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Abstract

Purpose - We present the first topology optimisation formulation for transient turbulent
compressible flow modelled with the unsteady Favre-averaged Navier—Stokes equations.

Design/Methodology/Approach - The topology to be designed is incorporated in each
of the momentum balance, the energy balance, and the turbulence closure. The forward and
adjoint equations are implemented with different discretisations: the forward model with a
finite volume method, and the adjoint model with a discontinuous Galerkin finite element
scheme, since the former is very robust and the latter can be adjoined automatically. Once
discretised, the topology optimisation problem is solved with an integer linear programming
algorithm. We demonstrate the capability of our approach in the design of a U-bend, a pipe
joint, and a double pipe joint.

Findings - The formulation is developed and demonstrated through numerical examples,
showcasing the developed approach.

Originality/Value - No previous topology optimisation formulation was available
for transient turbulent compressible flow modelled with the unsteady Favre-averaged
Navier—Stokes equations.

Keywords: Fluid topology optimisation; discontinuous Galerkin; transient flow; tur-
bulent flow; compressible flow

1 Introduction

Topology optimisation of fluid flow devices was pioneered by Borrvall and Petersson (2003), in the
context of stationary incompressible Stokes flows. Over the years the community has progressively
extended this approach to more complex situations, including incompressible Navier—Stokes flows
(Gersborg-Hansen et al., 2005), non-Newtonian fluids (Pingen and Maute, 2010), thermal-fluid
interactions (Yaji et al., 2016), and incompressible turbulent flows (Papoutsis-Kiachagias et al.,
2011). These methods have been applied to many important engineering design problems, including
for example, mixers (Andreasen et al., 2009), arterial by-pass grafts (Zhang and Liu, 2015), bladed
rotors (Romero and Silva, 2014), fluid diodes (Lin et al., 2015), and rectifiers (Jensen et al., 2012).
Fluid compressibility, which is crucial to consider when changes in density cannot be neglected,
makes the system of partial differential equations (PDEs) much more complicated to solve, as
mechanical and thermodynamic effects are tightly coupled (S& et al., 2021). In particular, a
dependence on the density arises in all balance equations, which depends on the thermodynamic
state of the fluid. The first work considering compressible flow was for laminar subsonic conditions
(S4 et al., 2021), and was further explored by Okubo et al., (2022), with a different approach for
the adjoint model, and by Maffei et al., (2023), with an integer programming approach. Each of
these works on compressible equations considered the stationary case.

For some design problems this stationarity assumption is acceptable. However, for other prob-
lems, transient effects are crucial. A clear example is where the boundary conditions (such as the
inlet flow rate) or domain boundaries are time-dependent. Topology optimisation for transient
problems has been confined to laminar incompressible flows (Kreissl et al., 2011; Deng et al., 2011)
with body forces (Deng et al., 2013) and heat transfer (Makhija and Beran, 2019), and to laminar
compressible flows (Alonso et al., 2025).

Many design problems involve turbulence. In this work we employ the UFANS (Unsteady
Favre-averaged Navier—Stokes) equations, which are the compressible flow version of the URANS
(Unsteady Reynolds-averaged Navier—Stokes) equations (Pope, 2000; Wilcox, 2006). This frame-
work solves time-dependent equations for the mean fields of all prognostic variables. These equa-
tions are not closed, because the mean-field equations incorporate terms describing the influence
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of the unknown turbulent fluctations. These unknown Reynolds stresses/turbulent heat flux terms
are modelled with different turbulence closure models. In topology optimisation, several turbu-
lence models have already been considered for incompressible flow, including the Spalart—Allmaras
model (Yoon, 2016), the k-w model (Dilgen et al., 2018), the k-e¢ model (Yoon, 2020) and the Wray—
Agarwal model (Alonso et al., 2022). For compressible fluids, the statistical averaging involves the
density, which gives rise to the FANS (Favre-averaged Navier—Stokes) equations (Wilcox, 2006). In
topology optimisation, this has been considered by Garcia Rodriguez et al., (2025), formulating it
for the compressible version of the Spalart—Allmaras turbulence model. In this work we employ the
Wray—Agarwal model, which has some advantages from the point of view of topology optimisation.

We approximate the forward and adjoint equations with two different discretisations: a stan-
dard finite volume scheme implemented in OpenFOAM® (Weller et al., 1998), and a discontinu-
ous Galerkin (DG) method (Hartmann, 2006) implemented in FEniCS (Logg et al., 2012) using
dolfin dg (Houston and Sime, 2018). This is essentially for software engineering reasons: the
forward model of OpenFOAM® is extremely robust and has sophisticated devices to achieve con-
vergence, but there is no adjoint model available; the DG discretisation in FEniCS offers an
automatically-derived adjoint using the dolfin-adjoint library (Farrell et al., 2013; Mitusch et
al., 2019), but lacks the subtle adjustments needed for robust convergence of the forward model.
This approach combines the strengths of both codes (Alonso et al., 2021). This choice means
that the adjoint is not discretely consistent; nevertheless, the gradients obtained provide descent
directions for the topology optimisation problem, and allow for its successful solution.

We formulate the forward model for an ideal gas. The formulation of the topology optimisation
problem considers a continuous design variable and uses the classic Borrvall-Petersson material
model for the inverse permeability (Borrvall and Petersson, 2003). The linear systems arising in
the adjoint model are solved with UMFPACK (Davis, 2004). The optimisation problem is solved
with a sequential integer linear optimisation algorithm (Souza et al., 2021; Sivapuram and Picelli,
2018).

