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Abstract

We present several constructions of paths and processes with finite quadratic variation
along a refining sequence of partitions, extending previous constructions to the non-uniform
case. We study in particular the dependence of quadratic variation with respect to the
sequence of partitions for these constructions. We identify a class of paths whose quadratic
variation along a partition sequence is invariant under coarsening. This class is shown
to include typical sample paths of Brownian motion, but also paths which are }-Hb'lder

continuous. Finally, we show how to extend these constructions to higher dimensions.

Keywords: Quadratic variation, refining partitions, Schauder system, quadratic roughness,
Brownian motion.

Contents
(1___Introduction | 2
[2  Quadratic variation along a sequence of partitions| 3
[3__Schauder system associated with a finitely refining partition sequence 4
|3.1 Sequences of mterval Partitions] . . . . « . . . v e e e 5
[3-2 Haar basis associated with a finitely refining partition sequencel . . . . . . . . . . 6
3.3 Schauder representation of a continuous function| . . . . . . . . .. .. ... ... 7
|4 Quadratic variation along finitely refining partitions| 8
[> Processes with prescribed quadratic variation along a finitely refining partition |
14
[5.T Processes with linear quadratic variation] . . . . . . . . . v v v v 14
5.2 Processes with prescribed quadratic variation| . . . . . . ... ... ... ... .. 19
[6 A class of processes with quadratic variation invariant under coarsening| 21
6.1 Invariance of quadratic variation| . . . . . . . .. .. ... ... ... 22
6.2 Properties and lemmas|. . . . . .. ... Lo oL 29
[7__Extension to the multidimensional case 32

*Email: das@maths.ox.ac.uk



1 Introduction

The concept of quadratic variation of a path along a sequence of partitions, introduced by
Follmer [I1], plays an important role in pathwise Ito calculus [Il 111 [7] and its extensions to
path-dependent functionals [6l [3]. Examples of functions with (non-zero) finite quadratic vari-
ation are given by typical sample paths of Brownian motion and semi-martingales, but explicit
constructions of such functions have also been given by Gantert [I5], Schied [2I] and Mishura
and Schied [19], in the spirit of Takagi’s construction [23]. These constructions are based on a
Faber-Schauder representation associated with a dyadic sequence of partitions and exploit certain
identities which result from the dyadic nature of the construction.

It is well known that for semimartingales and, more generally, Dirichlet processes [12],
quadratic variation, defined as a limit in probability, is invariant with respect to the choice
of the partition sequence as long as it has vanishing step size. Almost-sure convergence results
for quadratic variation have been obtained for specific classes of processes either under conditions
on mesh size (see e.g. [0, [10]) or for refining partitions without any conditions on the mesh size
[I7]. These results do not assume any specific partition sequence and allow for non-uniform par-
titions. On the other hand, it is well known [5] [7, 21] that the quadratic variation of a function
along a sequence of partitions is not invariant with respect to the choice of this sequence. Con-
ditions for such an invariance to hold have been studied in [5] but some of the aforementioned
constructions, based on the dyadic partition, do not fulfil these conditions. The question there-
fore arises whether such constructions may be carried out for non-dyadic and, more generally,
non-uniform partitions sequences and whether the quadratic variation of the resulting functions
is invariant with respect to the partition sequence.

We investigate these questions by providing several constructions of paths and processes with
finite quadratic variation along refining sequences of partitions, extending previous constructions
to the case of non-uniform partitions. The construction relies on a Schauder basis representation
associated with the partition sequence. We study in particular the dependence of quadratic
variation with respect to the sequence of partitions for these constructions. We identify a class
of paths whose quadratic variation along a partition sequence is invariant under coarsening of the
partition sequence. This class is shown to include typical sample paths of Brownian motion, but

also paths which are §—Holder continuous. Finally, we show how to extend these constructions

to higher dimensions.

Outline Section [2] recalls the definition of quadratic variation along a sequence of partitions,
following [2, II]. In Section [3} we construct a Haar basis and Schauder system associated with
an arbitrary (finitely) refining partition sequence and recall some properties of the Schauder
representation of continuous functions (Proposition. Sectionextends the results of Gantert
[15] to the case of a finitely refining (non-uniform) partition sequence and presents some explicit
calculations and pathwise estimates. In Section we construct a class of processes with a
prescribed quadratic variation along an arbitrary finitely refining partition = of [0, 1], extending
the construction [21I] beyond the dyadic case. Section |§| discusses the dependence of quadratic
variation with respect to the partition sequence. Theorem provides an example of a class of
continuous processes with finite quadratic variation along a finitely refining partition = whose
quadratic variation is invariant under coarsening of the partitions (Definition . Typical
Brownian paths are shown to belong to this class. Finally, Section [7]discusses extensions of these
constructions to higher dimensions.



2 Quadratic variation along a sequence of partitions

Let T > 0. We denote D([0,T],R?) the space of R%valued right-continuous functions with left
limits (cadlag functions), C°([0,T],R?) the subspace of continuous functions and, for 0 < v < 1,
C"([0,T],R?) the space of Holder continuous functions with exponent v:

Cc([0,T],RY) = { z € C°([0, T], RY) sup l(t) = 2(s)l < 400,
(t,8)€[0,T]2,ts |t — s]”

and  C"([0,T,RY) = () C*([0,T],R%).
0<a<v

We denote by II(]0,T7); the set of all finite partitions of [0,77]. A sequence of partitions of
[0,T] is a sequence (7"),>1 of elements of II([0, T)]):

77”:(0:t3<t?<-~-<t}i,(,rn)=T>.

We denote N(7™) the number of intervals in the partition 7" and
"= inf tr o —t, 0 sup trho —t. 1
i:O,~~~,N(7r")—1| 1+1 7 | | i:O,m,N(ﬂ")—l' i+1 7 | ( )

’I’L| —
the size of the largest (respectively the smallest) interval of 7".

Ezample 1. Let k > 2 be an integer. The k-adic partition sequence of [0, T] is defined by

We have 7" = |7"| = T/k". O
Ezample 2 (Lebesgue partition). Given 2 € D([0,T], R?) define

Aj(2) =0, and Vk > 15 Ay, () = inf{t € (A\g(2), T, () —e(Ag (@) ]| = 27"}
and N(A"(x)) = inf{k > 1, AJ(z) = T}.We call the sequence \"(z) = (AZ(z)) the (dyadi

c

Lebesgue partition associated to x. D)

Definition 2.1 (Quadratic variation of a path along a sequence of partitions). Let 7" =

0=ty <ty <-++ <t(en) = T) be a sequence of partitions of [0,7] with vanishing mesh

|7 — 0. A cadlag function x € D([0,T],R) is said to have finite quadratic variation along
the sequence of partitions (7™),>1 if the sequence of measures

S Glth) - a(t))
tienn

IR
such that t — [2]5(¢) = u([0,t]) — Z |Az(s)|? is continuous and increasing. The increasing

™

where 5t3_1 denotes a unit point mass at t7, converges weakly on [0,7] to a Radon measure p

function [z]; : [0,T] — R4 defined E;SSt
(o (t) = u([0,6) = limn S (a(ty, A1) — (1 A D) @

Tn

is called the quadratic variation of x along the sequence of partitions 7. We denote Q. ([0, T], R)
the set of cadlag paths with these properties.



Q- ([0,T],R) is not a vector space (see e.g [21]). The extension to vector-valued paths requires
some care [I1]:

Definition 2.2 (Pathwise quadratic variation for a vector valued path). A cadlag path z =
(z',...,z%) € D([0,T],R%) is said to have finite quadratic variation along 7 = (1), if for
all i,5 = 1,--- ,d we have ' € Q.([0,7],R) and z* + 2/ € Q.([0,7],R). We then denote
[x]x € D([0,T],S]) the matrix-valued function defined by,

2"+ 27]x () — [2']x () — [27] (D)
2

where S is the set of symmetric semi-definite positive matrices. We denote by Q. ([0, T],R%)
the set of functions satisfying these properties.

For z € Q,([0,T],R%), [2]. is a cadlag function with values in SJ: [z]. € D([0,T],S]).

As shown in [2], the above definitions may be more simply expressed in terms of convergence
of discrete approximations. For continuous paths, we have the following characterization [4, [2]
for quadratic variation:

Proposition 2.3. =z € CO([O,T],Rd) has finite quadratic variation along a partition sequence
m = (7",n > 1) if and only if the sequence of functions ([x]z~, n > 1) defined by

[a]on () = Y (2@ At) = a(t? A1) (2(thyy At) — () A1),

tremn
converges uniformly on [0,T] to a continuous (non-decreasing) function [z]. € C°([0,T],S7).

The notion of quadratic variation along a sequence of partitions is different from the p-
variation for p = 2. The p-variation involves taking a supremum over all partitions, whereas
quadratic variation is a limit taken along a specific partition sequence (7™),>1. In general [z].
given by is smaller than the p-variation for p = 2. In fact, for diffusion processes, the typical
situation is that p-variation is (almost-surely) infinite for p = 2 [10, 24] while the quadratic
variation is finite for sequences satisfying some mesh size condition. For instance, typical paths
of Brownian motion have finite quadratic variation along any sequence of partitions with mesh
size o(1/logn) [9, [8] while simultaneously having infinite p-variation almost surely for p < 2 [I8],
p. 190] :

inf > [W(ter1) - W(t)[> =0,  while sup )Z W (trgr) — W(te)]? = 0o

EI(0,T) < n€l(0,T

almost-surely.

Definition [2.1] is sensitive to the choice of the partition sequence and is not invariant with
respect to this choice, as discussed [7, [5]. This dependence of quadratic variation with respect to
the choice of the partition sequence is discussed in detail in [5]. We will come back to this point
in our examples below, especially in Section [6}

3 Schauder system associated with a finitely refining par-
tition sequence

The constructions in [I5] 2], 19] made use of the Haar basis [16] and Faber-Schauder system
[20, 22] associated with a dyadic partition sequence.



