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Abstract

The subject of this thesis is the study of certain stochastic models arising in
Population Genetics. The study of biological evolution naturally motivates

the construction and use of sometimes sophisticated mathematical models.

We contribute to the study of the so-called A models. Our work is di-
vided into two parts. In Part I, we study non-spatial models, introduced
in 1999. Although there is a very rich literature concerning the description
of genetic diversity thanks to the genealogies arising in these models, we
obtain new results by considering the dynamics of the full population. We
also contribute by presenting the first Bayesian method that allows us to

reconstruct the genealogies generated by these models from data.

In Part II, we study a recent extension of these models to the spatial setting.
In particular, we prove a non trivial result concerning the geographical

dispersal of a new mutant under this model.
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Preface

The subject of this thesis is the study of certain stochastic models arising in Popula-
tion Genetics. The study of biological evolution naturally motivates the construction
and use of sometimes sophisticated mathematical models. Since the work of Fisher,
Wright and Haldane, there has been a tradition of fertile exchange of ideas between
mathematics and biology in the study of population genetics. Development of biolog-
ical knowledge and techniques provides more and more questions to solve and data
to analyse, whereas progress made in mathematics and statistics provides models that
help in answering these questions. Certain mathematical models actually contributed
to shape the way we think about evolution. This is for example the case with the

Kingman coalescent ( , ).

It is now common knowledge that the information that encodes how every organism
functions, develops and repairs itself is contained in the genotype. For most species, the
genotype presents itself in the form of chromosomes, which are long double strands of
DNA. During reproduction, the genetic material of the parents is combined to create
the childrens’ genetic material. In the case of asexual reproduction, the childrens’
genotype is actually a copy of the parental genotype.

A fundamental property of the genotype is the fact that its transmission from
parents to children is not perfect. Duplication errors, the mutations, cause variation in
the genotype. This mechanism is the primary cause of biological evolution.

If we look at the individual level, a very important step is to understand the conse-
quences of these mutations on the organism function (the phenotype). The link between
genotype and phenotype is incredibly complex. Although many things are known in
biology, integrating them in a quantitative framework is still the object of very active

research. However, it is crucial to take into account this aspect, because for a given



environment, certain mutations have a deleterious effect on the organism, while others

have a beneficial effect.

Population genetics aims to explain biological evolution by studying the effects of
these genetic phenomena at the population level. A population is a community of indi-
viduals, usually from the same species. Each of these individuals reproduces and dies.
In particular, new genotypes are created as a consequence of mutations. When we look
at the genetic composition of a population, we can classify all the different genotypes
into a certain number of genetic types, called alleles. For example, we may want to know
how many people carry a gene known to cause some serious condition. Having defined

these genetic types, we can count their frequencies of occurrence within the population.

A priori, it is not obvious why evolution has to be studied from a population per-
spective. It becomes clearer if we remember that one of the objectives of evolution
theory is to explain the existence of species, and the great variety of forms that life
can take. As we said earlier, genetics teaches us that every new allele arises through
mutation. So any innovation is initially carried by a single individual. The challenge
is to understand how this innovation is transferred to the whole population. Stated
otherwise, it is important to understand how genetic type frequencies change through
time.

A fundamental force that explains this dynamic is called genetic drift. We illustrate
it in a very simple setting. If an individual is the single carrier of an allele A and dies
without reproducing, then the type has become extinct. On the other hand, it may
successfully reproduce until all the population at a later time is descended from it and
carries allele A. This randomness in allele frequencies due to pure chance in the number
of offspring is the genetic drift.

Other phenomena arise when we consider the population. For example, the effect
of a mutation on the organism’s survival may depend on the genetic types of the other
individuals. This is why we measure the effect of a mutation on survival in relative
terms. For example, if we have two types a and A, we say that A has a fitness s relatively
to a if the probability of survival of A is 1+s times larger than the probability of survival

of a when both types of individuals are in presence.
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The fundamental idea in evolution theory that made Darwin famous is the concept
of natural selection. It simply says that if s > 0, A will survive better than a, and
therefore the frequency of A in the population will increase until it may eventually
reach 100%. On the other hand, if s < 0, the frequency of A will decrease and A may

ultimately disappear from the population.

When one wants to formalise a theory of evolution, probability theory and stochastic
processes become fundamental tools. The reason is that mutations arise as random
events. At the same time, the lifetimes of individuals, the number of their offspring and
their interactions also appear to be inherently random phenomena. The fundamental
laws of genetics are probabilistic in nature. A classical application in medicine is the
evaluation of the risk that a future child carries a gene causing a disease given the fact
that certain members of her family have the disease.

As such, much care has been devoted to constructing stochastic models that help

us to understand evolution. A population genetics model needs to:

Describe the reproduction mechanism
— Model the causes of death (accidents, competition, lack of natural resources,...)

— Represent the mutation process

Model the genotype-phenotype mapping, although in a simplistic way
— Describe the environment (geography, natural resources).

As we can see, a realistic model would become very quickly intractable. Although
people have in mind that in reality all these aspects are important to understand evo-
lution and to analyse biological data, the models actually used in Population Genetics
are much simpler. The main objective is to capture a universal behaviour, for example
how genetic drift and natural selection act on genetic diversity. To obtain such an
understanding, one does not really need all the details of the genotype-phenotype map-
ping, but only the relative fitness of the few genes we are considering. The models are
written in a simple and generic way to reach general conclusions, and the parameters

of these models summarise a very large quantity of information.
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One of the objectives in Population Genetics is to assess the relative strength of
drift, natural selection, mutation and population structure (spatial structure, cultural
structure, etc...). In particular, understanding each of these factors separately from the
others is important. A model that assumes that there is no natural selection at the

genes studied is called a neutral model.

This thesis is a contribution in the study of some neutral models. The emphasis
is clearly on the mathematical and statistical aspects, rather than on the biological
situations that motivate these models. It is divided into two parts. In Part I, which
includes Chapters 1 to 3, we study non-spatial models, and in Part II, made of Chapters
4 and 5, we focus on the influence of space.

In Chapter 1, we present the fundamental neutral models and some of their ap-
plications. We start with the Wright-Fisher model, its diffusion approximation, and
the coalescent approach. We present a significant result, the Ewens sampling formula,
and its extension to the full allele distribution thanks to the Poisson-Dirichlet distri-
bution. Then we introduce a more recent class of models, the A-coalescent trees and
their forward in time equivalents, the A-Fleming-Viot processes. We conclude with the
lookdown construction, which is a very powerful tool in the study of these models.

In Chapter 2, we present some original results about A-Fleming-Viot processes
(AFV). The objective is to obtain similar results to those related to the Poisson-Dirichlet
distribution in the case of the classical Fleming-Viot process. We prove that for a
certain class of AFV, if we use a new mutation mechanism, we can explicitly identify
the stationary distribution of the allele frequencies. The very surprising result is that
we still obtain the Poisson-Dirichlet distribution, but with different parameters.

In Chapter 3, we contribute to the statistical analysis of A-coalescent trees. There
is currently no Bayesian method that allows us to reconstruct A-coalescent trees and
to infer their parameters. We propose such a method, based on a Reversible-Jump
MCMC algorithm. We present the model and the MCMC algorithm we developed, and
illustrate it with simulated data in the case of the Eldon-Wakeley coalescent.

In Chapter 4, we present models that take space into account. We start with two
classical approaches, the Stepping-Stone model due to ( ) and Malécot’s
Formula ( , ). In particular we see that discrete and continuous space

settings give the same results concerning the large scale behaviour of the probability of

viii



identity. We then introduce a recent model due to ( ), the Spatial
A-Fleming-Viot model (SAFV), that extends the AFV processes by incorporating a
continuous spatial structure. The main point is to show how the SAFV overcomes the
mathematical difficulties brought by working in a spatial continuum.

In Chapter 5, we present an original result in the study of the SAFV process. We
analyse the geographical range of a newly created mutation. The central question is
how far a new mutant type spreads. The result we obtain is particularly suprising,
as it states that with probability one, the mutant will stop spreading in finite time,
occupying only a bounded set. Because the structure of the SAFV model is radically
different from the ones existing in the literature, we develop an original method for
proving this result. The main component is a technique that handles the complex
geometry of the problem.

Finally, we conclude by presenting an agenda for future work.
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Part 1

A-Fleming-Viot Processes



Chapter 1

Background

In this Chapter, we present some of the classical models used in population genetics,
as well as some recent models developed in the last decade. The concepts, objects
and results presented here are used in the original research we present in Chapters 3
and 4. But before talking about the models, let us just remind ourselves a few useful

probability distributions.

1.1 Some probability distributions

1.1.1 The Dirichlet distribution

We begin by introducing some notation for the set of frequencies.

Notation 1.1. We denote by Ak the unit K-dimensional simplex
Ag = {(xl,...,xk) T Xy >0, z14+--+axg < 1}

Definition 1.2. The Dirichlet distribution Dirg(au,...,ak) of order K > 2 with pa-

rameters aq,...,ag > 0, is a probability distribution on Ag_1 with density



1.1 Some probability distributions

F(a1+"'+aK) ar1—1 ag—1

1) = 1.1
J@n e 2k) = T T T O Ko (1.1)
where x1,...,Tx_ 1 € Ax_1 and v =1 — Zfi}l ;.

The special case K = 2 is the Beta distribution with parameters (a1, a9). When

ap =+ = ag = «a, the distribution is denoted by Dirg(«).
The Dirichlet distribution is used to define random frequencies X1,..., Xx > 0 sum-
ming up to 1. We say that K random variables X7, ..., Xg follow a Dirg (a1, ..., ax)

distribution if the random vector (X7,..., Xx_1) admits a density given by (1.1), and
X1+ -+ Xg=1.
A convenient way of constructing a Dirg («) random vector is through the use of

Gamma random variables.

Definition 1.3. The Gamma (e, \) distribution is a probability distribution on R with

density
)\E
flx) = @ e >0, \e>0.
Proposition 1.4. Let Y1,...,Yx be independent Gamma (e,1) random variables, and

define S =Y+ -+ Yg and p; = Y;/S, i =1,..., K. Then S is independent from
(p1,--.,DK), the distribution of S is Gamma (Ke, 1), and (p1, ..., pr) follows a Dirk(e)

distribution.

The result follows from a straightforward change of variable calculation to calculate

the density of the vector (p1,...,pr—1,5).
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1.1.2 The Poisson-Dirichlet distribution

We are now considering infinite vectors of frequencies summing up to 1. This is why

we introduce the following sets.

Notation 1.5. We denote by A be the set of frequencies:
o
A = {.’L': ($17$2;~-) L1, X2, Z 07sz S 1}’
i=1

and by Z the set of ranked frequencies

o0
Hi= {a:z(xl,azg,...):xlngz'-‘zO,ingl}.
=1

Finally, we defined the operator Ord the following way:

Ord : A — =

(x1,22,...) — (T) T(2), - - -) 5

where x(1) > T(3) > ... are the frequencies ranked in decreasing order.

(1.2)

We allow for the sum of the frequencies to be less than 1, which will happen in

certain circumstances.

In the next sections, we will be interested in approximating the Dirg (&) distribution

as K tends to infinity. However, because of the symmetry of the distribution, this is

not directly possible. For example, one can see that a vector (pi,...

Dirg (e) distribution must satisfy

E(p1) = =E(@pk) = 1/K

E(p1) + -+ E(pk) =1,

,px) following a
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and these two relations cannot hold for K = co.
The solution, proposed in Kingman (1975), is to rank the frequencies in decreasing
order. More precisely, consider the probability generating functional G of the points

Y1,..., Yk, which is defined for functions g : [0,00) — R by
Gk(9) =E[g(1)...9(Yk)].
We are going to rescale € such that
Ke—0 as K — o0

Under this rescaling, we can show that

Gr(9) — exp ( — 9/01 (1- g(u))%du).

K—o0

The limit is the quantity

E[[[s(X3)],
i=1

where the X;’s are the points of a Poisson Point Process IT with intensity fe~*/u. This
shows that the set of points {Yi,...,Yx} converges weakly to II. We consider the

ranked points X (1) > X(9) > ..., and we can prove that the sum

Soo =D _ X
i=1

is almost surely finite and follows a Gamma distribution.
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Definition 1.6. With the previous definition, the distribution of the infinite vector

1 =
g(X(l),X(g), .. ) S
is called the Poisson-Dirichlet distribution with parameter 0, and is denoted by PD(0).

It turns out that the Poisson-Dirichlet distribution is not very amenable to calcula-
tions. However, if we reorder the frequencies in a specific way, we obtain a distribution

which is much nicer to work with: the GEM distribution.

1.1.3 The GEM distribution

To define the GEM distribution, we need first to define a size-biased reordering of a

vector of frequencies.

Definition 1.7. Consider a vector of frequencies x = (x1,22,...) € A, and define T

by

00
xr = E .Z‘j.
Jj=1

The size-biased reordering of x is the random vector Z = (Zy,Za,...) € A defined by
Zn = Lr(n)>

where T is a random permutation of (1,2,...) with distribution

ﬂ?i2 xin

P[W(l):zl,...,ﬂ(n):zn]:%E_m B ——
21 1 In—1

The interpretation is the following. Consider an urn containing balls with colours
(1,2,...) such that the colour j has frequency x;/Z. We first draw a ball at random,
and the probability that it is of colour i; is z;, /Z. We remove all the balls of colour iy

from the urn, and we draw at random a second ball, say of colour i5. The probability
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is now x;, /(T — x;, ). If we repeat this process until we empty the urn, the permutation

7 simply records the order of appearance of the colours.

Definition 1.8. Consider a vector X following a PD(0) distribution for some 6 > 0.
By definition, the distribution of the size-biased reordering of X is called the GEM

distribution with parameter 6 and is denoted by GEM(® ).
The following property is a direct consequence of the definition.

Proposition 1.9. If Z is a GEM(6) random vector, then Z', the size-biased reordering
of Z, is also a GEM(®) random vector.

The power of the GEM distribution lies in its stick-breaking representation, which

makes it analytically tractable.

Proposition 1.10. Consider (Z1,Za,...) i.i.d. Beta(1,0) random variables. We con-
struct a sequence (X1, Xo,...) of random variables using the following stick-breaking

scheme:

X1=2

Xn = (1 — Zl)(l — ZQ) N (1 — Zn_1>Zn, n > 2.

The distribution of (X1, Xo,...) is GEM(0).

1.2 Classical models

1.2.1 Wright-Fisher model

For simplicity we assume that our individuals are haploid, which means that they have
only one copy of each chromosome. It means the reproduction is asexual, as each in-
dividual is able to reproduce alone. This is the case for example for bacteria, which

reproduce by cellular division.



1.2 Classical models

1.2.1.1 Reproduction mechanism and genetic drift

Definition 1.11 (K-allele Wright-Fisher model). The dynamics takes place in discrete
time. Consider a population of constant size N. Fach individual has one of K allelic
types Aq,...,Arx. Fach individual from generation n 4+ 1 chooses independently his
unique parent uniformly at random among the individuals from generation n, and the

child has the same type as his parent.

The above definition simply describes the reproduction mechanism. Because popu-
lation genetics is about the change of allele frequencies, we are going to see how allele
frequencies change in this model.

We denote by Yi(n) the number of individuals of type Ay at time n. The process
((Yi(n),...,Yg(n)), n > 0) is a Markov chain with state space the K-dimensional

simplex of level N:
DK = {(x1,...,2x) e NE : 21+ 42 = N}

Conditionally on (Y1(n),...,Yx(n)) = (x1,...,2x), Yi(n +1),...,Yx(n + 1)) has

multinomial distribution with parameters (z1/N,...,xx/N). Therefore we have

P(Yl(n+ =41, Yie(n+1) = yi | Yi(n) = a1, ..., Yie(n) :xK>
- N (x1>yl (acK)yK
oylyk!\N/ AN ’

In particular, the probability that Yi(n + 1) = N is (x;/N)Y. This implies that
at every stage, there is a positive probability that the Markov chain hits a state
(0,...,0,N,0,...,0) where it will remain forever. This is called fization. Because
the state space Dﬁ is finite, fixation will happen with probability one.

Fixation is an illustration of what biologists call drift, that is the fact that genetic

diversity decreases due to the randomness in the reproduction mechanism. Even if we
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started with K alleles, we ultimately lost all but one of them because of chance. Drift
is one of the most important evolutionary forces and we are going to devote a lot of

effort to studying it.

1.2.1.2 Mutations

We need to introduce now mutations that are going to modify the genetic material
of an individual. We are in the situation where there are in total K alleles, so any
mutation acting on an individual of type A; is going to change its type to another one,

say Aj. We include this mechanism in the definition of the Wright-Fisher model

Definition 1.12 (Mutations in the Wright-Fisher model). Consider the reproduction
mechanism in the Wright-Fisher model, and denote by A; the allelic type of the parent.
Independently of the other children, the child type changes to A;, i # j with probability

ij, and remains A; with probability 1 — Zj# i -

This formulation is very general, the only limitation being that the number of alleles
is finite.

The distribution of (Y1(n+1),...,Yx(n+1)) conditionally on (Y1(n),...,Yx(n)) =
(1,...,zx) is also multinomial, but with different parameters. The contribution to
allele A; will come from individuals of type A;, j # ¢ whose offspring do mutate to
A;, and this happens with probability u;;, as well as from individuals of type A; whose
offspring do not mutate, and this happens with probability 1 — > ki Mg - Therefore, if

we define the conditional sampling probabilities 1; by

Vi = zi(1 - Zuij) + Zwifﬂj»

JFi i#]
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we obtain the transition probabilities for the allele counts:

IP’(Yl(n—i-l):yl,...,YK(n—i—l):yK\Yl(n):xl,...,YK(n):xK>

N!
B yll...yKlw%l U

Several results can be derived from these Dﬁ—valued Markov chains. For example,
they can be found in ( , Chap. 3). Because exact calculations in the Wright-
Fisher model are rarely possible, a natural way of analysing it is to make approximations
as N tends to infinity. On the other hand, the mutation probabilities are in practice
small, so we can consider the situation where y;; tends to zero. There is a formal way
of using these approximations in a very powerful way. This is setting of the diffusion

approximation.

1.2.2 Wright-Fisher diffusion
1.2.2.1 Diffusion processes

Let (X (t)) >0 be a time homogeneous Markov process taking values in a metric space

E. The infinitesimal generator of X is defined by

£h(@) = lim E[f(X(t+dt)) dtf(x) | X(t) = 2]

Y

where f is a function such that the limit exists. The limit does not depend on ¢ because
the process is time homogeneous. A one dimensional diffusion is a continuous path real
valued process such that its generator £ is a second order differential operator of the

form

1

SO (@) f"(x),

L1 (@) = a(e) (@) + 5

10



1.2 Classical models

where a(z) and b(z) satisfy some regularity conditions. To define a diffusion, one only
needs to identify a(z) and b(z). If we apply the generator £ to the functions f(z) =z

and f(z) = 22, we can see that

E[X(t+dt)—z| X(t) =]

i, i =< (9
O E[(X(t+d)—2)’ | X(t)=x]
i i = e (L5

which is why a(z) and b?(z) are respectively called the infinitesimal drift and the in-

finitesimal variance.

In higher dimensions, the generator of an R"™-valued diffusion is of the form

0% f
aﬁiaxj ’

CiGen ) =S aen, ) 65 £35S 8y, )
i=1 v ij=1

where the a; are real-valued functions, b is a n x n matrix valued function, and b7 is

the transpose of b.

1.2.2.2 Convergence to a diffusion

Our objective is to approximate the discrete time, integer-valued Markov chain from
the Wright-Fisher model by a continuous time, continuous path process. To under-
stand how this approximation arises, we are going to focus on the case K = 2. Because
Y1 4+ Yo = N, the process is actually one dimensional, so we can restrict our attention

toY = Yl.
We are going to perform three operations. We first embed Y (n) in continuous time

by defining Y (t) = Y (n) for t = n, and Y (t) = Y(n) for n <t < n+ 1. We rescale time

by an arbitrary factor, M say, that will tend to infinity. to obtain a continuous path,

11



1.2 Classical models

at the same time we must rescale the size of the jumps so that they also tend to zero,
but at a rate that needs to be determined.

The second operation is that we might need to modify the parameters of our model
(we already know we are going to let the population size tend to infinity). This is why
we first define a sequence Yy, of discrete time Markov chains for which the transition
functions will depend on M. To take into account the time change, we introduce a

sequence of continuous time processes Y (t) defined by
Y (t) = Yar(M).

At the same time, we want the jumps size to tend to zero so that the limiting path
becomes continuous, so our third operation is to rescale }A/M by an arbitrary factor Cys

depending on M. We define

It is this process Xj; that we want to converge to a diffusion. To decide how to choose
M and C}y, we are going to use equations (1.4) and (1.5). They imply that any diffusion

X (t) satisfies

E[X(t+dt)— x| X(t) = x| = a(z)dt + o(dt)

E[(X(t+dt) —2)* | X(t) = ] = b*(2) dt + o(dt)

as dt tends to zero. The equivalent quantities for X, (which is not a homogeneous

Markov process) are obtained by formally taking dt = 1/M, which gives the following

12



1.2 Classical models

set of conditions

E[Xy(1/M) — 2| Xn(0) =2] = a](\j) +o(%)
2 x
E[(Xm(1/M) —33)2|X(O) =z]= b]\(/ +0(1\14)'

Therefore the increment

Oy =
M Cut
needs to satisfy
ME[5M|YM(O):CMJ}] — a(x) (1.6)
M—o0
ME[53 | Ym(0) = Crr ] — V2 (z). (1.7)
—00

This informal approach can actually be made rigorous, although there is an extra

technical condition to be met:

ME[6} | Yi(0)=Cyaz] ——0, k>3. (1.8)

M—o0

The following result can be found in ( , Chapter 10, Theorem
1.1).

Theorem 1.13 (Diffusion approximation). If conditions (1.6), (1.7) and (1.8) are

met, then the rescaled process (Xnr)i>o0 converges to the diffusion with generator

LF () = al@)f (2) + 507(@) ().

