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ABSTRACT

It is widely accepted that human and nonhuman species possess a specialized system
to process large approximate numerosities. The theory of an evolutionarily ancient
approximate number system (ANS) has received converging support from
developmental studies, comparative experiments, neuroimaging, and computational
modelling, and it is one of the most dominant and influential theories in numerical
cognition. The existence of an ANS system is significant, as it is believed to be the
building block of numerical development in general. The acuity of the ANS is related
to future arithmetic achievements, and intervention strategies therefore aim to improve
the ANS. Here we critically review current evidence supporting the existence of an
ANS. We show that important shortcomings and confounds exist in the empirical
studies on human and non-human animals as well as the logic used to build
computational models that support the ANS theory. We conclude that rather than taking
the ANS theory for granted, a more comprehensive explanation might be provided by
a sensory-integration system that compares or estimates large approximate

numerosities by integrating the different sensory cues comprising number stimuli.

KEYWORDS: Approximate number system, cognitive development, evolution,

sensory integration, brain, numerosity, cognitive control



1. INTRODUCTION

The human brain is equipped with a symbolic number system that allows humans to
strive in their environment. From computers to shopping, from sports events to trading,
symbolic numbers play a fundamental role for these and many other activities. To
understand the concept of symbolic number, it is argued that humans rely on two
different innate non-symbolic number systems (Cantlon & Brannon, 2006; but see:
Meck & Church, 1983; Rugani, Vallortigara, & Regolin, 2014). Both systems are
suggested to be present across different human societies as well as other animal species
(e.g. Cantlon, 2012; Feigenson, Dehaene, & Spelke, 2004; Gomez-Laplaza & Gerlai,
2013). One of these systems represents large numbers of objects (larger than 4 or 5
items), whereas the other system serves the exact representation of a small number of
objects (smaller than 4 or 5 items) (Cantlon, Platt, & Brannon, 2009; Feigenson,
Dehaene, & Spelke, 2004). In the former case, the number of objects can only be
approximated while in the latter case a rapid and more accurate estimate can be made
called subitizing. In the present work, we will focus on the system that allows the
representation of large numbers of objects, the so-called approximate number system
(ANS), as it is considered the foundation of more complex mathematics. From here on,
we will use the term numerosity to describe large quantities (>5) presented in a non-
symbolic manner, such as visual arrays of dots or acoustic beeps.

The ANS system is often described as a logarithmically compressed number
line, which represents numerosities as partially overlapping Gaussian curves (Dehaene,
2003; but see also Cantlon, Cordes, Libertus, & Brannon, 2009; Gallistel & Gelman,
2000). This overlap increases when numerosities closer to each other are selected.
Studies in humans and nonhuman animal species support this idea (e.g. Agrillo, Piffer,

& Bisazza, 2010; Agrillo, Piffer, Bisazza, & Butterworth, 2012; Gebuis & Van der



Smagt, 2011; Gilmore, Attridge, & Inglis, 2011; Halberda & Feigenson, 2008; Libertus,
Woldorff, & Brannon, 2007; Xu & Spelke, 2000). Furthermore, they show that this
overlap in activation pattern between neighbouring numbers also increases with
increasing numerosity (see Figure 1). The ability to discriminate between two
numerosities is therefore best described by the relative difference (i.e. ratio) between
both numerosities (Piazza et al., 2010). On the basis of several behavioral and imaging
studies it was suggested that this ratio dependence is the core mechanism of the ANS
system (Cantlon, Brannon, Carter, & Pelphrey, 2006; Piazza, Izard, Pinel, Le Bihan, &
Dehaene, 2004; Roggeman, Santens, Fias, & Verguts, 2011).

The ANS is believed to be important for elementary numerosity processes and
it is assumed to be the building block for our numerical development in general
(Butterworth, 2005; Dehaene, 2009; Piazza, 2010), as well as more advanced
mathematics in particular (Halberda & Feigenson, 2008). Several lines of evidence
exist for these claims. First, the ANS increases in precision with increasing age until
young adulthood (Brannon, Suanda, & Libertus, 2007; Halberda & Feigenson, 2008;
Wood & Spelke, 2005; Xu, Spelke, & Goddard, 2005). Second, this increase as a
function of age is impaired in children with arithmetic deficiencies (Piazza et al., 2010).
Third, several studies have shown a relationship between the ANS and more complex
arithmetic skills (e.g. Halberda, Mazzocco, & Feigenson, 2008; Inglis, Attridge,
Batchelor, & Gilmore, 2011; Mazzocco, Feigenson, & Halberda, 2011; Park &
Brannon, 2013; M. Piazza, Pica, lzard, Spelke, & Dehaene, 2013; A. Starr, M. E.
Libertus, & E. M. Brannon, 2013). For instance, in a recent study, the acuity of the ANS
was shown to be a stable predictor for math ability in children between 7 and 9 years
of age (Inglis et al., 2011). Even after controlling for age and nonverbal 1Q the

relationship between the ANS and math achievement persisted. This means that the



performance on arithmetic tasks such as addition and subtraction improves when the
ANS becomes more accurate. These results have a significant impact on the field of
education and intervention. For example, intervention studies try to improve ANS
acuity and thus performance in arithmetic in general (Rasanen, Wilson, Aunio, &
Dehaene, 2009; Wilson, Dehaene, et al., 2006; Wilson, Revkin, Cohen, Cohen, &
Dehaene, 2006).

Recently, Gebuis and Reynvoet (2015) noted that the relationship between non-
symbolic number representation and arithmetic might be spurious. Indeed, upon closer
inspection of the data, contradictory results become apparent. Some studies do find a
relationship between non-symbolic numerosity performance and arithmetic whereas
others do not (De Smedt & Gilmore, 2011; Gilmore et al., 2013; Holloway & Ansari,
2009; Rousselle & Noel, 2007; Sasanguie, De Smedt, Defever, & Reynvoet, 2012;
Soltesz, Szucs, & Szucs, 2010). These contradictory results could partly be attributed
to methodological differences across studies (e.g., range in numerosities included or the
measure for ratio dependence) (see for further methodological explanations: Feigenson,
Libertus, & Halberda, 2013; Guillaume, Gevers, & Content, 2015; Price, Palmer,
Battista, & Ansari, 2012; Smets, Gebuis, Defever, & Reynvoet, 2014; Smets, Gebuis,
& Reynvoet, 2013).

In this review we propose that a more complete explanation of the contradictory
results in the literature might be provided by the sensory properties that comprise the
numerosity stimuli. We define sensory properties as each non-numerical cue that
comprises numerosity stimuli, examples in the visual domain are: density,
circumference, surface, diameter and convex hull. We propose that all sensory

properties present in the stimulus contribute to our ability to compare the numerosity



of two sets of objects. This proposal is based on the notion that sensory properties are
confounded with numerosity.

In numerosity studies, sensory properties are typically manipulated to exclude
the participant’s reliance on these confounding sensory properties. For example: 10
small dots spread over a large area have to be compared to 5 large dots spread over an
equally large area. Obviously, when an increasing number of sensory properties are
manipulated, the more difficult it becomes for the participant to rely on the sensory
cues to judge numerosity. It is therefore assumed that in such cases, participants do not
rely on sensory cues but instead on numerosity. The data however suggests otherwise:
sensory effects remain visible even when sensory controls are used. This is problematic
since the reliance on sensory cues can differ between studies due to differences in
methods used to control the sensory cues. Consequently, differences in performance
can be unrelated to the task at hand. This difference in performance induced by the
sensory cues could explain previously mentioned conflicting results (Clayton, Gilmore,
& Inglis, 2015; Gebuis & Reynvoet, 2012b). Such a role for the sensory cues in
numerosity judgments contradicts the central tenet of the ANS theory, which proposes
that the confounding sensory properties are first normalized (i.e. removed) to allow in
the next stage, the extraction of numerosity independent of these previously
confounding sensory properties (Dehaene, 1997; Stoianov & Zorzi, 2012; Verguts,
Fias, & Stevens, 2005; Whalen, Gallistel, & Gelman, 1999).

The critical question, which we aim to answer in this review, is the following:
“What mechanism underlies our ability to compare or estimate large numerosities?”
One possibility is that the ability to compare or estimate numerosities is supported by
an ANS system where numerosity estimates are derived independent of their

confounding sensory cues. As an alternative we propose a sensory-integration system.



In short, this theory conveys that different sensory cues are used to derive an estimate
of numerosity. Each sensory cue gets a weight; consequently those that are more
prominent will have a larger weight and thus will also play a larger role in determining
which set of items is more numerous. Sensory cues that point in the opposite direction
(i.e. when the smaller number has larger dots or vice versa) will have a negative weight
and bias the person towards choosing the incorrect stimulus. The final “balance” of the
weights given to the different sensory cues determines which stimulus is considered
more or less numerous. Although the current consensus position is that of the ANS, we
will present findings from different domains to suggest that the sensory properties of
numerosity stimuli play a larger role in numerosity processing than currently assumed.

Even though some researchers in the field might acknowledge that sensory cues
play a role in numerosity processing, the precise role of these sensory cues on current
results is hardly investigated and often completely ignored. By providing a systematic
and comprehensive review of the literature, we aim to shift the current view towards a
better understanding of the role of the sensory properties in numerosity judgments. This
in turn would have substantive implications for research on the precursor for numerical
abilities and the cognitive architectures and neural substrates in non-human animals as
well as human children and adults.

In this review, first the ANS theory is outlined. Next, some shortcomings of the
ANS theory are described both from an evolutionary as well as from an empirical and
computational perspective. Throughout the whole review, starting points are provided
for building a framework that includes a role for the sensory properties of which
numerosity stimuli are constructed. In the final part of the review, an alternative
sensory-integration theory will be presented in detail and a parallel between numerosity

judgments and conservation abilities (Piaget, 1965) will be proposed. Drawing such a



parallel can provide future studies with a starting point to validate the sensory-

integration theory.
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Figure 1. A schematic representation of the neural representation of number. The processing of a
number results in the activation of the neural representation of that number as well as its neighboring
numbers. This activation of neighboring numbers decreases with increasing distance from the number
that is processed. Consequently, a larger overlap in neural representation exists between two neighboring
numbers (a) than two numbers further apart (b). Also, the overlap in neural representation increases with
increasing number. It is therefore easier to compare two numbers that are further apart than two numbers
closer to each other (a versus b). This phenomenon is called the distance effect (Moyer & Landauer,
1967). Similarly it is easier to compare two relatively small numbers than two relatively large numbers,
even when their number distance is kept constant (a versus c). This is the so-called size effect (Moyer &
Landauer, 1967). The approximate humber system hypothesis suggests that the neural representation of
numbers in humans who are less skilled in mathematics will be less accurate (the width of the Gaussian
curve will be larger) (a versus d).

