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Abstract 

Multiphoton fluorescence microscopy is an important technique to image biological 

structures especially through deep tissue. The microscope images can be degraded by 

aberrations, so adaptive optics (AO) is normally required to correct aberrations using 

adaptive elements introduced into the microscope. In many cases, AO is operated 

without a wavefront sensor to directly measure the aberration but with images taken 

sequentially for different pre-defined modulations called biases to indirectly estimate 

the aberration. The sensor-less AO allows a simple optical design thus favoured in a 

wide range of applications, but it tends to be time-consuming due to the sequential 

measurement of multiple images and the need for iterations to reach satisfactory 

estimation. For more time-efficient performance, sensor-less AO methods have been 

developed to estimate the aberration in more suitable representations and by more 

powerful algorithms. The state-of-the-art performance has been achieved with a deep 

learning (DL) based algorithm, which can estimate the aberration from at least two 

images. However, these methods generally operate image measurement in a heuristic 

way hence the images are not necessarily in the best condition for aberration estimation. 

This has prevented sensor-less AO achieving its optimal performance.  

In this thesis, sensor-less AO was optimised by considering the information 

contained in the images. First, a framework was introduced to analyse the information 

in the images by Fisher information and derive a loss function based on Cramér-Rao 
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bound to optimise the biases; this framework is not specific to any sensor-less AO 

method or imaging scenario; the results showed that the optimised biases brought better 

sensor-less AO performance and the loss function derived from information analysis 

served a good performance estimator. Then, a new sensor-less AO method was 

proposed to parallelise the sequential image measurement by using an array of focal 

spots for imaging with each spot containing a different bias optimised by the framework 

introduced above, so that the information used to be separated in multiple images was 

concentrated into one single superimposed image; with a DL based algorithm to 

estimate the aberration from the superimposed image, the method could finish in 

milliseconds with even a single image measurement; experiments on a two-photon (2-

P) microscope showed that the method generally maintained effective performance in 

a wide range of scenarios. This optimised sensor-less AO has great potential to improve 

the imaging performance of multiphoton fluorescence microscopy, especially in 

challenging situations with fast-changing aberrations. The benefits may also be 

extended to other imaging modalities. 
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Chapter 1 

Introduction 

In biomedical research, a lot of findings rely on the support of optical microscopy. 

Compared to other imaging modalities, optical microscopy has many advantages: (1) It 

can image samples in a non-invasive way thus suitable for living sample or in vivo; (2) 

It reveals structures and functions on a sub-cellular scale; (3) It is fast and induces little 

damage to the sample [1-3]. Fluorescence microscopy has become one of the most 

important variants of optical microscopy for its ability to selectively image the 

structures of interest through the use of targeted fluorescent labels [4-6]. For deep tissue 

imaging, multiphoton fluorescence microscopy is commonly applied due to its ability 

to image deep through scattering media [7,8]. 

Generally, the imaging results of multiphoton fluorescence microscopy are 

degraded by aberrations. Aberrations can be modelled as variations in the light 

wavefront. They come from imperfections in the optics of the microscope, and more 

importantly from the inhomogeneity in the refractive index of the sample. While 

diffraction limited images can be expected when no aberration exists in the microscope, 

aberrations will distort the point spread function (PSF) of the microscope and blur the 

images [9-13]. 

To restore the image quality, adaptive elements can be applied in the microscope to 

correct aberrations. The adaptive elements are normally reconfigurable devices such as 
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a deformable mirror (DM) or a spatial light modulator (SLM). To realise aberration 

correction, the aberration is measured and the adaptive elements are configured 

according to the measurement to provide a wavefront modulation that compensates for 

the aberration. Such a technique is widely known as adaptive optics (AO) [9-13]. 

There are different methods to measure aberrations in AO. These methods can be 

divided into two categories based on whether a separate wavefront sensor is required 

[9-13]. Wavefront sensor-less methods are often favoured as they allow simpler optical 

design and are applicable to a much wider range of scenarios. [9-13] In sensor-less AO 

methods, the aberration is estimated iteratively from a sequence of images, each 

acquired with a different wavefront modulation called a bias aberration (or “bias” for 

short) [12,14]. The sequential image acquisition and the iterations cause sensor-less AO 

methods to be time-consuming, which becomes the main problem limiting their 

application [9-13]. 

To solve this problem, many works have increased the efficiency of aberration 

estimation by using more suitable aberration representations and more powerful 

estimation algorithms [13,14]. Recently, with the use of deep learning (DL) based 

algorithms, the required number of images and iterations for aberration estimation has 

been greatly reduced, whereas there is still much room for improvement to really 

conquer the problem [13]. At the same time, most sensor-less AO methods, including 

the state-of-the-art ones, operate image measurement based on empirical experience, 

which means that there is a high chance the measured images are not optimally 
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conditioned for aberration estimation. Thus, this thesis has explored different ways to 

optimise image measurement so that faster sensor-less AO methods can be realised to 

better serve multiphoton fluorescence microscopy and potentially other imaging 

modalities as well. 

1.1 Research contributions 

The research in this thesis improved the time efficiency and correction ability of sensor-

less AO for multiphoton fluorescence microscopy by optimising the information 

collected through image measurement for better aberration estimation. 

 To start with, a review of existing sensor-less AO methods for multiphoton 

fluorescence microscopy was provided to summarise common principles and discuss 

varied components leading to different performances. Based on this, two major 

directions for improvement were proposed as (1) to optimise the biases to maximise 

aberration information encoded in the images; (2) to parallelise the sequential 

measurement to concentrate information separated in multiple images into one image. 

 Following the first direction, a framework was introduced to provide information 

guided optimisation of the biases. The framework can accommodate different sensor-

less AO methods and imaging scenarios. The optimised biases were demonstrated to 

effectively improve sensor-less AO performance. 

 Following the second direction, a new sensor-less AO method was presented to 

measure multiple biased images in parallel so that much faster sensor-less AO was 

achieved with even a single image measurement. Experimental results showed that the 
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method was effective in a wide range of scenarios. 

1.2 Thesis outline 

The thesis is organised as follows: 

In Chapter 1, an introduction of this DPhil research with the research contributions 

listed and a brief outline of the thesis given; 

In Chapter 2, the background knowledge involved in the thesis; 

In Chapter 3, a review of existing sensor-less AO methods for multiphoton 

fluorescence microscopy; 

In Chapter 4, a framework for information guided optimisation of the biases in 

sensor-less AO; 

In Chapter 5, a new sensor-less AO method for multiphoton fluorescence 

microscopy based on only a single image; 

In Chapter 6, the conclusion and outlook. 

  



 

7 

 

Chapter 2 

Background 

This chapter provides background knowledge that is involved in the thesis. This 

includes necessary basics of wave optics, a selected introduction to optical microscopy, 

the main principle of AO, a digest of information theory and some important details of 

deep learning. 

2.1 Wave optics basics 

Light is a form of electromagnetic radiation [15]. It exhibits both wave-like and particle-

like properties. The study of light and its behaviour is called optics [16]. As it is difficult 

to apply complete electromagnetic description of light in practice, different simplified 

models are used in optics for different circumstances. Geometrical optics treats light as 

rays that travel in straight lines, which only works when the wavelength of light is small 

compared to the size of objects that light interacts with [15,16]. Wave optics studies 

light as waves and explains phenomena such as interference and diffraction that 

geometric optics fails to account for [15,16]. Quantum optics considers light not only 

as waves but also a stream of particles called photons, each of which carries one 

quantum of energy that light can only gain or lose as a whole [17]. Quantum optics is 

required to model effects related to quantum mechanics. Here, we focus on wave optics 

and provide the basics used for modelling in this thesis. 
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2.1.1 Wave model of light 

In the 19th century, Maxwell first concluded theoretically that light is electromagnetic 

waves, which was then confirmed by Hertz through experiments [15]. Electromagnetic 

waves can be described by Maxwell’s equations: 

 ∇ ∙ 𝑫 = 𝜌 (2-1a) 

 ∇ ∙ 𝑩 = 0 (2-1b) 

 ∇ × 𝑬 = −
𝜕𝑩

𝜕𝑡
 (2-1c) 

 ∇ × 𝑯 = 𝑱 +
𝜕𝑫

𝜕𝑡
 (2-1d) 

with 𝑫  the displacement field, 𝑩  the magnetic field, 𝑬  the electric field, 𝑯  the 

magnetizing field, 𝜌 the electric charge density, 𝑱 the conduction current density and 

𝑡 the time. In a static isotropic medium, there are relations: 

 𝑱 = 𝜎𝑬 (2-2a) 

 𝑫 = 𝜀𝑬 (2-2b) 

 𝑩 = 𝜇𝑯 (2-2c) 

where 𝜎  is the conductivity, 𝜀  is the permittivity and 𝜇  is the permeability. For 

simplicity, if we assume an isotropic homogeneous medium (𝜎 = 0 and 𝜀, 𝜇 being 

constants) with no free charge and conduction current in it (𝜌 = 0, 𝑱 = 0), then it can 

be derived from the equations (2-1) and (2-2) that: 

 ∇2𝑬 −
1

𝑣2

𝜕2𝑬

𝜕𝑡2 = 0 (2-3a) 

 ∇2𝑩 −
1

𝑣2

𝜕2𝑩

𝜕𝑡2 = 0 (2-3b) 

The equations (2-3) indicate that the electromagnetic field propagates through space in 
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the form of waves at a speed 𝑣 = 1/√𝜀𝜇. In a vacuum, electromagnetic waves travel 

at a speed 𝑐 = 1/√𝜀0𝜇0, where 𝜀0 is the vacuum permittivity and 𝜇0 is the vacuum 

permeability. The ratio of 𝑐 and 𝑣 defines the refractive index of a medium as: 

 𝑛 = 𝑐/𝑣 (2-4) 

While different forms of solutions exist for the equations (2-3), the planar harmonic 

solutions are normally taken to study the waves as they provide the fundamental 

components of other solutions. The planar harmonic solutions can be written in a 

complex form as: 

 𝑬 = 𝑨𝑒𝑖(𝒌∙𝒓−𝜔𝑡) (2-5a) 

 𝑩 = 𝑨′𝑒𝑖(𝒌∙𝒓−𝜔𝑡) (2-5b) 

Here, 𝑨  and 𝑨′  are amplitude vectors of the electric field and the magnetic field 

respectively; 𝒌 denotes the wave vector and is defined as 𝒌 = 𝑘𝒌𝟎, where 𝒌𝟎 is a 

unit vector along the direction of wave propagation and 𝑘 is a magnitude representing 

the angular wavenumber; 𝒓 is the position vector; 𝜔 is the angular frequency. The 

wavelength 𝜆 is related to 𝑘 by: 

 𝑘 = 2𝜋/𝜆 (2-6) 

 By applying the planar harmonic solutions into Maxwell’s equations, we can get: 

 𝒌 ∙ 𝑬 = 0 (2-7a) 

 𝒌 ∙ 𝑩 = 0 (2-7b) 

 𝑩 =
1

𝑣
(𝒌𝟎 × 𝑬) = √𝜀𝜇(𝒌𝟎 × 𝑬) (2-7c) 

The equations (2-7) suggest that 𝑬, 𝑩 and 𝒌 are all orthogonal to each other, and that 
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given 𝑬  and 𝒌 , 𝑩  is also determined. Thus, the electromagnetic field can be 

represented by the electric field 𝑬 alone. 

 When we only consider the spatial distribution of the waves at a certain moment, 

the temporal term in the equation (2-5a) can be ignored, so 𝑬 can be represented in the 

form of the complex amplitude: 

  𝑬 = 𝑨𝑒𝑖𝒌∙𝒓 = 𝑨𝑒𝑖𝜙  (2-8) 

In this case, the phase 𝜙 is defined by 𝒌 ∙ 𝒓. The set of all the spatial points with the 

same phase consist of the wavefront, whose normal direction is the direction of 𝒌. It is 

easy to see that 𝑬  oscillates as the waves travel forward. The orientation of the 

oscillation defines the polarisation. It means linear polarisation if the orientation does 

not change. 

 The electromagnetic waves carry radiant energy through space. The energy flux 

can be represented by Poynting vector: 

 𝑺 =
1

𝜇
𝑬 × 𝑩 (2-9) 

Here, the direction of 𝑺 is the same as the propagation direction for the planar waves. 

The temporal average of 𝑺  defines the intensity. Normally, the relative intensity is 

calculated by: 

 𝐼 = |𝑬|2 (2-10) 

where for simplicity multiplying constants have been omitted. 

 By frequency or wavelength, the electromagnetic waves can be classified into 

separate bands that together form the electromagnetic spectrum shown in Figure 2-1 
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[18]. In such spectrum, the visible band spans the wavelength range roughly from 380 

to 750 nm with different wavelength corresponding to different colour. Specifically, the 

visible band along with its adjacent bands, the infrared (IR) and the ultraviolet (UV), 

defines the light in optics, which can be manipulated by optical elements [19]. 

 

Figure 2-1 [18]: The electromagnetic spectrum, with the visible spectrum 

highlighted. 

2.1.2 Interference and diffraction 

When two or more light waves meet at a point in space, the combined light field at that 

point equals to the vector sum of the light field of each individual wave. For two light 

waves of the same frequency and polarisation, the combined light field can be written 

in a scalar form as: 

 𝐸 = 𝐸1 + 𝐸2 = 𝐴1𝑒𝑖𝜙1 + 𝐴2𝑒𝑖𝜙2 (2-11) 

with the first light wave represented by 𝐸1 = 𝐴1𝑒𝑖𝜙1 and the second by 𝐸2 = 𝐴2𝑒𝑖𝜙2. 

The combined light intensity can be derived as: 

 𝐼 = |𝐸|2 = 𝐴1
2 + 𝐴2

2 + 2𝐴1𝐴2 cos(𝜙1 − 𝜙2) (2-12) 
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This suggests that the combined light intensity is determined by the phase difference 

𝜙1 − 𝜙2 at that point and such phenomenon is called interference. The potential for 

two light waves to interfere is defined as coherence. When constructive interference 

occurs, the combined intensity is larger than the sum of the individual intensities; when 

destructive interference takes place, the combined intensity is smaller than the sum of 

the individual intensities. The combined intensity of two incoherent light waves 

however equals to the sum of the individual intensities [15]. 

 Diffraction is the spreading out of light waves as they pass around an obstacle or 

through a narrow opening. It can be described by Huygens’ principle, which states that 

each point on a propagating wavefront can be treated as a source of spherical wavelets, 

and the envelop of the secondary wavelets from different points forms a new wavefront 

[15]. As the secondary wavelets originated from the same wavefront are coherent with 

each other, a mathematical expression of Huygens’ principle can be provided by 

Fresnel-Kirchhoff diffraction formula based on mutual interference among wavelets. If 

we assume a light wave of wavelength 𝜆 propagating along the vector 𝒛 through an 

aperture on a plane of coordinates (𝑥1, 𝑦1), the light field on a plane of coordinates 

(𝑥2, 𝑦2) at a distance 𝑧1 after the aperture can be expressed by: 

 𝐸(𝑥2, 𝑦2) =
1

𝑖𝜆
∬ 𝐸(𝑥1, 𝑦1) [

1+cos(𝒓,𝒛)

2
]

𝑒𝑖𝑘𝑟

𝑟
𝑑𝑥1𝑑𝑦1 (2-13) 

Here, 𝒓 is the vector between each pair of (𝑥1, 𝑦1) and (𝑥2, 𝑦2), whose size can be 

calculated by 𝑟 = √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + 𝑧1
2 ; cos(𝒓, 𝒛)  is the cosine of the 

angle between 𝒓 and 𝒛. 
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 Different approximations can be applied to further simplify the equation (2-13) 

upon different scales of 𝑧1. Common approximations include taking cos(𝒓, 𝒛) as 1 

and replacing the 𝑟  in the denominator with 𝑧1 , as they generally cause little 

difference to the result [15]. On top of these, the Fresnel approximation assumes that 

𝑧1 is large enough to let 𝑟 ≈ 𝑧1 +
(𝑥2−𝑥1)2+(𝑦2−𝑦1)2

2𝑧1
, which simplifies the equation (2-

13) into: 

 𝐸(𝑥2, 𝑦2) =
𝑒𝑖𝑘𝑧1

𝑖𝜆𝑧1
∬ 𝐸(𝑥1, 𝑦1) 𝑒

𝑖𝑘

2𝑧1
[(𝑥2−𝑥1)2+(𝑦2−𝑦1)2]

𝑑𝑥1𝑑𝑦1 (2-14) 

The Fraunhofer approximation considers even larger 𝑧1  that satisfies 𝑧1 ≫

(𝑥1
2 + 𝑦1

2)𝑚𝑎𝑥 𝜆⁄   with (𝑥1
2 + 𝑦1

2)𝑚𝑎𝑥  representing the largest radius of the 

aperture and allows further simplifications by: 

 𝐸(𝑥2, 𝑦2) =
𝑒𝑖𝑘𝑧1

𝑖𝜆𝑧1
𝑒

𝑖𝑘

2𝑧1
(𝑥2

2+𝑦2
2)

∬ 𝐸(𝑥1, 𝑦1) 𝑒
−

𝑖𝑘

𝑧1
(𝑥1𝑥2+𝑦1𝑦2)

𝑑𝑥1𝑑𝑦1 (2-15) 

As a parameter to indicate which approximation should be applied, Fresnel number 𝐹 

is defines by: 

 𝐹 =
(𝑥1

2+𝑦1
2)

𝑚𝑎𝑥

𝑧1𝜆
 (2-16) 

When 𝐹 ≈ 1, the diffracted light is in the near field and the Fresnel approximation is 

suitable, while 𝐹 ≪ 1 means the diffracted light in the far field and the Fraunhofer 

approximation becomes valid [15]. 

2.1.3 Fourier optics 

A general light wave can be represented by a combination of planar waves, with each 

of them considered as a natural mode of spatial frequency [20]. This allows us to use 

Fourier transform to study light of any wave form as a spatial frequency spectrum. 
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Fourier optics assists analysis of various optical imaging systems [16,20,21]. 

2.1.3.1 Thin lens model 

Lenses are the most fundamental components in optical imaging systems [16]. A 

common convex lens of a thickness can be approximately modelled as a thin lens which 

changes the phase of transmission light differently at different positions on a plane, 

along with a pupil which defines the limited aperture [21]. If the pupil is a circle of 

radius 𝑎 on a plane of coordinates (𝑥1, 𝑦1), the pupil function can be given as: 

 𝑃(𝑥1, 𝑦1) = {
1, √𝑥1

2 + 𝑦1
2 ≤ 𝑎

0, √𝑥1
2 + 𝑦1

2 > 𝑎
 (2-17) 

When the thin lens is located on the same plane, the transmission function can be 

derived by applying a paraxial approximation to be: 

 𝑡(𝑥1, 𝑦1) = 𝑃(𝑥1, 𝑦1)𝑒
−

𝑖𝑘

2𝑓
(𝑥1

2+𝑦1
2)

 (2-18) 

where 𝑓 is the focal length of the lens.  

If the pupil is illuminated by a light wave of wavelength 𝜆 propagating along the 

vector 𝒛, according to equations (2-14) and (2-18), the light field on the back focal 

plane of coordinates (𝑥2, 𝑦2) at a distance 𝑓 after the thin lens can be calculated by: 

 𝐸(𝑥2, 𝑦2) =
𝑒𝑖𝑘𝑓

𝑖𝜆𝑓
𝑒

𝑖𝑘

2𝑓
(𝑥2

2+𝑦2
2)

∬ 𝐸(𝑥1, 𝑦1)𝑃(𝑥1, 𝑦1) 𝑒
−

𝑖𝑘

𝑓
(𝑥1𝑥2+𝑦1𝑦2)

𝑑𝑥1𝑑𝑦1(2-19) 

By introducing a pair of spatial frequencies 𝑢𝑥 =
𝑥2

𝜆𝑓
 and 𝑢𝑦 =

𝑦2

𝜆𝑓
, the equation (2-19) 

can be turned into a Fourier transform with an extra phase factor: 

 𝐸(𝑥2, 𝑦2) =
𝑒𝑖𝑘𝑓

𝑖𝜆𝑓
𝑒𝑖𝜋𝜆𝑓(𝑢𝑥

2+𝑢𝑦
2)ℱ[𝐸(𝑥1, 𝑦1)𝑃(𝑥1, 𝑦1)]𝑢𝑥,𝑢𝑦

 (2-20) 

where ℱ  denotes the two-dimensional (2-D) Fourier transform. When the pupil is 
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moved to the front focal plane at a distance 𝑓 before the thin lens, a new phase factor 

𝑒𝑖𝑘𝑓𝑒−𝑖𝜋𝜆𝑓(𝑢𝑥
2+𝑢𝑦

2) will have to be introduced into the equation (2-20) so that [21]: 

 𝐸(𝑥2, 𝑦2) =
𝑒𝑖2𝑘𝑓

𝑖𝜆𝑓
ℱ[𝐸(𝑥1, 𝑦1)𝑃(𝑥1, 𝑦1)]𝑢𝑥,𝑢𝑦

 (2-21) 

In this case, by ignoring the constant factor, the light field on the back focal plane is 

exactly the Fourier transform of that on the pupil.  

 For any defocused plane at a distance of 𝑓 + ∆𝑧  after the thin lens with ∆𝑧 

representing the amount of defocus, the light field can be similarly calculated as in the 

equation (2-21) by [21]: 

 𝐸(𝑥2, 𝑦2, Δ𝑧) =
𝑒𝑖2𝑘(𝑓+Δ𝑧)

𝑖𝜆(𝑓+Δ𝑧)
ℱ [𝐸(𝑥1, 𝑦1)𝑃(𝑥1, 𝑦1)𝑒

𝑖𝑘

2
(

1

𝑓
−

1

𝑓+Δ𝑧
)(𝑥1

2+𝑦1
2)

]
𝑢𝑥,𝑢𝑦

 (2-22) 

Obviously, the light field on a defocused plane is still equivalent to the Fourier 

transform of that on the pupil but with an extra phase factor 𝑒
𝑖𝑘

2
(

1

𝑓
−

1

𝑓+Δ𝑧
)(𝑥1

2+𝑦1
2)

. The 

equation (2-22) provides the expression of the three-dimensional (3-D) light field in the 

back focal region. 

