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Abstract

Squeezed light is expected to enable new quantum metrology and quantum computation
applications, but the very high degree of experimental control required in practice places
severe demands on the physical devices used to generate it. As ultrafast squeezed light
sources are reaching an unprecedented degree of brightness and modal control, there is a
strong interest in developing methods for their experimental characterization and theor-
etical understanding. In this thesis, we demonstrate both a new application and a new
characterization technique for pulsed squeezed light.

In the first part of the thesis, we present a new metrological application of pulsed
squeezed light: quantum-enhanced label-free nonlinear microscopy. Stimulated emission
microscopy (SEM) is a state-of-the-art pump-probe microscopy technique whose sensitiv-
ity is ultimately limited by shot noise in the probe beam. We propose to overcome this
fundamental limitation by using a sub-Poissonian probe generated via optical parametric
amplification. We demonstrate an intensity-squeezed sub-picosecond pulsed probe, and a
simple stimulated emission microscope. Using this squeezed probe, sub-Poissonian statistics
are observed in the SEM signal. After this proof-of-principle experiment, we aim to provide
an improved design for a source of intensity-squeezed light. First, we develop a theoretical
framework to simulate the photon statistics of a general sub-Poissonian source, considering
pulsed and focused pump and seed fields in a unified spatio-temporal description. Next, we
use this framework to suggest possible improvements to our previous squeezed probe.

In the second part of this thesis, we provide new theoretical and experimental tools to
analyze the high gain regime of pulsed spontaneous parametric down-conversion (SPDC).
We study a waveguided source capable of generating twin-beams with tens of photons in a
single spatio-temporal mode. We develop a framework to efficiently simulate SPDC for an
arbitrary nonlinear gain, including the effect of parasitic nonlinearities such as self-phase
modulation (SPM) of the pump and cross-phase modulation (XPM) between pump and
twin-beams. We experimentally characterize our source using a new technique based on
stimulated difference-frequency generation (DFG). In a type-II down-conversion process,
we measure the frequency generation produced not only in the orthogonal polarization
to the seeding beam, but also in its same polarization, which we interpret as cascaded
difference-frequency generation. We argue that the additional information obtained in this
measurement allows for a self-referenced estimation of the squeezing gain. Using these
measurements, we accurately fit our theoretical model, revealing that, in the high gain
regime, parasitic nonlinearities strongly affect the spectral structure of the twin-beams. We
propose a simple strategy to reduce the impact of these nonlinearities on the modal structure
of SPDC.
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Chapter 1
Introduction

Light has played a crucial role in the history of quantum physics. The first hint at the incom-

pleteness of classical mechanics was contained in the solution to the black-body spectrum

problem proposed in 1900 by Max Planck, which required the seemingly strange assumption

that light must be emitted and absorbed in packets of energy. Soon afterwards, in 1905,

Einstein consolidated the concept of light quanta by using them to explain experimental

data from the photoelectric effect [1]. Light played a central part again in the landmark

experimental demonstrations of Bell nonlocality in the 70s and 80s [2,3], and since then

quantum optical setups have been fruitful testbeds to validate different fundamental fea-

tures of quantum theory (e.g. contextuality [4]). A major research effort is currently being

made towards preparing and manipulating large quantum systems, whose evolution cannot

be simulated by current classical computers. Nonclassical light offers a promising, although

experimentally challenging, avenue to prepare and measure large quantum states [5]. Ana-

logously to alternative candidate platforms, the scaling up of quantum optical setups is

challenged by the extremely fine experimental control required by this enterprise. Indeed,

2
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it seems that mastering optical engineering will be the prerequisite to achieving substantial

fundamental advances with nonclassical light.

Besides its fundamental interest, quantum optics is also at the center of the current

program to leverage quantum effects in order to build technology with unprecedented cap-

abilities. Optical quantum random number generation [6] and cryptography [7] are mature,

currently commercialized technologies. Optical quantum computation and metrology [8] have

seen great advances since their inception, but currently require an improved optical control

in order to become widespread technologies. Again, the success of optical quantum techno-

logies hinges on the availability of highly controllable optical devices, as well as of complete

and reliable optical characterization techniques.

In this thesis we tackle the challenge of designing and characterizing pulsed sources of

nonclassical light in two different contexts. In our first project, we consider a new application

of intensity-squeezed light to a biologically relevant metrology problem. In our second

project, we address the problem of building and characterizing a source of pulsed twin

beams operating in the high gain regime of parametric down-conversion.

1.1 Thesis outline

This thesis is divided into an Introduction, two main Parts, corresponding to the two distinct

projects mentioned above, and a Conclusion. Each Part contains one or more Chapters,

which are numbered consecutively. In Section 1.1 of the Introduction (Chapter 1), we

provide the thesis outline. In Section 1.2, we define some basic concepts and notation used

throughout the thesis. More specific background on each of the two projects is provided at

the beginning of the relevant chapters.
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The first part (Part I) contains the work done in relation to a novel use of nonclassical

light to aid in a biological metrology problem. We propose to improve a state of the art

label-free non-linear microscopy technique called stimulated emission microscopy by using

bright intensity-squeezed states of light as optical probes.

In Chapter 2 we lay out our proposal to achieve quantum-enhanced stimulated emission

microscopy. We begin the chapter with a presentation of stimulated emission microscopy,

and a rationale to use sub-Poissonian light to improve its sensitivity. We then provide a

design of a source based on optical parametric amplification of a coherent seed. Finally,

we present our experimental results and assess the limitations of the current experimental

setup. We conclude that an improved design for our sub-Poissonian light source is necessary,

for which we require a more detailed model of the parametric amplification process than

was available to us at the time of the experiment.

In Chapter 3, we develop a theoretical framework to model the photon statistics obtained

by phase-sensitive amplification of pulsed and focused coherent states in an optical paramet-

ric amplifier. We analyze the spatio-temporal structure of parametric amplification, first

considering spatial and temporal degrees of freedom of the interacting beams separately,

and finally considering an integrated spatio-temporal description. This modelling frame-

work allows us to quantify the effect that different optical propagation phenomena have on

the achievable squeezing. Finally, we use this insight to propose an improved design for a

sub-Poissonian light source.

The second part (Part II) contains the work done in relation to the generation and

characterization of twin-beams in the high-gain regime of parametric down-conversion.

In Chapter 4 we present a new theoretical framework to efficiently simulate the emission
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of waveguided high-gain pulsed twin-beam sources. This framework admits an arbitrarily

high parametric gain, and includes parasitic nonlinear phenomena such as self-phase mod-

ulation and cross-phase modulation of the pump field. The addition of these phenomena

is motivated by the experiments reported in Chapter 5. We begin the chapter by present-

ing the equations of motion obeyed by the interacting fields in a waveguided parametric

down-conversion process, in the presence of parasitic nonlinearities, under a small set of

assumptions. We then solve these differential equations, obtaining a non-iterative solution

for a simple case. Finally, we illustrate the usefulness of our framework by computing the

high-gain joint spectral amplitude of a twin-beam source.

In Chapter 5 we demonstrate a general experimental framework to characterize broad-

band twin-beam sources in the high-gain regime. In the first place, we introduce cascaded

stimulated emission tomography (SET), a technique which generalizes previous seeded meas-

urements of pulsed twin-beam sources: one polarization of a pulsed, type-II PDC source is

seeded with a narrowband field, and the broadband light generated in both output polariz-

ations is measured. We show that the redundancy offered by this measurement allows for

the self-referenced inference of the PDC interaction strength, and also provides information

about the spectral phase of the biphoton joint spectral amplitude. Using the information

offered by cascaded SET, together with a small number of complementary measurements,

we fit the theoretical model of twin-beam generation provided in Chapter 4. With this

fitted theoretical model we can interpret several features of the spectral data, assigning

them to parasitic nonlinearities besides PDC. Moreover, we use this fitted model to identify

limitations of the current source design, and to explore new designs which overcome these

shortcomings.
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1.2 Basic concepts and notation

In this section we present some basic theoretical tools used throughout this thesis. We

assume that the reader is familiar with the formalism of quantum mechanics, as well as with

classical electromagnetism. Here, we begin with a brief presentation of quantum optics,

which will serve as background for the rest of the thesis. We then provide a summary of

ultrafast linear optics, reviewing some key phenomena related to the propagation of ultrafast

optical pulses in dielectric media. The concepts presented here will be relevant throughout

the thesis, and the notation that we introduce will be extensively used in Chapter 3. Next, we

give a brief presentation of nonlinear optics, noting its relevance both as a means to generate

non-classical quantum states of light, and as a tool for classical optical engineering. Finally,

we focus on the quantum applications of nonlinear optics, using broadband parametric down

conversion as a paradigmatical example.

1.2.1 Quantum optics

Quantum optics is the quantum theory of light and its interaction with matter, and provides

a single description which accounts for the wave-like and particle-like phenomena exhibited

by the electromagnetic field. A quantum field theory can be obtained from its classical

counterpart through a Hamiltonian quantization procedure. This procedure consists in

providing a Hamiltonian that is numerically equal to the energy of the system, as well as a

set of commutation relations for the field amplitudes. These commutation relations should

be specified such that we can apply the Heisenberg equation of motion to the field amplitudes

and successfully retrieve the classical equations of motion.
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Choice of fundamental fields

The classical evolution of optical fields in charge and current free, non-magnetic media such

as we consider in this thesis is given by the simplified Maxwell equations

∂

∂t
B = −∇×E, (1.1)

∂

∂t
D = ∇× (B/µ0), (1.2)

∇ ·D = 0, (1.3)

∇ ·B = 0, (1.4)

where µ0 is the vacuum permeability and the displacement and electric fields are linked by

the constitutive relation

D = ε0E + P. (1.5)

It is common practice to adopt the electric field as a fundamental field, writing the

polarization P as a function of E. This, however, has been shown to be incompatible with

a consistent Hamiltonian quantization procedure whenever the polarization is a non-linear

function of E [9,10]. A simple argument runs as follows [10]: choosing E as the fundamental

field, we express it as a linear superposition of creation and annihilation operators: E =

poly1(aσ, a
†
σ), where σ labels bosonic operators fulfilling [aσ, a

†
σ′ ] = δσ,σ′ , and polyM is

shorthand for a polynomial of order M . We also assume that B = poly1(aσ, a
†
σ), since we

are considering a non-magnetic material. Writing the nonlinear electric polarization as a
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power series of order N in the electric field, P = polyN (aσ, a
†
σσ), the Hamiltonian will be a

polynomial of order N + 1 [10] in the bosonic operators: H = polyN+1(aσ, a
†
σ). Now, using

the Heisenberg equation of motion to compute the temporal evolution of the magnetic field,

we find

∂tB = [B, H]/(i~) = [poly1(aσ, a
†
σ),polyN+1(aσ, a

†
σ)] = polyN (aσ, a

†
σ), (1.6)

clearly contradicting the Maxwell-Faraday equation (1.1), which states that the time deriv-

ative of the magnetic field is linear in the electric field, and thus a linear combination of

bosonic operators. This contradiction does not occur if we choose the electric displacement

field, D, as our fundamental field. Moreover, working with D guarantees that our fields

fulfill Gauss’ Law (Eq. 1.3), which greatly simplifies calculations. This is not true for the

electric field, E, in non-homogeneous dielectric structures.

Given our choice of fields and neglecting material dispersion and absorption, we write

the polarization in a dielectric material as a series of the form

Pi = Γ
(1)
ij Dj + Γ

(2)
ijkDj Dk + . . . (1.7)

where summation over repeated indices is implied. The linear coefficients Γ
(1)
ij can be simply

related to the usual linear susceptibilities, χ
(1)
ij , as [10]

1− Γ
(1)
ij = (1 + χ

(1)
ij )−1 (1.8)

To include the effect of material dispersion, the definition of the polarization has to be
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generalized to represent a response function of the form

Pi(t) =

∫
ds Γ

(1)
ij (t− s)Dj(s) + ..., (1.9)

accounting for a frequency-dependent response of the material. Denoting the Fourier trans-

form of a temporal function as

f(ω) = F{f(t)} =

∫
dt√
2π
eiωtf(t), (1.10)

this response is expressed in the frequency domain in terms of a simple transfer function

Pi(ω) = Γ
(1)
ij (ω)Dj(ω) + ... (1.11)

Field quantization in vacuum

Here we will proceed to apply a quantization procedure to an optical field in the vacuum.

From classic electromagnetism arguments [11], we can write the energy density of the elec-

tromagnetic field as

H =

∫
H · dB + E · dD (1.12)

which, given the constitutive relation Eq. 1.5 and the expansion of the polarization in terms

of the displacement field in vacuum Eq. 1.77, yields

Hvac =
B2

2µ0
+

D2

2ε0
(1.13)
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with the Hamiltonian H given by the integral over space of this energy density. It has

been shown in [12,13] that the commutation relations that recover Maxwell’s equations for

the operators D and B using the Hamiltonian given above are

[D̂j(r), B̂l(r
′)] = i~ εjlm

∂

∂rm
δ(r− r′), (1.14)

[D̂j(r), D̂l(r)] = [B̂j(r), B̂l(r
′)] = 0. (1.15)

where εjlm is the Levi-Civita symbol and {j, l,m} label Cartesian coordinates.

To recover a more familiar expression for the field commutators, we expand the D and

B fields in the basis of the harmonic solutions of the linear Maxwell equations. Assum-

ing linearly polarized fields in vacuum, said solutions are the plane waves in orthogonal

polarizations

D̂(r, t) =

∫
dr

√
~ωε0
2πV

ei(k·r−ωt) â(k) + h.c (1.16)

B̂(r, t) = i

∫
dr

√
~ωµ0

2πV
ei(k·r−ωt) â(k) + h.c (1.17)

with the dispersion relation |k| = ω/c, where V is a quantization volume. The amplitude

â(k), now considered a quantum operator, can be written in terms of the magnetic and

displacement fields (also quantum operators). Doing so, we find that â(k) and â†(k′) satisfy

the bosonic commutation relations [14]

[â(k), â†(k′)] = δ(k− k′) (1.18)

[â(k), â(k′)] = [â†(k), â†(k′)] = 0 (1.19)
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which identifies them as creation and annihilation operators. Moreover, the free evolution

Hamiltonian can be re-written in terms of these operators, yielding the familiar expression

Hvac =

∫
dk ~ω

(
â†(k)â(k) +

1

2

)
(1.20)

Quantizing the electromagnetic field in a general nonlinear, absorptive and dispersive

medium has been the subject of much work [9,13,15–18]. A considerable difficulty is met

when trying to quantize the fields in a dispersive medium: while the dispersive character

of the medium requires P to depend on D at possibly all previous times (Eq. (1.9)), the

Hamiltonian is by definition a state functional and therefore can only involve dynamical

variables at a single time (the present). This is solved in [16] by introducing additional

auxiliary harmonic oscillators representing the dielectric medium, which are coupled in a

frequency-dependent way to the electromagnetic field. Here we will not delve into this

question, but will only mention that the usual quantization of the electromagnetic field

holds in the dispersive case, provided that the right normalization of the fields is used.

Simple states and observables

We will now concentrate on a single monochromatic mode of the electromagnetic field, de-

scribed by the bosonic operators (a, a†), where we drop the label k. Using the commutation

relation [â, â†] = 1, we can compute some simple observables of the field. For convenience,

we will set the reduced Planck constant to unit (~ = 1). The operator

n̂ = â†â (1.21)
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is the photon number operator, as its eigenvalues correspond to those of the free-evolution

Hamiltonian, rescaled by the photon energy. The eigenvectors of the photon number oper-

ator, |n〉 are called Fock states, and define a complete basis for the state of the electromag-

netic field in this mode. The creation and annihilation operators receive their name from

the way that they act on the Fock states, by either adding or removing a photon:

â†|n〉 =
√
n+ 1 |n+ 1〉 , â|n〉 =

√
n |n− 1〉 , â |0〉 = 0, (1.22)

where the Fock state |0〉 is called the vacuum state.

Combining the creation and annihilation operators we can construct two observables,

X̂ =
â+ â†

2
, P̂ =

â− â†

2i
, (1.23)

called the field quadratures. These correspond to the sine and cosine components of a

monochromatic electromagnetic field, and are canonically conjugate observables with a com-

mutator [X̂, P̂ ] = i, analogously to the position and momentum of a harmonic oscillator.

While the vacuum state exhibits a zero mean and variance of the photon number operator,

〈0|n̂|0〉 = 0 and 〈0|n̂2|0〉 = 0, the same is not true for the quadrature operators. The

quadratures of the vacuum state have a zero mean 〈0|X̂|0〉 = 〈0|P̂ |0〉 = 0, but a non-zero

variance, as the Heisenberg uncertainty principle requires that

var(X̂)var(P̂ ) ≥ | i
2

[X̂, P̂ ]|2 = 1/4. (1.24)
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In particular, defining the rotated quadrature

X̂θ =
eiθâ† + e−iθâ

2
, (1.25)

the vacuum state is a minimum uncertainty state with var(X̂θ) = 1/2 for all phases θ.

Simple transformations

In the Heisenbeg picture of quantum mechanics, the evolution of the quantum state due to

a given Hamiltonian is expressed as a transformation of the field bosonic operators. We will

now calculate the effect of some simple Hamiltonians.

Let us first consider the displacement Hamiltonian,

Ĥdisp(α) = i~α â† + h.c. (1.26)

Applying the Heisenberg equation of motion, we find that Ĥdisp(α) generates the following

evolution of the annihilation operators:

∂t â(t) = − 1

i~
[Ĥ, â(t)] = α,

⇒ â(t) = â(0) + α t

(1.27)

which we identify as a displacement. Thus, the unitary operation D̂(α) = exp(α â†− h.c) is

called the displacement operator, as it generates the transformation

D̂(α)† â D̂(α) = â+ α. (1.28)
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The state that we obtain by acting on the vacuum state with the displacement operator is

called a coherent state

|α〉 = D̂(α) |0〉, (1.29)

which, like the vacuum state, is a minimum uncertainty state with var(X̂θ) = 1/2 for all

phases of the rotated quadrature X̂θ.

A second important mode transformation is that describing a four-port beam-splitter.

This ubiquitous unitary transformation describes not only the effect of semi-transparent

optical elements, but rather a very general class of linear mode-mixing interactions such

as polarization splitting in a polarizing beam-splitter (PBS), sum-frequency generation in

a quantum pulse gate [19] or light-matter interaction in a warm-vapor quantum memory [20].

The effect of a beam-splitter on two input modes represented by the bosonic operators â1

and â2 is

â1 →
√
T â1 +

√
1− T eiφ1 â2

â2 →
√

1− T eiφ2 â1 −
√
T ei(φ1+φ2) â2

(1.30)

where T is the fraction of input photons that are transmitted, 1− T is the fraction of input

photons that are reflected in the beam-splitter, and φ1, φ2 are two free phases.

Finally, a central transformation in this thesis is that generated by the (in general two-

mode) squeezing Hamiltonian,

Ĥsq = −i ξ
2
â†1 â

†
2 + h.c. (1.31)

where ξ is a complex number referred to as the squeezing parameter. The evolution of the
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bosonic operators that this Hamiltonian generates is

∂t â1(t) =
i

~
[Ĥsq, â1(t)] = −ξ â†2(t)

∂t â
†
2(t) =

i

~
[Ĥsq, â

†
2(t)] = −ξ∗ â1(t)

⇒ â1(t) = cosh(r) â1(0)− eiθ sinh(r) â†2(0)

⇒ â†2(t) = cosh(r) â†2(0)− eiθ sinh(r)â1(0)

(1.32)

where we have decomposed the product ξ t into its magnitude and phase, ξ t = r eiθ. In

the degenerate case in which the two modes coupled by this Hamiltonian are the same

(â1 = â2 = â), and assuming a real ξ, the quadrature operators are transformed in the

following way:

X̂(t) = X̂(0) exp(−r) , P̂ (t) = P̂ (0) exp(r), (1.33)

where the X̂ quadrature has been squeezed and the P̂ quadrature antisqueezed. In the

non-degenerate case (â1 6= â2), the two-mode squeezing Hamiltonian generates correlations

between the two modes. Defining the sum of the X̂ quadratures X̂+(t) = X̂1(t) + X̂2(t),

and the difference of the P̂ quadratures P̂−(t) = P̂1(t) − P̂2(t), the two-mode squeezing

Hamiltonian generates the transformation

X̂+(t) = X̂+(0) exp(−r) , P̂−(t) = P−(0) exp(−r) (1.34)

For a squeezing parameter tending to infinity r →∞, a measurement of one quadrature of

the first mode yielding X̂1 = x1 ( P̂1 = p1), immediately implies that the outcome of an
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analogous measurement on the second mode would yield, X̂2 = −x1 (P̂2 = p1), regardless of

the physical locations of these modes. This form of correlation was discussed by Einstein,

Podolsky and Rosen in 1935 [21], and unveiled one of the most characteristic features of

quantum mechanics: non-locality.

In particular, the two-mode squeezing Hamiltonian applied on vacuum creates perfect

photon-number correlations between the two-modes that it acts on [22]:

exp(−i Ĥsqt)|0, 0〉 = cosh−1(r)
∞∑
n=0

[
− expiθ tanh(r)

]n
|n, n〉 (1.35)

In the low-squeezing limit, the state generated in this interaction is well approximated as a

sum of the vacuum and two-photon components, |ψ〉 ≈ |0, 0〉 + r exp(iθ) |1, 1〉. This state

has been used to herald the generation of a single photon in one mode upon detection of

a photon in the other mode [23]. In the high-gain regime, where more than a single pair of

photons is created on average, a pair of optical modes in this quantum state are referred to

as twin-beams. The description and characterization of such twin-beams will be the focus

of Chapters 4 and 5.

Broadband modes

The monochromatic modes that we have considered until now are sometimes not well suited

to describe the quantum properties of pulses of light. For instance, the light generated by a

pulsed mode-locked laser consists of a superposition of plane waves of different frequencies.

Assuming propagation in the z direction, such that kz(ω) = ω/c is the wavenumber of a

plane wave of frequency ω, it is useful to define an annihilation operator that acts on a
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superposition of frequencies as

Â =

∫
dω f(ω) â(ω), (1.36)

where â(ω) are the monochromatic annihilation operators introduced earlier, and f(ω) is a

frequency dependent amplitude. If
∫
dω|f(ω)|2 = 1, the broadband creation and annihila-

tion operators fulfill the usual bosonic commutation relations, [Â, Â†] = 1. A coherent pulse

of light with a spectral amplitude f(ω) can thus be written simply as a displaced vacuum,

where the displacement is effected on the corresponding broadband mode

|αf(ω)〉 = exp(α Â† − h.c) |0〉 (1.37)

Similarly, a single photon in a superposition of frequencies is suscinctly expressed as a

broadband annihilation operator applied on the vacuum state:

|1f(ω)〉 = Â† |0〉 (1.38)

1.2.2 Ultrafast linear optics

In this thesis we will deal with pulses of light propagating in dielectric materials. The linear

propagation of these pulses (i.e. the evolution of the fields neglecting the nonlinear medium

polarization) has a great influence on the classical and quantum properties of the light that

we can generate. We will here recall some basic notions about linear propagation of light in

dielectric media, providing basic notation for the following chapters.

The linear propagation of light in a dielectric medium is given by Maxwell’s equations,
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from which we can write the general wave equation

∂2

∂t2
D + ε0 c

2 ∇×∇×E = 0 (1.39)

with c = (ε0 µ0)−1/2, and where we assume that the material polarization is a linear com-

bination of the electric displacement at different times,

Pi(t) =

∫
ds Γ

(1)
ij (t− s)Dj(s). (1.40)

This deceivingly simple-looking equation can describe a large variety of physical phenomena,

depending on the specific relation between the electric field and the electric displacement.

In what follows we will unpack some of these phenomena.

Material dispersion

We begin by considering the linear propagation of a pulse in an isotropic, homogeneous

linear medium. This is a good description of optical elements made of amorphous materials,

such as glass lenses or prisms. It is also a good approximation of the propagation of linearly

polarized beams in birefringent crystals, as long as the polarization of the beam is aligned

with one of the optical axes of the crystal.

In homogeneous and isotropic media, we can omit the vectorial nature of Γ
(1)
ij , as well

as its spatial dependence. Then, in the frequency domain, the electric field is suscinctly

written as a function of the displacement field:

E(ω) =
1− Γ(1)(ω)

ε0
D(ω) =

1

ε0 εr(ω)
D(ω) (1.41)
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where Γ(1)(ω) is the Fourier transform of Γ(1)(t) and εr(ω) is the usual frequency-dependent

relative permittivity of the dielectric. Due to the linearity of Maxwell’s equations, the

propagation of any temporal waveform (pulse) can be expressed as a superposition of mono-

chromatic harmonic solutions:

D(r, t) =

∫
dω√
2π

D̃(+)(r, ω) e−iωt + D̃(–)(r, ω) eiωt (1.42)

where we have separated the solutions into a positive and a negative frequency component,

fulfilling D̃(+) = (D̃(–))∗. These harmonic solutions obey the Helmholtz equation

∇2D̃(+) + k2(ω)D̃(+) = 0 (1.43)

where k(ω) = ω n(ω)/c is the frequency-dependent wavenumber and n(ω) =
√
εr(ω) is the

frequency-dependent refractive index.

We will first consider the plane-wave solution of this equation, assuming that the field

varies only in one direction and neglecting its transverse confinement. This will allow us to

focus on the temporal aspects of wave propagation in a dispersive medium. The positive-

frequency component of a plane wave propagating in the z direction is written:

D̃(+)(r, ω) = A(ω) eik(ω)za (1.44)

where a is a transverse unit vector (contained in the x-y plane) in order to satisfy Gauss’

Law, and A(ω) is the field spectral amplitude.

Let us briefly lay out some notation regarding the spectral amplitude of optical pulses.
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Our fundamental light source will be a mode-locked laser that generates trains of phase-

coherent pulses at fixed repetition rate. The spectral amplitude of such a laser is a frequency

comb, but it is often useful to disregard the individual frequency lines and consider only

their spectral envelope. While many mode locked lasers generate pulses with a temporal

profile close to a sech2 shape, we will now approximate them as Gaussian pulses with a

spectral amplitude

Agauss(ω) = A0 exp
(
− (ω − ω0)2 τ2

)
(1.45)

where we define an optical carrier frequency, ω0, linked to the usual carrier wavelength

in vacuum through λ0 = 2πc/ω0. The width parameter τ corresponds to the standard

deviation of the intensity (absolute square) of the pulse temporal amplitude

Agauss(t) = (2τ2)−1/2 exp
(
− t2

4τ2
+ i ω0t

)
. (1.46)

This width can be related to the more usual full width at half maximum of the temporal

intensity of the pulses (FWHMτ ) through

FWHMτ = 2
√

2 ln 2 τ (1.47)

It is also convenient to express this width in terms of wavelength, as measured in an optical

spectrum analyzer (OSA). The intensity FWHM of the spectrum in units of wavelength is

FWHMλ = λ2
0

√
2 ln 2/(2π c τ) (1.48)

Now that we have introduced some basic notation, we can consider the spatial propaga-
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tion of such a temporal pulse in a dielectric material. Given that the bandwidth of optical

pulses is typically very small compared to ω0, it is convenient to expand their wavenumber

into a Taylor expansion around the carrier:

k(ω) = k(ω0 + Ω) ≈ k(ω0) +
∂k(ω)

∂ω

∣∣∣
ω0

Ω +
1

2

∂2k(ω)

∂ω2

∣∣∣
ω0

Ω2 + .. (1.49)

where we denote the frequency detuning from the carrier frequency as Ω = ω − ω0. Even

for ultrafast pulses, it is often sufficient to keep only up to the quadratic term in Ω in order

to guarantee a good approximation. The first term of this expansion is proportional to the

speed at which the carrier propagates, also called the phase velocity vph:

vph =
ω0

k(ω0)
=

c

n(ω0)
(1.50)

The second term in Eq. (1.49) gives the speed at which the pulse envelope propagates,

called the group velocity vg:

vg(ω0) =
(∂k(ω)

∂ω

∣∣∣
ω0

)−1
= c

(
n(ω0) +

∂n

∂ω

∣∣∣
ω0

ω0

)−1
(1.51)

The group velocity is generally different from the phase velocity in a dielectric medium.

Most materials exhibit a refractive index that increases with frequency, a behaviour called

normal dispersion. In these materials, the group velocity of a pulse is slower than its phase

velocity.

Finally, the third term is related to group velocity dispersion (GVD). It describes a

group velocity that varies monotonically as a function of frequency. In pulses with a broad
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enough spectrum, this leads to chirped pulses: the higher frequencies will move to the

beginning/end of the pulse depending on the sign of the GVD. There are two related but

different quantities used in the literature to describe this phenomenon. The quantity that

arises naturally from our Taylor expansion is referred to simply as GVD, and it can be seen

as the derivative of the inverse group velocity with respect to the angular frequency :

GVD(ω0) =
∂2k(ω)

∂ω2

∣∣∣
ω0

=
∂

∂ω
(

1

vg(ω)
)
∣∣∣
ω0

. (1.52)

In the context of ultrafast optical pulses, this quantity is naturally given in units of fs2/mm.

An alternative definition, used in the context of optical fiber communications, is given by

the differential delay experienced as a function of wavelength, per distance travelled in the

medium. This is referred to as the dispersion parameter

Dλ = −2πc

λ2
GVD (1.53)

and is typically given in units of ps/(nm km).

Gaussian beams

Real optical beams are not plane waves: they do not extend infinitely in space, but are

confined in the transverse direction. Still, laser beams mostly propagate in one direction,

with little variation of their transverse profile. Under this condition, known as the paraxial

approximation (see a detailed account in [24,25]), the fields will be approximately orthogonal

to the principal direction of propagation (e.g. here they lie in the x-y plane), while having

a finite transverse extension. Assuming a transverse linearly polarized field, we can capture
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its transverse spatial dependence writing the field as a superposition of plane waves with

different transverse wavevectors

D̃(+)(ρ, z, ω) =

∫
dq

2π
e−iq·ρ D̃(+)

q (q, z, ω) (1.54)

D̃(+)
q (q, z, ω) =

∫
dρ

2π
eiq·ρ D̃(+)(ρ, z, ω) (1.55)

where we have defined the transverse coordinates ρ = (x, y).

Let us now compute the evolution of an optical field with a finite transverse profile

in a homogeneous and isotropic dielectric medium. Introducing the transverse plane wave

expansion (Eq. 1.54) into the Helmholtz equation that describes such a medium, Eq. (1.43),

we obtain a differential equation for the transverse plane wave amplitudes

( ∂2

∂z2
+ k2(ω)− |q|2

)
D̃(+)
q (q, z, ω) = 0, (1.56)

which has a solution

D̃(+)
q (q, z, ω) = D̃(+)

q (q, 0, ω) eikz(q,ω)z (1.57)

with

kz(q, ω) =
√
k2(ω)− |q|2. (1.58)

Given an initial transverse profile at z = 0, we can find the spatial profile of the beam at

any position z by computing the transverse plane wave decomposition of the initial profile

(1.55), applying the solution that we found (1.57) and computing the inverse transformation

(1.54).

A particularly useful beam transverse profile, due to its analytical tractability, is that of
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a Gaussian beam. We write a Gaussian beam with a flat phase at z = 0 as

D̃(+)
gauss(ρ, z = 0, ω) = A0 exp

(
− |ρ|

2

4w2
0

)
(1.59)

where w0 is the standard deviation of the intensity spatial profile. It is often more convenient

to refer to the full width at half maximum of the intensity profile (FWHMρ), which is related

to w0 through

FWHMρ = 2
√

2 ln 2w0. (1.60)

We can obtain the transverse plane wave representation of the beam at any position z by

appying (1.55) and (1.57)

D̃(+)
q,gauss(q, z, ω) = 2w2

0 A0 exp
(
− |q|2 w2

0

)
exp

(
iz (k(ω)− |q|2

2k(ω)
)
)
, (1.61)

where we have used the fact that, in the paraxial approximation, we can assume that

the transverse components of the wavevector will be much smaller than the wavenumber,

allowing us to Taylor expand the longitudinal wavevector as

kz(q, ω) ≈ k(ω)− |q|2

2k(ω)
(1.62)

The more familiar spatial distribution of a Gaussian beam can be obtained by transforming

Eq. (1.61) back to the spatial domain, which yields

D̃(+)
gauss(r, ω) =

A0

2

w0

w(z)
exp

(
− |ρ|2

4w(z)2

)
exp

(
i (k(ω)z + k(ω)

|ρ|2

2R(z)
+ φ(z)

)
(1.63)
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with a position-dependent beam waist, phase-front curvature and Guoy phase, respectively

w(z) = w0

√
1 +

( z
zR

)2
, R(z) = z

(
1 +

(zR
z

)2)
, φ(z) = arctan

( z
zR

)
(1.64)

where we have defined the Rayleigh range

zR = 2 k(ω)w2
0 (1.65)

Anisotropic media — Refractive indices in a uniaxial crystal

Many of the crystals relevant to quantum optics experiments, e.g. barium borate (BBO),

are not isotropic. The relation between the electric displacement and the polarization in

them depends on the direction of the fields. In general, this means that the full Γ
(1)
ij tensor

has to be considered in equation 1.11, although simplifications can be made. Given that we

have assumed a non-magnetic material, the symmetry Γ
(1)
ij = Γ

(1)
ji is implied. This allows

us to find an xyz frame of reference, which we will call the principal axes, where the tensor

Γ
(1)
ij (ω) is a diagonal 3x3 matrix. From the diagonal elements of this matrix, and analogously

to the derivation in [26], we can define the three principal indices of refraction

nj(ω) =

√
1− Γ

(1)
jj (ω) (1.66)

where now the index j refers to a coordinate in this rotated coordinate system, and Γ
(1)
jj is

the diagonal of the rotated matrix. It is customary to classify optical crystals according to

the number of different principal refractive indices that they have. A crystal where two of

the principal refractive indices are equal (e.g. nx = ny) is called a uniaxial crystal. The
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refractive index that is repeated is referred to as the ordinary refractive index (no), and

the different refractive index is called extraordinary (ne). The direction associated to the

extraordinary refractive is also called the optical axis of the crystal. A crystal where all

three refractive indices are different is called a biaxial crystal. For simplicity, here we will

only consider uniaxial crystals. An extensive treatment of anisotropic beam propagation

including biaxial crystals is found in [27].

z
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op
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is

θ
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Figure 1.1: Coordinate system in an anisotropic uniaxial crystal. The angle between the optical
axis and the main propagation direction, z, is denoted as θ0. Any plane wave is characterized by the
angle θ with respect to the optical axis at which it propagates.

A wave polarized along the jth principal axis of a crystal will propagate as if it was

in a homogeneous medium with a refractive index nj . But what happens to a beam with

an arbitrary polarization? As explained in [26], a plane wave propagating in an arbitrary

direction is a solution of the anisotropic Helmholtz equation, but it has two possible values

for its wavevector, one for each of two orthogonal polarizations. Consider a plane wave

propagating along the z direction in a uniaxial crystal with its optical axis contained in the

y− z plane (see figure 1.1). If the wave is polarized along x (one of the two ordinary axes),

its wavenumber will be given by the usual dielectric dispersion relation k(ω) = ωno(ω)/c.