1.1 The Approximate Number System

Using habituation or violation of expectation paradigms it has repeatedly been shown
that infants of 6-month-old can differentiate groups of items that differ with a ratio of
1:2 (Lipton & Spelke, 2003; Wood & Spelke, 2005; Xu & Spelke, 2000; Xu et al.,
2005) and that this precision increases with age up to a ratio of around 11:12 in
adulthood (Gebuis & Van der Smagt, 2011; Halberda & Feigenson, 2008; Holloway &
Ansari, 2009; Pica, Lemer, Izard, & Dehaene, 2004; van Oeffelen & Vos, 1982). The
ANS is argued to be the mechanism that supports the development of numerosity

processing.



The ANS is specific for the comparison or estimation of large approximate
quantities. Researchers have argued that the ANS processes large approximate
numerosities independent of their confounding sensory properties (e.g. surface or
density). This idea comes from a large number of studies showing that human (e.g.
Halberda & Feigenson, 2008; Libertus & Brannon, 2009; Piazza & lzard, 2009) and
non-human animals (e.g. Brannon & Terrace, 1998; Nieder, Freedman, & Miller, 2002)
can compare, estimate, and even perform simple calculations on numerosities. In these
studies, the sensory properties are manipulated in such a manner that a single visual
variable is not a helpful cue in judging numerosity across all trials. For example, when
diameter is kept constant in half of the trials and surface in the other half of the trials,
reliance on either of the two cues is suggested to result in performance at chance
(Dehaene, lzard, & Piazza, 2005). Above chance performance is therefore considered
indicative of a numerosity system that processes number independently of its sensory
properties.

In these ANS studies, performance is ratio dependent. Participants become
more accurate and faster to judge which of two numerosities is larger with increasing
relative difference between the two numerosities (Gebuis & Van der Smagt, 2011;
Gilmore et al., 2011). It is hypothesized that the underlying mechanism of this ratio
dependence effect is the amount of overlap in neural activation patterns of neurons
representing numerosities. When the relative difference between two numerosities
increases, the overlap in neural activation pattern decreases, resulting in faster and more
accurate judgments of numerosity (Dehaene, 2003) (see Figure 1). More specifically,
the presentation of a numerosity results in an activation that is maximal for that
numerosity but decreases with increasing numerical distance from that numerosity. For

instance, neurons firing for numerosity 12 will fire maximally when 12 items are
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presented but the activation of these neurons will be less for 10 items and much less or
even absent for 8 items. Hence, when a numerosity is perceived, not only this
numerosity but also the neighboring numerosities are activated, albeit to a lesser degree.
In numerosity comparison tasks, two numerosities are presented and the overlap
between both their Gaussian neural activation patterns determines the ease with which
the two numerosities are differentiated. This idea is supported by several neuroimaging
studies (Cohen Kadosh, Bahrami, et al., 2011; Harvey, Klein, Petridou, & Dumoulin,
2013; Piazza et al., 2004; M. Piazza, Pinel, Le Bihan, & Dehaene, 2007). For instance,
Piazza et al. (2004, 2007) showed that neural adaptation effects are dependent on the
relative numerical distance between the adaptation and test stimuli. Additionally, single
cell recordings in monkeys have documented neurons that are maximally responsive to
their preferred number. These neurons also respond to the neighbouring numbers and
this activation decreases with increasing distance from the preferred number (Nieder &
Merten, 2007). The change in performance or neural response with respect to the
distance between numerosities that need to be compared is called the numerical distance
effect and is considered indicative of the ANS.

Different non-human animals such as bears, monkeys, chicks, fish and pigeons,
also show a spontaneous representation of numerosity (e.g. Dadda, Piffer, Agrillo, &
Bisazza, 2009; Emmerton & Renner, 2009; Hauser, Carey, & Hauser, 2000; Rugani et
al., 2014; Vonk & Beran, 2012). Remarkably, these studies showed that even without
intensive training sessions, animals could compare different sets of items and respond
differently to correct compared to incorrect outcomes of simple arithmetic problems
(e.g. Agrilloetal., 2010; Cantlon & Brannon, 2005; Flombaum, Junge, & Hauser, 2005;
Hauser, Tsao, Garcia, & Spelke, 2003). It appears logical that the ability to discriminate

or estimate numerosity is necessary for foraging and fight or flight decisions. For
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instance, it would be beneficial for fish to join the largest shoal as this decreases the
chance of being caught by a predator (Agrillo, Dadda, Serena, & Bisazza, 2008). The
ANS has therefore been suggested an evolutionarily ancient system (e.g. Cantlon, Platt,
& Brannon, 2009; Dehaene, 1997; Hauser et al., 2003; Piazza et al., 2004).

Together, a large number of empirical and modelling studies argued to provide
evidence for an evolutionarily ancient ANS that processes large numerosities
independent of the confounding sensory cues in a ratio dependent manner. The ANS
has been described in great detail and forms the basis for a diverse array of theories in
different fields of research including developmental psychology, cognitive psychology,
neuropsychology, evolution, neuroscience, and education (Dehaene & Brannon, 2010).
In particular, the ANS is suggested to play a fundamental role in learning mathematics
(Halberda et al., 2008), which has great impact on everyday life functioning (Ansari,

2008; Butterworth, 1999; Rubinsten & Henik, 2009).

1.2. An evolutionarily ancient number system
The ANS theory proposes that the ANS is an evolutionarily ancient system (Agrillo,
2015; Beran, Perdue, & Evans, 2015). Most studies investigating the ability of animals
to judge numerosities suggest that this is not surprising as it is of utmost importance for
animals to have the capacity to judge numerosity. In the absence of such an ability, core
survival-related abilities including foraging and fight or flight decisions, are
compromised, thereby reducing fitness (e.g. Agrillo, 2015; Ansari, 2008; Beran et al.,
2015; Cantlon, Platt, et al., 2009; Dehaene, 1997; Hauser et al., 2003; Piazza et al.,
2004).

Although it is intuitively appealing that numerosity itself plays a central role in

survival-related abilities, a closer look at the behavior of animals and their natural
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environment suggests otherwise. Biologists proposed that an evolutionary stable
strategy for animal decision-making in conflict and social settings is more complicated
than simply looking at numbers as it depends on several factors that contribute to the
fitness of and potential costs for the animal (Cresswell & Quinn, 2004; Lee, 2008;
Smith, 1974). Prey responds dynamically to their predators and rapidly adapts their
behavior to change the probability of being caught (Lima & Dill, 1990). An example is
the escape speed of redshanks, which depends on the distance between the birds in a
group (Hilton, Cresswell, & Ruxton, 1999) or how wind speed affects attacking
behaviour (Hilton, Ruxton, & Cresswell, 1999). When choosing which of 2 groups of
redshanks to attack, a sparrowhawk may not have enough time to determine which
group is the most vulnerable because the group of redshanks moves frequently and
changes its size, etcetera (Cresswell & Quinn, 2004).

Similarly, it has been shown that tigers as well as leopards choose their prey on
the basis of size (Ullas Karanth & Sunquist, 1995). Size-dependent responses to
potential prey have also been demonstrated in zebrafish larvae and frogs (Bianco,
Kampff, & Engert, 2011; Lettvin, Maturana, McCulloch, & Pitts, 1959). Recently, it
was concluded that size discrimination in the visual system is a central classification
process for rapid response selection with regard to prey in animals (Preuss, Trivedi,
VVom Berg-Maurer, Ryu, & Bollmann, 2014). The same line of reasoning observed in
predation also holds for foraging: chimpanzees (Pan troglodytes) prefer fewer items
but a larger amount of food to more items and a smaller amount of food (Boysen,
Berntson, & Mukobi, 2001). In sum, fight or flight decisions cannot simply be
explained on the basis of numerosity alone. Rather, other variables such as visual

properties (e.g. size) seem to be important factors in the decision process.
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1.2.1. Large approximate numerosities.
Although various variables other than numerosity appear to play a role in animal fight
or flight behavior, several studies suggest that animals can judge numerosity. Of these,
a large number of studies investigated numerosity processing within the subitizing
range (<4 or 5) (Agrillo et al., 2010; Beran, 2007; Beran, Decker, Schwartz, & Schultz,
2011; Brannon & Terrace, 1998; Cantlon & Brannon, 2005, 2007; Nieder & Merten,
2007; Nieder & Miller, 2004). In the current review the focus does not lie on these
studies because the majority of researchers consider only large numerosities as the
hallmark of the ANS but more importantly controlling the sensory cues in small
numerosities is problematic if not impossible (Gebuis & Reynvoet, 2011). Gebuis and
Reynvoet (2011) showed that numerosities 1 to 3 have too few degrees of freedom to
decorrelate numerosity and sensory cues. It is also difficult to talk about density or
convex hull when only one or two dots are presented. Of greater value are therefore
studies that not only included small numerosities but also large numerosities. Such
studies show a discrepancy between results (Jones & Brannon, 2012). About half of the
studies showed an upper limit for the animals around 3 or 4 items (Hauser et al., 2000;
Rugani, Regolin, & Vallortigara, 2008; Stancher, Sovrano, Potrich, & Vallortigara,
2013; Wood, Hauser, Glynn, & Barner, 2008) whereas the other half of studies
observed that animals could respond to both small and large numerosities (Agrillo et
al., 2008; Dadda et al., 2009; Flombaum et al., 2005; Franks et al., 2006; Gomez-
Laplaza & Gerlai, 2012, 2013; Rugani, Cavazzana, Vallortigara, & Regolin, 2013).
Interestingly, the studies that show that animals can perform comparisons across
or above the subitizing range did not control for the sensory cues that are confounded
with numerosity (Agrillo, Dadda, & Bisazza, 2007; Agrillo et al., 2012; Uller, Jaeger,

Guidry, & Martin, 2003), only used minor controls (Dadda et al., 2009; Flombaum et
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al., 2005; Rugani, Cavazzana, et al., 2013; Rugani, Vallortigara, & Regolin, 2013), or
showed that this behavior is only observed when sensory cues are confounded with
numerosity (Agrillo et al., 2008; Franks et al., 2006; Gomez-Laplaza & Gerlai, 2012,
2013; Rugani et al., 2008; Rugani, Regolin, & Vallortigara, 2011). For instance, Agrillo
et al. (2008) and Gomez-Laplaza and Gerlai (2012; 2013) showed that fish could
dissociate small and large numerosities only when surface and movement were
confounded with numerosity. Similarly, Franks et al. (2006) showed that ants can make
numerosity judgments when numerosity is confounded with luminance. The
observation that animals cannot judge numerosities that cross the subitizing range
appears odd in light of an evolutionary ancient numerosity system that supports survival
decisions. If sensory cues are necessary for a correct discrimination, then the idea of
spontaneous representation of number becomes questionable.

Studies that only include large numerosities and no training phase to assess
spontaneous numerosity representation can provide strong evidence in favor of an ANS.
The studies that fulfil these criteria strongly support the pivotal role of non-numerical
cues. For example, Krusche et al. (2010) showed that salamanders base their decisions
on movement. They could dissociate different sets of flies when the flies could move
around but when movement was controlled, performance dropped to chance level.
Similarly, Frommen et al. (2009) showed that fish can dissociate 8 from 12 fish when
density or surface are not controlled. Importantly, the fish did not have a preference
anymore for the larger shoal when density was equalized between both shoals.

