) where NAE, = ([c]; {z € [d]* : [{x1,...,2}| > 1}). We will often drop the
subscript and write simply NAE when working over the Boolean domain. In this case, CSP(NAE) is
equivalent to positive Not-All-Equal-k-SAT, the problem of deciding satisfiability of a k-CNF formula
without negations, where additionally each clause must contain both a 0 and a 1. By Theorem 2.32,

this problem is NP-hard for k& > 3.

Example 2.10. Let ¢ be a 3-CNF formula and let A = ({0, 1}; Sooo0, So01, - - -, S111) with notation
as in Example 2.3. Then CSP(A) is the problem of deciding whether there is an assignment to the

variables of ¢ that satisfies all its clauses.

The 3-SAT problem from Example 2.10 can equivalently be defined using only four relations, which

represent the number of negated literals in each clause:

Ro(l‘hl‘g,ﬂig) = (.131 V X9 \/$3) R1(£1,$2,l‘3) = (51 \/.132 V 373)

R2($1,$2,.’E3) = (fl V Ty \/.’Eg) R3(.’E1,1’2,£L’3) = (Tl V Zo \/fg).

The other four clauses in Example 2.10 are obtained by permuting variables in the appropriate
R;; for example, (T1 V 22 V T3) = Ra(w1, 23, 22). It is well known that 3-SAT is NP-hard, and in fact,

the complexity of CSP(A) for all A over the Boolean domain was resolved by Schaefer in 1978 [65].
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Example 2.11. The SetSAT problem, first described in [45], is a generalisation of Boolean k-SAT to
domains of size d > 2. The template of SetSAT is the same as that of SAT, except that each literal
in a SetSAT clause is given by an s-element subset of the domain containing the values satisfying the
literal. Therefore SetSAT is CSP(A) for A = ([d]; (Rs,...s,.)s,C[d],|S:|=s)> Where (a1,...,ar) € Rg, .5,

if and only if a; € S; for at least one i. Boolean k-SAT is the case d =2 and s = 1.

Definition 2.12. We say that a Boolean template A is folded if it contains the binary relation

{(0,1), (1,0}

A folded Boolean template allows for negation of variables by specifying that two variables in an
instance always take opposite values. For example, with N = {(0,1), (1,0)}, the constraint N(z,y) is
equivalent to saying that y # x.

To conclude our exposition of CSPs, we mention a more general version of the CSP which allows
us to parameterise by both the source and target of a homomorphism. Let X and ) be collections
of relational structures and define HOM(X,)) as follows: Given X € X and Y € ), decide whether
X — Y. Writing “—” for the collection of all relational structures, we have that HOM(—, ))) includes
problems of the form CSP(A) described so far; for example, HOM(—, {K3}) is the graph 3-colouring
problem. As an example from the other side, HOM({Kj5}, —) is the problem of deciding whether a
graph has a 5-clique. While HOM({G}, —) is tractable for every fixed graph G, this is not the case
for HOM(—, {G}).

Foldedness and symmetry of templates are examples of language restrictions on CSPs. However, we
may also impose structural restrictions, which limit the ways that variables can appear in constraints.
It was shown in [26, 42] that HOM(X, —) is tractable if X is a class of structures of bounded trecwidth,
and then an extension by Dalmau et al. [33] to bounded treewidth of the core and subsequent work
by Grohe [46] showed that, unless FPT = W[1], these are the only tractable cases. It is also natural
to combine structural and language restrictions: In [39, 54], a complexity classification is obtained for
HOM(X,Y) where X is planar (in a natural sense) and ) consists of Boolean structures which are

even delta-matroids.

2.2 PCSPs

Our central object of study is a class of computational problems that vastly generalises CSPs.
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Definition 2.13. Let (A, B) be a pair of similar relational structures such that there is a homomor-
phism A — B. The pair (A, B) is called the template of the promise constraint satisfaction problem
PCSP(A,B). The decision problem PCSP4(A,B) of PCSP(A,B) is as follows: Given a relational
structure C similar to A and B, output YEs if X — A and No if X 4 B. The search problem
PCSPs(A,B) asks: Given a relational structure X similar to A and B such that X — A, find a
homomorphism X — B.

The promise in the decision problem is that it is never the case that X — B but X 4 A, and in

the search problem, the promise is that X — A.

Since PCSP4(A, A) = CSP4(A) and PCSP4(A, A) = CSP,(A), PCSPs indeed generalise CSPs.

As for CSPs, we have PCSP4(A,B) < PCSP¢(A,B): Run the search algorithm for PCSP4(A, B)
for its stated time, then check that the solution produced is indeed a homomorphism X — B. If it
is, then the promise guarantees that X — A, so we return YES. If the search algorithm does not
find a solution, then return NoO. Unlike for CSPs, however, it is not known whether search reduces
to decision, i.e., whether PCSP (A, B) < PCSP4(A,B). Sometimes this issue is circumvented by
proving hardness for the decision problem or tractability for the search problem, implying the hardness
or tractability, respectively, of the other version. Unless otherwise stated, we use PCSP(A, B) to refer
to PCSP4(A,B) in hardness results, and to PCSP4(A, B) in tractability results.

We now provide some examples of PCSPs.

Example 2.14. The approzimate graph colouring problem [44] asks to distinguish graphs with small
chromatic number from those with large chromatic number. More formally, PCSP(K,,,K,,) is the
problem of distinguishing between the two cases G — K., and G 4 K,.,, where K., and K,
have domains [¢1] and [co] and the binary relations #., and #.,, respectively. It is conjectured that
PCSP(K.,,K.,) is NP-hard for all 3 < ¢; < ¢3. Note that the structures K., and K., have different

domains.

Example 2.15. One may consider more generally PCSP(G, H) for graphs G and H with G — H.
It was shown in [56] that, when G is 3-colourable and non-bipartite, PCSP(G, Kjs) is NP-hard.
Intuitively, this means that there is no 3-colourable graph G that helps to detect 3-colourability
via the existence of a homomorphism to G. This result was recently extended to show hardness of
PCSP(G,H) when H is from a class of graphs containing Ks; one such class is that of graphs with
no cycle of length four [67] (c.f. [57]). In [19] it was conjectured that PCSP(G, H) is NP-hard for all
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non-bipartite loopless graphs G and H.

Example 2.16. Let G and H be directed graphs with G — H. Then PCSP(G, H) asks to determine,
for a directed graph X, whether X — G or X 4 H. Just as every CSP is equivalent to a directed graph
homomorphism problem (Example 2.7), every PCSP is equivalent to a directed graph homomorphism

promise problem PCSP(G, H) for some G and H [19].

Promise hypergraph colouring problems have formed an important part of PCSP research [37, 47,

6, 48, 7], owing in part to their many variants. One such variant is the following.

Example 2.17. For a k-uniform hypergraph H, decide whether H is 2-colourable or not even d-
colourable. This problem is PCSP(NAEy, NAE,), where NAE, is the not all equal relation on [d]*,
and was shown to be NP-hard for all £k > 3 and d > 2 in [37].

Alternatively, one may promise that a hypergraph has a colouring of low discrepancy: We say that
a d-colouring has discrepancy A if for every hyperedge e and for all colours 7, j € [d], the number of
vertices of colour 4 in e is within A of the number of vertices of colour j in e. The problem is then to
find a d-colouring of discrepancy A’ > A given that there exists a d-colouring of discrepancy A.

Or, the promise may be that there exists a rainbow colouring, in which every hyperedge contains a
vertex of every colour, and the goal is to find a colouring satisfying some weaker property. Combining

these colouring restrictions gives rise to a large collection of promise problems for hypergraphs.

Example 2.18. Recall the Boolean templates 1-in-3 and NAE defined in Examples 2.8 and 2.9,
respectively. PCSP(1-in-3,NAE) corresponds to the (positive) 1-in-3-SAT vs NAE-SAT problem.
Both 1-in-3-SAT and NAE-SAT are NP-hard by Theorem 2.32, but PCSP(1-in-3, NAE) is in P [19].

Example 2.19. We can generalise Example 2.18 to Boolean relations of arity k& > 3: CSP(t-in-k)
and CSP(NAE) are both NP-hard, again by Theorem 2.32, but PCSP(t-in-k, NAE) is tractable for
all 1 <t < k, as we show in Chapter 4. There we also explore the complexity of PCSPs obtained by

adding tuples to t-in-k or removing tuples from NAE.

Example 2.20. Another generalisation of Example 2.18 involves templates of the form (1-in-3,B),
where B is a ternary template over an arbitrary finite domain. The study of these PCSPs was intiated
in [9], and for B with domain size three, their complexity was almost completely resolved. To state

these results, we define the following symmetric relations, where all permutations of each tuple are
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also in the relation.

D, ={(0,0,1),(0,0,2),(0,1,2)} LO; = {(0,0,1),(0,0,2),(1,1,2)}
D, = {(0,0,1),(1,1,2),(0,1,2)} LO7 = {(0,0,1),(0,0,2),(1,1,2),(0,1,2)}

Cs = {(070a 1)7 (L 1, 2)7 (2a 270)}

In [9] the following is proved:

1. If NAE — B or C3 — B, then PCSP(1-in-3,B) is in P

2. If B — Dy, Do, or LOg3, then PCSP(1-in-3, B) is NP-hard.

This covers all cases except B = LO;, for which it is conjectured that PCSP(1-in-3, LO;) is NP-
hard. The template LO;)r can be seen as a colouring where, if two colours in a tuple are the same,
then the third colour is “higher”. In Chapter 5, we investigate (1-in-3,B) for domain size four and

beyond.

Example 2.21. The template LO;‘ from Example 2.20 was generalised to larger arities in [62]. Let
LO" be the structure with domain [d] whose sole relation contains a tuple (c1,...,¢;) if and only if
the sequence ¢y, ..., ¢; has a unique maximum. Among other results, [62] establishes the NP-hardness

of PCSP(LOF LOY) for every 2 <r <land k> 1— 1+ 4.

Example 2.22. For a < g < k, the (a,g,k)-SAT problem is a promise version of the Boolean
satisfiability problem that asks: Given a k-CNF formula, is there an assignment that satisfies at least
g literals in each clause, or does every assignment satisfy fewer than a literals in each clause? Let
Sty .4, (z1,...,2) be as in Example 2.3. Define the relation Ry, ¢, by (a1,...,ax) € R, ¢, if and
only if a; # t; for at least g values of 4, and the relation S, ¢, by (a1,...,ax) € St ¢, if and only if
a; # t; for at least a values of i. Then for A = B = {0,1} and for A and B containing all relations of
the form Ry, ;. and Sy, .+, , respectively, PCSP(A,B) = (a, g, k)-SAT.

By Proposition 3.22, we can assume that ¢ = 1 and consider only (1, g, k)-SAT. In [8] it was shown
that (the search version of) (1,g,k)-SAT is in P when ¢ > 1/2 and (that the decision version) is
NP-hard otherwise, which shows that the transition from tractability to hardness in k-SAT occurs

just after k = 2 and not just before k = 3.
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Example 2.23. We define a promise version of SetSAT from Example 2.11 which will be studied
extensively in Chapter 3. Let (a, g, k)-SetSAT be the promise problem PCSP(A,B) where A and B
have domain [d] and the same relations as in Example 2.11, except that in A, we have (az,...,ax) €
Rg, s, if and only if a; € S; for at least g values of ¢, and (ay,...,ax) € Ss,.. s, if and only if a; € S;

for at least a values of i. Again, it suffices to consider the cases a = 1 and s = d — 1, and we show

that (1,g,k)-SetSAT is in P for > %5 and is NP-hard when § < 25 [22].

Definition 2.24. For a PCSP template (A, B), if both A and B are symmetric (respectively folded),

we say that (A, B) is a symmetric (respectively folded) PCSP template.

2.3 Polymorphisms

Essentially all our results on the complexity of PCSPs come from the study of polymorphisms and their
algebraic properties. The connection between algebra and CSPs was made in [53, 51, 25], where the
problem of classifying the complexity of CSPs was translated into the language of universal algebra.
Austrin et al. [8] then adapted the notion of polymorphism to PCSPs, and a powerful algebraic theory

of PCSPs was subsequently developed in [10].

Definition 2.25. Let (A,B) be a PCSP template. A function f : A™ — B is a polymorphism of
(A, B) if for each pair of corresponding relations R; and S; from A and B, respectively, the following
holds: For any (ar(R;) X m) matrix M whose columns are tuples in R;, the application of f to rows of
M gives a tuple in S;. In other words, an arity m polymorphism is a homomorphism from the m-th
Cartesian power of A to B. We denote by Pol(A,B) the set of polymorphisms of (A, B). The same
definition applies in the case of a CSP template, where A = B, and we denote by Pol(A) the set of

polymorphisms of (A, A).

Every PCSP template (A,B) with A — B via ¢ has the operation f(x1,...,2,) = é(z;) as a
polymorphism: Given a matrix of inputs with columns from a relation R;, f selects a column ¢ and

maps it via ¢ to a tuple in S;. The membership in S; holds since ¢ is a homomorphism.

Example 2.26. Suppose (A,B) = ((4; R), (B, S)) where R and S are ternary. The function f of
arity 4 is a polymorphism of (A, B) if whenever all columns below are elements of R, the last column

is an element of S.
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f(an 12 Q13 CL14) = b
f(a21 Q22 Q23 CL24) = b
flasi ass ass ass) = b3

We now define several classes of functions that occur frequently as polymorphisms of Boolean

PCSP templates.
Definition 2.27. A function f: {0,1}™ — {0,1} is

e an OR,, (AND,,) if it returns the logical OR (respectively logical AND) of its arguments;

an alternating threshold AT,, if m > 1 is odd and

flx1,...,xp) =1if and only if 1 — xo + 23 — -+ - + xpy, > 0;

a parity function XOR,, if f(x1,...,2m) =21 + -+ + 2, mod 2;

a g-threshold THR,, ,,, (for ¢ a rational between 0 and 1 and mg not an integer) if f(z1,...,2m) =

0if >, 2, < mg and 1 otherwise;

e a majority MAJ,, if f = THR and m is odd.

1
PRUL

We denote by OR and AND the set of all OR,, and AND,,, functions, respectively, for m > 2. We
denote by AT, XOR, and MAJ the set of all AT,,,, XOR,,,, and MAJ,, functions, respectively, for odd
m > 1. Finally, THR, denotes the set of all THR, ,, functions for gm ¢ Z.

Define f, the negation of f, as the function z + 1 — f(z), and for a family of functions F, define

the negation of F by F = {f|f € F}.

Example 2.28. The CSP template ({0, 1}; Soo, So1, S10,511) of 2-SAT (defined in Example 2.3) has
the ternary majority function MAJ3 as a polymorphism. In fact, a Boolean template A has MAJ3
as a polymorphism if and only if each relation in A can be expressed as a conjunction of 2-SAT

clauses [52, 40].

Example 2.29. The CSP template over domain {0,1} whose relations are the solutions in {0, 1} of
equations of the form 1 + z2 + - - 4+ 2z = 0 mod 2 has the ternary parity function XOR3 as a poly-
morphism. In a similar fashion to Example 2.28, a Boolean template A has XORj3 as a polymorphism

if and only if each relation in A is the solution set of a system of linear equations over {0,1} [13].
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Example 2.30. By a simple counting and averaging argument, one can show that (1, g, 2¢)-SAT from
Example 2.22 has the THR 1 family of polymorphisms, whereas all polymorphisms of (1, ¢g,2g+1)-SAT

depend on at most 2g — 1 inputs, and so not all functions in THR 1 are polymorphisms [8].
The following type of function arises as a polymorphism of SetSAT from Example 2.11.

Definition 2.31. A function f: A™ — A is a plurality if
f(z1,...,2zm) = argmax,c 4 {# of occurrences of a in {z1,...,zmn}}.

In the tractable regime of SetSAT, there are plurality polymorphisms that depend on an arbitrarily
large number of variables (Proposition 3.13), whereas in the hard regime, only pluralities of small arity

can be polymorphisms (a consequence of Theorem 2.61).

To illustrate the power of polymorphisms in capturing complexity, we state a modern version of a
classic result of Schaefer that resolved the complexity of all Boolean CSPs; see e.g. [13] for a discussion

of the other forms of the theorem.

Theorem 2.32 (Schaefer’s Dichotomy Theorem [65]). Let A be a Boolean CSP template. Then
CSP(A) is tractable if Pol(A) contains ANDy, ORo, MAJ3, XOR3, or a constant function; otherwise
it is NP-hard.

We now define several polymorphism identites that play an important role in PCSP complexity
characterisations. For two functions f, g : A™ — B, we write f ~ g to mean that f(ay,...,an) =

glai,...,ap) for all ay, ..., a, € A.
Definition 2.33. A function f : {0,1}™ — {0,1} is called folded if f(1 —x1,...,1 —a,) = 1 —
flay, ... xm).

The families XOR, AT, and THR, (for all ¢) are folded, whereas AND and OR are not. Further-

more, a Boolean template (A, B) is folded (in the sense of Definition 2.24) if and only if every function

in Pol(A,B) is folded.

Definition 2.34. A function f : A™ — B is called conservative if f(a1,...,am) € {a1,...,an} for

all a;,...,an, € A and idempotent if f(a,...,a) = a for all a € A.

Note that conservativity implies idempotence, and that over the Boolean domain, the two notions

coincide. All the families in Definition 2.27 are idempotent.
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Definition 2.35. A function f: A™ — B is called symmetric if

f(irla s 7xm) ~ f(xﬂ’(l)ﬂ s 7xﬂ(m))
for all permutations 7.
All the families from Definition 2.27 are symmetric except for AT.

Definition 2.36. A function f : A™ — B is called 2-block-symmetric if its coordinates can be
partitioned into two blocks of sizes L and L+ 1 such that f is invariant under coordinate permutations

within each block.

The notions of symmetry and 1-block-symmetry coincide, and AT is an example of a 2-block-

symmetric family that is not symmetric.

Definition 2.37. A function f: A™ — B is said to satisfy the cancellation property if

f(alwuaam,—%xax) = f(a17"-aam—2ay7y)

for all a;,x,y € A.

Definition 2.38. A function f : A?!t!1 — B is called alternating if it is 2-block-symmetric with

blocks of size L and L + 1 and satisfies the cancellation property.

The families AT and XOR are alternating. Alternating and block-symmetric functions play an
important role in characterising the power of PCSP algortihms, as we will see in Section 2.5.

The following identity characterises the tractability boundary in the CSP dichotomy theorem.

Definition 2.39. A function f : A™ — A is a weak near-unanimity function (WNU) if it satisfies

the identity
fly,z,... 2) = f(z,y,z,...,2) = =~ f(x,...,2,9)
for all z,y € A.

The main challenge in proving the CSP dichotomy was to show that the WNU condition is strong

enough to guarantee tractability; the hardness side was shown in [25].

Theorem 2.40 ([24, 68]). For any finite template A, CSP(A) is tractable if Pol(A) contains a WNU

function; otherwise, CSP(A) is NP-hard.
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There are other identites that characterise this boundary: Equivalent conditions include the exis-
tence of Taylor, cyclic, and Siggers polymorphisms (Definition 2.83); see [13] for more details. Unlike
the WNU identity, however, the Siggers identity is of fixed arity and so testing whether a CSP has a

Siggers polymorphism is decidable, and therefore so is testing for tractability.

2.4 Minions

In this section we investigate the algebraic structure of Pol(A,B). The study of the algebraic theory
of PCSPs was initiated in [8] and was developed in depth in [10]. We start by defining clones, which
are the central object of study in the algebraic theory of (non-promise) CSPs, and then we discuss

minions, which are an analog of clones for PCSPs.
Definition 2.41. A clone C is a set of functions f : A% (/) — A with the following properties:
e C contains all the projection functions 7" : A™ — A where 7" (z1,...,%m) = 2; for i < m, and

e C is closed under composition: If f € C is of arity m and g¢1,..., g, € C are of arity n, then

h(zy,...,zn) = f(g1(z1, -y 2n), ooy Gm (X1, .oy 20))
is also in C.

The set of polymorphisms of a template (A, B) with A = B forms a clone: A projection function
simply returns one of the input tuples from the relation, and applying a polymorphism to members
of the relation yields a member of the relation, which can then serve as input to a polymorphism,
thus fulfilling the composition requirement. In the case of templates (A, B) with A # B, the set of
polymorphisms no longer forms a clone, since, for example, the projection and composition conditions
can fail when A and B have different domains or when some relations in A are strict subsets of their
corresponding relations in B. However, a weaker notion of composition remains.

For f: A™ — B, g: A™ — B, and 7: [m] — [n], we say that g is the minor of f obtained from 7 if

g(l.lw"?xn)%f(xﬂ'(l);'nuxﬂ'(m))a (21)

We write f = g and g = f /= as shorthand for Equation (2.1), which is called a minor identity.
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Definition 2.42. A minion M consists of sets M™ for m € N equipped with operations ()/m
M) 5 M) such that

® (f/n)/r = frrox for m: [m] — [n], 7 : [n] — [{], and
b f/id:f-

We write M for the disjoint union of M) m € N, and ar(f) = m for f € M. A minion

homomorphism & : M — N is a function that preserves arity and minors: ar({(f)) = ar(f) and

§(f/=) = &)/

For a pair of sets (A, B), a nonempty set of functions from A™ to B (for n € N) closed under taking
minors is a minion. The set of polymorphisms Pol(A,B) of a PCSP template (A,B) also forms a
minion: The function 7 defining the minor acts on the arguments of a polymorphism through permu-
tation, deletion, and duplication, all of which are compatible with the definition of a polymorphism.
Therefore minor relationship between two functions g = f/,r can be interpreted as computing g by
plugging its inputs into a circuit for f, allowing inputs to be duplicated or ignored. Every clone is a

minion since minors can be simulated via composition with projection functions.

Example 2.43. Let Q.ony be the set of convex linear functions over Q, i.e., functions f : Q" — Q

defined by

f(xla--~71'n) = Z ;T

for some a;’s, i € [n], such that a; € [0,1], 3=,¢, 0 = 1.
Note that Qcony contains symmetric functions of all arities: For arity n, take f(x1,...,2,) =

Example 2.44. Let Z,5 be the set of affine functions over Z, i.e., functions f : Z™ — Z given by

where 3; € Z satisfy Zie[n] Bi =1.