13



1.2 Classical models

1.2.2.3 Wright-Fisher diffusion

We return now to the one dimensional Wright-Fisher diffusion. We have introduced
some arbitrary time scale parameter M, as well as the corresponding reweighting Cjy.
In our problem, we want to consider the allele frequency Yas/N, this is why we pa-
rameterise the rescaling by taking Cj; = N. We just have to identify the time scale
parameter M that guarantees (1.6).

We know that Yjs(1) is a binomial random variable with parameters (N, ), where v

is given by

Y =x(1 — p12) + p21(1 — ).
This means that
ME[6y | Yar(0)/N = 2] = M((l — ) — xulg),
and in order to satisfy condition (1.6), it suffices to take M = N and
Nugj — Bij as N — oo. (1.9)

We can then verify that with this choice conditions (1.7) and (1.8) are met. Therefore
the rescaled Markov chain converges weakly to the diffusion with generator

L) = (1= )1 — 2812) f (@) + (1 — 2)"(@).

For the K-dimensional case, the same rescaling holds, namely we measure time in
units of N generations, and we rescale the mutation parameters according to (1.9).
Recall that we denoted by Ag the unit K-dimensional simplex Ag := {(z1,...,zg) :

szo,xl—i—-'-—i—ac;(gl}.

14



1.2 Classical models

Theorem 1.14. The Wright-Fisher model with K alleles and mutation probabilities

verifying

can be approzimated by a diffusion taking values in Ax_1, with generator given by

K-1

of
Lf(z1,. ., xx-1) = Z (-%Zﬁzj +Z$]ﬂji)%
i=1 J J
K-1
1 0% f 0% f
+ - 1‘Z‘(1—1'Z‘)72— Z :Cil'jf,
2 P o <K O0x;0x;
where xgg =1 —x1 — - —TR_q.
The result is proved in ( , Chapter 10, Theorem 1.1). A
derivation of the coefficients based on Taylor’s theorem is given in ( )

Chapter 4, Section 1).

Although in general one cannot find an explicit expression for the stationary dis-
tribution of the Wright-Fisher diffusion for K > 3 alleles, in the special case of parent
independent mutation, that is p;; = p; for all 4, one is actually able to calculate its

stationary distribution. Any stationary distribution 7 must satisfy

/ Lf(x)7(dz) =0 (1.10)

for every bounded and twice differentiable function f. We assume that 7 has den-
sity 7(x). An integration by parts of equation (1.10) provides a partial differential
equation for w that one can solve. The details of the following result can be found in

Durrett(2004), Theorem 8.5.

15



1.2 Classical models

Theorem 1.15. When the mutation probability is parent independent, the stationary
distribution for the Wright-Fisher diffusion is the Dirichlet distribution with parameters

(261, ...,208K), with density
Cp?ht | P

where C'is the normalising constant.

An interesting special case is when the mutant is chosen uniformly among the other

K — 1 types. In this situation, the mutation rates are all equal:

512"'=ﬂK=%

The density becomes

If we let the number of alleles K tend to infinity and rescale the mutation rate € such
that Ke — 6 we are now in the situation that allowed us to define the Poisson-Dirichlet

distribution.

Theorem 1.16. If Ke — 6 as K — oo, the ranked frequencies for the Wright-Fisher

diffusion follow asymptotically the PD(0) distribution.

This theorem is a weak convergence result. The Wright-Fisher diffusion is an object
that allows us to manipulate an infinite population, but the number K of alleles remains
finite. To actually work with infinitely many alleles we would need to construct an
infinite dimensional diffusion. This is essentially what the Fleming-Viot process does
( ( )). We discuss the Fleming-Viot process in §1.2.4.

If we are interested in the distribution of types in a sample from our population,

16



1.2 Classical models

there exists a much simpler approach, the coalescent method. Among other things, it

allows us to work easily with infinitely many alleles.

1.2.3 The Kingman coalescent
1.2.3.1 Genealogy in the neutral case

We return to the discrete time Wright-Fisher model with population size N. So far
we have been looking at the dynamics of the allele frequencies. Another approach
consists in sampling n < N individuals from the population at time 0 and tracing
their genealogy backwards in time. We first take n = 2. Because of the uniform and
independent sampling, the probability that two individuals have the same parent at
generation —1 is 1/N. Conditionally on the event where they have distinct parents, the
probability that they have the same grand-parent at generation —2 is also 1/N. Calling
7 the time at which the two individuals have their most recent common ancestor, then
from what preceded 7 is a geometric random variable with success probability 1/N. In
particular, E(7) = N, which means we have to go back N generations on average to
find the most recent common ancestor for a sample of size two. This is the exact time
scale we found in the forward in time diffusion approximation.

More generally, if we look at a sample of size n, we say that k lineages coalesce at
time t when they all simultaneously merge into a common ancestor at the same time ¢.
The probability that n > 3 individuals have the same parent in the previous generation
is 1/N"~! << 1/N. The probability that two parents have each two children in the
sample is of order 1/N2. More generally, the only non trivial event with probability
of order 1/N is two lineages coalescing, all the other events have probabilities of order
o(1/N). These calculations allow us to describe the asymptotic genealogy of a sample
of size n when the population size N tends to infinity. While there are n lineages, the
probability of two lineages coalescing in the previous generation is (g) /N, so the time

7N to the first coalescence event is approximately geometric with parameter (721) /N.

17
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After 7V, we have n — 1 lineages, and because of independence between generations,
the same argument applies. Therefore we have to wait an additional geometric time
with parameter ("51) /N until a pair of lineages coalesce.

To obtain a continuous-time approximation of the genealogy, we are going to mea-
sure time in N generations, so we consider the random variable Tév /N, and we have

k(k — 1))1\71*1

]P)(TéVZN$):(17 5

Therefore T]év /N converges in distribution to an exponential distribution with parameter
k
(3)-
In order to properly define a genealogy, we first introduce some notation.
Notation 1.17. We denote by [n] the set of integers {1,...,n}, and by R, the set of

partitions of [n]. For n € Ry, let |n| be the number of blocks of n. For n,& € R, we

say that € is a refinement of n, and write £ C n, if every block of n is union of blocks
of .

We label by {1,...,n} the individuals from our sample. We can represent a geneal-
ogy by an R,-valued Markov process (m¢):>0 by saying that two integers i and j are in
the same block of the partition m; if and only if the corresponding individuals have a

common ancestor at time ¢ in the past. We can now define the Kingman n-coalescent.
Definition 1.18. The R, -valued continuous time Markov chain with transition rates
satisfying

€l

S) i€ o and al = el - 1.

V77 75 57 Q&] = <

0  otherwise,

18 called the Kingman n-coalescent.

18
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We start with n lineages, and while there are k lineages, we wait for an exponential
time T} with rate (g) At time Ty we sample uniformly a pair of lineages and merge

them, and the process restarts afresh with now k — 1 lineages.

Our previous calculations are the central argument of the following result due to

Kingman (1982):

Theorem 1.19. If we measure time in units of N generations, the genealogy of the

Wright-Fisher model converges weakly to the n-coalescent.

The theorem Kingman proved is actually much stronger. It shows that the coa-
lescent approximation is valid for a large number of models. The idea is to generalise
the multinomial sampling in the Wright-Fisher to an exchangeable family of random

variables (v1,...,vy) satisfying v; + -+ + vy = N.

Definition 1.20 (Exchangeable random variables). A family of random variables (v1,

.., UN) is said to be exchangeable if for every permutation o of {1,..., N},

D
(Va(l)a ‘. '7VU(N)) = (Vla B '7VN)7

where the equality is in distribution.

Definition 1.21 (Cannings model). Consider a population of fixved size N, and for

everyn > 0 a family of N exchangeable random variables (vi(n), ..., vn(n)) satisfying
vi(n)+---+wvn(n) = N.

Furthermore, take the random vectors (vi(n),...,vn(n)), n > 0 to be independent. If
we label by {1,..., N} the individuals of generation n, we can construct generation n+1

by defining vj(n) to be the number of children of individual j.

19
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We notice that this definition does not record the exact families, but only their
sizes. This is because exchangeability implies that conditionally on (v1,...,vy), all the
collections of families with sizes (v1,...,vy) are equally likely.

Take n < N and £,n € R,, such that £ is a refinement of . Let a = |n| and b = |¢],
and denote by b; the number of blocks from { merged to constitute the 4" block of 7.
For a sample of size n, the transition probabilites P, of the Cannings model genealogy

are given by

P@? = E]]\\Z;Z E[(Vl)bl . (Va)ba]a (1.11)

where (N)p :== N(N —1)...(N —b+1). This equation is at the origin of the following

result.

Theorem 1.22 (( , )). Suppose the following conditions are satisfied:

Var(v)) — o
N—o0

sup E[Uf] < o0, k> 2.
N>1

Then the transition probabilites P, satisfy the asymptotic relation

2

o 1
an:5£n+ﬁQ£n+0(

<) (1.12)

where Q is the transition matrix for the Kingman n-coalescent. Moreover, if time is
measured in units of N/a? generations, the genealogical process for the Canning’s model
converges weakly to the n-coalescent.

1.2.3.2 Introducing mutations

The power of the coalescent method is that it allows one to model the genetic compo-

sition of a finite sample without worrying about the whole population.
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We can now introduce mutations between K alleles on the n-coalescent tree. Be-
cause we are measuring time in units of N generations, we can use the same rescaling
as for the Wright-Fisher diffusion. Therefore, on the coalescent time scale, mutations
happen along each lineage according to a continuous time Markov chain with tran-
sitions f3;;. Starting from the root of the tree, we run the mutation process forward
in time along the branches. In the special case of parent-independent mutation, we
can equivalently run the process backward in time, which is much more efficient in
statistical applications.

We can model explicitly an infinite number of alleles through what is called the

infinitely many alleles model.

Definition 1.23. Mutations follow the infinitely many alleles model if every new muta-
tion has never been observed before. Furthermore, every mutation happens at the same

rate 0/2.

Given a sample of size n, a question of interest is to describe the sample allele
frequencies. We denote by «; the number of alleles that are carried by j individuals in

the sample. The following result is fundamental in population genetics:
Theorem 1.24 (Ewens sampling formula). Under the infinitely many alleles model,

ok n!

N Orn ar!. .. a,! 19 non

P(oq :al,...,an:an) , (1.13)

where k = a1 +- - -+ay is the number of alleles in the sample, and 64, = 0(6+1)...(0+
n—1).

To prove this, we first notice that the genetic type of an individual is given by
the first mutation we encounter when we follow its lineage backward in time. This
is why we can reconstruct the genetic composition of our sample by running a killed

Kingman coalescent. When there are k lineages, the coalescence rate is (g), and the
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mutation rate is #/2 times the number of lineages, that is k/2. When a coalescence
happens, we merge the corresponding lineages, and when a mutation happens, we kill
the corresponding lineage. Therefore, while there are k£ + 1 lineages, the probability of
a coalescence is k/(0 + k) and the probability of a killing is /(0 + k). We recognise

here the backward in time transition probabilities for a Hoppe urn model.

Definition 1.25 (Hoppe’s urn). Consider an urn containing coloured balls, each of
mass 1, and a black ball with mass 0. At each step, select a ball at random proportionally
to its mass. If the ball is couloured, replace this ball in the wrn with an additional ball
of the same colour. If the ball is black, replace the black ball in the urn and add a ball

with a new colour.

Therefore, we need to prove that the distribution of the colours in Hoppe’s urn

satisfies (1.24). This is done by induction on n (See Durrett 2004 for more details).

There is a strong connection between Ewens’ sampling formula and the Poisson-

Dirichlet distribution. The following theorem can be found in ( ).

Theorem 1.26. Given 0, an allele distribution for a sample of size n satisfies the
Ewens sampling formula for all n > 0 if and only if it converges weakly to the Poisson-

Dirichlet distribution as n tends to infinity.

1.2.4 The Fleming-Viot process

We notice that either rescaling backward in time or forward in time, the infinitely many
alleles model is strongly connected to the Poisson-Dirichlet distribution. However, we
have obtained the PD(f) distribution only as a weak limit. We would like to be able to
model an infinite population with infinitely many alleles by a process that is stationary
under the PD(0) distribution. Such a process was initially constructed by Fleming and

Viot, and has since been extended to the larger class of the A-Fleming-Viot processes.
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Before presenting the construction of Fleming and Viot, we introduce a much sim-

pler object, the Moran model.

Definition 1.27 (Neutral Moran model). Consider a population of N individuals. It
1s said to evolve according to the Moran model if at rate (];[), a pasr of individuals is

sampled, one of them dies, the other survives and produces an identical copy.

The Moran model is different from the Cannings models because it is directly con-
structed in continuous time. This model is important because it has two fundamental

properties:

— If we introduce K alleles, then the process of the frequencies converges to the
Wright-Fisher diffusion as N tends to infinity. In particular, there is no need to

rescale the time.

— If we sample n individuals from the population of size N, then their genealogy is

exactly a Kingman n-coalescent.

Thanks to these two properties, the Moran model establishes a strong connection be-
tween the Wright-Fisher diffusion and the Kingman coalescent. The second property is
a strong duality between these the Moran model and the Kingman coalescent, namely
that we are able to construct both processes simultaneously on the same probability
space.

The idea to obtain a model of an infinite population with infinitely many alleles is to
extend the Moran model. The problem is that as N tends to infinity, the Moran model
does not converge to a stochastic process. One way to overcome this is the lookdown
construction, due to ( ), and we will discuss it at the end of
this section.

The method of Fleming and Viot is to construct an infinite population model via its

generator in such a way that the restriction of this generator to a population of size N
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coincides with the generator of the Moran model. To allow for infinitely many alleles,
the type space is taken to be [0, 1]. The state space is going to be the set of probability
measures on [0, 1], so we take a probability measure p on [0, 1], and we consider test

functions G of the form

G(p) = o flai,...,ap) p(day) - p(day),

where p € N, and f is a bounded function from [0, 1]” to R.

The generator of the Fleming-Viot process L is given by

p
(LG)(p) = > ;/(fij(al,...,ap) — flax, ..., ap)) p(day) - - p(day), (1.14)

ij=1
where f; j(a1,...,ap) = f(ai,...,a,...,a;...,a,), that is the value a; is copied to the
4§ position. If we take p = N, we recover exactly the generator for the Moran model.

To introduce mutations in a way consistent with the infinitely many alleles, we proceed

exactly as we did for the Kingman coalescent, that is

(LG)(p) = Z ;/(fij(al, cooyap) — flar, ..., ap)) p(dar) - -+ p(day) (1.15)
ij=1

Z/(fi(y; a1, a) — flar,.ap))dy,  (1.16)

=1

_l’_

| D

where fi(y;a1,...,ap) = flai,...,y,...,ap), that is the value y is copied in the i‘h

position.

The proof that the Poisson-Dirichlet distribution is stationary for the Fleming-Viot

process relies on calculations with the generator. Details can be found in

(1994).
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A powerful tool for manipulating this object is the lookdown construction, due to
Donnelly and Kurtz (1996). The principal idea is to relabel the individuals in the
Moran model in such a way that models corresponding to different values of N can be
constructed on the same probability space. We can then pass to the infinite population
limit. To do this we modify the dynamics of the Moran model in such a way that
the trajectories of the process with N individuals are exactly the restrictions of the
trajectories of the process with N 4+ 1 individuals, and such that the dynamics of
the allele numbers is the same as in the original Moran model. This is achieved by
relabelling the individuals in a convenient way. We give a full description in the next

section, where we present this lookdown construction in a more general case.

1.3 Recent Models

The models we presented in the previous section are centered around the Kingman coa-
lescent and the Wright-Fisher diffusion (or the Fleming-Viot process when the number
of alleles is infinite). We saw that the Kingman coalescent is the limiting object for a
large number of models. This is also true for the Wright-Fisher diffusion. Since 1999,
several authors have generalised the methods used so far and obtained other limiting
models describing different biological situations. We still have both backward and for-
ward in time approaches, but the coalescent method is the more intuitive one with

which to start.

1.3.1 A-coalescent processes

A-coalescent processes were introduced independently in ( ),
( ) and ( ). We are going to follow the presentation of
( ), which extends the method used in ( ) for the convergence to the

n-coalescent.
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The starting point is the analysis of the transition matrix P, for the genealogy in
the Canning’s model. The objective is to obtain a generalisation of equation (1.12) of

the form

1 1
P, = — — 1.1
&n 5&7 + TN an + O(TN)’ ( 7)

where @ and Ty are to be determined. The restriction on ()¢, is that it should not
allow more than one block from 7 to be the result of merging at least two blocks from
. Using expression (1.11), a first necessary condition for (1.17) to hold is that

Var(v1)
N N—o00

0, (1.18)
which is more general than the one obtained in the Kingman coalescent. In particular,
it allows Var(v1) to tend to infinity. The corresponding time scale is then

N
~ Var(iy)

TN

To identify @, arguments from the theory of infinitely divisible distributions lead to
the second necessary condition

1

NTyNP[vy > Nz] —— "

N—o00

A(dy), (1.19)

T

where z € (0,1), and A(dy) is a probability measure on [0, 1].

Finally, the exclusion of simultaneous mergers leads to the third necessary condition:

NTTNE[(n —1)*...(va — 1)*)] —— 0 a>2. (1.20)

N—oo

Before stating the result, we need to define a k-merger.

Definition 1.28. For &, n € R, we say that (§,1n) is k-merger if € Cn, |n| = [{|—k+1
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and k blocks from |£| are merged into one of n .
In particular, simultaneous mergers are ruled out by this definition.

Theorem 1.29. If conditions (1.18), (1.19) and (1.20) are met, then (1.17) is satisfied,

and the transition matrix Q given by

1
/ 221 — )7k A(dz)  if (€,7) is a k-merger,
VT] 75 g’ an = 0

0 otherwise.

The main difference between the A-coalescent and the Kingman colescent is the
possibility for k-mergers with £ > 2. When there are b lineages, the rate at which k

specific lineages merge into one is given by

Ao e 1= / 2*72(1 — 2)PF A (dx). (1.21)
[0,1]

Sagitov (1999) gives a construction that gives some intuition about the form of the rates
Mpi- We first recall de Finetti’s theorem. An infinite sequence of random variables
(Xn)n>1 is said to be exchangeable if, for every n > 1 and for every i1,...,i, € N, the

random variables (Xj,,...,X;,) are exchangeable.

Theorem 1.30. (De Finetti’s Theorem)
Any exchangeable sequence of random variables (Ip)n>1 taking values 0 or 1 have a

joint probability mass function given by
P =x1,..., 1, =x,) = / u’(1 —u)" *A(dx),
[0,1]

where s :=x1 + -+ 4+ zp, and A is a probability distribution on [0, 1].

We consider now a population of size N. We suppose there are b lineages at time ¢,

and that we have b exchangeable random variables (11, ..., ;). The lineage i is marked
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with I;, and at time ¢+ 1 we merge all the lineages marked with a 1 at time . We denote
by Z; the number of lineages at time t. With this mechanism (Z;):>0 is a Markov chain.

Its transition probability p(b, j) := P(Z;+1 = j|Z; = b) is given by

pn(bb—k+1)= > P(hi=1,..., T = 2) Iy fosam—k

L15-5Th

b
- <k>]P(Il:1,...,Ik:1,lk+1:0...,Ib:())

B <Z> /[0,1] #*(1—2)" " Ay(do), (1.22)

where k£ > 2. The second equality comes from the exchangeability, and the last one
is the application of de Finetti’'s theorem. We make explicit the dependence of the
distribution Ay on the population size V.

To see the A-coalescent, we need to make N — oo, and rescale the time accordingly.
The technical condition for the result to hold is that there exists a sequence By — 00
such that

By z? Ay (dz) —— A(dz),
N—o00

where A(dz) is a probability measure. The weak convergence implies that the proba-

bility (1.22) that k lineages merge satisfies

Bypn(bb—k+1) —— b / 2*72(1 — )" FA(dz).
N—oo k [0,1]

We recognize in the right-hand side the definition (1.21) of the transition rate in the
A-coalescent. The term By gives the time scale of the coalescent approximation.
The Kingman coalescent is recovered as a special case of the A-coalescent processes

by taking A = .
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1.3.2 A-Fleming-Viot process

In §1.2.4, we observed a duality between the Kingman coalescent and the Wright-Fisher
diffusion. We have the same situation for the A-coalescent models.
A A-Fleming-Viot processes (AFV) is a Markov process taking values in the set of
probability measure on [0, 1]. Such processes were introduced independently in
( ) and ( ). We first give the definition of

a AFVP by providing its generator. Let A be a finite measure on [0, 1], and define

Aps ::/ W (1 —u)P—jA(d;‘). (1.23)
0,1] u

Take a probability measure p on [0, 1], p € N, and f a bounded function from [0, 1]? to
R. We define the function G by

G(p) = / flai,...,ap) p(day) - - p(day). (1.24)
[0,1]P

Consider now J C {1,...,p}, and denote by |J| the cardinality of J. For every

ai,...,ap) € 0,17, define (a7, ...,a’) to be
P 1 P

= Gmin (J) if 1 € J,

af

(1.25)
al = a; ifi ¢ J.

The generator £ of a AFV process, acting on a function G of the form (1.24), satisfies

= 3 /\p7|J|/(f(a1‘],...,a;)—f(al,...,ap))p(dal)w-p(dap).

J{1,...,p}]i1>2

(1.26)

The interpretation of the generator follows the construction from ( ) that

we described. At rate A, |, the set of individuals J is sampled to take part in the
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1.3 Recent Models

reproduction event. The parent has index min(.J), so it replaces all the other individuals

in J. When A({0}) = 0, the generator can be written as

A(du)
LG :/ / Gl(l—uwp+ud,) — G da , 1.27
e = | | [e(a-wp+us) =66 aa =5 (1.27)
where ¢, is the unit point mass in a. For this point see ( ).

From now on, we suppose that the assumption A({0}) = 0 is fulfilled. The case
A({0}) =1 corresponds to the Fleming-Viot process. Allowing for A({0}) > 0 simply
introduces an additional component, and we prefer to ignore it to ease the notation.