It should be noted also that the majority of studies do not test whether sensory
cues can explain their results. Generally, it is assumed on the basis of several controls
applied that sensory cues cannot be used to judge numerosity. However, the necessity

to test the role of sensory cues becomes apparent in the following example. Monkeys
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can judge numerosities 1-9 when either color, shape, diameter or surface area is
controlled for (Brannon & Terrace, 1998). Judge, Evans, and Vyas (2005) replicated
this study and confirmed that monkeys can indeed judge numerosities 1-9, and that
overall performance is comparable to other studies. This was however only the case
when data was pooled across different surface area controls. When the different surface
area conditions were analyzed separately it became apparent that the monkeys were
probably using surface area as a cue. Based on this study and an additional experiment
it was concluded that the monkeys most likely used multiple strategies to solve the task,
amongst which reliance on sensory cues.

Together, studies that investigated large approximate numerosities failed to
show spontaneous numerosity representation while sensory cues were controlled to
some extent. Rather, these studies point out that animals require sensory cues to make

everyday decisions pertaining to fight or flight responses.

1.3. Mechanisms of the ANS model

The mechanism of the ANS is not fully understood but the most influential models
suggest that the ANS consists of a normalization and an accumulator stage (see Figure
2) (Dehaene, 1997; Dehaene & Changeux, 1993; Piazza & lzard, 2009; Stoianov &
Zorzi, 2012; Verguts & Fias, 2004; Whalen et al., 1999). These models suggest that the
first stage of the ANS is a sensory stage where the incoming sensory properties of
stimuli are processed (stage 1). For a visually presented stimulus this could be the size
of the different elements, the density, the convex hull, etc. These sensory properties
increase or decrease with increasing numerosity and are therefore confounded with
numerosity. To account for this confound, the sensory information is transferred to the

next stage, the so-called normalization stage where the confounding sensory
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information is removed and pure numerosity information is retained (stage 2). This
numerosity information is then fed to the accumulator (stage 3). To describe this stage,
researchers often use an analogy of a beaker that pours water into a cylinder for each
item perceived (Dehaene, 1997). Because the beaker does not always contain exactly
the same amount of water, each time that water is poured into the cylinder the total
amount of water becomes increasingly inaccurate. This, in the end, results in an
approximate and not an accurate estimate of numerosity (stage 4). The decrease in
accuracy of the final amount of water with an increasing number of scoops of water is
consistent with the observation that numerosity discrimination performance decreases
with increasing numerosities (i.e. ratio dependent performance) (Gebuis & Reynvoet,
2012c; Izard & Dehaene, 2008). A direct reflection of this process is described in the
computational model presented by Stoianov and Zorzi (2012). This model could
compare numerosities with similar accuracy as human adults can (Piazza et al., 2010),
suggesting that the mechanism described in the ANS model could underlie our
numerosity processes. Also, results from neuroimaging and single cell recording
studies are in line with that model (Piazza et al., 2004; Roggeman et al., 2011; Roitman,

Brannon, & Platt, 2007).
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Figure 2. The accumulator model. The first stage is the sensory stage where the stimulus is processed
by for instance the visual system. The second stage is the normalization stage. Here, the curves represent
the neuronal response to the presence of an object without its sensory characteristics. The third stage is
the accumulator. Here a scoop of water is added to a beaker for every item detected in the normalization
stage. The beaker is not 100% accurate. The Gaussian curve represents the distribution of the noise
present for each scoop of water. The fourth stage shows the final result.
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An observation in the literature that is difficult to reconcile with the current
models concerns the normalization stage, which eliminates the confounding sensory
cues of numerosity stimuli. If this stage did not exist, it would not be possible to extract
“pure” numerosity and consequently mistakes would be made in situations where
sensory cues are misleading. For instance, the situation can arise where 8 large oranges
make up a larger pile than 10 small pears. Without the normalization stage we would
falsely conclude that the physically larger pile of oranges contains more fruits.

However, studies investigating the effect of sensory cues on numerosity
comparison actually show that the responses of humans and other animal species are
affected by the sensory properties of numerosity stimuli (e.g. Gebuis, Herfs, Kenemans,
de Haan, & van der Smagt, 2009; Gebuis, Kenemans, de Haan, & van der Smagt, 2010;
Gilmore et al., 2011; Inglis et al., 2011). For instance, performance on numerosity
comparison tasks can strongly differ between so-called congruent and incongruent
trials (see Figure 3). However, it is not agreed upon what the source of these congruency
effects is nor is it accounted for by any model.

If indeed an ANS that processes numerosity independent of its sensory cues
exists and at the same time is affected by the sensory cues then an adjustment has to be
made to such accumulator models to keep the idea of a normalization stage intact. One
explanation is provided by the model of Dehaene and Changeux (1993), which does
allow sensory noise to enter the normalization stage. This sensory noise is allowed
based on the argument that “the operation of normalization of size and location cannot
be performed with arbitrary precision by real neuronal systems, the numerosity
estimates will therefore be variable and obey Fechner’s law” (last paragraph page 401).

In other words, sensory information cannot be fully removed from the normalization
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stage. Consequently, there will always be some influence of sensory cues on numerosity
processes. An alternative theory to account for the sensory interference on numerosity
would be to assume that sensory cues and numerosity are processed in parallel from the
sensory stage onwards and interfere with each other only after normalization occurred
(see Figure 4) (see for a similar reasoning: Gilmore etal., 2013; Inglis & Gilmore, 2013,

Rousselle & Noel, 2008; Santens & Verguts, 2011).

Incongruent stimulus

Congruent stimulus

LN J

Figure 3. Congruent and incongruent numerosity stimuli. The congruent stimulus consists of two dot
arrays of which one contains more dots and larger sensory cues than the other. In contrast, the
incongruent consists of two dot arrays of which one contains more dots but smaller sensory cues than
the other.

The latter idea of a late interference stage is comparable to the well-known
color-word congruency effect (Stroop, 1935). Here, participants are asked to report the
ink color of a color word. Participants are slower to respond when the ink color (e.g.
red) is incongruent with the color word (e.g. “GREEN”) than when it is congruent with
the color word (“RED”). Because colors and words are initially not processed by the
same neural mechanisms, it is hypothesized that colors and words are processed in
parallel up to a certain stage where both interfere with each other. Note that color-word,
but also numerical Stroop (or the so-called size congruity effect, Henik & Tzelgov,
1982; Tzelgov, Henik, & Berger, 1992) studies support this idea (e.g. Cohen Kadosh et

al., 2007; Cohen Kadosh, Gevers, & Notebaert, 2011; Gebuis et al., 2010; Lansbergen
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& Kenemans, 2008; Santens & Verguts, 2011; Szucs & Soltesz, 2008). Even though
these studies concern symbolic content and processing, a similar process could underlie
non-symbolic numerosity and sensory information. Thus, according to this late
interference reasoning, the ANS on its own would be able to make a “pure numerosity”

estimate, it is only afterwards that the sensory cues start to interfere.

1. sensory stage: 2. normalization stage: 3. accumulator: 4. read-out stage:
processing the stimulus confounding sensory normalized information define numerosity
using the visual system properties are removed becomes numerosity that was presented
th ise for thi f th ise is distributed with
. A sc?:g S Igfw‘:ter N :gfl u;s;i]ao rl'nS?u :-?cti::sﬁr.llﬁéere ;‘g:oi is
-~ Ikely to approac [>)
. ° . . A /k A A § * num’;rosigtpwilh incrsas)i(:gnumber
!
J\ § -
. . [ ] A /\ 2 U possible answers
= i could be: 11,12, 13
o © VAN It
' Mo e
@ J\ 23 >
5. Stroop-like l
interference
large sensory cuessmall sensory cueg
Extraction of the sizes of the
different sensory properties = =
12 12
= =

Figure 4. The accumulator model and Stroop-like interference. For an explanation of the first four
stages see Figures 1 and 2. The fifth stage shows the parallel processing of the sensory cues from the
sensory stage onwards and their influence on the final numerosity estimate. For instance, the final
estimate increases or decreases in size in the fifth compared to the fourth stage relative the size of the
different sensory cues.

Both theories: 1) improper extraction of numerosity at the normalization stage
(Dehaene & Changeux, 1993) and 2) post-processing interference are not explained in
detail in the ANS model and it can therefore only be speculated how they would affect
the pure numerosity estimate of the ANS. The first theory (Dehaene and Changeux
1993), suggests that the improper extraction of numerosity at the normalization stage
is dependent on the size and the location of the items, more specifically, the diameter

and the density of the dots. Thus, it could be that when the size of the individual items
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and density increase, it becomes more difficult to disentangle the different items (i.e.
the items being closer to each other makes it more difficult to properly extract them as
separate entities), leading to an underestimation of numerosity. In other words, the
number of items in a dense set would be estimated as less numerous than the number
of items in a less dense set. However, studies investigating the effect of density on
numerosity judgments showed the opposite pattern: participants judge a less dense
array as less numerous (Gebuis & Reynvoet, 2012c; Sophian, 2007). This theory of
improper extraction cannot unambiguously account for the observed influence of
Sensory cues on numerosity processing.

The second theory suggests that sensory cues are processed in parallel and in
the end interfere with the abstract numerosity. For example, a stimulus with large
sensory cues could bias the final estimate towards a larger number, while a stimulus
with small sensory cues could bias the final estimate towards a smaller number. Note
that irrespective of how the sensory cues influence the numerosity estimate, the
direction of the influence is always the same. It is not logical that one time a larger
stimulus causes an overestimation of numerosity and the other time an underestimation.
Although the majority of studies show that larger sensory cues cause an overestimation
and smaller sensory cues an underestimation, exceptions exist (Gebuis & Reynvoet,
2012c; Gebuis & Van der Smagt, 2011; Izard, Dehaene-Lambertz, & Dehaene, 2008).
Gebuis and Reynvoet (2012d) show that dot-arrays consisting of a smaller surface are
estimated as larger, while Izard and Dehaene (2008) and Guillaume et al. (2015) found
a general underestimation.

Together, both theories that account for the observed influence of the sensory
cues do not seem to hold. Still, if either explanation were to hold or a similar alternative

existed; it would imply that the influence of sensory cues is inevitable. In such a case,
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not a single method to control sensory cues would be able to prevent sensory cues to
influence the final numerosity estimate. Thus measuring “pure numerosity” processes
as is often suggested in manuscripts that “control all sensory properties” would not be
possible. Still, if either of the two or both mechanisms existed, why would there be an
ANS system that can extract “pure numerosity”? What would be the use of having a
system that can tell us exactly which cue at the passport control contains less people
when it in the end adjusts this accurate answer in a possibly incorrect answer when for
instance the length of the people in the cue is taken into account?

