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Abstract

All empirical models of earnings processes in the literature assume a
good deal of homogeneity. In contrast to this we model earnings processes
allowing for lots of heterogeneity between agents. We also introduce an ex-
tension to the linear ARM A model that allows that the initial convergence
to the long run may be different from that implied by the conventional
ARM A model. This is particularly important for unit root tests which are
actually tests of a composite of two independent hypotheses. We fit our
models to a variety of statistics including most of those considered by pre-
vious investigators. We use a sample drawn from the PSID, and focus on
white males with a high school degree. Despite this observable homogene-
ity we find much greater latent heterogeneity than previous investigators.

*We are grateful to Manuel Arellano, Bo Honoré, Hide Ichimura, John Rust, participants
in the 2000 UK Econometrics Study Group and 2001 ESEM, Lausanne, three referees and the
Co-Editor for very helpful comments. This research was supported by the Danish Social Science
Research Foundation (SSF) and the Danish National Research Foundation through its grant to
CAM.



We show that allowance for heterogeneity makes substantial differences to
estimates of model parameters and to outcomes of interest. Additionally
we find strong evidence against the hypothesis that any worker has a unit
root.

JEL codes: J30 ,C23

Keywords: earnings, heterogeneity, ARMA, initial conditions, unit root
tests, ARMA.

1. Introduction.

Estimates of the earnings process of individuals and households are required for
a number of purposes. These include: testing between different models of the
determinants of income distribution (see Neal and Rosen (2000)); determining
the earnings risk faced by individuals and households (see Carroll and Samwick
(1997)); modelling the incidence and persistence of low income spells (see Atkin-
son, Bourguignon and Morrisson (1992)); modelling the time series variation in
the earnings distribution (see Gottschalk (1997)); modelling labour supply (see
Abowd and Card (1989)); the calibration of consumption and saving models and
dynamic GE models (see Browning, Heckman and Hansen (2000)), modelling an-
ticipated earnings growth for use in consumption Euler equations (see Browning
and Lusardi (1996)) and predicting future earnings paths given individual infor-
mation (Chamberlain and Hirano (1997)). We shall return to a discussion of these
issues but for now this will suffice to motivate our interest in estimating earnings
processes.

Various dynamic models for individual workers have been assumed in the earn-
ings dynamics literature. The most important feature that emerges from our read-
ing of this literature (see, for example, Hause (1977), Lillard and Willis (1978),
Lillard and Weiss (1979), MaCurdy (1982), Abowd and Card (1989), Gottschalk
and Moffitt (1994), Baker (1997), Chamberlain and Hirano (1997), Geweke and
Keane (1997), Ulrick (2000) and Meghir and Pistaferri (2004)) is that, whatever
the process chosen, only limited allowance is made for heterogeneity. As we shall
show below, conventional processes with limited heterogeneity are unable to ac-
count for the observed facts. There are two broad reactions to this: we could
allow for more complicated processes (for example, by introducing nonlinearities
or by allowing for ARCH effects as in Meghir and Pistaferri (2004)) or we could
allow for more heterogeneity. It is the latter line that we follow below.! Other

!Having said this, we also find that we need to allow for different convergence rates at the



investigators have also followed this path but in a limited fashion. In particular,
it is always assumed that everyone has the same process, but with, for instance,
different means and/or variances?. We are sceptical that everyone has the same
process with much the same parameters. Rather it may be that different workers
have different processes - some with a unit root, some with a stationary AR(1)
and others with an MA(1) process, for example. Given this, our approach is to
allow for a good deal more heterogeneity than previous investigators. To do this
we have to allow for correlated heterogeneity which, in a dynamic context, gives
rise to an ‘initial conditions’ problem (see, for example, Hsiao (1986), chapter 4 or
Arellano (2003), chapter 6). We adopt a generalisation of the approach of allowing
that the unobserved heterogeneity is a parametric random function of the starting
value of the process® (see, for example, Chamberlain (1980), Anderson and Hsiao
(1982), Blundell and Smith (1991), Wooldridge (2000) and Arellano and Carrasco
(2003)). For example, for a stationary AR(1) process with different means for
each worker we might allow that the mean is a function of the starting values plus
a random disturbance term. The advantages and disadvantages of this approach
to dealing with unobserved heterogeneity are discussed in section 2.3 below. The
main corollary of this approach is that we take a fully parametric approach to
modelling the income process, conditional on starting values.

There are three broad approaches to estimating the parameters of a fully para-
metric model in our context. One option is to first conduct a time series analysis on
each person and then to use this to generate a model of unobserved heterogeneity
using parametric distributions for the unknown parameters - a ‘bottom-up’ ap-
proach. The problem with following this strategy is that the individual estimates
suffer from considerable small sample (‘small 77) and endogeneity biases. It might
be possible to implement analytic or simulation based small sample corrections to
the estimators properties (see, for example, Shaman and Stine (1988a and 1988b),
Kiviet and Krimer (1992) or Kiviet and Phillips (1998)) but these corrections im-
pose stronger assumptions on the distributional properties of the errors than those
we would like to impose a priori. A second alternative is to specify a general joint

start of the process than are allowed for with ARMA processes. This requires an extension of
the latter so that we also allow for a ‘more complicated process’.

2This is also true of the ‘large T, large N’ panel data literature on unit roots which always
tests between everyone having a unit and no one having a unit root, see Baltagi and Kao (2000)
for a survey.

3Below we shall be careful to distinguish between the starting values of a process and the
initial observation of a process (that is, the first value observed). For the moment, simply assume
that we observe all processes from their starting point.



distribution of parameters and then, using either conditional maximum likelihood
(CML) or GMM, to ‘test down’ to a more parsimonious model. The main problem
with this approach is that we do not have any prior idea at all about the distri-
bution of the parameters. Which parameters should be heterogenous and what
(joint) distribution should we take for them? In the model we develop below we
have eight parameters for each worker and we also allow for heterogeneous mea-
surement error. Nowhere in the literature is there any indication of how to specify
a general joint distribution for these parameters nor is there any current hope of
identifying the joint (conditional) distribution nonparametrically.* The third gen-
eral approach, which we follow here, is to conduct an explicit exploratory analysis
of a series of models starting with a restricted model that has been widely used in
the literature and moving to more general model in a series of steps. At each stage
the generalisation is chosen to deal with the worst empirical failing of the current
model (a ‘fire fighting’ strategy). This procedure is not path independent (which
is true of any exploratory specific to general analysis) but if we end up with a
model that captures all of the different aspects of the data the literature has con-
sidered then it may be considered satisfactory. In practice, this eventually yields
a general model which we then represent as a nonlinear factor model. To save on
space, in the exposition below we do not give details of our exploration procedure
(the exact details for an earlier version can be found in Alvarez, Browning and
Ejrnees (2002)) but rather start from the most general model.

This exploratory approach requires the fitting of a relatively large number
of more and more complicated models. To fit these models we use Simulated
Minimum Distance (SMD) (also known as ‘indirect inference’); see Gourieroux and
Monfort (1996) and Hall and Rust (2003). Since SMD is now a well established
technique we provide only an outline of the specific SMD estimation procedure we
use; see section 3.3 and appendix A3. SMD is used to estimate the parameters of a
fully parameterized model. To implement SMD we choose a set of statistics; these
statistics we will call auxiliary parameters (ap’s). We choose a set that provide
a rich description of the data and some supplementary ap’s that capture most
of the variation in the data that previous investigators have used. The auxiliary
parameters are then calculated for the data. The SMD procedure finds a set
of parameter values such that the parametric model produces close to the same

*Showing nonparametric identification (or non-identification) for the joint distribution of
several parameters for each worker is rarely possible and our case is no different. Indeed, even
for models that allow for a good deal less heterogeneity than ours, showing nonparametric
identification is problematic. In this paper we do not consider nonparametric identification.



values for the auxiliary parameters. To evaluate whether the model (with a given
set of parameters) produces the same auxiliary parameters, simulated data are
generated. Then the auxiliary parameters are calculated for the simulated data.
The SMD then estimate the parameters of the model such that the weighted
distance between the auxiliary parameters for the data and the simulated data is
minimized.

The sample used in this study is drawn from the PSID sample from 1968 to
1993. We use exactly the sample used in Meghir and Pistaferri (2004); this is to
ensure that the conclusions we draw, which are radically different from previous
investigators, are not due to having a different sample. In order to obtain a
more homogenous sample we stratify the sample by education and race. In this
paper the focus is on white males high school graduates aged 25 to 55. There
are four principal new results arising from the empirical analysis. First, we have
to extend the conventional ARMA model to take account of the fact that we
observe some workers close to the start of their earnings process and the initial
convergence to the ‘long run’ is different to the process implied by the standard
ARMA model. Second, we find strong evidence of much more heterogeneity than
previous researchers have allowed for. Our third finding is that once we incorporate
such extensive heterogeneity, the preferred model has everyone having an ARMA
process with a deterministic trend and an autoregressive parameter below unity.
This contrasts sharply with the widespread belief that all workers have a unit root
with no idiosyncratic drift. Finally, we find that we need to allow for measurement
error with variances that are heterogeneous, with some workers giving consistently
accurate reports and others who persistently report with a lot of noise.

