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Abstract
The ability of agents to generalise—to perform well when presented with previously
unseen situations and data—is deeply important to the reliability, autonomy, and
functionality of artificial intelligence systems. The generalisation test examines an
agent’s ability to reason over the world in an abstract manner. In reinforcement learning
problem settings, where an agent interacts continually with the environment, multiple
notions of abstraction are possible. State-based abstraction allows for generalised
behaviour across different observations in the environment that share similar properties.
On the other hand, temporal abstraction is concerned with generalisation over an agent’s
own behaviour. This form of abstraction allows an agent to reason in a unified manner
over different sequences of actions that may lead to similar outcomes. Data abstraction
refers to the fact that agents may need to make use of information gleaned using
data from one sampling distribution, while being evaluated on a different sampling
distribution.
This thesis develops algorithmic, theoretical, and empirical results on the questions
of state abstraction, temporal abstraction, and finite-data generalisation performance
for reinforcement learning algorithms. To focus on data abstraction, we explore
an imitation learning setting. We provide a novel algorithm for completely offline
imitation learning, as well as an empirical evaluation pipeline for offline reinforcement
learning algorithms, encouraging honest and principled data complexity results and
discouraging overfitting of algorithm hyperparameters to the environment on which
test scores are reported. In order to more deeply explore state abstraction, we provide
finite-sample analysis of target network performance—a key architectural element of
deep reinforcement learning. By conducting our analysis in the fully nonlinear setting,
we are able to help explain the strong performance of nonlinear neural-network based
function approximation. Finally, we consider the question of temporal abstraction,
providing an algorithm for semi-supervised (partially reward-free) learning of skills.
This algorithm improves on the variational option discovery framework—solving a key
under-specification problem in the domain—by defining skills which are specified in
terms of a learned, reward-dependent state abstraction.
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Abstract

The ability of agents to generalise—to perform well when presented with previously
unseen situations and data—is deeply important to the reliability, autonomy, and func-
tionality of artificial intelligence systems. The generalisation test examines an agent’s
ability to reason over the world in an abstract manner. In reinforcement learning problem
settings, where an agent interacts continually with the environment, multiple notions of
abstraction are possible. State-based abstraction allows for generalised behaviour across
different observations in the environment that share similar properties. On the other hand,
temporal abstraction is concerned with generalisation over an agent’s own behaviour.
This form of abstraction allows an agent to reason in a unified manner over different
sequences of actions that may lead to similar outcomes. Data abstraction refers to the fact
that agents may need to make use of information gleaned using data from one sampling
distribution, while being evaluated on a different sampling distribution.

This thesis develops algorithmic, theoretical, and empirical results on the questions of
state abstraction, temporal abstraction, and finite-data generalisation performance for
reinforcement learning algorithms. To focus on data abstraction, we explore an imitation
learning setting. We provide a novel algorithm for completely offline imitation learning,
as well as an empirical evaluation pipeline for offline reinforcement learning algorithms,
encouraging honest and principled data complexity results and discouraging overfitting
of algorithm hyperparameters to the environment on which test scores are reported. In
order to more deeply explore state abstraction, we provide finite-sample analysis of target
network performance—a key architectural element of deep reinforcement learning. By
conducting our analysis in the fully nonlinear setting, we are able to help explain the strong
performance of nonlinear neural-network based function approximation. Finally, we
consider the question of temporal abstraction, providing an algorithm for semi-supervised
(partially reward-free) learning of skills. This algorithm improves on the variational
option discovery framework—solving a key under-specification problem in the domain—
by defining skills which are specified in terms of a learned, reward-dependent state
abstraction.
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1
Introduction

Reinforcement learning (RL) is the sub-field of machine learning (ML) dedicated to

the study of sequential behaviour. It is this sequential characterisation that sets RL

outside of other forms of learning in terms of the complexity of problems that RL agents

are able to solve, and also in terms of the challenges and pathologies that arise in the

development and analysis of algorithms for RL. By sequential behaviour, we mean that

RL agents must learn to make intelligent decisions, despite the fact that the data an agent

ultimately observes is determined by the decisions that it has previously made. This gives

rise to a host of challenges unique to RL. Instead of fitting a pattern-matching function

to a static dataset with a static objective—as is done in supervised learning (SL)—RL

algorithms must manage endemic issues such as the need for exploration, long-term

credit assignment, and random data drawn from a distribution that may change over time.