The idea that an influence of sensory cues on numerosity judgments is inevitable
was taken into account in a recent model of Leibovich and Henik (2016). These authors
proposed a magnitude system that separately extracts the numerosity as well as the
sensory cues from the stimulus. In a next phase, these numerosity and sensory cues can
interact with each other and the result of this interaction would feed into a non-symbolic
processing system (see Figure 7, page 913 Leibovich & Henik, 2014). This non-
symbolic system again consists of two subsystems, the object tracking system for small
numerosities (see Piazza, 2010) and the ANS for large numerosities. Even though this
model takes into account sensory cues, in reality it is highly similar to the model
proposed by Dehaene and Changeux (1993) with a late stage interference of sensory
cues (see above). The most important difference between both theories lies in the
terminology. Dehaene and Changeux (1993) termed the extraction of numerosity
independent of sensory cues the ANS system and allows a late stage interference of
sensory cues. Leibovich and Henik (2016) call the initial extraction of numerosity the
discrete system and only after a possible interaction with numerosity it is called the
ANS. The same reasoning as applied above to the ANS model also holds for the model

of Leibovich and Henik (2016) model: why having a system that can extract numerosity
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independent of sensory cues but subsequently receives interference from sensory cues?
A novelty introduced in the model of Leibovich and Henik (2016) is the role attributed
to cognitive control. Cognitive control would be necessary to “disambiguate numerical
from continuous variables during non-symbolic number processing” (p. 10). This
would imply that numerosity could be extracted independent of the sensory cues, which
is at odds with their own proposal that the influence of sensory cues is inevitable in
numerosity judgment tasks (Leibovich & Ansari, 2016; Leibovich & Henik, 2013,
2014).

Together, it appears that the inclusion of a normalization stage, which is a
critical stage for models that describe the ANS, is not in line with empirical
observations showing clear interactions between numerosity judgments and sensory
cues. Adding a parallel processing stage for sensory cues, where the sensory cues
interfere with the final numerosity estimate, could solve this problem. But this still
leaves us with a system where effect of sensory properties are present and therefore
questions the reason of having a normalization stage in the first place. Based on
Occam’s Razor the less parsimonious explanation for the observation of the sensory
effects in numerosity estimation, i.e., the sensory-integration theory, should be
preferred (Cohen & Dehaene, 2001). Here, the sensory cues do not induce noise to the

final estimate but instead are used to make the estimate.

2. CONTROLLING VERSUS MANIPULATING SENSORY CUES.

Interestingly, even though the presence of sensory effects are not accounted for in the
ANS model, it is acknowledged that they can interfere with number processes. This is
evident from the kind of paradigms used in studies on numerosity processing. Roughly

two streams of research can be dissociated. On the one hand studies exist that try to
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control the sensory cues to investigate numerosity processing independent of its
sensory cues (see Figure 5) (e.g. Ansari, Fugelsang, Dhital, & Venkatraman, 2006; Burr
& Ross, 2008; Cantlon et al., 2006; de Hevia & Spelke, 2009; Izard, Sann, Spelke, &
Streri, 2009; Piazza et al., 2004; Roggeman et al., 2011; Santens, Roggeman, Fias, &
Verguts, 2010). In these studies, the sensory cues are manipulated so that each single
sensory cue is not helpful to judge numerosity throughout the experiment.
Consequently, if participants judge numerosity above chance level it is argued that

numerosity can be judged independent of sensory cues.

' ™
Controlling the sensory properties of numerosity stimuli

equal aggregate surface equal dot diameter

. J

Figure 5. Examples of numerosity stimuli that are controlled for sensory cues. The program of
Dehaene et al. (2005) controls for aggregate surface in half of the trials (left image) and for dot diameter
in the other half of the trials (right image). Across all trials, aggregate surface and dot diameter are not
helpful cues to judge which dot array contains more dots.

On the other hand studies exist that manipulate sensory cues to investigate their
role in numerosity processes (see Figure 6) (Allik & Tuulmets, 1991; Dakin, Tibber,
Greenwood, Kingdom, & Morgan, 2012; Frith & Frith, 1972; Gebuis & Reynvoet,
2012a; Ginsburg, 1991; Ginsburg & Nicholls, 1988; Sophian, 2007; Sophian & Chu,
2008; Szucs & Soltesz, 2008; Szucs, Soltesz, Jarmi, & Csepe, 2007). In these studies,
one or more sensory cues of dot arrays that represent the same numerosity are

manipulated. If the participant’s decision is influenced by the different sensory
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properties of dot arrays representing the same numerosity it can be concluded that

numerosity judgments are not independent of the sensory properties.

A Manipulating the sensory
properties of numerosity stimuli

influence of C|no influence of
visual cue size visual cue size

Numerosity is held constant while
visual cues increase

HHEE 1 2 3 4 1 2 3 4
1 2 3 4
.

numerosity &
estimate

visual cue size visual cue size

J

Figure 6. Manipulating the sensory cues. a) The 10 dots presented differ in dot diameter. b) When
participants estimate the number of dots presented on the basis of the sensory cues, the numerosity
estimate will be correlated with the size of the sensory cues. ¢) However, when numerosity is processed
independently of its sensory cues, the numerosity estimate will be the same for the different dot arrays.

Generally studies controlling for sensory cues and studies manipulating sensory
cues reach different conclusions. Those controlling for sensory cues suggest the
existence of an ANS that processes numerosity independent of the sensory cues. In
contrast, studies that manipulate the sensory cues, suggest that sensory cues play an
important role in numerosity processes. Clearly, both opposing viewpoints cannot exist
at the same time. Resolving this discrepancy can elucidate the mechanism(s) supporting
our numerosity judgment abilities. In the next paragraphs, it is explained how this

discrepancy could arise.

2.1. Controlling the sensory cues

Central to the discussion of whether sensory cues can or cannot explain observed
numerosity processes is the method that is used to control the sensory cues.
Unfortunately, studies that aimed to control sensory cues neglected the most important

fact: a perfect control for sensory cues is impossible. Namely, two sets of items can
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never consist of exactly the same sensory cues while differing in numerosity. It is
therefore inevitable that two sets of items that differ in numerosity also differ in one or
more sensory cues. The sensory cues that remain present in each and every trial can
therefore form the basis for the numerosity judgment. Thus it remains to be investigated
whether current results can be attributed to numerosity processes or to the confounding

SENSory cues.

2.1.1. Sensory controls in behavioral studies
The paradigm created by Dehaene et al. (2005) offers a seemingly elegant solution to
control the sensory cues and is therefore one of the most frequently used methods to
control the sensory cues in numerical cognition studies. In this paradigm, surface is
kept constant in half of the trials and diameter is kept constant in the other half of the
trials (see Figure 5). Another frequently used procedure is to make half of the trials
congruent and the other half of the trials incongruent (see Figure 3) and to present these
in separate arrays or a single array using different colors® (Halberda et al., 2008; Vonk
& Beran, 2012) 2. In either case, it is reasoned that each sensory property is not a helpful
cue across all trials. In these cases, it is correct to conclude that participants did not rely
on a single sensory cue throughout the experiment. However, it cannot be concluded
that participants do not rely on any sensory cue.

This is the case because the methods for controlling the sensory cues rest upon

two assumptions that are questionable. First, it is assumed that participants only take

1 This method is suggested superior to presenting stimuli in two separate arrays, as it would exclude the
effect of density and inter-item spacing. However, this method controls diameter and surface by using
congruent and incongruent trials therefore the arguments presented in the following paragraphs are also
applicable to this method.

2 Other paradigms exist as well, such as violation of expectation or item-by-item paradigms that are
predominantly used in infants or nonhuman animal studies. We do not discuss these procedures in the
current manuscript as they are mainly used in studies including small exact numerosities, which are
generally not considered a part of the ANS, and are therefore beyond the scope of the current review.
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into account a single sensory variable at the time and second, do not switch between
different sensory cues throughout the experiment. These assumptions do not hold as
previous studies showed that multiple sensory cues are used at the same time to judge
numerosity (Allik & Tuulmets, 1991; Gebuis & Reynvoet, 2012b; Smets, Sasanguie,
Szucs, & Reynvoet, 2015). For instance, Gebuis and Reynvoet (2012b) performed a
numerosity comparison task and created four different sensory cue conditions. These
conditions differed in the number and kind of sensory cues that were kept constant and
were manipulated. The results showed that when more sensory cues were available to
the participants, the congruency effect increased. Thus the combination of several
sensory cues resulted in a congruency that was of comparable size as their separate
effects combined. This can of course only occur if participants take into account
multiple sensory cues at the same time to judge numerosity. Similarly, Smets et al.
(2015) showed that with increasing complexity of the sensory controls performance can
decrease with even more than 20%.

The few studies that investigate congruency effects report opposite congruency
effects: better performance on (partially) incongruent compared to congruent trials
(Gebuis & Reynvoet, 2012b; Gebuis & Van der Smagt, 2011; Hurewitz, Gelman, &
Schnitzer, 2006). This can be explained using a sensory-integration explanation.
Namely, when multiple sensory cues play a role in numerosity processes, the different
sensory cues can compete with each other in the weight given to each sensory cue. For
instance, if there is a stimulus that is incongruent in surface but congruent in diameter,
more weight could be given to diameter if this cue is more salient (e.g. differs to a larger
extent between the two stimuli that need to be compared). In this case better
performance for surface incongruent trials can be observed. Two sensory cues can also

cancel each other’s effect. For instance the congruency effect for convex hull (which is
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the smallest contour that can be drawn around a set of items) can cancel out the
incongruence for surface (Gebuis & Reynvoet, 2012b). In contrast, the ANS theory
cannot explain the presence of sensory biases let alone opposite biases for similar
Sensory cues.

Another elegant method to control the sensory cues is applied in infant
habituation studies (Libertus & Brannon, 2009; Lipton & Spelke, 2003; Xu & Spelke,
2000; Xu et al., 2005). Generally, a subset of sensory cues is manipulated in the
habituation phase and kept constant in the test phase and vice versa. In this manner a
single sensory cue cannot be used throughout the whole experiment. Here, similar as
for the Dehaene et al. (2005) method, it is assumed that infants do not take into account
multiple sensory cues at the same time nor switch between them.

Possible confounds and difficulties with interpretation of earlier infant
habituation studies (e.g. use of small number, confound with non-numerical
information, the presentation of multiple changing variables at the same time, etc...)
have been clearly outlined in earlier work (Cantrell & Smith, 2013; Clearfield & Mix,
1999; Mix, Huttenlocher, & Levine, 2002). However, the more recently developed
change detection task (Libertus & Brannon, 2010; Libertus, Starr, & Brannon, 2014;
A. B. Starr, M. E. Libertus, & E. M. Brannon, 2013) still requires consideration. In this
paradigm, two streams of stimuli are presented at the same time of which one consists
of images presenting the same number while the other stream consists of images that
alternate in number (e.g. 6-6-6-6 versus 6-24-6-24). When infants spend more time
looking at the alternating stream it is concluded that they noticed the changes in
number. The sensory cues are controlled by equalizing them between the two streams
(i.e. in a third of the trials is surface equal between both streams, while in another third

of the trials diameter is equal, etc.). Problematic in such studies is that the sensory cues
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are controlled between but not within one stream. Consequently, sensory cues can still
change to a larger extent in the numerosity different than the numerosity same trials.
Indeed, post hoc calculations of the Libertus et al. (2010) stimuli showed that the
change in convex hull could even be 5-fold larger in the changing stream compared to
the non-changing stream in the 6-24 comparison condition. This effect decreased to a
difference around 1.5-fold in the 8-16 comparison. The decrease in numerosity distance
together with the decrease in sensory change can again nicely explain the distance
effects observed. That the infants might have responded to convex hull rather than
numerosity is likely because convex hull has been shown a stronger cue than
numerosity before (Cleland & Bull, 2015; Gebuis & Gevers, 2011). Also, when sensory
cues are controlled within one stream, performance drastically decreases (Smets et al.,
2014). Thus, infants might be looking longer to the changing stream simply because
within that stream sensory cues are changing to a larger extent. Overall, irrespective of
the kind of sensory control used, sensory cues are inevitably present in a numerosity
stimulus, meaning that sensory cues can be used even when sensory controls are applied
(see our last paragraph: “reliance on sensory cues” for a more detailed explanation
about how this can be achieved).

