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Abstract

Purpose - We present the first topology optimisation formulation for transient turbulent
compressible flow modelled with the unsteady Favre-averaged Navier–Stokes equations.

Design/Methodology/Approach - The topology to be designed is incorporated in each
of the momentum balance, the energy balance, and the turbulence closure. The forward and
adjoint equations are implemented with different discretisations: the forward model with a
finite volume method, and the adjoint model with a discontinuous Galerkin finite element
scheme, since the former is very robust and the latter can be adjoined automatically. Once
discretised, the topology optimisation problem is solved with an integer linear programming
algorithm. We demonstrate the capability of our approach in the design of a U-bend, a pipe
joint, and a double pipe joint.

Findings - The formulation is developed and demonstrated through numerical examples,
showcasing the developed approach.

Originality/Value - No previous topology optimisation formulation was available
for transient turbulent compressible flow modelled with the unsteady Favre-averaged
Navier–Stokes equations.

Keywords: Fluid topology optimisation; discontinuous Galerkin; transient flow; tur-
bulent flow; compressible flow

1 Introduction 1

Topology optimisation of fluid flow devices was pioneered by Borrvall and Petersson (2003), in the 2

context of stationary incompressible Stokes flows. Over the years the community has progressively 3

extended this approach to more complex situations, including incompressible Navier–Stokes flows 4

(Gersborg-Hansen et al., 2005), non-Newtonian fluids (Pingen and Maute, 2010), thermal-fluid 5

interactions (Yaji et al., 2016), and incompressible turbulent flows (Papoutsis-Kiachagias et al., 6

2011). These methods have been applied to many important engineering design problems, including 7

for example, mixers (Andreasen et al., 2009), arterial by-pass grafts (Zhang and Liu, 2015), bladed 8

rotors (Romero and Silva, 2014), fluid diodes (Lin et al., 2015), and rectifiers (Jensen et al., 2012). 9

Fluid compressibility, which is crucial to consider when changes in density cannot be neglected, 10

makes the system of partial differential equations (PDEs) much more complicated to solve, as 11

mechanical and thermodynamic effects are tightly coupled (Sá et al., 2021). In particular, a 12

dependence on the density arises in all balance equations, which depends on the thermodynamic 13

state of the fluid. The first work considering compressible flow was for laminar subsonic conditions 14

(Sá et al., 2021), and was further explored by Okubo et al., (2022), with a different approach for 15

the adjoint model, and by Maffei et al., (2023), with an integer programming approach. Each of 16

these works on compressible equations considered the stationary case. 17

For some design problems this stationarity assumption is acceptable. However, for other prob- 18

lems, transient effects are crucial. A clear example is where the boundary conditions (such as the 19

inlet flow rate) or domain boundaries are time-dependent. Topology optimisation for transient 20

problems has been confined to laminar incompressible flows (Kreissl et al., 2011; Deng et al., 2011) 21

with body forces (Deng et al., 2013) and heat transfer (Makhija and Beran, 2019), and to laminar 22

compressible flows (Alonso et al., 2025). 23

Many design problems involve turbulence. In this work we employ the UFANS (Unsteady 24

Favre-averaged Navier–Stokes) equations, which are the compressible flow version of the URANS 25

(Unsteady Reynolds-averaged Navier–Stokes) equations (Pope, 2000; Wilcox, 2006). This frame- 26

work solves time-dependent equations for the mean fields of all prognostic variables. These equa- 27

tions are not closed, because the mean-field equations incorporate terms describing the influence 28
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of the unknown turbulent fluctations. These unknown Reynolds stresses/turbulent heat flux terms 29

are modelled with different turbulence closure models. In topology optimisation, several turbu- 30

lence models have already been considered for incompressible flow, including the Spalart–Allmaras 31

model (Yoon, 2016), the k-ω model (Dilgen et al., 2018), the k-ε model (Yoon, 2020) and the Wray– 32

Agarwal model (Alonso et al., 2022). For compressible fluids, the statistical averaging involves the 33

density, which gives rise to the FANS (Favre-averaged Navier–Stokes) equations (Wilcox, 2006). In 34

topology optimisation, this has been considered by Garcia Rodriguez et al., (2025), formulating it 35

for the compressible version of the Spalart–Allmaras turbulence model. In this work we employ the 36

Wray–Agarwal model, which has some advantages from the point of view of topology optimisation. 37

We approximate the forward and adjoint equations with two different discretisations: a stan- 38

dard finite volume scheme implemented in OpenFOAMR© (Weller et al., 1998), and a discontinu- 39

ous Galerkin (DG) method (Hartmann, 2006) implemented in FEniCS (Logg et al., 2012) using 40

dolfin dg (Houston and Sime, 2018). This is essentially for software engineering reasons: the 41

forward model of OpenFOAMR© is extremely robust and has sophisticated devices to achieve con- 42

vergence, but there is no adjoint model available; the DG discretisation in FEniCS offers an 43

automatically-derived adjoint using the dolfin-adjoint library (Farrell et al., 2013; Mitusch et 44

al., 2019), but lacks the subtle adjustments needed for robust convergence of the forward model. 45

This approach combines the strengths of both codes (Alonso et al., 2021). This choice means 46

that the adjoint is not discretely consistent; nevertheless, the gradients obtained provide descent 47

directions for the topology optimisation problem, and allow for its successful solution. 48

We formulate the forward model for an ideal gas. The formulation of the topology optimisation 49

problem considers a continuous design variable and uses the classic Borrvall–Petersson material 50

model for the inverse permeability (Borrvall and Petersson, 2003). The linear systems arising in 51

the adjoint model are solved with UMFPACK (Davis, 2004). The optimisation problem is solved 52

with a sequential integer linear optimisation algorithm (Souza et al., 2021; Sivapuram and Picelli, 53