The limiting pupil determines the numerical aperture (NA) of the lens, which is 

defined by: 

 𝑁𝐴 = 𝑛 sin 𝛼 (2-23) 

where 𝑛 is the refractive index of the medium in which the lens works and 𝛼 is the  

half-angle of the maximum cone of light that can enter or exit the lens. Based on this, a 

pair of normalised optical coordinates can be defined as: 

 𝑢𝜌 =
2𝜋𝑁𝐴𝜌

𝜆
 (2-24a) 

 𝑢𝑧 =
8𝜋𝑛∆𝑧

𝜆
sin2 (

𝛼

2
) ≈

2𝜋∆𝑧𝑁𝐴2

𝜆𝑛
 (2-24b) 
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where 𝜌 = √𝑥2
2 + 𝑦2

2. With the optical coordinates, the light intensity on the back 

focal plane and along the optical axis can be derived respectively from the equation (2-

22) as: 

 𝐼(𝑢𝜌, 𝑢𝑧 = 0) = |𝐸(𝑢𝜌, 𝑢𝑧 = 0)|
2

= |
2𝒥1(𝑢𝜌)

𝑢𝜌
|

2

 (2-25a) 

 𝐼(𝑢𝜌 = 0, 𝑢𝑧) = |𝐸(𝑢𝜌 = 0, 𝑢𝑧)|
2

= |
sin(𝑢𝑧 4⁄ )

𝑢𝑧 4⁄
|

2

 (2-25b) 

where the constant factors are ignored and 𝒥1  representing the first-order Bessel 

function. This suggests that the lens focuses the light into a diffraction spot in which 

most of the light intensity concentrates in the central bright part. Specially, the lateral 

profile of the central bright part on the back focal plane is called Airy disc. If the 

resolution of an imaging system is limited by the diffraction of a lens, as an empirical 

criterion, the lateral and axial resolution can be theoretically estimated by the full width 

half maximum (FWHM) of the lateral and axial profile of central bright part, which can 

be roughly given by [22]: 

 𝜎𝜌 =
0.51𝜆

𝑁𝐴
 (2-26a) 

 𝜎𝑧 =
1.8𝑛𝜆

𝑁𝐴2  (2-26b) 

2.1.3.2 4f system 

An imaging system consisting of a pair of confocal lenses is called a 4f system [16]. A 

4f system is shown in Figure 2-2, where the pupil of the system is assumed on the 

confocal plane in the middle of the two lenses. A 2-D object placed on the front focal 

plane of the first lens (𝐿1 , focal length 𝑓1 ) generates the light field 𝐸(𝑥0, 𝑦0)  of 

wavelength 𝜆. If the light from the object is coherent, the light field on the confocal 
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plane can be derived according to the equation (2-21) as: 

 𝐸(𝑥1, 𝑦1) = ℱ[𝐸(𝑥0, 𝑦0)]𝑢𝑥1 ,𝑢𝑦1
 (2-27) 

where the constant factors are ignored. Apparently, it is the spatial frequency spectrum 

that shows on the confocal plane with 𝑢𝑥1
=

𝑥1

𝜆𝑓1
 and 𝑢𝑦1

=
𝑦1

𝜆𝑓1
. Likewise, the light 

field of the 2-D image on the back focal plane of the second lens (𝐿2, focal length 𝑓2) 

can be computed by: 

 𝐸(𝑥2, 𝑦2) = ℱ[𝐸(𝑥1, 𝑦1)𝑃(𝑥1, 𝑦1)]𝑢𝑥2 ,𝑢𝑦2
 (2-28) 

with 𝑢𝑥2
=

𝑥2

𝜆𝑓2
 and 𝑢𝑦2

=
𝑦2

𝜆𝑓2
. From the equations (2-27) and (2-28), we can get: 

 𝐸(𝑥2, 𝑦2) = ℱ [ℱ[𝐸(𝑥0, 𝑦0)]𝑢𝑥1 ,𝑢𝑦1
]

𝑢𝑥2 ,𝑢𝑦2

⊗ ℱ[𝑃(𝑥1, 𝑦1)]𝑢𝑥2 ,𝑢𝑦2
 (2-29) 

with ⊗ calculating the 2-D convolution. Here, the term before ⊗ can be solved as 

𝐸(𝑀𝑥0, 𝑀𝑦0) with 𝑀 = −
𝑓2

𝑓1
.  

 

Figure 2-2: A 4f system. The focal lengths of the two lenses 𝐿1 and 𝐿2 are 

𝑓1 and 𝑓2 respectively. The pupil 𝑃 is on the confocal plane. An object is 

placed on the front focal plane of 𝐿1, and its image is located on the back 

focal plane of 𝐿2. 

If we assume an infinite pupil, the image is a magnified replica of the object with 

𝑀 being the magnification, which suggests that the image plane is a conjugate plane 

of the object plane. The minus 𝑀 means an inverted image. On the other hand, if we 
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reduce the object to be a single point, the image becomes an amplitude point spread 

function (PSF) representing the light complex amplitude defined by: 

 ℎ(𝑥2, 𝑦2) = ℱ[𝑃(𝑥1, 𝑦1)]𝑢𝑥2 ,𝑢𝑦2
 (2-30) 

It can be seen that the PSF comes from the pupil filtering the spatial frequency spectrum. 

As a more common case, the light field of the 3-D image volume of a 3-D object 

can be similarly computed by [21]: 

 𝐸(𝑥2, 𝑦2, Δ𝑧) = [𝐸(𝑀𝑥0, 𝑀𝑦0, 𝑀2Δ𝑧0)𝑒𝑖𝜁0(Δ𝑧0)] ⊗3−𝐷 ℎ(𝑥2, 𝑦2, Δ𝑧) (2-31) 

Here, Δ𝑧 is the amount of defocus from the back focal plane of 𝐿2; Δ𝑧0 is the amount 

of defocus from the front focal plane of 𝐿1 ; 𝐸(𝑀𝑥0, 𝑀𝑦0, 𝑀2Δ𝑧0)  represents a 

magnified replica of the object with 𝑀  the lateral magnification and 𝑀2  the axial 

magnification; 𝑒𝑖𝜁0(Δ𝑧0) is a phase factor caused by Δ𝑧0; ⊗3−𝐷 calculates the 3-D 

convolution; ℎ(𝑥2, 𝑦2, Δ𝑧) represents a 3-D PSF, which is defined by: 

 ℎ(𝑥2, 𝑦2, Δ𝑧) = ℱ[𝑃(𝑥1, 𝑦1)𝑒𝑖𝜁(Δ𝑧)]
𝑢𝑥2 ,𝑢𝑦2

 (2-32) 

where 𝑒𝑖𝜁(Δ𝑧)  is a phase factor caused by Δ𝑧 . When the light from the object is 

incoherent, a similar expression as the equation (2-31) can be used to compute the light 

intensity of the 3-D image volume by [21]: 

 𝐼(𝑥2, 𝑦2, Δ𝑧) = |𝐸(𝑥2, 𝑦2, Δ𝑧)|2 = 

 |𝐸(𝑀𝑥0, 𝑀𝑦0, 𝑀2Δ𝑧0)𝑒𝑖𝜁0(Δ𝑧0)|
2

⊗3−𝐷 |ℎ(𝑥2, 𝑦2, Δ𝑧)|2 (2-33) 

In this case, |ℎ(𝑥2, 𝑦2, Δ𝑧)|2 defines a new intensity PSF, which represents the light 

intensity rather than the light complex amplitude. 

2.1.3.3 General model of optical imaging systems 
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From the representative study of a 4f system, a general model can be further concluded 

to describe optical imaging systems. In this model, optical imaging systems take the 

object as the input and transform it into the image as the output. The transform can be 

deemed as linear and spatially invariant, which means that the complete image is a 

linear combination of images of different points on the object, and that different object 

points form their own images following the same function. Hence, without considering 

the system magnification, the image can be represented by a convolution between the 

object and the PSF, with the PSF characterising the transform behaviour of the system 

[16,20,21]. 

 For coherent imaging such as what we assumed in previous sections, the system 

linearity is in terms of the light complex amplitude, so the PSF is a function of the light 

complex amplitude. In this case, the Fourier transform of the PSF is defined as the 

coherent transfer function (CTF), which describes how the system processes the spatial 

frequency spectrum when transforming the object into the image. In systems of limited 

aperture, the CTF is the same as the pupil function. 

 When it comes to incoherent imaging, it is easy to deduce that the system model 

still holds whereas the system linearity lies in the light intensity. Accordingly, the PSF 

becomes a function of the light intensity, and the Fourier transform of the PSF now 

defines the optical transfer function (OTF), which describes the change in the spatial 

frequencies of the light intensity distribution through the system. In systems of limited 

aperture, the OTF is the autocorrelation of the pupil function, which means that the 
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spatial frequency cut-off of the OTF is twice that of the CTF. 

2.2 Optical microscopy 

Optical microscopy is an optical imaging technique that produces enlarged images of 

small objects with a system of lenses. Modern optical microscopes are commonly built 

in a compound form to achieve higher magnification [3,23]. For specialised purposes, 

there are many variants of the optical compound microscopy applying different 

illumination setups to introduce various contrast mechanisms such as phase [24-29], 

fluorescence [4-8,30], harmonic generation [31-34], etc. 

2.2.1 Optical compound microscopy 

A diagram is given in Figure 2-3 to show the standard setups of an optical compound 

microscope. Conventionally, an objective lens alone forms an enlarged inverted real 

image of the object at an intermediate position within the microscope. The intermediate 

image is further magnified by an eyepiece to produce an inverted virtual image of the 

object that viewed by eyes. As a result, the total magnification of the optical compound 

microscope equals to the magnification of the objective lens times the magnification of 

the eyepiece. Instead, most modern optical compound microscopes use an infinity-

corrected system where the objective lens projects a virtual image at infinity and an 

extra tube lens after the objective lens refocuses the virtual image into the real image 

[1]. Technically, the objective lens and the tube lens form a 4f system as shown in Figure 

2-2. Such a design allows for the addition of optical accessories between the objective 

lens and the tube lens with minimal effects in the image quality. Moreover, a digital 
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camera is often used instead of the eyepiece to record the real image for viewing [1-

3,23]. 

 

Figure 2-3: A diagram of standard setups of an optical compound 

microscope. The objective lens forms a magnified inverted real image from 

the object, which is further magnified by the eyepiece to form a virtual 

image viewed by the eye. In modern designs, the single objective lens is 

mostly replaced by an infinity-corrected system consisting of an objective 

lens and an extra tube lens, and a digital camera is often used instead of the 

eyepiece to record the real image for viewing. 

In a standard optical compound microscope with an infinity-corrected system and 

a digital camera, the image can be computed either by the equation (2-31) for coherent 

imaging or the equation (2-33) for incoherent imaging. Since a digital camera consists 

of a 2-D array of pixels each detecting the light intensity independently with a limited 

signal-to-noise ratio (SNR) and a potential background [35], the detected image can be 
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described as: 

 𝐷 = 𝑅(𝜉𝐼𝐷 + 𝛽) (2-34) 

where 𝑅 represents a distribution that characterising the random noise; 𝜉 is the signal 

amplification; 𝐼𝐷 is a 2-D array of the image light intensity signal detected by each 

pixel; 𝛽  represents the background. The lateral resolution of the microscope is 

approximately the estimation calculated by the equation (2-26a) with the NA of the 

objective lens or the pixel size of the camera whichever is larger, while the axial 

resolution is generally poor as the camera records a superposition of image components 

from the object slices at different axial depths. 

2.2.2 Fluorescence microscopy 

For objects in biological samples, the structures of interest can be selectively labelled 

with fluorophores, which are molecules that emit fluorescence upon absorption of light 

[36]. As a variant of optical compound microscopy, fluorescence microscopy collects 

the fluorescence emitted only by the labelled structures for imaging, so the image 

background is greatly reduced. The excitation of fluorescence includes a process where 

the fluorophore absorbs a photon to jump from a ground state to an unstable excited 

state when illuminated by excitation light of a specific wavelength 𝜆𝑒, and then emits 

a photon as fluorescence of a longer wavelength 𝜆𝑓 to return to the ground state. The 

difference between 𝜆𝑒 and 𝜆𝑓 is called the Stokes shift [5]. Fluorescence microscopy 

requires intense illumination of excitation light which is commonly provided by such 

as a xenon arc lamps with an excitation filter, a laser or a high-power light emitting 
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diode (LED) [37]. For coherent excitation light from a laser, the light coherence is lost 

through the fluorescence excitation process, so that it is incoherent imaging that 

performed by fluorescence microscopy. If there are no saturation effects, the light 

intensity of the emitted fluorescence is in proportion to that of the excitation light. 

 

Figure 2-4: A diagram of a widefield epifluorescence microscope. The 

excitation light of a wavelength 𝜆𝑒 from a LED is reflected by the dichroic 

mirror and passes through the objective lens of a focal length 𝑓1 to evenly 

illuminate the sample; the emitted fluorescence of a longer wavelength 𝜆𝑓 

is collected by the objective lens, transmitted by the dichroic mirror, and 

refocused by the tube lens of a focal length 𝑓2 on the camera to be 

recorded. 
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Most fluorescence microscopes adopt the epifluorescence design as the one shown 

in Figure 2-4 where the objective lens is not only used for imaging but also for providing 

the illumination [5]. This causes that the excitation light and the fluorescence overlap 

with each other in the light path. To separate them, a dichroic mirror is inserted into the 

light path and acts as a wavelength specific filter that reflects the excitation light with 

a shorter wavelength and transmits the fluorescence with a longer wavelength. In the 

widefield epifluorescence microscope presented in Figure 2-4, the sample is evenly 

illuminated and the image is detected by a digital camera. For a fluorophore distribution 

𝑂 in the sample as the object, the image fluorescence intensity signal can be described 

based on the equation (2-33) as: 

 𝐼𝐷 = (𝑂𝐼𝑒|𝑒𝑖𝜁0|
2

) ⊗3−𝐷 |ℎ|2 (2-35) 

with the magnification ignored and 𝐼𝑒  the constant excitation light intensity. The 

detected image 𝐷 can be further acquired by the equation (2-34). The resolution of the 

microscope shares a similar situation as the standard optical compound microscope in 

the last section, with 𝜆 = 𝜆𝑓 when calculating the equation (2-26a).  

Fluorescence microscopy normally suffers from photodamage problems [38]. One 

of them is photobleaching, which is due to fluorophores accumulating chemical damage 

from the fluorescence excitation and gradually losing their ability to fluoresce as they 

are illuminated [39]. Also, the fluorescence excitation is prone to inducing phototoxicity 

to living biological samples [40]. These problems severely limit the sample exposure 

over which images can be acquired by fluorescence microscopy. 
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2.2.3 Confocal fluorescence microscopy 

 

Figure 2-5: A diagram of a confocal fluorescence microscope. The laser 

beam of a wavelength 𝜆𝑒 passes through the excitation pinhole before 

reflected by the dichroic mirror and horizontally scanned by a scanner to be 

focused by the objective lens onto different spots in the sample for 

illumination; the emitted fluorescence of a longer wavelength 𝜆𝑓 is 

collected by the objective lens, de-scanned by the scanner, transmitted by 

the dichroic mirror, refocused by the tube lens and filtered by the detection 

pinhole until finally reaching the PMT for detection. Signal detected from 

different scanned positions can collectively build up a 2-D image of an 

optical section centred with the scanned plane. By moving the objective lens 

vertically, multiple optical sections can be imaged at different depths, which 

allows for the 3-D reconstruction of a volume in the sample. For simplicity, 

the scanner is drawn at the pupil here, while it normally consists of a pair of 

galvanometer mirrors positioned at conjugate planes of the pupil that 

relayed by 4-f systems in real practice. 
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Conventional fluorescence microscopy takes a widefield form, which means that the 

entire volume of interest in the sample is illuminated. This means that when imaging a 

plane of interest, the fluorophores in both the focal plane and out-of-focus planes will 

be excited simultaneously to emit fluorescence. The detected signal will hence contain 

a large part of background signal from the out-of-focus parts of the sample. This 

problem can be addressed by the use of confocal fluorescence microscopy [41]. 

A diagram of a confocal fluorescence microscope is presented in Figure 2-5. A 

pinhole is placed in front of the detector on a conjugate plane of the front focal plane 

of the objective lens so that only fluorescence from a small area on a thin section of the 

sample centred with the focal plane can be detected. This significantly reduces the 

detected signal. To offset the signal drop, a laser beam is focused by the objective lens 

into a tight diffraction spot for illumination; the size of the pinhole is controlled 

approximately the size of the Airy disc of the diffraction spot on the focal plane; a 

photomultiplier tube (PMT) is used as a more sensitive detector to produce a single 

image pixel from all the detected signal [42]. As only a single image pixel is produced 

at a time, a scanner (usually a pair of galvanometer mirrors) is required to scan the 

illumination spot across the focal plane in a raster pattern, while a 2-D image can be 

constructed pixel-by-pixel according to each scanning location. The constructed 2-D 

image represents the entire thin sample section. By further moving the objective lens 

along the optical axis, a series of 2-D images at different depths are stacked into a 3-D 

image of the volume of interest. 
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By assuming constant excitation light field on the pupil, the light intensity of the 

illumination focal spot can be derived from the equation (2-22) as: 

 𝐼𝑒 = |ℱ[𝑃𝑒𝑖𝜁]|
2
 (2-36) 

where the constant factors are ignored and 𝑒𝑖𝜁  represents the extra defocus phase 

factor. Referring to the equation (2-32), 𝐼𝑒 takes the same form as |ℎ|2 with 𝜆 = 𝜆𝑒. 

The pinhole filtering the fluorescence resulted from the focal spot on a conjugate plane 

can also be modelled as |ℎ|2 but with 𝜆 = 𝜆𝑓 according to the equation (2-33) [21]. 

Thus, the detected image signal along with the scanning of the illumination focal spot 

can be computed as a pixel array by: 

 𝐼𝐷 = 𝑂 ⊗3−𝐷 [|ℎ𝑒|2|ℎ𝑓|
2

] (2-37) 

Here, |ℎ𝑒|2|ℎ𝑓|
2
 defines the PSF of the microscope with |ℎ𝑒|2 from 𝐼𝑒 and |ℎ𝑓|

2
 

from the pinhole. The pixel dimensions are defined by the scanning dimensions and the 

pixel size is the scanning step which also decides the magnification of the microscope. 

As the PMT is also a digital detector, the detected image 𝐷 can be similarly acquired 

by the equation (2-34). 

 Compared to the widefield fluorescence microscope, the confocal fluorescence 

microscope provides the important optical sectioning capacity which significantly 

enhances the axial resolution [43]. If the scanning step is sufficiently small, both the 

lateral and axial resolution can be estimated by the equation (2-26) but with 𝜆 = 𝜆𝑒. 

As 𝜆𝑒 is shorter than 𝜆𝑓, there is also a marginal improvement in the lateral resolution. 

For a large scanning step, the resolution is decided by the scanning step. Also, the 
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confocal fluorescence microscope further suppresses the image background [43]. 

2.2.4 Multiphoton fluorescence microscopy 

Different from conventional fluorescence microscopy where fluorescence is excited by 

a single photon, multiphoton fluorescence microscopy performs imaging based on 

fluorescence from multiphoton excitation, which is a type of non-linear optical effect 

[44,45]. Multiphoton excitation involves a process that the fluorophore can absorb 

multiple photons of much lower energy than needed for single-photon excitation 

simultaneously to get enough energy to jump to the excited state and emit fluorescence. 

In this case, the emitted fluorescence is of a shorter wavelength 𝜆𝑓 than the wavelength 

𝜆𝑒 of the excitation light. Since the probability of multiphoton excitation is extremely 

low, an excitation light source such as a femtosecond pulsed laser is required to provide 

a high peak flux of photons to make sure detectable fluorescence [7,8]. Also, due to the 

absorption of multiple photons, the probability of multiphoton excitation, which means 

the light intensity of the fluorescence, increases exponentially with the excitation light 

intensity. Multiphoton fluorescence microscopy that commonly used includes two-

photon (2-P) microscopy [46-48] and three-photon (3-P) microscopy [49-51], where 

the light intensity of the fluorescence is respectively proportional to the square and the 

cube of the excitation light intensity. 

A multiphoton fluorescence microscope is depicted in Figure 2-6. Similar to the 

design of the confocal fluorescence microscope, the laser beam for illumination is 

tightly focused and scanned across the focal plane, with the fluorescence detected by a 
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highly sensitive detector like a PMT to finally construct a full image in a pixel-by-pixel 

manner. Nevertheless, rather than using a pinhole, the rejection of the background 

signal from the defocus planes is realised by the localisation of fluorescence excitation 

here, which means that most fluorescence comes from the tiny focal region of 

illumination. Likewise, 3-D imaging can be accomplished by moving the objective lens 

to image optical sections at different depths. 

 

Figure 2-6: A diagram of a multiphoton fluorescence microscope. The 

femtosecond pulsed laser beam of a wavelength 𝜆𝑒 is scanned by a scanner 

at a conjugate pupil before reflected by the dichroic mirror and focused by 

the objective lens onto different spots in the sample for illumination; the 

emitted fluorescence of a wavelength 𝜆𝑓 is collected by the objective lens, 

transmitted by the dichroic mirror and refocused by the tube lens to be 
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detected by a PMT. Signal detected from different scanned spots can 

collectively build up a 2-D image of an optical section centred with the 

scanned plane. By moving the objective lens vertically, multiple optical 

sections can be imaged at different depths and used for reconstruction of a 

3-D volume in the sample. For simplicity, the scanner is compacted on a 

single plane here while in real practice it normally consists of a pair of 

galvanometer mirrors that positioned on a couple of conjugate planes 

relayed by 4-f systems. 

With constant excitation light field on the pupil, the light intensity of the excitation 

focal spot can be again described by the equation (2-36), which is in the same form as 

|ℎ|2 with 𝜆 = 𝜆𝑒. Due to multiphoton excitation, the detected image signal along with 

the focal spot scanning can be computed as a pixel array by: 

 𝐼𝐷 = 𝑂 ⊗3−𝐷 |ℎ|2𝜅 (2-38) 

where |ℎ|2𝜅  defines the multiphoton PSF and 𝜅  is the order of non-linearity with 

𝜅 = 2  for 2-P and 𝜅 = 3  for 3-P. The pixel dimensions and the pixel size are still 

defined respectively by the scanning dimensions and the scanning step. Also, the 

detected image 𝐷 can be obtained by the equation (2-34). 

As the multiphoton fluorescence microscope equally provides the optical 

sectioning, the resolution is also decided in the same way as the confocal fluorescence 

microscope, though the estimation from the equation (2-26) might be slightly worse as 

𝜆𝑒 here is longer [43]. Apart from this, the multiphoton fluorescence microscope has 

many advantages compared to the confocal fluorescence microscope. It typically uses 

IR excitation light, which is scattered less in typical biological tissues and allows deeper 

imaging [52,53]. In addition, the excitation light of lower energy along with the 

localised excitation leads to less photodamage outside of the focal region [54,55]. 
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Furthermore, as the fluorescence is no longer filtered by the pinhole, the signal 

detection is much more effective and the de-scanning is not required. 

2.3 Adaptive optics 

In an optical imaging system, if the image quality is only limited by the diffraction of 

the pupil, then the imaging is diffraction-limited. It however marks a relatively ideal 

state, while the actual image is commonly further degraded by aberrations. Adaptive 

optics (AO) is a technique that works by measuring aberrations and compensating for 

them with adaptive elements introduced into the imaging system. It helps the system to 

approach diffraction-limited imaging [9-13]. 