This paper is organised as follows: in Section 2, the formulation and DG discretisation used for
the forward model are presented; in Section 3, the topology optimisation formulation is presented;
in Section 4, the numerical implementation is described; in Section 5, some numerical results are
shown; and in Section 6, some conclusions are drawn.

2 Formulation and DG discretisation of the forward model

There are essentially four equations that need to be considered: the continuity, momentum, energy
and turbulence equations. The Wray—Agarwal turbulence model employed is a single-equation
turbulence model that combines the advantages of the near-wall modelling from the k-w model
with the freestream modelling from the k-¢ model (Wray and Agarwal, 2015), being also partly
based on the SST k-w model (Wray and Agarwal, 2015). Wray and Agarwal (2015) show that
the Wray—Agarwal turbulence model leads to more accurate boundary layer separation predictions
than the Spalart—Allmaras model, and that it is also competitive with the SST k-w model for wall-
bounded flows. Throughout the years, several evaluations, improvements and variations have been
developed (Wray and Agarwal, 2016; Han et al., 2017). Particularly, the 2018 version (referred in
Han et al., (2018) as WA2018) is considered. The main advantage of the 2018 version is that it
does not rely on the computation of the wall distance. Not needing to compute the wall distance is
advantageous from a topology optimisation point of view, because the wall distance computation
requires an additional penalisation term (Yoon, 2016) in order to account for the modelled solid
material, which must be calibrated (i.e., adequately chosen) for obtaining the optimised topology.
An additional term to account for the attenuation of turbulence in the porous medium is included,
as presented in Alonso et al., (2022). Neglecting external body forces, the set of equations in
conservative form is:

dp _
3¢ T V() =0, Y
V) Y l(pw) @] = V(T + Ti) + (). ®
w + Ve(petota1v) = V-[(kin + ken, 1) VTIK] + V-[(T + Tg)v], ®)
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O(pR R
(PatT) + V-(pvRr) =V - [(ogpRr + 1)VRr| + pC1RTS + flcl,k-wp?TVRT-VS
. VS-VS
— p(1 = f1) min |:C2,k—aR% <52> , CoW VRV Ry | + Mgy fro(e)Rr. (4)

Here, v is the mean fluid velocity, p is the mean fluid (static) pressure, Tk is the mean fluid
absolute temperature, p = p(p, Tk) = %77"}}? is the ideal gas model density (Mpoiar 1S the molar
mass of the gas, and Ry is the universal gas constant (8.314 J/(K mol))), etotal = Uint + %57 is the
fluid total energy, uint = ﬁ is the fluid internal energy, ¢, is the fluid specific heat at constant
pressure, ¢, is the fluid specific heat at constant volume (for an ideal gas, ¢, = ¢, — MRU ),
v = i—z is the ratio of the fluid specific heats, ky, is the fluid thermal conductivity, ® is the outer
product, - and : are the Euclidean inner products (one- and two-dimensional versions, respectively),
f.(«) is the resistance force used to model the presence of solid material in the design domain (see
Section 3), pr = pr(Rr) = pf,Rr is the turbulent viscosity, Rt is the undamped eddy (turbulent)
viscosity, Ar, is an adjustable parameter for the intensity of the attenuation of turbulence inside the
modelled solid material (it can be chosen, for example, as Ag, = 1), and f, ,(a) is the proportion
factor of the resistance force of the porous medium (specified from f,(a) as f,(«) = fro(@)v).
The other terms of (4) are specified as follows (Han et al., 2018):

molar

S = %(VU +vol), § = V28:8, W = %(W —voT), W = V2W:W,
3

_ X _Rr _ w _
fu= i X=—5 cw = 8.54, n = Smax [17 ’SH , Cr = 8.0,
OR = fl(gk—w - Jk—a) + Okee, Oke = 1, 04, = 0.72,

R 2
fi = tanh(arg?), arg, = 2L L :
2 CIL kT'log—layer o"YT|log—laye1r

vrS S ()
kT|log—layer = \/707’ o‘)T|log-layer = \/77» C,u, = 0097

C1 k-w Ci ke
Ci = fi(Crpw — Crpe) + Cr ey Cooy = R’Q + Okews Co e = H’Q + Okees
vk vk

Ch k- = 0.0829, C .. = 0.1284, vp = '“7T,

Kok = 0.41 (von Kérmén constant), v = K (kinematic viscosity).
p

The fluid stress tensor T' and the Reynolds (turbulent) stress tensor T'g are given by:
1
T =2pue—pl + A(V-v)I, €= §(Vv+VvT), (6)
Tr=2ure+ Ap(V-v)l, (7

where g is the dynamic viscosity of the fluid, A = —%,u is the dilatational viscosity of the fluid, I
is the identity matrix and pr is the turbulent viscosity. As in the case of the dilatational viscosity
(A\), the turbulent counterpart (Ar) is also be given in the same way. The turbulent thermal
conductivity from (3) is given by:

CpHT

8
PI‘T ’ ( )
where Prr is the turbulent Prandtl number. The turbulent Prandtl number depends on the distance
with respect to the walls (Chikh and Campo, 2005; Wilcox, 2006). However, the most common
approach in computational fluid dynamics (CFD) is to assume a constant value for it (Wilcox,
2006), such as 0.85, which is the approach taken in this work.

kin, T =

2.1 Discontinuous Galerkin discretisation

To derive the DG discretisation, the equations are multiplied by the test functions on each cell
and integrated by parts. Summing over all cells yields jump and average terms on internal facets
(Hartmann, 2006; Landet et al., 2020). Separating the convective, dissipative, and other terms
and stacking them (Houston and Sime, 2018; Hoellinger et al., 2025), we write the equations as

