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Abstract

This thesis reports on three recent experimental studies of microwave magnons in
yttrium iron garnet (YIG) systems at millikelvin temperatures.

We begin with an introduction to the emerging field of quantum magnonics
and its underpinning motivations. Basic theory of dipolar spin-wave or magnon
dynamics in various sample geometries is presented. This introduction is followed
by a brief description of the specificities of our experimental setup and properties
of YIG — the magnetic material used in our studies.

The first experiment involves a hybrid system combining a YIG sphere and
a niobium-based superconducting planar resonator. The device is measured at
millikelvin temperatures and signals of strong magnon-photon coupling are observed
when the excitation energy is at the level of single photons. The superconducting
resonator is shown to maintain a good quality factor even under sizeable in-plane
magnetic field that is required to support the excitation of magnons in YIG.

The second experiment demonstrates the operation of a magnonic crystal based
on an etched YIG film at millikelvin temperatures. A magnonic bandgap is
successfully observed both under continuous- and pulsed- microwave excitation.
High magnon damping is observed in the device at low temperature.

The third experiment involves the measurement of magnon damping in YIG films.
Comparisons between results from di�erent samples and at di�erent temperatures
provide insight into the role of the substrate and two-level fluctuators at low
temperature. A brief review of the known damping processes in bulk YIG from
room temperature down to millikelvin temperature is also presented.

The final chapter summarises results in this thesis and suggests possible future
research directions.
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1
Introduction

Magnons or spin waves are phase-coherent precessional excitations of spins in a

magnetically ordered system (illustrated in fig. 1.1) [1]. The phase di�erence �„

between the precessional angle of neighbouring spins determines the corresponding

wavelength (⁄) and wavenumber (k = 2fi/⁄). If all spins precess in phase (k = 0),

the excitation is called a uniform precession mode (Kittel mode). While the

terms “spin wave” and “magnon” describe the same collective phenomenon, the

former is commonly used to describe its wave-like nature and the latter to describe

its corpuscular nature. In this thesis, both are used interchangeably depending

on the context.

Since their first observation by Gri�ths in the Clarendon Laboratory more than

70 years ago [2], a large body of work has grown up around spin waves, encompassing

both their basic physics and technological applications [1, 3–16]. Enthusiasm for

side 
view

λ

top 
view

Δ

Si Si+1 Si+2 ...
Δ  = k(ri-ri+1)

Figure 1.1: Illustration of a 1D array of precessing spins. Such excitations are called
magnons or spin waves.
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experimental magnon dynamics has been largely driven by their exceptionally rich

dispersive properties and the availability of materials with low magnetic damping,

notably the electrically-insulating ferrimagnet yttrium iron garnet (YIG). Spin waves

can be excited and observed across a wide range of frequencies – from high megahertz

to terahertz-regime – with wavelengths typically being much smaller than photons

of the same frequency in vacuum. These unique properties have motivated the

search for miniaturised magnon-based devices that are fast and energy-e�cient, and

catalysed the emergence of the field now known as magnonics. Notable works in this

area include the creation and study of: room-temperature condensates of magnons

[17], magnon transistors [18], and systems for all-linear time-reversal of signals [19].

In recent years, there has developed increasing interest in combining magnonic

systems with other microwave-frequency structures. The goal is to realise hybrid

devices that combine the best features of both constituent systems, with a view

to achieve novel technological functionality, and access new basic physics. For

instance, there is much interest in coupling magnons to microwave photons in

cavities as well as to optical photons. The former gives rise to so-called microwave

cavity-magnon polaritons, which have been used to explore the fascinating physics

of coupled oscillators [20]. Coupling magnons to optical photons is important from

a technological point of view as it opens up a potential path to microwave-to-optical

conversion [21–26]: a much sought-after goal in the context of the quest to e�ciently

transfer quantum information between spatially-separated and/or operationally

distinct quantum nodes (or systems) [27].

The work in this thesis concerns a class of hybrid magnonic systems that

holds particular promise: the combination of microwave magnon-based systems

with superconducting circuits. Superconducting circuits are considered to be one

of the most promising candidates for the implementation of a fully functioning

solid-state quantum computer and form the focus of the field known as circuit

quantum electrodynamics (QED) [28]. Through the realisation of new magnon-

based quantum devices based on superconducting circuits, the highly sensitive
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control and measurement techniques developed in the context of circuit QED can

be used to explore the physics of magnons at the quantum level.

In this emerging field of quantum magnonics, two approaches have thus-far been

used to couple magnons to quantum circuits. In the first, a standing-wave magnon

excitation in bulk YIG is coupled to an aluminium-based superconducting circuit

via virtual photons within a three-dimensional microwave cavity. This approach was

successfully demonstrated for the first time by the group of Y. Nakamura in Japan

[29–32]. In the second, a travelling magnon excitation in a YIG film is coupled to

a planar superconducting circuit. It is this 2D approach that motivates the work

detailed in this thesis. The 2D-travelling wave architecture is highly challenging to

realise because of the need to locate a magnon-bearing magnetic structure in close

proximity to a superconducting thin film. The moderate magnetic field required to

magnetically bias such a structure (≥100 mT in the case of a YIG film) rules out

the use of aluminium-based superconducting circuits (the most common and well-

developed technology in the context of mainstream circuit QED) due to aluminium’s

low critical field (see Chapter 4 and [33]). For this reason, in our work we employ

niobium-based superconducting circuits. Niobium, being a type II superconductor,

is much more magnetic-field tolerant and has a significantly higher critical field.

In comparison with the 3D-cavity approach which is somewhat restricted in

the device functionalities it is able to support, 2D-circuits allow for the easy

fabrication of a wide variety of structures with di�erent functionalities within a

single chip. This opens doors to both quantum-optics-like experiments exploiting

the peculiar dispersion relation of magnons in YIG films and to new technology

for use in quantum computing.

To ensure that quantum-level signals within a superconducting circuit are not

drowned out by thermal phonons, it has to be operated at very low temperature.

In practice, microwave-frequency quantum circuits are usually cooled down to the

millikelvin temperature range (k
B

T π hf). If a hybrid quantum system consisting

of a YIG film and a superconducting circuit is to be successfully realised, it is

crucial to understand the behaviour of magnons in YIG films at these millikelvin
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temperatures. The work presented in this thesis represents some of the very first

steps in developing the knowledge required to progress this emerging field.

First, we report on strong coupling between standing-wave magnon modes in

a YIG sphere with standing-wave photons in a superconducting planar resonator.

The superconducting resonator is shown to retain a su�ciently good quality factor

at the typical field required to excite magnons. This result opens up the path for

us into incorporating a non-linear element into the superconducting device and

couple it to magnon-based systems in the future. Secondly, we give an account

of the first measurement of a YIG-based magnonic crystal (an artificial crystal

structure in a YIG film) at millikelvin temperatures. This measurement allows

to assess the potential of using YIG-based magnonic crystals for magnon-based

quantum devices. The high damping observed in our YIG-based magnonic crystal

measurements inspired us to further investigate the nature of magnon damping in

YIG films. Against this background, the third and final investigation presented

in this thesis represents the first comprehensive study of magnon damping in

YIG films at millikelvin temperatures. Our results highlight additional damping

mechanisms in typical YIG films that are not present in bulk or at higher temperature

regime, which have to be addressed if YIG film-based devices are to fulfill its

potential for quantum applications.



2
Theory of Dipolar Spin Waves

This chapter introduces the basic theory of dipolar spin waves or magnons in several

material and field geometries relevant to the experimental work presented later.

The discussion draws heavily from Refs. [34–37].

2.1 Introduction

We focus on the properties of so-called dipolar or “magnetostatic” spin waves

that can be externally (as distinct from thermally) excited in a magnetic material.

Dipolar waves have wavelengths much smaller than the wavelength of free-space

electromagnetic radiation of the same frequency, i.e. ⁄
m

π ⁄
f

, but not so small

as to be significantly influenced by the short-range exchange interaction between

neighbouring spins. At this length scale, spin-wave dynamics are mainly governed —

as the name suggests — by the relatively long-range magnetic-dipolar interaction.

In the case of ferromagnetic materials supporting dipolar spin-wave propagation,

the exchange interaction is assumed only to produce the long-range order necessary

to align neighbouring magnetic dipoles. When the spin-wave wavelength is small

enough to be comparable to the exchange length of the material, the exchange

interaction begins to influence the dynamics. This places a lower bound on the

wavelength of spin waves that can be analysed by the method presented below. To

5
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further understand the role of the exchange interaction in the spin-wave dynamics,

readers are referred to Refs. [38] and [34] for more information.

The approach we shall adopt here is to first obtain the response of the magnetic

material (i.e. its magnetic permeability tensor) under the presence of a magnetic

field. The permeability tensor will then be incorporated into the Maxwell equations

from which we can derive expressions for all the various fields that can exist inside

the material. Finally we shall show that one part of this solution corresponds to

dipolar spin waves, the main focus of this chapter.

In the following, the material we consider is assumed to be electrically insulating,

isotropic, and magnetically saturated by the application of an external bias field.

In the first instance, the material is considered to be infinite in size such that the

boundary e�ect can be conveniently ignored in the analysis. The second part of

the chapter deals in more detail with the e�ect of finite sample size.

2.2 Linearised equation of motion

As a starting point, we consider a magnetic material that is saturated by an

externally-applied constant bias field H
0

1. The material can be thought as a

three-dimensional lattice of magnetic dipoles. Each lattice node has a magnetic

moment m
i

= “J
i

where J
i

is the angular momentum, “ is the gyromagnetic ratio,

and i denotes the position of that node. The gyromagnetic ratio for all magnetic

ions in the S state (an appropriate model for YIG) can be approximated as the

gyromagnetic ratio of a free electron, i.e. |“/2fi| ¥ e/2fim
e

¥ 28 GHz/T [34].

Suppose that the magnetic dipoles are perturbed from equilibrium. In such a case,

each experiences a torque which in turn causes it to precess around the bias field as

illustrated in fig. 2.1(a). The equation of motion that governs the dynamics is [39, 40]

dJ
i

dt
= µ

0

m
i

◊ H(r
i

, t), (2.1)

1For mathematical convenience, we work in terms of H-field rather than B-field. For an
externally applied magnetic field H, the corresponding magnetic flux density or B-field is B = µ0H.
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H0

ΔV

mi

(a) (b)

y

z // H0

x

M(r,t) = ΔV
ΣΔV mi

m(r,t)

M0

Figure 2.1: (a) Illustration of a two-dimensional array of magnetic dipoles precessing
around an external bias field H

0

. (b) Illustration of a magnetisation vector M(r, t)
precessing around H

0

= H
0

e
z

. The small-signal magnetisation m(r, t) is the projection of
M(r, t) on the xy-plane, and is assumed to be much smaller in magnitude than the latter.

where µ
0

/4fi = 10≠7 H/m is the vacuum permeability and H(r
i

, t) is the magnetic

field at the position of the dipole.

At this point, we transition into a continuum description of the magnetic material

by defining a magnetisation vector M(r) that quantifies the average volume density

of magnetic moments at position r, i.e.

M(r) = �
�V

m
i

�V
, (2.2)

where �
�V

m
i

is the sum of magnetic moments in a small volume �V around

position r. The corresponding equation of motion that governs the magnetisation

vector is obtained by taking a volume average of eq. (2.1),

ˆM(r, t)
ˆt

= “µ
0

M(r, t) ◊ H
e�

(r, t). (2.3)

It should be noted that eq. (2.3) does not incorporate any damping mechanism (i.e.

the magnitude of M(r, t) is conserved; ˆ

ˆt

|M(r, t)|2 = 0). Damping is commonly

introduced using the phenomenological Gilbert damping model where the damping

linewidth linearly scales with the resonance frequency with a proportionality constant

– (commonly referred to as the Gilbert damping constant) [35]. In line with standard

practice, H in eq. (2.3) has been replaced with an e�ective field H
e�

. This allows

us to incorporate, where appropriate, the magnetocrystalline anisotropy and the

exchange interaction, by defining an e�ective field corresponding to each interaction

term and parcelling them in H
e�

[34].
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In the following, we shall consider only the external bias field H
0

and the dipole

field within the magnetic material h(r, t). The vector M(r, t) can be expressed

in terms of a steady-state component M
0

(parallel to H
0

) and a small-signal

component denoted by m(r, t) as illustrated in fig. 2.1(b); i.e.,

M(r, t) = M
0

+ m(r, t). (2.4)

The same decomposition can be applied to H(r, t), i.e.

H(r, t) = H
0

+ h(r, t). (2.5)

To simplify the discussion, a Cartesian coordinate system will now be employed

with {e
x

, e
y

, e
z

} being the set of orthogonal unit vectors for the x-, y-, and z-axes.

The externally applied field is assumed to be constant and always applied along the

z-axis, i.e. H
0

= H
0

e
z

with H
0

> 0. In the low-power limit, we can assume that

the deviation of the magnetisation from equilibrium is very small, i.e. M
0

¥ M
s

e
z

,

where M
s

is the saturation magnetisation of the material. By neglecting second-order

terms in small signals, we arrive at a linearised equation of motion:

ˆm(r, t)
ˆt

¥ “µ
0

[M
s

e
z

◊ h(r, t) + m(r, t) ◊ H
0

e
z

] . (2.6)

2.3 Polder susceptibility tensor

In the continuous-wave limit, it is reasonable to assume the small-signal fields

to be monochromatic and their time-dependent behaviour to be proportional to

e≠iÊt, i.e. m(r, t) = m(r)e≠iÊt and h(r, t) = h(r)e≠iÊt. In such a case, eq. (2.6)

may be further simplified into

≠iÊm(r) = ez ◊ [≠Ê
M

h(r) + Ê
0

m(r)] (2.7)

where

Ê
M

= ≠“µ
0

M
s

, (2.8)

Ê
0

= ≠“µ
0

H
0

. (2.9)
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The quantity Ê
0

is the Larmor frequency: the precessional frequency of a magnetic

dipole under a magnetic field H
0

in free space. It should be noted that in a

bounded medium, the field quantity H
0

in Ê
0

must be replaced with the internal

field H
int

to account for the demagnetising field; this will be discussed further

in the second part of this chapter.

Equation (2.7) can be rewritten in tensorial form:

m(r) = ‰ · h(r) (2.10)

where ‰ is the Polder susceptibility tensor [41]. In a Cartesian basis, it is expressed as

(‰)
x,y,z

=

Q

ca
‰

s

≠i‰
a

0
i‰

a

‰
s

0
0 0 0

R

db (2.11)

with

‰
s

= Ê
0

Ê
M

Ê2

0

≠ Ê2

, (2.12)

‰
a

= ÊÊ
M

Ê2

0

≠ Ê2

. (2.13)

A magnetic permeability tensor can be further defined which relates the magnetic

flux density b to the magnetic field intensity h:

b(r) = µ
0

[h(r) + m(r)] , (2.14)

= µ
0

[1 + ‰] · h(r), (2.15)

= µ
0

µ · h(r), (2.16)

where µ = 1 + ‰ and 1 is the identity tensor. It is important to note that the

Polder susceptibility tensor is not diagonal. This means that either the x- or y-

component of the h(r) vector can excite both the x- and y- components of the

magnetisation vector m(r). Also, two of the eigenvectors of ‰ are exactly circularly

polarised fields, i.e. h
x

= ûih
y

, and h
z

= 0. Denoting these with appropriate

+ and ≠ subscripts, it can be shown that

m± = ‰±h± (2.17)
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where,

‰± = ‰
s

± ‰
a

= Ê
M

Ê
0

û Ê
. (2.18)

Equations (2.17) implies that a right- (or left-) circularly polarised field (with its

polarisation plane normal to the z-axis) will only excite a right- (or left-) circularly

polarised magnetisation vector. The eigenvalue ‰
+

diverges when Ê = Ê
0

= “µ
0

H
0

and in a ferromagnetic material, this phenomenon is called the ferromagnetic

resonance (FMR). In reality, damping prevents true divergence at the FMR frequency

and spins precess until interaction with the environment causes the energy in the

magnetic system to die away completely.

2.4 Dipolar spin waves in an unbounded medium

The Polder susceptibility tensor, as detailed in the previous section, is the response

of a magnetic material to a given field h(r). In this section, we shall incorporate

this susceptibility tensor into the Maxwell equations to derive a solution for the

arising small-signal field h(r).

The Maxwell equations [42, 43] in a magnetic material that is electrically-

insulating, source-free, and has a scalar dielectric constant are:

Ò · D(r, t) = 0, (2.19)

Ò · B(r, t) = 0, (2.20)

Ò ◊ E(r, t) = ≠ˆB(r, t)
ˆt

, (2.21)

Ò ◊ H(r, t) = ˆD(r, t)
ˆt

. (2.22)

where |E(r, t)| and |D(r, t)| are the electric field intensity (V/m) and the electric

flux density (C/m2), |H(r, t)| and |B(r, t)| are the magnetic field intensity (A/m)

and the magnetic flux density (T), µ
0

and ‘
0

are respectively the magnetic vacuum

permeability (4fi 10≠7 H/m) and electric vacuum permittivity (¥ (10≠9/36fi2) F/m).

The constitutive relations that relate B(r, t), H(r, t), D(r, t), and E(r, t) are:

B(r, t) = µ
0

[H(r, t) + M(r, t)] , (2.23)

D(r, t) = ‘
0

‘E(r, t). (2.24)
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λ
H0

k
θ

Figure 2.2: Illustration of waves of wavelength ⁄ and wavevector k propagating at an
angle ◊ with respect to the external bias field H

0

.

As discussed in the previous section, we assume the total field to be the sum

of a static (steady-state) field and a small-signal one. Since the static field is

constant across the material, the field quantities in eqns. (2.19-2.22) can be directly

replaced by the small-signal components:

Ò · d(r, t) = 0, (2.25)

Ò · b(r, t) = 0, (2.26)

Ò ◊ e(r, t) = ≠ˆb(r, t)
ˆt

, (2.27)

Ò ◊ h(r, t) = ˆd(r, t)
ˆt

. (2.28)

Now, we shall consider monochromatic plane-wave solutions of the form e(r, t) =

e e(ik·r≠iÊt) and h(r, t) = h e(ik·r≠iÊt). These waves are assumed to be propagating

at an arbitrary angle ◊ with respect to the bias field H
0

as shown in fig. 2.2. By

incorporating the constitutive relations and the susceptibility tensor ‰ into the

Maxwell’s equations (eqns. (2.25-2.28)), we arrive at

k · e = 0, (2.29)

k · h = ≠k · ‰ · h, (2.30)

k ◊ e = Êµ
0

(1 + ‰) · h, (2.31)

k ◊ h = ≠Ê‘
0

‘e. (2.32)

In a final trick, we perform a cross product of eq. (2.32) with the vector

k. This leads to
Ë
kkT ≠ k21 + k2

0

‘µ
È

h = 0 (2.33)
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where kkT is an outer product between the vector k with itself, k = |k|, and

k
0

= Ê
Ô

µ
0

‘
0

is the free-space wavevector. For a non-trivial solution h to exist, we

require the determinant of matrix in eq. (2.33) to be zero, that is

det
Ë
kkT ≠ k21 + k2

0

‘µ
È

= 0. (2.34)

The solution to eq. (2.34) yields the dispersion relation of a plane wave in a

magnetic material. We shall consider two limiting cases when the wave propagation

is parallel (◊ = 0) to the bias field, i.e. k Î H
0

, and when they are perpendicular

(◊ = fi/2) to each other, i.e. k ‹ H
0

.

We remind the reader that the bias field is always applied along the z-axis,

i.e. H
0

= H
0

e
z

.

In the first limiting case of parallel propagation, i.e. ◊ = 0 and k = ke
z

, the

non-trivial solutions to eq. (2.34) are

k2

± = k2

0

‘(µ
s

± µ
a

), (2.35)

where µ
s

= 1 + ‰
s

and µ
a

= ‰
a

. If expressed in term of the frequency vari-

ables, we obtain

k2

+

= k2

0

‘
3

Ê
0

+ Ê
M

≠ Ê

Ê
0

≠ Ê

4
, (2.36)

k2

≠ = k2

0

‘
3

Ê
0

+ Ê
M

+ Ê

Ê
0

+ Ê

4
. (2.37)

Equations (2.36) and (2.37) are plotted in fig. 2.3. It can be shown that both k
+

and

k≠ correspond respectively to right- and left- circularly polarised h and e fields [34].

Following the same line of reasoning as before, only the right-circularly polarised field

(k
+

solutions) can strongly interact with the precessing magnetisation in the material.

In the second limiting case of transverse propagation, i.e. ◊ = fi/2 and k = ke
y

,

the non-trivial solutions to eq. (2.34) are:

k2

a

= k2

0

‘

A
µ2

s

≠ µ2

a

µ
s

B

= k2

0

‘

A
(Ê

0

+ Ê
M

)2 ≠ Ê2

Ê
0

(Ê
0

+ Ê
M

) ≠ Ê2

B

(2.38)

k2

b

= k2

0

‘ (2.39)
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0

θ=
90

o , k
H 0

θ=
0

o , k
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0
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θ

H0

k

ω = [ω0(ω0+ωM)]0.5

Figure 2.3: Dispersion relations of waves excited inside an electrically-insulating and
isotropic magnetic material (‘ = 15, M

s

= 139 kA/m) with infinite boundary. The hatched
region refers to the magnetostatic manifold where k ∫ k

0

. Inspired by fig. 3 in Ref. [44].

Equations (2.39) and (2.38) are also plotted in fig. 2.3. The k
b

solution corresponds

to a weakly-perturbed field that propagates through the medium almost as if it

does not interact magnetically at all with the medium. Both the h- and e- fields

are linearly polarised and are transverse to k
b

. In contrast, the k
a

solution interacts

strongly with the medium. The e-field is linearly polarised and, interestingly, the

h-field is elliptically polarised with the vector k
a

lying parallel to the plane of the

ellipse (compare this to ◊ = 0 case where the fields are always transverse) [34].

Figure 2.3 shows that for both values of ◊ considered, there are the weakly-

interacting solutions (k≠ for ◊ = 0, k
b

for ◊ = fi/2). These are called the ordinary

fields [44]. The strongly-interacting solutions (k
+

for ◊ = 0, k
a

for ◊ = fi/2) are the

ones of interest in the context of our line of work and it is upon these – so-called

extraordinary fields [44] – that we shall focus for the remainder of the chapter.

The extraordinary fields have two branches, as shown in fig. 2.3. Starting from

very low frequencies (lower branch), the k(Ê) quickly diverges with increasing Ê,
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reaching asymptotes at Ê = Ê
0

for ◊ = 0 and Ê‹ =
Ò

Ê
0

(Ê
0

+ Ê
M

) for ◊ = fi/2. The

asymptotes for the lower branch are usually realised in the microwave regime.

