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1 Introduction

Cosmological phase transitions play an important role in addressing open questions in the
Standard Model (SM) of particle physics and cosmology, with first-order phase transitions
(FOPTs) being a particularly prominent topic. A notable example is the electroweak FOPT,
which may help explain the baryon-antibaryon asymmetry when supplemented by physics be-
yond the SM [1–3]. Interest in this subject has grown further with the ongoing observations by
the LIGO-Virgo gravitational-wave (GW) observatories [4] and the advent of next-generation
GW detectors — ground-based facilities such as the Einstein Telescope [5]; space-based
missions including LISA [6], TianQin [7], and Taiji [8]; and pulsar-timing-array experiments
such as NANOGrav [9]. These instruments are expected to probe stochastic GW backgrounds
in the near future [10], potentially revealing signals originating from cosmological FOPTs.

Most existing studies of cosmological FOPTs in the literature focus on homogeneous
nucleation, whose formulation is well established in quantum field theory. In this scenario,
the FOPT proceeds via tunneling through a bounce solution, which corresponds to a saddle
point of the Euclidean action. The foundational work on quantum tunneling was developed
in [11, 12], while the theory of thermal tunneling was established in [13–15]. The criterion
for when a phase transition completes in the early universe was discussed in [16]. In the
homogeneous case, rotational symmetry is assumed in the equations of motion, leading to
a spherically symmetric bounce corresponding to a spherical critical bubble.
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However, heterogeneous phase transitions — where the transition is initiated at defects
or impurities in the system — are in fact more common in everyday physics and condensed-
matter systems. The earliest discussions of heterogeneous phase transitions can be traced back
nearly a century to Volmer’s work [17, 18] on solid-liquid-gas transitions, where he described
how phase boundaries catalyze the nucleation of a more stable phase. This line of research
was further developed by Turnbull and collaborators in studies of metal solidification [19, 20].
With the subsequent development of crystallography, defects received increasing attention
in the context of crystallization theory and crystal growth [21].

Impurities in the early universe can also induce FOPTs from a field-theoretic perspective,
giving rise to heterogeneous cosmological phase transitions, which are the focus of this paper.
Soliton solutions to the classical equations of motion — whether topological or non-topological

— naturally serve as such defects in our context because they possess localized energy density.
Early studies include refs. [22–24] in general settings and works specifically addressing the
confinement phase transition [25–28]. Other proposals suggest that compact objects [29–31],
localized matter field [32, 33] or boson star collapse [34] in the universe may also act as
impurities. More recent papers have focused on topological-defect-induced phase transitions,
including those seeded by domain walls [35, 36] and cosmic strings [37].

In this study, we choose domain walls as an illustrative example for investigating hetero-
geneous cosmological phase transitions, owing to their appearance in many beyond-the-SM
models. The presence of domain-wall networks inevitably leads to the formation of junc-
tions, where multiple vacua meet at a single point — or, more precisely, along a short line
segment. While junctions have been explored through dynamical simulations of their stabil-
ity [38–41] and in various supersymmetric models [42–44], their role in seeding cosmological
phase transitions remains largely unexplored. In this paper, we systematically study both
domain-wall- and junction-seeded phase transitions, with the latter going beyond recent
analyses in refs. [35, 36].

Unlike refs. [35, 36], which introduced elliptic bubbles to model the critical configuration,
we construct a simple physical model in which bubbles nucleated on defects are described by
spherical caps with a contact angle connecting the bubble to a domain wall (or junction),
following the approach of refs. [20, 32]. This spherical-cap geometry with a contact angle
captures both the critical bounce action and the subsequent bubble expansion. We will
show that the critical bubble actions for the different nucleation channels — homogeneous,
wall-seeded, and junction-seeded — are proportional to their corresponding critical bubble
volumes. Since the wall- and junction-seeded configurations have smaller volumes than the
homogeneous one, they dominate the dynamics of the FOPT.

As an illustrative example, we consider a model with one real scalar field ϕ and one
complex scalar field S charged under a ℤn symmetry, which exhibits a two-step thermal
phase transition. At high temperatures, S acquires a vacuum expectation value (VEV),
spontaneously breaking the ℤn symmetry and generating domain walls and junctions. At a
lower critical temperature Tc, a new global minimum develops along the ϕ direction while S

returns to a zero VEV. This triggers a FOPT in which the fields tunnel from the false vacuum
(⟨S⟩ ̸= 0, ⟨ϕ⟩ = 0) to the true vacuum (⟨S⟩ = 0, ⟨ϕ⟩ ≠ 0), thereby restoring the ℤn symmetry.
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The bounce profile for the second-step FOPT can be approximated by a spherical cap
nucleated on the defect, characterized by a contact angle related — in the thin-wall limit

— to the ratio of the domain-wall tension to the bubble-wall tension. We also introduce
an improved approximate description of the profile using a tanh-type interpolation, which
better captures the field configuration beyond the thin-wall approximation. To validate our
analytic approximations, we use the mountain-pass theorem (MPT) algorithm implemented
in refs. [36, 45] to obtain numerical solutions for the wall-seeded bubble configuration.

Our paper is organized as follows. In section 2, we formulate the general framework for
heterogeneous bubble nucleation on domain walls and junctions, modeling the critical bubble
as a spherical cap characterized by a contact angle. In section 3, we apply heterogeneous
phase transitions to cosmology, detailing the conditions for nucleation and percolation.
Section 4 introduces ℤ2- and ℤ3-symmetric scalar-field models and analyzes the domain-
wall-seeded phase transition using several complementary methods. In section 5, we discuss
junctions and the transitions they induce in models with ℤ3 symmetry. We conclude in
section 6. Additional topics — including possible symmetry-breaking patterns of ℤ2, the
stability of domain walls, and special constraints relevant to field theory — are summarized
in appendices A, B, and C, respectively.

2 Heterogeneous nucleation

In this section, we first discuss some general properties of heterogeneous nucleation, in contrast
to homogeneous nucleation. To make the presentation simpler — and also to align with the
cosmological phase transition induced by domain walls — we consider a flat domain wall with
bubble nucleation occurring on both sides of the wall (in contrast to boiling water, where
bubbles typically start only on one side of a cooking pan).

Much of what is known about homogeneous and heterogeneous nucleation rates originates
from studies of the solidification of liquid metal. For instance, by examining the thermal phase
transition of O(10)-micron liquid-metal droplets, which suppress impurity effects, one can
establish the homogeneous nucleation rate using the action of a spherical critical bubble [20]

Shomo
3,c ≈ 16 π σ3

B
3 ∆V 2 , (2.1)

where σB is the bubble tension and ∆V is the effective potential difference between the inside
and outside of the bubble. To derive this expression, one applies the “thin-wall” approximation,
in which the wall thickness is much smaller than the bubble radius. In this limit, the action
can be approximated as a function of the bubble radius R as S3 ≈ 4πR2 σB − 4π

3 R3 ∆V , and
extremizing this expression yields the critical bubble size Rc = 2σB/∆V and the action in (2.1).

2.1 Domain wall

For heterogeneous nucleation, we first consider the simplest case of a flat domain wall with
a bubble configuration illustrated in figure 1. Unlike the water-wetting scenario — which
involves three interfaces among solid, liquid, and gas — there are only two interfaces in the
domain-wall-seeded cosmological phase transition. This reduction arises because the domain
wall effectively “melts” or disappears inside the nucleated bubble.
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(a) (b) (c)

Figure 1. Left panel: 3d visualization of a nucleated bubble attached to the domain wall (side view).
Middle panel: top view. Right panel: notation for the top view, showing the orange spherical cap as
the bubble wall and the purple straight line as the domain wall. The purple dashed line indicates
the disappearance (“melting”) of the domain wall inside the nucleated bubble. The contact angle is
defined as θ, R∥ = R sin θ and R⊥ = R(1 − cos θ).

Denoting the phase inside the bubble as the true vacuum (“T”) and the phase outside as
the false vacuum (“F”), the two relevant interfaces are the “T-DW” interface (represented
by the orange spherical cap with tension σB) and the “F-DW” interface (represented by the
purple straight segment with tension σDW) in figure 1. The force balance at the contact line
is then determined by the Young equation [46, 47], which reads

σDW = 2 σB cos θ , (2.2)

with θ ≤ π/2 the contact angle, defined in the right panel of figure 1. Note that in ordinary
liquid wetting, one may have θ > π/2 because the wall can persist inside the bubble. We
do not consider more complicated configurations involving a higher-tension domain wall
contained within the bubble.1

The contribution to the action (more precisely, the action difference between the wall-
seeded bubble configuration and the original domain-wall configuration) consists of three parts

SW
3 = 4π R2 (1−cosθ)σB − 4π

3 R3 (1−cosθ)2
(

1+ cosθ

2

)
∆V −πR2 (1−cos2 θ)σDW , (2.3)

where the first term is the contribution from the bubble wall, the second term comes from
the bulk potential energy difference, and the third term arises from the disappearance of
the domain wall inside the bubble. Treating both R and θ as variation parameters, one
can obtain the saddle point with Rc = 2σB/∆V (the same as the critical bubble radius of
the homogeneous case) and cos θ = σDW/(2σB) [the same as the force balance condition

1For certain field-theory models, the early, spontaneously broken discrete symmetry may be restored, while
at the same time an additional discrete symmetry becomes spontaneously broken during the first-order phase
transition. The original domain walls inside the bubble will then be replaced by a new domain wall with a
different wall tension.
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in (2.2)]. Note that the action is a minimum in θ, but a maximum in R. The action of
the critical configuration at the saddle point is

SW
3,c = 16 π σ3

B
3 ∆V 2 (1 − cos θ)2

(
1 + cos θ

2

)
. (2.4)

The above formula was derived long ago in ref. [20], although here we have re-derived it using
the extremalized-action method. In the limit σDW ≪ σB or cos θ → 0, this action becomes
identical to the homogeneous case. In the opposite limit, σDW ≫ σB or cos θ → 1 (the
“complete wetting” limit), one has SW

3,c → 0, meaning that it takes essentially no action for
the domain wall to source the critical configuration. For comparable σB and σDW, one finds
SW

3,c ≤ Shomo
3,c for θ ≤ π/2 or σDW ≤ 2σB. This indicates that the wall-seeded bubble, with the

domain wall melted inside, has a lower action and therefore a larger nucleation rate. If σDW ≥
2σB, the domain wall becomes classically unstable and decays into two walls with tension σB
that separate the true and false vacua, corresponding to the phenomenon of complete wetting.