Thanks to (1.27), the behaviour of the process is now clear. At rate p(da)A(du)/u?,
a point a is sampled from [0, 1] according to the distribution p, and p becomes (1 —
u)p + ud,. Biologically, it means that an individual of type a reproduces, and by doing
so, replaces a proportion u of the whole population by its own offspring. The total rate

at which the process leaves state p is given by

- A(du)
A= /(0’1} . (1.28)

u

When A is finite, the process is a continuous time Markov chain, with holding times
Exp(A). Otherwise, during every finite time interval, an infinite number of jumps take

place.

1.3.3 Corresponding lookdown construction

A fundamental tool in studying measure-valued processes is their representation thanks
to a system of discrete interacting particles. ( , ) provide
the method for such constructions in great generality. This method has been applied
explicitly to AFV processes in ( ) and ( ). We

briefly explain what this construction is.
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1.3 Recent Models

Let II be a Poisson point process on Ry x [0, 1], with intensity measure

A(du)

dt .
® o2

(1.29)

Consider a population of N individuals evolving in continuous time. Each individual ¢
at time ¢ has a type }/}iN(t) € [0,1]. For every point (¢,u) of II, mark with a cross at
time t each individual independently with probability u. Let J; be the set of all marked
individuals. Then, if |J;| > 2,

Vi€ J, YN (1) = YN0 (). (1.30)

This means that all marked individuals look down to the individual with the lowest
ranking, and copy its type.
To give a full description of the dynamics, we assume that the type of an individual

remains constant between two reproduction events, that is

~

YN () £ VN (t—) iff i = min(Jy).
The fundamental property of this construction is that all processes

(}71N(t), cey ?Jy(t))(tzo)

for N = 1,2,... are constructed on the same probability space, using the same re-
alisation of the Poisson process II. What we obtained is an explicit construction of
an [0, 1]*°-valued Markov Process. The connection with the measure-valued process is

made when we consider the random measure

N—o0

N
~ . 1
Z(t) := lim N;‘Sﬁ-(t)' (1.31)
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1.3 Recent Models

The limit of the empirical measures relies on the exchangeability of the variables (}/>1N (1),
e }A/J{,V(t)) For the details, see ( , section 2.2) and
( ). The fundamental result is that (Z (t))e>0 is a Markov process with

generator given by (1.27).

Remark 1.31. ( , Section 2.2) actually treats a more general setting,
the =-coalescents, which is a larger family that includes A-coalescents. Furthermore,
they use the modified lookdown construction from ( ). How-
ever, as explained in ( , Remark 2.7), it is perfectly valid to use the

classical (and simpler) lookdown construction as we did here.

In the next Chapter, we develop some original work in which we prove a stationarity
result in the infinitely many sites model for certain AFV models similar to the one

connecting the Poisson-Dirichlet to the Fleming-Viot process.
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Chapter 2

Results on some A-Fleming-Viot

processes

2.1 Introduction

We are interested in this chapter in describing the stationary distribution of the allele
frequencies for a class of A-Fleming-Viot processes with mutations. Thanks to the
duality between a A-Fleming-Viot process and a A-coalescent, the current literature
usually treats this question from the point of view of the A-coalescent. For exam-
ple, (2007), (2008) and ( )
obtain partial results for stationary distribution of allele frequencies corresponding to
the Beta-coalescent processes, for which the A measure is taken to be the Beta(2 — a,«)
probability distribution with 1 < a < 2.

We are taking a different approach by focussing on the forward-in-time A-Fleming-

Viot process. We recall that when A({0}) = 0, the total rate at which jumps happen

A:/ A(d2u)
(01 U

in a AFV is given by
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2.1 Introduction

We consider the special case where the reproduction events happen at finite rate, al-
though the population is infinite. This is the case if and only if the measure u=?A(du) is
a finite measure on (0, 1]. In this setting, we study first the dynamics of allele frequen-
cies in the infinitely many alleles model, when mutations occur at a constant rate 6 per
lineage. We show that there is a dust formation, that is the probability measure Z(t)
representing the allele frequencies is not a purely atomic measure as was the case in the
Kingman coalescent. The reason why alleles have zero frequency is because mutations
happen much faster than reproduction events, therefore new mutations have less time
to see their frequency increase thanks to reproduction. This dust is an increase in
genetic diversity because drift is not strong enough.

We then introduce another mutation mechanism, the Bernoulli mutation mecha-
nism, where a mutation arises only during a reproduction event. When an individual
reproduces, with a probability p all of her offspring are mutants with the same type,
and with a probability 1—p they have the same type as their parent. With this modified

mechanism, we obtain the following result.

Theorem 2.1. Suppose u=?A(du) is a Beta(1,B) distribution for some B > 0. Under
the Bernoulli mutation mechanism with mutation probability p, the PD(pB) distribution

is stationary for the ranked allele frequencies in the corresponding AFV process.

The interest of this result is that we are able to describe the full distribution of
alleles, not only its sampling properties, or the asymptotic behaviour for large samples.
Such a result is rare enough to be emphasized. The surprising phenomenon is that
the PD(pB) appears in a model that is completely different from the usual Kingman

coalescent.
The rest of the chapter is organised as follows. In §2.2, we study the dynamics of

the allele frequencies under the classical Poisson mutation mechanism and demonstrate

the creation of dust. In §2.3, we introduce the Bernoulli mutation mechanism and prove
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2.2 Classical Poisson mutation mechanism

the stationarity of the Poisson-Dirichlet distribution by using the GEM distribution.

Finally, we discuss the possible generalisations of this result.

2.2 Classical Poisson mutation mechanism

2.2.1 Infinitely many alleles model

In the previous chapter, we provided the lookdown construction for AFV processes with-
out the mutation mechanism. We simultaneously constructed a [0, 1]°°-valued Markov
process (Y1(t), Ya(t), . .. )t>0 and a measure valued process (Z(t))tzo. We are going to
complete the lookdown construction to introduce mutations according to the standard
Poisson mechanism with the infinitely-many alleles model.

We construct now a new system of particles (Y1 (t),Ya(t),.. ) and we keep the

t>0’

same reproduction structure as before. Let II be Poisson point process on Ry x [0, 1],
with intensity measure

A(du)

dt .
® o2

(2.1)

Each individual ¢ at time ¢ has a type Y;(t) € [0,1]. For every point (¢,u) of II, mark
with a cross at time t each individual independently with probability u. Let J; be the

set of all marked individuals. Then, if |J;| > 2,

Vi e Jt?”(t) = Ymin(Jt)(t_)‘ (22)

For the mutation mechanism, we introduce a family (M;);>1, of independent Pois-

son point processes on Ry x [0, 1] with intensity

fdt © da, (2.3)
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2.2 Classical Poisson mutation mechanism

where 6 > 0 is the mutation rate. We take these Poisson point processes also indepen-
dent from II. The mutations are recorded the following way. For every ¢ =1, 2,.. ., for

every (t,a) € M;
Yi(t) = a. (2.4)
To complete the definition of the process, we need to make precise that
(Yi(t) ”) m(t—)) iff (z — min(J;) or (¢, Yi(t)) € M)

This simply means that the type of an individual remains constant unless modified by
a reproduction event or a mutation event.

The name Poisson mutation mechanism comes from the Poisson point process
(M;)i>1 used. The infinitely many alleles are introduced via the Lebesgue measure
da on the type space. Thanks to the properties of the Poisson point processes, the fact
that da has no atoms ensures that all the allelic types are distinct.

As before, by taking the limit for the empirical measure, we obtain a AFV process

with the infinitely many alleles mutation mechanism:

2.2.2 Process of ranked frequencies

We are interested in understanding the distribution of allele frequencies at stationarity.
This is why we do not need to keep track of the specific labels of the alleles, but
simply the list of frequencies. This means that we do not need to work with the full
measure Z(t), but simply the frequencies of its atoms. This is why we introduce the

process of the ranked frequencies taking values in the set = of ranked frequencies that
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2.2 Classical Poisson mutation mechanism

we introduced in Chapter 2:
E:{x:(azl,mg,...):xlzxgz--'>0,2xi§1}. (2.6)

Notation 2.2. Consider a measure v on [0, 1] with decomposition between atomic and

diffuse components given by

K
v(dw) = wiby,(dw) + f(w)dw, (2.7)

i=1

where dw is the Lebesque measure, f the density of the diffuse part, the w;’s are the
atoms of v, and the x;’s are the corresponding frequencies. We define the ranking

operator R acting on probability measures on [0,1] by

R(l/) = ($(1),x(2), .. ) €=, (2.8)

where the ;) ’s are the ranked frequencies from (2.7).

Definition 2.3. The process of ranked frequencies with mutations is defined by
Vt, X (t) := R(Z(t)). (2.9)

2.2.3 Formation of dust

In the absence of mutations, we have seen at the end of §1.3.2 that when the total rate

A is finite, (Z (t))e>0 is actually a continuous-time Markov chain (CTMC), with jumps
pr— (1 —u)p+ ud,

happening at rate p(a)da A(du)/u?.

However, once we introduce mutations as a Poisson process along the lineages, the
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2.2 Classical Poisson mutation mechanism

total rate at which mutations happen is infinite, and Z(t) and X (¢) are not necessarily

continuous time Markov chains. We investigate in this section the behaviour of X ().
To exploit the jump chain structure of the reproduction mechanism, we denote by

11,75, ... the times of the points of the Poisson point process II. The random variables

Ty, T, ... areii.d. exponential random variables with parameter A.

The following result is fundamental.

Proposition 2.4. On the event {11 > t},
X(t) =e % X(0). (2.10)
As a consequence,

Y Xit)=e "> Xi(0) <1 for0<t<Ty.
=1 =1

We call this phenomenon dust formation.

Proof. We use the lookdown construction. Introduce p; := Z(t) and uf? := R (). For

all a € [0, 1], using (2.5), we have the following almost sure convergence:

N
pulfa)) = Jim S V() = a). (2.11)
=1

We want to determine pft, that is the ordering of the frequencies of the atoms of
pe. Therefore, we need to determine the set of alleles a such that u:({a} > 0).

In the infinitely many alleles mechanism, every mutation creates a new allele. Con-
sider such an allele a created by mutation between time 0 and t. We are looking at
the event 77 > t, which means that the allele a is carried by a single individual in

the population. Therefore, (2.11) implies that u;({a}) = 0, and the allele a does not

38



2.2 Classical Poisson mutation mechanism

contribute to pf*. All mutations created before T will not contribute to uf, even if
the set of all new alleles constitutes a positive fraction of the population.
For an allele a, define L{¥ to be the set of all individuals with level smaller than N

carrying that allele at time ¢:
LV = {1<i<N:Yit) =a}, (2.12)

and rephrasing (2.11), we have the almost sure convergence

N
pelfa) = tim L] (2.13)

Consider now an allele a present in the population at time 0. Because every allele
created by mutation is different, every time a mutation hits an individual carrying
the allele a, |L}| is decreased by one. Therefore, almost surely, the only individuals
carrying allele a at time ¢ are those carrying a at time 0 and not hit by a mutation

event, that is

1LY = > 1{M;((0,1] x [0,1]) =0}, (2.14)

ieLl

where M; is the Poisson point process in (2.3). Define
& (t) :== 1{M;((0,¢] x [0,1]) = 0}. (2.15)

By construction of the Poisson point processes, for every ¢ > 0, the ¢;(t) for i =
1,2,... are independent Bernoulli random variables with parameter e~ %, and they are

independent from L(])V . By application of the strong law of large numbers and using
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2.2 Classical Poisson mutation mechanism

(2.13) , we have:

1LY LN\ 1
N |LN| Z 62
ieLly

2 ¢ pg({al). (2.16)

N—oo

The left-hand side limit provides

m{a}) = e po({a}),

and we conclude the proof by reordering the frequencies of the atoms of .

O

The interpretation of this result is that mutations erode deterministically at the
same constant rate 6 all the allele frequencies, without changing the relative frequencies
of the atoms of the distribution. A consequence of the presence of mutations is the
creation of dust, that is new alleles which each have a frequency 0, but a total weight
given by 1 — e~%. This corresponds to the diffuse part of the measure Z(t), which is
not present in the ranked frequencies X (¢). This is why the sum of the weights is not

1.

2.2.4 Direct construction of the ranked frequencies process

The previous proposition motivates the definition of the following discrete time Markov

chain.

40



2.2 Classical Poisson mutation mechanism

Definition 2.5. Consider the following independent sequences of random variables:

(Tl, TQ, ve ) i.1.d Exp(A),
(U1, Us,...) di.d u 2 A(du) /A,

(Vi Va,....) di.d U([0,1]).

Given My € Z, construct a Markov chain (My)n>0 using the following recurrence.

Writing ]\/Zn_l = (z1,22,...), then:

oife M r(m+ - xjy) <V < (21 4+ +ay)e T

M, = (’)rd((l — Up)e Trg; + Uy,
(1— Un)e_eT"xl, (1= Un)e_eT":cj,l, (1-— Un)e_GT"xjH, e ),

o0
e and if e 0Tn Z x; <V,
i=1

M, = Ord(Un, (1 — Un)e gy, (1= Up)e gy, ... ).

The random variable V,, allows us to sample either a non-mutant alleleic type if V,
is smaller than ) x; exp( — 0T),), the total mass of non-mutants at time 7,,, or one of

the mutant alleleic types if V}, is larger than ) z; exp( — 0T},).

Definition 2.6. Consider the random variables (11, T5,...) from Definition (2.5), the
corresponding realisation of the Markov chain ]\//Tn, and define the times (Sp)n>0 by
So :=0 and forn >1, S, ==Y 1" | T;. We define the process (H(t))i>0 in the following
way:

Vn >0, Vt €[ Sn_1,S,), H(T,)=e 050N .

When t € [ S;,—1,S5), there is no reproduction event, and Proposition 2.4 estab-
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2.3 Bernoulli mutation mechanism

lished the deterministic erosion of all frequencies at rate #. This accounts for the term
e 0(t=5n-1) " At time S, an individual is sampled from the population to be the par-
ent. With probability 1 — e~ S22, xi, the parent is a mutant, and its frequency is
increased to U,. Otherwise, the parent is sampled from the existing frequencies. And
this is the description of the Markov chain M.

Using Proposition 2.4, we have just proved the following.

Theorem 2.7. We have the equality in distribution

(H(t)),50- (2.17)

A consequence of this representation is that if P(U; = 1) = 0, then for every ¢t > 0,
Y2, Xi(t) < 1, which means that the dust is permanent.

This representation also shows that the study of the stationarity is not easy in this
situation. A particular difficulty is the fact that the probability that the individual
sampled to be the parent is a mutant depends on the amount of time between two
successive reproduction events.

This provides a mathematical motivation for taking a different mutation mechanism
that avoids this dust creation. The idea is to replace the random mutation probability

1— e 95 Z;’il x; by a constant probability p.

2.3 Bernoulli mutation mechanism

2.3.1 The model

We recall that we introduced in Chapter 1 the set of unordered frequencies A defined
by

A:{x:(xl,xg,...):xl,:cg,--~20,2xi§1}. (2.18)
=1
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2.3 Bernoulli mutation mechanism

Definition 2.8. Let 0 < p < 1, and ® a probability measure on [0,1]. We define
a A-valued Markov chain (My)n>0 the following way. Sample U independently of

o(My,...,M,) according to ®, and, conditionally on M, = (z1,z2,...):

with probability (1 — p) x;,

Myii: = ((1 — D)z +U,(1 = W, ..., (1= U)aj_1, (1 — U)zjpa, .- )

(2.19)
[o¢]
and with probability p + (1 — p) (1 — Z xj),
j=1
Myr: = <U, (1-U)z1, (1 - U)aa, .. ) (2.20)
The interpretation is the following. Conditionally on M, = (z1,x2,...), we first

consider a fraction U of the population that is going to be modified. U is independent
from M, and is distributed according to the probability measure ®(du). With proba-
bility 1 — p there is no mutation and we sample a parent from the population. If the
allele of the sampled individual has frequency z;, it is sampled with probability z;,
and its frequency is increased to (1 —U) x; + U, whereas all the other alleles have their
frequency reduced to (1 — U)x;, i # j. We then reorder our frequencies by moving the
4t frequency in first position. In the case where Z;’il xj < 1, the allele of the sampled
individual may have frequency 0, and this happens with probability 1 — Z;L x;. The
allele frequency of this new allele becomes U, and is inserted in the first position of the
vector Mp41.

With probability p, there is a mutation, and a new allele is introduced with fre-
quency U. We bring the newly created frequency in the first position, without changing

the ordering of the remaining frequencies.

In the previous section we worked with ranked frequencies, but now we decided to
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2.3 Bernoulli mutation mechanism

not rank the frequencies. First we note that it does not change anything: what counts
is the set of frequencies, not the order we use to label them.

The reason why we do not wish to rank the frequencies is because of the way we
are going to prove our stationarity result. It appears that in our case, the easiest way
to manipulate the Poisson-Dirichlet distribution is through its size-biased reordering,

the GEM distribution, which is a measure on A.

2.3.2 Main Result

Theorem 2.1 was expressed in terms of a AFV process, which is a continuous time
measure-valued process. However, because the jump rates of this process are all equal
to A, and because M, # M, for all n > 0 almost surely, Theorem 2.1 can be expressed

equivalently in terms of the embedded Markov chain (M,,),>0.

Theorem 2.9. If ®(du) is a Beta(l, B) distribution for B > 0, then the GEM(pB)

distribution is stationary for the Markov Chain (My,)n>0.

Considering the dynamics of the model, it is not immediate what one should expect
for the stationary distribution. The first approach to study of this model consisted in
looking at the ranked frequencies. The first step was to calculate, for the case B =1,
the frequency spectrum, which is the density of frequencies if they are represented as a
point process on [0, 1]. The discrete time structure allowed us to establish a recurrence
equation for the frequency spectrum, whose solution corresponded with the Poisson
Dirichlet distribution. It was conjectured from this that at least when B = 1, the
stationary distribution should be Poisson-Dirichlet.

The major difficulty in proving this conjecture is handling the order of the fre-
quencies. The method developed in ( ) seems very promising because it
does not depend on any ranking of the frequencies. It relies on the description of the

Poisson-Dirichlet distribution thanks to the Ewens sampling formula. This method
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2.3 Bernoulli mutation mechanism

works nicely for the problem studied in ( ) because the number of transi-
tions in the corresponding Markov chain is very small. However, in our case, seems to

be analytically intractable.

An alternative approach is through the GEM representation of the Poisson-Dirichlet.
The difficulty is to find a suitable ordering under which the frequencies follow the GEM
distribution. It turns out that right ordering is the very natural one in which the moist
recently modified frequency is brought to the first position while keeping the order of
the remaining frequencies unchanged. As we will see in the next sections, this fact is
fundamental.

Our objective is to understand how the GEM appears naturally in the Markov chain
of the AFV we are considering. To achieve this we need to solve three main problems.
The first is to handle the ordering in an easy way. This is achieved by finding another
representation of M; thanks to an operator 7, introduced in Definition 2.14. The
second problem is to connect the GEM distribution with the operator 77, that is in
absence of mutations. We achieve this by reinterpreting the dynamics of 77 in terms of
the stick-breaking construction of the GEM. Finally, we need to incorporate mutations,
and for this we use a new representation of the GEM in terms of a Poisson process.

The rest of this section is organised as follows. In §2.3.3, we provide some results
about the GEM distribution. In §2.3.4, we prove the representation of M; in terms of
Tp(Mp). Finally, we show in §2.3.5 that the GEM(pB) is stationary for 7.

2.3.3 Poisson construction of the GEM distribution

The following result allows us to manipulate easily the GEM distribution. It can be

found in ( ), and is originally due to ( ).

Proposition 2.10. Let 0 < Fy < Ey < ... be the points of a Poisson Point Process

with constant intensity 8 > 0. Define the points 0 <Y <Yy < ... by the transforma-
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tion

Y, =1—ebn (2.21)

Then the infinite vector (Y1,Ys — Y1,Ys — Ya,...) has distribution GEM(0).

Proof. By definition of the GEM(#) distribution, we need to prove that the random

variables Z; := Y7 and Z,, :== (Y, — Y,—1)/(1 — Y,,—1), n > 2 are i.i.d. Beta(1,0).

IP’(Zl<x1,Z2<x2,...,Zn<xn)

Y2 — Yl Yn - Yn—l
= P<Y ) ) v 1 N )
ST Ty, ST Ty, S
Y, —-Y, 1
_E [nywl E S ( Iy < Yn_1>]. (2.22)
We define the function ¥ by ¥(z) := —log(1 — z). With this notation, the relation

(2.21) can be written as E, = ¥(Y,). We can now calculate explicitly the last term in

(2.22):

P(Ya < Yoor + (1= Yot)an | Vi, Yoor )

(

:P(Yn <Y1+ (1= Yo i)zn yYn,I)
(q/(yn) — (Y1) < \y(yn_l +(1- Yn_l)azn> —U(Y,_y) | Yn_l)
(

=P(E, — E,1 < \I/(Yn_l +(1- Yn_l)xn> — (Y, )] Yn_l,En_l).

Thanks to the properties of the Poisson Point Process with constant intensity 6, E,, —

FE,_1 is an exponential random variable with parameter 6, independent from F,_; =
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U(Y,—1), therefore

P(Yn <Y1+ (1—Ye1)zn|Yi,... ,Yn_1>
:1—@m<—0(m@@4441—th%)—wo@4»>

1-Y, 1 —1-Y1)zp
=1—exp <9 log< 11 (Y e >>
— In-1

=1—(1—ux,)". (2.23)
When we use (2.23) into (2.22), we obtain the following recurrence relation:

P(Zl<x1,22<$2,...,Zn<$n)

= (1 — (1 — .I‘n)9> ]P)(Zl <X, L9 < X2y Dp1 < Qj‘nfl).
This recurrence is solved immediately, and we obtain
P(Zl < .CEl,ZQ < IL’Q,...,Zn < Jin)
n
=TI (1-a-2)"),
j=1

which shows that the Z;, i > 1 are indeed i.i.d Beta(1,0) random variables. O

Definition 2.11. Consider a random vector X = (X1, Xa,...), and take 0 < p < 1.
We say that a random vector Z = (Z1,Zs,...) is a p-grouping of X if there exist

I, 1o, ... ii.d. Bernoulli random variables with parameter p, independent of X, such
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that
S1
Zy =) X;
j=1
Sn
Zn= > X;n>2
j=Sn—1+1

where the sequence (Sp)n>1 is defined by:

Si=inf{j >1:1; =1}
(2.24)
Sp=inf{j > S,_1:[; =1}, n>2.