Besides the troublesome assumptions underlying the methods to control sensory
cues, several studies did not control all sensory cues in the first place. For instance,
some studies did not control for convex hull (de Hevia & Spelke, 2009; Libertus et al.,
2014; Nieder & Merten, 2007). This is problematic because recent studies (Gebuis &
Gevers, 2011; Gebuis & Reynvoet, 2012a) showed that the convex hull can explain
previous behavioral (de Hevia & Spelke, 2009) and neuroimaging results (Hyde &
Spelke, 2009, 2011). The example of neglecting visual cues present in the dot arrays

such as convex hull is not an exception; other studies have overlooked, for instance,
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density (Brannon, Cantlon, & Terrace, 2006; Burr & Ross, 2008; Libertus et al., 2007),
dot diameter (Ansari & Dhital, 2006; Lourenco, Bonny, Fernandez, & Rao, 2012),
contour length (Ansari & Dhital, 2006; Holloway, Price, & Ansari, 2010; Nieder &
Merten, 2007) or brightness contrast (Halberda, Ly, Wilmer, Naiman, & Germine,
2012; Halberda et al., 2008).

In sum, sensory cues are generally not properly controlled. More importantly,
controlling the sensory cues is not the same as removing the sensory cues. The studies
that control sensory cues rely on several assumptions that have been proven incorrect.
This means that the current view about the existence of an ANS could be based on false
assumptions. These problems are not only visible in behavioral, but also in
neuroimaging, single-cell recording, and modeling studies. Due to differences in study
designs we discuss the neuroimaging and modeling studies separately in the next

sections.

2.1.2. Sensory controls in neuroimaging studies

Most of the problems associated with methods to control sensory cues in behavioral
studies also apply to neuroimaging studies. However, for neuroimaging studies an
additional problem exists. The methods to control the sensory cues are intended to
manipulate the sensory cues in such a manner that the participant cannot rely on a single
sensory cue to judge numerosity throughout the experiment. In other words the
participant cannot develop a strategy other than numerosity to perform the task at hand.
However, a distinction should be made between participant strategies and neural
responses of the brain. A participant can consciously decide to ignore one aspect of the

image (e.g. the surface of the dots) and only attend to another aspect of the image (e.g.
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numerosity). In contrast, the brain processes each sensory property that is present in the
field of view. If for instance a set of dots is presented, the surface, contour length, etc.
are processed by visual brain regions, and even by associative cortical brain regions
(Silver & Kastner, 2009). The brain does not “ignore” sensory (e.g., surface)
information because it is uninformative about numerosity across trials. To deal with
this problem, neuroimaging studies cannot rely on the standard sensory controls.
Namely in these studies, the problem is that often trials are averaged that belong to the
same numerosity condition (Ansari & Dhital, 2006; Cohen Kadosh, Bahrami, et al.,
2011; Libertus et al., 2007; Piazza et al., 2004). For instance, if trials are presented with
4, 8, 12 or 16 dots, averages are created for all trials containing 4 dots, 8 dots, 12 dots
and 16 dots separately. To control for the sensory cues, the majority of these studies
keep a single sensory cue constant across 50% of the trials and increase this sensory
cue with number in the other 50% of the trials. Now, an increase in one or more sensory
cues with increasing numerosity would be present when all trials are averaged together
(see Figure 7 for an example). Thus, the observation of an increase in neural response
is not necessarily an indication of numerosity processes as is generally concluded (e.g.

Hyde & Spelke, 2009; Temple & Posner, 1998).
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Figure 7. The confound of sensory cues in imaging studies. In imaging studies, numerosity stimuli
representing the same numerosity are often averaged. Although different variations of controls exist, the
problem pointed out in this example is likely to be present in most studies. If for instance in half of the
trials surface increases with increasing numerosity (upper panels) and in the other half of the trials
equalized (lower panels) then on average surface still increases with increasing numerosity. Now neurons
responsive to surface will on average reveal an increase in activation with increasing numerosity.

Another illustration of this problem can be found in the electroencephalography
(EEG) literature where opposite effects were observed when similar numerosity studies
were performed but different sensory controls applied. For instance, Temple and Posner
(1998) showed that the P2 component decreases with increasing numerosity ratio.
Libertus et al, (2007) replicated these findings when the same stimuli were used.
However, when the sensory properties of the stimuli were changed, an opposite pattern
for the P2 component was found. Libertus et al. (2007) attributed this change in the P2
component to the influence that sensory properties have on the EEG signal preceding
the P2. This effect was suggested to be specific for small numerosities because the
usage of larger numerosities resulted in the same findings as originally found in the
Temple and Posner (1998) study. However, it is premature to conclude that the results
for larger numerosities were unrelated to sensory cues given that no second set of large
approximate numerosities consisting of different sensory properties was tested. Indeed,
from the study of Hyde and Spelke (2009) it can be concluded that also the sensory
cues present in large numerosities can influence early event related potentials (ERPs).
In experiment 1 it was observed that the N1 became less negative with increasing large
approximate numerosities. When changing the sensory properties of the stimuli in
experiment 2, the N1 effect disappeared. As only the sensory parameters changed, the
changes in the N1 component can only be attributed to sensory cues present in large
numerosities. Taking the results of both studies into account, it can be concluded that
sensory properties of both small and large numerosities have an influence on early (N1

and P2) processes. These studies nicely demonstrate how easily results can change
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when the sensory properties of the stimuli change and underline the necessity of a
thorough investigation of what exactly the role of the sensory properties is.

Recently, studies directly addressed this issue and showed that changes in the
sensory cues, but not numerosity, affect ERP components in a similar manner as is
expected from numerosity (Gebuis & Reynvoet, 2012a, 2013; Soltesz & Szucs, 2014).
For example, Soltesz and Szucs (2014) used an adaptation paradigm to disentangle
sensory and numerosity related effects. They found neural adaptation to sensory
properties at the early ERP components. In two other studies Gebuis and Reynvoet
(2012a, 2013) reported similar results using a different paradigm. Here, the sensory
cues were manipulated in such a manner that they did not linearly increase or decrease
with increasing numerosity. In this manner, a possible increase in the EEG peak
amplitude of the N1 and or P2 component with increasing numerosity could not be
attributed to sensory cues. Crucially, under these circumstances, no numerosity related
effects were present for small and large numerosities. However, when the stimuli were
reanalyzed according to visual cue size, ERP components appeared that were
comparable to those previously attributed to numerosity (Hyde & Spelke, 2009, 2011;

Libertus et al., 2007; Mazza, Pagano, & Caramazza, 2013; Temple & Posner, 1998).

2.1.3. Sensory controls in computational modelling

The problem of controlling sensory cues is also applicable to computational modelling
studies. Stoianov and Zorzi (2012) presented a computational model that investigated
large numerosity processes, which is the hallmark of the ANS. The model consisted of
a visible layer encoding the sensory data and two hidden layers. The model first
performed a training phase and then a numerosity comparison task. During the training

phase, several example stimuli were shown but no task was performed (i.e. training of
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the deep network). Second, a linear classifier (i.e. a linear combination of the stimulus
characteristics are used to decide to which group a stimulus belongs) was used to test
the nature of the hidden layer units (i.e. numerosity versus surface area processing). For
each training phase, only a single sensory cue was kept constant across all trials. The
training phase was conducted several times to test the different sensory cues. For each
run, the models invariance to the sensory cue that was equalized was tested. The model
appeared largely invariant to the sensory cue that was equalized but no information was
provided about the sensory cues that did vary with numerosity. As a result of this, the
model’s output was independent of sensory effects. Regardless of whether the sensory
cues were congruent or incongruent with the numerosity, the same level of performance
was maintained. As outlined above, this does not correspond to what is observed in
human studies where typically a strong influence of visual cues is observed (e.g.
Gebuis, Herfs, et al., 2009; Gebuis et al., 2010; Gilmore et al., 2011; Inglis et al., 2011).
On the contrary, it was suggested that because the model could perform the numerosity
comparison task in all these control conditions separately, the results could not be
explained by sensory cues.

Again the same troublesome assumptions as discussed earlier were made: the
possibility that different sensory cues can be combined or that a switch between sensory
cues for each run is made is not taken into account. Also only 35 neurons out of the 400
neurons in the second hidden layer were responsive to numerosity during the training
phase while 164 neurons were responsive to cumulative surface area. Next, the test to
assess the model’s ability to classify numerosities was performed on both the sensory
and numerosity neurons (total of 199 neurons), and showed accuracy in numerosity
comparison that is comparable to human adults (Piazza et al., 2010). Interestingly, the

analysis on the 35 neurons that only responded to numerosity led to a significant
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decrease in the ANS acuity to a level comparable to that of children of 4 years of age
(Halberda & Feigenson, 2008).

Another modelling study was performed by Verguts and Fias (2004). This
model includes a summation stage in between the sensory processing and number
selective tuning. In this summation stage, neurons fire monotonically stronger or
weaker with increasing number. This stage replaces the beaker analogy of the original
ANS model. The model could nicely simulate the behavioural effects often observed in
numerosity studies. In a later study, Chen and Verguts (2013) demonstrated that a
model based on summation coding could simulate the neural responses obtained from
monkeys that were not trained on numerosity tasks and were originally believed to be
numerosity-selective neurons (Bongard & Nieder, 2010; Viswanathan & Nieder, 2013).
Summation coding and responses to sensory cues are both monotonic responses and it
could therefore be that the summation coding stage does not monotonically respond to
the number of items but instead responds to another dimension, the sensory cues present
in the stimuli. Note that similar to the above-mentioned EEG and fMRI studies, the
monkey physiology studies also did not properly control the sensory cues. On average
the sensory cues still increased with increasing number (for a similar reasoning see

Gebuis, Gevers, & Cohen Kadosh, 2014; Harvey et al., 2013).

