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Dimensionality Reduction for Validating Engine

Flow Simulations

Samuel J. Baker

Abstract

As the form of propulsion technology that is most prevalent among road and ma-
rine transport, the internal combustion engine (ICE) has a significant role to play in
supporting global human development and decarbonising the transport sector. Sim-
ulations of the turbulent airflows through ICEs using computational fluid dynamics
(CFD) can accelerate the rate at which new concept designs and configurations can
be tested and iterated. Indeed, the turbulent flows through an ICE are essential
for promoting optimal fuel-air mixing and efficient combustion. However, practical
CFD simulations commonly used in industry are not fully predictive, so CFD results
often need to be validated against experimental data to ensure sufficient accuracy.
Such validation processes are not straightforwards, as CFD and experimental data are
characterised by fundamental differences such as the types of uncertainty and error
that occur, the amount of data that can be gathered, and the extent of the physical
domain that can be easily accessed.

This thesis aims to develop robust CFD validation processes by leveraging the respec-
tive advantages of experimental and simulated data with the use of state-of-the-art
numerical methods. Recent studies indicate that dimensionality reduction techniques,
which are widely used for compressing data, have significant potential for analysing
fluid mechanics data, partly due to the connections that can be drawn between the
dominant features of a dataset and the coherent structures in a turbulent flow. The
first results section of this thesis uses two linear dimensionality reduction methods in
order to create validation targets from data. Validation targets are typically created
by simply averaging the data, but if vector data (such as turbulent flow velocities) are
being considered in the average, opposing vectors can cancel out leading the resultant
magnitudes to become diminished. This effect is exacerbated in variational flows such
as engines experiencing cycle-to-cycle variations (CCVs).

A novel solution to this problem is proposed using a dimensionality reduction method
known as sparsity-promoting dynamic mode decomposition (SPDMD). This technique
is shown to significantly outperform previously-proposed methods of validation target
creation, due to the ability to collapse an ensemble of vector fields into a single vali-
dation target while retaining the original vector magnitudes. This finding is used to
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develop CFD validation pipelines for both Reynolds-averaged Navier-Stokes (RANS)
and large-eddy simulation (LES) data. As a result, the similarity between simulated
and experimental datasets can be more accurately quantified, improving diagnostic
capabilities.

A range of linear and non-linear dimensionality reduction methods are then leveraged
in order to investigate the possibility of accurately reconstructing data from vector
fields characterised by large gaps. Although CFD data can be obtained at any location
within the domain in question, the acquisition of experimental image data is often
limited by physical factors such as restricted lines of sight and occlusions due to
geometrical constraints of the experimental rig. Accurately predicting the turbulent
flow behaviour inside these gaps would therefore facilitate more complete comparisons
of CFD and experimental data, in addition to providing additional insights into the
flow. To date, there has been a lack of discussion on the best way to evaluate the
performance of an inpainting method for turbulent flows; discrepancies in how the
problems are established obfuscate the degree to which the results from a single study
are relevant to more general usage. The computer vision research community has been
adept in establishing open-source, reproducible benchmarks that can assess model
performance across a range of relevant tasks, which has facilitated the development
of improved methods. However, the introduction of ML into engine flow field research
is more recent, and there is currently a noticeable absence of benchmarks available
for standard tasks such as inpainting in turbulent flows.

Therefore, the final section of work presented in thesis establishes such a bench-
mark for turbulent engine flows, known as EngineBench. The data used are the
well-known, open-source TCC-III data, and the inpainting task is to predict the flow
inside large, block gaps at the edges of the field of view. This challenges the ML
models and reflects a range of realistic scenarios whereby optical access is more dif-
ficult to achieve next to a wall than in the centre of the domain in question. A full
codebase and set of tutorials have been published along with the data for ease of
use on behalf of the wider community, with all relevant links centralised on the land-
ing page https://eng.ox.ac.uk/tpsrg/research/enginebench/. Version control
is managed via the github repository also linked on this webpage. The results of the
initial benchmarking showed that UNet-based neural networks were able to recon-
struct the flow inside the edge gaps to a reasonable degree of accuracy, significantly
outperforming both the gappy proper orthogonal decomposition (GPOD) and the
context encoder generative adversarial network (CE-GAN) across all considered met-
rics for two different gap sizes. The reasons for the success are linked to the fact that
the UNet models were able to utilise contextual information in the centres of the im-
ages more effectively, likely due to the skip connections present in these architectures.
These results show that accurate flow reconstruction in highly challenging scenarios
is possible, demonstrating potential to greatly enhance turbulent flow diagnostics and
CFD validation processes.
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Chapter 1

Introduction

1.1 Decarbonising the transport sector

The issue of climate change is one of urgency, with countries around the world declar-

ing climate emergencies and committing to net zero carbon strategies. Road transport

accounts for 12% of global greenhouse gas emissions, with the transport sector as a

whole contributing to 16% [1]. The scale of this problem is large, with well over 1

billion cars on the road, the majority of which rely on the internal combustion engine

(ICE) to provide power today [2]. Low-cost transport is one of the leading enablers

of human development [3]; indeed, the poverty rate for US households without cars

has risen since 1960, with the wealth of these households declining both in absolute

terms and relative to households with cars [4]. The ICE has given more people access

to more opportunities, but burning hydrocarbon fuels in ICE vehicles results in emis-

sions of carbon monoxide (CO), unburned hydrocarbons (UHC), soot, and nitrogen

oxides (NOX), in addition to carbon dioxide (CO2). The challenge is therefore to de-

velop affordable powertrain technology that can facilitate human development while

minimising impacts on the environment and human health.
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Alternative powertrain options include fully electric (tending to mean battery elec-

tric vehicles or BEVs), and electrified vehicles (which include the different types of

hybrids). Mild hybrid electric vehicles (MHEVs) recover energy through braking for

use in acceleration assistance, full hybrids (FHEVs) include the ability to recharge

the battery with the ICE, and plug-in hybrids (PHEVs) facilitate the use of larger

batteries by providing external charge capabilities [5]. Increases in battery size and

usage tend to mean less use of the ICE, and therefore fewer tailpipe emissions. In

addition, as renewable energy becomes more widespread, more electric vehicles will

be able to use this electricity to recharge more sustainably.

However, larger batteries also come at a cost. Lithium mining is a water- and energy-

intensive process today, involving the drilling and pumping of brine from salt flats

commonly found in dry regions of Bolivia, Argentina and Chile [6]. In addition,

production of lithium-ion battery cathodes requires the refining of cobalt, nickel,

and manganese in continuously heated kilns at temperatures of over 1000 ◦C [7]. A

large proportion of the CO2 emissions from a BEV comes from battery production,

and in locations where significant amounts of coal are used for electricity generation,

the use of a standard mid-sized BEV can produce 50% more CO2 emissions than

a comparable ICE vehicle on a life-cycle basis [8]. Several studies have shown that

hybrid electric vehicles and a mixed fleet approach is in fact the fastest way to save

the most amount of carbon in a robust and sustainable fashion, without solely relying

on any one technology, and making use of existing ICE infrastructure [9–11].

1.2 ICE fundamentals

The ICE has seen an 86% increase in average fuel economy since 1975, resulting in

real-world CO2 emissions per mile being reduced by half [12]. In addition, there
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has been a 1000-fold decrease in UHC, soot, NOX and CO emissions in the past 40

years [13]. This is encouraging, but there remains a significant scope for innovation,

which will be discussed following a brief discussion of relevant engine fundamentals

in this section.

1.2.1 Operation and thermodynamics

ICEs can be divided into two categories; positive ignition (PI) and compression ig-

nition (CI) engines. PI engines use an external energy source to create a localised

area of high temperature that triggers the onset of combustion, with sparks, lasers,

and turbulent jets as examples [14]. Spark ignition (SI) is by far the most common

form of PI due to the minimal cost and complexity of spark plugs [15]. In general, SI

engines ignite gasoline fuel with a spark plug, while CI engines initiate self-ignition

of diesel fuel by raising the temperature and pressure in the cylinder. It is useful to

begin with the framework of these two categories while discussing engine fundamen-

tals; however, amalgamations exist that aim to combine the benefits of traditional

gasoline and diesel engines, which will be discussed in due course.

The operation of SI and CI engines involves the sequential compression and expansion

of the working fluid along with heat addition and heat rejection events. As a result,

SI and CI engines can be modelled against ideal thermodynamic cycles (known as

the Otto and Diesel cycles for SI and CI engine cycles respectively). Analysis of

these idealised cycles provides a theoretical upper limit for the efficiency of these

engine operations, which is useful in understanding how to maximise the efficiency

and minimise the environmental impact of modern engines. Thermodynamic cycles

are typically visualised as diagrams of evolving pressure against volume, as shown in

Figure 1.1. In the Otto cycle (1.1a), process 1 → 2 represents isentropic compression,

2 → 3 is heat addition at constant volume, 3 → 4 is isentropic expansion, and 4 → 1
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Figure 1.1: Pressure (p) - volume (V) diagrams illustrating (a) the ideal Otto cycle
and (b) the ideal diesel cycle. V1 and V2 represent the combustion chamber volume
at bottom dead-centre (BDC) and top dead-centre (TDC) respectively.

is heat rejection at constant volume. The Diesel cycle (1.1b) is similar but with

process 2 → 3 representing heat addition at constant pressure. The diagrams show

the compression ratio (rc) defined as V1/V2, and the cut-off ratio α, defined as V3/V2.

Equations 1.1 and 1.2 show that ideal cycle efficiency can be improved by increasing

the rc and the ratio of specific heat capacities (γ).

ηOtto = 1− 1

rcγ−1
(1.1)

ηDiesel = 1− 1

rcγ−1

[
αγ − 1

γ(α− 1)

]
(1.2)

As α is always greater than one, the term in the square brackets of Equation 1.2

is also greater than one. This means that for the same compression ratio, the ideal

Diesel cycle efficiency will be less than that of the Otto cycle. However, CI engines

are usually more efficient than SI engines for three reasons. Firstly, CI engines can

operate at greater compression ratios; SI engines are more limited in order to prevent

uncontrolled auto-ignition of the fuel ahead of the spark, a phenomenon known as

16



engine knock. Secondly, CI engines control engine load by varying the amount of fuel

injected into the cylinder, while SI engines have been constrained to running at near-

stoichiometric air-fuel ratios for the past few decades [15]. This is due to the success

of the three-way catalyst (TWC) in controlling NOX and CO emissions to within

legal limits. The TWC requires near-stoichiometric operation for peak conversion

efficiency, so SI engines rely on throttling for load control, which increases pumping

losses and reduces efficiency compared to CI engines. Thirdly, the ability to control

load with fuel injection means that CI engines operate in globally lean conditions for

a wide range of engine speeds and loads, which raises the ideal cycle efficiency by

increasing the value of γ in the expansion stroke. Lean fuel-air mixtures are defined

as having fuel-air equivalence ratios (ϕ) of less than one, meaning that the ratio of

fuel to air in the mixture is less than stoichiometric. The practical lean limit in an SI

engine is approximately ϕ = 0.7, below which the reactivity of the mixture becomes

so low that partial burns and misfires become prevalent [16]. On the other hand,

modern diesel engines can run reliably at leaner fuel-air ratios of ϕ = 0.6 [15].

After-treatment system requirements for handling emissions are also different for typ-

ical SI and CI engines. Whereas near-stoichiometric SI engines can use the TWC to

capture and convert CO and NOX, in CI engines the excess oxygen due to lean oper-

ation works against the reduction of NOX, causing the TWC to become less effective.

Instead, CI engines require more complicated and expensive emissions after-treatment

systems including diesel oxidation catalysts (DOCs) for CO and UHC, and lean NOX

traps (LNT) and selective catalyst reduction (SCR) systems to store and reduce

NOX.

Another key difference in the configuration of CI and PI engines is whether or not the

fuel is directly injected into the combustion chamber, or premixed with the air and
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introduced into the chamber via the intake ports. Direct injection is significanltly

more common in CI engines, as the timing of the injection can be used to control the

combustion timing, which is particularly important in the absence of a spark. Direct

injection engines tend to emit more particulates than port injection engines in both

PI and CI variants. In the former case, the air and fuel do not have as much time to

mix which creates locally fuel-rich pockets that may not oxidise completely [17]. In

particular, ultra-fine particles (below 100 nm in size) are potentially more hazardous

as they can penetrate further into the lungs and are more likely to enter into the

bloodstream [15]. These particles contribute more significantly to the total number

of particulates than the mass, leading to the introduction of particulate number (PN)

regulations. Gasoline direct injection (GDI) and diesel direct injection engines there-

fore require gasoline and diesel particulate filters (GPFs) and (DPFs) respectively

for effective particulate control [5]. The complex after-treatment devices required by

direct injection systems increases the cost of CI engines, which is compounded by

their greater size and weight, needed to cope with the higher peak pressures from

greater compression ratios. Smaller and cheaper SI gasoline engines have therefore

been the ICE of choice for most light-duty vehicles in recent years.

1.2.2 In-cylinder flows

A major point of interest for modern engine development is the fluid flow through

and within the engine cylinder, which is responsible for creating and transporting the

air-fuel mixture (also known as the charge) that is subsequently burned. In an engine,

air (or pre-mixed air and fuel) enters the combustion chamber via the intake valves.

This intake flow is often characterised in two ways. Firstly, the flow is turbulent, and

therefore exhibits chaotic and unsteady behaviour. A more in-depth discussion on

the nature of turbulence is provided later in §2.2. Secondly, there may be a larger

scale coherent or organised motion that is influenced by the geometry of the inlet
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Figure 1.2: Side-view of a tumble flow motion in a pent-roof engine (left), and a swirl
motion in a flat roof engine (right).

ports and valves, as well as their opening and closing timings [18, 19]. Large scale

motions that have rotational axes about the cylinder axis and orthogonal to it are

known as swirl and tumble flows respectivley. These types of flow are illustrated in

Figure 1.2.

Controlling the level of turbulence in the engine cylinder, particularly at the point of

ignition, is extremely important for facilitating clean and efficient combustion. For

example, turbulence can increase the flame’s surface area by wrinkling and stretching

it, which increases the rate of fuel consumption per unit volume [20]. Turbulence also

increases transport of heat and chemical species (i.e. the fuel), and both of theses

effects lead to faster burn rates. The faster burn improves the thermodynamic effi-

ciency, as more of the energy release can happen closer to TDC [15]. Furthermore,

turbulence can enhance the air-fuel mixing process, which can reduce the emission

of harmful unburned and partially burned fuel pockets. Conversely, too much tur-

bulence can over-stretch the flame front, leading to excessive heat losses, combustion

instabilities, and ultimately flame quenching. A more detailed discussion of combus-
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tion physics is beyond the scope of this thesis, so the interested reader is referred to

standard textbooks on the subject [20, 21].

The level of turbulence varies throughout the engine cycle, and can grow or decay

as the geometry changes due to the moving piston and valves. During the intake

stroke, the turbulence intensity is initially high due to the fast-moving intake jet, but

it then declines after intake valve closing as energy is gradually lost due to viscous

effects [19]. Therefore, one of the main reasons for introducing organised motion such

as tumble and swirl is to persist some of the momentum of the intake jet through

until the point of ignition, by virtue of the larger spatial scales being less dissipative in

nature [19]. Then, close to TDC, the organised motion can break down into turbulence

as it struggles to maintain its form in the reduced space, creating conditions that

are conducive to efficient combustion. Swirl flows can also aid in fuel stratification,

which is a technique that can be used to improve fuel economy as discussed in the

next section.

Tumble and swirl flows are often induced via directed engine geometries. For example,

engines with pent-roof designs are very effective at generating tumble flows, as the

angled intake ports direct the intake charge down and against the far wall of the

engine cylinder, leaving space for the fluid to be pushed around to the back and form a

spinning loop [19]. Pent-roof designs are especially common in SI engines, as the extra

space also allows for the placement of a central spark plug, minimising the distance

that the resulting flame has to travel [15]. However, a significant drawback is that

this reduces the geometric compression ratio, and therefore thermodynamic efficiency.

Therefore, for CI engines, where the combustion is controlled by the injection and

mixing processes instead of a spark, a flat roof is more typical. Rather, swirl flows

are more common in CI engines, where air-fuel mixing is a crucial process to control
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[15]. Other methods of inducing swirl include variable valve lift (VVL) and variable

valve timing (VVT) strategies that keep one valve closed during the intake stroke,

using helical intake ports, or adding shrouds (i.e. shaped ridges) around the rim of

the intake valves. This thesis handles data from both tumble-dominated pent-roof

engines (the Oxford and Darmstadt optical engines, presented in §2.5.1 and 2.5.2)

and the flat-roofed TCC−III (§2.5.3.)

1.3 Developing engine technology

Due to the near-stoichiometric constraint for SI engine operation over the past few

decades, key efficiency improvements have revolved around decreasing pumping losses

due to throttling at part loads. One approach is to use turbocharging to increase

the specific power of an engine (also known as boosting) and therefore downsize

it. This involves compressing the intake charge, thereby increasing the mass flow

rate, engine torque, and subsequently engine power. Intercooling can be used to

further increase the density of the compressed gas for higher mass flow rates, and

the lower temperatures also reduce NOX emissions and knocking propensity [15].

Downsized engines reduce vehicle weight, relative friction and don’t require as much

time and energy to heat up during a cold start [22]. In addition, in the case of SI

engines, pumping losses can be reduced by controlling the power output by changing

the additional pressure from the turbocharger, lessening the need for throttling [5].

Limitations to boosting and downsizing include an increased knock propensity due

to higher pressures and temperatures, maintaining load requirements at low engine

speeds with restricted boost flow rates, transient performance due to turbolag, and

the re-optimisation requirements for the engine geometries and layouts for extremely

small engines [23].

21



Gasoline direct injection (GDI) is an example of convergent SI/CI technology that

has become prevalent in recent years. Evaporative cooling of the fuel lowers in-

cylinder temperatures, leading to reduced knocking propensity which facilitates the

use of a higher rc [5, 17]. Although GDI engines can increase efficiency, diesel-like

after-treatment systems in the form of GPFs are also required in order to remove

particulate emissions due to fuel-wall impingement and incomplete mixing, which

increases the cost of the vehicle and can penalise fuel economy [17].

Miller and Atkinson cycles have also been used in SI engines, as alternatives to the

typical Otto cycle-like operation. Idealised representations of Miller and Atkinson

cycles are plotted alongside the Otto cycle on the pressure-volume diagram shown in

Figure 1.3. The idea is to increase the expansion ratio (re = V4M/V2 for the Miller

Figure 1.3: Pressure (p) - volume (V) diagram comparing the Otto cycle to the
Miller and Atkinson cycles. The Otto cycle follows 1→2→3→4O→1, the Miller cycle
1→2→3→4M→5→1, and the Atkinson cycle 1→2→3→4A→1.

cycle and re = V4A/V2 for Atkinson) relative to the compression ratio (rc = V1/V2) in

order to extract more useful work out of the engine, as the rc is usually knock-limited

in SI engines [15]. The Atkinson cycle has the highest thermal efficiency with the

maximum re, but the low pressure (shown by point 4A in Figure 1.3) results in larger
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exhaust pumping losses, and the longer cylinder body increases engine weight and

frictional losses [24]. Real over-expansion cycle engines typically use Miller cycles

instead, by altering the timing of the intake and exhaust valves for the constant

pressure compression (process 5→1). The timing of the intake valve closure can be

made earlier (EIVC) or later (LIVC) than usual. EIVC is slightly more efficient

than LIVC, as LIVC does extra compression work due to backflow in the intake

manifold [25]. However, this compression work also helps to retain higher in-cylinder

temperatures and pressures. LIVC therefore does not suffer from as large power

losses, and it is commonly preferred in modern vehicles [24, 26]. This has numerous

benefits, namely power control without throttling, lower temperatures resulting in

less NOX formation, and enhanced knock resistance [5, 24]. The main drawbacks are

the requirement for expensive variable valve timing (VVT) technology, and limited

power outputs due to the restricted intake in the cylinder [24, 27]. Miller cycle engines

commonly use large turbochargers to alleviate the power density problem, which adds

to the cost and complexity of the vehicle [28].

Gasoline compression ignition (GCI) may be able to provide diesel-like efficiency

without suffering from the same emissions penalties. The higher volatility and longer

ignition delay of gasoline facilitates better mixing of the fuel and air to reduce par-

ticulate emissions [29]. However, some control over the start of ignition is lost in

premixed CI engines, so spark-assisted compression ignition (SACI) has been devel-

oped to remedy this. The 2019 Mazda Skyactiv X is the first example of a SACI

engine in a production vehicle, initiating combustion with a spark but making use of

high pressures and temperatures to trigger subsequent autoignition through a lean

fuel-air mixture [30]. A 10% fuel economy improvement over a comparable Atkinson

cycle engine was reached, which increased to 30% when coupled with a mild hybrid

system [10]. However, large pressure rise rates mean that the engine has to resort to
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conventional stoichiometric SI operation at high loads, so further work will look to

implementing lean combustion across the entire engine map.

Fuel stratification via multiple direct injections can also be used to stabilise flame ini-

tiation in ultra-lean engines, supplementing a weak premixed background charge with

a small pilot injection just before the spark. Sandia National Laboratory used this

method to control end-gas auto-ignition for rapid combustion through an ultra-lean

mixture [31]. Stable combustion at global ϕ = 0.45 was achieved, but an excessively

advanced spark timing was required which generated significant NOX emissions and

heat losses. Potential solutions could be increasing the energy density of the mixture

with boosting or investigating a range of different injection strategies.

Turbulent jet ignition (TJI) makes use of a spark plug located inside a small pre-

chamber, which is connected to the main chamber by an array of small orifices. When

the spark ignites the mixture in the pre-chamber, the increase in pressure forces the

flames through the orifices into the main chamber, forming several turbulent jets that

ignite the rest of the air and fuel in the main chamber [32]. This simultaneously

increases turbulence and creates several ignition spots in the main chamber, facili-

tating the use of ultra-lean combustion. Passive configurations rely on gas exchange

with the main chamber to supply the pre-chamber with fuel, whereas active systems

utilise an additional fuel injector inside the pre-chamber. Active systems extend the

lean limit further than passive ones by creating stronger flames in the pre-chamber,

but add to the complexity of the system. Combustion stability at low loads can be a

problem as the lower pressures inhibit gas exchange with the pre-chamber, and a lack

of oxygen in the pre-chamber results in more frequent misfires [10, 33]. However, this

issue could potentially be made less significant by implementing TJI into a hybrid

powertrain, as the engine can be set to run at its most efficient operating point with
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the battery meeting the more extreme high and low load demands, as demonstrated

by Brannys et al. [34]. Other challenges are the hardware modifications required by

TJI, and the NOX emissions that cannot be handled with a TWC.

Cylinder deactivation (CDA) involves motoring individual engine cylinders in periods

of low torque demand. This can be achieved with open or closed intake valves; closing

the valves requires a more complex control system, but it is a more efficient strategy

due to the reduced pumping losses [35]. By deactivating some cylinders, in order to

meet the torque demand of the engine, each active cylinder needs to run at a higher

specific power. This reduces the need for throttling and improves the conversion

efficiency of the TWC by limiting the amount of oxygen in the exhaust [35, 36].

However, additional components in the valve train increase the number of contact

points, which increases friction, reduces the rigidity of the valve train and makes the

system more susceptible to resonant vibrations [37].

Table 1.1: Summary of potential CO2 reductions associated with different upcoming
engine technologies. Adapted from [10].

Engine Technology CO2 reduction
Baseline: GDI, turbo, stoich. 0
Atkinson cycle (+ VVT) 3-5%
Dynamic CDA + mild hybrid or Miller 10-15%
Stratified lean-burn GDI 10-20%
Spark assisted GCI 10%
Turbulent jet ignition 15-20%

The potential CO2 savings associated with the engine technologies discussed here are

reported in Table 1.1, with figures taken from Joshi [10]. There is therefore substantial

scope for continuing the trend of reduced CO2 emissions from ICEs in the short to

medium term, with the added possibility of adopting carbon-neutral fuels for further

reductions in the longer term.
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1.4 Simulating engines

Whichever technological pathways are ultimately chosen, methods that can accelerate

the development and adoption of such technologies are of significant value. Computer

simulations are a particularly relevant example in modern technology development,

as they can be a much cheaper and faster way of testing multiple iterations of a

design without having to manufacture a prototype in each case [38, 39]. In addition,

for ICEs, simulations can provide insight into the physics of in-cylinder processes

which can be difficult to observe and measure directly [15]. This information can

be used to optimise performance, diagnose problems, and provide explanations for

observed experimental results. In particular, computational fluid dynamics (CFD) is

a form of computer simulation that can analyse turbulent flows by solving a system

of governing equations based on physical conservation laws. For a three-dimensional

flow these governing equations comprise of five differential equations, representing

mass continuity, conservation of momentum in three directions, and conservation of

energy (see Chapter 2).

It is possible to compute the solutions to each of the governing equations at every

point in the domain down to the smallest scales in an approach known as direct

numerical simulation (DNS). However, DNS is limited to relatively simple flows for

the foreseeable future despite progress in modern supercomputer performance, as the

runtime for DNS increases rapidly with the Reynolds number [40, 41]. For a more

detailed explanation and derivation of the relationship between computational cost

and Reynolds number, see Section 2.2.1. As a result of these resource constraints, DNS

studies of full-scale ICEs are currently extremely rare in the literature and limited to

simplified geometries and operating conditions such as the ETH Zurich valve/piston

assembly, which consists of a flat-top cylinder head with a fixed, axis-centered valve

and a moveable piston [42, 43].
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Instead, alternative CFD frameworks that model the effects of turbulence are widely

used to study engine phenomena, such as Reynolds-averaged Navier-Stokes (RANS)

and large-eddy simulations (LES). These approaches will be further discussed in §2.2.

Although less computationally intensive, turbulence models are accompanied by a

number of simplifications which reduce the accuracy of the CFD simulation (see §2.2).

Consequently, in order to increase the reliability of such simulations, experimental

data are often needed to validate the results from a RANS or LES simulation [44, 45].

Such validation processes are deemed to be essential in standard CFD textbooks [46,

47], with Richard Hamming’s famous words “The purpose of computing is insight,

not numbers ... it is not a step to be taken in isolation from reality” still ringing

true today; the core value of numerical results is in their interpretation by the user,

and how the results interact with reality [48]. However, characteristic differences

between data from experiments and simulations mean that the validation process

is not always straightforward. This concept is discussed along with applications to

engine in-cylinder flows in the next section.

1.5 Validation processes

Validation is defined by the American Institute of Aeronautics and Astronautics

(AIAA) as “the process of determining the degree to which a model is an accu-

rate representation of the real world from the perspective of the intended uses of the

model” [49]. Of particular note is the idea that whether or not a model has been

validated depends on the intended use of the model, which is subjective. In addi-

tion, it is understood that validation applies to individual outcomes of a model, not

the model in its entirety; the latter case refers to the process of model verification,

which is out of scope for this thesis (see [50, 51] for more details). Validation pro-

cesses therefore need to evolve in order to reflect changes in how the models are used.
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Figure 1.4: Schematic of a validation process involving the comparison of data from
simulations and experiments. Data processing methods and quantitative metrics
are the two key components. Data processing methods are used to reconcile key
differences between the two data sources, identify important features of interest, and
form validation targets. Quantitative metrics are used provide an objective analysis
on the accuracy and suitability of the simulation with respect to the experimental
data.

As an example, for a parametric investigation of different piston shapes on global

quantities such as resultant engine-out emissions, it may not be necessary to validate

the simulated in-cylinder flow fields, and a comparison of pressure traces may be

sufficient [52, 53]. However, if a deeper understanding of the local phenomena that

contribute to differences in the outcome is desired, a more detailed validation process

of the flow fields may be required in order to extend the inferences that can be made

from the simulation results [54].

A validation process between a model and a source of truth often consists of two

critical components: some data processing, to transform the raw data into a useful

format, and a metric, to objectively measure the closeness of the match [49]. This

relationship is emphasised in Figure 1.4; the literature in this section is reviewed

through this lens, and this thesis makes contributions to both components.
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Within engine research, it was initially common practice to quantitatively validate

global parameters such as pressure and engine-out emissions, while local quantities

were often limited to qualitative comparisons [55, 56]. Subsequent works developed

more rigorous validation methodologies by quantifying differences between large scale

flow features such as vortex centres [57], velocities along lines of interest in the cylin-

der [58], and the shape and size of the intake air jet [59, 60]. Further progress in CFD

validation was made following the introduction of a quantitative metric: the relevance

index (RI) by Liu and Haworth [61], which faciliated objective comparisons of overall

vector alignment between measured and simulated velocity fields. Similarly, the mag-

nitude index (MI) was introduced into engine research by Hu et al. [62] to quantify

the similarity of vector magnitudes. More details on these vector-based indices are

provided in Section 4.2.1.

The vector-based metrics enabled more objective comparisons to be made between

local flow features from simulations and experiments, and were used extensively in

the development of the proper orthogonal decomposition (POD) technique for engine

flow field analyses [63, 64]. POD is a linear dimensionality reduction technique, used

for data processing in this case, that is discussed in detail in § 3.3. These early works

with POD demonstrate how a new metric can accelerate the development of a data

processing method; for example, the RI was used to correlate high energy-containing

POD modes with coherent structures in the flow, and determine thresholding criteria

for the number of POD modes to retain in turbulent flow reconstructions [65]. Such

studies exemplify the potential that more objective validation processes can have

for understanding new techniques, facilitating their widespread usage with increased

confidence, and providing additional insight into turbulent flow phenomena. Current

engine CFD validation processes now typically follow a workflow of increasing com-

plexity, beginning with an evaluation of global quantities, followed by more detailed
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considerations of smaller-scale physical processes with the use of vector-based metrics

[44, 45, 66].

Data processing methods have had an explosion in capability in recent years, largely

driven by data-driven approaches. Fuelled by drastic advancements in computer hard-

ware and increased access to large datasets [67], data-driven discovery has been re-

ferred to as a fourth paradigm of scientific discovery, after empirical experimentation,

analytical derivation, and computational prediction [68, 69]. Within this framework,

the various classes of machine learning (ML) algorithms are of particular note, which

are flexible methods that can learn patterns from data without the need for explicit

information about the problem at hand [70]. Data-driven discovery is a very flexible

paradigm, capable of handling very large datasets with many competing internally-

correlated variables, and uncovering hidden and complex patterns and relationships in

data. They are especially useful in situations for which developing a governing equa-

tion is untenable; for example, the validation of a CFD model is inherently specific to

individual outcomes of that model, and its intended usage by the practitioner. The

derivation of universal governing equations is clealy unsuitable for such a task.

Recent review papers cover the transformative potential of ML for experimental fluid

mechanics [71] and CFD [72] alike. Such data-driven tools have been shown to be

similiarly capable in the field of engine research [73, 74]. Indeed, Zhao and Hung [75]

include ML as a fundamental pillar of modern engine flow research, alongside CFD

and laser diagnostics methods. However, it should also be noted that the advantages

of data-driven methods can come at the expense of interpretability; in addition, they

are typically not universally generalisable in the same way that a physical equation

would be [76, 77], and like other forms of numerical modelling, extensive care should

be taken in defining the scope of a data-driven model as well as how the model should
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be used outside of that scope.