There is no propagating field (a purely imaginary k) for frequencies between

Ê
0

< Ê < Ê
0

+ Ê
M

for ◊ = 0, and Ê‹ < Ê < Ê
0

+ Ê
M

for ◊ = fi/2. However,

as we shall see later, in a bounded sample, it is possible to excite propagating waves

above the Ê‹ asymptote. The upper branch of the dispersion relation starts at

Ê
0

+ Ê
M

and is usually relevant for fields of optical frequencies [34].

Henceforth, we shall focus exclusively on the asymptotic region of the lower

branch. It will be shown that the asymptotic value for arbitrary propagation

angle, i.e. 0 < ◊ < fi/2, varies continuously between Ê
0

and Ê‹. In this region,

k ∫ k
0

which means that the wavelength of the excitation is much smaller than the

wavelength of a free-space electromagnetic field of the same frequency; the phase

and group velocities (v
p

= Ê/k, v
g

= dÊ/dk) are also very much less than c.

This band of frequencies (Ê
o

Æ Ê Æ Ê‹) is commonly known as the magnetostatic

region, magnetostatic manifold, or bulk band. Due to the role that the magnetic

dipolar interaction plays in shaping their dispersion, the excitations in this band are

called dipolar spin waves or dipolar magnons. If a flat dispersion curve found in the

magnetostatic region in fig. 2.3 were all we could access, there would not, perhaps,

be reasons to get too excited about the physics of these systems. It happens though,

that as soon as the boundary e�ects are taken into account, the magnon dispersion

relation is substantially modified, giving rise to a veritable cornucopia of interesting

wave properties, a few of which we shall discuss in the second part of this chapter.

2.5 Magnetostatic scalar potential

Here, we introduce the magnetostatic scalar potential that is often used as a starting

point to analyse the e�ect of finite boundaries in the magnetostatic limit.

Firstly, we perform a cross product between k and eq. (2.31). By incorporating

eqns. (2.30) and (2.32), we arrive at

e = Êµ
0

k ◊ m
k2

0

‘ ≠ k2

. (2.40)
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In the magnetostatic limit where k ∫ k
0

, |e| Ã 1/k and for a very large k: |e| ¥ 0.

Therefore eq. (2.28) can be simplified to

Ò ◊ h = ≠iÊ‘
0

‘e ¥ 0. (2.41)

In contrast, the small-signal field |h| remains finite in this limit [35, 36]. The

magnetostatic approximation generalises the condition above for any small-signal

field h(r) that is slowly varying in space such that

Ò ◊ h(r) = 0. (2.42)

This approximation allows us to express the vector h(r) in terms of the magnetostatic

scalar potential Â(r), i.e. h(r) = ÒÂ(r). Recall that the Ò · b(r) = 0 and

b(r) = µ
0

µ · h(r), therefore

Ò · b(r) = 0, (2.43)

Ò · (µ · ÒÂ(r)) = 0, (2.44)

(1 + ‰
s

)
C

ˆ2Â

ˆx2

+ ˆ2Â

ˆy2

D

+ ˆ2Â

ˆz2

= 0. (2.45)

Equation (2.45) is called the Walker equation [37]. In free space ‰
s

= 0, and the

Walker equation therefore reduces to the Laplace equation

Ò2Â(r) = 0, (2.46)
C

ˆ2Â

ˆx2

+ ˆ2Â

ˆy2

+ ˆ2Â

ˆz2

D

= 0. (2.47)

As promised earlier, we now derive the asymptotic values of Ê in fig. 2.3 for arbitrary

angle ◊, i.e. 0 < ◊ < fi/2, with the aid of the Walker equation. Under the

assumption of an infinite boundary, it is reasonable to model the scalar potential

as a plane wave Â Ã e(ik·r). Recalling that k2 = k2

x

+ k2

y

+ k2

z

and denoting

tan ◊ = k
z

/(
Ò

k2

x

+ k2

y

), we obtain

(1 + ‰
s

)(k2

x

+ k2

y

) + k2

z

= 0, (2.48)

‰
s

sin2 ◊ = ≠1, (2.49)

Ê
◊

=
Ò

Ê
0

(Ê
0

+ Ê
M

sin2 ◊). (2.50)

In the limit of ◊ = 0 and ◊ = fi/2, Ê
◊

in eq. (2.50) reduces to Ê
0

and Ê‹ respectively,

in agreement with the results derived above.
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2.6 Dipolar spin waves in confined geometries

2.6.1 Introduction

Previously, we derived the dispersion relation of excitations in an unbounded

magnetic material (see fig. 2.3). We demonstrated the existence of a magnetostatic

manifold characterised by k ∫ k
0

. Now we shall extend our treatment to include

the e�ect of finite boundaries. In samples of finite size, the dispersion relation is

modified, and a wide range of travelling and standing-wave modes are possible. We

shall focus particularly on two geometries: spheres and films.

Commercially, the yttrium iron garnet (YIG) spheres are available in sizes

ranging from ≥ 0.2 mm to ≥ 1 mm. Gigahertz-frequency standing-wave modes –

precisely the frequency range that is of interest to us – can be observed in such

spheres. Broadly speaking, their spin-wave spectrum can be divided into three

regions [37, 45]. For low-k wave excitations whose wavelength is much larger than

the size of the sphere, the boundary e�ect gives rise to discrete standing-wave

modes. As k increases such that the wavelength becomes comparable or smaller

than the sphere’s size, a continuum of propagating dipolar spin waves can begin

to be accessed. Finally, when the magnon wavelength becomes comparable to the

exchange length, exchange excitations dominates the response.

YIG films — designed for dipolar-wave experiments — are commonly grown

with µm-thickness and a much larger lateral size (a few mms). Most theoretical

treatments only consider the confinement e�ect along one axis and approximate

films to be infinite in size along the other two. Spin waves excited in such films

can only propagate in the plane of the film. It is common therefore to refer to

such films as waveguides. However, as in the case of spheres, as soon as the lateral

size of the film becomes comparable to ⁄, it is then possible to excite discrete

standing-wave modes along the lateral dimension. Standing-wave modes across the

thickness also exist, but these are usually in the exchange regime and at a much

higher frequencies than those at which we conduct our experiments.
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Geometry Field configuration N
x

N
y

N
z

Film (normal to the y-axis) In-plane 0 1 0
Film (normal to the z-axis) Out-of-plane 0 0 1

Sphere 1/3 1/3 1/3

Table 2.1: Diagonal elements of the demagnetising tensor for the film and spherical
geometries. We define the z-axis to be always parallel to the bias field direction.

The internal magnetic field found in a magnetic sample of finite extent is reduced

due to the presence of a geometrical demagnetising field according to H
d

= N
d

· M

where N
d

is the demagnetising tensor such that the internal magnetic field is:

H
int

= H
0

≠ N
d

· M. (2.51)

The demagnetising tensor is, in general, non-uniform and depends on the shape of

the material. Only in certain geometries and field configurations can the tensor be

expressed in a diagonal form. Helpfully for us, spheres and films are counted along

those in which such a simplification is possible. Table 2.1 lists {N
x

, N
y

, N
z

}, the

diagonal elements (and the only non-zero elements) of the relevant demagnetising

tensors. The internal field for a uniformly magnetised sphere is H
0

≠ 1

3

M
s

and for

an out-of-plane magnetised film is H
0

≠ M
s

. In the case of an in-plane magnetised

film, the internal field is equal to the applied field H
0

.

It is crucially important to note that when the demagnetising field is non-

zero, it is the internal field H
int

that is used (instead of simply H
0

) to calculate

the frequency quantity Ê
0

that figures into the quantities ‰
s

(eq. (2.12)) and ‰
a

(eq. (2.13)) of the Polder susceptibility tensor.

2.6.2 Spherical geometry

Now we consider the discrete standing-wave modes that can be excited in a sphere of

magnetic material. In the microwave-frequency band of interest to us experimentally

and for typical sphere sizes that are available commercially, it is usually these

standing-wave modes that are excited.

The problem of standing modes in magnetic spheroids was first discussed by

Walker [45]. Later on, Fletcher and Bell [46] simplified the derivation for the case
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Figure 2.4: Illustration of a sphere magnetised along the z-axis by an applied field H
0

.

of a sphere and provided analytical expressions for several modes. In the following,

we provide an overview of the derivation based on treatment of Fletcher and Bell.

The approach we adopt is to first model the scalar potentials (Section 2.5) inside

and outside the sphere (Â
in

, Â
out

). The appropriate boundary conditions at the

surface of the sphere are applied to solve for the arbitrary constants within Â
in

and

Â
out

. Then, the magnetisation profile and the resonance condition can be calculated.

Outside the sphere, the Walker equation reduces to the Laplace equation

eq. (2.47). The appropriate coordinate system to use in this case is a spherical

one {e
r

, e
◊

, e
„

} (fig. 2.4):

x = r sin ◊ cos „, (2.52)

y = r sin ◊ sin „, (2.53)

z = r cos ◊. (2.54)

The general solution to the Laplace equation in spherical coordinates is:

Â
out

=
Œÿ

n=1

nÿ

m=≠n

rnP m

n

(cos ◊) [Am

n

cos (m„) + iBm

n

sin (m„)]

+ 1
rn+1

P m

n

(cos ◊) [Dm

n

cos (m„) + iF m

n

sin (m„)] (2.55)

where P m

n

are the associated Legendre functions. The indices n and m are used

to denote the various solutions where n œ Nú and m = ≠n, ≠n + 1, ..., 0, ..., n.

The constants Am

n

and Bm

n

describe the applied microwave field and are assumed
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to be defined in the problem. Dm

n

and F m

n

are arbitrary constants that are to

be determined.

Inside the sphere, the Walker equation cannot be easily solved in spheri-

cal coordinates and has to be transformed into prolate spheroidal coordinates

{e
›

, e
÷

, e
„

} where

x = a(≠‰
s

)1/2(1 ≠ ›2)1/2 sin ÷ cos „, (2.56)

y = a(≠‰
s

)1/2(1 ≠ ›2)1/2 sin ÷ sin „, (2.57)

z = a

A
‰

s

1 + ‰
s

B
1/2

› cos ÷. (2.58)

Here, a is the radius of the sphere. The solution to the Walker equation in the

transformed coordinates can be expressed as

Â
in

= P m

n

(›)P m

n

(cos ◊) [Gm

n

cos (m„) + iHm

n

sin (m„)] , (2.59)

where Gm

n

and Hm

n

are the arbitrary constants that are to be determined.

Applying the boundary condition at the surface of the sphere (continuity of

both the tangential component of h and the normal component of b), the four

arbitrary constants in the equations above (Dm

n

, F m

n

, Gm

n

, Hm

n

) can be determined.

In this way, the resonance condition, the scalar potential Â, and consequently m
x

and m
y

for the various modes can be calculated explicitly. The explicit expressions

for several combinations of n and m have been conveniently compiled in [46].

The position dependence of m
x

, m
y

, and the resonant condition for the (n, m = n)

modes are as follows

m
x

= A
(n,n)

(x + iy)n≠1, (2.60)

m
y

= iA
(n,n)

(x + iy)n≠1, (2.61)

A
(n,n)

=
A

2n!
2nn!

B
2

A
1

a(≠‰
s

)1/2

B
n

(‰
s

+ ‰
a

)n, (2.62)

Ê
(n,n)

= Ê
0

+ n

2n + 1Ê
M

. (2.63)
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For the (n, m = n ≠ 1) modes, they become

m
x

= B
(n,n≠1)

(x + iy)n≠2

z

a
, (2.64)

m
y

= iB
(n,n≠1)

(x + iy)n≠2

z

a
, (2.65)

B
(n,n≠1)

= A
(n,n)

3
n ≠ 1

n

4 A
1 + ‰

s

‰
s

B
1/2

, (2.66)

Ê
(n,n≠1)

= Ê
0

+ n ≠ 1
2n + 1Ê

M

. (2.67)

It is instructive to notice that the magnetisation vector for (n, n) and (n, n ≠ 1)

is circularly polarised with respect to the z-axis. The (1, 1) mode is known as

the Kittel mode [47] in which the magnetisation precesses uniformly in phase

across the sphere. The resonance frequency of the Kittel mode is independent

of the saturation magnetisation:

Ê
(1,1)

= Ê
0

+ 1
3Ê

M

, (2.68)

= ≠µ
0

“(H
0

≠ 1
3M

s

) ≠ µ
0

“
1
3M

s

, (2.69)

= ≠µ
0

“H
0

. (2.70)

For n Ø 2, the small-signal magnetisation amplitude (
Ò

m2

x

+ m2

y

) for the (n, n)

modes is highest at the sphere’s surface. Unlike the (n, n) modes, the (n, n ≠ 1)

modes have magnetisation amplitudes that are z-dependent. In general, the higher

|n ≠ m|, the more complicated the magnetisation profile. This continues to the

point where the excitation wavelength is comparable to the size of the sphere, when

propagating modes start to be excited. Figure 2.5 shows some examples of the

magnetisation patterns corresponding to the (n, n) and (n, n ≠ 1) modes.

2.6.3 Film: out-of-plane magnetisation

We now consider magnetisation dynamics in a magnetic film that is magnetised out

of plane in free space. In a derivation that follows Refs. [48] and [35], our strategy

will be similar to that employed in the case of spheres. We first specify the scalar

potentials both inside and outside the film. Then, by applying the appropriate

boundary conditions on both surfaces of the film, we determine the magnetisation
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Figure 2.5: Snapshots of various magnetisation modes that can be excited in a magnetic
sphere (radius is 1). The arrows denote the vector m(r) (with the exception of panel
(d) that only plots the y-component of the small-signal magnetisation vector). The bias
field is oriented along the z-axis. The arrow lengths within each panel have been properly
normalised to ensure visibility, as such it is not possible to compare mode amplitudes
across the di�erent panels shown above.
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Figure 2.6: Illustration of a film (thickness S) magnetised along its normal axis (panel
(a)) and parallel to the film’s plane (panel (b)). Notice that the z-axis in panel (a) is
oriented di�erently than in panel (b).
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profile and the spin-wave dispersion relation. We remind the reader that the bias

field is oriented along the z-axis and that the film is assumed to be infinite in

extent on the xy-plane. The demagnetising field in this case is H
d

= ≠M
s

e
z

with

H
0

= H
0

e
z

(Table 2.1), therefore H
int

= (H
0

≠ M
s

)e
z

and Ê
0

= ≠“µ
0

(H
0

≠ M
s

).

Figure 2.6(a) illustrates a film of thickness S with its surface normal to the z-axis.

Consider a plane wave inside the film (|z| Æ S/2) with an arbitrary wavevector

k that can be decomposed into a component tangential to the plane of the film

(k
t

) and a component normal to it (k
z

e
z

), i.e. k = k
t

+ k
z

e
z

. Every reflection

from an interface (the upper or lower boundaries of the film) flips the sign of k
z

e
z

.

After multiple reflections, the waves can be considered to be propagating parallel

to the plane of the film while forming a standing wave along the z-axis. The scalar

potential inside the film can be modelled as:

Â
II

= [A sin (k
z

z) + B cos (k
z

z)] eikt·rt for |z| Æ S/2 (2.71)

where r
t

= (xe
x

+ ye
y

) and the constants (A and B) are determined from the

boundary conditions.

Outside the film (|z| > S/2), the wave can be modelled as a plane wave with

wavevector k
e

. The scalar potential outside the film must satisfy the Laplace

equation (Ò2Â
e

= 0), therefore

k2

e,x

+ k2

e,y

+ k2

e,z

= 0 (2.72)

k2

e,z

= ≠k2

e,t

(2.73)

k
e,z

= ±ik
e,t

(2.74)

This also allows us to express the scalar potentials outside the film as:

Â
I

= Ceik
e

·r = Ceike,t·rte≠ke,tz for z Ø S/2 (2.75)

Â
III

= Deik
e

·r = Deike,t·rte+ke,tz for z Æ ≠S/2 (2.76)

By applying the boundary conditions at both surfaces of the film (continuity of both

the tangential component of h and the normal component of b), we can show that

k
e,t

= k
t

(2.77)
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Figure 2.7: (a) Dispersion relation of forward volume waves for the lowest three
thickness modes plotted for Ê

0

= Ê
M

. (b) The corresponding mode profile for the two
lowest thickness modes plotted for k

t

S = 1.

and

tan
A

k
z

S

2 ≠ nfi

2

B

= k
t

k
z

(2.78)

where n œ N is indexes the di�erent thickness modes.

Equation (2.77) tells us that the tangential components of the wavevectors

inside the film (k
t

) and outside the film k
e,t

are the same. We are interested in

propagating-wave solutions inside the film and therefore real values of k
t

. As a result,

k
e,z

is constrained to be an imaginary number (eqns. (2.77) and (2.74)), and waves

outside the film quickly decay away from the surface. The higher the propagation

wavenumber k
t

, the shorter the characteristic decay length (1/k
t

) outside of the film.

It can be shown from eq. (2.49) (or the Walker equation) that in the case of

an out-of-plane magnetised film:

k
t

k
z

=

Ò
k2

x

+ k2

y

k
z

= 1
Ò

≠(1 + ‰
s

)
=

ı̂ıÙ Ê2 ≠ Ê2

0

Ê
0

(Ê
0

+ Ê
M

) ≠ Ê2

. (2.79)

Equations (2.78) and (2.79) may be combined to yield the dispersion relation of

dipolar spin-waves in an out-of-plane magnetised film (Ê vs k
t

)

tan
AÒ

≠(1 + ‰
s

)k
t

S

2 ≠ nfi

2

B

= 1
Ò

≠(1 + ‰
s

)
. (2.80)
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The dispersion relations corresponding to several thickness modes are plotted in

fig. 2.7(a). Even values of n (including n = 0) correspond to potential profiles that

are symmetric across the film’s thickness (A = 0, B ”= 0, C = D); odd values of

n to antisymmetric profiles (A ”= 0, B = 0, C = ≠D). Figure 2.7(b) shows both

the lowest symmetric and antisymmetric mode profiles.

Spin waves of this type, i.e. propagating in an out-of-plane magnetised films,

are referred to as forward volume magnetostatic spin waves (FVMSW) . The term

“forward” originates from the fact that the phase and group velocities of the waves

have the same sign [35]. We shall see that the opposite is true for so-called backward

waves (Section 2.6.4). “Volume” is a reference to the fact that the magnetisation

amplitude of the waves is distributed across the thickness (i.e. throughout the

volume), and distinguishes the waves from surface waves which we shall meet in

the Section 2.6.4. The dispersion relation of forward volume waves does not depend

on the orientation of k
t

with respect to the x- and y- axes, i.e. it is isotropic in

the xy-plane. As we shall see in the next section, this isotropicity in the dispersion

relation is broken by an in-plane bias field.

The frequency range of the forward volume waves coincides with the mag-

netostatic manifold:

Ê(k
t

= 0) Æ Ê
forward

Æ Ê(k
t

æ Œ), (2.81)

Ê
0

Æ Ê
forward

Æ Ê‹. (2.82)

The uniform precession mode (k
t

= 0) corresponds to the waves only bouncing back

and forth between the film’s surfaces (k = k
z

Î H
0

). This is the bottom branch of the

manifold (Ê(k
t

= 0) = Ê
0

) in fig. 2.3. Conversely, in the limit k
t

æ Œ, the waves are

propagating almost perpendicular to the bias field (k ¥ k
t

‹ H
0

). This corresponds

to the upper branch of the manifold (Ê(k
t

æ Œ) =
Ò

Ê
0

(Ê
0

+ Ê
M

)) in fig. 2.3.

2.6.4 Film: in-plane magnetisation

We now consider a magnetic film that is magnetised in-plane in free space. The

derivation that follows draws on Refs. [35], [36], and [49]. We continue to orient the
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bias magnetic field parallel to the z-axis (fig. 2.6(b)). The normal to the surface

of the film is oriented along the x-axis and the film is assumed to be infinite in

extent in the yz-plane. The demagnetising field is zero in this case and therefore

H
int

= H
0

and Ê
0

= ≠“µ
0

H
0

.

As in the out-of-plane case, the waves are assumed to propagate with arbitrary

direction within the film. After multiple reflections from both film surfaces, the

waves can be considered to be propagating tangential to the plane of the film

(parallel to the yz-plane) while forming a standing wave along its thickness (x-axis).

We shall denote the wavevector outside the film k
e

= k
e,t

+ ik
e,x

e
x

, where k
e,t

is

the component tangential to the film’s plane. Here, we take the liberty of directly

defining an imaginary value for the x-component (or the component normal to the

plane of the film) of k
e

to ensure that the scalar potential vanishes at distances far

away from the film (|x| ∫ S). This step simplifies the treatment below and can

be justified in a manner similar to that presented for the out-of-plane case. The

wavevector inside the film can be written as k = k
t

+ k
x

e
x

. In the first instance, we

place no constraint on the value of k
x

(i.e. it can be either purely real, or purely

imaginary, or complex). This is a point we shall return to at the end of this section.

The scalar potentials inside and outside the film are:

Â
I

= Ce≠ke,x

xT
e

(y, z) for x > S/2, (2.83)

Â
II

= [A sin (k
x

x) + B cos (k
x

x)] T
i

(y, z) for |x| Æ S/2, (2.84)

Â
III

= Deke,x

xT
e

(y, z) for x < ≠S/2, (2.85)

T
e

(y, z) = eike,t·(ye
y

+ze
z

), (2.86)

T
i

(y, z) = eikt·(ye
y

+ze
z

). (2.87)

By imposing the boundary conditions on both surfaces of the film (continuity of both

the tangential component of h and the normal component of b), it can be shown that

k
e,t

= k
t

(2.88)

and

k2

e,x

≠ k2

x

(1 + ‰
s

)2 ≠ ‰2

a

k2

t

sin2 „ + 2k
x

k
e,x

(1 + ‰
s

) cot (k
x

S) = 0 (2.89)
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where tan „ = k
y

/k
z

.

Equation (2.88) implies that the components of k and k
e

tangential to the

film’s plane are equal, as in the out-of-plane case (eq. (2.77)). Applying the

Laplace equation to the scalar potentials outside the film and taking into account

eq. (2.88), we obtain:

k2

t

= k2

e,x

(2.90)

i.e. the characteristic decay length of the wave outside the film is k
t

. This means

that the decay length decreases with increasing propagation wavevector k
t

. Applying

the Walker equation (eq. (2.45)) inside the film yields

k
x

= ±k
t

ı̂ıÙ≠1 + ‰
s

sin2 „

1 + ‰
s

, (2.91)

= ±k
t

ı̂ıÙÊ2 ≠ Ê
0

(Ê
0

+ Ê
M

sin2 „)
Ê

0

(Ê
0

+ Ê
M

) ≠ Ê2

. (2.92)

Equations (2.89-2.91), in combination, allow us to find the dispersion relation of

dipolar spin-waves propagating at an angle „ with respect to the bias field or the z-

axis (see fig. 2.6(b)). Notice that in contrast to the out-of-plane case (eq. (2.80)), the

dispersion relation now depends on the angle „, i.e. it is not isotropic in the plane

of the film (yz-plane). This is because the in-plane bias field breaks the symmetry.