This is a commonly used tool, but they are constructed along dyadic partitions. There are
current literatures on non-uniform Haar wavelets extensions [I3], but they do not generate an
orthonormal basis, as in the uniform case. In this section, firstly we introduce the class of finitely
refining partition sequences which can be thought of a branching process with finite branching at
every level (locally), but does not process any global bound on the ratio of partition sizes. Then
we construct an orthonormal ‘non-uniform’ Haar basis and a corresponding Schauder system
along any finitely refining sequence of partitions.

3.1 Sequences of interval partitions

Definition 3.1 (Refining sequence of partition). A sequence of partitions m = (7"),>1 of [0, 7]
with
o = (Ozt’f <R < < ey :T),

is said to be a refining (or nested) sequence of partitions if

foralln>1, tena™ — ten ="

n=m

In particular 71 C 72 C ---. Now we introduce a subclass of refining partitions that have a
‘finite branching’ property at every level.

Definition 3.2 (Finitely refining sequence of partitions). We call a sequence of partitions 7 of
[0, T] to be a finitely refining sequence of partitions if 7 is refining with mesh |7"| — 0 and there
exists M < oo such that the number of partition points of 7"! within any two consecutive
partition points of 7™ is always bounded above by M, irrespective of n € N.

n
N

n =

For a finitely refining sequence of partitions 7, there exists M < oo such that sup
n

A subsequence of a finitely refining sequence may not be a finitely refining sequence but has to
be a refining sequence. This property ensures the partition has locally finite branching at every
step but do not ensure any global bound on partitions size. This is ensured by the following

property [5]:
Definition 3.3 (Balanced partition sequence). Let 7" = (0 =g <ty <o <Ugamy = T) be
a sequence of partitions of [0,T]. Then we say m = (7"),>1 is balanced if

,n.'n.
there exists ¢ > 0, such that, for all n > 1, |—n| <ec. (3)
T

The balanced condition for partition means that all intervals in the partition 7™ are asymp-
totically comparable. Note that since 7" N(7") < T, any balanced sequence of partitions also
satisfies T

c
"MN<er™ < . 4
7" <ca” < N (4)
If a sequence of partitions m of [0,7] is finitely refining and balanced at the same time (for
example dyadic/uniform partition) then

||

lim sup < 00.
" an+l

Definition 3.4 (complete refining partition). A sequence of partitions 7 = (7"),>1 of [0,1] is
said to be complete refining if there exists positive constants e and M such that:

7"

<M.

foralln>1, 1+e< Eaae



3.2 Haar basis associated with a finitely refining partition sequence

Let 7 be a finitely refining sequence of refining partition of [0, 1]
T = (0:tg < < <Ry :1)
with mesh |7"| — 0. Now define p(n, k) as follows:
p(n, k) =1inf{j >0 : t;H'l >3}
Since 7 is refining the following inequality holds:

_ n n _ gn+l1 n+1 n+1 _4n
forall k=0,--- ,N(z") =1, 0<tp=etl <l <oo<qntl =t <1(5)

We now define the Haar basis associated with such as partition sequence:

Definition 3.5 (Haar basis). The Haar basis associated with a finitely refining partition se-
quence ™ = (1"),>1 is a collection of piece-wise constant functions {¢, i, m = 0,1,---  k =
0, ,N(#x™)—=1,i=1,--- ,p(m,k + 1) — p(m, k)} defined as follows:

. +1 +1
0 it [t k)
tm+1 o tm,—i—l 2
( p(m,k)+i p(m,k)+i—1 % 1 > ifte |:tm+1 tm+1 )
(1) — +1 +1 +1 +1 k) ) Fi—1
Ymoki() =\ \ Bl rio1 ~otmk) oty +i ~ Totmik) P R (6)
tm+1 _ thrl 2
[ etk i1 T Ppmky 1 it 1 e [t mt1
tm-{-l _ tm—i—l tm-{—l _ tm—i—l 1 p(m,k)+i—1 "p(m,k)+i ) -
p(m,k)+i  “p(m,k)+i—1 p(m,k)+i  “p(m,k)
Note, tz;tllk)+i_l e 7™\ 7™ for all i and t;%:;lk) =t ¢ 7™ Nna™. Since 7 is a finitely

refining sequence of partitions p(m, k + 1) — p(m, k) < M < oo, for all m, k.

For any finitely refining partition 7, the family of functions {{y, ki }m.k: can be reordered as
{¢m & }m.k- For each level m € {0,1,---}, the values of k runs from 0 to N(z™*) — N(z™) -1
(after reordering).

The following properties are easily derived from the definition:

Proposition 3.6. The non-uniform Haar basis along a finitely refining sequence of partitions
7w = (1")n>1 has the following properties:

(i). For fized m € {0}UN, the piece-wise constant functions ¥ k() and Y, ki (t) have disjoint
supports for all k # k' € {0,1,--- ,N(x™) — 1} and for all i,4’.

(i). For fized m € {0} UN and fized k, the support of the piece-wise constant function ., k. i(t)
is contained in the support of Y ki (t) as soon asi <7,

(iii). For allm € {0} UN, for all k € {0,1,--- ,N(x™) — 1} and for all i

1
/¢m7k7i(t)dt:/ 'l/)m,k,i(t)dtzo.
R 0
(iv). Orthogonality:

1
/ wm,k,i(t)wm’,k’,i/(t)dt = / wm,k,i(t)d}m’,k’,i/(t)dt = ]]-m,m’ ]]-k,k’ ]]-i,i/7
R 0

where 1,4 s 1 if a = b and 0 otherwise.

As a consequence of (iii) and (iv), the family {¢, k; Vm,k, i} is an orthonormal family.



3.3 Schauder representation of a continuous function

The Schauder basis functions ey, , ; are obtained by integrating the Haar basis functions:

m+1
p(7n,k)+'i
emkit [0,1] = R where, ef, ;. ;(t / Y ki(8)ds = ( o wm’k,i(s)ds> l[tl'c"vtzi(jnlml]
p(m k)
For all m, k, i the functions e, .. ; : [0,1] — R are continuous but not differentiable and
. m+1 m+1
0 i [ ki)
tm+1 _ tm+1 1 2
p(m,k)+i p(m,k)+i—1 m+1 +1 m—+1
T 1 1 X m m X(t mk) ifte mk’t m,k)+i—1
emk,i(t) = ( k) i1 ~ toimk)  (mik)+i ~ tpim k)) Tp(ma) [p< ) p(mik)+ ) . (N

p(m.k)+i  Ip(mk)+im1 tp(mk)+i T Lp(m,k)

tm+ _ tm+1 2
p(m,k)+i—1  “p(m,k) « 1 < (tm+1 —1) ifte
tm+1 m-+1 m-+1 m-+1 p(m,k)+i p(m k)+i—1’ p(m k)+i

Assume that z € C°([0,1],R) is a continuous function with the following Schauder represen-
tation along a finitely refining sequence of partitions :

0o N(7\'7"+1)—N(7‘r7”)—1

z(t) = ag + a1t + Z Z Om ke (1),

k=0

where, for all m, k, the coefficients ag, a1, 0m 1 € R; are constants. Denote by z™ (¢) : [0,1] —
R € C°([0,1],R) the linear interpolation of z along partition points of 7

_AING@ETTH—N(@E™)—1

x ( )=ap+ a1t + Z Z Hm,kefmk(t).

k=0
Lemma 3.7. For all N > 2, for allt € ™ one have, z(t) = 2™ (t).

Pmof From the construction of e
ten

for all m > N, and for all k, we have ef}, . (t;') = 0. So for

m,k>»

00 N(ﬂ,1n+1)_N(ﬂ,vn)_1 71N(7T”L+1)—N(7T’m)—1

z(t) = > O i(t) =D > O, i (t) = 2™ (B).

m=0 k=0 m=0 k=0

=

|
If the sequence of partitions 7 has vanishing mesh then as a limit the continuous function 2

converges to z € C°([0,1],R) in uniform norm

lim sup ‘m t) —z(t)] = 0.
N—=004e(0,1]

Theorem 3.8. Let m be a finitely refining sequence of partitions of [0,T]. Then any x €
C°([0,1],R) has a unique Schauder representation.:

0o NEMTH—_N(x™)-1

(t) = 2(0) + (z(1) — z(0)t+ Y > O e (2.
m=0

k=0



If the support of the function ey, ;. is [t;"’k,t;"’k] and its mazximum is attained at time tgn’k then,
the coefficient 0., 1 has a closed form representation as follows:

[ (w5 ) = o)) @ * = %) = (o) — ot ) @5F - ti””“)} N
Ok = : 8
k S = e = e —

Proof. Take the function y as y(t) = z(¢t) —2(0)+ ((0) —x(1))¢. Since x is a continuous function,
so does y. Also for the function y we have y(0) = y(1) = 0. So without loss of generality we will
assume z(0) = x(1) = 0 for the rest of the proof.

Since ¢, t5"% 17 € 7 +1 using Proposition [3.7] we get:

S() = ), () =) and 2 = ().
Now we can write the increment z(t5"%) — z(t7"") as follows.

2(t5) = a7 = (e (E ) — 2" ()

m
=3 > O X U so (1) 5 (8507 — £7),
=0 {kipn, 1 (87F)#0}

where £ is such that for which the function %, has strictly positive value in the interval
(t;”’k,t;"’k). Now one can notice that for all n < m, wn’k(,)(t;”’k) = ’(/)n’k(‘)(t;n’k). So for the
expansion of weighted second difference (x(t;”k) - x(tgnk)) (t;nk - t;n’k) - (x(tg"k) - x(t;nk))

t;n’k - t’ln’k), all values cancel out except for the term involving 6,, . So we get the following
identity:

(w55 = o)) @ F = %) = (2 = 2t h)) @5 —1h)

= Ot [ (1) X (6570 = ) (EF — 0) — (8575 x (657 — 1) (e — )

b ke e | [ R — ok 1 Pk gk 1 ?
p— m7 m7 m7 m7
= em,kx(t:} _t2 )(t2 _tl ) t;n’k — tT’k X t?’k _ tgn,k + t;n’k - t;n’k X tgn,k - t71n,k

=i O ) | e

Note that the value of 6,,  only depends on the function = and the partition m. So the result
follows. u

4 Quadratic variation along finitely refining partitions

Gantert [15] provides a formula for the quadratic variation of a function along the dyadic partition
in terms of coefficients in the dyadic Faber-Schauder basis. In this section, we generalize these
results to any finitely refining sequence of partitions.