Example 2.45. Define the minion Mprpiag as follows: For L € N, its objects of arity L are pairs

(o, B) € Qéo x Z' satisfying Zie[L] a; = 1, Zie[L} B; = 1, and such that for each i € [L], a; = 0
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implies 8; = 0. A pair (a,3) can be seen as an L-ary function on Q?:

J((x1,91),- -5 (2L, yL)) = Baszs, XBiys).

We now describe the connection between minions and PCSPs. A bipartite minor condition is a
finite set X of minor identities where the sets of function symbols used on the left- and right-hand sides
are disjoint. More precisely, 3. is a pair of disjoint sets U and V' of function symbols of arities m and
n, respectively, and a set of minor identities of the form f = g, where g € U, f € V and 7 : [m] — [n].
A bipartite minor condition X is satisfied in a minion M if there is an assignment £ : UUV — M
that assigns to each function symbol a function from M of the corresponding arity so that for every
identity f = g in X, we have £(f) = £(g) in M. A bipartite minor condition is called trivial if
it is satisfied in every minion, or equivalently, in the minion consisting of all projections on {0, 1}.
Since choosing a projection of arity n is the same as choosing an element of [n], deciding whether a
bipartite minor condition is trivial is the same as the standard Label Cover [1]; see Section 3.4 for
further discussion.

We can now define the promise satisfaction of a minor condition problem. For a minion M and
an integer m, PMC (m) is the following promise problem: Given a bipartite minor condition ¥ that
involves only symbols of arity at most m, return YES if ¥ is trivial and No if ¥ is not satisfiable in
M. The promise is that exactly one of these cases holds. Barto et al. [10] show that PCSP(A, B) is
log-space equivalent to PMCaq(m), for M = Pol(A,B) and m a constant depending on A only.

Next we define some algebraic constructions which capture the power of gadget reductions.

Definition 2.46. Let (A1,B1) and (Ag, Bs) be similar PCSP templates. We say that (Ag, Bs) is a

homomorphic relazation of (A1, B;) if there are homomorphisms hy : As — A; and hp : By — Ba.

Intuitively, a homomorphic relaxation of (A1,B;) enlarges the gap between A; and B;, which
makes it easier to distinguish between the cases X — A; and X 4 Bj. This is formalised in
Theorem 2.56, which shows that we indeed have a reduction from PCSP(A5, B3) to PCSP(A1,Bq).
Furthermore, the identity reduction is a valid reduction from PCSP(As, B2) to PCSP(A;,B;) if and
only if (Ag, Bs) is a homomorphic relaxation of (A, By).

Homomorphic relaxations also preserve solvability by algorithms, in the following sense.

Proposition 2.47. Let (A3, Bs) be a homomorphic relazation of (A1,B1) and suppose that algorithm
ALG solves PCSP(A1,B1). Then ALG also solves PCSP(Ag, Bs).
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Proof. Let X be an instance of PCSP(A», By). Since the sets of YEs and No instances of PCSP(A5, Bs)
are subsets of the sets of YEs and No instances of PCSP(A 1, B1), respectively, X is a valid input to
ALG. If X — Ao, then X — A; since As — Aj, and therefore ALG(X) = YEs . If X /4 Bo, then
X # Bj since otherwise we would have X — By from B; — Bs, and so ALG(X) = NoO .

The result also holds if ALG is a search algorithm that returns a homomorphism X — By: Apply

the homomorphism B; — By to obtain a homomorphism X — Bs. O]

Another component of gadget constructions is the following.

Definition 2.48. For a relational structure A = (A; R1,...,Rp), a primitive positive formula (pp-
formula) over A is an existentially quantified conjunction of predicates of the form (z1,..., 2. (r,)) €

R; or v = xy.

Definition 2.49. Let (A1,B;) be a PCSP template. A template (Ag, By) over the same pair of sets
(A, B) as (A1,B1) is primitive positive definable (pp-definable) in (A1, B;) if, for each pair of arity k

relational symbols (R, S) of (Ay, By), there are pp-formulas W41 over A; and ¥B1 over B; such that

R={(ay,...,a) € A¥|U™1(ay,... a)} and

S = {(by,...,by) € BF[UB1(by, ... b))}

Example 2.50. The binary equality predicate can be pp-defined from the binary disequality predicate

over the domain 4 = {1,2,3}:

x =y if and only if Jadb.x FaANx AbANyFaNy#bAaFb.

Example 2.51. Recall the templates 1-in-3 and NAE from Example 2.18. These are pp-definable
from the standard 3-SAT problem: With Supe(z,y, 2) for a,b,¢ € {0,1} as in Example 2.10, we can
define

NAE(Q?, Y, Z) = Slll(x7 Y, Z) A SOOO(xa Y, Z)

1-in-3(z,y,2) = NAE(z,y, 2) A So11(z,y, 2) A S101(x, ¥, 2) A S110(2, Y, 2).
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Definition 2.52. Let (A;,B;) and (A3, Bs3) be two PCSP templates. We say that (A, Bs) is an
(n-th) pp-power of (A1,B1) if Ay = A}, By = B}, and if we view k-ary relations on Ay and By as
kn-ary relations on A; and Bj, respectively, then (Aq, Bs) is pp-definable in (A1, B1).

Example 2.53. The tensor product of graphs Gy, ..., G, is the graph G whose vertex set is the
Cartesian product of the vertex sets of Gy, ..., G, and where ((u1,...,u,), (v1,...,v,)) is an edge of
G if and only if (u;, v;) is an edge of G; for each i. Let G and H be graphs such that G — H. Then,
letting G™ denote the n-th tensor power of G, the template (G™, H™) is an n-th pp-power of (G, H)
since the edge relation of G™ (and similarly that of H™) can be pp-defined from the edge relation of
G: ((u1,...yun), (v1,...,0,)) € E(G") if and only if (u;,v;) € E(G) for all . Note that (G™, H") is
still a valid PCSP template since the existence of a homomorphism G — H implies the existence of

a homomorphism G"™ — H".

Definition 2.54. We say that (A’,B’) is pp-constructible from (A, B) if there exists a sequence

(A,B) = (A1,By),...,(A;,Bi) = (A, B)

of templates where each (A;y1,B;11) is a pp-power or a homomorphic relaxation of (A;, B;).

The next two theorems connect the logic-based constructions from Definitions 2.49, 2.52, and
2.54 with algebraic constructions involving minions, thus characterising the power of gadgets in two

different ways.

Theorem 2.55 ([10, Theorem 4.12]). Let (A;,B;) for i = 1,2 be PCSP templates and M; =

Pol(A;, B;). The following are equivalent:
1. There exists a minion homomorphism M, — M.
2. My satisfies all bipartite minor conditions satisfied in M;.
3. (A2,By) is a homomorphic relazation of a pp-power of (A1,B).
4. (Ag,Ba) is pp-constructible from (A1,By).
Each of the conditions of Theorem 2.55 implies a reduction from PCSP(As, Bs) to PCSP(A4,B;).

Theorem 2.56 ([10, Theorem 3.1]). Let (A1,B1) and (Az,Bs3) be two PCSP templates, and let
M; = Pol(A;,B;) fori=1,2. If there is a minion homomorphism & : M1 — My then PCSP(As, By)
is log-space reducible to PCSP(A1,B1).
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By taking the identity homomorphism in Theorem 2.56, we get that Pol(A1,B1) C Pol(A2, Bs)
implies a log-space reduction from PCSP(A2, B2) to PCSP(A4,By).
Using the reduction induced by homomorphic relaxation, we see that the only promise templates

(A, B) with possibly unresolved complexity are those where CSP(A) and CSP(B) are both NP-hard.

Proposition 2.57. Let (A,B) be a promise template such that at least one of CSP(A), CSP(B) is
tractable. Then PCSP(A,B) is tractable.

Proof. We have PCSP(A, B) <, PCSP(A,A) = CSP(A), since (A, B) is a homomorphic relaxation
of (A, A) as A — B by assumption. Similarly, PCSP(A,B) <, PCSP(B,B) = CSP(B), since (A, B)

is a homomorphic relaxation of (B,B) as A — B by assumption. O

Barto and Kozik [12] recently introduced a more general notion of minion homomorphism, called
a minion (d,r)-homomorphism, which allows for additional reductions between PCSPs. See [12] for

further discussion.

2.5 Tractability

Following the intuition that symmetries of computational problems lead to tractability, we present
several algorithms for PCSPs and discuss polymorphism families that guarantee their applicability.
Many of these results are in fact dichotomies, which prove that PCSP(A, B) is tractable if Pol(A, B)
contains certain families of functions, and is NP-hard otherwise. We focus on sufficient conditions for
tractability but will also mention such dichotomies when they are known to exist.

In the rest of this section, let (A, B) be a PCSP template, where A = (4;Ry,...,R,) and B =
(B;S51,...,8p). Let X = (X;7T1,...,T,) be an instance of PCSP(A,B). We assume without loss of
generality that all three structures contain a unary relation equal to X in X, A in A, and B in B;
the relation is called R,, in A. If this is not the case, the template and the instance can be extended
without changing the set of solutions.

The basic linear programming relazation (BLP) of X, denoted by BLP(X, A), is as follows. The
variables are Ax ;(a) for every i € [p], x € T}, and a € R;, and the constraints are given in Figure 2.1.
Note that BLP(X, A) does not depend on B. Intuitively, the BLP relaxes a problem by allowing the
variables A« ;(a) to take values in [0, 1] rather than just {0,1}. In the {0, 1} case, the first and second

constraints of Figure 2.1 ensure that each tuple of variables is assigned a single legal relational tuple,
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and the third constraint ensures that these assignments are consistent with the assignments of domain

values to individual variables.

0 < Ai(a) <1 Vielp,xeT,acR;
D> Axila) =1 Vi e [p,x eT;
aER;

Z Ax,i(@) = Az R, (a) Vie pl,xeT;,ac A, je [ar(R;)]
acR;
aj;=a

Figure 2.1: Definition of BLP(X, A).
By construction, if X — A, then BLP(X, A) is feasible. We say that BLP solves PCSP4(A, B) if
for every instance X such that BLP(X, A) is feasible, we have X — B.
Theorem 2.58 ([10, Theorem 7.9]). Let (A,B) be a PCSP template. The following are equivalent:
1. BLP solves PCSP4(A,B).
2. Pol(A,B) contains symmetric functions of all arities.
3. Pol(A,B) admits a minion homomorphism from Q cons-

The proof of Theorem 2.58 assumes only the existence of symmetric polymorphisms, which is suffi-
cient to show that PCSP4(A, B) is solved by BLP, but solving PCSP4 (A, B) would require knowledge

of the concrete polymorphisms and so BLP in this form does not solve the search problem in general.

The basic affine integer programming relaxation (AIP) of X, denoted by AIP(X, A), is as follows.
The variables are 7x;(a) for every ¢ € [p], x € T;, and a € R;, and the constraints are given in
Figure 2.2. Intuitively, the AIP relaxes a problem by allowing the variables 7 ;(a) to take values in

Z rather than just {0,1}.

~i(d) € Z Vi€ [p,xeT;,acR;
Z Tx,i(a) =1 Vi e Lp],X S Ti
aER;
Z Tx,i(@) = T, r,(a) Vi € [pl,x € T;,a € A, j € [ar(R;)]
acR;

Figure 2.2: Definition of AIP(X, A).
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By construction, if X — A, then ATP(X, A) is feasible. We say that AIP solves PCSPq(A,B) if

for every instance X such that AIP(X, A) is feasible, we have X — B.

Theorem 2.59 ([10, Theorem 7.19]). Let (A,B) be a PCSP template. The following are equivalent:
1. AIP solves PCSP4(A,B).
2. Pol(A,B) contains alternating functions of all odd arities.
3. Pol(A,B) admits a minion homomorphism from Z ..

As was the case with BLP, AIP in this form does not solve the search problem PCSP(A, B).

In Algorithm 1 we present the combined basic LP and affine IP algorithm (BLP + AIP) [20], which
makes use of both BLP(X, A) and AIP(X,A). Intuitively, the BLP and AIP provide information
about solutions that are not possible, and then the BLP+AIP algorithm combines these two sources

of information.

Algorithm 1 The BLP+AIP algorithm

Input: an instance X of PCSP(A,B)
Output: YES if X - A and No if X A B

find a relative interior point (Ax,i(a))ic[p).xer;,acr, of BLP(X, A)
if no relative interior point exists then Reject

refine AIP(X, A) by setting 7y ;(a) = 0 if A\x;(a) =0

if the refined AIP(X, A) is feasible then Accept

else Reject

As shown in [20], if X — A, then BLP 4 AIP accepts. We say that BLP + AIP solves PCSP(A, B)
if for every instance X accepted by BLP + AIP we have X — B. We now characterise the power of
BLP+AIP.

Theorem 2.60 (|20, Theorem 5.1)). Let (A,B) be a PCSP template. The following are equivalent:
1. BLP+AIP solves PCSP4(A,B).

2. For each L € N, Pol(A,B) has a 2-block-symmetric function of arity 2L 4+ 1 with blocks of size
L and L+ 1.

3. Pol(A,B) admits a minion homomorphism from Mprptag-

We also have the following sufficient condition for solvability by BLP+AIP.
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Theorem 2.61 ([20, Theorem 3.2]). If (A,B) is a PCSP template such that Pol(A,B) contains

symmetric functions of arbitrarily large arity, then BLP+AIP solves PCSP4(A,B).

Another powerful feature of BLP+AIP is that it solves all cases of Schaefer’s Theorem in a uniform
way. Therefore, as mentioned in [20], it is a tantalising possibility that BLP with a fixed number of
rounds of Sherali Adams + AIP could provide a uniform algorithm for all tractable CSPs.

The existence of block-symmetric polymorphisms is used only in the proofs of Theorems 2.60
and 2.61 and not by the BLP+AIP algorithm itself, and therefore it is unknown whether there exists
an “oblivious” polynomial-time algorithm that solves the search problem PCSPs(A,B) in general,

without any knowledge of the concrete polymorphisms.

We now present in Algorithm 2 a modified BLP algorithm that solves the tractable cases in both

the symmetric folded Boolean dichotomy of [19] and the symmetric Boolean dichotomy of [41].

Algorithm 2 Singleton BLP algorithm for Boolean PCSP4(A, B) from [19]

Input: an instance X of PCSP(A,B)
Output: YES if X - A and No if X A B

1: for each variable 2 of X do
2: fix Az, (0) =1 and re-solve the LP from Figure 2.1
3: if the LP is infeasible then set A\, (1) = 1 and re-solve the LP from Figure 2.1

4: if the LP is still infeasible then Reject
5: Accept

The symmetric Boolean dichotomy from [41] is as follows.

Theorem 2.62 ([41]). Let (A,B) be a Boolean PCSP template. If Pol(A,B) contains a constant or
at least one of AND, OR, XOR, AT, THR, (for some q), or their negations, then PCSP(A,B) is

polynomial-time tractable. Otherwise, if (A, B) is also symmetric, then PCSP(A,B) is NP-hard.

Algorithm 2 solves all Boolean PCSPs with AT or THR, polymorphisms, and in the other cases,
PCSP(A,B) reduces to a CSP which falls under the scope of Theorem 2.32. The AT and THR,
polymorphisms are used to round the LP solutions, and Algorithm 2 can be modified to solve the
search problem PCSPs(A,B) as well, as shown in [19]. The symmetry condition on the templates
is needed only for hardness and not tractability, so Algorithm 2 solves any Boolean PCSP with the
stated polymorphism families.

By fixing assignments to entire constraints rather than only to single variables (as in Algorithm 2),

one obtains the constraint BLP. Ciardo and Zivny [28] recently introduced the CLAP algorithm, which
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runs the constraint BLP followed by AIP. They showed that CLAP is more powerful than BLP+AIP
and that it solves all PCSPs with H-symmetric polymorphisms of arbitrarily large arity; see [28§]
for definitions. The power of CLAP was characterised in terms of minion homomorphisms, but no
polymorphism characterisation along the lines of Theorem 2.60 is known, and it is suspected that

H-symmetry is not the correct notion for such a characterisation.

In [10] it was observed that all currently known tractable PCSPs are homomorphic relaxations
of tractable CSPs, possibly over an infinite domain, so that PCSP(A,B) reduces to a tractable
CSP(C) with A — C — B. Moreover, infinite domains can be necessary, as was shown for

PCSP(1-in-3, NAE).

Theorem 2.63 ([10, Theorem 8.1]). Let A be a finite relational structure such that (1-in-3, NAE)
is pp-constructible from A. Then CSP(A) is NP-hard.

2.6 Hardness

If symmetry leads to tractability, then the absence of symmetry should lead to hardness. In this
section we present various properties of Pol(A,B) that indicate a lack of symmetry and thus lead to
sufficient conditions for hardness. The sufficiency of these conditions follows from the hardness of a
promise problem called Gap Label Cover, whose hardness is a direct consequence of the PCP theorem
[2, 3, 34]. We begin with some simple conditions, and then explore more general ones related to the

algebraic theory of PCSPs.

Definition 2.64. Let f : A™ — B. A coordinate ¢ € [m] is called essential if there exists (a1, ..., am,) €

A™ and b € A such that

f(al,...,ai_l,ai,ai+1,.. .,am) 7é f(al,...,ai_l,b,ai_,_l,...,am).

A set of functions is said to have bounded essential arity if there exists a constant ¢ such that every

function in the set has at most ¢ essential coordinates.

Theorem 2.65 ([10, Proposition 5.14]). Let (A,B) be a PCSP template. Assume that there exists a
minion homomorphism £ : Pol(A,B) — N for some minion N, possibly on infinite sets, which has

bounded essential arity and does not contain a constant function. Then PCSP(A,B) is NP-hard.
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Theorem 2.65 is stronger than the statement that PCSP(A, B) is hard if Pol(A, B) has bounded
essential arity: The homomorphism requirement means that Pol(A, B) need not itself have bounded
essential arity, though this is certainly sufficient via the identity homomorphism. Bounded essential
arity was used in [8] to show hardness of promise SAT (Example 2.22), and then in a much more
involved way in [57] to show hardness of promise graph homomorphism problems (Example 2.15).

Theorem 2.65 also gives a necessary condition for tractability: If Pol(A,B) contains only finitely
many operations (and no constants), then PCSP(A,B) is NP-hard. This contrasts with the situa-
tion for CSPs and clones, where low-arity operations (for instance, ANDs) can be composed to get
operations of arbitrarily large essential arity; merely taking minors does not increase essential arity.

Other than for constant functions, no single bipartite minor condition implies tractability, since
such a condition involves only functions of bounded arity and would thus be satisfied in a minion with
bounded essential arity, making PCSP(A, B) NP-hard as above. Therefore, an infinite set of bipartite
minor conditions is necessary for tractability.

We now define another property of polymorphisms which is sufficient for hardness and is weaker
than bounded essential arity. For a function f(z1,...,2m) : {0,1}™ — B and a set U C [m], we

denote by f(U) the value obtained by setting z; = 1 if ¢ € U and x; = 0 otherwise.

Definition 2.66. A function f: {0,1}™ — B is called c-fizing if there exists a set U C [m], |U| < ¢,

such that
e f(x1,...,2,) =0 whenever z; =0 for all i € U, and
e f(x1,...,2y) =1 whenever z; =1 for all i € U.

A set of functions {0,1}™ — B is called c-fizing or said to have small fizing sets if there exists a

constant ¢ such that all functions in the set are c-fixing.

Theorem 2.67 ([10, Proposition 5.16]). Let (A,B) be a Boolean PCSP template. Assume that there
exists a minion homomorphism & : Pol(A,B) — N for some minion N of Boolean functions which is

c-fizing for some c. Then PCSP(A,B) is NP-hard.

In [19], c-fixing sets are used to prove the hardness part of their symmetric folded Boolean di-
chotomy. A slightly weaker notion of fixing sets is used in [41] to prove the symmetric Boolean
dichotomy (Theorem 2.62), requiring only one of the conditions in Definition 2.66 to hold, rather than
both simultaneously. However, this latter result also depends on another property of polymorphisms,

which we now define.
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Definition 2.68. For a function f:{0,1}™ — B, we say that U C [m] is an i-set if f(U) = i.

The hardness in the symmetric Boolean dichotomy relies on the relevant polymorphism minions
having not only small fixing sets, but also bounded antichains: For some constant ¢, no function
has ¢ pairwise disjoint 1-sets, and no function has c¢ pairwise disjoint O-sets. Together, these two

combinatorial properties suffice for hardness, which is achieved through the following two theorems.

Theorem 2.69 ([41, Theorem 2]). Let (A,B) be a symmetric Boolean PCSP template such that
Pol(A,B) is idempotent. If Pol(A,B) does not include any of AND, OR, AT, XOR, and THR,, (for

any q), then Pol(A,B) has small fixing sets and bounded antichains.

Theorem 2.70 ([41, Proposition 5.2]). Let Pol(A,B) be an idempotent minion with small fixing sets
and bounded antichains. Then PCSP(A,B) is NP-hard.

The notion of i-sets has been applied to non-Boolean PCSPs as well, including in [9] to PCSPs of
the form (1-in-3, B) (Example 2.20).

Having exhibited some examples of concrete hardness conditions, we now describe the Label Cover

machinery behind them.

Definition 2.71. Fix a positive integer N. We define the Label Cover problem LC(N) as the following

decision problem: The input is a tuple (U, V, E, ¢, r,1I) where
e G = (U,V;E) is a bipartite graph,
e /. r < N are positive integers, and
o II is a family of maps 7. : [r] — [£], one for each e € E.

The goal is to decide whether there is a labelling of vertices from U and V with labels from [r] and [¢],
respectively, such that if (u,v) € E, then the label of v is mapped by 7, . to the label of u. LC(V)
is a CSP where vertices are variables and edges correspond to constraints: A constraint corresponding

to an edge e € FE is given by 7.

Definition 2.72. The Gap Label Cover problem with parameters § (completeness), e (soundness),

and N, denoted by GLC;s (N), is a promise problem, which, given an instance of LC(N),
e accepts if there is an assignment that satisfies at least a d-fraction of the constraints

e rejects if no assignment satisfies more than an e-fraction of the constraints.
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The hardness of Gap Label Cover with perfect completeness § = 1 and soundness € < 1 is a direct
result of the PCP theorem. The soundness parameter can be made arbitrarily small by the parallel

repetition theorem of Raz [64].

Theorem 2.73 ([2, 3, 34, 64]). There exist constants Ky, Ko > 0 such that for every ¢ > 0 and every
N > Kie %2 GLCy ((N) is NP-hard.

