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A B S T R A C T

This paper is concerned with a contact problem which is geometrically two dimensional, but of finite extent in
a third dimension. Two different contact models (common edge contact and incomplete contact) are analyzed,
using a finite element model to investigate the 3D end effects. The object is to take the 2D plane strain
solution in each model as a reference, and to show how it must be modified to allow for the 3D finite extent
contact problem with free end faces. It is shown that, for a sufficiently long prismatic contact, the in-plane
stress distribution at the mid-plane matches the solution to the 2D plane strain problem. Additionally, the end
effect is evaluated using the finite element results to show how it decays with distance from the free end. The
decay is exponential and governed by a dominant length-scale of the problem. For a common edge contact,
this length-scale is the contact width. However, for a Hertzian contact, the contact width varies in the third
dimension and the governing length scale is the radius of curvature, typically much larger than the contact
width.
1. Introduction

Prismatic elastic contacts of finite length are frequently found in
engineered components, including splined shafts, gears and turbine
blade roots. In order to gain a general understanding of such contacts, a
two-dimensional (2D) analysis may be used. However, all such contacts
in practice have ends, and the end effects may significantly influence
contact pressure. There is thus a requirement to understand how the
solution of prismatic contact problems differs from the solution to a
corresponding 2D problem. This difference defines an end-correction
that decays away towards the mid-plane of the contact. An interesting
feature of the problem, as will be shown in this paper, is that the end-
correction can propagate far into the contact. This is especially relevant
to the Hertzian contact between cylinders, where, as will be shown, the
relevant length scale for propagation of the end-correction is the radius
of curvature at the contact.

One way to observe the end effect in prismatic contacts is by
conducting fretting tests, where it is found that the contact or wear scar
varies in the through-thickness direction, despite prismatic component
geometry (Blades et al., 2023). Fretting tests commonly employ pads
pressed into a traditional dog-bone-shaped tensile test specimen, as
shown in Fig. 1 (see also Truelove et al., 2023; De Pannemaecker
et al., 2018). These tests aim to reveal the fretting fatigue strength of
the material. The pads have prismatic geometry with a cross-section
that may be either flat-and-rounded in form or circular. A significant
amount of effort has been invested in analyzing the behavior of these
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contacts in partial slip. The analysis has commonly been conducted
under plane conditions, i.e. where there are no permitted gradients
of stress or strain components in the out-of-plane direction. The tests
themselves are intended to match these conditions: care is taken to
use pads of prismatic geometry, and to match the through-thickness
length of the pads to the width of the dog-bone specimen. However, it
is inevitable that there are deviations from prismatic contact conditions
due to imperfection and the nature of incomplete contact. The singular
solution due to slight mismatch of through-thickness length typically
has little effect in practical experimental conditions. By contrast, the
end effect due to the free surfaces can intrude far into the contact,
making it essential to account for this effect. The objective of the
current work is to analyze the end effect due to the free surfaces at
the ends of prismatic contacts.

The structure of the paper is as follows: first, general properties of
prismatic contacts are considered and it is shown that the elastic fields
can be decomposed into those due to bodies constrained in plane strain
and an additional set of corrective fields due to the end effect. Then,
particular geometries are explored. The target problem is a Hertzian
contact in which a cylinder is pressed against a flat surface. However,
this problem is complicated by the non-prismatic contact profile that
forms when the cylinders are pressed together. For this reason, a
common edge contact problem in which symmetric anvils are pressed
together is first explored. This has the advantage that the problem
https://doi.org/10.1016/j.euromechsol.2025.105609
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Fig. 1. (a) Experimental apparatus for fretting tests. (b) Idealization of the key part of the test.
geometry defines the contact width; combined with symmetry, a result
is that the elastic pair can be treated as a monolithic body, which
is computationally efficient to model while revealing key features of
the problem. The analysis uses the finite element method for a 3D
evaluation of stress fields and compares the results with a 2D plane
strain solution. The decay-rate of the end-effects is evaluated for both
Hertzian and common-edge contacts, and it is shown that this follows
an oscillatory exponential decay, typical of the Saint-Venant decay for
end effects. A detailed comparison between the Hertzian contact and
the common-edge contact is given.

2. Theoretical background

2.1. Prismatic body with uniform loading

We begin by examining a monolithic and homogeneous prismatic
body of arbitrary cross section, with length 2𝐿 much greater than
the leading dimension of the cross-section. The body is elastic and is
subjected to a uniform distributed normal force 𝑃 and shear force 𝑄 per
unit length. This body is additionally constrained by fixed frictionless
planes at 𝑧 = 0 and 𝑧 = 𝐿, such that the through-thickness displacement
𝑢𝑧 is zero everywhere, as depicted in Fig. 2(a). The condition 𝑢𝑧 =
0 effectively ensures that each cross-sectional plane along its length
satisfies the plane strain condition, i.e. 𝜖𝑧𝑧 = 0 everywhere, thereby
maintaining an identical in-plane stress state in all of these cross-
sections. In addition to the applied loads 𝑃 and 𝑄, the geometry shown
in Fig. 2(a) sustains a non-uniform stress distribution perpendicular to
the 𝑥-𝑦 plane, 𝜎PS

𝑧𝑧 (𝑥, 𝑦), where the superscript PS stands for plane strain.
This ensures that the through-thickness strain components 𝜖𝑧𝑧 vanish.
The distribution of 𝜎PS𝑧𝑧 (𝑥, 𝑦) is characterized by:

𝜎PS
𝑧𝑧 (𝑥, 𝑦) = 𝜈(𝜎PS

𝑥𝑥 (𝑥, 𝑦) + 𝜎PS
𝑦𝑦 (𝑥, 𝑦)) (1)

where 𝜈 is Poisson’s ratio. By considering the applied loads 𝑃 and
𝑄 and the stress 𝜎PS

𝑧𝑧 (𝑥, 𝑦) separately, the plane strain case can be
decomposed into two parts. The first part is the target problem, defined
by a prismatic body loaded by 𝑃 and 𝑄, of finite extent, with both
ends being free, as shown in Fig. 2(b). The second part is a correc-
tive solution defined by the same body, loaded with the plane strain
through-thickness stress, as illustrated in Fig. 2(c). Note that the target
problem is a classic prismatic bar problem, and the analytical solution
is discussed in Barber (2006) using Papkovich–Neuber solution. This
solution will not be applied in this paper due to its mathematical
complexity. Instead, the superposition principle is applied to illustrate
the stress state behavior.

We refer to the problem shown in Fig. 2(b) as the ‘finite length
problem’, which is found in many practical situations. In the corrective
solution, 𝜎 varies with position (𝑥, 𝑦, 𝑧), but the variation in the 𝑥-𝑦
𝑧𝑧

2 
plane decays with distance 𝑧 along the length, according to Saint-
Venant’s principle (Love, 2013). Since 𝜎𝑧𝑧 has a non-zero average over
the 𝑥-𝑦 plane, and may have a non-zero net moment if the plane
geometric shape is not symmetrical about 𝑧−plane, this stress field
decays towards the average stress plus the stress generated by the net
moment as the center (𝑧 = 𝐿) is approached, if 𝐿 is sufficiently large.
Generally, the corrective solution decays away over a transition region
the size of which will be evaluated later in the paper.

Let 𝜎a𝑧𝑧 be the average of stress 𝜎PS
𝑧𝑧 (𝑥, 𝑦) over the 𝑥-𝑦 plane, given

by:

𝜎a𝑧𝑧 =
1
𝐴0 ∫𝐴0

𝜎PS
𝑧𝑧 (𝑥, 𝑦) d𝐴 (2)

where 𝐴0 is the cross-sectional area of the prismatic body. Let 𝑀 be the
net moment, 𝐼 be the second moment of area and 𝑦n be the 𝑦-coordinate
of the neutral axis, the stress generated by the net moment, 𝜎M(𝑦), on
the mid-plane is given by:

𝜎M𝑧𝑧(𝑦) =
𝑀(𝑦 − 𝑦n)

𝐼
(3)

Also define 𝜎b𝑧𝑧(𝑥, 𝑦) as the self-balancing complementary stress field
given by

𝜎PS
𝑧𝑧 (𝑥, 𝑦) = 𝜎b𝑧𝑧(𝑥, 𝑦) + 𝜎a𝑧𝑧 + 𝜎M𝑧𝑧(𝑦). (4)

Then, according to Saint-Venant’s principle, 𝜎𝑧𝑧(𝑥, 𝑦, 𝑧) in the corrective
solution, makes a transition from 𝜎b𝑧𝑧(𝑥, 𝑦) +𝜎a𝑧𝑧+𝜎M𝑧𝑧(𝑦) at the ends of the
prismatic body, to 𝜎a𝑧𝑧+𝜎M𝑧𝑧(𝑦) at 𝑧 = 𝐿. The propagation of 𝜎𝑧𝑧(𝑥, 𝑦, 𝑧) +
𝜎a𝑧𝑧 + 𝜎M𝑧𝑧(𝑦) is illustrated in Fig. 3, which shows a non-uniformly
distributed stress gradually changes to a uniformly distributed stress
at the mid-plane plus the stress generated by the net moment, if 𝐿
is sufficiently large. The decay of the zero-resultant stress 𝜎b𝑧𝑧 is the
free end-effect investigated in this paper. The region of this decay is
typically short compared to the length 2𝐿. Hence there is a transient
region, wherein the stress state is dependent on the 𝑧 co-ordinate,
followed by a steady-state region, where no end-effect is present and
the stress state is practically constant along the 𝑧-axis.

The mid-plane is of particular interest, because it is guaranteed
to remain plane in the loaded state, due to symmetry. Also, it rep-
resents the steady-state behavior beyond the transient region. Noting
the superposition shown in Fig. 2, the mid-plane stress field is given
by subtracting 𝜎a𝑧𝑧 from the plane strain solution. Therefore, the stress
field at the mid-plane 𝜎m𝑖𝑗 (also the entire steady state region)can be
expressed as:

𝜎m𝑖𝑗 = 𝜎PS𝑖𝑗 f or 𝑖, 𝑗 ∈ {𝑥, 𝑦}, (5)

𝜎m𝑧𝑧 = 𝜎PS𝑧𝑧 − 𝜎a𝑧𝑧 − 𝜎M𝑧𝑧(𝑦) = 𝜎b𝑧𝑧, (6)

𝜎m𝑥𝑧 = 𝜎m𝑦𝑧 = 0. (7)

Note that the in-plane stress fields 𝜎m𝑥𝑥, 𝜎m𝑦𝑦 and 𝜎m𝑥𝑦 are the same as those
calculated in the plane strain condition.
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Fig. 2. An arbitrary prismatic body of finite length (a) loaded by applied loads P and Q in plane strain; (b) loaded by applied loads P and Q with free ends (our target); (c)
loaded by the through-thickness stress 𝜎PS