An orthogonally polarized wave (polarized along y), however, has a polarization that is not
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along either of the principal axes. In a slight abuse of notation, this component will be

referred to as the extraordinarily polarized wave, or e-wave, despite not having a polariza-

tion completely aligned with the extraordinary principal axis. Denoting the angle between

the light wavevector and the optical axis as θ , the refractive index experienced by this

component is [27]

n2
ext(ω, θ) =

( sin2 θ

n2
e(ω)

+
cos2 θ

n2
o(ω)

)−1
(1.67)

Spatial walk-off

An important consequence of crystal anisotropy is that a beam polarized along a direction

that is not aligned with either of the principal axes experiences spatial walk-off. We will here

consider a simple picture of this phenomenon in a uniaxial crystal. In the paraxial regime,

all the plane waves that compose an arbitrary beam profile will propagate in very similar

directions (i.e. at small angles from z in our convention). Defining the angle between the

optical axis and z as θ0, we can write the angle between the wavevector of any plane wave

and the optical axis as

θ = θ0 + arcsin(
qy

ke(ω, θ)
) ≈ θ0 +

qy
ke(ω, θ0)

(1.68)

where qy is the transverse wavenumber in the direction of the optical axis. Then, due to

the angular dependence of the extraordinary refractive index (1.67), there is an angular

dependence of the wavenumber which can be expressed implicitly as a dependence on qy,

ke(ω, qy) =
ω next(ω, qy)

c
. (1.69)
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Now, recalling the transverse plane wave expansion introduced earlier (Eq. (1.54)), we can

find the differential equation that the transverse plane wave amplitudes have to satisfy:

( ∂2

∂z2
+ k2(ω, qy)− |q|2

)
D̃(+)
q (q, z, ω) = 0, (1.70)

where now we have made it explicit that the wavenumber depends on the transverse propaga-

tion direction. We solve this differential equation analogously to Eq. (1.57), finding that

the propagating plane wave is written

D̃(+)
q (q, z, ω) = D̃(+)

q (q, 0, ω) exp(ikz(q, ω)z), (1.71)

where the longitudinal wavevector kz now has the form

kz(ω,q) =
√
ke(ω, qy)2 − |q|2 ≈ ke(ω, qy)−

|q|2

2ke(ω, qy)
. (1.72)

Let us now consider the propagation of a harmonic wave of frequency ω0, with a confined

spatial profile, in such an anisotropic medium. The spatial profile of the propagating wave

at any position z can be expressed as a function of its profile at the origin

D̃(+)(ρ, z, ω0) =

∫
dq

2π
exp(−iq · ρ) D̃(+)

q (q, 0, ω0) exp(ikz(q, ω0)z) (1.73)

where we assume the angular dependence of the longitudinal wavenumber given in (1.72).

In the paraxial approximation, this longitudinal wavenumber can be Taylor expanded to
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first order in θ, the angle between the wavevector and the optical axis, obtaining

kz(ω0, θ) ≈ kz(ω0, θ0) +
∂kz(ω0, θ)

∂θ

∣∣∣
θ0

(θ − θ0) (1.74)

where we are implying the relation between propagation angle and transverse wavenumber

given in (1.68) . We can finally compute the spatial distribution of the propagating wave

under these approximations:

D̃(+)(x, y, z, ω0) = exp(ikz0 z) D̃
(+)(x, y + ρwoz, 0, ω0) (1.75)

where we have defined the central wavenumber kz0 = kz(ω0, θ0), as well as the walk-off angle

ρwo =
∂kz(ω0, θ)

∂θ

∣∣∣
θ0

1

ke(ω0, θ0)
=
∂next(ω0, θ)

∂θ

∣∣∣
θ0

1

next(ω0, θ0)
(1.76)

Thus, we identify that the second term of the expansion of kz, linear in qy, introduces a

walk-off of the beam spatial profile as it propagates. The slope of the walk off is typically

in the order of the milliradians.

1.2.3 Non-linear optics

Non-linear optics are a central tool for quantum optics, allowing for instance to implement

the the squeezing Hamiltonian introduced earlier. In a nonlinear medium, the material

polarization can be a nonlinear function of the electric displacement, giving rise to the high
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order terms of the power series

Pi = Γ
(1)
ij Dj + Γ

(2)
ijkDjDk + ... (1.77)

In a non-centrosymmetric material, the coefficient multiplying the quadratic term of the

series will be non-zero, and it can be related to the usual quadratic susceptibility via

Γ
(2)
ijk =

χ
(2)
ijk

ε0 n6
typ

, (1.78)

where we neglect the effects of material dispersion in the nonlinear Hamiltonian, and take

ntyp to be an index of refraction at some “typical” wavelength [13] (e.g. the harmonic mean

of the refractive indices of the three fields involved in the process).

This second order nonlinearity mediates interactions between three optical fields of dif-

ferent frequencies. Consider two plane waves of different frequencies, ω1 and ω2 propagating

along the z direction in a nonlinear medium, such that the displacement field is written

D(z, t) = D1 exp[i(z k(ω1)− ω1 t)] +D2 exp[i(z k(ω2)− ω2 t]) + c.c (1.79)

where, for simplicity, we are assuming scalar fields in a homogeneous isotropic medium, and

the dispersion relation is simply k(ω) = ω n(ω). The non-linear polarization generated by
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these waves has the form

PNL(z, t) ∝ D2
1 +D2

2 +D2
1 cos(2 k1 z − 2ω1t) +D2

2 cos(2 k2 z − 2ω2t)

+ 2D1D2 cos([k1 + k2] z − [ω1 + ω2]t) + 2D1D2 cos([k1 − k2] z − [ω1 − ω2]t)

(1.80)

The first two terms correspond to optical rectification [28], and the next two correspond to

second harmonic generation [29] (SHG) by each of the two input fields. The fifth and sixth

terms correspond respectively to sum frequency generation (SFG) and difference-frequency

generation (DFG). In the context of a quadratic nonlinear optical process, we refer to the

field with highest frequency as the pump, and to the two low-frequency fields as signal and

idler. In the particle picture of nonlinear optics, these processes correspond to the creation

or annihilation of photons of different energies, mediated by the material nonlinearity. In

a SFG process, for instance, two photons with energies ~ω1 and ~ω2 are combined into a

photon with energy ~(ω1 + ω2), ensuring energy conservation.

It must be noted that, in order to observe efficient frequency conversion processes, the

new frequencies generated throughout the medium must interfere constructively. In a dis-

persive medium, this condition is not obtained by default. Considering the spatial depend-

ence of the material polarization in a SFG process, for instance, we see that the nonlinear

polarization that gives rise to SFG has a phase φSGH = (k(ω1) + k(ω2)) z. The difference

between this phase and that of the electromagnetic wave propagating at the sum frequency is

known as the phase-mismatch, ∆k z = (k(ω1)+k(ω2)−k(ω1 +ω2)) z. Therefore, the nonlin-

ear polarization and the new generated frequency will get out of phase every ∆zdeph = π/∆k,

preventing the constructive build-up at the sum frequency. The phase-matching condition,
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∆k = 0, can be achieved for instance, by compensating for linear dispersion using the bi-

refringence of the nonlinear medium. An alternative way of achieving constructive interfer-

ence of the new frequencies is by flipping the sign of the nonlinear susceptibility periodically

every ∆zdeph which is called periodic poling [30].

Broadband second harmonic generation

Second harmonic generation is a common technique to obtain a high frequency pump to drive

parametric processes. In particular, we use SHG to generate a pulsed pump in Chapter 2.

Let us now provide a brief description of this process, noting that ultrafast SHG is a broad

topic in its own, which we will not discuss in all its complexity here. Find a complete

analysis of this topic in [24]. As a matter of convenience, in this section we will use the

electric field instead of the displacement in our calculations. This is not problematic given

that we are not relying on a canonical quantization approach, but instead will use classical

wave equations.

We start from the classical nonlinear wave equation

∇2E − ω0ε
∂2E

∂t2
= µ0

∂2PNL

∂t2
, (1.81)

where PNL is the second order nonlinear polarization caused by the input electric field. Let

us assume linearly polarized plane waves propagating along the z direction, and let us also

decompose the electric field into a component with frequencies close to the fundamental,

Eω(t), and a second harmonic component, E2ω(t). The Fourier expansion of the electric
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fields and the nonlinear polarization are written

Eω(z, t) =
∫∞

0
dω√
2π
Eω(ω) exp

(
− i(ω t− kω(ω)z)

)
+ c.c (1.82)

E2ω(z, t) =
∫∞

0
dΩ√
2π
E2ω(Ω) exp

(
− i(Ω t− k2ω(Ω)z)

)
+ c.c (1.83)

PNL(z, t) =
∫∞

0
dω√
2π
PNL(z, ω) exp(−iω t) + c.c (1.84)

The nonlinear polarization responsible for SHG is given by PNL(t) = 2 ε0 deffE
2
ω(t).

Substituting the Fourier expansion of the polarization in Eq. 1.81, and making the slowly

varying envelope approximation, we arrive to the linear differential equation for the envelope

of the harmonic field

∂E2ω(Ω)

∂z
= i

ω0deff

n2ωc

∫ ∞
0

dω′Eω(ω′)Eω(Ω− ω′) exp(−i∆k z), (1.85)

where we have defined the phase mismatch

∆k = k2ω(Ω)− kω(ω′)− kω(Ω− ω′) (1.86)

Also, we have defined an effective nonlinearity, deff, as well as the central frequency of

the fundamental field, ω0, and the refractive index for the central frequency of the second

harmonic, n2ω.

Assuming that the fundamental field is undepleted throughout the interaction, we can

integrate this differential equation and find the envelope of the second harmonic at the end
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of the interaction

E2ω(L,Ω) = i
ω0deff

n2ωc

∫ ∞
0

dω′ Eω(ω′)Eω(Ω− ω′)
[
L exp(−i∆k L

2
) sinc(

∆k L

2
)
]

(1.87)

We see that, whereas the nonlinear polarization is proportional to the square of the

fundamental field (the convolution of the field with itself in the frequency domain), this is

not the whole story with the generated second harmonic. An additional term containing

the phase-mismatch modifies the spectral structure of the harmonic light. To identify the

dominant effect of this extra term, we expand the phase-mismatch to first order in optical

frequency which, assuming phase matching for the central frequency, ω0, is written

∆k(Ω) ≈
[∂k2ω

∂ω

∣∣∣
2ω0

− ∂kω
∂ω

∣∣∣
ω0

]
(Ω− 2ω0) (1.88)

The dependence of the phase mismatch term only on Ω shows that its main effect is to

act as a filter that limits the bandwidth of the fundamental beam that can be efficiently

upconverted. In addition, the complex exponential in the term introduces a non-flat spectral

phase on the second harmonic.

A practical corollary of this result is that we identify the longest SHG crystal that we can

use while still efficiently doubling all the frequencies in the fundamental pulse. The condition

under which the thin crystal approximation is valid is roughly expressed as ∆k(ΩBW)L < 1,

where ΩBW is the bandwidth of the fundamental. This has a simple interpretation: given a

Fourier limited fundamental pulse with a duration ∆t, this condition corresponds to finding

the length of crystal over which two pulses of duration ∆t but travelling respectively at the

pump and signal group velocities will walk-off from each other.
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1.2.4 Ultrafast nonlinear quantum optics

In this thesis we will be mainly interested in the DFG term of the nonlinear polarization.

In Chapters 2 and 3 we will use a DFG process driven by a strong pump pulse of central

frequency ω̄p, and seeded by a weak signal pulse of central frequency ω̄s = ω̄p/2. This

situation receives the name of optical parametric amplification (OPA), as the DFG term of

the material polarization oscillates at the same frequency as the input seed (ω̄DFG = ω̄p −

ω̄s = ω̄s), and thus appears as an amplification (or deamplification, depending on the phase)

of the seed. As we will see in Chapter 2, the photon statistics of this amplified/deamplified

seed correspond to those of a coherent squeezed state, which we leverage for metrological

purposes.

In Chapters 4 and 5, we use a DFG process where the signal and idler fields are unseeded,

but where the pump mode is populated with a strong field. Classically, Eq. (1.80) tells us

that no DFG should occur in this situation, since the the nonlinear polarization contains

the product of the pump and the signal field amplitudes, the latter being zero. However, the

quantum fluctuations in the signal/idler mode are sufficient to seed the parametric process,

allowing for the spontaneous decay of a high-energy pump photon into a pair of low-energy

signal and idler photons. This process receives the name of spontaneous parametric down-

conversion (SPDC).

Hamiltonian description of PDC / DFG

In order to convey the quantum properties of the light generated via a nonlinear optical

process, the interacting optical fields have to be treated as quantum operators rather than

classical amplitudes. In this context, it is common to compute the quantum properties



1.2 BASIC CONCEPTS AND NOTATION 36

of the optical field after a nonlinear interaction by using a Hamiltonian description of the

process. Once the appropriate interaction Hamiltonian has been found, this can be used to

compute the state of the output optical field using the Schrödinger equation, or to compute

the transformed observables that describe the field using the Heisenberg equation. Here

we will illustrate this procedure by computing the quantum state generated in a low-gain

broadband PDC process. In Chapter 3 we will extend the concepts introduced here in order

to account for the complete spatio-temporal structure of the a DFG process. In Chapter 4

we will extend the Hamiltonian description of a broadband PDC process to the high-gain

regime, where some of the assumptions that we make here break down.

The Hamiltonian that describes three-wave-mixing via a second order nonlinearity is [10]

Ĥ3WM = − 1

3ε0
Γ

(2)
ijk

∫
VI

dr D̂i(r) D̂j(r) D̂k(r), (1.89)

where summation over cartesian indices i, j, k is implied. The integration of the interaction

energy density extends only over the interaction volume VI , which is the space occupied by

the nonlinear crystal. We expand the displacement field as a sum of a broadband pump

field whose frequency is labeled by ωp, and two signal and idler fields with frequencies much

lower than those of the pump, denoted ωs and ωi. Now we apply the slowly-varying envelope

approximation, realizing that the only components of the interaction picture Hamiltonian

that oscillate slowly in time, and therefore do not average to zero, are

Ĥint(t) = −Γ(2)

3ε0

∫
VI

dr D̃(+)
p (r, ωp)D̃

(–)
s (r, ωs)D̃

(–)

i (r, ωi) exp
(

(ωs + ωi − ωp)t
)

+ h.c (1.90)

where we have assumed that there is only one triplet of pump/signal/idler polarizations
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coupled by the Γ
(2)
ijk tensor. We have ommitted the spatial sub-indices in the fields, and

substituted them for the latin indices {s, i, p} denoting the relevant polarization for each

field. The element of the nonlinear tensor that couples the three fields is simply written as

Γ(2) for notational simplicity.

In a general bulk crystal, and assuming paraxial beams, the interacting fields can be

written in a plane wave expansion with wavevectors that follow the dispersion relations

introduced in section 1.2.2. The pump field will be assumed to be in a coherent state of

sufficient amplitude that its quantum noise properties can be ignored and it can be described

only by its mean coherent amplitude

D̃(+)
p (r, ωp) = γp

∫
d2q dω exp

(
i[q · ρ+ kp,z(ω,q)z]

)
αp(q, ω) (1.91)

where γp is a normalization constant and αp(qp, ωp) is a function with units of
√

photon number

that obeys ∫
dqp dωp |αp(qp, ωp)|2 = Np (1.92)

whereNp is the number of photons contained in a pump pulse. The longitudinal wavenumber

of the pump, kp,z(ω,q), depends on the transverse wavenumber q through the dispersion

relations introduced in Sec. 1.2.2, thus allowing us to accommodate the effect of transverse

propagation.

The signal and idler fields are also expressed in a plane-wave decomposition, where the

plane wave amplitudes are substituted by annihilation operators (Eq.(1.16) )

D̃(+)

j (r, ωj) = γj

∫
d2q dω exp

(
i[q · ρ+ kj,z(ω,q)z]

)
âj(q, ω) (1.93)
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with j ∈ {s, i}, and where we have defined γj as the appropriate normalization constant

and kj,z(q, ω) as the appropriate longitudinal wavenumber. The signal and idler bosonic

operators obey the commutation relations

[âj(q, ω), â†j′(q
′, ω′)] = δ(q− q′)δ(ω − ω′)δj,j′ (1.94)

[âj(q, ω), âj′(q
′, ω′)] = [â†j(q, ω), â†j′(q

′, ω′)] = 0 (1.95)

The interaction Hamiltonian can thus be written in terms of these plane-wave expansions

Ĥint(t) = −g′
∫
VI

dr

∫
dqp dqs dqi dωp dωs dωi αp(qp, ωp) â

†
s(qs, ωs) â

†
i (qi, ωi) (1.96)

× exp
(
i(qp − qs − qi) · ρ+ i(kp,z − ks,z − ki,z)z − i(ωp − ωs − ωi)t

)
+ h.c (1.97)

where we have absorbed all the constant prefactors into a gain coefficient g′.

Perturbative solution of PDC (DFG)

The unitary operation that connects the state of the signal and idler fields before and after

the nonlinear interaction is found by integrating the Schrodinger equation in the interaction

picture. This unitary operator is formally written

Ûint = T exp
(
− i

~

∫ +∞

−∞
dt Ĥint(t)

)
(1.98)

where T is the time-ordering operator. Given that the interaction Hamiltonian is time

varying, the exact solution of this operator is hard to obtain, which leads to the use of

perturbative expansions. While a Dyson power series has been used extensively in photon
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pair generation applications [23,31], the Magnus expansion [32,33] is a more natural choice in

our case. The Magnus expansion approximates the solution of the Schrodinger equation as

an exponential whose argument is developed in a power series. This is a desirable feature

in our analysis, in which it will be convenient to work in the Heisenberg picture: in this

picture, the exponential form of the unitary operator guarantees simple transformations of

the field operators. The first order Magnus expansion coincides exactly with the first term

of the equivalent Dyson series, yielding

Ûint ≈ exp
(
− i

~

∫ +∞

−∞
dt Ĥint(t)

)
(1.99)

where we note that the time ordering operator has been ommited. This is an approximation

that is valid only in the low gain regime, whereas more terms would have to be added in the

exponent as the parametric gain is increased [33]. In that situation, the difference between

a Dyson and Magnus series would become more apparent, as the former would be written

as a sum of exponential operators, whereas the latter would retain the form of a single

exponential operator.

At this point it is convenient to define the generator of this unitary operator, which in

a slight abuse of notation we will denote as

Ĥint = − i
~

∫ +∞

−∞
dt Ĥint(t), (1.100)

distinguishing it from the time-dependent Hamiltonian by the absence of a temporal de-

pendence in the notation. The generator Ĥint has until now been expressed in terms of the

spatial and temporal integrals of products of three plane waves. We can now carry out the



1.2 BASIC CONCEPTS AND NOTATION 40

integration over all the interaction space and time. The transverse dimensions of the beams

are assumed to be much smaller than the nonlinear crystal where the interaction is taking

place, and therefore we can extend the integration over transverse coordinates ρ from −∞

to +∞. The integral over z, however, has to be considered over a finite length of crystal,

which we denote as extending from z = −L/2 to z = L/2. Evaluating these integrals, as

well as the integration over time, we obtain

Ĥint = g

∫
dqp dqs dqi dωp dωs dωi αp(qp, ωp) â

†
s(qs, ωs) â

†
i (qi, ωi)

× δ(∆q) δ(∆ω) sinc(
L

2
∆kz) + h.c

(1.101)

where ∆q = qp−qs−qi, ∆ω = ωp−ωs−ωi and ∆kz = kp,z−ks,z−ki,z. We have absorbed

all the constant prefactors into the gain parameter

g = −i g′(2π)4L/~. (1.102)

We evaluate the two delta functions that appear in Eq.1.101 by integrating over the pump

frequency and transverse wavevector, yielding

Ĥint = g

∫
dqs dqi dωs dωi αp(qs + qi, ωs + ωi) sinc

(L
2

∆kz

)
â†s(qs, ωs) â

†
i (qi, ωi) + h.c

(1.103)

It is important to remember that ∆kz contains the longitudinal wavevector of the pump,

which is related to both ωp and qp. In the following, one should remember to carry out the

substitution qp = qs + qi and ωp = ωs + ωi wherever ∆kz appears.

It is also important to keep in mind that this Hamiltonian is applied in the interaction
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picture, yielding the unitary transformation Ûint = exp(− i
~Ĥint). In order to recover the

transformation between the input and output fields (Schrodinger picture), the additional

phases corresponding to linear propagation need to be included, such that the unitary trans-

formation connecting the fields at the two ends of the waveguide becomes Û = exp(− i
~Ĥ)

with

Ĥ =g

∫
dqs dqi dωs dωi αp(qs + qi, ωs + ωi) sinc

(L
2

∆kz

)
exp

(
i
L

2
∆kz

)
â†s(qs, ωs) â

†
i (qi, ωi)

+ h.c

(1.104)

A simple example: broadband photon-pair generation

The generator Hint couples the signal and idler modes in a way reminiscent of the two-mode

squeezing unitary operation. However, a general DFG process does not couple a single pair

of signal and idler modes, but rather a continuum labelled by their frequency and trans-

verse wavevector. Moreover, the strength of this coupling is, in general, not uniform over all

frequencies and wavevectors, but can show correlations due to energy conservation and mo-

mentum conservation (phase matching). Let us now illustrate a paradigmatic consequence

of this correlated coupling: the quantum state of the photon pairs emitted in a broadband

SPDC process is not simply |ψ〉 = |0, 0〉 + r |1s, 1i〉, where r is a coupling strength (1.35).

Instead, photons are emitted at different angles and with different frequencies, which might

be correlated in order to conserve energy and momentum. This has important consequences

in heralded single photon generation.

Let us consider a simple situation where the transverse dependence of the field wavevectors

can be neglected. The longitudinal wavenumbers of the fields are simply kz,j(ω) = ω nj(ω)
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where j ∈ {s, i, p} label the signal, idler and pump modes, and the refractive index for

each mode can be different depending on its polarization. The unitary transformation that

describes the PDC process is then

Ûint = exp
(
g

∫
dωs dωi JSA(ωs, ωi) â

†
s(ωs) â

†
i (ωi) + h.c

)
(1.105)

where we have simplified the notation to ommit the transverse wavevector dependence, and

we have introduced the perturbative joint spectral amplitude (JSA), which can be expressed

as a product of the pump function, αp, and a phase-matching function φpm

JSA(ωs, ωi) = αp(ωs + ωi)φpm(ωs, ωi)

φpm(ωs, ωi) = sinc
(L

2
∆kz(ωs, ωi)

) (1.106)

with ∆kz(ωs, ωi) = (ωs + ωi)np(ωs + ωi)− ωs ns(ωs)− ωi ni(ωi).

Assuming a weak enough pump that at most a single photon pair is emitted at any time,

the quantum state of the signal and idler modes can be expressed as the first order Taylor

expansion of the PDC unitary applied on the vacuum state

|ψ〉 = Ûint|0, 0〉 ≈ |0, 0〉+ g

∫
dωs dωi JSA(ωs, ωi) â

†
s(ωs) â

†
i (ωi) |0, 0〉 (1.107)

This state describes a situation where a pair of photons is emitted probabilistically, and

where the probability of observing a particular combination of signal and idler frequencies

in a detection event is given by the joint spectral intensity

JSI(ωs, ωi) = |〈0, 0|âs(ωs)âi(ωi)|ψ〉|2 = |JSA(ωs, ωi)|2 (1.108)
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With this in mind, it is apparent that the pump function enforces energy conservation in

the photon generation process, as it prevents the sum of the energies of the downconverted

photons from being greater that the energy of a pump photon. In an SPDC process driven

by a pulsed pump, the pump function αp(ωp) is non-zero for a broad range of frequencies.

In consequence, the frequency anticorrelation that it imposes on the downconverted photons

is not strict: the sum of their energies need only be within the bandwidth of the pump field.

Analogously, the phase-matching function enforces momentum conservation. Again, this

constraint is not strict: the momentum mismatch ∆kz is only restricted to be smaller than

the inverse of the crystal length, L.

The interplay between these two restrictions shapes the spectral structure of the emitted

photon pairs. Assuming a combination of pump, signal and idler central frequencies (ω̄p, ω̄s

and ω̄i) fulfilling energy and momentum conservation, ω̄s + ω̄i = ω̄p and ∆kz(ω̄s, ω̄i) = 0),

we perform a Taylor expansion of ∆kz up to first order in the signal and idler frequencies,

obtaining

∆kz(Ωs,Ωi) ≈ vs Ωs + vi Ωi − vp (Ωs + Ωi) (1.109)

where we have defined the signal/idler detunings Ωj = ωj−ω̄j , as well as their group velocit-

ies vj = ∂ωkj(ω)|ω̄j for j ∈ {s, i}, and also the pump group velocity vp = ∂ωkp(ω)|ω̄s+ω̄i . The

absolute value of the phase matching function is then a ‘sinc’ function with its maximum

along the line where its argument is zero, which occurs for Ωi = Ωs tan(θpm) with

tan(θpm) = −
v−1

s − v−1
p

v−1
i − v

−1
p

(1.110)

It is worth noting that, unlike the pump function, which always has a slope of −45◦, the
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phase matching function can have a positive slope if the group velocity of the pump is

between those of the signal and idler, vs < vp < vi or vi < vp < vs. As illustrated in Fig

1.2, while a phase-matching function with a negative slope necessarily leads to a JSA with

frequency anticorrelations, a positive θpm allows for a JSA with no frequency correlations

to be obtained.
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Figure 1.2: The JSA is the product of a pump function (energy conservation) and a phase-matching
function (momentum conservation). While a phase matching function with a negative slope always
yields a JSA with frequency correlations (a), a positive θpm can yield an uncorrelated JSA (b).

Schmidt mode decomposition

The unitary transformation realized in a broadband PDC (DFG) process is naturally in-

terpreted in terms of its Schmidt decomposition (equivalently, the Bloch-Messiah decom-

position of the Bogoliubov transformation in the Heisenberg picture) [34–38]. The Schmidt

decomposition defines a set of modes that are only coupled pairwise in the PDC transform-

ation. Considering again a situation where transverse propagation can be neglected, we find

that PDC is fully described by its two-dimensional joint spectral amplitude, JSA(ωs, ωi).

Defining the discretized JSA, MJSA, where we assume a sufficiently small discretization
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step, we can always use singular value decomposition (SVD) to factor this matrix into the

product

MJSA = U D W† (1.111)

where U and W are unitary matrices, and D is a diagonal matrix with real, non-negative

coefficients. This decomposition can be cast back in terms of continuous functions

JSA(ωs, ωi) =
∑
k

rk ρ
(k)
s (ωs) ρ

(k)
i (ωi) (1.112)

where {ρ(k)
s/i }, called the signal/idler Schmidt modes, correspond to the rows of U and W

respectively, and thus form a complete and orthonormal basis. The coefficients rk correspond

to the elements of D, and they are called Schmidt values.

This decomposition allows us to simplify computations of the state evolution generated

by the PDC unitary transformation. Annihilation operators can be defined for the Schmidt

modes as

Â
(k)
s/i =

∫
dω [ρ

(k)
s/i (ω)]∗ âs(i)(ω), (1.113)

which follow the usual bosonic commutation relations [Â
(k)
j , Â

(k′)†
j ] = δk,k′ . Using the or-

thonormality of the Schmidt modes, the PDC unitary transformation can be simplified to

Ûint = exp
(∑

l

rk Â
(k)†
s Â

(k)†
i + h.c

)
=
∏
k

exp
(
rk Â

(k)†
s Â

(k)†
i + h.c

)
(1.114)

This expression shows that a broadband PDC transformation can always be expressed as

a product of two-mode squeezing transformations applied on suitably defined broadband

modes. The PDC transformation can also be expressed in the Heisenberg picture, where the
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broadband bosonic operators evolve independently, following the usual two-mode squeezing

transformation

Â
(k)
s → Â

(k)
s cosh(rk) + Â

(k)†
i sinh(rk) (1.115)

Â
(k)
i → Â

(k)
i cosh(rk) + Â

(k)†
s sinh(rk) (1.116)

Decomposing PDC into single-mode squeezers: Takagi factorization

In the context of pulsed squeezing generation, unlike in the context of photon-pair or twin-

beam generation, a straightforward Schmidt decomposition is not the most useful description

available. As explained above, in a Schmidt decomposition, the PDC transformation is

expressed as a product of independent two-mode squeezers, where the Schmidt modes for

the signal and idler, ρ
(k)
s/i , are, in general, different.

In the context of squeezing generation, on the contrary, it is desirable to decompose the

PDC transformation as a product of single mode squeezers of the form

Ûint =
∏
k

exp
(
rk [Â(k)†]2 + h.c

)
(1.117)

where the set of annihilation operators {Â(k)} defines an orthonormal basis, and rl are real

and positive squeezing parameters. Given this form of Uint, each broadband mode evolves

according to the single-mode squeezing transformation

Â(k) → Â(k) cosh(rk) + Â(k)† sinh(rk) (1.118)

which yields well-known photon and quadrature statistics for the output state in the kth
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broadband mode, especially when the input is a Gaussian state (e.g. vacuum or coherent

state).

We can achieve the decomposition presented in Eq. (1.117) analogously to how, in

the previous section, we decomposed a PDC unitary as a product of two-mode squeezers

using SVD, with the difference that now we require that the signal and idler photons have

the same polarization (type-0 or type-I PDC), as well as to be able to find the symmetric

decomposition of the joint spectral amplitude

JSA(ω, ω′) =
∑
k

rk φ
(k)(ω)φ(k)(ω′), (1.119)

where we have dropped the distinction between signal and idler. The equivalent matrix

factorization problem is

MJSA = U Λ UT , (1.120)

where MJSA is the discretized JSA, U is a unitary matrix whose rows correspond to the

broadband modes φ(k), and Λ is a diagonal matrix with real non-negative elements corres-

ponding to the squeezing parameters, rk. This decomposition, known as a Takagi factoriz-

ation, is known to exists if MJSA is a square, complex, symmetric matrix.

It has been found [39] that the Takagi factorization of a matrix can be computed directly

from its SVD, which allows us to take advantage of readily available computer routines that

efficiently calculate SVD decompositions. In the first place, let

MJSA = W Λ V† (1.121)
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be the SVD of MJSA, such that W and V are unitary matrices and Λ ≥ 0 is a real diagonal

matrix. Then, the Takagi factorization can be computed from this decomposition as

MJSA = UΛUT (1.122)

where

U = W(W†V∗)1/2. (1.123)

Here † indicates conjugate transpose, while ∗ indicates conjugation.



Part I

Quantum enhanced stimulated

emission microscopy
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Chapter 2
A proposal for quantum-enhanced ultrafast

stimulated emission microscopy

2.1 Quantum metrology in biology

The scientific method relies heavily on our ability to perform accurate and repeatable meas-

urements of physical quantities. A physical measurement is paradigmatically modelled as

a coupling between a probing meter and a system under study, after which one or more

physical parameters of the system are encoded in the state of the meter. Subsequently,

an experimenter can obtain information about the physical parameters of interest by de-

structively measuring the probing meter. However, the information that they will obtain

can be imperfect: any uncertainty about the initial state of the meter will lead to a derived

uncertainty about the inferred physical parameters. A measurement setup can be carefully

designed and characterized in order to avoid such an imperfect information transfer, but

an obstacle remains: the probing meter is ultimately described as a quantum mechanical

50
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object and, as such, its initial state cannot be defined with arbitrary precision. This leaves

us with the bleak conclusion that quantum mechanics sets an ultimate limit to the precision

of any measurement.

Luckily, quantum mechanics also provides a workaround. While the Heisenberg uncer-

tainty principle does preclude the simultaneous precise measurement of two or more non-

commuting observables, it does not require that all observables be equally uncertain. It is

possible to prepare a meter in such a state that the quantum fluctuations in the observable

that encodes useful information are reduced, at the expense of incurring in increased fluctu-

ations in an experimentally less relevant observable. In a seminal paper [40], Caves proposed

to use such non-classical states of light to improve the precision of optical interferometric

measurements, pioneering the field that is now known as quantum metrology [41]. In time, the

field has grown to apply quantum-enhanced measurements to a variety of problems including

spectroscopy [42], magnetometry [43], imaging [44] and even biological measurements [45].

In this work we are concerned with the application of quantum metrology techniques to

biological measurements. A sustained interest in making precise observations of cells and

biomolecules has driven a continuous improvement of optical imaging and sensing techniques.

As we understand more about the nature of light, we design more sophisticated optical

devices such as confocal, phase contrast and fluorescence microscopes. It is natural to ask

the question: can biological measurements also benefit from the application of quantum

metrology techniques?

A number of light-based, quantum-enhanced techniques for biological sensing have been

proposed in recent years. In 2009, entangled-photon-pair optical coherence tomography

was first demonstrated [46]. After that, many proposals followed. Amongst others we find:
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protein concentration measurements using NOON states [47], measurements of the diffusion

of nanoparticles in a cell using a bright amplitude-squeezed local oscillator [48,49] and a

twin-beam enhanced wide field microscope [50]. These proposals take advantage of different

properties of non-classical states of light, which in turn translate into improvements of

different figures of merit of the measurements with respect to classical schemes.

One often-quoted advantage of quantum-enhanced biological sensing is that it allows for

a lower light intensity to be used in an optical measurements without trading off sensitivity.

Reducing optical brightness can be useful to prevent cell damage through optical heating and

photochemical effects [45]. One can argue that experiments involving bright squeezed states

address this consideration more directly than those using few-photon probes which, by their

low-energy nature, can hardly damage a biological sample regardless of whether they achieve

a quantum enhancement. A related but different argument in favor of quantum-enhanced

techniques is that they can allow for an improvement of the maximum achievable sensitivity

of a measurement, as opposed to the sensitivity per photon. This scenario is found when, for

some reason, there is a maximum achievable signal amplitude, such that measurements can

only be improved by reducing the readout noise. This is precisely the case in single-molecule

sensing [45], where the signal to be measured can only achieve a limited amplitude due to

the fact that there is a single emitter. In contrast, studies of bigger objects, such as cells,

are typically not limited by instrument sensitivity [45], but rather by external causes such as

cell-to-cell variation.
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2.2 Stimulated emission microscopy (SEM)

In this work we identify a biological measurement that, following the criteria just mentioned,

can benefit from the use of a non-classical optical probe. In short, we propose to improve a

state of the art non-linear microscopy technique called stimulated emission microscopy [51]

by using squeezed states of light as optical probes. Non-linear microscopes can go beyond

the fundamental limitations of linear absorption imaging by exploiting the nonlinear optical

response of the sample. Fluorescence microscopy, for instance, uses the fact that certain

proteins, when optically excited, re-emmit light at a wavelength longer than that of the

excitation, which allows us to separate the scattered and incident fields by wavelength.

Chemically attaching such fluorescent proteins to a biological system of interest, it is possible

to obtain an image of the fluorescence emitted in the target structure. This technique offers

a better contrast than a regular absorption image, as the background excitation light is

removed using optical filters. Moreover, a resolution beyond the Rayleigh limit can be

obtained due to the quadratic scaling of the process on the field amplitude.

One shortcoming of fluorescence microscopy, however, is that it is not always practical

or possible to label a biological structure with a fluorescent protein. This is exemplified

in experiments that study the motion and interaction of a biomolecule in a medium. At-

taching a fluorescent protein to the molecule of interest can modify its motility or chemical

reactivity [45], thus undermining the experiment. In such cases it is usually preferred to use

label-less methods, like conventional absorption microscopy, giving up the enhanced contrast

provided by fluorescence.

Label-free nonlinear microscopy techniques aim to achieve a similar contrast enhance-

ment as that obtained through fluorescence microscopy, while avoiding the use of fluorescent
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label proteins. Stimulated emission microscopy, introduced by Min et al. [51], is one such

label-free technique. There are many biological systems which absorb light strongly at a

particular wavelength (i.e. they are chromophores) but which do not fluoresce strongly due

to the existence of predominant non-radiative decay paths (i.e. they are not fluorophores).

In these cases, Min et al. propose to use the phenomenon of stimulated emission to enhance

the radiative decay over the non-radiative relaxation, thus making the first detectable.

The principle of operation of SEM is illustrated in Fig. 2.1: after exciting a collection

of chromophores with an excitation beam, a second stimulation beam of lower frequency is

used to promote the reemission of energy in the form of light. This light is emitted in the

mode of the stimulation beam, therefore appearing as a small amplification of this (see Fig.

2.1.b).