2.2. Manipulating the sensory cues

From the research that we presented so far it is clear that controlling the sensory cues
of the stimuli does not prevent participants from relying on these cues nor does it
exclude a role for such cues in behavioral, imaging or computational modeling studies.
Instead of controlling the sensory cues to see whether participants can still perform the

task, it appears more logical to manipulate the sensory cues to study the effect of the
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sensory cues on performance. If the ANS works independently of sensory processes
then manipulations of the sensory cues should not affect numerosity judgments.
Therefore, manipulating the sensory cues, instead of controlling them can provide a
more definite answer regarding the existence of an ANS. An increasing number of
studies have investigated the effect of manipulating sensory cues on numerosity
judgments. These studies systematically demonstrate that changes in sensory cues
result in changes in performance. To name a few: density (Dakin et al., 2012), clustering
(Frith & Frith, 1972), convex hull (Gebuis & Gevers, 2011; Sophian & Chu, 2008),
stimulus organization (Ginsburg, 1991), and stimulus diameter (Ginsburg & Nicholls,
1988; Harvey et al., 2013; Sophian, 2007).

It should be noted though that in essence, the studies that try to control for
sensory cues (prevent a role for sensory processes in numerosity judgments) are
actually studies that manipulate the sensory cues (evoke sensory responses due to
changes in sensory cues). Recall that studies that controlled the sensory cues created
congruent and incongruent stimuli to make the sensory cues uninformative about
numerosity across all trials. These studies do not make all sensory cues equal in each
condition (which as discussed earlier is impossible). Instead they change them, and
these sensory changes are often in two different directions, i.e., congruent versus
incongruent, for the same stimuli. Therefore, a direct comparison between congruent
and incongruent trials is comparable to a comparison between two sensory
manipulations and would show the inevitable reliance on sensory cues for numerosity
processing. The only actual difference between researchers controlling and
manipulating the sensory cues is their goal. In the former case, researchers focus on

numerosity and try to elucidate how numerosity is processed independent of its sensory
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cues while in the latter case, researchers focus on the sensory cues and try to investigate

the role that sensory cues play in numerosity processes.

2.3. Saliency

Besides controlling or manipulating sensory cues, a few studies also pitted numerosity
against sensory cues (Brannon, Lutz, & Cordes, 2006; Cantlon & Brannon, 2007;
Gebuis & Reynvoet, 2012a, 2013; Libertus et al., 2014). The dimension to which
participants respond in a forced choice-like task determines the more salient feature. In
these studies it is reasoned that if numerosity is more salient than a single sensory cue,
the stimuli are processed by an ANS and not by a sensory system. Studies that used
such a paradigm show conflicting results. For instance, Brannon et al. (2006) showed
that infants are equally sensitive for numerosity as for surface area while the data for
rhesus macaques in Cantlon and Brannon (2007) were mixed. Monkeys previously
trained on numerosity tasks responded to numerosity but the number naive monkey
responded initially predominantly to sensory cues. These studies included small and
large numerosities but similar opposing findings are also apparent when considering
studies that only included large approximate numerosities. Libertus et al. (2014)
showed that infants prefer to attend numerosity to surface area while Gebuis and
Reynvoet (2012a) showed that adults process various sensory cues and not numerosity
even when they are instructed to focus on numerosity (Gebuis & Reynvoet, 2013). A
possible explanation for these conflicting results refers back to the previously
mentioned remark that often only a single or a subset of sensory cues is controlled for.
More specifically, numerosity stimuli consist of different sensory cues that together

represent a single numerosity. This means that pitting numerosity against a single
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sensory cue might not be relevant when other sensory cues remain to vary possibly in
opposite directions.

To conclude, the methods used to control sensory cues are not sufficient to
exclude participants’ reliance on the sensory cues to perform the task. These methods
assume that participants only rely on a single sensory cue at the time. However, already
more than two decades ago it was suggested that multiple cues are taken into account
to judge numerosity (Allik & Tuulmets, 1991), and this idea was confirmed at the
behavioral (Gebuis & Reynvoet, 2012b) and physiological level (Gebuis & Reynvoet,
2012a, 2013; Soltesz & Szucs, 2014). Allik and Tuulmets (1991) theorized that “the
perceptual system is not able to abstract the number per se from all the other stimulus
attributes” (p.303). This because it was observed that the same number of dots
distributed differently in space appears different in number. They derived the
occupancy model that contrary to the ANS theory can explain such numerosity

illusions.

3. ABSTRACT NUMEROSITY

Up to this point in our manuscript we discussed the role of sensory properties in
numerosity processing. We argued that normalization as proposed in the ANS theory
is unlikely to occur. Instead we argued that the different sensory cues present in the
stimuli would directly contribute to the final output. Now it can be questioned: what
happens next? The ANS theory suggests that the final output is an abstract number
representation. Here we adopt the following definition for abstract number
representation: “Adults can be said to rely on an abstract representation of number if
their behaviour depends only on the size of the number involved, not on the specific

verbal or non-verbal means of denoting them” (Dehaene, Dehaene-Lambertz, &
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Cohen, 1998 p. 356; See also McCloskey, 1992, p. 497, for a similar definition). In
other words: a set of visually presented items, a number of aurally presented beeps or
an Arabic number, all would finally evoke the same neural response probably in the
IPS, an area suggested to be dedicated to abstract number processing (Dehaene, Piazza,
Pinel, & Cohen, 2003; for a review and commentaries see Cohen Kadosh & Walsh,
2009). The idea of abstract number processing has been highly discussed in the
numerical cognition literature and yet no consensus has been reached (Cohen Kadosh
& Walsh, 2009). Abstract number processing is possible when non-symbolic
numerosity such as a set of dots or acoustic beeps are normalized after sensory
processing (i.e. processed in a manner independent of the sensory cues). Thus, the
normalization stage is essential for abstract number processing and would allow
numerosity comparisons across sensory modalities.

A paradigm that is suggested to test abstract number processing is the cross-
modal paradigm. Here, two numerosities are presented each in another sensory
modality. For instance: 10 acoustic beeps and 15 visually presented dots. Following the
theory of the ANS, participants will first estimate the numerosities to come to an
abstract number for the two stimuli separately and next compare them. Presentation of
both stimuli in the same or in two different modalities should lead to a similar
performance when an abstract number representation exists (Barth, Kanwisher, &
Spelke, 2003; Tokita & Ishiguchi, 2012). In contrast, poorer performance should result
if participants rely on a single sensory cue to make the comparison. This is true because
there would be no common ground to make the comparison: how to compare the pitch
of acoustic beeps to the density of visual dots?

Most cross-modal comparisons studies predominantly focused on small

numerosities that are part of the exact number system and not the ANS (Agrillo et al.,
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2007; Barth et al., 2003; Jordan & Brannon, 2006; Jordan, Brannon, Logothetis, &
Ghazanfar, 2005; Nieder, Diester, & Tudusciuc, 2006). Only a few studies examined
large approximate numerosities (Arrighi, Togoli, & Burr, 2014; Barth et al., 2003; Burr
& Ross, 2008; Jordan, Suanda, & Brannon, 2008; Tokita, Ashitani, & Ishiguchi, 2013;
Tokita & Ishiguchi, 2012). Barth et al. (2003) used the cross-modal task to rule out
participants’ reliance on a single sensory cue. They reasoned that if numerosity
processing is based on non-numerical cues, then cross-modal judgments would yield
poorer performance in comparison to intra-modal judgments. The results showed that
adults did not have a performance cost when comparing visual and auditory stimuli,
which excludes their reliance on a single perceptual representation. Barth et al. (2003)
concluded “that these findings provide strong evidence that abstract numerosity
representations must be constructed from multiple perceptual cues” (p. 218-219). It
should be noted though that large differences between the to be compared numerosity
stimuli were used in this task. This could have prevented a performance cost to arise
(for a similar reasoning see Tokita et al. 2013). When taking a closer look, a moderate
performance cost is visible for ratio 0.5 (see Figure 3 and Figure 7 in Barth et al., 2003)
while for the remaining two ratios performance was at ceiling (around 90% accurate)
or at chance (around 50% accurate). These results support the idea that the stimuli
chosen might have prevented a performance cost to arise in the three numerosity
comparisons.

In the study of Barth et al. (2003) the presentation format differed between the
visual and the auditory stimulus. The visual stimuli were presented simultaneously
while the auditory stimulus was presented sequentially. To account for this confound
between stimulus format and modality, Tokita et al. (2013) presented the stimuli of

both dimensions sequentially. The results showed that performance is better in the
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auditory compared to the visual domain in the uni-modal task and that performance is
in between for the cross-modal task (see for similar results: Barth et al., 2003; Lechelt,
1975). The difference in performance in the intra-modal conditions suggests that
differences in stimulus presentation have an influence on performance but more
importantly it increases the difficulty of interpreting cross-modal results. What does a
performance in the cross-modal task mean when it lies in between the performances of
the two uni-modal tasks? This means that relative to the visual domain there is an
improvement while relative to the auditory domain there is a cost in the cross-modal
task.

Burr and Ross (2008) investigated the possible existence of abstract numerosity
via the procedure of adaptation. They concluded that the presence of adaptation
strongly supports the existence of perceptual mechanisms that encode numerical
quantity from different senses. To test the level at which the interaction occurred Burr
and colleagues performed a cross-modal adaptation study (Arrighi et al., 2014). The
results showed that adaptation was selective in spatiotopic rather than retinotopic
coordinates. This implies that adaptation occurs at higher levels of analysis. It was
reasoned that the different streams of sensory information feed into a common sensory
representation of number. It is at this level that the adaptation occurs, not at the separate
streams of input. These results are in agreement with recent data showing neural
adaptation of numerosity stimuli at higher order areas previously associated with both
sensory and numerosity processes (Gebuis et al., 2014; Harvey et al., 2013).

Together, a limited number of cross-modal studies exist, and they do not present
a clear result. This could be due to a complicating factor in cross-modal tasks that
should first be resolved. Performance in these tasks is dependent on the task utilized:

sequential versus simultaneous presentation. In such a case, performance already
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differs between sensory modalities in the uni-modal condition, which complicates
drawing conclusions from the cross-modal condition. Also the effect of the different
sensory cues present in both stimuli has not yet been tested. When both visual and
auditory stimuli are used in a single task, the difficulty is to make both stimuli equally
difficult at a sensory level. It has been shown that it is for instance easier to discriminate
a three-fold change in contour length than area (Libertus et al., 2014; A. B. Starr et al.,
2013), but how about a 2-fold change in pitch or frequency? And what happens when
multiple sensory cues in each domain are manipulated at the same time, an inevitable
situation because all sensory cues are intertwined. Clearly, more research is needed to
elucidate the mechanisms underlying cross-modal comparisons and the role of
methodological differences and sensory cues. Without further research in this direction
no firm conclusions can be drawn with respect to the ANS or the sensory-integration

theory.