The following definition and theorem connect Gap Label Cover with the algebraic theory of PCSPs.

Definition 2.74. Let € > 0. We say that a bipartite minor condition ¥ is e-robust if no e-fraction of

identities from X is trivial.

Theorem 2.75 ([10, Corollary 5.10]). If there exists an € > 0 such that Pol(A,B) does not satisfy

any e-robust bipartite minor condition, then PCSP(A,B) is NP-hard.

Theorems 2.65, 2.67, and 2.70 all follow from Theorem 2.75; for completeness, we give a proof of

Theorem 2.65 from Theorem 2.75.

Theorem (Theorem 2.65 restated). Let M be a minion where every function has essential arity at

most c. Then M does not satisfy any %-robust bipartite minor condition.

Proof. Let ¥ be a %—robust bipartite minor condition. Suppose X is satisfied by M, that is, there is
an assignment ¢ from symbols in ¥ to functions in M of the same arity such that for every condition
f 5 gin ¥ we have £(f) = €(g). Let I(£(f)) be the set of essential coordinates in £(f). It is easy to
check that essential coordinates of a minor £(g) of a function £(f) correspond to essential coordinates
of £(f), that is: &(f) = &(g) implies 1(£(g)) € w(I(£(f))). Hence if we fix (g) € I(£(g)) arbitrarily,
for each symbol g on one side of ¥, and choose ¢(f) € I(£(f)) uniformly at random, for each symbol
f on the other side of ¥, then for each condition f =+ g the corresponding condition 7(¢(f)) = ¢(g) is
satisfied with probability at least % Equivalently, replacing £(g) with the projection to ¢(g) and £(f)
with the projection «(f), the condition p,(y) 5 Py (g) is satisfied with probability at least % Therefore,
there exists an assignment with projections that satisfies at least % of the conditions, which means 3

is not %—robust. ]

The following is a strengthening of Theorem 2.75 that allows a minion to be decomposed into
finitely many subsets (that do not need to be minions), so that the e-robustness condition can be

tested separately on each of the subsets.
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Theorem 2.76 ([10, Theorem 5.21]). Let (A, B) be a PCSP template and let € : N — R be a function
such that ¢(N) € Q(N~E) for each K > 0. Assume that Pol(A,B) is a union of finitely many sets
My, ..., My, none of which satisfies (for any N ) any e(N)-robust bipartite minor condition involving

symbols of arity at most N. Then PCSP(A,B) is NP-hard.

Theorem 2.76 is especially powerful when combined with the following lemma as it yields Corol-

lary 2.78, which gives a very general sufficient condition for hardness.

Lemma 2.77 ([10, Lemma 5.11]). Let A and B be sets, let M be a set of functions A — B, and let
¢:N = N. Assume that there exists a mapping I assigning to each element of M) a subset of [m]

of size at most c(m) such that for each 7 : [m] — [n] and each f € M™ with f/, € M, we have

’/T(I(f(xlv cee 7$m)) n I(f($ﬂ.(1), cee 7m7r(m))) 7& 0.

Then M satisfies no (1/c(N)?)-robust bipartite minor condition involving symbols of arity at most

N.

Corollary 2.78. Let (A,B) be a PCSP template and let M = Pol(A,B). Assume that M is a
union of finitely many sets My, ..., My, and that there exists ¢ such that for each 1 <1i <k there is a

function I : M; — P(N) satisfying the following three conditions for each f € Mgm) :
1 I(f) € [m]
2. [I(f)l e
3. for each m: [m] — [n] such that f;. € M;, we have w(I(f)) NI(f/x) # 0.

Then PCSP(A,B) is NP-hard.

Corollary 2.78 was used in [10] to give a concise hardness proof for the promise hypergraph colouring
problem PCSP(NAE,, NAE,) from Example 2.17, a result first established in [37].

One of the strongest known NP-hardness critera for PCSPs was devised in [22] to prove hardness
for SetSAT. It follows from a new layered version of the Gap Label Cover problem that is compatible
with many combinatorial properties of polymorphisms such as i-sets, c-fixing sets, and sets of essential
coordinates. A full description of this hardness source appears in Chapter 3; here we state only its

main consequence.
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Theorem 2.79. Let M = Pol(A,B) and suppose we have a notion of a “special set of coordinates”
for functions in M. Suppose there are constants k,¢ € N such that the following holds, for every

fem.
1. f has a special set of coordinates of size at most k
2. f has no family of more than ¢ (pairwise) disjoint special sets of coordinates,

3. if g is a minor of f via ™ and S is a special set of coordinates of g, then 7~1(S) is a special set

of coordinates of f.

Then PCSP(A,B) is NP-hard.

This hardness result has been abstracted to an algebraic hardness condition in [12].

We conclude this section by describing how to lift hardness results for concrete PCSPs to more
general hardness conditions. By Theorem 2.56, a minion homomorphism Pol(A1, B;) — Pol(As, Bs)
gives a reduction from PCSP(A3, By) to PCSP(A1,B1), so that hardness of PCSP(A2, Bs) implies
that of PCSP(A1,By). If we had simple conditions characterising the existence of minion homomor-
phisms to Pol(As, Bs), with (A3, By) NP-hard, then these conditions could serve as a hardness test.

Several such conditions are obtained in [10]; we first present one for PCSP(NAEy, NAE,).

Definition 2.80. An OIlsak function is a 6-ary function o that satisfies

o(, x,y,y, Y, T) ~
o(z, y,x,y, x,y) ~
oly, z,2,2,9,y).
The six columns in this condition correspond to 2-colourings of a 3-uniform hypergraph.
Theorem 2.81 ([10, Theorem 6.2]). Let M be a minion. The following are equivalent:
1. There exists d > 2 and a minion homomorphism M — Pol(NAE,, NAE,).
2. M does not contain an Olsdk function.

Theorem 2.56 then implies the following.
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Theorem 2.82 ([10, Corollary 6.3]). For every PCSP template (A,B) that does not have an Olsdk
polymorphism, PCSP(A,B) is NP-hard.

This result was used in [10] to achieve new hardness results for approximate graph colouring. In
particular, it was shown that 5-colouring a 3-colourable graph is NP-hard.

Next, we give a characterisation of reducibility from the approximate graph colouring problem.

Definition 2.83. A Siggers function [66] is a 6-ary function s satisfying

5(1’, y’ ‘/1:’ Z? y7 Z) ~ S(y7 x? Z? :177 Z? y)'

Theorem 2.84 ([10, Theorem 6.9]). The following are equivalent:

1. For every PCSP template (A,B) that does not have a Siggers polymorphism, PCSP(A,B) is
NP-hard.

2. PCSP(Ky,K.) is NP-hard for all ¢ > k > 3.
3. PCSP(K3,K.) is NP-hard for all ¢ > 3.

Finally, we present a generalisation of the Siggers condition, which characterises reducibility from

the promise graph homomorphism problem.

Definition 2.85. Fix a non-bipartite loopless graph G with vertices vy, ..., v, and edges (a1,b1),.. .,
(am,bpm), where each edge (u,v) appears as both (u,v) and (v,u). The G-loop condition is the

bipartite minor condition

F(@uyy ey 0,) R e(Tayy - Ta,,)
flap,, .o oyxy,) = e(Tpy, ... Tp,, )-
Note that the Siggers condition corresponds to G = Kj.
Theorem 2.86 ([10, Theorem 6.12]). The following are equivalent:

1. For every PCSP template (A,B) that does not satisfy the G-loop condition for some non-
bipartite loopless graph G, PCSP(A,B) is NP-hard.
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2. PCSP(Cag+1,Ke) is NP-hard for all ¢ > 3, k > 1, where C,, is the n-cycle.

3. PCSP(G, H) is NP-hard for any two non-bipartite loopless graphs G and H with G — H.



Chapter 3

SetSAT

We investigate and completely resolve the complexity of (a, g, k)-SetSAT from Example 2.23. This

work appears in [21] and [22].

3.1 Preliminaries and results

The domain of the variables in SetSAT is [d] and for a fixed 0 < s < d we identify each literal with
the indicator function of some S C [d], |S| = s, so that S(z) = 1[z € S]. Every SetSAT instance is
unsatisfiable when s = 0 and satisfiable when s = d, so we exclude these cases in our analysis. For
a SetSAT instance (or formula) ¥ with n variables 1, ...,z,, an assignment to the variables is a
function o : {x1,...,2,} — [d]. An assignment o is called g-satisfying if o satisfies at least g literals
in every clause of W. A l-satisfying assignment is usually simply called a satisfying assignment. A
formula is called g-satisfiable if there exists a g-satisfying assignment to its variables, and satisfiable

if there exists a 1-satisfying assignment.

Definition 3.1. Let 0 < s < d and 1 < a < g < k. The (a, g, k)-SetSAT problem is the following
promise problem. In the decision version, given a SetSAT instance where each clause has k (not
necessarily distinct) literals, accept the instance if it is g-satisfiable and reject it if it is not a-satisfiable.

In the search version, given a g-satisfiable SetSAT instance, find an a-satisfying assignment.

Theorem 3.2. Let 1 < s < d and 1 < g < k. The problem (a,g,k)-SetSAT with set size s and

domain size d is solvable in polynomial time if Z:Zii > 317 and is NP-hard otherwise.

35
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Theorem 3.2 easily follows, as described in Section 3.6, from the next result, where we show that the
complexity of (1, g, k)-SetSAT depends only on the ratio £, thus generalising the case of (1, g, k)-SAT

studied in [8] with s = 1.

Theorem 3.3. (1,g,k)-SetSAT with set size s and domain size s + 1 is solvable in polynomial time

if $> ?91 and is NP-hard otherwise.

We prove hardness only for the decision version of (a, g, k)-SetSAT and tractability only for the
search version; by the discussion after Definition 2.13, this covers all cases of both the search and
decision problems.

The structure of the rest of this chapter is as follows. In Section 3.2, we show that for certain
choices of parameters, hardness can be derived by simple gadget constructions and via a result of

Guruswami and Lee on hypergraph colourings [47]; the main difficulty is in proving NP-hardness when

S

s+1°

the ratio { is close to The tractability part of Theorem 3.3 is proved in Section 3.3 by a simple
randomised algorithm based on classical work of Papadimitriou [63], just as in the Boolean case [8].
We also establish the (non-)applicability of certain convex relaxations. In Section 3.4 we define a new
variant of the Label Cover problem and connect it with a general property of polymorphisms, and
in Sections 3.5 and 3.6, we use this property to show hardness for SetSAT. We show in Section 3.7
that SetSAT has a rich collection of polymorphisms, which prevents us from using certain general

NP-hardness criteria to prove hardness, and finally, in Section 3.8, we exhibit a connection between

SetSAT and hypergraph colouring.

3.2 Simple reductions

Proposition 3.4. For any 1 < s < d, there is a polynomial-time reduction from (a,g,k)-SetSAT to
(a,g —1,k)-SetSAT.

Proof. A g-satsifying assignment is also a (g — 1)-satisfying assignment. O

Proposition 3.5. For any 1 < s < d, there is a polynomial-time reduction from (a,g,k)-SetSAT to

(a,g,k +1)-SetSAT.

Proof. For i € [s+ 1], let N;(z) = 1[z € [s + 1] \ {i}] be a literal not satisfied by 4. For each original
clause, create s + 1 new clauses by adding in turn each of the literals N;(y) to the original clause,

where y is a variable not appearing in the original instance. Note that a g-satisfying assignment
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to the original instance is also a g-satisfying assignment to the new instance. Conversely, if the
original instance is not a-satisfiable, then neither is the new instance, as the literals N;(y) cannot

simultaneously be satisfied in all the new clauses for any value of . O

NP-hardness for the case ¢ < 5 is much easier to obtain when d > 3 compared to d = 2 [§], as

1
2
shown below in Corollary 3.8. First we prove more directly that the generalisation of (1,1,3)-SAT to

larger domains remains hard.
Proposition 3.6. Let s > 2 and d = s+ 1. Then (1,1,3)-SetSAT is NP-hard.

Proof. We give a reduction from 3-SAT. We interpret the value 1 as false and 2 as true. To illustrate
the reduction, consider the clause (1 V T3 V T3). From this clause we create a new clause (Ny(z1) V
Ny(x2) V Na(x3)) where N;(x) is defined as in the proof of Proposition 3.5. We add such a clause for
each clause in the original 3-SAT instance. Then to enforce the binary nature of the original variables,
we add the clauses (N;(z;) V N;(x;) V Ni(z;)) for 3 <i <s+1and 1 < j < n, which restrict the new
variables to take values in {1, 2}.

If the 3-SAT instance is satisfiable, then the (1,1,3)-SetSAT instance is also satisfiable. Conversely,
if the SetSAT instance is satisfiable, then its variables take only the values 1 and 2 and we can translate

back to a satisfying assignment for the 3-SAT instance. O

The first deviation from the results of the SAT world is that the SetSAT analogue of 2-SAT is

hard except in the case s = 1, which corresponds to 2-SAT.
Proposition 3.7. Let s > 2 and d = s+ 1. Then (1,1,2)-SetSAT is NP-hard.

Proof. Each clause can be represented as S, p(z,y), which forbids the assignment (x,y) = (a,b).
Therefore /\f:ll S;.i(x,y) is the disequality relation x # y, so we can simulate graph colouring, which

is NP-hard for s + 1 > 3 colours. O

We can extend this result to larger clauses as follows.
Corollary 3.8. Let s > 2 and d=s+ 1. Then (1, g,29)-SetSAT is NP-hard for all g > 1.

Proof. A reduction from (1,1,2)-SetSAT analogous to the reduction from (1, 1,3)-SAT to (1, g,3¢)-
SAT in [8] gives the result. The clauses of the new (1, g,2¢)-SetSAT instance are obtained by choosing,

in all possible ways, g clauses from the (1, 1,2)-SetSAT instance and taking the union of their literals.



38 CHAPTER 3. SETSAT

If the (1,1,2)-SetSAT instance is satisfiable, then the obtained (1,g,2g)-SetSAT instance is g-
satisfiable for the same assignment. Conversely, since the (1, g, 2g)-SetSAT instance contains clauses
made from copying an old clause g times, satisfiability of the new formula implies satisfiability of the

old one, again for the same assignment. O

Finally we show that certain results on hypergraph colouring hardness obtained by Guruswami

and Lee [47] already imply NP-hardness fairly close to the real boundary.
Proposition 3.9. Ford=s+1 and all g > 1, (1,s(g — 1), (s + 1)g)-SetSAT is NP-hard.

Proof. We give a reduction from the following hypergraph colouring problem, whose hardness was
proved in [47]. For g,r,c¢ > 2, given as input a gr-uniform hypergraph that is promised to have an
r-colouring where each colour appears at least g — 1 times in every hyperedge, find a c-colouring that
does not create a monochromatic hyperedge. The hardness reduction is as follows.

Let r = ¢ = s 4 1. For each hyperedge {z1,...,2(,41)4} we create, for 1 <i < s+ 1, the SetSAT
clauses C; = (Ni(xl) V...V Ni(x(s+1)g)), where N; are as in the proof of Proposition 3.5. If the
hypergraph instance has an (s + 1)-colouring where every colour appears at least g — 1 times in each
hyperedge, then the obtained formula will be s(g — 1) satisfiable: Under the promised assignment, the
clause C; contains the group of satisfied literals whose variables are not equal to i, and there are at
least g — 1 literals in each of the s such groups.

Conversely, if the SetSAT formula is satisfied, the variables x1, ..., z(,41), cannot all take the same
value ¢ for any 4, as otherwise the clause C; would be false. Therefore no hyperedge in the hypergraph

is left monochromatic by a satisfying assignment. O

3.3 Tractability

How big must one make the fraction of satisfied literals in order for the SetSAT problem to become

S

ST s sufficient.

tractable? The following proposition shows that

Proposition 3.10. For 1 < s <d and { > P (1,9,k)-SetSAT is solvable in expected polynomial

time.

Proof. Algorithm 3 finds a satisfying assignment to a g-satisfiable formula in expected polynomial
time. The algorithm and its analysis are based on [8, Proposition 6.1], which in turn is based on

Papadimitriou’s randomised algorithm for 2-SAT [63].
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Algorithm 3 Randomised algorithm for (1, g, k)-SetSAT with £ > -2

k — s+1
Input: an instance ¥ of (1, g, k)-SetSAT
Output: a satisfying assignment to ¥

x < arbitrary assignment

while  does not satisfy ¥ do
arbitrarily pick a falsified clause C of ¥
randomly choose from C' a literal S(z;)

randomly choose a value for x; so that S(x;) is satisfied
return z

Suppose that ¥ has a g-satisfying assignment z*. Let 2 be the assignment obtained in iteration ¢
of the algorithm, and let D, = dist(x?, z*), where dist(x,y) is the Hamming distance between x and

y. Since Dy — Dy € {—1,0,1} for every t,! we have

E(D; — Dy_1) =P(D; — Dy_y = 1) —P(Dy — Dy_y = —1)

k— 1
§Tg—%g§0 if and only if %2 s—T—l'
The sequence Dy, D1, ... is a random walk starting between 0 and n with each step either unbiased

or biased towards 0. This is a “gambler’s ruin” chain with reflecting barrier (because the distance
cannot increase beyond n). With constant probability, such a walk hits 0 (“the gambler is broke”)
within n? steps and the probability that the algorithm fails to find a satisfying assignment within

crn? steps is at most 27" for some constant ¢, so the expected running time is O(n?). O

The proof of Proposition 3.10 can be modified to show that Algorithm 3 also finds a satisfying
assignment when each literal corresponds to a set of size at most s. This makes sense intuitively, as

smaller literals give the algorithm a better chance of setting x; equal to x in Step 5.

We show that if £ > 577 then (1,9, k)-SetSAT has a specific family of polymorphisms that leads

to a deterministic algorithm based on linear programming.

Definition 3.11. A symmetric function f : [d]™ — [d] is a plurality if

f(@1,.. . ) = argmax,¢q{# of occurrences of a in (z1,...,2m)},

with ties broken in such a way that f is symmetric.

n the special case d = 2, we have Dy — Dy—1 € {—1,1}.
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When d = s + 1, all polymorphisms of SetSAT are conservative; i.e., they always return one of
their input values, as the following proposition shows. This will be important when showing hardness,

and also has implications for solvability by linear programming algorithms.
Proposition 3.12. Ifd = s+ 1, then all polymorphisms of (1, g, k)-SetSAT are conservative.

Proof. Let f : [d]™ — [d] be such that f(ai,...,am) =0band b ¢ {a1,...,a}. If S is a literal not

containing b, then the clause (S(z1) V...V S(zy)) is g-satisfied (even k-satisfied) by setting all z;

equal to any one of the a;. Thus taking the m assignments (z1 = -+ = 25 = a;)1<j<m and applying
f to each component, we get the assignment z; = --- = x = b which clearly does not 1-satisfy the
clause, and so f cannot be a polymorphism. O

Proposition 3.13. Let 1 < s <d. If { > 517 then every plurality function is a polymorphism of

(1,9,k)-SetSAT. If ¢ = s11 then every plurality function of arity m Z 0 mod s+1 is a polymorphism

of (1,9,k)-SetSAT, and no symmetric function of arity m = 0 mod s + 1 is a polymorphism of
(1,9,k)-SetSAT if we also have d = s + 1.

Proof. Let f be a plurality function of arity m. Given m g-satisfying assignments to a clause of width
k, we are guaranteed to have at least mg satisfying values among the mk total values. Therefore there
is a coordinate ¢, 1 < ¢ < k, containing at least {%] satisfying values, that is, at least {%] values
not equal to any of the values by,...,bs_s forbidden by the i-th literal of the clause. For f to be a

polymorphism, it suffices that the most frequent satisfying value in coordinate i appears more often

than any of the by,...,bg_s, for which it suffices that (%1 /s > m — {%] This is equivalent to

[24] > 531, which follows from { > —35, so f is a polymorphism.
In the case ¥ = strv the same argument works so long as % is not an integer, since by taking
the ceiling we obtain a value strictly greater than _F3m. Since g = 11> e have Im = S and

this is an integer only if m is a multiple of s + 1.

s
s+1?

To show that there are no symmetric polymorphisms when ¢ = m is a multiple of s+ 1, and

d = s+1, note that { = -7 implies that k is divisible by s +1. Let M be the (s +1) x (s + 1) matrix

whose first row is 12---s 4+ 1 and whose i-th row for 2 < i < s+ 1 is obtained from the (i — 1)-st
row by shifting it cyclically to the left by one coordinate. We stack s% copies of M on top of each

other and take s% copies of this stack side-by-side to form the k x m matrix M’. If f is symmetric,

it returns the same value b € {1,...,s+ 1} when applied to each row of M’'. Every column of M’

S

satisfies exactly an S

-fraction of the literals in the clause whose k literals are all S¢y . o113\ (p3- On
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the other hand, the assignment produced by applying f to each row of M’ does not even 1-satisfy this

clause, so f is not a polymorphism. O

Proposition 3.13 has interesting consequences for solvability of (1, g, k)-SetSAT via convex re-

laxations. By Theorem 2.58, (1, g, k)-SetSAT is solvable by BLP when £ > s+ (since there exist

symmetric polymorphisms of all arities) but not solvable by BLP when ¥ = Sj—l and d = s+ 1 (since

there do not exist symmetric polymorphisms of all arities). By Theorem 2.61, (1, g, k)-SetSAT is

solvable by BLP+AIP if £ > - T (since there exist symmetric polymorphisms of infinitely many ari-

ties). We note that iterative rounding of the BLP relaxation could also be used to get a deterministic

algorithm as in [8].

3.4 Layered Label Cover and smug sets

In this section we define a variant of the Label Cover problem, which reduces the task of showing
hardness to showing that all polymorphisms satisfy a certain combinatorial property, and then in
Section 3.5, we show that the polymorphisms of SetSAT satisfy this property. From now on we
assume that d = s+ 1, as in Theorem 3.3.

An ¢-Layered Label Cover instance is a sequence of £+ 1 sets X, ..., Xy (called layers) of variables
with range [m], for some domain size m € N, and a set of constraints ®. Each constraint is a function
(often called a projection constraint) from a variable x € X; to a variable in a further layer y € X,
i < j, that is, a function denoted ¢,_,, which is satisfied by an assignment o: XoU--- U X, — [m]
if o(y) = ¢amy(o(x)). A chain is a sequence of variables x; € X; for i = 0,...,¢ such that there
are constraints ¢, ,.; between them, for i < j. A chain is weakly satisfied if at least one of these
constraints is satisfied.

