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Abstract

We consider in this thesis two nonlinear models for the incompressible
Navier-Stokes system. Firstly, we lay the basis for the regularity analysis
of those models by establishing various results such as e—regularity theo-
rems (e.g. a version of the Caffarelli-Kohn-Nirenberg theorem), dimension
analysis of potential singular sets, partial regularity results in critical cases

and various Liouville type theorems.

Secondly, by relying on the previous points and by taking advantage of the
locality of our models, we were able to establish some new regularity results
such as a higher integrability for the gradient of some particular solutions,
regularity in the case of spherical symmetry and a boundary regularity

result which is known to be false for the Navier-Stokes system.

Thirdly, we construct two candidates for non-uniqueness for the Navier-
Stokes system as singular limits of solutions of our models; we put a

particular emphasis on the analysis of this convergence.

Finally, we provide at the end of this work a set of tools to tackle some
questions related to establishing energy identity and proving Liouville type

theorems for equations of fluids mechanics.
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Chapter 1

Introduction

All the stars, taken all together, tho’
innumerable, must like any other set
of points, in turn represent some
single gigantic Equation, to the mind
of God as straightforward as, say the
Equation of a Sphere, |...| to us
unreadable, incalculable. A lonely,
uncompensated, perhaps even
impossible Task, [...] yet some of us
must ever be seeking, I suppose.

Thomas Pynchon
in “Mason & Dixon’

)

This thesis is concerned with understanding whether the non-locality introduced
by the presence of the pressure is the principal reason why the global well-posedness
question for the 3D incompressible Navier-Stokes equations is so difficult. These
equations were introduced in the 19th century as a model governing the evolution of
a viscous incompressible fluid (for instance milk, oil and to some extent water) in a
domain © C R3. According to this model the velocity field of the fluid v : Q2 — R3 and
the pressure field ¢ : 2 — R satisfy the following system of nonlinear partial differential

equations on Qx]0, +oo[ together with the following initial and boundary conditions:

o —vAv+v-Vo+Vg=f, divv=0 (v>0), (1.1)
v)aa(-,t) =0, (1.2)
v(+,0) = uo. (1.3)

In the case of 2 = R3, the boundary condition ([1.2)) is replaced by
v(z,t) = 0, as |z] = oo. (1.4)
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An important feature of these equations, that plays an important role in their mathe-

matical analysis, is that they are invariant under the scaling (A > 0):
v(x,t) — v, t) = Av(Ax, \%t),
q(z,t) — qa(x,t) = N2q(\x, \°t),
flat) = falw.t) = A2 Az, %),
up(z) = ugx(z) = Aug(Ax).

This scaling is the only one available for system (|1.1))-(1.3), and as explained below,

this makes it supercritical.

(1.5)

Many fundamental mathematical questions regarding the three-dimensional Navier-
Stokes equations remain unsolved. Among those and as foreshadowed, the global
well-posedness question, which because of its importance from a mathematical and
physical point of view, was recognised as one of the seven Millennium problems.
The problem, as stated by Fefferman in [I5], asks to prove one of the following four
statements (A)-(D).

(A) Existence and smoothness of Navier-Stokes solutions on R?

Take v > 0 and let uy be any smooth divergence-free vector field satisfying
V™ uo(2)] < Crue (1 + [2])™* (1.6)

on R3 for any m =0,1,... and K > 0. Take f(x,t) to be identically zero. Then
there exist functions

(v,q) € C*(R* x [0, 00]) (1.7)

that satisfy

/ |v(z,t)|*dx < C for all t > 0 (bounded energy), (1.8)
R3

and (1.1)-(1.3) on R® x [0, +o0].

(C) Breakdown of Navier-Stokes solutions on R3
Take v > 0. Then there exists a smooth, divergence-free vector field ug(x) and a
smooth force f(z,t) on R® x [0, +o0], satisfying (1.6)),

IV f(2,1)] < Crurc(1 4 |2| +1)7F (1.9)

(on R3 x [0, 400 for any I,m = 0,1,... and K > 0), for which there exist no

solutions (v, q) satisfying ((1.1)-(1.3), (1.7)) and (1.8].

The other two statements (B) and (D) are just the statements (A) and (C)

stated in the setting of spatially periodic functions.
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A situation where (A) holds true would mean that the incompressible Navier-Stokes
equations constitute a realistic deterministic description of the dynamic of viscous
incompressible fluids. On the other hand, a situation where (C) holds would suggest,
to some extent, that those equations are not a valid physical model for a deterministic
description of the flow of a viscous incompressible fluid; this would be quite an interesting
and unexpected result from the point of view of Physics since these equations were
derived thanks to Newton’s second law of motion, which is one of the cornerstones for
explaining and describing a wide variety of physical phenomena.

Another interesting perspective on the Navier-Stokes problem was given by La-
dyzhenskaya; she asked in [40], the following question: “Do the Navier-Stokes equations
together with the wnitial and boundary conditions actually give a deterministic de-
seription of the dynamics of an incompressible fluid?”. In contrast to Fefferman, she
suggested instead that one should focus on finding the right spaces of initial data that
make this problem globally well-posed; that way we won’t be too far from the physical
observations.

But, whether one would like to answer Fefferman’s problem or Ladyzhenskaya’s
question, one cannot escape the necessity of understanding the regular or singular
behaviour of this system (especially the regularity question for the so-called Leray-Hopf
solutions to this system). And this will be one of the focal points of this thesis.

Although this regularity problem still remains unsolved, a lot of progress has been
made, which allows us to better understand the regular or singular behaviour of this
system. Our current understanding of the regularity analysis of Partial Differential
Equations (PDEs) allows us to reduce the difficulty of this problem to two main reasons.
The first one being the supercriticality of the Navier-Stokes equations in 3D; and we
have in general a very poor understanding of supercritical equations. By supercritical,
we mean that the globally controlled quantities available for the system are very weak
or do not control at all the solution when we move down to smaller scales, in other
words when we zoom-in on the solution. For the Navier-Stokes equations, those globally
controlled quantities are the kinetic energy and the dissipation. To see this, take v to
be a smooth solution to , and with sufficiently good decay at infinity
then test with v and integrate by part to get

t
0

1 1
-/ |u(y,t)\2dy+/ Voly, s)[2dyds — -/ o () [2dy, for all ¢t > 0. (1.10)
2 R3 R3 2 R3

Next, by taking into account the scaling symmetry ((1.5), we observe that

T
v, T)|2dx,/ |Vu(z, 8)[Pdzds = O(1/)) as A — 0, (1.11)
RS 0

R3



which supports the lack of control in the smaller scales we mentioned above. The
other reason is the non-locality introduced by the incompressibility condition which is
characterised by the presence of the pressure. In order to tackle the latter difficulty,
one idea would be to find an approximate system to the Navier-Stokes equations which
is completely local, study the regularity of solution(s) of this approximation system,
and hope to conserve this regularity (if there is) in the limit. Two candidates for these

approximation systems are:

1
L.u = 8tu—Au—/<;Vdivu—|—u-Vu—|—§udivu:O (1.12)
and )
DL u = O — Au — kV divu + div (u ® u+ |UTI3): 0. (1.13)

where k > 0 and I3 stands for the identity matrix in 3D. Similarly to the Navier-Stokes

system, the above two systems are invariant under the following scaling (A > 0):
u(z,t) — ur(x,t) = Au(Az, \*t); (1.14)

and this appears to be the only available scaling symmetry for these systems. Moreover,
thanks to the discussion above for the Navier-Stokes system, we also have that the
systems L, = 0 and DL, = 0 are supercritical in dimension 3. Before moving forward,
let us mention the following two papers [55] and [54] where these two systems were
studied. In particular, in [54], the authors proved existence of a global smooth (and
globally bounded) solution to the systems £,, = 0 and DL, = 0 with radially symmetric

initial data uy(z) = —vo(|z|)z, such that
—C <w(|z]) < C(L+ |z|)"F for z € R?,

and C' > 0.

1.1 The matter of regularity for our toy-model(s)

One of our goals in this thesis was to study the regularity behaviour of the systems
(1.12) and (1.13); this was mainly done in Chapter 4, Chapter 6 and Chapter 7. We
were able to establish several partial regularity results; for instance, we were able to

establish e—regularity results for a much more general class of nonlinear PDEs (see e.g.

1Here le(A (%9 B)Z = 81(AzBl) + 82(141'82) + 63(A1B3), with ¢ = 1, 273



Theorem and Theorem [4.2.5)). For our more refined regularity results, we restrict

ourselves, most of the time, to the system

1
Lou = (9tu—Au+u-Vu+§udivu:0; (1.15)
and )
DLyu := dyu — Au + div <u®u+’%]3) =0; (1.16)

the reasons for such restriction, are on the one hand, that the important results (see
for instance Theorem [4.3.1] Theorem [£.4.3] Proposition [.4.3] Theorem Theorem
we established for the case Kk = 0 can be extended to the general case k # 0 just
by adding a few lines of computation. On the other hand, because of some technical
limitations at this point of time (e.g. the unavailability of a backward uniqueness
and unique continuation result for the Lamé operatorﬂ which we suspect, however, to
be true) some important results, such as Theorem and Theorem , are not

completely understood for the general case x # 0; ultimately, since the term xV divu

introduces some extra coercivity, one can hope to keep for equation ((1.12)) and (1.13]),
any extra regularity results obtained for equation (|1.15)) and (1.16]). Some of our results

are shared with the Navier-Stokes system and some not, and we achieved that by

making use of the absence of the pressure.

A quite useful way one can also go about studying the regular or singular behaviour
of solutions of PDEs is through Liouville type theorems; we demonstrate this in Chapter
7. Furthermore, in ’Appendix B’, by looking at this Liouville question in the particular
setting of the Magneto-Hydrodynamic system, we provide some additional tools for
how to tackle this type of problems.

It is also worth mentioning that, if one casts aside the relative link between equations
[1.12) (or (1.13)) and the Navier-Stokes system (1.1)), the regular or singular behaviour
of the system in itself is of importance; since this might provide us with a
toolbox for the regularity analysis of the wider class of supercritical parabolic systems
for which very little is known. Let us also point out that, the regularity results we

establish in this thesis hold also true for equations of the form
Ou — Au + S(u, Vu) =0,

where S : R3 x R3*3 — R3 is bilinear and is such that the energy identity (1.10]) holds.

However when one tries to perform some analysis in the radial symmetric case, an

2See for instance the book “Distributions, Partial Differential Equations, and Harmonic Analysis”
by Dorina Mitrea for discussions and properties of this Operator.



explicit knowledge of the structure of the nonlinearity is necessary (and this structure
should be also adequate) in order to conclude, but the methodology to do so is similar
to the one we present here.

Lastly, when it comes to studying toy-models for the incompressible Navier-Stokes
system, we are not the first ones to do so. In fact, this question has been extensively
examined (see for instance [66], 52] (17, 46]). Among those works done on this subject,
it’s worth mentioning the one by Tao in [66] (see Theorem 1.5 therein) who successfully
proved existence of a finite time blowup for a model that satisfies, unlike in the other
papers, the energy identity ; to be more specific, he considered the following
model:

du = Au + B(u,u),

where B(-,-) is an averaged version (involving rotations and Fourier multipliers of
zero order) of the Euler bilinear form (this is just the the bilinear form associated to
the nonlinearity in the Navier-Stokes system) that satisfies the following cancellation
property (B(u,u),u) = 0; see the section *Introduction’ in [66] for discussions around
this operator. Let us point out that this new nonlinearity loses the algebraic structure
of the nonlinearity in the Navier-Stokes system, and in particular any hope of obtaining
a good equation for the vorticity “curl «”; therefore, proving some fine properties such
as the backward uniqueness theorem (see [13]) or even the Caffarelli-Kohn-Nirenberg
results (see [6]) for his model does not seem to be possible. In contrast, we consider a
local nonlinearity, with an algebraic structure as close as possible to the one in the
Navier-Stokes system; and even though we also don’t have any good equation for the
vorticity in our case, we were still able to prove for our models and all
the known good properties we have for the Navier-Stokes system. Therefore when it
comes to gaining a better understanding of the regular or singular behaviour of the
incompressible Navier-Stokes equations, our toy-model appears to be a suitable next
step following the work of Tao.

Let us give now more context to our toy-model(s) by discussing some notions of

solutions.

1.2 Basic notions of solution for our model

1.2.1 Enmnergy solutions

When the initial data ug belongs to Ly(Q2) (with Q a bounded Lipschitz domain of R?

or R?), we have the existence, for all time, of what we call in this work a weak energy



solution to the systems £, = 0 and DL, = 0; they are (with their local analogue
defined below) a natural starting point for all our regularity analysis. Later on, we will
add more and more information on the initial data in order to get finer properties and
additional information from these solutions. An explicit definition of these solutions in

our setting is as follows:

Definition 1.2.1. Given uy € Ly(2) (with ©Q a bounded Lipschitz domain of R* or
R3), a function u is called weak energy solution to the Cauchy problem for the system

L, = 0 with initial data uq if it has the following properties:
1. u € Lo oo(2x]0,00[) and Vu € Ly(2x]0, 00[);
2. L,u =0 holds in the sense of distributions in £2x]0, co[;

3. for any test function w € C§°(2), the function t — [o,u(z,t) - w(x)dzr is

continuous at any time t € [0, 0ol;
4. the initial condition is satisfied in the following sense:

1) — — 0
(-, t) U0||L2(Q) ot

5. the following global energy inequality holds

1 t 1
—/ lu(z,t)|*dx +/ /(|Vu(x,s)|2 + k| divu(x, s)|[*)drds < —/ lug(z) [*dz,
2 Ja 0 Ja 2 Ja

for all t € [0, oo].

Remark 1. We have an analogous definition for the system DL, = 0.

We can find in the literature several existence of energy solutions results for the
model £, = 0. We refer, for instance, to [42] 55, [67] for initial data in Ly(2) (where €2
is the whole R? or R?, or a bounded Lipschitz sub-domain); the construction of these
solutions can be done in a same way as for the so-called Leray-Hopf solutions in the
case of the Navier-Stokes equations (see |45} 25]). If we choose Leray’s construction, we

find that our energy solution satisfies in addition the following local energy inequality:

/ / (|Vul® + k| div ul?) ¢(z, t)dxdt</ /| i 8tgz5—|—A¢)dxdt

/ / — — kdivu)u - Vodzdt,

for all 0 < ¢ € C§°(2x]0, 00[). A simple adaptation of the arguments in those papers

yields similar results for the model DL, = 0. Let us point out that it is not clear, even

7



in the case of the Navier-Stokes system, whether the solution obtained by using Hopf’s
construction satisfies the above energy inequality.

On more general notes, when one allows the initial data to “grow”, for instance,
if we require uy € Laoc(R®) such that sup,cps [5,, [ul*dz < 0o, we are still able to
prove global in time existence of a solution. The solution constructed for such initial
data is what we call in this work local-energy solution to our models; a more concrete

definition is as follows.

Definition 1.2.2. A vector field u € Ly ,.(R? X [0, 00) is called a local-energy solution
to the system £, = 0 with initial data wug if

1. for all R > 0, we have

R2
sup | ess sup/ |u(x,t)|2dx+/ / \Vu(z,t)*drdt | < oo,
zo€R3 0<t<R? JB(z0,R) 0 B(zo,R)

and

R2
lim / |u(z,t)]Pdzdt =0 for a.e. t > 0; (1.17)
0 B(zo,R)

|zo| =00

2. L,u =0 holds in the sense of distributions in R3x]0, co[ and

1) — — 0
||U’(7 ) UOHLQ(K) ot

for any compact set K C R3;
3. for any 0 < ¢ € Cg°(R3x]0, oc[), the following local energy inequality holds

Juf?

/OO/ (IVul® + k| div uf?) ¢(:c,t)da:dt§/oo EL (00 + Ag)dwdt
0 R3 0 R: 2

3
o) "LL|2 .
+ (— — kdivu)u - Vodzdt.
0 R3 2

Remark 2. We have an analogous definition for the model DL, = 0.

Remark 3. A similar notion of solution is also available for the incompressible Navier-
Stokes system; for a proof of existence and important discussions concerning these

solutions, see for instance [43] Chapters 32 & 33 or [60] Appendix B (which is based
on [34]).

For later purpose, we state the following existence result; this will be discussed in
Chapter 3.



Theorem 1.2.1. Given initial data ug € Lgjo.(R?) such that
sup / |ug(x)|?dr < 0o and  lim luo(x)|*dz = 0,
z0€R3 J B(z0) |zo[—o0 B(xo)

there exists at least one local-energy solution to the Cauchy problem for the system
L, =0 and DL, = 0, with initial data ug.

Remark 4. Like in the case of the incompressible Navier-Stokes system, we don’t know
whether or not we have a uniqueness result for the energy solutions (or for their local

counterpart) for our models in 3D; we discuss this at the end of this chapter.

In this work, we put great emphasis on the local regularity behaviour of solutions
to the models £, = 0 and DL, = 0. The minimal adequate setting for this analysis is
what we call suitable weak solutions; for the system L, = 0, a concrete definition is as

follows.

Definition 1.2.3. Let € be a domain of R3. We say that u is a suitable weak solution

to L, = 0 in Qx|Ty, Ty] if u obeys the following conditions:
1. u e L27OO(QX]T1, TQD N Lg(Tl, TQ; W;(Q)),
2. L,u = 0 holds in the sense of distributions in Qx|77, T5[;

3. The local energy inequality
t ¢
/¢|u(m,t)|2dx+2/ /¢(|Vu]2+li|divu|2)d:vds§/ /|u|2(3t¢+Agb)dxds
Q T1 Q Tl Q

t
—l—/ /u.V¢(|u|2—Kdivu)dxds,
n Jo

holds for a.e t €]71,T5[ and all non-negative functions ¢ € C°(Qx|T}, oo).

Remark 5. Once again, we have an analogous definition for the model DL, = 0.

Remark 6. Local-energy solutions to our models are obviously suitable weak solutions;

and so are energy solutions constructed by following Leray’s method.

Remark 7. The notion of suitable weak solutions appears quite naturally in the literature
regarding regularity of weak solutions to PDEs. And, an interesting question about
them is whether or not one can prove that any weak solution is actually a suitable one,
i.e. whether, by starting with a distributional solution in the energy class associated to
the equation, one is able to show that this solution satisfies a local energy inequality.
For both of our models £, = 0 and DL, = 0, we are unable to prove such result, and
this is linked to the fact that we do not have a good theory of uniqueness for these

models. However, we provide in Appendix A, a toolbox for tackling this question.
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1.2.2 L, .-integrability for energy solutions

Rusin proved in [55], for the system £, = 0, the existence of a mild solution that
satisfies an integral equation with an initial data in L3(R®). When the Lz—norm of
the initial data is small, this mild solution is global in time, and for initial data with
arbitrarily large Ls3—norm he could only guarantee short-time existence; although he
didn’t explicitly state the proof of the last statement, this can be obtained without
too much trouble thanks to Lemma 5.2 in his paper (and by using for instance ideas
from [16] Theorem 7.1). This mild solution is also smooth away from the initial time;
a simpler adaptation of his result yields the same conclusions for the model DL, = 0.
However, for the case uy € L,(R*) with p > 3, we were not able to find in the literature
any proof of a similar result; although we cover this case in this manuscript, we are
more interested in knowing what happens to our global weak energy solutions when
the initial data, in addition of being in Ly(R?), is assumed also to be in L,(R?®) with

p > 3. The main result of this section is as follows.

Theorem 1.2.2. Let uy € Ly(R*) N L,(R?) with 3 < p < oo. Then, for any weak
energy solution u to the system L, = 0 or the system DL, = 0, we have that there
exists a T =T (k,uo) > 0 such that

[ull 2015, Re) + 1|z, ®exqorp + 1VEVU| LS, ®Exgorp < C, o)
3 3
moreover, we have uniqueness of energy solutions on the time interval [0,T].

Remark 8. We prove an analogue of this result for local-energy weak solutions in
Chapter 5 (see Theorem [5.3.1)).

The proof of this theorem relies on the following two results.

Theorem 1.2.3. Given initial data ug € Ly(R*) N L,(R?) with 3 < p < oo, there exist
a positive time T, = T.(k,up), and a weak energy solution u to the system L, =0 or
DL, =0, with initial data ug such that: for all t € [0,T.],

t
Ju(, )17, me + 2/0 (VU )7, msy + &l diva(, )17, rsy)dt = luol|7, s,
(-, t) — wol| Lo (R3)NL,(R?) o 0,

ull 201z, R + tllz g, ®Rexjomp + IVEVUl Ly, Roxjomy < C(K, uo);

3 3
moreover, we have the following lower bound on T,:

c(k, p)

2p

T, >

laollZ s

10



Remark 9. The case p = 3, of the above two results, was considered by Rusin in [55].

Next, we have a version of weak-strong uniqueness for our systems.

Proposition 1.2.1. Let ug € Ly(R*) N L,(R?) with 3 < p < oo; we denote by u, the
weak energy solution constructed in the previous theorem. Then, for any weak energy

solution u to the system L, =0 or DL, = 0 with initial data ug, we have
u = u, in R*x]0, T.].

The proof of these results will be presented in Chapter 3.

1.2.3 Strong solutions

Let ug € L3(Q), with Q a bounded Lipschitz subdomain of R? or uy € H*(R%); here
L() denotes the closure of C5°(Q) with respect to the norm ||V - | Lo(0), and H*(R?)
the closure of C§°(R?) with respect to the norm || - ||1,®3) + ||V« || £,r#)- In this work,

a strong solution to our models is defined as follows.

Definition 1.2.4. Let u be as above, with Q a bounded smooth subdomain of R?® or
R3; a function u is said to be a strong solution to the model £, = 0 in Q2x]0,T[ with

initial data wug if the following points hold:

1. u € Loo(0,T; Ly(2)) N Ly (0, T3 LE()),

[ullE om0y + 21IVUllZ,@x10p + 260 div ullT, oxjorp = 1u0ll7, 0
and
[u(- ) = uollLo(o) pendl
2. L,u =0 holds in the sense of distributions in 2x]0, 7| and;
3. Vu € Loo(0,T; La(9)).

Remark 10. We have a similar definition for the model DL,, = 0.

We have the following two results concerning existence of strong solutions for our

models.

Theorem 1.2.4. There exists a positive constant co = co(2) such that if

™

arctan(HVuoH;Q) _'_COHUOH;Q < > (1.18)

then there exists a unique strong solution to L, =0 or DL, = 0 in R3x]0, T, for all
T > 0, and with initial data ug.

11



Next, we have

Theorem 1.2.5. Given initial data ug € LY(Q) or H'(R?), there exists a positive time
T. such that the models L., = 0 and DL, = 0 each have a unique strong solution in
0x]0,T.[, with initial data uy; moreover, we have the following estimation of T:

1
T, > ——=——7.
IVuoll3q

We give the proof of the above theorems in Chapter 3.
Remark 11. We have also an analogue of Proposition [1.2.1] for strong solutions, if

the solution u, therein is assumed instead to be a strong solution. The proof of this
statement is similar to the one of Proposition [1.2.1]

Remark 12. Unfortunately, we are unable (even for the Navier-Stokes system) to show
that the horizon of time we obtained in the previous two sections can be pushed to
infinity. If we were to have that (7, = +00), this combined with our regularity results

would guarantee global smoothness.

1.3 The question of uniqueness for the Navier-Stokes
system and for our toy-model(s)

Let us discuss now the question of uniqueness for the Cauchy problem for system
(1.1) with divergence-free initial data ug in Ly or (—1)—homogeneous divergence-free
initial data; these are spaces of initial data for which the existence of a global in time
solution is known (see for instance [45], 25] and [31), 4, 9]). An answer to this question
will give more insight on Ladyzhenskaya’s question. Regarding this matter, Jia and
Sverak in [32], upon assuming a certain spectral condition proved non-uniqueness for
such a Cauchy problem. Let us give the intuition behind what they did; we focus here
only on the (—1)—homogeneous case since the L, initial data case uses some technical
localisation arguments which are not our goal here (see [32] Section 5 where this was
done). For a divergence-free (—1)—homogeneous vector field vy € C*(R3\ {0}) and
for any o € R, Jia and Sverak were able to prove existence of a solution to the Cauchy
problem for the Navier-Stokes system with initial data ocuy. What they did, in order

to achieve that, was to seek a solution of the form:

Uy (z,t) = Us(—=),

Sl
Sl =
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where U, € C*(R?) and is such that

C(OZ, CTU())

o _ A 3
10%(Uy — oe™up)(y)] < A [y)Far (Vo € N?),
and U, satisfies the following equation:
AU, ~U, VU, - & vu, - Yy vp—0
7 e 72 72 7 inR%
divU, =0

As mentioned above, such an existence result was also proved in [4, 9]. Next, for the

non-uniqueness they looked for a distinct solution, in the vicinity of u, of the form

1 x T
u(xvt) = WUO'(W) + %Qﬁ(%,t);

The equation for ¢ is:

¢

t¢t:A¢+§-V¢+§—UU-V¢—¢-VUU—¢-V¢—I—V7T (1.19)

with ¢y := ¢(-,t). The linearisation of this equation (around 0) will be written as:

Ko = toy (1.20)

where

¢
2
and P is chosen so that div K,¢ = 0. The goal now is to solve equation ([1.19)) via

ICU¢=A¢+§-V¢+ — U, -V$—6-VU, + VP,

perturbation methods; this requires a good understanding of the operator K, and a
fortiori its spectral properties. Heuristically, we can assimilate equation ([1.19)) into
equation ; now for the existence of an adequate solution to , this is done as
soon as we have an eigenfunction, say ®, to K, with an eigenvalue A which has a positive
real part and ®(z) = o(|x|7!) as |x| — oo. Indeed, ¢(z,t) = t*®(z) is a solution to
(1.20) with initial value 0; and this will guarantee the desired non-uniqueness. All
that is left is to tweak the spectrum of K, (by playing with the values of o) in order
to obtain the above spectral property. And this is where the spectral conditions in
their paper come from (see assumptions (A) and (B) in their paper which are quite
technical). So far, these conditions can only be verified experimentally; and this was
done by Guillod and Sverak in [23].

In this thesis, we will also address the uniqueness question for the Cauchy problem
for the system for a (—1)—homogeneous divergence-free initial data. Our strategy
is to construct solutions to the system as singular limits of solutions to £, = 0
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and DL, = 0 (we used ideas from [3I] for our construction). Our hope is that, since
we have a priori at least two solutions in our hands (one being a limit of solutions
to L, = 0 and the other being a limit of solutions to DL, = 0), this might lead to a
non-uniqueness phenomenon for the Navier-Stokes system. At this point in time, we
are unable to prove that these singular limits are distinct. However, in our effort to do
so, we were able to prove some new estimates (see Theorem and Theorem
and global (on the whole of R?) convergence results (see Theorem and Theorem
5.6.1)).

Let us conclude this section and chapter by making the following remarks. Thanks
to numerical experiments performed by Guillod (this will be presented in a forthcoming
paper) we noticed similar non-uniqueness behaviour, as in the case of the Navier-Stokes
system, for the system L, = 0. However, for the system DL, = 0, things behave
differently and quite strangely; we observed, in the same experimental settings, a unique
solution with a gradient that blows-up, which is inconsistent with the mathematical

analysis.

1.4 QOutline of this work

Our work is structured as follows.

In the next chapter, Chapter 2, we explain our notation; we also establish and
recall some results that we will use often in this work.

In Chapter 3, we discuss and provide proofs of the various existence results enunci-
ated in this chapter.

In Chapter 4, we lay the basis for the regularity analysis we carry out in this work.
We prove here several partial regularity results and discuss their implications; most of
the results in this chapter are shared with the incompressible Navier-Stokes system.
This chapter is based on my paper [27].

In Chapter 5, we present two constructions of forward self-similar solutions to
the 3D incompressible Navier-Stokes system, as the singular limits of the systems
L, =0 and DL, = 0. We establish several new estimates and convergence results.
Our presentation is based on my paper [29].

In Chapter 6, we record some new regularity results for our model; some of these
results are not yet known to hold for the Navier-Stokes system and some are simply
not true. The main reason why we were able to obtain these results is the absence of

the pressure term in our models. This chapter is based on my paper [2§].
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In Chapter 7, we make the link between Liouville type results and regularity analysis
for our models; we give also a couple of Liouville type theorems.

In Chapter 8: Conclusion, we present a conclusion to the work carried out in this
thesis and give some interesting directions for further study of the regularity question
for our models.

Finally, in the appendices, we study some particular equations from fluid dynamics
and provide some tools to tackle questions such as “establishing a local energy identity”

and proving “Liouville type theorems”. Part of this chapter is based on my paper [26].
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Chapter 2

Preliminary material

2.1 Notations

We introduce in this section the notation we will use throughout this work.
We denote for simplicity f,; := 0;f and summation over repeated indices running

from 1 to n is adopted.

We define:
la,b;={t:a <t <b}, J[a,b]:={t:a<t<b},
la,b={t:a <t <b}, Ja,b]:={t:a<t<b}.
For arbitrary vectors a = (ay,...,a,) and b = (by,...,b,) in R, and arbitrary

matrices F' = (Fj;) and G = (G;;) in R™", we have the following operations:

a-b=uab;, la]=+a-a, a®b=(ab;) R
For spatial and space-time domains, we use in this work the following notations:

zo = (o1, To2, T03) € R}, R >0, B(xo,R) = {z € R®: [z — 24| < R}
B(xo, R) = {z €R®: |z — x| < R}, B(R) = B(0, R), B(R) = B(0, R),
20 = (w0, t0), Q(20, R) = B(zo, R)x]to — R? to]
Q(20, R) = B(xo, R) x [to — R 1o}, Q(R) = Q(0, R), Q(R) = Q(0, R)
Bi(x¢, R) = {x = (z1, 29, x3) € B(xo, R) : x3 > 03}
By (0, R) = {x = (1,72, 23) € B(wo, R) : 13 > w3}
Q+(20, R) = By (o, R)x[to — R? o]
Q4 (20, R) = By (w0, R) x [to — R*,t0), Q1 (R) =Q4(0,R), Q+(R) =Q,(0,R)
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For various mean values of functions, we write

Moni=f, seyia (= |B(1 ail f(x)dx), flai= Pl

(@)eor = ]é CE (= ot / ) (g =(@hor

Here |w| and |§2| stand for the 3 and 4-dimensional Lebesgue measure of the domains

w and 2 respectively.
Set Qr1, = Qx]T1,Ty[, where 2 is a domain in R®. The notation for mixed
Lebesgue and Sobolev spaces is as follows: Ly, ,(Qr. 1) = Ln(Th, To; L (S2)), the

Lebesgue space with the norm

T 1/n
(/ ||v(-,t)||7L‘m(Q)dt> i1 <n< oo
= T

ess sup |[v(-, )| L) if n = o0,
tE(Tl,TQ)

[V]lm.n. @z, .z,

LM<QT1,T2) = Lm7m(QT1,T2)’ Hva,m,QTl,Tz = Hva,QTl,TQ;

W0 (Qr 1), Wi (Qrn 1) are the Sobolev spaces with mixed norm,
Wl Q1) = {0,V € Ly n(Qr.1,)}

W2 ; (QTl,TQ {Ua VU, VQU, atv S Lm,n(QTl,Tz)} s
W71170<QT1:T2) Wl 0 (QTl,Tz) ng,l (QTLTQ) W2 ; (QT1,T2)

Now, we introduce the following parabolic distance:

|21 — 22|par := |T1 — @] + V/|t2 — 1],

for any z; = (z1,t1) and 2o = (x9,t3). We say that u € C’a’%(QTl,TQ), i.e. u is Holder

continuous with exponent « if:

|u ._ sup [u(z1) — u(2)]
c*g =

Q1,1 _
1:72) 21,22€QT; | Ty |Zl 22‘106”“
21722

and the Holder norm is defined as follows:

HuHca 2(Qry.1y HUHOO’QTl Ty - |U|C°‘ 2(Qry,1,)°

In this work, we denote by S(vt) the semigroup associated to the heat equation
Ou — vAu = 0. (2.1)
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To be more precise, u(z,t) = S(vt)up(x) denotes the unique solution of (2.1f) in
R"™ x (0, 00) with initial data uy. Moreover, if uy belongs to a suitable function space,

the following formula is available.

S(wt)ug(z) =T, (-, 1) *z ug = /n Iy(x —y, t)uo(y)dy,

1 ks
- €X — .
(drvt)s P\

Finally, we use ¢ or C' to denote an absolute constant and we write C(A, B, ...)

where

Ly(z,t) =

when the constant depends on the parameters A, B, .. ..

2.2 Lorentz spaces

In this work L»*°(€2) (0 < p < oo) stands for the weak L,({2) space of functions f such
that

| fll zr-oo () := sup {7|{a: cQ:|f(x) > 7}|§} < 0.
v>0

It is not difficult to show that L,(2) C LP>(€2), and this holds for © with finite
measure or not (see [22] for more properties of this function space). Those are a special
case of the Lorentz spaces LP4(Q)) (with 0 < p, ¢ < oo) which consist, when p, ¢ # oo,

of functions f such that

1
q

| fllzea) = p% (/0 sz e Q| f(x)] > s}]Z) < 00,

with L>? = {0} whenever 0 < ¢ < oo and LP? = L, for every 0 < p < o0.

The following inequalities will be very useful later.
Proposition 2.2.1. (See [22]) Let (X, p) be a measure space.
1. Let f € LP*°(X, pu) for some 0 < p < oo and let E be a subset of X such that
w(E) < oo; then

q p —
/E H@ (o) < L () e

2. We have next the so-called O’Neil’s inequality; this is a version of Holder’s

inequality for Lorentz spaces and in particular weak Lebesque spaces. We have

1fgllzre < Cpgsrsall Fllpo

gHquS27

whereO<p,q,7‘§oo,0<51,32§oo,%4—%:%andi—l—é:%.
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We recall now the following known decomposition property in weak Lebesgue spaces;

for a proof, we refer to Lemma 3.1 in [51].