4. OUTLINE OF AN ALTERNATIVE FRAMEWORK: INTEGRATING THE
SENSORY CUES

The importance of numerosity judgments for day-to-day decisions cannot be disputed.
The question is: what is the nature of the processing mechanism used to arrive at such
an estimate? Is it a system that can extract numerosity independent of its sensory cues
or rather a sensory-integration system that relies on the sensory cues present in the
stimulus? In the previous parts of this manuscript, we constructed on the basis of
evolutionary theory, empirical observations and logical reasoning the argument that a
sensory-integration explanation appears more likely. Also personal experience or
everyday examples appear in agreement with the sensory-integration theory. Take for

example the situation where you have to decide which cueing line to take at the passport
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control. You probably decide this on the basis of the length of the line. Or in the more
complex situation, at the supermarket, you probably take into account multiple cues
such as the length of the line as well as the amount of groceries that people are buying
(almost empty basket or a completely stuffed basket), and possibly whether there are
people belonging to the same party (e.g. kids with their parents) (Gevers, Cohen
Kadosh, & Gebuis, 2016). You integrate these variables, all of them including several
“sensory” cues: short line, little pile of groceries, large groups. In contrast, it seems
unlikely that you estimate the true number of active parties and multiply this with the
number of groceries they are buying. To the best of our knowledge, we could not come
up with a day-to-day example where a comparison between two sets of items has to be
made, where it is necessary to attach a specific number to a situation instead of using
sensory cues. And this is all the better as recent studies showed that humans are very
poor at estimating large quantities (Gebuis & Reynvoet, 2012c; Guillaume et al., 2015;
Izard & Dehaene, 2008). 1zard and Dehaene (2008) showed that estimates could be off
by even 50%. In contrast, humans can make fairly accurate summary statistics of
different types of sensory information (Chong & Treisman, 2003, 2005; E. A. Piazza,
Sweeny, Wessel, Silver, & Whitney, 2013).

Allik and Tuulmets (1991) already proposed that the reliance on various sensory
cues can explain numerosity judgements. Although this idea has been acknowledged
many times as a plausible alternative for the ANS theory (Barth et al., 2003; Dehaene,
1992; Izard & Dehaene, 2008; Piazza et al., 2004; Stoianov & Zorzi, 2012), it never
attained real support. Only recently, an increasing number of experimental studies
showed results that lend support for this idea and allow further expansion of this theory
(e.g. Anobile, Cicchini, & Burr, 2014; Durgin, 2008; Gebuis & Reynvoet, 2013;

Lourenco, 2015; Sophian, 2007). We therefore believe it is time to reconsider the role
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of sensory properties in numerosity estimation and to this end propose a first step
toward an alternative viewpoint: a sensory-integration theory.

There are two important differences between the sensory-integration theory and
the ANS theory. First, the sensory-integration theory relies on the sensory properties
present in the stimuli to make a comparison between different stimuli. It does not try to
remove the sensory cues from the process, as is the done in the normalization stage of
the ANS. Second, the output of the sensory-integration theory is not an abstract number.
At least not according to the definition of abstract number presented above. To recall,
a number is suggested abstract when it is only influenced by the numerical value rather
than other factors (for further discussion see Cohen Kadosh & Walsh, 2009). On the
basis of the large biases that can be induced using different sensory cues, it is clear that
two estimates of the same numerosity can highly differ. Both differences between the
sensory-integration model and the ANS will be explained in detail in the following
paragraphs, and a parallel will be drawn between the sensory-integration theory and the

process of conservation as described by Piaget (1952).

4.1. Reliance on sensory cues

The sensory-integration theory suggests that numerosity estimates are based on the
sensory properties present in the stimuli. We propose that different sensory cues are
simultaneously taken into account to come to an integrated representation of number.
Three different scenarios can be proposed. In a first scenario, a single integrator is used
to make a direct comparison between the sensory properties of two stimuli (Figure 8a
and 8b). Logically, direct comparison of the sensory properties only works in the case
of intra-modal comparisons (Figure 8a). When cross-modal comparisons have to be

made the problem arises that no common ground exists for the direct comparison of the
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different sensory properties (Figure 8b). In a second scenario, two different integrators
are used to make a comparison. The use of different integrators essentially transforms
the task from a comparison task into an estimation task. Each stimulus is estimated
separately, using its own integrator, before a comparison is made (Figure 8c and 8d).
Furthermore, these two separate integrators would be used, regardless of whether the
comparison is intra- or cross-modal. With separate integrators, there is no reference to
compare each sensory property with; only an estimate can be made about size or
frequency with respect to previous stimuli. This lack of a reference will likely induce
more variance in both estimates leading to poorer performance compared to a direct
comparison using a single integrator only. In a third and last scenario, both mechanisms
exist at the same time: a more accurate direct comparison for intra-modal comparisons

(figure 8a) while separate integrators are used for cross-modal comparisons (figure 8d).
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Figure 8. The sensory integrator. a) sensory information from a single modality is directly compared;
b) direct comparison of sensory information from different modalities using a single integrator is not
possible; ) separate estimates of each stimulus is made even when both stimuli are presented in the same
modality; d) separate estimates of each stimulus is made via an integrator specific for the modality of
each stimulus. This makes cross-modal comparisons feasible. The abbreviations in the image are as
follows: contour length (CL), density (DS), surface (SF), diameter (DM), convex hull (CH), frequency
(F), amplitude (A), sound intensity (SI), wavelength (WL), and wave number (WN). Note that the
sensory properties shown in the image are the most prominent examples; likely there are more features
extracted.

The third scenario fits best with data from various studies showing relatively
accurate performance when intra-modal comparisons are performed and relatively poor
performance when estimates have to be made. More specifically, in numerosity
comparison tasks, a correct response is likely to follow when all sensory cues are
correlated with numerosity (see Figure 9a) while an incorrect response is likely to
follow when all sensory cues are anti-correlated with numerosity (see Figure 9b),
explaining the congruency effects observed in the literature (Gebuis, Cohen Kadosh, de
Haan, & Henik, 2009; Gebuis & Reynvoet, 2012b; Hurewitz et al., 2006; Rousselle &
Noel, 2008; Soltesz et al., 2010). The difference in sensory cues between two images
determines the precision with which we can decide which image contains more items.
Sensory cue differences that are more prominent will get a stronger weight than those
that only differ to a small extent (see Figure 9; compare a-b to c-d). This difference in
sensory cues correlates again with numerical distance, when numerical distance
decreases, the difference in sensory cues decreases for congruent trials and increases
for incongruent trials (see Figure 9; compare a-b to e-f), making it more difficult to
judge which image contains more items. This effect nicely explains the numerical
distance effects observed in the literature (Libertus et al., 2007; Piazza et al., 2004;
Sasanguie, Defever, Van den Bussche, & Reynvoet, 2012). Last, more salient sensory
cues receive relatively stronger weight. This can explain opposite congruency effects
(see Figure 9g and h). For example when better performance is observed for trials where

the larger number consisted of smaller dots and vice versa (Gebuis & Van der Smagt,



46

2011; Ginsburg & Nicholls, 1988; Miller & Baker, 1968; Sophian, 2007). Finally,
integration of visual cues can also explain the cancellation of congruency effects
(Gebuis & Reynvoet, 2012b). In the latter case, the weights are balanced, therefore
there is no clear bias towards either response, and performance will be comparable in
both conditions (note that this is not visualised in the image but can be inferred from

the almost balanced condition portrayed in Figure 9g and h).
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Figure 9. The integration of the sensory cues. a) In congruent trials, all sensory cues of the larger
numerosity are larger, resulting in good performance; b) in incongruent trials, all sensory cues of the
larger numerosity are smaller, resulting in poor performance; c-d) the difference in the size of the cues
determines the weight given to each cue; e-f) this effect scales with numerical distance as numerical
distance and sensory difference are correlated; g-h) weighting of sensory cues can explain better
performance in partially incongruent trials than congruent trials. Last, when the weights are balanced
between both response options, it can explain the cancellation of congruency effects. The abbreviations
in the image are as follows: contour length (CL), density (DS), surface (SF), diameter (DM), and convex
hull (CH).

Contrary to the ANS theory, the output of the sensory-integration theory is not
the exact value presented but a sensory representation of number that allows estimating

which set of items is numerically larger. This judgment is based on the different sensory
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cues present in both stimuli. Consequently, this model should perform well in
numerosity comparison tasks where sensory cues of two stimuli can be weighted but
poorly in the situation where an estimate of a single number has to be made. Contrary
to the former, in the latter case the sensory cues are not helpful for estimating
numerosity. For example, a large but also a small set of items can consist of a large
surface area and a small density while, in the case of numerosity comparison, the
stimulus with a larger surface area and larger density is likely to consist of more items.
In the case of cross-modal comparisons: the stimulus with large dots and a high density
and a large surface is more likely to be numerically larger than the short train of non-
frequent beeps. Consistent with the expectations, the literature on numerosity
estimation shows that humans are very poor at estimating the number of items presented
(Gebuis & Reynvoet, 2012c; Izard & Dehaene, 2008).

The question then is: how do we come to an estimate of numerosity?
Numerosity estimation studies showed that sensory cues play a role in estimation
(Gebuis & Reynvoet, 2012c) and the overall very poor performance could be improved
by showing participants a reference of how much items a single stimulus represents
(Izard and Dehaene 2008). Presenting participants with a reference image provides
them the opportunity to establish a relationship between the size of the different sensory
cues and numerosity. After this relation has been established, each following stimulus
can be compared on the basis of the sensory cues of the former. If the sensory cues
suggest that the new image is very likely to consist of more items than the numerosity
estimate should be increased accordingly. To overcome these range and inter-trial
effects that can arise when images are presented sequentially, Krueger (1982) let
participants only judge a single image. In line with above-mentioned studies, the results

showed a strong underestimation of numerosity that increased with increasing
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numerosity. Interestingly, the tendency to underestimate was stronger in females than
in males. They reasoned that this could be due to the better visual acuity of males under
phototopic conditions, and/or the fact that males are better at visuo-spatial tasks.
Together, the sensory-integration theory can explain the various results obtained in
numerosity comparison and estimation studies.

An issue for future research concerns the relation between the sensory-based
system as we proposed here and symbolic number. According to the ANS theory, both
numerosities and symbolic number automatically lead to the activation of the same
abstract number representation. For the sensory-integration account the relation
between numerosities and symbolic number seems to be more task dependent. While
estimation tasks force participants to label or to put a number on what is perceived (this
is what the task asks you to do), this is not the case for comparison tasks. In comparison
tasks it is sufficient to weigh the visual cues to know which cloud of dots is the more
numerous. In other words, symbolic number and the proposed sensory based system
can be differentiated depending on the type of task used. An interesting paradigm to
investigate the relation between symbolic number and numerosities could be to have
tasks in which participants are asked to compare a numerosity with a symbolic number
(e.g. compare 39 dots with the Arabic digit 25). According to the sensory integration
account, the size of the distance effect would be different depending on whether the

numerosity presented would be a congruent or an incongruent one.

4.2. A possible relation with conservation
Integrating the sensory cues when comparing two clouds of dots seems to hold strong
similarities with the well-known process of conservation (Piaget, 1952). In the

conservation of number task, a child is typically shown 2 rows of buttons, each
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consisting of the same number of buttons. When the buttons of one row is spread over
a larger area than the other, children are likely to say that the longer row contains more
buttons. Similarly, in the liquid conservation task, a child will typically say that the
smaller of two glasses contains more water, because the water level in that glass is
higher. Piaget claims that these children are only able to focus on one feature of a
problem at a time and are dominated by their immediate perception of things. In other
words, at this stage a child is seemingly not able to inhibit the direct response to a single
sensory property.