In the next section we present a general model for earnings processes and
discuss how we allow for observed and unobserved heterogeneity, measurement
error and the fact that not all workers are observed from the start of their earnings
process. In section 3 we present details of the sample selection, a description of the
data and the auxiliary parameters we use in estimation and testing for goodness
of fit. We also present an outline of the SMD procedure used. Section 4 presents
our results, including a discussion of four outcomes of substantive interest. The
conclusions are given in section 5; these are largely a listing of our main findings
and our beliefs about where to go next.



2. A general model for earnings.

2.1. An extended ARMA model.

In this section we present the model for a single worker that underpins our em-
pirical analysis. The exposition of our model and heterogeneity structure given
below might suggest that we started with a general parametric model and then
used a general to specific procedure to ‘test down’. In fact, the converse is true.
We started with a very restricted model and then added extra features (more het-
erogeneity, particular functional forms, the extensions of the basic ARMA model
given below and allowance for heterogeneous measurement error variances) to
capture different facets of the data. For example, we tried several different dis-
tributions for the short run variance term and found that the lognormal worked
well (in terms of fitting the data) whereas other simple distributions such as the
exponential did not and more complicated forms, such as the generalised Gamma,
did not do significantly better than the lognormal. As another example, we tried
various support conditions for the AR parameter but the variant given below was
preferred. This specific to general specification search lead to a preliminary pre-
ferred model with considerably fewer parameters than in the most general model
below. We then generalised the preliminary preferred model to arrive at what we
call our general model. The first version of this paper (available as Alvarez et al
(2002)) put this specific to general ‘fire fighting’ specification search at the heart
of the paper. In this version we emphasise the substantive implications of our
results rather than how we arrived at them.
Our general process for an individual worker is given by:

Y = [5 ((1 — wt) -0 (1 — wt_l)) - 046] + By 1+a(l—=p0)t+ (e + Oei-1) (2.1)

where ¢ is age (minus 25), || <1 and |w| < 1. An alternative way to write (2.1)

1S as:
t—1

y=0(1-w)+at+py+ Y B (-5 + 02_51) (2.2)
s=0

This is an extended ARMA model with drift, where « is the drift parameter, ¢
is the long run mean, net of the trend (which we shall usually call the ‘long run
mean’ in all that follows), 5 the AR parameter, § the MA parameter and w is a
novel parameter that is discussed below. In all that follows we make a distinction
between the parameters of the process for a single worker, the model parame-
ters, and the parameters of the distributions for heterogeneity, the heterogeneity
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distribution parameters (these are presented in subsection 2.3). The shock ¢; is
the stochastic component with mean zero (in the next subsection more details on
the stochastic component are provided). This specification represents a signifi-
cant generalisation of the conventional ARMA scheme which corresponds to the
restriction w = f:

Yy = [0(1=0)+aBl+Byi—1+a(l—P)t+ (e + be4-1)
t—1
= 4 (1 — Bt) + ot + By + Z B (er—s + Oe1—5-1) (2.3)
s=0

To motivate this generalisation that introduces an additional model parameter,
observe that if we set § = 1 in (2.2) then the effect of the initial value and any
subsequent shock never decays; this is the essential implication of the unit root
restriction. In this case (2.1) is:

Ay, = [6 (W (1 —w)) +a] + (e + Oe1-1) (2.4)
Since w < 1, in the long run this gives a unit root with drift:
Ay, ~ a+ (g, + Og4_1) for t large (2.5)

so that the long run process is independent of w. For the process in its first few
periods, however, setting w = [ is restrictive. To see this note that with g =1
we have:

E(Ay) =6(1-w)+a (2.6)

Imposing w = 1 implies that the expected change at the beginning of the process
is equal to the expected change for the process in the long run (in this case, the
drift ). Thus the unit root hypothesis, 5 = 1, in the usual ARM A model ((2.3))
is seen to be a composite of two independent hypotheses: persistence of the effects
of shocks and the first differenced process behaving initially as it does in the long
run. This composite nature of the unit root hypothesis has been recognized in the
time series literature (see, for example, Miiller and Elliott (2003)), but there the
main concern is how this affects unit root tests. The economic implications are
not considered a significant restriction since it is usually assumed that the process
has been running for a long time when we first observe it. For the earnings case
we observe workers close to the start of the process and we have to take account
of this. Thus our extension of the usual model is needed to break the link between
two hypotheses that are logically distinct. This is potentially important since it
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avoids rejecting the important component of the unit root hypothesis, § = 1 in
equation (2.1), simply because the initial behaviour does not conform to (2.6).
In our empirical analysis we consider three classes of models which can all be
seen as special cases of the extended ARMA model. In the first class are stable
models ((2.1) with 5 < 1) in which the effects of shocks to the income process
ultimately die out.” Within this class the deterministic component of earnings is
given by:
E(y)=06(1—-w')+at+ By (2.7)

so that, net of the trend, the exr ante expected value is a linear combination
of the starting value, yq, and the long run mean, 9§, with weights for the latter
that tend to unity with age and weights for the starting value that tend to zero.
Combinations of f < w allow for a flexible adjustment to the long run process
without restricting the latter.® Thus the introduction of the w parameter in (2.1)
also represents a significant weakening for the stable model; as we shall see, the
data strongly support such an extension.

In the second class of models we consider unit root processes ((2.1) with 5 = 1)
which are characterised by permanent shocks. Within this class we also consider
the consensus model which is a further restricted version of the unit root model
((2.1) with = w =1 and 6 = a = 0). The consensus model has been widely
used in the literature. One reason for this is that it neatly capture the distinction
between permanent and transitory shocks (see Appendix subsection A.1). The
other reason is that it is believed that it provides a good fit to the data; as we
shall see below the latter belief is misplaced. The third class of models contains
mixture models in which we allow that the earnings of some workers has a unit
root and that of others is a stable process. Details of how we do this are given in
the subsection after the next.

®We make a distinction between stable models (those with an AR parameter of less than
unity) and stationary models which are stable and have further restrictions on the initial con-
ditions and trends.

SWhen considering different combinations of (3, w, d, o) it is important to note that we shall
be modelling deviations from age means so that for some workers earnings (relative to the mean)
can fall from the starting value and then rise again. This would not be the case if we restrict

w=20.



2.2. The stochastic component.

Turning to the stochastic component of the process, we make the following as-
sumptions on the error terms in (2.1):

E(e) = 0,FE(ge5) =0for s #t

X
Br((@f) = vt oo (e, 23)
where F;_(.) denotes the expectations conditioned on (&g, yo, ..., ¥s—1). The third
condition allows for an ARCH component. This is a simpler specification than
used in Meghir and Pistaferri (2004) but, as we shall see below, it suffices when we
allow for more heterogeneity than they allow for. Furthermore, we assume that
g, conditional on €;_; is normally distributed with ¢y = 0.
To complete our specification for an individual worker, we have to allow for
measurement error. We shall follow most other researchers in assuming that the
measurement error is additive and serially uncorrelated:

obs

Yy = Yt
E(uw) = 0,E(uwy) =0,
E(w)? = M
E(uwug) = 0,s#t (2.9)

We further assume that the measurement errors are normally distributed.
The specification (2.1), (2.8) and (2.9) give eight model parameters per worker”:

Model parameters: {v,0,«,3,0,w,p, A} (2.10)

This specification includes almost all models suggested in the literature except
that some researchers allow for an M A (2) component.® As we shall see below
our preferred specification captures all of the higher order auto-correlations in the
data without recourse to an M A (2) term.

2.3. Allowing for heterogeneity in the model parameters.

In this subsection we show how we incorporate heterogeneity. A crucial feature
of the model is that we allow for correlated heterogeneity. To do this we shall

"For the mixture model the specification includes an extra parameter.
8The most conspicuous class not covered are copula models; see Bonhomme and Robin (2004).
We shall return to this in the concluding section.
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adopt a framework within which we first model the starting value for worker h
(which, as discussed in the next subsection, is when the process starts and not
necessarily the initial observation), y,0, and then condition further heterogeneity
on these values; a discussion of the genesis and advantages and disadvantages of
this approach are given after the formalities. The equation for the starting value
is:

Yno = T1 + Tazn + (T3 + Tazn) Mig (2.11)

where 7,, is a standard Normal random variable and z, is the year of birth of
worker h (to allow for the fact that we first observe workers in different years).?
Note that we allow that both the mean and the variance of the starting values
can vary by birth cohort.