As shown by Hurben and Patton [36], the excited waves in the case of in-plane

bias field can generally be classified into so-called backward volume magnetostatic

spin waves (BVMSW) and the magnetostatic surface spin waves (MSSW). Backward

volume waves are solutions to eq. (2.91) in which k
x

have real values. Their

magnetisation profile is distributed across the film’s thickness, have multiple

standing-wave modes across the thickness, and its frequency range coincide with

the magnetostatic manifold in fig. 2.3. The frequency range of backward volume

waves generally decreases with increasing „, disappearing completely at „ = fi/2.

Surface waves correspond to k
x

in eq. (2.91) having imaginary values, unlike forward

and backward waves. They do not possess multiple thickness modes and are

nonreciprocal with respect to the propagation direction. As the name suggests,
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Figure 2.8: Dispersion relations of backward volume waves (k
t

Î H
0

) and surface waves
(k

t

‹ H
0

) plotted for Ê
0

= Ê
M

. Note that in contrast to backward volume waves, surface
waves are located outside of the magnetostatic region derived for a material with infinite
boundary.

surface wave mode profiles are localised on the film’s surface, and they lie outside

of the magnetostatic manifold. The frequency range of surface waves is the highest

at „ = fi/2, decreases with decreasing „, and disappears for angles below the

critical angle tan „
c

= Ê
0

/Ê
M

[36].

We shall focus solely on the two limiting cases of parallel propagation („ = 0)

and transverse propagation („ = fi/2).

Parallel propagation: backward volume waves

In the case of parallel propagation („ = 0), only the backward volume magnetostatic

spin waves (BVMSW) can be excited. As alluded to previously, the term “backward”

references the fact that the phase and group velocities are in opposite directions

[35]. The dispersion relation can be expressed as follows (eq. (2.89) for „ = 0):

tan
Q

a 1
Ò

≠(1 + ‰
s

)
k

t

S

2 ≠ (n ≠ 1)fi
2

R

b =
Ò

≠(1 + ‰
s

) (2.93)

where

k
t

k
x

=
Ò

≠(1 + ‰
s

) =
ı̂ıÙÊ

0

(Ê
0

+ Ê
M

) ≠ Ê2

Ê2 ≠ Ê2

0

(2.94)

and n œ Nú.
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Figure 2.9: Mode profile of the two lowest order thickness modes of backward volume
waves plotted for k

t

S = 1 and Ê
0

= Ê
M

.

Figure 2.8 shows the dispersion relation for the three lowest BVMSW thickness

modes. Even values of n correspond to symmetric mode profiles across the film

thickness (A = 0, B ”= 0, C = D). Odd values of n correspond to antisymmetric

mode profiles (A ”= 0, B = 0, C = ≠D). In contrast to FVMSW, the lowest order

BVMSW mode is n = 1 and therefore has an antisymmetric profile (fig. 2.9). Like

FVMSW, BVMSW occupy the magnetostatic manifold:

Ê(k
t

= 0) Ø Ê
backward

Ø Ê(k
t

æ Œ), (2.95)

Ê‹ Ø Ê
backward

Ø Ê
0

. (2.96)

In the uniform precession mode (k
t

= 0), the waves simply bounce back and forth

between the film’s surfaces (k = k
z

‹ H
0

). This corresponds to the upper branch

of the magnetostatic band in fig. 2.3 (Ê(k
t

= 0) = Ê‹ =
Ò

Ê
0

(Ê
0

+ Ê
M

)) in fig. 2.3.

Conversely, in the limit k
t

æ Œ, the waves propagate parallel to the bias field

(k ¥ k
t

Î H
0

) and occupy the lowest branch (Ê = Ê
0

).

Transverse propagation: surface waves

In the case of transverse propagation („ = fi/2), a peculiar type of spin waves

called magnetostatic surface spin waves (MSSW) are excited. Unlike FVMSW and

BVMSW, the mode profile of MSSW is always localised on the surface of the film.
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S = 1. The
surface wave propagation is non-reciprocal with the scalar potential being higher for one
propagation direction. If the field direction is reversed, the other propagation direction
becomes the dominant one.

The Walker equation for an in-plane magnetised film (eq. (2.91)) in the case

of transverse propagation is

k
x

= ±ik
t

. (2.97)

In order to have a propagating-wave solution, the tangential wavevector inside the

film (k
t

) has to be real-valued. This implies that the x-component of the wavevector

inside the film (k
x

) has to be an imaginary number (eq. (2.97)). As a result, the

mode profile is localised at the film’s surface.

Assuming that the waves propagate in the positive y- direction, i.e. k
x

= +ik
t

.

Equations (2.89) and (2.90) can be combined to produce:

coth (k
t

S) = 1 + (1 + ‰
s

)2 ≠ ‰2

a

≠2(1 + ‰
s

) (2.98)

k
t

S = ≠1
2 ln

C

1 + 4
Ê2

M

Ë
Ê

0

(Ê
0

+ Ê
M

) ≠ Ê2

ÈD

. (2.99)

Equation (2.99) is the dispersion relation of MSSW. Note that the frequency range

of MSSW is above the magnetostatic manifold, i.e.

Ê(k
t

= 0) Æ Ê
surface

Æ Ê(k
t

æ Œ), (2.100)

Ê‹ Æ Ê
surface

Æ Ê
0

+ Ê
M

/2. (2.101)
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This is made possible by allowing an imaginary value of k
x

in the Walker equation.

The uniform precession mode (k
t

= 0) corresponds to the upper branch of the

magnetostatic manifold (Ê(k
t

= 0) = Ê‹ =
Ò

Ê
0

(Ê
0

+ Ê
M

)) in fig. 2.3. The uniform

precession mode of surface waves and backward volume waves thus coincide in

frequency. The limit of k
t

æ Œ corresponds to Ê(k
t

æ Œ) = Ê
0

+ Ê
M

/2, which

is outside the magnetostatic manifold in fig. 2.3 (fig. 2.8).

Surface waves have a number of interesting properties. First of all, the presence

of the hyperbolic cotangent function in eq. (2.98) means that for a given film there is

just one mode; this is in stark contrast with the multiple thickness modes obtained

for both forward and backward volume waves. Secondly, the mode is localised at the

surface of the film from which its magnetisation amplitude dies away exponentially

(both inside and outside the film) with a characteristic decay length of 1/k
t

. The

higher the wavenumber k
t

, the stronger the localisation. Thirdly, surface waves

are nonreciprocal with respect to the propagation direction, a point illustrated in

fig. 2.10 [36, 49]: for a given bias field, the mode is more localised on one surface of

the film and if the bias field direction is reversed, the mode moves to the opposite

surface. This non-reciprocity is unique to surface waves.



3
Experimental Setup and Materials

This chapter introduces our experimental setup and the magnetic material used

in our experiments.

3.1 Experimental setup

At the core of our low-temperature system is a dilution fridge (fig. 3.1). The cooling

function of the fridge is achieved via two main components: a pulse tube cooler

(PTC) and a dilution unit. During operation, the inner part of the fridge is kept

under vacuum in order to minimise heat exchange with the external environment.

The PTC maintains two intermediate temperature stages (PT1 and PT2) at ≥ 60 K

and ≥ 4 K respectively. The lower temperature plates are first cooled down by

thermal contact with the PT2 stage. After reaching temperatures of a few Kelvin,

the thermal contact is substantially reduced and the dilution unit begins to further

cool them by evaporating 3He from a concentrated phase to a more dilute phase in

a 3He-4He mixture. This process in endothermic and allows su�cient heat to be

removed such that temperatures of 15 mK-20 mK can be achieved at the mixing

chamber stage where the sample is located [50]. In principle, the temperature

at the mixing chamber stage can be controlled up to 30 K through the use of

integrated resistive heaters.

31
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Figure 3.1: A schematic of the experimental setup, control, and measurement system.

A low-noise DC power supply provides current to a home-built superconducting

magnet, which produces the field required to magnetically saturate the sample.

The coil is made out of niobium-titanium wire and is in thermal contact with

the 4 K PT2 stage. The magnetic field variation within the sample space was

determined from simulations to be less than 0.2% and its field strength per unit

current is measured to be 80 mT/Amps [51] .

A microwave source (RF in fig. 3.1) is used to generate highly monochromatic

signals. For continuous-wave (CW) experiments, the signal is transmitted directly

into the coaxial microwave input line. For pulsed measurements, the CW signal is

modulated appropriately using an arbitrary waveform generator and an IQ-mixer,

after which it is transmitted into the fridge (typical rise/fall time ≥1.7 ns).

Inside the fridge, the input lines consist of semi-rigid coaxial cables and cryogenic

attenuators. To minimise heat transfer between the di�erent stages, the outer

conductor of the coaxial cable is chosen to be made from stainless steel, which has

low thermal conductivity. This advantageous thermal performance comes at the

price of increased signal attenuation along the cables. Between the mixing chamber

stage and the sample, coaxial cables with a copper-based outer conductor are used.

These have lower signal attenuation and good thermal conductivity. Here, high
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thermal conductivity does not pose a problem because both the mixing chamber

stage and the sample are at the same temperature.

There are, in total, 3◊20 dB cryogenic attenuators for each input line. These

attenuators help to reduce the Johnson-Nyquist noise generated by every electrical

component – from the source all the way to the sample. The attenuators are

positioned at various stages of the fridge such that the total Johnson-Nyquist

noise temperature of the microwave signal at the sample is comparable to the

mixing chamber temperature [51].

Inside the fridge, the output line consists of two cryogenic circulators, a bandpass

filter, a HEMT low-noise amplifier, and several semi-rigid coaxial cables. The

circulators and bandpass filter are thermally anchored to the mixing chamber stage.

The circulators are usually used as isolators by terminating the third ports with 50 �

loads. Their function is to isolate the sample from any unwanted signals propagating

backward along the output line. The HEMT amplifier amplifies signals at the PT2

stage and has a gain of approximately 40 dB. To reduce the attenuation along the

output line, a superconducting coaxial cable is used between the mixing chamber

stage and the PT2 stage. At room temperature, the output signal is bandpass

filtered, amplified, and then down-converted into a 500 MHz fixed-carrier signal using

an IQ-mixer and a local oscillator signal (LO) (see fig. 3.1). The down-converted

signals are then lowpass filtered and further amplified before being digitised by a fast

data acquisition card (2.5 GS/s). Inside the computer, the 500 MHz carrier signal is

digitally down-converted to extract its envelope (see [51]). The instrument controls,

data processing (including the digital down-conversion step), and visualisations

are carried out using the QTLab software platform [52]. QTLab is an open-

source Python-based software that combines ease of use, compatibility with many

instruments, and flexibility to adapt it to more complicated measurements.
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3.2 Host materials

3.2.1 Yttrium iron garnet

One of the most commonly used magnetic materials in magnonics is single-crystal

yttrium iron garnet (YIG, chemical formula: Y
3

Fe
5

O
12

). YIG possesses a number of

advantageous properties that have made it the material of choice among generations

of researchers. For more than 60 years, YIG has been indispensable in prototyping

magnon-based microwave devices and as a model system for the investigation

of basic spin-wave physics. It is not without justification that Charles Kittel

reportedly said that YIG is to ferromagnetic resonance research as what the

fruit fly is to genetics [53, 54]

YIG is a ferrimagnetic insulator with a high Curie temperature (559 K) and has

– in monocrystalline form – the lowest magnon damping of any known material at

room temperature [53, 55–57]. Magnons can be observed to propagate in YIG over

centimeter distances [3, 18]. This contrasts very favourably with magnetic metals,

in which excitations can be observed over distances of no more than a few microns.

Despite a complicated arrangement of 80 atoms per unit cell, YIG’s crystallographic

properties and optimized fabrication conditions are well known [58–60]. Today, it is

possible to commercially obtain pure monocrystalline YIG of excellent quality.

Each YIG primitive unit cell has four formula units of Y
3

Fe3+

2

Fe3+

3

O2≠
12

[59, 61].

The Fe3+ ions are the ones that contribute to the magnetisation. There are twenty

Fe3+ ions in each primitive unit cell, occupying two inequivalent positions with

respect to an O2≠ environment. These are distributed over two antiferromagnetically-

coupled sublattices: an octahedral lattice (eight ions) and a tetrahedral lattice

(twelve ions) [3]. Each Fe3+ (3d5) ion has a half-filled subshell (S = 5/2, L = 0, J =

5/2, g
J

= 2) and a magnetic moment of 5µ
B

, therefore giving rise to a total magnetic

moment of 20µ
B

per primitive unit cell 1. Though the material is not strictly

ferromagnetic, for low energy excitations (which are our concern), we can treat
1The magnetic moments between the octahedral and tetrahedral sites are anti-parallel, therefore

the net magnetisation of a primitive unit cell comes from the four Fe3+ ions in the tetrahedral
site. As a result, the net magnetization for each primitive unit cell is 4 ◊ 5µB = 20µB.
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Figure 3.2: (a) A YIG sphere. (b) A YIG film on a GGG substrate. The YIG film
geometry is often referred to as YIG waveguide. Photo credit: Arjan van Loo

YIG as if it were a ferromagnet. The twenty magnetic ions Fe3+ can be assumed to

oscillate together almost in phase and are treated as one big magnetic moment [58].

YIG is produced in the form of bulk material and films (fig. 3.2). Good quality

monocrystalline YIG can be grown by the floating-zone technique [62] and can

be fashioned into various shapes – cubes, spheres, and discs are readily available.

Of special interest in this thesis are YIG spheres. These are produced by putting

a YIG cube in a tumbler, in which it is slowly shaped into a spherical shape.

There are a number of commercially available widely-tunable filters and oscillators

based on YIG spheres [63, 64].

The best quality YIG films are grown by liquid phase epitaxy on a gadolinium

gallium garnet (GGG, Gd
3

Ga
5

O
12

) substrate [60, 65]. GGG is used as the substrate

on account of the close matching between its lattice constant (12.383 Å) and that of

YIG (12.376 Å). YIG films are highly appealing in the context of the quantum circuit

architecture that we are seeking to develop. Since at least the 1970s, attempts have

been made to incorporate YIG-film based components into conventional silicon-

based electronic systems. However this has proven to be extremely challenging due

to the large lattice mismatch between YIG and silicon, and the need for a good

match to assure favourable damping properties [66].
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3.2.2 Other materials

Another magnetic material commonly used in magnonics is the polycrystalline

metallic alloy permalloy (chemical formula: Ni
18

Fe
91

) [3]. Permalloy is more

compatible with integration into silicon-based technology than YIG and is much

easier to pattern, but has substantially higher damping and a lower magnon

propagation speed. It is also electrically conducting, which can be inconvenient

when performing experiments in which signals are able to couple to the electronic

and magnonic systems simultaneously.

Other newer materials show promise of achieving low damping and compat-

ibility with silicon-based technology, notably certain Heussler compounds [67,

68]. Moreover, recently, a new class of organic-based ferrimagnetic material,

vanadium tetracyanoethylene, has been shown to have damping that is comparable

to YIG [69, 70].

In our experiments, we focus our attention on YIG. The material’s low damping

and electrically insulating properties make it the obvious choice for prototype

devices designed to operate at the quantum level.



4
Coupling Photons to Magnons

This chapter reports on the coupling between magnons in a YIG sphere and photons

in a superconducting planar resonator. First, we discuss the reasons motivating the

work in the area of coupled magnon-photon systems, our particular areas of interest

in the context of this work, and our choice of a superconducting planar resonator

as the photonic element. Next, we demonstrate and discuss the experimental

observation of avoided crossings in a sphere-resonator system, which were further

extended to the limit where the average number of photons and magnons are both

less than one. This work has been published in [71].

4.1 Introduction

The subject of light-matter interactions has been fascinating from the outset, not

just because of the beauty of the subject itself but also the broad range of emergent

phenomena that it presents [20, 72, 73]. A personal favourite of the author is

the inhibited spontaneous emission of an atom when placed in a mirror-cavity

environment [74, 75]. The mirrors alter the available electromagnetic modes to

which the excited atom can radiate, therefore modifying its spontaneous emission

rate. This was a novel idea at the time when spontaneous emission was thought

to be solely a property of the vacuum itself. Coincidentally, this was also one of

37
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the early pioneering ideas in the field of cavity quantum electrodynamics (cavity

QED). Initially, research focused on the study of the interaction or the coupling

between single emitters such as atoms or ions with the photonic modes within a

cavity [76]. These experiments were aimed at reaching the strong coupling regime.

Strong coupling is a regime in which two coupled systems are able to exchange

excitations faster than the rates at which both excitations decay to the environment.

In some cases, strong coupling is desirable because it enables coherent control of

the quantum state of the atoms or ions (typically the non-photonic element of the

coupled system) via the photons within the cavity. In addition, it is also interesting

to note that the coherent exchange of excitations between light and matter can

be thought as a polariton, a quasiparticle that is part light and part matter but

does not behave like the individual constituent systems.

Achieving strong coupling is not an easy task experimentally, especially in the

conventional single emitter and light system. This is due to the typically weak

electric dipole or magnetic dipole strength of the emitter. Some of the commonly

adopted strategies to achieve strong coupling regime are by increasing the photonic

field amplitude within the cavity (higher cavity quality factor, tight light focusing)

[77–80] or by considering alternative emitters with stronger dipole strength [28,

79]. In addition, the significant technical di�culties associated with achieving

strong coupling and trapping the non-photonic system within the cavity make

the process of scale-up for practical quantum information processing applications

extremely challenging [27].

An alternative route is to consider the coupling between an ensemble of N

emitters with the cavity, which o�ers a
Ô

N enhancement in the coupling strength

[81], making it far easier to reach the strong coupling regime. In paramagnetic

spin systems such as atomic ensembles or nitrogen-vacancy centers, a high spin

density is usually associated with broad linewidth due to the spin-spin interactions

that tend to induce decoherence. Ferromagnetic spin ensembles are particularly

interesting from this point of view because the spins are exchange-coupled and can

therefore be found at a much higher number density (≥ 1022µ
B

/cm3 vs 1010µ
B

/cm3
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in paramagnetic spin ensembles)[30, 82–84]. This makes it much easier to achieve

strong coupling via the
Ô

N factor advantage.

4.2 Various implementation architectures

The investigation of coupled ferromagnetic spin ensemble and microwave cavity

systems has seen considerable progress in recent years with works ranging from

proofs of strong coupling in various implementation architectures to observations of

the peculiar behaviours of coupled systems. Works in this area have been inspired

significantly by the realisation that strong magnon-photon coupling can be easily

achieved in such systems at room temperature using a relatively simpler setup

than that employed in conventional cavity QED and circuit QED experiments.

Some even refer to the growing field as cavity spintronics or spin cavitronics

[85, 86]. Below, we summarise the recent progress in the field, which is mostly

focused on experimental works.

One of the very first (if not the first) demonstrations of strong coupling between

a ferromagnetic spin ensemble and a resonator is the work by Huebl et al. [87]. They

measured the coupling between a slab of gallium-doped YIG and a superconducting

niobium planar resonator at 50 mK in a dilution fridge. The signal-to-noise ratio in

this experiment is a�ected by the doping of the YIG: this significantly increases

the magnon damping. However, the authors of the study nonetheless observed

an avoided crossing: the signature of the strong coupling regime. This work was

shortly followed by those of Tabuchi et al. [30] and Zhang et al. [88], both

demonstrating the strong coupling between a pure YIG sphere and a 3D rectangular

cavity. Tabuchi et al. [30] performed the experiment at 10 mK in a dilution

fridge and was able to extend the measurement down to the power level of single

photons. Zhang et al. [88], on the other hand, performed the experiment at room

temperature and demonstrated other interesting phenomena such as the Purcell

e�ect and magnetically-induced transparency.

Following these three pioneering works, various coupling geometries were imple-

mented as shown in table 4.1. Among these works, it should be noted that only
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Resonator Architecture Magnetic Material References
3D rectangular cavity YIG sphere [30–32, 88–94]

YIG film [95, 96]
GdIG [97]

Cylindrical cavity YIG sphere [98–100]
Er:YSO [101]
Er:YAG [102]

Reentrant cavity YIG sphere [103, 104]
YIG film [105]

Coaxial cavity YIG sphere [106–108]
1D cavity bulk YIG [109]

YIG sphere [110]
Dielectric ring resonator YIG film [111]
Stripline resonator YIG film [112, 113]
Split ring resonator (SRR) YIG film [114–116]
Superconducting 2D resonator YIG sphere [71]: our work

YIG slab [87]
Phosphorus-doped Si [117]
Permalloy stripe [118]

Table 4.1: Various implementation architectures of magnon-photon coupling experiments.

works in [30–32, 71, 87, 89, 98, 101–105, 117] were performed at mK temperatures.

In a beautiful experiment conducted in 2015, the group of Yasunobu Nakamura

demonstrated strong coupling between a superconducting qubit and a YIG sphere via

the 3D microwave cavity photon [31], and resolved the magnon number states [32].

The so-called ultra-strong coupling regime was reached by [88, 98, 103], in

which the rotating wave approximation is rendered invalid and the solution to the

system cannot be found analytically. There are various novel quantum phenomena

anticipated to occur in the ultra-strong coupling regime [119]. It should be noted

that for a su�ciently big YIG sphere (diameter above ¥ 2 mm), strong coupling

is expected to occur within a stand alone sphere (i.e. there is no need for a

cavity), between the magnon excitations and the confined photonic modes within

the sphere itself [120].

Other interesting works relating to coupled magnon-photon systems include

magnon gradient memory [91], magnon Kerr e�ect [92], cavity-mediated coupling

between two magnetic moments [107], magnon-mediated coupling between two
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Figure 4.1: The design (top and cross sectional view) of a coplanar waveguide (CPW)
resonator with two coupling capacitors on both ends acting as interface between the
resonator and the external world. The inset shows the finger capacitor design in more
detail. The illustration is not drawn to scale.

cavity modes [99], bistability of cavity magnon polariton [94], and level attractions

due to dissipative magnon-photon coupling (instead of the usual level repulsions

or anticrossings) [110].