Lemma 2.2.1. Take 1 <t < r < s < oo, and suppose that g € L"(R3); for any
N >0, set gN = glig<n and N =g —g". Then

By < 5o NV ol — N7 € R fg()] > N}
and

A r _
15" Wy < N llg oy

2.3 Solvability of the Lamé system and related esti-
mates

Lemma 2.3.1. Set Q7 :=R3x]0,T[ (T > 0); let f € Ls;(Qr) and F € Ly ;(Qr; R**?)

with 1 < s,l < 00, and kK > 0. There exist two functions v and w that uniquely solve

the systems

{&gv — Av—rVdivo=f inQr {&tw — Aw—rkVdivw =divFE in Qr
an

Vo =0 nR? wl—o =0 nR?

such that
100l 2, @) + IV i@r) < iy s, DI fllz, @) | w@r) < (k8 DI F L, @)
1(1_2_3,2,3
IVl L, 0.7, R?) < (5, 0,1, 1) T4 51>||f||Ls,l(QT) VT >0,
2 3 2 3
with s < 51 < 00, l<l1<oosuchthat1—7——+l —|——>0
1 S
1(9g_2_ 3,23
HUHL12(0,T;L52(R3)) < C<H75752alal2)T2(2 ! S+12+32)Hf L, (QT) vT > 07
2 3 2 3
with s < sy < 00, l<l2<oosuchthat2—7——+l +—>()
2
1(1_2_3,2.3
||wl|L13(O,T;L83(R3)) S C(IQ,S,S;),, l,l3>T2<1 l S+13+53> ||FHLS,1(QT) VT 2 O,
2 3 2 3
with s < s3 < 00, l<l3<oosuchthat1—7——+l 4+ —>0.
3 83
Finally, we have Hdélder continuity of v as soon as p:=2 — 7 — ; > 0 and for w, when

a:=1-— % — % > 0; to be more precise, we have the following estimates:

[o(z1) = v(z2)| < e, 5,0) (Lo = ol + /Tt = 8al) I

and similarly

(1) = w(z)| < el 5,0) (Jor =22 + VIt — 6]) I1F]l

for all z1 = (x1,t1), 22 = (o, t2) € Q7.

L (QT)

Gl QT)’
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Sketch of proof. Uniqueness is straightforward. For the existence part, we present only
the proof for the function w since the function v’s case follows the same ideas.
There exists a function ¢ (using the Newtonian representation for solutions of the

Poisson equation together with singular integral theory) such that
Aq = divdiv(F),

and

HQ‘ L 1(QT) < CHF’ L1 (QT)

Next, we introduce the function Fy := div(F — ¢l3) and let us notice that div Fy = 0
in D'(Q7). From well-known solvability results for the heat equation (see e.g. [39, [41]),

we have the existence of two functions w' and w? such that

o' — (1 + Kk)Aw' =Vq in Qr 1 ow? — Aw* =Fy, in Qr (2.2)
an .
w'l—g =0 inR? w?i—g =0 inR?
Moreover, the following estimate is available: For all T" > 0,
||vw1”Ls,l(QT) + ||Vw2”Ls,l(QT) < C(’fa S7l)||F||Ls,l(QT)'
1 2 %(1*%*§+§)
w2y, 01500 ®2) + W N2y, 0,750, R < ek, 8,85, 13)T N FN L, @n)s
2 3 3
with s < s3 < 00, lglggoosuchthatl—j——+—>0.
S S1

The latter estimate comes from well-known properties of the volume heat potential
but the former is a bit more subtle; we refer to [38] (Theorem 1.1) for a proof of this
statement. Next, using Campanato’s characterisation of Holder continuous functions
(see the exact statement in the miscellaneous section), one gets without too much

difficulty (and with the help of Poincaré’s inequality on balls) that

LS,Z(QT)’

W' (21) = ! (z2)] + [0 (21) — w3(22)] < e, 5,0) (Jon — 2l + VIt — 8a] ) |IF]

for all 2y = (z1,11), 20 = (29, t3) € Q7 as long as o > 0.
Finally, notice that curlw! = divw? = 0 in Q7 and Aw! = Vdivw! (at least in the

sense of distributions); and we are done by setting w := w' + w?. ]

Remark 13. The estimates we obtained in the Lemma can be made explicit with respect
to k; see for instance Proposition below where this is done.

We also have a solvability result for the Lamé system in the case of the Cauchy

problem.
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Lemma 2.3.2. Let ug € Ly, (R?) with 1 < 51 < oo; there exists a unique function u
such that

du— Au— kVdivu =0 in R*x]0, +oo|
{ ul—g = uy in R (r20)
Moreover, we have
Ju(-,t) — uollz,, r3) — 0 ast — 0F
and the following estimates hold:
107V (-, £) || ey < (k. s, 51)%, (2.3)
UEE RE 1S
and
[ull L, Rexj0.00) < €(k, 5, 51)[[uol]s, e, (2.4)

. 1 _ 371 1

Sketch of proof. Once again, uniqueness is straightforward. As in the proof of the
previous lemma, we find a function ¢ that solves the equation
Aq = div uyg,
and such that
IValls, rs < c(s1)luolls, rs-

Now, set u(()l) = Vg and u(()z) = ug — u(()l). Next, define v = S((1 + /{)t)u(()l) and
u® = S(kt)u?. The solutions u® and u(® satisfy the estimates and (2.4). The
first estimate comes from the convolution structure of these solutions, combined with
a straightforward application of Young’s inequality and scaling arguments; the second
one is a bit tricky and was proved in [41] (Chapter 3, Theorem 9.1). And we are done

by setting v = v + u®, for the same reasons as in the previous lemma. O]

Next, we have the following local regularity result for the time-dependent Lamé

system.

Lemma 2.3.3 (Local regularity). Let u € Ly(Q) (and k > 0) such that
du — Au— kVdivu = 0 in D'(Q).

Then, for any k =0,1,2,... and any 0 < o < 1, there exists C = C(k, 0,k) > 0 such

that )
3
sup  |VFu(x,t)| < C (][ \u]2d2> :
(z,1)eQ(0) Q
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Proof. We see without too much difficulty that

/ |Vul?dz < c(, Q)/ lu|?dz, (2.5)
Q((1+0)/2) Q

(for an arbitrary 0 < ¢ < 1) and
Oycurlu — Acurlu =0 and 0Oy divu — (1 + k)Adivu =0,

in the sense of distributions. Next, from well-known local regularity results for the

heat equation (see e.g. [39, [41])

1

2
sup V¥ curl u(z, t)| < C(p, k) (/ |Curlu|2dz>
(z,t)eQ((1+30)/4) Q((1+0)/2)
1
sup \VFdivu(z,t)| < C(k, 0, k) (/ \divu\zdz)
(z,t)€Q((1+30)/4) Q((1+0)/2)

for any £ =0,1,2... Thus, from (2.5, we have
>
sup (V¥ curlu(z, t)| + |VF divu(a, t)]) < ek, 0, k) (/ |u|2dz> ,  (2.6)
(z,)€Q((1+30)/4) Q

for any £k =0,1,2... Finally, using the identity
—Au = curl(curlu) — Vdivu in D'(Q),

together with the stationary analogue of the first estimate in Theorem 2.4.9 of [39]
(for instance) and taking into account (2.6), we have that the lemma is proved. ]

2.4 Miscellaneous

We record in this section some auxiliary results we will need to close arguments in this
work.
The following covering lemma is the parabolic analogue of the well-known Vitali’s

covering lemma for balls.

Lemma 2.4.1 (Vitali’s lemma, See e.g. [0]). Let J be a family of parabolic cylinders
Q" = Q*((x,t),r)(:= B(x,r)x]t — Zr?, t+ £r?[) contained in a bounded subset of R® X R.
Then there exists a countable subfamily J' = {QF = Q*((z',t;),r:)} such that
QiNQ; =9 for i# ],
YQ* € J,3QF € J' such that Q* C Q*((2",t;), 5ry).
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The following proposition gives us a parabolic analogue of Gehring reverse Holder

lemma.

Proposition 2.4.1 (See e.g. [I8| Proposition 1.3). Let g > 0 in Q and satisfy with

some constant q > 1

q
][ gldz <b <][ gdz> + (9/ gldz
Q(z0,R) Q(z0,R) Q(z0,4R)

for every zp € Q and Q(z9,4R) C Q. Then there exists a constant 0y = 0y(q,n) such
that, if 6 < 0y, then g € Ly10.(Q) for p € [q,q + €] and

(][ gpdz) ’ <c <][ g%lz) ’ for all Q(20,4R) C Q;
Q(z0,R) Q(z0,R)

the constant ¢ and € depending on b, q,0 and n only.
We have now the following iteration lemma.

Lemma 2.4.2 (See e.g. [14] Lemma 5.2). Let f : [r/2,7] — [0, +o0] be bounded and

satisfy ) 5
F0) < 05(9) + s+ g

for some 0 < 1 and all /2 <t < s <r. Then, there exists a constant C = C(6,q) >0

such that 1 B
,
) < )
f<2>_c<r2+rq>

Next, we have the following parabolic analogue of Campanato characterisation

of Hélder continuous functions. Our statement of this result is taken from Gregory
Seregin’s lecture notes “Parabolic PDEs”; an easy adaptation to the parabolic case of

the proof of a similar result in [24] (Chapter 3, Theorem 3.1) yields also this proposition.

Proposition 2.4.2 (Campanato’s Holder continuity criteria). Let u € Li(Qr) with
Qr :=0x]0,T[, and Q a domain of R™. Assume that there exist numbers A > 0 and
0 < a <1 such that

][ |u — ()4 r|dz < Ar®
Q(zo,7)

whenever Q(zy,r) C Qr.
For any Q' CC Q and any 6 > 0, the following statements are valid:

1. for zy € ¥ x [6,T), there exists lim,_,o(u).,, and we let

u(z0) = lim(u).,
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[u(20) — () z,r] < e(n, ) Ar®;
Hu”c"‘v%(ﬁx[@ﬂ) S C<Qv le Ta 57 n, O‘) [A + HUHLI(QT)] :

We conclude this chapter with a special case of the Schauder’s inequality in bounded

domains

Theorem 2.4.3 (Sece e.g. [37] Chapter 10, Theorem 10.2.2 & Theorem 10.3.3). For
any f € C%/2(Q) and g € C*+3149/2(Q) (here Q := Bx] — 1,0]) there exists a unique
function u € C?**9149/2(Q)) satisfying the equation Ou — Au = f in Q and equal to g

in 0'Q. Moreover, there is a constant N depending only on § such that:

|’U/’02+6,1+6/2(Q) S N(|f|cé,6/2(Q) + ’9’02+6,1+6/2(Q)).

Remark 14. Here

n
|u‘02+5,1+5/2(Q) = |atu‘cs,5/2(Q) -+ Z ‘aijuba,a/z@).
i,j=1
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Chapter 3

Existence results

3.1 Introduction

In this chapter, we discuss in more detail the existence results, stated in the Introduction,
for the systems L, = 0 and DL, = 0; we will focus more on the system L, = 0 since
things are the same for DL, = 0. Let us also point out that we will mostly focus on
establishing a priori estimates, which, according to, now, over a century of analysis
of PDEs, constitute the key step in proving existence. We do not dive much into the
details of the proof of existence, since the details of this analysis, for our models, do

not bring that much originality, whatsoever, to this work.

3.2 Existence of local-energy solutions

The first step in proving this result is a short-time existence result, which relies on the
following a priori estimate; this estimate was first proved in [43] for the incompressible
Navier-Stokes system; here we follow the proof given in [30] (see Lemma 2.2) which is

much simpler than the original one.

Lemma 3.2.1 (A priori estimate for local-energy solutions). Let ug € La .(R?) be such
that for some R >0, a(R) = supyyeps [p,, g [U0(2)[*dz < 0o, and let u be a local-
energy solution to the system L., = 0 or DL, = 0 with initial data uy. Then, there exists
some small absolute number p > 0 such that for 0 < A < pmin{l, a(R)2R? (1+r)"'},

we have

t 2
sup ess sup / Mdaz
20ER3 0<t<AR? J B(z0,R) 2

AR?
+ sup / / (IVu(z, t)]* + k| divu(z, t)]?) dedt < Coa(R),
0 B(zo,R)

$0€R3
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with Cy an absolute large constant.

Proof. We focus here only on the system £, = 0 since things are the same for the system
DL, =0. Let 0 < ¢ € C3°(B) such that ¢ = 1in B(1/2) and ¢ =0 € B\ B(3/4); let
zo € R®, R > 0 and set ¢, 2r(7) = ¢((x — 29)/2R). We have, from the local energy
inequality satisfied by u, that:

u(z, t)]?
[ MR
B(z0,2R)

2
/ / ) |Vu|2 + k(divu) ) Gug2rdrds < / M%O,m@)dz
(z0,2R

B(z0,2R)

\W \u|2
——A¢y, 2rdrds + — rdivu)u - Vo, ordrds.
B(z0,2R) B(zo, 2R

Now, set

2
Agr(A) = sup ess Sup/ de
B(zo,R)

20ER3 0<t<AR? 2

AR?
+ sup / / (IVu(z, t)]* + sl divu(z, t)|*) dedt (X > 0).
zo,R

zg€R3 JO

For a.e. t €]0, A\R?[, we have

2 ¢
/ de +/ / |Vul*dzds
B(zo,R) 2 0 JB(zo,R)
t 1 AR?
+/ / k| div u|® ¢y, 2pdrds < C (a(R) + AAr(N) + —/ / |u|*dxds
0 JB(z0,2R) R Jy B(20,2R)

AR?
- / | div ul2, olul [ V2, pplduds |
B(z0,2R)

Next, by a known multiplicative inequality, we have
)\RQ 1 1 3
/ / uPdeds < CAAREAR(NE (i A < 1),
0 20,2R

and thanks to Young’s inequality that

AR?2 1 1 1 t
/ / k| divuld; oglul|V2 spldrds < —/ / K| div u|? @y, 2rdrds
0 B(z0,2R) ’ ’ 2 Jo JB(o2R)
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Consequently, we get that

t 2 t
/ Ju@, O, 4 / / Vu|?dzds
B(wo,R) 2 0 JB(z0,R)

1 t 1 1 3
—I——/ / K| div u|? ¢y 2rdrds < C [a(R) + (1 4+ rK)AAR(N) + AR 2Ag(N)2 |,
2 Jo JB(o2R)

for a.e. ¢ €]0, \R?[ and all 2y € R®. Therefore

Njw

Ap(N) < C [a(R) F (14 KA R(N) + MR AR’ ] :
By choosing A < min{1, (2C(1 + k))~'}, we find that
Ar(\) < 2C (a(R) + A%R-%AR(A)%) ,
and from there the conclusion follows by standard continuation arguments. n

Remark 15. One way to use this result for our existence problem is by considering the
following regularised system (if we are looking at the system L, = 0):

Ow — Av — kVdive + (v). - Vo + g div(v). =0 in R*x]0, oo, (3.1)

U|t:0 = up, In R’

where (v)c(-, ) 1= e *, v(+,t) and p, is the usual mollification kernel; and (ug)eso is
a sequence of functions in C§°(R?) such that |lugc — uol|z,.,,., — 0. Taking the limit
e — 07 yields the short-time existence. From this point, it’s a matter of following
line-by-line the arguments in [43] 44] or Appendix B in [60] to conclude the global in
time existence. Since this global in time aspect of the local-energy solutions will not
be touched in this work, we skip the details here. The only thing we will need in the
sequel (see e.g. proof of Theorem below) is the above a priori estimate.

3.3 L, properties for energy solutions

We give now the proof of Theorem [1.2.3]

Proof. The energy identity is straightforward once we have the L,—estimates; this
is due to the extra-regularity we get from these new estimates. Thus, we will focus
here on establishing the p—related estimates. We consider once again the regularised
system (3.1), with this time, uq as initial data (instead of its smooth approximation).
We set for simplicity

F = (v), - Vo + gdiv(v)e;
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next, we introduce the functions ¢, FV, F® w,w® and w® such that ¢ uniquely

solves (see Lemma [2.3.2))
90 — Ab — kVdivo =0 in R*x]0, 00|
{ Dly—o = 1o in R%;
= Vp such that
Ap(-,t) = div F(+, 1), (3.2)

and F? = Fe — FO and finally w = v — 9 = w™ + w® where the functions w®
(¢ = 1,2) uniquely solve (see Lemma [2.3.1])

dw — (1 + k)AwY = —FO in R® x R, dw® — Aw® = —F® in R® x R,
{ wV],—o = 0 in R® ’ { w®),—o = 0 in R®.

We also introduce the following norm

|- e =1+ L5, Rexporp + IVEV - |1 5p (R3x]0,T])- (3.3)

3 3

We have (for i = 1,2) that
H\/_F )HLi (R3x]0,T]) < CH\/—F HLJ R3x]0,T)
6 6

< CHUHLl (R3x]0,T7)) H\/_V’UHLJ R3x]0,7)
3 3

< |3, (3.4)
and we claim that we get from the previous estimate, that
|0y, < c(s,p)T2 % 0|3, (i=1,2); (3.5)

It is enough to prove the claim for w® only, since the w® case can be reduced to the
previous one after rescaling. We have the following representation formula for w®

(similar representation for w(!)

w? (z,t) = /Ot T(-t—5)x, FP(-,5)ds (3.6)

By Young’s inequality, and by using scaling arguments for the heat kernel I', we get
that

. oy [V
w 1 Lsp (R3 §cp/
5 (R 0 /s(t—s)2
t/2 [v/SFO(,5)|Ly, t [[VSFO (-, s)llLs,
< | [ ratds+ [ ik 8
0 t

2 /st —s)> 7

= c(p) [L(1) + L(D)];

28



we set for simplicity Q7 = R*x]0, T[; we have on the one hand that

5p—6

t/2 5p
c(p ds
L(t) < ié (/ T, 5 ) IVtF® 25, @)
0

t27 5p §2 7 5p—6

5p—12 3. 3
= C(p)t 109 _QXSPH\/EF(Q)HLsp(QT);
=

from this, we get that

([ 50%a)” <ot S ivirl, o

On the other hand, we have

t IVSFP( )L,
]2(t) S C/ 1 16 dS,
2

/2 (t—s)2t2”

5p

Wlw

which also yields, by an application of Young’s inequality, that

3
T 5p 5p
([ a0¥i)" < cntd 3 1Vir g,
0 6
Consequently, we have that
02y @) < BT HIVEFD] gy @ (3.7

Using once again, the representation formula we had for w®, together with similar

computations as above, we find that

IVEVw? (-, 1)

ds

l
3

o) 2 IWSFOC )y
w<FE,

L IVEED(, 3)1s,
+ elp) / .

—ds
t/2 (t—s)2t2”

=:c(p) [11(t) + L2(1)];

Ll

J1(t) is treated in a similar way as [;(t), and Jo(t) as I5(t); and the claim is proved.
Now, thanks to Lemma together with estimate (3.5)), we get that

1_3
lWllyr < els, )T 2 |[0[l3, + co(p) o]l re; (3:8)

Choosing

2p

3 e
- )"
16¢(k, p)co(p)[uol| 2, rs)
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we get, by using continuation agreements that

4eo(p)
[vllyr < 3 [uollz, r2). (3.9)

forall 0 <t <T.,.
Finally, in order to get the L, (@1, ) estimate for v all we have to do is to get it for
the functions w = v — & = wM + w(2) To achieve this, we consider one more time the

integral representation of w™ and w®. For w® for instance, we have for all ¢ €]0, T,

Ol < o) [T e,
w (4 t)|| L, (R3 §cp/ S
" 0 (- s)m

C(p) /t/2 ||\/§F(2)(JS)HL%(R3)

< ds
= 1w Jo Vs
. ¢ |[VF®(,s zs, e ]
+c(p / S
t/2 (t—s)%Jr%

1_3
< c(ptz = |vl3,

S C(H7p)||u0||Lp;

we have the same result for w(: thus, in the end, we obtain

0] Lo 0,7, R3Y) < (5, P)||wollz,-

In order, to see that the initial condition is achieved in the desired sense, we use the
fact that

[v(,t) = wollL,rey < N v(t) = 0(1) ,re) + [[0(, 1) — wollL,(re)
— ———

w(1)+w(2)

1_3 .
< c(k,p)t> % |v]3,, + 1100 1) — uollz,re).

which guarantees ||v(-,t) — uo|z,r3) —+ 0 as t — 07 (thanks to Lemma . Taking
the limit € — 0T, we have that the proof is completed. O

We move now to the proof of Proposition [I.2.1]

Proof of Proposition[I.2.1. The proof of this result is quite well known in the literature;

see for instance [16], Theorem 7.1. We focus here on £,, = 0 since things are the same
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for the system DL, = 0; the key step in proving this result is establishing the following

estimate:
t
(e, )12, ey + 2 / (I, 11 gy + el div -, )3 )

¢ ¢
< 2/ / (w- Vw) - uy(z, t')dzdt! +/ / Uy - wdivw(z, t)dzdt', (3.10)
0 JR3 0 JR3

for all ¢ € [0,7,] and with w = u — u,. In order to obtain estimate (3.10)), we start
from the energy inequality for u, then use the fact that v = w + wu,, and then make all

the necessary expansions; to be more precise, we obtain the following:

it O+ Dy +2 [ 0o )

+2 / (IO, + 1l div e )] )

#2 [ (190Gt + v ) )

+4 /t Rg(Vw : Vu, + rkdivw divu,)dzdt’ = ||u0||%2(R3);

next, we use the energy identity for wu,; and then, in order to deal with the remaining
unpleasant terms, we multiply the equation £,u, = 0 by w, and finally, perform the
appropriate integration by parts and algebraic computations. Let us point out that, the
computations and integration by parts we mentioned previously are legitimate thanks
to the fact that we have the extra-regularity u. € L, . (R*x]0,T.[) N L%p(R:ix]O, T.])
and Vu, € Ly(R3x]0, oo).

Let us conclude now the proof of the proposition. We denote for simplicity the
right-hand side of by RHS; we have thanks to Holder’s inequality

3
t 2%5
RHS S C (\/0\ va(,t/)“%z(R3)dt/) (/ Hw HLG(RS dt)

< | IVl 1%, ot +0/ s ()N ey 10 ) sy

Thus, we obtain that
Jw(-,t HLz(R3 < C/ (e HL5 R3) l|w(-, t/>‘|L2(R3 dt’, forallte [0, T.;
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notice that since u, € L%o(R3><]O, oo[) N L%p(R?’x]O,T*[) (with p > 3), we are always
guaranteed that u, € Ls(R*x]0,T.[). By applying Gronwall’s lemma, we obtain that
w =0 in R? x [0, 7,]; and the proposition is proved. O

Finally, we obviously have that Theorem [I.2.2] comes from the above two results.

3.4 Existence of strong solutions

We focus in this section on the bounded smooth domain case, but we make sure that
the tools we use involve, as little as possible, any compactness property of our domain;
this guarantees that our proofs can be extended to the unbounded domain case.

Let us begin the proof of Theorem we focus here only on the system £, =0

since things works in the same way for the system DL, = 0.

Proof. We consider the bounded domain analogue of the system (i3.1))

v
ov — Av — kVdive + (v). - Vo + =div(v). =0 in Qx]0, oo,
: (v)e- Vo + & div(y) ool o
U|t:(]ZUQ in €2; U(',t)|a/Q:0Vt>0;

where
(V)e(w, 1) :/Qge(fﬂ —y)v(y, t)dy,

with g. being the usual mollification kernel. Existence of a “nice” v solution to ([3.11)) is
fairly standard now; we also see without much trouble that the only challenging point
in the proof of existence of a strong solution is the third point of the definition. To

achieve this, let us set
y(t) == / |Vo(z,t)[*dx.
Q
By multiplying the first equation in (3.11)) by Awv, then integrating by part and finally
using Holder’s inequality, we obtain

1 .
O+ [ 180+ [ 9 divoPds < cloloal Volsal Aol
Q Q

this yields after using Young’s inequality
y'(t) +/ |Av|*dx + KJ/ IV divol*dz < c|v]|§ ol VI3 0. (3.12)
Q Q

We evaluate now the right-hand side in the above. By the Gagliardo-Nirenberg

inequality, we have

loll§.e < ey,
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and by an interpolation inequality (together with Sobolev embedding) that

IVo(, O30 < c(@y'(t (/ IV20(-, t)[Pda + y(t ))1/2; (3.13)

but by the Calderon-Zygmund inequality, we know that

/|V2 t)2dr < c(Q /|AU t)2dx; (3.14)

Furthermore, by the Poincaré-Wirtinger inequality, combined with the fact that
Jo, Vodz = 0 (by Green’s formula), we obtain

) < ¢(Q /|V2 t)|*dz. (3.15)

In the end we obtain:
"(t —|—/ \Av\Qd:L‘—i-/ﬁ/ |V div o’ dz < c(Q)y?(t); (3.16)
Q 0

notice that if we were in the unbounded domain case (i.e. R?), estimate (3.15)) wouldn’t
have been needed, since, we could use the Gagliardo-Nirenberg inequality directly in
the interpolation inequality (3.13)).

Consequently, we have
y'(t)

Tyz(t) < c(Q)y(t),

which yields after integration

arctan(y(t)) < arctan(||Vuo|)3q) + C(Q)/O y(s)ds

< arctan(||Vuo||ng) + C(Q)HUOHgQ

T
2 ?

ie. y(t) < C, for all t > 0. Passing to the limit ¢ — 0% yields the desired result; and

the proof is complete. O

Now, let us prove Theorem [1.2.5]

Proof. Let us go back to estimate (3.16)); We have that

y/
E < C(Q),

for all £ > 0. The integration with respect to time give us:




and thus
y* () (1 = 2¢(Q)ty*(0)) < y*(0).

We let T/ = 1/(4cy?(0)). Then 1 — 2cty(0)? > 1/2 and y(t) < v/2y(0) for 0 < ¢t < T"
and the proof is completed after passing to the limit e — 0. O]
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Chapter 4

Partial regularity results for our
toy-models

4.1 Introduction

In this chapter we establish some partial regularity results for our toy-models. By this
we mean that, assuming an extra control on a certain norm of the solution, we aim to
derive further regularity properties. The class of quantities at the heart of this analysis
are called scale invariant quantities, which are quantities F'(u,r) (with u a solution)
such that:

F(ur 1) = F(u, \),

for all A > 0 and u*(z,t) = Au(\z, \%t).

Analogous results to the ones we establish in this chapter are also available for the
incompressible Navier-Stokes system (see e.g. [60] and references therein for a record
of those results). However, by making use of the absence of the pressure in our
models, we are able to establish some regularity results which are not available for the
Navier-Stokes equations at this point in time; we record those in Chapter 6: Some
New Regularity Results.

Unless mentioned otherwise, the notation and definitions used in this chapter are
contained in Chapter 2: Preliminary Material and the results and text base of this
chapter are based on [27, 28]. We focus here only on models in non-divergence form
since our results hold also true for the divergence form counterparts with some simplicity

due to the divergence structure of the nonlinearity.
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4.2 A generalised e-regularity result

We prove in this section an e-regularity criterion similar to that of Caffarelli-Kohn-
Nirenberg (see [6]) for a generalised counterpart of the system £, = 0. Our setting is
as follows:

Let O be an open subset of R**! and a,b € L,,(O) with m > 5. A function u is called

suitable weak solution to
. (O a . N b ..
Ou—Au—rV div u+u-Vu+§ div u+§-Vu+d1v(u®§)~|—dlv(b®u)—5 divu =0, (4.1)
in O if u € Ly o(0) NW,°(0), satisfies (1)) in the sense of distribution in O and

[uf? Juf?

2
&sﬂ — Ai- — kdiv(udivu) + [Vul® + k(dive)? + div ((U + @)—>

2 2 2
1
+u-div(b®u) — §u-bdivu <0 (4.2)

in the sense of distributions in @. Let us point out that the term u - div(a ® u) is

indeed a distribution and should be understood in the following way

(u-div(a ®@u), ¢p) = — /o a;uju; jodrdt — / a;uu;¢ jddt,

(@]

for all ¢ € C5°(O). All the other terms in obviously make sense because of the
energy class of v and the integrability condition on a,b. The existence of a suitable
weak solution to can be achieved, by similar means as what we presented in the
previous chapter.

The first main theorem of this section reads as follows.

Theorem 4.2.1 (e-regularity criterion). Let u be a suitable weak solution to (4.1)) in
Q with a,b € L,(Q) and m > 5. Then there exists an ¢y = €y(k,m) > 0 with the
following properties: if

(][Q M%z)é + (]é !a\mdz)i + <]2 ]b\mdz)rh < ¢, (4.3)

then u is Holder continuous in Q(3) with exponent a = a(m) €]0,1[ and

Hu‘|cf¥7%(@) < 0(607’%7777‘)- (44)

Remark 16. The proof of this theorem we present here is inspired from the proof of a

similar result in the case of the 3D incompressible Navier-Stokes equations given in
[47, 60]. The particular case a = b = 0 was tackled in [55] (see Theorem 7.1). Finally,
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let us point out that the case kK = 0 and a = b = 0 was tackled in [28] using a more
direct method which could also be extended to the general case (4.1)) upon some minor

changes.
The following auxiliary result gives us an estimate for a generalised time-dependent

Lamé system and will be needed for the proof of Theorem [£.2.1]

Lemma 4.2.2. Let a,b € L,,(Q;R?) and F € L,,(Q;R**3) such that

lallz,n@ + 1l 2@ + 1 F L@ < M, (4.5)

for some arbitrary M > 0 and m > 5. Let also X € R® with |\| < M and u €
Looo(Q) NWO(Q) be such that

0
ess sup/ |u(:v,t)|2dzv+/ /|Vu|2dxdt§M2. (4.6)
—1<t<0 JB ~1JB

Assume u satisfies

b
Oru—Au—rV div u+/\-Vu+g div u+g-Vu+div(u®%)+div(b®u) ~3 divu = div F,

in the sense of distributions. Then w is Holder continuous in Q(%) with exponent
a = a(m) €]0,1[ and
HuHCa,%(@) < C(k,m, M).

Proof. Let 0 < p <r <1land 0 < y,, € C°(B) such that ¢,, =1 in B((r + 0)/2)
and ¢,, =01in B(r) \ B((3r + 0)/4). Next, let us set

A b
For =, (F—u®)\—§®u—u®%—b®u), for = (édivu—g-Vu) Do,r-

If ue Ly(Q(r)) and Vu € L,(Q(r)) (p,q > 2) with

1+1<1+1 1 1 d 1+1 2<1+1 1 1 (47)
—F-<-+=-|—=-= and —+-—=-<-4+=-|——= .
m q p 2\m 5 m p 5 qg 2\m 5

(e.g. (4.7) holds true for ¢ = 10/3 and p = 2) then

F € Lna (Q(r)) and f27 € L.n (Q(r)).

m+p
From Lemma [2.3.1] we have the existence of two functions v¢" and w?" such that
{@vw — Av?" — gV dive?” = fo" in R®x] — 1,0]

Ug7r|t:—1 — in R3
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and

w? =y =0 inR®

{@ww — Aw?" — gV divw?” = div F#" in R®x] — 1,0]

Moreover the following estimates are available

1ol zaroxi-vop + IVl g Rox)-10p < €l QIE L ma @0y

as long as

+

o] =

1
m

| =
Q| =

and

1 N zsmexi-v0p + IV lzpmexi-vop < c(m, p, NP L mp @

as long as
1 1 1 1 1 1 1 2
- >-4+———- and —>-4——-.
p p m 5 qg p m b
Now, we choose ¢; > 2 and p; > 2 such that
1 1 1/1 1 1 1 1/1 1
—=—4=-(——= and —=-+4+=-——=]; (4.8)
¢ g 2\m 5 pr p 2\m 5

because of (4.7]), we have that

w2, @ + VW ||z, @ < clk;m, 0, ) F |2 ma @)
m-q (4 9)
0¥ |2, @) + IV |2, (@) < c(k, m,p, Q)||fg’r||L%(Q(r))§ '

moreover (4.7)) is true for ¢ and p replaced respectively by ¢; and p;.
Finally, let us notice that

Or(u — 02" —w?") — Au — v?" — w®") — kVdiv(u — v?" —w?") =0 (4.10)

in Q((r + 0)/2); which together with Lemma lead to u € Ly, (Q(p)) and Vu €
L, (Q(0)) where ¢; > g and p; > p. The goal now is to iterate this process. We set

go = 10/3, po = 2 and we define a sequence (gx) and (pg) via the following recursive

1 1 +1(1 1) d 1 1 +1(1 1)
—=—+4+-(=-= and — = l=—=
% Q-1 2\m 5 P Prk—1 2 \m 5

and we find u € L, (Q(27* + 2=0+*)) and Vu € L, (Q(27 + 2-(1+R)) for all k > 0.

Now, for a large enough kg = ko(m), we have that

formula

m m
ko > 5 and _TMPko

5
> =
m =+ Qk, m + Dk, 2
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thus, for o = 271 +27@%k) and r = 271 + 2-0+k) e find that there exists an
a = a(m) €]0,1] such that v wo" € C*%(Q(27! 4 2-(3Tk0))). Using one more time
(@.10) and Lemma [2.3.3, we get that u € C*2(Q(1/2)). A careful tracking of the
constants in the above process yields also the estimate claimed in the lemma; we omit

the details. Thus the lemma is proved. O]

We turn now to the proof of Theorem [£.2.1] First, we prove a so-called “oscillation
lemma” which, roughly speaking asserts that if u has a small oscillation in @, then
the oscillation is even smaller in @ for 0 < 6 < 1 (see e.g. [60] BI] where an analogue
of this result was proved for the incompressible Navier-Stokes equations).

In order to state our lemma and for what follows, some additional notion is needed;

we introduce

%
Y (z0, R;u) := (][ lu — (u)zO,R|3dz> , Yo(u) :=Y(0,0;u).
Q(z0,R)

Lemma 4.2.3. Given any numbers 6 €]0,1/3[, m > 5 and M > 0, there are three
constants o = a(m) €]0,1[, e = €(0,m, M) > 0 and C, = Cy(k,m, M) > 0 such that
for any ||al|,.co) £ M, ||bllz,.) < co, co > 0 being a small absolute constant (to be
specified later), and any suitable weak solution u to in Q, satisfying the additional

conditions

(Wl <M, Yi(u) + |(u) (]é |a|mdz)"11 1)l (]é |b|mdz):" <e

the following estimate is valid:
( |a\mdz> + |(u ( |b|mdz> ] :

Proof. Assume that the statement is false. This means that there exist numbers

Yo(u) < Ch6* | Y5

6 €]0,1/3[, m > 5 and M > 0 and sequences a*, b¥ and a sequence of suitable weak
solutions u* to (4.1)) (with a and b replaced respectively by a* and v*) such that

(@) <M, |z < M. [V¥]z.@ < .

