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Abstract

The starting point of the thesis is the definition of an
almost quaternionic manifold as a real 4n-manifold admitting a
GL(n,H)Sp(l)=-structure. It is showh that there exist two
obstructions C ’Cl to the integrability of such a structure, and
the condition 80 = 0 is used to define a guaternionic manifold.
It is proved that a.quaternionic manifold M has a naturally associate
coemplex (2n+l)-manifold Z fibring cver M with fibre CP7, and the '
relationship between the complex structure of Z and the quaternicnic
structure of M is studied. :

The above theory is then applied tc the case in which M is
a Riemannian manifold with holonomy contained in Sp(n)Sp(l), using
properties of Z to gain information about M. Special emphasis is
given tc the situation when M has positive scalar curvature and it
is_shown that M is then isometric to guaternionic projective space
HP" provided a certain mod 2 cohomology class vanishes, When M is
8~dimensional, estimates for its Betltti numbers and isometry group
are obtained. '
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INTRODUCTION

There have been various definitions of quaternionic
manifolds by different authors. The most general involves
adopting an infinitesimal apprcach, and imposing the structuré
of the group GL(n,H)Sp(l) = GL(n,H)xSp(l)/il on the tangent
space at each point. This has the advantage of including not
only quaternionic projective space HPn, but also a large
class of symmetric spaces as examples. Accordingly we begin
by defining an almost quaternionic manifold tc be a real
4n~dimensional manifold admitting a GL(n,H)Sp(l)»structure
and discussing some elementary consequences of this definition.
In 4 dimensions an almost quaternidnic structure is precisely
an oriented conformal structure. There has recently been much
interest in 4-dimensional conformal structures satisfying a
certain curvature condition - namely self-duality. A construction
due to Penrose and described in Atiyah, Hitchin and Singer [7]
assigns to such a manifold a 'twistor space' consisting of a
complex 3-dimensional manifold. It is the main purpose of part
one of the thesis to find a class of almost quaternionic
manifolds for which a similar twistor space construction may
be carried out.

First we turn attention to the local behaviour of an almost
quaternicnic manifold M and find conditions for the existence
of coordinates preserving the GL(n,HSp(1l)-structure. Because
GL(n,H)Sp(1) has finite type, it turns out that there exist
two tensors CO’Cl’ involving torsion and curvature respectively,

which are obstructions to integrability. Moreover CO = C1 = 0




implies that M is projectively eguivalent to gP" and so

this case is of little interest. Consequently'we adopt. the
definitién that M is a quatefnionic manifold if it satisfiés
the weaker condition CO = 0. We then show that a quaternionic
manifold possesses some interesting first order invariant
differential operators.

Our definition of a quaternionié manifold is justified
‘y the fact, proved in §4, that a qﬁaternionic manifold M
admits a 'twistor space' consisting of a complex (2n + 1)-
dimensional manifold Z fibring over M with fibré GPl. This
fact is then the appropriate generalization of the situation
in 4 dimensions described in [7]. 1In §5 we introduce the
concept of a quaternionic vector bundle over a quaternionic
manifold. Such a bundle is a generalization of a self-dual
vector bundle or 'instanton' in 4 dimensions, and has two
related properties. Firstly its pullback to the twistor space
is holomorphic and secondly (after modification) its total
space is a quaternionic manifold. We conclude part one by
investigating further the complex structure of the twistor space
of a quaternionic manifold M, and showing that its Dolbeault

o-complex corresponds to a certain elliptic complex on M.

The group GL(n,H)Sp(1l) has maximal Compaét subgroup'
Sp(n)Sp(l) and the latter is one of the few groups that can
" arise as the holonomy of a locally irreducible Riemannian
Imanifold that is not locally symmetric. Part two of the thesis
is devoted to a study of Riemannian manifolds with holonomy
contained in Sp(n)Sp(l), the so-called quaternionic Kiahler

manifolds. These are of interest from the Riemannian viewpoint




because they are necessarily Einstein. On the other hand

they are also quaternionic~manifolds in the above sense

and provide us with a large source of examples. In §8 we

examine the twistor space of a quaternionic K&@hler manifold

“and show that it possesses a complex contact structure. This
generalizes work of Wolf [38] who obsgrved a l - 1 correspondence

between Riemannian symmetric spaces with holonomy in Sp{(n)Sp(1l)

and certain homogencous complex contact manifolds.

The remainder of the thesis is concerned}with the case
of positive scalar curvature. We first show that if M is a
quaternionic Kahler manifold with scalar curvature t > 0, then
its twistor space admits a Kidhler-Einstein metric. This in turn

has consequences for M itself; "for example M must be simply-

connected with odd Betti numbers zero. We also include a useful
characterization of HP" involving the vanishing of>a certain

mod 2 cohomology class. Finally, the implications of positive
scalar curvature in low dimensions are considered. In particular,
using the Atiyah-Singer index theorem, we prove that any
8-dimensional quaternionic Kihler manifold with t > O must
have an iscmetry group of dimension at least §, and Betti

numbers bl = b3 = 0, b4 =1 + b2.
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Notation

Finite—dimensional representations of Lié groups will occur
frequently and most of our vector bundles are defined by means of
some representation V. In that case V denotes the asscciated
vector bundle and Vg its fibre over x. For the sake of simplicity,
all representations will be considered as complex vector spacges.
For example, T generally denotes the complexified tangent bundle
cf a manifold, but thought of with its obvious real sfructure given
by complex conjugation. When we wish to emphasize a real structure
we use the subscript 'r', so that if V is a complex n-dimensional
vector space, Vr denotes the real n-~dimensional vector space
determined by an antilinear involution ¢ : V —=> V (nct the under-
lying real 2n-dimensional space).

The symbol '+'! is used for direct sums and tensor products
are often indicated by juxtaposition, so that EH@>T* would méan
IE®}1®Iﬁ. We consider the exterior and symmetric algebras ﬁfv, S*V
as embedded in the tensor algebra; for example

ANV, = 'Vl® Vo T v2®v1 and v v‘v2 = 'Vl®V2 + V2®vl. Finally

v 1

1

the summation convention is used for repeated indices, provided

one is up and one is down.




PART O NE

QUATERNIONIC MANTIFOLDS

1. Almost Quaternionic Manifolds

Ve shall regard R4n as a right module over the skew-field -
H of quaternions by identifying B4n with H° and letting H act
by right multiplication. In particular; the group Sp(l) of
unit quaterniocns acts on R4n on the right giving an inclusion
A: Sp{(l)<— GL(4n,R). Let GL(n,H) denote the group of quater-
nionic linear transformations, i.e. elements of GL(4n,R)
preserving the module structure or equivalently commuting with
the action of A(Sp(l)). Then GL(n,H)fo(Sp<i)) = {#1} and

GL(n,H)Sp(l) will denote the group

GL{n,H)xSp(1) C.GL{4n,R)

GL(n,H) A(Sp(1)) = (1,1), &1,-1}

Our starting point is the definitioﬁ, foliowing Bonan [12],
Ishihara [25], of an almost quaternionic manifold as a real
4dn-dimensional manifold M whose principal bundle of frames has
structure group reducing from GL(4n,R) to GL(n,H)Sp(l).
GL(n,H)Sp(1l) is connected and so contained in the identity
component GL+(4n,R) of GL(4n,R); thus M carries a natural
orientation. Note also that GL(1,E)Sp(1) = (R"xSp(1))Sp(1)

= R+XSO(4) is the identity component of the conformal group
CO(4), so that when n=1 an almost quaternionic structure is
precisely an oriented conformal structure.‘

The principal GL{n,H)Sp(l)-bundle P defined by the almost
quaternionic structure will 1ift locally to a principal

GL(n,H)xSp(1l)-bundle T. Consequently, any representation V




of GL(n,H)Sp(l) gives rise to a locally defined vector bundle
V = PXGL(n,H)xSp(i)V associated to P. V is of course defined
globally on M in case either the representation V factors
through GL(n,H)Sptl) or the lifting P exists globally. In
particular, let H denote the standard complex representation
of Sp(l) = SU(2) on Cz,vand E the dual (for technical reasons)
of the standard complex representation of GL(n,H) < GL(2n,C) on
2n

€ 7. H and E both come equipped with guaternionic structure

n . . . i
maps v ——> v commuting with the action of the respective groups

~

. . ~ — — e 4 . >y
and satisfying zv = 2V, Vv = -v, 26C. In addition, H possesses
. . 2..% . . ~ow
an invariant skew form QHE?A H satisfying uh(h,k)

wH(h,E)>o if h # 0. h+—> wy(h,») gives an identification

BB EY,

H= H* and if h€ H satisfies NH(h,ﬁ) = 1, then under this
identification Yy = hAg. By a standard basis of H we shall mean
a basis of the form‘{h1=h, h2=g} such that NH(h,ﬁ) = 1. All
this structure carries over to the fibres of the associated
vector bundle H; for example QH becomes a canonical element

of F(AZE*) = F(A2E) and by a standard basis of H we shall simply
mean a palir of sections {hl,hz} defined over socme open set and
satisfying the appropriate conditions at each point.

In terms of E and H, the complexified tangent space
representatiqn is precisely E*8>H, with real structure induced
from the quaternionic structure maps of'E and H, so as vector
bundles we may write

T-EeH T =EeH
Sp(l) consists of automorphisms of H, so its Lie algebra is
contained in EndH. Indeed, writing EndH = HQ)H* = HeH =
{O } + SZH, we have Sp(l)‘g (SZH)F. In addition,(ﬁﬁ(én,R) =

1

hn
(E

o~

1dT)r, so the inclusion A: Sp(l)<c—=GL(4n,R) induces an




2
inclusion A*: S"H < EndT. More explicitly, this action of

SZH on T may be described by the contraction

* *
SHOT —> HOH® (B @ H) —> HOE™ = T

— 1

“y

Since the Lie algebra sp(l) has the structure of the imaginary

guaternions, the real 3-dimensional vector bundle (82

v E)r<3 EndT
may be viewed as a coefficient bundle of imaginary quaternions
actingkon the tangent space at each point. To see this directly,
first note from (1) that composition EndT @ EndT —— EndT when

restricted to S2H is essentially the projection

s?Hes?m = s*m + s%m + A —>5%H + A
with skew part in SzH, symmetric partAin A. Here, as always,
A denotes a tfivial l-dimensional representafion. In fact if
v,ws?(SzH)rC EndT,

vew + wov = —<{v,w>l
where <,5 is the metric induced by Qh and 1 is the identity
endomorphism. It follows that in a neighbourhood of each point

(SZH)T has a basis {I,J,K} consisting of sections satisfying

the familiar quaternionic identities I2=J2= -1, IJ= -~JI=K. One
just has to choose I,J,K to be orthogonal with norm /2 with
respect to <,>, For example, if {hl’hz} is a standard basis of

2
H, then such a standard basis of (S"H), is

[\)
o

I = h1 + h

J = i(h,” - h,®)
:
On overlaps two standard bases {I,J,K}, {I',J',K'} will be

K = 1,h1w/h

related by an SO(3) transformation at each point.




Conversely, suppose that M is a manifold whose tangent
pundle possesses in a neighbourhood of each point endomorphisms
I,J,K satisfying I2 = J° = -1, I1J = -JI = K and such that any
two sets {I,J,K},.{I',J’,K'} are related by an SO(3) transformation
at each point. Firstly, if v is a tangent vector then
{v,Iv,Jv,Kv} will span a 4-dimensional subspace, so the dimension
of M must be 4n, ntal.; Now a frame at x¢ M is simply an
isomorphism p : T —~e»gx where as usual T = B4n is thought of
as a GL(n,H)Sp(l) module, and EX is the tangent space at X.

p induces an isoﬁorphism p' : EndT —> (Endg)x se we may consider
the set PX of frames for which I,J,K span p' (A*(SZH)). It

is easily seen that Px is the fibre of a principal GL(n,H)Sp(1l)

bundle defining an almost quaternionic structure on M.

Let M be an almost quaternioric manifold and consider the

bundle
2 1
Z = {ve (STH), @ Wi = (v,v>* =42}

whose fibres are real 2-spheres. From above, the fibre ZX over
x €M actually parametrizes a set of almost complex structures
on the tangent space lx’ Moreover these almost complex structures
determine the same orientation on M as its almost quaternionic
structure, essentially because any almost complex structure on

T = R4n defined by an element ofA%(Sz

H) < EndT has the standard
orientation. For future work it is convenient to have an
alternative description of the bundle Z. Fix x€& M; the vector

bundles E and H may be defined in a neighbourhood of x, soO let

£, B, denote their fibres over x. he€ Eg\O defines an almost




complex structure J, on the tangent space T, of M at x by
specifying the subspace of (1,0)-forms (we prefer to work on
the cotangent space) as follows:
*.1,0
(T_)

%
(recall that by convention, Ex is to be thought of as the

' *
= E &@Ch<T
=X =X

complexified cotangent space so (3) makes sense). Note that

taking complex conjugates the subspace of (0,1)-forms must

then be
* a
(1H%1l - g o ch
=X X
Egquivalently,
% 2
Jh -1 thah(h,h) € (S gx)rCTEndzx

J, is unchanged when h is multiplied by any non-zero complex

scalar and the above construction simply identifies the complex

projective bundle P(g) with Z. Note that although H itself

may not be well-defined globally on M, Z = P(H) always is. The

manifold Z will play an important rdle in the sequel.

Above we have discussed only those properties of an almost

guaternionic manifold M that arise directly from the definition.

Next we consider imposing a Riemannian structure on M. This

will enable us to talk about almost quaternionic manifolds in
the context of Riemannian geometry; in fact in part two this
viewpoint will predominate. We say that a Riemannian metric g

on an almost guaternionic manifold is compatible with the almost

quaternionic structure if for all local sections J of Z,

g(Jv,dw) = g(v,w), i.e. g is Hermitian with respect to the almost

complex structure J. Such a g can always be found, for given




any Riemannian metric h, put

g(v,w) = h(v,w) + h(Iv,Iw) + h{(Jv,Jw) + h(Kv,Kw)
where {I,J,K} is a standard basis of (Szg)r. g is in fact
independent of the standard basis chosen, so is well-defined
globally and has the required property. An equivalent definition
is that a Riemannian metric g is compatible with the almost
guaternionic structure iff g is a section of
2

*
Ape N e 5P

ﬁ?E is trivialized by &} and a compatible metric can then be

written g = wEean, where a%éIFYA?E) is a real positive definite
skew form. Now the subgroup of GL(n,H) preserving “n at each
point is Sp(n), so the subgroup of GL(n,H)Sp(l) preserving g is
sp(mysp(1) = PSP 1y (1,-1))
and we have an inclusion p: Sp(n)Sp(l) <~ SO0(4). Therefore
the choice of a compatible Riemannian metric is equivalent to
a reduction of the structure group of the principal bundie P
from GL(a,H)Sp(1l) to its maximal compact subgroup Sp(n)Sp(l).
Consequently a 4n-dimensional manifold is almost quaternionic

iff the structure group of its principal frame bundle admits

a reduction tc Sp(n)Sp(l). However we emphasize that our
definition of an almost quaternionic.manifcld in no way involves

the choice of a Riemannian metric.

Finally, we shall see that reducing to the compact group
Sp(n)Sp(l) enables us to find certain topological conditions
that an almost quaternionic manifold must satisfy. Now

Sp(1)Sp(1) = S0(4), but for n>2, Sp(n)Sp(l) is a maximal Lie




subgroup §f SO(4n) (see Gray [17]1). Consider the diagram
Sp(n)xSp(1) — Sp(n)Sp(1) |
Spin(4n) — SO(Zn)
in which the two groups on the left are simply-connected and
the horizontal projections are double coverings exhibiting

T (Sp(n)Sp(1)) ¥ Z, = T, (S0(4n)). Ve calculate p,T, (Sp(n)Sp(l)).{‘

Left multiplication on T = u" by unit quaternions determines an |

inclusion Sp(1l)< Sp(n). Take a basis {l,i,j,k:12= -1, etc}l of H.

Then y = {(e"*%,&"*) : x¢[0,1]1} < Sp(1)xSp(1) € Sp(n)xSp(1) is

’

a path projecting to a homotopically non-trivial loop in

Sp(n)Sp(l). Because

ix, ix 2ix ix, ix_ 2ix. ix. dix_ . ix, ix
e Tle TT=e 1, e Tie T=e i, e Tje "=j, e ke "=k

p*y is the loop

cos2Tx -sin2wx ‘ \\ : i

sin2wx COS27X

CcOoS2MxX -sin2wx

sin2%x  cos2mx ,xel0,1]

ete

Using standard coordinates in the maximal torus of SO(4n) we
see that y*y is described by the point (xl, . . ’X2n) = (1,0,LG,..)€
in the integer lattice. According to the description of W1(80(4n))
in terms of the Stiefel diagram (see Adams [1])}, p*y is hoﬁotopicalli
trivial 1ff X1+ c e +X2nEO mod2, i.e. n is even. Consequently, |
if n is even s lifts to an inglusion Pi: Sp(n)Sp(1l) “—> Spin(4n),
and only if n is odd is there a commutative diagram

0 —> Z, — Sp(n)xSp(l) — Sp(n)Sp(l) —— 0

n /l q,u

G > 22 > Spin(4n) —— SO(4n) —> 0




Let M be an almost quaternionic manifold with associated
principal bundle PeHY(M;GL(n,H)Sp(1)). In the sequence of
cohomology groups corresponding to

0 —> 7, —> GL(n,E)xSp(1) —> GL(n,H)Sp(1) —> 0
let Sé:Hz(M;:ZZ) denote the image of P under the coboundary
homomorphismls. ;§ is the obstruction to the lifting of P to é
GL(n,H)xSp(l)-principal bundle on M, or equivalently to the
global existence of the vector bundles E and H. Picking a
compatible Riemannian metric g defines P'é€ HI(M;Sp(n)Sp(l)) and
p" éHl(M;SO(an))'.

— BN (3 6L (x, H)xSp (1)) — H'(M;GL(n,H)Sp(1)) <> H2(M;7Z,)

y

. 1
— B Sp(m)xSp(1))  —> B 8p(n)Sp(1)) 2> BA(M;2,)
, ; .
' Hy Au
1, v 1 ) 2
—> H (M;Spin(4n)) —— H (M;S0(4n)) —3>H (M;ZQ)

M is a spin manifold iff the principal bundle of oriented
orthonormal frames P" is the image of an element in Hl(M;Spin(4n)).
If n is even, ;QQ(P’) is such an element. On the other hand, When/
n is odd, the obstruction to the existence of a spin structure,
2" (P"), which is well known to equal the second Stiefel-Whitney
class Wo of M, satisfies
wy = 9"(P") = T(P) = 3(P) = %
In the special case n = 1, the bottom two horizontal sequences

in the above diagran aotuallyAcoincide;'indeed the vector bundles

E =YV, and H = V. are precisely the spinor bundles of M (with

appropriate conformal weights). To summarize,

Proposition 1.1 An almost quaternionic manifold M of dimension

4n, n>»1, is automatically spin if n is even. When n is odd,

M is spin iff ¥ = O.