In the non-saturating condition, where few chromophores are excited, the population

in the excited level (level 2 in Fig. 2.1.a) is linearly proportional to the intensity of the

excitation beam [51],

N2 ∝ N0 IE σabs[0→1]/S (2.1)

where N0 is the population in the ground energy level (see Fig. 2.1.a), IE is the intensity

of the excitation beam, σabs[0→1] is the absorption cross-section and S is the area of the

excitation beam at its beam waist. If the stimulation is also done in the non-saturating

regime, the number of stimulated photons is also proportional to the stimulation beam

intensity, IS, as well as to the number of excited molecules, N2, yielding

∆IS ∝ N0 IE IS (σabs[0→1]/S)/(σstim[2→3]/S) (2.2)
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Figure 2.1: a) Energy level describing the enhancement of radiative decay by stimulated emis-
sion. b) The stimulation beam gets amplified only when the modulated excitation beam is present.
c)Sketch of a SEM experimental setup.

where σstim[2→3] is the cross-section of stimulated emission. Therefore we see that the

small amplification, ∆IS, is proportional to the density of chromophores in the illuminated

region. Given the nonlinear nature of this process, it is common to enhance its efficieny by

using sub-picosecond excitation and stimulation pulses, thus increasing the intensities of the

interacting fields.

An image of the density of the sample can be obtained by scanning the positions of the

excitation and stimulation beams, or else by directly scanning the sample on a nano-stage

(see Fig. 2.1).c. The spatial resolution obtained in SEM is in principle a factor of two

better than that of fluorescent microscopy, due to the interaction volume being given by
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the overlap of the excitation and stimulation beams. Moreover, the technique is inherently

capable of doing three-dimensional optical sectioning of the region at the focci of the beams

due to the nonlinear dependence of the signal on the beam intensities.

However, in experiments where few chromophores are being imaged, the amplification of

the stimulation beam is so small that it can easily be buried in the low frequency technical

noise of the laser and electronics [51]. Luckily, the pump-probe structure of the measurement

allows for a straightforward mitigation technique: given that stimulation emission can only

occur when the excitation beam is present, it is possible to introduce a modulation in the

stimulated emission gain by modulating the intensity of the excitation beam (see Fig. 2.1.b).

Shifting the modulated signal up in frequency, e.g. by a few MHz, the predominantly low-

frequency technical noise of the laser and electronics is avoided [52]. The high-frequency signal

can then be picked up using either a phase-locked-loop (PLL) or an electronic spectrum

analyzer.

In summary, SEM has a number of advantages with respect to absorption and fluor-

escence microscopy. First, it enhances the contrast of the former without using the label

fluorescent proteins required in the later. Second, it provides a better spatial resolution than

fluorescence or absorption imaging. Third, it allows for a modulation of the SEM signal by

modulating the excitation beam, therefore avoiding technical noise.

2.3 Quantum enhancement of SEM

Despite improving the signal to noise ratio (SNR) of SEM by avoiding the low-frequency

technical noise, the wideband quantum fluctuations in the stimulation beam, known as shot

noise, still set a fundamental limit to the sensitivity of the measurement. In the original SEM
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paper [51], they reported that shot noise in the stimulation beam sets a smallest resolvable

signal corresponding to the emission from 5 molecules of crystal violet (a dye) in focus. In

this thesis we propose to overcome this limitation using the tools of quantum metrology.

The light produced by a laser is, to a very good approximation, in a coherent state.

We can express a coherent state in a single optical mode as a displaced vacuum state (see

Eq.(1.29)), such that the Heisenberg picture annihilation operator corresponding to that

optical mode is

âs = âv + αs, (2.3)

where av is an annihilation operator refered to the vacuum state and αs is a complex

displacement. The quadratures of the field can be suscinctly written in vectorial form as

X̂s = X̂v + x0 (2.4)

where x0 = (Re{α}, Im{α}) is a displacement vector and X̂s = (X̂s, P̂s) and X̂v = (X̂v, P̂v)

are vectors containing the two orthogonal quadratures defined in Eq.(1.23), respectively

computed from the coherent state bosonic operators, âs, and the vacuum state bosonic

operators, âv.

The process of stimulated emission gain in the non-saturating condition (Eq. (2.2)) can

be modeled as phase-insensitive linear amplifier. This is the simplest type of amplifier that

exists, where the output mean quadratures are just a re-scaled version of the input mean

quadratures,

x0
out = GSE x0, (2.5)

GSE being the stimulated emission gain parameter. It is known that, in order to maintain the
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bosonic commutation relations of the electromagnetic field, a minimum amount of excess

noise has to be introduced during the amplification process. A phase-insensitive linear

amplifier adds an uncorrelated noise to each quadrature with a variance [53]

σ2
excess = σ2

X(P) |1−G
−1
SE|. (2.6)

where σX(P ) is the standard deviation in that quadrature due to shot noise. In the limit of

very high amplification the excess noise is equal to the initial quantum fluctuations, therefore

doubling the initial noise. However, for the very small amplification that we are considering

in SEM, the added excess noise is negligible and we can write simply

X̂out ≈ GSE X̂ (2.7)

Our goal consists essentially in estimating the small gain parameter GSE, from which the

chromophore density can be inferred. The amplified field is measured with a photodetector,

which produces a photocurrent proportional to the intensity of the field,

Î = ηd |X̂out|2, (2.8)

where ηd is the ratio between absorbed photons and emitted electrons in the detector. The

measured current is compared to a calibrated “no-amplification current”, and an estimator

for GSE is obtained. However, the presence of quantum uncertainty in the photocurrent, i.e.

shot noise, leads to a derived uncertainty in the amplification that we infer from a single

measurement. It can easily be seen that the first and second moments of the photocurrent
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generated by the amplified field are

〈 Î 〉 = ηdG
2
SE |x0|2 , var( Î ) = 2 η2

dG
4
SE |x0|2, (2.9)

We can build the estimator for the stimulated emission gain by taking the ratio between

the photocurrent in the presence of stimulated emission and the calibrated no-amplification

photocurrent

Γ̂ = Î/I0 (2.10)

where I0 = η|α0|2 is the no-amplification photocurrent. The first and second moments of

the stimulated emission gain estimator are

〈Γ̂〉 = G2
SE , var(Γ̂) = 2G4

SE/|x0|2, (2.11)

where we see that it is possible to improve the SNR of the measurement by increasing the

intensity of the stimulation beam, although at the cost of risking damaging the chromophores

that are being imaged.

In this thesis we propose to improve the SNR of this measurement, instead, by using an

amplitude-squeezed stimulation beam. Informally speaking for the moment (find a rigorous

explanation in [54]), a squeezed state of light is a Gaussian state in which the quantum un-

certainty associated to one quadrature is smaller than the minimum symmetric uncertainty

found in a coherent state. This quadrature is said to be squeezed. In order to fulfill the Heis-

enberg uncertainty principle, the conjugate quadrature must be antisqueezed : it must have

an uncertainty greater than that found in a coherent state. A squeezed state with a zero
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mean is called a squeezed vacuum (see Fig. 2.2.a), while a squeezed state with a non-zero

mean, given by a displacement vector x0, is called a squeezed coherent state (see Fig. 2.2.a

and b). Unlike in a squeezed vacuum, where the choice of squeezed quadrature corresponds

to a simple global phase, a coherent squeezed state presents a non-trivial phase: the relative

phase between x0 and the squeezed quadrature. This phase can be seen informally as the

angle that the squeezed uncertainty ellipse makes with the line that goes from the ellipse to

the phase-space origin.

Figure 2.2: Different types of squeezed states. a) Squeezed vacuum has a zero mean and asymmetric
quadrature fluctuations. b) An amplitude squeezed coherent state is displaced from the phase-space
origin and its quadrature fluctuations are squeezed in the radial direction. c) A phase-squeezed
coherent state is displaced from the origin, and its quadrature fluctuations are squeezed in the
angular direction.

There are two extreme cases regarding the relative phase between the coherent amplitude

and the squeezed quadrature. The first case is a state where the squeezing and displacement

occur in the same quadrature (see Fig. 2.2.b). In a polar coordinate representation, the

radial (amplitude) coordinate of an amplitude-squeezed state appears squeezed, while its an-

gular (phase) coordinate is antisqueezed. These are the so-called amplitude-squeezed states.

In contrast, a state where the squeezing and displacement occur in orthogonal quadratures

(see Fig. 2.2.c) is called a phase-squeezed state. In this case, the radial coordinate of a polar

representation is antisqueezed, while the angular coordinate (phase) appears squeezed.
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Figure 2.3: a) Estimating a small gain in a coherent state is hindered by quantum uncertainty.
b) The gain estimation in an amplitude-squeezed state is improved because the overlap between the
original and amplified quadrature distributions is smaller.

The parameter estimation problem posed by SEM can be improved by using amplitude-

squeezed coherent states. An intuitive graphical explanation for why this is the case is found

in Fig. 2.3 : given that we want to distinguish states with coherent amplitudes of slightly

different magnitudes, it is advantageous to squeeze the quantum fluctuations in the radial

direction, diminishing their overlap and making them more distinguishable. As we will show

in the next section, this enhancement is due to the fact that an amplitude-squeezed state

has lower intensity fluctuations (shot noise) than an equivalent coherent state with the same

amplitude. This allows for a more precise estimation of the intensity of the amplified probe

(Eq. (2.9)) from which the stimulated emission gain is estimated. It is important to note

that, if we were trying to estimate a parameter encoded in the phase of the optical probe,

an amplitude-squeezed state would give worse results than a coherent state with the same

coherent amplitude, as its phase fluctuations are antisqueezed.
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2.4 Squeezing coherent states: the degenerate parametric

amplifier

We have laid out our proposal to improve SEM by using an amplitude-squeezed stimulation

beam. The obvious question now is: how do you prepare such a state of light? It has

long been known that nonlinear optics provides a mechanism for this task: the optical

parametric amplifier (OPA) [54–56]. Here we will briefly review some standard results and

notation, showing that a squeezed coherent state can be prepared through the phase-sensitive

amplification of a monochromatic coherent state in an idealized narrowband OPA. This is

presented only in order to illustrate the fundamental ideas behind amplitude squeezing,

leaving the realistic modelling of a multimode ultrafast OPA for Chapter 3. The notation

presented here follows mostly [57] and [58], with some straightforward modifications.

Consider the schematic DFG effective Hamiltonian in the interaction picture, coupling

three monochromatic plane-wave fields (one pump and two degenerate signal fields) through

a second order nonlinearity (see Sec. 1.2.4). This interaction corresponds to the well-known

single mode squeezing transformation

Ŝ(ξ) = exp
(1

2
(ξ∗ â2

s − ξ (â†s)
2)
)

(2.12)

with a squeezing parameter ξ = 2 g αp, where αp is the coherent amplitude of the mac-

roscopic pump, g is a gain parameter proportional to the second order susceptibility of

the crystal, as well as the crystal length, and we have assumed that the pump oscillates

at twice the frequency of the signal field, ωp = 2ωs. The signal field is described by the

annihilation operator âs, which fullfills the bosonic commutation relations [âs , â
†
s ] = 1 and
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[âs, âs] = [â†s , â
†
s ] = 0.

In the Heisenberg picture, this evolution causes the following transformation of the signal

annihilation operator

Ŝ† âs Ŝ = cosh(r) âs − sinh(r)eiθp â†s (2.13)

where we have separated the squeezing parameter into its modulus and phase, ξ = r eiθp .

When this Hamitonian is applied to a signal field in the vacuum state, the state of the res-

ulting field will be a squeezed vacum. This state is characterized by a non-zero mean photon

number (spontaneous emission), as well as by a phase-dependent quadrature variance. But

what is the state generated by applying this Hamiltonian to a coherent state? The predict-

able answer is: a squeezed coherent state. Despite this terminology, it is worth noting that

an OPA does more to an input coherent state than just redistributing the quantum fluctu-

ations of its field quadratures. Like the name suggests, an OPA amplifies (or deamplifies) a

coherent state, both its mean and its fluctuations, depending on its phase.

Recalling that an initial coherent state can be expressed as a displaced vacuum (1.29),

the state generated by amplifying a coherent state in a degenerate OPA is obtained by

acting on the vacuum successively with the displacement operator, D̂(αs), followed by the

single mode squeezing operator Ŝ(ξ):

|αs, ξ〉 = Ŝ(ξ) D̂(αs) |0〉 (2.14)

and the transformation of the signal annihilation operator due to the chained effect of the
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two operators is

âout = D̂(αs)
† Ŝ(ξ)† âs Ŝ(ξ) D̂(αs) = cosh(r)(â+ αs)− sinh(r)eiθ(â† + α∗s ) (2.15)

with ξ = r eiθ. It is convenient to use the phase of the pump as a reference, setting θp =

0, and to define the phase of the input coherent state with respect to this. Then, the

quadratures of the amplified signal field, defined in terms of its creation and annihilation

operators, are

X̂out = (âout + â†out) / 2 = e−r (X̂v + Re{αs}) (2.16)

P̂out = (âout − â†out) / (2 i) = er (P̂v + Im{αs}) (2.17)

where we recall that X̂v and P̂v are the quadrature operators referred to the vacuum state.

This transformation can be seen as composed of two successive steps: first, the quad-

ratures are displaced to the position x0 = (Re{αs}, Im{αs}). Subsequently, the entire

quadrature space is stretched (squeezed in one direction, antisqueezed in the other) by a

factor of exp(±r). It is worth noting that, as shown in Fig. 2.4, the squeezing transforma-

tion affects not only the fluctuations of the displaced vacuum, but also its mean. Depending

on the phase of the input coherent state, its mean will be amplified or deamplified due to

the squeezing transformation. Moreover, as seen in Fig. 2.4 this dependence maps also to

the direction of the fluctuation squeezing: if a coherent state gets deamplified it also gets

amplitude-squeezed. On the contrary, if it is amplified it will also be phase-squeezed.

In our proposal, we are interested in measuring the intensity (photon number) of the

stimulation beam rather than its quadratures. Using an amplitude-squeezed coherent state,
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Figure 2.4: The single mode squeezing transformation stretches the phase space. If a coherent
state gets deamplified it is simultaneously amplitude-squeezed, while if it is amplified it gets phase-
squeezed.

we intend to reduce the intensity fluctuations (shot noise) for a given mean intensity. We

can show that DFG achieves this by comparing the first and second order moments of the

intensity (photon number) operator for a squeezed coherent state. The mean and variance

of the photon number are, respectively

〈n̂out〉 = 〈αs, ξ|â†out âout|αs, ξ〉

= Re{αs}2 e−2r + Im{αs}2 e2r + sinh2(r)

(2.18)

var(n̂out) = 〈αs, ξ|∆n̂2
out|αs, ξ〉

= Re{αs}2 e−4r + Im{αs}2 e4r + 2 sinh2(r) cosh2(r)

(2.19)

where we have defined ∆n̂out = â†out âout − 〈n̂out〉.

We identify that the two first terms in the mean intensity, Eq. (2.18), correspond to

the mean photon number of the input coherent state, n0 = |αs|2, amplified or deamplified

depending on its phase. The last term, which arises only due to the bosonic commutation
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relations of the creation and annihilation opearators, corresponds to the mean number of

photons created by spontaneous emission. Neglecting the spontaneous emission when n0 is

large, the ratio between the intensity before and after amplification has a very simple form.

Expressing the complex amplitude of the input coherent state as αs = |αs| exp(i θs), we can

write the intensity amplification parameter as

G =
〈n̂out〉
n0

≈ cos2(θs) e
−2r + sin2(θs) e

2r (2.20)

Now we turn our attention to the intensity noise properties of a squeezed coherent state.

The single-mode OPA transformation amplifies (deamplifies) not only the mean photon

number of the input coherent state, but also its fluctuations. The ratio between the variance

and the mean of the output photon number, often referred to as the intensity Fano factor,

quantifies the sensitivity with which a measurement of the output field intensity can be

performed.
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Figure 2.5: The amplification (deamplification) of the intensity mean and variance of a coherent
state are respectively quantified by the intensity gain, G, and the intensity Fano factor, F. These
attain the same value at their extremes, but not for intermediate phases. The difference is larger for
higher squeezing parameters.

We can easily see that the Fano factor for a coherent state is equal to one by setting r = 0

in Eq.(2.18) and (2.19). This unit ratio, characteristic of the Poissonian photon statistics of
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a coherent state, sets the “classical limit” that we aim to overcome. Any state of light whose

Fano factor is lower than one can thus be referred to as sub-Poissonian. For the squeezed

coherent states that we generate using an OPA, assuming that we can neglect spontaneous

emission, the intensity Fano factor is

F =
var(n̂out)

〈n̂out〉
≈ cos2(θs)e

−4r + sin2(θs)e
4r

cos2(θs)e−2r + sin2(θs)e2r
, (2.21)

which can take values lower than one (squeezing), or higher (antisqueezing), depending on

the phase of the input coherent state. It is worth noting that the maximum squeezing,

attained for θs = 0, coincides with the value of the maximum deamplification, obtained at

the same phase. In the same way, the maximum antisqueezing and amplification are also

equal. However, this coincidence does not occur away from these optima, with the discrep-

ancy being larger for higher values of the squeezing parameter. In Fig. 2.5 we show an

example of this behaviour, where it is apparent that squeezing shows a higher sensitivity to

phase fluctuations than intensity deamplification. Nevertheless, the correspondence between

deamplification and squeezing at the optima suggests a straightforward strategy when ex-

perimentally attempting to maximize squeezing: tune the phase of the input coherent state

to maximize deamplification, squeezing should follow.

2.4.1 Losses

It is well known that optical losses hinder the generation of squeezed light. Quantum

correlations are broken when photons are scattered randomly, causing a reduction of the

degree of squeezing. It is common to model linear losses in a single optical mode as scattering

in a fictitious beamsplitter [59], identifying two of the ports (1 and 2 in Fig. 2.6) with
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the optical field before and after loss, while the other two ports (3 and 4) are identified

respectively as input and output “loss ports”. The output loss port will carry the fraction

of light that is scattered in the loss process, while the input loss port will be simply in the

vacuum state.

a

a

in aout

v
in

av
out

1 2

3

4

Figure 2.6: The effect of linear losses on a single optical mode can be modelled as a fictitious
beamsplitter. As the input optical field is attenuated, vacuum fluctuations from the empty input
port of the beamsplitter are coupled to it.

Using the beamsplitter transformation in the Heisenberg picture

âout =
√
ηloss â

in +
√

1− ηloss â
v
in, (2.22)

where ηloss is the fraction of photons that are not lost, the annihilation operators âin and

âout correspond to the optical field before and after loss and âv
in corresponds to the input loss

port in the vacuum state (see Fig. 2.6) , we find that the moments of the photon number

at the input and output of the “loss beamsplitter” are related through

〈n̂out〉 = ηloss 〈n̂in〉 (2.23)

var(n̂out) = η2
loss var(n̂in) + ηloss (1− ηloss)〈n̂in〉 (2.24)
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where n̂in/out = (âin/out)†âin/out and we have used the fact that the input loss port (port 3)

is in the vacuum state and that its bosonic operators commute with the bosonic operators

in port 1. Using these relations we find that the intensity Fano factors of the fields before

and after the losses are related through the simple expression

F out = F in ηloss + (1− ηloss), (2.25)

showing that, as the losses increase, the intensity squeezing parameter is degraded and

approaches the classical limit of one. The relations shown here are easily generalized to a

multimode case, provided that these modes are uncorrelated and that the losses affect each

mode independently.

2.4.2 The connection between intensity and quadrature squeezing

There exists an extensive literature studying the generation of squeezed vacuum and its

measurement through homodyne detection. In contrast, the topic of intensity squeezing in

an OPA has received comparatively little attention. It is worth pointing out that there is a

strong connection between the two, as this will allow us to tap from the squeezed-vacuum

literature when designing our optical parametric amplifier. Although the parallelism is only

exact in the single mode case, we will find that it is a good rule of thumb to begin designing

a sub-Poissonian source of light using the insights gained in squeezed vacuum generation

experiments.

Let us begin by providing a very schematic description of a homodyne detection scheme.

More details can be found in [58]. In homodyne detection, the signal field to be measured,

often prepared in a few-photon state, is sent into one port of a 50/50 beam-splitter (BS). A
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local oscillator (LO) field prepared in a coherent state with a macroscopic amplitude is sent to

the other input port of the BS. This coherent state can be described by the complex coherent

amplitude βLO, which corresponds to a displacement in the spatio-temporal mode occupied

by the LO. The signal field can be decomposed in a basis of broadband optical modes, and

an annihilation operator b̂s can be assigned to the spatio-temporal mode matching that of

the coherent LO (save for their being in different ports in the BS). We find that the optical

fields in the output ports of the BS are then described by the annihilation operators

b̂out,1 =

√
1

2
(b̂s + βLO) b̂out,2 =

√
1

2
(b̂s − βLO) (2.26)

Detecting the intensity in each port with two balanced photodetectors, and subtracting

them electronically, we obtain a current-difference signal

∆Î = ηBD |βLO| X̂s
φLO

(2.27)

where X̂s
θLO

= b̂†s eiθLO + b̂s e
−iθLO is a rotated quadrature of the signal optical field, and

we have defined the phase of the LO complex amplitude as θLO = arg(βLO), as well as a

proportionality constant ηBD describing the response of the balanced photodetectors.

Now we can compare the quadrature squeezing measured through homodyne detection

in a vacuum-seeded OPA with the intensity squeezing measured through direct detection in

a coherent-state-seeded OPA. We can compute the Heisenberg picture quadrature operators

corresponding to the output of a vacuum-seeded parametric amplifier by applying Eq.(2.17)

and making the coherent amplitude at its input equal to zero. These quadratures are then

measured through homodyne detection (Eq. (2.27)), leading to an intensity-difference signal
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with a zero-mean and a variance that is squeezed or antisqueezed depending on the phase

of the local oscillator:

var(∆Î) = 〈∆Î2〉 = 2 η2
BD |βLO|2 (e−2r cos2(φLO) + e2r sin2(φLO)) (2.28)

where we have used the fact that the quadratures of a vacuum state are uncorrelated and

each has a variance equal to one half. Normalizing the measured variance to that obtained

for a non-squeezed vacuum (r = 0), we obtain a measure of quadrature squeezing:

s =
var(∆Î)

var(∆Î)|r=0

= e−2r cos2(θLO) + e2r sin2(θLO) (2.29)

We can now compare the intensity Fano parameter of a squeezed coherent state generated

in an OPA (Eq. (2.21)) with the quadrature squeezing/antisqueezing of a squeezed vacuum

produced in the same OPA (Eq. (2.29)). These two quantities are equal at their extrema, for

maximum squeezing and antisqueezing. This parallelism motivates our informal corollary

that we can often inform sub-Poissonian light source design using the literature on squeezed

vacuum generation. It will be seen that this parallelism breaks down when modelling a

multimode scenario, a question that we will tackle extensively in Chapter 3.
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2.5 Experimental design

2.5.1 A sketch of the experiment: the need for pulsed and focused

beams

In the last sections we have presented the elements that make up our proposal: we want

to improve a stimulated emission microscope by reducing the quantum fluctuations in the

intensity of its pulsed stimulation beam. This can be achieved by deamplifying an initial

coherent state in a phase-sensitive OPA, which simultaneously reduces its intensity fluc-

tuations below the coherent shot noise level. Now it is time to make this proposal more

concrete, considering some practical details about the physical implementation of a real

stimulated emission microscope. In doing so, we want to highlight a somewhat obvious

point: while the single-mode model of an OPA that we have presented in the previous sec-

tions has provided us with much useful intuition, our experiment cannot be described by

such a simple picture. Far from the monochromatic plane-wave description that we have

used until now, the stimulation beam involved in our SEM experiment will be pulsed with

sub-picosecond pulses and will have a finite transverse profile. As will be seen, this imposes

additional considerations in the design of an appropriate OPA.

Let us begin by describing our implementation of an SEM experiment (see Fig.2.7), as

it is this application that will demand certain specifications from our intensity-squeezed

stimulation beam. In order to isolate the basic physics of the problem, and due to prac-

tical constraints, in this first demonstration we will only consider a bare-bones version of

a practical SEM experiment. In the first place, we will not deal with the practical prob-

lems of scanning a sample to obtain an SEM image, but instead will consider a uni-pixel
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Figure 2.7: Sketch of the experiment. A pulsed sub-Poissonian beam is generated by phase-sensitive
deamplification of a sub-picosecond pulsed Ti:Sapph laser. This beam is used as the “stimulation
beam” in a simplified stimulated emission microscope.

measurement of a static sample. In second place, while the original SEM proposal [51] used

sub-picosecond beams for both excitation and stimulation beams, in this demonstration we

will use a continuous-wave (CW) excitation beam. This simplifies the experimental setup,

forgoing the need to synchronize the excitation and stimulation pulses, while maintaining

the core physics of the problem. As a test sample for the microscope we will use a diluted

sample of a dye called Brilliant Blue FCF, which we choose because it absorbs strongly at

the wavelength of an available excitation He-Ne laser (λHe-Ne = 632.8 nm). The light used

to stimulate the SEM sample will be obtained from a sub-picosecond modelocked Ti:Saph

laser, with a central wavelength of 820 nm, chosen to be well outside of the absorption spec-

trum of the dye sample. Unlike with the excitation light, we do not make the simplification

of using a CW field for this beam, as we aim to demonstrate the feasibility of generating

ultrafast bright pulses with sub-shot noise intensity fluctuations. Our Ti:Saph laser outputs

a train of 190-fs long pulses with a maximum energy of 40 nJ per puse, at a repetition rate

of 80 MHz.
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2.5.2 Quantum noise in a pulsed optical field

While until now we have carried our discussion of optical quantum noise assuming mono-

chromatic beams, we note that our experiment differs from that model in that it uses trains

of ultrafast optical pulses. Therefore, we must extend our picture of quantum noise to a

broadband model that can describe the noise in such a pulsed field. Following [60], we quant-

ize a broadband electromagnetic field propagating in a single spatial mode, and assuming

negligible dispersion, by assigning each frequency a creation operator, â(ω), which fulfill the

commutation relations

[â(ω), â†(ω′)] = δ(ω, ω′) (2.30)

[â(ω), â(ω′)] = [â†(ω), â†(ω′)] = 0 (2.31)

The time-varying intensity measured at a photodiode is given by the normally-ordered

Poynting vector

n̂(t) =
~ω0

2πS

∫
dω dω′ â†(ω) â(ω′) exp(−i(ω − ω′)t) (2.32)

where S is a quantization area and ω0 is the central frequency of the detected optical field.

In our experiment, we will be concerned with the power spectral density (PSD) of the diode

photocurrent, as measured with an electronic spectrum analyzer (SA). Defining the Fourier

transform of the time-varying Poynting vector

Ŝ(Ω) =
1√
2π

∫
dt n̂(t) exp(−iΩt), (2.33)
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where we note that Ω is an “analysis frequency” in the radio-frequency (RF) range, we find

that the PSD of the diode photocurrent is

PSDi(Ω) = ηd 〈|Ŝ(Ω)|2〉 = ηd 〈Ŝ(Ω) Ŝ(−Ω)〉 (2.34)

where ηd is a constant describing the ratio between light absorbed and current output.

Note that we are making the simplification of assuming a photodiode with a flat frequency

response, as we will only be interested in the low frequencies of the detected signal. The

second equality in Eq. (2.34) is due to the fact that the time-domain Poynting vector is

real. Doing a bit of algebra, and applying the commutation relations in Eq. (2.30), we find

that the PSD of the diode photocurrent can be expressed as

PSDi(Ω) = 〈ηd

(
: Ŝ(Ω)2 : +

∫
dΩ Ŝ(Ω)

)
〉 (2.35)

where the colons around Ŝ(Ω)2 denote normal ordering of the creation and annihilation

operators. Now, a pulsed coherent state, |α(ω)〉, can be represented in the Heisenberg

picture by applying a frequency-dependent displacement to the vacuum:

â(ω) = α(ω) + âv(ω) (2.36)

where âv(ω) is the annihilation operator referred to the vacuum and α(ω) is the frequency-

dependent coherent amplitude. Expressing the PSD of the diode photocurrent in terms of
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these Heisenberg-picture operators yields

PSDi(Ω) = ηd

(
[

∫
dω α(ω + Ω)∗ α(ω)]2 +

∫
dω |α(ω)|2

)
= ηd

(
[

∫
dω α(ω + Ω)∗ α(ω)]2 +N0

) (2.37)

We identify that the first term in the rhs of Eq. (2.37) corresponds to the autocorrelation of

α(ω), and the second term in the rhs corresponds to a frequency-independent (white) noise

with a spectral amplitude equal to the mean photon number in |α(ω)〉, which we denote as

N0.
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Figure 2.8: The PSD of the photocurrent generated by a train of optical pulses has peaks separated
by the repetition rate of the laser, which are modulated by an envelope given by the Fourier transform
of the pulse temporal shape. The quantum fluctuations of the optical intensity add a constant noise
background with an amplitude proportional to the energy of a pulse.

The spectral amplitude corresponding to a train of pulses is a frequency-comb of the

form

α(ω) =
∑
m

A0(ω − ω0) δ(ω − ω0 +
2πm

T
) (2.38)

where A0(ω) is the base-band Fourier transform of the pulse temporal envelopes, ω0 is the

frequency of the optical carrier, and T is the period between pulses. This frequency comb
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yields a detected photocurrent PSD like the one shown in Fig. 2.8. The spectral peaks

are separated by the repetition rate of the laser, which in our experiment is 80 MHz. The

envelope of the PSD has a bandwidth of the order of 1/τp, where τp is the temporal duration

of the transform-limited optical pulses (this bandwidth is artificially small in Fig. 2.8). In

addition to the frequency peaks at the repetition rate of the laser, the photocurrent PSD

also has a flat background, which we have identified as shot noise. In our experiment, we

intend to reduce this flat noise background, without reducing the amplitude of the frequency

peaks, by using a pulsed squeezed coherent beam.

2.5.3 Squeezing pulsed beams

As we have advanced earlier, in order to obtain intensity squeezing in the stimulation beam,

this has to be deamplified in a phase-sensitive three-wave-mixing process, where it will

play the role of the sub-harmonic signal field. However, now that we consider squeezing

a pulsed signal instead of the plane-wave monochromatic field introduced in Sec. 2.4, it

is natural to ask what form the pump beam should take. Given the parallelism between

squeezed-vacuum generation and sub-Poissonian light generation that we have mentioned

earlier (section 2.4.2), we initially guided our design of a proof-of-principle experiment using

insights taken from the pulsed squeezed-vacuum literature. It will be seen later that, while

this provided us with a good basis from which to begin, our initial picture of pulsed OPA

turned out to be too simple. Let us for the moment introduce the principles that guided our

experimental demonstration. In Chapter 3 we provide a more complete theoretical analysis

of a seeded OPA, pointing out possible limitations, and guiding a future design.
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Pulse durations

A natural first consideration regarding the pulsed nature of the signal field is: if the signal

pulses are delivered at a rate of 80 MHz and have a duration of only 200 fs, the fraction

of the time occupied by a pulse is less than 10−4 in one. This precludes the possibility of

using a CW pump in a travelling-wave configuration, given that only a minuscule fraction

of its power would be used to deamplify the signal pulses. The question arises: can we use a

pulsed pump in order to employ its power efficiently? Indeed, some of the first experiments

producing squeezed vacuum involved short pump pulses, used to enhance the effective optical

nonlinearity in a travelling-wave configuration [61–64].

Let us now analyze what are the conditions required from the pump and signal pulses,

such that squeezing can be achieved. Let us consider a slab of quadratic nonlinear material

in which a signal and pump pulses travel along the z direction, omitting for the moment

any transverse propagation effects. Given that the carrier frequency of the pump is twice

that of the signal, these two fields are coupled through the quadratic nonlinearity. In a

dispersionless material, where the two pulses would travel together along the entire crystal,

a simple condition is required from their respective durations: in order to optimize squeezing,

the pulse length of the signal (local oscillator) must be shorter than that of the pump [65].

This is an intuitive requirement given that, if the seed pulse is longer than the pump, its

temporal wings will not participate in the nonlinear interaction and therefore will not be

squeezed.

In a seeded OPA, the effect of imperfect mode overlap is double: the part of the pulse

that is overlapped with the pump is simultaneously deamplified and squeezed (see Fig.2.9.a).

Let us coarsely estimate the degree to which squeezing deteriorates if this condition is not
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Figure 2.9: a) Illustration of deamplification and squeezing of a signal pulse longer than the pump.
The solid lines represent the mean of the optical intensity, and the shade around them represents the
standard deviation of its fluctuations. The wings of the pulse experience less deamplification and
squeezing than its center. b)As the pump power is increased, the Fano factor of the total intensity
does not decrease monotonically. Here the pump and signal pulses are Gaussian, with σs = σp

√
2.

This corresponds to a field overlap of ηOL = 0.97.

fulfilled. Considering a certain overlap between the pump and signal field amplitudes, ηo,

only a fraction η2
o of the intensity of the pulse experiences deamplification and squeezing,

whereas a fraction (1 − ηOL)2 remains unchanged. Assuming that the overlapping part is

uniformly deamplified and squeezed, following the single mode OPA model (Eq. (2.20) and

(2.21)), we can calculate the intensity Fano factor after the interaction:

Fout =
var(nout)

〈nout〉
=
e−4r η2

OL + (1− ηOL)2

e−2r η2
OL + (1− ηOL)2

(2.39)

This estimation, despite being only qualitative, highlights an important difference between

quadrature and intensity squeezing. Whereas the observed quadrature squeezing increases

monotonically with the squeezing parameter r, regardless of the overlap between the LO

and the squeezed mode, this is not the case in intensity squeezing (see Fig.2.9.b).
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The problems with using SHG to generate the pump A common method to obtain

a phase-stable train of pump pulses with the same repetition rate as the signal pulses is to

generate both using the same laser, obtaining the pump through SHG of the fundamental

beam in a quadratic nonlinear crystal. In this work we used this scheme due to its ex-

perimental simplicity (see Fig. 2.7): the light output by the high-power Ti:Sapph laser is

separated into a weak beam, which will be used as the signal, and an intense beam headed

for a frequency doubling crystal. The generated second-harmonic pump light is separated

from the remaining fundamental by means of optical filters, and subsequently combined

with the signal in a dichroic mirror. Now, the co-propagating signal and pump, which have

been appropriately synchronized by matching their path lengths, are focused into a second

nonlinear crystal, which implements an OPA.

While this is a simple and effective arrangement, it is worth noting that it implies

a fundamental limitation. Given the quadratic dependence of SHG on the fundamental

amplitude, the second harmonic pulses will be shorter than the fundamental pulses (i.e.

assuming a short nonlinear crystal such that dispersion can be neglected. See Sec. 1.2.3 for

more details). In particular, assuming fundamental pulses with a Gaussian temporal profile,

the second harmonic pulses will also be Gaussian with a temporal constant smaller than the

first by a factor of
√

2. According to the discussion above, having a pump that is shorter

than the signal inevitably reduces squeezing. To quantify this effect, we use the coarse model

that we presented in Eq.(2.39), taking ηOL = 0.97 as the field amplitude overlap integral

between two Gaussian pulses with width constants differing by a factor of
√

2. As seen in

Fig. 2.9.b, we find that the temporal mismatch is not expected to degrade the intensity

Fano factor significantly below 6 dB of squeezing. However, the effect becomes stronger



2.5 EXPERIMENTAL DESIGN 81

beyond this point, limiting the absolute achievable intensity squeezing to ∼ 12 dB.

