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Abstract

This thesis contributes to the field of nonparametric hypothesis testing

(i.e. two-sample and independence testing) by providing a large-scale

framework and developing a Bayesian perspective. We focus on non-

parametric measures of homogeneity and dependence by considering the

Hilbert norms between the embeddings of probability distributions in the

reproducing kernel Hilbert space (RKHS). The rich representation pro-

vided by the associated kernel feature map enables the use of multivariate

or non-Euclidean observations (e.g. strings and graphs) and it leads to

powerful tests that are able to solve challenging problems given enough

observations. However, the cost of computing the kernel matrix scales at

least quadratically in the number of samples and makes it prohibitive to

use in modern large-scale datasets. First, we propose three estimators of

the well-known kernel dependence measure, the Hilbert Schmidt Indepen-

dence Criterion (HSIC), namely the block-based estimator, the Nyström

estimator and the random Fourier feature (RFF) estimator, and establish

the corresponding linear time independence test for each of the estima-

tors. Secondly, we consider a normalised version of HSIC, the NOrmalised

Cross COvariance (NOCCO) statistic, and propose an RFF approximated

NOCCO. This results in a distribution free test that is robust to the kernel

bandwidth misspecification. Thirdly, we propose a two-step conditional

independence test that extends the popular two-step approach REgres-

sion with Subsequent Independence Test (RESIT) through RKHS valued

regressions. When used as a part of the classical PC algorithm for causal

inference, the resulting algorithm is more robust to hidden variables that

induce nonfunctional associations. Finally, we utilise the classical Bayes

factor formalism for model comparison and propose a Bayesian two-sample

test by modelling the witness function of the well-known kernel measure of

homogeneity, the Maximum Mean Discrepancy (MMD), with a Gaussian

Process.
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Chapter 1

Introduction

This thesis considers the problem of nonparametric hypothesis testing. We focus

on two types of hypothesis testing problems: two-sample testing and independence

testing. In the two-sample testing problem, we will assume that we observe an in-

dependent and identically distributed (henceforth i.i.d.) samples x = {xi}nxi=1 from

random variable X and y = {yi}nyi=1 from random variable Y with each xi ∈ X and

yi ∈ Y respectively. X and Y are some generic non-empty domains. Assume the

random variable X distributes according to probability measure P and Y distributes

according to probability measure Q. We are interested in testing if we should re-

ject the null hypothesis that the two samples come from the same distribution in

favour of the general alternative hypothesis that the two samples come from different

distributions, i.e.

H0 : P = Q v.s. H1 : P 6= Q. (1.1)

In the independence testing problem, on the other hand, we will assume that we are

given an i.i.d. sample z = {(xi, yi)}mi=1 with each (xi, yi) ∈ X × Y on some generic

non-empty domain X and Y . Assume PX and PY are the marginal distributions of

the random variables X and Y respectively and PXY the joint distribution. We are

interested in testing the following null and alternative hypotheses:

H0 : PXY = PXPY v.s. H1 : PXY 6= PXPY . (1.2)

In the literature, there exist many popular nonparametric measures of discrepancy,

for example, the class of f-divergences [Csiszár, 1963, Morimoto, 1963, Ali and Silvey,

1966] and the integral probability metrics [Müller, 1997]. In terms of dependence

measures, there are frameworks based on mutual information estimators [Cover and

Thomas, 1991, Kraskov et al., 2003] as well as characteristic functions [Székely et al.,
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2007, Székely and Rizzo, 2009] and kernel methods [Gretton et al., 2005a, 2008] which

have close links [Sejdinovic et al., 2013b]. In this thesis, we focus on nonparametric

measures of discrepancy and dependence based on representations of probability dis-

tributions in reproducing kernel Hilbert spaces (RKHSs). Every RKHS is uniquely

associated with a positive definite kernel, i.e. an inner product between maps that

could potentially be infinite dimensional. These maps are called feature maps in the

kernel literature. Feature maps allow us to work in a nonlinearly transformed feature

space (i.e. the RKHS) and hence the employment of linear machine learning methods

can achieve nonlinear effects. In addition, the flexibility of kernel based methods also

comes from its applicability to generic domains beyond Euclidean spaces, e.g. string,

graph and images.

In Chapter 3 and 4 of this thesis, we focus on the problem of large-scale indepen-

dence testing with a nonparametric measure of dependence — the Hilbert Schmidt

independence criterion (HSIC) [Gretton et al., 2005a]. While many classical depen-

dence measures are designed to capture only specific forms of dependence (e.g. linear

or monotone), HSIC is able to capture more complex dependence patterns from non-

standard input domains. However, this is achieved at a prohibitive computational

cost that scales at least quadratically with the number of samples due to the com-

putation of the kernel between all pairs of observations. Arguably, it is exactly in

large-scale datasets that capturing any type of dependence is of interest. Through

the use of large-scale kernel approximation methods, we propose large-scale kernel

dependence tests and its normalised counterparts. They lead to strong improvements

in performance as measured per power-per-computational unit performance and the

resulting fast independence testing framework is responsive to all forms of dependence.

Following these two chapters, motivated by the application of nonparametric con-

ditional independence tests in causal inference, we propose an improvement to the

popular REgression with Subsequent Independence Test (RESIT) through RKHS-

valued regressions. Noticing that RESIT can lead to an inflated number of false

positives when the relationships between random variables do not follow associations

that can be expressed by a single functional relationship. By regressing out the

dependence on the conditioning variables, RESIT is able to utilise nonparametric

independence tests to detect the dependence in the regression residuals to obtain in-

formation on conditional dependence. The large-scale framework developed in the

previous two chapters readily applies here and can be used to scale up the proposed
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conditional independence test.

While the nonparametric two-sample test and independence test have proven to

be powerful in many applications, their performance depends heavily on the kernel

used. When Gaussian kernel is used, this is equivalent to choosing the bandwidth

for the problem at hand. Motivated by this problem, in the final chapter, we de-

velop a framework for Bayesian two-sample testing utilising the kernel discrepancy

measure — the Maximum Mean Discrepancy (MMD) [Borgwardt et al., 2006, Gret-

ton et al., 2012a] and the Bayesian learning framework of kernel mean embeddings

from Flaxman et al. [2016]. The approach provides an inference scheme for the pos-

terior distribution of the bandwidth parameter and hence effectively selects a range

of bandwidth values that are useful for testing. This work complements the exist-

ing kernel-based frequentist tests and provides a missing piece to the landscape of

kernel-based hypothesis testing.

1.1 Thesis Outline

This is an integrated thesis, where Chapter 3 and 5 consist of self-contained pub-

lished papers. Chapter 2 introduces the necessary concepts in kernel methods needed

in the subsequent chapters. We provide definitions and properties of the reproduc-

ing kernel Hilbert space (RKHS) and the corresponding kernel. The nonparametric

testing framework relies on representing probability distributions with elements of a

RKHS. These representations are known as the kernel mean embeddings. We provide

their formal definition and conditions on probability distributions such that the kernel

mean embedding exits. We introduce the Maximum Mean Discrepancy (MMD), i.e.

the kernel discrepancy measure between probability distributions in the RKHS, the

important measure used in Chapter 6. We further explore the relationship of MMD

with other classical measures of divergence, e.g. the class of f-divergence and integral

probability metric. Related to MMD, we introduce the Hilbert Schmidt independence

criterion (HSIC), the important kernel dependence measure used in Chapter 3 and 5.

In Chapter 3, we propose three large-scale estimators of HSIC: the block-based

estimator, the Nyström estimator and the random Fourier feature (RFF) estimator.

Suitable independence testing procedure is introduced for each of the methods to

achieve an overall linear computational complexity in memory and time over the tra-

ditional HSIC-based tests. The favourable tradeoffs are verified in several challenging
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high dimensional synthetic datasets and one real dataset. This is joint work with

Sarah Filippi, Arthur Gretton and Dino Sejdinovic. With help from Sejdinovic, I

contributed to the derivation of Nyström HSIC statistic and the RFF HSIC statis-

tic. I implemented the three proposed large scale kernel based independence tests

and conducted all the experiments. Under the guidance of Sejdinovic, I proved the

asymptotic null distribution of the biased HSIC statistic. The literature review part

of the paper was a collaborative effort between Sejdinovic, Gretton and myself. The

other sections of the paper were written by me with revisions provided by Sejdinovic

and Filippi. This work is published in:

Q. Zhang, S. Filippi, A. Gretton, and D. Sejdinovic, Large-Scale Kernel Meth-

ods for Independence Testing, Statistics and Computing, vol. 28, no. 1, 113—

130, Jan. 2018.

As an extension of Chapter 3, Chapter 4 proposes an RFF estimator of the NOr-

malised Cross Covariance Operator (NOCCO) statistic introduced by Fukumizu et al.

[2008], a normalised kernel measure of dependence that has been shown to have advan-

tages over HSIC. We provide a simple derivation of the asymptotic null distribution

of the RFF NOCCO statistic. The form of the proposed statistic and its asymptotic

null distribution can be considered as a special case of the framework established

in Dauxois and Nkiet [1998]. However, we also present and elaborate on the subtle

differences between the two works. Through a variety of synthetic data experiments,

we demonstrate the robustness of NOCCO based test on kernel bandwidth selection

and verify their computational savings. This chapter is previously unpublished and

is joint work with my supervisors Sarah Filippi and Dino Sejdinovic. I contributed

to the implementation of the NOCCO based testing framework and its corresponding

large scale version. I conducted all the experiments. The derivation of the asymptotic

null distribution of the approximated NOCCO statistic was a collaborative effort be-

tween Sejdinovic and myself. I established and derived the connection of our work

and that of Dauxois and Nkiet [1998]. The writing of the paper was done by me

with revisions provided by Sejdinovic and Filippi. We would like to thank Arthur

Gretton for providing the relevant reference of Dauxois and Nkiet [1998] and useful

discussions on this work.

Chapter 5 proposes a conditional independence test that extends the popular two-

step approach REgression with Subsequent Independence Test (RESIT). Through

considering RKHS-valued ridge regression, we maintain the simple testing procedure
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of RESIT while having a correct Type I control under challenging scenarios where the

modelling assumptions required by RESIT are violated. We integrate the proposed

test into the classical PC algorithm and observe that the resulting algorithm is more

robust to hidden variables that induce nonfunctional associations. This is joint work

with Sarah Filippi, Seth Flaxman and Dino Sejdinovic. With the idea from Sejdi-

novic, I derived the proposed RESIT approach and its implementation details. The

connection of the proposed RESIT to conditional independence testing was estab-

lished through the joint effort of Sejdinovic, Filippi and myself. I conducted all the

experiments and was responsible for most of the writing with revisions by Sejdinovic,

Filippi and Flaxman. This chapter is published in:

Q. Zhang, S. Filippi, S. Flaxman, and D. Sejdinovic, Feature-to-Feature Re-

gression for a Two-Step Conditional Independence Test, in Uncertainty in Ar-

tificial Intelligence (UAI), 2017.

In Chapter 6, we propose a Bayesian formulation of the nonparametric two-sample

testing problem utilising the Bayes factor approach. The empirical kernel mean em-

beddings evaluated at a set of inducing points are considered as observations, and the

learning procedure of such empirical kernel mean embedding follows the framework

proposed by Flaxman et al. [2016]. We derive a joint posterior inference scheme of

the model label and the kernel hyperparameter, which effectively avoids the kernel

bandwidth selection problem that is often crucial for the performance of nonpara-

metric two-sample frequentist tests. Through a range of synthetic data experiments,

we study the performance of the proposed Bayesian framework noting that its ad-

vantages lie in simultaneously considering multiple lengthscales. This is joint work

with Sarah Filippi, Seth Flaxman and Dino Sejdinovic. I proposed and derived the

framework for Bayesian two-sample testing utilising the work of Flaxman et al. [2016].

The derivation of the first covariance matrix estimation was a joint effort between

Sejdinovic and myself, and I derived the second covariance matrix estimation. For

the section on efficient computation of marginal pseudolikelihood, the proof was a

collaborative effort between Sejdinovic, Filippi and myself. I derived the computa-

tion of the Jacobian matrix. Moreover, I presented and derived the null model of the

kernel hyperparameter given the model label and observations. With guidance from

Sejdinovic, I derived the procedure for the posterior inference and conducted all the

experiments. The writing was done by me with revisions from Sejdinovic and Filippi.
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The thesis is concluded with a summary of the main contributions and possible fu-

ture research directions. In addition, we position our work against other contributions

to kernel methods and related literature.
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Chapter 2

Background

At the core of this thesis lies the framework of measuring distance between probabil-

ity distributions using reproducing kernel Hilbert spaces. In this chapter, we briefly

review key concepts of reproducing kernel Hilbert spaces and the kernel mean em-

beddings of probability distributions. For the rigorous treatment of the topic, we

refer the readers to Berlinet and Thomas-Agnan [2004], Steinwart and Christmann

[2008], Kraskov et al. [2003]. We will also review the kernel-based probability metric

– the maximum mean discrepancy and the kernel-based measure of dependence –

the Hilbert Schmidt independence criterion. The following chapters will assume the

background material presented herein. Chapter 3 and Chapter 5 are self-contained

papers which include partial overview of the background materials presented in this

chapter.

2.1 Reproducing Kernel Hilbert Space

Let Z be any topological space on which Borel measures can be defined. By M(Z)

we denote the set of all finite signed Borel measures on Z and by M1
+(Z) the set of

all Borel probability measures on Z. We will now review the basic concepts of RKHS

and kernel embeddings of probability measures. For further details, see Berlinet and

Thomas-Agnan [2004], Steinwart and Christmann [2008], Sriperumbudur [2010].

Definition 2.1.1. [Steinwart and Christmann, 2008, Definition 4.18] Let H be a

Hilbert space of real-valued functions defined on Z. A function k : Z × Z → R is

called a reproducing kernel of H if:

1. ∀z ∈ Z, k(·, z) ∈ H

2. ∀z ∈ Z,∀f ∈ H, 〈f, k(·, z)〉H = f(z). (The Reproducing Property)
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If H has a reproducing kernel, it is called a Reproducing Kernel Hilbert Space

(RKHS).

As a direct consequence of the reproducing property, for any x, y ∈ Z, the reproducing

kernel can be written as

k(x, y) = 〈k(·, x), k(·, y)〉H. (2.1)

For x, y ∈ Rp, some examples of reproducing kernels are

• Linear kernel: k(x, y) = xTy;

• Polynomial kernel of degree d ∈ N: k(x, y) = (xTy + 1)d;

• Gaussian kernel with bandwidth σ > 0: k(x, y) = exp
(
−‖x−y‖2

2σ2

)
;

• Laplacian kernel with bandwidth σ > 0: k(x, y) = exp
(
−‖x−y‖

σ

)
;

• Fractional Brownian motion covariance kernel with parameter h ∈ (0, 1): k(x, y) =
1
2

(
‖x‖2h + ‖y‖2h − ‖x− y‖2h

)
.

Reproducing kernels can also be defined on graphs, text, images, strings and proba-

bility distributions [Shawe-Taylor and Cristianini, 2004].

In the machine learning literature, a notion of kernel is understood as an inner

product between feature maps.

Definition 2.1.2. [Steinwart and Christmann, 2008, Definition 4.1] Let X be a non-

empty set. Then a function k : X ×X → R is called a kernel if there exists a Hilbert

space H and a map φ : X → H s.t. ∀x, x′ ∈ X ,

k(x, x′) = 〈φ(x), φ(x′)〉. (2.2)

We call φ a feature map and H a feature space of k.

By (2.1), every reproducing kernel is a kernel in this sense, corresponding to a canon-

ical feature map φ(x) : x 7→ k(·, x).

The most important property of kernel functions is that they are positive definite

[Berlinet and Thomas-Agnan, 2004, Definition 2] [Steinwart and Christmann, 2008,

Definition 4.15].
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Definition 2.1.3. A function k : X ×X → R is called positive definite if ∀n ∈ N,

∀α1, · · · , αn ∈ R and ∀x1, · · · , xn ∈ X , we have

n∑
i=1

n∑
j=1

αiαjk(xj, xi) ≥ 0. (2.3)

Further more, k is said to be strictly positive definite1 if for mutually distinct

x1, · · · , xn ∈ X equality in (2.3) only holds for α1 = · · · = αn = 0.

For real-valued kernel functions k(x, x′) = 〈φ(x), φ(x′)〉 defined in Definition 2.1.2,

n∑
i=1

n∑
j=1

αiαjk(xj, xi) =

〈
n∑
i=1

αiφ(xi),
n∑
j=1

αjφ(xj)

〉
H

=

∥∥∥∥∥
n∑
i=1

αiφ(xi)

∥∥∥∥∥
2

H

≥ 0. (2.4)

Hence, every inner product is a positive definite function for a general Hilbert space

H. Since reproducing kernels are in fact inner products, it is immediate that they

are positive definite. By convention, the n× n matrix K := [k(xi, xj)]i,j is called the

Gram matrix for fixed x1, · · · , xn ∈ X . Definition 2.1.3 is equivalent to saying the

Gram matrix is positive definite.

As we will illustrate in Example 2.1.1, the feature map and the feature space are

not uniquely defined for a given kernel.

Example 2.1.1. [Steinwart and Christmann, 2008, p.113] When X = R, consider

the kernel k(x, y) = xy for all x, y ∈ R, then

k(x, y) = xy =
[
x√
2

x√
2

] [ y√
2
y√
2

]
. (2.5)

This construction implies this simple kernel can arise from the feature map φ(x) = x

with the feature space H = R but also from the feature map φ̃(x) =
[
x√
2

x√
2

]
with

the feature space H̃ = R2. Such construction can be made for arbitrary kernels and

hence every kernel has many different feature spaces.

However, it can be shown that for every given reproducing kernel Hilbert space,

it has a unique reproducing kernel [Steinwart and Christmann, 2008, Theorem 4.20]

[Aronszajn, 1950, Section I.2 (1) & (2)] and for every symmetric positive definite func-

tion k : Z ×Z → R, there exists a unique RKHS for which k is a reproducing kernel

1Some authors call positive definite functions positive semi-definite, and strictly positive definite
functions positive definite.
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[Aronszajn, 1950, Moore -Aronszajn theorem, Section I.2 (4)]. In other words, there

is a one-to-one correspondence between the positive definite kernel and the RKHS.

Reproducing kernel Hilbert spaces have the important property that norm con-

vergence implies pointwise convergence. We make this precise in Proposition 2.1.1

below.

Proposition 2.1.1. [Berlinet and Thomas-Agnan, 2004, Corollary 1] If sequence

{fn} in H and f in H are such that limn→∞ ‖fn−f‖H = 0, then limn→∞ fn(z) = f(z),

∀z ∈ Z.

Proof. For any z ∈ Z,

|fn(z)− f(z)| = |〈fn, k(·, z)〉H − 〈f, k(·, z)〉H| (2.6)

= |〈fn − f, k(·, z)〉H| (2.7)

≤ ‖fn − f‖H‖k(·, z)‖H (2.8)

by Cauchy-Schwarz inequality and the fact ‖k(·, z)‖H =
√
k(z, z) is bounded by

definition on the RKHS2 [Kreyszig, 1989, p.96].

As a consequence, RKHSs are relatively well behaved compared to other Hilbert

spaces. We will present an example of a Hilbert space of continuous functions

equipped with L2 norm where the evaluation of functions is not continuous.

Example 2.1.2. [Berlinet and Thomas-Agnan, 2004, p.2] considers the Hilbert space

H = L2([0, 1]), and the sequence of functions {qn}∞n=1 with qn = xn. The norm:

lim
n→∞

‖qn − 0‖L2([0,1]) = lim
n→∞

(∫ 1

0

x2ndx

)1/2

(2.9)

= lim
n→∞

1√
2n+ 1

(2.10)

= 0. (2.11)

However, qn(1) = 1 for all n. In other words, limn→∞ qn(1) 6= 0. Hence, the evalua-

tion of functions at point 1 is not continuous on the set {qn}∞n=1.

2An alternative definition of RKHS [Steinwart and Christmann, 2008, Definition 4.18] is through
linear evaluation functionals. For a fixed point z ∈ Z, the evaluation functional δz : H → R is such
that δz : f 7→ f(z) for f : Z → R elements of the Hilbert space H. H is a RKHS if δz is continuous
at any f ∈ H or equivalently δz is a bounded operator on H. k(·, z) is representer of evaluation at
x.
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2.2 Kernel Mean Embeddings

In the nonparametric testing framework, a particularly useful setup will be represent-

ing probability distributions with elements of a RKHS [Berlinet and Thomas-Agnan,

2004, Smola et al., 2007]. This is known as the kernel mean embeddings, which we

define in Definition 2.2.1.

Definition 2.2.1. Let k be a kernel on Z, and ν ∈M1
+(Z). The kernel embedding

of probability measure ν into the RKHS Hk is µk(ν) ∈ Hk such that∫
f(z)dν(z) = 〈f, µk(ν)〉Hk , ∀f ∈ Hk. (2.12)

It is understood from this definition that the integral of any RKHS function f

under the measure ν can be evaluated as the inner product between f and the kernel

embedding µk(ν) in the RKHS Hk. As an alternative, the kernel embedding can

also be defined through the use of Bochner integral µk(ν) =
∫
k(·, z)dν(z). Any

probability measure is mapped to the corresponding expectation of the canonical

feature map. A sufficient condition for the existence of an embedding of ν is that

ν ∈M1
+(Z) ∩ M1/2

k (Z) [Fukumizu et al., 2004b, p.93] [Sriperumbudur et al., 2010,

Theorem 1][Gretton et al., 2012a, Lemma 3], where we adopt notation from Sejdinovic

et al. [2013b]:

Mθ
k(Z) =

{
ν ∈M(Z) :

∫
kθ(z, z)d|ν|(z) <∞

}
.

We will make this precise in the following Lemma:

Lemma 2.2.1. [Gretton et al., 2012a, Lemma 3] If the kernel k on Z is measurable

and E(
√
k(z, z)) <∞, then µk ∈ Hk.

For all f ∈ H, the linear operator T : f 7→ E(f(z)) ∈ R is bounded by

|Tf | = |E(f(z))| ≤ E(|f(z)|) = E|〈f, φ(z)〉H| ≤ E
(√

k(z, z)‖f‖Hk
)
<∞ (2.13)

under the assumption of Lemma 2.2.1. Consequently, T is a bounded linear operator

on a normed space and hence it is continuous. Riesz representer theorem [Reed and

Simon, 1980, Theorem II.4] says that all continuous linear functionals in a Hilbert

space arise from an inner product. This implies that there exists µk(ν) ∈ H such that

Tf = 〈f, µk(ν)〉H. Proposition 2 of Sriperumbudur et al. [2010] further showed that,

in fact, for bounded kernel functions, i.e. supz∈Z k(z, z) <∞, the mean embedding is

well defined for all probability measures. An example of such kernel is the Gaussian
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kernel.

Conveniently, this framework allows standard operations in the Hilbert spaces to

be used to manipulate probability distributions. As we will see, distance between

probability distributions can be easily formulated in terms of the Hilbert norm be-

tween their respective kernel mean embeddings.

2.3 The Maximum Mean Discrepancy

A well-known kernel distance between probability distributions in the RKHS is the

maximum mean discrepancy (MMD) [Borgwardt et al., 2006, Gretton et al., 2012a].

In this section, we will follow the exposition presented by Gretton et al. [2012a]. For

a general function space, the MMD is defined as [Gretton et al., 2012a, Definition 2]

Definition 2.3.1. Let X and Y be random variables defined on a topological space

X with respective Borel probability measures P and Q. Let F be a class of functions

f : X → R, the maximum mean discrepancy (MMD) is defined as

MMD[F , P,Q] := sup
f∈F

(EX [f(X)]− EY [f(Y )]) (2.14)

In other words, we wish to find the function that maximises the difference in ex-

pectation between the probability distributions (i.e. mean discrepancy). The RKHS

function that attains the supremum in (2.14) is called the witness function f ∗. Since

MMD can be written as

MMD[F , P,Q] = 〈f,EX(k(X, ·))− EY (k(Y, ·))〉Hk (2.15)

by the linearity of expectation and inner product, the unit vector f that maximises

the above inner product in a Hilbert space3 is

f ∗ =
EX(k(X, ·))− EY (k(Y, ·))

‖EX(k(X, ·))− EY (k(Y, ·))‖Hk
(2.16)

∝ EX(k(X, ·))− EY (k(Y, ·)). (2.17)

Figure.2.1 illustrates the function f ∗ that maximises the mean discrepancy between

a standard Gaussian distribution and a t-distribution with 1 degree of freedom using

a Gaussian kernel with lengthscale parameter set to 0.5. We see the function peaks

above zero when the t density is smaller than the Gaussian density and drops below

3Inner product achieves supremum when the two vectors are parallel.
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zero when the t density is larger than the Gaussian density. The magnitude is indica-

tive of the degree to which the two distributions differ.
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Figure 2.1: Illustration of the witness function f comparing the Gaussian distribution
N (0, 1) and the t distribution with 1 degree of freedom. Note, f has been rescaled
for ease of illustration.

When the class of function F is the space of bounded continuous real-valued func-

tions (i.e. a Banach space with supremum norm [Dudley, 2002, p.158], [Gretton et al.,

2012a]), the equality between EX [f(X)] and EY [f(Y )] ensures the unique identifica-

tion of p = q [Dudley, 2002, Lemma 9.3.2]. Practically, this class of function is too

rich to work with in the finite sample setting [Gretton et al., 2012a]. When restricting

the class of function to the unit ball in a RKHS Hk, Borgwardt et al. [2006] showed

that the MMD can be expressed by

MMD2[F , P,Q] = ‖µP − µQ‖2
Hk (2.18)

with the kernel mean embedding µP defined as EX(f) = 〈f, µP 〉Hk for all f ∈ Hk and

similarly for µQ.

The MMD[F , P,Q] is however not a metric on the Borel probability measures for

all RKHSs H. For example, the polynomial kernels of degree t can only distinguish

between distributions that differ in moments upto and including t. Example 3 of

Sriperumbudur et al. [2010] shows that a polynomial RKHS of degree two cannot
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distinguish between distributions with the same mean and variance but different kur-

tosis. This example utilises equivalent forms of MMD, and provides helpful insights

into the computation of MMD so we report it here for completeness.

Example 2.3.1. [Sriperumbudur et al., 2010, Example 3] Let k(x, y) = (1 + x>y)2,

where x, y ∈ Rd. In this example, we will subscript the expectations with the relevant

probability measures for clarity. Given the definition of MMD, it can be written more

explicitly as [Sriperumbudur et al., 2010, p.1526]

MMD2[F , P,Q] : = ‖µP − µQ‖2 (2.19)

=

∥∥∥∥∫
Rd
k(·, x)dP (x)−

∫
Rd
k(·, x)dQ(x)

∥∥∥∥2

Hk
(2.20)

=

〈∫
Rd
k(·, x)dP (x),

∫
Rd
k(·, y)dP (y)

〉
+

〈∫
Rd
k(·, x)dQ(x),

∫
Rd
k(·, y)dQ(y)

〉
− 2

〈∫
Rd
k(·, x)dP (x),

∫
Rd
k(·, y)dQ(y)

〉
(2.21)

=

∫ ∫
Rd
k(x, y)d(P −Q)(x)d(P −Q)(y) (2.22)

for probability measures P and Q by the reproducing property of k. Substitute the

definition of the polynomial kernel of degree 2 from above, we obtain

MMD2[F , P,Q] :=

∫ ∫
Rd

(
1 + 2x>y + x>yy>x

)
d(P −Q)(x)d(P −Q)(y) (2.23)

=

∫ ∫
Rd

1 d(P −Q)(x)d(P −Q)(y) (2.24)

+ 2

∫ ∫
Rd
x>y d(P −Q)(x)d(P −Q)(y) (2.25)

+

∫ ∫
Rd
x>yy>x d(P −Q)(x)d(P −Q)(y). (2.26)

(2.24) is 0 since the expectation of a constant value w.r.t. any probability measure

is a constant. (2.25) is essentially considering MMD between P and Q with respect

to the kernel k̃(x, y) = x>y. In this case, µP = E(k̃(·, X)) = E(X) =
∫
Rd xdP (x).

Similarly for y. This implies, (2.25) can be written as∫ ∫
Rd
x>y d(P −Q)(x)d(P −Q)(y) = ‖EP (X)− EQ(X)‖2

2 = ‖µP − µQ‖2
2 (2.27)
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For (2.26), note that∫ ∫
Rd
x>yy>x d(P −Q)(x)d(P −Q)(y) (2.28)

=

∫ ∫
Rd
x>yy>x{dP (x)dP (y) + dQ(x)dQ(y)− 2dP (x)dQ(y)} (2.29)

=Tr

∫ ∫
Rd
xx>yy>{dP (x)dP (y) + dQ(x)dQ(y)− 2dP (x)dQ(y)} (2.30)

=Tr
{
EP (XX>)EP (Y Y >) + EQ(XX>)EQ(Y Y >)− 2EP (XX>)EQ(Y Y >)

}
(2.31)

=Tr
{

[EP (XX>)− EQ(Y Y >)]>[EP (XX>)− EQ(Y Y >)]
}

(2.32)

Since the matrix EP (XX>)−EQ(Y Y >) is symmetric, by property of Frobenius norm4,

we obtain that the above is exactly ‖EP (XX>) − EQ(Y Y >)‖2
F . If we denote the co-

variance matrix of P by ΣP , then ΣP := EP (XX>) − EP (X)EP (X)>. This implies

EP (XX>) = ΣP + µPµ
>
P . The relevant quantities for Q follows similarly.

Overall, under the polynomial kernel of order 2, the MMD can be written as

MMD2[F , P,Q] = 2‖µP − µQ‖2
2 + ‖ΣP − ΣQ + µPµ

>
P − µQµ>Q‖2

F , (2.33)

i.e. MMD2 = 0 =⇒ µP = µQ and ΣP = ΣQ. However, not necessarily P = Q.

2.3.1 Universal and Characteristic Kernels

The concept of universal kernels originally arises in the study of consistency of classi-

fiers of support vector machine type [Steinwart, 2001]. They can be formally defined

as

Definition 2.3.2. [Steinwart, 2001, Definition 4] A continuous kernel k on a compact

metric space (X , d) is called universal if the space of all functions induced by k is

dense in C(X ), i.e. for every function f ∈ C(X ) and every ε > 0 there exists a

function g induced by k (i.e. in Hk) with

‖f − g‖∞ ≤ ε. (2.34)

When using this family of kernels, Theorem 3 of Gretton et al. [2007] and Theorem

5 of Gretton et al. [2012a] showed that MMD[F , p, q] is in fact a metric on Borel

probability measures.

4‖A‖2F = trace(AA>) for m× n real matrix A.
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Theorem 2.3.1. [Gretton et al., 2007, Theorem 3] Let F be a unit ball in a uni-

versal RKHS H, on compact metric space X with the associated universal kernel k,

MMD[F , P,Q] = 0 ⇐⇒ P = Q.

Though Steinwart [2001] established that Gaussian and Laplacian kernels on com-

pact domains are universal, the application is restrictive as many random variables

are defined on non-compact domains. Fukumizu et al. [2008] introduced a related

concept called the characteristic kernel. These are the kernels for which the mean

embedding maps are injective.

Definition 2.3.3. The kernel k is said to be characteristic if the condition EP [f(X)] =

EQ[f(X)] for all f ∈ H implies P = Q.

Hence, when the mean embedding is mapped into RKHSs with characteristic kernels,

MMD[F , P,Q] = 0 becomes a metric and preserves all information of the probability

distribution. We call such RKHSs associated with characteristic kernels, character-

istic RKHSs. In fact, the concept of a characteristic kernel is a generalisation of a

characteristic function [Fukumizu et al., 2008, Sriperumbudur et al., 2010]. Recall, the

characteristic function is defined as E(eit
>X) for t ∈ R and i =

√
−1. It can be viewed

as the kernel mean embedding of probability distributions using the Fourier kernel

k(x, t) = eit
>x. As the characteristic function uniquely determines a Borel probability

distribution on RD [Dudley, 2002, Theorem 9.5.1], i.e. E(eit
>X) = E(eit

>Y ) iff P = Q,

then E(eit
>X) = E(eit

>Y ) iff µP = µQ. Such concept allows a larger family of kernels

to be used for practical purposes.

For a compact metric space, the universal RKHS is dense in L2(P ) for any prob-

ability P , and hence Lemma 1 of Fukumizu et al. [2008] guarantees that the RKHS

is in fact characteristic (i.e. universal kernels are characteristic). Further, Fukumizu

et al. [2008][Theorem 2] shows that the Gaussian and Laplacian kernels are charac-

teristic on the entire domain of RD.

The conditions for characteristic RKHSs requires checking the denseness of the

relevant spaces [Fukumizu et al., 2008, Gretton et al., 2007], which can be difficult

to verify in practise. Sriperumbudur et al. [2010] presents a simpler characterisation

of characteristic kernels when the kernel is translation invariant on RD. More specif-

ically, they showed that a bounded continuous translation invariant kernel on RD is

characteristic if and only if the support of the Fourier transform of the kernel is the
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entire domain. We refer the interested reader to the original paper for more details.

2.3.2 Relationship Between MMD and Other Discrepancy
Measures

In the statistics community, two-sample testing in the Euclidean space can be achieved

by the use of energy distance [Székely and Rizzo, 2004, 2005, Baringhaus and Franz,

2004] as a test statistic. The energy distance is a measure of statistical distance

between two probability distributions P and Q with finite first moments. It has a

compact representation in terms of certain expectations of pairwise Euclidean dis-

tances. Sejdinovic et al. [2013b] showed that the RKHS-based discrepancy measures,

i.e. the maximum mean discrepancies (MMD) are the formal extensions of the energy

distances i.e. that the energy distance can be viewed as MMD for a particular form

of a kernel (covariance function of Brownian motion).

In the machine learning community, there are a few classes of well known discrep-

ancy measures between two probability distributions. Kullback-Leibler divergence,

Hellinger distance and total variation distance all belong to the class of f-divergences

[Csiszár, 1963, Morimoto, 1963, Ali and Silvey, 1966]. For two probability distribu-

tions P and Q over a space Ω the f-divergence is defined as

Df (P,Q) :=

∫
Ω

f

(
dP

dQ

)
dQ (2.35)

where Ω is a measurable space, f : [0,∞) → (−∞,∞] is a convex function and the

probability distribution P is absolutely continuous w.r.t.Q. The well-known divergence

measures can be obtained when setting f to the appropriate functions. For example,

f(t) = t log(t) gives rise to the Kullback-Leibler (KL) divergence; f(t) = 1
2
|t − 1|

gives rise to the total variation distance; f(t) = (
√
t− 1)2, 2(1−

√
t)) gives rise to the

Hellinger distance [Liese and Vajda, 2006].