3=

1
Yi(uh) + [ (u*) 4] < \ak|mdz) + | (u ( |b’“|mdz> =¢, — 0" as k — oo,
Q
Yb( ) > C’léaek,

for all £ € N. Next, we introduce the following functions

o W (“k),17 pr . (@) @d . b ® (Uk),l;
€k 2€k €k
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we have

3=

( \vk!3d2> +< \F’w’”dZ) <4 and V(o) > C10°. (4.11)
Q Q

Moreover,

o
atvk_AUk—“VdiVUk+€k( Vo — 5 d1vv)~|—( SREAYL +( 2) div o*
a*t R L A - (Tk
—I—?-Vv + div(v ®5)+dlv(b v )—Edlvv = div(F"), (4.12)

in the sense of distributions on () and

RN

(%2 2

k|2
—r div(vF div o?)+|VoF Pk (div o*)*+div ((ekvk +aF + (uk)l)%)

k

1
+oF - div((u") ) ® % + @7 — FF) - ivk SbPdiver <0, (4.13)

in the sense of distributions on (). From the previous inequality, we get that

%/B|vk(x,t)|2q§(:v,t)dx+/l/3|Vvk|2gbdz+Ii/l/B(divkagzﬁdz

k|2 t k|12
< / 1 / 96+ Ag)dz + / / O et a4 (u)) - vz

.
/ /cbVU 1® —l—b"”®v —Fk) dz—l—/ /v @V : ((uk)71®%+bk®vk—F’“)dz
~1

—/i/ /vk-Vquivvkdz—l——/ /qbvk-bkdivvkdz
-1JB 2).4JB

for any 0 < ¢ € C§°(Bx] — 1,1[). Next, we define

1
Ex(r) := = ess sup/ 0¥ (2, ) Pdx +/ / [[VoF (z,1)]* + k(divoF(z, )% dz,
B(r) —r2 JB(r)

—r2<t<0

for any 0 < r < 1. Our goal now is to get a uniform estimate (with respect to k) for

Ej.. To this end we start by recalling the following well-known interpolation inequality
||Uk||%1370(Q(r)) < CEg(r),

with C' > 0 being an universal constant. Then, for any 1/2 < ry < ro < 1, if we choose

appropriately the test function ¢ in the above local energy inequality together with
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the help of Holder’s inequality and the estimates on v*, a*, b* and F*, we have that:

Filr) (T2 E17“1)2 * Ty ?rl {Ek/ [ Pz + (/ |Uk|3d2)g (/ Iakl?’dz)é
‘/ [v* Qd'z} + Ei(r2) %{ (/ !vk\de)
+</Q|m>5 (L) ()
255 fn e ([ %)3(/ wdz)%
() ) s 2

Cls, M)

2

IN

_|_

<Mwww?u + CJ|0F | 2,0 (0)) B (1)

o (7"2 —7”1)
<< Clw 77“1))2 ( + C||6¥||1.,@)) Ex (r2).-

Note that ||b]z,,(@) < co with ¢y small. Therefore, if we choose ¢y such that Ccy < 1/2,
we can iterate the above estimate (see Lemma [2.4.2) and conclude that

Ex(3/4) < C(k, M), Vk € N. (4.14)
This together with the fact that v* satisfies (4.12) yield
||8t21k||L4/3(_(3/4)270;H—1(3(3/4))) < C(KJ,M), Vk € N, (415)

where H~'(B(3/4)) stands here for the dual of the Sobolev space Li(B(3/4)). Now,
from Aubin-Lions and Banach-Alaoglu compactness results, we can choose subsequences
of v¥, a*, V¥, (u*), and F* (which we still denote v¥, a*, b* (u*); and F*) such that
for some A € R, v € L3(Q(3/4)), a,b, F € L,,(Q(3/4)), we have

v* — v strongly in L3(Q(3/4)), (u*)1 — A
a® —a, b —=b, F¥ =~ F weakly in L,,(Q(3/4)).
Moreover, we have that

(/ <w+w+www§”saMx|MSM
Q(3/4) (4.16)

ess sup / lv(z,t)|*dx +/ |Vu(z,t)|?dz < C(k, M).
(3/4) Q3/4)

—(3/4)2<t<0JB
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Finally, from (4.12)), we see that
) A a . a ) b .. )
atv—Av—/delvv+/\-Vv+§d1vv—|—§-Vv—l—d1v(v®§)+dlv(b®v)—§dlvv =div F,

in the sense of distributions in Q(3/4). Thus, from Lemma [4.2.2) we have that

HU| ) SC(K'7m7M)7

c*3 (B(1/2)
for some o = a(m) €]0, 1[. This implies that
Yo(v) < C(k,m, M)O%; (4.17)

but because of (4.11)) and the strong Lsz-convergence of v*, we also have that Yy(v) >
C160%. This together with (4.17) give us

Cy < C(k,m,M).

If from the beginning, C is chosen so that C) > 2C(k, m, M), we arrive at a contra-

diction and the lemma is proved. O
Lemma [£.2.3] admits the following iterations.
Lemma 4.2.4. Given numbers M > 0 and m > 5, we choose § €]0,1/3[ so that

Ci0° P <1 and 6<c (4.18)

where ¢; = c1(m) > 0 is a small number to be specified later, Cy, v are as in Lemma
and 3 := «/2. Then, there ezists €, = €.(k,0, m, M) < € sufficiently small, such
that for any ||a||L,..@) < M, ||bllz.0) < co (e = €(8,m, M) >0 and co > 0 being also
as in Lemma , and any suitable weak solution u to in Q, satisfying the

additional conditions
+ M (][ |b|mdz) < €4,
Q

3=
3|

al <2172, i)+ (f al"a:)
Q
the following holds: Yk = 1,2,..., we have

| () gra| < M,

1

Yoo (1) + 05| (10) g | [(f |a|mdz) "y (f |b|mdz) m] <e.
Q(o+-1) Q(o+-1)
Yo (u) < 67 {ng_l(u) + 057 (u) gr1] [(]2(9“) |aymdz) "y (é(ekl) |b|mdz) m] } .
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Proof. We prove the lemma by induction; the case k = 1 is true thanks to Lemma
4.2.3, Now, suppose the conclusion is true for k < ky (ko > 1) and let us show that it
remains the case for k = kg + 1.

For all k£ < kj, we have

Yor (u) < 6° {YH’H(U) O ) g [<]£2(9k1) |a|mdz) % i (]é(ekl) |b|mdz> ;L] }

1

sw{nkww+wkWlmel<fmww)m+(fwm@>1}
Q Q

< 0% g () + 0"1€,,
with 81 = min{5,1 — 5/m}. By iterating the last inequality, we get
Yor(u) < 0%V (u) + k0%Pre,,  VE < k.

Thus,
ko
(1) gro | <> [(10) g — (1) et | + | (1) 1]
k=1

ko
<055 Vs (u) + [(u).
k=1

ko
<O (0 4 (k= 1)0% ) €, 4 M /2
k=1

< 53 ((1 S AREDY k@kﬂl) €, + M)/2.

k=0

[\

C(6,m)

By choosing €, < M(2C(0,m))~!, we find that
[(w) gro| < M.

Moreover,

Yoro (1) + 0| (1) gro] (][ |a|mdz)
Q(8%0)

3

1
+ (][ |b|mdz) < 0P, + gU/mkog
Q(o%0)

< @Pe, + 91—5/m)¢,

< €,
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if we choose 6 < ¢1(m) to be small enough. Now, set

w(y, s) = 00u(@oy, 6%0s),
a®(y, ) = 0%a(0%y, 0%0s),  BO(y, s) = 0"b(6*0y, 6% s),

with (y, s) € Q. We show without trouble that u° is also a suitable weak solution to
(4.1) with a and b replaced respectively by a® and b°; moreover the conditions stated
in Lemma are satisfied for these new functions. Consequently, we have (thanks

to Lemma [4.2.3) that

i) + |(u). (é |a0|mdz)3" ON (é )
that is

1 1
Yopro+1 (U) < 08 Yopro (u) + 9k°|(u) oko | (][ |a|mdz) + (][ ‘b|mdz> .
’ Q(v*0) Q(v*0)

This concludes the induction and the proof of the lemma. O

3=

Yp(u®) < 0°

By translation and dilatation, we obtain the following corollary.

Corollary 4.2.4.1. Let u be a suitable weak solution to (4.1) in Q(z0, R) with
R |a]| p(@o,my <M and - RSBl 1, @z0,m)) < €0

with ¢y as in Lemmalf.2.5 Take 6,5 and €. as in the previous lemma. If we have in

addition that
<][ |a|mdz) + (][ |b|mdz> "< €x,
Q(z0,R) Q(z0,R)

R|(u)Q(z0,0k*1R)| < M,

3=

R|(u)z.r| < M/2 and RY (29, R;u)+RM

then for all k > 1

and

-

Y (20, 0*R;u) < 6°

RY (20, 0" 'Ry u) + RO*"|(u)., gv—1] (][ ]a|mdz)
Q(z0,0F ' R)

1

+ RO* 1 (u).o.00-1R] (][ |b|mdz> :
Q(z0,0*"1R)

We are now ready to prove Theorem [£.2.1]
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Proof of Theorem[{.2.1. Let M = 2021 and choose 6 according to Lemma Define
1 1 1
Am <][ |u|3dz) + <][ |a|mdz> + (][ |b|mdz) |
Q Q Q

Q(z0,1/4) C Q if zp € Q(1/2),

Observe that

1 1 1-5/m
H@ai <ea () Uolaoeam * Plesoeym) < clm,

1
+ (][ |b\mdz) ] < ¢(m)A;
Q(20,1/4)

and

1 1
—Y(z0,1/4;u) + - x M (][ \a]mdz)
4 4 Q(z0,1/4)

Now, we choose

3

€0 < min{2020/c, 2020/c(m), co/c(m), €. /c(m)}

with ¢p and €, as in Lemma [£.2.4] Consequently, by applying Corollary £.2.4.1] we are
able to prove (and by also using a similar iteration process as what we did in the proof

of Lemma [4.2.4)) that
Y (20,0 /4;u) < C(k,0,m, M)§**,

for all zy € Q(1/2), k > 1 and with 8, = 1/2(3 + £;). Hélder continuity of u in Q(1/2)
follows from Campanato’s type condition (see Proposition in Chapter 2). The

theorem is proved. O

Theorem can be strengthened in the following manner, by removing the

smallness condition on a and b.

Theorem 4.2.5 (Improved e-regularity criterion). Let u be a suitable weak solution
to (4.1) in Q with ||a| L) + |bl|lL..cq) £ M for some M >0 and m > 5. Then there

exists an €; = €1(k,m, M) > 0 with the following properties: if

<]é ]u\i”dz)é <e, (4.19)

then u is Holder continuous in Q(3) with exponent a = a(m) €]0,1[ and

HUHC@’%(@) S 0(617"{‘:7m)' (420)

45



We skip the proof of Theorem since it uses just a quite straightforward scaling
argument, and is essentially a repetition of the proof of an analogous result for the

incompressible Navier-Stokes system in [31] (see Theorem 2.2 in there).

The presence of the term £V div u does not appear to help with improving the regularity
of zeros of L, (or DL,). With that in mind, we only prove the following, more refined
results, for the case k = 0. As a matter of fact, recovering these results for the general
case (k # 0) is possible, by following the exact same lines as in the proofs we present
here, except for the critical case of the Ladyzhenskaya-Prodi-Serrin criterion; we will

discuss that below.

4.3 A Caffarelli-Kohn-Nirenberg type theorem

We prove now a Caffarelli-Kohn-Nirenberg type theorem for £y = 0; we borrow ideas
from the proof of a similar result for the Navier-Stokes system (see e.g. [60], 47, [6]).

Our result is as follows.

Theorem 4.3.1 (A Caffarelli-Kohn-Nirenberg type result). There ezists a positive

constant € such that if for any suitable weak solution u to Lo =0 in Q), we have

1
sup —/ (Vul?dz < e, (4.21)
Q(r)

o<r<1 T

then the map z — u(z) is Hélder continuous in Q(rg), with 0 < ro < 1. Moreover,

there ezist absolute positive constants ¢y (k,l =0,1,2,...) such that

Ck,l

0

2€Q(ro)

Remark 17. A similar result is also available for the model DL,.

Before giving the proof of this result let us emphasise that, unlike in the case of
the standard Navier-Stokes system, this Caffarelli-Kohn-Nirenberg type result gives us
for our model smoothness in time; and this is mainly due to the absence of pressure.

The following scaled energy quantities

1 1
A(r) = sup —/ lu(x,t)|?dz, E(r) = —/ |Vul*dz
B(r) " JQ(r)

—r2<t<0 T
1 3
Cr):=— lu|”dz
™ Jaw

and the following auxiliary lemmata will be needed for the proof of the theorem.

(4.22)
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Lemma 4.3.2 (An interpolation type result). For all0 <r < p <1,

C(r) < [(C)SAS/%Q) + (Q)3A3/4<9>E3/4<g>] .

1Y r

Proof. We have

3
[ wbar= [ <|u|2—[|u|21,g>dx+(f)/ ufda
B(r) B(r) 0 B(o)
3
g(/' uf? — [uf?), |dx+-<f) /ﬁ ul2da.
B(o) Y B(o)

By Poincaré’s inequality on the ball, we have

/‘\WF (2], ‘dx<c/‘|VMWWL
B(o) B(e)

(where ¢, as usual, is an absolute positive constant). Therefore, we get

1/2 1/2 o\ 3
/ lu|*dz < co (/ \Vu|2dx) (/ |u|2> + (—) / |u|*dx
B(r) B(o) B(e) 0 B(o)
1/2 -\ 3
< g’ AY2(p) </ IVUIQdCL’) + (—) 0A(0).
B(o) @

By an interpolation inequality (and Sobolev embedding and Poincaré’s inequality on
the ball), we obtain that

3/4 3/4 1 3/2
B(r) B(r) B(r) r B(r)
3/4 1/2
1
< e M) ( / |Vu|2da:) s |ee2a2(g) ( / |Vu|2d:r)
B(r) r B(o)
5 3/2
T (—) 0A(0)
0

<o (5) o (o) o 2] 00}

Integrating the latter inequality in ¢ on ]ty — r2, to[, we get

3 9/4 3/4
/ lul*dz < ¢ r? (I) AS/Q(Q) + [Q3/4 + 03—/2] A3/4(Q)r1/2 (/ ]Vu|2dx>
Q(r) 0 r Qo)

3 9/
r
< C{?”2 (_) AS/Q(Q) + |:Q3/4+ y :|A3/4< ) 1/2E3/4(Q>Q3/4}-

0

(4.23)
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Finally, by noticing that

9/4 3/2 3 3
{93/4 + Qg/z] /2ot = [(Q) + <g> } r? <2 <§> r?
r r r r
we have that the proof is completed. O]

Lemma 4.3.3. Forany0 < R < 1,
A(R/2) + E(R/2) < ¢ [C**(R) + AY*(R)C'*(R)E'*(R)] .

Proof. By choosing a suitable cut-off function in the energy inequality satisfied by u,

we get the following estimate

1 1
A(R/2) + E(Rf2) < ¢ [g |t [l = L ula:
Q(R) Q(R)

0 1
+ / (2] / —|Vu|dxdt] (4.24)
—R2 B(R)R

First, let us notice that
1

g - lu?dz < cC*3(R);

next,

[ i [ Awwasie=e [ (5[ ppa) (o [ uar)
U —|Vuldzdt = c — u|“dx — ul“dx
_R? " Br “r2 \ I Jp(r) R Jp(r)

C'*(R)RE'?(R)
< cA(R)Y2C'3(R)EY*(R)



We deal with the remaining term in the following way:

0 32 2/3 1/3
[ Al =l al otz < [ ( [ qiul = o1l ) < / |u\3)
Q(R) —R? B(R) B(R)

0 1/2 1/2

< c/ </ |Vu|2dx) (/ |u|2dat)
—r2 \JB(R) B(R)
1/3
X (/ |u|3dx> dt
B(R)

1/3
< RV AV2(R) < / |u|3dz>
Q(R)

0 34\ 2/3
X / (/ \Vu|2d:c) dt
—-r2 \JB(R)

1/2
< CR1/2+2/3A1/2(R>01/3<R)Rl/S (/ ‘Vu‘Zdz)
Q

(R)
< cR?AY3(R)CY3(R)EY*(R),

which concludes the proof. O]

Proof of Theorem[{.3.1]. It follows from Lemma and the assumptions of Theo-
rem [£.3.] that:

5 3
C(r) < c [(Q) A4 (o) + <5> A3/2(Q)] . (4.25)
r 0
By introducing, the new quantity
E(r) == A3 (r),
we derive from Lemma [£.3.3] that
E(r) < [C(2r) + A¥4(2r)CV2(2r) €] . (4.26)

Now let us assume that 0 < r < p/2 < ¢ < 1. Replacing r with 2r in (4.25]), we can
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rewrite (4.26)) as follows:

3
o\3 - r
e <e|(8) # e+ (1) a0
1/2
3 r 3
—|—A3/4(27*)<<§> A3/4<Q)€3/4+(E> A3/2(g)> (3/4
3
ON? 134, \ 3/ r 3/2 ON2H3/4 3 uisss, | /a4
< = - <
<c (r> A (0)e’" + . A (Q)‘F(r) A (0)e
/2
4 3/4 3/4 r ’ 3/4/ \.3/4
+(T> A"(0) . A (0)e" |

Here, the obvious inequality A(2r) < cpA(p)/r has been used. Applying Young’s

inequality with an arbitrary positive constant §, we show that

E(r) < ¢ (5)3/4 (% + 1)E(0) + c5E(0) + ¢(0) (63/2 (&) +(9) 69/2> |

% T T

Therefore,

E(r)<c [(2)3/4 (@ +1) + 8| E(0) + <(8) <§)9 (2 +¢72). (4.27)

Inequality (4.27)) holds for » < p/2 and can be rewritten as follows:
E(Wo) < ¢ [ +1) + 6] E(0) + ()9 (¥? + €7/?) (4.28)

for any 0 <9 < 1/2 and any 0 < o < 1.
Now, assuming that € < 1, let us fix ¥ and ¢ such that

20Vt < 1/2, 0< 9 <1/2, 6 <vY?)2. (4.29)
Obviously, ¥ and  are independent of . We find that
EWo) < VV*E(0) + G (4.30)

for any 0 < o <1, where G = G(e) — 0 as e — 07.
By iterating (4.30]), we obtain that

E(W%0) < 9*2E(p) + G, (4.31)
for any natural number £ and any 0 < o < 1. Letting o = 1, we obtain that
E(W*) < 9*2£(1) + ¢G. (4.32)
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Hence, it can be easily deduced from (4.32), that
E(r) <c(r'?£(1) + G(e)) (4.33)
for all 0 < r < 1/2. Now, (4.25) implies, for 0 < r < 1/4, that

C(r) < c[eV2(2r)e* + £(2r)]
<c [T1/4gl/2€3/4 + Q)23 4 r128(1) + Gle)] .

Choosing e sufficiently small and r( also sufficiently small, we obtain that
QI75C(ro) < co,

where € is as in Theorem [4.2.1] (with a = b = 0). Since u is a suitable weak solution
in Q(ro), Theorem and the scaling symmetry of our system yield the required
statement, and the estimate holds for the case & = [ = 0; the other cases can be
obtained by a straightforward bootstrap argument. Thus, Theorem is proved. [J

Remark 18. As observed in [6] for the case of the Navier-Stokes system, Theorem [4.3.]]
give us an information on the size of the set of potential singularities of a suitable
weak solution u to Ly. Indeed, let us introduce the following parabolic analogue of

Hausdorfl measures.

Definition 4.3.1 (See [6]). For any X C R*"! and k > 0; the k—dimensional parabolic
Hausdorff measure of X, denoted by H*(X), is defined as follows:

HM(X) = lim HY(X),

6—0t

where
HE(X) = inf {er s X @ (. t), mi < 5} (4.34)
r=1 7

and Q; (z,t) := B(z,r)xt — Zr?,t + tr?[. In particular, we have that H* = £* the

Lebesgue measure on R3*1,

For u a suitable weak solution to Ly = 0 or DLy = 0 in Q, if we denote by X
the set of potential singular points of u in @ then H!'(X) = 0. In fact, we are able
to prove a slightly stronger result. We introduce a measure P! on R3*! defined in a
similar manner as H' with the difference being that the cylinders Q (z,t) in

are replaced with parabolic cylinders Q.. (x,t); clearly
H < Pl
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where ¢ > 0 is a universal constant. Then, we are able to show that P'(X) = 0. Indeed,

let us start by noticing that by Theorem |4.3.1

20 = (2, tg) € ¥ = limsuprl/ |Vul?dr > e.
Q*(z0,7)

r—0t

Now, let V' be a neighbourhood of ¥ in @, and let § > 0. For each zy = (9, 1) € %,

we can choose Q*(zg, ) with r < d such that
rl/ Vul*dz > € and Q*(z,7) C V.
Q*(ZU/F)

Applying Lemma to this covering, we obtain a disjoint subcovering {Q* (25, 7;)}
such that

X C UQ*(Z@,&Q—),
and we have
dori< e‘IZ/ Vul?dz
i i Y (zhri)

< e—l/ |Vul*dz. (4.35)
Vv

Since we choose r < J, then we have

Zr? < 5361/ |Vul*dz,
; v

which leads to H*(X) = 0, since ¢ is arbitrary; and a fortiori £(X) = 0. Next, we
have, still from (4.35]), that

PHE) < ce_l/ |Vul*dz,
v

and this holds for every neighbourhood V of ¥. Since we showed previously that
L4(X) = 0, it follows that P'(X) = 0. This result means that the set of potential

singularities of u is discrete.

As a consequence of Theorem [4.3.1] we have the following result.

Proposition 4.3.1. There exists a positive constant €, such that if for any suitable

weak solution u to Lo =0 in Q, we have

1
sup  sup —/ lu(x,t)2dz < e., (4.36)
B(r)

0<r<l —p2<t<o T

then z = 0 1s a reqular point of u, i.e. there exists 0 < rq < 1 such that u s Hélder

continuous in Q(rg).
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Proof. Similarly to what we had in the proof of Theorem [4.3.1] (i.e. combining Lemma
and Lemma [4.3.3), we find for 0 < r < p/2 < p <1 that

E(r)<c [(2)26* + (g)ZEi/QE”Q(@) + (C>1/2 B2 (0) + <§>3/2 62/4E3/4(g)] :

1Y T

the latter can be rewritten in the following way
E(Wp) < ¢ [P?e + D72 2EV2(g) + 0%, BV () + 79_3/262/4E3/4(Q)} ,
for any 0 < ¥ < 1/2 and any 0 < ¢ < 1. Now, by applying Young’s inequality, we get
E(W0) < 9Y2E(0) + 0 P2(e, + €2 + €2), (4.37)
which gives us after iteration
E(W0) < 9*2E(0) + 0% (e, + € +€) (Vk €N)

for all 0 < ¥ < 1/2 and all 0 < o < 1. From this, and by using similar arguments as in
the proof of Theorem we obtain that

E(r)<c [7“1/2E(1) +e+e 4 €], Vrelo,1/2]

thus
sup E(r) <c [ré/zE(l) e+ €2+ ei’} (with ro €]0,1/2]). (4.38)

0<r<ro
Finally we choose ry and ¢, sufficiently small such that the right-hand side in (4.38))
is less than € (see Theorem [4.3.1); and the proof is completed by using the scaling
symmetry of our system together with Theorem [£.3.1] O

4.4 The Ladyzhenskaya-Prodi-Serrin type theorems

A pair of exponents (s,1) € [3,00] X [2,00] is said to be of Ladyzhenskaya-Prodi-Serrin

type if it satisfies the following

3 2
Syi=1 4.39
L (4.39)

When it comes to proving existence of strong solutions (and a fortiori Holder continuity
of those solutions) for a parabolic PDE, a necessary condition is that the lower order
coefficients (advective and convective coefficients) of the equation belong to the space
Lg; with (s,1) as in and s > 3 (see e.g. [41] Chapter 3, Sections 6 to 10). The

limit case s = 3 is more subtle; it was shown for instance in [3] that for a Fokker-Planck
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type equation with convective term b in L3 ., there exists a 'smooth’ solution that
blows up at finite time. Therefore it is quite natural, from a regularity point of view,
to wonder what happens when we assume that a solution to our system £y = 0 (or
DLy = 0) belongs to the Ladyzhenskaya-Prodi-Serrin class. As we shall see, this class
also provides us with scale invariant quantities that, unlike what we have seen so far,

do not require any smallness condition to lead to regularity.

4.4.1 The case s > 3 of the Ladyzhenskaya-Prodi-Serrin condi-
tion

We use here techniques introduced in [58] for as similar question in the case of the
incompressible 3D Navier-Stokes system; our first result is as follows (and is a crucial

intermediate step in order to prove the first main result of this section, Theorem |4.4.3|)

Theorem 4.4.1. Let v be a weak solution to Ly = 0 in Q) that belongs to the energy

class:
v € Lyoo(Q) NWL0(Q).

There exists a universal positive constant €y > 0 such that if

sup ||v||i,l,Q(r) < €p, (440)
0<r<1

provided (4.39) and s > 3, then z = 0 is a regular point.

Remark 19. Under condition (4.40) (finiteness is actually enough), by testing the
system with vg?, where ¢ € C5°(Q) and integrating by part, we directly get that v is
a suitable weak solution. A local energy identity is even available, by following ideas

presented in Appendix [A]

For the reader’s convenience, we recall the following parabolic Sobolev type embed-

dings; we can see this thanks to Lemma [2.3.1]

Proposition 4.4.1. Let Q2 be a bounded domain with Lipschitz boundary. Let T be
a positive parameter, and let Qr = Qx]0,T[. Suppose m,n,s,l,d,r € [1,00] and
put o =2 -3 24342 513 24342 The space W2 (Qr) is
embedded continuously in Ls;(Qr) if m < s, n <[, anda >0, or1 <m < s < o0,
1 <n<Il<oo, and a = 0. Furthermore, Wﬁlln(QT) s embedded continuously in
Wdl”f(QT) ifm<dn<r,and >0, orl<m<d<oo,1<n<r<oo, and

B =0.

With this proposition at hand, we are able to prove the following result:
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Proposition 4.4.2. Let € be a bounded domain with a sufficiently smooth boundary,

and let T be a positive parameter. Suppose

3 2
1<m< l<n<l, -+-=1
= mebho gt (4.41)
f S Lm,n(QT); u < Ls,l(QT)-
There exists a positive number € = e(m,n, s,l,Qr) such that if
[0llsior <€ (4.42)
then the initial-boundary value problem
1
ou—Au+v-Vu+ §(div wov=f inQr, ulpg, =0 (4.43)
has a unique solution, which satisfies the estimate
HuHW,%;}n(QT) < C(m7 n,s,l, QT)Hme,n,QT- (4'44>

Proof. Given w € W' (Qr), we have (by Hélder’s inequality)
[0 Vol nor +1/2|(divw)vllmmnor < [0llsi0r IVWllarer < €llVwllarqr

with l
d="" , and r = o (well defined, see (4.41))).

s—m l—n

On the other hand, we have

IVwllarr < c(m,n,s,1,Qr)l[w|ly21 o,

which is valid because
3 2 3 2
l————4+-4+-=0,
m n d r

and thanks to Proposition [4.4.1 Hence, we get that
- Flmnor + 1200 0)0lnngr < celmn,s L @n)ullyzs g (449

Next, we introduce the linear operator L : X — X (:= {u € W2 (Qr) : ulag, = 0})
defined as follows: Lw = u, means that, for a given w € X, u is the unique solution of

the initial-boundary value problem

1
Ou — Au+v - Vw + é(divw)v =[ InQr, ulypg, =0.

%)



We readily have from (4.45) that the operator L is a contraction if € is sufficiently
small and therefore we have existence of a unique solution u € W3 (Qr) to (#.43). In
order to prove (4.44), we use the fact that
lullwz or) < clm,n, Qr)|lf —v- Vu —1/2(div u)vllmner
< eclm, 5,1, Qr)[ullyzt @r + <ms 1, Q) fllmmar-

Choosing € sufficiently small, we have that (4.44) is proved, which completes the
proof. O

Proof of Theorem[{.4.1} Let ¢, (0 < a < b < 1) be a cut-off function of class
Cs°(R? x R) such that

0< ¢ap <1, ¢ap=1 in B(a)x]—d? d?,
dap =0 off B(b)x] — b2, 17[.

Let us consider the auxiliary initial-boundary value problem
Ou— Au+v-Vu+ %(div w)v=F(v) inQ, ulpg=0, (4.46)
where
F(v) :=v.(v® Vup) + 1/2(0.VPap)v — 2V Doy - VU + 0(0rhap — Apap).

Let m,n such that 1 < m,n <2 and 3/m + 2/l > 5/2. Let us notice that, since s > 3,
we have that 2 <[ < co. Setting

d= sm) andr:l—n,
s—m l—n

it is not difficult to see that d < 2s/(s —2) < 6 and 3/d + 2/r > 3/2. Hence,
[ v]|aro < 00, since it belongs to the energy class Lo (Q) N W, °(Q). We choose
o (see (4.33) such that eé/l < €, with € = ¢(m,n,s,l,Q) as in Proposition m

Therefore, we have
[v.(v® Vup) +1/2(v.Vup)vlmma < cla,b)|[vllsiom [v]laree < ecla,b)|v]laroe-

Hence
| F(0)||mn < c(a,b) < 0. (4.47)

By Proposition [£.4.2] we deduce that there exists a unique function u that is a solution

to (4.46)) such that
HUHW,%;}n(Q) < c(a, b). (4.48)
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By the uniqueness result in Proposition [{.4.2] we have that

U= Qgpv in Q.

Since a,b are arbitrary, we deduce that v € Wi’}n’loc(Q). Now, let us set m; =
min{2m/(3 —m),3}. We see that

ve Wh (Q(b)).

mi,n

Next, we put d; = mys/(s — mq) (well-defined since m; < 3 < s) and we calculate
the number § = 2 — % — % + % + %; this number is equal to 1/m; if m; < 3 and to
2 —3/m > 1/3 if m; = 3. Thus, by Proposition [1.4.1]

v E LdM“(Q(b))'

So, as before, we obtain that F(v) € Ly, »(Q) and applying Proposition [4.4.2] (we
reduce ¢ if necessary) and using the same arguments, we deduce that v € Wi;ll,n,loc(Q)‘

Repeating this process (we reduce ¢, if necessary at each step), we obtain a non-

decreasing sequence my (given by the induction formula m; = min{2m;_1/(3 —
mk—1),3}) such that v € Wi’;’n,loc(Q). We show that after finitely many steps, we shall
have mj; = 3. Indeed, otherwise,
2m
1<mk<mk+1: i < 3.
3 — my

The sequence my, in that case has a limit d. Clearly,
2d
d=-——>m>1,
3—d—
but this is impossible.
From now on we assume that v € W."! (@) and we call €; the result of the successive

3,n,loc

finite reductions of €y (obviously €; < ¢). We put

2n
ly = )
1 2_n )
and suppose that § €]0, 1] is subject to the restriction n > 1_-2H3‘ It is easy to check
that, with such [; and §, we have
3nd 3n
Iy >2 = > >3 4.49
LTS T 00 =2 2(n—1) (449)
and 5 5
—+—-=1 (4.50)

S1 L
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We fix m; so that % < my < s1, and calculate d; = S‘jl_":n, r =

space-type embedding theorem,

veW Q).

m1,n,loc

Applying Proposition we conclude that v € Ly, ;, 10.(Q), since

2 2 2
2—§——+i+—:2——>0,
3 n s L n

and v € Ly, r, 10c(Q), because

3
3

2 3 2 3
S+ -4+ =—>0.
n

2 _
dy 1 ma

Next, reducing the number b if necessary, we obtain

||U||s1,ll7Q(b) < €(my,n, 51,0, Q).
Therefore, as before, we deduce that

v € W 1(Q(a)).

mi,n

Since
3 2

p=2—-—-——>0,
ma n
we get that there exists an r €]0, 1[ such that v is Holder continuous in the closure of
Q(r), which concludes the proof of the theorem (once again we can see this thanks to

Lemma [2.3.1]). [

It is worth mentioning that a similar e-regularity result is also available for the

limit case s = 3. In fact, we have an even stronger result.

Proposition 4.4.3. Let v be a weak solution to Lo = 0 in QQ that belongs to the energy

class:
v € Ly oo (Q) N W, (Q).

There exists a universal positive constant €y such that if

ess sup ||v(-, 1) || 3. (@) < €o, (4.51)
~1<t<0

then z = 0, is a reqular point. Here L>* is the weak Ls—space (see 'Chapter 2’ for

definition) which contains the standard Lebesque space Ls.

One way to see this result is through the following lemma.
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Lemma 4.4.2. Let u € Ly oo(Q) NW,°(Q) be a weak solution to Lo = 0 in Q such
that

M := ess sup ||U('>t)||L3*°°(B) < .
—1<t<0

Then, for any Q(zy,r) C Q (with zo = (xg, 1)), we have

! ess sup / lu(x,t)Pdx + 1/ \Vul*dz < ¢ (M? + M*) . (4.52)
T to—(5)2<t<to J B(zo,5) T JQ(z0,2)

Proof. Once again, under the assumptions of the lemma, testing our equation with
ug? (with ¢ € C°(Bx] — 1,1])) yields that u is a suitable weak solution in (. Next,
we introduce the following cut-off function: 0 < ¢, , € C5°(B(zg,r) x| — r?,r?[) (with
0 < o <r <1)such that p,, =1 in B(zg, 0)x] — 0% 0°[, [V¥p,.| < ¢/(r — o)k (with
k= 1,2) and [Oip,,| < ¢/(r* — 0*). Now, take 2 as a test function in the local

energy inequality satisfied by u; we obtain

ess sup / o2z, O)|u(z, t)Pdx —I—/ o2 | VulPdz < %/ RS
to—r2<t<to J B(zo,r) Q(z0,r) (7‘ - Q) Q(zo0,r)

1 1
1 2 2
—i—c{—/ \u|2dz1 </ o ,,]u\4dz) (453)
(T_Q)Q Q(z0,7) Q(zo0,7) ®

where ¢ is an absolute constant. We just have now to estimate the right-hand side of
the previous inequality. For the first term, we use the fact that (see Proposition [2.2.1)

/ u(z, t)Pdz < 3|B(r)['?|lu(-, )|, _(5) < erM?, (4.54)
B(:Bo, ) '

for a.e. t €]ty —r?,to[. Thus,

1 / crd
—_— ]u\zdz < - M?>. (4.55)
(7” - Q)2 (20,7) (T - Q>2

Next, we estimate the second factor of the last term in (4.53]); we have thanks to
Proposition 2.2.1 and the Gagliardo-Nirenberg inequality that

1/2 ( 1/2|u|1/2\u|1/2

)||4 B(r) = HQO HL4,4(B(900,7“))

< e,

o,

1/2,,11/2 1/2

’u‘ HL124 (B(zo,r)) X “‘u’ HL6,oo(B(930ﬂ"))

1/2 1/2
- CHQOQWuHLﬁz (:1:0, HU/HLBOO B(ZO,’I‘))

< cM1/2||V(gog,ru)(-,t)||22

(B(zo,7))’
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for a.e. t €]tg — 2, to[; this leads to

2 1 3
2 u4dz) <cM (—/ u2dz)
(/C;(zo,r) 7o, | | [ (’f‘ - Q)z Q(zo,r)| |
1/2
+</ ¢§7T|vu|2) ] (4.56)
Q(z0,7)

3
ess sup / @2 |ul*(z, t)dx +/ o2 |Vul*dz < LQ(.M2 + M*). (4.57)
B(zo,r)

to—r2<t<to Q(zo,r) (T - Q)

Taking into account (4.53) and (4.56)), we get

Taking now ¢ = r/2 and dividing both side of the previous inequality by r, we have
that the proof is completed. O

Proof of Proposition[{.4.3. From the previous lemma, we have that

o<r<1 T

2
sup —/ |Vul*dz < c(ef + ),
Q(3)
and we choose ¢ sufficiently small such that c(e2 + €J) < €, where ¢ is given by
Theorem [£.3.1} the proof is completed thanks to Theorem [4.3.1 O

Remark 20. Tt is worth mentioning that the smallness assumption in Theorem |4.4.1
for the non-limit case (i.e. s > 3) can be easily removed; the reason being that
o]l oy — 0 as 7 — 0. Therefore, this observation allows us to strengthen Theorem

4.4.1]in order to obtain our first main result of this section.

