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Abstract

In this thesis I study constraint satisfaction problems or CSPs. These require determin-
ing whether values can be assigned to variables so that all constraints are satisfied. An
important challenge is to identify tractable CSPs which can be solved efficiently.

CSP instances have usually been grouped together by restricting either the allowed
combinations of values, or the way the variables are allowed to interact. Such restrictions
sometimes yield tractable CSPs. A weakness of this method is that it cannot explain
why all-different constraints form a tractable CSP. In this common type of constraint, all
variables must be assigned values that are different from each other. New techniques are
therefore needed to explain why such CSPs can be solved efficiently.

My main contribution is an investigation of such hybrid CSPs which cannot be defined
with either one of these kinds of restrictions. The main technique I use is a transformation
of a CSP instance to the microstructure representation. This represents an instance as a
collection of sets, and a solution of the instance corresponds to an independent set in the
clause structure.

For the common case where all constraints involve only two variables, I show how
the microstructure can be used to define CSPs that are tractable because their clause
structures fall within classes of graphs for which an independent set of specified size can
be found efficiently. Such tractable hereditary classes are defined by using the technique
of excluded induced subgraphs, such as classes of graphs that contain neither odd cycles
with five or more vertices, nor their complements. I also develop finer grained techniques,
by allowing vertices of the microstructure representation to be assigned colours, and the
variables to be ordered. I show that these techniques define a new tractable CSP that
forbids an ordered vertex-coloured subgraph in the microstructure representation.
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The process consists, psychologically, in catching one of the transient
elements of thought upon the wing and converting it into one of the
resting places of the mind. The difference between setting down spots
in a diagram to represent recognised objects, and making new spots for
the creations of logical thought, is huge.

—C. S. Peirce, The Critic of Arguments, 1892. §424.

Introduction

Every instance of a constraint satisfaction problem must be represented in some way. In
this thesis I explain why the choice of representation is important, and how the process
of transforming between different representations provides insight into whether particular
constraint satisfaction problems are difficult or easy. In this chapter I summarize the main
contributions of this thesis and provide an overview of the document. I start with a high

level overview.

1.1 A high level tour

We are surrounded by problems of choice that need solutions. Some are diversions that we
can choose to ignore, like puzzles, crosswords, and games. Other problems we must all
solve: how and what food to obtain, how and when to prepare it, and how and with whom
to eat it. In between these extremes lie problems such as when to schedule examinations,
which landing bays to assign to aeroplanes arriving at an airport, and what price to set for
a product to maximize profit.

Some problems of choice obviously have many possible solutions: for instance, deciding
when to eat food one has already bought, choosing when to concede a point in a negotiation,
or deciding what price to ask for a product for which there is predictable demand. For
a problem posed in this way, we do not want just any solution, but the best solution
possible, or at least a solution that is better than some benchmark. Solving such problems
requires choosing the best configuration from a large set of possible solutions, or finding an
acceptable one. The set of solutions may even be infinite. For other kinds of problems it is

not obvious whether a solution exists at all.



Example 1.1 (Timetabling). If a student needs to write both English and Mathematics
examinations, then these cannot take place at the same time. In such cases, it may be
possible to move one of the examinations to a different time. However, too few time slots
may have been set aside for every examination to take place without conflicts, no matter

how they are shuffled about.

Example 1.2 (15-puzzle). The sliding block

15-puzzle requires finding a sequence of sliding 1121314 12134
moves to rear.range blocks to reach the tal‘"get 5161708 5061718
arrangement in the figure. Sam Loyd’s variant

of the 15-puzzle, with the blocks numbered 9 1011112 9 1011112
14 and 15 interchanged, notoriously has no 13114115 13]15/14
solution: it is not possible to obtain the target Target position  Loyd’s position

position from Loyd’s position via sliding moves.

In 1879, Johnson and Story showed that there are two classes of board arrangements
for the sliding block 15-puzzle, that every arrangement can be obtained from every other
arrangement in the same class, but that it is not possible to obtain an arrangement in
one class from an arrangement in the other class [98]. Around this time, the well-known
creator of recreational puzzles Samuel Loyd offered a $1,000 prize to anyone who could
obtain a specific configuration in one class from a specific configuration in the other [105].
It is not clear whether Loyd was aware of the published proof or knew that the problem

could not be solved.

Example 1.3 (PLANAR GRAPH k-COLOURING). Any map can be coloured with four
colours so that no two adjacent regions have the same colour [69]. This colouring can be
found efficiently [136]. In contrast, we know of no efficient method which can tell whether

three colours are enough for a given map, and which works for every kind of map [61].

Example 1.4 (Injectivity). Many problems in computing fundamentally involve finding a
function mapping integers to integers with some specified properties. Often there is an
additional requirement that the desired function never maps two different values to the

same value.

In this thesis I deal with the kinds of problems illustrated in Examples 1.1 to 1.4,
called combinatorial decision problems. Combinatorial problems describe a collection of
objects, possibly infinite, but where the objects are discrete. The task in combinatorial
decision problems is then to determine whether or not there is an object in the collection
that satisfies all the requirements; this is called a solution. In contrast with decision
problems, optimisation problems are those for which solutions usually do exist, but some
good solution is required.

Great effort is regularly expended for scientific, engineering, political, economic, and
social science applications to construct special-purpose computer programs to solve decision

problems. Yet it is common to phrase such problems in a way similar to how puzzles such



as Sudoku are presented: as a set of simple rules that any solution must obey. Sudoku
puzzles require every row, column, and block to be filled in to contain each of the digits
from 1 to 9, such that the numbers already in the grid are respected.

Constraint programming is a framework for expressing and answering combinatorial
problems. Instead of specifying the steps required to construct a solution, problems are
posed by describing the requirements (called constraints) that any solution must satisfy.
Over the last four decades constraint programming has developed a large body of techniques
to solve problems, and to produce solutions as efficiently as possible. These techniques
are embedded in general-purpose constraint solvers, which allow problems to be described
simply by specifying the constraints. The solver then deals with the process of finding a
solution automatically. Constraint programming shifts the challenge of solving problems
away from constructing special-purpose computer programs, to clearly expressing the
constraints that solutions should satisfy, and how those constraints must interact.

Constraint satisfaction is the mathematical study of the combinatorial problems that
underlie constraint programming. Constraint satisfaction considers infinite classes of
instances called constraint satisfaction problems or CSPs. For each instance of a problem,
the task is then to decide whether the instance has a solution or not. In general, constraint
satisfaction problems are believed to be difficult to decide, in the sense that no efficient
algorithms are known that can decide any CSP instance. If an optimisation problem can
be solved, then it is possible to pose and solve an associated decision problem, by setting a
desirable level of goodness, and asking if there exists a solution that meets that level. If
the underlying decision problem is difficult, then the corresponding optimisation problem
will also be.

Efficient algorithms do exist for instances with special features, and brute force methods
can decide any CSP instance but require a long time to do so. One of the important

questions in constraint satisfaction is:

for which CSPs are there methods to decide every problem instance efficiently?

The distinction between tractable problems, for which efficient methods exist, and problems
for which no such methods are known, is discussed further in Chapter 2.

When the constraints are provided by listing allowed combinations of values, then the
constraint satisfaction problem is known to be NP-complete in general. For more compact
representations of constraints, the decision problem can be even more difficult.

In contrast, some CSPs are straightforward to solve. Sometimes all instances have
properties that can be used to construct an efficient decision procedure. The following two

example CSPs are both straightforward.

Example 1.5 (VICTORIAN LETTERS). Given is an alphabet with k letters, in ascending
order (for English, k = 26). Call a letter Victorian if the way it is usually depicted contains
a straight line, and two straight lines in a letter only ever meet at right angles. (Letters
BDEFGHIJLPRTU are Victorian in the alphabet used by English.) The problem is

to interleave the two alphabetically increasing sequences of Victorian and non-Victorian



letters, so that Victorian letters are never neighbours. There are two solutions for English:
BADCEKFMGNHOIQJSLVPWRXTYUZ and
ABCDKEMFNGOHQISJVLWPXRYTZU.

If the number of Victorian letters in the alphabet exceeds (k + 1)/2 then there are no

solutions; exactly (k+ 1)/2 Victorian letters guarantees a unique solution (this can only

happen when & is odd); and at most k/2 Victorian letters gives rise to at least two solutions.

Example 1.6 (DIRECTED GRAPH ACYCLICITY). An instance is a system of strict inequal-
ities with n variables. Each inequality involves two variables, so is of the form X < Y. Is it
possible to assign positive integers 1,2,...,n to the n variables so that all inequalities are
satisfied? This problem has no solution when there is some cycle of inequalities involving
at least two variables, of the form X; < Xs, Xo < X3, ..., Xp_1 < X, X < X1. Every
other instance has at least one solution. If every pair of variables appears in an inequality,

then the instance has at most one solution.

If the instances of a constraint satisfaction problem are restricted in some way, the

problem often becomes easier. Two main kinds of restriction have been studied.

Structural restrictions One approach is to restrict the structure, the way that the
constraint variables interact. If the interactions can be rearranged so that they are close to
being hierarchical or tree-like, then solutions can be computed efficiently using a divide-
and-conquer approach. Note that in Example 1.5 the requirement that the sequences of
letters be alphabetically increasing is not essential in order to obtain a solution, as the
sequences do not interact. Example 1.5 then has this kind of restricted structure, as the
only interaction between letters is that in no adjacent pair of letters may both letters be

Victorian.

Language restrictions A second approach is to limit the language, the types of con-
straints that can be used to express a problem instance. When the language allowed for
expressing constraints is highly structured, it becomes possible to exploit this structure to
compute solutions efficiently. Example 1.6 has a restricted language, as it can be expressed
using a single kind of constraint: strict inequality between integers.

Both structural and language restrictions have been investigated. I discuss this back-
ground further in Chapter 2. The techniques for purely structural and purely language
restrictions are highly nontrivial and have been intensively studied for over a decade.
Currently it appears that essentially all structural and language restrictions have been
found which relate to tractable problems of practical interest. It is believed that the other
cases cannot be solved efficiently [22, 74]. Attempts to unify the language restrictions that
lead to tractable classes is an area of active investigation in universal algebra. This involves
links to open questions about algebras with cyclic terms [10]. The frontier of structural
restrictions that guarantee tractability also involves links to open questions related to

fixed-parameter tractability [118].



However, constraint satisfaction problems often cannot be expressed using purely
structural or purely language restrictions. One of the most common constraints requires
the solution to be injective as in Example 1.4, or equivalently, to consist of values that
are all different from each other. Such all-different constraints are the basic building
blocks of scheduling problems, of puzzles such as Sudoku, and for expressing many kinds of
mathematical objects. The all-different constraint is known to be tractable; yet it cannot
be expressed purely in terms of a language restriction, as its constraint language can
express graph colouring problems, and such problems are not known to be tractable. The
all-different constraint also cannot be expressed purely in terms of a structural restriction,
as it allows potentially every variable in the instance to interact with every other. The
special interaction between structure and language in the all-different constraint is what
makes this constraint tractable. To study the all-different constraint therefore requires
restrictions on both structure and language, acting together.

In this thesis I pursue a systematic study of CSPs which are defined in terms of some
combination of structure and language. I focus on those CSPs where restricting just the
structure cannot describe the class of instances, and nor can restricting just the language.
Such CSPs require hybrid descriptions, combining restrictions on structure as well as
language. I consider CSPs with constraints that may involve arbitrarily many variables,
with no restriction on the number of constraints allowed in a problem instance, and where
the structure is not necessarily close to being hierarchical.

In the setting of hybrid descriptions, most existing results on when a CSP can be
decided efficiently cannot be applied directly. I therefore propose a basic framework on
how to study CSPs with hybrid descriptions, and demonstrate some of the first results in
this area. The unifying thread of my work is transforming the representation of a CSP,
while ensuring that the new representation falls into a class that is better understood. In
this way, many existing results can be unified, and some new results can be derived, to

obtain useful information about classes of CSPs with hybrid descriptions.

1.2 Document roadmap

I first review the terminology of constraint satisfaction, the background of my research
question, and the historical context of previous work in the area, in Chapter 2.

I then discuss fundamental concepts, such as the infrastructure of a CSP instance,
how unary constraints can be combined with other constraints to simulate the effect of
keeping different domains for each variable, and different notions of equivalence between
CSP instances. Following this review of foundations, I review in more detail the main
restrictions of structure and language that have previously been used to define tractable
classes of CSP instances. Chapter 3 concludes with a discussion of how the three standard
representations of CSP instances can be transformed to each other.

It is possible to consider in a single structure all the partial assignments allowed by



the constraints, or the partial assignments disallowed by the constraints. This leads to the
microstructure representation, introduced in Chapter 4. This representation considers the
structure and the language in a unified structure. This attribute of the microstructure
representation turns out to be helpful in the analysis of problems that have efficient
algorithms for hybrid reasons.

In Chapter 5 I consider the microstructure of binary constraint satisfaction problems.
The discussion culminates in a detailed presentation of the result that many tractable
constraint satisfaction problems have perfect microstructures, including some hybrid CSPs.

Classes of problems can also be defined using a richer notion of structure. Each vertex
of a structure can be assigned a colour, and an order may also be associated with vertices
or colours. Microstructures of CSPs can be regarded as vertex-coloured structures, with
each colour representing a distinct variable. This notion leads to classes of vertex-coloured
structures that are defined as those not containing some set of forbidden vertex-coloured
structures. This yields new tractable classes of CSPs. Chapter 6 deals with vertex-coloured
structures and how these can be applied to describe classes of CSPs, including a new hybrid
tractable class.

In Chapter 7 1 briefly examine a different representation of CSP instances that is
intended to highlight limitations of some existing approaches to defining tractable classes
by restricting structure of instances in a class.

Chapter 8 concludes this document with a review of some open questions and suggestions

for future work.

1.3 Contributions

I now briefly describe the main contributions of this thesis. The descriptions use standard
terms from the theory of constraint satisfaction, and some terminology in this section will
only be defined in later chapters.

In this thesis I make extensive use of the microstructure representation of a CSP instance,
which will be formally defined in Definition 4.2. This contains in a single structure all
allowed or disallowed combinations of assignments of values to variables as specified in the
instance. The clause structure or microstructure complement is a form of the microstructure
representation that contains all partial assignments explicitly disallowed by the constraints
specified in the instance. Collecting all the information in the instance in a single structure

turns out to be helpful in the analysis of problems with hybrid descriptions.

Hereditary microstructure vs. propagation Propagation is the central mechanism
of constraint programming [4, 14]. T show in Chapter 5 how domain reduction during
propagation motivates the notion of hereditary CSPs. These are CSPs where any induced
substructure of the microstructure of an instance is the microstructure of some other
instance in the class. These CSPs correspond naturally to the partial progress of a

constraint solver during search. Moreover, hereditary CSPs can be defined by a set of



forbidden substructures in the microstructure. This may then lead to an efficient algorithm
to decide such CSPs, for instance when the set of forbidden substructures is finite, or as in

Chapter 5, when this set is infinite but has nice properties.

Microstructure as product In Chapter 4 and Chapter 5, I show that the microstructure
and the clause structure can be seen as two kinds of products of relational structures. A
product form of the microstructure was previously known for the special case of graph
homomorphisms [83]. I extend this product representation to general relational structure
homomorphisms, and show how to characterize the microstructure and clause structure of

CSP instances as products.

Direct encoding as SAT By interpreting the vertices of the clause structure as literals,
each edge in the clause structure can be seen as a clause in the direct encoding of a CSP
instance to SAT. (SAT is the Boolean satisfiability problem, which requires deciding if there
is an assignment of true and false values to the variables of a Boolean formula presented
in conjunctive normal form, which makes the formula true.) There is therefore a direct
correspondence between results about the clause structure and the behaviour of the direct
encoding of a CSP instance to SAT. In Chapter 4 I discuss how structural results about

the clause structure provide insight into the structure of many SAT instances.

Perfect microstructure unifies results 1 show in Chapter 5 that several classes of
CSPs for which efficient algorithms were previously known, can be unified as having
microstructures that are perfect graphs. This provides a surprising way to unify several
quite disparate classes: instances whose structure forms a tree, CSPs which have chordal
microstructures or clause structures, and all-different constraints together with domain re-
duction. Each such CSP instance can be solved by applying a polynomial-time algorithm to
find maximum independent sets in their perfect clause structures [76]. I published this work

with my supervisor Peter Jeavons at the main international constraints conference [141].

Explanation of tractability of all-different There exists an efficient algorithm for
propagation of all-different constraints [134]. Yet, structural and language results considered
separately cannot explain the tractability of the all-different constraint. As shown in
Chapter 5, this constraint has a perfect microstructure, and this property is maintained by
domain reduction. This provides a coherent hybrid reason for the tractability of all-different

constraints.

Microstructure as vertex-coloured structure In Chapter 6 I show how the mi-
crostructure can be seen as a vertex-coloured structure, with colours corresponding to
variables, and how forbidding variable-coloured substructures from being contained in the
microstructure or the clause structure then captures several interesting classes of CSPs

that are not captured without the use of such colourings.



Broken-triangle new hybrid class With collaborators Martin Cooper and Peter
Jeavons, I introduced a new tractable hybrid class that generalizes tree-structured CSPs.
This class is defined by means of forbidden induced substructures called broken triangles,
relative to the existence of a suitable variable ordering. For this class, each instance can be
preprocessed to efficiently find a variable ordering which guarantees backtrack-free search.
This yields the first known class that is not tractable for either structural or language
reasons but for which such an ordering exists. This work, discussed in Chapter 6, led
to a paper at the main European conference on artificial intelligence, where the paper
won a best paper award [41]. This has been developed further into a paper in the journal
Artificial Intelligence [42].



A relation is a fact about a number of things.

... In reality, every fact is a relation.

—C. S. Peirce, The Critic of Arguments, 1892. §416.

Background

In this chapter I review the background material underlying this thesis. After discussing
some especially useful examples of constraints, I formally review the terminology and basic
definitions used in constraint satisfaction, including three standard representations used
in the literature. Most of the definitions in this chapter are standard. However, some
concepts in Section 2.4.2 and Section 2.4.3 are novel. The final part of the chapter is an

overview of the literature that forms the foundation for my contributions.

2.1 Constraint satisfaction problems

A constraint satisfaction problem instance informally consists of a set of variables to which
we wish to assign walues, so that a given set of constraints is satisfied. The constraints
specify which combinations of values may be assigned to specific groups of variables, and
which combinations may not be assigned. When more constraints are added to a problem
instance, then the set of solutions generally becomes smaller (although it may also stay
the same).

This informal definition of constraint satisfaction can be formalized in many different
ways. [ define and discuss three classic representations in Section 2.4. Intuitively, a
constraint satisfaction problem instance asks the question of whether it is possible to map
one object into another, while preserving combinatorial structure. Such a mapping is called
an assignment, and associates a value with each variable. If an assignment preserves
structure in the appropriate way, then it is called a solution.

A CSP is a collection of constraint satisfaction problem instances under study. In this

thesis I am interested in the asymptotic worst-case behaviour of different CSPs. From



the point of view of computational complexity, any CSP that contains only finitely many
instances can be solved in linear time by storing the list of accepted instances in a table,
in which the input instance can be looked up in constant time. Similarly, a CSP where all
but finitely many instances have solutions, can be solved by checking the finite table of
exceptions. The vast constants that may be involved in such an analysis, and the possibly
immense amount of computational effort required to construct such a table, are ignored for
the purposes of asymptotic worst-case computational complexity, even if in practice they
matter a great deal. In this thesis, a CSP will refer to an infinite collection of instances.

A collection of CSP instances forms a proper class. It is possible to replace “class”
in the notion of a collection of CSP instances with “set” if a canonical representation
for instances is specified. For instance, instead of allowing any variables and values to
be used in a CSP instance, one may restrict attention to those CSP instances which use
variable names as well as values from the set of positive integers. Such a CSP then forms a
countable set.

To avoid having to deal with the distinction between sets and proper classes, I assume
that every CSP is defined relative to a predefined set of variable names and a predefined
set of domain values. The variable names can be some countably infinite set, such as the
natural numbers or all finite strings over a fixed finite alphabet of letters. For practical
purposes the set of values is also usually restricted to be at most countably infinite. In this
thesis I work with some countable set of values, such as the natural numbers. Moreover, I
require any CSP instance to use only finitely many variables, each taking only finitely many
possible values. These are standard assumptions in the theory of constraint satisfaction.

By fixing a set of allowed variable names and a set of allowed domain values, every
CSP will then form a set of instances, and the collection of all CSPs will also be a set.
Having avoided proper classes in this way, I will therefore use the term class informally to
denote a collection of objects, either of CSP instances forming a CSP, or a collection of

CSPs sharing some common attribute of interest.

2.2 Foundations

I now recall some basic definitions from computational complexity and discrete mathematics.

To begin, the following conventions will be useful in many places in this document.
Definition 2.1 (basic notation).

1. Let N denote the set {1,2,3,...} of all positive integers.

2. For every positive integer n, let [n] denote the set of integers {1,2,...,n}.

3. For a real number z, let [x] denote the least integer that is not less than z.

4. For a set X, let |X| denote the cardinality of X. When X is a finite set then |X| is

simply the number of distinct elements in X.
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5. For a positive integer k, let ()k() denote the set of all k-element subsets of set X.
When X is a finite set and 0 < k < | X/, then

6= (%) = mox

2.2.1 Computational complexity

For completeness I briefly review the standard terminology of computational complexity.
To avoid digressing too far, I assume as given the notion of a Turing machine in both its
deterministic and nondeterministic variants; further details can be found in any standard
textbook [60, 125].
The set of all finite strings formed from symbols from an alphabet ¥ is denoted by *.
A problem is a class L of problem instances. For every problem L there is a decision
problem relative to a description Lp of the problem, where . C Lp. The decision problem

requires deciding for any input instance & € Lp whether it is in L or not.

DECISION PROBLEM FOR L RELATIVE TO Lp

Input: instance & € Lp
Question: is & in L?

Commonly ¥ = {0, 1} and the description is then a set Lp C {0, 1}* of finite binary
strings, representing instances that are regarded as syntactically valid. If the decision
problem for Lp relative to %* is easy compared to the decision problem for L relative to
Lp, then the description Lp is often simply taken as >*. A Turing machine M decides
problem L with description Lp if L is the set of those strings x in Lp for which M halts
in an accepting state when given = as input. It is also common to use descriptions Lp that
restrict the possible set of instances in some convenient way, without necessarily being
related to representation; in this terminology L is referred to as a promise problem
conditioned on the input being from the set of allowed inputs Lp [66].

A function ¢: N — N is polynomially bounded if there is a polynomial p(z) with
integer coefficients such that for all n € N, ¢(n) < p(n). For a Turing machine M that
always halts in a finite number of steps on any input, let T3; be the function associating
with each n the maximum number of steps taken by M to halt on any input of length n.
A Turing machine M is polynomial-time bounded if Ty is polynomially bounded.

A problem can be decided in polynomial time, or is polynomial-time decidable,
if there is a polynomial-time bounded Turing machine that decides the problem.

A function ¢: N — N is logarithmically bounded if there is a constant k € N such
that for all n € N, ¢(n) < klogn. Let Sy be the function associating with each n the

maximum number of worktape cells used by M when given input z of length n (the output
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size is not part of this number). Turing machine M is log-space bounded if Sy, is
logarithmically bounded.

Note that a Turing machine that is polynomial-time bounded or log-space bounded
always halts in a finite number of steps.

A many-one reduction from problem L; to problem Ls is a function a: X* — X*
such that a(Z?) € Lq if, and only if, & € L;. A Turing machine M computes a many-one
reduction « from Lq to Lo if M halts for all inputs ¥*; whenever M is given a string
x € Ly as input then it halts with a(z) as output, and whenever M is given a string not
in Ly as input then it halts with a string not in Lo as output. A many-one reduction « is
polynomial-time if there is a deterministic polynomial-time bounded Turing machine
which computes «, and log-space if there is a deterministic log-space bounded Turing
machine which computes a. Problems L; and Lo are log-space equivalent if L, is

log-space many-one reducible to Lo and Lo is log-space many-one reducible to L.
Definition 2.2 (basic complexity notions).

1. P is the class of decision problems which can be decided by a polynomial-time

bounded deterministic Turing machine.

2. NP is the class of decision problems which can be decided by a polynomial-time

bounded nondeterministic Turing machine.

3. A decision problem is NP-complete if it is in NP, and every problem in NP can be

many-one reduced to it, using log-space reductions. _

In this thesis I model every CSP as a decision problem. The description Lp contains
all syntactically valid CSP instances, and L is the class of all those instances which have
at least one solution. I refer to L as the CSP.

It is sometimes convenient to refer to solving a problem rather than deciding it. For
constraint satisfaction problems with a finite domain, finding a solution can be done in a
standard way by calling the decision procedure a polynomial number of times [35, Theorem
9]. When dealing with CSPs that can be decided in polynomial time, I will therefore not

belabour the distinction between deciding and finding a solution.

2.2.2 Standard definitions

I now recall some definitions that are generally useful.

Definition 2.3 (tuples). An ordered pair (u,v) is the set {{u},{u,v}}. A function can
be regarded as a set of ordered pairs. For a function o, let o; denote the ordered pair
(i,0(i)) € 0.

Let I be a set with r elements. A tuple of arity r over sets {X; | i € I} indexed by I
is a function o: I — J{X; | i € I} with o(i) € X; for every i € I. (Mention of the index

set or the sets over which a tuple is defined may be omitted if these are clear from the
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context.) If X; = X for each i € I, then a tuple over {X; | i € I'} is referred to as a tuple
over X. A tuple o indexed by I = {i1,12,...,4,} is usually written as (o4, 04,,...,04.),
{os | i € I}, or sometimes as (0;)jer. When ¢ ¢ I and z ¢ {o(j) | j € J}, then it is
sometimes also convenient to write ((¢;)jer, ) to denote the tuple o U {(i,z)}. The arity
of a tuple o is denoted p(o), and p(o) = |I| if o is indexed by I. A tuple o of arity 2 can

be regarded as an ordered pair (o1, 02), and vice versa. _

It is sometimes convenient to allow tuples of arity 0. This usage is common in database
theory, where such arity 0 tuples denote constants. However, in keeping with common

practice in the constraints literature, I will assume here that arity is always positive.

Definition 2.4 (Cartesian product). The Cartesian product of the tuple of sets
(Xiys Xig, -+, X;,) s the set [ X;;, usually written Xj; x X, x ... x Xj,, of all tuples
of arity r over sets {X; | i € I'} indexed by I = {i; | j € [r]}. The Cartesian product of r
copies of the set X, indexed by [r], is denoted X. _

A relation collects together tuples.
Definition 2.5 (relations).

1. A relation over sets (X, Xi,,...,X;,) of arity r is a subset of the complete
relation H§:1 Xi;. A proper relation is a relation that is not the complete
relation. A relation over X of arity r is a subset of X”. The arity of a relation R is

denoted p(R).
2. If p(R) = 1 then R is said to be unary, and if p(R) = 2 then it is said to be binary.
3. If R is a binary relation, then xRy denotes (x,y) € R.

4. A binary relation R relates x to y if xRy, and x and y are said to be related by R
if either xRy or yRzx.

5. The inverse of a binary relation R is the relation R~ = {(x,y) | yRx}.
6. The image of a binary relation R under a set A is R(A) = {y | 3z € A xRy}.

7. A binary relation R over X is symmetric if xRy implies yRx for every x,y € X;
antisymmetric if x Ry and yRx implies x = y for every x,y € X; transitive if tRy
and yRz implies xRz for every x,y, z € X; reflexive if (x,z) € R for every x € X
and irreflexive if (z,x) ¢ R for any z € X. A preorder is a binary relation that is
transitive and reflexive. A partial order is a preorder that is also antisymmetric. A
total order is a partial order for which whenever x and y are distinct elements of X,
then either zRy or yRz. A strict total order is a transitive and irreflexive relation

for which whenever x and y are distinct elements of X, then either z Ry or yRx.
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8. An equivalence relation is a binary relation = that is reflexive, symmetric, and
transitive. An equivalence class with respect to an equivalence relation = is a class

% such that every member of % is related by = to every other member.

9. For binary relations R and R, if R C R’ then R is said to be finer than R, and R’

is said to be coarser than R.

Note that a function f: X — Y can be regarded as a relation over (X,Y) with the
additional property that if (z,y) € f and (z,2) € f, then y = 2.

Definition 2.6 (basic notation, part 2).

1. A strictly totally ordered set is a set X that has an associated strict total order
over X. If <is a total order over X, then < denotes the strict total order obtained

by removing all pairs (z,z) from the relation <, for every = € X.

2. If X is a strictly totally ordered set, then there is a bijection between ()k( ) and the
set of increasing k-element tuples over X, which are those tuples (z1,z2,...,xk)
for which x1 < 29 < -++ < xp. I will therefore use the same notation ()k() for the set

of increasing k-element tuples of X.

Definition 2.7 (projection). The projection of tuple o over (X;,, X,,...,X;,) to J C
{i1,42,...,4r} is the tuple o N Y {{j} x X; | j € J}, written as o;. The projection of
relation R over (X, Xi,,...,X;,) to J C {i1,ia,...,i,} is the relation R; of projections
of all tuples in R to J.

Note that oy = {Uj}.

2.2.3 Relational structures, graphs, and hypergraphs

Relational structures are fundamental building blocks for my work.

Definition 2.8 (relational structure). A relational structure S is a pair (V(5), (Q:)icr),
where V' (.S) is the set of vertices of S, and the set I is used to index the relations @Q; over
V(S) in the structure. If V(.S) is a finite set then S is finite. The language of S is the
set of relations I'(S) = {Q; | i € I} that occur in S. |

Definition 2.9 (signature). The signature of a relational structure S = (V(5), (Qi)ier)
is the tuple (p(Q;)):er of arities of its relations, and its arity is p(S) = max{p(Q;) | i € I'}.

When I contains a small finite number ¢ of elements, then it is usual to write the tuple
of relations as a list @1, @2, ...,Qq, instead of (Qi)ie[q]. S is then conveniently expressed
as (V(95),Q1,Q2,...,Qq). Note that the order in this enumeration is arbitrary but fixed

for each instance. A common case is when ¢ = 1, as illustrated in the following example.
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Example 2.10 (graph). A directed graph G is a relational structure (V(G), E(G)).
The edges of G, denoted E(G), form a binary relation on the vertices V(G) of G. A
graph G is a relational structure (V(G), E(G)), where E(G) is a binary relation on V(G)

that is symmetric and irreflexive. _

If u # v, it is usual to treat the set {(u,v), (v,u)} interchangeably with the set {u,v}.
When referring to graphs, I will therefore sometimes refer to edges as 2-element subsets
of vertices, and sometimes as symmetric pairs of tuples of distinct vertices. With this
definition, a directed graph can have self-loops of the form (u,u) as edges, but a graph
cannot.

Hypergraphs generalize graphs to the case when the number of vertices in an edge is

not required to be exactly two. The following definitions are standard [12].

Definition 2.11 (hypergraph). A hypergraph H is a pair (V(H), E(H)), where V(H)
are the vertices of H and F(H) are the edges or hyperedges of H. Every edge in E(H)
is a non-empty subset of V(H). A hypergraph on a set X is a hypergraph with X as
its vertices. Hypergraph G is a subhypergraph of hypergraph H if V(G) C V(H) and
E(G) C E(H), and G is an induced subhypergraph of H if G is a subhypergraph of H
and every edge of H that is a subset of V(G) is also an edge of G. _

Note that some authors use the term partial hypergraph to refer to subhypergraphs.
It will also be useful to consider the hypergraph with edges that are subsets of vertices

that are not edges of a given hypergraph.

Definition 2.12 (complement of hypergraph). The complement of a hypergraph H =
(V, E) is a hypergraph H = (V, E), where E contains every non-empty subset of distinct

vertices from V which are not contained in E. _

A hypergraph may have singleton edges, consisting of single vertices, but in this thesis

I ignore any empty edges.

Definition 2.13 (k-section of hypergraph). The k-section of a hypergraph H consists

of all its edges of size up to k, as well as all size k subsets of the edges.

Definition 2.14 (Gaifman graph). For a hypergraph H, the Gaifman graph or primal
graph of H is a graph with vertices V(H) and edges between distinct vertices u and v

precisely when u and v are both contained in some edge of H. _

I will use graphs and hypergraphs throughout the thesis. They also serve as the base
case for concepts relating to relational structures, since graphs and hypergraphs can be

thought of as special kinds of relational structure, as in Example 2.10.

Definition 2.15 (graph of directed graph). If G is a directed graph, then the graph of
G, denoted 4(@G), is the graph with the same vertices as G, and {u, v} is an edge of 4(G)
whenever u,v are distinct vertices of G and (u,v) € E(G). _
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Figure 2.1: Py, a Figure 2.2: (4, a Figure 2.3: K4, a Figure 2.4:  Cy,
path on 4 vertices cycle on 4 vertices complete graph on complement of Cy
4 vertices

The following is analogous to Definition 2.12, but restricted to subsets of size 2.

Definition 2.16 (complement of graph). The complement of a graph G = (V, F) is a
graph G = (V, E), where E contains every pair of distinct vertices in V which are not

contained in E. Sometimes G is also denoted co-G. |

Let G = (V,E) and H = (W, F) be two graphs. A graph isomorphism from G to
H is a bijection ¢: V' — W that preserves graph structure, in the sense that {u,v} € E
if, and only if, {¢(u), p(v)} € F. Graphs G and H are isomorphic, written G ~ H, if
there exists an isomorphism from G to H. Every subset of vertices U C V(G) induces
a subgraph G[U| = (U, E(G) N (g)) of graph G, containing those edges of G with both
vertices in U. H is an induced subgraph of G if V(H) CV(G) and G[V(H)|=H. H
is a subgraph of G if V(H) C V(G) and E(H) C E(G).

Observation 2.17. An induced subgraph or subhypergraph can be obtained by removing
vertices (when a vertex is removed, so are all edges including that vertex). A subgraph or

subhypergraph can be obtained by removing either vertices or edges.

Similarly to the case for hypergraphs and graphs, an induced substructure of a
relational structure S = (V(S), (Q;)icr) is obtained by removing vertices from S; when
a vertex u € V(9) is removed then so are all tuples involving w. If W C V(S) then the
substructure S[W] of S induced by W is the structure

(W, (Q: nWP@:)),cp)

obtained by removing from S all vertices not in W. A substructure of S is obtained by
removing vertices or tuples from S.

A path on s vertices is a graph isomorphic to Ps = ([s], {{1,2},{2,3},...,{s—1,s}}). A
cycle on s vertices, or an s-cycle, is a graph isomorphic to Cs = ([s], {{1,2},{2,3},...,{s—
1,s},{s,1}}). A complete graph on s vertices is a graph isomorphic to Ky = ([s], ([g]))

Example 2.18 (basic graph notions). Every induced subgraph is a subgraph, but not
every subgraph is an induced subgraph. The graph Cy in Figure 2.2 is a subgraph of the
graph Ky in Figure 2.3, but not an induced subgraph. The graph P, in Figure 2.1 is a
subgraph of Cj and K4, but not an induced subgraph of either. The complement Cy of Cy4
is the graph with four vertices and two disjoint edges, illustrated in Figure 2.4. _
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A clique is a set of vertices that induces a complete subgraph. A complete graph is

sometimes also referred to as a clique. A clique with s vertices is known as an s-clique.

Example 2.19. Many practical problems can be reduced to finding the largest clique in
a suitably constructed graph. The decision version of this problem is in Karp’s list of 21

NP-complete problems [99].

CLIQUE

Input: graph GG, non-negative integer s

Question: does G contain an induced subgraph isomorphic to Ks?

A graph is completely disconnected if it has no edges. A set of vertices X of a
graph G is an independent set if G| X] is completely disconnected. Graph G is bipartite
if the vertices can be partitioned into two independent sets X and Y. Note that X is a

clique in G precisely when X is an independent set in G, the complement of G.

Example 2.20. Another commonly encountered practical problem is finding a proper
colouring of a graph. A vertex-colouring is an assignment of colours to vertices of a
graph, and is proper if no edge connects vertices of the same colour. The chromatic
number of a graph is the least number of colours required for a proper vertex-colouring.
The decision version, CHROMATIC NUMBER, was another of Karp’s 21 NP-complete
problems [99].

CHROMATIC NUMBER
Input: graph G, non-negative integer ¢

Question: can each of the vertices of G be assigned one of ¢ colours, so that the

vertices of every edge of G are assigned different colours?