2018). 54

This paper is organised as follows: in Section 2, the formulation and DG discretisation used for 55

the forward model are presented; in Section 3, the topology optimisation formulation is presented; 56

in Section 4, the numerical implementation is described; in Section 5, some numerical results are 57

shown; and in Section 6, some conclusions are drawn. 58

2 Formulation and DG discretisation of the forward model 59

There are essentially four equations that need to be considered: the continuity, momentum, energy 60

and turbulence equations. The Wray–Agarwal turbulence model employed is a single-equation 61

turbulence model that combines the advantages of the near-wall modelling from the k-ω model 62

with the freestream modelling from the k-ε model (Wray and Agarwal, 2015), being also partly 63

based on the SST k-ω model (Wray and Agarwal, 2015). Wray and Agarwal (2015) show that 64

the Wray–Agarwal turbulence model leads to more accurate boundary layer separation predictions 65

than the Spalart–Allmaras model, and that it is also competitive with the SST k-ω model for wall- 66

bounded flows. Throughout the years, several evaluations, improvements and variations have been 67

developed (Wray and Agarwal, 2016; Han et al., 2017). Particularly, the 2018 version (referred in 68

Han et al., (2018) as WA2018) is considered. The main advantage of the 2018 version is that it 69

does not rely on the computation of the wall distance. Not needing to compute the wall distance is 70

advantageous from a topology optimisation point of view, because the wall distance computation 71

requires an additional penalisation term (Yoon, 2016) in order to account for the modelled solid 72

material, which must be calibrated (i.e., adequately chosen) for obtaining the optimised topology. 73

An additional term to account for the attenuation of turbulence in the porous medium is included, 74

as presented in Alonso et al., (2022). Neglecting external body forces, the set of equations in 75

conservative form is: 76

∂ρ

∂t
+∇·(ρv) = 0, (1)

77

∂(ρv)

∂t
+∇·[(ρv)⊗ v] = ∇·(T + TR) + fr(α), (2)

78

∂(ρetotal)

∂t
+∇·(ρetotalv) = ∇·[(kth + kth,T)∇TK] +∇·[(T + TR)v], (3)

2
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∂(ρRT)

∂t
+∇·(ρvRT) = ∇ · [(σRρRT + µ)∇RT] + ρC1RTS + f1C1,k-ωρ

RT

S
∇RT·∇S

− ρ(1− f1) min

[
C2,k-εR

2
T

(
∇S·∇S
S2

)
, Cm∇RT·∇RT

]
+λRT

fr,v(α)RT. (4)

Here, v is the mean fluid velocity, p is the mean fluid (static) pressure, TK is the mean fluid 79

absolute temperature, ρ = ρ(p, TK) = pMmolar

RUTK
is the ideal gas model density (Mmolar is the molar 80

mass of the gas, and RU is the universal gas constant (8.314 J/(K mol))), etotal = uint + v·v
2 is the 81

fluid total energy, uint = p
(γ−1)ρ is the fluid internal energy, cp is the fluid specific heat at constant 82

pressure, cv is the fluid specific heat at constant volume (for an ideal gas, cv = cp − RU
Mmolar

), 83

γ =
cp
cv

is the ratio of the fluid specific heats, kth is the fluid thermal conductivity, ⊗ is the outer 84

product, · and : are the Euclidean inner products (one- and two-dimensional versions, respectively), 85

fr(α) is the resistance force used to model the presence of solid material in the design domain (see 86

Section 3), µT = µT(RT) = ρfµRT is the turbulent viscosity, RT is the undamped eddy (turbulent) 87

viscosity, λRT is an adjustable parameter for the intensity of the attenuation of turbulence inside the 88

modelled solid material (it can be chosen, for example, as λRT = 1), and fr,v(α) is the proportion 89

factor of the resistance force of the porous medium (specified from fr(α) as fr(α) = fr,v(α)v). 90

The other terms of (4) are specified as follows (Han et al., 2018): 91

S =
1

2
(∇v +∇vT ), S =

√
2S:S, W =

1

2
(∇v −∇vT ), W =

√
2W :W ,

fµ =
χ3

χ3 + c3w
, χ =

RT

ν
, cw = 8.54, η = Smax

[
1,

∣∣∣∣WS
∣∣∣∣] , Cm = 8.0,

σR = f1(σk-ω − σk-ε) + σk-ε, σk-ε = 1, σk-ω = 0.72,

f1 = tanh(arg4
1), arg1 =

ν +RT

2

η2

Cµ kT |log-layer ωT |log-layer

,

kT |log-layer =
νTS√
Cµ

, ωT |log-layer =
S√
Cµ

, Cµ = 0.09,

C1 = f1(C1,k-ω − C1,k-ε) + C1,k-ε, C2,k-ω =
C1,k-ω

κ2
vk

+ σk-ω, C2,k-ε =
C1,k-ε

κ2
vk

+ σk-ε,

C1,k-ω = 0.0829, C1,k-ε = 0.1284, νT =
µT

ρ
,

κvk = 0.41 (von Kármán constant), ν =
µ

ρ
(kinematic viscosity).

(5)

The fluid stress tensor T and the Reynolds (turbulent) stress tensor TR are given by: 92

T = 2µε− pI + λ(∇·v)I, ε =
1

2
(∇v +∇vT ), (6)

93

TR = 2µTε+ λT(∇·v)I, (7)

where µ is the dynamic viscosity of the fluid, λ = − 2
3µ is the dilatational viscosity of the fluid, I 94

is the identity matrix and µT is the turbulent viscosity. As in the case of the dilatational viscosity 95

(λ), the turbulent counterpart (λT) is also be given in the same way. The turbulent thermal 96

conductivity from (3) is given by: 97

kth,T =
cpµT

PrT
, (8)

where PrT is the turbulent Prandtl number. The turbulent Prandtl number depends on the distance 98

with respect to the walls (Chikh and Campo, 2005; Wilcox, 2006). However, the most common 99

approach in computational fluid dynamics (CFD) is to assume a constant value for it (Wilcox, 100

2006), such as 0.85, which is the approach taken in this work. 101

2.1 Discontinuous Galerkin discretisation 102

To derive the DG discretisation, the equations are multiplied by the test functions on each cell 103

and integrated by parts. Summing over all cells yields jump and average terms on internal facets 104

(Hartmann, 2006; Landet et al., 2020). Separating the convective, dissipative, and other terms 105

and stacking them (Houston and Sime, 2018; Hoellinger et al., 2025), we write the equations as 106