𝑧𝑧 (𝑥, 𝑦) (corrective solution).
Fig. 3. Illustration of the propagation of 𝜎𝑧𝑧(𝑥, 𝑦, 𝑧) in the corrective solution, from the non-uniform distribution 𝜎PS
𝑧𝑧 (𝑥, 𝑦) at the free-end to a uniform distribution at the mid-plane

𝜎a
𝑧𝑧.
2.2. Prismatic contact problem

Next, consider a contact made by two prismatic bodies of the same
length, 2𝐿, where 2𝐿 is much larger than the leading dimension of the
cross section of the prismatic body, under uniform load. The conclusion
that the in-plane components of 𝜎m equal those of 𝜎PS may not hold in
this problem. This is because, firstly, the contact pressure may vary
with the 𝑧 co-ordinate in a contact problem: thus the requirement
that the loading is independent of 𝑧 may not be satisfied. Secondly,
the contact pressure, especially in incomplete contact, is not linearly
related to the applied load; thus, strictly, the principle of superposition
is invalid and Eqs. (5)–(7) are not applicable.

Nevertheless, if we impose the corrective stress field, −𝜎PS
𝑧𝑧 (𝑥, 𝑦), at

both ends of a prismatic contact under plane strain condition, then
a finite length contact problem is constructed because of the match
of the free-end boundary conditions, as depicted in Fig. 4, using a
Hertzian contact as an example. In this case, the stress field at the
mid-plane of the finite length contact problem can be evaluated by
using two cases: The first case is the prismatic contact under plane
strain: here the stress distribution across any plane along the length
will be the same as that in the plane strain analytical solution, since
the through-thickness displacement, 𝑢𝑧(𝑥, 𝑦), is zero in every plane. The
second case is the corrective stress added at the both ends, which will
be governed by Saint-Venant’s principle. This means that there is still a
3 
decaying end-effect and the stress state at the mid-plane is equivalent to
a uniform stress distribution −𝜎a𝑧𝑧 plus the stress −𝜎M𝑧𝑧(𝑦) induced by net
the moment imposed on a plane strain contact. The stress distribution
on the mid-plane can also be considered representative of the behavior
across all planes within the steady-state region.

Therefore, the contact pressure at the mid-plane can be calculated
analytically by making use of the plane strain Flamant solution, with
an additional out-of-plane stress −𝜎a𝑧𝑧−𝜎M𝑧𝑧(𝑦). Linear superposition can
then be used to construct the solution for a general contact pressure
distribution. Considering first this problem, the in-plane stress field
in Cartesian coordinates is identical to the Flamant solution and the
through-thickness stress component is expressed as:

𝜎𝑧𝑧(𝑥, 𝑦) = 𝜈(𝜎𝑥𝑥(𝑥, 𝑦) + 𝜎𝑦𝑦(𝑥, 𝑦)) − 𝜎𝑎𝑧𝑧 − 𝜎M𝑧𝑧(𝑦). (8)

The corresponding strains can be computed using Hooke’s law. Then,
using Flamant’s solution with a distributed normal load 𝑝(𝜉)d𝜉 and a
distributed shear load 𝑞(𝜉)d𝜉 (here 𝜉 is the 𝑥-coordinate for the load)
the relative displacement gradients at the mid-plane can be deduced.

If we introduce contacting bodies 1 and 2, with material properties
𝐸1, 𝜈1 and 𝐸2, 𝜈2, the relative surface vertical displacement ℎ(𝑥) and
the relative surface horizontal displacement 𝑔(𝑥) can then be expressed
as:
1 𝜕 ℎ = − 1 𝑝(𝜉)𝑑 𝜉

− 𝛽 𝑞(𝑥) (9)

𝛼 𝜕 𝑥 𝜋 ∫ 𝑥 − 𝜉
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Fig. 4. Illustration of the finite length contact problem, constructed by imposing the corrective stress field, −𝜎PS
𝑧𝑧 (𝑥, 𝑦) (indicated in red) onto a prismatic contact under plane strain.

(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
1
𝛼
𝜕 𝑔
𝜕 𝑥 = − 1

𝜋 ∫
𝑞(𝜉)𝑑 𝜉
𝑥 − 𝜉

+ 𝛽 𝑝(𝑥) + 𝛾(𝜎𝑎𝑧𝑧 + 𝜎M𝑧𝑧(𝑦)) (10)

where

𝛼 = 2
[

(1 − 𝜈21 )
𝐸1

+
(1 − 𝜈22 )

𝐸2

]

refers as the composite compliance and

𝛽 =

(1+𝜈1)(1−2𝜈1)
𝐸1

− (1+𝜈2)(1−2𝜈2)
𝐸2

(1−𝜈21 )
𝐸1

+
(1−𝜈22 )
𝐸2

refers as the Dundurs’ second constant and

𝛾 =
𝜈1
𝐸1

−
𝜈2
𝐸3

.

Eqs. (9) and (10) show the displacement gradient at the contact inter-
face for the mid-plane of the finite length contact problem, and the
only difference compared with those in a plane strain contact solution
is the additional 𝛾(𝜎𝑎𝑧𝑧 + 𝜎M𝑧𝑧(𝑦)) in the horizontal displacement gradient
(see Hills et al., 2013; Johnson, 1987 for plane strain displacement
gradients). There are special cases in which Eqs. (9) and (10) are
uncoupled, i.e., 𝛽 = 0 or 𝑞(𝑥) = 0. Another special case arises when
the two contacting bodies have the same 𝜈

𝐸 ratio, i.e., 𝛾 = 0. In these
cases we can expect that at the mid-plane, the contact pressure 𝑝(𝑥) will
be the same as that in the plane strain solution, provided the contact
is long enough.