This corrects an erroneous statement of Kulkarni [32; theorem 6.3].
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2. Integrability

In §1 we adoPted an infinitesimal approach in the sense

|
|
|
|
|
|
i

that the definition of an almost quaternionic manifold involved

imposing an approniate structure on the tangent space at each

point. 1In this section we shall be more concerned with local

behaviour. More precisely, in the context of G-structures, we

ask under what conditions the GL(n,H)Sp{(l)-structure of an almost

guaternionic manifold is integrable. By definition, integrability

means that about each pcint of M there is a chart (U;xl, . ,x4n)

~ ) 2
such that {;;U ~‘-,;1m} constitutes a local section of the
)(I
principal G-bundle P defining the G-structure (see for example

Guillemin [191). It follows that on the overlap of two such

charts (U;xl),(V;y]), the transition functions have derivative in

G:- ) W
ajJ
é:l €G = GL(n,H)Sp (1), X &€ UQV

Eguivalently, we may say that the G-structure on M is locally

iscomorphic to the standard G-structure R4nxG on R4n in the sense

that anv xeM has a neighbourhood U admitting a diffeomorphism

V: U ~—é~y(U)CR4n such that the induced mapping ¢, of frame bundles

maps P|U isomorphically onto (R4nxG)lqu).
The definition of an almost quaterniconic manifold is really

. . . . n . .

modelled upon quaternionic projective space HP which itself F
: !

@

(7]
Qs
wn

possesses an integrable GL(n,H)Sp(l)~-structure. gp” is define

the quotient Hn+l:96’, where ~ is the equivalence relation

!
:
(qo,,;qn)~(qou,,,qnuL o€ HNO, up" may be covered by open sets k

Ui = {(qo, - ay)iay #:O} and on each U, the quaternions
x? = qkqi_l' k ;£ 1 define local cordinates. Note that the mappings




gvr—>qu, qgbr—> q_l defined on an open set of H (where u is a

fixed guaternion) have differentials which may be written
-1 -1

da{gqu) = dg.u, d{(g 7) = =g dq.q“l. These do not belong to GL(n,H),

although both belong to GL(n,H)Sp(l), and it is this fact that

explains why HP" does not admit a GL(n,H) ~structure. Indeed on

U.nU.,
i ]
E o qqil = -1 “1, ok, 3y -1
Xj B qkqj —(qkqi >(qiqj ) = Xi(xi)
and hence
axf = (@ - ed)Taxd) ()7 ..
J 1 171 i i

This proves that on overlaps the coordinates x? have transition
functions with derivative in GL(n,H)Sp(l) and they therefore

define an integrable GL (n,H)Sp (l)-structure on HPn.. Denote the
corresponding principal GL(n,H)Sp(l) bundle by Q. The action of

GL(n+l,H) on gt!

induces the group PGL(n,H) = SL(n+l,H}/;l of
projective,linear transformation on HP'. An important'feature of
the almost quaternionic structure of gp? is that it is preserved
by this group, in the sense that any element of PGL(n,H) induces
an automorphism of Q. ’

Returning to thé general case, there is a well-developed
theory for determining the conditions under which a G-structure
is integrable and results for G = GL(n,B)Sp(l) are implicitly
contained in Kobayashi & Nagano [271, and Ochiai [34]. However,
for cur subsequent work it is essential at this point to have a
complete description of the obstructions to the integrability cof
an almost quaternionic structure. By exploiting knowledge of
the finite-dimensicnal representation theory of GL(n,H)Sp(l), we

are able to find these obstructions with relative ease.

We adopt the terminology and results of Guillemin L[19].




Consider any G-structure on a manifold M where G<GL(m,R).
Denote the standard representation of GL{m,R)- on rM by T. Then

* .
the Lie algebra,ﬂ of G is contained in EndT = T®T . The rth

prolongation of(g is defined by

ﬁes p*y A (7 st in™)

We also put{j —69 T. For r>1, there is an exact sequence

. -
0 —> gTr* _ oy gr-lp*g p* —gesr%@/\ >, —> AT — 0

kK - %
where d: sPr @ A9 —> 8P 1p 8>Ag+1

mannher:—

T is defined in -an obvious
?(@pvgvu\ ceas AV )= @p—lv@v,\vz_)\ ceee AV
1 1 ! fi‘
If we tensor this complex with T, we obtain the following

subcomplex :-

Ul 9 r-2

0 ——> Cq ! S @T ®/\T > __}a-l@/\r_r* 0
-

1 /l ,l 0

. 0 :
0 —TST" =% s e T s okt — | —> T AT —= 0
Put

5P () = {vedP e Ar" . 9v = 03
(‘7 B(?P«s/\q Le®y
s

Note that Hp'lﬁg) = 0 for all pzl. Then according to [191, the

character of the integrability problem is determined by the

cohomology groups ﬂp’ 63)
An important class of u—structures are those for which G has
finite type; a group G is said to have finite type k ifrﬁ = C,

*.wzi’c:h(ﬂ'k—'l # 0. The fundamental result for G-structures of finite

type may be stated as follows. There exist obstructions

C erw’n' (910« Cﬂ§p~§1<, all of which vanish if the G-structure
T

is integrable. Here?g is thought of as the adjoint representatiocn

of G, so Hp’zﬁﬁ) is itself a G-module, and as usual Hp'?(g) denotes




the associated vector bundle.

In order to calculate the proloncgations of the Lie algebra
of GL(n,H)Sp(l), we must be able to héndle with ease all the
finite-dimensicnal representatibns of GL(n,H)Sp (1) which occur.
Now HQORC ~ C(2f, 2x2 complex matrices, and it follows that the
real simply-connected Lie group GL(n,H} admits GL{2n,C) as a
complexification. Also GL(2n,C) has compact real form U(2n).
From the general theory OfArepresentationS of Lie groups (see for
examplé Zelobenko [40]% there is a one-to-one correspondence
between the finite-dimensional irreducible representations of
'GL(n,H), the irreducible_analytic representationsrof GL(2n,C),
and the irreducible (possibly many—valved)'representations of
U(2n). Therefore for the purpose of calculating representations
we may replace GL(n,H)Sp(l) by the group G = U(2n)xSp(l) =
U(2n)x8U(2). This enables us to use the machinery for describing
irreducible répresentations of compact Lie groups, and in particular
the method of decomposing the tensor product of twoc irreducible
representations into irreducible components outlined in the
appendix.

We emphasize that by 'irreducible representation' we shall
always mean ' irreducible complex representation’. The
representation theory of SU(2) is well-known. Irreducible
representations consist precisely of the gpaces S H, r~ 0, and
tensor products of these decompose according to the formula

Min (Pﬂt)

sPhes9y = gPta-2ry




As for U(2n), we shali label irreducible representations by their
highest weights. We are supposing that n 21, but for notational
ease we shall often pretend that n = 2 and we are dealing with
U(4). Thus for the most part we denote weights of U (2n) by
4-tuples; this is justified because in reality most of the

representations of U(2n) we need have weights of the form

(al,O,..,O,aZ,a3,a4).
2n

of U(2n) on C has highest weight (1,0,..,0), so will be written
as (1,0,0,0). Adopting the practice of identifying corresponding

representations of U(2n) and GL(n,H), we shall also denote this

*
representation by E .

and the cotangent space representation takes the familiar form
E®H, As a simple example of the method of the appendix, the |
adjoint representation of U(2n) or GL(n,H) is isomorphic to

E®E = (0,0,0,-1) ®(1,0,0,0) = (0,0,0,0) + (1,0,0,-1) = A + B
say, where as always A is a trivial l-dimensicnal representation,

and B is the semisimple part of the Lie algebra. Therefore as

G-modules,

EndT

For example, the standard representation

The dual representation is E = (0,0,0,-1)

rTeT
(E*® H) ® (E®H)
(A + B) ® (A + s%H)

A+B+82H+B®SZH

Here the space[g = A + B + 82H is precisely the adjoint representation?

of G.

Any irreducible representation of G occurs as a subspace of

*
(@F=) o (Y% )@ (QTH) for some p,q,r 20. Tt will therefore be

convenient to.express
terms of a basis {e,}
standard basis {hl=h,

2n .
i
elements > eie y ah

L=

the elements of such a representation in
: *
of E, its dual basis {elj of E , and a
h2=g} of H. Furthermore we shall regard the

’\) ]
= hAh, which trivialize invariant l-dimensicnal




. *
subspaces of EQE , H®H respectively, as unit quantities. For

example, elements of/g will be written
, , o .
1= elhe.h - elﬁe.h € A
i i :
3 1 3 * *
elej = ,lhej?{ - elT{ejh e B C E H®EH = TQT
h.vh. = ekh.e h.+ekh.e h.6'82H
i’ 1i7k] 37k i
(summation over repeated indices). Incidentally, the inclusion

~ -
S“H ©—> EndT that this notation defines is consistent with the one
discussed in $§1.

A more difficult problem is to determine the decomposition

: *
. r . : . .
under G of the exterior powers AT 1in order to give a guaternionic
. s r.*
analogue of the (p,q)-decomposition of A'T on an almost complex

manifold. In fact

Provosition 2.1 As a G-module,
% [T2] e )
NT = EE (0,..,0,-1,..,-1,-2,..,-2)8Ss8
' —
keo r-2k k

r-~2,kH

* *
Proof We outline a proof. Because T =E®H, AT certainly has

the form
[7]
AFT* = Y vV, @S
= 2 %
k=0
wherea VkC.@FE is some representation of U(2n). In fact each Vk is

r-—2kH

ncen-zero and irreducible (e.g. by passing to general linear groups
and using Young diagrams as in Howe [247). It remains to show that

A Vk has the required highest weight. Certainly Vk has highest

weight of the form (O""O’al""aj)“ Suppose that the final digit

ajS'—3, for example aj = =3, Then because S'E = (0,..,0,-3), a
careful application of the method of the appendix gives that Vk must

occur as a summand in the decomposition of the tensor product

3 _
S E;®(O”"O’0’al'°’aj~l)
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However V., would then have tc be paired.with a representation of

k
8SU(2) contained in A§H69(69p~3H) = 0, Consequently, Vk must have

the form

(0,--,01_11-.,“l,_Z’ao'—z)

2k

- -2
to pair with s H = é@k(AzH)g’Sr 2k,

H, Vk must
r—2kE

In order for Vk

occur as a summand in the tensor product éQk(SzE)éa, . This

forces there to bek -2's and r-2k -1's as required.

Theorem 2.1 For n>21l, the grouo GL(n,H)Sp(l) has finite type 2.

For n = 1, we are dealing with the conformal group, and this result
is elementary and well-known. For n2> 2, it is necessary to use the
representation thebry outlined abové, and the proof is divided
into lemmas. (g denotes the Lie algebra of‘GL(n,H)Sp(l); or

equivalently of G = U(2n)x8U(2).

. » %
Lemma 2.1 As a G-module, the first prolongation ;& equals T = E®H,

Proof From the definition of/gl, there is an exact sequence
- l * 2 *
0 ——arg u~e}ﬂ<?T —3> T @N'T
* *
We decompose ﬁw?T ’ iwgf@T into irreducible components, using
without comment the method of the appendix. First,
B@E = (l/O[O,‘l)@(0,0,0,—‘l)

= (110101"2) + (_l,O,"'l,"'l') + (O/O:OI_]—)

il

C+D+E




*
E®SE= (1,0,0,0)® (0,0,0,-2)"

(errOrOJ"Z) + (010101_1)

= C + E

*
E ®A°E = (1,0,0,0)® (0,0,-1,-1)

il

(L,0,-1,-1) + (0,0,0,-1)
=D + E
Then

(A + B + S%H)® EH

*
fﬂ®T
(3E + C + D)®H + E®S3H

il

2_* * 2
T@A'T = E H®AN (EH)

2

*
E H 0?(/\2E S™H + SZE)

i

(2E + C + D)®H + (E + D)@S?H

In general, if « gZiUi + vaj —+e>ZZUi + ZZWk is a G-map between
G~modules with Ui, Vj’wk irreducible and each Vj distinct from esach
Wk’ let us say that has maximal rank if x‘;fﬁi is an isomorphism.
By Schur's lemma, to prove that &« has maximal rank it suffices to
find elements uié?Ui + ;E;Vj such that qui}:ﬁ 0. Here we must show
that 29:C3Q9T* —_— T ®/3T* has maximal rank, but it is readily .

checked that © annihilates none of the elements

l®e.h € EH C A®EH

1
ele2®e2h € CH

1 1 C BYEH

- . 1 *
ee2®63h ee3®e2n € DH , C(ﬂ‘X)T

hzéﬁelh € ES3H 1 5
5 N . £ s°H @ EH

2 @ e B - (mhjeen ¢ EH

This establishes lemma 2.1.

For the sequel, it will be useful to have an explicit

*
representative infle}j@T . Thus we prove




Lemma 2.2 Let

u; = 1@esh € A®EH 1
i _ b4 . . *
u, = e el® eih 55e ei® elh £ B®EH «\_J@T
u = 2nl® e - vi)een ¢ s’merH
]
Then u = (n+l)ul + 2nu2 + nu, € 63 .

Proof Each Uy is proportional to the image of e1h under the

inclusions EH<— A ¢ EH, B®EH, 82H @& EH. By lemma 2.1, there must

exist a,b,c¢R such that a(aul + bu2 + cu3) = 0,
!
i.e. auy + bu2 + Cu, € (ﬁ . Recall that as an element of

* *
TO&T ®T , au, + bu + cu, is

1 2 3

i ~ in
2h + b(e he2h - e h“zh)eih

1 i~ e
(a - &2 b) (e'he i - e'fe h)e . 3 feghiesh
+c£?elheihe?h - (e'he® + e heih)ezﬁ}

~ : * *
Applying ¢ followed by the contractions E H®EH ®EH, E H® EH ® EH
: sl N S——

and equating to zero gives respectively ™H i
0= (a - f%b)(2n+22—l) + Db(l+l-2n) + c(-2-2n+2n-1)
= (4n-1)a + 5205 - 3c
and
0= (a - f%b)(l+%;2n) + b(2n+2n-1) + c(-4n-1+1-2n)
= (2-2m)a + *2dp - 6ne
A solution is a = n+l, b = 2n, ¢ = n, proving the lemma.

Finally, to determine the second prolongationﬂz, we use the

exact seguence

* y *
0 > 32 > qlrza T — g @ AT
- 2 C o
Theorem 2.1 is equivalent to the statement ? = 0, and this is an
- (\ )

immediate consequence of

l * 2 * 2 ’ . T
Lemma 2.3 a(j ® T m;b(j@/\\'r is injective.




i
r
;
:
:

" proof As G-modules, using lemma 2.1,

1 *
(f{ ®T = EH®EH

= ./\2E + 52

First observe that in the notation of lemma 2.2,

o 2
9(u3 &e,h) = 2h

® (elh Aezh) - (hvh) ® (elh /\e?_h) C s

E + (/\2E + S2E)C>3> 82H

20 © A2p*

2

has non-zero components in each of the spaces /\ZE, STE, /\2E 82H ’

w2 o2

S"E STH. D(u ®e2?1) must also have non-zero components there;

By, S(u

because O (ul® e, 5

®e2?1) together only have components in

*
(A + B) @/\ZT . Lemma 2,3 now follows frcom Schur's lemma.

We now turn attention to the cohomology groups Hr'zgﬁ) . The

vanishing of 32 implies that only the following may be non-zero:
r

2 _*
0,2 T ONT ’
H ((j) - %{WT*)
2 3
Hl,z( ) =

—

ker o : rgl@'/\zT* ——~>c3 0?/\3(['*

oy
s
!

Theorem 2.2 For n 22, as G-modules,

- D®s3H

pary
s

Hl'zl(j) = (1,0,0,-3)(= U say)
H2,2(<\Cr) -0

E3 ’ *
(ker 2: 0® AT —> T&NT )
(3 Q(ﬁl®T*)

Proof The first equality is an immediate corollary of the proof

of lemma 2.1. Now

B ® AR

(llo"or—l) @(O;Ol"ll"l)

M+I\I+SZE+f(2E

(1,0,-1,-2) + (1,-1,-1,-1) + (0,0,0,-2) + (0,C,-1,-1)
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= (1,0,‘0,"1) ®(01010i—2)

I

(1,0,0,-3) + (1,0,-1,-2) + (0,0,0,-2) + (0,0,-1,-1)

U+M+82E+/\2E

2

* 2
ﬁc@/\zT = (A + B + S°H) ® (A°E 5%H + S%E)

= 2NE + 28°E + U + M+ (3A%E + 25°E + M + N)@s%H + Apesiy

On the other hand, using proposition 2.1,

3% % - 3. .3
T ®ANT =E H ®((0,0,-1,-2)H + NE S H)

2 2

2 2 2_ 4
= ANE+ S + M+ (2N'E + S

2 -
E+ M+ N ®S“H + (AE + N)® S"H

by the usual methods. Using lemma 2.3, the second equality of the

* *
theorem will follow if we can show that © :(3@/\2'1‘ — T®/\§T has

maximal rank. However this in turn follows from the fact, readily

verified, that @ annihilates none of the elements

™ 2
lh /\elh) € SE

2.2
10 (elh/\ ezh) € NES“H

1®(e 2 ~
CAEN (EH)

1 ~
e e2®(e3h/\e3h) € U+M

1 1 .2 , |
e e2®(e3h/\e4h) + e e3® (ezh,\e4h) € MSTH jcg @ N(eH) C;I@/\.?T*
1 1 . 1, ‘ 2 ( |
e e2(V3n/\e,4h) +e e3(e4h/\\,2h) +te"e,(e,hpesh) € NSTH
h? ® (e h Aeyh) € Aeshy \
he e (e h ne f) € sgs?n b < s?nen’ (28)

(hvh) ® (e h Ao h) - h? @ (e,h ne,f) € MESH

. ) *
For the final equality, we must show that 0: 5’1@/\2T >
B ~ .

*
ﬁt@/@T is injective. There is an inclusion
* : * 7 %
Gl® /\2T Cm>a@®T & A°T
~ 3

and by lemma 2.3, an inclusion

; Do
(31 & /\2‘1‘* C-—?jlw Tk®T*~—>\(ﬁ @/\21‘*«9 T*
Thus
*
9 : 31 ® /\ZT*C—> ( 3 @J\ZT*@ T*) N (g &T*&? /\ZT*) = q@ /\3'1‘
[ < ~ >

This completes the procf of theorem 2.2.
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The fundamental result for C~-structures of finite type,

stated earlier implies the

Corollary Let M be an almost quaternionic manifold cf dimension
4n, n 22. Then there exist tensors Cy £ i g ) Gy €IH(F ( 7
both of which vanish identically iff the GL(n,H)Sp(l)-structure

on M is integrable.

C0 and Ci

follows (see [193). Choose any GL(n,H)Sp{(l)-connection V on M

may be realized in terms of classical tensors as

(i.e. V defines a connection on the principal GL(n,H)Sp(l)-bundle P).

Then its torsion T(V)e (T & A?g*), and CO is the image of T(V)
under the projection T ® A?E* ->»§3Liigl. Given this fact, it is
(

easy to see that C0 is precisely the obétructibn to the existence
of a torsion-free GL(n,H)Sp(l)~connection on M. Indeed, given two
GL (n,#) Sp (1) ~connections V, V', their difference ? V-7 may

be viewed as an element of PS%@NP )y, and the dlfference of their
torsions satisfies

@) - (7)) =Yer@e Al

Thus if C 0, take any GL(n,H)Sp(l)-connection V and choose 2

O_—-
such that'BZ = 1t(V); then ¥V —Z is a torsion-free GL(n,H)Sp(l)-

connection,

Now suppose that M is an almost guaternionic manifold with

C 0, and choose a torsion-free GL (n,H)Sp(l)-connection AV By

o
the first Bianchi identity, at each point its curvature satisfies

. * : *
R(V) ¢ ker(?: Q@/\zz -—>_’I_‘®/\3_T_‘_ )
r\}
) 2

Cl is then the image of R(V) under the projection onto Hl’ (g),

Moreover R(V) is a section of

9(%{16’72*) +y < g‘@?/\z'}:‘* .