∇·F c(u) = ∇·F d(u,∇u) + F e(u), (9)

3
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where the convective, dissipative, and other parts are given by 107

F c(u) =


ρv

pI + (ρv)⊗ v
ρetotalv + (pI)v

ρvRT

 , (10)

108

F d(u,∇u) =


0

(µ+ µT)(∇v +∇vT ) + (λ+ λT)tr(∇v)I
(kth + kth,T)∇TK + [(µ+ µT)(∇v +∇vT ) + (λ+ λT)tr(∇v)I]v

(σRρRT + µ)∇RT

 , (11)

109

F e(u) =



−∂ρ∂t

−∂(ρv)
∂t + fr(α)

−∂(ρetotal)
∂t

−∂(ρRT)
∂t + ρC1RTS + f1C1,k-ωρ

RT

S ∇RT·∇S

−ρ(1− f1) min
[
C2,k-εR

2
T

(∇S·∇S
S2

)
, Cm∇RT·∇RT

]
−λRTfr,v(α)RT


, (12)

respectively, where tr is the matrix trace (tr(∇v) = ∇·v), u =
[
p,v, TK, RT

]T
is the state vector, 110

and ∇u =
[
∇p,∇v,∇TK,∇RT

]T
is the gradient of the state vector. Note that eq. (9) is here 111

presented in an extremely generic way, with all specificities condensed in eqs. (10)–(12), where the 112

turbulence terms and equation (from the UFANS formulation) become apparent. Also hidden in the 113

generic notation is the turbulence variable RT, which plays a significant aspect in the definition 114

of the state vector u. This configures the major shift from a previous topology optimisation 115

formulation that was based on the much simpler laminar physics (Alonso et al., 2025), and enables 116

considering more realistic fluid properties (such as air), instead of the fictitious/unrealistic fluid 117

properties that were previously selected in order to achieve the compressible flow conditions under 118

small velocities (Alonso et al., 2025). By making use of the presented generic notation, the DG 119

discretisation for transient turbulent compressible flow is given by: 120

−
ˆ

Ω

F c(u):(∇w)dΩ +

ˆ
Ω

F d(u,∇u):(∇w)dΩ−
ˆ

Ω

F e(u)·wdΩ

+

ˆ
Γint

[〈F c(u)〉+ αLF(u)JuK⊗,n]:JwK⊗,ndΓint

−
ˆ

Γint

[〈F d(u,∇u)〉 −αSIPG(u)JuK⊗,n]:JwK⊗,ndΓint −
ˆ

Γint

〈F d(u,∇w)〉:JuK⊗,ndΓint

+
∑
i

ˆ
Γext,i

[F c(u|b,i) + αLF,b(u,u|b,i)(u− u|b,i)]:(w⊗ n)dΓext,i

−
∑
i

ˆ
Γext,i

{F d(u|b,i,∇u)|N,i −αSIPG,b(u|b,i)[(u− u|b,i)⊗ n]}:(w⊗ n)dΓext,i

−
∑
i

ˆ
Γext,i

F d(u|b,i,∇w)|N,i:[(u− u|b,i)⊗ n]dΓext,i = 0,

(13)

where
∑
i is the sum over all boundaries of the domain, Ω is the computational domain, Γint are 121

the internal boundaries of each element, Γext,i is the external boundary of the domain labeled i, 122

n is the unit normal vector over a given facet of the element, w =
[
wp,wv,wTK

,wRT

]T
is the 123

vector of test functions, ∇w =
[
∇wp,∇wv,∇wTK

,∇wRT

]T
is the gradient of the vector of test 124

functions, |b,i means to substitute the boundary value (from the Dirichlet boundary condition), 125

|N,i means to substitute the boundary value (from the Neumann boundary condition), the DG 126

tensor jump operator (over u) is JuK⊗,n = (u+ − u-)⊗ n, and the DG average operator (over u) 127

is 〈u〉 = 1
2 (u+ + u-). The superscripts “+” and “-” represent the values of the variable as viewed 128

by the current element, and as viewed by the neighbour element, respectively. The divergence 129

operator in eq. (9) is defined as ∇·F =
[
∇·F1,∇·F2,∇·F3,∇·F4

]T
, when considering a generic 130

stacked term F =
[
F1,F2,F3,F4

]T
. 131
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The second and fourth lines of (13) correspond to the convective numerical flux according to 132

the local Lax–Friedrichs scheme (aka. Rusanov scheme) (Cockburn and Shu, 2001; Gassner and 133

Winters, 2021), which includes an additional diffusivity in the equations, by means of a locally- 134

selected weight. The parameter αLF(u) is a measure of the propagation speed on the facets, 135

meaning that it is a local dissipation. The parameter αLF,b(u,u|b,i) is the corresponding value of 136

αLF(u) for the boundaries. These two parameters are given as: 137

αLF(u) =
1

2
max(max

i
|λe,i(u)+|,max

i
|λe,i(u)−|),

αLF,b(u,u|b,i) =
1

2
max(max

i
|λe,i(u)|,max

i
|λe,i(u|b,i)|),

(14)

where λe,i is one of the eigenvalues of the convective part (Rohde, 2001)—for compressible flow, it 138

is λe(u) =
[
v·n− c,v·n,v·n+ c,

]T
, where c =

√
γp
ρ is the speed of sound. Note that, although 139

the overall DG formulation is here presented in a generic way, the choice of these eigenvalues is the 140

only aspect that is the same as Alonso et al., (2025), since the other terms depend on u, which 141

depends on turbulence. 142

Eq. (13) uses the Symmetric Interior Penalty Galerkin (SIPG) formulation (Hartmann and 143