Notation: For a function z € C°([0,1],R) and a sequence of partitions 7 of [0, 1], we denote

N(x™)—1

e (8) = Y (2(thy A8 — () AL)),

i=0
the quadratic variation of x along 7 at level n.

Proposition 4.1. Let 7 be a finitely refining sequence of partitions of [0, 1] with vanishing mesh
and (e}, ) be the associated Schauder basis. Let z € C°([0,1],R) given by

0o N(ﬂ,7n+1)_N(ﬂ,1n)_1

w(t) = 2(0) + (2(1) — (0))t + Y > O el 1 (1)

m=0 k=0
Then the quadratic variation of x along m, is given by:

n—1 N(#@™tH)—N(zx™)—1

[2]xn (t) = Z Z ap k(005 1 + Z Z O kem ket ()0 1O -

m=0 k=0 kK’
(m,k)#(m' k")

Denoting by [t7F, tgn’k

| the support of € ks t;n"k the point at which it reaches it maximum and
A =7 ANt — AL,

we have the following closed form expression for ay, ,(t) and by, ;. v (t):

tm,k _ tm,k tm,k _ tm,k 1
n _ n\2 3 2 n\2 2 1
a‘nb,k(t) - Z (Atz ) X tm’k . tm’k + Z (Atz ) X tm’k _ tm’k X tm’k _ tm’kv
treley iy 2 ! treley ey 3 2 3 !

m,k m,k m,k m,k
t3 - t2 t3 - 7’:1

2 2
Zt?E[t;n,k7t;n,k](At?) B Zt?E[t;n,,k7tgn,k](At?) }X\/(tgn,k —tT’k)(t;n’k o t;n,k)

&
Urnstem e () = Y e (8" )X{ mak _ gk
2 1

if supp(ey, 1) C supp(ep, p) and by, . .0 0 (t) = 0 otherwise.

T

Remark 4.2. Similar to the dyadic case [15], the coefficients ay, , and by, ;. .,

/> only depend on
the sequence of partitions 7 and not on the path z € C°([0,1],R).

Proof. We compute [z].=(1). For t € [0,1], the calculations are analogously done with the
stopped path x(t A .).

N(r")-1 N(#™)=1 [ -1 2
2
2l = > (x@ ) —2() = D0 D0 D O (e k() — €l k()
i=0 i=0 m=0 {k:tp x (t7)#0}
N#™)—1 [ -1 " 2
- Z Z Z em,k /wm,k:(u)du
i=0 m=0 {kith, 1 (t7)70} £y
2

N(#E™—1 [n-1

= Z Z Z em,k X wm,k(t?)(t?+1 - t?))

i=0 m=0 {k:¢pm i (t7)F#0}



Since 7 is a finitely refining sequence of partitions, there exists an upper bound M on the
cardinality of the set

{k > 1, ¢m,k(t?) 7é 0}
for any m < n. So in the above expression of [z],~(1) if we look at the coefficient of G,Qn’k for
some pair (m, k) we get:

S [t )]

{i:w'm,k(t?)aﬁo}
tm,k o tm,k tm,k o tm,k 1
o n\2 3 2 n\2 2 1
= > (Af)? x skt . (AP x T ST T
2 - 3 b2 3 - nu

el | AP ClEF 1ok

For two pairs (m, k) and (m’, k') if e}, ;. and e, ;. have disjoint support then ¢y, x(t)1m w (t) = 0
for all ¢, hence coefficient of 6,,, k0, 1 is always zero. For two pairs (m,k) and (m’,k’) with
supp(ep, x) C supp(ep,s s); Ym: 4 (t) is a non-zero constant for all ¢. This is a consequence of
the fact {¢m7k} is orthonormal. Now if we look at the coefficient of 6, ;0,,/ 5/ for the case when

supp(ey, ) C supp(ep, /), we get:

Z (Ve (B )ty — 6] X [V o (B (£ — E7)]
{istpm i (£7)#0}

= Y [ ()] - )
{#:m & (£7)#0}

2 2
Lacry (B8 apcpp g (A (85" — ) 5t — ")
- X tm7k tm,k .
3 gt

k
— Y () x
m 1 t;mk - t?;%k t;n,k . t;”hk
So the result follows. [ |

We say = € C°([0,1],R) has bounded Schauder coefficients along 7 if

sup 1, ()] < .

m,

The class of functions X defined in [2I] provide examples of functions with bounded Schauder
coefficients (along the dyadic partitions). The following example is an example of continuous
function with bounded Schauder coefficients representation along dyadic partition, but quadratic
variation along dyadic partition does not exists [21].

Ezample 3. Consider the sequence {T"},, of dyadic partitions and the continuous function z €
C°([0,1],R) defined as following:

co 2M—1

w(t) =Y > On pem (), where, 67, =14 (1)
m=0 k=0

For the function z defined above we have:

4 8
[x]rpn (t) ==t and, [I]Tzn+1 (t) = —t.
3 3
: . . i o 1T I"
T is a finitely refining and balanced sequence of partitions with = =2 ([

|Tn+1| T T+l

10



Theorem 4.3 (Quadratic covariation representation). Let m be a finitely refining sequence of
partitions of [0, 1] with vanishing mesh and (ey, ;) be the associated Schauder basis. Let z,y €

C°([0,1],R) N Q- ([0, 1], R) with unique representation

0o N@E™HH)—N(x™)-1
w(t) = 2(0) + (x(1) —2(0))t + Y > Om kem i(t),  and,
m=0 k=0
0o NE@EMTH—N(@#@™)-1

y(t) = y(0) + (y(1) —y(0))t + D > T k€, k(1)
k=0

Then, the quadratic covariation of x and y at level n along the sequence of partitions ™ may be
represented as:

n—1 N(ﬂ7n+1)_N(ﬂ,vn)_1

[, ylen () = Yo Gk Omanmit D Y bk (ke
m=0 k=0 m,m’ k, k'
(m,k)#(m’ k")
Denoting by [t7"" t3*] the support of ek 5% the point at which it reaches it mazimum and

AP =7 ANt — AL,

we have the following closed form expression for ay, ;. and by, p ./ -

K k & &
n () = NI H IS i S B BV IC] V). A SO
Cm ke - i tm,k - tm,k: % tm,k _ tm,k tm,k £ k7
ArpCliy* e 2 ! Arpcftgt ey 3 2 3 !
and,
o (t) —v (tm’k) ZAt"c[t’" kg (At ) ZAt" (At ) y (tgn,k . t;n,k)(tgn,k - t;n,k)
m,k,m’ .k’ = ¥m/ k' £m k tm k tm k tm k tm,k’ tm,k )
2 1 3 -2 3 U

if supp(ep, k) C supp(en, ) and by, i o0 4 () = 0 otherwise.
Proof. The proof is similar to that of Theorem [ |

We will now derive some bounds on the coefficients a;,, ,ﬂ and by / k,ﬂ which appear in the

expression of quadratic variation in Theorem [T}

m,k,m

Proposition 4.4. If 7 is a finitely refining sequence of partitions of [0,1] then
0< " <al,, <|n"l.
If we also assume the sequence of partitions w is balanced, then there exists C > 0 such that

™|

supp(ey, ) Csupp(epn, ) = 0 < |by, 4 o | < C (7" = 7) il

If supp(ey,, 1) Nsupp(en, x) = 0 then by, 4 g = 0.

Lthroughout the rest of the paper in some places we wrote ap, i for ay, (1)

2 . . n n
similarly we wrote by, ;. ./, for by o 0 (1)

11



Proof. From Theorem we have the expression of ay;, ;. as follows:

m,k m,k m,k m,k
ter — ok g 1

a?n;k? = Z (At?)2 x tm,k tm,k + Z (At’?)Q x tm,k tm,k Xtm,k tm,k :
2 ! 3 2 3 —h

Atn [ Tn k7t;n,,k] Atn [ 771 k7tgn,k}

Since 7" x (At?) < (At?)? < 7| x (At}), for all m, k we can bound a”,  as follows.

ok gk ok gk 1

n n n n

k =< |’/T | Z Ati tm,k _ tm,k + Z Ati tm,k _ tm,k X tm,k _ tm,k‘

N it 2 1 Atr eyt k) 3 2 3 1
1
k K k k _
= In [0 ) 5 ] e = I
3 U

Similarly using the other side of the inequality, we get for all n,m,k: 1™ < ay, ; < |7"|. So the
first part of the result follows. For the second part of the proposition, for any (m, k), under the

balanced assumption on 7, we have |, 1 ()] < C4 So under balanced assumption:

1
[xm ]’

|b” | |y tm k ZAt" m K ¢ k (At ) ZAt;Lc[t;” K ¢ k (At ) y (tgn,k - t;n,k)(t;n,k - tguk)
m,k,m’ k"l — m’}k’ 1 tm k tm k tm,k’ - tm k tm,k B tm,k
2 1 3 2 3 1
2 n\2
[ 1 EAt;LC[tm,,k7tm,k](At?) ZAt?C[tTn,k,tTn,k](Ati)
< 02 |7Tm’| tmlk 2tm,k - tm,Qk: ;m,k Xy ‘ﬂ-m|
2 — U 3 Tl

Since 7" x (At}) < (At})? < |7"] x (At}), for all (m, k) # (m’, k') we can bound [b]} ;. ./ 4| a5
follows.