The basis for our hardness result is the hardness of distinguishing fully satisfiable instances from
those where no constant fraction of chains can be weakly satisfied. This follows by a simple adaptation

of a reduction from the work of Dinur, Guruswami, Khot, and Regev [35].

Theorem 3.14. For every £ € N and € > 0, there is an m € N such that it is NP-hard to distinguish
{-Layered Label Cover instances with domain size m that are fully satisfiable from those where not

even an e-fraction of all chains is weakly satisfied.

Proof. For £ =1 a chain consists of just one constraint, so weakly satisfying the chain is the same as

satisfying its constraint. The claim is then equivalent to the hardness of the standard Bipartite Gap
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Label Cover problem, which holds even for bi-regular instances, that is, instances (Y, Z) such that
every variable in Y occurs in constraints with exactly d variables in Z and every variable in Z occurs
in constraints with exactly d_ variables in Y, for some dy,d_ € N. (This hardness follows from the
PCP theorem [2, 3] and Raz’s parallel repetition theorem [64], cf. [35] and [1].)

For ¢ > 1 we reduce from a bi-regular instance of Bipartite Gap Label Cover with variable sets Y
and Z, domain size m, constraints I and gap &’ := ¢/ (%1). Let the domain size of the constructed
instance ® be m’. Let the variable sets be X; := Z! x Y*~% for i = 0,...,¢ (that is, {-tuples of i
variables from Z followed by ¢ — i variables from Y’; this makes indices notationally more convenient
than the other way around). Let the constraints between X; and X; (for 0 < i < j < ¢) be defined

for pairs of tuples z and z’ of the form:

T=(21,--+, % Yit1s--»Yj» Yj41,---,Ye) € X; and

‘f, = (Zla"'azi7 Zidly -y 24, yj-‘rla"'vyf) € X]
such that the original instance has a constraint ¢, .., € I'for k =441,...,j. Let the new projection
constraint ¢z_z map (ai,...,ar) to (by,...,bs) where by = ¢y, ., (ar) for k =i +1,...,j and

by, := aj, otherwise. This concludes the construction.

Note that chains in this instance are in bijection with ¢-tuples of original constraints in I'. Indeed,
a chain Z; € X; (i =0,...,¢) is determined by Zo = (y1,...,¥¢) and Ty = (21, ..., 2¢) such that T" has
constraints ¢y, —,, for £ =1,...,£. Moreover, for each i < j, every constraint ¢z_,z between T € X,

and ' € X; appears in the same number of chains (namely d_* - d f_j ).

If the original instance I'" was fully satisfiable then so is the new one ®: indeed, if o is a satisfying

assignment for I'; then Z — (o(x1),...,0(xy)) is a satisfying assignment for ®.

Suppose now that in @, an assignment o: Xo U --- U X, — [m]’ weakly satisfies at least ¢ of all
chains. Then there exists 0 < ¢ < j < £ such that at least ¢/ (%1) = ¢’ of all chains are weakly
satisfied at a constraint between X; and X ;. Every constraint between X; and X is contained in the
same number of chains, say C, hence at least ' of the constraints between X; and X are satisfied
(indeed, the number of thus satisfied chains is exactly C times the number of satisfied constraints;
similarly, the number of all chains is exactly C' times the number of all constraints between X; and
X;).

Choose an arbitrary coordinate k in i+1, ..., j. Partition X; into equivalence classes such that z, 7’
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are in the same class if they are identical on all coordinates except possibly coordinate k. Partition
X; in the same way. There exists a pair of classes between which constraints exist and at least ¢’ of

them are satisfied. That is, there are

Tlyeeoy The1, Thtl,---,T¢g €Y UZ and

!/ / / /
.'I,'l,...,xk:il, .’L‘k+1,...7l‘Z€YUZ

such that o satisfies at least €’ of the constraints between pairs of the form

(xlw"a‘xk—la Y, xk+17"'>$l) € X1

!/ / / /
(@, Ty 2y Thpgs-- o y) €X;

where a constraint ¢,_,, exists in I'. Therefore, one can define an assignment ¢’: YU Z — [m] by
letting ¢/(y) and o’(z) be the k-th element of the value in [m]’ resulting from applying o to the
above tuples, respectively for y € Y and z € Z. This assignment then satisfies at least ¢ of all the

constraints ¢, of the original instance I'. O

A piece of notation before we prove a corollary of Theorem 3.14. A chain of minors is a sequence

of the form fo —% f; —2 .. Z=2% £, We shall then write mi;: [ar(fi)] — [ar(f;)] for the
composition of m; ;41,...,mj—1,;, for any 0 <7 < j < ¢. Note that f; SLEN fi-

Corollary 3.15 (of Theorem 3.14). Let M be a minion. Suppose there are constants k,¢ € N and an

assignment of a set of at most k coordinates sel(f) C [ar(f)] to every f € M such that for every chain

1,2 Te—1,0

of minors fo — f1 fe, there are 0 < i < j < ¢ such that m; ;(sel(f;)) Nsel(f;) # 0.
Then PMCaq(m) is NP-hard, for m large enough. In particular, if M = Pol(A,B), then PCSP(A, B)

18 NP-hard.

Proof. For ¢,k as in the assumption, let € := % and let m be as given by Theorem 3.14. We reduce
an ¢-Layered Label Cover instance by replacing each variable z with a symbol f, of arity m and each
constraint ¢,_,,: [m] — [m] by the minor condition f, Paw, fy. If the original instance was fully
satisfiable, the new instance is trivial (i.e., fully satisfiable by projections).

If the constructed instance is satisfied by functions in the minion M, we define an assignment

to the original instance by selecting, for each variable z, a random coordinate from sel(f,) C [m]

(uniformly, independently). The assumption guarantees a set of constraints ¢,_,, such that (1) each
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chain contains at least one and (2) for each such constraint ¢,_,,, we have ¢, (sel(fz)) Nsel(fy) # 0.
The random choice then satisfies each of these constraints, and hence weakly satisfies each chain, with
probability at least k% = ¢. The expected fraction of weakly satisfied chains is thus at least € and a
standard maximisation-of-expectation procedure deterministically finds an assignment which certifies

this. O
We now introduce the combinatorial property of polymorphisms which is crucial for our results.

Definition 3.16. For a function f: A*(f) — B we say that a set of coordinates S C [ar(f)] is a smug

set if there is an input vector v € A* () such that S = {i | v; = f(v)}.

Since d = s+ 1, Proposition 3.12 applies and so for every polymorphism f of SetSAT and every v,
the set {i | v; = f(0)} is nonempty. The following result connects Layered Label Cover to smug sets

and will be used to prove hardness of (1, g, k)-SetSAT.

Corollary 3.17. Let M be a minion. Suppose there are constants k,{ € N such that the following
holds, for every f € M:

1. f has a smug set of at most k coordinates,
2. f has no family of more than ¢ (pairwise) disjoint smug sets,
3. if f 5 g and S is a smug set of g, then 7=(S) is a smug set of f.

Then PMCaq(m) is NP-hard, for m large enough. In particular, if M = Pol(A,B), then PCSP(A, B)

18 NP-hard.

Proof. For each f € M, we define sel(f) as a smug set of at most k coordinates, arbitrarily cho-

fe-

Suppose to the contrary that for each 0 < i < j < £, m; j(sel(f;)) is disjoint from sel(f;), or equiv-

Te—1,¢

sen (some such set exists by the first condition). Consider a chain fy o f T

alently, that sel(f;) is disjoint from ﬂi,gl(sel(fj)). This implies that Wogl(sel(fi)) is disjoint from
ﬂogl(wigl(sel(fj))) = Wojjl(sel(fj)). That is, the sets WO’_il(sel(fi)) for i = 0.../ are pairwise disjoint.

By the third condition they are smug sets of fy. But by the second condition this is impossible. [

We note that in the proof of Corollary 3.17, the exact definition of “smug” is irrelevant, as long
as it satisfies the above three conditions.
It is easy to check that the definition of “smug” satisfies the third condition for any functions f = g,

not necessarily polymorphisms. Indeed, if an input o € A*(9) to g gives a smug set S = {j | v; = g(v)},
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then the corresponding input @ € A*) to f defined as u; = Ur(;) satisfies f(u) = g(v) and hence
gives a smug set {i | u; = f(@)} = {i | vp) = 9(0)} = {i | 7(i) € S} =71(9).
The definition of “smug” is particularly well-suited to our problem, because whether f is a poly-

morphisms or not depends only on its family of smug sets.

Lemma 3.18. Let 1 < s and 1 < g < k. A function f: [s + 1™ — [s + 1] is a polymorphism
of (1,9,k)-SetSAT if and only if there is no multiset S1,..., Sk of smug sets of f, such that each

coordinate ¢ € [m] is contained in at most k — g of them.

Before setting out to prove Lemma 3.18, we give an example in Figure 3.1 of a function that is

not a polymorphism of (1, 3,5)-SetSAT with set size 2 and domain size 3.

m f clause
33333/]11212]—3 1 #3
3322[11[22]33|—2  Vay#2

k=5|13322[111)233|—1 Vas#1
12121212B3]—3 Vo #3
1212121233]—3  Vas#3

o b

Figure 3.1: Illustration of Lemma 3.18. Smug sets S C [m] are highlighted in each row.

Proof of Lemma 3.18. A function f: [s + 1]™ — [s + 1] is not a polymorphism if and only if there is
a clause of the form z1 # by V -+ V xy, # by (for some column vector be [s + l]k) and a sequence of

m column vectors o', ..., o™

€ [s + 1]¥ each of which g-satisfies the clause, but for which the vector
o= f(v',...,9™) (with f applied coordinatewise) does not even l-satisfy the clause. The latter is
equivalent to saying that o; = b; for i € [k], that is, applying f to the i-th row gives f(v},...,v) = b;.
The former is equivalent to saying that for each column o in @', ...,7™, the condition v; # b; holds for

at least g indices ¢ € [k] of that column. The two are hence equivalent to saying that for each column

v*, ¢ € [m], the condition v/ = f(v},...,v™) holds for at most k — g indices i € [k] in that column.

1

In other words, the k row vectors (v;,...,vJ") for i € [k] have smug sets such that ¢ is contained in

at most k — g of these sets, for each coordinate ¢ € [m]. O

Checking the second condition for polymorphisms of our SetSAT problem is easy.

Lemma 3.19. For every polymorphism [ of (1,g,k)-SetSAT, if Si,...,S: are disjoint smug sets of

f, thent < TEg'
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Proof. Suppose to the contrary that ¢t > k—fg. Then we can build a multiset containing each S; up to
k — g times until we have exactly & in total. We thus obtain a multiset of k& smug sets such that every

coordinate is contained in at most k — g of them. O

We have now shown that the second and third conditions of Corollary 3.17 hold, so it remains only

to show that every polymorphism of SetSAT has small smug sets.

3.5 Finding small smug sets

It is easy to show NP-hardness when ¢ < % (cf. Proposition 3.8). We now show a general reduction

by finding a small smug set for (1, g, k)-SetSAT whenever { <

s
s+1°

g
k
)- Again we assume d = s + 1.

Lemma 3.20. Let f: [s + 1™ — [s + 1] be a polymorphism of (1,g,k)-SetSAT with set size s and

domain size s+ 1. There exists a smug set of f of size at most s—1, or a family of s disjoint minimal

smug sets S1,...,S5.

Proof. Suppose that every smug set has size at least s. We show by induction on ¢ that there is a
family of ¢ disjoint minimal smug sets S1, ..., S;. Suppose we found Sy, ..., S; for some 0 < ¢t < s and
we want to find Sy;1. Let T be a set containing one arbitrary coordinate from each S;, i =1...¢. Let
¥ € [s + 1]™ be the input vector with values t +2 on T, i on S; \ T (for i = 1...t) and ¢ + 1 on the
remaining coordinates R := [m]\ (S U---US;). Since |T| < ¢ < s, T is not smug, so f(v) # t + 2.
By minimality, S; \ T are not smug for ¢ = 1...¢, so f(v) # i. Therefore, by conservativity of f
(Proposition 3.12), the only remaining option is f(v) =t + 1. Thus R is smug and disjoint from S;.

Taking S;+1 to be a minimal smug set contained in R proves the induction step. O

Together with Lemma 3.19, Lemma 3.20 already establishes (via Corollary 3.17) NP-hardness

when s > k%g = %ig + 1 (equivalently, ¢ < #=1): since there cannot be s disjoint smug sets, every

polymorphism has a smug set of size at most s — 1. The proof in the general case, when < ﬁ,

extends this approach by first finding (assuming there are no small smug sets) disjoint minimal smug

sets S1,...,S5, then exploiting the fact that each has a special coordinate whose removal makes it not

smug, and using these coordinates to find further variants of each S; with new special coordinates.

Lemma 3.21. Let { < ;35 and let f: [s+1]™ — [s + 1] be a polymorphism of (1, g, k)-SetSAT with

set size s and domain size s+ 1. Then f has a smug set of size at most g.
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Proof. Consider a polymorphism f: [s + 1]™ — [s + 1] of (1, g, k)-SetSAT. We prove by induction on
t that there is a smug set of size at most ¢t — 1, or there is a sequence of smug sets Si,...,5; and a

set T such that (see Figure 3.2):
(i) |T]=tand |TNS;] =1fori=1...t (and by the construction below, S;NT # Sy NT for i # i');
(ii) S; \ T is not smug for i =1...¢;

(iii) S; NSy =0if i £ mod s;

(iv) S; 2 S;—s\ T for i > s.

By Lemma 3.20 we can start with ¢t = s (by taking any T containing one coordinate from each S;).
Suppose the above is true for ¢ > s and let us prove the same for ¢t + 1. If there is a smug set of size
at most ¢ then we are done, so assume that T is not smug. Let ¥ € [s 4+ 1]™ be the input vector with
value s + 1 on T and different values from {1,...,s} on S;_; \ T for i =0...s — 2 and on the set of
remaining coordinates R := [m]\ (S¢ U+ U S;_s42 UT). Then by (ii), R is smug.

Observe that R contains S;_sy1 \ T, because S, ..., Si_sy2,T are disjoint from that set by (iii).
We define S; 11 to be a minimal subset of R among smug sets containing S;_s41\7. By (ii), St—s+1\T
itself is not smug, so there exists some coordinate ¢ in Sy11 \ S¢—s+1. We choose it arbitrarily and set
T :=TU{¢}.

We claim that the sequence of smug sets Si,...,Sir1 and the set T” satisfy the above conditions.
By minimality Si¢+1 \ 7" is not smug, so it satisfies (ii) and by definition it satisfies (iv). The set Si11
is disjoint from Sy, ..., Si_sy2,T, because R was. It is also disjoint from S; for i # t + 1 mod s,
because for every such ¢, S; \ T is contained in one of Sy, ..., Si_sy2; this proves (iii). In particular ¢
is not contained in any of these sets, and since it is not contained in S;_s1, it is in fact not contained
in any S; with ¢ < ¢+ 1. Hence |[T'|=¢+1and |[T'NS;| =|TNS;| =1 fori < t+ 1. Clearly also

|T" N Si1] = [{€}| = 1. Therefore, (i) is satisfied, concluding the inductive proof.

Let us now consider sets as guaranteed above for ¢ = g+ 1 (assuming there is no smug set of size at
most g). Let © € [s+1]™ be the input vector with value i +1 on S;_; \ T for i =0...s—1, and value
s+ 1 on the remaining coordinates R := ([m]\ (St U---US;_s41)) UT. By (ii) the sets S;—; \ T are
not smug, so R is smug. We claim that the multiset obtained from {Si,...,S¢} by adding (k—g—1)
copies of the set R contradicts Lemma 3.18: that is, each coordinate in [m] is covered at most k — g

times by this multiset.
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Consider first the coordinates contained in R. By definition of R, they are disjoint from S;_; \ T
for i =0...s—1. By (iv), they are also disjoint from all sets S; \ T for i = 0...¢, because every such
set is contained in one of the former. Hence if a coordinate in R is also contained in one of Sy, ..., S,
then it is contained in 7" and therefore in at most one of S1,...,S, by (i). In total, it is thus covered
at most (k—g—1)+ 1=k — g times.

Consider now coordinates outside of R. By (iii), they can be covered only by sets S; with congruent

indices ¢ mod s. Since s > L, we have s(k — g) > g, so there are t = g + 1 < s(k — g) distinct

k—g’
indices in total in {1,...,t}. Hence at most k — g of them can be pairwise congruent to each other
mod s. Thus coordinates outside of R are also covered at most k — g times. O

This concludes the proof that smug sets satisfy the first condition of Corollary 3.17 for polymor-

phisms of (1, g, k)-SetSAT with set size s and domain size s + 1, assuming < 537 Therefore, the

problem is NP-hard and we have established the hardness part of Theorem 3.3.

3.6 The general case

In this section we show how Theorem 3.3 implies Theorem 3.2. This amounts to arguing that a
classification of (a, g, k)-SetSAT can be obtained from the special case with a =1 and d = s+ 1. We

start with two easy reductions.

Proposition 3.22. For any 1 < s < d, the problems (a,g,k)-SetSAT and (a+1,g+1,k+1)-SetSAT

are polynomial-time reducible to each other.

S1

|| Sst1 L Ss+1 |
]

S2s SQs
Sast1 | S2s11 | S9s41

v =1 1[T]2 2]T] [T] s s[T[1 L[T[2 2[T] [T s]T[1 1]T[2 2]

Figure 3.2: Illustration of smug sets obtained in the proof of Lemma 3.21. Each row represents one of
the sets in the sequence S, ...,S;. The set T is formed by coordinates with a T and get values s+ 1.
The vector v is used to find the next row Sy41.
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Proof. To reduce (a, g, k)-SetSAT to (a + 1,9 + 1,k + 1)-SetSAT, introduce a new variable y and
add S(y) to each existing clause, where S is any literal. If the original instance has a g-satisfying
assignment, then the same assignment, extended by assigning y to a value satisfying S, is a (g + 1)-
satisfying assignment to the new instance. Conversely, if the old instance is not a-satisfiable, then the
new instance cannot be (a4 1)-satisfiable, as each new clause contains at most one additional satisfied
literal.

In the other direction, from (a 4+ 1,9 + 1,k + 1)-SetSAT to (a, g, k)-SetSAT, let ¥ be the orignal
instance. For each clause C of U we make k£ + 1 new clauses by taking all subsets of k literals of C'. If
¥ has a (g + 1)-satisfying assignment, then the same assignment is g-satisfying for the new instance
since we have removed only one literal from each clause of ¥. Conversely, if every assignment to ¥
is not (a + 1)-satisfying, then every assignment is at most a-satisfying. Removing one of the satisfied
literals from a clause C of ¥ creates a new clause that is at most (a — 1)-satisfiable. Therefore, in the

new instance, every assignment is at most (a — 1)-satisfying. O

Proposition 3.23. There is a polynomial-time reduction from (1, g,k)-SetSAT with set size s and

domain size d to (1,g,k)-SetSAT with set size s and domain size d + 1.

Proof. The new instance produced by the reduction is the same as the old instance V. If U is g-
satisfiable, then it is again g-satisfiable by the same assignment and we ignore the new domain value.
Conversely, a satisfying assignment over [d + 1] to U restricts to a satisfying assignment over [d] by
replacing d + 1 with any value from [d]. This does not falsify any literals since all the literals of ¥

range over [d] only. O

Proof of Theorem 3.2. By Proposition 3.22, we can assume a = 1. The algorithm in Proposition 3.10

solves the problem in polynomial time as long as ¥ > - . (independent of d). Theorem 3.3 states

that (1, g, k)-SetSAT is NP-hard when # < -7 and d = s + 1. Proposition 3.23 then extends this to

larger d. O

We finish this section by proving that literals described by sets of size less than s can be emulated

by literals of size exactly s.

Proposition 3.24. If s < d — 2, there is a polynomial-time reduction from (1, g, k)-SetSAT with set

size s and domain size d to (1, g, k)-SetSAT with set size s + 1 and domain size d.
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Proof. We replace each clause Sy (z1) V-V S (zx) with a set of (d—s)* clauses S} (z1) V-V S}(z),
where S ranges over all supersets of S; of size s+ 1. Any g-satisfying assignment to the former clearly
satisfies the latter. For a 1-satisfying assignment o to the latter, we claim that for every new clause
Si(z1)V---VS) (x1), at least one of the literals in Sy (21) V- - -V Sk (xr) must be satisfied by 0. Suppose
to the contrary that o(z;) = a; where a; ¢ S; for all 1 <4 < k. Then the clause formed by the literals
S = S;U{b;}, where b; € [d] \ (S; U{a;}), would not be satisfied by o, a contradiction. Note that as

d—s > 2, the set [d] \ (S; U{a;}) is non-empty. O

3.7 Impossibility results

Here we show that (1, g, k)-SetSAT has rich polymorphisms (satisfying many non-trivial minor condi-
tions), even in the NP-hard range of parameters. We thus demonstrate that certain sufficient condition
for NP-hardness from [10] and earlier work cannot be used to establish hardness of (1, g, k)-SetSAT
for non-Boolean domains.

We show that polymorphisms of SetSAT satisfy robust conditions and therefore the assumptions
of Theorem 2.65 and Theorem 2.75 are not met. The same construction will also give polymorphisms
excluding other approaches (e.g. polymorphisms without small fixing sets). We first describe how to

reconstruct a polymorphism from a family of smug sets.

Definition 3.25. Consider (1, g, k)-SetSAT with domain size s + 1. Let U be a finite set and let

& = (S1,...,5)#|) be a sequence of non-empty subsets of U with the following properties:

e for every partition U = Uy U- - -UU,41 into s+ 1 possibly empty sets, at least one of Uy, ..., Usqq
isin 7.

e for every k-tuple (S;,,...,S;, ) € 7%, some u € U is contained in at least k — g+ 1 of the k sets.

Let g : [s+1]IUl — [s+1] be defined as follows. For an input # € [s+ 1]IV!, partition the coordinates
according to their value: that is, for i € [s+ 1] let U; := {u € U: x, = i}. Let ¢»(Z) be the value

i € [s+ 1] such that U; € .; if there are many such ¢, choose U; to be first in the sequence .7.