In the model developed in the two subsections above we had eight model
parameters for each worker (see (2.10)). In all that follows we shall impose that
the ARCH parameter ¢ is the same for everyone but we shall allow that the
other seven parameters can be heterogeneous. The parameterisation for the joint
distribution for the six model parameters (v, 6, «, 5, d, w) conditions on the
initial value and uses a nonlinear triangular factor structure with 6 latent factors,
(11, ...ng). We take these six factors to be mutually independent standard Normals
and independent of 7, in (2.11). Denoting the inverse logit function by ¢ (z) =
e?/ (1 + €*), the functional forms we adopt are given by:

v = exp(dy + 1a¥no + V11Mn1)
Op = ( (92521 + Goolno + Vo1Mp1 + ¢2277h2) — 0.5

= byt o+ Y, Vi

B = (G0 + butio+ Y un)

On = ¢51+ Ps2Yno + Z; Vsilni

wp = ¢ (%1 + Pg2Yno + ijl %mhi) (2.12)

so that we restrict v, > 0, 6, € (—=0.5,0.5), 5, € (0,1) and w;, € (0,1). Thus
our heterogeneity structure allows for seven latent factors (including that for the

9Since we stratify on race, gender and education, birth year is the only remaining observable,
heterogeneous and time invariant variable. We also experimented with a mixture of two Normals
and did not find the generalisation significant.

10



starting value, 7,,,, in equation (2.11)); in the empirical analysis below we find
that we actually need far fewer than seven latent factors.

The unit root model restricts 3, = 1 for all A (but allows that w;, may be
heterogeneous and less than unity). For the mixture model we have two alternative
options. The first is to have one segment of the population who have a unit root
with the others having a heterogeneous AR parameter (3, < 1 with the distribution
given in (2.12). If the probability of having a unit root, 7, is a constant then this
nests the stable model with one extra parameter. The alternative is to assume
that the stable AR parameter is common for those who do not have a unit root
(B = By < 1) and that the probability of having a unit root is heterogeneous and
given by 7, = 3, where the latter is given by (2.12).!% This is not nested within
the stable model but it does nest the pure unit root model. For reasons that will
become clear below, we concentrate on the second alternative.

The final model parameter we have to consider is the measurement error vari-
ance, \. Although most previous researchers assume that this is the same across
units (A, = A for all k) we allow that it may vary across workers. If we make the
homogeneity assumption and also assume that the lower bound support of the
error variance v in (2.8) is zero, then the measurement error variance is formally
identified. However, the homogeneity assumption for measurement error vari-
ances is problematic since there are some workers in our sample who have very
little variation in observed log earnings around their idiosyncratic trend. This
implicitly gives an upper bound on the common measurement error variance that
is very low. To overcome this, we allow that the measurement error variance is
heterogeneous but uncorrelated with the other model parameters. To account for
the heterogeneity in measurement error variances, we assume that the distribution
of the measurement error standard deviations in (2.9) is lognormal:

An = exp (So + S17p0) (2.13)

where 7, is a standard Normal variable. Given the parametric assumptions made
above, the parameters (o, ;) are identified.!!

Our approach to modelling the heterogeneity in the model parameters is a gen-
eralisation of the approach adopted by Chamberlain (1980), Blundell and Smith

10Since it requires one further heterogeneous model parameter, we have not tried to model
the overall nesting model with a heterogeneous stable AR parameter and a heterogeneous prob-
ability.

U The ‘parametric’ qualification is critical here; the nonparametric identification of the mea-
surement error distribution is an open question.

11



(1991), An and Liu (2000), Wooldridge (2005) and Arellano and Carrasco (2003).
This approach has several advantages. First, we can establish consistency of
our estimator as the number of cross-section units increases, holding the number
of time periods constant. This avoids the ‘incidental parameters’ problem; see
Arellano and Hahn (2006) for a discussion of the problems that this causes in esti-
mation in nonlinear panel data models. Second, this approach can accommodate
stationary models with the initial conditions given by the process as a special case,
but it is not restricted to this. This is particularly useful if the model is, in fact,
non-stationary since then the initial values do not have a distribution that is read-
ily related to the process. A third (mundane but extremely important) advantage
of this way of incorporating heterogeneity is that it is easy to implement. This was
important in our context since we undertook a good deal of exploratory analysis.
A fourth advantage, which is particularly emphasised by Wooldridge (2005), is
that this procedure allows us to generate quantitative predictions for mean (or
quantile) outcomes if something in the underlying process changes. To calculate
these from the estimates of the individual earnings processes requires more than
consistent estimates of the common parameters of the processes, it also requires a
explicit specification of the heterogeneity. If we know the functional relationship
between heterogeneity and the starting values then we can calculate the required
outcomes, given that we have the starting values. An additional advantage ac-
crues in our case since we model parametrically the marginal distribution of the
starting values (as in (2.11) above). In this case we can report all of the infor-
mation needed for anyone to simulate using the estimated process. The main
disadvantage of the parametric approach, as compared with a semi-parametric
approach (which would also give consistency as the number of cross-section units
becomes large) is precisely that we have to make some parametric assumptions.
The discipline here is that the final model has to fit a wide range of different
statistics.

2.4. Starting values and initial observations.

The panel data literature has emphasized the importance of modelling initial con-
ditions, especially for panels in which the time dimension is small (see, for example,
Arellano (2003)). In this subsection we consider the sampling complication that
arises because we do not observe all workers from the start of their process, so that
the initial observation in our data is not the starting value yy. In our PSID sample
below about half of the sample are first observed at age 25 but the other half are
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first observed at a later age. The distinction between the starting value and the
initial observation is not always explicitly considered in the earnings process lit-
erature (a notable exception is Geweke and Keane (1997)) but it is critical when
we have heterogeneous model parameters. To illustrate this point, consider an
earnings process that starts at age 25 for all workers (so that y,o corresponds to
log earnings at age 25). Suppose that the process for subsequent values is given
by a random walk with heterogenous drifts:

Ayps = ap, + epy with ey ~ N(0,02) and ay, ~ N(0,02)

where «y, is independent of y,9. Suppose now that some of the sample are observed
from when they are 25 years old whilst the rest are observed from when they are
30 years old. The initial observation for a worker h who is observed from when

he is 30 is: .

Yns = Yno + S + Z&n-

t=1
If we calculate the covariance between the initial observation (o for some and
yns for others) and the idiosyncratic drift, «;,, we shall have a non-zero value since
for those who are first observed at age 30 we have cov (yps, a) = 502 # 0. Thus
the sampling and the ignoring of the distinction between the starting value and
the initial observation would lead us to erroneously conclude that the drifts are
correlated with the starting value. The assumptions made in (2.11) and (2.12)
accommodate the distinction between those who are observed from the start of
the process (at age 25 for us) and those who have a later initial observation.
The assumptions we have made above in (2.12) and (2.11) implicitly assume that
the selection into one group or the other is independent of the model parameter
distributions, once we condition on date of birth.

3. The Data.

3.1. Sample selection.

In this study, we use the PSID data for the 26 years from 1968 to 1993. The
sample drawn is exactly the same as in Meghir and Pistaferri (2004) (henceforth
MP); we select male workers aged between 25 to 55 who are in the sample for
at least nine years (for a detailed description see MP). We take age 25 to be the
starting age for our process. The process, of course, starts at an earlier age for
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most high school graduates. The decision to restrict attention to the ‘mature’ part
of the life-cycle was driven by a desire to take a ‘standard’ data set. As we shall
see below, we challenge some inferences that are widely accepted in the literature;
by taking a data set that has been used by other authors, we can be sure that our
differing conclusions are not because we have different data. It will be clear that if
interest centers on, for example, the evolution of post-schooling earnings for high
school graduates, then an earlier starting date would be appropriate; the methods
described below can easily be extended to that case. The MP sample consists of
2,069 individuals, with 31,631 observations. The earnings variable includes all
after tax income from labour. For individuals in this sample the relevant variables
we observe are race, education, age and birth cohort. We deal with some of the
observable heterogeneity by stratifying on education and race and working with
the white, high school sample. This gives a sample size of 1,104 with workers
being observed between 9 and 26 years. We then run a first round regression of
log earnings on year dummies and age dummies. In all that follows we work with
the residuals from this regression which we shall term log earnings for convenience.
In figure 3.1 we present two sets of sample paths. The top panel gives the paths
from age 25 to 36 for 10 workers who are in the middle of the earning distribution
at age 25. The most important feature of this figure is that even for workers who
have an almost identical starting value the realisations are diverse. For example,
some paths are very volatile whereas others are quite smooth. Additionally the
values at age 36 vary a good deal across the sample. Determining whether these
differences are due to the random realisations of the earnings process or to a drift
or trend is one of the primary purposes of the analysis of earnings processes. The
lower panel in figure 3.1 shows the paths for workers with the 8 lowest and the 8
highest starting values (amongst those observed from age 25); here we have not
conditioned on being in the sample at age 36. Once again there is a good deal
of variation between those who have similar starting values. Additionally we see
that there is a great deal of persistence although most of those who start low catch
up somewhat and those who start high tend to decline. One important feature of
those who start very low is that most of the ‘catching up’ seems to be concentrated
in the first few years. The most important conclusion we draw from these figures
is that there seems to be a great deal of heterogeneity in the processes driving the
realisations and this heterogeneity is dependent on the starting value.
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3.2. The choice of auxiliary parameters.