(

Ul

)




The component in U represents C,, whereas the component in

~, 1
Jd(aq
— . ,
it may be identified with the image of R (V) under the contraction

w .
® T ) represents a form of Ricci curvature in the sense that

* * *
(3@7/\2T e (T@’T*)@ (T*®T ) ~——->-T*$’T
| S

Remark When n = 1, the spaces D, /@E, M, and N all vanish, and

the proof of theorem 2.2 can be modified to give

1'1’012((3) —_ 0
,

H'7%@) = u + ANesin
[t .

2.2

! ;3) 0

Consequently in this case the tensor C, must be identically zero.

0
However this is well-known because a 4-dimensional almost quaternionid
structure is an oriented .conformal structure, and the choice of a

compatikble Riemannian structure determines a torsion-free GL(1,H)Sn (1

-ccnnection. Moreover Ci is precisely the Weyl conformal curvature
tensor of M. From above, this has two components W_€ey, W+€A?§S4§i
and M is said to be self-dual if W_= 0, anti-self-dual if W+E 0.

Notice that one may compare the situation for n 22 with that for

n = 1 by the statement 'curvature has been traded for torsion'.

Let M be an arbitrary integrable almost guaternionic manifold.
Then the principal GL(n,H)Sp(l)-bundles P,Q of M,HP" are both
locally isomcrphic to the standard G-structure R4n x GL{n,H)Sp (1)
0n‘R4n, Consequently, any x& M has a neighbourhood U admitting
a diffeomorphism qJ: U ——é—y(U)CEPn inducing an isomorphism
Y. @ PlU —> Q|U. If ? is another such diffeomorphism defined on
a neighbourhood of x, then Yoénl induces a lccal automorphism of

Q. It foliows from the fact that GL(n,H)Sp(l) has finite type that




P
3

the group of such local automorphisms is finite-dimensional. This
is because its Lie algebra equals(ﬁfl +(30 +Cﬂl (see [19)). Indeed
Kulkarni [32] proves that any local automorvhism of Q is induced
rby the restriction of some element of PGL{(n,H). Combined with the
corollary of theorem 2.2, this implies the following version>of

his ‘'uniformization theorem':

Theorem 2.3 Let M be an almost quaternionic manifold of dimensicn

4n, n>=21, with CO = Cl = 0. Then M has an open covering U and

e , . n .-
diffecmorphisms Y, : U —> ¥ (U, )cBHP such that if Ue(nU’3 N,

151 ISy

7&°TF is the restriction of an element of PGL(n,H).

Passing to the universal covering and developing along curves

yields the

Corollary 1If in addition M is compact and simply-connected, then M

is diffeomorphic to up".
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3. Quaternionic Manifolds

According to §2, any almost gquaternionic manifold possesses
two tensors CO,Cl which are obstructions to its integrability.

Since integrability means the existence in some sense of
quaternioﬁic coordinates, it is tempting to define a guaternionic
manifold to be an almost quaternionic manifold M having CO = Cl = 0,
in an attempt to parallel the theoryv of complex manifolds. However
as we have seen (theorem 2.3 and its corollary), this would impose
severe restrictions on M. Examining the complex case for the
moment, let N be an almost complex manifold, i.e. é manifold with a
GL(n,C)~=-structure. Even though GL(n,C) is not of fipite type, it

i,2

is still possible to construct tensors Cié H (el (n,C)) which can
. -~

be regarded as formal obstructions to integrability (see Guillemin
[197). 1In fact Hl’zgﬁl(n,ﬁ)) = 0 unless i = 0, so there is only

CO and this is essentially the Newlander-Nirenberg tensor. We know

that N is a complex manifold iff C, = 0. With this motivation, we

0

adopt the definition that a quaternionic manifold is an almost

guaternionic manifold of dimension 22 8 having CO = 0, Recall that

= 0 is equivalent to the existence of a torsion-

the condition CO
free GL(n,H)Sp(l)~connection.

It will be our goal to justify the above definition, and to
show that the class of guaternionic manifolds possesses important
properties. First we femark that there are interesting examples
of such manifolds. Recall that a Kdhler menifold may be described
as a real oriented 2n-dimensional manifold possessing a Riemannian
metric whose linear holonomy group is contained in U{(n). In

analogy, a real oriented 4n-dimensional manifold is said to be

quaternionic K#hler if it possesses a Riemannian metric whose




vlinear holonomy group lies in Sp(n)Sp(l) (e.g. Gray [17]). we
shallkstudy guaternionic Kdhler manifolds in detail in part two,
but the important point here is that they are quaternionic in

the sense of the above definition. For the holonomy reduction
determines a GL(n,H)Sp(l)-structure, and the Levi-Civita connection
is a torsion-free connection preserving this structure. There are
many known examples of gquaternionic K&hler manifolds. The most
well-known of these are the symmetric spaces discussed by Wolf
[38]. More recently, Alekseevskii [5] constructed examples which
are homogeneous but not symmetric, and Calabi [15] discovered some

non-homogeneous examples with holonomy in Sp(n). We shall see in

§7 that most of these are examples of non-integrable guaternionic

manifolds, i.e. ones with C];f 0.

We shall now see that the condition CO = (0 means that a
quaternionic manifold possesses a 2nd order G-structure in the sense
of Kobayashi ([26]. This in turn will enable us to study certain
invariant differential operators. Let M be a quaternionic manifold
with associated GL(n,H)Sp(l) principal bundle P. Since P possesses
a torsion-free connection, the set P} of all those horizontal
subspaces at all points p¢P that arise from torsicn-free connections
on P is non-empty. Let G deﬁote GL(n,H)Sp(l),(ﬂ its Lie algebra,
and ;f the first prolongation offﬁ. (gl is a vector space, so has
an underlying abelian group structure. 6Given xeM, both G and(gl
act on‘the fibre (Pl)X as follows., Let §€(Pl)x, VanP say. For
geG, put

Vg = (R).V < T P
g 9)* Pg




where Rq denotes right translation by g in P. For
uéﬁ%ﬂﬂ@Tﬁ = Hom(T;g), we have uop'l€Hom(2X¢3) where as usual we
regard the frame p as an isomcrphism p : T —> T of T = R0 onto
the tangent space at x. Put

vu = {V + (u p“l(TF*V))* : VEV}
where T: P —=3 M 1is the projection and * denctes fundamental
vector (see Kobayashi & Nomizu [28]). Now let the Cartesian
product G x/ﬂl act on (Pl)x by

V(g,u) = (Vg)u
If also heG and téﬁl, then (V(g,u)) (h,t) consists of elements of
the form - ‘

() 2[R + g™ men ] 4 fen e e )

= (Rgh)*v + [(Ad(h_l)uh + t) (pgh)_l(n‘*vﬂ *
Therefore G Xrﬂl acts as a semidirect product with multivlication
given by

(g,u) (h,t) = (gh, h™tu + )
where h_l here denotes the abtion of G on its representation
(ﬁlC;jQT*. Note that as a vector space, the Lie algebra of this
semidirect product Gl is(ﬂ +/ﬁl. Because two torsion-free

1

G-connections differ by a section of:gl, G~ acts transitively on

(Pl)X and in fact Pl is a principal of G1~bundle over M,

If VanP belongs to Pl, it is easy to show that there is a
chart (U;xi) centred at‘x = W(p)vsuch that the local section
s = {ji” S 3554{} of the frame bundle of M satisfies s(x) = p,
and has tangent space at p precisely V. V can then be identified
with the 2-jet at the origin of the coordinate system xi. This
2-jet is 'structure~préserving to the lSt order' in that it defines

an isomorphism between the l-jet at the origin of the standard




26

G-~structure R4n ¥ G and the l-jet at x of P. In general, the
2-jet of a coordinate system at a point is called a 2-frame (see
[26]) and Pl is simply a reduction of the principal bundle of
1

2-frames on M, i.e. a 2nd order G-structure. The group Gl of P

is the group of automorphisms of the l-jet at x of P.

Next we investigate the concept of an invariant first order
differential operator on a quaternionic manifold. First, consider
c o . . n __. . S

quaternionic projective space HP with its standard principal

G-bundle Q, and fix erPn. Since the action of K = PGL(n,H) on

HP" induces automorphisms of Q, the isotropy subgroup KO at x
1

must lie in Gl. Counting dimensions, KO = G, and hence HPn has

the homogeneous description up" = K/Gl. Any representation

Gl —> Aut V gives rise to a homogeneous vector bundle V = Kx 1 V.

K acts on V and so also on Jl(y), the bundle of l-jets of secgiohs
of V. A first order invariant differential operator between
homogeneous vector bundles V,W can be defined as a homomoxrphism

D : Jl(y) —> W which commutes with the action of K. In the

general case,; we imitate this definition as follows. Let M be a

quaternionic manifold and V,W vector bundles over M associated to

‘the G-structure corresponding to representations V,W of G =

: ~ 1 -
GLUUWDSFU). If xeM, the group G~ (more accurately the bundle
pl) 1 1 ’

ELox 1(} where G- acts on itself by conjugation) acts on the
G
fibre Vi by means of Gl —% G —> Aut V ; similarly for ﬂx’ Since

Gl is the group of automorphisms of the 1l-jet of the almost

quaternionic structure at x, it also acts on the fibre Jl(z)x.

Then a first order operator'D : JJ(X) —> W is said to be




guaternionic invariant if the homomorphism D commutes with the
. 1 .
action of G° on each fibre.

Let D : J V) —> W be a quaternionic invariant differential’

1 ¢

operator. There is an exact sequence

0 —ver A5 (v) —>V —>0
The symbol o = Dei : 2]92* —> W of D is Gl—equivariant, and hence
arises from a homomorphism o : VOT —>W of G-modules. 'Following
Fegan [16], in order to determine which homomorphisms ~: VOT —> W
arise as the symbols of invariant operators, we introduce a mapping
ﬁ. The representation e: G —> AutV induces a hoﬁomorphism of
Lie algebras d€ :;3 -——> EndV, and we have the composition

Fql ——9&@1'* %l EndV@T*
or eguivalently a homomorphism

ﬂ‘ﬁlmf‘—evvw*

. *
Proposition 3.1 A G-module homomorphism ¢ : VT —> W is the

symbol of a first order quaternionic invariant differential operator

iff Imﬁclkerc’.

Proof We omit the details which are an obvious generalization of
(16] which actually deals with the case n = 1. The homomorphism
ﬁ although defined differently there is essentially identical to

the one above.

Given ¢ satisfying the hypotheses of proposition 3.1, it is
easy to construct an invariant operator having it as symbol., First,

choose a torsion-free G-connection V on M; V induces a connection

— x
on V which we can regard as a homomorphism V: Jl(z) > V&T .
D =¢oV is then the required operator. The condition Imﬁcrkerc/

ensures that D is independent of the choice of V.
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Let M be a guaternionic manifold. The existence of invariant
differential operators is a local question, so we are free to
replace G = GL(n,H)Sp(l) by its double covering G = GL(n,H)xSp (1)
in the above analysis; in varticular we may consider the
representations E and H of G. Corresponding to the centre of G
are the l-dimensional representations consisting of powers of
,/@nE. For reasons of notation, it will be convenient to define .

$ = ( AZhg) "1/2(me1)
Equivalently, ¢ is the 4(n+l)St root of the representation

§ —s ¢ Setgt
soc is a well-defined representation of G. We now construct a

series of invariant operators which play an important rdle in the

sequel,

t r /\S+1E ~t+l

*
Proposition 3.2 The homomorphism o : ¢r,A?ES HT —> b S H
defined on decomposable elements by
r r _
o (c eIhJ®eh) = C (eIAe)(thh)

is the symbol of a quaternionic invariant first order differential

operator D iff r = t - s. (Here ce¢. Also e is an abbreviation
for eLVA.... AeLS, and e e = eRA....Ae;;me ; similarly for hJ)
Proof Put V = ¢InA§EStH, W= ¢rAF+LBSt+lH, Using proposition 3.1,

we must prove the composition
’ G

*
Ql(?) v -£5 VT —>W
is zero. As a G-module, by lemma 2,l,<3l = EH i1s irreducible. It
follows from Schur's lemma that it is enough to prove that

crﬁ(uwpv) = 0 for some uéaji and all veV., For this purpose we use

the element u = (n+l)ui + 2nu, + nu, of lemma 2.2, where




ulzl@‘éeh €A®EH’)
u, = e’e ®eh-~l——ele @ehéB@EH < q@T*
2 1 2n A
u, = 2h2®elh - (vl o e hes‘zH@EH)
Corresponding to the decompositionfﬁ = A + B + SZH, we put
r-ﬂ%’:’? stntn o c
— — 2 —
v, =9 P Vy =P NE, V3 = S'H
so that the representation de : g —=> EndV is simply the sum of
(N
the representations
A——-;\Endvl, B —}Endvz, 82H —_— EndV3
V is spanned by elements of the form vlésv2e9v3 where
ro— -——-—-——S(:‘;_') sS4
vV, = C ; V, = C e., V, = h
1 2 I 3 J

Using the fact thatpg acts on tensor products by the derivation

|
E; law, ,

;‘f -n S(n+1) v
E Blw®v) = 73 T A ) &Ihj’®t;h
(

:

%

L

.
o) = < [ Tegn. ™
BBV = e EZZHV khh)k .vh; ®eh- hov...(n) Lrﬁ\’»r/mn)h) _VhLSéaeQ

|J‘

N AQI,hJ—)Qe h —%«(S&L‘A. N h\,f)@)fi,ﬂ

where ( , ) is an abbreviation for Ah( ; ). Therefore

- Cr/g(ul@V)=

| (eIAel) (thh)
i _ Y _ _ _l_
. g (u2 ®v) = c [ s epney = 3-8 eIAel] (h;vh)

= —s(l + J*:-)cr(e ey) (hyvh)

TRy V) = cF(epne >[Zh V.. (Chh, n» ~(Rhm). v, ]
— to” (egney) (houh) | -
g and -
TBuev) =0 &> -(n+l) +1 s) - 2ns(l + E}H) toat =0
é & r=t-s

as required.




Remark V259V3 is a representation of the semisimple component
of G, and tensoring with a power of ¢ is equivalent to extending
this representation to one of G. For examplé, in 4 dimensions
tensoring with ?r is equivalent to extending a representation of
SO(4) to one of CO(4) with conformal weight -%r. It will be
convenient in the future to use K as an abbreviation for the
'weighted' vector bundle é&?ﬁ. This corresponds to a switch of

emphasis from the group Sp(l) to GL(1l,H).

Proposition 3.3 The segquences

0 —> jg-lg D i)_-—l /\2_&:5___> o ___}ﬂé—l /\2nESZn ly 50 (z=-1)
0 > A H -2 /\Z_E_SZ.H——--B'. ... —> /\zngs‘“g_ —> 0 (r=0)

0 —> ¢"s™H —9->5}fgsr+1g —> . . > " ATEsTTTE — 0

.i

are elliptic complexes of quaternionic invariant first order

differential operators.
Proof The operator D2 factors through the curvatﬁre
Qs pF A%EstH —> §" Apstu @ A1

S is essentially givén‘by (5),%2. The fact that /§+2E does not
occur as a summand in U ® A°E and the fact that D is guaternionic
invariant then imply that Dz = 0.

Let ¢ denote the symbol of D. Ignoring @r because this will
not affect exactness, we must show that
s-1 t-lH o {v) o (v) s+ t+1

.
N Ty ASpesty Ty 8Hlg gty

! *
is exact for any ve (T ) . Assume that 1<s<2n-1, 1<, Let

E®S

. C o _
- h&€HNO0 and put xtt - G;(hlht Y. {Xl’%}T forms a basis of stu.

1=0

A typical element of ngcﬁstH has the form

t

Y = Zfiaxi’t

L=0




where f. € AE. Also v = eh + &} for some eeE. It is readily

verified that o (s(Y,v),v) = 0.
On the other hand suppose that (Y,v) = 0. Then
0 = Z [(£.ne) (P Eum) + (£, 0e) (xb Een)]
- I}f 1+l,t+l v (£,0e) Xi,t+%]
_ Z‘f ~e + E, lAe\}\l+l pE+l (fOAe)XO,t—H N (ftAe)thklft—&l:
'Hencé =
£f.Ae + Fi+lA§= 0, 05 igt~1
fOAé = 0
ftAe =0
and it follows that there exist a; blé,ﬁ§ lE such that
ﬁ =afé4-%ﬁa 0<ifst, ai.=bi+l
ahd a, = bd = 0. Then o
Y = o ( ;Oai@)xl't"l,v)

Similar arguments give exactness at the last step of the symbol
sequences, and at the first step provided r = t-s> ~1. This

completes the proof of provosition 3.3.

The complexes of proposition 3.3 will in general only be
§ globally defined on M when r is even. In particular consider the

case r =0 -

0 —A—>EH —> AES'H—> ... .—> AN'ES"H-—>0

*
Because ANES'H is a subspace of NG , the-operator D factors
through exterior differentiation and the above is a subcomplex of

the deRham complex on M.




4, The Twistor Space

The fundamental result concerning quaternionic manifolds is

the following.

Theorem 4.1 Let M be a gquaternionic manifold of dimension 4n,
hﬁ;z. Then there is a naturally associated complex (2n+l1)-

“dimensional manifold Z fibring over M with fibre CPl»

Proof Geometrically, the idea is the following. As the notation
suggests, the manifold Z of theorem 4.1 is none other than the
complex érojective bundle P (H) introduced in §1. However for
technical reasons we shall work with the vector bundle K and its

dual 5*, where K = gpbg. Note that the weighting is irrelevant

when one pésses to the projective bundles; in particular P(H) and
P(E*) are naturally isomorphic. First select a torsion-free
GL(n,H)SP(l)—connection YV on M; this induces a connection on K and g*
whicﬁ we again aenote by V. Let gf\~0 denote E* with its zero

section removed (defined over some open set in M) and p : K N0 —> M

*
the projection. V splits the tangent bundle of K N0 as

Tx™N0) = Ve H | T
e

where ’U is the bundle of vectors tangent to the fibres, and # is

the bundle of vectors horizontal with respect to V. Now ﬁ) has a

natural almost complex structure because each fibre is isomorphic
~1,0
V

- x k%
to CZ\O, and as complex vector bundles we may write =p K.