A colouring can also be thought of as a function from vertices to the set of colours.
By renaming the ¢ colours, it is enough to consider colourings using the integers in [t]. A
proper colouring then exists precisely when there is a function c¢: V(G) — [t] such that
whenever {u,v} € E(G), then c(u) # c¢(v).

A graph G is perfect if for every induced subgraph H of G, the chromatic number of
H is equal to the number of vertices of the largest clique contained in H [114]. Perfect
graphs form an important class of graphs with many applications. They can be thought of
as an enlargement of the class of bipartite graphs to include graphs that are not bipartite
but still have many of the desirable properties of bipartite graphs; see [86] for a survey of
many subclasses of perfect graphs. The following is one of these desirable properties: note

that the complement of a bipartite graph is not bipartite, in general.

Proposition 2.21 (Perfect Graph Theorem [114]). The complement of a perfect graph is
a perfect graph as well.
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All graphs with at most 4 vertices are perfect. Cs is not perfect, and every 5-vertex
graph that is not perfect is isomorphic to C5. This graph requires 3 colours for a proper
colouring, but has no clique on more than 2 vertices. Note that Cj is (isomorphic to) its

own complement.

2.2.4 General foundations

I collect here some simple definitions that will come in useful in later chapters.

Definition 2.22 (underlying set of tuple). The underlying set of a tuple o indexed
by I is the set {o(i) | i € I}. _

The underlying set of a tuple 0 may contain from 1 to p(o) elements. The underlying

sets of all tuples in a relational structure together form the edges of a hypergraph.

Definition 2.23 (hypergraph of relational structure). The hypergraph of relational
structure S is a hypergraph H(S), with the same vertices as the structure S, and edges
EH(S)) = {{u(1),u(2),...,u(r)} | (u1,ue,...,ur) € R,R € T'(S)}. _

Complements of relations and relational structures will prove important in subsequent

chapters.

Definition 2.24 (complement of relation). The complement of a relation R over D of
arity r is R = D" \ R. |

Definition 2.25 (complement of relational structure). The complement of relational

structure S = (V(9), (Q;)icr) is S = (V(S), (Qi)icr)- -

In the definition of complement of a relational structure, recall that each relation in the
structure is over the vertices of the structure. It is also important that the complement
is defined with respect to the class of structures under consideration. The complement
of a binary relation may have self-loops. The complement of a graph was defined in
Definition 2.16 to be a graph and therefore does not contain self-loops. When a class of
graphs may contain self-loops, or a class of relational structures may contain repeated
values in a tuple, then the complement must allow these. Similarly, if a class of graphs may
not contain self-loops, or a class of relational structures may not contain repeated values
in tuples, then these restrictions must be taken into account when taking complements.
The correct definition is usually clear from the context, so will not cause ambiguity. In
particular, I will take complements of graphs in accordance with Definition 2.16, and

complements of relational structures in accordance with Definition 2.25.

2.3 Examples of constraint satisfaction problems

In this section I provide examples of constraint satisfaction problems, before reviewing

various representations of CSPs in the following section.
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A constraint expresses a property of its parameters. The parameters of a constraint
may be variables or sets of values from which variables must take their values. I will write

constraints in the form
CONSTRAINT(my, 2, . ..; D1, Do, .. .),

where CONSTRAINT is the name of the constraint, m; are parameters that are variables,
and each D; parameter is a set of values. The indices for variables or sets of values are
used to distinguish different variables or sets of values from each other. In general, different
constraints may have different lists of parameters. Such constraints are sometimes called
global constraints, as they can potentially be applied to any subset of the variables [152].

The following example illustrates a CSP that naturally contains global constraints.

Example 2.26 (Nonograms). A nonogram is a type of logic puzzle. Given is a grid of
m by n squares, each of which must either be 1 (represented by a filled in square) or
0 (represented by a cross). The constraints are represented as sequences of numbers,
one sequence for each row and for each column of the grid. Each number i describes a
consecutive sequence of ¢ filled squares. Such a sequence is adjacent either to the edge of
the grid, or to at least one unfilled square.

Nonogram constraints may describe relations with large numbers of tuples: a sequence
b1by ... b of k integers in a row or column containing p squares describes every possible
way to form sums of natural numbers Z;C:O a; + Zle b; = p, in other words the number
of integer partitions of p — Zle b;. Here a;_1 is the number of contiguous unfilled squares
before the i-th block of b; filled squares. Note that the number of integer partitions of n
grows asymptotically as 23'7\/5/ n, and therefore grows faster than any polynomial [102].

2
11333
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Figure 2.5: An example 5 X 5 nonogram instance and its solution.

The natural way to model nonograms is by Boolean constraints of arity m and n, where
m and n are the dimensions of the grid used in the instance. Nonogram constraints are
therefore global constraints. Although nonograms are usually regarded as recreational
puzzles, they are closely related to the reconstruction of images, for instance by a med-
ical electromagnetic scanner. One form of such discrete tomography problems requires
reconstructing all filled in grid squares by means of single sums in each row and each
column. This related problem only allows fairly coarse control over the kinds of structures

that can be distinguished, and is tractable for two-dimensional grids [77]. For dimension

19



three or higher, finer control can be exercised over the instances, and the problem is
NP-complete [94]. In contrast, the lengths of individual runs in each row and column are
given in a nonogram instance. This allows fine control for expressing structure even for
two dimensions, and with arbitrarily large grids allowed, the class of nonogram instances is
NP-complete [150]. |

Constraint satisfaction problems in practice generally use constraints involving different
numbers of variables, and may also use constraints with different numbers of variables in
different instances. In this thesis I will use global constraints, and will explicitly highlight
when constraints must involve a fixed number of variables. Otherwise I will not assume
this restriction.

Some constraints often occur as building blocks of constraint satisfaction problems.
Every constraint can be regarded as a constraint satisfaction problem in its own right, so I
will not belabour the distinction.

The simplest constraint is one that has no effect.

Example 2.27 (anything-goes). The anything-goes constraint *(uqy,us, ..., uy; D) al-
lows every possible assignment of values in D to each of the variables uy,us, ..., u,. When
the list of variables and domain are clear from the context, the anything-goes constraint is
often just denoted *. _

Another common constraint simply restricts the values a single variable may take.

Example 2.28 (UNARY). The constraint UNARY (u; D) on variable u with respect to a set
D of values is satisfied by an assignment ¢ if the value assigned to u by ¢ belongs to D.

The UNARY constraint underlies many other constraints. It is a basic building block
from which other constraints can be built. Unary constraints are not of interest individually.
They are useful when multiple constraints are combined in a problem instance.

Another of these building blocks is the constraint that requires solutions to be injective

functions.

Example 2.29 (INJECTIVE). The constraint

INJECTIVE(u1, ug, . . . , Un; D)
on the list of variables ui, us, ..., u, with respect to the set of values D is satisfied by an
assignment ¢ if ¢ assigns values from D to each u; so that no value is repeated. _

When several constraints are combined, I will write { CONSTRAINT;, CONSTRAINTq, ... }
to denote the single constraint formed by the combination of this list of constraints. Note
that { CONSTRAINT, CONSTRAINT} has precisely the same effect as CONSTRAINT, so the
set notation for combining constraints is justified even though it is slightly imprecise.

Just like UNARY, the INJECTIVE constraint is useful as a building block for construct-

ing problem instances but is not interesting on its own. Combining several INJECTIVE
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constraints yields many kinds of interesting problem instances; several of these are common

types of puzzles.

Example 2.30 (LATIN SQUARE COMPLETION). A Latin square is a puzzle on an n by
n grid of squares, some containing numbers. The grid is to be completed, so that each
number in [n] is used exactly once in each row and each column. When the size of the grid

is allowed to be arbitrarily large, this yields the following decision problem:

LATIN SQUARE COMPLETION
Input: a positive integer n, and an n by n grid, with some grid squares con-
taining numbers and others blank
Question: can all blank grid squares be assigned numbers from [n] so that no

number occurs twice in any row or column?

This decision problem is NP-complete [38].
LATIN SQUARE COMPLETION can also be expressed using INJECTIVE constraints for
each row and column of variables, with additional UNARY constraints specifying the

numbers that are initially given for some of the grid squares. _

Example 2.31 (SUDOKU). Sudoku is the common name for a type of logic puzzle. Given
is a 9 by 9 grid of squares, divided into 9 blocks of 3 x 3 squares. Each square must be filled
in with a number from the set [9]. Some of the squares already have numbers. Each row,
column, and block is subject to an INJECTIVE constraint. A Sudoku instance is illustrated
in Figure 2.6. A CSP is obtained by allowing grids of arbitrarily large size. For the Sudoku

problem instances that are presented as puzzles, n is usually 3.

SUDOKU

Input: a positive integer n, and an n? by n? grid of squares containing n?
blocks of n by n squares, with numbers in some squares

’]

Question: can the grid be completed with numbers from [n°], so that no number

occurs twice in any row, column or block?

SUDOKU can alternately be described as LATIN SQUARE COMPLETION with additional
INJECTIVE constraints on blocks. _

Example 2.32 (FuTosHIKI). Futoshiki is the common name for a type of logic puzzle
involving inequalities. Given is a grid of n by n squares (typically n = 5 or n = 7 for
published puzzles). Each square takes a value from [n], and there is an INJECTIVE constraint
on each row and column. Further, constraints of the form x < y are imposed between some
adjacent squares x and y in the grid. Finally, some of the squares may already be filled in.
An instance of Futoshiki is illustrated in Figure 2.7.

When arbitrarily large grid sizes are allowed, the FUTOSHIKI instances form a CSP.
FUTOSHIKI may alternately be regarded as LATIN SQUARE COMPLETION with additional

strict inequality constraints between some pairs of adjacent squares.
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Figure 2.6: An instance of SUDOKU.
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Figure 2.7: An instance of Futoshiki.

FUTOSHIKI
Input: grid of n by n squares, some with numbers, and some < constraints
between pairs of adjacent squares (that are both in the same row or the
same column)
Question: can the grid be completed with numbers from [n], so that no number
occurs twice in any row or column, and so that all < constraints are

respected?

An instance of Futoshiki is illustrated in Figure 2.7. _

Example 2.33 (SuM). The constraint SUM(uy, ug, ..., u,; {C}) requires that the sum of
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the arguments supplied for the parameters uy, uo, ..., u, is precisely equal to the value C:

iui =C.
=1

Collecting together all instances of SUM(u1,us,...,u,;{C}) for positive integers r and
C yields a CSP. In the absence of any other constraints, each instance of this CSP is rather

easy to solve. _

Example 2.34 (Magic Square). A magic square is a square grid containing some numbers,
which must be completed so that the sum of numbers in each row and column is the same.
Latin squares as well as Futoshiki and Sudoku puzzles are magic squares with the row and
column sums equal to n(n —1)/2. A magic square can be expressed using SUM constraints

applied to the variables in each row and each column. _

2.4 Classic representations

Three representations of constraint satisfaction problems have been used most frequently:
variable-value, first-order logic, and homomorphism. For each a different syntax is used to
describe the instance. The instance description defines the syntactically valid instances Lp
relative to which decision problems L can be defined, as discussed in Section 2.2.1.

As a running example I use the INJECTIVE constraint from Example 2.29.

2.4.1 Variable-value representation

The variable-value representation is now standard in the constraint satisfaction litera-

ture, and is also often used in the constraint programming community more generally.

Definition 2.35 (instance description: variable-value). In the variable-value representation,

the instance description is a tuple (V, D, C).
1. Set V is a finite set of variables.

2. Set D is a domain consisting of values. An instance which has a domain with only

two elements is called Boolean.
3. Set C contains constraints. Each constraint in C is a pair (o, R).

(a) The constraint scope o is a tuple over V of arity p(o).

(b) The constraint relation R is a relation over D of the same arity p(o) as the

constraint scope.

(c) The constraint scope and the constraint relation are both indexed by the same

set, which can usually be taken to be [p(o)]. _

In a binary CSP instance, all constraint relations have arity 2.

23



Example 2.36 (INJECTIVE: variable-value representation). Let V = {uy,us,...,u,} be
the set of variables of constraint INJECTIVE(uy,ug, ..., un; D). Let

R={(a1,as,...,a,) € D" | |[{a1,a2,...,a,}| = n}

be the constraint relation; it contains all tuples without repeated values. Finally, let
C = {((ul, Uy v ey Up), R)} be a set of constraints containing a single constraint. The
instance is then (V, D, C’). In this case, the constraint relation R will contain |D| (\D| —
1)...(|D] = n+1) tuples. _

The variables in the instance (V, D, C’) are the variables V. The variables in a
constraint (o, R) € C are the variables in the underlying set of 0. The values in the
instance (V, D, C) are the values in the domain D.

It is sometimes useful to consider the scope of a constraint as consisting of a set of
variables, instead of a tuple. The set of variables of a scope of arity » may contain fewer

than r variables if the scope contains repeated variables.

2.4.2 Partial assignments and solutions

Before dealing with the first-order logic and homomorphism representations, I first need to
discuss partial and complete assignments, which map some or all of the variables to values.
A complete assignment that respects the constraints is a solution. I first discuss concepts
related to props or consistent partial assignments. These form the basic units from which

the variable-value representation is built.

Definition 2.37 (partial assignment). A partial assignment of a CSP instance is a
function from a subset of the variables in the instance to the values in the instance.
When a partial assignment is defined over the set of all variables, it is called a complete

assignment. _

A partial assignment ¢ is a set of ordered pairs, each of the form (u, ¢(u)). Partial
assignments can therefore be compared by means of subset inclusion. If a partial assignment
¢ is contained in partial assignment ¢’, then ¢ can be extended to ¢'. The variables of
¢ is the projection of ¢ to its first component.

A partial assignment violates a constraint if the projection of some constraint relation,
to the indices corresponding to a subset of variables it shares with the partial assignment,

excludes the tuple of values that the partial assignment assigns to that set of variables.

Definition 2.38 (constraint violation). A partial assignment ¢ violates a constraint
(0, R), where both o and R are indexed by I, if ¢ contains some partial assignment ¢’ C ¢
and there is a subset 07 C ¢ indexed by J C I, such that {(j, ¢’(0J(j))) |je J} ¢ Ry If
¢ does not violate any constraints in the instance description, it is said to respect the

constraints. _
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Example 2.39 (constraint violation). Consider an instance in variable-value representation

({ua, w2}, {0,133, {((u1),{(0), (1)}), ((u1,u2), {(0, )} }).

The partial assignment {(u1, 1)} respects the unary constraint but violates the binary con-
straint, while {(u1,0)} respects the constraints. The complete assignment {(u1,0), (ugz,1)}

also respects the constraints. _

Partial assignments either respect or violate the constraints. I now introduce a term

for partial assignments that respect the constraints.

Definition 2.40 (prop). A prop or consistent partial assignment of an instance is a
partial assignment that respects the constraints of that instance. An instance prop is a

prop with the same variables as those of some constraint. _

Every subset of a prop also respects the constraints, but a subset of an instance prop is

not generally itself an instance prop.

Observation 2.41. If ¢ is a prop and ¢’ C ¢ then ¢’ is also a prop. In this situation, ¢’
is only an instance prop if its set of variables coincides with the set of variables of some

constraint.
Definition 2.42 (solution). A solution is a prop that is a complete assignment. _

Let ¢: V — D be a solution. Since ¢ must respect the constraints, whenever (o, R) is

a constraint in C then

(¢(01), 9(02), .- -, ¢(0p(g))) € R.

Some partial assignments respect the constraints, but never lead to a solution; when looking

for solutions, such partial assignments lead to dead ends.

Definition 2.43 (nogood). A nogood is a partial assignment that cannot be extended to
a solution. An explicit nogood is a partial assignment that violates some constraint in
the instance description. An implicit nogood is a nogood which respects the constraints.
An instance nogood is an explicit nogood with the same variables as those of some

constraint. ]

When a partial assignment is an explicit nogood, then so is any partial assignment
that contains it. Extensions of instance nogoods are explicit nogoods, but generally not
instance nogoods.

As a consequence of the definitions, in a CSP instance with no solutions every partial

assignment is a nogood, even those that respect the constraints.

Example 2.44 (nogoods). Consider the CSP instance in variable-value representation

({u1’u27u3}7 {07 1}7 {((Ul),{(O), (1)})7 ((u1’u2)7{(07 1)7 (1’0)})’ ((UQ,Ug),{(l,O)})}).
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This has three variables, domain {0, 1}, and three constraints.

The only solution to this instance is the assignment ¢1 = {(u1,0), (ug, 1), (u3,0)}. The
partial assignment ¢o = {(u1, 1)} respects the constraints, but it is an implicit nogood.
The assignment ¢3 = {(u2,0)} violates the third constraint, so is an explicit nogood, but it
does not have the same set of variables as some constraint, so it is not an instance nogood.
The assignment ¢4 = {(u1, 1), (ug, 1)} violates the second constraint, but it also has the
same set of variables as that constraint, so it is an explicit nogood. It is also an instance

nogood. _

Nogoods are partial assignments that may or may not respect the constraints, but
which are not subsets of any solution. Props may turn out to be implicit nogoods during
the search for a solution, but props by definition cannot be explicit nogoods.

I have introduced the term prop to denote a consistent partial assignment, suggesting
it is “proper” in contrast with nogoods. Moreover, unlike a nogood, which once present in
a partial assignment ensures that no partial assignment containing it can be consistent, a
prop may assist with finding solutions, but may be rendered irrelevant once it has been

shown to be a nogood. The name prop suggests its impermanent nature.

2.4.3 Domains

The domain of an instance may contain values not used in the constraints. The domain
may be large, even if only a few values are actually allowed by the constraints. Such
padding of CSP instances may artificially inflate instance size, and this can change the

complexity of the CSP. Some care is therefore required.

Definition 2.45 (active domain). The active domain dom(R) of a relation R of arity r

is the set of values that appear in the relation,
dom(R) = {t(i) |t € R,i € [r]} .

The active domain of a set of relations I' combines the active domains of each relation,
dom(T) = _J{dom(R)|R €T} .

The active domain of a relational structure S = (V(5), (Q;)icr) is the active domain of the
language of S,
dom(S) = dom(I'(S));

note that dom(S) C V().
Let & = (V,D,C) be a CSP instance in variable-value representation. The active

domain of variable u is then

dom(u) = {t(7) | (o, R) € C,0(i) = u,t € R},
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and the active domain of instance &2 is
dom(Z) = U {dom(u)‘u eV}

note that dom(Z?) C D. |

The domain D is commonly the non-negative integers, the set of rational numbers, or
a fixed finite set of labels. If D is finite then a usual requirement is that it should be listed
in the instance description in some way, perhaps implicitly as the set of all values that are
allowed for any variable by the constraints, but when D is infinite then this requirement is
not enforced. For intensionally specified constraints (when the constraint tuples are not
listed), the domain is also often left implicit.

In this thesis I focus on the case where the single common domain of a CSP instance is
a finite set. However, I do not require the domain of different instances to be the same,
as this would unnecessarily restrict the CSPs under discussion. A variant of CSPs which
allows different domains for each variable is discussed in Section 3.1.3.

Next, I consider the second main representation in common usage, based on seeing

constraint satisfaction problems as questions of mathematical logic.

2.4.4 First-order logic representation

A CSP instance can be represented by a formula of first-order logic. In this first-order
logic representation, a constraint (o, R) € C of arity r is regarded as a predicate
R(ui,ug,...,u,) involving the variables ui,ug, ..., u,, where o = (uy,us,...,u,). The
collection of constraints is then interpreted as the conjunction of these predicates, which is
satisfiable precisely when every constraint is satisfied by some assignment.

If a1, as,...,a, are values from D, the interpretation of the predicate R(a1,as,...,a,)
is that the tuple (ai,ag,...,a,) is in the relation R over D of arity 7. These predicates are
regarded as part of the language of this logic. The instance is then an existentially quantified

conjunction, over all constraints, of the predicate corresponding to each constraint.

Definition 2.46 (instance description: first-order logic). Suppose the variables that occur
in the instance are ui,us,...,us, and that the values that occur in the instance are from
an underlying domain D. In the first-order logic representation, the instance description is

a formula

Juq Jue ... Jug /\ R(Ul702;---7‘7p(0))'
(o,R)eC

_

This restricted syntactic form of first-order formulas is called primitive positive.
Primitive positive formulas contain only existential quantifiers, the relational predicates,
and conjunctions. They do not contain universal quantifiers, disjunctions, negations, or

implications.

27



In database theory, the constraint relations are often treated as a database. The
relational propositions denote membership of a tuple in the corresponding relation in the
database, and primitive positive formulas are also known as conjunctive queries due to
their restricted syntactic form [1, 21].

Database theory explicitly allows the first-order formula to be quantified over a subset
of the variables. The unquantified variables in the formula are then used to construct
the result of the query. Constraint satisfaction problem instances are those database
queries (called Boolean queries) where all variables are quantified. A solution to the
CSP instance exists if the query yields a relation containing a single empty tuple, or fails

to exist if the query yields an empty relation.

Example 2.47 (INJECTIVE: first-order logic representation). Let uqi,ug, ..., u, be the
variables. The predicate R(u1,us,...,u,) should be true for all assignments of values to
the variables with no value assigned to more than one variable. The interpretation of this

predicate can then be defined analogously to Example 2.36 as the relation
R ={(u1,ug,...,u,) € D" ‘ {ur,ug, ..., un}| = n}.

Then the formula is
Juq Jug ... Ju, R(ug,ug, ... uy),

consisting of the existentially quantified predicate R. _

A solution of the primitive positive formula

Juq Juy ... Jus o(ug,ug,. .., us)
is a satisfying assignment of values aq, as,...,as to the variables ui,us,...,us. This
means that ¢(uy := a1, u2 := ag, ..., us := as) with value a; substituted for variable u;,

must evaluate to true.
I next consider the third classic representation, which focuses on constraint satisfaction
problems as algebraic questions.

2.4.5 Homomorphism representation

Each CSP instance can also be regarded as an ordered pair of relational structures, by

reconsidering how the constraints are specified.

Definition 2.48 (instance description: homomorphism). In the homomorphism rep-

resentation, the instance description is an ordered pair (S, T).
1. S is a relational structure, called the source structure.
2. T is a relational structure, called the target structure.

3. the relations of S and T are indexed by the same set. _
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The arity of CSP instance (S,T) is the arity of S, i.e. the largest arity of any of its
scopes.

I will usually use s to denote the number of vertices |V (.S)] in the source structure, and
t to denote the number of vertices |V(T')| in the target structure. The variables in the
instance are the vertices V' (S) of the source structure, and the values in the instance
are the vertices V(T') of the target structure.

Suppose @ is a relation of arity r over set V and ¢ is a function from V to W.
Then ¢ applied to relation (@, denoted ¢(Q), is the relation obtained by applying ¢

componentwise to each tuple in Q:

P(Q) = {(o(u1), ¢(u2), ..., ¢(ur)) | (ur,uz, ..., ur) € Q}.

Definition 2.49. A relational structure homomorphism from S = (V(5), (Qi)icr)
to T = (V(T),(R;)icr) is a function ¢: V(S) — V(T') so that ¢(Q;) C R; for every i in I.

In the definition of relational structure homomorphism, the condition that ¢(Q;) C R;
for each index ¢ is informally expressed as ¢ preserving all relations in the structure.

A solution of a CSP instance in the homomorphism representation is a relational
structure homomorphism. An instance (S,7T) of the CSP is therefore sometimes also
written as S - T to emphasize that the instance (S, T) is of the decision problem. I will
generally be considering the decision problem version of problems in this work, so I will

usually not make this distinction.

Observation 2.50. If there is a relational structure homomorphism from S to T', then S

and T must have the same signature.

Observation 2.51. By extending the notion of a relational structure homomorphism to partial
functions that preserve all relations in the structure in the obvious way (using projections

as in Definition 2.38), props are simply partial relational structure homomorphisms.

Definition 2.52 (hypergraph of CSP instance). The hypergraph of CSP instance
(S,T) is the hypergraph H(S) of the source structure of the instance. _

The hypergraph of a CSP instance is sometimes called its constraint network or
constraint hypergraph. When the CSP instance is binary, the hypergraph of a CSP

instance is just a graph and is also called its constraint graph.

Example 2.53 (INJECTIVE: homomorphism representation). Let V(S) = u1, ug, ..., un,
and let V(T) = D. As in Example 2.36 and Example 2.47, let

R= {(Ul,UQ,...,un) epD" ’ |{U1,U2,...,Un}’ :n}

Then the homomorphism representation of INJECTIVE is the pair of relational structures

((V(S)7 {(uhuQ? R un)})7 (V(T)7 R) )

29



These structures both contain just one relation. Note that the source structure in this
case also only contains just one tuple, identical to the scope of the single constraint. The

hypergraph of this instance has vertices V' (S) and a single edge {u1, ug, ..., u,}. _

2.5 Historical perspective

The notion of an ordered pair is due to Kuratowski [109].

The decision problem classically consisted of finding a procedure that decides for every
formula of predicate logic whether it is universally valid, and which does so in finitely
many steps. By linking formulas with notions of what a decision procedure can achieve,
and demonstrating the existence of uncomputable sets, the classical decision problem was
shown not to have a solution by Turing [149].

The focus then shifted to more restricted decision problems, where the set of formulas is
limited. This can be rephrased as deciding membership of a given string in a set of strings.
The terminology discrete combinatorial decision problem was explicitly used by Post to
refer to such problems [130]. The many different computation models for these problems
are all equivalent by straightforward reductions [145]. Combinatorial decision problems are
therefore believed to constitute precisely those that can be defined by a computer. This is
now known as the Church-Turing thesis [101, Thesis I].

In an influential early paper, Golomb and Baumert formalized the tree structure of
combinatorial search, and discussed many key ideas, such as considering the search space as
a product of finite domains, the importance of symmetry of the search space, and solving
with respect to a criterion function to capture desirability of different solutions. Their
main technical contribution was showing how “inherently suboptimal” partial assignments
allow removing from the search tree any assignments that contain these suboptimal
partial assignments [67]. For criterion functions with only two values (acceptable and not
acceptable), these suboptimal partial assignments were called nogoods by Stallman and
Sussman [146].

Constraint satisfaction was formalized with its own notation by Montanari in a 1971
technical report, published in 1974 [122]. This focused on constraint networks of binary
CSPs. A constraint network corresponds to the variable-value representation, with the
variables as vertices of a hypergraph, a constraint relation specified as the label on the
edge representing a scope, and the domain implicitly specified as the active domain of the
instance.

Using the database terminology of conjunctive queries, Chandra and Merlin noted
the NP-completeness of the language consisting of all those CSP instances which have a
solution [25, Theorems 7 and 11]. The proof of their Lemma 13 also demonstrates that the
CSP instance (S,T) in the homomorphism representation has a solution precisely when
all solutions of (T',U) are also solutions of (S,U), for every relational structure U. This

established the theoretical foundation for optimization of conjunctive queries, by allowing
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containment between such queries to be studied via the associated CSP instance.

Tsang was one of the first in the constraint satisfaction community to explicitly discuss
constraints as relations described by formulas of first-order logic [148]. Jeavons and Cooper,
following Tsang, standardised the variable-value representation and the names scope and
constraint relation [96].

The notion of relational structure homomorphism is implicit in many mathematical
papers that deal with constraint satisfaction problems, but it and the homomorphism
representation were only explicitly introduced into the study constraint satisfaction by
Feder and Vardi [52, 53|, and independently by Jeavons [95].

Partial assignments have also been called instantiations [54, 14]. A consistent partial
assignment has been referred to as a compound label [148] or as a locally consistent
instantiation [14]; in this thesis I use the more suggestive name prop.

Partial assignments that can be extended to solutions have also been called globally
consistent instantiations [14].

The term nogood is standard [140]. It was introduced as early as 1976, in the context
of constraint satisfaction for circuit analysis, involving for instance expressions relating
resistances of different components in the circuit [146].

For some CSPs, efficient algorithms exist for structural reasons; this is discussed in
Section 3.2.2. A sequence of papers has shown how tree-like structure can be exploited to
obtain efficient algorithms [55, 56, 48, 70, 71, 75, 117]. Increasingly sophisticated notions
of width are used in these papers. These measures capture for each instance how far
its structure is from a tree. Width close to 0 is a structure that is “close” to a tree,
while large width corresponds to a structure that is “far” from being a tree. Providing
a counterpoint, it has been shown by Grohe that the underlying explanation for the
tractability of all bounded-arity CSPs defined by structural restrictions is structure that is
close to tree-like [74]. This result shows that unbounded treewidth allows a reduction of
NP-hard problems to CSPs, making use of the grid-like structures of arbitrarily large size
that are guaranteed to exist in classes of bounded-arity structures of unbounded treewidth.

For CSPs defined by bounded width measures beyond treewidth, it remains an open
problem whether a width measure exists that captures the precise boundary between CSPs
for which a polynomial-time algorithm exists, and those that are NP-hard. The existence of
a boundary between fixed-parameter tractable cases, and those that are not fixed-parameter
tractable, has been shown to follow from a plausible assumption in complexity theory, the
Exponential Time Hypothesis [118]. (Note that the Exponential Time Hypothesis implies
P # NP [91].)

CSPs can also have efficient algorithms due to restrictions on the set of constraint
relations, as discussed in Section 3.2.3. Loosely speaking, if the algebraic structure of the
relations used in a CSP contains a factor that cannot be further simplified, then this is
known to lead to NP-completeness. It was further conjectured that every other situation

leads to a polynomial-time algorithm [22].
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The open question for classes of CSPs where only the set of relations is fixed, is to
demonstrate that there always exists a polynomial-time algorithm whenever the algebraic
structure contains no problematic factor. Several of the known tractable cases have been
unified, along lines previously conjectured [13, 9, 10].

The variable-value and homomorphism representations are extensional, since the
tuples in each relation are listed explicitly in an instance, and all input relations are
counted as part of the input size. It is also possible to consider intensional representations
of constraints, where the allowed or disallowed partial assignments are represented by
means of an oracle that can answer queries of the form “is this partial assignment allowed
by the constraint”? I do not consider intensional representations in this thesis.

CSPs in which instances may be specified by means of predefined predicates in the
language, defined over an infinite set of values, have been studied extensively since Bodirsky
introduced their study in his thesis [17]. However, most work on CSPs (including this
thesis) continues to assume a finite domain for each instance.

Fixing the signature for all CSP instances in the class under consideration is a common
assumption, but in this thesis I do not require this assumption. Different instances of a
CSP may have different signatures, unless they have explicitly been specified to be the
same. All instances of VICTORIAN LETTERS and DIRECTED GRAPH ACYCLICITY have
the same signature. In contrast, instances of INJECTIVE generally have different signatures,
and therefore LATIN SQUARE COMPLETION, SUDOKU, and FUTOSHIKI also have instances

with different signatures.

2.6 Chapter summary

In this chapter I discussed the background material needed for this thesis and covered
several standard examples of constraints. The definitions in this chapter are mostly
standard. However, Section 2.4.2 and Section 2.4.3 also introduced some new terminology
(the notion of props, and active domains). I reviewed the three standard representations
that have been used in the literature. Finally, I also provided a high level survey of some

of the key milestones in the literature that inform my work in this thesis.
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Whatever may be the true nature of things and of the conceptions which we
have of them (into which points we are not here concerned to inquire), in the
operations of reasoning they are dealt with as a number of separate entities or

units.

—A. B. Kempe, A Memoir on the Theory of Mathematical Form, 1886. §3.

Concepts

In this chapter I introduce concepts on which the thesis rests.

I first introduce the infrastructure of a CSP instance, and use it to define a notion of
equivalence between instances. I then consider combinations of constraints, which will be
useful later. Adding unary constraints to an instance corresponds to a variant of CSPs
which allows different domains for each variable, and I discuss these two notions next. This
sets the scene to compare my notion of instance equivalence to other notions of equivalence
in the literature.

I then examine how classes of CSP instances have been defined by means of restrictions
of either structure or of language, and what is known of hybrid CSPs that cannot be
so defined. Most known tractable classes of CSPs have been defined by means of such
restrictions, and I discuss this work.

Finally, I outline transformations between the three basic representations of CSP

instances.

3.1 Properties of constraints

I now introduce the notion of infrastructure, and then present some of the consequences of
the definitions in Chapter 2.

3.1.1 Infrastructure and equivalence

A CSP instance can be regarded as a description of the set of those partial assignments

that are consistent with the constraints, as well as those that conflict with the constraints.
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These sets are generally of exponential size in the number of variables and the sizes of the
domains, so CSP instances form a compact representation of such sets. I now formalize

this notion.

Definition 3.1 (infrastructure). The infrastructure of a CSP instance & contains the
set of all props of &, denoted prop(Z?). _

Observation 3.2. The infrastructure of a CSP instance is downward-closed, i.e. if ¢ is a

prop of the instance then so is any ¢’ C ¢.

Recall that s denotes the number of variables and ¢ the number of domain values
in a CSP instance. Most of the props of a CSP instance are not explicitly specified in
the instance, and prop(#?) will have up to >;_ ()t' = (t + 1)® elements in the worst
case, which is usually exponential in the size of the instance. Generally the infrastructure
requires too much space to store, as well as a large amount of time to manipulate, and
therefore it is not generally feasible to compare and manipulate the infrastructures directly.
However, the infrastructure serves as a convenient notion to compare constraint satisfaction

problem instances.

Definition 3.3 (subproblem). A CSP instance & is a subproblem of instance &% when

the infrastructure of &?; is a subset of the infrastructure of %,. _|

Definition 3.3 requires the variables of the subproblem &7, to form a subset of the
variables of &5, and the active domain of every variable of &1 to be a subset of the active
domain of the same variable of 5. This definition of subproblem yields a preorder on

instances. The equivalence classes of this preorder are especially useful.

Definition 3.4 (equivalent CSP instances). A CSP instance £ is infrastructure-
equivalent to instance % (denoted &1 = &25) when the infrastructures of &7, and P

are the same. _

In Section 3.1.4 T will compare this notion of instance equivalence to other similar

notions in the literature.

Example 3.5. Consider the CSP instances & = ({u},{0},{(u),{(0)}) and &, =
({u},{0,1},{(u),{(0)}). These both have a single prop {(u,0)}, so & = Ps. |

Two instances can only be equivalent when they have the same variables. Equivalent
instances must have the same variables and domains after any unused domain values have

been removed. The following definition helps to clarify this.

Definition 3.6 (1-consistency). A CSP instance is 1-consistent if D,, = dom(u) for every

variable . |

In other words, 1-consistency ensures that every domain value actually is allowed by
some constraint. This captures the notion that the domains of a CSP instance should not

extend beyond the values appearing in the constraints.
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Definition 3.7 (support). A domain value a for variable u is supported by a constraint
(0, R) if u = o(i) for some i and (a) € Ry;y. _

Put differently, a value a for a variable u is supported by a constraint when there is a
partial assignment ¢ that respects the constraint, and which assigns a to u.

Establishing 1-consistency involves removing values from the domains of each variable
until each value for that variable is supported by every constraint. As discussed in
Section 3.1.3, this can be achieved by adding unary constraints to the instance that forbid
unsupported values, or by changing the domains associated with the variables. These
changes do not affect the infrastructure and therefore lead to infrastructure-equivalent

instances.

Corollary 3.8. If CSP instances &1 and P are infrastructure-equivalent then they
will have the same set of variables and the same domains after 1-consistency has been
established.

It is possible for two CSP instances to be infrastructure-equivalent except that one
instance contains a domain value for one variable that is not supported by any constraint,
while the other instance has no such superfluous domain value. Establishing 1-consistency
removes such superficial differences.

In Section 3.1.2 I use the notion of infrastructure-equivalence between instances to

derive some simple but widely useful results about combinations of constraints.

3.1.2 Combining constraints

A CSP instance contains some number of constraints. Usually a CSP instance is built by
combining multiple constraints. I will simply observe that it is non-trivial to predict the
behaviour of the CSP instance that is obtained by combining even quite simple individual
constraints, but that it is possible to understand how a few common constraints behave
when they are combined.

In the variable-value representation, if C' is a set of constraints consisting of the union
of sets C1 and C of constraints, then the props of (V, D, C) are precisely those that are
props of both (V, D, Cl) and (V, D, Cg).

Proposition 3.9. prop(V, D,C; U Cs) = prop(V, D,C1) N prop(V, D, C3).