In this subsection we present a full data description for our sample. This data
description assumes particular importance for us since we use it in estimation
and in judging the goodness of fit of our estimated processes. As discussed in
the introduction, we shall use Simulated Minimum Distance (SMD) to estimate
our various models; details are given below. SMD requires the specification of a
set of auxiliary parameters (statistics such as means and covariances, transition
probabilities and autocorrelations) which are matched between the observed data
and simulated data generated under a particular model specification and a set of
parameter values.

In all we use 45 auxiliary parameters (ap’s) for our sample; exact details of the
construction of the ap’s are given in the Appendix A.2. The choice of statistics
we consider is motivated by two considerations. The motivation for the first set of
auxiliary parameters we consider is that they provide a detailed description of the
distribution of current log earnings conditional on lagged earnings. Specifically,
for each worker we run a regression of current log earnings on a constant, lagged
log earnings and a trend. We record 5 parameters from each regression: the three
coefficient parameter estimates, the log of the residual variance and the first order
auto-correlation of the OLS residuals. To illustrate our motivation, consider the
OLS slope parameter. For any worker, this is certainly not an unbiased estimator
of the ‘true’ slope parameter but it is closely related to it. As we shall see, having
a close link between some of the statistics and the parameters is useful in many
ways. More complicated procedures which include small sample corrections which
give a closer correspondence to parameters could be implemented but these are
contentious and not widely used. Finally, the OLS route is transparent and quick
(as opposed to, for example, Kalman filter based ML estimation of an ARMA(1,1)
process for each real and simulated worker); speed is important for a simulation
based method such as SMD. We use the mean, variance and covariances of these
5 parameters over the workers and the covariances with the values of the initial
observations to create 25 ap’s. We also calculate 9 additional statistics to allow for
the fact that for many in our sample the initial observation is not at age 25 (see the
Appendix subsection A.2 for details and subsection 2.4 for the rationale). Finally
we calculate the variance within the bottom quartile to facilitate estimation of
the measurement error variance (see subsection 2.3 below). In all we have 35
auxiliary parameters in this first set. We reiterate that these estimates do not
have specific interpretation and are simply to capture the important features of
the joint distribution of the observed conditional earnings paths.
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Whereas the first set of ap’s is chosen to facilitate estimation, our second set of
ap’s is motivated by a very different consideration; these are statistics that are of
substantive interest. We wish to make sure that the final model we end up with can
account for all the results currently in the literature. Since different investigators
fit to different statistics, this requires considering a wide number of (correlated)
statistics. For example, MaCurdy (1982) and Abowd and Card (1989) model
the auto-covariance structure of first differences of log earnings whereas Geweke
and Keane (1997) (and others) base their analyses on mobility measures such
as short run and long run transition matrices between different quintiles of the
earnings distribution. The other two major features we wish to capture are the
time series properties of the cross-section variance of earnings (see Gottschalk and
Moffitt (1995)) and the conditional heteroskedasticity that Meghir and Pistaferri
(2004) identify. In all, we use a wide selection of sets of statistics giving 10
auxiliary parameters of substantive interest; details are given in appendix A.2
and a discussion is given here.

In the first column of Table 3.1 we present the sample values for the second
set of 10 ap’s (for the sake of space we do not report the values for the first
set of 35 auxiliary parameters since these are of little intrinsic interest); in some
cases the values have been rescaled (as shown) to make reading easier. The first
two values (vtrend and vtrsq) give the coefficients from a regression of the cross-
section variances on trend and trend squared. These are both highly significant;
the significance of the quadratic term argues against an underlying unit root
process (which implies a linear trend for variances for the population). Taking
into account that the trend is measured in decades and that we have multiplied the
parameter estimates by 10, the parameter estimates imply that the cross-section
variance increases nonlinearly over time, from an initial value of 0.09 to 0.214
after 10 years but only 0.233 after 20 years. This is qualitatively similar to the
result of Gottschalk and Moffit (1994). It is also consistent with the widespread
finding that the inequality of earnings has been increasing through our sample
period (see, for example, Buchinsky and Hunt (1997)) but note that finding is for
the population as a whole and not following the same group through time. The
finding that the variance is increasing over time is not necessarily evidence that
uncertainty or ‘risk’ is increasing: it may simply reflect the fact that some workers
have a unit root with a consequent ‘fanning out’ of variance over time.

The next three statistics (dvar, dautol, dauto2) are the variance and first two
autocorrelations for first differenced log earnings; these correspond to the statistics
used in Abowd and Card (1989). The variance is 0.078 which represents quite
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Auxiliary parameters for data and preferred models.

Data Parametric models
Auxiliary Parameter | Value | Consensus \ Unit root \ Stable \ Mixture
vtrend 1.78 —0.17 0.14 0.64 0.80
(x10) (0.33) [4.0] (3.3] 2.3] [2.0]
virsq —0.53 0.22 0.13 —0.09 —0.12
(x10) (0.14) [3.6] (3.1] [2.1] [1.9]
dvar 0.78 0.47 0.53 0.64 0.66
(x10) (0.08) [2.6] [2.1] [1.2] [1.0]
dautol —2.59 —-3.21 —3.06 —2.33 —2.33
(x10) (0.17) [2.4] [1.9] [1.0] [1.0]
dauto2 —0.56 0.06 0.16 —0.76 —0.55
(x10) (0.15) [2.7] (3.1] [0.92] [0.1]
archl 0.26 0.09 0.06 0.15 —0.01
(0.07) [1.6] [1.8] [1.0] [2.4]
arch?2 —0.10 0.25 0.20 —0.06 0.02
(0.05) [4.6] (3.9] [0.4] [1.6]
arch3 0.06 0.17 0.18 0.26 0.19
(0.08) [0.9] [1.0] [1.6] [1.0]
p(t,t+1) 0.75 0.76 0.76 0.74 0.72
(0.01) [0.5] [0.3] [0.6] [1.5]
p(t,t + 10) 0.53 0.60 0.51 0.53 0.48
(0.03) [1.2] [0.5] [0.2] [1.1]
Goodness of fit statistic - 187.1 95.4 29.4 38.4
Degrees of freedom - 31 25 20 18

Note: the first 35 auxiliary parameters are not shown.

(.) = standard deviation for the data value

[t] = absolute t-values for the difference between the simulated and data values

Table 3.1: Auxiliary parameters for data and preferred models.
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high volatility for growth. The first two auto-correlations are -0.26 and —0.06
respectively; these autocorrelations are qualitatively similar to Abowd and Card
(1989) (see, for example, their PSID sample of males from 1969-1979 with the
SEO sub-sample excluded, see their Table V). The ranges (over years) of the
Abowd and Card statistics are: dvar € [0.09,0.20], dautol € [—0.54, —0.10] and
dauto2 € [—0.15,—0.005]. Thus our data (which are more homogeneous than
those of Abowd and Card)) shows a good deal less variance in growth but similar
autocorrelations. The next three rows (archl, arch2,arch3) give statistics on the
conditional heteroskedasticity; as can be seen, these are all ‘significant’. The final
two auxiliary parameters (p(t,t+ 1), p(¢,t+ 10)) show the short run and long run
persistence of low earnings(here defined as being in the lowest quintile). We see
that about three quarters of workers in the bottom quintile in any year are also
in there in the subsequent year but only one half are still in the bottom quintile
ten years out.

3.3. Simulated minimum distance.

As shown in the last section, we consider a number of different models for the
earning process. All the models are fully parametric and the most complicated
has 41 parameters. To conduct an exploratory analysis of a series of more and more
complicated models we need an estimation strategy which is fast and can handle a
large set of parameters. Furthermore, we will evaluate the models by goodness of
fit based on our auxiliary parameter (see the discussion of auxiliary parameter in
section 3.2). Minimising the goodness of fit statistic is itself an estimator; in fact
it is effectively Simulated Minimum Distance (SMD). This was first introduced
in Lee and Ingram (1991) and Smith (1993) in a time series context. It was
also used in Duffie and Singleton (1993) in an asset pricing model using time
series data and Hall and Rust (2003) (who suggest the term SMD) who employ
it in a time series model with sample based observations. It is closely related to
other simulation methods such as the Method of Simulated Moments (see Stern
(1997)); indirect inference (see Gourieroux, Monfort and Renault (1993)) and
Efficient Method of Moments (see Gallant and Tauchen (1996)). Ultimately all
of these methods take their inspiration from Lerman and Manski (1981) and the
important finding that we can consistently estimate using simulation methods
with a fixed number of simulations, (see McFadden (1989) and Pakes and Pollard
(1989)). SMD proceeds in a number of steps. First we calculate some ‘well chosen’
statistics of the data; these are the 45‘sample auxiliary parameters’ discussed in
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the last subsection. Next we take a parametric model for the data generating
process and simulate for particular parameter values. Then we calculate the value
of the auxiliary parameters for the simulated data. If the model is well specified (in
a well defined sense) and we have the ‘correct’ value for the model parameters then
these simulated auxiliary parameters have the same (unknown) probability limit
as the sample auxiliary parameters. The SMD estimator of the model parameters
is then the value of the model parameters that minimises the weighted distance
between the sample auxiliary parameters and the simulated auxiliary parameters.
We present a fuller description of the SMD procedure we use (which includes the
bootstrap for the weighting matrix and antithetic sampling) in subsection A.3.