Strong use cases for data-driven methods within engine research have been identified

as flow field data processing, prediction of dynamics, and control [73, 74]. This thesis

is concerned solely with data-driven methods for flow field data processing, as this

is the most relevant application for engine CFD validation. Furthermore, the unique

advantages and disadvantages of data-driven methods mean that scientific investi-

gations can often benefit from integrating them with other paradigms of scientific

discovery. The engine CFD validation process is an excellent example of this, where

data processing techniques sit at the intersection of simulations and experiments,

enabling objective comparisons to be made between the two, as illustrated in Fig-

ure 1.4. There is therefore significant opportunity to take advantage of the recent

developments in data-driven methods in order to improve data comparison within

engine CFD validation processes.

1.5.1 Current challenges for validation processes

Two key challenges arising from current engine CFD validation processes have been

identified, corresponding to two key steps in the validation process, which are listed

below.

• The creation of validation targets from data.

• The enhancement of validation data.

Each of these topics are described in this section, beginning with the creation of

validation targets from data.
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Creation of validation targets

As will be discussed in §3.2, the ability to collapse a large dataset onto a subset

that can serve as a more manageable validation target is useful for facilitating inter-

pretable and objective validation processes. In the case of experimental particle image

velocimetry (PIV) or large eddy simulation (LES) data, this is often achieved with the

ensemble mean (EM). Naturally, the EM calculation for vector fields can lead to the

cancellation of opposite vectors, which may diminish the overall vector magnitudes

in the EM field, as illustrated in Figure 1.5. This vector-cancelling feature of the EM

is prevalent in the study of the highly turbulent airflow through internal combustion

engines (ICEs). For example, when taking velocity measurements at the same point

across consecutive engine cycles (rotations of the crank shaft), the airflow might point

in different directions due to reasons such as the stochastic effects of turbulence and

physical oscillations of the engine assembly [78]. This makes the dataset susceptible

to the diminished magnitudes effect when attempting to take an average. Therefore,

care is needed when attempting to use the EM to interpret the velocity magnitude

information in a dataset, particularly when there are high levels of variation in the

flow.

Accurate validation of the simulated airflow through ICEs is of particular interest as

the intake airflow is a major source of kinetic energy in the engine cylinder [79,

80], significantly influencing subsequent cycle-to-cycle variations (CCVs) [81, 82],

combustion quality [83, 84], wall heat transfer [85], and ultimately engine efficiency

[15]. In particular, Van Dam and Rutland [86] showed that variability in engine

flows is primarily due to variable velocity magnitudes rather than variable velocity

directions. It is therefore of utmost importance to explore methodologies that can

produce simple representations of vector fields with magnitudes that accurately reflect

the original data.
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Figure 1.5: Diagram showing two vectors a and b with equal magnitudes, pointing in
different directions. An arithmetic average of a and b gives the vector c, which has
a diminished magnitude due to the cancellation of horizontal velocity components.
The vector d represents a potentially more desirable form of the average, which can
be achieved with dimensionality reduction methods. In the diagram, ‘mag’ refers to
the vector magnitude.

Prior studies have shown the deficiencies of simple averaging processes when attempt-

ing to create reliable representations of highly variational engine flows [54, 64, 87].

This is particularly true for cases where strong CCVs cause each of the individual

snapshots to appear differently from the overall ensemble average. A clarification is

warranted here regarding the definition of CCVs, and what causes the changes in

flow features inside the cylinder between subsequent cycles. Lumley [19] notes that

‘the flow is deterministic, and the flow at TDC is entirely determined from (and very

sensitive to) the flow at the inlet valve closing. Since this is entirely determined by the

flow in the inlet manifold during filling, it must be this flow that is responsible for the

cycle-to-cycle variability’, and, later ‘relatively small differences at inlet valve closing

attributable to the manifold turbulence are enough to cause considerable variability

at TDC, due to the extreme sensitivity of the turbulence to initial conditions’. Fi-

nally, he writes that ‘since the cycle-to-cycle variation, and the small scale turbulence

in the cylinder appear to be physically the same, differing only in scale, it probably

makes sense to lump them together, because the cycle-to-cycle variations are also

responsible for transport in the cylinder’.
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The turbulent fluctuations and larger-scale CCVs can be ‘lumped together’ and iso-

lated by subtracting the mean from any individual measurement. This approach has

been widely used in the literature [64, 65, 88], and it is also implemented in this the-

sis, as the present work is more concerned with the effect that variations can have on

the average rather than defining the sources of the variations themselves. However,

it is worth noting that although the flow is indeed deterministic, Lumley’s conclusion

that the CCVs and turbulence appear to be physically the same seems to neglect

the impact that physical vibrations of the apparatus can have on the level of flow

field variability. For example, the General Motors − University of Michigan group

found a correlation between the lateral position of the intake valve and the resulting

flow patterns inside an optical engine experiencing valve ringing (lateral oscillations),

which caused variable mass flux through the intake valve [89]. This of course in-

fluences the intitial and boundary conditions of the flow inside the cylinder, is not

determined by prior turbulence in the intake manifold, and likely exhibits different

physcial characteristics to true turbulence (i.e. a lack of stochasticity). In any case,

the complex relationship between turbulence and CCVs is still very much an open

and active research question, and currently evades a precise definition [90–92].

The existence of CCVs in flow fields has motivated the use of modal decomposition

methods, which are a branch of dimensionality reduction techniques [93]. Modal

decomposition methods decompose complex datasets into a set of modes, which are

linear combinations of the original data that can isolate the effects of specific patterns

in the data. More detail on these techniques is provided in §3.3. The proper orthogo-

nal decomposition (POD) is the most widespread modal decomposition method used

in engine research [88, 94].

POD is a technique that can decompose a high-dimensional dataset into a hierarchy
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of low-dimensional structures known as modes, and was first introduced to the field of

fluid dynamics by Lumley in 1967 [95]. The low-rank feature extraction capabilities

of the POD technique have been demonstrated widely in engine contexts; for a flow

where the ensemble mean was a poor representation of the individual cycles, Chen et

al. [64] showed that POD was able to separate and quantify the cyclic variability of

the average flow structure and the turbulence energies. Liu et al. [96] investigated

LES and PIV flow data from a single-cylinder, two-valve piston engine using various

implementations of POD, including both phase-dependent and phase-invariant ver-

sions. The authors found that the reconstruction of complex in-cylinder flow fields

was possible with just the first few POD modes. POD has also been used to gain

further insights into CCV and the energy cascade in ICEs via the triple [65] and

quadruple [97] decomposition methods. Recently, Wu et al. [98] used triple POD

to investigate the interaction of dominant, coherent, and incoherent flow structures

in a combustion chamber under motored conditions and were able to correlate the

significant CCVs with the coherent flow structures identified by triple POD.

However, in its standard form, POD modes are only spatially coherent, so each spa-

tial mode may consist of structures that are characterised by a mixture of different

temporal dynamics [93]. A more appropriate tool for analysing spatial and tem-

poral dynamics together is the dynamic mode decomposition (DMD), developed by

Schmid [99], and described in detail in §3.3.5. DMD produces spatial modes that each

oscillate at a single frequency with an associated growth or decay rate, thus capturing

the changes in spatial modes over time. DMD has been broadly applied to the study

of flows [100–102], but also in areas as diverse as epidemiology, medical imaging, and

robotics [103].

Studies of engine flows using DMD are relatively scarce in the literature, possibly due
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to the difficulty in relating spatial structures to physical time in cyclostationary pro-

cesses. For example, in order to fully interpret the results from a phase-dependent∗

application of DMD, it is likely that one needs to assume that there is a link between

flow fields at the same phase across consecutive cycles. However, a number of complex

processes occur in the time it takes for an engine to return to the same phase, such

as expansion, compression, and a replacement of the working fluid via the exhaust

and fresh intake [15]. The degree to which the flow at a certain phase in one cycle is

correlated with the flow at the same phase in the next cycle is therefore unclear. By

assuming that the engine operates as a continuous process, Qin et al. [97] implemented

phase-dependent DMD to investigate an engine flow, but did not explore the spatial

structures of the DMD modes or relate them to physical features of the flow. An

alternative phase-dependent implementation was proposed by Liu et al. [104], who

treated each snapshot as an independent measurement. Therefore, they conducted a

random permutation and averaging process to uncover the statistically global DMD

features from cycle to cycle. Applications of DMD to engine flows are perhaps more

naturally suited to phase-invariant approaches, where the physical links between con-

secutive snapshots are more apparent. Liu et al. [105] used phase-invariant DMD

to investigate the dynamic properties of CCV structures. However, in order to bring

physical meaning to the DMD modes, they required a combinatorial search to match

the DMD modes to phase-invariant POD modes.

For the purpose of producing a validation target from a vector field dataset in a similar

manner to how the vector d can represent the vectors a and b in Figure 1.5, Shen

et al. [54] compared phase-dependent POD to ensemble averaging and speed-based

averaging. They concluded that among these options, POD-reconstructed flow fields

provided the most suitable representations of the flow in the considered scenario.

∗The terms phase-dependent and phase-invariant are discussed in §3.2.
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Fang et al. [106] highlighted the subjectivity in determining the threshold number

for the number of POD modes retained in the reconstructions, and proposed the

use of kernel principal component analysis (KPCA) as a more objective solution.

However, neither of these solutions proved capable of reliably collapsing a dataset

onto a single validation target, which has remained an open question, and is addressed

in Chapters 4 and 5 with the use of a DMD variant known as the sparsity-promoting

dynamic mode decomposition (SPDMD).

Enhancement of validation data

In situations where PIV images contain no data from any engine cycles at a par-

ticular location, neither the EM nor any of the modal decomposition techniques

can be calculated completely. Such situations can arise when conducting PIV ex-

periments due to challenges such as shadowing (occlusions due to walls or other

components), laser alignment issues, irregular seeding density of the tracer particles,

background reflections and light scatter, and strong out-of-plane motion for 2D mea-

surements [107, 108]. Attempting to rectify gappy PIV data through experimental

reruns may be costly or in some cases impossible, and as design work becomes increas-

ingly digitalised, experimental data will need to be compared to or assimilated with

typically clean simulation data for validation purposes [47, 109] or in the construction

of digital twins [38, 110, 111].

The development of numerical methods that can fill gaps in spatio-temporal turbulent

flow data, a task also known as inpainting in the image processing community [112,

113], has a history spanning several decades. Of particular note is the family of

methods stemming from what came to be known as the gappy proper orthogonal

decomposition (GPOD), introduced by Everson and Sirovich in 1995 [114]. These

methods employ the POD to identify dominant flow structures in a dataset, which
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are used to inform the velocity predictions inside the gaps. The predictions are

updated iteratively as the number of POD modes (principal components) considered

for the reconstruction is incremented. More details on the method can be found

in § 3.3.3.

GPOD became an industry-norm in the field of turbulent flow diagnostics, and re-

ceived several updates and improvements over the past few years [115–118]. One

reason for GPOD’s popularity in the fluid mechanics community is due to its ability

to out-perform state-of-the-art interpolation schemes [117]. Another reason is due

to the focus that POD methods place on dominant low-rank features, which may be

analogous to the concept of coherent structures in turbulent flows [93, 119]. Therefore,

results from GPOD retain a degree of physical explainability. In addition, as fluid

flow data are often negatively affected by noise, outliers, and potentially less relevant

small-scale turbulent structures [65, 120], high levels of reconstruction accuracy can

be achieved by mainly focusing on these low-rank structures [107, 117].

However, it should be noted that the singular value decomposition (SVD), integral

to POD-based techniques, utilises linear combinations of the original data in order to

find new bases with which to represent the data. Therefore, techniques that rely on

the SVD such as POD and DMD are unable to model more complex non-linear inter-

actions between the variables [121]. As turbulence is inherently non-linear, the use of

non-linear models has the potential to further enhance flow data post-processing ca-

pabilities and take on more challenging problems within CFD validation pipelines. An

autoencoder (AE) neural network is a type of dimensionality reduction method that

may be considered to be a non-linear generalisation of the SVD, due to the use of non-

linear activation functions [121]. Autoencoder neural networks have been widely used

in turbulent flow applications, partly because the dimensionality reduction through
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the latent space maintains the focus on dominant flow structures [122, 123]. Convo-

lutional neural networks (CNNs) are also widely used due to their ability to utilise

the local spatial relationships inherent in turbulent flow data on grids [124–126]. In

particular, the UNet architecture [127] has demonstrated success in a variety of tasks

including flow field prediction and super resolution [75, 128–131].

Regarding alternative architectures, generative adversarial networks (GANs) have

been used successfully in preserving multi-scale statistics of turbulent flows for super-

resolution [132, 133] and inpainting [134]. Physics-informed neural networks (PINNs) [135]

also show promise for creating more generalizable ML models, especially for laminar

and fully 3D flows [136–138]. However, the suitability of PINNs for 2D PIV data

is currently unclear, as the only data available are two velocity components along a

2D slice of a 3D system, which stretches the validity of the conservation equations.

In addition, the spatially correlated noise introduced by the cross-correlation algo-

rithm in the PIV process has been shown to significantly degrade the results from a

PINN [139].

In the literature on inpainting for turbulent flows, there is a noticeable lack of dis-

cussion on how artificial gaps should be created for training and testing ML models.

Common methods of adding gaps to clean data include random noise [140, 141], clus-

tered dropouts [116, 117], and block gaps [75, 118, 142]. Rectifying random noise and

clustered dropouts is often an easier task for ML models due to the large amount of

spatially local information that remains available [143]. Conversely, due to the larger

gap sizes, block gaps can be more challenging to handle. However, studies to date

have only considered blocks of standard shapes and fixed orientations, which can be

unrealistic and of limited use in practical scenarios where complex geometries can

obscure the field of view in any number of ways.
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There are large number of inpainting models that are available to choose from, and

it is not straightforwards to determine which scenarios will cause one model to per-

form better than another one and why. In addition, there is a lack of clarity in how

different gap-handling approaches affect the results of an inpainting model, and these

points motivate the need for an objective benchmark to be established. Benchmarks

typically consist of an open-source dataset, as well as a well-defined task that can be

used to objectively compare model performances, and they can be essential for devel-

oping numerical methods. For example, the ImageNet Large Scale Visual Recognition

Challenge benchmark is often credited with catalysing the deep learning explosion,

having facilitated the development of the famous AlexNet model [144, 145].

Within the realm of turbulent flow research, several large flow physics datasets exist,

including the Johns Hopkins Turbulence Database [146], BLASTNet database [147],

and the turbulence data from McConkey et al. [148]. However, each of these datasets

represent idealised flows over small domain sizes, which do not reflect the complex

geometries and operating environments associated with physical machinery. Other

databases address more practical geometries and domain sizes, such as the AirfRANS

dataset for airfoil shape optimisation [149], and the Cambridge-Sandia burner for a

variety of swirling stratified flows [150]. Regarding engine-specific flows, PIV datasets

have been published by the Engine Combustion Network (ECN) [151] and the General

Motors University of Michigan Automotive Cooperative Research Laboratory [152].

These datasets need to be paired with a benchmark task in order to objectively evalu-

ate inpainting models, and this is the focus of the work presented in Chapter 6.
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1.6 Thesis aim and structure

The aim of this thesis is to develop advanced numerical methods that can improve

validation processes for engine CFD models against PIV data. In particular, the

following research questions are addressed.

1. How can an objective validation target be created from an ensemble

of PIV data?

Specifically, previous methods of validation target creation have not been fully

representative of high-variation PIV datasets due to the diminished magnitudes

problem. As outlined in the literature review, there is potential for advanced

numerical methods to overcome this issue. This is investigated in Chapter 4 of

this thesis, and publication 1 (as listed in the next section).

2. How can an ensemble of CFD data be objectively compared to an

ensemble of PIV data?

Here, the methodologies developed in question 1 are extended towards the val-

idation of an ensemble of LES flow fields against a PIV dataset. This work is

presented in Chapter 5 of this thesis, and publication 2.

3. To what extent can PIV data be enhanced by using numerical meth-

ods to repair large gaps inside the images?

As an essential first step towards answering this question, a benchmark is es-

tablished that can objectively evaluate the performance of various inpainting

methods. The methodologies developed in questions 1 and 2 are used to assess

the practical utility and relevance of the predictions made by the inpainting

models investigated. This work constitutes Chapter 6 of this thesis, and publi-

cation 3.
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The remainder of the thesis is therefore structured as follows. Chapter 2 introduces

the different datasets used in the analysis and discusses their key characteristics.

Chapter 3 presents the numerical methods used to create the results and findings in

this thesis, and discusses their usage with respect to the aims of this thesis. The

diminished magnitudes problem for constructing validation targets is introduced in

Chapter 4, along with the proposed SPDMD methodology for comparing a Reynolds-

average Navier-Stokes dataset to a particle image velocimetry (PIV) ensemble. The

methodology is extended for the validation of large eddy simulations (LES) in Chap-

ter 5. The flow reconstruction benchmark is presented in Chapter 6, along with

the analysis of different model performances. Finally, the overall conclusions and

recommendations are provided in Chapter 7.
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Chapter 2

Data sources

2.1 Overview

This chapter describes the methods used to obtain the results presented in this thesis.

It begins with a description of the CFD and experimental methods used for obtaining

the quantitative velocity data describing turbulent flows. The latter section then

introduces the specific datasets used in this thesis, comprising of two CFD and three

PIV datasets.

2.2 Turbulence modelling

2.2.1 Introduction

Flows in ICEs are highly turbulent, which is defined as when the Reynolds number

(the ratio of inertial forces to viscous forces, Re) exceeds a critical value of approxi-

mately 4000, causing the fluid motion to become unstable [40]. Rotational structures
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with a wide range of time and length scales known as turbulent eddies are formed and

the flow is subject to random fluctuations. The turbulent eddies increase local gradi-

ents of fluid properties due to convective transport, which increases rates of diffusion

and enables rapid combustion. Many combustion applications, including the ICE,

therefore rely on turbulent flows to achieve high volumetric power outputs [20]. As

an engine-relevant example, an air flow at room temperature with density 1.2 kg/m3

and dynamic viscosity 1.8 e−5 Pa.s flowing through an intake valve with diameter

0.03 m at 30 m/s gives Re ≈ 60000 (see Equation 2.1).

Of particular importance to turbulence modelling is the concept of the energy cascade,

proposed by Richardson in 1922 [153] and developed by Kolmogorov in the early

1940s [154]. In this concept, kinetic energy is introduced into the turbulence at the

largest scales, through production mechanisms such as the piston and intake valve

dynamics in an ICE, and transferred onto progressively smaller scales until eventual

dissipation at the smallest scales. This is occurs because the eddy structures at

larger length scales are unstable and prone to breaking up. This is illustrated in the

Reynolds number equation, where larger length scales correlate to a larger ratio of

inertial to viscous forces and therefore greater instabilities:

Re =
ρuℓ

µ
(2.1)

where ρ is the density, u is the velocity, ℓ is the length scale, and µ is the dynamic

viscosity. This energy transfer process continues with reducing ℓ until the Re is suffi-

ciently small for the kinematic viscosity to become effective in dissipating the energy;

these smallest scales are known as Kolmogorov scales. Crucially, this sequential chain

of events implies that the rate of dissipation, ϵ, may be determined from transfer of

energy from the largest eddies. This process is illustrated in Figure 2.1, and poetically
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Figure 2.1: A diagram of the energy cascade, showing the kinetic energy E as a
function of the wavenumber k. Three distinct regions are labelled, where A is the
integral range where energy is produced, B is the inertial subrange where energy is
transferred at an approximately constant rate, and C is the disspation range.

put by Richardson [153]:

Big whorls have little whorls,

Which feed on their velocity;

And little whorls have lesser whorls,

And so on to viscosity.

As mentioned in §1.4, models for turbulence are required because directly calculating

all relevant quantities over large space and time-scales, in an approach known as direct

numerical simulation (DNS), quickly becomes intractable. Following Pope [40], the

smallest turbulence scales (Kolmogorov scales) are given by η ∼
(
ν3

ϵ

)1/4

where ν is the

kinematic viscosity (units m2/s) and ϵ is the rate of turbulent energy dissipation (units

of kinetic energy per unit mass per second, or m2/s3). Due to the energy cascade,

ϵ can be related to the integral length scale L and the root mean square velocity u′
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by ϵ ∼ u′3

L
. Substituting for the Reynolds number Re = u′L

ν
gives η ∼

(
L4

Re3

)1/4

=

LRe−3/4. The number of grid points needed to cover all spatial scales is given by

the ratio of the largest and smallest volumes, so that N ∼
(
L
η

)3

= Re9/4. The total

computational time ttotal is proportionate to the number of grid points multiplied by

the number of timesteps, N × T . The minimum timestep ∆t is constrained by the

Courant–Friedrichs–Lewy (CFL) condition ∆t ∼ η
u′

∗ . Therefore, ∆t ∼ L
u′
Re−3/4.

Finally, as the number of timesteps is inversely related to the timestep size, we have

T ∼ 1
∆t

∼ Re3/4, and the overall runtime scales with ttotal ∼ Re9/4 × Re3/4 = Re3.

This rapid scaling of computational time with Reynolds number limits the use of DNS

to simpler flow set-ups for the foreseeable future, requiring turbulence effects to be

modelled instead of calculated explicitly [40, 41].

2.2.2 RANS and LES overview

There are two main classes of numerical methods for modelling the effects of turbu-

lence: Reynolds-averaged Navier-Stokes (RANS), and large eddy simulations (LES).

RANS approaches calculate the effects of turbulence on the mean flow using Reynolds-

or Favre-averaging, which are procedures that will be discussed in §2.2.3. The focus

on average quantities means that the stochastic nature of turbulence cannot be cap-

tured explicitly, and turbulence effects must be modelled. However, RANS is used

extensively in industry as it is the least computationally expensive method while still

being capable of producing accurate results for global quantities [20, 156].

On the other hand, LES is an approach that can provide more detailed results than

RANS at additional computational expense. The LES method uses spatial-filtering

∗The CFL condition promotes numerical stability in the solution of partial differential equations
by ensuring that relevant information should not travel across more than one grid cell per timestep,
given by umax∆t

∆x ≦ C, where C is a constant typically set to 1 or below [155]. For the Kolmogorov
scales, ∆x ∼ η, giving ∆t ∼ η

u′ .
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to calculate large scales of turbulence explicitly, but still uses sub-grid scale (SGS)

models at small turbulence scales. The theory behind this filtering of scales has its

roots in the Kolmogorov hypotheses [154], which assume that small-scale eddies are

isotropic and therefore have invariant statistics under translations and rotations of

the coordinate system. As a result, the average of the fluctuating properties comes to

zero, making the small-scale eddies easier to model. Large eddies are still calculated

explicitly as they directly interact with the mean flow and are therefore more problem-

dependent and more challenging to handle with a single turbulence model [46].

2.2.3 RANS equations

In RANS, the random nature of turbulent flows is modelled using the Reynolds de-

composition. A generic flow variable (ϕ) dependant on time t is defined in terms of a

steady mean value (ϕ) and a fluctuating component (ϕ′) which has an average value

of zero, for ϕ′ = ϕ − ϕ. In this section, the overbar will be used to denote a time

average, and the prime symbol ′ for the fluctuating mean-subtracted component. The

mean is ‘time-averaged’, and defined in Equation 2.2:

ϕ =
1

∆t

∫ ∆t

0

ϕ(t)dt (2.2)

This technique is widely used in simulations of non-reacting flows where the density

is assumed constant. However, using this approximation for the simulation of engine

flows leads to difficulties. This is because piston compression and heat release due

to combustion cause the density to fluctuate, resulting in many unknown fluctuating

terms that would require additional modelling. For example, the instantaneous mass
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continuity equation (units kg.m−3s−1) in index form (i = 1, 2, 3) is given as [156]:

∂ρ

∂t
+
∂(ρui)

∂xi
= 0 (2.3)

for density ρ, velocity ui, and spatial coordinate xi. Substituting the Reynolds de-

composition into the continuity equation gives:

∂(ρ+ ρ′)

∂t
+
∂[(ρ+ ρ′)(ui + u′i)]

∂xi
= 0 (2.4)

and multiplying out the brackets in the second term produces the ρui, ρ
′ui, ρu

′
i, ρ

′u′i

quantities. Taking a time average of Equation 2.4 brings ρ′ to zero by definition as well

as the two middle quantities from the second term due to: ρ′ui = ρ′×ui = 0×ui = 0,

leaving the Reynolds-averaged continuity equation:

∂ρ

∂t
+
∂(ρui)

∂xi
+
∂(ρ′u′i)

∂xi
= 0 (2.5)

ρ′u′i is an additional unknown term that represents the correlation between density

and velocity fluctuations. Favre-averaging is an alternative technique that removes

the need to model fluctuating terms like ρ′u′i explicitly by taking a density-weighted

approach, defined as:

ϕ̃ =
ρϕ

ρ
; ϕ′′ = ϕ− ρ′ϕ′

ρ
(2.6)

where the effects of density fluctuations are now included inside the ϕ′′ term, so ρui =

ρ(ũ+ u′′i ). Expanding the brackets and taking a time average gives ρui = ρũi + ρu′′i .

The last term in this equation can be shown to equal zero: ρu′′i = ρ(ui − ũi) =

ρui−ρũi = ρui−ρρuiρ̃ = ρui−ρui = 0, so that ρui = ρũi. The time averaged continuity

equation can therefore be written in terms of the Favre-averaged velocity.

∂ρ

∂t
+
∂(ρui)

∂xi
=
∂ρ

∂t
+
∂(ρũi)

∂xi
= 0 (2.7)
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Similarly, the first two terms in the instantaneous momentum equation (units kg.m−2s−2)

contain multiplications of ρ and u whose fluctuations do not equal zero when aver-

aged:

∂ρui
∂t

+
∂ρuiuj
∂xj

= − ∂p

∂xi
+
∂τij
∂xj

(2.8)

where p is the pressure and τij is the viscous stress tensor. The ρui term in the mo-

mentum equation can be handled in the same way as in the continuity equation (ρui =

ρũi). Reynolds averaging the convective term in the momentum equation would give:

ρuiuj = (ρ+ ρ′)(ui + u′i)(uj + u′j) = ρ̄ūiūj+ρu′iu
′
j+uiρ

′u′j+ujρ
′u′i+ρ

′u′iu
′
j. The Favre

averaging technique simplifies this to: ρuiuj = ρ(ũi + u′′i )(ũj + u′′j ) = ρũiũj + ρu′′i u
′′
j .

The Favre-averaged momentum equation is therefore given in Equation 2.9.

∂ρũi
∂t

+
∂ρũiũj
∂xj

= −
∂ρu′′i u

′′
j

∂xj
− ∂p

∂xi
+
∂τij
∂xj

(2.9)

The components of the ρu′′i u
′′
j term (kg.m−1s−2 or Pa) are known as the Reynolds

stresses (denoted as RS from here onwards), and they represent momentum exchanges

due to convective transport by the turbulent eddies. It is the aim of RANS turbulence

models to close RS.

2.2.4 RANS turbulence models

RANS turbulence models can be broadly classified into zero-, one- or two-equation

models, and Reynolds stress equation models (RSM) [20]. Two-equation models are

the most used in industrial RANS simulations as a compromise between computa-

tional cost and accuracy [157, 158]. On the one hand, zero- and one-equation models

typically have reduced accuracy as they rely on a simple algebraic relation between the

eddy velocity scale and the mean flow which neglects additional contributions to the

turbulence due to transport such as convection and diffusion, while RSM approaches

on the other introduce new balance equations for each of the Reynolds stresses, greatly
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increasing computational cost [156]. The re-normalisation group (RNG) k − ϵ is a

two-equation model that is widely used for flows with bulk compression such as ICE

flows, as the fixed model constants in the standard turbulent kinetic energy transport

equation have been shown to be incapable of capturing the disparate processes in the

compression and expansion strokes [159–161]. The mathematics of the RNG approach

are quite involved, so the interested reader is referred to Yakhot and Orszang [162]

for more details.

The closure of RS with the RNG k − ϵ model begins with the Boussinesq hypothesis

that the mechanism of energy transfer between the scales is analogous to the kinetic

theory of gases, whereby molecular motion draws energy from the mean flow via

molecular viscosity, generally in the direction of the velocity gradient [163]. RS is

therefore modelled as being proportional to the mean rates of deformation, with the

constant of proportionality as the turbulent viscosity µt (kg.m
−1s−1), which models

the additional transfer of momentum due to the turbulent eddies:

RS = µt

(
∂ui
∂xj

+
∂uj
∂xi

)
− 2

3
ρkδij (2.10)

where k is the turbulent kinetic energy (units m2s−2) and δij is the Kronecker delta †.

Dimensional analysis yields:

µt = ρCµ
k2

ϵ
(2.11)

where Cµ is a dimensionless model constant and ϵ (m2s−3) is the dissipation rate of

k. k and ϵ each have their own transport equations (units kg.m−1s−3 and kg.m−1s−4

respectively), consisting of terms representing transport via convection and diffusion,

†The Kronecker delta is defined as δij =

{
1, if i = j

0, if i ̸= j
.
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and rates of production and destruction:

∂(ρk)

∂t
+
∂(ρũik)

∂xi
=

∂

∂xi

[(
µ+

µt
σk

)
∂k

∂xi

]
+ Pk − ρϵ (2.12)

∂(ρϵ)

∂t
+
∂(ρũiϵ)

∂xi
=

∂

∂xi

[(
µ+

µt
σϵ

)
∂ϵ

∂xi

]
+ Cϵ1

ϵ

k
Pk − Cϵ2ρ

ϵ2

k
−R (2.13)

where Cϵ1 and Cϵ2 are dimensionless model constants and the source term Pk is:

Pk = −ρu′′i u′′j ∂ũi∂xj
, representing turbulent stress induced by a velocity gradient. The

dimensionless Prandtl numbers σk and σϵ represent the ratio of momentum diffusivity

to thermal diffusivity and are also assumed to be constant. The traditional k−ϵmodel

was extended by Yakhot and Orszag using renormalisation group (RNG) methods to

form the RNG k−ϵmodel [162]. In the RNG k−ϵmodel an additional correction term

R is included in the ϵ transport equation which changes dynamically with the mean

strain rate. The increased sensitivity to strain has improved the RNG k − ϵ model’s

performance in modelling separated flows, which are commonly found in engines due

to flow motion around the intake valves.

2.2.5 LES equations

Rather than time-averaging, LES approaches make use of spatial filtering to separate

the scales for modelling and explicit calculation. The following decomposition is used:

ϕ′ = ϕ − ϕ, where in this section, the overbar represents spatial filtering rather

than time averaging, and ϕ′ is the sub-grid component. The filtered component is

obtained by applying a spatial filiter G to the instantaneous flow variable ϕ:

ϕ̄(x, t) =

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
G(xi, ξi,∆)ϕ(ξi, t) dξ1 dξ2 dξ3 (2.14)
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where G depends on the nearby grid points ξ in each dimension as defined by the

cutoff width ∆. G is commonly defined as a uniform box filter:

G(xi, x
′
i,∆) =


1
∆3 if |xi − ξi| ≤ ∆

2
for i = 1, 2, 3

0 if |xi − ξi| > ∆
2
for i = 1, 2, 3.