2.3.1 Aberration 

In wave optics, aberrations can be defined as distortions in the light wavefront. They 

generally come from imperfections of optics, refractive index mismatches in the light 

path and inhomogeneous sample structures [9-13]. Although aberrations may vary with 

light wavelength (chromatic aberrations) [15], monochromatic light is assumed here to 

consider aberrations. 

A monochromatic aberration can be represented by a distorted phase wavefront 𝜙, 

which can be approximately described by a combination of different kinds of modes 

such as: 

 𝜙 = ∑ 𝜙𝑗
𝑁
𝑗  (2-39) 

where 𝑁  is the total number of modes and 𝜙𝑗  is the 𝑗 -th mode. Hence, there are 

various aberration representations [14]. An aberration representation can be orthogonal 
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or non-orthogonal. The orthogonality is generally defined as the inner product between 

each pair of different modes in the representation being zero, while the inner product 

may be calculated in different ways [56]. The size of the aberration can be measured by 

the root mean square (RMS) of 𝜙 [15]. If orthogonal modes are used to describe 𝜙, 

the RMS can be calculated by: 

 𝑅𝑀𝑆𝜙 = √
1

𝑁
∑ 𝜙𝑗

2𝑁
𝑗  (2-40) 

 When the aberration exists in an imaging system, 𝜙  can be considered as the 

wavefront in the pupil. This will cause the pupil function multiplied with an extra phase 

factor 𝑒𝑖𝜙 when calculating the PSF, so that the PSF tends to become wider and have 

a lower peak. As a result, the resolution of the imaging system is prone to decrease and 

the image quality drops [9-13]. A common metric used to evaluate the image quality 

degradation induced by the aberration is the Strehl ratio, which is defined as the ratio 

of the peak aberrated image intensity from a point source compared to its diffraction-

limited counterpart [15]. For small aberrations, the peak image intensity can be assumed 

at the image centre. When the image centre is on the optical axis, the Strehl ratio can 

be roughly calculated by: 

 𝑆 = |〈𝑒𝑖𝜙〉|
2
 (2-41) 

where 〈𝑒𝑖𝜙〉  represents the average of 𝑒𝑖𝜙  taken over the pupil. When 𝑅𝑀𝑆𝜙 ≤

1 rad, the relation between the Strehl ratio and the aberration size can be roughly given 

by [15]: 

 𝑆 = 1 − 𝑅𝑀𝑆𝜙
2 (2-42) 
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When the imaging system is free of aberration, 𝑅𝑀𝑆𝜙 = 0 so that the wavefront in the 

pupil is flat and 𝑆 = 1 which means the diffraction-limited image. 

2.3.2 Zernike polynomials 

Among all the aberration representations, Zernike polynomials are the most commonly 

used [15]. They describe aberrations over a circular wavefront, such as the one in the 

pupil of a typical imaging system using circular lenses. Zernike polynomials are 

orthogonal to each other over a unit disk. By applying a normalisation to make sure 

zero mean and unity variance over the unit disk, Zernike polynomials can be defined as 

[57]: 

 𝑍𝑙
𝑚(𝜌, 𝜑) = {

√2𝑅𝑙
−𝑚(𝜌) sin(−𝑚𝜑) , 𝑚 < 0

𝑅𝑙
0(𝜌), 𝑚 = 0

√2𝑅𝑙
𝑚(𝜌) cos(𝑚𝜑) , 𝑚 > 0

 (2-43a) 

 𝑅𝑙
𝑚(𝜌) = √𝑙 + 1 ∑

(−1)𝑠(𝑙−𝑠)!

𝑠!(
(𝑙+𝑚)

2
−𝑠)!(

(𝑙−𝑚)

2
−𝑠)!

(𝑙−𝑚)/2
𝑠=0 𝜌𝑙−2𝑠 (2-43b) 

where (𝜌, 𝜑) defines the polar coordinates on the unit disk with 𝜌 the radial distance 

and 𝜑 the azimuthal angle; 𝑙 and 𝑚 are nonnegative integer indices representing the 

radial order and azimuthal order respectively and constrained to the conditions 𝑙 ≥ |𝑚| 

and 𝑙 − |𝑚|  being even. The double indices of Zernike polynomials can be further 

mapped to a single positive integer Noll’s index 𝑗 [58].  

The first 11 Zernike polynomials according to the Noll’s index are listed in Table 

2-1. It can be seen that each Zernike polynomial represents a different aberration mode, 

so the overall wavefront can be described by a linear combination of 𝑁 Zernike modes: 

 𝜙 = ∑ 𝑎𝑗𝑍𝑗
𝑁
𝑗  (2-44) 



 

34 

 

Table 2-1. Zernike polynomials (the first 11 in Noll’s index) 

𝑗 𝑙 𝑚 𝑍𝑙
𝑚(𝜌, 𝜑) Aberration term Shape 

1 0 0 1 Piston 

 

2 1 1 2𝜌 cos(𝜑) Horizontal tilt 

 

3 1 -1 2𝜌 sin(𝜑) Vertical tilt 

 

4 2 0 √3(2𝜌2 − 1) Defocus 

 

5 2 -2 √6𝜌2 sin(2𝜑) Oblique astigmatism 

 

6 2 2 √6𝜌2 cos(2𝜑) Vertical astigmatism 

 

7 3 -1 2√2(3𝜌3 − 2𝜌) sin(𝜑) Vertical coma 

 

8 3 1 2√2(3𝜌3 − 2𝜌) cos(𝜑) Horizontal coma 

 

9 3 -3 2√2𝜌3 sin(3𝜑) Vertical trefoil 

 

10 3 3 2√2𝜌3 cos(3𝜑) Oblique trefoil 

 

11 4 0 √5(6𝜌4 − 6𝜌2 + 1) Primary spherical 

 

 

where 𝑎𝑗  is the coefficient of normalised 𝑍𝑗 . Due to the orthogonality of Zernike 

modes, the coefficients are linearly independent and the aberration can be represented 
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by a unique set of coefficients. Moreover, the RMS of 𝜙 can be simply calculated by: 

 𝑅𝑀𝑆𝜙 = √∑ 𝑎𝑗
2𝑁

𝑗  (2-45) 

It is notable that piston (𝑍1 ) and tilt (𝑍2  and 𝑍3 ) are mostly not considered for 

aberration correction as they do not deform the image. Defocus (𝑍4) is technically the 

lowest-order aberration to be considered when a thin object is imaged, while it is often 

left out for a thick object as it simply equals to imaging at a different depth [57,59]. 

2.3.3 Adaptive elements 

Adaptive elements are reconfigurable devices introduced into the imaging system for 

wavefront modulation. Common adaptive elements used in AO include deformable 

mirrors (DM) and spatial light modulators (SLM) [9-13,60].  

A DM is a mirror whose surface can be deformed by electrical or mechanical 

actuators, so it can modulate light of arbitrary polarisation or wavelength with the 

number of actuators determining the number of degrees of freedom [61]. There are 

different DM concepts. A segmented DM consists of many flat mirror segments each 

controlled independently by different actuators [62]. The advantage of this DM concept 

lies in absence of crosstalk between actuators, while it works poorly to modulate 

continuous wavefront as gaps between mirror segments lead to light scattering and 

diffraction losses. The gaps can be minimised by introducing extra actuators to allow 

the tilt of each mirror segment [60]. Another common DM concept is based on a 

continuous reflective membrane whose shape depends on the combined influence from 

a number of actuators [63]. Such a DM concept works better modulating continuous 
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wavefront and allows a great number of actuators when it is driven by micro-

electromechanical systems (MEMS), though calibration is often needed before use to 

map the control voltages to the corresponding change in the membrane shape [64]. 

A SLM is typically a pixelated liquid crystal (LC) device. Each SLM pixel is 

individually controlled by applying a voltage to rotate the local LC molecules. As the 

LC molecules are birefringent, the rotation will cause a phase shift to the passing light 

along the extraordinary axis of LC molecules [65]. In this way, a SLM can modulate 

the intensity, phase or polarisation of light with high precision. When it is used 

exclusively for phase modulation, the input light is required to be of linear polarisation 

along the extraordinary axis of the LC molecules. Also, the performance of SLM is 

dependent on the light wavelength [66]. 

2.3.4 Aberration measurement 

A fundamental part of AO is the ability to measure aberrations. There are mainly two 

categories of methods to implement aberration measurement. The methods in the first 

category employ a separate wavefront sensor such as a Shack-Hartmann sensor [67-70] 

or an interferometer [57,59,64]. These methods are direct and fast, whereas they require 

a complex optical design and suffer from non-common path errors. Also, they generally 

fail to work when it is impossible to place a sensor at the target location or when the 

light for sensing is weak [10-13]. On top of this, different wavefront sensors have their 

own specific limitations. For example, a Shack-Hartmann requires the sensed light from 

a confined small area and an interferometer requires the sensed light to be coherent. 
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Figure 2-7: A flow chart of the sensor-less aberration measurement process. 

 The other category of methods operates without a wavefront sensor, so they are 

known as sensor-less methods [9-14]. Sensor-less methods evolve from phase retrieval 

schemes such as in [71] where the phase was deduced from intensity measurements in 

multiple planes of different amount of defocus. In sensor-less methods, the adaptive 

elements are reconfigured multiple times to deliberately introduce a set of pre-defined 

wavefront modulations into the imaging system. These wavefront modulations are 

called bias aberrations (or “biases” for short) and they are determined by a specific 

scheme to bring so-called phase diversity [72, 73]. For each bias, a biased image is 

taken, so a sequence of differently biased images can be obtained corresponding to the 

whole set of biases. The aberration is then estimated indirectly from the biased images 
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in a certain type of representation by a chosen algorithm. A flow chart of the sensor-

less aberration measurement process is presented in Figure 2-7. Sensor-less methods 

are generally preferred as they function with a simpler optical design and are more 

easily adapted for a wide range of scenarios. However, they tend to be more time-

consuming because they need to take multiple images sequentially and they normally 

rely on iterations to get a good estimation of the aberration. This is coupled with long 

and repetitive exposure, which potentially means motion related errors and 

photodamage [9-13]. A more detailed discussion of sensor-less AO methods can be 

found in the next chapter. 

2.3.5 Aberration correction 

According to the measured aberration, the adaptive elements are controlled for 

aberration correction in AO. Typically, the adaptive elements are positioned at the pupil 

or its conjugate planes of the imaging system [9-14], so the measured aberration should 

be firstly converted into a wavefront 𝜙̂ in the pupil. Then, the adaptive elements are 

controlled to provide a wavefront modulation equivalent to −𝜙̂ therefore compensate 

for the aberration. 

2.4 Information theory 

Information is an abstract concept that can be thought of as the resolution of uncertainty 

[74]. It can be mathematically quantified by information theory, which was established 

and formalised by Shannon in the 1940s [75]. Information theory is based on probability 

theory and statistics, so it associates measures of information with random variables 
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[74]. 

2.4.1 Information content 

In information theory, the information content is also called self-information or 

Shannon information [74]. It is derived from the probability of a particular event 

occurring from a random variable. Given a random variable 𝑋  of a probability 

distribution 𝑝𝑋(𝑥), the information content of measuring 𝑋 as outcome 𝑥 is defined 

by: 

 ℐ𝑋(𝑥) = − log𝑏[𝑝𝑋(𝑥)] (2-46) 

This means that the occurrence of a less probable event provides more information. The 

choice of the logarithmic base 𝑏 determines the unit of information: when 𝑏 = 2, the 

unit is the bit or the Shannon; when 𝑏 = 𝑒, the unit is the natural unit of information; 

when 𝑏 = 10, the unit is the Hartley [74]. Since an arbitrary unit can be taken, 𝑏 is 

hereafter ignored. For multiple independent events, the total information content is the 

sum of the information content of individual events. 

2.4.2 Entropy 

The entropy or the Shannon entropy is the expected value of the information content 

[74]. For the same random variable 𝑋, the entropy can be calculated by: 

 ℋ(𝑋) = 𝔼[ℐ𝑋(𝑥)] = − ∑ 𝑝𝑋(𝑥)Ω𝑥
log 𝑝𝑋(𝑥) (2-47) 

where 𝔼  calculates the expected value and Ω𝑥  is the outcome space of 𝑥 . The 

entropy measures the amount of information in a random variable. A high entropy 

suggests that the outcome is more evenly distributed, thereby making it harder to predict. 
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 When another random variable 𝑌  of a probability distribution 𝑝𝑌(𝑦)  is 

considered, the joint entropy of 𝑋 and 𝑌 can be calculated by: 

 ℋ(𝑋, 𝑌) = 𝔼[− log 𝑝𝑋,𝑌(𝑥, 𝑦)] = − ∑ 𝑝𝑋,𝑌(𝑥, 𝑦)Ω𝑥,𝑦
log 𝑝𝑋,𝑌(𝑥, 𝑦) (2-48) 

where 𝑝𝑋,𝑌(𝑥, 𝑦) is the joint probability distribution of (𝑋, 𝑌) and Ω𝑥,𝑦 is the joint 

outcome space of (𝑥, 𝑦). If 𝑋 and 𝑌 are independent, their joint entropy becomes the 

sum of their individual entropies. If the value of 𝑌 is known, the conditional entropy 

of 𝑋 given 𝑌 is defined as: 

 ℋ(𝑋|𝑌) = − ∑ 𝑝𝑋,𝑌(𝑥, 𝑦)Ω𝑥,𝑦
log 𝑝𝑋|𝑌(𝑥|𝑦) (2-49) 

where 𝑝𝑋|𝑌(𝑥|𝑦)  is the conditional probability distribution of 𝑋  given 𝑌 . A basic 

property can be given by: 

 ℋ(𝑋|𝑌) = ℋ(𝑋, 𝑌) − ℋ(𝑌) (2-50) 

2.4.3 Relative entropy 

The entropy provides the basis of many other measures of information. Among them, 

the relative entropy or the Kullback-Leibler (KL) divergence defines the expected 

difference in the information content from using 𝑞𝑋(𝑥)  as a model probability 

distribution of 𝑋  instead of the true probability distribution 𝑝𝑋(𝑥)  [74]. 

Mathematically, it can be expressed as: 

 𝐷𝐾𝐿(𝑝𝑋(𝑥)||𝑞𝑋(𝑥)) = ∑ 𝑝𝑋(𝑥)Ω𝑥
log

𝑝𝑋(𝑥)

𝑞𝑋(𝑥)
 (2-51) 

Since the relative entropy measures the difference between the model and the ground 

truth, one can find a 𝑞𝑋(𝑥) that is closest to 𝑝𝑋(𝑥) by minimising the relative entropy. 

Such a process is called information projection as the relative entropy is treated as a 
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distance metric between the two probability distributions. However, the relative entropy 

is not a true metric because it is not symmetric, i.e. 𝐷𝐾𝐿(𝑝𝑋(𝑥)||𝑞𝑋(𝑥)) ≠

𝐷𝐾𝐿(𝑞𝑋(𝑥)||𝑝𝑋(𝑥)), and fails to satisfy the triangle inequality [74]. 

2.4.4 Fisher information 

The Fisher information is the expected value of the observed information. If 𝑋  is 

observable and its probability distribution 𝑝𝑋(𝑥)  is parameterised by Θ , the Fisher 

information measures the amount of information carried by 𝑋 about Θ [74]. It can be 

computed by: 

 ℑ𝑋(Θ) = 𝔼 [(
𝜕

𝜕Θ
log 𝑝𝑋(𝑥; Θ))

2
] (2-52) 

Here, 𝑝𝑋(𝑥; Θ) is used to represent 𝑝𝑋(𝑥) parameterised by Θ. Intuitively, the Fisher 

information can be interpreted as the changes in 𝑝𝑋(𝑥; Θ) with respect to changes in 

Θ. A larger change to 𝑝𝑋(𝑥; Θ) resulting from a change of Θ means that 𝑋 carries 

more information about Θ . When Θ  is a vector of multiple parameters, the Fisher 

information becomes a matrix in which: 

 [ℑ𝑋(Θ)]𝑙,𝑚 = 𝔼 [(
𝜕

𝜕𝜃𝑙
log 𝑝𝑋(𝑥; Θ)) (

𝜕

𝜕𝜃𝑚
log 𝑝𝑋(𝑥; Θ))] (2-53) 

Here, 𝜃𝑙  and 𝜃𝑚  are elements of Θ  indexed by 𝑙  and 𝑚  respectively. Such a 

matrix is equivalent to the infinitesimal form, specifically the Hessian, of the relative 

entropy 𝐷𝐾𝐿(𝑝𝑋(𝑥; Θ)||𝑝𝑋(𝑥; Θ′)), where Θ′ is another set of parameters close to Θ 

[74]. 

2.4.5 Cramér-Rao bound 

The Cramér-Rao bound states that the inverse of the Fisher information is a lower bound 
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on the variance of any unbiased estimator Θ̂ of Θ from 𝑋 [74], that is: 

 𝐶𝑅𝐿𝐵Θ̂ = ℑ𝑋(Θ)−1 ≤ 𝕍(Θ̂) (2-54) 

Here, 𝐶𝑅𝐿𝐵Θ̂ denotes the Cramér-Rao lower bound (CRLB) of Θ̂ and 𝕍 calculates 

the variance. When Θ is a vector of multiple parameters, the CRLB of each element 

𝜃𝑚 of Θ̂ can be calculated by: 

 𝐶𝑅𝐿𝐵𝜃̂𝑚
= [ℑ𝑋(Θ)−1]𝑚,𝑚 ≤ 𝕍(𝜃𝑚) (2-55) 

When it is difficult to calculate the inverse of the Fisher information matrix, a possibly 

loose lower bound can be found by [ℑ𝑋(Θ)]𝑚,𝑚
−1

 . An unbiased estimator that 

achieves its CRLB is fully efficient and of the lowest possible mean squared error (MSE) 

[74]. 

2.5 Deep learning 

Conventional algorithms are explicitly programmed for each case, so they tend to rely 

on strong assumptions, perform poorly with high-dimensional data and struggle to 

capture complex non-linear relationship. In contrast, learning-based algorithms are 

designed to learn patterns implicitly from data and generalise to unseen data, therefore 

they are much more flexible without strong reliance on assumptions, well-suited for 

high-dimensional data and powerful at capturing complex non-linear relationship 

automatically [76]. For image processing, most high-performance learning-based 

algorithms are based on deep learning (DL), which uses neural networks (NN) of 

multiple layers [77]. 

2.5.1 Neural network 
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The NN or artificial NN is a computational model inspired by the structure of biological 

NN [76]. It is composed of connected units or nodes called artificial neurons. Each 

neuron receives inputs and processes them to produce a single output that can be sent 

to other neurons connected to it as an input. The initial input 𝑈 includes feature values 

of an example of external data, and the ultimate output 𝑉̂ is expected to fulfil the task. 

Thus, a NN establishes the mapping from 𝑈 to 𝑉̂ as: 

 𝑉̂ = 𝑁𝑁(𝑈) (2-56) 

 

Figure 2-8: The model architecture of a traditional NN or MLP. The neurons 

are represented by circles and the connection between neurons are 

represented by edges. The NN takes elements of the input 𝑈, passes them 

through 4 (𝐿) fully connected layers of neurons indexed by 𝑙, and generates 

elements of the output 𝑉̂. The example neuron in the box is expanded to 

illustrate the calculation in it. 

The model architecture of a traditional NN, also known as a multilayer perceptron 

(MLP) [77], is shown in Figure 2-8. In this NN, the neurons are organised into fully 

connected layers, where each neuron in one layer connects to each neuron in the next 



 

44 

 

layer. With 𝑙 as the layer index, 𝑈 is fed into the input layer (𝑙 = 1) such as: 

 𝑠𝑘
(1)

= 𝑢𝑘 (2-57) 

where 𝑠𝑘
(1)

 denotes the output of the 𝑘-th neuron of the input layer and 𝑢𝑘 denotes 

the 𝑘-th element of 𝑈. Similarly, 𝑉̂ emerges from the output layer (𝑙 = 𝐿) such as: 

 𝑠𝑘
(𝐿)

= 𝑣̂𝑘 (2-58) 

where 𝑠𝑘
(𝐿)

 denotes the output of the 𝑘-th neuron of the output layer and 𝑣̂𝑘 denotes 

the 𝑘-th element of 𝑉̂. The layers between the input and output layer are the hidden 

layers (𝑙 = 2, ⋯ , 𝐿 − 1). A NN with more than one hidden layer are typically called a 

deep NN, which are used for DL [77]. The number of layers 𝐿 gives the NN depth. 

Other than the input layer, the neurons in the rest of the layers (𝑙 = 2 to 𝐿) calculate 

their output by: 

 𝑠𝑘
(𝑙)

= 𝛾(∑ 𝑤𝑘𝑗
(𝑙−1)

𝑠𝑗
(𝑙−1)

+𝑗 𝑤𝑘0
(𝑙−1)

) (2-59) 

Here, 𝑠𝑘
(𝑙)

  denotes the output of the 𝑘 -th neuron of the 𝑙 -th layer; 𝛾  computes an 

activation function that is mostly nonlinear; the part in the parentheses are called the 

activation, in which ∑ 𝑤𝑘𝑗
(𝑙−1)

𝑠𝑗
(𝑙−1)

𝑗  is a weighted sum of all the inputs, with 𝑤𝑘𝑗
(𝑙−1)

 

the weight of the connection from the 𝑗-th neuron of the previous layer and 𝑠𝑗
(𝑙−1)

 the 

input from the same neuron, and 𝑤𝑘0
(𝑙−1)

 is a bias term. The weights and biases are the 

parameters of the NN, which control the mapping relationship. 

2.5.2 Neural network training and testing 

Training a NN is teaching it to generate output that can better accomplish the task [77]. 

It is realised by an iterative process where the parameters of the NN are adjusted to 
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optimise a loss or cost function evaluating the performance. The methods for training 

can be separated into three main paradigms: supervised learning, unsupervised learning 

and reinforcement learning. Supervised learning feeds labelled data into the NN, with 

the label in each example providing the desired output corresponding to the input, and 

trains the NN to minimise the difference between its output and the label [77]; 

Unsupervised learning gives the NN unlabelled data and trains the NN to find hidden 

patterns or properties in the data [77]; In reinforcement learning, the NN acts as an 

agent that learns by making trials and getting feedbacks from an environment until it 

develops a policy to minimise the long-term cost [78]. The choice of the training method 

depends on the task and the state of data. After the NN has been trained, its performance 

is tested on data or cases that were never presented during training [77]. 

 For the DL tasks involved in this thesis, the training of NN is mostly implemented 

in the fashion of supervised learning. As the preparation for each training, a labelled 

dataset is collected and split into three parts: the training set, the validation set and the 

testing set. The training set is the largest one which is used to train the NN; the 

validation set is also used during training but to monitor progress; the testing set is used 

after training to evaluate the final performance of the trained NN. 