By construction, all the smug sets of ¢ are contained in .. By Lemma 3.18, g is a polymor-
phism. Note that because of the preference for earlier sets in ., not all sets in . have to be smug,
and there may exist different functions with the same family of smug sets. On the other hand, the

ordering in . matters only when comparing disjoint sets.
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The following polymorphisms satisfy many non-trivial minor conditions. For notational conve-

nience we consider only the case k — g+ 1 = 3.

Definition 3.26. For m € N, let U := ([7;]) U {L}. That is, we will index coordinates with triples
{i1,12,13} in [m], with one additional special coordinate L. For i € [m], let S; C U be the set of
triples containing i. Let ., be the family of all supersets of sets in {S1,...,Sm,{L}}, ordered so

that sets not containing L are all earlier than sets containing L. Let g, := g, .

Observe that the minimal smug sets of g, are exactly Si,...,Sm,{L}. Note also that every two
sets in S7,...,S, (and hence any two of their supersets) intersect, so the ordering between them is

irrelevant, and similarly for every two sets containing | ; hence ¢,, is defined unambiguously.
Proposition 3.27. Letm >4, k—-g+1=3, and { > % Then

(i) qm 1is a polymorphism of (1,g,k)-SetSAT of arity (?) +1;

(i) qm and projections of arity m + 1 satisfy a %-mbust minor condition;

(iii) for every partial assignment to less than % coordinates of qm and every value a € [s + 1], there
is an assignment to the remaining coordinates that makes g, take value a. (In particular this

means ¢, does not have small “weakly fixing” or “avoiding” sets).

Proof. To check (i), we have to check that .7, satisfies the two conditions of Definition 3.25. The
first condition is trivial because all sets containing L are in .%,,. To check the second condition,
suppose for contradiction that some k-tuple of sets in .}, covers every coordinate at most k — g = 2
times. In particular L would be covered at most 2 times, leaving at least ¢ > k — g + 1 = 3 sets not

containing L. By definition of .7}, these three sets would be supersets of S;,, Si,, S;, respectively for

[m]

some i1, 42,43 € [m] (not necessarily distinct), hence taking I € ( 3

) C U to be any triple containing
{i1,12,13}, we see that the coordinate I is covered by all three sets, and hence by some 3=k —g+1
sets.

For (ii), we start with an informal description; the formal argument is below. Let us first consider
a minor of ¢, defined by identifying all coordinates that are triples containing some i € [m|. Observe
that this minor is a projection to the resulting coordinate, for all ¢ € [m]. This gives m identities

between ¢,, and a projection p. However, the same identities could be satisfied by replacing g,, with

a projection to L; to avoid this, we map L to a different coordinate of p for each i € [m)].
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Formally, let p: [s + 1]™*! — [s + 1] be the projection of arity m + 1 to the last coordinate,
P(Z1,. .y Tmy1) = Ty1. For i € [m], let m;: U — [m + 1] be defined as m;(I) =m+1if I € ([gf])
and I > i, otherwise set m;(I) =i (in particular 7;(_L) = 7). Then ¢,, —= p for each i € [m].

Consider the bipartite minor condition ¥ with two symbols f, g of arity |U| and m+1, respectively,
and m identities f = g. Clearly this condition is satisfied by ¢m,p. We claim the condition is %—
robust, that is, no four identities out of the m identities of ¥ can be simultaneously satisfied by
projections. Suppose the opposite, that is, assigning f = p; for some I € U and g = p; for some
i € [m + 1] satisfies four identities. Without loss of generality these identities are py I v, pr = ps,
pr =% pi, and p; =% p;. Equivalently, 7y (I) = i, mo(I) = i, m3(I) = i, and m4(I) = 4. The first
condition implies that ¢ is either 1 or m + 1; similarly the second implies that 7 is either 2 or m + 1;
hence i = m + 1. The condition m1(I) = m + 1 then implies that I is a triple in ([7;]) containing 1.
Similarly I must contain 2, 3, and 4. This is a contradiction, so 3 is indeed %—robust.

For (iii), consider a partial assignment to some k < % coordinates Iy, ..., Iy of ¢,. Let I be the
set of values ¢ € [m] that are contained in some triple among I, ..., Ix. Then |I| < 3k < m, so there
is a value i* € [m] \ I. This means no coordinate in S;« has been assigned yet. Therefore, for any
a € [s + 1], assigning the value a to all coordinates in S;« (and remaining coordinates arbitrarily)

makes ¢,, take the value a. O

As a side note, another way to obtain a projection as a minor of g, is as follows. Let T' C U be
any set intersecting each of Sy, ..., Sm,,{L}. Then identifying all coordinates in T yields a projection
to the resulting coordinate; indeed, for any input Z € [s + 1]V, the smug set of Z in ¢, contains one

of S1,...,Sm,{L} and hence contains a coordinate in T'.

Corollary 3.28. Suppose k — g+ 1 =3 and g > 3. Then the polymorphisms of (1,g,k)-SetSAT do
not admit a minion homomorphism to a minion of bounded essential arity (or in fact to any minion

with functions of arity m having essential arity at most %/3)

Therefore, by Corollary 3.28, the bounded essentially arity assumption of Theorem 2.65 does not
apply and thus NP-hardness cannot be derived from Theorem 2.65. By Proposition 3.27 ii, Theo-
rem 2.75 does not apply either and neither does the weaker assumption where constants (bounding
essential arity or 1/e in assumptions involving e-robustness) can be replaced by functions subpolyno-
mial in the arity of the polymorphisms (as in [10, Theorem 5.9]).

Even in the very general setting of Theorem 2.76, which is also proved using a layered version of



3.7. IMPOSSIBILITY RESULTS 53

the PCP theorem, we were unable to prove hardness (specifically in our Corollary 3.17) despite several
attempts. On the other hand, we were unable to construct polymorphisms to show that this general

assumption fails for SetSAT.

We show that the polymorphisms of SetSAT include an Olsdk function, so that Theorem 2.82

cannot be used to show NP-hardness of SetSAT.

Proposition 3.29. Suppose { > % There is a polymorphism of (1,g,k)-SetSAT with domain size

s+ 1 that is an Olsdk function.

Proof. Let us define three sets corresponding to positions of x in the three rows defining an Olsak
function: Sy = {1,2,6},5 = {1,3,5}, 53 = {2,3,4}. Let Sy be an arbitrary singleton, say Sy = {1}.
Let . be the set of supersets of Si, S, S3,.54, ordered so that supersets of Si, S5, S3 come earlier.
We claim the sequence of sets . = 57, 59, 53,5, satisfies the conditions of Definition 3.25. The first
condition is trivially satisfied because all sets containing 1 are in .. To check the second condition
suppose for contradiction there is a k-tuple of sets in .% that covers every coordinate at most k — g
times. For each of these k sets, choose one of the sets Si, S5, 53,54 it contains. Let ni,no, n3, ng be
the number of times we chose S1, .53, 53, S4, respectively. Then nq + no + ng + ng = k. Since the first
coordinate (contained in Si, Sa,Sy) is covered at most k — g times, we have n; +ns +ng < k — g.
Similarly, other coordinates give us inequalities n; +ng < k — g, no + ng < k — ¢g. This implies
k < ny+2n9 +ng+ng <2(k—g) and hence 2g < k. This contradicts % > 2, so0 .& satisfies the

second condition of Definition 3.25.

We claim that g is an Olsdk function. Indeed, by definition, ¢« (z,x,y,y,y,x) = x, for all

z,y € [s+ 1]. Similarly ¢»(z,y,z,vy,2,y) = q»(y, z, 2, z,y,y) = <. O

Theorems 2.84 and 2.86 show that ruling out Siggers or G-loop polymorphisms would imply that
SetSAT is NP-hard conditional on the NP-hardness of the approximate graph colouring or promise
graph homomorphism problems, respectively. However, such polymorphisms of (1, g, k)-SetSAT for
7> % are easily constructed as in Proposition 3.29: In detail, for G = Kj, it suffices to define
flx1,@o, 3, 4, 25,26) as 1 if &1 = 23 A 29 = 5 A x3 = g and x9 otherwise. Thus, even

conditional NP-hardness of SetSAT would not follow this way. To the best of our knowledge, SetSAT

is the first known NP-hard PCSP that admits G-loop polymorphisms.
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Table 3.1: Discrepancy d-colouring promise problems; 7 > 1, d > 2, and 0 < a < d.

’ Problem H Uniformity \ Discrepancy \ Weak constraint \ Complexity ‘
1 dr 0 non-monochromatic P
2 dr+a 1 non-monochromatic unknown
3 dr 0 three distinct colours (for d > 3) unknown
4 dr 0 two distinct colours at least twice unknown
5 dr 2 non-monochromatic unknown

3.8 Discrepancy colourings

SetSAT is closely related to hypergraph colourings, and in this section we show that the hardness part
of Theorem 3.3 follows from the conjectured NP-hardness of a natural family of hypergraph colouring

problems based on the following notion.

Definition 3.30. A d-colouring of a hypergraph has discrepancy A if for every hyperedge e we have

m;ﬁ((# of occurrences of colour ¢ in €) — m%n}(# of occurrences of colour ¢ in ) < A.
celd celd

Table 3.1 gives a list of discrepany colouring promise problems. The promise in each case is that
there exists a d-colouring with small discrepancy, and the goal is to find a d-colouring satisfying a
weaker constraint.

We first prove some simple results about the complexity of these problems and the connections

between them.
Proposition 3.31. Problem 1 is tractable.

Proof. We set s =d — 1 and give a reduction to (1, sr, (s + 1)r)-SetSAT with domain size d = s + 1,
which is tractable by Theorem 3.3.

For each hyperedge (v1,...,vq-) we add the clauses (N;(z1) V...V N;(xg,)) for 1 <i < d, where
N;(x) is the literal forbidding = i. Now suppose that the hypergraph admits a d-colouring of
discrepancy 0. Then each of the d colours appears exactly r times in each hyperedge, which gives an
assignment satisfying exactly (d — 1)r = sr literals in each clause of the SetSAT formula, and so the
SetSAT formula is sr-satisfiable. Conversely, any satisfying assignment to the SetSAT formula must

contain two distinct values, thereby preventing a monochromatic hyperedge. O

Proposition 3.32. Problem 2 with a = d — 1 reduces to Problems 3 and 4.
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Proof. The reduction is the same for both problems. We reduce from an instance H of Problem 2
with uniformity dr + @ = dr +d —1 = d(r + 1) — 1. To each hyperedge of H we add a unique new
vertex, which brings the uniformity of the new hypergraph H’ to d(r 4+ 1). Since H has a d-colouring
with discrepancy 1, we can achieve discrepancy 0 in H' by colouring each new variable the appropriate
missing colour. Conversely, a d-colouring that leaves at least three distinct colours (or two distinct

colours at least twice) in each hyperedge of H' yields only non-monochromatic hyperedges in H. [
Proposition 3.33. Problem 2 with a = 1 reduces to Problem 5.

Proof. For each hyperedge of the input hypergraph, we take all its subsets of size dr as hyperedges
of the new instance. This increases the discrepancy of any colouring by at most 1 and preserves the

property of having a monochromatic hyperedge. O
We conjecture that Problem 2 is hard for all choices of parameters.

Conjecture 3.34. Forallr>1,d > 2, and 0 < a < d, it is NP-hard to distinguish between (dr +a)-
uniform hypergraphs that have a d-colouring with discrepancy 1 from those where every d-colouring

creates a monochromatic hyperedge.

As evidence for the conjecture, we note that the case d = 2 was shown to be NP-hard in [8]. If
true, the conjecture and Propositions 3.32 and 3.33 would imply that the tractability of Problem 1
is optimal, in the sense that weakening the promise on either end gives hardness. We now show that

our hardness results for SetSAT would also follow from the conjecture.

S
s+17

Theorem (Hardness part of Theorem 3.3 restated). For set size s, domain size s+ 1, and § <

(1,9,k)-SetSAT is NP-hard.

Proof. Case 1: k# 0 (mod s+1). Let d = s+1 and let r and 0 < a < d be such that k = (s+1)r+a.
We reduce Problem 2 with these parameters to (1, g’ = sr+a—1, k)-SetSAT, which by Proposition 3.4

reduces to (1, g, k)-SetSAT if g < ¢g’. Suppose that g > ¢’. Then

/
>g—|—1: sr+a S S 7
-k (s+)r+a s+1

>

S

511 S0 we conclude that g < q.

L g
contradicting ¢ <
The reduction itself is straightforward: For each hyperedge (v,...,vx) we create the clauses

(Ni(z1) V...V Ni(xg)) for 1 < i < s+ 1. An (s + 1)-colouring of discrepancy 1 then satisfies s of
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s+ 1 literals in each of the r groups of s+ 1 literals, and at least a — 1 literals among the remaining a
literals, and therefore is a g’-satisfying assignment. Conversely, a 1-satisfying assignment has at least
two distinct values in each clause, thus preventing a monochromatic hyperedge.

Case 2: k =0 (mod s + 1). We give a reduction from Problem 5, whose NP-hardness would
follow from Conjecture 3.34 via Proposition 3.33. Let d = s + 1, and let r be such that k = (s + 1)r.
We reduce Problem 5 with these parameters to (1,¢9" = sr — 1, k)-SetSAT, which by Proposition 3.4

reduces to (1, g, k)-SetSAT if g < ¢’. Suppose that g > g’. Then

g_g+1 sr s
= > = = s
k= k (s+1)r s+1

contradicting ¥ < so we conclude that g < ¢'.

i
s+17

The reduction is the same as in Case 1. An (s+1)-colouring of discrepancy 2 satisfies at least sr—1
literals in each clause, and conversely, 1-satisfying assignments prevent monochromatic hyperedges as

before. O



Chapter 4

Beyond PCSP(1-in-3, NAE)

Recall the relations t-in-k and NAE from Examples 2.8 and 2.9, respectively. In this chapter we
investigate PCSPs that arise from the template (t-in-k, NAE) either by adding tuples to t-in-k or
removing tuples from NAE. This work appears in [23] and is currently being reviewed for publication

in Information and Computation, having gone through a revision.

4.1 Preliminaries and results

For a set of tuples S C {0, 1}*, we write t-in-k U S for the relational structure whose (only) relation
contains all k-tuples of weight ¢ and the tuples from S, and similarly for NAE\ S. By Theorem 2.32,
CSP(NAE) and CSP(t-in-k) are both NP-hard, but combining the two yields a tractable PCSP, as

first shown in [19].
Proposition 4.1. For k> 2 and 1 <t < k, PCSP(t-in-k, NAE) is tractable.

Proof. By [19, Claim 4.6], the AT family maps collections of t-in-k tuples into NAE, so by Theo-
rem 2.59, PCSP(t-in-k, NAE) is tractable . O

Our first result is an algorithmic dichotomy for templates constructed by adding tuples to t-in-k.

Theorem 4.2. Letk >3 and ) # S C (t-in-k)°NNAE. Ift is odd, k is even, and S contains tuples
of only odd weight, then PCSP(t-in-k U S,NAE) is tractable via AIP. Otherwise, PCSP(t-in-k U
S,NAE) is not solved by BLP + AIP.

57
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Barto et al. [10] showed that PCSP(1-in-3, NAE) is not “finitely tractable”, meaning that there is
no finite C such that 1-in-3 — C — NAE and CSP(C) is tractable. In other words, the tractability
of PCSP(1-in-3, NAE) cannot be achieved via a gadget reduction to tractable finite-domain CSPs.
This result was then extended by Asimi and Barto [4] to PCSP(t-in-k, NAE) for k > 3, ¢ < k when ¢
is even or k is odd. Since the templates proved finitely intractable in [4] are homomorphic relaxations
of the BLP + AIP-hard cases in Theorem 4.2, the latter are also finitely intractable.

A recent result of Atserias and Dalmau that gives a necessary condition for PCSPs to be solvable
by a local consistency checking algorithm [5] implies that all templates from Theorem 4.2 (and in
particular those not solved by BLP 4+ AIP) are not solved by a local consistency checking algorithm.
By [5, Corollary 4.2], such an algorithm does not solve PCSP(t-in-k, NAE) for any k¥ > 3 and t < k,
and since (t-in-k, NAE) is a homomorphic relaxation of the templates from Theorem 4.2, our claim

follows from [10, Lemma 7.5].

Our second result is a complexity dichotomy for templates obtained by removing tuples from

NAE.

Theorem 4.3. Letk >3 and ) # S C (t-in-k)°NNAE. Ift is odd, k is even, and S contains tuples
of only even weight, then PCSP(t-in-k, NAE \ S) is tractable. Otherwise, PCSP(t-in-k, NAE \ S)
is NP-hard.

Theorem 4.3 is an easy consequence of the following.

Theorem 4.4. Let k > 3 and let B C {0,1}* be a relation such that t-in-k — B and CSP(B) is
NP-hard. Then PCSP(t-in-k, B) is tractable if and only if B = NAE, unless P=NP.

In other words, PCSP(t-in-k, B) is tractable if CSP(B) is tractable or B = NAE, and is NP-hard
otherwise.
One ingredient of the proof of Theorem 4.4 is a symmetrisation trick (Proposition 4.6, observed

independently in [9]) and the following observation.

Proposition 4.5. Let R be a symmetric relation on a set A. For any function f : A — B, the

component-wise image of R under f, denoted f(R), is a symmetric relation on B.

Proof. Suppose that y € f(R), so y = f(x) for some x € R. We must show that 7w(y) € f(R) for an
arbitrary permutation 7. But since R is symmetric, we have 7(x) € R, and so f(7(x)) = 7(y) since

is applied component-wise. O
[ is app p
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Proposition 4.6. Let (A,B) be a PCSP template with A symmetric. For each relation R € B, let
R’ be the largest symmetric relation contained in R. Let B’ be the relational structure with the same

domain as B but with relations R instead of R. Then PCSP(A,B) is polynomial-time equivalent to
PCSP(A,B).

Proof. We first check that (A,B’) is a valid PCSP template, i.e., that there is a homomorphism
A — B’. Let ¢ be a homomorphism from A to B. By Proposition 4.5, ¢(A) is symmetric, and
since B’ is the largest symmetric relational structure contained in B, we have ¢(A) C B’. Therefore
(A,B’) is a valid PCSP template.

For a function f: A™ — B and a relation R € A, let f(R) be the image of R under f, that is, we
apply f componentwise to every m-tuple of elements of R, as when applying a polymorphism. Let f(A)
be the structure with relations f(R) for R € A. Since A is symmetric, so is f(A), and if f € Pol(A,B),
then f(A) C B. Therefore f(A) C B’ and Pol(A,B) C Pol(A,B’). The reverse inclusion follows
from B’ C B and gives Pol(A,B) = Pol(A,B’), which implies by Theorem 2.56 that PCSP(A, B)

and PCSP(A,B’) are log-space equivalent and therefore also polynomial-time equivalent. O
The tractability parts of Theorems 4.2 and 4.3 follow easily from existing work, as we now show.

Proposition 4.7. Let odd-in-k = {z € {0,1}* : |{i : 2; = 1}| =1 (mod 2)}. Then for k even, (the

search version of ) CSP(odd-in-k) is tractable.

Proof. We claim that XOR3 € Pol(odd-in-k) so that tractability will follow from Theorem 2.32.
Suppose that XORg3 returns a tuple of even weight d. Then in the k x 3 matrix of inputs with three
odd weight tuples as columns, there are d rows with an odd number of 1’s and k£ — d rows with an
even number of 1’s. Together these give an even total number of 1’s in the matrix. But since the three

input columns have odd weight, the total number of 1’s in the matrix is odd. Contradiction. O

Proof of the tractability part of Theorems 4.2 and 4.3. Under the tractability criterion of Theorem 4.2,
t-in-k U S C odd-in-k C NAE, so (t-in-k US,NAE) is a homomorphic relaxation of the template

(odd-in-k, odd-in-k). By Theorem 2.56, this implies that

PCSP(t-in-k US, NAE) <, PCSP(odd-in-k, odd-in-k) = CSP(odd-in-k),

where CSP(odd-in-k) is tractable by Proposition 4.7 (for even k). Similarly, under the tractability

criterion of Theorem 4.3, we have t-in-k C odd-in-k C NAE\S and thus PCSP(t-in-k, NAE\S) <,
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CSP(odd-in-k). By composing XOR; functions from the proof of Proposition 4.7, or by observing
that odd-in-k is an affine subspace, we have XOR C Pol(odd-in-k), which implies via the inclusion

that our PCSP templates have the XOR family of polymorphisms and thus are solvable by AIP. O

In the next section we rule out the applicability of BLP + AIP as stated in Theorem 4.2, then in
Section 4.3 we discuss some obstacles to achieving NP-hardness, and finally in Section 4.4 we prove

the hardness part of Theorem 4.3.

4.2 Adding tuples

The following result implies, by Theorem 2.60, the non-tractability part of Theorem 4.2.

Theorem 4.8. Let k > 3, 1 <t < k, and x be a k-tuple of weight 1 < d < k with d # t. Then,
(t-in-k U {x},NAE) does not have 2-block-symmetric polymorphisms of all odd arities, unless t is
odd, k is even, and d is odd.

The implication is as follows: In the non-tractability case of Theorem 4.2, S contains a tuple x of
weight d such that if d is odd, then ¢ is even, k is odd, or both. Therefore Pol(t-in-k US, NAE) C
Pol(t-in-k U {x}, NAE), so it suffices to rule out 2-block-symmetric polymorphisms for templates of
the form (t-in-k U {x}, NAE).

We start with two simple observations which reduce the number of cases to deal with. Since
permuting the rows of a matrix of inputs to a polymorphism permutes the values of the output tuple

and does not affect membership in the symmetric NAE relation, we have the following.

Observation 4.9. Let x and y be two k-tuples of weight d. Then, Pol(t-in-k U {x},NAE) =
Pol(t-in-k U {y}, NAE).

By Observation 4.9, it suffices to prove Theorem 4.8 for x of the form x = 190%~¢.

Observation 4.10. There is a bijection between Pol(t-in-k U {x},NAE) and Pol((k — t)-in-k U

{X},NAE) given by f(x1,...,2m)— f(1 —21,...,1 —xy), where X is the negation of x.