7| ZAtf’C[t;ﬂ'k,t;"’k](At?) B ﬂzAt;rc[t;’l‘k,t;ﬂ’k](At?)
t;nak? _ t;nvk tghk _ t;nvk

X 4/ |m™|

[ 1
|bfn,k,m’,k’| <Cs |7rm/‘

,n-m
< O~ a0
||
|
As a consequence of PI‘OpObitiOD u for any uniform partition (such as dyadic partition),
b ke e = 0 for all m, k,m’, k',n > 0. But since by, ;. ,,v 4 are not necessarily positive, if the
individual by, . ., - are not equal to zero, still Z by k.m’ 1 can converge to 0 as n — oo.

m,k,m’ k'

Lemma 4.5. Consider a balanced ﬁm'tely refining sequence w of partitions satisfying ', , — 17 =
1

W(l + €') with sup|e”| = 0( ) for all n > 1. Then any function x € C°([0,1],R) with
T

bounded Schauder representatwn

0o N@EMTH—_N(x™)-1

z(t) = 2(0) + (x(1) —2(0)t + ) > Om ke (1),
m=0

k=0

12



we have
1 N(ﬂ,vn+1)

N(ﬂjn)_l

Zz,k(t)e?n k

3

e
Il

m=0 0
If [£7F 655 the support of ks 5% the point at which it reaches it mazimum and

AP =7 At — AL,

m,k m,k m,k m,k
e — kg 1

a?nak(t) = Z (At?)z x tm,k tm,k + Z (At?)z X tm,k: tm,k xtm,k tm,k :
2 - Uu 3 — b2 3 U

At C[emF ek AtrCrF ek

Note: The above assumption is true for any uniform partition 7, say dyadic or triadic par-
tition as in this case b = 0 for all m,m’,k, k. But Lemma does not require having

m,k,m’ k'
bm,k,’m/,k/ = 0
Proof. We compute [z],~(1). For t € [0,1], the calculations are analogously done with the
stopped path z(t A .).
1
For any pair (m, k), under the balanced assumption on m we have; |1, ()] < Ci | mp
where constant 4 is independent of m and k. We will show that the second term on the

quadratic variation formula in Theorem [4.1 Z Z b ke ki Om kOm k7 goes to 0 as
m,m’ kK’
(m,k)#(m’ k")
n — o0o. From the construction of by, ;. ../, We know that if support of ey, , and support of

me g are disjoint, then: by, 4 . = 0. So,
Z Do Uk Om kO ke
k,k’
(m.k)#(m' k)

Z Z b ke g Om kO ke

m=0 k=0 m’=0k’: Support of e:bn,kCe’:n,’k,
(m,k)#(m' k')

n—1 Nx™H—-NE™) -1 m m,k m,ky /,m,k m,k

o [
<y S5 i v ¢ =
m=0 k=0 m/=0 3 1
ZAtnC[tmk m,k (At ) ZAt” (At )
k k k k
to " — 1" tg”” — t;”

under the balanced assumption on 7:

n—1 N(x"tH)—N(#™)-1 m

<Gy, D 0 kO] X | o X VT
m/=0

m=0 k=0

« ‘ ZAt?C[t;ﬂ" m,k (Atn) ZAt?C[t m k (At

m,k m, k m,k m, k
t2 - tl t3 - t2

13



n—1 N(Trm+l)fN(7Tm)71 m

S SR YD

m=0 k=0 m’=0

2 2
ZAt?,C[t;n,kﬂtwn‘k] (AtF) B ZAt?C[t;n,k,tgn,k] (At?)

2

m,k m,k m,k m,k
t2 - tl t3 - t2

The last inequality follows from the fact that x has a bounded Schauder basis representation

ﬂ-m
along a refining sequence of partitions 7 and u < 1for all m" < m. So the above inequality

7]

will reduce as following:

TN (x™)— m n n n n
G I Syt A T s e (A5
D S S W L
m=0 k=0 m’=0 2 1 3 2
n—1 N(x"TH-N(="™) -1 m n—1 N(#"™H—-NE™) -1 m 1
S S S D S o
m=0 k=0 m/=0 m=0 k=0 m’'=0 ¢
n—1
1
<Cy N S 1] Y (m+1) [N(@™ ) = N(x™)] < Cs x nsup e = 0.
H m=0 v
So the lemma follows. [ |

5 Processes with prescribed quadratic variation along a
finitely refining partition sequence

5.1 Processes with linear quadratic variation

A well-known example of process with linear quadratic variation i.e. constant quadratic variation
per unit time is Brownian motion, which satisfies this property almost surely along any refining
partition. Schied [2]] provided a subclass X of Q1([0, 1], R), such that for all z € X, the quadratic
variation along the dyadic partition is [x]r(¢) = t. However Brownian motion is not included in
the class X given in [21].

In this subsection, for any fixed finitely refining sequence of partitions 7, we construct a
class B of processes with linear quadratic variation along 7 and we show that Brownian motion
belongs to B™. With some additional conditions on the sequence of partitions, we also provide
arqlr almost sure convergence result. The class X’ defined in [2T] has a non-empty intersection with
B".

Let W be a Wiener process on a probability space (€2, F,P), which we take to be the canonical
Wiener space without loss of generality i.e. Q = C°([0,T],R), W (t,w) = w(t). For finitely refining
sequence of partitions 7 of [0, 1], the quadratic variation of W along 7 is linear almost surely, i.e.
Vi € [0,1], P([W]x(t) =t) =1 [17,[I8]. On the other hand, W can also be represented in terms
of its Schauder expansion along 7, which provides the following properties of the coefficient.

Lemma 5.1. Let 7w be a finitely refining sequence of partitions and W be a Brownian motion.
Then W has the following Schauder expansion along the partition sequence m:

0o N(W77L+1)_N(Tr7rL)

W(t) = W(0) + (W(1) = W)t + > Yo nmkenil®),
m=0 k=1
where N, i ~I1D N(0,1) are independent and identically distributed.

14



Proof. The projection of Brownian Motion on any basis is always Gaussian, hence 7,, ; is Gaus-
sian. If the support of the function ej, ; is [t7* 7*] and the maximum is attained at time ¢5"*

then, applying Theorem the coefficient 7, ; has a closed-form representation as follows.
{(W(tén’k) — W) (5 = 57) = (W (t5F) = W) (e5F — ti"’k)]

VUEE =) — byt - et

Since W is a Brownian motion,

9)

N,k =

@W@%—W@%mwuﬁﬂ—mwwh—ww%wW—ﬁﬂ

VE* = 96— g6 -5

E(m.k) = =0 and,

Var (W) = W)@ = 58)] + Var [(W@5F) = wieg ) @ - 6]

(5" = e = ) - )

Var(mmx) =

k K & & & & K k
Cou (W(E™) = W) @5 — 655), (W) = W) e — 1))
= Y = T = )
B 0 [t 200 Rl - it £ 0D B el - S
- m,k m,k\ ,m,k m,k\ ,m,k m,k =1
(t"" =) (" =t )ty — )

Using the orthogonality of increments of Brownian motion we can show that Cov (Nm i, Mm/k) =
Ly=m Lg=p. Along with the fact that n,, , is Gaussian, we can conclude 7, ~AID N(0,1). W

_|_

For Brownian motion W the quadratic variation along 7 can be represented using the explicit
representation of quadratic variation (Theorem [4.1)) as following:

Wl(t) = lim [W]en(8),  with: [Wlen(8) = D> > ap x(Onimst Y Yo Ukt (O ko

n— 00
m=0 k m,m’=0 kK’
(m,k)#(m’ k")

Now we know that for Brownian motion E[W],(t) = lim E[W].=(t) =t. So,

n—oQ

n—1 n—1
T [ES S @0RuE S B Ot | =t

m=0 k m,m’=0 k,k'
(k) #(m’ k)
n—1 n—1
: n 2 n _
= lim | > > an (OER+ Y > ke OB M ki ] | =t
m=0 &k m,m’=0 kK
(m,k)#(m’ k')
n—1
= lim [Z();amk(t)] =t (10)
m=

15



Since ay, (t) only depends on the refining partition 7, and not on the path of Brownian motion,
the above invariant is true for any finitely refining sequence of partitions 7. For Brownian motion
we also know that lim E([W]gn(t) —t)? = 0. This implies, lim E([W].~(t))? = t*. So,

n—oo n—oo

2
n—1 n—1
nh_{I;oE Zza%k(tﬁﬁn,k‘f‘ Z Z O et e (D) ki e | = £
m=0 k mm'=0 kK
(m,k)#(m' k")
n—1
— e[S Saem e ST a0kt
m=0 k m,m’=0 k,k’
(m.k)#(m’ k)
n—1
+ Z Z (brfn,k,m/,kf(t))zﬂfn,kngn/,k/] =t
m,m’=0 kK
(m,k)#A(m' k")
n—1 n—1
: n 2 n n 21 _ 42
-1 D 3 CACIES S SR AUIED SRS DTSRI
m=0 k m,m’=0 kK’ m,m’=0 kK
(m.k)#(m' k") (m,k)f(m',k/)
n—1 n—1
= nth;O (Z;amk(t)> <Z;am/ k/(t)>
n—1 n—1
SN[ 9) SENUUESS SIS DA B3
m=0 &k m,m’=0 k.k'
(m,k)#(m' k")

From Equation (10) we know that the first sum converges to t2. So the above equality reduces

to:
n—1 n—1
S Swaers ¥ % <b¢n,k,m,,k,<t>>2]:o.

m=0 k m,m’=0 k.k'
(m,k)#(m' k")

Since both the two summations in the limit are positive we get the following two identities:

lim_ [TS Z(a:‘nvk(t))Q] =0 and, (11)

m=0 k

n“l{lo[ i > (bnm,k,m’,k’(t))2‘| = 0. (12)

m,m’=0 kK’
(m,k)#(m/ k")
Since both ay, ;. () and by, ;. ../ 1/ (t) are only dependent of the sequence of partitions 7 and not
dependents on the Brownian path W, Equation (11) and Equation (12 are true for any finitely
refining sequence of partitions 7 of [0, 1].
In the following theorem, we provide a class of processes with linear quadratic variation along
a finitely refining partition sequence 7.
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Theorem 5.2. Let w be a finitely refining sequence of partitions with vanishing mesh |7"| — 0.
Define, fort € [0,1],

oo N(x™H)_N(x™)

w(t) = 2(0) + (¢(1) —2(0)t + Y > Tk, (1),
m= =1

where (nmk,m eENE=1,--- ,N(#™) - N(Wm)) is a family of random variables with
Enm,k = 07 Enm,k)nm’,k’ = ]lm,m’]lkr,k:’a En;}n,k < 00 G/ﬂd,
E (1% ko, ey Ty s Moy ) = B0 ) B VE(, o VE(D,, 1)
for all integers a, 3,7, such that « + 8+ ~v+ 6 =4. Then:
Ve> 0, lim P(H(E]’n’" (t) - t| > 6) =0.
n—oo

Furthermore, if the sequence of partitions 7 is complete refining and balanced then the quadratic
variation of x along m exists and is linear almost surely, i.e.

x € Qr([0,1],R) almost surely, and P([z](t) =t) = 1.