Proof. Suppose ¢ is a prop of (V, D,C; U C2). Then ¢ is consistent with every constraint
in C; as well as with every constraint in Cy. Hence prop(V, D,C; UCs) C prop(V, D,Cy)N
prop(V, D, Cs). For the reverse implication, suppose ¢ is a prop of each of (V, D, C7) and
(V, D, (C5). This clearly implies that ¢ is a prop of (V, D, C). O

Proposition 3.9 is not as practically useful as it might first appear. The large size of the
infrastructure makes it prohibitive to work directly with it, and instead approximations to
the infrastructure are stored by constraint solvers. In these approximations analogues of

Proposition 3.9 may not hold.
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The building blocks of CSP instances are the individual constraints. Recall that the
UNARY constraint was introduced in Example 2.28; this is one of the most useful such
building blocks.

Lemma 3.10. UNARY(u; D1 N Dy) = {UNARY(u; D1), UNARY (u; D2)}.

Proof. First observe that {(u,a)} € prop(UNARY(u; D)) holds precisely when a € D,
so 0 € prop(UNARY(u; D1 N D2)) < o(u) € D1 N Dy < o € prop(UNARY(u; D1)) N
prop(UNARY(u; Ds)). Hence UNARY(u; D1 N Dy) = {UNARY(u; D1), UNARY (u; Do)}, O

It is possible to express constraints in different ways. Since a constraint satisfaction
problem instance contains a set of constraints, there may be instances with different sets

of constraints, but where the solutions are the same.

Proposition 3.11. Let w denote the list uq,uo,...,us. Then
CONSTRAINT(w; D1 N D) = {CONSTRAINT(u; D1 ), CONSTRAINT(u; D2)}.
Proof. Clearly if D C E, then

CONSTRAINT(; D) = { CONSTRAINT(U; E),
UNARY (u1; D), UNARY (ug; D), . .., UNARY (ug; D) }.

Now let £ = Dy U Dy. Then

CONSTRAINT(@; D1 N D3) = { CONSTRAINT(T; E),

UNARY(u; D1 N Dy), ..., UNARY (ug; D1 N Da) }.
By Lemma 3.10, this is equivalent to

{CONSTRAINT(E; E),UNARY(u1; D1), ..., UNARY(us; D1),

UNARY (u1; D3), . .., UNARY (us; D2) },
and the result follows. ]

Any constraint can also be expressed as a constraint with respect to a suitable set D,

together with additional UNARY constraints on each variable.

Proposition 3.12. Let D= D1 UDyU...UDg. Then

CONSTRAINT(uy, ug, . .., us; D1, Do, ..., Dg) = {CONSTRAINT(ul, ug, ..., us; D),
UNARY (u1; D1),

UNARY (ug; D2),

UNARY (ug; Ds) }.
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Proof. By using D; = D; N D and working analogously to the proof of Proposition 3.11, it
can be shown that CONSTRAINT(u1,us, ..., us; D1, Da, ..., Ds) is equivalent to

{CONSTRAINT(u1, ug, . .., us; D, Dy, ..., Ds), UNARY (u1; D7) }.

Iterating this for each ¢ = 2,3, ..., s yields the desired result. ]

A useful consequence of Proposition 3.11 and Proposition 3.12 shows that additional

unary constraints can always be added to an instance in a reasonable way.

Corollary 3.13.

{ CONSTRAINT(u1, ug, . .., us; D1, Do, . .., Ds), UNARY (u;; Dj) }

— /
= CONSTRAINT(u1, U2, ..., us; D1,...,Di—1,D; N Dj, Djy1,...,Ds).

Recall that the INJECTIVE constraint was introduced in Example 2.29. This is another
constraint that is commonly combined with other constraints. In isolation, the INJECTIVE
constraint has a solution precisely when D contains at least as many different values as

there are variables.

Proposition 3.14. INJECTIVE(uj,usg,...,us; D) has a solution if, and only if, |D| >
\{ul, Uy .- ,us}\.

Proof. If there is a solution then there is an injective function from {uq,us,...,us} to D,
so |D| > |{u1,ua,...,us}|. For the converse, if |D| > [{u1,ug,...,us}| then there is an
injection ¢: {u,us,...,us} — D which is then a solution. O

I discuss combinations of INJECTIVE and UNARY constraints in Section 3.1.3.

3.1.3 More about domains

A variant of the variable-value representation allows the domains of each variable to be
different, so that there is a domain D,, specified for each variable u € V' [24]. The relation

corresponding to scope ¢ is then not a subset of D?(?) but of the product

For the variant with different domains, the requirement that solutions respect constraints

is the same, but the solution is no longer a function V' — D but instead a function

¢I V — U Da(i)

ueV

such that ¢(u) € D, for every u € V.
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Specifying a different domain for each variable is not, strictly speaking, necessary.
The domains do not need to be explicitly specified, as they can be recovered from the
constraints by setting D, = dom(u) for each variable u, using the notion of active domain
in Definition 2.45, or they can be added explicitly as unary constraints UNARY(u; D,,).
Proposition 3.12 shows that UNARY constraints can be used to capture different domains
for each variable in an instance either directly, or by using UNARY constraints. It is
therefore possible to either work with the representation that keeps different domains for
each variable, or with a representation that keeps track of changes to the domains by means
of separate unary constraints.

Allowing different domains corresponds to constraint problems found in practice, and
relates closely to the implementation choices made by standard constraint solvers. However,
the additional precision of allowing different domains is usually not necessary for theoretical
analysis of constraint satisfaction, and a single common domain has generally been preferred
in the literature for notational convenience [32, 33, 31, 147].

The following constraint expresses a requirement that every variable takes a different
value. The possibility that different variables have different sets of values makes this

constraint non-trivial.

Example 3.15 (ALL-DIFFERENT). The constraint

ALL-DIFFERENT (U1, U2, . . ., Upn; D1, Do, ..., Dy)
on variables w1, uo, ..., u, and sets of values D1, Do, ..., D, is satisfied by assignment ¢ if
¢ assigns values a; € D; to u; (for each i = 1,2,...,n), so that no value is repeated. _
Note that INJECTIVE(u1,usg, ..., u,; D) is the special case of ALL-DIFFERENT where all
the domains are D.
Observation 3.16.
INJECTIVE(u1, u2, . . ., un; D) = ALL-DIFFERENT (U1, U2, . .., un; D, D, ..., D).

The following then immediately follows from Observation 3.16 and Proposition 3.12.

Corollary 3.17. Let D =D, UDsU...UD,. Then

ALL-DIFFERENT(U1, U2, . . ., Up; D1, Do, ..., D) = {INJECTIVE(u1, ug, . . ., un; D),
UNARY (u1; D1),

UNARY (ug; D2),

UNARY (n; Dp) }.

In principle, it appears possible to modify the definition of relational structures to

allow a version of the homomorphism representation that corresponds to the version of the
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variable-value representation with different domains. The same effect can be obtained by
using a single set of vertices, and instead simply adding additional unary constraints to the
signature to represent the different domains. This approach was considered previously by
Bulatov and Jeavons, who show that it is reasonable to consider only relational structures
where all relations are defined over the same set of vertices [24, Proposition 1].

On the one hand, if D, = D for every variable u, the single domain variant of the
variable-value representation is obtained as a special case. On the other hand, letting
D = dom(&?) and adding unary constraints UNARY(u; D,,) results in an infrastructure-
equivalent instance with additional constraints {UNARY(u; D,) | u € V'}. T will therefore
often assume a single common domain in this thesis; this is also a common assumption in

the literature.

3.1.4 Different notions of instance equivalence

Nogood equivalence Definition 3.4 of infrastructure-equivalence is an equivalence
relation. It differs from Bessiere’s notion of nogood-equivalence [14, Definition 3.11], which
is a preorder defined by comparing the sets of nogoods. The subproblem preorder of
Definition 3.3 is also slightly more general than the preorder used by Bessiere based on
nogoods, which requires that the sets of variables be the same. I only require a subset
relation.

The difference between the two notions appears most starkly when considering instances
that have no solutions. Any two such instances will have the same set of nogoods (being
all possible partial assignments), while their infrastructures may be far from similar. The

following example illustrates this.

Example 3.18. Consider two instances &7 and &5, both with domain D = [¢] and set
of variables V' = [s], such that ¢ = s — 1. Suppose instance #; has an ALL-DIFFERENT
constraint, while instance &2, has an ALL-DIFFERENT constraint but also a constraint that
requires all variables to be set to the value 1 in a solution. In &, there are props of every
cardinality up to t, while in &%, the only props are all unary partial assignments to 1.

However, &7 and &5 are nogood-equivalent as neither has any solutions. _

Note that whenever two instances are infrastructure-equivalent, then they are also
nogood-equivalent. Nogood-equivalence is therefore a coarser notion of equivalence.
The complexity of nogood-equivalence is also at least as high as that of infrastructure-

equivalence.

Proposition 3.19. Nogood-equivalence is co-NP-hard and in 25. Infrastructure equiva-

lence s in co-NP.

Proof. Nogood-equivalence is in 25 , since an alternating Turing machine can first in its
existential state guess a partial assignment that is a nogood in the one instance but not
the other, and then in its universal state verify it being a nogood by checking whether each

of the complete assignments containing it respects the constraints.
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The NP-complete problem of deciding whether a CSP has a solution, can be many-
one logspace reduced to the problem of deciding nogood-nonequivalence. The reduction
works by adding all unary nogoods to the instance, thereby ensuring it has no solutions;
this instance is nogood-equivalent to the original instance precisely when the original
instance does not have a solution. Hence nogood-nonequivalence is NP-hard and therefore
nogood-equivalence is co-NP-hard.

Infrastructure-nonequivalence can be decided by exhibiting a partial assignment that
can be checked against the constraints in polynomial time. Hence infrastructure-equivalence
is in co-NP. 0

Mutual reducibility Another coarser definition of equivalence of instances was inves-
tigated by Rossi et al. by defining two instances as equivalent when they are mutually
reducible to each other [139]. This highly nontrivial notion of reducibility requires a
mapping from variables in one instance and tuple expressions built from the variables in
the other, and a second mapping involving tuple expressions over sets of parameters that
range over the domains of the two instances. The syntactic form of mutual reducibility
is so general that the complexity of deciding mutual reducibility seems likely to be high.
In its original form, it can capture equivalence between a CSP instance and the result of
applying the dual transformation that is discussed in Section 5.1.4, but I will not deal with
the details of equivalence via mutual reducibility.

It may be worth while to reconsider the notion of mutual reducibility, restricting its
generality to more easily allow analysis of its complexity.

Definition 3.4 has the significant advantage over mutual reducibility that it is purely
syntactic. Whenever &7 is equivalent to &5 by Definition 3.4, then they are also equivalent
by the mutual reducibility definition. The converse is not necessarily true, since mutual
reducibility can equate instances which involve relational structures with different signatures,
such as a non-binary instance & and the result of applying the dual transformation to &

(which is binary).

Same-solution equivalence Another coarser definition of equivalence of instances is
used in the context of database theory. Two conjunctive queries (CSP instances in the first-
order logic representation) are said to be equivalent when they have the same solutions. In
contrast, Definition 3.4 distinguishes between equivalent conjunctive queries with different
infrastructures. When two instances have the same infrastructures they have the same
solutions, and are therefore equivalent in the conjunctive query sense. Note that mutual
reducibility and having the same solutions are not in general comparable as relations
between instances.

All of the different notions of equivalence discussed in this section are illustrated in the

following example.

Example 3.20 (instance equivalences). Let &7; be the CSP instance in variable-value
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representation with variables V' = {u,v}, domain D = {0, 1}, and a set of constraints
containing just a single constraint C' = {((u,v),{(0,0)})}. Let &5 have the same set of
variables V' and the same domain D, but constraints C' U {((u),{(0)})}. Let &3 have the
same set of variables and domain, with constraints C'U {((v),{(0)})}. Finally, let &, have
the same variables and constraints as &7, but with domain {0, 1,2}. The infrastructures
of P, P, and P35 are all different, yet these instances all have the same solution. &,
has the same infrastructure as &1, but these instances differ in terms of Bessiere’s nogood-
equivalence due to the unused domain value 2 in &4. Further, & and &3 are mutually
reducible but &, is not reducible to &2, or #3. Finally, & is a subproblem of both
and &3, but ¥y and &3 are not subproblems of each other. _

In the following I will use Definition 3.3 of subproblems based on the infrastructure,

and the associated infrastructure-equivalence of Definition 3.1, to compare problems.

3.2 Tractable CSPs

An important question in constraint satisfaction is: which classes of CSPs are tractable?

Definition 3.21 (tractability). A constraint satisfaction problem is tractable if it is

decidable in polynomial time. _

By restricting the way a class of CSP instances is specified, it becomes possible to
construct CSPs that are tractable. In Chapter 2, I explicitly excluded from consideration
trivially tractable CSPs that contain only a finite number of instances, or that contain all
but a finite number of instances. However, there are many CSPs that are tractable for
more interesting reasons.

Two main reasons for tractability have been investigated, corresponding to restrictions
of the structure or the language. Some previous work also considered CSPs formed by

means of hybrid restrictions, combining structural and language restrictions.

3.2.1 CSPs from restrictions

A broad class of CSPs can be defined by choosing classes 2 and 8 of relational structures.
A CSP is then defined as CSP(2(,8) in terms of these classes of structures. A CSP instance
is a member of CSP(2(,%8) if there are some S € A and T' € B such that the instance is
the question of whether there exists a homomorphism from S to T'. This defines infinitely

many CSPs, parameterized by the choice of classes 2 and ‘B.

Definition 3.22 (CSP(2(,28)). Suppose 2 and B are classes of relational structures. The
constraint satisfaction problem CSP(2l,B) consists of all CSP instances (S,7") in the
homomorphism representation such that the source structure S is in class 2 and the target

structure 7T is in class ‘B.
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CSP(,B)
Input: relational structures S € A, T' € B

Question: does there exist a relational structure homomorphism from S to T'7

When 2( or B are singletons, I will use CSP(.S,B) to denote CSP({S},B) and CSP(,T")
to denote CSP(2A, {T'}). _

Although the usual treatment of CSP(2(,28) considers only classes defined by some
fixed signature, Definition 3.22 can also be applied to classes of structures which do not
have a fixed signature. Given an instance (S,7T) from CSP(2(,8), when S and T do not
have the same signature then there is no homomorphism from S to 7T, so it is possible to
reject the instance immediately.

If 20 and B both contain finitely many structures, then CSP(2(,8) contains finitely
many instances. When considering problems of the form CSP(2(,B), I will therefore assume
that either 2 is infinite, or B is infinite, or that both 2 and B are infinite.

The CSP consisting of all constraint satisfaction instances in the homomorphism
representation is then sometimes denoted CSP(_, _). The underscore denotes “unrestricted”,
although sometimes additional implicit restrictions are intended, such as restrictions on the
signatures in the CSP, or a single finite domain of values used for all instances. Restricting
either the structure or the language yields the following two types of CSPs that have both

been studied extensively.
Definition 3.23 (restriction).

e A structural restriction is a class 2l of relational structures corresponding to the
class of instances CSP(2, _), which is the structural class defined by 2.

e A language restriction is a class B of relational structures corresponding to the

class of instances CSP(_, ), which is the language class defined by 8. _

Definition 3.24 (equality relation). The binary equality relation =p over domain D
relates all pairs of values where both components are identical. Formally, =p is the set

{(z,z) | x € D}. When the domain is clear, =p is simply written =. _

Definition 3.25 (disequality relation). The binary disequality relation #p over do-
main D relates pairs of values that are different. Formally, #, is the relation {(z,y) |
x,y € Dyx #y} = (D x D)\ (=p). When the domain is clear, #p, is simply written #.

Let 91 be the class of relational structures with a single binary disequality relation
#. DM can then also be thought of as the set of complete graphs { K | s € N}, since by
using the disequality relation, the complete graph Ky = ([s], ([g])) can be expressed as a

relational structure as ([s], #).
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Example 3.26 (CLIQUE as CSP). CSP(91,_) contains all CSP instances where the source
structure is a complete graph, and the target structure is any graph. CSP(M,_) is log-space
equivalent to the problem CLIQUE in Example 2.19; an instance (K, G) of the former

problem corresponds to an instance (s, G) of the latter. _

Example 3.27 (CHROMATIC NUMBER as CSP). CSP(_,91) contains all CSP instances
where the target structure is a complete graph, and the source structure is any graph.
CSP(_,M) is log-space equivalent to the problem CHROMATIC NUMBER in Example 2.20.
The number of colours ¢ in the CHROMATIC NUMBER instance determines the target
relational structure K; of the CSP instance. The input graph in the CHROMATIC NUMBER

instance is the source relational structure in the CSP instance. |

Example 3.28 (GRAPH t-COLOURING as CSP). The number of colours in CHROMATIC
NUMBER can be fixed in advance. This yields a different problem, log-space equivalent
to CSP(_,K;). The problem is NP-complete for any fixed ¢ > 3 but can be decided in
polynomial time for ¢ = 2 [82].

GRAPH t-COLOURING
Input: graph ¢
Question: can each of the vertices of ¢ be assigned one of ¢ colours, so that the

vertices of every edge of ¢4 are assigned different colours?

The following follows immediately from the definitions.
Observation 3.29. CSP(2(,B) = CSP(2A, _) N CSP(_,*B)

Observation 3.29 can be useful if CSP(2(,_) or CSP(_,B) is tractable, since then
CSP(2(,%8) is also tractable. Unfortunately it does not provide any information about
the tractability of CSP(2(,28) when both CSP(2(,_) and CSP(_,B) are intractable. The

following example illustrates an extreme version, where the intersection has low time

complexity even though both single restrictions are NP-complete.

Example 3.30 (INJECTIVE via restrictions). An instance of CSP(,9) requires deciding
if a complete graph can be homomorphically mapped into another complete graph. The
problem CSP(91,M) is log-space equivalent to the INJECTIVE constraint in Example 2.29;
an instance (K, K;) of the former corresponds to an instance INJECTIVE(u1, ug, . . ., us; [t])
of the latter.

Both CSP(M,_) and CSP(_,91) are NP-complete. In contrast, by Proposition 3.14
CSP(M, M) can be solved in linear time, by comparing the number of vertices s in the

source structure and the number of vertices ¢ in the target structure. _

3.2.2 Reasons for tractability: structure

When constraints only interact in limited ways, there is scope to exploit these limitations

to design efficient algorithms. In the extreme case, if variables are completely unrelated by
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any constraints, then they can take any values in their domains, and this can be established
in linear time. At the other extreme, it is possible that every variable interacts with every
other variable by means of a constraint involving both of them, so they limit each other’s
possible values.

To discuss the structural classes, some terminology is needed. Enforcing k-consistency
extends the notion of 1-consistency, requiring any partial assignment involving k — 1
variables to be extendible to some k-th assignment. For CSP instances, the notion of width
relates to how tree-like the structure of the instance is. A class of structures is of bounded
width if there is a finite upper bound on how large the width may be of any structure in
the class.

Several restrictions on the structure of a CSP are known to guarantee tractability.
CSPs which can be solved using the k-consistency algorithm are those with width & [5].

Versions of bounded width that guarantee tractability include binary CSPs with tree
structure [55], binary CSPs with structures of bounded treewidth [49, 57], CSPs with
structures that have bounded generalized hypertree width [71], and CSPs which have cores
with bounded fractional hypertree width [75]. I discuss fractional hypertree width in more
detail in Chapter 7.

Requiring bounded width for structures of a CSP rules out NP-complete CSPs that
are constructed in a manner akin to CSP(9,_). Such CSPs obtain their high complexity
from the arbitrarily large width of the structures in each instance. Intuitively, large width
guarantees that there is a large subproblem in each instance where a large fraction of all
possible combinations of values need to be checked.

More recently, Marx introduced two related width measures called adaptive width and
submodular width [117, 118]. Every class with bounded width by any other measure also
has bounded adaptive and submodular width, and can be decided in polynomial time. In
contrast, there exist classes with bounded submodular and adaptive width for which other
width measures are unbounded, yet such classes can be decided in polynomial time. To
date, adaptive and submodular width together define the most general width measures that
can guarantee tractability, but these measures require the tree decomposition to change
dynamically as the constraint solver makes progress. It is therefore difficult to relate them

to structural classes that are defined statically.

3.2.3 Reasons for tractability: language

Many restrictions of the form CSP(_, ) have been studied. The specific case where B
contains a single structure, is known as the nonuniform problem [104].

The simplest case is when the structures in B are restricted to the signature of one
binary relation. In this case, CSP(_,8) can be solved in polynomial time when B is a
class of bipartite graphs, but is NP-complete otherwise [82].

Another language dichotomy is known over Boolean domains, when all structures in 8

have a domain with just two elements. For the Boolean case, if each structure in B is of
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one of six types identified by Schaefer, then CSP(_,®8) can be solved in polynomial-time,
and is NP-complete otherwise [142].

In both of these cases the class B takes a very specific form, but the class 2 of source
structures is not restricted. The dichotomy conjecture, first posed by Schaefer, states
that these are the only cases, even for domains of larger size: every problem of the form
CSP(_,*B) is conjectured to be either NP-complete or to be possible to solve in polynomial
time [142]. Bulatov showed this conjecture is true for several important cases, for instance
if the domain has three elements [23], but it remains open in the general case.

The language of relations used to express a CSP may also be restricted enough to
guarantee tractability of the CSP. Algebraic properties of the relations provide a unifying

framework for explaining tractability.

Definition 3.31 (language of class of structures). Let 2 be a class of relational structures.
The language defined by 2, denoted I'(), is the class of all relations that occur in some
structure in A: T(A) = Ugeg T'(S). _

Definition 3.32 (structures over language). Let I" be a class of relations. The class of
structures over language I', denoted Struct(I'), is the class 2 of relational structures

constructed only using relations in T', such that S € 2 precisely when I'(S) is contained in

2. |

A CSP instance may possess a linear ordering of the domain of every variable. For
instance, each domain may be some subset of integers, ordered by the usual ordering on

integers. This notion will be used in Chapter 6 in constructing a class of tractable CSPs.

Definition 3.33 (max-closed). Suppose R is a relation of arity r on ordered domains with

the following property: if u and v are tuples of R, then the tuple
(max{ui,ar }, max{ug, as},..., max{u,,a,})

is also in R. In this case R is called max-closed. _

Fix an ordered domain, and let 9t be the class of all max-closed relations with
respect to the domain. A max-closed CSP instance with respect to this domain is then
any instance which has all its relations in 9, i.e. any instance in CSP(_, Struct(9)).
Max-closed instances form a tractable class that is maximal, in the sense that the class
CSP(_, Struct(M)) is tractable, but CSP(_, Struct(9M U {R})) is NP-complete if R is any
relation over the domain that is not max-closed [96].

Cohen and Green further considered those CSPs where the domains of variables of
every instance can be provided with an ordering so that the instance is max-closed [37].
This class is NP-hard to recognise.

Bulatov, Krokhin, and Jeavons have conjectured that CSP(_,Struct(I")) is NP-complete
precisely when I has a particular algebraic property [22, Conjecture 7.5, “tractable algebras

conjecture”]. They conjectured that when this property does not hold, then the witness
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to this algebraic fact can be exploited to construct a polynomial-time algorithm for
CSP(_,Struct(T")).

3.2.4 Reasons for tractability: hybrid

While the restrictions in Section 3.2.2 and Section 3.2.3 are natural from a theoretical
perspective, they do not correspond well to CSPs that occur in practice. The class of
all-different constraints, which is central in constraint satisfaction, falls into no tractable
structural or language class. Yet, it is in itself not difficult to work with — it is possible
to decide whether a solution exists in quadratic time [134]. It turns out that satisfactory
explanations for tractability can be constructed through restrictions that are neither purely
structural nor purely language-based.

The following definition is essentially the same one used by Cohen [34].

Definition 3.34. A hybrid CSP is a CSP that cannot be defined as either a structural

restriction, or a language restriction. _

Some examples of hybrid classes have appeared sporadically in the literature. Dechter
and Pearl considered CSPs that form causal theories, when a solution can be found without
backtracking [50]. These form hybrid classes. Van Beek and Dechter examined row-convex
constraint networks, which are also hybrid [151]. Cooper and Zivny discussed a class
defined by restricting how assignments between three variables may be constrained [40].

Hybrid classes have also been defined indirectly.

Chen, Thurley, and Weyer considered hybrid classes in which both the source and
target structures of each instance have inequalities [26]. For completeness, I show that this

enforces injectivity of solutions.

Lemma 3.35. Let S = (V(S5), (Qi)icr) and T = (V(T), (Ri)icr) be relational structures.
There exists an injective relational structure homomorphism from S to T if, and only

if, there is a relational structure homomorphism from S7 = (V(9), (Qi)ier, #v(s)) to
V7 = (V(T), (Ri)ier: #v(r))-

Proof. Recall the INJECTIVE constraint in Example 2.29.

Suppose ¢ is an injective relational structure homomorphism from S to 7. As ¢ is
injective, it preserves the additional INJECTIVE constraint in (S7,7T7), and is therefore
also a relational structure homomorphism from S# to T%.

Now suppose ¢ is a relational structure homomorphism from S7 to T7. The added
inequality relations in (S/:, T7£) form an INJECTIVE constraint. By Proposition 3.9, the
infrastructure of the CSP instance (S7,T7) then contains all partial assignments that
are injective and that are also props of (S,T). Hence any solution of (S7,T#) is also a
solution of (5,T'), and such a relational structure homomorphism must also be injective.

It follows that the two conditions are equivalent. ]
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Figure 3.1: Hybrid tractability illustrated.

By Lemma 3.35, the classes considered by Chen, Thurley, and Weyer can equivalently
be thought of as defined by source restrictions but over the class of all injective instances,
which each include an INJECTIVE constraint. A similar construction was also used by
Bodirsky and Grohe [18].

The conceptual motivation of investigating hybrid tractable classes is illustrated in
Figure 3.1. Here a hybrid class is shown that is not defined by means of either tractable
structure or tractable language, yet is tractable for other reasons (such as those I discuss
in later chapters). A tractable class defined by language restrictions is shown (max-closed),
and a tractable class defined by structural restrictions is also illustrated (tree). Two
further classes are also illustrated. The class CSP(M,_) is defined by structural restrictions
and the class CSP(_,9) by language restrictions. Neither of these classes is tractable,
but their intersection is tractable because it falls within the hybrid class defined by the
ALL-DIFFERENT constraints. This hybrid class is discussed in Chapter 5, and is shown to

be part of an even larger hybrid class defined in terms of properties of the microstructure.

3.3 Transformations between representations

The representation of the relations of a CSP as sentences of first-order logic is an intensional
description of the nogoods of each relation by means of a formula. The variable-value
and homomorphism representations are extensional, with the relations (or sometimes the
nogoods) explicitly listed as sets of tuples [59].

Starting with the variable-value representation, I now show how to transform between
the three representations.

To set up the transformations formally, a function n(i,j): I x N — [s] is needed to

label the j-th variable appearing in the ¢-th predicate, and the j-th variable appearing
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in the scope of the i-th constraint. It is also convenient to let r; denote p(Q;) = p(R;),
the arity of the i-th constraint or the i-th predicate, and to let @ denote the tuple of all
variables indexed by [s].

3.3.1 Variable-value to first-order logic

The description of the first-order logic representation already provided the transformation.
A primitive positive formula expresses the requirement that each constraint be satisfied, by
means of a conjunction of predicates obtained from the relations in each constraint, each

predicate being applied to the variables in the associated scope.

Source representation Target representation
(Vv,D,C) Ju /\(U,R)EC R(Ul,ag,...,O'p(U))
where

w 1s the list of all variables in V'

3.3.2 Variable-value to homomorphism

To transform the variable-value representation to the homomorphism representation, the
constraints simply need to be rearranged. Instead of pairs containing scopes and relations,
each scope finds a home as a tuple in a relation over the variables in the source structure,

and the corresponding relation over values moves to the target structure.

Source representation Target representation
(V.D,C) (Vi (Qi)ier), (D, (Ri)ier))
where
I={lcj
C = {CZ ’ 1€ I}
ri = p(Cy)
Ci = ((u17u27 SR U’Ti)7Ri)
Qi == {(ulu ug,y ... 7u7“i)}

The set I provides an index into the set C of constraints. The variables are used to

provide the vertices of the source structure, and the domain values are used for the vertices
of the target structure. Note that each of the relations @Q); consists of a single tuple of
variables.

Whenever R; = R; for some distinct indices ¢ and j, then it is possible to remove j
from the index set I, and to replace @); by a new relation @); U Q); containing all tuples
in @; and ;. This process can be continued until each relation only occurs once in the
target structure.

If Q; = Q; for some distinct indices ¢ and j, then it is again possible to remove j from
the index set I, and to replace I; by a new relation I; N R; containing all tuples that R;

and R; have in common.
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Applying these two optional simplifications can make the CSP more compact. However,
it may be desirable to maintain a regular structure or a language containing only a few

relations, and these simplifications are therefore not always desirable.

3.3.3 First-order logic to variable-value

It is straightforward to transform an instance in the first-order logic representation to the
variable-value representation. Each conjunct becomes a constraint. The list of variables
in the relational predicate becomes the scope of the constraint, and the relation symbol

denotes the constraint relation.

Source representation Target representation
Ju /\ZEI R’L (Un(i71), un(i,2)7 ey Un(i7,,.i)) (‘/, D7 C)
where
V ={ui,ue,...,us | u=(up,ug,...,us)}

D= U {{GI,GQ, .o .,ari} ‘ Ri(al,ag, e ,ari)}
C= {((un(i,l)vun(i,2)’ e Un(i)s Bi) [ € I}

3.3.4 First-order logic to homomorphism

It is also straightforward to transform an instance in the logic representation to the
homomorphism representation. This can be seen by first transforming to the variable-
value representation as in Section 3.3.3, then to the homomorphism representation as in
Section 3.3.2.

3.3.5 Homomorphism to variable-value

Given a pair of relational structures with the same signature, the vertices of the source
structure become the variables, the vertices of the target structure become the values, and

each tuple in a source relation generates a constraint.

Source representation Target representation

V(s i) )

<( ( )7(@)6]) (‘/,D,C)
(V(T), (Ri)ier))

where

V=V(9)

D =V(T)
C=U{U{(oR)|oceQi}|icl}

An optional simplification can be used if one wishes to avoid constraints with repeated

variables in the scope. Whenever some variable u occurs in some scope where it has already
appeared, then its second appearance is replaced by a new variable u’ that does not already
appear in the set of variables V. Variable u’ is added to V', and an additional constraint

((u,u’),=) is added to the set of constraints C'. This process can be continued until in each
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scope variables are distinct. This transformation can be applied if the equality relation is
available.

For some restricted classes equality may not be available. In such cases, a scope with
repeated variables can be replaced by a lower-arity scope with no such repeats, by replacing
the associated relation with one that has only those tuples that are equal in the positions

of the repeated variable.

3.3.6 Homomorphism to first-order logic

Transforming from the homomorphism representation to first-order logic is again straight-
forward: first transform to the variable-value representation as in Section 3.3.5, then to

the first-order logic representation as in Section 3.3.1.

3.4 Chapter summary

In this chapter I defined several key concepts, including the infrastructure, subproblems,
infrastructure-equivalent instances, and how constraints can be combined. I also dis-
cussed structural, language, and hybrid tractability in more detail. Finally, I examined
transformations between the standard representations.

I first defined the infrastructure of a CSP instance and the associated notion of
equivalence between instances. I discussed how constraints may be combined, in particular
with the UNARY constraint, and how adding UNARY constraints is related to maintaining
different domains associated with each variable. I contrasted three different notions of
instance equivalence, and discussed their complexity.

I then reviewed classes of tractable CSPs that have been defined using restrictions on
the structure or the language, and some prior work on combinations of structural and
language restrictions.

Finally, I considered the three standard representations that have been used in the
literature. They can be transformed to each other in straightforward ways, since they are
essentially just different syntax.

The following three chapters deal with the rather different microstructure representation
about which I develop new theory, first in the context of general arity and then for fixed

arity. I then modify this representation to allow additional features to be specified.
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Not only is every fact really a relation, but your thought of the fact
implicitly represents it as such.

—C. S. Peirce, The Critic of Arguments, 1892. §417.

Microstructure representation

In the next three chapters, I discuss the microstructure representation. This representation
captures all the information about a CSP instance in a single structure. There are two
versions of the microstructure representation, either by means of instance props in the
microstructure, or via instance nogoods in the clause structure.

Sometimes a fixed upper bound is assumed on the arity of relations that appear in a
CSP instance, as in the following chapter. I allow CSPs of arbitrary arity in this chapter.

In Section 4.1 I first define literals and how they are combined in the microstructure
representation. I discuss the microstructure and the clause structure. These collect together
sets of literals, forming partial assignments.

In Section 4.2, I then discuss some applications of the microstructure representation.
Props of the CSP instance correspond to independent sets in the clause structure, and to
down-cliques in the microstructure. The microstructure representation can sometimes be
drawn as pictures to aid understanding. Section 4.3 deals with examples.

Transformations to the microstructure representation are treated in some detail in
Section 4.4. After briefly discussing how instance size changes via such transformations,
I cover some standard techniques to normalise instances in Section 4.4.1, and in Sec-
tion 4.4.2, discuss how combinations of constraints affect the microstructure representation.
Section 4.4.3 covers the link between the clause structure of a CSP instance and a SAT
instance that is obtained by applying the direct encoding transformation to the instance.
Finally, in Section 4.4.4 I develop an alternative way of understanding the microstructure
as a product of augmented relational structures. These are obtained by augmenting both
the source and target relational structures with one additional equality relation, together

with relational structure complementation.
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4.1 Building a representation from literals

Microstructures are collections of facts, represented as structures with literals as vertices.

I first review the definitions of partial assignments and nogoods in terms of literals.
Each literal corresponds to a fact about a variable-value pair. An assigning literal is a
proposition allowing a particular value to be assigned to that variable, and an avoiding

literal is a proposition forbidding a particular value from being assigned to that variable.

Definition 4.1 (literal). A literal is a pair (u,a,,), where u is a variable and a,, € D,, is
a value in the domain of u. This represents a proposition of the form (u = a,,) (called an

assigning literal) or (u # a,,) (an avoiding literal). _

Props and nogoods are sets of literals; props are sets of assigning literals and nogoods are
sets of avoiding literals. Every partial assignment is a set of assigning literals. Conversely,
when a set of assigning literals is a function, then it is a partial assignment. Whether a
literal is assigning or avoiding will be clear from the context.

A partial assignment of literals is a set of pairs, so it is a relation over the Cartesian
product of the set of variables and the set of values in the instance. Moreover, a partial
assignment of literals is by definition a function.

Recall that the infrastructure of a CSP instance is the set of all props. The infrastructure
of a CSP instance therefore consists of partial assignments, each of which is just a set of
assigning literals. The infrastructure of an instance &2 with variables V' and values D can
then also be regarded a hypergraph with vertices V' x D, and with the set of all props
as the edges. Each of the representations considered in previous chapters represents the
potentially exponentially many partial assignments in the infrastructure in a more or less
compact form.

Literals are used to assemble a representation of a CSP instance. The choice of whether
literals are assigning or avoiding is made once for the representation. Assigning literals
are used in the microstructure and avoiding literals in the clause structure, and I refer to

either of these as the microstructure representation. These are now discussed in turn.

4.1.1 Microstructure

Recall that an instance prop is a prop with the same variables as those of some constraint.

The instance props are those which are directly specified in the CSP instance.

Definition 4.2 (microstructure). The microstructure of a CSP instance & with vari-
ables V' and values D, denoted MS(£?), is the hypergraph with vertices V' x D and the set
of instance props of & as edges. _

By definition, the edges of the microstructure form a subset of the infrastructure, and
the microstructure can be regarded as a subhypergraph of the infrastructure.
It is sometimes useful to add anything-goes constraints to a CSP instance. When such

constraints involve variables that are not already constrained, then adding such constraints
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does not change the infrastructure of the instance; a formal proof of this is postponed to
Corollary 4.22. It can be helpful to force the microstructure to include such props, by

including all the implicit anything-goes constraints of relevant arities in the instance.

Definition 4.3 (explicit CSP instance). Suppose & is a CSP instance of arity r (so it
has some constraint of arity r and no constraints of arity larger than r). The instance
Z is explicit if it includes a constraint involving every set of 7’ distinct variables, where
1 <1 < r. Given a CSP instance & of arity r, the explicit version of & is the
explicit instance & obtained from £ by adding anything-goes constraints to all otherwise

unconstrained sets of v’ variables of 22, for every 1 <71’/ <.

Note that the explicit version of a binary CSP instance is no longer binary, since it has
an anything-goes unary constraint for each variable. Also note that only one anything-goes
constraint is added per subset of variables; this can easily be achieved by choosing the
scope for each such constraint that is lexicographically smallest in some arbitrary ordering
of the variables.