Also note the reduction factor is exactly the same as the ratio of the volume of the
double-sphere-cap or the lenticular shape. This can be understood in two steps. First, the
critical radius is always Rc = 2σB/∆V , which is guaranteed by the fact that Rc is not only
the extremal value of the action globally, but locally. For instance, consider a small sphere cap
away from the contact line, the solid angle is the same for the tension and the vacuum energy
part. One therefore obtains the same critical radius as the spherical bubble case. Second,
extremalizing the action in terms of R, one has the critical action to be 1

2 of the absolute value
of the vacuum energy part [the second term in (2.3)]. So, the critical bubble action is exactly
the product of the homogenous critical bubble action and the volume reduction of lenticular
shape. We will encounter the similar conclusion later when we discuss junction-seeded bubbles.

Eq. (2.4) is valid for any heterogeneous phase transition occurring on a two-dimensional
defect. It is worth emphasizing the assumptions used here: (i) the thickness of the wall is
negligible compared to the bubble size, i.e., the temperature is close to the critical temperature
Tc; and (ii) the spatial extent of the defect is much larger than the bubble so that the plane
can be treated as locally flat. We will consider corrections to assumption (i) later in section 4.

2.2 Domain wall junction

For a general ℤn domain wall networks, one also anticipates existence of wall junction when
two or more walls intersect at one line. For ℤ2 domain walls, the junction configuration is
not stable, which will not be considered in this study.2 For a general junction with multiple
walls intersecting, the Young’s equation is given by the vector tension-balance condition

nw∑
i=1

σ⃗i = 0 , (2.5)

where nw is the number of walls. For nw = 3, one has the Y -type junction with the angles
between two walls determined by the ratios of wall tensions. For the simple case with equal
tensions, one has all three angles to be 2π/3. For nw = 4, one has the X-type junctions.

2The junctions of ℤ2 domain walls, if they survive until the phase-transition temperature, can also seed
bubbles.
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Again, for the simple case with equal tension, the intersecting angle is π/2. Depending on the
tension relations as well as the number of distinguishable domains, the stability of junction
configurations can be studied at least locally to minimize the tension-weight line length.

Let us take the ℤ4 symmetry as an example. It has two distinct wall tensions, σDW,1
and σDW,2, and without loss of generality we assume σDW,1 < σDW,2. The X-type junction
admits two classes of domain-order configurations (ordered clockwise). Type I: (1,2,3,4) and
(1,4,3,2), which are related by clockwise vs. counter-clockwise orientation. Type II: (1,3,2,4),
(1,3,4,2), and their counter-clockwise partners (1,4,2,3) and (1,2,4,3). For Type I, all four
domain walls carry the same tension σDW,1. For Type II, the two vertical walls can have
different tensions from the two horizontal walls, so both σDW,1 and σDW,2 enter.

Whether X-type or Y-type junctions are stable depends on the ratio of the two wall
tensions σDW,1/σDW,2. For example, the type-I X-junction is stable for σDW,2 >

√
2 σDW,1;

otherwise, it will decay into a configuration of linked Y-type junctions to reduce the total
tension-weighted length (see figure 2 for an illustration and ref. [38] for further discussion).
On the other hand, one can show that the type-II X-type junction is not stable and has a
higher energy than the linked Y-type configuration. We will not consider more complicated
junctions, which have been shown to be even less stable in ref. [38].

To estimate the critical action for junction seeded bubble, we again use the thin-wall
approximation and consider multiple spherical caps that are generated by the domain wall
cutting a sphere. Starting with the Y-type junction with equal domain wall tension, we
illustrate the geometry of the 3 sphere caps around the junction in figure 3(a).

Denote R as the radius of the sphere and l as the distance between the junction center
and the sphere center. The contribution of the junction region to the action scales as R × TJ,
where TJ =

∫
r<r0

dxdy ϵ is the junction tension, r0 is the junction size, and ϵ is the energy
density. Because this contribution scales subdominantly in the limit r0 ≪ R, we neglect it
and keep only the remaining contributions to the action, given by

SY −J
3 =A1(R,l)σB−V(R,l)∆V −A2(R,l)σDW, (2.6)

A1(R,l)=3×4R2
[
arctan

(√
3
√

1−x2
)

−
√

3
2 xarctan

(
2
√

1
x2 −1

)]
,

V(R,l)=3×R3
[√

3
6 x2

√
1−x2+4

3 arctan
(√

3
√

1−x2
)

−
√

3x

(
1−x2

4

)
arctan

(
2
√

1
x2 −1

)]
,

A2(R,l)= 3
2R2

(
1−3x2

4

)[
2arctan

(
2
√

1
x2 −1

)
− x

√
1−x2

1−3x2/4

]
,

where x = l/R. As shown in figure 3(c), the geometric relation between cos θ and l/R is
cos θ = l

R sin(2π/3). Applying the Young equation (2.2), cos θ = σDW/(2σB), and noting
that SY −J

3 remains a cubic function of R alone, one can obtain the expression for the critical
bubble action for the Y-type junction

SY −J
3,c = 8 σ3

B
3 ∆V 2

[
cos2 θ

√
3 − 4 cos2 θ + 3 cos θ(cos2 θ − 3) arctan

(√
3

cos2 θ
− 4

)

+ 6 arctan
(√

3 − 4 cos2 θ
)]

, for 0 ≤ cos θ ≤
√

3/2 . (2.7)
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Figure 2. Illustration of a type-I X-type junction decaying into a linked Y-junction configuration
when σDW,2 <

√
2 σDW,1. The thicker line in the right panel indicates a larger wall tension.

(a) (b) (c)

Figure 3. Illustration of the geometric shape of the spherical-cap bubble, shown in orange, together
with the domain wall, shown in purple. (a) The 3d shape of the bubble on the ℤ3 junction, where the
angle between adjacent walls is 2π/3. To maintain continuity of the bubble across the wall, the center
of the sphere is constrained to lie along the outer angle bisector of the two walls. (b) The z = 0 slice
of the bubble at the junction. (c) Notation for the z = 0 slice.

Here, one also finds RY −J
c = 2σB/∆V , the same critical radius as for the spherical bubbles

in homogeneous nucleation. The corresponding critical action is simply the homogeneous
result multiplied by the appropriate volume-reduction factor. Note that the upper bound
on cos θ arises from the geometric condition l ≤ R, which ensures the stability of the
spherical-cap bubble.

As in the wall-seeded case, one can extremize the action with respect to cos θ, or equiv-
alently x, to derive the Young equation as in (2.6). We also note that the upper bound
σDW/(2σB) = cos θ ≤

√
3/2 is more restrictive than in the wall-seeded case. Moreover, the

contact angle θ is the same for all z because the tangential planes are related by rotational
symmetry; for convenience we evaluate the geometry on the z = 0 slice in figure 3(c). This
reveals another advantage of this construction: inherited from the homogeneous bubble, the
bubble tension σB is uniform everywhere, which is consistent with the requirement that
the tension-balance condition at the junction is identical at every point, with the same
tensions and the same contact angle.

As a comparison to the homogeneous nucleation rate, we show in figure 4 the ratio of the
critical-bubble actions for the junction-induced case over the homogeneous one. One can see
that the ratio decreases as cos θ, or equivalently the domain-wall tension σDW, increases. The
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Figure 4. Ratios of the critical bubble actions for the wall-induced, Y-type-junction-induced, and
X-type-junction-induced cases relative to the homogeneous spherical bubble, based on the thin-wall
approximation. The orange Y-type junction curve has an upper bound at cos θ =

√
3/2, while the

green X-type junction curve has an upper bound at cos θ = 1/
√

2. Only below these upper bounds are
the shapes of spherical-cap bubbles realizable and classically stable. The horizontal blue dashed line
is at approximately 3/4 and intersects the blue curve at cos θ = 0.16. The horizontal orange dashed
line is at approximately 1/2 and intersects the orange curve at cos θ = 0.24 and the green curve at
cos θ = 0.19.

junction-induced nucleation action is not only smaller than the homogeneous one, but also
smaller than the domain-wall-induced one, highlighting the important role that junctions
can play in first-order phase transitions.

In more complicated potentials, such as those with ℤ4 symmetry, the domain walls can
have different tensions, with the ratios of these tensions depending on the specific form of the
potential. Consequently, one must consider more intricate Y -type junction configurations.
For example, a Y -type junction with three wall tensions (σ1, σ1, σ2) has the angles between
the walls determined by Young’s equations. Denoting by α the angle between the two walls
with equal tension σ1, the critical action in the thin-wall approximation is given by

SY −J,II
3,c = 4σ3

B
∆V 2

 cos2 θ1
3sin2 α

2
(2sinα−sin2α)

√
1− cos2 θ1

sin2 α
2

(2.8)

−

4
(

cosθ1− 1
3 cos3 θ1

)
arctan


√

sin2 α
2 −cos2 θ1

cosθ1 cos α
2

− 8
3 arctan


√

sin2 α
2 −cos2 θ1

cos α
2


+2
(

cosθ2− 1
3 cos3 θ2

)
arctan

(√
sin2 α−cos2 θ2
cosθ2|cosα|

)
− 4

3 arctan
(√

sin2 α−cos2 θ2
cosθ2|cosα|

) ,

where θ1 is the contact angle on the walls with tension σ1, and θ2 is the contact angle on
the wall with tension σ2 [the contact angles on the two sides of a wall are identical from the
Young’s equation in (2.5)]. Note that we have already used Young’s equation to simplify
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the calculation by expressing
σ1

2σB
= cos θ1 ,

σ2
2σB

= cos θ2 ,
σ2
2σ1

= cos α

2 , (2.9)

for α ∈ (π
2 , π]. When α = π

2 , the terms involving arctan of θ2 should be interpreted as
approaching π

2 . Note that when α = 2π/3, one recovers the result in eq. (2.7). When
α ∈ [0, π

2 ), one has an addition term, (2/3)(π − 2α)
√

1 − cos2 θ2/ sin2 α (2 + cos2 θ2/ sin2 α),
inside the curly braces.