There are several advantages to using SMD rather than CML or GMM tech-
niques. The main advantage is that it is very easy to use since we need to conduct
only informal prior analysis of the relationship between the model and the data.
This simplicity is particularly important in exploratory analysis in which we ex-
amine a number of quite different models in order to capture the heterogeneity
in the processes. Although it is possible to derive a likelihood function for some
of models we consider, it would be very arduous. It would also be disheartening
since we typically discard any model quite quickly (since simple models do not fit
the data). A second and closely related advantage is that SMD can be used even
when the likelihood function is very difficult (or even impossible) to formulate.
For example, in the models below we wish to make allowance for considerable
correlated heterogeneity and for ARCH effects. Likelihood functions for this are
not easily derived; we present an explicit discussion in Appendix subsection A.4.
A third advantage is that we can explicitly account for the sampling scheme; in
our case we allow that for some workers we do not observe them from the starting
date of their process. A fourth advantage is that we can fit to the statistics of the
data that are of direct substantive interest. For example, for earnings processes
we often interested in the dynamics of low earnings spells so statistics that capture
this are natural choices to include in our set of auxiliary parameters. A final ad-
vantage is that when a simple model fits badly the SMD procedure often suggests
a very natural dimension in which to generalise the model. Of course, there are
also drawbacks. The first of these is that we need to specify a set of auxiliary
parameters to fit to, which has a certain ad hoc quality.'? Second, the procedure
is inefficient relative to maximum likelihood (that is, it will not generally attain
the CR lower bound unless the ap’s are particularly well chosen).

12Exactly the same can be said of most choices of moments to fit for GMM.
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4. Results.

4.1. Choosing a preferred model.

We first present the goodness of fit (gf) for the three broad classes of models:
stable, unit root and mixture. For each we present the results for the most general
model and for our preferred restricted variant. Additionally, we present results
for the consensus unit root model (5 =w =1 and § = o = 0). Table 4.1 gives the
gf statistics for each variant and Table 3.1 presents the detailed fits for the ap’s of
substantive interest for the preferred variants. For each of the general cases there
are many redundant heterogeneity distribution parameters (2.12); for example, for
the stable model we can exclude 15 heterogeneity parameters and the gf statistic
only rises by 4.4. As we shall see in the next subsection, all of the remaining
parameters in the preferred models are ‘significant’. Referring to Table 4.1 we see
clear and strong statistical evidence in favour of the stable model. The general
unit root model'? is strongly rejected against the general stable model (a x? (8)
statistic of 67.7) and the consensus model is, in its turn, strongly rejected against
the general unit root model (a x? (18) of 94.4). The fit of the mixture model is
better than the pure unit root model (which it nests) but is considerably worse
than for the stable model.'* One notable feature of the preferred stable model is
that we fit the second order auto-correlation term (dauto2) without recourse to
an M A (2) component.

The preferred stable model fits reasonably well with a y?(20) gf statistic of
29.4. As can be seen in the detailed results in Table 3.1, the ap’s the preferred
stable model conspicuously fails to fit are those capturing the trend and trend
squared for variances over calendar time.'> We conclude that these common non-
linear time effects for variances need to be modelled separately from the general
heterogeneous processes given by (2.1) and (2.12); see Gottschalk and Moffitt

13Recall that this is the weak form of the unit root hypothesis: 8 = 1 (that is, the shocks
cumulate) but not w = 1 (see the discussion after (2.1)). Hence we drop 8 heterogeneity
parameters (see (2.12)).

4 For completeness, we record that the mixture model that has a fixed probability of a unit
root and a heterogenous AR parameter (so that it has one more parameter than the general
stable model, see the discussion after (2.12)) has a gf statistic of 24.1 so that it does not improve
significantly on the stable model. Moreover the model has only a small proportion of the
population with a unit root.

5The x?2 (18) gf statistic for the preferred stable model without fitting the two time trend ap’s
is 21.8. The qualitative implications of the estimates for this model are very similar to those
reported below for the model.
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Model: Stable Unit root Mixture
G P G P C G P

# parameters 40 25 32 20 14 41 27
Degrees of freedom | 5 20 13 25 31 4 18
x? statistic 25.0 12949271954 | 187.1 | 35.8 | 384

Probability (%) 0.01 | 81 | 0.00|0.00 | 0.00 |0.00|0.35

G = general variant; P = preferred variant; C = consensus model

Table 4.1: Goodness of fit for different models

(1994). In the next subsection we present a detailed account of the preferred
stable model. In particular, we present all of the information that a reader needs
to generate individual earnings processes from age 25 to 55 for our population of
white, male, high school graduates who were born between 1921 and 1960.

4.2. Parameter estimates.
4.2.1. Distribution parameters.

In Table 4.2 we present the heterogeneity distribution parameter estimates for the
preferred stable model; see (2.1) for the exact role of each parameter. The x? (1)
statistics in the final column are the quasi-LR values for setting the corresponding
parameter to zero. One feature to note is that two of the distribution parameters
for the novel model parameter, w, we have introduced, ¢4, and 1)4,, are highly sig-
nificant. Note also that the heterogeneity term in the measurement error standard
deviation (1) is highly significant. The estimates of the measurement error para-
meters imply a mean of 9.2% for the measurement error distribution; this value
is comparable to the value found by MP assuming a homogeneous measurement
error variance.

The variance (v), the trend term («), the long run mean term (J) and the
initial adjustment term (w) all depend on the starting value (that is, ¢, # 0 for
these model parameters). Although we have 6 heterogeneous model parameters
we only need two latent factors for them, 7, and 7, (that is, ¢;; = 0 for j > 2).
Thus we have a relatively simple structure with three latent factors (including the
factor n, for the starting value) and relatively parsimonious dependence of the
heterogeneity in model parameters (as compared with the general model (2.12)).
To complete the specification, the common age pattern for log earnings (which we
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took out in a preliminary regression) is very well described by the quadratic:
A, = 8.83 + 0.56a — 0.057a (4.1)

where a is age in decades. Given this, the equation for the starting distribution
(2.11), the first order process (2.1) and the parameter estimates in Table 4.2 we
can simulate series for log earnings. Taking the exponential of the resulting series
gives earnings in thousands of 1992 dollars.

4.2.2. Model parameters.

Although the distribution parameters are of some interest, we are more interested
in the model parameters. In Table 4.3 we present some summary statistics for
these (and for the starting value) and the correlations between them. The first
three rows present statistics of the marginal distribution of each model parameter.
The most important feature to note is that most of the model parameters are
highly dispersed; this justifies our approach of allowing for lots of heterogeneity.
We shall discuss the variance of the short run shocks, v, in detail in the next
subsection. The M A parameters, 6, are largely positive, with a median value of
0.232, but 33% of the population have a negative value. This contrast with most
previous estimates which have a negative homogeneous M A parameter. This
‘change of sign’ is attributable to the allowance for heterogeneous measurement
error. The AR parameters, (3, are also widely dispersed with a median value
of 0.793 but 27.4% of the population having an AR parameter above 0.9. The
median trend (the o parameter) is 7.7% per decade and some of the population
have very high growth; for example, 15% of the population having a trend of
above 20% per decade. The median long run (net of trend) mean, ¢, is 0.43 below
the mean of the starting distribution but this does not imply that earnings are
falling: we have taken out the common nonlinear age effect in the initial regression
(see (4.1)) and, as we have seen, the idiosyncratic trends are generally positive.
Finally, the initial adjustment terms, w, are mostly close to unity implying that
the initial adjustment to the ‘long run’ process is quite slow (see equation (2.2)).
From the Table it will be quite clear that the distribution of the persistence of
shocks (as measured by the AR parameter) is quite different to the distribution
of the decay of the effect of the initial value. This indicates that we do need the
extra parameter in (2.1).