Houston, 2008), which means that additional penalty terms are applied to the dissipative part of 144

the problem. These are the terms that include αSIPG(u) and αSIPG,b(u|b,i). With this, SIPG 145

essentially deals the imposition of Dirichlet boundary conditions and additional stabilisations in 146

the equations. The terms αSIPG(u) and αSIPG,b(u|b,i) are given by 147

αSIPG(u) = cip
p2

DG

min(h+, h-)
〈G(u)〉,

αSIPG,b(u|b,i) = cip
p2

DG

h
G(u|b,i),

(15)

where h = Vlocal

Afacet
is a measure of the element size in the mesh (Vlocal is the volume of each element, 148

and Afacet is the area of each facet), pDG > 1 is the degree of the DG element, cip > 0 is the 149

interior penalty parameter (which needs be chosen to be sufficiently large), and G(u) = ∂F d
∂u is the 150

homogeneity tensor. 151

2.2 Boundary value problem 152

The external boundaries of a sample computational domain are shown in Fig. 1. With respect 153

to a previously considered laminar flow-based formulation (Alonso et al., 2025), there are now 154

turbulence terms and an additional equation for them (from the UFANS formulation) and the 155

boundary conditions now also need to be defined for the turbulence variable RT. Thus, the 156

boundary value problem is stated as: 157

[Eqs. (1)-(4)] in Ω

v = vin on Γin

TK = TK,in on Γin

RT = RT,in on Γin

v = 0 on Γwall

∇TK·n = 0 on Γwall

RT = 0 on Γwall

p = pout on Γout

∇TK·n = 0 on Γout

∇RT·n = 0 on Γout,

(16)

where the inlet boundary is Γin, the outlet boundary is Γout, the wall boundaries are Γwall, the 158

inlet velocity is vin, the inlet temperature is TK,in, the inlet turbulence is set from RT,in, and the 159

outlet (static) pressure is pout. The walls are treated as adiabatic, and the outlet is set for the 160

normal turbulence and heat fluxes to be zero. The Dirichlet conditions in (16) are enforced weakly 161

with a standard Nitsche approach. 162

5

Page 5 of 22

http://mc.manuscriptcentral.com/hff

International Journal of Numerical Methods for Heat and Fluid Flow

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



International Journal of Num
erical M

ethods for Heat and Fluid Flow

Figure 1: Boundaries (Source: Authors own work).

3 Topology optimisation formulation 163

The topology optimisation formulation is further detailed as follows, by presenting the material 164

model, which guides how the design variable affects the simulation/optimisation, and the overall 165

formulation of the topology optimisation problem, including the presentation of the objective 166

functions and constraints. 167

3.1 Material model 168

The material model for fluid flow influences three main components: the fluid flow itself, the heat 169

transfer/compressibility, and the turbulence. For the first component, the modelled solid material 170

should not have any flow inside—this motivates the additional resistance force fr(α) employed. 171

For the second component, the modelled solid material zones are assumed to be adiabatic, thus 172

no additional term needs to be included in the energy equation (Sá et al., 2021). For the third 173

component, the wall value is set as zero inside the modelled solid material, from the fr,v(α) term. 174

The resistance force fr(α) is given by: 175

fr(α) = −κ(α)v, (17)

where κ(α) is the inverse permeability. 176

The interpolation function that is used for κ(α) to smoothly transition between the solid (α = 0) 177

and fluid (α = 1) conditions is (Borrvall and Petersson, 2003): 178

κ(α) = κmax + (κmin − κmax)α
1 + q

α+ q
, (18)

where κmin = 0 kg/(m
3
s) and κmax are the minimum and maximum values for it, respectively; and 179

q is a penalisation parameter. 180

3.2 Topology optimisation problem 181

The topology optimisation problem is: 182

min
α

J(u(α), α)

such that

Fluid volume constraint:

ˆ
Ωα

αdΩα 6 fV0

Box constraint of α: 0 6 α 6 1

, (19)

where f is the specified volume fraction, V0 =
´

Ωα
dΩα is the volume of the design domain (rep- 183

resented as Ωα), V =
´

Ωα
αdΩα is the fluid volume given from the design variable α, J(u(α), α) 184

is the objective function, and u(α) is the state vector obtained by solving the boundary value 185

problem (16) for a given design variable α. 186

For topology optimisation, more than one type of objective function is considered, and, for the 187

sake of clarity, the specific objective functions being considered are presented in each numerical 188

example. When there is more than one objective function being considered, the objective functions 189

are combined through the logarithmic approach: 190

J =
∑
i

aiwilnJi, (20)

6
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where Ji is an objective function, wi is its weight (wi > 0), ai indicates whether Ji is to be 191

minimised (ai = 1) or maximised (ai = −1), and ln is the natural logarithm. 192

3.2.1 Transient topology optimisation approach 193

For optimisation, two types of objective function are considered. 194

We first consider energy dissipation (Borrvall and Petersson, 2003). For transient turbulent com- 195

pressible flow, it becomes the following time average: 196

Φt =
1

tf − t0

ˆ tf

t0

{ˆ
Ω

[
1

2
(µ+ µT)(∇v +∇vT ):(∇v +∇vT )

]
dΩ +

ˆ
Ω

(λ+ λT)(∇·v)(I:∇v)dΩ−
ˆ

Ω

fr(α)·vdΩ

}
dt,

(21)
where the integration is given in the time interval [t0, tf ], where t0 is the initial time of the unsteady 197

simulation, and tf is the final time of the unsteady simulation. 198

Second, we consider mass flow rate. When there is more than one outlet in the fluid flow device, 199

we may want a configuration in which one of the available outlets is prioritised with respect to 200

the others, with the preferred outlet depending on the inlet flow rate value. This is the behaviour 201

desired of fluid switches. In such case, the mass flow rate can be used as an objective function. It 202

is given by: 203

ṁt,1′→2′,i =
1

t2′ − t1′

ˆ t2′

t1′

(ˆ
Γi

ρv·ndΓi

)
dt, (22)

where the integration is given in the time interval [t1′ , t2′ ], on the outlet boundary Γi. 204