Further, note that the instance props are not meaningful in isolation. Individually they
simply specify that a partial assignment may be possible, but the assignment may violate
a different constraint.

However, the collection of all instance props provides a lot of information when it
is considered as a whole. For each constraint, only those partial assignments defined by
the constraint are possible; everything else violates the constraint. Hence the practical
value of the instance props is really in the partial assignments they forbid: these are the
instance nogoods. I now turn to a representation in which the instance nogoods are in the

foreground.

4.1.2 Clause structure

A clause is a set containing avoiding literals.

Definition 4.4 (clause). A clause ¢ is a set of avoiding literals, representing a proposition

of the form (u;, # a;,) V-V (u;,. # a;,.), where u;,, ..., u; are variables (not necessarily
all distinct), and v;,,...,v;. are values (again not necessarily all distinct). _
A clause ¢ = {(u1,v1), (u2,v2), ..., (ur,v,)} is associated with the proposition

¢ =\/ ((ur # v1) V (ug # v2) V -+ V (up # vy))
which is equivalent to
dp=-((ug =v)A(ug =v2) A= A (upr =vy)),

the negation of the proposition ((u; = v1) A (ug = v2) A -+ A (ur = v,)), which is associated
with the partial assignment {(uy,v1), (u2,v2),..., (ur,v.)}. A clause can therefore also be

regarded as a set of assigning literals that violates some partial assignment.
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A clause is a set of literals, so it forms a relation over the Cartesian product of the
set of variables and the set of values. A clause is not necessarily a function, and it will
be convenient not to force clauses to be functions by definition. Instead, to capture the
notion that every partial assignment is a function, either this requirement can be enforced
by means of colours, as done in Chapter 6, or additional clauses can be recorded forbidding

multiple values being assigned to the same variable by any partial assignment.

Definition 4.5 (variable clause). A variable clause for variable u is a clause of the form
{(u,a1), (u,az)} representing a proposition of the form (u # a1) V (u # az), where a; # as.
The variable clauses for a variable u consist of all variable clauses for all possible pairs
v1 # v9 of values vi,v9 € D,. The variable clauses of a CSP instance are formed as the

union of all variable clauses for each variable « in the instance. _]

Recall that an instance nogood is a nogood with the same variables as those of some

constraint. The instance nogoods are those which are directly specified in the CSP instance.

Definition 4.6 (clause structure). The clause structure (or microstructure comple-
ment) of a CSP instance & with variables V' and values D is the hypergraph with literals
V x D as vertices, and instance nogoods and variable clauses of &2 as edges. The clause
structure is denoted CS(2?). |

To ensure the instance nogoods in the clause structure are functions, the additional
variable clauses are included in the clause structure, disallowing any variable being assigned
more than one value. Because the clause {(u,a), (u,b)} cannot be extended to a solution
for any variable v and any distinct values a,b € dom(u), it is a nogood. The collection of

all such pairwise clauses forms an important part of the clause structure.

4.1.3 Microstructure representation

The microstructure representation refers to either the microstructure, containing
partial assignments that are instance props; or the clause structure, containing instance
nogoods and variable clauses to enforce that solutions only have one value assigned to each
variable.

It will be clear whether the context is the microstructure or the clause structure of a
CSP instance. In a set of clauses, the literals are all avoiding; in a set of partial assignments
the literals are all assigning. Instead of interpreting clauses as logical formulae, a clause
forms an edge in the hypergraph which has the set of all literals as its vertices. One of the
semantics for edges needs to be chosen, either partial assignments (for microstructure) or
clauses (for clause structure).

The interpretation of the microstructure relies on a closed-world assumption, in
which partial assignments not explicitly allowed by the constraints are forbidden. Hence in
a CSP instance each constraint relation specifies all possible combinations of values for the

associated constraint scope, and all tuples not in the constraint relation specify instance
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nogoods. Equivalently, any partial assignment that is not contained in some prop defines
an instance nogood.

In contrast, for the clause structure an open-world assumption is appropriate. In
a CSP instance each relation specifies information that is known so far, but the arrival
of new nogoods may have to be accommodated. Each new nogood may cause some
possible solutions to violate the constraints. Even if a nogood introduces a literal that
wasn’t previously in the microstructure, then that nogood can simply be added to the
microstructure by adding a new constraint to the instance, forbidding that single nogood.
No new solutions are introduced in this way, but no existing solutions are removed either. In
other words, the clause structure allows the graceful monotonic addition of new information.

Because the set of nogoods naturally admits addition of additional nogoods, while
incorporating new constraints in the infrastructure may require additional information
about the nogoods implied by any new prop, it can be argued that the clause structure is a
more natural representation for CSP instances than the microstructure. However, when the
constraint relations are small compared to their complements, then the microstructure may
require much less space. Similarly, when only a few tuples are not present in each constraint
relation, the clause structure requires less space to represent than the microstructure.
These differences can be large enough that they result in changing the complexity of the
CSP [87]. It is therefore not reasonable to restrict attention to only the microstructure or
only the clause structure.

The microstructure and the clause structure represent the information that is explicit
in the instance description. Collections of clauses that include implicit clauses form a
useful abstraction of the collection of all information available at any stage of the process of
looking for a solution. Knowledge about the CSP instance, through the instance nogoods
specified in the instance together with those nogoods that have been found during search,
forms a set of clauses that approximates the set of nogoods. If by a systematic process of
testing each possible clause is checked for being a prop or a nogood, the set of nogoods
is obtained, and in tandem its complement the infrastructure. However, this set has
exponential size in the general case, so such a procedure is not useful for practical reasons.
In special cases either the infrastructure or the set of nogoods may be small, but together
they contain all subsets of variable-value assignments which has exponential size in the
number of such assignments.

The microstructure specifies an over-approximation of one part of the infrastructure. It
consists of those partial assignments defined by the constraints, and some of these may
actually be nogoods. Even if a partial assignment is an instance prop, further search may
establish that it is actually an implicit nogood. On the other hand, the clause structure is
an under-approximation of the part of the set of nogoods that relates to the constraints,
and therefore of the set of nogoods: some nogoods are usually not explicit, and may need
to be discovered while attempting to find a solution.

The partial assignments or clauses in the microstructure and the clause structure can
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name microstructure infrastructure clause structure explicit nogoods
literal semantics | assigning assigning avoiding avoiding
scopes instance only  all scopes instance only all scopes

Table 4.1: The structures associated with the family of microstructure representations.

be represented in various ways. For the purposes of this chapter both of these variations
on the microstructure representation may be hypergraphs. In Chapter 5 I will consider the
case where all constraints are at most binary, which leads to microstructures and clause
structures that are graphs. In Chapter 6 I will treat the microstructure representation of
binary instances as vertex-coloured graphs.

The collection of all explicit nogoods contains all partial assignments that are not
props, so it forms the complement of the infrastructure with respect to the set of all partial
assignments. I mention this form of the microstructure representation for completeness of
the following table, but will not discuss it further.

Table 4.1 provides a summary of how the two main features differ between the different
collections of partial assignments that feature in the microstructure representation family.
The first main feature is which semantics is used for literals, either assigning or avoiding.
This determines whether the partial assignment is allowed or disallowed, respectively.
The second feature is whether the partial assignments in a form of the microstructure
representation correspond to only those scopes that appear in the instance, or whether all

scopes are considered.

4.1.4 Graphical notation

It is often useful to draw pictures illustrating microstructures, infrastructures, clause
structures, and the set of nogoods. These are all hypergraphs on the set of literals. Each
vertex is a literal, and the edges are partial assignments that are either props or nogoods
(depending on whether the picture represents the microstructure or the clause structure).
A vertex is represented as a dot ¢ and an edge is represented either by dots connected by
a line *—= or a region enclosing some dots ¢__® or a shaded region enclosing some dots

e ¢ ¢ where the choice of line, region, or shaded region is not significant but simply
serves to differentiate different edges visually. I also adopt the convention that the literals
corresponding to one variable are all collinear, forming a vertical line containing all the
dots relating to that variable. I provide pictures of the microstructure representation for
several examples in the next section.

There are two non-obvious consequences of the definitions, which affect the pictures
of the microstructure representation. In the microstructure additional edges are needed
to record anything-goes constraints between unconstrained sets of variables, if it is de-
sired to maintain the correspondence between props of the instance and down-cliques in
the microstructure. The clause structure does not require anything to be done about

unconstrained sets of variables, but additional edges are needed in the clause structure to
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record the variable clauses between literals with the same variable. In either version of the
microstructure representation, the visual clutter of the additional edges reduces the utility
of drawing pictures of the microstructure representation except for quite small instances.

In the microstructure there are edges for each partial assignment that is an instance
prop. By definition, when a set U of variables is not wholly contained as a subset in the
underlying set of any constraint scope, then every partial assignment that is defined on U
is a prop. In particular, if every constraint has arity at most » but U contains more than r
variables, then the microstructure contains an anything-goes constraint on a scope with set
U. This feature of the definition makes it difficult to represent microstructures graphically,
as there are typically many edges defined by these anything-goes constraints, and they
form dense collections of edges. In practice, such anything-goes props can be omitted from
pictures of the microstructure, but it is important to keep in mind their implicit presence
if they are omitted.

In the clause structure there are edges for each partial assignment that is explicitly
disallowed by some constraint. In addition, there are additional edges to enforce the
variable clauses requiring that each variable may only be assigned at most one value. These
additional edges form cliques of binary edges connecting all the vertices that have the
same variable. I will often indicate such a clique of variable clauses by shading the region
containing the vertically collinear literals for that variable, or by enclosing literals with the
same variable by a vertical oblong (which for this application should not be interpreted as
a clause).

Unlike the microstructure, the clause structure does not use additional edges for
anything-goes constraints between variables that are not constrained. In the clause
structure, if a set of variables does not appear as the set of any constraint scope, then
there are simply no edges involving all those variables.

The microstructure representation is usually difficult to present graphically. However,
for small instances and instances with a lot of regular structure it is possible to use pictures
for the microstructure representation. The next section discusses several examples, for

many of which the microstructure representation can be presented graphically.

Example 4.7 (nogoods illustrated). The microstructure of the CSP instance

({u17 u?}’ {07 1}7 {((u1)7 {(0)7 (1)})’ ((u17 u2)) {(07 1)}) })

in variable-value representation contains edges {(u1,0), (u2,1)}, {(u1,0)}, and {(u1,1)}.
These are precisely the partial assignments specified in the instance description, illustrated
in Figure 4.1. The only clauses explicitly forbidden by the instance description are those
illustrated in the clause structure in Figure 4.2, including the variable clauses. An implicit
anything-goes constraint ((uz), {(0),(1)}) involving the variable us would be added to the
microstructure of the explicit version of this instance.

Note the unary props in the microstructure. Usually unary constraints are removed by

means of a preprocessing step, as discussed in Section 4.4.1. _
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ur U2 up U2

Figure 4.1: Microstructure of Figure 4.2: Clause structure of CSP
CSP instance in Example 4.7. instance in Example 4.7.

4.2 Solutions in the microstructure representation

The microstructure representation has some interesting properties. I first discuss the
relationship between partial solutions of a CSP instance with sets of vertices in its mi-
crostructure representation that form cliques or independent sets, and the appropriate
decision problem associated with the microstructure representation.

The following definition of independent set generalizes the usual definition for graphs
(see Section 2.2.3) to hypergraphs, and appears to date back at least several decades [112].
I introduce the down-clique notion as the natural counterpart of an independent set in a

hypergraph.
Definition 4.8.

1. An independent set in a hypergraph is a subset of the vertices which does not
contain any edge in the hypergraph as a subset. An independent set containing s

vertices is an s-independent set.

2. A down-clique in a hypergraph is a subset X of the vertices such that every non-
empty subset Y of X forms an edge in the hypergraph. A down-clique containing s

vertices is an s-down-clique.

Note that Definition 4.8 requires a hypergraph to contain all non-empty subsets of
any of its down-cliques as edges. In comparison, the definition of a clique in a graph (see
Section 2.2.3) only requires all subsets of cardinality two to be edges. This discrepancy
can be resolved as follows. Consider the graph G = (V, E). Let ET contain all singleton
edges and all subsets U C V that form cliques in G, to form a hypergraph G* = (V, E™).
Note that E* contains precisely the same edges of cardinality two as does E. Then X is a
down-clique in G precisely when X is a clique in G. I will therefore elide the distinction
between down-clique and clique when discussing graphs.

X is an independent set in a graph G if, and only if, X forms a clique in G. For
hypergraphs and their complements, an analogous relationship holds between independent
sets and down-cliques, by Definition 4.8. (Definition 2.12 defines the complement of a

hypergraph, and recall that hypergraphs contain only non-empty edges.)

Observation 4.9. X is an independent set in a hypergraph G if, and only if, X forms a

down-clique in the complement G of G.
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A solution ¢ to a CSP instance is a function mapping the set of variables to the set of
values. Each tuple in ¢ is therefore of the form (u, ¢(u)), where u is a variable and ¢(u) is
the corresponding value assigned to u by ¢.

In the microstructure of an explicit binary CSP instance & with variables u1, uo, . .., ug,
a solution is a set of literals ¢ = {(u1, ¢(u1)), (u2, p(uz)),. .., (un, #(us))}, such that for
every pair of distinct literals (u,a) and (v,b) in ¢, the tuple ((u,a), (v,b)) is an edge of
MS(22). Note that this means no two literals in ¢ have the same variable, so ¢ contains
precisely n literals, each with a different variable. This then means that ¢ forms a clique

in MS(#?), an observation that has been made before.

Proposition 4.10 ([97, Property 2]). ¢ = {(x1,a1), (z2,a2),...,(2n,an)} is a solution to
a binary CSP instance with n variables if, and only if, ¢ forms a clique in the microstructure

of the explicit instance. _

Similarly, in the clause structure every pair ((u,a), (v,b)) in ¢ must not be an edge
of CS(Z?), so ¢ forms an independent set in CS(2?). Combining Observation 4.9 with a

version of Proposition 4.10 for CSP instances of general arity yields the following.

Proposition 4.11. Suppose & is a binary CSP instance with s variables ui, us, ..., Ug

which has no constraints with repeated variables in any scope. The following are equivalent:
1. ¢ = {(u1,a1), (u2,a2),..., (us,as)} is a solution to 2,
2. ¢ is an s-cliqgue in MS(PT), or
3. ¢ is an s-independent set in CS(P).

Proof. First I will show (2=-1). Consider an s-clique ¢ in the microstructure of the explicit
version of &2, and let {(u;,v;), (uj,v;)} be a pair of distinct literals in ¢. Since every
constraint in & involves a scope with no repeated variables, and this pair is an instance
prop of 7, it must be the case that u; # u;.

Since ¢ is a clique, this pair is an edge of the microstructure of 2T, If this pair comes
from some anything-goes constraint, then there is no other constraint with scope having
variables u; and u;, so ¢ does not violate any constraint involving variables u; and u;.
Similarly, if this pair is an instance prop of &2, then ¢ again violates no constraint involving
variables u; and u;.

Since the choice of the pair of distinct literals in ¢ was arbitrary, ¢ violates no constraint
of #. Hence ¢ is a prop. Further, the list uy,us,...,us must contain s distinct variables.
Therefore ¢ must be a complete assignment and hence a solution.

For (1=2), suppose ¢ is a solution to &?. Hence ¢ is a function, and u; # u; whenever
i # j. If (us,v;) and (uj,v;) are distinct literals of ¢ then u; # wuj, so {(ui, v;), (uj,v;)} is
either a prop of &, or there is no constraint with scope containing both u; and u;. Hence
¢ must form a clique in the microstructure of 2.

The remaining implications follow since a clique in a graph G is an independent set in

G, and vice versa. O
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Proposition 4.11 extends to CSP instances with no restriction on arity.

Proposition 4.12. Suppose & is a CSP instance with s variables ui,us,...,us. The

following are equivalent:
1. ¢ = {(u1,a1), (u2,a2),...,(us,as)} is a solution to 2,
2. ¢ is an s-down-clique in MS(2T), or
3. ¢ is an s-independent set in CS(2).

Proof. The proof is completely analogous to that of Proposition 4.11, with the focus on
instance props of arbitrary arity instead of just pairs of literals. Two additional ingredients
are required, first to recall Observation 2.41, that any subset of a prop is itself a prop, and

second to recall Observation 4.9. O

It is also possible to weaken the notion of solution in a natural way. Consider the

following optimisation problem.

MaxiMUM PArTIAL CSP
Input: CSP instance (S,T") in homomorphism representation
Output: W C V(S), function ¢: W — V(T') forming a relational structure
homomorphism from S[W] to T'

Criterion: maximize |WW|.

Stated differently, MAXIMUM PARTIAL CSP requires a largest partial homomorphism
from S to T. A solution will clearly be a largest such partial homomorphism, but this
formulation allows smaller partial homomorphisms that do not assign all the variables
to values. It is therefore a way to capture “near-solutions”. The decision version of this

problem is:

ParT1iaL CSP
Input: positive integer k, CSP instance (5, 7") in homomorphism representation
Question: is there a subset W C V(5) of size at least k, and a relational structure

homomorphism from S[W] to T?

It is clear that Proposition 4.12 can be extended to apply to props instead of solutions.
Props are just down-cliques in the microstructure of the explicit version of the instance, or

independent sets in the clause structure.

Corollary 4.13. Suppose & is a CSP instance with s wvariables uyi,uo,...,us. The

following are equivalent:

1. ¢ ={(u1,a1), (ug,a2),...,(us,as)} is a prop of 2,
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2. ¢ is an s-down-clique in MS(2T), or
3. ¢ is an s-independent set in CS(P).

Note that the usual CSP decision problem for the homomorphism representation can be
trivially transformed into PARTIAL CSP, by setting k = |V (9)]. It follows that PARTIAL
CSP is NP-complete, and that MAXIMAL PARTIAL CSP is NP-hard.

Due to the way I have defined the microstructure, down-cliques in the infrastructure are
solutions, but solutions do not have to be down-cliques in the microstructure. This is why
the explicit version of the instance has to be used, to include the implicit anything-goes
constraints in the microstructure for the purposes of checking for down-cliques. The
microstructure may contain exponentially many partial assignments if the anything-goes
constraints are included, and may thus be too large to manipulate. I will not concern myself
with this issue: instead, for arity greater than 2 it is enough to observe that characterizing

solutions as independent sets in the clause structure is a more useful transformation.

4.3 Examples

I now provide some examples of the microstructure representation.

Example 4.14 (ternary CSP instance). This example illustrates the microstructure
representation of a CSP instance with three variables and a single constraint of arity 3,

presented in the variable-value representation:

({u,v,w}, {0,1}, {((u,v,w),{(0,0,1),(0,1,0),(1,0,0)}) }) .

0 @ D)
Figure 4.3: Microstructure and clause structure of CSP instance in Example 4.14.

In the microstructure the highlighted prop is {(u, 0), (v, 0), (w, 1)}; this is also a solution.
In the clause structure the highlighted instance nogood is {(u,0), (v,1), (w, 1)}. |

Example 4.15 (microstructure and clause structure of INJECTIVE). The INJECTIVE
constraint was introduced in Example 2.29. There are two common ways to represent
this constraint as a CSP instance; these both have the same infrastructures. (I post-
pone a proof of this to Proposition 5.8.) Using the definition, the instance props of
INJECTIVE(u1, ug, . .., u,; D) are partial assignments ¢: {uj,ug,...,u,} — D which are
injective functions. These props all have size n. The microstructure then consists of all of

these instance props. If |D| > n then there are |D|!/(]D| — n)! such instance props while if
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|D| < n then the microstructure contains no instance props. The instance nogoods are
the partial assignments of this form which are not injective. There are |D|™ — p instance
nogoods, where p is the number of instance props. The clause structure is formed by these
instance nogoods together with all binary variable clauses {(u,ay), (u,a2)} where a; and
ao are distinct values in D. There are n(‘g |) such variable clauses in the clause structure.

Another representation, using binary constraints only, is discussed in Example 5.9. _
A unary constraint restricts the values that a variable may take.

Example 4.16 (microstructure of ALL-DIFFERENT+UNARY). A unary constraint can
be thought of as a removal of some values from the domain of the variable to which the
constraint is applied. I refer to combinations of a single INJECTIVE and an arbitrary number
of unary constraints as ALL-DIFFERENT4+UNARY. This provides an appropriate model for
the case when there is an ALL-DIFFERENT constraint specified over some scope, and during
search some values are removed from the domains of some of these variables. For domain
size d, the microstructure of ALL-DIFFERENT+UNARY has regular arity d, and consists of
all d-tuples of literals, where the value of every element of the tuple is different. Further,
there are unary constraints which restrict the values that some of the variables may take:
effectively the unary constraints remove some literals from the microstructure, together
with any edges that include those literals.

As a more specific example of this, let D = {0,1,2}. Figure 4.4 illustrates the

microstructure of a particular instance of ALL-DIFFERENT:
ALL-DIFFERENT(u, v, w; D, D, D),

which has 3 variables each with domain {0, 1,2}. This microstructure has 6 edges. The
clause structure of this CSP instance has 3% — 6 = 21 edges as well as 9 additional variable
clauses. The clause structure is not useful to illustrate. It is also not generally useful
to illustrate larger examples. Sensibly drawing hypergraphs with a non-trivial number
of edges is a long-standing challenge, and is beyond the scope of this thesis. Figure 4.5
illustrates an instance of ALL-DIFFERENT+UNARY:

{ALL-DIFFERENT (u, v, w; D, D, D), UNARY (u; {1,2})} .

As with Figure 4.4, there are again 3 variables and a common domain of size 3, but in
addition there is a unary constraint that restricts variable u to take only values 1 or 2.
After removing the literal (u,0) and the two edges that include it, the microstructure then
has 4 edges. The clause structure has 2 x 3 x 3 —4 = 14 edges and 7 additional variable
clauses, and is not useful to illustrate.

The six hyperedges of the microstructure in Figure 4.4 are {(u,2), (v,1),(w,0)},
{(u,2), (v,0), (w,1)} (this edge is highlighted), {(u, 1), (v,2), (w,0)}, {(u, 1), (v,0), (w,2)},
{(u,0), (v,1), (w,2)}, and {(u,0), (v,2), (w,1)}. The last two hyperedges are missing from
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2 2

1 1

0 0

Figure 4.4: Microstructure Figure 4.5: Microstructure of
of ALL-DIFFERENT with 3 ALL-DIFFERENT+UNARY with
variables and domain size 3. (u,0) and its edges removed.

the the microstructure in Figure 4.5, since they both include the literal (u,0) which is

forbidden by the unary constraint. _

In the following chapter I will consider a second way to capture ALL-DIFFERENT+UNARY,
using binary constraints only.

In a realistic implementation, the microstructure of ALL-DIFFERENT+UNARY would not
be represented as a number of tuples that is exponential in the square root of the instance
size. Instead, it would be preferable to represent ALL-DIFFERENT+UNARY intensionally.
In such a representation the microstructure would be a black box, in the form of an oracle
that can be queried. For a given tuple, the oracle would indicate whether it is allowed
by the ALL-DIFFERENT+UNARY constraint, by checking whether the input tuple satisfied
the ALL-DIFFERENT constraint by checking the components pairwise, and then checking
against the UNARY constraints in effect. This could be done with a number of comparisons
that is at most cubic in the arity of the ALL-DIFFERENT constraint.

I next discuss one of the examples introduced in Chapter 2, the Sudoku problem. It is

naturally modelled using unbounded arity constraints.

Example 4.17 (microstructure of Sudoku). Each Sudoku instance consists of a grid of
squares, with ALL-DIFFERENT constraints for each row, column, and block. An ALL-
DIFFERENT constraint applied to n variables is a n-ary constraint, encoding the n-ary
instance nogoods. In the next chapter I represent the ALL-DIFFERENT constraints as
cliques of binary inequality constraints.

For 9 x 9 Sudoku, the ALL-DIFFERENT constraints result in 9! = 362, 880 instance props
or 99 — 9! = 387,057,609 instance nogoods.

For generalized Sudoku, there are k* squares, with k2 squares in each row, column, and
block. This yields (k2)! instance props and (k2)¥* instance nogoods. As (k2)F* —(k2)! > (k2)!
as long as k > 1, the microstructure always contains fewer edges than the clause structure.

Now k2 ALL-DIFFERENT constraints are required for each of the k2 rows, k% columns,
and k2 blocks, a total of 3(k?)(k?) = 3k* ALL-DIFFERENT constraints, or 3k*(k?)! instance
props. The size of the instance is 2k*log k in this case, and the microstructure contains

3k*(k?)! partial assignments.
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The microstructure has also been used in work on computer vision [93] and robotics [2, 3].
In such cases the underlying constraint satisfaction problem is implicit, being expressed as
a system of mutually compatible assignments. I am not aware of any previous discussion
of the implicit use of the microstructure in such problems. It may be possible to use the
microstructure to make explicit the use of constraint satisfaction in applications that are

currently regarded as unrelated to constraints; I leave this for further work.

4.4 Properties of the microstructure representation

The size of the microstructure of a binary CSP instance can be significantly larger than the
size of the variable-value or homomorphism representation. However, the increase in size
cannot change the tractability of the CSP once it is transformed to a problem involving
down-cliques in the microstructure representation. A CSP is tractable with one of the other
representations precisely when it is tractable in terms of the size of the microstructure for
the transformed problem. If the CSP is NP-complete in one of the other representations,
then it will remain so when the instance size is measured in terms of the microstructure
for the transformed problem.

The size of the microstructure is closely related to the size of the original instance, as
long as it is given extensionally (as is usual in the complexity-theoretic literature on CSPs).
Unlike the infrastructure, the microstructure always has size that is polynomially related
to the input size, if the instance description is one of the three standard ones I introduced
in Chapter 2. With a given number s of variables in the instance, and at least 2 values
for each variable, the infrastructure contains an exponential number of props (in s), while
most inputs of interest only have polynomially many instance props (in s).

In the variable-value representation, there is a one-to-one correspondence between tuples
that appear in constraint relations, instance props, and the edges of the microstructure.
Fach tuple in a constraint relation corresponds to a single edge of the microstructure, and
every edge in the microstructure corresponds to a single tuple in some relation. This means
that the microstructure representation is not significantly larger than the variable-value
representation, so results about the complexity of CSPs in variable-value representation
carry over to microstructures.

I now discuss some normalisations that are useful (and may sometimes be necessary),

and how the microstructure representation is affected by combining constraints.

4.4.1 Normalisation

Two kinds of normalising transformations have the aim of simplifying how an instance is
represented and how it is analysed.

First, by Proposition 3.9, if there are several different constraints with the same scopes
or scopes that are permutations of each other, then they can be replaced by a single

constraint on the same scope with its constraint relation being the intersection of the
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corresponding relations (permuted, if necessary, to match any permutation applied to the
associated scope). As is common practice, I will assume that this transformation is always
performed [14].

Note that if this transformation is applied to a SAT instance (see Section 4.4.3), then
the result is an instance of the so-called generalized satisfiability problem [142]. This is
simply a CSP instance with a domain of size 2.

A second kind of normalisation is to remove unary constraints from an instance. Recall
that a binary CSP instance is 1-consistent if there is no variable u and value a € D,,\dom(u).
This means that the unary constraints in a 1-consistent CSP instance do not change the
instance in any way, and can be disregarded.

Enforcing 1-consistency can be extended to more involved kinds of local consistency,
and I now discuss these. I base the following definition on the microstructure representation,

rather than the usual (and equivalent) direct formulation [14, Definition 3.24].

Definition 4.18 (generalized arc-consistency). A literal (u, a) is supported in a constraint
(0, R) if u occurs in o, and there is a partial assignment ¢ so that ¢(c) € R and ¢(u) = a.
A CSP instance is generalized arc-consistent or GAC if every literal (u,a) in the

microstructure is supported in every constraint. _

When ALL-DIFFERENT is applied to large scopes (in other words, its arity is large)
then it is actually preferable in practice to maintain an ¢mplicit representation of the
underlying disequality relation. It is possible to access the information encoded by the
relation efficiently, while avoiding storing the large number of tuples. In particular, it is
possible to maintain GAC efficiently [134, 64]. This insight forms the starting point of the
theory and practice of global constraints.

Generalized arc-consistency is often encountered in its binary form. I now give its usual
definition for completeness, but it can also be stated as a special case of GAC, or directly

in terms of the microstructure.

Definition 4.19 (arc-consistency). A binary CSP instance is arc-consistent if for every

)
variable u and value a € dom(u), for every variable v distinct from u and constraint

((u,v), R), there is some b € dom(v) such that (a,b) € R. _

Removing unary constraints is usually done as part of the routines that enforce 1-
consistency. Moreover, 1-consistency is usually performed at the same time as the process

that enforces arc-consistency [63].

Observation 4.20. After normalisation, the microstructure and clause structure of a binary
CSP instance will both be graphs.
4.4.2 Microstructure representation of combined constraints

As discussed in Section 3.1.2, CSP instances are often constructed by combining separate
constraints. The microstructure representation of a CSP instance can also be constructed

by combining the microstructure representations of each separate constraint.
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The union of hypergraphs G and H is the hypergraph (V(G) UV (H), E(G) U E(H))
and is denoted G U H. The intersection of hypergraphs G and H is the hypergraph
(V(G)NV(H),E(G)N E(H)) and is denoted G N H.

Proposition 4.21. If 2, = (V,Q;), (W, R;)) are CSP instances in the homomorphism
representation for each i € I, then the clause structure of the CSP instance & =
(V) (Qi)ier), (W, (R;)icr)) consists of the union of the clause structures of each of the
P ’s:
cs(2) = J cs(#).

i€l
Further, the microstructure of 22+ is the intersection of the microstructures of the explicit
versions of the &;’s:

MS(2%) = MS(2}).

el
Proof. First, suppose that ¢ is an edge of CS(Z?). Then this is an explicit nogood, and
there must be some constraint of &2 on the same variables as ¢ that is violated by ¢. This
constraint must occur in some %, so ¢ is an edge of CS(%%). Hence ¢ € |J;c; CS(Z%).
For the reverse containment, it is clear that an edge that occurs in any of the clause
structures of the constituent constraints corresponds to a clause, so it will be an edge of
the microstructure of the combined instance.

The argument for the microstructure is analogous. Note that the microstructure

of the explicit version contains the edges relating to anything-goes constraints between
unconstrained variables, so if the variables in the prop of one instance are not constrained

in any other instance then that will be a prop in the combined instance. O

This leads to the following formal justification for adding implicit anything-goes con-

straints when forming explicit instances.

Corollary 4.22. If (V, D,C) is a CSP instance in variable-value representation, and
{u,ug,...,u,} €V is a subset of variables that does not completely contain the set of
variables of any constraint, then (V, D, C’)+ = (V, D, CUx(uj,ug, ..., up; D)})+.

Proof. Let & = (V,D, C). If U does not completely contain the set of variables of any
constraint, then any partial assignment with U as its set of variables must be a prop in the

explicit version. Hence prop(*(uy,us,...,u,; D)%) C prop(Z2*). Now by Proposition 4.21,

prop ((V, D, CUx(up,ug, ..., up; D)+) = prop (QJF) U prop (*(ul,uQ, ey Uy D)+)
= prop (27),

as desired. ]
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4.4.3 Clause structure as direct encoding

The clause structure corresponds quite closely to a SAT instance that is often associated
with a CSP.

The direct encoding of an instance to SAT is used frequently in constraint program-
ming [154]. T have used the term “clause structure” to emphasize the link between this
form of the microstructure representation and the direct encoding, instead of the term
“microstructure complement” which has also been used but which lacks this connotation [33].

One reason to prefer the clause structure to the microstructure, when this does not
lead to an unacceptable increase in the size of the representation, is that it corresponds to
the set of SAT clauses that is obtained by encoding the CSP instance in a straightforward

way.

Definition 4.23 (SAT instance). A CSP instance in the variable-value representation,
with a set V of variables and a set D = {0, 1} of values, with each constraint relation of
the form D"\ {v} for some v € D", is called a SAT instance.

Constraint (o, D™\ {v}) indexed by I is usually called a SAT clause over the variables
in the underlying set of o, and is written as \/,.; A, where A(i) = o (i) if v(i) = 0 and
A(i) = o(i)" if v(i) = 1. For each variable u € V, the expression u is called a positive

literal and v’ is called a negative literal. _

In a SAT instance, each constraint forbids precisely one of the possible assignments to

the scope. SAT instances therefore often have multiple constraints on the same scope.

Example 4.24 (SAT instance). Let D = {0,1}. The SAT instance

({z.y.2}, D, {((z,9), D\ {(1,1)}), ((z,9), D*\{(1,0)}), ((2), D"\ {(D})})

is usually written as (z/ V ¢') A (2/ V y) A (2/). This is equivalent to the CSP instance (in

the variable-value representation)

({z.y,2}, D, {((,).{(0,0),(0,1)}), ((=).{(0)})} ). -

This suggests one way to transform any CSP instance into a SAT instance. The SAT
instance uses a variable for each literal (u, a) in the CSP instance, representing whether u
is assigned a value other than a. Each instance nogood ¢ indexed by U C V is represented
by a SAT clause \/, i/ (u, ¢(u)), and therefore captures the requirement that any prop
must assign a value other than ¢(u) to some variable u. However, the usual semantics of
SAT are different to the semantics of CSP instances.

First, every variable in a CSP instance can only be assigned a single value (as partial
assignments are functions). This requirement is not represented by the SAT clauses
representing the instance nogoods. Several variables in the SAT instance represent a single
CSP variable; for a # @' it may be possible to set (u,a) false and also to set (u,a’) false,

yet this would mean that CSP variable u is assigned both value v and value v’. The
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requirement that CSP variables can only take single values can be enforced by adding a
variable clause for each variable.

Second, by setting each SAT variable corresponding to (u,a) true, the SAT clauses
representing the instance nogoods would then consist of disjunctions of true propositions,
as would the variable clauses. Hence all these clauses would be trivially satisfied, yielding
a solution to the SAT instance, yet such a solution would require a solution to the original
CSP instance to set each variable to a value outside its domain which violates the semantics
of the CSP instance. It is therefore important to explicitly capture the requirement that
u € D, for each variable u in the CSP instance; this can be done by adding domain clauses

for each variable.

Definition 4.25 (domain clause). A domain clause ¢ for a variable u is a set of literals
{(u,a) | v € Dy} representing a proposition of the form \/ ., (u = a). The domain clauses
of a CSP instance consist of the union of all domain clauses for each variable w in the

instance. _

This leads to a definition of the direct encoding, which includes variable and domain

clauses in addition to clauses representing each instance nogood.

Definition 4.26. The direct encoding of a CSP instance & = (V, D, C) in the variable-
value representation is the related SAT instance SAT(Z?), in which there is a variable for
each literal (u,a), for every variable v € V and every value v € D.

The SAT variable corresponding to (u,a) represents the truth value of the statement
(u # a). Each instance nogood ¢ of & indexed by U C V is represented by a SAT clause
Vuev (1, ¢(u)) that forbids that specific partial assignment: this SAT clause is true when
Ve (u # ¢(w)). The direct encoding also includes all variable clauses to ensure that each
variable of the CSP instance is not assigned to more than one value, as well as all domain
clauses to ensure that each variable of the CSP instance is assigned at least one value in

its domain. ]

The domain clause for a variable u requires u to be assigned at least one of the values
in D. This captures an important aspect of the semantics of a CSP instance, in SAT terms.
It follows that the clause structure of a CSP instance CS(Z?) and the SAT instance
obtained by the direct encoding SAT(Z?) are closely related. The major difference is the
presence of domain clauses in SAT(Z?), which in the clause structure are instead captured
by explicitly requiring every variable to be assigned to some value in its domain. This is

discussed in the following section.

Example 4.27 (implicit nogood). Let R(z,y) = xVy and S(y) = —y be Boolean relations.
Let ¢(x,y) = R(z,y) A S(y) be a Boolean formula in conjunctive normal form. Consider

the CSP instance in first-order logic representation

Jz,y d(z,y)
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which is just the SAT instance (z V y) A (v'). The only solution to this instance is
{(x,1),(y,0)}. Therefore the prop {(z,0)} which in isolation does not violate any constraint,
is also a nogood. It is an implicit nogood since there is no constraint with scope containing

just the variable x. |

4.4.4 Product form

Recall from Definition 3.24 that =x denotes the equality relation on a set X.