Turning to the correlations between model parameters, we see that there are
several large (absolute) values. This is to be expected given that we have only two
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Distribution Corresponding Estimated

Parameter model parameter value X2 (1)
T1 Yo (starting value) 0.484 7.4
T2 Yo —0.914 6.3
T3 Yo —4.896 108
T4 Yo 7.519 103
b1y v (variance) —5.069 | 1000+
1o v ~0.867 | 9.7
G 0 (MA term) 1.003 2.2
o3 a (trend) 0.085 13.5
Do a —0.126 | 5.1
O B (AR term) 1343 | 305
o d (long run mean) —0.479 14
e 5 2.649 5.3
be1 w (initial adjustment) 3.827 115
Do —0.457 | 22
oy v 1.601 | 33.6
Do 0 2308 | 13.0
Vs a 0.100 | 248
Dy 3 —0.644 | 181
Do 3 1.231 24.7
(I 4] —1.687 14.6
Vs 4] —0.686 18.7
Dea w —1.035 | 32.2
© ARCH | —0.621 | 6.4° |
o A (std of 0.640 18.7
S1 measurement error) —2.586 1000+

* value for setting parameter to —oo (no ARCH)

|

Table 4.2: Parameter estimates for stable model
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| [ v | vv [ 8 [ o | B | & | w |

’ Marginal distributions ‘

1st decile | —0.211 | 0.028 | —0.376 | —0.066 | 0.394 | —2.770 | 0.921
Median 0.072 | 0.077 | 0.232 | 0.077 | 0.793 | —0.318 | 0.978
9th decile | 0.358 0.221 0.482 0.222 0.958 2.160 0.994
’ Correlations ‘
corr(yo) 1 —0.088 | 0.004 | —0.238 | —0.008 | 0.297 | —0.079
corr(/v) — 1 —0.010 | 0.838 | —0.391 | —0.770 | 0.000
corr(6 — — 1 —0.012 | —0.754 | 0.349 | 0.805
corr(a) — — — 1 —0.421 | —0.930 | 0.008
corr(f3) - — - - 1 0.079 | —0.557
corr(d) — - - — - 1 0.279

Table 4.3: The parameter distribution

latent factors and many model parameters that are correlated with the starting
value. The highest correlation is between the long run mean (4) and the trend
(). This is close to —1 indicating that a high positive trend is associated with a
low long run mean, net of the trend. The overall impact, also taking into account
the correlations with the starting values are difficult to visualise; we shall return
to this in the next subsection.

4.3. Outcomes of interest.

The results presented above have implications for all uses of earnings processes
but here we concentrate attention on just four outcomes of interest. These are
the distribution of the short run variance of earnings; short run and long run
mobility out of low earnings; the level and dispersion of lifetime earnings and the
evolution of the cross-section inequality in earnings with age. The first of these is
an important input for saving and consumption simulation models. Mobility out
of low earnings is of intrinsic interest. The third outcome is increasingly recognised
as being an important element in school and career choices. The final outcome
is of interest for theories of human capital that emphasise the early trade-off
between wages and human capital accumulation.'® For each outcome we compare

16See Rubinstein and Weiss (2005), section 4.2, which discusses the significance of the shape
of the cross-section variance against age curve for distinguishing between human capital models
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\ Stable model \ Unit root model \ Mixture model
Short run variability

Standard deviation of shocks (allowing for ARCH)

First decile 0.032 0.032 0.031
Median 0.089 0.088 0.093
Ninth decile 0.250 0.242 0.279

Mobility

Transitions from bottom quintile to bottom quintile (probability (%)):
age 25 — 26 59.9 68.6 61.9

age 25 — 35 28.7 29.6 31.6

age 35 — 50 56.8 62.6 56.4

Table 4.4: The parameter distribution

the predictions from the preferred stable model, the preferred unit root model and
the preferred mixture model.
Turning first to short run variability, when we account for ARCH this is given
by:
std of shock for worker h = /(1 + ¢?) vp, (4.2)

The top panel of Table 4.4 compares the distributions of this for the preferred
variants of our three models. As can be seen, this is very similar across models.
The more important point is that short run variability is very dispersed and
skewed; this is in line with the qualitative results on subjective perceptions given
in Dominitz and Manski (1997). Although the median is relatively low, over 10%
of the population have a short run standard deviation of over 0.24. These estimates
imply that in any period the chance of a 20% fall in earnings is 1% at the median
and 20.4% for the top decile. Thus the significance of the precautionary motive for
saving is highly skewed and very strong for a small proportion of the population.
The short run variance is strongly positively correlated with the trend, «, and
strongly negatively correlated with the long run mean, §; the overall impact of
this on lifetime outcomes will be examined below.

The second outcome of interest we examine is mobility out of the bottom
earnings quintile. The lower panel of Table 4.4 reports transition probabilities of
movements at the bottom of the distribution. The first two measures relate to the
probability of staying in the bottom quintile after one and ten years conditional

and alternatives such as search and learning.
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on being there at age 25. The final measure gives the probability of being in the
bottom quintile at age 50 given that the worker was in the bottom quintile at age
35. In this case the three models give somewhat different predictions with the unit
root generally giving more mobility, but the qualitative implications are similar.
The most interesting feature here is that transition probabilities are dependent
on age; the probability of moving out of the bottom quintile is much higher for
those in the bottom quintile at age 25 rather than those initially aged 35. Indeed
having relatively low earnings seems to be very persistent after age 35 with only
a 43.2% chance (for the preferred stable model) of being out 15 years later.

To examine the implications of our models for lifetime income we simulate
the paths of earnings from age 25 to 55, add in the age dummy coefficient values
that we took out in the original regression and discount back to age 25 using a
3% real rate. The three curves are shown in figure (4.1). The ranges of median
annualised lifetime earnings (from the bottom decile to the top decile) are reflected
in the horizontal lengths of the curves. It can be seen that the three curves are
quite different. The heterogenous unit root model is almost linear and strictly
increasing, as we would expect for a unit root. The other two models display
much less variance; this is what we expect since all shocks are transitory. The
stable and mixture models are non-monotone with higher interquartile ranges at
the top and bottom of the median distribution. This is a reflection of what we
saw in the raw data in figures 3.1. Finally, the support of the three distributions
are quite different, with the unit root model showing a much larger dispersion. If
these curves are taken as inputs to models of schooling choices, then the results
are likely to be very sensitive to the model chosen.

The final outcome we consider is for the cross-section standard deviation of
log earnings over age; see figure (4.2). In Rubinstein and Weiss (2005) it is argued
that different models of wage growth will lead to different developments in the
cross-section variance.!” For all models the latter is increasing with age and for
the unit root and mixture models it is close to linear. The stable model has that
inequality increases quite quickly at the start of the process but then levels off
to a much lower level than the other two models. Again it shows that for some
outcomes the predictions of the types of models are very different.

1"This picture is comparable to Figure 6a in Rubinstein and Weiss (2005)
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5. Conclusions.

We have considered the evolution of earnings over age and introduced three nov-
elties. First, we allow for extensive heterogeneity in all model parameters (except
the ARCH term). We do this by introducing a nonlinear multi-factor model. To
deal with the resulting curse of dimensionality we employ a simulated minimum
distance estimator. Second, we have introduced an extension of the conventional
ARMA model to break the usual unit root hypothesis into its two constituent
components. Fro the stable model this generalisation severs the link between
the initial convergence to the ‘long run’ process and the AR parameter. Third,
we allow for heterogeneous measurement error. Applying our methodology to a
standard PSID sample we have a number of findings.

e We find much more heterogeneity in earnings processes than previous inves-
tigators have allowed for. One implication of our finding is that transition
probabilities vary across the earnings distribution. An alternative approach
to capturing this is the copula approach of Bonhomme and Robin (2004).
The relative merits of the two approaches in terms of fitting the conditional
earnings process have not been systematically explored, but our approach
has the advantages that the estimated structure is very familiar (an extended
ARMA) and the results can be used directly in simulations.

e Unit root models are decisively rejected. The model with a mixture of a unit
root and a homogeneous AR parameter does better statistically than the
unit root model. The model with everyone having an AR parameter below
unity (the stable model) does best. This conclusion is in stark contrast to
most papers in the literature which find evidence in favour of everyone having
a unit root. This divergence can be attributed to two factors. First, the extra
degree of freedom that we allow for in our extended ARMA framework
(captured by the w parameter) means that the initial convergence of the
process can be quite slow (implying values of w close to unity) without
simultaneously imposing that the AR parameter has to be close to unity.
Second, our allowance for extensive heterogeneity. Finally, we should note
that no previous investigators have used such a demanding range of goodness
of fit measures so that most tests for a maintained unit root lack power

e The stable process is generally quite persistent with a median AR parameter
of 0.79 and 27.4% of the population having an AR parameter above 0.9.
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e There is significant and heterogeneous measurement error. The heterogene-
ity is statistically significant and has an important impact on the stochastic
component of the process with lower variances for the shocks and a gen-
erally positive M A parameter for the model that allows for heterogeneous
variances for the measurement error.

e The strongest heterogeneity is in the variances of short run of shocks; this
distribution is very skewed This implies that some of the population face
much more earnings variability than the median worker.

e The M A term is heterogeneous and mostly positive. This contrasts with
the usual finding of a negative MA term. The difference arises because we
allow for a heterogeneous measurement error.

e The preferred model fails to capture the nonlinear trend in variances over
calendar time. Despite using a very flexible model with a great deal of het-
erogeneity it looks like we need to introduce some common secular variation,

as in Gottschalk and Moffitt (1994).