Theorem 4.4.3. Let v be as in Theorem[].4.1. Assume that

NS Ls,l(Q)
such that (4.39) holds and s > 3. Then z =0 is a reqular point.

For the limit case s = 3, the previous result is still true and this relies heavily on
the structure of the nonlinearity; however things are much more complicated and we

dedicate the next section to the proof of such statement.

4.4.2 The limit case s = 3 of the Ladyzhenskaya-Prodi-Serrin
condition

We start by stating (without proof) the crucial results we shall use for the proof of our

main theorem.
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Unique continuation through spatial boundaries

We denote Q(R,T) := B(R)x]0,T[C R® x R and consider a vector-valued function

u = (uq, us, ug), satisfying the three conditions:

u € Wy (Q(R,T);R%); (4.58)
|0+ Au| < ¢1(|u] + |Vu]) ae. in Q(R,T), (4.59)

for some positive constant cy;
u(z, 1)] < Ci(|z| + V1), (4.60)

forall k =0,1,..., for all (z,t) € Q(R,T), and for some positive constants Cy. Here,
WP Q(R, T);R?) i={u: |u| + |Vu| + |V?u| + |0u| € Lo(Q(R,T))} .

Theorem 4.4.4. Assume that a function u satisfies conditions (4.58))-(4.60). Then,
u(z,0) =0 for all x € B(R).

Backward uniqueness for the heat operator in the half-space

Let R = {z = (z1,...,2,) : , > 0} and Q4 := R} x]0,1[. We consider a vector-
valued function u : Q+ — R™, which is “sufficiently regular” (such that the following

estimates make sense) and satisfies
|0+ Au| < ¢1(|u] + [Vu]) a.ein Q4 (4.61)
for some positive constant ¢; and
u(-,0) =0 in R (4.62)
We also assume the following growth and integrability property for u
lu(z, t)] < eMiF (4.63)
for all (z,t) € Q4 and for some M > 0.
u, Vu, Oyu, Viu € Lo 10c(Q4)- (4.64)

Theorem 4.4.5. Assume that u satisfies (4.61)-(4.64). Then u=0 in Q.

For a proof of the above two theorems, see e.g. [60], Appendix A. The second main

result of this section is as follows.
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Theorem 4.4.6. For any M > 0, there exists a positive constant e = ¢(M) with the
following property: if u € Ly oo(Q) N W;’O(Q) is a weak solution to Lo =0 in Q) that

satisfies in addition

ess sup |[u(-, t)||ps.e(p) < M, (4.65)
—1<t<0
and
(-, 0)[| 3o (B(1/2)) <€ (4.66)

then z = 0 is a reqular point of u.

Before giving the proof of this theorem let us make a couple of observations.

Remark 21. We justify why it makes sense to talk about values at all time for
(-, t)|| L3 (B(1/2))- We go back to Lemma and its proof to see that the fol-
lowing holds:

lull sy + VUl Lyeie) < C(M).

Thus, by Hélder’s inequality, we obtain
w ..
- Vi + 5 div u||L4/3(Q(5/6)) < C(M)

and a fortiori

/ (|0au]*? + |V2ul*?) dz < C(M).
Q(3/4)
The latter implies that
u € C([~(3/4)%,0; Lays(B(3/4))). (4.67)
Now, let us introduce
= {t €] = (3/4)%,0[: [lu(-,t) [l seo(qea/ay < M}

because the set | — (3/4)2, 0[\II is negligible, we have that for all t, € [—(3/4)?, 0], there
exists a sequence (t{) C II such that t§ — ty. Now, let ¢ € C5°(B(3/4)); we have

/ (@, to)é(x)dz = / (w(, o) — u(z, 1) d(x)dx + / w(, )6 (x)da
B(3/4) B(3/4) B(3/4)
< llulsto) = uls 1)z s B/l @lliLasem) + MIAN 50 500

Now, taking the limit n — oo in the above and taking into account (4.67)), we find that

<
R T R
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for all to € [—(3/4)%,0] and all ¢ € C5°(B(3/4)). This yields, since L>* is the dual of
the Lorentz space L2! (sce for instance [22]), that

sup  lu(-,t) || zseo(B3/ay) < M; (4.68)
—(3/4)2<t<0

this makes in particular (4.66|) a justified assumption.

Remark 22. The second observation is that Theorem [4.4.6] implies that for u €
Laoo(Q) NW,°(Q) a weak solution to Lo = 0 in Q such that ||u|s.0.0 < 00, we have

that z = 0 is a regular point of u. To see this, we use the fact that

[l ooy < Nlull sy

(X being any measure space) and we set M := ||u||300,¢. Using similar arguments as
in the previous remark, we get that

sup  lu(- )| LsBes/ay < M.
—(3/4)2<t<0

Consequently, we have that there exists 0 < 73y < 3/4 such that ||u(-,0)||L,Brn)) < €
with € as in the statement of Theorem m Finally if rp; > 1/2, we apply directly
Theorem [4.4.6to u and we are done, otherwise, we define v (z,t) := 2rpu(2ryz, 4r3,t)
(with (x,t) € @) and we apply Theorem to vM instead.

We start now the proof of Theorem [4.4.6]
Proof of Theorem[].].6 We argue by contradiction. Assume that there exists a number

M > 0 such that for any €, > 0 (with ¢, — 07 as k — o0) one can find a weak solution
uF € Lyoo(Q) N W, Q) to Lo = 0 in D'(Q) satistying

ess sup [|[u" (-, t) || pscemy < M and  [[u*(-,0)|| Lsoo(B1/2)) < €k, (4.69)

—1<t<0

and for which z = 0 is a singular point. Thus, from Proposition [£.3.1} we can find a

sequence (r) such that rp, — 0 as k — oo and

1
— sup / |u¥(2,1)]? > e,. (4.70)
B(r)

Tk —r2<t<0

We extend now u* to the whole space R**! by 0 and denote the extension by @*. Next,

we introduce the function U*(y, s) = ra*(rpy, ris); we have obviously that

UM || oo repo o Re)) = ([0 || 2 (—1,0:28.00(5)) < M,
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which implies that (U*) converges to v weakly—x in Lo (R; L>*(R?)) up to a subse-
quence still denoted by (U*¥). Using similar arguments as in Remark , we get

[ IvUtd: < Q) an),
Q

) (4.71)
[ Q0H 4 [P 0MP 4 UH9) dz < 11,0,
Q
for all parabolic cylinders Q cC R3*! and all k. This leads to
U = v in C([a,b]; Ly(Q)), (4.72)

for any —00 < a < b < +o00 and Q CC R3. Let us summarise the key information we

get for the limit v.

||v||Loo(R;L3»oo(R3)) < M;
[ ol 96+ [720]7 4100 ) d= < Q] M), ¥Q < R
Q

v € C([a,b]; L(2)),V — o0 < a < b < 400 and ) CC R?; (4.73)

v satisfies equation £y = 0 a.e. in R¥™!

Q/R/R 9|Voldz = /R/R {[o](00 + Ap) + v - Vo|v|*} dz, Vo € C°(R*).

From (4.70)), we have

1
sup /|Uk(y,5)|2dy— — sup / [ (2, t)Pdr > €,;
-1<s<0.JB Tk —r2<t<0JB(ry)
thus, thanks to (4.72)),
sup / lv(y, s)|2dy > e,. (4.74)
~1<s<0 /B

Now, fix R > 0 and choose 7 such that 1/2r, > R (this is legitimate since r, — 07).
We have from the second estimate in (4.69) that

1U* (-, 0)|| 3. (B(R)) < €&,

for all k such that 1/2r; > R. This implies that U*(-,0) — 0 strongly in L>*(B(R))
and, a fortiori, strongly in Lo(B(R)). Because of and since R was chosen
arbitrarily, we get that

v(-,0) =0 in R®.
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The next step is to apply, successively, our backward uniqueness and unique continuation
results. In order to do so, we need some suitable uniform estimates. Let 15 > 0, we
have thanks to the Fubini theorem that

|{(y, s) € R¥x] — 4T, 0[: |v| > 7}{ = /4T ‘{y cR?: |u(y,s)| > 7}‘ds

0
< 7_3/ lv(-, )| £3.0(r8YdS
—AT,
< ATy M < oo,

for any fixed v > 0. Thus, for any € > 0, there exists Ry = Ry(€,T5,v) > 4 (with the

parameters € and ~y to be chosen later) such that
{(y,s) € R®\ B(Ry/4)x] — 4T3,0[: |v| > 7}| <& (4.75)
Now, take 2y € R®\ B(Ry/2)x| — 2T%,0[; we have

/ lv3dz :/ |v|3dz—|—/ lv]3dz
Q(20,1) Q(z0,)N{[v]<7} Q(z0,)N{[v[>7}

<0 ([ Joltas) ) € RO\ B(Ra/4)X] = 4T 0 o] > 2}
Q(20,1)
< Q|+ C(M)ei  (see [ET3)).

Finally, we choose v and € such that 43|Q| + C(M)e1 < |Q|ed, with €y as in Theorem
(with a = b = 0). This directly gives us by bootstrap arguments that
max__ |V*u(2)| < co,
2€Q(20,1/2)
for any k = 0,1,..., and the latter holds for any 2y € R®\ B(Ry/2)x]| — 2T5,0[.

Consequently, we have

10w — Av| < K(Jv| +|Vo]) in R®\ B(Ry)x] — Ty, 0], (4.76)

for a suitable K > 0. So, from Theorem |4.4.5 we get that
v=0 inR®\ B(Ry)x] —T3,0], (4.77)
and this holds for any 75 > 0. From (4.73)), we have that [o(, 8l 21 (B2R,)) < oo for

a.e. —oo < t, < 0. The short time well-posedness of strong solutions established in
the previous chapter and estimate (4.77)) together with Theorem guarantee that

v(,t,) =0 in R?,
and the latter holds for all —oo < ¢, < 0 and a fortiori
v=0 inR*",

which contradicts (4.74]); and the proof is complete. H
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Concluding remarks: We do not know, at this moment of time, whether the
backward uniqueness (Theorem and unique continuation theorem (Theorem
hold also true for the time-dependent Lamé system; we suspect, however, that it
is the case. Consequently, we can’t prove Theorem [£.4.6] in the case of operators L,
and DL, for k > 0. This will be the object of future investigations.

Finally, one could wonder what happens if condition is removed in Theorem
m; in other words whether we could get regularity only from condition like
in Remark [22) for the case of L3. Unfortunately, like in the case of the Navier-Stokes
system, we are unable to conclude to regularity or blow-up. This will also be the object

of future investigations.
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Chapter 5

Approximation of forward self-similar
solutions to the 3D Navier-Stokes
system

5.1 Introduction

In this chapter, we construct forward self-similar solutions to the 3D incompressible
Navier-Stokes system as the singular limit, when x — oo of forward self-similar solutions
to L, = 0 and DL,. = 0. Unless mentioned otherwise, the notation and definitions
used in this chapter are contained in Chapter 2: Preliminary Material and the results
and text base of this chapter are based on [27), 29].

Let us give more context to the problem at hand in this chapter. In [31], H. Jia
and V. Sverak proved the existence of the so-called forward self-similar solution
u € C®(R*x]0,00[) to the Cauchy problem for the homogeneous incompressible
Navier-Stokes system —, where the initial data wug is an arbitrary large (—1)-
homogeneous divergence-free vector valued field; see also for instance [44], 4, [9] for a
different construction and [19) for a proof of global well-posedness under some smallness
condition on the initial data ug. By definition, the velocity u is invariant with respect
to the Navier-Stokes scaling, i.e., Au(Az, \*t) = u(x,t) for all A > 0. Such a problem
can be reduced to the existence of a solution to the following stationary system

U
—AU+U-VU—;VU—5+VP:0, divU =0 (5.1)

in R3, where the profile U is subjected to the following boundary condition at infinity
|U(z) — uo(z)] = o(|z| ') as |z]| — oo. (5.2)

Then



is a local energy weak solution to (1.1)-(1.3) in the sense of Lemarie-Rieusset (see
[43), [44] and also [34]). An important idea of Jia and Sverak is to use the possible
instantaneous non-uniqueness of forward self-similar solutions in order to construct
different weak Leray-Hopf solutions with the same Lo-initial data. In fact, they state a
sufficient condition on the spectrum of the linearised problem ensuring non-uniqueness
of forward self-similar solutions. So far, it is an open problem whether the above
condition holds for a certain (—1)-homogeneous initial data. However, numerical
experiments, see [23], demonstrate that there are initial data for which the above
spectral condition is satisfied.

As aforementioned at the beginning of this section we are going to approximate this
forward self-similar solution u to the incompressible Navier-Stokes system with forward
solutions to £, = 0 and DL, = 0. There is a hope that this might help us to get a
better understanding of the non-uniqueness phenomenon for the Navier-Stokes system,
since we will have a priori two candidates in our hands. For our approximating systems,

we have the following elliptic systems for the profile U":

U~ U~
— AU = VAV U + U - VU + —-div U~ — g VUT - =0 mRY (53)
if we are solving £, =0 or
K : K : K K | HP Z K U’i : 3
— AU" — gVdivU" +div (U @ U +Tjg —§VU —720 1HR,(54)

if we are solving DL, = 0 instead. We require the following asymptotic on U":
\U"(z) — uo(z)| = o(|z|™") as |z| — oo. (5.5)

Then the corresponding solution to the Cauchy problem has the form

o= ()

for € R® and t > 0.

Before we continue our discussion let us mention that we can find in the literature
results about constructing solutions of the Cauchy or initial boundary value problem
for the Navier-Stokes system as the limit of solutions of the Cauchy or initial
boundary value problem for the system £, = 0; this was done, for instance, for initial
data ug in the Lebesgue spaces Lo (see e.g. [42] 55 67]) and Ls (see [55]). In all these
papers, the key step was to find the right notion of solution in order to establish some

uniform global (in space) energy estimates for the solutions of £, = 0. If we consider
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(—1)—homogeneous initial data, the weak Lebesgue space L>*°(R3) appears to be the
natural choice to carry out our analysis. In the case of the Cauchy problem for the
incompressible Navier-Stokes system with initial data in L*»*(R?), a notion of weak
solution which enables the derivation of a global energy inequality was introduced in
[2]; the authors called those solutions global weak L3 —solutions. Consequently, an
analogous notion of their solution for our models £, = 0 and DL, = 0 appears to be
the right setting for our work.

Let us state now our results. We will focus mostly on the operator L, since all
the results and computations in this case hold also for the operator DL, with some
simplicity due to the divergence structure of the nonlinearity. The first result we
present here is about the existence of forward self-similar solutions to the Cauchy

problem for the systems £, = 0 and DL, = 0 with the initial condition
Un|t:0 = Uyg. (56)

Indeed, given k > 0, one can prove the existence of a forward self-similar solution to
the Cauchy problem L, = 0 and or DL, =0 and , using the same method
as in [31]. Our contribution here is that we use the notion of global weak L**-solution
which is slightly stronger than the notion of weak Lemarie-Rieusset solutions. In order
to present the corresponding definitions, we need the semigroup S, (t) associated to the

Lamé system, i.e., v"(z,t) = S, (t)uo(z), where v* is a solution to the Cauchy problem:
0" — Av® — kVdive™ =0 in Q4 (5.7)

and
v*|—o = up in R®. (5.8)

For example, in the case of £,, = 0, the definition of a global weak L3> —solution is as

follows.

Definition 5.1.1. We say that u” is a global weak L**°—solution to the Cauchy
problem £, = 0 and (5.6) in Q. , with uy € L*»*°(R3), if the function

w =y — " (5.9)
has the following properties:
T
sup /\w“(a:,t)]%m%—//!Vw“]dedt <C(T) < ¢ (5.10)
0<t<TRs s
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for all T' > 0;
o™ — Aw"™ — kVdivw" + u” - Vu™ + %ﬁdiv u” =0 (5.11)
in the sense of distributions; the function
t— . w"(x,t) - w(zr)de, (5.12)
is continuous at each ¢ > 0 for all w € Ly(R?);

|w* (-, )|l pyrey = 0 ast—07; (5.13)

for a.a. ¢ €]0, T, the local energy inequality

¢ ¢
% / lu(z,t)|*¢(z, t)dx + / / (|Vu? + &|divu”®?) ¢(x, t)dzdt
0 0 Jrs

t ’u,‘f’2 t ’u,‘f’2
< / / (Orp + A¢)dzdt + / / (—— — rdivu™)u" - Vodzdt. (5.14)
0 JR3 2 0o JR3 2

is valid for each non-negative test function ¢ € C§°(Q).

Remark 23. We have also an analogous definition for the Cauchy problem DL, = 0
and (5.6]).

Remark 24. Tt is easy to show that w” is a turbulent solution in the Leray sense (see
[45]). In other words, for all ¢ € [0, T7,

t
1
§/|w“(x,t)|2dx+//(|Vw“|2+/<a|divwk|2)dxdt’
R3

s R3

t
1
S 5 / ‘wﬁ(l', 8)‘2dx + //(UR ® w" + v® ® Ufi) . V’wkd:lfdt/
R3

s R3
¢
1
—l—//iv“-w”divw”dxdt’ (5.15)
s R3
for a.a. s € [0, 7], including s = 0.

We are able now to formulate our first result.

Theorem 5.1.1. Assume that ug € L>*(R3). There exists at least one global weak
L3> —solution u” to the Cauchy problem L, = 0 and (5.6). Moreover, the global energy
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estimate

t
||wn(.’t)||%2(R3) +/ /Rs \Vw"(x, s)|*dxds
0
t
+ K// ’dinK|2dl‘d8 S Cot% <|’u0|‘%3v°°(R3) =+ HU’OH%/&OO(R?’)) y (516)
0 R3

holds for all k,t > 0 and for an absolute positive constant cy.

Because we do not know if the solution we constructed in the above theorem is
unique, there is no guarantee that a (—1)—homogeneous initial data produces a scale

invariant solution. But we are able to prove the following result.

Theorem 5.1.2. Let ug € C°(R*\ {0}) be such that Aug(A\z) = ug(z) for all X > 0.

Then, giwen k > 0, there exists a smooth solution U" to the boundary value problem

and satisfying the decay estimates:

C<a7 K, U’O)

0% (U"(x) = V*(z)) | < A [zl

Vi(x) == v"(x, 1),

for all « € N* (with |a| = a1 + ag + az) and for all x € R3. Moreover, u®(x,t) =

T

\%U’“‘(W) is a global weak L*>—solution to the system L, = 0 with initial data ug (see

Definition .

Remark 25. The result in the above theorem holds also true for the boundary value
problem (j5.4) and (5.5)); with some simplifications in the computations due to the
divergence structure of the nonlinearity. We do not give the details of the computations

for the sake of brevity.

Now, we state our main contributions. They concern behaviour of solutions to the
boundary value problem (5.3)) and (5.5) as x — oo. To this end, let us make a simple
remark: if divug = 0, then v*(z,t) = v(z,t) = S(t)uo(x), where S(t) is a semigroup

associated with the usual heat equation.

Theorem 5.1.3. Let ug € C(R3\{0}) be such that Mug(Ax) = ug(z) for all A > 0 and
divug = 0. Let Wr(z) = U"(z) — V(z), where U" is a smooth solution to the boundary

value problem and constructed in Theorem[5.1.9 and V (z) = v(x,1). Then

the following estimates are valid:
||WH||%/V21(R3) + £|div U“||%2(R3) <c (HUD”%&w(RS) + ||U0H4L3»oo(R3)> , (5.17)

and )
Iy U3, ) < (ol ooy + o seqr) (5.18)
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where ¢ > 0 is a universal constant. Moreover,
VW5 Pda + k2 [ |Vdiv W*?dz < C(||ug|| ps.s re))- (5.19)
R3 R3

Theorem 5.1.4. Under the assumptions of Theorem [5.1.5, there exists a subsequence,
still indexed by K, such that

wWe — W, VW* — VW, ViWr — VAW (5.20)
and
kdivW" — P kVdivIWW" =~ VP (5.21)
in Ly(R®) as k — oo, where the limiting functions U =V +W and P have the following
properties:
(i) Clo o)
a, U
* < 22
W) < (522

for all a € N* (with |a| = a1 + as + a3) and x € R3;

(ii) the function u(z,t) = \/%U(%) (together wz’tvh p(z,t) = %P(\%)) is a global
weak L>*°—solution (in the sense of Barker-Seregin-Sverdk [2]) to the incompressible
Navier-Stokes system (1.1)) with initial data .

Remark 26. Once more, the above result holds also for the system ({5.4)).

Before we state the proofs of our theorems, let us give a couple of important
properties of the semigroup S, (¢) that will be useful later; they are a slight refinement

of estimates derived in Chapter 2 Lemma [2.3.2]

Proposition 5.1.1. Let S,(t) be the semigroup associated with the Lamé system, see

the Cauchy problem and (@ Then
HSH(t)UOHLS’OO(RS) < CH“O”L&OO(R?’); Vi > 0. (523)

For 1 <s; <s, we have

1
1

Sk (Oyollz.grsy < e, s1) [1+ (1 0)7H| £ fuo)

Ls, (R9) (5.24)

where
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Proof. The classical Calderon-Zygmund estimate combined with real interpolation
methods allow us to show the existence of a unique function gy up to a constant (which
doesn’t matter here since we are interested in the gradient of ¢q) such that Agy = div ug
and

IVaol| 0o (re) < cf|uol|za.cra)- (5.25)

Set u(()l) = Vqo and u(()o) = Uy — u(()l); notice that div u((]o)

definition. It is easy to check that Av! = Vdive! and divv® = 0, where

= 0 and curl u[()l) = 0 by

o' — (1 +rK)Av' =0, 0o = uél)

and
0’ — A’ =0, V) = u((]o).
Moreover,
Se(tyuo(-) = v°( 1) + 0! (1) = S((1+ r)t)ug? + S(t)ug”. (5.26)

Finally, from and (5.26]), from the convolution structure of the heat potential
and from Young’s inequality for weak type spaces (see [22] Theorem 1.2.13), we get
5.23).

For , we see have instead

0 1
ud” |12, ey + 1S [ 2., mey < e(s1) w0y, we)-

And once again, using the representation formula for solutions of the heat equation,
Young’s inequality and scaling arguments, we have (5.24)). This concludes the proof. [J

Let us begin now the proofs of the theorems.

5.2 Proof of Theorem [5.1.1]

We will only justify the estimate (5.16]) of the theorem because once we get this a
priori estimate, the machinery used to prove existence is reminiscent to what we did in

Chapter 3; we divide the proof into two steps:
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Step I. Let u™(x,t) = S.(t)up + w” be a global weak L3*—solution to L, = 0 with
initial data uy € L>*(R?). We apply Lemma to get ug = u) + 4 and we

introduce the following functions

o (2,t) = S (t)uy (z), (5.27)
N (z,t) := S (t)ap () (5.28)

and
wh (2,t) == w(x,t) + 0 (2, ) (= u(x,t) — 0V (z,1)), (5.29)

for all (z,t) € Q. (here we omit the dependence of vV, "V and w with respect to
k for the sake of simplicity). By assumption and taking for instance r = 3,¢ = 2 in
Lemma [2.2.1], we have that

t
sup HwN(-,s)Hig(Rs) +/ / |Vw™ (z,5)]Pdzds < 0o ¥t > 0,
0 JRs

0<s<t
~ N
lim (1) = 3 s = 0, (5.30)
and ;
S — Aw — kVdivw? + u* - Vur + u—div w =01in Q. (5.31)

From the construction of the semigroup S, (t) in Propos1t10n | it follows that if
a € Ly(R?) (1 <s < o0) then ||S,(t)a —allr,rs) = 0 as t — 0*, Wthh gives us ([5.30).
Let 0 < ¢ € C§°(B) be such that ¢ = 1in B(1/2) and ¢ =0 in B\ B(3/4); we deﬁne,
for every R > 0, ¢r(x) := p(xz/R). Now, from equation and the definition
, we can get that, for all t > 0,

1
—/ lw™ (2, 1)|?pr(z d$—{—/ / \Vw? Pordrds
2 /)

1 t
~|—/~€/ / |div w” |*ordrds = / |Aév(x)|2903dx+—/ / |w™N |2 Ap rdds
(R) 2Jo Jar)
1 t
— K / / divwNw" - Vordrds + = / / lw™ 2w - Vogrdrds
0 JB(R) 2 Jo B(R)
¢ 1
+/ / ((wN V) o — (@Y - V) w4 EEN : deiva> prdrds
B(R)
/ / V™) - v ngdxds—I—/ / N Vort" - wNdrds
/ / Vort" - wNdrds; (5.32)
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where, for simplicity, we write the right-hand side of the previous identity as follows:

7
1/ N2
— |ty (2)|*prdx + I(R).
2 e kz_;

The aim now is to estimate the I;’s and take the limit R — oco. To this end, we need

the following known estimate:

lallsior < c(s,0)]al2qr, (5.33)

for 2 < s < 6 and [ satisfying

5,23

s 1 2
here )

3
oy = (es8 sup a0l 0 + IV, )

We have

ct
() + I(R) + I5(R) < 25 sup [[w™(5)|Z, o)
0<s<t

ket N ¢ N ) 3
+ R sup [|w™ (-, 8)| 1o (r9) (/ Vw™ (z,s)| dxds)
0o JRrs

0<s<t
1 4 3
ctz ¢ N 3 3 ’
+ — |lw™ (x,s)]°dx | ds| — 0as R— oo.
R 0 R3

t 3 1 3 s
Li(R) < §/ </ |VwN|2<dex) </ |ng0122|3dx> (/ |T)N|6dx) ds,
2 Jo \Unwr) B(R) RS

but by interpolation, we find

1 1,1 1, L
lw® @2 | Las) < w217, ey lw™ 0211w

: :
<c (/ ]wN\Qngda:> (/ \VwN\zgoRdx)
B(R) B(R)
i 1
+ </ |V<,0]2%|2|wN|2dx> :
B(R)

1)



consequently

t i
Ii(R) < c/ </ |VwN|2chdx) </ lw™| goRdx) (/ |UN|6da:) ds

0 B(R) B(R)

. 1
+i (/ ]VwN]2<dex) </ ]wN\de) (/ ]vN]6dx) ds
B(R)

/ / |V |2 ¢Rdx+c(el)/ ( badk dm) (/ lw|? chdx) ds

B(R) R3 B(R)

+I (R)

with ¢; > 0 and

1
[(O)R - ¢ ' \V4 N2 d 2 2d Nﬁd
i (R)=— [Vw™ ["prdz x Ivlfr ds
R20 B(R) B(R

t 2
< P s 0 )l ( / Vo (z, ) dxds)
R2 o JR3
— 0 as R — oo,

where Proposition was used (with s = s; = 6) in the last inequality.
For I5(R), we have

t t
I;(R) < 62/ / IVw™ | prdr + 0(62)/ o™ [*dads
0 JB(R) 0 JRs

t
< 62/ / IVw? Popdr + c(EQ)NtHuOHig,OO(Rg),
0 JB(R)

where we used Proposition [p.1.1] (with s = s; = 4) and Lemma [2.2.1] (with s = 4 and
r = 3) in the last inequality.
Finally,

ct t 3
Is(R) + I (R) < o la e ( / ( |wN|4dx) ds)
Ri 0 R3

|ﬂév||%4(R3) sup [|w"||z,re — 0 as R — oc.
0<s<t

3
4

+ E|
Summarising our efforts, we get (from (5.32))) that

1
—/ lw™ (z,t)|Por(z dx+/ / \Vw™ *prdrds
2 /)

¢
—|—/{/ / |div w" [*prdrds < = / |ﬂév(x)|2g0Rdx+(€1+62)/ / |Vw” [*prdrds
(R) 0 JB(R)

3
+ c(el)/ ( bads dx) (/ \wN|2<dex) ds + c(e2) Nt|uo|| 73,00 sy + J (R),
o \Jrs B(R)
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with J(R) — 0 as R — oco. Choosing suitable €; and e, and using Proposition [5.1.1]
and Lemma in order to get

3
([ 19¥10d)" < el o
R

we find that

t
/ o™ (2, ) [2da + / / Vo 2deds
B(R/2) 0 JB(R/2)

t
+li/ / |div w”|*dzds §/ U ()| do+
o JB(R/2) B(R)

t
C<N2|yu0\|ig,mm3)// |wN(:c,s)|2dxds+Nt||u0|]i3,oo(R3)>+2J(R).
0 JB(R)

Finally, taking the limit R — oo in the above inequality, we get

t
lw™ (x, ) |*dx + / V™ |*dxds
R3 0 R3
t
—1—/@/ |div w"[2dzds < / |4 ()| dw+
o Jrs R3
t
e (Nl [ [ 0 oo + Nt ) (530
0
for all ¢ > 0. By Applying Gronwall’s lemma to ([5.34]), we obtain
lw™ (2, 1) |2 dz < (/ [ (z) |2 dx + N_1||u0||L3,oo(R3)>
R3 R3
><exp(cN2t||u0||%3,oo(R3)), (5.35)
for all ¢ > 0. Now, by substituting ([5.35)) in ([5.34]) and using the fact that

[ 1 @) de < N ol e
R

we obtain

t
|wN(:v,t)|2dx+// (Vw! |2dzds
R3 0 Jrs

t
+ ’f/ |div w**dzds < eN™' <||U0’|L3v°°(R3) + ||u0||i3»°°(R3)> exp(eN?t|uo||7s. rs))
0 JRrs
+ CNt”U(]||%3,oo(R3), (536)

forallt >0 and N > 0.
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Step II. Firstly, let us notice that

t
IV o2 [ [ 195+ v V)] dods = a1, (< Nl )
0

for all ¢ > 0. Secondly, going back to the definition of w” (see (5.29)) and using the

above identity, we see that

t
/|w”(m,t)|2dx+// |Vw" |2 dzds
RS o Jrs

t
s [ divarfdeds < N (ol + ol ) expleN"tual s o)
0 JR

+ cNt||uol|7s00 sy, (5.37)

for all ¢ > 0 and N > 0. Selecting now

1
N = :
\/2ct|\u0||%3m(R3)

we finally find

t
\w" (z,t)|*dx —i—/ / |Vw" |*dzds
R3 0 JR3
t
-+ :‘i/ ’le w“lede < Cot% (”U(JHig,oo(Rg) + HU’OH%/&OO(R?’)) s (538)
0 JR3

for all £ > 0 and a universal constant ¢y > 0. The same machinery works for the system
DL, = 0. This concludes the proof.

5.3 Proof of Theorem [5.1.2

Our proof of existence relies on some suitable a priori decay estimates at infinity for
the forward self-similar profile; we obtain these thanks to the so-called local in space
near initial time smoothness applied to our systems £, = 0 and DL, = 0, which was

first introduced in [31] in the context of the Navier-Stokes system.

5.3.1 Local in space near initial time smoothness of local-energy
solutions

Our first result is as follows; it is a quite general result an can find applications in

different settings from what we are presenting here.
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Theorem 5.3.1. Let ug € Lo joc(R?) be such that oo == supy, cps [5 |uo(2)]*de < oo.
Suppose in addition that M := ||uo||r,.3y < oo with m > 3. Let us decompose
U = uy + uf with ug|pays) = uo, supp uy CC B(2) and ||ujl|L,,rs) < M. Now, let a
be the locally in time defined mild solution to the system L, = 0 with initial data u.

Then, there exists a time T = T'(«, k,m, M) > 0 such that any local-energy solution u

(see Definition to L, = 0 satisfies:

< C(a, k,m, M),

1w = all 0.3 Bazpm)

for some v = v(m) €0, 1].

Proof. Let us start by discussing the decomposition of ug in the theorem; introduce the
cut-off function 0 < ¢ € C§°(B) such that ¢ = 1in B(4/3) and ¢ = 0in B(2)\ B(3/2).
We have the required splitting if we set uf := ugp and uj := ug(1 — ).
Next, by assumption a solves the Cauchy problem for the system £, = 0 with initial
data v} in R® x [0, T1], where T} = Ty (k,m, M) > 0 (see 'Chapter 3’); moreover, the
following estimates hold:

lallcqogza®ey + [IVall Lawexomy < Clm, M),

(5.39)
@l Lo 0.11:Lm(r)) + ||a||L5Tm(R3x(o,T1)) < C(k,m,M).