Definition 4.28 (augmented relational structure). For any relational structure S =
(V(9), (Qi)ier), let " = (V(S), ((Qi)ier,=v(s))) be the structure augmented with the
equality relation on V'(S). _

The notation in Definition 4.28 was discussed in Definition 2.3. Note that Definition 4.28
implies that the structure S’ will always contain one more relation than S, even when S

already contains an equality relation.
Example 4.29 (augmented structure).
1. (V,E)Y =(V,(E,=v)).

2. Suppose I’ is obtained from I by adding a new element k & I, and let Q) be the
relation =y. Then (V,(Q;)icr) = (V,(Qi)icr)- _

I now formally define products of relations and products of relational structures.

Definition 4.30 (product of relations). For relations Q and R of the same arity r, the
product of () and R is

Q x R={((zi,9i))iepr) | (Ti)iep) € Qs (Vi)iep) € R}

The product of @ and R is the set of tuples formed by pairs of vertices, where each
component of a tuple is derived from the corresponding components in a pair of tuples,

one from () and one from R.

Note that the product of two relations of arity r will again be a relation of arity 7,
but it will be over a set of ordered pairs. This notion can be applied componentwise to

relational structures of the same signature.

Definition 4.31 (product of relational structures). Given two relational structures S =
(V(S),(Qi)ier) and T = (V(T), (R;)icr) with the same signature, the product of S and
T is

SxT = (V(S)x V(T),(Qi x Ri)icr),

the component-wise product. _
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Figure 4.6: 03 X 04 ~ 012

For the special case of binary relations () and R, Definition 4.30 can be stated as

Q x R={((z1,11), (x2,92)) | (¥1,72) € Q, (y1,92) € R},

the set of tuples formed by pairs of vertices, where each component of a tuple is derived

from the corresponding components in a pair of tuples, one from ) and one from R.

Example 4.32 (product of undirected cycles). Let S = Cy and T' = Cyy1. Then

Sx T ={((i,p), (4:9)) | (i,7) € Ck, (p,q) € Cr41}-

In particular, {(k — 1,k),(0,0)} € E(S x T); the two cycles are joined into a single cycle
in the product.

See Figure 4.6 for an illustration of the product of undirected cycles. _

The product of two relational structures S and 7T has the same signature as the

structures, but its vertices are ordered pairs of the vertices of S and T'.

Proposition 4.33. For a CSP instance & with arity v, the r-section of the complement of
the microstructure of 2% is the clause structure of &2, and the r-section of the complement

of the clause structure of & is the microstructure of 2.

Proof. Clearly the vertices of the microstructure and clause structure of & are the same,
and the vertices are not affected by taking complements nor by constructing the explicit
version.

Suppose ¢ is an edge of W of cardinality at most r. Then ¢ is not a prop of 2T,
and since MS(Z?) is a subhypergraph of MS(Z%), also not a prop of Z. If no constraint
of & has a scope with the same variables as ¢, then there must be an anything-goes
constraint in 2% that forbids ¢, a contradiction. Hence there is a constraint of & with
the same variables as ¢. As ¢ is not a prop, it must violate this constraint, so ¢ is an edge
of CS(22).

Now suppose that ¢ is an edge of CS(#?). Then ¢ violates some constraint (o, R) of
Z. Therefore the sets of variables of ¢ and of o are the same, and |p| = p(o). For sake
of the argument, suppose that ¢ is an edge of MS(£?7"). Since ¢ cannot originate from
some constraint of &, it must originate from some all-different constraint added when
creating the explicit version of &?. However, the explicit version only adds anything-goes

constraints with scopes that do not already occur in &2, contradicting that the variables
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of ¢ and o are the same. Hence ¢ is not an edge of MS(227), and since its cardinality is

at most as large as the arity of any scope of £, it must be an edge of the r-section of

MS(2+).
The second identity follows from the first by taking hypergraph complements and

enforcing the cardinality bound based on arity. O

When the CSP instance is specified in the homomorphism representation, Proposi-
tion 4.33 provides a nice algebraic characterization of the microstructure and its complement.
When the instance is not given in homomorphism representation, some subtleties may arise.
If variables may have domains that have different numbers of elements as discussed in
Section 3.1.3, then during the transformation to homomorphism representation the domain
of the target structure will be as large as the largest domain. The clause structure will in
this case become unnecessarily large. Note that the microstructure will not contain any
unnecessary edges in this case; the additional new literals will simply not appear in any
edge of the microstructure, so will be discarded when arc-consistency is enforced.

The microstructure and its complement can now be characterized algebraically as the
hypergraph of a product of relational structures. Recalling Definition 2.25, the complement

of a relational structure S is denoted S.

Proposition 4.34. The clause structure of a CSP instance (S,T) in homomorphism

representation consists of the hypergraph of the relational structure S’ x T".

Proof. Clearly V(S") = V(S) and V(T") = V(T), so V(S' x T") = V(S) x V(T).

First consider the vertices of the clause structure. These are partial assignments
of size 1, so are elements of V(S) x V(T). Now consider an element of V(S) x V(7).
This corresponds to every possible assignment of a value from V' (T') to a variable from
V(S). Hence the vertices of the clause structure are precisely the same as the vertices of
hypergraph ¢(S' x T") of S' x T".

Now consider some binary clause {(u,a), (v,b)} in the clause structure. This must then
be an explicit nogood. If u = v then a # b and then ((u,a), (u,b)) is in the part of the
product structure formed by the relations involved in the augmentation of S and 7. So
suppose u # v, when (u,v) is a scope (or (v,u) is, in which case the argument holds by
symmetry), and (a,b) does not appear in the corresponding relation. Hence ((u,a), (v, b))
is a tuple in the product structure S’ x T".

Finally, consider some binary edge {(u,a), (v,b)} of the graph of the product structure.
If this edge is an edge corresponding to the relations introduced by augmentation, then
u = v and a # b. The set of literals in the edge therefore is a nogood, since no solution
can assign different values to the same variable. The other case is that this edge must
correspond to a scope (u,v) and an edge (a,b) that is not in the corresponding relation of
T. This means that a can never be assigned to u at the same time as b is assigned to v, so

{(u,a),(v,b)} is an explicit nogood.
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For the ternary case, there is a clause {(u,a), (v,b), (w,c)} in the clause structure. If
any of u, v, w were the same then by the assumption that variables cannot repeat in a scope,
this clause must have been obtained from the augmentation of S and 7T'; however, this is
not possible, as these are all binary clauses. It then follows that u, v, w are three distinct
variables. Hence the clause is an explicit nogood, so there is some scope with set {u, v, w}.
Without loss of generality, assume this scope is (u,v,w). Then ((u,a), (v,b), (w,c)) is a
tuple in the product structure S’ x T’. In the other direction, if {(u,a), (v,b), (w,c)} is an
edge in the hypergraph of the product structure S’ x T, then again this cannot have arisen
from the augmentation of S and T', and there must be a tuple, without loss of generality
(u,v,w), in a relation of S and a tuple (a,b,c) that is missing from the corresponding
relation of T'. Hence {(u,a), (v,b), (w,c)} is an explicit nogood, and therefore in the clause
structure.

The case of larger edges (with more than three literals) is essentially the same as the
ternary case. Since by assumption no repeated scopes occur in the instance, this completes
the proof. O

Recalling Definition 2.12, the complement of a hypergraph G is denoted G.
The following is then an immediate consequence of Proposition 4.33 and Proposi-
tion 4.34.

Corollary 4.35. The microstructure of the explicit version of a CSP instance (S,T') in

homomorphism representation of arity r consists of the r-section of the hypergraph of the

relational structure S’ x T'.

In light of Proposition 4.34 and Corollary 4.35, it is therefore appropriate to consider
the complement of the microstructure of the explicit version of the instance to be the
clause structure, and vice versa.

However, I will not make much use of Corollary 4.35 for high arity CSP instances,
since if H is a hypergraph on s vertices with ¢ edges, then its complement H will contain
2% — 1 — q edges, and even with the arity r restriction as in Corollary 4.35, the arity
will occur as the degree of the polynomial enumerating the number of edges. Such large
structures are neither useful for analysis of computational complexity, nor for practical
applications. Corollary 4.35 does sometimes yield reasonable results for CSP instances
with small arity (such as binary CSP instances), but even then the overhead of creating

the explicit version of the instance can be unacceptably high.

Example 4.36 (Clause structure of k-CLIQUE). The clause structure of an instance
G = (‘/7 E) of k-CLIQUE is ([k]7 (#ka :k)) X (V7 (Ea #V)) = ([k] xV, (#k X E7 =k X #V))

Regarding either form of the microstructure representation as a kind of product, as in
Proposition 4.33 and Corollary 4.35, may have implications that rule out some natural
approaches to defining tractable classes by means of low width. I leave this for future work
(see Section 8.2.2).
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4.5 Context and summary

The concept of the microstructure of a binary CSP instance was introduced informally to the
constraints literature in 1991 by Freuder [58]. This was made more precise by Jégou, who
also showed that finding cliques in the microstructure corresponds to finding solutions [97].
The reformulation in terms of independent sets in the clause structure was made explicitly
a few years later by Weigel and Bliek [155] and by Cohen [34]. Clause structures as
hypergraphs have been used to rigorously define symmetries in CSP instances [33]. The
clause structure as a system of nogoods is also used in the work on generalized resolution
by Kullmann and by Mitchell [107, 121].

The distinction between open-world and closed-world assumptions has been an impor-
tant part of database theory for decades [89]. I am not aware of these notions previously
having been linked to constraint satisfaction.

The binary version of the MAXIMUM PARTIAL CSP optimisation problem was investi-
gated by Ambler et al., motivated by robot motion planning [3, Section 6.4]. Originally
the problem was specified in terms of maximal cliques in the binary microstructure. Trans-
forming a constraint satisfaction problem into the problem of finding a large clique in the
microstructure is therefore an idea with a long history, going at least as far back as 1973 [2].
However, note that the underlying constraint satisfaction problem was not made explicit
in these early papers.

Kozen defined a product of two graphs which produces the microstructure of the graph
isomorphism problem, when the graphs have the same number of vertices [106]. Kozen’s
construction is elsewhere called the modular product [92]. The modular product is not
used in this thesis, but the product construction of a microstructure is conceptually similar.

For relational structures that are graphs, in other words that contain a single symmetric
binary relation, the notion that a relational structure homomorphism corresponds precisely
to an independent set of sufficient size in a derived product structure was apparently
mentioned by Hell in his PhD thesis in 1972. This correspondence is also mentioned in
the 2004 book of Hell and Nesetiil [83, Exercise 2.7]. For the special case of ¢-colouring of
graphs, Chvétal constructed the binary clause structure as a technical tool [30].

In this chapter I have shown that this correspondence holds also in the general arity
case, with suitable definitions of independent set and clique in hypergraphs. Specifically,
in Proposition 4.12 I have shown that the existence of a solution of a CSP corresponds
precisely to finding a large enough independent set in the clause structure, and that this
holds for any CSP instance, not just for binary instances with a single relation. Moreover,

Proposition 4.34 characterized the clause structure as a product.
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[Mr. A. B. Kempe| makes diagrams of spots connected by lines; and
it is easy to prove that every possible system of relationship can be
so represented ... He thus represents every possible relationship by
a diagram consisting of only two different kinds of elements, namely,

spots and lines between pairs of spots.

—C. S. Peirce, The Critic of Arguments, 1892. §423.

Hereditary classes of binary microstructures

This chapter continues the microstructure representation of constraint satisfaction problems.
In this chapter I examine the case when each instance in a problem is binary, so all
constraints relate to either single variables or to pairs of variables. The microstructure
representation of a binary CSP instance can then be regarded as a graph.

I explore the tension between binary instances and those of arbitrary arity. Any CSP
instance can be transformed to a binary instance. This transformation may introduce a
significant number of new variables, required to maintain equivalence between the original
instance and its binary version. The new variables may also hide structure that is inherent
in the problem. I discuss the transformation of CSP instances to binary instances, and
the well-behaved case of conformal CSP instances where this transformation can be done
efficiently and in a straightforward manner.

I consider the size of the microstructure representation of binary instances, and how
this affects the computational complexity of a class of instances.

I then discuss decomposition of constraints.

I then define hereditary CSPs, which are classes of CSPs that are closed under induced
subproblems: if an instance is in the CSP, then so is any induced subproblem of that
instance. Such CSPs can be obtained by requiring that if an instance is in the CSP, then
S0 is any instance obtained by deleting literals from its microstructure representation. An
equivalent definition is by means of a set of forbidden substructures in the microstructures
or clause structures of the instances of the CSP.

For binary instances, it is possible to apply many existing results about hereditary
families of graphs.

In a binary CSP instance, finding a solution corresponds to finding a sufficiently large
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independent set in the clause structure, which is just a graph. For many hereditary classes
of graphs, it is known either that Independent Set is NP-complete or that it admits a
polynomial-time algorithm. Perfect graphs form an important hereditary class which
admits polynomial-time algorithms. I show that the microstructures of several previously
studied classes of binary CSPs form classes of graphs that are strictly contained in the
class of perfect graphs. These classes form a lattice, and I classify these classes of CSPs
in terms of this lattice. Several previously published results follow as special cases of this
classification. In this chapter, I also tighten the results which I published previously with
Peter Jeavons.

I explain why hereditary classes are important for the study of constraint satisfaction,
and show that hereditary classes correspond to forbidden substructures in the microstruc-
ture. After discussing classes of graphs excluding all single graphs of small size, and the
computational complexity of these classes for the INDEPENDENT SET problem, I then
look at how these classes generalize to form CSPs that forbid certain subgraphs in their
microstructure representation. This leads to some complexity results and a discussion of
open problems. Hereditary CSPs can be combined to form new CSPs in various ways.

I then provide some examples of non-binary constraint satisfaction problems. For some
of these problems it is possible to decompose the constraints into binary constraints so
that the microstructure representation becomes a graph. Some of the examples in the
previous chapter occur again here. Other problems cannot be stated in binary form without
introducing new variables.

I close this chapter with a detailed lattice of classes of CSPs which have perfect graphs as
microstructures. This lattice shows how these classes are related and provides more precise
characterization of the classes of microstructures of several published classes of CSPs. One
of the hereditary classes in the lattice leads to a unification of the ALL-DIFFERENT+UNARY
and tree structured CSPs through both of these quite different-seeming constraints having

their microstructures being perfect graphs.

5.1 Transforming to the binary microstructure

I now discuss how a CSP instance can be transformed to another equivalent representation
with only binary constraints. Several different methods to do this have been considered in the
literature, and I will survey these. After normalisation, the microstructure representation
of a binary CSP instance will be a graph.

When the CSP instance is specified in the homomorphism representation, there is a nice
algebraic characterization of the microstructure and its complement. When the instance is
not given in homomorphism representation, some subtleties may arise. If variables may
have domains that are of different sizes, then during the transformation to homomorphism
representation the domain of the target structure will be as large as the largest domain. The

clause structure will in this case become unnecessarily large. Note that the microstructure
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will not contain any unnecessary edges in this case; the additional new literals will simply
not appear in any edge of the microstructure, so will be discarded when arc-consistency is
enforced.

Any CSP can be reduced to one with lower arity. One way to do this is by lumping
together variables into blocks, with new variables defined over a larger domain representing
each block, and defining new binary relations between blocks that maintain the underlying
variable structure. The blocks can be made as large as desired, in the extreme case any
CSP instance can be made into a CSP containing only unary relations together with the
new binary relations between blocks.

Removing unary relations by applying 1-consistency, the result is a binary CSP.

There are also other ways to transform a CSP into binary form, for instance the dual
transformation, but these do not usually preserve the structure of the instance. The
structure in a CSP can sometimes be exploited to obtain polynomial-time algorithms. An
important reason to avoid transforming CSPs into binary form is that the transformations
above will usually hide the structure of the non-binary CSP, and often transforming even a

tractable CSP into a set of instances that is not obviously a tractable CSP.

5.1.1 Global constraints

Definition 5.1. A class of CSP instances ¥ has bounded arity if there is a positive

integer r such that every instance in 4 has arity at most r.

The possible presence of global constraints in the constraint language of a class of CSP
instances is the reason that it is not sufficient to look at constraints up to some fixed arity.

Recall from Chapter 2 that a global constraint is a constraint which may be applied to
any subset of the variables, and which therefore does not have an upper bound on its arity.
Global constraints are typically applied to all variables in some part of the problem that is
allowed to grow with instance size. Global constraints are regarded as completely natural
in constraint programming, and this provides an important motivation for studying CSPs
which do not necessarily have bounded arity.

The ALL-DIFFERENT constraint can be expressed equivalently (or decomposed) as a
conjunction of separate binary constraints, so these problems can be easily reformulated
so that every instance has the same signature. However, when a global constraint is
decomposed there is generally a loss of performance: using binary constraints can produce
an equivalent instance but is less efficient than using global constraints which can often be
dealt with by special-purpose routines that exploit their global nature [14, 62].

Other constraints (such as individual SAT clauses) cannot be decomposed into an
equivalent conjunction of a small number of constraints of bounded arity, unless additional
variables are introduced [122]. Many global constraints can be decomposed by introducing
a small number of new variables to capture the semantics of the global constraint [143].

It is always possible to decompose the constraints in the problem into constraints of

smaller arity, by introducing some number of additional variables. However, in general this
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comes at the cost of each new variable having a domain that is exponential in the arity of
the relations it represents. A relation R of arity r can be represented by means of r binary
relations involving a new hidden variable that takes as its values the tuples of R.

The following important example is already binary but its microstructure will be useful
in Chapter 6.

Example 5.2 (microstructure of ¢-~-COLOURING). t~-COLOURING was introduced in Ex-
ample 3.28. The natural way to represent this as a constraint satisfaction problem is by
letting T be a t-clique, when (S5, T) is a CSP instance in homomorphism representation
that has a solution if, and only if, S can be t-coloured.

The microstructure of (S,T") contains all literals (u, ¢) corresponding to vertex u being
coloured ¢, where u ranges over all elements of V' (S) and ¢ over [t]. The pair of distinct
literals (u,c) and (v,d) are adjacent if, and only if, either © = v and ¢ # d (representing
the requirement that every variable be assigned at most one value), or {u,v} € E(S) and

c#d, or {u,v} & E(S). _

Three straightforward transformations of CSP instances to binary form have been con-
sidered in the literature. These are the exact 2-section, the hidden variable transformation,

and the dual and hidden transformations via the incidence graph.

5.1.2 Exact 2-section

A constraint that can be decomposed into equivalent binary constraints with no additional
variables is called network decomposable [62]. I now formalize this notion in terms of
conformal microstructures.

Recall Definition 2.13. If singleton edges of the 2-section are removed, the resulting
hypergraph is a graph. The 2-section with such singleton edges removed is just the
primal or Gaifman graph of the hypergraph (recall Definition 2.14). The 2-section of the

microstructure then leads naturally to the exact 2-section of a CSP instance.

Definition 5.3 (exact 2-section of CSP instance). The exact 2-section of a CSP in-
stance & is a binary CSP instance &2, with the same variables and values as &, and
whenever (0, R) is a constraint of & and wu;, and wu;, occur as distinct variables of o, then

(0i1,is}> Riirin}y) 18 & constraint of . _

The original instance is a subproblem of its exact 2-section [139]. (Recall the definition
of subproblem in Definition 3.3.) For completeness I now prove that the exact 2-section

always preserves solutions.

Proposition 5.4 (exact 2-section). Every CSP instance & is a subproblem of its exact

2-section.

Proof. Let ¢ be a partial assignment in the infrastructure of Z. If |¢| < 2 then ¢ is

consistent with the constraints and, recalling Observation 2.41, will also be consistent
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with any |@|-subset of every constraint. Hence ¢ is in the infrastructure of &7;. Now
suppose |¢p| > 3. Suppose that ¢ violates some constraint (o, R) of &5. Since P
is binary, the scope can be written as ¢ = {(u;,u;)} for some variables ui,up. By
Observation 3.2 the infrastructure is downward-closed, so the partial assignment ¢’ = iy
of ¢ projected to the variables in ¢ is a binary edge of the infrastructure of &?,. Hence
(¢'(wi),d'(uj)) = (¢(us),d(uj)) € R, which contradicts the assumption that ¢ violates
this constraint. Hence ¢ does not violate any constraint of &2, so is in the infrastructure
of Hs. O

Although the transformation to the exact 2-section preserves solutions, it may result in
a CSP instance of which the original is a strict subproblem [122]. The following example
illustrates that the exact 2-section may lead to additional solutions that were not present

in the original instance.

Example 5.5 (instance is strict subproblem of exact 2-section). Consider the CSP instance

with microstructure in Figure 5.1. There are three hyperedges, each allowing a triple with

u v w U v w

Figure 5.1: CSP instance with three solutions, but its exact 2-section has an additional
solution.

a single 1 value and two 0 values; each of these is a solution. However, its exact 2-section

also has the solution assigning 0 to each variable. _

A hypergraph is conformal when every clique of its Gaifman graph is contained in

some edge of the hypergraph. The following results then follow from the definitions.
Proposition 5.6. The Gaifman graphs of prop(Z?) and prop(Ps) coincide.

Proof. By Proposition 5.4, prop(Z?) is a subhypergraph of prop(#%). The Gaifman graph
of prop(Z?) is therefore a subgraph of the Gaifman graph of prop(Z?2). What remains to
be shown is that whenever {(uy,v1), (uz,v2)} is an edge of the Gaifman graph of prop(%%,),
then there is some prop ¢ € prop(Z?) such that ¢(u1) = v1 and ¢(ug) = ve. This follows
directly from the definition of £2. O

Note that prop(Z;) is conformal. Further, the conformality of prop(Z?) is directly
related to whether prop(4?) = prop(%%).

Proposition 5.7. A CSP instance & is infrastructure equivalent to its exact 2-section if,

and only if, prop(Z?) is conformal.

78



Proof. Suppose &2 = P5. Let ¢ be a clique in the Gaifman graph of the infrastructure of
Z. By Proposition 5.6, ¢ is also a clique in the Gaifman graph of the infrastructure of
Py. As prop(P,) is conformal, there is some ¢ € prop(Z?;) = prop(Z?) such that ¢ C ¢.
It follows that prop(<?) is conformal.

Now suppose that prop(Z?) is conformal. By Proposition 5.4, each edge of prop(Z?) is
also an edge of prop(Z?2). Now suppose ¢ € prop(Z?3). Then ¢ is a clique in the Gaifman
graph of &5, and by Proposition 5.6, also in the Gaifman graph of &?. As prop(Z?) is
conformal, there is some ¢ € prop(4?) such that ¢ C ¢. By Observation 3.2 it then follows
that ¢ € prop(Z?). Hence prop(Z?3) = prop(Z). O

The conformality criterion of Proposition 5.7 provides a useful test for checking whether
a CSP instance can be equivalently represented by its exact 2-section: if the infrastructure
is conformal then the exact 2-section forms an equivalent instance.

Some global constraints can be easily decomposed into binary constraints. An important
example where the exact 2-section does lead to an equivalent instance is the INJECTIVE

constraint.

Proposition 5.8 (decomposition of INJECTIVE). The INJECTIVE constraint is equivalent

to its exact 2-section.

Proof. By Proposition 5.7 it is enough to show that the infrastructure is conformal. Suppose
¢ forms a clique in the Gaifman graph of the infrastructure. I claim that ¢ is a partial
assignment, and moreover is consistent with every constraint.

Suppose that (u1,v1) and (ug,ve) are distinct assigning literals in the Gaifman graph
of the infrastructure. If they are adjacent then u; # us and v; # vo since each pair of
adjacent vertices must occur together in some injective complete assignment. This is true

of every pair of adjacent vertices, so ¢ must be an injective partial assignment. O

Example 5.9 (binary microstructure and clause structure of INJECTIVE). The INJECTIVE
constraint was introduced in Example 2.29 and its microstructure discussed in Example 4.15.
I now discuss the binary representation of this constraint. This is equivalent to the
representation in Example 4.15. The clause structure of this constraint contains two kinds
of cliques. The first is a clique of literals for each value a € D in the domain, of the form
{(u,a) | w € V}. These nogoods (represented as horizontal cliques in Figure 5.2) force
different values to be assigned to each variable. There are also variable clauses: for each
variable u € V, these are of the form {(u,a) | a € D}. These nogoods ensure that at
most one value can be assigned to each variable and are represented by vertical cliques in
Figure 5.2.

The microstructure of INJECTIVE is a rather cluttered graph, and not shown here. This
is due to the large number of instance props involving every variable. Recall Proposition 4.33
and note that INJECTIVE is its own explicit version; therefore every edge between literals

that is not part of the clause structure is contained in the microstructure. _
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Figure 5.2: Clause structure of INJECTIVE.

The ALL-DIFFERENT constraint is another important constraint that can be represented

by its exact 2-section.

Example 5.10 (decomposition of ALL-DIFFERENT). The ALL-DIFFERENT constraint was
discussed in Example 3.15. Instead of the microstructure containing high arity constraints,
the microstructure of ALL-DIFFERENT can be expressed as a binary structure. The exact
2-section of ALL-DIFFERENT contains the ALL-DIFFERENT constraint as a subproblem by
Proposition 5.4. However, notice that as with the INJECTIVE constraint, the infrastructure
of ALL-DIFFERENT is conformal. By Proposition 5.7, ALL-DIFFERENT can be equivalently
represented by its 2-structure.

ALL-DIFFERENT(uq, U2, . . ., ur; D1, Do, ..., D;) is the constraint (in homomorphism

representation)

((V,{(ul,uQ,...,u,,)}),(D,{(vl,vg,...,vr) €D1 X DQ X ...DT |Z7éj = U; 751)]‘})),

where V' = {uj,u2,...,u,} and D = |J{D; | i =1,2,...,r}. By Proposition 5.7 this is

then equivalent to the instance with set of variables V', domain D, and set of constraints
{((ui,uj),#p) | 1 <i<j <r}U{UNARY(u1; D1),..., UNARY(u,; D;) }.

Let d = |D| be the number of distinct domain values used. If D; = D for each i, the
relation of arity r in the original may have as many as (d — 1)" tuples, while in the binary

representation via the 2-structure there are r(r — 1)/2 relations each containing at most
d(d — 1) tuples. _

In Example 5.10, expressing ALL-DIFFERENT in terms of a clique of inequalities results
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in a quadratic number of binary constraints with a quadratic number of tuples, instead of
the potentially exponential number of tuples in a single constraint relation obtained by
using the definition directly.

Since Sudoku can be expressed using ALL-DIFFERENT constraints, it is another example

where the exact 2-section suffices.

Example 5.11 (microstructure of Sudoku). Using the binary expression of the ALL-
DIFFERENT constraint in Example 5.10, with unary constraints for the numbers already in
the grid, the Sudoku puzzle (see Example 2.31 and Figure 2.6) can then be modelled as a
binary CSP.

Part of the clause structure of a natural way to represent this problem is shown in
the following figure. The variables represent the unknown values for each square, with z;;
representing the square in row ¢ and column j.

The clauses are indicated using different colours. Red is used for the 9 cliques of the

form
Cgi-:a — {(I’U 7& CL) \ (xlk’ 7& (I) | jak € [9]’] # k}?

representing the ALL-DIFFERENT constraint on row 4. Blue is used for the 9 cliques of the

form
Cja={(xij #a)V (x1; #a) | i,k € [9];i # k},

representing the ALL-DIFFERENT constraint on column j. Black is used for the 9 cliques of

the form

Cijia = {(@3i1k,3j41 # ) V @3ipk 3j40 7 @) | kK LU € Blik#K VI£Y,

representing the ALL-DIFFERENT constraint on block ¢, j. This part of the clause structure
represents the constraints involved between all literals containing the domain value a € [9].
The clause structure then consists of nine layers of these structures, one for each domain

value, tied together with 81 variable cliques of the form

g = {(wij #a) V (zij #b) | a,b € [9];a # b}

that enforce each variable is assigned at most one value.

In addition, the unary constraints representing the values already in the grid are
represented by removing all the literals inconsistent with the unary constraint from the
clause structure. Suppose the cell z1; already contains the value 4, as in the instance in
Figure 2.6. Then (z1; = 4) must be true, so the literals (z1; # a) are removed for each
a # 4. In Figure 5.3, all the literals associated with unary constraints have been applied in
this way, and there are 22 literals missing from this layer. I indicate these missing literals
with circles, instead of solid dots.

Notice that the r-ary representation discussed in Example 4.17 is much larger than the

representation discussed here via binary constraints. _
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Figure 5.3: A slice of the clause structure of the Sudoku instance in Figure 2.6, relating to
value 7.

The final example where the exact 2-section is equivalent to the original instance is
Futoshiki.

Example 5.12 (microstructure of Futoshiki). One way to model a Futoshiki instance
(defined in Example 2.32) is by a combination of binary ALL-DIFFERENT constraints for
the rows and columns, binary < constraints between some squares, and unary constraints
specifying the values that are filled in. This then forms a binary CSP instance.

Consider the Futoshiki instance in Example 2.32. The vertices of the clause structure
are pairs of the form (x;;,a), representing the assignment (x;; = a). Here i and j are
elements of [5], as is a. The edges of the microstructure complement are of three types.

The first type of edges form a set

{((zij, a), (zix, @) | 4,5, k € [B]; 5 # K},

representing the clique of inequalities for each row. The second type

{((@ij, ), (215, 0)) [ 4,5, k € [5;1 # k}

represents the clique of inequalities for each column. Finally, for every constraint x;; < xy,

between adjacent distinct squares x;; and x; of the grid, either ¢ = £ or j = [ but not
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both, and there are edges

{((zi5,a), (2x1,0)) [ @b € [5];a < b}

in the clause structure. |

5.1.3 Hidden variable transformation

Every CSP instance can be represented by an equivalent binary instance, by introducing
new variables [47]. In an instance with ¢ constraint relations R; for i = 1,..., ¢, the number
of new d-valued variables can be restricted to be at most y 7_; (|R;| —2)/(d — 2). This is
polynomial in the instance size if the relations are written extensionally in the instance,
which is often the assumption made in the literature.

Moreover the number of new variables is also polynomial if the relations each contain
only polynomially many tuples.

In contrast, the following important constraint is often represented intensionally, and if

represented extensionally, the size of the instance may grow faster than any polynomial.

Example 5.13 (decomposing SUM). SUM(u1,ug, ..., u,; C') is satisfied when > ;_, u; = C.
A single SUM constraint of arity r can equivalently be expressed by decomposing it into
r — 1 ternary SUM constraints, using » — 2 new variables. This can be done by introducing

new variables wy, ws, ..., w,_9, as follows:

{SuMm(ur, ug, ..., up; C)} = {SUM(ur, ug;wi)}
U {SUM(wi,qu;wiH) li=1,2,...,7r— 3}
U {SuM(w,—_2, u,; C)}.

This tree of » — 1 ternary constraints is path-like; it has depth r — 1. If desired, the tree
can be rearranged so its depth is logarithmic in r.

The SuM constraint generally has a fast-growing number of tuples, being the number
of different ways for r values from the domain to sum to a given value C. This is known to
grow as C"~1 as C grows, when the domain is the positive integers and r is fixed [102].
There is no polynomial bound if the arity of SUM constraints with sum C' that appear in a
class of CSP instances grows faster than Q(+/C). _

Contrast the SUM constraint with Example 2.26, where the number of partitions of C,
not restricted to have r parts, also grows faster than any polynomial.
I note the following standard arity reduction for SAT instances, obtained by introducing

new variables.

Example 5.14 (SAT as k-SAT). A SAT instance with m clauses and at most K literals in
any clause can be represented as a k-SAT instance (where 3 < k < K), by introducing at

most ([£5] — 1)m = O(mn) new variables. Each clause with p > k literals is broken into
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[ 251 clauses, each with at most  literals, by introducing [ 5] — 1 new variables. Each
new variable represents a proposition of the form “the literals of clause ¢ up to the j-th
literal are all false”. (Note that this fails for k£ smaller than 3, since then this procedure

does not make the clauses shorter.) _

5.1.4 Dual and hidden transformation

Any hypergraph has an associated incidence graph or dual graph, with vertices of two
types: the vertices of the hypergraph, and the edges of the hypergraph. A vertex v of the
hypergraph is connected to an edge e of the hypergraph in the incidence graph precisely
when v appears in e. The incidence graph of a hypergraph is by definition bipartite.
Moreover, it is possible to retrieve the original hypergraph from its incidence structure [12].

The incidence graph of the hypergraph of a CSP instance has also been called the
dual constraint graph [49, 139]. This is a bipartite graph, containing as its vertices all
constraint scopes and all variables, with a variable adjacent to a scope whenever the scope
includes the variable. This gives rise to a binary CSP instance, and is known as the dual
transformation [49, 7.

Another approach, known as the hidden transformation, or sometimes even hidden
variable transformation (but not to be confused with the approach of introducing
hidden variables discussed in Section 5.1.3), is closely related to the dual transformation [7].

In the hidden transformation new variables are added to the CSP instance to capture
the notion of “related by” [139]. For each constraint (o, R), a new variable v, is introduced,
with domain R. For each variable u in ¢ a binary constraint with scope (u,v,) is added,
relating each value of u with the corresponding tuples in R; this enforces the semantics of
the original constraint. This transformation turns every CSP instance into a binary one,
using a single new hidden variable per constraint that encodes the tuples of the relation.
This means that the domain is exponentially larger.

In contrast the dual transformation has a single variable for each of the constraints in
the original instance, but does not carry over the original variables. The constraints in the
dual transformation only relate pairs of these new variables.

Key disadvantages of the dual and hidden transformations are that new variables must
be introduced for each constraint, the domains that result from such a transformation are

usually large, and much of the structure of the CSP is obscured via these transformations.

5.1.5 Reflections on transforming to binary

Peirce argued that relations of higher arity can more naturally express information about the
real world. The theory and practice of relational databases can be seen as a demonstration
that high arity relations are an effective representation. In contrast, classical network
databases, and more modern key-value and triple stores used by so-called NoSQL databases
can be regarded as an argument that data can be effectively represented as low arity

relations. As can be seen with the back-and-forth struggle in the database world between
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the different kinds of database paradigms, there does not appear to be a final answer as
to whether data should be represented using high arity relations, or whether all relations
should have some low fixed arity (such as binary or ternary).

However, there is currently one important reason to prefer binary CSPs: the microstruc-
ture representation of a binary CSP instance is a graph, and there is a large body of
research about finding independent sets in graphs. The Information System on Graph
Classes and their Inclusions at the time of writing lists nearly 1500 classes of graphs [46].
For many of these classes it is known either that finding an independent set of specified
size is NP-hard, or that a polynomial-time algorithm exists to find a largest independent
set. These results can be used to carve out tractable classes of CSPs based on their mi-
crostructure representation. In contrast, no such resource exists for hypergraphs, and I have
not been able to find even one class of hypergraphs for which there is a polynomial-time
algorithm for finding largest independent sets and which also relates to an interesting CSP.

Therefore, my focus in this and the following chapter is on the binary case. Much of the
theory does apply to arbitrary arity, but without convincing case studies available I have
not pursued this direction as far as for the binary case. Although my natural inclination is
to work with arbitrary arity, the scarcity of usable material to build on has meant that
most of the text is for the binary case. This tension regarding arity is regrettable but

unfortunately necessary.

5.2 Hereditary classes

Hereditary classes are those that do not have some class of structures as induced sub-
structures, or equivalently, are downward-closed. Forbidden induced substructures are

reasonably straightforward, though some care is required when comparing different classes.

5.2.1 Forbidden substructures

Classes of structures defined by forbidding some induced substructures occur frequently. The
following definition is standard in the graph theory literature (see for instance [29, 84, 46]).

I extend the notation to more general kinds of structures.

Definition 5.15 (free, for structures). A structure H is G-free if H contains no induced
substructure isomorphic to G. For a set of structures X, a structure H is X-free if H
contains no induced substructure isomorphic to any G in X. Also, X-free denotes the class
of all structures that are X-free. (G1,Ga,...)-free denotes {G1, Ga, .. . }-free. _

I use the term free since the usage of forbidden is often associated in the graph theory
literature with forbidden subgraphs that are not necessarily induced. The following example

illustrates forbidden induced substructures for the case of graphs.

Example 5.16 (free). C, contains no substructure isomorphic to Cs, so is Cs-free. Ky

contains no induced substructure isomorphic to Cy (although it does contain substructures
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isomorphic to Cy), so is Cy-free. K, contains C5 as an induced substructure, so is not
Cs-free.

In some cases higher arity constraints contain useful structure, which is lost when

moving to binary relations. The following result and example make explicit this intuition.