Every frequency of X is marked independently with a 1 with probability p, and we

merge contiguous frequencies by adding them.

Corollary 2.12. Let X = (X1, Xo,...) be a GEM(B) distribution, and take 0 < p < 1.

Then every p-grouping Z of X follows a GEM(pB) distribution.

Proof. We first introduce Y,, := X7 +---+ X,,, and we consider the sequence of points
(Ep)n>1 defined by E, = —log(l —Y,). Thanks to Proposition (2.10), the points
(Er)n>1 are the points of a Poisson process with rate B. Consider the sequence (Sy,)n>1
appearing in construction (2.24) of the p-grouping Z. Define the points (E})n>1 by
setting B/, = Eg,. By construction, this new set of points (E]),>1 is a thinning
of the Poisson point process (Ey)p>1 with thinning probability p. This implies that
(E])n>1 are the points of a Poisson point process with intensity pB. By construction,
we have Z; = 1 —exp(—FE}), and for n > 2, Z, = (1 —exp(—E})) — (1 —exp(—E/,_,)).
By applying Proposition 2.10 to the points (E}),>1, we conclude that Z follows a
GEM(pB) distribution. O

Corollary 2.13. For every GEM(B) random vector Z = (Z1,Za,...), and for every
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0 < p <1, there exists a GEM(B/p) random vector X such that Z is a p-grouping of
X.

Proof. Introduce Y, := Z1+---+ Z,,, and consider the Poisson point process with rate
B defined by E/, = —log(1—Y,,). Take an independent Poisson point process with rate
(1—p)B/p, with points EY, EY, . ... Using the properties of Poisson point processes, the
set of points { 1, EY, ... yU{EY, EY, ...} forms a Poisson point process with points £y <
E, < ... with rate B/p, and the process (E},),>1 is a thinning of (E;,),>1 with thinning
probability p. Proposition 2.10 allows one to construct the GEM(B/p) vector X defined
by X1 =1—exp(—FE;) and for n > 2, X,, = (1 —exp(—E,)) — (1 — exp(—Ey,—1)), and

the conclusion follows. O

2.3.4 Another representation of the sampling mechanism

A key step in understanding how the GEM distribution appears in the Markov chain
M, is to handle the ordering. We prove in Proposition 2.16 that if My is sampled from
a GEM distribution, then M is equal in distribution to the simpler object 7,(Mp),
where the operator 7, is defined below. This representation of M is exploited in the

next section to prove Theorem 2.9.

Definition 2.14. Take 0 < p <1 and ® a probability distribution on [0,1]. Define a
random operator T, that transforms a vector (z1,x2,...) in the following way. First

we sample U independently of o(My, ..., My,) according to ®, then:

with probability (1 — p),

7;,(.1‘1,:B2,...): (U—i—(l—U)iL‘l,(l—U).%'g,(l—U):L’g,...)

and with probability p,

To(araz...) = (U.(1— U)ar, (1~ Uz, ..
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2.3 Bernoulli mutation mechanism

The difference between this operator and the transitions for our Markov chain
(M,,)n>0 introduced in Definition 2.8 is in the sampling mechanism. For the operator
Tp, we always sample the frequency z1, whereas for (M,,),>0 we perform a size-biased
sampling, in which each frequency z; has a probability x; of being sampled. Before

stating and proving Proposition 2.16, we need a key fact about size-biased reordering.

Lemma 2.15. Tuke v = (21,22,...) € A, with T = > 22, x; and let w(z) be a size-

biased reordering of x given by

where

T ... Tin . (2.25)
T — Ty T —Tjy — — Ljq

Plr(1) =iy, ..., m(n) = in] = 2
T
Let J be a random variable with conditional distribution with respect to m given by

P[J = j|x] = =29,

T
The vector v(x) defined by
J(z) = (Tr(1), Tr(2)s- - - ) if J=1, (2.26)
(Tr(1) (1) > Tr(J=1) Tr(J+1)s---) i J =2,
s also a size-biased reordering of x.
The interpretation of the result is the following. Given frequencies z1,xo, ..., we

first run a size-biased reordering, that is we sample each frequency once, and we rank the
frequencies according to their order of appearance. This is the resulting permutation

m. We then size-biased sample a single frequency, and its position along 7 is recorded
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2.3 Bernoulli mutation mechanism

by J. We reorder 7 by bringing the selected frequency z.(;) in the first position.

Proof. We introduce the notation v(x) = (7,(1), T,(2),---). We need to show that

. X
- v(n) =iy %

In the case n = 1, we have

P(v(1) = iy) = E:IP’<V(1) — i
- E'ZP(W(J)
&
- E_inm s
&
= 23 B(x()
j=1

xiQ “e x’ln
T — X4 T — T4y Cre— X,
117)]
_zl\w,J_j)P(ng\w)}

If we denote by ! the inverse of the permutation 7, then 7=!(i1) denotes the time at

which the frequency x;, is sampled during the construction of the size-biased reordering.

The last sum of probabilities can be written as

gp(n(j) —i1) = P(Q { ') = i}).

and the event (J2, {m~'(i1) = j} has probability one, because it is simply the disjoint

union of all the values taken by the random variable 771(i1). This proves the formula

for case n = 1.

In the general case, we proceed similarly by conditioning on 7 and then conditioning
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2.3 Bernoulli mutation mechanism

on the values taken by J.

]P’(V(l) =i1,...,v(n) =iy, | 7r>
:]P’(Tr(l)—zl, ,m(n) in|7r> ( —1]7T)
v nzlp(w(j) =iy, (1) =dg,...,7(j — 1) = ij,

j=2

7T(j—|—1):ij+1,...,7r(n):in\7r>IP’(J:j|7r>

+ ZP( )= i1, (1 )—ig,...,ﬂ(n—l):in\ﬂ)]P’<J:j|7r>.

After taking the expectation with respect to m, we have

= P(r(1) = i1, im(n) = in)
+ % n_1P<7r(j)—i1,7T(1)—Z2, (=1 =1y
=2
(J+1)=ij41,...,m(n) = Zn)

+x“ Z]P( =iy, ()—iQ,...,W(n—l):in)
:@]P’(lgwfl(ig)S--‘gﬂfl(in)ﬁn).

T

The last equality comes from the fact that the sums of probabilities correspond to a

partition of the event

A ={1<a i) <+ <7 (i) <n},
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2.3 Bernoulli mutation mechanism

which is the event that frequencies is, ..., 4, come in this specific order, with possibly
the frequency ¢; inserted before, in, or after the block is,...,7,. To calculate the
probability of A;, we construct another vector of frequencies y obtained by removing

the frequency iy

y= (I‘l,. . '7xi1—1707xi1+1)' . ')7

and we consider a size-biased permutation 7’ of y defined by

: Y Y Yjn
P[r'(1) = ji,..., 7' (n) = jn] = 20 —"P2— o = J ,
T

where ¥ = T — x;, is the sum of the new vector y. Because = and y differ at only one
frequency, we can easily construct = and 7’ on the same probability space such that we

have the following equality between events:

and because § = T — z;,, we obtain

n

Plv(1) =i1,...,v(n) =iy] = % Ty z;

T — Xy T —Tj — - — Tjy_y
which concludes this proof. O
Here is the main result for this section.

Proposition 2.16. Let ®(du) be a probability distribution on [0,1], and consider the
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2.3 Bernoulli mutation mechanism

corresponding Markov Chain (My)n>o and operator T,. We have

(Mo ~ GEM(0)) implies (M = Tp(Mo)),

where 8 > 0, the symbol ~ means “is sampled from”, and the equality is in distribution.

Proof. Consider X = (X1, X2,...) a GEM(0) random vector and U > 0. We are going
to construct a coupling of the two random vectors M; and 7,(X) and show that they
have the same distribution. By definition of the GEM distribution, there exists a PD(6)
random vector Z such that X is a size-biased reordering of Z. Using the same notation

as in Lemma 2.15, there exists a permutation 7 satisfying (2.25) such that
X =n(2).

Let W be a random variable which is uniform on [0, 1], independent of X and U. Let

J a random variable independent from W and U such that
P[J=j|X] = X;.
We construct M; and T,(X) the following way:

(U, 1-0U)X1, (1 —U)Xg,...) if W < p,
My = <U+(1—U)XJ, 1-U)X,...,

(1- U)Xy, (17U)XJ+1,...) it W > p,

(U,(l—U)Xl,(l—U)Xg,...> if W< p,

S
>
]

(U+(1—U)X1,(1—U)X2,...) it W > p.
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2.3 Bernoulli mutation mechanism

Consider a measurable subset A C A. We want to show that

P(M, € A) =P(T,(X) € A).

We have
P(Ml GA) :]P’(Ml €A|W<p)IP’(W<p) —I—IP’(Ml €A|W2p)]P’(W2p),
P(T,(X) € A) =P(T,(X) € A|W < p)P(W < p)

+P(T,(X) € A|W > p)P(W > p).

By construction, it is clear that

P(M; € A|W < p) =P(T,(X) € A|W < p),
so we only have to show that

P(M; € A|W > p) =P(T,(X) € A|W >p).

Because W is independent from X, U and J, this is equivalent to saying that the two

vectors
vi= (U4 (1= 0)Xy, (1= U)X1,. o (1= U)X, (1= U)X, )

and

Y2 = (U+(1—U)X1,(1—U)X2,...)
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2.3 Bernoulli mutation mechanism

have the same distribution. We notice that

where v is defined as in (2.26). Because X is a size-biased reordering of Z, we can apply
Lemma 2.15, and we obtain that v(Z) is also a size-biased reordering of Z. Therefore

X and v(Z) have the same distribution, and we have the equality in distribution
D
To(v(2)) = To(X),

which concludes the proof. O

2.3.5 Connection between the process and the GEM

The results of the previous section will allow us to work with the simpler ordering
provided by the operator 7,. Therefore we are going to prove the stationarity result

for 7,. We treat first the case p = 1.

Proposition 2.17. Suppose ®(du) is the Beta(1l, B) distribution and p = 1. Then
(Mo ~ GEM(B)) = (Ti(Mo) ~ GEM(B)).

Proof. We are going to use the stick-breaking representation of the GEM distribu-
tion given in Proposition 1.10. If we have My = (X, Xo,...), then there exist i.i.d.
Beta(1, §) random variables (Z1, Zo, ... ) such that:

X, =27,
(2.27)

Xn = (1 — Zl)(l - ZQ) e (1 - anl)Zna n Z 2.
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2.3 Bernoulli mutation mechanism

If we have T1(My) = (X1{,X5,...), then by Definition 2.14 of 7;, there exists a

Beta(1, B) random variable U independent of the Z;’s such that
X1 =U
X1/’L = (]‘ - U)Xn—l’ n Z 2)
that is, using (2.27),
X =27
Xo=0-20)0-2)...(01-Z, )7, n>2,

with Z{ = U and Z], = Z,—1 for n > 2. The vector T1(My) = (X1, X%,...) can be
written as in (2.27), therefore 71 (M) follows a GEM(B) distribution. O

We are going to extend this result for 0 < p < 1 by using the fact that the p-grouping
of a GEM(B) distribution is a GEM(pB) distribution.

Proposition 2.18. Suppose ®(du) is the Beta(l, B) distribution and 0 < p < 1. If
My is GEM(pB), then

(Mo ~ GEM (pB)) implies (T,(Moy) ~ GEM (pB)).

Proof. Let My = (Y1,Ya,...) be a random vector following a GEM(pB) distribution.

Using Corollary 2.13, there exists a random vector (X1, Xo,...) following a GEM(B)

distribution and I, Is, ... i.i.d. Bernoulli random variables with parameter p such that
S1
Y= X
j=1

Sn,
Yo=Y X;n>2
j:Sn—1+1

o7



2.3 Bernoulli mutation mechanism

where the S),’s are defined by
Si=inf{j >1:1; =1}
Sp=1inf{j > S,,_1: [; =1}, n > 2.
Consider a Beta(1, B) random variable U independent from the X,,’s and the I,,’s.
By construction, the vector

X=U0-0U)X1,(1-U)Xz,...)

is a realisation of 71 (X1, Xs,...). We know from Proposition 2.17 that X is a GEM(B)

random vector.
In the same way, if we introduce a Bernoulli random variable Iy with parameter p,
independent from U, the X,,’s and the I,,’s, then the vector (Z;, Za, ... ) defined by

<U+(1—U)Y1, 1-U)Ys, (1—U)Y3,...) it Iy =0
(Z1, Zo,...) =

(U, (1-U)Yi, (1—U)Y2,...) il =1,

is a realisation of 7, (Y1, Y2,...). We can also see that the vector Z can be obtained as
a p-grouping of the vector X , where the sequence of i.i.d. Bernoulli random variables

used for the grouping is

(Lo, I, I2, .. .).

Therefore, by applying Corollary 2.12, we conclude that Z = T,(My) is a GEM(pB)

random vector. O
We now have all the elements for the proof of Theorem 2.9.

Proof of Theorem 2.9. Combining the results of Proposition 2.16 and Proposition 2.18,
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2.4 Conclusion

we obtain that
(Mo ~ GEM(pB)) implies (M; 2 T,(Mo) ~ GEM(pB)),

and this completes the proof of Theorem (2.9). O

2.4 Conclusion

We have seen in this Chapter that if we introduce what we called the Bernoulli muta-
tion mechanism, we can identify the stationary distribution for certain A-Fleming-Viot
processes. The fact that the GEM distribution is the stationary distribution is a hint
that looking only at allele frequencies might not be enough to distinguish various A-
Fleming-Viot processes. We can extend this work in two directions.

The first one is to use this Bernoulli mutation model for other types of coales-
cent. Our current method does not seem to apply, because it was valid only for
Beta(1, B) probability measures. It would be nice to find some similar results for
the case Beta(A4, B), and ideally be able to say something about the S-coalescent.

The second extension of this work is more applied, and consists in developing sta-
tistical methods that allow to compare various A-coalescent models by reconstructing

the genealogies. We make some contribution in this direction in the next Chapter.
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Chapter 3

Bayesian estimation of a

A-coalescent

The work in this Chapter is a contribution to the the statistical inference of A-coalescent
processes. It is important to try and connect these mathematical objects to the needs of
biologists who work on a daily basis with real data. Our achievement is the development
of an MCMC algorithm that allows one to perform Bayesian analysis on this type of

genealogical model.

3.1 Introduction

As mathematical objects, A-coalescent processes have been studied for more than a
decade now. There is also a growing literature on detecting evidence of these processes
in biological data. For example, see ( , ). However, the
development of powerful statistical methods that allow one to infer genealogical trees
on a large scale is still a recent concern. An important contribution is

( ) which presents an algorithm that allows one to compute the likelihood

of a dataset under the infinitely-many sites model. This method allows for frequentist
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3.2 Statistical model

inference of mutation rates and parameters on the A measures. We provide here a com-
plementary approach, that is an MCMC algorithm that allows for Bayesian inference
of the same parameters. Similar work has been done in the case of the Kingman coales-
cent, see for example ( ). Basically, we use the same framework,
and generalise the method to handle the A-coalescent models.

We present the statistical approach in a Bayesian setting, and then describe our
innovation concerning the MCMC algorithm. Then we discuss the validity of our im-
plementation in Matlab, before illustrating our algorithm and code with the inference
of parameters of interest on simulated data. We conclude by presenting the future work

required to convert this work into a powerful statistical tool.

3.2 Statistical model

3.2.1 Form of the data

The type of data we want to analyse is a set of aligned DNA sequences without gaps
and of the same lengths. These restrictions come from the mutation model we are con-
sidering for the moment. In particular, we do not incorporate insertions and deletions.

We suppose that we have L sequences and S sites. The sequences are stored in
an L x S matrix D with elements chosen from A, C, G and T. For clarity, we use a
functional notation to access the matrix, that is D(2,3) is the element at the second

line and third column.

The assumption is that there is a genealogical relationship between the sequences
from the data, and that this genealogy can be described by a A-coalescent tree. The

model is structured in two levels:

— The tree T is a realisation of a A-coalescent tree with given A measure.
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3.2 Statistical model

— Conditionally on the genealogical tree 7, the data D is generated by a mutation

process run along the tree.

3.2.2 A-Coalescent process

We need to define formally the genealogical tree T .

Definition 3.1. Consider two integers L and N such that L+1 < N < 2L —1, an
integer Root such that L + 1 < Root < N, and a set of nonnegative real numbers
t,. N

We can define a genealogical tree T with L leaves, N nodes, root Root and node
ages t1,...,tn by specifying a directed tree with modes 1,..., N such that the nodes
1,...,L have no children and the node Root has no parent.

For i # Root, we denote by ip the parent of i. Formally, we define a cemetary point
0 such that Rootp = 0. We map each node i, 1 <1i < N to its age t; such thatt;, > t;,

that is the parents are older than the children. We fitty =--- =t;, =0 and ty := .

Notation 3.2. For a node i, we denote by b; the number of lineages present just before
node i , that is the number of lineages present at all times t; —e for all € > 0 sufficiently

small. We also denote by |i| the number of children of node i.

Given a probability measure A, we remember from Chapter 2 that while there are b
lineages, each k-tuple merges at a rate Ay x, and that the total transition rate is denoted
by Ap. Given the structure of the A-coalescent trees, the probability density of a specific

tree T given a measure A is given by

N
L(T; A) = [ Mook ex0 (= X, (tip — i) - (3.1)
=1
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3.2.3 Mutation process

For the mutation process, we use the finite sites model ( ) with a general

time-reversible substitution model. The parameters for this model are:
— a unit rate 4 x 4 substitution matrix @,
— a total mutation rate pu.

This means that forward in time, each site mutates independently according to a con-
tinuous time Markov chain with intensity matrix u@). To be able to use the matrix
notation, we formally encode the symbols A, C, G and T by taking A = 1, C = 2,
G =3 and T = 4. For example, the mutation A — G happens at rate ;1Q)1,3. We denote
by m = (7, ¢, mq, ) the unique stationary base frequencies, defined by 7@ = 0.

To generate the data, we sample a sequence of length S according to m, indepen-
dently for each site, and map it to the node Root. Then recursively, we map to each
node ¢ an ancestral sequence DZA of length S obtained by running the mutation process
along the branch connecting i, to i. The sequences D;4 at the nodes ¢ = 1,...,L are
taken to be the lines of the data matrix D.

Given the parameters @ and p,and conditionally on the tree 7, the probability of
the data is given as follows. We first condition on the internal ancestral sequences DzA,
i=L+1,..,N. Consider a node i and a site c¢. The probability that D(ip,c) has

mutated to D(i,c) during the time (¢;, — ¢;) is given by
|9~ | (D(ip, ), D, ),

where the quantity between the square brackets is the matrix exponential of p(t;, —t;)Q,
and we take the element at the line D(ip, c¢) and column D(i, ¢) of this matrix. Because
the sites evolve independently of each other, and by successive conditioning, we see

that the probability of the data D conditionally on the internal ancestral sequences

63



3.2 Statistical model

D%A, t=L+1,...,N is given by
[T [e#@t =] (D(ip. ). DGi.)).
i=1 =1

By taking the expectation with respect to the internal ancestral sequences, we find
that the probability of the data D conditionally on the tree 7 and the parameters p,

Q@ and A is given by

H(D;M,Q,T) —E

N S
111 [euQmP—m] (D(ip,c), D(i,c)) | 1, Q, T |. (3.2)
i=1 c=1

Finally, the likelihood of the data as a function of the parameters is obtained by

taking the expectation with respect to the tree 7, that is
/ H(D: Q. T) L(T: A) dT. (3.3)

3.2.4 Parameters and posterior distribution

The parameters in our model are the mutation parameters p and @@ and the probability
measure A. To remain in the parametric setting, we can further specify A. Usually two
particular cases are considered, the Eldon-Wakeley coalescent with A(du) = dp, (du) for
some 0 < py < 1, and the Beta coalescent in which A(du) is a Beta(2 — a,a) distribu-
tion for o € (1,2). We notice that the Eldon-Wakeley model is the Kingman coalescent

when we take pg = 0.

In a general setting, we choose a prior p(u, @, A). The posterior distribution is then

up to a multiplicative constant given by

p(p.Q,A| D) = / H(D; 10,0, T) L(T;A) dT p(u, Q, A). (3.4)
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The main task in this Chapter is to develop an algorithm that allows one to compute
this posterior distribution. There are two integrals to evaluate, one with respect to the
ancestral sequences in (3.2), and one with respect to the tree 7. A first method would
be to generate a sequence of random trees with a random DNA sequence at each of the
internal nodes, and perform a Monte-Carlo integration for both integrals. We prefer to
proceed differently by calculating directly the value of H(D;u,Q,7T). The reason for
this is the existence of the pruning algorithm, presented in ( ). It allows
one to compute this quantity very effectively thanks to a recursion along the tree 7.

Therefore, our strategy for evaluating the distribution (3.4) is to consider the un-

known tree 7 as a parameter, and consider the distribution

p(1. Q. A, T|D) = H(D; M,Q,T) L(T:A) p(i, Q,A). (3.5)

To evaluate (3.4), we generate a sequence of variables

r=(u,Q,ANT)

distributed according to (3.5). The variables u, @, and A generated in this way are

distributed according to (3.4).

We are using a Markov-Chain Monte Carlo approach to simulate x according to
(3.5). The novelty is due to the fact that under a A coalescent model, the tree T is a
general tree with L leaves and can have between L + 1 and 2L — 1 nodes, whereas in
the Kingman case all the trees are binary and always have 2L — 1 nodes. Therefore,
the dimension of x is unknown, which justifies the use of the Reversible Jump MCMC

(RJ-MCMC) algorithm.
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3.3 MCMC algorithm

3.3 MCMC algorithm

3.3.1 Principle of RJ-MCMC

We want to generate a Markov Chain (X,,),>0 with stationary distribution p(x) when
the state-space is of varying dimension. The method of RJ-MCMC has been introduced
in ( ) to solve this problem. The idea is to generalise the classical Metropolis-
Hastings algorithm by augmenting the state x with a variable u such that the variable
(x,u) has a fixed dimension.