Now, we set v := u — a and we observe that
. v .. a . a . a ..
8tv—Av—/<;Vd1VU+U-VU+§d1vv+§-Vv+d1v(v®§)+d1v(a®v)—Edlvv =0,

in the sense of distributions in R*x]0, T1[. Moreover, because u and a satisfy a local
energy inequality, we see that

ol* (P o]

atT — AT kdiv(vdive) + |[Vo]? + k(dive)? + div ((v + G)T)

1
+ v - div(a ® v) — 3V adivo <0 in D'(R*x]0, T1[). (5.40)

In other words, v is a suitable weak solution to the generalised counterpart of £, = 0
(see ([1.1)) with b = a. Note also that limy o+ [[v(-,t) — u§||L,(B(ze,1)) — O for all
Ty € R, ud|p(a/3)=0 (thus we have as a byproduct lim, o+ [[0(-, )| o813 = 0) and
from Lemma [3.2.1] there exists 0 < Ty = Ty(cv, K, m, M) < T} such that

1 "
ess sup —/ lv(z,t)|*dx —|—/ / IVu(z,t)|*dedt < C(a,m, M). (5.41)
B(2) 0o JB@)

0<t<Ty
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From the local energy (5.40) for v and the fact that lim,_o+ ||v(-, ¢)|| £o(B(a/3)) = 0, We

obtain

1 t t
1 / (s ) 26(x)da + / / Vol26dz + / / (div v)2 b
2 Jpy3) 0 JB(4/3) 0 JB(4/3)

< / / —A¢dz + / / —((w+a)-Vodz
0 JB3) 2 0 JB3) 2

t t
+// a®v:Vvq§dz+// a®v:v®Veodz
0 JB(4/3) 0 JB(4/3)

t 1 t
- ﬁ/ / v-Vodivodz + —/ / v - adivedz, (5.42)
0 JB(4/3) 2.Jo B(4/3)

for a.e. t €]0, T3 and 0 < ¢ € C3°(B(4/3)) such ¢ = 1 in B. The previous estimate
and a repeated use of Holder’s inequality (with estimate (5.41]) at hand) yield:

2 ¢ t
/Mdaj—i—/ / |VU|2dz—|—/ /ﬁ(divv)de
B 2 0o JB 0o JB

< Cla, kym, M)(t+ 10 + 750 +¢

i

50 ), (5.43)

for a.e. t €]0,T5[.

Now, fix ty €]0, T3[ to be specified later. Then extend v to Bx] — 1+ tg, to[ by setting
v=01in Bx]| — 1+, 0[. Extend also a to Bx| — 1+ tg, to| by setting a = 0 for ¢ < 0.
Clearly the extended function v is still a suitable weak solution to (4.1)), with the
extended a, in Bx] —14tg,t[. Indeed, the fact that lim,_,o+ [|v(-,?)||1,(5) = 0 ensures
that d;v and 0,5% will not cause any problem across {t = 0}. Finally, because of ,
if we choose ty = to(a, k,m, M) < Ty sufficiently small, we can apply Theorem m
and conclude that v is Holder continuous in B(1/2) x [0, to], for some v = v(m) €]0, 1].
This concludes the proof of the theorem. n

Theorem [5.3.1] allows us to prove the following result.

Theorem 5.3.2 (Local Hélder regularity of local-energy solutions). Let ug € Lajo.(R?)
such that o := supy, cgs [ |uo(2)|*de < co. Suppose in addition that we have M :=
||u0||0%%(3(2)) < 00. Then, there exists a T = T(a,7y,k, M) > 0 such that any local-
energy weak solution u to L, = 0 satisfies:

< Cla,vy, Kk, M).

1ull o3 BEza o1 <

Sketch of proof. With the same notation as in Theorem [5.3.1], we have that the support
supp uy CC B(2) and ||up]|cvrsy < CM. Consequently, u — a is Holder continuous
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with some exponent § €]0,~[ in B(1/2) x [0, T1] where T} = Ty (cv, 5, M) > 0. Since the
initial data u$ for a is in C7(R®), it is not too difficult to show that a € C7°% (R® x [0, T1]).
Therefore, u is Holder continuous with exponent 8 in B(1/2) x [0,73]. From this point,
a bootstrap argument with repeated use of Lemma [2.3.1] Lemma [2.3.1 and Lemma
yields the required Hoélder continuity of u; and a careful tracking of the constants

gives us the estimate in the theorem. This concludes the proof. ]

Remark 27. The above results also hold true for the model DL, = 0, with some

simplification introduced by the divergence structure of nonlinearity.

We can now establish the a priori estimates we need for our proof of existence.

5.3.2 A priori estimates for forward self-similar solutions to
our models

We recall that we choose our initial data uy = (ud, u2, u3) which is a (—1)-homogeneous
vector field so that wug|gp, € C°(0B;). In this case, one can show that
C'a,ug)

3
W, Va € N°.

|0%uo()] <

Our first result is the following decay estimate.

Theorem 5.3.3 (A priori estimate for forward self-similar solutions). Let ug be as

above and let u be a scale invariant global weak L>°°—solution to the system L, =0 or

DL, = 0. Then, the solution profile U(-)(:= u(+,1)) belongs to C*(R3) and

Cla, k,ug)

10%(U — Sk(L)ug)(w)] < W’

for all € N* (with |a] = a1 + as + az).

Proof. Let us start by pointing out that our proof of this theorem follows the same ideas
as the proof of a similar result obtained in [3I] for the incompressible Navier-Stokes
system (the difference here being that the leading term in our system is the Lamé
operator).

We know that u(zx,t) = U( ) t > 0, where U(-) = Sx(1)up + W(-,1), and the
estimates for W are given by Theorem [5.1.1] Thus, we have that

Vit U(y) 2dy+\/t_*/ VU (y)Pdy < C (s, [uollciom)(1+VE), (5.44)
B(1/Vt¥) B(1/vVt¥)

for all t* > 0.

On the other hand, for all |zo| = 8, we have uy € C*(B(x¢,4)). Therefore, by Theorem
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5.3.2| and by some simple bootstrapping arguments (with estimate at hand for
the case of the system £, = 0), we have that there exists a Ty = Ty(k, ug) > 0 such
that

10:0%ull,_ Baodmx0.m) < Cle, £, u0), (5.45)
for all global weak L3 —solutions u to the system £, = 0 or the system DL,. = 0 with
initial data ug. Since, for all A > 0, the scaled function u*(x,t) = Au(A\x, A\*t) is also
a global weak L3> —solution to £,, = 0 or DL, = 0 with initial data ug, then
holds also for «* and we find that

])\H'a‘@au()\xo, )\2t> - aauo(xoﬂ < C(Oé, K, U’O)t

Setting y = x0/v/t, and by using the homogeneity of 9%ug, we have:
C(a, K, up) 8

(U — < —— Vyl > —. 5.46
| ( U0>(y)| - |y|3+|a| | | \/TQ ( )
Now, we choose t* = t*(k, ug) in (5.44)) sufficiently small so that
| (WP + [9UG)Rd) < ). (5.47)
B(&)
Ner)

Since the profile U satisfies either (5.3) or (5.4)), elliptic theory estimates give us:

10l g gy < Closokuo) (k' =0,1,2..) (5.48)

Going back to the definition of the semigroup S, () in Proposition [5.1.1 we obtain
that
||8aS,€(1)u0||LOO(R3) S O(Oé, K, UO>

and

10°(S(L)ug — uo) ()] < 0*(S(D)ug” — uf”) ()]

o Cla, k,u
HOM(S(1 -+ Rl = o)) < T

by the known properties of the heat equation. This concludes the proof of the

theorem. []
Another important step in the proof of the main result of this section is as follows.

Proposition 5.3.1 (Decay for the linearly singularly forced Lamé system). Let f €
C(R?) and suppose that w € Lo (0,T; L (R?)) for any T > 0 and for some v > 1 and

moreover .
Ow — Aw — kVdivw =t~ 2f(—) in Q4

Vi (5.49)

0.

)E(% lw(-, 1)L, ®s) =
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Then:

(1) If W satisfies also the above conditions, then w = w. Consequently w(\x, \’t) =
w(z,t) for all X > 0.

(i) If M := sup,cgs(1 + |z|)?|f(x)| < oo, then by setting W(z) = w(z,1) we get:
W llcrva Ry < clo, k, R)YM for a € (0,1) and

sup [(1+ [2])*|W ()] + (1 + [2])°[VIW(2)[] < C(x)M

xER3

(iii) Similarly, if M := sup,cgs(1 + |z|)*| f(z)| < oo, then

sup [(1+ [2])*[W (2)] + (1 + [2)) VW (2)]] < C(x)M

zeR3

Proof. (i) First, we observe that if a function w € Ly (0,T; L., (R*) + L., (R?)) (for all

T > 0) is such that lim; o+ [[w(-,?)||z,, R%)+ L., R?) = 0 and
ow — Aw — kVdivw =0 in @,

then w = 0.
(ii) Second, we start with establishing a decay estimate for Vdivw. For this, notice
that

divw(z,t) = /t VI (z—y,t—s)- f(%)s_gdyds, (5.50)
0 Jrs

with
1

IS SR S
Lelw,1) = [ (1 + K)t]2 P < 4(1 + /i)t) '

A simple computation gives us

|Vdiv W (x)| < e(k sdyds < C(k)M|z|™®

/ /R (I =y |+¢1—s) <|y|+f)
for |x| > 8. Since W satisfies the following system

—AW—anivW—g-VW—%:f in R, (5.51)

and (see for instance (5.50) combined with known estimates for the volume heat
potential)

therefore, elliptic estimates for the equation
3
—(1+r)AdVIW —z - VdivIV — édiVW =div f
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guarantee the estimate
HVdiV WHLOO(B(IQ)) < C(k)M.

Consequently, we have

sup [(1+ |z|)?|Vdiv W (z)|] < C(k)M.

z€R3
Now, if we set g(x) := f(z) + Vdiv W(z), then

Brw — Aw = t‘gg(\%) inQ,

and thus

wtt)= [ [ 1= pa s tas

As previously, we can show that

! 1 1
W e [ [ e 7

< C(r)M]z| ™ log ],

and

! 1 1 .
W)l <t [ ] T T G T S oMl

for |z| > 8. The continuity estimates in B(12) follow from standard elliptic estimates
for ([5.51)).

(iii) This assertion is proved by using the same ideas as in part (ii); the difference here
being that the source term has a faster decay at infinity (which make things easier in
this case). O

Now, we are able to give a proof of the existence of a scale-invariant global weak
L3> —weak solution to our models £, = 0 and DL, = 0. The proof is based on

Schauder’s fixed point theorem applied in a suitable function space in order to establish
the existence of a solution to systems (5.3) or (5.4]).

Proof of Theorem[5.1.3. We introduce the following function space

X = {V € C'(R?) s sup [(1+ |z])*|V(2)] + (1 + |z|)®|VV (2)]] < oo} (5.52)

zeR3

endowed with the natural norm

IVllx = sup [(1+ |z))*[V(2)] + (1 + [z])*|VV ()] ; (5.53)

z€ER3
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the choice of this function space is motivated by Theorem [5.3.3] and a need for
compactness as we shall see below.

We are going to use the same notation as in the proof of Proposition [5.1.1| Because
of the scaling symmetry of ug, we get that u(()o) and u(()l) are also (—1)—homogeneous.

Moreover, elliptic estimates guarantee that u(()l), uéo) € C*(0B) and we have

o N Clo,u
|0 u(()l)(x)| +10 uéo)(x)] < —|m<|1+o?|)‘
Consequently,
C(a, K, ug)
le' < a, 0 a, 1 < ) Y
‘a Sﬁ(l)uo(x” = ‘a v (.23,1)‘ + ‘a v (37,1)‘ = (1 I |$|)1+|a|

by the properties of the heat equation.
Next, introduce a parameter p € [0, 1]. Let us consider the following problem: find U
such that

U U
—AU—/{VdivU+U-VU+§divU—g-VU—E:0 in R?, (5.54)

and |U(z) — V,| = o(|z|™") as |x] = oo, where V,,(z) = S, (1)(puo)(x). We will seek U
in the form

U=V,+W, where W e X. (5.55)

It is clear that u(z,t) = \%U(%) is a global weak L3° —solution to £, = 0 with initial
data pug if and only if U(x) satisfies the elliptic system and U(z) =V, +W
for some W € X (by Theorem . Thus, we have reduced the problem to finding
W € X such that

W
—AW—deivW—%-VW—7:—W-VW—VM-VW—W-VVM—VM-VVM
— %divW — %divW — %div V, — %dw V, inR% (5.56)

Notice that if we set w(z,t) := \%W(%), we have that

N (5.57)

Ow — Aw — kVdivw = t’%F(
wl—o =0 in R?

where

F=-W-VW —V,.YW =W -VV, - V,-VV,

— %diVW — %div W — %div V., — %div Vi
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has the decay properties in Proposition [5.3.1] provided W € X. Conversely, for a
function F' with the decay estimates as in Proposition system is uniquely
solvable and we denote the solution profile at time ¢t = 1 by G(F) € X, i.e.,, G(F)(z) :=
w(z,1). Obviously, G is a linear operator. The latter allows us to reformulate

as follows:

Find W € X such that W = G(W - VW =V, . VW — W - VV, -V, - VV,

w Vi w V,
- 7div W — Tudiv W — Ediv Vi, — fdiv V). (5.58)

Now, let us define an operator K : X x [0,1] — X as follows: VV € X, p € [0, 1],

v,
K(V.p) = GV YVt Sdiv V) + G(V - VV +V, - VV + V- VY,
1% 1% 1%

+ Ediv V+ %divv + Ediv V). (5.59)

Notice that G(V,, - VV,, + %div V,) = p2G(V - VV 4 Zdiv V) has a one-dimensional
range (thus it is compact). In order to see that the second term is compact, let us

consider a bounded sequence V) in X together with p; € [0,1] and set

, : . . , %% LV :
QU — g(v(y) VVO 4 Vi, - VvV 6. YV, + Tdiv V) 4 %div V)
V@)
+ ——divV,).
2
The arguments of the operator G in the above formula have a decay (1 + |z|)~* or

better, uniformly in j. From Proposition [5.3.1], we find that

sup ||G(j)||cl+a(B(R)) <oo, VR>0
J

sup sup [(1+ [2))*|GY ()] + (1 + [2])'|VGY (2)[] < o0,

Jj z€eR3

which implies the desired compactness in X by known arguments. Continuity follows
the exact same arguments as for the compactness. Consequently, to solve the problem

at hand, i.e.
Find W € X such that W + K(W, ) =0, w € 10,1], (5.60)

we can apply Leray-Schauder theory (see e.g. [50] or Theorem 11.6 in [20]). All the
required a priori estimates are given by Theorem [5.3.3] and Proposition [5.3.1], thus the
only thing to be verified is the solvability of the problem for small enough p. But this
can be easily done by an application of the implicit function theorem to our functional.

The same reasoning applies to the model DL, = 0. This concludes the proof. O]
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5.4 Proof of Theorem [5.1.3

Since estimate (5.17)) follows from estimate ((5.16]), our main goal now is to prove the

following bound
! 2 S 2 4 2
/0 N |kdiv w™|“dads < T2 (HuoHLg,w(Rg) + HuoHLg,oo(Rg)) (5.61)

for all T > 0 and for an absolute constant ¢ > 0; see the notation in Section 1. Its

proof is divided into three parts.

Part I [A priori estimates]. We focus here, only, on the system £, = 0 since the
reasoning is the same for the system DL, = 0 with some simplifications due to the

divergence structure of the non-linearity. We recall that u" = w" + v and

U™(x) == u"(x,1) and  u"(z,t) = %Uﬁ <%>

vlat) = Stu(a) = =V (Z2) and WUtV

(notice that dive = 0 in Q, := R*x]0, o[ since divuy = 0) and

Ow"™ — Aw" — kVdivw"® = —(w" - Vu" + %div w") — (v-Vu" + gdiv w"
+w"-Vo+v-Vo) (5.62)
in Q.

Now, we introduce the functions w*™!, 1™ and p¥ (i = 1,2,3) as solutions to the

following Cauchy problems:

O™ — Aw™! — kVdivw™! = —(w" - Vw" + w?div w”®)  in Q4

w™'|i—o =0 in R?,

(5.63)

1
O™ — A 4 Vpi = —(v- V' + Sdiv (0@ w")) in Q.
divad™ =0 in Qy 61

"' =0 in R?,

1
"™ — A2 4 Vply = —ow Vv inQy
diva™ =0 in Q4 (56

kD .
W*?|g =0 in R®
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and
D™ — A" + Vph = —v- Vo in Q4

diva™ =0 in Q4 (5.66)
W™ |g =0 in R%.

The proof of the unique solvability of the above Cauchy problems (5.63))-(5.66)) in the

energy class

sup (I DI ey + 10 DIy
o<t<T

T
+/ / (|Vw™ (@, t)]? + [V (z,t)]*) dedt < +oo, VT >0 (5.67)
0 R3

and .
/ / Ipf (2, t)Pdedt < oo, VT >0 (i =1,2,3) (5.68)
o Jrs

is more or less standard; see the estimates below and in Part III.

We now derive uniform (in k) Le-estimates for the pressure functions pf in Qp :=
R3x]0, T[. From (5.64)), we have

1
—Apy = divdiv (w" ®@ v + SV ® w"),
thus

17 (s Dl Larsy < ellfw ] - o ]| Larsy
< cljw (- D)l po2ws 10 1) || oo (o)

< cluol[ s | VW™ (-, )| Ly (r3),

for a.e. t €]0,T[. Consequently, taking into account Theorem [5.1.1} we find

T
K 1
A PG t) Pt < T3 ool e oy (lolsce oy + ol o) (5:69)

for all T > 0.
Next, we have
1
—Apy = div (iw“ - Vo),

and thus

VP35 Ol g2 sy < €l (s Dl zare) VUL )l 800 (o)

c
< FHw”(-,t)||L2(R3)||u0||L3,oo(R3) for a.e. t €]0, T,
2
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where the last inequality is a consequence of Young’s inequality for weak type spaces
(see [22], Theorem 1.2.13) and an L;(R?)-estimate for the gradient of the heat kernel.
Consequently, by applying Sobolev’s embedding theorem and Theorem [5.1.1] we find

T
/0 o |p5 (x, ) [Pdzdt < CT%HUOH%&OO(RS) (HUOH%&M(W) + ||u0||%31°°(R3)> . (5.70)
for all T' > 0. Finally, we have
—Aph = divdiv (v ® v),
and thus

1P5 (5 )l arey < ellv D)L, o)

C
< EHUoH%s,oo(Rg) for a.e. t €]0,T7,

where again the last estimate follows from the convolution structure of the heat potential

and the corresponding inequalities. Consequently,

T
/0 . 5 (z,t)|?drdt < CT%HUOH‘E;;,()O, (5.71)

for all T > 0. In conclusion, we have obtained that

3 T
" 1
> / / pt G BPdadt < T ol oy (ol oy + lollouy) - (5:72)
i=1

forall T > 0.

Going back once more to Theorem [5.1.1] we see that
W51 ey + VW12 ey < € (Il amqey + ol e ey ) :
therefore, by Sobolev embedding, we have

1
K 2
Wl zages) < € (Itolaceqgsy + o))

where ¢ > 0 is an absolute constant independent of k. Consequently, we have

1
3
sup (| (-, )y <  (Jluol2am ey + Mol i) (5.73)
0<t<oo
From the latter estimate, we have (thanks again to Theorem [5.1.1)) that
K K w" : K2 1 2 4 2
[w"® - Vw +7d1vw ||L%2(R3><}O,T[) < I (||U0||L3700(R3) + HU0||L3700(R3)) . (5.74)
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Now, let us introduce the functions (the justification of whose existence is similar to

the one of w™? and p§)
2" € Lyoo(Qr) N W, (Qr) VT >0,

and
¢~ € Ly(Qr) VT >0,

such that -
02" — AZF 4+ V¢© = —(w" - V" + %div w”®)  in Q4
divz"=0 in Q4 (5.75)
2"z =0 inR®.
From the equation
—Ag¢" = div (w" - Vw" + %ﬁdiv w"),

estimate ([5.74)) and thanks to Sobolev embedding, we see that the pressure ¢" can be

chosen so that, for all 7' > 0, the following inequality is valid:

T 2
1
/0 [ o) < e (lollZsmegsy + o llfsmes) - (5.76)

1 1

Now, we set w"™" := w"™" — z" and we see that

o™t — Aw™! — kVdiva™ = Vq¢* in Q,
(5.77)

W™= =0 in R%

Similarly to what has been done in the proof of Theorem [5.1.1] we get for all ¢ > 0 the

energy estimate:

1 t
= ]w“’l(w,t)|2d$+// V™! (x, s)|*dzds
2 Jrs 0 JR3

1
t t t 2
—1—11/ |div @™ (2, s)|Pdwds < (/ / |q"‘]2d:vds> (/ \divw”’1]2dxds> :
0 JR3 0 Jr3 0 JR3

We multiply both sides of the above inequality by x and use Young’s inequality to

NI

obtain

t
K ]w”’l(x,t)lgdxjtm// |V (z, s)Pdxds
R3 0 JR3

t t
+/ |kdiv 0™ (z, 5)|*drds < / lq" |Pdzds;
0 JR3 0 JR3
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thus, thanks to ((5.76)), we find that

T
m/ |u_)”’1(x,T)|2dx—|—/f/ / Vit (2, )| 2duds
R3 0 R3

T 2
[ v o, s) Pdnds < e (Juolae e + ol o)
0o JR3
for all 7' > 0. Since div 2" = 0, we finally obtain that
g : 1 2 L 2 4 2
/ |rdivw™ (2, )| *dzds < T2 <||u0||L3’°°(R3) + HUOHL?”‘X’(RS)) , (5.78)
0 JR3

for all 7" > 0. Let us mention that the trick to get the space-time uniform Lo-estimate
for the term rdivw™! is inspired by a similar estimate established in [42] for the

stationary Lamé system and will be used once more in the next step.

Part II. We introduce the following functions

3 3
AR oL AR, R,2 . K K,1 K Ko, K.
w .—E w™,  wh i=w" —w™ —w" and p .—E Dy
we get that

Ow™ — Aw™? — kVdivw™® = Vp* in R* x Ry
(5.79)

w™?;—9g =0 in R?
and again, by means reminiscent to what has been done in the proof of Theorem [5.1.1],

we find for all ¢ > 0 another energy estimate:

1 t
= |w“’2(a:,t)|2da?+// |Vw™?(z, 5)*dzds
2 Jrs 0 JRS

t t 1 t 1
+ /‘6/ |div w™? (2, s)|Pdwds < </ \p"‘]%wds) (/ |div w”’2]2dxds> :
0 JR3 0 Jr3 0 JR3

Multiplying both sides of the previous inequality by x and using Young’s inequality,
we get

t
K |w”’2(:v,t)|2dx+f£/ ]Vw“(x s)[2dzds

R3
/ / |kdiv w™?(x, 5)|*dxds </ p"(z, s)|*dxds,
R3 R3

and thanks to (5.72)), we finally find that
T
k[ |w(x, T)|*dr + Ii/ / |Vw™?(x, t)|*dxdt
R3 0o Jrs

T
+/ |div w™?[*dzds < CT%HUOH%W(RZ‘) <||“0||%3»°°(R3) + ||u0\|i37°°(R3)> , (5.80)
0 R3
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for all T > 0. By noticing that div@w"® = 0 and taking into account (5.78)), we arrive at
estimate ([5.61)).

Part III. All that is left in order to finish the proof of is to justify the
construction of the functions w™!, @™ and pf (i = 1,2,3) such that and
hold. For the functions @*? and pf, the existence comes from results for the
inhomogeneous heat equation in the whole space together with estimates established

earlier for the terms:
1. 1
v- V" + §d1v (v ®w"), éw"‘ -Vov and v- V.

Therefore, we skip the details for the sake of brevity.

Now for the construction of w™!, we go back to the function ¢* such that
: w"
—A¢" = div (w" - V" + 7d1v w"),

and introduce the function Q" := V¢" + w" - Vw" + %w“div w" such that divQ"® =0
and the following estimates holds (see (5.74))

||QH||L%2(QT) + ”VQKHL%Q(QT) < 00,

for all 7" > 0.
Now, let us look for the solution to the Cauchy problem ([5.63)) in the form w"! =

w4+ w12 where
. T .

sup [ )y + [ [ 0t t)Pdude <00, (1=1,2)

0<t<T 0 R3
forall T > 0 and

O™ — Aw™ = QF in Q. 1 Oyw1? — (1+ ,‘~<;)Aw“’12 = V¢ in Q4
an
w™'t g =0 inR? w2,y =0 in R’

Now, notice that divw®™!" = 0 and curlw®'? = 0 in Q, and Aw"'? = Vdivw™!? and

we are done by setting w™! := w4 w™12. This concludes the proof of estimate (5.61)).

Now, our goal is to establish a uniform HZ2-estimate (5.19) (with respect to x) for the

forward self-similar profile U”. We recall once again that:

Us =V +W*, divug =0,

C('%auO)
T+ )3T

c(uo)

(0% K < .
|0°W" ()] < (14 [z])t+el

0%V (z)| <
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The above decay estimates make legitimate the upcoming integration by parts. Let us

also recall the following known formulae:

[o]?
2 7

div(z - Vo) =z - Vdive +dive, curl(z-Vv) =2 - Veurlv + curlv.

v-Av=—|Vo] + A Av = Vdiv v — curl (curlv)

(5.81)

We find from ([5.3)) the following equation for W*:

2

—AW“—/@VdivW”‘—g-VW“— +U"-VW“+U7divW"

+U"-VV =0 inR® (5.82)

Now, let us multiply system (5.82) by AW" and integrate over the whole space to
obtain (thanks also to the formulas (5.81))):

AW 2dx + ;g/ |VdivW*2de <k | VdivW* - curl (curl W*)dx
R3 R3

R3

— 1/ (x - VIVF) - Vdiv W"dx + 1/ (x - VIVF) - curl (curl W*)dz
2 R3 2 R3

1 1
+ = | |VW"Pdr — —/ AW P dx + c|||[US|VW*||| Loy | VW 1y r2)
2 RS 4 RS
U @) IV V| ey | VW p2 Ry (5.83)

Next, we have
HNUSIVWE | Lawre) < U] Lore) IVl Ly ro)
1 1
< eIV | omsy + IVWE 2o IV WE| 2o o | V2VE] o sy

1
< c([[uoll Lo o)) IV W 22 sy,

IVV | Lirey < clluol| 3. (rs),

and
VW5 | Lyrey < cl|AW"]| L, (r3)-

Using inequality (5.83]), successive integration by parts, the above estimates and the

energy estimates for W*, we find
|V2W* 2da + /ﬁ:/ |Vdiv W |2dz < c(|Juol| £3.00(r3Y)- (5.84)
R3 R3
Finally, let us establish the uniform Ls-estimate for kVdiv W*. To achieve this, we set

JRN VL

+U“-VW“+U7diVW“+U”-VV,
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and see from the above computations that

[ (| zorey < e([|uol|psor3))-

Now, writing

kVdiv W* = —g VW 4 P
we get
1
K2 [ | VdivWrPde < —= / (- VW*) - kVdiv W"dx
R3 2 R3
FE | e |6V v W[, Re)
S —g / (le WH)Qdfﬂ + HFNHLQ(RJ)HKZleV WI{HLQ(RB).
R3
Using Cauchy’s inequality, we obtain that

&2 [ | Vdiv W Pdz < c(||ug|| p3.oo re))- (5.85)

5.5 Proof of Theorem [5.1.4

From Theorem m, it follows that there exists a subsequence (still denoted in the

same way as W") such that
We — W, Ve —~ VW, VEW" —~ VW (5.86)

and
rdivw® = P xVdivw® = VP (5.87)

in Ly(R3). We can also state that

Wk - Ww (5.88)
in Lyc(R?) and a.e. in R, and
sup sup |[W*(z)| < oo. (5.89)
Kk z€eR3

Having the above convergence, it is easy to show that the limit functions U and
P satisfy the profile equations (5.1). Now, let us justify strong convergence. Let
Ur:=U"—~U =W*—W. Next, we get from £,, = 0 and (5.1)) that

_ _ — U
— AU" = kVdivU" + VP + U - VU" 4 —-divU" + S divU"

_ _ 1.
+U”'VU—§-VU“—§U“:O in R%. (5.90)
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Multiplying the previous equation by U” and integrating on the whole of R?, we obtain
(the latter can be verified by suitable cut-off and passing to the limit with the help of

(5.86) and (5.87))) that

1P|

_ _ 1 _
g IVU"|2dx + n/Rg |div U"|?dx + 1 /Rs U Pdx < @umdiv U ore)

1 7K . K 7K
+ o Ul a1V | 2oy [l 6div U ||L2<R3)+/RSIU *|VU|dz.

Since the Ls-norms of U and U* are uniformly bounded, it is enough to show that

the last term on the right-hand side of the above inequality tends to zero as Kk — oc.

Indeed,
[oepvoias < ([ o)’ ([ oepvor)”
R3 R3 R3

The first factor on the right-hand side of the latter inequality is bounded while the
second one tends to zero by Lebesgue’s theorem, see ((5.88]) and (5.89)).

Now, let us notice the following identity

¢
sup |u(z, 7) — u(z, 7)|*dw + / IV (u" — u)Pdzdr
0 JR3

0<7<t JR3
=Vt | ([U]P+2|VU"]*)de,
R3

where u(z,t) = \/%U (%) It is not so difficult to deduce from the above identity that
in fact u is a global weak L3**-solution to the Navier-Stokes system. To this end, one
needs to take into account semigroup estimates and the above strong convergence.
Now, since u(z,t) = \%U(%) is a global weak L**-solution to the Navier-Stokes
system, the estimates are true as well. This is shown in [31].

To show the strong convergence of V2U” in Ly(R?) to zero, it is sufficient to multiply
equation by AU* and use the strong convergence of U* and VU*, and the weak
convergence of V2U"® in Ly(R®) to zero. To be more precise, we obtain from ([5.90))
(similarly to what we did for ([5.83])) that:

_ _ vP
/ |AU" 2dx + H/ |V div U"2dz < IV Pllzaee)
R3 R3 I

HK/VdiVUHHLQ(Fﬁ)
K r 7K r 7K 1 [ 7K : K r 7K
U 2oy IVU || Ly 3y [| AU ||L2(R3)+ﬁ\|U [ zars) |15 div U || L, r3) [| AU || Lo r3)
1 : K [ 7K
+ﬁ||U||L4(R3)||/€d1VU 2.3 [ AU Ly r3)

10 | VU s |AT o + [ 907z (5.1
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Using the uniform estimates we obtained in Theorem [5.1.3] and the above strong
convergences, we have that the proof is complete.

When we look at the decay estimate for W* := U" — V* in Theorem [5.1.2 and
the estimate for the limit W, a natural question is whether we can make this

estimate for W* uniform in x; in other words we wish to show that

C(a, up)

(6% K <
W) < A e

(with o € N?)

for all kK > 0. We tackle this question in the next section.

5.6 Uniform decay estimates

From now on we use the notation (U""),>¢ for the sequence of profiles that yields the

limit U. The final main theorem of this chapter is as follows:

Theorem 5.6.1. For all n > 0, we have Whrn = WHkn 4 W =kn ywhere WHHn 4s q

divergence-free vector field and W =" is a curl-free vector field such that:

c(a, up)
(1+ [y|)2tled”

c(a, ug)

W (y)] < ———2—
Wl = e

and [0°W =" (y)| <

for all y € R? and oo € N3. Moreover, we get for all o« € N® that:

lim sup (1 + |y|) 37|90 (WH —W)(y)| =0

n—oo yERS
and
lim sup (1 + |y|)*+27|0°W =" (y)| = 0.

n—oo y€R3

The proof relies on the following observation.

Lemma 5.6.2. For all € > 0, there exists a T, > 0 such that, for all |zo| > 3, we have
sup [w™ (-, )|l Ly(Baoy) < € Y0 > 0.
O<t<Te

Proof. We have

Hwﬁn('at)HLs(B(Io)) = (/
B(

</

B(

wl=

W |3dy>
)

|Whin — W|3dy> + (/
) B(
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Since ||[W"" — W||L,rs) — 0, we have that there exists an integer N(e€) > 0 such that
[Whn — W||L,rsy < €/2 for all n > N(e) and R > 0 such that [|W{|z,(z>r) < €/2.

Consequently, we have that

sup ([ w™ (-, )| Ly(Bo)) < € Y1 > Ne).

0<t< 7
This readily leads to the desired result. O]

Next, we have the following uniform strong solution estimate.

Proposition 5.6.1. There ezists a Ty > 0 such that, for all |xo| > 3, we have

To
sup / ]Vw"‘"(x?t)|2dx—|-/ / | V2w (z,t)|*dwdt
0<t<To J B(z0,1/2) 0 B(z0,1/2)

To
+ K/n/ / |V le w“n (I‘, t)|2d1‘dt S C(u()’ T0)7 ‘V/n Z 0
0 B(z0,1/2)

Proof. Let us start by recalling that our divergence-free (—1)—homogeneous initial
data ug belongs to C*(R*\ {0}). Therefore, we have the following bounds:

||8fleHLoo(B(wo)><[0,oo[) < c(k,lug), fork,l=0,1,2,... (5.92)

where v(z,t) == S(t)up(z).
We recall that the w"»’s satisfy the following equation:

dw'™ — Aw™ — k,V divw™ + w" - Vw"™

Kn

2

with w*(-,0) = 0 in R3. Introduce now the cut-off function 0 < ¢ € C§°(B) such that
¢ =1in B(1/2) and ¢ =0 in B\ B(3/4); set @, (x) = p(x — x¢). By testing ((5.93))

+ divw™ = —(v - Vw™ + %div w™) —w™ - Vu—v-Vo inR? (5.93)
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with ., A(w ¢, ), we obtain:

d

— V(w"™p, Qdm—i—/
ity V)

B(zo)

= / (2V g, - V' +A<,0x0w"")-A(w"”gozo)+/ K div w"™ 2V - A(w"™ pg,)
B(zo) B(zo)

—2(Vpz, - V™) - Vo — Apr, Vg, - w" + QOJ;OVQ%O : V'™ + pgw™ - Vgpxo} dx

+ / w" - V(wnngpxo) : A<wnn§0xo>d$ o / W Vgpzow“” ’ A(wlin(pm)dx
B(J:()) B

(wo)
1 1

* _/ div(w™ pg, )w™ - A(w"™ g, )d — _/ W AWy )W - Vipg,d
2 JB(wo 2 B

|A(w“”gpr0)|2da:~l—/<n/3( )\V(divw“"gpx0)|2d:r
z0

)
* / v V(wnn(pxo) : A(w’%gpm)dl’ o / v wxownn ' A(w’{"gpwo)d:p
B(xo) B(zo)

1

1
+ - / div(w" @, v - A(w ™ @y, )dz — —/ v AW o )w™ - Vg, d
2 J B(zo) 2 JB(o)

— / O (W™ - Vv 4 v - Vo) - A(w" p,, )d.
B(zo)

Consequently, we find for all 0 < ¢t < T,, with T, as in Lemma [5.6.2]

d K K
S| Ve [ 9P
B(zo) B(o)
< ||U||%OO(B(10)><[O,00[) /B( )|V(wn"@xo)|2d$+06/3( )|V2(7~Uﬁnsﬁaco)|2d91j
o xo

+ C/ |l‘i div w”"|2dl’ + / |w””|4dx + H'U . vv"%oo(B(mo)X[O,oo[)
B(zo) B(zo)

+c(1+ H’UH%OO(B(:(:O)X[O,OO[) + HVUH%OQ(B(QCO)X[O,OO[))/B (lw™? + |Vw™|?)dz,

(o)

with ¢ > 0 an absolute constant. Choosing ¢ = 1/2¢ and denoting for simplicity
Ty = T1 2., we get thanks to our uniform estimates and Gronwall’s inequality that the

proposition is proved. O

The goal now is to bootstrap the previous regularity result to get some uniform
L.—estimates for 0;w"" and its spatial derivatives. To this end, we need the following

auxiliary results.