The theoretical analysis provides insight into the problem, but some
aspects remain unknown, such as how far the free end effect penetrates
along the length direction and what the decay pattern of this free end
effect is. Two finite element experiments related to the contact problem
are next conducted to further explore these aspects and to validate
the theoretical findings. To reduce computational effort, the chosen
plane geometric shape will be symmetrical about the 𝑧-plane for finite
element experiments; therefore, we do not consider any net moment
involvement.

3. Finite length, common-edge contact

The eventual objective is to solve the problem of a Hertzian contact
between uniformly loaded, elastically similar cylinders of finite length.
The degree of lateral constraint in this problem varies: at the mid-
plane the through-thickness displacement is zero, whereas at the free
ends, the tractions 𝜎𝑧𝑧, 𝜎𝑧𝑥 and 𝜎𝑧𝑦 must vanish over all values of (𝑥, 𝑦).
The contact patch is not rectangular, complicating the problem signif-
icantly. Therefore, as a preliminary exercise, we propose to examine a
4 
problem where this feature is absent, namely a common-edge contact
between symmetric anvils.

A suitable common-edge contact problem is shown in Fig. 5(a),
which depicts two identical, filleted, flat-ended, frictionless anvils, each
having a length of 2𝐿. The anvils are pressed together by a uniformly
distributed line force of magnitude 𝑃0 per unit length. For convenience,
the height and width of the cross-section are chosen to be the same,
denoted as 2𝑤. The value of 𝑤 is required to be greater than twice the
radius of the fillet, denoted as 𝑟, in order to ensure a moderate pressure
gradient along the 𝑥 direction in the contact. Thus the contact half-with
is equal to 𝑎 = 𝑤−𝑟 > 𝑟. This is also convenient for finite element mesh
construction. Additionally, we require 𝐿 ≫ 𝑤, so that the end effect
will fully decay within the length of the anvils.

The choice of this common edge contact was made in preference to
alternatives such as a convex (incomplete or non-conformal) contact of
any profile or a complete (conformal) contact of finite width pressed
onto a wider block. This is because any prismatic incomplete contact
would display the non-constant contact width phenomenon we wish
to isolate. Therefore the contact problem would not be prismatic in
the deformed state. Meanwhile, a complete contact between blocks of
different widths would show a singular edge contact pressure, and this,
too, obscures some of the key features of the problem. The chosen con-
tact is defined by both bodies simultaneously, depicted in Fig. 5(c), and
has finite contact pressure everywhere; pressure gradients are modest,
and the effects of differing degrees of axial constraint are isolated from
other features. Because the bodies are identical it follows that no out-
of-plane shear tractions 𝜎𝑧𝑥, or 𝜎𝑧𝑦, will arise at any point. Indeed,
because the interfacial traction is everywhere compressive it follows
that a monolithic finite element model of the pair may be studied,
avoiding the need for explicit representation of a contact. The combined
geometry is familiar, comprising symmetric semicircular notches in a
rectangular section; stress concentration factors are typically less than
2.75 and are available in standard tables (Roark, 1975).

The commercial finite element (FE) package Abaqus FEA was used
to analyze the end effect and also validate the results of the theoretical
analysis. Using symmetry, only one-eighth of the full geometry was
represented in the numerical model. The geometry and loading of the
FE model are depicted in Fig. 5(b). Three different sets of numerical
experiments with constant width 𝑤 = 10mm but varying length
𝐿 ≥ 10𝑤 and varying characteristic radius 𝑟 have been examined, see
Table 1. The model codes shown in Table 1 are used subsequently to
refer to each model.

A finite element model was constructed using 8-node hexahedral
elements (C3D8 in Abaqus) with a structured mesh refined near the
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Fig. 5. (a) Finite length, common edge contact, (b) finite element model of finite length, common edge contact, (c) contact half-width distribution for the finite length, common
edge contact.
Table 1
FE models with different parameters for finite length, common edge contact: 𝑃0 is the
load per unit length, 𝐿 is the half-length, 𝑟 is the fillet radius and 𝑎 is the contact
half-width.

Common edge models; 𝑤 = 10 mm

Model code 𝑃0 [MPa mm] 𝐿 [mm] 𝑟 [mm] 𝑎 [mm]

P2000L100r2.5a7.5 2000 100 2.5 7.5
P2000L200r2.5a7.5 2000 200 2.5 7.5
P2000L100r5a5 2000 100 5 5

contact region to accurately capture the stress distribution. The ma-
terial was assumed to be an isotropic elastic solid, with a Young’s
modulus of 𝐸 = 210GPa and a Poisson’s ratio of 𝜈 = 0.3. Symmetry
boundary conditions and frictionless contact were applied, and the
model was solved using a static implicit approach to ensure stability.
To verify the reliability of the results, a mesh sensitivity study was
performed with varying mesh resolutions. This showed that the fine
mesh (element size 0.02𝑎) produced stress distributions that differed by
less than 1% from coarser meshes, indicating that it was sufficiently
refined. A convergence check was also carried out using the algorithm
described in Sinclair et al. (2016), further confirming the robustness of
the model.

3.1. Results and analysis of the finite length, common-edge contact

As mentioned before, each whole model behaves as a monolithic
body with prescribed boundary conditions, independent of 𝑧. Therefore,
through the analysis in Section 2.2, we expect that the stress field in
plane strain, and in the mid-plane of the finite length problem will
be the same for this geometry. Additionally, we aim to observe how
the free end effect propagates by taking a 2D plane strain solution
as a reference, and comparing it with the state of stress of the plane
cross-section at each 𝑧 co-ordinate.