3.2.2 Multi-objective steady-state topology optimisation approach 205

When considering a transient behaviour composed of two different values of the flow rate, together 206

with a transition between these two values, it is possible to devise a multi-objective steady-state 207

approach that is similar to the transient formulation. This multi-objective steady-state approach 208

would consider the two flow rate cases simultaneously, for each flow rate value. Of course, this 209

steady-state formulation is unable to consider the transient behaviour caused by the change in the 210

flow rate. This will be shown in one of the numerical examples. The multi-objective steady-state 211

approach consists of considering two different steady-state cases under different flow rates, which 212

are labeled here as “1” and “2”. Thus, the energy dissipation (21) becomes two separated objective 213

functions: 214

Φ(u1) =

ˆ
Ω

[
1

2
(µ+ µT,1)(∇v1 +∇v1

T ):(∇v1 +∇v1
T )

]
dΩ +

ˆ
Ω

(λ+ λT,1)(∇·v1)(I:∇v1)dΩ−
ˆ

Ω

fr(α)·v1dΩ,

(23) 215

Φ(u2) =

ˆ
Ω

[
1

2
(µ+ µT,2)(∇v2 +∇v2

T ):(∇v2 +∇v2
T )

]
dΩ +

ˆ
Ω

(λ+ λT,2)(∇·v2)(I:∇v2)dΩ−
ˆ

Ω

fr(α)·v2dΩ,

(24)
where the subindices “1” and “2” indicate the steady-state case in which the computation is 216

performed. 217

The mass flow rate objective function would become: 218

ṁ(uj) =

ˆ
Γi

ρvj ·ndΓi, (25)

where j is the subindex that indicate the steady-state case in which the computation is performed. 219

4 Numerical implementation of the topology optimisation 220

problem 221

The topology optimisation problem is implemented according to Fig. 2. The beginning is to select 222

an initial guess for the distribution of the design variable – i.e., set the initial topology. Then, 223

the forward model is defined in two steps: first, the convective, dissipative and external terms 224

(10)–(12) are defined in the finite element-based platform FEniCS (Logg et al., 2012), by using 225

DG1 (1st degree Discontinuous Galerkin) discretisation for the state variables, and CG1 (1st degree 226

Continuous Galerkin) discretisation for the design variable (in order to guarantee continuity of the 227

optimised topologies); next, these terms are set in the dolfin dg library (Houston and Sime, 2018) 228

in order to automatically assemble eq. (13). While it is possible to implement the DG discretisation 229
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directly in FEniCS, using it is more convenient in the sense that it allows further flexibility when 230

changing the involved physics and boundary conditions of the problem. The defined forward model 231

is then annotated for later derivation of the adjoint model using the dolfin-adjoint library (Farrell et 232

al., 2013; Mitusch et al., 2019). The next part is the Topology Optimisation of Binary Structures 233

(TOBS) algorithm (Souza et al., 2021; Sivapuram and Picelli, 2018), which is based on binary 234

variables, uses the derivatives of the DG problem, and linearises the optimisation problem at every 235

topology optimisation iteration. Also, the constraints are relaxed, and an additional truncation 236

error constraint is included. The resulting topology optimisation subproblem is then solved in 237

CPLEXR© (from IBM). A specified tolerance is verified in the end of the topology optimisation 238

loop. 239

In the case of turbulent and high velocity flows, there may be some difficulties in the convergence 240

of the forward problem in FEniCS, which can most probably be dealt with by including various 241

adjustments, such as: preconditioners, block matrices, additional limiters, approximated terms, 242

continuations, different solution methods etc. However, the choice and implementations are neither 243

easy nor trivial, due to which another approach is followed here, which is to interface with a 244

well-established efficient CFD platform, OpenFOAMR© (Weller et al., 1998). In OpenFOAMR© , 245

the density-based rhoCentralFoam solver is employed, including some additional adjustments: 246

including the material model terms, and considering the classic fourth-order Runge–Kutta method 247

(RK4) for the time discretisation. The time step is left for OpenFOAMR© to select according to 248

the Courant–Friedrichs–Lewy (CFL) condition, by setting a maximum value of 0.2 for it. In 249

steady-state simulations, the rhoSimpleFoam solver is considered similarly. 250

The main drawback with OpenFOAMR© is its lack of an adjoint model. We therefore employ 251

FEniCS/dolfin-adjoint for the adjoint calculations. The two models use different discretisations in 252

space, and also in time (implicit Euler for the adjoint). Numerical time integration of the objective 253

functions is performed with the trapezoidal rule. The interaction between FEniCS/dolfin-adjoint 254

and OpenFOAMR© is implemented by following the same approach from Alonso et al., (2021), by 255

substituting only the solve function from FEniCS/dolfin-adjoint, and using the simulation re- 256

sults from OpenFOAMR© . Note that here the conversion between OpenFOAM and FEniCS goes 257

through an initial projection to a continuous (CG1) variable before projecting to the discontinuous 258

(DG1) variable – this is necessary for the computed values to recover variations between neigh- 259

bouring elements, which would not be possible in a direct projection to DG1. The simulation 260

from OpenFOAMR© is computed first, with all timesteps saved to disk, and then they are loaded 261

when FEniCS/dolfin-adjoint require them. The different discretisations mean that the gradients 262

computed are not discretely consistent; however, the physical problem is still the same, and the 263

presented approach gives descent directions for the topology optimisation in all cases tested. The 264

numerical examples also consider a sensitivity filter based on the modified Helmholtz equation 265

(Lazarov and Sigmund, 2010). Furthermore, aiming to reduce mesh-dependency effects in the 266

sensitivities, we scale the sensitivities by an L2 Riesz map (Schwedes et al., 2017). 267
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Figure 2: Flowchart of the topology optimisation implementation (Source: Authors own work).