Proposition 5.6.2. Set Qr := R*x]0,T[ (T > 0) and let f € Lsy(Qr) with 1 < s,1 <

o0o. There exists a function v that uniquely solves the system

ov—Av —rgVdive=f inQr
Vo =0 nR®
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such that

10rv]l

Ls1(QrT) —|—HV2 QT)+’€||Vd1VU|

Lo@r) < (s, Dl fllz

Ls1(Qr)>
nkuﬂh@osdanJau+a+«ﬁ“-;ﬁnﬁ< TR i) VT 20,
2 3 2 3
with s < s1 < 00, l<ll<oosuchthat1—7——+l—+—>()
S 1

N

(- §+%)]T%<2f%*§+%+g)“ﬂ

v ||L32 15 (@) < (s, 82, )1+ (1 + k) Ls.(Qr) VI >0,

2 3 2 3
with s < s9 < 00, l<lg<oosuchthat2—7——+l +—>O
S 2
Proof. The proof of this result follows the same ideas as the ones used in the proof of

Lemma [2.3.1] The difference here being that the dependence in « is made explicit.
Lo@r) < dlfllo.@n-

Next introduce f° := —Vq+ f and notice that div f© = 0. Now, from known-solvability
1

There exists a function ¢ such that: Ag = div f and ||Vq]|
results for the heat equation, we have the existence of two functions v' and v? such
that

{@vl — (1 4+ K)Avt =Vq in Qr : {8,51)2 — AP =f" inQp
an

5.94
w?|i—o =0 in R®. (5:94)

w'l—g =0 inR?
Notice that curlv! = 0 and dive? = 0 in Qp and Av! = Vdive'. Moreover, the

following estimates are available.

||atv2| Lei(Qr) T HV2U2| L1 (Qr) < C(Sv l)Hf' L1 (QT)-
2 3-3-3eied)
V%I, 015z, Re)) < (s 81,0 0)T 3758 || fllzs(@r)s
2 3 3 3
with s < s; < o0, l<ll<oosuchthat1—7———|—l +—>O
1
1(g 2 3,3 ,3
|’U2”L12(0,T;L52(R3)) < 0(8,52>l,l2)T2< TR 2)||f| Le(Qr)>
2 3 3 3
with s < s9 < 00, l<12<oosuchthat1—7——+l +—>O
2
In the case of v!, using scaling arguments, we get:
Loa@n + &V SZQT < c(s, )I 9 51<QT
1843y 1(1-2.3
valHLll(OyT;le(W)) < c(s, 51,0, 0)(1+ "‘3) Tt R 33) [alr Ls1(Qr)>
2 3 3 3
with s < s1 < 00, l<ll<oosuchthat1—7——+l +—>O
1
1(.3,3y 1(9 2 3,3, 3
HfhgwwﬁmnﬁdﬁﬁJhﬂl+@ﬂS+QT42lSﬂ?”Mﬂhﬂ%w
2 3 3 3
with s < 59 < 0, l<l2<oosuchthat1—7——+l —|——>O
2
We complete the proof by setting v := v! + v O]
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Our second auxiliary result is as follows:

Proposition 5.6.3. Let xy € R3, Ty > 0 and suppose that a function F is such that
||aaF||Loo(B(x0)><]0,To[) < M(Oé), Va € N3.

Let w € Lo(B(9)%]0,To[) be such that xdivw € Ly(B(x0)x]0,Ty]) and
Ow — Aw — kVdivw = F  in B(zo)x]0,To[
’w‘t:o =0 n B(l’o)

Then we have

10%0cw]| (B 2/3)x1010D 10Tl Lo (B o273 %1070 HI10F div w]| 1y (BGao,2/3) <000 < C

Jor all a € N* and with C' = C(C“7 M(a)u 1o, HwHLQ(B(wO)X]O»TOD’ '%H divaLz(B(ﬂfo)X}OvToD)'

From this, we see that

||8taaw||L2( + k|0 divw||L2( <C,

10,To[;C* 2 (B(wo,2/3)) —
<C,

2% (B0, 1/2)x[0,T0])) —

10,To[;C* 2 (B(w0,2/3)))
[0%wl],

with a and C' as above.

Proof. We only sketch the proof since the arguments we need here are quite standard;
let us introduce the cut-off function 0 < ¢ € C§°(B) such that ¢ = 1 in B(1) and
e =01n B(2) \ B(3/2); set wu,x(z) = ¢ ((x —20)/(1 =31, 1/4l)>. We see that

Ot (P 60" divw) — (1 + K)A(@g 0% divw) = —(1 4+ k)0 div wApy,, &
—2(1 4 k) div(0% divwVeg, k) + Pz 0% div F,  (5.95)
in B(z)x]0,Ty[. Set for simplicity w®**% = (1 4 k)py, 0% divw. In the case a = 0
and k = 1, we get by testing ([5.95]) with w®®*0:! followed by integration by parts that
Ty
/ / |vw0,n,xo,1|2d;pdt < C(T()) (”(1 + Ii) divw“%q(B(:co)X]O,To[)
0 B(zo)
+|| div FHQLOO(B(xo)x]O,TO[)) ;

thus, the right-hand side of (5.95)) belongs to Ls(R*%]0,T[) when a = 0 and k = 2.
Consequently, we get, by known estimates for the heat equation together with scaling

arguments, that

V2002 L raxgorrn < ¢(To) (11 + &) divw| o Beo) xjo,mD

+[| div F| L. (Bo)xl0,100)) -
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Repeating this process for a # 0, we get that the desired inequality is proved for the
term x divw.

Finally, we write
Ow — Aw = —kVdivw + F in B(zo)x]0, Tol;

By making use of the previous conclusion, and using similar arguments as above, we

have that the proposition is proved. O
We are able to prove now Theorem [5.6.1]

Proof of Theorem [5.6.1. We take again a cut-off function 0 < ¢ € C§°(B) such that
¢ =11in B(1) and ¢ =0 in B(2) \ B(3/2); set ., (z) = ¢(4(x — z0)) and solve (with
the help of Proposition |5.6.2))

Kn

u2 divu™)p,, in R*x]0, T

O — Aw — KV = —(u"™ - Vu"™ + (5.96)

W|—o =0 in R
Notice that because of Proposition [5.6.1] estimate (5.92)) and by multiplicative in-
equality, we have that the right-hand side of (5.96) ) belongs to L, ;(R*x]0, Tp[) with
3/s+2/l =2 (s < 6) where the bound on that norm depends only on ug and Tj. Next,
by setting w := w"" — and applying Proposition to w (with F' = 0), we get that

lw™ || L, , (B@o/0)x]0/m) + VW™ L. (Bzo,1/4)x]0,16) < ¢(uo, To)

s05lo sl

where 3/sg +2/lp > 0 and 3/s; + 2/l; > 1; and the same integrability holds for u""
because of (5.92)). By repeating this process (after applying 0* to term u" - Vu'™» +

%u“" div u" and suitably changing the cut-off function at each step), we end up with
”8aunnHLoo(B($073/16)><]07T0D < C(av uOvTO)? Vo e N°. (5'97>
Since, we have

Kn

“2 divu™) in B(wo,3/16)x]0, Ty

Jw"™ — Aw™ — gV divw"™ = —(u™ - Vu"™ +

(5.98)
with w (-,0) = 0, we get thanks to (5.97)) and Proposition that
10:0% W™ || 1, 0. 70 co/2 (Bl aymyy) < €@ to, To); (5.99)

and this also holds if we replace u*» by uM*(x,t) := M (\x, \*t) for all A > 0 and
x € R3,t > 0. Consequently, we have that

Ml gapin (Aag, A2t)| < e(av, ug, To)tY?,
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for all |xo| > 3, t €]0,Tp[ and all A > 0. Now, take A = 1/4/t and y = 2¢/v/t; we get:

c(a, ug, Tp) 3
o W rn < ———= Vy| > —. 5.100
rwee )] < S vl > (5.100)
Now recall that
— AW — 5,V div W — % VW — W2 S = (U VU U; divU"™) inR®

with Uf» = W*"n + e®uy and we have shown that (see Theorem [5.1.3))
||Wf'in ||H2(R3) + /{nH div W"hn ||H1(R3) < C(Uo), Vn > 0.

From this, using similar energy arguments as what we did in the proof of Proposition
[.6.3, we get that

[0W*™ || B/vy) < e, w0, To). (5.101)
We have proved that
c(a, ug) 5
o Wrn <————— VyeR’ Vn>0. 5.102

Now, we introduce the vector-fields W™Fn := VQ®" and W := Whn — W/ ~F» where
AQ™ = div W™ and [[W™ | g2rsy + [|[W ™" [ g2rs) < c(uo). Obviously, we have
div WHHn = (0 = curl W, Next, we set

1

Vit

whn(z,t) = —=WThn 2 ;
(@1 )
taking the “curl” in (5.98)), we obtain

Kn

Oy curlwt" — A curlw®™ ™ = — curl(u"™ - Vu" +

div u""),
from which we get, thanks to ((5.97)), that
10,0% curl w™" || L (B(z0,1/8)x]0,10) + |0% carlw™ ™ || (B(zo.1/8)x]0.10) < c(a, ug, Tp).

From this, we get in a similar manner to what we did above that

ca, ug)

[e% +,Kkn
|0% curl WH*n ()| < A+ [yl

Yy € R®, ¥n > 0. (5.103)

We recover now the decay for W *n . Let us start by noticing that fRs 0% curl WHhndy =
0 for all & € N3. The case o # 0 follows easily from ((5.103)); however, for a = 0, we
proceed as follows. Since curl W € L;(R?), we have that the Fourier transform G

of curl WH*n is continuous on R3. Moreover since div(curl W) = 0, we have that
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r-G(z) = 0 for all x € R?; in particular ¢ - G(r€) = 0, for all r > 0 and all £ € R3.
Thus, taking r — 07, we get 0 = G(0) = ng curl WH*ndz. Next, notice that because
div 0“WHHn = 0, we have that —AJ*W " = curl(curl 9*W "), Consequently, we

have the following representation formula:

1 16 curl WHn
8aw+,f€n (l’) — _/ cur (a cur W )(y) dy

4m Jrs |z =yl

1 T —y

A 0% curl W (y)dy

T re |7 — y[?

1 T —y T
= — — &} 1 +,kn d
i J (s ) A ey

1 r—y

A 0% curl WH*n (y)dy

AT > Lepn{le—y>20y 12— Y/°

1
- —% A / O curl W (y)dy
Am [z Jjys 1)
1 _
+ — x—yg A 0% curl W (y)dy
AT J{y> epn{le—yi<2lzy [T — Y

1 1 x
A IPE) - d @ 1 +.6n d
* 47 lyl<Lla] (/0 v <|x|3) (x — sy)ds y) A 0% curl W (y)dy

:Il+I2+[3+I4.

The goal now is to estimate the I;’s. We have |V (z/|z[*)| < ¢[z|™ and for |y| < ||,
we have |z — sy| > |z|/2 (with 0 < s < 1); thus we have

L] < c(av, ug) / | g c(a, ug) (5.104)
yi<3al (

= y < )
P T )™ = [ e
Next,
C(Oé, uO) / dy C(Oé7 Uo)
I < —— —dy < —————. 5.105
‘ 3‘ (1 + |I|)4+|a| ‘x—y|§2|x| |I _ y|2 (1 _|_ ‘I|>3+|a| ( )
Finally,
c(a, ug) dy c(a, ug)
L+15] < / dy < | (5.106)
12 Jiyis e (1 [y])Ate (1 + [a])3+l
Consequently, we have proved that
o o cla,u
W @Hszyfwﬁgzp Yy € R®,Vn >0, (5.107)

and thus we have proved all the required decay estimates.

For the convergence part, we have shown in the paper [27] that &, || div W ="z, rs) <
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c(up); this estimate together with the pre-compactness we have from estimates ((5.103])

and (5.107) implies that

lim sup (1 + |y))*? 7 |0°W =" (y)| =0 Va € N°.

n—oo yeRg

Similar arguments lead to

lim sup (1 + |y)) 2 |9* (W —W)(y)| =0 Va € N>

n—oo yeRS

And this concludes the proof of the theorem. n
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Chapter 6

Some new regularity results

6.1 Introduction

In the same spirit as what we started in ’Chapter 4’, we present in this chapter some
additional partial regularity results which, compared to what is known for the regularity
theory of the 3D incompressible Navier-Stokes system, are relatively new. These results
rely heavily on the absence of the non-locality introduced by the pressure. Those

results are part of my paper [28].

6.2 A higher integrability result

The first main result of this chapter states as follows.

Theorem 6.2.1 (Higher space-time integrability of the gradient). Let u be a suitable
weak solution to Lo =0 (or DLy = 0) in Q such that

ess sup |lu(-, )| Baro-1(m) < oo
—1<t<0

Then we have that

/ |Vu|*dz < oo,
Q(1/2)

with 6 > 0. Here, f € BMO~'(B;R®) shall be understood as there being an F €
BMO(B;R3*3) such that f = div F; we do not need anything more than this property
in our proof but the interested reader may find more details about the space BMO™! in
136].

The assumption that u € Lo (—1,0; BMO™!(B)) arises naturally when one studies
regularity of energy solutions for parabolic equations. We refer to [61] for instance

where it was shown, in the case of parabolic equations with singular divergence free-drift
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in Loo(—1,0; BMO~(B)), that what the authors call “suitable weak solutions” for their
equation are, in fact, Holder continuous; let us mention that, regarding those authors’
so-called suitable weak solutions, we were able to prove in [26] (see ’Appendix A’) that
standard energy solutions fulfil their suitable weak solution criterion. Moreover, they
also showed in [61] that this function space is optimal for getting regularity (when we
have the divergence-free condition).

It is also worth pointing out that there is no such higher integrability result for
the 3D incompressible Navier-Stokes system at this time, and as mentioned at the
beginning of this chapter, this is mainly due to the presence of the pressure (see e.g.

[59] where this problem was considered).
Proof. The proof is divided into two steps.
Step I. We begin by establishing a Caccioppoli’s type inequality. To formulate it,

we need to introduce additional notation. Let us fix nonnegative cut-off functions

v € C§°(B(2)) such that ¢ =1 in B and x with the following properties:

0 for t < —4,
xX(t)=q (t+4)/3for —4<t<—1,
1fort > —1.

Now, for an arbitrary point zy = (zg, to) such that Q(zo,2R) C @, we set

XtoﬂR(t) = X((t - tO)/R2)7 @IO,QR(J;) = 90((% - ZL’O)/R),

and we introduce the special mean value

~1
tnan® = [ ate0 i ([ Roi)
B(z0,2R) B(z0,2R)

We set Gy or(2,t) == u(x,t) — ugy2r(t) and introduce the matrix-valued function
F = (Fjj) € Loo(—1,0; BMO(B;R**%)) which is such that u = div F'.
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Our Caccioppoli’s inequality reads as follows

to
/ ’ﬁxo’m(x’ta)’2909260,2R($)Xt20,2R(t6)dx+2/ / Xoo 210,21 Vg 2| d2
B(z0,2R) 1 JBmo2n)
to
S /1 /;( QR) |Iaw072R|2((p§?0,2RatX?O72R + X?O,2RA()0§O72R)dZ
- Zo,
to
N /1 /B;( QR) (Ek - [Ek]$0:2R>(SO:%Q,QR),UC‘,&"Eo,2R|2X?O’2RdZ
- Zo,
tg | |
_2/1 /B( 2R)<Fik - [Fik]IO’QR)X?UQR(QOiOQR)7ia]xo,2R(u]xO’2R>de
- Zo,

t
_/ X?o,zRuonR' (/ a$o,2R¢io,2R div ﬂmo,ng:v> dt, (6.1)
-1 B(z0,2R)

for almost every t;, €] —to — (2R)?, to[, for all zy = (xg,ty) € Q and all R > 0 satisfying
the additional condition Q(zg,2R) C Q.
We will need some information on the regularity of w,, 2 in the proof of (6.1). What

we can show is that q
Uao 2R (2= 7 tag2r) € L (] = 1,0[), (6.2)

and that is all we actually need to make our computations rigorous. To see this, we

take as a test function in Lg = 0,

wl(z,t) = 652 ap(T)n(t),

where §;; is the Kronecker symbol and 7 is an arbitrary function in C§°(] — 1,0[). As a

result, we get that

i olt) = — ( /B o Ve V(@) / - Vui?, pp(x)da
o,

B(z0,2R)

1 ~1
+—/ uigpio’m(x) divudx> </ gpio,%(x)dx) , (6.3)
2 JB(wo2R) B(x0,2R)

which readily gives ([6.2]).
Next, we replace u(z,t), in his local energy inequality, by Uy, 2r(2,t) + Uz, 2r(t) and
take as a test function ¢ = Xfo,g R@io,z r- The terms that do not contain any spatial

derivatives can be transformed as follows:
/ |tiag 2 (4, 1) + g 2r(t0) P XG) 21 (10) P02 (€)da
B(z0,2R)

- /B o ) PN a0 () ) 26 /B o Fhanla
x0, Z0,
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and
t ty
N 24 .2 2 _ . 29 .2 2
/ / |ty 2R+ Uz 2R atXtO,QRSOxO,szZ —/ | Uz 2R] atXto,zRS%O,QRdZ
-1 J B(z0,2R) -1 J B(z0,2R)

th
+ /B( R 90:2,;0,2R(96)d1: <X§0,2R(t6)|ua¢0,2R<t6)‘2 _ 2/ uxo,zR(t) . ﬂmo,zg(t)dt> '
0,2

-1

Notice that

to to
~ 2.2 2 _ ~ 2.2 2
/ / Uy 2R Uao 2R| Xy 2R APy 2rA2 = / / |tag 2RI X 2R APz 2rAZ
—1 J B(z0,2R) —1 J B(z0,2R)

- 2/ X%OQRuzO,QR : (/ Vﬂxo,gRV<p2072Rda:) dt.
-1 B(zo,R)

Taking into account the previous expansions and ([6.3]), the local energy inequality

becomes

t
/ |ty 2R (T, t/0> ’2%2c0,2R($)X?0,2R(t6)d$ + / / X?U,zR@iOQR‘Vﬁwo,ZR’QdZ
B(z0,2R) —1 J B(z0,2R)

t
. 2/ 9 2 2 2
§/ / | Uz 2] (@xo,zRatXto,QR+Xt0,2RA90xO,QR)dZ
-1 J B(z0,2R)

tg
+/1 /B( QR)U'VSO?CO,QR‘UPX?OQRdZ
- Zo,

t6 1
+ 2/ X?OQRUZO’QR . <u . Vugoio,m + §ug0§072R div udx) dt. (6.4)
-1

All that is left is to transform the last two terms in (6.4) and notice that some

cancellations occur when putting them together. We have

to to
2 2.2 _ 2 ~ 2.2
/ / u'v¢x0,2R|u| XtQ,QRdZ - AO+/ / u‘vwx0,2R|ufEO,2R‘ Xto,?Rdx?
—1 J B(z0,2R) -1 J B(z0,2R)

with

to
AO = / X?0,2R|U$O,QR|2 /( )u'vinQRdxdt_{—Z/ X?O,QRUIO,QR'(U ) VSO:%()QR{L%O,?R) dt.
1 B(z0,2R 1

Using the fact that u = div F', we get by integrating by parts that

t
2 . 2.2
/ / u- VS%O,zR’UxozR’ Xto,QRdx
-1 J B(z0,2R)

t
- _/1 /B( 2R)(Fik — [Fik]xo,2R>(909200721%),2'1{‘a:co,QR‘ZX?o,QRdZ
- xo,

o 4 ,
2 [ PN (o)
—1 J B(z0,2R)
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Now, by performing one more integration by part in the last term of (6.4), we obtain
that

to 1 )
2/ X§072RU$072R . (u . primm + iugofm,m div ud:c) dt = —A

-1
t{) 2 2 :
- Xto,2RUz0,2R * Uzo,2RP2,2R div uzoﬂRdl‘ dt?
-1 B(z0,2R)

which concludes the proof of (6.1 after putting all the terms together.

Step II. We derive now a reverse Holder inequality using the Caccioppoli’s inequality
established previously. Using simple known arguments, we get from (/6.1)) the following

estimate

to
I::/ |ﬂxo,2R(ZE,to)|2¢i0’2R(5L‘)d1‘+2/ /X50,2R§0§0,2R|V71x0,23|2d2
B -1 JB
1 1 ) )
<c|—= |Glzp 2 |*d2z + — 7 |F — [Flay 2| liiag 2n|2dz
Q(20,2R) Q(20,2R)

1 / (Flay ol (Ve 22l @an 270000 212 10y ]2
Q(z0,2R)

/ — / Vi, QR|%O,2R>@0,QR>|um0,23|dz)
=L+ L+ 13+ 1.

Next, we estimate the [;’s. For this we introduce s €|1, 2] and obtain the following

tO QES 25;2
I < / (/ (g 2|2 ) (/ | — [F]xozRPS‘Qdﬂ?) dt
to—(2R)2 B(wo,?R) B(IQ,QR)
to 2;5
< CRGD / ( / ; ) i,
to—(2R)? B(z0,2R)

with C' = C(s,T") > 0 (where we set for simplicity I' := ess sup_; ¢ [|F'(-, )| Bmo(s))

and as usual s’ = s/(s — 1). Similarly, we have

C(S) 3 1 / N
I3 < RS ess sup sup ( |F' — [Flao2r|® dx>
R to—(2R)?><t<to B(wo.2R)CB \|B(2R)| JB(z02R) ’

2—s

to % 2 i
X / (/ ‘Vﬁxo,ZRIQSOiO,zRX?O,QRdf) (/ |igo 2R Q‘Sdm) dt
to—(2R)2 B(z0,2R) B(z0,2R)

N A 1
< CR¥ (/ |Vuxo,2R|290io,2RX§0,QRdz)
Q(z0,2R)

2—s
2s S
| Uz 2r| 25 d dt|
2R)2 aco,QR)
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with C' = C(s,I") > 0. Next, notice that u,, 2r(t) can be rewritten as follows

1
Uu 0,2R( ) RS fB(2) @2($)da§' /B(ZOQR)( [ k] 072R)<90a:0,2R),k €z
thus,
C
Uy 2r ()| < It

for all t € [-1,0] and C' = C(s,p,T') > 0. We get, as before,

1
5 . 2
]4 S CRS/ 1 (/ |Vux0,2R’2903260,2RXt20,2RdZ>
Q(20,2R)

to . 2;8 %
X / (/ |1A1,x0723 Q—SdZL') dt R
tO,(QR)Z B({L’Q,2R)

with C' = C(s,¢,T") > 0.

Summarising our efforts, we have

to
[ fianl o) P @+ [ [ 5 o anl Vi

2—s

to 2s s
< (s, T) RS / ( / |a10,2R|zsda;) dt. (6.5)
to—(?R)Q B(Io,?R)

It is worth mentioning that a careful analysis of the constant in the previous inequality

shows the following dependency in I
C = c(s,p)(1+17?).

From this point the rest of the proof follows line by line the proof of a similar result
in [6I]. We, nonetheless, present the proof here for the sake of completeness. Upon
assuming s €]1,3/2[, one can find without difficulty numbers 0 < A < 1,0 < p < 1
and 1 < r < 2 such that

2s 3r
=2\
2—s +3—7"M’
A pu=1,
3r 2-—s
=1.
3—7““ S
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Using these numbers, we derive from (6.5 that

2—s

to - s
/ |Vazo,2R|2dZ S CRQ(S,U/ </ ‘azo,2R|2)\+;rudx> dt
Q(zo,R) t()—(QR)2 B(:C(),QR)

2—.3 by

to s
< OR2—D / </ \azo,zRFdx)
to—(2R)? B(z0,2R)

2—s

- s B
x ( / |tizy 212 3drda;) dt.
B(z0,2R)

The last term can be estimated with the help of Sobolev’s inequality

1
3
/ |Vﬂxo,23|2dz < CR2D  ess sup (/ |ﬁx0,23(m,t)|2dx)
Q(z0,R) to—(2R)2<t<to B(z0,2R)

% R¥5 (/Q( . |va$0,zR|T)T, (6.6)
Z20,

with C' = C(s,¢,I") > 0. To estimate the first multiplier on the right-hand side of the

last inequality, we proceed as follows. By the Poincaré-Sobolev inequality, we have

that -
(/ sy 2R 25 dm) < c(s)RSQZS_l/ Vi, 2r|2dz. (6.7)
B(z0,2R) B(z0,2R)

Combining this with (6.5)), we get that

/ g 212 £0)| 2% (@) < C / Vitgy orl2d.
B Q(zo,ZR)

Assuming now that Q(zp,3R) C @, we have the following estimate:

essswp [ Jian(wPde<C [ [ViganPd (68
B(z0,2R)

to—(2R)2<t<to Q(20,3R)

where C' = C(s,p,T') > 0. We are now ready to estimate the fist multiplier on the
right-hand side of (6.6). We apply in the following way

/ lu(z,t) — ux0723(t)|2dx < c/ lu(z,t) — uxOAR(t)]Qda:
B(z0,2R) B(z0,2R)

S O/ |Vﬁm0723|2d2,
Q(z0,3R)

for almost every ¢ €]ty — (2R)?, to[. Finally, becomes

1 / 9 ( 1 / 9 )
—_— Vul*dz < C | —— Vul“dz
QR S QGR) Joom

r

| )
X | ——— Vul'dz |
<|@<2R>| aamy
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which holds for some r €]1,2[ and any Q(zp,6R) C Q. As before, C' = C(s,,I') > 0.
This leads to (see Theorem [2.4.1]) the existence of p > 2 such that Vu € L,(Q(R)), for
any R €]0, 1[. Moreover, the following estimate is valid

1 g 1 !
Vul'd O\ Hemn \Y 2d) , 6.9
<'Q<R)|/Q<zom' i) = <|Q<6R>|/Q<zo,6m' e (09

for all Q(29,6R) C @ with 6R <dist(zg,dB) and t; — (6R)? > —1. Moreover, the
constant C' > 0 depends only on I'. This concludes the proof of Theorem [6.2.1 O

We conclude this section by mentioning a consequence of Theorem [6.2.1] The latter
gives us a refinement of the set of singular points of the solution u (this is systematically
true as soon as one has a higher integrability of the gradient of u). Indeed, we have,

thanks to Holder’s inequality, that

1 ) 1 pes ) \
. |Vul|*dz < ¢(9) % |Vu|*"dz ; (6.10)
Q(r) Q(r)

consequently, Theorem m guarantees that there exists a constant ¢; = ¢;(0) > 0
such that if

o<r<1 T

1
sup 1—26/ |Vu|*"dz < e,
T Jem

then z = 0 is a regular point. From this, we derive in a similar way as what we did in
Remark [18|in Chapter 4, that the (1 — 2§)-dimensional parabolic Hausdorff measure of
the set of singular points of a suitable weak solutions u € Lo (—1,0; BMO~Y(B)) in Q
is null. If § > 1/2 then it is easy to see from that z = 0 is a regular point for u.
Unfortunately, we are not able to prove or disprove this statement for § < 1/2 at the

moment.

6.3 A partial boundary regularity result

In order to state the next main result of this chapter, we need the following boundary

analogue of suitable weak solutions.

Definition 6.3.1. We say that the function u is a boundary suitable weak solution to
Ly=0in Q if:

1. 4 € Lyso(Qy) NW,(Qy), and satisfies £y = 0 in the sense of distributions in

@+, with the following no-slip boundary condition
u‘xg:O =0

in the sense of the trace;
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2. The following local energy inequality holds true

t t
dlu(z,t)|*dx + 2/ o|Vul*drds < / / |ul?(0;¢ + A¢)dxds
By ~1JB, 1B,

¢
+/ / u - Vo|u|*dzds,
-1JB;

for a.e t €] — 1,0] with ¢ € C°(Bx]| — 1, 1]).
The second main result of this chapter is as follows.

Theorem 6.3.1. Let u be a boundary suitable weak solution to Lo = 0 in Qy such
that u € Loo(Q+). Then, we have

u € C*(Q4(a)),
with 0 < a < 1.

Before giving the proof of this result, let us point out that the higher regularity
we obtained does not necessarily occur in the case of the 3D incompressible Navier-
Stokes system for which a counter-example was constructed (see [62[] where a bounded

boundary suitable weak solution with an unbounded gradient was constructed).

Proof. Let x € C§°(] — 1,1]) and ¢ € C§°(B) be two cut-off functions such that
0<x,¢ <1 x=1in]—(1/2)%(1/2)*[and x = 0in ] — L1[\] - (3/4)* (3/4)*[
Similarly ¢ = 1 in B(1/2) and ¢ = 0 in B\ B(3/4). Now, let us set for simplicity
Y(x,t) := x(t)¢(r) and introduce the functions v; := w;9b and F; := —(u - Vu; +
w;divu)y — (2Vu,; - Vo + w;AY) + w04 (with @ = 1,2,3). We have, at least in the

sense of distributions in ), that
&gvi — A’Ui = E

with F; € Lo(Q4). We define

Fi(x,t) ==

_ Fi(xy,x9,x3,t) in {3 > 0}
—FZ'<£IZ'1,£L'2, —l'g,t) n {l’g S O}

the odd extension of F; and consider the initial boundary value problem

171'|3/Q = 0

!Their work was motivated by K. Kang “Unbounded normal derivative for the Stokes system near
boundary”, Math. Ann., 331, 87-109 (2005).
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Standard parabolic theory guarantees the existence of a unique solution v; that satisfies
the following estimate
||T)i||W22’1(Q) < C”Fz‘HLz(Q)7
where ¢ is an absolute positive constant. This uniqueness of v; together with the parity
of F; ensure us that 9; is also odd with respect to the x5 variable. From this, we deduce
that
Vi = Uj|{ay>0}, (6.11)

which gives us v; € W3 (Q) and by embedding v; € W1°(Q,) where

10
p==>3

thus we have that F; € L, (Q+(1/2)). Starting again the above machinery, but this
time with F; € L, (Q+(1/2)) (the cut-off functions have to be changed in a suitable

manner), and iterating, we end up with

E € W19170<Q+(ap))7

with 0 < a, < 1 and for all p € [1,00[. Going back, one more time, to the equation of

v;, we have that
i ; — Avy; = Fi

where 4,7 = 1,2,3. But we have, if we fix p > 5/2, that F,; € L,(Q(a)), and by
standard parabolic theory we obtain that v, ; € C*%2(Q(a/2)) with a =2 —5/p > 0.

Next, using (6.11)), we get that
vi; € C**(Q1(a/2)),

for i,7 = 1,2,3 and 0 < a < 1. Next, let us notice that by choosing appropriately
the cut-off functions, we have now that F; € C**/2(Q(a/4)); and therefore, we get

that (even if it means to change the domain on which we solve the equation of v; into

Qla/4):
5 € Cor2P Q).

thanks to Schauder estimates (see Theorem in Chapter 2). Using once more
(6.11)), we obtain that

v; € o202 (Q (a/4)) and Fy; € C“*(Q,(a/8));

Repeating this process, we have that the theorem is proved. O
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6.4 The radially symmetric case

The final main result of this chapter is concerned with the case where our suitable
weak solution is radially symmetric. Let us point our that the divergence-free condition
prevents such situation to occur in the case of the incompressible Navier-Stokes system.
We are able to prove regularity of such solutions in that case for our models. This gives
us, in contrast with the above regularity results, a geometric condition for obtaining
regularity. It is also worth mentioning the work by Plecha¢ and Sverak in [54] where
they were able to construct, in the whole space, a smooth radially symmetric solution
to L, =0 (and DL, = 0) with a given, suitable decay at infinity (see the Introduction
for a discussion concerning this result). Here, we consider the radial symmetry property
only locally and still were able to conclude regularity; to be more precise, we have the

following result.

Theorem 6.4.1. Let u be a suitable weak solution to Ly = 0, which is moreover
radially symmetric i.e.
u(z,t) = —v(|x|, ).

Then, we have that

ue C®(Q(1/2)).

Before continuing our development, let us point out that because of Theorem [4.3.]
i.e. our version of the Caffarelli-Kohn-Nirenberg theorem, we have that if u admits
singular points, and those points should necessary belong to the set {0} x] — 1, 0[; this
is due to the fact that the 1-dimensional parabolic Hausdorff measure of the set of
singular points of u in @) is equal to zero.

Assume now that z, = (0,%p) (with —1 < ¢, < 0) is a singular point of u. Making
use again of Theorem we may construct, upon use of a space-time shift and using
the natural scaling of Lo = 0 (i.e. u*(z,t) := Mu(Az, \?t) with A > 0 is also a solution

to Lo = 0 if u is) a function @ with the following properties:
1. 1 € Ly (Q) NW,°(Q) and obey Ly = 0 in the sense of distributions in Q;
2. 4 € Loo(Bx] —1,—a?|) for all a €]0,1];
3. for all r; €]0, 1] such that @ € Lo({r < |z| < 1}x]—1,0[);

4. u(x,t) = —0(|z|,t)x, and the origin z = 0 is a singular point of .
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To see the previous assertion, we proceed in the following manner. Because of the
observations made in the previous paragraph, we have that there exists an » > 0 such
that the first three points hold true in Q(z,, 7). Defining now a(x,t) = ru(raz, to + r*t)
(with (z,t) € @), we readily get that the new function satisfies all the above points.

Next, we have the following proposition which is the key step in proving Theorem
0.4.11

Proposition 6.4.1. The solution u constructed above has the following property:

sup |z|*3)a(z, )| < oco.
2€Q(1/2)

A straightforward consequence of this proposition is that the origin is actually a
regular point for 4. Indeed, one can readily show that @ € L3 o (Q(1/2)) which is a
necessary condition for regularity (see Remark [22] in Chapter 4). The point z = 0
being a regular point of u is therefore a contradiction. Consequently, we have that
z = (0,1p) is a regular point and this concludes the proof of Theorem m The only
thing left is to prove the proposition.