Observation 4.10 implies that 2-block-symmetry of polymorphisms is preserved when swapping 0’s
and 1’s.
There are eight combinations of the parities of k, ¢, and d. The case (k,t,d) = (0,1, 1) is out of the

scope of Theorem 4.8 and is covered by the tractable case of Theorem 4.2. The case (k,t,d) = (1,0,0)
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is covered for d > t in Proposition 4.13 and d < ¢ in Proposition 4.14, and all other cases are covered
for d > t in Proposition 4.11 and d < t in Proposition 4.12. By applying Observation 4.10, we may
assume that d 4+t < k, which allows a single construction to work in each of these propositions. We

start with a brief account of the idea behind the proofs.

Let C} be the k x k matrix containing the k cyclic shifts of the column 1?0¥~*. The matrix C}
can be used to fill one of the coordinate blocks of a 2-block-symmetric function f of arity 2k + 1. For
example, suppose that C} is used to fill the “first” coordinate block. It does not matter whether the
first block contains the odd or even coordinates. Then f depends only on the weights in each row
of the “second” block, since the first block has the same weight in every row. This allows f to be
analysed as a symmetric (1-block-symmetric) function.

For each k, t, and d, and for any f such that one of its blocks can be filled by Cf, we exhibit
a set of tableaux for the other block that prevents f from being a polymorphism. Suppose we have
filled one block with C}, so that f can now be represented as a unary function of the weight on its
other block. For any weights wq, we, w3, we have at least one of f(wq) = f(ws), f(w1) = f(ws),
and f(ws) = f(ws). Therefore by constructing three tableaux corresponding to these three pairs of

weights, we are guaranteed that f will return an all-equal tuple and hence not be a polymorphism.

Proposition 4.11. Let k>3, 1 <t <k, andt <d < k be such thatd+t <k andt =k ord#t
(mod 2). Let x be a tuple of weight d. Then Pol(t-in-kU{x}, NAE) does not have 2-block-symmetric

functions of arity 2k — 1.

Proof. Let f be a 2-block-symmetric function of arity 2k — 1. We will show that f is not a polymor-
phism of (t-in-k U {x}, NAE). Let the odd block contain the tableau C} and denote by C}~ the
tableau obtained from C}, by removing its last column. We describe how to construct the even block
with k£ — 1 columns in the cases below. We use ¢t — 1, ¢, and ¢ + 1 as our three weights.

Case 1: weights t — 1 and t.

The even tableau is C}~. Thus each row in the even block has weight either t—1 or ¢t. If f(t—1) = f(t)
then f returns an all-equal tuple 0% or 1%, so f & Pol(t-in-k U {x}, NAE).

Case 2: weightst — 1 and t + 1.

We take C}~ and replace some of the t-in-k tuples with x as necessary.

Case 2a: t =k (mod 2).

The tableau C’,i_ has an even number k — ¢ of rows with weight ¢t. These can be paired up and
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1’s exchanged so that each row has weight either ¢t — 1 or ¢ + 1. In particular, in the columns
t+1,t+3,...,k—1, we swap the values in the pairs of rows (t,t+ 1), (t+2,t+3),...,(k—2,k—1),

respectively. An illustration is given in Figure (4.1a).

100 00 0 01 10 000 0 00
110 00 0 00 10 0 0 0 0 0O
111100 00 1110 0 0 00
01100 00O 101 10000
001 11100 10 01 1000
00011000 0100110 O
00001 111 00000111
0000 O0T1T1O0 0 000 O0OO0T1TTO0
0000 0011 00 00 0O0O01
(a) Case 2a with ¢t = 3. (b) Case 2b with ¢t = 2 and d = 5.

Figure 4.1: Example with k=9 for f(¢t — 1) = f(t + 1). Swapped values in bold.

Case 2b: (k,t,d) =(0,1,0) or (1,0,1) (mod 2).

The tableau Cli* has an odd number k — ¢ of rows with weight t. We replace the first column with
x. This adds d — t 1’s to the first column, and the d — ¢ rows with the added 1’s now have weight
t + 1. There remains an even number k — d of rows of weight ¢, which can be paired up to exchange
1’s and achieve weight ¢ — 1 or t + 1 in each row. In particular, we swap the values at positions (¢, 2)
and (d+1,2), and then in the columns d 4+ 3,d+5, ...,k — 1, we swap the values in the pairs of rows
(d+2,d+3),(d+4,d+5),...,(k—2,k—1), respectively. An illustration is given in Figure (4.1Db).

Cases 2a and 2b cover all possible parities of k, t, and d under the proposition’s assumptions. In
both cases, each row in the even block has weight either t — 1 or ¢t + 1. If f(¢t — 1) = f(t 4+ 1) then f
returns an all-equal tuple, so f ¢ Pol(t-in-k U {x}, NAE).

Case 3: weights t and t + 1.

We first give a general description of the tableau, and then derive values for its parameters. We
place the tuple x in the first 7 columns and fill the remaining k¥ — 1 — r columns with t-in-k tuples
that have specific behaviours in the upper d rows and lower k — d rows. Our goal is to distribute the
weight of the t-in-k tuples between these two blocks of rows so that every row in the full tableau has
weight t or t 4 1.

Denoting by a the average column weight within the upper group of rows, we place either b or
b+ 1 1’s from each t-in-k tuple in the upper block, where b is an integer close to a. More precisely,

to fill the upper d rows, we use 0 < s < k — 1 — r columns of weight b and £k — 1 — r — s columns
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of weight b+ 1, and in the lower block of rows, we use s columns of weight t —band k —1—r —s
columns of weight ¢ — (b + 1), respectively, so that the full columns are t-in-k tuples.

We now describe the position of the 1’s in the upper group of rows; the construction for the lower
group is analogous. We fill columns with 1’s from top to bottom, starting at the left-most column, and
moving to the right after placing a column’s quota of 1’s (either b or b + 1). The order of the weight
b and b+ 1 tuples does not matter. When moving right to the next column, we continue placing 1’s
in the row immediately below the lowest row containing a 1 in the previous column. Once we reach
the bottom of the group of rows, we wrap around to the top and continue in this way.

A k x (k—1) tableau containing only t-in-k tuples needs at least ¢t more 1’s to achieve weight > ¢
in each row. Each time we replace a t-in-k tuple with x, the tableau gains d — t 1’s, and therefore at
least r = [ﬁ—‘ occurrences of x are necessary. This turns out to be sufficient. The remainder of the
proof is devoted to showing that there exist a, b, and s which allow our construction to work.

A crucial observation connecting the column and row weights in our tableau is that within each
block of rows, the weight between rows varies by at most one. It therefore suffices for the average row
weight in each block to be between ¢ and ¢ + 1.

To achieve average row weight at least ¢, a must be such that the total weights in the upper
and lower blocks are at least d(t — r) and t(k — d), respectively. This is guaranteed when both
alk—1—r)>d(t—r)and (t —a)(k—1—7r) > t(k — d), or equivalently,

d(t—r) td—r—1)

— < < - .
k—l—ria* k—1-—r (4.1)

To achieve average row weight at most ¢ + 1, a must be such that the total weights in the upper
and lower blocks are at most d(t + 1 —r) and (k — d)(t + 1), respectively. This is guaranteed when
botha(k—1—7r)<d(t+1—r)and (t—a)(k—1—r) < (k—d)(t+ 1), or equivalently,

td—r—1)—k+d dit—r+1)

< < —_- .
k—1—r = 4= k—1—r (4.2)

Finally, to ensure that each block of rows is tall enough to accommodate the 1’s specified in the
construction, it suffices that 0 < a < d and 0 < t — a < k — d, which together are equivalent to
max(0,d 4+t — k) < a < min(d,t). By our assumptions, this reduces to 0 < a < t.

We now show that these inequalities can all be simultaneously satisfied. In 4.1, the upper bound is

t

at least the lower bound if and only if r > =,

which holds for our choice of r, and in 4.2, the upper
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bound is at least the lower bound if and only if r < ﬁ + £7 which holds since ﬁ > 1. Exchanging
the upper/lower bound pairs in 4.1 and 4.2 results in two pairs of inequalities on a that are always
satisfied. Finally, for 0 < a < t, it suffices that at least one of the lower bounds is nonnegative, and at
least one of the upper bounds is at most ¢. The lower bound in 4.1 is nonnegative if and only if ¢ > r,
which always holds, and the upper bound is at most ¢ if and only if d < k, which also always holds.

Therefore there exists 0 < a < ¢ satisfying 4.1 and 4.2, and since these inequalities are not strict,
we can take a to be rational with denominator k — 1 — r. Let b = |a]. Recalling that s is the
number of columns of weight b in the upper block, computing the total weight in the upper block
gives sb+(k—1—r—s)(b+1)=a(k—1—r),sothat s=(k—1—r)(b+1—a). This is an integer
since a is a fraction with denominator £k — 1 — r. As a sanity check, note that if a = b or a = b+ 1,
then s =k — 1 —r or s = 0, respectively.

We have shown that there exist a, b, and s which permit us to construct the tableau with weight
t or t + 1 in each row. Thus if f(t) = f(t + 1), then f returns the all-equal tuple 0¥ or 1%  so
f & Pol(t-in-k U {x}, NAE). This ends the proof of Case 3.

Since we must have at least one of f(t —1) = f(t), f(t—1) = f(t+ 1), and f(t) = f(t + 1), the
three cases complete the proof.

An example with t = 7, k = 15, and d = 10 is illustrated in Figure 4.2. In this case, we have

40

r= [ﬁ_‘ = 3 and we get the inequalities 7 Sa< % and ?—I <a< %. We take a = %; the values

42
1

T would also work. Then b = 3 and s = 3, so in the upper group we have 3 columns of weight

‘11—? and
b = 3 and 8 columns of weight b + 1 = 4. The columns containing x are shown in addition to the

construction on k — 1 — r columns.

Proposition 4.12. Let k>3, 1 <t <k, and1 <d <t be suchthatd+t <k andt=k ord#t
(mod 2). Let x be a tuple of weight d. Then Pol(t-in-kU{x}, NAE) does not have 2-block-symmetric

functions of arity 2k + 1.

Proof. The proof is similar to the case d > t established in Proposition 4.11, except that now we can
reduce the number of 1’s in the tableaux by replacing t-in-k tuples with x. We place the tableau C},
in the even coordinates, so that there are k+ 1 columns to be filled in the odd coordinates. As before,
we give tableaux for the three pairs of weights from ¢t — 1, ¢, and t + 1.

Let C}* be the k x (k + 1) matrix C} with an extra column 1¢0*~*.
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Figure 4.2: Example with ¢t = 7, k = 15, and d = 10 from Case 3, for f(t) = f(t+1).

Case 1: weights t and t + 1.
The odd tableau is C};ﬂ so each row in the odd block has weight either ¢ or ¢ + 1.
Case 2: weights t — 1 and t + 1.
The tableaux are similar to Case 2 in the proof of Proposition 4.11. When ¢ = k, we modify CIZJF in
the columns t + 2,¢ + 4,...,k by swapping the values in the pairs of rows (t + 1,t + 2), (¢t + 3,¢t +
4),...,(k—1,k), respectively. When (k,t,d) = (0,1,0) or (1,0,1), we replace the first column of C,ZJr
with x, which leaves an even number k — d of rows of weight ¢. Therefore in columns d+2,d+4, ...,k
we swap the values in the pairs of rows (d+ 1,d +2),(d+3,d+4),...,(k — 1, k), respectively, to get
weight t — 1 or £ + 1 in each row.
Case 3: weights t — 1 and t.
This case is similar to Case 3 in the proof of Proposition 4.11. The tableau C,tf has t rows with
weight ¢t + 1 and k — ¢t rows with weight ¢, so we must reduce the total weight by at least . Replacing
a t-in-k tuple with x reduces the weight by t — d, which suggests r = [ﬁ—‘ such replacements.

Let a be the average column weight in the upper d rows. To achieve average row weight at most ¢,
a must be such that the total weights in the upper and lower blocks are at most d(t —r) and t(k — d),
respectively. This is guaranteed when both a(k+1—7r) < d(t—r) and (t —a)(k+1—r) < t(k —d),

or equivalently,

Hd—r+1) d(t —r)
k+1—r — —k+1—1

AN
e
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To achieve average row weight at least ¢t — 1, @ must be such that the total weights in the upper
and lower blocks are at least d(t — 1 — r) and (k — d)(¢t — 1), respectively. This is guaranteed when
botha(k+1—7)>d({t—1—r)and (t—a)(k+1—17) > (k—d)(t — 1), or equivalently,

dt—1-r) td—r+1)+k—-d

< < . 4.4
k+1—r =@ = k+1—r (4.4)

Finally, to ensure that each block of rows is tall enough to accommodate the 1’s specified by the
construction, it suffices that 0 < a < d and 0 < t — a < k — d, which together are equivalent to
max(0,d 4+t — k) < a < min(d, t). By our assumptions, this reduces to 0 < a < d.

We now show that these inequalities can all be simultaneously satisfied. In 4.3, the upper bound

_t

is at least the lower bound if and only if r > =,

which holds for our choice of r. In 4.4, the upper
bound is at least the lower bound if and only if r < ﬁ + %, which holds since ﬁ > 1. Exchanging
the upper/lower bound pairs in 4.3 and 4.4 results in two pairs of inequalities on a that are always
satisfied. Finally, for 0 < a < d, it suffices that at least one of the lower bounds is nonnegative, and
at least one of the upper bounds is at most d. The lower bound in 4.3 is nonnegative if and only if

t > d+ 1, and the upper bound is at most d if and only if ¢ < k + 1, both of which always hold. The

rest of the proof follows the same reasoning as in Proposition 4.11. O

Proposition 4.13. Let k> 3,1 <t <k, andt < d < k be such that d+t < k and (k,t,d) = (1,0,0)
(mod 2). Let x be a tuple of weight d. Then Pol(t-in-kU{x}, NAE) does not have 2-block-symmetric

functions of all odd arities.

Proof. The parities of k, ¢, and d prevent us from using the weights ¢t — 1 and ¢ 4+ 1 in Case 2, which
necessitates a different choice of weights and a slightly more complicated construction for Case 3. We
take L > 1 copies of C} in the even block of the tableau, and leave Lk + 1 columns to be filled in the
odd block, for a total arity of 2Lk + 1. The three weights we use are Lt, Lt + 1, and Lt + 2, with L
determined later.

Case 1: weights Lt and Lt + 1.

We take L — 1 copies of C}, and one copy of Cff, so that each row has weight Lt or Lt + 1.

Case 2: weights Lt and Lt + 2.

We take L — 1 copies of C}. and one copy of C,';Jr, leaving ¢ rows of weight Lt + 1, and since t is even,
these rows can be paired and values swapped so that each row has weight Lt or Lt + 2. In particular,

in columuns 2,4, ...,t, we swap the values in the pairs of rows (1,2),(3,4),...,(t — 1,t), respectively.
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Case 3: weights Lt 4+ 1 and Lt + 2.

Let r = [%—‘ and let a be the average column weight in the upper d rows. To achieve average row

weight at least Lt + 1, a must be such that the total weights in the upper and lower blocks are at least
d(Lt+1—r) and (Lt+1)(k—d), respectively. This is guaranteed when both a(Lk+1—r) > d(Lt+1—7)
and (t —a)(Lk+1—7r) > (Lt + 1)(k — d), or equivalently,

d(Lt+1-r) <, < t(Ld—&—l—r)—k—&-d.

a

4.
Lk+1—-r — - Lk+1—r (45)

To achieve average row weight at most Lt 4+ 2, a must be such that the total weights in the upper
and lower blocks are at most d(Lt + 2 —r) and (k — d)(Lt + 2), respectively. This is guaranteed when
both a(Lk+1—7) <d(Lt+2—r) and (t —a)(Lk+1—7) < (k—d)(Lt + 2), or equivalently,

t(Ld+1—7)—2(k+d) d(Lt+2—7)

< < —_— .
Lk+1—r 7 (4.6)

Finally, to ensure that each block of rows is tall enough to accommodate the 1’s specified in the
construction, it suffices that 0 < a < d and 0 < ¢t —a < k — d, which together are equivalent to
max(0,d 4+t — k) < a < min(d,t). By our assumptions, this reduces to 0 < a < t.

We now show that these inequalities can all be simultaneously satisfied. In 4.5, the upper bound is
at least the lower bound if and only if r > %, which holds for our choice of r, and in 4.6, the upper

k

bound is at least the lower bound if and only if r < d—:z + ﬁ, which holds since -

73 = 1. Exchanging

the upper/lower bound pairs in 4.5 and 4.6 results in two pairs of inequalities on a that are always
satisfied. Finally, for 0 < a < ¢, it suffices that at least one of the lower bounds is nonnegative, and

at least one of the upper bounds is at most t. The lower bound in 4.5 is nonnegative if and only if

L> Tzl, and the upper bound is at most ¢ if and only if L > f%, so it suffices to take L > % The

rest of the proof follows the same reasoning as in Proposition 4.11. O

Proposition 4.14. Let k>3, 1 <t <k, and 1 < d <t be such thatt+d < k and (k,t,d) = (1,0,0)
(mod 2). Let x be a tuple of weight d. Then Pol(t-in-kU{x}, NAE) does not have 2-block-symmetric

functions of all odd arities.

Proof. We place L > 1 copies of Cf in the odd block of our tableau, leaving Lk — 1 columns to be
filled in the even block for a total arity of 2Lk — 1. The three weights used are Lt, Lt — 1, and Lt — 2,

with L determined later.
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Case 1: weights Lt and Lt — 1.

We take L — 1 copies of C}, and one copy of C’,i_, so that each row has weight Lt or Lt — 1.

Case 2: weights Lt and Lt — 2.

We take L — 1 copies of C}. and one copy of C’i_, leaving ¢ rows of weight Lt — 1, and since t is even,
these rows can be paired and values swapped so that each row has weight Lt or Lt —2. In particular, in
columns 2,4, ...,t—2, we swap the values in the pairs of rows (1, 2), (3,4), ..., (t—3,t—2), respectively.
Finally, in column k& — 1, we swap the values in rows k and t — 1.

Case 3: weights Lt — 1 and Lt — 2.

Let r = H*;Utl—‘ and let a be the average column weight in the upper d rows. To achieve average row
weight at most Lt — 1, a must be such that the total weights in the upper and lower blocks are at most
d(Lt—1—r) and (Lt—1)(k—d), respectively. This is guaranteed when both a(Lk—1—7r) < d(Lt—1—r)
and (t —a)(Lk —1—7r) < (Lt — 1)(k — d), or equivalently,

t(Ld—1—-7r)+k—d d(Lt—1—r7)

< < —_ 7 .
Lk—1—r R 5 g (4.7)

To achieve average row weight at least Lt — 2, a must be such that the total weights in the upper

and lower blocks are at least d(Lt —2 —r) and (k — d)(Lt — 2), respectively. This is guaranteed when

2),
both a(Lk—1—7) >d(Lt —2—r) and (t —a)(Lk — 1 —71) > (k — d)(Lt — 2), or equivalently,
d(Lt —2—r) t(Ld—1—7)+2(k—d)

—_— @ @ < < . .
Lk—1-r %= Lk—1—r (4.8)

Finally, to ensure that each block of rows is tall enough to accommodate the 1’s specified in the
construction, it suffices that 0 < a < d and 0 < t —a < k — d, which together are equivalent to
max(0,d 4+t — k) < a < min(d,t). By our assumptions, this reduces to 0 < a < d.

We now show that these inequalities can all be simultaneously satisfied. In 4.7, the upper bound is

k—t

74> which holds for our choice of r, and in 4.8, the upper

at least the lower bound if and only if r >
bound is at least the lower bound if and only if r < f_;; + %, which holds since % > 1. Exchanging
the upper/lower bound pairs in 4.7 and 4.8 results in two pairs of inequalities on a that are always
satisfied. Finally, for 0 < a < d, it suffices that at least one of the lower bounds is nonnegative, and
at least one of the upper bounds is at most d. The lower bound in 4.8 is nonnegative if and only if

L > ™2 and the upper bound in 4.7 is at most d if and only if ¢ < k, so it suffices to take L > 2.

The rest of the proof follows the same reasoning as in Proposition 4.11. O
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4.3 Obstacles to proving NP-hardness

The ultimate goal for PCSP(t-in-k U S,NAE) is to prove NP-hardness in Theorem 4.2 instead of
non-solvability by BLP+AIP. Here we exhibit choices of ¢, k, and S such that Pol(t-in-k US, NAE)
has unbounded essential arity, Olsdk functions, or Siggers functions, thus showing that Theorems 2.65,

2.82, and 2.84 are insufficient for hardness in general.

Proposition 4.15. Let k > 4 and let x be a k-tuple of weight 2 < d < k — 2. Then Pol(1-in-k U

{x},NAE) does not have bounded essential arity.

Proof. We exhibit a family of functions in Pol(1-in-k U {x}, NAE) with the desired properties. Let
qE€ (ﬁ, 1) and let m be such that mq & Z. Define

f(z1,...,2m) = OR(z1, THRy (21, ..., Zm)).

To see that f € Pol(1-in-k U {x}, NAE), note that the output tuple will always contain at least
one 1 since the first column of the input does, so it suffices to check that we never return the tuple 1*.
There exist at least k—d rows that do not have a 1 in their first coordinate and that share at most m—1
1’s. Therefore, one of these rows must have at most L%j s, and since [ 2= ] < [25] < 25 < mgq,
we conclude that f returns 0 on this row.

It is easy to see that f does not have bounded essential arity: If we set the first [(1 — ¢)m]
coordinates to 0 and the remaining |gm| cooridnates to 1, then flipping any of the 0’s to a 1 will flip
the output of f from 0 to 1, and the number of coordinates that can be flipped in this way is linear

in m. O

Proposition 4.16. Let x = 11000. Then Pol(1-in-5 U {x},NAE) contains both Olsik and Siggers

functions.

Proof. Tt suffices to show that Pol(1-in-5U{x}, NAE) contains a symmetric function of arity 6, since
any symmetric function satisfies both the Olsék and Siggers identities. We claim that the %—threshold
function f of arity 6 is in Pol(1-in-5 U {x}, NAE).

Let M be a 5 x 6 matrix whose columns are 1-in-5 U {x} tuples. If f(M) = 1°, then each row of

M must contain at least two 1’s, for a total of at least 10 1’s in M. This forces at least four columns

of M to contain x, which in turn forces f(M) = x, a contradiction. If f(M) = 0°, then there is at
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most one 1 in each row, for a total of at most five 1’s in M. But each column contains at least one 1,

so M has in total at least six 1’s, a contradiction. O]

4.4 Removing tuples

In this section we prove Theorem 4.4 and show how it implies Theorem 4.3.
Schaefer’s dichotomy theorem (Theorem 2.32) allows us to obtain a simple description of all B

with CSP(B) tractable and t-in-k — B.