For X-type junctions, we consider the simple case in which all wall tensions are equal
(the unequal-tension configuration is unstable in the ℤ4 symmetry). In this case, it is
straightforward to show that the angle between adjacent walls is π/2. From the geometry,
one obtains

SX−J
3 =A1(R, l)σB −V(R, l)∆V −A2(R, l)σDW , (2.10)

A1(R, l) = 4×4R2
[
arctan

(√
1−x2

)
−

√
2

2 xarctan
(

√
2
√

1
x2 −1

)]
,

V(R, l) = 4×R3
[

1
3x2

√
1−x2 + 4

3 arctan
(√

1−x2
)

−
√

2x

(
1− x2

6

)
arctan

(
√

2
√

1
x2 −1

)]
,

A2(R, l) = 2R2
(

1− x2

2

)[
2arctan

(
√

2
√

1
x2 −1

)
−

√
2x

√
1−x2

1−x2/2

]
,

where x = l/R again, and the geometry provides cos θ = l
R sin(3π/4). The critical action is

SX−J
3,c = 32 σ3

B
3 ∆V 2

[
cos2 θ

√
1 − 2 cos2 θ + cos θ (cos2 θ − 3) arctan

(√
1

cos2 θ
− 2

)

+ 2 arctan
(√

1 − 2 cos2 θ
)]

, (2.11)

with the action proportional to the volume-reduction factor. The ratio of SX−J
3,c /Shomo

3,c is
shown in the green curve in figure 4.

3 Heterogeneous cosmological phase transition

When one applies the heterogeneous bubble nucleation to cosmological first-order phase
transition, both the temperature dependence of S3/T and the Hubble expansion play roles.
One could work out some general formulas for nucleation and percolation temperatures for
different dimensions of defects and under different background evolution: radiation-dominated,
matter-dominated and DW-dominated universe with the equation-of-state parameter ω <

0. One could further compare the nucleation/percolation temperature or the so-called
supercooling rate (Tc − Tn)/Tn in terms of the contact angle θ (or the ratio of DW tension
over the bubble wall tension).

The decay rate of the false vacuum per unit of volume in space can be parametrized by

γ = Γ
V

= ξ γk Vk

V
. (3.1)
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Here, Γ is the decay rate; V is a large 3d spatial volume; ξ is the number of impurities
within V , which is taken to be ξ Vk/V = 1 for the homogeneous case with k = 3 and a fixed
value when the impurities reach the so-called “scaling region,” where the number per Hubble
volume becomes approximately constant; γk is the decay rate per k-dimensional volume,
having units of 1/(s · cm2) for domain walls with k = 2 and 1/(s · cm) for junctions with
k = 1; and Vk is the k-dimensional volume of the defects, with units of cm2 for domain
walls and cm for junctions. Up to an overall coefficient of order unity, the decay rate γk

(per second per Vk volume) is given by3

γk ≈ T 1+k
[

Bk(T )
2π

]3/2
exp [−Bk(T )] , with Bk(T ) ≡ S

(k)
3 /T . (3.2)

The order-unity prefactor in the decay rate γk requires a more precise calculation, as discussed
in refs. [48–50], or using the developed package BubbleDet [51], which would need to be
generalized to heterogeneous bubbles. If this prefactor deviates significantly from unity

— depending on the potential and temperature — it would introduce corrections to the
determination of the nucleation and percolation temperatures.

3.1 Nucleation temperature Tn

We first calculate the nucleation temperature, which is defined to have roughly one bubble
per Hubble volume. Parametrize the relation of Hubble in temperature as H = C T α with
α = 2, 3

2 , 1
2 for radiation-, matter- and domain-wall-dominated universe. Note that α is

related to the equation-of-state parameter ω as α = 3
2(1 + ω). The number of bubbles in

the Hubble volume is

N = ξ

∫ tn

tc

dt
γk

Hk
= ξ

∫ Tc

Tn

dT

T

γk

H1+k

≈ ξ

∫ Tc

Tn

dT

T

(
T

H

)1+k [Bk(T )
2π

]3/2
exp [−Bk(T )] , (3.3)

where Tc is the critical temperature and Tn is the nucleation temperature for the case that
one true-vacuum bubble appears in each Hubble volume [35, 52]. Here, we have assumed
the scaling behavior for the impurities with ξ Vk/V ≃ ξ H3−k.

For a quick phase transition with Tc − Tn ≪ Tc, one can approximate the integration by

N ≈ ξ
[Bk(Tn)/2π]3/2 exp[−Bk(Tn)]

1 − (1 − α)(1 + k)

(
Tn

H

)1+k

, (3.4)

when α > 1. If one takes the condition N ≈ 1, drops the order-one factor 1 − (1 − α)(1 + k),
and uses [Bk(Tn)/2π]3/2 ≈ (100/2π)3/2 ≈ 63, one arrives at the critical value of Bk(T ) at

3Note that the power of [B(T )/(2π)]1/2 corresponds to the number of zero modes of the bounce solution.
The bouncing profile is localized on the defect, which breaks k translational symmetries along the defect, while
the defect itself breaks the remaining 3 − k translational symmetries. The bubble is still a localized object in
three dimensions, so there are three zero modes associated with translational symmetry. Therefore, the total
number of zero modes remains three, and the overall prefactor continues to scale as [B(T )/(2π)]3/2, just as in
the homogeneous case. However, in the case of complete wetting of a wall or string, the true-vacuum plane or
tube is not localized, and they therefore have only one and two zero modes, respectively.

– 10 –



J
C
A
P
0
5
(
2
0
2
6
)
0
3
6

radiation matter domain wall
homogeneous (k = 3) 144 208 159
wall-induced (k = 2) 109 157 122

junction/string-induced (k = 1) 74 106 84

Table 1. The critical value of S3/T at which nucleation begins for various types of impurities that
induce the phase transition. We take ξ = 1 for radiation- and matter-dominated universes, and ξ = 103

for the domain-wall-dominated universe. The nucleation criteria for a radiation-dominated universe
are consistent with the results obtained in [35–37].

which nucleation starts to occur:

Bk(Tn) ≈ (1 + k) log
(

Tn

H(Tn)

)
+ log ξ + 4.1 . (3.5)

For the radiation-dominated era, the Friedmann equation implies H = T 2/(2ϵMPl), where
we define ϵ =

√
45/(πg⋆(T ))/(4π). Here g⋆(T ) is the effective number of relativistic degrees

of freedom, which is 106 for SM particles when T > O(500) GeV. This implies that the
nucleation condition for S3/T is

Bk(Tn) = (1 + k) log
(

1.4 × 1015 × 100 GeV
Tn

)
+ log ξ + 4.1 , [radiation-dominated] . (3.6)

For the matter-dominated era, H = H0Ω1/2
M,0(T/T0)3/2, where H0 is the current Hubble

constant, ΩM,0 is the current matter density, and T0 is the current temperature of the
Universe. Therefore,

Bk(Tn) = (1+k) log
[
1.4×1022×

(100GeV
Tn

) 1
2
]

+logξ+4.1 , [matter-dominated] . (3.7)

For the domain-wall-dominated era, the energy density is proportional to the tempera-
ture, ρ = ρf T/Tf , where the subscript f denotes the formation time of the domain
walls, and ρf = σDWHf for domain walls with tension σDW. By dimensional analy-
sis, σDW ∼ T 3

f , and we assume that this era follows a radiation-dominated epoch with
Hf = T 2

f /(2ϵMPl). Using these relations, the Friedmann equation H2 = 8πGρf T/(3Tf )
gives H = 1/

√
6ϵ (Tf /MPl)2 (TMPl)1/2. Under these assumptions, if we choose Tf ≈ 106 GeV

as a reference temperature,

Bk(Tn) =(1 + k) log

1.6 × 1016 ×
(

106 GeV
Tf

)2

×
(

Tn

100 GeV

) 1
2


+ log ξ + 2.8 . [wall-dominated] . (3.8)

The values of Bk(Tn) or S3/T for each case are summarized in table 1. Note that we take
ξ = 1 for the radiation- and matter-dominated universes, and ξ = 103 for the domain-
wall-dominated universe.
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Note that the ratios Bk(Tn)/B3(Tn) are approximately (1 + k)/4, giving 3/4 for wall-
induced nucleation and 1/2 for junction-induced nucleation. In figure 4, the wall-induced
nucleation rate becomes more important than the homogeneous one when cos θ > 0.16,
while the Y -type (X-type) junction-induced nucleation becomes more important than the
homogeneous one when cos θ > 0.24 (0.19). Compared to the wall-induced case, the Y -type
(X-type) junction-induced nucleation is more important when cos θ > 0.36 (0.20).

An additional comment concerns the number ξ for junctions and walls. In principle, they
are related by the Euler formula and depend on the number of external walls (i.e., walls
that do not terminate within the Hubble volume). One finds that the ratio ξJ/ξDW lies in
the range [1/3, 2/3) if only Y -type junctions are present.

3.2 Percolation temperature Tp

For the percolation temperature, and depending on the dimensionality of the impurity, one has
slightly different criteria for defining the percolation temperature Tp. For the homogeneous
case, the criterion is that the false vacuum occupies 1/e of the total volume of the Universe,
following the 3d random percolation model governed by Erdös-Rényi Poisson statistics [53].
For bubble percolation on 2d domain walls, the percolation threshold corresponds to an
unoccupied area fraction of approximately 1 − 0.68 = 0.32 for randomly placed overlapping
discs in 2d [54, 55]. In a purely 1d space, percolation occurs once the nucleated bubbles expand
to occupy the entire line. We emphasize, however, that percolation in a lower-dimensional
subspace does not guarantee percolation in the full 3d volume. Whether the phase transition
completes depends on the number density of impurities, a condition we derive below.