Note that the coefficients are neither assumed independent nor Gaussian, so this class of
processes contains examples of processes other Brownian motions.

Proof. Using Theorem the quadratic variation of x along 7 at level n can be represented as:
n—1 n—1
2
t) = Z Za%,k(t)nm,k + Z Z b e, m 7 () T kT e
m=0 k m,m’=0 k,k
(m,k)#(m’ k")

Now using the assumptions on the coefficient 7, 1, we will show that Vt € [0,1], lim E[z].(t) =

n—oo
t.
n—1 n—1
lim Ele]en ()= Im E 1YY an ommit Y D O i (i
m=0 k m,m’=0 kK’
(m,k)#(m’ k")
n—1
= lim Zza%k VEnm 1 + Z Z b tesm i (OE (i, ki 17
m=0 &k m,m’=0 kK
(m,k)#(m' k')
n—1
— 7 n _
= nl;rrgc [Z Zamﬁk(t)l =t.
m=0 k

The last equality follows from Equation . Now to prove [z],=(t) — t in probability, we only
need to show that 1i_>m E([x])n (t))* = t2. So:
n [oe]

2

. 2 . — n
nll)ﬂ;o]E ([x}ﬂ—n (t)) - n]LH;OE Z_: Xk: m, k nm k + Z Z bm,k,m’,k’(t)nm,knm'yk'

m,m’=0 kK
(m.k)#(m )
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= lim E Z Z( ) M. + Z Z a1 (O o (0, 1

m=0 k m,m’=0 k,k
(Wk)#(m',k")
n—1
+ Z Z (bnm,k,m’,k’(t))Qann,knfn’,k’
m,m’=0 kK’
(m,k)#(m’ k")
n—1 n—1
+ Z Z a%,k(t)nfn,kbﬁl,k/,mf/,k//(t)nm/,kfnm”,k”]
m=0 k m/,m/’'= k' k"
(m/ k")#(m" k")
n—1 n—1 n—1
= lim > (an OB+ Y oo ana®an L+ Y > O ()
m=0 k m,m’=0 k,k’ m,m’=0 k.k’
(m,k)#(m' k") (m,k)#(m' k")

~ lim (i > a;z,ka)) (i S <t>>
m k m’ k'
+ lim [ Z Z(a?mk(t))Q(Enﬁ@,k -1)+ z_: Z (g (t))ﬂ .
k

m,m’=0 kK

(m,k)#(m’ k")

Using Equation we know that the first sum converges to t2. The last two sum can be
bounded above as follows.:

n—1 n—1
nlg{.lo l Z Z(a%,k(t))z(Enfn,k -1+ Z Z (Aa— (t))ﬂ

m=0 k m,m’=0 kK’
(m,k)#(m' k")
n—1
SRES ) DUUIEED SIS SR ARSI B
m=0 k m,m’= k.k'
kb )

The last equality follows using the Equality and Equality (12)). So we have lim E[z].x(t) =
n—oo
t, and correspondingly lim E ([z].n(t) — t)* = 0. So [z]zn (¢) — ¢ in probability.
n—oo
Now we will prove the almost sure convergence. Since for this part we have already assumed 7 is

balanced, from the previous calculations and using the bounds from Proposition we get the
bound on Var([z],~(t)) as following:

— n—1
Var([z]m( Z D lapx @)+ > > O (1))
m=0 k m,m’=0 kK
(m,k)#(m' k")
L e
< |[7" PN (™) + O[] — 272 >
m=0 k=0 m’=



m—1 m
T
Since, 7 is also complete refining there exists Cy < oo such that E ||m,|| < Cp. So we get the
am
m’=0

bound on variance as follows.

Var([z]an(t)) < Cy|7"].

Now take €, = |7"| % then from Markov inequality we have:

P(|[z]an (t) — t] > €n) < Var(fz]en(t)) _ e

2 =
€ n

o0
Since 7 is a complete refining sequence of partitions of [0, 1], Z V7| < co. So using Borel-
n=0
Cantelli Lemma we can show, P(|[x].~(t) — t| > €,, infinitely often ) = 0, where ¢ = |ﬂ'”|% — 0.
Hence, we have [z].n(t) — t almost-surely. So as a consequence [z].(t) = lim [z].(f) exists
n—0o0

almost surely and [z],(t) = ¢ almost surely. |
To summarize, for any finitely refining sequence of partitions 7= we define

oo N(x™HH)—N(x™)

B" = {x (X [0,1] =R, z(t) =x(0) + (z(1) —2(0)) t+ Y > T, o€ i (£)
k=0

m=0

Where7 E(T]m,k) - Oa E(nm,knm’,k’) = 6m,m’6k,k:’7 ]E(niln,k) S M < o, and7

for integers o+ 3 + v + 9 = 4, E(ﬂ%,knil,klnzm,kﬂfns,kg) = E(n%,k)E(nﬁzl,kl)E(n;{ng,kg)E(nglg,k_g)}'

Then for any @ € B™, we have [z« (t) — t in probability. Furthermore, if 7 is also balanced and
complete refining partition sequence, then the convergence is almost surely.

Corollary 5.3. For any balanced complete refining sequence of partitions w, we have B™ C
Q- ([0,1],R) almost surely.

5.2 Processes with prescribed quadratic variation

A well known method for constructing a process with prescribed quadratic variation is via time-
changed Brownian motion. Let W be a Wiener process on a probability space (€2, F,P). Then for
any continuous increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 the process Y (t) = W(¢(t))
and any refining partition 7, by Lévy’s theorem we have

almost surely.

In this subsection, we will construct a class of processes with this property, using a different
construction based on the Schauder expansion. We will show that our class contains time-changed
Brownian motion, but also other processes which may not be semimartingales.

Without loss of generality for the rest of this section we will also assume ¢(1) = 1. We first
study the Schauder expansion of a time-changed Brownian motion: the proof of the following is
based on straightforward calculations.

19
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Lemma 5.4 (Schauder expansion of a time-changed Brownian motion). Let 7 to be a finitely
refining sequence of partitions and Y (t) = W(H(t)), where W is a Brownian motion and ¢ :
[0,00) — [0,00) an increasing function with ¢(0) = 0. Then Y has the following Schauder
expansion:

0o N(@™+)—N(x™)

Y1) =Y(0)+ (Y (1) -YO)t+ ) > Mk (Y)eq, 1 (£),
m=0 k=1

)

where Ny 1 (Y) ~ N(0,w™*) are independent and

m,k

k k k k k k k N
o (OUF) = SN P + (05— P — o)
m,k m,k m,k m,k m,k m,k m,k ’
(t2 - tl )(tS - t2 )(t3 - tl )

w,

where [tTF 5% = supp(ey, ) and ey, ;. attains its mazimum at ok,

We note that w;i are non-random and only depend on the partition sequence and the
function ¢.

For any finitely refining sequence of partitions 7, and for any continuous increasing function
¢ with ¢(0) = 0, similar to Equation we have the corresponding identities (which are
only dependent on 7 and ¢ but not on the path).

L [Z > “%(t)w%] = o), (15)

m=0 k

lim [i Zm:;,’;(t))?(wm)?] —0, (16)

n—1
| ST e 0reie] <o an
m,m’=0 kK
(m,k)#(m' k")

The following theorem provides us with a broader class of processes with prescribed quadratic
variation:

Theorem 5.5. Let 7 be a finitely refining sequence of partitions with vanishing mesh |7"| — 0
and ¢ : [0,00) — [0,00) an increasing function with ¢(0) = 0. Define x :

oo N(@™+H)—N(x™)

w(t) = 2(0) + (x(1) —2(0)t + Y > Tk (1)
k=1

m=0

where (N g, m € N k= 1N (7™ — N(7™)) is a family of random variables with
Enm,k: = Oa Enm,knm’,k’ = ]lm,m’]lk,k’w:rnjﬁga Enfn,k < 00

where w;i is given by and
(0 s i Mo e Mo ) = B O1 t JE (i, VE(, 1 B (1D 1)
Nk k1 T ko s ks M ke ) B\ ey B\ My koo )5\ g kg
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for all integers a, B,7,6 such that a + 8+ ~v+d =4. Then

Ve>0; ILm P(|[z]xn (t) — ¢(t)| > €) = 0.
Furthermore, if the sequence of partitions 7 is complete refining and balanced and ¢ has a bounded
derivative then

x € Q([0,1],R) almost surely and P ([z]~(t) = ¢(¢)) = 1.

Proof. We skip the proof of the above theorem as the proof is very similar to the proof of

Theorem The proof in particular uses Identity , , . For the proof of almost

sure convergence, we use the fact that if ¢ has bounded derivatives and 7 is balanced, then the
. T,

weights w, . are almost surely bounded as well. |

The assumptions of 7 and ¢ for almost sure convergence in Theorem are sufficient condi-
tions but not necessary. To summarise, for any finitely refining sequence of partitions 7 and for
any continuous increasing function ¢ with ¢(0) = 0, define the class of processes B % as follows.

oo N(@™H—N(x™)

BI? = {:z: 1 x[0,1] = R a(t) =2(0) + (x(1) —2(0) t+ H_ > M € s ()
m=0 k=0

Wltha ]E(nm,k) - 07 E(T]m,knm’,k’) = 6m,m’6k,k’wm,ka E(nfrln,k) S M < 0, a'nda (18)

(05 ki 1oy Ty s Mo s) = EC1 )E o VE(T) o VE(0D, &) Whenever int. a+ 3+ + 6 = 4}.

Then for any = € B5'?, we have [2](t) — ¢(t) in probability. If 7 is also balanced, complete
refining and the continuous increasing function ¢ has ¢(0) = 0 and bounded derivatives then the
convergence is in an almost sure sense.