The training starts with the initialisation of the NN parameters. Next, a batch of 

input data {𝑈𝑚} (𝑚 = 1, ⋯ , 𝑀) from the training set is fed into the NN, with 𝑀 the 

batch size, and passed through it to output {𝑉̂𝑚} based on the equation (2-56). Such a 

step is called forward propagation. With the corresponding labels of {𝑈𝑚} being {𝑉𝑚}, 
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a loss is calculated by integrating the difference between each pair of 𝑉𝑚 and 𝑉̂𝑚 as: 

 ℒ ≡ ∑ ℰ(𝑉𝑚, 𝑉̂𝑚)𝑚  (2-60) 

where ℰ  is a distance metric. A backward propagation step is then operated by 

calculating the gradients of the loss ℒ  with respect to each NN parameter 𝑤  to 

determine its contribution to ℒ. As the activation functions in the NN are often non- 

differentiable, approximate gradients [
𝜕ℒ

𝜕𝑤
]  are calculated instead. Based on the 

gradients, a gradient descent optimisation algorithm updates the NN parameters to 

reduce the loss by: 

 𝑤̃ = 𝑤 − 𝜂 [
𝜕ℒ

𝜕𝑤
] (2-61) 

where 𝑤̃ represents the updated 𝑤 and 𝜂 defines the learning rate. Except for the 

initialisation, all these procedures are iterated with different batches of data until a full 

pass is made through the entire training set, which is called an epoch. The iterations are 

normally carried on for multiple epochs as required. 

 To evaluate the performance of the NN, another dataset completely separated from 

the training set is required to calculate a validation loss according to the equation (2-

60). If both the validation loss and the training loss are high, the NN is underfitting 

which happens when the NN learns not enough from the training set. To solve this, the 

NN should be trained longer or built with more complex architecture. If the validation 

loss is high but the training loss is low, the NN is overfitting which means that the NN 

learns the training set too well but generalises poorly to unseen data. To prevent 

overfitting, regularisation can be applied during the training. Common approaches for 
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regularisation include early stopping, which means to stop training before the NN 

memorises the training set, weight decay (L1 and L2 regularisation), which adds a 

penalty term onto the training loss to suppress the NN parameters, and dropout, which 

randomly deactivates a certain percentage of neurons during the training [77]. 

 In addition to the NN parameters, the performance of the NN also depends on how 

the NN is configured. The high-level parameters that are set to define the configuration 

of the NN are called hyperparameters. Hyperparameters generally come from the model 

architecture, the training process and the regularisation [77]. Typical hyperparameters 

of the model architecture are the NN depth, the neuron number or the width per layer, 

the choice of each activation function. Hyperparameters of the training process include 

the choice of the initialisation, the batch size, the choice of the loss function, the 

learning rate, the choice of the optimisation algorithm, the number of epochs, etc. 

Regularisation hyperparameters are such as the timing for early stopping, the 

regularisation coefficient for weight decay and the dropout rate. Unlike the NN 

parameters that can be learned from the training data, hyperparameters must be tuned 

separately to optimise the NN performance. 

 To ensure optimised NN performance, the validation set is used repeatedly after 

each training epoch to evaluate the NN performance, which serves as the basis to tune 

the hyperparameters. Once the NN is finalised and all hyperparameter tuning is 

completed, its performance is checked for the one last time with the testing set 

consisting of data that has never appeared throughout the training. 
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2.5.3 Convolutional neural network 

Convolutional neural network (CNN) is a type of NN designed to process structured 

grid data like images. Although a traditional MLP can also process images by taking 

each pixel as an input feature, it ignores the spatial structure in images and becomes 

computationally intractable with images of higher resolution. In contrast to an MLP, a 

CNN exploits the spatially local correlation presented in images to mitigate these 

challenges [77]. 

The model architecture of a typical CNN is presented in Figure 2-9. In this CNN, 

the neurons are organised into 3-D layers and the hidden layers consist of convolutional 

layers, pooling layers and traditional fully connected layers, while different layers may 

be found in a different CNN.  

 

Figure 2-9: The model architecture of a typical CNN. The CNN consists of 

different layers whose dimensions are illustrated by blue shapes. The black 

dotted lines between layers indicate their connections. The orange box 

linked to each layer marks either the receptive field of each neuron in a 

convolutional layer or the pooling window of a pooling layer. From the 

input image, the convolutional layer 1 generates feature maps (squares) by 

convolutions with different filters and the pooling layer 1 reduces the size of 

feature maps. The feature maps are further combined and reduced in size by 

the convolutional layer 2 and the pooling layer 2, until they are flattened 

into a vector (line) and processed by a fully connected layer to generate the 

output. 
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In a convolutional layer, each neuron is only connected to neurons in a restricted 

region local in width and height but extending through the full depth of the previous 

layer. Such a region is called the receptive field of the neuron. The output of each neuron 

can still be calculated following the equation (2-59). For all neurons in a single 2-D 

depth slice, they share the same set of parameters calculating their output, so the 

calculation is equivalent to a convolution between the input volume of the layer and the 

set of parameters as a filter. Assuming the input volume of both the width and the height 

𝓌 in addition to padding around the borders of a size 𝓅 and the filter of both the 

width and the height 𝒻 moving in a stride of 𝓈 during the convolution, the calculation 

result is a 2-D array of both the width and the height ⌊
(𝓌−𝒻+2𝓅)

𝓈
+ 1⌋, where ⌊∙⌋ is a 

round-down operator. Such a 2-D array is called a feature map which represents a 

particular feature of the input volume. The output volume of the layer is hence a stack 

of 2-D feature maps generated by different filters along the depth of the layer. For a 

stack of convolutional layers, the initial layers extract local simple features from the 

input, which will be progressively combined into global complex features in the deeper 

layers [79]. 

A pooling layer contains no neuron but performs a fixed pooling operation on the 

feature maps in the output volume of a preceding convolutional layer. It works by 

sliding a window of both the width and the height 𝒻′ in a stride of 𝓈′ greater than 1 

over each feature map independently, and aggregating the values within the window 

into a single value which is commonly their maximum (max pooling) or average 
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(average pooling). Thus, the depth of the volume remains unchanged while the width 

and the height is reduced by a factor of 𝓈′ after the pooling. A global pooling reduces 

both the width and the height to 1 thereby turning the volume into a vector along the 

depth. 

After several convolutional and pooling layers, the output volume is flattened into 

a vector and passed on to one or more fully connected layers. The fully connected layers 

in a CNN function in the same way as those in an MLP. They are responsible for 

generating the ultimate output to fulfil the task based on the features provided by the 

earlier layers. 

The training and the testing of the CNN follows the same process as that of the 

MLP. It is noted that the pooling layers have no parameters so they are not adjusted 

during the training. Compared to the MLP, the CNN drastically decreases the number 

of parameters required for processing images by the local connectivity and the 

parameter sharing in convolutional layers and the use of pooling layers, so it is less 

likely suffering from overfitting and has lower computational cost. On top of this, the 

CNN is more robust to spatial translations of features in the input images as the features 

are extracted regardless of their positions [77]. 

2.5.4 Residual neural network 

To deal with complex tasks, more layers tend to be stacked in a NN to make it deeper 

so that it can model a more complex mapping relationship and achieve better 

performance [80]. However, as the NN depth keep increasing, the performance will 
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start to saturate and then degrade rapidly [81]. Such a degradation problem is not a 

result of overfitting but the difficulty in training a very deep NN. The main reason 

behind the difficulty is the vanishing / exploding gradients, namely that the gradients 

of the loss become extremely small or large after propagating backward through many 

layers [82,83]. This causes the parameters in earlier layers fail to be updated effectively 

during the training. 

To address the problem, residual neural networks (ResNet) organise layers into 

residual blocks [84]. In each residual block, a shortcut connection is used to bypass the 

layers in the block. The short connection performs identity mapping of the block input 

𝑆, and its output is added to the output of the block layers to form the block output 

Γ(𝑆). This means that the block layers only model a residual mapping Γ(𝑆) − 𝑆. Such 

a structure enables a more direct path for propagating through layers thereby allowing 

for successful training of extra deep ResNet to obtain higher performance on complex 

tasks. 

Among different versions of ResNet, ResNet-18 is a commonly used one whose 

architecture is provided in Figure 2-10. There are in total 18 layers containing trainable 

parameters in this model. Aside from the initial convolutional layer and the last fully 

connected layer, all the other convolutional layers have 3×3 filters and are grouped in 

pairs and each pair forms a residual block. As common rules to design the convolutional 

layers, the size of the feature map is either maintained the same or halved. If the size 

maintained the same, the number of filters is also kept the same; if the size halved, the 



 

52 

 

number of filters is doubled. The activation function for all the convolutional layers is 

rectified linear unit (ReLU) [85]. Also, batch normalisation (BN) is adopted in each 

convolutional layers after the convolution and before the activation function, which 

makes training faster and more stable [86]. By adapting the output layer, this network 

can be easily used for different tasks. 

 

Figure 2-10: The model architecture of ResNet-18. All the layers are 

illustrated by boxes arranged according to their order in the network. A blue 

box labelled as “Convolutional (𝒻 × 𝒻, 𝓃, 𝓈)” represents a convolutional 

layer where the convolutions are operated with 𝓃 filters of size 𝒻 × 𝒻 

moving in a stride of 𝓈. An orange box labelled as “Max Pooling (𝒻′ × 𝒻′, 

𝓈′)” represents a max pooling layer with a 𝒻′ × 𝒻′ window moving in a 

stride of 𝓈′. A green box labelled as “Residual Block (𝓃, 𝓈)” represents a 

residual block of two convolutional layers as shown in the right. If 𝓈 = 1, 

the shortcut connection performs identity mapping; If 𝓈 ≠ 1, a 

convolutional layer of 1×1 filters is inserted into the shortcut connection to 

match the dimensions. The network ends with a global average pooling 

layer and a fully connected layer to generate the final output. 
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Chapter 3 

Sensor-less adaptive optics methods for multiphoton 

fluorescence microscopy 

This chapter provides a review of existing sensor-less AO methods for multiphoton 

fluorescence microscopy. This starts with a summary of common principles, followed 

by variations of these methods that induce different method performances. Some 

methods originally demonstrated in other microscopes are also included as they are 

suitable for multiphoton fluorescence microscopy with little adaptation. 

3.1 Common principles 

A sensor-less AO method normally assumes that the aberration keeps invariant in a 

limited range of time and space. It works in two main stages: image measurement and 

aberration estimation. To measure each image, a bias aberration is introduced by the 

adaptive elements into the microscope, which makes the total aberration in the 

microscope become: 

 𝜙 = 𝜙𝐴 + 𝜙𝐵 (3-1) 

where 𝜙𝐴 denotes the aberration to be estimated and 𝜙𝐵 denotes the bias aberration. 

If the pupil of the microscope is uniformly illuminated, based on the equation (2-36) 

and the pupil wavefront distortion from the aberration discussed in Section 2.3.1, the 

light intensity of the excitation focal spot can be calculated by: 
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 𝐼𝑒 = |ℎ|2 = |ℱ[𝑃𝑒𝑖(𝜙+𝜁)]|
2
 (3-2) 

with the notation system kept the same as in Section 2.2. The detected image signal 𝐼𝐷 

can be obtained by the equation (2-38) with |ℎ|2𝜅 defining the multiphoton PSF and 

the measured image 𝐷 can be further obtained by the equation (2-34). According to a 

specific biasing scheme, a set of bias aberrations {𝜙𝐵
𝑡 }  (𝑡 = 1, ⋯ , 𝑇 ) is introduced 

sequentially so a series of biased images {𝐷𝑡} are measured. In the stage of aberration 

estimation, 𝜙𝐴 is estimated as 𝜙̂𝐴 from {𝐷𝑡}. The estimation is based on a chosen 

aberration representation, which means: 

 𝜙̂𝐴 = ∑ 𝜙̂𝐴𝑗
𝑁
𝑗  (3-3) 

where 𝜙̂𝐴𝑗 is the 𝑗-th in a set of 𝑁 modes. A chosen algorithm 𝐺 is employed to 

compute the set of modes from {𝐷𝑡} as: 

 {𝜙̂𝐴𝑗}
𝑗=1,⋯,𝑁

= 𝐺({𝐷𝑡}𝑡=1,⋯,𝑇) (3-4) 

If the set of modes are orthogonal to each other, the computation can be conducted 

mode by mode, otherwise the whole set must be computed together [87-89]. The 

estimation error 𝜙𝐴 − 𝜙̂𝐴  represents the residual aberration after correction, which 

indicates the performance of the method. For a lower estimation error, the two stages 

of the method can be iterated multiple times by taking the residual aberration as the new 

𝜙𝐴 in the next iteration. As the number of iterations increases, the method takes longer 

time and more image measurements which potentially means more photodamage to the 

sample. Thus, the time consumption and the required number of image measurements 

are also considered for a fair evaluation of the method performance. With respect to a 
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specific imaging scenario, the method performance varies with different choices of 

three method components: the biasing scheme, the aberration representation and the 

estimation algorithm. 

3.2 Aberration representations 

Sensor-less AO methods have used different aberration representations for effective 

estimation. As mentioned in Section 2.3.1, aberration representations can be separated 

into orthogonal ones and non-orthogonal ones based on whether the inner product 

between each pair of different modes is zero. Non-orthogonal modes are typically used 

to match the control of a continuous membrane DM in which each actuator has an 

influence function overlapping with that of the others [90-92]. Since non-orthogonal 

modes must be computed as a whole, the computation is often implemented by a 

stochastic search algorithm which can require many iterations to converge [87,88,93]. 

Works have been conducted to convert the non-orthogonal modes into orthogonal ones 

through DM calibration [56,64,94-96].  

In contrast, orthogonal modes are much more commonly used for higher estimation 

efficiency. There are continuous orthogonal modes each spanning the entire pupil such 

as Zernike modes [95,97-126], deformable mirror modes [56,64,127] and Lukosz 

modes [128,129]. The latter two are variants derived from Zernike modes specifically 

for different scenarios. Alternatively, orthogonal modes can be piecewise. On each 

piece, the phase is defined by only a constant piston component [106,130-134,143-149] 

or that with extra two tilt components [101,135-142]. Each piecewise mode can contain 
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only one single piece confined within a local zone on the pupil [101,130-142] or 

multiple pieces filling up the whole pupil as in Hadamard-Walsh modes [106,143-147] 

and polar Walsh modes [148,149]. 

 Research has been undertaken to compare the performances of methods using 

different kinds of orthogonal modes. In [56], two different sets of deformable mirror 

modes were compared working with DM of different actuator arrangements whereas 

only minor differences were observed when the DM had a large number of actuators. 

In [150], the performances were compared using different variants of Zernike modes 

including the Lukosz modes, singular value decomposition (SVD) modes and Neumann 

modes, but the result showed similar performances. A systematic comparison was not 

made until the work in [14] where a generalised aberration representation covering both 

continuous modes and piecewise zonal modes was defined to allow a fair comparison. 

It was concluded that modes each spanning a larger zone on the pupil resulted in better 

estimation of low-order aberrations of simpler wavefront shape and more robust 

performance to noise, while modes each spanning a smaller zone worked better with 

high-order aberrations of more complex wavefront shape but caused the performance 

more sensitive to the noise. The work in [141] further elaborated the relation between 

Walsh modes and the other modes. Also, it demonstrated that the use of Walsh modes 

helped estimating aberrations of more complex wavefront shape with the estimation 

space reduced into a fundamental Voronoi cell of a lattice geometry while keeping the 

performance robust to noise. To combine the advantages of different modes in 
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estimating different types of aberrations, attempts have been made to estimate low-

order aberration components in continuous modes and high-order aberration 

components in piecewise modes [101,106]. 

3.3 Estimation algorithms 

Estimation algorithms used in sensor-less AO methods include both conventional 

algorithms and learning-based algorithms. Conventional algorithms generally estimate 

the aberration by optimising an image quality metric, while learning-based algorithms 

estimate the aberration directly from the measured images. 

3.3.1 Conventional algorithms 

A conventional algorithm estimates the aberration through an optimisation of a quality 

metric calculated from each measured image that achieves its global optimum when the 

residual aberration after correction is minimised. The algorithm is hence defined 

through two aspects: the choice of the metric and the way to search for the global 

optimum. 

For a multiphoton fluorescence microscope, the most common metric is the 

average (or total) image intensity [64,87-89,93,95,97-100,103,104,106,107,118,130-

140,143,148], while other single-valued choices include the size of the PSF [89,127,128] 

and the image sharpness [102,129], which is often defined as a function of spatial 

frequency components in the image. A multi-valued metric has also been introduced in 

[114] based on a multi-scale wavelet analysis to track spatial frequency variations in 

the image. These metrics reflect mostly the size but unable to show the shape of the 
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aberration, so a large number of measurements are required to collect enough 

information for the algorithm to provide good estimation. On top of this, although these 

metrics only have one global optimum (assuming the aberration modulo 2𝜋  and 

without piston) when the aberration is small [95], apart from the one used in [114], most 

of them tend to generate multiple extra local optimums and show little change when the 

aberration become large [15]. This causes difficulty for the algorithm to estimate a large 

aberration especially when the SNR is low. 

To search for the global optimum of the metric, the algorithm can be based on the 

image formation model or model-free. A model-free algorithm is generally effective to 

converge but requires a large number of measurements. When the aberration is 

estimated in non-orthogonal modes, a model-free stochastic search algorithm such as a 

genetic algorithm [88,89,93,135], a hill-climbing algorithm [87,88] or a random search 

algorithm [88] is normally used to provide a global optimisation with respect to the 

whole aberration. As mentioned in the last section, such an algorithm has a less reliable 

convergence speed. When the aberration is estimated in orthogonal modes, the 

optimisation can be realised individually with respect to each mode by a model-free 

systematic search algorithm which can more efficiently converge [131,134,136-

138,142-149]. 

Since the image formation model is mostly well understood, the function of a 

metric with respect to the aberration can be derived approximately as a quadratic 

polynomial [64,95,97,129]. Thus, a model-based algorithm estimates the aberration by 
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resolving all the parameters in the quadratic function with the measurements and 

finding the aberration corresponding to the global optimum analytically. Such an 

algorithm is direct and deterministic so that it requires much fewer measurements 

compared to a model-free algorithm. When the aberration is represented by 𝑁 

orthogonal modes, a minimum of 𝑁 + 1  measurements (from 𝑁  biases each in a 

different mode plus a zero bias) is required for a point object (i.e. a focusing system) if 

all the modes are both estimated and corrected at the same time [99,103,130]; a 

minimum of 2𝑁 + 1 measurements (from 𝑁 pairs of opposite biases each pair in a 

different mode plus a zero bias) is required if each mode is estimated separately but 

corrected at the same time [98,100,104,129]; a minimum of 3𝑁 measurements (from 

𝑁 groups of biases with a pair of opposite biases in a different mode plus a zero bias 

in each group) is required if each mode is both estimated and corrected separately 

[104,118,132,133]. In the case of a large aberration or a low SNR, more than the 

minimum number of measurements are often required to achieve good estimation, 

which can cause the strategy with a larger minimum number providing a better 

performance [104]. 

3.3.2 Learning-based algorithms 

In a learning-based algorithm, the aberration is estimated directly from the measured 

images by a computational model whose parameters are iteratively adjusted through a 

learning process to minimise the estimation error. With no need of calculating any 

image quality metric, the algorithm can employ information about the aberration 
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contained in measured images much more comprehensively than a conventional 

algorithm, therefore it can provide good estimation based on only a few measurements. 

Different computational models with different learning approaches have been 

applied to implement learning-based algorithms. Typically, a deep NN model for DL is 

used as it is powerful and flexible as a universal function approximator [108-113,115-

117,119-122,124-126], while there are also algorithms fitting a traditional regression 

model with a Gauss-Newton method for learning [105,123]. In some DL based 

algorithms, the NN is designed as a pipeline of distinct modules by incorporating 

knowledge from the image formation model [117,124]. This helps the interpretation 

and debugging of the NN. Also, the training of the whole NN can be broken down to 

the training of modules, which is much easier and can be conducted without a training 

dataset. However, as the NN is limited in flexibility by artificial constraints, these 

algorithms share an important drawback - they need to retrain the NN upon each 

experiment so typically take minutes to run.  

In contrast, other DL based algorithms follow an end-to-end NN design to build a 

direct mapping from the measured images to the estimated aberration [108-

113,115,116,119-122,125,126]. Thus, the NN is trained as a whole and automatically 

learns from data to optimise the estimation. In [119] and [122], the NN was trained by 

deep reinforcement learning, however these algorithms relied on multiple iterations and 

showed no advantage in performance compared to conventional algorithms. A more 

prevalent way to train an end-to-end NN is through supervised learning, which typically 
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involves the collection of a large dataset for the training [108-

113,115,116,120,121,125,126]. As it is impractical to collect such a large dataset 

through experiments, simulations are conducted based on the image formation model 

to generate a synthetic dataset in most cases, while in [125] an extra small dataset was 

collected through experiments to fine-tune the NN. After the NN is properly trained on 

the dataset, it can estimate the aberration from at least two image measurements and 

finish the computation almost instantly without the need of retraining for each different 

experiment. The problems of using an end-to-end NN are its “black box” nature, which 

makes it less interpretable, and the difficulty in its training, as a large amount of data is 

required and the process is computationally expensive. When supervised learning is 

implemented, it is usually challenging to collect a fully eligible dataset that well-

represents different possible imaging scenarios, especially when the object is of 

arbitrary extended structures. This means that the NN in many works is insufficiently 

trained, so that it can only work on images of point-like objects or PSF measurements 

[108-113,115,116,120,125,126]. Such a limitation was addressed in [121] where 

pseudo-PSFs were calculated from pairs of measured images to remove the influence 

from the object structures based on knowledge from the image formation model. In this 

case, a simpler NN that is easier to train was used to estimate the aberration with 

pseudo-PSFs as the input, which allowed the algorithm to work on images of extended 

objects. 

3.4 Biasing schemes 



 

62 

 

The biasing scheme in a sensor-less AO method is generally determined in a heuristic 

manner. When a conventional algorithm is used in the method, the biasing scheme is 

normally restricted to be compatible with the algorithm, which leaves the biases defined 

only by a few parameters free to adjust. For example, as mentioned in Section 3.3.1, 𝑁 

pairs of opposite biases with each pair in a different mode plus a zero bias is specified 

for a model-based algorithm to estimate the aberration in 𝑁 orthogonal modes from 

2𝑁 + 1  measurements, so the biasing scheme only depends on the choice of bias 

amplitude for each mode [98,100,104,129]. While the optimal choice of the free bias 

parameters was explored in [98], these parameters are mostly determined based on 

empirical experience.  

On the other hand, the biasing scheme can be chosen much more freely when it 

works with a learning-based algorithm. Yet in most methods applying a learning-based 

algorithm, the biases are still chosen with the common choices used for conventional 

algorithms as references. For the biases based on Zernike modes, it has been reported 

that defocus (if imaging a thin object) and astigmatism generally bring better 

performance when serving as the biases, while coma and trefoil are less desirable 

[121,123,125]. 