More precisely, suppose the current state of the chain is X,, = x, and we want to
generate the next state X, 1. The Metropolis-Hastings algorithm is based on an accept-
reject procedure. A candidate state z’ is generated according to a transition kernel
K(z,z'). With probability A(z,z’) the candidate is accepted and we set X, 41 = 2/,
and with probability 1 — A(x,z’) we reject it and we set X,,41 = x. The difficulty is
in finding the correct acceptance probability A(z,z") when the dimensions of x and 2’
are different.

An explicit representation of the transition kernel K (x, z’) allows us to find the right
acceptance probability. Suppose that in order to generate a state 2/, we first generate a
random variable u according to a distribution g(u), and then set 2’ = h(x, u). Consider
the reverse transition, that is a transformation A’ and a random variable u’' sampled
from a distribution ¢’ such that x = h’(2/,u’). The key idea is to make this transition
reversible.

Therefore, we augment the state space and consider the couples (z,u) and (2/,u'),

a distribution g and a mapping h such that
— u and v’ are distributed according to g and ¢’ respectively,
- (l‘,, u/) = h(l‘a U),

— and h is bijective with inverse h’.
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We denote by

‘M
a(z, )

the Jacobian of the mapping (x,u) — h(z,u).
The main result from ( ) is that in this setting, taking the acceptance

probability to be

D p) g ) |9 )
A7) = {1’ p(@) g(w) ’a@c,u)

} (3.6)

ensures that the chain X, is stationary under p(z).

3.3.2 Application to A coalescents

To construct an MCMC algorithm, we need to specify the proposal distribution, that
is the distribution g and the transformation h, and to calculate analytically the cor-
responding acceptance probabilities. Furthermore, because we cannot simulate from
p(x), we need to make sure that the Markov chain is ergodic, that is the empirical
distribution of a trajectory converges to the stationary distribution p(z). It is crucial
to verify that the chain converges.

When the state space is large and/or complex, which is the case in our situation,
it is useful to partition the transition operator into distinct operators called mowes.
Each move is going to be as simple as possible, but rich enough to enable the chain to
converge rapidly.

In our case, the state is of the form =z = (u,@,A,T). There are many moves in
the literature that allow one to create efficient MCMC algorithms for the Kingman
coalescent. However, there is no method that allows to sample from general trees. Our
main contribution in this respect is the Merge-Split Move, which allows us to efficiently
sample general trees. We present this move in detail, then present the classical moves

that we added in our algorithm to ensure a good convergence of the chain. We define
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the proposal ratio R(z,z’) to be the quantity

so that the acceptance probability is given by

A(z,2') = min {1, Z((i/))R(m,x’)} : (3.7)

The proposal ratio is specific to each move.

3.3.3 Merge-Split move

This move changes only the tree 7, and allows us to sample accross all the possible

tree topologies. Before giving details, we need to introduce some notation.

Notation 3.3. We denote by ipp the parent of ip. In the case where |ip| = 2, we

denote by? the only other child of ip.
We also need to define a truncated exponential distribution.

Notation 3.4. Given two parameters p, M > 0, we denote by frp(p, M,-) the density

of an exponential random variable with parameter A conditioned to be less than M.

Finally, we need to introduce some quantities that will be used for expressing the

proposal ratio.

Definition 3.5. Given two nodes i and j, we define

M = tjP — max(ti,tj).

If lip| = 2, we can then introduce

tm = max(t;, 7).
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Consider the merging probability pys and the splitting probability pg := 1 — pay,
and p > 0. The move is defined as follows.
Sample two nodes ¢ and j without replacement. If one of the following conditions

is satisfied, we decide that the move fails, that is we directly set X, 11 = x:

1 = Root,
—orip=j,
—ori=jp,
~or tj, <t

With probability pas, we perform a Merging operation. In this case, if j = Root or
ip = jp, the move fails. Otherwise, we “unplug” the subtree subtended by the node i,

and we reconnect it under node jp. More precisely, there are two situations:

(M2) If |ip| = 2, we delete the node ip from the tree, and the node i becomes a child
of the node jp , without modifying any of the times. The dimension decreases by

1.

(M3) If |ip| > 3, the node i becomes a child of the node jp , without modifying any of

the times.. The dimension remains the same.

With probability pg, we perform a Splitting operation. First we generate a random
variable § with density frg(p, M,-). Then, we “unplug” the subtree subtended by the
node 7, and we reconnect it between the node jp and the node j. There are also two

cases:

(S2) If |ip| = 2, we change the node ip from being the child of ipp to being the child

of jp, and from being the parent of i to being the parent of the offspring of j,.
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3.3 MCMC algorithm

When j = Root, this means that ¢p becomes the new root of the tree. The new

age of ip is set to max(t;,t;) + 0. There is no change in the dimension.

(S3) If |ip| > 3, the move fails if ip = jp. Otherwise, we create a new node that is
going to be the child of jp and the parent of ¢ and the offspring of jp. If j = Root,
the new node becomes the root of the tree. The age of the new node is set to

max(t;,t;) + . The dimension is increased by 1.

Each operation has its inverse: M3 is paired with M3, 52 with S2 and M2 with S3.
For each of these operations, the Jacobian appearing in (3.6) is equal to one. Therefore,
the only terms appearing for the calculation of R(z,x’) are the forward and backward

densities g and ¢’. Below, we provide these densities for each of these operations.

3.3.3.1 Case (M2)

g =ljp| ol
NN —1)’
ps
g/ = fTE(P7 tipp - tmu tip - tm) (N _ 1)(N _ 2)
3.3.3.2 Case (M3)
g =ljp| ol
NN —1)’
" — (lipl — 1 Pm '
3.3.3.3 Case (52)
= M.§)—Ps
ps
g= fTE(P;tipp —tm,tip — tm)m
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3.3 MCMC algorithm

ipp jp ipp jp

-—o
C—
-
-
—

Figure 3.1: Operation M2 - The jump in dimension is —1.
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3.3 MCMC algorithm

ipp ip ipp ip

-
—
-
o

Figure 3.2: Operation M3 - There is no jump in dimension.
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ipp ip ipp ip

-
C—
-
-
o

Figure 3.3: Operation S2 - There is no jump in dimension.
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3.3 MCMC algorithm

ipp ip ipp jp

Figure 3.4: Operation S3 - The jump in dimension is +1.

3.3.3.4 Case (S3)

- ps
I s bm
g =irl = Fy oy

For each of these operations, the proposal ratio is given by R(z,z') = ¢'/g.

3.3.4 Other moves

We obviously need to define moves that allow one to modify the coordinates p, @ and

A of the state x. We need to parameterise A to describe such moves in detail.
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3.4 Implementation

To illustrate the method, we just consider the simplest model, and we take A(du) =
Op, for 0 < pp < 1. We also simplify the situation further by assuming that the
parameter () is known. Therefore we consider it as fixed, and we do not need to estimate
it. A random walk for 4 and pg is enough to sample along these two coordinates.

In practice, it is useful to accelerate the convergence of the chain to add moves that

change the age of the nodes. Such moves are made precise in ( ).

3.4 Implementation

We have developed in Matlab a full RJ-MCMC sampler in the case of the §,,-coalescent.
It allows to illustrate the method and perform analysis in a reasonable amount of time
when the number of sequences L is not too large (less than a hundred). In this section,
we provide tests that allow us to verify that the code works correctly so that we can

trust its output.

3.4.1 Pruning algorithm

A central piece of the code is a function that computes the conditional distribution
H(D;u,Q,T) in (3.2) by using the pruning algorithm.

We perform the following test of our implementation of the pruning algorithm. We
consider a fixed tree 7 with L leaves, and a number of sites S. We generate all the
possible datasets D of size L x S, and we partition them into subsets Xy, k=1, ..., K.
We want to calculate for each k the probability that D belongs to ;. We compute

this quantity in two ways:

— First by using the pruning algorithm for each each dataset D € ¥, and summing

the probabilities.

— Second through Monte Carlo simulations with independent realisations of the

mutation process along the tree 7.
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3.4 Implementation

We then compare the two results for each subset Y. We show the plots we obtain
with a tree with L = 8, K = 256 and 10° realisations for the Monte Carlo simulation.
Figure 3.5 shows a perfect match. We have performed this test with various values of
L, K, and for various trees and mutation rates, and the results were all of the same
quality. We are therefore confident that our implementation of the pruning algorithm

is correct.

0035 .

. —— Pruning algorithm
| ~ Empirical probabilities |

0025+ —

002 —

0019 —

001 —

0.005 [

0 50 100 150 200 250 300

Figure 3.5: Verification of our implementation of the pruning algorithm - We
take L = 8, and we classify all the possible sequence datasets into K = 256 bins. We
calculate the probability that a dataset falls in each bin using on one hand the pruning
algorithm, and on the other we simulate the process and perform a Monte Carlo evaluation
of the probability. The fit between the two distributions is so good that the blue line is
completely hidden under the red line.

3.4.2 Merge-Split move

The second test we perform is whether our MCMC sampler for the tree moves is correct.
For this we consider a version of the sampler where there is no sequence data D. We
want to verify that our MCMC sampler correctly simulates a A-coalescent tree. For

this, the state space is restricted to the component 7, and we take the following two
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3.4 Implementation

moves:

— the Merge-Split move

— a local Node Age Change that modifies the age of a single node at a time.

The acceptance probability is given by

1,
A(T,T') = min {1, IIJ/((:_:ZJ\X)) R(z, x/)} ,

where the proposal ratio R(z,z’) was described in §3.3.3. We generate a sequence of
trees with this RJ-MCMC sampler. In parallel, we generate a sequence of independent
A-coalescent trees with the same number of leaves L and the same measure A through
to a direct simulation. We compare the empirical measures of the two simulations. For
the moment we look at the distribution of the age of the root of the tree (the time
to the most recent common ancestor, or TMRCA). We show the results in figure 3.6.
We observe a perfect fit of the two histograms. This test is already quite stringent,
especially when L is not too large. Although we do not explicitly test for the distribution
of the topology of the tree, the moves in the MCMC algorithm involve changes of the
topology, so we are confident that not just the distributions of the times are correct,
but also the joint distribution of the full genealogical tree 7. It would be nice to verify
that the distribution of the topologies is correct. However, this is problematic to realise
directly because we would need to enumerate all the possible tree topologies, and this
is quite difficult when L is large.

However, in the next test we convince ourselves that the distribution of the topology

is also correct.

3.4.3 Full sampler

Finally, we want to test whether when we consider a dataset D, the sequence generated

by the MCMC sampler actually follows the posterior distribution (3.5). For this we
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Figure 3.6: Verification of the tree moves - We run the MCMC sampler by considering
only the tree moves, and by taking the target distribution p(7) to be the distribution
of a dp,-coalescent. We record the age of the root, and compare its distribution with
an independent direct simulation. We run the MCMC chain for 107 iterations and 10°
independent samples, and we can see that the two distributions fit perfectly.
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consider a small problem with L = 3 and S = 4. We fix a tree 7 and parameters u
and pg, and we generate a dataset D. To be able to compute the posterior distribution
(3.5) directly, we need to assume that we know the real values of the parameters p and
po- This means we specify the prior distributions to be point masses at the real values.

We are going to compare the posterior distribution of the topology of the tree T

conditionally on the data D using two methods:
— First using the RJ-MCMC sampler
— Second, by a Monte Carlo simulation with independent runs.

In the case of the MCMC method, we just count the empirical frequency for each
topology. When using the independent run Monte Carlo approach, we rely on the fact

that the posterior distribution of Z(7), the topology of T, is given by

pET) =€D)= [ HD:wQT) LT AT

The integral is evaluated by a Monte Carlo integration, and the probability H(D; u, Q,T)
is calculated by the pruning algorithm, which we have already tested.

For L = 3, there are four possible tree topologies, labelled 1, 2, 3 and 4. In figure 3.7
we compare the calculations from the two methods, and once again we have a perfect

match.

Verifying that a program is performing as intended is a never ending task. However,
the various tests we have are quite strict, and they didn’t detect any problem. We can
therefore reasonably confidently rely on our implementation to perform some statistical

analysis.
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05

045

04

0.35

03

025

02

—— Direct simulation| -

— MCMC

Set of possible tree topologies

Figure 3.7: Posterior probabilities for all the topologies when L = 3 - We generate
data with L = 3 and S = 4, then we compute the posterior probabilities using two methods,
the first is our RJ-MCMC sampler, the second is an independent run Monte Carlo using
the pruning algorithm. We can see that the fit between the two distributions is perfect.
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3.5 Inference on simulated data

3.5 Inference on simulated data

We simulate data in the setting we have already introduced, that is given values for the
parameters pg, ¢ and ) we first sample a ¢, coalescent tree, then a sequence drawn
equilibrium distribution 7 for the bases, and we run the mutation process along the
tree T.

We suppose that the matrix ) is known. We could easily estimate its entries, but
this would require running the chain for a much longer time. Later versions of the code
will be optimized to run much faster.

We take a uniform prior on [0, 1] for pg and a uniform prior on [0, fiyqz] for p, where
Imaz can be large if we do not want the prior to be too informative.

Therefore, our task is to calculate the posterior distribution of p and pg given the
data.

In the example we are discussing, the dataset D was simulated with the parameters
L =20,py =04, o =1and S = 80. The average pairwise difference between two

sequences was about 60%. We run our RJ-MCMC with the following moves:
— The Merge-Split move,
— A local Node Age Change that modifies the age of a single node at a time,
— Random walks for p and py,

— and a rescaling move similar to the one presented in ( ),
in which we sample a random factor ¢, then multiply each edge length by ¢ and

divide the mutation rate by ¢.

We run the algorithm for 108 iterations. In terms of performance, it runs in 5 hours
on a desktop computer (Intel 2x2.13GHz). We first verify that the chain has correctly
converged, and then we draw a few conclusions about the statistical inference of the

parameters.
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3.5 Inference on simulated data

3.5.1 Convergence of the chain

We plot in figure 3.8 the time series of the parameters p and pg, as well as the total
length of the tree, which is a proxy for the “size” of the tree. We notice by visual
inspection in figure 3.8 that in all these dimensions, the chain mixes very well and
converges quickly to a stationary state.

If we look now at the topology of the tree, we simply compare the real tree and
a tree sampled at random from the distribution. This is a weak comparison, but the
result is still very surprising. The topology of the two trees is identical, as well as
the ”shape”, that is the relative length of the edges. We have verified these features in
many simulations. The Merge-Split move and the Node Change Move are very effective
for rapidly converging to the right topology and the right relative sizes.

What made the convergence difficult was the identification of the correct “size” of
the tree. We understand this if we compute the probability of the data given the right
topology and shape of the tree but let the scale [ of the tree vary (figure 3.11). There
is a region of very high probability around a curve of the form pul = constant. This
is why the rescaling move we added was so important. It allows to sample along this
curve. We can see in figure 3.12 that the chain is concentrated on the curve of interest.

This is why the chain mixes so quickly.

3.5.2 Discussion

If we look now at the posterior distributions, we see that there is no bias in our esti-
mations for p and pg. This is reassuring, because the dataset we simulated was quite
informative. In particular, given that the prior on u was significantly non informative,
we have a reasonably accurate estimation of u.

Concerning pg, there is a very clear signal around the true value. In particular, this
shows that the existence of multiple mergers in the tree is very clearly detected in the

data. However, there is some uncertainty about the actual value of py. We suspect
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1 I:] T T T T

b) % 10°

c) x10°

Figure 3.8: Trajectories of the MCMC run for 10° iterations - a) Mutation rate
w; b) Fraction pg; ¢) Total length of the tree. The horizontal red line is the true value of
the parameter in question.
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Figure 3.9: Real genealogical tree. - Used to generate the data we analysed

84



3.5 Inference on simulated data

mﬂaktlwlﬂlakhhhlnlzh

Figure 3.10: Genealogical tree - We sample a tree from the posterior distribution
generated by the MCMC algorithm. It is exactly the same topology as the real tree, and
the shape of the tree is very close.

85



3.5 Inference on simulated data
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Figure 3.11: Probability of the data as a function of the mutation rate p and
the length of the tree - The red regions correspond to large likelihood values of the
parameters. The shape of the curve can make the convergence of the MCMC algorithm
quite slow.
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Figure 3.12: Trajectory of the MCMC run on the likelihood curve - The blue
points correspond to the positions of the Markov Chain we generate. We see that we
sample very efficiently from the regions with a high likelihood. This is because we have a
scaling move that allows the chain to move along the hyperbola.
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0.1C)

0.05F .

Figure 3.13: Posterior distribution of the parameters given by the MCMC
algorithm - a) Mutation rate p; b) Fraction pg; ¢) Total length of the tree. The blue
lines are the posterior distributions, the green lines the priors, and the vertical red line the
position of the true parameter.
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that this is due to the fact that the sample size L = 20 is rather small. We would need

to optimise our code to be able to handle larger datasets.

3.6 Conclusion

We have explained the details of our main contribution, the Merge-Split move in the
framework of the RJ-MCMC algorithm. We also demonstrated, thanks to a prototype

implemented in Matlab, that

— Our Merge-Split move is very effective in sampling across the large state space of

the A-coalescent trees,

— It is possible to incorporate this move into a full MCMC sampler that actually

converges (at least in the models we considered),

— We confirmed the results from ( ) and
( ) that it is possible to detect in DNA sequences the presence of multiple

mergers in the genealogy.
This work should be pursued in the following directions:
— Allow for more choices of A, in particular the case of the Beta coalescents.

— Develop a piece of software in a powerful language, for example C++, to be able

to handle larger datasets in a reasonable amount of time,

— Develop a full Bayesian methodology, in particular by allowing for model com-

parison between various choices of A.
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Part 11

The Spatial-A-Fleming-Viot

process
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Chapter 4

Spatial models

In this chapter, we focus on models that incorporate spatial structure. The simplest
way to analyse the influence of space on genetic diversity is to study the probability of
identity (POI) as a function of the distance, that is the probability that two individuals
separated by a distance x have the same genetic type.

We first present the Stepping Stone Model, due to ( ). It is a discrete
space model which generalises the Wright-Fisher model. For this model, we are able to
explicitly calculate the POI, and then derive asymptotic formulae.

We then introduce Malécot’s formula, presented in ( ), which models a
population living on a two dimensional continuum. It is also possible to make explicit
calculations for the POI, and then derive approximations. However, this model presents
certain mathematical flaws, and we discuss them.

Finally, we conclude by presenting the Spatial-A-Fleming-Viot process (SAFV), due
to ( ). It has the major advantage of providing a mathematically
coherent continuous-space model. Furthermore, it extends to the spatial setting the
A-Fleming-Viot processes encountered in Chapter 2. After discussing the difficulties
in constructing a continuous-space model, we present the approximate calculations for

the POI in the SAFV process.
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4.1 Stepping Stone Model

4.1.1 1D nearest neighbour Stepping Stone Model
4.1.1.1 The model

We consider a population in which the individuals live in separate colonies positioned
on an infinite line, and we study the dynamics of a single genetic locus with 2 alleles
a and A. Each colony (or “deme”) being indexed by an integer i, we define p;(t) to
be the proportion of the population in colony i at generation ¢ which is of type a. We
suppose that the only migration allowed is between adjacent colonies, and that at every
generation a proportion m;j/2 of the individuals living in the colony 7 migrate to the
colony ¢ —1, and the same proportion m; /2 migrate to the colony i+1. We also suppose
that there are mutations : at each generation, a proportion u; of a alleles mutate to A,
and a proportion ps of A alleles undergo the reverse mutation. This gives the following
dynamics:

m (pi—1(t) + pi+1(t)) + &(t). (4.1)

pi(t+1) = (1 —my — pr) pi(t) + p2 (1 —pi(t)) + 5

The last term &;(t) is a random variable which accounts for the random drift due to
the reproduction in a finite population. The drift is represented by a Wright-Fisher
model applied to each colony with an effective population size N.. Thus, §;(t) is the

change in allele frequencies in a Wright-Fisher model, and conditionally on p; we have

E(&(t)|p:) = 0 and E(&(¢)?|pi) = 1%(217];?1-)_

4.1.1.2 Probability of Identity

We are going to focus on the results presented in two papers by ( )

and ( ). We are interested in the probability of identity for two
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4.1 Stepping Stone Model

individuals sampled from different colonies, or equivalently the correlation between
the allele frequencies in these colonies. For this we consider the situation where the
population is in equilibrium, and we denote by p; the expectation of the frequency of

the allele a in colony ¢ . Taking the expectation in equation (4.1) leads to

_ H2 .
Yt e (4.2)

We introduce the total rate of mutation u := p1 + po. Thus equation (4.1) becomes:
m1 _
pi(t+1) = (1 —my — p)pi(t) + 7(]9171(15) + piv1(1)) + pp + &(t). (4.3)

We center the random variables p;, defining

If we introduce the notation o := 1 —m; — p, f := my/2, then equation (4.3) reads

Pi(t +1) = api(t) + B(Pi—1(t) + Pir1(t)) + &(t). (4.4)

When the population is in equilibrium, the correlation between frequencies in colonies
¢ and @ + k is then simply
_ E[pi Pisr]
Tk =~

E[p:?]

and depends only on the separation k.
As the population is in equilibrium, the calculations to establish a recurrence rela-

tion for the ry are straightforward. They are achieved by multiplying equation (4.4) by

the same recurrence relation (4.4) written for i + k, and then taking the expectation.
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This gives:

(a2 + 2ﬁ2 — 1)7% + 2045(7’k+1 + T'k,1) + BZ(rk+2 + T'kfg) =0 (4.5)

This difference equation is classically solved using the method of the characteristic
polynomial. The latter being a fourth degree polynomial, it has four roots Aq,..., A4.

The general formula for ry is then:

4
me=Y_ Cik, (4.6)
i=0
where C1,...,Cy are constants. It is shown in ( ) that we can

label the roots Aq,..., A4 such that A3 < —1 < M < 0 < Ay < 1 < Ay, Since
7, is a correlation, it is bounded between —1 and 1 and ry = 1, which implies that

Cl :C3 :O, and

R1 R2
Co=—"1 " and Cj=—12_
T Ri+R Y U TRITRy

where

Rlz\/(2—m1—u)2—m% and RQI\/(m1+M)2_m%.