In addition, 1% has a natural almost complex structure because any
*®
Y € K N0 determines an almost complex structure on zp(y? = ¢%V as in
* ’ -
§1 ([yleP(XK ) = 2). The direct sum of these almost complex

- 3 , * 3
structures determines an almost complex structure on T(K N0) which

is in fact independent of the choice of V. The proof of the theorem




consists of verifying that this is integrable. Since the fibres are
then complex submanifolds, the resulting complex structure passes to
one on P(g*) = 2. |

kThe machinery developed in the preceding sections enables us
to use the methods of Atiyah, Hitchin & Singer [7;33] to prove
that the almost complex structure on K*\O defined above is
integrable. First we summarize this theory as it applies to our
situation. By‘our proposition 3.2, there is a quaternionic
invariant differential operator

D:4b_§—>$_E_SZ§_

Thinking of D as a homomorphism Jl(E) — @gszg, D is surjective

and its kernel Rcing) is a vector bundle. A section s € ["(K) defines

* * *
sV(x ) = <k ,s(p(k ))>
Tts derivative ds" belongs to the (complexified) cotangent bundle
* *
T (K ). Moreover there is a surjective homomorphism
* * *
V:p (J{K)) —= T (K\O)
\

* * )
of vector bundles over K \0 characterized by V(p jl(s)) = ds . Let

o be the symbol of D and put

*
S kereo < KT

| 1
| * 2, *

- , S, = S, AT € KA'T

| 2 1

| The choice of the connection V gives a splitting
5
i

%
J,(K) 2 K®KT

-
| R “§$§1

E defined by jl(s) —> (s, Vs). If se¢[(K) is covariant constant at
:

:

x € M, then essentially by definition of the induced connection on

, * v
the dual K , ds

- of p"l(x). On the other hand, any section of S, has the form

annihilates the horizontal subspace 4% at any point

t = chl(ehz) - chz(ehl)

* ‘
a complex-valued function sV on the total space of K by evaluation :-




where ¢ efﬂé) and {hl,h;k is a standard basis of H. At ke 5*\\0,

V(p"t) = <Ceh ,k">p" (eh,) - <ch,,kpp” (eh))

) ) * -1 * -1 ' * ‘ :
If under the isomorphism K = $ "H = é H the element k maps to

- W
-1, 1 2
c (z hl + z h2), then

x

V(p*t) = zlp*(ehl) + zzp*(ehz)
In future we shall use the same symbol for both a l-form on M and
its pullback to Ehe total space of any bundle over M, so we write

. V(P*t) = e(zlhl + zzhzi
Using (3) £1, this is a (1,0)-form at k* with respect to the almoét
complex structure, defined above. We have actually proved that
vip'R) = V(e KI®V(P'S,)
is precisely the distribution of (l,O)—forms on g**\o corresponding
to the splitting (6), with V(p K) annihilating #f and V(p*gl)
annihilating V.
According to [7; proposition 3.17, V(p*R) is involutive iff

(&) D8, e I'(8,)

(B)  JUK) < 8,
where Dy P(gg*) —_— .(5/82*) is the extended covariant derivative
and Jléf“(Endgé?ﬂ?T*) is the curvature of K. It remains to verify
these conditions, for then by the Newiander—Nirenbgrg theorem
g*\\o, and so Z, is a complex manifold. Notice that the complex
structure will indeed only depend upon D and thus on the quaternicnic
structure of M. This is the force of the word 'naturally' in the
statement of theorem 4,1.

To prove (A) and (B), we must first determine 51,82 as G-
modules. In fact
S, = ¢E

B 2 2
S, “A¢(s E + NE)H




(2
(4,

*
The first equality is immediate because H®T = H®EH-= E + ES2H.

For the second, note that

EeANT = (s’s + AE)H + AESH
52 is the image of Sl® T* under exterior multiplication, so
certainly 82C:¢(82E + ﬁ?E)H. Equality follows from Schur's lemma
by picking an element such as |
25 - h,(e;h))) ®e,h € ¢E ®EH = sl®'1"'c

whose image in S2 under exterior multiplication has non-zero

C(hl(elh

components in both the irreducible representations #gkiH,¢f?EH.
(A) Let k®ve MK®T ). By definition,

D, (k ®V) =Vk v + k®dv
On the other hand, if © denotes the obvious skewing map,

sVi(kev) = Vkav + k®dVv
and so

* 2 % .
D, -V =10T : KT —> KON : .o (T

where T is the torsion of V, which by assumption is zero. Thus

DL (M(8;)) = 3V(r(gE) « MRUEOT)) < (s,

(B) JU is the image under the mapping
| 2, % 2, *
d(®l :é@/\’l‘ —> EndK® AT

2 *
of the curvature Re:f"((g@/\_T_ )y of V. By (5),2%2,

U

] *
where uie,rlgl), vléfr(z ) and R_€ M(U). Since U is not an

8)

2

5 R =0(u;® vt) + R
; . &
| irreducible component of EndK @X'T , (d€>&l)(RU) = 0. Therefore

if KEK,
Q) = (dp 1) O(u, @ vh) (k)

it

,S(uiﬁk) AV

in the notation of §3. But gquaternionic invariance implies that

The proof of theorem 4.1 is

glu,®@ k) c kerd = 5§, and so JUk) € s, .




Gy
g

now complete.

Remarks 1. A consequence of theorem 4.1 is that a quaternionic

manifold is real analytic.

2. Theorem 2.2 was an essential ingredient in the proof of
condition (2) above. For an almost guaternionic manifold M of 4
d:men51ons, theorem 2.2 has to be mOdlflPd as explained in £2.

In that case CO = 0 always and condition (1) is automatically
satisfied, but condition (2) will remain valid only if M is anti-
seif-dual. We therefore obtain the statement that the complex
manifold Z may be constructed for én oriented 4-dimensional manifold
with an anti-self-dual conformal st?ucture. Reversing orientation,
this is exactly theorem 4.1 of Atlyah Hitchin & Singer [ 771 so that
our theorem 4.l is a natural generalization of this result Indeed,
from the start, our treatment of guaternionic structures, with the
vector bundles E,H generalizing the spinor bundles V._,V, and thé
study of invariant differential operators, was deSLgned so as to
parallel [73.

In 4 dimensions the constructionvof Z has become known as the
Penrose twistor construction. Accordingly we shall refer to the
complex manifold 2 of theorem 4.1 as the twistor space of the
guaternionic manifold M. In §3 we defined a guaternionic manifold
to be an almost quaternionic manifola of dimension 2 8 with éO = 0,
Many of the subsequent results for such manifolds will depend upon
the existence of the twistor space Z and will therefore remain valid

in the case of a 4-dimensional almost quaternionic manifold which is

anti-self-dual.
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3. If M is an almost guaternionic manifold with an arbitrary
GL (n,H)Sp (1) -connection V, the above construction still equips

Z = P(E*) with an almost complex structure, although this now
depends upon the choice of V. It is natural to ask whether the
integrability of this almost complex structure might imply that M

is a quaternionic manifold. Because condition (A) is still a

necessary condition for this integrability, the following lemma

gives an affirmative answer,

Lemma 4.1 Let M be an almost quaternionic manifold. Then the
vector bundle K possessés a GL(l1,H)—connection satisfying

D, (F(8;)) € I(S,) iff C, = 0.

Proof It remains to prove the 'only if! statement.‘ WQrking locally
suppcse that K has a GL(1l,H)-connection V' satisfying Dl(r%gl))cr1§2).
Pick any GL(n,H)-connection on gc@é—l; together with V' this yields
a GL(n,H)Sp(l)-connection V on E®H, i.e. on M. It actually follows
from (7) that the torsion of V has components only in the

representation

. - ,
£ (s%E + APE)H

implies that CO = 0.

}

|

!

%

|

l In particular, there is no E)®S3H component. Thecorem 2.2 then

1

|

|

) .

| Let M be a guaternionic manifold with twistor space Z; we

i shall always use q to denote the projection Z —>» M. Before

| .
| ‘looking at some examples we must describe some elementary properties

|
| cf Z. Firstly from the definition of the complex structure of Z,
| .

each fibre qul(x) = cpl is a complex submanifold of Z. The




quaternionic structure map h +——> E on the fibres of H induces an
involution ¢ : [h) > [R] of 2 = P(H). Equivalently if [h]
corresponds to the almost complex structure Jh on Ex then using

h

2ach line q_l(x) = S2 where it acts as the antipodal map. If J

(3) £1, c(Jh) = -J.. Thus ¢ has no fixed points on Z, but preserves

denotes the almost complex structure on Z, then from the definition
of J it follows fhat J?J = -J, so that Giac:s antilinearly on the
tangent bundle of Z. o is a real structure in the sense of
Atiyah [61], and M parametrizes lines in Z that are real with

respect to 0.

For each point of M it is possible to define the vector
bundle H over some neighbourhood U' of that point. Then over U
we have unambiguously Z = P(H). Consequently over q"l(U)C Z
there is defined a tautologous* complex line bundle L_l whose fibre
at z = [h]éip(g) is simply the subspace Ch of (qu)z, (*We use
Bott's terminology to avcid the use of the word 'canonical'.) The
restriction ofrits dual L to each line q_l(x) is isomorphic to the
hyperplane bundle (with Chern class l)'éver CPl. Notice that
because we have used the description 7 = P(H) rather than P(g*),
w2 cannot assume that L is holomorphic over Z. Howévep since
LER 5*\~O —> Z is holomorphic, it is true that the line bundle
q*éfﬁL is holomorphic.

From the proof of theorem 4.1, the subspace of (1,0)-forms
in.q*z*CIT*Z at z = Th]l is q*(§;®$h). But this is precisely the
fibre (q*g ®L—l) ; SO .

¥ % 1,0 ~ * 1

Z
(@ T) qEOL




39

and there is a (globally defined) exact sequence

* -1
0 —>qg E @I,]‘-f> u%l,O —_— <9},0 —> 0 .. (8)
1,0

of complex vector bundles over 7, where vi is the bundle of

(1,0)-forms on % and \E;'O is the bundle of (1,0)-forms on the
fibres of Z —> M. The fact that the holomorphic tangent bundle

of CPl is isomorphic to the sgquare of the hyperplane bundle implies

2

that 30 =172, 1n particular, L is a globally defined line

bundle over Z. An immediate consequence of (¢g) is that the

holomorphic normal bundle of each line q"l(x) in Z is isomorphic

2n . ;
to L&C”, where here L means the hyperplane bundle over CPl. 12)

=

has other consequences, already known in the case n = 1. For
example Z has no holomorphic p-forms for p21l, and if K denotes
the canonical bundle of Z then HO(Z, O(VKm)) = 0 for mz21l. For

proofs see Hitchin [23].

Examples For the moment we describe only a few obvious examples.

D in which the tangent space at each point

is endowed with its standard guaternionic structure given by right
multiplication by H. The choice of a standard basis of H
determines global almost complex structures I,J,K satisfying

T~ 1. The space R4n = H
|

i IJ = -JI = K and furnishing R4n with a GL(n,H)Sp(l)~structure (in
S

fact a GL(n,H)-structure) which is obviously integrable. A point

of the twistor space Z is simply a point of R4n together with an
almost complex structure al + bJ + cK, a2 + b2 + 02 = 1, so

dn 2 dn 1

g topologically Z is the product R x 87 = R x CP~. However the

holomorphic structure of Z is more subtle, Note first that the

: . . -1
projection p 3 Z ——> CPl is holomorphic; morecver each fibre p = (V)




is isomorphic to Czn, or more accurately R4n endowed with the

complex structure y. Therefore Z can be viewed as a complex vector

bundle F over CPl. The zero section of F may be identified with a‘

4n - pecause q_l(x) is a complex

line q-l(x) for an arbitrary x €R
submanifold of Z, F is then a holomorphic vector bundle isomorphic
to the normal bundle of q"l(x) in Z. Therefore as a complex manifold,

Z is the tctal space of the vector bundle I,®C2n over CPl.

2. More genérally, suppose that M is a manifold possessing a

GL (n,H) -structure, i.e., global almost complex structures I,J,K
satisfying IJ = ~JI = K. Then if CO = ¢ with respect to the induced
GL(n,H)Sp(l)-structure, its twistor svace Z fibres holomorphically
over EPI. In the special case in which the GL(n,H)-structure is
integrable, the existence of Z was known to Sommese [37]. For
example let ge H be a quaternionic with |g| ¥ 1 and conéider the
cyclic group [N = {qnj geherated by multiplication on the left of
g4n-1 g1 |

"t by g. Then M = Hn\()4~ = S® has an integrable GL(n,H)-

structure. In the fibration of its twistor space over CPl'each
fibre S4n—lel is endowed with the structure of a Hopf manifold

which incidentally is non-Kdhler.

3. We know from £2 that HP" has an integrable GL(n,H)Sp (1)~

structure; hence it is a quaternionic manifold. We shall show
X . S 2n+1 . .

that the twistor space of HP" is CP™° . First comnsider the

tautologous vector bundle F whose fibre at xé& @p" is the guaternionic

line in Hnrl defined by x. As usual, let Ui = {(qO,..,qn R £ Q},

xi = qkqi_l, k # i in terms of homogenecus coordinates (qo,,,,qn)°

Then ti = (x?,..,l,..,x?) defines a section of F over Ui such that

on U, nU,,
i ]




bt

Comparing this with (4),,§2, we see that F and H have the same
transition functions and are therefore isomorphic. (This gives a

direct proof that for HP" the cohomology class £=0). The twistor

I}

space Z PC(F) consists of all complex lines through the origin

in Hn+l = €2n+2; i.e, Z = CP . M parametrizes the projective

lines in Z that are real with respect to the action induced by

multiplication by j on Hn+l.
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5. Quaternionic Vector Bundles

We have seen that the (locally defined) vector bundle H |
on a quaternionic manifold M can be used to construct its twistor
space. The latter is simply the complex projective bundle P(g).‘
If K = Qasg denotes the weighted vector bundle, we also saw that
the total space §*~\O is a complex manifold. We now describe a
second construction which endows the total space of K not with a
complex structure, but with a quaternionic structure. More

generally

Theorem 5.1 Let M be a quaternionic manifold and F a complex

vector bundle over M of dimension 2p over C which admits an action
of GL({(p,H) on each fibre. Suppose in addition that F possesses a
GL(p,H) ~connection V} whose curvature satisfies

L. € I (Enar ® s°E) € r(Endr ® A1)
Then the total space M of the real vector bundle.(F«Ecg)r, defined

over some open set of M, is a quaternionic manifold,

Proof Each fibre Fx@)gx' X€M, is a complex vector space, but has

a real structure induced from the quaternionic structure maps of

F ’Kx' Thus (FGDg)r is a real vector bundle of dimension 4p over

R, and its total space M is a real 4 (p+n)-dimensional manifold.

Choose a torsion-free GL{n,H)Sp(l)-connection ¥V on M, inducing

a connection on K. ¥V and V then define a connection ¥' on F ®K.

Let p : M —> M be the projection. V' gilves a splitting of the

~

tangent bundle of M:
T = ) @ B
* * *
p (F@X)ep (E @ H).

td

* * *
p (E ©Fd) ®p H

IR




* .2
Then p (S7H) . acts on T(M) as a coefficient bundle of imaginary
quaternions and from $1, M admits a GL (n+p,H) Sp (1) ~structure.

It remains tco show that the first integrability tensor 50 of

M is zero. Now M can be given a GL (n+p,H)Sp (1) ~connection V using

~

(9). Namely take V to be the direct sum of the (pullbacks of) the

~

connections V',V. To calculate the torsion T of V, it is more
*

convenient to wcrk on the cotangent bundle T (M). From (9),
* o~ ~ * * * *
T (M) ¥p (FK) ©@p T
Take a local basis {at} of FK, with corresponding coordinate
functions )\I and connection l-forms given by V'a.I = aJQ?JaD‘%. Then
* * * A
the inclusion p (FK) <~ T (M) is given by

F3 5
a; — d/\I + )\J(,QI

J
Fix x¢ M and suppose without loss of generality that V’aI < = 0.
Then at any y ep—l(x) ,
~ * *
Tay) = (@-739) (ap)
= a@xt + Nwo)
J, T
= A doy;
J ol
= A RJ
where JL,;Ir are the curvature 2-forms of V'. Moreover T(u) = 0 for
* %
any u€p T so that
~ I . .
T = N JU (ap) .. (1)
Each a_ is a linear combination of elements £®k, f€F, k€K,

I

Now

J(Eek) = £, (k) + JL(£)k
By the proof of theorem 4.1, JLK(k)GI f’“(”S_Z) ; whereas by hypothesis
JZF(f)e (F ®82§_). It follows that T has nc components involving

* Lo~
p (83_1_{_) and therefore by theorem 2.2, CO = 0. This completes the




proof of theorem 5.1.

We shall call a vector bundle F satisfying the hypotheses
of theorem 5.1 a quaternioniC‘vector bundle. The curvature
condition is equivalent to the statement that the bundle of
imaginary quaternions (Szﬁ_‘)r annihilates the curvature 2-forms.
This is because Sp(l) acts trivially on the space SZE, so passing
to Lie algebras, 82H annihilates SZE. This is analogous to the
case of a complex vector bundle over a complex manifold whose
curvature 2-forms are actually (l,1l)-forms. TFor in that case
f%’lT* is precisely the subspace of (complexified) 2-forms which
is annihilated by the action of the complex structure JétEndT*.
It is known (e.g. L7; theorem 5.17) that such -a vectocr bundle is
actually holomorphic; in particular its total space is a complex
manifold., Theorem 5.1 tells us that the situation for a quaternionic
bundle is similar - after tensoring with X the total space of a |

quaternionic bundle is a quaternionic manifold.

In view of theorem 4.1, an obvious problem is to identify
the twistor space of ﬁ. Suppose that M itself has twistor space
’ *
Z; q : Z —> M. Let iL = g é{@L dencte the holomorphic line

bundle over Z introduced in 4.

Proposition 5.1 With the same hypotheses as theorem 5.1, the

Busitendl

~ ~
twistar space Z of M is the total space of the complex vector

*
bundle g F @$L over Z.

proof Fix x&M. First we identify the twistor space of the fibre

p T (x) = (EW®§)XClﬁ. This fibre is a quaternionic manifold in its
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own right isomorphic to P with its standard quaternionic structure.
From example 1, &4, its twistor space is the total space of 2n
copies of the hyperplane bundle over CPl. More invariantly, its
twistor space is the total space of the restriction of q*(F$)® L

1

to q ~(x). Therefore Z may be identified with the total svace of

q*g‘_ ® oL,

An immediate consequence of proposition 5.1 is that the total
space of the complex vector bundle q*Ewaép over 7 is actually a
complex manifold. Moreover the zero section embeds Z as a complex
‘submanifold of %. Hence the normal bundle of % in % is holomorphic,
but this normal bundle is isomorphic to q*FéaiL, so the latter is

* * —
holomorphic. Thus g F = (q FcaiL)éa(éL) s holomorphic., To

summarize we have the

Corollary 1If F is a quaternionic vector bundle over a guaternionic

*
manifold M, its pullback g F is a holomorphic bundle over 2.

Examples 1. Take F to be the frivial vector bundle Cz endowed
with its standard quaternionic structure. In that case M is the
total space of (Eﬁ@@z)r, the underlying real vector bundle of H.
For example over HPn, H is the tautologous quaternionic line bundle

n+1

and M is WP with a point removed and we have the diagram
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2. Let M be a 4-dimensional almost guaternionic manifold which
is anti-self-dual. As remarked in $§4, for all intents and purpcses,
M is a quaternionic manifold. Certainly theorem 5.1 will apply.
A guaternionic vector bundle over M is then anti-self-dual in the
sense of Atiyah, Hitchin & Singer [7] and the corollary above is
also a consequence of [7; theorem 5.2]. However the proof there
is based on the observation that the pullback | |
x 9 X 9 %

q (S"E) € g (N'T)
actually lies in the bundle u%l'l of (1,1)-forms on Z. This means
that q*g is a complex vector bundle over Z with a connection whose
curvature forms lie in ¢4;’l, which in turn implies that q*F is
holomorphic. So not only is the definition of a quaternionic vector
bundle analogous to that of a vector bundle over a complex manifold
with l%@'l»curvature, but the pullback of a gquaternionic bundle to

the twistor space is actually of this type.

3. As a special case of example 2, take M = HPl = 84. The study

of (anti-)self-dual vector bundles or 'ingtantons' over 84 has
recently attracted much attention. For example it is possible to
construct explicitly anti~self»dual SU(2)~-bundles on 84 with
arbitrary 2nd Chern class CZ>>O [8]. If F is one of these vector

AL
bundles we shall show that the associated quaternionic manifold M

NS

has Cl # 0, i.e. 1s non-integrable.
In the proof of theorem 5.1 we described a connection ¥ on

M with tors ion given by (10). With the same notation, there exist




]

£

~ % ) ’
b € F(M;Qc; ©T') such that d(b) = JU' (a;), and then

I
vV - Abp

defines a torsion-free GL(n+p,H)Sp(l)-connection on M. we compute

(%

its curvature R at xemMcf, i.e. Al = 0. The curvature of V may

be written JU' + R = JZF + LQK + R, where R is the curvature cf 84

Hence

it

~ I
R, o= J, + JZK + R + bI_AdA

Now the ﬁ-—component (see (5) §2) of RNy must include ‘/ZF # 0. This

Va¥i
forces Cl # 0.