3.5 Summary and discussion 

In general, a sensor-less AO method takes image measurements according to a chosen 

biasing scheme and estimates the aberration in a certain representation from the 

measured images by a specific algorithm. The performance of the method is evaluated 
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based on not only the estimation error, but also the time consumption and the required 

number of image measurements. Different methods are defined by different choices in 

the biasing scheme, the aberration representation and the estimation algorithm. The 

biasing scheme is widely determined in a heuristic way. About the aberration 

representation, orthogonal modes are more common choices in which continuous 

modes are more suitable for estimating low-order aberrations while piecewise modes 

are more suitable for estimating high-order aberrations. In terms of the estimation 

algorithm, learning-based algorithms can be more efficient than conventional 

algorithms as they can extract useful information contained in the measured images 

more comprehensively rather than only make use of limited information contained in 

the image quality metric. The state-of-the-art performance has been achieved with a DL 

based algorithm in which an end-to-end NN is trained on a large dataset through 

supervised learning and hence able to estimate the aberration from at least two images 

without the need of retraining for each different experiment. 

 The major problem shared by existing sensor-less AO methods is the large time 

consumption as they need to take multiple images in a sequential manner and often rely 

on iterations to refine their estimation. Even though some recent methods have 

demonstrated the potential of estimating the aberration based on only two images by a 

DL based algorithm, much more images are usually required in many scenarios to reach 

a satisfactory estimation. Therefore, it is important to further accelerate sensor-less AO. 

To achieve this, a key step is to optimise the information contained in the measured 
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images for aberration estimation, which can be implemented in two major directions: 

(1) to maximise information about the aberration encoded in the measured images by 

optimising the biases; (2) to concentrate information separated in multiple images into 

one image by measuring the images in parallel. In the next two chapters, two studies 

are presented to optimise sensor-less AO following the two directions correspondingly. 
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Chapter 4 

Information guided optimisation of sensor-less adaptive 

optics methods for multiphoton fluorescence microscopy 

Sensor-less AO generally requires taking multiple images to support the aberration 

estimation. To reduce the time consumption, a valid way is to increase the efficiency in 

estimating the aberration from the images. This naturally demands more information 

about the aberration should be extracted, which depends on how information is encoded 

in the images. In sensor-less AO, the biasing scheme conditions the image measurement 

so it determines the encoding of information. Since the biasing scheme has been mostly 

chosen based on empirical experiences, one should not expect that the images are 

optimally conditioned for aberration information extraction. Thus, it is important to 

optimise the biasing scheme objectively to better condition the images so that sensor-

less AO can work more efficiently. 

 As shown in Figure 4-1, a framework was introduced in this chapter to provide 

information guided optimisation of the biasing scheme in sensor-less AO. In this 

framework, a numerical model was built to describe sensor-less AO. Based on this 

model, information encoded in the images was analysed by calculating the Fisher 

information. According to the Cramér-Rao bound, a loss function could be derived from 

the Fisher information representing the accuracy of the aberration estimator when it 
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fully extracted the information about the aberration from the images. With such a loss 

function, optimisation of the biases could be performed objectively to result in better 

conditioned images and thus facilitate higher sensor-less AO performance. This 

framework is not specific to any sensor-less AO method or imaging scenario. However, 

features from both the sensor-less AO method and imaging scenario should be 

integrated into each implementation of the framework to make the optimisation more 

practically relevant. In this chapter, a multiphoton fluorescence microscope was 

assumed and the framework was demonstrated with different sensor-less AO methods 

working in different imaging scenarios. 

 

Figure 4-1: A diagram of sensor-less AO with the biases optimised through 

a framework based on information analysis comparing to the conventional 

sensor-less AO without optimisation of the biases. 

4.1 A numerical model of sensor-less adaptive optics 

A general model of sensor-less AO has been provided in Section 3.1. Based on that, the 

total aberration in the microscope was specifically modelled here by a linear 

combination of 𝑁 Zernike modes, so the equation (3-1) became: 



 

67 

 

 𝜙 = ∑ (𝑎𝑗 + 𝑏𝑗)𝑍𝑗
𝑁
𝑗  (4-1) 

where 𝑎𝑗 + 𝑏𝑗 forms the coefficient of Zernike mode 𝑍𝑗, with 𝑎𝑗 from the aberration 

to be estimated 𝜙𝐴 and 𝑏𝑗 from the bias aberration 𝜙𝐵. For each measured image, 

the pixel dimensions were set as 128 × 128 and the pixel size was set as a half of the 

FWHM of the diffraction-limited multiphoton PSF on the focal plane. To calculate each 

measured image 𝐷, the 3-D convolution in the equation (2-38) was calculated through 

an approximation that sampled five axial planes with the central plane placed on the 

focal plane and the spacing between any two adjacent planes as the FWHM of the 

diffraction-limited multiphoton PSF along the optical axis; Before applying the 

equation (2-34), the detected image signal 𝐼𝐷  was normalised such that its total 

intensity equalled to 1 when it was aberration free, which means that its total intensity 

equalled to its Strehl ratio when it was aberrated; The signal amplification 𝜉 in the 

equation (2-34) was thus defined as the photon budget, which is the expected total 

signal photon number in 𝐷  when there was no aberration; The background 𝛽  was 

defined as a constant value across 𝐷; The distribution 𝑅 was modelled as a Poisson 

distribution because photodetection in the multiphoton microscope is mainly affected 

by shot noise [35]. Moreover, the aberration estimator 𝜙̂𝐴 was assumed to consist of 

𝑀 Zernike coefficient estimators 𝑎̂𝑗 with 𝑀 ≤ 𝑁, so that the equation (3-3) changed 

to: 

 𝜙̂𝐴 = ∑ 𝑎̂𝑗𝑍𝑗
𝑀
𝑗  (4-2) 

4.2 Information analysis 
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As informed in Section 2.4.4, the Fisher information measures the amount of 

information carried by an observable random variable 𝑋  about its contributing 

parameters Θ [74]. It provides a suitable way to analyse the information encoded in 

the images measured for sensor-less AO, because each pixel value of the images is an 

independent random variable that depends on 𝜙𝐴 . In the information analysis, the 

images as a whole was considered as 𝑋 in which each element 𝑋𝑝 corresponded to 

each pixel value. Θ was defined by a vector of multiple parameters including those 

representing not only 𝜙𝐴 but also other potentially unknown factors such as the object 

structures, the signal level, and the background level. The Fisher information in 𝑋𝑝 

could be calculated as a matrix based on the equation (2-53). Since 𝑋𝑝 was Poisson-

distributed, this equation changed into: 

 [ℑ𝑋𝑝
(Θ)]

𝑙,𝑚
=

1

𝑋𝑝̅̅ ̅̅
(

𝜕𝑋𝑝

𝜕𝜃𝑙
) (

𝜕𝑋𝑝

𝜕𝜃𝑚
) (4-3) 

where 𝑋𝑝
̅̅̅̅  represents the expected value of 𝑋𝑝. It was easy to obtain 𝑋𝑝

̅̅̅̅  using the 

numerical model, and the partial derivatives could be approximately calculated by a 

finite difference method. The step for finite difference calculation was chosen to ensure 

sufficient accuracy of the partial derivative approximations while keep the 

computational complexity at an acceptable level. For the partial derivatives with respect 

to parameters of 𝜙𝐴, the step was set as 0.01. As 𝑋𝑝 was independent from each other, 

the Fisher information in 𝑋 could be finally calculated by: 

 [ℑ𝑋(Θ)]𝑙,𝑚 = ∑ [ℑ𝑋𝑝
(Θ)]

𝑙,𝑚
𝑝  (4-4) 

It is important to note that the independence here was in terms of the noise on each pixel 
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rather than the expected value on each pixel and the independence came from the pixel-

by-pixel detection in the multiphoton microscope. To consider different imaging 

scenarios where coupling exists among detection of different pixels such as using a 

typical CCD camera, it might be no longer valid to assume such independence, and 

assuming such independence will cause an overestimation of Fisher information. 

In a specific sensor-less AO method, the directly measured images can be further 

processed before serving as the input to the estimation algorithm. The processing of the 

images essentially selects only a part of information in the images to be effectively used 

in the subsequent calculation. In this case, the information analysis was preferably 

conducted with 𝑋  defined by the processed result instead. Since random variables 

remain random variables after processed, the information in the new 𝑋 could still be 

analysed by calculating the Fisher information [74]. For the Fisher information 

calculation, the distribution of each element 𝑋𝑝 in the new 𝑋 needed to be derived 

from that of each pixel value in the images. It is noted that such derivation could be 

difficult to accomplish when the processing was complex. Alternatively, the 

information in an intermediately processed result or the original images might be more 

easily analysed, although such analysis might provide less accurate guidance for the 

optimisation of the specific method. 

 Another aspect about a specific sensor-less AO method that can influence the 

information analysis is the usage of prior knowledge for the aberration estimation as 

the prior knowledge forms an extra information source besides the images. To take the 
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extra information into account, a simple way was to adjust Θ while still calculating the 

Fisher information in the same 𝑋 for the analysis. When no prior knowledge was used, 

all the contributing factors of 𝑋 should be deemed unknown therefore their parameters 

should all be included in Θ. As prior knowledge was introduced into the estimation 

algorithm either explicitly as additional inputs or implicitly as assumptions, it took 

effect by eliminating the uncertainty from some parameters so that these parameters 

could be removed from Θ [74]. When there were a large number of parameters in Θ, 

it could be difficult to calculate the whole Fisher information matrix. A compromise 

solution was to ignore some parameters that were not to be estimated, especially when 

these parameters contributed weakly to 𝑋 , so a smaller matrix that equalled to a 

submatrix of the original one could be calculated instead, but at the cost of a potential 

drop in the accuracy of the information analysis. 

4.3 Loss function 

As informed in Section 2.4.5, the CRLB defines the lower bound on the variance of any 

unbiased estimator 𝜃𝑚  of each parameter 𝜃𝑚  in Θ  from 𝑋  [74]. It indicates the 

accuracy of 𝜃𝑚 when 𝜃𝑚 makes full use of the information about 𝜃𝑚 in 𝑋. Thus, 

the CRLB of the aberration estimator 𝜙̂𝐴  could be used to derive a desirable loss 

function for optimisation of the biases in sensor-less AO to achieve the most accurate 

estimation of 𝜙𝐴. Following the numerical model, the CRLB of 𝑎̂𝑗 could be calculated 

from ℑ𝑋(Θ) based on the equation (2-55) as: 

 𝐶𝑅𝐿𝐵𝑎̂𝑗
= [ℑ𝑋(Θ)−1]𝑚𝑎𝑗

,𝑚𝑎𝑗
≤ 𝕍(𝑎̂𝑗) (4-5) 
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where 𝑚𝑎𝑗
 denotes the index of 𝑎𝑗 in Θ. To combine all the 𝐶𝑅𝐿𝐵𝑎̂𝑗

, a loss function 

was defined as: 

 ℒ = √∑ 𝐶𝑅𝐿𝐵𝑎̂𝑗
𝑀
𝑗  (4-6) 

According to the equation (2-45), this loss function represented a lower bound on the 

mean error of 𝜙̂𝐴 in the RMS. 

4.4 Optimisation 

The optimal biases could be searched by minimising the loss function. However, as a 

sensor-less AO method is generally expected to work well in not only one single case 

but a range of scenarios, the mean loss over the range of scenarios should be minimised 

instead in the optimisation for the best overall performance. The optimisation was 

implemented in a similar way to the training of a NN. First, all the optimisable 

parameters of the biases were randomly initialised. In each optimisation step, a batch 

of examples were randomly drawn from the range of scenarios following a probability 

distribution and the mean loss over the batch of example scenarios was calculated as 

the basis for an Adam gradient descent optimiser [151] to update jointly all the 

optimisable parameters of the biases. Multiple steps were normally required for the 

optimisation to achieve convergence. The details such as the definition of the scenario 

range, the optimisable parameters of the biases, the way of initialisation, the batch size, 

the probability distribution to draw examples, the learning rate of the optimiser and the 

number of optimisation steps could be different in different implementations and will 

be specified in later sections. Each implementation in this chapter was programmed 
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with TensorFlow in Python and run on a GPU (Nvidia GeForce RTX 3070). 

4.5 Optimisation with a conventional algorithm 

The framework was first demonstrated with sensor-less AO methods using a 

conventional algorithm. Here, the total aberration 𝜙  consisted of 𝑁 = 5  Zernike 

modes including astigmatism (𝑍5 and 𝑍6), coma (𝑍7 and 𝑍8) and spherical (𝑍11); the 

measured images were calculated by simulating either a 2-P or 3-P microscope with a 

point-like object at the focus, the photon budget 𝜉 = 200,000  and the background 

𝛽 = 100. A representative sensor-less AO method was considered to estimate each 𝑎𝑗 

in 𝜙𝐴 separately. In this method, there were two images measured for each mode to be 

estimated with a pair of opposite biases of that mode and an extra image measured with 

a zero bias, so a total 2𝑁 + 1 images were measured to estimate 𝑁 modes. For the 

estimation of each mode, the total image intensity was calculated as an image quality 

metric from the two images measured for that mode and the common non-biased image 

respectively. A model-based algorithm was used to fit the three metric readings along 

with their corresponding biases to a parabola and obtain the coefficient estimator 𝑎̂𝑗 

from the value where the parabola peaked. The full details of this method can be found 

in [104]. 

 Since each aberration mode was estimated from different inputs, the information 

analysis was conducted separately. For each mode, three corresponding metric readings 

were processed from the images to be the input of the estimation algorithm so they 

defined 𝑋. The distribution of each metric reading 𝑋𝑝 could be easily derived from 
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that of each pixel value in the images as the sum of independent Poisson-distributed 

random variables still follows a Poisson distribution [152]. Thus, the Fisher information 

could be calculated similarly by the equation (4-3) and (4-4). The prior knowledge used 

in the estimation algorithm came from the additional inputs of the biases and the 

assumption of the parabolic model. This means that Θ only depended on the single 𝑎𝑗, 

the photon budget 𝜉 and the background 𝛽. From ℑ𝑋(Θ) calculated for each mode, 

a separate loss was calculated with 𝑀 = 1 as only a single mode was estimated each 

time. 

 Correspondingly, an individual branch of optimisation was also implemented for 

each mode. In each branch, the sensor-less AO method was optimised for a range of 

scenarios where the RMS of 𝜙𝐴 was limited smaller than either 0.5 or 1.0 rad. Such a 

range was chosen to be within the range where the parabolic model can be deemed valid 

[95]. Due to the restriction on the choices of biases in the method, i.e. a pair of opposite 

biases in that mode for each mode plus a common zero bias, the optimisable parameter 

included only the bias amplitude for each mode. The bias amplitude was initialised by 

a value randomly drawn from a uniform distribution within 0.75 rad. The batch size 

was 32 and the 𝜙𝐴 in each example scenario was drawn from the surface of an n-

sphere as in [153] with the radius of the n-sphere corresponding to an RMS value drawn 

from a uniform distribution in the limited RMS range of 𝜙𝐴 . There were 500 

optimisation steps in total. The learning rate started from 0.05 and decreased by half 

every 100 steps. 
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To test whether the optimised biases resulted in the best performance of the method, 

a range of bias amplitudes were sampled with 0.1 rad as the step. For each sampled bias 

amplitude, 2000 example scenarios were drawn in the same way as in the optimisation 

for each mode to calculate the mean loss and the mean error of 𝑎̂𝑗 by simulations based 

on the numerical model. Hence, a separate curve could be plotted for both the mean 

loss and the mean error with respect to the bias amplitude for comparison. 

4.5.1 Two-photon microscope case 

For a 2-P microscope, the test results were presented in Figure 4-2(a) when the RMS of 

𝜙𝐴 was within 0.5 rad and Figure 4-2(b) when the RMS of 𝜙𝐴 was within 1.0 rad. In 

both figures, the curves of the mean loss followed the general trends of the curves of 

the mean error and the optimised bias amplitudes, which were marked by vertical dotted 

lines, also corresponded approximately to the lowest mean errors. 

It is however noted that the mean error could become even lower than the mean 

loss though the latter represented a lower bound of the former. This is because 𝑎̂𝑗 was 

manually limited according to the RMS range of 𝜙𝐴, thereby leading to a further drop 

in the mean error. Interestingly, the curves of the two astigmatism modes (𝑍5 in blue 

and 𝑍6 in red) always followed each other closely and the curves of the two coma 

modes (𝑍7  in yellow and 𝑍8  in purple) also presented the same trait. This was 

expected as the two pairs of modes share similar shapes and only differ in orientations, 

which has been shown in Table 2-1. By comparing the two figures, it was observed that 

the optimised bias amplitudes increased when scenarios of larger 𝜙𝐴 were taken into 
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consideration. Such an observation agrees with the report in [98]. 

 

Figure 4-2: The 2-P comparison between the mean loss (dashed curves) and 

the mean error of each single mode coefficient estimator (solid curves) with 

respect to varied bias amplitudes when the RMS of 𝜙𝐴 was within 0.5 rad 

(a) and 1.0 rad (b). The optimised bias amplitude for each mode was marked 

with a vertical dotted line in both (a) and (b). 

4.5.2 Three-photon microscope case 
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Figure 4-3: The 3-P comparison between the mean loss (dashed curves) and 

the mean error of each single mode coefficient estimator (solid curves) with 

respect to varied bias amplitudes when the RMS of 𝜙𝐴 was within 0.5 rad 

(a) and 1.0 rad (b). The optimised bias amplitude for each mode was marked 

with a vertical dotted line in both (a) and (b). 

Figure 4-3 showed the test results for a 3-P microscope, which were generally similar 

to the 2-P results. It was observed that the mean loss curves started to deviate slightly 
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from the mean error curves when the RMS upper bound of 𝜙𝐴 increased from 0.5 to 

1.0 rad, while the optimised bias amplitudes still met around the minima of the mean 

error curves, which were very flat as the bias amplitude changed between 0.6 and 1.0 

rad. This is due to the higher order of the non-linearity of the 3-P microscope, which 

means that the total image intensity metric only responded effectively to the aberration 

changes in a narrower range [118]. The parabolic model was hence no longer valid 

when the RMS of 𝜙𝐴  increased to 1.0 rad thereby reducing the correspondence 

between the mean error and the mean loss. In addition, the optimised bias amplitudes 

became smaller when changing from 2-P to 3-P, which also reflected the reduced 

aberration range of the metric response. 

4.6 Optimisation with a learning-based algorithm 

 

Figure 4-4: Image examples of the point-like object (a) and the extended 

volumetric object (b) when there was no aberration or noise. Each image 

was normalised to its own maximum. 

Sensor-less methods using a learning-based algorithm were then employed for the 

demonstration of the framework. In this section, the total aberration 𝜙 consisted of 

𝑁 = 7 Zernike modes including astigmatism (𝑍5 and 𝑍6), coma (𝑍7 and 𝑍8), trefoil 
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(𝑍9 and 𝑍10) and spherical (𝑍11). The measured images were calculated by simulating 

a 2-P microscope with either a point-like object at the focus or an extended volumetric 

object, the photon budget 𝜉 = 50,000 and the background 𝛽 = 1. In the point-like 

object case, defocus (𝑍4) was added exclusively to the biases as an extra mode. The 

extended volumetric object was generated by down-sampling an image stack of 

fluorescence labelled cytoplasmic membrane in a biological sample taken from a high-

resolution 2-P microscope. The down-sampling helped to restore the sharp features in 

the sample structures that had been smoothed out by the imaging process. An image 

example of each object was provided in Figure 4-4 when there was no aberration or 

noise. 

Specifically, a sensor-less AO method was designed to measure two biased images 

from which a ResNet-18 trained through supervised learning estimated all the seven 𝑎𝑗 

of 𝜙𝐴 together. The two biased images were normalised such that the maximum pixel 

value in the whole stack became 1 and the minimum became 0 before they were fed 

into the NN as the input. For the supervised learning, a synthetic dataset containing 

20,000 examples for training and 2,000 examples for validation was generated by 

simulations based on the numerical model. In each example, there contained a stack of 

two biased images as the input labelled with its corresponding seven 𝑎𝑗 of 𝜙𝐴 that 

was randomly drawn from the surface of an n-sphere as in [153] with the radius 

corresponding to an RMS smaller than 3.0 rad. During the training, the NN parameters 

were initialised by Glorot uniform initialisation [154]; the batch size was 32; the loss 
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was defined by the mean error of 𝜙̂𝐴 in the RMS; the Adam gradient descent optimiser 

was used to train the NN for 30 epochs [151]; the learning rate started from 10−3 and 

decayed to 1/3 of its previous value when the decrease of the validation loss was less 

than 10−3 for two epochs in a row until the learning rate finally reached 10−5; both 

L1 and L2 regularisation were applied to prevent overfitting. The training was 

programmed with TensorFlow in Python and run on a GPU (Nvidia GeForce RTX 

3070). 

 In the information analysis, 𝑋 was directly defined by the two biased images as 

the normalisation induced negligible change to the information. The training essentially 

imparted knowledge about the numerical model that was used for generating the 

training data to the NN. As only 𝜙𝐴 was changing in the numerical model throughout 

the data generation, Θ could be defined by a vector of 𝑁 = 7 coefficients 𝑎𝑗. Based 

on ℑ𝑋(Θ), the loss could be calculated with 𝑀 = 𝑁. To implement the optimisation, 

the scenario range was defined by limiting the RMS of 𝜙𝐴 within 3.0 rad, which was 

the same as the range of the NN training data. As there was no extra restriction on 

choosing the biases from the method, the optimisable parameters were 2𝑁 = 14 

coefficients 𝑏𝑗 representing the two biases when the extended volumetric object was 

imaged. In the point-like object case, the number of 𝑏𝑗  was 2(𝑁 + 1) = 16  as 

defocus was introduced as an extra bias mode. Each bias coefficient was initialised by 

a value randomly drawn from a uniform distribution within 1.5 rad. To prevent memory 

overflow, the batch size was set at 16. The 𝜙𝐴  in each example scenario was also 
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drawn from the same distribution as in the generation of each example for NN training. 

The biases were optimised for 1000 steps with the learning rate starting from 0.05 and 

reducing by half every 200 steps. 

With more degrees of freedom, the biases could be chosen from a much broader 

space for the method. Also, every time when the biases changed, the NN needed to be 

trained all over again, which could induce great computational cost. It would be 

therefore impractical to follow the same way of demonstration as in the last section to 

sample different choices of the biases exhaustively from the whole space and test their 

corresponding performances to compare with the optimised biases. Instead, multiple 

conventional choices of the biases were selected for comparison. Similarly, for each 

different choice of the biases, 2000 example scenarios were drawn in the same way as 

in the optimisation to calculate the mean loss and the mean error of 𝜙̂𝐴 in the RMS for 

comparison. 