V-F.(u) =V-Fy(u,Vu) + F.(u), (9)
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where the convective, dissipative, and other parts are given by

pv
pI + (pv) ®v
PetotalV + (pI)’U
pvRT

F.(u)= , (10)

0
(u+ pr) (Vo + Vol) + (A + Ap)tr(Vo) T (11)
(ktn + ki) VT + (10 + pr) (Vo + VoT) + (A + Ap)tr(Vo) v |
(crpRT + 1)V Ry

» _9p -
ot

Fd(u, V’U,) =

I(pv
—2ev) 4 £, ()

9(petotal) ) (12)
ot

8(pRT) + pC1R1S + f1C1 k- wp LVRt-VS
_p(l - fl) min [CQ,k—ERT (V%YS) ; C"rnVRTVRT] _ARTfr,'u (a)RT_

respectively, where tr is the matrix trace (tr(Vv) = V), u = [p, v, Tk, RT}T is the state vector,

and Vu = [Vp, VU,VTK,VRT]T is the gradient of the state vector. Note that eq. (9) is here
presented in an extremely generic way, with all specificities condensed in egs. (10)—(12), where the
turbulence terms and equation (from the UFANS formulation) become apparent. Also hidden in the
generic notation is the turbulence variable Rr, which plays a significant aspect in the definition
of the state vector w. This configures the major shift from a previous topology optimisation
formulation that was based on the much simpler laminar physics (Alonso et al., 2025), and enables
considering more realistic fluid properties (such as air), instead of the fictitious/unrealistic fluid
properties that were previously selected in order to achieve the compressible flow conditions under
small velocities (Alonso et al., 2025). By making use of the presented generic notation, the DG
discretisation for transient turbulent compressible flow is given by:

/F deQJr/quVu)(deQ /F —

b [P+ ovp(lude o i
~ [ s ) s ()Tl il s~ [ (Pt T
+Z /
_Z / (F (s, Vi) i — asipas (uln) (e — wls.s) @ n]}:(w © 7)o

—Z/

where 21 is the sum over all boundaries of the domain, §2 is the computational domain, I';,; are
the internal boundaries of each element, I'cxt ; is the external boundary of the domain labeled 4,

)>5[[u]]®,ndrint

(13)
F (ulp;) +arrp(u, ulp)(u —ulp)]): (W@ n)dlex i

(,xt 3

Fa(ulp, VW) |ni:[(uw — ulp;) ® n]dlex; = 0,

ext,i

. . . TN
n is the unit normal vector over a given facet of the element, w = [Wp,wq,,WTK,WRT] is the

vector of test functions, Vw = [pr, Vw,, VWTK,VWRT]T is the gradient of the vector of test
functions, |p; means to substitute the boundary value (from the Dirichlet boundary condition),
|n: means to substitute the boundary value (from the Neumann boundary condition), the DG
tensor jump operator (over u) is [u]g.n = (uT —u’) ® n, and the DG average operator (over u)
is (u) = $(u™ 4+ w’). The superscripts “+” and “-” represent the values of the variable as viewed
by the current element, and as viewed by the neighbour element, respectively. The divergence
operator in eq. (9) is defined as V-F = [V-F17V-F27V~F3,V-F4}T, when considering a generic

stacked term F = [F1,F2,F37F4}T
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The second and fourth lines of (13) correspond to the convective numerical flux according to
the local Lax—Friedrichs scheme (aka. Rusanov scheme) (Cockburn and Shu, 2001; Gassner and
Winters, 2021), which includes an additional diffusivity in the equations, by means of a locally-
selected weight. The parameter apr(u) is a measure of the propagation speed on the facets,
meaning that it is a local dissipation. The parameter arr(u, ulp,;) is the corresponding value of
arr(u) for the boundaries. These two parameters are given as:

1
arr(u) = gmax(max [ Xeyi(u) ™|, max [ A, (w) ),
1 (2 1 (14)
aLrp(u, ulp;) = §max(mlax \)\e,i(u)|,mlax|)\e’i(u|b)i)|),

where A, ; is one of the eigenvalues of the convective part (Rohde, 2001)—for compressible flow, it
is Ae(u) = ['v-n —c,vn,vn+ c7]T, where ¢ = % is the speed of sound. Note that, although

the overall DG formulation is here presented in a generic way, the choice of these eigenvalues is the
only aspect that is the same as Alonso et al., (2025), since the other terms depend on w, which
depends on turbulence.

Eq. (13) uses the Symmetric Interior Penalty Galerkin (SIPG) formulation (Hartmann and
Houston, 2008), which means that additional penalty terms are applied to the dissipative part of
the problem. These are the terms that include agipg(u) and agipa p(ulp,:). With this, SIPG
essentially deals the imposition of Dirichlet boundary conditions and additional stabilisations in
the equations. The terms agpg(u) and asipa b(ulp,;) are given by

p2
agipa(u) = CipWS’h_)<G(u)>v (15)

2
p
aspa,p(lp) = Cip%GG(Ulb@),

where h = le"“alt is a measure of the element size in the mesh (Vigca is the volume of each element,
and Agacet is the area of each facet), ppg > 1 is the degree of the DG element, ¢;, > 0 is the
interior penalty parameter (which needs be chosen to be sufficiently large), and G(u) = % is the

homogeneity tensor.