(2.15)

In practice, the value of ∆ is commonly taken to be on the order of the computational

grid size, so that ∆ = 3
√
∆x∆y∆z for width ∆x, length ∆y, and height ∆z. Apply-

ing the filtering operation to the instantaneous continuity equation (Equation 2.3)

gives:

∂ρ̄

∂t
+
∂(ρui)

∂xi
= 0 (2.16)

assuming the use of a uniform filter such that the filtering operation commutes with

the differential for ∂ρ
∂t

= ∂ρ̄
∂t

and ∂(ρui)
∂xi

= ∂(ρui)
∂xi

. Favre-filtering is applied in the same

way as Favre-averaging:

ϕ̃ =
ρϕ

ρ
(2.17)

where in this case ϕ̃ is a Favre-filtered quantity and overbars represent spatially

filtered terms. The filtered continuity equation can therefore be written as:

∂ρ̄

∂t
+
∂ρũi
∂xi

= 0. (2.18)

Similarly, the filtering the instantaneous momentum equation (Equation 2.8) gives:

∂(ρui)

∂t
+
∂(ρuiuj)

∂xj
= − ∂p̄

∂xi
+
∂τij
∂xj

. (2.19)
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Using Favre-weighted quantities, we have ρui = ρũi and:

ρuiuj = ρũiuj

= ρũiũj − ρũiũj + ρũiuj

= ρũiũj + ρ (ũiuj − ũiũj) .

The unclosed residual is denoted as the sub-grid stress tensor:

τ̃ rij = ρ̄ (ũiuj − ũiũj) . (2.20)

Finally, the viscous stress tensor can be written in Favre-filtered form as τij = τij +

τ̃ij − τ̃ij. This leaves the Favre-filtered momentum equation:

∂ρ̄ũi
∂t

+
∂ρ̄ũiũj
∂xj

= − ∂p̄

∂xi
−
∂ρ̄τ̃ rij
∂xj

+
∂τ̃ij
∂xj

+
∂

∂xj
(τ̄ij − τ̃ij) (2.21)

where ∂
∂xj

(τ̄ij − τ̃ij) represents a sub-filter viscous contribution, which is often con-

sidered to be negligible [163].

2.2.6 LES turbulence models

Perhaps the simplest LES tubulence model for closing the sub-grid stress tensor τ rij

is the Smagorinsky model, which begins with a Boussinesq-style hypothesis [163,

164]:

τ̃ rij = −2µSGSS̃ij +
1

3
τ̃iiδij (2.22)

where the strain rate tensor is:

S̃ij =
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
(2.23)
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and the sub-grid viscosity is deconstructed using dimensional analysis via character-

istic length and velocity scales l0 and U0:

µSGS ∝ ρl0U0. (2.24)

As the small eddies are assumed to be isotropic, they can be characterised by their

size, so l0 is modelled as the average sub-grid eddy size, calculated as the grid size

multiplied by a constant:

l0 = Cs∆ (2.25)

and the characteristic velocity of the eddies is defined by the average velocity gradi-

ents:

U0 = l0

√
2S̃ijS̃ij (2.26)

so that finally:

µSGS = ρ (Cs∆)2
√
2S̃ijS̃ij (2.27)

However, it is challenging to accurately represent a range of turbulent fields in rotating

or sheared flows, near solid walls, or in transitional regimes with a single constant

Cs [165]. Therefore, Germano et al. [166] proposed the Dynamic Smagorinsky model,

which modifies Cs according to predictions of the sub-grid turbulent stresses on a local

basis. To this end, two filters are defined, the regular grid filter ˜ as well as a coarser

test filter ̂ . Applying the test filter to Equations 2.20 and 2.21 give:

̂̃τ rij = ¯̄ρ
(̂̃uiuj − ̂̃uiũj) (2.28)

τ̂ rij = ¯̄ρ
(̂̃uiuj − ̂̃uî̃uj) . (2.29)
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A difference between these two equations gives the effects of the stresses between the

grid and test filters:

Lij = τ̂ rij − ̂̃τ rij = ̂̃uiũj − ̂̃uî̃uj. (2.30)

Germano [166] and Lilly [167] showed that Lij can be written into an error function

that represents the expected scale-dependent error, which can then be minimised in

order to update the Smagorinsky constant:

C2
s =

⟨LijMij⟩
⟨MijMij⟩

(2.31)

where ⟨ ⟩ indicates an average and:

Mij = −2∆̂2|̂̃S|̂̃Sij + 2∆̃2|̂̃S|S̃ij. (2.32)

This version of the Dynamic Smagorinsky model is widely used, and was implemented

by collaborators from the University of Modena and Reggio Emilia in order to gather

the LES data that were analysed in this thesis [44].

2.3 Particle image velocimetry

Optical access in ICEs has played a crucial role in visualising and understanding

in-cylinder processes since at least the 1930s with the use of qualitative Schlieren

imaging [168]. To provide optical access inside an engine cylinder, metal sections can

be replaced with components made of transparent materials, such as a silica cylinder

liner and piston window. Particularly since the development of digital image pro-

cessing techniques in the 1980s, and high-power lasers and high-speed cameras in the

2000s, particle image velocimetry (PIV) has emerged as an effective optical technique

for taking flow velocity measurements over large areas [169]. PIV offers a significant

advantage over previously-established techniques that are primarily designed for point
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measurements such as hot-wire anemometry and laser-Doppler velocimetry [170]. In

PIV, velocity vectors are obtained across a flow field (typically a two-dimensional

plane) by tracking the displacement of seeder particles between pairs of images taken

over short time intervals. The result is a set of images that contain velocity vectors at

discrete points in the measurement plane, representing the motion of the neighbour-

ing fluid [169]. The seeder particles need to be small enough to follow the turbulent

flow motion without influencing the flow or experiencing slippage, but large enough to

scatter the light and create a clear signal. Adrian and Westerweel [169] suggest that

≈1 µm diameter oil droplets (olive oil is commonly used in practical atomisers and

aerosols for PIV systems) are sufficient for scattering light with negligible slippage

losses.

A conventional planar PIV setup in an engine involves passing a laser beam through

a set of optics to produce a 2D light sheet, which is then directed into the cylinder

to illuminate the measurement plane. An example PIV schematic is provided in

§2.5.1. Light scattered by the seeder particles in the flow is captured by the high-

speed camera. The short timescales involved (the piston in an engine running at

1000 rpm moves at ≈167 µs per crank angle) necessitate short exposure times for the

camera, so it is important to use high-power lasers (typically 5-200 mJ [170]) in order

to produce sufficient illumination and clear final images. Dual-cavity lasers that can

fire two independent laser beams are typically used as more cost-effective solutions

than ultra-high repitition rate single-cavity lasers for producing pulses that are rapid

enough to take pairs of PIV images separated by tens of microseconds [169].

To generate velocity vectors from the raw image pairs, the images are split into

several interrogation windows; the windows from each image in the pair are then

cross-correlated such that the correlation peak defines the most likely displacement
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of the particles. As the time interval between the snapshots is known, a velocity

vector can therefore be calculated and assigned to the interrogation region. The

interrogation windows are often chosen to overlap, commonly by 50%, in order to

reduce random errors [170]. Multi-pass approaches are sometimes implemented to

increase the range of velocities that can be recorded by the system (known as the

dynamic range); a larger interrogation window size is used at first to capture the

large-scale motion, followed by smaller windows that correct the velocity calculations

at the smaller scales. Final window sizes are commonly chosen to encompass around

ten seeder particles in order to provide sufficiently reliable displacement estimates

without excessively compromising the spatial resolution [169, 171]. An illustration of

the PIV vector generation process is provided in Figure 2.2.

(a) (b) (c)

Figure 2.2: A diagram of the PIV vector generation process. Part (a) illustrates an
example raw PIV image showing the seeder particles, divided into a set of interroga-
tion windows. Part (b) shows the image from the next timestep, where the particles
have been shifted downwards by the turbulent flow. The particles in the red interro-
gation window from the previous image have been identified by the cross-correlation
algorithm and are located inside the purple square, where the grey region is the user-
defined particle search zone. Finally, in part (c) the average displacements between
the particles in the interrogation windows have been calculated in order to produce
a set of velocity vectors on the PIV grid.
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2.4 CFD datasets

Two CFD datasets are explored in this thesis for compairson to PIV data. Firstly, a

RANS dataset is considered due to the widespread usage of the RANS technique in

the automotive engineering industry. In this configuration, a single RANS snapshot

per crank angle needs to be validated against a larger set of PIV images (typically

100−1000 per crank angle). Therefore, a many-to-one operation is desired that can

collapse the PIV data onto a single image per crank angle that can serve as a vali-

dation target for the RANS data. Secondly, an LES dataset is investigated, as the

LES technique is capable of capturing more complex turbulent behaviours while still

remaining feasible for dedicated research applications. In this configuration, the val-

idation process requires modification as two ensembles of data are involved, with

both the LES and PIV datasets supplying multiple realisations of data per crank

angle.

The RANS simulations presented in this thesis were designed and run by the au-

thor in order to complement the PIV dataset from the Oxford optical engine. This

engine is of particular industrial relevance, being based on the Jaguar Land Rover

(JLR) AJ200 gasoline direct injection engine. On the other hand, the LES data were

gathered by the Gruppo Motori at the University of Modena and Reggio Emilia.

They ran simulations of the Darmstadt optical engine, which is a well-characterised

and widely-studied apparatus among international research institutions [44, 171, 172].

The respective computational setups are described below.

2.4.1 Oxford RANS

Engine simulations were run in Simcenter STAR-CCM+ In-cylinder solution v2021.2

in a RANS framework. The turbulence model was the RNG k − ϵ two-layer model
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Exhaust

Intake

Figure 2.3: Sample RANS CFD mesh for the Oxford TPSRG optical engine, with a
base size of 0.7 mm and volumetric refinements down to 0.35 mm around the valves.
The tumble (x − z) plane is shown in blue, and the cross-tumble (y − z) plane is
shown in green. The CFD inlet and outlet boundaries are also shown at the ends
of the intake and exhaust plena, which coincide with the locations of the pressure
transducers in the physical engine.

with default constants [173], and the heat transfer model was the Grumo-UniMORE

model [85]. A trimmed mesh was used with hexahedral cells throughout most of the

domain and prismatic cells next to wall surfaces. The base mesh size was 0.7mm

with volumetric refinements around the valves set to a minimum 0.35mm, for ap-

proximately 3.4 million cells at bottom dead-centre (BDC). The mesh is shown along

with the tumble and cross-tumble planes in Figure 2.3. The available geometry for

the CFD included a spark plug and an injector that aimed to mirror the experimental

setup, in which a metal blank was used in place of a real spark plug to reduce the

background scatter for the PIV measurements.

The crevice length (defined as the distance between the top piston ring and the piston

surface) was increased to match the ensemble-average experimental pressure trace,
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which accounts for the unknown amount of blow-by losses in the physical engine.

This approach is commonly taken when simulating non-reacting optical engines [44,

174]. More detailed models of crevice flows and blow-by losses require knowledge

of parameters surrounding thermal expansion of the piston rings and ageing rates,

which are challenging to obtain accurately [175]. To test the impact of modifying

the crevice region on the in-cylinder flow fields, Stocchi et al. [176] modelled a firing

single-cylinder SI engine in a RANS framework with and without a crevice region in

the piston geometry. They found that the complete removal of the crevice volume

from the CFD geometry had a minimal impact on the predicted turbulence kinetic

energy and dissipation rate for all crank angles prior to spark timing.

Ensemble-averaged measured intake and exhaust valve lift profiles were used as inputs

to the simulation. Boundary and initial conditions were as follows.

• Experimentally-measured ensemble-averaged crank angle-resolved pressure at

the inlet and outlet.

• Temperatures at the inlet (experimentally controlled to be constant) and outlet

(constant due to steady state) of 318 K and 354 K, respectively.

• Constant turbulent intensity of 0.1 and turbulent length scale of 1 mm at both

the inlet and the outlet, as suggested in the STAR CCM+ documentation.

The simulations were initialised during the exhaust stroke of the previous cycle (at

−600 CAD after firing top dead-centre (aTDCf) in order to take measurements from

−330 CAD aTDCf onwards) in order to improve the convergence of the simulation.

Multi-cycle analyses were also conducted to study the effect of the initial conditions;
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the differences in peak pressure were all within 0.2%, so results from the first cycles

were retained for this work. Note that the results presented in this thesis arise from

two separate CFD simulations that were run in order to reflect the separate tumble

and cross-tumble experiments. This is because the experimentally-measured inlet

and outlet pressures differed between the two experiments, despite efforts to control

the conditions at the same test point. This resulted in two different sets of pressure

boundary conditions for the CFD, which manifested as two slightly different peak

pressures. This difference is quantified as part of the results discussed in §4.4.1.

2.4.2 Modena LES

LES conducted by the Modena group of the engine cold-flow were run using Simcen-

ter STAR-CCM+ In-cylinder solution v2020.2. Turbulence was modelled with the

Dynamic Smagorinsky Subgrid Scale Model [166]. To improve computational effi-

ciency, the overall domain was restricted to the space between the intake and exhaust

pressure probes, which were treated as inlet and outlet boundaries. Time-dependent

pressure and temperature boundary conditions were sourced from a 1D GT-Power

model of the engine, which was previously validated in Refs.[174, 177].

The computational grid, shown in Figure 2.5, was primarily hexahedral with a core

grid size of 0.75 mm in the cylinder. Fixed and moving control volumes were added

near the valves to refine the grid size to 0.375 mm, while the mesh in the ports was

coarsened to 1.5 mm. Eight prismatic cell layers were applied to all walls, where the

first layer measured 10 µm and the total thickness was set to 0.6 mm. Overall, the

maximum number of cells was approximately 11 million (of which 5.1 million cells

were located inside the cylinder) at bottom dead-centre (BDC), while the cells at top

dead-centre (TDC) numbered around 5.5 million (with 2.7 million inside the cylinder).

The computational domain included a slight extension of the crevice volume which
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reduced the compression ratio by just under 5%. This choice was made following

extensive investigations reported in [66, 177] to account for the unknown levels of

blow-by losses in the physical engine due to the crevice volume.

The simulations were initialised with a two-step approach. Firstly, four consecutive

RANS cycles were performed to remove the effect of the initial conditions and to reach

cyclic convergence. Secondly, a single LES cycle was run to obtain a consistent initial

field for the subsequent simulations. Once initialised, 50 consecutive LES cycles were

run, providing the LES dataset that was analysed in this thesis. The LES quality

criterion as suggested by Pope [40] was used to verify the LES simulation:

Q =
kres

kres + ksgs
(2.33)

where kres is the resolved kinetic energy and ksgs is the sub-grid kinetic energy, which

is modelled following Yoshizawa [178, 179] where ⟨ ⟩ indicates an ensemble aver-

age:

ksgs = 2Ci∆
2 |⟨Sij⟩|2 (2.34)

Ci = 0.202. (2.35)

The LES results exhibited a quality index of more than 0.8 for every crank angle

and engine cycle, indicating that at least 80% of the turbulence energy is resolved on

the grid, classifying the simulation as sufficiently well-resolved [40]. A cycle conver-

gence test was run using the relevance and magnitude indices (see §4), with minimal

differences reported in the ensemble averages between the first 25 and 50 LES cy-

cles according to these metrics, indicating satisfactory convergence for use in this

analysis.
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2.5 PIV datasets

The PIV datasets used for comparison with the CFD data were gathered by the

Oxford Thermal Propulsion Systems Research Group and the Institute of Reactive

Flows and Diagnostics at the Technical University of Darmstadt, as listed in Table 2.4.

Furthermore, in order to establish the benchmark for filling gaps in PIV images,

data from the transparent combustion chamber (TCC-III) gathered by the General

Motors University of Michigan Automotive Cooperative Research Laboratory were

used. This is because the TCC-III data were released open-source to the public,

which is essential for allowing the benchmark results to be improved upon by the

wider ICE and fluid mechanics research community. In addition, the TCC-III engine

was specifically designed to promote significant cycle-to-cycle variations (CCV) due

to the two-valve, pancake chamber with a large piston-diameter to valve-diameter

ratio, as opposed to an engine with the more naturally directed flow of a 4-valve pent

roof [152]. The use of a challenging dataset can push predictive methods to become

more robust and generalisable while uncovering important failure modes, and this

challenge-seeking philsopophy was successful when using TCC-III data to develop

robust numerical methods for CFD and POD in the past [55, 63, 64, 180, 181].

2.5.1 Oxford

Experiments were run by motoring (i.e. running using a dynamometer without fu-

elling) an optically-accessible single-cylinder SI engine. Table 2.1 contains engine

specifications along with details of the operating conditions for the test point stud-

ied. The cylinder liner consists of a fused silica upper section to provide optical access,

and has a variable height of between 25 and 39mm. The lower part of the liner is

metal with internal water cooling required by the Torlon piston rings. The optical

engine experiences piston ring ageing which affects the quality of the seal with the
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Figure 2.4: PIV set-up for tumble (left) and cross-tumble (right) measurements. In
both cases, the light sheet is reflected up into the engine cylinder through the piston,
and the PIV camera is positioned above the laser beam in line with the optical window
(quartz annulus) in the cylinder. Note the different sets of sheet-forming optics and
the resultant light sheet orientation for each plane; for example, on the cross-tumble
plane where the combination of spherical and cylindrical lenses form a horizontal
light sheet that is then reflected up through the bottom of the piston. Adapted
from [54, 106].

wall, so there are unknown levels of blow-by losses.

Table 2.1: Oxford engine specifications and operating conditions.

Parameter Description

Valves per cylinder [-] 2 intake, 2 exhaust
Bore × stroke [mm] 85.0 × 90.3
Compression ratio [-] 12.5
Engine speed [rpm] 1500
Intake manifold absolute pressure [kPa] 80
Intake air volume flow rate [L/s] 1.57
Intake air temperature [◦C] 45

Crank angle-resolved pressure data were recorded with a Kistler 6043A60 pressure

transducer. The PIV method utilised a Photonics Industries DM20-527-DH laser with

a set of optics to create a light sheet approximately 1 mm thick in the measurement

region. A 45◦ mirror was used to reflect the light beam upwards through a fused silica

window insert in the piston and illuminate seeded olive oil droplets 0.2−0.9 µm in
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diameter on the desired planes in the cylinder. Images were then taken through the

fused silica liner with a Vision Research Phantom VEO 710L camera. The schematic

for the set-up is shown in Figure 2.4. The piston window had a diameter of 46 mm,

and the width × height dimensions of the tumble and cross-tumble plane fields of view

after processing the PIV data were 48×38 mm and 46×17 mm, respectively.

Two separate PIV experiments were run at the same test point, one for each of the

planes in the cylinder. The two planes of interest are illustrated together in Figure 2.3

with the tumble (x−z with 1 mm offset away from the flywheel) plane shown in purple,

and the cross-tumble (y − z, central) plane shown in cyan. Each PIV experiment

consisted of a total of 300 cycles of data, with each set of 300 comprising three runs

of 100 consecutive cycles. Within each engine cycle, PIV data were gathered every

5 crank angle degrees (CAD) in the range −330 to −30 CAD after the firing top

dead-centre (aTDCf). At an engine speed of 1500 rpm, this corresponds to a data

acquisition frequency of 1800 Hz. Vector fields were generated from pairs of images

that were processed using the DaVis software (LaVision, V. 8.4.0). A multi-pass

algorithm was used to reduce the interrogation window size from 128×128-pixels to

32×32-pixels with 50% overlap, resulting in a vector spacing of 0.84 mm. More details

on the experimental set-up and the PIV data post-processing methods can be found

in previous publications [54, 106].

2.5.2 Darmstadt

The Darmstadt optical engine is a single-cylinder DISI engine with optical access

provided via a transparent 55 mm tall quartz-glass cylinder liner and a flat quartz-

glass 75 mm diameter piston window. The PIV data were gathered at the ‘OP.

A’ engine operating point, which is characterised by an engine speed of 800 rpm

and an intake pressure of 0.95 bar. The seeder particles for the PIV measurements
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Valve Plane

Intake
Valve

Exhaust
Valve

Figure 2.5: Diagram showing the valve plane in green for both an in-plane view (top)
and an isometric view (bottom). The plane is offset from the cylinder centre, cutting
through an intake valve and an exhaust valve on one side of the engine cylinder.
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were silicone oil droplets measuring ≈ 1 µm in diameter. The seeding density was

optimised to produce between 8 and 10 particle pairs in the final interrogation window

size. The raw images were processed with the DaVis, LaVision software using a multi-

pass algorithm with a decreasing window size from 96×96 to 32×32 pixels with a 75%

overlap. The Edgewave INNOSLAB IS4 II-DE laser was used pulsed at 0.75 mJ with

a higher rate of 4.8 kHz to provide data at every crank angle, and provided a light

sheet 0.8 mm thick. A multi-pass iteration scheme was used for the image processing

with a final interrogation window of 32 x 32 pixel and 75% overlap, resulting in a

spatial resolution of 0.60 mm.

The PIV dataset consists of 250 snapshots of consecutive cycles measured on the so-

called valve-plane. This plane is offset from the cylinder centre by 19 mm in order to

align with the intake valves, as shown in Figure 2.5. PIV measurements were taken

from 360 to 720 CAD after firing the top dead-centre (aTDCf). This study focuses on

the results at two fixed phases, namely 470 and 700 CAD aTDCf. At 470 CAD, the

intake valves are at their maximum lift, and the intake jet can be observed, which is

an important physical phenomenon in engine research. 700 CAD is close to a typical

spark timing and therefore represents one of the final states of fuel-air mixing before

combustion, where typically a higher CCV is present in both the experiments and

large eddy simulations. More details can be found in [171, 182].

Table 2.2: Darmstadt engine specifications and operating conditions.

Parameter Description

Valves per cylinder [-] 2 intake, 2 exhaust
Bore × stroke [mm] 86.0 × 86.0
Compression ratio [-] 8.7
Engine speed [rpm] 800
Intake manifold absolute pressure [kPa] 95
Intake air temperature [◦C] 23.9
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Figure 2.6: Schematic showing the TCC-III and associated PIV measurement planes.

2.5.3 Michigan-General Motors

The TCC-III is a port-fuelled spark-ignition single-cylinder optical research engine

with a single intake valve, an exhaust valve, and a pancake-shaped combustion cham-

ber. Optical access is provided via a full quartz cylinder and a 70 mm diameter

flat quartz piston window. A Darwin Duo, Quantronix laser was used to illuminate

silicone-oil droplets 1 mm in diameter, and images were taken with a Vision Research,

Phantom v1610 camera. A multi-pass algorithm was used to process the vectors, with

a decreasing interrogation window size from 18×128 to 32×3 pixels with 50% overlap.

The final window size produced vectors with a spatial resolution of 1.25 mm.

Numerous expeirments were run across a six month experimental campaign to assess

the test-to-test repeatability. Overall, Schiffmann et al. [152] achieved a test-to-test
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repeatability that were within the experimental uncertainty of the measurements,

with an average velocity error of 1.5−8% between the mid-intake and mid-compression

strokes (90−270 CAD) depending on the PIV measurement plane. Data are available

for four PIV planes, namely the tumble, cross-tumble, upper-swirl, and lower-swirl

planes. These planes are shown in the schematic in Figure 2.6. However, the in-

vestigation in this thesis was restricted to data on the lower-swirl plane in order to

simplify the analysis, as the field of view remains constant with the varying piston

position. 1041 cycles of data were used across 90−70 CAD for the construction of

the machine learning benchmark presented in Chapter 6.

Table 2.3: TCC-III engine specifications and operating conditions.

Parameter Description

Valves per cylinder [-] 1 intake, 1 exhaust
Bore × stroke [mm] 92.0 × 86.0
Compression ratio [-] 10
Engine speed [rpm] 1300
Intake manifold absolute pressure [kPa] 40
Intake air temperature [◦C] 45
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2.6 Summary

An overall summary of the data used in this thesis is provided in Table 2.4.

Table 2.4: Dataset summary regarding their usage in this thesis.

Dataset Engine
Snapshots
per CAD

Specific
advantages

Usage

Oxford RANS Oxford 1
Industrially
relevant

RANS validation

Oxford PIV Oxford 300
Industrially
relevant

RANS validation

Modena LES Darmstadt 50
Widely
studied

LES validation

Darmstadt PIV Darmstadt 250
Widely
studied

LES validation

TCC-III PIV TCC-III 1157
Open-source
Challenging

CCVs

Flow reconstruction
ML benchmark
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Chapter 3

Dimensionality reduction

methods

3.1 Overview

This chapter introduces the dimensionality reduction methods which form the basis

for most of the data analysis conducted in this thesis. To introduce the topic, this

chapter begins with a discussion of the simple ensemble mean and how it interfaces

with cyclic vector field data from engines. More advanced dimensionality reduction

techniques are then presented, followed by a discussion of their relative advantages

with respect to their potential for improving engine CFD validation processes.

3.2 Engine PIV data and the ensemble mean

As ICEs are cyclic devices, PIV data from ICE flows are often gathered as a set of

snapshots taken at certain crank angles (phases) across a number of different engine
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cycles [183]. This presents an opportunity to consider two different time vectors,

either by taking measurements at consecutive phases within the same cycle, or at a

fixed phase from cycle to cycle. Separate analysis approaches have been developed for

each framework; namely, phase-invariant methods for considering consecutive phases,

and phase-dependent methods for consecutive cycles [184]. Phase-invariant methods

can be used to track the progression of flow structures through consecutive time within

an engine cycle [61, 78]. However, this technique relies on potentially expensive high-

speed equipment, and physically interpreting phase-invariant flow statistics can be

challenging. This is because the piston moves and engine flows exhibit transient

behaviour within each cycle, causing statistical descriptors such as the mean and

variance to lose physical significance [59, 96].

On the other hand, phase-dependent frameworks are used to investigate flow struc-

tures that appear at the same point from cycle to cycle. The work in this thesis

focusses on phase-dependent approaches due to the broader availability of datasets

of this kind as a result of the reduced demand on high-speed experimental appara-

tus. Crucially for measurements of turbulence, the chaotic nature of turbulent flows

means that they are extremely sensitive to perturbations in the initial conditions,

for example vibrations of the apparatus, small inhomogeneities in temperature or

the presence of impurities [40]. Consequently, measurements of turbulent flows will

differ between multiple runs of the same experiment; or, in the case of an engine,

from cycle to cycle. For the CFD validation process, this means that achieving a

realisation-by-realisation match between simulated velocity fields and experiments is

highly unlikely; therefore, in order to reliably capture the behaviour of a flow feature

that appears at the same phase in every cycle, statistical descriptors of the flow are

constructed using numerous realisations of the flow at that point [40].
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These statistical descriptors can be conveniently calculated by presenting the PIV

data in the form of an N × M data matrix D, with N variables and M sets of

measurements (snapshots). Each column of D contains a separate set of measure-

ments arranged as a column vector, denoted as d:,m for the mth snapshot where

m = 1, 2, . . . ,M . Each d:,m contains a set of two-dimensional velocity vectors for one

snapshot, which are recorded at distinct locations on the plane illuminated by the

laser sheet. These distinct measurement locations make up the PIV grid, which arises

from the interrogation window algorithm discussed earlier (see §2.3). The velocity

measurement at each grid point is then treated as a separate variable in subsequent

analyses. Furthermore, to preserve the directional information, the velocity measure-

ments can be stored as two separate horizontal (d(1)) and vertical (d(2)) components.

Each snapshot therefore consists of N/2 measurements of d(1) and N/2 measurements

of d(2), for N/2 distinct locations in the PIV grid and N total variables. Therefore,

each snapshot d:,m can be written as a column vector containing individual measure-

ments d:

d:,m =
[
d
(1)
1,m , . . . , d

(1)
N/2,m , d

(2)
1,m , . . . , d

(2)
N/2,m

]T
(3.1)

where T denotes the matrix transpose. The full data matrix D is then:

D =


| |

d:,1 · · · d:,M

| |

 . (3.2)

The simplest statistical descriptor is perhaps the time average, also known as the

ensemble mean (EM) for discrete phase-dependent datasets. The EM (denoted using

the overbar ) is calculated by taking a column-wise average for each location in the
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PIV grid:

d =
1

M

M∑
m=1

d:,m. (3.3)

However, in situations with strong CCVs, the average flow is not a prominent fea-

ture in the dataset; this leads to the EM becoming unrepresentative of each of the

individual snapshots, as demonstrated in Chapter 4. This observation motivates the

investigation of more powerful methods for representing the most important features

of a turbulent flow, such as dimensionality reduction.

3.3 Dimensionality reduction

Turbulent flow field data are often considered to be high-dimensional, meaning that

there are a large number of variables such as measurement locations and numbers

of snapshots [121]. Dimensionality reduction is a category of unsupervised machine

learning (ML), and defined as the transformation of high-dimensional data into a

meaningful representation of reduced dimensionality, where this reduced dimension

is ideally the minimum number of variables needed to account for the observed prop-

erties of the data [185]. By placing emphasis on dominant features of the data,

dimensionality reduction offers benefits such as data compression, feature extraction,

and increased robustness to noise [107, 120, 186].

In fluid mechanics, dimensionality reduction approaches make use of the fact that

dominant patterns exist within complex flows. For example, coherent structures exist

in many turbulent flows, which are observed as large-scale bulk motions that per-

sist over time [187]. The connection between statistical insights from dimensionality

reduction and physical features of the flow has helped such techniques to become

prominent in many fluid mechanics applications including engine research [73, 188],
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and the advantages of dimensionality reduction over the EM in particular have been

recently reported [54, 106].

3.3.1 Singular value decomposition

The roots of dimensionality reduction can be traced back to the early development

of key matrix decompositions such as the singular value decomposition (SVD) in the

late 1800s [189], with the SVD forming the foundation of many dimensionality reduc-

tion techniques used today. The objective of the SVD is to find a minimal number

of basis functions that preserve as much of the variance in the original dataset as

possible. By capturing more variance, the basis functions can describe more complex

behaviours present in the data. The SVD method is outlined below, following Taira

et al. [190].

Consider a square matrix P with N rows and columns, eigenvectors q, and eigenvalues

λ that satisfy the following equation:

Pq = λq. (3.4)

This equation states that pre-multiplying a vector by the matrix P has the same effect

as multiplying that vector by a scalar λ, indicating a purely stretching process. If P

has N linearly independent eigenvectors qi with eigenvalues λi, the matrix equation

is:

PQ = QΛ (3.5)

or:

P = QΛQ−1 (3.6)

where Q = [q1 q2 . . . qN ] and Λ = diag (λ1, λ2, . . . , λN). Equation 3.6 is called the
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eigenvalue decomposition. As the matrix P is square, a single set of basis vectors

(the eigenvectors, or eigenbasis) can reproduce the entirety of both the column and

the row spaces∗. However, in the case of rectangular matrices, the number of rows

and columns will be different, so it is no longer possible for both the row space and

column space to be represented by a single set of basis vectors.

For a rectangular N ×M data matrix D, the singular value decomposition (SVD) is

used to find an orthonormal (orthogonal and normalised) basis in the row space of D

that maps onto an orthonormal basis in the column space, in order to diagonalise the

original data matrix D. Diagonalisation is a useful process that will later be shown to

facilitate the separation of time- and space-dependent components of a dataset.