For the homogeneous case, the probability of remaining in the false vacuum at a time
after the critical temperature is [16]

p(t) = exp
[
−4π

3

∫ t

tc

dt′ v3
sh (t − t′)3 γ(t′)

]
. (3.9)

Here, tc is the time at which the plasma temperature equals Tc, and vsh is the bubble-wall
velocity. We have ignored the scale-factor dependence since the temperature is close to Tc.
Percolation occurs when p(tp) = 0.32, which determines the percolation temperature Tp.

The situation for the heterogeneous case is more complicated. First, on a lower-dimensional
impurity, a percolation temperature T

(k)
p can be defined using a probability analogous to

eq. (3.9). At T
(k)
p , the bubbles are still localized around the impurity locations, meaning that

the distances between bubbles nucleated on different impurities can remain large, depending
on the impurity number density. In the diluted case, this ensemble of localized bubbles
expands primarily in the transverse (co-dimension) directions, and full 3d percolation occurs
only at a later time, with the final percolation temperature satisfying Tp < T

(k)
p . In the

dense case, on the other hand, one has Tp = T
(k)
p , with the 3d percolation coinciding with

the percolation time on the lower-dimensional impurities.
Before calculating T

(k)
p , we first comment on how the bubbles expand prior to percolation.

Based on the thin-wall approximation in section 2, the spherical-cap shape of the bubbles
remains fixed with the same contact angle θ as they grow. A simple way to see this is by
examining the extremization of the action in (2.3) with respect to cos θ and R. Starting
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from the critical configuration, the action is minimized with respect to cos θ and maximized
with respect to R. Thus, R grows while cos θ remains unchanged as the spherical cap
expands. Referring to figure 1(c), both R∥ and R⊥ increase while maintaining the fixed
ratio R∥/R⊥ = sin θ/(1 − cos θ).

To estimate Tp and T
(k)
p , we will also make a simplifying assumption about the wall-

junction network. Specifically, we assume the presence of “great walls” and long junctions that
are parallel to each other and have Hubble-scale lengths. In general, however, the network may
exhibit more intricate structures — resembling a building with “floors” and “ceilings” — with
the detailed configuration determined by the discrete symmetry and the early-universe history.

We first estimate the lower-dimensional percolation temperature T
(k)
p . For a k-dimensional

impurity, and following the same logic as in the 3d case in eq. (3.9), the probability of remaining
in the false vacuum pk(t) in k dimensions can be written as

pk(t) = exp

−2
k

πk/2

Γ
(

k
2

) ∫ t

tc

dt′ vk
sh (t − t′)k γk(t′)

 . (3.10)

Applying the same approximation as ref. [56] and denoting log γk(t′) ≈ log γk(t(k)
p )+(t′−t

(k)
p )β′,

where t
(k)
p is the percolation time and

β′ = d log γk(t)
dt

= −TH

γk

d
dT

[
T k+1

(
Bk(T )

2π

)3/2
exp(−Bk(T ))

]

= −(k + 1)H − 3 TH

2 Bk

dBk

dT
+ TH

dBk

dT
. (3.11)

Note that, given the approximate scaling of Bk(T ) ∝ 1/(T − Tc)2 when T is close to Tc,
dBk/dT = 2Bk/(Tc − T ) is positive and dominates over β′. One usually defines β ≡
TH dBk/dT |

T =T
(k)
p

, so that the probability pk(t(k)
p ) that a point in the k-dimensional space

remains outside the bubble can be approximated as

pk(t(k)
p ) ≈ exp

−2
k

πk/2

Γ
(

k
2

)γk(t(k)
p )

∫ t
(k)
p

tc

dt′vk
sh(t(k)

p − t′)ke(t′−t
(k)
p )β

 ≈ exp
[
−Akγk(t(k)

p ) 1
βk+1

]
,

(3.12)

with

Ak ≡ 2
k

πk/2Γ(k + 1)
Γ
(

k
2

) vk
sh . (3.13)

The lower-dimensional percolation happens at pk(t(k)
p ) = 0.32, so one has

1 ≈ Akγk(t(k)
p ) 1

βk+1 = Ak

(
T

(k)
p

β

)k+1(
Bk(T (k)

p )
2π

)3/2

exp
[
−Bk(T (k)

p )
]

, (3.14)

with β/H = 2 Bk T
(k)
p /(Tc − T

(k)
p ). The percolation condition in eq. (3.14) can be written as

Bk(T (k)
p ) = (k +1) log

[
T

(k)
p

H(T (k)
p )

]
−(k +1) log

[
2Bk(T (k)

p )T (k)
p

Tc −T
(k)
p

]
+log Ak + 3

2 log
[

Bk(T (k)
p )

2π

]
,

(3.15)
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which can be used to determine the lower-dimensional percolation temperature T
(k)
p . Since

the first term in the above equation provides the dominant contribution to Bk, one has
Bk ≃ (k + 1) log(MPl/Tc).

One can also estimate the number of bubbles, Nnuc, at the low-dimensional percolation
time, which is

Nnuc ≈ 1
[H(T (k)

p )]k

∫ t

tc

dt′γk(t′)pk(t′) ≈ 1
[H(T (k)

p )]k

∫ ∞

0

dγk

β
e−Akγkβ−k−1 = 1

Ak

(
β

H(T (k)
p )

)k

,

(3.16)
which is smaller compared to the homogeneous one for k < 3. The averaged bubble size
at t

(k)
p is estimate to be

R(k)
p ≃ 1

H(T (k)
p )

N1/k
nuc . (3.17)

When the separation distance between two domain walls, approximately ξ−1/H(T (k)
p ),

becomes smaller than R
(k)
p , or equivalently when

ξ ≳ N1/k
nuc = A

−1/k
k × β

H(T (k)
p )

= A
−1/k
k × 2 Bk T

(k)
p

Tc − T
(k)
p

≡ ξ0 , (3.18)

one has the 3d percolation time coinciding with the 2d percolation time, or,

Tp = T (k)
p , for ξ > ξ0 . (3.19)

Note that ξ0 = O(102–103), depending on the phase-transition temperature and the su-
percooling rate.

For the diluted case with ξ < ξ0, the ensemble of bubbles located on the k-dimensional
space must expand further before colliding with bubbles nucleated on a nearby impurity.
The separation distance between impurities is L(t) ≈ ξ−1 [H(T (k)

p )]−1 (t/t
(k)
p )1/α, while the

grown bubble radius is R(t) ≈ R(t(k)
p ) + vsh (t − t

(k)
p ). For α > 1 and requiring R(t) = L(t),

the resulting 3d percolation temperature is

Tp ≈ T (k)
p

(
1 − v−1

sh ξ−1
)

, (3.20)

which is valid for vsh ξ > few. Thus, the 3d percolation temperature is generally close to the
lower-dimensional percolation temperature. For the k = 2 domain-wall case, the ensemble of
bubbles on a wall expands primarily within the plane of the wall and eventually collides with
bubbles nucleated on nearby walls. For the k = 1 domain-wall-junction case, the ensemble
of bubbles forms an effectively cylindrical configuration. These geometric differences can
lead to distinct phenomenological imprints, including potentially observable consequences
for gravitational waves.

The percolation temperature is also calculated in ref. [36], whose starting point differs
from the derivation presented in this paper. Under the dilute-wall condition, their treatment
is equivalent to our estimation here, and their result is Tp ≈ Tn[1 + 0.34/(2vshξ)]−1, assuming
that the bubbles are nucleated as a δ-function at t = tn. This leads to the same result as
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eq. (3.20) upon expansion. However, different definitions of percolation may arise in the
dense-wall regime. Ref. [36] compares the timescale β with the distance between the walls
and argues that the percolation time in the dense-wall case is set by the wall separation,
(vshξH)−1. Nevertheless, percolation is not yet completed on the domain wall at that time.
Instead, we take Tp = T

(k)
p as the percolation temperature, corresponding to the condition

that the true vacuum fills the entire space (both along and perpendicular to the wall), which
we adopt as the physical criterion for percolation.

4 Domain-wall-seeded phase transition

In this section, we use a simple two-scalar-field model to study domain-wall-seeded first-order
phase transitions. Both ℤ2 and ℤn symmetries (focusing on the ℤ3 case) will be analyzed.
We consider a cosmological scenario in which, after the first-order phase transition, all domain
walls disappear due to the restoration of the discrete symmetries associated with the walls
at a later stage in the evolution of the Universe.

4.1 ℤ2 domain walls

First, consider the tree-level potential for two real scalar fields ϕ and S with a ℤ2 symmetry
associated with the S field

V0(ϕ, S) = −µ2
S

2 S2 + λ

4 S4 −
µ2

ϕ

2 ϕ2 + η

4ϕ4 + κ

2 ϕ2S2 . (4.1)

The finite-temperature potential (assuming no additional fields coupled to the two scalar
fields) is

VT = T 4

2π2

[
JB

(
M2

S

T 2

)
+ JB

(
M2

ϕ

T 2

)]
, (4.2)

where JB(y2) =
∫∞

0 dx x2 log[1 − exp(−
√

x2 + y2)], M2
S = −µ2

S + 3λ S2 + κ ϕ2 and M2
ϕ =

−µ2
h +3η ϕ2 +κ S2. In the high temperature limit and taking the leading two terms of the high-

temperature expansion of JB(y2) ≈ −π4

45 + π2

12 y2, one has VT = T 2[(3η +κ)ϕ2 +(3λ+κ)S2]/24
and the total effective potential

V (ϕ, S, T ) ≡ V0 + VT ≈ cST 2 − µ2
S

2 S2 + λ

4 S4 +
cϕT 2 − µ2

ϕ

2 ϕ2 + η

4ϕ4 + κ

2 ϕ2S2 . (4.3)

Here cϕ ≡ (3η + κ)/12 and cS ≡ (3λ + κ)/12.4 The high-temperature limit is not perfectly
valid in this model, since the critical temperature is of the same order as µϕ and µS . We
nevertheless use the high-temperature effective potential here to simplify the discussion.