Children spontaneously rely on inefficient strategies such as a single sensory
cue (i.e. the size of a glass instead of the content; for a review see Borst, Aite, & Houdg,
2015) and have to develop the ability to inhibit the incorrect response to the sensory
properties of the stimulus (i.e. longer row means more items). With maturation of the
prefrontal cortex develops the inhibitory control in children and consequently also the
efficiency in solving conservation-like tasks (Houde et al., 2011). These patterns are
also visible in numerosity studies: the size of the congruency effect observed in
numerosity comparison tasks decreases with increasing age (Gebuis, Cohen Kadosh, et
al., 2009; Gilmore et al., 2013; Szucs, Nobes, Devine, Gabriel, & Gebuis, 2013).

A second important factor that plays a role in a conservation task is the notion
that children have to understand that an increase in one dimension is compensated for
by a decrease in another dimension (Piaget, 1952). This means that in the liquid
conservation task, the children should understand that an increase in height is
compensated for by a decrease in width while in a numerosity task, children have to
understand that a group of large dots scattered over a large area generally contains less
dots than a group of small dots scattered over a smaller area at a higher density. The

understanding that all these sensory variables are related to each other and all together
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provide information about the numerosity presented, is the basis for what we termed
the ‘integration procedure’ and seems to relate to the concept of an inverse relationship
between dimensions as observed in the conservation task.

The ability to judge numerosity does thus depend on the general ability to inhibit
previously acquired knowledge (i.e. larger sensory cues means more) (Houde et al.,
2011) but also the ability to weigh the different perceptual dimensions (i.e. conservation
like processes) (for a different theoretical opinion see Leibovich & Ansari, 2016).
Defever, Reynvoet and Gebuis (2013) showed that this ability gradually develops with
age. Young children initially respond to a single (or a subset of correlated sensory cues),
next they gradually start to inhibit their response to this single sensory cue and start to
integrate different sensory cues that do not necessarily behave in the same direction (for
example: an increase in total surface area and a decrease in convex hull). They also
showed that participants that are better at combining the available sensory cues make
more accurate estimates than those less capable of combining different sources of
information. Those less proficient in combining different sources of sensory
information show a stronger bias towards a single sensory cue and thus larger
congruency effects (Defever, Reynvoet, & Gebuis, 2013) and performance decreases
when more complex sensory manipulations are applied (Smets et al., 2015; Szucs et al.,
2013).

So far we discussed the general role of two different cognitive control abilities
in the development of numerosity processes. First, the child needs to inhibit an initial
response to the most salient sensory cue. Without response inhibition, the child would
consistently respond to the most salient feature in the stimulus. Secondly, cognitive
control would be needed to learn to integrate the various sensory cues present in the

stimulus. Here cognitive control would be needed to flexibly adapt the weights of the
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various sensory cues on a trial-by-trial basis. Both these aspects of cognitive control,
inhibition and trial-by-trial adaptations are well documented in the literature on conflict
tasks like the Stroop task (Stroop, 1953), the Simon task or the flanker task. These tasks,
like the numerosity judgment task, reveal a congruency effect with faster responses and
less errors to congruent (also termed compatible, e.g. the word red printed in the color
red) than to incongruent (also termed incompatible, e.g. the word green printed in the
color red) trials. If response inhibition abilities are low, larger congruency effects are
expected. Conflict tasks also provide evidence for trial-by-trial adaptations. The most
studied phenomenon in this respect is the congruency sequence effect (e.g. CSE,
Gratton, Coles, & Donchin, 1992). This is the observation of a smaller congruency
effect on trials following an incompatible compared to following a compatible trial.
The typical interpretation of the CSE is that incongruent trials increase the level of
inhibitory control on the irrelevant information of the next trial (Botvinick, Braver,
Barch, Carter, & Cohen, 2001). As such, irrelevant information would have less
influence, which translates to smaller congruency effects. Different developmental
trajectories have been found for congruency effects (within trial adaptation) and for the
CSE (across trial adaptations). The congruency effect seems to undergo developmental
changes between pre-school ages and middle-to-late childhood (Checa, Castellanos,
Abundis-Gutierrez, & Rosario Rueda, 2014). For instance, while second graders (age:
7.7) demonstrated normal inhibitory functions, this was not yet installed in first grade
(age: 6.6) (lani, Stella, & Rubichi, 2014). In contrast, the CSE is already present at the
age of 5-7. This was recently demonstrated in a study comparing the CSE in 5-7 year
old children in the Simon task, the Stroop task and the flanker task (Ambrosi, Lemaire,
& Blaye, 2016). While task specific influences were observed, a CSE was observed in

all three tasks.
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The parallel with cognitive control allows developing some straightforward
research questions for numerosity judgment tasks. It is clear that congruency effects are
also observed when participants perform numerosity judgment tasks. It is however not
clear whether trial-by-trial adaptations will be observed as well. More specifically, will
congruency effects be less pronounced on trials following incongruent than on trials
following congruent trials? If this would be the case, which visual feature would be the
one driving the adaptation on the next trial? Would it be the most salient visual feature
or would it be the combination of different features that drives the adaptation? Finally,
imagine for instance that on the previous trial numerosity was incongruent with dot
size, will adaptation specifically target dot size on the next trial, or would it apply to
other features as well? Also developmental questions can be asked in a more direct
manner. Will the observed dissociation in developmental trajectory between
congruency effects and the CSE also be observed in numerosity judgment tasks?

Typically, cognitive control processes are regarded as top-down regulatory
processes in which a person with volition (Bugg & Crump, 2012) and consciously
(Dehaene & Naccache, 2001) performs goal directed actions to resolve action
uncertainty (Norman & Shallice, 1986). However, this does not necessarily need to be
the case. In a recent proposal, Abrahamse et al. (2016) provided an alternative
framework by grounding cognitive control in associative learning. When performing a
task, perceptual, motor and goal representations are co-activated. Because of this co-
activation they become bound in a context specific associative network. This network
then allows for cognitive control. Imagine the Stroop task again where a participant has
to press the left key for the color red and the right key for the color green. Through
activation of the appropriate network, the appearance of the color green would then

activate the inhibition of the left hand response, thereby installing cognitive control. In
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brief, the associative learning account on cognitive control is in agreement with the
currently proposed integration account for numerosity judgments. That is, different
visual features would become bound with one or the other response. Assume for
instance a numerosity judgment task with two numerosities presented next to each
other, and the participant is asked to press to the side of the largest numerosity. In this
situation, a larger convex hull on the left than on the right would activate the left is
larger response while inhibiting the right hand response. As the visual cues would differ
from trial to trial, the associative network would be differentially activated resulting in
flexible performance. Within this view, the participant does not need to be aware of the
regularities between the cues. Instead, it is sufficient that the visual cues are part of the

associative network to induce cognitive control.

4.3. Conservation and future arithmetic abilities

Previous studies suggested that performance on a numerosity comparison task is related
to math achievement (Gilmore et al., 2011; Halberda et al., 2008; Libertus, Feigenson,
& Halberda, 2011; Mundy & Gilmore, 2009). If indeed such a relation exists, it is of
importance to elucidate the mechanism supporting numerosity processing. If this is the
ANS system, the ANS should be trained and improvements in mathematics should be
visible at a later age. However, when the integration of sensory properties underlies the
ability to strive in numerosity comparison tasks and thus later on in mathematics,
training methods should be of a different nature. As mentioned above, children might
continue to rely on a single sensory cue instead of integrating the full range of cues. In
such a case, training on conservation like tasks with the emphasis on the cognitive
control abilities underlying these tasks could be valuable (For a detailed overview of

the relation between conservation and numerosity processing/arithmetic, see Gevers,
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Cohen Kadosh, & Gebuis, 2016). Interestingly, a strong correlation between sensory
processes and mathematics has been shown (Lourenco et al., 2012; Tibber et al., 2013)
as well as between conservation ability and arithmetic achievement by the end of first
grade (Dimitrovsky & Almy, 1975; Dodwell, 1961; Kaufman & Kaufman, 1972). The
correlation between conservation abilities and math achievement persisted even when
IQ was controlled for (Taloumis, 1979).

Intervention studies are necessary to examine the causal link between arithmetic
and conservation and arithmetic. Training on the conservation task did however not
improve performance in arithmetic (Steffe, 1976). Children who spontaneously
achieved conservation at a younger age benefited more from instructions in arithmetic
but this benefit could not be induced by training the children on conservation-like tasks
(Bearison, 1975). Still, the number of studies investigating this relation is limited as are
the intervention studies that included some form of numerosity training and measures
of math achievement (R&sénen et al., 2009; Wilson, Dehaene, et al., 2006; Wilson,
Revkin, et al., 2006). In the latter case, the lack of control conditions does not allow for
strong conclusions. One recent study did use language processing as a control
condition, but did not find an influence of numerosity training on math achievement
(Obersteiner, Reiss, & Ufer, 2013). However, caution is needed as this parallel is based
on a null finding (e.g. no effect of training numerosity on math achievement). Also and
more importantly these studies did not manipulate the sensory cues to stimulate sensory
integration processes. If indeed, sensory integration underlies the ability to estimate
numerosity a child has to learn to inhibit a response to a single prominent sensory cue
such as the longer (but more widely spaced) row of buttons in Piaget’s studies. In such
a case, the child has to learn that multiple cues should be taken into account, the length

of the row but also the space between the individual buttons. It would therefore be of
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interest to develop an intervention or training study including congruent as well as
incongruent trials. By manipulating a single or multiple sensory cues within each type
of stimulus the difficulty of the trials can be gradually increased. In our view (see
above), the possible link between numerosity and arithmetic, might be mediated by
cognitive control (Houdé, 2009; Pina, Moreno, Cohen Kadosh, & Fuentes, 2015) and
the ability to combine different sensory cues processes (Gebuis et al., 2014; Harvey et
al., 2013). Both components should therefore be addressed in intervention studies.
However, to properly address the relationship between numerosity and math abilities,
more studies focusing on the specific strategies used to integrate sensory cues and the

development of cognitive control in relation to math achievement are needed.
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5. CONCLUSIONS

We provided evidence from comparative, developmental, cognitive, computational,
and neuroimaging studies that challenge the existence of an ANS. In doing so we
sincerely hope that the combination of the different arguments together will open
research plans to explore or construct alternative theoretical proposals to further our
understanding on numerosity processing. In our opinion, the existing evidence suggests
that the integration of sensory cues present in numerosity stimuli can nicely explain the
totality of observed results. This formed the basis for the construction of the sensory-
integration theory here proposed. This theory can be used as a starting point to further
elucidate the role of sensory cues in numerosity judgments. If validated, the impact of
this theory on the field of numerical cognition can be substantial as it includes
developmental, cognitive and biological theories concerning typical and atypical

numerical development and possible intervention strategies.
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