Angle phase-matching

The nonlinear crystals in which OPA takes place are not dispersionless media. The refractive

indices experienced by the signal and pump fields, whose carrier frequencies are separated

by an octave, are in general different. This leads to a dephasing between the two beams as

they propagate along the crystal. Given that parametric amplification is phase-dependent,

this dephasing leads to an alternation between amplification and deamplification processes,

which cancel each other. Efficient optical parametric amplification (deamplification) re-

quires a phase-matching condition to be fulfilled: the refractive indices experienced by the

pump and seed fields must be equal in order to prevent dephasing as they propagate. In our

experiment, we choose a simple method to achieve phase-matching: using the birefringence

of BBO, we find the propagation angle for which the refractive indices for an e-polarized

pump and an o-polarized signal (type-I interaction) are the same (see Sec. 1.2.2 for back-

ground on birefringent propagation). Using the Sellmeier equations of BBO, we find that the

propagation angle with respect to the crystal optical axis for which this condition is achieved

is θ0 = 29◦. It is worth noting that the phase-matching condition required for degenerate

OPA is the same required for SHG. This provides a simple way of aligning the orientation

of the crystal for efficient OPA by maximizing SHG when only the signal beam is sent into

the crystal. The advantages of using angle phase-matching are that we can use common

and relatively inexpensive nonlinear crystals, as well as having a simpler experimental setup

than that involved in other approaches, such as temperature phase-matching.
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Crystal length: temporal walk-of

Dispersion in the crystal leads to an additional effect to consider: temporal walk-off. The

signal and pump pulses travel along the crystal at different group velocities, such that two

initially overlapping pulses will walk-off from each other after a long enough propagation

length. The implication on the design of the OPA is that we should use a crystal shorter

than the propagation length that it takes the pulses to walk-off. Evaluating the group

velocity of the signal and pump in BBO (vs = 0.594 c and vp = 0.574 c respectively), we

find that the length of crystal for which their temporal overlap decays by a factor of two

is Lmax = 800µm. The crystal used in our experiment was 300 µm long, ensuring that the

temporal walk-off between the pulses is small.

2.5.4 Squeezing focused beams

In a bulk crystal travelling-wave OPA, the pump and signal beams are focused into the

interaction region, enhancing their intensities and increasing the efficiency of the process.

The fact that the interacting beams are confined in the transverse direction supposes an

additional departure from the plane-wave model introduced in Sec. 2.4. We will here

discuss the design considerations derived from this.

In the first place, it has been noted that, in a travelling-wave OPA where the beams

diverge substantially during the interaction, a mixing of the amplified and deamplied quad-

ratures can occur [66–68]. If the phase fronts of the pump and signal beams do not remain

parallel as they travel through the nonlinear medium, their quadratures will rotate with

respect to each other as they propagate, leading alternation between amplification and

deamplification. This would seem to suggest that the optimum configuration is to operate
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under the Boyd-Kleinman condition [69], where the waist of the pump is made smaller than

that of the signal by a factor of
√

2 to ensure that their phase-fronts remain parallel as they

diverge.
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Figure 2.10: Spatially inhomogeneous deamplification. The solid lines show the spatial profile of
the amplified (peaked) and deamplified (dipped) quadratures. The original spatial profile is shown
in a dotted line for reference.

However, this choice of beam waists seems to contradict another principle that we set

when we discussed the choice of pulse durations (Sec. 2.5.3): the pump field should over-

lap with all of the signal field in order to avoid having non-deamplified sections that limit

the achievable squeezing. In addition, using a pump beam smaller than the signal leads

to an intrinsic limitation in the high-gain regime through the phenomenon of gain-induced

diffraction [66]: the shape of the signal beam profile for the amplified and deamplified quad-

ratures will be both non-Gaussian, but different (see Fig.2.10). These two distorted beam

profiles will diffract differently even if the initial beam waists had been chosen to satisfy

the Boyd-Kleinman condition, which again leads to a mixing of amplification and deamp-

lification. It has been found that, if the unpertubed signal and pump beams satisfy the

Boyd-Kleinman configuration, the limit in the amount of achievable quadrature squeezing

due to gain-induced diffraction is 6 dB [66].

A compromise between these two seemingly opposing principles, i.e matching the phase-
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fronts of the interacting beams and using a pump beam that homogeneously covers all of

the signal spatial profile, must be seeked. One way of making the effect of beam divergence

small, despite the possibly non-matched phase-fronts, is to make the Rayleigh length of the

interacting beams much longer than half the length of the nonlinear crystal. In a previous

study [70,71] it was experimentally concluded that optimal squeezing could be achieved by

setting the beam waist of the pump to be a factor of
√

2 larger than that of the signal,

while keeping the confocal length of the beams much larger than the length of the nonlinear

crystal. Here we adopt this same strategy: focusing the signal down to a beam waist (defined

as the standard deviation of the spatial intensity profile) of Ws = 40µm, and the pump down

to Wp = 60µm, we obtain a Rayleigh length for the signal and pump of respectively zs = 10

mm and zp = 40 mm. These are almost three orders of magnitude larger than the 150µm

half-length of our BBO crystal, ensuring that beam divergence is kept small.

2.6 Experimental demonstration

In this section we report on our experimental demonstration of a quantum-enhanced SEM

experiment. For clarity of exposition, we will divide the description of our setup into two

blocks: first we will discuss the sub-Poissonian light source, and then we will describe the

SEM microscope. After detailing the main experimental challenges involved in each block,

we will report on our measurement of SEM with an intensity-squeezed probe.

2.6.1 Sub-Poissonian light source

The core component in this experiment is a source of intensity-squeezed bright ultrafast

pulses, which will be used as a stimulation beam in the SEM setup. While pulsed sub-



2.6 EXPERIMENTAL DEMONSTRATION 85

Poissonian light has been produced before [68], to our knowledge this is the first demon-

stration of such optical states using sub-picosecond pulses. This represents a reduction by

three orders of magnitude in pulse duration with respect to previous experiments, entering

a regime of ultrafast optics where this problem has not been investigated before.
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Figure 2.11: Sub-Poissonian light source experimental setup

The experimental setup

The basic structure of our source is shown in Fig 2.11. It follows the typical configuration

mentioned earlier: a fundamental laser beam is split into a weak signal field and a strong

pump generated through SHG. These are then recombined in a second nonlinear crystal

where the signal field undergoes parametric deamplification. The OPA consists in a 300

µm-long BBO crystal, chosen due to the considerations listed in Sec. 2.5.

Our fundamental laser source is an ultrafast Ti:Sapphire laser (Coherent Chameleon)

generating a train of 190-fs long pulses at a central wavelength of 820 nm, with a repetition

rate of 80 MHz and a maximum average power of 3 W. The spectral phase of these pulses

was measured using a pulse characterization device (APE LX spider), ensuring that they
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are indeed Fourier transform limited. The laser is initially spatially filtered, obtaining a

collimated Gaussian profile with a beam waist of 1 mm.

Let us first follow the path of the pump beam. The 410 nm pump is produced via SHG

in a 400 µm-long bismuth triborate (BiBO) crystal. The fundamental beam is focused down

to a waist of 20 µm into the BiBO crystal, achieving efficient conversion without incurring

into significant elipticity of the second harmonic due to the relatively small walk-off angle of

the crystal (20 mrad [72]). The fundamental beam and second harmonic are separated using

two long-pass filters (Semrock 647 nm EdgeBasic long-pass) placed next to each other such

that the pump is reflected multiple times off the filters. After four reflections, the 810 nm

fundamental is attenuated by a factor of 10−20, ensuring the spectral purity of the pump.

We obtain a maximum average pump power of 550 mW using 2 W of 820 nm fundamental.

Next, we want the high-power pump to interact with the weak signal beam that we

initially split off. In order to make the pump and signal pulses overlap temporally, the

optical path lengths of the two are matched, first by coarsely matching the distances that

the beams travel, and then obtaining the fine tuning using a µm-resolution delay stage in

the signal path. Two piezo-controlled mirrors, about which more will be said later, are used

to adjust the relative phase between the pump and signal. To combine the signal and pump

in the OPA crystal, while controlling their beam-waists separately, these are first focused

using independent lenses and then combined in a dichroic mirror (Semrock Brightline 660nm

edge dichroic). As we have mentioned earlier, the lenses are chosen to obtain beam waist of

Ws = 40µm for the signal, and Wp = 60µm for the pump, achieving a compromise between

spatial overlap and phase-front matching.
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Parametric amplification

A careful alignment of the signal and pump, as well as of the crystal, is necessary to obtain

parametric amplification. The two fields must overlap as they propagate through the nonlin-

ear medium, which has to be located at the focus of the beams. The orientation of the crystal

has to be adjusted to provide degenerate type-I phase matching, and the polarizations of

the beams must be set accordingly. This task is greatly simplified by splitting the process in

two steps. First, blocking the pump and increasing the signal power, the crystal is aligned

to maximize the amount of SHG generated by the signal. This is a good starting point

given that the conditions that optimize the generation of signal-SHG (i.e. phase-matching

angle and beam focused at the crystal) are the same required for OPA. In second place, the

pump beam has to be overlapped with the signal, both spatially and temporally. Instead of

attempting this directly, it is useful to first align the pump with the signal-SHG as a proxy.

These two beams can be simultaneously coupled into a single-mode fiber (spatial overlap)

and sent to an optical spectrum analyzer (OSA) to look for spectral interference fringes

when they are temporally overlapped. Attaining this condition indirectly ensures that the

signal and pump will be overlapped.

Now we are ready to observe parametric amplification/deamplification of the weak signal.

Measuring the phase-sensitive amplification of the mean intensity of the signal will provide

an indication that, according to our model of an OPA, its quantum fluctuations should

be reduced as well. We send a strong pump (> 50 mW) and a weak signal (∼ 1 mW)

into the BBO crystal, and separate the outcoming beams using a low-loss dichroic mirror

(Layertech separator 109433). The direction of energy transfer in an OPA (i.e. from signal

to pump or the other way round) depends on the relative phase between the two beams,
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Figure 2.12: a) Amplification/deamplification fringes as the signal phase is scanned linearly. b)
Maximum amplification (red) and deamplification(black) as a function of pump power. The data is
fitted with a simple model considering imperfect overlap between the pump and signal.

which we scan using a piezo-controlled mirror (labelled “phase-lock piezo” in Fig. 2.11).

Using a photodiode to measure the power of the output signal, we observe that this oscillates

from maximum amplification to maximum deamplification as we scan the signal phase (see

Fig. 2.12).a. We align the pump and signal beams to maximize the contrast of these

“amplification fringes”, indicating an optimum nonlinear interaction. Considering a generic

non-unit overlap (e.g. spatial, temporal, polarization) between the signal beam and the

mode that gets uniformly deamplified, ηOL, the amplified/deamplified output power in the

signal should be [73]

Pout = ηOL exp(±α
√

Pp)Pin + (1− ηOL)Pin (2.40)

where Pin/out is the average power of the input/output signal beam, Pp is the average power

of the pump, and α is a fitting constant. In Fig. 2.12.b we show the values of these extrema

in our experiment, taken for a range of pump powers up to 550 mW. The dashed lines

correspond to a fit of Eq. 2.40 using only the low-power data in order to avoid phenomena
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like gain-induced diffraction. The overlap parameter has been fitted to ηOL = 0.58.

Locking on deamplification

The relative phase between the pump and signal fluctuates continuously even when we are

not scanning it with a piezo. These chaotic fluctuations originate from a variety of causes,

with a predominant contribution from the air currents in the laboratory. In consequence, a

free-running OPA process jumps from amplification to deamplification in a random fashion,

yielding the output signal light unfit for any practical application.
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Figure 2.13: Locking to deamplification. a) We introduce a small modulation of the signal phase,
which is transferred to the signal output power through the phase-dependent amplification process.
This signal can be demodulated electronically and is monotonic at the point of maximum deampli-
fication. b) Electronics used to lock the OPA to deamplification.

To lock the relative phase between the pump and signal fields, in order to consistently

obtain deamplification of the latter, we implement a feedback system that reads the unstable

output signal power and compensates for the random fluctuations of the phase using a

piezo-controlled mirror. We should note that locking to a minimum of the signal power

(i.e. maximum deamplification), is not a trivial task given that, at its minimum, the output

signal power does not depend monotonically on therelative phase between the pump and
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signal fields. Therefore, the output signal power cannot be used directly as an error signal

to a proportional-integral-derivative (PID) loop, and additional processing has to be done.

As illustrated in Fig. 2.13, we can add a small modulation to the input signal phase,

θs = θs,0 +s(t) = θs,0 + δ sin(2πfmodt), where δ is a small amplitude. This phase modulation

is translated into an amplitude modulation of the output signal power through the phase-

sensitive amplification process, Pout(θs,0+s(t)),which can be electronically demodulated (i.e.

multiplied with a sinusoidal local oscillator of frequency fmod and then low-pass filtered,

see Fig. 2.13). As shown in Appendix A, the demodulated signal is proportional to the

derivative of Ps,out with respect to the signal phase,

Pfmod
∝ ∂xPout(θs,0 + x). (2.41)

This processed signal is monotonic at the point of maximum deamplification of Pout, and

can therefore be used as the error signal in a PID loop. In our experiment, we modulate the

phase of the signal field using an independent piezo-controlled mirror, driven with the low-

amplitude sinusoidal output of a waveform generator (Tektronix AFG 3022). The output

of the photodiode that detects the signal field power is then mixed with a phase-locked

“copy” of the modulation signal, and the product is low-pass filtered (Thorlabs EF110) and

used as the error signal of a PID loop (New Focus LB1005). The output of the PID loop

is then sent to high voltage amplifier (Thorlabs MDT694B), and the amplified signal is fed

to a second piezo-controlled mirror to compensate for the phase fluctuations (“phase-lock

piezo”). Using this scheme, we are able to robustly lock the phase of the signal field to

maximum amplification or deamplification (depending on the setting of the PID loop).
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Direct detection of sub-Poissonian noise

A key task in our experiment is to achieve shot-noise-limited detection of the SEM stim-

ulation beam. This requires a photodiode with a high quantum efficiency, low noise and

fairly large detection bandwidth. The reason why we need a large bandwidth is that, while

we do not need to resolve each optical pulse separately, we still modulate the SEM signal

at a high frequency (> 2 MHz) in order to avoid technical noise. In our experiment we

use a Hamamatsu S5971 silicon PIN photodiode, with 85% quantum efficiency at 820 nm

and a bandwidth of 100 MHz, reverse-biased at 30 V. The output current is amplified by a

custom-made low-noise transimpedance amplifier, previously high-pass filtered to avoid sat-

uration of the amplifier by the DC component of the signal. This scheme yields a clearance

of 12 dB between the shot noise and electronic noise in a frequency band from 2 MHz to

10 MHz with an average signal power of P in = 2 mW. In addition, this electronic board

contains a second circuit where the current from the photodiode is independently amplified

with no high-pass filtering occurring. This DC output gives us a direct measurement of the

signal power, which we use as an alignment monitor, as well as a way to obtain a large signal

proportional to the amplification/deamplification in the OPA, which we use in our locking

system.

Using this photodiode we can measure the intensity fluctuations of our deamplified signal

beam, which we know should be reduced with respect to those of a coherent state of the same

mean power. We quantify the degree of intensity squeezing in the following way: locking the

phase of the signal to achieve deamplification in the OPA, we measure the high-frequency

output signal noise in an electrical spectrum analyzer (SA), Keysight PXA N9030A. Tuning

the SA to a central frequency where technical noise is negligible (e.g. 4 MHz), and using a
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small frequency range(100 KHz), together with a large resolution bandwidth (1 KHz) and

low video bandwidth (10 Hz), we acquire and average a total of 100 noise power traces.

Next, we proceed to measure the noise of a reference coherent state by blocking the pump

beam that drives the OPA. Given that the mean power of the signal changes when it ceases

to be deamplified, this has to be compensated to be the same as that of the deamplified

beam. Once this is done, a second batch of 100 traces are taken with the SA, comparing

their average to that measured with the deamplified signal. The difference between these

two traces, i.e. the difference between the noise power of the deamplified beam and that of

a reference coherent state, corresponds to the Fano factor of the intensity-squeezed signal

beam.

It is worth noting that, if we had two balanced photodiodes with the required specifica-

tions, the Fano factor could be measured more conveniently by dividing the beam in a 50/50

beam-splitter and detecting the intensity in each port. In this configuration, the fluctuations

of the intensity-squeezed beam can be measured from the sum of the photocurrents, while

their difference would have fluctuations corresponding to those in our reference coherent

state.

In the same way that we measured the amplification/deamplification of the signal as we

scanned the pump power (see Fig. 2.12), we measure the degree of intensity squeezing for

different pumps. However, this time we are faced with an unexpected outcome: as shown

in Fig. 2.14, the degree of intensity squeezing that we measure is much smaller than the

classical deamplification of the mean. While there are many reasons why the measured

squeezing can be smaller than deamplification of the mean, the discrepancy that we observe

is difficult to explain using a simple model.
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Figure 2.14: a) Spectral power of the shot noise measured with no deamplification (black) and a
deamplified signal (red). The bottom (gray) line corresponds to the electronic noise. b) Dots - Meas-
ured intensity Fano factor as a function of the mean intensity deamplification. The noise squeezing
is much smaller than the mean intensity deamplification, and it saturates early on. Dashed line - A
simple model including the experimentally measured linear loss and the imperfect overlap between
the pump and signal, as extracted from classical amplification/deamplification, cannot account for
the reduced squeezing

In first place, we need to account for the reduction of squeezing due to linear losses after

the OPA which, as explained in Sec. 2.4.1, break the quantum correlations responsible for

squeezing. We separate the sources of loss into two components: the propagation efficiency

from the OPA to the photodiode, ηp, and the detection efficiency of the detector, ηd. The

first is measured using a bright coherent beam and a powermeter, obtaining ηp = 0.94.

The second is taken from the specifications of the photodiode, ηd = 0.85. While these two

inefficiencies indeed reduce the observable squeezing, they do not explain the observed data

on their own. In particular, the effect of linear loss (see Eq. (2.25)) does not explain the

curbing of the intensity Fano factor observed in Fig. 2.14. We can make some progress

by including the effect of an imperfect overlap between the pump and signal fields. We

recall that the intensity Fano factor of a signal beam imperfectly overlapped with the pump

can be coarsely estimated using Eq. (2.39), which considers that the overlapped fraction is
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deamplified and squeezed homogeneoulsy, while the non-overlapped fraction stays the same.

We use ηOL = 0.58, the overlap coefficient that we obtained from the dependence of classical

amplification/deamplification on the pump power (see Sec. 2.6.1).

Taking into account both the effect of linear losses (Eq. (2.25) ) and of imperfect overlap

(Eq. (2.39)), we predict the correspondence between Fano factor and classical deamplifica-

tion shown in Fig. 2.14. While it qualitatively agrees with the measured data at low gains,

the disagreement that we observe at high gains makes us think that a more accurate model

of our OPA is required to understand its limited performance. As anticipated by our simple

model of imperfect overlap (Eq. (2.39)), we expect that the existence of multiple optical

modes (e.g. different spatial or temporal profiles) being squeezed inhomogeneously might

lead to a reduction of the directly measurable intensity squeezing. In Chapter 3 we develop

such a model.

2.6.2 Experimental demonstration of SEM

Let us now move on to describing our implementation of the second building block of our

proposal: a stimulated emission microscopy setup. As we have mentioned in Sec. 2.5.1,

this implementation will involve the minimum complexity necessary to test the physics of

a quantum-enhanced SEM. The basic experimental configuration, illustrated in Fig. 2.15,

is as follows: a homogenous sample of a dye called Brilliant Blue FCF is illuminated with

a continuous-wave HeNe laser (λHeNe = 633 nm). Due to the strong absorption peak of

Brilliant Blue close to λHeNe, a large number of molecules in the dye get excited. Simultan-

eously, our pulsed Ti:Sapph laser (λTi:Sapph = 820nm), which we are not squeezing at this

point, is shone onto the same sample. While the Ti:Sapph light is not absorbed by Brilliant
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Blue, it still acts as a stimulation field, promoting the release of energy from the excited

dye molecules in the form of light at this wavelength. The energy that is incoherently trans-

ferred from the excitation to the stimulation beam should show as a small amplification of

the later.

In order to resolve this amplification signal, which is small compared to the technical

noise at low frequencies, the stimulated emission interaction is modulated in time by turning

the excitation HeNe laser on and off periodically at a frequency above the technical noise

bandwidth (> 2MHz). To achieve this fast switching, which is out of reach of a mechanical

shutter, we send the HeNe beam into an acousto-optic modulator (Gooch&Housego) whose

Bragg grating is turned on and off following a high-frequency (4 MHz) square pulse train.

The first diffraction order, which becomes pulsed at the AOM modulation frequency, is then

allowed through an iris in order to completely isolate it from unwanted scattered light, and

then sent towards the sample.
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Figure 2.15: Stimulated emission microscopy setup. The periodic amplification of the stimulation
beam (Ps = 2.5 mW) due to the temporally modulated excitation beam (Pe = 30µW) is measured
with a spectrum analyzer. A peak at the modulation frequency appears over the shot noise when
the excitation beam is turned on. When the stimulation beam is turned off only the electronic noise
remains, verifying that this peak is due to stimulated emission and not experimental imperfections.
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The excitation and stimulation beams are combined in a dichroic mirror (Semrock

FF670-SDi01) and focused into the dye sample using an achromatic objective (20X Olympus

Plan Achromat), both achieving a beam waist of approximately 50 µm. The high intensities

of the beams in the region of the sample where they overlap allow for their efficient interac-

tion. After collimating the two output beams with a lens, the excitation HeNe is removed

using a combination of a long-pass filter (Semrock EdgeBasic 785 nm) and band-pass filter

(Semrock 830 nm MaxLine, tilted for transmission at 820 nm). In order to detect the time-

modulated amplification of the outcoming stimulation beam, we send this into a photodiode

and measure the generated photocurrent using a spectrum analyzer. A peak of the spectral

density at the AOM modulation frequency signals the presence of stimulated emission (see

Fig. 2.15). We check that this peak disappears when either the excitation or stimulation

beams are blocked, verifying that this signal is not caused by experimental imperfections

such as leakage from the HeNe laser or electronic pick up noise. In this demonstration we

only perform a static measurement of a homogeneous sample, obtaining as a result a single

amplitude of the gain peak. A natural follow-up experiment would record the amplitude

of this peak while scanning an inhomogeneous sample across the probe lasers. Given the

dependence of the SEM signal on the density of excitable molecules, an image of the sample

would be obtained.

However, we observe an unforseen phenomenon: the amplitude of the stimulated emis-

sion peak decays exponentially over time, with a time constant that becomes smaller as

we increase the power of the excitation beam. This effect, refered to in the literature as

photobleaching [74], occurs due to chemical alterations of the dye caused by the absorbption

of light, which progressively make it unable to undergo stimulated emission. Nevertheless,
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the damage does not seem to be permanent, as the SEM signal reappears after a recov-

ery period with the excitation beam blocked. We conclude that it is necessary to operate

the microscope using a power of the HeNe beam smaller than 100µW, which yields a long

enough decay constant (> 2 minutes) to allow experiments to be done consistently. We

must note that, despite this mitigation measure, the existence of photobleaching will still

pose an experimental difficulty in experiments that require long integration times.

2.6.3 Towards quantum-enhanced SEM

Having built an SEM setup and a compatible source of sub-Poissonian light, it is now time to

bring the two together. As illustrated in Fig. 2.7, we deamplify of our Ti:Sapph laser in an

OPA (see Sec. 2.6.1 for details), and use the resulting sub-Poissonian field as a stimulation

beam for the SEM experiment. In first place, we verify that the intensity squeezing is not

lost due to the non-unit transmission efficiency of the microscope objective and the dye

sample (ηmicroscope = 0.75), obtaining a maximum measurable squeezing of 0.3 dB. The

next step is to compare the SEM signal obtained with this intensity-squeezed probe with

that obtained with a coherent probe of the same mean intensity. We expect to improve the

SNR of the measurement by decreasing the intensity fluctuations in the stimulation beam.

In Fig. 2.16 we show the result of such a measurement. The average power of the stim-

ulation beam was set to Ps = 2mW, ensuring shot noise limited detection, and the average

power of the excitation HeNe beam was kept to 30µW in order to avoid excessive pho-

tobleaching. However, the long integration time required to resolve the difference between

squeezed and non-squeezed noise (> 1 min) caused the SEM signal to decay significantly

during the measurement. In order to avoid this decay, we resorted to slowly scanning the
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Figure 2.16: SEM signal with a coherent stimulation beam (gray) and an intensity-squeezed stimu-
lation beam (pink). The shot noise of the probe in the absence of excitation of the dye is also shown.
The SEM signals are fitted to a Gaussian model to obtain their SNR.

position of the sample (which is assumed to be homogeneous) during the measurement, thus

continuously measuring non-photobleached areas.

The result of this measurement is difficult to interpret: while the intensity noise of the

squeezed probe is clearly reduced compared to its coherent analog, the amplitude of the

SEM signal also appears to be smaller. We quantify the change in SNR by fitting these

traces to the following simple Gaussian model:

S(f) = N0 +ASEM exp(−(f − fAOM)2

2σ2
SEM

) (2.42)

where N0 is the flatbackground due to electronic and shot noise, and an SEM signal at the

AOM modulation frequency, fAOM, and with a Gaussian envelope. The amplitude of the

SEM signal, ASEM, is a function of the intensity of the excitation and stimulation beams,

as well as of the sample density, and its bandwidth, σSEM is just given by the resolution

bandwidth of the spectrum analyzer. The parameters of the fits corresponding to a squeezed

and coherent probes, shown in Fig. 2.16, are listed in Table 2.1. We see that, while the
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shot noise is reduced in the squeezed case by a factor of 0.3 dB, the signal amplitude is also

reduced by a factor of more than 1 dB. This behaviour could be due either to a systematic

error in the measurement procedure (the experiment was repeated three times with the same

result), or to an unaccounted for physical mechanism.

Table 2.1: SEM fitting parameters

coherent squeezed
N0 [dBm] -92.6 -92.9
ASEM [dBm] -98.7 -99.8

2.7 Summary and outlook

In this chapter we have proposed a quantum-enhanced label-free nonlinear microscopy tech-

nique: we suggest to overcome the fundamental sensitivity limit of stimulated emission

microscopy by using an intensity squeezed stimulation beam. In order to achieve that,

we have demonstrated a source of bright intensity squeezed sub-picosecond optical pulses,

with the temporal and spatial mode specifications required by SEM. The lowest Fano factor

achieved by our source is F = −0.4 dB, signaling inequivocal sub-Poissonian photon stat-

istics. We have integrated our sub-Poissonian light source into an operating SEM setup,

showing that intensity squeezing is maintained after the microscope optics. However, in

preliminary experiments we have observed that the amplitude of the SEM signal is system-

atically reduced when we employ an intensity-squeezed probe. This decrease of the SEM

signal, whose causes are yet unknown and will be the subject of future experiments, has

prevented us from demonstrating a quantum enhancement in the measurement. These pre-

liminary results prompt us to improve on the design of our sub-Poissonian light source, as its

modest performance has been a limiting factor in the experiment. In Chapter 3 we introduce
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a framework to simulate the photon statistics obtained from the parametric deamplification

of a pulsed an focused seed, and use it to analyze the limitations of our initial design. The

insight obtained from these simulations allows us to then propose a design for an improved

source.



Chapter 3
Simulating and designing pulsed

sub-Poissonian light sources

3.1 Motivation

The modest degree of intensity squeezing that we achieved with the OPA design implemented

in the previous chapter has been a limiting factor in our endeavor to observe quantum-

enhanced SEM. We would like to know what the causes reducing the OPA performance have

been, and what can be done to improve on the current design. While a lot of work has been

devoted over the years to describing squeezing in an OPA, most of it has considered specific

cases in which some degrees of freedom of the interacting beams can be neglected. On the

one hand, most accounts of pulsed squeezing have assumed that the beams are confined in a

waveguide or have otherwise simplified the analysis to a single spatial dimension [36,65,75,76].

On the other hand, those analyses that consider the spatial structure of squeezed light

have until recently limited their scope to a monochromatic pump beam [44,77,78]. There

101
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are some exceptions that have considered the non-factorable spatio-temporal structure of

PDC [79,80], but these have largely studied photon-pair generation and have not directly

analysed the photon statistics of a pulsed coherent seed deamplified in an ultrafast OPA.

More generally, the available literature focuses mostly on the generation of squeezed vacuum

and its characterization through homodyne detection, and the question of direct detection of

squeezed coherent states, although studied in some regimes [68,81], has received comparatively

little attention.

In this section we develop a theoretical framework to model the photon statistics obtained

by phase-sensitive amplification of pulsed and focused coherent states in an optical para-

metric amplifier. We analyze the spatio-temporal structure of parametric amplification, first

considering spatial and temporal degrees of freedom of the interacting beams separately, and

finally joining them into a single, more general spatio-temporal description. Drawing from

Schmidt decomposition techniques, we develop a modelling framework which accommodates

either description (spatial, temporal or spatio-temporal) using the same mathematical and

computational tools. Thanks to the shared concepts and methods employed in the analysis

of apparently different descriptions, we can draw general rules and intuitions that translate

well from one to another.

Using this modelling framework we are able to quantify the effect that different propaga-

tion phenomena have on the achievable intensity squeezing. The usefulness of this unified

framework is illustrated by the range of phenomena that we have been able to simulate: we

consider temporal walk-off of the pump and seed pulses due to group velocity mismatch,

spatial walk-off of the pump beam in a critically-phase-matched crystal, divergence of the

interacting beams within a long nonlinear crystal, spatio-temporal coupling in the phase-
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matching condition due to crystal birefringence, among other phenomena. At the end of the

chapter, we use the insight obtained from these simulations to propose an improved design

for a sub-Poissonian light source.

3.2 Hamiltonian description of optical parametric

amplification

In our modelling of OPA, we will draw heavily from theoretical tools that have their origin

in the study of spontaneous PDC. In fact, a single-pass OPA can be described by applying

the same PDC transformation that we introduced in section 1.2.4 to an input coherent state,

instead of vacuum

|ψ〉out = ÛPDC |α〉in (3.1)

where |α〉in is a coherent state and UPDC is the appropriate unitary operation to describe

PDC (DFG). Here we will derive the form of UPDC for the pulsed and focused type-I DFG

process used in the last chapter. We will consider the interaction between two focused ultra-

fast pulses (signal and pump) in a slab of material with a quadratic nonlinearity (e.g. BBO).

The interacting pump and signal fields have orthogonal polarizations (type-I interaction),

and an efficient interaction is achieved by angle phase-matching (critical phase-matching).

While the following derivation is easily generalizable to other experimental parameters, the

simulations that we present here assume the particular parameters of the experimental setup

in chapter 2 (e.g. dispersion characteristics of BBO).

Let us begin by briefly recalling some basic concepts regarding the Hamiltonian descrip-

tion of a DFG process (see section 1.2.4). The OPA interaction in a crystal with a quadratic
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susceptibility is mediated by the three-wave-mixing Hamiltonian (Eq. (1.89)). We can ex-

pand the interacting fields as a sum of macroscopic, high-frequency coherent pump, and

two microscopic, low-frequency signal and idler fields. We are considering a type-I down-

conversion process, where an e-polarized pump photon decays into two o-polarized photons.

Given the polarization degeneracy of these downconverted photons, we will not distinguish

between signal and idler photons, but just refer to the low-frequency field as the signal.

In a bulk crystal, the interacting fields are naturally expanded in terms of plane waves.

Analogously to equations (1.91) and (1.93), the positive-frequency components of the pump

and signal displacement fields are written respectively

D̃(+)
p (r, ω) = γe

∫
d2q dω exp

(
i[q · ρ+ ke,z(ω,q)z]

)
αp(q, ω) (3.2)

D̃(+)
s (r, ω) = γo

∫
d2q dω exp

(
i[q · ρ+ ko,z(ω,q)z]

)
a(q, ω) (3.3)

where we use the same conventions as in sections 1.2.2 and 1.2.4. The prefactors γe and γo

are normalization constants. The pump is described by its coherent amplitude αp, which is

normalized according to equation (1.92), and ke,z is its longitudinal wavenumber, where e

stands for its e-polarization. We are considering parametric amplification in BBO, which is a

birefringent uniaxial crystal. Therefore, the refractive index experienced by the e-polarized

pump plane-waves depends not only on their frequency, but also on their propagation dir-

ection. Using the same coordinate frame of reference presented in Figure 1.1 to describe

propagation in a uniaxial crystal, the longitudinal wavenumber for pump plane waves (e-

waves) is written

ke,z(ω,q) =
√
k2

e (ω, θ)− |q|2 (3.4)
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where

ke(ω, θ) = ω next(ω, θ)/c (3.5)

is the wavenumber of an e-wave of frequency ω, which propagates at an angle θ with respect

to the optical axis of the uniaxial crystal. We recall that the refractive index experienced

by such a wave is (1.67)

next(ω, θ) =
( sin2 θ

n2
e(ω)

+
cos2 θ

n2
o(ω)

)−1
(3.6)

where ne and no are the refractive indices along the two principal axes of the crystal. The

angle θ has been defined as contained in the y-z plane and is equal to θ0 for propagation

along z. In the paraxial approximation, θ ≈ θ0 + qy/kp0, where qy is the y component

of the transverse wavevector q, and we have defined the pump central wavenumber kp0 =

ke(ωp0, θ0) and the pump central frequency ωp0.

The signal field is an o-wave, so its longitudinal wavenumber is simply

ko,z(ω,q) =
√
k2

o(ω)− |q|2 (3.7)

where

ko(ω) = ω no(ω)/c. (3.8)

The state of the signal fields is described by the bosonic operators a(q, ω), which obey the
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commutation relations

[â(q, ω), â†(q′, ω′)] = δ(q− q′) δ(ω − ω′) (3.9)

[â(q, ω), â(q′, ω′)] = [â†(q, ω), â†(q′, ω′)] = 0 (3.10)

We assume that the optical axis of the crystal is tilted such that phase-matching along

the z direction is achieved for a pump with central frequency ωp0 and a signal with central

frequency ωs0 = ωp0/2 such that

ke,z(ωp0,q = 0)− 2 ko,z(ωs0,q = 0) = 0 (3.11)

Keeping only the terms of the three-wave-mixing Hamiltonian that oscillate slowly, and

performing a spatial and temporal integration over the interaction region and interaction

time in a way analogous to section 1.2.4, we find that a perturbative expansion (Magnus

expansion) of the unitary transformation implemented by the OPA is given by

Û = exp(Ĥint) (3.12)

where the argument of the exponential is the interaction picture Hamiltonian

Ĥint = g

∫
dq dq′ dω dω′Ψ(ω,q, ω′,q′) â†(q, ω) â†(q′, ω′) + h.c (3.13)

We denote the frequencies and transverse wavevectors of the two signal fields involved in

the quadratic interaction as ω,q and ω′,q′ respectively. Here, g is a dimensionless gain

parameter proportional to the crystal length, L, and, analogously to the joint spectral
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amplitude defined in section 1.2.4, we have defined a six-dimensional joint amplitude (JA)

Ψ(ω, q, ω′, q′) = αp(q + q′, ω + ω′) sinc
(L

2
∆kz

)
(3.14)

where we have defined the momentum mismatch

∆kz(ω, q, ω′, q′) = ke,z(ω + ω′,q + q′)− ko,z(ω,q)− ko,z(ω′,q′) (3.15)

3.3 Heisenberg spectral input-output relations

To introduce the main ideas that will allow us to compute the evolution of a coherent

state in an OPA, let us begin by considering a simple case where we neglect the effect

of transverse propagation. Let us say, without further explanation for the moment, that

this approximation is valid when the JA can be factored into a product of a function that

depends solely on the field frequencies, and a second function that depends only on the field

transverse wavevectors. In this scenario we write the input and output signal fields as

D̃(+)

in/out(ω) = D̃(+)
s (zin/out, q = 0, ω)

= γo

∫
dω exp

(
i ko,z(ω) zin/out

)
âin/out(ω)

(3.16)

with zin = −L/2 and zout = L/2, and where we are implying qs = qi = 0 in the longitudinal

wavenumbers ko,z(ω), and in the input/output bosonic mode operators, âin/out(ω). We

simplify the notation for the OPA unitary operation, neglecting its transverse wavevector

dependence

Û = exp
(
g

∫
dω dω′ f(ω, ω′) â†in(ω)â†in(ω′) + h.c

)
(3.17)
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where we have arrived at the two-dimensional joint spectral amplitude, f(ω, ω′), as the

particular case of the six-dimensional joint amplitude, Ψ(ω, q, ω′, q′), where transverse

propagation is neglected,

f(ω, ω′) = Ψ(ω, q = 0, ω′, q′ = 0) (3.18)

The input and output annihilation operators are then related by the Heisenberg picture

input-output relations [36]

âout(ω) = Û † âin(ω) Û (3.19a)

=

∫
dω′C(ω, ω′) âin(ω′) +

∫
dω′ S(ω, ω′) â†in(ω′) (3.19b)

where the transfer functions C(ω, ω′) and S(ω, ω′) define a Bogoliubov transformation of

the input bosonic operators.