The objective is therefore to find a set of vectors such that a linear transformation D

maps a unit vector in the row space r1 into some multiple σ1 of a unit vector in the

column space l1, ie. Dr1 = σ1 l1. In matrix form, we have DR = LΣ. As R and L

are orthogonal vectors, their inverses are equal to their transposes, so that:

D = LΣRT. (3.7)

Equation 3.7 is the SVD, and it has a number of useful interpretations. Σ is a diagonal

matrix with entries that are called the singular values. The singular values σi can

be shown to be the square roots of the eigenvalues λi of both the N × N row-wise

correlation matrix DDT and the M ×M column-wise correlation matrix DTD:

DDT =
(
LΣRT

) (
LΣRT

)T
= LΣRTRΣLT = LΣ2LT (3.8)

∗Column and row spaces are formed by all possible linear combinations of the columns and rows
of a matrix respectively, and a basis is the smallest set of independent vectors that can form linear
combinations that reproduce the entire vector space.
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DDT L = LΣ2 = LΛ (3.9)

DTD =
(
LΣRT

)T (
LΣRT

)
= RΣLTLΣRT = RΣ2RT (3.10)

DTDR = RΣ2 = RΛ. (3.11)

In addition, the columns of L are called the left-singular vectors, and are the eigen-

vectors of the N ×N row-wise correlation matrix DDT, while the columns of R are

called the right-singular vectors, and are the eigenvectors of the M ×M column-wise

correlation matrix DTD. If N represents the number of variables and M represents

the number of observations in the data matrixD, thenDDT represents the correlation

between the variables, and DTD represents the correlation between the observations.

Referring back to Equation 3.7, each column of L can then be interpreted as a set of

variables constructed as an ‘eigenfield’, scaled by the entries of Σ, with the columns

of RT giving the correct mixtures of L and Σ to reconstruct the original data matrix

D. This relation to the covariance matrices is how the SVD quantifies the amount of

variance that is preserved in the original dataset, with the interpretation that struc-

tures that contribute to the most amount of variance are the most important ones. If

the dataset comprises of velocity vectors, then the variance matrices have units m2/s2

and are therefore connected to the specific kinetic energy of the flow, such that the

structures maximising the variance also contain the most amount of energy [69].

3.3.2 Proper orthogonal decomposition

The proper orthogonal decomposition (POD) utilises the SVD in order to reconstruct

low-dimensional representations of a set of flow fields. Following the example of

Brunton and Kutz [121], we return to the rectangular N ×M data matrix D and

calculate its SVD, given by Equation 3.7. After computing the SVD, individual

columns of the singular vector matrices can be multiplied together to form ‘POD
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components’ l:,m × σm,m × (r:,m
T). Combinations of POD components are then used

to create the POD-reconstructed flow fields, which can be directly compared to the

original PIV snapshots. The columns of the left singular matrix L are ordered by the

amount of variance they capture, and are known as the POD modes. They therefore

represent an optimal hierarchy, and the matrix D can be approximated by retaining

the first few dominant columns of L and R along with the corresponding singular

values. For a reduced rank p such that p < min(N,M), we define the truncated

SVD:

D ≈ L̃Σ̃R̃T (3.12)

where L̃ now has dimensions N × p, Σ̃ is now p× p, and R̃T is p×M . The truncated

SVD is therefore a subset of the full decomposition, consisting of the p most energetic

modes. An interpretation of the truncated SVD is that it represents the dominant,

coherent structures in a fluid flow characterised by the most amount of energy [64].

The discarded higher-order POD modes can be associated with measurement noise

[120, 191], smaller-scale turbulence or random Gaussian fluctuations [65]. It should

be noted that the choice of p can be subjective, and remains a point of discussion

in the literature [188]. The truncated SVD can be used to reconstruct flow fields

consisting of the first few POD components, representing the most dominant flow

structures. For example, the combination of the first five dominant POD components

is dubbed as the fifth-order reconstruction in this thesis.

3.3.3 Gappy proper orthogonal decomposition

The POD can be leveraged for the reconstruction of data inside gaps via the gappy

proper orthogonal decomposition (GPOD), first proposed by Everson and Sirovich [114].

The general principle is to initialise the gaps in the data with an initial guess, typi-

cally the ensemble mean. These guesses are then iteratively updated by computing
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POD-based reconstructions of the flow with an incrementing number of modes until

a convergence criterion is reached. The algorithm is iterative in nature because the

optimal number of POD modes to be included in the reconstructions is not known

in advance, and the inclusion of too few or too many POD modes is akin to under-

or over-fitting the data [140]. Several improvements have been made to the original

GPOD algorithm, mostly regarding the criterion for deciding whether to replace the

an old guess with a new one [115, 116]. The most recent and best-performing method

is the median filter GPOD (GPOD-MF) introduced by Saini et al. [117], and this is

the technique used in this thesis.

In GPOD-MF the following algorithm is applied, consisting of a nested loop of itera-

tions until convergence, with sub iterations at a fixed number of POD modes indexed

by j and main iterations where the number of POD modes is incremented given by n

up to a maximum total of N . The measurement field is denoted as ϕ(x, t), defined by

spatial measurement vectors x taken at discrete points in time tk at the kth timestep.

The number of POD modes starts at two and then increments one at a time until

main loop convergence [117].

1. To initialise the algorithm, all gaps in the input field are replaced by the en-

semble mean at the corresponding spatial location, to give the filled field ϕ̃0,0:

ϕ̃0,0 (x, tk) =


ϕ (x, tk) x ∈ xd|tk

ϕ̄(x) x ∈ xg|tk

where xd and xg represent the locations of data points and gaps respectively,

and ϕ̄(x) is the ensemble mean. Note that the algorithm cannot initialise if a

gap exists in all snapshots.
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2. At a given main iteration, POD is performed on ϕ̃n,j using n modes, resulting

in a POD-reconstructed approximation
˘̆
ϕ:

˘̆
ϕn,j =

n∑
i=1

liσiri

where li, σi and ri indicate the ith left-singluar vector, singular value, and right-

singular vector as before.

3. The gap locations in the filled field are then updated with values from the POD

approximation.

ϕ̃n,j+1 =


ϕ x ∈ xd|tk
˘̆
ϕn,j x ∈ xg|tk

4. Steps (2−3) are repeated until the POD eigenvalues computed in step 2 converge

to within a user-defined tolerance. The final approximation at main iteration n

is retained as ϕ̂n.

5. A median filter (MF) is then applied as an outlier detection technique in order

to adaptively retain promising guesses and revert poor guesses to their previous

values. The MF selection is implemented by calculating the residual R of a

centre pixel xcp in a neighborhood of adjacent pixels xad.

R(ϕ)|xcp,tk
= abs (ϕ (xcp, tk)−median (ϕ (xad, tk)))

The updated guesses at each pixel are retained if the residual at that pixel is
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reduced relative to the previous main iteration, and reverted otherwise:

ϕ̂n (x, tk) =


ϕ̂n−1 (xcp, tk) , if Rn−1|xcp,tk

≤ Rn|xcp,tk

ϕ̂n (xcp, tk) , if Rn−1|xcp,tk
> Rn|xcp,tk

and the next main iteration begins with ϕ̃n+1,0 = ϕ̂n.

6. The algorithm increments the main iterations n until a main convergence crite-

rion is satisfied, as discussed below.

In practical scenarios, the true values of the data in the edge gaps would not be

known, so the accuracy of the GPOD reconstructions cannot be assessed directly. A

convergence criterion is therefore needed in order to prevent over-fitting and terminate

the algorithm at a number of modes that is close to the true optimal value. A

commonly-used criterion was introduced by Gunes et al. [115] known as convergence

checking (CC) gaps. With this method, additional gaps are added to the input

data in locations where the true values are known. The reconstruction error of the

GPOD reconstructions inside these CC gaps can then be calculated and tracked as a

proxy for the true reconstruction errors inside the real gaps. The GPOD algorithm

is terminated when the CC reconstruction errors are calculated to have reached a

minimum.

3.3.4 Spectral proper orthogonal decomposition

As outlined by Taira et al. [190], when taking POD in its standard implementation

(taken to be the space-only phase-dependent form), each POD mode is only spatially

coherent. This means that each mode can contain a mixture of different frequencies,

clouding their physical interpretation in some circumstances. Towne et al. [192] de-
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tailed that in standard POD, time is taken as a stochastic parameter, where instances

in time represent snapshots of measurements in an ensemble. Therefore, all sense of

ordering between snapshots is lost, and POD modes cannot capture any temporal

correlations in the data.

Spectral POD (SPOD) is an alternative implementation of POD that dates back to

Lumley’s original work [95], not to be confused with the technique introduced by

Sieber et al. under the same name [193]. Unlike standard POD, SPOD is able to

capture flow structures that evolve coherently in both time and space [190]. This is

done by conducting a Fourier transform on the data and then performing the singular

value decomposition (SVD) on the cross-spectral density matrix to yield SPOD modes

that are associated with specific frequencies. If D̂ω is the Fourier transform of the data

matrix D at a specific frequency ω, then the cross-spectral density matrix is:

D̂ωD̂
T
ωψω = λωψω (3.13)

with spectral modes ψω and eigenvalues λω.

Like the POD, SPOD modes are orthogonal, which is useful in hierarchically ordering

the modes. Orthogonality ensures that a maximal amount of variance is captured with

a minimal number of modes, as each new mode describes a unique variation in the

data. However, orthogonality can be a limitation when trying to capture phenomena

where the principal directions do not correlate with the most dynamically important

directions [194–196]. In the results chapters of this thesis, the turbulent flow motion

during the intake stroke is shown to fluctuate in a fashion reminiscent of a bi-modal

distribution. In this case, the intake jet has a tendency to point to the left or the

right rather than straight downwards; both left and right directions are important in
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describing the dynamics, so it is less justified to enforce orthogonality of the POD

modes to a single principal direction.

3.3.5 Dynamic mode decomposition

Dynamic mode decomposition (DMD) is a dimensionality reduction technique that

produces spatio-temporally coherent modes without enforcing orthogonality, devel-

oped by Schmid [99]. DMD characterises the time dynamics by finding the best-fit

linear operator that maps one snapshot of data onto the next, producing modes of

structures that oscillate together and grow or decay in time [103]. Following Lum-

ley [95] and Futrzynski [197], a fluid quantity ϕ(x, t) that is dependent on both space

(x) and time (t) may be decomposed into a set of new basis functions via a separation

of variables:

ϕ(x, t) =
∑
j

ψj(x)αj(t) (3.14)

where ψj(x) represent the spatial modes, and αj(t) are the expansion coefficients

in time. To find structures that oscillate at set frequencies, αj(t) is expressed as a

Fourier series:

αj(t) = aje
i(ωjt+θj) (3.15)

where aj is the magnitude of αj(t), ωj is the frequency, and θj is the phase. For

the analysis of experimental measurements, this expansion is more useful in discrete-

time format. For a constant time-step (∆t) between measurements, we therefore

have:

αj (tk) = aje
iθjeiωjtk

[
γj := aje

iθj
]

= γje
iωjk∆t

= γj
(
eiωj∆t

)k
[ψj := ωj∆t]

= γj
(
eiψj

)k [
λj := eiψj

]
= γjλ

k
j .

(3.16)
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Returning to Equation 3.14:

ϕ(x, tk) =
∑
j

ψj(γjλ
k
j ). (3.17)

Marching this equation forward in time gives:

ϕ(x, tk+1) =
∑
j

ψj(γjλ
k+1
j ). (3.18)

Establishing the relationship between Equations 3.17 and 3.18 in matrix form:

ϕk+1 =


| |

ψ1 ψ2 . . .

| |


︸ ︷︷ ︸

Ψ


γ1λ

k+1
1

γ2λ
k+1
2

|


︸ ︷︷ ︸

Ck+1

= Ψ


. . . 0

λj

0
. . .


︸ ︷︷ ︸

Λ

Ck

= ΨΛCk

= ΨΛΨ−1ΨCk

= ΨΛΨ−1ϕk.

(3.19)

Hence there exists a matrix A, for which ΨΛΨ−1 is its eigendecomposition, that

advances a set of snapshots ϕk forward in time to ϕk+1, for:

ϕk+1 = Aϕk. (3.20)

The matrix A is therefore a linear operator that controls the temporal evolution

of the data; its eigenvectors (ψj) represent coherent structures that evolve in time
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according to a frequency (ωj) and a growth/decay rate given by its eigenvalues (λj).

The objective of DMD is to model a dynamical system by optimally calculating the

eigendecomposition of A. To this end, the problem is constructed as follows. The

ensemble of ϕk+1 and ϕk vectors can be represented as two N×(M−1) data matrices

Φ′ and Φ respectively, where Φ′ and Φ are simply composed of the last and the first

(M − 1) columns of the full data matrix D:

Φ′ = D[:,2:M ] =


| | |

ϕ2 ϕ3 · · · ϕM

| | |

 (3.21a)

Φ = D[:,1:(M−1)] =


| | |

ϕ1 ϕ2 · · · ϕM−1

| | |

 . (3.21b)

With the data matrices established, the linear operator can be approximated as:

A ≈ Φ′Φ† (3.22)

where † denotes the Moore-Penrose pseudo-inverse for the non-square matrix Φ. For

an over-determined system with more rows than columns in the Φ matrix, the Moore-

Penrose pseudo-inverse can be interpreted as a least squares regression algorithm that

minimises ∥Φ′ −AΦ∥F , where A gives the best-fit slope mapping the data from Φ to

Φ′ in the linear system. The subscript F indicates the Frobenius norm, given by:

∥Φ∥F =

√√√√ n∑
j=1

m∑
k=1

ϕ2
jk. (3.23)

To aid computational efficiency and also reduce the sensitivity to noise, the calculation

86



of Equation 3.22 begins by taking the rank-reduced SVDs of Φ and Φ′:

Φ ≈ L̃Σ̃R̃T (3.24a)

Φ′ ≈ AL̃Σ̃R̃T (3.24b)

truncated at a rank p, where L̃ is the N×p matrix containing the leading left-singular

vectors of Φ, Σ̃ is the diagonal p × p matrix containing the largest p singular values

of Φ, and R̃ is the (M − 1) × p matrix containing the leading right-singular vectors

of Φ.

The next stage of the DMD algorithm makes use of Equations 3.22 and 3.24a to give

the linear operator in terms of Φ′:

A ≈ Φ′R̃Σ̃−1L̃T (3.25)

noting that both L̃ and R̃ are unitary matrices, meaning that L̃TL̃ = L̃L̃T = L̃L̃−1 =

I, where I is the identity matrix. Rather than calculating the full N ×N matrix A, a

reduced p× p similar matrix † Ã can be found by projecting A onto the left-singular

vectors:

Ã = L̃TAL̃ = L̃TΦ′R̃Σ̃−1. (3.26)

The eigendecomposition of Ã is defined as:

Ãψ = ψλ. (3.27)

As the matrices A and Ã are similar, they have the same eigenvalues λ. They do

†Similar matrices preserve the same vector addition and scalar multiplication operations under
a change of basis. In general, two matrices A and B are defined as similar if the matrix C exists,
for A = C−1BC.
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not, however, have the same eigenvectors, so the DMD modes are defined as ξ:

ξ :=
1

λ
Bψ (3.28)

for

B := Φ′RΣ−1. (3.29)

This definition ensures that the exact eigenvectors of the matrix A are recovered,

with the proof given in Tu et al. [198]:

A = BL̃T from Φ′ = ALΣRT

Ã = L̃TB from Ã = L̃TAL̃

Aψ = 1
λ
BL̃TBψ

= 1
λ
BÃψ

= Bψ from Equation 3.27

= ξλ.

(3.30)

Finally, the solution to the system 3.20 may be expressed in the eigenvector ba-

sis:

ϕk+1 ≈
p∑

m=1

ξmλ
k
mbm = ΞΛkb (3.31)

where the matrix Ξ has columns containing ξm the eigenvectors of A, Λ is a diagonal

matrix containing λm the eigenvalues of A, and b is a vector consisting of the mode

amplitudes bm.

By considering the initial conditions with k = 0, b can be calculated from b = Ξ†ϕ1,

where ϕ1 is the first snapshot of data. This definition of mode amplitudes relies
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heavily on the assumption that snapshots evolve linearly in time from the initial

condition, which may be only approximately valid for experimental measurements of

non-linear flows where there can be significant CCVs and measurement noise [103,

194]. Outlier flow structures and anomalous measurements may suddenly appear in

one snapshot but be absent from the other measurements, causing very high decay

rates and large amplitudes [194]. High-amplitude modes defined in this way therefore

do not necessarily contribute to the full time series of measurements or reflect the

most important flow dynamics.

3.3.6 Sparsity-promoting dynamic mode decomposition

Sparsity-promoting dynamic mode decomposition (SPDMD) is a DMD variant that

provides a robust method of defining the mode amplitudes, introduced by Jovanovic

et al. [196]. Here, an optimal set of amplitudes is calculated by finding the DMD

modes that have the highest contribution to the dynamics across the full dataset.

This is cast as an optimisation problem, where the fewest number of modes that pro-

duce the smallest reconstruction error is sought. Mathematically, this is achieved by

minimising the sum of the reconstruction error and the sparsity of the solution:

minimize
α

J(α) + γ
m∑
i=1

|αi| , (3.32)

where α is the unknown vector of amplitudes, J(α) is an objective function represent-

ing the reconstruction error, for which the derivation can be found in Ref. [196], γ is a

user-defined regularisation parameter that controls the trade-off between minimising

reconstruction error and promoting sparsity, and m is the number of modes. The

L1 norm denoted by |·| is the sum of the absolute values of the coefficients, which

promotes sparsity in the solution when minimised [196]. Therefore, Equation 3.32
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finds the fewest number of modes that retain the most amount of information in the

dataset.

Equation 3.32 is the SPDMD problem definition, which can be solved using stan-

dard optimisation routines, such as the method of Lagrange multipliers [199]. As a

consequence of the Lagrange multiplier theorem [200], for a stationary point of an

objective function subject to equality constraints, the gradient of the function can be

expressed as a linear combination of the gradients of the constraints at that point,

and the coefficients are known as the Lagrange multipliers [200]. Using this rela-

tionship, the constraints can be incorporated into the objective function, formulating

the Lagrangian function, which can be optimised directly. For example, consider the

optimisation problem:

min f(x), subject to h(x) = 0. (3.33)

The Lagrangian is given as:

L(x, λL) = f(x) + λTLh(x) (3.34)

where λL is the vector of Lagrange multipliers. An additional penalty term is often

introduced to ensure the enforcement of the constraints h(x), aiding in the stability

of the optimisation and speed of the convergence, leading to the Augmented La-

grangian [201]:

Laug (x, λL) = f(x) + λTLh(x) +
Cpen
2

∥h(x)∥22 (3.35)

where Cpen is a parameter that controls the size of the penalty to be applied. For

multi-objective problems, instead of attempting to solve the full problem simulta-

neously, a more efficient technique can be employed that considers each part of the
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optimisation problem separately, known as the alternating direction method of mul-

tipliers (ADMM) [202]. In order to facilitate use of the ADMM for the SPDMD

problem statement in Equation 3.32, a separation of variables is introduced, which is

achieved with the dummy variable β:

minimize
α

J(α) + γ
m∑
i=1

|βi| (3.36)

subject to the constraint α−β = 0. Then, the augmented Lagrangian can be written

as:

Laug (α,β, λL) :=

J(α) + γ
m∑
i=1

|βi|+
1

2

(
λ∗L(α− β) + (α− β)∗λL + Cpen∥α− β∥22

)
(3.37)

where ∗ denotes the complex-conjugate-transpose and ∥ · ∥2 is the L2-norm. The

second Lagrange term (α − β)∗λL is used to cancel out the imaginary parts arising

from the first Lagrange term, ensuring that the Lagrangian remains a real-valued

objective function; complex numbers are challenging to optimise as they cannot be

ordered straightforwardly [203]. With the Lagrangian defined, the ADMM can be

applied with three steps; minimise α with a fixed β; update α and then minimise β;

update λL:

αk+1 := argmin
α

Laug

(
α,βk, λkL

)
,

βk+1 := argmin
β

Laug

(
αk+1,β, λkL

)
,

λk+1
L := λkL + Cpen

(
αk+1 − βk+1

)
.

(3.38)

In this way, ADMM provides an efficient solution to Equation 3.36 by solving each

optimisation problem separately, switching between minimising the reconstruction

error (min α) and maximising the sparsity (min β). The algorithm begins with an
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initial point (β0, λ0L) and iterates until two user-defined tolerances ϵ1 and ϵ2 are

reached: ∥∥αk+1 − βk+1
∥∥
2
≤ ϵ1 and

∥∥βk+1 − βk
∥∥
2
≤ ϵ2 . (3.39)

Finally, the value of the γ parameter in Equation 3.36 must be determined by the

user, with the recommended method being to compare the reconstruction errors over

a computational sweep of different γ values [194, 196]. The reconstruction error is

quantified as a performance loss:

%Πloss = 100× ∥Φ− L̃Σ̃R̃T∥F
∥Φ∥F

. (3.40)

With a value of γ chosen, the vector of amplitudes given by SPDMD is fixed, and the

flow fields can be re-constructed using combinations of different modes.

3.3.7 Neural networks

Neural networks are a class of universal function approximator that have been gaining

significant traction in the recent fluid mechanics literature [204, 205]. In a break-

through for dimensionality reduction, Baldi and Hornik [206] showed that a specific

type of neural network known as an autoencoder (discussed in §3.3.9) can be viewed as

a non-linear generalisation of the principal component analysis (known as the POD in

fluid mechanics applications [121]). This is a powerful finding that has since allowed

some of the capabilities of linear SVD-based dimensionality reduction approaches to

be extended and applied to a wider range of engineering challenges [71].

A neural network consists of a stack of connected layers, with each layer containing a

series of basic computation units known as neurons. Each neuron receives input data,

performs a linear operation on the data using a set of weights and biases (that are
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learned over time), and passes the result through an activation function to produce

an output. The activation functions are the mechanisms for introducing non-linearity

into the model, allowing the network to capture complex patterns and relationships

in the data. Some of the most common activation functions are given by [121]:

f(x) = x − linear

f(x) =
1

1 + exp(−x)
− logistic (sigmoid)

f(x) = tanh(x) − TanH

f(x) =

 0 x ≤ 0

x x > 0
− rectified linear unit (ReLU).

(3.41)

Although occasionally useful for interpretability, linear activation functions limit the

types of relationships that can be learned by the model [207]. Sigmoid and tanh

loss functions are similar S-curve functions but with different ranges, with sigmoid

varying between 0 and 1 while tanh varies between -1 and 1. These functions are

useful for classification problems where binary decision boundaries are desired [208].

The steeper gradients of the tanh function means that it is sometimes able to achieve

faster learning than the sigmoid [207]. ReLU is suitable for regression tasks, and the

zeroing of negative values can be advantageous for computational efficiency, as well

as promoting sparsity which helps to mitigate overfitting [207, 209].

A generic architecture for a neural network is shown in Figure 3.1. Mathematically,

for a given input x, the output y is obtained by successfully passing the data through
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Calculate 
accuracy 
(loss), 
compute 
gradients
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Backpropogation

Figure 3.1: An example of a generic neural network model. The input data is fed
through the network in the forward pass to produce a predicted output. The loss
between the output and the original data is calculated, and the weights in the network
are altered according to the gradients of the loss terms via backpropagation.

the series of layers as:

y = fM (WM , · · · , f2 (W2, f1 (W1,x)) · · · ) (3.42)

where WM and fM are the matrix of weights and the activation function for the

Mth layer respectively. The weight matrices are iteratively updated and optimised

as the model learns patterns from a set of training data. This optimisation procedure

is performed using backpropagation. After a forward pass through the network, the

similarity of the output to the desired ground truth is calculated with a user-defined

loss function; the mean-squared error is a typical choice for regression tasks. Consider

a single node, single layer network such that:

y = g(f(x, a), b) = g(z, b) (3.43)

with weighting constants a and b. The loss might be calculated as a mean square
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error (MSE):

MSE =
1

2
(y0 − y)2 (3.44)

where y0 is the ground truth. Backpropagation minimises the loss via an iterative,

gradient descent update rule:

ak+1 = ak + δ
∂E

∂ak

bk+1 = bk + δ
∂E

∂bk

(3.45)

where δ is a user-defined learning rate, and the rates of change of error E with the

parameters can be found via the chain rule:

∂E

∂a
=
dy

da
× dE

dy
= (y0 − y)

dy

dz

dz

da
= 0. (3.46)

Consider the linear activation function

f(c, α) = g(c, α) = c× α (3.47)

then:

z = ax

y = bz

(3.48)

and the gradients can be computed as:

∂E

∂a
= (y0 − y)

dy

dz

dz

da
= (y0 − y) · b · x

∂E

∂b
= (y0 − y)

dy

db
= (y0 − y) z = (y0 − y) · a · x.

(3.49)

For a network with M layers, this can be generalised as:

∂E

∂a
= (y0 − y)

dy

dzm

dzm
dzm−1

· · · dz2
dz1

dz1
da

. (3.50)
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The backpropagation algorithm is run until the network reaches convergence, which

typically determined by monitoring the errors over time.

3.3.8 Convolutional neural networks

Convolutional Neural Networks (CNNs) are a class of deep neural networks specifically

designed for processing structured grid data, such as images [204]. Therefore, they

are well-suited for analysing PIV flow fields which can have velocity measurements at

regularly-spaced pixels [71]. In CNNs, features can be extracted from data using con-

volutional layers, in which the input data are convolved with a learnable filter matrix

of a user-defined fixed shape. The convolution operation is conducted by sliding the

filter along each pixel in the input data and performing element-wise multiplication

followed by a summation [210]. This is denoted mathematically as:

conv(ϕ, F )i,j =
M−1∑
m=0

N−1∑
n=0

ϕ(i+m, j + n) · F (m,n) (3.51)

for input data ϕ, a filter F , filter dimensions M and N , and spatial coordinates i and

j. This operation produces abstracted feature maps, helping the model to extract and

detect important spatial features such as edges and textures [210]. While generic fully-

connected networks could be used to analyse grid-based data, CNNs learn patterns

and features more efficiently and are less prone to over-fitting [211].

3.3.9 Autoencoders

As previously mentioned, autoencoders are a type of neural network that can reduce

the dimension of a set of data, and can be thought of as a generalisation of linear

dimensionality reduction techniques such as the POD [121]. This is done by gradually

reducing the number of neurons in each layer, reaching a minimum known as a bottle-

neck, then decompressing the data until the original shape is returned. An example
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Inputs Outputs

Bottleneck

Encoder Decoder

Figure 3.2: An example autoencoder neural network that can learn reduced subspaces
that represent the data via the latent space (also known as the bottleneck).

shape of an autoencoder is shown in Figure 3.2. The first section of the network is

known as the encoder, and extracts dominant features from the data. This function

is akin to the creation of POD modes, but without the inherent orthogonality and

linearity constraints. The latter section is the decoder, which builds a full state-space

prediction given the dominant features presented in the bottleneck. Convolutional

autoencoders are used extensively in Chapter 6 in order to extract dominant patterns

from PIV data and use that information to fill large gaps in the images.

In 2015 Ronneberger et al. [127] introduced a ground-breaking neural network ar-

chitecture based on a convolutional autoencoder design, named the UNet. The key

novelty of the design was the inclusion of so-called skip-connections, which copy the

outputs of each layer in the encoder and concatenate them to the inputs of each

layer in the decoder. In a typical autoencoder, each contracting layer in the encoder
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extracts more general and global features of the data, with the most general features

being passed to the decoder through the bottleneck [212]. By concatenating the orig-

inal features extracted at each layer of the encoder to the decoder layers via the skip

connections, more detailed and localised features can also be preserved and considered

in conjunction with the global features. Although the UNet was originally developed

for medical image segmentation, this multi-scale treatment of image data has proven

to be extremely effective for a range of tasks such as image denoising [213, 214],

super-resolution [129, 215], and image reconstruction [216].

3.4 Summary

As discussed in §1.6, this thesis is concerned with the creation of validation targets

and the enhancement of validation data. With this in mind, there are two proper-

ties of the numerical methods previously discussed that are of particular note, with

summaries provided in Table 3.1. Firstly, the expressivity of these methods with

regards to their ability to capture complex non-linear patterns in data is important

due to the inherently non-linear characteristics of turbulent flows. All of the modal

decomposition algorithms considered in this thesis rely on the SVD, which finds new

coordinate transforms via linear combinations of the original variables. This is suf-

ficient for a range of tasks, as many phenomena that are globally non-linear may be

well-approximated by linearisation at a local level [121]. However, for extrapolative

challenges in validation data enhancement such as predicting turbulent flow motion

outside of the field of view (see Chapter 6), there are fewer nearby data points that

can be used to inform the predictions, and more expressive models that can capture

more complex patterns between the data points that are available might be required.

Widely-used neural network architectures employ non-linear activation functions be-

tween multiple data-processing layers, enabling them to capture complex non-linear
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behaviours [206].

Secondly, the mapping between the inputs and outputs, such as many-to-many or

many-to-one, is important for the creation of validation targets. In this thesis, these

mappings are defined with respect to the number of instances provided in the inputs

and outputs. For example, a many-to-one mapping would take any number of reali-

sations (such as 300 PIV images) as the input, and produce a single realisation as the

output. Many-to-one methods are often desired in order to collapse a large dataset

onto a single representative validation target, thereby simplifying the validation pro-

cess. Although the POD technique produces a set of modes that could be considered

one at a time, POD-based reconstructions of the flow are dependent on the specific

instant in time given by the right-singular vector in question. This means that for a

set of 300 PIV images from an engine, the POD-based reconstructions of these images

will differ depending on which cycle is being reconstructed, resulting in 300 validation

targets. This effect is demonstrated in Chapter 4, and for this reason the POD-based

reconstructions are labelled as many-to-many in Table 3.1. On the other hand, the

temporal decompositions (SPOD, DMD and SPDMD) produce flow reconstructions

that operate at specific frequencies, with each spatio-temporal mode representing the

behaviour of the snapshots across the whole dataset. There is therefore no time-

dependency, and the image reconstructions can be considered either one frequency at

a time or as many frequencies taken together, with this option noted in Table 3.1.

Finally, neural networks are considered to be any-to-any, as their modularity means

that they can be constructed to fit input and output data types of any shape.

Advantages of the POD and GPOD methods are that they are widely used and

in many cases considered to be current best-practice [54, 88, 117], so they serve

as useful baselines in this thesis. A drawback of all POD-based methods is that
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POD-reconstructed data requires a threshold for the number of included modes to

be specified, and it is challenging to find objective and broadly-applicable criteria

for this threshold [106, 217]. GPOD is an exception to this, where the number of

modes is incremented until convergence, but this comes at the expense of making the

GPOD method computationally intensive to run, as discussed in §6. Regarding the

temporal decompositions, although the orthogonality of the SPOD modes enables the

calculation of mode amplitudes via the construction of optimal mode hierarchies, this

orthogonality is deemed to be an unnecessary constraint for the investigations in this

thesis, as the SPDMDmethod is able to optimally calculate the mode ampltiudes with

respect to the dynamics shown in the individual flow fields, which makes SPDMD par-

ticularly suitable for the creation of validation targets as shown in Chapters 4 and 5.