Corollary 5.6. Let m be any finitely refining sequence of partition and ¢ € C°([0,1],R) be
an increasing function with ¢(0) = 0. Then the time changed Brownian motion defined as

Y (t) = W(¢(t)) belongs to the class Bg’¢

Corollary 5.7. For any balanced complete refining sequence of partitions m and for any increas-
ing ¢ € C°([0,1],R) with bounded derivatives, we have BY'® € Q([0,1],R) almost surely.

6 A class of processes with quadratic variation invariant
under coarsening

The quadratic variation of a path along a sequence of partitions strongly depends on the chosen
sequence of partitions. As shown by Freedman [14] p. 47], given any continuous function, one
can always construct a sequence of partitions along which the quadratic variation is zero. This
result has been extended by Davis et al. [7] where they have shown that, given any continuous
path z € C°([0,T],R) and any increasing function A : [0,7] — Ry (not necessarily continuous)
one can construct a partition sequence 7 such that [z] = A. Another result by Schied [19]
provides a way to construct a vector space of functions with a prescribed quadratic variation.
Notwithstanding these negative results, the quadratic variation of a function along a sequence
of partitions 7 is always the same as that along any subsequences of m and the recent paper [5]
also identifies a class of partitions and a class of d-dimensional paths where quadratic variation
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is partition invariant. In this section, we shall identify a class of processes x for which [z], is
uniquely defined across any coarsening of the initial finitely refining partition .

One main difficulty in comparing the quadratic variation along two different partition se-
quences is the lack of structural similarity between the two sequences of partitions and/or lack
of local bounds on the number of partition intervals.

For Brownian motion almost surely for any refining sequence of partitions 7 the quadratic
variation is linear and same across partitions, i.e. P([W].(¢) = ¢) = 1. Now from Lemma
we can see along any finitely refining partition sequence 7 the coefficients 7y, , for Brownian
motion are ITD A(0,1). So for two finitely refining partition sequences m and o, if we compare the
corresponding Schauder basis coefficients ny, , and 17, ;. for Brownian motions, both of them have
the same distribution. This uniformity of coefficients of Brownian motion contributes towards
partition sequence independent quadratic variation of Brownian motions.

In this section, we provide a class of ‘rough’ continuous processes for which the Schauder
expansion has similar properties across certain ‘related’ sequences of refining partitions. As ex-
pected, our ‘rough’ class contains Brownian motion but also contains processes that are smoother
than Brownian motion in terms of Holder continuity.

6.1 Invariance of quadratic variation

Coarsening A partition may be refined by adding points to it. The inverse operation, which we
call coarsening, corresponds to removing points i.e. subsampling or grouping of partition points.
We will be specifically interested in coarsening that preserve the finitely refining property but
may modify the asymptotic rate of decrease of the mesh size:

Definition 6.1 (Coarsening of a partition sequence). Let 7" = (0 = t5 <t} <+ <t} () =T)
be a finitely refining sequence of partitions of [0, 7] with vanishing mesh |7"| — 0. A coarsening
of 7 is a sequence of subpartitions of 7":

A" =(0=t5m0) <ty < <tpmn(any) = T);
such that (A™),>1 is a finitely refining partition sequence of [0, 7.
Remark 6.2. t € A" implies t € 7. Also if 0 = (¢"),,>1 is a coarsening of 7 = (7"),>1, then

for any subsequence T = (WK("))nzl of m; o™ s also a coarsening of 7.

Take 7 be a finitely refining sequence of partitions of [0,1] and take 0 = (¢"),>1 to be a
coarsening of 7. Let = € C°([0,1],R). Then the z can be expanded along the non-uniform
Schauder system corresponding to partition sequences 7 and o respectively i.e.

00 N(7T""+1)—N(7rm')

z(t) = (0) + ((1) —2(0)t + Y > T, k€, (1)
k=1

m=0

oo N(o?T1)—N(a?)

=2(0) + (x(1) —zO)E+ > D> 0ue5(t),
§=0 =1

where, {nm, } and {6} are corresponding coefficients of the Schauder system expansion along
sequence of partition 7 and o respectively. If the support of the function €7 is [sjl’l, sél] and its

maximum is attained at time s%" then, the coeflicient 6;; has a closed form representation as
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follows (Proposition [3.8):

(o659 = o(6) (641 = 49 = (o065 — () (64" = 1)
Vs = st — s (sd — 51

(5" = 53 (e TR e (nlod) — (1))

[ Vs = st — s (s3' — 51

(55" = st (Zoo S0 e (e, 063 — e a(3))
Vs =65 = s - ol ]

1y il 5.l il il 5.l il il 3.l
N O NG (gt = ) (e, (53 = epa(s1) = (3" = 51 (e (8 — epn(s3h)

o0
-> X — o
w0 Vst = st s - 4 (e5" = o)

Denote

0;1 =

il il il il il il il il
e S = (st = enn () = 3 = ) (e (s — epls8h)
il - j,l j,l j,l j,l j,l j,l
V3! = s - 5 (s - 1Y)

Since the function e7, , only depends on 7 not on the path = € C°([0,1],R), the coefficient

m,
A;"J’k only depends on the refining partitions o and 7 but not on the continuous path z. So the

expression for §;; can be represented as an infinite expansion of 7’s.

oo N(@™HH—N(=™)

01 = 2:0 kz K (20)
m= =1

The above equation holds for any two finitely refining partitions, but since o is a coarsening of
T, A;.nl’k =0forallm > j+1, Vi, k. So the Equation reduces to:

j+1 N(@™HH—N(=™)

051 = ZO kz K (21)
m= =1

Now if we take the path x to be a typical path of Brownian motion, then 7, ~11D N(0,1) and
0;1 ~""P N(0,1). So,
E6Z, =1

j+1 N(x™ )= N(x™)

—E|Y Y A -t

For Brownian motion Eny, k0m k= Edp m/ 0k kr = Li=m Lp=rs and for any fixed pair (j,1), the
above sum is a finite sum. So the above equality reduces to:

j+1 N@™ Y —N(@@™) j+1 N@E™H-N@E™)

oYY Y AN E ) | =1
m=0 k=1 m'=0

k'=1
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j+1 N+ —N(x™)
m,k
= > ) A En,=1
m=0 k=1
j+1 N(@™TH)—N(x™)

= ) > (AT79)? = 1.
m=0 k=1

Similarly, for Brownian motion the cross-correlations of the coefficients are 0. So for pairs

(22)

(7,0 # (7", 1):
E(Gj’lej/J/) = 0
J+1 N(7T7'L+1)—N(7rm) j/+1 N(ﬂ,m'+1)_N(ﬂ,m')
m,k m',k:'
a1 1D SEED SRR N D SRR SR
m=0 k=1 m’'=0 k=1
(GAG)+L N(@E™FTH—N(x™)
m,k sm,k
= | X > AT AT (B ) | =0
m=0 k=1

(GA)FLN(@@E™H) =N (™)

=0 (23)

m,k
= 2 > ANt =
m=0

k=1

Comparing the fourth moment of the coefficient 0;; for Brownian paths we get:
2
E6}, = 3 (E67))

JHL N =N (™)

= E|Y 3 A | =3
k=1

m=0

j+1 N(#™TH)—N(x™)
K 'k
Z (A7) )Q(AZLZ ) ko i | =3

m,k
=E|> > (AN 't
m=0 k=1 m,k m',k
(. k)A(m’ )
jH+1 NG =N (™) o
= BATN Y Y (AR =3
m=0 k=1 m,k m' )k
(m,k)#(m' k")
[j+1 N+ )—N(x™)
m,k m,k m’ Kk’
di DR DR CH A DB N D DIC RS F k!
m=0 k=1 m,k m’,'k

Substituting Equation twice in the second sum we get the following identity:

j+1 N(ﬂ_?n«}»l)_N(ﬂnt)

> > (AT =1.
m=0 k=1

Similarly, exploring the uncorrelated property of the coefficients 8 for Brownian motion leads to

(24)

the following equalities:
(GIAF)FLN (@™ =N (x™)

S ((antar?) =0 and

m=0 k=1

(25)
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(GAG)FLN (@™ =N(x™)

> > ((pharh) =0 and, (26)

m=0 k=1

NG Aj1A+1 N (™) —N(7™)

3 S ((aphanhari)) =0 and, (27)

m=0 k=1

GAG AjiAG2+1 N(x™ ) =N (x™)

> > ((mhahurhan) =o. (28)

m=0 k=1
The following theorem provides properties of Schauder coefficients represented along two
different partition sequences which are coarsening of each other.

Theorem 6.3. Let 7 be a finitely refining sequence of partitions of [0,1] and 0 = (¢")p>1 be a
coarsening of w. Define for t € [0,1]

oo N(@™H)—N(x™)

w(t) = 2(0) + (¢(1) —2(0)t + ) > M. k€, (1)
m= k=1

where
Enm k= 0 Enm ETm/ k' = ]lm m’]lk:,k’v Enfn,k: =M < o0 and (2

o ©
= =

(05 ks 1o T s Mo ) = B JE 1 VEOT 1w B k) (3
for all integer exponents «,B,v,6 satisfying o« + B3 +~v+ 35 = 4. Then (01,7 € N,1 <[
N(c"t1) — N (o)) defined by Equations — also satisfies the properties —.

Proof. Ef;,; and IEHJQ-J can be expanded as follows.

IN

j+1 N(#™TH—N(x™) j+1 N(@™ ) —N(z™)
Bou =B > > AN k| =D Z AT En,, = 0 and,
m=0 k=1 m=0
j+1 N(#™TH—N(x"™) 2 NETTH—N(™)
m,k
Jl_ Z Z Ajlnmk :Z (Aj7l )2:1~
m=0 k=1

The last identity follows from the Equation . For the covariation the following identity can
be obtained.