4.6.1 Point-like object case 

When the point-like object was imaged, the optimised biases were shown in Figure 4-

5. It could be seen that the optimised biases were dominated by defocus, which is in 

line with the result in [125]. In Figure 4-6, the optimised biases were compared with 

commonly used ±1 rad single-mode biases in terms of the mean loss and the mean 

error. The standard derivations of the errors were depicted by the error bars. For 

reference, the initial 𝜙𝐴 was displayed in parallel with the errors. It was observed that 

the optimised biases resulted in the lowest mean error with the smallest standard 
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deviation and that the trends shown by the mean loss reflected well those of the mean 

error. 

 

Figure 4-5: The optimised biases when the point-like object was imaged 

with their phases in rad shown as insets. 

 

Figure 4-6: The comparison between the optimised biases and different ±1 

rad single-mode biases in terms of the mean loss and the mean error of 𝜙̂𝐴 

in the RMS when the point-like object was imaged. The error bars 

represented the standard deviations of the errors in the RMS. The initial 𝜙𝐴 

was provided along with the errors as the reference. 

4.6.2 Extended volumetric object case 

Figure 4-7 presented the optimised biases when the extended volumetric object was 

imaged. It could be seen that the optimised biases were mostly in the two astigmatism 

modes, which agrees with the results in [121] and [123]. Similarly, the optimised biases 

were compared with commonly used ±1 rad single-mode biases in Figure 4-8 by 
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calculating the mean loss and the mean error respectively. As in Figure 4-6, the error 

bars represented the standard deviation of the errors and the initial 𝜙𝐴 was presented 

for reference. Still, the optimised biases outperformed all the other biases and the mean 

loss kept consistent with the mean error. 

 

Figure 4-7: The optimised biases when the extended volumetric object was 

imaged with their phases in rad shown as insets. 

 

Figure 4-8: The comparison between the optimised biases and different ±1 

rad single-mode biases in terms of the mean loss and the mean error of 𝜙̂𝐴 

in the RMS when the extended volumetric object was imaged. The error 

bars represented the standard deviations of the errors in the RMS. The initial 

𝜙𝐴 was provided along with the errors as the reference. 

An interesting observation was that the single-mode biases of coma (𝑍7 and 𝑍8) 

and trefoil (𝑍9 and 𝑍10) performed much differently imaging the extended volumetric 
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object compared to imaging the point-like object. This is due to the fact that the image 

of the point-like object was roughly the PSF on the focal plane, while the image of the 

extended volumetric object had contributions from PSFs on both the focal plane and 

the defocused planes. For two different 𝜙𝐴, if they were opposite in even radial order 

modes and the same in odd radial order modes, they would induce identical PSFs on 

the focal plane but different PSFs on the defocused planes when no bias was applied. 

Hence, it was ambiguous to differentiate such two 𝜙𝐴 from the image of the point-like 

object, while the ambiguity did not exist for the image of the extended volumetric object. 

When an even radial order bias mode was applied, the even radial order modes would 

be no longer opposite, so the two 𝜙𝐴 would become differentiable from the image of 

the point-like object as well. In contrast, when an odd radial order bias mode was 

applied, the condition for the ambiguity would still hold true, so the ambiguity would 

remain for the image of the point-like object. 

An illustration of this phenomenon is provided in Table 4-1. In the illustration, the 

PSFs on the focal plane and on the +1 rad defocused plane are presented for +1 rad 

different bias modes with either +1 or -1 rad astigmatism (𝑍5) as 𝜙𝐴. As astigmatism 

(𝑍5) is an even radial order mode, the two possible 𝜙𝐴 induce the same PSF on the 

focal plane, which shows the ambiguity. When the even radial order bias modes (𝑍5, 

𝑍6 and 𝑍11) is applied, the PSFs on the focal plane resulted from the two possible 𝜙𝐴 

become different from each other so the ambiguity is avoided. However, when the odd 

radial order bias modes (𝑍7, 𝑍8 𝑍9 and 𝑍10) is applied, the PSFs on the focal plane 
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resulted from the two possible 𝜙𝐴 stay the same so the ambiguity remains. For the 

PSFs on the defocused plane resulting from the two possible 𝜙𝐴 , they are always 

different so no ambiguity is involved. 

Table 4-1. A comparison of PSFs for different bias modes 

Bias mode 

(+1 rad) 

Focal plane PSF 

(+1 rad 𝑍5 𝜙𝐴)  

Focal plane PSF 

(-1 rad 𝑍5 𝜙𝐴) 

+1 rad defocused 

plane PSF 

(+1 rad 𝑍5 𝜙𝐴) 

+1 rad defocused 

plane PSF 

(-1 rad 𝑍5 𝜙𝐴) 

Even radial 

order 

𝑍5 

    

𝑍6 

    

𝑍11 

    

Odd radial 

order 

𝑍7 

    

𝑍8 

    

𝑍9 

    

𝑍10 
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4.7 Optimisation with more degrees of freedom 

Using more optimisable parameters could increase the benefit of the optimisation, 

which would in turn influence the sensor-less AO performance resulting from use of 

the optimised biases. As the number of the optimisable parameters depended on the 

degrees of freedom in the whole set of biases, the demonstration in the last section was 

extended to more than two biases. The new demonstration could also be considered as 

an optimisation of the number of biases. Here, most implementation details were still 

maintained the same as in the last section. The extended volumetric object images were 

used. To make sure that the sensor-less AO performance would only change with the 

optimisation result, a fixed total photon budget and fixed total background were 

maintained across the whole stack of the biased images. This is equivalent to having a 

fixed amount of sample exposure in a fixed amount of time for the measurement of the 

whole set of biased images. Assuming that each biased image had an equal share of the 

total photon budget and total background, the photon budget of each biased image 𝜉 

could be derived by the total photon budget divided by the bias number and the 

background of each biased image 𝛽 could be derived by the total background divided 

by the bias number. Thus, the more biases were used, the smaller fraction of the total 

photon budget and total background was assigned to each biased image. The total 

photon budget was set at 1,000,000 / 320,000 / 100,000 corresponding to high / medium 

/ low photon budget and the total background was kept at 100. To avoid memory 

overflow during the optimisation, the batch size was reduced to 8 when the bias number 
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was larger than 8. 

For the purpose of testing the optimisation results with more degrees of freedom 

and their corresponding performance, the bias number was increased from 2 to 2𝑁 =

14 and the optimisation was performed for each bias number in this range. Based on 

the optimised biases obtained from each optimisation, 2000 example scenarios were 

drawn as in the last section to calculate the mean loss, so the mean loss could be plotted 

against the bias number. Since it was computationally expensive to train the NN and 

calculate the mean error of 𝜙̂𝐴 in the 2000 example scenarios for each bias number, 

three representative cases were selected to calculate the mean error instead. These three 

cases included (1) 2 biases, which is the minimum required for the sensor-less AO 

method [116]; (2) 𝑁 + 1 = 8  biases, which is the minimum required to span the 

aberration space of 𝑁  coefficients [99,103]; (3) 2𝑁 = 14  biases, which provides 

symmetrical biasing for each mode [104]. Hence, these three cases formed a logical 

subset of all possible bias numbers that were sufficient to show any trends. 

4.7.1 High photon budget case 

 

Figure 4-9: Image examples obtained with high photon budget when there 

was no aberration and the bias number was 2, 𝑁 + 1 and 2𝑁 respectively. 

Each image was normalised to its own maximum. 
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With high photon budget, three diffraction-limited image examples were obtained 

corresponding to the three representative bias numbers (2, 𝑁 + 1  and 2𝑁 ) and 

presented in Figure 4-9 to visualise the typical image SNR in these cases. Clearly, the 

image SNR dropped with the increase of the bias number as the total signal was divided 

into more images. 

 

Figure 4-10: The logarithm of the mean loss and the mean error of 𝜙̂𝐴 in 

the RMS against the bias number when the photon budget was high. The 

error bars represented the standard deviations of the errors in the RMS. The 

insets displayed the phases of the optimised biases in rad when the bias 

number was 2, 𝑁 + 1 and 2𝑁 respectively. 

Figure 4-10 showed the plot of the mean loss (on a logarithm scale) changing with 
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the bias number and the mean errors calculated when the bias number was 2, 𝑁 + 1 

and 2𝑁 respectively with the error bars representing the standard deviations of the 

errors. It was observed that as the bias number grew, the mean loss dropped consistently 

but at a reducing rate, which matched with the trend shown in the three mean errors as 

well as their corresponding standard deviations. This suggested that the performance 

was further improved as the biases were brought closer to the optimal state by the 

optimisation with more degrees of freedom, and that such improvement started to 

saturate as the degree of freedom kept growing. Potential reasons for the saturation of 

improvement included limitations from the aberration representation, the estimation 

algorithm and the optimisation implementation. In addition, the phases of the optimised 

biases when there were 2, 𝑁 + 1 and 2𝑁 biases were provided as insets of Figure 4-

10. 

4.7.2 Medium photon budget case 

 

Figure 4-11: Image examples obtained with medium photon budget when 

there was no aberration and the bias number was 2, 𝑁 + 1 and 2𝑁 

respectively. Each image was normalised to its own maximum. 

Figure 4-11 showed the three diffraction-limited image examples obtained with 

medium photon budget when there were 2, 𝑁 + 1 and 2𝑁 biases. Compared to the 
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images in Figure 4-9, these images were apparently of lower SNR.  

 

Figure 4-12: The logarithm of the mean loss and the mean error of 𝜙̂𝐴 in 

the RMS against the bias number when the photon budget was medium. The 

error bars represented the standard deviations of the errors in the RMS. The 

insets displayed the phases of the optimised biases in rad when the bias 

number was 2, 𝑁 + 1 and 2𝑁 respectively. 

As a result, overall poorer performance could be seen from Figure 4-12 showing 

higher mean losses and higher mean errors with larger standard deviations compared to 

the results in Figure 4-10, while similar declines could still be observed in the mean 

loss, the mean error and the standard deviation as the bias number increased. This means 

that similar improvement was brought to the performance by the optimisation with more 
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degrees of freedom regardless of the change in photon budget. Again, the phases of 

optimised biases of the three representative bias numbers (2, 𝑁 + 1  and 2𝑁 ) were 

displayed as insets of Figure 4-12. 

4.7.3 Low photon budget case 

When the photon budget was low, it could be seen from Figure 4-13 that the three 

diffraction-limited image examples became so noisy that the object structures were 

barely distinguishable, especially when the total signal was separated into more images. 

Accordingly, the mean errors shown in Figure 4-14 got close to the mean size of the 

initial aberration (1.5 rad), which indicated very weak performance. Such performance 

was also well predicted by the highest mean losses in Figure 4-14 compared to those in 

Figure 4-10 and Figure 4-12. Despite this, the improvement in performance could still 

be observed as the bias number increased thereby allowing better optimised biases, 

which demonstrated the strong robustness of the optimisation to noise. As in Figure 4-

10 and Figure 4-12, the phases of the optimised biases of the three representative bias 

numbers (2, 𝑁 + 1 and 2𝑁) could be found in the insets of Figure 4-14. 

 

Figure 4-13: Image examples obtained with low photon budget when there 

was no aberration and the bias number was 2, 𝑁 + 1 and 2𝑁 respectively. 

Each image was normalised to its own maximum. 
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Figure 4-14: The logarithm of the mean loss and the mean error of 𝜙̂𝐴 in 

the RMS against the bias number when the photon budget was low. The 

error bars represented the standard deviations of the errors in the RMS. The 

insets displayed the phases of the optimised biases in rad when the bias 

number was 2, 𝑁 + 1 and 2𝑁 respectively. 

4.7.4 Optimised biases characteristics 

At last, the optimised biases shown in the insets of Figure 4-10, Figure 4-12 and Figure 

4-14 were collectively assessed to reveal their characteristics in different aspects. The 

RMS phase of these optimised biases was calculated and displayed in Figure 4-15. It 

was observed that the optimised biases tended to be of larger RMS phase as the bias 

number increased. 



 

92 

 

 

Figure 4-15: The RMS phase of the optimised biases obtained with high / 

medium / low photon budget when the bias number was 2 (the first row) / 

𝑁 + 1 (the second row) / 2𝑁 (the third row). 

To assess the composition of the 𝑁 = 7 Zernike modes in the optimised biases, 

modes of the same type were grouped together such as 𝑍5 and 𝑍6 for astigmatism, 

𝑍7 and 𝑍8 for coma, 𝑍9 and 𝑍10 for trefoil, and 𝑍11 on its own for spherical. This 

is because modes in the same group only differ in orientation and the optimisation 

generated an arbitrary combination of them. The percentage of each group of modes in 

the optimised biases was calculated in terms of its contribution to the mean square phase 

(equivalently the phase variance) by: 
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 % 𝑜𝑓 𝑒𝑎𝑐ℎ 𝑔𝑟𝑜𝑢𝑝 =
∑ 𝑏𝑗

2
𝑗 𝑖𝑛 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝

𝑅𝑀𝑆𝜙𝐵
2  (4-7) 

where 𝑅𝑀𝑆𝜙𝐵
 denotes the RMS phase of each bias 𝜙𝐵 and 𝑏𝑗 is the coefficient of 

𝑍𝑗 in 𝜙𝐵. 

 

Figure 4-16: The Zernike mode composition of the optimised biases 

obtained with high / medium / low photon budget when the bias number 

was 2 (the first row) / 𝑁 + 1 (the second row) / 2𝑁 (the third row). 

In Figure 4-16, it could be seen that astigmatism was the dominant component in 

the optimised biases when the bias number was 2. When the bias number grew to 𝑁 +
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1 , the percentage of trefoil became close to that of astigmatism and spherical also 

became a large contributor in some of the optimised biases, while there was only a small 

increase in the percentage of coma. For 2𝑁 biases, no dominant component could be 

observed and each component featured significant contribution. 

 

Figure 4-17: The inner product matrices of the optimised biases obtained 

with high / medium / low photon budget when the bias number was 2 (the 

first row) / 𝑁 + 1 (the second row) / 2𝑁 (the third row). The inner 

products were normalised to the range from -1 to 1. 
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Moreover, the inner product between each pair of biases in the optimised biases 

was calculated to show how the optimised biases were distributed in the aberration 

space. The inner product between two biases 𝜙𝐵 and 𝜙𝐵
′  was calculated by: 

 〈𝜙𝐵, 𝜙𝐵
′ 〉 = ∑ 𝑏𝑗𝑏𝑗

′𝑁
𝑗  (4-8) 

where 𝑏𝑗 and 𝑏𝑗
′ are the Zernike coefficients of 𝜙𝐵 and 𝜙𝐵

′  respectively. Figure 4-

17 presented the matrices of inner products normalised to the range between -1 and 1. 

For 2 biases, the opposite diagonal and off-diagonal elements in the matrices indicated 

that the optimised biases were equal in size but opposite in direction. For 𝑁 + 1 biases, 

most off-diagonal matrix elements were close to zero which means that the optimised 

biases were equally spread out thereby providing good spanning of the aberration space. 

For 2𝑁 biases, a significant off-diagonal negative element was observed in most rows 

of the matrices while other off-diagonal elements were close to zero. This suggested 

that the optimised biases roughly consisted of pairs of opposite biases with each pair 

orthogonal to the other pairs, which again resulted in a close to even distribution in the 

aberration space. 

4.8 Summary and discussion 

In this chapter, a framework was introduced to analyse the information encoded for 

sensor-less AO by calculating the Fisher information with a corresponding numerical 

model and further derive a CRLB based loss function to optimise the biases for better 

information encoding and thus higher sensor-less AO performance. The framework was 

demonstrated with different sensor-less AO methods of both a conventional algorithm 
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and a learning-based algorithm working under different imaging scenarios in a 

multiphoton fluorescence microscope such as 2-P and 3-P imaging of a point-like or 

extended volumetric object with three different levels of photon budget. The results 

showed that the optimised biases resulted in the lowest mean error of the aberration 

estimator and the mean loss well predicted the mean error. With more degrees of 

freedom allowed in the biases, the optimisation was able to steer the biases closer to the 

optimal state and bring further improvement in the sensor-less AO performance though 

the further improvement became smaller as the degrees of freedom increased. To 

consider such results with respect to optimisation of the number of biases, it was 

demonstrated that a larger number of biases would lead to better performance when the 

total photon budget was controlled the same. Also, the characteristics of the optimised 

biases were assessed in the demonstration. 

Admittedly, the framework was limited in several aspects. An image formation 

model was required for the information analysis, which hindered the application of the 

framework when such a model was not available. Fortunately, the image formation 

process is well understood in most sensor-less AO tasks, so the framework can still be 

able to widely adopted. Another problem lies in the fact that the CRLB based loss was 

based on the assumption that the aberration estimator was unbiased while this is not 

necessarily true in many sensor-less AO methods. To address this problem, features 

leading to a biased aberration estimator such as the processing to the measured images 

and the usage of prior knowledge were considered in the information analysis to adjust 
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the calculation of the Fisher information so that the derived loss was tailored to each 

different method. When it is difficult to fully model the features, the information 

analysis can usually apply approximations without affecting too much the final result. 

A similar strategy may also be suitable for the case when the whole Fisher information 

matrix is difficult to calculate. Moreover, since the loss corresponded to a lower bound 

of the estimation error, it might deviate from the actual value when the estimator was 

not fully efficient or based on inaccurate assumptions. However, as long as the general 

trend of the loss matches with that of the actual error which is mostly the case, the 

optimisation can still work effectively. It is also noted that the Fisher information was 

computed locally around a point in the parameter space so that the information analysis 

was less sensitive to the cases where very different parameters resulting in similar 

images. To avoid this issue affecting the optimisation, the parameters can be constrained 

in the optimisation to rule out such cases or an additional non-local term can be 

designed and added to the loss function. On top of this, the optimisation could fail to 

converge to the global optimum if there were multiple local optimums. Feasible 

solutions include applying extra constraints to the optimisation, introducing 

regularisation terms to the loss function and using a more robust optimiser. 

Overall, the framework provided a highly versatile information-guided approach 

to design the biasing scheme of different sensor-less AO methods for different imaging 

scenarios. Although the demonstration was limited to a multiphoton fluorescence 

microscope here, the framework can also be applied to other kinds of imaging systems 
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with different imaging models used in implementation. Compared to conventional bias 

design based on empirical experience, the framework optimises the biases objectively 

to achieve the best sensor-less AO performance. This can be very useful when direct 

comparison in resultant performance among different choices of biases are too 

computationally expensive to be practical, such as for most state-of-the-art methods of 

a DL based algorithm, while the framework enables a reliable prediction of the 

performance by the loss function derived from the information analysis and an 

automatic optimisation of the biases. Hence, this framework is expected to help these 

methods release their full potential and realise more efficient sensor-less AO. 
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Chapter 5 

Single image sensor-less adaptive optics for multiphoton 

fluorescence microscopy 

An important reason why sensor-less AO can be time-consuming is the need for 

sequential measurement of multiple images. Therefore, sensor-less AO can work much 

faster if a way can be found to parallelise the sequential measurement. In many realistic 

imaging scenarios of a multiphoton fluorescence microscope, the object has some 

sparsity in its structures, which means that most signal is concentrated within small 

areas of the image while the remaining areas contain mostly background and noise. In 

this case, considerable proportions of each image measured for sensor-less AO do not 

contribute usefully but do cause disturbance to the aberration estimation. Based on this 

fact, a new sensor-less AO method for multiphoton fluorescence microscopy was 

proposed in this chapter. In this method, the excitation light was focused into an array 

of focal spots for imaging with each focal spot containing a different bias, so the image 

became the superposition of laterally offset biased sub-images. As a result, the parallel 

image measurement was realised by making use of the originally wasted area to 

concentrate the information that used to be separated in multiple images into one single 

image. The much more concentrated information was extracted by a DL based 

algorithm where a pre-trained NN estimated the aberration directly from the 
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superimposed images. In this way, the method could finish in milliseconds with even a 

single image measurement. The demonstration of the method was through experiments 

on a 2-P microscope equipped with a SLM imaging under different scenarios. The 

method could also be applied to the recent work of using pseudo-PSF in [121] for better 

performance. 

5.1 Imaging with a focal spot array 

Single focal spot imaging in a conventional sensor-less AO method for multiphoton 

fluorescence microscopy has been described in Section 3.1. Based on that, when the 

excitation light is focused instead into an array of 𝑇 focal spots for imaging, the light 

intensity of the focal spot array can be written as: 

 𝐼𝑒 = ∑ 𝐼𝑒
𝑡𝑇

𝑡  (5-1) 

where 𝐼𝑒
𝑡 represents the light intensity of the 𝑡-th focal spot in the array. According to 

the equation (2-38), the image signal detected by scanning the focal spot array can be 

described as: 

 𝐼𝐷 = 𝑂 ⊗3−𝐷 (∑ 𝐼𝑒
𝑡𝑇

𝑡 )𝜅 (5-2) 

with the same notation system as in Section 3.1. If the focal spots in the array are 

sufficiently separated with negligible overlapping, namely 𝐼𝑒
𝑡𝐼𝑒

𝑡′
≈ 0 when 𝑡 ≠ 𝑡′, the 

equation (5-2) becomes: 

 𝐼𝐷 = ∑ 𝑂 ⊗3−𝐷 (𝐼𝑒
𝑡)𝜅𝑇

𝑡 = ∑ 𝐼𝐷
𝑡𝑇

𝑡  (5-3) 

where 𝐼𝐷
𝑡  represents the image signal detected by individually scanning the 𝑡-th focal 

spot in the array. The image formed by the focal spot array is hence equivalent to the 
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summation of the separate images formed by each focal spot in the array when the focal 

spots are displaced from one another. Based on the equation (2-39), the actual image 

detected with a limited SNR and a potential background can be described as: 

 𝐷 = 𝑅[𝜉(∑ 𝐼𝐷
𝑡𝑇

𝑡 ) + 𝛽] (5-4) 

Here, assuming that the total excitation intensity is equally divided into each focal spot, 

the total signal in 𝐷 is about 1/𝑇𝜅−1 of its counterpart when imaging with a single 

focal spot and the same signal amplification 𝜉. For a 2-P microscope, 𝜅 = 2 so the 

total signal in 𝐷 drops to 1/𝑇 of its original value when changing from a single focal 

spot to an array of 𝑇  focal spots. To maintain the signal level as the spot number 

changes, the total excitation intensity can be increased to √𝑇 times, which equals to 

𝜉 times 𝑇 as the 2-P fluorescence signal is proportional to the square of the excitation 

intensity. 

 

Figure 5-1: The comparison between the sequential image measurement 

with a single focal spot modulated with a different bias at each time and the 
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parallel image measurement with a focal spot array in which each spot 

contains a different bias. The phase modulations are in rad and all the other 

graphs were normalised to the overall maximum of graphs in the same type. 

 As shown in Figure 5-1, if the excitation light is modulated to form such a focal 

spot array that each focal spot contains a different bias, the image will be the 

superposition of laterally offset biased images. In this way, the biased images that in a 

conventional sensor-less AO method would have been measured sequentially are 

measured in parallel. 