Lastly, drawbacks to neural network models include often being computationally in-

tensive to train (typically requiring at least one GPU), requiring carefully considered

datasets dedicated to the training process, and being prone to over-fitting due to their

data-driven nature. In order to develop validation process methods for creation of

validation targets that can be used for a wide range of different datasets, it would

therefore be more straightforward to use the non-parametric POD-based methods.

However, the expressivity of neural networks becomes a significant advantage when

enhancing validation data, as shown in Chapter 6.
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Table 3.1: Summary of widely-used dimensionality reduction methods and their rel-
ative strengths and weaknesses with regards to how they apply to the objectives of
this thesis.

Technique Expressivity Mapping Advantages Disadvantages
POD
reconstruction

Linear Many-to-many Widely used
Subjective

mode threshold

GPOD
reconstruction

Linear Many-to-many Widely used Slow inference

SPOD
reconstruction

Linear
Many-to-many
or many-to-one

Temporal
patterns

Orthogonality
Subjective

mode threshold

DMD
reconstruction

Linear
Many-to-many
or many-to-one

Temporal
patterns

No amplitude
hierarchy
Subjective

mode threshold

SPDMD
reconstruction

Linear
Many-to-many
or many-to-one

Robust
amplitudes

Subjective
mode threshold

Neural
network

Non-linear Any-to-any
Non-linear patterns

Fast inference
Transfer learning

Computationally
intensive to train

Prone to over-fitting
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Chapter 4

Creating validation targets for PIV

and RANS

4.1 Overview

As discussed in §1.5.1, creating validation targets by averaging ensembles of vector

data can lead to a diminished magnitudes effect. Prior studies have attempted to

resolve this with the use of dimensionality reduction techniques such as the POD [54]

and KPCA [106]. Although these techniques are able to retain higher vector magni-

tudes with the use of POD-based reconstructions, these reconstructions utilise many-

to-many mappings, as demonstrated later in § 4.4.4. Therefore, it is not possible to

collapse the data onto a single validation target with these methods, which makes it

more challenging to analyse and interpret large datasets. This chapter hypothesises

that temporal modal decomposition methods are more suitable for validation target

creation due to having many-to-one mappings, and investigates the use of DMD and
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SPDMD to this end.

The Oxford PIV dataset introduced in §2.5.1 is used for the analysis in this chapter,

which has a corresponding RANS dataset for comparison, and is subject to CCVs

in the form of intake jet flapping. Intake jet flapping refers to the change in general

orientation of the coherent high-velocity jet structure between different realisations

(cycles) at the same phase (crank angle) [59]. It occurs when separate streams from

the two intake valves collide in the engine cylinder with varying strengths, influenc-

ing the overall direction of the resultant combined jet. Jet flapping is of interest as

variations in the intake jet are thought to be a major source of subsequent CCVs, con-

tributing to abnormalities in the resulting flow fields and inhibiting engine efficiency

and power output [79, 80]. For example, Zeng et al. [83] investigated the variability

of the early flame kernel growth in a propane-fuelled SI engine, and concluded that

variations in the macro-scale flow were a primary contributor to undesirable flame

structures. More recent studies have also investigated the effects of CCVs on the

resultant burning rates [82, 218, 219]. Abraham et al. [89] suggest three causes of

cyclic variability in the intake jet; CCV in the intake port and pressure boundary

conditions, physical oscillations of the intake valve during valve opening and clos-

ing, and variations in engine speed. The CCVs in the Oxford optical engine (in the

form of intake jet flapping) are expected to make this PIV dataset a good test case

for examining different validation target creation methodologies, as the diminished

magnitudes effect will be made more apparent.

The remainder of this chapter is structured as follows. Firstly, two quantitative

metrics are introduced in order to quantify the similarity of different vector fields.

Following this, initial comparisons are made between the ensemble of PIV data and

the RANS data, and the ensemble mean (EM) is evaluated regarding its ability to
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fairly represent the velocity magnitudes in the individual PIV images. The diminished

magnitudes effect is quantified for the first time with the use of velocity histograms.

The POD method is implemented in order to explore a variety of characteristics such

as its ability to retain the vector magnitudes in the POD-reconstructions, the subjec-

tivity in the mode cut-off definition, and the many-to-many mapping. The standard

DMD algorithm is then investigated, which is shown to be capable of many-to-one

mappings, although spectral analyses reveal that the simplistic amplitude definition

results in outcomes that are not robust across different subsets of the data. Finally,

this issue is alleviated with the SPDMD, which is shown to produce modes that are

significantly more representative of the vector magnitudes seen in the individual snap-

shots. The SPDMD is therefore proposed as the recommended method for creating

validation targets from vector data.

4.2 Metrics

Two key metrics are used in this chapter to quantify the similarity of vector fields, in

terms of both vector directions and magnitudes. There are various methods of quanti-

tatively comparing vector directions used in the turbulent flow diagnostics literature,

such as using the root mean square [220, 221], point-to-point metrics [222], as well

as more detailed weighted indices [223]. The relevance index (RI), also known as the

cosine similarity, is perhaps the most widely-used in engine flow research [59, 61, 88],

by virtue of producing a single number that represents the overall alignment of a

vector field, scaled between 1 and −1 for convenience and generalisability. The RI is

implemented in this work, allowing quantitative results to be compared to previous

works more easily.

There are also numerous options regarding the vector magnitudes, such as point-
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wise [222], root-mean square [224], distribution comparisons [134], and even neural

network-learned metrics [225]. Histograms are a convenient and visual method of

analysing image data, long used in image processing [226], and the similarity between

two histograms can be computed with the histogram distance (HD) [227]. In the

context of the present work, a ground-truth is also desired that can represent the

true velocity magnitude distributions in the individual images without the dimish-

ing effects of averaging. Working with velocity magnitude histograms provides such

an opportunity, as the frequency counts from histograms of individual images can

be averaged without the risk of diminishing the magnitudes. This is demonstrated

in § 4.4.3. Vector magnitude histograms along with the HD are therefore propsed for

the assessment of validation target creation in this work.

4.2.1 Relevance index

To use the RI for vector field data, each field is firstly re-organised into a column

vector, such that the RI is given for two fields qA and qB as:

RI =
⟨qA,qB⟩

∥qA∥2 · ∥qB∥2
(4.1)

where ⟨·, ·⟩ is the inner product, and ∥·∥2 is the L2 norm. By arranging the vector

fields into columns prior to the calculation, the RI returns a single value that measures

the overall alignment of the fields, ranging between +1 for a perfectly aligned field

and −1 for a perfectly opposite field.

4.2.2 Histogram distance

The histogram distance (HD) quantifies the degree of overlap between two histograms.

It is defined as:

HD =

∑
i (min (h1(i), h2(i))

min (∥h1(i)∥ , ∥h2(i)∥)
(4.2)
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for two histograms h1 and h2 evaluated at each bin i. The value of HD varies between 1

and 0 for histograms that overlap perfectly and do not overlap at all respectively.

4.3 DMD implementation for cyclic PIV data

Before presenting the results, a note is needed regarding the interpretation of DMD

results based on in-cylinder PIV data, due to the cyclic nature of such measurements.

Procedure 1 outlines the steps taken in conducting the DMD analysis on the data

in this study. In this work, a similar view is taken to Qin et al. [97], who rely

on the fact that the PIV snapshots were generated by the same system in order to

conduct phase-dependent DMD. Sampling the dynamics of a system between cycles at

a constant phase is known as taking a Poincaré section, and the mapping that relates

the sample points on the section is known as the Poincaré map [228, 229]. Phase-

dependent DMD then linearises the dynamics on the Poincaré section. In the present

phase-dependent DMD case, DMD models the evolution of flow structures across

cycles in order to spot patterns and variations in the data, rather than through

consecutive time to investigate the physical growth and decay of these structures.

The frequencies associated with this DMD analysis therefore describe how the flow

structures oscillate among flow fields measured at the same crank angle, rather than

relating to physical frequencies in the engine. The difficulty in physically interpreting

these phase-dependent frequencies is one reason why the subsequent analysis is limited

to the study of the 0 Hz ‘average’ modes.
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Procedure 1 Implementation of the DMD method for flow field data.

Description ▷ Key equations/parameters

1: For PIV data at the analysis crank ▷ Eg. at −285 CAD:
angle over M total cycles, split the ▷ M = 300, m = 100
dataset into blocks of size m, such ▷ n = No. locations in PIV grid
that each block contains consecutive
data. The size of m affects the DMD
convergence properties, as discussed
in §5.2.5.

2: For each block, reshape the PIV data as ▷ n× (m− 1) matrices Φ, Φ′

columns in the data matrices Φ and Φ’, ▷ (See Equations 3.21a and 3.21b)
with each column representing PIV
data from a new cycle, and each row
representing the velocity at a specific
location in the PIV window.

3: Perform DMD on the data matrices and ▷ Φ′ = AΦ
produce the DMD modes. The modes, Φ, ▷ eig(A) = Ξ = 1

λ
Φ′RΣ−1Ψ

represent flow structures that ‘oscillate’
together from cycle to cycle at a
given crank angle.

4: Extract the dominant 0 Hz DMD mode, ▷ Ψ(j) | Im(Λ(j)) = 0
giving the shape of the background
flow field.

5: Complete the flow field reconstruction ▷ Ψ(j)Λ(j)α
(j)
opt

by scaling the 0 Hz mode with the
relevant amplitude.

6: Repeat for the remaining blocks
of PIV cycles.
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4.4 Results

4.4.1 Initial validation

For the initial validation of the RANS model, the simulated pressure trace was plot-

ted against the experimental average pressure for both the tumble plane (TP) and

cross-tumble plane (CTP) experiments, as shown in Figure 4.1. Recall that each

experiment yielded slightly different boundary conditions for the CFD model. Re-

garding Figure 4.1, a good overall agreement between the model and the experiments

can be seen. There is a slight difference in the peak pressure, with the CFD model

under-predicting the experimental average by 2.8% for the tumble plane experiment,

and over-predicting the experiments by 0.8% for the cross-tumble plane. The only

difference between the two CFD cases is in the boundary conditions, and as the sim-

ulated peak pressures sit within the experimental range, the CFD results are deemed

to be a satisfactory match.

After looking at the global pressure, the goal would be to validate the simulated in-

cylinder flow fields against experimental data from PIV to ensure that the predictions

of local variables are also reliable. However, this is not a straightforward task, as

previously discussed. It is hypothesised that significant CCVs in internal combustion

engines, such as the flapping intake jet in this case, can cause the ensemble mean

to become unrepresentative of the original PIV dataset. This casts doubt as to the

suitability of using the ensemble mean as a validation target for RANS simulations.

As a result of the intake jet flapping, the crank angles during the intake stroke while

the intake valves are open (between −360 and −260 CAD aTDCf) are of interest.

−285 CAD aTDCf is chosen as the analysis crank angle in this study as the intake jet

is fully established, and the piston has moved far enough away from TDC to provide

a larger field of view for the PIV measurements.
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Figure 4.1: Comparison of in-cylinder RANS CFD and mean experimental pressure
traces for both the tumble plane (TP) and the cross-tumble plane (CTP) experiments.
The relevant boundary conditions corresponding to each experiment were used in the
CFD set-ups. Experimental traces are plotted as dash-dotted lines, and CFD traces
as solid lines. Valve lift profiles are also given in red.

4.4.2 Initial flow field analysis

Firstly, the adequacy of using 300 cycles for the PIV ensemble mean at the analy-

sis crank angle of −285 CAD aTDCf is tested using the RI and HD, as shown in

Figure 4.2, for both the tumble plane (left) and the cross-tumble plane (right). The

two similarity metrics were used to compare consecutive ensemble-average fields com-

posed of incrementally-increasing numbers of PIV snapshots, increasing from the first

snapshot. For example, the RI and HD between the average of the first 49 PIV snap-

shots and the first 50 were 1.00 and 0.97, respectively. The HD is first calculated

by converting each successive EM field into a histogram of the velocity magnitudes.

From the figure it can be seen that the RI converged more quickly than the HD,
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Figure 4.2: Convergence of the PIV ensemble mean for the tumble plane (left) and the
cross-tumble plane (right). The plots show the RI and HD values between consecutive
incremental ensemble-averages (ie. comparing the similarity of the ensemble mean
with the first m cycles to the ensemble mean with the first m+ 1 cycles).

suggesting that the RI is an easier metric to satisfy in this case. This is consistent

with other reports which noted that the non-linear behaviour of the RI causes the

metric to reach higher values more quickly [44, 88, 230].

A visual inspection of the plot suggests that the ensemble average only changes by

small amounts when adding more cycles beyond the first 100, implying that 300 cycles

is sufficient for this application. Figure 4.3 illustrates some example ensemble averages

for the cross-tumble plane, showing that the EM indeed does not change significantly

with the addition of more cycles after approximately 100 are included. The EM of

the 300 cycle dataset is therefore satisfactory for the purposes of this study. Note

that 0 mm in the flow field images corresponds to the centre of the cylinder in the

radial directions, and the firing deck in the vertical direction.

The view of the tumble plane at −285 CAD aTDCf is shown in Figure 4.4. The top

row consists of arbitrary consecutive PIV cycles, and the bottom row consists of the

PIV ensemble mean (left) and the RANS CFD results (right). Along the top row,

differences in the PIV images can be seen due to turbulent fluctuations, but core
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(a) (b)

(c) (d)

Figure 4.3: Example ensemble-average flow fields from the cross-tumble plane at −285
CAD aTDCf. The figure consists of averages containing: (a) the first 10 cycles; (b)
the first 50 cycles; (c) the first 100 cycles; (d) the full 300 cycles. Note that flow
speeds are in normalised units ‘n.u.’.

flow features can still be identified. In both cycles, the flow is dominated by a strong

cross-flow along the top of the cylinder. This creates an anti-clockwise tumble vortex,

which has a centre located at approximately (x = −10, z = −22 mm) in both cycles.

The tumble vortex structure does not vary much from cycle to cycle as the intake

jet is always aiming downwards and away from the intake valves. The PIV ensemble

mean in Figure 4.4 (c) can therefore be a good representation of the individual cycles,

constructing a clear tumble vortex and preserving realistic velocity magnitudes, while

smoothing over more fluctuating structures. Although the RANS result predicts a

higher flow speed along the left of the cylinder and a slightly lower tumble vortex

centre, it still presents a good match with the PIV ensemble mean, with RI= 0.91.

However, the flow structures are more complex on the cross-tumble plane. In the
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(a) (b)

(c) (d)

Figure 4.4: Flow fields on the tumble plane at −285 CAD aTDCf. The figure consists
of: (a) single cycle A; (b) single cycle B; (c) PIV ensemble mean; (d) RANS CFD.

optical engine cylinder, separate air streams from the intake valves collide with varying

strengths, resulting in jet flapping. The jets collide near the cylinder’s central line of

symmetry (y = 0), so this behaviour can be observed more clearly on the cross-tumble

plane, illustrated in Figure 4.5 at −285 CAD aTDCf. The top row of the figure

consists of arbitrary consecutive PIV cycles A (left) and B (right), where a high-

speed intake jet can be observed in both flow fields. The motion of the jet flapping

phenomenon can be seen, with the jet pointing in different directions between cycles.

The ensemble mean is shown in the bottom-left of the figure, with a centrally-located

intake jet and a vortex on either side. However, a qualitative comparison to the

individual cycles reveals that the averaging process has diminished the magnitude of
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the intake jet. This motivates an investigation into whether the ensemble averaged

flow field is a fair representation of the original PIV dataset. In the RANS CFD flow

field, a central intake jet is also predicted, though the magnitude of the RANS CFD

jet is larger than that of the ensemble mean.

Comparing the CFD results to the ensemble average PIV field in isolation would

naturally lead one to the conclusion that the simulation over-predicted the speed

of the intake jet, with a potential recommendation that the CFD model should be

adjusted to result in a slower jet speed. Conversely, when looking at some of the

individual PIV snapshots, it would seem that the CFD slightly under-predicted the

intake jet speed. This opposite conclusion would imply that the average PIV flow

field does not faithfully represent the nature of the physics in the cylinder for any

given cycle in this case. This hypothesis, which was initially proposed in a previous

publication [59], is explored further in §4.4.3.

(a) (b)

(c) (d)

Figure 4.5: Flow fields on the cross-tumble plane at −285 CAD aTDCf. The figure
consists of: (a) single cycle A; (b) single cycle B; (c) PIV ensemble mean; (d) RANS
CFD.
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Figure 4.6: Relevance index between the PIV ensemble mean and each of the 300
PIV cycles for both the tumble and cross-tumble planes at −285 CAD aTDCf.

4.4.3 Representation quality of the ensemble mean

To quantify the directional similarity between the 300 PIV cycles and their ensemble

mean, the RI was calculated between the ensemble mean and each cycle for both the

tumble and cross-tumble planes, shown in Figure 4.6. The RI is consistently high on

the tumble plane, but it is substantially lower and more variable on the cross-tumble

plane. Further information can be obtained by looking at the velocity magnitudes.

To represent the overall distribution of velocity magnitudes for each flow field, the

magnitudes at each point in the field are plotted as a histogram. The histogram for

the ensemble mean is then quantitatively compared to the ground-truth histogram

using the HD. The ground-truth histogram is taken here to be the average of the

300 histograms representing each of the individual PIV cycles; note that this average

histogram does not suffer from artificial diminishing of velocity magnitudes, as the

numbers of instances for each of the velocity bins (which are always non-negative)

are being averaged, rather than the velocity vectors themselves. This average his-

togram therefore contains contributions from each of the individual cycles without

any cancellation or vector magnitude dimishing. The histogram averaging process
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is shown in Figure 4.7. The plots comparing the ground-truth average histogram to

the histogram of the ensemble mean are shown in Figure 4.8 for the tumble plane

(a) and cross-tumble plane (b). There is a marked difference between the two planes,

where the tumble plane has HD = 0.88, as opposed to HD = 0.57 for the cross-tumble

plane.

(a)

0 5 10 15 20 25

Velocity magnitude (m/s)

0

100

200

300

400

500

600

C
o

u
n

t

(b)

Figure 4.7: Velocity distributions plotted as histograms for (a): 20 PIV snapshots,
where the histogram for each individual snapshot is plotted in a different colour and
super-imposed atop one another, and (b): the average of 250 PIV histograms .

HD= 0.88

(a)

HD= 0.57

(b)

Figure 4.8: Area intersections between the ground truth histogram (taken as the
average of the 300 histograms representing each PIV cycle) and the histogram for the
ensemble mean, for both (a) the tumble plane and (b) cross-tumble plane. Histogram
distances (HD) for each case are also reported.

This shows that while the ensemble mean is capable of fairly representing the flow on

the tumble plane, it does not capture the flow dynamics as well on the cross-tumble
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plane with regards to both velocity direction and magnitude. The reason for this is

due to the additional cyclic variability on the cross-tumble plane. A statistical analysis

on the horizontal velocity components in both planes was conducted to illustrate this.

Figure 4.9 shows histograms of horizontal velocity components taken from cycle to

cycle at a representative point in each plane:

• (x = 0, z = −22) on the tumble plane, corresponding to one side of the ensemble

mean tumble vortex,

• (y = 0, z = −1) on the cross-tumble plane, corresponding to a location in the

intake jet.

The velocities in these histograms are normalised with reference to the maximum

absolute velocities at those points on the corresponding planes. For the tumble plane,

the horizontal velocity component is close to a normal distribution, with a large

number of cycles at the centre (near-zero horizontal velocity component, as the vector

is mostly vertical at the vortex edge). The dominance of the average velocity at this

point explains why the ensemble mean is able to provide a good representation of

the ensemble of cycles. On the cross-tumble plane, the horizontal velocity component

is more indicative of a bi-modal distribution, and the fitted normal distribution is a

poor approximation of the ensemble. This represents the fact that in a large number

of cycles, the intake jet points to the left or the right rather than straight downwards.

A simple ensemble average is therefore expected to be a poorer representation of this

dataset, as the mean velocity is less prevalent in the ensemble. There is therefore

potential for more advanced numerical methods to provide a more suitable validation

target for RANS results on the cross-tumble plane, and two such methods are explored

in the following sections.
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Figure 4.9: Cycle to cycle distributions of horizontal velocity components sampled at
(x = 0, z = −22) for the tumble plane (left), and (x = 0, z = −1) for the cross-tumble
plane (right). The red crosses in the top row of images illustrate the sample locations
used to create the cycle-to-cycle velocity distributions. The velocity distributions are
then shown as histograms on the bottom row, along with fitted normal distributions.

4.4.4 POD analysis

As previously discussed, the POD method offers a statistical approach for analysing

the flow fields. In this section, the ability of POD to extract core flow features for the

analysis of RANS simulations is explored. Figure 4.10 shows the POD-reconstruction

of PIV cycles A (left column) and B (right column) on the cross-tumble plane, with

the number of retained POD components increasing from one (at the top row) to 299

(at the bottom row). As there are 300 cycles of PIV measurements, and the data

were centred prior to the POD analysis, there are a total of 299 POD modes. The

reconstruction containing all 299 POD components is therefore an identical recreation

of the original cycle.
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Beginning at the top of the figure, the first row shows the first POD component, which

captures the most amount of energy in the flow field at each cycle. In both cycle A

(left) and cycle B (right), a broad central intake jet structure can be seen with a

vortex to either side, producing a flow field that is reminiscent of the ensemble mean.

Already at this level, there are signs of jet flapping between cycles A and B. Moving

down the figure, the influence of CCVs can be seen as successively higher-order POD

components are included in the reconstructions.

For cycle A, there is a large increase in the velocity magnitude of the central intake

jet when the largest five POD modes are retained (third row). Cycle B has retained a

higher jet velocity on the first mode, but doesn’t show a large increase until the first

ten modes are used in the construction (fourth row). There are two points worthy of

note here.

1. The velocity magnitudes and directions in the POD reconstructions are depen-

dent on the choice of cycle.

2. There is no clear ‘cut-off’ for how many POD components should be included

in the flow reconstructions for RANS validation.

Cycle-dependency can pose a problem when attempting to validate RANS simula-

tions, which only produce flow fields representing average structures. For a 300 cycle

dataset using POD, even if an objective cut-off point for the number of components

can be identified and fairly applied to each cycle, there will be 300 validation targets

for the RANS results. This is why, in the context of validation target creation, POD-

based reconstructions are labelled as many-to-many mappings in Table 3.1. If the

measured flow fields are significantly different from one another, such as an intake
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Figure 4.10: POD-reconstructed flow fields on the cross-tumble plane at -285 CAD
aTDCf. Left column: cycle A, right column: cycle B. Each row consists of images
containing a different number of POD components for the reconstruction, as labelled
by the numbers to the right of each row. Top row: the first POD component, second
row: the first two POD components, third row: the first five POD components, fourth
row: the first ten POD components, fifth row: the first 50 POD components, sixth
row: all 299 POD components (original cycle).
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jet pointing in different directions, then the range of acceptable validation param-

eters may be excessively broad, making it excessively easy for the RANS model to

match against [59]. The choice of cut-off is also an issue in itself; while the inclusion

of more components allows for higher jet velocities to be retained, it may also take

the reconstruction further away from the dominant flow structures, further increasing

cycle-dependency. Deciding on cut-off criteria to optimally balance these aspects is a

challenging task, and prone to subjectivity.

The POD-reconstructions are cycle-dependent because each space-only POD mode

is linked to a specific point in time given by the corresponding right-singular vector.

One way to collapse this time dimension is to model how the flow structures change

with time; frequency-based modal decompositions such as the DMD can achieve this

by producing modes that represent patterns in the data that oscillate at specific

frequencies and grow or decay together in time. This concept is explored in the next

section.

4.4.5 DMD analysis

To summarise so far, the following observations have been made about the PIV mea-

surements in the cross-tumble plane that present challenges for interpreting and using

the data.

• There are strong CCVs in the dataset, which cause velocity magnitudes to be

diminished in the average flow.

• The CCVs are akin to a bi-modal distribution, where the average flow is less

prominent in the ensemble.

120



Space-only, phase-dependent POD was used to investigate the flow fields by analysing

the high-energy flow structures. While POD is capable of producing dominant flow

fields that retain a higher intake jet velocity, the following limitations were dis-

cussed.

• Large number of validation targets with an excessively broad validation range

due to cycle-dependency.

• Difficulty in deciding the number of POD components to retain in flow field

reconstructions.

• A mixture of frequencies contained in each POD mode, so steady structures

cannot be easily separated from fluctuating ones.

This motivates an investigation into Dynamic mode decomposition (DMD), which

may be thought of as an ideal combination of spatial and temporal dimensional-

ity reduction techniques [103]. DMD modes are coherent in both space and time,

with a single frequency attached to each mode, and the results do not exhibit cycle-

dependency. The DMD technique, therefore, can produce target flow fields across

a narrower validation range, which can be provide more objectivity to the RANS

validation process, as shown in this section.

The plot of DMD mode frequencies against amplitudes is known as the DMD spec-

trum, which illustrates the dominant frequencies in the dataset. The spectra for each

of the three 100 cycle subsets on the cross-tumble plane are plotted on the top row of

Figure 4.11, where the orange circles indicate the modes with the highest amplitude

for each subset. However, as discussed previously, high-amplitude modes may rep-
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Figure 4.11: Top row: DMD spectra for the first, second, and third 100 cycle subsets of
PIV (left, middle, and right plots respectively). Bottom row: DMD mode decay rates
plotted against mode amplitudes for the first, second, and third 100 cycle subsets of
PIV (left, middle, and right plots respectively). The dominant modes for each subset
are given in orange, and the leading background (0 Hz) modes in green.

resent outlier flow structures with fast decay rates, not necessarily representing the

dataset as a whole [194, 196]. This can be investigated further by plotting the decay

rates, given by the real parts of the DMD eigenvalues, against the mode amplitudes.

This is shown on the bottom row of Figure 4.11; modes towards the top-left of these

plots indicate high amplitudes and fast decay rates. The high-amplitude modes are

directed to the left of the figure in all three cases, with the third 100 cycle set (right)

being the most extreme example with the largest amplitude and fastest decay rate

relative to all the other modes.

The vector fields corresponding to each of the highest-amplitude modes are plotted

along the top row of Figure 4.12. Each field lacks a coherent structure, with the

extreme case for the third cycle set (top-right) also saturating the colourmap due to

the extreme amplitude. These fast-decaying modes are of less relevance to the purpose

of this work, which is to construct a suitable validation target for RANS simulations.

As RANS simulations cannot predict the stochastic nature of turbulence explicitly,
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Figure 4.12: Flow fields showing the highest amplitude modes plotted in orange in
Figure 4.11 (top row), and the leading 0 Hz modes plotted in green in Figure 4.11
(bottom row).

it may therefore be more relevant to consider the 0 Hz background DMD modes and

compare those steady features to the RANS results.

The 0 Hz modes with the highest amplitudes are plotted as green circles in Figure 4.11

and are presented as vector fields in the second row of Figure 4.12. The 0 Hz modes for

the first two cycle sets (left and middle) appear to be very alike; the overall structure

is similar to the ensemble mean, but a higher intake jet velocity has been retained

which is more representative of the individual cycles. The third cycle set, however,

has an intake jet that is even more diminished than the ensemble mean. In addition,

while there is a clear anti-clockwise rotational structure to the right of the intake jet,

the left-hand counter-part appears to have shifted upwards slightly out of the field of

view. An explanation for this can be given by observing some of the single cycle PIV

snapshots, plotted in Figure 4.13. In these cycles, the intake jet from the right-hand

valve appears to be stronger than the left, causing the intake jet to swing round and

up to the top-left. As the right-hand rotational structure is fairly consistent among

the three 0 Hz modes, it would seem that it is the flow from the left intake valve that

is more variable, periodically delivering less air flow into the chamber, contributing

to a more extreme left-swing of the jet in some cycles.
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However, the large drop in the intake jet velocity for the third cycle set presents a

problem when attempting to fairly represent the individual PIV cycles with DMD

modes. Due to the nature of comparing snapshots taken at the same crank angle

across engine cycles in phase-dependent DMD, the linear mapping between the snap-

shots may only be approximately true, which calls for an alternative definition of the

mode amplitudes that does not rely so heavily on this assumption and the initial con-

ditions. The sparsity-promoting DMD (SPDMD) introduced by Jovanovic et al. [196]

addresses this by solving for an optimal set of mode amplitudes that recreates the

original dataset as closely as possible with as few modes as possible. Amplitudes

defined in this way prioritise DMD modes that have the largest contributions to the

entire dataset and resist being skewed by fast decay rates caused by outliers, which

may be a more appropriate method of representing the full set of individual PIV

cycles in an engine.

Figure 4.13: PIV snapshots of individual cycles showing the intake jet swinging
around to the top-left of the flow field.

In order to use the SPDMD, the user-defined γ needs to be chosen. The γ parameter

controls the trade-off between sparsity and the reconstruction error, with a larger

γ leading to a more sparse solution and a higher reconstruction error. Jovanovic

et al. [196] recommend conducting γ−value sweeps against the reconstruction error,

as defined in Equation 3.40. The performance losses against various choices of γ

for the present PIV dataset are shown in Figure 4.14. Like the POD, thresholds

can also be chosen for the number of DMD modes to be included in the flow field

reconstructions, and the γ sweeps are found to be sensitive to these thresholds, as
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shown in the Figure.

Separate sweeps are shown for hard thresholds of 99, 98, and 12 (left, middle, and

right respectively) to highlight the influence of changing the truncation cut-off. The

hard threshold of 99 (left) represents no change from the original 100 cycle dataset,

so the reconstruction error decays to zero for small values of γ up to 1000. Then as

expected, sparsity is induced into the dataset with increasing γ, and the reconstruction

error increases to over 60%. The extreme effect that truncation has on this dataset is

evident when considering the sweep for a threshold of 98, as shown in the middle plot.

Again, the reconstruction error converges for γ < 1000, but this time to a large error

of 46%. This shows that the compression of the data onto a set of modes just one

fewer than the original dataset causes large differences by this performance metric.

This likely reflects the extreme non-linearities that map one snapshot onto the next

in this dataset due to the phase-dependent implementation, with behaviours that are

unable to be captured by the linear DMD-based model.
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Figure 4.14: Computational sweeps for determining the optimal value of γ in the
SPDMD algorithm for hard thresholds of 99, 98, and 12 (left, middle, and right plots
respectively).

The γ sweep for a truncation to 12 modes is shown to the right of Figure 4.14.

The value of 12 arises from the hard-thresholding criterion proposed by Gavish and

Donoho [217]. For a rectangular matrix assumed to be comprised of entries containing

a mixture signal and unknown levels of white noise, the optimal hard threshold is given
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by:

p = τ(β)σmedian (4.3)

where β is the aspect ratio of the input matrix, τ is the hard threshold coefficient

which can be evaluated numerically following Gavish and Donoho [217], and σmedian

is the median singular value of the input matrix. The hard threshold coefficient

generates singular values for a matrix that represents Gaussian white noise, scaled

by the median singular value of the original data matrix. The largest ‘noise singular

value’ is reported; all the original singular values larger than this are retained as

signal, and smaller singular values are discarded as noise. Note that in the context of

engine PIV data, a clean separation between Gaussian noise and signal might not be

the most relevant threhsolding criterion, as other factors such as larger-scale CCVs

might also be obscuring the flow features of interest. However, a theoretical basis for

thresholding and noise removal in practical flows is still an open question [54, 106, 120],

but a sparse representation of the data is still desired in order to form a validation

target. The Gavish-Donoho criterion therefore serves as a principled place to begin

the subsequent analysis. Using Equation 4.3, the hard threshold was given as 12,

and this value was used to supply SPDMD modes for the forthcoming discussion of

results.