6. Cohomology

In £4 we introduced the twistor space Z of a guaternionic

manifold M and described some properties of Z. In this section
we shall further investigate the relationship between the
qguaternionic structure of M and the holomorphic structure of 2.
In particular we show that there is a correspondence between certain
sheaf cohomology groups of 2 and the cohomology of the elliptic
complexes on M of proposition 3.3. |

Let M be a quaternionic manifold with twistor space Z;
q: Z2 —> M. If ™! denotes the tautologous line bundle defined
as in $4, the space HY(q T(x),0(L)) of holomorphic sections of the
restriction of L to a line q_l(x) is naturally iscmorphic to the
space E; of linear forms on H . Indeed, let‘{hl,hé§ be a standard
basis of H with corresponding coordinate functions zl,z2 on iﬁs

' -— *
total space. By construction L 1 is a subbundle of g H and

. -— l _
tl = hl + u h2, oty = uhl + h2,
where u = zl/zz, define sections of L-'l away from zl =0, 22 = 0
respectively. Let $,7/5, be the secfions of L defined by
<ti,sf> = 0, Then si,s2 are well-defined and holomorphic on each

1(x) and satisfy s,
*x

Because H € H by means of w

i
line g = us, wherever u is finite.

qr we also have an isomorphism

'Ho(q"l(x),@(L)) o gx (natural with respect to the SU(2) struqture)

given by
S —> s, —> -h
1 hor 85y hy
' , . -l i oo . .
The quotient of the inclusion L ~S——> g H is isomorphic toc L because
there is an exact sequence

1

- i * ‘ s
0 —> 1" s qH->1L —>0 .. (1Y)




b4

where <z(z,hl) = —sz(z), c%(Z,hz) = Sl(Z). (11) enables us to

1

write down an explicit isomorphism L~ 2% L between the dual of L

and its complex conjugate;. namely

NN

t—> t = o (i(t))
For example,
—_— — ' - _ 2
t, = qxuﬁz - hl) = us; + s, = (Ju]® + l)s2 ..
From the definition of the complex structure of Z, there is

an exact sequence ((8) £4)

1 1,0

0 —s L7t —> A0 —> 0
globally defined over Z, where E is an abbreviation for the vector
bundle q*g. Taking rth exterior powers yields an exact sequence

0 —> L_rﬁFg ——>r¢4r'0 _ L—(r—l)/\r—lE 3}'0‘+—> 0
where uér’o
here is given by

tfe s f@i(t) eq (NE®STH) g (AT L.
A consequence of this is that at z = [h] €P(H) = Z,

(AT T0 2 T (AEeenT) g (AT

Taking complex conjugates, we have an exact segquence

0 —> LFAE £ AT T e LY o

Using (12), (13), if £ is a section of A'E over M,

Bl(s)T®@f) = f@(tu}z' + LTHEENT
)r

I

£ (lul? + 1) 7 (Gh, - b,

(zz)rf®§r L.

where
zlhi + zzh2

B = .
212 + |22

(12)

is the bundle of (r,0)~forms over Z. The first mapping

(13) |




Let Lr/FE, LrAFEg}O'l, J%O,r denote the direct'images under

q of the sheaves of germs of smooth sections of the respective
vector bundles. For example, a section of the sheaf L°A'E over

an open set U of M is a smooth section of the vector bundle LTATE

over q_l(U).

There is a differential overator
o : L'ANE —> L'AE 3001

corresponding to differentiation along the fibres of q : 2 —> M,

’9 may be defined by first restricting a section of’LrﬂFE over

l(LI) to each line g l(x) and then applying the Dolbeault

a
0 —operator on q-l(x). The kernel of‘a:con51sts of germs of

sections over q—l(U) holomorphic on each: line q—l(x). From above

Ho(q_l(x),ﬁlL)) é’gx; more generally there is an isomorphism
Qg1 vy & gf : P, p-r L D g (_p yID
H (g “(x),0L7)) &5 H _given by s,%s, Hmé-p!(g(hz ® (~hy) ).

It follows that there is an exact sequence

D
0 —> AES"H ~t—>~L/\E—-—~a— ‘AN gl s . . (15)

where N ESTH simply denotes the sheaf of germs of smooth sections

P

*
of the vector bundle /\ré‘@Sr_h: C/\r_'T_L‘_ over M. KBF is surjective

essentially because Hl (CPl,OXr)) = 0 for r2-1, We now have a
diagram
;z?‘ Esfﬂ E;&Eif%' Lﬂxhgsgf
i A A A
hf o / ] 7\ Tu
O —> ¢,° , ~L)4,O)’ . 0,2 \\/{:}3_:91 . /o/ZnT_;} ‘/4:0&\:”} ,

—> RESH Do s




of sheaves over M, The following series of lemmas establishes

properties of this diagram.

Lemma 6.1 The diagonal sequences given by (15) commute with the

remainder of the diagram; i.e. 2% = Xo3°F where 0 is the usual

operator on (0,r)-forms on Z.

Proof Fix z € %7 and ~hoose a standard basis of H so that z has
1
coordinate u = > /,2 = 0 and Vhilx = 0 where x = gq(z). It is

sufficient to evaluate i% and X€§vﬁ on a local section s of Lr/FE
at z, where s has the form

s =A(s,) ®F
Here A€ c™(2) and f is (the pullback of) a section of ﬂFE over M,

Using (14},
N

Bls) = NzH)rol

Now(#ﬁ%_= --hl and because the connection coefficients of H vanish

at x, dw is a . (l,0)-form at z (see the proof of theorem 4.1).

Hence
Vs ], = (@ IAE R (-nT) + Nz)a(seEE)Y

* * *
Because (g AF+IE O,r+1 = q (/5f3®chlr+l), it follows that

Z

o N 0 T ~f
a(z @ @R = w2 AFoch )= di A (FOlyrlh) D r diforhy )
= a(f ®(-h )" 20
Hence 7
Op(s)] , = (,-1)1',;d>\)0"1A<f®hlr) + (-nfaEen) ) EH .. '(16
and

i

Yops) |, (3N @ (£05T)

Tz s . . T \r .
However (s,) @ f is a holomorphic section of L AE over each line

2)
q'l(x), so this is precisely E%(s)|z._ This completes the proof of

the lemma,
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Lemma 6.2 The mapping ﬁ%g is also given by the composition
* * *
RE®STH > L1 95 (172) — AY'T
where the last mapping is simply the projection of a complexified

r-form onto its (0,r)-compcnent.

Proof It is sufficient to evaluate both compositions on an element
of the form féohffe /Fgcbsrg, because such elements (for different

choices of a standard basis) span Argﬂsrg. Now

Z(f ®hlr) - (—sz)r®f
and by (14),

0 £ }__.r\ = —'1! r’l 2 r Nr
/'JZ(L@“l) (=1)"{z7) £ ®B

’ * *
On the other hand, again by (14), (q,ﬁfz )O,r is spanned by elements
of the form f£f®BT,. Consequently, viewing:f$thf as a pulled-back

r-form on 7, ror
(f@hrfLr'_ahuﬁ'B )f®§r

1 h ~Y Y
B

(-1) % (2%) %

H

the obvious way. The lemma follows.

where w_ has its usual meaning, but extended to tensor products in

Lemma 6.3 The operator &: vA"’T __e'u%o,r+1 on % induces a

r+1 r+1
A

differential operator D : N ESTH ES H on M which is

identical to the quaternionic invariant operator defined by

proposition 3.2.

Proof Let ae NEs'H. Xﬁgz“a) gpz(a) = 0 by lemma 6.1, so

éﬁ?#a)
LA But o(at) = yog(al) = 7épz}a) = 0, so

= ZCa")
r+1 +1

for some a"é,ﬁ Es” H, Define Da = a"; since F°Z'is injective,

Il
™
=

for some a'€ L




a" is unique.

As in the proof of lemma 6.1,'fix z € Z and choose a standard
basis cf H so that u = 0 at z and vhilx =0, x = g(z). It is
sufficient to evaluate D on an element a € A'ES'H of the form

_ r
a £ @h1

Using (16},

~ ' _ r, 0,r+l

/aﬁZ(a)!z = d(f®h;)
Because this equals EZ(D(a))}., it follows from lemma ‘6.2 that
D(a) is the component of d(f’@fﬁ_) n /€+lgsr+lﬂ. Therefore D is
indeed the cperator defined by propositicn 3.2.

Lemma 6.3 tells us that the complex

0 —> A EH —> AES’HE —> . . . —> APEsPm —» 0 NG

of the diagram is preéisely the elliptic complex of proposition 3.3
naturally associated to the quaternionic structure of M. The
diagram shows that it is intimately related to the complex

0 —> A0 5 A0 5 492 5 5 A0 o

defined by the ©P-operator on Z.

Theorem 6.1 The complexes (17),(18) of sheaves on M have isomorphic

2n+l (f{;—()_,*)

cohcmology groups with H = 0,
Proof From the proof of lemma 6.3, ﬁﬁz is a cochain mapping between
the complexes (17) and (181; i.e. if a¢ AN'Eg® H,
’5(/302) (a) = (g+p) (pa)
Consequently ﬁ Z induces a homomorphism
& : v¥ (Nes'n) —> 15 (A"

of comblex vector spaces for each r. We shall show that 9 is an

isomorphism. Note that because the vector spaces NEST H, and so

7

8




i

* 4
H' (AN ES'H), have real structures, it follows that each Hr(u4o’*)
also has the structure of a real vector. space.
; . 0,r 5
Let ﬁz(a) be a coboundary in A , so that ﬁz}a) = Jdb say.

Then y(b) =3(b') for some b'.

W

y(b =BE(B")) = y(b) = p(b') = 0
Sie)
b - 9g(b') = B(b")

say. Then

Il
o

Dp (") = yO(b - JE(b")) = ¥ (b)
Hence b" = n(a') say and )
g = b - pm)
Thus :
py(Da’) =§Izz(a-) =23b

and a = Da' because ge»n is injective. Hence 6 is injective.
J

'~

Let be¢ 0,r be a cocycle, so Eb = 0, As above, there exist

b',b" so that y(b) = :éF(b') and
b - Jp(b') = g(b")
Moreover
D, (b") = y9(b - Op(b")) =0
and b" = Z(a) say. Then
ppa) = b - 9p(b")
proving that © is surjective.
Finally, applying-the above arguments at the (2n+l)St step

*
gives H2n+l(:§3’ j = 0. This completes the proof of theorem 6.1.

All our sheaves are fine, so theorem 6.1 remains valid if we

replace (17),(18) by the complexes

+1
. . —> (@, NEsTE) 2> (U, AT

— ra W), A B o, AT

Bs*TlE) — . .




of their sections over any open set UCM. Because the Dolbeault

cohomology groups are then isomorphic to the sheaf cohomology grouus

—
NS

H (q—l(U),O) where U is the sheaf of germs of holomorphic functions,

we obtain the

* * —
Corollary The cchomology groups Hr(U,/\gs g),Hr(q l(U),Gf) are
isomocrphic, with H2n+l(q_l(U),0) = 0.

Theorem 6.1 may be generalized in two respects. Firstly it
may be modified so as to involve the elliptic complexes defined by
proposition 3.3 for which r = t - g is not necessarily zero.
Secondly it is possible to introduce a quaternionic vector bﬁndle
into the picture. Indeed, if F is a quaternionic vector bundle over
M with connection V% and r = t -g2-1, there.are elliptic complexes
0 —> Fé_lE — F@"l/\ZEH e T — F4'>—l/\2nE82n_lH —> 0 (r=-1)
0 —> FbTs™H —> F"ES" M —» . . > P APESTT P s 0 (2 30)

where FérféEStH denotes the sheaf of germs of smooth sections of

(19

the vector bundle Férffgstg over M. The operators are .

1®D + pO(VE,QIJ, where D is given by proposition 3.2 and p is the
appropriate projection, The’curvature condition on $% (see theorem
5.1) is essential for the sequences (19) to be complexes.

On the other hand, by the corollary to proposition 5.1,
F(QL)r = q*(FW$§F)3>Lr is a holomorphic vector kundle over some
q—l(U)c:Z, Taking the direct image under g of the sheaves of germs
of smooth sections of the associated Dolbeault O-complex gives a
complex

0 —> L) A’ — p AT

of sheaves over M.
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Theorem 6.2 Let F be a quaternionic vector bundle over a

guaternionic manifold M. Then the complexes (19), (20) have

isomorphic cohomology groups for r 2 -1, with H2n+l(F(§L)ru%O

Proof Of course in the special case F trivial, r = 0, we have
theorem 6.1. In general the proof is almost identical and we omit

the details. For example in the case r=-~1 there is a diagram

FU'F”  Eey'ed”

ANAN

LA — L E AT

’r VA

HCAY ki O'LE FOLY ' CNE
S/ /

0 ————> FY'E —> F¢'NEH —>

O——

The important point is that the diagonal sequences are still exact
because q*F is holomorphically trivial on each line q_l(x) and

Hl(EPl,éﬁr)) = 0 1f r2 -1. ©Notice that the cohomology vanishes at
the first step essentially because }:“(j'izL)_l cannot admit holomorphic

“Lix).

sections on any line g

Remarks 1. Theorem 6.2 has a similar corollary to that given for
theorem 6.1. For example if F is defined globally over M and r is
even, then H (M, A*_E_:s*g) = 5" (2, 6(F (41 T)), with B2 (2, 6(F (pr)*
If Z is compact, the last statement also LOllOWS from Serre duality
because the canonical bundle ¥ of Z may be identified with the line

bundle (HL) =2 (n+1)
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2. The reason that theorem 6.2 fails for r< -2 is that

Hl(CPl,O(r)) no longer vanishes, so that 7

7 is no longer surjective
and our diagonal sequences break down on the'left—hand side of the'
diagram. For example, the complex corresponding to F trivial,
r = -2 on an 8-dimensional quaternionic manifold is

0 —~e~é§g -—é~£§§g§ — Nes?s —» 0
In fact this is ﬂot elliptic; the symbol sequence is not exact at
the first step‘(see the proof of proposition 3.3). However if we
choose a Riemannian. metric g = k%c@ah on M compatible with the |

. . . . 2
quaternionic structure and replace Ay by its subspace AOE orthogonal

to «y, the resulting complex
0 —>AE —> NEE —> NES’H —> 0

is exact. We shall see in $£10 that it is precisely the Dirac complex

of M (M is spin by proposition 1.1).

3. Extensive investigétion of the relationship between certain
cohomology groups on M and Z has already been carried out in the case
in which M is 4—dimensional} see e.g. Hitchin [sz, However the
methods used have depended heavily on the fact that the fibres of 2
have complex dimension 1, and have only desalt with cohomology

groups of the form HO,Hl.




PART T W O

QUATERNIONIC KAHLER MANIFOLDS

7. Curvature

Recall from &3 that a quaternionic K&hler manifoldris by
definition an oriented 4n-dimensional Riemannian manifold M whose
linear holonomy group is contained in Sp(n)Sp(l). We shall also
suppose that n 22. These manifolds are of special interest because

Sp(n)Sp(l) occurs in the list

0 (n) T(n), SU(n), Sp(n), Sp(n)sp(l), Spin 7, Gz,of possible

? v

92}

holonomy groups of locally irreducible Riemannian manifolds which
are not locally symmetric (91, [3]. It follows from the Reduction
thecrem (see Kobayashi & Nomizu [28]) that the frame bundle of M
can be reduced to a principal Sp(n)Sp(l)-bundle P'. Since
Sp(n)Sp(l)< GL(n,H)Sp(l), M has an almost-quatefnionic structure
with which the metric g is compatible in the sense of §1. Moreover
the torsion-free Levi-Civita connection V determined by g reduces
to a connection on P' and is therefore a GL(n,H)Sp(l)"connectioh.
This in turn implies that M is a quaternionic manifold. We can say
that the quaternionic structure of M possesses a quaternionic
Kahler metric. For eguivalent definitions and elementary properties
of quaternionic K&hler manifolds we refer the reader to Gray [171,
Ishihara [25] and Kraines [317.

The eXxistence of +the principal Sp(n)Sp(l)-bundle P' with its
connection Y/ enables us, given a representation V of Sp(n)xSp(l), to
construct locally an associated vector bundle v. Namely we choose
locally a lifting of P' to a principal Sp{n)xSp(l)-bundle P' and
Given a representation V of

~
ol

ofi J = 1 - .
define V £ XSp(n)xSp(L)V
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G = GL(n,H)xSp(l) we use the same symbol V for th¢ induced
representation Sp(n)xSp(l) —> G —> AutV. For example, E now
stands for the standard revresentation of Sp(n) on Czn, and is
equipped with a real positive definite skew form wEéﬁ?E satisfying
g = W@, € AeoNrcs?t”

* * * * *
The identificationsE = E, H = H, T = T given by e P¢>k@(-,e ),

h* h%»wﬁ(',hfh V;*% g(v,*) are consistent, and we may write without
ambiguity

&
Any basis of E of;fhe form {el"'"en'en+l=gi""’82n=gh} and
satisfying 4 = ;E:'eiAgl will be called a standard basis of E.
Using P', the abo;;’structure carries over to the associated vector
bundles E, H and T.

In general, an irreducible representaﬁion of G will decompose
into several irreducible representations of Sp(n)xSp(l); for example
if ﬂéE'denotes the subspace of ﬁ?E crthogonal tc w,,, then
f@E % {ME} + ASE is an irreducible decomposition under So(n). Any
l-dimensional representation of Spf(n)xSp(n) must be trivial, so the
problem of weighting no longer exists; in particular the vector
bundles H and K are now identical. Any irreducible representation
of Sp(n)xSp(l) may be realized as a subspace of (QPE) ® (@9n).
Following the convention of §2, whenever it is necessary to write
down the elements of such a subspace, we do so in terms of sEandard

. ) A
bases of E,H, regarding ME,kh, which trivialize invariant
l-dimensicnal subspaces of E®E, H® H, as unit quantities. For
example, the space of 2-forms on M decomposes gnder Sp(n)Sp(l) as

* 2
./\2‘1‘ = /\ZE®82H + SZE.@ N°H

i

82H + SZE + /\SE ®S‘2H

and we write




2n
2 AL ~
S"H 3> hyk = (hvk)w, = (e.h& k + e.ke,h) -
E - i1 iT71 . A2 2 %
L= < N (EH) = T
S?E s evf = (eyflw, = = (eh, . + fh,el.) 4
H . i77i R T T
L:I)Z
where {el,...,ezﬁ} and {hl,hé} are standard bases of E and H. The

*
inclusion SZHCZ/@T reminds us that the metric enables us to view

the bundle (Szg)r of imaginary quaternions as part of the bundle

of 2-forms.