5 Numerical results 268

For the numerical experiments we consider air (cp = 1004 J/(kg K), µ = 18.37×10−6 Pa s, kth = 269

26.3×10−3 W/(m K), and Mmolar = 28.96 g/mol). The boundary conditions are guided by TK,in 270

= 298.15 K and pout = 105 Pa. Transient effects are induced by changing the inlet flow rate, while 271

the initial state (at t0) is set as the steady state simulation of the t0 configuration. Since the flow 272

is turbulent, the inlet velocity profile vin is turbulent as well and is set according to De Chant 273

(2005), which is overall similar to the classic 1/7th power law velocity profile (Munson et al., 2009). 274

The TOBS algorithm is computed until ∆α = 0, or there is a slight loop in the topology 275

(that is, the topology is changing a little bit back and forth; however, is overall converged). The 276

Helmholtz filter radii are set as 0.2807 mm, 0.5394 mm, and 0.2853 mm (changed in the end 277

to 0.42795 mm), respectively, for three numerical examples. The maximum inverse permeability 278

values (κmax) are set as 1.0 ∼ 2.5 × 1013µ, 2.5 × 1010µ and 2.5 × 109µ, for three numerical 279

examples, and the penalisation parameter is set to q = 1. The interior penalty parameter is set 280

to cip = 103. The parameters of the TOBS algorithm (Souza et al., 2021; Sivapuram and Picelli, 281

2018) are set as follows, for each numerical example: 0.0001, 0.01 and 0.1, respectively (for εrelax); 282

0.005, 0.01 and 0.05, respectively (for βflip limit). In the third numerical example, continuation was 283

performed, changing to εrelax = 1.0×10−10 and βflip limit = 1.0×10−9 in the end. The algorithm is 284

computed until the design variable stops changing. The specified maximum fluid volume fractions 285

(f) are set as 30%, 70% and 70%, respectively, for the numerical examples. From the optimised 286

topologies, it is possible to identify the contours of the fluid part of the design domain, which are 287

then considered as shown in Fig. 3, being used to compute the objective function values after the 288

topology optimisation is finished. 289
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Figure 3: Post-processing procedure (Source: Authors own work).

The inlet turbulent variable (RT,in) is given as: 290

RT,in =

√
nv
2
IT `T |vin|, (26)

where IT is the turbulence intensity (set as 5%), `T is the turbulence length scale, |vin| is the local 291

velocity on the inlet, and nv is the number of velocity components (in 2D, 2 components). Also, 292

`T is selected as `T = 0.07C
1/4
µ `in (COMSOL, 2018; CFD Online, 2020) where `in is the size of the 293

inlet. 294

The Reynolds number is defined as the maximum value of the local Reynolds number based on 295

the size of the inlet: 296

Re` =
µ |v| `in

ρ
. (27)

The characterisation of the fluid flow as compressible depends on the Mach number, which is 297

given as: 298

Ma` =
|v|
vs

, (28)

where vs =
√
γ RU
Mmolar

TK is the speed of sound in the fluid. 299

The time values in the numerical results are represented as the reduced values t′, where t′ ∈ 300

[0.0, 1.0]. The original time values t can be recovered through the following relation: 301

t = t0 + (tf − t0)t′. (29)

Three numerical examples are presented, for a U-bend, a pipe joint, and a double pipe joint. 302

These numerical examples focus on channel-type cases. We focus on these examples because turbo- 303

machinery (such as gas turbines) have interconnecting pipes and junctions, which should preferably 304

lead to low energy losses, since they are related to viscous losses, thermal losses and to entropy vari- 305

ation. The first numerical example (U-bend) shows a comparison between the developed transient 306

turbulent compressible flow topology optimisation with a multi-objective steady-state approach 307

only for comparison purposes. The other numerical examples (pipe joint, and double pipe joint) 308

show some further applications of the developed transient turbulent compressible flow topology 309

optimisation. In all cases, the flow is genuinely compressible, which can be seen from the maxi- 310

mum local Mach numbers of about 0.4, 0.6 and 0.4, respectively. The maximum local Reynolds 311

numbers are about 2×104, 1×105 and 3.5×104, respectively, which indicate turbulent conditions. 312

5.1 U-bend 313

The first numerical example is a U-bend configuration, which is illustrated in Fig. 4. It is essentially 314

a configuration in which the fluid flow has to perform a U-turn in order to reach the outlet, partially 315

based on Dilgen et al., (2018) (aside from dimensional differences, the inlet/outlet channels are 316

not drawn with modelled solid zones, there is an additional rounding around corners, and the 317

boundary conditions and overall topology optimisation formulation are different). The transient 318

effects are caused by a decrease in the inlet velocity, which is represented by the maximum values 319

for the velocity profile, from vin,max,0 to vin,max,1. The mesh is shown in Fig. 5, being composed of 320

16,917 elements. A single objective function is considered for minimisation in the transient case: 321

J = Φt. When considering the multi-objective steady-state case, the transient objective function 322

Φt is split into two: Φ(u1) and Φ(u2), where u1 and u2 correspond to the steady-state simulations 323

where the velocity profiles are given by vin,max,0, and vin,max,1, respectively. Then eq. (20) is used 324
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to combine both objectives, with w1 = w2 = 1 (unit weights) and a1 = a2 = 1 (minimisation). A 325

convergence evaluation for the U-bend configuration is presented in Appendix A. 326

Figure 4: U-bend configuration (`1 = 2 mm, `2 = 2.5 mm, `3 = 4 mm, `4 = 10 mm, `5 = 10 mm,
`6 = 11 mm, r1 = 0.5 mm, vin,max,0 = 60.2 m/s, vin,max,1 = 6.02 m/s, t0 = 0 µs, tf = 50 µs,
t′0 = 0, t′1 = 0.4, t′2 = 0.6, t′3 = 1 (see eq. (29)), time step: ∆t = 1 µs, initial guess (multi-objective
steady-state case): U letter shape connecting the inlet to the outlet (tangential to the rod), initial
guess (transient case): U letter shape connecting the inlet to the outlet (tangential to the rod),
performing a continuation from the multi-objective steady-state) (Source: Authors own work).

Figure 5: Mesh for the U-bend case (Source: Authors own work).