2.2 Boundary value problem

The external boundaries of a sample computational domain are shown in Fig. 1. With respect
to a previously considered laminar flow-based formulation (Alonso et al., 2025), there are now
turbulence terms and an additional equation for them (from the UFANS formulation) and the
boundary conditions now also need to be defined for the turbulence variable Rp. Thus, the
boundary value problem is stated as:

[Egs. (1)-(4)] in Q

v = v, on I'i,
Tk =Tk in on I'j,
Ry = R in on I'y,

v=0 on Fwall

(16)
Vikn =0 on I'wan
Rt =0 on I'yan
P = Pout on Loyt
Vikn =0 on gy
VRrn=0 on I'yut,

where the inlet boundary is T'j,, the outlet boundary is I'oyt, the wall boundaries are I'yay, the
inlet velocity is v;y, the inlet temperature is Tk iy, the inlet turbulence is set from Rt ;y, and the
outlet (static) pressure is poy:. The walls are treated as adiabatic, and the outlet is set for the
normal turbulence and heat fluxes to be zero. The Dirichlet conditions in (16) are enforced weakly
with a standard Nitsche approach.
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Yy rout

Iwall

rout X

Figure 1: Boundaries (Source: Authors own work).

3 Topology optimisation formulation

The topology optimisation formulation is further detailed as follows, by presenting the material
model, which guides how the design variable affects the simulation/optimisation, and the overall
formulation of the topology optimisation problem, including the presentation of the objective
functions and constraints.

3.1 Material model

The material model for fluid flow influences three main components: the fluid flow itself, the heat
transfer /compressibility, and the turbulence. For the first component, the modelled solid material
should not have any flow inside—this motivates the additional resistance force f,(a) employed.
For the second component, the modelled solid material zones are assumed to be adiabatic, thus
no additional term needs to be included in the energy equation (S et al., 2021). For the third
component, the wall value is set as zero inside the modelled solid material, from the f, ,(a) term.
The resistance force f,(a) is given by:

fi(a) = —r(a)v, (17)

where k() is the inverse permeability.
The interpolation function that is used for k() to smoothly transition between the solid (o = 0)
and fluid (o = 1) conditions is (Borrvall and Petersson, 2003):

1+g¢
« ’
a+q

(18)

’{(O‘) = Kmax T (Hmin - Hmax)

3 .. ) . .
where kmin = 0 kg/(m”s) and Kpax are the minimum and maximum values for it, respectively; and
q is a penalisation parameter.

3.2 Topology optimisation problem

The topology optimisation problem is:

min J(u(a), a)
such that

Fluid volume constraint: adQy < V)
Qo

Box constraint of a: 0 < a< 1

where f is the specified volume fraction, V) = an dQ), is the volume of the design domain (rep-
resented as Q,), V = an adf), is the fluid volume given from the design variable «, J(u(«), @)
is the objective function, and u(«a) is the state vector obtained by solving the boundary value
problem (16) for a given design variable c.

For topology optimisation, more than one type of objective function is considered, and, for the
sake of clarity, the specific objective functions being considered are presented in each numerical
example. When there is more than one objective function being considered, the objective functions
are combined through the logarithmic approach:

J = Z aiwiani, (20)
%
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where J; is an objective function, w; is its weight (w; > 0), a; indicates whether J; is to be
minimised (a; = 1) or maximised (a; = —1), and In is the natural logarithm.

3.2.1 Transient topology optimisation approach

For optimisation, two types of objective function are considered.
We first consider energy dissipation (Borrvall and Petersson, 2003). For transient turbulent com-
pressible flow, it becomes the following time average:

b= ) - /ttf {/Q B(u + ) (Vo + Vol ): (Vo + V'UT)} o + /Q()\ D) (Vo) (I:Vw)dQ) — /
(21]

where the integration is given in the time interval [to, ], where ¢ is the initial time of the unsteady
simulation, and ¢ is the final time of the unsteady simulation.

Second, we consider mass flow rate. When there is more than one outlet in the fluid flow device,
we may want a configuration in which one of the available outlets is prioritised with respect to
the others, with the preferred outlet depending on the inlet flow rate value. This is the behaviour
desired of fluid switches. In such case, the mass flow rate can be used as an objective function. It

is given by: t
. 1 ¥
me1r—2r = ﬁ/ </ pv~nd1‘i) dt, (22)
TR Je Ty

1/

where the integration is given in the time interval [¢;/,t2/], on the outlet boundary T';.

3.2.2 Multi-objective steady-state topology optimisation approach

When considering a transient behaviour composed of two different values of the flow rate, together
with a transition between these two values, it is possible to devise a multi-objective steady-state
approach that is similar to the transient formulation. This multi-objective steady-state approach
would consider the two flow rate cases simultaneously, for each flow rate value. Of course, this
steady-state formulation is unable to consider the transient behaviour caused by the change in the
flow rate. This will be shown in one of the numerical examples. The multi-objective steady-state
approach consists of considering two different steady-state cases under different flow rates, which
are labeled here as “1” and “2”. Thus, the energy dissipation (21) becomes two separated objective
functions:

Q

191

192

193

194
195

fr(a)mdﬂ} dt,

197
198
199
200
201
202

203

204

205

206
207
208
209
210
211
212
213

214

P(u1) = /Q {1(/1 + pr1)(Vor + Vo 7):(Vog + VvlT)} dQ + /Q(A + A1) (V1) (I:Vvy)dQ — /Q f.(a)v1dQ,

2
(23)

215

= 1 v v 1):(Vo vy «v9)(I:Vv - )
Bur) = [ |30t uma) (Vo + TorT (Vo + To") [ a0+ [ 3 Axa) (o)1 00)a2 — [ £ (a)vad

(24)
where the subindices “1” and “2” indicate the steady-state case in which the computation is
performed.

The mass flow rate objective function would become:

m(u;) = / pv;-ndl;, (25)

i

where j is the subindex that indicate the steady-state case in which the computation is performed.