Let M be a quaternionic Kéhler manifold. The curvature of
an arpbitrary connection on its tangent bundle T is a section of
Endg@/\z‘l‘* = _T_€7_T_*$>/\2_'_T_*. The metric enables us to 'lower the
first index' and the Riemannian curvature R is then a section‘of

sz(/\zg*) - f@g‘_*@/\z_ﬂ_j*
The adjoint representétion of Sp(n)Sp(l) may be identified with

2

2 * .
&= S"E + S°H C<ﬁ?T . Because the holonomy algebra is &, R is

actually a section of

2 2

s’a = s?(s’m) + smes’y + s?(s%n)

Indeed, the holonomy alaebra is generated by the curvature in the
sense of [28; II, §8]. As a first step to describing the curvature

of a quaternionic Rihler manifold, we prove

n s e . . . o

Lemma 7.1 HP is a quaternionic Kahler manifold with Riemannian
curvature »
¢

Ry = c(I®I + J&J + KBK) + R' € (8%2)

whare {I,J,K} is any standard basis of (Szg) , R' € (52 (g2

. (S"E)) and

c is a positive constant.

Proof The fact that HP" is a guaternionic Kihler manifold follows

from its description as the Riemannian symmetric space




6l

Sp (n+1)
///g;(n)xSp(l)

with linear holonomy croup Sp(n)Sp(l) (e.g. Besse [10]). From
the general theory of Riemannian symmetric spaces, its curvature

RO is essentially the Killing form form B of Sp(n)xSp(l); in fact

(see Kobayashi & Nomizu [28; XI]
R, = ~2cB € [(s” (2))
where ¢ is a positive constant which we choose so as to make the

scalar curvature egual to 1. Now B = Bl + B2 where Bl’B2 are the

Killing forms of Sp(l),Sp(n) respectively. Under the identification

sp(l) = (SzH)r, Bl is minus the metric induced by oy The elements
J,K of any standard basis of (S?‘H)r are orthogonal and each have

norm Y2 with respect to this metric, so

Bl = ~3(I®I + J&J + K&K)

The lemma follows.

Theorem 7.1 The Riemannian curvature of an arbitrary quaternionic

K¥hler manifold M has the form
R=tRO+RU
where RUGEFXQ) (U is the representation of GL(n,H)Sp(l) introduced

in €2) and t is the scalar curvature. M is an Einstein manifold.

Proof The Levi-Civita connection V is a torsion-free GL(n,d)Sp(l)-
connection, so from (5)_§2, its curvature is a section of
*
gte 1)+ U < Enar @ Al
But from the Riemannian viewpoint, the curvature is also a section
.2 ~, 1 * 2, . N
of §$74&, We must show that 3;% ®T Yy NS A. is spanned by RO. Using
lemma 2.1, as Sp(n)Sp(l) modules,

* . 2
9(/?1@5[‘ ) CEH®EH = bZH + 82E + /\ SZH + A -+ /\2 + SzES H




Of these, 82H and AgESZH do not occur as submodules of Szél. On

the other hand, with the same notation as lemma 2.2, it is

immediate that

B(ul®e2h2) has non-zero S°E component in A ®s°E ’l
’a " n 2 2 n n @
(u2@ge S“ES"H B /\FSH jCS&)
' 2 2
" n . 1] " 2
2) ' /\OE S™H /\OES H
where (Szaf' denotes the orthogonal complement of S?i in EndTéﬁng

3 2 2.2 2, , 2 AL
Thus J(u ®e2h2) has non-zero S"E,S"ES H,Aon components in (S"a4)

~ *
so none of these spaces occur in d§91€>T )f\Sza, as required.

2h2)
d(u3®e2h

The Ricci tensor of M is the image of R under the contraction
EndT ® ArT > T o, R, maps to zero (see (5), £2), whereas
being invariant under Sp{(n)Sp(l), must map to a multiple of

the metric. There M is Einstein.

Remarks 1. The fact that a guaternionic Kdhler manifold is
Einstein is well-known. F¥For the decompésition of R under the
action of Sp(n)Sp(l) (without proofs), see Alekseevskii [31.
The space U is reducible under Sp(n)Sp(l) and contains the
irreducible component S4E. We know that L)nSZ& CZSZ(SZE); in
fact

(J/ﬁsza = S4E

so that actually R & T(s'E). B

2. It is interesting to‘cbmpare the Riemannian curvature of

a quaternionié Kihler manifold M to that of a Kdhler manifold N.

Suppose that dimM = dimN = 4n, n2> 2. Of course under 0O (4n), the

curvature of M and N decomposes into thrée ‘irvreducible components
corresponding to the scalar, trace-free Ricci and Weyl curvature.

Moreover it is known (e.g. [37) that the curvature of N has three
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irreducible components under the action of U(2n). Namely if KO
denotes the constant holomorphic curvature {with scalar curvature 1)
of CPzn, then N has curvature tKO + Kl + K2, where Kl (often called
the Bochner component) maps to zero under the Ricci contraction and
K, maps to zero under the scalar curvature contraction. In the
following diagrams the components of the curvature of M and N are

shown in relation to the 0(4n) decomposition:

It will be convenient to have an explicit description of the
*
curvature \QHGQFXEnd§'®f@g ) of the vector bundle H. Relative to
a standard basis {h,,h,} of H, the curvature 2-forms are defined by

- J
Ay (hy) = h, @ J

If the induced connection on E is given by Vhi = hj®aui, then

Q3 = aw’ - ¥ el
1 1 -1 K

Proposition 7.1 The curvature of H is given by

62? = %ct h;vai
i i3
Since T = E®H, the curvature of M can be written

R = JLE + &QH

g
n]
@)
O
H

y *
where Jl_ € M(EndE ® At ) is the curvature of E. By lemma 7.1,
" e A —

P




&1,

theorem 7.1 and (2) £1,

JZ.H = ct(I®I + IJB8J + K®K)
_ 2 2 2 2
= ct {21&1 ® hy + 2h) ®h,” - (hyvh,) ® (hlth)J

in terms of standard bases. The proposition follows.

By theorem 7.1 any quaternionic K&hler manifold is Einstein;
in particular its scalar curvature t is a constant. Thus there are
three classes of examples, those with t>0, t = 0 and t<0, or
eguivalently with Ricci tensor positive, zero and negative definite.
Theorem 7.1 also implies that t = 0 iff the holonomy reduces from
Sp(n)Sp(l) to Sp(n). By a result of Alekseevskii [31, any
guaternionic Kdhler manifold with t # 0 is irreducible as a

Riemannian manifold.

Let M be a guaternionic Kdhler manifold. 'By theorem 4.1, M
admits a twistor space Z which is locally isomorphic to thecomplex
projective bundle P(H). To introduce some topology, first suppose

that M has § = 0 (see £1), so that H is well-defined globally. The

tautologous holomorphic line bundle L_l = (_<k‘L)_l is then well-
defined on Z. Put
: *
W o= _CZ(E) (cl(§)=0-because HZH)

X

Because Z = P(H), the Leray-Hirsch theorem implies that the real

cy (L)

*
cohomology of Z is a free H (M;R)-module generated by b subject to
the relation )
5 ,
12 = coe

2
In general, if S'# 0, 823 and L~ are still,well—defined and we can

2

1




put

2 - 4
~kc, (s°H) = xp, ((s°H)_) € B (uR)
2

=3
i

I

se, (L) e 12 (7;R)
Moreover (21) remains wvalid.
Note that w may also be defined as the real cohomology class

determined by the closed 4-form

- ~l§ trace (lez) = —£~c2t2(IAI + JAJ + KaK)

8T g4
in terms of a standard basis {1,3,K}] of (Szﬂ)rCngE*. At each
voint I,J,K defing almost cémplex structures consiétent with the
orientation of M, and it follows that

| ® = IAI + JAJ + K AK
has maximal rank with (Dn'= C)A.J.A(> a positive multiple of the
volume element. If M is compact,

H[w"] = \((_L c2t2@>n >0 | .. e
: JM 4ﬂ2

Because JlH is invariant under Sp(n)Sp(l), the 4-form ® is in fact

covariant constant. & is analogous to the fundamental 2-form on a
K8hler manifold and was introduced by Kraines [31] to establish
inegualities for the Betti numbers of a quaternionic Kihler manifold.

The main point is that wedging with ® determines an injection
A

. dn-1__1 . . o
Examples 1. We saw in £4 that S XS" is a quaternionic manifold

(n>2), but it cannot admit a guaterniconic XK&hler metric. For
h

. . , t , . ,
otherwise its 4 Betti number would be non-zero.

2. TFor t> 0, the only known examples of guaternionic Kdhler

manifolds are the symmetric spaces described by Wolf [38]. He




observed that all the compact simply-connected Rigmannian
symmetric spaces which are quaternionic Kihler arise as follows.
Let G be an arbitrary compact simple Lie group with trivial centre;
Let Gl = Sp(l) denote the regular 3-dimensional subgroup of G
corresponding to the highest root of its Lie algebra (with respect
to some ordering), and let N(Gl) be the connected normalizer of

G1 in G. Then G/N(Gl)
space with linear holonomny N(Gl)CZSp(n)Sp(l). For details see

has the structure of a Riemannian symmetric

[38]. 1In particular there are three families

Sp(n+l) _ . n SU (n+2) n SO (n+4)

—_ n
Spmxsp(l) - UMY - X S0OmI=0d))

=Y

all of dimension 4n, n>2. Note that X2 = Y2 and if we include

n = 1 we obtain the two examplest
mpl = x! = g%, vl ¢ ¢p?
of self-dual manifolds. We may alsc take G to be an egceptional
Lie group, in which .case after a careful examination of the isoﬁr0py

representations we obtain the spaces

G F E

2 . 4 r 6 4
b 4 -
SC{4) Sp(3)x2%§p(l) SU(6)X2%FP(1)
E7 E8
2 ’ (o
Sp¢n(12)x2i$P(l) E7x2%ﬁp(l)

of dimensicn 8, 28, 40, 62, 112 respectively.

It follows from the above descriptions that all the Wolf

1

spaces apart from HPH,X have g;ﬁ 0. Moreover if M is any one of

the exceptional spaces cr Yn, n .#3, we obtain from the homotopy

exact seqguence

~ L 2 ’
722 = Tr2 (M) = H” (M;72).




Let M be a Wolf space with holonomy strictly contained in
Sp(n)Sp(i). Then from theorem 7.1, its curvature must have
RL)# 0, so as a quaternionic manifold Cl # 0. Therefcre of the
Wolf spaces describéd above, P is the onl§:%hat is an integrable

guaternionic manifold.

Non-trivial examples of quaternionic K&hler manifolds with

W

t = 0 have been found by Calabi [15]. Indeed he has shown that
the total space of the holomorphic cotangent bundle of CPn admits
a complete Riemannian metric with holonomy equal to Sp(n) (nz21).
Such a manifold M has a set {I,J,K} of complex structures, each
of which actually defines a K&hler metric on M. The.Riemannian
curvature R = RU # 0, so again the GL(n,H)Sp(l)-étructure of M is
not integrable. A priori, the GL(n,H)-structure is noh~integrable.
This answers in the negative a question of Sommese who, in a study
of manifolds with an integrable GL(n,H)-structure [37), asked
whether the integrability of the almost complex structures I,J,K
is sufficient to ensure the integrability of the GL(n,H)-structure.
The Calabi examples are not compact. In fact Bogomolov [11]
has recently proved that there are no compact locally irreducible

Riemannian manifolds with holonomy contained in Sp(n), n=2> 2.

4, Finally, examples of quaternionic Kdhler manifolds with t<0
are furnished by the noﬁ~compact duals of ‘the symmetric spaces
described above. Alekseevskii [5] has also found\examples which
are homogeneous, but not éymmetric, Tc date, no non~-homogeneous

quaternionic Kdhler manifolds with t # 0 are known.
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8. Properties of the Twistor Space

We know that a quaternionic Kihler manifold M admits a
twistor space Z. In this section we shall see how the existence
of the guaternionic Kihler metric on M imposes additional
holomorphic structure on Z. As usual let L—1 be the tautologous
holomorphic line bundle over Z, and let wﬁg‘/gl’o denote the

holomorphic cotangent bundle of Z.

Proposition 8.1 The twistor space Z of a quaternionic manifold

M has a nowhere-zero holbmorphic section.FEHQ(Z,O(L2<®LA9)).

Proof Working locally over some open set of M, we begin by
considering the complex manifold HNO, the total space of H with
its zero section removed. Thetiﬁduced connection on H gives rise
to splittings

T(H0) = V@ H#

\{

» . % .. (24)
T (EO) =Fep T

where Q% is the annihilator of ?f We first recall how the complex

structure was defined on these bundles in §4.
Take a standard basis {hl,hg}‘of H and let 21,22 denote

corresponding coordinate functions on its total space.Then from

1,0

Kk .
the proof of theorem 4.1, the fibre of (p T ) at .each point

is spanned by elements of the form
1 * 2 % _ i
zZ°p (ehl) + z2°p (ehz) = e(z hi)
‘If'Vhi = hj®cug, a local section s = slhi of H is covariant
‘constant at xeM iff
+ SJM%, i=1,2
J
there. It follows that the 1l-forms

0 = dsl

oF = azt + 2IWt, 1 =1,2
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defined on HMNO annihilate vectors in ﬂ#. Moreover, since the
restrictions of the functions 21,22 to each fibreq:z\o are
holomorphic, {9%} spans‘E}’O at each point.

Now E} F—efgi gives an isomorphism p*g = Q;l’o which is
natural with respéct to the SU(Z2) structure on the fibres. As'
a consequence, the canonical section of p*E can be viewed as
an invariant section o =2z207 - 2%92 of\§}’o. We claim that o«
is in fact a holomorphic 1-form on ENJ). Because of the SU(2)-
invariance, it is enough to prove that dx is a (2,0)-form at
say y = hz(x) (i.e. zl = 0, 22 = 1) and we are free to assume

— j — r
that‘VhiiX 0, so that Qi’ « = 0. Then at y,

d(2291 - z1@2)

d =
= d(dz1 + zlwi + z%@é) - 2dzlﬁ~dzz
= dup - 2dz’ A dz®
= S - 2dz’ A da”
where by proposition 7.1,\95 = ct(hz)zé’ﬂe’o(p*l*)y. Therefore
de< is a (2,0)-form, as required.

Now pass to z = P(H). The functions zl,z2 define, as in

§6, sections S48 of L satisfying s, = us, wherever u = zl/zé is
finite. The restrictions of S1,8, to each line q—l(x) = CPl
are holomorphic, although S1,S, themselves are not holomorphic

sections of L. Put

o 1

+ u(ul

I

— uz(/\)?

du + ol ~w?y e et
2 2 I

7 N 2 *
g=(sp?e6ert’er s
both defined on Z‘\{z2=0}. Regarding‘g as an L£~Valued 1-form,

its pullback under 7: HNCO — 2 satisfies
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>k
= zzdz1 - zldz2 +LV% - uzwi + u&u}'—cug)
= 226l _ 2102
=

Therefore © is actually a (1,0)-form on Z\{22=0}, and the
equation ﬁ%ﬁ = « defines a nowhere-zero holomorphic section
per’(z,0(1%041)).

The next theorem is really a corollary of proposition 8.1.

Theorem 8.1, Let M be a quaternionic Kdhler manifold with

twistor space Z. Then the (locally defined) vector bundle E
on M is quaternionic, and there is a (globally defined)

holomorphic short exact sequence.

2 1

0 — 1~ “—ﬁa{l'——f‘}L—

*
®q§2_———>0 . .. (25)

of vector bundles over Z.

Proof Let R denote the Riemannian curvature of M. The curvature

JZE of E is the image of R under the mapping
dﬁ@l - 2%
SZZL - ZL®/\2T* LS EndE®AN'T
where e is the representation Sp(n)xSp(l) —> AutE. From theorem

7.1 and the proof of proposition 7.1,»&& is a section of 82(82

2 . oo
E. Hence E is a quaternionic

E),

so certainly its 2-forms belong to S
l:uhOU&

vector,in the sense of §5.

Corresponding to (24) there are splittings

Ve H \ .. (26)
Y q*T* .

where by abuse of notation we have used the same symbols for the

TZ

*
T Z

summands, although now the fibres of j)and.}‘have ocnly 2 real

-



7

1

~

dimensions instead of 4. Now ;? determines an inclusion L-2C~4? Vi

*
and the (1,0)-part of the above splitting of T Z can be written

— — * ) ' |
A = e lqE ‘
- ~ —_— * * .

because g (L 2) = \E;’O and L lq E = (q*z )l,O. Refer also to

{(8) §4. Therefore (25) exists as a C~ sequence of vector bundles.
on U'® (fg

But /8 is holomorphic and induces a holomorﬁﬁx:structurgAso that

(25) 1is holomorphic.

On the other hand q*g, and so L_lq*g, has a holomorphic
structure by the corollary to theorem 5.1. Using ?heorem 6.2, this
holomorphic structure satisfies HG(Z,zT(q*E)) = kerV : E —> gcag*,
Fix z&€ Z with g(z) = x. Then the space of l-jets at z of local
holomorphic sections of q*g is spanned by elements of the form
jl(q*e), where e is a local section of E over M such that Vé}x = 0.
Fix such an e. We shall show that jl(q*e) is the imace of a l-jet
of a holomorphic section of L ®;%l under the mapping L?$u4l ——é»q*g
arising from (25). This will imply that the two holomorphic

- *
structures on L lq E are identical, so that there is no ambiguity

in the statement of theorem 8.2.
Take a standard basis {hl,hz} of E such that z = [h2(xﬂ and
= 0. Choose a smooth (necessarily complex=valued) functicn

A on M satisfying
a - .
d>\lx = (ehy) &€ (BH), =T

o«

Then
o = 52®[e(uhl + hy) + \6]
is a section of L ®Lﬁg whose l-jet at z is holomorphic. For at

h2 (%),

* 1 )
a(mro) = d [e(z*hl + 22h2) + ;%)51
oz

dzz,m(ehz) +  A(x) (dx - dz%«dzll

*
e N0 (o)




* *
But under L ®;Ag —> q E, 0 maps to q e, as required. -

Remark Combining thecrems 5.1,8.1 we see that the total space of
tangent bundle T = E®@H of a quaternionic Kd&hler manifold M is in
fact a quaternionic manifold. However, unless M is flat, it does
not admit a compatible guaternionic Kdhler metric. More generally,
if F is any non-flat guaternionic vector bundle over M, the
guaternionic manifold M of theorem 5.1 does not admit a quaternionic
K8hler metric,

For definiteness, take an anti-self-dual SU{(2) bundle F over
M = 84 with cz(F):>O. In example 3, €5 we computed the curvature
of a torsion-free GL(2,H)Sp(l)- connection on M at a point xe M.
Because the U-component of this is an in&arianﬁ of the guaternionic
structure, 'lowering the first index' gives the component ﬁU of the
Riemannian curvature of any compatible quaternionic Kdhler metric.

In our case, at x,

ﬁU = “QF + terms arising from bI/\dXI
L) * *
With respect to the natural splitting TM =T @F H at x, JZF has
2

non-zero component in A

* 2 % ~N %
(F H)® A'T . Because bfé(g@i r Ry cannot

*
lie in S2(A°T f).
To sum up, the existence of anti-self-dual vector bundles
over S4 provides'us with examples of non~trivial quaternionic

structures which do not admit a quaternionic K3hler metric.

The seguence (25) gives a natural expression for the canonical

bundle # of the complex manifold Z :-
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WK = //\2I‘1+1 (\){l)

_ L~2(n+l)@,q*ﬂgng
_ L~2(n+1).