MMD on the other hand, falls into another popular family of distance measures

on probabilities, i.e. the integral probability metric, which were already studied by

Müller [1997]. This is defined as

γF(P,Q) := sup
f∈F

∣∣∣∣∫
Ω

fdP −
∫

Ω

fdQ

∣∣∣∣ (2.36)
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where F is a class of real-valued bounded measurable functions on Ω. Different classes

of functions give rise to different distance measures, which includes the well-known

Wasserstein distance, Dudley metric and Fortet-Mourier metric. The RKHS dis-

tance between probability distributions, i.e. the maximum mean discrepancy (MMD)

[Gretton et al., 2012a, Definition 2] as we introduced in Definition2.3.1, is an integral

probability metric γF with F = {f : ‖f‖H ≤ 1}, where ‖ · ‖H denotes the Hilbert

Schmidt norm w.r.t. the RKHS H.

Sriperumbudur et al. [2012] showed that the total variation distance is an integral

probability metric γF with F = {f : ‖f‖∞ ≤ 1} and it is the only “non-trivial”5

integral probability metric that is also an f-divergence. In other words, the overlap

between the class of integral probability metric and the class of f-divergence only

contains the total-variation distance, hence the two classes of discrepancy measures

are fundamentally different. We refer the interesting readers to Sriperumbudur et al.

[2012] for the detailed study of the topic.

The empirical estimators of the Kantorovich distance, Dudley metric and the total

variation distance can be obtained by solving linear programs [Sriperumbudur et al.,

2012], while that of the RKHS distance can be computed in closed form. This justi-

fies the popular and successful applications of MMD in two-sample testing and hence

motivates the use in this thesis for the work on Bayesian two-sample test in Chapter 6.

2.4 The Hilbert Schmidt Independence Criterion

The notion of MMD can be used as a measure of independence when comparing the

product of the marginal distributions of X and Y and the joint distribution of X and

Y . Such measure is known as the Hilbert Schmidt independence criterion (HSIC)

[Gretton et al., 2005a]. Note that, we need to work with the joint space X × Y in

measuring dependencies. For any kernels kX and kY on the respective domains X
and Y , k = kX ⊗ kY given by

k ((x, y) , (x′, y′)) = kX (x, x′)kY(y, y′) (2.37)

5A trivial choice of F would be the set of all real-valued measureable functions on Ω and the
corresponding f function is f(t) = 0 when t = 1 and f(t) = +∞ when t 6= 1 which yields γF (P,Q) =
Df (P,Q) = 0 if P = Q and inf otherwise.
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is a valid kernel on the product space X×Y [Steinwart and Christmann, 2008, Lemma

4.6]. Its canonical feature map ϕx,y = kX (·, x) ⊗ kY(·, y) is understood as a function

on X × Y , i.e. ϕx,y(x
′, y′) = kX (x′, x)kY(y′, y). The RKHS Hk of k = kX ⊗ kY is

isometrically isomorphic to the tensor product space HkX ⊗ HkY [Sejdinovic et al.,

2013b, Section 3.3]. We define a RKHS-based measure of dependence between the

random variables X and Y following Section 2.3 of Smola et al. [2007].

Definition 2.4.1. [Smola et al., 2007, Section 2.3] Let X and Y be random variables

on non-empty topological spaces X and Y. Let kX and kY be kernels separately defined

on X and Y with the respective RKHS HX and HY . Hilbert-Schmidt Indepen-

dence Criterion (HSIC) ΞkX ,kY (X, Y ) of X and Y is the MMD between the joint

measure PXY and the product of marginals PXPY , computed with the product kernel

k = kX ⊗ kY , i.e.,

ΞkX ,kY (X, Y ) = ‖EXY [kX (., X)⊗ kY(., Y )]− EXkX (., X)⊗ EY kY(., Y )‖2
HkX⊗HkY

.

(2.38)

Section 3.3 of Sejdinovic et al. [2013b] shows that HSIC is well defined whenever

PX ∈ M1
kX

(X ) and PY ∈ M1
kY

(Y). Recall from Lemma 2.2.1, that a sufficient

condition for the existence of an embedding of a probability measure ν defined on Z
is ν ∈M1/2

k (Z). Consider the integral∫
k

1
2 ((x, y), (x, y)) dPXY ((x, y)) (2.39)

=

∫
k

1
2
X (x, x)k

1
2
Y(y, y) dPXY ((x, y)) (2.40)

≤
{∫

kX (x, x)dPX(x)

∫
kY(y, y)dPY (y)

} 1
2

, (2.41)

where the last line is obtained by Cauchy Schwartz inequality. When PX ∈M1
kX

(X )

and PY ∈M1
kY

(Y), ∫
kX (x, x)dPX(x)

∫
kY(y, y)dPY (y) <∞.

Hence,
∫
k

1
2 ((x, y), (x, y)) dPXY ((x, y)) < ∞ and PXY ∈ M1/2

kX⊗kY (X × Y). This

implies the existence of the kernel mean embedding of the joint measure µ(PXY ).

Note that such conditions on the marginal distributions also ensure the existence of

µ(PXPY ) (equivalently, µ(PX)⊗ µ(PY )) because the existence of the marginal kernel

mean embeddings µ(PX) and µ(PY ) are guaranteed by PX ∈ M1
kX

(X ) ⊂ M
1
2
kX

(X )
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and PY ∈M1
kY

(Y) ⊂M
1
2
kY

(Y).

The name HSIC comes from the operator view of the RKHS HkX⊗kY . More specif-

ically, the difference between embeddings EXY [kX (., X) ⊗ kY(., Y )] − EXkX (., X) ⊗
EY kY(., Y ) can be identified with the cross-covariance operator ΣXY : HkY → HkX

for which

〈f,ΣXY g〉HkX = Cov [f(X)g(Y )] ,

∀f ∈ HkX , g ∈ HkY [Gretton et al., 2005a, 2008]. The squared Hilbert-Schmidt norm

of this operator ‖ΣXY ‖2
HS is exactly the HSIC. In the sequel, we will suppress depen-

dence on kernels kX and kY in notation ΞkX ,kY (X, Y ) where there is no ambiguity.

The definition presented in (2.38) may not always be easy to work with. Repeated

application of the reproducing property gives the following equivalent representation

of HSIC [Smola et al., 2007, p.10]:

Proposition 2.4.1. The HSIC of X and Y can be written as:

Ξ(X, Y ) = EXYEX′Y ′kX (X,X ′)kY(Y, Y ′) (2.42)

+ EXEX′kX (X,X ′)EYEY ′kY(Y, Y ′)

− 2EX′Y ′ [EXkX (X,X ′)EY kY(Y, Y ′)].

To summaries, in this chapter, we have reviewed key concepts in kernel methods

that are needed in the subsequent chapters. We have provided definitions and prop-

erties of the reproducing kernel Hilbert spaces (RKHS) and the corresponding kernel.

We have then reviewed the formal definition of the kernel mean embeddings, which

the nonparametric testing framework relies on to represent probability distributions

with elements of a RKHS and provided the conditions on probability distributions

such that the kernel mean embedding exists. Following this, we have introduced

the important kernel discrepancy measure between probability distributions in the

RKHS, the Maximum Mean Discrepancy (MMD), which we will use in Chapter 6.

We have also reviewed the concept of universal and characteristic kernels which en-

sures the kernel mean embedding is injective and hence each probability distribution

can be uniquely represented in the RKHS with all statistical features preserved. The

relationships between MMD and other classes of well-known discrepancy measures

between probability distributions, the class of f-divergence and the family of integral

probability metric, were also discussed. Finally, we have presented the import kernel

dependency measure, the Hilbert Schmidt independence criterion (HSIC), which we

will use in Chapter 3 and Chapter 5.
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Chapter 3

Large-Scale Kernel Methods for
Independence Testing

This chapter consists of a self-contained paper:

Q. Zhang, S. Filippi, A. Gretton, and D. Sejdinovic, Large-Scale Kernel Meth-

ods for Independence Testing, Statistics and Computing, vol. 28, no. 1, 113—

130, Jan. 2018.

Abstract

Representations of probability measures in reproducing kernel Hilbert spaces pro-

vide a flexible framework for fully nonparametric hypothesis tests of independence,

which can capture any type of departure from independence, including nonlinear as-

sociations and multivariate interactions. However, these approaches come with an

at least quadratic computational cost in the number of observations, which can be

prohibitive in many applications. Arguably, it is exactly in such large-scale datasets

that capturing any type of dependence is of interest, so striking a favourable tradeoff

between computational efficiency and test performance for kernel independence tests

would have a direct impact on their applicability in practice. In this contribution, we

provide an extensive study of the use of large-scale kernel approximations in the con-

text of independence testing, contrasting block-based, Nyström and random Fourier

feature approaches. Through a variety of synthetic data experiments and one real

data experiment, it is demonstrated that our large scale methods give comparable

performance with existing methods whilst using significantly less computation time

and memory.
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3.1 Introduction

Given a paired sample z = {(xi, yi)}mi=1 with each (xi, yi) ∈ X × Y independently

and identically following the joint distribution PXY on some generic domains X and

Y , the nonparametric independence problem consists of testing if we should reject

the null hypothesis H0 : PXY = PXPY in favour of the general alternative hypothesis

H1 : PXY 6= PXPY , where PX and PY are the marginal distributions for X and Y

respectively. This problem is fundamental and extensively studied, with wide-ranging

applications in statistical inference and modelling. Classical dependence measures,

such as Pearson’s product-moment correlation coefficient, Spearman’s ρ, Kendall’s

τ or methods based on contingency tables are typically designed to capture only

particular forms of dependence (e.g. linear or monotone). Furthermore, they are

applicable only to scalar random variables or require space partitioning limiting their

use to relatively low dimensions. As availability of larger datasets also facilitates

building more complex models, dependence measures are sought that capture more

complex dependence patterns and those that occur between multivariate and possibly

high-dimensional datasets. In this light, among the most popular dependence mea-

sures recently have been those based on characteristic functions [Székely et al., 2007,

Székely and Rizzo, 2009] as well as a broader framework based on kernel methods

[Gretton et al., 2005a, 2008]. A desirable property of consistency against any alter-

native - i.e. test power provably increasing to one with the sample size regardless of

the form of dependence, is warranted for statistical tests based on such approaches.

However, this is achieved at an expense of computational and memory requirements

that increase at least quadratically with the sample size, which is prohibitive for

many modern applications. Thus, a natural question is whether a favourable trade-

off between computational efficiency and test power can be sought with appropriate

large-scale approximations. As we demonstrate, several large-scale approximations

are available in this context and they lead to strong improvements in power-per-

computatonal unit performance, resulting in a fast and flexible independence testing

framework responsive to all forms of dependence and applicable to large datasets.

The key quantity we consider is the Hilbert-Schmidt Independence Criterion

(HSIC) introduced by Gretton et al. [2005a]. HSIC uses the distance between the

kernel embeddings of probability measures in the Reproducing Kernel Hilbert Space

(RKHS) [Gretton et al., 2008, Zhang et al., 2011, Smola et al., 2007]. By building on

decades of research into kernel methods for machine learning [Schölkopf and Smola,
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2002], HSIC can be applied to multivariate observations as well as to those lying in

non-Euclidean and structured domains, e.g., Gretton et al. [2008] considers indepen-

dence testing on text data. HSIC has also been applied to clustering and learning

taxonomies [Song et al., 2007, Blaschko and Gretton, 2009], feature selection [Song

et al., 2012], causal inference [Peters et al., 2014, Flaxman et al., 2015, Zaremba and

Aste, 2014] and computational linguistics [Nguyen and Eisenstein, 2017]. A closely

related dependence coefficient that measures all types of dependence between two ran-

dom vectors of arbitrary dimensions is the distance covariance (dCov) of Székely et al.

[2007], Székely and Rizzo [2009], which measures distances between empirical char-

acteristic functions or equivalently measures covariances with respect to a stochastic

process [Székely and Rizzo, 2009], and its normalised counterpart, distance correlation

(dCor). RKHS-based dependence measures like HSIC are in fact extensions of dCov

– Sejdinovic et al. [2013b] showed that dCov can be understood as a form of HSIC

with a particular choice of kernel. Moreover, dCor can be viewed as an instance of

kernel matrix alignment of Cortes et al. [2012]. As we will see, statistical tests based

on estimation of HSIC and dCov are computationally expensive and require at least

O(m2) time and storage complexity, where m is the number of observations, just to

compute an HSIC estimator which serves as a test statistic. In addition, the compli-

cated form of the asymptotic null distribution of the test statistics necessitates either

permutation testing [Arcones and Gine, 1992] (further increasing the computational

cost) or even more costly direct sampling from the null distribution, requiring eigen-

decompositions of kernel matrices using the spectral test of Gretton et al. [2009], with

a cost of O(m3)1. These memory and time requirements often make the HSIC-based

tests infeasible for practitioners.

In this paper, we consider several ways to speed up the computation in HSIC-based

tests. More specifically, we introduce three fast estimators of HSIC: the block-based

estimator, the Nyström estimator and the random Fourier feature (RFF) estimator

and study the resulting independence tests. In the block-based setting, we obtain a

simpler asymptotic null distribution as a consequence of the Central Limit Theorem in

which only asymptotic variance needs to be estimated - we discuss possible approaches

for this. RFF and Nyström estimators correspond to the primal finite-dimensional

approximations of the kernel functions and as such also warrant estimation of the

1An alternative approach applicable to scalar variables uses kernel-based methods combined with
a copula transformation [Póczos et al., 2012] can be used to tabulate the null distribution, but this
approach is not straightforward to generalise to modelling dependence between random vectors.
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null distribution in linear time – we introduce a novel spectral tests based on eigende-

compositions of primal covariance matrices, which avoid permutation approach and

significantly reduce the computational expense for the direct sampling from the null

distribution.

Related Work

Some of the approximation methods considered in this paper were inspired by their

use in a related context of two-sample testing. In particular, the block-based approach

for two-sample testing was studied in Gretton et al. [2012a,b], Zaremba et al. [2013]

under the name of linear-time MMD (Maximum Mean Discrepancy), i.e. the distance

between the mean embeddings of the probability distributions in the RKHS. The ap-

proach estimates MMD on a small block of data and then averages the estimates over

blocks to obtain the final test statistic. Our block-based estimator of HSIC follows

exactly the same strategy. On the other hand, the Nyström method [Williams and

Seeger, 2001, Snelson and Ghahramani, 2006] is a classical low-rank kernel approxi-

mation technique, where data is projected into lower-dimensional subspaces of RKHS

(spanned by so called inducing variables). Such an idea is popular in fitting sparse

approximations to Gaussian process (GP) regression models, allowing reduction of

the computational cost from O(m3) to O(n2m) where n� m is the number of induc-

ing variables. To the best of our knowledge, Nyström approximation was not studied

in the context of hypothesis testing. Random Fourier feature (RFF) approximations

[Rahimi and Recht, 2007], however, due to their relationship with evaluations of em-

pirical characteristic functions, do have a rich history in the context of statistical

testing – as discussed in Chwialkowski et al. [2015], which also proposes an approach

to scale up kernel-based two sample tests by additional smoothing of characteristic

functions, thereby improving the test power and its theoretical properties. Moreover,

the approximation strategy of MMD and two-sample testing through primal repre-

sentation using RFF have also been studied in Zhao and Meng [2015], Sutherland and

Schneider [2015], Lopez-Paz [2016]. In addition, Lopez-Paz et al. [2013] first proposed

the idea of applying RFF in order to construct an approximation to a kernel-based de-

pendence measure. More specifically, they develop Randomised Canonical Correlation

Analysis (RCCA) (see also Lopez-Paz et al. [2014], Lopez-Paz [2016]) approximating

the non-linear kernel-based generalisation of the Canonical Correlation Analysis [Lai

and Fyfe, 2000, Bach and Jordan, 2002] and using a further copula transformation,

construct a test statistic termed RDC (randomised dependence coefficient) requiring

O(m logm) time to compute. Under suitable assumptions, Bartlett’s approximation
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[Mardia et al., 1979] provides a closed form expression for the asymptotic null distri-

bution of this statistic which further results in a distribution free test, leading to an

attractive option for large-scale independence testing. We extend these ideas based

on RFF to construct approximations of HSIC and dCov/dCor, which are conceptually

distinct kernel-based dependence measures from that of kernel CCA, i.e., they mea-

sure different types of norms of RKHS operators (operator norm vs Hilbert-Schmidt

norm).

In fact, the Nyström and RFF approximations can also be viewed through the lens

of nonlinear canonical analysis framework introduced by Dauxois and Nkiet [1998].

This is the earliest example we know where nonlinear dependence measures based

on spectra of appropriate Hilbert space operators are studied. In particular, the

cross-correlation operator with respect to a dictionary of basis functions in L2 (e.g.

B-splines) is considered in Dauxois and Nkiet [1998]. Huang et al. [2009] links this

framework to the RKHS perspective. The functions of the spectra that were consid-

ered in Dauxois and Nkiet [1998] are very general, but the simplest one (sum of the

squared singular values) can be recast as the NOrmalised Cross-Covariance Operator

(NOCCO) of Fukumizu et al. [2008], which considers the Hilbert-Schmidt norm of the

cross-correlation operator on RKHSs and as such extends kernel CCA to consider the

entire spectrum. While in this work we focus on HSIC (Hilbert-Schmidt norm of the

cross-covariance operator), which is arguably the most popular kernel dependence

measure in the literature, a similar Nyström or RFF approximation can be applied

to NOCCO as well - we leave this as a topic for future work.

The paper is structured as follows: in Section 3.2, we first provide some necessary

definitions from the RKHS theory and review the aforementioned Hilbert-Schmidt

Independence Criterion (HSIC) and discuss its biased and unbiased quadratic time

estimators. Then, Section 3.2.3 gives the asymptotic null distributions of estimators

(proofs provided in Section 3.7). In Section 3.3, we develop a block-based HSIC

estimator and derive its asymptotic null distribution. Following this, a linear time

asymptotic variance estimation approach is proposed. In Section 3.4.1 and 3.4.2, we

propose Nyström HSIC and RFF HSIC estimator respectively, both with the corre-

sponding linear time null distribution estimation approaches. Finally, in Section 3.5,

we explore the performance of the three testing approaches on a variety of challenging

synthetic data and one real data experiment.
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3.2 Background

This section starts with a brief overview of the key concepts and notations required to

understand the RKHS theory and kernel embeddings of probability distributions into

the RKHS. It then provides the definition of HSIC which will serve as a basis for later

independence tests. We review the quadratic time biased and unbiased estimators of

HSIC as well as their respective asymptotic null distributions. As the final part of

this section, we outline the construction of independence tests in quadratic time.

3.2.1 RKHS and Embeddings of Measures

Let Z be any topological space on which Borel measures can be defined. By M(Z)

we denote the set of all finite signed Borel measures on Z and by M1
+(Z) the set of

all Borel probability measures on Z. We will now review the basic concepts of RKHS

and kernel embeddings of probability measures. For further details, see Berlinet and

Thomas-Agnan [2004], Steinwart and Christmann [2008], Sriperumbudur [2010].

Definition 3.2.1. Let H be a Hilbert space of real-valued function defined on Z. A

function k : Z × Z → R is called a reproducing kernel of H if:

1. ∀z ∈ Z, k(·, z) ∈ H

2. ∀z ∈ Z,∀f ∈ H, 〈f, k(·, z)〉H = f(z).

If H has a reproducing kernel, it is called a Reproducing Kernel Hilbert Space

(RKHS).

As a direct consequence, for any x, y ∈ Z,

k(x, y) = 〈k(·, x), k(·, y)〉H. (3.1)

In machine learning literature, a notion of kernel is understood as an inner product

between feature maps [Steinwart and Christmann, 2008]. By (3.1), every reproducing

kernel is a kernel in this sense, corresponding to a canonical feature map x 7→ k(·, x).

For x, y ∈ Rp, some examples of reproducing kernels are

• Linear kernel: k(x, y) = xTy;

• Polynomial kernel of degree d ∈ N: k(x, y) = (xTy + 1)d;
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• Gaussian kernel with bandwidth σ > 0: k(x, y) = exp(−‖x−y‖2
2σ2 );

• Fractional Brownian motion covariance kernel with parameter h ∈ (0, 1):

k(x, y) = 1
2

(
‖x‖2h + ‖y‖2h − ‖x− y‖2h

)
.

Checking whether a given function k is a valid reproducing kernel can be onerous.

Fortunately, the Moore-Aronszajn theorem [Aronszajn, 1950] gives a simple charac-

terisation: for any symmetric, positive definite function k : Z × Z → R, there exists

a unique Hilbert space of functions H defined on Z such that k is reproducing kernel

of H [Berlinet and Thomas-Agnan, 2004]. RKHS are precisely the space of functions

where norm convergence implies pointwise convergence and are as a consequence rel-

atively well behaved comparing to other Hilbert spaces. In nonparametric testing, as

we consider here, a particularly useful setup will be representing probability distribu-

tions and, more broadly, finite signed Borel measures ν ∈M(Z) with elements of an

RKHS [Smola et al., 2007].

Definition 3.2.2. Let k be a kernel on Z, and ν ∈M(Z). The kernel embedding

of measure ν into the RKHS Hk is µk(ν) ∈ Hk such that∫
f(z)dν(z) = 〈f, µk(ν)〉Hk , ∀f ∈ Hk. (3.2)

It is understood from this definition that the integral of any RKHS function f

under the measure ν can be evaluated as the inner product between f and the kernel

embedding µk(ν) in the RKHS Hk. As an alternative, the kernel embedding can be

defined through the use of Bochner integral µk(ν) =
∫
k(·, z)dν(z). Any probability

measure is mapped to the corresponding expectation of the canonical feature map.

By Cauchy-Schwarz inequality and the Riesz representation theorem, a sufficient con-

dition for the existence of an embedding of ν is that ν ∈M1/2
k (Z), where we adopt no-

tation from Sejdinovic et al. [2013b]: Mθ
k(Z) =

{
ν ∈M(Z) :

∫
kθ(z, z)d|ν|(z) <∞

}
,

which is, e.g. satisfied for all finite measures if k is a bounded function (such as Gaus-

sian kernel).

Embeddings allow measuring distances between probability measures, giving rise

to the notion of Maximum Mean Discrepancy (MMD) [Borgwardt et al., 2006, Gretton

et al., 2012a].
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Definition 3.2.3. Let k be a kernel on Z. The squared distance between the kernel

embeddings of two probability measures P and Q in the RKHS,

MMDk(P,Q) = ‖µk(P )− µk(Q)‖2
Hk (3.3)

is called Maximum Mean Discrepancy (MMD) between P and Q with respect

to k.

When the corresponding kernels are characteristic [Sriperumbudur, 2010], embed-

ding is injective and MMD is a metric on probability measures. The estimators of

MMD are useful statistics in nonparametric two-sample testing [Gretton et al., 2012a],

i.e. testing if two given samples are drawn from the same probability distribution.

For any kernels kX and kY on the respective domains X and Y , it is easy to check

that k = kX ⊗ kY given by

k ((x, y) , (x′, y′)) = kX (x, x′)kY(y, y′) (3.4)

is a valid kernel on the product domain X ×Y . Its canonical feature map is (x, y) 7→
kX (·, x)⊗kY(·, y) where ϕx,y = kX (·, x)⊗kY(·, y) is understood as a function on X×Y ,

i.e. ϕx,y(x
′, y′) = kX (x′, x)kY(y′, y). The RKHS of k = kX ⊗ kY is in fact isometric to

HkX ⊗HkY , which can be viewed as the space of Hilbert-Schmidt operators between

HkY and HkX [Steinwart and Christmann, 2008, Lemma 4.6]. We are now ready to

define a RKHS-based measure of dependence between random variables X and Y .

Definition 3.2.4. Let X and Y be random variables on domains X and Y (non-empty

topological spaces). Let kX and kY be kernels on X and Y respectively. Hilbert-

Schmidt Independence Criterion (HSIC) ΞkX ,kY (X, Y ) of X and Y is MMD

between the joint measure PXY and the product of marginals PXPY , computed with

the product kernel k = kX ⊗ kY , i.e.,

ΞkX ,kY (X, Y ) = ‖EXY [kX (., X)⊗ kY(., Y )]− EXkX (., X)⊗ EY kY(., Y )‖2
HkX⊗kY

.

(3.5)

HSIC is well defined whenever PX ∈ M1
kX

(X ) and PY ∈ M1
kY

(Y) as this implies

PXY ∈ M1/2
kX⊗kY (X × Y) [Sejdinovic et al., 2013b]. The name of HSIC comes from

the operator view of the RKHS HkX⊗kY . Namely, the difference between embeddings

EXY [kX (., X)⊗ kY(., Y )]−EXkX (., X)⊗EY kY(., Y ) can be identified with the cross-

covariance operator CXY : HkY → HkX for which 〈f, CXY g〉HkX = Cov [f(X)g(Y )],

∀f ∈ HkX , g ∈ HkY [Gretton et al., 2005a, 2008]. HSIC is then simply the squared
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Hilbert-Schmidt norm ‖CXY ‖2
HS of this operator, while distance correlation (dCor) of

Székely et al. [2007], Székely and Rizzo [2009] can be cast as ‖CXY ‖2
HS/‖CXX‖HS‖CY Y ‖HS

[Sejdinovic et al., 2013b, Appendix A]. In the sequel, we will suppress dependence on

kernels kX and kY in notation ΞkX ,kY (X, Y ) where there is no ambiguity.

Repeated application of the reproducing property gives the following equivalent

representation of HSIC [Smola et al., 2007]:

Proposition 3.2.1. The HSIC of X and Y can be written as:

Ξ(X, Y ) = EXYEX′Y ′kX (X,X ′)kY(Y, Y ′) (3.6)

+ EXEX′kX (X,X ′)EYEY ′kY(Y, Y ′)

− 2EX′Y ′ [EXkX (X,X ′)EY kY(Y, Y ′)].

3.2.2 Estimation of HSIC

Using the form of HSIC in (3.6), given an iid sample of z = {(xi, yi)}mi=1 from the

joint distribution PXY , an unbiased estimator of HSIC can be obtained as a sum of

three U -statistics [Gretton et al., 2008]:

Ξu(z) =
(m− 2)!

m!

∑
(i,j)∈im2

(Kx)ij(Ky)ij (3.7)

+
(m− 4)!

m!

∑
(i,j,q,r)∈im4

(Kx)ij(Ky)qr

− 2
(m− 3)!

m!

∑
(i,j,q)∈im3

(Kx)ij(Ky)iq,

where the index set imr denotes the set of all r-tuples drawn without replacement from

{1, ...,m}, (Kx)ij := kX (xi, xj) and (Ky)ij := kY(yi, yj). Näıve computation of (3.7)

would require O(m4) operations. However, an equivalent form which needs O(m2)

operations is given in Song et al. [2012] as

Ξu(z) =
1

m(m− 3)

[
tr(K̃xK̃y) +

1T K̃x11
T K̃y1

(m− 1)(m− 2)
− 2

m− 2
1T K̃xK̃y1

]
(3.8)

where K̃x = Kx−diag(Kx) (i.e. the kernel matrix with diagonal elements set to zero)

and similarly for K̃y. 1 is a vector of 1s of relevant dimension.
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We will refer to the above as the quadratic time estimator. Gretton et al. [2008]

note that the V -statistic estimator (or the quadratic time biased estimator) of HSIC

can be an easier-to-use alternative for the purposes of independence testing, since the

bias is accounted for in the asymptotic null distribution. The V -statistic is given by

Ξb(z) =
1

m2

m∑
i,j

(Kx)ij(Ky)ij +
1

m4

m∑
i,j,q,r

(Kx)ij(Ky)qr − 2
1

m3

m∑
i,j,q

(Kx)ij(Ky)iq,

where the summation indices are now drawn with replacement. Further, it can be

simplified as follows to reduce the computation:

Ξb(z) =
1

m2
Trace(KxHKyH) =

1

m2
〈HKxH,HKyH〉 (3.9)

where H = Im − 1
m
11T is an m×m centering matrix. (3.9) gives an intuitive under-

standing of the HSIC statistic: it measures average similarity between the centered

kernel matrices, which are in turn similarity patterns within the samples.2

3.2.3 Asymptotic Null Distribution of Estimators

The asymptotic null distribution of the biased HSIC statistic defined in (3.9) com-

puted using a given data set converges in distribution in Theorem 3.2.1 below. This

asymptotic distribution builds the theoretical foundation for the spectral testing ap-

proach (described in Section 3.2.4.2) that we will use throughout the paper.

Theorem 3.2.1. (Asymptotic Null Distribution of the Biased HSIC) Under

the null hypothesis, let the dataset z = {(xi, yi)}mi=1
i.i.d.∼ PXY = PXPY , with PX ∈

M2
kX

(X ) and PY ∈M2
kY

(Y), then

mΞb,kX ,kY (Z)
D−→

∞∑
i=1

∞∑
j=1

λiηjN
2
i,j (3.10)

where Ni,j
i.i.d.∼ N (0,1), ∀ i, j ∈ N and {λi}∞i=1, {ηj}∞j=1 are the eigenvalues of the inte-

gral kernel operators Sk̃Px and Sk̃Py , where the integral kernel operator Sk̃P : L2
P (Z)→

L2
P (Z) is given by

Sk̃P g(z) =

∫
Z
k̃P (z, w)g(w)dP (w). (3.11)

2A straightforward estimator of dCor [Székely et al., 2007, Székely and Rizzo, 2009] is then

given by normalising Ξb(z) by the Frobenius norms of HKxH and HKyH, i.e., d̂Cor(z) =
〈HKxH,HKyH〉

‖HKxH‖F ‖HKyH‖F
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where k̃P (z, z′) is the kernel centred at probability measure P :

k̃P (z, z′) : = 〈k(z, .)− EWk(W, .), k(z′, .)− EWk(W, .)〉
= k(z, z′) + EWW ′k(W,W ′)− EWk(z,W )− EWk(z′,W ), (3.12)

with W,W ′ i.i.d.∼ P.

For completeness, the proof of this theorem, which is a consequence of [Lyons,

2013, Theorem 2.7] and the equivalence between distance-based and RKHS-based

independence statistics [Sejdinovic et al., 2013b] is given in the Appendix 3.7. As

remarked by Sejdinovic et al. [2013b], the finite marginal moment conditions imply

that the integral operators Sk̃X and Sk̃Y are trace class and hence Hilbert-Schmidt

[Reed and Simon, 1980]. Anderson et al. [1994] noted that the form of the asymptotic

distribution of the V -statistic requires the integral operators being trace class but that

of the U -statistic only requires them being Hilbert-Schmidt [Anderson et al., 1994,

Sejdinovic et al., 2013b]. Using the same notation as in the case of the V -statistic,

the asymptotic distribution of the U -statistic in (3.7) can be written as:

mΞu,kX ,kY (Z)
D−→

∞∑
i=1

∞∑
j=1

λiηj(N
2
i,j − 1) (3.13)

under the null hypothesis.

We note that [Chwialkowski and Gretton, 2014, Lemma 2, Theorem 1] proves

a more general result, applicable to dependent observations under certain mixing

conditions where the i.i.d. setting is a special case. Moreover, [Rubenstein et al.,

2016, Theorem 5, 6] provides another elegant proof in the context of three-variable

interaction testing from Sejdinovic et al. [2013a]. However, both Chwialkowski and

Gretton [2014] and Rubenstein et al. [2016] assume boundedness of kX and kY , while

our proof in the Appendix 3.7 assumes a stronger condition of finite second moments

for both kX and kY , thus making the result applicable to unbounded kernels such as

the Brownian motion covariance kernel.

Under the alternative hypothesis that PXPY 6= PXY , Gretton et al. [2008] re-

marked that mΞb,kX ,kY (Z) converges to HSIC with the corresponding appropriately

centred and scaled Gaussian distribution as m→∞:

√
m(Ξb,kX ,kY (Z)−HSIC)

D−→ N (0, σ2
u) (3.14)
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where the variance σ2
u = 16(Ezi(Ezj ,zq ,zr(hijqr))2 −HSIC) and hijqr is defined as

hijqr =
1

4!

(i,j,q,r)∑
(t,u,v,w)

(Kx)tu(Ky)tu + (Kx)tu(Ky)vw + (Kx)tu(Ky)tv (3.15)

with all ordered quadruples (t, u, v, w) drawn without replacement from (i, j, q, r)

and assuming E(h2) < ∞. In fact, under the alternative hypothesis, the difference

between mΞb(Z) (i.e. the V -statistic) and the U -statistic drops as 1/m and hence

asymptotically the two statistics converges to the same distribution [Gretton et al.,

2008].

3.2.4 Quadratic Time Null Distribution Estimations

We would like to design independence tests with an asymptotic Type I error of α

and hence we need an estimate of the (1− α) quantile of the null distribution. Here,

we consider two frequently used approaches, namely the permutation approach and

the spectral approach, that require at least quadratic time both in terms of memory

and computation time. The biased V -statistic will be used because of its neat and

compact formulation.

3.2.4.1 Permutation Approach

Consider an iid sample z = {(xi, yi)}mi=1 with chosen kernels kX and kY respectively,

the permutation/bootstrap approach [Arcones and Gine, 1992] proceed in the follow-

ing manner. Suppose the total number of shuffles is fixed at Np, we first compute

ΞkX ,kY (z) using z, kX and kY . Then, for each shuffle, we fix the {xi}mi=1 and ran-

domly permute the {yi}mi=1 to obtain z∗ = {(xi, y∗i )}mi=1 and subsequently compute

Ξ∗kX ,kY (z∗). The one-sided p-value in this instance is the proportion of HSIC values

computed on the permuted data that is greater than or equal to ΞkX ,kY (z).

The computational time is O(number of shuffles ×m2) for this approach, where

the number of shuffles determines the extend to which we have explored the sampling

distribution. In other words, a small number of shuffles means that we may only

obtained realisations from the mode of the distribution and hence the tail structure

is not adequately captured. Although a larger number of shuffles ensures the proper

exploration of the sampling distribution, the computation cost can be high.
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3.2.4.2 Spectral Approach

Theorem 1 of Gretton et al. [2009] have shown that the empirical finite sample esti-

mate of the null distribution converges in distribution to its population counterpart

provided that the eigenspectrums {γr}∞r=1 of the integral operator Sk̃: L
2
θ(X × Y)→

L2
θ(X × Y) is square root summable, i.e.

∞∑
r=1

√
γr =

∞∑
i=1

∞∑
j=1

√
λiηj <∞.

Note, the integral operator Sk̃ is the tensor product of the operators Sk̃X and Sk̃X :

Sk̃g(x, y) =

∫
X×Y

k̃µ(x, x′)k̃ν(y, y
′)g(x′, y′)dθ(x′, y′)

and the eigenvalues of this operator is hence the product of the eigenvalues of these

two operators.

The spectral approach [Gretton et al., 2009, Zhang et al., 2011] requires that we

first calculate the centred Gram matrices K̃X = HKXH and K̃Y = HKYH for the

chosen kernel kX and kY . Then, we compute the mΞb,kX ,kY (z) statistic according to

(3.9). Next, the spectrums (i.e. eigenvalues) {λi}mi=1 and {ηi}mi=1 of K̃X and K̃Y are

respectively calculated. The empirical null distribution can be simulated by simulat-

ing a large enough i.i.d samples from the standard Normal distribution [Zhang et al.,

2011] and then generate the test statistic according to (3.10). Finally, the p-value is

computed by calculating the proportion of simulated samples that are greater than

or equal to the observed mΞb,kX ,kY (z) value.