We are interested in the experimental realisation of coupling between magnons

in a YIG sphere to photons in a superconducting coplanar waveguide resonator

at mK temperatures for two reasons. Firstly, such an investigation provides an

ideal test-bed for our superconducting planar resonators: it is crucial that our

house-designed structures retain a su�ciently good quality factor even under the

presence of the sizeable in-plane magnetic field required for the experiment. This

result will guide the design of our next generation superconducting device that will

incorporate a non-linear element (Josephson junction). Secondly, the experimental

system allows us to access high order magnetostatic modes in the YIG sphere

that are otherwise di�cult to address.

4.3 Superconducting planar resonator

This section discusses the coplanar waveguide (CPW) resonator used in our magnon-

photon coupling experiment [121, 122].

4.3.1 Coplanar waveguide resonator

A cross-sectional view of a coplanar waveguide (CPW) is shown in fig. 4.1. It

consists of a layer of centre conductor (width w) separated from two ground planes
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on either side (spacing a). The conducting layer sits on top of a dielectric substrate

of thickness t. The CPW architecture allows for confining the electromagnetic modes

in a small e�ective mode volume between the center conductor and the ground

planes. As a result, the intensity of the electric and magnetic fields in the antinodal

position can be much higher than the value typically achieved in a 3D cavity [123].

This helps in achieving strong coupling between the photon mode of the resonator

and the physical system under study. Furthermore, the highly confined nature of

the field means that it is very inhomogeneous around the center conductor line,

making it possible to use it to couple to relatively high order magnetostatic modes.

The superconducting chip fabricated for our experiments comprises a CPW

resonator in the middle with input and output pads for connections to external

circuitry at either ends through wire bonds (left of fig. 4.1). Each port is connected

to the resonator through a coupling capacitor. These coupling capacitors function

in a similar way to the mirrors at each end of a mirror cavity, reflecting the field

inside and providing an interface to the outside world. In our design, the coupling

capacitors (or finger capacitors as shown in the inset of fig. 4.1) are formed from

five interleaving fingers separated by a gap (width d). The meandering pattern of

the CPW resonator is designed to fit the required length onto a small chip.

The transmission characteristic and the field distribution of a CPW resonator

can be accurately predicted numerically. To do so, we employed the ANSYS HFSS:

a high frequency structure simulator software that can calculate 3D electromagnetic

fields using the finite element method. As well as being helpful in the analysis of

experimental results, simulations serve as a useful tool in the iterative design of

successive generations of CPW resonators (for which we may desire, for example,

a narrower linewidth, or a di�erent resonance frequency).

Figure 4.2(a) shows the predicted transmission S
21

of a CPW resonator with

parameters corresponding to the ones we used in our experiment (w = 10µm,

a = 4.5µm, d = 3µm, resonator length 12768.5µm, sapphire substrate). Fitting

S
21

with a Lorentzian function gives a resonance frequency of 4371.5 MHz and

full-width half-maximum of 2.8 MHz.
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Figure 4.2: (a) Transmission of a CPW resonator calculated using HFSS. With reference
to fig. 4.1, the relevant parameters are: w = 10µm, a = 4.5µm, d = 3µm, and the length
of resonator is 12768.5µm. The substrate is made of sapphire with a dielectric constant
of 11.58 and thickness t = 560µm. The height of the sample-box ceiling from the surface
of the chip’s conducting layer is 0.5 mm. (b) The predicted resonance frequencies of a
CPW resonator versus resonator length.

The thickness of the conducting layer in the simulation is intentionally set to

zero. This is because the thickness of the actual conducting layer is much smaller

(≥ 150 nm) than the other resonator parameters. A full solution incorporating this

thickness would require a mesh of comparable size. This would vastly increase the

amount of computer memory and computation time without delivering any further

insight into the properties of the system. The maximum mesh size on the central

conductor and the finger capacitors in the simulation is set to be equal to w and d

respectively. This is to ensure that the field around the finger capacitors and in

the gap between the central line and the ground plane is well modelled.

To demonstrate the functionality of the model, the resonance frequencies of

resonators with di�erent lengths are extracted from the HFSS simulation. Figure

4.2(b) shows that the resonance frequency of the resonator decreases as the length

of the resonator is increased. This is expected because a longer resonator is able

to accommodate standing waves with longer wavelengths.

It is also possible to visualise the magnetic and electric vector fields around

the resonator from the full HFSS simulation. Figure 4.3(a) shows the fields at

the middle of the resonator (cross section A in fig. 4.1) where the antinode of the
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Figure 4.3: (a) Magnetic (H) and electric (E) vector fields at the central region of the
resonator (cross section A in fig. 4.1), focusing on the region around the centre conductor.
The size of the centre conductor and its distance from the ground planes are drawn to scale
as shown on the z = 0 axis. The resonator is excited at its fundamental mode. (b) Similar
to (a), except that the fields are drawn at a length scale comparable to the diameter of
the YIG sphere used in the experiment (shown on the plot as a shaded 0.25 mm diameter
circle). Note that the colour map in panel (b) is plotted on a logarithmic scale.
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magnetic field of the fundamental resonator mode is expected to occur. As shown

in the figure, the amplitudes of the magnetic and electric fields are the highest in

the space between the centre conductor and the ground planes, decreasing rapidly

as one proceeds further from the resonator.

Figure 4.3(b) shows the vector electric and magnetic fields at a length scale

similar to the YIG sphere used in our experiment, which has a diameter of 0.25 mm.

The direction and strength of the magnetic field across the region occupied by the

YIG sphere determine the magnetostatic modes that will be preferentially excited

in the experiment. By calculating the overlap integral between the field profile

of the CPW resonator and the magnetisation field of the magnetostatic modes of

the YIG sphere, it is possible to compare the relative coupling strength between

the di�erent modes as shown in [51, 71].

4.3.2 Aluminium and niobium thin-film resonators

The first generation resonators fabricated by our group have an aluminium thin-

film conducting layer and a sapphire wafer substrate. These aluminium devices

were fabricated on-site in the Clarendon Laboratory clean room. In brief, the

sapphire crystal substrate is coated with a photoresist and patterned using UV

photolithography. A thin layer (thickness ≥ 50 nm≠100 nm) of aluminium is

evaporated onto its surface, and the unwanted part of this film and the photoresist

layer are lifted o�. The wafer is subsequently diced to extract all of the devices.

Figure 4.4(a) shows below a patterned wafer prior to dicing.

Aluminium thin films are known to have a critical magnetic field below that

required to bias our samples (not more than 70 mT for a 50 nm aluminium layer at

1 K [124]). It is not possible, with our experimental setup, to tilt the direction of the

magnetic field in three dimensional space while the dilution fridge is in operation.

As a result, it proved very challenging to align the plane of the aluminium film

with the field – a process which would, in principle, allow the superconductivity to

be preserved in a more substantial applied field. In response to these di�culties,

we produced a second generation of resonators using niobium as the conducting
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(a) (b)
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Figure 4.4: (a) Superconducting devices fabricated on a sapphire crystal substrate. (b)
A printed circuit board (PCB) attached to an open sample holder. (c) A device under
study is positioned at the centre of the PCB. (d) Aluminium wire-bonds connect the
coplanar waveguide resonator to the PCB. [Photo credit: A. F. van Loo]

layer. Niobium is a type II superconductor with a higher critical field (200 mT

for a 52 nm niobium layer at 4.5 K [125]). As we do not currently have suitable

in-house etching facility, niobium device fabrication (film thickness ≥ 150 nm) was

outsourced to a company in the United States.

Figure 4.4(b) shows one of the niobium chips mounted into a microwave printed

circuit board (PCB) and installed in a copper sample holder designed for our

experiments. The PCB is attached to the sample holder using brass screws and

the chip is glued onto the sample holder using GE varnish. The PCB consists of

eight measurement ports in total and is designed to accept high-frequency MMPX

connectors as shown in fig. 4.4(c).

The device is connected to the PCB using wire bonds which were applied in the

clean room. Wire-bonding on aluminium and niobium devices is very similar in

term of optimum machine parameters. Aluminium wire was used with a diameter



4. Coupling Photons to Magnons 47

of 25µm. The current chip design allows for two wire-bonds to be fitted onto each

signal pad. As many wire bonds as possible are applied to the ground plane so as

to ensure that the whole structure sits at the same potential. Figure 4.4(d) shows

an example of a wire-bonded niobium device containing a CPW resonator.

4.3.3 Experimental characterisations

A useful parameter used to characterise a resonator is the quality or Q-factor,

defined as the ratio between the resonance frequency (f¶) and the full-width of

the response at half its maximum value (�f), i.e.

Q = f¶

�f
. (4.1)

Thus, the higher the Q-factor, the narrower the linewidth [122].

Figure 4.5 shows the frequency response of both aluminium-based and niobium-

based CPW resonators measured as a function of the applied magnetic field

at millikelvin temperatures. The magnetic field is manually aligned (at room

temperature) to be approximately parallel to the device’s plane in the y-direction

as shown in fig. 4.1. This in-plane field configuration is chosen to be perpendicular

to the microwave magnetic field generated by the CPW resonator. This ensures

that the microwave field couples e�ciently to the magnetic material. In a supercon-

ducting thin film, magnetic field can penetrate through the film if its thickness is

comparable to its penetration depth, even though it the material is originally a type

I superconductor in bulk. This leads to the formation of Abrikosov vortices and a

critical field higher than its bulk value. The energy dissipation due to Abrikosov

vortices leads to a more lossy resonator and modification of its equivalent RLC-

circuit, this in turns causes the shift in the resonance frequency and the Q-factor

of the resonators as a function of magnetic field [51, 124, 126].

The performance of the aluminium thin-film resonator is shown fig. 4.5. Under

zero field, the Q-factor of the resonator is approximately 800. As the applied

magnetic field increases, the Q-factor and the signal level of the resonator start to

decrease. The signal becomes very weak for magnetic fields above 40 mT. Typical
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Figure 4.5: Frequency response of CPW resonators ((a) aluminium, (b) niobium) as a
function of magnetic field aligned approximately parallel to the plane of the device. The
amplitude scale is the voltage measured by the data acquisition card. Shown on the right
is the extracted Q-factor as a function of magnetic field.

experiments involving magnon excitation in YIG require a bias magnetic field above

100 mT indicating that, at least without more sophisticated alignment equipment

to more precisely position the film parallel to the applied field, the aluminium

resonators have severe limitations.

The niobium thin-film resonator shows dramatically better resilience to applied

magnetic field. Figure 4.5(b) shows the frequency response and the Q-factor of the

niobium resonator measured up to 271 mT. The Q-factor of the Niobium resonator

is substantially higher than the one obtained in the aluminium resonator across

the full range of magnetic fields. The decrease in Q-factor is relatively small

until the field reaches 120 mT.
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4.4 Magnon-photon coupling experiments

In this section, we present measurements that demonstrate the strong coupling

between photons in a niobium CPW resonator (w = 10µm, a = 4.5µm, d = 3µm,

sapphire substrate) and magnons in a YIG sphere (diameter 0.25 mm) at millikelvin

temperatures. The resonator is excited at its fundamental frequency with the

antinode of the microwave magnetic field located at the centre of the resonator

(intersection between the dashed line A in fig. 4.1 and the resonator). To maximise

the likelihood of achieving strong coupling, the YIG sphere is glued directly on

top of the resonator at the location of field antinode using GE varnish. The bias

magnetic field is applied parallel to the y-axis in fig. 4.1. In this configuration,

the bias field is parallel to the device plane and perpendicular to the microwave

magnetic field generated by the resonator.

4.4.1 High power limit

Figures 4.6 shows the frequency response of the combined YIG-resonator system

as a function of the bias magnetic field at relatively high input power, i.e. with

many photons in the resonator. In comparison with the data shown in fig. 4.5(b)

where the YIG sphere is not present, several avoided crossings are observed in

these data. Each avoided crossing is a sign of strong coupling between a particular

magnetostatic mode of the YIG sphere and the photons of the resonator, indicating

that the combined system is able to exchange excitations faster than the rate at

which the excitations leak out of the resonator and the YIG sphere. Some of

the avoided crossings have been identified as the (n, n) magnetostatic modes as

shown in [51]. The weak absorption lines in between the avoided crossings are

indication of weakly-coupled higher-order modes.

Figure 4.7(a) shows a zoomed-in view of fig. 4.6 in the region where the (1, 1)

or Kittel mode of the YIG sphere is in the vicinity of the resonance frequency of

the resonator. The data is obtained in the high power limit. The linecut shows the

clear appearance of an avoided crossing: the sign of strong coupling.
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Figure 4.6: Frequency response of the coupled YIG sphere/niobium CPW resonator
system as a function of bias magnetic field. The data shows a number of avoided crossings
and weaker absorption lines. The (n, n) magnetostatic modes in the sphere identified in
this experiment are shown in the figure. The (1, 1) mode is the Kittel mode (see Section
2.6.2) and corresponds to the uniform precession mode in the sphere. In this figure, the
vertical axis is plotted in decreasing frequency.

The magnon-photon coupling can be modelled as two coupled harmonic oscilla-

tors (magnons and photons) with eigenfrequencies (f) given by [20, 73, 127]:

f = f
o

+ �
2 ± 1

2
Ò

�2 + 4g2

e�

, (4.2)

with � = f
(1,1)

≠ f
o

where f
(1,1)

, f
o

, and g
e�

are respectively the frequency of the

sphere (1, 1) mode, the resonance frequency of the resonator, and the e�ective

coupling strength between the oscillators. From the separation of the peaks in

fig. 4.7(a), the e�ective coupling strength is found to be approximately g
e�

¥ 8 MHz.

A more reliable way to extract the coupling parameters is to fit the data using

an expression for the transmission through the coupled system derived using the

input-output formalism of quantum optics as demonstrated in [51, 71].

4.4.2 Single photon power limit

Having completed a series of high-power measurements, we moved on to reduce the

power of the microwave signal used to excite the resonator to the single photon

power limit in which the average number of photons at the input of the resonator
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Figure 4.7: Frequency response of the system when the (1, 1) magnetostatic or Kittel
mode of the YIG sphere is tuned to the resonance frequency of the resonator. (a) High
power regime. (b) Single photon power regime when there is, on average, less than 1
photon in the resonator.

is less than 1. The average number of photons (n) here is defined with respect

to inverse of the bare resonator linewidth, i.e.

n = P
RF

hf
o

1
�f

, (4.3)

where P
RF

, f
o

and �f are the input microwave power, the resonance frequency

of the resonator, and the resonator linewidth.

Figure 4.7 shows the avoided crossing of the (1, 1) mode with the photon mode

at the low power limit. Our calculation shows that the average number of photons

at the input of the resonator for our input power level is n ¥ 0.47. A clear

avoided crossing is still observed at this power level albeit with a much lower

signal-to-noise ratio. These data were obtained by averaging the measurements
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for several days. The e�ective coupling strength in this case is similar to the

one obtained in high power limit.

It should be noted that the input photon state is still a coherent state, albeit

one with an extremely low average number of photons. It is not the number (Fock)

state, which would require a superconducting circuit as the single photon source [31].

As well as being of interest in and of themselves, the results reported in this chapter

demonstrate the capability of our system to operate in the single photon power

regime while maintaining the ability to extract a clear signal from the experiment.

4.4.3 Comparison with other experiments

The experimental works listed in table 4.1 that specifically investigated the coupling

between a YIG sphere and a cavity/resonator reported a wide range of coupling

strengths g
e�

. Some of the high values can be attributed to the use of larger

YIG spheres — in these cases there are more spins available to couple to the

cavity/resonator mode.

In order to directly compare the coupling performances of various cavity/resonator

architectures, it is necessary to normalise the reported g
e�

values. Table 4.2 compares

the published g
e�

values (g
e�,rep

) and their equivalent values (g
e�,equiv

) referenced

to a 0.25 mm-diameter sphere. The equivalent g
e�

value is calculated based on

the
Ô

N proportionality relation [81]. Assuming the use of pure YIG, then the

spin density is a constant, and

g
e�,equiv

g
e�,rep

=
Û

(0.25 mm)3

D3

. (4.4)

As shown in table 4.2, our 2D/planar resonator architecture is able to achieve a

coupling strength that is comparable to the ones in 3D rectangular cavities. The

reentrant cavity architecture achieves the highest equivalent coupling strength: this

is to be expected as such a cavity is designed to focus the magnetic field within

the cavity in the region of the sample.

Coupling strength is not the sole indicator of the performance within a coupled

resonator system. Another important parameters to be considered is the rate at
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System Diameters Reported ge� Equivalent ge�
1D cavity [110] 1 mm 39 MHz 4.9 MHz
3D rectangular cavity [30,
88, 89, 92, 94]

0.25-1.0 mm 7.5-47 MHz 5.1-10.8 MHz

Superconducting 2D res-
onator (our work [71])

0.25 mm 8 MHz 8 MHz

Coaxial cavity [106–108] 1 mm 130-150 MHz 16.3-18.8 MHz
Cylindrical cavity [98] 5 mm 3.6 GHz 39.7 MHz
Reentrant cavity [103,
104]

0.8-1 mm 1.5-2 GHz 183-280 MHz

Table 4.2: Comparison between the various g
e�

values reported in the literature and
their equivalent values for a 0.25 mm diameter sphere.

which energy leaks out of the coupled system. If such information is available, various

coupled resonator system can also be compared using the cooperativity parameter

(C = 4g2/(Ÿ“)), where Ÿ and “ are the dissipation rates of the resonator/cavity and

the magnetic systems). For instance, without accounting for the di�erent sphere

size, the cooperativity in our system is C ≥ 66 [51], which can be compared with

other values of cooperativity that are readily available, such as: C ≥ 3000 in the

work of Tabuchi et al [30], and C ≥ 200 in the work of Lambert et al [106].

In the case of our experiment, it is not possible to achieve a stronger coupling

by using a larger YIG sphere. This is because the coupling is limited not by the size

of the magnetic system, but by the strong confinement of the magnetic field around

the region near the center conductor. It is this strong confinement that makes it

possible to access many higher-order modes of the sphere. If larger coupling were

desired, this could be achieved by modifying the resonator design in such a way as

to produce a magnetic field that overlaps more significantly with one of its modes.

But this would come at the price of the visibility of other modes.

In conclusion, we have demonstrated a strongly-coupled magnon-photon system

combining a YIG sphere and a superconducting niobium-based CPW resonator.

The quality factor of the niobium resonator is shown to remain high at the magnetic

fields required for magnon-related investigations. This highlights the promise of

the planar circuit architecture incorporating non-linear elements which we are

developing for future low-temperature magnonic experiments.



5
YIG-based Magnonic Crystals

This chapter reports on the first measurements of a static magnonic crystal based on

a YIG film at 20 mK. First, we introduce the concept of a magnonic crystal and the

transfer matrix method that can be used to predict its transmission characteristics.

We go on to discuss our experimental results both at room temperature and at

20 mK. This work has been published in [128].

5.1 Introduction

Magnonic crystals are magnetic waveguides or films with periodic modulations in

their magnetic properties that a�ects the dispersion of magnons propagating through

them. If the length scale of the modulations is comparable to the wavelength of

the propagating magnons, the spectra of the crystals feature bandgaps, i.e. energy

gaps in which magnons are not allowed to propagate. As the magnon dispersion

is tuneable via an external magnetic field, the positions in frequency space of the

bandgaps can be varied over a significant range. In the context of the broader class

of so-called “artificial crystals”, systems which incorporate, for example, optical

and acoustic structures, this tuning functionality is unique.

Magnonic crystals are one of the building blocks of room-temperature magnonics

[9, 14]. They have played a central role in a number of studies looking into the

54
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basic physics of waves and quasi-particle systems, such as: energy exchange between

counter-propagating spin-waves [129], all-linear time reversal of signals [19], and

coherent wave trapping and recovery [130]. Magnonic crystals have also been

used to create a wide range of devices including oscillators and filters [132], logic

gates [133], and magnon transistors [18].

Magnonics crystals can, in principle, be one-, two-, or three- dimensional

structures. However, 2D and 3D magnonic structures are complex to build and

measure, and therefore one-dimensional magnonic crystals are often preferred for

fundamental studies. For this reason, in our work we shall focus exclusively on the 1D

structures; those curious about 2D and 3D magnonic crystals are referred to Ref. [9].

One-dimensional magnonic crystals exist in two classes — so-called static and

dynamic variants. A static magnonic crystal has a modulation in its magnetic

properties that is fixed and cannot be varied in time. A static magnonic crystal

can be produced, for instance, by engineering periodic modulations in a magnetic

waveguide’s thickness (achieved in YIG [134, 135]), width (achieved in permalloy

[136]), or saturation magnetisation (achieved in permalloy [137]). Modification in

the geometric structure of a YIG waveguide to create a magnonic crystal is typically

achieved through photolithographic patterning and hot orthophosphoric acid etching.

A dynamic magnonic crystal has a modulation parameter that can be varied in time

during experiments. The first example of such structure was the current-controlled

dynamic magnonic crystal [138]. The operation of this device relies on the presence

of a periodic array of current-carrying wires in close proximity to the surface of a

YIG waveguide. When current passes through the array, the resulting magnetic

field produces a periodic variation in the local bias field on a timescale that is short

in comparison with the time taken for a magnon signal to propagate through it.

This functionality opens doors to the possibility to observe a range of interesting

physical e�ects [19, 129]. Other dynamic magnonic crystals have been based around

thermally-induced magnetic modulations [139] and surface acoustic waves [140].

Before the work detailed in this chapter, all experiments conducted on magnonic

crystal systems had been undertaken at room temperature. It is clear that the
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Figure 5.1: A system with a potential barrier of arbitrary shape V (x) is decomposed
into smaller subsystems with a potential landscape that can be represented by a simpler
transfer or scattering matrix.

functionality of magnonic crystals could find significant applications in solid-state

quantum devices. We set about to perform a first set of such investigations into the

use of magnonic crystals at the millikelvin temperatures required for microwave-

frequency quantum experiments. We chose a thickness-modulated YIG-based

magnonic crystal as our test system.

5.2 Theory of magnonic crystals

Here, we introduce the basics of the transfer matrix method first employed by

Chumak et al. [134] to predict the transmission characteristics of thickness-

modulated magnonic crystals.

5.2.1 Transfer matrices and scattering matrices

The scattering matrix S relates the fields incident on the crystal (E+

L

, E≠
R

) to

those scattered from it (E≠
L

, E+

R

) as shown in fig. 5.1. The matrix elements of

the scattering matrix are obtained from experiments (|S
ii

|2 is the reflectance,

|S
ij

|2 is the transmittance):
A

E≠
L

(x = 0)
E+

R

(x = l)

B

¸ ˚˙ ˝
Scattered Fields

= S

A
E+

L

(x = 0)
E≠

R

(x = l)

B

¸ ˚˙ ˝
Incident Fields

. (5.1)
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The transfer matrix M relates the fields on the left (E≠
L

, E+

L

) to the fields on the

right side of the crystal (E≠
R

, E+

R

) (see fig. 5.1), i.e.
A

E+

L

(x = 0)
E≠

L

(x = 0)

B

¸ ˚˙ ˝
Fields on the left

= M

A
E+

R

(x = l)
E≠

R

(x = l)

B

¸ ˚˙ ˝
Fields on the right

. (5.2)

For instance, if the potential is zero and the excitation simply propagates as a

plane wave across the system, then:

M =
A

e(≠ik+k

ÕÕ
)l 0

0 e(ik≠k

ÕÕ
)l

B

(5.3)

where k and kÕÕ are respectively the wavevector and the spatial decay rate, and

l is the traversed distance.