The expression for Ay and A4 is given by

1 —1
)\2:7(m1+,u—R2) and )\4:7(2—m1—u—R1).
mq mi

We then have

TR = 02)\15 + 04)\{2.
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If we consider the case where p << mj, that is when the mutation rate is very small

compared to the migration rate, then we have the following approximations:

Ri=2v1—m1, R~/ 2miu, |)\4| < Ao.

From these we deduce that for u/my — 0,

k

2

r ~ Cy (1 — Tnl,u> and (9 — 1.
1

We finally obtain the following behaviour of the correlation ry for large sampling dis-

2
TE A exp <— n”ik) .

This exponential decay of the probability of identity with respect to distance is char-

tance k:

acteristic of dimension 1. As we shall see, this kind of asymptotic result is robust to

modifications of the migration scheme.
4.1.2 General 1D Stepping Stone Model

4.1.2.1 Symmetric migration

In this part we take a stepping stone model in one dimension with an arbitrary sym-
metric migration. At every generation, a proportion m;/2 of the individuals living in

the colony i migrate to the colony i — j, and the same proportion m;/2 migrate to the

colony i+ j, with j = 1,2,.... The rest of the model is unchanged, and equation (4.4)
becomes
i = _ I o i
pi(t+1)=(1- ij — )pi(t) + 3 Z M (Pi—j(t) — i (1)) + &i(t). (4.7)
j=1 j=1
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For a more compact notation, we define the shift operator S, which is invertible, by

Sf()=f(i+1) and S7'f(i)=f@i—1).

We also define the operator L by
[e'e) 1 [e'e) . .
L:= 1—ij—u +§Zm]~(sﬂ+s—ﬂ).
j=1 J=1

Using vector notation for p(t):= (..., p—1(t), po(t), p1(t),---) and £(t), the dynamics

of the population (4.7) becomes

p(t+1) = Lp(t) +£(t) (4.8)

4.1.2.2 Covariance calculations

In the previous section, the calculations for the correlation rp were straightforward
thanks to the difference equation (4.5). In the case of the general migration scheme,

we need another method. We first need to compute the covariance
pr = E[po Pr)-
The population being in equilibrium, we have

E[po(t) pr(t)] = El[po(t + 1) pr(t + 1)],

so equation (4.8) gives

E[po pr] = E[(Lp)o (Lp)k]-
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With direct calculations, one can go further and show that
E[po pr] = (LQE[ﬁoﬁ])k- (4.9)
The set of equations fulfilled by the covariance function pg is then

[1-L*)p], =0, k#0

(4.10)

~1 p— p*
1—L2 =
[( )B]O 2Nep0+ 2N, )

where the operator L is applied to the vector p = (..., p_1, po, p1,---). The first line
is simply obtained by rewriting equation (4.9), whereas the second follows from similar
calculations in the case where k = 0. Once we know the full covariance vector p, we
deduce easily the correlation vector p/ Py

We look for a solution for equations (4.10) of the form

1 2

Pk F(0) coskb db. (4.11)

Solving equations (4.10) consists in identifying the function F' in the representation
(4.11). The first step is to apply the operator L to the vector ¢, where ¢ = cos(k0).

Direct calculations show that
[(1-L?¢], = (1 - H?*(0)) cos(k0),

where

H(G):ijcos(je), and mO:I—ij—,u.
§=0 j=1
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This allows us to express the vector (1 —L?)p as

1 2

[(1- LQ)B]k = F(0) (1— H?(9)) cos(k0) db.

_%0

In particular, the first line of (4.10) becomes

1 2

5 | FO) (1 — H?(0)) cos(kf) dd =0, k#0.
T Jo

A natural solution is to take

C

FO = 1= m @y

where C'is a constant. This gives the general formula

1 / T O sk6) d (4.12)
PE= 9z |, 1— H2(8) ‘ '

We can determine the constant C' using the second line of (4.10):

1 2m -1 ]5_]52

= _ 772 _
o . F(6) (1—H*(0)) db 2N6p0+ PR

which yields
51— 5)
o P1=D)—po
2N,

To identify pg, we plug this expression into (4.12) applied with & = 0, and this gives

the formula for the variance of an allele frequency in one deme:
p(1 —p)
2 -1
do
e ([ )
“\Jo (1-H2(9))

Now the covariance vector p is completely determined. As our primary focus is on the

pPo =

correlation vector r, using equation (4.12), we simply divide the expression for p; by
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po to obtain

27 cos(k0)
, i

Tk = 21 1
—— df
/0 1= H2(0)

4.1.2.3 Asymptotics for large sampling distance

(4.13)

We are primarily interested in finding an asymptotic expression for rp when k — oo.

We first rewrite formula (4.13) in terms of two functions A; and Ay defined by

_ [*cos(k0) _ [*cos(k0)
Al(k:)_/o T Ag(k)—/o O

Thus we have:
Ay (k) + Aa(k)

"F T A1(0) 1 A2(0)

We want to know the asymptotic behaviour of A (k). As

L cos(k0)
M =2 [ e SR

we expand cos(j @) inside the denominator using

X 1\2n+1(:p\2n
1—cos(j60) = Z (=1) (2n)(!j0) .

n=1

We keep only the dominant term in the expansion, and after introducing the notation

Mgy = Z;L j2m; for the second moment of the migration kernel, we have
A (k) ~ Q/COS(M do.
0

u—i—%/\/b

Up to an exponentially small error, we can replace the upper limit of integration by oo

to obtain
> cos(kf
0o p+ =5 0
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Knowing that the Fourier transform of e~*!*| is \/2/7 a/(a® + w?), we can explicitly

calculate the integral, and we obtain

Ay(k) ~ T
M2

One can also show that for large k, As(k) is negligible compared to A (k). The asymp-

totic behaviour of the correlation when k — oo is then given by

T ~ Dy - e FV2HMz (4.14)
where D1 is a constant.

This result is a generalisation of the one we found in the previous section for the
simple migration scheme. Thus we see that as long as the second moment of the
migration kernel is finite, we obtain a very robust result, namely that in one dimension
the probability of identity of two individuals decays exponentially for large sampling
distances. We want to have a similar result in dimension two, and a natural question

is whether the dimension plays a role in the asymptotics.

4.1.3 2D Stepping Stone Model

The general method of solution we just presented applies well in the two dimensional
case. We begin by defining rigorously the stepping stone model in two dimensions. Now
each colony is indexed by a pair of integers (k1, k2), and we allow a general symmetric
migration scheme. At every generation, a proportion m;;/2 of the individuals living
in the colony (ki, k2) migrate to the colony (ki — i, k2 — j), and the same proportion

migrate to the colonies (ky —4,ko + j), (k1 +14,k2 +j) and (k1 + 4, k2 — j).

We can use the same formalism as before, namely that the dynamics of the popu-
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lation can be expressed by equation (4.8):

p(t+1) = Lp(t) + (1)

We adapt the notation to the two dimensions. Here p is an infinite matrix: p =

(pi,j)ijez- We need now two shift operators, one for each dimension:

The operator L becomes

[ERS i —iy(Qi —j
Li=mo+ 7 E ] m;;(S1 +S17)(Sy +S27),
Z7‘7:
(4,4)#(0,0)

where

o
mo:=1— Z mi; —
i,5=0
(4,5)#(0,0)
Kimura and Weiss (1965) show that the general expression for the correlation function

in two dimensions is of the form

/2”/27r cos(k161) cos(kab2) ”
1— H2 (01,062)

2
df
/ / 1_H2 91702)

It is possible to rewrite r(ki, k2) in terms of two functions A;(k1, ko) and As(k1, ko).

r(ki,k2) =

This gives
Ay (k1, ko) + Aa(ky, ko)
A1(0,0) + A3(0,0)

T(kl, k‘z) =

Details are given in Kimura and Weiss (1965) on the derivation of the asymptotic
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4.1 Stepping Stone Model

behaviour of r(ki,k2) when the distance sampling is large, or more precisely when
k1 + ko — oo. It can be shown that asymptotically As(ki, k2) becomes negligible

compared to Aj(kq, k2), which gives the leading term in the expansion of r(kq, ko). We

have
1 ~
Ay (ky, ko) ~ ——— Ko (R\/20),
k)~ N V24
where

My, = 1" Pmy;, R := T
b ;; I | Moo~ Moz

and K| is the modified Bessel function of the second kind. R is a distance which is
adapted to the geometry of the model. As Ky(x) ~ y/7/2xe™* when x — oo, we

deduce that )
ven

VR
In the case where Moy = Mpes = My, we denote the Euclidean sampling distance by

R = \/k% + k‘% ‘We obtain then

r(ki,k2) ~ Do -

e~ B/ 21/ Mo
VR

We can see that this formula is different from (4.14), the one in the one-dimensional

Y’(kl, kQ) ~ D2 . (4.15)

case. In dimension one the probability of identity decreases exponentially, whereas in
dimension two it decreases faster, of order of an exponential divided by the square root

of the distance.

4.1.4 POI: Summary

The results found in the stepping stone model for the probability of identity seem to
be very robust. The only assumption required is that the migration kernel has finite

second moments. Thus equations (4.14) and (4.15) describe a universal behaviour
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within the stepping stone model. We will see in the next section that this behaviour is

also observed in Malécot’s model, which increases the interest of this result.

4.2 Malécot’s formula

4.2.1 Model and result

We consider a population of individuals living in a region A of R?, with at every point
P € A a population density 6(P). An individual born at a point P has a probability
f(P,Q)dSg of giving birth to an individual in the area dSg centered around the point
Q. Calling g(P, @) the probability density that the parent of an individual born at @

was born at P, by conditioning, we have:

I(P)f(P,Q)
/5 F(E,Q)dSk

We study a single genetic locus which has two alleles a and A. We denote by p the
probability of mutations, that is the sum of the probabilities for the mutations a — A
and A — a. We suppose the existence of a stationary state for the population, and we
want to calculate at this stationary state the probability ¢(C, D) that two individuals
sampled from locations C, D € A are identical by descent. To calculate this probability,
we can establish an equation thanks to a recurrence which is similar in spirit to that
which we obtained for the stepping stone model. Starting from two individuals in C

and D, we condition on the location of their parents, and we obtain

6(C, D) =(1 — pi)? /A /A 6(E, F)g(E, C)g(F, D)dSpdSy +
(4.16)

(- [ 2 alE, (. DS,

A particular version of this model is when the population density is constant, and
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4.2 Malécot’s formula

the distribution ¢(C, D) depends only on the distance C'D. More specifically, g is cho-
sen to be Gaussian. Actually these assumptions can’t hold together, as we will see in

section §4.2.2.

For the following calculations we drop Malécot’s notation and rewrite equation

(4.16) as

o(y) = (1 — p)? /R/R oy +z — 2)g(2)g(2) dedz
L 1— (0 (4.17)

s - 2 [ gty - )

where g(z) = 1/v27n02? exp(—x2/20?). We can solve this equation using the Fourier

transform. First we introduce the function f defined by

fly) = 1_?(0) /R2 g(x)g(y — x) dx

For a given function ¢ we denote ¢(w) its Fourier transform. Equation (4.17) becomes

dw) = (1= p)? (F) + 2m)(-w)g(@)d(w))

which gives immediately

_— (1—p)?f(w)
P(w) = 1—(1—p)?(2m) f](w)ﬁ(—w)

Thanks to the Gaussian assumption, explicit calculations are possible, and by inverting

the Fourier transform we obtain that

o) = =k, <'€”\/2log () ) ,

where K is the modified Bessel function of the second kind.
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4.2 Malécot’s formula

As we can see, this formula presents a very serious problem for small values of .
Indeed, ¢(y) — oo when y — 0, although it’s a probability! This simply reveals very

clearly some underlying mathematical problems in the hypotheses made by Malécot.

However, if we look at the behaviour when the sampling distance ||y|| is large and

the mutation rate u is small, we find that

1 — $(0) o= lyllv/2u/0?

57 (2503 )4 [yl

P(y) ~ : (4.18)

which is exactly the same asymptotic formula as for the stepping stone model (4.15).

The coefficient in the exponential is the same in both cases.

4.2.2 The pain in the torus

If we review the reasoning made to reach Malécot’s formula, we identify two implicit

hypotheses:

— The individuals reproduce independently according to a critical Poisson branching

mechanism with Gaussian spatial dispersion.

— The population has a constant spatial density, and is stationary under this repro-

duction mechanism.

( ) is the first paper which describes the incompatibility of these two
assumptions. It explains the clumping phenomenon, that is the fact that in a spatial
branching process, the population concentrates on small and highly populated areas,
called clumps. As time goes on, these clumps get more and more populated, and the
distance between them tends to infinity. This prevents the population from reaching a

spatial equilibrium.
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4.3 The Spatial A-Fleming-Viot process

( ) gives a general analysis of the phenomenon. It is shown in this paper
that for a spatial branching process with migration, there is clumping if the migration
motion is a recurrent diffusion. This is the case for the Brownian motion in two dimen-

sions, which explains why this happens in Malécot’s model.

The issues illustrated in Malécot’s formula are therefore very general. What is miss-
ing in this model is some population regulation that prevents the formation of clumps.
In the Stepping Stone model, this regulation was forced because we assumed a con-
stant population size in every deme. What we need in continuous space is to construct
a reproduction mechanism that depends on the local population density. Traditionally,
doing so leads to complex models for which we are not able to describe the genealogical
structure. For many years, a continuous space model with a tractable genealogical
structure has been elusive. However, ( ) provides a breakthrough by
proposing a radically different way of incorporating population regulation on a contin-

uum, in the setting of the Spatial A-Fleming-Viot model.

4.3 The Spatial A-Fleming-Viot process

4.3.1 A prelimiting particles model

One simple way to introduce population regulation is to move away from the concept of
branching processes. The structure is the following. We consider a discrete population
constituted of haploid organisms evolving in R?. Due to limited resources, the individ-
uals compete for survival. As a consequence, every time there are births at a specific
location, some of the neighbours die simultaneously in the process of competition. The
key point is the spatial link between births and deaths, which brings the local regulation
in this model, and therefore avoids clumping. Each event of simultaneous births and

deaths is called a reproduction event. This mechanism of reproduction is the central
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4.3 The Spatial A-Fleming-Viot process

idea that can be enriched with much more structure. We present one of the simplest
versions of this family of models.

We consider a discrete population of individuals living on R?. We start from an
arbitrary spatial distribution for these individuals at time 0. At every reproduction
event, one considers the individuals inside a random disc centered around z € R?
with radius r. One of these individuals is chosen at random to be the mother for this
event. Each of the individuals dies with a probability v (which depends on ). At the
same time, the mother gives birth to a Poisson number of children who are scattered
uniformly on the disc. Mathematically, this dynamics is described as follows. Let
p(dr) be a possibly infinite measure on (0, 00), and for each r € (0, 00) let v,(du) be a
probability measure on [0, 1]. Let IT be a Poisson Point Process on Ry x R? x R, x [0, 1]
with rate dt @ dx ® pu(dr) @ v,.(du). Then, for every point (¢, x,r, u) of the point process
II:

— At time t, draw a disc of radius r centered around =x.
— If the disc is empty, nothing happens.
— If not, then:

i) Pick uniformly an individual in the disc, she will be the mother in this

reproduction event.

ii) At the same time the mother gives birth to a Poisson number of individuals
with mean Au V (r), uniformly scattered on the disc, with the same type as

their mother.

The quantity V(r) is the volume of a ball with radius . We denote by (X¢,¢ > 0) the
process defined by this dynamics, where X} is the point measure that gives the position
of all individuals at time t.

This description of the model is not a complete mathematical construction. One
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4.3 The Spatial A-Fleming-Viot process

needs to prove that such a Poisson construction actually leads to a well defined infi-
nite dimensional Markov process. The first step of the mathematical work consists in
proving the existence of this process under suitable hypotheses. In particular one has
to put constraints on the measure u(dr) so that the process does not“explode”. This
is achieved in ( ), where the existence of the process is proved if

the following condition is fulfilled:

/ / urd(1 4+ r v, (du)p(dr) < co.
[0,00)/]0,1]

We also need to show that this model satisfies our main requirement, namely that
there is no clumping. This requirement is met, as an ergodic theorem is proved in
( ). Tt states that for A sufficiently large, the process converges to

a stationary distribution, which rules out the possibility of clumping.

A significant limitation of this model is that the genealogical structure is not easy to
describe. One would like the genealogy to be obtained simply by sampling individuals
from the population and reversing the history of these lineages. Unfortunately, it is
not that simple, because we need to know the past history of individuals outside our
sample.

This difficulty is the main motivation for another version of the model, which is
obtained as a limit when we let A — oco. We analyse this limiting model in the next

section.

4.3.2 The Spatial AFV model

The original idea in extending the previous model consists of identifying the limiting
process when we let A, the density of births at every reproduction event, tend to infinity.

The results on this convergence have not been published yet, and are still the object
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of ongoing work by Etheridge and Kurtz. However, it is possible to independently

construct the limiting process.

4.3.2.1 Dynamics of the limiting model

For such an infinite population, the model describes the genetic composition of the
population at every point. For this we suppose that each individual has a type taken
from a set K, for example K = [0,1]. At time ¢ the population is represented by a
set {p(t,z,-), * € R?} of probability measures on K which give the distribution of the
types at every point x. The dynamics of the process is almost the same as in the case of
the particles model. We keep the same Poisson Point Process IT on Ry x R% xR, x [0, 1]
with rate dt ® dx @ pu(dr) @ v,(du). Then, for every point (¢, x,r,u) of the point process
II:

i) At time ¢, draw a disc of radius r centered around z.

ii) Select uniformly at random a point z in the disc. This will be the source of the

reproduction event.
iii) Select at random a type k according to the probability distribution p(t—, z, -)

iv) Update the population after the reproduction event: for every point y in the disc,

p(t7y7 ) = (1 - u)p(t_a Y, ) + udy, (419)

At every reproduction event, a proportion u of the individuals at every point inside
the disc will be replaced by individuals of type k. This limiting process has the same

features as the particles model, but we can easily describe its genealogy.

If we sample n individuals from the population, the genealogy is built thanks to

a realisation of the Poisson Point Process II. Consider a point (¢,z,7,u) € II, and a
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point z sampled uniformly on the circle with radius r and centre z. Tracing the lineages
backward in time, the dynamics is the following. If there are k lineages inside the circle,
mark each lineage with a 1 with probability u. All the lineages marked with a 1 are

moved to the new location z.

— If only one lineage is marked, it moves to the location z, and this is a pure

migration event.

— If several lineages are marked, this a coalescent event with migration. If more

than two lineages are marked, it is a multiple merger.

Thus, we have obtained a spatial version of the A coalescent processes studied in the

previous chapters.

4.3.3 Formal construction

So far, we have given only a description of the process. The formal construction is far
from trivial, and is achieved in ( ). We briefly mention the method.
The first step is to define the SAFV process. The most natural way is to characterise
it thanks to its infinitesimal generator.

The random variable X; is a collection of probability measures on [0, 1]. Therefore,
we consider a collection (p,,z € RY) a probability measures on [0, 1], and we take test

functions of the form

Li(ps v, (X)1<i<n) = /(Rd)n Y(w1,.. ., 20) H(Xz‘, Pa;) dry ... day, (4.20)

i=1

where ¢ is an integrable continuous function on (R%)", and the y;’s are continuous

functions on [0, 1].
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Definition 4.1. The infinitesimal generator L of the SAFV process is given by

LI, (p; Y, (X)1<i<n)

o rl 1
o /Rd/o /(] /B(y,R)/O /(Rd)n Ic{1,..n

X (H]IB(yJ‘) (wl)> X [H<XZ ) (1 - u)pmi + U(sk> - H(Xl s p:m)]

el 1€l i€l

(TT tomr e 22,))
bog¢l

dz

(X1, ..., xp)dey ... dey p,(dk) o)

vp(du) p(dr) dy.

(4.21)

The main point is to identify necessary conditions on the intensity v, (du)u(dr)
under which there exists a Markov process (X¢);>0 with generator given by (4.21).
The approach is to construct the forwards-in-time process using the backwards-in-time
genealogy. Because the genealogy involves only a finite number of lineages, it can be
directly constructed. A theorem due to ( ) allows to use this finite particles

genealogy to construct the full forward-in-time process.

Theorem 4.2 ( ( )). Under the condition

/ / urd, (du) p(dr) < oo, (4.22)
[0,00)/[0,1]

there exists a Markov process (X¢)i>0 with generator (4.21).

4.3.4 Probability of identity
4.3.4.1 Probability of identity

To establish the equation for the probability of identity, we sample two individuals
separated by = € R?, and we consider the time of their most recent common ancestor

2. We write ¢g(x) := E[exp(—67,)] the Laplace transform of 7,. If we consider
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the same model with mutations arising independently at rate 6/2, then @(x) is the
probability of identity by descent for two individuals separated by x in the model with
mutations.

If we look backward in time at the previous event, there are four possibilities. Either
only one of the individuals was hit by a reproduction event (in which case her lineage
jumps), or both of them are hit (so the two lineages coalesce), or a mutation appears
in one of the lineages, or nothing happens because the reproduction event didn’t hit
anyone. After reordering the different terms, we obtain an integral equation. The
problem with the equation we obtain is that it is not tractable, and even approximate
calculations do not seem possible. This is why ( ) develop another

model for which the calculations are easier.

4.3.4.2 Generalization/simplification: Gaussian case

In the previous version, at every point (t,z,7) of the point process II, the parent was
chosen uniformly on a disc D(z,r) centered around x with a radius r, and for each
individual in D(z,r) the probability to be affected by the reproduction event was w.
This reproduction mechanism is changed in the following way.

Consider a reproduction event centered on x. In the previous situation, the fraction

of the population modified at location y was given by

ulljjy—z<r-

Now, we replace this uniform density on a disc by a Gaussian kernel, given by

w(z,y) = u exp (W) .