Additionally, Zhang et al. [2011] has provided an approximation to the null distri-

bution with a two-parameter Gamma distribution. Despite the computational advan-

tage of such an approach, the permutation and spectral approaches are still preferred

since there is no consistency guarantee for the Gamma distribution approach.

3.3 Block-Based HSIC

The quadratic time test statistics are prohibitive for large dataset as it requires O(m2)

time in terms of storage and computation. Furthermore, one requires an approxima-

tion of the asymptotic null distribution in order to compute the p-value. As we

discussed in the previous section, this is usually done by randomly permute the Y ob-

servations (i.e. the permutation approach) or by performing an eigen-decomposition
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of the centred kernel matrices for X and Y (i.e. the spectral approach). Both ap-

proaches are expensive in terms of memory and can be computationally infeasible. In

this section, we propose a block-based estimator of HSIC which reduce the computa-

tional time to linear in the number of samples. The asymptotic null distribution of

this estimator will be shown to have a simple form as a result of the Central Limit

Theorem (CLT).

3.3.1 The Block HSIC Statistic

Let us consider that the sample is split into blocks of size B � m: {xi, yi}mi=1

i.i.d.∼ PXY

becomes

{{
x

(b)
i , y

(b)
i

}B
i=1

}m/B
b=1

(where we assumed for simplicity that m is divisible

by B). We follow the approach from Zaremba et al. [2013], Sejdinovic et al. [2014]

and extend it to independence testing. We compute the unbiased HSIC statistic (Eq.

3.7) on each block b ∈ {1, ..., m
B
}:

η̂b =
1

B(B − 3)

[
tr(K̃(b)

x K̃(b)
y ) +

1T K̃
(b)
x 11T K̃

(b)
y 1

(B − 1)(B − 2)
− 2

B − 2
1T K̃(b)

x K̃(b)
y 1

]
(3.16)

and average them over blocks to establish the block-based estimator for HSIC:

Ξ̂kX ,kY =
B

m

m/B∑
b=1

η̂b. (3.17)

3.3.2 Null Distribution of Block-Based HSIC

For the block HSIC statistic, the asymptotic null distribution is a consequence of

the Central Limit Theorem (CLT) under the regime where m → ∞, B → ∞ and
m
B
→ ∞3. First of all, note that the linear time test statistic Ξ̂kX ,kY is an average

of block-based statistics η̂b for b ∈ {1, ..., m
B
} which are independent and identically

distributed. Secondly, we recall that E(η̂b) = 0 for η̂b is an unbiased estimator of

HSIC. Finally, Var(Ξ̂kX ,kY ) = B
m
Var(η̂b) = B

m
1
B2Var(W ) with W being the random

variable distributed according to
∑∞

i=1

∑∞
j=1 λiηj(N

2
i,j − 1). In the limit as m → ∞,

B →∞ and m
B
→∞: √

mBΞ̂kX ,kY
D−→ N (0, σ2

k,0). (3.18)

3For example, B = mδ with δ ∈ (0, 1)
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where the variance σ2
k,0 is the variance of the null distributions in Expression (3.10)

and (3.13) i.e. the variance of W and it is given by

σ2
k,0 = 2

∞∑
i=1

∞∑
j=1

λ2
i η

2
j (3.19)

= 2EXX′(k̃2
PX

(X,X ′))EY Y ′(k̃2
PY

(Y, Y ′)). (3.20)

3.3.3 Linear Time Null Distribution Estimation

Expression (3.18) guarantees the Gaussianity of the null distribution of the block-

based statistic and henceforth makes the computation of p-value straight-forward.

We simply return the test statistic
√
mB η̂b√

σ̂2
k,0

and compare against the correspond-

ing quantile of N (0, 1) which is the approach taken in Gretton et al. [2012b], Zaremba

et al. [2013], Sejdinovic et al. [2014]. Note that the resulting null distribution is ac-

tually a t-distribution but with a very large number of degrees of freedom, which can

be treated as a Gaussian distribution.

The difficulty of estimating the null distribution lies in estimating σ2
k,0. We suggest

two ways to estimate such variance [Sejdinovic et al., 2014]: within-block permuta-

tion and within-block direct estimation. These two approaches are at most quadratic

in B within each block which means that the computational cost of estimating the

variance is of the same order as that of computing the statistic itself.

Within-block permutation can be done as follows. Within each block, we com-

pute the test statistic using (3.16). At the same time, we track in parallel a sequence

η̂∗b obtained using the same formula but with {yi}mi=1 underwent a permutation. The

former is used to calculate the overall block statistics and the latter is used to estimate

the null variance σ̂2
k,0 = B2Var

[
{η̂∗b}m/Bb=1

]
as the independence between the samples

holds by construction.

Within-block direct estimation can be achieved by using (3.20) and the cor-

responding unbiased estimates of EXX′(k̃2
PX

(X,X ′)) and EY Y ′(k̃2
PY

(Y, Y ′)) which can

be calculated as follows. For X, the estimate of the variance for each block is given

by Song et al. [2012]:

(σ̂2
k,x)

(b) =
2

B(B − 3)

[
tr(K̃(b)

x K̃(b)
x ) +

(1T K̃
(b)
x 1)2

(B − 1)(B − 2)
− 2

B − 2
1T (K̃(b)

x )21

]
(3.21)
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Then, we compute

σ̂2
k,x =

B

m

m/B∑
b=1

(σ̂2
k,x)

(b). (3.22)

to obtain an unbiased estimate for EXX′(k̃2
PX

(X,X ′)). Similarly, replacing all x with

y, we obtain an unbiased estimate for EY Y ′(k̃2
PY

(Y, Y ′)). The estimate of the variance

is therefore:

σ̂2
k,0 = 2σ̂2

k,xσ̂
2
k,y (3.23)

Such block-based approach is trivially parallelisable: the HSIC statistic defined

in (3.16) as well as the variance estimator of (3.21) can be computed separately for

each block. This may provide further computational efficiency gains. As remarked

in Sejdinovic et al. [2014], we note that under the null hypothesis, the approach un-

dertaken by Zaremba et al. [2013] is to estimate the null variance directly with the

empirical variance of {η̂b}m/Bb=1 . As the null variance is consistently estimated under

the null hypothesis, this ensures the correct level of Type I error. However, without

using the variance of the “bootstrap samples”, such an estimate of the null variance

will systematically overestimate as B grows with m. Hence, it will result in a reduced

statistical power due to inflated p-values.

Regarding the choice of B, Zaremba et al. [2013] discussed that the null dis-

tribution is close to that guaranteed by the CLT when B is small and hence the

Type I error will be closer to the desired level. However, the disadvantage is the

small statistical power for each given sample size. Conversely, Zaremba et al. [2013]

pointed out that a larger B results in a lower variance empirical null distribution and

hence higher power. Hence, they suggested a sensible family of heuristics is to set

B = bmγc for some 0 < γ < 1. As a result, the complexity of the block-based test is

O(Bm) = O(m1+γ).

3.4 Approximate HSIC Through Primal Represen-

tations

Having discussed how we can construct a linear time HSIC test by processing the

dataset in blocks, we now move on to consider how the scaling up can be done

through low rank approximations of the Gram matrix. In particular, we will discuss

Nyström type approximation (Section 3.4.1) and Random Fourier Features (RFF)

type approximation (Section 3.4.2). Both types of approximation act directly on the
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primal representation of the kernel hence provide finite representations of the feature

maps.

Recall that the definition of HSIC of X and Y in (3.6) can also be written in

terms of the cross covariance operator CXY : Ξ(X, Y ) = ‖CXY ‖2
HkX⊗HkY

[Gretton

et al., 2005a, 2008]. Given a data set z = {(xi, yi)}mi=1 with xi ∈ RDx and yi ∈ RDy

for all i, consider the empirical version of ΞkX ,kY (X, Y ) with kernels kX and kY for X

and Y respectively:

Ξ̂kX ,kY (X, Y )

=

∥∥∥∥∥ 1

m

m∑
i=1

kX (·, xi)⊗ kY(·, yi)−
(

1

m

m∑
i=1

kX (·, xi)
)
⊗
(

1

m

m∑
i=1

kY(·, yi)
)∥∥∥∥∥

2

(3.24)

=

∥∥∥∥∥ 1

m

m∑
i=1

(
kX (·, xi)−

1

m

m∑
r=1

kX (·, xr)
)
⊗
(
kY(·, yi)−

1

m

m∑
r=1

kY(·, yr)
)∥∥∥∥∥

2

(3.25)

where the Hilbert Schmidt norm is taken in the product space HkX ⊗HkY . Note,

this empirical cross covariance operator is infinite dimensional. However, when ap-

proximate feature representations are used, the cross covariance operator is a finite

dimensional matrix and hence the Hilbert-Schmidt norm is equivalent to the Frobe-

nius norm (F ).

If we let φ̄(xi) = kX (·, xi)− 1
m

∑m
r=1 kX (·, xr) and ψ̄(yi) = kY(·, yi)− 1

m

∑m
r=1 kY(·, yr),

the above expression can be further simplified as

Ξ̂kX ,kY (X, Y )

=
1

m2

m∑
i=1

m∑
j=1

〈φ̄(xi)⊗ ψ̄(yi), φ̄(xj)⊗ ψ̄(yj)〉 (3.26)

=
1

m2

m∑
i=1

m∑
j=1

〈φ̄(xi), φ̄(xj)〉〈ψ̄(yi), ψ̄(yj)〉 (3.27)

=
1

m2
Trace(HKxHHKyH). (3.28)

Hence, we obtain the expression in (3.9). If instead, we replace φ̄(xi) and ψ̄(yi) by

the corresponding low-rank approximations φ̃(xi) = k̃X (·, xi)− 1
m

∑m
r=1 k̃X (·, xr) and

ψ̃(yi) = k̃Y(·, yi)− 1
m

∑m
r=1 k̃Y(·, yr), we can obtain the approximated HSIC statistic.

The details of which are provided in the following sections.
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3.4.1 Nyström HSIC

In this section, we use the traditional Nyström approach to provide an approximation

that consider the similarities between the so called inducing variables and the given

dataset. We will start with a review of Nyström method and then we will provide

the explicit feature map representation of the Nyström HSIC estimator. To finish,

we will discuss two null distribution estimation approaches that cost at most linear

in the number of samples.

The reduced-rank approximation matrix provided by Nyström method [Williams

and Seeger, 2001] represents each data point by a vector based on its kernel similar-

ity to the inducing variables and the induced kernel matrix. The approximation is

achieved by randomly sample n data points (i.e. inducing variables) from the given

m samples and compute the approximate kernel matrix K̂ ≈ K as:

K̂ = Km,nK
−1
n,nKn,m (3.29)

where each of Kr,s can be think of as the r × s block of the full Gram matrix K

computed using all given samples. Further, we can write (3.29) as:

K̂ = Km,nK
− 1

2
n,n

(
Km,nK

− 1
2

n,n

)T
= Φ̂Φ̂T

(3.30)

Hence, an explicit feature representation of K̂ is obtained. Note that Snelson and

Ghahramani [2006] further relaxed the setting and propose to use inducing points that

are not necessarily a subset of the given data but only need to explain the dataset

well for a good performance.

3.4.1.1 The Nyström HSIC Statistic

To further reduce computation cost, we propose to approximate this reduced-rank

kernel matrix K̂ with the n×n uncentered covariance matrix Ĉ as the eigenspectrum

of the covariance matrix approximates that of the kernel matrix:

Ĉ =
(
Km,nK

− 1
2

n,n

)T
Km,nK

− 1
2

n,n

= Φ̂T Φ̂
(3.31)

Hence the uncentered covariance matrices for X is ĈX = Φ̂T
XΦ̂X and the one for Y

is ĈY = Φ̂T
Y Φ̂Y . In order to approximate the biased HSIC estimator (3.9) using this
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explicit feature map representation, the feature maps Φ̂X and Φ̂Y needed to be cen-

tred. We suggest centre each column separately by subtracting its mean for both Φ̂X

and Φ̂Y , i.e. denote Φ̃. = (Im − 1
m
11T )Φ̂. = HΦ̂. ∈ Rm×n. for X and Y respectively.

Using the methods described above, we can substitute approximated kernel func-

tions k̂X = Φ̂X and k̂Y = Φ̂Y into the empirical version of ΞkX ,kY (X, Y ) (3.24):

Ξ̂Ny,k̃X ,k̃Y
(X, Y )

=

∥∥∥∥∥∥ 1

m

m∑
i=1

Φ̂X(xi)Φ̂Y (yi)
T −

(
1

m

m∑
i=1

Φ̂X(xi)

)(
1

m

m∑
i=1

Φ̂Y (yi)

)T
∥∥∥∥∥∥

2

F

(3.32)

=

∥∥∥∥ 1

m
Φ̃T
XΦ̃Y

∥∥∥∥2

F

(3.33)

where Φ̃X(xi) ∈ Rnx and Φ̃Y (yi) ∈ Rny can both be computed in linear time in m.

This is the biased Nyström estimator of HSIC. Essentially, we approximate the cross

covariance operator CXY by the Nyström estimator C̃XY = 1
m

Φ̃T
XΦ̃Y ∈ Rnx×ny which

only requires O(nxnym). In essence, the HSIC statistic computed using Nyström as

we described here is a HSIC statistic computed using a different kernel. As a remark,

we note that it is not immediately clear how one can choose the inducing points

optimally. In Section 3.5, we simulate the inducing data from the same distribution

as data X for the synthetic experiment and subsample the data randomly for the real

data experiment. But, we will leave the more general case as further work.

3.4.1.2 Null Distribution Estimations

Having introduced the biased Nyström HSIC statistic, we will now move on to discuss

two null distribution estimation methods, namely the permutation approach and the

Nyström spectral approach. The permutation approach is exactly the same as Sec-

tion 3.2.4.1 with ΞkX ,kY (z) replaced by Ξ̂Ny,k̃X ,k̃Y
(z). It is worth noting that for each

permutation, we need to simulate a new set of inducing points for X and Y such that

nx, ny � m with m being the number of samples.

Likewise, the Nyström spectral approach is similar to that described in Section

3.2.4.2 where eigen-decompositions of the centred Gram matrices are required to

simulate the null distribution. The difference is that we approximate the centred

Gram matrices using Nyström method and the HSIC V -statistic is replaced by the

Nyström HSIC estimator Ξ̂Ny,k̃X ,k̃Y
(z). So, the null distribution is then estimated
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using the eigenvalues from the covariance matrices Φ̃T
XΦ̃X and Φ̃T

Y Φ̃Y . In such a way,

the computational complexity is reduced from the original O(m3) to O(n3
x + n3

y +

(n2
x + n2

y)m+ nxnym) i.e. linear in m.

3.4.2 Random Fourier Feature HSIC

So far, we have looked at two large-scale approximation techniques that are appli-

cable to any positive definite kernel. If the corresponding kernel also happens to be

translation-invariant with the moment condition in (3.39), however, an additional

popular large-scale technique can be applied: random Fourier features of Rahimi and

Recht [2007] which is based on Bochner’s representation. Note that many other ker-

nels though not translational invariant, e.g. arc-cosine kernel, are also universal and

approximable by random features [Cho and Saul, 2009]. In this section, we will first

review Bochner’s theorem and subsequently build up to how random Fourier features

can be used to approximate large kernel matrices. Utilising it in the context of inde-

pendence testing, we propose the RFF HSIC estimator and further consider two null

distribution estimation approaches.

3.4.2.1 Bochner’s Theorem

Through the projection of data into lower dimensional randomised feature space,

Rahimi and Recht [2007] proposed a method of converting the training and evaluation

of any kernel machine into the corresponding operations of a linear machine. In

particular, they showed using a randomised feature map z : Rd → RD we can obtain

k(x, y) = 〈k(·, x), k(·, y)〉 ≈ z(x)T z(y) (3.34)

where x, y ∈ Rd. More specifically, Rahimi and Recht [2007] demonstrate the con-

struction of feature spaces that uniformly approximate shift-invariant kernels with

D = O(dε−2 log 1
ε2

) where ε is the accuracy of approximation. However, as we will see

later certain moment conditions need to be satisfied.

Bochner’s Theorem provides the key observation behind such approximation. This

classical theorem [Wendland, 2005, Theorem 6.6] is useful in several contexts where

one deals with translation-invariant kernels k, i.e. k(x, y) = k(x − y). As well as

constructing large-scale approximation to kernel methods [Rahimi and Recht, 2007],

it can also be used to determine whether a kernel is characteristic i.e. if the Fourier

transform of a kernel is supported everywhere then the kernel is characteristic [Sripe-

rumbudur, 2010].
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Theorem 3.4.1. Bochner’s Theorem [Wendland, 2005] A continuous transition-

invariant kernel k on Rd is positive definite if and only if k(x − y) is the Fourier

transform of a non-negative measure.

For a properly scaled transition-invariant kernel k, the theorem guarantees that

its Fourier transform Γ(w) is a non-negative measure on Rd. Without serious loss of

generality, Γ is a probability distribution. Since we would like to approximate real-

valued kernel matrices, let us consider the approximation which uses only real-valued

features. k(x− y) can be written as :

k(x− y) =

∫
Rd

exp(iwT (x− y))dΓ(w) (3.35)

=

∫
Rd

cos(wT (x− y)) + i sin(wT (x− y))dΓ(w) (3.36)

=

∫
Rd

cos(wT (x− y))dΓ(w) (3.37)

=

∫
Rd

{
cos(wTx) cos(wTy) + sin(wTx) sin(wTy)

}
dΓ(w) (3.38)

provided that

EΓ(wTw) <∞. (3.39)

Note, (3.37) follows because kernels are real valued and (3.38) uses the double an-

gle formula for cosine. The random features can be computed by first sampling

{wj}Dj=1
i.i.d.∼ Γ and then for xj ∈ Rd with j ∈ {1, ..., n}, setting

z(xj) =

√
2

D
(cos(wT1 xj), sin(wT1 xj), ..., cos(wTD

2
xj), sin(wTD

2
xj))

for j ∈ {1, ..., n}.

Here, we deal with explicit feature space, and apply linear methods to approximate

the Gram matrix through the covariance matrix Z(x)TZ(x) of dimension D×D where

Z(x) is the matrix of random features. Essentially, (3.39) guarantees that the second

moment of the Fourier transform of this translational invariant kernel k to be finite

and hence ensure the uniform convergence of z(x)T z(y) to κ(x−y) [Rahimi and Recht,

2007].

3.4.2.2 RFF HSIC Estimator

The derivation of the biased RFF HSIC estimator follows in the same manner as

Section 3.4.1.1. However, with the RFF approximations of the kernel matrices, (3.24)
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becomes:

Ξ̂RFF,k̃X ,k̃Y
(z)

=

∥∥∥∥∥∥ 1

m

m∑
i=1

Zx(xi)Zy(yi)
T −

(
1

m

m∑
i=1

Zx(xi)

)(
1

m

m∑
i=1

Zy(yi)

)T
∥∥∥∥∥∥

2

F

(3.40)

=

∥∥∥∥ 1

m
ZT
xHZy

∥∥∥∥2

F

(3.41)

where Zx ∈ Rm×Dx and Zy ∈ Rm×Dy . Hence, when RFF estimators are substituted,

the cross covariance operator is simply a Dx × Dy matrix. In the same way as the

Nyström HSIC estimator, the HSIC statistic computed using RFF is a HSIC statistic

computed using a different kernel, i.e. one that is induced by the random features.

It is worth noting that the analysis of convergence of such estimator can possibly be

done similarly to the analysis by Sutherland and Schneider [2015] for MMD. However,

we will leave this for future work.

To use the RFF HSIC statistic in independence testing, the permutation approach

and spectral approach in the previous section can be adopted for null distribution

estimation with Ξ̂Ny,k̃X ,k̃Y
(z) replaced by Ξ̂RFF,k̃X ,k̃Y

(z). Just as the case with inducing

points, the {wj}D.j=1 should be sampled each time independently for X and Y when

the RFF approximations Zx and Zy needed to be computed. As a remark, the number

of inducing points and the number of wjs plays a similar role in both methods which

controls the trade off between computational complexity and statistical power. In

practice, as we will demonstrate in the next section, such number can be much smaller

than the size of the dataset without compromising the performance.

3.5 Experiments

In this section, we present three synthetic data experiments and one real data exper-

iment to study the behaviour of our large scale HSIC tests. The main experiment

is on a challenging non-linear low signal-to-noise ratio dependence dataset to assess

the numerical performance amongst the large scale HSIC tests. To investigate the

performance of these test in a small scale, we further conduct linear and sine depen-

dence experiments to compare with currently established methods for independence

testing. Throughout this section, we set the significance level of the hypothesis test

to be α = 0.05. Both Type I and Type II errors are calculated based on 100 tri-

als. The 95% confidence intervals are computed based on normality assumption, i.e.
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µ̂ ± 1.96
√

µ̂(1−µ̂)
100

, where µ̂ is the estimate for the statistical power. Unless other-

wise stated, HSIC, RFF and Nyström approaches are all using Gaussian kernel with

median-heuristic.

3.5.1 Simple Linear Experiment

We begin with an investigation of the performance of our methods on a toy example

with a small number of observations, in order to check the agreements between large

scale approximation methods we proposed and the exact methods where they are still

feasible. Towards this aim, we consider a simple linear dependence experiment, but

where the dependence between the response Y and the input X is in only a single

dimension of X. In particular,

X ∼ N (0, Id) and Y = X1 + Z

where d is the dimensionality of data vector X and X1 indicate the first dimension of

X. The noise Z is independent standard Gaussian noise. We would like to compare

methods based on HSIC to a method based on Pearson’s Correlation which is ex-

plicitly aimed at linear dependence and should give strongest performance. However,

as the latter cannot be directly applied to multivariate data, we consider a SubCorr

statistic: SubCorr = 1
d

∑d
i=1 Corr(Y,Xi)

2 where Corr(Y,Xi) is the Pearson’s corre-

lation between Y and the ith dimension of X . In addition, we will also consider

SubHSIC statistic: SubHSIC= 1
d

∑d
i=1 HSIC(Y,Xi). For these two methods, we will

use a permutation approach as their distributions are not immediately clear.

In Figure 5.1, the dimension of X is set to be 10. Both the number of random

features in RFF and the number of inducing variables in Nyström are set to 10.

We do not use the block-based method as the sample sizes are small. From Figure

5.1 (right), we see that SubCorr yields the highest power as expected. HSIC and

SubHSIC with Gaussian median-heuristic kernels perform similarly though, with all

three giving the power of 1 at the sample size of 100. On the other hand, Figure 5.1

(left) shows that the two large scale methods are still able to detect the dependence

at these small sample sizes, even though there is some loss in power in comparison to

HSIC and they would require a larger sample size. As we will see, this requirement for

a larger sample size will be offset by a much lower computational cost in large-scale

examples.
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Figure 3.1: Simple linear experiment for d = 10. Left: comparing HSIC spectral
approach with Nyström spectral method and RFF spectral method. Right: HSIC
spectral approach with SubHSIC and SubCorr.

3.5.2 Nonlinear Experiments

In this section, we consider two nonlinear experiments: one with relatively small sam-

ple sizes (up to 4000 samples) and a large scale scenario (with number of samples from

1000 to 107). For both experiments, we investigate the power vs. time trade-off of the

introduced large-scale approximate tests and compare their performance to quadratic

time ones. A summary of the methods investigated here is illustrated in Table 3.1.

In addition to HSIC and its large scale versions, we will also consider a nor-

malisation of HSIC: dCor [Székely et al., 2007, Székely and Rizzo, 2009] which can

be formulated in terms of HSIC using a Brownian Kernel with parameter h = 0.5

[Sejdinovic et al., 2013b, Appendix A]. For clarity and consistency of comparison,

methods using the same kernel will be compared with each other. In particular,

we will compare HSIC and its large-scale approximations with GdCor (dCor using

Gaussian kernel with median heuristic bandwidth parameter) and its corresponding

large-scale approximations. As the asymptotic null distribution for GdCor is unclear,

a permutation approach (see Section. 3.2.4.1) will be used for p-value computations.

Similar comparison will be done for the Brownian kernel with h = 0.5.

Note that Random Fourier Feature approaches cannot be directly applied to the

Brownian kernel as it is not translational invariant. In addition, we will not use
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Gaussian Kernel Brownian Kernel
Exact O(m2) Approximate O(mn) Exact O(m2) Approximate O(mn)

(G)HSIC
Block

BHSIC
Block

RFF RFF ?
Nyström Nyström

GdCor
RFF

(B)dCor
RFF ?

Nyström Nyström

Table 3.1: Summary of the methods compared in the nonlinear dependence experi-
ments. Letters in the parentheses indicate the default kernel (G: Gaussian; B: Brow-
nian). Note that the Random Fourier Feature approach is not directly applicable to
the Brownian kernel (as it is not shift invariant).

the block-based approach in the small-scale non-linear experiment as the asymptotic

normality assumption for the null distribution requires large sample size - i.e., large

number of blocks as well as a large number of samples per block.

3.5.2.1 Small-Scale Nonlinear Experiment

Consider a sine dependence experiment to investigate time vs power tradeoffs of large-

scale tests. The dataset consists of a sample of size m generated i.i.d. according to:

X ∼ N (0, Id) and Y = 20 sin(4π(X2
1 +X2

2 )) + Z

where d is the dimensionality of data vector X, Xi indicates the ith dimension of

X and Z ∼ N (0, 1). For this experiment, the dependency can be detected with a

relatively small number of samples. Figure 3.2 illustrates the power as a function of

the sample size when d = 2; the number of random Fourier features and inducing

variables are here both set to 50.

From Figure 3.2, dCor clearly outperforms all the other methods with its Nyström

approximation giving the closest performance in terms of power. Reassuringly, all the

six methods using Gaussian kernel give very similar power performance. Although

dCor and its large-scale approximation give superior power performance, the per-

formance of HSIC and its large-scale approximations seems to be indifferent to the

kernel used. Figure 3.3, however, tells a much more interesting story - the large-scale

methods all reach the power of 1 in a test time which is several orders of magnitude

smaller, demonstrating the utility of the introduced tests.
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Figure 3.2: Nonlinear sine dependency experiment for d = 2. Left: All methods
using Gaussian kernel with median heuristic bandwidth. Right: All methods using
Brownian kernel with h = 0.5.

3.5.2.2 Large-Scale Nonlinear Experiment

Now, we would like to compare the performance of the proposed large scale HSIC

tests with each other – at sample sizes where standard HSIC / dCor approaches are

no longer feasible. Gaussian kernel with median heuristic bandwidth will be used

throughout this section contrasting the block-based spectral approach, RFF spectral

approach and the Nyström spectral approach. The other approximate methods listed

in Table 3.1 require costly permutation approaches to compute the null distribution,

and we therefore do not examine them in this subsection.

We consider a challenging nonlinear and low signal-to-noise ratio experiment,

where a sample of size m is generated i.i.d. according to:

X ∼ N (0, Id) and Y =

√
2

d

d/2∑
j=1

sign(X2j−1X2j)|Zj|+ Z d
2

+1

where d is the dimensionality of the data set X and Z ∼ N (0, I d
2

+1). Note that Y is

independent of each individual dimension of X and that the dependence is non-linear.

For d = 50 and 100, we would like to explore the relationship between the test power

across a different number of samplesm = {105, 2×105, 5×105, 106, 2×106, 5×106, 107}.
The number of random features, inducing variables and block size are all set to 200

so that their computational cost is comparable. For RFF and Nyström methods, we
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Figure 3.3: The corresponding average testing time plot for the sine dependence
experiment for d = 2.

used the spectral approach to estimate the null distribution.

Figure 3.4 is a plot of the test power against the number of samples whereas Fig-

ure 3.5 is a plot of the test power against average testing time. In the computational

time comparison plot, we also present baseline experiments which simply apply the

quadratic time HSIC spectral approach on a subset of the available data (with a

subset size be in {100, 200, 500, 1000, 2000, 4000}). For the considered computation

budgets, it is clear that this approach is unable to detect the dependence.

It is clear in Figure 3.4 that for both d = 50 and d = 100, the RFF method gives

the best performance in power for a fixed number of samples, followed by the Nyström

method and then by the block-based approach. Although parallel computing could

be employed for the block-based HSIC method, as we observed, RFF and Nyström

methods will be preferred for achieving higher statistical power at any given samples

size. The RFF method is able to achieve zero type II error (i.e. no failure to reject a

false null) with 5×104 samples for d = 50 and 5×105 samples for d = 100, while the

Nyström method has a 80% false negative rate at these sample sizes. The power vs

time plot in Figure 3.5 gives a similar picture as Figure 3.4 confirming the superiority

of the RFF method on this example.
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Figure 3.4: Large Scale Experiment: The statistical power comparison between the
three large scale independence testing methods based on 100 trials. Dotted line:
d = 50; solid line: d = 100. The 95% confidence intervals are computed based on

normality assumption, i.e. µ̂±1.96
√

µ̂(1−µ̂)
100

, where µ̂ is the estimate for the statistical
power.

3.5.2.3 Real Data Experiment

In this section, we examine the performance of the three proposed large-scale HSIC

tests on real data – a subset of the Million Song Dataset (MSD) [Bertin-Mahieux et al.,

2011]. The dataset consists of 515,345 observations with each song X represented by

90 features, of which 12 features are timbre average (over all segments) of the song,

and 78 features are timbre covariance. The aim is to detect the dependence between

X and the year of release Y which ranges from 1922 to 2011. As such dependency is

rather easy to detect [Jitkrittum et al., 2017], we jitter each entry of the X matrix

with independent Gaussian noise with mean 0 and variance 1000. The significance

level is set at α = 0.05 and we repeat for 200 trials where each time a subset of the

data is randomly sampled. The number of random Fourier features, inducing points

and block size are all set to be 10. Figure 3.6 shows the power performance across

a range of sample sizes. For this dataset, Nyström spectral approach provides the

best power performance followed by RFF spectral approach. Similar to the previous

experiment, the Block based method gives the least power for any fixed number of

samples. The power vs. average testing time plot gives a similar picture.
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Figure 3.5: Large Scale Experiment: The average testing time comparison between
the three large scale independence testing methods for samples size m = {105, 2 ×
105, 5× 105, 106, 2× 106, 5× 106, 107}. Quadratic time HSIC spectral method is also
used on subset of data of size {100, 200, 500, 1000, 2000, 4000} as baseline comparison
for similar testing time. Dotted line: d = 50; solid line: d = 100.

3.6 Discussion and Conclusion

We have proposed three large scale estimators of HSIC, a kernel-based nonparametric

dependence measure – these are the block-based estimator, the Nyström estimator

and the RFF estimator. We have subsequently established suitable independence

testing procedures for each method – by taking advantage of the normal asymptotic

null distribution of the block-based estimator and by employing an approach that di-

rectly estimates the eigenvalues appearing in the asymptotic null distribution for the

Nyström and RFF methods. All three tests significantly reduce computational com-

plexity in memory and time over the standard HSIC-based test. We have verified the

validity of our large-scale testing methods and its favourable tradeoffs between testing

power and computational complexity on challenging high-dimensional synthetic data.

We have observed that RFF and Nyström approaches have considerable advantages

over the block-based test. Several further extensions can be studied: the developed

large-scale approximations are readily applicable to three-variable interaction testing

[Sejdinovic et al., 2013a], conditional independence testing [Fukumizu et al., 2008]

as well as application in causal discovery [Zhang et al., 2011, Flaxman et al., 2015].

Moreover, the RFF HSIC approach can be extended using the additional smoothing

of characteristic function representations similarly to the approach of Chwialkowski

et al. [2015] in the context of two-sample testing. Furthermore, one can also consider
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Figure 3.6: Real Data Experiment: (Left) power vs. sample size; (Right) power
vs. average testing time. The statistical power comparison between the three large
scale independence testing methods based on 200 trials. The 95% confidence intervals

are computed based on normality assumption, i.e. µ̂ ± 1.96
√

µ̂(1−µ̂)
100

, where µ̂ is the

estimate for the statistical power.

the robustness of the proposed approaches in the case where heterogeneous datasets

are considered, or when some form of within-sample dependence is introduced, e.g.

when testing for independence between time series [Chwialkowski and Gretton, 2014].

3.7 Appendix: Proof of Theorem 3.2.1

We note that Lyons [2013] gives a proof to a similar theorem [Lyons, 2013, Theorem

2.7] regarding generalised versions of distance covariance (dCov). We closely follow

the steps given in Proposition 2.6 and Theorem 2.7 of Lyons [2013]. However, the

proof provided here is tailored to the kernel view of HSIC/dCov duality [Sejdinovic

et al., 2013b] and it is slightly more general in that it applies to any semimetric (i.e. a

metric that does not satisfies the triangle inequality) of negative type4. Unless stated

otherwise, the notation follows that used in the main part of this paper.

4We follow the Definition 2 of Sejdinovic et al. [2013b]: A semimetric ρ is said to have negative
type if ∀n ≥ 2, z1, · · · , zn ∈ Z and α1, · · · , αn ∈ R, with

∑n
i=1 αi = 0,

∑n
i=1

∑n
j=1 αiαjρ(zi, zj) ≤ 0.
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Recall from the main part of this paper that the existence of the HSIC statis-

tic ΞkX ,kY (z) defined in (3.6) requires the marginal distributions to have finite first

moment with respect to the kernels, i.e. PX ∈ M1
kX

(X ) and PY ∈ M1
kY

(Y). By

Proposition 20 of Sejdinovic et al. [2013b], this translates directly into finite first mo-

ment conditions with respect to the semimetrics: PX ∈ M1
dx

(X ) and PY ∈ M1
dy

(Y)

when kX generates dx and kY generates dy. Similarly for the imposed finite second

moment condition.

More specifically, a valid semimetric d of negative type on Z generated by a non-

degenerate kernel k on Z can be written as d(z, z′) = k(z, z) + k(z′, z′) − 2k(z, z′)

[Sejdinovic et al., 2013b, Corollary 16]. Then, such semimetric dx centred at the the

probability measure PX defined on X is

dPX (x, x′) : = dx(x, x
′)−

∫
dx(x, x

′)dPX(x′)

−
∫
dx(x

′, x)dPX(x) +

∫
dx(x, x

′)dP 2
X(x, x′) (3.42)

Similarly, dPY (y, y′) is the semimetric centred at the probability measure PY defined

on Y . If we substitute the kernel representation of the semimetric for X and Y

respectively into dPX (x, x′) and dPY (y, y′), we obtain the following:

dPX (x, x′) = −2k̃PX (x, x′) and dPY (y, y′) = −2k̃PY (y, y′) (3.43)

where k̃PX (x, x′) and k̃PY (y, y′) are defined in (3.12).