The analysis of the FE results starts by extracting the contact pres-
sure at the mid-plane and end-plane from the finite element experi-
ments mentioned in Table 1. These contact pressures are then compared
with the corresponding plane strain solution. In all three models of
Table 1, it can be observed that the finite, common edge contact ex-
hibits lower pressure at the free end than the reference plane strain so-
lution, but at the mid-plane, the pressure profilescoincide, as expected.
5 
Fig. 6. Contact pressure comparison between the plane strain solution, the mid-
plane and the free end-plane of a finite length, common edge contact: model
P2000L100r2.5a7.5.

An example of this comparison, from model P2000L100r2.5a7.5, is
shown in Fig. 6. Here, the mid-point contact pressure (minimum pres-
sure) in the plane strain common edge contact is denoted by 𝑝m0
and this value is subsequently used to normalize 𝑝(𝑥) in all numerical
experiments.

The analysis of FE results proceeds by extracting the direct stress
component normal to the mid-plane, 𝜎M𝑧𝑧(𝑥, 𝑦), and comparing with
𝜎PS
𝑧𝑧 (𝑥, 𝑦), the plane strain solution. The latter is directly extracted from

a plane strain finite element model. The comparison reveals that the
difference between these two out-of-plane stresses is uniform in the 𝑥-𝑦
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Fig. 7. The variation of 𝑃 (𝑧)∕𝑃0 with 𝑧 from different models: (a) finite length, common edge contact; results show similarity when 𝑧 is normalized by the contact half-width
𝑎; (b) finite length, Hertzian contact, results show similarity when 𝑧 is normalized by the contact indenter radius 𝑅.
plane, and the value of this difference agrees with the average provided
by Eq. (2). This can be analytically expressed as

𝜎a𝑧𝑧 =
1
𝐴0 ∫𝐴0

𝜎PS
𝑧𝑧 (𝑥, 𝑦) d𝐴0 =

𝜈
𝐴0 ∫𝐴0

𝜎PS
𝑦𝑦 (𝑥, 𝑦) d𝐴0 =

𝜈 𝑃0𝑤
𝐴0

(11)

for the plane geometry shown in Fig. 5(a). The agreement validates the
corrective solution proposed in Section 2.

The variation of contact force per unit length at each plane, 𝑃 (𝑧),
indicates how the applied load is distributed along the contact surface.
Consequently, it can be used to evaluate the behavior of the transient
region. 𝑃 (𝑧) is defined as the integral of the contact pressure across the
contact half-width, i.e.

𝑃 (𝑧) = ∫

𝑎

−𝑎
𝑝(𝑥) d𝑥. (12)

This quantity can be normalized by the applied force per unit length
𝑃0; the quantity 𝑃 (𝑧)∕𝑃0 is used to observe the decay of the end effect.

It can be anticipated that the end effect will propagate inward only
for a limited distance. Determining this range in terms of the geometric
length feature is one of the key objectives of this paper. A suitable
candidate for the nondimensionalization of the length over which the
end effect diminishes is the contact half-width, 𝑎 (an alternative choice
would be feature radius 𝑟).

Fig. 7(a) shows results from models P2000L100r2.5a7.5 and
P2000L200r2.5a7.5. These two models have the same 𝑥-𝑦 plane ge-
ometry, differing only in their length, 𝐿. This verifies that the results
are independent of 𝐿 with 𝐿 ≫ 𝑟, 𝑎. These results also indicate that the
length is divided into a transient region and a steady state region, with
the transient region having length about 4𝑎. Note that Fig. 7(b) shows
corresponding results from a Hertzian contact model, for later use.

The range of the end effect varies when the geometry in the 𝑥-𝑦
plane changes, as shown in Fig. 8, where the cross-section of the models
is characterized by their 𝑎∕𝑟 ratio. Note that 𝑎∕𝑟 → ∞ corresponds to
the scenario where two identical blocks are pressed against each other,
resulting in a contact patch that remains unchanged along the length.
Consequently, in cases of common edge contact, a larger 𝑎∕𝑟 ratio is
expected to yield a smaller end-effect range. In simple terms, smaller
grooved features produce a more confined transient region.
6 
Numerous studies have demonstrated that the decay pattern of a
self-equilibrating end effect follows an oscillating exponential function,
see Horgan and Knowles (1983) and Toupin (1965). The data in Fig. 8
were found to fit an oscillating exponential function of the form

𝑃 (𝑧)∕𝑃 (0) = 𝐴 exp(−𝜆(𝑧∕𝑎)) sin(𝜔(𝑧∕𝑎) + 𝜙) + 1 (13)

where 𝜆 is the decay constant, 𝜔 is the angular frequency of the
oscillation and 𝜙 is a phase shift. Using the Levenberg–Marquardt non-
linear least squares fitting algorithm (Levenberg, 1944) (See Appendix
for details), the following fitting functions were identified:

𝑃 (𝑧)∕𝑃 (0) = 0.562 exp(−0.944(𝑧∕𝑎))
× sin(0.617(𝑧∕𝑎) − 0.612) + 1 f or 𝑎∕𝑟 = 1 (14)

𝑃 (𝑧)∕𝑃 (0) = 0.195 exp(−1.560(𝑧∕𝑎))
× sin(0.983(𝑧∕𝑎) − 0.615) + 1 f or 𝑎∕𝑟 = 3 (15)

Both fitted curves show maximum error less than 0.1%. While the
common edge contact is a simpler case than the target problem of
Hertzian contact, the results given indicate the robustness and accuracy
of our method to decompose the contact problem into a generalized
plane strain case at the mid-plane and a corrective solution.