5.2 Holography and Gerchberg-Saxton algorithm 

The focal spot array can be generated by holography. Holography is a widely adopted 

technique for 3-D imaging [16]. In principle, it allows light field to be recorded as a 

hologram and reconstructed afterwards. Traditionally, a hologram is generated by 

capturing an interference pattern on a photosensitive material. The interference pattern 

results from the light from the object interfering with another coherent light as the 

reference. Later, the hologram is illuminated by the reference light and the object light 

can be recreated by diffraction. 

 As an alternative, a hologram can also be generated by a computer algorithm to 

show a virtual object [155]. The computer-generated hologram can be not only printed 

onto a mask or film, but also directly displayed on a dynamic holographic display like 

a SLM. For reconstruction, a coherent light source is modulated by the hologram and 

diffracted to form the holographic image. Normally, a pure phase or pure amplitude 

hologram is generated for easier implementation of modulation. One of the most 
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prevalent algorithms used to produce computer-generated holograms is the Gerchberg-

Saxton (GS) algorithm [156]. It is an iterative algorithm computing a phase-only 

hologram based on the light intensity on the hologram plane and the diffraction plane, 

between which the light propagation is generally defined by Fourier transform [157-

159].  

 

Figure 5-2: An implementation of the GS algorithm. 𝐼1, the correct light 

intensity on the hologram plane; 𝐼2, the target light intensity on the 

diffraction plane; 𝐼1
′ , the calculated light intensity on the hologram plane, 

replaced by 𝐼1 in each iteration; 𝐼2
′ , the calculated light intensity on the 

diffraction plane, replaced by 𝐼2 in each iteration until the error criterion is 

met which ends the iterations; 𝜙1, the phase on the hologram plane, 

randomly initialised and updated in each iteration; 𝜙2, the phase on the 

diffraction plane, updated in each iteration. 

An implementation of the GS algorithm is illustrated in Figure 5-2. At the start of 

the algorithm, the phase 𝜙1 on the hologram plane is randomly initialised. The light 

field on the hologram plane can be built by √𝐼1𝑒𝑖𝜙1 with 𝐼1 the light intensity on the 

hologram plane. Then, the light field of the diffraction plane can be calculated with 

Fourier transform to be √𝐼2
′ 𝑒𝑖𝜙2. If the error between 𝐼2

′  and the target light intensity 
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𝐼2  on the diffraction plane fails to meet the chosen criterion, the light field of the 

diffraction plane is replaced to be √𝐼2𝑒𝑖𝜙2. With inverse Fourier transform, a new light 

field on the hologram plane can be calculated and the new phase is used to update 𝜙1. 

The aforementioned procedures are iterated until the error criterion is satisfied and 𝜙1 

will gradually converge to the correct hologram along the iterations. 

5.3 Workflow 

 

Figure 5-3: A diagram of the method workflow. The focal spot array was 

first designed to have 2, 6 or 10 spots and then the corresponding phase-

only hologram was computed by GS algorithm. During AO, the hologram 

was added on the adaptive element to generate the focal spot array, which 

was scanned to measure a single image frame as the input of a pre-trained 

NN to estimate the aberration for compensation. After AO, the microscope 

imaged normally with a single focal spot but with better image quality. 

Further AO iterations could be implemented by option. In this diagram, the 

phases are in rad and the other images were normalised to their own 

maximum. 

The workflow of the new method was illustrated as in Figure 5-3. The first step was to 
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design the focal spot array. For the proof-of-principle demonstration in this chapter, the 

total aberration in the microscope was assumed mainly consisting of 𝑁 = 5 

commonly observed Zernike modes including astigmatism (𝑍5 and 𝑍6), coma (𝑍7 and 

𝑍8) and spherical (𝑍11). Accordingly, the focal spot array was designed to have 2, 𝑁 +

1 = 6 or 2𝑁 = 10 spots with each spot containing a different bias, so there were 2, 

𝑁 + 1 = 6 or 2𝑁 = 10 biases applied. The three numbers were selected following 

the same rationale mentioned in Section 4.7: 2 biases are the minimum required for the 

sensor-less AO method [116]; 𝑁 + 1 = 6 biases are the minimum required to span the 

aberration space of 𝑁 modes [99,103]; 2𝑁 = 10 biases allow symmetrical biasing 

for each aberration mode [104], so testing on such three numbers was enough to deduce 

the cases of other possible numbers. Based on the design of the focal spot array, the 

corresponding phase-only hologram was calculated by GS algorithm. During the AO 

aberration estimation process, the hologram was added on the adaptive element to 

modulate the phase of the excitation light at the pupil so that the focal spot array was 

generated at the focal plane as designed if no aberration 𝜙𝐴 existed to be estimated or 

further distorted by 𝜙𝐴. By scanning the focal spot array across a limited field of view 

(FOV), a single image frame was measured with multiple biased sub-images contained 

within it. The single image was normalised to a range from 0 to 1 and fed into a pre-

trained NN as the input to estimate 𝜙𝐴  as 𝜙̂𝐴  in the form of a vector of Zernike 

coefficients. After the estimation, the hologram was removed from the adaptive element 

so that the microscope would image normally with a single focal spot and a conjugate 
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aberration equivalent to −𝜙̂𝐴 was added on the adaptive element to compensate for 

𝜙𝐴. As with other sensor-less AO methods, further AO iterations could be conducted to 

correct any residual aberration if necessary. 

5.4 Focal spot array design 

 

Figure 5-4: The phases in rad of the biases optimised for 2, 6 and 10 focal 

spots. 

The design of the focal spot array involved the biases applied to the spots and the spatial 

arrangement of the spots. The biases were determined using the framework introduced 

in Chapter 4 to perform information guided optimisation. To implement the framework 

specifically for the demonstration in this chapter, the optimised biases obtained with a 

sequential method using a single focal spot was assumed to be still applicable to the 

parallelised method using a focal spot array. Thus, the observation 𝑋 was defined by 
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the corresponding biased images measured sequentially with a single focal spot. 

Although there were other unknown parameters contributing to 𝑋  in this 

demonstration, Θ  was defined solely by the 𝑁 = 5  Zernike coefficients of 𝜙𝐴  to 

ease the Fisher information calculation. The Fisher information ℑ𝑋(Θ) was calculated 

based on the same numerical model as in Section 4.1 and the loss was then calculated 

with 𝜙̂𝐴  consisting of 𝑀 = 𝑁  Zernike coefficient estimators. For the optimisation, 

the range of scenarios was defined in multiple aspects: the imaging was on a 2-P 

microscope; the RMS of 𝜙𝐴  was limited within 2.236 rad; 𝑂  was an extended 

volumetric object with arbitrary structures; the photon budget 𝜉 of each biased image 

was in a range from 20,000 to 1,000,000; the background 𝛽 of each biased image was 

1. The optimisable parameters were all the Zernike coefficients representing the biases. 

Each bias coefficient was initialised by a random value drawn from a uniform 

distribution within 1.0 rad. The batch size was set at 16 when there were 2 or 6 biases, 

and reduced to 8 when there were 10 biases. In each example scenario, 𝜙𝐴 was drawn 

from the surface of an n-sphere as in [153] with the n-sphere radius corresponded to an 

RMS value drawn from a uniform distribution in the limited RMS range of 𝜙𝐴; 𝑂 had 

a half chance being generated by randomly combining geometric structures of different 

numbers, sizes and shapes, and the other half chance being generated by drawing a stack 

of consecutive images from a pool of 350 images taken by a high-resolution 2-P 

microscope imaging various biological samples, down-sampling the drawn image stack 

and finally applying a random rotation; 𝜉 was drawn from a uniform distribution. The 
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biases were optimised for 2000 steps with the learning rate starting from 0.05 and 

reducing by half every 400 steps. Figure 5-4 showed the phases of the biases optimised 

for 2, 6 and 10 focal spots. 

On the other hand, the spatial arrangement was chosen empirically as a balance 

between maintaining a compact focal spot array while minimising overlap between 

adjacent spots. As a suitable solution for the demonstration in this chapter, the spots 

were placed evenly on the focal plane to form a circle centred at the axis with the 

distance between adjacent spots at 8 times the FWHM of the diffraction-limited 2-P 

PSF on the focal plane. Technically, the spatial arrangement could also be optimised 

like the biases. However, such optimisation was not practicable as there were many 

different arrangements resulting in almost identical performance. Hence, a fixed spatial 

arrangement was chosen. By default, each focal spot was designed to have an equal 

share of the total intensity. 

5.5 Hologram calculation 

When the phase-only hologram was calculated by GS algorithm, the hologram plane 

was defined by the pupil plane while rather than defining the focal plane as the only 

diffraction plane, two diffraction planes were defined by two defocused planes on either 

side of the focal plane. The use of two diffraction planes was to resolve the ambiguity 

mentioned in Section 4.6.2 that two different aberrations result in the same light 

intensity on the focal plane when they are opposite in even radial order modes and the 

same in odd radial order modes. 
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Table 5-1. The pseudo-code of the hologram calculation by GS algorithm 

Input:  

The correct light intensity on the pupil plane: 𝐼1 

The phase shift at the pupil corresponding to 0.5 rad defocus: 𝜁 

The target light intensity on the +0.5 rad defocused plane: 𝐼2+  

The target light intensity on the -0.5 rad defocused plane: 𝐼2− 

Procedure: 

Initialise the phase on the pupil plane 𝜙1 with random values in (−𝜋, 𝜋] 

Normalise 𝐼2+ and 𝐼2− to their respective maximum 

Set 𝑒𝑟𝑟𝑜𝑟 = 2; 𝑐𝑜𝑢𝑛𝑡 = 0 

While True 

    Build the light field 𝐸1+ = √𝐼1𝑒𝑖(𝜙1+𝜁), 𝐸1− = √𝐼1𝑒𝑖(𝜙1−𝜁) 

    Calculate the light field 𝐸2+ = ℱ(𝐸1+), 𝐸2− = ℱ(𝐸1−) 

    Get 𝐼2+
′  and 𝜙2+ as the intensity and phase of 𝐸2+ 

    Get 𝐼2−
′  and 𝜙2− as the intensity and phase of 𝐸2− 

    Normalise 𝐼2+
′  and 𝐼2−

′  to their respective maximum 

    Calculate 𝑒𝑟𝑟𝑜𝑟+ as the mean absolute error between 𝐼2+
′  and 𝐼2+ 

Calculate 𝑒𝑟𝑟𝑜𝑟− as the mean absolute error between 𝐼2−
′  and 𝐼2− 

If 𝑒𝑟𝑟𝑜𝑟 < 𝑒𝑟𝑟𝑜𝑟+ + 𝑒𝑟𝑟𝑜𝑟− 

    𝑐𝑜𝑢𝑛𝑡 = 𝑐𝑜𝑢𝑛𝑡 + 1 

Else 

    𝑐𝑜𝑢𝑛𝑡 = 0 

End If 

If 𝑐𝑜𝑢𝑛𝑡 = 0 

    Set the hologram 𝜙𝐻 as 𝜙1 

    Update 𝑒𝑟𝑟𝑜𝑟 by 𝑒𝑟𝑟𝑜𝑟+ + 𝑒𝑟𝑟𝑜𝑟− 

End If 

If 𝑐𝑜𝑢𝑛𝑡 > 10 

    Break the While loop 

End If 

Set the light field 𝐸2+ = √𝐼2+𝑒𝑖𝜙2+, 𝐸2− = √𝐼2−𝑒𝑖𝜙2− 

Set the light field 𝐸1+ = ℱ−1(𝐸2+), 𝐸1− = ℱ−1(𝐸2−) 

Get 𝜙1+ by the phase of 𝐸1+ minus 𝜁 

Get 𝜙1− by the phase of 𝐸1+ plus 𝜁 

Calculate Δ𝜙1 = 𝜙1+ − 𝜙1− and then wrap Δ𝜙1 to (−𝜋, 𝜋] 

Update 𝜙1 by 𝜙1+ − Δ𝜙1/2 and then wrap 𝜙1 to (−𝜋, 𝜋] 

End While 

End Procedure 

Output:  

The hologram 𝜙𝐻 
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The hologram pupil illumination was assumed to be uniform. The target light 

intensity on either of the diffraction plane was derived from the focal spot array design 

plus a global amount of defocus. The propagation between the hologram plane and 

either of the diffraction plane was modelled by the equation (3-2). The GS algorithm 

was implemented in two parallel branches, one for each of the two diffraction planes, 

and the hologram was obtained by combining the calculation results from both branches. 

The pseudo-code of this process for this demonstration was provided in Table 5-1. 

5.6 Neural network implementation 

In this demonstration, the NN adopted the ResNet-18 model architecture provided in 

Section 2.5.4. The single image measured with the focal spot array was normalised to 

a range from 0 to 1 and served as the NN input. The output of the NN was a vector of 

𝑀 = 𝑁 Zernike coefficient estimators representing 𝜙̂𝐴. For the NN training, a dataset 

of 100,000 examples was prepared and an extra smaller dataset of 1000 examples was 

also prepared for the validation. Each example consisted of an NN input labelled with 

its corresponding Zernike coefficients of 𝜙𝐴 . To generate each example, 𝜙𝐴  was 

randomly drawn from the surface of an n-sphere as in [153] with the radius 

corresponding to an RMS value drawn from a uniform distribution ranging from 0 to 

2.236 rad. The corresponding image was obtained by numerical simulation of imaging 

with the focal spot array formed by applying the calculated hologram. The pixel 

dimension of the image was either 128 × 128 or 256 × 256. The pixel size of the 

image was set as a random value drawn from a uniform distribution between 0.4 and 
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0.6 times of the FWHM of the diffraction-limited 2-P PSF on the focal plane (which 

was roughly between 0.11 and 0.16 𝜇m). In the numerical simulation, the object 𝑂 

was generated in the same way as in the bias optimisation in Section 5.4; the 3-D 

convolution was calculated by sampling seven axial planes with the central plane placed 

on the focal plane and the spacing between any two adjacent planes as a half of the 

FWHM of the diffraction-limited 2-P PSF along the optical axis (which was about 0.40 

𝜇m); the signal amplification 𝜉 was defined as the photon budget of each sub-image 

contained in the image and was set randomly from a uniform distribution between 

20,000 and 1,000,000; the background 𝛽  of the whole image was fixed at 1; the 

distribution 𝑅  was modelled as a random mix of Poisson distributed shot noise, 

Gaussian distributed white noise and noise from electrical interference. The noise from 

electrical interference was modelled as an additive sinusoidal pattern of arbitrary 

frequency and orientation, which was generated by taking the real part of the Fourier 

transform of a random one-hot image. Hence, the training data covered a wide range of 

scenarios which ensured the NN would generalise well to the actual scenarios that could 

appear in this demonstration after training.  

The NN was separately trained for different cases of focal spot numbers and image 

pixel dimensions in this demonstration. During the training, the NN parameters were 

initialised by Glorot uniform initialisation [154]; the batch size was 32; the loss was 

defined by the mean error of 𝜙̂𝐴 in the RMS; the Adam gradient descent optimiser 

trained the NN for 50 epochs [151]; the learning rate started from 10−3 and decayed 
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to 1/3 of its previous value when the decrease of the validation loss was less than 10−3 

for two epochs in a row until the learning rate finally reached 10−5; both L1 and L2 

regularisation were applied to prevent overfitting. After training, the NN typically 

completed the estimation in 8ms. The NN implementation was programmed with 

TensorFlow in Python and accelerated by a GPU (Nvidia GeForce RTX 3070). It has 

been reported in [116] that a similarly implemented NN could only work on images of 

point-like objects. However, with a much larger proportion of the image showing 

effective signal when the focal spot array was used, the NN capacity got better 

employed so that the NN could also be used for extended objects. 

5.7 Experimental setup 

The method was experimentally demonstrated on a 2-P microscope with a SLM as the 

adaptive element. A schematic diagram of the experimental setup was presented in 

Figure 5-5. In this setup, a femtosecond pulsed laser beam of 850 nm wavelength was 

adjusted on power and polarisation by a half wave plate (HWP) coupled with a polarised 

beam splitter (PBS). The beam was expanded by cascaded 4f systems until it reached 

the SLM for phase wavefront modulation. A blazed grating was formed on the SLM to 

separate the modulated light in the first order from unmodulated light in the zero order 

which was blocked out by a spatial filter after the SLM. The SLM was conjugated to 

the pupil plane of the objective lens with a series of relay lenses in 4f configuration and 

a pair of galvanometer mirrors for raster scanning. The modulated beam was focused 

by the objective lens into the sample for 2-P excitation. The objective lens was mounted 
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on a piezo stage, which enabled axial translation of the focus within the sample. The 

emitted 2-P fluorescence was collected by the objective lens and reflected by a dichroic 

filter into a PMT for detection. The setup was calibrated by replacing the objective lens 

with a power meter to measure the excitation power while changing the HWP angle so 

that the HWP angle was mapped to the excitation power for precise control. 

 

Figure 5-5: A schematic diagram of the experimental setup. Laser: 

femtosecond pulsed laser at 850 nm wavelength; HWP: half wave plate; 

PBS: polarized beam splitter; B: block; L1-11: lenses; M: mirror; SLM: 

spatial light modulator; SF: spatial filter; X&Y: X&Y Galvanometer 

scanning mirrors; DF: dichroic filter; EF: emission filter; PMT: 

photomultiplier tube; PZ: Z-piezo translation stage; OBJ: objective (40x, 

1.15NA, water immersion); S: sample stage. 
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5.8 Experiments imaging fluorescent beads 

The method was firstly demonstrated by imaging experiments using fluorescent beads. 

For the imaging, each image was measured from a 20 × 20 𝜇𝑚 FOV in 128 × 128 

pixels with the dwell time of each pixel at 10 𝜇𝑠 and the signal level of each image 

was controlled by adjusting the excitation power. The method performance was tested 

in different cases of spot numbers, signal levels, aberration sizes, bead sizes and sparsity 

levels. As fluorescent beads are much more robust to photodamage compared to 

biological samples, multiple experiments were conducted for each tested case to obtain 

statistical results. In each experiment, the unknown system aberration was corrected in 

advance by the 5N parabolic fitting method in [104], while a known aberration was 

introduced as 𝜙𝐴 by the SLM to be estimated and corrected. For the result assessment, 

an image quality metric 𝑦𝐼 was defined based on the image intensity so that the method 

performance could be quantified by the improvement of 𝑦𝐼 after each AO iteration. 

The pseudo-code of 𝑦𝐼 calculation was provided in Table 5-2. 

Table 5-2. The pseudo-code of 𝒚𝑰 calculation 

Input: the image 𝐷 

Procedure: 

Get Δ𝐷 as the mean of the smallest 5% values in 𝐷 

Shift the value range of 𝐷 to positive by 𝐷 = 𝐷 − Δ𝐷 

Get 𝑦𝐼 as the sum of the largest 350 values in 𝐷 

End Procedure 

Output: 𝑦𝐼 

5.8.1 Imaging fluorescent beads with different signal levels 

In this section, each image was measured from a fixed FOV containing fluorescent 



 

115 

 

beads of 2𝜇𝑚 diameter. The total signal in each image was controlled at a low, medium 

or high level corresponding to the excitation power at 5.8, 11.6 or 23.2 mW when 

imaging with a single focal spot and √𝑇 times of the power when imaging with an 

array of 𝑇 = 2, 6 or 10 focal spots. Figure 5-6 presented image examples of the three 

different signal levels with different numbers of focal spots used for imaging when no 

𝜙𝐴 existed. The influence from noise became more and more obvious in these images 

as the peak signal dropped. This included some electrical signal interference picked up 

by the photodetectors, which was visible as parallel bands in these images. As expected, 

images taken with multiple focal spots contained laterally offset sub-images and images 

taken with more focal spots showed lower peak signal as the same total signal was 

spread over more pixels. 

 

Figure 5-6: Image examples of a fixed 20 × 20 𝜇𝑚 FOV containing 

fluorescent beads with the low, medium and high signal levels and a single, 

2, 6 and 10 focal spot(s) used for imaging when no 𝜙𝐴 existed. Each image 

example was normalised to a range between 0 and 1. 
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The method performance was tested independently for the three different signal 

levels with 2, 6 or 10 spots used. For each combination of signal level and spot number, 

20 experiments were conducted. In each experiment, 𝜙𝐴 was randomly drawn from 

the surface of an n-sphere as in [153] with the radius corresponding to an RMS smaller 

than 2.236 rad and corrected for five AO iterations. Apart from the single image 

measured for the aberration estimation in each AO iteration, an image was taken with a 

single focal spot before AO and after each AO iteration to calculate 𝑦𝐼 for performance 

assessment. 

Figure 5-7 presented the change of 𝑦𝐼 over the five AO iterations in each group of 

20 experiments. Here, 𝑦𝐼 was normalised such that its mean value before AO equalled 

1, and then mean 𝑦𝐼 was plotted against the number of images measured for AO, with 

the shaded area representing the standard deviation of 𝑦𝐼 as a performance consistency 

indicator. In the low signal level case, the method gradually improved 𝑦𝐼  to an 

intermediate level over the five AO iterations when using 6 spots and failed to bring 

any improvement when using 2 or 10 spots. In the medium signal level case, 𝑦𝐼 was 

improved for all three spot numbers with most improvement in the first AO iteration; 

for 6 and 10 spots, similar performance was observed with 𝑦𝐼 converging at a much 

higher level after five AO iterations with better consistency than the low signal level 

case, while the method performed less well with 2 spots. In the high signal level case, 

the largest and fastest 𝑦𝐼 improvement was observed for all the three spot numbers. 

Except for the more challenging low signal case, most of the correction generally 
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happened in the first iteration, hence sensor-less AO based on a single image was made 

possible with the method. 

 

Figure 5-7: The plots of mean 𝑦𝐼 against the number of images measured 

with 2, 6 and 10 focal spots for AO in the experiments of imaging a fixed 

FOV containing fluorescent beads with the low, medium and high signal 

levels when the RMS of 𝜙𝐴 was within 2.236 rad. 𝑦𝐼 was normalised 

such that its mean value before AO equalled 1. The shaded areas 

represented the standard deviations of 𝑦𝐼. 
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Figure 5-8: The plots of mean 𝑦𝐼 against the number of images measured 

with 2, 6 and 10 focal spots for AO in the experiments of imaging a fixed 

FOV containing fluorescent beads with the low, medium and high signal 

levels when the RMS of 𝜙𝐴 was 1.0 rad (a) and 2.0 rad (b). 𝑦𝐼 was 

normalised such that its mean value before AO equalled 1. The shaded areas 

represented the standard deviations of 𝑦𝐼. 

To check if different sizes of 𝜙𝐴  would cause different test results, the 

experiments were repeated with the RMS of the 𝜙𝐴  drawn in each experiment 

controlled at 1.0 and 2.0 rad respectively. The corresponding results were presented in 

Figure 5-8(a) and 5-8(b). Compared to Figure 5-7, similar trends were shown in Figure 
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5-8, which suggested that the change of method performance with either the signal level 

or the spot number was independent from the size of 𝜙𝐴. On the other hand, Figure 5-

8(a) showed in general smaller 𝑦𝐼 improvement than Figure 5-7, while much larger 

relative 𝑦𝐼  improvement was generally observed in Figure 5-8(b). This is mainly 

because 𝑦𝐼 before AO was lower for larger 𝜙𝐴. 