Let (X i, Y i) ∼ θ be independent for i ∈ {1, 2, ..., 6}, we introduce the “core”

defined in Lyons [2013],

h((X1, Y 1), (X2, Y 2), ..., (X6, Y 6)) := f(X1, X2, X3, X4)f(Y 1, Y 2, Y 5, Y 6) (3.44)

where for zi ∈ X or zi ∈ Y :

f(z1, z2, z3, z4) : = d.(z1, z2)− d.(z1, z3)− d.(z2, z4) + d.(z3, z4) (3.45)

= −2[k.(z1, z2)− k.(z1, z3)− k.(z2, z4) + k.(z3, z4)] (3.46)

The second line follows from the relationship between d and k where kX is used for

zi ∈ X and kY for zi ∈ Y .

In fact, we can prove that the expectation of (3.44) is four times the HSIC of

X and Y . To see this, we first need to show that such expectation is well defined.
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Indeed, note that for a valid semimetric d of negative type on Z,
√
d(z, z′) = ||k(·, z)−

k(., z′)||Hk , then the following inequality holds:

d(x, y) ≤ d(x, z) + d(y, z) + 2
√
d(x, z)d(y, z) ∀x, y, z ∈ Z (3.47)

It then follows that

|f(z1, z2, z3, z4)|
≤ 2d(z2, z3) + 2

√
d(z1, z3)d(z2, z3) + 2

√
d(z2, z3)d(z2, z4)

≤ 2d(z2, z3) + 2 max{d(z1, z3), d(z2, z3)}+ 2 max{d(z2, z3), d(z2, z4)}
:= g1(z1, z2, z3, z4)

and that

|f(z1, z2, z3, z4)|
≤ 2d(z1, z4) + 2

√
d(z2, z4)d(z1, z4) + 2

√
d(z1, z3)d(z1, z4)

≤ 2d(z1, z4) + 2 max{d(z2, z4), d(z1, z4)}+ 2 max{d(z1, z3), d(z1, z4)}
:= g2(z1, z2, z3, z4)

Hence, replacing the zi in g1 with X i and the zi in g2 with Y i,

|h((X1, Y 1), (X2, Y 2), ..., (X6, Y 6))| ≤ g1(X1, X2, X3, X4)g2(Y 1, Y 2, Y 5, Y 6).

Since the marginal distributions have finite first moments with respect to the

semimetrics of negative type, then each of the terms in g1 and g2 is integrable and

hence g1 and g2 are integrable. Moreover, since the marginal distributions are assumed

to have finite second moments with respect to the kernels, then the joint distribution

satisfies PXY ∈ M1
kX⊗kY (X × Y). This implies that PXY ∈ M1

d̃
(X × Y) where d̃

is generated by the product kernel kX ⊗ kY [Sejdinovic et al., 2013b, Theorem 24].

Therefore, h is integrable. Subsequently, by taking the expectation and utilising

Fubini’s theorem, we obtain that

E(h((X1, Y 1), (X2, Y 2), ..., (X6, Y 6))) = 4E(k̃PX (X1, X2)k̃PY (Y 1, Y 2)) (3.48)

= 4ΞkX ,kY (z) (3.49)

which is 4 times the HSIC.
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In order to use the theory of degenerate V -statistics to obtain the asymptotic

distribution, we need to consider the symmetrised version of h, which we define as

follows

h̄((X1, Y 1), ..., (X6, Y 6)) :=
1

6!

∑
σ∈A

h((Xσ(1), Y σ(1)), ..., (Xσ(6), Y σ(6)))

where A denotes the set of all permutations of {1, ..., 6}. Then, under the null hy-

pothesis of independence PXY = PX × PY ,

h̄2((x, y), (x′, y′)) : = E[h̄((x, y), (x′, y′), (X3, Y 3), ..., (X6, Y 6))]

=
4

15
k̃PX (x, x′)k̃PY (y, y′)

If we fix the first two positions to be {1, 2} and randomly permute the rest, we obtain

24 different combinations. Similarly if we fix the first two positions to be {2, 1}, we

also obtain 24 different combinations. Some algebraic manipulation shows that these

are the combinations that gives the expectation of h to be k̃PX (x, x′)k̃PY (y, y′). In

fact, these are the only combinations as when either {1} or {2} or both are not in the

first two positions, the expectation of h is zero and all terms cancel out. For example,

consider the case E(h((X3, Y 3), (x, y), (X4, Y 4), (x′, y′), (X5, Y 5), (X6, Y 6))), in which

case E(f(Y 3, y, Y 5, Y 6)) = 0.

Another important condition to check is that h̄2 has finite second moment. It

was shown earlier that h((X1, Y 1), ..., (X6, Y 6)) of (3.44) is integrable. Equivalently,

E(f(X1, X2, X3, X4)f(Y 1, Y 2, Y 5, Y 6)) < ∞. Replace Y with X and let X5 = X3

andX6 = X4 to obtain E(f(X,X ′, X3, X4)2) <∞. In other words, f(X1, X2, X3, X4)

has finite second moment. Hence, h((X1, Y 1), ..., (X6, Y 6)) has finite second moment

under the null hypothesis. Additionally, by Jensen’s inequality, E(|h̄2((X, Y ), (X, Y ))|) ≤
{E((h̄2((X, Y ), (X, Y )))2)}1/2 <∞.

Hence, by Theorem B in Chapter 6 of Serfling [2002], which says

m

(
1

m2

m∑
i,j

h̄2((xi, yi), (xj, yj))

)
D−→

∞∑
r=1

γ̄rZ
2
r

as the sample size m→∞, we obtain that

m

(
1

m2

m∑
i,j

k̃PX (xi, xj)k̃PY (yi, yj)

)
D−→

∞∑
r=1

γrZ
2
r (3.50)
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with Zr
i.i.d.∼ N (0, 1) ∀r and {γr}∞r=1 are the eigenvalues of the operator Sk̃: L

2
θ(X ×

Y)→ L2
θ(X × Y) defined as:

Sk̃g(x, y) =

∫
X×Y

k̃PX (x, x′)k̃PY (y, y′)g(x′, y′)dθ(x′, y′)

Under the null hypothesis PXY = PX ×PY , the above operator is given by the tensor

product of Sk̃PX
and Sk̃PY

[Lyons, 2013, Remark 2.9]. Therefore {γr}∞r=1 are the

products of the eigenvalues of these two operators. Recall that kX is equivalent to

k̃PX and kY is equivalent to k̃PY in the sense of Definition 17 of Sejdinovic et al. [2013b],

i.e. they generate the same semimetric of negative type. By noting that Ξb,kX ,kY (Z) is

invariant under the change of kernel within the class of equivalent kernels [Sejdinovic

et al., 2013b, Theorem 24], 1
m2

∑
i,j k̃PX (xi, xj)k̃PY (yi, yj) is the highest order term in

the V -statistic and thus determine its asymptotic null distribution.
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Chapter 4

Large-Scale Normalised Kernel
Independence Tests

So far, we have considered dependence measure based on the squared Hilbert-Schimidt

norm of a cross-covariance operator. It is natural to consider if a RKHS equivalent

of cross-correlation can also be defined. Indeed, Fukumizu et al. [2008] proposed, as

a normalised version of HSIC, the squared Hilbert Schmidt norm of the NOrmalised

Cross Covariance Operator (NOCCO). In the same work, Fukumizu et al. [2008]

showed that it provides better performance than HSIC on a number of synthetic and

real data experiments. However it experiences the same prohibitive computational

cost when the sample size is large. In this chapter, we mimic the approach from

Chapter 3 [Zhang et al., 2018] and apply random Fourier feature (RFF) approxima-

tion to the NOCCO statistic. Utilising machineries from the literature on Hotelling’s

T 2-statistic [Hotelling, 1931], we derive the asymptotic null distribution of the RFF

NOCCO statistic. This results in a distribution free test simplifying the p-value com-

putation and hence leads to an attractive alternative to the large scale independence

tests based on HSIC. On a variety of synthetic experiments, we illustrate its robust-

ness to kernel bandwidth selection and the computational benefits of a distribution

free test.

4.1 Background

Given random variables X and Y defined on some non-empty topological spaces X
and Y , let kX and kY be any kernels defined on the respective domains. We use HkX

and HkY to denote the induced reproducing kernel Hilbert spaces (RKHSs) by kX

and kY respectively. Following the setting of [Fukumizu et al., 2008], we enforce a
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finite first moment condition on the marginal probability measures PX and PY , i.e.

PX ∈M1
kX

(X ) and PY ∈M1
kY

(Y), (4.1)

where Mθ
k(Z) =

{
ν ∈M(Z) :

∫
kθ(z, z)d|ν|(z) <∞

}
as defined in Chapter 3.

The cross-covariance operator ΣXY : HkY → HkX is the unique bounded operator

such that

〈f,ΣXY g〉HkX = Cov[f(X), g(Y )] ∀f ∈ HkX , g ∈ HkY . (4.2)

By replacing Y with X, the covariance operator ΣXX : HkX → HkX can be defined

and similarly ΣY Y . The cross-covariance operator is an extension of cross-covariance

matrix, while covariance operator is an extension of covariance matrix – these notions

coincide where RKHSs are finite-dimensional and isomorphic to Euclidean spaces.

Through the use of nonlinear kernels kX and kY , it is capable of representing higher

order moments [Fukumizu et al., 2008]. Baker [1973] showed that the cross-covariance

operator can be decomposed into a product of the marginal covariance operators and

another operator which can be thought of as capturing cross-correlation, i.e.

ΣXY = Σ
1/2
XXVXY Σ

1/2
Y Y . (4.3)

Such VXY is unique and its operator norm is upper-bounded by 1. In the literature, it

is known as the NOrmalised Cross-Covariance Operator (NOCCO) [Fukumizu et al.,

2008, 2007].

NOCCO encodes the same information regarding the dependency between X and

Y as the cross-covariance operator ΣXY but it removes the effects of the marginals.

This relationship between VXY and ΣXY can be understood analogously with that be-

tween covariance Cov[X, Y ] and correlation Corr[X, Y ] = Cov[X, Y ]/
√

Var[X]Var[Y ].

The squared Hilbert Schmidt norm of NOCCO: INOCCO := ‖VXY ‖2
HS can be used as a

dependence measure [Fukumizu et al., 2008]. Since HSIC is defined as ΞkX ,kY (X, Y ) =

‖ΣXY ‖2
HS [Gretton et al., 2005a, 2008], in finite dimensions, the NOCCO statistic can

be understood as HSIC with whitened features, i.e. INOCCO = ‖Σ−1/2
XX φ(x)φ(y)>Σ

−1/2
Y Y ‖2

2 =

‖φ̃(x)φ̃(y)>‖2
2 = ‖Σ̃XY ‖2

2 where φ(x) and φ(y) are the corresponding feature maps of

kernels kX and kY .
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4.1.1 Relationship Between Kernel Dependence Measures

In fact, many important kernel dependence measures can be expressed in terms of

the cross-covariance operator and its normalised version. Here, we provide a short re-

view of the most relevant kernel dependence measures. For the interested readers, see

for example, [Fukumizu et al., 2007, Section 2.3] and [Lopez-Paz, 2016, Section 5.2.2].

Kernel Canonical Correlation Analysis (KCCA)

The Kernel Canonical Correlation Analysis (KCCA) [Akaho, 2001, Melzer et al.,

2001, Bach and Jordan, 2002] was originally proposed as a nonlinear extension of the

classical canonical correlation analysis [Hotelling, 1936]. It seeks to find f ∈ HX and

g ∈ HY that solve the following problem:

max
f∈HX ,g∈HY f 6=0,g 6=0

Cov[f(X), g(Y )]

V ar[f(X)]1/2V ar[g(Y )]1/2
. (4.4)

Under certain assumptions on the cross-covariance operator, the above can equiva-

lently be formulated as finding f̃ ∈ HX and g̃ ∈ HY such that

max
f̃∈HX ,g̃∈HY

‖f̃‖HX=‖g̃‖HY =1

〈g̃, VY X f̃〉HY . (4.5)

The Kernel Canonical Correlation (KCC) is the maximum value attained.

Constrained Covariance (COCO)

Related to KCCA, the COnstrained COvariance (COCO) was proposed by Gretton

et al. [2005b], which can also be seen as a nonlinear extension of classical linear canon-

ical correlation (which relies on CCA). Unlike KCCA, it uses the unit eigenfunction

of the cross-covariance operator ΣY X instead of its normalised counterpart. The so-

lution of COCO is given by the largest singular value of the cross-covariance operator

by solving

max
f∈HX , g∈HY
‖f‖HX=‖g‖HY =1

〈g,ΣY Xf〉 = max
f∈HX , g∈HY
‖f‖HX=‖g‖HY =1

Cov[f(X), g(Y )] (4.6)

When one is interested in finding the functions f and g, it is a less direct nonlinear

extension of CCA since it normalises the covariance by the RKHS norms of f and g

and it tends to find functions with large variance for f(X) and g(Y ) which may not

correspond to the most correlated features [Fukumizu et al., 2007, Section 2.3].
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NOCCO and HSIC

While COCO and KCC consider the unit eigenfunction of the cross-covariance op-

erator and the normalised cross-covariance operator respectively, HSIC and NOCCO

consider the full spectrum of these operators through the square Hilbert Schmidt

norm. The relationship between KCC and COCO is comparable to that between

NOCCO and HSIC, in the sense that the former is based on the normalised cross-

covariance operator and the latter is based on the cross-covariance operator. We

summarise the relationships in Table 4.1.

Cross Covariance Operator
ΣXY

Normalised
Cross Covariance Operator

VXY
Hilbert Schmidt Norm

(i.e.
∑

i λ
2
i )

HSIC
[Gretton et al., 2005a]

NOCCO
[Fukumizu et al., 2008]

Operator Norm
(i.e. supi λi)

COCO
[Gretton et al., 2005b]

KCCA
[Bach and Jordan, 2002]

Table 4.1: Summary of relationship between kernel based measures of dependence.
λi denotes the singular values of the relevant operators.

4.1.2 Related Work

Kernel dependence measures require prohibitive computational cost due to the com-

putation (and inversion) of the kernel matrices. In the previous chapter, we have

introduced three large-scale kernel independence tests based on HSIC. Similar efforts

have been made in establishing computational efficient methods for KCCA. Lopez-

Paz et al. [2014] proposed the Randomised CCA (RCCA) which projects the given

observations through a set of random features (e.g. Nyström or Mercer random fea-

tures [Lopez-Paz, 2016, Section 3.2.2]) before carrying out the CCA procedure on

the random feature dataset. Furthermore, to ensure that the dependence measure is

invariant with respect to transformations on the marginal distributions, Lopez-Paz

et al. [2013] proposed the Randomized Dependence Coefficient (RDC) which maps

the two input samples to their respective empirical copula transformations before

carrying out the RCCA procedure to obtain the largest canonical correlation. Large

sample consistency results of RDC to KCCA were also established in the same work.

Under certain normality assumptions, Barlett’s approximation [Mardia et al., 1979]

can be used to provide closed form expression for the asymptotic null distribution of
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the RDC statistic, which results in a distribution free test.

While the measures in Table 4.1 consider specific functions of the eigenspectrums

of the (normalised) cross-covariance operator in the RKHS, Dauxois and Nkiet [1998]

introduced a larger class of functions defined on the correlation operator spectrum

in a general Hilbert space. More specifically, Dauxois and Nkiet [1998] considered

dependence measures that are symmetric nondecreasing functions of the spectrum of

appropriate Hilbert space operators. Since they did not use formalism of reproduc-

ing kernel Hilbert spaces and hence resort to projections onto n orthonormal basis

functions of L2 on the domains of X and Y (e.g. B-Splines basis [Dauxois and Nkiet,

1998, Example 4.2]) to obtain an approximation of the population dependence mea-

sure. Such approximated measure requires further finite sample approximations when

only m i.i.d. samples are observed. Consistency results of the approximated measure

of dependence to its population counterpart are established in [Dauxois and Nkiet,

1998, Proposition 4.1 and 5.1]. They showed that empirical centering is needed to

avoid the trivial eigenvector associated with the eigenvalue 1 [Dauxois and Nkiet,

1998, Lemma 5.1]. The dependency measure is asymptotically normal under the al-

ternative hypothesis [Dauxois and Nkiet, 1998, Proposition 5.2] and is asymptotically

distributed as a chi-square random variable under the null hypothesis [Dauxois and

Nkiet, 1998, Proposition 5.3]. Such asymptotic null distribution only depends on the

dimensions of orthonormal basis functions and it is hence distribution free.

HSIC has been shown to have better statistical power comparing to COCO in

Gretton et al. [2005a], while Fukumizu et al. [2008] showed statistical tests based

on the Hilbert Schmidt norm of NOCCO have superior performance comparing to

HSIC. This motivates our study in this chapter to establish a computationally effi-

cient normalised kernel dependence test. In this chapter, we propose a large-scale

approximation of the squared Hilbert Schmidt norm of NOCCO: INOOCO utilising

random Fourier features approximation of the kernel matrices. For convenience, we

will refer to INOCCO as the NOCCO statistic and its large-scale approximation as

the RFF NOCCO statistic. The derived RFF NOCCO statistic reassembles that of a

Hotelling’s T statistic and subsequently enables the derivation of the asymptotic null

distribution of the RFF NOCCO statistic. This results in a distribution free test and

hence provides significant speed-ups comparing to the kernel dependence test based

on NOCCO statistic.
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4.2 Empirical NOCCO Statistic

Given a paired independently identically distributed sample z = {(xi, yi)}mi=1 with

each (xi, yi) ∈ X × Y , denote the chosen kernels kX and kY respectively. Fukumizu

et al. [2008] provided an empirical estimate for NOCCO:

V̂
(m)
XY = (Σ̂

(m)
XX + εnI)−1/2Σ̂

(m)
XY (Σ̂

(m)
Y Y + εnI)−1/2 (4.7)

where Σ̂
(m)
XY is estimated as

Σ̂
(m)
XY =

1

m

m∑
i=1

(
kX (·, xi)−

1

m

m∑
j=1

kX (·, xj)
)(

kY(·, yi)−
1

m

m∑
j=1

kY(·, yj)
)T

. (4.8)

Σ̂
(m)
XX and Σ̂

(m)
Y Y are similarly defined. εn > 0 is a sequence such that εn → 0 as

n → ∞. With this empirical estimation of the (cross-) covariance operators, the

NOCCO statistic can be written as

ÎNOCCO(X, Y ) := ||V̂ (m)
XY ||2HS (4.9)

= Tr(RXRY ) (4.10)

= Tr(GX(GX +mεmIm)−1GY (GY +mεmIm)−1)) (4.11)

where GX is the centred gram matrices such that

GX,ij =

〈
kX (·, Xi)−

1

m

m∑
l=1

kX (·, xl), kX (·, Xj)−
1

m

m∑
l=1

kX (·, xl)
〉
HX

(4.12)

and GY is defined similarly. Direct computation of the NOCCO test statistic will

lead to a heavy computational cost of O(m3) due to inversion of kernel matrices. To

use such statistic in independence testing, one needs to further appeal to permutation

approach in order to obtain samples from the null distribution. Such test becomes

prohibitive to use in practise since it scales as O(number of shuffles × m3). This

prohibitive computational cost motivates our work to scale up the NOCCO statistic

and propose a distribution free independence test to enable its use in the large data

regime.

4.3 Random Fourier Features (RFF) Approxima-

tion

We have seen in Section 3.4 from the previous chapter, HSIC can be scaled up through

low rank approximations of the kernel matrices. When the chosen kernels are shift
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invariant (e.g. the Gaussian RBF kernel), Random Fourier Features (RFF) type of

approximation can be used. For more general types of kernels, Nyström type of ap-

proximations can be used. In this chapter, we focus on RFF approximation of the

NOCCO statistic and note that the Nyström approximation of the NOCCO statistic

follows similarly as the derivations presented here.

Suppose X and Y are mapped to finite dimensional features, the random Fourier

feature maps φ(X) ∈ Rmx and ψ(Y ) ∈ Rmy respectively, we will consider the fol-

lowing population quantities. Let µX := E(φ(X)) and µY := E(ψ(Y )) denote the

respective kernel mean embeddings. Similarly, let µXY := E[φ(X)ψ(Y )T ] denote the

kernel mean embedding of the product of the features. Further, we denote the centred

feature maps as: φc(X) := φ(X)− µX and ψc(Y ) := ψ(Y )− µY . With this notation,

the cross-covariance matrix can be written as ΣXY = E[φc(X)ψc(Y )T ] and the covari-

ance matrices can be written as ΣXX = E[φc(X)φc(X)T ] and ΣY Y = E[ψc(Y )ψc(Y )T ].

Define the population-centred “joint features”:

ξc(X, Y ) := vec(φc(X)ψc(Y )T ) ∈ Rmxmy . (4.13)

where vec(·) denote the vectorisation of a matrix1. Then,

E[ξc(X, Y )] = vec(µXY − µXµTY ) =: ∆XY (4.14)

Var[ξc(X, Y )] = E[ξc(X, Y )ξc(X, Y )T ]−∆XY ∆T
XY =: Σξ

XY,XY . (4.15)

Under the null hypothesis of PXY = PXPY , ∆XY = 0 and

ΣXY,XY = E[vec(φc(X)ψc(Y )T )vec(φc(X)ψc(Y )T )T ]

= E[ψc(Y )ψc(Y )T ⊗ φc(X)φc(X)T ]

= ΣY Y ⊗ ΣXX . (4.16)

By multidimensional Central Limit Theorem [van der Vaart, 1998],

1√
m

m∑
i=1

ξc(xi, yi)
D−→ N (0,ΣY Y ⊗ ΣXX). (4.17)

By Lemma 4.6.1, (4.17) becomes

1√
m

m∑
i=1

(Σ
−1/2
Y Y ⊗ Σ

−1/2
XX ) ξc(xi, yi)

D−→ N (0, Imxmy). (4.18)

1The vectorisation of a m× n matrix A is a linear transformation that convert the matrix into a
mn× 1 vector.
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Now, let’s consider the empirical version of the above. Let the empirical estimates

of the kernel mean embeddings be µ̂x := 1
m

∑m
i=1 φ(xi) and µ̂y := 1

m

∑n
i=1 ψ(yi). As

before, we can then define the empirically centred feature maps φ̂c(x) := φ(x) − µ̂X
and ψ̂c(y) := ψ(y) − µ̂Y . The empirical covariance operators are hence Σ̂XX =
1
m

∑m
i=1 φ̂

c(xi)φ̂
c(xi)

T and Σ̂Y Y = 1
m

∑m
i=1 ψ̂

c(yi)ψ̂
c(yi)

T . Similarly, we can define the

empirical cross-covariance operator Σ̂XY = 1
m

∑m
i=1 φ̂

c(xi)ψ̂
c(yi)

T . The empirically

centred “joint features” is ξ̂c(X, Y ) := vec(φ̂c(X)ψ̂c(Y )T ) ∈ Rmxmy . We now establish

the asymptotic null distribution of the RFF approximated NOCCO statistic in the

following Theorem.

Theorem 4.3.1. (Asymptotic Null Distribution of Approximated NOCCO)

Under the null hypothesis, let the dataset z = {(xi, yi)}mi=1
i.i.d.∼ PXY = PXPY , with

PX ∈ M1
kX

(X ) and PY ∈ M1
kY

(Y). Provided the regularisation constant εn → 0 as

n→∞, then

ĨNOCCO(X, Y ) = m

∥∥∥∥(Σ̂XX + εnI
)−1/2

Σ̂XY

(
Σ̂Y Y + εnI

)−1/2
∥∥∥∥2

F

D−→ χ2
mxmy

where mx and my are the number of random features for X and Y respectively.

The proof of the above theorem will be presented as follows. For the ease of

notation, we denote Σ̃XX := Σ̂XX + εnI and Σ̃Y Y := Σ̂Y Y + εnI. Since all the

empirical operators are finite dimensional, the Hilbert Schmidt norm is equivalent to

the Frobenius norm, hence the empirically estimated NOCCO statistic is

ĨNOCCO(X, Y )

= m
∥∥∥Σ̃
−1/2
XX Σ̂XY Σ̃

−1/2
Y Y

∥∥∥2

F
(4.19)

= m

∥∥∥∥∥Σ̃
−1/2
XX

[
1

m

m∑
i=1

φ(xi)ψ(yi)
T − 1

m2

(
m∑
j=1

φ(xj)

)(
m∑
l=1

ψ(yj)

)T ]
Σ̃
−1/2
Y Y

∥∥∥∥∥
2

F

(4.20)

Multiplying the empirical covariance operators from both sides, the vectorised

first term inside the norm becomes:

1

m

m∑
i=1

vec
(

Σ̃
−1/2
XX φ(xi)ψ(yi)

T Σ̃
−1/2
Y Y

)
(4.21)

=
1

m

m∑
i=1

(
Σ̃
−1/2
Y Y ⊗ Σ̃

−1/2
XX

)
vec(φ(xi)ψ(yi)

T ) (4.22)
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using the relationship between Kronecker product and vectorisation2 [Schäcke, 2013].

Similarly, the vectorised second term in the norm becomes

− 1

m

m∑
i=1

vec
(

Σ̃
−1/2
XX µ̂xµ̂

T
y Σ̃
−1/2
Y Y

)
(4.23)

= − 1

m

m∑
i=1

(
Σ̃
−1/2
Y Y ⊗ Σ̃

−1/2
XX

)
vec
(
µ̂xµ̂

T
y

)
. (4.24)

Since taking the Frobenius norm of the matrix is the same as that of the vectorised

matrix, the expression of NOCCO in (4.20) becomes

m

∥∥∥∥∥(Σ̃
−1/2
Y Y ⊗ Σ̃

−1/2
XX

) 1

m

m∑
i=1

{
vec(φ(xi)ψ(yi)

T )− vec(µ̂xµ̂
T
y )
}∥∥∥∥∥

2

F

(4.25)

= m
∥∥∥(Σ̃

−1/2
Y Y ⊗ Σ̃

−1/2
XX

)
vec(Σ̂XY )

∥∥∥2

F
(4.26)

= m

∥∥∥∥∥(Σ̃
−1/2
Y Y ⊗ Σ̃

−1/2
XX

)( 1

m

m∑
i=1

ξ̂c(xi, yi)

)∥∥∥∥∥
2

F

. (4.27)

Note, the empirical covariance matrices Σ̂XX and Σ̂Y Y as we introduced here

are the maximum likelihood estimators (MLE) of the population covariance matri-

ces ΣXX and ΣY Y . Hence, the consistency of MLEs implies Σ̃XX
a.s.−−→ ΣXX and

Σ̃Y Y
a.s.−−→ ΣY Y [Young and Smith, 2005] as εn → 0. Since µ̂x and µ̂y are also

the MLEs, µ̂x
a.s.−−→ µx and µ̂y

a.s.−−→ µy. As a consequence of the continuous map-

ping theorem (CMT), ξ̂c(xi, yi)
a.s.−−→ ξc(xi, yi) and subsequently 1

m

∑m
i=1 ξ̂

c(xi, yi)
a.s.−−→

1
m

∑m
i=1 ξ

c(xi, yi) [Shao, 2007].

Since random matrices are random vectors with elements arranged in columns,

hence by CMT we obtain Σ̃
−1/2
Y Y ⊗ Σ̃

−1/2
XX

a.s.−−→ Σ
−1/2
Y Y ⊗ Σ

−1/2
XX and

ĨNOCCO(X, Y )
a.s.−−→

∥∥∥∥∥√m(Σ
−1/2
Y Y ⊗ Σ

−1/2
XX

)( 1

m

m∑
i=1

ξc(xi, yi)

)∥∥∥∥∥
2

2

. (4.28)

From the analysis of population quantities, recall from (4.17), 1√
m

∑m
i=1 ξ

c(xi, yi) is a

normally distributed, zero mean Gaussian vector with covariance matrix ΣXY,XY =

ΣY Y ⊗ ΣXX . Hence, the Hotelling’s T 2 statistic [Hotelling, 1931] of such Gaussian

vector is T 2 = m
(

1
m

∑m
i=1 ξ

c(xi, yi)
)T

Σ−1
XY,XY

(
1
m

∑m
i=1 ξ

c(xi, yi)
)

which converges in

2For matrices A(m × n), B(p × q) and vectors a(n × 1), b(p × 1), then vec(AabTB) = (B> ⊗
A)vec(abT ).
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distribution to a χ2 distribution with mxmy degrees of freedom. Note that∥∥∥∥∥√m(Σ
−1/2
Y Y ⊗ Σ

−1/2
XX

)( 1

m

m∑
i=1

ξc(xi, yi)

)∥∥∥∥∥
2

2

= Tr

m (
1

m

m∑
i=1

ξc(xi, yi)

)T (
Σ
−1/2
Y Y ⊗ Σ

−1/2
XX

)T (
Σ
−1/2
Y Y ⊗ Σ

−1/2
XX

)( 1

m

m∑
i=1

ξc(xi, yi)

)
(4.29)

= Tr

m (
1

m

m∑
i=1

ξc(xi, yi)

)T

(ΣY Y ⊗ ΣXX)−1

(
1

m

m∑
i=1

ξc(xi, yi)

) (4.30)

= m

(
1

m

m∑
i=1

ξc(xi, yi)

)T

Σ−1
XY,XY

(
1

m

m∑
i=1

ξc(xi, yi)

)
(4.31)

= T 2 ∼ χ2
mxmy (4.32)

where (4.30) follows due to Lemma 4.2.10 and Corollary 4.2.11 in [Horn and Johnson,

1991]. Hence, ĨNOCCO(X, Y )
D−→ χ2

mxmy [van der Vaart, 1998].

Theorem 4.3.1 shows that the asymptotic null distribution of the RFF NOCCO

statistic is independent of the kernel used and naturally give rise to a distribution free

independence test. The RFF NOCCO statistic can be directly compared with the

(1−α)% quantile of χ2
mxmy distribution, where α is the significance level, which avoids

the eigendecomposition required in spectral approach and the repetitive computation

of the test statistic in the permutation approach. This results in a fast independence

test for large samples.

4.3.1 Relationship with Dauxois and Nkiet [1998]

As discussed in Section 4.1.2, the framework of Dauxois and Nkiet [1998] considers

general symmetric nondecreasing functions of the spectrum of appropriate Hilbert

space operators. Although no explicit RKHS perspective was considered, the func-

tion considered in their Example 4.3 is in fact a function of the proposed RFF NOCCO

statistic. Given the notations from Dauxois and Nkiet [1998], we will show that the

Proposition 5.3 of their work is a more general version of Theorem 4.3.1 as we derived

above. However, the proof provided by them is more complicated due to its generality.

Given an iid sample (Xi, Yi)1≤i≤m and n orthonormal basis functions, rn,mΦ (X, Y )

denotes the measure of dependence. It is equivalently written as Φn(λn,m), the sym-
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metric nondecreasing function on the spectrum λn,m of the operator. Note, the sub-

scripts n,m are not the indices of the singular values, n indicates the number of basis

functions and m represents the number of samples. The operator is the usual operator

for linear canonical correlation analysis

Rn,m = (V n,m
1 )−1/2V n,m

12 (V n,m
2 )−1V n,m

21 (V n,m
1 )−1/2 (4.33)

with V n,m
1 =

1

m

m∑
i=1

φn(Xi)⊗ φn(Xi) (4.34)

V n,m
2 =

1

m

m∑
i=1

ψn(Yi)⊗ ψn(Yi) (4.35)

V n,m
12 =

1

m

m∑
i=1

ψn(Yi)⊗ φn(Xi) = (V n,m
21 )∗ (4.36)

where (φni )1≤i≤pn is a linearly independent system that span a subspace VnX ⊂ L2(PX)

for n ∈ N and φn(X) = (φn1 (X), · · · , φnpn(X))>. (ψni )1≤i≤qn and ψn(Y ) are simi-

larly defined. Additionally, the systems (φni )1≤i≤pn and (ψni )1≤i≤qn are orthonormal

in L2(PX) and L2(PY ) respectively with pn < qn. KΦn is the real value denoting the

derivative of Φn evaluated at 0.

Proposition 5.3 of Dauxois and Nkiet [1998] shows thatmK−1
Φn
rn,mΦ (X, Y ) converges

in distribution to χ2
(pn−1)(qn−1) as the number of samples m → ∞. They argue that

the operator Rn,m contains the trivial eigenvalue of 1, so instead they work with the

centered operator:

Sn,m = Rn,m −
[
(V n,m

1 )1/2αn
]
⊗
[
(V n,m

1 )1/2αn
]

(4.37)

where (V n,m
1 )1/2αn is a unit eigenvector of Rn,m. They showed in the proof of Propo-

sition 5.3, that for a general symmetric nondecreasing function Φn(·), under the null

hypothesis

mK−1
Φn

Φn(λn,m) = Tr(mSn,m). (4.38)

Recall, the empirical NOCCO is defined as m‖Σ̃−1/2
XX Σ̂XY Σ̃

−1/2
Y Y ‖2

F . By the defini-

tion of Frobenius norm, this is exactly the trace of the scaled operator Rn,m in the

limit εn → 0:

ÎNOCCO = Tr
(

Σ̃
−1/2
XX Σ̂XY Σ̃

−1/2
Y Y Σ̃

−1/2
Y Y Σ̂Y XΣ̃

−1/2
XX

)
(4.39)

= Tr(mRn,m). (4.40)

65



While our derivation for the asymptotic null distribution [Theorem 4.3.1] shows that

Tr(mRn,m) converges to χ2
(pn)(qn) with pn = mx and qn = my the number of random

features for X and Y respectively, their results says if we remove the trivial eigen-

vector, a χ2
(pn−1)(qn−1) is obtained as an asymptotic null distribution. Essentially, we

provided a simpler proof of the specific case, where Φ is the sum of squared singular

values, within their general framework utilising machineries from Hotelling’s T statis-

tic. Although our random Fourier features is not an orthonormal basis, it seems for

fixed finite basis, the test of Dauxois and Nkiet [1998] always takes the exact same

form as the RFF NOCCO test we proposed here. For the random Fourier features

considered in our work, it could be computationally inefficient to explicitly compute

the centering of the squared Frobenius norm of empirical NOCCO and the asymptotic

distribution may no longer hold.

4.4 Experiments

In a series of synthetic data experiments, we examine the statistical performance of

the NOCCO test and the proposed RFF NOCCO test vs. HSIC test and RFF HSIC

test. Through the rotational experiment from Fukumizu et al. [2008] and its variance,

we investigate the robustness of NOCCO based tests to the choice of kernel length-

scale parameter. In addition, we repeat the experiments from the previous chapter

to investigate the computational saving of the proposed RFF NOCCO test.

The significance level is set to 5% and Gaussian kernels are used in all experiments.

Unless otherwise stated, median heuristic is used to estimate the bandwidth of the

kernel. The regularisation parameter εn is fixed at 10−6. The 95% confidence intervals

of the rejection rates are computed based on normality assumption: µ̂±1.96×
√

µ̂(1−µ̂)
100

with µ̂ the number of rejections out of 100 repetition.

4.4.1 Robustness to Kernel Length-Scale

We consider the rotational experiment from Fukumizu et al. [2008]. The random

variables X(0) and Y (0) are independent and uniformly distributed on [−2, 2] and

[0.5, 1.5] ∪ [−1.5,−0.5] respectively. (X(θ), Y (θ)) is the rotation of (X(0), Y (0)) by an

angle θ ∈ [0, π/4] as illustrated in Figure 4.1. X(θ) and Y (θ) are dependent when θ 6= 0.