For the cosmological history of this model, we consider the so-called “two-step” phase
transition. At a higher temperature, T1 ≡

√
µ2

S/cS , the vacuum expectation values (VEVs)
(⟨ϕ⟩, ⟨S⟩) transition from the unbroken configuration (0, 0) to the ℤ2-breaking configuration

4If ϕ is the radial mode of the SM SU(2) Higgs doublet field (as considered in ref. [35]), one has µϕ = 88 GeV
and η = 0.129 for the SM Higgs. In this case, cϕ = (2m2

W +m2
Z +m2

h +2m2
t )/(4v2

EW)+κ/12, cS = (3λ+4κ)/12
with vEW = 246 GeV.
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(0, ±vS), with vS being temperature dependent. At a lower temperature Tc, a first-order
phase transition happens with the VEVs transiting from (0, ±vS) to (vϕ, 0), with the ℤ2
symmetry restored and an additional symmetry breaking associated with the ϕ field. At
this critical temperature, one has V (0, ±vS , Tc) = V (vϕ, 0, Tc).

We note that we do not address here the potentially additional ℤ2 symmetry acting
on ϕ. This symmetry may not be present if ϕ is interpreted as the radial mode of the SM
Higgs doublet, in which case the would-be ℤ2 can be absorbed into a continuous gauge
transformation. A more complete discussion of the possible breaking patterns of the ℤ2 × ℤ2
model is provided in appendix A.

As discussed in refs. [35, 36], the second-step phase transition can be first order, which
is the focus of our study and serves to illustrate the importance of heterogeneous phase
transitions. During the first-step phase transition, the domain walls separating the +vS and
−vS domains are produced via the Kibble-Zurek mechanism [57, 58]. In this work, we do
not follow the detailed evolution of the domain walls; instead, we simply assume that they
reach the scaling regime [59] before the lower temperature Tc. The profile of the domain
wall in this specific model has the known analytical expression

SDW,T (z) = vS(T ) tanh
(

λ1/2 vS(T ) z√
2

)
. (4.4)

The domain wall tension is σDW =
∫+∞

−∞ dz T00 = 2
√

2
3

√
λ v3

S(T ).
Although it is not the main purpose of our study to analyze the model parameter space,

we want to point out that one can use the Hessian operator to check the stability of the
domain-wall configurations, which is present in appendix B and could be useful when one
analyzes other models with domain-wall configuration.

The bubble nucleation rate for the second-step first-order phase transition requires finding
the bounce, or saddle-point soliton, profile [11, 12]. The rate is proportional to e−S

(k)
3 /T , with

S
(k)
3 ≡ S3[soliton] − S3[false vacuum] , (4.5)

which is determined by solving a set of partial differential equations (PDEs) with the
appropriate boundary conditions.

For the homogeneous phase transition, the Laplacian is ∇2 = ∂2

∂r2 + 2
r

∂
∂r in spherical

coordinate, and the boundary conditions are

S(∞) = ±vS(T ) , S′(0) = 0 , ϕ(∞) = 0 , ϕ′(0) = 0 , (4.6)

which can be solved using the public package like FindBounce [60] or CosmoTransitions [61].
The bubble surface tension can be calculated in the thin-wall limit by following ref. [11]

σB =
∫ φF

1

φ∗
1

dφ1

√√√√ n∑
i=1

( dφi

dφ1

)2√
2 [V (φi) − V (φ∗

i )] . (4.7)

Here we use φi to denote the multiple fields (S, ϕ) in this model; φF
i denotes those at the false

vacuum; φ∗
i represents the field values at the side of the true vacuum with V (φ∗

i ) = V (φF
i ). In

appendix C, we show that σDW < 2σB, so the contact angle in this model satisfies cos θ < 1.
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For the wall-seeded case, we use cylindrical coordinates, with the z direction perpendicular
to the wall and ρ the radial distance along the wall. The Laplacian is ∇2 = ∂2

∂ρ2 + 1
ρ

∂
∂ρ + ∂2

∂z2

and the boundary conditions are

S(ρ, ±∞) = ±vS(T ) , S(∞, z) = SDW,T (z) ,
∂S(0, z)

∂ρ
= 0 ,

ϕ(ρ, ±∞) = 0 , ϕ(∞, z) = 0 ,
∂ϕ(0, z)

∂ρ
= 0 . (4.8)

To solve the PDEs exactly, we use an algorithm based on the mountain-pass theorem
(MPT) [62] (see refs. [36, 45] for a detailed description). For the ℤ2 domain-wall case, our
results obtained using MPT agree very well with those in refs. [36, 45].

Aside from using the MPT algorithm to obtain the exact solution (up to numerical
precision), we also employ two approximate methods to compute S

(k)
3 . The first is based on

the thin-wall approximation discussed around eq. (2.3), using the bubble wall tension σB
from the homogeneous case, as pointed out in ref. [35].5

The second approximate method is named as “tanh-profile”, where we introduce the
following hyperbolic tangent function to model the field profile along the sphere cap

φ(r) = vφ,F − vφ,T
2

(
1 + tanh

[
r − rφ√

2 dφ

])
+ vφ,T . (4.9)

Here, r is the radial distance from the center of the bubble, dφ represents the wall thickness,
and rφ denotes the transition radius. The quantities vφ,F and vφ,T are the VEVs of φ in
the false and true vacua, respectively. We have verified that this profile matches the bubble
profile for the homogeneous phase transition very well.

The action evaluated on these field profiles becomes a function of the variational param-
eters, including dφ, rφ, and geometric parameters such as the contact angle. Extremizing
the action with respect to these parameters yields an approximate critical configuration
and the corresponding action. We also note that one may use the homogeneous bubble
profile obtained from FindBounce as the initial configuration for the variational procedure
to accelerate convergence.

In figure 5, we choose a representative model point with κ = 1.3, λ = 1.6, η = 0.129,
µϕ = 88 GeV, and µS = 127 GeV (the same example used in ref. [45] and has a stable domain
wall via appendix B) to show the action as a function of T using different methods. For the
wall-seeded nucleation, one can see that the tanh-profile method agrees very well with the
exact MPT result, which justifies our later application of the tanh-profile approximation to
the junction-seeded case. The thin-wall approximation underestimates the action.

The nucleation temperature — given by the intersection with the red horizontal line at
S

(2)
3,c /T = 109 — is T

(2)
n = 0.95 Tc. For comparison, the action from homogeneous nucleation

intersects the orange horizontal line at S
(3)
3,c /T = 144, yielding a nucleation temperature of

T
(3)
n = 0.81 Tc, which is lower than the wall-seeded case. Therefore, heterogeneous nucleation

5The contact angle cos θ = σDW/(2σB) approaches a constant as T → Tc, because σDW is largely insensitive
to Tc and σB also becomes constant in this limit. In the language of critical exponents, cos θ is scale
independent.
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Figure 5. Left panel: The action S3/T as a function of T for the model with ℤ2 domain walls. The
model parameters are κ = 1.3, λ = 1.6, η = 0.129, µϕ = 88 GeV and µS = 127 GeV. For the wall-seeded
actions, we include the results from the exact solution based on the mountain-pass theorem (MPT),
the thin-wall approximation, and the tanh-profile approximation. For this model point, Tc = 109 GeV
and cos θ = σDW/(2σB) = 0.72 as T → Tc. The horizontal dashed lines indicate the critical nucleation
actions, with S

(3)
3,c /T = 144 for homogeneous nucleation and S

(3)
3,c /T = 109 for wall-seeded nucleation.

Right panel: Same as the left panel, but zoomed in on the region with T close to Tc.

seeded by domain walls is more important than homogeneous nucleation for this model. We
also note that the contact angle is cos θ = 0.72, which is sufficiently large for the wall-seeded
nucleation to dominate, as indicated in figure 4.

4.2 ℤn≥3 domain walls

As a representative model similar to the ℤ2 case, we introduce a complex scalar field S

that transforms under the discrete ℤn symmetry with n ≥ 3, together with a real scalar
field ϕ. The general tree-level potential is

V0(S, ϕ) = −µ2
0 S∗S + λ1(S∗S)2 − λ2 µ4−n

0 (Sn + S∗n)

− m2

2 ϕ2 + η3 m

3 ϕ3 + η4
4 ϕ4 + κ ϕ2 S∗S . (4.10)

For n ≤ 4, the tree-level potential is renormalizable. For n > 4, the operator Sn becomes non-
renormalizable, implying that λ2 ≪ 1 and that the theory possesses an approximate U(1)S

symmetry. In this study, we restrict ourselves to the n = 3 case with a ℤ3 discrete symmetry.
For later convenience, we choose a linear parametrization of the complex S field in

terms of its real and imaginary components as S = (s + i a)/
√

2. The zero-temperature
potential then becomes

V (s, a, ϕ, T = 0) = −µ2
0

2 (s2 + a2) + λ1
4 (s2 + a2)2 − λ2 µ4−n

0
2(4−n)/2

∑
l<(n−2)/2

(−1)l C2l
n sn−2l a2l

− m2

2 ϕ2 + η3 m

3 ϕ3 + η4
4 ϕ4 + κ

2 ϕ2 (s2 + a2) . (4.11)

The temperature correction is calculated to be

VT = T 4

2π2

[
JB

(
M2

s

T 2

)
+ JB

(
M2

a

T 2

)
+ JB

(
M2

ϕ

T 2

)]
, (4.12)
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where

M2
s = −µ2

0+λ1 (3s2+a2)+ λ2 µ4−n
0

2(4−n)/2 n(n−1)
∑

l<(n−2)/2
(−1)lC2l

n−2 sn−2l−2 a2l+κϕ2 , (4.13)

M2
a = −µ2

0+λ1 (3a2+s2)+ λ2 µ4−n
0

2(4−n)/2 n(n−1)
∑

l<(n−2)/2
(−1)l C2l−2

n−2 sn−2l a2l−2+κϕ2 , (4.14)

M2
ϕ = −m2+2η3 mϕ+3η4 ϕ2+κ(s2+a2) . (4.15)

In the high temperature limit and using the expansion of JB(y2) ≈ −π4

45 + π2

12 y2 again, one has6

V (S, ϕ, T ) ≡ V0 + VT ≈ −(µ2
0 − c1T 2) S∗S + λ1 (S∗S)2 − λ2 µ4−n

0 (Sn + S∗n)