Lemma 5.17. If G is a graph with at most r vertices, and K, is G-free, then K,41 is also
G-free.

Proof. Suppose that K, is G-free but K, contains G as an induced subgraph. Then G
must be isomorphic to K for some s < r + 1. However, as K, is G-free, s > r. Hence GG

must contain r + 1 vertices, a contradiction. ]

Example 5.18. Consider the uniform hypergraph H, with arity r edges on vertices [n],
with dual graph 2% (H,) = K, . For any r > 3, by considering the cardinality of edges it
is clear that H,,1 is H,-free, but 2% (H,;1) contains 2% (H,). _

Lemma 5.17 and Example 5.18 show that there are classes of hypergraphs which
can be characterized by means of forbidden induced substructures, but which cannot be
characterized by means of forbidden induced subgraphs in their dual graphs.

In particular, this means that there are classes of CSPs that can be characterized
by means of forbidden induced substructures in their microstructures, yet cannot be
characterized by means of forbidden induced subgraphs if the relations are represented as
binary relations.

I therefore argue that the methods in this chapter are more appropriate tools than
transforming the CSP into its incidence graph, at least given our current state of knowledge
about structural transformations of CSPs.

Some simple rules govern how classes of instances with forbidden substructures can be

combined. These follow immediately from Definition 5.15.

Proposition 5.19 (combining hereditary classes).

~

. X-freeNY -free = X UY -free.

2. If G is an induced substructure of H and H is X-free, then G is X -free.

Co

. If every structure in X is also in 'Y, then Y -free C X -free.

B

. If G is an induced substructure of H, then {G}-free C {H }-free.

v

. If all structures in X are induced substructures of H, then X-free C {H }-free.
6. H is G-free if, and only if, H is G-free.

When {G.,G.41,...} is an infinite set of graphs indexed by integers beginning at c,
then I will also use the notation G -free to denote (G¢, Gey1, - . .)-free.

Example 5.20 (tree). A tree is a graph that is {C; | i = 3,4, 5, .. .}-free. Equivalently, a
tree is Csy;-free. _|
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5.2.2 IS-easy and IS-hard classes of graphs

The key transformation considered in this chapter is reducing a CSP instance to an instance
of INDEPENDENT SET, with the clause structure as its input. Hence a key question is
whether there is an efficient algorithm A to decide INDEPENDENT SET when presented
with the class of input graphs C’ that is obtained as clause structures of a class C' of CSP
instances.

Note that the decision problem associated with the class of graphs obtained by the
microstructure transformation does not have to be in P, or even to be decidable at all. It
is not necessary to distinguish graphs that are in class C’ from those not in C’; to decide
C' it is enough to simply run algorithm A for any input graph in C’.

I now introduce some terminology to differentiate the notion of deciding a class of CSP
instances from the promise problem of deciding whether the associated clause structures

have sufficiently large independent sets.

Definition 5.21. Class C of graphs is IS-hard if INDEPENDENT SET is NP-complete
when the input graph is restricted to be from C, and IS-easy if INDEPENDENT SET can

be decided in polynomial time when the input graph is restricted to be from C.

Note that unless P = NP, there are classes C' of graphs which are neither IS-easy nor
IS-hard [18, Theorem 5].

Hereditary classes are well-behaved with respect to decision problems.

Proposition 5.22 (promise problems for hereditary classes). Let DECPROB(X) be the
decision problem DECPROB, conditioned on the promise that the input is from class X.
Let X CY be classes of structures.

1. If DECPROB(X -free) is in P, then DECPROB(Y -free) is in P.
2. If DECPROB(Y -free) is NP-complete, then DECPROB(X -free) is NP-hard.

Proof. The key observation is that Y-free C X-free by Proposition 5.19.

For the first part, suppose DECPROB(X-free) is in P. Then it can be decided by
a polynomial-time algorithm; this algorithm will also decide any instance in Y-free in
polynomial time.

For the second part, suppose DECPROB(Y -free) is NP-complete. There is then a
trivial reduction from DECPROB(Y -free) to DECPROB(X-free), so the latter problem is
NP-hard. O

Corollary 5.23. Let X CY be classes of graphs.
1. If X is IS-easy, then'Y is IS-easy.

2. IfY is IS-hard, then X is 1S-hard.
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5.2.3 Hereditary classes, forbidden substructures, and domain reduction

Definition 5.24. A hypergraph G is a strict substructure of a hypergraph H if V(G) C
V(H) and for every edge E of G there exists an edge F' of H such that £ C F. _

Definition 5.24 requires the vertices of G to be vertices of H also. This can be extended

to a more generally applicable notion of substructure up to isomorphism.

Definition 5.25. A hypergraph G is a substructure of a hypergraph H if there exists a
strict substructure G’ of H such that G is isomorphic to G. _

The notion of isomorphism in Definition 5.25 is structure isomorphism, by considering
the hypergraph as a relational structure.

Definition 5.25 now allows comparison of CSP instances by allowing their microstructures
to be compared using the substructure relation.

Note that for two hypergraphs G and H, if G is a subhypergraph of H then G is a
substructure of H, but the converse may not hold (consider G and H having the same
vertices V', but suppose that V' is the only edge of H; then clearly G is always a substructure
of H while if G has any other edge then G is not a subhypergraph of H).

The basic operation in constraint propagation is domain reduction, the removal of a
value from the active domain of a variable. (This is sometimes also called domain pruning
or domain filtering.) Information about the instance is captured by the set of possible
values for each variable. If an instance is in a class of structures, then the instances formed
when domain values are removed from the instance should also be in the class.

When a domain value a for variable u is removed, 1-consistency will ensure that all

tuples in which a may be assigned to u are removed from the constraint relations.

Theorem 5.26. Let € be a class of CSP instances. The following are equivalent:

1. € is closed under the operation of taking subproblems.

2. The class of microstructures MS(€) = {MS(P) | & € €} of € is closed under the

operation of removing domain values.

3. The class of clause structures CS(€) = {CS(P) | P € €} of € is closed under the

operation of removing domain values.

Proof. First, suppose a class ¥ of instances is closed under the operation of taking
subproblems. Let & be an instance in % with microstructure H = MS(Z?), and suppose
that hypergraph H' is obtained by removing some vertices from MS(£?). Without loss of
generality, suppose that H' is obtained by removing just one vertex (u,a) from MS(Z?).
It is straightforward to recover an instance P’ from H' as the variables of H are known.
The infrastructure of P’ is now a subset of the infrastructure of &2, as some props may

have been removed by removing (u,a), but none can have been added. Hence &’ is a
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subproblem of &7, and ' is then in €. Its microstructure H' = MS(Z?’) is then contained
in MS(%).

Now suppose MS(%) is closed under the operation of removing domain values. Suppose
H € CS(%) and, again without loss of generality, that H' is obtained from H by removing
just one vertex (u,a) and any empty edges that may result. Now let G’ be the complement
of H' with respect to the scopes that appear in H’, and let G be the complement of H with
respect to the scopes that appear in H. Note that the only possible edge removed from H
is the singleton edge containing just (u,a). This means that every edge in H (other than
possibly this singleton edge) is still present in H’', once (u,a) is removed from any edges in
which it is present in H. Hence G’ contains those edges in G which did not contain (u,a),
and any edge in G which did contain (u,a) is either present in G’ without (u, a) appearing
in such edges, or in the case of the singleton edge, does not appear at all. Hence G’ is
obtained from G by removing (u, a) from any edge in which it appears, and discarding any
empty edges that result. As MS(%) is closed under removal of domain values, G’ € MS(%).
Hence H' € CS(%). It follows that CS(%) is closed under removal of domain values.

Finally, suppose that CS(%) is closed under removal of domain values. Let & be an
instance in ¢ with clause structure H € CS(%). Let &’ be a subproblem of &7, with
clause structure H'. For every variable v in & which does not occur in &, for each a in
the domain of u, remove each (u,a) from H, yielding a subproblem Z. After performing
this operation, the variables of &, and £’ are the same. Then for every value a in the
domain of some variable u which does not occur in the domain of v in &', remove (u, a)
from &2, yielding subproblem £?;. Now the literals of &7 are the same as the literals of
P’ and £ was obtained from £ by removing one domain value at a time, preserving all
edges which do not feature removed literals. It then follows that CS(4%) = H'. As H' was
obtained from H by removing domain values, one at a time, H' € CS(%¢). Hence &' € ¢.
Therefore, &2 is closed under taking subproblems. O

Due to Theorem 5.26, I therefore require CSPs to be downward-closed with respect to

induced substructures.

Definition 5.27. Let < be a partial order over a set X. A subset Y of X is said to be
downward-closed with respect to = if whenever y € Y and x € X such that x <y, then
zeyY.

Definition 5.28 (hereditary class). A class € of structures is hereditary if whenever G

is a structure in %, and H is an induced substructure of GG, then H is in % also.

Hence hereditary classes are those that are downward-closed with respect to the induced
substructure partial order on structures.

The hereditary classes can also be characterized by means of forbidden induced sub-
structures: a hereditary class is X-free for some class X of structures. In the graph theory

literature this result is usually observed without proof.
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Proposition 5.29 (hereditary vs. forbidden induced substructures). € is hereditary if,
and only if, there is a set of structures X such that € = X -free.

Proof. For the forward direction, suppose that % is hereditary. Let X consist of the
minimal structures (in terms of the induced substructure partial order) which are not in
%, where only one of each isomorphism equivalence class is included in X. This is then a
set. (Note that minimality is well-defined for finite structures.) No structure in X can be
in ¥, so therefore € is contained in X-free. Now let H be a structure that is X-free. If H
were not contained in %, then there would exist some structure G in X but that was also
an induced substructure of H. This would then contradict H being X-free. Hence H is in
%, and as the choice of H was arbitrary, X-free is contained in %.

For the reverse direction, suppose that € = X-free for some set of structures X.
Suppose H is a structure that is in 4. Since H is X-free, so is any induced substructure
of H. It follows that ¥ is hereditary. O

Proposition 5.29 combined with Theorem 5.26 means that I will only consider those
classes which are hereditary. Either the downward-closed property of hereditary classes, or
the definition via forbidden induced substructures can be used.

5.2.4 Small forbidden structures

It is useful to consider the classes formed by excluding a single small structure. In the light
of Proposition 5.19, these classes form the building blocks for more complex hereditary

classes.

> O OO0

Figure 5.4: C; for i = 3,4,5,6,7,8
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Figure 5.5: C; for i = 3,4,5,6,7,8
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A hole is an induced cycle with at least 5 vertices [124, 80]. An antihole is the
complement of a cycle with at least 5 vertices. The terminology for holes and antiholes is
not completely settled: some texts refer to induced cycles with at least 4 vertices as holes,
and cycles with at least 5 vertices are then called large holes [79]. Side-stepping the size
controversy, I will refer to a giant hole for cycles with at least 7 vertices.

Berge conjectured in 1961 that perfect graphs are precisely those graphs that are

(odd-hole, odd-antihole)-free; a proof took over four decades to discover.
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Theorem 5.30 ([28, 1.2], Strong Perfect Graph Theorem). A graph is perfect if, and only
if, it is (odd-hole, odd-antihole)-free.

Perfect graphs are important in my work because of the following classical result.

Theorem 5.31 ([76, Sect. 6]). A mazimum clique in a perfect graph can be found in

polynomial time.

Perfect graphs can also be recognised in polynomial time [27].

Table 5.1 summarises what is known about the complexity of IS for classes of graphs
defined by excluding a single small induced subgraph. The graphs illustrated on the right
hand side are complements of those illustrated on the left. For each entry a chain of
inferences establishing its complexity is provided. Italicized blue entries are IS-hard, and
those in normal typeface are [S-easy.

These results are folklore and quite simple to establish. However, as far as I can
establish, no table such as this has been published. Enumerating the G-free classes of
graphs for small G (as well as classifying them with respect to being IS-easy or IS-hard) is
the first step toward constructing the similar table in Chapter 6 for richer structures.

Ps is a path on three vertices. Its complement co-Ps is the graph on three vertices with
a single edge. The classes of Ps-free graphs and co-Ps-free graphs are subclasses of perfect
graphs. (Note that in a binary CSP instance with a co-P3-free microstructure, every pair of
distinct variables is either related by an anything-goes relation, or an empty relation (in the
latter case, the instance has no solution). Either of these cases leads to a polynomial-time
solution. Similarly, a Ps-free microstructure ensures that any solution forms a clique in the
microstructure that has no vertex in common with the clique of any other solution, so the
set of possible solutions can be enumerated and checked in polynomial time.)

A house is a graph consisting of Cy with an additional vertex connected to two vertices
that are adjacent in the Cy. Many other graphs have special names that are frequently used:
diamond is K, with one edge removed; P is a Cy with an additional vertex connected
to one of the vertices in the Cy; the paw consists of a vertex connected by an edge to
one of the vertices of a triangle. A star S; ;; consists of three disjoint paths P;, P;, Py
together with a central vertex joined to one endpoint of each path. S1 11 = K3 is also
known as the claw, and S 12 is also known as the fork. The graphs H, Xgs, house, fork,

P, diamond, claw, and paw are illustrated in Figure 5.6.

. LA
1] || Voo

Figure 5.6: Graphs H, Xgs, house, fork, P, diamond, claw, paw.

I now summarize some previously published results from [46], which I will combine
with Corollary 5.23. Let @ denote the class of (Cy4,Cs, Cs, Cr,Cs, H, K1 4, X35, K3)-free
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graphs.
Proposition 5.32.

1. Q is IS-hard, so classes containing it are also IS-hard: these include Ks-free,
(C4, co-claw)-free, (Cy, Cs)-free, (K14, diamond)-free, and P-free.

2. Classes (Ko U claw)-free, co-gem-free, (P, S1,25)-free, and (2+ c)Ka-free for any fized
c=0,1,... are all IS-easy. Recently it was established that the Ps-free class is also
IS-easy [113].

The complexity of INDEPENDENT SET for S 9 5-free graphs is not currently known.

5.3 Perfect microstructure

Proposition 5.33. If H is a graph, s > |V (H)|, and the CSP instance (K5, H) has perfect

macrostructure, then H is perfect.

Proof. If H is not perfect then it contains an odd hole of size n, or H does; enumerate
the vertices of the cycle as vy, v, ..., v, so that v; is adjacent to v;11 and v, is adjacent
to v1. Now consider any subset X of n distinct vertices from V(Kj), enumerated as
X ={uy,ug,...,uy}. The assignments {(u1,v1), (u2,v2),..., (tun,vs)} then induce an odd

hole or antihole in the microstructure. O

The converse of Proposition 5.33 is not true; consider the microstructure of (Ky, Ps).
This contains an induced Cjs (this cycle includes two different assignments to one of the
variables), so is not perfect.

Combining constraints may fail to preserve the perfect microstructure of the individual

constraints.

Example 5.34 (combining constraints). Suppose G and H are graphs formed from Cj by
adding one edge to C5, with the edge added to form G different from the edge added to
form H. Then

(V(Cs), E(Cs), E(K5)), ({1, 2}, E(G), {(2,2)}))

and

(V(Cs), E(Cs), E(K5)), ({1, 2}, E(H), {(2,2)}))

both have perfect microstructure, each consisting of a disjoint union of a 5-clique and a
5-cycle with a chord. Moreover, each of these CSP instances has a solution by mapping

each vertex in the source structure to 2 in the target structure. However,
(V(Cs), E(Cs), E(K5), E(Cs), E(K5)), ({1,2}, E(G),{(2,2)}, E(H),{(2,2)})

does not have perfect microstructure, as it consists of a disjoint union of a 5-clique and

a b-cycle. Note that the two different chords fall away in the microstructure when the
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Ko-free = {K;} C

perfect

D {K;} = Ko-free
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Ks-free C claw-free C (P, S1.25)-free

Ps-free C (Cypq, Cs44)-free C

perfect

Ks-free

DO (Cy4i, Csqq)-free O Ps-free

o o
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TR XITN

Ky-free C (Ko U claw)-free
co-diamond-free C (K3 U claw)-free
co-paw-free C (K3 U claw)-free
2K-free C (K3 U claw)-free
claw-free C (P, Sy 2,5)-free

P,-free C weakly chordal C

perfect

Ks-free C Ky4-free

Ks-free C diamond-free
Ks-free C paw-free

(Cy, co-claw)-free C Cy-free
Ks-free C co-claw-free

[note: Py = P
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Ks-free C 5Ko-free

(5K + e)-free C 4Ko-free

P3; U2K-free C (P, S1,2,5)-free
co-Wy-free C 3Ks-free

K, Uclaw-free C (K3 U claw)-free
P, U Ps-free C (K2 U claw)-free
co-gem-free C (P, Sy 25)-free

(K3 U2K)-free 2

Ky 4-free O (K 4, diamond)-free D
fork-free C (P, S1,2,5)-free
co-dart-free 2

co-butterfly-free O Cy-free D

Ky U K3-free O Kg-free O
Ps-free

P-free O Cy-free O

cricket-free 2O

bull-free O

Cs-free 2

Ks-free

Ks-free

Q
Ks-free

Ks-free

(Cy, C5)-free

Ks-free C Ks-free
Ks-free C (K5 — e)-free
Ks3-free C P3 U 2K, -free

Ks-free C Wy-free

Ks-free C K U claw-free
Ks3-free C Py U Ps-free
Ks-free C gem-free

C co-(K3U2Kq)-free

C Ks-free C (K4 U Ky)-free
Ks-free C co-fork-free

C dart-free

C Ks-free C butterfly-free
C Cy-free C Ko 3-free
Ks-free C house-free

C Ks-free C co-P-free

C co-cricket-free

[note: bull = co-bull]

[note: C5 = Cj]

REFRIGFREEHLGEE Y Y

Table 5.1: G-free graph classes for G with up to 5 vertices. Key: IS-hard, [S-easy.
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intersection of the two corresponding subgraphs is taken. This instance still has the same

solution. ]

It is known that the product of perfect graphs is perfect precisely when either one
of the graphs is bipartite, or both graphs are (odd-hole,paw)-free [133]. Note that this
result does not directly assist the analysis of perfect microstructures, since the product
of structures underlying the clause structure is not product of graphs, but a product of
relational structures — the variable clauses are added in to the product of the underlying

structures, even if these are graphs.

5.3.1 Classes related to trees

The constraint graph of a binary CSP instance with variables V' and constraints C

is the graph of the directed graph formed by the scopes of constraints, in other words

Y((Vi{o | (0, R) € C})).

Definition 5.35. A binary CSP instance has tree structure if its constraint graph is a

tree. A CSP has tree structure if all its instances have tree structure.
Binary CSPs with tree structure are known to be tractable [140, Chapter 7].

Lemma 5.36. If a graph G contains a cycle with at least 3 vertices as a subgraph, then it

contains an induced cycle with at least 3 vertices.

Proof. Suppose distinct vertices uy, ug, . .., ug, u; form a cycle in G, so that k > 3, {u;, u;11}
is an edge for every i, and {ug,u;} is an edge. I show that an induced cycle can be
constructed. Let X9 = {uy,ug,ug}. If Xo induces a 3-cycle in G, then let X = X5 and
halt. Otherwise, X; is given for some ¢ > 2, and X; does not induce an (i + 1)-cycle in G.
Add u;q1 to X; to form X;yq. If w11 is connected to u; for some j =1,2,...,%— 1 then
let j’ be the largest value in {1,2,...,7 — 1} such that u;;1 is connected to uj, let X =
{w;,wjt1,...,uit1}, and halt. If u;yq is connected to uy then let X = {uq,ug, ..., ujt1, up}
and halt. Otherwise increment ¢ and continue. The algorithm will always halt, since ug_1
is connected to ug. As the vertices u; were distinct and k > 3, X will form an induced

cycle with at least 3 vertices, and the result follows. O

Note that there are several different notions of acyclicity in hypergraphs that in the
non-binary case could be used to define an analogue of tree structure. A rather strict
notion requires the Gaifman graph of the constraint hypergraph to be a tree. This means
that there can be no edges containing 3 or more vertices; the instance must then be binary
and its constraint graph must be a tree.

The microstructure of a tree-structured instance is not in general a tree, and nor is the

clause structure.

Example 5.37 (tree structure does not imply tree microstructure). If D contains at least

two elements, then the clause structure of a single binary constraint relation #p contains Cy
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as an induced subgraph, so is not a tree. (Note that it also is not chordal, see Section 5.3.2

for discussion of chordal graphs.) _

On the other hand, CSP instances with tree structure are perfect.

Let TREE denote the class of all binary CSP instances with tree structure.
Proposition 5.38. CS(TREE) C (hole, odd-antihole)-free C perfect.

Proof. Let G = CS(Z?) € CS(TREE). Suppose G contains a cycle C with k > 5. The
vertices of C} must then involve at least 3 different variables, since assignments for the
same variable are all connected in the clause structure. The structure of the instance &
therefore contains a cycle, contradicting the assumption that it is tree-structured. Hence
G must be hole-free.

Since C5 is its own complement, only the giant antiholes need to be considered. Assume
for contradiction that G contains a giant antihole Cy with k& > 7 vertices (0,1,...,k — 1)
(in that order around the cycle). This antihole contains an induced C4 on every 4 vertices
(i,i+1,j+1,j)suchthat 0 <i<j<kandi<i+2<j<j+2<i+k (all numbers
modulo k). As any induced 4-cycle in the clause structure of a tree-structured problem
must involve exactly 2 variables, every set of 4 vertices of this kind in C}, involves exactly
2 variables. This implies that the vertices (0,1,2,...,k — 1) involve just two variables,
which alternate around the cycle. If &k is odd, these conditions are unsatisfiable. Hence G
is odd-antihole-free.

This argument also shows that for every antihole Cg g, with an even number of
vertices, there exist tree-structured CSP instances containing Cg 2,,, so the list of forbidden

subgraphs cannot be enlarged by including more holes or antiholes. O

The following result then follows by taking complements.
Corollary 5.39. MS(TREE) C (odd-hole, antihole)-free C perfect.

It is also worth observing that every bipartite graph can be obtained as the microstruc-
ture of a CSP instance with two variables, which is always tree-structured.
Note also that a bipartite graph is (Cs,C5, Cy, ... )-free, or equivalently, can be vertex

coloured with 2 colours.
Proposition 5.40. bipartite = (Cs, odd-hole, antihole)-free C MS(TREE).

Proof. The inclusion (C3, odd-hole, antihole)-free C bipartite follows from Proposition 5.19.
Every antihole C}, with & > 6 contains a triangle: for instance, consider vertices 0, 2,
4, when the vertices are labelled (0,1,2,...,k — 1) in order around the cycle. Then by
Proposition 5.19, bipartite C (C3,0dd-hole, antihole)-free. Equality follows.

Now every bipartite graph can be 2-coloured. Given a bipartite graph with unique
vertex labels, and a 2-colouring of its vertices, associate a CSP instance to the graph. The
instance has two variables, one for each vertex colour. The domain of a variable consists of

the vertex labels associated with its colour. The constraints specify which combinations
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of assignments are allowed, and precisely encode the edges of the graph. This shows that
every bipartite graph is in MS(TREE).

For strictness of the inclusion, consider the triangle, Cs. This graph is not bipartite.
However, it is the microstructure of a CSP instance with 3 variables, each variable having
a domain of size 1, and no constraints. This CSP instance has the disconnected graph with

3 vertices as its structure, and is therefore tree-structured. ]

5.3.2 Classes related to chordal graphs

Recall that Cyy; denotes the infinite set {C4, C5,C, ...} of all finite cycles with at least 4
vertices. A graph is called chordal or triangulated if it is (Cy4;)-free. Such graphs may
contain a cycle with at least 4 vertices as a subgraph, but not as an induced subgraph.
Hence every cycle with at least 4 vertices must have an edge between two of its vertices
that are not adjacent in the cycle. Such an edge is called a chord. A graph is called
co-chordal if its complement is chordal. All chordal and co-chordal graphs are perfect [86].

A graph is weakly chordal if it is (hole, antihole)-free [80]. A weakly chordal graph
may contain 3-cycles or 4-cycles.

Jégou noted that the class of binary constraint problems with chordal microstructure
form a tractable class [97]. Cohen noted that binary constraint problems with chordal
clause structure also form a tractable class, consisting of problems that are “permutably
max-closed” [34, 72]. Both of these classes are perfect, and can be combined to obtain a
larger tractable class.

Let CC denote the class of graphs that are either chordal or co-chordal, and let CCMC
denote the class of all binary CSP instances with chordal microstructure or chordal clause

structure.

Proposition 5.41. MS(CCMC) = CS(CCMC) = CC
C (hole, antihole)-free = weakly chordal
C (odd-hole, odd-antihole)-free = perfect.

Proof. Any graph can be obtained as the microstructure of a trivial CSP instance. The
domain of each variable contains exactly one value. There are binary constraints between
every pair of distinct variables, with the constraint relation either empty or containing
a single edge. By symmetry between edges and non-edges, any graph can then also be
obtained as the clause structure of such an instance. This shows that CC C MS(CCMC)
and CC C CS(CCMC). On the other hand, MS(CCMC) and CS(CCMC) are contained in
CC by definition, which proves the equalities between these classes.

The antihole with 5 vertices is isomorphic to C5, and all larger antiholes contain an
induced 4-cycle. Chordal graphs must then be antihole-free, as they are Cy-free. The
remaining inclusions follow from Proposition 5.19.

To see that the inclusions are strict, first consider the domino graph (illustrated

in Figure 5.7), which is (hole, antihole)-free, but neither chordal nor co-chordal. Sec-
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Figure 5.7: The domino graph and its complement.

ond, consider the 6-cycle: this is (odd-hole, antihole)-free, but it is clearly a hole so not
(hole, antihole)-free. O

5.3.3 Classes related to gridline graphs

The vertices of a gridline graph can be embedded in the real plane so that there is an edge
between two distinct vertices precisely when they both are part of the same horizontal line
or the same vertical line. Gridline graphs form the class of (claw, diamond, odd-hole)-free
graphs [128].

Proposition 5.42. CS(ALL-DIFFERENT) = gridline
C (odd-hole, giant-antihole)-free
C (odd-hole, odd-antihole)-free.

Proof. Let G € CS(ALL-DIFFERENT). Then G = CS(&?) for some instance & of ALL-
DIFFERENT. Embed each vertex (z,a) of G in the real plane, with the variable x determining
the horizontal position, and the value a determining the vertical position. The edges of
G disallow multiple assignments of a value to any variable, and disallow the assignment
of multiple variables to the same value. These are precisely those edges required by the
definition of a gridline graph.

Conversely, for any gridline graph G there is an associated embedding in the real plane,
so map each vertex to a pair (z,y), and consider these to be the variable-value pairs of a
CSP instance. The graph G is then the clause structure of an ALL-DIFFERENT instance. Its
edges require each variable to be assigned a unique value, which is also different from the
value assigned to every other variable. This shows that CS(ALL-DIFFERENT) = gridline.

Consider any giant antihole, with vertices labelled with {0,1,...,n 4 6} so that there
is no edge between vertices ¢ and 7 + 1 (mod n + 7). The vertices 0,1, 3,5 then induce a
diamond. By Proposition 5.19, diamond-free C giant-antihole-free (strict inclusion follows
since the diamond is co-C74-free). Since gridline = (claw, diamond, odd-hole)-free, it
follows that gridline C (odd-hole, giant-antihole)-free. Since Cj is its own complement, this
class in turn is contained in (odd-hole, odd-antihole)-free. The graph co-Cg witnesses the

strictness of this last containment. O

A symmetrical argument (replacing every graph G in the proof by co-G, and applying

Proposition 5.19) yields complementary inclusions for co-gridline graphs.

Corollary 5.43. MS(ALL-DIFFERENT) = co-gridline
C (odd-antihole, giant-hole)-free
C (odd-hole, odd-antihole)-free.
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By Proposition 5.19, (hole, odd-antihole)-free C (odd-antihole, giant-hole)-free and
(odd-hole, antihole)-free C (odd-hole, giant-antihole)-free. The graphs Cg and Cg witness

the strictness of these inclusions.

Example 5.44 (3-variable, 2-value ALL-DIFFERENT). The clause structure of an ALL-
DIFFERENT instance with 3 variables, with domains {a1,as}, {a2,as},{a1,as}, is the even
hole Cg. This is shown in Figure 5.8. _

Example 5.45 (2-variable, 3-value ALL-DIFFERENT). The microstructure of an ALL-

DIFFERENT instance with 2 variables and domains {0, 1,2}, is illustrated in Figure 5.9.

i 1
T 1

Figure 5.8: Clause structure of Figure 5.9: Clause structure of a
an (odd-hole, antihole)-free ALL- (Cs, giant-hole, giant-antihole)-free
DIFFERENT instance. ALL-DIFFERENT instance.

The class inclusions of Theorem 5.30, Proposition 5.38, Proposition 5.41, and Proposi-
tion 5.42 are summarised in Figure 5.10. Several of the strict separations were discussed in

the proofs. I now review the remaining separations.

1. For strict inclusion of (hole, odd-antihole)-free in (giant-hole, odd-antihole)-free, con-

sider Cg (and Cg separates the complement classes).

2. A tree is planar, so is K3 3-free. Consider the graph 2C3, consisting of two disjoint
triangles. This graph is the microstructure of a CSP instance with K3 3 structure, but
is also (hole, antihole)-free. This demonstrates that the containment of MS(TREE)

in (odd-hole, antihole)-free is strict.

3. CS(ALL-DIFFERENT) is not contained in (odd-hole, antihole)-free as witnessed by Cg,
and Cg in turn witnesses that the class CS(ALL-DIFFERENT) is not contained in the

class (hole, odd-antihole)-free.

4. CS(ALL-DIFFERENT) does not contain the classes of bipartite and co-bipartite graphs,

as witnessed by the claw and diamond, respectively.

5. Finally, Cy and Cy separate chordal and co-chordal from CC (respectively).

Note that MS(TREE) is a hereditary class, since removing a vertex from the mi-
crostructure will never introduce a new edge in the structure. Removing some vertices

may change some existing proper constraints into anything-goes constraints, which would
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remove the edges between those variables in the structure. Similarly, CS(TREE) is also
a hereditary class. The precise set of forbidden substructures remains to be determined:
due to the inclusion of this class in the class (odd-hole, antihole)-free, clearly MS(TREE)
= (X, odd-hole, antihole)-free, for some set X of graphs.

5.3.4 Summary of relationships

In this section I have discussed inclusions between some subclasses of perfect graphs,
including several that are obtained as microstructures or clause structures of binary CSPs.
The inclusions between these classes are illustrated in Figure 5.10, where lower position
indicates smaller classes, the transitive strict subclass relation is indicated by lines, and

the absence of a line between two classes indicates that they are incomparable.

perfect

(odd-hole, odd-antihole)-free

N

(giant-hole, odd-antihole)-free (odd-hole, giant-antihole)-free
MS(ALL-DIFFERENT) CS(ALL-DIFFERENT)
= co-gridline = gridline
(hole, odd-antihole)-free (odd-hole, antihole)-free

WA

(hole, antihole)-free
S(TREE) = weakly chordal MS(TrEE)

(3K, hole, odd-antihole)-free CS(CCMC) (C3,0dd-hole, antihole)-free
= MS(CCMC)
= co-bipartite = bipartite
= CC
chordal co-chordal

Figure 5.10: Strict inclusions among CSP-derived subclasses of perfect graphs.
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A less detailed version of Figure 5.10 was published in [141]. In this chapter I have also

shown that all inclusions in the figure are strict.

5.4 Summary and contribution

In Section 5.1, I have dealt with transformations of CSP instances to equivalent binary
instances. In the constraints community, higher arity constraints are sometimes regarded
as unnecessary. This is because a relation of arity greater than 2 can be expressed as a
binary relation by introducing a new variable capturing the relatedness of the variables.
Rossi et al. argued this point [139], providing a citation to Volume 3 of the collected works
of Peirce. The citation seems intended to refer to Peirce’s critique of an earlier paper by
Kempe, where Peirce acknowledges Kempe’s contention that higher arity relations can be
expressed in terms of binary ones [127, 100]. I have used excerpts from these papers as
quotations at the start of each chapter of this thesis.

Following Peirce, I believe that higher arity constraints are important. Higher arity
constraints are useful for those global constraints which cannot naturally be decomposed
into relations of fixed arity, for global constraints that can be so decomposed but where
this requires introducing a large number of new variables, and for global constraints which
cannot be decomposed while still preserving the ability to enforce GAC efficiently. Further,
there may exist tractable classes of CSPs of unbounded arity which in any decomposition
either lead to a class that is not tractable, or which superpolynomially increase the instance
size. However, the focus in this and the next chapter is on the case where decompositions
into binary constraints do exist, and are meaningful.

The microstructure of a binary CSP instance is a graph. This observation implicitly
underlies Regin’s 1994 algorithm for establishing GAC of ALL-DIFFERENT+UNARY con-
straints [134]. Binary CSP instances employing just one constraint relation were also used
in the dichotomy result of Hell and Nesettil. They showed that CSPs with structures that
are non-bipartite graphs are NP-complete. In contrast, a CSP with structures that are
bipartite graphs is decidable in linear time: there is a solution precisely when the target
graph is not completely disconnected [82]. The foundational work of Feder and Vardi,
showing that constraint problems defined by constraint languages can be expressed in
the MMSNP fragment of logic, also related the main relationships into questions about
homomorphisms between graphs. The graph-theoretic point of view, and binary CSPs, are
therefore central to much of the work in constraint satisfaction.

Montanari originally introduced the exact 2-section as a “minimal network” of an
instance [122]. Constraints that are decomposable into their exact 2-sections have been
called “network decomposable” [122, 47]. T have followed Gent et al. in using the term
“decomposable” instead [62].

Copeland and Khoshafian discussed the Decomposition Storage Model for relational

databases, in which the data relating to each attribute is stored in a separate table [45].
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(This model is now usually referred to as a column-oriented database.) Each such table
stores key-value pairs. The keys serve to tie together the different attribute values across
tables: those attribute values associated with the same key belong together in a tuple
identified by the key. This is conceptually similar to the hidden transformation, with
attributes acting as variables, and the key attribute in each table acting as a single hidden
variable corresponding to the table of solutions. However, the challenge in constraint
satisfaction is to determine if the table of solutions is empty or not, without joining
together all the individual constraints, whereas the Decomposition Storage Model starts
with the table of solutions and is motivated by support for missing values in data records
and improving performance for certain kinds of database queries.

Section 5.2 discusses the importance of hereditary properties of the microstructure.
This leads to the conclusion that forbidden substructures in the microstructure are of
fundamental importance as a way of capturing properties that are preserved during
enforcement of arc-consistency.

Some previous results were important stepping stones for the results in Section 5.3.
It is well-known that tree-structured CSP instances can be solved efficiently [48]. Also
well-known is that the ALL-DIFFERENT constraint allows efficient solution [103, 134].
Furthermore, Gutin, Rafiey, and Yeo implicitly observed that perfect microstructure leads
to a tractable class [78].

In an earlier published version of the work in this chapter, tree structure was shown to
lead to perfect microstructure, and the microstructure of the ALL-DIFFERENT constraint
was shown to be perfect [141]. Sellmann independently showed that the clause structure of
tree-structured instances is (hole, odd-antihole)-free [144], and therefore perfect.

By a closer analysis of the classes of graphs formed by microstructures of several classes
of CSPs, in Section 5.3 I showed that the relationships in Figure 5.10 hold between classes
of perfect graphs obtained from CSPs. Note that Proposition 5.42 and Corollary 5.43
are slightly stronger than previous results. The main improvement is that the classes of
(odd-antihole,giant-hole)-free and (odd-hole,giant-antihole)-free graphs now provide more
specific upper bounds for the pairs of classes CS(TREE)/gridline and MS(TREE)/co-gridline.

I also provide more detail in the proofs in this chapter.
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Mr. Kempe has, and must have, three kinds of elements in his diagrams,

namely, one kind of spots, and two kinds of connections of spots.

—C. S. Peirce, The Critic of Arguments, 1892. §423.

Variable-coloured binary microstructures

The microstructure representation discussed in the previous two chapters captures the
variable clauses associated with each variable by explicit edges added to the clause structure.
The clause structure then contains cliques of edges for each variable.

The reason that variable clauses are present in the clause structure is that for each
variable, only one literal involving that variable should be used to construct a solution.
It is instead possible to enforce this intended semantics by adding additional features to
the microstructure representation. The “plain” clause structure can be augmented with
colours, where each colour represents one of the variables. Instead of looking for cliques in
the microstructure or independent sets in the clause structure, one can then seek rainbow
cliques or independent sets, where no two vertices have the same colour. It is also possible
to order the vertices or each colour class, and to use such orders when specifying hereditary
classes of CSP instances.