The dependence becomes easier to detect as the angle of rotation increases. In addi-

tion to this 1-dimensional experiment, we consider the same experiment in 3 dimen-

sions. In the 3-dimensional case, denoteX(θ) = [X
(θ)
1 , X2, X3] and Y (θ) = [Y

(θ)
1 , Y2, Y3],
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X
(θ)
1 and Y

(θ)
1 are distributed as in the 1-dimensional experiment while the second

and third dimensions are unrotated and distributed as X2, X3
i.i.d.∼ Uniform[−2, 2]

and Y2, Y3
i.i.d.∼ Uniform[0.5, 1.5] ∪ [−1.5,−0.5]. The number of random Fourier fea-

tures is fixed at 10 and 100 sets of 200 data points are generated for each experiment.

Permutation tests are used for NOCCO statistic ÎNOCCO and HSIC Ξ̂, while spectral

test is used for RFF HSIC and distribution free test is used for RFF NOCCO statistic.
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Figure 4.1: Visualisation of data from rotational experiment in Section 4.4.1. Left:
θ = 0. Right: θ = π/4.

Figure 4.2 shows when θ = 0, i.e. X(0) is independent of Y (0), all methods have

correct Type I control. As the rotation angle increases, the problem becomes easier

and the statistical power is consistently increasing for all methods. In both dimen-

sions, we see that the exact NOCCO statistic gives the best statistical performance

followed by the RFF NOCCO and HSIC and its RFF approximations.

Using median heuristic, the dependence measure based on NOCCO seems to have

superior performance comparing to HSIC. We would like to investigate further the

effect of the bandwidth on the performance of the four methods. When median heuris-

tic is used, the estimated bandwidth is approximately 0.8 for both X and Y in 1D

and approximately 1.7 in 3D. Figure 4.3 shows the same experiment in 1 dimension

with the kernel lengthscale being smaller (left) and larger (right) than the estima-

tion provided by median heuristic. When the lengthscale is 0.1, HSIC has superior

performance comparing to NOCCO based methods, while the RFF HSIC gives the

worse performance. This suggests that NOCCO statistic suffers less from the RFF

approximation. When the lengthscale is much larger than that estimated by median
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Figure 4.2: Rotational experiment comparing HSIC permutation approach, RFF
HSIC spectral method, NOCCO permutation approach, RFF NOOCO with distribu-
tion free test. Left: Rotational experiment in 1D. Right: Rotational experiment in
3D.

heuristic, NOCCO and NOCCO RFF perform similarly to when the lengthscale is es-

timated by median heuristic. However, HSIC and RFF HSIC are struggling to detect

the dependence.
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Figure 4.3: Rotational experiment in 1 dimension. Gaussian kernel with length-scale:
0.1 (Left) and 2 (Right).

In 3 dimensions, Figure 4.4 shows the rejection rate using 0.5 and 5 as lengthscale.

When the lengthscale is smaller than that estimated by the median heuristic, HSIC

again provides the best performance while HSIC RFF and NOCCO based methods

all perform similarly. When the lengthscale is 5, the performance of all methods are

similar to that observed in Figure 4.2 [Right]. However, we can still notice the slight

decrease in performance of HSIC at angles θ = {4.5, 9, 13.5, 18}.
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Figure 4.4: Rotational experiment in 3 dimensions. Gaussian kernel with length-scale:
0.5 (Left) and 5 (Right).

Overall, NOCCO based tests appear more robust to the misspecification of the

bandwidth parameter. Fukumizu et al. [2008] showed in Theorem 4 that for suffi-

ciently expressive kernels like Gaussian and Laplacian kernels, the population INOCCO

has the remarkable property that it is independent of the kernels. More specifically,

it can be written in terms of integral expressions containing only the probability

density functions, this recovers the form of the mean square contingency. Although

any empirical finite samples estimates dependents on the choice of kernels, Fukumizu

et al. [2008] showed that such empirical dependence measure converges to INOCCO in

Hilbert Schmidt norm. It makes intuitive sense that NOCCO based tests are more

robust to kernel choice. Even though HSIC seems to be particularly sensitive to the

choice of the lengthscale parameter, it is able to outperform NOCCO based tests

when the correct lengthscale parameter is chosen. Intuitively, this is to be expected

as the NOCCO statistic is effectively adding a variance regulariser that could have

some crude smoothing effect. Despite this loss of power, its robustness to lengthscale

choice can be advantageous in real life applications.

4.4.2 Computational Saving from Distribution Free Test

We repeat the synthetic experiments from Section 5.4 to investigate the performance

of NOCCO based dependence tests from the perspective of computational efficiency.

We include the more interesting results in the main text while the results from simple

linear experiment are included in Appendix 4.6.2. Recall, the bandwidth parame-

ter was set using median heuristic. With this choice of bandwidth parameter, HSIC

based methods provide better performance comparing to NOCCO based methods in

69



all three experiments.

In the sine dependency experiment, due to the available computational resources,

we have set a maximum running time of 2× 103 seconds. NOCCO permutation test

with a samples size {2, 4} × 103 was unable to complete within this time limit and

hence the broken line in Figure 4.5. While the proposed RFF NOCCO test requires

more samples to achieve the same power performance as HSIC based tests, it is able

to provide better power performance for a given computation time. This illustrates

the significant advantage of having a distribution free test.
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Figure 4.5: Sine Dependency Experiment for d = 2 comparing HSIC spectral ap-
proach, RFF HSIC spectral approach, NOCCO permutation approach and RFF
NOCCO distribution free test. 50 random Fourier features were used. Left: The
test power as a function of the number of samples. Right: The test power as a
function of the average testing time in seconds.

However, in the large scale experiment, we observe that RFF HSIC consistently

achieve better performance per number of samples and per average testing time. The

most significant cost in computational time that differentiates NOCCO and HSIC

comes from the inversions of the covariance matrices in the NOCCO statistic. To

ensure numerical stability, our implementation of the RFF NOCCO statistic requires

explicit eigendecomposition. While computing the asymptotic null distribution for

the spectral test of HSIC RFF requires the eigendecomposition of the same matrices,

we note that only eigenvalues are required in the HSIC RFF case, however all the

eigenpairs are required for the NOCCO RFF case. Our implementation in python
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used numpy.linalg.eigvalsh3 for computing the eigenvalues in the asymptotic null

distribution of RFF HSIC estimator and numpy.linalg.eigh4 for computing the

eigenpairs in the NOCCO RFF statistic. When computing only the eigenvalues,

numpy.linalg.eigvalsh uses the Pal-Walker-Kahan variant of the QR algorithm

[Francis, 1961, 1962, Kublanovskaya, 1961], which scales as O(m2
x) where mx = my

is the number of random Fourier features used. When computing all the eigenparis,

numpy.linalg.eigh uses a divide and conquer algorithm [Cuppen, 1981], which scales

as 4/3m3
x+O(m2

x). Such operation becomes significantly costly in terms of computa-

tional time when the number of features becomes larger, e.g. 200, as required in this

experiment. We argue that more efficient implementation methods can be explored

and we will leave it as future work since it is outside the scope of this work.
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Figure 4.6: Large Scale Experiment: the statistical power as a function of samples
size comparing the RFF HSIC spectral method and RFF NOCCO distribution free
test. 50 stands for 50 dimensions and 100 stands for 100 dimensions. 200 random
Fourier features were used.

From these comparison experiments, we see that although RFF NOCCO test is

able to achieve higher power per computational time when the number of random

features are small, the eigendecompositions required in computing the RFF NOCCO

statistic become significantly more costly when larger number of random features is

required (e.g. 200 as in this experiment). This outweighs the benefit of the distri-

bution free test associated with RFF NOCCO and makes it less efficient than RFF

3https://docs.scipy.org/doc/numpy-1.10.4/reference/generated/numpy.linalg.eigvalsh.html
4https://docs.scipy.org/doc/numpy/reference/generated/numpy.linalg.eigh.html
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Figure 4.7: Large Scale Experiment: the statistical power comparison as a function
of the average testing time in seconds.

HSIC in terms of power-time tradeoff.

4.5 Conclusion

We have proposed an RFF estimator of the NOCCO dependence measure and subse-

quently established a distribution free dependency test. The asymptotic null distri-

bution derived for the RFF NOCCO statistic closely assembles that of Dauxois and

Nkiet [1998]. However, we have provided a much simpler derivation utilising the form

of Hotelling’s T 2 statistic which does not rely on an orthonormal basis. Nonetheless,

their framework is general and can be adopted to derive the asymptotic distribution

of the primal representation of the NOCCO statistic when certain assumptions on

the feature maps are satisfied. Although asymptotic consistency to the population

quantity was considered in Dauxois and Nkiet [1998], the authors never considered

the consistency when the number of random Fourier feature increases (i.e. when pn

and qn increases). A first step was made by Lopez-Paz et al. [2013] and this can

be a nice direction for future work. Another interesting question to ask would be,

if there is a RKHS equivalent to Dauxois and Nkiet [1998]’s system of deterministic

orthonormal basis?

The proposed test significantly reduced computational complexity in memory and

time over the standard NOCCO permutation test. We have verified the validity of

the proposed large-scale method on a series of synthetic data experiments. We have
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demonstrated the robustness of NOCCO based dependence test to bandwidth selec-

tion on the rotational experiment from Fukumizu et al. [2008]. Further, on the chal-

lenging high dimensional datasets from Chapter 3, we have illustrated the favourable

trade-offs between testing power and computational complexity in the regime of a

small number of Fourier features. However, when the number of Fourier features

becomes large, the computation complexity of computing the RFF NOCCO statis-

tic becomes significant which renders it less efficient than the RFF HSIC test. We

argue different implementation methods can be investigated to ensure numerical sta-

bility while avoiding the explicit eigendecomposition in computing the RFF NOCCO

statistic.

4.6 Appendix

4.6.1 Supporting Results

Lemma 4.6.1. If C = A⊗B, then C−1/2 = A−1/2 ⊗B−1/2.

Proof. Consider the singular value decomposition of A and B:

A = UAΣAV
∗
A

B = UBΣBV
∗
B

This implies that

A−1/2 = UAΣ
−1/2
A V ∗A

B−1/2 = UBΣ
−1/2
B V ∗B

Then by Theorem 2.15 in [Horn and Johnson, 1991],

A−1/2 ⊗B−1/2 = (UAΣ
−1/2
A V ∗A)⊗ (UBΣ

−1/2
B V ∗B)

= (UA ⊗ UB)(Σ
−1/2
A ⊗ Σ

−1/2
B )(V ∗A ⊗ V ∗B) (4.41)

= (UA ⊗ UB)(ΣA ⊗ ΣB)−1/2(VA ⊗ VB)∗ (4.42)

= (A⊗B)−1/2 = C−1/2

(4.42) follows since both ΣA and ΣB are diagonal matrices.

4.6.2 Simple Linear Experiment
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Figure 4.8: Simple linear experiment for d = 10 comparing NOCCO permutation
approach and RFF NOCCO approach with HSIC spectral approach and RFF HSIC
approach. 10 random Fourier features were used.
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Chapter 5

Feature-to-Feature Regression for a
Two-Step Conditional
Independence Test

This chapter consists of a self-contained paper:

Q. Zhang S. Filippi, S. Flaxman, and D. Sejdinovic, Feature-to-Feature Re-

gression for a Two-Step Conditional Independence Test, in Uncertainty in Ar-

tificial Intelligence (UAI), 2017.

Abstract

The algorithms for causal discovery and more broadly for learning the structure of

graphical models require well calibrated and consistent conditional independence (CI)

tests. We revisit the CI tests which are based on two-step procedures and involve

regression with subsequent (unconditional) independence test (RESIT) on regression

residuals and investigate the assumptions under which these tests operate. In par-

ticular, we demonstrate that when going beyond simple functional relationships with

additive noise, such tests can lead to an inflated number of false discoveries. We

study the relationship of these tests with those based on dependence measures using

reproducing kernel Hilbert spaces (RKHS) and propose an extension of RESIT which

uses RKHS-valued regression. The resulting test inherits the simple two-step test-

ing procedure of RESIT, while giving correct Type I control and competitive power.

When used as a component of the PC algorithm, the proposed test is more robust

to the case where hidden variables induce a switching behaviour in the associations

present in the data.
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5.1 Introduction

Conditional independence tests are an important component of causal discovery (cf.

[Shalizi, 2016, Chapter 28]). For example, the popular PC algorithm [Spirtes et al.,

2000] for recovering dependence structure among a set of variables starts from a com-

plete undirected graph and recursively removes the edges between variables based

on conditional independence testing. With normally distributed variables and lin-

ear relationships, conditional independence testing can be performed using estimates

of partial correlation. Namely, when testing the hypothesis that X |= Y |Z, partial

correlation is the correlation of the residuals of X and Y after linearly regressing

each of them on Z separately. However, in the presence of nonlinearities and when

one needs to condition on a random vector Z of larger dimensions, conditional inde-

pendence testing is a challenging problem [Bergsma, 2004]. A popular approach for

conditional independence testing within PC algorithm is RESIT (REgression with

Subsequent Independence Test) [Hoyer et al., 2009, Peters et al., 2014], which can

incorporate nonlinearities by extending the partial correlation approach in the fol-

lowing two ways: (1) it uses a flexible nonparametric regression of X and Y on Z,

and (2) the subsequent test is based on a nonlinear dependence measure between the

resulting residuals. While RESIT greatly broadens the class of models in which causal

discovery with conditional independence tests is possible, as we will see, it is sensitive

to departures from its modelling assumption, which itself is not straightforward to

verify. In particular, it is likely to give an inflated number of false positives in the

presence of associations which do not directly conform to functional relationships (as

illustrated in Figure 5.1).

In the last decade, kernel embeddings of probability measures [Smola et al., 2007,

Sriperumbudur et al., 2010] have been widely used to construct nonparametric hy-

pothesis tests, including tests for the two-sample problem [Gretton et al., 2007, 2012a],

independence [Gretton et al., 2008, Chwialkowski et al., 2015], conditional indepen-

dence [Fukumizu et al., 2008, Zhang et al., 2011, Doran et al., 2014], three-variable

interaction [Sejdinovic et al., 2013a], joint independence [Pfister et al., 2017], and

goodness of fit [Chwialkowski et al., 2016]. The various kernel-based tests for condi-

tional independence [Fukumizu et al., 2008, Zhang et al., 2011, Doran et al., 2014]

allow to measure more general forms of conditional dependence than RESIT. However,

these approaches typically involve complex statistics and computationally expensive

procedures to estimate their distributions under the null hypothesis. In this paper
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we propose a kernel-based conditional independence approach which aims to strike

a balance between the simplicity of the RESIT approach and the robustness to the

functional association and additive noise assumptions made by the RESIT.

The procedure we introduce is a test for weak conditional independence as defined

by [Daudin, 1980] since, like RESIT, it focuses on individual effects1 of the condi-

tioning variable Z on X and Y . As such, it does not fully characterise conditional

independence, but does benefit from a simpler testing procedure and an improved

power in comparison to the “strong” tests which do characterise conditional indepen-

dence. When these individual effects are not present and as such weak CI tests are

insufficient to detect a complex joint effect on (X, Y ), they can be combined with

tests for multivariate interaction [Sejdinovic et al., 2013a].

An independent recent work, Strobl et al. [2018], considers a very similar ap-

proach to ours – indeed, the method we propose is essentially equivalent to the RCoT

approach of Strobl et al. [2018], which in addition operates on explicit primal rep-

resentations of feature maps leading to a decreased computational cost. However,

Strobl et al. [2018] do not comment on the connections with the two-step proce-

dures for CI testing and RESIT. Hence, our contribution is to provide the unifying

framework which places the proposed method as a generalisation of RESIT, pointing

the deficiencies of RESIT and the interplay between its structural assumptions and

nonlinear dependencies. In addition, while RCoT uses approximations to the null

distributions with parametric families, we simply employ a permutation-based ap-

proach using the two-step interpretation of the proposed test, and do not observe any

deviations from the desired significance level in the experiments. The test maintains

correct Type I control even under the challenging switching associations induced by

hidden variables, where RESIT is inappropriate.

In Section 5.2, we overview the key notion of weak conditional independence and

the existing approach for testing it as well as three related tests for general conditional

independence using kernel methods. In Section 5.3 we develop our novel procedure

for weak conditional independence testing. Section 5.4 evaluates the performance of

our approach and compares it to RESIT and other conditional independence tests on

both synthetic and real-world data.

1Since regressions of X and Y on Z are done separately and hence cannot capture the joint
dependence of (X,Y ).
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5.2 Background

We start by introducing notation and reviewing the existing kernel-based conditional

independence tests. Let X , Y and Z be non-empty measurable spaces, with Borel

σ-algebras BX , BY and BZ respectively. Let k, l and m be measurable positive definite

kernels on these respective domains with the corresponding reproducing kernel Hilbert

spaces (RKHSs) HX , HY , HZ . Let (X, Y, Z) be a triple of random variables with

the joint probability law PXY Z on (X × Y × Z,BX × BY × BZ). We will assume

EX∼PX [k(X,X)] < ∞ and similarly for l and m, which will ensure that HX ⊂
L2
X (PX) = {f : E [f 2(X)] <∞}, and similarly HY ⊂ L2

Y(PY ) and HZ ⊂ L2
Z(PZ)

[Steinwart and Christmann, 2008, Section 4.3]. We will also assume that the kernels

k, l and m are characteristic, such that their RKHSs are dense in the corresponding

L2-spaces [Sriperumbudur et al., 2010].

5.2.1 Weak Conditional Independence

Conditional independence X |= Y |Z is equivalent to

P (X ∈ A |Z)P (Y ∈ B |Z) = P (X ∈ A, Y ∈ B |Z) (5.1)

as random variables, for all measurable sets A ∈ BX and B ∈ BY , which in turn can

be written as

EZ [1{Z ∈ C}P (X ∈ A |Z)P (Y ∈ B |Z)]

= EZ [1{Z ∈ C}P (X ∈ A, Y ∈ B |Z)]

= P (X ∈ A, Y ∈ B, Z ∈ C)

for all measurable sets A ∈ BX , B ∈ BY and C ∈ BZ . Relaxation of this property

which only requires it to hold for C = Z gives rise to the notion of weak conditional

independence, i.e. that ∀A ∈ BX ,B ∈ BY

EZ [P (X ∈ A |Z)P (Y ∈ B |Z)] = P (X ∈ A, Y ∈ B) , (5.2)

which we can write as EZ [PX|Z⊗PY |Z ] = PXY , understood as the equality of probabil-

ity measures defined on (X × Y ,BX × BY). Weak conditional independence is studied

by Daudin [1980], who interprets it in terms of zero expected conditional covariances

of square integrable functions, i.e.

EZ [Cov [f(X), g(Y )|Z]] = 0 (5.3)
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for all f ∈ L2
X (PX) and g ∈ L2

Y(PY ). In other words, the residuals in all square inte-

grable functions of X and Y , given Z, are uncorrelated. Fukumizu et al. [2004a] give

another characterisation of weak conditional independence using conditional cross-

covariance operators between RKHSs. Namely, they define the operator ΣY X|Z : HX →
HY , such that ∀f ∈ HX , g ∈ HY

〈g,ΣY X|Zf〉HY = EZ [Cov [f(X), g(Y )|Z]] , (5.4)

under the additional smoothness assumptions on conditioning variables, i.e. that

∀f ∈ HX , g ∈ HY , E[f(X)|Z = ·] and E[g(Y )|Z = ·] both belong to HZ [Fukumizu

et al., 2004a, Proposition 4], [Alpay, 2001]. Theorem 8 of Fukumizu et al. [2004a]

then shows that, for characteristic kernels, this operator vanishes if and only if weak

conditional independence holds. i.e.

ΣY X|Z = 0 ⇐⇒ E[PX|Z ⊗ PY |Z ] = PXY . (5.5)

The conditional independence clearly implies weak conditional independence but

the converse is not true. A simple counterexample is where X, Y and Z are all pair-

wise independent, but are jointly dependent due to a three-variable interaction. For a

concrete case, similar to the one described in Sejdinovic et al. [2013a], let X, Y,W
i.i.d.∼

N (0, 1) and define Z = sign (XY ) |W |. In this case, E(f(X)|Z) = E(f(X)) and

E(g(Y )|Z) = E(g(Y )) implying that LHS in (5.3) vanishes. However, given Z, the

pair (X, Y ) can only take values in two out of four quadrants, so that X and Y are

clearly conditionally dependent given Z. Essentially, whenever the variables are pair-

wise independent but jointly dependent, any two variables are weakly conditionally

independent given the third and need not be “strongly” conditionally independent.

We note however that nonparametric tests exist which are directly aimed at such

multivariate interaction: Sejdinovic et al. [2013a] reports stronger power than the

conditional independence tests in these cases. Thus, we challenge the paradigm by

which all departures from conditional independence should be tested with the same

procedure and instead choose to focus on weak conditional independence testing.

When multivariate interaction is present and the individual effects of Z on X and on

Y are weak or non-existing and only the joint dependence of (X, Y ) on Z is possible

to detect, then arguably (X, Y ) should be considered a single random vector.

5.2.2 RESIT: The Two-Step Approach

RESIT approach [Hoyer et al., 2009, Peters et al., 2014, Flaxman et al., 2015] converts

a conditional independence testing problem into an unconditional one by removing the
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effect of a confounder Z through a flexible nonparametric regression. More specifically,

it assumes an additive noise model where X and Y are expressed as some deterministic

functions of Z plus an additive zero-mean noise term, i.e.

X = f(Z) + nx (5.6)

Y = g(Z) + ny (5.7)

where nx and ny are zero-mean random variables independent of Z. Under the as-

sumptions (5.6) and (5.7), the conditional independence can be characterised as:

X |= Y |Z ⇐⇒ nx |= ny. (5.8)

Thus, the test proceeds by first regressing X on Z and Y on Z, and then testing

for the (unconditional) independence between the fitted residuals of these regressions

ε̂x = X− Ê[X|Z] and ε̂y = Y − Ê[Y |Z]. This approach obviously crucially depends on

the regression procedure in order to remove the effect of Z by using an appropriate

model of regression functions f and g. Gaussian Process regression and kernel ridge

regression are often used for the first step, whereas Hilbert-Schmidt Independence

Criterion [Gretton et al., 2008] can be used in the second step in order to capture

potentially nonlinear dependence between residuals. Because of its focus on individ-

ual effects of the conditioning variable Z on X and on Y , it is clear that RESIT only

tests for weak conditional independence.

As we will demonstrate below, RESIT can result in a substantial inflation of false

discoveries when assumptions (5.6) and (5.7) are violated. Indeed, RESIT is unable

to handle non-functional dependence between the variables X and Y and the con-

ditioning variable Z – the regression will not remove the dependence on Z and the

fitted residuals will be dependent even in the cases where X and Y are independent

given Z. We see this as an undesirable property for many real data applications,

especially when conditioning on a multivariate Z, as these assumptions are difficult

to verify and may be violated. In particular, there could be hidden categorical con-

founders which introduce a switching behaviour in the way X and Y depend on Z,

i.e. X and Y are functionally dependent on Z and those confounders, but not on Z

itself. An example of such a relationship is illustrated in Figure 5.2 which plots the

total expenditure on health per capita vs the gross national income per capita for

178 countries: there is a superposition of two functional relationships corresponding

to two subsets of countries depending on whether their economy relies on oil [WHO,
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2009].

For a simple example of how brittle the RESIT approach is, consider the dataset

presented in Figure 5.1. Here, the dependence of both X and Y on Z is a mixture of

two functional relationships (linear for X, quadratic for Y ), arguably very simple –

but also indicating the presence of some latent switching mechanism for both X and

Y . However, the conditional expectations in both cases are constant and thus inde-

pendent of Z. Hence, the fitted regression functions do not capture any dependence

on Z and as a result, the residuals (rightmost plot) are clearly dependent, regard-

less of whether in fact X |= Y |Z (indeed, in this case, as described in Section 5.4.2,

the conditional independence does hold because switching variables are independent).

RESIT with a nonlinear independence test on these residuals will therefore falsely re-

ject the null hypothesis. This is a highly undesirable property as it leads to an inflated

number of false positives, and when the same method is used inside PC algorithm,

it can potentially result in reporting spurious causal links as illustrated in Section

5.4.3. This problem is exacerbated for Z being a random vector, even of a small

dimension, since such cases which go beyond simple functional relationships become

difficult to notice. One way to avoid the inflation of false positives in these cases is to

only test for linear dependence between the residuals. However, this clearly results in

a reduction of power as it misses many alternative models where (5.6) and (5.7) are

satisfied and nx and ny are nonlinearly dependent.

Figure 5.1: Data generated from the null model of Section 5.4.2 and kernel ridge regressions
are used to remove dependency on Z. Left: X against Z. Middle: Y against Z. Simulated
data (blue) and fitted values (red). Right: residuals of the regression for Y against residuals
of the regression for X which clearly exhibits non-linear dependency.

5.2.3 Kernel Tests for “Strong” Conditional Independence

In contrast to the RESIT test, there have been several approaches in the literature

that aim to measure all forms of conditional dependence, typically at the expense of
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more complex statistics which have the distribution under the null hypothesis that is

more difficult to estimate.

Conditional Cross-Covariance Operators Fukumizu et al. [2008] proposed a

general nonparametric characterisation of conditional independence based on the con-

ditional cross-covariance operators between RKHSs. The cross-covariance operator

ΣY X : HX → HY is defined through

〈g,ΣY Xf〉 = Cov(f(X), g(Y )), f ∈ HX , g ∈ HY ,

i.e., it is a nonlinear extension of the cross-covariance matrix (cf. Baker [1973], Fuku-

mizu et al. [2004a]). The conditional cross covariance operator ΣY X|Z is then defined

as

ΣY X|Z = ΣY X − ΣY ZΣ−1
ZZΣZX (5.9)

in analogy to the conditional cross-covariance matrix CY X|Z = CY X − CY ZC−1
ZZCZX

formula for jointly Gaussian random vectors.

The conditional dependence measure can then be based on estimating ‖ΣŸ Ẍ|Z‖2
HS,

where Ÿ = (Y, Z) and Ẍ = (X,Z), as it can be shown [Fukumizu et al., 2008] that

ΣŸ Ẍ|Z = 0 if and only if X |= Y |Z when the product of the three positive definite

kernels, klm, results in a characteristic kernel on X ×Y ×Z. In addition, Fukumizu

et al. [2008] considers the conditional cross-correlation operators, which can be ex-

pressed as VY X|Z = Σ−1
Y Y ΣY X|ZΣ−1

XX .

The test statistics with these approaches however do not have clear asymptotic

null distributions. Consequently, one needs to adopt a local permutation-based ap-

proach which needs to take into account an artificial discretisation of condition Z

(e.g. through clustering) so that the marginal structures are preserved. As remarked

by Zhang et al. [2011], this usually requires large sample size and the results become

unreliable when the dimension of Z increases.

Kernel Conditional Independence Test (KCI-Test2) Following similar

reasoning, Zhang et al. [2011] characterise conditional independence based on partial

association [Daudin, 1980] where it was shown that

X |= Y |Z ⇐⇒ E(f̃ g̃) = 0 (5.10)

2Termed by Zhang et al. [2011]
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for all f̃ ∈ EXZ := {f̃ ∈ L2
X×Z(PXZ)|E(f̃ |Z) = 0} and f̃(Ẍ) = f(Ẍ) − E(f |Z)

for f ∈ L2
X×Z(PXZ). The notations for g̃, g and EY Z are defined similarly. As

noted, if the functions f and g are restricted to the spaces HX×Z and HY×Z , then

such characterisation is exactly the same as Fukumizu et al. [2008]. Zhang et al.

[2011] derive an explicit formulae for the asymptotic null distribution and propose an

approach for approximating it based on eigen-decompositions of kernel matrices or

fitting a parametric family. However, this null distribution becomes harder to accu-

rately approximate in practice as the dimension of the conditioning variable increases.

Permutation-based Maximum Mean Discrepancy (MMD) Following

the difficulties faced by the approaches of Fukumizu et al. [2008] and Zhang et al.

[2011] in estimating the null distributions, Doran et al. [2014] introduce a reduction

of the conditional independence testing problem into a two-sample testing one, by

considering a carefully selected permutation which mimics a sample from PZPX|ZPY |Z

for which the null hypothesis of conditional independence holds. While casting the

problem as a simple two-sample test is attractive, promising a better calibration and

improved performance in the cases where dimensionality of the conditioning variable

is high, this approach does require a costly optimization procedure over the space of

doubly stochastic matrices in order to select the required permutation.

5.3 Proposed Method

We have seen that RESIT, although a simple and effective conditional independence

test for additive noise models, can lead to undesirable properties when the additive

noise modelling assumption is violated. On the other hand, strong kernel-based in-

dependence tests require no restrictive assumptions on the type of the underlying

relationships between the variables, but need complex and difficult to tune testing

procedures, often requiring to solve difficult side-problems in order to have an estimate

of the distribution under the null hypothesis (clustering the conditioning variable or

optimisation over the space of permutations). Therefore, our goal is to identify an

approach which aims to strike a balance between these two approaches, and construct

a test which is more robust to the departures from the modelling assumption in (5.6)

and (5.7). At the same time, we seek an approach which can be cast as an uncondi-

tional independence test on some form of regression residuals – allowing us to employ

the well established existing methodology for unconditional tests, including straight-

forward permutation-based approaches for estimation of the null distribution. Using
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heuristic arguments, we derive in this section an intuitive test based on well known

empirical mean RKHS quantities. The rigorous statistical analysis of this approach

is left to further work.

We first note that the assumptions (5.6) and (5.7) specify that the conditional dis-

tributions PX|Z=z and PY |Z=z depend on z only through the expectations E [X|Z = z]

and E [Y |Z = z]. Therefore, any additional dependence on z, e.g. in the conditional

variance: Var [X|Z = z] 6= Var [X] will not be captured by the regression approaches,

implying that the residuals remain dependent by construction, leading to spurious re-

jections when nonlinear dependence tests on residuals are employed. Therefore, we are

interested in also modelling how higher-order moments of these distributions depend

on z, leading us to consider conditional expectations of feature maps E [φ(X)|Z = z]

and E [ψ(Y )|Z = z] for some φ : X → HX , ψ : Y → HY and Hilbert spaces HX , HY ,

i.e. the mean embeddings of the corresponding conditional distributions. For charac-

teristic kernels [Sriperumbudur et al., 2010], these embeddings fully characterise the

corresponding distributions (and thus, their dependence on z).

We thus propose the following two-step approach: first construct feature repre-

sentations of X and Y and then perform the vector-valued regression of these feature

representations of each of them on Z separately. Just like in RESIT, the second step

is a test of independence between the resulting residuals, but note that the residuals

are themselves elements of the corresponding (potentially infinite-dimensional) fea-

ture spaces. Fortunately, as we show in the remainder of this section, using the kernel

trick allows to perform each of these steps without ever explicitly computing the fea-

ture maps. The final result is a simple test statistic, very similar to HSIC of Gretton

et al. [2008], which lends itself to direct computation. Moreover, its null distribution

can be straightforwardly estimated using a permutation-based approach. Thus, the

key step of the procedure is the feature transformation of the responses in regression

– we will see that this greatly relaxes the modelling assumptions and in particular

allows to model complex dependencies between the responses and the conditioning

variable which cannot be expressed in functional forms with additive noise.

Consider now k, l and m to be measurable positive definite kernels with the

corresponding RKHSs HX , HY , HZ . We denote by φ(x) ∈ HX and ψ(y) ∈ HY the

feature map representations of k and l. Note that Daudin’s condition (5.3) for weak
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conditional independence can be written as

0 = EZ [Cov [f(X), g(Y )|Z]]

= EXY Z [(f(X)− Ef(X|Z)) (g(Y )− Eg(Y |Z))]

= EXY Z [nf (X,Z)ng(Y, Z)] (5.11)

where we denoted nf (X,Z) = f(X)−Ef(X|Z), ng(Y, Z) = g(Y )−Eg(Y |Z) to be the

regression residuals for X and Y transformed through square integrable functions f ∈
L2
X (PX) and g ∈ L2

Y(PY ). Note that these residuals would in general depend on Z and

that they have mean zero by construction. Thus, weak conditional independence is

equivalent to uncorrelatedness of residuals nf (X,Z) and ng(Y, Z) for all f ∈ L2
X (PX)

and g ∈ L2
Y(PY ). Moreover, when HX and HY are dense in L2

X (PX) and L2
Y(PY ), it

suffices to consider f ∈ HX and g ∈ HY . But then

EXY Z [(f(X)− Ef(X|Z)) (g(Y )− Eg(Y |Z))]

= EXY Z〈f, φ(X)− Eφ(X|Z)〉HX 〈g, ψ(Y )− Eψ(Y |Z)〉HY
= 〈f,EXY Z (φ(X)− Eφ(X|Z))⊗ (ψ(Y )− Eψ(Y |Z)) g〉HX
= 〈f,EXY Z [nφ(X,Z)⊗ nψ(Y, Z)] g〉HX .

This suggests the method which regresses φ(X) and ψ(Y ) on Z using vector-valued

kernel ridge regression and tests for unconditional linear independence of the residuals

nφ(X,Z) and nψ(Y, Z) which are elements of RKHSs.

The resulting regression functions are now simply the empirical mean embeddings

of the conditional distributions PX|Z=z and PY |Z=z [Fukumizu et al., 2011, Theorem

1] and can be expressed as follows [Song et al., 2009, Theorem 5]:

Ê(φ(X)|Z = z) =
n∑
i=1

βx
i (z)φ(xi) = Φ>xβ

x(z) (5.12)

Ê(ψ(Y )|Z = z) =
n∑
i=1

βy
i (z)ψ(yi) = Ψ>yβ

y(z) (5.13)

with βx(z) = (M + λxIn)−1(m(z, z1), ...,m(z, zn))>, M is the n× n matrix such that

Mij = m(zi, zj), Φx = (φ(x1), ..., φ(xn))> and Ψy = (ψ(y1), ..., ψ(yn))>. The notation

βx emphasises the fact that the coefficient vector may differ for x and y; this differ-

ence would only be due to different choice of the regularisation parameters λx and λy.

Note that the procedure can straightforwardly be amended to use different kernels

mx and my for the two responses, but we do not pursue this further for simplicity of
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exposition. We have enclosed two parameter optimisation schemes in the Appendix

(Section 5.6).

The residual of the kernel ridge regression of X on Z for the i-th data point is

given by

ε̂x,i = φ(xi)− Ê(φ(X)|Z = zi)

= Φ>x ei − Φ>xβ
x(zi) ∈ Hk (5.14)

so that the whole set of residuals ε̂x = (εx,1, ..., εx,n)> can be written as:

ε̂x = (In −Bx)Φx = (
1

λx
M + In)−1Φx (5.15)

with Bx = M(M + λxIn)−1 and λx > 0, so that In − Bx = ( 1
λx
M + In)−1. Similarly

the residual of the kernel ridge regression of Y on Z is given by

ε̂y = (
1

λy
M + In)−1Ψy. (5.16)

The problem of testing weak conditional independence between X and Y given Z

then translates into testing if ε̂x and ε̂y are correlated.