− m2 − c2T 2

2 ϕ2 + η3 m

3 ϕ3 + η4
4 ϕ4 + κ ϕ2 S∗S , (4.16)

with c1 = (4λ1 + κ)/12 and c2 = (3η4 + 2κ)/12.
To simplify our presentation, we define the dimensionless fields and parameters s̄ =√

λ1s/µ0, ā =
√

λ1a/µ0, ϕ̄ =
√

λ1ϕ/µ0, T̄ =
√

λ1T/µ0, η̄3 = η3 m/(µ0
√

λ1), η̄4 = η4/λ1,
κ̄ = κ/λ1, and normalize the coordinates as z̄ = µ0 z and ρ̄ = µ0 ρ for cylindrical coordinates.
We also set η3 = 0 to reduce the number of free parameters, corresponding to an additional
ℤ2 symmetry acting on ϕ that can be gauged away. The critical temperature Tc for the
first-order phase transition from the false vacuum to the true vacuum can be calculated by
equating the values of the two potentials

V (T )|(0,vs(T ) e2πi/3) = −µ4
0

λ1

1
12

(
χ +

√
χ2 + 1 − c1T̄ 2

)3 (
3
√

χ2 + 1 − c1T̄ 2 − χ

)
, (4.17)

V (T )|(vϕ(T ),0) = −µ4
0

λ1

1
4η̄4

[(
m

µ0

)2
− c2T̄ 2

]
, (4.18)

with χ ≡ 3λ2/
√

8λ1.
The cosmological history of this ℤ3 model is similar to that of the previous ℤ2 model,

featuring a first-order phase transition at the critical temperature Tc, during which the vacuum
transitions from (⟨ϕ⟩, ⟨S⟩) = (0, vS(T ) e2πli/3) with l = 0, 1, 2 to the vacuum (vϕ(T ), 0). For
temperatures above Tc but below T1 ≡ µ0/

√
c1, we assume that domain walls have already

been produced in the early Universe. The domain-wall profiles connecting regions with
different l can be obtained numerically (see also refs. [63, 64] for domain-wall solutions of S

without ϕ at zero temperature). Unlike the ℤ2 case, where ⟨S⟩ = 0 at the center of the wall
and the symmetry is restored there, the center of a ℤ3 wall still has a nonzero value of ⟨S⟩
(see the region away from the bubble in figure 6), determined by extremizing the action.

As a demonstration of the wall-seeded bubble configuration, we choose parameter values
m = 600 GeV, µ0 = 500 GeV, χ = 0.1, κ̄ = 7.5, and η̄4 = 0.6, which yield stable domain
walls according to the Hessian-operator analysis in appendix B. The critical temperature is
calculated to be Tc = 0.974 µ0. We show the half-bubble field configurations in figure 6 for a
representative temperature T = 0.92 Tc, obtained using the MPT algorithm.

6For n = 3, there is an additional correction to the term λ2 µ0(S3 + S∗3) in the high-temperature limit,
which is small for perturbative couplings.
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Figure 6. The field profiles — shown in the left, middle, and right panels for the (s̄, ā, ϕ̄) fields,
respectively — correspond to the wall-seeded bubble configuration around the ℤ3 domain wall
(indicated by the purple dashed line) and are obtained using the MPT algorithm. The model
parameters are χ = 0.1, m/µ0 = 1.2, λ1 = 1, κ̄ = 7.5, η̄4 = 0.6, and η3 = 0, with T = 0.92 Tc and
Tc = 0.974 µ0.

In this figure, the vertical purple line marks the location of the original domain wall, with
the perpendicular direction corresponding to z̄ and the cylindrical radial coordinate given
by ρ̄. For the two fields s̄ and ā comprising the complex field S, the bubble center has field
values approximately equal to zero (up to an exponentially suppressed factor of exp(−rS/dS),
where rS is the bubble radius and dS the bubble thickness), indicating restoration of the
discrete symmetry inside the bubble. Meanwhile, the field ϕ̄ develops a nonzero value inside
the bubble, as shown in the right panel of figure 6.

The action as a function of temperature for the wall-seeded nucleation is shown in figure 9,
using both the MPT algorithm and the tanh-profile approximation. In the tanh-profile
approach, we take the wall thicknesses to be equal, ds = da = dϕ ≡ d, and use a common
radius for the s and a fields, rs = ra ≡ rS , while allowing an independent radius rϕ for
the ϕ field. The tanh-profile approximation reproduces the exact MPT solution very well,
remaining within 20% for temperatures close to Tc.

5 Junction-seeded phase transition

As discussed in section 2, domain-wall junctions exist for ℤn symmetries with n ≥ 3. In this
section, we demonstrate that junction-seeded nucleation can be more important not only than
homogeneous nucleation, but also than wall-seeded nucleation. For ℤ3, the simplest Y -type
junction has an angle of 2π/3 between adjacent walls, which serves as the illustrative example
in our study. We also note that for more complicated ℤn symmetries, the domain-wall
network can exhibit different tessellation patterns of the plane, due to the various relative
tensions and ratios of walls connecting different vacua; see ref. [65] for a detailed discussion.

In figure 7, we show an example of the field profiles for the Y -type junction of the ℤ3
model at T = 0 and χ = 0.1. Both linear and angular parametrizations are presented in
this plot. As seen from the lower-left panel of figure 7, the junction size is of order the
domain-wall thickness, and the core of the junction has S = 0, indicating restoration of the
discrete symmetry. Away from the junction region, the centers of the walls exhibit nonzero
but reduced values of |S|, corresponding to partial symmetry restoration. One also notes that
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Figure 7. Example field profiles around a Y -type junction along the z direction, based on the ℤ3
model in (4.11) with T = 0 and χ ≡ 3λ2/

√
8λ1 = 0.1. The purple dashed lines denote the locations

of the domain walls. The upper two panels correspond to the two linear fields, while the lower two
panels correspond to the radial and phase fields.

in the limit χ → 0, the discrete symmetry is enlarged to a continuous U(1) symmetry, and
the junction effectively becomes a string (see ref. [37] for string-seeded phase transition).

For the Y -type junction-seeded bubble configuration calculated using the tanh-profile
method, we show an example in figure 8, displaying both the x-y plane (upper panels) and a
representative slice in the z direction along y =

√
3

2 x (lower panels). The model parameters
are the same as in figure 6. Similar to the wall-seeded bubble configuration, the center of
the bubble has |S| ≈ 0, indicating restoration of the discrete symmetry. Comparing the
two right panels with the right panel of figure 6, one finds that the junction-seeded bubble
occupies a smaller volume than the wall-seeded bubble, highlighting the enhanced importance
of the junction-seeded configuration.

In figure 9, we show the action S3/T as a function of T for a representative model
point and for all three possible nucleation channels: homogeneous, domain-wall-seeded, and
domain-wall-junction-seeded. For the domain-wall-seeded case, we present results obtained
from the MPT algorithm, the tanh-profile approximation, and the thin-wall approximation.
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Figure 8. Top panels: Field profiles for s (left), a (middle), and ϕ (right) in the x-y plane for the
Y -type-junction-seeded critical bubble configuration, obtained using the tanh-profile approximation.
The model parameters are the same as in figure 6. The purple dashed lines denote the locations of the
domain walls. Lower panels: Same as the upper panels, but shown in the plane spanned by z and the
direction y =

√
3

2 x. The purple dot-dashed line denotes the location of the wall junction. The detailed
wall and junction structures outside the bubble region (as shown in figure 7) are not displayed here.
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Figure 9. Left panel: The action S3/T as a function of T for the model with ℤ3 domain walls.
The model parameters are the same as in figure 6. For the wall-seeded actions (denoted as DW), we
include the results from the exact solution based on the mountain-pass theorem (MPT), the thin-wall
approximation, and the tanh-profile approximation. For the domain-wall-junction-seeded actions
(denoted as DWJ), we include results from both the tanh-profile and thin-wall approximations. For this
model point, the contact angle satisfies cos θ = σDW/(2σB) = 0.61 as T → Tc. The horizontal dashed
lines indicate the critical nucleation actions: S

(3)
3,c /T = 144 for homogeneous nucleation, S

(3)
3,c /T = 109

for wall-seeded nucleation, and S
(2)
3,c /T = 74 for junction-seeded nucleation. Right panel: Same as the

left panel, but zoomed in on the region with T close to Tc.
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For the domain-wall-junction-seeded case, due to the numerical complexity of implementing
the MPT algorithm, we show only the tanh-profile and thin-wall results.

For this particular model point, the S3/T curve for homogeneous nucleation does not
intersect the critical value S

(3)
3,c /T , indicating that homogeneous nucleation cannot complete

the phase transition. In contrast, both wall-seeded and junction-seeded nucleation do
complete the transition. Using the tanh-profile results, the nucleation temperatures are
T

(2)
n = 0.957 Tc for wall-seeded nucleation and T

(1)
n = 0.973 Tc for junction-seeded nucleation,

clearly demonstrating that junction-seeded nucleation is more efficient.
We also note that the action obtained using the tanh-profile approximation is larger than

that from the MPT algorithm in the wall-seeded case (T (2)
n = 0.969 Tc using the MPT results).

The exact action for the junction-seeded case is similarly expected to be smaller than the
tanh-profile result. Therefore, the true nucleation temperature for the junction-seeded case
should be close to — but slightly below — the quoted value for T

(1)
n .

In this section, we have used a representative model point to illustrate one of the main
conclusions of our study: heterogeneous nucleation involving domain walls and junctions
can play an important role. For any specific model, however, a detailed calculation is
required to determine whether homogeneous or heterogeneous nucleation dominates the
cosmological phase transition. On the other hand, we emphasize that intuition from ordinary
nucleation theory — through the contact angle and the thin-wall approximation — provides
useful guidance for estimating the relative importance of different nucleation channels, as
demonstrated in figure 4.