4. Finite length, Hertzian contact

We next proceed to study the frictionless, finite length, Hertzian
contact, represented as two parallel frictionless identical cylinders
pressed onto each other with their ends aligned, as shown in Fig. 9(a).
The cylinders have length 2𝐿, radius 𝑅 ≪ 𝐿 and are pressed together by
a uniform line force 𝑃0. This is a type of convex contact, and hence will
display a non-constant contact width, shown in Fig. 9(c). This model
shares the same through-thickness (3D) effect with the cylinder on
plane model. However, the current model is computationally efficient,
being identical to a cylinder pressed against a rigid surface (Fig. 9(b)).
Due to symmetry, only one-eighth of the 3D model is required. For all
of the FE experiments, we take Poisson’s ratio 𝜈 = 0.3.

In computational experiments, it was observed that the contact
pressure gradient in the length direction is very steep near the free
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Fig. 8. Common edge contact: contact force per unit distribution of models with 𝑎∕𝑟 = 1, 3,∞.
Fig. 9. (a) Frictionless, finite length, Hertzian contact, (b) FE model of finite length, Hertzian contact, (c) contact half-width distribution for the finite length, Hertzian contact.
end. Consequently, a finer mesh was used for this region. Another
challenge with the mesh design is that, to maintain ‘conformal’ contact,
the contact width needs to be small compared to the in-plane geometry.
To accurately capture the contact pressure profile in such a small area,
fine mesh is required for the region close to 𝑦 = 0. The meshing strategy
is illustrated in Fig. 10.

To control the variables involved in the numerical experiments sys-
tematically, eight different sets of numerical experiments with different
loads 𝑃0 (hence different contact half width in the plane strain case),
different length 𝐿 and different cylinder radius 𝑅 were examined, see
Table 2. The setup of finite element models is the same as that in
common-edge contact models, and the mesh sensitivity shows that
the fine mesh (element size 0.005𝑅) produced stress distributions that
differed by less than 1% from coarser meshes.
7 
4.1. Results and analysis of finite, Hertzian contact

The solution for a plane strain Hertzian contact, with indenter
radius 𝑅 and force per unit length 𝑃0 is used as a reference. Its contact
half-width, 𝑎0, and pressure profile 𝑝(𝑥) are:

𝑎20 =
4(1 − 𝜈2)𝑅𝑃0

𝜋 𝐸 (16)

𝑝(𝑥) = −2𝑃0
𝜋 𝑎0

√

1 − (𝑥∕𝑎0)2 = 𝑝m0

√

1 − (𝑥∕𝑎0)2 (17)

where 𝑝m0 is the maximum contact pressure.
We begin by comparing the contact pressures at the mid-plane

and at the free-end to the reference solution. Unlike the common
edge contact, superposition of load-cases is not available because the
contact pressure is non-linearly related to load. Instead, the methods
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Fig. 10. Finite element mesh for the finite length, Hertzian contact.
Fig. 11. Contact pressure comparison between the plane strain analytical solution and the FE calculation at the mid-plane and free-end of a finite length, Hertzian contact.
Table 2
FE model parameters for Hertzian contact models.

Hertzian contact models

Model code 𝑃0 [MPa mm] 𝐿 [mm] 𝑅 [mm]

P2000L100R5 2000 100 5
P1000L100R5 1000 100 5
P2000L100R10 2000 100 10
P1000L100R10 1000 100 10
P2000L100R2.5 2000 100 2.5
P1000L100R2.5 1000 100 2.5
P2000L200R2.5 2000 200 2.5
P1000L100R2.5 1000 200 2.5

of Section 2.2 are applied. Since the two bodies are uncoupled and
elastically similar, we anticipate, from the discussion in Section 2,
that the contact pressure profile at the mid-plane will be similar to
that of the plane strain contact. To verify this expectation, the contact
pressure distributions at the mid-plane and the free-end were extracted
for all eight models and compared with the plane strain solution.
Two examples of such comparisons, from models P1000L100R10 and
P1000L100R5, are shown in Fig. 11.

In Fig. 11, the FE data are normalized by the mid-point (maximum)
pressure 𝑝m0

; spatial position is normalized by the analytical contact
half-width 𝑎0. The FE data have limited accuracy due to discontinuity
at the contact interface, however, it is evident that the mid-plane data
closely matches the plane strain case. At the free end, both the contact
pressure and the contact half-width are smaller than those observed
8 
in plane strain, indicating the presence of an end-effect. The contact
pressure distribution near the free-end is difficult to model accurately
due to steep pressure gradients and slight mis-alignment of the two
contacting bodies at the free end. Nevertheless, estimations of the stress
state close to the end can be made by fitting an end-effect decay
equation, as used in Section 3.

The decay of the end effect has been discussed in Section 2.2.
This shows that the stresses of the finite length contact problem can
be recovered by adding −𝜎PS

𝑧𝑧 (𝑥, 𝑦) to both ends of the plain strain
prismatic contact, so that the free end boundary condition is achieved.
The expression of 𝜎PS

𝑧𝑧 (𝑥, 𝑦) can be evaluated using the Muskhelishvili
potential (Muskhelishvili, 1953), as discussed by Hills et al. (2013).