Since they are elements of RKHSs, we can use the Hilbert-Schmidt independence

criterion (HSIC) of Gretton et al. [2008] with linear (inner product) kernels on these

residuals, i.e. κx(εx,i, εx,j) = 〈εx,i, εx,j〉HX and κy(εy,i, εy,j) = 〈εy,i, εy,j〉HY . Let the

empirically centred residuals be ε̂cxi := ε̂xi − 1
n

∑n
j=1 ε̂xj and ε̂cyi := ε̂yi − 1

n

∑n
j=1 ε̂yj .

Essentially, we build an empirical cross covariance operator between the residuals ε̂x

and ε̂y, and HSIC is then the squared Hilbert-Schmidt norm of such operator:

Ξ(ε̂x, ε̂y) =

∥∥∥∥∥ 1

n

n∑
i=1

ε̂cxi ⊗ ε̂cyi

∥∥∥∥∥
2

HS

(5.17)

=
1

n2

n∑
i=1

n∑
j=1

〈ε̂cxi , ε̂cxj〉〈ε̂cyi , ε̂cyj〉 (5.18)

=
1

n2
Trace(Hε̂xε̂

>
xHHε̂y ε̂

>
yH) (5.19)

where H := In − 1
n
11> is the centering matrix. By definition of ε̂x, we have

ε̂xε̂
>
x = (

1

λx
M + In)−1ΦxΦ>x (

1

λx
M + In)−1 (5.20)
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and similarly

ε̂y ε̂
>
y = (

1

λy
M + In)−1ΨyΨ>y (

1

λy
M + In)−1 (5.21)

where ΦxΦ>x = K and ΨyΨ>y = L are the n× n matrices such as Kij = k(xi, xj) and

Lij = l(yi, yj). Combining equations (5.19), (5.20) and (5.21), we obtain

Ξ(ε̂x, ε̂y) =
1

n2
Trace(H̃z,xKH̃

>
z,xH̃z,yLH̃

>
z,y)

where H̃z,x = H( 1
λx
M + In)−1 and H̃z,y = H( 1

λy
M + In)−1. Note that the HSIC

statistic between the two residuals can be seen as the inner product between trans-

formations of the kernel matrices K and L through the centering terms H̃z,x and H̃z,y

which encompass information regarding the impact of Z on respectively X and Y .

To obtain the test threshold, standard permutation approach can be used to estimate

the null distribution. It is tempting to also consider the nonlinear tests on RKHS

residuals, i.e. one may specify some kernel which only depends on RKHS distances

(e.g. Gaussian RBF kernels), however, this results in inflated false positive rates for

the same reasons as RESIT.

5.3.1 Related Work

Our proposed conditional independence test which we term KRESIT3 (Kernel RE-

SIT) is a generalisation of the RESIT approach in which the regressions on Z are

done after feature transforming both responses X and Y . KRESIT is closely related

to the method of Zhang et al. [2011]. More precisely, Zhang et al. [2011] can be

understood as performing ridge regressions of the feature transformations of pairs

(X,Z) and (Y, Z) on Z in order to achieve full characterisation of conditional in-

dependence. This makes the method more difficult to interpret in terms of two-step

procedures. Recent extension by Strobl et al. [2018] of Zhang et al. [2011] presents the

test called RCoT which essentially computes the same statistic as KRESIT, but uses

a different estimation procedure of the asymptotic null distribution. RCoT can be

viewed as a large scale approximation of KRESIT through the use of random Fourier

features (RFF), similarly RCIT of Strobl et al. [2018] provides an approximation of

the KCI-test via RFF. Strobl et al. [2018] has shown that RCIT and RCoT give sim-

ilar performance as KCI-test but they are orders of magnitude faster in large-scale

settings. While the large-scale approximations are not the focus of the present work,

3Code available at https://github.com/oxmlcs/kerpy.
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methods such as RFF or Nyström approximation can readily be employed in KRE-

SIT (for comparisons of these approximation methods in unconditional independence

testing, cf. Zhang et al. [2017]).

5.4 Experiments

We apply the proposed method, KRESIT, to both synthetic and real data to evalu-

ate its performance in terms of Type I error and statistical power. We start with a

motivating real data example comparing KRESIT and RESIT on two socio-economic

and health indicators from the World Health Organisation (WHO) data [WHO, 2009,

Rosling, 2008]. Following this, we compare the performance of the proposed approach

against RESIT and the three “strong” conditional independence tests described in

Section 5.2.3 on a synthetic experiment with increasing dimensionality of the con-

ditioning variable Z and sample sizes. We then apply the two “weak” conditional

independence tests (RESIT and KRESIT) to unravel causal relationships in a syn-

thetic dataset, the Boston Housing dataset [Pace and Gilley, 1997, Harrison Jr. and

Rubinfeld, 1978] and the Ozone dataset [Breiman and Friedman, 1985] (presented in

the Appendix Section 5.6.3).

Unless otherwise stated, the significance level is kept at α = 0.05. For KRESIT,

Gaussian kernels with median heuristic are used for all three random variables in

regression, but the parameters λx and λy are optimised using grid search to find the

minimum total 5-fold cross validation error over a grid of 30 evenly spaced values in

the interval (10−6, 101). For RESIT, Gaussian kernels with median heuristic are used

for kernel ridge regression and on the residuals. The regularisation parameters are

tuned in the same way as in KRESIT.

5.4.1 Simple Motivating Example Based on WHO Data

As a motivating example, we apply the proposed approach to two variables in the

WHO data set used in Reshef et al. [2011]. We denote by Z the log transformed gross

national income per capita and by Y the total expenditure on health per capita.

Figure 5.2 (left) can be thought of as the superposition of two relationships where the

small minority curve consists of countries whose economies rely largely on oil [WHO,

2009]. We have taken the log transform of the gross national income per capita so that

the values are more evenly distributed. After removing all missing values, we have
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178 data points. We then construct a synthetic X with non-functional dependence

on Z as follows

xi =

{
(zi − 10)2 + nxi if cxi = 1

−(zi − 10)2 + 35 + nxi if cxi = 0
(5.22)

where cxi
i.i.d.∼ Bernoulli(0.5) and nxi

i.i.d.∼ N (0, 1). X and Y are conditionally indepen-

dent given Z by construction.
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Figure 5.2: Left: Expenditure on health per cap against the logarithm of gross national
income per cap (Z). Right: Synthetic data X against Z.

RESIT incorrectly rejected the null hypothesis at 5% significance level with a

p-value of 0.0025 owing to the fact that kernel ridge regression is unable to remove

the dependency of Z from X and Y and HSIC using Gaussian kernels is able to

detect such nonlinear dependency between the residuals. KRESIT, on the other

hand, gives a p-value of 0.91 and hence does not reject the null hypothesis that X

and Y are weakly conditionally independent. By relaxing the modelling assumption

of additive noise and allowing more complex dependencies between responses and the

conditioning variable, KRESIT is able to provide a better calibrated test.

5.4.2 Effect of Dimensionality of Z and Sample Size

We examine the probability of Type I and Type II errors of the “strong” conditional

independence tests vs. the “weak” conditional independence tests when the dimen-

sionality of the conditioning set Z is increasing (d = 1, 2, 3, 4, 5, 6, 7) and the sample

sizes take values in {40, 80, 120, 160, 200}.
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Let us consider the following non-functional dependence as the null model:

Zj
i ∈

i.i.d.∼ Uniform(0, 5), j = 1, . . . , d

Cx
i , C

y
i
i.i.d.∼ Bernoulli(0.5)

nxi , n
y
i
i.i.d.∼ N (0, 1)

Xi ∈ R =

{
1.7Z1

i + nxi if cxi = 1

−1.7Z1
i + nxi if cxi = 0

Yi ∈ R =

{
(Z1

i − 2.7)2 + nyi if cyi = 1

−(Z1
i − 2.7)2 + 13 + nyi if cyi = 0

Note, X and Y only depend on the first dimension of the conditioning vector Z. To

obtain the alternative model, we couple the latent variables Cx and Cy:

ui
i.i.d.∼ Uniform(0, 1)

Cx
i
i.i.d.∼ Bernoulli(0.5)

Cy
i =

{
Cx
i if ui < 0.3

i.i.d.∼ Bernoulli(0.5) if ui ≥ 0.3

We compare the “weak” conditional independence tests: the proposed KRESIT,

RESIT and LRESIT (RESIT with linear kernels on residuals) with the “strong” con-

ditional independence tests: CIperm by Fukumizu et al. [2008], KCIPT by Doran

et al. [2014] and KCI-test by Zhang et al. [2011]. The rejection rates are calculated

out of 100 trials. Each rejection rate is associated with a 95% Wald confidence interval.

For a given dimension, we observe in Figure 5.3 that the Type I error of RESIT

is increasing with the number of samples. As a simple kernel ridge regression cannot

remove the dependency of Z from X and Y , the nonlinear dependency pattern in

the residuals are more visible as sample size increases. As expected, the proposed

approach, KRESIT, has correct Type I control together with LRESIT and the other

“strong” conditional independence tests.

To establish sensible comparison in the alternative model (Figure 5.4), we only

compare those methods with correct Type I control. When Z is of dimension 1, KRE-

SIT performs similarly to KCI test where the probability of Type II error (1-power)

for both decreases to zero as the number of samples increases to 200, while the other

tests give weaker power. In dimension 7, KRESIT again gives strong performance,
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outperforming other tests. Although LRESIT also tests for weak conditional inde-

pendence, as expected, it has a reduced power comparing to KRESIT in both cases.

While KCI test and KCIPT give similar power performance, CIperm struggles to

detect the conditional dependence across all sample sizes.
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Figure 5.3: Null model experiments for d = 1 (Top) and d = 7 (Bottom).

5.4.3 Application in Causal Discovery

Conditional independence tests are frequently used in causal discovery to recover the

dependence relationships among a set of variables represented as a directed acyclic

graph (DAG). Assuming causal Markov condition (i.e., any variable/node is condition-

ally independent of its nondescendents given its parents [Hausman and Woodward,

1999]) and faithfulness (i.e., the conditional independences of the distribution can be

inferred from the d-separation in the graph and vice-versa [Kalisch and Buhlmann,

2007]), the popular constraint-based PC-algorithm [Spirtes et al., 2000] is often used

to estimate a Markov equivalence class of DAGs (i.e. a set of graphs that impose

the same independences and conditional independences). The estimation starts from

a complete undirected graph and recursively deletes edges based on conditional in-

dependence decisions. The result is an undirected graph (skeleton) which is then

partially directed and further extended to represent the underlying equivalence class

of DAG [Kalisch and Buhlmann, 2007]. The quality of the conditional independence

tests are hence crucial for the performance of the PC algorithm.
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Figure 5.4: Alternative model experiments for d = 1 (Top) and d = 7 (Bottom).

The PC algorithm used in this section is a modified version of the pcalg imple-

mentation in python4 with conditional independence test using KRESIT/RESIT and

independence test using HSIC with Gaussian kernel using median heuristic. Com-

pleted partially acyclic graph (CPDAG) are used to visualise the equivalence classes

of DAGs. Whenever an undirected edge i−j is shown, there exists a DAG with i→ j

and a DAG with i← j in the equivalence class.

5.4.3.1 Synthetic Data

Consider variables of the null model from Section 5.4.2 and additionally let Ai =

(Yi−5)2/3+5+nAi and Bi = 5.5 tanh(Yi)+nBi where nAi , n
B
i
i.i.d.∼ N (0, 1). We compare

the results obtained from the PC algorithm with the variables {X, Y, Z, Cx, Cy, A,B}
using KRESIT and RESIT. Using a sample of size 800, we obtain Figure 5.5 (Left).

Both KRESIT and RESIT recover the correct structure of the model.

We now turn to investigating the robustness of the method upon removing the

variables Cx and Cy. PC algorithm with KRESIT is still able to discover the correct

skeleton as shown in Figure 5.5 (Right). An incorrect graph is obtained with RESIT,

reporting a spurious causal link X − Y . We note that when the switching variables

Cx, Cy are present, all associations are functional, but this is no longer the case when

Cx, Cy are unobserved.

4https://github.com/keiichishima/pcalg
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Figure 5.5: Left: The DAG obtained by PC algorithm using KRESIT and RESIT with Cx

and Cy being latent variables. Right: The DAG obtained by using KRESIT (black) fully
recovers the causal structure, but the one using RESIT (green) does not.

5.4.3.2 Boston Housing Data

We consider the corrected Boston Housing dataset of Pace and Gilley [1997] and pre-

whiten each variable using the spatial coordinates with a GP regression as in Flaxman

et al. [2015] since there is significant spatial clustering in every single variable in the

dataset. There are 14 variables in total and each with 506 observations. For a detailed

explanation of each variable, we refer to the original paper [Harrison Jr. and Rubin-

feld, 1978]. To correct for multiple testing, we set the significance level to α = 0.001.
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Figure 5.6: Results of PC algorithm with KRESIT (black) and RESIT [Flaxman et al.,
2015] (orange) using pre-whitened Boston Housing dataset.

Overall, the CPDAG obtained by our proposed method is substantially different

from previous results in the literature [Zhang et al., 2011, Flaxman et al., 2015]. We

argue that many potentially unobserved variables could be driving such differences.

93



The details and some possible interpretations are given in Section 5.6.2. Therefore,

the links discovered using RESIT and KRESIT within PC algorithm may need fur-

ther investigation and one should analyse the results with potential hidden variables

in mind and be cautious about any conclusion drawn due to potential violation of

structural assumptions.

5.5 Conclusion

We have proposed a weak conditional independence test that extends the popular two-

step approach RESIT, which combines regression with an unconditional independence

test. We have considered RKHS-valued ridge regressions and subsequently used a test

for linear independence on RKHS-valued residuals. While maintaining simple and

effective testing procedures of RESIT, the resulting test has a correct Type I control

under more challenging scenarios where the modelling assumptions required by RESIT

are violated. It also yields competitive or improved power performance to that of the

other conditional independence tests. When used in the PC algorithm, the proposed

method is more robust than RESIT to hidden variables inducing associations more

complex than functional ones with additive noise.

5.6 Appendix

5.6.1 Parameters Optimisation

For the proposed method where Gaussian radial basis function (RBF) kernels are used

on all three random variables of interest, there are two groups of hyper-parameters.

The first one includes the kernel bandwidths for the kernel matrices K, L and M .

The bandwidth for K and L are fixed by using median heuristic. Although we also

fixed the bandwidth for M by median heuristic in the main text, here we include

a discussion on the optimisation of such parameter when one has a different kernel

bandwidth for the regression on the feature space of X and on that of Y . Let’s call

them σ2
xz and σ2

yz respectively. The second group contains the regularisation param-

eters λx and λy for the kernel ridge regressions. These parameters can be optimised

through grid search or gradient descent on the total cross-validation error as follows.

For a K-fold cross-validation, we aim to minimise the sum of the square of the

residuals of each unseen fold given the model trained on the other K − 1 folds over
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some (λ, σ2) values. Here, we present detailed derivation for X and that of Y follows

similarly. For a pair of fixed (λx, σ2
xz), the cross-validation error of the kth fold is:

CV errorkλ =
1

u

∑
i∈tst
‖φ(xtsti )− ΦT

trβ
x(ztsti )‖2 (5.23)

where {xtri , ztri }i and {xtsti , ztsti }i denote respectively the training and testing sets for

the kth fold, Φtr = (φ(xtr1 ), φ(xtr2 ), ...)> and u is the size of the testing set. Then, the

overall cross-validation error is

CV errorλ =
1

K

K∑
k=1

CV errorkλ . (5.24)

To simplify (5.23), we note that∑
i∈tst
‖φ(xtsti )− ΦT

trβ
x(ztsti )‖2 (5.25)

=
∑
i∈tst
‖φ(xtsti )− ΦT

tr(Mtr,tr + λxI)−1

(m(ztsti , ztr1 ),m(ztsti , ztr2 ), ...,m(ztsti , ztrm))T‖2 (5.26)

=Tr([Φtst −Mz][Φtst −Mz]
T ) (5.27)

=Tr(ΦtstΦ
T
tst − ΦtstMT

z −MzΦ
T
tst +MzMT

z ) (5.28)

where Mz = Mtst,tr(Mtr,tr + λxI)−1Φtr. Such prediction error for the kth fold (i.e.

(5.28)) can be explicitly formulated in terms of (λx, σ2
xz) by writing the gram matrices

in terms of square distance matrices:

M∗,· = exp(−0.5 D∗,·/σ
2
xz) (5.29)

whereD∗,· is the square distance matrix computed on the respective sets, i.e. (D∗,·)ij =

‖zi − zj‖2
2. Note, no explicit feature map representation is required.

Since both parameters are constrained to be positive, we can rewrite λx = exp(η)

and σ2
xz = exp(γ) and take first order derivate with respect to η and γ to obtain

a gradient descent algorithm. Given the expression in (5.24), taking the first order

derivative with respect to η (Appendix D of Dattorro [2016]):

d

dη
Error(λx,σ2

xz)

= 2 Tr{Ktst,trMηMtr,tst

−Mtst,trMηKtr,trMinvMtr,tst}
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whereMη := (Mtr,tr +λxI)−1[exp(η)I](Mtr,tr +λxI)−1 andMinv := (Mtr,tr +λxI)−1.

Similarly, take the first order derivative with respect to γ:

d

dγ
Error(λx,σ2

xz)

= Tr{2 Ktst,trMinvDtr,trMinvMtr,tst

− 2 Ktst,trMinvDtr,tst
+Dtst,trMinvKtr,trMinvMtr,tst

−Mtst,trMinvDtr,trMinvKtr,trMinvMtr,tst

−Mtst,trMinvKtr,trMinvDtr,trMinvMtr,tst

+Mtst,trMinvKtr,trMinvDtr,tst} (5.30)

where

Dtr,· := [0.5Dtr,· × exp(−0.5Dtr,· exp(−γ)) exp(−γ)I].

At iteration i, we update η and γ according to

ηi = ηi−1 − α
d

dη
Error(λx,σ2

xz)

∣∣∣∣
ηi−1,γi−1

(5.31)

γi = γi−1 − α
d

dγ
Error(λx,σ2

xz)

∣∣∣∣
ηi−1,γi−1

(5.32)

with learning rate α until convergence. Various adaptive learning rate schemes can

be used for faster convergence.

5.6.2 Boston Housing Data

The main variable of interest is the median value of occupied homes (medv). Based

on the result using KRESIT (Figure 5.6), the proportion of lower status people (lstat)

and (medv) are conditionally dependent given the rest of the variables, so is average

number of rooms per unit (rm) and (medv). However, the estimated CPDAG cannot

be more specific on the direction of the causation. Additionally, (medv) has been

identified to cause the percentage of black population (b). We observe that such link

is indeed plausible. In the US around the time of the 1970 census, residential seg-

regation was common place, and neighbourhoods with a higher percentage of blacks

were regarded as less desirable to live in. Banks and the federal government itself

refused to give loans to blacks in general, and specifically refused to give them loans
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when they wanted to buy homes in neighbourhoods that had historically been white.

The variable (medv) has also been identified to cause whether the house is next to

the Charles River (chas). However, this edge seems to be misdirected. The result of

Flaxman et al. [2015] (using RESIT) has shown the opposite (chas) → (medv) which

agrees with authors’ belief in the original paper [Harrison Jr. and Rubinfeld, 1978].

Besides this, they also showed that (nox), (lstat) and (rm) are the causes for (medv).

While the strong independence test of Zhang et al. [2011] also identified (lstat) and

(rm) as the causes, it additionally concludes crime rates (crim) and proportion of unit

built before 1940 (age) as causes. The strong CI test of Fukumizu et al. [2008] agrees

with Zhang et al. [2011] on (lstat) and (age).

5.6.3 Ozone Data

We consider the ozone dataset used in Breiman and Friedman [1985] and pre-whitened

each variable using time with a GP regression [Flaxman et al., 2015] as the dataset

consists of 330 daily observations with clear temporal autocorrelation. We refer to

[Breiman and Friedman, 1985] for the details of each variable and the main variable

of interest is the ozone concentration (Ozone). We set the significance level to be

α = 0.05 as the number of variables is only 9.

Figure 5.7 illustrates that though some edges are present in both our result and

the one obtained by Flaxman et al. [2015], the two graphs are quite different. The

CPDAG obtained using KRESIT shows that there is no cause of (Ozone) among

the variables under consideration, but (Ozone) causes temperature (Temp), humidity

(Hum) and inversion base height (InvHt). Flaxman et al. [2015] also concludes that

there is no cause of (Ozone) among the variables under consideration, but (Ozone) is

one of the causes for visibility (Vis).

The correlations between the concentration of ozone, temperature, inversion base

height and humidity in the atmosphere have been shown to exist in many research on

meteorology, public health and environmental science. However, the causal directions

are less clear as the interaction between them are complex and there are additional

factors that plays a part which have not been considered in this dataset. For exam-

ple, the ratio of volatile organic compounds (VOC) and nitrogen oxides (Nox), the

concentration of other green house gases, if heavy cloud is present, etc. We regard

our method as promising as it discovers the links between these variables.
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Figure 5.7: Results of PC algorithm with KRESIT (black) and RESIT [Flaxman et al.,
2015] (orange) using pre-whitened Ozone dataset.
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Chapter 6

Bayesian Two-Sample Testing

6.1 Introduction

Nonparametric two-sample testing is an important branch of hypothesis testing with

a wide range of applications. The two-sample testing problem can be described as

follows: given a set of samples {xi}nxi=1
i.i.d.∼ P and {yi}nyi=1

i.i.d.∼ Q, we wish to evaluate

the evidence for the competing hypotheses

H0 : P = Q v.s. H1 : P 6= Q (6.1)

with the probability distributions P and Q unknown. In this chapter, we will pursue

a Bayesian perspective to this problem. In this perspective, hypotheses can be for-

mulated as models and hypothesis testing can therefore be viewed as a form of model

selection, i.e. to identify which model is strongly supported by the data [Jefferys and

Berger, 1992].

The classical Bayesian formulation of the two-sample testing problem is in terms

of the Bayes factor [Jeffreys, 1935, 1961, Kass and Raftery, 1995]. For a given data set

D and two competing models/hypotheses M0 (or H0) and M1 (or H1) parameterised

by the vectors θ0 and θ1 respectively, the Bayes factor is represented as the likeli-

hood ratio of the samples given that they were generated from the same distribution

(null hypothesis) to that they were generated from different distributions (alternative

hypothesis):

BF =
P (D|M0)

P (D|M1)
(6.2)

=

∫
P (θ0|M0)P (D|θ0,M0)dθ0∫
P (θ1|M1)P (D|θ1,M1)dθ1

(6.3)
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Note, in our nonparametric two-sample testing regime, θ0 and θ1 are the hyperparam-

eters. The Bayes factor can be interpreted as the posterior odds on the null distri-

bution when the prior probability on the null distribution is 1
2

[Kass and Raftery,

1995]. For the two-sample testing problem, the data set under consideration is

D = {{xi}nxi=1, {yj}
ny
j=1}. Assuming X and Y are independent, under the null hy-

pothesis H0, the two samples come from the same distribution parameterised by θ0

(i.e. a distribution for the pooled samples) which we denote as Px,y = P = Q. This

implies

P (D|θ0, H0) =
nx∏
i=1

Px,y(xi|θ0)

ny∏
j=1

Px,y(yj|θ0). (6.4)

Under the alternative hypothesis H1, the two samples come from different distribu-

tions P andQ parameterised respectively by the vectors θ1,1 and θ1,2. These parameter

vectors are collectively defined as θ1 := (θ>1,1, θ
>
1,2)>. This implies

P (D|θ1, H1) =
nx∏
i=1

P (xi|θ1,1)

ny∏
j=1

Q(yj|θ1,2). (6.5)

If the posterior probability of the model given the data is of interest, it can be

easily written in terms of the Bayes factor:

P (M0|D) =
BF

1 +BF
(6.6)

P (M1|D) = 1− P (M0|D) =
1

1 +BF
(6.7)

When the prior probabilities on the models are not equal, the posterior probability

of the null model can be written as:

P (M0|D) =
P (M0)

∫
P (θ0|M0)P (D|θ0,M0)dθ0

P (M0)
∫
P (θ0|M0)P (D|θ0,M0)dθ0 + P (M1)

∫
P (θ1|M1)P (D|θ1,M1)dθ1

(6.8)

=
BF

BF + P (M1)
P (M0)

. (6.9)

As discussed by Borgwardt and Ghahramani [2009], the crucial question is to de-

fine the hypotheses/likelihood models such that the resultant Bayesian two-sample

test is general and applicable to all data. Ideally, we would like the model to cover

as large a class of probability distributions as possible and is also applicable to mul-

tivariate distributions and other domains. Bayesian parametric hypothesis testing,

i.e. when the probability distributions P and Q are of known form, is well developed
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and we refer the readers to Bernardo and Smith [2000]. Most nonparametric work

has been focusing on testing a parametric model versus a nonparametric one and a

detailed summary has been provided by [Holmes et al., 2015]. More recently, Holmes

et al. [2015] proposed to use a Pólya tree prior centered on some distribution G and

model the distributions of the pooled samples Px,y
1 under the null and the individual

distributions P and Q under the alternative as i.i.d. draws from such Pólya tree prior.

The extension to independence testing was done by Filippi and Holmes [2016]. While

this approach indeed gives a flexible model of the underlying probability distributions,

it can only be used for 1-dimensional data.

Borgwardt and Ghahramani [2009] proposed two Bayesian two-sample tests based

on Bayes factor: a parametric test using exponential families to describe the marginal

likelihood distribution for the pooled samples and the individual samples; a non-

parametric test using Dirichlet process mixture models (DPMM) with exponential

families. For the proposed nonparametric test, the prior on probability distributions

allows the applications to multivariate data. Also utilising the Bayes factor as a model

comparison tool, Stegle et al. [2010] used Gaussian processes (GP) to model the prob-

ability of the observed data under each model in the problem of testing whether a

gene is differentially expressed. The values of the hyperparameters (i.e. the kernel hy-

perparameters and the variance of the noise distribution of the GP model) were set to

those that maximise the log posterior distribution of the hyperparameters. While this

approach is for detecting the genes that are differentially expressed, they proposed a

mixture type of approach for detecting the intervals of the time series such that the

effect is present. A binary switch variable was introduced at every observation time

point to determine the model that describes the expression level at that time point.

Posterior inference of such variable is achieved through variational approximation.

In the independence testing literature, Filippi et al. [2016] proposed to model the

probability distributions using DPMM with Gaussian distributions for pairwise de-

pendency detection in large multivariate datasets. Though in theory the Bayes factor

with DPM on the unknown densities can be computed via the marginal likelihood,

this requires integrating over infinite dimensional parameter space which results in

an intractable form [Filippi et al., 2016]. Hence the problem was reformulated us-

ing a mixture modelling approach proposed recently by Kamary et al. [2014] where

1Under the null hypothesis, the samples X and Y are assumed to follow the same distribution,
i.e. P = Q. Here we denote this distribution as Px,y.
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hypotheses are the components of a mixture model and the posterior distribution of

the mixing proportion is the outcome of the test. More specifically, they propose to

model the observations D by an encompassing mixture model

D ∼ αP (D|θ0,M0) + (1− α)P (D|θ1,M1) (6.10)

with 0 ≤ α ≤ 1 the mixing proportion also to be inferred. Kamary et al. [2014] argues

the posterior distribution on α allows for a more thorough assessment of the strength

of the support of one model against the other comparing to the single numerical value

given by the Bayes factor. It removes the artificial prior probabilities on model in-

dices P (M0) and P (M1) required by Bayes factor computations. Most notably, the

approach allows the use of noninformative priors when the two competing hypothe-

ses share the same set of parameters. This was prohibitive in the classical Bayesian

two-sample testing approach like Bayes factor [DeGroot, 1973].

In this work, we will adapt the classical Bayes factor approach to evaluate the

evidence in favour of the null hypothesis. The mixture modelling formulation of the

problem will be left as future work. The two-sample testing problem in the most

general form as presented above need not have nx = ny. For simplicity, we restrict

our attention to the paired two-sample testing problem, i.e. {(xi, yi)}ni=1. Instead of

considering the observations directly, we propose to work with the witness function

(Equation 2.17) of the MMD (Definition 2.3.1), which is proportional to the differ-

ence between the two distributions’ mean embeddings in the RKHS. Inspired by the

work of Flaxman et al. [2016] where the distribution mean embedding is modelled

with a Gaussian process prior and a normal likelihood, we use a similar model for the

witness function. Intuitively, to model the kernel mean embedding for X (or for Y )

directly with a GP prior is not ideal as kernel mean embeddings for a non-negative

kernel (like Gaussian kernel and Matérn kernel) are never negative, but the draws

from any GP prior can be negative. Hence, it seems more suitable to place a prior

directly on the difference between the mean embeddings as we do in this contribution.

A further advantage of modelling the difference is that we will no longer require the

independence assumption between the random variables X and Y . Such assumption

is common in two-sample testing literature both in the frequentist and the Bayesian

setting, in particularly, a two-sample test based on MMD requires such assumption.
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6.2 Proposed Method

Consider a paired data set D = {(xi, yi)}ni=1 with xi, yi ∈ X for some generic domains

X . Further, let xi
i.i.d.∼ P and yi

i.i.d.∼ Q for some unknown distributions P and Q. Let

kθ(·, ·) be a positive definite kernel parameterised by θ, with the corresponding repro-

ducing kernel Hilbert space H.

In this chapter, we develop a Bayesian two-sample test based on the witness

function corresponding to the integral probability metric formulation of the MMD

(Section 2.3.2). We consider the empirical estimate of the witness function evaluated

at a set of locations and propose a Bayesian inference scheme so that the relative

evidence in favour of H0 and H1 is quantified. The proposed test is conditional on

the choice of the family of kernels parameterised by θ. To ensure the injectivity of

the kernel mean maps, we restrict our attention to the set of characteristic kernels,

and in particular we work with the Gaussian RBF kernel in this Chapter, but other

kernels are readily applicable to the framework. To emphasize the dependence of the

kernel function on the lengthscale parameter θ, we write kθ(·, ·). Denote the respective

kernel mean embeddings for X and Y as

µX = EX(kθ(·, X)) =

∫
X
kθ(·, x)P (dx), (6.11)

µY = EY (kθ(·, Y )) =

∫
Y
kθ(·, y)Q(dy), (6.12)

with the empirical estimators and the corresponding estimates denoted by

µ̂X =
1

n

n∑
i=1

kθ(·, Xi) and µ̂x =
1

n

n∑
i=1

kθ(·, xi), (6.13)

µ̂Y =
1

n

n∑
i=1

kθ(·, Yi) and µ̂y =
1

n

n∑
i=1

kθ(·, yi). (6.14)

We denote the witness function up to proportionality as δ = µX−µY , which is simply

the difference between the kernel mean embeddings. Under the null hypothesis, the

two distributions P and Q are the same and with the use of characteristic kernels,

all information of the probability distribution is preserved through the kernel mean

embeddings µX and µY . Hence, the null hypothesis is equivalent to δ = 0 and the

alternative is equivalent to δ 6= 0.
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Given the set of evaluation points z = {zi}pi=1 ∈ X , we define the evaluation of δ

at z as

δ(zi) = µX(zi)− µY (zi) (6.15)

= EX(kθ(zi, X))− EY (kθ(zi, Y )), ∀ i = 1, · · · , p (6.16)

δ(z) = (δ(z1), ...δ(zp)))
> ∈ Rp. (6.17)

Such evaluations δ(z) will act as the quantity of interest of our proposed model, while

the empirical estimate of δ(z) on a given set of data D = {(xi, yi)}ni=1 will be regarded

as the observations. This will be made precise in the following sections. Ideally, half

of the evaluation points z = {zi}pi=1 are sampled from P , while the other half are

sampled from Q. When direct sampling is not possible (e.g. when we have access to

the distributions only through samples), the evaluation points are subsampled from

the given data set. We define the p-dimensional vector ∆ as the empirical estimate

of δ(z):

∆ = {µ̂x(zj)− µ̂y(zj)}pj=1 (6.18)

=

{
1

n

n∑
i=1

kθ(xi, zj)−
1

n

n∑
i=1

kθ(yi, zj)

}p

j=1

(6.19)

=

{
1

n

n∑
i=1

(kθ(xi, zj)− kθ(yi, zj))
}p

j=1

. (6.20)

and the corresponding random variable as ∆XY := {µ̂X(zj)− µ̂Y (zj)}pj=1.

Following the classical Bayesian two-sample testing framework, we will quantify

the evidence in favour of the two-sample coming from the same distribution vs differ-

ent distributions through Bayes factor. However, in contrast to (6.4) and (6.5), the

independence assumption between random variables X and Y is no longer assumed

and hence we compute the Bayes factor as

BF =
P (∆|H0)

P (∆|H1)
=
P (H0|∆)P (H1)

P (H1|∆)P (H0)
. (6.21)

We introduce the parameter M = {0, 1}, such that M = 0 indicates the null hypoth-

esis and M = 1 indicates the alternative hypothesis. (6.21) can be written as

BF =
P (∆|M = 0)

P (∆|M = 1)
=
P (M = 0|∆)P (M = 1)

P (M = 1|∆)P (M = 0)
. (6.22)
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Following the Bayesian kernel embeddings approach of Flaxman et al. [2016], we

propose to model δ with a Gaussian process (GP) prior under the alternative model

in Section 6.3. Assuming a Gaussian noise model, we derive the marginal likelihood

of ∆ for fixed kernel lengthscale parameter θ. When such a parameter is unknown,

the framework of Flaxman et al. [2016] enables the derivation of the posterior dis-

tribution of the parameter given the observations. In Section 6.3.1, we detail the

computation of the covariance matrix of the Gaussian process prior following the ap-

proach by Flaxman et al. [2016]. In Section 6.3.2, we propose two estimation methods

of the covariance matrix of the noise model different from the isotropic model used in

Flaxman et al. [2016]. To alleviate the heavy computation burden of computing the

marginal likelihood of the dataset {(xi, yi)}ni=1|θ, Section 6.3.3 proposes alternative

formulation of the likelihood utilising the Kronecker product structure of our prob-

lem. In Section 6.3.4, we derive the formulas for the Jacobian computation.

Under the null hypothesis, the model simplifies significantly due to the zeroing of δ,

i.e. we pose a Gaussian noise model for ∆|θ directly. The noise covariance estimation

and the Jacobian computation follows that of the alternative model in Section 6.3,

while the fast computation of the marginal likelihood mimics the derivation in Section

6.3.3. Section 6.5 proposes a Metropolis Hasting within Gibbs type of approach for

inferring the posterior distribution of θ and that of the model given the observed

data. Section 6.6 studies the performance of the proposed method on 5 synthetic

data experiments.