However, with these challenges comes great potential: questions of resource allocation

[Rust, 1987], robotic automation [Khan et al., 2020], and even human and animal learning

[Botvinick et al., 2019] are naturally modelled as sequential decision making problems.

Indeed RL expresses learning in its most familiar form—people, animals, plants, and

microorganisms are all driven to integrate knowledge from their environment and use that

information to adapt and improve their conditions.

1



1. Introduction 2

1.1 Generalisation and Abstraction

When deploying a learning agent, it is unreasonable to expect that the conditions it will

experience over its life cycle will be identical to those that it encountered during learning.

Taking our own experience as an example: if we have learned to cook a delicious new

dish, then variations in ingredient seasonality and quality, atmospheric pressure and

moisture, and imprecise tools for measuring key variables like volume and heat will all

lead to subtle changes in the flavour of the final meal. We may need to subtly adapt our

process to account for these shifting conditions. This brings to light key concerns of the

RL problem, the intertwined notions of generalisation and abstraction. To prepare the

dish, rather than exactly mimicking a procedure we have practised before, it helps to

understand at an abstract level what needs to be done to prepare well-flavoured food. This

leads to a more general procedure, in which specific steps, timings and even outcomes

may vary, but overall, the final dish is somehow the same in the ways that matter, leading

to a tasty meal.

If abstraction allows for reasoning over only the relevant aspects of a decision at hand,

then generalisation is a test, asking “how effective is this abstraction”? Due to its complex

nature, RL admits many different notions of generalisation and abstraction. In this

work, we focus on three forms of abstraction: state, temporal, and data abstraction.

These different axes describe distinct but entangled ways in which RL agents can reason

abstractly, each requiring the use of distinct algorithmic techniques for both learning

and planning. We now provide a brief overview of these sorts of abstraction, developing

intuition as to the challenges, applicable settings, and capabilities of each one.

State Abstraction Perhaps the most common notion of abstraction in RL (and especially

so in the SL setting) is the concept of state abstraction or function approximation. This

sort of abstraction is less directly concerned with the sequential aspect of the RL problem,

and is more concerned with the computation of and reasoning over features of state that

are useful for prediction or action formulation, such that distinct states that are similar

under an abstraction lead to similar expected outcomes or immediate actions. This is
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perhaps the most mechanically granular sort of generalisation in RL, in that the test of a

good function approximator is the ability of an agent to predict the outcome of its actions

or to choose the right action, on a state by state basis. To underscore the ubiquity of

state abstraction in ML, we note that SL problems that deal with sequential data (e.g. in

language models [Wei et al., 2023]) are largely only concerned with state abstraction,

as these approaches are concerned with making accurate predictions conditioned on (an

abstraction of) the state given by the realisation of the sequence thus far. In contrast,

many RL methods perform updates that are use the predictions of the agent as targets,

making state abstraction less stable and more complex.

Temporal Abstraction In contrast to state abstraction, temporal abstraction (also

referred to as behavioural abstraction) is relatively unique to the RL problem. Temporal

abstraction focuses on abstract reasoning over sequences of behaviour: if we imagine a

trip to the shop, then it is temporal abstraction that allows us to recognise that following

the scenic route is somehow equivalent to using a more direct path, in that they both end

up reaching our destination, despite the two paths involving different sequences of actions

and observations along the way. When an agent is able to reason over its own behaviour in

this way, it can accurately predict outcomes, assign credit for those outcomes to the most

relevant decision points, and allow for coordinated exploration of the environment without

the need to compare differences in behaviour irrelevant to the task at hand. In the context

of automated systems, temporal abstraction can also help lead to more interpretable agent

behaviour. The generalisation test for temporal abstraction then falls along these lines:

“how well does the agent explore?”, “how well is the agent able to assign credit?”, and

“how well can the agent reason over long term outcomes?”

Data Abstraction Moving to a wider picture of abstraction in RL, we can ask about

how agents are able to make use of information gathered from one sampling distribution

to make predictions and decisions on data from a different distribution. This is a form of

abstraction in its own right, in that the characteristics of the problem we are looking to

solve must be extracted from the source data in an abstract manner, instead of concretely
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memorising these solutions. In SL, data abstraction is closely related to state abstraction—

the primary concern is the ability of the agent to replicate patterns sampled from a finite

dataset on the population. In RL, these concerns hold as well, but there are also more

demanding problems that require data abstraction. In off-policy or offline RL, an agent

must make inferences about its own behaviour using online data or a batch of data gathered

by one or several agents following a completely different policy. While these notions

exist in supervised learning as well, in RL they are much more significant, as a slight shift

in behaviour at a single state may lead to wildly different data distributions downstream.