These results represent a fairly radical break with past modelling of earnings
processes and we see a great deal of work to be done. Amongst the issues on the
agenda are the following:

e It would be desirable to estimate age-cohort-period effects simultaneously
with the earnings process, rather than using the two step procedure that
takes out the mean effects in a first regression. This is particularly important
if we are to allow common time trends in variances.

e We have only allowed for first order schemes (only one lag of earnings and
an M A (1)). Although some of our auxiliary parameters would have picked
up evidence of any need for longer lags, it is possible that some of the
heterogeneity we find is spurious and is induced by ignoring dependence on
higher order lags.

e The earlier literature on earnings also considered the links to unemployment
and hours fluctuations and with time varying covariates such as family and
marital status. It would be desirable to use our approach with lots of hetero-
geneity for these ancillary processes. The factor approach we have adopted
is well suited for this.
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e We have made strong functional form assumptions to estimate the condi-
tional distribution of earnings. It would be desirable to relax these assump-
tions. Ideally we should find what distributions are identified nonparamet-
rically and use a semiparametric estimation scheme. But note that we have
found a scheme that gives a very good fit to the data and there are limits
on what would be gained by loosening the specification.

A. Appendix.

A.1. The consensus unit root model as an error component model

In many derivations, log income is assumed to be the sum of a ‘permanent’ com-
ponent, pp;, and a transitory component, ep;:

Yt = Pht T Cht (A.1)

The permanent component is modelled as a random walk:

DPht = Pht—1 + Cht Cht ™~ iid(O, Uz)

By assumption the transitory component has low persistence and is modelled as
a M A(q)-model. The consensus model as we model it here is equivalent to such
a model with ¢ = 0, so that ey, is serially uncorrelated. Furthermore, we assume
that ey ~ i1d(0,02). The log income process (A.1) can then be formulated as:

Ayns = ent — ent—1+ Cpy
This model can be seen as a special case of the consensus model:

Aypt = ep+0cpiq with E(ep) =0 and E (eppeps) = 0 for ¢ # s
V(Eht) = O'2

€

where the following equations are satisfied:

—0? = #o?

202 + ag = (1+6%)0?

Note that this requires # < 0. Additionally, if we allow that the error variances
in the permanent-transitory model (o2 and ag) are heterogeneous, then the para-
meters o2 and 0 will also be heterogeneous.
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A.2. The construction of the auxiliary parameters.

The first set of auxiliary parameters are based on the OLS regression of current log
earnings on lagged log earnings and a trend for each of our H workers individually:

Ynt = Bon + BinYnt—1 + Bopt +upe, t=2,..., T

where T}, denotes the number of periods for which we observe h. We term the three
parameter estimates (in, sl,tr) for intercept, slope and trend. For each worker
we also calculate the log of the residual variance (lv) and the first order auto-
correlation of the OLS residuals (au). This gives a H x 5 matrix of estimates for
(in, sl, tr,lv,au). We then calculate 26 statistics based on these OLS regressions.
The first ten of these are the mean and variance of the the estimated parameters;
for example, the mean of the log variances is given by:

m(lv) = % hz_; In (Thl— 1 Z (aht)2>

t=2

The next 15 statistics are the covariances across the five parameter estimates and
its covariances with the initial observation y,,. The final OLS based ap is for the
identification of the variance of the measurement error: for this we take the mean
of the lowest quarter of the residual variances.

The other auxiliary parameters we calculate are to capture particular statistics
of interest in other papers in the literature. The first set of these captures the
change in the dispersion of the distribution of earnings over time.'® The interest
here lies in the time series trend in inequality emphasised by Gottschalk and
Moffitt (1995). Specifically, we calculate the cross-section unconditional variance
in each year and then regress these time series of statistics on a trend (measured
in decades) and trend squared and record the coefficient value on the trend and
trend squared. These are denoted vtrend and vitrsq respectively.

The next three auxiliary parameters are based on the time series of differenced
data; these statistics are included for comparability with MaCurdy (1982) and
Abowd and Card (1989) and authors who follow them in basing their estimates
on the auto-covariance matrix of first differenced log earnings. We take first
differences for each worker Ay, = yn:—yn¢—1) and then record the mean across the
sample of the variance and the first two auto-correlations of these first differences.
We denote these dvar, dautol and dauto?2.

18Recall that in the first round we regress on time dummies so that the mean of the residuals
in each year is zero. Thus we do not have to consider changes in the mean over time.
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The next set of auxiliary parameters are three ARCH statistics that are chosen
to capture exactly the departures from homoskedasticity that Meghir and Pista-
ferri (2004) identify. Specifically we construct deviations from their cross-section
means of the following three statistics: (Ayht)Q, (Aypi Aypi—1) and (Ayne (Ynts1 — Yni—2))-
Then we record the first order auto-correlations for each of these as archl, arch2
and arch3.

Finally we include two mobility measures. Since the usual concern is with the
duration of low income spells we concentrate on that. The statistics are the mean
over years of the proportions of those in the bottom quintile in the one year and
in the next year and the proportion of workers who are in the bottom quintile one
year and ten years later. These two measures pick up the short run and long run
persistence of low earnings. These three ap’s are denoted p(t,t+1) and p(¢,t+10)
respectively.

Counting up we see that we have a total of 36 statistics: 26 OLS based statistics
(including the ap to pick up low residual variances), 2 trend coefficients, 3 means
of first differenced statistics, 3 ARCH statistics and 2 mobility measures. To
be sure there is an element of arbitrariness in this choice but it does have the
virtues of being fast to compute and it captures most of the concerns of previous
investigators.

Moreover, we also have to estimate the parameters of the distribution of the
starting values, including allowance for dependence on the year of birth of the
respondent. To construct ap’s for this we have to make a clear distinction be-
tween the starting value (the value at age 25) and the initial observed value, see
subsection 2.4. Only the latter is observed for all workers so that we have to
base our ap’s on these observations. We take as our ap’s the mean and variance
of the initial observations and the covariance between the year of birth and the
initial observation (y;.) and the five OLS parameters (in, sl,tr,lv,au). Finally
we include an ap to capture the dependence of the variance of the starting values
on year of birth. Specifically we compute the mean of the product of the initial
value squared and the trend (both as deviations from the sample mean):

Wir ) = 2 3 ((ne = 52)7) (2 — 2 (A.2)

where y;,, is the initial observation for worker A and zj, is the year of birth. In all,
this gives 9 extra ap’s, for a total of 45 ap’s.
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A.3. The SMD procedure used

The SMD estimator
We present here the step by step procedure for the SMD. The procedure is
illustrated for the following simple model:

Ay = ent + Onne— (A.3)

The distribution parameters of this model (including the starting values) are

0= {71,7'27 T3, T4, P115 P12> Pa1, P22y Y11, w12ﬂ/f227 ¥, S0, Cl}-

1. Define a set of auxiliary parameters (ap), A (a vector)

2. Calculate the ap’s on the basis of the data AP, Calculate the weighting
matrix, €2, as the covariance matrix of the ap’s, using a bootstrap procedure
on the original data.

3. From the data we construct a vector of the year of birth, z = {21, 22, ..., 2y }
and a H x 31 matrix D which has dj; = 1 if the earnings of worker h at age
t + 25 is observed and zero otherwise.

4. Generate three sets of random draws. Let W be a H x 4 matrix, where each
element w;; is a random draw from the standard normal distribution. Let
E be a H x 30 matrix, where each element ¢;; is a random draw from the
standard normal distribution. Let M be H x 31 matrix, where each element
m;; is a random draw from the standard normal distribution. All the draws
are mutually independent.

5. Generate the simulated data y; = {v},, Ui, .-, Ypso } for H artificial workers
(see equation (A.3)) and for a given set of parameters ©.

1. Generate the starting value for H artificial workers, where the actual
year of birth for each worker, z;, is used:

Ypo = T1 + Tazn + (T3 + Tazp) Why.
2. Generate the model parameters vy, 0, and A,

vy = exp (¢ + P19Yno + V11 Wha)

o exp(Po; + Paalfino + Vo1 Wh2 + YogWh3)
0, = — 0.5

1+ exp(Pg; + Poglig + Vo1 Wha + Vopwi3)
A = exp(so + S1wha)
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10.

A 4.

3. Generate simulated earnings for H artificial workers recursively:
2

Op1 = Un
Y = Yno T \/Ohien
2 e 2
Ope = H—G‘P(jht_leht_l +uv, t=2,...30
yi, = Uiy +AJoRenm + 0\ 02 _jenia t=2,...30

4. Generate measurement error uy;
Uht — )\hmht t = 0, ..... 30

Add measurement error:

obs,s s
Yt~ = Ype T Unt

To mimic the sampling frame the simulated earnings are included in the
simulated data set if dj; = 1.

Calculate the ap’s on the basis of simulated data set, A*

A second replication of ap’s based on simulated data set is constructed by
repeating step 5 to 7 but with using —W , —F and —M instead. This is an
antithetic procedure which gives an increase in the precision of the estimator
that is equivalent to more than doubling the replications.

Calculate the weighted distance between the ap’s based on the data and
simulations (A4%® — A%)'Q~1(Adete — A9),

Minimize the distance by repeating step 5 to 10 with a new set of parameters.