3.3.1 Perturbative expansion of the spectral input-output relations

The transfer functions C(ω, ω′) and S(ω, ω′) can be perturbatively calculated from the JSA

by applying the formula [82]

eÂ B̂ e−Â = B̂ + [Â, B̂] +
1

2!
[Â, [Â, B̂]] + ... (3.20)

to equation (3.19a), where Â = −g
∫
dω dω′ f(ω, ω′) â†in(ω) â†in(ω′) + h.c and B̂ = âin(ω).

Keeping only the first three terms of the expansion, and using the commutation relations in
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Eq. (3.10), we obtain the perturbative input-output relations

âout(ω) ≈
∫

dω′ C̃(ω, ω′) âin(ω′) +

∫
dω′ S̃(ω, ω′) â†in(ω′) (3.21)

where C̃(ω, ω′) and S̃(ω, ω′) are the perturbative transfer functions, given in terms of the

JSA as

S̃(ω, ω′) = g
(
f(ω, ω′) + f(ω′, ω)

)
(3.22)

C̃(ω, ω′) = δ(ω, ω′) + g2
∫

dω′′f∗(ω, ω′′)S̃(ω′, ω′′) + f∗(ω′′, ω)S̃(ω′, ω′′) (3.23)

This expansion is valid for small values of the gain parameter g, as subsequent components

of the expansion (3.20) involve higher powers of g and can be neglected.

3.3.2 Non-perturbative input-output relations: Takagi factorization

A solution of the input-output transformation beyond the perturbative expansion presen-

ted above can be found by moving from the basis of monochromatic mode operators to a

convenient broadband operator basis. Given that f(ω, ω′) is symmetric to the exchange of

ω and ω′ (see Eq. (3.14) and (3.15)), it is amenable to being decomposed using a Takagi

factorization. We recall (see section 1.2.4) that the Takagi factorization is a particular case

of singular value decomposition in which the basis functions that diagonalize f(ω, ω′) are

symmetric

f(ω, ω′) =
∑
k

rk φ
(k)(ω)φ(k)(ω′) (3.24)
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where {rk} are real and positive coefficients, and the set of broadband mode functions

{φ(k)(ω)} forms an orthonormal basis. We can define the broadband mode operators

Â
(k)
in =

∫
dω′ [φ(k)(ω′)]∗ âin(ω′) (3.25)

which fulfill the standard bosonic commutation relations, [Â(k), Â
(k′)†
in ] = δk,k′ and [Â

(k)
in , Â

(k′)
in ] =

[Â
(k)†
in , Â

(k′)†
in ] = 0. Using the orthonormality of {φ(k)}, the unitary operation implemented

by the OPA can be expressed simply as a product of independent single-mode squeezers

Û =
∏
k

exp
(
g rk (Â

(k)†
in )2 + h.c

)
(3.26)

such that the Heisenberg evolution of each broadband mode operator under the unitary

transformation is simply

Â
(k)
out = Û † Â

(k)
in Û = cosh(g rk) Â

(k)
in + sinh(g rk) Â

(k)†
in (3.27)

Now we can use these solutions to compute the input-output relations for the monochro-

matic mode operators. Given the completeness of the basis {φ(k)}, the input monochromatic

operators can be expressed as âin(ω) =
∑

k φ
(k)(ω) Â

(k)
in . The output monochromatic mode

operators can then be written as a sum over the evolved broadband operators

âout(ω) =
∑
k

φ(k)(ω) Û †Â
(k)
in Û (3.28a)

=
∑
k

φ(k)(ω) (cosh(g rk) Â
(k)
in + sinh(g rk) Â

(k)†
in ) (3.28b)

where their independent evolution is granted by the diagonal form of U in this basis. We
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can re-cast this equation in its integral form using the definition of the input broadband

mode operators, which yields the input-output relation of equation 3.19b with

C(ω, ω′) =
∑
k

φ(k)(ω) φ(k)(ω′) cosh(g rk) (3.29)

S(ω, ω′) =
∑
k

φ(k)(ω) φ(k)(ω′) sinh(g rk) (3.30)

3.3.3 Squeezing pulsed coherent states

The input-output relations found above describe the transformation that the OPA effects

on its input signal field. If the input signal is in a vacuum state, the output of the OPA will

be a multimode squeezed vacuum. However, we are interested in simulating an OPA seeded

with a pulsed coherent state. This coherent input is expressed in the Heisenberg picture as

a displaced vacuum

âin(ω) = âv(ω) + αin(ω) (3.31)

where âv(ω) are annihilation operators acting on monochromatic vacua and, according to

the definition given in equation (3.16), αin(ω) corresponds to the spectral amplitude of the

seed at the center of the nonlinear crystal. To compute the output state of the signal

field, we can decompose its input monochromatic mode operators in the basis {φ(k)} that

diagonalizes the OPA interaction

âin(ω) =
∑

k φ
(k)(ω) (Â

(k)
v + c

(k)
in ) (3.32)
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where we have defined the broadband mode operators and broadband coherent amplitudes

Â(k)
v =

∫
dω [φ(k)(ω)]∗ âv(ω) (3.33)

c
(k)
in =

∫
dω [φ(k)(ω)]∗ αin(ω), (3.34)

We find the ouput mode operators analogously to equation (3.28b): each of the input

broadband mode operators, Â
(k)
v , as well as the broadband coherent amplitudes, c

(k)
in , evolve

independently under a single-mode squeezing Hamiltonian. This can be conveniently written

in terms of field quadratures. We define two quadratures for each broadband field operator,

X̂(k)
v = (Â(k)

v + Â(k)†
v )/2, (3.35)

P̂ (k)
v = (Â(k)

v − Â(k)†
v )/(2 i), (3.36)

whose statistical moments correspond to having independent vacuum states in each broad-

band mode

〈X̂(k)
v X̂

(k′)
v 〉 = 〈P̂ (k)

v P̂
(k′)
v 〉 = δk,k′ (3.37)

〈X̂(k)
v P̂

(k′)
v 〉 = 〈P̂ (k)

v X̂
(k′)
v 〉 = 0. (3.38)

Using the quadrature operators defined above, we can write the output monochromatic

mode operators suscinctly as

âout(ω) =
∑
k

φk(ω)
(

exp(−g rk) (Re{ck}+ X̂(k)
v + i exp(g rk) (Im{ck}+ P̂ (k)

v

)
(3.39)
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making it apparent that the output of the OPA corresponds to a superposition of squeezed

coherent states (see section 2.4) in the orthogonal broadband frequency modes {φ(k)(ω)}.

Given the orthogonality of {φ(k)}, the output photon statistics are easily computed. Omit-

ting spontaneous emission, the mean of the frequency-resolved input/output photon number

is 〈
n̂in/out(ω)

〉
=
〈
â†in/out(ω) âin/out(ω)

〉
=
∣∣∣∑
k

c
(k)
in/out φ

(k)(ω)
∣∣∣2 (3.40)

where we have defined the output coherent amplitude for the kth broadband mode

c
(k)
out = exp(−g rk) Re{c(k)

in }+ i exp(g rk) Im{c(k)
in } (3.41)

In addition, we compute the variance of the frequency-resolved output photon number

var
(
n̂out(ω)

)
=
〈

(â†out(ω)âout(ω))2 − n̂2
out(ω)

〉
=
∣∣∣∑
k

φ(k)(ω)
(

exp(− g rk) Re{c(k)
out}+ i exp( g rk) Im{c(k)

out}
)∣∣∣2 (3.42)

while the variance of the input beam is simply var
(
n̂in(ω)

)
= 〈n̂in(ω)〉.

Sometimes it will be more intuitive to work with the temporal representation of the

optical pulses instead of with their frequency representation. We define the input/output

temporal annihilation operators straightforwardly

âin/out(t) =

∫
dω exp(i ωt) âin/out(ω) (3.43)
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and compute the temporally resolved output mean photon number

〈
n̂in/out(t)

〉
=
〈
â†in/out(t) âin/out(t)

〉
=
∣∣∣∑
k

c
(k)
in/out φ

(k)(t)
∣∣∣2 (3.44)

where we have defined the temporal brodband mode functions

φ(k)(t) =

∫
dω φ(k)(ω) exp(i ωt) (3.45)

The temporally-resolved output photon number variance is computed analogously to Eq.

(3.42), finding

var
(
n̂out(t)

)
=
∣∣∣∑
k

φ(k)(t)
(

exp(− g rk) Re{c(k)
out}+ i exp( g rk) Im{c(k)

out}
)∣∣∣2 (3.46)

and the variance of the temporally-resolved input photon number is var(n̂in(t)) = 〈nin(t)〉.

3.3.4 Limits of pulsed intensity squeezing

Let us now apply this framework to simulate the type-I process that we implemented in our

experiment. In first place we will compute the JSA of the interaction, which we simplify by

considering that the dominant dispersion terms in the phase-matching functions are only

linear and quadratic. Doing a Taylor expansion of the longitudinal momentum mismatch,

∆kz, up to second order in the signal frequencies yields [36]

∆kz = (Ω + Ω′)(
1

ve
− 1

vo
) +

1

2
(Ω + Ω′)2β2,e −

1

2
(Ω2 + Ω′2)β2,o (3.47)
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where we have defined the detunings Ω = ω−ωs,0 and Ω′ = ω′−ωs,0. We have also defined

the group velocities

vo = (∂ωko(ω)|ωs0)−1 , ve = (∂ωke(ω, θ0)|ωp0)−1 (3.48)

as well as the group velocity dispersion parameters

β2,o = ∂2
ω ko(ω)|ωs0 , β2,e = ∂2

ω ke(ω, θ0)|ωp0 (3.49)

To further simplify the JSA, we assume a Fourier-limited pump with a Gaussian spectral

amplitude

αp(ω) =
4

√
2N2

p τ
2
p

π
exp

(
− τ2

p (ω − ωp,0)2
)

(3.50)

where Np is the pump photon number, τp is the standard deviation of the temporal pulse

intensity, and ωp0 is the pump central frequency. We can now compute the JSA correspond-

ing to our BBO crystal (L = 300µm) using equations (3.14) and (3.50). In Fig. 3.1 we show

the JSA expected for our source, decomposed in its constituent pump and phase matching

functions.

We will now proceed to compute the photon statistics of a seed beam after it has evolved

due to the OPA transformation. We will consider Fourier-limited Gaussian seed pulses,

possibly delayed from the pump

αin(ω) =
4

√
2N2

s τ
2
s

π
exp

(
− τ2

s (ωs − ωs,0)2
)

exp
(
i t0 (ω − ωs0)

)
(3.51)

where Ns is the seed photon number, τs is the standard deviation of the temporal pulse
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Figure 3.1: Joint spectral amplitude for a 300 µm-long BBO crystal, tilted for degenerate phase
matching at λp0 = 410nm. The pump pulse duration is τp = 60 fs (FWHM of wavelength-resolved
intensity = 2 nm). The curvature of the pump function is due to the relation between frequency and
wavelength.

intensity, ωs0 is the seed central frequency and t0 is the delay with respect to the pump at

the center of the crystal.

Optimum pulse lengths

The relatively simple model that we have laid out already allows us to test a number of

relevant physical situations. Let us begin by considering again a question that we introduced

in section 2.5.3: what is the effect of having pump and seed pulses with different durations?

Using the very simple model introduced in section 2.5.3 (see equation (2.39)) we concluded

that, if the seed pulse is longer than the pump, a large intensity squeezing is unachievable

due to the unsqueezed temporal wings of the seed. Now we can use the tools that we have

developed in this section to provide a more rigorous answer.

We set simulation parameters closely replicating our experimental setup. The BBO

crystal length is L = 300µm and the duration of the pump pulses is τp = 60 fs (∼ 2nm

bandwidth). As illustrated in Fig. 3.2, we first consider seed pulses longer than the pump

(τs = 100 fs, bandwidth ∼ 5 nm) and then shorter (τs = 50 fs, bandwidth ∼ 10 nm). The



3.3 HEISENBERG SPECTRAL INPUT-OUTPUT RELATIONS 117

pump

input seed

output seed

-400 -200 0 200 400
0.0

0.2

0.4

0.6

0.8

1.0

time / fs

in
te
n
si
ty

/
a
.u

pump

input seed

output seed

-400 -200 0 200 400
0.0

0.2

0.4

0.6

0.8

1.0

time / fs

in
te
n
si
ty

/
a
.u

0-1-2-3-4-5

0

-1

-2

-3

-4

-5

intensity gain [dB]

F
a
n
o
fa
ct
o
r
[d
B
]

a) b) c)

Figure 3.2: a,b) Deamplified seed intensity profile (normalized to unit peak) computed for a seed
pulse longer than the pump (a) and shorter (b). We show the input seed pulse and pump pulse for
reference. c) Intensity gain (G) and Fano factor (F) for a range of pump mean photon numbers.
While G and F are approximately equal for the short seed pulses (red), the Fano factor curbs at high
gains for long seed pulses (gray).

crystal length is short enough that temporal walk-off is negligible. In Fig. 3.2.a,b we show

that, indeed, the longer seed pulses are deamplified unevenly, while the short seed pulses

are uniformly deamplified.

Recalling that the total intensity gain (G) and Fano factor (F) can be calculated from

the mean and variance of the time-resolved photon number respectively as

G =

∫
dt
〈
nout(t)

〉∫
dt
〈
nin(t)

〉 , F =

∫
dt var

(
nout(t)

)∫
dt
〈
nout(t)

〉 , (3.52)

in Fig. 3.2.c we scan the value of the pump photon number Np, and plot the Fano factor

against the mean intensity deamplification. We confirm that the Fano factor of the longer

seed pulses curbs at high interaction gains, limiting the amount of achievable intensity

squeezing. This effect is not so strong in the shorter seed pulses.
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Tolerance to pulse delays

In addition to having different durations, the seed and pump pulses can be slightly delayed

from each other due to experimental imperfections. Assuming a crystal shorter than the

pulse lengths, we expect that such a delay will reduce the amount of seed deamplification,

and therefore its intensity squeezing, due to the imperfect mode overlap. We can test this

intuition using our model: taking a short crystal (L = 10µm) and a seed and pump pulses

with matched lengths (τp = τs = 60 fs), we set a pump photon number which yields an

intensity deamplification of 3 dB in the absence of delay, and then scan the delay between

the pump and seed pulses (t0 in equation (3.51)). The results are shown in Fig. 3.3. As

expected, both the intensity amplification (G) and the Fano factor (F) achieve their minima

at zero delay, and go up when the delay between the two pulses is equal to the pulse

durations, reaching a value of 1 (0 dB) when the overlap between the pulses is zero. The

required spatial resolution to synchronize the arrival time of two sub-picosecond pulses by

extending the optical path of one of them is in the order of the tens of micrometers. This

is achievable with current linear translation stages, which have a typical spatial resolution

of ∼ 1µm.
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Figure 3.3: Intensity gain, G (gray line), and Fano factor, F (red line), of a pulsed seed (τs = 60µm)
delayed from the pump (τp = 60µm). G and F decay when the two pulses are delayed by a time
equal to the pulse lengths.
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Maximum crystal length

Let us consider a different question. Given a certain choice of pulse lengths and pump

power, it is common to enhance the nonlinear interaction by using longer nonlinear crystals.

However, given the group velocity mismatch between the pump and seed pulses, there exists

a maximum crystal length after which the two pulses will walk-off and stop “seeing each

other”. How does this limit squeezing? Moreover, when the crystal is so long that the

pulses walk-off from each other as they propagate inside it, some of the points that we made

earlier become invalid. For instance, the effect of unequal pulse lengths for the seed and

pump might differ from the short crystal case, as now the pulses can effectively walk over

each other as they propagate through the crystal.

To test this situation we consider a seed and pump with unequal pulse lengths (τp = 60

fs and τs = 100 fs), set the pump photon number to achieve an intensity gain of -3 dB for a

crystal length of ∼ 1 mm, and then proceed to scan the crystal length. In Fig. 3.4 we show

our results. As expected, the intensity gain and Fano factor decrease initially due to the

higher interaction strength implied by a longer crystal. However, the two begin to plateau

for crystal lengths longer than

Lwalk-off = 2
√

2(τ2
s + τ2

p)/(1/vs − 1/vp)2, (3.53)

which corresponds to the crystal length for which the overlap between the two pulses is

reduced by a factor of two after propagation. Interestingly, something else occurs for crystals

longer than Lwalk-off: the initial asymmetry between intensity gain and Fano factor, which

arises due to the difference in pulse lengths, begins to decrease. A hint to explain this
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behaviour is found in Fig. 3.4.b, where we show the temporally-resolved intensity of the

deamplified pulses for different crystal lengths. While for L < Lwalk-off the pulses are

deamplified unevenly (more in the center, less in the wings), this is not the case for L >

Lwalk-off. In the later case, the pump pulse walks over the seed as it propagates through the

crystal, ensuring that there are no ”temporal wings” which do not experience the nonlinear

interaction.
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Figure 3.4: Scanning the crystal length. a) Shows the intensity gain, G (black line), and Fano
factor, F (red line) of a pulsed seed (τs = 100 fs) after interacting with a temporally shorter pulsed
pump (τp = 60 fs) over a varying crystal length. The magnitude of G and F initially grow due
to the longer interaction length, but begin to saturate after Lwalk-off. The asymmetry between G
and F becomes smaller for long crystals, as the pump pulse walks over the seed pulse. b) Temporal
envelope of the deamplified pulse intensities. The indices 1-4 label pulses with the corresponding G
and F values in a). For short crystal lengths, the seed pulses are deamplified unevenly (e.g. pulse 2),
whereas this is not the case for longer crystal lengths (e.g. pulse 4) due to the pump walking over
the seed.

The experimental insight that we obtain is the following: in pulsed OPA we can use

crystals longer than the walk-off length without further implications than limiting the ef-

fective interaction length to the walk-off length. In fact, employing a longer crystal can

compensate for the detrimental effect of using unequal pulse lengths.
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3.4 Heisenberg spatial input-output relations

The tools that we have developed to analyze the spectral structure of squeezing can be used,

with very few modifications, to study its transverse spatial structure. Let us now neglect

the spectral degrees of freedom in the OPA transformation, considering positive-frequency

monochromatic input and output signal fields of the form

D̃(+)

in/out(r) = D̃(+)
s (zin/out, ρ, ωs0) (3.54)

= γo

∫
d2q exp

(
i [q · ρ+ ko,z(q) zin/out]

)
â(q) (3.55)

where now we are implying that the frequency at which we evaluate the bosonic operators,

as well as the longitudinal wavenumbers (recall (3.7)), is the seed central frequency ωs0. The

positions at which these fields are defined are again zin = −L/2 and zout = L/2. We express

the OPA unitary in a simplified notation, omitting its frequency dependence

Û = exp
(
g

∫
dq dq′ h(q,q′) â†(q) â†(q′) + h.c

)
(3.56)

where we have defined a function h(q,q′) which, analogously to the joint spectral amplitude,

corresponds to the particular case of the six-dimensional joint amplitude (3.14)

h(q,q′) = Ψ(ω = ωs0, q, ω′ = ωs0, q′) (3.57)

This function, which couples mode operators with different transverse wavevectors, will be

referred to as the joint angular amplitude (JAA). In the spontaneous regime, this function

determines the correlation between transverse wavenumber (propagation angle) of the emit-
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ted photon pairs. Analogously to the joint spectral amplitude, the JAA can be expressed

as a product of a pump function and a phase matching function (recall equation (3.14))

h(q,q′) = αp(q + q′) sinc
(L

2
∆kz(q,q

′)
)

(3.58)

where we omit the spectral dependence in equations (3.2) and (3.15) by using the shorthand

notation αp(q) = αp(ωp = 2ωs0 , qp) for the pump coherent amplitude and

∆kz(q,q
′) = ke,z(2ωs0,q + q′)− ko,z(ωs0,q)− ko,z(ωs0,q

′) (3.59)

for the transverse momentum mismatch. The momentum mismatch can be conveniently

expanded in a power series in q and q′, keeping only low-order terms. Recalling the disper-

sion relations experienced by the pump and signal beams (equations (3.11) and (3.7)), we

approximate the transverse momentum mismatch as (see Appendix B)

∆kz(q,q
′) ≈ −|q− q′|2

4ks0
+ ρwo (qy + q′y) (3.60)

where we recall that qy and q′y are respectively the y projections of q and q′, and we have

defined the signal central wavenumber ks0 = ko(ωs0) and the pump walk-off angle (recall

section 1.2.2)

ρwo =
∂next(ωp, θ)

∂θ

∣∣∣
θ0

1

next(ωp, θ0)
(3.61)
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3.4.1 Separation of transverse directions

Let us begin by assuming that the input mode operators â(q) evolve independently along

the two transverse directions, qx and qy. Thus, we will transform bosonic operators labelled

by a single transverse wavenumber, â(qx/y), assuming that the value of the orthogonal

wavenumber is set to zero. This is a valid approximation whenever the JAA can be factored

into a product of two functions coupling only mode operators with the same transverse

direction

h(q, q′) = hx(qx, q
′
x)hy(qy q

′
y) (3.62)

such that we can treat each direction independently, solving two independent unitary trans-

formations

Û = exp
(
g

∫
dqj dq′j hj(qj , q

′
j) â
†(qj) â

†(q′j) + h.c
)

(3.63)

for j ∈ {x, y}. Let us from here on drop the explicit dependence on j to avoid cluttering, as

in this section the transverse direction that we are considering (independently) will always be

clear from the context. Under these circumstances, the structure of (3.63) is identical to that

of the spectral unitary transformation analyzed in the previous section (3.17). This unitary

generates a Bogoliubov transformation analogous to (3.19b) and can also be decomposed

using a Takagi factorization (again, note the symmetry of the JA (3.14)).

Let us present the notation that we will use to describe these transformations very briefly,

directing the reader to the previous section for a more complete discussion of the parallel

frequency transformations. The OPA transforms the mode operators according to

âout(q) =

∫
dq′C(q, q′) âin(q′) +

∫
dq′ S(q, q′) â†in(q′) (3.64)
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where the transfer functions C(q, q′) and S(q, q′) can be expressed in terms of the “broadband

modes” and squeezing parameters obtained by performing a Takagi factorization of the joint

angular amplitude,

hj(q, q
′) =

∑
k

rk φ
(k)(q)φ(k)(q′) (3.65)

such that

C(q, q′) =
∑

k φ
(k)(q)φ(k)(q′) cosh(g rk) (3.66)

S(q, q′) =
∑

k φ
(k)(q)φ(k)(q′) sinh(g rk) (3.67)

We consider a seeded OPA where the seed is described as a displaced vacuum

âin(q) = âv(q) + αin(q) (3.68)

where av are annihilation operators referred to the vacuum state and αin is the seed trans-

verse wavevector coherent amplitude, which we assume can be factorized as

αin(q) = αin,y(qx)αin,y(qy), (3.69)

where αin,x and αin,y are in general different, but from now on we will denote them with the

shorthand notation αin(q) for either. Now we can decompose these coherent amplitudes in

the basis of broadband modes that diagonalize the OPA transformation, finding the input

amplitudes

c
(k)
in =

∫
dq [φ(k)(q)]∗αin(q) (3.70)
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which evolve independently under the OPA transformation into the output coherent amp-

litudes

c
(k)
out = exp(−g rk) Re{c(k)

in }+ i exp(g rk) Im{c(k)
in } (3.71)

Analogously, we can express âv in the basis that diagonalizes the OPA transformation, and

find that the mean of the momentum-resolved photon number at the input/output is

〈
n̂in/out(q)

〉
=
〈
â†in/out(q) âin/out(q)

〉
=
∣∣∣∑
k

c
(k)
in/out φ

(k)(q)
∣∣∣2 (3.72)

and the variance of the momentum-resolved photon number at the output is

var
(
n̂out(q)

)
=
∣∣∣∑
k

φ(k)(q)
(

exp(− g rk) Re{c(k)
out}+ i exp( g rk) Im{c(k)

out}
)∣∣∣2 (3.73)

We will often find it useful to work with the spatial representation of the input-output seed

beams, which are described by the Fourier transforms of the transverse-momentum mode

operators

âin/out(x) =
∫

dqx exp(i xq) âin/out(q) (3.74)

and analogously for the y coordinate. The mean of the spatially-resolved photon number at

the input/output are thus

〈
n̂in/out(x)

〉
=
〈
â†in/out(x) âin/out(x)

〉
=
∣∣∣∑
k

c
(k)
in/out φ

(k)(x)
∣∣∣2 (3.75)



3.4 HEISENBERG SPATIAL INPUT-OUTPUT RELATIONS 126

and the variance of the spatially-resolved photon number at the output is

var
(
nout(x)

)
=
∣∣∣∑
k

φ(k)(x) (exp(− g rk) Re{c(k)
out}+ i exp( g rk) Im{c(k)

out})
∣∣∣2 (3.76)

where we have defined the spatial brodband mode functions

φ(k)(x) =

∫
dω φ(k)(q) exp(i qx) (3.77)

3.4.2 Ordinary axis input-output relations: no walk-off

We will first analyze the transformation of the mode operators describing the transverse

field along the direction of the ordinary axis (in our convention, the x direction), where no

spatial walk-off occurs. The JAA along this direction is simply

hx(q, q′) = αp(q + q′) sinc
(
− L

2

|q − q′|2

4ks0

)
(3.78)

We assume a pump with a Gaussian profile, focused at the center of the crystal

αp(q) =

√
2NpW 2

p

π
exp

(
−W 2

p |q|2
)

(3.79)

where Wp is the standard deviation of the spatial intensity profile and Np is the number

of photons in a pump pulse. Under these assumptions, we can compute hx(q, q′) for BBO

crystals of different lengths, using pump beams of different widths (see Fig. 3.5)

Similarly to the pump beam, we assume an input seed beam with a Gaussian profile, but

allow for its focus to be offset from that of the pump both in the transverse and longitudinal
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Figure 3.5: Joint angular amplitude along the ordinary axis (hx(q, q′)) for BBO crystals of different
lengths, using pump beams of different widths. Crystals are tilted for degenerate phase matching at
λp0 = 410nm.

directions. The coherent amplitude of the input seed beam is then

αin(q) =

√
2NsW 2

s

π
exp

(
−W 2

s q2
)

exp
(
i (x0 q +

z0

2ks0
q2)
)

(3.80)

where Ns is the photon number in a seed pulse, Ws is the standard deviation of the seed

spatial intensity profile, x0 is the transverse spatial offset from the center of the pump beam,

and z0 is the longitudinal offset (along z) of the seed focus. In the following, we will assume

that the intensity gain and the Fano factor are defined respectively as

G =

∫
dx
〈
n̂out(x)

〉∫
dx
〈
n̂in(x)

〉 , F =

∫
dx var

(
n̂out(x)

)∫
dx
〈
n̂out(x)

〉 (3.81)
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Beam waists: overlap vs beam divergence

With this notation in place, we can begin to simulate a number of physical scenarios of

interest. We start by looking into the influence of the choice of beam waists on the achievable

intensity deamplification and squeezing. In section 2.5.4 we noted that previous studies have

mentioned a tradeoff between using a seed waist larger or smaller than that of the pump.

While the first can be used to fulfill the Boyd-Kleinman condition, the later seems to be

required to obtain a complete overlap between the pump and seed beams. Here we show

that our simulations indeed reflect this tradeoff.
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Figure 3.6: a) Intensity gain, G (linear scale), for a range of pump and seed beam waists (Wp

and Ws). The black line indicates Wp = Ws. Recall that smaller values of G correspond to larger
deamplification. b) Samples of the deamplified spatially-resolved intensity (red line) compared with
the input intensity (black line). The labels 1-4 correspond to those points marked in a), and reflect
distinct regimes of the OPA.

In Fig. 3.6.a we present the intensity gain, G, obtained for a range of pump and seed

beam waists (Wp andWs), using the same pump photon number. In Fig. 3.7.a we present the

Fano factor, F, obtained in the same simulations. These simulations assume a seed focus is

not offset from that of the pump (x0 = z0 = 0). The crystal length has been chosen to be long
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Figure 3.7: a) Fano factor, F (linear scale), for a range of pump and seed beam waists (Wp and
Ws). The black line indicates Wp = Ws. b) Samples of the deamplified spatially-resolved intensity
variance (red line) compared with the output intensity mean (black line). The labels 1-4 correspond
to those points marked in a), and reflect distinct regimes of the OPA.

(L = 5mm) in order to observe beam divergence. Significant divergence within the crystal

occurs when its length is longer than the Rayleigh range of the beams, which is the case for

Wp < 20µm and Ws < 28µm. We observe that for small beam waists of the pump and seed

(e.g. point 3), where divergence is the strongest, maximum deamplification occurs when the

seed waist is bigger (∼ by a factor of
√

2) than that of the pump, fulfilling the Boyd-Kleinman

condition. In contrast, for large beam waists (e.g. point 2) beam divergence becomes

negligible, and more deamplification is obtained by using Wp > Ws. Our interpretation

of these phenomena is supported by the samples of the spatially-resolved output intensity

shown in Fig. 3.6.b and the samples of the spatially-resolved output intensity variance

shown in Fig. 3.7.b. Samples 2 and 3 correspond to optimum beam waists for the large and

small waist regimes respectively. Sample 1 corresponds to Wp < Ws in the small-divergence

regime, where the characteristic uneven deamplification is observed. Sample 4 corresponds

to a scenario where the seed diverges considerably throughout the crystal but the pump
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does not. Note that the spatial wings are amplified instead of deamplified, as a result of

the non-flat spatial phase that the seed accumulates as it propagates through the crystal,

which reverses the direction of the parametric gain in the wings.

In our experiment, we encounter a situation closest to point 2, where divergence is

negligible and therefore we set the pump beam width to be larger than the seed beam width

in order to maximize the overlap. The scenario is the same in the experiment of Wenger et

al. [71], where they find that the optimal pump waist is a factor of
√

2 bigger than the waist

of the seed. Given that they use a very short crystal where divergence is negligible, their

conclusion agrees with our results.

Maximum crystal length

A question that arises naturally is: what is the maximum crystal length that we can employ

efficiently given the limits imposed by beam divergence? This is coupled with a second

consideration: what is the optimal choice of beam waists given a particular crystal length?

Luckily, we can use the insights from last section to answer that. As the crystal becomes

longer than the Rayleigh range of the beams, the optimal beam waist for the seed will be
√

2

larger than that of the pump. In Fig. 3.8 we show both the intensity gain (G) and the Fano

factor (F) obtained for a range of crystal lengths and seed beam waists. We have fixed the

pump waist to Wp = 17µm in order to observe beam divergence for reasonably short crystal

lengths (< 1cm). We find that it is possible to increase both G and F monotonically with L

for crystal lengths up to and beyond 8 mm, which is much longer than the maximum crystal

length allowed by temporal walk-off. Optimum deamplification and squeezing at such long

crystal lengths occurs using seed beams larger than the pump (Ws > 20µm), which is not a
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technical limitation.

Figure 3.8: Intensity gain and Fano factor obtained for a range of crystal lengths and seed beam
waists. The solid vertical line marks the pump waist (Wp = 17µm), whereas the dashed vertical line
denotes

√
2Wp

Tolerance to focal point offset

The next question that we can tackle is: what is the effect of a misalignment between the

foccii of the pump and seed beams? While the consequences of a transverse misalignment

seem straightforward (reduction in G and F due to imperfect overlap), the effect of a lon-

gitudinal misalignment is less intuitive. In figures 3.9.a and 3.10.a we show respectively the

intensity gain, G, and the Fano factor, F, considering a seed with a range of transverse (x0)

and longitudinal (z0) spatial offsets between the foccii of the pump and the seed. In figures

3.9.b and 3.10.b we show a representative selection of the mean and variance of the output

spatially resolved photon number. These simulations assume a short crystal (L = 300µm),

and a pump waist equal to the seed waist (Wp = Ws = 17µm). The pump photon number

is chosen to obtain a maximum G of ∼ -3 dB.

Considering first the effect of a transverse offset (z0 = 0), we oberve that, not too
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Figure 3.9: a) Intensity gain for a range of transverse (x0) and longitudinal (z0) spatial offsets
between the foccii of the pump and the seed. b) Samples of the deamplified spatially-resolved
intensity (red line) compared with the input intensity (black line). The labels 1-4 correspond to
those points marked in a).
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Figure 3.10: a) Fano factor for a range of transverse (x0) and longitudinal (z0) spatial offsets
between the foccii of the pump and the seed. b) Samples of the deamplified spatially-resolved
intensity variance (red line) compared with the output mean intensity (black line). The labels 1-4
correspond to those points marked in a).

surprisingly, both G and F decay when the offset is of the order of the beam waists (x0 ∼

Wp/s). Sample 1 corresponds to two centered foccii and shows a uniform deamplification

and squeezing of the seed. Sample 2 corresponds to a seed that is laterally offset from the

pump by approximately one beam waist, which shows in a skewing of the deamplification
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and squeezing. Considering now only a longitudinal offset between the foccii (x0 = 0), we

observe that G and F decay for an offset approximately equal to one Rayleigh range of

the pump (zRayleigh = 3500µm). Samples 3 and 4 correspond respectively to z0 < zRayleigh

and z0 > zRayleigh. The later shows an uneven deamplification and squeezing, both more

pronounced at the center of the beam. This is interpreted as due to the non-flat phase of

the seed, which causes the wings of the beam to experience parametric amplification with a

different phase than the center. Our results for both transverse and longitudinal offsets of

the foccii are consistent with common intuition.

3.4.3 Extraordinary axis input-output relations: spatial walk-off

Let us now consider the evolution of the mode operators corresponding to the field transverse

direction along the extraordinary axis. Let us recall that we are considering a critically-

phase-matched BBO crystal, where the polarization of the pump is not aligned with a

principal axis. The angular gradient of the refractive index experienced by the pump causes

it to walk-off at an angle ρwo in the transverse direction as it propagates (recall section

1.2.2). In BBO tilted for degenerate type-I phase-matching at 800 nm, the walk-off angle

is ρwo ≈ 3◦. It is reasonable to expect that this pump walk-off will influence the spatial

structure of the OPA gain. The mode operators â(qy) are transformed by the unitary

operation given in Eq. (3.63), with a joint angular amplitude

hy(q, q
′) = αp(q + q′) sinc

(
− L

2

( |q − q′|2
4ks0

− ρwo (q + q′)
))

(3.82)
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which indeed differs from the joint angular amplitude along the ordinary axis (Eq. (3.63))

by the presence of a second argument in the phase-matching function. This difference arises

precisely due to the pump walk-off. Again, assuming a pump with the Gaussian spatial

profile given in equation (3.79), we can compute the joint angular amplitude in Eq. (3.82).