The transfer matrix formalism comes into its own for the analysis of geometrically-

composed systems. It allows an arbitrary potential to be broken into an ordered

sequence of independent subsystems that can be represented by simple transfer

matrices, i.e. M1, M2, ..., Mn. The overall transfer matrix (MT) is then the

ordered product of the subsystem transfer matrices, MT = M1M2...Mn.

For a periodic system with N repeating unit cells (the case relevant to a magnonic

crystal), the overall transfer matrix MT is simply the transfer matrix of a unit cell

M raised to the power of the number of unit cells N , i.e. MT = MN . To calculate

the transmittance or the reflectance of such system, one converts the transfer matrix

to the scattering matrix through the following relations:

S =
A

S
11

S
12

S
21

S
22

B

=
A

M21
M11

M
22

≠ M12M21
M11

1

M11
≠M12

M11

B

, (5.4)

M =
A

M
11

M
12

M
21

M
22

B

=
A

1

S21
≠S22

S21
S11
S21

S
12

≠ S11S22
S21

B

. (5.5)

It should be pointed out that for a system in which energy is conserved, the transfer

matrix satisfies the following relations: M
22

= Mú
11

and Tr(M) is real. In such

a system, any solutions that are propagating waves must obey: |Tr(M)| Æ 2. If

|Tr(M)| > 2, the solution is located within the bandgap, i.e. it is a bound state.

This trace criterion enables us to quickly determine the bandgap regions of the

system. For further information, the reader is directed to Ref. [141].
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Figure 5.2: Illustration of a thickness-modulated magnonic crystal with its unit cells.

5.2.2 Transfer matrix method applied to magnonic crystals

The magnonic crystal used in our study is a thickness-modulated YIG waveguide

with a structure illustrated in fig. 5.2. The thickness of the un-etched region is D,

the width and depth of each groove are w and d respectively, and a is the spacing

between neighbouring grooves. We apply a bias field parallel to the plane of the film.

The cross section of each groove is assumed to be rectangular-shaped with sharp

edges and to be identical to all others. In reality, the true profile of the groove

is usually narrower at its bottom due to the inherent anisotropy of the chemical

etching process used to create it [134]. The macroscopic size of our crystal means

that we only need to consider the transport of dipolar magnons.

As the magnonic crystal consists of identical periodically-spaced etched grooves,

simulating the transmission properties can be simplified to finding the transfer

matrix of a single unit cell of the magnonic crystal M and raising this matrix to the

power of the number of the grooves. We divide the unit cell into 4 simple segments

as shown in fig. 5.2, each with a corresponding transfer matrix:

• M(a): propagation across the un-etched region of the waveguide (length a ≠ w

and thickness D),

• M(b): transition from the un-etched to the etched region of the waveguide,

• M(c): propagation across the etched region of the waveguide (length w and

thickness D ≠ d),

• M(d): transition from the etched to the un-etched region of the waveguide.
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The overall transfer matrix for a single unit cell is then M = M(a)M(b)M(c)M(d).

The matrices M(a) and M(c) are both represented by propagation matrices that

incorporate the appropriate phase delay and propagation decay. Letting k
(a)

and

k
(c)

be, respectively, the wavevectors of magnons in the un-etched and the etched

regions, and kÕÕ
(a)

and kÕÕ
(c)

be the associated spatial decay rates, then:

M(a) =
A

e
(≠ik(a)+k

ÕÕ
(a))(a≠w) 0

0 e
(ik(a)≠k

ÕÕ
(a))(a≠w)

B

, (5.6)

M(c) =
A

e
(≠ik(c)+k

ÕÕ
(c))w 0

0 e
(ik(c)≠k

ÕÕ
(c))w

B

. (5.7)

The dispersion relation of magnons propagating between grooves (in the un-

etched region) is assumed to be the same as if they were propagating in an

unstructured waveguide with thickness D. This approximation is most valid in

the limit where the groove width is much smaller than the inter-groove spacing

(w π a) or the groove depth is much smaller than waveguide’s thickness (d π D).

We recall that the dipolar magnon dispersion relations for films (see Sections

2.6.3 and 2.6.4) can always be divided into a term that depends on the product

of the wavevector and the film thickness (k
t

S), and another that depends solely

on other variables (Ê
0

, Ê
M

, Ê). Therefore, the magnon wavevector in the etched

region can be expressed as

k
(c)

(D ≠ d) = k
(a)

D, (5.8)

k
(c)

= k
(a)

D

D ≠ d
. (5.9)

The spatial decay rate in the un-etched region can be written as [35]:

kÕÕ
(a)

= “µ¶
�H

2v
g

(5.10)

where “ is the gyromagnetic ratio of an electron, �H is the linewidth of the uniform

precession mode (a measure of the magnon damping), and v
g

is the magnon group

velocity. The spatial decay rate in the etched region is:

kÕÕ
(c)

= kÕÕ
(a)

D

D ≠ d

A

1 + ’
d

D

B

(5.11)
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where the phenomenological parameter ’ accounts for additional loss due to enhanced

two-magnon processes originating from the surface roughness of the grooves.

The transfer matrices M(b) and M(d) are related to the transmission and

reflection of magnons across the boundary of the etched and the un-etched region

of the waveguide. The magnon reflection coe�cient � across the boundary is the

magnetic analogue of the reflection coe�cient across transmission lines of di�erent

characteristic impedance (from Z
0

to Z) [122], i.e.

�
TL

= Z ≠ Z
0

Z + Z
0

. (5.12)

Continuing with the transmission-line analogy, the change in waveguide’s thickness is

equivalent to a change in the e�ective inductance of a lossless line. The characteristic

impedance of a lossless transmission line is Z =
Ò

L

C

= 1

ÊC

Ê
Ô

LC = k

ÊC

, where

L and C are, respectively, the inductance and the capacitance per unit length.

Therefore, the reflection coe�cient of magnons moving from the un-etched to

the etched region is:

� = ÷�
TL

= ÷
ketched ≠ kun-etched
ketched + kun-etched

, (5.13)

= ÷
k

(c)

≠ k
(a)

k
(c)

+ k
(a)

, (5.14)

= ÷
D ≠ (D ≠ d)
D + (D + d) , (5.15)

= ÷
d

2D + d
, (5.16)

where ÷ is a phenomenological parameter introduced to account for the fact that

the experimentally observed reflection amplitude depends on whether the magnons

are of backward-volume type (BVMSW) or surface type (MSSW). It is easily shown

that the reflection coe�cient for magnons going from the etched to the un-etched

region is ≠�. Therefore the corresponding transfer matrices are

M(b)(�) =
A

1

1≠�

�

1≠�

�

1≠�

1

1≠�

B

, (5.17)

M(d)(�) =
A

1

1+�

≠�

1+�

≠�

1+�

1

1+�

B

. (5.18)
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The matrix elements of a single unit cell’s transfer matrix are:

M
11

= 1
1 ≠ �2

e

1
≠ik(a)+k

ÕÕ
(a)

2
(a≠w)

A

e

1
≠ik(c)+k

ÕÕ
(c)

2
w

≠ �2e

1
ik(c)≠k

ÕÕ
(c)

2
w

B

, (5.19)

M
12

= �
1 ≠ �2

e

1
ik(a)≠k

ÕÕ
(a)

2
(a≠w)

A

e

1
ik(c)≠k

ÕÕ
(c)

2
w

≠ e

1
≠ik(c)+k

ÕÕ
(c)

2
w

B

, (5.20)

M
21

= �
1 ≠ �2

e

1
≠ik(a)+k

ÕÕ
(a)

2
(a≠w)

A

≠e

1
ik(c)≠k

ÕÕ
(c)

2
w + e

1
≠ik(c)+k

ÕÕ
(c)

2
w

B

, (5.21)

M
22

= 1
1 ≠ �2

e

1
ik(a)≠k

ÕÕ
(a)

2
(a≠w)

A

e

1
ik(c)≠k

ÕÕ
(c)

2
w

≠ �2e

1
≠ik(c)+k

ÕÕ
(c)

2
w

B

. (5.22)

The expressions above allow us to find the matrix elements of the overall transfer

matrix of the magnonic crystal MT and to obtain the corresponding scatter-

ing parameters.

Figure 5.3 compares the transmission through a magnonic crystal and an

unstructured waveguide, calculated using the transfer matrix method. The dips

apparent in the transmission curve of the magnonic crystals are bandgaps. Notice

that the bandgap depth varies periodically as k increases and that the 9th bandgap

is shallower than its neighbours. To understand this behaviour, it is helpful to

simplify the model and assume that we have a lossless medium, i.e. kÕÕ
(a)

and kÕÕ
(c)

are zero. The transfer matrix for a unit cell in the lossless limit is

M = 1
1 ≠ �2

Q

ae≠ik(a)(a≠w)

1
e≠ik(c)w ≠ �2eik(c)w

2
2i� sin

1
k

(c)

w
2
eik(a)(a≠w)

≠2i� sin
1
k

(c)

w
2
e≠ik(a)(a≠w) eik(a)(a≠w)

1
eik(c)w ≠ �2e≠ik(c)w

2

R

b .

(5.23)

The system of eq. (5.23) satisfies the conservation of energy criteria. From the

previous discussion, the condition for bound states is |Tr(M)| > 2. Furthermore,

we notice that the diagonal elements of M , i.e. M
11

and M
22

, are conjugates of

one another. As a result, the condition for bound states or bandgaps becomes

|Re[M
11

]| > 1. Letting „ = k
(a)

(a ≠ w) + k
(c)

w, i.e. the phase accumulated by the

magnons as they traverse a unit cell, the bandgap condition becomes

|Re[M
11

]| > 1, (5.24)
---cos („) ≠ �2 cos

1
„ + 2k

(c)

w
2--- > |1 ≠ �2|. (5.25)
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Figure 5.3: Predicted transmission (S
21

) through a magnonic crystal (D = 5.19µm,
a = 300µm, w = 30µm, d = 0.5µm, ÷ = 8, ’ = 30, �H = 0.05 Oe, B = 100 mT) and an
unstructured waveguide (D = 5.19µm, �H = 0.5 Oe, B = 100 mT). Both are calculated
for magnons in the BVMSW configuration.

Magnons with wavevectors (k
(a)

, k
(c)

) that satisfy eq. (5.25) are located within the

bandgaps. We can define equivalent Bragg points as „
n

= nfi (n œ N, denotes

the order of the bandgap), therefore:

k
(a),n

(a ≠ w) + k
(c),n

w = nfi, (5.26)

k
(a),n

5
(a ≠ w) + w

D

D ≠ d

6
= nfi. (5.27)

The corresponding Bragg wavevectors (k
(a),n

, k
(c),n

) identify the approximate

position of the bandgaps. Intuitively, when the phase accumulated across a unit cell

„ is a multiple of fi, there is constructive interference between the reflected waves

and destructive interference between the transmitted waves within the crystal.

However, when „
n

= nfi and k
(c),n

w = mfi (where m œ N) are simultaneously

satisfied, the bandgap condition (eq. (5.25)) is not met since
---cos („

n

) ≠ �2 cos
1
„

n

+ 2k
(c),n

w
2--- = |1 ≠ �2|. (5.28)

When the phase accumulated by the magnons across the etched section (k
(c)

w) is a

multiple of fi, magnons reflected from the etched to the un-etched interface interfere

destructively with magnons reflected from the un-etched to the etched interface. In

fig. 5.3, this occurs around the 9th bandgap. When k
(c),n

w = mfi/2 (where m œ N),
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(top view)
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(side view)
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Figure 5.4: Illustration of a magnonic crystal with two microwave antennae on its
surface. In our experiments, the magnetic bias field is applied in plane and parallel to the
waveguide axis. (the relative size is not shown to scale).

there is a full constructive interference of magnons reflected from both interfaces,

giving rise to strong rejection. For k
(c),n

w ”= mfi/2, the rejection is weaker. It is for

this reason that the bandgap depths vary as k increases as shown in fig. 5.3.

5.3 Room-temperature characterisation

In this section, we consider the transmission characteristics of two magnonic crystal

samples measured at room temperature and explain the reasons behind our choice

of field configuration and sample in our low-temperature experiment.

Both samples are thickness-modulated YIG waveguides (unstructured thickness

D = 5.19µm) epitaxially grown on a GGG substrate (details are summarised in

table 5.1). They consist of a series of eight equally-spaced grooves with a groove

depth of d = 0.5µm. The distance between grooves is a = 300µm. In the first

sample (MC1), the width of the groove is w
1

= 40µm and in the second (MC2) it is

w
2

= 150µm. Magnons are excited and detected by 25µm-wide niobium microstrip

antennae fabricated 2.66 mm apart on a sapphire crystal substrate in direct contact

with the magnonic crystal. This measurement configuration is illustrated in fig. 5.4.

All measurement results at room temperature are made using a network ana-

lyzer with a constant biasing field B, while sweeping the frequency of the input

microwave signals f .
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sample’s name MC1 MC2
inter-groove spacing (a) 300µm 300µm
groove’s width (w) 40µm 150µm
groove’s depth (d) 0.5µm 0.5µm
film’s thickness (D) 5.19µm 5.19µm

Table 5.1: Magnonic-crystal sample specifications.

5.3.1 Choice of field configuration

To ensure compatibility with the thin-film superconducting measurement structures,

the required bias magnetic field is applied in-plane, parallel to the film. We chose to

carry out our experiments in the backward volume magnetostatic spin-wave geometry

(BVMSW) (bias field parallel to the magnon propagation direction (k Î B), along

the longitudinal axis of the waveguide).

Crystals measured in the backward volume configuration have been shown

to display bandgaps with a higher rejection ratio (600 times larger) than in the

magnetostatic surface spin-wave geometry (MSSW) (k ‹ B, in-plane field) [135].

This enhanced rejection is attributed to the ability of the lowest thickness BVMSW

mode to scatter into higher order thickness BVMSW modes and the fact that

the MSSW mode is non-reciprocal.

Figure 5.5(a) and (b) show the transmission characteristics for MC1 (see table 5.1

for the crystal parameters) measured in both the BVMSW and MSSW configurations.

The data is relative to the measured transmission at zero field, i.e. when there

are no magnons excited within the film and only directly-coupled electromagnetic

signals propagate between the input and output antennae in free space. Compared

to the BVMSW result, the bandgaps are hardly visible in the MSSW configuration.

For the BVMSW, the uniform precession mode (k = 0) corresponds to the

highest frequency at which the magnon signal can be observed. Propagating modes

(k ”= 0) have lower frequencies. For the MSSW data, the uniform precession mode

has the lowest frequency and propagating modes have higher frequencies. This

is in accordance with the discussion in Section 2.6.4.
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Figure 5.5: Continuous-wave transmission characteristics of magnonic crystals at room
temperature. (a) Sample MC1, BVMSW, B = 107 mT. (b) Sample MC1, MSSW,
B = 105 mT. (c) Sample MC2, BVMSW, B = 127 mT. The predicted transmission
characteristics are calculated using the transfer matrix method with M

s

= 139 kA/m,
�H = 0.5 Oe, ÷ = 8, ’ = 0. The theoretical plots do not take into account the k-dependent
coupling to the antennae. Note that the horizontal and vertical scales are di�erent for
the three plots.
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For propagating modes, there are oscillations in the data which are caused

by the interference between the magnon signal and the directly-coupled signal.

Specifically, as the dispersion relations of the superposed magnonic and photonic

waves are di�erent, these signals accumulate di�erent phases when travelling to the

output antenna, resulting in interference fringes. The magnonic bandgaps of the

crystal appear as gaps in this pattern. In the bandgap regions, the transmitted

spin-wave signal is suppressed while the directly-coupled signal is una�ected. As

a result, no oscillations are observed in this region.

It should be noted that high-k excitations couple less well than low-k ones to

the antenna structures and the coupling becomes negligible once the wavelength is

smaller than the antenna width [35]. It is for this reason that the observed signal

strength decreases at high-k as shown in fig. 5.5.

5.3.2 Choice of samples

Figures 5.5(a) and 5.5(c) compare the measured characteristics of both samples

in the BVMSW configuration with theoretical prediction made by the transfer

matrix method. The theory (dotted lines) is consistent with the observed positions

and widths of the bandgaps. In our calculations ’ is set to zero and ÷ is adjusted

to fit the measured widths of the gaps.

Notice that the even-order bandgaps for the MC2 sample (fig. 5.5(c)) appears

relatively weak compared to those of odd order. This is a manifestation of the

behaviour discussed in the previous section: magnons reflected from the etched-

unetched boundary interfere destructively with those reflected from the unetched-

etched boundary when the phase acquired from propagating across the etched groove

is a multiple of fi, i.e. k
(c),n

w = mfi (m œ N). For a smaller groove width w, this

happens at much higher k-values as shown by the MC1 BVMSW data in fig. 5.5(a).

As we shall discover later, the damping in the magnonic crystal becomes higher

at low temperature. To maximise our chances of getting measurable transmission

signals at low temperature, we chose to use the magnonic crystal sample with

the best room-temperature damping properties. From the data in fig. 5.5, MC1
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(w
1

= 40µm) is the obvious choice. It should be noted that the higher damping

in MC2 is also in accordance with our damping model that attributes a larger

damping for a magnonic crystal with larger groove width.

5.4 Experiments at 20 mK

Here, we shall present results relating to both continuous and pulsed excitations of

a magnonic crystal at 20 mK. In contrast to the room-temperature measurements

shown in the previous section, all measurement results at 20 mK are obtained with a

fixed-frequency microwave signals while sweeping the magnitude of the bias field B.

5.4.1 Continuous excitation

Figure 5.6 compares the transmission characteristics of an unstructured magnonic

waveguide (11µm film thickness, 1 mm inter-antennae spacing) and the magnonic

crystal MC1, both under continuous-wave excitation at 20 mK. An o�set has been

applied to the data to shift the baseline to 0 dB.

The system is excited using a fixed-frequency microwave tone at 4 GHz with

a power of ≥ ≠70 dBm at the input of the antenna. The lowest field at which

the backward volume magnons are observed corresponds to the uniform precession

mode (k = 0). Signals at higher fields are propagating modes (k ”= 0).

At 20 mK, the measurement of the unstructured waveguide (fig. 5.6(a)) shows

oscillations across the magnon band that decay in amplitude as k increases (i.e. as

B increases). As described previously, these oscillations are caused by interference

between the magnon and directly-coupled signals. As anticipated, no magnonic

bandgap is present in the transmission characteristic of the unstructured waveguide.

In the case of magnonic crystal measurement (fig. 5.6(b)), a single bandgap is

observed. Its position at B ≥ 66.2 mT is in agreement with the value predicted

using the transfer matrix method (M
s

= 197 kA/m [142, 143]).

It should be noted that in the transfer matrix method, the position and the

width of the bandgaps are not significantly a�ected by changing the parameter

�H. For this reason, the low-temperature calculation shown in fig. 5.6(b) uses
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Figure 5.6: Continuous-wave transmission measurements at 20 mK corresponding to:
(a) an unstructured YIG waveguide (11µm-thickness, 1 mm antenna separation), (b) a
magnonic crystal (sample MC1, 5.19µm-thickness, 2.66 mm antenna separation). Both
data sets are obtained in the BVMSW configuration with a fixed input frequency of 4 GHz.
An o�set has been applied to the data to shift the baseline to 0 dB. The theoretical curve
plotted in panel (b) is calculated using the transfer matrix method with M

s

= 197 kA/m,
÷ = 8, ’ = 0, �H = 0.5 Oe.

the room-temperature value of this parameter. However, this does not imply that

the actual low-temperature value of �H in the sample is the same as the room-

temperature value. Here, our theoretical model is used solely a tool to identify

the position and width of the bandgaps

The maximum k-values at which magnon signals are still measurable is found

to be much smaller at low temperature than at room temperature (≥ 168 rad/cm

at 20 mK versus ≥ 1060 rad/cm at room temperature), indicating a higher damping

in the former case. The e�ect of higher damping on the measured signal is more

severe at higher k (higher field in fig. 5.6(b), lower frequency fig. 5.5(a)). This

is due to the fact that the magnitude of the BVMSW group velocity decreases

with increasing wavenumber. Accordingly, excitations with higher k take longer

to traverse the waveguide and are therefore more severely damped [135]. In our

20 mK experiments, the magnon signal at the k-value corresponding to the second

bandgap is too weak to be detected.

5.4.2 Pulsed excitation

The presence of a magnonic bandgap can also be observed in time-resolved measure-

ments at 20 mK. When working with pulsed dipolar magnons excited in waveguides
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via microwave antennae, it is typically possible to achieve full temporal separation

between the magnon signals and the electromagnetic signal that arises from direct

coupling between the input and output antennae. This is because magnons propagate

more slowly than the directly-coupled signal, which travels at c. Therefore, for

su�ciently short excitation pulses, the two signals can be separated in time. However,

to successfully measure a bandgap in a magnonic crystal, it is essential to ensure

that the pulses are not so short such that their frequency bandwidth become

larger than the width of the bandgap. In such a case, the gap cannot be observed

since the microwave pulse, regardless of centre frequency, will always have some

frequency components away from the bandgap that can propagate freely through

the magnonic crystal.

Figure 5.7 shows the time responses of the magnonic crystal to a narrow Gaussian

pulse (panel (a), halfwidth ‡ = 3 ns) and a wide Gaussian pulse (panel (b), halfwidth

‡ = 30 ns), both with a carrier frequency of 4 GHz. For the short Gaussian pulse,

the directly-coupled signal (5 ns < t < 15 ns) and the magnon signal (≥ 30 ns

< t < ≥ 100 ns) are well separated in time. However, in this case, there is also

no observable gap in the magnon signal (as shown by the linecuts in fig. 5.7(a))

since the spectral width of the short Gaussian pulse (≥165 MHz) is wider than the

magnonic bandgap (which is estimated to be ≥ 15 MHz).