The topology optimisation results for the transient and multi-objective steady-state cases are 327

shown in Fig. 6, and the objective function values are given in Table I. From Fig. 6, we can notice 328

some curvature differences in the first part of the curve of the optimised topologies, where the 329

transient optimised topology features an initially smaller cross section. This effect can be probably 330

viewed as a way to reduce the turbulence that comes from the sudden decrease in the inlet flow 331

rate, avoiding an initial expansion of the inlet flow. The objective function values from Table I 332

show that the transient optimised topology has a smaller transient energy dissipation Φt than 333

the multi-objective steady-state topology, which is expected, since the fluid dynamic behaviours 334

considered in the topology optimisation are different. For the two steady-state values, the results 335

are quite mixed, where the optimised topology for transient flow seems to induce a better value 336

for Φ(u1), and a worse value for Φ(u2) (with respect to the multi-objective steady-state optimised 337

topology), which might indicate that part of the differences in the optimised topologies might have 338

been induced in the form of a partial contribution of the lower velocity vin,max,1. The convergence 339

curves for the optimised topologies are shown in Fig. 7. 340
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Figure 6: Topology optimisation results for the U-bend case (Source: Authors own work).

(a) Transient case (Source: Authors own work).

(b) Multi-objective steady-state case (Source: Authors own work).

Figure 7: Convergence curves for the U-bend case (Ji indicates the objective function, and k
indicates the number of the iteration).

In order to give a better insight over the two configurations used in the multi-objective steady- 341

state case, the Reynolds number, Mach number and density are shown in Fig. 8. Note that the 342

plots of the Reynolds number indicate that the fluid flow reaches turbulence in both cases (values 343

higher than 104). In regards to the Mach number, the first case is compressible, since it features 344

values that are higher than 0.3; however, the second case is not actually compressible, since the 345
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values are consistently smaller than 0.3. As a result, the density values feature a higher variation 346

in the first case (13%), and a small variation in the second case (0.12%). 347

(a) Simulation under vin,max,0 (Source:
Authors own work).

(b) Simulation under vin,max,1 (Source:
Authors own work).

Figure 8: Steady-state simulations for the multi-objective steady-state U-bend case topology.

The simulation results considering the transient case are shown in Fig. 9. The plots show the 348

velocity, pressure and temperature values. In Fig. 9, we can notice, in t′ = 0.8 and t′ = 1, that the 349

smaller velocities caused by vin,max,0 are still propagating towards the outlet, meaning that the 350

fluid flow is still transient at the end. This way, the smaller cross-section at the beginning of the 351

optimised topology seems to be coherent with the small velocities still propagating towards the 352

outlet. 353

Figure 9: Simulation for the transient U-bend case (Source: Authors own work).

5.2 Pipe joint 354

The second numerical example is a pipe joint configuration, illustrated in Fig. 10. This configura- 355

tion borrows some inspiration in the positioning of the inlet and outlets from one of the numerical 356

examples from Gersborg-Hansen et al., (2005), which is one of the first works that dealt with the 357

steady-state laminar incompressible Navier–Stokes formulation for topology optimisation. It is 358

essentially a configuration in which the fluid flow has two ways to exit the computational domain: 359

from the upper outlet and from the lower outlet. If left by itself, topology optimisation tends to 360

choose the outlet that would lead to a smaller energy dissipation. Therefore, one aim is to optimise 361

objective functions for both outlets, avoiding any type of closure. Furthermore, the lower outlet 362

is set to be prioritised when the inlet flow rate is higher, and the upper outlet to be prioritised 363

when the inlet flow rate is lower, which resembles the behaviour of fluid switches. The transient 364

effects are caused by a decrease in velocity, which is represented by the maximum values for the 365

velocity profile, from vin,max,0 to vin,max,1. The mesh is shown in Fig. 11, being composed of 12,814 366

elements. In this case, three objectives are simultaneously considered: minimising the energy dissi- 367

pation Φt, maximising the mass flow rate over the lower outlet in the beginning ṁt,0→1,Outlet 1 and 368

maximising the mass flow rate over the upper outlet in the end ṁt,2→3,Outlet 2. Then, eq. (20) is 369

used to combine the three objectives, with w1 = w2 = w3 = 1 (unit weights), a1 = 1 (minimisation) 370

and a2 = a3 = −1 (maximisation). 371
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Figure 10: Pipe joint configuration (`1 = 10 mm, `2 = 8 mm, `3 = 20 mm, `4 = 30 mm, r1 =
2 mm, vin,max,0 = 150.4 m/s, vin,max,1 = 120.32 m/s, t0 = 0 µs, tf = 50 µs, t′0 = 0, t′1 = 0.4,
t′2 = 0.6, t′3 = 1 (see eq. (29)), time step: ∆t = 1 µs, initial guess: α = 1) (Source: Authors own
work).

Figure 11: Mesh for the pipe joint case (Source: Authors own work).

The optimised topology is shown in Fig. 12, and the objective function values are given in 372

Table II. Note that the topology optimisation did not close any of the two outlets, keeping a 373

flow passage upwards, while still prioritising the reduction of the energy dissipation downwards. 374

This can also be observed in the values from Table II, where the optimised topology features a 375

lower energy dissipation Φt than the fluid case, while somewhat decreasing the mass flow rate 376

downwards ṁt,0→1,Outlet 1 and slightly increasing the mass flow rate upwards ṁt,2→3,Outlet 2. This 377

effect is caused by the equal weight being used in the multi-objective function, which brings the 378

upper outlet to a similar influence in the optimisation with respect to the lower outlet. Note that 379

the mass flow rates are different in both cases, which is caused by the different time integration 380

periods of ṁt,0→1,Outlet 1 and ṁt,2→3,Outlet 2. 381
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Figure 12: Optimised topology for the pipe joint case (Source: Authors own work).

The simulation results for the optimised topology are shown in Fig. 13. Note that a small 382

portion of the fluid flow exits through the upper outlet. Also, note that, as in the U-bend case, 383

the change to the smaller flow rate is slowly propagating towards the rest of the computational 384

domain. 385

Figure 13: Simulation for the pipe joint case (Source: Authors own work).