In Fig. 3.11 we show that, while for short crystals (e.g. L = 200µm) this JAA does

Figure 3.11: Joint angular amplitude along the extraordinary axis (hy(q, q′)) for BBO crystals of
different lengths, using pump beams of different widths. Crystals are tilted for degenerate phase
matching at λp0 = 410nm.

not differ much from that corresponding to the ordinary axis (recall figure 3.5), the JAAs

corresponding to longer crystals have a distinctive curvature due to the additional walk-off

term in the phase matching. In what follows we will analyze the impact that this has on

parametric deamplification.
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Maximum crystal length

Given that the pump field drifts laterally as it propagates through the crystal, it can be

expected that there will be a maximum crystal length beyond which the seed and pump

beams will walk-off from each other and stop interacting. Assuming a seed field with the

same Gaussian spatial profile given in equation (3.80), and employing the same techniques

and definitions used previously, in Fig. 3.12 we compute the intensity gain and Fano factor

obtained for a range of crystal lengths and seed beam waists. We fix a pump waist Wp =

60µm, which corresponds that used in our experimental implementation, and assume no

offset between the foccii (x0 = z0 = 0). We find that the magnitude of both G and F

initially increase with crystal length due to the longer interaction region, but eventually

saturate. We show that saturation occurs approximately along the curve

Lwalk-off =
2
√

log(2)

ρwo

√
W 2

p +W 2
s , (3.83)

which corresponds to the length for which the overlap between the two Gaussian field amp-

litudes decays by a factor of 2. We observe that given the seed waist that we used in our

experiment ( Ws = 40µm), our choice of crystal length (L = 300µm) was a bit shorter than

what could be used efficiently.

3.5 Heisenberg spatio-temporal input-output relations

Until now we have considered the spectral and spatial evolution of the seed field in the OPA

independently, assuming constant values of either its frequency or its transverse wavevectors.

This is not a complete description of an ultrafast OPA, where the spectral and spatial
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Figure 3.12: Intensity gain and Fano factor for a range of crystal lengths (L) and seed beam waists
(Ws). The pump waist is fixed to Wp = 60µm. The black line marks Lwalk-off beyond which the
overlap between the seed and pump amplitudes decays by a factor of 2.

degrees of freedom can be correlated. One way in which such correlation arises is through

the angular gradient of the refractive index experienced by the pump, which translates into

an angle-dependent phase-matching condition.

3.5.1 The origin of space-time coupling

In order to show from where this spatio-temporal correlation originates, let us now consider

a general OPA process where we take into account the frequencies of the interacting fields,

as well as their propagation angle (transverse wavevenumber) along the y direction, which

corresponds to the spatial walk-off direction. We will introduce the required notation briefly,

directing the reader to the previous sections for a detailed explanation of the intermediate

steps. The unitary operation that describes such an OPA is (recall (3.12) and (3.14) )

Û = g

∫
dq dq′ dω dω′ ψ(ω, q, ω′, q′) â†(ω, q) â†(ω′, q′) + h.c (3.84)
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where we are implying q = qy, and assume that qx = 0. We have defined the 4-dimensional

joint amplitude

ψ(ω, q, ω′, q′) = αp(ω + ω′, q + q′) sinc
(L

2
∆kz

)
(3.85)

where L is the length of the nonlinear crystal and αp(q, ω) is a 2D pump coherent amp-

litude which describes both its frequency and its transverse momentum (recall (3.2)). The

momentum mismatch is

∆kz(ω, q, ω
′, q′) = ke,z(ω + ω′, q + q′)− ko,z(ω, q)− ko,z(ω′, q′) (3.86)

where we recall that ke,z and ko,z are the longitudinal wavenumbers of respectively and

e-wave and an o-wave, which depend both on the frequency and transverse wavenumber of

the field, as defined in (3.7) and (3.11). We can expand ∆kz as a power series in ω, ω′, q

and q′, keeping only the non-negligible low order terms

∆kz ≈(Ω + Ω′)(
1

ve
− 1

vo
) +

1

2
(Ω + Ω′)2β2,e −

1

2
(Ω2 + Ω′2)β2,o (3.87)

− |q − q
′|2

4ks0
+ ρwo (qy + q′y) (3.88)

where we recall from previous sections that we have defined the signal central frequency

ωs0, the detunings Ω = ω − ωs,0 and Ω′ = ω′ − ωs,0, the group velocities vo and ve, as well

as the group velocity dispersion parameters for an o-wave, β2,o, and for an e-wave, β2,e.

Propagation of the pump along the z direction occurs at an angle from the optical axis

θ = θ0, and ρwo is the pump walk-off angle. For the rest of this section we will assume

a pump with factorable Gaussian temporal and spatial profiles, which is described by the
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coherent amplitude

αp(ω, q) =

√
2NpWpτp

π
exp

(
−W 2

p |q|2
)

exp
(
− τ2

p (ω − ωp,0)2
)

(3.89)

The explicit expansion of the momentum mismatch that we have provided makes the

coupling between spatial and spectral degrees of freedom apparent: the phase mismatch

involved by a large frequency detuning can be cancelled by a phase-mismatch of opposing

sign due to angular detuning.

As a sanity check, we show that we can retrieve previous results regarding space-time

coupling in PDC. In a series of articles [79,80,83] it was shown that phase-matched PDC emis-

sion can occur for both small and large emission angles of the signal and idler photons,

provided that their frequencies become more detuned from frequency degeneracy as a func-

tion of their propagation angle. An example of this kind of space-time correlation, dubbed

X-entanglement in the literature because of the characteristic shape of the phase-matching

curve, is shown in Fig. 3.13.a. This figure shows a 2D cut of the 4D joint amplitude,

ψ(ωs0 + Ω, q, ωs0 − Ω,−q), where the frequencies and transverse wavenumbers of the two

signal fields are symmetrically detuned from degeneracy. Indeed, we confirm the behaviour

described earlier: the value of the joint amplitude, and thus the number of spontaneously

emitted photons, remains high for arbitrarily large correlated detunings of the frequency

and emission angle. We note, however, that this type of space-time coupling can hardly

affect our experiment: the correlations between frequency and propagation angle occur only

for wavelength detunings greater than 100 nm, much larger than those involved in our

experiment.
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Figure 3.13: Two-dimensional cuts of the four-dimensional joint amplitude ψ(ω, qy, ω
′, q′y). For

the sake of intuition, frequencies are expressed in terms of wavelengths (ω = 2πc/λ) and transverse
wavenumbers in terms of propagation angles (qy = θ/ko(ωs0) ). These cuts correspond to a L = 1 mm
BBO crystal, pumped with a beam with central wavelength λp0 = 410 nm, pulse duration τp = 60fs
(∼ 2nm bandwidth) and beam waist Wp = 60µm . a) Symmetric cut of the joint amplitude,
ψ(ωs0 + Ω, qy, ωs0 − Ω,−qy). b) Asymmetric cut of the joint amplitude, ψ(ωs0 + Ω, qy, ωs0, 0), with
no pump walk-off, ρwo = 0. c) Asymmetric cut of the joint amplitude, ψ(ωs0 + Ω, qy, ωs0, 0), with
pump walk-off, ρwo = 3◦

However, we find that correlation between the spatial and temporal degrees of freedom

also occurs over a much smaller frequency bandwidth in a critically phase-matched process.

In such a crystal, the first order derivative of the pump refractive index with respect to its

propagation angle is non-zero, which produces a strong coupling between the propagations

angle and frequencies of the phase-matched SPDC photons. While this correlation does

not show in the symmetric 2D cut of ψ presented previously, in Fig. 3.13.b and 3.13.c we

consider the asymmetric cut of the joint amplitude, ψ(ω, qy, ωs0, 0), which does reflect this

phenomenon. We see that, while in the absence of angular gradient of the pump refractive

index (ρwo = 0) the joint amplitude shows no correlations, this changes when we introduce

the refractive index gradient corresponding to critically phase-matched BBO (ρwo = 3◦).

The correlation between emission angle and wavelength occurs over a bandwidth of less

than 5 nm, which is much smaller than the correlation bandwidth of X-entanglement and
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comparable with the bandwidth of our seed pulses. We expect this feature of the joint

amplitude to translate into a correlated spatio-temporal structure of the deamplification

(squeezing) generated by the OPA.

3.5.2 Spatio-temporal modal decomposition

Now that we have motivated the need for a joint description of the OPA spatial and spectral

degrees of freedom, we proceed to aply such a description to compute the photon statistics

of a seed beam after the OPA interaction. To that effect, we evolve the input field bosonic

operators analogously to how we proceeded in previous sections

âout(ω, q) = Û † âin(ω, q) Û (3.90)

with Û defined in (3.84), and where we recall that we are implying the spatial label y in

the transverse wavenumber. Computing the evolution of the mode operators âin, which

depend on a spectral and a spatial variables, appears like a different problem than the

single-dimensional cases that we have treated until now. However, we can “flatten” the

matrices describing âin and âout, writing

â
(in/out)
j = âin/out(ωfloor(j/Nq), qjmodNq) (3.91)

qj = ∆q (j −Nq/2) (3.92)

ωj = ωs0 + ∆ω (j −Nω/2) (3.93)
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where the subindex j indicates a vector index, ‘mod′ is the modulo function, ‘floor′ is the

function that returns the greatest integer smaller than its argument. We have defined the

discretized frequencies ωk, and discretized transverse wavenumbers qk, where ∆ω,∆q are the

discretization steps, and Nω, Nq are the number of points for each variable. We can discretize

and flatten the joint amplitude ψ(ω, q, ω′, q′) analogously, re-casting the 4D tensor as a 2D

matrix

ψi,j = ψ(ωi, qi, ωj , qj) ∆q2 ∆ω2 (3.94)

where the subindices i, j indicate matrix indices and we use the same definition for the

discretized frequencies and transverse wavenumber as before.

Using this flattened representation, we can solve for the evolution of the discretized mode

operators using the same tools as in previous sections. We find the Takagi decomposition

of the flattened joint amplitude

ψi,j = g
∑
k

rk φ
(k)
i φ

(k)
j (3.95)

where we have defined “broadband modes”, φ
(k)
i , that form a convenient basis where the

input seed operators evolve independently under the effect of a single-mode squeezing trans-

formation. These broadband modes can be cast back in the form of 2D matrices (2D func-

tions), where we can visualize their spectral and spatial structure

φ(k)(ωi, qj) = φ
(k)
iNq+j

(3.96)

It is interesting to compare the structure of the broadband modes obtained when we
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neglect the pump spatial walk-off (Fig. 3.14) with those obtained when we consider it (Fig.

3.14). While the first can be factored into the tensor product of a spectral and a spatial

amplitudes, the second shows a correlated space-time structure and cannot be factored.

Figure 3.14: First four broadband modes φ(k)(ω, q) which diagonalize the 4D joint amplitude
ψ(ω, q, ω′, q′) when pump spatial walk-off is omitted. The joint amplitude corresponds to a BBO
crystal with L = 1mm, pumped by a beam with λp0 = 410nm, τp = 60 fs, Wp = 40µm and ρwo = 0

Figure 3.15: First four broadband modes φ(k)(ω, q) which diagonalize the 4D joint amplitude
ψ(ω, q, ω′, q′) when pump spatial walk-off is included. The joint amplitude corresponds to a BBO
crystal with L = 1mm, pumped by a beam with λp0 = 410nm, τp = 60 fs, Wp = 40µm and ρwo = 3◦

3.5.3 Output photon statistics

Once we have computed the Takagi factorization of the joint amplitude, we can find the

output photon statistics for a coherent seed using the same techniques that we employed

earlier. We consider input mode operators

âin(ω, q) = âv(ω, q) + αin(ω, q) (3.97)
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where âv are annihilation operators referred to a vacuum state and αin(ω, q) is the coherent

amplitude of the seed. For the remaining of this section we will assume a seed with Gaussian

temporal and spatial profiles, propagating collinearly with the pump and with no delay or

focus offset from it

αin(ω, q) =

√
2NsWsτs

π
exp

(
−W 2

s |qs|2
)

exp
(
− τ2

s (ωs − ωs0)2
)

(3.98)

We find the seed decomposition in the broadband basis that diagonalizes the OPA in-

teraction

cin
k =

∫
dω dq [φk(ω, q)]

∗ αin(ω, q) (3.99)

and compute the output coherent amplitudes after the interaction

cout
k = exp(−g rk) Re{cin

k }+ i exp(g rk) Im{cin
k } (3.100)

The mean and variance of the frequency and momentum resolved photon number after

the interaction are respectively

〈
n̂out(ω, q)

〉
=
〈
â†out(ω, q) âout(ω, q)

〉
=
∣∣∣∑
k

cout
k φ(k)(ω, q)

∣∣∣2 (3.101)

var
(
n̂out(ω, q)

)
=
∣∣∣∑
k

φ(k)(ω, q)
(

exp(− g rk) Re{cout
k }+ i exp( g rk) Im{cout

k }
)∣∣∣2 (3.102)

Again, we will find it useful to use the time/space representation of the pulses instead

of their frequency/momentum representation. We define the time and space resolved in-
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put/output annihilation operators

âin/out(t, y) =

∫
dω dq exp(i(ω t+ q y)) âin/out(ω, q) (3.103)

and find the mean and variance of the spatially and temporally resolved output photon

number

〈
n̂out(t, y)

〉
=
〈
â†out(t, y) âout(t, y)

〉
=
∣∣∣∑k c

out
k φ(k)(t, y)

∣∣∣2 (3.104)

var
(
n̂out(t, y)

)
) =

∣∣∣∑k φ
(k)(t, y)

(
exp(− g rk) Re{cout

k }+ i exp( g rk) Im{cout
k }

)∣∣∣2(3.105)

where we have defined the space-time broadband functions

φ(k)(t, y) =

∫
dω dq exp(i(ωt+ qy))φ(k)(ω, t) (3.106)

3.5.4 Space-time coupling limits squeezing

With these definitions in place, we can compute the output photon statistics of a seed

undergoing pulsed OPA, where we account for the effect of the space-time correlation of the

phase-matching due to the crystal birefringence. In particular, we are interested in finding

if there are any limits on the achievable squeezing which we could not capture with the

one-dimensional descriptions that we have used until now.

To begin with, let us provide some intuition regarding the effect that phase-matching

space-time correlations have on the structure of the OPA process. In Fig. 3.16 we show

the output spatio-temporal mean photon number,
〈
n̂out(t, y)

〉
, for a deamplified seed. The

pump and seed beam waists have been chosen to optimize squeezing in the short-crystal
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regime (Wp = 40µm > Ws = 30µm), which is justified by the crystal length, L = 2 mm.

Moreover, the lengths of the seed and pump pulses (τp = 60 fs , τs = 50 fs) have been chosen

to prevent inhomogenous temporal deamplification. We observe that, as the intensity gain

grows, it becomes apparent that the seed is still being deamplified inhomogeneously, in a

correlated space-time manner.

Figure 3.16: Spatio-temporally resolved mean photon number of a deamplified seed with three
different values of the intensity gain (G = 0.9, 0.5 and 0.3).

At this point, we are acquainted with the following rule of thumb: an inhomogeneous

deamplification of the seed implies a multimode process with a reduced rate of intensity

squeezing. In order to quantify the degradation of squeezing due specifically to phase-

matching space-time correlations we can compare the Fano factor and intensity gain ob-

tained using either the one-dimensional descriptions presented before or the more general

2D spatio-temporal description presented here (temporal description: (3.44) and (3.46) ,

spatial description: (3.75) and (3.76), spatio-temporal description: (3.104) and (3.105) ).

In Fig 3.17 we perform this comparison for three different crystal lengths, using the

same temporal durations and spatial beam waists for the pump and seed as listed above.

Computing the Fano factor and intensity deamplification obtained using either description,
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Figure 3.17: Fano factor (F) as a function of intensity gain (G) obtained using a description of
the OPA that includes: temporal gain dependence only (black), spatial gain dependence only (gray),
spatio-temporal gain dependence (red).

we see that, as expected, the joint spatio-temporal description always yields a lower level

of squeezing for the same intensity deamplification. It is interesting to note that, for longer

crystal lengths, both the temporal and spatial descriptions predict F ≈ G, whereas the

spatio-temporal description does not. This is explained in the following way: the main

reason to have F < G for the temporal and spatial descriptions, in the regime that we

are probing, is the imperfect overlap between pump and seed. As explained earlier, this

imperfect overlap disappears when the crystal is long enough that the two beams walk over

each other as they propagate. However, this mitigation strategy does not apply when we

consider the complete spatio-temporal description: the imperfect overlap due to correlated

spatio-temporal deamplification is not compensated for by spatial or temporal walk-off.

3.6 An improved design

In this chapter we have developed a framework to simulate the photon statistics of the coher-

ent squeezed states generated by parametric deamplification of pulsed and focused coherent

states. Throughout the chapter, we have analyzed the effect that several phenomena have



3.6 AN IMPROVED DESIGN 147

on the achievable squeezing. Now we will condense the insight that we have gained into an

improved design for a sub-Poissonian light source, which will be implemented in a future

experiment in order to achieve a greater degree of intensity squeezing.

Avoid critical phase-matching — The OPA used in our experimental implementation

(chapter 2) employed a critically phase-matched (angle phase-matched) BBO crystal because

of the ease with which this design could be built. However, in this chapter we have shown

that the phase-matching condition in critically phase-matched OPAs is modified due to the

non-zero first order derivative of the pump refractive index, next(ω, θ), with respect to the

pump propagation direction. This leads to two main limitations: in first place, we have

shown that it is not possible to enhance the degree of deamplification/squeezing by using a

crystal longer than the spatial walk-off distance, after which the pump and seed beams stop

interacting. Second, we have shown that the angular dependence of the phase-matching

condition couples the spatial and angular degrees of freedom of the OPA, in such a way

that a seed with a spectrum uncorrelated from its spatial profile cannot be deamplified

uniformly. This uneven deamplification leads to a reduction of intensity squeezing which

cannot be compensated for.

We suggest to avoid these limitations by employing non-critical phase-matching, where

the phase-matching condition is achieved for a pump and seed whose polarizations are

aligned with two principal axes of the crystal. In this configuration, the first order derivative

of next(ω, θ) with respect to the pump propagation angle is zero, avoiding pump walk-off

as well as spatio-temporal coupling in the phase-matching condition. This condition can

be obtained in certain crystals using temperature tuning [71]. Alternatively, we can achieve

quasi-phase-matching by using a periodically poled nonlinear crystal.
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Our design for an improved OPA will be based on a periodically poled potassium titanyl

phosphate (ppKTP) crystal. The strongest element of the second order susceptibility of KTP

is [84] χ
(2)
zzz, which corresponds to type-0 phase-matching with both pump and seed having the

same polarization. We can compute the momentum mismatch for a pump (λp = 410nm) and

seed (λs = 820nm) propagating along this direction of the crystal, and compute the poling

period necessary to achieve phase-matching. Using the Sellmeier equations of KTP [85], we

compute the pump and seed refractive indices (nz(ωp) = 1.95 and nz(ωs) = 1.84), from

which we calculate the distance after which the direction of the OPA process is reversed

Lpoling =
(nz(ωp)

λp
− 2nz(ωs)

λs

)−1
= 3.8 µm (3.107)

This poling period is achievable by commercial crystal manufacturers (e.g. Raicol). How-

ever, due to technical fabrication limitations, it is not possible to pole an arbitrarily short

crystal. The shortest poled KTP crystal available to us is 1mm long.

Crystal length and beam waists— We realize that temporal walk-off between the

pump and seed is the limiting factor in choosing the length of our KTP crystal. Assuming

a pump and seed pulses of approximately equal duration, τp ≈ τs = 150 fs, their different

group velocities (vp = 0.43 c, vs = 0.53 c) cause them to walk-off from each other after only

150 µm of KTP crystal. Currently, periodically poled crystals of such short lenght are not

commercially available. However, we have seen in this chapter (see Sec. 3.3.4) that using a

crystal longer than the walk-off length is not disadvantageous in principle. In fact, allowing

the pump and seed pulses to walk over each other as they propagate along the crystal will

reduce the negative impact of pulse length mismatch, allowing us to use the shorter pump
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pulses produced in a simple SHG process.

Given that we are fixing the crystal length to L = 1 mm, now we would like to compute

what pump and seed beam waists will optimize the degree of intensity squeezing. The pump

beam waists that yield a Rayleigh range equal to half the crystal length are Wp ≈ 3µm and

Ws ≈ 4µm, much smaller than what we can achieve using common lenses. Therefore, we

will assume that our design will fall in the short-crystal regime, where beam divergence

is negligible. In this chapter we have seen (see Sec. 3.4.2) that in this configuration it is

desirable to use a pump beam waist larger than that of the seed, in order to improve mode

overlap.

Expected enhancement and risks — We expect that the design provided here will

outperform our previous BBO implementation, given that it will not suffer from the de-

leterious effects derived from angular dispersion in the pump mode. Moreover, the type-0

nonlinear coefficient of KTP is larger than the type-I nonlinear coefficient of BBO by almost

an order of magnitude [84,86], which should yield a more efficient parametric amplification

process. On the other hand, there is a risk associated with using periodically poled crystals

which we should anticipate: an inaccuracy in the poling period will translate into a shift in

the frequency where degenerate phase-matching is achieved. This is not a great concern to

us, given that the range of tunability of our mode-locked Ti:Saph is larger than the detuning

implied by typical fabrication tolerances.
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3.7 Summary and outlook

In this section we have developed a framework to simulate the photon statistics of a para-

metrically amplified/deamplified coherent seed in the low gain regime. Our framework

accommodates pulsed and focused pump and seed fields, accounting for the temporal and

spatial structure of the parametric amplification. In particular, we can simulate the effect of

a correlated spatio-temporal gain, which arises in a critically phase-matched process due to

angular dispersion in one of the interacting fields. We have used this framework to analyze

the limits on the achievable squeezing imposed by several phenomena such as group velocity

mismatch, beam divergence, spatial walk-off and spatio-temporal coupling in the parametric

gain, among others. This analysis has allowed us to propose a design for a sub-Poissonian

light source which we expect will improve on the performance of the source implemented in

Chapter 2. Moreover, the simulations presented in this chapter will provide guidance in the

characterization of the future source, as it will be possible to compare measurements (e.g.

spatial profile of the deamplified beam) with theory in order to diagnose possible failure

modes.



Part II

High gain broadband twin-beam

generation
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Chapter 4
Simulating twin-beam generation in the

high-gain regime

4.1 Motivation

Many pivotal experiments in quantum optics and quantum technologies have relied on

twin beams generated by parametric nonlinear optical processes. The emission of photon

pairs through spontaneous down conversion (SPDC) was observed as early as the 1970s by

Burnham and Weinberg [87], and was later used to produce squeezed light [61], heralded single

photons [88] and polarization-entangled photon pairs [89]. Since their inception, twin-beam

sources have seen significant progress. The low nonlinearity in naturally occurring crystals

has been enhanced either by using optical cavities or by pumping the nonlinear crystal with

ultrafast pulses. In addition, higher effective nonlinearities have been achieved by using

periodically poled crystals, which enable quasi-phase-matching of stronger elements of the

crystal non-linear tensor [90]. Moreover, optical waveguides have been used to increase the
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efficiency of SPDC [91], allowing longer interaction lengths and confining the emission of

down-converted photons to a single spatial mode.

In this and the next chapter, we will be interested in the design and characterization of

pulsed SPDC sources. Using a pump with a short coherence length, photon pairs can be

created at well defined times. Together with the development of efficient photon-number-

resolving detectors [92], the quantum states of light generated in these sources enable a range

of experiments in quantum optics, such as conditional non-Gaussian state preparation [93,94]

and sampling experiments [95–97]. However, early pulsed sources could not be described

cleanly as the two-mode squeezers required to realize such experiments. The spectral cor-

relation between the emitted signal and idler photons provides information that in principle

allows one to distinguish photons emitted at different times [34,36–38,98]: the SPDC emission

is in general produced in a product of multiple temporal modes.

Recently, the development of group velocity matching techniques allowed researchers to

reduce the number of temporal modes of a source to essentially one [23,99]. Furthermore, the

combined use of periodically poled waveguides and spectral engineering techniques allowed

two-mode squeezed states to be generated in a single spatio-temporal mode [100], obtaining

an unprecedented large brightness and small mode number. In Chapter 5, we will employ a

waveguided periodically poled potassium titanyl phosphate (ppKTP) source which has been

recently used to report two-mode squeezed states in a single spatio-temporal mode with a

mean photon number up to 20 [101].

However, alongside the promises offered by these new tehnologies come new challenges.

The high optical intensities required to achieve such large parametric interactions can cause

collateral effects that have not been systematically accounted for yet. In the first place,
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self-phase modulation of the pump (SPM) [90] and cross-phase modulation (XPM) between

this and the twin beams [102] can affect the spectral structure of SPDC emission. In addition,

the spectral properties of SPDC change at high parametric gains due to the self-seeding of

PDC by the spontaneously generated photons. This leads to the so-called time-ordering

corrections, which render the perturbative description commonly used to describe twin-

beam generation inaccurate [38,103]. The complex interplay between these effects makes the

study of pulsed PDC sources in the high gain regime challenging.

Experimental advances call for the development of new experimental and theoretical

tools to understand the non-perturbative regime of PDC. In this chapter we will provide

a theoretical framework to model the emission of high-gain pulsed PDC sources efficiently.

This framework, derived from first principles using a canonical Hamiltonian approach, al-

lows for an arbitrarily high PDC gain to be simulated, and includes parasitic nonlinear

phenomena such as SPM and XPM. This theoretical model is motivated by the experiments

reported in Chapter 5, where we build on a recently introduced characterization technique

called cascaded stimulated emission tomography (SET) [104] to analyze a pulsed high-gain

PDC source. Cascaded SET extends the concept of a seeded joint spectral intensity (JSI)

measurement [100,105] to the observation of additional cascaded difference-frequency gener-

ation (DFG) processes. These cascaded processes provide us with additional information

that we use to fit the theoretical model introduced in this chapter. In particular, the ratio

between direct and cascaded DFG will be used to obtain a self-referenced measurement

of PDC strength. The resulting fitted model describes a situation in which the parasitic

nonlinearities (SPM and XPM) play an important role, modifying the spectral structure of

PDC. Finally, in Chapter 5 we will propose a design of a PDC source that uses the insight
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that we gained to overcome the limitations imposed by these parasitic nonlinearities.

4.2 Efficient modelling of waveguided type-II PDC in the

high-gain regime

A number of theoretical descriptions of twin beam generation have been given, each best

suited to a certain gain regime, experimental geometry, etc. Amongst these, those models

that can describe the high gain regime of pulsed parametric down conversion do so either

by following an iterative approach [36,38] or by providing high order perturbative expansions

of the SPDC unitary transformation [103]. Here we will provide a model of waveguided high-

gain SPDC that can be solved efficiently (non-iteratively) and exactly for an arbitrary value

of the parametric gain. The only approximation that we will make is to assume that the

interacting fields experience only a linear dispersion over their bandwidth. We follow the

approach introduced by M.D. Vidrighin [104], grounding it in a Hamiltonian quantization

procedure. We develop this model in order to fit the experimental data that we measure

from a ppKTP waveguide, as we detail in Sec. 5.2. Guided by the experiment, we realize

that, in addition to the SPDC interaction, we also need to include the effect of SPM of the

pump in the model, as well as XPM between the pump and the twin beams.

4.2.1 Field quantization

Let us recall that in our description (see Section 1.2.1) of an optical field in a current-

free, non-magnetic medium we take the magnetic (B) and displacement (D) fields as our

fundamental fields. Neglecting material dispersion for the moment, we write the polarization



4.2 EFFICIENT MODELLING OF WAVEGUIDED TYPE-II PDC IN THE HIGH-GAIN
REGIME 156

(P) as a function of D

P(D) = Γ(1)D + Γ(2)D2 + Γ(3)D3 + . . . (4.1)

where we are using a schematic notation that implies the appropriate tensorial form of Γ(n)

and summation over Cartesian coordinates. The energy density of the system is then

H =

∫
E(D) · dD +

∫
H(B) · dB (4.2)

=
B2

2µ0
+

1− Γ(1)

2ε0
D2 − Γ(2)D3

3ε0
− Γ(3)D4

4ε0
− . . . , (4.3)

with the Hamiltonian H given by the integral over space of this density. The commutation

relations that retrieve Maxwell’s equations from this Hamiltonian are [12,13]

[D̂j(r), B̂l(r
′)] = i~εjlm

∂

∂rm
δ(r− r′), (4.4a)

[D̂j(r), D̂l(r
′)] = [B̂j(r), B̂l(r

′)] = 0, (4.4b)

where the indices j, l,m denote Cartesian components, εjlm is the Levi-Civita symbol and

δ(r) is the Dirac distribution.

4.2.2 Expansion fields in a waveguide

The spatial distribution of the refractive index in an optical waveguide defines a set of

solutions of Maxwell’s equations that, in the linear propagation regime, travel along the

waveguide without changing their spatial profile. We consider solutions that evolve har-
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monically in time,

Bµk(r, t) = Bµk(r) exp(−iωµkt) + c.c. (4.5)

Dµk(r, t) = Dµk(r) exp(−iωµkt) + c.c. (4.6)

where the label k is a wavevector, and we use a “Greek type label” µ to identify which

field we are describing, writing µ = p for the pump and µ = s, i for the twin beam fields.

Assuming that the refractive index is independent of z, the distance along the waveguide,

these solutions will have the form

Dµk(r) =
dµk(x, y)√

2π
eikz, Bµk(r) =

bµk(x, y)√
2π

eikz, (4.7)

This is a convenient expansion basis for the field operators D(r, t) and B(r, t) even in

the presence of material dispersion, under the assumption that at frequencies of interest

there is no absorption. If normalization is done according to

∫
dxdy

d∗µk(x, y) · dµk(x, y)

ε0n2(x, y;ωµk)

vph(x, y;ωµk)

vg(x, y;ωµk)
= 1, (4.8)

where vph(x, y;ω) and vg(x, y;ω) are respectively the local phase and group velocities at

each point in the waveguide [16], then the displacement and magnetic fields can be written
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in the following very symmetric form

B̂(r) =
∑
µ

∫
dk

√
~ωµk

2
ĉµk Bµk(r) + H.c., (4.9)

D(r) =
∑
µ

∫
dk

√
~ωµk

2
ĉµk Dµk(r) + H.c., (4.10)

and furthermore, the linear part of the Hamiltonian can then be written as

ĤL =

∫
dk
∑
µ

~ωµk ĉ†µk ĉµk, (4.11)

with the zero-point energy neglected. The creation and destruction operators ĉ†µk and ĉµk

satisfy the bosonic commutation relations [16]

[ĉµk, ĉµ′k′ ] = [ĉ†µk, ĉ
†
µ′k′ ] = 0, (4.12)

[ĉµk, ĉ
†
µ′k′ ] = δµµ′δ(k − k′). (4.13)

We now introduce field operators

ψ̂µ(z) =

∫
dk√
2π

ĉµk e
i(k−k̄µ)z. (4.14)

which are quantum operators analogous to the slowly varying envelope functions in space,

since we have removed a central wavevector k̄µ associated with the central frequency ω̄µ.
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The Schrödinger picture field operators satisfy the commutation relations

[ψ̂µ(z), ψ̂µ′(z
′)] = [ψ̂†µ(z), ψ̂†µ′(z

′)] = 0, (4.15)

[ψ̂µ(z), ψ̂†µ′(z
′)] = δµ,µ′ δ(z − z′), (4.16)

again, under the assumptions that the pump, signal, and idler fields span different wavevector

and frequency ranges, and thus that for each field operator (4.14) we can formally let k range

from −∞ to ∞ when evaluating the commutation relations.

Now we assume that group velocity does not vary significantly over the bandwidths of

interest, ignoring group velocity dispersion. Substituting ωµk = ω̄µ + vµ (k − k̄µ), the linear

part of the Hamiltonian, given in Eq. (4.11) can be written

ĤL =
∑
µ

~ω̄µ
∫

dk ĉ†µk ĉµk + ~ vµ(k − k̄µ) ĉ†µk ĉµk (4.17)

which, is recast in terms of the field operators as

ĤL =
∑
µ

~ω̄µ
∫

dz ψ̂†µ(z)ψ̂µ(z) (4.18)

+
i

2

∑
µ

~vµ
∫

dz

(
∂ψ̂†µ(z)

∂z
ψ̂µ(z)− ψ̂†µ(z)

∂ψ̂µ(z)

∂z

)
,

Finally we can write the displacement field D̂(r) (4.10) in terms of the field operators as

D̂(r) ≈
∑
µ

eik̄µz

[√
~ωµ

2
dµkµ(x, y)

]
kµ=k̄µ

ψ̂µ(z) + H.c., (4.19)

where we performed a Taylor expansion of the terms inside the integral around kµ = k̄µ
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and assumed any variation in the transverse mode profiles dµkµ and the frequencies ωµ to

be negligible; the magnetic field B̂(r) (4.9) can be written in a similar way.

4.2.3 The nonlinear interaction

We now turn to the nonlinear part of the Hamiltonian, which is given by the integral over

space of the third and fourth terms on the right-hand-side of (4.3). Explicitly indicating

Cartesian components and with the usual Einstein summation convention we have

ĤNL =− 1

3ε0

∫
dr Γ

(2)
ijl (r) Di(r)Dj(r)Dl(r) (4.20)

− 1

4ε0

∫
dr Γ

(3)
ijlm(r) Di(r)Dj(r)Dl(r)Dm(r),

where we note that the first term will be responsible for SPDC while the second will give

rise to SPM and XPM. In terms of the usual nonlinear susceptibilities χ
(2)
ijl (x, y, z) and

χ
(3)
ijlm(x, y, z) characterizing the second and third order optical response, we have

Γ
(2)
ijl (x, y, z) =

χ
(2)
ijl (x, y, z)

ε0 n6
o(x, y)

, (4.21)

Γ
(3)
ijlm(x, y, z) =

χ
(3)
ijlm(x, y, z)

ε20 n
8
o(x, y)

(4.22)

−
∑
q

2χ
(2)
ijq(x, y, z)χ

(2)
qlm(x, y, z)/n2

q(x, y)

ε20 n
8
o(x, y)

,

where we neglect the effects of material dispersion on the nonlinear Hamiltonian, and take

no(x, y) to be an index of refraction at some “typical” wavelength [13] .

We can now write the nonlinear Hamiltonian Eq. (4.20) in terms of the field operators

ψµ(z), considering processes in which three beams labelled pump (p), signal (s), and idler (i)
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are coupled by the nonlinear interaction. We assume we can choose our center frequencies

ω̄µ and the associated wave vectors k̄µ such that

ω̄p − ω̄s − ω̄i = 0, (4.23)

k̄p − k̄s − k̄i = 0 (4.24)

a condition that will allow for the creation of twin beams via SPDC. Third-order nonlinear

processes, such as self- and cross-phase modulation, are automatically phase matched, and

can modify the properties of the photons generated in SPDC. Note that if quasi -phase

matching is used for a second order process, the RHS of Eq. (4.24) should be changed to

±2π/Λ where Λ is the poling period.

Under these assumptions we can write the nonlinear part of the Hamiltonian as

ĤNL =− ~
∫

dz

{
1

2
ζp(z)ψ̂

†
p(z)ψ̂

†
p(z)ψ̂p(z)ψ̂p(z) (4.25a)

+ ζi(z)ψ̂
†
p(z)ψ̂p(z)ψ̂

†
i (z)ψ̂i(z) (4.25b)

+ ζs(z)ψ̂
†
p(z)ψ̂p(z)ψ̂

†
s(z)ψ̂s(z) (4.25c)

+
(
ξ(z)ψ̂†s(z)ψ̂

†
i (z) ψ̂p(z) + h.c.

)}
(4.25d)

where we use the full permutation symmetry of the Γ tensors in their Cartesian indices,

and keep the terms that are energy and phase matched consistent with Eq. (4.24); we have

also introduced the quantities ζp, ζi, ζs, ξ, defined in detail in Appendix C, which capture

the strength of the nonlinear interactions corresponding to SPM of the pump (4.25a), XPM
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between the pump and the idler (4.25b), XPM between the pump the signal (4.25c) and

twin-beam generation via SPDC. We take these quantities to be nonzero only in a region

`min ≤ z ≤ `max where the nonlinear coupling occurs. Notice that in the last set of equations

we have only included SPM of the pump, since the intensities of the signal and idler field

are small enough for SPM to be negligible.