4 Numerical implementation of the topology optimisation
problem

The topology optimisation problem is implemented according to Fig. 2. The beginning is to select
an initial guess for the distribution of the design variable — i.e., set the initial topology. Then,
the forward model is defined in two steps: first, the convective, dissipative and external terms
(10)—(12) are defined in the finite element-based platform FEniCS (Logg et al., 2012), by using
DG1 (1% degree Discontinuous Galerkin) discretisation for the state variables, and CG1 (15% degree
Continuous Galerkin) discretisation for the design variable (in order to guarantee continuity of the
optimised topologies); next, these terms are set in the dolfin_dg library (Houston and Sime, 2018)
in order to automatically assemble eq. (13). While it is possible to implement the DG discretisation
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directly in FEniCS, using it is more convenient in the sense that it allows further flexibility when
changing the involved physics and boundary conditions of the problem. The defined forward model
is then annotated for later derivation of the adjoint model using the dolfin-adjoint library (Farrell et
al., 2013; Mitusch et al., 2019). The next part is the Topology Optimisation of Binary Structures
(TOBS) algorithm (Souza et al., 2021; Sivapuram and Picelli, 2018), which is based on binary
variables, uses the derivatives of the DG problem, and linearises the optimisation problem at every
topology optimisation iteration. Also, the constraints are relaxed, and an additional truncation
error constraint is included. The resulting topology optimisation subproblem is then solved in
CPLEX® (from IBM). A specified tolerance is verified in the end of the topology optimisation
loop.

In the case of turbulent and high velocity flows, there may be some difficulties in the convergence
of the forward problem in FEniCS, which can most probably be dealt with by including various
adjustments, such as: preconditioners, block matrices, additional limiters, approximated terms,
continuations, different solution methods etc. However, the choice and implementations are neither
easy nor trivial, due to which another approach is followed here, which is to interface with a
well-established efficient CFD platform, OpenFOAM® (Weller et al., 1998). In OpenFOAM® |
the density-based rhoCentralFoam solver is employed, including some additional adjustments:
including the material model terms, and considering the classic fourth-order Runge-Kutta method
(RK4) for the time discretisation. The time step is left for OpenFOAM® to select according to
the Courant-Friedrichs-Lewy (CFL) condition, by setting a maximum value of 0.2 for it. In
steady-state simulations, the rhoSimpleFoam solver is considered similarly.

The main drawback with OpenFOAM® is its lack of an adjoint model. We therefore employ
FEniCS/dolfin-adjoint for the adjoint calculations. The two models use different discretisations in
space, and also in time (implicit Euler for the adjoint). Numerical time integration of the objective
functions is performed with the trapezoidal rule. The interaction between FEniCS/dolfin-adjoint
and OpenFOAME® is implemented by following the same approach from Alonso et al., (2021), by
substituting only the solve function from FEniCS/dolfin-adjoint, and using the simulation re-
sults from OpenFOAM® . Note that here the conversion between OpenFOAM and FEniCS goes
through an initial projection to a continuous (CG1) variable before projecting to the discontinuous
(DG1) variable — this is necessary for the computed values to recover variations between neigh-
bouring elements, which would not be possible in a direct projection to DG1. The simulation
from OpenFOAME® is computed first, with all timesteps saved to disk, and then they are loaded
when FEniCS/dolfin-adjoint require them. The different discretisations mean that the gradients
computed are not discretely consistent; however, the physical problem is still the same, and the
presented approach gives descent directions for the topology optimisation in all cases tested. The
numerical examples also consider a sensitivity filter based on the modified Helmholtz equation
(Lazarov and Sigmund, 2010). Furthermore, aiming to reduce mesh-dependency effects in the
sensitivities, we scale the sensitivities by an L? Riesz map (Schwedes et al., 2017).
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Initial topology
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Forward model setup
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Figure 2: Flowchart of the topology optimisation implementation (Source: Authors own work).

5 Numerical results

For the numerical experiments we consider air (¢, = 1004 J/(kg K), u = 18.37x1076 Pa s, kyj, =
26.3x1072 W/(m K), and Mo, = 28.96 g/mol). The boundary conditions are guided by Tk ;»
= 298.15 K and p,u¢ = 10° Pa. Transient effects are induced by changing the inlet flow rate, while
the initial state (at tg) is set as the steady state simulation of the ¢y configuration. Since the flow
is turbulent, the inlet velocity profile v;;, is turbulent as well and is set according to De Chant
(2005), which is overall similar to the classic 1/7*" power law velocity profile (Munson et al., 2009).

The TOBS algorithm is computed until Aa = 0, or there is a slight loop in the topology
(that is, the topology is changing a little bit back and forth; however, is overall converged). The
Helmholtz filter radii are set as 0.2807 mm, 0.5394 mm, and 0.2853 mm (changed in the end
to 0.42795 mm), respectively, for three numerical examples. The maximum inverse permeability
values (Kmax) are set as 1.0 ~ 2.5 x 103y, 2.5 x 10%; and 2.5 x 10%u, for three numerical
examples, and the penalisation parameter is set to ¢ = 1. The interior penalty parameter is set
to ¢ = 10%. The parameters of the TOBS algorithm (Souza et al., 2021; Sivapuram and Picelli,
2018) are set as follows, for each numerical example: 0.0001, 0.01 and 0.1, respectively (for erejax);
0.005, 0.01 and 0.05, respectively (for Baip 1imit). In the third numerical example, continuation was
performed, changing to re1ax = 1.0 X 1071 and Baip 1imit = 1.0 x 1079 in the end. The algorithm is
computed until the design variable stops changing. The specified maximum fluid volume fractions
(f) are set as 30%, 70% and 70%, respectively, for the numerical examples. From the optimised
topologies, it is possible to identify the contours of the fluid part of the design domain, which are
then considered as shown in Fig. 3, being used to compute the objective function values after the
topology optimisation is finished.
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Post-processing

Optimized topology

Figure 3: Post-processing procedure (Source: Authors own work).