In this chapter, I examine the microstructure representation augmented with these
additional features. The additional features of colours and order allow hereditary classes
of structures to be defined with a greater degree of control than the plain microstructure
representation. I review some of the foundational results regarding binary classes defined
by forbidding small vertex-coloured structures, and provide an overview of CSPs defined
by forbidding the variable-coloured microstructure representation from containing a single
small induced vertex-coloured graph.

I then discuss a tractable class of CSPs for which a good vertex ordering can be found,
and the vertex ordering can be used to solve the instance in polynomial time. This forms a
novel tractable hybrid class of CSPs, and is defined by forbidding particular colour-ordered

vertex-coloured graphs in the variable-coloured microstructure representation.
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6.1 Vertex-coloured structures and logic

I now consider enriching graphs with the aim of using them to define hereditary classes
that are larger than those that are possible to define just using graphs. Colours can be
added to the vertices of a structure, the vertices in each colour class can be ordered, and

the colours can also be ordered.

Definition 6.1 (vc-graphs). A vertex-coloured graph or ve-graph (G, k) is a pair
consisting of a graph G and a colouring k: V(G) — [s], for some positive integer s. In a
ve-graph, the elements of [s] are also referred to as colours. G is obtained from (G, k) by
forgetting the colouring . The colour class associated with colour ¢ € [s] is the set of
vertices k1(q) C V(G). |

Note that by definition, the colour classes form a partition of the vertices.

The focus in this chapter is on binary CSPs, so I will mostly use the term vc-graph
instead of the more general terms vc-structure or ve-hypergraphs which would be
relevant for CSPs of arbitrary arity. When vertex-colourings are of interest, I modify
the meaning of forbidden substructure to allow one colouring to be used to represent all

colourings that retain the same essential structure.

Definition 6.2 (forbidding ve-graphs). When X is a ve-graph (G, k), I use X-free to
mean {(G, k) | k is any colouring of G}-free. _

By Fagin’s Theorem, every language in NP can be defined by a finite formula of
existential second-order logic [51]. The original proof encodes the nondeterministic Turing
machine recognising the language as a relational structure, and then transforms the formula
describing the existence of this machine into a formula of the right syntactic form. This line
of enquiry was continued by Feder and Vardi, who showed that it was possible to restrict
the logic even further [52, 53]. They introduced the class MMSNP of languages by making
three syntactic restrictions, and conjectured that this class admits a dichotomy: every
language in MMSNP is either NP-complete, or in PTIME. By Ladner’s Theorem, if P # NP
then there are infinitely many non-equivalent classes of languages between P and the NP-
complete languages [110]. Feder and Vardi showed that NP is polynomial-time equivalent
to the restricted class SNP (corresponding to formulae in which the existential second-
order quantification appear first, and the remaining first-order subformula is universally
quantified) together with any two out of the three further restrictions of all existential
predicates being of arity one (monadicity), each input relation appearing only in negated
form if the formula is written in conjunctive normal form (monotonicity), and not using
the disequality predicate. Adding all three restrictions at once yields MMSNP, which is
conjectured to admit dichotomy, and therefore to be strictly less powerful than unrestricted
existential second-order logic, unless P = NP.

The traditional descriptive complexity approach has the limitation that the SNP
restriction appears to be incompatible with CSPs with unbounded arity. Feder and Vardi
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explicitly restricted their attention to languages where a single finite target structure is
used to construct each instance in a language, thus avoiding this problem.

Continuing this line of investigation, forbidden pattern problems were introduced by
Madelaine and Stewart [115]. Forbidden patterns capture the logical structure of problems
in NP using techniques from combinatorial theory. Kun and Nesetfil have shown that this
approach can be modified to use any of three different kinds of mappings, generalizing
forbidden patterns [108].

These investigations all define classes of instances which are well-behaved, by using
a restricted fragment of logic to define these classes. In this chapter I consider defining
classes of instances via forbidden induced vertex-coloured structures. This can be thought
of as a more restrictive kind of mapping than the three kinds that were studied by Kun
and Nesetfil, and was originally motivated by such concerns, although I leave investigation
of such mappings for further work.

A class defined by a single forbidden induced substructure S is equivalent to the
intersection of several larger classes defined by coloured versions of S. Distinguishing
vertices by means of colours therefore allows many more classes to be defined than can
be defined by means of forbidden non-coloured structures. Further, forbidding ordered
induced subgraphs defines hereditary classes of graphs that need infinitely many forbidden
induced subgraphs to characterize [65]. Colouring and order are therefore powerful tools
to define hereditary classes of structures.

I first define a rather simpler framework of terminology and notation in terms of
vertex-coloured structures. As my motivation is different to forbidden patterns, this simpler
machinery will suffice. I then apply this machinery to the microstructure.

Finally, I look at CSPs that are tractable by means of a backtrack-free variable
ordering, where this ordering can be obtained in polynomial time by exploiting a forbidden

substructure.

6.2 Transformations

The variable-coloured microstructure is the vc-structure obtained by assigning the
variable of each literal in the microstructure as its colour. The variable-coloured clause
structure is the vec-structure obtained by assigning the variable of each literal in the
clause structure as its colour. In this chapter my focus is on transforming a binary CSP
instance to its variable-coloured microstructure representation (either the variable-coloured
microstructure or the variable-coloured clause structure).

A language characterized by a finite set of forbidden induced substructures is tractable.

This generalizes a standard result for graphs.

Proposition 6.3. Let L be a language in NP. If there is a finite set F of relational

structures such that L contains precisely all F-free structures, then L € P.
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Proof. Suppose L = F-free for some finite set F' of forbidden substructures, that each
structure in F' has at most k vertices, and that there are ¢ structures in F'. Given an input
structure S of size n, it is then possible in time at most O(q.n**1) to check that none of
the structures in F' are substructures of S. Note that ¢ is constant, and & is fixed. This

then constitutes an algorithm to recognise L in polynomial time. O

From Proposition 6.3 it follows that any class of CSP instances defined by means of
finitely many forbidden induced substructures in their microstructures or clause structures
is tractable.

Every NP language can be represented via the relational structure of the accepting
computation [108]. Inspired by the notions of defining CSPs by means of the combinatorial
arrangements of parts of the computation, in this chapter I consider CSPs defined by
forbidden vertex-coloured induced substructures in the microstructures or clause structures
associated with each instance. The microstructure representation of a CSP instance can be
provided as a parameter to a generic Turing machine that checks whether an input partial
assignment is consistent with the microstructure. The structure of such a “microstructure
oracle” is then largely determined by the microstructure parameter, and it may then
be possible to extend results about hereditary classes of microstructures to analyse the
properties of such microstructure oracles. This forms a conceptual bridge between the
previous work based on analysing the structure of computations and the ideas I explore in
this chapter, but I do not explore the details of this link here.

If C is the class of CSP instances with G-free clause structures, then it is also the
class of CSP instances with .%-free vertex-coloured clause structures, where .# contains all
vertex-colourings of G. Using vertex-colouring therefore allows larger classes of hereditary

structures to be defined than if only forbidden graphs are used.

Lemma 6.4. Suppose F contains all possible vertex colourings of S. Then the class
obtained by forgetting the colourings of the % -free ve-structures is identical to the class of

S-free of structures.

Proof. For the forward containment, consider a vec-structure G obtained by forgetting the
colouring of some ve-structure (G, k') € F-free and suppose G contains a copy of S. Then
for every colouring x of G, (G, k) contains at least one of the ve-structures in .%. Hence
(G, k') is not F-free, a contradiction.

For the reverse containment, consider a structure G € S-free, and suppose that
there is no colouring x such that (G,k) € .Z-free. Then for every colouring k, there
is some (H, k) € .# such that (G, k) contains (H, k); this means that G contains S, a

contradiction. O

It is possible to illustrate Lemma 6.4 graphically. In pictures of vc-graphs, I use the

convention that distinct colours are denoted by distinct shapes oriented vertically, enclosing

small circles that represent vertices of the structure and Table 6.1 illustrates many
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small ve-graphs that all have the property that the vertices in each colour class induce a

clique. I have chosen not to use actual colours to denote colour classes.

Definition 6.5. The clique-completion of a vc-graph is a vec-graph with the same
vertices and colours, but with edges between any pair of distinct vertices in each colour
class. The IS-reduction of a vc-graph is a ve-graph with the same vertices and colours,

but with all edges between vertices in the same colour class removed.

The clique-completion also applies to general ve-structures, not just ve-graphs, but I will
not pursue this possibility here. Applying the clique-completion to a class of ve-structures
ensures that the class of structures corresponds precisely to the class of variable-coloured
clause structures of some class of CSP instances. However, it is important to note that
allowing colours in the forbidden vec-graphs used to define hereditary classes of ve-graphs
gives rise to larger classes than can be defined if forbidden subgraphs are used.

Using clique-completions, in Table 6.1 I list each class of vertex-coloured clause structures
of binary CSP instances that is defined by a forbidden subgraph in the clause structure of
up to 4 vertices. For each graph G, a list of vc-graphs .% is given, so that the G-free clause
structures are precisely the F-free vertex-coloured clause structures. I assume that the
clique-completion has been applied to each class of vertex-coloured clause structures before

the ve-graphs containing the particular forbidden induced ve-subgraphs are removed.
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Table 6.1: G-free clause structure = .#-free vertex-coloured clause structure (with clique-
completions assumed)
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In Table 6.1, only one vc-graph is included in % from each isomorphism class of
ve-graphs. Moreover, ve-graphs that cannot occur as variable-coloured clause structures
have been omitted from each .Z in the table; when two vertices in ve-graph G’ in .% are in
the same colour class, but do not correspond to any edge in G, then G’ can be omitted
from &.
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6.3 Rainbow independent sets

Recall (see Example 2.20) that a proper colouring of a graph G is a vertex-colouring x of
G such that if {u,v} € E(G) then r(u) # k(v).

The colouring of a ve-structure does not have to be proper: there is no requirement
that vertices appearing in a tuple in the structure must have at least two, or any specific
number, of distinct colours. However, in a vc-structure it is natural to ask whether there
exist independent sets with specific properties of the colours. For instance, it is possible to
ask whether there exists an independent set of a given size, such that all vertices have the
same colour. Here I only consider the problem of deciding whether a ve-structure contains

an independent set of a given size, such that the vertices all have different colours.

Definition 6.6 (rainbow set). A rainbow set in a vc-structure is a set of vertices with

every vertex having a different colour. _

Rainbow subsets can be used to represent nogoods in variable-coloured clause structures,
or props in variable-coloured microstructures.

The requirement that the independent set be a function, for it to be a solution, can be
captured either by adding additional variable clauses to the hypergraph to form the clause
structures considered in Chapter 4 and Chapter 5. This requirement can also be captured
by means of requiring the independent set to be a rainbow set.

Two decision problems form the vertex-coloured analogues of INDEPENDENT SET for

graphs and hypergraphs.

RAINBOW INDEPENDENT SET (RIS)
Input: ve-structure (S, k), integer k

Question: is there a rainbow independent set with k£ elements in S7

COMPLETE RAINBOW INDEPENDENT SET (CRIS)
Input: ve-structure (S, k)

Question: is there a rainbow independent set in S that uses all colours in {k(u) |
ueV(9)}?

Versions of these problems involving cliques instead of independent sets are denoted
RC and CRC, respectively, but I will focus on the independent set versions.

To capture the semantics of CSPs, the edges in a colour class are irrelevant. If we are
considering the MS semantics, then edges within any colour classes are implicitly forbidden
by the rainbow condition and can therefore be ignored, while in the CS semantics, the
same issue means that any missing edges can be added without changing the problem.
Essentially, in the MS we can require the colour classes to be independent sets, and in
the CS to form cliques, forming canonical ve-graphs in the class of instances of CRC and

CRIS, respectively, which are equivalent to the CSP.
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Consider CS semantics. Suppose a colouring ¢ of graph G has some missing edges,
so that (G, k) differs from the clique-completion of (G, k). Then ¢ can be thought of as
containing new information.

There are two kinds of information contained in a colouring. The first is to restrict the
vertices in a solution to one representative per colour class. The second is to introduce
new edges.

In a CSP, if arc-consistency has been established, then there can be no assignments
(u, a) that are connected to each allowed assignment of values to a different variable v. The
cliques forming colour classes in the corresponding instance of CRIS are therefore maximal.
Analogously, knowing which cliques form the colour classes therefore helps with solving
RIS and CRIS, even if the colouring does not contain new information about which vertices
cannot simultaneously participate in an independent set. Essentially, we can preprocess
the graph with an AC-like procedure, possibly removing some vertices if they cannot
participate in a solution, and then solve the problem for the smaller instance that remains.
So, a colouring first allows an AC-like procedure to be used to preprocess the graph.

The second function of a colouring is to introduce new implied edges. Since an instance
of RIS or CRIS will have the same solution as an instance that has been clique-completed,
we could solve the clique-completed instance instead. For graphs this increases the size of
the instance by a polynomial amount, in the extreme case of a completely disconnected
graph with n vertices with a single colour class to represent n? edges with only 2n space.
However, for hypergraphs the new edges can be superpolynomial in number, changing
the underlying complexity of the problem. A vertex-coloured hypergraph may therefore
represent an instance of RIS or CRIS more compactly than the corresponding IS instance,
and a set of IS instances might be represented as RIS instances that are compact enough
to require superpolynomially more time when expressed in terms of the instance size.

Instead of examining each of the (Z) possible choices of a size p independent set out of
n vertices, the presence of a colouring may reduce the time taken even for a brute-force
approach. If k > p colours are used, and each colour class contains n/k vertices, then
only (;‘;) (n/k)P possible choices need to be examined. Clearly in the degenerate case where
every vertex is assigned a different colour, this is the same number of cases. However,
even if a greedy domino tiling approach is used to select pairs of vertices connected by an
edge to form colour classes, with the remaining vertices being singletons, there will be at
least one colour class with two vertices (otherwise the graph is completely disconnected),
and for the case of a star graph this is all that can be done. The number of cases to
be examined where ¢ two-element colour classes are created using tiling, is then 29 (";q),
which is already a reduction. In general, enumerating the k colour classes as {1,2,...,k},

there are (’;) Hle |c71(7)| cases to be considered.
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6.4 Variable ordering

The order in which variables are considered in a search procedure matters a great deal. It is
possible to choose a variable ordering that is used throughout the search for solutions [63].
Alternately, the variable ordering can be changed as new information becomes available
during search [15].

Finding a good variable ordering, and doing so quickly, are challenging problems in
constraint programming, and in many cases finding a suitable variable ordering is NP-
hard [123]. For some kinds of problems it is possible to find a good variable ordering. It
was realised early on that instances with tree structure had this feature, and that this
extended to bounded treewidth [49, 57]. It is possible to extend this to more general classes
of problems. In particular, if the microstructure has a special structure then it is possible
to find a good variable ordering efficiently. This variable ordering can then be used to
obtain the solutions to the problem without requiring any backtracking during search.
Freuder investigated some sufficient conditions for avoiding backtracking [55].

Finding an ordering of vertices in a graph to ensure “nice” properties is in general
a difficult problem. For instance, many graph algorithms deal with the vertices in some
particular order, and backtrack as necessary; for some kinds of problems having the “right”
order available would allow the algorithm to find the solution efficiently, without doing any
backtracking. An way to determine such orderings for an NP-complete graph problem is
therefore either unlikely to exist, or finding a good ordering is going to be NP-hard itself.
In some special cases it is possible to find good vertex orderings.

Perfect elimination orderings are available when the graph is chordal [137]. This leads
to an efficient algorithm to solve CSPs with chordal microstructure complements [34, 155].

Perfectly orderable graphs are those graphs for which there is an admissible ordering
of vertices, such that the resulting graph is obstruction-free. Here obstruction is the
directed graph ([4],{(1,2),(2,3),(4,3)}). Recognizing perfectly orderable graphs is NP-
complete [120]. Further, the complexity of finding admissible orderings is not known [135].
Note that perfectly orderable graphs are perfect, and generalize chordal graphs.

b-perfect graphs are similarly well-behaved. These graphs do allow induced C5 subgraphs,
so they are not perfect, but they can contain no larger odd holes or antiholes. The class of
b-perfect graphs is characterized by 22 forbidden induced subgraphs [85].

For some classes of graphs, it is possible to find an ordering of the vertices which leads
to an efficient greedy algorithm. For instance, an ordering by non-increasing number of
neighbours is enough to guarantee that the greedy algorithm finds the largest independent
set, for a class defined by six forbidden induced subgraphs [116].

However, for even quite restricted classes, it is not known how to find a good ordering
other than by exhaustive search. For instance, perfectly orderable graphs form a subclass
of perfect graphs defined by the existence of some order which forbids a particular ordered
induced substructure, yet no efficient algorithm is known to determine such an ordering [84].

I will demonstrate in Section 6.7 that a good variable ordering does exist for a class of

109



CSPs with clause structures forming hereditary classes of ve-graphs.

6.5 Reductions

Clique-completion does not change the solutions of an instance of RIS, and the same holds

for IS-reduction of RC instances.

Lemma 6.7. Suppose (Go, k) is the clique-completion (IS-reduction) of vc-graph (G, k).
Then the graph Go contains an s-independent set (s-clique) if, and only if, (G, k) contains

a rainbow independent set (rainbow clique) with s elements.

Proof. Suppose G contains an independent set X of the required size. Since (Go, k) is the
clique-completion of (G, k), no two vertices in X can be in the same colour class in (G, k).
Therefore X forms a rainbow set in (G, k). Moreover, since X is independent in Gy, and
G is a subgraph of Gy, X must also be an independent set in G, and hence in (G, k).

For the reverse implication, suppose X is a rainbow independent set with s elements in
(G, k). Let u and v be distinct elements of X. It follows that x(u) # k(v), so u and v are
not affected by the clique-completion of (G, k). Since X is an independent set in G, {u,v}
is not an edge of GG, and therefore is also not an edge of Gy. Hence X is an s-independent
set in Gy.

The result for IS-reductions and rainbow cliques holds by complementation. ]

This leads to a close relationship between binary CSP instances, CRIS instances, and

RIS instances.

Proposition 6.8. The classes of binary CSP instances, CRIS instances, and RIS instances

are all polynomially equivalent.

Proof. The class of binary CSP instances reduces to CRIS by the variable-coloured clause
structure construction.

Clearly the class of CRIS instances reduces to the class of RIS instances by simply
setting the integer threshold in the RIS instance to be the number of colour classes.

To reduce the class of RIS instances to the class of binary CSP instances, suppose
the RIS instance has integer threshold s and input ve-graph (G, k). Construct a CSP
instance (K, Gg), where Gq is obtained by first taking the clique-completion of (G, k)
and then forgetting the colours. This CSP instance has a solution precisely when Gy
contains an s-independent set, and by Lemma 6.7, precisely when (G, k) contains a rainbow

independent set with s elements. O

Definition 6.9. The vc-graph (G, k) is a ve-subgraph of ve-graph (H,\), denoted
(G,k) C (H,\),if V(G) CV(H), E(G) C E(H), and when z € V(G) then x(x) = A(z).
(G, k) is an induced vc-subgraph of (H, \) if (G, k) is a ve-subgraph of (H, \), and also
whenever {u,v} ¢ E(G) then {u,v} ¢ E(H). If (G, k) is an induced ve-subgraph of (H, \)
then (H, k) is contained in (G, k).
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Observation 6.10. Proposition 5.19 holds without modification for ve-structures also.

Observation 6.11. If for every j =1,2,...,q, there is some ¢ = 1,2, ..., p such that G; is
an induced subgraph of Hj, then (G1,Ga,...,G,)-free C (Hy, Ho, ..., Hy)-free.

Observation 6.12. If for every j = 1,2,...,q, there is some i = 1,2,...,p such that
(Gi, ki) € (Hj, dj), then

((G1,k1), (G2, K2), ..., (Gp, kp))-free C ((H1,d1), (Ha,d2), ..., (Hy, dg))-free.

Proposition 5.22 holds without modification for ve-structures. I will rephrase this
for ve-graphs, analogously to Corollary 5.23 for graphs. As with Definition 5.21, I use
terminology to explicitly distinguish the decision problem for a class of vc-graphs from the
promise problem of deciding CRIS relative to the promise that the input ve-graph is from

a class of vc-graphs.

Definition 6.13. Class C of vc-graphs is CRIS-hard if COMPLETE RAINBOW INDE-
PENDENT SET is NP-complete when the input vc-graph is restricted to be from C, and
CRIS-easy if COMPLETE RAINBOW INDEPENDENT SET can be decided in polynomial

time when the input ve-graph is restricted to be from C.
Corollary 6.14. Let X C Y be classes of vc-graphs.
1. If X is CRIS-easy, then Y is CRIS-easy.

2. If Y is CRIS-hard, then X is CRIS-hard.

6.6 Forbidden vc-graphs

Graphs obtained by the microstructure complement mapping have special structure. Those
assignments associated with a variable form a clique in the CS. Every graph can be
obtained as the CS of some (generally unsolvable) CSP instance, but it is not clear whether
every graph that has an independent set of size n can be obtained as the CS of a binary
CSP instance with n variables (probably no).

A hereditary class of graphs is one that is closed under induced subgraphs (so if a
graph G is in the class, then so is every induced subgraph of G). Hereditary graph classes
are the natural ones to consider when considering microstructures, since the basic CSP
operation of propagation relies on imposing successive unary constraints when consistency
information is discovered, and unary constraints correspond precisely to taking induced
subgraphs of the microstructure or the microstructure complement. In some sense, then, a
class of microstructures or microstructure complements associated with a CSP must be
hereditary for the class to have relevance to constraint satisfaction.

In Table 6.2, Table 6.3, and Table 6.4 I classify as CRIS-easy or CRIS-hard each of the

classes of CSPs with variable-coloured clause structures that are defined by forbidding a

111



single small induced vc-subgraph. Moreover, I am assuming that clique-completion has
been applied to each clause structure in the class before the substructures in the table are
forbidden. This is an important caveat and has a consequence that needs to be highlighted.

The K3-free graphs form an IS-hard class, so by consulting Table 6.1, each of the classes of
ve-graphs —free, @:@ -free, and @@:@ -free are all CRIS-hard. However, —free variable-

coloured binary clause structures are actually CRIS-easy, since these are simply the clause
structures of the tractable CSP 2-SAT. The discrepancy arises because clique-completion
modifies the ve-graphs in the class. If the forbidden induced ve-subgraph is first excluded
and the remaining ve-graphs are clique-completed, then many vec-graphs with large colour
cliques will be present in the class. If the clique-completion is first performed, the resulting
class ve-graphs has only cliques in each colour class, and forbidding a colour clique with 3

vertices will forbid ve-graphs with 3 or more vertices in each colour clique.

@ CRIS-easy. Every instance is empty (s = 0), so contains no non-trivial instances.

CRIS-easy. All domains have at most 1 element, so solvable trivially.

@@ CRIS-easy. Each literal is incompatible with literals involving any other variable.
Solvable trivially if s = 1, has no solutions if s > 2.

@-@ CRIS-easy. All constraints are anything-goes, therefore every rainbow set is a
prop, solvable trivially.

CRIS-easy. All domains have at most 2 elements; this is 2-SAT.

@ CRIS-easy. Each literal is compatible with at most one literal involving any
other variable. Can be solved in polynomial time by assigning one variable to
each of the possible domain values, and then checking whether this singleton
partial assignment can be extended to a solution.

@,@ CRIS-easy. Each literal is compatible with zero or all literals involving any
other variable, so either has no solutions or every rainbow set is a prop, solvable
trivially.

@:@ CRIS-hard, since the disequality relation contains no such induced substructures,
and hence CS(GRAPH t-COLOURING )is contained in the class.

@@@ CRIS-easy. This forbids any rainbow IS with 3 or more vertices. Hence there
are no solutions if s > 3; for s < 2 exhaustive search is at most quadratic.

@@@ CRIS-easy, by [44, Proposition 3.8].

@Q@ CRIS-easy, by [44, Corollary 3.7].

@@;@ CRIS-hard, since GRAPH 3-COLOURING over K3s-free graphs is NP-complete,
see [44, Proposition 3.10].

Table 6.2: Complexity of CRIS, clique colour classes. Forbidden induced vc-subgraphs
with 1, 2, or 3 vertices.
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CRIS-hard, since CS(GRAPH 3-COLOURING) is contained in this class.
Not yet determined.

CRIS-hard, since GRAPH 3-COLOURING is contained in this class.

)

CRIS-easy. Each constraint relation is closed under the dual discriminator,
see [95, Proposition 5.3].

CRIS-easy by [39], since each assignment is compatible with zero, one, or all
assignments to any other variable.

CRIS-hard, by Corollary 6.14 and @:@ -free.

RS =

CRIS-hard, by Corollary 6.14 and Lemma 6.4 and Cy-free being IS-hard.

28

CRIS-hard, by Corollary 6.14 and @:@ -free.

CRIS-hard, by Corollary 6.14 and @:@ free.

&

CRIS-hard, by Corollary 6.14 and @:8 free.
{:4] CRIS-hard, by Corollary 6.14 and @:8 free.

@@ CRIS-easy. Whenever ¢ is a prop with two literals, then there is precisely one
way to extend it to a prop involving a third variable.

@_@@ Not yet determined.
@'@ Not yet determined.

@Q@ CRIS-hard, by Corollary 6.14 and @:@ free.

Not yet determined.

Not yet determined.

CRIS-easy, by Theorem 6.18 via any variable ordering.

CRIS-hard, by Corollary 6.14 and @:@ -free.

CRIS-hard, by Corollary 6.14 and @@:@ -free.

CRIS-hard, by Corollary 6.14 and Lemma 6.4 and Cy-free being IS-hard.
CRIS-hard, by Corollary 6.14 and @:@ _free.

CRIS-hard, by Corollary 6.14 and @:@ _free.

NEXE488ER

CRIS-hard, by Corollary 6.14 and @:8 free.

Table 6.3: Complexity of CRIS, clique colour classes. Forbidden induced vc-subgraphs
with 4 vertices and up to 3 colours.
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These tables are new, but they are based on extended discussions with Martin Cooper,
Peter Jeavons, Chris Jefferson, and Stanislav Zivny. Several of the CRIS-easy entries have
non-obvious proofs and references are provided for these.

Table 6.2 classifies the structures with up to 3 vertices. Table 6.3 provides a summary
of what I know about structures with 4 vertices and up to 3 colours, and Table 6.4 covers
structures with 4 vertices and 4 colours. Note that most of the known CRIS-hard entries

are consequences of a few entries using Corollary 6.14.

@@@@ CRIS-easy. This forbids any rainbow IS with 4 or more vertices, so there is
no solution if s > 4; for s < 3 exhaustive search takes at most cubic time.

@Q@@ Not yet determined.
@E@@@ Not yet determined.
@@@Q Not yet determined.
@@@@ CRIS-hard, by Corollary 6.14 and @@;@ _free.

Not yet determined.

Not yet determined.

CRIS-hard, by Corollary 6.14 and @@;@ free.

CRIS-hard, by Corollary 6.14 and Lemma 6.4 and Cy-free being IS-hard.

CRIS-hard, by Corollary 6.14 and @@:@ -free.

dddspa

CRIS-hard, by Corollary 6.14 and @@:@ -free.

Table 6.4: Complexity of CRIS, clique colour classes. Forbidden induced ve-subgraphs
with 4 vertices and 4 colours.

6.7 Broken-triangle property

I now apply the theory developed so far in this chapter to study a hybrid tractable class of
CSPs. This class is defined in terms of a hereditary class of vertex-coloured graphs with
ordered colours, where the forbidden induced subgraphs also specify an ordering on their
colours.

Some of the results of this section have been published previously [41, 42], and constitute
joint work with Martin Cooper and Peter Jeavons. My presentation here is somewhat
different, and emphasizes the vertex-coloured framework.

The broken triangle property is a hybrid property that strictly generalizes tree structure.
Moreover, CSPs with the broken triangle property can be solved in polynomial time.

In essence, the broken triangle property can be thought of as a kind of transitivity

condition. By processing the vertices in the right order, the broken triangle property can
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be reduced to a tree-like condition, and an algorithm akin to those used for solving tree
structured CSPs can then be applied to find a solution. Moreover, a suitable such ordering
of variables can be found efficiently.

The broken-triangle property is a variant of perfectly orderable graphs which forbids
certain kinds of ordered obstructions only. The difference is that no ordering is required
between the literals with the same variable; only the variables are ordered. This reduction
in what is demanded of an ordering allows the BTP to be recognised in polynomial time.
Due to the reduced requirements, an ordering of the variables can also be found, with the
nice property that it avoids obstructions.

Given a variable ordering <, for every pair of variables u < v I denote by R, the
constraint relation associated with scope (u,v) once normalisation has been performed (see
Section 4.4.1). If there are multiple relations associated with variables u and v, then they
are combined together; if variables u and v do not appear together in any scope, then then

R, expresses the anything-goes constraint relation.

Definition 6.15 (canonical constraint relation). Given a CSP instance (V, D, () with an
ordering < on V, for each pair © < v from V the canonical constraint relation for u

and v is

RUU = ﬂ({R | (('LL, U)aR) € C} U {R ’ ((’U,U),R) S C})7
where an empty intersection is defined to be D x D. _

It greatly simplifies arguments to be able to refer to the canonical constraint relation
R, without considering whether the scope involving v and v is (u,v), (v,u), or doesn’t
appear at all in the instance. The canonical constraint relations assume that the explicit

version of the instance is being used.

Definition 6.16. A binary CSP instance with s variables satisfies the broken-triangle
property or BTP with respect to the variable ordering <, if whenever 1 <u<v <w <'s
and for every a,b,c,d € D, if (a,b) € Ry, (a,¢) € Ry and (b,d) € Ry, then either
(a,d) € Ry or (b,c) € Ryy. _]

Note that the broken-triangle property must be satisfied for all triples © < v < w, even
if the description of the instance does not specify a constraint between variables u and
v. If there is no constraint specified in the instance between v and v, then R,, does not
restrict the allowed values.

The BTP can also be expressed as a forbidden induced vc-subgraph in the vertex-
coloured microstructure or clause structure of the CSP instance, with respect to some fixed
ordering of the variables of the instance. Figure 6.1 illustrates the forbidden BTP induced
substructure in the microstructure and the clause structure. I also illustrate a combined
representation, also called a “flat pattern” in subsequent work [36], in which dashed
edges are edges in the variable-coloured clause structure and solid lines are edges in the

variable-coloured microstructure. Such substructures are forbidden whenever v < v < w.
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Figure 6.1: The BTP forbidden structure: in the vertex-coloured microstructure, in the
vertex-coloured clause structure, combined diagram.

The following restatement of the BTP will be needed later. This shows that the BTP
can be characterized as forcing a pattern of subset containments between images of the

canonical relations in the BTP forbidden pattern.

Lemma 6.17. A binary CSP instance satisfies the broken-triangle property with respect

to variable ordering < if, and only if,
Vu <v<w Y(a,b) € Ryy Ruw(a) C Ryw(b) V Ryw(b) C Ryw(a).

The broken-triangle property is invariant under domain reductions, as it is a hereditary
property. Note that establishing arc-consistency can be done by a sequence of domain
reductions, removing each unsupported value in turn [59]. Therefore, if a CSP instance
satisfies the BTP then it will still satisfy the BTP after arc-consistency has been established.
This is key to the following result.

Theorem 6.18. It is possible to determine, in polynomial time, if there exists a solution

to a binary CSP instance satisfying the BTP with respect to a fized variable ordering <.

Proof. Colour the literals of the microstructure by a colouring x that assigns to each literal
(u,a) the name of its variable u. For convenience, suppose that the set of variables is the
set [s] with the usual ordering < on integers.

If an instance has the BTP with respect to <, then establishing arc-consistency
preserves the BTP. Arc-consistency can be established in polynomial time [16]. If the result
of establishing arc-consistency is that some colour class is empty, then the instance has no
solution. Assume therefore that the CSP instance is arc-consistent and that each colour
class is non-empty.

For each variable u € [s], dom(u) = 71 (k™ *(u)) is then the set of values in the colour
class corresponding to colour u. Consider the first variable. Since dom(1) # (), the partial
assignment ¢ = {(1,a)} is a prop for any value a € dom(1).

It is then enough to show, for all w = 2, ..., s, that any prop ¢ involving the first w — 1
variables can be extended to a prop involving the first w variables. Extending props to a

complete assignment then results in a solution.
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I now show that there is some literal (m, a) such that the literals that are its neighbours
in the microstructure provide at least one candidate to extend ¢. In particular, each of the
images Ry, (a) is non-empty, and any w-coloured neighbour of the literal (m,a) suffices to
make progress.

By Lemma 6.17, if u < v < w then either Ry, (¢(u)) C Ryw(d(v)) or Ryw(p(v)) C
Ryw(¢(u)). Thus the set {Ryu(P(u)) | w < w} is totally ordered by subset inclusion,
and hence has a minimal element R,,,(¢(m)) = [(),cp Ruw(@(u)) for some m < w.
Further, Ry,.,(¢(m)) # 0 by arc-consistency. By the definition of Ry, (¢(u)), it follows
that ¢ U {(w,a)} is a prop, for any choice of a € Ry, (d(m)).

Generating the next literal at each step can be performed in polynomial time, and

there are s such steps, so the overall time is polynomially bounded. O

Theorem 6.18 is especially interesting because a suitable variable ordering can be
determined efficiently, if it exists. This is important because a CSP instance may satisfy the
BTP with respect to one variable ordering, but not another. Recall also from Section 6.4
that finding a “good” variable ordering (for various notions of “good”) is generally NP-
complete. The proof that a “good” variable ordering exists proceeds by constructing an
auxiliary CSP instance that determines a suitable variable ordering. The constraints of

this instance are all max-closed, and hence a solution can be found in polynomial time.

Theorem 6.19. Finding an ordering of the variables of a binary CSP instance which
satisfies the broken-triangle property (or determining that no such ordering exists) can be

done in polynomial time.

Proof. Suppose the original instance has variables [s] and ¢ values in its domain D. Con-
struct an auxiliary CSP instance with the variables o1, 09,...,0s. Each variable takes a
value in [s]|, which can be regarded as being ordered by the usual order on the integers. A
solution ¢: {01, 02,...,05} — [s] represents the relative positions in the variable ordering.
Define the ternary relation R C [s]® as R = {(u,v,w) | w < max{u,v}}.

The constraints of the auxiliary CSP instance have scopes that are triples of variables,
and each constraint has the constraint relation R. For every distinct u,v,w € [s], the
constraint ((oy, 0y, 0y ), R) is imposed if there are a, b, c,d € D such that the set of literals
{(u,a), (v,b), (w,c), (w,d)} induces a ve-subgraph isomorphic to the forbidden BTP vc-
subgraph in the variable-coloured microstructure of the original instance, with respect
to the variable ordering u < v < w. This constraint forces either w < u or w < v, thus
preventing the BTP vc-subgraph from appearing.

If in a solution to the auxiliary CSP instance, o, = 0, for some u # v, then a topological
sort of the solution still satisfies all the constraints. This can be done in linear time. A
solution to the auxiliary CSP instance can then be taken as a variable ordering of the
original instance with respect to which the original instance satisfies the BTP.

There are at most t* possible choices of values a, b, ¢, d to check for each of the at most

s(s —1)(s — 2) ways of arranging the three distinct variables u, v, w, and these are the only
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possible constraints in the auxiliary CSP instance. Therefore the size of the auxiliary CSP
instance will be bounded by a polynomial in the size of the original instance.
Now suppose (u1,v1,wq) and (ug,ve, ws) are two tuples of R. By the definition of R,

wy < max{ug,v1} and wy < max{ug,va}, so
max{wi,ws} < max{max{uy,us}, max{vy,va}}

and therefore (max{ui,us}, max{vy,va}, max{wi,ws}) € R. Hence R is max-closed by
Definition 3.33, and therefore the auxiliary CSP instance can be solved in polynomial time,
in the size of the auxiliary CSP instance.

It then follows that the auxiliary CSP instance can be solved in polynomial time in
the size of the original instance. By construction, if it has a solution representing some
variable ordering, then the original instance admits a variable ordering that satisfies the
broken-triangle property with respect to this ordering, and if there is no such variable
ordering, then the original instance does not have a variable ordering with respect to which
it satisfies the BTP. O

I now demonstrate that if the structure of a binary CSP instance forms a tree, then it
satisfies the BTP. This shows that the BTP is a non-trivial property of CSPs.