The response of the crystal to the wider Gaussian pulse is very di�erent

(fig. 5.7(b)). A Gaussian pulse with ‡ = 30 ns (spectral width ≥ 17 MHz) is slightly

too long to allow for complete separation between the directly-coupled signal

and the magnon signal. However, it nonetheless allows us to make a convincing

observation of the bandgap. Initially, only the directly-coupled signal is observed

(≥ 40 ns < t < ≥ 100 ns). When the magnons start to arrive at the output antenna

(≥ 100 ns < t < ≥ 160 ns), they overlap in time with the directly-coupled signals,

interfering destructively at the positions marked ‘X’ in fig. 5.7(b). Beyond 160 ns,

the directly-coupled signal completely disappears and the transmitted magnon

signal alone is observed. Linecuts through the data at t = 160 ns and t = 200 ns

(lower panel of fig. 5.7(b)) clearly show the first bandgap of the magnonic crystal
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Figure 5.7: Time-resolved measurements of pulsed BVMSW signals through a magnonic
crystal at 20 mK using: (a) a narrow Gaussian pulse (halfwidth or ‡ = 3 ns), and (b) a
wide Gaussian pulse (‡ = 30 ns). The carrier frequency of the pulse is fixed at 4 GHz.
The markers ‘X’ indicate where the magnon and the direcly-coupled signals interfere
destructively. The bandgap is not visible in panel (a) due to the wide spectral width of
the Gaussian pulse. Note that the colourbar is logarithmic.
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Figure 5.8: Time-resolved measurements of pulsed BVMSW signals through a magnonic
crystal at 20 mK using: (a) a 100 ns-wide square pulse (directly-coupled signals at ≥ 20 ns
< t < ≥ 100 ns), and (b) 100 ns-wide square pulse (≥ 15 ns < t < ≥ 115 ns) followed 20 ns
later by a 10 ns-wide square pulse (≥ 135 ns < t < ≥ 145 ns). Note that the colourbar is
logarithmic.

at 66.2 mT, a result which is consistent with the continuous-wave measurement

data, displayed in fig. 5.6(b).

Figure 5.8(a) shows the response of the magnonic crystal to a 100 ns-wide square

pulse. Here, as in fig. 5.7(b), there is an overlap between the directly-coupled and the

magnon signals. Due to the sharp edges of the square pulse, the distinction between
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the two signals is much clearer than the results from the Gaussian excitation (which

always has non-zero tail amplitude). After the directly-coupled signal ends, the

bandgap is visible in the magnon signal (see the linecut at t = 130 ns in the lower

panel). However, in contrast with the data of fig. 5.7(b), the bandgap disappears

toward the end of the magnon signal (see the linecut at t = 190 ns), which is

di�erent from what is observed in fig. 5.7(b). This feature can be attributed to

the sharp edge of the square pulse — the typical rise time of which is ≥ 2 ns —

whose associated wide spectral width obscures the bandgap.

Figure 5.8(b) shows the response of the magnonic crystal to wide square pulse

followed 20 ns later by a narrow square pulse. As in the data of fig. 5.7(b),

the bandgap is clear initially but quickly obscured due to the sharp edges of

the square pulses.

5.5 Increased damping at low temperatures

A comparison between the room-temperature (fig. 5.5(a)) and the 20 mK data

(fig. 5.6(b)) indicates the presence of a significant increase in the magnon damping

at millikelvin temperatures. This potentially heralds a complication for YIG-based

magnonic crystals at low temperature.

When considering the origin of this additional loss, there are four possible sources

that warrant discussion: rare-earth magnetic impurities in the YIG, ensembles of

the two-level-system-type impurities, scattering processes associated with uneven

etching of the grooves, and the GGG substrate upon which the YIG film is grown.

Previous measurements [143–146] have shown that the linewidth of the uniform

precession mode in YIG initially increases as the temperature of the material is

reduced below 100 K, reaches a maximum value, and then begins to reduce again back

to the room-temperature values. This e�ect is generally attributed to the presence

of rare-earth impurities in YIG with temperature-dependent relaxation times [53].

Even though these earlier works have never reached the millikelvin temperature

regime (the lowest temperature attained is about 5 K), they consistently report

decreasing linewidths when the temperature is reduced below 10 K. Furthermore, the
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linewidths of bulk YIG measured in Refs. [30] and [89] at millikelvin temperatures

are similar to the values observed at room temperature. From this, we can conclude

that it is feasible to produce pure YIG with a linewidth at millikelvin temperatures

comparable to the room-temperature value.

Tabuchi et al. [30] have observed an additional damping mechanism in a bulk

YIG at 20 mK that is attributed to the presence of impurities that behave as

two-level systems [147]. However, due to the relatively high level of microwave

drive power used in our measurements and the fact that the magnonic crystal is

in direct contact with the antennae, it is possible that the such impurities do not,

in fact, provide a damping channel in our system. This damping process will be

discussed in more detail in Chapters 6 and 7.

The surface roughness of a ferrite material is known to influence its magnon

linewidth because it enhances two-magnon processes [34]. Spencer et al. showed

that better polished YIG spheres do exhibit lower linewidths across a range of

temperature, from 300 K down to 5 K [144]. Rough surfaces inside the grooves

which define an etched MC are also known to contribute to damping [135].

The GGG substrate upon which the YIG film is grown is paramagnetic below

70 K [148]. At a relatively high field (≥ 1 T), GGG is well-known to have a frustrated

spin system with an ordered antiferromagnetic state below 400 mK [149]. At low

field, the material undergoes a spin-glass transition below ≥ 200 mK [150]. Its

behaviour in the intermediate field ranges relevant to our experiments is not well-

documented. However, given these known magnetic properties and the relatively

narrow linewidths measured in bulk, i.e. GGG-free YIG, at low temperature, it

seems highly likely that low-temperature losses due to the GGG’s magnetic system

coupling to YIG are an important contributor to the increased damping we observe.

In conclusion, we have measured a bandgap in a magnonic crystal based on

an etched YIG waveguide at 20 mK. The result underlines the potential of these

devices in low-temperature signalling and measurement systems. However, if the

full potential of YIG-based magnonic crystals is to be realised in the context of

manipulating magnons at the quantum level, it is essential to gain further insight
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into the nature of the damping in YIG films at millikelvin temperatures. This will

be our focus in the remaining chapters of this thesis.



6
Damping Processes in Bulk YIG

This chapter briefly discusses the known damping processes in bulk YIG from room

temperature down to the millikelvin temperature regime. Readers in search of

further insight are advised to consult Refs. [34, 53, 58, 147], around which much

of the discussion here is based.

6.1 Introduction

In the early years of YIG (first synthesised in 1954), much e�ort was focused on

understanding its damping at room temperature [151]. These studies were motivated,

on the one hand, by the realisation that YIG might help further understanding

of the ferromagnetic resonance phenomenon discovered a decade before [2], and

on another, by curiosity about what might ultimately be the narrowest magnon

linewidth that could be achieved in this remarkable new material.

By the 1990s, the dominant damping mechanisms in YIG up to the Curie

temperature were thought to be mostly understood [34]. The intense experimental

research into the damping mechanisms of YIG and the commercial appeal of a narrow-

linewidth ferrite have also led to better mastery of the techniques required to produce

high-purity YIG over the last six decades. Nowadays, it is relatively easy to purchase

commercially-produced bulk YIG with a MHz-linewidth at room temperature.

75
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Figure 6.1: Known relaxation paths for uniformly precessing microwave magnons (k = 0
mode) in bulk YIG, from millikelvin to room temperature. Diagram is inspired by fig. 2.14
in Ref. [53].

With increasing interests in recent years in the study of microwave magnons

at mK temperatures [30, 31, 71, 89, 128, 142], an understanding of the very low-

temperature properties of YIG has emerged as a new priority. As will be discussed

in this chapter and the next, damping mechanisms in YIG at mK temperatures

are more complicated than at room temperature. In this chapter, we shall focus

on the known damping mechanisms in bulk YIG from room temperature down to

the mK temperature regime. Chapter 7 will build on this insight to develop an

understanding of damping mechanism in YIG films below 9 K.

6.2 Overview of damping processes

In the following, we shall focus on the damping of uniformly precessing magnons

(k = 0) excited by a low-power external microwave field. Figure 6.1 shows the

known relaxation paths for uniformly precessing magnons in bulk YIG.

Thermal magnons are those excited by thermal fluctuations within the system.

Relaxation involving thermal magnons can occur through a number of mechanisms

such as scattering with optical phonons or magnons (notably through the Kasuya-

LeCraw processes [152] and Kolokolov-L’vov-Cherepanov process [58, 153]), and

inherent spin-spin processes [34]. These processes become weaker as the temperature

is lowered. Degenerate magnons are thermal magnons that have the same energy

as the precessional mode but possess nonzero k-values. A two-magnon process can
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relax a k = 0 magnon to a degenerate magnon [34, 53]. Such interactions can be the

dominant damping process across the whole temperature range. Magnon relaxation

through ionic impurities occur through so-called temperature-peak processes [34,

53]. These typically dominate in the temperature range between ≥ 1 K and

≥ 150 K. Relaxation involving two-level fluctuators (TLFs) only dominates for

temperatures below 1 K [30, 147].

After the initial relaxation event, thermal magnons can further relax through

mixing with other thermal magnons (via three-magnon, four-magnon processes,

etc.), through temperature-peak processes to ionic impurity excitations, or directly

to the lattice [53]. Ionic impurity excitations relax exclusively to the lattice [34].

In principle, TLFs can also relax by interacting with other excitations within the

system. However, as the origin of TLFs in the YIG system is unclear, it is perhaps

premature to speculate about this mechanism, and therefore we add just one extra

line connecting TLFs with phonons [147].

Direct relaxation to the lattice is caused by the magnetoelastic interaction; in the

low-k regime, this is known to be much weaker than the other processes discussed

above [34]. As such, it is seldom considered to be the dominant relaxation mechanism

for k = 0 magnons. However, this interaction may still play an important role in

relaxing high-k thermal magnons generated during subsequent relaxation events.

6.3 Scattering with optical phonons or magnons

Damping in pure YIG is known to have a linear frequency dependence at room

temperature [57]; its magnitude decreases as the temperature is reduced from

room temperature to about ≥ 150 K [154]. There are two competing theories used

to describe this behaviour: the Kasuya-LeCraw mechanism and the Kolokolov-

L’vov-Cherepanov mechanism.

In the Kasuya-LeCraw theory, there are two processes through which the k = 0

magnons can relax [53, 152]. Both of these are caused by the modulation of the local

uniaxial anisotropy by a phonon [58]. The first process involves the confluence of a

k = 0 magnon with an optical phonon to form a thermal magnon in the lowest branch
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of the magnon spectrum (referred to as the ferromagnon branch in Ref. [58]). This

mechanism reproduces the observed linear frequency and temperature dependences

of the damping between ≥ 150 K and 350 K; the predicted temperature dependence

is shown to drop below linearity as the temperature is reduced below 150 K [53]. The

analytical derivation for the linewidth contribution from the first Kasuya-LeCraw

process is described in Ref. [53], it can be expressed as:

�H
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Here, C
KL

is a constant related to the interaction strength and phonon properties,

Ê
q2

is the phonon frequency, and Ê is the magnon frequency.

The second Kasuya-LeCraw process involves the confluence of a k = 0 magnon

with a thermal magnon to form another thermal magnon in the ferromagnon branch.

This mechanism predicts a damping that is linear in frequency and quadratic

in temperature [152]. The latter suggests that this process dominates at high

temperatures (T > 350 K) where the observed temperature dependence is indeed

above a linear behaviour [53].

A little less than three decades after the Kasuya-LeCraw theory was published,

a new theory by Kolokolov, L’vov, and Cherepanov [153] pointed out that the

quadratic dispersion relation assumed in the Kasuya-LeCraw theory is incorrect.

As a result, they suggested that the linewidth contribution was overestimated by

one order of magnitude. The Kolokolov-L’vov-Cherepanov theory proposed an

alternative relaxation process involving the confluence of a k = 0 magnon with an

optical magnon to produce another optical magnon; an interaction produced by the

uniaxial crystallographic anisotropy of the Fe3+ ions in the octahedral sites. The

authors claim that this mechanism can reproduce a substantial contribution to the
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k = 0 magnon linewidth at room temperature. The Kolokolov-L’vov-Cherepanov

linewidth can be expressed as [58, 153]:
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Here, C
KLC

is a constant related to the properties of the YIG’s magnon spectrum

and the interaction strength. The parameter � is determined by the gap in the

optical magnon spectrum. Figure 6.2 shows the temperature- and frequency-

dependence of the linewidth contributions due to the first Kasuya-LeCraw and

the Kolokolov-L’vov-Cherepanov processes.

6.4 Two-magnon process

The term ‘two-magnon process’ usually refers to a relaxation process where a

uniformly precessing magnon (k = 0) is annihilated and a degenerate magnon

(k ”= 0) is created [34, 53]. Such processes are forbidden in an ideal crystal because

they do not conserve momentum. However, if there are non-uniformities within

the crystal, this can provide the extra momentum contribution required to activate
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the process. Examples of possible non-uniformities include: disorder in the ionic

distribution in the lattice [155], variation in the direction of the crystal axes [156],

and geometrical non-uniformities such as pores and surface roughness [144, 157, 158].

As a rule of thumb, two-magnon processes in high quality YIG crystals are

usually dominated by the contribution from the sample’s surface roughness [34, 53].

A number of investigations at the end of the 1950s showed that the quality of the

surface polish substantially influences the k = 0 magnon linewidth in YIG spheres

[144, 157]. By modelling the surface roughness as hemispherical pits on the surface

[34, 53, 158], the associated linewidth contribution can be expressed as

�H
2m

= C
2m

R
s

R
0

M
s

(6.5)

where C
2m

is a constant related to the scattering properties of the pits and the

density of states available for the relaxation process, R
s

is the radius of the pit, R
0

is the radius of the sphere, and M
s

is the saturation magnetisation. The expression

shows that the linewidth contribution increases as the ratio of the pit size to the

sample size is increased. Because the presence of a thermal magnon is not required

to induce two-magnon processes (in contrast to contributions from the Kasuya-

LeCraw and the Kolokolov-L’vov-Cherepanov processes), their contribution to the

damping does not decrease with decreasing temperature. The only temperature

dependence in the two-magnon case comes from the saturation magnetisation (M
s

),

which increases as the temperature is decreased [143, 159].

In some cases, namely those in which the YIG has a very rough surface, two-

magnon process can dominate over the Kasuya-LeCraw and the Kolokolov-L’vov-

Cherepanov mechanisms in relaxing the k = 0 magnons. It has been reported

that the linewidth of a YIG sphere can be as low as ≥0.5 Oe if it is well polished

and as high as ≥ 10 Oe when polished with a 35µm grit size polishing paper [157].

Reference [34] claims that a really well polished YIG sphere can have a linewidth

as low as ≥ 0.3 Oe at room temperature. For comparison, an estimation by Sparks

[53] suggested that the first Kasuya-LeCraw process can contribute ≥0.2 Oe (at

9 GHz frequency) to the k = 0 magnon linewidth in YIG at room temperature.



6. Damping Processes in Bulk YIG 81

three-magnon processes

splitting confluence

four-magnon processes

k1
k1 k1k2

k2

k2
k3

k3

k3

k4

Figure 6.3: Illustration of the three-magnon and four-magnon processes.

It should also be understood that two-magnon processes contribute not only to

initial scattering events but to subsequent relaxation events.

6.5 Inherent spin-spin processes

Spin-spin damping has its origin in the magnetic dipolar and exchange interactions

[34, 53, 160]. Such processes lead to the redistribution of energy between magnon

modes even in ideal systems without non-uniformities.

Spin-spin processes are generally classified into three-magnon and four-magnon

processes, both of which are illustrated in fig. 6.3. In three-magnon processes, the

number of interacting magnons is not conserved. These can only be caused by the

magnetic dipolar interaction [34]. Four-magnon process, on the other hand, can be

brought about by both the dipolar and exchange interactions. Usually, the probabil-

ity of a relaxation process occurring is smaller, the larger the number of participating

magnons. However, as a four-magnon process can be caused by both magnetic

interactions, they can dominate over their three-magnon counterparts, especially at

high temperature and when participating magnons have high-k values [34].

Three-magnon processes can be splitting or confluent in nature as illustrated

in fig. 6.3. Both mechanisms require momentum and energy to be conserved; as a

result, a three-magnon confluence process cannot relax magnons with low-k values

(in particular k = 0) [53] while three-magnon splitting process can contribute to the

relaxation of low-k magnons (including the k = 0) so long as the applied field is low

enough [34]. Both splitting and confluence processes are active in relaxing magnons

with large-k values (with no special requirement for applied field). Four-magnon

processes originating from the exchange interaction can only contribute to the

relaxation of k ”= 0 magnons. In contrast, those brought about by the dipolar
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interaction can cause relaxation of k = 0 magnons but their contribution is less

significant than the other processes mentioned above [160].

Compared to relaxations through scattering with optical phonons or magnons,

or through a two-magnon process, spin-spin processes play a less important role

in relaxing k = 0 magnons. They are more dominant in subsequent relaxation

events where magnons with higher k-values are involved [34].

6.6 Temperature-peak processes

The temperature dependence of the magnon linewidth of commercially-available

YIG between 1 K and 150 K usually features one or more local maxima [143, 144,

146, 161–165]. Such behaviour cannot be accounted for by Kasuya-LeCraw or

Kolokolov-L’vov-Cherepanov theories, spin-spin processes, or two-magnon process.

Through a number of experimental investigations, it has been shown that this

peaking behaviour is caused by the presence of rare-earth ionic impurities introduced

during crystal growth [34, 53, 166, 167]. A small impurity density can give rise to a

large temperature-dependent linewidth. Three models have been put forward to

explain this so-called temperature-peak behaviour: slowly relaxing impurities, the

valence-exchange mechanism, and rapidly-relaxing impurities.

It should be noted that it is possible to decrease the linewidth contributions

from these temperature-peak processes by further purifying the YIG as shown by

Refs. [144, 165]. However, these additional steps are generally expensive and tedious.

Since YIG-based devices are usually made for room-temperature applications, they

are generally not part of the production process of most commercially available YIG.

6.6.1 The slowly-relaxing-impurity model

The central idea of the slowly-relaxing-impurity model is that the energy levels

of each substitutional ionic impurity are modulated by the precessional motion

of the magnetisation (or the Fe3+ ions). Under the right conditions, this leads

to net energy transfer from magnons to the lattice as the impurities attempt

to reach thermal equilibrium.
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Figure 6.4: Energy variation of the two lowest ground states, I and J, of Yb3+ ions in
the slowly-relaxing-impurity model (panel (a)) and of the extra electron in both sites
I’ and J’ for the valence-exchange model (panel (b)) as the magnetization M precesses
around its equilibrium position (panel (c)). Adapted from figs. 6.3 and 6.6 in Ref. [53].

To illustrate the process, consider the case in which some of the Y3+ ions in

the YIG (which do not contribute to its magnetisation) are replaced by another

rare-earth ion such as paramagnetic Yb3+. This e�ectively produces a second

magnetic sublattice in the crystal structure to which the original Fe3+ sublattice

can couple via the exchange interaction. For ease of explanation, we shall use Yb3+

as a running example, however the same reasoning can, of course, be applied to a

host of other rare-earth impurities [162, 163, 168, 169]. Like many rare-earth ions,

Yb3+ has a low-lying doublet [34], whose degeneracy is lifted through exchange

coupling to the Fe3+, forming two levels, denoted as I and J [53]. As the strength

of the exchange coupling depends on the relative orientation of the Fe3+ and Yb3+

sublattices, precession of the Fe3+ system creates a modulation of the energy spacing

(”E) between the two I and J states of the Yb3+ as shown in fig. 6.4(a). As a result,

the thermal population is redistributed between the two levels.

Around position a, �E(a) = E
J

(a) ≠ E
I

(a) increases with the precession angle

(„) and this causes the thermal equilibrium population ratio between level J and

level I, i.e. N
J

/N
I

= exp (≠�E/k
B

T ), to decrease. As a result, some of the ions

in level J have to transition to level I, transferring energy to the lattice in the

process. At position b, �E(b) decreases with increasing „, causing the thermal

equilibrium population ratio N
J

/N
I

to increase. Accordingly, this leads to some
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ions in level I to transition to level J, absorbing energy from the lattice. The

competition between the rate at which thermal equilibrium is established (1/·
r

)

and the rate at which the ionic energy level is modulated (Ê) determines the net

energy transferred to the lattice. When both rates are equal, i.e. Ê·
r

≥ 1, the

energy transfer to the lattice is maximal.

The linewidth contribution from the slowly-relaxing-impurity model is [34, 170,

171]

�H
SR

= 1
M

s

P
1

�
1

(6.6)

where:

P
1

= C
SR

k
B

T
1
cosh

1
”E

2kBT

22
2

, (6.7)

�
1

= Ê·
r

1 + (Ê·
r

)2

. (6.8)

C
SR

is a constant that depends on the number of ionic impurities and the change

in the energy spacing (”E) as the magnetisation precesses around its equilibrium

position, M
S

is the saturation magnetisation, Ê is the precessional angular frequency,

and ·
r

is the relaxation time of the ionic energy levels.

Di�erent processes contribute to the relaxation of the ionic energy level to

the lattice as discussed in Refs. [34, 168, 172, 173]. At temperatures below

≥ 60 K, relaxation is governed by the one-particle Orbach process (the so-called

direct process):

·
r

= ·
r,0

tanh ”E

2k
B

T
. (6.9)

The parameter ·
r,0

in eq. (6.9) also depends on ”E with the exact nature of its

dependence being determined by the specific process involved [34]. At higher

temperatures, relaxation is governed either by the two-quasiparticle Orbach process

or the Raman process, which have di�erent temperature dependencies [168, 172].

Note that �
1

is the only frequency-dependent term in eq. (6.6). It is maximum

when Ê·
r

≥ 1 (see eq. (6.8)), a condition that corresponds to maximum energy

transfer to the lattice. At a given precessional frequency Ê, �
1

is maximum
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Figure 6.5: Temperature-dependent linewidth (�H) contribution calculated at two
di�erent magnon frequencies (Ê, 2Ê). (a) Slowly-relaxing-impurity model with ”E =
8 cm≠1, Ê·

r,0

= 3.3 [169]. Note that the horizontal axis is logarithmic. (b) Valence-
exchange model with ·

h,0

= 0.5 ◊ 10≠13 s, E
b

= 0.2 eV [177]. In both models, the
saturation magnetisation is modelled according to Ref. [143]. Notice that the characteristic
temperature T

ch

becomes higher as Ê increases.

only at a particular characteristic temperature T
ch

as the relaxation time (·
r

) is

temperature dependent. Also, eq. (6.9) implies that the relaxation time increases

with decreasing temperature. Accordingly, the higher the precessional frequency,

the higher the characteristic temperature T
c

at which the local maxima of the

linewidth also occurs, as shown in fig. 6.5(a).