The propagation of −𝜎PS
𝑧𝑧 (𝑥, 𝑦) along the cylinders is subject to Saint-

Venant’s principle. This implies that in the finite length, Hertzian
contact, the out-of-plane stress 𝜎𝑧𝑧(𝑥, 𝑦, 𝑧) changes from zero at the free
end to 𝜎𝑏𝑧𝑧(𝑥, 𝑦) at the mid-plane, where 𝜎𝑏𝑧𝑧(𝑥, 𝑦) is defined in Eq. (3).
Furthermore, the uniform stress, 𝜎𝑎𝑧𝑧, defined as the difference between
the plane strain solution 𝜎PS

𝑧𝑧 (𝑥, 𝑦) and the mid-plane solution 𝜎𝑏𝑧𝑧(𝑥, 𝑦)
can be expressed as:

𝜎a𝑧𝑧 =
1
𝐴0 ∫𝐴0

𝜎PS
𝑧𝑧 (𝑥, 𝑦) d𝐴 = 𝜈

𝐴0 ∫𝐴0

𝜎PS
𝑦𝑦 (𝑥, 𝑦) d𝐴

= 𝜈
𝐴0 ∫

𝑅

0 ∫

√

𝑅2−𝑦2

0
𝜎PS
𝑦𝑦 (𝑥, 𝑦) d𝑥d𝑦 =

𝜈 𝑅𝑃0
2𝐴0

=
2𝜈 𝑃0
𝜋 𝑅

or
𝜎a𝑧𝑧𝑅
𝑃0

= 2𝜈
𝜋

(18)

For 𝜈 = 0.3 this value is about 0.191.
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Fig. 12. Illustration of the modified through-thickness stress distribution, 𝜎R, at sample planes in a finite length, Hertzian contact.
To visualize the end-effect propagation, the resultant stress, 𝜎R𝑧𝑧(𝑥, 𝑦)
= 𝜎𝑧𝑧(𝑥, 𝑦) − 𝜎PS

𝑧𝑧 (𝑥, 𝑦), was computed using the FE data, with the
plane strain solution calculated using the Muskhelishvili potential.
The resultant stress 𝜎R𝑧𝑧(𝑥, 𝑦) is expected to match the plane strain
corrective stress −𝜎PS

𝑧𝑧 (𝑥, 𝑦) at the free end, and decay to a uniform stress
distribution, −𝜎𝑎𝑧𝑧 in the steady state region. Fig. 12 shows the resultant
stress on planes located at 𝑧 = 0, 𝑅, 2𝑅, 3𝑅, 4𝑅 and at the mid-plane
(𝑧 = 10𝑅) of model P1000L100R10. As expected, the stress converges
to a uniform distribution, with normalized magnitude about equal to
0.19, matching the prediction of Eq. (18).

Note that, unlike the common edge contact, the half-width of the
Hertzian contact is not constant along the length. Thus it is not a
suitable dimension for normalization of the 𝑧 co-ordinate. The only
remaining geometric dimension is the indenter radius 𝑅. From the FE
results, it is found that all eight models show similar forms of 𝑃 (𝑧)∕𝑃0
when 𝑧 is normalized as 𝑧∕𝑅; example results for models P1000L100R5
and P1000L100R10 were shown in Fig. 7(b). The calculation of 𝑃 (𝑧)∕𝑃
0

9 
was performed using Eq. (12) via Simpson’s rule with a step size of
approximately 𝑎0∕40. Fig. 7(b) also clearly indicates that the length di-
vides into a transient region and steady state region, with the transient
region covering about 5𝑅 of the length.

The 𝑃 (𝑧) data were processed to remove two sources of error.
Firstly, steep pressure gradients close to the free end were not cap-
tured well by the FE model; the affected points were excluded from
subsequent curve fitting. Secondly, quadrature error from Simpson’s
rule resulted in the steady state 𝑃 (𝑧)∕𝑃0 not settling to unity, so the data
were scaled to force 𝑃 (𝑧) = 𝑃0 at 𝑧 = 𝐿. Fig. 13 shows a comparison
between the raw data and the post-processed data.

The normalized and adjusted data were fitted to an oscillating expo-
nential decay using the Levenberg–Marquardt algorithm (see Appendix)
resulting in

𝑃 (𝑧)∕𝑃 (0) = −0.289 exp(−1.245(𝑧∕𝑅)) sin(0.864(𝑧∕𝑅) + 2.611) + 1 (19)
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Fig. 13. Illustration of the raw data and the post-processed data of normalized contact force per unit length: (a) scale 𝑧∕𝑅 ∈ [0 10]; (b) scale 𝑧∕𝑅 ∈ [0 0.1].
Fig. 14. Propagation of (a) contact half-width and (b) maximum contact pressure along the length of the contact.
with maximum error smaller than 0.1% for all 𝑧∕𝑅 > 0.06. The
contact half-width 𝑎(𝑧) could not be directly identified from the FE data
due to limited mesh resolution. However, using the maximum contact
pressure, it was possible to recover the contact half-width, noting the
square root bounded distribution of contact pressure, i.e.

𝑃 (𝑧) = 𝑝m(𝑧)∫

𝑎(𝑧)

−𝑎(𝑧)

√

1 − (𝑥∕𝑎(𝑧))2 d𝑥 =
𝜋 𝑝m(𝑧)𝑎(𝑧)

2
(20)

where 𝑝m(𝑧) is the maximum contact pressure at position 𝑧 along the
length. Hence

𝑎(𝑧) = 2𝑃 (𝑧)
𝜋 𝑝m(𝑧)

(21)

The contact half-width and maximum contact pressure are plotted
as functions of 𝑧 along with fitted oscillatory exponential decays in
Fig. 14(a) and (b). The curve fits have the form
𝑎(𝑧)∕𝑎0 = −0.143 exp(−1.246(𝑧∕𝑅)) sin(0.864(𝑧∕𝑅) + 2.611) + 1 (22)

10 
for the contact half-width, and for the maximum contact pressure

𝑝m(𝑧)∕𝑝0 = −0.150 exp(−1.273(𝑧∕𝑅)) sin(0.864(𝑧∕𝑅) + 2.611) + 1 (23)

Note that the oscillatory frequencies and phase shifts are closely
matched between Eqs. (19), (22) and (23); this is expected because
they are produced by the transient of the same end effect.