.. (27

where for the last equality /gng is trivialized by a%n, Equivalently,

0 2 (n+1)

there is a natural section Y€ H (Z,0(L ® %)) which may be

calculated by the formula
;A2
Y = BACATS) M
A ) . .
where 5 is any C splitting of (25) :-

g *
2 S A S s o0

4

0 —> L~
But (8) §4 gives a natural candidate for 5. Namely 1in terms of a

standard basis {hl,hz} of E,

§is)) toe) = e(uh; + h,)
Hence
2n n
Y = BalARE) (w,™)
= ((s,)?0 &) A[(un, + hy) e "]

li

(82)2(n+1)$[j€9A(Uhl + hz)nlngril
On the other hand, regarding f?e.HO(Z,ﬁtL2® gé;) as a szvalued
l-form on Z, the expression
g ~ag)Pen®z,0w? P e 4))
makes sense because it is independent of the local section of L2
used to evaluate d@ . Moreover at z = [hz(xﬂ € %, where we assune
for simplicity that'Vhi\X = 0,

B Aldp)” = ((32)2@;9)/\(@8)“
' (n+1)

]

, 2 1.n
(s5) duACQE)

2 (n+1)

(s,) duA(ct(hp)z)nwEn by proposition 7.1

Cntnb,

Consequently fanxdfg)n is ndwhere«vanishing provided that t # 0.

In




i

this case ﬁ is precisely a complex contact structure on Z. For
an appropriate definition of the latter, see Boothby [13].

summarize,

Theorem 8.2 Let M be a quaternionic Kdhler manifold with non-zero

scalar curvature. Then the twistor space of M admits a complex

contact structure..

_ G
Examples Let M = /N(Gl) be a Wolf space with G compact, as

described in £7. N(G ) = KSp(l) where KC Sp(n) aﬁd G has Lie
algebra Sl %,+ sp(l)+ . with [%wsp(l) m]cm Choose a standard
basis {I J,K} of sp(l) and let U(l)<T Sp(l) denote the subgroup

generated by I. Then the twistor space of M is the complex

homogeneous space Z = G/Ktj(l)With the obvious fibration q : 2 —> M.

I defines an almost complex structure on the tangent space Eo = m

to M at the origin. An arbitrary z £ Z then corresponds to the

almost complex structure g(*ﬁIvgr*—l on Eq(z) where .g is any
representative of the coset z and g, Eo — Eq(z) is the action

of g on T. The holomorphic tangent space to Z at the origin may

1,0 where %} OC—W)®R C is the

i-eigenspace of adt The form g defining the contact structure is

identified with {J-iX} +7m

o
(D

essentially projection onto the {J-iK }- summand.
Wolf [38] obsexrved that
G G
9 g1 > /% sp (1)
establishes a 1-1 correspondence between the compact simply-connected
homogeneous complex contact manifolds and the compact gquaternionic

K8hler symmetric spaces. He also observed that a similar corres-

pondence holds in the dual non-compact case. Consequently our




construction of the twistor space of a quaternionic manifold mav
be regarded as a simultaneous generalization of the results of

Atiyah, Hitchin & Singer [7] and those of Wolf [38].




/s

9. Positive Scalar Curvature

From now on, we shall be primarily concegned with a
guaternionic Kdhler manifold M having positive scalar curvature.
Provided we assume that M is complete and connected, the fact
that M has positive definite Ricci tensor with eigenvalues bounded
away from zero implies that M, and so its twistor space Z, is

compact (Kobayashi & Nomizu [28 ; VIII, theorem 5.81).

Theorem 9.1 Let M be a guaternionic Kdhler manifold with scalar

curvature t> 0. Then its twistor space Z admits a Kdhler-Einstein

netric of positive scalar curvature.

Proof First we establish the existence o0f a Kdhler metric. Recall
the splittings (26) :-

= Ve

.}@q*g*

Now the fibres of 7V possess a Riemannian metric induced from the

=3
|
Il

=
™
il

SU(Z)-invariént Fubini-Study metric on each fibre CPl of 2. 1In
addition, the pullback q*g of the Riemannian metric on M determines
a Riemannian metric on the fibres of H. Both of these metrics are
Hermitian with respecﬁ'to the complex structure of TZ. Choose a

standard basis {hl'hZ} of H with corresponding coordinate functions
l N . .

zl,zz, u =2 /ZZ, connection.l-forms wi and l-form
) 1 2 2 o1 2
6 = du + wy - u'wj +Lﬂwl wz)
Then on 2 \{Z2=O}the above metrics may be described by the forms
- ~1OA0 2
Hlu) = 22020 € N F-
(L+ fuj™) o
' w - _}_} */2 * %
b+ ] |
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 For any k>0, kd + P e (A 112) defines a positive definite

Hermitian metric on Z. We shall show that k may be chosen so

that d(k$ + ¢ ) = 0. kP + ¥ 1is then the fundamental 2-form
of the desired Kdhler metric.

Since $, ¢ are actually independent of the choice of basis,
it is sufficient to evaluate dp , d¢ at z = [hz(xile Z (i.e. u=0)
and as usual we are free to suppose that Vhilx = 0. At 2,

a® = ~1(aBAB - 0 AAdB)

= ~1(QhnaE - dz,\&i)

-ict ((h,)2Adz - dza(h)?)
by proposition 7.2, whereas again at z,

ag

P _ 2
Hence d(k¢ + P ) =0 iff x = 7/ _, >0,

—2i((hl)2/\dz - dEA(hZ)?‘)

Take the Kihler metric oﬁ Z determined by the 2-form
é%@@ + ¥ and let G denote the corresponding Riemannian.metric. By
construction, the isomorphism q, : H —> T mapping horizontal wvectors
on Z to tangent vectors on M is an isometry at each point. In
other words q : (Z,G) —> (M,g) is a Riemannian submersion, and in
order to verify that G is an Einstein metric we can employ the
methods of 0'Neill [35]. The fibres of q : Z —> M are totally
geodesic, so there is one tensor A (analogous to the second
fundamental form of an immersion) defined on Z which describes the
‘submersion. Essentialiy AeZHOM(A27¥}j7) and measures the
obstruction to integrability of the distribution ?%, but it is -
customary to describe A as follows. For any horizontal vector
,Xéiﬁgé, Ay is a skew-symmetric endomorph%sm of TZZ which inter-
changes the subspaces 7#; and 'ﬁz. Moreover if Yasﬁ%%,

AY = % vertical component of [X,Y]Z

X
where to compute the Lie bracket, X,Y are extended to horizontal




vector fields.
The above is standard and contained in [35], but now ‘we
define the tensor A2 by

2 B
A°(R,S) = 7 G(AX R,AXS)
: i i

where R,SE'TZZ and {Xi} is an orthonormal basis of ?ﬁ, Note that
2 . : : .
A" (R,S) is non-zero only if R,S are both horizontal or both

vertical. This definition enables us to state

Lemma 9.1 Let g : Z —> M be a Riemannian submersion with totally
gendesic fibre F. . Then the Ricci tensors of Z,M,F are related by

ZG((V A) v)

ric?(x,v) = RicM(q*X,q*Y) - ZAZ(X,Y)

Ric? (x,V)

Ricl (V,W) = Rick (V,W) + A% (V,W)

for anv X,Yé:7q, V,Wéiq/, where {Xi} is an orthoncmal basis of 7%.

Proof All three formulae follow from the 'fundamental eguations' of

1]

[35]) by putting T = 0 and using symmetries of A and VA,

Returningrto the case in which Z is the twistor space of a
Quaternionic Kdhler manifold, we calculate the tensor A. Let
Yéir(?f). Choose a standard basis {hl’hz} of H with‘Vth = 0 and
with associated l-form ©, curvature forms JZ%. At any zeaq"'{x),
Q,AXY>Z ;_%<Q,LX,YJ>
= —LdO(X,Y) + X <O,¥> - kY <O,X> -
='z[ﬂ§ - u? ﬂ‘;_z u(‘)zji - Jlg)}
ctluh, + hy)”(%,Y)
using propeosition 7.2. Thus if Si
write

- . 2.7
A(u) = -ct Re (ahl + hz) ®9u,

e‘”D denotes the dual to &, we may




The above formula was vroved only for points on the line q—l(x),
but because the rightnhand side is independent.of the choice of
standard basis, it is valid everywhere. For example,
_ 22 2.2 ,
Aluzo = -Ct[(h2) 3.+ (b)) 3,&] .. (28
It is now an easy matter to compute that

= 2cﬁG, A2

2 .

Finally we show that Ric’(X,V) = 0 for X € F(#), ve (V).

Fix zeZ, g(z) = x. By the lemma, it suffices tc prove that

G((V&A)YX,V) 0 for Y 5‘%%. Let {hl,hz} be a standard basis of

H with Vh,|_ = 0. Using without comment the methods of 35 ,

* 9 & 2

g N°T component of V}(hi ) =0
N

V  component of V%(Bu ) =0

Because the section {u = O} of Z over M is horizontal at z, using
(28) we can conclude that G((V,A) X,V) = 0. |

From lemma 9.2 & (29), the Ricci form of 7 is aii + b where
a,b are constants, b> 0. But the Ricci form of a Kdhler manifold
is closed, so d(ad + bP) = 0 and from the first part of the
proocf, this forces the Ricci form to be a positive multiple of the
fundamental 2-form. Therefore G is a Kihler-Einstein metric of

positive scalar curvature.

Because the first Chern class of a Kihler manifold has deRham
representative (l/2TT times) the Riceci form, theorem 9.1 implies

that cl(Z) is a positive element. On the other hand, from 87 we

*
can express the Chern classes of Z in terms of X and H M;R).  In

narticular from (27),

-2 (n+1)

¢, (2) = —c (%K) = -c; (L ) = 2(n+1)f




Hence

£ is a positive element of Hl’l(Z;R) . . (30)

If M has ¥ = 0, then fé:Hz(Z,Z) and a result of Kobayashi & Ochiai

[29; theorem 2.2] implies that 7% is biholomorphically equivalent

2n+ 5 . .
to cp ™ 1. The following result then comes as no surprise.

Theorem 9.2 Let M be a quaternionic K&hler manifold with & = 0

and positive scalar curvature. Then M is isometric to HP" with

its standard metric.

Proof We shall actually prove this directly, making use of our
theorem 6.2. If F is a holomorphic vector bundle over Z we use
the notation hp(F) = dime(Z,OKF)); also hP = dime(Z,D). First

we calculate the Euler characteristic

Zn+l
p(r) = X(z,00Y)) = > (~-1)PnP(L%)
p=0

By the Riemann-Roch theorem (see Hirzebruch [201]),
P(r) =>[ch(L¥)td(2)] - % [eta(z)]

is a polynomial of degree £ 2n+l in r. Here td(Z) denotes the Todd

class of the holomorohic tangent bundle of Z. If r<Oo0, Lt is a W

negative line bundle by (30) and Kodaira's vanishing theorem gives
s
h”(LY) = 0 if r<0 and s<2n.

Moreover by Serre duality,

h2n+l(Lr) _ hO(L“r®’k)
_ BO(L—r—Z(n+1)) by (27)
=0 if r 2-(2n+1)
Thus
P(r) = 0 4if r = =1,-2,...,-(2n+1)
Also
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and the Todd genus of Z,

x[td(z)] = P(0) = 1

We now know the values of P(r) at 2n+2 distinct points and are
"able to conclude that

‘r + 2n + 1
) . =

P(r) =| %0 .. (32)

r

Lemma 9.2 Let M be a compact quaternionic Kihler manifold with
scalar curvature t # 0. Then the space of infinitesimal isometries

on M is isomorphic to the sheaf cohomology group HO(Z,OKLZ)).

Proof By theorem 6.2, HO(Z,O(LZ)) is isomorphic to the kernel o
of the differential operator

D : Szg ——=>§®s3_f;
defined by the quaternionic structure; The symbol of D is the
symmetrization mapping

SZH®EH — E®S3H
Let § be the differential operatocr acting on 825 with symbol givén
by the contraction

SZH®EHC—% H®H QEH ——> EH = T*

L
oy

H
(If oneregards Szg as a subbundle of /@E", then ¢ is simnly the
adjoint of exterior differentiation.) We identify the space of
infinitesimal isometries on M with the space A of 1-forms n

e 2% NY S oo .

satisfying Vze,F(A T ). Ifce¥, then ocel{T ) and we shall
prove that JW——%(&T gives an isomorphism Qf = 7&: Note that this
will be an isomorphism of real vector spaces since'%?and'ﬁ: have
obvious real structures.

! 2 x *
Let e . V(o) e r(S H®T ®T ) and the skew part

OVV(es) e V(SZE) is essentially &%(0) where\ﬂH is the curvature of




g2

H. We claim that the composition

sPH®O AT C5> HeH® (EH®EH) —-> EH® EH
1
“H

of the obvious inclusion with the indicated contraction sends

*
SZHéDﬁ?T onto the irreducible GL(n,H)Sp(l) modules

Res®u, Ar, s%sm .. (33)
of EH®EH (i.e. all but SZE). By Schur's lemma, it is enough to

*
produce elements of SZH ®/@T mapping ontc non-zero elements in

each of these spaces, and it is readily checked that

hlz@el2 e s’nes’e 1 5 9 %
) 5 g s o C STHO AT
h, @(el/\ez.hz)éSH@/\ESHJ

(standard bases) do the job. This observation implies thathF(U)
determines the components (33) of VU&E). From proposition 7.2,
ﬂH is trivial as an Sp(n)Sp(l) module, so reverting to the action

2§<:/@§82E, Therefore

of Sp(n)Sp (1) ,QH(cr) is a section of S
V(So)e r(s%H + s%E) = M(a), and Soe A

Now suppose that cré°ﬁ: $o = 0. From above, the 82H~
component of V(3o) is\ﬂH(V) = to (up to a universal constant).

Therefore o= 0 and ¢ : of ->'76 is injective. Because %V,ﬁklare

finite-dimensional, of = 4.

Returning to the proof of the theorem,

hZ(LZ) = h2n+l—s(L~2® LmZ(n+l))
= Q0 if g>=21.
Thus by (32),
0,.2 A 2,
h' (L) = 20(2,0(L°)) = P(O) = (n+1) (2n+3)

From the lemma, M has an isometry group of dimension (n+1) (2n+3).

The linear isotropy subgroup G at each point then has dimension

0

Z (n+1) (2n+3) = 4n = n(2n+l) + 3. But GO must be contained in
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the holonomy group, so counting dimensions GO = Sp(n)Sp(l) and

M is homogeneous. Now a Riemannian homogeneous space whose

isotropy and holonomy groups coincide is locally symmetric.
Finally, the twistor space Z, and so M itself, is simply-

connected. This follows from the fact that ¢(Z) > 0 and a theorem

of Kobayashi (see [28; note 237). Therefore M is a Riemannian

symmetric svace with holonomy equal to Sp(n)Sp(l). Wolf's

classification [38] implies that M is isometric to HPT.

Theorem 9.2 means that the vanishing of s characterizes
g™ among the quaternionic’Kahler manifolds of positive scalar
curvature., Even if §'¢ 0, we can again use the holomorphic

structure of the twistor space to gain information about M,

Theorem 9.3 Let M be a guaternionic K&hler manifold with positive

scalar curvature. Then the Kdhler manifold Z is simply-connected

and has only (p,p) cchomology.

Proof The fact that m, (2) = 0 was proved above. The second
statement will follow after we have proved by induction on g the
assertion that for 0<a<sn,

0 Vp if 1< n-q

0 and p # g

. hP/P if r

0 and p = ¢
Here E is an abbreviation for the holomorohic vector bundle q*E
over 7, and h?'9 = daimu%(z,0(AP)) where AP is the bundle of
holomorphic g-forms (P79 = n9'P gince 7 is Kéhlér).
First, by Kodaira's vanishing theorem,
RP(L™%Y) =0 Vp if 1<r<n

and using Serre duality and (27), %8,
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hp,O _ h?(d) - h2n+1—p(££®+l))

Therefore our assertion is valid when g = 0. As inductive

hypothesis suppose that the assertion is valid when g<Q-1. The

ch exterior power of (25) gives a holomorphic short exact

seguence
0 - L_Q—%AQ_lE : J%Q - L"QAQE > 0

; . -2r
Tensoring with L ’

Q

0 . L—Z(r+l)®ib—(Q_l%Kg‘lE ——é»L_2r® u4 — L—ng,L—QAQE —_— 0

By hypothesis

it

_ A _ 0 Vo if 0<r¢n-Q
nP (172 (5 o 17 (071 0 ') 7\, 2n+l-p, - (Q-1) ,0-1
» h P (L A"TE) =0

A

if r = n=-Q+1, p # 2n-Q+2

so that from the associated long exact sequence of cohomology groups,

Vp if 0 r<n-0
(L7 e 17%%) = WP LT @ 49 = n2P T {

But if p+0< 2n and r2 1, by the Akizuki-Nakano vanishing theorem
21, hQ,p(L=2r) = 0. Moreover by hypothesis, h9'P = o for p<Q-1.

Therefore

p<2n-0, 1L r&n=-Q+1
hP (1, = 0

r 0-1, r =0
On the other hand,

2n+l~p(L2r+QﬁgE(gL~2(nfl))

P (LT e 17 %%:) = n
h2n+1-—p(L—-2(n--Q+l~—r)®L—-Q/\QE)

=0 1f p20o+l, 0<Lr<n-Q

the last line by (35). By assumption 0<Q<n, so that 0+1< 2n-Q+l

and (34), (35), (36) imply that our original assertion is valid for

g = Q.

p<2n-Q+1, r = n=-0+l1

(34]
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As a corollary of the above prcof, we have

Proposition 9.1 Let 0<g<n., With the same hypotheses as in

theorem 9.3,
_ _ 0 if 1<r<n~-q
X7 ,0(L 2To 1, q/\q_E_):{ _
-1V if r = 0
Theorem 9.3 has the following immediate conseguences for the

manifola M itself.

Theorem 9.4 Let M be a guaternionic K&hler manifold with positive

scalar curvature. Then M is simply-connected and has odd Betti

numbers zero.

The statement that 7T,(M) = 0 generalizes a result of

Alekseevskii [4; assertion 6].
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10. Low Dimensions

We now specialize to the case in which M is an 8-dimensional "
guaternionic Kdhler manifold with scalar curvature t>0. Let X,
Py/Py denote the Euler and Pontrjagin classes of M, and <t the
signature. By evaluation on the fundamental cvcle we identify

H8(M;R) with R.

Propvosition 10.1 /ﬂ:= 3c

Procf The proposition follows immediately from the formulae below.

1 2 N
75 (7p5 = P;7) =T . . (37)
7. - 4 =0 38)
P, Py, = N iy
tp. - 0.2 =g’ (39)
p2 _1 L] e

(37) is the usual formula for the signéture in tefms of the
L-genus (see e.g. Hirzebruch [20]). |

The left-hand side of (38) equals 45.2.A, (). By
proposition 1.1, M is a spin manifold, so applying the Atiyah-
Singer index thecrem to the Dirac cperator, the ﬁ-genus ﬁz(M) equals
the dimension of the space of harmonic‘spinors. By the Lichnerowicz
vanishing theorem {331, this is zero because t> 0.

Finally we prove (39). As usual let Z denote the. twistor
space of M, g : Z —> M, From (7) ¢ 4, the pullback q*(z)r of the
tangent bundle of M is isomorphic to’the real vector bundle |
underlying Lq*g. Thus 1f Cy/Cy1CqsCy are the Chern classes of

*

4
N * % * . ) . . v
g A-. Because ¢ : H (M;R) —> H (Z,R) is inJective,

*
Lg E, then Cy
* . 7
we shall omit q and write ¢, = X,
Now T = E®H, so

) *
(Lq E)® g H=L®g T




From (11) $6,
ch(g¢ E) = ch(L) + ch(L™
= e’e +7e"Q
Hence
ch(Lq*E) = (1 + e_2£)_lch(q*2)

3

5(1+
which implieé that

C

1
2
cl - 2c2
3. 3c,c + 3
€1 1€2 €3
4 2 2
cl - 401 Cy + 202 + 4clc3 - 4c4
(40),{42) give .
4 2 _ 4
cl - 3cl c2 + BClc3 = —322
Using (43),
c1? - 6c.? + 12¢, = -1280% +
2 4
Using (40),(41),
1 2
¢y = gldpy, — Py )

which implies (39).