’

j+1 N(@™ ) —N(x™) 5'+1 N+ —N@E™)
m,k m’ Kk’
Ejbpe =B (> > AT s Z Yo AL
m=0 k=1 k'=1

JAG+1N(@E™ ) —N(x™)

-y 3 (AT (AT = 0.
m=0 k=1

The last equality follows from Equation Now the fourth moment of 6;,; can be represented

as follows. .
j+1 N(x"FH—N(=x™)

j 1= Z Z A;'n,l’knm,k

m=0
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L NE™H)=N(=™) ) )
k k 'k
- AR+ > (AT (AT) G )
m.k m',k:’

(m,k)#(m’ k")

3
Il
<}
B
Il
-

jHL N@™ )N

4 2 ’ ! 2
<M ZO ; (A;T’fl’k> n z;c 3 (A;jyk) (A;'jl % )
m= = m m’ Kk’

(m,k)#(m’ k")

jHL N )N (™)

_ - 1);::0 ; (A;_rfl,k)4 N Z (A}"j’“)Z Z (A;ﬁJ/,k’)Q < 0.

m,k m’ k'

The last inequality follows from the fact Enfnyk = M and using Equation and . The
uncorrelated property of 6 is a consequence of Equation and the fact that
Enfmk = M < co. So the result follows. |

Remark 6.4. The assumptions of the above theorem are sufficient but may not be necessary.
Note that, unlike the Brownian motion case, the coefficients in the non-uniform Schauder basis
expansion of typical paths satisfying the assumption of Theorem only have uncorrelated
properties and do not necessarily have IID properties.

For any finitely refining sequence of partitions 7 of [0, 1] we can define the following class of
processes:

0o N(ﬂ_m«l»l)_N(ﬂjn)

AT — {m Q% [0,1] =R, 2(t)=2(0)+ (x(1) — z(0)) t + Z Z N k€ i (1)
m=0 k=0

where E(nm,k) =0, E(nm,knm’,k’) = 5m,m’6k,k’7 E(nfn,k) =M < oo, and (31)

E(n%kngh,k1777n2,k277§n3,k3) = E(n’?‘:l,k)E(n'rﬂnl,kl)E(n;yng,kz)E(ng’Lg,ks) for all integers a+ 8 +~v+ 0 = 4}.

Then A™ C B™ and we have the following result:

Theorem 6.5 (Invariance of Quadratic variation). For any finitely refining sequence of partitions
m, take a process x € A™. Then for any coarsening o of ™ we have:

Yt € [0,1], [z]on(t) = t and, [x].(t) — t in probability.
Furthermore, if both m and o are complete refining and balanced then:
P(z € Q-([0,1],R) N Q,([0,1],R)) =1 and, [z]:(t) = [z]s(t) almost surely.

Proof. Since z € A™ for a finitely refining sequence of partitions 7 of [0,1], 2 € C°([0,1],R).
Now for any coarsening o of 7, Theorem [6.3| concludes the corresponding Schauder coefficients
67, and ny, ;, have same uncorrelated properties. So the result follows from Theorem |

The following is an example of a path that does not satisfy the assumptions of Theorem
and whose quadratic variation (unlike Theorem [6.5)) is not invariant under coarsening.
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Figure 1: Left: Plot of the function = defined in Example [4] truncated at n = 12. Right: The
black line represented the quadratic variation of the function x at level n=12 with respect to
dyadic partition. The blue line represents the quadratic variation of the function x at level n=12
with respect to the partition .
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Figure 2: Left: Sample path of X defined in Example [5| truncated at n = 12. Right: The red
line represented the quadratic variation of Xat level n=12 along the dyadic partition. The blue
line represents the quadratic variation of X at level n=12 along .

Ezample 4 (Example of continuous function with different quadratic variation along two different
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balanced finitely refining sequence of partition). Define

oo 2™M—1

{B(t) = Z Z egz,k(t%

n=0 k=0

Then the quadratic variation of x along T is different from the quadratic variation of x along m,
n 1 2 4 3i+1 3i+2
where 7" = (0 .

Tontgntgn T gn T gn
class of functions defined in [2I] and both the partition sequences 7w and T are finitely refining
and 7 is coarsening of T. Also, x has linear quadratic variation along both sequence of partitions
7w and T, but they are not same for all ¢ € (0, 1]. d

g ,1). Note that the function = belongs to the

Not surprisingly, Brownian motion belongs to the class A™ for any finitely refining sequence
of partitions , as for Brownian motion the coefficient of Schauder system expansion follows 11D
N(0,1). But the class of paths in A™ is not just a typical path of Brownian motion.

1
Ezample 5 (Process with i—Hélder continuous paths in the class A" ). Define

oo 2M—1

X(t) = Z Z am,ke;ﬂ‘mk(t)a

n=0 k=0

where 0, j; are IID random variables with

1, with probability
9m7k =

NN O

-1, with probability

From the results of Mishura and Schied [I9] we know that X € Qr([0,1],R) and from the
construction X € AT. The process X belongs to the class X' defined in [I9], which is a class

1
of function with i-Hélder continuity. So our ‘rough’ class AT contains §—H'dlder continuous
paths. O

So A™ is an interesting class of processes and contains a processes smoother than Brownian
motion in the sense of Holder continuity, but still ‘rough’ enough to have quadratic variation
invariant across different finitely refining partitions.

Ezample 6. Let n" = (0 =17 << tﬁ,(ﬂn)> where

n n
tk+1 B tk

Vk=1,-.-,2", thft =7 and, 5t =17 + %

and define x : [0,1] — R as follows.

m

el w)=3 Y .
n=0 k=0

O
Ezample 7. Define the sequence of partition # = (7"),,>1 with 7™ = (O =t <--- < t%(ﬂn)) as
follows.
o 1
Vk=1,---,2", t3/f1=t2 and, tglj1:Z+T
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Define the process X : [0,1] x Q@ = R as

co 2M—1

X(6)=" Y e i(t),

n=0 k=0

where 6,, 5, are IID random variables with

1, with probability
gm,k =

N N =

-1, with probability

6.2 Properties and lemmas

In this subsection, we will discuss some general properties of a process that contains A™, for any
finitely refining sequence of partitions 7.

For convenience of the next section let us reorder the complete orthonormal basis {1, & .k
as {t; };. Since {1;}; is a set of complete orthonormal basis, for all € A™ we can express z in
the Schauder basis expansion along 7 as follows.

(=3 / W (),

where, E(n;) = 0, E(nin:) = 8i.ir, E(n}) < 0o. Now define,

I(s) == {1 z;z and < f,g >:= /01 f&)g(t)dt
Then,
/t Yl (u)du =< I, PT > .
Since {¢;}; is a set of complete orth(())normal basis we have,
It=i<1t,¢g>w;f and t:|\[t|\2=i<1t,¢f >2 (32)
i=0 i=0

Lemma 6.6. For any finitely refining sequence of partitions w take x € A™. For any two times
t and s € [0,T]: E[z(t)z(s)] =t A s, where t A s = min(t, s).

Proof. Corresponding to m we have a complete orthonormal set of basis {¢] }; (as an example
non-uniform Haar basis defined in Section . So:

Ela(t)a(s) ~ E l(zni / wu)du) (Zm I z/}?(u)duﬂ

iEn? ( /0 Cyr (u)du) ( /0 S w;f(u)du>

=0

i

s
Il
=)

< I, T >< I, 7T > =< I, I > =1t ANs.
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Figure 3: Left: Plot of the function z defined in Example [f] truncated at level n = 12. Right:
The red line represents the quadratic variation of the function = at level n=12 with respect to
partition 7. The black line represents the quadratic variation of the function z at level n=12 for
a random partition and the gray line represents for y = x line.
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Figure 4: Left: Sample path of X defined in Example[7]truncated at n = 12. Right: The red line
represented the quadratic variation of X at level n=12 with respect to partition 7. The black
line represents the quadratic variation of X at level n=12 for a random partition and the gray
line represents for y = x line.

As a consequence of the above for any finitely refining sequence of partition 7 and for any
x € A, we have uncorrelated property of disjoint increments of x, i.e. if we have two disjoint
interval [t1, t2], [$1, 2] C [0,T] then for all x € A", we have E [(z(t2) — z(t1))(z(s2) — z(s1))] = 0.

Theorem 6.7. Let {¢;} be an arbitrary complete orthonormal basis and let n1,m2,m3-+ be a
sequence of random variables defined on a probability space (Q, F,P), with En; = O,IEm2 =1 and
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]Enlnj = 61] fOT lm] =12, deﬁne

Xy = ;ni /0 64(3)ds. (33)

Then for each t, X' is a Cauchy sequence in L? (Q, F,P) whose limit X; is a random variable
with mean zero and variance t.

For any finitely refining sequence of partition 7 the assumption of the above theorem is
satisfied for all x € A™.

Proof. Since {¢;}; is a complete orthonormal basis we have

L= <In¢i>¢i and t=[tP=> <I,¢; >>.
=0 =0

So we can have the following expression for E (X" — X" )2 where n > m as follows.