Proposition 4.17. Let k > 3, 1 <t < k, and suppose that t-in-k — B. Then CSP(B) is tractable

if and only if
1. 0F € B or 1* € B, or
2. t is odd, k is even, and B = odd-in-k.
Observe that Proposition 4.17 directly implies the NP-hardness of CSP(t-in-k).

Proof. In Case 1, Pol(B) contains a constant function so CSP(B) is tractable by Theorem 2.32, and
in Case 2, tractability is given by Proposition 4.7.

We now turn to hardness. For the rest of the proof, assume that neither (1) nor (2) of the
proposition statement applies.

Suppose that t-in-k — B by the function ¢ : {0,1} — {0, 1}. If ¢ is constant, then either B = {0*}
or B = {1*} and we are in case (1), a contradiction. If ¢(z) = 1 — x, note that ¢(t-in-k) satisfies
conditions (1) and (2) precisely when t-in-k does, so it suffices to consider only the case where ¢ is
the identity and t-in-k C B.

We show that Pol(B) contains none of the functions ANDy, ORo, MAJ3, and XORj3 from Theo-
rem 2.32. To accomplish this, we assume that one of these functions f is present in Pol(B), and then
show that repeated application of f to a certain set of tuples leads to (1) or (2) of the proposition, a
contradiction. Recall that we denote by f(R) the image of the relation R under f. We make seven
claims below, which together exclude the four functions as polymorphisms: Case (i) covers ANDg,
case (ii) covers ORg, (overlapping) cases (iii) and (iv) cover MAJ3, and cases (v), (vi), and (vii) cover

XORg3. Case (vii) contradicts (2) of the proposition; all others contradict (1).!

I Another way of establishing this result for XORg is via linear algebra (being closed under XORj3 is the same as
being an affine subspace) and for MAJ3 from the fact that relations closed under MAJ3 are determined by their binary
projections.
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We give more details for case (i) for illustration. Taking ANDy of the two tuples of weight ¢ shown

in the equation below, we get

ANDQ(ltOk_t, Oltok—t—l) — Olt—lok—t7

a tuple of weight ¢ — 1. By symmetry, we obtain all tuples of weight ¢ — 1, which is the statement of
case (i). Continuing this way, we obtain all tuples of weight ¢ — 2, ¢ — 3, etc. until we eventually obtain
0%, which gives a contradiction as we assume that (1) of the proposition does not apply, so 0F ¢ B.
i (t —1)-in-k C ANDy(t-in-k)
tuples: 1*0¥~* and 01¢0F—*~1
eventual output: 0F
ii (t+ 1)-in-k C ORy(t-in-k)
tuples: 1*0¥~* and 01f0F—*~1
eventual output: 1%
iii if ¢ > 2 then (t + 1)-in-k C MAJ3(t-in-k)
tuples: 1*720*—t=1110, 1*=20*~*~1101, and 1*~20*—*~1011
eventual output: 1%
iv if t <k — 2 then (t — 1)-in-k C MAJ3(t-in-k)
tuples: 1*=10%=t=2100, 1*=10*—*=2010, and 1¢~10%—*=2001
eventual output: 0F
v if ¢ is even, then (t — 2)-in-k C XOR;(t-in-k)
tuples: 1*720%=t=1110, 1*=20*~*~1101, and 1*~20*—*~1011
eventual output: 0F
vi if t and k are odd, then (t + 2)-in-k C XOR;(t-in-k)
tuples: 1*=10%=t=2100, 1*=10*~*=2010, and 1*~10*~*=2001

eventual output: 1*
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vii if ¢t is odd and k is even,
then (t + 2)-in-k C XOR;3(t-in-k) if ¢t < k — 2,
and (t — 2)-in-k C XORg(t-in-k) if £ > 2.

tuples:
11710F=472100, 17710572010, and 1*~ 0¥ #2001
117207171110, 17720k ~*1101, and 1/20~1011

eventual output: all odd weight tuples

With Proposition 4.17 in hand, we can prove Theorem 4.3.

Theorem (Theorem 4.4 restated). Let k > 3 and let B C {0,1}* be a relation such that t-in-k — B

and CSP(B) is NP-hard. Then PCSP(t-in-k, B) is tractable if and only if B = NAE.

Proof. By Proposition 4.6, we can assume that B is symmetric. If B = NAE then PCSP(t-in-k, B)
is tractable by Proposition 4.1. Otherwise, we show that Pol(t-in-k, B) does not contain any of the
families from Theorem 2.62, and therefore PCSP(t-in-k, B) is NP-hard.

The families we need to rule out are constants, OR, AND, XOR, AT, and THR, for ¢ € Q, as
well as their negations. We deal first with the non-negated families. Since CSP(B) is NP-hard, by
Proposition 4.17, we have 0¥ ¢ B and 1* ¢ B. Hence, Pol(t-in-k, B) does not contain constants.

Let C} be the k x k matrix containing the k cyclic shifts of the column 110*~*. Then C} prevents
the polymorphism families OR, AND, XOR (if k£ is odd), and THR, for all ¢ # % The case ¢ = %
is ruled out by [41, Fact B.3], and AT is ruled out by [19, Claim 4.6]. Since CSP(B) is NP-hard, by
Proposition 4.17, it remains to show that for even k, Pol(t-in-k, B) excludes XOR when ¢ is even,
and likewise when ¢ is odd and B is missing a tuple of odd weight.

Let k and ¢ be even. Applying XORy, to the matrix C}, returns the tuple 0%, so applying XORj_1
to the first k—1 columns of C}, returns the last column 1710%~*1. We can “fill in” the 0’s in the output
by swapping 0/1 pairs of values in the input matrix. In particular, in the columns k—1,k—3,...,t+1,
we swap the entries in the pairs of rows (k — 1,k —2), (k— 3,k —4),...,(t + 1,t), respectively. The
resulting k x (k — 1) matrix M then satisfies XORx_1(M) = 1¥ and the arity k — 1 is odd as required.

An example with swapped values in bold is illustrated in Figure (4.3a).
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10000 11 1
1100001 1
111000 0 1 100 11 1
1111100 1 1 100 1 1

XORrl g 1 1 100 0 |71 SoR.| T 1T Lo _1
001 1 1 1 1 1 L o1 1 10| 1
0001110 1 00111 1
00001 11 1 0000 O 0
(a)t=4and k =8. (b)t=3,k=6,and d =5.

Figure 4.3: XOR.

Now let k be even, ¢t be odd, and suppose that B does not contain the tuple x = 190*=¢ of
odd weight d. By Observation 4.10, we can assume without loss of generality that ¢ < d. Then
XORy applied to the matrix C} padded with k — d rows of 0’s returns x. An illustration is given in
Figure (4.3b). Therefore XOR ¢ Pol(t-in-k, B).

Negations: Let F be a family of functions. We reduce the task of showing F' Z Pol(t-in-k, B)
to the already completed task of showing F' ¢ Pol(t-in-k,B). Let x € {0,1}*\ B, let f € F be a
function of arity m, and let M be a k x m matrix of inputs to f whose columns are t-in-k tuples.
We established F' € Pol(t-in-k, B) by finding f and M with f(M) = x, and in the remaining cases
we must find f € F and M such that f(M) = x. But since f(M) = x < f(M) = X, it suffices to find
f € F such that f(M) =%, where X = (1 —z1,...,1 — ) if x = (21,..., 7).

The families AND, OR, and XOR (except when k is even and t is odd) are excluded from
Pol(t-in-k, B) in the same way as AND, OR, and XOR, with the same matrices serving as coun-
terexamples. To see that AT and m are also excluded, let x ¢ B be a tuple of weight d # t.
Then the tuple X of weight k¥ — d can be returned by an AT function and a THR% function by the
arguments above. If k — d = ¢, then the AT and THR% functions of arity 1 output X on input X.

Finally, when k is even, t is odd, and B does not contain the tuple x of odd weight d, the XOR
argument above applies since X also has odd weight k — d. Again, if k —d = ¢, then the XOR function

of arity 1 outputs X on input X. O

Theorem (Theorem 4.3 restated). Let k > 3 and @ # S C (t-in-k)* "NAE. If ¢ is odd, k is even,
and S contains tuples of only even weight, then PCSP(t-in-k, NAE \ S) is tractable. Otherwise,

PCSP(t-in-k, NAE \ S) is NP-hard.

Proof. The tractability in the first statement of the theorem is proved in Section 4.1. Otherwise, ¢ is
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even, or k is odd, or S contains a tuple of odd weight. Take B = NAE \ S. Observe that case (1)
of Proposition 4.17 does not apply as neither 0¥ nor 1* is part of the template. Moreover, case (2)
of Proposition 4.17 does not apply either: If ¢ is odd and k is even then S contains a tuple of odd
weight and hence NAE \ S cannot have all odd weight tuples. Thus, by Proposition 4.17, CSP(B) is
NP-hard. Then, by Theorem 4.4, PCSP(t-in-k, B) = PCSP(t-in-k, NAE \ S) is NP-hard. O



Chapter 5

PCSP(1-in-3, B) on non-Boolean

domains

We establish new results on the complexity of PCSP(1-in-3, B).

5.1 Preliminaries and results

Let B contain a single ternary relation over the domain [d] = {0,1,...,d — 1} (for this chapter we
redefine [d] to include 0 and exclude d, as this makes it easier to work with modular arithmetic). Since
the template 1-in-3 is symmetric, by Proposition 4.6 we can assume without loss of generality that B
is symmetric. To any such B we associate a directed graph G(B) = ([d], {(b1,b2) : (b1,b1,b2) € B}).
The complexity of PCSP(1-in-3,B) may depend on the presence in B of rainbow tuples (by,ba,bs)
with |{b1, b2, bs}| = 3, but the graph representation does not, so different choices of B can produce
the same graph. For two graphs G and H over domains of possibly different sizes, we write G C H

when G is isomorphic to a subgraph of H.

The following two families of graphs play an important role in our results.

Definition 5.1. Let by,...,b. be distinct elements of [d]. We define the cyclic and linear order

75
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graphs, respectively, as follows:

Cr = ({b1,...,b-},{(b1,b2), (b2, b3),...,(br,b1)})

LO, = ({bl, o ,br}, {(b“ b]) i b < b]})
From a given graph we can recover a unique structure B by specifying which rainbow tuples to

include; here we are primarily interested in the cases where all or no rainbow tuples are present.

Definition 5.2. Let G be a graph with vertex set [d]. We denote by GT the structure with graph G

that contains all rainbow tuples over [d], and by G the same structure without rainbow tuples.

Example 5.3. Following Definition 5.1, let C3 = ({0, 1,2}, {(0,1),(1,2),(2,0)}) be a cyclic graph on

three vertices. Then Definition 5.2 gives us the following relations.

Cs; ={(0,0,1),(0,1,0),(1,0,0),
(1,1,2),(1,2,1),(2,1,1),
(2,2,0),(2,0,2),(0,2,2)}
C; =C;U{(0,1,2),(0,2,1),(1,0,2),(1,2,0),(2,0,1),(2,1,0)}
Observation 5.4.
e For any G we have G C GT, so that PCSP(1-in-3,G™") <, PCSP(1-in-3, G).
e IfGC H, then PCSP(1-in-3, HU S) <, PCSP(1-in-3, G US) for any set of rainbow tuples S.
The following proposition presents instances of PCSP(1-in-3, B) that are known to be tractable.
Proposition 5.5. If C; — B for some i € {1,2,3}, then PCSP(1-in-3,B) is tractable via AIP.
Proof.
e If C; — B, then B contains a constant tuple.

e The template Cs is the same as (Boolean) NAE, so (1-in-3,B) is a homomorphic relaxation
of (1-in-3,NAE). Therefore, by Proposition 2.47, PCSP(1-in-3,B) is solved by AIP since
PCSP(1-in-3, NAE) is [17, 19].
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e If C3 — B, then (1-in-3,B) is a homomorphic relaxation of CSP(C3). We can write C3 =
(Bl; {(z,y,2) :x+y+2=1 (mod 3)}, which, being a system of linear equations over a field, is
solved by AIP. Therefore, by Proposition 2.47, PCSP(1-in-3, B) is also solved by AIP.

The tractable cases in Proposition 5.5 are in fact just the beginning of a more general pattern.

Theorem 5.6. For ¢ € {0,1} and r > 0, PCSP(1-in-3, C;}ST) is tractable via AIP.

Next we show non-solvability by BLP+AIP for a certain family of PCSPs, namely those where B

represents a linear order. Let LOy be the symmetric relation containing all tuples (b1, b1, bs) where

b1 < by in the natural order on [d]. Note that 1-in-3 = LOs.
Theorem 5.7. For k,d > 3, PCSP(1-in-3,LO) is not solved by BLP+AIP.

Theorem 5.7 shows that when G(B) is the maximal acyclic graph over [d], BLP4+AIP does not
solve PCSP(1-in-3,B), so it is likely that cycles are necessary for tractability. Taking this result
a step further to NP-hardness seems difficult: Already for d = 3, the authors of [9] were unable to
show NP-hardness of PCSP(1-in-3, LOZ ), which is the only remaining case of PCSP(1-in-3, B) with
unknown complexity for d = 3.

We turn now to templates (1-in-3, B) where B contains no rainbow tuples. Our first result is an

algorithmic dichotomy.

Theorem 5.8. Let B be a symmetric relation without rainbow tuples. Then PCSP(1-in-3,B) is

solvable by AIP if C; C G(B) for some i € {1,2,3}, and is not solvable by BLP+AIP otherwise.

By generalising [9, Theorem 32], we obtain NP-hardness for a subset of these rainbow-free tem-

plates.
Theorem 5.9. For d > 4, PCSP(1-in-3, C,;) is NP-hard.

The remainder of this chapter is dedicated to proving the four preceeding theorems.

5.2 All rainbows: tractability

We use the following number-theoretic result to construct polymorphisms of (1-in-3, C;B,,) which

give the tractability in Theorem 5.6.
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Theorem 5.10 ([38, Theorem 1]). Let 0 < a,c < n and define the recurrence s; = as;—1 +c¢ mod n.
For all seed values s, we have {sg, s1,...,8n—1} = {0,1,...,n—1} if and only if all of the following
hold.

1. ged(n,c) =1

2. for all primes p, if p|n, then p|(a — 1)

3. if 4|n, then 4|(a — 1).

Theorem 5.6 is proved for £ = 0 in Lemma 5.11 and ¢ = 1 in Lemma 5.13.
Lemma 5.11. For r >0, PCSP(1-in-3, CJ.) is solvable by AIP.

Proof. We show that Pol(1-in-3, C3.) has alternating functions (Definition 2.38) of all odd arities. An
alternating function f : {0,1}?£! — [d] can be represented by a unary function f(s): {—L,...,L +

1} — [d] whose argument s encodes the alternating sum of the inputs to f:

2L+1 2L

S = xT; — E Zj.
i=1 1=2
i odd i even

Any function whose output is determined solely by s is alternating. We will use the values of s
mod 3" to define a family of alternating functions in Pol(1-in-3, C3,), where each member f of the
family satisfies f(s) = f(¢') if s = ¢ (mod 3"). All congruences in this proof are mod 3", so for
readability we will no longer specify this. However, we will still write “mod 3"” when it is necessary
to obtain a value in {0,...,3" — 1}.

To obtain a sequence of output values for our functions, we apply Theorem 5.10 with n = 3",
a=n—2,and ¢ = 1 to the recurrence s; = 1 — 2s;_1 (mod 3"); the reason for this recurrence will
become clear later. The first condition of the theorem is satisfied since ¢ = 1. Next, the only prime
dividing n is 3, which also divides a — 1 = n — 3, so the second condition is satisfied. Finally, for
n = 3" we never have 4|n, so the third condition is vacuously true. Therefore there exists a sequence
X = Xq,X1,.--,Xgr_1 of 3" distinct values that satisfies the recurrence. Without loss of generality
(since the domain values can be cyclically rotated) we set xg = 0 and define f : {0,...,3" — 1} —
{0,...,3" =1} by f(s) =t, where ¢ is the unique index satisfying x; = s.

We now check that f is a polymorphism. Let s;, s, and s3 be the coordinate-wise alternating

sums over a set of 2L +1 1-in-3 tuples. Since there are L + 1 odd coordinates and L even coordinates
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in each sum, we have s +s3+s3 = 1. It suffices to check that if s1+s2+s3 = 1 and f(s1) = f(s2) =1,

then f(s3) =t+ 1 mod 3", so that the resulting tuple is in Cj,.

By definition, ¢ satisfies x; = s1 = s2, so we have

s1+s2+s3=1

S1+so+s3=1

X;+xs+s3=1
s3=1-2x;

53 = Xt¢+1 mod 37

where the final line follows from the definition of the recurrence, to which x is a solution. Therefore

f(s3) =t+1 mod 3", as desired.
Below is an example of f € Pol(1-in-3, C{) of arity 43.

sequence x | 0 1 8 3 4 2 6 7 )
f(s) 0 1 2 3 4 5 6 7 8
0 1 8 3 4 2 6 7 5
signed 9 | 10 | 17 | 12 | 13 | 11 | 15 | 16 | 14
weights 8119 | -1 ]2 2220 | -3 |-2]| -4
s 91| -8|-10| -6 |-5|-7|-12|-11 | -13
-18 | -17 | -19 | -15 | -14 | -16 | -21 | -20

O

Corollary 5.12. The polymorphisms defined in the proof of Lemma 5.11 also give tractability for
templates (1-in-3, B) obtained by removing some rainbow tuples from (1-in-3,C3.). In particular,

with x as in the proof of Lemma 5.11, PCSP(1-in-3,B) is tractable when By — B, where
By = Cs- U {(a,b,¢) : [{a,b,c}| =3, x4 +xp +x. =1 (mod 3")}.

However, some rainbow tuples are necessary for solvability by BLP+AIP, as shown in Proposi-
tion 5.8.

Lemma 5.13. For r >0, PCSP(1-in-3, CJ,,) is solvable by AIP.
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Proof. We extend the construction from the proof of Lemma 5.11 by doubling the number of columns
in the function table and then separating the weights by sign. Let x = xg,...,X3r_1 be as in the
proof of Lemma 5.11. Let y = x,x be the sequence of length 2 - 3" obtained by appending x to itself.
We set f(s) = t, where for s > 0, ¢ is the odd index satisfying y; = s (mod 3"), and for s < 0, ¢ is
the even index satisfying y; = s (mod 3"). Since x has odd length, each congruence class will appear
exactly once at an odd index of y and exactly once at an even index of y.

To see that f is a polymorphism, we must check that if s; + so +s3 =1 and f(s1) = f(s2) = ¢,

then f(s3) =¢t+1 mod 2-3". By definition, ¢ satisfies y; = s1 = s2 (mod 3"), so we have

81+82+83:1

$1+ 8 +s3=1 (mod 3")
Vet yi+s3=1 (mod 3")
s3=1-2y; (mod 3")
s3 =1 — 2X¢ mod 3r (mod 3")
83 = X¢+1 mod 37 (mod 3").

The penultimate congruence follows from X; o4 30 = ¥, since y = x, x implies that indices at a
(cyclic) distance of 3" contain the same value. The last congruence follows from the definition of the
recurrence, to which x is a solution.

There are exactly two indices in y (one in each block x) whose entries are equal t0 X;41 mod 3+:

index t+1 mod 2-3", and index ¢ + 1 4+ 3" mod 2 - 3". Therefore, we get

83 = ¥Yt+1 mod 2.3» (mod 3") and

83 = Y4143 mod 2-37 (mod 3"),

so that either

f(sg) =t+1mod 2-3" or

f(s3)=t+1+4+3" mod 2-3".
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Since s; and sy have the same sign (sign(0) = —1), s3 must have the opposite sign, so f(s3) has
the opposite parity of f(s;) =¢. But ¢ and ¢ + 1+ 3" mod 2 - 3" have the same parity, so we conclude
that f(s3) =¢t+1 mod 2-3".

Example of f € Pol(1-in-3, C{) of arity 21.

sequence y | 0 1 2 10111 2

fis) ol 1|2 |3[4]5

signed 011 -1 3 (-2 2
weights 34| 416|505
S 6| 7|-7T19|-8]| 8

-9110 | -10 11

O

Corollary 5.14. The polymorphisms defined in the proof of Lemma 5.13 also give tractability for
templates (1-in-3,B) obtained by removing some rainbow tuples from (1-in-3,CJ.). In particular,

with 'y as in the proof of Lemma 5.13, PCSP(1-in-3, B) is tractable when B — B, where

Bl = C3’” U {(avba C) : ‘{CL,ZLCH = 3’
Yo+ Yo +ye =1 (mod 3"),

{a,b,c} contains both even and odd values}.

Conjecture 5.15. Let By and B be as in Corollaries 5.12 and 5.1/, respectively. Then PCSP(1-in-3, B)

is tractable if and only if Bo — B or By — B.

Tractability arises from promise Tractability of PCSP(1-in-3, B) is interesting only when both
CSP(1-in-3) and CSP(B) are NP-hard. By Theorem 2.32, CSP(1-in-3) is NP-hard, so it remains to
show that CSP(B) is hard in the relevant cases. The case of domain size at most three is completely

resolved in [9], and here we give a result for domain size at least four.

Definition 5.16. A function f : A™ — B is called cyclic if for all a1,...,am, € A, f(a1,...,am) =

f(ag,ag, e ,am,al).

Theorem 5.17 ([11, Theorem 4.1]). Let B be a finite relational structure, and let p be a prime larger

than the size of the domain of B. If Pol(B) has no cyclic polymorphism of arity p, then CSP(B) is
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NP-hard.

Theorem 5.17 as stated in [11] applies only to idempotent CSPs; see [15, Theorem 6.9.2] for a

discussion of the non-idempotent case.

Proposition 5.18. Let B be a symmetric ternary relation over domain [d], d > 4, that contains no
constant tuples. If there exists X C [d], |X| > 4, such that for all a,b,c € X with |{a,b,c}| = 3 we

have (a,b,c) € B, then CSP(B) is NP-hard.