6 Discussion and conclusions

The heterogeneous phase transition leads to interesting phenomenological consequences in
cosmology. The gravitational waves generated by such a first-order phase transition differ
substantially from those of a homogeneous transition. Even disregarding the new parameter
space opened by bubbles nucleating on defects — regions that are inaccessible to homogeneous
transitions — the resulting GW spectrum is qualitatively distinct. After the bubbles reach
terminal velocity, sound waves dominate GW production, as discussed in ref. [37] and simulated
in ref. [66]. Although our interpretation of percolation in the dense domain-wall regime
[ξ ≫ ξ0 with ξ0 defined in (3.18)] differs from theirs, the main phenomenological conclusions
remain similar. For dilute defects, sound waves are generated only after percolation along the
defects has completed. Planar bubbles, formed by the merging of defect-seeded bubbles, then
expand and interact with the surrounding plasma. The amplitude of the scaling part of the
GW spectrum scales as (β/H)−1, where β−1 characterizes the transition timescale, and the
peak frequency scales with β. Since β/H ∼ ξ, a larger ξ yields a smaller GW amplitude and a
higher peak frequency. Junction-induced first-order phase transitions can produce yet another
class of GW spectra, because the plasma interacts with cylindrical bubbles that percolate
along the junctions. A full exploration of this phenomenon requires detailed simulations of
the dynamics of domain-wall and junction networks.

Another source of gravitational waves is bubble collisions, which can be non-negligible
depending on the model. This contribution is particularly important for dense domain walls,
since the phase transition completes as soon as bubbles percolate on the sub-dimensional
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impurity network, and the sound-wave contribution is further suppressed because the bubbles
interact predominantly with the defects rather than the plasma. The amplitude from bubble
collisions scales as (β/H)−2, while the peak frequency is again set by β. At the k-dimensional
percolation temperature T

(k)
p with k < 3, one has, β/H|

T
(k)
p

= 2BkT
(k)
p /(Tc −T

(k)
p ). Although

Bk is smaller than its homogeneous counterpart, the fact that T
(k)
p lies closer to Tc than the

homogeneous percolation temperature Tp (if the latter exists) leads to a competition between
these two effects, and the resulting GW amplitude may be larger or smaller than in the
homogeneous case depending on the model. In the dilute-defect regime, there are two distinct
percolation times, each associated with bubble collisions. Percolation on defects at T

(k)
p

gives β/H|
T

(k)
p

, while true 3d percolation at Tp yields β/H|Tp ∼ ξ. Since the redshift factor

satisfies Tp/T
(k)
p ≈ 1 − v−1

sh ξ−1 ≈ 1, the relative locations of the two GW peaks are essentially
determined by the ratio of the corresponding β/H values. Consequently, the combined
spectrum should exhibit two peaks: a higher-frequency peak with smaller amplitude from
percolation at T

(k)
p , and a lower-frequency peak with larger amplitude from percolation at Tp.

The heterogeneous phase transition also has implications for electroweak baryogenesis
when one identifies ϕ as the radial mode of the SM Higgs doublet. Inside the heterogeneous
bubble corresponding to the broken phase (true vacuum), the Higgs field still reaches its VEV
at the relevant temperature; consequently, the sphaleron rate is exponentially suppressed.
The overall picture remains the same as in the homogeneous case: the bubble walls interact
with different fermion modes in distinct ways, just as they do for a spherical bubble. However,
whether the transition is sufficiently strong to prevent washout of the generated baryon
asymmetry depends on the specific model details. We leave a detailed exploration of this
possibility to future work. Similarly, the solitogenesis — the generation of non-topological
soliton for dark matter candidate and baryon-antibaryon asymmetry — can happen in
cosmological FOPT [67]. Recent work ref. [68] shows the domain-wall-induced FOPT more
effectively trigger this process as well.

In conclusion, we have investigated defect-induced first-order phase transitions — hetero-
geneous cosmological phase transitions — in contrast to the traditional homogeneous case. We
provided a physically intuitive description of bubbles nucleated on impurities using spherical
geometries truncated by defects, with contact angles determined by Young’s equation. We
discussed the general bubble shapes and critical actions for domain walls as well as for Y -
and X-type junctions. We then computed the nucleation and percolation temperatures for
heterogeneous cosmological phase transitions, confirming that defect-seeded bubbles nucleate
more efficiently than homogeneous ones. Following this general framework, we used ℤ2- and
ℤ3-symmetric potentials as field-theory examples to study first-order phase transitions seeded
by domain walls and junctions. To better understand the bounce profiles, we employed the
mountain-pass theorem algorithm to obtain numerical solutions, and constructed approxi-
mate descriptions using both the tanh-profile and the thin-wall spherical-cap models. All
methods consistently demonstrate that heterogeneous transitions can proceed faster than
homogeneous ones, opening a new avenue for studying cosmological phase transitions and
their phenomenological consequences.
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A Different breaking patterns in ℤ2 × ℤ2 model

In this appendix, we list more soliton configurations of ℤ2 × ℤ2 model, which could be
studied independently in the future:

(1) The profile of ϕ is always even, and the ϕ field takes its nonzero VEV everywhere.
Depending on the position, there are two cases:

(a) When the S domain wall disappears, this corresponds to the case discussed in
section 4.1 and represents the best-understood breaking pattern.

(b) The S domain wall is not restored. We denote this configuration as (vϕ2, ±vS2).
Since ϕ asymptotically approaches vϕ2, the equation of motion for ϕ forces S2 to
become constant as well, and the VEVs can then be computed fromη v2

ϕ2 + κ v2
S2 = µ2

ϕ − cϕ T 2

κ v2
ϕ2 + λ v2

S2 = µ2
S − cS T 2

⇒

v2
ϕ2 = κ µ2

S−λ µ2
ϕ−(κ cS−λ cϕ)T 2

κ2−λ η

v2
S2 = κ µ2

ϕ−η µ2
S−(κ cϕ−η cS)T 2

κ2−λ η

. (A.1)

These values correspond to a local maximum of the potential. Ref. [69] studies
electroweak baryogenesis from domain walls with this type of configuration.

(2) The profile of ϕ is always even, and a nontrivial VEV of ϕ develops inside the S

domain wall, while asymptotically it approaches zero. We denote this configuration as
(vϕ3, ±vS3), where vϕ3 is the value of ϕ at the center of the wall. The requirement that
ϕ vanishes at spatial infinity similar to case (a) leads to

−µ2
ϕ + cϕT 2 + κ

µ2
S − cST 2

λ
> 0 . (A.2)

(3) ϕ develops a domain wall, and S may or may not have a nontrivial profile. If S also
develops a domain wall, then both ℤ2 symmetries are ultimately broken. This can
occur, for example, when κ = 0, which decouples the two fields so that each can form
its own domain wall independently. We denote this situation as case (3a). If instead S

has even parity, then the preserved ℤ2 symmetry is initially associated with ϕ but is
later carried by S, and we denote this as case (3b).

We will determine which configurations can serve as the initial or final vacua of a phase
transition using the Hessian-operator analysis reviewed in appendix B. It turns out that only
cases (1a), (2), and (3b) admit stable domain-wall solutions.
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B The stability of the soliton solutions

For both the vacuum solutions and the instanton solution, one must solve the classical
equations of motion obtained from the first-order variation of the Euclidean action,

I(ϕ, S) =
∫

dDx

[1
2∂µϕ∂µϕ + 1

2∂µS∂µS + V (ϕ, S)
]

, (B.1)

which implies

∇2φ = ∂

∂φ
V (ϕ, S), (B.2)

where φ = ϕ, S, with the boundary condition that the fields approach either the false or
the true vacuum at spatial infinity. Since we focus on thermal tunneling in this paper, the
indices µ = 1, 2, 3 carry a positive metric so that the Euclidean action coincides with the
Hamiltonian. To determine whether a solution of the equations of motion is stable under
perturbations in field space, one needs the Hessian operator of the action. Taking eq. (B.1)
as an example, where the potential depends explicitly only on the fields and not on their
derivatives, we vary the classical solution (ϕ0, S0) to (ϕ0 + δϕ, , S0 + δS) and obtain

δI(ϕ, S) ⊃
∫

dDx
1
2

[(
δϕ δS

)
Ô(ϕ0, S0)

(
δϕ

δS

)]
, (B.3)

where the Hessian operator for this action

Ô(ϕ0, S0) =
(

−∂µ∂µ + ∂2V
∂ϕ2

∂2V
∂ϕ ∂S

∂2V
∂ϕ ∂S −∂µ∂µ + ∂2V

∂S2

) ∣∣∣∣∣
ϕ=ϕ0, S=S0

. (B.4)

If Ô is semi-positive definite, the solution (ϕ0, S0) is a local minimum and corresponds to a vac-
uum, either true or false. If negative eigenvalues exist, the solution is unstable and represents
a saddle point [11, 12]. This Hessian formalism can be readily generalized to configurations
with more fields or to more complicated Lagrangians that include derivative couplings.

In the model discussed in refs. [35, 36], as in section 4.1, the prerequisite for a two-step
phase transition is that the domain wall of S remains stable when the Higgs field is included
in the theory. Intuitively, one might expect that, along the entire domain-wall profile, the
Higgs field must always have a positive quadratic coefficient so that no tachyonic mode
appears. However, this requirement is overly strong, as we demonstrate below. The necessary
and sufficient condition for the S domain wall to represent a vacuum configuration is that
the action be a local minimum in Hilbert space.

Note that in the high-temperature limit, the finite-temperature corrections modify only the
quadratic coefficients, so we use the temperature-independent potential in eq. (4.1) to examine
the possible vacuum configurations listed in appendix A. Later, the temperature-dependent
effects can be incorporated straightforwardly by using the effective quadratic coefficient. In
case (1a), we have S0 = SDW(z) and ϕ0 = 0. The corresponding eigenvalue problem is given by

d2

dz2 fn +
[
−µ2

ϕ + κ v2
S tanh2

(
λ1/2 vS z√

2

)]
fn = ef,nfn , (B.5)

d2

dz2 gm +
[
−µ2

S + 3η v2
S tanh2

(
λ1/2 vS z√

2

)]
gm = eg,mgm . (B.6)
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They can be solved analytically by Pösch-Teller potential. For eq. (B.5), one has,

e0,f + µ2
ϕ − κv2

S

λv2
S

= − ι2

2 , (B.7)

for the smallest eigenvalue e0,f with κ
λ = ι(ι+1)

2 . By requiring e0,f > 0, we have

1
4

√
1 + 8κ

λ
− 1

4 −
µ2

ϕ

µ2
S

> 0 i.e. κ > λ

(
µ2

ϕ

µ2
S

+ 2
µ4

ϕ

µ4
S

)
. (B.8)

One can also verify that the smallest eigenvalue of eq. (B.6) is always zero, which demonstrates
the stability of the domain wall itself in the absence of additional fields. This zero eigenvalue
corresponds to the breaking of translational invariance along the z direction due to the
presence of the wall. This establishes the necessary and sufficient condition for the S domain
wall to represent a vacuum configuration.