The inlet turbulent variable (Rt ;) is given as:

Ny
Rryin =4/ ?IT€T|vin|; (26)

where I is the turbulence intensity (set as 5%), ¢r is the turbulence length scale, |v;,| is the local
velocity on the inlet, and n,, is the number of velocity components (in 2D, 2 components). Also,

(7 is selected as 7 = 0.07CA/* ¢, (COMSOL, 2018; CFD Online, 2020) where £, is the size of the
inlet.
The Reynolds number is defined as the maximum value of the local Reynolds number based on

the size of the inlet:

gin
Re, — M1¥1bn

(27)
The characterisation of the fluid flow as compressible depends on the Mach number, which is
given as:
_
May, = —, (28)

Us

where v = /7y M’RUL Tk is the speed of sound in the fluid.

The time values in the numerical results are represented as the reduced values ¢', where ¢ €
[0.0,1.0]. The original time values ¢ can be recovered through the following relation:

t=to+ (ty —to)t'. (29)

Three numerical examples are presented, for a U-bend, a pipe joint, and a double pipe joint.
These numerical examples focus on channel-type cases. We focus on these examples because turbo-
machinery (such as gas turbines) have interconnecting pipes and junctions, which should preferably
lead to low energy losses, since they are related to viscous losses, thermal losses and to entropy vari-
ation. The first numerical example (U-bend) shows a comparison between the developed transient
turbulent compressible flow topology optimisation with a multi-objective steady-state approach
only for comparison purposes. The other numerical examples (pipe joint, and double pipe joint)
show some further applications of the developed transient turbulent compressible flow topology
optimisation. In all cases, the flow is genuinely compressible, which can be seen from the maxi-
mum local Mach numbers of about 0.4, 0.6 and 0.4, respectively. The maximum local Reynolds
numbers are about 2x10%, 1x10° and 3.5x10%, respectively, which indicate turbulent conditions.

5.1 U-bend

The first numerical example is a U-bend configuration, which is illustrated in Fig. 4. It is essentially
a configuration in which the fluid flow has to perform a U-turn in order to reach the outlet, partially
based on Dilgen et al., (2018) (aside from dimensional differences, the inlet/outlet channels are
not drawn with modelled solid zones, there is an additional rounding around corners, and the
boundary conditions and overall topology optimisation formulation are different). The transient
effects are caused by a decrease in the inlet velocity, which is represented by the maximum values
for the velocity profile, from v;y, max,0 tO Vin,max,1. The mesh is shown in Fig. 5, being composed of
16,917 elements. A single objective function is considered for minimisation in the transient case:
J = ®;. When considering the multi-objective steady-state case, the transient objective function
®, is split into two: ®(u;) and ®(us), where u; and us correspond to the steady-state simulations
where the velocity profiles are given by vin max,0, a1d Vin max,1, respectively. Then eq. (20) is used
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to combine both objectives, with w; = we = 1 (unit weights) and a; = as = 1 (minimisation). A
convergence evaluation for the U-bend configuration is presented in Appendix A.

v=0
mn,max ] _ L - ty
v (t
._\_.1 10e] Desiann |
m v
Rt p ¥ domain
' LGt : 91“3 05
Ey
Pout £1
VTen=0 ¥ =@
VRT0"=() “¥ /,I s 4
X

Figure 4: U-bend configuration (¢; = 2 mm, {5 = 2.5 mm, ¢3 = 4 mm, ¢, = 10 mm, /5 = 10 mm,
lg = 11 mm, r = 0.5 mm, Vipmax,0 = 60.2 M/S, Vip max,1 = 6.02m/s, tg = 0 us, ty = 50 us,
6 =0,t, =04, t, =0.6,t5 =1 (see eq. (29)), time step: At =1 ps, initial guess (multi-objective
steady-state case): U letter shape connecting the inlet to the outlet (tangential to the rod), initial
guess (transient case): U letter shape connecting the inlet to the outlet (tangential to the rod),
performing a continuation from the multi-objective steady-state) (Source: Authors own work).

Figure 5: Mesh for the U-bend case (Source: Authors own work).

The topology optimisation results for the transient and multi-objective steady-state cases are
shown in Fig. 6, and the objective function values are given in Table I. From Fig. 6, we can notice
some curvature differences in the first part of the curve of the optimised topologies, where the
transient optimised topology features an initially smaller cross section. This effect can be probably
viewed as a way to reduce the turbulence that comes from the sudden decrease in the inlet flow
rate, avoiding an initial expansion of the inlet flow. The objective function values from Table I
show that the transient optimised topology has a smaller transient energy dissipation ®; than
the multi-objective steady-state topology, which is expected, since the fluid dynamic behaviours
considered in the topology optimisation are different. For the two steady-state values, the results
are quite mixed, where the optimised topology for transient flow seems to induce a better value
for ®(uy), and a worse value for ®(uy) (with respect to the multi-objective steady-state optimised
topology), which might indicate that part of the differences in the optimised topologies might have
been induced in the form of a partial contribution of the lower velocity v, max,1. The convergence
curves for the optimised topologies are shown in Fig. 7.
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Figure 6: Topology optimisation results for the U-bend case (Source: Authors own work).
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(b) Multi-objective steady-state case (Source: Authors own work).

Figure 7: Convergence curves for the U-bend case (J; indicates the objective function, and k
indicates the number of the iteration).