Proof. Let p > d be a prime with p = 3 (mod 4). Write p = 4r 4+ 3 and assume without loss of
generality that X = {0,1,2,3}. Let x be the vector of length p consisting of r blocks of (0,1,2,3)

followed by (0,1, 2). Let y and z be the cyclic shifts of x to the left by one and two indices, respectively:

x = 0123 0123 ... 0123 012
y =1230 1230 ... 1230 120

z = 2301 2301 ... 2301 201.

For each i, (x;,¥4,%;) is a rainbow tuple and hence is in B. If f is a cyclic function of arity p,
then f(x) = f(y) = f(z) and so (f(x), f(y), f(z)) is a constant tuple. Therefore B has no cyclic

polymorphism of arity p, and we conclude by Theorem 5.17 that CSP(B) is NP-hard. O

Proposition 5.18 shows in particular that CSP(C;‘) is NP-hard for d > 4, so the tractability

established in Lemmas 5.11 and 5.13 arises from the promise structure.

Tractability from infinite CSPs All currently known PCSP tractability results can be obtained
as homomorphic relaxations of tractable CSPs, possibly over infinite domains. In fact, infinite domains
may be necessary [10]. We show that the preceeding tractability results can all be obtained from a

homomorphic relaxation of a single tractable infinite domain CSP.

Proposition 5.19. Let C = (Z,{(x1,x2,23) : 1 + 22+ 23 = 1}). Then PCSP(1-in-3,B) is solvable

by AIP if and only if there exists a homomorphism C — B.

Proof. If there is a homomorphism C — B, then we have homomorphisms 1-in-3 — C — B so

that (1-in-3,B) is a homomorphic relaxation of C. Therefore by [10, Lemma 4.8] there exists a
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homomorphism Pol(C) — Pol(1-in-3, B), and since CSP(C) is solvable by AIP, [10, Theorem 7.19]
implies that PCSP(1-in-3, B) is as well. The converse follows from [10, Theorem 4.12]. O

The tractability results in Lemmas 5.11 and 5.13 can be seen as constructing a homomorphism
C — B, and then applying Proposition 5.19. We suspect that the tractable cases of PCSP(1-in-3, B)
are finitely intractable in the sense of [10], but the characterisation of finite intractability from [4]

seems difficult to generalise to the non-Boolean setting.

5.3 All rainbows: hardness

In this section we prove Theorem 5.7 as well as non-solvability by BLP+AIP of some templates of the
form (1-in-3, C}).

A next step toward the conjecture could be to prove non-solvability by BLP+AIP for templates
(1-in-3, Cj{) where d is not of the form 23" as in Theorem 5.6. We prove the cases d = 4,5,7 in
Proposition 5.23, and have verified up to d = 15 with the help of a computer search, but a general

method for all d remains elusive.

Lemma 5.20 (Generalisation of [9, Lemma 33]). If Pol(1-in-3,B) contains 2-block-symmetric func-
tions of all odd arities, then Pol(1-in-3,B) contains symmetric functions of all arities not divisible

by 3.

Proof. Let m be a positive integer not divisble by 3. We show that there exists a symmetric f €
Pol(1-in-3, B) of arity m.

Since 3 t m, we have either 3|m + 1 or 3|m — 1. Assume 3|m + 1; the proof of the other case
is analogous. Let g = g(x;y) € Pol(1-in-3,B) be a 2-block-symmetric function of arity 2m + 1
with symmetric blocks x and y of sizes m and m + 1 respectively. We define f(z1,...,2,) =
g(x1,...,Tm;y), where y has Hamming weight mTH Then g depends only on its first block, and the
weights in the second block allow a valid placement of m + 1 1-in-3 tuples. Since g € Pol(1-in-3,B),
it follows that f € Pol(1-in-3,B). O

Corollary 5.21. If Pol(1-in-3,B) has no symmetric function of arity m for some m not divisible by

3, then PCSP(1-in-3,B) is not solved by BLP+AIP.

Lemma 5.22. For every n > 1, there exists a sequence Sg,Si,-..,Sn+1 Of distinct elements of

{0,...,2"} such that for each t, we have sy + 28441 = 2".
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Proof. Set
(_1)t2n+1—t+2n
3 .

St =
To see that s; € Z for 0 <t < n + 1, we must show that (—1)!2"T1=t 4 2" € 37Z. For all i € Z,
2 =1 (mod 3) if i is even and 2 = 2 (mod 3) if i is odd. If ¢ is even, then
(—1)f2n it 2m = 2n It g 9n = 9"+ 4 9" = 0 (mod 3),

and if ¢ is odd, then

(—1)tonti=t yon — _gn¥l=t L on — 91 4 9" = () (mod 3).

Finally, we check that s; + 25,41 = 2".

(_1)t2n+l—t+2n (_1)t+12n+1—(t+1)+2n

St + 28t+1 = 3 +2 3
B (_1)t2n+l—t +2(_1)t+12n—t + on + 2n+1
B 3
2n+1—t((_1)t + (_1)t+1) + 3.9

3
=2"

Theorem (Theorem 5.7 restated). For d > 2, PCSP(1-in-3,LOY}) is not solved by BLP+AIP.

Proof. We show that Pol(1-in-3, LO}) contains no symmetric function f of arity 2¢-1. Let (s;) be
the sequence from Lemma 5.22 with n = d — 1, so (s¢) has d+ 1 terms and satisfies s; + 2s¢11 = 2d-1,
Therefore for each t, (s¢,8441,5¢41) is a valid tuple of Hamming weights arising from 297! 1-in-3
tuples used as inputs to f.

We prove by induction on t that f(s;) < d —¢. First, note that f(s;) < d — 1 as there is no
tuple of the form (f(so), f(s1), f(s1)) with f(s1) = d — 1 in LOJ. Next, if f(s;) < d — t, then
(F(s), f(8641)s f(5041)) € LOG implies f(se1) < f(s:) <d—1t,50 f(spp1) <d—t—1=d—(t+1)
and the induction argument is complete.

Taking t = d we get f(sq) < d —d = 0, so there is no possible value for f(sq). Therefore
f ¢ Pol(1-in-3,B), and by Corollary 5.21 PCSP(1-in-3, B) is not solved by BLP+AIP. O
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Proposition 5.23. For d € {4,5,7}, PCSP(1-in-3, C}) is not solved by BLP+AIP.

Proof. In each case we show that Pol(1-in-3, C;) does not contain a symmetric function of arity 27,
so that the result follows by Corollary 5.21.

Solvability of PCSP(1-in-3, C}) by BLP+AIP was ruled out in [9, Theorem 34] by showing that
Pol(1-in-3, CZ) contains no symmetric function of arity 23, so our non-solvability result for d = 4 is
not new. However, by ruling out symmetric polymorphisms of arity 2* = 16, we show that d = 4 is
just the first case of a more general pattern. Except for d =4, 5, and 7, our results are established by
an exhaustive computer search.

As before, for a symmetric function f : {0,1}™ — [d], we write f(w) for the value of f on an input
of Hamming weight 0 < w < m.

Case d = 4: Suppose without loss of generality that f(5) = 0. Then f must map the tuple of
input weights (5,5,6) to (0,0,1), so f(6) = 1. Similarly, we deduce that f(4) =2, f(8) =3, f(0) =0,
f(16) =1, and f(11) = 1, giving the following table of values for f.

output |0 | 1 | 2|3

input | 5] 6 |48
weight | 0 | 16
11

We now show that all possible values for f(7) lead to a contradiction with the values of f already
defined. Consider the tuple of input weights (5,4, 7): If f(7) = 0, then we get the tuple (0, 2,0), and if
f(7) = 2, we get the tuple (0, 2, 2), neither of which is in B. If f(7) =1, then f(2) = f(3) = 2, which
together imply that f(11) = 3, in contradiction with f(11) = 1. Finally, if f(7) = 3, then f(1) =0,
which implies that f(10) =1 and f(0) = 2, contradicting f(0) = 0.

Case d = 5: Suppose without loss of generality that f(11) = 0. By applying the same arguments

as in the case d = 4, we get the following table of values for f.

output | 0 1 2 3 4

input 0 [10] 1 8 5
weight | 11 | 21 | 12 | 19 | 16

22 | 32 30

We now show that all possible values for f(9) lead to a contradiction with the values of f already

defined. Consider the tuple of input weights (11,12,9): If f(9) = 0, then we get the tuple (0,2,0), and
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if f(9) = 2, then we get the tuple (0, 2, 2), neither of which is in B. If f(9) = 1, then f(14) = f(13) = 2,
which gives f(5) = 3, contradicting f(5) = 4. If f(9) = 3, then f(4) =4 and f(12) = 0, contradicting
f(12) = 2. Finally, if f(9) = 4, then f(7) = f(18) = 0 and so f maps (7,7,18) to (0,0,0) which is
not in B.

Case d = 7: Suppose without loss of generality that f(43) = 0. By applying the same arguments

as above, we get the following table of values for f.

output | 0 1 2 3 4 5 6

input 0 | 42 1140 | 5| 32 |21
weight | 43 | 85 | 44 | 83 | 48 | 75 | 64
86 | 128 126 118

We now show that all possible values for f(41) lead to a contradiction with the values of f already
defined. Consider the tuple of input weights (43,44, 41): If f(41) = 0, then we get the tuple (0, 2,0),
and if f(41) = 2, then we get the tuple (0,2,2), neither of which is in B. If f(41) = 1, then
f(45) = f(46) = 2, f(37) = f(38) = 3, f(53) = f(54) = 4), and f(21) = 5, contradicting f(21)

f(41)
)

If f(41) = 3, then f(47) =4, f(33) =5, f(63) =6, and f(1) = 0, contradicting f(1) = 2. If

then f(46) = f(82) =5 and f(0) = 6, contradicting f(0) = 0. If f(41) = 5, then f(46) = f(55
f(18) = f(36) = f(61) = 0, f(6) = f(56) = 1, f(66) = 2, and f(18) = 3, contradicting f(18)
Finally, if f(41) = 6, f(23) = f(46) = 0, £(36) = f(59) = f(62) = 1, f(10) = f(56) = 2, and

£(62) = 3, contradicting f(62) = 1. O

6.
4,
6,
0.

While the proof of Proposition 5.23 is quite ad hoc, it does offer some insight into the polymor-
phisms of (1-in-3, Cj) for general d: Certain sequences of input weights force these functions to follow
the directed edges of the cycle. We now give one way to construct such sequences, which we will use

in our BLP+AIP unsolvability results.

5.4 No rainbows: algorithmic dichotomy

Theorem (Theorem 5.8 restated). PCSP(1-in-3,B) is solvable by AIP if C; C G(B) for some

i €{1,2,3}, and is not solvable by BLP+AIP otherwise.

Proof. The case where G := G(B) contains a cycle of length at most three is covered by Proposi-

tion 5.5, so it remains to show the non-tractability part of the theorem. We assume that G contains a
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cycle, as otherwise the result is an immediate consequence of Theorem 5.7. We show that there exists
some m not divisble by 3 such that PCSP(1-in-3, B) has no symmetric polymorphism of arity m; the

result then follows by Corollary 5.21.

The outline of the proof is as follows. A symmetric function f € Pol(1-in-3,B) is significantly
constrained by its behaviour on a particular sequence of input weights. By taking f of sufficiently
large arity, this sequence of inputs is long enough to ensure that the corresponding sequence of outputs
contains a closed walk on the vertices of G. The absence of rainbow tuples then forces the existence
of many “shortcuts” within this walk, which together imply the existence of a directed 3-cycle, thus

contradicting the assumption on G.

Let f be a symmetric function of arity m = 29! # 0 (mod 3) and apply Lemma 5.22 with
n = d+1 to obtain a sequence of weights s; of length d 4+ 3. Each tuple (f(s:), f(si+1), f(sit+1)) with
Si, Si+1 consecutive elements of s; represents a directed edge f(s;+1) — f(s;) in G. In this way, we
get a directed walk f(sq15) = f(sa12) = -+ — f(s1) = f(s5). We ignore f(s2) = F(s1) = f(s0);
the reason for this will become apparent later.

The walk f(sq+3) — -+ — f(s3) passes through d + 1 vertices, and since G contains d distinct
vertices, there exist b > a such that f(s,) = f(sp), that is, we have a closed walk W of the form
f(sp) = f(sp—1) = -+ = f(sa) = f(sp). Denote the weights giving rise to W by w; = sp_; for
1=0,1,...,b— (a+1). Since G contains none of Cq,Cy, C3, the length of W is at least four.

Consider the tuples of weights (wo,w;, m — wg — w;) for i = 2,3,...,b — (a + 2). For these to be
valid input weights for f, we require 0 < m — wy — w; < m. This follows from restricing the original
walk s; to ¢ > 3: In this range, 0 < s; < m/2, 50 0 < m —wp — w; < m is a valid input weight.

First we show the existence of a shortcut in W from f(wg) to f(wz). Consider the possible values
for f(m —wo—wsz). Since B contains no rainbow tuples, we must have either f(m —wo—w2) = f(wp)
or f(m—wy—ws2) = f(wsz). In the latter case, we would obtain a tuple (f(wp), f(w2), f(w2)), which
implies the existence of an edge f(w2) — f(wp) in G and a directed 3-cycle f(wo) — f(w1) — f(wz) —
f(wp), a contradiction. Therefore f(m —wo — wy) = f(wp), and by the same reasoning there exists
an edge f(wg) — f(wz). This is not a contradiction since the presence of the edge f(wp) — f(ws)
does not create a directed 3-cycle.

We repeat this argument to show that there exists a shortcut in W from f(wyp) to f(ws). Again we
have either f(m—wo—w3) = f(wp) or f(m—wo—w3) = f(ws). The latter implies that B contains the

tuple (f(wo), f(ws), f(ws)) and therefore G contains the edge f(ws) — f(wp), resulting in a directed
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3-cycle f(wg) — f(ws) = f(ws) = f(wo), again a contradiction. Therefore f(m — wo — ws) = f(wp),
so there exists an edge f(wp) — f(ws) in G.
Continuing this argument, we deduce that G has edges f(wo) — f(w;) fori=2,3,...,b—(a+2).

But then f(wo) — f(wp—(at2)) = f(Wp—(as1)) = f(wo) is a directed 3-cycle. Contradiction. O

5.5 NP-hardness of PCSP(1-in-3,C,)

We prove several properties about polymorphisms of (1-in-3,C,). Let f: {0,1} — {0,1,...,d — 1}
be such a polymorphism of arity m. For a set X C [m], define f(X) = f(z1,...,Zm) where x; = 1 if
1 € X and x; = 0 otherwise. We say that X is an i-set for f if f(X) =i. We assume without loss of
generality that f() = 0, since f € Pol(1-in-3,C,) if and only if (f +4 mod d) € Pol(1-in-3,C,)
for all i € [d].

Lemma 5.24 (Generalisation of [9, Lemma 29]). Suppose f(0) = 0. Then
1. f has no i sets for i€ {2,3,...,d—2}
2. f has no two disjoint 1-sets

Proof. Suppose that X is an i-set and i € {2,3,...,d — 2}. Then f would map the tuple (§, X, X¢)
to (0,1, z) which is not in C4 no matter the value of z.
If X and Y are disjoint 1-sets of f, then f maps (X,Y, (X UY)%) to (1,1, 2), which is in Cg4 only

if z = 2. But then f has a 2-set, a contradiction. O

Lemma 5.25 (Generalisation of [9, Lemma 30]). Let X and Y be disjoint subsets of [m].

Lif f0)=f(X)=fY)=0, then f(XUY)=0

2. if f(0) =0 and f(X)=f(Y)=d—1, then f(XUY) =1

Proof. By compatibility with Cg, (X UY)® must be a 1-set so that f maps (X,Y,(X UY)Y) to
(0,0,1). Then f must map (0, (X UY)®, X UY) to (0,1,0), giving f(X UY) = 0.

For the second item, f maps (X,Y, (X UY)%) to (d—1,d—1,0), and then (X UY), (X UY)Y, )
maps to (1,0,0), and we conclude that f(XUY) = 1. O

Lemma 5.26 (Generalisation of [9, Lemma 31]). If f(#) = 0 and f has no (d— 1)-set of size at most

two, then f has a singleton 1-set.
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Proof. Since () is a O-set, f applied to (@, @, [m]) must give (0,0,1), so [m] is a 1-set. Suppose that there
does not exist a singleton 1-set y. By Lemma 5.24, singletons are not i-sets for ¢ € {2,3,...,d — 2},
nor are they (d — 1)-sets or 1-sets by the assumption. Therefore every singleton is a 0-set.

By adding singletons to () one at a time and applying the first part of Lemma 5.25, we conclude

that [m] is a O-set, a contradiction. O
Theorem (Theorem 5.9 restated). For d > 4, PCSP(1-in-3,C,) is NP-hard.

Proof. We apply Corollary 3.15 with k = 2 and ¢ = 5. We assign to a polymorphism its type and
define sel(f) as follows.

1. Type 1: f has a (d — 1)-set X of size at most two. In this case we set sel(f) = X.

2. Type 2: f does not have a (d — 1)-set of size at most two but has a singleton 1-set {z}. We set
sel(f) = {z}.

Lemma 5.26 guarantees that every f is of one of these two types.
Let (fo,@0.1,-- -, f¢) be a chain of minors consisting of polymorphisms and note that f;(#) = 0 for

all 4. If for some i < j, both f; and f; have type 2, then sel(f;) and «; jl (sel(f;)) are both 1-sets, so

they have a nonempty intersection by the second part of Lemma 5.24.

Otherwise, since ¢ = 5, the chain contains four polymorphisms f;,, fi,, fis, fi, of type 1 (with

i1 <ig <13 <i4). Let X3 =sel(fi,) and X; = 04;714]_ for j = 2,3, 4.

?

These four sets are (d — 1)-sets (as preimages of (d — 1)-sets). If they are pairwise disjoint, then
X7 UXs and X3U X, are disjoint sets and are 1-sets by the second part of Lemma 5.25, contradicting
the second part of Lemma 5.24.

Therefore two of these sets, say X; and X}/, have a nonempty intersection. But then Y := sel(f;,)

1

and Z := o ; (sel(fi,)) also have nonempty intersection as X; = ;b (YV)and Xy =« 5 (Z). O

11,15 01,15
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Chapter 6

Conclusions

In Chapter 3, we proved a dichotomy for a natural fragment of non-Boolean PCSPs. We showed that
many existing NP-hardness criteria cannot achieve such a result, which suggests that the analysis of
non-Boolean PCSPs is significantly more involved than that of their Boolean counterparts. Future
work could focus on non-Boolean PCSPs satisfying weaker notions of symmetry: SetSAT is symmetric
in the sense that it has a CNF representation, where unary literals are applied to the variables, but
it is not symmetric in the relational sense. Bridging the gap between these two notions of symmetry

is a promising departure point for further exploration of the non-Boolean world.

Another variant of SetSAT is obtained by drawing literals from an arbitrary collection of sets, for

S

577> Where s is the size of the largest set in the

which we conjecture that the tractability threshold is
collection. As evidence for this conjecture, we note that the random walk algorithm from the proof
of Proposition 3.10 works down to the stated threshold. The challenge is to show hardness in this
new setting, where polymorphisms are no longer conservative and so our smug set techniques cannot
immediately be imported.

Rather than changing the structure of SetSAT, one could investigate approximability in its NP-hard
regime, as was done for promise SAT in [8]. Not only is it NP-hard to distinguish between g-satisfiable
and unsatisfiable instances of (1, g,2g + 1)-SAT, but assuming the Unique Games Conjecture (UGC)
[55], it is also NP-hard to distinguish between instances where at least a (1 — €)-fraction of the clauses
are g-satisfiable and instances where no assignment satisfies even a (1 — 272971 4 ¢)-fraction of the

clauses [8]. In other words, almost-satisfiable instances of (1,g,2¢g + 1)-SAT exhibit approzimation

resistance, meaning that it is unlikely that any polynomial-time algorithm performs better than the
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~29-1 We conjecture that

trivial randomised algorithm which achieves approximation ratio 1 — 2
SetSAT also exhibits this phenomenon. More precisely, we expect the following problem to be NP-

hard under the UGC: Given a (1, g, k)-SetSAT instance with £ < decide whether it is possible

P
to g-satisfy at least a (1 — €)-fraction of the clauses, or whether no assignment satisfies even a (1 —
(s +1)~% + ¢)-fraction of the clauses, for some € > 0.

Turning now to Chapter 4, we believe one of its main takeaways to be that the tractability of
(t-in-k, NAE) is very fragile, which highlights its beauty and importance. Via Proposition 4.6,
we showed that the classification of symmetric Boolean PCSPs from [41] holds more generally and
requires only that the first structure be symmetric. Future work could therefore also consider PCSP
templates (A, B) where only one of A, B is subject to a domain or relational restriction, with the aim
of lifting existing results to this more general setting. It remains a challenge to prove NP-hardness
for PCSP(t-in-k U {x},NAE), and these problems could serve as a benchmark to evaluate future
hardness criteria for PCSPs.

The hypergraph colouring problem PCSP(1-in-3, B) in Chapter 5 combines features of the PCSPs
in Chapters 3 and 4: The richness imparted by non-Boolean domains, and the AIP-solvability that
seems to be associated with 1-in-3. We uncovered a surprising connection to number theory that
gives rise to a non-trivial family of alternating polymorphisms, and provided evidence leading us to
conjecture that all tractability arises from these polymorphisms. A next step toward resolving this
conjecture could be to prove NP-hardness of PCSP(1-in-3,LO,) (without rainbow tuples) for all
d > 3. The case d = 3 was solved in [9, Theorem 26], and since cycles play an important role in
tractability, such a result may be within reach. The complexity of PCSP(l-in-3,LO§f), the only
unresolved case for domain size three in [9], also remains open.

Templates of the form (1-in-3, B) may be a natural starting point for further exploration of finite
intractability, as all our tractable cases are relaxations of tractable infinite-domain CSPs. Finite
intractability was established in [4] for a class of Boolean templates that includes (1-in-3, NAE),
which is a special case of (1-in-3,B), but has yet to be studied in the non-Boolean setting.

One could also attempt to generalise our results to PCSP(t-in-k, B), where B is a symmetric
k-ary relation: For certain ¢, k, and B, Theorem 5.10 gives tractability along the lines of Theorem 5.6.
However, the set of rainbow tuples is much more complicated when k > 3, and dependencies between
sequences of such tuples can pose obstacles to tractability, as was the case with cycles when k = 3.

Therefore we refrain from making a conjecture on the complexity of PCSP(t-in-k, B) in general.
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