6.3 Alternative Model: p(θ|M = 1,D)
Under the alternative hypothesis, δ = µX − µY 6= 0. We propose to model the

unknown quantity δ using a Gaussian Process (GP) prior. Draws from a naively

defined prior GP(0, kθ(·, ·)) would almost surely fall outside of the RKHS H that

corresponds to kθ(·, ·) [Wahba, 1990]. Hence, Flaxman et al. [2016] proposed to define

the GP prior as

δ|θ ∼ GP(0, rθ(., .)) (6.23)

with the covariance operator rθ(., .) defined as

rθ(z, z
′) :=

∫
kθ(z, u)kθ(u, z

′)ν(du) (6.24)
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where ν is any finite measure on X . Using results from Lukić and Beder [2001] and

Theorem 4.27 of Steinwart and Christmann [2008], Flaxman et al. [2016] show that

such choice of rθ ensures that δ ∈ H with probability 1 by the nuclear dominance

for kθ over rθ for any stationary kernel kθ and more generally
∫
kθ(x, x)ν(dx) < ∞.

Intuitively, the new covariance operator rθ is a smoother version of kθ since it is the

convolution of kθ with itself with respect to a finite measure ν [Flaxman et al., 2016].

For our particular choice of kθ being a Gaussian RBF kernel on X = RD, we will

derive the form of rθ following Flaxman et al. [2016] in Section 6.3.1.

Given the set of evaluation points {zj}pj=1, the prior translates into a p−dimensional

multivariate Gaussian distribution

δ(z)|θ ∼ N(0, Rθ) (6.25)

with [Rθ]ij = rθ(zi, zj). We link the empirical estimate ∆ with the true differences

δ evaluated at this set of evaluation points through a Gaussian likelihood of the

model. This is an approximation of the true likelihood which hinges on the common

“Gaussianity in the feature space” assumption in the kernel method literature and is

also utilised in Flaxman et al. [2016]. We write it as

∆XY |δ, θ ∼ N ([δ(z1), ..., δ(zp)]
>,

1

n
Σθ). (6.26)

We proposed to estimate Σθ empirically in Section 6.3.2. The constant 1
n

is for

notational convenience to be seen later. Integrating out the prior distribution of δ,

we obtain the marginal likelihood

∆XY |θ ∼ N (0p, Rθ +
1

n
Σθ). (6.27)

For the purpose of hyperparameter learning, we would like to compute the pos-

terior distribution of θ|{(xi, yi)}ni=1. As a first step, we will need to integrate out

the model parameter δ and compute the marginal probability of the observations

{(xi, yi)}ni=1 given the hyperparameter θ. Note that ∆ implicitly depends on the pa-

rameter θ through the kernel functions, hence we follow the exposition of Flaxman

et al. [2016] to apply a change of variables such that the θ dependence is separated out.

For every fixed pair of (xi, yi), define the finite dimensional feature map φθ : RD →
Rp as

φθ(x)− φθ(y) = [kθ(x, z1)− kθ(y, z1), ..., kθ(x, zp)− kθ(y, zp)]> ∈ Rp. (6.28)
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Note, kθ(Xi, zj) − kθ(Yi, zj) are independent for all i = 1, ..., n given δ. This im-

plies that n∆XY can be written as a sum of independent random variables: ∆XY =
1
n

∑n
i=1 (φθ(Xi)− φθ(Yi)). By Cramer’s decomposition theorem, we obtain the distri-

bution of each of the contributing components

φθ(Xi)− φθ(Yi)|δ, θ ∼ N ([δθ(z1), ..., δθ(zp)]
>,Σθ). (6.29)

Applying the change of variable (x, y) 7→ gθ(x, y) := (φθ(x) − φθ(y)) and using

the generalisation of the change-of-variable formula to non-square Jacobian matrices

[Ben-Israel, 1999] to obtain a distribution for (x, y) conditionally on δ

p(x, y|δ, θ) = p(gθ(x, y)|δ, θ)vol[Jθ(x, y)]. (6.30)

The Jacobian Jθ is a p× 2D matrix with

Jθ(x, y) =

{
∂gθ(x,y)zi

∂xj
, for j = 1, ..., D

∂gθ(x,y)zi
∂yj

, for j = D + 1, ..., 2D
(6.31)

and vol[Jθ(x, y)] :=
√

det(Jθ(x, y)>Jθ(x, y)). This can be further simplified into

Jθ(x, y) =

{
∂kθ(x,zi)
∂xj

, for j = 1, ..., D
∂kθ(y,zi)
∂yj

, for j = D + 1, ..., 2D.
(6.32)

The detailed computation of the Jacobian matrix will be discussed in Section 6.3.4.

By the conditional independence of g(xi, yi) for each i given δ and noting that θ

represents the hyperparameter of the kernel kθ(·, ·), then

p({xi, yi}ni=1|δ, θ) =
n∏
i=1

p(gθ(xi, yi)|δ, θ)vol[Jθ(xi, yi)]

=
n∏
i=1

N (gθ(xi, yi); δθ(z),Σθ)vol[Jθ(xi, yi)]

= N (vec(Gθ);mθ(z), In ⊗ Σθ)
n∏
i=1

vol[Jθ(xi, yi)] (6.33)

where Gθ = [gθ(x1, y1), ...gθ(xn, yn)] is a p × n matrix and vec(Gθ) ∈ Rnp is the vec-

torisation of the matrix Gθ. The mean vector mθ(z) := [δθ(z)>...δθ(z)>]> where each

δθ(z) = [δ(z1), ..., δ(zp)]
>. To obtain the marginal pseudolikelihood of p({(xi, yi)}ni=1|θ),
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we compute the integral

p({(xi, yi)}ni=1|θ) =

∫
p({(xi, yi)}ni=1|δ, θ)p(δ|θ)dδ

=

∫
N (vec(Gθ);mθ(z), In ⊗ Σθ)N (δ; 0, Rθ)

n∏
i=1

vol[Jθ(xi, yi)]dδ

= N (vec(Gθ); 0,11> ⊗Rθ + In ⊗ Σθ)
n∏
i=1

vol[Jθ(xi, yi)]. (6.34)

More explicitly, the log marginal pseudolikelihood can be written as

log p({(xi, yi)}ni=1|θ) ∝−
1

2
log det(11> ⊗Rθ + In ⊗ Σθ)

− 1

2
vec(Gθ)

>(11> ⊗Rθ + In ⊗ Σθ)
−1vec(Gθ)

+
1

2

n∑
i=1

log det(Jθ(xi, yi)
>Jθ(xi, yi)). (6.35)

Although the derivations presented here follow essentially the same steps as Flaxman

et al. [2016], it is important to note that different from Flaxman et al. [2016], we

model the difference between the empirical mean embeddings of the two distributions

of interest rather than the embedding of a single distribution. This has several impli-

cations. As discussed in Flaxman et al. [2016], the marginal pseudolikelihood involves

the computation of the inverse and the log determinant of an np-dimensional matrix.

A naive direct implementation would require a prohibitive computation of O(n3p3).

Since we consider the difference between the empirical mean embeddings, the efficient

computation utilising eigendecompositions of the relevant matrices [Flaxman et al.,

2016, A.4] cannot be applied directly. Fortunately, the special form of the correspond-

ing np×np covariance matrix allows faster computation following Kronecker product

algebra and the applications of matrix determinant lemma and Woodbury identity.

We detail the derivation in Section 6.3.3. Further, the Jacobian of transformation

requires the concatenation of the derivative with respect to the variable X and that

to the variable Y , we will present the details in Section 6.3.4.

Recall, in this chapter, we use Gaussian RBF kernel with the lengthscale param-

eter θ. This choice leads to a convenient form of the covariance function rθ(·, ·) such

that the samples from a GP with rθ lies in the correct RKHS, which we will give the

details below in Section 6.3.1.
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6.3.1 Covariance Matrix Rθ Computation

Flaxman et al. [2016] showed (in A.3) that the covariance function rθ of square ex-

ponential kernels

kθ(x, y) = exp

(
−1

2
(x− y)>Σ̃−1

θ (x− y)

)
(6.36)

with x, y ∈ RD and diagonal covariance Σ̃θ = θI = (θ(1), · · · , θ(D))>I can be written

as

rθ(x, y) = πD/2

(
D∏
d=1

θ(d)

)1/2

exp

(
−1

2
(x− y)>(2θID)−1(x− y)

)
. (6.37)

When θ(1) = · · · = θ(D) = θ, the above can be further simplified as

rθ(x, y) = πD/2θD/2 exp

(
− 1

4θ
(x− y)>(x− y)

)
. (6.38)

We use this form of the covariance function in our experiments.

6.3.2 Covariance Matrix Σθ Estimation

In this section, we consider two approaches of estimating the empirical covariance

matrix Σθ. It is important to note that the inducing points z = {zi}pi=1 are treated

as fixed. The first approach computes the covariance of the random variable ∆XY

directly and assumes the independence between the random variables X and Y . The

second approach, on the other hand, computes the empirical covariance matrix of

gθ(X, Y ) and does not require the independence assumption.

Method 1

In this approach, we consider the covariance of the random variable ∆XY . The ijth

component of the estimated covariance matrix Σ̂ij = Cov([∆XY ]i, [∆XY ]j) can be

written as

EXY ((µ̂X(zi)− µ̂Y (zi))(µ̂X(zj)− µ̂Y (zj))) (6.39)

= EXY (µ̂X(zi)µ̂X(zj)− µ̂X(zi)µ̂Y (zj) + µ̂Y (zi)µ̂Y (zj)− µ̂Y (zi)µ̂X(zj)). (6.40)

109



The first term of (6.40) can be expanded as

EX(µ̂X(zi)µ̂X(zj)) (6.41)

= EX

(
1

n2

n∑
a=1

n∑
b=1

k(Xa, zi)k(Xb, zj)

)
(6.42)

=
1

n2

[
n∑
a=1

EX(k(Xa, zi)k(Xa, zj)) +
n∑
b=1

∑
b 6=a

EX(k(Xa, zi)k(Xb, zj))

]
(6.43)

=
1

n2
[nEX(k(X, zi)k(X, zj)) + n(n− 1)EX(k(X, zi)k(X, zj))] (6.44)

Given observations {(xi, yi)}ni=1, the above is now readily estimated as

≈ 1

n2

n∑
a=1

k(xa, zi)k(xa, zj) +
n− 1

n

(
1

n

n∑
a=1

k(xa, zi)

)(
1

n

n∑
b=1

k(xb, zj)

)
(6.45)

=
1

n2
KzixKxzj +

n− 1

n

(
1

n
Kzix1

)(
1

n
Kzjx1

)
(6.46)

=
1

n2
KzixKxzj +

n− 1

n
µ̂x(zi)µ̂x(zj), (6.47)

where 1 is a vector of 1s in Rn and x = [x1 · · ·xn]> ∈ Rn×D. Similarly, the third term

in (6.40) can be approximated as

EY (µ̂Y (zi)µ̂Y (zj)) ≈
1

n2
KziyKyzj +

n− 1

n
(µ̂y(zi))(µ̂y(zj)) (6.48)

where y = [y1 · · · yn]> ∈ Rn×D. Assuming that X and Y are independent, the second

term in (6.40) can be empirically estimated as

EXY (µ̂X(zi)µ̂Y (zj)) (6.49)

=

(
1

n

n∑
a=1

EX(k(Xa, zi))

)(
1

n

n∑
b=1

EY (k(Yb, zj))

)
(6.50)

≈ (µ̂x(zi))(µ̂y(zj)) (6.51)

and similarly for the fourth term of (6.40). When we consider all z = {z1, ..., zp},
(6.40) can be written as

EXY ((µ̂X(z)− µ̂Y (z))(µ̂X(z)− µ̂Y (z))>) (6.52)

≈ 1

n2
KzxKxz +

n− 1

n
µ̂x(z)µ̂x(z)> − µ̂x(z)µ̂y(z)>

+
1

n2
KzxKxz +

n− 1

n
µ̂y(z)µ̂y(z)> − µ̂y(z)µ̂x(z)>. (6.53)
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The second term of Σ̂ = Cov(∆XY ) can be written as

[EXY (µ̂X(z)− µ̂Y (z))][E(µ̂X(z)− µ̂Y (z))]> (6.54)

≈ µ̂x(z)µ̂x(z)> + µ̂y(z)µ̂y(z)> − µ̂x(z)µ̂y(z)> − µ̂y(z)µ̂x(z)> (6.55)

Overall the empirical estimate of Σ̂ can be computed as

Cov(∆XY ) (6.56)

= EXY ((µ̂X(z)− µ̂Y (z))(µ̂X(z)− µ̂Y (z))>)

− E(µ̂X(z)− µ̂Y (z))E(µ̂X(z)− µ̂Y (z))> (6.57)

≈ 1

n2
KzxKxz −

1

n
µ̂x(z)µ̂x(z)> +

1

n2
KzyKyz −

1

n
µ̂y(z)µ̂y(z)> (6.58)

=
1

n2
KzxHKxz +

1

n2
KzyHKyz (6.59)

Since µ̂x(z)µ̂x(z)> = 1
n2Kzx11

>Kxz and H := I− 1
n
11
>, the final estimation equation

(6.59) follows.

Method 2

In this approach, we consider the random variable

gθ(X, Y ) = (k(X, z1)− k(Y, z1), ..., k(X, zp)− k(Y, zp))
>.

The ijth component of the empirical covariance matrix of gθ(X, Y ) can be written as

Cov(k(X, zi)− k(Y, zi), k(X, zj)− k(Y, zj)) (6.60)

= EXY (((k(X, zi)− k(Y, zi))(k(X, zj)− k(Y, zj)))

− EXY ((k(X, zi)− k(Y, zi)))EXY ((k(X, zj)− k(Y, zj))) (6.61)

The first term of (6.61) can be written as

EXY ((k(X, zi)− k(Y, zi))(k(X, zj)− k(Y, zj))) (6.62)

= EXY (k(X, zi)k(X, zj)− k(X, zi)k(Y, zj)− k(Y, zi)k(X, zj) + k(Y, zi)k(Y, zj))
(6.63)

≈ 1

n
KzixKxzj −

1

n
KzixKyzj −

1

n
KzjxKyzi +

1

n
KziyKyzj (6.64)

While the second term of (6.61) can be written as

EXY (k(X, zi)− k(Y, zi))EXY (k(X, zj)− k(Y, zj)) (6.65)

= (µX(zi)− µY (zi))(µX(zj)− µY (zj)) (6.66)

≈ 1

n2
Kzix11

>Kxzj −
1

n2
Kzix11

>Kyzj −
1

n2
Kziy11

>Kxzi +
1

n2
Kziy11

>Kyzj (6.67)
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Hence, combining these two terms and consider all z = {z1, ..., zp}:

Cov(gθ(X, Y )) (6.68)

≈ 1

n
KzxHKxz +

1

n
KzyHKyz −

1

n
KzxHKyz −

1

n
KzyHKxz (6.69)

=
1

n
GθHG

>
θ . (6.70)

To see how (6.70) follows, recall Gθ := [gθ(x1, y1), · · · , gθ(xn, yn)] ∈ Rp×n which can

be equivalently written in terms of kernel matrices as Gθ = Kzx −Kzy.

Note that the distribution of gθ(xi, yi) arises from the distribution of ∆ due to

Cramer’s decomposition theorem, this implies Cov(∆XY ) = 1
n
Cov(gθ(X, Y )). If

in addition, we assume the independence between X and Y , the computation of

Cov(gθ(X, Y )) will be simplified and the cross terms in (6.69) will be zero. However,

even in the case where independence assumption is satisfied, numerical instability

leads to slight difference of the covariance computation between the two estimation

methods. Nonetheless, we did not observe any difference of the resulting posterior

inference in that case. The first estimation approach is used in all the experiments of

Section 6.6.

6.3.3 Efficient Computation of Marginal Pseudolikelihood

In this section, we illustrate the efficient computation of the multivariate Gaussian

distribution utilising the Kronecker product structure of our problem. Note, Flaxman

et al. [2016] used the identity matrix as Σθ which results in their particular deriva-

tion of the fast computation of the marginal pseudolikelihood in their section A.4.

However, we propose a different approach considering the full covariance matrix Σθ

as estimated in the previous section.

Proposition 6.3.1. Denote Wθ := 11T ⊗Rθ + In ⊗ Σθ. Then,

(a) det(Wθ) = det(Σθ + nRθ) det(Σθ)
n−1.

(b) vec(Gθ)
>W−1vec(Gθ) = Tr

(
(Σθ + nRθ)

−1GθG
>
θ +

(
1
n
ΣθR

−1
θ Σθ + Σθ

)−1
GθHG

>
θ

)
where H = I − 1

n
11>.
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Proof. (a) Using matrix determinant lemma, and note that for any m×m matrix,

11> ⊗ A = (1⊗ Im)A (1⊗ Im)> .

Hence, the first term of W can be written as

11> ⊗Rθ = (1⊗ Im)Rθ (1⊗ Im)> .

For the second term of W ,

det(In ⊗ Σθ) = det(In)m det(Σθ)
n = det(Σθ)

n

by the property of the determinant of Kronecker product. We can then write

det(11> ⊗Rθ + In ⊗ Σθ)

= det((1⊗ Im)Rθ(1⊗ Im) + In ⊗ Σθ)

= det(I + (1⊗ Im)>(In ⊗ Σθ)
−1(1⊗ Im)Rθ) det(Σθ)

n (6.71)

The last equation follows from the property that det(A+UV >) = det(I+V >A−1U)det(A)

given conformable matrices. Recall the properties of Kronecker products: (1⊗Im)> =

1>⊗I>m; (In⊗Σθ)
−1 = I−1

n ⊗Σ−1
θ and (A⊗B)(C⊗D) = (AC)⊗(BD) for conformable

matrices. By repetitive applications of these properties, the above can be simplified

into

det(I + (1> ⊗ Σ−1
θ )(1⊗ Im)Rθ) det(Σθ)

n

= det(I + (1>1)⊗ (Σ−1
θ Im)Rθ) det(Σθ)

n

= det(I + nΣ−1
θ Rθ) det(Σθ)

n

= det(Σ−1
θ (Σθ + nRθ)) det(Σθ)

n

= det(Σθ)
−1 det(Σθ + nRθ) det(Σθ)

n

= det(Σθ + nRθ) det(Σθ)
n−1

Hence the desired equation is obtained.

(b) Using Woodbury identity and the properties of the Kronecker product,

W−1
θ = In ⊗ Σ−1

θ −
(
1⊗ Σ−1

θ

) (
(Rθ)

−1 + nΣ−1
θ

)−1 (
1> ⊗ Σ−1

θ

)
. (6.72)

Note that
(
In ⊗ Σ−1

θ

)
vec(Gθ) = vec(Σ−1

θ Gθ) and{
vec(Gθ)

> (1⊗ Σ−1
θ

)}>
=
(
1> ⊗ Σ−1

θ

)
vec(Gθ) = vec(Σ−1

θ Gθ1) = Σ−1
θ Gθ1,
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and rearranging products under the trace, we have

vec(Gθ)
>W−1

θ vec(Gθ)

= vec(Gθ)
>vec(Σ−1

θ Gθ)− (Σ−1
θ Gθ1)>

(
(Rθ)

−1 + nΣ−1
θ

)−1
Σ−1
θ Gθ1

= Tr(G>θ Σ−1
θ Gθ)− Tr(1>G>θ Σ−1

θ

(
(Rθ)

−1 + nΣ−1
θ

)−1
Σ−1
θ Gθ1)

= Tr
(

Σ−1
θ GθG

>
θ − Σ−1

θ

(
(Rθ)

−1 + nΣ−1
θ

)−1
Σ−1
θ Gθ11>G>θ

)
. (6.73)

Denoting the matrix under the trace by A, we can further simplify

A = Σ−1
θ GθG

>
θ − Σ−1

θ

(
(nRθ)

−1 + Σ−1
θ

)−1
Σ−1
θ Gθ

(
1

n
11>

)
G>θ

=
(
(nRθ)

−1 + Σ−1
θ

) (
(nRθ)

−1 + Σ−1
θ

)−1
Σ−1
θ GθG

>
θ

−Σ−1
θ

(
(nRθ)

−1 + Σ−1
θ

)−1
Σ−1
θ Gθ

(
1

n
11>

)
G>θ

= (nRθ)
−1 ((nRθ)

−1 + Σ−1
θ

)−1
Σ−1
θ GθG

>
θ

+Σ−1
θ

(
(nRθ)

−1 + Σ−1
θ

)−1
Σ−1
θ Gθ

(
In −

1

n
11>

)
G>θ

= (Σθ + nRθ)
−1GθG

>
θ +

(
1

n
ΣθR

−1
θ Σθ + Σθ

)−1

GθHG
>
θ .

Remark 6.3.1. The above simplifies further when Σ̂θ is the empirical covariance of

Gθ’s, i.e. Σ̂θ = 1
n
GθHG

>
θ . Indeed,

Tr

((
Σ̂θ + nRθ

)−1

GθG
>
θ +

(
1

n
Σ̂θR

−1
θ Σ̂θ + Σ̂θ

)−1

GθHG
>
θ

)

= Tr

((
Σ̂θ + nRθ

)−1

GθG
>
θ +

(
Σ̂θ + nRθ

)−1

nRθ Σ̂−1
θ GθHG

>
θ

)
= Tr

((
Σ̂θ + nRθ

)−1

GθG
>
θ +

(
Σ̂θ + nRθ

)−1

n2Rθ

)
= Tr

((
GθHG

>
θ + n2Rθ

)−1
nGθG

>
θ +

(
GθHG

>
θ + n2Rθ

)−1
n3Rθ

)
= Tr

(
n
(
GθHG

>
θ + n2Rθ

)−1
(GθG

>
θ + n2Rθ)

)
.

Using the efficient computation presented in this section, the log marginal pseu-
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dolikelihood (6.35) can be written as

log p({(xi, yi)}ni=1|θ)

= const+−1

2
log det(Σθ + nRθ)−

1

2
(n− 1) log det(Σθ)

− 1

2
Tr

(
(Σθ + nRθ)

−1GθG
>
θ +

(
1

n
ΣθR

−1
θ Σθ + Σθ

)−1

GθHG
>
θ

)

+
1

2

n∑
i=1

log det(Jθ(xi, yi)
>Jθ(xi, yi)). (6.74)

6.3.4 Computation of the Jacobian Matrix

In this section, we detail the computation of the Jacobian term. As the variable under

consideration is the same for the null and the alternative models, the Jacobian term

remains the same. The variables under consideration is

gθ : (x, y) 7→ (kθ(x, z1)− kθ(y, z1), ..., kθ(x, zp)− kθ(y, zp))

where gθ : R2D → Rp. For each i = 1, ..., n, the Jacobian matrix Jθ(xi, yi) ∈ Rp×2D:

Jθ(xi, yi) =

[
Jx(xi) Jy(yi)

]
where Jx(xi) ∈ Rp×D and Jy(yi) ∈ Rp×D are block matrices separating the terms

related to X and those that are related to Y. The θ dependence is omitted here for

notational simplicity. Jx(xi) can be written as

Jx(xi) =


∂

∂x·1
gθ(xi, yi)1 · · · ∂

∂x·D
gθ(xi, yi)1

...
. . .

...
∂

∂x·1
gθ(xi, yi)p · · · ∂

∂x·D
gθ(xi, yi)p

 (6.75)

and Jy(yi) can be written as

Jy(yi) =


∂
∂y·1

gθ(xi, yi)1 · · · ∂
∂y·D

gθ(xi, yi)1

...
. . .

...
∂
∂y·1

gθ(xi, yi)p · · · ∂
∂y·D

gθ(xi, yi)p

 (6.76)

where gθ(xi, yi)l denotes the lth component of gθ(xi, yi), i.e. gθ(xi, yi)l = kθ(xi, zl) −
kθ(yi, zl) and ∂

∂x·d
is the partial derivative with respect to the dth dimension of the

random variable x.
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For observations of D dimension, the Gaussian RBF kernel under consideration

is of the form:

kθ(xi, zl) = exp

(
− 1

2θ2
‖xi − zl‖2

2

)
(6.77)

= exp

(
− 1

2θ2

[
(xi1 − zl1)2 + · · · (xiD − zlD)2

])
(6.78)

Let the Gram matrix between {xi}ni=1 and {zj}pi=1 be Kxz such that [Kxz]il = kθ(xi, zl).

Similarly, [Kyz]il = kθ(yi, zl).

For each dimension d = 1, · · · , D, we denote the difference between xid and zjd

for i = 1, · · · , n and j = 1, · · · , p as Dx
d ∈ Rn×p:

Dx
d =

 x1d − z1d · · · x1d − zpd
...

xnd − z1d · · · xnd − zpd

 . (6.79)

Similarly, we have Dy
d for d = 1, · · ·D.

Given the form of the kernel function, each term in (6.75) can be written as

[Jx(xi)]lm =
∂gθ(xi, yi)l
∂x·m

=
∂kθ(xi, zl)

∂x·m
(6.80)

= exp

(
− 1

2θ2

[
(xi1 − zl1)2 + · · · (xiD − zlD)2

])(
− 2

2θ2
(xim − zlm)

)
(6.81)

= kθ(xi, zl)

(
− 1

θ2
(xim − zlm)

)
(6.82)

Similarly for the Jacobian term associated with Y:

[Jy(yi)]lm =
∂gθ(xi, yi)l

∂y·m
= −∂kθ(yi, zl)

∂y·m
.

In computing the probability of the observations {xi, yi}ni=1 given the hyperparam-

eter θ, we are interested in computing the log determinant of the Jacobian term

log det(Jθ(xi, yi)
>Jθ(xi, yi)).

Note, for a fixed i, the square matrix can be written as

Jθ(xi, yi)
>Jθ(xi, yi) =

[
Jx(xi)

>Jx(xi) Jx(xi)
>Jy(yi)

Jy(yi)
>Jx(xi) Jy(yi)

>Jy(yi)

]
(6.83)
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where each J·(·i)>J·(·i) is a block matrix of dimension D ×D. For notational conve-

nient, we will omit the θ in the kernel function kθ(·, ·) when the context is clear.

Jx(xi)
>Jx(xi) =


∑p

j=1
∂k(xi,zj)

∂x·1

∂k(xi,zj)

∂x·1
· · · ∑p

j=1
∂k(xi,zj)

∂x·1

∂k(xi,zj)

∂x·D
...∑p

j=1
∂k(xi,zj)

∂x·D

∂k(xi,zj)

∂x·1
· · · ∑p

j=1
∂k(xi,zj)

∂x·D

∂k(xi,zj)

∂x·D

 (6.84)

The term Jy(yi)
>Jy(yi) is similar, while the cross-term can be computed as

Jx(xi)
>Jy(yi) =

 −
∑p

j=1
∂k(xi,zj)

∂x·1

∂k(yi,zj)

∂y·1
· · · −∑p

j=1
∂k(xi,zj)

∂x·1

∂k(yi,zj)

∂y·D
...

−∑p
j=1

∂k(xi,zj)

∂x·D

∂k(yi,zj)

∂y·1
· · · −∑p

j=1
∂k(xi,zj)

∂x·D

∂k(yi,zj)

∂y·D

 (6.85)

with [
Jx(xi)

>Jx(xi)
]
st

=

p∑
j=1

∂k(xi, zj)

∂x·s

∂k(xi, zj)

∂x·t
(6.86)

=

p∑
j=1

kθ(xi, zj)

(
− 1

θ2
(xis − zjs)

)
kθ(xi, zj)

(
− 1

θ2
(xit − zjt)

)
(6.87)

=

p∑
j=1

1

θ4
kθ(xi, zj)

2(xis − zjs)(xit − zjt) (6.88)

=

p∑
j=1

1

θ4
[Kxz]

2
ij[D

x
s ]ij[D

x
t ]ij. (6.89)

Essentially, the above equation indicates that we compute the row sum of the elements-

wise product of these three matrices of interest. Similarly,

[
Jx(xi)

>Jy(yi)
]
st

= −
p∑
j=1

∂k(xi, zj)

∂x·s

∂k(yi, zj)

∂y·t
(6.90)

= −
p∑
j=1

1

θ4
[Kxz]ij[Kyz]ij[D

x
s ]ij[D

y
t ]ij (6.91)

Equations (6.89) and (6.91) enable the computation of the square matrix Jθ(xi, yi)
>Jθ(xi, yi)

for each i = 1, · · · , n.

6.4 Null Model: p(θ|M = 0,D)
In this section, we derive the marginal pseudolikelihood under the null model. The

term “pseudolikelihood” is used since it relies on the evaluation of the empirical
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embedding at a finite set of inducing points and hence it is an approximation to the

likelihood of the infinite dimensional empirical embedding [Flaxman et al., 2016]. The

model simplifies significantly as δ = 0, we propose to model the data directly with a

Gaussian noise model

∆|θ ∼ N (0,
1

n
Σθ) (6.92)

where as before, we rewrite the covariance matrix as 1
n
Σθ. By a similar argument as

in Section 6.3, we obtain

gθ(xi, yi)|θ ∼ N (0,Σθ) (6.93)

for i = 1, · · · , n. This implies that the marginal pseudolikelihood can be written as

p({xi, yi}ni=1|θ) =
n∏
i=1

p(gθ(xi, yi)|θ)vol(Jθ(xi, yi)) (6.94)

= N (vec(Gθ); 0, In ⊗ Σθ)
n∏
i=1

vol(Jθ(xi, yi)). (6.95)

Expanding out the multivariate Gaussian distribution and taking the logarithm

log p({xi, yi}ni=1|θ)

∝ −0.5 log det(In ⊗ Σθ)− 0.5 vec(Gθ)
>(In ⊗ Σθ)

−1vec(Gθ) +
n∑
i=1

log vol(Jθ(xi, yi)).

(6.96)

A naive computation of the above again incur a prohibitive computational burden

that scales like O(m3n3). We mimic the case of the alternative model (Proposition

6.3.1 from Section 6.3.3) and derive the efficient computation of the marginal pseu-

dolikelihood.

Lemma 6.4.1. vec(Gθ)
>(In ⊗ Σθ)

−1vec(Gθ) = Tr(G>Σ−1G).

Proof. By properties of matrix inversion:

(In ⊗ Σθ)
−1 = I−1

n ⊗ Σ−1
θ = In ⊗ Σ−1

θ .

Note that (In ⊗ Σ−1
θ )vec(G) = vec(Σ−1

θ G), we have

vec(G)>(In ⊗ Σ−1
θ )vec(G) = vec(G)>vec(Σ−1

θ G) = Tr(G>Σ−1
θ G).
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For the log determinant term, det(In ⊗ Σθ) = det(In)m ⊗ det(Σθ)
n by properties

of matrix determinant. Since the det(In)m = 1, then the marginal pseudolikelihood

can be written as

log p({xi, yi}ni=1|θ)

∝− 0.5n log(det(Σθ))− 0.5Tr(Σ−1
θ GG>) +

n∑
i=1

log vol(Jθ(xi, yi)) (6.97)

6.5 Posterior Inference

6.5.1 Bayes Factor with Fixed θ

Given the framework set out before and assume equal prior probabilities for the null

and alternative model, when the lengthscale parameter θ is fixed, the Bayes factor

can be computed directly by utilizing Gaussian distributions of ∆ as

BF =
P (∆|M = 0, θ)

P (∆|M = 1, θ)
(6.98)

∆|M = 0, θ ∼ N(0,
1

n
Σθ) (6.99)

∆|M = 1, θ ∼ N(0, Rθ +
1

n
Σθ). (6.100)

We consider some simple 1 dimensional experiments where under the null, both

samples come from N(0, 1) and under the alternative, the data sample {yi}ni=1 come

from distributions listed in Table.6.1 and the resulting Bayes factor is given. We fix

Alternative Model Bayes Factor P (M = 0|∆, θ)
N (0, 1) 2.60× 1025 1.00
N (0, 22) 2.85× 10−04 2.85× 10−04

N (0, 32) 2.98× 10−48 2.98× 10−48

N (1, 1) 6.10× 10−17 6.10× 10−17

N (2, 1) 9.52× 10−175 9.52× 10−175

N (3, 1) 0 0
Laplace(0, 1) 4.94× 1017 1.00

Table 6.1: Table of Bayes factors. Recall a Bayes factor with a value greater than
1 is supporting the null hypothesis while a value smaller than 1 is supporting the
alternative hypothesis. The larger the value of the Bayes factor the stronger the
support it is for the null [Jeffreys, 1961].

the θ parameter to the median heuristic. The results were obtained using 500 samples

with 40 evaluation points and averaged across 100 simulations. Equivalently, by the
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relationship between the posterior probability of M |∆ = 0 and the BF given in (6.6),

the model clearly recover the ground truth for distinguishing Gaussian distributions

that differ in mean or variance. However, when comparing the null distribution with

Laplace distribution, the model is struggling to detect the difference at 500 samples.

Although not presented here, the Bayes factor approach as above is struggling to

distinguish between N (0, 1) and N (0, 4) for a smaller sample size of 400 or less. Also,

we noticed that when increasing the number of samples to approximately 2500, the

Bayes factor is again able to distinguish between the Laplace distribution and the

standard Gaussian distribution. On the other hand, for the number of evaluation

points in {30, 40, 50, 60, 80}, the results do not exhibit noticeable difference.

6.5.2 Bayes Factor with Inferred θ

In the previous section, the lengthscale parameter θ was fixed, and the computation of

the posterior distribution of M |D was straightforward. In this section, we propose to

use a Metropolis Hasting within Gibbs type of approach for the joint posterior infer-

ence of M and θ. Iteratively, we would like to sample from p(θ|M,D) and p(M |θ,D).

To sample from p(θ|M,D), recall the marginal pseudolikelihood of the alternative

model (6.74) as a function of θ from Section 6.3:

log p({xi, yi}ni=1|θ) = const− 1

2
log det(Σθ + nRθ)−

1

2
(n− 1) log det(Σθ)

− 1

2
Tr

(
(Σθ + nRθ)

−1GθG
>
θ +

(
1

n
ΣθR

−1
θ Σθ + Σθ

)−1

GθHG
>
θ

)

+
1

2

n∑
i=1

log det(Jθ(xi, yi)
>Jθ(xi, yi))

and the null model (6.97) from Section 6.4 :

log p({xi, yi}ni=1|θ) ∝ −0.5n log(det(Σθ))− 0.5Tr(Σ−1
θ GG>) +

n∑
i=1

log vol(Jθ(xi, yi)).

Hence, we can evaluate log p(θ|{(xi, yi)}ni=1,M) by adding the log prior distribution

Gamma(2, 2). To sample from p(M |θ,D), recall the relationship between Bayes factor

and the posterior distribution of the null (6.6) and alternative model (6.7) respectively

p(M = 1|θ,D) =
1

1 +BFθ
,

p(M = 0|θ,D) =
BFθ

1 +BFθ
.
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We index BF by θ to emphasize the dependence of the Bayes factor on the kernel

hyperparameter θ. Equivalently, this says M |θ,D ∼ Bernoulli
(

1
1+BFθ

)
.