6.6.2 The valence-exchange model

The valence-exchange model, also referred to as the charge-transfer model in [53] or

the jumping mechanism in [34], is caused by the presence of Fe2+ or Fe4+ impurity

ions within the system [34, 174, 175]. We recall that the magnetisation of a pure

YIG crystal is due to Fe3+ ions located within its crystal structure. If a ferrous

impurity is substituted, the extra electron from Fe2+ (or the lack of electron from

Fe4+) is mobile and can hop to other Fe3+ sites. Under the right conditions, this

hopping leads to a net energy transfer from magnons to lattice. We shall use the

example of the Fe2+ ion to demonstrate why.

Consider a case in which an extra electron, presents on account of a substitutional

Fe2+ ion, can hop between two equivalent Fe3+ sites, denoted as I’ and J’. The energy

of the extra electron at each site depends on the relative angle between the overall
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magnetisation of the sample and the axis of the local ion [34]. As the magnetisation

precesses (angular frequency Ê) with respect to its equilibrium position (fig. 6.4(c)),

the energy of sites I’ and J’ vary as illustrated in fig. 6.4(b). As a result, the thermal

equilibrium population of ions on sites I’ and J’ also vary with „. At position a in

fig. 6.4(c), an extra electron that is at site J’ (with higher energy) will attempt to

hop to site I’ (with lower energy), transferring E
J

Õ(a) ≠ E
I

Õ(a) from the precessional

energy to the lattice. Similarly, at position b, extra electrons at site I’ will attempt

to hop to site J’, giving away E
I

Õ(b) ≠ E
J

Õ(b) to the lattice. In a manner similar

to the slowly-relaxing-impurity model, competition between the rate at which the

thermal equilibrium is established (1/·
h

) and the rate at which the site energy

varies (Ê) determines the net energy transferred to the lattice per unit time. When

the two rates coincide, i.e. Ê·
h

≥ 1 , the energy transfer to the lattice is maximum.

The theory of the valence-exchange model was first developed by Clogston

[170] and further improved by Hartwick and Smit [176]; its contribution due to

the linewidth is given by [176]:

�H
VE

= 1
M

s

P
2

�
2

(6.10)

where

P
2

= C
VE

(k
B

T )3

, (6.11)

�
2

= Ê·
h

1 + (Ê·
h

)2

. (6.12)

Here, C
VE

is a constant that depends on the number of substitutional ferrous

impurities and the nature of energy level modulation, M
s

is the saturation mag-

netisation, Ê is the angular frequency of precession, and ·
h

is the electron hopping

time. The hopping time is determined by the energy barrier associated with the

hopping process, E
B

, according to [53, 177]:

·
h

= ·
h,0

exp
3

E
b

k
B

T

4
. (6.13)

Here, both ·
h,0

and E
b

depend on the environment of the hopping sites.
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Figure 6.6: Illustration of the rapidly-relaxing-impurity model. The figure shows the
two lowest ground states of the impurity ion and the corresponding energy broadening.
(a) The transition probability is small because the broadening is not wide enough. (b)
When the broadening is at the same order as the level separation (Ê·

r

≥ 1), the impurity
ion can be excited by absorbing energy from the magnons. Adapted from Ref. [34].

Equation (6.10) has the same form as that which describes the slowly-relaxing-

impurity model (compare eq. (6.6)) and, as in the equivalent expression, �
2

is the

only frequency-dependent term. The magnitude of eq. (6.12) is maximum when

Ê·
h

≥ 1. It can be seen from eq. (6.13) that the hopping time increases with

decreasing temperature. As a result, the higher the precessional frequency, the

higher the characteristic temperature (T
ch

) at which the local maximum of the

linewidth occurs, as shown in fig. 6.5(b).

Prior to 1964 [53, 178–180], the valence-exchange model was thought to be

the origin of the low-temperature maxima measured in the linewidths of some

ferrites. In particular, in YIG, Spencer et al. showed that by increasing the

amount of substitutional Fe2+, they were able to reproduce the low-temperature

linewidth maximum which seemed to be strongly suggestive of the validity of the

valence-exchange model [179]. However, more recently, experimental evidence has

indicated that, in fact, the low-temperature maximum (at ≥ 40 K) is caused by

the slowly-relaxing-impurity mechanism mediated by Fe2+ ions [34, 176, 177, 181,

182]. A higher temperature linewidth maximum (370 K) was also observed and

found to be explicable by the valence-exchange model [176, 177].
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6.6.3 The rapidly-relaxing-impurity model

Rapidly relaxing impurities contribute to the magnon linewidth through ionic energy

levels that relax on short timescales (·
r

). This relaxation process leads to broadening

of the ionic energy levels as shown in fig. 6.6. When this broadening is comparable

to the energy level separation (”E = ~Ê
AB

), i.e. Ê
AB

·
r

≥ 1, it can, in principle,

excite an ionic impurity while absorbing energy from a magnon even though it is

not resonant with the energy level spacing (usually ~Ê π ”E). The excited ionic

impurity then relaxes by decaying to the lattice.

Detailed derivation of the rapidly-relaxing-impurity model can be found in [53,

183–185]. Its linewidth contribution in the high-temperature limit (~Ê π k
B

T ) is

[53]

�H
RR

= C
RR

A
~Ê

k
B

T

B

(~Ê
AB

)2

·
r

1 + (Ê
AB

·
r

)2

(6.14)

where C
2

is a constant that depends on the population of the ionic impurity

population and the exchange interaction strength between the ionic impurity and

the Fe3+. In this high-temperature limit, the linewidth scales linearly with the

angular precession frequency Ê. i.e. it follows the Gilbert damping model. This

is not the case for the slowly-relaxing-impurity or the valence-exchange models.

The term ·r
1+(ÊAB·r)

2 displays a maximum at a characteristic temperature that

satisfies Ê
AB

·
r

≥ 1. In contrast to the slowly-relaxing-impurity (Ê·
r

≥ 1) and

the valence-exchange (Ê·
h

≥ 1) mechanisms, the characteristic temperature in

the rapidly-relaxing-impurity model does not depend on Ê. To the best of the

author’s knowledge, there has never been an experimental study in which the

rapidly-relaxing-impurity model has been directly observed experimentally.

6.7 Two-level fluctuators

At temperatures below 1 K (for excitations in the GHz-frequency regime), an

additional contribution to the damping in bulk YIG is found to have characteristics

that are consistent with the two-level fluctuator (TLF) model [30, 186]. The TLF
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Figure 6.7: Temperature-dependent behaviour (panel(a)) and power-dependent be-
haviour (panel (b)) of the linewidth contribution due to TLF. Panel (a) is calculated
assuming a weak external field. Panel (b) is calculated at 20 mK and 0 dBm saturation
power.

model was first proposed to explain the anomalous thermal properties of vitreous

silica at temperatures below 10 K [147, 187], but was later found to be a good

model to explain the damping behaviour in superconducting resonators [188]. In

most of the investigations to date concerning the linewidth of YIG, damping due

to TLFs was not observed as the lowest temperatures were around ≥ 2 K and

the mechanism does not become a significant contributor to the damping until

the temperature is lowered below 1 K.

Conceptually, the idea underpinning the TLF model is as follows: there are

impurities within the material that can be modelled as an ensemble of two-level

systems (fluctuators) with a broad frequency spectrum. At high temperature

(~Ê
TLF

π k
B

T ), these TLFs are saturated by thermal phonons and, therefore, the

material behaves as if they were not present. This is the reason why damping

due to TLFs has not been observed at high temperature. At low temperature

(~Ê
TLF

∫ k
B

T ), there are not enough thermal phonons to saturate the TLFs. If there

is no external microwave drive or the drive power is low enough (P π P
sat

), most

TLFs are in their ground state and ready to absorb any resonant excitation – in our

case: magnons – within the system. If we assume that the TLFs preferentially relax

to the lattice, this mechanism produces an additional damping channel. At these low

temperatures, it is possible to saturate the TLFs using a strong external microwave
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drive (P ∫ P
sat

); when fully saturated, they are unable to absorb more excitations

from within the system and, as a result, the TLF damping becomes negligible.

The loss tangent arising from TLFs can be modelled as [189]

”
TLF

= C
TLF

tanh (~Ê/2k
B

T )
Ò

1 + (P/P
sat

)
(6.15)

where C
TLF

is a factor that depends on the density and the dipole strength of the

TLF. As the loss tangent is the inverse of the quality factor, i.e. 1/Q = �Ê/Ê ¥ ”
TLF

for ”
TLF

π 1, then the linewidth contribution from the TLF is

�H
TLF

= Ê

“µ¶
”

TLF

(6.16)

where “ is the gyromagnetic ratio, and µ¶ is the vacuum permeability. The power

ratio within the square root of eq. (6.15) can be expressed as (P/P
sat

) = Ê2

TLF

·
1

·
2

where Ê
TLF

is the Rabi frequency, ·
1

and ·
2

are respectively the longitudinal and

transverse relaxation time constants of the TLFs. Figure 6.7 shows the behaviour

of �H
TLF

as a function of temperature (T ) and power (P ).

It is important to note that the TLF mechanism is just a phenomenological

model. It does not propose an origin for this behaviour in the system. In other

physical systems such as the vitreous silica, the TLFs are thought to consist of

tunnelling states between neighbouring defect sites [147]. Each state is modelled

as a particle tunnelling across a double well potential minimum. The origin of

TLFs in bulk YIG is still unknown.

6.8 Summary

At this point, it is helpful to summarise the dominant relaxation processes of

k = 0 magnons in bulk YIG from room temperature down to the mK regime.

From room temperature to ≥ 100 K [143], the dominant damping process is either

scattering with optical phonons (first Kasuya-LeCraw process, Section 6.3) or optical

magnons (Kolokolov-L’vov-Cherepanov process, Section 6.3). In this temperature

range, the magnon linewidth has a linear frequency dependence and decreases

with temperature. Between 1 K and 100 K, temperature-peak processes become
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dominant due to the presence of rare-earth impurities (Section 6.6). Below 1 K,

TLF-type impurities have been observed to be dominant (Section 6.7). Poor surface

quality will lead to increased linewidths (enhanced two-magnon processes, Section

6.4) across all temperature range.

The total k = 0 magnon linewidth in a bulk YIG (�H
YIG

) can be writ-

ten as follows:

�H
YIG

= �H
KL/KLC

+ �H
2m

+ �H
TP

+ �H
TLF

(6.17)

where the contributing terms are, from left to right, the Kasuya-LeCraw term or

Kolokolov-L’vov-Cherepanov term, the two-magnon term, the temperature-peak

term, and the TLF term. The relative contribution of these di�erent processes

as a function of tempearture is illustrated in fig. 6.8.

As we shall discover in the next chapter, in the case of YIG films, there is an

additional damping channel that becomes important at low temperature.



7
Magnon Damping in YIG Films

This chapter reports on measurements of magnon damping in YIG films at both room

and low temperatures (20 mK to 9 K). First, we shall describe various practical

aspects of our sample and measurement configuration. Following on from this,

we shall discuss the characteristics of our samples at room temperature, and

compare the measurement results we obtain at room and low temperatures. In

particular, we shall focus on the low-temperature influence of the substrate and

two-level fluctuators (TLFs). The electronic preprint of this work has been uploaded

in the ar‰iv repository [190].

7.1 Introduction

To couple quantum circuits to magnons in YIG, it is essential that the dampings

of both the quantum circuit and the magnon systems is low in order to preserve

quantum coherence as long as possible. In particular, for magnon-based quantum

devices to be truly feasible, YIG itself has to be shown to exhibit low damping

at the temperatures needed for the operation of a quantum circuit. To date, only

bulk YIG has been shown to retain its low magnon damping behaviour at mK

temperatures [30, 71, 89, 90, 186].

92
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The story is more complicated in the case of YIG films. As described in

Chapter 3, YIG films are typically grown on a gadolinium gallium garnet (GGG)

substrate. GGG is a geometrically frustrated magnetic system that is known to

be paramagnetic below 70 K [148, 191, 192]. Recent measurements at 20 K [165]

showed that GGG increases the magnon damping in YIG films, but its behaviour

at mK temperatures is yet to be completely understood [149, 150, 193]. Having

measured YIG films on GGG at 20 mK and found the damping to be significantly

increased above the room-temperature value, we set out to address the question

of whether this behaviour could be attributable to the substrate.

7.2 Measurement technique
7.2.1 Introduction

Three techniques are frequently used to characterise magnon damping or linewidth

in YIG: parallel pumping, fixed-frequency FMR, and broadband FMR techniques [3,

194].

The parallel-pumping technique relies on the phenomenon of parametric insta-

bility: application of a su�ciently strong microwave pump (angular frequency 2Ê)

parallel to the bias field will lead to the creation of counterpropagating magnons

in the YIG (wavevectors k, ≠k, and angular frequency Ê) [3, 34, 53, 195]. The

threshold pump field needed to initiate the instability is directly related to the

linewidth of the excited magnons [195]. Due to the high power required, a resonator

is generally employed to amplify the energy pumped into the system. As such,

the accessible frequency range of this technique is limited by that the bandwidth

of the resonator. Accordingly, this technique is best suited for applications in

which it is desirable to characterise the linewidth of magnons with specific k-values

as shown in Refs. [152, 154, 165].

In the fixed-frequency FMR technique, a cavity which can support a highly

uniform microwave excitation field is typically employed to measure the linewidth

of uniformly-precessing magnons (k = 0) [30, 88, 96]. A microwave tone excites

the cavity containing the YIG at resonance while the magnetic bias field is varied.
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Figure 7.1: Microstrip-based technique used for the measurement of magnon linewidths.

If the frequency of a particular magnon mode coincides with the microwave tone

inside the cavity, the sample starts to absorb energy, changing the amplitude of

signal transmitted through it (S
21

). The width of the absorption curve as a function

of the bias field strength provides a measure of the linewidth of the excited magnon

mode. This technique can typically measure only over a narrow frequency range

determined by the quality factor of the cavity. Therefore, like the parallel-pumping

technique, it is not well-suited to investigations in which the frequency-dependent

behaviour of the linewidth are of interest.

The broadband FMR technique commonly employs a stripline as the microwave

signal conduit. In contrast to the two techniques already discussed, it allows the

linewidth to be measured across a wide range of frequencies (up to ≥ 40 GHz) – all

with a single stripline [57, 143, 146, 194]. The methodology is similar to the fixed-

frequency FMR technique, except that measurements can also be made in which

the bias field is fixed and the frequency of the microwave input signal is swept. This

capability is invaluable in the study of frequency-dependent relaxation processes.

There are, however, a number of drawbacks — notably the need to account for

the unwanted excitations of propagating magnons (Section 7.2.3) and radiation

damping (Section 7.2.4) [35, 196]. Nonetheless, in the context of our investigations,

the ability to measure over a wide range of frequencies was considered to trump

these inconveniences and we chose to use this technique in our experiments.
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7.2.2 Experimental configuration

The stripline employed in this work is a microstrip line above which the sample

is positioned as shown in fig. 7.1. It is magnetised by an external out-of-plane

magnetic field (B). This field configuration minimizes the linewidth contribution

from two-magnon processes (Section 6.4) brought about by the film’s surface

roughness [197–199]. Alternating currents transmitted through the microstrip create

a microwave field which is then used to probe magnon resonances within the sample

as shown in fig. 7.1. The absorption signal is fitted with a Lorentzian function and

the magnon linewidth (�f) is the full width at half maximum of the Lorentzian fit.

For low-temperature experiments, the sample is mounted at the mixing chamber

stage of a dilution refrigerator in the setup shown in fig. 3.1. Our measurement

frequency range is limited from 3.5 GHz to 7 GHz. Here, the low-frequency limit is

imposed by the limited bandwidth of the cryogenic circulators. The high-frequency

limit is imposed by the maximum magnetic field that can be produced by our setup.

7.2.3 Choosing microstrip width and sample size

In order to limit the maximum k-values, k
m

, of unwanted propagating magnons

that can be excited, a wide microstrip is required. Figure 7.2 shows the radiation

resistance per unit length calculated for two di�erent microstrip widths (w). The

radiation resistance is proportional to the amount of power that is coupled into

the magnon system. The calculations plotted in fig. 7.2 shows that the cuto� value

k
m

is indeed higher for a narrower microstrip. Mathematically, the theoretical

radiation resistance plotted in fig. 7.2 is proportional to the Fourier transform of

the current distribution within the microstrip [35]. For a homogeneous current

distribution across the width, the Fourier transform is proportional to sinc(kw/2)

with its first zero giving the corresponding cuto� wavevector k
m

w/2 = fi. Care

needs to be taken not to make the microstrip too wide as this will have the e�ect of

making the current density within the antenna so small as to deleteriously weaken

the sensitivity of the measurement setup.
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Figure 7.2: The radiation resistance per unit length of the lowest order forward volume
mode [35]. The calculation assumes M

s

= 139 kA/m, B = 300 mT, a film thickness of
D = 11µm , and that the film is positioned directly on top of the antenna. The two curves
correspond to two di�erent microstrip widths (w

1

= 0.9 mm, w
2

= 1.7 mm). The current
distribution is assumed to be constant across the width of the microstrip. Wavevectors
corresponding to the first zero of each curve (denoted by k

m

) are typically the maximum
k value that can be excited by the microstrip.

Beyond working with a relatively wide antenna, excitations of a continuum of

propagating magnons can be further suppressed by forcing the creation of standing

wave modes within the samples [200, 201]. This is achieved by reducing its lateral

size such that there can be multiple wave reflections from its boundaries. By

analogy with a photonic cavity or resonator, only certain multiples of wavelength

can create standing waves. The smaller the lateral size of the sample, the smaller

the wavelength (higher the k-value) associated with the first order standing mode.

Ideally, therefore, we would like to position the first-order standing wave mode as

far as possible from the k = 0 mode by making the sample as small as possible.

However, miniaturisation also decreases the absorption strength of the sample (A

in fig. 7.1) since the smaller the volume, the smaller the number of spins available

to interact with the input microwave signal.

Given the previous discussion concerning the geometry of the sample, it is

natural to ask what would be the biggest sample size that might be used in order

to achieve the highest absorption strength while still ensuring that the higher-order



7. Magnon Damping in YIG Films 97

Figure 7.3: Frequency of the first standing wave mode, i.e. f(k = fi/x), relative to the
k = 0 mode, i.e. f(k = 0), as a function of the maximum lateral size of the sample x,
calculated based on the dispersion relation of forward volume magnons (eq. (2.80)). Both
curves are calculated for an FMR frequency of 4 GHz.

standing wave modes are not so close in frequency to the k = 0 mode. This ensures

that they are not broadened by the presence of overlapping standing wave modes

that are too near to the k = 0 mode — a particularly important consideration

given that we anticipate that the linewidth of the k = 0 mode will increase at low

temperatures. If we estimate that the upper bound on the magnon linewidth at

20 mK is not more than ≥ 15 MHz, then the nearest higher-order mode should be

spaced at least 15 MHz away from the k = 0 mode. To estimate the position of

lowest-frequency standing-wave mode, we assume it corresponds to magnons having

a wavelength twice the maximum lateral size of the sample x, i.e. ⁄ = 2x and

k
1

= 2fi/⁄ = fi/x. The corresponding wavevector k
1

is converted into a frequency

value via the FVMSW dispersion relation (eq. (2.80)).

The frequency di�erence between the k = 0 mode (uniform precession) and

the k
1

mode as a function of the maximum dimension of the sample x is shown in

fig. 7.3 for values of M
s

at 300 K and at 20 mK. Based on our approximations, for

experiments at 20 mK, the result shows that x = 4 mm is the maximum sample

size that should be used. Choosing from a selection of YIG films available to us,

we opted to use a 3 mm◊2 mm-sized sample.
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7.2.4 Radiation damping

Radiation damping increases the measured damping of the sample and must therefore

be carefully considered [196, 202]. As mentioned previously, the alternating current

within the microstrip creates a microwave field that excites magnons within the

sample. Radiation damping comes about as back-action of the magnons into the

microstrip — the magnetic field of magnons excited within the sample induces

alternating currents within the microstrip, and the ohmic dissipation of this induced

current leads to an additional spurious contribution to the magnon damping.

The linewidth contribution due to radiation damping is modelled in Ref. [196]

in terms of an equivalent Gilbert damping parameter –
rad

, i.e.

–
rad

= ÷
“µ¶

Z¶
M

s

L̃, (7.1)

where ÷ is a factor related to the amplitude profile of the magnetisation within the

sample, Z¶ is the characteristic impedance of the microstrip (usually fixed at 50 �),

“ is the gyromagnetic ratio, µ¶ is the vacuum permeability, M
s

is the saturation

magnetisation, and L̃ is the normalised mode inductance of the magnetisation

mode within the sample. The normalised mode inductance is a coupling term

that depends on the geometry of the system and the overlap integral (i.e. mode

matching) between the microwave field of the microstrip and the amplitude profile

of the magnetisation within the sample.

Radiation damping can be minimized by decreasing the coupling between the

sample and the microstrip. In terms of eq. (7.1), this corresponds to reducing L̃.

This can be achieved, for instance, by increasing the separation (d in fig. 7.1) between

the sample and the microstrip. However, this comes at the expense of decreasing the

absorption strength (A) in the sample and, accordingly, the e�ective sensitivity of the

measurement setup. In light of these factors, there is a tradeo� to be made between

being able to measure a linewidth that is very close to the intrinsic linewidth of the

sample and being able to obtain an adequate signal-to-noise ratio (SNR). The latter

is achieved by positioning the sample nearer to the stripline (negligible separation
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d), thus increasing its absorption strength but at the expense of measuring linewidth

values that contain a substantial radiation damping contribution.

It should be noted that the sole temperature dependency of –
rad

originates from

the saturation magnetisation M
s

, which is expected to increase with decreasing

temperature [143, 159]. If the measurement configuration is maintained between

room temperature and 20 mK, i.e. no changes in the experimental geometry, –
rad

is

expected to be enhanced by a factor of approximately M
s

(20 mK)/M
s

(300 K).

7.3 Experimental results

We now examine the results of experiments designed to probe the magnon damping

in YIG films both at room temperature (300 K) and at low temperature (20 mK to

9 K). By comparing data obtained from di�erent samples at di�erent temperatures,

we are able to move closer to an understanding of the impact of the GGG substrate

on the low-temperature linewidth and uncover an additional damping mechanism

that only becomes dominant at below 1 K.