Returning to Figure 4.14, the retention of just 12 modes already leads to a very

sparse dataset, with a reconstruction error of over 88%. There is not much scope for

introducing more sparsity via the γ parameter at this level of truncation; indeed, over

this range of γ, the reconstruction error only varies within 0.5%. Although somewhat

arbitrary due to the reduced impact of γ on the reconstruction error at this level

of truncation, γ = 1 was chosen for the subsequent analysis. The spectra for the

SPDMD modes for each set of 100 cycles are given in the top row of Figure 4.15.

Compared to the standard DMD spectra, the SPDMD spectra are much more similar

126



0 1 2 3 4 5 6

Frequency (Hz)

0

100

200

300

400

500

600

700

800
A

m
p
li

tu
d
e

0 1 2 3 4 5 6

Frequency (Hz)

0

100

200

300

400

500

600

700

800

A
m

p
li

tu
d
e

0 1 2 3 4 5 6

Frequency (Hz)

0

100

200

300

400

500

600

700

800

A
m

p
li

tu
d
e

-5 -4 -3 -2 -1 0

0

100

200

300

400

500

600

700

800

A
m

p
li

tu
d

e

-8 -7 -6 -5 -4 -3 -2 -1 0

0

100

200

300

400

500

600

700

800

A
m

p
li

tu
d

e

-8 -7 -6 -5 -4 -3 -2 -1 0

0

100

200

300

400

500

600

700

800

A
m

p
li

tu
d

e

Figure 4.15: Top row: SPDMD spectra for the first, second, and third 100 cycle
subsets of PIV (left, middle, and right plots respectively). Bottom row: SPDMD
mode decay rates plotted against mode amplitudes for the first, second, and third
100 cycle subsets of PIV (left, middle, and right plots respectively). The dominant
modes for each subset are also the leading background (0 Hz) modes, plotted in green.

across the three sets of cycles, with the dominant background 0 Hz modes plotted in

green giving similar amplitudes. The plots on the bottom row of Figure 4.15 show that

these dominant background modes also have near-zero decay rates, and contribute to

the full datasets as a result.

Finally, the dominant SPDMD modes are plotted as flow fields in Figure 4.16. The

velocity magnitudes are now much more consistent across the three cycles sets, in-

dicating the robustness of the SPDMD amplitude re-scaling. These flow speeds are

also more representative of the individual PIV cycles, with the histogram intersec-

tions for each of the three background DMD modes given in Figure 4.17. Note that

the average ground-truth histogram is slightly different in each case, containing the

relevant sets of 100 PIV cycles for the DMD analysis. The histogram distances for

the first, second, and third PIV subsets are 0.89, 0.87 and 0.89 respectively, showing

consistent improvement from the histogram distance of 0.57 given by the ensemble

mean. These 0 Hz SPDMD modes are therefore recommended for use as validation
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Figure 4.16: Flow fields showing the dominant SPDMD modes plotted in green in
Figure 4.15.

targets.

HD= 0.57

(a)

HD= 0.89

(b)

HD= 0.87

(c)

HD= 0.89

(d)

Figure 4.17: Histogram distances between the ‘base case’ average histograms and the
ensemble mean (top-left), and the three dominant SPDMD modes for each of the 100
cycle subsets shown in Figure 4.16.

4.5 Conclusion

This chapter has investigated the creation of validation targets from PIV data, with

a focus on the diminished magnitudes problem due to ensemble averaging. The

diminished magnitudes effect has been quantified for the first time here using the

histogram distance. In addition, the extent of the diminishment has been linked to
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the degree of variability within the flow, with the HD between the ensemble mean

and the ground-truth histograms giving HD= 0.88 and 0.57 for the tumble plane

and cross-tumble plane respectively. A key difference between the flow on these two

planes is the amount of CCVs experienced, which was observed by calculating the RI

between the ensemble mean flow field and each of the individual PIV snapshots for

each plane.

Previous studies have suggested that POD-reconstructed flow fields may be more

suitable validation targets they allow for the retention of higher velocity magnitudes.

This technique is investigated here, and more realistic vector magnitudes are indeed

possible, depending on the threshold chosen for the number of POD modes included.

However, each POD-based reconstruction is unique to the specific point in time (in

this case, the engine cycle) dictated by the right-singular vectors. This means that

there is no collapsing of the data, such that the present PIV dataset of 300 images

gives 300 validation targets. This many-to-many mapping between the PIV dataset

and the POD-based reconstructions means that there is little benefit from using the

POD fields as validation targets over the original PIV images, which is undesirable

for the comparison to a single RANS flow field.

The exact DMD algorithm is then explored as it is a spatio-temporal decomposition

method, capable of removing the subjectivity associated with POD’s time-dependency

by focussing on modes that are defined by specific frequencies. However, the validity

of the standard amplitude definition is questioned in this context of phase-dependent

DMD, with the high-amplitude modes also corresponding to high decay rates, indi-

cating that these flow structures do not influence the entirety of the PIV datasets,

and may in fact represent outlier motion. SPDMD is therefore proposed as an al-

ternative solution, capable of more faithfully representing the true dynamics of the
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system by assigning high mode amplitudes to flow structures that can most accu-

rately recreate the original PIV datasets via the ADMM optimisation routine. The

dominant SPDMD modes are also the 0 Hz background modes, and they resemble

the average flow fields but with velocity magnitudes that are more representative of

the individual cycles.

Although the DMDmethods appeared to be inadequate models of the phase-dependent

dynamics due to the high reconstruction errors reported in the γ sweeps, the SPDMD

was shown to be capable of effectively re-scaling the 0 Hz modes to faithfully represent

the velocity magnitudes in the individual PIV snapshots. This was quantified using

the HD, where the SPDMD 0 Hz modes were shown to provide the best matches to

the ground-truth histograms over all three subsets of the PIV data, yielding HD of up

to 0.89 on the cross-tumble plane. Therefore, it is suggested that the SPDMD method

can make the RANS validation process more objective and accurate, by collapsing the

data onto a single representative snapshot while retaining the original vector mag-

nitudes. Despite this improvement over the POD and exact DMD methods, some

subjectivity still remains with the SPDMD method regarding the choice of threshold

criteria. It is likely that in order to truly rectify this specific issue, focus should be

moved away from SVD-based methods and towards optimisation algorithms such as

the ADMM, which is the key component of the SPDMD method that is able to re-

scale the velocity magnitudes. Closer study of optimisation algorithms are therefore

suggested for future work in validation target creation.
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Chapter 5

Creating validation targets for PIV

and LES

5.1 Overview

The previous chapter introduced the DMD and SPDMD techniques and explored

their ability to create validation targets from PIV data. The SPDMD 0 Hz modes

were recommended as validation targets by virtue of being able to collapse the data

onto a single target while retaining accurate vector magnitudes. That work consid-

ered the processing of PIV data in isolation, motivated by a comparison to a single

snapshot from a RANS model. However, in the case of LES data, both the CFD and

experimental datasets typically contain ensembles of images, such that the SPDMD

modes representing each dataset will interact with one another. The research in this

chapter therefore builds upon the previous work by extending the methodology to

an LES validation pipeline, and seeks to provide robust validation targets for each
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dataset alongside a discussion of their interpretations.

In particular, this chapter is concerned with PIV data from the well-known Darm-

stadt engine [171, 231], and velocity data from large-eddy simulations (LES) of the

same engine [44, 174]. The previous work on this LES data developed validation

methodologies that utilised ensemble averaging and POD; the use of the SPDMD in

the present study enhances this prior work by facilitating a closer consideration of

the velocity magnitudes in the data. Therefore, new insights are revealed about how

to validate LES simulations against experimental data, quantify the similarity of the

simulations to the PIV data, and locate sources of error in the datasets. Firstly, the

representation quality of the ensemble mean (EM) flow fields is assessed for both the

LES and PIV data. The SPDMD 0 Hz modes are also explored, and this method is

shown to yield more representative velocity magnitudes in both cases. The impact

of using the SPDMD 0 Hz modes to represent the flows rather than the EM is then

explored. The effect of two important parameters in the DMD algorithm, namely

the mode threshold number and the total number of snapshots, are investigated in

this application to aid and inform practitioners in the implementation of the SPDMD

method in engine-relevant flows.

5.2 Results

5.2.1 Ensemble mean analysis

The ensemble mean (EM) flow fields from the Darmstadt engine PIV and LES at 470

CAD aTDCf are shown in Figure 5.1 (a) and (b), respectively. In both cases, the

intake jet is shown as the high-speed yellow portion of the flow to the top-right of

the flow fields. The two intake jets show a qualitative match in terms of length and

magnitude; however, the resulting vortex centre is positioned further to the right in
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(a) (b)

(c) (d)

(e) (f)

Figure 5.1: Flow fields at 470 CAD aTDCf. The plots show (a): the PIV ensemble
mean (EM), (b): the LES EM, (c): an arbitrary PIV snapshot, (d): an arbitrary
LES snapshot, (e): the PIV SPDMD 0 Hz mode truncated at 57 modes, (f): the LES
SPDMD 0 Hz mode truncated at 14 modes. One in every three vectors are plotted
for clarity. The colourmap is scaled by the vector magnitudes, referred to as the flow
speed.
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the EM LES field. This points to the possible existence of differences in the intake

jet that are not immediately made apparent by the EM fields.

In order to further examine the intake jet, single snapshots from PIV and LES are

shown in Figure 5.1 (c) and (d), respectively. In these images, the intake jets are

shown to extend further into the flow fields for both cases. The fact that the intake

jets are shorter in the EM fields suggests that the tips of the intake jet are more

variable from snapshot to snapshot, causing them to get smoothed over in the EM

fields. The single LES snapshot also shows the intake jet pointing further downwards

than the jet in the single PIV image, which may contribute to the different vortex

centre locations. Finally, a faster recirculation zone can be seen in the bottom-right

of both of the single PIV and LES images that is not obvious in either EM field,

suggesting that this section is another area of significant variability.

As for the Oxford optical engine previously, these differences between the EM fields

and the single snapshots call into question the ability of the EM fields to fairly repre-

sent the instantaneous velocity magnitudes present in the original data. Histograms

are also used here to quantify how well vector magnitudes from the original data

are preserved. Recall that these magnitude histograms measure the number of oc-

currences of a particular magnitude bin, which is strictly positive, so they can be

averaged without risking the cancellation of opposites that comes with averaging

vectors directly. The result is a ‘cycle set histogram’, used as a ground-truth, that

represents the velocity magnitudes across the entire dataset.

With this method, the EM velocity magnitude distributions can be compared to

their respective cycle set histograms, shown on the top row of Figure 5.2 for both

the PIV (a) and LES (b) flow fields. In both cases, the EM histograms in purple
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(a)

HD= 0.81

(b)

HD= 0.82

(c)

HD= 0.88

(d)

HD= 0.89

Figure 5.2: Comparisons between the average velocity histograms at 470 CAD aTDCf
and the velocity distributions of (a): the PIV EM, (b): the LES EM, (c): the PIV
SPDMD 0 Hz mode, and (d): the LES SPDMD 0 Hz mode. Histogram distances
(HD) for each case are also reported.

display a left skew (indicating lower velocity magnitudes) when compared to the

cycle set histograms in blue. This is because the superposition of vectors in the EM

calculation results in vector cancellation and a systematic under-prediction of the

true velocity magnitudes. This effect is quantified via the histogram distance (HD),

which calculates the relative size of the overlapping area between two histograms.

HD= 0.81 between the PIV EM and the PIV cycle set, and HD= 0.82 between the

LES data and its ensemble average.

The ability of the EM to represent velocity magnitudes depends on the variability

in the dataset, so the HD values are expected to decrease for more variable crank

angles and test points. For example, the results for another important crank angle
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Flow fields at 700 CAD aTDCf. The plots show (a): the PIV ensemble
mean (EM), (b): the LES EM, (c): an arbitrary PIV snapshot, (d): an arbitrary
LES snapshot, (e): the PIV SPDMD 0 Hz mode truncated at 189 modes, (f): the
LES SPDMD 0 Hz mode truncated at 10 modes. One in every three vectors are
plotted for clarity.

in this engine, 700 CAD aTDCf, are presented in Figure 5.3. For this 700 CAD

case, disparities can be seen between the PIV and LES EM fields ((a) and (b) and

single snapshots ((c) and (d)), particularly towards the bottom of the flow fields

where there is a relatively strong recirculation zone off the top of the upward-moving

piston. As a result, the HD between the EMs and the respective cycle set histograms

is lower, at HD= 0.71 for the PIV and HD= 0.75 for the LES.

5.2.2 SPDMD analysis

As recommended in the previous chapter, the 0 Hz modes from the SPDMD algorithm

were then explored as alternatives to the EM. As before, choice of the γ parameter that

controls the sparsity−accuracy trade-off in the SPDMD algorithm had a negligible
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(a)

HD= 0.71

(b)

HD= 0.75

(c)

HD= 0.93

(d)

HD= 0.85

Figure 5.4: Comparisons between the average velocity histograms and the velocity
distributions at 700 CAD aTDCf of (a): the PIV EM, (b): the LES EM, (c): the
PIV SPDMD 0 Hz mode, and (d): the LES SPDMD 0 Hz mode.

effect on the velocity magnitudes given by the 0 Hz modes for the 250 cycle PIV

dataset. Indeed, for a fixed mode threshold number of 50 modes, increasing γ from

0.01 to 10000 only changed the HD between the resultant 0 Hz modes by 0.005.

Therefore, γ was simply set to one for the remainder of the study.

As previously discussed, use of the singular value decomposition (SVD) in the DMD

algorithm means that the DMD analysis can also be sensitive to the truncation or

hard threshold for the number of DMD modes retained in the analysis. A principled

approach can be applied to the definition of a hard threshold, but as discussed in

§4.4.5, these approaches may not be valid for engine flows where the difference between

noise, CCVs, and flow features of interest is not necessarily clear. Therefore, sweeps

over the choice of mode threshold number were conducted for both the PIV and the
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Figure 5.5: Sweeps calculating the HD between the SPDMD 0 Hz mode and the cycle
average histograms for varying mode threshold numbers for (a): PIV data, and (b):
LES data at 470 CAD aTDCf. The filled red circles represent HD values that are
within 1% of the maximum HD value.

LES data, to find the threshold that resulted in the 0 Hz modes with the largest HD

against the average histograms.

The results for 470 CAD are shown in Figure 5.5, where the filled red circles represent

thresholds with high HDs that were within 1% of the maximum HD found in each

sweep. For the PIV data, a continuous streak of high HD values can be found between

mode thresholds of 38 and 84. For the LES data, there was a longer continuous streak

of high HDs found between 2 and 28 modes. In both cases, therefore, there were many

good options for the truncation number. As an attempt to provide consistency to the

choice of threshold for the two datasets, the distribution of the singular values for

each case was investigated, as plotted in Figure 5.6. The mode thresholds of 38 and

84 correspond to 41% and 61% of the cumulative variance in the PIV dataset, while

for the LES data, the thresholds of 2 and 28 modes correspond to a wider range of

22% and 74% of the variance. As a middling value for both cases, a criterion of 50%

of the variance was used to select the threshold for each. The thresholds used for the

SPDMD analysis at this crank angle were therefore 57 for the PIV data, and 14 for

the LES data, as marked in Figure 5.6. Note that this criterion is not intended to
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Figure 5.6: Singular value decomposition plots at 470 CAD aTDCf for (a): 250 PIV
snapshots, and (b): 50 LES snapshots. The variance captured in each singular value
is given by the bar chart on the left axis, and the cumulative variance is given by
the line graph on the right axis. The number of modes corresponding to 50% of the
cumulative variance is marked for each dataset.

be valid for other datasets or test points, and only serves as a method of selecting

a single threshold from the variety of good options in this case. The subjectivity in

choosing hard thresholds for SVD-based methods remains a concern, which might be

alleviated by considering the ADMM algorithm in isolation from the SPDMD.

The 0 Hz modes at the threshold numbers of 57 and 14 are plotted as flow fields in

Figure 5.1 (e) and (f) for the 470 CAD case. In these fields, the ADMM algorithm

has re-scaled the average flow by optimising the velocity magnitudes across each of

the PIV and LES snapshots. As a result, the intake jets for the SPDMD 0 Hz fields

have longer lengths and faster speeds. In addition, a difference in the angle of the

intake jets is made more apparent, which is a potential cause of the different vortex

centre locations between the PIV and LES data. Finally, faster recirculation zones

have been retained in the bottom-right corners of both SPDMD fields, which is also

more representative of the dynamics in the individual PIV and LES snapshots.

For 700 CAD, the HD sweeps for the PIV and LES data are shown in Figure 5.7.

Here, the results look vastly more disparate than for 470 CAD, which indicates that
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Figure 5.7: Sweeps calculating the HD between the SPDMD 0 Hz mode and the cycle
average histograms for varying mode threshold numbers for (a): PIV data, and (b):
LES data at 700 CAD aTDCf. The filled red circles represent HD values that are
within 1% of the maximum HD value.

the PIV and LES data have different levels of variability at 700 CAD. The optimal

thresholds for this crank angle were 189 for the PIV data, corresponding to 93%

of the cumulative variance, and 10 for the LES data, corresponding to 50% of the

cumulative variance. The threshold for the PIV data at this crank angle is a fairly

extreme result, and is potentially symptomatic of significant CCVs, as the low-order

DMD modes are not very representative of the data and many modes are needed

for an accurate reconstruction. The level of variation in the velocity magnitudes of

these datasets is further explored later in Figure 5.9. The SPDMD 0 Hz modes at

thresholds of 189 and 10 are plotted in Figure 5.3 (e) and (f) respectively. The effect

of using the modes is similar to the 470 CAD case, with higher velocity magnitudes

being retained in the recirculation zones in particular.

The corresponding histograms between the 0 Hz SPDMD fields and the full cycle

sets are plotted along the bottom row of Figure 5.2 for 470 CAD. Unlike the EMs,

the SPDMD 0 Hz histograms exhibit less overall skew, indicating a more accurate

representation of the velocity magnitudes in the dataset overall. A slight left skew

for LES SPDMD histograms is observed here which could be an indication that more
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(a)

HD= 0.83

(b)

HD= 0.83

(c)

HD= 0.83

(d)

HD= 0.86

Figure 5.8: Histogram comparisons between (a): the PIV and LES EMs at 470 CAD
aTDCf, (b): the PIV and LES SPDMD 0 Hz modes at 470 CAD aTDCf, (c): the
PIV and LES EMs at 700 CAD aTDCf, (d): the PIV and LES SPDMD 0 Hz modes
at 700 CAD aTDCf

.

realisations are needed for the particular condition to ensure that the LES data is

statistically converged [44].

However, for the existing data, SPDMD shows a significant improvement in preserving

the flow field magnitude information compared to the ensemble mean. For the PIV

data, HD= 0.88, and for the LES data, HD= 0.89. The difference is more pronounced

at 700 CAD, where the HDs are increased to HD= 0.93 for the PIV data and HD=

0.85 for the LES, as shown in Figure 5.4. The increases in HD due to the SPDMD

0 Hz modes are consistent with the previous findings on the Oxford optical engine

presented in Chapter 4, where it was found that the use of the SPDMD 0 Hz modes
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Figure 5.9: Planar-averaged velocity magnitudes for the first 50 snapshots of PIV
data (blue crosses), and all 50 of the LES snapshots (purple circles) for (a): 470
CAD aTDCf, and (b): 700 CAD aTDCf. Only 50 PIV snapshots are shown for
clarity.

was able to increase the HD from 0.57 with the EM to 0.89 with the SPDMD 0 Hz

modes.

5.2.3 Comparison of EM and SPDMD representations

The impact of using either the EM or the SPDMD 0 Hz fields for comparing the PIV

and LES data is shown in Figure 5.8. In the case of 470 CAD, the overall shapes are

the same regardless of whether the EM or SPDMD 0 Hz modes are chosen; indeed,

HD= 0.83 for both cases. This is because the SPDMD increased the HD of both the

LES and PIV data by 0.07, so the histograms have been stretched along the x−axis

by similar amounts in the SPDMD comparison. However, for the 700 CAD case, the

SPDMD 0 Hz modes have re-scaled the PIV and LES data by different amounts,

leading to the HD being 0.82 when EM fields are compared, but 0.86 when SPDMD

0 Hz fields are considered. This is further evidence that the variabilities of the PIV

and LES data are more similar at 470 CAD than at 700 CAD.

To test this hypothesis more directly, planar averages were taken of the velocity

magnitudes for each of the single LES and PIV snapshots. The average velocities for
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Figure 5.10: Plots showing the differences in velocity magnitude between the PIV
and the LES data for (a): the PIV and LES EM fields, and (b): the SPDMD 0 Hz
modes at 470 CAD aTDCf. The speed difference is calculated as PIV speeds − LES
speeds, so that positive values represent regions where the LES under-predicted the
PIV data, and negative values indicate over-predictions by the LES. Each contour
line represents 2 m/s of speed difference.

each LES snapshot are plotted alongside the first 50 PIV snapshots in Figure 5.9 for

both crank angles. At first glance, the planar average velocity magnitudes appear

to have a similar spread for both PIV and LES datasets at 470 CAD. Indeed, a

quantitative comparison reveals that the relative standard deviations were similarly

low at 4.6% for the PIV data and 6.6% for the LES. This supports the findings of

Barbato et al. [44], who found that these experimental and LES datasets had similar

levels of variability in the peak cylinder pressures.

For 700 CAD, the relative standard deviations were more disparate, at 26.4% for

the PIV data and 12.6% for the LES data. As a result, the SPDMD 0 Hz modes

stretched the PIV histogram by a larger amount than the LES histogram, as shown

in Figure 5.8. Therefore, the size of the improvement in HD due to the SPDMD

does appear to be affected by the level of variability in a dataset; furthermore, if two

datasets have velocity magnitudes with different levels of variability, then it could be

143



-20 -10 0 10 20
 x (mm)

-5
0
5

 z
 (m

m
)

-2

0

2

Sp
ee

d 
di

ff
er

en
ce

 (m
/s

)(a)

-20 -10 0 10 20
 x (mm)

-5
0
5

 z
 (m

m
)

-2

0

2

Sp
ee

d 
di

ff
er

en
ce

 (m
/s

)(b)

10 12 14 16 18 20
 x (mm)

-4

-2

0

2

4

6

 z
 (m

m
)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
Sp

ee
d 

di
ff

er
en

ce
 (m

/s
)

(c)

10 12 14 16 18 20
 x (mm)

-4

-2

0

2

4

6

 z
 (m

m
)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Sp
ee

d 
di

ff
er

en
ce

 (m
/s

)

(d)

Figure 5.11: Plots showing the differences in velocity magnitude between the PIV
and the LES data for (a,c): the two EM fields, and (b,d): the two SPDMD 0 Hz
modes at 700 CAD aTDCf. The speed difference is calculated as PIV speeds − LES
speeds, so that positive values represent regions where the LES under-predicted the
PIV data, and negative values indicate over-predictions by the LES. Each contour
line represents 0.5 m/s of speed difference.

expected that the SPDMD would increase the magnitudes of one dataset more than

the other, resulting in a change in the HD between the two SPDMD 0 Hz modes

relative to the HD between the two EM fields.

The effect of these re-scalings is demonstrated more clearly in Figures 5.10 and 5.11,

which show contour plots of the speed differences between the LES and PIV data

at each point in the grid. Figure 5.10(a) compares the LES EM and PIV EM fields

at 470 CAD, while Figure 5.10(b) compares the respective SPDMD 0 Hz modes.

Positive values indicate that the LES results under-predicted the PIV data, while

negative values indicate under-predictions by the LES.
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Similar regions of discrepancy are highlighted in both figures, with the largest speed

differences being around the intake jet region, towards the top-right of the flow fields.

However, the magnitudes of these discrepancies are different, even for a case where the

SPDMD 0 Hz modes have rescaled the velocity magnitudes by similar amounts. For

example, at 470 CAD, a comparison between EM fields would result in the conclusion

that the LES results under-predicted the PIV data by at most 6 m/s in the region

(20, 0), whereas the under-predictions reach as high as 8 m/s in the same region when

the SPDMD 0 Hz modes are considered. In a similar vein, the EM field comparison

shows that the LES over-predicted the PIV by 5 m/s in the region (15,−10), while the

SPDMD 0 Hz modes indicate that this over-prediction was actually 7 m/s. This has

consequences for the development of LES models, where it is important that sources

of variability are correctly diagnosed, and that any discrepancies are accurately quan-

tified in order to ensure that LES models are faithfully capturing the dynamics of

the physical experiments. Similar results can be seen for 700 CAD, with the EM and

SPDMD 0 Hz comparisons yielding different results for the level of discprepancy in

velocity magnitude predictions, particularly in the vicinity of the tumble vortex to

the right of the flow field.

5.2.4 Single LES snapshots

The effect of using SPDMD 0 Hz modes to represent data rather than the EM is also

apparent when attempting to compare single LES snapshots against an ensemble of

PIV data. The velocity histogram for the single LES snapshot shown in Figure 5.1(d)

is plotted alongside the PIV EM and PIV SPDMD 0 Hz histograms in Figure 5.12.

Here, the results look quite different; the comparison between the single LES snapshot

and the PIV EM is more disparate with HD= 0.71, while the comparison against

the SPDMD 0 Hz mode gives a closer match with HD= 0.84. Therefore, this LES

snapshot is more representative of the PIV ensemble than it would have seemed if
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(a)

HD= 0.71

(b)

HD= 0.84

Figure 5.12: Histogram comparisons between (a): a single snapshot from LES and
the PIV EM, and (b): a single snapshot from LES and the PIV SPDMD 0 Hz mode,
all at 470 CAD aTDCf

.

the EM had been used as the sole validation target. This has implications for how

particularly unrepresentative LES snapshots should be identified.

For example, consider a comparison between Figure 5.1(a): the PIV EM, and (d):

the LES single snapshot. The low HD of 0.71 between these two flow fields would

identify this LES snapshot as being especially unrepresentative of the PIV data. In

particular, the length of the intake jet and the higher-speed recirculation zones may

be highlighted as specific problem areas. However, if the SPDMD 0 Hz mode in

Figure 5.1(e) is chosen as the benchmark representing the PIV data, the opposite

conclusions about the LES snapshot may be drawn. In fact, this snapshot turns out

to be one of the more representative ones within the LES dataset in terms of velocity

magnitudes. This highlights the fact that care needs to be taken when using the EM

as the validation target for LES results, and when drawing conclusions about the

accuracy of velocity magnitude predictions.
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Figure 5.13: Convergence of the real part of the SPDMD 0 Hz eigenvalues (denoted as
Real(λ0)) to unity for an increasing number of snapshots in the dataset at 470 CAD
aTDCf. The convergence behaviour for the PIV data is given by the blue crosses, the
LES data by the purple circles, and the line Real(λ0) = 1 is plotted in red.

5.2.5 Effects of dataset size

The effect of the number of available snapshots on the SPDMD 0 Hz modes was also

explored, as this was a key difference between the LES and PIV data (consisting

of 50 and 250 snapshots respectively). The convergence of the real parts of the

DMD eigenvalues and the calculation of the mode residuals are two widely used

metrics for analysing the convergence of DMD spectra [99, 232]. For a statistically

stationary process, the real parts of the eigenvalues will converge to unity, so this is an

appropriate test for assessing the validity of the 0 Hz SPDMD modes. On the other

hand, the residual calculation gives a more complete picture of DMD convergence, as

it quantifies the difference between the reconstruction of the last snapshot and the

actual data [232]. However, this work focusses purely on the 0 Hz SPDMD mode, and

a reconstruction of the data outside of the 0 Hz mode is not required. Therefore, the

real parts of the DMD eigenvalues are used as the convergence metric instead.
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Figure 5.14: Singular value decomposition plots for (a): the first 100 PIV snapshots,
(b): the first 50 PIV snapshots, (c): the first 25 PIV snapshots, and (d): the first
25 LES snapshots, all at 470 CAD aTDCf. The variance captured in each singular
value is given by the bar chart on the left axis, and the cumulative variance is given
by the line graph on the right axis. The number of modes corresponding to 50% of
the cumulative variance is marked for each case.

Figure 5.13 plots the real parts of the eigenvalues associated with the 0 Hz SPDMD

modes (λ0) for an increasing number of available snapshots. Specifically, separate λ0

values were calculated for the first m and m+ 1 snapshots and analysed accordingly.

Because the number of snapshots varied for each calculation, it was impractical to fix

a constant SPDMD mode threshold number for each case. Instead, a criterion was

chosen such that the threshold numbers were set to the number of singular values that

contained at least 50% of the cumulative variance in the data. For example, when the

first 20 LES snapshots were considered, the 6 largest singular values accounted for

52.8% of the cumulative variance in the data. Therefore, 6 was chosen as the SPDMD

mode threshold number for m = 20. 50% was chosen as the variance threshold as it
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Table 5.1: The impact of sample size on the proportion of the total variance contained
in the first singular value, and the number of singular values needed in order to capture
50% of the cumulative variance in the data (denoted as SV50) for 470 CAD aTDCf.

Variance in first
singular value

SV50

PIV 250 0.11 57 (23%)
PIV 100 0.15 26 (26%)
PIV 50 0.19 14 (28%)
PIV 25 0.26 7 (28%)
LES 50 0.18 14 (28%)
LES 25 0.24 7 (28%)

is known to produce reliable SPDMD 0 Hz modes for these datasets over a number of

different crank angles; however, different variance threshold criteria ranging from 10-

95% were also tested and found to have a negligible effect on the overall convergence

patterns.

In Figure 5.13 it can be seen that convergence to unity is achieved with relatively small

dataset sizes, indicating that SPDMD can produce reliable 0 Hz modes for datasets

containing as few as 20 snapshots for both the LES and PIV data. Convergence to

the unit circle indicates that there are enough snapshots to generate a steady state

signal, and that the total time spanned by the dataset at approximately 20 cycles

is longer than the slowest characteristic time scale in the data [232]. This result is

consistent with the findings of Grenga et al. [232], who investigated direct numerical

simulation (DNS) results of a turbulent planar premixed hydrogen/air jet flame with

DMD. Their results showed that real(λ0) changed by negligible amounts for dataset

sizes varying from 21 snapshots to 401.

Further discussion is warranted regarding the decision to compare 250 PIV snapshots

to 50 LES realisations. The full 250 PIV snapshots were utilised for the majority of
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Figure 5.15: Sweeps calculating the HD between the SPDMD 0 Hz mode and the
cycle average histograms for varying mode threshold numbers for (a): the first 100
PIV snapshots, (b): the first 50 PIV snapshots, (c): the first 25 PIV snapshots,
and (d): the first 25 LES snapshots, all at 470 CAD aTDCf. The filled red circles
represent HD values that are within 1% of the maximum HD value.

this study in order to make the most of the available data, as the dataset sizes are

relatively small and therefore caution should be taken when discarding information

by only considering a smaller subsample. However, the effect of a smaller dataset

size was also tested by subsampling the PIV data into the first 25, 50 and 100 PIV

snapshots. The singular value decompositions and HD sweeps are shown for each of

the PIV subsamples as well as for the first 25 LES cycles in Figure 5.14.