6.5.3 The Procedure for Posterior Inference

We present pseudocode of our posterior inference procedure in Algorithm 1. We ob-

serve from our experiments, that increasing the number of HMC steps inside Gibbs ñ

improves the posterior convergence of the chain. Due to the computational resources

available, ñ has only been set to values up to 30. The posterior marginal probability

P (θ|D) is approximated by the posterior MCMC samples {θ1, · · · , θm̃}. On the other

hand, the posterior marginal probability P (M = 1|D) is the proportion of M = 1 in

all the samples {M0, · · · ,Mm̃}.

Data: A paired sample D = {xi, yi}ni=1; The number of inducing points m;
The number of simulation m̃; The number of HMC steps ñ.

Output: A sample {θi,Mi}m̃i=1 from the posterior distribution of p(θ,M |D).
1 Initialise θ0 = Median heuristic on the set {x1, ..., xn, y1, ..., yn};
2 Initialise M0 by computing the Bayes factor (BF) in (6.98) and sample

Bernoulli( 1
1+BFθ

);

3 for i← 1 to m̃ do
4 Simulate a chain {θ1, ...θñ} from p(θ|Mi−1,D) using NUTS in Stan;
5 Set θi = θñ;

6 Simulate Mi ∼ Bernoulli
(

1
1+BFθ

)
;

7 end

Algorithm 1: Posterior Inference of the lengthscale parameter θ of the Gaus-
sian RBF kernel and the model indicator M .

6.6 Experiments

In this section, we would like to investigate the performance of the proposed poste-

rior inference scheme for M and θ on synthetic data experiments. For each of the

synthetic experiments, we generate 100 independent data sets of size n for each of the

models. We examine the distribution of the probability of the alternative hypothesis

(i.e. p(M = 1|D)) while varying the number of observed data points n. The number

of evaluation points is fixed at p = 40, with half sampled from the distribution of X

and the other half sampled from the distribution of Y .
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For the posterior sampling, we run the algorithm for m̃ = 2000. The initial 500

samples are discarded as burn-in and the thinning factor is 2. For every Gibbs sam-

pling step, we take 9 steps in HMC which contains 3 warmup steps for step size

adaption. Note, we have experimented with 1 HMC step for every step of Gibbs

sampling, the convergence of the parameters M and θ is much slower in that case.

On the other hand, increasing the number of HMC steps beyond 9 does not seem

to improve the performance by a significant amount. We used 9 steps for a balance

between computational complexity and performance.

6.6.1 Simple 1 Dimensional Gaussian Distributions

This section investigates the same experiment as Section 6.5.1 while inferring both

M and θ. We refer to Table.6.1 for details of the null and alternative models. As

expected, when the samples X and Y come from the same distribution (i.e. first plot

of Figure.6.1), the probability of M = 1 is consistently zero across all sample sizes.

When there is a difference in the variance of the Gaussian distribution, for example

when the alternative model is N (0, 4), the probability of M = 1 is zero when 50 or

100 samples are given. As we increase the sample size to 300, we observe that the

test is uncertain since probability of M = 1 varying from 0 to approximately 0.95

with median at around 0.15. However, as we increase the sample size to 500, the

probability of M = 1 is more concentrated towards 1. This phenomena is observed

for all the alternative models considered.

Essentially, when the number of samples is small, there is not enough evidence to

determine if the null hypothesis should be rejected. In such a case, the Bayes factor

favours the simpler null hypothesis. This is to be expected since Bayesian modelling

encompasses a natural Occam factor in the prior predictive [MacKay, 2003, Chapter

28] Filippi and Holmes [2016]. We will see this reflected in all the synthetic experi-

ments in this section.

Note, for a Gaussian distribution, the difference in mean is easier to detect com-

paring to a difference in variance. This is reflected in the experiments: we observe

that the probability of the alternative hypothesis becomes very close to 1 at a much

smaller sample size for the experiments with a difference in mean.
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Figure 6.1: 1-dimensional Gaussian experiment. The distribution of the probability
of the alternative hypothesis p(M = 1|D) for a different number of observations n.
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Figure 6.2: 1-dimensional Gaussian
experiment with the alternative model
N (0, 9) and 200 samples. The plot il-
lustrates 1

1+BFθ
as a function of θ.
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Figure 6.3: Joint distribution of M
and θ given observed data D. The
histogram of posterior samples for θ
is given on the top. The histogram
of posterior samples for M is given
on the right.

We emphasize that, unlike the frequentist kernel two-sample test where a single

value of the lengthscale parameter needs to be predetermined, the proposed Bayesian

framework integrates over all possible θ values and alleviates the need for kernel

lengthscale selection. However, some θ values are more informative in distinguishing

the difference between the two distributions while others are less informative. As a

specific example, we consider the case when X ∼ N (0, 1) and Y ∼ N (0, 9) with 200

samples each. For this specific simulation, we obtain P (M = 1|D) ≈ 0.839. Figure

6.2 illustrates the change of the probability of M = 1|θ,D as a function of θ. Clearly,

the region of θ from approximately 0.05 to 11 is most informative for distinguishing

these two distributions. This is also reflected in the marginal distribution of θ|M = 1

and θ|M = 0 from Figure 6.4 and Figure 6.3. Rather than selecting a single length-

scale parameter, the proposed method is able to highlight the range of informative

lengthscales. As we will see, this is more useful in the cases when multiple lengthscale

parameters are of interest for a single testing problem.
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Figure 6.4: 1-dimensional Gaussian distribution. Top: The marginal distribution of
θ|M = 1,D. Bottom: The marginal distribution of θ|M = 0,D.

6.6.2 2 Dimensional Gaussian Distributions

Before investigate examples where multiple lengthscales are of interest, we first con-

sider the Gaussian distributions in 2 dimensions with

X ∼ N
((

10
10

)
,

(
1 0
0 1

))
(6.101)

Y ∼ N
(
My, QSεQ

>) (6.102)

where My ∈ R2 is the mean vector, Q is the rotation matrix

Q =

(
cos(π

2
) sin(π

2
)

− sin(π
2
) cos(π

2
)

)
(6.103)

and Sε is the diagonal matrix of the form

Sε =

(
ε 0
0 1

)
. (6.104)

For the ease of notation, we denote Σ(ε) := QSεQ
> highlighting the dependency

on the parameter ε. More specifically, we consider the following parameter settings

for the simulated data as shown in Table 6.2. Under the null hypothesis, we simu-

lated both X and Y independently from a 2 dimensional Gaussian distribution with
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Null Alternative
M>

y (10, 10) (11.5, 11.5) (12, 10) (10, 10) (10, 10) (10, 10) (10, 10)

ε 1 1 1 2 6 10 20

Table 6.2: The different parameters for the 2-dimensional Gaussian distribution ex-
periment.

My = (10, 10)> and ε = 1. As expected, the distribution of the probability of M = 1

is consistently zero for all sample sizes as shown in Figure 6.12. Under the alternative

hypothesis, as expected, we observe in Figure 6.5 that the probability distribution of

the alternative hypothesis become concentrated around 1 as the number of samples

increase. In other words, as more samples are seen, the Bayes factor is able to favor

the alternative hypothesis with more certainty.

Note, for the case when ε = 2, the difference between the two distributions is

not detected even at the maximum sample size considered (n = 800) and the Bayes

factor consistently favours the null hypothesis. Since more samples are needed for the

model to be able to detect the difference between the two distributions, we argue that

large scale approximations such as random Fourier feature extension of the proposed

method is needed. We will provide a brief discussion of this in Section 6.7.

6.6.3 1 Dimensional Mixture of Gaussian Distributions

We have seen that the proposed Bayesian two-sample testing method works well in

distinguishing 1 and 2 dimensional Gaussian distributions. In this section, we consider

1 dimensional mixture of Gaussian distributions as our null and alternative models.

More specifically, we consider the following list of null and alternative models:

• Null Model: X ∼ 0.5N (0, 1) + 0.5N (4, 1)

• Alternative Model: Y ∼ 0.5N (0, 4) + 0.5N (4, 4)

• Alternative Model: Y ∼ 0.5N (0, 1) + 0.5N (8, 1)

• Alternative Model: Y ∼ 0.5N (0, 4) + 0.5N (8, 4)

• Alternative Model: Y ∼ 0.5N (2, 1) + 0.5N (6, 1)

• Alternative Model: Y ∼ 0.5N (2, 4) + 0.5N (8, 4)

• Alternative Model: Y ∼ 0.5N (−4, 1) + 0.5N (8, 1)
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Figure 6.5: 2-dimensional Gaussian distributions. The distribution of the probability
of the alternative hypothesis p(M = 1|D) for a different number of observations n.
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• Alternative Model: Y ∼ 0.5N (−4, 4) + 0.5N (8, 4).

Figure.6.13 of Appendix 6.8 provides illustration of samples from these models.

For each of the models, Figure.6.6 shows the distribution of M = 1|D as a func-

tion of the number of samples n. For the first plot of Figure.6.6, we observe that

the probability consistently equals to zero for all sample sizes and for all simulated

datasets. This is reassuring as the data X and Y are indeed simulated from the

same distribution, i.e. we are under the null hypothesis. When the alternative model

is Y ∼ 0.5N (0, 4) + 0.5N (4, 4), the problem is more challenging. At 800 samples,

the test is uncertain, but preferring the null hypothesis. This comes back to the

aforementioned idea of Bayesian modelling naturally prefers simple hypothesis. In

the other plots of Figure 6.6, we observed that the distribution of M = 1|D gradu-

ally concentrates around 1 as the number of samples increases. This aligns with our

expectations.

6.6.4 2 by 2 Blobs of 2 Dimensional Gaussian Distributions

The performance of the frequentist kernel two-sample test using MMD depends heav-

ily on the choice of kernel. When a Gaussian kernel is used, this boils down to choos-

ing an appropriate lengthscale parameter. Often, median heuristic is used. However,

Gretton et al. [2012b] showed that MMD with median heuristic failed to reject the

null hypothesis when comparing samples from a grid of isotropic Gaussian v.s. a grid

of non-isotropic Gaussian. The framework proposed by Flaxman et al. [2016] showed,

by choosing the lengthscale that optimise the Bayesian kernel learning marginal log

likelihood (i.e. an empirical Bayes type of approach), MMD is able to correctly re-

ject the null hypothesis at the desired significance level. Intuitively, the algorithm

needs to look locally at each blob to detect the difference rather than at the length-

scale that covers all of the blobs which is given by the median distance between points.

We repeat this experiment using the proposed Bayesian two-sample test with PX

being a mixture of 2 dimensional isotropic Gaussian distributions and PY a mix-

ture of 2 dimensional Gaussian distributions centered at slightly shifted locations

with rotated covariance matrix. Note, this is not the same dataset used in Flaxman

et al. [2016] and Gretton et al. [2012b], we shift the dataset to have multiple length-

scales relevant. We center the blobs of 2 dimensional Gaussian distributions of PX at

{(10, 10)>, (10, 20)>, (20, 10)>, (20, 20)>} and shift such locations by (−1,−1) for PY .

An equal number of observations is sampled from each of the blobs. The covariance
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Figure 6.6: 1 dimensional mixture of Gaussian distributions. The distribution of
the probability of the alternative hypothesis p(M = 1|D) for a different number of
observations n.
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matrix of PY follows the same form as in Section 6.6.2 with ε = {2, 6, 10, 20}. Figure

6.15 illustrates samples from these distributions.

As an example, in Figure 6.8, we see that a wide range of lengthscales is in-

formative for this two-sample testing problem when ε = 2. If we further observe

the marginal distributions P (θ|M = 0,D) and P (θ|M = 1,D) in Figure 6.10, the

method takes advantage of the large lengthscales to detect shift in location and the

small lengthscales to detect the difference in covariance. But when the lengthscale is

too small (approximately less than 0.5), the method regards the samples as identically

distributed.

Figure 6.7 shows that our approach is able to detect the difference between the

distributions since the probability of the alternative hypothesis becomes more con-

centrated around 1 as the number of samples increases. Note, when ε = 2, the

distribution of the probability of the alternative hypothesis is around 0.6. We expect

this to increase to 1 as we increase the number of samples to around 300 samples per

blob given the pattern observed.

6.6.5 Higher Dimensional Gaussian Distributions

We have seen that the proposed method is able to utilise informative value of the

lengthscale parameter and make correct decisions about the probability of the al-

ternative hypothesis given large enough samples. In this section, we investigate the

effect of dimensionality of the problem. We use the Gaussian blobs experiment from

the previous section and append simple N (0, 1) to both X and Y (i.e. the difference

exist only in the first two dimensions). In particular, we consider the cases when the

total number of dimensions are 3, 4 and 5 due to the availability of computational

resources. The results are presented in Figure 6.11.

Comparing to the plot of ε = 6 from Figure 6.7 where no noise is added, the

performance at 25 samples per blobs is very similar. At 75 samples per blobs, the

posterior distribution is concentrated at 0 insisting the probability of the alternative

hypothesis is zero. This is more conservative comparing to the ε = 6 case of Figure

6.7 where the median of the distribution is around 0.4. At 125 samples per blob , the

variance of the distribution of 1
1+BFθ

increases and the median of the distribution of
1

1+BFθ
decreases as the number of dimension increase from 2 to 4. When the total
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Figure 6.7: 2 by 2 blobs of bivariate Gaussian distributions. The distribution of
the probability of the alternative hypothesis p(M = 1|D) for a different number of
observations.

number of dimensions is 5, although the median of the distribution is similar to when

the dimension is 4, we see the first and third quantiles of the distribution shifting

downwards. At 200 samples per blob, we observe a similar performance as Figure

6.7. However, the medians of the distribution are slightly lower in 4 and 5 dimensions.

The noise in the additional dimensions has indeed made the problem harder for the

given number of samples. But the proposed method still manages to discover the

difference as the number of samples increases. This illustrates the robustness of our

proposed method to the dimensionality of the problem.
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Figure 6.8: 2 by 2 blobs of bivariate
Gaussian experiment with the alter-
native model ε = 2 and 200 samples
per blob. The plot illustrates 1

1+BFθ
against the value of θ.
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Figure 6.9: Joint distribution of M
and θ given D. The histogram of
posterior samples for θ is given on
the top. The histogram of posterior
samples for M is given on the right.
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Figure 6.10: 2 by 2 blobs of bivariate Gaussian experiment with the alternative model
ε = 2 and 200 samples per blob. Blue: Histogram of samples from the marginal distri-
bution of θ|M = 1,D. Orange: Histogram of samples from the marginal distribution
of θ|M = 0,D.
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Figure 6.11: ε = 6: Distribution of the probability of M = 1|D for 2 by 2 blobs
of bivariate Gaussian distributions with standard Gaussian noise in the remaining
dimensions for both samples. Top left figure is copied from Figure 6.7 for the ease of
performance comparison.

6.7 Conclusion

In this chapter, we have proposed a Bayesian two-sample testing framework utilis-

ing the Bayes factor. Rather than directly considering the observations, we have

proposed to consider the differences between the empirical kernel mean embeddings

(KME) evaluated at a set of inducing points. Following the learning procedure of the

empirical KME [Flaxman et al., 2016], we have derived the Bayes factors when the

kernel hyperparameter is inferred and when it is given as well as when it is treated

in a fully Bayesian way and marginalised over. Further, we have obtained efficient

computation methods of the marginal pseudolikelihood through the Kronecker struc-

ture of the covariance matrices. The posterior inference of the model label and the

kernel hyperparameter is done by HMC within Gibbs. We have showed in a range of

synthetic experiments that our proposed Bayesian test is able to simultaneously utilis-

133



ing multiple lengthscales and correctly uncover the ground truth given sufficient data.

There are many possible future developments following this work. We have used

the Bayes factor formulation for Bayesian model selection as the base framework of our

two-sample test. Alternatively, we can adopt the mixture approach of Kamary et al.

[2014] and it would be interesting to see the difference in performance between these

two methods. As we have seen from the synthetic experiments, a larger sample size is

required for the more challenging problems. A random Fourier feature [Rahimi and

Recht, 2007] extension of the above framework can be easily developed to enable larger

samples to be used. Since explicit feature maps are available, the difference between

feature maps φ(xi) − φ(yi) can be modelled directly with a Gaussian distribution

with mean E(φ(X)) − E(φ(Y )) and an estimated covariance matrix. The rest of

the inference procedure would follow similarly as presented here. The framework

developed is not restrictive to the two-sample testing only, it can be modified for

independence testing with the respective RFF extensions.

6.8 Appendix

Null Case of 2-Dimensional Gaussian Distributions

100 200 500 800
n

−0.04

−0.02

0.00

0.02

0.04

Alternative Model: MVN([10, 10]T ,Σ(ε =1))

Figure 6.12: Null case of 2-dimensional Gaussian distributions. The distribution
of the probability of the alternative hypothesis p(M = 1|D) for a different number
of observations n. The results align with our expectation, i.e. the probability of
the alternative hypothesis is zero when both samples are simulated from the same
distribution.

Data Visualisations
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Figure 6.13: Visualisation of 1-dimensional mixture of Gaussian distributions from
Section 6.6.3 with 800 samples each. 135
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Figure 6.14: Visualisation of 2-dimensional Gaussian distributions from Section 6.6.2
with 400 samples each.
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Figure 6.15: Visualisation of 2 by 2 Blobs of 2-dimensional Gaussian distributions
from Section 6.6.4 with 200 samples in each blob.
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Chapter 7

Conclusion and Future work

In this thesis, we have made several contributions to the field of hypothesis testing

with kernel methods: we have presented a range of methods for scaling up kernel

independence tests and normalised kernel independence tests; proposed a two-step

conditional independence test which corrects type I control of previous two-step ap-

proaches; and also proposed a Bayesian two-sample test which allows integrating

over kernel hyperparameters. We have focused on independence testing in the first

part of this thesis. In Chapter 3, we have proposed three large scale estimators of

the Hilbert Schmidt Independence Criterion (HSIC): the block-based estimator, the

Nyström estimator, the random Fourier features (RFF) estimator. Suitable indepen-

dence testing procedures has been established for each method. For the block HSIC

statistics, one has taken advantage of its asymptotic normality which is a consequence

of the Central Limit Theorem (CLT). For the Nyström and RFF HSIC statistics, as

an alternative to the permutation approach, we have proposed to directly estimate the

eigenvalues from the approximated Gram matrices and appeal to the kernel spectral

approach to arrive at the appropriate form of the asymptotic null distributions. All

three proposed tests have achieved significant reduction in computational complex-

ity in memory and time over the standard HSIC-based test. In Chapter 4, we have

mimicked the large scale estimation procedure for HSIC and proposed the RFF NOr-

malised Cross COvariance (NOCCO) test. The advantage of the proposed statistic

is that it enables us to derive a null distribution independent of the kernel, signifi-

cantly simplifying the testing procedure. The resulting large scale normalised kernel

independence test has runtime complexity that is linear in the number of samples, in

contrast to the standard NOCCO-based test which is cubic in the number of sam-

ples. From a range of synthetic experiments, we have observed that the normalised

approach is more robust to kernel bandwidth selection in comparison to HSIC-based

test and its large scale counterparts. In Chapter 5, we have proposed a conditional
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independence test Kernel RESIT (or KRESIT) that extends the popular two-step

approach REgression with Subsequent (unconditional) Independence Test (RESIT).

The proposed test uses RKHS-valued ridge regressions that attempt to regress out

the dependence on the conditioning variable before conducting an independence test

using HSIC. While maintaining simple and effective testing procedures of RESIT, the

resulting test has correct Type I control even when the conditioning variables induce

challenging switching associations, where RESIT is inappropriate.

The final part of this thesis was focused on two-sample testing. While the method

developed is not restrictive to this particular hypothesis testing problem, we have

left its application to independence testing as future work. In Chapter 6, we have

proposed a Bayesian two-sample testing framework utilising the Bayes factor. Instead

of directly modelling the input observations, we have proposed to consider the differ-

ence between mean embeddings evaluated at a set of inducing points. While Flaxman

et al. [2016] models the mean embeddings directly with a Gaussian Process (GP), we

have employed their framework on the difference between mean embeddings. We have

derived efficient computation methods of the marginal pseudolikelihood through the

Kronecker structure of the covariance matrices. As a part of the proposed Bayesian

test, we have developed a posterior inference scheme that enables the joint learning

of the posterior distributions of the model label and at the same time, the bandwidth

parameter of the kernel. This has provided a different perspective on traditional

bandwidth selection in frequentist kernel-based methods more broadly, where typi-

cally a single value of kernel hyperparameters is utilised. The proposed test is able

to uncover sample differences in a variety of synthetic experiments given sufficient

data and also lead to discovering the full distribution of lengthscales relevant for the

problem.

7.1 Future Work

For the large-scale normalised independence work, one possible topic of research is to

further explore the connection with the work of Dauxois and Nkiet [1998]. The work

considers a deterministic orthonormal basis, however, it takes almost exactly the same

form as the RFF NOCCO statistics we have proposed for fixed finite basis. This set of

orthonormal basis leads to an operator whose unit eigenvector can be easily removed.

The significance of working with operator centered in such way is unclear to us and it

139



would be interesting to understand if there are equivalent notions in our framework.

In particular, RFF are not orthonormal, but approaches utilizing Mercer’s expansions

may be considered. One may also ask if we can still use Hotelling’s T–statistics to

derive the null distribution. More generally, is there an RKHS equivalent to Dauxois

and Nkiet [1998]’s system of orthonormal basis? These are just a few questions that

we would like to answer. Although asymptotic consistency to the population quantity

was considered in Dauxois and Nkiet [1998], they never considered the consistency

as the number of basis increases (equivalently in our framework, as the number of

random Fourier feature increases). Establishing such consistency can also be a nice

direction for future work.

Recently, Li et al. [2019] proposed a unified analysis of the generalisation proper-

ties of random Fourier features, which is applicable to kernel ridge regression, kernel

support vector machines and kernel logistic regression. They provided the sharpest

results on the number of features required in terms of the regularisation parameter

and the number of effective degrees of freedoms. No such analysis has yet been es-

tablished in the setting of kernel hypothesis testing and this provides an important

direction for future research, since it would further shed light on the tradeoffs between

computational efficiency and testing power which have motivated our development of

large-scale tests. For example, one question to ask is could the analysis in the work

of Li et al. [2019] be applied to the kernel testing framework. In the same work,

they also used a modified data-dependent sampling distribution for RFF called the

empirical ridge leverage score distribution (correspondingly, leverage weighted RFF)

and similar ideas have previously been used to achieve a sharper convergence rate

of the Nyström approximated estimator. This sampling scheme enabled the use of

less features to achieve the same learning risk comparing to a plain random Fourier

feature sampling scheme. It would be interesting to investigate if such phenomena

can be empirically observed in our kernel hypothesis testing setting. Further, if one

can establish similar theoretical guarantees comparing the plain RFF and leveraged

weighted RFF.

Parallel to our large-scale independence tests based on HSIC, Jitkrittum et al.

[2017] proposed a linear time dependence measure with an adaptive statistical test

of independence. Their test statistics, the Finite Set Independence Criterion (FSIC),

is the square L2 norm between the kernel mean embedding of the joint probability

distributions and that of the product of the marginals, which can be understood
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as an average of covariances of analytic functions (i.e. features) defined on each of

X and Y. Their test is adaptive in the sense that their features are chosen on a

held-out validation set such that they maximise a lower bound on the test power.

However, the asymptotic null distribution of the FSIC statistics is a sum of depen-

dent weighted χ2 random variables which will lead to spectral type of approach for

testing. They instead proposed an independence test based on Normalised FSIC

(NFSIC), this parallels that of our RFF NOCCO test proposed in 4, as they both

achieve a distribution-free test. Due to the optimised features, their test performs

comparably to the quadratic HSIC test and outperforms our large-scale kernel test

from Chapter 3 where features are sampled randomly.

The framework that has been established in Chapter 3 and 4 can also be applied

to a range of other recent results in the statistics and machine learning community.

For example, it can be directly applied to the recently proposed joint independence

test of Pfister et al. [2017]. The work establishes as a test statistics, d-variable HSIC

(dHSIC) — the square Hilbert Schmidt norm between the joint distribution of d

multivariate random variables and the product of their marginals. In the population

case, the value of dHSIC is zero if and only if the d variables are jointly independent

given characteristic kernels. This joint independence test includes HSIC as a special

case. The work has direct application in causal inference as a goodness-of-fit test

and for model selection and our large-scale framework will enable its use with large

datasets. Similarly, it can also be applied to scale up the procedure of Nguyen and

Eisenstein [2017] that measures geographical language variation through the use of

HSIC between geographical and linguistic variables. For the text-matching problem

considered in Roberts et al. [2019], balance checking is an important step for assess-

ing whether the matching is successful. It requires a similarity measure between the

matched units and the pre-treatment confounders. MMD can be applied and our

large-scale approximation techniques can be applied as well (see the references in

Chapter 3).

The developments in this thesis have already found applications in the work of

others – in particular, the proposed block estimator for HSIC from Chapter 3 has been

subsequently applied in Yamada et al. [2018] for the problem of post selective infer-

ence (PSI). Block HSIC follows an asymptotic normal distribution when the number

of blocks is finite and the number of samples goes to infinity, this fits the assumption

of the PSI framework which allows Yamada et al. [2018] to propose HSIC based PSI
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algorithm that is able to handle nonlinear, multi-label, multi-class and structured

output. We also see its use in the work of Climente-Gonzalez et al. [2019] to scale up

the HSIC LASSO [Yamada et al., 2014] for biomarker discovery (i.e. feature selec-

tion with redundancy between features) while maintaining the convexity of the final

optimisation problem.

For the Bayesian two-sample testing work, there are several possible directions for

future research. We have seen in Section 6.6 that larger sample sizes are required for

more challenging problems. A random Fourier feature approximation of the above

framework can be easily developed to enable the use of large sample size without

having prohibitive runtime. In this case, explicit finite dimensional feature maps are

available, the difference between the mean embeddings δ = µX − µY can be written

more explicitly as δ = E(φ(X))− E(φ(Y )). Assume a GP prior with an appropriate

covariance matrix for δ, φ(xi) − φ(yi) can be modelled by a Gaussian distribution

with mean E(φ(X)) − E(φ(Y )) and covariance estimated as in Section 6.3.2. While

the rest of the inference procedure can follow similarly as presented in Chapter 6, this

large scale approximation requires careful specification of the covariance matrix for

the GP model of δ to ensure that draws from such GP lie in the correct RKHS.

Recently, Kamary et al. [2014] proposed a mixture modelling framework for Bayesian

model selection. The proposed Bayesian two-sample testing framework using Bayes

factor can be equivalently formulated as a mixture model:

∆|θ, π ∼ πN(0,
1

n
Σθ) + (1− π)N(0, Rθ +

1

n
Σθ).

The posterior distribution of the mixture proportion 0 ≤ π ≤ 1 indicates the model

preferred. A joint inference of π and the kernel bandwidth parameter θ can be

easily done through MCMC. It would be interesting to see if there is a difference in

performance between the mixture approach and the Bayes factor approach proposed

here. Lastly, the Bayesian testing framework developed here and the directions for

future work can all be applied to independence testing.

142





Bibliography

World Health Organization Statistical Information Systems (WHOSIS). World

Health Organization Statistical Information Systems (WHOSIS), 2009.

www.who.int/whosis/en/.

S. Akaho. A Kernel Method for Canonical Correlation Analysis. In In Proceedings of

International Meeting on Psychometric Society (IMPS2001), 2001.

S.M. Ali and S.D. Silvey. A General Class of Coefficients of Divergence of One Distri-

bution from Another. Journal of the Royal Statistical Society. Series B (Method-

ological), 28(1):131–142, 1966.

D. Alpay. The Schur Algorithm, Reproducing Kernel Spaces and System Theory.

American Mathematics Society, 2001.

N.H. Anderson, P. Hall, and D.M. Titterington. Two-Sample Test Statistics for

Measuring Discrepancies Between Two Multivariate Probability Density Functions

Using Kernel-Based Density Estimates. Journal of Multivariate Analysis, 50:41–54,

1994.

M.A. Arcones and E. Gine. On the Bootstrap of U and V Statistics. The Annals of

Statistics, 20(2):655–674, 1992.

N. Aronszajn. Theory of Reproducing Kernels. Transactions of the American Math-

ematical Society, 68(3):337–404, 1950.

F.R. Bach and M.I. Jordan. Kernel Independent Component Analysis. Journal of

Machine Learning Research (JMLR), 10:1–48, 2002.

C. R. Baker. Joint measures and cross-covariance operators. Transactions of the

American Mathematical Society, 186:273–289, 1973.

L. Baringhaus and C. Franz. On a New Multivariate Two-Sample Test. Journal of

Multivariate Analysis, 88(1):190–206, 2004.

143



A. Ben-Israel. The Change-of-Variables Formula Using Matrix Volume. SIAM Journal

on Matrix Analysis and Applications, 21(1):300–312, 1999.

W. Bergsma. Testing Conditional Independence for Continuous Random Variable.

EURANDOM-report 2004-049, 2004.

A. Berlinet and C. Thomas-Agnan. Reproducing Kernel Hilbert Spaces in Probability

and Statistics. Kluwer, 2004.

J.M. Bernardo and A.F.M. Smith. Bayesian Theory. Wiley, 2000.

T. Bertin-Mahieux, D.P. Ellis, B. Whitman, and P. Lamere. The Million Song

Dataset. International Conference on Music Information Retrieval (ISMIR), 2011.

M. Blaschko and A. Gretton. Learning Taxonomies by Dependence Maximization.

In Advances in Neural Information Processing Systems 21 (NIPS), pages 153–160.

2009.

K.M. Borgwardt and Z. Ghahramani. Bayesian Two-Sample Tests. ArXiv e-prints:

0906.4032, 2009.

K.M. Borgwardt, A. Gretton, M.J. Rasch, H P. Kriegel, B. Schölkopf, and A.J. Smola.

Integrating Structured Biological Data by Kernel Maximum Mean Discrepancy.

Bioinformatics, 22(14):49–57, 2006.

L. Breiman and J.H. Friedman. Estimating Optimal Transformantions for Multiple

Regression and Correlation. Journal of the American Statistical Association, 80

(391):580–598, 1985.

Y. Cho and L.K. Saul. Kernel Methods for Deep Learning. In Advances in Neural

Information Processing Systems 22 (NIPS), pages 342–350. 2009.

K. Chwialkowski and A. Gretton. A Kernel Independence Test for Random Processes.

In Proceedings of The 31st International Conference on Machine Learning (ICML),

2014.

K. Chwialkowski, A. Ramdas, D. Sejdinovic, and A. Gretton. Fast Two-Sample

Testing with Analytic Representations of Probability Measures. In Advances in

Neural Information Processing Systems (NIPS), volume 28, 2015.

144



K. Chwialkowski, H. Strathmann, and A. Gretton. A Kernel Test of Goodness of

Fit. In Proceedings of the International Conference on Machine Learning (ICML),

2016.

H. Climente-Gonzalez, C. A. Azencott, S. Kaski, and M. Yamada. Block HSIC Lasso:

Model-Free Biomarker Detection for Ultra-High Dimensional Data. 2019.

C. Cortes, M. Mohri, and A. Rostamizadeh. Algorithms for Learning Kernels Based

on Centered Alignment. Journal of Machine Learning Research (JMLR), 13(1):

795–828, March 2012.

T.M. Cover and J.A. Thomas. Elements of Information Theory. Wiley, 1991.

I. Csiszár. Eine informationstheoretische Ungleichung und ihre Anwendung auf den

Beweis der Ergodizitat von Markoffschen Ketten. Magyar. Tud. Akad. Mat. Kutato

Int. Kozl., 8(85-108), 1963.

J.J.M. Cuppen. A Divide and Conquer Method for the Symmetric Tridiagonal Eigen-

problem. Numerische Mathematik, 36:177–195, 1981.

J. Dattorro. Convex Optimisation & Euclidean Distance Geometry. Meboo Publishing

USA, second edition, 2016.

J.J. Daudin. Partial Association Measures and an Application to Qualitative Regres-

sion. Biometrika, 67(3):581–590, 1980.

J. Dauxois and G.M. Nkiet. Nonlinear Canonical Analysis and Independence Tests.

The Annals of Statistics, 26(4):1254–1278, 1998.

M.H. DeGroot. Doing What Comes Naturally: Interpreting a Tail Area as a Pos-

terior Probability or as a Likelihood Ratio. Journal of the American Statistical

Association, 68(344):966–969, 1973.

G. Doran, K. Muandet, K. Zhang, and B. Schölkopf. A Permutation-Based Kernel

Conditional Independence Test. In Uncertainty in Artificial Intelligence, 2014.

R.M. Dudley. Real Analysis and Probability. Cambridge Studies in Advanced Math-

ematics. Cambridge University Press, 2 edition, 2002.

S. Filippi and C.C. Holmes. A Bayesian Nonparametric Approach to Testing for

Dependence Between Random Variables. Bayesian Analysis Advance Publication,

2016.

145



S. Filippi, C.C. Holmes, and L.E. Nieto-Barajas. Scalable Bayesian Nonparamet-

ric Measures for Exploring Pairwise Dependence via Dirichlet Process Mixtures.

Electronic Journal of Statistics, 10(2):3338–3354, 2016.

S. Flaxman, D.B. Neill, and A.J. Smola. Gaussian Processes for Independence Tests

with Non-iid Data in Causal Inference. ACM Transactions on Intelligent Systems

and Technology, 7(2):22:1–22:23, 2015.

S. Flaxman, D. Sejdinovic, J.P. Cunningham, and S. Filippi. Bayesian Learning of

Kernel Embeddings. In Uncertainty in Artificial Intelligence (UAI), pages 182–191,

2016.

J.G.F. Francis. The QR Transformation, I. The Computer Journal, 4(3):265–271,

1961.

J.G.F. Francis. The QR Transformation, II. The Computer Journal, 4(4):332–345,

1962.

K. Fukumizu, F.R. Bach, and M.I. Jordan. Dimensionality Reduction for Supervised

Learning with Reproducing Kernel Hilbert Spaces. Journal of Machine Learning

Research (JMLR), 5:73–99, 2004a.

K. Fukumizu, F.R. Bach, and M.I. Jordan. Dimensionality Reduction for Supervised

Learning with Reproducing Kernel Hilbert Space. Journal of Machine Learning

Research (JMLR), 5:73 – 99, 2004b.

K. Fukumizu, F. R. Bach, and A. Gretton. Statistical Consistency of Kernel Canonical

Correlation Analysis. Journal of Machine Learning Research (JMLR), 8:361–383,

May 2007.

K. Fukumizu, A. Gretton, X.H. Sun, and B. Schölkopf. Kernel Measures of Condi-

tional Dependence. In Advances in Neural Information Processing Systems (NIPS),

2008.

K. Fukumizu, L. Song, and A. Gretton. Kernel Bayes Rule. In Advances in Neural

Information Processing Systems 24 (NIPS), pages 1737–1745. 2011.

A. Gretton, O. Bousquet, A. Smola, and B. Schölkopf. Measuring Statistical De-

pendence with Hilbert-Schmidt Norms. In Proceedings of the 16th International

Conference on Algorithmic Learning Theory, pages 63–77, 2005a.

146



A. Gretton, A. Smola, O. Bousquet, R. Herbrich, A. Belitski, M. Augath, Y. Mu-
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