Building on the Hessian-operator analysis, we can identify the parameter region that
allows other possible soliton solutions and examine their stability. Note that eq. (B.8) is
a stronger requirement than demanding the Higgs VEV to vanish at infinity or imposing
κ > λ µ2

h/µ2
S . In the parameter space lying between these two conditions, one can in principle

obtain a nontrivial Higgs profile, corresponding to case (1b).
It is instructive to apply the Hessian-operator analysis to the other configurations listed

in appendix A. As an example, we take the parameters of ϕ to match those of the electroweak
Higgs field, namely η = 0.13 and µϕ = mh/

√
2, and we fix µS = µϕ. The resulting profiles

are shown in figure 10, corresponding to cases (1b), (2), (3a), and (3b), arranged from
top to bottom and left to right. After solving the equations of motion, we evaluate the
Hessian operator Ô on each solution. Since both ϕ and S develop nontrivial profiles, the
Hessian operator is not diagonal, and a numerical evaluation is required. We find that
only cases (2) and (3b) possess positive-definite Hessians, whereas cases (1b) and (3a) each
exhibit at least one negative eigenvalue for the profiles displayed in figure 10. In addition,
all four configurations contain a zero mode associated with the breaking of translational
invariance, as in the single-domain-wall case. A similar classification has been carried out
for the two-Higgs-doublet model in ref. [70].

There is one additional condition that can allow an S-field domain-wall solution together
with a nontrivial Higgs profile. At z = 0, the domain wall satisfies S(z = 0) = 0. The
Higgs profile must obey ϕ′(z = 0) = 0, so it is natural for the Higgs to take the value
ϕ(z = 0) = vϕ =

√
µ2

ϕ/η. This Higgs VEV feeds back into the effective mass of the S field
at z = 0, giving −µ2

S + κ v2
ϕ = −µ2

S + κ µ2
ϕ/η. To keep this quantity negative, one requires

κ < η
µ2

S

µ2
ϕ

, although this condition is sufficient but not necessary. On the other hand, the

opposite inequality, κ > η
µ2

S

µ2
ϕ

is required for case (1b) and (3).
One can generalize this method to other topological defects in order to determine whether

a given “vacuum” configuration is truly a vacuum. It is important to emphasize that in
any model, one should first verify the positive definiteness of the Hessian to ensure that the
configuration represents a well-defined vacuum corresponding to a local minimum. If the
Hessian is block-diagonal, one block will correspond to the intrinsic stability of the defect
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Figure 10. Additional soliton configurations under the ℤ2 × ℤ2 potential of eq. (4.1), with η = 0.13,
µϕ = mh/

√
2, and µS = µϕ. The examples correspond to cases (1b), (2), (3a), and (3b), arranged

from top to bottom and left to right respectively.

itself, as in eq. (B.6), while the remaining blocks must be checked explicitly for positive
eigenvalues. This strategy has been applied, for example, in ref. [37] in the context of
string-seeded phase transitions.

One can apply the same reasoning in the presence of finite temperature. In case (1a),
it is only necessary to ensure that the domain-wall solution remains stable at the critical

temperature Tc =
√

µ2
ϕ

−
√

η/λ µ2
S

cϕ−
√

η/λ cS

, for the potential including the high-temperature corrections

in eq. (4.3). This value of Tc is a distinctive feature of case (1), and such a temperature does
not necessarily exist in other cases. The stability condition of eq. (B.8) then becomes

(√
η

λ
+ 1

4 − 1
4

√
1 + 8κ

λ

)(µ2
ϕ

cϕ
− µ2

S

cS

)(
cϕ − cS

√
η

λ

)
> 0 . (B.9)

However, one should examine this condition more carefully. Physically, we require the
following (i) T = 0 the Higgs vacuum with nonzero VEV must be the global minimum,
which implies −µ4

ϕ/η < −µ4
S/λ; (ii) The critical temperature Tc must exist; (iii) T = Tc,

v2
S(T ) = (µ2

S − cST 2)/λ > 0, otherwise no domain-wall solution is present. From the first two
requirements, one obtains cϕ − cS

√
η/λ > 0, and combining all three gives µ2

ϕ/cϕ −µ2
S/cS < 0.

The signs of the latter two parentheses in eq. (B.9) in the stability condition are therefore
fixed by physical considerations, leaving only the first parenthesis as nontrivial. One can
verify that this parenthesis is always negative when µ2

ϕ/cϕ − µ2
S/cS < 0 in case (1a), implying
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that the S domain-wall solution remains stable in the presence of the Higgs field as long
as the domain wall itself exists.

It is also interesting to compare eq. (B.9) with the condition derived in [35] from the
Kaluza-Klein (KK) decomposition into a three-dimensional effective theory on the domain
wall. Their main result is that, by decomposing the fields S and ϕ into three-dimensional
modes Sk and ϕk, they compute the tunneling effect by treating the lightest modes S0 and
ϕ0 as dynamical fields while integrating out the higher KK modes. Good consistency in the
bounce action obtained with this method has been observed at low temperature compared
with the result from the MPT algorithm [36].

They also use the sign of the ϕ0 mass ω0 to determine whether the phase transition
proceeds via classical rolling or tunneling, which yields exactly the same condition as eq. (B.9).
This implies that the validity of the domain-wall-induced phase transition can be confirmed
in these two equivalent ways. The equivalence can be understood from the fact that the
KK decomposition provides a basis in which the eigenvalues identify the tachyonic modes.
At the boundary of stability, one expects the mass of the lightest mode to change sign, so
these two methods lead to the same condition.

Note that (iii) is as weak as we can set. When T > Tc, v2
S will more tend to be negative,

and at least we hope T = Tc the domain wall can be formed instantly. On the other hand,
1
4
√

1 + 8κ/λ − 1
4 − (µ2

ϕ − cϕT 2)/(µ2
S − cST 2) < 0 gives the largest temperature for the domain

wall is unstable in Hilbert space with respect to additional field,

T 2
a =

µ2
ϕ − µ2

S

(
1
4

√
1 + 8κ

λ − 1
4

)
cϕ − cS

(
1
4

√
1 + 8κ

λ − 1
4

) . (B.10)

For cases (2) and (3b), if we want a nontrivial phase transition to occur, we require that Ta be
larger than Tc so that the system can begin in the configurations (vϕ2, ±vϕ2) or (vϕ3, ±vϕ3).
The condition Ta > Tc is equivalent to√

η

λ
+ 1

4 − 1
4

√
1 + 8κ

λ
> 0 , i.e. κ

λ
< 2η

λ
+
√

η

λ
, (B.11)

which is the same condition as requiring the domain wall to become unstable immediately
above Tc.

C Constraint on σDW/σB for the scalar field model

From the setup of the domain wall and the homogeneous bubble, one can show that σDW < 2σB
generally holds under the thin-wall approximation. As discussed in appendix B of ref. [36],
the bubble-wall tension is

σB =
∫ R+δR

R−δR
dr

(
1
2
∑

i

[dφi

dr

]2
+ [V (ϕi) − V (φ∗

i )]
)

, (C.1)

where φi denote all the fields in the potential and φ∗
i is the release point on the true-vacuum

side satisfying V (φ∗
i ) = V (φF

i ). In thin wall limit, V (φT
i ) ≈ V (φF

i ), so the release point is
close to the true vacuum and the derivative terms in eq. (C.1) is 0. Using the equations of
motion, one can derive eq. (4.7). In the following proof, we will use the fact φT

i = φ∗
i .
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We take φ1 to be the field a and consider the bubble transiting from φ1(R − δR) = aT

to φ1(R + δR) = aF1 , where we denote false vacuum ⟨S⟩F1 = vS(T ) e2πi/3 and ⟨S⟩F2 =
vS(T ) e4πi/3. The bubble surface tension can then be written as

σB =
∫ φ

F1
1

φT
1 =0

dφ1

√√√√ n∑
i=1

( dφi

dφ1

)2√
2
[
V (φi) − V (φT

i )
]
. (C.2)

In order to compare 2σB with σDW, we add another path connecting T and F2. Therefore,

2 σB =
∫ φ

F1
1

0
dφ1

√√√√ n∑
i=1

(
dφF1

i

dφF1
1

)2√
2[V (φF1

i ) − V (ϕT
i )]

+
∫ φ

F2
1

0
(−dφ1)

√√√√ n∑
i=1

(
dφF2

i

dφF2
1

)2√
2[V (φF2

i ) − V (φT
i )] , (C.3)

where the minus sign in second line accounts for φ1 = a < 0 along the path. If we define the

path connecting F1 and F2 by φB
i =

φF2
i φ1 ∈ [φF2

1 , 0]
φF1

i φ1 ∈ [0, φF1
1 ]

, which corresponds to following

the two sides of the triangle between F1 and F2 rather than the straight line connecting
them. The tension is

2σB =
∫ φ

F1
1

φ
F2
1

dφ1

√√√√ n∑
i=1

(
dφB

i

dφB
1

)2√
2[V (φB

i ) − V (φT
i )] . (C.4)

Note that the domain-wall tension σDW can be written in exactly the same form as the right
side of eq. (C.4), except that the fields follow the domain-wall trajectory φDW

i . As long as the
domain wall is stable, as shown in appendix A,the path φDW

i corresponds to a local minimum
of the one-dimensional action and therefore minimizes the tension. Consequently, one obtains
σDW < 2σB. However, this does not rule out complete wetting, because the ratio σDW/2σB
appears only within the thin-wall approximation, and in some theories — such as the SU(3)c

Polyakov-loop potential — the T − F and F − F wall thicknesses can be comparable to the
size of the true vacuum, as shown in refs. [25, 26, 28].
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