Remark

1

1074 295
A=+ (8 + py +

)

z(Py” ~ 2py))

= 4§ . (40)

= Py . (41)

= 803 4+ 3p 4 ) (42}
2 \

= pl - 2p2 . (43;

+ 12pl;€2

The above proof of formula (39) will hold for anyv8~

dimensional Riemannian manifold with structure group reducing from

SO(8) to Sp(2)Sp(l), for in ceneral it is still possible to

construct the manifold 2 which will have a natural almost complex

structure.

In fact the same formula holds for any 8-dimensional

Riemannian manifold with structure group reducing to Spin7, SU(4)

or Sp{2). The case of SU(4) or Sp(2) is easy because i%,plppz are

then given in terms

- - - = e ? (a -
= Cyy Py = 2¢y, Py = <, (cl(M) =

0) and

of the Chern classes of M by

(39

is immediate.

)
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For Spin7 see Gray [18].

Proposition 10.2 The spinor bundles of M are given by

= Agg + snm

L
v

E®H = T

In particular, tangent vectors can be thought of as spinors.
Proof Both the inclusions SU(4)CLSO(8), Sp(2)Sp(l) C SO(8) 1lift
to spin, the former because SU(4) is simply-connected and the
latter by proposition 1.1. Thus there is a commutative diagram

SU(2) q\\x§

So(2) Spin 8

\89<2>Sp<;) <

It is known (see e.g. Hitchin [211) that the spin representations

V,,V_ decompose under the action of SU(4) as

v, = S0 A0 o D0y \002 N0

_ A0L , A0)3

N

¥

>
>
Q

v—

of (0,g)-forms on a manifold with an SU(4) structure. The
representations ﬂp’o,,ﬂp’4 are both trivial. If we. restrict to
Sp(2) -then the space /9'1 is precisely what we have called E, so

in that case,

\% A + /3E + A = ASE + 3A

+
v =E + E = 2E

I

However the decomposition of V,,V_ under the action of Sp(2)sp(l)
must yield the above upon restriction to Sp(2). This restriction

corresponds to replacing the representation H by the trivial
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representation 2A, and because Clifford multiplication implies
that V,< V_@EH, V_CV, ®EH, the only pcssibility is
_ A2
Ve = AGE 4 g2y

V_ = E®H

In general on a spin manifold, tensoring the Dirac complex

0 —>V, —>V_ —> p

with V., give half the deRham complex. 1In our case the Dirac

complex looks like

0 —> AJE + s%H —» EH 0

or alternatively as a 3-step complex
0 —> /\S_E_ ~— Ap —> A'ES?H —> 0
since AKE = E, A'E = A, If we tensor this not with V_, but simply
with the vector bundle SZE, we obtain the éomplex,
0 —> 2 —> B —> NEs’H —> AEs’H — Alpstn — o
where each operator is exterior differentiation followed by the

appropriate projection. More generally, tensoring the Dirac complex

with Sr+2E gives the complex
0 —>» s'H —s ps™ My —» Aps™p — s — AEs™H —= 0

of proposition 3.3, If F is a guaternionic vector bundle over M
we can obtain additional complexes by tensoring with F. Theorem

6.2 then yields

- *
Proposition 10.3 The Dolbeault d-complex FLri@(Ag’ on 7z and the

r+2, . . .
complex FS H®V, on M have isomorphic cohomology.

We are now in a position to state




Theorem 10.1 An 8~dimensional quaternionic K&hler manifold of

positive scalar curvature has Betti numbers

+

b, =0, by, by =0, by =1+b,, by =0
Proof By theorem 9.4, b, = by = 0. Moreover
ntrt = aima? (z;R) = 1 + b

2

But using propositions 9.1, 10.3, and the Atiyah-Singer index

theorem,
rlrl = -z, 0w e
= - X(M,HE®Y,)
= 2, [chEE)AM)]
where ﬁ(M) is the A-class of M. But ch(HE) = ch(T)

1 2
—_ J__ 2 _ ....L ]
1+ b, = %M[(B + py + 70y 2pz) (1 &pl)
_ L2
= 2P "épz
= —é,%

by (39). On the other hand by proposition 10.1,

X =%(X-7) =1+ b, + b,

Therefore bz =0 and X= 3 + 3b2, completing the proof.

Examples 1. There are three 8-dimensional Wolf spaces with t> 0,
namely

G
n SU(4) 2
BP™Yy s %0 (35T S0 (4)

Computing'ﬁé(M) as in &7, we see that these spaces have second

Betti number b2 = 0,1,0 respectively. It is interesting to check

G
/50 (4)

the holonomy on the svace of 2~forms

indevendently that b, = ( for by considering the action of
- <

2

*
¢ H + /gES H

Ar" = g% + g




1

‘Any harmonic 2-form is invariant under the linear holonomy group
which has the form KSp(l) where X = Sp(l). If V denotes the
standard represéntation of K on C2, then under

K> Sp(2) —=> AutE

E must decompose into a sum of spaces sPv. From proposition 10.2,

there must be no trivial summands in A%E, because there are no

harmonic spinors. This forces E = 83V with AgE = S4V. Therefore
82E = 86V + 52V

has no invariants and b2 = 0.

2. The manifold é%z, the guaternionic vnrojective plane with a

point blown up, cannot admit a guaternionic K8hler metric of
positive scalar curvature. In our Jlanguage HP? may be described
as the quaternionic projective line bundle PH(E & 1), and has

b2 = 0, but b4 = 2,

Theorem 10.2 An 8-dimensional gquaternionic Kdhler manifold of

positive scalar curvature admits an isometry group of dimension

at least 6.

ggggé By lemma 9.2, it suffices to show that
n@?) = amn’(z,00%) 26
Firstly, using propositions 9.1, 10.3,
1= 7XA2,0)
2,82

7 [ch (s?m)R (M)]

I

HOV,)

i

. 2 2 . P2 L2
Now ch(s"H) = (chH)" - 1 = (2+w+ 7w )-1 = 3+4w+,§w . So

i

. 2. ,. ! !
( +y, - o
1 7%4[;3+4w Iw ) (1 2yp1)f

I A .
= 3W gplw . .




On the other hand from the proof of theorem 9.2,
2

Az ,0(L7))

X, s'n 0v,)

%M[éh(s4§)ﬁ(Mﬂ

(ch(s’m))? - ch(s’m-1 = 5 + 200 + ¥, so

n%?y =

Now ch(s4§) =

0,2y _ 63 2 1
n®(w?) = xt, [(5+20u+ 2,y )(1-491)}
_ 68,2 _ 5
= ZTw £ W

Combined with (22) <£7, and (44),

R%(1?) = 5 + 16w > 6

Remarks 1. The essential ingredients of theorems 10.1, 10.2 were

vanishing theorems for certain sheaf cohomology groups on Z.
Proposition 10.3 translates these into Bochner-type vanishing

theorems on M. For example, the assumption of positive scalar

curvature implies that

daime® (z,0(LF)) = WP @5
‘ _ h2n+l—p(L—r—2n—l)

=0 if p2zl, r2o.

Hence Hp(Sr+2§€DZ*) = 0 unless p = 0. This is a purely

differential-geometric statement and is easy to prove independently

by arguments involving curvature. The crucial point then is that
with hindsight, theorems 10.1, 10.2 could be proved without

reference to the twistor space Z.

2¥
arbitrary dimension 4n.,

and the compnlex S

N

.

would involve decomposing the spin representations under Sp{n)Sp(l).

Proposition 10.3 generalizes to the case in which M has

s . r g %p,*
In particular the complex L U on %

r+n , :
HE®V, on M have isomorphic cohomology, where

again denotes the Dirac complex on M. We omit a proof which
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However it is easy to check the following consequence directly,

Proposition 10.4 Let M be a compact guaternionic Kihler manifolid

with twistor space Z. For even r,

Xz, 0wy = X, st

HOV,)

Proof By the Riemannian-Roch theorem,
Xz, 0wy = [ eh (L) e (z)]

where td(Z) is the Todd class of the holomorphic tangent bundle

x
ZEB(p T)l’O as a

of Z. By (25), £8 the latter is isomorphic to L

GL(2n+1,C)-bundle, "so

£d(z) = ta@Hea(p 'm0
- tae?) ™ ﬁ((p*z)r)
24 ~
= ————= A (M)
1o~
(see Hirzebruch [20] for details) Thus
. . ’ QCﬂ+ﬁf -
Xz, 005) = oy == /\(M)
FZ C-r\’ri“)/q -
B QCM [ - o *ZI A&hﬂ)
On the other hand,
K, s TEev,) = o len(sT T m A ]

To complete the proof we must show that on M, icgnoring odd nowers

of f ’

Ze(n+r)Q £+nH>

1 - e“ZQ
or equivalently,

2e

(n+r+l)Q _ (e( N eup)~h Sr+ﬂ_)




N

But this follows from the formula

ch(s¥g) = Jlg k=)L k=M

The methods of theorems 10.1, 10.2 are of little use in

(45)

arbitrary dimensions because the characteristic numbers of M provide

too many unknowns. However our last result does extend theorem

10.2 to the case of 12 and 16 dimensions.

Theorem 10.3 Let M be a quaternionic K&hler manifold of‘positive-

scalar curvature and dimension 12 or 1l6. Then M admits an

isometry group of'dimension at least 5 or 8 respectively.

Proof First suppose M is l1l2-dimensional. Using (45) with

w = —c, (1) = L2,

_ 1 2 13

ch H =2+ w + 75 + 360w
L2 _ 4 2 8. 3
chS™H = 3 + 4w + 3w + Zgw
chS3H =4 + 10w + él-w2 + ~7——‘?’-w3

- 6 36
chS4§ = 5 + 20w + é§w2 + £g£w3

5 . 7072 32713
chSTH = 6 + 35w + —5w~ + =55~

By proposition 10.4,

. + A

P(r) = Xz, 005)) = 7 |en(sT RG]
where ﬁ(M) =1 + ﬁ] + 22 +’i3. Using proposition 9.1,
I 1a 2 & ~
0 = P( 2) = -'3~6—O—W + ﬁA-l‘V -+ A2V7 + A3
73 3 41~ 2 ~ A
= = e W — 1 . A
1 P(0) 3 + 6Alw + OA2w + 9A3
3 _ 3271 3 707~ 3 A A

I =Dp2(2) = v + VR + 35A2w + 6A3

where I is the dimension of the space of infinitesimal isometries.




A . N >~ , A 1
Eliminating Azw, A3 and using Al = "Zzpl'
- _ 4 2 1123 .
I = 4 3P W+ 3 _ ..« (406)

Lemma 10.1 On a compact quaternionic K&hler manifold of dimension

4n,

2 (n-1)w"? - plwn_l >=0.

Proof There exist constants a,b such that

plwnul - ‘X(atz + bHRuﬂz)tz(n"l)GDn
M
because from £ 7 quadratic Sp(n)Sp(l)-invariants of the curvature

2 ¢ 2 .
are generated by t“,“RUh". The signs of a and b are determined

by the orientation of
|
O’/\o’/\@

2 % : ’
for 013523, 82§¢i/32 respectively. In fact b <0, so

a' wh - plwn~l = 0
for some universal constaht a’. TFor HPn, w = —cz(g) is the

standard generator of the cohomology so w' = 1. But it is known

(e.g. Borel & Hirzebruch [14]) that p, = 2(n-1)w. Therefore

)

1

. a = 2(n-1l) as required.

Combining the lemma with (46),

IS4 + 32022 5

We can repeat the above procedure in 16 dimensions because

M is the spin forcing 24 = 0., Proposition 9.1 yields

(o0=2(-4 =3,)

= = —._Z;“‘__x 4 8 & 3 2
~ 164834 , 1042 .3 . 684 A
1 =P(0) = E040 =g Alw +-7?A2w + 20A3w
_ 6235 4 63524 _ 3 392 2 I~
I = P(Z) = '—7-/—‘2“—\'1 + ——-ZI—S-—AIW + ——3—“A2W + 56A3W
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.. . a 2
Eliminating A,w , A.w,

2

T =7~ §p1w3 + 6dw?

and using lemma 10.1,

I%7 + 48wt > 8.

We conclude by raising the question 'do there exist non-
symmetric quaternionic Kéhler manifolds of positive scalar
curvature?' First consider the situation in four dimensions. In
that case we know from part one that a gquaternionic manifold
corresponds to an anti-self-dual conformal structure. The neérest
there is to a gquaternionic Kdhler metric is then simply an Einstein
metric. In fact the methods of £10 imply tha£ a self-dual Einstein
manifold M of positive scalar curvature has an isometry group
of dimension at least 4, and Hitchin [23] has proved that M must -
be S4 or CP2, i.e. a Wolf space. However even in eight dimensions
the problem is significantly harder because theorem 10.1 only

guarantees the existence of a group of dimension ‘2-6, compared

with 14, 15 and 21 for the Wolf spaces.




Appendix

|
Decomposition of a Tensor Product.

The purpose of this appendix is to explain a method for
decomposing the tensor product of two irreducible representations
of a compact Lie group into irreducible components. This method
was successfully used. by Fegan [16], but appears to be relatively
unknown to differential geometers and is no doubt more familiar
to physicists. The problem is that although the relévant theorem
is well~documented (e.g. Zelobenko [40]), it is not immediately
obvious that it is of any practical use. In reality it provides
a rapid method for tackling many representations that occur in
differential geometry, without the aid of a computer, As an |
example, it is an invaluable supplement to Alekseevskii's paper
[3] on exceptional holonomy groups, in which ceptain decompositions
are stated without indication as to proof.

To establish notation, we first summarize relevant facts
about compact Lie groups (see Adams [1]). Let G be a compact Lie
grdup, and choose a maximal torus T, Lie algebra Z. Take any inner
2@g5>

*
product on the dual ¥ invariant under AdG and put Lo, B> =

(B:B)
The action of Ad4T on/ﬁ'defines the set R of roots of G as a subset
of ff satisfying <x,R> <€ Z, /,R €R. The Weyl group W is the group
generated by reflections in the hyperplanes of %% orthogonal to
the roots. Any 0eW permutes the roots, so W is contained in an
appropriate symmetric group, and it makes sense to define signo

= +1. A base for R is a subset A such-that any € R may be
written o = :E:Jnﬁﬁ4 where the n, are integers, either all positive

yien
or all negative., Taking those « withtni positive defines the set




R of positive roots. A choice of A determines a fundamental (dual)
Weyl chamber Z? in {* by
T o= ixed : (xy)>0 Yyea)

If exp :+ © —> T is the exponential mapping,£K€E% is said to
be a weight if X(x)eé Z whenever exp(x) = e. Roots are weights, and
if x is a weight <x,g> €%, VBeR. If G is simply-connected, the
laét property characterizes the weights. W preserves weights and
any weight belonging to'g is called dominant. An important
quantity is

L > Y

d = 7 L
yekr
which has the property that if « is a weight,
xe€ 1ff x+de T
If a@ER, (d,X>€}Z, but if G is not simply-connected, d may not be
a weight. There is a partial ordering defined on the weichts by

&9<ﬁ iff ®-g is a sum of positive roots or zero.

Any irreducible complex representation of G has the form

v =Z_VD<

where each < is a weight such that fiﬁ acts on z< by x(v) = «(x)v,
X € f, Vé;z%. This collection of weights of V is invariant under

W, A given % may appear in the sum with multiplicity > 1, but
there is a unique ‘'highest' weight A, i.e. maximal with respect

to <, which appears with multiplicity one. For example, the
weights of the adjoint fepresentation(ﬂ<of“G are precisely the

roots with multiplicity one, and 0 with multiplicity dim? = rank G.
In general, V <—> X\ sets up a l-1 correspondence between irreducible
com@lex fepresentations and dominant weights. Therefore we may

label an irreducible representation V(X) by its highest weight Ne B .

Suppose that V(A), V(p) are irreducible representations with




a9

highest weights A,p. The weights of V(\) ©V(p) are of the form
<+ B where « is a weight of V(\) and /g a weight of V(p), but the
decomposition of the tensor product into irreducible components
is not at all obvious. However it is easy to see that the
representation V(A+u) must occur with multiplicity one; méreover
"if A= yu, this belongs t}o S2(V(>\)). The following diagram then
gives a method for computing the irreducible components of |

V(X)@V(/u) =ZV(A.1) in terms of their highest weights’ )\i:

i /ﬂnﬁ"“""
n \,\/—-.ta Adousn C«—” \j‘r\fs
f \/(Pv wih'\ MUH‘\P t
{(So best to & SSvme /S.{,% )\)

\N\’—__
Y

"3”(';0{0@ dtX to f’f’»d«D Aigeard it )
Y / ' """‘““'“"“T’
0 ( ‘/ L,__z_f‘zs vlt i en /

boo Al N e
\ ‘lﬁ ..-;/-Nﬂ{ I~ &t&ﬂ\, Ltl?r ,

Fesult (Ges in ¢

\\\ ?/Am o
eSult  Jies in %\5 ZZ:\J(\;. {:f q;t

]

! Drscart lf P2 s

é i)ouruLal‘v]A othenov i
relTain wutth

Saqn v /USqu(\tj

N\a rtfiﬂcimn

£ & warnus
SigN)

A:\SW(,:"

ﬁlve._s 7 f
A
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Finally we give an example with G = U(4). 1In suitable
coordinates (e.g. see [1]), the weights are given by 4-tuples
(a;,..,34) with aieaZZ, and the Weyl group consists of all
permutations of the ai's. The set

(L\,-1,0,0), (0,1,-1,0), (0,0,1,-1)
is a base for R giving rise to
sz {(al,éz,a3,a4) : al> a27>a3j7a4}
d= (%%, -%, -

%)
We shall decompose B@JSZE = (1,0,0,-1)® (0,0,0,-2), a result used

AW

. *
for theorem 2.2. From E ®E = A + B, B has dimension 15, Its
weights must consist of the Weyl orbit containing (1,0,0,-1), and

0 with multiplicity 3.

0} & ®  ®

(1,0,0,-1) ' (%,%,~%,42)// R — 3~ (1,0,0,-3)

(1,0,-1,0) 5050502V o (1,0,-1,-2)
(1,-1,0,0) %

(0,1,-1,0) <.

(0,1,0,-1) <

(0,0,1,-1) X

(-1,0,0,1) <

(-1,0,1,0) . |

(-1,1,0,0) LYk )% — -Gk =% ,-%) s -(0,0,0,-2)
(0,-1,1,0) %o=%,%,-5)% — -Cp%,-%,-%) —» -(0,0,0,-2)
(¢,~1,0,1) X o

(0,0,-1,1) (3/1;1/2:"3/21‘2)‘/ - : > (0,0,2,-1)

3(0,0,0,0) 3(%,%,-%, %W e~ 3(0,0,0,-2)

(110101_3) + (110;"'1/—2) + (010101“2) + (O;Ol""lr"l)

@ Answer

U+ M+ s%E + NE




Remarks The above was probably the most difficult decomposition
required in £2; most were much simpler. It is clear that under
U(n) there will still be four components in the corresponding
decomposition of

(l,O,..,O,—l)<®(O,..,O,—2)
This is because although more weights will appear in step 1, these
will all be discarded in step 2. With practice one can write down
only weights in step 1 that do not get discarded; this is the

reason for the method's efficiency.
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