Proof. For simplicity, we drop in the sequel, the tilde symbol for v and v. We readily
have the following equation for v:

4 3 5
Vg = Upp + ~Ur + STV + 5112 (6.12)

for (r,t) €]0,1[x] — 1,0[. Let us introduce the function
v (r,t) = rH30(r, t).

We have the following equation for v(:

4 3
o = = (-

+ ==z n 4 20
3r  2r2/3

1 1

for (r,t) €]0,1[x] — 1,0][. Let a €]0,1/2[ and ¢ €]0,1/2[. Our goal now is to apply a
weak maximum principle to (6.13)) in |e, 1/2[x] — 1/4, —a?[; indeed, notice that v is
smooth in the closure of |, 1/2[x]| — 1/4, —a?[. We have that

1 1
max WO (r,t)] = max{ max [vM(r,—2)], max |o® (= 1),
(rt)€le,1/2]x[—1/4,—a?)] e<r<1/2 477 —1/4<t<—q? 2

max v (e, t)|} :
—1/4<t<—a?
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But from the second and third point of the properties we enumerated for @ above, and
by noticing that v(V)(0,¢) = 0 for all t €] — 1/4, —a?|, we deduce that there exists a
finite positive constant C' = C'(u) independent of a such that

max W (r,t)] < C,
(rt)€[0,1/2]x[—1/4,—a?]

for all a €]0,1/2[. Consequently, we have that

max M (r 1) < C, (6.14)
(r,t)€[0,1/2] % [~1/4,0]

which concludes the proof. O]
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Chapter 7

Liouville type theorems

7.1 Introduction

So far, we have been trying to understand the regular or singular behaviour of the
system Ly = 0, essentially, by means of an energy inequality. We present in this chapter
a different approach which, roughly speaking, requires us to take a much closer look
at the (potential) singular points of our suitable weak solutions. We recall that a point
2o is called a regular point of u (with u being a solution of our model) if there exists a
parabolic cylinder, say (2o, r) such that u is Holder continuous in m; and zg is
said to be a singular or blow-up point if it is not a regular point. We classify singular
points into two classes, but before giving those, let us explain our motivation. We

recall the following scale-invariant quantities:

1
A(v, zp;7) := ess sup —/ lv(x,t)|2dw,
to—r2<t<to I J B(wo,r)

1 (7.1)

r2

C(v, zo;1) = / lv(x, )2 dz, E(v,z;7) = 1/ |Vo(z,t)|*dz,
Q(zo0,7) " JQ(z0.m)

with zy = (z,%9). We showed that upon assuming some smallness condition on the
quantities A, C' and F, one gets regularity for our system. Assume now that the
smallness assumption is replaced by finiteness only; the question is: “can we still say
something about the regularity of our solution?”. We showed in Chapter 4 that
the answer is still yes for the Ladyzhenskaya-Prodi-Serrin quantities but we cannot, at
this point in time, say the same or the opposite for the quantities . Therefore we
cannot exclude the possibility that one can have a singularity at a point zy with one of
the above quantities being finite (upon taking a supremum). In that case, we call
zo a type I singularity or blow-up. Any other singularity is said to be of type II.
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7.2 Some properties of Type-I blow-ups

A key observation about type I singularities is recorded in the following Proposition.

Proposition 7.2.1. Let v be a suitable weak solution to Lo =0 in Q. If

min{ sup A(r), sup C(r), sup E(r)} < oo,

0<r<1 0<r<1 0<r<1

then
sup {A(r) 4+ C(r) + E(r)} < oo;

0<r<1

Here we use the abbreviations A(r) = A(v,0;71) etc.
We divide the proof into the following three lemmata.

Lemma 7.2.1. Assume that we are given a suitable weak solution v in Q) to our system
Ly =0. Let, in addition,
sup E(r) =: Ey < oc. (7.2)

0<r<1

Then, there exists a positive constant d depending only on Ey such that
A3/2(r) +C(r)<d (r1/2A3/2(1) + 1) , (7.3)
forall0 <r <1/4.

Lemma 7.2.2. Assume that we are given a suitable weak solution v in Q) to our system
Lo = 0. Let, in addition,
sup C(r) =: Cy < 0. (7.4)

0<r<1

Then, there exists a universal positive constant ¢ such that
A(r)+ B(r) < ¢ (Co+CP) (7.5)
forall0 <r <1/2.

Lemma 7.2.3. Assume that we are given a suitable weak solution v in Q) to our system
Ly = 0. Let, in addition,
sup A(r) =: Ay < oc. (7.6)

0<r<1

Then, there exists a positive constant e depending only on Ay such that
C3 )+ E(r) <e (rPE(1)+1), (7.7)
forall0 <r <1/2.
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Proof of Lemma[7.2.1. The proof of Lemma [7.2.1] uses, up to a slight modification,
similar arguments to the ones we used in the proof of Theorem [4.3.1; we only sketch
the proof here. The following analogue of (4.26]) is available:

E(W0) < ¢ [¥HEY 4+ 1) + 6| £(0) + c(0)9(BY? + EY?) (7.8)
for any 0 <9 < 1/2 and any 0 < ¢ < 1 (with & = A%?). Fix now ¥ and § such that
0191/4(E3/4 +1)<1/2 0<¥<1/2 and ¢ <9'?/2.

Now, we have

E(Wo) < 9'*E(0) + G(Ey).

Using standard iteration arguments, we obtain
E(r) < rY?2£(1) + G(Ey),
for all 0 < r < 1/2. Together with the latter, gives us
O(r) < c[G(Bo) +r'2E(1);
and this concludes the proof. O]

Proof of Lemma[7.2.3. By choosing a suitable cut-off function in the local energy

inequality for v, we obtain

A(r/2)+ E(r/2) <c [r—lg /Q( ) lv|*dz + % ) |U|3d2’:| : (7.9)

Q(r

Next, notice that
1

 Jow
which directly leads to ((7.5)). O

lv|?dz < cC?3(r) < cCg/?’,

Proof of Lemma[7.2.5. Thanks to Lemma [1.3.2] we have that
C(r) < c [A¥A ) E¥ 1) + A¥2(r)] < c [Ag/4E3/4(r) + Ag/Q] . (7.10)
Next, similarly to , we have that
E(r)<c [02/3(27“) + C(2r)]

<[(&) e+ (8)" . (711

r
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for any 0 < r < p/2 < ¢ < 1. To prove (7.11)), the inequality C(r) < (o/7)*C(0),
0 < r < p has been used. From inequalities ([7.10) and (7.11)), we have that

E(r)<c {(5)2 (Ag/4E3/4(g) - Ag/2> + (5)4/3 <A(1)/2E1/2(Q) - A0>] .

Next, we would like to use the fact that the power of E(p), in the inequality above, is
less than one; Young’s inequality is used with an arbitrary positive constant § and we
find
0\® 3 3/2
E(r) <4éE(0)+ C(9) . Ag+ A+ A,

for any 0 < r < /2 < p < 1. By standard iteration arguments, we obtain
E(r) <c’E(1) +c (Ag + A4 A0> :
for any 0 < r < 1/2. Next, we can derive from that
CY3(r) < ¢ (AoE(r) + A7) < e1(Ag)(r*E(1) + 1),
which concludes the proof. 0
Proposition [7.2.1] is proved as well, thanks to the previous lemmata.

Another important class of scale-invariant quantities is
Gl(U7ZO;T) - sup |I—ZEO||U(Z)|,
z=(z,t)€Q(20,7)

Ga(v, z0;7) = sup Vg — tu(2)].

z=(z,t)€Q(z0,T)
As usual the abbreviations G1(r) = G1(v,0;7) and Ga(r) = Ga(v,0;7) are used.
Similarly to what we had for the quantities ((7.1)), we have the following result.

(7.12)

Proposition 7.2.2. Let v be a suitable weak solution to Lo =0 in Q.
1. (e-regularity) There exists a positive constant € such that if
min{G1(1),G2(1)} <,
then z = 0 1s a regular point.

2. If z =0 is a singular point such that min{G1(1), G2(1)} < oo holds, then it is a

type I singularity; in other words

min{G;(1),G2(1)} < oo = sup {A(r)+ C(r) + E(r)} < oc.

0<r<1

Proof. We divide the proof into two steps; the first one addresses the first point of the

proposition while the second step addresses the second point.
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Step 1. Since

ess sup (-, )| (i) < ¢ sup |l o(2)],
—1<t<0 (z,t)eQ

we have, thanks to Proposition that all we need to prove is

sup V—t|v(x,t)] < e = z = 0 is a regular point;
(z,t)eQ

To achieve this, we are going to prove the following estimate:

! ess sup / lv(z,t)[Pdx + %/ Vo(z,t)Pdz < ¢ (G2(1)* + G2(1)%),  (7.13)
B(3) Q(3)

—(2)<t<0 3

for ¢ > 0 an absolute constant and for all 0 < r < 1.

We introduce the following cut-off functions: 0 < x,, € C5°(] — r*,7*]) and 0 < ¢, €
Cs°(B(z9,7)) (With 0 < o < 7 < 1) such that X, or < 1, Xor = 1 in | — 02, 0%,
©or = 1in B(xo,0), |[V¥0,,| < ¢/(r — o)* (with k = 1,2) and |x'}] < ¢/(r2 — g2)'
(with [ = 0,1). Now, we take ¢ (With ¢, := XrPer) as a test function in the local
energy inequality satisfied by v to obtain

1
sssup [ 6 (@ lu(e 0o+ [ 62 VoPds < 5 [ (o063, + Ao,
Q(r) Q

—r2<t<0 J B(r)

1
+—/ w[*v- V2, (7.14)
2 Jo :

We have

/|v 20,05, dz < ¢ ( ) \/_ </ yv|¢wdm) dt
1/2
<c G2( 3/2< sup / o2 (@, 1) |v(x, t)| dx)

r—20 —r2<t<0

1 re 2
— sup qb (z,t)|v(x,t)]? dr + c——5G(1)".

8 _r2<tco ( 0)2

Next,

5 1Pt e = [ oo, (30, + V(4R ds

Gy(1) [°
SC(r—g)?/ t(/ '“|¢grdx) «
5
<g oo [ kel e TG0
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Finally, we have

1
2 / v V2, =2 / [Gorv*2 (0]0]/?) - V(g)7)
Q Q

(;2(1)3/2 0 1 »
<
=° r—o /rz (—t)3/4 /B|¢Q,TU| dx ) dt

1 rP
< - sup / &> (z,V)|v(x, t)]Pdr + c—Go(1)°.
TRV I o (2, ) |u(, 1)) o 2(1)
Consequently, we get from ((7.14)) that
3
ess sup/ lv(z,t)*dx —|—/ (Vo(z,t)|?dz < cr—ng(l)2
—02<t<0 J B(o) Q(o) (r—o)
5
-
+ e (Ga(1)* + G2(1)°);

(r—o)
choosing ¢ = r/2, we have that (7.13)) is proved. Thanks to Theorem 4.3.1, we have
that the first point is proved.

Step 2. Once again, thanks to Proposition estimate ([7.13]) above and Proposi-
tion [7.2.1] we have that the second point is proved. O

Remark 28. It is not clear at this point of time whether or not the reverse sense of the
implication in the second point of the previous proposition is true, even in the case of

the Navier-Stokes system.

7.3 The blow-up technique and Liouville type theo-
rems

A powerful tool used in the study of (potential) singular points of the solution of a PDE
is the blow-up technique. Roughly speaking, it consists of “blowing-up” the solution in
the vicinity of the singular point and observing what happens in the limit. We give a
simple, nonetheless rigorous, illustration of the previous statement, for our model. Let
u be a suitable weak solution to Lo = 0 in Q; = R3x]0, +00[ and we denote by T the
first time of appearance of singularities in u.

We set

M(t) := sup [[u(-,7)[loo e,
o<r<t
for t €]0,T|. By definition of 7', we have that
M(t) — o0,
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whenever ¢t — T~

Next, we can construct a sequence t; such that ¢, €]0,T[, tx < tgy1, tx — T, and
(400 >) My, := M (ty) = |u(zg, ty)| = +o0,
as k — 0o, with x;, € R®. We define
uF(y, ) = Mz, 1), (7.15)

where © = 2 + \yy, t = t, + A2s, and A, = 1/M,,. The scaled function u* is also a

suitable weak solution of our model (in R®x] — & IZ[) and we have
k k
t
| <1 in R¥x] — )\—’;,O[, (7.16)
k
[u"(0,0)] = 1. (7.17)

The main theorem of this section reads as follows.

Theorem 7.3.1. For all a > 0, the sequence (u*) is uniformly Hélder continuous in the
closure of Q(a) = B(a)x] — a?,0[, and there exists a subsequence (u*') of (u*), which
converges uniformly on each compact subsets of R3x] —00,0] to a vector field v with the
following properties: v is a distributional solution of Lo =0 in Q_(:= R3x] — 00, 0]),
v <1 inQ_, Vv € Lyjo.(Q-) and |v(0,0)] = 1.

Proof. Let a > 0; there exists a positive number k, such that Q(a) C Q(2a) C
R®x] —15,0[, for all k > k,. We have by standard arguments (we make use of the local
k

energy inequality for the wy’s, (7.16)), and a bootstrap argument) that
||uk||2,oo,Q(a) + ||Vuk||2,Q(a) S C(a)7 (718)

14*]l co. oy < (@), (7.19)

with 0 < a < 1/2. Hence, using the Ascoli-Arzela theorem together with the Cantor
diagonal process, we obtain a subsequence, still denoted by u* and a vector field v

such that for any a > 0
u* — v in C"*(Q(a)),

Vu* = Vv in Lo 10e(Q-).

Since the uy are suitable weak solutions to Ly = 0, we have thanks to the above limits

(7.20)

that v is also a weak solution to our toy-model in the sense that: v € Ly o joc(@—) N
0,1
WZ,loc(Q—) and

/ (U.at(/ﬁ +ov®v:Vo—Vo:Vep+ %(div U)U.QS) dzdt =0,
Q-
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for all ¢ € C3°(Q-). Moreover, in view of (7.16)) and (7.17)), we have that |v(z)| < 1
for all z € @Q_ and |v(0,0)| = 1. Therefore the proof is complete. O

Remark 29. Let us notice that the vector field v constructed in the previous theorem

is smooth and the following estimate is valid:

sup |OFVio(z,t)] < e(k, ) < 0o
(z,t)eQ—
for any k,1 =0,1,...
This is a consequence of the fact that v is also a suitable weak solution to £y = 0,
which in turn allows us to apply the e-regularity theory developed in Chapter 4. Indeed,

we have

3
(Rs][ |v|3dz> < R < ¢,
Q(z0,R)

for R > 0 chosen so that R = €;/2, where ¢; is given in Theorem m Then, there

are positive constants ¢, with £ = 1,2, ... such that
k Ck
IV u(z0)| < o

for any zg € ()_, by bootstrap arguments.

We introduce for simplicity the following terminology.

Definition 7.3.1. We say that u is a bounded ancient solution of £y =0 in )_ if
Vu € Lojoe(Q-) and wu € Loo(Q-),

and it is a weak solution of £y = 0 in (J_; the previous remark shows that such a

solution is actually smooth.

We can always construct a non-trivial bounded ancient solution of £y =0 in )_.
Indeed, take

which is a solution to

3
Ot — Ugy + S = 0 in Rx]—00,0].

Now, define
Uz, t) = u(zy,t)e;

where e; = (1,0...,0) € R*; here x = (z1,...,2,) € R" and t €] — 00, 0[. This gives

us the required solution. This suggests adding some additional information to the
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bounded ancient solutions in order to get a better insight into the regular or singular

behaviour of our model.

We will focus here on type I blow-ups only. First, notice that if we assumed that the
solution u introduced at the beginning of this section admits only type I singularities,
then we will have that the limit solution v has the following additional property

sup  {A(v, z0;7) + C(v, 20;7) + E(v, 20;7) } < 00. (7.21)

Q(z0,7)CQ-

The following natural question arise: If v is a bounded ancient solution to £y =0
in Q_ such that holds, do we have that v is constant?
If one were to give a positive answer to this question, then in particular the limit
v obtained in Theorem would be constant. However, would imply that
this constant is zero; in other words v = 0 in ()_. But this contradicts the fact that
|v(0,0)] = 1. Consequently, this excludes any occurrence of type I singularities in
(suitable) weak solutions of system Ly = 0.
In case one gives a negative answer to this question i.e. one finds a non-trivial bounded
ancient solution v for which holds, it is still possible to say something. Indeed, we
have the following proposition, which was initially proved in [I] for the incompressible

Navier-Stokes system.

Proposition 7.3.1. Assume that there exists a non-trivial bounded ancient solution
v for which (7.21)) holds. Then, we can construct a suitable weak solution u in Q) for
which the point z = 0 is a type I singularity. (Theorem shows that those two

statements are actually equivalent).

Proof. Let v be a non-trivial bounded ancient solution of £ = 0 satisfying ([7.21]). We
have

[0l ee(@) =2 N > 0; (7.22)
We introduce the sequence (v*)),en of suitable weak solutions
o™ = ko(kx, K*t),  (2,t) € Q(2). (7.23)
Notice that, because of ([7.21]), we have that

sup  sup  {AWH 27) + C(W® z057) + B, 2057) } < o0, (7.24)
keN Q(z0,m)CQ(2)

This allows us, by standard arguments, to find a suitable weak solution u in ) to our

model, such that up to a subsequence still denoted (v(¥))
Vo) =~ Vu in Ly(Q), v® — uin Ls(Q).
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Moreover, from ([7.22)) and ((7.23)), we have

Hv(k)HLoo(Q(l/k)) = kN — oo. (7.25)
The former guarantees that

sup  {A(u, z0;7) + C(u, z0;7) + E(u, 20;7) } < 00.
Q(Z07T)CQ
We claim that the latter implies that z = 0 is a singular point of u. To see this, assume
that it is not the case, i.e. z =0 is a regular point. Thus there exists 0 < R < 1 such

that u € Loo(Q(R)). Next, we have that

3
(f wba)” < rllcacn

<¢/2, for0<r <min(R, 61271HUHZ;(Q(R)))'

From the above strong convergence in L3(Q), we get that

(r3][ |v(k)]3dz> < €,
Q(r)

for k large enough and 0 < r < min(R, 612*1||u||2;(Q(R))). This implies, thanks to
Theorem [£.2.5] that there exists 0 < ¢ < r such that

10 @0 < (o),

for k large enough. This contradicts (7.25) and the claim is proved and so is the

proposition. 0

We conclude this section with a Liouville type result for system L, = 0. Before
stating it, we need to introduce the following cylindrical coordinates r, #, x3 which are
such that x1 = rcosf, ro = rsinf and x3 = x3. The velocity components in this new
system of coordinates are going to be u,, ug and us. We aim to study system Lo =0

in the axially symmetric setting which means that:
Urg = 0u, /00 =0, wugp=0, wugp=0.
Thus, our toy-model in the axially symmetric case is as follows:

w2
Opu, — (Aaxur - 1;_5) + (urur,r + U3y 3 — 9) + %(% + Upy + u3,3>u7‘ =0

r

atuﬁ - (Aamuﬁ - %) + (urué',r + U3y 3 — u;ﬂ) + %(% + Uy + u3,3>u6’ =0

Oug — Aggug + (urug, + uzuss) + 3(% + w4 usz)uz =0
with .
Aa;tf = ;(rfr),r + f,33‘

We are now able to state the last theorem of this section.
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Theorem 7.3.2. Let u be an arbitrary azxially symmetric bounded ancient solution
to Lo = 0 with zero swirl i.e ug = 0, with null us component and no dependence
with respect to the x3 variable; this boils down to having a single equation for the u,

component:

1 .3 1u? .
Oy, — ;(rur,r),T + % + o Urttny + 5% =0 in]0,4o00[x] — 00,0]. (7.26)

We add the following additional assumption (which is still in the spirit of the type I
blow-ups analysis)

sup (r + V=) |u,(r, t)| < c0. (7.27)

(r,t)ER4 X]—00,0[

Then u = 0.

Before giving the proof of this theorem, let us mention that condition ([7.27)) can
be relaxed thanks to the following proposition, which we state here without proof; the
proof is essentially a repetition, with no original differences with arguments used in

[63] for a similar result in the case the incompressible Navier-Stokes equations.

Proposition 7.3.2. Let v be an axially symmetric suitable weak solution in ) such
that

sup v —tlv(x,t)| < oo.

(z,t)eQ
Then

sup o] |v(z, 1)] < oo;
(2.)€Q(1/8)

here x = (', x3) and r = |2'].

Proof of Theorem[7.3.4. The idea of the proof is the same as in the proof of Theorem
6.4.1L Set v(r,t) := r*/3u.(r,t); from (7.26)), we get the following equation for v:

1 3 v v

2
Qv — vy + (§ + §m)v,r + 372 0.
By applying a weak maximum principle to the previous equation in [e, e '] x [—R?, 0],
we get that
max lu(r, t)] < max{ max |v(e,t)|, max |v(e™,t)],
(rt)€le,e 1 x[—R2,0] —R2<t<0 —R2<t<0

max |v(r,—R2)|}. (7.28)

rele,e~1]
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The goal now is to pass to the limit ¢ — 0" and R — oo successively in (7.28]). We
have, thanks to ([7.27)) that

lu(r,t)] < V(r,t) € Ry x] — 00, 0],

r2/3°

with M = sup(, yer, x]—ooof(" + v —1)|u(r, 1)[; thus

max |v(e L) <ce?? -0, ase— 0" (7.29)
—R2<t<0
Next, we have that
max |v(e,t)] < €3 max |u.(e,t)] < €3 urlloe — 0, ase—0F. (7.30)
—R2<t<0 —R2<t<0

From ((7.28)-(7.30]), we have that

sup  |v(r,t)| < sup |v(r, —R?)|. (7.31)
r>0,—R2<t<0 r>0

It is quite straightforward to prove, thanks to (7.27)), that

2/3
sup o] < 2 7:32)
this together with gives us
2/3
rzo,fgggtgo lu(r,t)] < = s 0, as R— oc.
Therefore v = 0 and consequently u, = 0; and the theorem is proved. O

7.4 Self-similar blow-up

We call (Leray) backward self-similar solution to the toy-model £, = 0 in R*x]0, T,

solutions u of the form

1

u(z,t) = AOU()z), with \(t) == ot

(7.33)

where a > 0 and the profile U = (Uy, Uy, Us) is defined in R3. If u satisfies £y = 0,
then we find the following equation for the profile U

1
—AU+U-VU—|—§UdivU+ay-VU+aU:0 in R®. (7.34)

Like in the case of the incompressible Navier-Stokes system, a non-zero solution to
(7.34) should produce a solution, to the system £y = 0, that blows up at finite time;
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moreover, this blow-up is of type I. Consequently, this would also give a negative
answer to the question of global well-posedness for system Ly = 0; but of course, we
have to specify the appropriate solution class for u for this statement to make complete
sense.

Our first result in this direction shows that the only self-similar solution in R*x]0, T'[
that satisfies a global energy inequality is zero. Such a result was first obtained in
[53] for the 3D incompressible Navier-Stokes system, by a crucial use of the maximum
principle applied to an analogue of the Bernoulli pressure. Here, it is not clear whether

or not we can have such a maximum principle for a certain conserved quantity.

Theorem 7.4.1. Let u be a self-similar solution to Lo =0 in R*x]0, T such that

T
ess sup Hu(-,t)H%z(Rs) —l—/ /R3 |]VUH%Q(R3) < 0. (7.35)
0

t€]0,T|

Then, u = 0.

Before giving the proof of Theorem [7.4.1] let us record some crucial properties of
the profile U. We restrict ourselves, without loss of generality, to a local backward
self-similar solution w in @ := Bx| — 1,0[ and we take a = 1/2. More precisely, we
have that u is a weak solution to £y = 0 in @, such that u(x,t) = A(t)U(A(t)z) (for all
(x,t) € Q) with

Proposition 7.4.1. Assume u as before and that it is in addition a suitable weak
solution in Q. Then, U € C*(R3) and we have the following decay U = O(|y|™!) as
ly| — oc.

Proof. Let us start by noticing that for u belonging to the energy class Lj o (Q)) N
Ly(—=1,0; Ly(B)), we have that U € Wy,,.(R*). We only show that VU € Lj..(R?)

since from that we can conclude that U € LQ,ZOC(R“‘)

loc

0 0
It OB st = [ AOITUIR st

—1/R? 0
= [ O st [ AOITUIE e

1
0

> VU [ MO
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Thus | VU||2,r) < oo for all R > 0. Next, since u is a weak solution to £y = 0, we
have that U € Wy, (R?) is a weak solution to

1 1 1
—AU+U~VU+5UdivU+§y-VU+§U:0 in R®. (7.36)

From this, smoothness is readily obtained by using, what are by now, quite well-
understood elliptic regularity (bootstrap) arguments; see for instance [60] Chapter 3,
for the case of the stationary Navier-Stokes system, for an analogous result.

For the decay, we use ideas introduced by Tsai in [68] for a similar result in the
case of the incompressible Navier-Stokes system. Assume that there exists a sequence

(yr) C R® such that |y.| — oo and

U (i)l lye| > .

Let us denote y/|y| by 5. Up to a subsequence, still denoted by (gi), we have
that g, — x, with |z.| = 1. We claim that u is not bounded in any Q,(oz,,0) :=
B(ox,,r)x]|—712,0[for o €]0,1/2[ and r €]0,1/2[. To see this, let us fix o and r, and set
Ao := A(=r?) = 1/r. For k large enough, we have |yz| > o)\ and |og, —ox.| < r. Let t;,
be the time such that A(t;)o = |y|. Hence, it easily follows that A(t;) = o~ yx| > Ao
and hence t; €] — r?,0[. Therefore the point (o, tx) is contained in Q,(cx.,0) C Q.
On the other hand,

(o g, tr)] = AU (te)odi)] = o=yl lU (y)] > o'k

This proves the claim; in other words, all points of the segment {(cx,,0) : o €]0,1[}
are singular points for u. This is a contradiction with the fact that the set of singular
points of u in the parabolic cylinder ) has a one-dimensional parabolic Hausdorft
measure null (see Remark [I§)). This concludes the proof. O

The following proposition allows us to identify the defect in U; by defect we mean

the term that prevents U to have a faster decay.

Proposition 7.4.2. Let U € C*°(R3) such that (7.34) holds and U = O(|y|™') as
ly| = o0o. Then we have
U=¢+W,

where ¢, W € L¥>*(R*)NC>(R*\{0}). Moreover, we have that ( is a (—1)-homogeneous
vector field i.e. A((Az) = ((z), for all A > 0. Next, we have that

O*W = O(ly|~*71*1) as |y| — oo,
for all o € N3.
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Proof. We set u(z,t) = M\(t)U(\(t)z) with now (z,t) € R¥x] — 1,0[. Tt is not difficult
to see that u is a suitable weak solution in any bounded parabolic cylinder contained
in R®x] — 1,0[ (see for instance Lemma for a way to get the required estimates).
Let 2o € R\ {0}. For all ¢t €] — r? 0 (with 0 < r < 1), we have that

[ luteopas = [ U dy
B(zo,r) B(A(t)xo,A(t)r)

3/4
<(/ Uldy) A0,
BA()zo,A()r)

with ¢ an universal positive constant. From the decay hypothesis we have on U, we
know that U € L,(R?), and thus for any € > 0, there exists p > 0 such that

/ Ultdy < e.
ly|>p

We have on the other hand that B(A(t)xg, A(t)r) C {|y| > p} as soon as

O<r<ﬂ.
1+p

For such r, we have that
/ lu(z, t)Pde < ce¥/ 43/ \(t)%/4.
B(zo,r)

Thus,

3 1
f 3 1 0oy .
<7°3][ \u(x,t)‘sdxdt> <ec (_263/4r3/4/ 3/8>
Q((0,0),r) T 2 (—t)

_ 061/4

< €1,

as soon as € < €} /ct, with ¢ given by Theorem m Therefore, we have that

Ck

sup  |OVFu(2)| < SR (7.37)
ZEQT/Q(IO7O)
with [,k =0,1,..., ¢, universal positive constants and r depending only on |z,| and

U.
Once again, from the decay hypothesis we have on U, we have that U belongs to

the Lorentz space L>*°(R3); we also observe that
HU(',t)HLS,oo(RS) = HUHLS,oo(RS), for all ¢ G] — 1,0[
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This observation together with ((7.37) guarantees the existence of ( € L>*°(R?) such
that u(-,t) converges to ¢ in the weak—x topology of L>*(R?) as ¢t — 0~; moreover,

one also has that V'u(-,t) converges to V!¢ uniformly on any compact set included in

R*\ {0}

Let ¢ € C5°(R®), we have on one hand that

/R (e, X)o(a)ds = / (e, Do()dz — | C@)o(x)de,

R3 R3

as t — 0~ and for all A > 0. On the other hand, we have

[ e Xsterts = [t BN EowiNdy = [ ol Ni.

as t — 07. Thus by uniqueness, we have

ot = [ oot/ Ni
ie.
[ Cotads = [ AcOalo(eds
for all A > 0; which yields {(x) = A((Az), for all A > 0.
Let us set now W := U — ¢ € L¥*(R3). We have that

0%u(z,t) = 0%C(x / 0,0%u(zx, s)d

for all t €]t;,0] and Ry < |z| < Ry (where —1 <#; <0 and 0 < R; < Ry < 00). Using

the self-similarity of u and the scaling invariance of ¢, we obtain that
0
At) oW (A(t)z) = — / 0,0°u(z, s)ds
t

and therefore

@)W (1)) < M,

for all ¢ €]t;,0[ and Ry < || < Ry where M > 0 depends only on t1, Ry, Ry and U (we
get this thanks to ((7.37)). From here, it is a matter of direct computation to show
that 0°W = O(|y|=*71*) as |y| — oo. This concludes the proof. O

Let us prove now Theorem [7.4.1]

Proof of Theorem[7.].1. From ([7.35)), we have that U € Ly(R?) and VU € Ly(R?);
therefore, by Sobolev’s inequality, we get that U € L3(R?). Consequently, we have
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that u € L3 o (R*x]0, T[), and a fortiori that u is a suitable weak solution in R*x]0, T7.
Next, for |zo| = 1/2, we have that

/ |u(a:,t)]3da::/ \U(y)]Pdy — 0ast—T;
B(x0,1/8) B

(2 )
V2a(T—t)’ 8y/2a(T—t)

therefore, looking at the construction of ¢ in Proposition [7.4.2] we have that ¢ = 0.

Thus, from Proposition and Proposition [7.4.2] we have that |U(y)| < ¢(1 + |y|) 3
for all y € R3, and consequently (thanks also to Remark

U ( ST t)) ' < 0. (7.38)

Using the decay of U (especially the fact that |U] achieves its maximum at a point in
R3), we have that (7.38)) implies that

1
sup
(z,t)er3x[0,7] \/2a(T —t)

1
UllL..(r3) SUP ————= < 00,
1V (R)tE[O,T] 2a(T —t)

which is true only if U = 0; and the proof is complete. O

Even if Theorem excludes the possibility of having a solution of £, = 0 which
is self-similar and has a global finite energy, it is nonetheless worth looking at the local
problem. To be more precise, we would like to know whether or not we can have a

non-trivial self-similar solution which satisfies the following local energy inequality

ess sup/ lu(x,t)|*dw +/ |Vu(z,t)Pdzdt < oo, (7.39)
B Q

—1<t<0

and is moreover a suitable weak solution in (). A positive answer will provide a solution
to Cauchy problem for £y = 0 with initial data in L>* N L., (R?) which blows-up at
finite time. Although in the case of the incompressible Navier-Stokes equations the
answer is negative (see for instance [68, 10]), we do not know at this stage whether
or not it is also the case for our toy model £y = 0. We can nonetheless exclude some

particular solutions.
Proposition 7.4.3. Let u be a suitable weak solution to Lo = 0 in (), such that

u(z,t) = ANt)UN(t)x) (for all (z,t) € Q) with A(t) = \/%7 Assume, moreover, that

U is radially symmetric i.e, there exists a scalar function ¢ such that

Uly) = yo(lyl)- (7.40)

Then u s identically zero.
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The proof of this Proposition readily comes from from Theorem[6.4.1]in the previous

chapter.

Remark 30. From the proof of Theorem|7.4.1} one can see that for a solution U € C*°(R?)
to system ([7.36]), such that U € L3(R®) or U = O(|y|~*7¢) (as |y| — oo and € > 0), we
have that U = 0.

Remark 31. All of the results above hold also true for system DLy = 0.

Next, we provide additional qualitative information on the profile U by means of

Liouville type results.

Proposition 7.4.4. Let u be a suitable weak solution to Lo = 0 in (), such that
u(z,t) = ANOUA{E)x) (for all (z,t) € Q) with A\(t) = \/%7 Then, none of the
components of U has a constant sign on R3; in other words, they must vanish at some

points in R3.

Proof. We argue by contradiction. To fix our ideas, let us assume, without loss of
generality, that Us > 0 in R3. A strong minimum principle applied to an obvious

modification of equation Lyusz = 0 guarantees that

min ~ uz > 0. (7.41)
(z,t)€0'Q(1/2)

Next, by noticing that u;/us (i = 1,2) satisfy the following equation

()~ A £ -2V v(M) =0 qQ,

us Uus us Uus

we find that

max / U;
max |U1/U3| < (x,t)ed’'Q(1/2) Ui

(z,t)€Q(1/2) Min(, eaQ(1/2) Us

As a byproduct, we have that

U, U,

— = e L (R%. 7.42
0,0, © (R%) (7.42)

Now, introduce the function F'(y) = ¢(]y|) such that

—AF + % -VF =0 ie ¢"(r)+ (Z - ;)cp' =0

and ¢, ¢’ > 0 with ¢ which grows exponentially as r — co. Next, we have

F . Yy I Y ’y| PN
CAF4+U-VF+—divU+2F+ == (U- Z + ) o/ + ~(divU + 1
o VY T T ( W 2 )” 5 (div )¢

>0 for |y| > Ro,

135



with a suitable choice of Ry; this can be done thanks to Proposition[7.4.T]and Proposition
((.4.2)
Let us notice that the following two equations are available

Ui Yy VUs Ui . . 3
A(U3)+ <U—i—2 2 0, ) V<U3)_ in R

(7.43)

F Y VU, F )
_ - g . —) > >
A(U3)+(U—I—2 2 0, ) V<U3)_O in {|y| > Ro},

(with ¢ = 1,2); set M, := maX|y‘:Ro(%) and introduce the function Ff := M; + €U£3 for

all ¢ > 0. Next, we have that

U, U U; .
BN (U+g 5V ) V%<0 i {ly] > R}

U3 2 U3 U3

by applying a maximum principle to the previous inequality, we find that

for all |y| > Ry and all € > 0. Taking, the limit ¢ — 0T, we find that U;/U; achieves
its maximum in R®. By applying a strong maximum principle to the first equation in
(7.43]), we obtain that U;/Us is constant; we denote this constant c;.