The PIV data behave more similarly to the LES data when 50 snapshots are con-

sidered for each. For example, the amount of variance contained in the first singular

value and the number of singular values needed to reach 50% of the cumulative vari-

ance (denoted here as SV50) are presented in Table 5.1. For the present engine, as
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more snapshots are considered, the proportion of the variance that is contained in the

first singular value decreases, and the value of SV50 is also reduced as a percentage of

the total number of singular values. The reduction in the relative SV50 suggests that

some redundancy is entering the dataset, as the raw SV50 values increase at a slower

rate than the total number of snapshots. The fact that fewer modes are needed to

capture 50% of the variance in the data (relative to the total number of snapshots)

may indicate that the data are becoming more converged. The decrease in the vari-

ance contained in the first singular value may be due to the fact that larger datasets

are more complex overall, and therefore more challenging to capture in a single mode.

However, a more thorough investigation into the various possible sampling strategies

would be required in order to verify these hypotheses.

The corresponding HD sweeps for varying mode threshold numbers considering sub-

samples of the PIV and LES snapshots are shown in Figure 5.15. There does not seem

to be a pattern in the distribution of the HDs with varying sample size when all of the

HD plots are considered together, so it is likely that hard thresholding the SPDMD

reconstructions will remain a case-dependent exercise. However, as previously stated,

a larger statistical analysis would need to be conducted before a firm conclusion can

be drawn.

What are the implications of dataset size on RI / similarity to the experimental fields?

* Validation of the CFD is left to Modena. * Variances may be different * If the CFD

is more accurate, maybe the behaviour of the SVD plots would be more similar as

well. * Fontanesi noted that the LES results were well convereged, but variances were

indeed quite different.
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5.3 Discussion

The results in this work show that the SPDMD 0 Hz modes can provide more realistic

representations of vector magnitudes than the EM for a dataset that is characterised

by some degree of variability. For the application of validating LES data against PIV

data, this is shown to be useful in a number of ways, listed below.

1. Gaining insight into the dynamics of the physical system, as shown in Figures 5.1

and 5.3.

2. Quantifying differences in vector magnitudes between simulations and experi-

ments, as shown in Figures 5.10 and 5.11.

3. Identifying LES snapshots that are particularly representative of the PIV en-

semble, as shown in Figure 5.12.

Point 1 refers to the more representative vector magnitudes that are displayed in

the SPDMD 0 Hz modes, for example as shown in Figures 5.1 and 5.3. The figures

indicate that an isolated consideration of the EM fields could result in a misleading

conclusion about what the speed of the intake jet should be. One could argue that this

‘error’ cancels out if the EM is used to compare both datasets, as the EM diminishes

the intake jets in the PIV and LES data by similar amounts. However, this is not

guaranteed to be the case, especially if the variability in one dataset is significantly

different from another. For example, for the 700 CAD case, the relative standard

deviation in the planar-averaged velocity magnitudes was 12.6% for the LES data,

but 26.4% for the PIV data. This difference in variability leads to a more significant

difference in the HD between the EM fields and SPDMD 0 Hz modes, as shown in

Figure 5.8.
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Therefore, the SPDMD 0 Hz modes can provide increased confidence in the velocity

magnitudes given by the flow fields that are used to represent the ensembles of data. A

note is needed here regarding the use of SPDMD 0 Hz modes and the quantification

of variability in the data, or CCVs. Although the size of the increase in the HD

to the set of individual snapshots due to the SPDMD is affected by the level of

variability in the dataset, other more direct methods for calculating CCV would

likely be more suitable, such as quantifying the pressure variation [233] or through a

POD analysis [234]. Rather, the primary purpose of the SPDMD 0 Hz modes here

is to provide a more reliable representation of a vector field ensemble for use as a

validation target.

The contributions of this work also provide evidence for the robustness of the proposed

application of SPDMD across different datasets. With the results in this chapter,

alongside the previous one, the approach has been shown to yield increased HDs to

the sets of individual snapshots for both LES and PIV data, representing a variety

of physical behaviours across different engines and phase angles. Within the realm of

CFD validation, the most widely-used method in prior works, the POD, is perhaps

better suited to the quantification of in-cylinder flow CCVs or the comparison of

isolated POD modes (ie. comparing like POD modes across datasets) as conducted

by Barbato et al. [44], rather than using the POD-based reconstructions as validation

targets. On the other hand, the SPDMD 0 Hz modes offer an objective many-to-one

solution for the formation of a validation target from an ensemble of data, that

resembles the individual snapshots of the physical flow, and without the diminishing

of vector magnitudes that is associated with ensemble averaging.

An ongoing challenge with this method lies in how to objectively define the threshold

for the number of modes to retain in the SPDMD analysis. Currently, it appears
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that the best practice is to simply test a number of different thresholds and select one

with a high HD to the individual snapshots, as shown in Figure 5.5. The thresholding

challenge is common to many methods with roots in the singular value decomposition

(SVD), including POD. In some cases, a hard threshold can be defined where there

is a clear separation between the high- and low-variance modes in the form of an

‘elbow’ in the plot of singular values [69], but this is rarely the case for turbulent

engine flows [106]. Gavish and Donoho [217] provide a theoretical basis for finding

the optimal hard threshold for a low-rank matrix with Gaussian noise, but it is unclear

how well this translates to a dataset with an unknown level of noise, and other variable

factors such as CCVs.

5.4 Conclusion

In this chapter, the diminished magnitudes effect was quantified for the PIV and

LES data from a different engine, also using the HD. While the EM fields under-

represented the magnitudes seen in both the PIV and LES datasets, the SPDMD 0

Hz modes were able to remove the under-predictions and yield higher HD values to

the original data, indicating that the SPDMD 0 Hz modes were more representative

of both datasets, showing that the findings in the previous chapter possess a degree

of generalisability.

At 700 CAD, use of the SPDMD 0 Hz modes had an impact on the comparison of HDs

between the PIV and LES datasets. However, at 470 CAD, the SPDMD 0 Hz modes

increased the HD for both the PIV and LES datasets by similar amounts, indicating

that these two datasets had similar levels of variability in the velocity magnitudes.

As a result, a comparison between EMs gave similar HDs to a comparison between

SPDMD 0 Hz modes. Even so, the two methods provided different estimates for
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the sizes of the speed differences across the LES and PIV data. In this case, the

SPDMD 0 Hz modes showed that the LES data tended to mis-predict the velocity

magnitudes around the intake jet region by larger amounts than it would appear

from the comparison of EM fields. Accurate quantification of these mis-predictions is

necessary in order to correctly diagnose inaccuracies in velocity data and aid in the

development of LES models.

The importance of having a validation target that fairly represents the PIV data was

also investigated by exploring the different conclusions that could be drawn about the

accuracy of a single LES snapshot. For the LES snapshot chosen, a comparison to

the PIV EM indicated that the velocity magnitudes in the LES snapshot were fairly

unrepresentative of the PIV data, with a relatively low HD = 0.71. However, this

same LES snapshot was shown to have more representative magnitudes if compared

with the PIV SPDMD 0 Hz mode, where the HD increased to 0.84. The choice of

validation target is therefore an important factor in attempting to assess the accuracy

of individual LES snapshots and locate sources of error.

A convergence test was run to investigate how the number of snapshots in the dataset

affected the SPDMD 0 Hz modes. For both the PIV and LES data, the SPDMD 0

Hz modes converged after approximately 20 snapshots. This suggests that SPDMD

is able to produce a reliable 0 Hz mode for relatively small dataset sizes. Finally, a

closer investigation of the thresholding issue was undertaken, where a link between the

threshold criterion and the proportion of cumulative variance stored in the singular

values was attempted. This behaviour was explored across several different dataset

sizes, and ultimately no pattern was found between the proportion of variance in the

singular values and the ideal SPDMD mode threshold in a HD sense. While the HD

focusses on the vector magnitude distributions, the overall cumulative singular value
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variance will also include the vector directions, and there might not necessarily be a

strong correlation between their respective variabilities. At present, it is suggested

that the best strategy for the choice of mode threshold is to treat it similarly to the γ

parameter, and conduct a sweep of different thresholds to identify the reconstruction

that produces the highest HD to the ground-truth.

To summarise, in this chapter the SPDMD method is shown to be capable of produc-

ing a single validation target from ensembles of PIV and LES data that accurately

represent the vector magnitudes in the original data. The consistent results for a

new engine suggest that this methodology has a degree of robustness for different

set-ups. A comparison between SPDMD fields from PIV and LES data has a larger

impact on the quantification of the speed differences between the two, rather than

the overall magnitude distributions. This SPDMD method is therefore shown to be

more objective and accurate in creating validation targets than the POD and EM.

Additional insight into the datasets is also provided via an investigation of variability

and dataset size. However, like the POD, some subjectivity still remains regarding

the choice of mode threshold, which can likely only be alleviated by moving away

from SVD-based methods and towards optimsation routines in isolation.
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Chapter 6

Enhancing validation data via flow

reconstruction

6.1 Overview

Whereas the previous two chapters investigated the creation of validation targets from

data, this chapter is mostly concerned with the enhancement of validation data itself.

This is because although experimental PIV data are often used as the ground-truth

for CFD flow field validation, PIV images of internal flows can often contain gaps

which hinder the use of techniques such as modal decomposition and the EM as well

as the CFD validation process overall (see §1.5.1). This chapter is therefore focussed

on the use of inpainting methods in order to reconstruct the turbulent flow inside such

gappy regions in PIV images, which would enable the contstruction of full field-of-view

validation targets, facilitating more complete comparisons with CFD data.
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In many of the previously-published works that develop inpainting methods for tur-

bulent flows, the findings are restricted to specific datasets that are not open-source,

which inhibits reproducibility as well as the fair comparison of different inpainting

methods [117, 118, 126]. Moreover, in order to test the accuracy of inpainting models,

it is necessary to introduce artificial gaps into clean data so that predictions can be

compared to a ground truth. However, there has been little thought given to how

well these artificial gaps reflect reality, and therefore how well these inpainting ap-

proaches would perform in practice. This motivates an investigation into how artificial

gaps that reflect common physical scenarios affect inpainting results, along with an

open-source engine-relevant dataset, so that inpainting models can be reproducibly

evaluated and used by the engine research community. The work in this chapter

contributes towards these aims with the creation of the EngineBench database and

the accompanying benchmark performances of five widely-used inpainting models. A

website was created to host this work, containing all the necessary data and code:

https://eng.ox.ac.uk/tpsrg/research/enginebench/.

6.2 Inpainting benchmark method

This section describes the establishment of the new benchmark used to test and

diagnose the inpainting models. The components of the benchmark include the open-

source dataset, the inpainting task, the inpainting models, and the metrics used to as-

sess them. Each of these components are described in the following subsections.

6.2.1 Data and subset

The proposed EngineBench database consists of PIV data from the TCC-III engine,

introduced in §2.5.3. The full database contains over 400,000 PIV images, coming to

a size of 31 GB, as listed in Table 6.1. The dataset is stored on Kaggle as a series
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of h5 files, as the natively hierarchical format simplifies the chunking of data so that

train/validation/test splits can be separated by specific phase angles or test points.

Also, h5 files have the capability for lazy loading, and the binary file format allows

for efficient data storage. A diagram illustrating the hierarchical structure of each h5

file is given in Figure 6.1.

Table 6.1: Key EngineBench dataset information.

EngineBench EngineBench
LSP small

Type 2D PIV 2D PIV
Engine TCC−III TCC−III
Pressures (kPa) 40, 95 40
Engine speeds (rpm) 800, 1300 1300
PIV planes Lower swirl Lower swirl

Tumble
Cross-tumble

Crank angles 40−705 90, 135, 180,
225, 270

# Snapshots 419,334 5,205
Size 31 GB 408 MB

In order to accelerate the training times, as numerous model configurations (44 in

total) needed testing for the benchmark, a subset of the EngineBench data was con-

structed and used to generate the results. The use of a subset also makes the bench-

marking results more accessible to researchers with smaller memory computers, and

informs practitioners on how the ML models perform with smaller datasets. The

subset, named EngineBench LSP small, was constructed solely using data from the

lower swirl plane (LSP), as the field of view remains constant with the changing crank

angle position, simplifying the analysis. Five crank angles are extracted at phases

of interest throughout the engine cycle at one operating point, as presented in Ta-

ble 6.1. EngineBench LSP small therefore contains 5205 PIV snapshots in total, and

is also hosted on Kaggle, accompanied by tutorial notebooks to demonstrate how the

data can be interacted with. An example PIV image from the subset is provided in
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Figure 6.1: Generalised h5 file structure in EngineBench.

Figure 6.2. Finally, the original spatial dimensions for each image are 50 × 49 pixels.

Zero padding is therefore added around the edges of the images to 128 × 128 for

compatibility with standard ML models.

6.2.2 Target

The goal of the benchmark was chosen to be the inpainting of so-called ‘edge gaps’.

In this thesis, edge gaps are defined as large blocks of missing data at the edges of

the field of view. This type of gap was selected for a number of reasons. Firstly,

they are more realistic than other types of gaps such as randomly-located blocks;

edge gaps commonly occur in PIV setups that have restricted optical access due to

walls [235, 236]. In addition, it is especially challenging to predict the flow inside edge

gaps, as there is a limited amount of local information that can inform the models.

From the model’s perspective, predicting the flow inside edge gaps is therefore akin

to extrapolation beyond the field of view. This difficult challenge causes widely-used

160



Figure 6.2: Example PIV image from EngineBench LSP small, showing a circular
field of view. At each pixel the arrows show the direction of the turbulent flow, and
the colourmap shows the velocity magnitude.

methods such as interpolation and gappy proper orthogonal decomposition (GPOD)

to fail (see §6.3), and the development of solutions to this challenge is intended to

push the boundaries of what is possible with flow field data reconstruction.

A consistent test case is therefore constructed using edge gaps to benchmark the

performance of the inpainting models. Two masks of a fixed shape are constructed

that each remove the data at a proportion of the pixels at the edges of the field of

view. A vertical mask is applied to the first half of the test set, and a horizontal mask

to the latter half. In addtition, two gap sizes are tested, consisting of 10% and 25%

of the data missing. An example test flow field with 10% of the data missing is shown

in Figure 6.3. Within EngineBench LSP small, all the data at 180 CAD aTDCf are

held out for the test case in order to assess the generalisability of the models. The

flow fields at 180 CAD are notoriously challenging to predict, as the piston is on

the point of switching its direction of travel, causing the flow patterns to be highly

variable [180].
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Figure 6.3: Example PIV image from EngineBench LSP small, with the horizontal
edge gaps added at the top and bottom of the field of view.

6.2.3 Models and training

The performance of four different model architecures is benchmarked in this study.

Firstly, adaptive median filter GPOD (GPOD-MF) is chosen as a best-in-class non-

parametric approach, known to outperform interpolation and other GPOD meth-

ods [117]. Secondly, the UNet model [127] is chosen due to its wide usage in tur-

bulent flow research. Two loss functions are tested with the UNet: a mean square

error (MSE) loss, a huber loss function in order to test the effect of outliers in the

PIV data, and a physics-based gradient loss. Further details of the loss functions

are given in §6.2.5. Thirdly, the UNet transformer (UNETR) model [237] with a

MSE loss is chosen due to the performance enhancements that have been reported

due to the transformer module, with the project MONAI implementation [238]. Fi-

nally, an adapted version of the context encoder generative adversarial neural network

(CE-GAN) [239] with MSE and adversarial losses is implemented due to its high per-

formance in standard inpainting tasks [112, 240] and recent usage in turbulent flows

[134, 143]. As the original context encoder was designed for inpainting gaps of a fixed

size and location, the network architecture is modified in a similar fashion to the
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changes made by Li et al. [134]. For the generator, an additional de-convolutional

layer is included at the output to return a prediction of the same spatial dimensions

as the input, forming a symmetrical autoencoder architecture. To correspond with

the generator modifications, an extra convolutional layer is added at the beginning of

the discriminator to handle inputs of the same size as the original data. A dropout

layer with a probability of 50% is also added at the output of the discriminator, fol-

lowing Li et al. [134]. Model summaries implemented here are provided in Table 6.2

for reference.

Table 6.2: ML sizes in millions of parameters and loss functions tested.

Model # Parameters (M) Loss functions

GPOD N/A N/A
UNet 10.5 MSE, huber, gradient
UNETR 87.3 MSE
CE-GAN 74.0 Adversarial

During the ML model training, the losses between the predictions and the labels are

calculated across the entire image, not just inside the gap. This approach provides a

number of benefits: to simplify the random gaps training process, retain the context

of the broader turbulent flow and field of view, and to provide practitioners with a

visual representation of how the network relates the prediction inside the gap to the

rest of the field, avoiding edge effects in the output. Performance metrics on the

test set predictions are then reported for the central regions as well as the edge gap

regions. Regarding the model details, all architectural hyperparameters were retained

from their original studies. Training in all cases was run over 300 epochs, where an

epoch is one complete pass through the training dataset by the model. For the UNet

and UNETR models, the learning rate was 1e−3 and multiplied by a factor of 0.5

every 50 epochs via a step scheduler, in keeping with previous works [127, 147]. For

the CE-GAN, the learning rate was 1e−4 and multiplied by 0.75 every 50 epochs. A

number of different learning rate and schedule configurations were attempted in order
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to find a suitable training dynamic between the generator and the discriminator, but it

is challenging to assess the performance of a GAN; the two-player training dynamic

typically renders the evaluation of a simple loss metric insufficient, often leading

practitioners to rely on human inspection to validate the results [241, 242]. In the

present scenario, the GAN was trained until it reached a point where the results looked

physically correct, but it is quite likely that improved performance could be achieved

with more advanced training techniques such as introducing ‘warm-up’ training phases

and making more bespoke modifications to the model architecture [241, 243]. As the

focus of the present work is on the benchmark creation, further GAN modifications

are left for future work, but the potential for the GAN results to be sub-optimal

should be kept in mind when assessing the results presented here.

Table 6.3: Definitions of phase angle permutations that comprise the training, vali-
dation, and hold-out test sets. The different permutations are denoted as A, B and
C, and the corresponding phase angles are given in crank angle degrees (CAD).

A B C

Train 90 135 90
135 225 225
225 270 270

Validation 270 90 135

Test 180 180 180

Finally, the training, validation, and testing datasets were split by crank angle. As

previously mentioned, 180 CAD was held out for the test set, while different permu-

tations of the other four phase angles are then used to construct the training and

validation sets, with three phases for training and one for validation. The training

process for each model was run three times with different permutations of training and

validation phase angles tests, which tests the sensitivity of the model performances to

the specific phases chosen for the analysis and provides the error bars for the results.

The crank angle permutations are defined in Table 6.3. Only three permutations
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are considered out of the possible four as the spread across permutations was found

to be acceptably low on all metrics. The resultant number of images in the train,

validation, and test sets are 3123, 1041, 1041.

GPOD implementation

GPOD is performed on a single large data matrix, rather than separate training

and testing matrices. Therefore, in the present study, the test data matrix at 180

CAD is stacked alongside three training data matrices according to the permutations

defined in Table 6.3. The test edge gaps are added to the test data matrix, and the

gap locations are initialised using the ensemble mean from the training data matrices

which do not contain any gaps. Convergence checking (CC) gaps are also implemented

into the test data in a similar format to the test edge gaps; ie, the test edge gaps are

extended to incorporate another 10% of the pixels in the image where the true values

are known. The GPOD-reconstructed flow fields at the minimum CC L2 error are

retained for analysis in this study.

6.2.4 Metrics

A variety of metrics are used to evaluate the model performances, in order to quantify

pixelwise accuracy, vector similarity, and multi-scale phenomena. The relative L2

error is used to quantify pixelwise accuracy, and is calculated for true and predicted

velocities utrue and upred as follows:

L2 = ∥utrue − upred∥2 / ∥utrue∥2 (6.1)

where utrue and upred are the true and model-predicted velocity vectors respectively.

In addition, two vector-based metrics are used to quantify the similarity of the overall
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flow structures. The relevance index (RI) previously introduced in §4.2.1 is also

reported here for convenience:

RI =
⟨utrue,upred⟩

∥utrue∥2 · ∥upred∥2
(6.2)

where ⟨·, ·⟩ represents the inner product. The RI varies between 1 for perfectly aligned

vectors, and−1 for perfectly opposite vectors. The similarity of the vector magnitudes

is given by the magnitude index (MI) [62]:

MI = 1−
∥utrue − upred∥2

∥utrue∥2 + ∥upred∥2
(6.3)

with the MI varying between 1 for vectors of identical magnitude and 0 for totally

disparate vector magnitudes. Finally, in order to capture the multi-scale turbulent

flow features, the energy spectrum S for each image is calculated using the Fourier

transform:

S(k) =
1

2
˜(û(k)û∗(k)) (6.4)

where û(k) is the Fourier-transformed velocity vector, û∗(k) is its complex conjugate,

k is the spatial frequency wavenumber vector, and (̃·) represents the radial average

over the vertical and horizontal frequencies [134]. The Kullback–Leibler (KL) diver-

gence is then used to quantify the similarity between energy spectra:

KL(Strue∥Spred) =
∑
k

Strue(k) log

(
Strue(k)

Spred(k)

)
(6.5)

ranging from 0 for identical distributions to infinity for a complete divergence.

166



6.2.5 Loss functions

The widely-used mean-squared-error (MSE) loss lmse between two pixels at location

i is given by:

lmse = (ui,true − ui,pred)
2

.

The Huber loss is a hybrid loss function that reduces sensitivity to outliers by applying

an L1 loss to element-wise errors above a certain threshold (delta) and a quadratic

loss otherwise to aid convergence. It is defined per pixel i as:

lhuber,i =


0.5 (ui,true − ui,pred)

2 , if |ui,true − ui,pred| < δ

δ ∗ (|ui,true − ui,pred| − 0.5 ∗ δ) , otherwise

then averaged over all pixels in the image pairing. A smaller value of the δ parameter

increases the influence of the L1 loss; the value of delta was tuned via a grid search

of values presented in Table 6.5.

For the CE-GAN, the discriminator was trained using a binary cross entropy (BCE)

loss, while the generator utilised a BCE / MSE hybrid. The BCE loss is defined

as:

lbce = −ui,pred ∗ logui,true + (1− ui,pred) ∗ log (1− ui,true)

while the combined generator loss is given by:

lgen = λadv ∗ lbce + (1− λadv) ∗ lmse

where the adversarial ratio λadv controls the relative importance of the MSE and BCE

losses. Following Li et al. [134], the sensitivity of four different adversarial ratios are

167



tested with results reported in Table 6.6.

Finally, the physics-based gradient loss is defined as [244]:

lphys = λgrad ∗ lgrad + (1− λgrad) ∗ lmse

where the gradient ratio λgrad controls the relative importance of the gradient and

MSE losses. The gradient loss lgrad calculates the MSE between the gradients of the

feature and target maps, and is defined in two dimensions (2D) as:

lgrad = lmse

(
∂ui,true
∂x

,
∂ui,pred
∂x

)
+ lmse

(
∂ui,true
∂y

,
∂ui,pred
∂y

)

where x and y are the two coordinate directions. A gradient loss function helps to

preserve sharp transitions and edges which can be smoothed over when using the

MSE. In addition, in the case of turbulent flow data, preservation of the gradients

can encourage the model to align with physical quantities such as vorticity [147].

6.2.6 Data augmentation

One of the key considerations of this work is in how artificial gaps are introduced

into the data to train the models. This can be handled via data augmentation at

training time. Three different techniques were investigated in this work: introducing

fixed horizontal and vertical edge gaps like the test case (fixed edge), blocks of various

sizes and locations (random blocks), and edge gaps of random size and orientation

(random edge gaps). Some example random block gaps are shown in Figure 6.4, where
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the yellow regions indicate areas where data were removed from the snapshots.

Random blocks, max 10% Random blocks, max 25%

Random edges, max 10% Random edges, max 25%

Figure 6.4: Samples of the randomly-generated block and edge gaps used to train the
models in this study, for both 10% and 25% gap sizes.

The random edge gaps are constructed by taking four random points along the input

image borders, drawing a polygon between the points, and masking out pixels that

lie outside of the polygon. There can be a maximum of two points on any one edge.

This approach ensures that edge gaps are created with random sizes and orientations,

to prevent the models from overfitting to specific gap shapes and locations. A max-

imum percentage of the pixels are allowed to be removed by the mask; the mask is

discarded if it removes more pixels than this, and a replacement mask is generated.

This upper threshold for the gap sizes is needed to constrain the training process,

prevent the inpainting task from becoming overly challenging, and reflect more real-

istic physical scenarios. A histogram showing the proportion of pixels removed for
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each snapshot in one pass of the training set for 10% gaps is shown in Figure 6.5. A

regular PIV snapshot is shown alongside two snapshots with random edge gaps added

in Figure 6.6.

Figure 6.5: Histogram showing the proportion of pixels removed by the random edge
masks in one pass through the training set. 7% of the total pixels in the field of view
were removed on average.

(a) (b) (c)

Figure 6.6: Example random edge gap creation. From left to right, (a): original
image; (b): image with a random edge gap polygon superimposed in red; (c): edge
gaps added to regions outside of the random polygon.

6.3 Results

The inpainting model results are presented in the next section. Optimal configurations

for the data augmentation strategy, loss functions, and the GPOD convergence are

presented at first. This is then followed by the key benchmark results, and the

construction of validdation targets from the predicted flow fields.
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6.3.1 Training gaps

Firstly, the different artificial gap generation strategies described in §6.2.6 were tested

with the UNet model, in order to establish the optimal training pipeline. The results

for the four metrics tested are given in Table 6.4, with separate reports for the central

image regions and the gap regions. Overall, the accuracy inside the central regions is

very high in all cases, with RI = 0.999 and a pixelwise L2 error of ≈ 3%. This shows

that the UNets are able to preserve the information provided to it in the input to a

very high degree, despite compressing the data through the bottleneck. As expected,

the accuracy inside the gap regions is worse, as the UNet is required to extrapolate

beyond the field of view that was supplied at the input. However, the results still

appear to be passable, with RI up to 0.88 at the 10% gap size and 0.82 at 25%.

Further discussion on the utility of these predictions is provided in §6.4.

Training the UNet on fixed edge gaps, which have the same form as the test gaps,

generally produced the highest accuracies in the image centres. This simpler training

strategy allowed the model to focus more on the global flow patterns provided at the

input, as the location of the gaps did not change from image to image. This empha-

sis on general flow patterns helped to also yield the best KL divergences within the

edges at both 10% and 25% gap sizes. However, the weaker RI and L2 scores at the

edges indicate that over-fitting the model to the fixed mask shape prevented it from

generalising as well to the more specific localised flow behaviour in the unseen crank

angle. Conversely, for the random edge gaps, the addition of significant variability

to the process made it more challenging for the UNet to learn the global flow distri-

butions as precisely. However, the random edge training did improve the predictions

of local details and vector orientations, with the strongest RI and L2 scores at the

edges.
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Table 6.4: Impact of training a UNet, MSE model on the fixed edges used as the
testing gaps, random edge gaps, random block gaps, and a combination of the latter
two. One result for each setup using permutation A is reported. The final figure
represents the average over the 1041 test images. Bold typeface represents the best
result.

Gap size RI MI L2 KL

Central regions:
Fixed edge 10% 1.000 0.986 0.027 0.000
Random edge 10% 1.000 0.984 0.032 0.000
Random block 10% 1.000 0.984 0.031 0.000
Random block & edge 10% 0.999 0.983 0.035 0.000

Edge gaps:
Fixed edge 10% 0.878 0.754 0.488 0.009
Random edge 10% 0.886 0.751 0.463 0.016
Random block 10% 0.844 0.703 0.528 0.028
Random block & edge 10% 0.879 0.747 0.473 0.010

Central regions:
Fixed edge 25% 0.999 0.984 0.033 0.000
Random edge 25% 0.999 0.979 0.042 0.000
Random block 25% 0.999 0.979 0.043 0.000
Random block & edge 25% 0.999 0.979 0.043 0.000

Edge gaps:
Fixed edge 25% 0.814 0.695 0.609 0.021
Random edge 25% 0.819 0.688 0.569 0.027
Random block 25% 0.803 0.674 0.588 0.035
Random block & edge 25% 0.813 0.683 0.577 0.030

The random blocks and combination of random blocks and edges were used to test

whether a broader inpainting training process would help the model to generalise

further. However, neither of these strategies produced higher accuracies than the

fixed or random edge gaps in isolation. This shows that for this problem, the best

performance can be achieved by providing the model with training and testing gaps

that are of the same general shape and location; however, some randomisation within

these general parameters via the random edge gaps did provide the strongest RI and

L2 metrics inside the edge regions for both gap sizes. In addition, it is expected that
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models trained on random edge gaps will be able to handle test cases with edge gaps

at any orientation, unlike models trained on fixed gap positions. Due to this improved

flexibility, combined with strong scores across all four metrics, the random edge gaps

method was deemed to have the most practical utility among the data augmentation

methods tested here. Therefore, the random edge gaps technique was used in the

training pipeline to benchmark the other model configurations investigated in this

thesis.
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6.3.2 Loss functions

Table 6.5: Huber loss δ tuning results for the 180 CAD test case with 10% edge gaps.
One result for each setup using permutation A is reported. Bold typeface represents
the best result.

RI MI L2 KL

Central regions:
δ = 5 0.999 0.983 0.033 0.000
δ = 1 1.000 0.983 0.034 0.000
δ = 0.5 0.999 0.983 0.034 0.000
δ = 0.1 1.000 0.988 0.024 0.000

Edge gaps:
δ = 5 0.886 0.751 0.462 0.016
δ = 1 0.896 0.765 0.445 0.013
δ = 0.5 0.895 0.760 0.449 0.013
δ = 0.1 0.858 0.712 0.517 0.026

Table 6.6: Adversarial loss lambda tuning results for the 180 CAD test case with 10%
edge gaps. One result for each setup using permutation A is reported. Bold typeface
represents the best result.

RI MI L2 KL

Central regions:
λadv = 1e−1 0.709 0.578 0.709 0.099
λadv = 1e−2 0.883 0.731 0.478 0.014
λadv = 1e−3 0.709 0.616 0.809 0.082
λadv = 1e−4 0.773 0.645 0.807 0.024

Edge gaps:
λadv = 1e−1 0.575 0.513 0.817 0.160
λadv = 1e−2 0.789 0.656 0.612 0.043
λadv = 1e−3 0.695 0.604 0.855 0.019
λadv = 1e−4 0.755 0.616 0.929 0.021
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Table 6.7: Gradient loss lambda tuning results for the 180 CAD test case with 25%
edge gaps. One result for each setup using permutation A is reported. Bold typeface
represents the best result.