Likelihood function of the preferred model

In this section, we derive the likelihood function for the preferred stable model
without measurement errors'®. The model is given by:

g = [0n (1 —wh) =B, (L =wi ) +anBy] + Bryma + (A4
an (1= Bp)t + (€ne + Onén—1) , (A.5)
ho= 1, Hit—=1,.T (A.6)

9The introduction of measurement errors increases the complexity of the algebra but it does
not change the main conclusions of the analysis.
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The individual model parameters and the starting value can be written as

T e®11P12Yh0+Y11781 (A?)
P21 T¥22Mn2

Oh = 1 + e®P21t¥22mn2 —05 (AS)

= g1+ O3Yno + V1M (A.9)
b1 TVa1Mp1 T 4272

B, = (A.10)

1 + eParT¥a1nn1+¥azmn2
On = G5+ Psa¥no + Vs1Mp1 + Vsalng

eP61TP62yn0+e2n2 R
wn= 1 4+ ePe1t¢629not+ve2mn2 ( .11)
yno = T1+T2zn+ (Ts 4 Tazn)ino (A.12)

where the latent factors 7, 7,;and 7,5 are standard normally distributed: 7,,” N (0, 1),
M N (0,1), ,5,"N(0,1) and mutually independent and independent of a time in-
variant observable variable, z,. Let I';, denotes the vector of model parameters
Fh = {’Uh, Gh, ap, Bha 5h> wh}.

For the stochastic term, €,; we allow for ARCH effects. The first and second
conditional moments of €; are:

E(ep|Ynt—1, Ynt—2s - Yno, I'n) = 0 (A.13)
exp(p)

E(,|Ynt—1, Ynt—2, -- r,) = ——— t>1 (A.14

(€t Ynt—15 Ynt—25 - Yno, I'n) 1+e$p(90)€ht_1+vh for ( )

E(élyno, Tn) = on (A.15)

In order to derive the density function for the model we also make the standard
assumption that €,y = 0. Furthermore, we assume that the conditional distribution
of €,, given Yni—1, Yni—2, .-, Yno, I'n, is normal.

In this model we have 23 heterogeneity distribution parameters which we de-
note by © :

o — { {7177277'377'4}7{¢11,¢12>¢217¢317¢32a¢417¢517¢527¢61,¢62}> }
{011, Va9, V31, Va1, Vg, Y51, Vsgy Vot @

The density function
When deriving the density function we distinguish between the case where the
starting value is observed and where the starting value is unobserved.
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Case 1: The starting value is observed. The density function is derived
in three steps. First we derive the joint density for a worker conditioned on the
model parameters and the starting value, or as we shall show this is equivalent to
condition on the set of heterogeneity distribution parameters, the observed time
invariant variable, z; and the three latent factors. In the next step we derive
the unconditional density for one worker. Finally, we derive the joint likelihood
function for the whole sample.

The joint density for a worker h with starting value y,o conditional on €,y = 0
and ['y, is given by:

T
FWn1s s Ynrl€no = 0, Yno, I'n) = tglf(yhtwhtfl: €0 = 0, Yro, I'n). (A.16)

By using the assumption of normality of €, given yn—1,Yni—2, .., Yno, I'n and de-
noting fu,, = 65, (1 — wh) — B, (1 —wi ")) + awfBy, + an (1 — B,,) t we have

Ynt — (e + Bryni—1) — Onen 1 ) (A.17)

J(Wnt|Ynt—1, €no = 0, yno, I'n) = ¢
\Vvar (€ne|Yne—1s Yni—2: - Ynos Tn)

where ¢ is the density function of a standard normal and var (€| Yni—1, Ynt—2, - Yno, Ln)
is defined above. The disturbances are obtained using that

enr = Y1 — (py + Bryno) (A.18)
€n2 = Ynz2 — (Hpo + Bryn1) — Onem
€3 = Ynz — (pz + Bryn2) — Onenz

From equation (A.7)-(A.12) it is seen that the model parameters are completely
determined by the heterogeneity distribution parameter ©, the time invariant
variable, z;, and the three latent factors 7,4, n,,and 7,,. This means that instead
of conditioning on the model parameters and starting value we can condition on
©, 2, and 19, 7p,1 and 7, :

JWnts - ynrleno = 0,0, 2h, Mos Mnas Mna) = FWnts - Yurleno = 0, yno, T'n)

(A.19)
where the model parameters and starting value is given by equation (A.7)-(A.12).
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In the second step we derive the "unconditional” density for worker h. By
using that the three latent factors are standard normal distributed and mutually
independent we get

1y ynrleno = 0,0, 2;,) = (A.20)
///f Yni, --- >yhT‘€h0 = 0,@,Zha77h0777h1a77h2)90(77h0)‘:0(77h1)@(nhz)dﬂhodnmdnhm

where

FWnt, s ynrleno = 0,0, 2n, Mhos Mats Mha) (A.21)
T
= tl;llf(yht\yht—l,ﬁho = O7Zh7@a77h0a77h1>77h2)

Finally, to derive the likelihood function for the whole sample we use indepen-
dence across workers

H
L(®|z1, s z1) = [ [ f(umts - ynrleno = 0,0, 2,). (A.22)
h=1

Case 2: The starting value is unobserved. In this case we do not observe
the starting value but instead we have the initial observation . The joint density

of the observed sample for a worker h conditional on €,y = 0, y,o and I'; is given
by

FWnsy s ynrleno = 0,40, [n) =
T
tzlg+1f<yht|yht—17 € = 0,9n0,'n) f(Ynsleno = 0,yno, I'n) (A.23)

where f(yni|yni—1, €0 = 0,yno, ') is defined as in the case 1 with disturbances
defined by:

€hs+1 = UYhs+1 — (,uhg+1 + 5hyhs) — Onens
€hst2 = Ynst2 — (Hhsio + BrYnsta) — Onensi

Note that unless we assume ¢;, = 0 the disturbances are not observed in this case.
This assumption is difficult to verify in this case, because it implies that there is
no shock the period the worker enters the sample.
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Moreover, with respect to the distribution of y,s given €,0 = 0, ypo, [, for
s > 1, we can write recursively the process so that we have

Yns = On (1 — wy) + ans + Bryno + €ns + (By + On)(€ns—1 + Bréns—2 + ... + 55 %€nt)

(A.24)
Given this, the conditional moments of v, given €9 = 0, yno and I'y, can be shown
to be:

E(yns|Th,eno = 0,9n0) = 0n (1 —w}) + ans + B yno (A.25)
V(yns/Thoeno = 0,9n0) = vnlps + By 4 01)*(pe_y + Brpe_g + o+ B )]
where p, = f;é (1iiw)t' The distribution of y,s given €,9 = 0, ypo, [y, for s > 1

depends on the distribution of the disturbances €;,; given yuo, 'y, (for t < s). This
distribution is determined from the ARCH assumption and it is not normal. To
illustrate this point consider for example the case s = 2, the second and fourth
conditional moments of 1, are given by:

©
G (A2

El((yn2 — E(n2|Thyeno = 0,9n0))*|Ths €no = 0, yno)
= El(ena+ (B, + 0n)en1)IThs €m0 = 0,yn0)  (A.27)
2

B - 2 2 e
= 3V [(yn2|Th, €0 = 0, yno)]” — 6v;, (1 n ew)

# 3VI{(yna|Th, eno = 0,ym0)]” (A.28)

Therefore, the ARCH effects induces non normality on the conditional distribu-
tion. Similarly the marginal distribution of a process with ARCH errors will have
a non normal distribution (Engle (1982)).

An alternative strategy is to derive the joint density of the vector (yns, Ynsi1, - YnT)-
Instead of relying on the conditional distribution on 39, we define the joint dis-
tribution of the vector of observations for individuals with initial observation yy; :

V(yh2|rh7 €Eho = 07 yhO) = 'Uh[l +

yh57 Yhs+15 -5 YnTs @)
///f Yhss Yhs+1s -+ 7yhT’Zha Nho> M1y Th2s @)%’(nho)@(ﬁm)@@m)dnhodnmdﬁm

In order to obtain the density function f (Yns, Ynss1s --» YnT| 20 Thos Thts Thas ©),
note that we can write the process iteratively and that in this case we do not
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condition on €,y = 0:

Yne = On (1 —wh) + ant + Bhyno + en
+(By + 1) (€ni—1 + Breni—2 + ... + ﬁh 6h1) + ﬁh "Oneno
= 0y (1 — WZ) + apt + B1(71 + Tozn + (T3 + Tazn) o) + €nt
+(Bp + 0n) (€nt—1 + Bren—z + .. + By 2en1) + B}, Oneno

Note that the joint distribution of yns, Ynst1, --» Ynr SIVEN 21, Mo, M1, Mhe 1S Obtained
from the joint conditional distribution of the disturbances ¢,; which is not a normal
distribution. The main conclusion is that there is no closed form for the joint
distribution and we have to rely on simulation methods or non parametric density
estimation (see Diebold and Schuermann (1996)). This is the case even when
0, = 0.

As shown above, in the case where the starting value is not observed and in
the presence of ARCH effects there exists to our knowledge no closed solution to
the likelihood function. Estimating the parameters using a likelihood approach
therefore have to rely on simulated maximum likelihood, which we will leave for
future work.
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