Let us introduce the vector b = (¢1, ¢o, 1); the equation for Us becomes

b U.
—AU3+(U+%)-VU3+73:O in R%;

once again, by applying a maximum principle to the previous equation while taking into

account the decay at infinity of Uz, we obtain that Us = 0, which is a contradiction. [

Our hope is that this proposition will provide us with information that might allow

us to conclude that the defect ( is null even in the case one has only the local energy

inequality ((7.39)).
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Chapter 8

Conclusions

As mentioned in our introductory chapter, the work undertaken in this thesis is
motivated by the question of knowing whether our current incapacity to answer
the regularity question for the Navier-Stokes system in 3D is mainly due
to its non-locality. The conclusion we have reached at this point of time is that,
this has all to do with the supercriticality and little to do with the non-locality.

On the other hand, because of its supercriticality, the regularity question for the
model Ly = 0, in itself, is a rather fascinating problem. Although, we haven’t been
able to solve this question in this work, we made, while trying, a couple of interesting
observations; we record now two of these, which in our opinion, are the most striking

and promising for solving this question:

e Upon augmenting the space variable, £y = 0 can be transformed into a quasi-
linear diffusion equation. Indeed, let u be a solution to £y = 0, and set z =
(g, ) € R™3 and U(7,t) = e®Niy(z,t) with N an arbitrary constant; now,

introduce the matrix:

I
ul
N _ D) .
A —2o9 1 0 |
“io0 0 1

the spectrum of the matrix Ay is

Spec(A") = {11 3V 4 1= VT =P+ P, 5V + 1+ VI = DF )}

we find that
U — divz (AVVU) =0 (8.1)
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e Since the presence of the “divu” term in £y = 0 is one of the main reasons why
we are unable to answer this regularity question for our model, having more
information on the relationship between components of u might help dealing with
this term. One way to see this relationship is through the following equation:

Us; Us

)= A 4 (- 2V

Uj U Uj U

Us

0, ) = 0. (8.2)

In order to really make use of this equation, a good knowledge of the term
Vu;/u; is necessary, which unfortunately we don’t have at this point. Let us
also point our that at the time we were completing this work, it was brought to
our attention by Tao that the use of additional monotonicity or sign preservation
properties have also been used by Chae in [7] to solve the regularity question
for a non-local toy-model for the Navier-Stokes system; all the more reason to

consider this problem in that direction.
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Appendix A

A local energy identity for parabolic
equations with divergence-free drift

A.1 Introduction

We are considering in this chapter parabolic equations of the type
Owu — div(aVu) + b.Vu = 0,

where a is a bounded, symmetric and uniformly elliptic matrix and b a divergence-free
vector field belonging to L. (BMO™!). Like in Chapter 6 above, we say here that
a divergence-free vector field b belongs to the space BMO™! if there exits a skew
symmetric matrix d belonging to BMO such that b = — div(d). Therefore, the above

equation can be rewritten as follows:
Oru — div(AVu) = 0, (A1)

where A = a + d, with a as before and d € Lo(BMO) a skew symmetric matrix.

G. Seregin and co-authors introduced, in their paper [6I], the notion of suitable
weak solutions to equation ({A.1]), which are distributional solutions that belong to the
energy class Ly o, N I/V21 0 and which satisfy a certain local energy inequality. In this
chapter, we establish a local energy identity for distributional solutions of which
belong to the energy class Ly o N I/V21 ¥ and consequently, as a byproduct, we showed
that the local energy inequality required in the definition of suitable weak solutions
introduced in [61] is a direct consequence of being a distributional solution in the above
energy class. Our work in this chapter serves also as a toolbox to show similar results
for other (singular) PDEs.
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A.2 Preliminaries

The space BMO(§2; R™™) of bounded mean oscillation functions is endowed with the

following norm

1
d Rnxn ::sup{—/ d — |d|gyr|dx : B(xo, CCQ},
|| ||BMO(Q,R ) ‘B(O,T)‘ B(mo’r)| [ ] 0 | ( 0 )

where, as usual, [d],,  stands for the average of d over the ball B(xz¢,7); and the Hardy

space H'(R™) is endowed with the following one
[l ey == [ M|y mm),
where Mu(x) := supge 7 Supy | (¢ x u) ()|, with
F={9eCF(B): Vg <1}

and ¢y(x) := t7"¢(x/t). See for instance [64], [65] for more properties related to the
above two function spaces.

We have the following well-known lemma regarding Hardy spaces.

Lemma A.2.1. Letu € W (R") andv € W (R"), with1 <p < oo and 1/p+1/q=1;
then Q;udv — Ojvdu € H(R™) for alli,j =1,...,n and we have

|0udiv — Oju0;ullyn < C||\Vul|L, ||V, Yi,j=1,...,n.
Proof. Set, as usual, for simplicity 0;f = f,;. There holds:

Usj V3 =i V3 = (0 = [ulg,r)Vsi ) o5 = (0 = [ulag 1 )vs5) i

for zy € R™ and r > 0; therefore, we have for ¢ € F (defined as above)

1 _
ntl /Rn qb’j (J; t y) (u - [u]moﬂ“)vai dy

1 J—
e / O (xt—y) o ey

: /
< | — [u]aqr || VV|dy
" B ’

1
< mrlle = Wil e | Voll e,

|¢t * (uaj Uy —Uy Uy ) (I‘>| -

C
= t_n||VU||LP(B(~T¢))||VU||Lq(B(x,t))'
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Therefore, we have
M (1,50, =t 0,5) () < CMEVulP ()P (M Vol (2)) 11,

where M* f is the Hardy-Littlewood maximal function defined as follows:

1
M f(x) ::sup{—/ |f(y)|dy:0<7’<oo}.
|B(T’)| B(z,r)
By the maximal theorem (see [64]) together with Hélder’s inequality, we have that:
M (U505 =1, v,5) € La(R") and M (50, —w,i0,5) |1y < C(n, p)l| V|, [V,
which completes the proof of Lemma [A.2.1] O

We recall now, for the sake of readability, some basic facts related to the spectral
decomposition of the Laplace operator on a bounded domain €2 of R, with smooth
boundary. The Laplacian viewed as an unbounded operator from Ly (£2) into itself has
a discrete spectrum; we denote by 0 < A\; < Ap < -+ < A, < -+ (with \,, = 00) its
eigenvalues and {¢x}52, the corresponding eigenvectors which form a Hilbert basis
of Ly(R). Setting L1(€2) to be the completion of C£°() with respect to the Dirichlet

semi-norm HUH%%(Q) = / [Vul?, and H1(Q) to be the dual of L1(2), we have the
Q

following lemma, which gives us a Hilbert basis of L%(Q) and a representation of the

norm of H~! by means of the eigenvectors and eigenvalues of the Laplace operator.

Lemma A.2.2. (¢p/v/As)32, is a Hilbert basis of LY(Q) and as a direct consequence,
we have that: if f € H1(Q), then

1fIF-10) = Zfl?/Aka
=1

where fi, = (f, o).

Proof. We first recall that the eigenvectors (¢y)52, satisfy the following equation

{_A¢k = M@r in Q

ulpn = 0;

hence ¢y, € Ly(Q) N LY(Q). Let u € LY(Q) such that (u, Ok)jio) = 0 for all k =1 (here
(u, U)Ji§(9) = [, Vu-Vudz); this implies (we even have equivalence) that (u, ¢4 )z, = 0
for all k = 1,2,... Since (¢x)32, is a Hilbert basis of Ly(2), we deduce that u = 0.
Therefore, (¢,)22, is a complete basis of L1(Q). We also, readily, have that

(D% @) i) = Ak,
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where 4, , is the Kronecker symbol. Therefore, (¢ /+v/A), is a Hilbert basis of L1(€2).
Let f € H'(Q). From Riesz’s representation theorem, we have that there exists a
unique uy € L%(Q), which solves the equation —Au; = f in Q with homogeneous

Dirichlet boundary condition and satisfies

[fll-1@) = llurllzyq)-

Since (¢x)2, is a Hilbert basis of L1(€2), we have thanks to Parseval’s identity that

k=1
= 1
= Z )\_|<f7 ¢k>|27
k
k=1
which concludes the proof. ]

A.3 Main theorem

We now state the main result of this chapter.

Theorem A.3.1. Let u which belongs to the energy class

La,oo(Q) N,°(Q),

be such that
/u@gédz = /(AVu).V¢dz Vo € C5(Qy), (A.2)
Q Q

where A = a + d, with a € Loo(Q;R™™) a symmetric matriz satisfying
vl, <a<vll,

and d € Ly(—1,0; BMO(B;R"™")) a skew symmetric matriz. Then the following
energy identity holds for a.e. to €] —1,0[ and for all test functions ¢ € C§°(Bx]—1,1]):

5 [ ottt [ [ oveavuz =3 [" [ wpast:
_ / t: /B (AVu).Voudz.
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A.4 Proof of Theorem [A.3.1]

We start by proving a simple regularity result for the time derivative of v defined as in

Theorem [A.3.11

Proposition A.4.1. Let u be defined as in Theorem[A.3.1 Then,
3tu S Lg(—]_, 0, H_I(B>>

Proof. We divide the proof into two steps

Step 1. Let us set
g(x,t) = A(x,t)Vu(x,t),

and consider the problem

{—AU(-,t) =divg(-,t) foraete]—1,0] (A.3)

U(-,t)|os = 0.

Let v € C3°(B), we have:

/Bdivg(-,t)vdx:—/g(-,t).Vvdx

B

=— / (aVu).Vodr — / (dVu).Vudz
B B

= Al + AQ.

We have by a straightforward computation that
|A1] < lallrw@ IVl Ol oVl Ly for aet €] —1,0].

On the other hand, we have thanks to the skew symmetry of d, that As can be rewritten

1 n
_A2 = 5 Z \/Bd”(u,] Vyg —U,5 Uy )dl‘

1,j=1

as follows

Denote by u the extension of u from B to R™ such that
[a(, t)llwz ey < cllul, E)llwym) for aet €] —1,0]

where ¢ depends only on n. Similarly, let us denote by d the extension of d from B to
R™ such that

||CZ('7t)||BMO(R";R"X”) S CHd<'7t)||BMO(B;R"><”) fOl" a.et E] — 1,0[,
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where, again, ¢ depends only on n. In the latter case, to construct such an extension,
one can use a reflection on the boundary (See, e.g., [33], where this is done for more

general domains 2 C R™). Therefore, because v is compactly supported in B, we have

that .
—A, = % Z /n dij (U, v, —v,; Uy )da.
ij=1
We have from Lemma that @,; v,; —v,; U, € H'(R™) with
[T, v, —v,j Ui 3Ry < OV Ly R [V 2Ry,
and since BMO(R") is the dual of the Hardy space H!(R"), we derive that
| Ag| < CNld| Loo(=1,0:8110 @R R ) |V Lo re) V0] Lo (R,
and a fortiori
|As| < Cld|| L. (-1,0.8BM0BR ) VUl L 8) V] L2(B),

(with C' > 0 depending only on n). Hence, we have that div g(-,¢) € H*(B), with

| divg(-, )|z < C(n,a,d)||Vu(-,t)|| )y foraete]l—1,0[
Therefore, there exists a unique U(-,t) € L(B) which solves and such that

VU )| 18y < C(nya,d)|[|[Vu(-,t)|| Ly for aet el —1,0]

We also deduce that VU € Ly(Q) and

||VU||L2(Q) < C(TL, a, d)HquLZ(Q)‘
Step 2. Now, we can rewrite (A.2)) as follows
/ uOipdz = / VUN¢dz Yo € C5°(Q). (A4)
Q Q

By a density arguments, we can test (A.4) with functions ¢(z,t) = x(¢t)¢pr(z), where
X € C3°(] —1,0]) and ¢y is an eigenfunction (introduced in the second part of the
preliminaries section; here we choose Q2 = B). Since (¢y)%2, is a Hilbert basis of Ly(B),

we can write u as follows

u(w, t) = di(t)¢r(x),
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where d(t) = [ u(-,t)¢rpdr; we also have

=D bi(t)gn(x)

where by (t) = [, U B t)ordz. So we have, thanks to Lemma 2 that

0 oo
||VU||%2(Q) = / Zbi(t)/\kdt < C(n,a, d)||Vu||iQ(Q) < 00.

1e=1

We have now

/ 01 di(t)x'(t)dt = / ix(t) /B VUV ¢pdzdt

= /0 X(t)bk(t))\kdl‘dt

-1

So, d).(t) = —bx(t) A\ and we deduce that

Oyu(x,t) id
k=1

where the convergence of this sum occurs in the space of distributions; thus we have,
for every w € C3°(B) and x € C§°(] — 1,0[), that

/_ (Ou(-,t),w)x(t)dt = — lim Zbk )\k/ on(x)w(x)drx (t)dt

1 N—oo

~ Jim Zbk(t) /B Von(x). Vio(w)de (t)dt

N—o0 _1k: 1

~ 1/2

<[ Vulm | (Z bi(tm) x()ldt by Lemma 23

1 \k=1

< c(n, a, )[Vul| L@ X 2o (1.0 [ Ve l| o)
and the statement follows. O
Remark 32. Let ¢ € C§°(B). Then, we readily deduce from the above proposition that

Oy(up) € Ly(—1,0; HH(B)).
Since obviously ug € Ly(—1,0; LY(B)), we conclude that
up € C([—1,0]; Ly(B)).

Proof of Theorem[A.53.1. We divide the proof into three steps
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Step 1. Consider the following auxiliary equation

{8tw—diV(AVw) =F—divG in Bx]-1,0[, (A.5)

wlorg =0,

where F' = udyp — (AVu).Vy and G = u(AVyp). We have that the distribution
F — div G belongs to Ly(—1,0; H'(B)). This is a direct consequence of the fact that
up is a distributional solution of together with Remark [32/ and Step 1 of the
proof of Proposition [A.4.1] But, for our purpose we are interested, more precisely, in
the bounds of the terms which appear in the definition of F' — div G and which belong
to Ly(—1,0; H~1(B)). Therefore let us consider a function w € C5°(B); then for a.e
tel—1,0]

/Fwdm—I—/ G.de:z::/u@tgowda:—/(aVu).Vgowdm—/(qu).Vngdx
B B B B B

+/(GVQD).undij/(dVgo).undx
B B
= Jl + J2 + J3,

where

J1 ::/uﬁtgow,
B

Jy = —/(aVu).Vgpwdx+/(anp).undx,
B

B
J3 = —/(qu).Vgowdx—i—/(dVgp).undx.
B B

We rewrite the term J5 as follows

J3 = —/ dV(uw).Vgpdaz—i—/(de).Vgpuda:—i—/(dVgp).undw
B B B

= —/ dV (uw).Vedr  (by the skew symmetry of d).
B

But again, thanks to the skew symmetry of d, we have that
1 n
Jy = —3 ”221 ; bij [(uw),; ¢, —¢,5 (uw),; ] d

and by performing the same computations as for A, in Step 1 of the proof of Proposi-
tion with the only difference being that we keep p arbitrary (instead of choosing
p = 2 as in the proof of Proposition [A.4.1]), we obtain

|J3] < C(n,a, d)||V(ww)|lz,mllellL, . m)>
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(for 1 < p < oo to be suitably chosen in function of n) which implies that
T3] < C(n,a,d, ¢) ([wVullr,m) + [[uVwl,m) -
If n > 3, we readily have for

n
1 <p<min(2, ——
p < min(2, ),

that (here 2* = 2)

|wVul| ) + [uVwll,m < o) [|wlln,. ) |Vl i) + [l . )Vl )]
< c(n) ([Vull Lo + lullam) IVl o),

where Sobolev embedding and Poincaré’s inequality are used in the last estimate.

The case n = 2 is a straightforward adaptation of the previous case (since H'(B)
embeds continuously in every L (B), 1 < s < 00), whereas for the case n = 1, we take
p = 2, use the fact that H'(B) is continuously embedded in L. (B) and Poincaré’s
inequality for the term in w.

Next, we have the following simple bound for the terms J; and Js:
[+ o < C(n,0) (Vullras) + 1ullras) IV Ly
So in conclusion, we have, for a.e t €] — 1,0] that
IF(t) = divG(,t)la-1m) < Cln,a,d, ) (IVul, )lram + 1wt )llram)

and we get a fortiori
”F - diVG”LQ(—LO;H*l(B)) < C(TL, a, d7 90) (HVUHLQ(Q) + ||u||L2,oo(Q)) (A6)

Step 2. Let us now tackle the question of well-posedness of (A.5). Consider the

time-indexed family of bilinear forms
d(w,v) := / (AVw).Vudz.
B

Let us first notice that the map ¢t €] — 1,0[— J;(w, v) is measurable for every w,v €
L%(B) Furthermore, we have by similar computations as those made in Step 1 in the
proof of Proposition , that there exists a constant C' = C'(n, a,d) > 0 independent
of ¢ such that

8:(0,0)] < CIV0 ] a3 V0,
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for all w, v € LY(B) i.e 8, is a bounded bilinear operator on LL(B). We have, additionally,

the following coercivity estimate
de(w,w) = / (AVw).Vwdz
B

= / (aVw).Vwdz (by the skew symmetry of d),
B

> 1// |Vw|*dx.
B

In view of these previous estimates and the regularity proved for the right-hand side of
(AB) and considering the evolution triple L(B) C Ly(B) C H™!, we have by applying
Jacques-Louis Lions abstract theorem for well-posedness of evolution equations (see

e.g. [48] or Theorem 10.9 in [5]) that there exists a unique solution

w € O([~1,0]: Lo(B)) N La(—1,0; LL(B)).

with
Ow € Ly(—1,0; H™)
such that
/ Oywvdz + / (AVw).Vudz = /(F — div G)vdz (A.7)
Q Q Q

for any v € C5°(Q). Let us notice that, from Remark [32] the fact that up is a
distributional solution of (|A.5) and by the above uniqueness result:

w = up.

On another hand, by the regularity obtained for w, we can extend identity (A.7)) to
functions v in Ly(—1,0; L3(B)) and therefore, test (A.7) with w itself. Thus, we get

/(AVw).dez = /(F—divG)wdz. (A.8)
Q Q

Denote by L the left-hand side of the above identity. By the skew symmetry of d, we
obtain that
L= /(an).dez;
Q

therefore coming back to u, we get

L= / a(eVu +uVe).(eVu + uVe)dz
Q

:/goz(aVu).Vudz—i-Q/ugo(aVu).Vgodz+/UQ(CLVQD).V@.
Q Q Q
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Now, denote by R the right-hand side of (A.8]); we easily obtain that
Rz/u@tgawdz—/(aVu).Vgowdz+/(an0).un—/dV(uw).chdz
Q Q Q Q
:/u2<p8tgodz—/wp(aVu).Vapdz—l—/ wu(aVu).Vgodz—l—/ u?(aVp).Vidz
Q Q Q Q
—2/ up(dVu).Vdz.
Q

Therefore, (A.8) implies that

/<p2(aVu).Vudz+2/ucp(aVu).Vgpdz:/Ungf)tgodz
Q Q Q
—2/ug0(qu).Vg0dz, (A.9)
Q

for all ¢ € C§°(Q). Let us notice that all the integrals in the above identity are finite,
especially the last one on the right-hand side of (A.9)). To see this we rewrite

/ugo(qu).chdz:/dV(uQ/Z).V(QOQ/Q)dz
Q Q

and use the same method as in the estimation of J3 in the previous step.

Step 3. Now, we choose p(z,t) = x.(t)¢(x,t), where ¢ € C*(Bx] — 1,1]) and
Xe(t) =1ift <tg—e, xe(t) = (to+e—1)/(2), if tg —e <t < ty+e€ and x.(t) =0
when t > o + €, with ¢y €] — 1,0[. Therefore passing to the limit e — 0 in (A.9), we
have that Theorem [A.3.1] is proved. O
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Appendix B

Liouville type theorems for equations
of fluid dynamics: the MHD system

We discussed in Chapter 7 the importance of having Liouville type results. We continue
our investigations, in this chapter, with another important equation of fluid dynamics:

the 2D stationary incompressible magneto-hydrodynamic (MHD) system

—Au+u-Vu+Vp=5b-Vb, divu=0
in R? (B.1)

~Ab+u-Vb—b-Vu=0

In system (B.1)), u,b : R* — R? stand for the velocity and the magnetic field
respectively, and p is the pressure term resulting from the incompressibility condition
on u; this system and its time-dependent analogue are used to model electrically
conductive fluids such as plasma, liquid metals, electrolytes etc. For additional physical
background and mathematical theory, we refer to Schnack [56] and references therein.

The setting of our work is as follows:
u,b € C(R?)

B.2
/ (IVul® + |[Vbf?) dz < oo. (B:2)
R2

When b = 0 in system (B.1)) (which becomes now the incompressible Navier-Stokes
system), the question of the triviality of u under the above condition was first solved
in [21], and was later, also established in [35] provided the velocity u is just bounded.
Those two results rely heavily on the fact that one has a nice equation for the vorticity
W = Uz — U2

ow — Aw +u-Vw = 0.

However, when the magnetic field b is not null, this nice equation for the vorticity

is no more available, which makes this problem quite hard. In recent years many
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mathematicians tried to bring a complete understanding to the Liouville problem for
this system but unfortunately without success; we cite the works of [8 [11], 57 [70]
(and references therein) for interesting results, and more recently the work of Wang
& Wang in [69] where they proved under some smallness condition on the L; —norm
of b that v and b were constants. Our work is more in the direction of [69]; our
contribution is that we were able to uncover a nice drift-diffusion equation for the
stream function associated to the magnetic field, and for which a maximum principle
is available; this allows us to bring new insights to this problem and to improve the
existing results in the literature. The results and text base of this chapter are based
on ongoing workE] with Simon Schulz (University of Cambridge) and Nicola De Nitti
(Friedrich-Alexander-Universitdat Erlangen-Niirnberg).

Before stating our main results, let us point out that it is very common to see in
the literature an added incompressibility condition divb = 0 on the magnetic field;
however, by doing so, the system becomes over-determined. We are able to prove that
in our setting (B.2)), the incompressibility of the magnetic field b can be derived from

the system; this relies on the following auxiliary results.

Lemma B.0.1 (See [49] Appendix B, estimates B.9, B.10 & B.12). Let f € Lg,.(R?)
with finite Dirichlet energy

/ |V f|?dr < .
R2
Then

m
2

/ |f|™dx < cR*(log2R) > </ |Vf|2dx+/ |f|2dm) )
B(R) R2 B(1)

for allm, R >1 and ¢ > 0 an absolute constant.
Next, we have the following simple Liouville result.

Proposition B.0.1. Let p € Loo(R?) and let a vector field u € H'(R*;R?) be such that
div(pu) = 0. Let f € Ly(R?) be such that

—~Af+pu-Vf=0 inDR?. (B.3)
Then f = 0.

!This work was submitted online some time after the submission of this thesis; see https:
//arxiv.org/abs/2103.00551
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Proof. Let us start by noticing that classical regularity theory ensures that f € C''(R?).
Now, we introduce the following functions; let h € C''(R) be piece-wise C? and such
that

w?, for |w| < wy,
h(w) =

wo(2|w| — wyp),  for |w| > wo,
with wy > 0 fixed and shall be taken to infinity later on; notice that h(w) < w? and
h(w) < 2wp|w| for all values of w € R. Next, let 0 < ¢ € C*°(B) such that ¢ =1 in
B(1/2) and ¢ =0 in B\ B(3/4); set pr(x) = p(z/R) with R > 1.
We get, from multiplying equation (B.3)) by A'(f)pg, that

/ orh"(f)|V f|2di = / h(f) (Dgr + pu - Vipr) da.
R2 R2

From this, we get that

/ ‘Vf|2dili' < %/ |f|2dilj’—|— CHU]RH'IO“Loo / |f‘2d56'
(If|<wo}nB(R/2) R? JRja<|c|<3R/4 R R/2<|2|<3R/4

cwollpllzo.
+ el [ u— lulall 7l
R/2<|z|<3R/4
c (log 2R)2
< e+ el SEE

R/2<|z|<3R/4 R

1
2
><< |Vu\2d:c—|—/ \u|2dx>/ \f2da
R? B(1) R/2<|z|<3R/4

1
2
T cwollpllo IVulls, ( / |f\2dx)
R/2<|z|<3R/4

—0 as R — oo,

where we used Lemma to control the term |[u]g|. Thus, we have proved that
|V f11{71<wor = 0, for wy > 0 arbitrary; taking wy — oo, we have that the proposition
is proved. 0

Consequently, we have the following result.

Proposition B.0.2. Let u,b be solutions to system (B.1) such that conditions (B.2))
hold. Then, divb = 0 and there exists a stream function ¥ (in L%(RZ) the closure of
Cs°(R?) with the semi-norm |[V? - ||1,r2)) such that b= (1o ,—1)1).

Proof. Taking the divergence in the second equation in (B.1]), we get:

~A(divb) +u-V(divh) =0 in R%
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Applying Proposition with f = divb, p = 1, we get that divb = 0, and
the existence of the stream function ¢ comes from the solvability of the equation
—At = curlb € Ly(R?) (with curlb = by; — by ). O

Remark 33. An analogue of Proposition is also available in higher dimensions,
and is based on an adaptation of Proposition to higher dimensions.

B.1 Main results

Our first main result is stated as follows.

Theorem B.1.1. Let u,b be solutions to system (B.1)) such that conditions (B.2)) hold.

Assume that one of the following conditions holds:
1. b e Ly(R?);

2. u € L,(R?) and b € L,(R?) with p € [2,00[ and q €]2,00[ such that

(B.4)

Then, u and b are constants.

Remark 34. Under conditions (B.2)), b € BMO(R?) (by embedding) and thanks to the
interpolation between L, and BMO spaces (see e.g. [12]), we have that the first point
of the previous result is also true if we take b € L,(R?), with p € [1, 2].

Our second result addresses the case where we allow the velocity u to grow; to be

more precise, we have the following theorem.

Proposition B.1.1. Let u,b be solutions to system (B.1)) such that conditions (B.2))
hold. Assume in addition that the following condition holds:

u € BMO™(R?).
Then,

1. there exists an o = a(||ul|gapro-1) > 0 such that if b € L,(R?) with p €]2,2 + «f,

then we have u,b = 0;
2. or alternatively if b belongs also to BMO™(R?) then u,b = 0.

Remark 35. The second point in the previous proposition was also proved in [IT] in

the 3D case; our proof of this result here is simpler and more straightforward.
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B.2 Proof of Theorem B.1.1]

We start by making the following observation; let ¢ be as in Proposition [B.0.2} then
the second equation in (B.1)) becomes:

V(=AY +u- Vi) =0;
here for a vector v = (v1,v3) € R%, vt := (vy, —v;). Consequently, we get that
—AYp+u-Vi=cy, (c0€R). (B.5)
The next proposition provides more information on the potential values of ¢y.

Proposition B.2.1. Let u,b be solutions to system (B.1) such that conditions (B.2))
hold. If we assume in addition that u or b belongs to BMO™(R?), then co = 0 (where

co as in (B.5)).

Remark 36. Notice that, the conclusion of this proposition, obviously, still holds if
we assume for instance u € L,(R?) and b € L,(R?) with p, ¢ € [1, 00[; of course, this

condition can be weakened even further.

Proof. We will present only the case b € BMO™(R?) since the case u € BMO™!(R?)
can be dealt with in a similar manner.

Because the Riesz transform (the Riesz transform of a function f is defined as
Rf := V(—A)z f) is a bounded operator from BMO(R™) to BMO(R™) (see for instance
[65]), we have that the stream function ¢ associated to b belongs to BMO(R?).

Now, introduce the cut-off function 0 < ¢ € C5°(R?) such that ¢ = 1 in B(1/2)
and ¢ =0in B\ B(3/4). Let R > 1 and set gpr(z) := ¢(x/R). We get from that

Co/ Yrdr = —/ Aprdr + / u- V(¢ - W’],R)SDR-
B(R) B(R) B(R)

This implies,

lfe [ oo < RISloln+| [ (0=l Tor
B B(R)
< c() (BIIVblome) + ¥l srore) lulla(aer)) -

From Lemma [B.0.1], we get that

1 log(2R)

lco| < e, b,u) <E+T> — 0 as R — oo;

and the proof is complete. n
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Before, we give the proof of Theorem [B.I.T], let us recall the following auxiliary

results.

Lemma B.2.1 (Oscillation lemma, See [61] Theorem 4.2). Let v € C(B) N H'(B)
such that for any r €]0, 1] the following mazimum principle holds in B(r):

maxv = maxv, minv = min v.
B(r) OB(r) B(r) OB(r)

Then,

c
sup |v(z) —v(0)] £ —||Vv )5
ZGB(T)\ () —v(0)] \/Tgr” | 22(B\B()

for all r €]0,1[ and with ¢ > 0 an absolute constant.
We are ready to give now the proof of Theorem

Proof of Theorem [B.1.1. We divide the proof into 2 steps; the first one addresses the

first point of the theorem and the second addresses the second point.

Step 1. Since b € Ly(R?) implies b € BMO~(R?), we have thanks to Proposition
B.2.1] that

—AY+u-Vip=0 inR%
By setting ¢f(z) := ¢)(Rz) (R > 0), we see that 1" satisfies the conditions in Lemma
B.2.1; consequently, by taking r = 1/2 in the lemma, we obtain:

sup [0 (z) — ¥(0)] < || VY| LamrBay2),
2€B(1/2)

thus

sup |¢(CL’) — ¢(O)| S C||b||L2(B(R)\B(R/2)) —0as R — oo.
z€B(R/2)

This implies that v is constant and therefore b = 0; consequently we have that

—Au+u-Vu+Vp=0, divu=0 inR?

with Vu € Ly(R?). This implies, thanks to [21], that u is constant. And the first point
of the theorem is proved. Or alternatively, notice that the vorticity w = curl u satisfies
the equation —Aw + u - Vw = 0, and then apply Proposition [B.0.1]

155



Step 2. By applying the divergence operator to the first equation in (B.1)), we find
that
—Ap =divdiviu®u —b®b) in R?%

this guarantees, if we set r = max(p, ¢), that
Ipll2 ey < e (11l oy + 10, o)) (B.6)

to obtain estimate , we used the hypothesis, the embedding of u,b in BMO(R?)
(due to (B.2))) and the interpolation between Ly and BMO spaces (see [12]).
Next, we rewrite the first equation in (B.1]), in the following way:

B S U NI,
Au—l—V(T +p 7) u curlu = —b— curl b;
from this, we get that
2 2 2
—AWT' + | Vul|? + u - V(% +p— %) = —u- b curlb.

Now notice that Vi) = —b* and thanks to (B.5) (together with Remark , we have
that curl b = u - b+. Consequently, we have that

Juf?

2
|Vul? + | curl b|* = AUT [ul b

2
—u-V(T—f-p—T) in R?. (B.7)
We set for simplicity @ := [ul*/2 +p — [b]*/2 € Lz (R?); by multiplying (B.7) by our

usual rescaled cut-off function @i and then integrating, we obtain that

2
/ (|Vul* + | curl b?)dx < / %A@Rd:ﬁ + / u - VorpQdx
B(R/2) B(R)\B(R/2) B(R)\B(R/2)

< C(Spllp) (/ ]u\pdx)
Rv B(R)\B(R/2)

1 2

c ) My P r "

pAerD(f wrae)” ([ Qlias)
R B(R)\B(R/2) B(R)\B(R/2)

with 1/s =1 —1/p — 2/r. Thus, the right-hand side in last inequality above, goes to
zero as soon as 1 —2/s > 01i.e. 1/p+2/r > 1/2, and the theorem is proved. O

SN

Let us give now, the proof of Proposition [B.1.1]

Proof of Proposition[B.1.1. We divide the proof into 2 steps; the first step addresses
the proof of the second point of the proposition whereas the second step addresses the

proof of the first point
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Step 1. Because u,b € BMO~!(R?), we have that u = V+¢ and b = V¢ with
¢,v € BMO(R?). Thanks, to Proposition [B.2.1} we know that

—AY +u- Vi = 0;

by multiplying the above equation by (¢ — [¢] r)p% (Where @ is our usual rescaled
cut-off function), and then integrating by part, we get that

| 19elehdo =5 [ - WlaPachis
B(R) B(R)
49 / PRV - Vot — W] 1)(6 — [¢] 5)da;
B(R)

this implies, thanks to Young’s inequality that

2d _ 2d C(SO) B 2 . 2d
/B(R/Q)WW $§C(¢)]£;(R)|w [V rl"dz + i /B(R)W; 1) 220 — @] p|2dx

< (@)Yl Buors) + 1¥lErmore) 191 Eror2);

thus, by taking the limit R — oo, we get that Vi) € Ly(R?) i.e. b € Ly(R?). By
applying the first point of Theorem [B.1.1] we have that the second point of the theorem

is proved.

Step 2. Let 29 € R? and r > 0; we set ¢, := ©((z — x9)/r). By repeating the

computations in the previous step, but this time, with ¢,, , instead of pg, we get that

[ 1vupde < clodt+ lolEmor) (16~ Wlulde)
B(zo,r/2) B(zo,7)
< @0+ lfom)? (f wolidr)
B(zo,r)

Thus, we have that

(f rv¢|2dx)2gc<w><1+||¢||BMo<Rz>><][ |vw|§d:c)47 (B.9)
B(zo,r) B(zo,r)

for all 7y € R? and r > 0. By applying the Gehring’s reverse Holder result (see e.g.
Proposition [2.4.1)) to (B.§)), we obtain that there exists an o = a(||ul[prpro-1r2)) > 0
such that

(][ |v¢|2+adx) < (1 + 16l saron) (][ |vwr2dx). (B.9)
B(1/6) B(1)
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Now, we set ¥®(z) = )(Rx) and ¢%(x) = ¢(Rx); we find that
—AYR+ Vet VYt =0 in R

thus holds also for v replaced by ¥ and ¢ replaced by ¢; moreover, since

167 Baore) = |9l Bro(re), we get that

1
a 24a c(1 + ¢ O(R2
(/B(R/G) |V1/1\2+ dx) = ( ”“HBM = ))||v¢||Lp(R2)

2
Rz+a 115

—0 as R — oo,

as soon as p < 2 + «; and the proposition is proved. ]
Concluding remarks: At this point, it is unclear whether the conclusion of Theorem

still holds if the constraint (B.4) on the exponents is removed. This will be the

object of future investigations.
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