RI MI L2 KL

Central regions:
λgrad = 0.5 0.999 0.979 0.043 0.000
λgrad = 0.9 0.999 0.971 0.059 0.001
λgrad = 0.99 0.999 0.971 0.059 0.001
λgrad = 0.999 0.999 0.969 0.062 0.001

Edge gaps:
λgrad = 0.5 0.809 0.687 0.581 0.024
λgrad = 0.9 0.825 0.693 0.559 0.028
λgrad = 0.99 0.821 0.684 0.566 0.027
λgrad = 0.999 0.834 0.696 0.549 0.043

Use of the Huber, adversarial, and gradient loss functions require the tuning of pa-

rameters in order to determine suitable configurations. A grid search was performed

in each case, following best practices laid out in previous studies [134, 147]. The

Huber and gradient loss parameters (δ and λadv, respectively) were tuned within a

UNet model, while the adversarial ratio λadv was employed within the CE-GAN. The

results are presented in Tables 6.5 and 6.6. For the Huber loss, δ = 1 exhibited the

best performance in the edge gaps and was therefore used in the remainder of the

study. The increased use of the L1 loss at the smaller δ = 0.1 was less sensitive to

large errors more likely to be found inside the gaps, but produced the best accuracies

in the image centres where the reconstructions are closer to being correct.

For the adversarial ratio, λadv = 1e−2 yielded the best scores across three of the

metrics in the edges and was chosen for the remainder of the CE-GAN results in this

study. In this case, λadv strikes a balance between reconstructing an accurate output

with the MSE loss, and fooling the discriminator with the BCE loss. The stronger

RI, MI, and L2 but weaker KL divergence at λadv = 1e−2 relative to λadv = 1e−3
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Figure 6.7: GPOD convergence curves for 10% and 25% gaps (left and right, respec-
tively) at permutation A. The minimum errors for both the true L2 error in the edge
gaps and the L2 error in the convergence checking (CC) gaps are marked as filled
circles.

indicate that capturing finer details is more useful for overcoming the discriminator

than the global velocity distribution. For the gradient loss, λgrad = 0.999 exhibited

the best results, as shown in Table 6.7, and was used by the UNet, gradient models

for the remainder of the study. The λgrad parameter behaves in a similar fashion to

the adversarial ratio, with a trade-off between the KL divergence and the RI, MI,

and L2 scores. In this case, more emphasis on the gradient loss helps to preserve

global flow patterns, while the MSE is more effective in predicting local details such

as vector orientations and pixelwise values.

6.3.3 GPOD convergence

As the final step before each of the model configurations can be benchmarked againsnt

one another, the number of modes to be retained by the GPOD prediction is governed

by the convergence criteria. Plots showing the GPOD convergence curves for 10%

and 25% gaps in permutation A are shown in Figure 6.7. In both cases, the relative

L2 error calculated in the convergence-checking (CC) gaps gives an optimal number

of modes that is relatively close to the true optimum given by the L2 error in the true

gaps. The number of modes retained in the final GPOD reconstructions benchmarked
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here considered the true lowest L2 errors, and were 26 for the 10% gap size, and 9

for 25%. The lower number of modes in the latter case indicates that the GPOD

algorithm relies on a reconstruction that contains more general flow patterns in order

to optimise the error across the larger gaps in the different snapshots.

6.3.4 Main benchmark results

The results for the benchmark performance metrics are given in Tables 6.8 and 6.9,

with the best result for each metric presented in bold. Loss curves for each model

configuration are provided in Figure 6.8. The UNet and UNETR models exhibit

similar performances across all metrics, with the UNet models slightly outperforming

UNETR for predictions inside the edge gaps. As shown in Table 6.2, the number of

parameters in the UNet architecture is eight times smaller than that of the UNETR

model, so the UNet exhibits a better accuracy-complexity trade-off. This indicates

that detailed local features and textures may be more predictive of the target outputs

than global context in this situation, which runs counter to where UNETR models

typically see performance gains [245–247].

The UNet variants each exhibit similar predictive performances in the edge gaps at

the 10% gap size, although the gradient loss function demonstrates the best RI, MI

and L2 metrics at 25% gaps. This is in line with the results of Chung et al. [147]

who showed that the gradient loss provided persisting benefits for a super-resolution

task of increasing difficulty from 8× to 32× magnification. On the other hand, in

the present work, the UNet, gradient model yields higher KL divergences in the

edges, especially at 25% gaps, as shown in Table 6.9. This shows that the gradient

loss function emphasises local regions with large velocity gradients at the expense

of the overall energy distribution in the flow. As with the investigation on data

augmentation strategies and loss function parameters, this is another example of how
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Table 6.8: Results for the 180 CAD test case at 10% gaps. The mean and standard
deviations are reported from the three permutations of training data defined in Ta-
ble 6.3. Bold typeface represents the best mean in each category separated by the
horizontal lines. GPOD-MF metrics are not given in the central regions as adaptive
GPOD methods only update values inside the gaps.

Gap size RI MI L2 KL

Central regions:
UNet, MSE 10% 1.000 ± 0.000 0.984 ± 0.000 0.033 ± 0.001 0.000 ± 0.000
UNet, huber 10% 0.999 ± 0.000 0.983 ± 0.000 0.035 ± 0.001 0.000 ± 0.000
UNet, gradient 10% 0.999 ± 0.000 0.974 ± 0.001 0.052 ± 0.001 0.001 ± 0.000
UNETR 10% 1.000 ± 0.000 0.985 ± 0.001 0.030 ± 0.001 0.000 ± 0.000
CE-GAN 10% 0.884 ± 0.003 0.745 ± 0.010 0.470 ± 0.008 0.019 ± 0.004

Edge gaps:
GPOD-MF 10% 0.797 ± 0.001 0.666 ± 0.001 0.610 ± 0.002 0.105 ± 0.001
UNet, MSE 10% 0.890 ± 0.004 0.759 ± 0.007 0.456 ± 0.009 0.013 ± 0.002
UNet, huber 10% 0.892 ± 0.003 0.760 ± 0.003 0.452 ± 0.005 0.013 ± 0.001
UNet, gradient 10% 0.894 ± 0.002 0.758 ± 0.004 0.451 ± 0.004 0.016 ± 0.001
UNETR 10% 0.884 ± 0.002 0.755 ± 0.002 0.467 ± 0.005 0.014 ± 0.001
CE-GAN 10% 0.784 ± 0.008 0.661 ± 0.010 0.622 ± 0.007 0.032 ± 0.008

Table 6.9: Results for the 180 CAD test case at 25% gaps. The mean and standard
deviations are reported from the three permutations of training data defined in Ta-
ble 6.3. Bold typeface represents the best mean in each category separated by the
horizontal lines. GPOD-MF metrics are not given in the central regions as adaptive
GPOD methods only update values inside the gaps.

Gap size RI MI L2 KL

Central regions:
UNet, MSE 25% 0.999 ± 0.000 0.978 ± 0.001 0.044 ± 0.002 0.000 ± 0.000
UNet, huber 25% 0.999 ± 0.000 0.978 ± 0.001 0.045 ± 0.002 0.000 ± 0.000
UNet, gradient 25% 0.999 ± 0.000 0.972 ± 0.003 0.057 ± 0.005 0.001 ± 0.000
UNETR 25% 0.999 ± 0.000 0.983 ± 0.001 0.034 ± 0.003 0.000 ± 0.000
CE-GAN 25% 0.885 ± 0.006 0.739 ± 0.006 0.470 ± 0.011 0.020 ± 0.001

Edge gaps:
GPOD-MF 25% 0.762 ± 0.008 0.629 ± 0.007 0.654 ± 0.009 0.144 ± 0.011
UNet, MSE 25% 0.817 ± 0.005 0.691 ± 0.006 0.571 ± 0.006 0.029 ± 0.001
UNet, huber 25% 0.822 ± 0.001 0.691 ± 0.004 0.565 ± 0.002 0.028 ± 0.001
UNet, gradient 25% 0.826 ± 0.008 0.692 ± 0.003 0.559 ± 0.010 0.040 ± 0.009
UNETR 25% 0.800 ± 0.005 0.680 ± 0.004 0.598 ± 0.004 0.027 ± 0.001
CE-GAN 25% 0.735 ± 0.005 0.620 ± 0.004 0.677 ± 0.005 0.055 ± 0.004
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(a): UNet, MSE (b): UNet, Huber

(c): UNet, gradient (d): UNETR

(f): CE-GAN

Figure 6.8: Training loss curves for each of the parametric models for permuation
A at 10% gaps. In the CE-GAN plot in part (f), note that the generator ‘G’ was
trained using a combined MSE and BCE loss, while the discriminator ‘D’ was trained
solely with the BCE loss.

179



Figure 6.9: Energy spectra comparing the ground truth test set images to the UNet,
MSE predictions at a 10% test gap size. Ensemble mean spectra are given by solid
or dashed lines, with the shaded areas representing one standard deviation from the
means.

the models seem to face something of a trade-off between accurate KL divergences,

and RI and L2 errors.

The accuracy of all UNet-based models is very high in the image centres, with KL

divergences that round to zero at a three decimal place tolerance, showing that the

original flow structures across all scales are being well-preserved. Ensemble averaged

energy spectra for the UNet, MSE model predictions at 10% gaps are shown in Fig-

ure 6.9, and there is a near line-on-line match between the true and predicted spectra

in the image centres. Note that the energy spectra are challenging to compute in the

gappy regions in isolation, as sharp edges and discontinuities are prevalent, contribut-

ing to the Gibbs phenomena observed in the edge spectra in Figure 6.9. However,

overall trends can still be seen, and the UNet edge prediction follows a downward

trend that is similar to the ground truth.

180



Regarding the other metrics in the edge gaps, the L2 errors of both UNet and UNETR

models are relatively high at between 45-47%. This is within the range of values

reported by Li et al. [134] for large gap sizes, but about twice as high as other results

reported by Morimoto et al. [126] for the reconstruction of a turbulent flow in a fixed

gap shape. The reasoning behind this is discussed in §6.4. For the RI and MI, values

of between 0.9−0.95 are commonly taken to represent self-similarity between vector

fields [88]. The average RIs for the UNet and UNETR predictions at 10% gap sizes

approach this criterion in the edge gaps, and meet it in the central regions. The MI

values are systematically lower, which is consistent with other reports that the MI is

a stricter metric to satisfy, as it follows a linear relationship rather than the sinusoidal

RI [44, 88, 230].

Example flow field predictions from the UNet, MSE model at 10% gaps are shown in

Figure 6.10. In the top row of the figure, the regions masked out by the horizontal

mask are relatively uniform and easy to predict with no large variations in velocity

magnitude. This allows the UNet to predict the flow inside the gaps to a fair degree of

accuracy. On the other hand, for the bottom row, turbulent motion inside the edge

gap regions is more complex, with the flow directions switching to point outwards

just inside the edge gap regions. There are few obvious indicators for this motion in

the centre of the image, and the UNet struggles to fully predict this complexity. The

scarcity of spatially local information due to the edge gaps highlights the challenge

presented by this inpainting task; it is likely that more knowledge of the out-of-plane

motion would be needed in order to predict such complex behaviour. To provide

a clearer picture of the differences between these two flow fields, the point-wise L2

errors are shown in Figure 6.11. Plots showing example outputs from each of the

models at 10% and 25% gap sizes are provided in Figures 6.12 and 6.13.
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(a) (b) (c)

(d) (e) (f)

Figure 6.10: Sample flow fields from the 10% gaps test set. Top row: best UNet, MSE
prediction (L2 = 0.225); bottom row: worst UNet, MSE prediction (L2 = 1.026). Part
(a) and (d): original snapshot with the test mask shown as horizontal red lines; (b)
and (e): gappy input; (c) and (f): prediction.
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Figure 6.11: Pixel-wise L2 errors between the UNet predictions and the original
images for (a): the best (top row of Figure 6.10), and (b): the worst predictions
(bottom row of Figure 6.10).
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Original UNet, MSE UNet, huber

UNETR CE-GAN GPOD-MF

Figure 6.12: Comparison of different model predictions for a single test snapshot at
10% gaps. Gappy images formed by removing data outside of the red lines in the
original image are fed into the models.

Original UNet, MSE UNet, huber

UNETR CE-GAN GPOD-MF

Figure 6.13: Comparison of different model predictions for a single test snapshot at
25% gaps. Gappy images formed by removing data outside of the red lines in the
original image are fed into the models.
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The CE-GAN demonstrates relatively poorer performance across the board. Li et

al. [134] also reported relatively low pixel-wise accuracies for the CE-GAN in an

inpainting task on PIV data, but better performance than GPOD in terms of pre-

dicting multi-scale properties. These findings are supported in the present study;

however, Tables 6.8 and 6.9 show that the CE-GAN results are worse than UNet-

based models across all metrics, especially in the central image regions. Finally, the

GPOD-MF method yields the lowest performance, as GPOD-MF is sensitive to the

limited amount of spatial information available near the gap regions. Difficulties arise

because the algorithm initialises the gaps with ensemble mean vectors calculated from

the training set, then iterates on these guesses using the dominant flow features from

POD-based reconstructions. However, for highly variational flows, the mean can be a

poor approximation of the full dataset [54, 230]. GPOD-MF can typically overcome

this by utilising the local spatial information to update the guesses, but this is not

so effective for large block gaps, and errors can be compounded instead. Figure 6.7

shows that the algorithm converges at a relatively small number of modes, represent-

ing the dominant flow structures. While these dominant structures do not fare as

badly on the global vector-based metrics, they are overly smoothed and differ vastly

in terms smaller-scale flow structures, as shown by the large KL divergences between

the GPOD-MF predictions and the true vectors in the edge gaps.

6.3.5 Validation targets

Finally, the ability of the ML-reconstructed flow fields to serve as validation targets

for CFD data is explored. As one of the highest-performing models, the outputs of

the UNet, gradient model on the test set were compared to the true test set images.

Each set of images was collapsed onto a representative validation target using both

the ensemble mean (EM) and the sparsity-promoting dynamic mode decomposition

(SPDMD). The SPDMD modes were constructed using a consistent threshold of 140,
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Figure 6.14: Singular value decomposition plots for the TCC-III test set data, for
both (a): the set of true images, and (b): the set of UNet, gradient predictions. The
variance captured in each singular value is given by the bar chart on the left axis, and
the cumulative variance is given by the line graph on the right axis. The number of
modes corresponding to 50% of the cumulative variance is marked for each dataset.

(a) (b)

(c) (d)

Figure 6.15: The original test images and UNet, gradient predictions as validation
targets, with (a): the true EM; (b): the predicted EM; (c): the true SPDMD 0 Hz
mode; (d): the predicted SPDMD 0 Hz mode.
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corresponding to 50% of the cumulative variance in the data, as shown in Figure 6.14.

The EM and SPDMD 0 Hz modes for each dataset with the vertical edge gaps are

then provided in Figure 6.15. The predicted validation targets qualitatively appear

to be close matches with the true ones, albeit with some slight under-predictions

of the vector magnitudes at the left and right edges. Quantitatively, the similarity

metrics between the true and predicted validation targets inside the edge gap regions

were RI=0.964, MI=0.853, L2=0.278, KL=0.000. The metrics were the same for the

comparison of the EM fields and the SPDMD 0 Hz modes. These figures support the

observation that although general vector alignment is captured well in the predicted

validation targets, the point-wise prediction of vector magnitudes is less accurate,

leading to weaker MI and L2 scores.

6.4 Discussion

These results have shown that UNet-based models are capable of extrapolating be-

yond the field of view by reconstructing the flow inside edge gaps to a reasonable

degree of accuracy, significantly out-performing GPOD. At 10% gap size, all three

UNets achieved an RI of at least 0.89 on average for the unseen crank angle, showing

that vector alignments can be well-predicted in general. However, the 25% gap size

presents a much harder challenge, with RIs falling to approximately 0.82. The raw

metrics at 10% and 25% gap sizes might not seem too disparate at first, but a visual

inspection of Figures 6.12 and 6.13 reveals that the differences between these scores

has significant consequences in the predicted flow fields. While the predicted flow

fields at the 10% gap size appear to be reasonable in general, the predictions at the

25% gap size are unreliable, with large inaccuracies in the predicted flow motion.

This poses an interesting question as to what level of accuracy should be expected from
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an inpainting model, and whether it is possible to accurately predict the flow inside

edge gaps as large as 25% of the total pixels. The process of inpainting in this case

relies on there being a strong correlation between the flow at the centre of image and

the flow inside edge gaps. For the larger gap size, it is less likely for such a correlation

to exist, as the distance between the outer gap regions and the nearest data-containing

pixel is increased. If there is no strong correlation between these different regions of

the flow, then this becomes an ill-posed problem, with many possible options for the

flow behaviour inside the edge gaps [239]. Future work should investigate how the

internal correlations within the flow relate to an inpainting model’s performance, to

further inform what is and is not possible within this task.

Comparisons between the neural network models here show that UNet-based models

exhibit similar performances, while the CE-GAN accuracies are markedly worse. In

particular, the low accuracies inside the central regions indicate that the CE-GAN is

not retaining as much of the information in the image centres as the UNet-based mod-

els are. Indeed, although both models incorporate autoencoder-like structures, while

the CE-GAN generator has an AlexNet-like architecture [144], UNet-based models

utilise skip connections that are designed to preserve contextual information at each

stage of the autoencoder. This allows the UNets to simultaneously preserve informa-

tion in the image centre to a very high degree of accuracy, and yield gap predictions

that seamlessly integrate with the rest of the image. This has also correlated with

better edge gap predictions for the UNet-based models in this case. It should be noted

that this particular application pushes the CE-GAN beyond its initial design inten-

tion of solely predicting inside the gap region, rather than also reproducing the entire

image. In summary, the key structural difference between the CE-GAN generator

and the UNets is the inclusion of skip connections, and the CE-GAN reports lower

accuracies in the central image regions, which is information that skip connections are
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designed to preserve. This points towards skip-connections being key architectural

components allowing ML models to reach higher performances in this inpainting task,

which should be considered in the future development of ML models for turbulent

flows.

A note is needed regarding the relatively high L2 errors, of between 45-47% for the

UNet-based models. It is hypothesised that the main reason for the higher L2 errors

reported in this benchmark is the significant out-of-plane motion present in the TCC-

III engine, which is not accounted for currently. As shown in the bottom row of

Figure 6.10, the flow at the image centres reveal few indicators of the sudden change

in vector directions inside the edge gaps. However, only two velocity components

along a single PIV plane are observed here. It is possible that accounting for out-

of-plane motion by gaining access to the third velocity component using techniques

such as tomographic PIV [248] or assimilation with CFD data [249] will be required

to significantly reduce the L2 errors in this situation, and such investigations will

constitute future work.

With the present results as they are, it is recommended that UNet-based models

can be used to reconstruct the flow in large block gaps with as many as 10% of

the total number of pixels missing to a reasonable degree of accuracy. Such recon-

structed flow fields could be used to improve understanding of general flow patterns,

and replace ensemble mean-filled or interpolated flow fields as inputs into other data

analysis methods like modal decomposition. In addition, this level of performance

facilitates the construction of reasonably accurate validation targets from the pre-

dicted flow fields, with RI=0.96 between the predicted and ground-truth validation

targets. However, despite the well-predicted vector alignments, care should be taken

when using the vector magnitudes from the predicted validation targets, as these were
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found to under-predict the ground-truth values. Note that the performance of the

UNets is expected to improve for easier inpainting tasks such as smaller and more

centrally-located blocks of missing data, in which case the prediction of these vector

magnitudes would likely improve. Testing the sensitivity of inpainting models to a

range of gap types is also recommended for future work. Finally, reliably inpainting

edge gaps for the 25% gap size appears to be out of reach at the moment, and as

previously discussed, an investigation into how feasible it would be for any model to

accurately reconstruct the flow in such scenarios is recommended future work.

6.5 Conclusion

This chapter has introduced the EngineBench database, and used it to establish the

first inpainting benchmark for an industrially-relevant turbulent flow, in order to

address the limited availability of practical benchmarks on experimental data. The

models were tasked with inpainting large edge gaps, a highly challenging problem that

pushes the models to the limits of their capabilities. This benchmark was used to

provide objective insight into how a range of widely-used models behave in these chal-

lenging conditions, identify success and failure modes, and provide recommendations

for future work.

Firstly, a number of data augmentation strategies that introduce artifical gaps of

different forms into the data are tested to find the optimum strategy for inpainting

edge gaps. A novel strategy, named random edge gaps, was created to introduce edge

gaps of random sizes, locations, and orientations into the training data. Although

fixed gap training yielded the best results in terms of MI and KL divergence, random

edge gap training was shown to result in the most accurate predictions of vector

orientations and pixel-wise errors due to the improved generalisability. Random edge
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gap training is therefore recommended for the creation of flexible and generalisable

inpainting models in this case.

Overall, UNet-based models demonstrated the best general performance across the

four metrics and two gap sizes tested. Indeed, the UNet-based model predictions

in the edge gaps approached self-similarity at the 10% gap size according to the

vector-based metrics. This suggests that even gaps as challenging as large edge gaps

can be reconstructed to a reasonable degree of accuracy with the use of a UNet,

which exhibits significant performance improvements over the GPOD method for

this type of gap. However, pixel-wise L2 errors remained relatively high for all model

predictions. A visual inspection of the reconstructed flow fields revealed that sudden

changes in the flow direction without any obvious indicators in the rest of the flow

was a cause of lower reconstruction accuracies. It is therefore hypothesised that

acquiring information on the out-of-plane motion, such as through stereo-PIV or

data assimilation with CFD, would be needed in order to rectify this issue.

A comparison between the UNet-based models and the CE-GAN showed that the

former were capable of preserving the central flow information provided at the input

to a very high degree of accuracy, and then leveraging this information to produce

better predictions inside the edge gaps. This indicates that skip-connections, con-

tained within UNet-based models but not the CE-GAN generator, are important

architectural components that facilitate high accuracies for neural networks training

to reconstruct turbulent flow data. This characteristic should be considered in future

model development.

With regards to how the present reconstructed flow fields can be used, the strong RI

and KL divergences of the UNet reconstructions at 10% edge gaps indicate that these
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results are reliable enough to provide insight into general flow patterns, and con-

tribute to other data analysis approaches such as by replacing ensemble mean-filled

flow fields in modal decomposition. In addition, the predicted flow fields could be

used to construct validation targets from the data, with high vector alignment simi-

larity to the ground-truths, although the vector magnitudes are less well preserved,

indicating the need for caution. For the 25% gap size, the inaccuracies are very high

and predictions unreliable. Recommended future work also consists of investigating

methods of incorporating information on the out-of-plane motion into the inpainting

task, exploring how the spatial correlations within the flow impact expected inpaint-

ing performance, and testing inpainting models on a variety of different gap types

including random noise and other forms of block gaps.

191



Chapter 7

Conclusion

7.1 Key findings

The aim of this thesis has been to improve methods of validating engine CFD data

against PIV vector fields through the use of dimensionality reduction techniques. The

specific challenges of validation target creation and validation data enhancement are

addressed. Within each of these challenges, focus has been placed upon accurately col-

lapsing ensembles of vector data, and rectifying large gaps in experimental data. The

Oxford PIV dataset was firstly investigated within the context of RANS validation,

due to the industrial relevance of the datasets and the previously-identified intake jet

flapping phenomenon that contributes to vector magnintude diminishing [54]. The

Modena/Darmstadt LES/PIV pair of datasets was then explored, as LES validation

involves the comparison of two different ensembles of data. Therefore, this scenario

facilitated a deeper analysis of the proposed SPDMD method, with explorations into

the effects of comparing SPDMD modes rather than EM flow fields, diagnosing in-
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dividual LES cycles, and the dataset sizes. Finally, for the enhancement of valida-

tion data, a benchmark was established using open-source TCC-III PIV data and a

new edge-gap inpainting task, in order to fairly compare different inpainting meth-

ods, identify success and failure modes, and propose pathways for future work. The

nascency of inpainting in fluid mechanics research as well as the lack of reproducibil-

ity in previously-published works motivated the establishment of such a benchmark,

which was named EngineBench.

Firstly, an investigation was conducted into the diminished magnitudes effect. A

number of issues were also identified with previously-proposed remedies to this phe-

nomenon, with key contributions and findings outlined below.

• The diminished magnitudes effect that results from taking an ensemble average

of vector data was robustly quantified for the first time. The histogram distance

(HD) technique [227] was implemented for this task. In addition, the degree

of vector magnitude diminishment was linked to the level of variability within

the flow in question, by calculating the RI between the individual images and

the EM flow fields, as well as the standard deviations of image-wise velocity

magnitudes.

• A framework was introduced for the qualitative comparison of different valida-

tion target creation methods. It was used in order to class the EM and DMD

methods as having many-to-one mappings between the input data matrix and

the reconstructed validation target, while the POD was classed as many-to-

many. This difference between the POD and DMD methods arises because the

former exhibits temporal dependancy, causing POD-based reconstructions to

differ depending on which of the right-singular vectors is being used in the re-
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construction. This property is categorised as a drawback for the POD method in

this context, as many-to-one mappings reduce the data complexity and produce

more parsimonious representations of the dataset.

• Although the exact DMD algorithm was able to produce a many-to-one mapping

by considering flow field reconstructions that operate at a single frequency, the

method was found to not be robust across different subsets of the PIV data.

This is because the naive definition of the DMD mode amplitudes in the exact

algorithm leaves the amplitudes highly sensitive to random noise and outlier

turbulent flow behaviour.

As a result of this analysis, the SPDMD algorithm was proposed due to being a

temporal decomposition technique that also re-scales the mode amplitudes such that

reconstrustruction errors to the original image data can be minimised. The following

improvements to vector data analysis and validation target creation were therefore

found as a result.

• Significantly improved HD scores with the ground-truth histograms were pro-

duced by the SPDMD 0 Hz modes relative to the other methods tested. In

addition, the results were found to be consistent across the different engines,

PIV planes, and analysis crank angles considered. This led to the conclusion

that the SPDMD method is more effective at creating validation targets from

vector data than the EM, POD, and exact DMD.

• The impact of using SPDMD-generated validation targets over the EM was

also investigated, providing further insight into the data and the techniques. A

comparison of two SPDMD 0 Hz fields was found to more accurately quantify
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the speed differences between the LES and PIV data than the use of two EM

fields. In addition, use of the SPDMD 0 Hz mode facilitated more accurate

analyses of the similarity of individual LES snapshots to the ensemble of PIV

data.

• The size of the datasets was also found to be an important factor in determining

how the variance in the dataset is distributed among the singular values. The

PIV data exhibited more similar characteristics to the LES data in this respect

when the same number of snapshots were considered for each, explaining some

of the reason for differences in variability between the two datasets. However,

this investigation also revealed that there was no strong pattern between the

optimal SVD threshold (in a HD sense) and the cumulative variance captured

by the modes. Therefore, an objective definition of mode thresholding remains

an open question, and is recommended for future work.

Finally, with the proposal of the SPDMD technique for validation target creation,

consideration was given to the reconstruction of data inside gaps present in a vali-

dation dataset. A new inpainting benchmark was created for engine flows, with the

target being the challenging task of inpainting large block gaps at the edges of the

field of view in the PIV images. Six different inpainting model configurations were

implemented for this task, with performance being evaluated across four different

metrics for two gap sizes, consisting of data missing in 10% and 25% of the total

number of pixels. A number of contributions were made as a result.

• A fully reproducible, open-source benchmark was created, named EngineBench.

This allows researchers to build upon the initial results presented here by testing

different modelling approaches and data analysis tasks. In addition, a series of
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quick-start tutorials were created to accompany the benchmark, in order to

minimise the barrier to entry for engine researchers.

• By using EngineBench, it was demonstrated that it is possible to reconstruct the

flow inside edge gap regions at the 10% size to a reasonable degree of accuracy

(RI=0.89) for the unseen crank angle used for testing. However, gaps as large as

25% remain out of reach at present. By benchmarking the model performances

on a challenging edge gaps task, it is intended that new upper limits can be set

for what is possible with ML-enhanced vector data processing.

• The UNet-based models exhibited the strongest performances, reporting RI=0.89

inside the edges, while GPOD scored below 0.80. The GPOD method typi-

cally produces strong performances with more localised gaps of smaller sizes,

highlighting the increased challenge presented by the edge gaps. The key ar-

chitectural reason behind the strong performances of the UNets was accredited

to the skip-connections present in these neural networks, which allow for more

accurate preservation of contextual information, leading to improved learning

of the relationship between the image centres and edges.

• Although the pixel-wise L2 errors between the UNet predictions and the ground-

truth images remained relatively high inside the edges, it was found that the

UNet predictions at 10% edge gaps could be reliably used as validation targets

for CFD data, as long as the analysis is constrained to the vector orientations:

RI=0.96 inside the edges between SPDMD 0 Hz modes constructed using the

predicted and ground-truth data. However, pixel-wise L2 errors were higher at

28%, caused by a general under-prediction of vector magnitudes by the UNet

models. This would need to be improved upon before full validation could be
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conducted using UNet-reconstructed flows inside edge gaps.

• A new data augmentation method was also proposed for use with edge gap

inpainting, named random edge gaps. This technique, involving the removal of

data outside of randomly-drawn polygons, led to a 4% improvement in the L2

error inside the edges over directly training the models on the test mask, due

to the improved generalisability of the models.

7.2 Recommendations and future work

Based on the findings of this thesis, the following recommendations are made as

current best-practice.

• SPDMD 0 Hz modes should be used instead of the EM or POD for the creation

of validation targets from ensembles of vector data, particularly when the data

exhibit significant variability. In this case, the SPDMD technique leads to

improved representations of the vector magnitudes in the data, leading to more

accurate validation processes and diagnoses.

• ML models, particularly UNets, can reasonably reconstruct the turbulent flow

behaviour inside engine PIV images with edge gaps as large 10% of the to-

tal number of pixels. The accuracy is high enough that these reconstructed

flow fields can be used as validation targets (via the SPDMD or EM methods)

when considering the vector orientations. However, the vector magnitudes are

currently less reliably predicted.

There is significant scope for future work based on these findings. Firstly, the is-
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sue of objectively defining mode thresholds for SVD-based methods remains an open

question, and impacts the use of the SPDMD method. The key to the success of the

SPDMD approach was the underlying ADMM optimisation algorithm, which han-

dled the vector magnitude re-scaling. It is therefore possible that the subjectivity in

choosing the number of DMD modes to be included in the analysis could be bypassed

by using a more direct implementation of the ADMM algorithm on vector field data.

The use of optimisation algorithms such as the ADMM with vector data ensembles

should therefore be further explored.

Regarding the outcomes of the inpainting benchmark, future work should explore

methods of improving the reconstruction accuracy inside the edge gaps. In this case,

it is suggested that significant performance gains could be made with the inclusion of

out-of-plane information, such gaining the third velocity component by assimilation

with 3D CFD data. Future work should also investigate the practicality of attempting

to inpaint edge gaps as large as 25% of the data by considering the degree of correlation

within the flow on the PIV plane in question. In addition, a systematic effort to

quantify and characterise the different types of gaps that exist in PIV data would

aid researchers in deciding how to add artificial gaps to clean data in order to test

new inpainting methods. Edge gaps is perhaps one of the more challenging inpainting

tasks, with performance improvements expected for the inpainting of smaller and more

centrally-located gaps. Furthermore, the EngineBench results indicated that skip

connections are an important feature of neural network architectures for accurately

inpainting large edge gaps, and it would be valuable to investigate this further during

the development of improved inpainting models.
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zler, and H. Pitsch, “A combined numerical and experimental investigation of
cycle-to-cycle variations in an optically accessible spark-ignition engine,” Flow,
Turbulence and Combustion, vol. 110, no. 1, pp. 3–29, 2023.

[82] C. Welch, M. Schmidt, L. Illmann, A. Dreizler, and B. Böhm, “The influence
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