In order to give a better insight over the two configurations used in the multi-objective steady-
state case, the Reynolds number, Mach number and density are shown in Fig. 8. Note that the
plots of the Reynolds number indicate that the fluid flow reaches turbulence in both cases (values
higher than 10%). In regards to the Mach number, the first case is compressible, since it features
values that are higher than 0.3; however, the second case is not actually compressible, since the
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values are consistently smaller than 0.3. As a result, the density values feature a higher variation
in the first case (13%), and a small variation in the second case (0.12%).

— ) =) =

{— {—
0 5 1 1.54 o 02 036 0 05 1 1.6 o 0020037
Rey(x10%) May Reg(x103) May
| — ] | i |
1.08 1.15 1.22 1.1676 1.168 1.169
P (kg/m?) P (kg/m?)

(a) Simulation under vip max,0 (Source:
Authors own work).

(b) Simulation under vin max,1 (Source:
Authors own work).

Figure 8: Steady-state simulations for the multi-objective steady-state U-bend case topology.

The simulation results considering the transient case are shown in Fig. 9. The plots show the
velocity, pressure and temperature values. In Fig. 9, we can notice, in ¢ = 0.8 and ¢’ = 1, that the
smaller velocities caused by vin max,0 are still propagating towards the outlet, meaning that the
fluid flow is still transient at the end. This way, the smaller cross-section at the beginning of the
optimised topology seems to be coherent with the small velocities still propagating towards the
outlet.

e D D D =
—1—1—1—

I
o
N

t'=0.5

ot
Il
e
o
ot
Il
=

tl
Figure 9: Simulation for the transient U-bend case (Source: Authors own work).

5.2 Pipe joint

The second numerical example is a pipe joint configuration, illustrated in Fig. 10. This configura-
tion borrows some inspiration in the positioning of the inlet and outlets from one of the numerical
examples from Gersborg-Hansen et al., (2005), which is one of the first works that dealt with the
steady-state laminar incompressible Navier—Stokes formulation for topology optimisation. It is
essentially a configuration in which the fluid flow has two ways to exit the computational domain:
from the upper outlet and from the lower outlet. If left by itself, topology optimisation tends to
choose the outlet that would lead to a smaller energy dissipation. Therefore, one aim is to optimise
objective functions for both outlets, avoiding any type of closure. Furthermore, the lower outlet
is set to be prioritised when the inlet flow rate is higher, and the upper outlet to be prioritised
when the inlet flow rate is lower, which resembles the behaviour of fluid switches. The transient
effects are caused by a decrease in velocity, which is represented by the maximum values for the
velocity profile, from Vi, max,0 tO Vin,max,1- The mesh is shown in Fig. 11, being composed of 12,814
elements. In this case, three objectives are simultaneously considered: minimising the energy dissi-
pation ®;, maximising the mass flow rate over the lower outlet in the beginning 7 0-1,0utlet 1 and
maximising the mass flow rate over the upper outlet in the end ;2.3 outtet 2. Then, eq. (20) is
used to combine the three objectives, with w; = wy = w3 = 1 (unit weights), a; = 1 (minimisation)
and ay = ag = —1 (maximisation).
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vumuax(tl) «> v, Ouf;:let 2
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Figure 10: Pipe joint configuration (¢; = 10 mm, ¢ = 8 mm, ¢3 = 20 mm, ¢4 = 30 mm, r, =
2 mm, Vi max,0 = 150.4 m/S, Vi max,1 = 120.32 m/s, to = 0 us, ty = 50 us, t; = 0, t;] = 0.4,
th = 0.6, t5 = 1 (see eq. (29)), time step: At = 1 us, initial guess: a = 1) (Source: Authors own
work).

Figure 11: Mesh for the pipe joint case (Source: Authors own work).

The optimised topology is shown in Fig. 12, and the objective function values are given in
Table II. Note that the topology optimisation did not close any of the two outlets, keeping a
flow passage upwards, while still prioritising the reduction of the energy dissipation downwards.
This can also be observed in the values from Table II, where the optimised topology features a
lower energy dissipation ®; than the fluid case, while somewhat decreasing the mass flow rate
downwards 1m:,0-1,0utlet 1 and slightly increasing the mass flow rate upwards 7 243 Outlet 2. This
effect is caused by the equal weight being used in the multi-objective function, which brings the
upper outlet to a similar influence in the optimisation with respect to the lower outlet. Note that
the mass flow rates are different in both cases, which is caused by the different time integration
periods of 11 0—1,0utlet 1 a0 714,253 Outlet 2-
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Figure 12: Optimised topology for the pipe joint case (Source: Authors own work).

The simulation results for the optimised topology are shown in Fig. 13. Note that a small
portion of the fluid flow exits through the upper outlet. Also, note that, as in the U-bend case,
the change to the smaller flow rate is slowly propagating towards the rest of the computational
domain.

2.867
t'=02 t'=05 ('=038

Figure 13: Simulation for the pipe joint case (Source: Authors own work).