From Fig. 14, it can be observed that the transient region extends
approximately to 5𝑅, and the contact pressure reaches a maximum at
𝑧∕𝑅 = 1.3. The maximum contact force per unit length is 1.03𝑃0 and
the maximum contact pressure is 1.02𝑝m0. The above findings have
generality. The decay functions can also be extrapolated to 𝑧 = 0
indicating that the force per unit length at the free end is about 0.86𝑃0
while the free end contact has a maximum pressure of 0.92𝑝m0 and a
contact half-width of 0.93𝑎 .
0
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It is important to note that when applying the above results to a
eneral Hertzian contact, the characteristic length for contact propa-

gation should be the radius of the smaller contact body according to
t. Venant’s principle. Therefore, under the conditions of uncoupled
ertzian contact, or Hertzian contact with 𝛾 = 0, the transient region

asts approximately 5𝑅𝑠, where 𝑅𝑠 is the smaller radius.
Noting that for Hertzian contacts, typically, 𝑅 ≫ 𝑎, this means

that the penetration of the end effect in the length dimension is much
greater that the contact width. In this respect the Hertzian contact
differs qualitatively from the common edge contact, where the end
effect typically penetrates less than 5𝑎 along the length. The numerical
models also indicate that Saint-Venant’s principle relates to a geometric
feature size that is independent of load: in the Hertzian contact the
load-dependent contact half-width does not affect the decay of the
end-effect.

5. Conclusion

This paper analyzes the free-end effects found in prismatic contact-
ng bodies. Two types of contacts were used as examples: a common
dge contact and a Hertzian contact. Numerical experiments confirmed
hat the free-end effect is characterized by a transient region, governed
y an oscillatory exponential decay of contact pressure. Towards the
id-plane, a steady-state is reached, corresponding to a modified plane

train solution of the corresponding 2D problem. The paper clearly
hows observations of the pressure distribution and the end-effect, with
esults that have generality for the Hertzian case. The transient region
f the Hertzian case has been found to be about 10 times the inverse
urvature of the cross-sectional geometry.

Additionally, this work analyzes the steady-state portion of the
finite length problem, as observed at the mid-plane. The mid-plane
stress state can be recovered by imposing a uniform anti-plane stress
onto the plane strain solution. This uniform stress corresponds to the
average through-thickness stress in the plane strain case. In the case of
 monolithic prismatic body (i.e. not a contact) of sufficient length, the
n-plane stress field of the mid-plane is the same as that in the plane
train condition. In a finite length contact problem, the above statement
till holds if the two contacting bodies are uncoupled or the material
onstant 𝛾 = 0.

Finally, expressions for the decay of the end effect were provided.
This enables the propagation of the force per unit length, the maxi-
mum contact pressure, and the contact half-width to be predicted. The
aper provides insight and understanding potentially valuable in the
nalysis of contact fretting, and prismatic contacts found in a variety
f engineered components.
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Appendix. Nonlinear fitting algorithm

This appendix outlines the algorithm used to fit the numerical data.
he expected form is an oscillatory exponential decay given by:

𝑦 = 𝐴 exp(−𝜆𝑥) sin(𝜔𝑥 + 𝜙) + 1,
where 𝑦 is the dependent variable, 𝑥 is the independent variable, and
𝐴, 𝜆, 𝜔, and 𝜙 are the parameters to be estimated.

This can be expressed as 𝑦 = 𝑓 (𝑥;𝛩), where 𝛩 = [𝐴, 𝜆, 𝜔, 𝜙]
epresents the vector of parameters to be estimated. The objective of
he fitting process is to find the parameter values that minimize the
ifference between the observed data points and the values of function
. This is typically achieved by minimizing a cost function, defined as

the sum of squared errors (SSE):

SSE(𝛩) =
𝑛
∑

𝑖=1
[𝑦𝑖 − 𝑓 (𝑥𝑖;𝛩)]2,

where 𝑦𝑖 and 𝑥𝑖 are the observed values of the dependent and indepen-
dent variables, respectively, and 𝑛 is the number of observations.

The fitting process involves an optimization algorithm that itera-
ively adjusts the parameters 𝛩 to minimize the SSE. The Levenberg–
arquardt algorithm (Levenberg, 1944) is a damped least square opti-

mization algorithm that interpolates between the Gauss–Newton algo-
rithm and gradient descent, using

𝛩𝑛𝑒𝑤 = 𝛩𝑜𝑙 𝑑 + (𝐽𝑇 𝐽 + 𝛾 ⋅ diag(𝐽𝑇 𝐽 ))−1𝐽𝑇 [𝑦 − 𝑓 (𝑧;𝛩𝑜𝑙 𝑑 )]
where 𝐽 is the Jacobian matrix of partial derivatives of 𝑓 with respect
to the parameters, 𝛾 is a damping factor that adjusts the algorithm’s
behavior between the Gauss–Newton and gradient descent methods,
and diag(𝐽𝑇 𝐽 ) is the diagonal matrix of 𝐽𝑇 𝐽 .

The fitting process was implemented using the curve_fit func-
tion in Python, using 𝛩 = [1, 1, 1, 1] as an initial guess and iterating
he Levenberg–Marquardt algorithm until a stable 𝛩 is found.
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