The second modification concerns the choice of the parent. Before, it was sampled

uniformly on the disc with centre  and radius r. This time, we sample the parent
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according to another Gaussian kernel, given by

oz, 2) = u exp (W) ,

with a > 0. With this notation, once the parent location has been sampled according to
the kernel v(z, z), we sample the parental type according to p(t—, z,.), and we update

the population according to an equivalent of equation (4.19) given by

Vy € Rdu p(ta Y, ) = (1 - w(w,y))p(t—,y, ) + w(w,y) 5k (423)

This new model has the same structure as the previous one, but is more amenable
to calculations. We denote by ¢(x) the the probability of identity for two individuals
sampled at distance x. Similarly to what was done for Malécot’s formula, we can obtain
an integral equation and approximate its solution for large sampling distances using a

Fourier transform. We obtain that

u

o)~ gz Ko (a/f/ﬂ)

where K is the modified Bessel function of the second kind. We notice that it is the

same behaviour as in Malécot’s formula and the stepping stone model in two dimension.

4.4 Conclusion

This chapter allowed us to present a few models used in mathematical genetics to model
the influence of space. Spatial structure is a very large subject, and we just introduced
the minimal notions necessary to present the SAFV process and understand its impor-
tance.

A fundamental feature of this model, that we have not mentioned yet, is its ability to

incorporate large scale reproduction events. We refer to ( ) for a
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detailed study of the impact of these large events on the genealogy.

The SAFV model is relatively new, but there is a growing literature around it. Our

main contribution in this respect is the analysis of the geographical dispersal of a new

allelic type, and this is the object of the next Chapter.
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Chapter 5

Range expansion in the SAFV

process

5.1 Introduction

5.1.1 Motivation

In this chapter we investigate the fate of a new allele arising by mutation in a population
described by a Spatial A-Fleming Viot process on R%, d > 1. More precisely, we want
to know how far this newly created allele, say of type Red, is going to spread. We focus
on the dynamics of the Red type, so we can collapse any type space K to the special
case K = {Red, Blue}. If (p;)i>0 is the SAFV we consider, then it is straightforward to
see that (X;)i>0 := ({pi(x, {Red}),r € RY);>q is itself a Markov process. We consider
X, to be function from R? to [0, 1], where X;(z) is the fraction of Red population at
location z € R?.  We introduce now some notation we are going to use during the rest

of this chapter.

Notation 5.1. e We denote by B(x,r) :={z € R, ||z — z|| < r} the closed ball of

centre x € R% and radius r > 0. Its volume and surface area as a function of the
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radius v are given respectively by V (r) := dr? and S(r) := yr¢=1L.

e For every Lebesgque-measurable subset K C R, we denote its volume by | K|, and

forallr € R, K" :={z € R? :inf ek (||z — z||) < 7).
e For any given function f :R? — R, we denote its support by Supp(f).

e We define S. to be the set of Borel measurable functions f : R? — [0,1] with

compact support. We endow S, with the uniform norm.

o For K C R%, 6 is the function from R to {0,1} such that §x () = 1 if and only

ifx € K.

For the sake of simplicity, we will work with a model slightly different from the
one described in ( ). We change step ii) of the algorithm given in
§4.3.2, and instead of sampling the point z uniformly on B(c,r), we simply take z = c.
Furthermore, we are going to work in the special case where the radius of the event
and the proportion affected by the event are fixed, that is pu(dr) = dg and v, (du) =
for some constants R > 0 and 0 < U < 1. The condition U < 1 is just to simplify the
notation. In the next sections we are going to focus on the increase of the range of the
population at time ¢, that is |Jo<s<t Supp(Xs). It turns out that when U < 1, the
range coincides with Supp(X;). All the results that follow hold in the case U = 1 if we
substitute the range for the support of X;.

The algorithm describing the dynamics of (X¢):>0 is the following. Consider II the
Poisson Point Process on Ry x R? x [0, 1] with rate dt ® dc ® dv. Then, for every point
(t,c,v) of I,

i) Draw a ball B(c, R) of radius R centered around c.

ii) If X;_(c) > v, then the parent is red, and for every point y € B(c, R),

Xi(y) =1 -U)Xe—(y) + U.
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iii) If X;_(c) < v, then the parent is blue, and for every point y € B(c, R),

Xi(y) = (1 = U)Xe—(y).

We can formally characterise the process (Xt)¢>0 by providing its generator. First,

we introduce new test functions I,,( ;1) of the form
n

In(f;qj}) = ¢(m1,...,ajn)H fx;)dxy ... day, (5.1)

(R)™ i=1

where 1 is a function from (RY) to R such that [ |¢(z1,...,2,)|dz1 ... ds, < oo, and
f is a function from (R%)™ to [0, 1] corresponding to the value taken by X; at the point

where it is evaluated. The generator £ of the process (X;)i>o is given by

In(f; /Rd /(Rd Z H]IB (.R)e(T5) %‘)) X (H]lB(y,R)(l’i))

1c{1,..n} jé¢I i€l
X [f(y)<H((1—U) m)+U) - foz>
i€l el

+(1- f(y)) (H(l -

el

- Hf(w))]

iel

V(X1 ..., xpn)dry ... dey, dy.
(5.2)

5.1.2 Dynamics of the process

Intuitively, one expects the Red population to ultimately become extinct, because it is
competing against an infinite Blue population. But the interesting question is how is

it going to disappear. The first scenario one can think of is the following:

Scenario 1
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The population becomes extinct in the sense that

Ve € RY Xi(z) — 0 ast — oo,

but the population keeps spreading infinitely far, meaning that the surface area of the
support of X; tends to infinity as ¢ —> oco. This scenario is for example compatible
with the formation of an invasion front, that is the presence of high frequencies near
the boundary of the support of X; that allow the Red population to be sampled. An-
other possibility is the dynamics of thin oil film spreading, that is the frequencies are
always small, apart from certain events where the population reproduces and spreads.

The frequencies are large enough so that the Red population is sampled infinitely often.

This scenario shows the complexity of the spatial dynamics taking place. To gain
some intuition, we consider the situation where there is no space. This corresponds to
the AFV processes we studied in Chapters 2 and 3, when we take the A measure to be
A(du) = u?6y(du). In this case, the AFV process is simply a continuous time Markov
chain. The embedded Markov chain (Z,),>0 for the frequency of the Red population

in this non spatial model is described by:

Lpyl = (1 - U)Zn 4+ Uent1,

En+1 | Zn ~ B(Zn)a

where B(Z,) is a Bernoulli distribution with parameter Z,. It is straightforward to
show that (Z,)n>0 is a nonegative martingale, and therefore converges almost surely.
As a consequence, &, converges almost surely to 0 or 1.

The key fact is that after some finite random time, &,, will remain constant equal to 0
or 1. It means that almost surely in finite time, either the Red or the Blue population

will be the only one to keep reproducing. The reason behind this phenomenon is

118



5.1 Introduction

because if the frequency Z,, is not sampled a few times in a row, it is going to decrease
geometrically, and become rapidly too small to be sampled again. The same reasoning
applies to the Blue population.

The situation without space gives the idea of an additional scenario.

Scenario 2

The population becomes extinct in the sense that

sup Xi(x) — 0 ast — oo,
z€R4

and there exists a random finite set B C R? and an almost surely finite random time
T such that
vVt > T, Supp(Xy) = B a.s. (5.3)

As we have seen, this scenario can happen if after the time 1" the Red population does

not reproduce anymore.

The question is to determine the probability of each of the scenarios, and whether
any other scenarios take place with positive probability. Our main result, Theorem
5.1.3, shows that actually scenario 2 happens with probability one. Somehow, in order
to prove this result, we need to show that Scenario 1, or any other scenario, happens
with probability zero. But given the complexity of the spatial interaction, using upper
bounds to prove that these various scenarios have probability zero does not seem to be
feasible.

A good idea is to use a martingale argument similar to the one in the non spatial case.
In this case, the martingale in question is the total population size, that is the integral
of X; over the whole space. It turns out that the proof is quite straightforward in
the case of discrete space. However, with the continuous space, the geometry becomes

much more complicated. The proof of scenario 2 in the continuous space setting is the
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object of this Chapter.

5.1.3 Main result

Theorem 5.2. Let (X;)i>0 be a Markov process with generator (5.2). Suppose Xo = f
1s deterministic and with bounded support. Then, there exists a random finite set B C

R?, and an almost surely finite random time T such that

Vit > T, Supp(Xt) = B a.s. (5.4)
Furthermore,
sup Xi(z) -0 a.s. ast — o0 (5.5)
z€B

Thanks to the specific choice of p(dr) and v, (du) we took, we can study the process
(X¢)t>0 by relying on the fact that it jumps at finite rate. We can see this by taking

Xo € 8¢ and considering the time of the first change

T = inf{t >0: Xy 75 X()}.

We can express 17 as

Ty = inf{t > 0: (¢t,c,v) € I1, B(¢, R) N Supp(Xo) # 0}.

Using the definition of II, the quantity

Ny = #{(s,c,v) € Il : s < t,B(c,R) N Supp(f)}
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is a Poisson random variable with parameter

t
/ / / ]l{B(C,R)ﬂSupp(f);é@} dv dcds
0 JRZ J[0,1]

=t /]Rd Licesupp(s)ryde

=t|Supp(f)*.

Therefore N; is almost surely finite. As a consequence, conditionally on Xg = f, T} is

exponentially distributed with parameter

A(f) = [Supp(f)"]. (5.6)
We denote by C7 and V; the random variables such that (77,C1,V;) € II. Using
properties of the Poisson point processes, we can argue that
— (1 is uniform on Supp(f)%,
— and Vj is uniform on [0, 1].

Therefore we can construct the process (X;):>0 as a continuous time Markov chain
with total jump rate out of f € S, given by (5.6), and an embedded Markov chain
(Y2)n>0 whose transition probabilities are derived from the conditional distribution of

C1 and Vi. We define precisely this Markov chain in §5.2.

If we denote by A,, the support of Y,,, our first objective is to prove that there exists

some almost surely finite random time x such that
Vn >k, A,=B. (5.7)

This result is stated in Proposition 5.7. The technical condition Yy = adp(c, ) is easily

121



5.2 A discrete time Markov chain

removed in Proposition 5.26. Once we have proved (5.7), we can construct explicitly
(Xt)t>0 thanks to (Y;,)n>0 and prove that it does not explode. This is achieved in
Proposition 5.28. This allows to transfer the result (5.7) to the process (X;)i>0, which

is achieved in §5.5.3, and completes the proof of Theorem 5.2.

Most of the work in this chapter consists in proving (5.7). The major tool is a
martingale argument developed in §5.4.1. The total mass of the population, that is
the integral of the function Y, over R%, is a non negative martingale, and therefore
converges almost surely. However, to be able to exploit this convergence, one needs
to overcome the difficulty brought by the geometry in continuous space. In particular,
one has to handle the dependency between the frequencies at two points = and y in R%.
This crucial step is achieved by considering local averages of the function Y,,, that is
the integral of Y, on a ball with radius R and centre z. In §5.3, we study the properties

of the function

O, (z) = / Y, (z)dz.
B(z,R)
In §5.4, we combine these geometric properties with the martingale argument to prove
(5.7).
5.2 A discrete time Markov chain

5.2.1 Construction

Definition 5.3. Consider R > 0 and 0 < U < 1. Lety be an S.-valued random vari-

able. We construct simultaneously random sequences (Cp)n>1 and (Vy)n>1, a filtration
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5.2 A discrete time Markov chain

(Pr)n>0, and an Sc-valued Markov chain (Yy,)n>0, using the following recurrence:

Yo =y,
Po = o(Yp), (58)
Ao = Supp(Yp).
and form >0,
o Ppi=0(Cp,....,Co,V1,.... Vi, Yo,..., Y0),
e conditionally on Py, Cpni1 is uniform on AL,

o V11 is distributed uniformly on [0, 1], independently from Py, and Cp41,

o Y, .1 is given by the formula

Yora(r) = Yu() + U(sB(CnJth)(') (]l{Vn+1§Yn(Cn+1)} - Yn<)) (5.9)

o Apy1 = Supp(Yni1).

We introduce the notation ent1 := Liy,  <v, (Cni1)}- In particular, the trajectories of

(Ap)n>0 are given by

An=2gU |J B(CwR). (5.10)
1<k<n,
ep=1

Finally, we denote the natural filtration of (Yn)n>0 by Gn := (Yo, ..., Yn).
Remark 5.4. We recall that AR is the R-expansion of the set A,,.

For each reproduction event, the random variables C,, and V,, correspond respec-
tively to the centre of the event and the uniform sampling v, whereas R and U are the
radius of the event and the proportion of the population that is modified. The random

variable €,1 indicates the types of the parent chosen.
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5.2 A discrete time Markov chain

Notation 5.5. Ife,11 = 1, we say that the event is a positive sampling event, because
the total red population increases, whereas when ep+1 = 0 we say that it is a negative

sampling event.

Equation (5.10) shows that if the cluster A,, is to increase, the minimum require-

ment is that there is a positive sampling.

Remark 5.6. Expression (5.10) is true because we assumed U < 1. In this case, the
support and the range of the process coincide. Once a region is occupied by the Red
population it remains occupied at every finite time. Therefore the cluster A, never
shrinks. In the case where U = 1 expression (5.10) will remain true if A, is taken to
be the range.

5.2.2 Result of the cluster convergence

The following result is the expression of our main result in the discrete time setting,

with the temporary technical condition Yy = adp(cy,ry)-

Proposition 5.7. Suppose Yo = adp(cyry), where a € [0,1], b,rg > 0 and Cp € R,

Then, there exists an almost surely finite random time Kk such that

Vn >k, e, =0. (5.11)
Therefore, there exists an almost surely bounded random set B € R% such that

Vn >k, A, =B. (5.12)

Most of the remaining of this chapter is devoted to proving this Proposition. We

first investigate the geometric properties of the model in the next section.
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5.3 Geometry

5.3 Geometry

This section is central, as it allows us to summarise all the geometric properties we

need to prove our result, which is the major difficulty.

Remark 5.8. From now on, unless specified otherwise, we suppose that Yo = a dp(cy ry)-

5.3.1 Y, is piecewise constant
Definition 5.9. For notational convenience, we introduce the sequence

(Rn)n>0 such that

Ry = 1o,
(5.13)

R,=R, n>1

Lemma 5.10. For every n > 0, for every ¢ C {0,...,n}, consider the set A, ¢ defined

by
Anc = () B(Cm,Rm))\ (| B(C}, Ry)). (5.14)
me¢ Jj<n,
J#¢

The function Yy, can be written as

Yo=Y ancba, (5.15)
¢c{0,...,n}

where the sets A, ¢ are all disjoint for a given n, and oy, ¢ > 0.

Proof. We first introduce the shorter notation
Bj = B(Cj7Rj)a J=0.

The fact that the sets A, ¢ are all disjoint for a given n is straightforward, so we just
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5.3 Geometry

Figure 5.1: Geometrical structure presented in Lemma 5.10 - Consider the three
balls By, B2 and Bs. The red region can be expressed as (By N By)\ Bs, whereas the blue
region can be expressed as Bs\ (By U Bs), which illustrates formula (5.14).

need to prove (5.15). But before that, we need to show that

U Anc= CJ B, (5.16)
=1

¢c{o,...,n}

and we proceed by induction on n. The statement is true for n = 0. Suppose now that

it is true for some given n > 0. Let ¢/ € {0,...,n+ 1}.

—If ¢ = {n + 1}, then An+1,<f = Bny1\ Ugc{o,...,n} An,C'

~If (n+1) €/, and ¢’ # {n + 1} then there exists ¢ C {0,...,n} such that

Appi,c0 = Bpp1 N Apg.
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— If (n+1) ¢ ¢/, then there exists ¢ C {0,...,n} such that
An—l—l,(’ = An,C\Bn—‘rl-

Therefore, we see that

U  Awe :( U Bn+1ﬂAn,<) U ( U An,C\Bn+1>

¢'cq{o,...,n+1} ¢c{o,...,n} ¢c{o,...,n}

OB\ U A
¢c{o,...,n}

(U a)uBan U 4w

¢c{o,...,n} ¢cq{0,...,n}

= Bp11 U (CC{H ) An’g-),

and the statement is proven using the inductive hypothesis.

We can return to the proof of expression (5.15). We need to show that for all n > 0,

¢ cHo,...,n},

(:g ¢ | AM) implies (Yn(:c) - 0), (5.17)
¢c{0,....,n}
and
(a:,y € An@) implies (Yn(x) = Yn(y)>. (5.18)

We prove (5.17) by induction on n, and we use (5.16). Statement (5.17) is satisfied
for n = 0 because Yy = adp(cyry)- Suppose now that it is true for some n > 0,

and consider = ¢ U;‘jllBi. In particular, x ¢ B,1, and using the dynamics equation
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(5.9), we find that Y,,41(z) = Y, (x). Because x ¢ U ,B;, we can use the inductive
hypothesis, and we obtain that Y;,(x) = 0, which proves (5.17).
To prove (5.18), we also use induction. It is true for n = 0. Suppose (5.18) is

satisfied for a given n > 0. Consider ¢’ C {0,...,n+ 1}, and take z,y € A,41 .

~ If ¢ ={n+1}, then Ani1,0 = Bny1 N\ Uccqo,...n} Any¢, and in particular

xz,y ¢ U An,(-

¢c{o,...,n}

We have ép,_,(x) = 0p,,,(y) = 1, and using (5.17) we see that Y, (z) = Y, (y) =
0.

—If (n+1) € ¢ and ¢’ # {n + 1}, there exists ¢ C {0,...,n} such that
An—f—l,{’ =B N An,(-

Therefore 6p, ., (x) = 0B, ., (y) = 1, and using the inductive hypothesis, we have

Yo(z) = Ya(y)-

— If (n+1) ¢ ¢, then there exists ¢ C {0,...,n} such that

An—l—l,(’ = An,( \ Bn—H-

In this case dp,,,(z) = 6B, ., (y) = 0, and using the inductive hypothesis, we have

Yo(z) = Ya(y)-

We can express Y, 1 using the dynamics equation (5.9), and we obtain:

Yot1(z) = Yo(z) + Udp,,, (z) (nt1 — Ya(x))

Yo1(y) = Yu(y) + Udp, . (y) (Ent1 = Ya(y))-
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We have proved that for any choice of ¢/, all the terms in the above equations are the

same for = and y, therefore Y;,11(z) = Y,41(y), and we have proved (5.18). O

5.3.2 Variation of the local average

A central tool for the rest of the work is the average of the function Y, on a ball of

radius R and centre z € R, We introduce the following function:

Definition 5.11.
D, (x) ::/ Y, (2) dz. (5.19)
B(

The main result of this section is the following.

Proposition 5.12. For every x,y € RY,
D (y) — Pn(2) < [ly — 2| S(R). (5.20)

The rest of this section is devoted to proving this inequality. For this we need to

introduce some auxiliary functions.

Definition 5.13. Given z,y € R?, for every n > 0, we define

AZ? 210, ly = 2] — 10,00) (5.21)

y—l’
t — Ap(t) =0, z+1 .
(0= 22+t =)

The key property for the proof of Proposition 5.12 is the following.

Proposition 5.14. AyY is a continuous, piecewise differentiable function. Moreover,

for every point t where AyY is differentiable, we have:

dAyY
dt

(t) < S(R). (5.22)
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Proof. We first prove that Aj"Y is continuous and that there is at most a finite number
J of points t; < --- < t; at which A7 is not differentiable. Thanks to equation (5.15)

from Lemma 5.10, we see that ®,, is given by

B, (x) = /B o 2 ancin ()

¢c{o,...,n}

= ) ancB(z, R)N Angl,
¢c{0,...,n}

therefore AyY(t) is given by
x y—=x
¢c{o,...,n}

We simplify the notation by introducing B; := B(Cj, R;), j > 0 and

y—x

T =x+t—m.
ly — ||

The definition (5.14) of the sets A, ¢ and the inclusion-exclusion formula allow us to

prove that for each ¢ C {0,...,n}, there exists a 3, € R such that

ARY(t) = > Buc|B(ze,R)N () Bm)l-

¢c{0,...n} me¢

Given ¢ C {0,...,n}, consider the function

He: [0, ly—zf] — R

t — | B(a¢, R) N ﬂBm|
me(

The continuity of H follows from the continuity of the function ¢ — x;, and this shows

that A>Y is continuous.
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St

L(t, D)

p.®

Figure 5.2: Illustration of py(t) in dimension 2 - The point z is chosen arbitrarily
inside the intersection and is the new origin. The angle ¢ is defined in the local polar
coordinate system. For a given angle ¢ the point p,(¢) is situated on the boundary that is
closest to z. For some values of ¢ it belongs to the mobile sphere S;, and for other values
of ¢ it belongs to the static surface Q. This is why we partition the set [0, 27].
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The set B,, is convex, therefore there exist ¢1, to such that

me(

Hg(t) >0t <t<to (523)

Consider t such that t; < ¢t < to. Thanks to (5.23), this means we can choose a point z
belonging to the interior of B(x¢, R)N(,,,cc Bm- Because B(zy, R)N(,,c¢ Bm is convex,
we can express its area in d-hyperspherical coordinates with z as the new origin. Given
angular coordinates ¢ := (¢1,...,¢4—1), we denote by py(t) the unique point of the
surface of B(x¢, R) N ﬂmec B,, with angular coordinates ¢, and L(t,¢) the distance

between z and py(t). We have:

™ ™ w  rL(t,9)
He(t) = /0 /0 /02 /0 t rd L sind =2 (¢1) sin? 3 (¢o) . . . sin(Gg_z)dr dpg_1 . . . déy.

We denote by )¢ the boundary of ﬂmEC B,,, and by S; the sphere of centre z; and

radius R. We can find a partition Zq,...,Zk of the space
[0, 7)972 x [0, 2n]

such that

Vo € Ej, p¢(t) € QC’
or

Yo € Ej, pd’(t) € St

Therefore we can write H¢(t) as

K L(t,9)
He(t) =) / / t rd L sin?=2(¢1) sin? 3 (o) . . . sin(pg_s )dr de.
=178 /0

Thanks to this representation, we see that a sufficient condition for H. to be dif-
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Qg

\/

Figure 5.3: Partition = in dimension 2 - The green lines define cones converging at z,
such that the intersections of each of these cones with the surface is either entirely included
in S, or entirely included in Q.. This partition simplifies the study of the dynamics of
L(t, ) when S; moves.