5.3 Double pipe joint

The last numerical example is a double pipe joint configuration, illustrated in Fig. 14. In this
case, we have two inlets and two outlets, positioned in a crossed configuration. Similarly to the
previous numerical example, if left by itself, topology optimisation tends to choose the outlet that
would lead to a smaller energy dissipation. Therefore, one aim is to avoid any type of closure.
Furthermore, the right outlet is set to be prioritised when the inlet flow rate is higher, and the
left outlet to be prioritised when the inlet flow rate is lower. Here, differently than the previous
numerical examples, the transient effects are caused by an increase in the inlet velocity, which is
represented by the maximum values for the velocity profile, from vin 1 max,0 t0 Vin,1,max,1. The
mesh is shown in Fig. 15, being composed of 17,034 elements. In this case, three objectives are
simultaneously considered, as in the previous numerical example: minimising the energy dissipation
®,, maximising the mass flow rate over the left outlet 772; 0—1,0utlet 2 and maximising the mass flow
rate over the right outlet 772 253 Outlet 1. Then, eq. (20) is used to combine the three objectives,
with w; = w3 = 1, wy = 10, a1 = 1 (minimisation) and ag = a3 = —1 (maximisation).
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Figure 14: Double pipe joint configuration (¢4 = 3 mm, ¢5 = 2 mm, ¢3 = 4 mm, {4 = 10 mm,
r = 0.5 mm, Uip,1,max,0 — 11.39 HI/S, Vin,1,max,1 — 113.94 m/s, Vin,2 = 0.1’()1'”71, to = OILLS,
tp =50 s, typ =0, ) = 04, th) = 0.6, t5 = 1 (see eq. (29)), time step: At = 1 ps, initial
guess: « = 1, performing a continuation from a multi-objective steady-state) (Source: Authors
own work).

Figure 15: Mesh for the double pipe joint case (Source: Authors own work).

The optimised topology is shown in Fig. 16, and the objective function values are indicated
in Table III. Note that, as in the previous numerical example, the topology optimisation did not
close any of the two outlets. This can also be observed in the values from Table III, where the
optimised topology features a lower energy dissipation ®; than the fluid case, while increasing the
mass flow rate to the left 772 9,1 0Outlet 2 and somewhat decreasing the mass flow rate to the right
M¢ 253,0utlet 1- Lhis effect can be noticed in the optimised topology in Fig. 16, where the left inlet
is split into two paths (for both outlets), and the right inlet is channeled towards the left outlet.

T —_

& W

T L T

Figure 16: Optimised topology for the double pipe joint case (Source: Authors own work).

The simulation results for the optimised topology are shown in Fig. 17. Note that the fluid flow
that enters through the left inlet is goes towards the left and right inlets, while the fluid flow that
enters through the right inlet seems to exit through the left outlet. Also, note that the change to
the higher flow rate is still propagating towards the rest of the computational domain; however,
due to the transition from a lower velocity to a higher velocity, the transition seems to propagate
somewhat faster than in the previous examples. Also, note that the increase in velocity with time
caused an increase in the flow velocity near the corners of the left inlet channel.
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3.3

3.27

3.1—|
2.98=

Figure 17: Simulation for the pipe joint case (Source: Authors own work).

tl

6 Conclusions

A new formulation for the topology optimisation of turbulent transient compressible flow was
presented, using OpenFOAM® for the forward model and a DG discretisation for the adjoint
model. The developed formulation is illustrated with three numerical examples. The proposed
approach was compared with a multi-objective steady-state approximation in one of the numerical
examples (U-bend), showing that this steady-state approximation is unable to capture transient
effects, resulting in reduced performance (according to the objective function values). The other
numerical examples were presented to exemplify the unsteady implications. The second numerical
example shows a larger flow path downwards and a smaller flow path upwards when prioritising
the upwards flow path after the transition to a smaller flow rate. The third numerical example
shows that the left inlet has large channels towards both outlets, while the right inlet has a smaller
channel, trying to lead the flow solely towards the left outlet. As future work, this work may
be extended to fluid-structure interaction, other types of heat transfer, flow machine design, 3D
setups, and supersonic flows.

http://mc.manusclrj;ptcentraI.com/hff

414

415

416

417

418

419

420

421

422

423

424

425

426

427



oNOYTULT D WN =

International Journal of Numerical Methods for Heat and Fluid Flow Page 18 of 22

Table I: Objective functions of the optimised topologies for the U-bend case (Source: Authors own
work).

Transient simulation Steady-state simulations
Optimised topology o, D(uy) D (ug)

(x102°W /m) (x102°W /m) (x107*W/m)
Transient 1.05 1.37 4.12
Multi-objective steady-state  1.11 2.45 3.34

Table IT: Objective functions for the pipe joint case (Source: Authors own work).

Case b, M4,0—1,0utlet 1 M4 253, Outlet 2
(x103°W /m) (x1071kg/s) (kg/s)

Initial guess (fluid, « = 1) 1.62 3.6 1.14

Optimised topology 1.19 3.17 1.18

Table IIT: Objective functions for the double pipe joint case (Source: Authors own work).

Case D, 1M4,0—51,0utlet 2 T¢,253,0Outlet 1
(W/m) (x10~2kg/s) (x10~2kg/s)

Initial guess (fluid, « = 1) 6.51 0.95 2.97

Optimised topology 5.52 1.75 2.16
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A Convergence evaluation

A convergence evaluation is presented in this section, by considering the energy dissipation eq. (21)
for the initial guess topology of the U-bend configuration. Fig. 18 shows the computation of this
function for different mesh discretisations. Note that the largest error happens for 5,490 elements,
and is smaller than 6% afterwards. The impact of the errors from the CFD simulation in the
optimisation process lies in the computation of the sensitivities. The computed sensitivities are
illustrated in Fig. 19 for different mesh discretisations. Note that overall, the distributions are
largely similar, indicating that the direction of the optimisation should be similar in all cases.
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Figure 18: Energy dissipation values computed for different mesh discretisations (Source: Authors
own work).

(a) 5,490 elements (b) 16,917 elements 0

(c) 22,628 elements (d) 41,872 elements

Figure 19: Sensitivities scaled by the cell sizes, and normalized between -1 and 1 (centered around
the 0 value), for different mesh discretisations. Since the sensitivities naturally depend on the
cell sizes, it is necessary to scale them when comparing different mesh discretisations, which is
analogous to what is done when considering an L? Riesz map (Schwedes et al., 2017) (Source:
Authors own work).
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