Our room-temperature experiments are conducted by varying the input mi-

crowave frequency f under constant bias field B. Our low-temperature data are

obtained at fixed frequency by varying the bias field, As a consequence of the

lower SNR at low temperature (on account of the input being highly attenuated),

significant signal averaging is needed. Each field sweep takes about 10 s. The

measured absorption signal is then fitted with a Lorentzian function to extract the

linewidth. This process is repeated 30 to 40 times and the calculated linewidths

are averaged. The error is quantified in terms of the standard deviation of the

spread of the averaged values. The linewidths can be expressed either in units of

magnetic field (the measurement parameter) or converted to units of frequency

via the relation �f = “�B/2fi.

7.3.1 Room-temperature characterisation

We chose to perform experiments on two epitaxial YIG films: one of 11µm-thickness

grown on a GGG substrate and a second of 30µm-thickness without a substrate.
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Figure 7.4: Absorption spectrum of a YIG/GGG film (panel (a)) and a substrate-free
YIG film (panel(b)) measured at room temperature. Raw data have been compensated
to take into account the frequency-dependent properties of the measurement setup by
subtracting the measured transmission characteristics measured at zero field. YIG/GGG
data is taken with the sample placed directly on top of the microstrip. Substrate-free
YIG data is taken with the sample spaced by ¥ 500µm from the microstrip.

In what follows, these will be referred to as the YIG/GGG and substrate-free YIG.

The substrate-free YIG was obtained by polishing away the GGG layer from a

YIG/GGG sample with 53µm-thick YIG layer [165].

The YIG/GGG sample has a lateral size of ≥ 3 mm◊2 mm (see Section 7.2.3)

and is used in conjunction with a 1.7 mm-wide microstrip with a characteristic

impedance of 50 �. The long axis of the sample is oriented along the long axis of the

stripline. Figure 7.4(a) shows the observed magnon resonances for the film at room

temperature. The data shows a strong absorption dip at ¥ 4.992 GHz, thought to

be the uniform precession mode of the sample (k = 0), and a series of weaker dips

at higher frequencies. This is to be expected since the uniform precession mode of

forward volume magnons (k = 0) has a lower frequency compared to propagating

modes (k ”= 0). In addition, the nearest secondary dip is ≥16 MHz from frequency

of the uniform precession mode, roughly as predicted according to fig. 7.3 (red line).

To examine the linewidths (�f) of the k = 0 mode, we performed a linear fit

of the data to the relation �f = 2–f¶ + �f¶, where f¶ is the resonance frequency.

This fit gives the characteristic Gilbert damping constant – (unitless) and the
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Figure 7.5: The measured damping constant (–) and inhomogeneous contribution term
(�f¶) as a function of the separation (d) between the YIG/GGG sample and the microstrip.
The error bar reflects the fitting uncertainty for each data point.

inhomogeneous broadening contribution �f¶. Typically, the Gilbert damping

constant quantifies the amount of internal magnon damping within the sample itself,

which we denote as –
mag

. In our experiments, the measured damping constant

also includes the radiation damping contribution (–
rad

, see Section 7.2.4), i.e.

– = –
mag

+ –
rad

. The inhomogeneous contribution �f¶ represents the frequency-

independent part of the linewidth. This typically originates from the inhomogeneity

of the sample, the spatial inhomogeneity of the field, and broadening due to the

process of averaging over multiple measurements.

Figure 7.5 shows the evolution of both – and �f¶ as the spacing d between

the YIG/GGG sample and the microstrip is increased. The spacer employed

comprises of either a few layers of Kapton tape (1 layer ¥ 70µm), a piece of single

crystal sapphire (thickness ≥ 540µm), or a combination of these. As expected,

the measured damping constant – decreases as d is increased, in agreement with

the model presented previously (eq. (7.1)). The inhomogeneous contribution term

�f¶, is not in general a�ected by the change in the spacing between the sample

and the microstrip. In anticipation of increased linewidth at low temperature, a

spacing of d =70µm was used in measurements of the YIG/GGG film. Such a

spacing leads to a substantial radiation damping contribution in the measured
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magnon linewidth, but can be expected to assure good signal-to-noise ratio even

if the sample becomes much more lossy.

The substrate-free YIG film, which has a lateral size of ≥ 1 mm◊1 mm (the

largest sample available), is measured using a 0.9 mm-wide 50 � microstrip. In

the case of this sample, the antennae were spaced much further from the surface

(d = 540µm), leading to smaller radiation damping contribution. Figure 7.4(b)

shows the observed magnon resonance for the substrate-free YIG film at room

temperature. Only one absorption dip is observed in this case — the k = 0 mode.

The absorption strength is smaller than in case of YIG/GGG sample, owing to

a larger value of d and a smaller sample volume.

7.3.2 Role of GGG at 20 mK

Figure 7.6 compares the magnon linewidth �f of each sample at 300 K (room

temperature) and at 20 mK as a function of resonance frequency f¶. Table 7.1

provides a summary of linear fits to these data.

Table 7.1: Comparing results at 300 K and at 20 mK

YIG/GGG Substrate-free YIG
Size 2 mm◊3 mm◊11 µm ≥1 mm◊1 mm◊30 µm
w/d 1.7 mm / 70 µm 0.9 mm / 540 µm
300 K –

1a

= (22 ± 4) ◊ 10≠5 –
2a

= (8.9 ± 0.5) ◊ 10≠5

�f¶,1a

= (0.7 ± 0.4) MHz �f¶,2a

= (0.9 ± 0.1) MHz
20 mK –

1b

= (74 ± 5) ◊ 10≠5 –
2b

= (2.3 ± 0.7) ◊ 10≠5

P
b

=-65 dBm �f¶,1b

= (1.7 ± 0.6) MHz �f¶,2b

= (1.1 ± 0.1) MHz
20 mK –

1c

= (85 ± 6) ◊ 10≠5 –
2c

= (9.3 ± 1.0) ◊ 10≠5

P
c

=-100 dBm �f¶,1c

= (2.6 ± 0.6) MHz �f¶,2c

= (2.0 ± 0.1) MHz

We first compare the results at 300 K and at 20 mK obtained with high input

power (P
b

= ≠65 dBm). At 20 mK, the measured linewidth of the uniformly-

precessing (k = 0) mode in substrate-free YIG decreases to approximately 1.4 MHz,

lower than its room-temperature value across the measurement frequency range

(3.5 GHz-7.0 GHz). The sample’s Gilbert damping constant at 20 mK (–
2b

¥

2.3 ◊ 10≠5) is almost four times lower than its room-temperature value (–
2a

).
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Figure 7.6: Magnon linewidths �f versus its resonance frequency f¶ for a YIG/GGG
film and a substrate-free YIG film. The datasets at room temperature (300 K, •) are
obtained with an input power of -25 dBm. The datasets at 20 mK are obtained for two
input powers P

b

= ≠65 dBm, and P
c

= ≠100 dBm. Dashed lines are linear fits and the fit
results are summarised in table 7.1. Note the di�erent scaling in the vertical axis of the
plots.

We recall that the measured damping constant is the sum of the intrinsic

damping and the radiation damping, i.e. – = –
mag

+ –
rad

. The radiation damping

–
rad

is expected to increase at low temperature (due to the M
s

dependence in

eq. (7.1)). The data therefore suggest that the intrinsic contribution decreases as

the temperature is lowered down to 20 mK:

–
2b

< –
2a

∆ –
mag

(T=20 mK) < –
mag

(T=300 K). (7.2)

Such a decrease in intrinsic damping is expected as most of the internal relaxation

processes for the k = 0 mode, such as the Kasuya-LeCraw and the Kolokolov-

L’vov-Cherepanov, are expected to become less e�ective as the temperature is

lowered (see Section 6.3). We also learn from these results that the radiation
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damping only constitutes a small part of the total damping at room temperature

(–
2a

) — this is not unexpected given the large spacing between the sample and

the microstrip (d = 540µm).

The inhomogeneous broadening contribution to the damping in the substrate-

free YIG at 20 mK (�f¶,2b

) is slightly higher than its value at room temperature

(�f¶,2a

). This is probably an artefact of the measurement procedure: the results at

low temperature are obtained with high averaging, which likely inhomogeneously

broadens the measured linewidths if the current source of the magnet is not

completely drift-free.

Results from the measurements of the YIG/GGG film, are very di�erent. Its

damping constant at 20 mK (–
1b

) is 3.4 times larger than its value at room

temperature (–
1a

). In addition, the increase in the inhomogeneous contribution

(�f¶,1b

/�f¶,1a

¥ 2.4) is also much larger than the increase seen for the substrate-

free YIG (�f¶,2b

/�f¶,2a

¥ 1.2) and too large to be attributable to instability

of the measurement setup.

Before any conclusions can be drawn from comparing the results of YIG/GGG

and the substrate-free YIG samples, it is necessary to estimate the upper bound

of the radiation damping contribution to the measured damping constant of

YIG/GGG at 20 mK. The radiation damping, modelled according to eqn. (7.1),

depends on the geometry of the system and the saturation magnetisation M
s

of the

sample. As characterisations at both 300 K and 20 mK are performed with the same

configuration of microstrip and sample, it is reasonable to expect that the change

in –
rad

as the temperature is lowered is due solely to the change in M
s

. Therefore,

the increase in –
rad

between 20 mK and 300 K is determined by the ratio of the

saturation magnetisation, i.e. M
s

(20 mK)/M
s

(300 K) ¥ 1.4 [143], and

–
rad

(T=20 mK) ¥ 1.4 –
rad

(T=300 K). (7.3)

If we assume that the measured damping constant (–) of the YIG/GGG film

only consists of intrinsic damping within the YIG itself (–
mag

) and the radiation
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damping contribution (–
rad

), then taking into account eqn. (7.2) and (7.3), we

can make the following argument:

–(T=20 mK) = –
mag

(T=20 mK) + –
rad

(T=20 mK), (7.4)

¥ –
mag

(T=20 mK) + 1.4 –
rad

(T=300 K), (7.5)

< –
mag

(T=300 K) + 1.4 –
rad

(T=300 K), (7.6)

< 1.4 (–
mag

(T=300 K) + –
rad

(T=300 K)) , (7.7)

–(T=20 mK) < 1.4 –(T=300 K). (7.8)

That is, the radiation damping accounts for, at most, an increase of approximately

1.4 times in the measured damping constant of the YIG/GGG sample when it is

cooled from 300 K to 20 mK. Accordingly, the fact that we measure a much larger

increase in the damping constant of the YIG/GGG sample, i.e. –
1b

¥ 3.4 –
1a

,

implies that there is an additional damping channel for magnons in the YIG/GGG

film that is not accounted for in eqn. (7.4). As the di�erence between the YIG/GGG

sample and the substrate-free YIG sample lies solely in the presence of the GGG

substrate, our result is a strong indication that the GGG plays a significant role

in increasing the magnon linewidths in the YIG/GGG sample at 20 mK.

From table 7.1, we see that the damping constants and the inhomogeneous

contributions for both samples at 20 mK increase when the input power is lowered

(P
c

). As we shall explore in the next section, this behaviour can be understood

by taking into account additional damping behaviour originating from two-level

fluctuators (TLF, see Section 6.7) that are only significant at low temperature

and low drive power.

7.3.3 Temperature-dependent damping

Figure 7.7 shows the temperature dependence of the magnon linewidth of both

samples measured with low input power (P
c

= ≠100 dBm).

When examining the results for YIG/GGG in fig. 7.7, the radiation damping

contribution across the examined temperature range amounts to an approximately
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Figure 7.7: Temperature (T ) dependent magnon linewidths (�f) for both YIG/GGG
film and substrate-free YIG, measured with input power P

c

= ≠100 dBm. Note the
di�erent scaling in the vertical axis of the plots.

constant vertical o�set to each dataset. This is due to the small change (less than

0.03%) in the value of M
s

for YIG between 20 mK and 9 K [159].

Above 1 K, linewidths of both samples increase as the temperature is increased

to 9 K. In this temperature regime, the dominant damping is usually associated with

temperature-peak processes (see Section 6.6). When temperature-peak processes are

dominant, the linewidth of the sample peaks at a characteristic temperature (T
ch

).

As discussed in Section 6.6, the three known temperature-peak processes are due

to rapidly-relaxing impurities, slowly-relaxing impurities, and the valence exchange

mechanism. The rapidly relaxing model produces a Gilbert-like damping and has

a characteristic temperature (T
ch

) that is independent of the magnon resonance

frequency f¶. The slowly-relaxing and the valence-exchange models exhibit a
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non-Gilbert-like form and a characteristic temperature (T
ch

) that reduces as the

resonance frequency (f¶) is lowered.

The behaviour observed in fig. 7.7 at 9 K, in which the linewidth for f¶ = 4 GHz

is higher than that measured at f¶ = 7 GHz, indicates that whatever mechanism is

dominating the damping is not Gilbert-like in character; this immediately excludes

the rapidly-relaxing model. The valence-exchange e�ect due to Fe2+ has previously

been shown to be dominant above room temperature (as discussed in Section

6.4). By process of elimination, therefore, the slowly-relaxing model is the only

mechanism that can be dominant at this temperature range.

7.3.4 Damping due to two-level fluctuators

As the temperature is decreased below 1 K, the linewidth of the substrate-free

YIG starts to increase and eventually saturates at mK temperatures as shown

in fig. 7.7. We propose that this behaviour can be explained by the TLF model

discussed in Section 6.7. Note that previously this mechanism had only been

observed in bulk YIG [30, 186].

Evidence for the TLF-induced damping is seen in fig. 7.6, fig. 7.8 and fig. 7.9. The

20 mK datasets in fig. 7.6 show that the linewidths for both samples are lower when

the drive level is higher (P
b

vs P
c

). This is confirmed by the extracted damping

constants and inhomogeneous contribution terms obtained at low power P
c

which

are found to be higher than the ones obtained at high power P
b

(Table 7.1). Figure

7.8 shows the magnon linewidth of the substrate-free YIG as a function of drive

levels P at three di�erent temperatures (1 K, 300 mK, and 20 mK). At 1 K, there is

no observable power dependence. We propose that this is because the TLFs have

been saturated by thermal phonons. At 20 mK and 300 mK, the linewidths increase

as the power decreases and saturate progressively as the temperature is reduced, in

agreement with the previous discussions. The data are fitted using eq. (6.16) with

an additional y-intercept to account for non-TLF contributions to the linewidth.
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Figure 7.8: Magnon linewidths �f in the substrate-free YIG film as a function of input
powers P , obtained at 20 mK, 300 mK, and 1 K. The dashed lines are fits to the data.

For the f¶ = 5 GHz, 6 GHz, 7 GHz dataset in fig. 7.8, P
sat

at 300 mK is clearly

higher than at 20 mK. This is in-line with expectations: ·
1

and ·
2

, the TLF longitudi-

nal and transverse relaxation times, are anticipated to decrease as the temperature is

increased, leading to a higher P
sat

(recall that P
sat

Ã 1/·
1

·
2

from previous chapter).

The exact temperature dependence of 1/·
1

·
2

is not clear. In previous experiments, a

phenomenological model was suggested with the quantity 1/·
1

·
2

varying from

T 2 to T 4 [203]. This places the ratio (P
sat

(300 mK)/P
sat

(20 mK))
theory

in the

range between 23.5 dB and 47 dB. The fitted P
sat

values from our data correspond

to a ratio (P
sat

(300 mK)/P
sat

(20 mK))
data

of approximately 23 dB, suggestive of

a T 2 behaviour.

It should be noted that the f¶ = 4 GHz, T = 300 mK dataset in fig. 7.8 is not

fitted with the TLF model. Here, the TLF e�ect is very weak since there are su�cient
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Figure 7.9: Magnon linewidths �f of the substrate-free YIG film from T = 20 mK to
T = 3 K. (a) Comparison between the two di�erent input powers P

b

= ≠65 dBm and
P

c

= ≠100 dBm. (b) Comparison between di�erent resonance frequencies f¶ at input
power P

b

= ≠65 dBm.

thermal phonons to saturate those fluctuators with central frequencies around 4 GHz.

Figure 7.9(a) shows the manifestation of the TLF e�ect as a function of

temperature. Above 1 K, linewidths for both input powers coincide. This is

an indication that the relevant TLFs have been saturated by the thermal phonons.

At lower temperatures, the magnon linewidths for measured at both powers split,

with the linewidths at low input power P
b

being higher than the ones at high

input power P
c

.

A quick comparison with the data in fig. 7.8 shows that input power P
b

=

≠65 dBm is not enough to saturate the TLFs at 300 mK. The datasets obtained

with high drive level (P
b

) in fig. 7.9(b) show that the linewidth di�erence ”f =

|�f(f¶ = 7 GHz) ≠ �f(f¶ = 4 GHz)| broadens as the temperature is increased
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Figure 7.10: Relaxation paths for uniformly-precessing microwave magnons (k = 0) in
YIG films, from mK temperatures to room temperature.

from 100 mK to 300 mK, narrowing back as the temperature reaches 1 K. If a much

higher drive level were to be used, the TLFs would be expected to also be saturated

(between 100 mK and 1 K) and we would predict a smaller value of ”f .

7.4 Summary

For the first time, we have been able to show that GGG, the substrate on which YIG

films are usually grown, plays an important role in increasing magnon linewidths

at millikelvin temperatures (Section 7.3.2). Temperature-dependent linewidths

above 1 K in YIG/GGG and substrate-free samples are associated with the slowly-

relaxing-impurity mechanism typically observed in YIG with rare-earth impurities

(Section 7.3.3). Damping due to the presence of unsaturated TLFs is observed

in both YIG/GGG and substrate-free YIG films below 1 K (Section 7.3.4). The

TLF saturation power at 300 mK is found to be higher than at 20 mK; the ratio

between the two values suggests a T ≠2-dependent behaviour for the product of

TLF relaxation times (·
1

·
2

). Furthermore, we verify that using high-drive power

can lower the k = 0 magnon linewidth of substrate-free YIG down to ≥ 1.4 MHz

(f¶ = 3.5 GHz to 7.0 GHz) at 20 mK — lower than its room-temperature value

and comparable to that measured in bulk YIG at 20 mK [30, 186]. Figure 7.10
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summarises the known relaxation paths for uniformly-precessing magnons in YIG

films excited by a microwave field (compare this with those for bulk YIG, fig. 6.1).



8
Outlook

The preceding chapters have taken the readers on a journey through several

microwave magnonic experiments carried out in a millikelvin-temperature environ-

ment. In the last chapter of this thesis, the author will attempt to summarise

the various findings and outline several experiments that might form a natural

extension of the work.

In Chapter 4, we explored a hybrid system in which magnons in a YIG sphere were

strongly coupled to photons in a niobium-based superconducting planar resonator.

The planar superconducting circuit architecture showcased in this experiment

is extremely versatile and potentially opens doors to a wide range of related

investigations. Three such opportunities are particular apparent.

Firstly, as can be seen from fig. 8.1, the magnetic fields in vicinity of the

meandering section of the resonator used in our experiments (linecuts B and C

in fig. 4.1) are very di�erent from those at the center (linecut A in fig. 4.1, field

plot in fig. 4.3(b)). This hints at the possibility of demonstrating strong coupling

to di�erent magnetostatic modes of the magnonic system selected by judicious

positioning relative to the resonator. Such an experiment could be an enabling

step towards the development of a device that selectively stores information in

specific non-interacting modes of a magnetic system.

112
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Figure 8.1: The magnetic vector fields around the meandering line of our resonator
(cross section B and C in fig. 4.1) excited at its fundamental mode. Compare this with the
field directions at the middle of resonator (fig. 4.3). Note that the colour map is plotted
on a logarithmic scale. Shown on the plot is a 0.25 mm diameter circle representing the
YIG sphere. If the resonator is excited at its higher order modes, the field amplitudes in
this region can be enhanced. (a) Cross section B (y = ≠2600 µm). (b) Cross section C
(x = ≠450 µm).

Secondly, it should be possible to study the indirect coupling between two

magnonic systems via the photons in the 2D superconducting resonator; a related

experiment has been conducted using a coaxial resonator [107], but could be directly

translated into our 2D geometry. Such an architecture, if combined with electronics

to allow the local bias field at one of the spheres to be altered, would allow for

selective information transfer between (and readout from) the two magnetic systems

— a functionality that could be invaluable in the context of a quantum device.

Thirdly, one could adapt the geometry of the experiment to allow for the study

of the coupling between two planar superconducting resonators mediated by non-

reciprocal travelling magnons (MSSW, see Chapter 2) in a magnonic film (see

discussion on chiral light-matter interaction in Ref. [204]).

In Chapter 5, we demonstrated the measurement of a bandgap in a YIG

waveguide-based static magnonic crystal under continuous- and pulsed- microwave

excitations at millikelvin temperatures. We observed that the damping in the
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magnonic crystal was markedly higher at 20 mK than at room temperature and

were able to attribute this increased damping to the substrate on which the film

was grown — gadolinium gallium garnet (GGG, see Chapter 7). The magnetic

state of GGG at millikelvin temperatures remains somewhat mysterious [149, 150,

190, 193]. A future low-temperature study to probe the properties of GGG more

closely would therefore be invaluable – perhaps through further investigation of

the extent to which ferromagnetic resonance in YIG is influenced by the presence

of GGG across wide ranges of temperature and magnetic field.

To be useful in the context of quantum devices, the YIG waveguide-based

magnonic crystal (both static and dynamic versions) must be a low-loss system.

Our findings (Chapters 5 and 7) suggest that one potential way of assuring this

would be to create a device free from the GGG substrate. This could either be

achieved by depositing a thick film and removing the GGG layer, or growing the film

on an alternative substrate [205]. Neither of these approaches are straightforward,

but the associated challenges are essentially engineering ones rather than those

originating from fundamental physical constraints and — with the application of

su�cient e�ort — can be realistically expected to be surmountable.

In our measurements of substrate-free YIG in Chapter 7, we showed that, by

lowering the temperature of the material to 20 mK and saturating the two-level

fluctuators (TLFs, see Chapter 6) with high-drive microwave power, we were able to

reduce the magnon damping to a level below its room-temperature value. Though

the high drive power required to achieve this is not compatible with magnon-based

devices that operate at the single-magnon or photon level, this is nonetheless a

promising result. We suggest that further investigation into the origin of TLFs

in YIG is essential. For instance, highly-purified YIG with negligible rare-earth

substitutional impurities could perform well at low temperatures [144, 165]. TLFs

have been shown to be an important damping mechanism both in bulk material [30,

186] and, through our study, in films. One interesting unresolved question relates

to how the TLFs may be distributed through the material – are they, for example,

more localised at the surface, or spread throughout the volume?
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Finally, against the backdrop of our findings, a useful experiment to undertake

might be one that involves measuring a standing-mode resonance of a YIG film

on a GGG substrate in a 3D superconducting cavity. Though less interesting in

a device context than an architecture comprising a 2D resonator and a YIG film,

such a measurement geometry would make it relatively easy to assess whether it

is possible to enter the strong-coupling regime when working with a YIG/GGG

system and a photonic resonator.
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