Xn: Wi/()t¢i(5)d5>2— Xn: En; (/Otgbi(s)ds)Z

i=m-+1 i=m-+1

IE(Xt"—Xtm)Q_E<

n
= > <IL,¢: > 50

i=m-+1

Thus X[ is a Cauchy sequence in L*(©2, F,P). The mean and the variance of the limiting random
variable X; can be represented as:

EX, = lim EX{' = lim E (ZO i /O t ¢i(s)d8> = lim_ ;E(m) /O t ¢i(s)ds =0 and,
n . 2 n . 2
Var(X,) = nh_)rr;o Var(X]) = nh_}rr;o E (; m/o (bi(s)ds) - (E;Uifo (ﬁi(s)ds)
n ¢ 2 n
= lim_ ;Em)? ( /0 @(s)ds) = lim ; < I, ¢; >2=t.
So the lemma follows. [ |

The above result is valid for any orthonormal basis (non just for non-uniform Haar basis). For
the following continuity result, let us assume preciously non-uniform Haar basis. So Equation

is as follows.
X"(t) = Z Z Om ke, (t), and, (34)
N(TI'NL+1)—N(7T7”)_1

X(t) = lim a™(t) =Y > Om. ke, 1. (1)

m=0 k=0
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Theorem 6.8 (Continuity of path). Take a balanced, finitely refining sequence of partitions 7
of [0,1]. Then under the assumption E(0y, ) < M, for all m,k the sequence X"(t) defined
in Equation (34), converges uniformly in t, almost surely to X (t). Thus the process X (t) =
nhﬁngo X" (t) is a stochastic process with continuous sample paths.
N(#x"TH—N(z")-1
Proof. Let define y"(t) = X" (t) — X"(t) = Z On,kep 1 (t), then if we can show
k=0

that the function y™ is continuous and converges to 0 uniformly so the result follows. Now since
enk is a continuous function over t for all n, k, so for every n € NN {0}: 3" is a continuous
function over ¢. Since 7 is finitely refining for any fixed n there exists M < oo (independent of
n) such that at max M many of e, ; are nonzero for any time ¢ € [0, 1]. Now define:

H, = sup [y"(t)] = sup |X"FI(t) — X" (1)
te[0,1] t€[0,1]

N(@" ) - N(x™)—1

1
= sup Z On e 1 (t)| < Crlm"|2 x sup |0y, k|-
te[0,1] k=0 k

For the last inequality we use the fact that for a balanced sequence of partitions 7, sup |e, x(t)| <
te(0,1]

C \w”|%. Thus for any constant c,,
P (Hn > Cl|7r"|%cn> <P (sup |0 1| > cn) =P (Ug {|0ni] > cn})
k

N(7™) M

4

SC()X

n C'VL

<Y P (|0nk| > cn) < CoN(x") (35)
k

A’
where, C, M are finite constants indepenldent of n. The last inequality is a consequence of Markov
inequality. We now choose ¢, = |7"|°"2 for some € > 0 with 8¢ < 1. Then the right-hand side

N(m™ N(m"
of Inequality (35)) is Cy (j ) = C’0| (Z )2 < My |r" 4 < MyM™ =Y (The two inequality
C 7-[-71 €—

follows as 7 is balanced). Now we know that M nde=1) g g general team of in a convergent
series. Also b, defined as b, = Cl|ﬂ'"|%cn = Cl|7r"|%|7r"|5_% = Cq|7"| = 0 as n — o0o. So using
Borel-Cantelli Lemma, Inequality deduces to,

n

P[H,, > b, infinitely often | =0
Since b, — 0, this shows that H,, is a convergent series and completes the proof. |

In Theorem the assumption of the reference partition 7 to be balanced is sufficient but
not necessary.

7 Extension to the multidimensional case

In this section, we extend the previous results discussed to a multidimensional setting.
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Non-uniform multidimensional Haar basis. Fix a finitely refining sequence of partitions
7 of [0,1]. The one dimensional non-uniform Haar basis can be represented as {hy,  ; }, where
m=0,1,--- and k =0,--- , N(7™) and there exists M < oo such that j < M. Then the function
Bk, [0,1] = R for all m, k and j can be expressed as:

. m—+1 m—+1
0 if t ¢ _tp<m,k>’tp<m,k>+j)
tm+1 _ tm+1 % ~
p(m,k)+j p(m,k)+j—1 1 it tm+1 t’m—i—l
J (t) — tm+1 _ tm—i—l x tm—i—l _ tm-{-l wie p(m,k)’ “p(m,k)+j
Mg p(m.k)+j—1 " “p(m.k) p(m.k)+j — “p(m,k) .
tm-l—l _ tm+1 b _
_ p(m,k)+j—1  “"p(m,k) 1 if e [gmtl g1
tm+1 _ thrl thrl - tm+1 1 p(m,k)+j—1° "p(m,k)+j
p(m,k)+j  “p(m,k)+j—1 p(m,k)+j  “p(m,k) )

(36)
where, p(m, k) is defined in Equation . The non-uniform Haar basis {hy, ;} is an or-
thogonal basis in one dimension. For convenience, reorder the non-uniform Haar basis to
{hm i}, where m = 0,1,--- and k = 0,1,--- ,N(7™™h) — N(z™) — 1. Now we will define
d-dimensional non-uniform Haar basis in the canonical way. Define {h’mk} forall m=0,1,---,
E=0,1,--- ,N(@™ ™) = N(z™) —1and i = 1,2,--- ,d as following.

L) 0,1 > R such that, AL () = himi(t) X e, (37)

where, e; is a d-dimensional column vector with 1 at i'" entry and 0 elsewhere. Clearly,
{€;}i=1,... ¢ is an orthogonal basis of Rd.‘ Denote 0 to be a d-dimensional column vector with all
entry as 0. Now from the definition of h;, , we get

1 1 1
/ h i = 0; / < o g P i >= €5 and,/ <N k» th,’k, >= 1= L= Lp—ire;.
0 0 0

So {hfn’k}, where m = 0,1,---, k = 0,1,--- ,N(zx™™) = N(#™) =1 and i = 1,--- ,d form

an orthonormal basis in R?. The Schauder basis ez;jfk : [0,1] — R? is defined as efnyk(t) =
t

/ B p(u)du ) €; form € N, k=0,1,--- ,N(z"" = N(z™) - 1) and i = 1,--- ,d.

0

The following theorem shows that any d-dimensional continuous function can be represented
uniquely wrt the d-dimensional non-uniform Schauder system associated with a finitely refining
partition sequence.

Theorem 7.1. Let 7 be a finitely refining sequence of partitions of [0,1]. Then any continuous
function © = (x1,x9,--- ,x4) € C°([0,1],R?) has a unique Schauder representation associated

with m:
0o N(@™TH_N(z™)-1 @
zi(t) = 24(0) + (2:(1) — 2 ()t + Y > 05 wem 1 (t).
m=0 k=0
m,k ,m,k
1 7t3 ]

If the support of the function ey, . is [t and its mazimum is attained at time t?’k then

) {(rvi(t;”’k) — i (1)) (5 — £5F) — (2 () — s (8577)) (t5F — £7F)
Vi=1,-,d 0% =

m,k

VUE* = ) — et - )

Proof. The proof is a straightforward extension of the one-dimensional case in Theorem |
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We now give a multi-dimensional version of Theorem

Theorem 7.2. Let w be a finitely refining sequence of partitions of [0,1] with vanishing mesh

and
co N(@™TH—N(x™)—1

)-N O
x;(t) = x;(0) + (2;(1) — 2;(0))t + Z Z O ki (1)
k=0
Then

n—1 N@E™tH—N(x™)-1

(s, 25 3 RO 9@+Z S e 00908, @9

m=0 k=0 m’ kK’
(m,k)#(m’ k")
If [t k Sty k] is the support of the function ey, ., t" "k s mazimum and At =t ANt =1 A,
then:
tm7k i tm,k: tm,k: _ tm,k 1
_ 2 3 2 2 2 1

a%,k(t) - Z (At?) X tm,,k - tm,k + Z (At7> X tm,k - tm,k Xtm,k - tm k)

At" [ m, k’t;n,k] 2 1 At’tc[t’” k m k] 3 2 3 1
and,

. n k k k 2k
T DERTRPR VAN 0 DAVl e RN DI o R WO L 0| i 0
m,k,m/ k' \*) = ¥m’ k' "1 gmak ok tm k tm & gmak ok )
2 T 3 2 3 T n

if Supp(ey, 1) C Supp(en, /), and by, i 0 (t) = 0 if Supp(ey, ) N Supp(ey, 1) = 0.

The following example is a 2-dimensional extension of the construction given in Section [f]

Ezample 8. [Example of process in 2 dimension with linear quadratic variation] Define the class
of processes 2 € C°([0, T], R?) as following. For all t € [0, 7]:

co 2™M_1 co 2M—1
I(t)=(11(0)+( 1(1) =21 (0) t+ > ZG’ wemk(t),  w2(0) + (z2(1) —w2(0)) t+ Y 29 Tp€m,k(t )»

m=0 k=0 m=0 k=0

where, F)W@k, GT@k € {—1,1}. This is the two dimensional extension of [21I]. Then the quadratic
variation of x can be think of a 2 x 2 matrix:

n

1 «— ~ 1 «— —
2 Z Z TV DD AT
2]~ (t) = Tl e .
1 n—12"-1 @ @ 1 n—12"-1 @ )
on > (050,70 L.y on >N 0,5 0
m=0 k=0 m=0 k=0
= om_q o1
Since Hr@k,ﬂﬂ@k e {—1,1} we get o (Gm)k)2 = —2, 1, similarly,
m=0 k=0
1« ~ @ 2 n— o0
o Z (0:=)% 2225 1.
m=0 k=0
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If we further assume 6 Hg?k are independent (not just uncorrelated) with E(Qg?k) =0,

then we get:

25 S S 002) - 5 5 Y 5 (19)2 (1) 0 ma

m,k?

m=0 k=0
- - n—12m—1 2
<212 Z 'mk mk ) E(Q];iz Z(egk)(egk)>
m k=0 m=0 k=0

m=0 k=0 m=0 k=0 m’=0 k’'=0
(m,k)#(m/ k")
1 2 [n—12"-1 1 1 2 e
-G [T -5-() ==
m=0 k=0
n—12"-1 @ 1 1
Wi , V 6, h -bound of - — hich is th
€ can see CL’I’( 7nZO ICZO ) as an upper-pound o (277, 22n) wnicn 18 €

general term of a summable series. So using Borel-Cantelli lemma we can conclude

1 &
<2n Z Z k) > — 0 almost surely.

m=0 k=0

So [z]7n (t) = tIdaxo almost surely. O

Remark 7.3. In general, the process we described in Example [8]is a process where the quadratic
variation is linear over time along dyadic partition sequence, so they have the same quadratic
variation as of two-dimensional Brownian Motion. But in contrast with Brownian paths (which

1
belong to O%*([O, 1], R?)) this process is i—Hélder continuous.
If we take Gn@k =1in Example then the corresponding process x has different quadratic
variation along Triadic partition than that of 2-dimensional Brownian motion.
1
If we take GW@k and OS% are independent and +1 and —1 both with probability 5 in Example

then the process x has the same quadratic variation along any finitely refining sequence of
partitions which is coarsening of dyadic partition. This is a higher-dimensional extension of the
process we discussed in Section []] We have skipped the proof of this argument, as it follows in
the similar line of the proofs discussed in Section [6}
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