4.2.4 Dynamics of the fields

With the full Hamiltonian of the system in place we can find the evolution of the field

operators in the Heisenberg picture by applying the Heisenberg equation of motion.

Pump dynamics

We first look at the Heisenberg equation of motion for the pump field, which follows from

using the commutation relations (4.15) with a Hamiltonian that is the sum of the linear

(4.18) and nonlinear (4.25) contributions,

(
∂

∂t
+ vp

∂

∂z
+ iω̄p

)
ψ̂p(z, t) = (4.26)

iζp(z)ψ̂
†
p(z, t)ψ̂p(z, t)ψ̂p(z, t) + back-action terms,

where the “back-action terms” are contributions that contain the operators ψ̂s(z, t) and

ψ̂i(z, t). We assume that the pump field is prepared in a strong coherent state with a

large number of photons, and we assume that this number remains unchanged during the

SPDC process; we may then ignore the back-action terms, which are all proportional to the

first power of ψ̂p(z, t) and second powers of ψ̂s(z, t) and ψ̂i(z, t), and have a much smaller

effect than the self-phase modulation term appearing in the right hand side of Eq. (4.26).
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Furthermore, because of the undepleted pump approximation just described we replace

ψ̂p(z, t)→ 〈ψ̂p(z, t)〉. The solution to the equation of motion for the pump mean field is

〈ψ̂p(z, t)〉 =β(z − vp(t− t0))e−iω̄p(t−t0)+iϕ(z,t), (4.27)

where the nonlinear phase accumulated due to SPM is

ϕ(z, t) =|β(z − vp(t− t0))|2
∫ t

t0

dt′ζp(z − vp(t− t′)), (4.28)

and where we introduced

〈ψ̂p(z, t0)〉 = β(z). (4.29)

Note that the intensity of the field will not be affected by SPM,

|〈ψ̂p(z, t)〉|2 = |β(z − vp(t− t0))|2, (4.30)

Twin-beam dynamics

We can now calculate the Heisenberg equations of motion for the signal (analogously for the

idler) field operators ψs,
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(
∂

∂t
+ vs

∂

∂z
+ iω̄s

)
ψ̂s(z, t) = iξ(z)〈ψ̂p(z, t)〉 ψ̂†i (z, t) (4.31)

+ iζs(z)|〈ψ̂p(z, t)〉|2 ψ̂s(z, t),

The right hand side of Eq. (4.31) accounts for photon generation via SPDC, and for

cross-phase modulation of the pump on the signal and idler fields . Its left hand side accounts

for propagation at group velocity vj , and oscillation at frequency ω̄j .

The solution of these coupled equations of motion (Eq. 4.31 and signal analog) is not

obvious in their current form. We can eliminate the temporal derivatives by moving to the

frequency domain. Defining the (t, ω) Fourier transform of the field operators,

ψ̃µ(z, ω) =
√
vµ

∫
dt√
2π

eiωt ψ̂µ(z, t), (4.32)

where we ommit the hat to avoid clutter, we obtain the equivalent equation of motion for

the frequency-domain signal (analogously for idler)

∂

∂z
ψ̃s(z, ω) = i

(
ω − ω̄s
vs

)
ψ̃s(z, ω) (4.33)

+ i

∫
dω′√

2πvpvsvi
ξ(z) 〈ψ̃p(z, ω + ω′)〉 ψ̃†i (z, ω

′) (4.34)

+ i

∫
dω′√
2πvs

ζs(z) I0(z, ω − ω′) ψs(z, ω′), (4.35)

where we have defined the (t, ω) Fourier transform of the pump intensity

I0(z, ω) = vp

∫
dt eiωt |〈ψ̂p(z, t)〉|2 = eiωt0eiωz/vp

∫
dz′ e−iωz

′/vp |β(z)|2. (4.36)
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These equations of motion are still not analytically integrable due to the spatial de-

pendece of the rhs. We can do a final change of variables, first introduced in [104], moving

to a frame of reference that propagates at the pump group velocity, which yields the trans-

formed operators

ψ̃j(z, ω) = e
i
ω−ω̄j
vp

z
âj(z, ω) j ∈ {s, i}, (4.37)

〈ψ̃p(z, ω)〉 = e
i
ω−ω̄p
vp

z
αp(z, ω). (4.38)

The equations for the spatial evolution of the âj(z, ω) are then found to be

∂

∂z
âs(z, ω) = i∆ks(ω)âs(z, ω) (4.39a)

+ i
γXPM,s hs(z)

2π

∫
dω′I(ω − ω′)âs(z, ω′)

+ i
γ g(z)√

2π

∫
dω′αp(z, ω + ω′)â†i (z, ω

′),

∂

∂z
a†i (z, ω) = −i∆ki(ω)âi(z, ω) (4.39b)

− i
γXPM,i hi(z)

2π

∫
dω′I∗(ω − ω′)â†i (z, ω

′)

− iγ
∗ g(z)√

2π

∫
dω′α∗p(z, ω + ω′)â†s(z, ω

′),

The first term on the right hand side of these equations describes the pulse walk-off between

the pump and the signal/idler; we have defined

∆kj(ω) =

(
1

vj
− 1

vp

)
(ω − ω̄j) . (4.40)

The second term, accounting for cross-phase modulation, contains a coupling strength pro-
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file,

γXPM,j hj(z) =
ζj(z)

vp vj ~ ω̄p
, (4.41)

where we take hj(z) = 1, 0 respectively in the region where the nonlinearity is present or

absent, and the (t, ω) Fourier transform of the pump intensity in the moving frame does not

depend on z:

I(ω) = I∗(−ω) = eiωt0~ω̄p
∫

dz|β(z)|2e−iωz/vp . (4.42)

The last term is responsible for twin-beam generation, and contains a coupling strength

profile

γ g(z) =
ξ(z)√

vpvsvi~ω̄p
(4.43)

with g(z) = 0 where the nonlinearity is absent and either 1 or −1 (the latter to describe

quasi-phase matching) where the nonlinearity is present, and the (t, ω) Fourier transform of

the pump amplitude in the moving frame is

αp(z, ω) =
(~ω̄p)1/2√

2π/vp

∫
dt ei(ωt−z(ω−ω̄p)/vp)〈ψp(z, t)〉

= eiωt0
(~ω̄p)1/2√

2πvp

∫
dz′e

−iz′ (ω−ω̄p)

vp
(
β(z′)

)
ei θ(z,z

′)) (4.44)

with a nonlinear phase

θ(z, z′) ≡ ϕ
(
z, t0 + z−z′

vp

)
= |β(z′)|2

∫ z

z′

dz′′

vp
ζp(z

′′). (4.45)
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In the limit of negligible SPM of the pump θ(z, q) � 1, the pump spectral function

αp(z, ω) becomes independent of z and the right hand side of equations of motion (4.39)

depends only on z via the prefactors γSPM,s, γSPM,i ,γ. However, as soon as SPM becomes

important this simple translational dependence is lost.

4.2.5 Solving the equations of motion

We will now address the solution of the coupled equations of motion for âs(z, ω) and â†i (z, ω)

(4.39), which will allow us to connect the states of the twin-beams at positions before and

after the nonlinear interaction. For computational purposes and notational simplicity we

discretize the operators âj(z, ω) on a grid of N points according to ωn = ω0 + n∆ω|N−1
n=0 .

We introduce the column vectors u and v† with components

un(z) = âs(z, ωn), (4.46)

v†n(z) = â†i (z, ωn), (4.47)

and then, using Eq. (4.39) we can write

∂

∂z

 u(z)

v†(z)

 = i

 G(z) F(z)

−F†(z) −H†(z)


︸ ︷︷ ︸

:=Q(z)

 u(z)

v†(z)

 , (4.48)
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where we have defined the following matrices

Fn,m(z) =
γ g(z)√

2π
αp(z, ωn + ωm)∆ω, (4.49a)

Gn,m(z) = ∆ks(ωn)δm,n +
γXPM,s hs(z)

2π
I(ωn − ωm)∆ω, (4.49b)

Hn,m(z) = ∆ki(ωn)δm,n +
γXPM,i hi(z)

2π
I∗(ωn − ωm)∆ω. (4.49c)

In general, the dependence of Q(z) on the waveguide position, z, forbids a simple analyt-

ical solution of this system of coupled differential equations. Nevertheless, we can formally

integrate it using the Trotter-Suzuki expansion, obtaining

 u(z)

v†(z)

 = U(z, z0)

 u(z0)

v†(z0)

 (4.50)

=

 Us,s(z, z0) Us,i(z, z0)

(Ui,s(z, z0))∗ (Ui,i(z, z0))∗


 u(z0)

v†(z0)

 , (4.51)

where the propagator U(z, z0) is defined by the limit

U(z, z0) = lim
n→∞

n∏
p=1

exp (i∆zQ(zp)) , (4.52)

and ∆z = (z−z0)/n and zp = z0 +p∆z. The intuition behind the Trotter-Suzuki expansion

used in the last equation is that for sufficiently thin “slices” of propagation in z one can

approximate the matrix Q(z) as a constant in that region; thus one can simply compound

the propagation over all the small regions to get the net propagator.

If Q is independent of z, as is the case when SPM can be neglected, then the solution
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of the equations of motion can be found through a single matrix exponentiation

U(z, z0) = lim
n→∞

n∏
p=1

exp (i∆zQ) = exp(i(z − z0)Q). (4.53)

The undiscretized form of Eq. (4.50) yields the linear transformation of the continuous-

frequency (z, ω) operators

âs(z, ω) =

∫
dω′U s,s(ω, ω′; z, z0)âs(z0, ω

′) (4.54a)

+

∫
dω′U s,i(ω, ω′; z, z0)â†i (z0, ω

′),

â†i (z, ω) =

∫
dω′(U i,s(ω, ω′; z, z0))∗âs(z0, ω

′) (4.54b)

+

∫
dω′(U i,i(ω, ω′; z, z0))∗â†i (z0, ω

′),

where the blocks of the propagator U(z, z0) are related to the continuous-frequency transfer

functions (TFs) as follows:

U j,k(ωn, ωm; z, z0) = Uj,k
n,m(z, z0)/∆ω. (4.55)

For notational simplicity, we omit the spatial dependence when we write the TFs con-

necting the input and output operators at the facets of the nonlinear medium. In addition,

to simplify the form of the transfer functions, we make a change of basis of the input and
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output operators that corresponds to linear propagation to the center of the waveguide:

â
(in)
j (ω) = âj(`min, ω) exp(−i∆kj(ω) `min) (4.56a)

â
(out)
j (ω) = âj(`max, ω) exp(−i∆kj(ω) `max) (4.56b)

These operators are connected by a propagator suscinctly expressed in its discretized form

as

U = V(0, `max)U(`max, `min)V(`min, 0) (4.57)

with

V(z, z′) = exp

(
i(z − z′)

[
L 0

0 −P†

])
(4.58)

Lm,n = ∆ks(ωm)δm,n, Pm,n = ∆ks(ωm)δm,n (4.59)

Identitying the transfer functions Um,n(ω, ω′) as the continuous-frequency version of the

appropriate block of the propagator U, we write

â(out)
s (ω) =

∫
dω′U s,s(ω, ω′) â(in)

s (ω′)

+

∫
dω′U s,i(ω, ω′) â

†(in)
i (ω′),

(4.60)

and an equivalent expression for the idler. We will often refer to the TFs that couple the

signal and idler fields (Us,i, Ui,s) as cross-mode transfer functions. The TFs that couple a

mode to itself (Us,s, Ui,i) will be called same-mode transfer functions.
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4.2.6 Commutation relations and modal structure

We now analyze the equal-position commutation relations obeyed by our transformed op-

erators, âs(z, ω) and â†i (z, ω
′). At a position z0 before the nonlinear region, the twin-beams

are decoupled and the relevant commutation relations are simply

[âj(z0, ω), â†j′(z0, ω
′)] = δj,j′ δ(ω − ω′), (4.61a)

[âj(z0, ω), âj′(z0, ω
′)] = 0, (4.61b)

These bosonic commutation relations should be maintained after the nonlinear interaction.

Upon using the solutions in Eq. (4.54) and these initial position commutators, we find the

commutators at any position in he waveguide to be

[âs(z, ω),â†s(z, ω
′)] = (4.62a)∫

dω′′U s,s(ω, ω′′; z, z0)(U s,s(ω′, ω′′; z, z0))∗

−
∫

dω′′U s,i(ω, ω′′; z, z0)(U s,i(ω′, ω′′; z, z0))∗,

[âi(z, ω),â†i (z, ω
′)] = (4.62b)∫

dω′′U i,i(ω, ω′′; z, z0)(U i,i(ω′, ω′′; z, z0))∗

−
∫

dω′′U i,s(ω, ω′′; z, z0)(U i,s(ω′, ω′′; z, z0))∗,

[âs(z, ω),âi(z, ω
′)] = (4.62c)∫

dω′′U s,s(ω, ω′′; z, z0)U i,s(ω′, ω′′; z, z0)

−
∫

dω′′U s,i(ω, ω′′; z, z0)U i,i(ω′, ω′′; z, z0),
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and [âs(z, ω), â†i (z, ω
′)] = 0. To show that the right hand sides of Eqs. (4.62 a,b,c) are

δ(ω−ω′), δ(ω−ω′), and 0 respectively, we note that the matrix discretized versions of these

putative commutations relations would be

Us,s(z, z0)(Us,s(z, z0))† −Us,i(z, z0)(Us,i(z, z0))† = IN , (4.63a)

Ui,i(z, z0)(Ui,i(z, z0))† −Ui,s(z, z0)(Ui,s(z, z0))† = IN , (4.63b)

Us,s(z, z0)(Ui,s(z, z0))T −Us,i(z, z0)(Ui,i(z, z0))T = 0, (4.63c)

with IN being the N dimensional identity matrix. Note that the last set of equations can

be written more compactly in terms of the following equation for the propagator U(z, z0)

U(z, z0) S U†(z, z0) = S, (4.64)

with

S =

IN 0

0 −IN

 . (4.65)

Mathematically, Eq. (4.64) states that U(z, z0) is an element of the SU(1, 1) Lie group (cf.

Appendix 11.1.4. of Klimov and Chumakov [106]). To show that U(z, z0) ∈ SU(1, 1) it is

sufficient to show that its generators, the matrices Q(z) belong to the algebra of this group,

su(1, 1), thus they need to satisfy

Q(z) S = S Q†(z). (4.66)
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But this is trivial to show using the Hermiticity of the matrices G and H that, together

with F, define Q in Eq. (4.48). Thus, the bonafide commutation relations of the âj(z, ω)

are guaranteed by the algebraic structure of the equations of motion it satisfies, together

with the initial conditions for the commutators derived (Eq. (4.61)). Because of the Lie

group constraints, the transfer functions can be jointly decomposed as follows

U s,s(ω, ω′; z, z0) =
∑
l

cosh(rl)[ρ
(l)
s (ω)][τ (l)

s (ω′)]∗, (4.67a)

U s,i(ω, ω′; z, z0) =
∑
l

sinh(rl)[ρ
(l)
s (ω)][τ

(l)
i (ω′)], (4.67b)

(U i,i(ω, ω′; z, z0))∗ =
∑
l

cosh(rl)[ρ
(l)
i (ω)]∗[τ

(l)
i (ω′)], (4.67c)

(U i,s(ω, ω′; z, z0))∗ =
∑
l

sinh(rl)[ρ
(l)
i (ω)]∗[τ (l)

s (ω′)]∗, (4.67d)

where the quantities rl are the squeezing parameter of the Schmidt mode l and the sets of

functions
{
ρ

(l)
s,i

}
,
{
τ

(l)
s,i

}
are complete and orthonormal, and thus for example

∫
dω ρ(l)

s (ω) [ρ(l′)
s (ω)]∗ = δl,l′ , (4.68a)

∑
l

ρ(l)
s (ω) [ρ(l)

s (ω′)]∗ = δ(ω − ω′). (4.68b)

4.3 A simple example

We can use these results to study what is perhaps the simplest case of twin-beams generation:

a χ(2) process in which the nonlinearity has a flat top-hat profile and we ignore any effect

of cross- and self-phase modulation. With the modification of the pump function by SPM

neglected and the nonlinearity function ξ(z) a top-hat function extending from `min = − `
2 to
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`max = `
2 , the matrix Q in Eq. (4.48) is independent of z in the region where the nonlinearity

is present. Because of this we can write (recall Eq. (4.53))

U
(
− `

2 ,
`
2

)
= exp(iQ`),

and the calculation of the matrix propagator U is reduced to a single exponentiation, which

is one the main advantages of working with the a(z, ω) operators instead of the ψ(z, t)

operators. This matrix exponentiation can be efficiently computed using standard functions

in Mathematica.

For illustration, we study a Gaussian pump

〈ψp(z, t0)〉 =

√
Np√
πvp/σ

exp

(
−(z − z0 + vp(t− t0))2

2(vp/σ)2

)
,

localized around z = z0 at time t = t0, and with bandwidth σ and mean number of photons

Np =
∫
dz|〈ψ(z, t0)〉|2. We will work in the symmetric group velocity matched regime [107],

in which the argument of the sinc function becomes

`
2

{
∆ks(ω) + ∆ki(ω

′)
}

= κ
{

(ω − ω̄s)− (ω′ − ω̄i)
}
, (4.69)

and furthermore pick the parameter κ = 1.61/σ, which matches the bandwidths of the pump

and phase-matching functions.
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Cross-mode transfer functions and joint spectral amplitude

We can use the input-output relations established for the signal and idler bosonic operators

(4.60) to compute the joint spectral amplitude (JSA) of this SPDC process. The two-mode

squeezed vacuum generated in SPDC has the form

|TMSV〉 = (4.70)

exp

(∫
dωdω′J(ω, ω′)a(in)†

s (ω)a
(in)†
i (ω′) + h.c

)
|vac〉.

where J(ω, ω′) is called the JSA. This state is described univocally by its first and second

moments. Matching the moments obtained from the Schrödinger-picture TMSV state and

those obtained using the Heisenberg-picture propagator U, we connect the two descriptions.

We find that the JSA is conveniently expressed in terms of the Schmidt modes and squeezing

parameters of the Heisenberg-picture transfer functions (4.67) [108]

J(ω, ω′) =
∑
l

rl ρ
(l)
s (ω)ρ

(l)
i (ω′). (4.71)

In the low-gain regime, the JSA is equal to the cross-mode transfer function [104,108], and its

first-order perturbative expansion is simply [98]

J(ω, ω′) = ξ(0)

√
Np

2πvsvivpσ
√
π

exp

(
−(ω + ω′ − ω̄p)2

2σ2

)

× ` sinc
(
`
2

{
∆ks(ω) + ∆ki(ω

′)
})
, (4.72)

where ξ(0) is the nonzero value the nonlinearity function ξ(z) takes in the the region −`/2 <

z < `/2. In Fig. 4.1 we show that the absolute value of the JSA obtained with our model
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agrees with the low-gain analytical solution (4.72) for small values of the interaction strength

but not in the high-gain regime. This is because of so-called time-ordering corrections

(TOC), which modify the spectral structure of the SPDC emission. Indeed, our results

agree with the TOC described in [33]. Unlike in iterative approaches, the computation times

for each JSA on a desktop computer, using a grid of 150 frequencies, takes seconds regardless

of the value of Np. The mean number of photons spontaneously generated in the signal/idler

is

〈Nj〉 =

∫
dω〈â(out)†

j (ω) â
(out)
j (ω)〉 =

∑
l

sinh2(rl). (4.73)

Figure 4.1: Absolute values of the joint spectral amplitude in the symmetric group velocity matched
regime. The low-gain analytical solution (left) agrees with of our model at low interaction strengths
(middle), but not in the high gain regime (right).

In the non-perturbative regime, the brightness of SPDC also deviates from the low-gain

description. While in the low gain regime the amplitude of the JSA (4.72), and therefore the

derived squeezing parameters rk, are proportional to
√
Np, this is not so in the high-gain

regime. In Fig. 4.2 we show the evolution of the squeezing parameters of the JSA from the

low-gain regime to the high-gain regime as the pump intensity Np is increased. As predicted

using the Magnus expansion [33,103], the squeezing parameters behave in a nonlinear way as
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a function of
√
Np.
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Figure 4.2: We plot the squeezing parameters {rk} of the first two Schmidt modes obtained with
our model for a range of

√
Np(solid lines). For low gain, the squeezing parameters rk agree with a

linear fit to
√
Np (dashed lines), but this linearity is lost at high gains.

The same-mode transfer function

While the JSA and the closely related cross-mode TFs have become standard objects to

characterize a SPDC source, less attention has been paid to the same-mode TFs. Neglecting

the effect of SPM and XPM, the differential equations that describe SPDC (4.39) contain a

first term that describes linear propagation of the signal and idler and a second term that

describes their nonlinear coupling. Solving these equations perturbatively to first order in

the nonlinear interaction strength [36,104] yields that the same-mode transfer functions are

simply

Us,s(z, z0, ω, ω
′) ≈ δ(ω − ω′) exp(i (z − z0)∆ks(ω)), (4.74)

Ui,i(z, z0, ω, ω
′) ≈ δ(ω − ω′) exp(i (z − z0)∆ki(ω)), (4.75)
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which simply describe the linear propagation in the medium, without involving any nonlinear

interaction. However, it has been shown [104] that including higher order terms in this

expansion yields a same-mode transfer function with a more complex structure. In Fig.

4.3 we show the absolute value of the same-mode transfer functions corresponding to the

twin-beam generation cases analyzed previously. While in the low-gain regime we obtain the

expected diagonal TF, in the high-gain case we observe a broadband “pedestal” that induces

coupling between different frequencies. As will be seen later, this coupling is interpreted as

a cascaded nonlinear process between the twin beams and the pulsed pump [104].

Figure 4.3: Same mode transfer function. Left: the low gain same-mode transfer function is a
diagonal delta function. Right: in the high-gain, the same-mode transfer function has a broadband
“pedestal”.

4.4 Summary and outlook

In this chapter we have introduced new theoretical tools to study parametric twin-beam

generation in the high gain regime. We have provided a framework to efficiently simulate a

waveguided and pulsed SPDC process for an arbitrarily high nonlinear gain, including the
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effect of parasitic nonlinearities such as SPM of the pump and XPM between the pump

and the twin beams. The development of this theoretical framework was motivated by the

experimental results presented in Chapter 5, where we characterize a twin-beam source in

the high gain regime. Our observation of spectral features which could not be accounted for

by a simple perturbative model prompted us to develop the theoretical tools presented in

this chapter. Besides its generality, our theoretical framework also has the virtue of being

efficient: in the scenario where SPM of the pump is negligible, we require a single matrix

exponentiation operation to compute all the transfer functions that describe the broadband

PDC unitary operation. This contrasts with previous approaches, which required a longer

iterative computation to account for the high-gain corrections to the PDC transformation.

3



Chapter 5
Understanding high-gain twin-beam

generation through cascaded stimulated

emission tomography

5.1 Cascaded stimulated emission tomography

A large body of work has been devoted to characterizing pulsed SPDC sources. Initially, the

joint spectral intensity of a source (absolute square of the JSA) was measured by scanning

monochromators to select a pair of wavelengths for the signal and idler, and detecting

photon coincidences with avalanche photodiodes (APDs) [23]. Subsequently, a more efficient

measurement scheme was realized using time-of-flight measurements and dispersive optical

fibers [109].

In 2013, Liscidini and Sipe introduced stimulated emission tomography (SET) [105], a

general approach used to infer the quantum properties of a spontaneous nonlinear process,

180
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e.g. spontaneous PDC, from an intensity measurement of its corresponding stimulated

process, e.g. difference frequency generation (DFG). This approach, which has been the

basis of many experiments [110–115], provides a detailed description of the spectral mode

structure of a PDC process, but often fails to yield a reliable estimation of the degree of

squeezing. It is in principle possible to derive the squeezing strength in a type-II PDC process

from the brightness of the DFG signal produced when this is stimulated with a coherent

seed. However, this approach is in practice hindered by the uncertainty in the amount

of overlap between the seeding and amplified modes (e.g. spatial or polarization overlap),

as well as the optical loss in the experiment. An alternative characterization technique

consists in using higher order photon correlation functions of the down-converted field to

estimate the number of modes in the source [116–118]. This approach has the advantage of

being insensitive to loss, but provides little information about the physical mechanisms that

degrade the performance of the source.

Here we demonstrate a method that provides complete spectral information about a PDC

process, including the absolute value of its squeezing parameters, and which is applicable

to the high gain regime. We extend SET to the measurement of all the stimulated emission

processes (including cascaded processes) implied by the quadratic nonlinear interaction, as

illustrated in figure 5.1. We will show that the measured spectra are interpreted in terms of

the transfer functions introduced in the last section (Eq. (4.54)). To our knowledge these

aditional measurements have not been reported to date.
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Figure 5.1: a) Schematic of an extended SET experiment, including the broadband light generated
in the seeding beam through a cascaded DFG process. b) Cascaded stimulated emission in a PDC
crystal. Seeding one of the two down-conversion modes with a continuous wave (CW) field (repres-
ented in orange), bright light is generated through DFG between the pump (represented in blue)
and the seed. The DFG signal (represented in red) acts as seed for a second DFG interaction with
the pump field, leading to broadband light generation in the mode that was originally seeded. The
process is repeated with decreasing strength. c) Spectra of cascaded stimulated emission. Seeding
with a CW laser, broadband light is generated in the opposite polarization (red) as well as in the
same polarization as the seed (orange).

5.1.1 All spectral transfer functions from cascaded stimulated emission

In SET experiments, a monochromatic coherent seed field is coupled to one of the down-

conversion modes. The seed stimulates the generation of coherent light in the conjugate

mode, which is also known as classical DFG. The stimulated emission is mapped over a range

of seed frequencies, resulting in a joint spectral distribution [105]. There is a simple, general

correspondence between seeded and unseeded processes, as the input-output relations in

Eq. (4.54) remain valid when the creation/annihilation operators are replaced by classical

field amplitudes αs(i)(ω). A broadband coherent seed in the signal mode can be described

as a displaced vacuum, which in the Heisenberg picture is simply represented by adding a

frequency dependent constant to the annihilation operators.

a(in)
s (ω) = a(vac)

s (ω) + αs(ω). (5.1)



5.1 CASCADED STIMULATED EMISSION TOMOGRAPHY 183

Starting with a coherent state in the signal mode, and vacuum in the idler, the bosonic

operators after the PDC transformation (4.54) will be

a(out)
s (ω) =

∫
dω′ U s,s(ω, ω′) [a(vac)

s (ω′) + αs(ω
′)] +

∫
dω′ U s,i(ω, ω′) a

†(vac)
i (ω′),

a
(out)
i (ω) =

∫
dω′ U i,s(ω, ω′) [a†(vac)

s (ω′) + α∗s(ω
′)] +

∫
dω′ U i,i(ω, ω′) a

(vac)
i (ω′),

(5.2)

Then a spectrally resolved measurement of the output idler intensity will yield

Ii(ω) = 〈[a(out)
i (ω)]†a

(out)
i (ω)〉

= |
∫
dω′ U i,s(ω, ω′)α∗s (ω′)|2 + |

∫
dω′ U i,s(ω, ω′)|2

(5.3)

where we identify that the first term corresponds to DFG between the pump and the seed

beams, while the second term describes SPDC. This spontaneous term can be made negli-

gible for strong enough seed fields. For a narrowband seed of frequency ω0, the measured

intensity at the output will be

Ii,s(ω, ω0) = |U i,s(ω, ω0)|2, (5.4)

This has been previously used to characterize the joint spectral probability of photon pair

emission in the low squeezing regime [110].

In addition to stimulating emission in the conjugate idler mode, the coherent seed in the

signal mode can also be modified by the PDC interaction. A spectrally resolved measurement
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of the ouput signal intensity will yield

Is,(ω) = 〈[a(out)
s (ω)]†a(out)

s (ω)〉

= |
∫
dω′ U s,s(ω, ω′)αs(ω

′)|2 + |
∫
dω′ U s,i(ω, ω′)|2,

(5.5)

where we identify that for a strong, narrowband seed field we can measure the absolute

value square of the same-mode transfer function

Is,s(ω, ω0) = |U s,s(ω, ω0)|2, (5.6)

While for low gain U s,s(ω, ω′) ≈ δ(ω−ω′), as the squeezing strength increases, a broadband

“pedestal” is generated around the seed frequency. We can interpret this as cascaded stimu-

lated emission. A simple physical picture is that the direct DFG emitted in the signal mode

(Eq. (5.5)) stimulates the generation of new frequencies in the idler mode. The broadband

part of the same-mode TFs is difficult to measure, because it is much weaker than the seed

field. In what follows we will denote the broadband part of the same-mode TF, which we

associate with a cascaded nonlinear process, as

U s,s
(b)(ω, ω

′) = U s,s(ω, ω′)− δ(ω − ω′), (5.7)

and analogously for the signal.

5.1.2 Self-referenced measurement of squeezing strength

The imperfect overlap between the seeding beam and the PDC modes, e.g. due to polariz-

ation or spatial mismatch, as well as the imperfect coupling/detection efficiency, introduces
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a rescaling of the DFG intensity which is difficult to calibrate accurately. In a realistic

experiment, equations (5.4) and (5.6) must be replaced with

Is,s(b) (ω, ω0) = ηs,s |U s,s(b) (ω, ω0)|2 Ii,s(ω, ω0) = ηi,s |U i,s(ω, ω0)|2, (5.8)

where the proportionality constants ηs,s and ηi,s describe the imperfect detection and mode-

matching with the seed. We have assumed that we measure only the broadband part of the

same-mode TF, which contains information about the nonlinear process. We will refer

to these signals as same-mode and cross-mode DFG signals, in analogy with the transfer

functions that they contain. The unknown rescaling in the DFG emission prevents us from

estimating the squeezing strength directly from the cross-mode DFG signal.

Here we will show that, if we can assume that the TFs are real (i.e. their spectral

phases are negligible), we can retrieve the squeezing strength directly from relative intensity

measurements. This assumption holds when the pump pulse is Fourier limited and the effect

of self-phase modulation is negligible. Assuming that all TFs are real, the square root of the

same and cross-mode DFG signals correspond directly to the TFs rescaled by the unknowns

proportionality constants ηs,s and ηi,s. The singular value decomposition of these signals is

then (recall Eq.(4.67))

√
Is,s(b) (ω, ω′) =

√
ηs,s

(∑
l

cosh(rl) ρ
(l)
s (ω) τ (l)

s (ω′)− δ(ω − ω′)
)
, (5.9a)

√
Ii,s(ω, ω′) =

√
ηi,s

∑
l

sinh(rl) ρ
(l)
i (ω) τ (l)

s (ω′), (5.9b)

where ρ
(l)
s , ρ

(l)
i , τ

(l)
s , τ

(l)
i are the Schmidt mode functions of the TFs, and rl are their corres-
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ponding squeezing parameters. For a low parametric gain and with a Fourier-limited pump,

the input and output eigenmodes of the source are identical [36], ρ
(l)
s(i)(ω) = τ

(l)
s(i)(ω), allowing

us to use the completeness relation of the eigenbasis and write

√
Is,s(b) (ω, ω′) =

√
ηs,s

∑
l

(cosh(rl)− 1) ρ(l)
s (ω)ρ(l)

s (ω′). (5.10)

We can compute the decompositions in Eq. (5.9b) and (5.10) directly from intensity

measurements, and extract from them the rescaled Schmitd coefficients

λ(l)
s,s =

√
ηs,s (cosh(rl)− 1) ≈ √ηs,s r2

l /2 (5.11)

λ
(l)
i,s =

√
ηi,s sinh(rl) ≈

√
ηi,s rl (5.12)

where we have used a Taylor expansion in the squeezing coefficients rl. If we assume that

the rescalings for both measurements are equal, ηs,s = ηi,s, the squeezing coefficients are

computed directly from the ratio λ
(l)
s,s/λ

(l)
i,s, regardless of the detection efficiency and mode

overlap. This illustrates the the potential for self-referencing offered by the simultaneous

measurement of the cross-mode and same-mode DFG signals

5.1.3 The need for a model-based approach

In the last section we made a number of simplifications in order to provide some initial

intuition on the self-referencing potential of the technique that we introduced. In the first

place, we made the important assumption that the TFs describing PDC are real, which is

often invalid in real experiments: for instance, the pump field may have a non-flat spectral

phase (e.g. chirp) which is transferred to the joint spectral amplitude of SDPC emission
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(4.72). The existence of a non-factorable spectral phase is a cause of spectral multimodeness

that cannot be detected using traditional measurements of the joint spectral intensity [114].

In addition, we made the assumption that the input and output eigenmodes of the source

are identical, ρ
(l)
s(i)(ω) = τ

(l)
s(i)(ω), which is only the case in the low-gain regime.

In the next section we will take a model-based approach to interpreting direct and cas-

caded DFG measurements. We will use the model of PDC that we introduced in Sec. 4.2

and fit all of its parameters using a combination of SET data and complementary additional

measurements. The self-referencing character of the measurement is preserved by the fact

that our model needs to yield both the same and cross-mode TFs, with appropriate amp-

litudes. We obtain a single physical model that correctly predicts the measured direct and

cascaded DFG data (Is,s, Is,i, Ii,i, Ii,s) for a range of pump powers, reaching well into the

high-gain regime. The simplicity and physical likelihood of the resulting model, together

with its agreement with the complex experimental data in the high gain regime, gives us as-

urance about its correctness. In consequence, we can use this model (which includes spectral

phase, high-gain effects, etc.) to compute the complex TFs that describe the PDC process.

The picture that we obtain describes a process where not only high-gain PDC, but also

SPM of the pump and XPM between the pump and the downconverted fields, determine

the spectral characteristics of the light emission.

5.2 Experimental demonstration

5.2.1 Parametric down-conversion source

Here we apply our method to perform a measurement of all spectral TFs of a bright PDC

source. The PDC source used in this work consists of a waveguided ppKTP crystal pumped
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by a pulsed Ti:sapphire laser with a center wavelength of 783 nm. The phase-matching of

the type-II PDC process has been engineered to obtain signal and idler fields at telecom

wavelengths with an almost separable joint spectrum. In the weak squeezing regime the joint

spectrum of a PDC source can be expressed as a product of two factors: a pump function and

a phase matching function. As illustrated in figure 1.2, the pump function, which enforces

energy conservation, introduces anti-correlation of the frequencies of photons generated in

the PDC process. The phase matching function, which enforces momentum conservation,

depends on the dispersion relation of the guided modes. In a medium with normal dispersion,

both signal and idler commonly have higher group velocity than the pump, resulting in

frequency anti-correlations [23]. In the wave-guided ppKTP, due to the birefringence of the

material, the group velocity of a pump field at 783 nm in the ordinary polarization falls

in-between the group velocities of the signal and idler fields centered around 1560 nm in

orthogonal polarizations. This results in a phase-matching function with positive frequency

correlations [100] which, as illustrated in figure 1.2, can produce an almost separable joint

spectrum, with the correct balance of pump and phase matching bandwidths. The KTP is

periodically poled in order to attain quasi-phase matching for signal and idler around 1560

nm.

The nonlinear crystal in our experiment is an 8mm ppKTP chip manufactured by Ad-

vanced Research (AdvR), made from a z-cut wafer, with a set of waveguides written using

a proton exchange process. The waveguides are roughly 4µm × 4µm in cross section. The

chip output is anti-reflection (AR) coated for 1550 nm. We pump the source with a pulsed

Ti:Sapphire laser (Coherent Chameleon) with central wavelength 783 nm and 8nm band-

width, which we filter using two bandpass thin-film filters (Semrock LL01-785-12.5) to a
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bandwidth of 1.9 nm. Using an ordinarily polarized pump (H polarization), we obtain a

signal (H polarization) and idler (V polarization) beams with respective central wavelengths

of 1563 nm and 1569 nm. The periodic poling has a spatial period of 104µm.