133



5.3 Geometry

ferentiable at t, 1 <t < to, is that for every ¢ in the interior of every =;, the function

t — L(t, ¢) is differentiable at ¢t. In this case, the derivative is given by

K
d}i(t) = ]; /Ej %—lt;(t, o) L(t, d))d_l sind_2(¢1) sind_3(¢2) ...sin(¢g_2) do.

We focus now on the differentiability of ¢ — L(t, ¢), where ¢ belongs to the interior
of Z; for some j.

Suppose first that py(t) € €. Because the function ¢ — x; is continuous, and
because z is a fixed point, there exists h > 0 such that for every u € (t — h,t + h),
pg(u) € Q¢. Therefore, there exists h > 0 such that for every u € (t — h,t + h),
L(u,¢) = L(t, ), and t — L(t, ¢) is differentiable at ¢.

In the case where py(t) € S, by the same continuity argument, we obtain that for
every u € (t—h,t+h), py(u) € Sy. Because the distance between z and the projection
of z on Sy along the angle ¢ is differentiable, we conclude that ¢ — L(t,¢) is also

differentiable in this case.

We have proved that for all ¢ # t1,t2, H¢ is differentiable at ¢. Given that

AVt = Y BacHe(t),
¢c{o,...,n}

we conclude that there is at most a finite number of points at which A5 is not differ-

entiable, and this proves the first part of the Proposition.

We need now to show the upper bound (5.22) for the derivative. Suppose Ay is
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differentiable at ¢t. By construction, for all h > 0, B(z¢4n, R) C B(xy, R+ h), so

APY(t+h) = / Y, (z)dz
B(It+h,R)

< / Yo (z)dz
B(ay,R+h)

< |B(ae, R+ 1)].

Therefore, given that AY(t) = |B(x¢, R)|, we have

A(t+h) = ARY(t) _ |B(ay, R+ h)| =Bz, R)|
h - h '

Taking the limit as h — 0, we obtain

dAR . _ dV(R)

(1) < 20 = S(R), (524)

where V' (R) is the volume of a ball of radius R, and S(R) its surface area. O

Proof of Proposition 5.12. We saw in the previous proof that there is only a finite

number of points t1,...,t; at which Ay? is not differentiable. By continuity of Ay"Y,
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and using Proposition 5.14,

Py (y) — Pn(2)

=Mz (lly — =) — AZ¥(0)

J—-1
A5 (ly = 2l) = AEV(E) + D AR (t00) — AT(E)
j=1
+ AT (0) = AZ(0)
J-1
<S(R)(ly = all = t5) + Y S(R)(tjs1 — )
j=1
+ S(R)(t1 —0)
<lly— =l S(R). s

5.4 Finitely many positive sampling events

5.4.1 A martingale argument

Definition 5.15. We denote by M, the total mass of Yy, that is
M, = Yo (z)dz.
R4

Lemma 5.16. The change of the total mass My 1 — M, is given by

Mn+1 — Mn =U (€n+1V(R) — <I>n(C’n+1)) (525)
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Proof. Using (5.9),

Moy — M, = /R d (Yn+1(z) . Yn(z)>dz

—'/@dide«lHJJﬂ(z)(5n+l“}%(Z))dz

=U /B(C”Jth) <€n+1 — Yn(z))dz

=U (€n+1V(R) — CI’n(CnJrl)) O

Proposition 5.17. (M,),>0 is a discrete time nonnegative (Gy)n>0-martingale.

Proof. Thanks to Lemma 5.16 and Definition 5.3, we can calculate explicitly E[ M,, 11 —
M, |G, ] as follows:

E[MnJrl - M, ‘ gn}

:E[U Ly, <V (Crsn )} /B(CnH’R) dz—-U /B(Cn+1,R) Y. (2)dz | gn]
:U/ / |:]1{U§yn(c)}/ dz —/ Yo (z) dz} dv 10625 dc
re J[0,1] B(c,R) B(c,R) | AT
U / [Yn(c) / ds — / Yn(z)dz] Leeat ).

Rd B(¢,R) B(e,R) |AK|

U
= | L teestom tecag Vi(eyizde

a /Rd /Rd L.en(eR) ]lceAﬁ Yo (z)dzdc |.
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In particular, for every f € S,

/Rd /Rd LizeB(e.r)} Licesupp(f)ry f(€)dz de
_/]Rd /]Rd Licep(zr)y f(e)dzde since ¢ € B(z,R) & z € B(c, R)

N /Rd /Rd Lizen(e,r)} f(2)dcdz,

:/Rd /Rd ]l{zeB(C,R)} ]]-{CGSupp(f)R} f(z)dcdz,

so E[ My4+1 — My, |Gy | = 0, which shows that (M,),>0 is a martingale. O

Definition 5.18. Let a > 0 be a real number such that 0 < a < UV(R)/2. We then
define
To :=1nf{p >0:Vn >p, |My41 —M,|<a}. (5.26)

In particular, 7, is not a stopping time, but this is not going to be an issue in what

follows.

Proposition 5.19. The random time 7, is a.s. finite, and Vn > 74,

o .
@n(Cn_H) < E ’&f Ent+1 =0,
(5.27)

(6% .
(I)n(CnJrl) > V(R) - E Zf En+1 = 1.

Proof. We know that M, is a nonnegative martingale, so it converges almost surely
when n — 0o. Therefore 7, is almost surely finite, and by definition, Vn > 74, |M,4+1—

M, | < a. Using Lemma 5.16, we observe that

U(I)n(cn+1) if En+1l = 0,
|Mn+1 - Mn| -

U (V(R) - (I)n<Cn+1)) if En+1 — 1,

which concludes the proof. ]
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5.4.2 Forbidden region

The concept of a forbidden region will allow us to treat probabilistically the geometric

properties established in §5.3.

Lemma 5.20. Forn >0,

{n > 714} N{ex = 1 infinitely often}

Cc{n>71}N ﬂ {sup®; > V(R) — o/U} (5.28)

j=n
Proof. Take j > 14 such that sup®; < V(R) — a/U. Using Proposition 5.19, this
implies that ;41 = 0. In particular, sup ®;41 < sup ®; < V(R) — a/U. By induction,

we just showed that

J 2 Ta J 2 Ta
=
sup®; < V(R) — a/U Vk > j,e, =0
The contrapositive of this implication allows to conclude this proof. O

Definition 5.21. We define the forbidden region F;, to be

Fp:={z R g@%@<vun—%} (5.29)

o
U <
We also introduce the quantity

. V(R) —2a/U
1ﬁ_V<Sw»> (5.30)

The reason for the name forbidden region is motivated by the following lemma,
which tells us that after the time 7, if the local averages are always too high, then

the points C),11 are forbidden from falling in the region F),. Furthermore, this lemma
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provides a lower bound on the surface area of F,.

Lemma 5.22.

{1 >1}tn{sup®; > V(R) — a/U}
C{Cjn1 ¢ Fj, |Fj| = ¥} (5.31)

Proof. An immediate consequence of Proposition 5.19 is

jZTa:>Cj+1¢F'j.

More work is required to obtain the lower bound for the area of the forbidden region. We
first define Pj := {x € R? : ®;(z) > V(R) —/U}. If we assume sup ®; > V(R)—a/U,
then P; is nonempty. We can then take a point y € P;.

The function ®; is continuous, and A; is finite, so the region N; := {z € R? :
®;(x) < o/U} is infinite. Indeed, for every z at a distance from A; larger than R,
®;(x) = 0. In particular, for a large enough positive number R, we can consider I the

sphere of radius R and centre y, and the ball B(y, R) such that

A; C By, R), (5.3
I'c Nj.

For z,y € RY, we denote by [z, y] the line-segment between z and y. We need the

following lemma:

Lemma 5.23. The point y € P; being fizved, for every point x € I', we can find two
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points xg,yo such that:

[0, %0] C F,

['TanO] - [$,y}, (533)
V(R) - 2a/U

— >
o — ol > g

By integrating the result of Lemma 5.23 over all the points x € I', we find that the
volume of F} is larger than the volume of a ball of radius (V(R) —2a/U)/S(R), hence

the result. O

Proof of Lemma 5.23. The function A} defined in (5.21) is continuous, with A7¥(0) =
0 and Afy(Hy —z||) > V(R) — «/U, so there are two points t1,ts € [0, |y — z||] such
that A7Y([t1,12]) = [a/U,V(R) — a/U]. By application of the continuous function

t — 2+t (y—2)/(|ly—=z||), this means that there are two points zg,yo € R? such that
— ®j(x0) = /U,
- @,(y0) = V(R) - a/U.
— Vz € (z0,y0), ®j(2) € (a/U,V(R) — a/U).

The last statement is just the fact that (zo,y0) C Fj. By using Corollary 5.12, we find

that

Iy0 = 2oll S(R) = ®;(y0) — (o)

>V(R)—2a/U.

O]

We reach now the main point of this section, which is an upper bound for the

probability that infinitely many positive sampling events take place.
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Proposition 5.24.

}P’(gk =1 infinitely often)
<> P([({Cjsr & Fy, IFy] = 4} (5.34)
1=0

j=l

Proof. As 7, < > a.s.,

P(e =11i.0.)

=P({7a < oo} N{er=11i01})

=) P{ra=n}n{ep=11i0})
n=0

< iﬂ”({n > 1o} N{er =11.0.1}) (5.35)
n=0

We can write {n > 7,} = (1;2,{j > 7o} Using this in (5.31), we obtain

{n>r}n [ {sup®; > V(R) - o/U}

Jj=n

C ({Cjs1 & Fy, |Fj| > v}

Jj=n

Combining this with (5.28), we have

{n>71}N{ex =110}

C ({Cjs1 & Fy, |Fj > ¢}, (5.36)

j=n

and the result follows.
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5.4.3 Finitely many positive sampling events
Proposition 5.25.
P(sk =1 infinitely often) =0.
Proof. Using Proposition 5.24, we simply need to prove that for every [ > 0,
oo
P(({Cjs1 & Fy, |Fj| = v}) =0.
j=l
By monotone convergence, we have
o n
P((WCjsr & Fj, |Fy| = 4}) = JLI"{DIOP(H{C]'H ¢ Fj, |Fj| > ¢}).
j=l j=l
We work on the right-hand side by first conditioning on Ag:
ﬂ{0g+1¢Fg,!F|>w} ﬂ{0+1¢nglF|>w}!Ao)]-
J=l j=l
We then condition on all but the last reproduction events:
n
P((V{Cys1 ¢ Fiu|F5] = 4} Ao)
j=l
—E [ﬂ{cm ¢ B IR > 0} YCo ¢ Pt | Bl > 0} (5:37)

P(Cotr ¢ FuslFol 2 0180, B Crts s Fa1,Cu) | 0.
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5.4 Finitely many positive sampling events

We can calculate the last term by conditioning on F;,, and Ay:

]P)(Cn-‘,—l ¢ an ‘Fn’ 2 ¢ ’ AOaﬂyclJrla "'7F7’L—17C717F7L7An)

=15, >pP(Crs1 & Fr | Fo, D)

= S >y |AE|
Y

<1l-——=

Y

(U
<1- :
- |Al| 4+ nV (2R)

(5.38)

The second and third equalities come from the fact that conditionally on A,, Cpi1

is sampled uniformly from AF, independently of the past. The last inequality comes
from (5.10):
A, =2/U |J B(CrR).
1<k<n,
ep=1

In particular, it implies that

AR <|AE| + |B(C1, R)®| + -+ + |B(Cp, R)"

<|AF| +nV(2R).

Putting inequality (5.38) into (5.37), we obtain the following upper bound:

P((WCr ¢ B 5] = 0} | o)

j=l

1/1 n—1
<(1- AT nV(QR))IP( jﬂ_l{cm ¢ F,|F > 0} Ao). (5.39)

Inequality (5.39) provides a recurrence relation, which we can solve immediately to
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5.4 Finitely many positive sampling events

obtain

P(jﬂl{cm ¢ Fy, |Fj| = ¥} | Ao) < jHl( ATV aR)

Taking expectation and then the limit as n — co , we obtain

o0 ' lm n 77/)
PO # ol = 0h) = i BT - g )]

[e.e]

¥
<UL g iven)

i=l

We rewrite the infinite random product using logarithms:

< y
0=z ven)

J=l

_ - W
= e (e (0~ [ vamy)

J=l

After observing that

@ZJ ) ar.g. _¢/V(2R)

10 ].— B 9
s R VER) o

we conclude that the infinite product is almost surely equal to 0, and

P(({Cjs1 & Fj, || > ¥}) =0,

j=l
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5.5 Proof of the theorems

5.5.1 Proof of Proposition 5.7

We proved in Proposition 5.25 that with probability one, there are only finitely many
sampling events. This means that there exists an almost surely finite random time

such that
Vn >k, e, =0. (5.40)
We recall the dynamics of the cluster A,, described by (5.10):

An=20U |J B(CwR).

1<k<n,
8k:1

Therefore, if we define B := A, we have

Vn >k, A,=DB, (5.41)

and the proof of Proposition 5.7 is complete.

We can now generalise Proposition 5.7 by removing the technical condition on the

starting point and allowing Yy to be any function in S..

Proposition 5.26. Suppose Yy = f € S.. Then, there exists an almost surely finite

random time Kk such that

Vn >k, e,=0. (5.42)
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5.5 Proof of the theorems

Therefore, there exists an almost surely bounded random set B € RY such that
Yn >k, A,=B. (5.43)

Proof. We proceed by coupling Y with a Markov chain Y with the same transition
probabilities, but started from }70 = 0B(Cy,ro) Such that ¥y < 170. We denote the initial
conditions by Yy = f and Yy = f. We first build Y as described in Definition 5.3.
We then use the sequences (én)nZI and (Vn)nzl that we used to construct Y in the

following way. First consider the random sequence Y’ defined by Y = f, and for n > 0,

it = Yot Ubpa o m (Lg, o evg @y — Yo)-
We can prove by induction that
Vn>0,Y <Y, (5.44)
It is of course true at n = 0, and then we just observe that if Y, < 17”, then

Ve /
Yn+1 - Yn+1

=(1=Udpc,,,m) (V=)

U056 ,01) (L0 <90 @) ~ T <G}

>0.

We denote by A and A’ the respective sequences of supports, and in particular we

have proved that
Vn >0, Al C A, (5.45)
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5.5 Proof of the theorems

We define the sequence of (U(ﬁn, f))n>0—stopping times (Jy,)n>0 by setting

Jo = Oa
(5.46)

~ , R
Int1 =1inf{k > J, : C) € ( k—l) }.

We now construct (Y;,)n>0, (Cpn)n>1 and (Vy,)n>1 by taking

Y=Y, n>0

Q

nizaJn,nzl

n::f/Jn?nZI.

<

We denote by A,, the support of Y,,, and we define the filtration (P,),>0 to be

Po = o(Yo),

Pn ::U(Cla"'7Cnam>'-'avn>1/b7"'7yn)a

By construction, conditionally on P, C, 1 is distributed uniformly on AZ. Because
Vi1 is independent of P,, we conclude that the law of Y is the one given in Definition
5.3.

Using (5.44), we see that
Y, =Y) <Yy, (5.47)
We introduce

6n+1 = ]lyn(’cvn+1)2‘7n+1 ’

Ent1 = Ly, (Cpi)>Virs

Because f: a 0B(Cy,ro)» We can use Proposition 5.7, and we obtain that there exists &
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5.5 Proof of the theorems

almost surely finite such that

Yn >R, &, =0. (5.48)

In particular, this implies that there exists x almost surely finite such that

Yn >k, &5 =0. (5.49)

Combined with (5.47), this implies that

Vn >k, e,=0, (5.50)

and the conclusion follows. O

5.5.2 The continuous time process is non explosive

We are now going to construct explicitly the process (X¢)¢>0 with generator (5.2) as a

continous time Markov chain, by using (Y;,)n>0 as the embedded Markov chain.

Definition 5.27. Consider an i.i.d sequence (E1, Ea,...) of Exp(1) random variables.

We define the jump times (Tp,T1,...) by setting To = 0 and

n>1, (5.51)

where A(f) == |(Supp(f))F| for f € S..

We can then define a stochastic process (Xi)i>o by setting

Vn > 0,Vt € [Tn, Toi1), Xi=Yy. (5.52)

We recall that the set (Supp(f))® is the R-dilation of the support of f, that is the
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5.5 Proof of the theorems

set of points at a distance less than R from the support of f. The quantity A(f) is
its surface area, and we have seen in §5.1.3 that this is the correct rate at which the
process (X;)¢>0 jumps out of the state f. This will be verified in Proposition 5.28 by

checking that we have the correct generator.

Proposition 5.28. The process (Xi)i>0 constructed in (5.52) is a non-explosive S.-

valued continuous time Markov chain. Moreover, its generator is given by (5.2).
Proof. The first thing to verify is that X; is really defined for all nonnegative ¢t. This
is equivalent to saying that

P[Tn—>ooasn—>oo]:1,

that is
9] E,
P Sy ==t

We show in Proposition 5.7 that (A,),>0 converges in a finite number of steps to a
bounded set B. This means that almost surely, there is a random time x such that for

all n > k,
A(Yn) = [BF|

which implies that

o0
- > B
S Dn_omel s
n=rk+1 )\(Yn—l) ‘BR|

Therefore (X)¢>0 is a stochastic process defined for all ¢ > 0. The Markov property is

obvious, and this shows that (X;):>0 is a non-explosive continuous time Markov chain.
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5.6 Conclusion

Therefore, we can write the generator of (X;);>o for functions G : Sc — R as

1
o= [ [ Ol Uitz ~ H] - G dvde

If we take G = I,,(-,) as defined in (5.1), the generator of (X¢);>o takes the form
(5.2). O

5.5.3 Proof of Theorem 5.2

We have seen in Proposition 5.28 that the process (X¢):>0 is a non explosive continuous
time Markov chain. Therefore, the trajectories of (X;):>o are completely described by
its embedded Markov chain (Y},)n>0.

In particular, for all n > 0, for all ¢t € [T,,, T),4+1), Supp(X;) = A,. Using the result
from Proposition 5.26, and the the sequence of times (7},)n>0 defined in (5.51), there
exists a finite random set B C R?, and an almost surely finite random time 7" := T,
such that

vVt > T, Supp(X;) = B as. (5.53)

The second point to prove here is the extinction of the population. From Proposition

(5.26),
Vn >k, e, =0. (5.54)

This implies that at every point z, the frequency (X(z)):>r converges geometrically

to zero, which concludes the proof.

5.6 Conclusion

Although the SAFV is constructed in great generality, our study was restricted to the

case u(dr) = 6r and v,(du) = dy. Our result holds because the surface area of A,
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5.6 Conclusion

increases at most linearly with n.
We could imagine extending the same result using practically the same method to

the case where

/ rp(dr) < oo,
(0,00]

because the process still jumps at finite rate, and the surface area of A, is at most of
order nE(R), where R is a realisation of the random radius. The problem is the fact
that the radii are random makes the construction of the Markov chain more compli-
cated. Morally the result remains true in this case, but the proof becomes significantly

more complicated.

The situation where

/ rdu(dr) = oo
(0,00]

is radically different, because now the process jumps at an infinite rate. The problem
is that we do not have a description of the geometry of the process at time ¢t > 0. The
behaviour is not obvious, and it cannot be simulated. For us this remains an open

question, which would certainly require different techniques.
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Chapter 6

Conclusion

Our objective in this thesis was to present in a unified manner the models arising in
the “A” world, that is the A-coalescent processes, the A-Fleming-Viot processes and
the Spatial A-Fleming-Viot processes. We wanted to show that their mathematical
structure is quite intuitive, especially when studied with the right objects, and that
keeping in mind the forward-backward in time duality helps in solving some difficult
problems.

Our first result, the fact that the allele frequencies in certain coalescent processes
follow a Poisson-Dirichlet distribution, shows that whereas the traditional method for
understanding the distribution of allele frequencies is to use the coalescent approach,
actually much can be gained by considering the forward-in-time process. Although this
process is a “larger” object, tools like the lookdown construction allow one to analyse
it in a very tractable manner.

The second result is that it is not that difficult to modify existing statistical methods
to take into account A-models. This is particularly true for MCMC methods, where one
can innovate significantly by simply creating a move that handles some specificity of
the data or the model. We proposed a single move, the Merge-Split move, that allows

us to incorporate the A coalescents into a rich statistical framework.
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Finally, our third result was the proof of some non trivial behaviour brought by in-
corporating this A-behaviour of the reproduction mechanism into a spatial setting. The
mathematical result that an allele spreads only finitely far certainly has consequences
for the spatial distribution of allele frequencies. It would be very interesting to analyse
these aspects. However, our work in this respect showed that this kind of models needs
a radically different set of analytic methods, as the existing literature on interacting

particle systems treats models with a much simpler structure.

We see future development of the work in this thesis in two aspects. On the math-
ematical side, many very exciting features of the spatial version for the model need to
be investigated. For example, we were looking at the initial condition of the process
being a bounded region of R%. Another situation to investigate is when we split the
plane in two halves, the left being red and the right blue. One interesting question
is how the interface fluctuates as time tends to infinity. Significant asymptotic results
in this direction have been obtained in ( ), but a more detailed
analysis of the local structure remains open.

On the applied side, we believe there is a real need for completing the work we have
initiated concerning the development of Bayesian methods for A-coalescent models.
There is growing literature on the theoretical justifications of these models given various
biological scenarios. What is also needed is a robust and generic tool that would allow
us to perform large scale statistical inference. We have proved in a simple setting that
there is no real obstruction for producing such a tool.

Still on the applied side, we didn’t have time to develop any analysis of the spa-
tial model. We believe that, because of its universal structure, this model can be a
framework that could handle a very large number of biological situations. This is a
very desirable feature, because it means we can develop generic methods that could

be implemented in many different situations. This is particularly relevant because of
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the vast literature concerning spatial genetics, and in particular the large number of

techniques used in various fields (genetics, ecology, epidemiology, etc...).
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