Lemma 6.20. Suppose a binary CSP instance with domain D has a variable ordering <

so that whenever u < v < w are variables, then either Ry, or R, is a complete relation.
Then the instance has the BTP.

Proof. Consider such a CSP instance. If R, is a complete relation, then Ry, (a) = D for
any a € D, while if R, is a complete relation, then R, (b) = D for any b € D. In either
case, by Lemma 6.17 the instance has the BTP. O

Recalling Definition 5.35, the structure of a binary CSP instance is a tree if the graph
of the relational structure formed by the scopes is a tree. More precisely, for every pair of
distinct variables u and v, if Ry, is a proper relation, then {u, v} is an edge of the graph of
the relational structure formed by the scopes. However, if R, is a complete relation then
{u, v} is still regarded as an edge of this graph, as long as there is a scope (u,v) or (v, u)
in the instance. It is possible to broaden the class of instances to allow such anything-goes

constraints.

Definition 6.21. A binary CSP instance has weak tree structure if its constraint graph

has tree structure when anything-goes constraints are disregarded. _

Note that if binary anything-goes constraints are added to a CSP instance with
tree structure, the resulting instance may no longer have tree structure. However, the

transformed instance will have weak tree structure.

Proposition 6.22. If a binary CSP instance has weak tree structure, then it satisfies the

BTP with respect to any variable ordering in which each variable precedes its children.
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Proof. In a tree, the vertices can be ordered from any vertex designated as the root to the
leaves, for instance using depth-first search of the tree starting at the root. In a binary
CSP instance with tree structure, suppose in variable ordering < each variable precedes its
children in <. Then for every variable w there is at most one variable u with u < w, such
that R, is not a complete relation: if R,,, is not a complete relation, then « must be the
immediate ancestor of w in the tree. By Lemma 6.20 the CSP instance then satisfies the
BTP with respect to <. O

It could be argued that binary CSPs with tree structure are already known to be
tractable because they have bounded treewidth. However, there are other binary CSPs
which do not have bounded treewidth structures, yet still satisfy the BTP.

Definition 6.23 (right monotone relation). A binary relation R over D is right monotone
with respect to the total order < on D, if for every a,b,c € D, if b < ¢ and (a,b) € R, then
(a,c) € R. _

Right monotone relations are defined with respect to an ordering of the domain. This
can be combined with an ordering of the variables to form a subclass of CSPs that satisfy
the BTP.

Definition 6.24. A binary CSP instance is renamable right monotone with respect
to a variable ordering < if for every variable w there is an ordering <,, on D such that

R, is right monotone with respect to <,, for every u < w. _

Proposition 6.25. A CSP instance that is renamable right monotone with respect to a

variable ordering < also satisfies the BTP with respect to <.

Proof. Suppose the CSP instance is renamable right monotone with respect to variable
ordering <. Let w be any variable. There is then an ordering <,, of the domain D, such
that for every variable u < w, the canonical constraint relation R,,, is right monotone with
respect to <.

Now let v and v be any variables such that u < v < w; I will show that the BTP
condition is satisfied for this triple of variables. Each of R,,, and R, is right monotone
with respect to <. Suppose (a,b) € Ry, (a,¢) € Ryw, and (b,d) € Ryy. If ¢ <y d then
(a,c) € Ryy by the right-monotonicity of R,,, with respect to <,,. On the other hand, if
d <y c then (b,¢) € Ry, by the right-monotonicity of Ry, with respect to <,,. As the
choice of variables was arbitrary, the BTP is satisfied by the instance. O

The CSP instance with clause structure in Figure 6.2 is not renamable right monotone
with respect to any variable ordering. Moreover, each of the constraint relations is proper
so this instance does not have weak tree structure. However, this instance does satisfy the
BTP since it contains no induced BTP substructure (see Figure 6.1).

As binary CSPs with weak tree structure have the BTP, and moreover every renamable
right monotone binary CSP instance has the BTP, the BTP is therefore a non-trivial
hybrid property of CSPs that guarantees tractability.
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Figure 6.2: Variable-coloured clause structure of instance that is not renamable right
monotone and does not have tree structure, yet satisfies the BTP w.r.t. variable ordering
0<l<2.

6.8 Summary and contribution

In this chapter I developed a general framework of vertex-coloured structures. I showed
that it is possible to obtain larger hereditary classes of structures by using vertex-colouring
to be more precise in what structures are forbidden. Although the framework is general
enough to encompass arbitrary classes of hypergraphs, I have phrased my work in terms of
vertex-coloured graphs.

Using somewhat different terminology, I previously published the results in Section 6.7
with Martin Cooper and Peter Jeavons [41, 42]. T have also worked on further developments
of these ideas, in collaboration with Dave Cohen, Martin Cooper, Pédidi Creed, and Déniel
Marx, leading to a further paper [36].

Vertex-coloured graphs have been deeply investigated but the focus has been on proper
colourings and their hypergraph analogues [153]. In contrast, here I focus on the application
of colourings to keep separate the variables in the microstructure representation of a CSP
instance. I have demonstrated some progress toward a theory that is appropriate for this
application. Further progress seems to require additional general results about classes of
ve-structures that forbid ve-subgraphs where all colour classes are cliques. To the best of
my knowledge, such clique-completed ve-graphs have not been studied before.

I showed that interesting classes of vertex-coloured graphs can be defined by the absence
of some induced vc-subgraphs, where the ve-graphs in question may also have ordered
vertices or colours. For the unordered case, I provided an overview of classes defined
by single small ve-graphs of up to four vertices, and classified these classes by whether
CRIS can be decided in polynomial time for such classes of vc-graphs, or whether CRIS is
NP-complete even when the input ve-graph is restricted to be from one of these classes.
Several of the four-vertex cases are still open, but all graphs up to three vertices have been
classified.

I finally applied these notions of vc-graphs to binary CSPs to show that the broken-
triangle property defines a non-trivial class of CSPs that are tractable for hybrid reasons.
The tractability of this nontrivial class is guaranteed by the existence of a well-behaved

variable ordering, that in turn can be determined efficiently.
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It can readily be shown that every form which admits of representation by
means of graphical units and lines of different sorts, can, by the introduction
of additional or auxiliary graphical units, be represented by means of graphical
units and links only. It will be convenient for the purpose of description to
suppose that the lines of different sorts are of different colours. In the place of
any red line substitute a red unit (i.e., one coloured red, instead of having a

letter inside), this unit being connected by two links to the two units which

were joined by the red line ... ° @ o ...similarly in the place of
blue, yellow, &c., lines, substitute blue, yellow, &c., units, joined by links to

the units which were connected by the several coloured lines.

—A. B. Kempe, A Memoir on the Theory of Mathematical Form, 1886. §68.

Complete representation

In this chapter I briefly discuss the complete representation, a further representation of
CSP instances. The aim of this representation is for every scope of a given arity to appear
in the instance, but to restrict the set of variables in each scope to appear in precisely
one constraint. The complete representation is a special case of the homomorphism
representation where all constraints have the same arity. In the complete representation,
the hypergraph of the source structure S in the instance (S,T") contains every possible edge
of the chosen arity. This is achieved by choosing as scopes the lexicographically smallest
tuples from each class of tuples that are permutations of each other.

When discussing width measures of CSP instances, the width of an instance is by

convention the width of the hypergraph of the instance.

7.1 Complete structures

Definition 7.1. Let V be an ordered s-element set, let 2 < r < s be a positive integer,
and let [ = (‘7{) be the set of increasing r-tuples of V. The complete (r, s)-structure
with base set V' is the relational structure C'S(r, s) = (V, (Qy)ocr), where Q, = {o}. |

In a complete structure, the specific names for elements of the base set are not important,
so all complete (r, s)-structures are isomorphic, and the base set can be assumed to be [s]
with the usual order on integers. Note that the hypergraph of a complete (r, s)-structure is

([s], ([f])), containing all r-edges of the base set.

Definition 7.2. The complete representation of a CSP instance with maximum arity

r > 2 and s variables is a special case of the homomorphism representation, of the following
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form: the source is a complete (r, s)-structure, and the target is a relational structure

containing (f) (not necessarily distinct) relations, all of arity r. _

Every CSP instance of maximum arity r can be transformed to an instance in the com-
plete representation that has the same infrastructure, other than possibly some differences
in the r-sections of their infrastructures. For each constraint with arity less than r, pick
any r-subset of variables that includes its scope, add the remaining variables in the subset
to the scope, and expand the constraint relation to allow any value to be assigned to the
added variables. This means also that anything-goes constraints are added to all scopes
of arity r that are not constrained. If multiple constraints in the original instance end
up with the same scope in the modified instance, replace these constraints with a single
constraint, its constraint relation being the intersection of the constraint relations of the
modified constraints with that scope.

This transformation leads to a new CSP instance with width s/r > 1, even if the
original instance had width strictly lower. Hence care needs to be taken when applying
structural measures of tractability.

Measures of hypergraph width capture how close a hypergraph is to being tree-like:
low width hypergraphs are tree-like, and those with high width are far from tree-like.
This is important for constraint satisfaction since CSP instances with structures that are
sufficiently tree-like can be solved in polynomial time. More precisely, if the width of all
structures of instances in a CSP is bounded, then the tree-like structure of each instance can
be exploited to decide whether an instance in the class has a solution in polynomial time,
and the width parameter determines the degree of the polynomial. Width measures studied
to date form a hierarchy, with the most general being the submodular width. For each
known width measure, if the measure is bounded for a class of CSP instances, then so is
the submodular width [118]. Adaptive width is within a constant factor of the submodular
width, so is closely related [119]. For CSP instances in the complete representation, there
is in fact no difference between adaptive width, submodular width, or fractional hypertree
width (see Corollary 7.12).

7.2 Decompositions

I now briefly discuss the fractional hypertree width of CSPs in the complete representation,
and in Proposition 7.11 I compute the exact fractional hypertree width for a CSP instance
in the complete representation. A worst-case analysis of tractable classes that is purely
structural must therefore be able to deal with recovering any hidden low-width structure in a
CSP instance, even when the instance has been transformed to the complete representation

and its width has potentially been increased by such a transformation.

Definition 7.3. A tree decomposition of a relational structure S = (V, (Qi)ier) is a
tuple (T, B), where T' = (J, F') is a tree and B = (B))jecs is a family of subsets of V', each

referred to as a bag, such that
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1. UjeJBj =V,

2. forevery i € I, if (vi,ve,...,v,) € Q; then there is some j € J with {vy,ve,...,v,} C
Bj, and

3. for every v € V, the set of vertices {j € J | v € B;} induces a subtree of T _

Informally, a tree decomposition contains every element of the base set in some bag,
the elements of each tuple in the structure are contained in some bag, and the bags that
contain each element of the base set of the structure form a subtree.

The width of a tree decomposition is one less than the largest cardinality of a bag in
the decomposition. The tree-width of a structure is the minimal width across all of its
tree decompositions.

The third condition of tree decompositions guarantees a useful property.

Definition 7.4 ([68, p. 92]). A collection {S; | ¢ € J} of subsets of a set X has the Helly
property if whenever I C J such that (,.; S; = (), then there exist j,k € I such that
Sj NSy =0. |

Lemma 7.5 ([68, Proposition 4.7]). Any collection of induced subtrees of a tree has the
Helly property.

Corollary 7.6. If T = (J,F) is a tree and (T, (Bj)jcs) is a tree decomposition of a
hypergraph (V, E), then {{B; | v € B;} | v € V'} has the Helly property.

It is often more convenient to use the contrapositive form of the Helly property: given a
collection of sets with the Helly property, for any pairwise intersecting subcollection there
must be some element that is common to every set in the subcollection.

The Helly property means that tree decompositions cannot separate cliques.

Proposition 7.7 ([19, Lemma 3.1]). In any tree decomposition of a graph G, if V.C V(G)

induces a clique in G, then there exists a bag of the decomposition that contains V.

Proposition 7.7 also applies to relational structures containing complete (r, s)-structures

as substructures. The proof is essentially the same as Bodlaender’s proof for graphs.

Proposition 7.8. In any tree decomposition of a relational structure that contains a

complete structure with base set V' as a substructure, there exists some bag that contains V.

Proof. For any tree decomposition of a relational structure with bags {B; | j € J}, the
collection {{j € J | v € B;j} | v € V'} of subsets of J has the Helly property, by the definition
of tree decomposition and by Lemma 7.5.

Since the structure contains a complete structure, {j € J | u € B} and {j € J | v € B;}
must intersect for every distinct 4 and v. By the Helly property, there is then some ¢ € J
such that i € {j € J | v € B;} for all v € V, so B; contains V. O
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Note that Proposition 7.8 relies on complete structures having arity at least 2. If
a complete (1,s)-structure were admissible by Definition 7.1, it would permit a tree
decomposition (really a forest decomposition) in which the bags were all disjoint singletons.
The proof of Proposition 7.8 only requires that for every pair v and v of distinct vertices
from V', there is some edge in the hypergraph of the structure containing both v and v.

The result therefore extends to cliques in the Gaifman graph of a relational structure.

Corollary 7.9. In any tree decomposition of a relational structure T that contains a clique

V in its Gaifman graph, there exists some bag that contains V.

Hypertree decompositions reduce bag size by considering edges as single elements in a
bag [71]. This can make a large difference when the object being decomposed has large
edges. Crucially, a hypertree decomposition consists of a tree decomposition together with
a different measure of its width. The width of a hypertree decomposition is calculated in
terms of the number of edges required to cover any bag, instead of the number of vertices.
Proposition 7.8 then extends also to hypertree decompositions, so that in any hypertree
decomposition of a relational structure 71" that contains a clique V in its Gaifman graph,
there exists some bag that contains a set of edges that together contain every vertex in V.

Fractional hypertree decompositions provide an even finer notion of decomposition.

Definition 7.10 ([73]). For hypergraph H = (V, E) and mapping v: E — [0, 1], let

Bly)={veV| Y ~le) =1}

ecE vee

A fractional hypertree decomposition of a hypergraph H = (V| E) consists of a tuple
(T,B,®), where T' = (J,F) is a tree, B = {B; CV | je€ J} is a set of bags, and
® = () es is a family of fractional guards consisting of mappings 7v;: E — [0, 1] for each
j € J, such that (T, B) is a tree decomposition of H, and B; C B(v;) for every j € J.
The weight of a fractional hypertree decomposition (T, B, ®) of (V, E) is w(T, B, ®) =
max{) ..p7(e) |~ € ®}. The fractional hypertree width of H is the minimum weight

of a fractional hypertree decomposition of H. _

The fractional hypertree width of a structure bounds its hypertree width from below,
and also bounds one greater than its tree-width from below [75]. I now establish the

fractional hypertree width of complete structures.
Proposition 7.11. The fractional hypertree width of a complete (r,s)-structure is s/r.

Proof. Since r > 2, by Proposition 7.8, any tree decomposition of a complete (r, s)-structure
must contain a bag that includes every vertex, say at tree vertex j.

Hence 3 xcy|x|=rvex 7i(X) = 1 for every v € V. Since [V| =,

> ’Yj(X)Z%Z > ’Yj(X)Z;

XCV,|X|=r veV XCV,|X|=rpeX
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so the width of any fractional hypertree decomposition is at least s/r. The fractional
hypertree width is then also at least s/r. This value can be achieved by setting v;(e) =

_1\—1 .
(i_%) for every edge e of the complete (r, s)-structure, so the bound is exact. O

Adaptive width is also defined over tree decompositions, so Proposition 7.8 applies to
adaptive width also. The adaptive width differs from the fractional hypertree width in
allowing the tree decomposition to vary, but these width measures are the same when there
is only one possible tree decomposition [119]. Moreover, the submodular width for CSP
instances is between the fractional hypertree width and the adaptive width [118]. Hence
the adaptive width, submodular width, and fractional hypertree width are identical for

CSP instances in the complete representation.

Corollary 7.12. For a CSP instance with a complete (r, s)-structure as the structure, the

adaptive width, submodular width, and fractional hypertree width are all s/r.

In general s/r is not bounded. On the other hand, classes of CSPs where r > s/c
for some constant ¢ > 1 do have bounded fractional hypertree width. Such a class was
considered in [75, Example 8|, with r = s/2.

Unbounded fractional hypertree width for complete structures can be guaranteed by
making r a function of s that grows slowly in s, such that lims_,~ s/ = c0.

The significance of Corollary 7.12 is that every CSP instance with s variables and
maximum arity r can be transformed to a solution-equivalent instance in the complete
representation, which has fractional hypertree width s/r. The class of these complete
representations may not have bounded fractional hypertree width, even if the original
class did. Hence an analysis of the structural tractability of a CSP has to account for the
possibility that the class has unbounded width only because it contains constraints that
increase the fractional hypertree width of each instance, but do not otherwise contribute

to determining the solutions.

7.3 Summary and contribution

I have shown that the fractional hypertree width and two related measures of width of a
complete (7, s)-structure are all s/r. Since every CSP instance with maximum arity = and
s variables can be transformed into one in the complete representation, with its structure
being a complete (r, s)-structure, care must be taken when analysing CSPs in terms of
their structural width.

Transformations to the complete representation may be useful in exploring the limits
of using structural restrictions to define tractable CSPs. However, a limitation of the
complete representation is the overhead of transforming to it. If the arity of instances
is not bounded, then the reduction is unlikely to be possible to polynomially bound, yet
proving such lower bounds is a major challenge. Hence the complete representation may

only have restricted applicability.
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[T]o say that A gives B to C is to say more than that A gives something
to C, and gives to somebody B, which is given to C by somebody. ...
my algebra is perfectly adequate to expressing that A gives B to C ...
This is accomplished by adding to the universe of concrete things the
abstraction “this action.” But I remark that the diagram fails to afford
any formal representation of the manner in which this abstract idea is
derived from the concrete ideas. Yet it is precisely in such processes
that the difficulty of all difficult reasoning lies.

—C. S. Peirce, The Critic of Arguments, 1892. §423.

Conclusions

8.1 Main contributions

In this thesis I have investigated the tractability of classes of constraint satisfaction problems
that are not tractable for either language or structural reasons. By reducing such a hybrid
CSP to a problem on a different structure, it is possible to make progress for some classes
that have eluded analysis via the theory of structural tractability or the theory of language
tractability. Both these theories are quite mature, but cannot explain the tractability of
the ALL-DIFFERENT constraint.

In Chapter 4 and Chapter 5 I showed that the microstructure and the clause structure
can be represented as products of relational structures that are derived directly from the
input instance.

I also showed in Chapter 4 that the clause structure is also the structure that is obtained
by applying the direct encoding of a CSP instance into SAT, with the resulting domain
clauses represented in the clause structure or variable-coloured clause structure by requiring
a solution to be sufficiently large. Hence the results in this thesis about the structure of the
microstructure representation apply also to SAT instances obtained from CSP instances
via the direct encoding. This is likely to be useful in any future analysis of SAT instance
structure.

In Chapters 5 to 6 I linked hereditary microstructures and clause structures with classes
of CSPs closed under domain reduction operations such as enforcing 1-consistency and
arc-consistency. This provided useful new classes of CSPs that are tractable for reasons
that cannot be explained by purely language or structural reasons.

I demonstrated in Chapter 5 how the microstructure representation unifies several
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tractable classes as subclasses of those CSPs that have microstructures that are perfect
graphs. This includes the ALL-DIFFERENT constraint and CSPs with tree structure.

In Chapter 6 I showed how adding ordering of the colours and vertices of the variable-
coloured microstructure and clause structure allows finer grained definitions of hereditary
classes. For instances that are broken-triangle-free, the additional structure can be used
to find a variable ordering which allows a solution to be found efficiently. The class of
instances satisfying the broken-triangle property includes all CSPs with weak tree structure
and a CSP with unbounded treewidth, so serves as a non-trivial hybrid tractable class to
illustrate the applicability of the variable-coloured microstructure representation.

In Chapter 7 I considered another representation of CSPs, which contains every possible
scope of some arity, and attains the largest possible fractional hypertree width for a given
number of variables and arity.

The techniques introduced in this thesis should assist further development of the theory
of hybrid tractable classes of CSPs.

8.2 Further work

I now outline several issues for further research that arise from the investigation I have
presented in this thesis. Most of these topics have been mentioned in passing in the text,
in which case more details are provided here. The presentation is roughly in order that the

questions arise in the text.

8.2.1 Precise complexity of instance equivalences

In Chapter 3, I discussed the worst-case complexity of infrastructure-equivalence and
nogood-equivalence. However, I do not have a lower bound on the worst-case complexity
of infrastructure-equivalence: is it co-NP-hard?

Also, the precise worst-case complexity of nogood-equivalence was left open, with this
problem being co-NP-hard as a lower bound and in ¥¥" as an upper bound. Is it actually
in co-NP, or is it ©£-hard?

8.2.2 Products have large width

As shown in Chapter 4 and Chapter 6, the clause structure of CSP instances can be
expressed as an augmented product. The augmentation consists of adding variable clauses
forming cliques, or colours for each variable. The variable clauses ensure high width when
arbitrarily large domains are used for instances in the CSP. However, even when large
cliques of variable clauses are avoided in the variable-coloured microstructure representation,
direct products tend to have large width.

For the binary case the direct product of two paths is a grid, which has treewidth that
grows linearly with the number of vertices in the shorter of the paths. This rules out some

obvious approaches to defining tractable classes by means of low width clause structures.
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It may therefore be worth investigating when large width clause structures can be
avoided, or alternately it may be possible to show that the clause structure unavoidably
has high width. When the domains are small, then neither the product nor the variable
cliques necessarily create high width clause structures, so there may be possibilities for
exploiting low width. Conversely, it may be possible to rule out many kinds of approaches
by showing that for the case of unbounded domain size the CSP instances tend to have

unbounded width clause structures.

8.2.3 Applying constraints techniques when microstructure is implicit

In Section 4.3 I mentioned examples of work in computer vision and robotics where
systems of mutually compatible assignments were implicitly used, without using the
framework of constraint satisfaction explicitly. It seems possible to consider such problems
as constraint satisfaction problems, by starting with the microstructure representation
that is implicit in such work. The key challenge is to obtain useful CSP instances from
individual microstructures. This appears to be a non-trivial challenge but making progress

on it may help to provide tools to automate part of the process of constraint modelling.

8.2.4 Refining hereditary clause structures

Which literals can be removed during search? In practice, only those literals that participate
in no solution are removed by constraint solvers. It would be useful to develop a theory
that refines the notion of hereditary clause structures, to incorporate the notion that the
only literals to be removed are those that do not form a part of a maximum independent
set in the clause structure. There are also links to be made between symmetry breaking
and hereditary CSPs: usually the choice of which symmetries to remove is based on specific

criteria, and these influence the substructures that can be taken into account.

8.2.5 SAT and the clause structure

The clause structure of a CSP instance contains as edges the nogoods that are provided in
the instance description. Each of these nogoods corresponds to a clause in the SAT instance
obtained by using the direct encoding. SAT clauses are usually regarded as unstructured
sets of literals, and a SAT instance is an unstructured set of clauses. However, every SAT
instance can be viewed as the clause structure of an underlying CSP. As demonstrated in
this thesis, the clause structure has a lot of structure: it is amenable to analysis based on
forbidden induced substructures.

Some obvious questions then arise. If one lays bare the structure that underlies the
SAT instance, is the SAT solver actually using this structure? Further, is a SAT solver
able to implicitly solve the semidefinite programming problem to find the independent set
in a perfect graph without needing to use the machinery of mathematical programming

and relaxation of a discrete problem to a continuous one?
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Viewing a SAT instance as the clause structure of a CSP instance also provides an
immediate reduction of SAT to the independent set problem in hypergraphs, or to the
vertex-coloured independent set problem in vertex-coloured hypergraphs with at most
two vertices in each colour class. This motivates the study of classes of hypergraphs and
vc-hypergraphs which are [S-easy or CRIS-easy. Little work has been done in this area,
but the prospect of better understanding the behaviour of SAT solvers might provide

motivation for further work.

8.2.6 Hyperresolution and hereditary classes

Hulme suggested a notion of “extended consistency” for constraint satisfaction problems [88].
Given the direct encoding of a CSP instance into SAT, new variables are introduced for
parts of clauses whenever a hyperresolution deduction step can be applied. If new variables
are introduced during hyperresolution, then it is possible to bound the arity of clauses
to the greater of the size of the largest domain, and the largest cardinality of a clause in
the instance. In contrast, applying hyperresolution directly can increase the cardinality of
clauses up to the number of variables in the instance (if an assignment of two values to
one variable is generated, the clause can immediately be discarded).

Extended consistency can be seen as a transformation of the microstructure that keeps
the structure in a well-behaved class. It would therefore be interesting to investigate
whether the techniques developed in this thesis could be applied to investigate extended
consistency.

Further, Petke and Jeavons related the cardinality of clauses generated by a SAT solver
that uses hyperresolution as its basic mechanism to the level of consistency of the CSP
instance [129]. It would be interesting to apply the extended consistency technique of

introducing new variables to bound the width of clauses, to consistency.

8.2.7 Classes beyond hereditary

In Chapter 5 and Chapter 6 I argued that hereditary classes of hypergraphs (or for binary
CSPs, of graphs) are a convenient and natural notion for capturing the process of constraint
solving, as it usually proceeds by employing domain reduction. Hereditary classes are closed
under taking of all induced substructures. However, domain reduction is usually combined
with heuristics related to variable ordering, how frequently speculative search is restarted,
and which search options to choose. These lead to only some induced substructures being
encountered during search, not all.

A more precise model of constraint solving would therefore consider not just classes
of microstructures or clause structures that are closed under taking of any induced sub-
structures, but more general classes that are not necessarily “fully” hereditary. It may,
for instance, be possible to study an closure operation of classes of structures other than
hereditary closure. Given a class of instances with associated clause structures forming

class C, consider the class C’ of clause structures encountered during constraint solving by
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a given constraint solver implementation when presented with instances in C' as input. It
is possible that C' C C’, for instance with simple domain reduction, but if the solver may
introduce new variables then C' and C’ may be incomparable. The requirement that C be
hereditary can be seen as ensuring that C'= C’. It may be worthwhile investigating more
general classes C' that are closed under a stricter notion of substructure that relates to
the kinds of transformations of instances that have been found to be useful in practical

constraint solver implementations.

8.2.8 Incidence graph of microstructure

One can also consider the incidence graph of the microstructure representation. Each clause
in the clause structure is a vertex in the bipartite incidence graph, as is each assigning
literal. Literals are connected to the partial assignments in which they occur. It would
be interesting to investigate how this representation relates to the dual transformation,
and which CSPs have hereditary classes in the class of incidence graphs of their clause

structures.

8.2.9 Binarizing instances

In Section 5.1 I discussed binarizing transformations, that yield a binary instance that is
equivalent in some sense to the original. There are many interesting questions related to
binarization which are beyond the scope of this thesis. One such question is whether there
exists a binary transformation that preserves substructures and is of polynomial size. Such
a transformation would allow desirable properties of hereditary classes to be preserved,

while allowing the focus of theoretical results to be restricted to binary CSPs.

8.2.10 Booleanizing instances

Kolaitis and Vardi have argued that there may be transformations that turn a CSP
instance & into an equivalent Boolean instance Boolean(Z?), such that the treewidth of
the structure of Boolean(Z?) is low even if the hypergraph of the structure of & is far
from tree-like [104]. However, it is not clear how to do this in general, or how far it is
possible to reduce the treewidth of Boolean(4?). Kolaitis and Vardi explicitly raised the
question of whether it is possible to find in polynomial time an encoding of Boolean(%?)
achieving a given treewidth k. The work I presented in this thesis then suggests a further
question: can Booleanization be used to transform a class of CSP instances into a class of
Boolean instances which is tractable for reasons other than having structures of bounded
treewidth? Such an approach might help to avoid some of the difficulties in working with

a notion such as treewidth, which has an NP-complete associated decision problem.
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8.2.11 IS-easy classes of hypergraphs

In Chapter 5 I mentioned the contrast between the large number of interesting graph classes
which are known to be [S-easy and the scarcity of hypergraph classes which have been
studied in any depth. Due to my focus on finding independent sets in the microstructure
representation, this has meant that I have had to focus on the case of binary CSPs. 1
did find one possibly interesting hypergraph class, which might begin an extension of the
techniques in this thesis to higher arity CSPs.

If the clause structures of a class of binary CSPs are 2K»-free, then the class is tractable
and solutions can be found in quadratic time [8]. The argument used to establish this result
has been extended to hypergraphs which forbid large induced “hypergraph matchings”,
and which therefore form IS-easy classes of hypergraphs [20]. It is not clear whether these

classes of hypergraphs correspond to interesting CSPs, but this may be worth investigating.

8.2.12 Generalized constraint satisfaction

Consider the generalized constraint satisfaction problem of finding a homomorphism between
two relational structures. When the structures can be infinite, then this can model problems
that are PSPACE-complete and EXPTIME-complete [81] or even undecidable [131]. Can
such a generalized view of constraint satisfaction be used to provide a unified notation for
computability theory as well as complexity theory outside NP, the way that constraint
satisfaction has provided an important conceptual toolkit for NP? Note that Bodirsky’s

investigation of infinite target structures still requires the source structure to be finite [17].

8.2.13 Microstructure oracles

In Chapter 6 I remarked that one can consider a parameterized Turing machine that checks
whether an input partial assignment is a prop, by comparing it against the parameter of
the machine that encodes the microstructure representation of a CSP instance. Such a
comparison can be done in polynomial time in the size of the input as long as the cardinality
of domains is bounded by a polynomial in the number of variables. Such Turing machines
will have much of their structure in common, since they essentially all involve iterating
over the literals in the microstructure representation and checking to see whether the input
partial assignment is a down-clique or an independent set in the hypergraph. Differences
between these machines will be confined to differences between their parameters.

If the class of parameters is strongly structured, for instance by forming a hereditary
class, it then seems possible that the theory in Chapter 6 can be translated into results
about the combinatorial structure of a single second-order formula capturing the CSP, via
the class of parameterized Turing machines. Such a result would potentially give a general
reason for dichotomies that have been established [36], perhaps by showing that a formula
of MMSNP is sufficient to express such a CSPs.
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8.2.14 Property testing

Austin and Tao have shown that hereditary properties of structures can be tested with
one-sided error [6]. More precisely, classes with hereditary properties can be recognised in
polynomial time, with high probability. By iterating, it is possible to trade off a larger
degree of the polynomial in return for lower error in the answer, and for some classes of
structures it is possible that even better performance is possible than by simple iteration.

It is not yet clear how to turn this non-constructive result into an algorithm for
recognition. This appears to be a promising area for further work, as it would have many

applications for CSPs based on the links with hereditary classes built in this thesis.

8.2.15 Extensions to soft constraints

Hybrid tractable classes can also be studied for constraint satisfaction problems where
a weighted notion is used for membership of tuples in relations. This allows many kinds
of optimisation problems to be represented within the constraints framework. Classes of
CSPs defined by forbidden subproblems were introduced recently [43], and further work

along these lines appears promising.

8.2.16 Forbidden subgraphs of tree-structured CSP instances

In Section 5.3.1, I showed that the class MS(TREE) was strictly contained in the class of
(odd-hole, antihole)-free graphs, and itself strictly contains the (Cs, odd-hole, antihole)-free
graphs. Since MS(TREE) is hereditary, it is therefore the class of (X, odd-hole, antihole)-free
graphs, for some set X of graphs. The precise set X remains to be determined, although it

includes 2C3 (the graph formed by the union of two disjoint copies of C3) as an element.

8.2.17 Canonical constraint relations for non-binary CSPs

In Section 6.7, I used the canonical constraint relation for binary CSPs. This simplifies
many of the arguments involving variable ordering, since it in effect allows the structure of
the CSP instance to be treated as an undirected graph. Constructing canonical constraint
relations can be done in polynomial time if the CSP has bounded arity.

It would be interesting to determine if using the canonical constraint relation for non-
binary CSPs is equally useful. Essentially this allows the structure of the CSP instance to be
treated as a hypergraph instead of as a relational structure, thus removing much potentially
superfluous symmetry. Such a tool may be especially useful in arguments involving variable
ordering. It would also be interesting to explore if it is possible to modify the notion
of canonical constraint relation to well-behaved unbounded arity CSPs, avoiding the
potentially superpolynomial work required to construct the canonical constraint relations

when arity is not bounded.
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8.2.18 Complete representation, for analysis of width measures

The edge relation in graphs is often represented as a 2-dimensional matrix. It is also
possible to represent the hyperedges in a hypergraph using a k-dimensional structure, if
every hyperedge contains precisely k vertices. The complete representation can then be
seen as a higher-dimensional adjacency matrix, specifying for every set of k variables which
combinations of values they may take. If the arity of constraints in a CSP is bounded,
then the complete representation has size at most polynomial in the size of the usual
representations, and provides a useful and regular representation for tractability results.
In particular, it provides worst-case examples for the various structural width measures.
It is therefore important when studying structural tractability to consider what would
happen if the class of instances were to be transformed to the complete representation.
Such a transformation would realise the worst-case width even if the instances started off
having low width, thus obfuscating the original reason for tractability. A simple example
of such a transformation is the addition of binary anything-goes constraints to a binary
CSP instance with tree structure. This may destroy the tree structure of the instance,
although the transformed instance will still have weak tree structure.

Given an instance in the complete representation which was obtained by adding
constraints to an instance with low width, such that the set of solutions is not changed, is
it possible to reverse the process? This problem appears to be intractable, and proving
or disproving this would be a useful step in understanding the practical applicability of
approaches based on bounded width structures. If inessential changes in representation
such as adding constraints that have no impact on the solutions can change a tree-like
instance into one with worst-case treewidth, then it would be important to know when
this could be undone, so that a brittle property of the instance representation is not relied

on to obtain efficient algorithms. Further investigation appears to be warranted.

8.2.19 Linear Space Hypothesis and the complete representation

The Exponential Time Hypothesis (ETH) in computational complexity was introduced by
Impagliazzo and Paturi [90]. The ETH essentially states that at least exponential time is
required for any deterministic Turing machine to decide 3-SAT. The ETH therefore implies
P # NP, but also has a range of even stronger consequences. As the only known lower
bounds for 3-SAT are linear, since its introduction the ETH and its associated sparsification
lemmas [91] have formed an important technique for investigating the structure of NP. On
the other hand, disproving the ETH would immediately yield breakthroughs in several
long-standing algorithmic challenges [126].

An analogous Linear Space Hypothesis (LSH) can also be defined, essentially stating
that any Turing machine (deterministic or nondeterministic) that decides 3-SAT requires
at least linear space. ETH trivially implies LSH, but the reverse implication does not
appear to hold. LSH implies that 3-SAT is not in NL, and hence NL # NP. This is also
implied by P # NP, but NL. # NP is not known to imply P # NP. LSH therefore appears
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to be weaker that E'TH, but still has interesting consequences for complexity lower bounds.
Assuming the LSH, it appears possible to construct an infinite hierarchy of CSPs using
the complete representation. Each CSP in the sequence can be reduced to the next using
logarithmic space, but no element of the sequence can be reduced to the previous element
in sub-linear space, unless the LSH fails. This general idea may provide a construction
of a strict hierarchy of languages, where strictness of the inclusion is contingent on LSH.
This appears to be more direct than Ladner’s classical delayed diagonalization technique,
which he used to show that if NL £ NP then there exists an infinite sequence of languages
of strictly increasing hardness between NL and NP-complete [110, Theorem 6]. It is not
known whether NL # NP implies the LSH, and it may be that LSH is a strictly stronger
hypothesis than NL # NP, so the price to pay for a more constructive proof may be the
requirement for a stronger hypothesis. It seems worthwhile pursuing such an explicit

construction of a hierarchy of languages.
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anything-goes
constraint, 20
applied to relation, 29
arc-consistent, 65
arity
of CSP instance, 29
of relational structure, 14
of tuple, 12
assigning literal, 52
assignment, 9

avoiding literal, 52
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Boolean, 23
Boolean queries, 28
bounded
log-space, 12
polynomial-time, 11
bounded arity, 76
broken-triangle property, 115
BTP, 115

canonical constraint relation, 115
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conjunctive queries, 28
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consistent partial assignment, see prop
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GRAPH t-COLOURING, 43, 112
graph isomorphism, 16
graph of, 15
gridline, 97

Helly property, 123
hereditary, 89
hereditary class, 111
hidden transformation, 84
hidden variable transformation, 84
hole, 90
homomorphism representation, 28
house, 91
hybrid, 46
hyperedges
of hypergraph, 15
hypergraph, 15
complement, 15
edges, 15
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