This design [100] has previously been used in the high-gain regime, measuring spontaneous

PDC with mean photon numbers as high as 20 per pulse [101], giving this device unpreceden-

ted performance for its squeezing achieved on a small number of spectral modes. However,

the limits of this system are still unclear. For instance, the effect of high gain phenomena

on the joint spectral properties of this source has not been systematically considered.

5.2.2 Stimulated emission measurements

The cascaded stimulated emission setup is depicted in figure 5.2. We send the pump pulses

with center wavelength of 783nm in the ordinary axis of the crystal (H polarization), gener-

ating a signal field with the central wavelength at 1563 nm in the H polarization and an idler

field at 1569 nm in the V polarization. To measure the direct and cascaded DFG signals

we seed one of the downconverted fields with a continuous wave laser with wavelength tun-

able between 1500nm and 1680nm (Yenista Tunics T100S-HP), filter in polarization using

birefringent waveplates and a Glan-Taylor polarizer, and measure the generated stimulated

emission using an optical spectrum analyzer (Yokogawa AQ6370D).

Polarizer

Polarizer

analyzer

Figure 5.2: Experimental setup.



5.2 EXPERIMENTAL DEMONSTRATION 190

The laser has a very high spontaneous noise suppression (>100 dB over a bandwidth of

1 nm), and the OSA has a high dynamic range (78 dB over 1nm), allowing us to distinguish

the weak broadband cascaded DFG signal (<1nW) from the narrowband seed (≈ 600µW).

While the linewidth of the seed laser is many orders of magnitude smaller than the broadband

cascaded DFG emission, the finite resolution of the OSA (0.2 nm) broadens the width of the

narrowband component of the spectra, hindering the retrieval of the broadband pedestal. To

remove the CW seed from the data we first subtract a background trace from it, where we

send the seed beam but not the pump through the crystal. Fluctuations of the seed power

between the moment when the data and the background are measured lead to an imperfect

extinction of the narrowband component. We eliminate this CW remnant by masking the

frequency range occupied by it and interpolating the remaining spectrum, as illustrated in

figure 5.3.

Figure 5.3: a). Reconstruction of the stimulated emission spectrum as a function of seeding
wavelength, measured in the seed polarization; color indicates the absolute value of the field (square
root of the measured spectral power density) b). One ”slice” of the background subtracted data
(red), showing a noisy measurement around the seed wavelength, where the OSA detector is blinded
by the seed; reconstructed spectrum obtained by interpolating over the noisy region (dashed black).
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5.2.3 Results

We performed measurements for pump pulse energies ranging from 125 pJ to 600 pJ. For each

pump power, we obtained all four TFs (absolute value) as explained above. In what follows,

we will detail how we used the SET data, together with some additional measurements,

to fit the model presented in equation (4.39). Remarkably, a single model is able to very

accurately account for all the experimental data in the pump energy range that we probed.

Low squeezing cross-mode TFs

We first measured the cross-mode stimulated emission as a function of seeding wavelength,

using a relatively low pump power (125 pJ), which reproduces a standard SET experiment.

The results correspond to the U s,i and U i,s TFs shown in figure 5.4. The measured spectral

distribution may be interpreted as the joint spectrum of photon pairs generated in the

source. To obtain the fits shown in Figure 5.4 we independently measured the pump spectral

intensity and phase, as well as the width and orientation of the phase-matching profile. In

what follows, we provide some detail about these measurements.

Pump spectral intensity The pump spectral amplitude, αp(z, ω), is generally a complex-

valued function describing the spectral density of the pump beam at position z in the crystal.

In our experiment, we measure the absolute value of αp(z = 0, ω) in two ways: on the one

hand, we perform a direct measurement of the pump spectrum using an OSA, which provides

the modulus square of the pump function (see figure 5.5). On the other hand, we compare

this to the projection of a low gain joint spectral intensity along the 45◦ direction (the

pump function). These two measurements agree well , as is expected from the perturbative

solution of the PDC interaction.
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Figure 5.4: All measured and modeled TFs, in the low squeezing regime. The color scale is
normalized separately for each density plot. The TFs are plotted as a function of wavelength instead
of angular frequency, where these are connected by λ = 2πc/ω.

Figure 5.5: Spectral intensity and phase of the filtered pump. Intensity measured with an OSA.
Phase measured using Spider and spectral interference with a reference pulse.

Pump spectral phase In addition to knowing the pump spectral intensity, our model

requires us to estimate its spectral phase. In our experiment we used an APE LX-Spider

(wavelength range between 750 and 900 nm), to characterize the spectral phase of the

Ti:Sapphire pump laser, but could not extend that measurement to the filtered pump (1.9 nm
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bandwidth) because of the limit in the spectral resolution of the apparatus. We characterized

the spectral phase added by the filters using a spectral self-interference measurement: the

filtered pump was interfered with a delayed sample of the unfiltered pump, thus revealing

their differential spectral phase.

Let us briefly sketch the procedure to recover the phase added by the optical filters.

Assuming that the spectrum of the unfiltered sample is much broader than that of the

filtered pump, such that it can be treated as a constant spectral density, the complex

spectral amplitude of the sum of the fields is

A(ω) = Ef (ω) eiφ(ω) + Er e
i∆t ω (5.13)

where Ef (ω) is the spectral envelope of the filtered pump, Er is the constant amplitude of

the unfiltered pump, φ(ω) is the spectral phase of the filtered pump and ∆t is the delay

between the two pulses. The measured intensity is therefore

I(ω) = |A(ω)|2 = E2
f (ω) + E2

r + ErEf (ω) cos(φ(ω)−∆t ω) (5.14)

where we recognize that the last term describes spectral fringes with a period of approxim-

ately 1/∆t, modulated by the spectral phase added by the optical filters. This modulation

can be retrieved by keeping only positive frequencies above the bandwidth of the base-band

component of I(ω), which retains only the complex signal

IHF(ω) = Er Ef (ω) ei(∆t ω+φ(ω) (5.15)
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whose argument contains the spectral phase added by the filters.

The total spectral phase of the pump is obtained by adding the spectral phase of the

reference beam, measured using Spider, and the phase added by the optical filters. Our

measurement is shown in figure 5.5.

Phase-matching In our model we have assumed that the dispersion experienced by the

interacting fields is locally linear. Under this approximation only the group velocities of

the three fields, but not their group velocity dispersion coefficients, determine the linear

propagation of the fields in the crystal. In this situation, we only need to obtain the two

group velocity mismatch parameters, ∆βs(i) = 1/vs(i) − 1/vp, to fit our model.

We recall (equation (4.72)) that in this situation the phase matching (PM) function of

a low gain joint spectral amplitude has the simple form

φPM(Ωs,Ωi) = sinc
( `

2
(∆βsΩs + ∆βiΩi)

)
(5.16)

where Ωj = ωj − ω̄j are the detunings from the central phase-matching frequencies. Due

to the neglect of group velocity dispersion, perfect phase-matching occurs for frequencies

Ωi = Ωs tan(θPM) , with tan(θPM) = −∆βs/∆βi. Moving to a frequency frame of reference

rotated by the phase matching angle, θPM,

Ω|| = cos(θPM)Ωs + sin(θPM)Ωi (5.17)

Ω⊥ = cos(θPM)Ωi − sin(θPM)Ωs, (5.18)
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the phase-matching function depends only on the perpendicular component:

φPM(Ω⊥) = sinc(
1

2
Ω⊥

∆µ

cos(θPM) + sin(θPM)
) (5.19)

where we have introduced the quantity ∆µ = L(∆βs−∆βi) = L(1/vs− 1/vi), which corres-

ponds to the delay between the signal and idler over the crystal length. This parametriza-

tion makes it clear that, in the symmetric group velocity matching case, the phase-matching

bandwidth is inversely proportional to the walk-off between the signal and idler pulses in

the crystal. We can use these quantities to retrieve the group velocity mismatch parameters,

∆βs(i), through

∆βs =
∆µ

L

tan(θPM)

tan(θPM) + 1
, ∆βi = −∆µ

L

1

tan(θPM) + 1
(5.20)

To obtain the phase matching angle, θPM, we reconstruct a broad section of the phase

matching function by measuring the cross-mode TF as we scan the pump frequency, thus

moving the pump function along the diagonal direction, and then joining the resulting

emission profiles as seen in figure 5.6.a . The phase-matching angle can be accurately

measured to be θPM = 59.2◦.

We measure the second parameter, ∆µ, in two independent ways. The first method

consists in fitting the bandwidth of the phase matching function of a low-gain JSA (equa-

tion 5.19). This approach is only valid if we asume a homogeneous periodic poling in the

waveguide, as an inhomogeneity in the poling would distort the phase matching function [30].

While our chip contained a number of waveguides with a distorted phase-matching (see fig-

ure 5.6.d), the measurements that we report in this work were done in the waveguide that
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Figure 5.6: Phase-matching characterization. a) Four cross-mode TFs with different pump central
frequencies are joined into a long reconstruction of the phase-matching function. The slope of the
maxima of this reconstructed function gives the phase-matching angle. b) The projection of the cross-
mode TF along the direction perpendicular to the PM angle angle yields the absolute square of the
phase-matching profile, |φPM(Ω⊥)|2. The measured PM profile agrees with a “sinc” function and its
bandwidth is proportional to ∆µ. c) Signal-idler walk-off measurement: two orthogonal polarizations
of a broadband superluminiscent LED traverse the crystal and walk-off from each other. We back
off their relative delay from the spectral interference fringes measured in an OSA.

showed a phase-matching profile most closely approximating a ’sinc’ function. The good

agreement that we observe between our measurement and a theoretical “sinc” profile (figure

5.6.b) allows us to make the assumption that the periodic poling is homogeneous. Fitting

the bandwidth of the phase-matching function, we obtain a value of ∆µ = 2.2 ps.

An alternative way of obtaining ∆µ is by directly measuring the walk-off between the

signal and idler through spectral interference. We propagate a diagonally polarized broad-

band field (in our case a superluminiscent LED with a bandwidth of ∼ 100nm) through

the birefringent crystal, and send the output to a single mode fiber and into an OSA. The

measured spectrum shows fringes caused by the interference between the two walked-off
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polarizations. Neglecting GVD, the intensity measured in the OSA is

I(ω) = |1
2
α0(ω)(1 + exp(i ω∆µ))|2 =

|α0(ω)|2

2
(1 + cos(ω∆µ)), (5.21)

where α0(ω) is its spectral amplitude of the broadband field and the walk-off ∆µ induces a

differential linear spectral phase on one polarization. Figure 5.6.c shows our measurement

of these spectral fringes, also yielding an inferred delay between signal and idler of ∆µ = 2.2

ps.

Low-squeezing same-mode TFs

In the same setup, we succeeded in resolving a broadband stimulated emission signal in the

same polarization as the CW seed, centered around the seed wavelength. We found that the

intensity of this signal is maximized for the seeding wavelength that maximizes the direct

DFG intensity, which identifies it as cascaded stimulated emission. By scanning the seed

wavelength, we reconstruct a 2D spectral distribution, analogously to a SET measurement.

As discussed in previous sections, this corresponds to absolute value squared of the same

mode TFs U s,s and U i,i, which are shown in figure 5.4 (the narrowband seed diagonal con-

tribution has been subtracted). We compared the measured spectral distributions with the

TFs calculated using the model parametrized to match the low power cross-mode TFs just

mentioned. We found very good agreement between the central wavelengths and bandwidths

of the measured and simulated spectra.

Cross-phase modulation However, we noticed a significant departure from the model

in the tails of the measured spectral distributions: the intensity is stronger than predicted



5.2 EXPERIMENTAL DEMONSTRATION 198

at lower(higher) wavelengths, when seeding in the signal(idler) mode (see figure 5.7). We

found that this asymmetry is explained by the presence of cross phase modulation induced

by the pump pulse on the down-converted modes. In the same mode TFs, the effect of

XPM appears as a constant background along the ω = ω′ contour, which in the stimulated

emission process is interpreted as broadening of the CW seed spectrum due to XPM with

the broadband pump. This XPM background interferes with the resonant PDC process,

resulting in a Fano resonance [119]: the phase of the PDC signal has a π jump around the

central frequency, which results in asymmetric interference.

We assume a constant χ(3) nonlinearity along the waveguide, setting hs(i) = Π(z/`) in

the equations of motion of the twin-beams (4.39), where Π(z) is a normalized rectangular

function. The characteristic Fano shape can be observed, in contrast to the symmetric

emission predicted by a model that does not include XPM, in figure 5.7. We note that the

degree of asymmetry of the same-mode TF does not depend on the interaction strength,

as both cascaded PDC and XPM scale quadratically with the pump power in the low gain

regime. This makes it a robust feature that can be used to estimate the ratio between χ(2)

and χ(3) interaction strengths.

We found that the asymmetry of the Fano shape, and thus the strength of XPM, that

best fits the measurement, was not equal for the signal and idler modes: the signal (with the

same polarization as the pump) has a XPM interaction strength of γXPM,s = 0.16 W−1 m−1,

roughly three times greater than the idler, γXPM,i = 0.059 W−1 m−1, which has a polarization

orthogonal to that of the pump.
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Figure 5.7: Same-mode TF slices showing effect of XPM. The plots show
∣∣∣U s,s(i,i)

(b) (λin, λout)
∣∣∣ for

λin = λout. Red: Measurement (background subtracted). Black dashed: model prediction. Gray:
prediction of a model that does not include XPM. The asymmetry arises from superposing the signals
generated by cascaded stimulated PDC and XPM.

Figure 5.8: All measured and modeled TFs, in the high squeezing regime. The color scale is
normalized separately for each density plot. The TFs are plotted as a function of wavelength instead
of angular frequency, where these are connected by λ = 2πc/ω.

High squeezing regime

Increasing the pump power, we observed additional deviations from a simple PDC model.

The experimental results in figure 5.8 contain the cross mode TFs (U s,i and U i,s ) measured
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with a pump pulse energy of 600 pJ. The phase matching side lobes have been suppressed as

expected in the high squeezing regime [116]. Simultaneously, the spectra have been broadened

in a way that the simple PDC model does not account for. This observation is complemented

by the measurement of the same-mode TFs (U s,s and U i,i) in the same figure, which appears

significantly shifted with respect to the diagonal.

Self-phase modulation of the pump — We were able to explain these features by

including the effect of self-phase modulation in the model. The effect of SPM on the broad-

band pump is to induce a characteristic broadening and splitting of its spectrum [120]. This

is visible in the pump function of the high-gain regime TFs, which shows a clear broadening

and splitting. In addition, SPM induces a chirp in the broadband pump [120]. This spectral

phase cannot be seen in the intensity of the cross-mode TFs, but it does leave a measurable

trace in the same-mode TFs. As illustrated in figure 5.9, the spectral phase of the pump

is mapped onto the absolute value of the same-mode TFs, as different pump frequencies

interfere in the cascaded frequency generation process. In our measurement, the same-mode

TFs lose their symmetry, which is consistent with a chirped pump.

To include the effect of SPM in our model, we solve for the pump pulse evolution through

the crystal independently (equation 4.27) and then introduce the solution as αp(z, ω) in the

equations of motion of the twin-beams (equation 4.39). We assume a constant χ(3) along

the waveguide, setting the nonlinear interaction strength of equation (4.27) to be ζp(z) =

γSPMΠ(z/`), where Π(z) is a rectangular function, γSPM = 2π
λ

n2
Aeff

, with n2 = 3χ(3)

4 ε0 c n(ω)2

(the material nonlinear refractive index) and Aeff is the effective wave-guided mode area.

Given that we verified that linear dispersion does not play a significant role in the pump

pulse evolution, the pump solution contains γSPM as its only free parameter. Including this
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solution in the equations of motion of the twin-beams, we choose the γSPM for which the

resulting TFs fit our measurements best. In particular, we use the broadening of the pump

function in the cross-mode TF, as well as the shift of the same-mode TF from the diagonal,

as the most relevant features to fit. The best fit is obtained for γSPM = 0.56 W−1 m−1.

Our extended model correctly captures the features of the high gain data, as illustrated

in the fitted model shown in figure 5.8. There is, therefore, clear evidence that SPM becomes

relevant at this pump pulse energy.

Pump intensity Pump phase

a) b) c)

Figure 5.9: The absolute value of the same-mode TFs, U
s,s(i,i)
(b) (ω, ω′)) is affected by the pump

spectral phase. Same-mode TF for a) Fourier limited, b) chirped, and c) higher-order chirped
Gaussian pump pulses (intensity and bandwidth in arbitrary units).

Self-referenced measurement of the PDC interaction strength

In section 5.1.2 we provided some intuition as to how the different scaling of the same-

and cross-mode TFs allows us to obtain the squeezing parameters of the source. Here we

show that the broadband part of the signal (unseeded) and idler (seeded) experimental data

indeed exhibit a different scaling, which our model correctly predicts. This unequal scaling

has been used to fit the strength of the PDC interaction.
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In first place, we will show that we can construct a metric based on the ratio of the

amplitudes of the same and cross-mode TFs, which is monotonically increasing with PDC

strength and which is independent of detection efficiency and mode overlap. Defining a seed-

ing efficiency for the signal (idler), ηseed
s(i) , and also a detection efficiency ηdet

s(i), the measured

intensity distributions are related to the optical transfer functions via

Is,s(ω, ω
′) = ηseed

s ηdet
s U s,s(ω, ω′) , Ii,s(ω, ω

′) = ηseed
s ηdet

i U i,s(ω, ω′) (5.22)

and equivalently for the signal. Assuming that these efficiencies remain constant between

measurements, we can construct the following quantity

κ =
max[|U s,s

(b)(ω, ω
′)|]

max[|U s,i(ω, ω′)|]
max[|U i,i

(b)(ω, ω
′)|]

max[|U i,s(ω, ω′)|]
. (5.23)

which can be obtained by dividing the respective measured intensity distributions. All the

seeding and detection efficiencies are cancelled in the division. In order to mitigate the effect

of measurement noise, we smooth the spectral distributions using a Gaussian kernel with a

standard deviation of 0.35 nm before taking their maxima.

Assuming a homogeneous periodic poling, g(z) = Π(z/`) in equation (4.39), we use

the scaling of the metric κ with pump pulse energy to fit the PDC interaction strength in

the equations of motion of the twin-beams (4.39), as illustrated in figure 5.10. Using the fit

parameter γ = 28 W−1/2 m−1, our model correctly predicts the ratio between the amplitudes

of the self and cross-mode TFs for all the pump pulse energies that we use.
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Figure 5.10: Ratio between the self and cross-mode transfer functions (κ) for different pump
powers.

Validation of the model — fitting error

Using the features that we have introduced in this section, we have achieved a complete fit

of the twin-beams equations of motion (4.39). Keeping the parameters of the fit constant

except for the pump pulse energy, which sets the PDC, XPM and SPM interaction strengths,

we achieve a very good agreement between our fits and the experimental data at all the pump

pulse energies that we have probed. Figure 5.11 shows the error between the measured TFs

and the fitted model, computed as

error =

∫
dω dω′

∣∣∣|Unorm
sim (ω, ω′)| − |Unorm

meas (ω, ω′)|
∣∣∣2 (5.24)

where we have defined the absolute value of the normalized simulated transfer functions

|Unorm
sim (ω, ω′)| =

∣∣∣ Usim(ω, ω′)∫
dω dω′|Usim(ω, ω′)|2

∣∣∣ (5.25)
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where Usim(ω, ω′) is the simulated transfer function. We have also defined the absolute value

of the normalized measured TFs

|Unorm
meas (ω, ω′)| =

√
Isim(ω, ω′)∫

dω dω′Isim(ω, ω′)
(5.26)

where Imeas(ω, ω
′) is the measured DFG signal.

The fitting error remains very low for all pump pulse energies if we use a model that in-

corporates XPM and SPM (solid lines). On the contrary, we see that if we do not incorporate

these effects (dashed lines) the error grows at as the pump pulse energy increases.

m
ea

su
re

m
en

t-
m

od
el

 d
iff

er
en

ce
 

(n
or

m
al

iz
ed

)

Figure 5.11: Mean-squared error between measured and modeled TFs (details in the Methods
section). Solid lines – our complete model; dashed lines – PDC model not including SPM and XPM.

5.2.4 Discussion

Benefits of cascaded SET — It has been known for some time that the high-gain regime

of PDC involves nonlinear phenomena that depart from the perturbative approximations

usually made in ultrafast quantum optics. However, our work provides one of the first

attempts to experimentally quantify these effects. We have shown that our extension of

SET to all cascaded stimulated processes greatly simplifies this task: besides providing a
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self-referenced measurement of PDC strength, the information obtained from cascaded DFG

has been key to identifying and quantifying other relevant nonlinear processes (i.e. SPM

and XPM). These additional phenomena have been clarified through our approach based

on fitting physical equations of motion: features of the data that could not be explained

initially have prompted the extension of our model. Moreover, by requiring that all four

TFs be generated from the same EOM, we have imposed a connection between the phase of

U s,i(i,s) and the absolute value of U s,s(i,i). We have leveraged this connection to infer phase

information of the cross-mode TFs from intensity measurements of the same-mode TFs.
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Figure 5.12: a) Average number of photons generated per pump pulse as a function of pump pulse
energy. b) Spectral Schmidt number as a function of the average number of photons generated per
pulse. Red – our complete model; black – PDC model not including SPM and XPM; gray – simple
model assuming the average number of photons in mode k simply scales like sinh2(ck

√
P ) where P

is pump power and ck is determined from the low-gain perturbative calculation.

We have analyzed a source that aims at providing a high EPR squeezing (mean photon

number) in a small number of spectral modes. Having developed a model that agrees with

our experiments, we can use it to characterize the performance of the source, including

the high squeezing regime, where conventional measurements become difficult to interpret.

Moreover, once the model is fitted, it is easy to vary individual parameters to witness their

influence on the source performance. In particular, we will determine the effect of third-
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order nonlinear processes on the brightness and purity of our source. These metrics can be

extracted from the Schmidt decomposition of the fitted TFs (equation 4.67).

Spontaneous mean photon number — We can calculate the mean number of spontan-

eously generated photons by adding the squares of the Schmidt coefficients of the cross-mode

TF [38]. In the low squeezing regime, the mean number of photons generated by SPDC is lin-

early proportional to the pump power, whereas in the high squeezing regime it is nonlinear.

It has been pointed out before [108] that for mean photon numbers higher than 2, the de-

pendence of the mean photon number on pump power departs from the 〈N〉 ∝ sinh2(c
√
P )

scaling predicted by a perturbative model of PDC [38,103], where c is a fitting parameter.

Figure 5.12.a shows our results: indeed, the photon number that we infer from the fitted

transfer functions (red) grows nonlinarly, at a rate faster than predicted by a perturbative

model (gray). We find that the SPM affecting the pump pulse leads to a lower mean photon

number than that predicted by our model in the absence of SPM (black). On the contrary,

our numerical simulations show that the effect of XPM on the mean photon number is

negligible.

Spectral purity — Next, we consider the Schmidt number of the fitted TFs, defined

as [116,121]

K =
(
∑

l sinh(rl)
2)2∑

l sinh(rl)4
. (5.27)

This quantifies the number of spectral modes in which the spontaneously generated photons

are emitted. A low Schmidt number leads to high purity of heralded single photons generated

in the low squeezing regime. More generally, the Schmidt number quantifies the maximum

visibility of the interference between the generated light and another optical mode [122]. It
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has been shown that the Schmidt number of a PDC source is reduced in the high-gain

regime, due to the dominance of strongly populated modes [38,123]. We find that the pump

SPM causes an opposing effect: the Schmidt number saturates at a moderate pump power

and then grows due to increased spectral correlations. Again, in this regime XPM does

not impact the Schmidt number of the source. Figure 5.12.b shows the calculated Schmidt

number of our source as a function of pump power.

Improved design by pre-chirping the pump — It becomes evident that the SPM

caused by the residual χ(3) nonlinearity is impacting the performance of our source in the

regime where tens of photons are generated in each pulse. We can suggest a simple way

to counteract this effect: pre-chirping the pump pulses will reduce the strength of third-

order nonlinear processes, which is proportional to the pump field intensity. If the sign and

magnitude of the chirp are appropriately chosen, it is possible to counter the reduction in

purity and brightness due to SPM. In figure 5.13 we show a comparison of the mean photon

number and Schmidt number predicted by our model of the source, contrasted with what

could be achieved using chirped pump pulses. The dispersion parameter needed to optimize

the performance of the source is D = 178 fs/nm. While it is difficult to obtain anomalous

dispersion in the visible by means of material dispersion, it is easy to achieve it using a

comercial pulse compressor.

5.2.5 Summary and outlook

In this chapter we have introduced new experimental tools to study parametric twin-beam

generation in the high gain regime. We have characterized a waveguided ppKTP source

using a new technique based on stimulated frequency generation, which we call cascaded
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Figure 5.13: Effect of pre-chirping pump pulses on the spectral Schmidt number of a PDC source
as a function of the average number of photons generated. Red – Fourier-limited pump pulses; black
– pre-chirped pump pulses.

stimulated emission tomography. Measuring the DFG generated in the same and orthogonal

polarization of the seeding beam, we estimated the absolute value of all the transfer functions

describing a spontaneous frequency conversion process. We overcome the lack of phase

information by fitting these data, together with additional complementary measurements,

to the theoretical model that we developed initially. A single fitted model correctly predicts

all the spectral transfer functions even for high pump powers, where the spectral structure

of the emission changes. The modified spectrum at high-gains arises not only due to non-

perturbative corrections of PDC, but also due to the distortion of the pump spectrum

through SPM. Using this insight, we are able to propose a strategy to enhance the purity of

this SPDC source in the high-gain regime: by introducing a small pre-chirping of the pump,

the SPM process is mitigated and the spectral factorability of the source is enhanced.



Part III

Conclusions and outlook
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Chapter 6
Conclusions and outlook

In the course of this thesis we have reported results concerning two different research pro-

jects, both sharing a strong component of design and characterization of sources of pulsed

non-classical light.

In Part 1 we have presented work towards improving stimulated emission microscopy

(SEM), a label-free nonlinear microscopy technique, by using a bright intensity-squeezed

probe.

In Chapter 2 we have presented the requirements of such a quantum-enhanced meas-

urement, and described our implementation of a SEM setup and a suitable pulsed sub-

Poissonian light source. With this source, we have demonstrated intensity squeezing of

bright, ultrashort laser pulses, achieving a minimum Fano factor of - 0.4 dB. We have used

this squeezed probe as the stimulation beam in a SEM experiment, observing that, while the

measurement noise is indeed sub-Poissonian, we simultaneously obtained a systematic re-

duction of the signal amplitude of unknown origin. The modest degree of intensity squeezing

achieved, together with the presence of this yet-unexplained signal reduction, prevented us
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from achieving a measurable quantum advantage. We concluded the chapter by recognizing

that future work is required in two directions: in the first place, a systematic study of SEM

with a sub-Poissonian probe must be carried out in order to identify the origin of the signal

reduction. In the second place, a more detailed understanding of pulsed sub-Poissonian

sources was needed in order to design an improved source, capable of achieving a larger

degree of intensity squeezing.

In Chapter 3 we have developed a theoretical framework capable of simulating the photon

statistics corresponding the squeezed probe used in the previous chapter. Our framework

allows for the simulation of single-pass type-I OPA under a variety of conditions of the

pump and seed fields, as well as of the nonlinear material. We study the effect of temporal

and spatial propagation of the interacting beams, including phenomena such as material

dispersion, birefringent walk-off, or spatio-temporal coupling of the parametric gain, amongs

others. Using the insight obtained from these simulations, we have proposed a design for an

improved sub-Poissonian light source: we propose to use a long, non-critically phase-matched

ppKTP crystal, where a larger parametric gain and no deleterious effects are expected. This

design is currently being implemented in our laboratory.

In Part 2 we have presented work concerning the simulation, characterization and design

of pulsed PDC twin-beam sources in the high-gain regime.

In Chapter 4 we have introduced a novel theoretical framework to simulate the quantum

states generated in a pulsed, waveguided PDC process in the high-gain regime. Unlike

previous approaches to high gain PDC, our theoretical model can be solved very efficiently

and exactly, requiring a single matrix exponentiation step to compute the special but relevant

scenario of a uniform quadratic nonlinearity. The solutions that we find are exact, as
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opposed to those arising from perturbative calculations, and correctly replicate high-gain

spectral features presented in other works (i.e. time-ordering corrections). Our framework

also includes the effect that parasitic nonlinearities, such as SPM of the pump and XPM

of the downconverted light by the pump, have on the spectral structure of the twin beams.

This model, which describes a complex interplay between different nonlinearities, is key to

explaining the data presented in Chapter 5.

In Chapter 5 we have presented an experimental framework to characterize a waveguided,

pulsed PDC twin-beam source in the high-gain regime. We have introduced cascaded stim-

ulated emission tomography (SET), a seeded measurement which generalizes direct SET,

and applied it to characterize a waveguided ppKTP source producing tens of spontaneously

generated photons per pulse. We have used a characterization approach based on employing

the cascaded SET data, together with complementary measurements, to fit the equations

of motion of the model presented in Chapter 4. This approach has allowed us to show that

the redundancy offered by cascaded SET allows for a self-referenced measurement of the

PDC interaction strength, independently of the seeding and detection efficiency. We have

also revealed that, because of the connection between the direct and cascaded DFG data,

a measurement of the magnitude of the cascaded DFG signal provides information about

the spectral phase of the biphoton joint spectral amplitude. Moreover, the cascaded SET

data has allowed us to recognize the unexpected role of parasitic nonlinearities (SPM and

XPM) in the spectral structure of the twin-beams. We believe that this framework will

forward the study and design of twin-beam sources in the high-gain regime, a task currently

hindered by the presence and complex interplay of different nonlinear optical phenomena in

the process.
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Appendix A
Locking on deamplification: generating the
error signal

Here we show that an estimation of the gradient of the amplified/deamplified signal power
Ps,out(φ0) can be done by applying a small sinusoidal modulation of the signal phase and
then demodulating at the modulation frequency. Let us consider the modulated signal power
Ps,out(φ0 + s(t)) = Ps,out(φ0 + δ sin(ω0t)). The demodulation is performed by multiplying
this signal by a sinusoidal voltage of frequency fmod and then low-pass filtering. A simple
model of this process is

Pfmod
=

∫ T

0
dtPs,out(φ0 + s(t)) sin(2πfmodt) (A.1)

Considering that s(t) is a small perturbation, we can do a Taylor expansion of Ps,out around
s = 0, yielding

P2πfmod
≈
∫ T

0
dt
(

Ps,out(φ0) +
∂Ps,out(φ0 + s)

∂s
s(t)

)
sin(2πfmodt) (A.2)

Now, writing the explicit sinusoidal modulation and integrating over t we obtain

Pfmod
≈ T

2

∂Ps,out(φ0 + s)

∂s
(A.3)
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Appendix B
Taylor expansion of the transverse
momentum mismatch

The transverse momentum mismatch in equation (3.15) can be re-written as

∆kz(q,q
′) =

√
k2
e(2ωs0, θ)− |qp|2 −

√
k2
o(ωs0)− |q|2 −

√
k2
o(ωs0)− |q′|2 (B.1)

where we recall that due to energy conservation

qp = q + q′. (B.2)

The signal field is an o-wave with wavenumber ks0 = ko(ωs0) = ωs0 no(ωs0)/c and the pump
field is an e-wave with wavenumber kp(θ) = ke(2ωs0, θ) = 2ωs0 next(2ωs0, θ)/c with

next(ω, θ) =
( sin2 θ

n2
e(ω)

+
cos2 θ

n2
o(ω)

)−1
(B.3)

where ne and no are the two principal refractive indices of a uniaxial crystal, and θ is the
angle with respect to the optical axis that the pump plane waves propagate at (see Fig 1.1).
The angle θ has been defined as contained in the y-z plane and is equal to θ0 for propagation
along z. Defining the pump collinear wavenumber as kp0 = kp(θ0), we assume that

kp0 − 2ks0 = 0 (B.4)

In the paraxial approximation, the pump propagation angle can be expressed as

θ ≈ θ0 +
qp,y
kp0

(B.5)

where qp,y is the projection of qp along the y direction (the direction of gradient of next).
The pump wavenumber can then be written

kp(θ) = kp0 + ∂θ kp(θ)|θ0(θ − θ0) = kp0 + ρwo qp,y (B.6)

where

ρwo =
∂next(2ωs0, θ)

∂θ

∣∣∣
θ0

1

next(2ωs0, θ0)
(B.7)
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Given the paraxial approximation, we can assume small transverse wavevectors and write

√
k2 − |q|2 ≈ k − |q|

2

2k
(B.8)

for all the fields involved in equation (B.1). Together with equation (B.6), this allows us to
re-write the transverse momentum mismatch as

∆kz(q,q
′) ≈ kp0 + ρwo qp,y −

|qp|2

2kp0
− ks0 +

|q|2

2ks0
− ks0 +

|q′|2

2ks0
(B.9)

Substituting equations (B.2) and (B.4) we arrive at

∆kz(q,q
′) = −|q + q′|2

2kp0
+
|q|2 + |q′|2

2ks0
+ ρwo (qy + q′y) (B.10)

where qy and q′y are respectively the projections along the y direction of q and q′. The last
step is to substitute again (B.4) and recast this equation as

∆kz(q,q
′) = −|q− q′|2

4ks0
+ ρwo (qy + q′y) (B.11)



Appendix C
The nonlinear coefficients

The nonlinear coefficients describing the nonlinear interaction between the pump, signal and
idler modes are defined as follows

ζp(z) =
3

ε0~

(
~ω̄p
2

)2 ∫
dxdy Γijlm3 (r)

(
dipk̄p(x, y)

)∗ (
dj
pk̄p

(x, y)
)∗
dlpk̄p(x, y)dmpk̄p(x, y)

(C.1a)

=
3

ε0~

(
~ω̄p
2

)2 ∫
dxdy

χijlm3 (r)

ε0n2
in

2
jn

2
l n

2
m

(
dipk̄p(x, y)

)∗ (
dj
pk̄p

(x, y)
)∗
dlpk̄p(x, y)dmpk̄p(x, y),

(C.1b)

ζi/s(z) = 2
3

ε0~

(~ω̄i/s
2

)(
~ω̄p
2

)∫
dxdy Γijlm3 (r)

(
dipk̄p(x, y)

)∗ (
dj
i,sk̄i,s

(x, y)
)∗
dli,sk̄i,s(x, y)dmpk̄p(x, y)

(C.1c)

= 2
3

ε0~

(~ω̄i/s
2

)(
~ω̄p
2

)∫
dxdy

χijlm3 (r)

ε0n2
in

2
jn

2
l n

2
m

(
dipk̄p(x, y)

)∗ (
dj
i,sk̄i,s

(x, y)
)∗
dli,sk̄i,s(x, y)dmpk̄p(x, y),

(C.1d)

ξ(z) =
2

ε0~

√
~3ω̄iω̄sω̄p

(2)3

∫
dxdy Γijl2 (r)

(
diik̄i(x, y)

)∗ (
dj
sk̄s

(x, y)
)∗
dlpk̄p(x, y) (C.1e)

=
2

ε0~

√
~3ω̄iω̄sω̄p

(2)3

∫
dxdy

χijl2 (r)

ε20n
2
in

2
jn

2
l

(
diik̄i(x, y)

)∗ (
dj
sk̄s

(x, y)
)∗
dlpk̄p(x, y). (C.1f)

Note the extra factor of two in the definition of ζs/i(z) that comes about because of the
permutation symmetry of the Γ coefficients. In the last equations we ignored the χ2 contri-
butions to Γ3, but they can be easily added.
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