5.8.2 Imaging fluorescent beads of different sizes 

 

Figure 5-9: Image examples of the two selected 20 × 20 𝜇𝑚 FOVs 

containing fluorescent beads of smaller and larger sizes with a single, 2, 6 

and 10 focal spot(s) used for imaging when no 𝜙𝐴 existed. Each image 

example was normalised to a range between 0 and 1. 

The method performance was further tested with object structures of different sizes in 

this section. For the tests, fluorescent beads of 0.5, 1.0 and 2.0 𝜇𝑚 diameters were 

mixed together and two FOVs were selected for imaging with one FOV containing 

more smaller beads and the other FOV containing more larger beads. The signal level 

of each image was controlled by setting the excitation power at 15.6 mW for a single 

focal spot and increasing the excitation power by √𝑇 times that value when changing 

to 𝑇 = 2, 6 or 10  focal spots. Figure 5-9 displayed image examples from the two 
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FOVs with different numbers of focal spots used for imaging when there was no 𝜙𝐴.  

 

Figure 5-10: The plots of mean 𝑦𝐼 against the number of images measured 

with 2, 6 and 10 focal spots for AO in the experiments of imaging two 

selected FOVs containing fluorescent beads of smaller and larger sizes 

when the 𝜙𝐴 RMS was within 2.236 rad. 𝑦𝐼 was normalised such that its 

mean value before AO equalled 1. The shaded areas represented the 

standard deviations of 𝑦𝐼. 

The experimental results were obtained and presented in the same way as in the 

last section. Figure 5-10 provided the results when the RMS of the 𝜙𝐴 drawn in each 

experiment was within 2.236 rad. With more smaller beads in the FOV, 𝑦𝐼  was 

improved significantly in the first AO iteration and then converged at a similar level for 

all the three spot numbers. Comparatively, for the FOV containing more larger beads, 

a slight decrease was observed in the 𝑦𝐼 improvement using 6 spots, while 𝑦𝐼 was 
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only improved to a much lower level using 10 spots and barely improved using 2 spots. 

When the RMS of the 𝜙𝐴  drawn in each experiment controlled at 1.0 and 2.0 rad 

respectively, the results were presented in Figure 5-11(a) and 5-11(b). Again, similar 

trends as in Figure 5-10 were observed in Figure 5-11, thus the effect of object structures 

size had a more significant influence on performance than the size of 𝜙𝐴. 

 

Figure 5-11: The plots of mean 𝑦𝐼 against the number of images measured 

with 2, 6 and 10 focal spots for AO in the experiments of imaging two 

selected FOVs containing fluorescent beads of smaller and larger sizes 

when the 𝜙𝐴 RMS was 1.0 rad (a) and 2.0 rad (b). 𝑦𝐼 was normalised 

such that its mean value before AO equalled 1. The shaded areas 

represented the standard deviations of 𝑦𝐼. 

5.8.3 Imaging fluorescent beads of different sparsity levels 

As the method relied on a degree of sparsity of object structures, different sparsity levels 

were created by including different numbers of 2.0𝜇𝑚 diameter fluorescent beads in 
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the fixed size FOV to test the method performance. Specifically, three FOVs containing 

3, 11 and 27 beads were selected to represent high, medium and low sparsity levels. It 

could be concluded from previous results that 6 spots provided the most robust 

performance, so here the tests were conducted only for the case of 6 spots. To control 

the signal level, the excitation power was set at 22.8 mW for a single spot and 55.8 mW 

for 6 spots. With no 𝜙𝐴, image examples from the three FOVs using a single spot and 

6 spots were presented in Figure 5-12. 

 

Figure 5-12: Image examples of the three selected 20 × 20 𝜇𝑚 FOVs 

containing fluorescent beads of high, medium and low sparsity levels with a 

single spot and 6 spots used for imaging when no 𝜙𝐴 existed. Each image 

example was normalised to a range between 0 and 1. 

For each sparsity level, 20 experiments were similarly conducted with 𝜙𝐴 

randomly drawn from the surface of an n-sphere as in [153] with the radius 
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corresponding to an RMS smaller than 2.236 rad and corrected for five AO iterations 

in each experiment. As in the previous two sections, 𝑦𝐼 was calculated, normalised and 

plotted in Figure 5-13. The largest and fastest 𝑦𝐼 improvement was observed in the 

medium sparsity case. With the high sparsity, 𝑦𝐼 improved gradually over the five AO 

iterations, while the method was unable to provide steady correction in the low sparsity 

case. 

 

Figure 5-13: The plots of mean 𝑦𝐼 against the number of images measured 

with 6 focal spots for AO in the experiments of imaging the three selected 

FOVs containing fluorescent beads of high, medium and low sparsity levels 

when the 𝜙𝐴 RMS was within 2.236 rad. 𝑦𝐼 was normalised such that its 

mean value before AO equalled 1. The shaded areas represented the 

standard deviations of 𝑦𝐼. 

The experiments were however conducted in an alternative way to test how the 

method would perform with different sparsity levels when correcting 𝜙𝐴 of different 

sizes. Here, the RMS of 𝜙𝐴 was controlled at 0.5, 1.0, 1.5 and 2.0 rad. For each case 
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of the RMS and sparsity level, 50 experiments were performed with 𝜙𝐴 still randomly 

drawn from the surface of an n-sphere as in [153] but only corrected for one AO 

iteration based on only a single image measurement in each experiment. Instead of 𝑦𝐼, 

the residual aberration RMS after AO was calculated to compare with the RMS of 𝜙𝐴 

introduced before AO.  

 

Figure 5-14: The plots of the mean residual aberration RMS after one AO 

iteration based on a single image measured with 6 focal spots against the 

introduced 𝜙𝐴 RMS in the experiments of imaging the three selected FOVs 

containing fluorescent beads of high, medium and low sparsity levels when 

the 𝜙𝐴 RMS was controlled at 0.5, 1.0, 1.5 and 2.0 rad. The error bars 

represented the standard deviation of the residual aberration RMS. The 

dashed line showed the case without AO. 

The comparison results were presented in Figure 5-14 where the mean residual 

aberration RMS was plotted with the error bar representing the standard deviations of 

the residual aberration RMS and the case without AO was shown by the dashed line for 
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reference. No matter how much the size of introduced 𝜙𝐴 was, the residual aberration 

after AO was always the smallest in the medium sparsity case and the largest in the low 

sparsity case, which agreed with the results in Figure 5-13. For all the three sparsity 

levels, the residual aberration became larger with larger 𝜙𝐴 whereas more aberration 

was corrected. It was also observed that the correction only took effect when the RMS 

of 𝜙𝐴 was larger than 0.5 rad for the medium sparsity and 1.0 rad for the other two 

sparsity levels. 

5.9 Experiments imaging biological samples 

Instead of fluorescent beads, the method was then demonstrated by experiments of 

imaging biological structures. To match with the extended scale of object structures, 

each image was expanded to 256 × 256 pixels corresponding to a 40 × 40 𝜇𝑚 FOV. 

For the most robust performance, the method used 6 spots according to the results 

obtained with fluorescent beads. The signal level of each image was controlled by 

setting the excitation power at 15.6 mW for a single spot and 72.0 mW for 6 spots. 

Since biological samples are much more sensitive to photodamage, a single experiment 

was performed for each FOV while multiple different FOVs were selected from 

different biological samples to test the method performance. In each experiment, the 

system aberration was corrected in advance with fluorescent beads by the 5N parabolic 

fitting method in [104], while 𝜙𝐴 came from either a known aberration introduced by 

the SLM for a small imaging depth or an unknown aberration induced by the sample 

for a large imaging depth. 𝜙𝐴 was corrected for five AO iterations. To evaluate the 
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method performance, an image was taken before AO and after each AO iteration with 

the image quality metric 𝑦𝐼 calculated and normalised such that its value before AO 

equals 1. When correcting a known 𝜙𝐴  introduced by the SLM, an aberration free 

image was also taken for reference before 𝜙𝐴  was introduced and the residual 

aberration was calculated after each AO iteration. 

5.9.1 Imaging Bovine Pulmonary Artery Endothelial cells 

In this section, different FOVs were selected from a sample (FluoCellsTM Prepared 

Slide #1) containing fixed Bovine Pulmonary Artery Endothelial (BPAE) cells to image 

fluorescent labelled microtubules of various structures. As the sample was thin, a 

known aberration of 2.0 rad RMS was randomly drawn from the n-sphere surface as 

𝜙𝐴 in each experiment [153].  

For two selected FOVs, the first one containing dim structures and the second one 

containing bright structures, the corresponding experimental results were presented in 

Figure 5-15(a) and 5-15(b). Here, with the aberration free images as references, the 

images taken before AO and after each AO iteration were shown for comparison. The 

inset on each image showed the corresponding residual aberration and normalised 𝑦𝐼 

was plotted against the number of images measured for AO. Due to the dim structures, 

the images in Figure 5-15(a) generally displayed a low signal level with distinct noise, 

while in Figure 5-15(b) the images of bright structures showed a high signal level with 

little noise. For both FOVs, the method achieved effective correction after five AO 

iterations with 𝑦𝐼 improved, residual aberration reduced and image details restored, 
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however much better and faster correction was observed in Figure 5-15(b) showing the 

higher signal level compared to Figure 5-15(a) showing the lower signal level, which 

coincided with the previous results of different signal levels. 

 

Figure 5-15: The experimental results of imaging two 40 × 40 𝜇𝑚 FOVs 

containing dim (a) and bright (b) microtubule structures selected from a 

sample of fixed BPAE cells with a known introduced 𝜙𝐴 corrected by the 

method using 6 spots for five AO iterations. With the aberration free images 

as references, the images taken before AO and after each AO iteration were 

shown for comparison. The inset on each image showed the corresponding 

residual aberration in rad. 𝑦𝐼 was normalised such that its value before AO 

equalled 1 and plotted against the number of images measured for AO. 

Figure 5-16 presented the experimental results for another two selected FOVs. In 

Figure 5-16(a), the images showed many small granular structures in one FOV of the 

two, while there were mainly large continuous structures in the images of the other FOV 

shown in Figure 5-16(b). Again, the image was improved in quality with most 

aberration corrected after five AO iterations in both cases. Meanwhile, despite a 

fluctuation in the middle of the AO process, the method achieved better correction for 
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the small structures than the large structures, which was similar to the results with 

fluorescent beads. 

 

Figure 5-16: The experimental results of imaging two 40 × 40 𝜇𝑚 FOVs 

containing small (a) and large (b) microtubule structures selected from a 

sample of fixed BPAE cells with a known introduced 𝜙𝐴 corrected by the 

method using 6 spots for five AO iterations. With the aberration free images 

as references, the images taken before AO and after each AO iteration were 

shown for comparison. The inset on each image showed the corresponding 

residual aberration in rad. 𝑦𝐼 was normalised such that its value before AO 

equalled 1 and plotted against the number of images measured for AO. 

In addition, a group of three FOVs containing structures of high, medium and low 

sparsity levels were selected and the experimental results were provided in Figure 5-17. 

As shown in Figure 5-17(b), the image quality was improved drastically to a level close 

to the one without aberration in the first two AO iterations when the structures were of 

medium sparsity. In contrast, the improvement in the image quality was less significant 

after five AO iterations in the other two cases shown in Figure 5-17(a) and 5-17(c). For 

the high sparsity level, the correction was also much slower. These observations 
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confirmed again that the method performed the best in the case of medium sparsity. 

 

 

Figure 5-17: The experimental results of imaging three 40 × 40 𝜇𝑚 FOVs 

containing high (a), medium (b) and low (c) sparsity microtubule structures 

selected from a sample of fixed BPAE cells with a known introduced 𝜙𝐴 

corrected by the method using 6 spots for five AO iterations. With the 

aberration free images as references, the images taken before AO and after 

each AO iteration were shown for comparison. The inset on each image 

showed the corresponding residual aberration in rad. 𝑦𝐼 was normalised 

such that its value before AO equalled 1 and plotted against the number of 

images measured for AO. 
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5.9.2 Imaging Thy1-YFP mouse brain tissue 

The method performance was further tested with a sample of 250 𝜇𝑚  thick fixed 

Thy1-YFP mouse brain tissue where two FOVs were selected separately at 100 and 200 

𝜇𝑚 depths to image fluorescent labelled neural structures. Here, the aberration from 

the sample itself acted as 𝜙𝐴 in each experiment. For each selected FOV, the images 

taken before AO and after each AO iteration were compared in Figure 5-18 with 

normalised 𝑦𝐼 plotted against the number of images measured for AO. Still, the image 

quality was considerably improved after AO for both cases, even though more distinct 

noise was observed in Figure 5-18(b) as a result of larger imaging depth. 

 

Figure 5-18: The experimental results of imaging two 40 × 40 𝜇𝑚 FOVs 

respectively at 100 and 200 𝜇𝑚 deep into fixed Thy1-YFP mouse brain 

tissue with an unknown sample induced 𝜙𝐴 corrected by the method using 

6 spots for five AO iterations. The images taken before AO and after each 

AO iterations were shown for comparison. 𝑦𝐼 was normalised such that its 

value before AO equalled 1 and plotted against the number of images 

measured for AO. 

5.10 Summary and discussion 

In this chapter, a new sensor-less AO method for multiphoton fluorescence microscopy 
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was proposed to parallelise the sequential measurement of multiple biased images so 

that correction was made possible with even a single image measurement. In this 

method, a focal spot array was designed such as each spot contained a different bias 

and generated by holography for imaging during AO. The resultant image was a 

superposition of laterally offset biased sub-images and served as the input to a pre-

trained NN to estimate the aberration for correction. By assuming the total aberration 

could be represented by 𝑁 = 5 Zernike modes, the method was implemented with 2, 

𝑁 + 1 = 6 and 2𝑁 = 10 spots and experimentally demonstrated on a 2-P microscope 

with a SLM imaging both fluorescent beads and biological structures with different 

signal levels, aberration sizes, structure sizes, structure sparsity levels and imaging 

depths. The results showed that the method worked in most scenarios though with 

different performance. 

 Among the three spot numbers, 𝑁 + 1 = 6  spots brought the most robust 

performance across a range of scenarios. This can be interpreted in terms of the amount 

of aberration information in the image measured with the focal spot array, which 

depended on the biases that determined information encoding and the overlaps among 

sub-images that caused information loss. As demonstrated in Section 4.7, the 

information encoding of 𝑁 + 1  optimised biases was much better than that of 2 

optimised biases and only slightly worse than that of 2𝑁  optimised biases. In the 

meantime, the potential rate of overlaps increased proportionally with the spot number. 

Thus, 𝑁 + 1  spots generally resulted in the most aberration information. When 𝑁 
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becomes large, it can be difficult to generate 𝑁 + 1  spots. In this case, dominant 

modes can be used to approximately represent the aberration with a smaller 𝑁, or the 

𝑁 + 1 spots can be separated into multiple spot arrays to be used sequentially for image 

measurement at a cost of AO speed. 

 Like most sensor-less AO methods, the method performance declined when the 

image SNR ratio decreased. However, as the total excitation intensity was divided into 

multiple spots in the method, for multiphoton fluorescence microscopy the overall 

signal level dropped as the spot number increased. To compensate for the signal drop 

and maintain the method performance, one can increase the excitation power, the 

scanning pixel dwell time or the gain of the photodetector. When there is a limit in 

signal amplification, a denoising step can be applied to the measured image. 

 Also, the method performed better with smaller object structures than larger ones. 

This is mainly due to the limited capacity of the specific NN in extracting aberration 

from images of extended objects. For better performance with large object structures, 

the NN can be implemented differently, for example by introducing a pre-processing 

step of calculating pseudo-PSFs from measured images [121], to reduce the influence 

from object structures. 

 The method performance was sensitive to the sparsity level of object structures as 

well. A high sparsity level meant a low signal level in the measured image as there were 

only a small number of structures in the FOV, while a low sparsity level tended to cause 

great information loss from overlaps among sub-images. Thus, a medium sparsity level 
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provided the best trade-off between the signal level and the chance of overlaps, which 

naturally led to the best performance. 

 In general, the method could correct a wide range of aberrations to less than 1 rad. 

For larger aberrations, although more aberration tended to be corrected in one AO 

iteration, more iterations were typically required to complete the correction. Apart from 

the factors discussed above, such performance also highly depended on the 

discrepancies between the focal spot arrays designed and actually generated in 

experiments, which could originate from the error in calculating the hologram, the 

display error of the SLM and the misalignment of the experimental system. Another 

important influencing factor was how well the synthetic NN training data represented 

the real practice, which was largely decided by the accuracy of the image formation 

model used for numerical simulation and the coverage of possible scenarios in 

experiments. 

Although the method could not always achieve its best performance, it still has 

great potential for much faster sensor-less AO, which is particularly important for the 

situations where real-time correction is required to deal with fast-changing aberrations. 

Moreover, the main idea of the method can be easily integrated into many other AO 

methods to accelerate the process and extended to imaging modalities other than 

multiphoton fluorescence microscopy. 
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Chapter 6 

Conclusion and outlook 

6.1 Conclusion 

In this thesis, it was explained how more efficient sensor-less AO could be achieved by 

optimising the information contained in the measured images to better estimate and 

correct the aberrations, thus increasing imaging performance of multiphoton 

fluorescence microscopy. 

 First, a framework was introduced to optimise the biases so that more information 

about the aberration was encoded in the images. In the framework, an analysis of the 

information contained in the images was realised by calculating the Fisher information 

with a numerical model; Based on the Fisher information, a CRLB based loss function 

was defined to guide the bias optimisation objectively for more aberration information 

encoded in the images; An automatic approach inspired by NN training was provided 

to implement the bias optimisation. The framework was demonstrated to work with 

different sensor-less AO methods and imaging scenarios. The results showed that the 

optimised biases always led to more accurate aberration estimation compared to biases 

conventionally defined based on empirical experience and the loss function served as a 

reliable predictor of the estimation accuracy. The demonstration also showed that the 

bias optimisation brought more improvement to the estimation when more degrees of 

freedom were allowed in the biases. In addition, useful features of the optimised biases 
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were assessed. The framework has the potential to allow existing sensor-less AO 

methods that used heuristically determined biases to estimate the aberration more 

efficiently with biases optimised. Also, the framework and the optimised biases 

presented in the demonstration can potentially guide the design of the biases in new 

sensor-less AO methods to come. 

 Second, a new sensor-less AO method was proposed to parallelise the sequential 

image measurement so that information used to separate in multiple images was 

concentrated into one image. In this method, a focal spot array was designed such that 

each spot contained a different bias and the corresponding hologram was calculated by 

GS algorithm; The hologram was added on the adaptive element to generate the focal 

spot array for imaging during AO so that each measured image was the superposition 

of multiple laterally offset biased sub-images; A pre-trained NN was applied to estimate 

the aberration from a single image measurement for correction. The method was 

experimentally demonstrated on a 2-P microscope with a SLM. The results showed that 

the method enabled aberration correction based on even a single image measurement 

and remained effective in a wide range of scenarios. For correction of 𝑁 aberration 

modes, it was demonstrated that 𝑁 + 1  spots generally brought the most robust 

performance. Also, the change of method performance was demonstrated with respect 

to the image signal level, aberration size, object structure size, object structure sparsity 

levels and imaging depths. The method has great potential to significantly increase the 

speed of sensor-less AO, which is important to correct fast-changing aberrations. 
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Inspirations drawn from the method can also help to accelerate other sensor-less AO 

methods.  

Despite the fact that the optimised sensor-less AO was developed and demonstrated 

for multiphoton fluorescence microscopy, it can be easily extended to other imaging 

modalities and applications (such as those in free-space laser communications) for 

wider benefits. 

6.2 Outlook 

This research is expected to be further developed in the future. In the framework for 

bias optimisation, the Fisher information calculation relied on an image formation 

model. This limited the application of the framework when the image formation process 

was not well understood and caused computational difficulties when there were a large 

number of parameters in the model. To improve on this, a generative NN similar to the 

one in [117] can be trained to replace the image formation model so the full 

understanding of the image formation process will be no longer required. When the 

Fisher information is calculated based on the generative NN, the partial derivatives can 

be conveniently calculated by backward propagation. Also, a much more concise 

parameterisation can be obtained by restricting the number of parameters in the NN 

input, which will make sure the full Fisher information matrix can be calculated for 

more accurate information analysis. 

 Another plan is to test how well the biases optimised by the framework can be 

generalised to scenarios that the optimisation did not take into account, and even used 
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for a different sensor-less AO method. This test is meaningful because the scenario can 

be hard to predict and model accurately in real practice and it can be difficult to apply 

the framework to certain methods without strong approximations. The test results will 

then suggest whether the optimised biases can still lead to good performance even if 

there is a potential mismatch between the actual scenarios and the scenarios defined for 

the bias optimisation and how confidently the optimised biases can be shared among 

different methods. 

 In the new sensor-less AO method, a classic NN implementation was adopted while 

the superimposed input image posed a new challenge for the NN to estimate the 

aberration. Hence, the NN implementation will be updated to better address the 

challenge. A good way is to specially train the initial convolutional layers of the NN to 

separate the sub-images into different feature maps. To achieve this, dilated convolution 

should be used in these layers to expand the receptive field of each neuron [160,161]. 

Also, the focal spot array can be fed into the NN as an extra input to guide the training. 

The separation of the sub-images will further allow the pseudo-PSFs to be calculated 

from each pair of separated sub-images, which can help the NN overcome the influence 

from object structures in the following aberration estimation [121]. 

 Moreover, the new sensor-less AO method was demonstrated by correcting low-

order aberrations in five Zernike modes, which was sufficient to prove the principle but 

did not extend to showing the method performance in typical biological imaging 

scenarios where more complex aberrations may exist. Therefore, follow-up 
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demonstrations will be carried out with the method correcting aberrations in a larger 

number of modes. As more high-order aberrations are involved, Zernike modes may no 

longer serve as a suitable choice of aberration representation. The method is thus 

expected to try different aberration representations in the future demonstrations. To 

demonstrate the advantage of the method in speed, the time consumed for AO will be 

compared between the method and other methods. The performance of correcting fast-

changing aberrations when imaging living tissue or in vivo will also be tested for 

comparison. 

 In the long run, both the framework for bias optimisation and the new sensor-less 

AO method will be adapted to work with other types of imaging systems and even other 

types of applications that benefit from sensor-less AO. To enable a wider and more 

convenient use of the framework for bias optimisation, a toolkit is expected to be 

developed based on the framework and shared so that other researchers can try out and 

take advantage of this powerful tool. The hardware requirement on the user side can be 

minimised by linking the toolkit to Google Colab, which is a Python development 

environment that runs in the browser using Google Cloud and offers free access to their 

GPU usage. The toolkit will also allow the optimised biases to be shared among users 

for quick reference. 
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