5.3 Double pipe joint 386

The last numerical example is a double pipe joint configuration, illustrated in Fig. 14. In this 387

case, we have two inlets and two outlets, positioned in a crossed configuration. Similarly to the 388

previous numerical example, if left by itself, topology optimisation tends to choose the outlet that 389

would lead to a smaller energy dissipation. Therefore, one aim is to avoid any type of closure. 390

Furthermore, the right outlet is set to be prioritised when the inlet flow rate is higher, and the 391

left outlet to be prioritised when the inlet flow rate is lower. Here, differently than the previous 392

numerical examples, the transient effects are caused by an increase in the inlet velocity, which is 393

represented by the maximum values for the velocity profile, from vin,1,max,0 to vin,1,max,1. The 394

mesh is shown in Fig. 15, being composed of 17,034 elements. In this case, three objectives are 395

simultaneously considered, as in the previous numerical example: minimising the energy dissipation 396

Φt, maximising the mass flow rate over the left outlet ṁt,0→1,Outlet 2 and maximising the mass flow 397

rate over the right outlet ṁt,2→3,Outlet 1. Then, eq. (20) is used to combine the three objectives, 398

with w1 = w3 = 1, w2 = 10, a1 = 1 (minimisation) and a2 = a3 = −1 (maximisation). 399

15

Page 15 of 22

http://mc.manuscriptcentral.com/hff

International Journal of Numerical Methods for Heat and Fluid Flow

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



International Journal of Num
erical M

ethods for Heat and Fluid Flow

Figure 14: Double pipe joint configuration (`1 = 3 mm, `2 = 2 mm, `3 = 4 mm, `4 = 10 mm,
r1 = 0.5 mm, vin,1,max,0 = 11.39 m/s, vin,1,max,1 = 113.94 m/s, vin,2 = 0.1vin,1, t0 = 0 µs,
tf = 50 µs, t′0 = 0, t′1 = 0.4, t′2 = 0.6, t′3 = 1 (see eq. (29)), time step: ∆t = 1 µs, initial
guess: α = 1, performing a continuation from a multi-objective steady-state) (Source: Authors
own work).

Figure 15: Mesh for the double pipe joint case (Source: Authors own work).

The optimised topology is shown in Fig. 16, and the objective function values are indicated 400

in Table III. Note that, as in the previous numerical example, the topology optimisation did not 401

close any of the two outlets. This can also be observed in the values from Table III, where the 402

optimised topology features a lower energy dissipation Φt than the fluid case, while increasing the 403

mass flow rate to the left ṁt,0→1,Outlet 2 and somewhat decreasing the mass flow rate to the right 404

ṁt,2→3,Outlet 1. This effect can be noticed in the optimised topology in Fig. 16, where the left inlet 405

is split into two paths (for both outlets), and the right inlet is channeled towards the left outlet. 406

Figure 16: Optimised topology for the double pipe joint case (Source: Authors own work).

The simulation results for the optimised topology are shown in Fig. 17. Note that the fluid flow 407

that enters through the left inlet is goes towards the left and right inlets, while the fluid flow that 408

enters through the right inlet seems to exit through the left outlet. Also, note that the change to 409

the higher flow rate is still propagating towards the rest of the computational domain; however, 410

due to the transition from a lower velocity to a higher velocity, the transition seems to propagate 411

somewhat faster than in the previous examples. Also, note that the increase in velocity with time 412

caused an increase in the flow velocity near the corners of the left inlet channel. 413
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Figure 17: Simulation for the pipe joint case (Source: Authors own work).

6 Conclusions 414

A new formulation for the topology optimisation of turbulent transient compressible flow was 415

presented, using OpenFOAMR© for the forward model and a DG discretisation for the adjoint 416

model. The developed formulation is illustrated with three numerical examples. The proposed 417

approach was compared with a multi-objective steady-state approximation in one of the numerical 418

examples (U-bend), showing that this steady-state approximation is unable to capture transient 419

effects, resulting in reduced performance (according to the objective function values). The other 420

numerical examples were presented to exemplify the unsteady implications. The second numerical 421

example shows a larger flow path downwards and a smaller flow path upwards when prioritising 422

the upwards flow path after the transition to a smaller flow rate. The third numerical example 423

shows that the left inlet has large channels towards both outlets, while the right inlet has a smaller 424

channel, trying to lead the flow solely towards the left outlet. As future work, this work may 425

be extended to fluid-structure interaction, other types of heat transfer, flow machine design, 3D 426

setups, and supersonic flows. 427
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Table I: Objective functions of the optimised topologies for the U-bend case (Source: Authors own
work).

Transient simulation Steady-state simulations

Optimised topology Φt Φ(u1) Φ(u2)

(×102W/m) (×102W/m) (×10−1W/m)

Transient 1.05 1.37 4.12

Multi-objective steady-state 1.11 2.45 3.34

Table II: Objective functions for the pipe joint case (Source: Authors own work).

Case Φt ṁt,0→1,Outlet 1 ṁt,2→3,Outlet 2

(×103W/m) (×10−1kg/s) (kg/s)

Initial guess (fluid, α = 1) 1.62 3.6 1.14

Optimised topology 1.19 3.17 1.18

Table III: Objective functions for the double pipe joint case (Source: Authors own work).

Case Φt ṁt,0→1,Outlet 2 ṁt,2→3,Outlet 1

(W/m) (×10−2kg/s) (×10−2kg/s)

Initial guess (fluid, α = 1) 6.51 0.95 2.97

Optimised topology 5.52 1.75 2.16
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A Convergence evaluation 560

A convergence evaluation is presented in this section, by considering the energy dissipation eq. (21) 561

for the initial guess topology of the U-bend configuration. Fig. 18 shows the computation of this 562

function for different mesh discretisations. Note that the largest error happens for 5,490 elements, 563

and is smaller than 6% afterwards. The impact of the errors from the CFD simulation in the 564

optimisation process lies in the computation of the sensitivities. The computed sensitivities are 565

illustrated in Fig. 19 for different mesh discretisations. Note that overall, the distributions are 566

largely similar, indicating that the direction of the optimisation should be similar in all cases. 567

Figure 18: Energy dissipation values computed for different mesh discretisations (Source: Authors
own work).

Figure 19: Sensitivities scaled by the cell sizes, and normalized between -1 and 1 (centered around
the 0 value), for different mesh discretisations. Since the sensitivities naturally depend on the
cell sizes, it is necessary to scale them when comparing different mesh discretisations, which is
analogous to what is done when considering an L2 Riesz map (Schwedes et al., 2017) (Source:
Authors own work).
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