Another form of data abstraction is present in the notion of transfer learning, where

agents must use learning on one problem in order to improve learning or performance on

another problem. The generalisation test here is concerned with evaluating the quality of

predictions and decisions made under the target policy or in the target task.

These forms of abstraction, while conceptually separate, interact with each other. For

instance, in the case of data abstraction, we may be interested in the ability of an agent to

evaluate the quality of its behaviour using data gathered from another behaviour—then

our generalisation test will be concerned with the quality of the value function, which

also may be a question about the quality of the agent’s state abstraction. Similarly, as

an example, our behavioural abstraction may be concerned with an agent visiting the

store, but it may not matter exactly which store the agent visits. This would mean that the

behavioural abstraction is specified as attainment of an abstract state. As such, when we

discuss a particular form of abstraction, other abstractions are also implicated, and the

connections between different sorts of abstraction are a key theme of this work.

1.2 Contributions

This thesis examines the question of generalisability of sequential decision making agents

along three connected axes: offline imitation learning, off policy deep reinforcement

learning, and hierarchical reinforcement learning (HRL). Each of these settings allow

us to focus on a different component of abstraction as described above, leading to novel

analysis and the development of novel algorithms for learning and reasoning under the
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corresponding sort of abstraction. We briefly discuss each setting and its relation to

abstraction in RL below.

Offline Imitation Learning (Data Abstraction) We begin our study of data abstraction

in a setting which is largely independent of the quality of state or temporal abstraction, in

a tabular setting for which learned information is not directly shared across states. Here,

an agent must learn to imitate the behaviour of an expert using a limited amount of data

gathered from the environment. While this seems like a purely SL problem, in which the

agent must simply learn the pattern mapping states to actions, the need for data abstraction

rears its ugly head, as our agent will ultimately be evaluated on data sampled from its

own behaviour, rather than that of the expert. We provide data complexity bounds for a

novel algorithm in the tabular (without state abstraction) setting, reasoning explicitly over

this distribution shift. We also investigate how this distribution mismatch has led to bad

practice in empirical studies, proposing a more principled approach and demonstrating

the benefits of our simple algorithm along the way.

Off-policy Deep Reinforcement Learning and the Deadly Triad (State Abstraction)

The use of RL agents equipped with deep neural network function approximators—which

represent an extremely powerful form of state abstraction—has made it possible to solve

many tasks that were previously impossible [Heimerson et al., 2022, Yu et al., 2021, Mnih

et al., 2015]. However one of the core pathologies of RL, known as the deadly triad—the

combined use of state approximation, temporal difference algorithms, and off-policy data

sampling—suggests that most practical deep RL methods should not converge in general.

This represents one of the broadest gaps between theory and practice in RL algorithms.

We study the use of a target network, an architectural decision commonly misunderstood

to be a heuristic fix, and how this structure enables powerful state abstraction, even when

we need to generalise across data sampled from different policies.

Hierarchical Reinforcement Learning (Temporal Abstraction) In order to enable

agents to reason abstractly over their own behaviour, agent policies must take on more

complex forms. Usually, this involves higher-order behaviours which call on lower-order
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policies instead of directly interacting with the environment. This framework, known as

HRL, focuses on how to learn behaviour structured in this way. Recent approaches to

this problem have been focused on preventing redundant solutions by enforcing diversity

in the lower-order policies. Yet this approach ignores the close relationship between

temporal abstraction and state abstraction. We look to correct this by introducing a

novel algorithm for learning meaningful state abstraction and using that to derive useful

behavioural abstraction. Temporal abstraction is a key vehicle for allowing agents to

perform data abstraction in transfer learning, and we empirically evaluate our approach in

this setting, thus bringing together all three forms of generalisation in our approach.

In the imitation learning and off-policy learning settings, we take a more theoretical

approach, allowing us to precisely bound the worst-case generalisation performance of

agents. These settings require agents to learn about candidate behaviours using data that

does not come from that behaviour. In the temporal abstraction section, we evaluate a

novel algorithm from an empirical perspective in a setting which highlights how all three

forms of abstraction can be used together in order to solve challenging problems that

cannot be solved in the absence of coordinated generalisation.

Taken together, it is our hope that these approaches paint a picture of the ways in which

different forms of abstraction and generalisation can interact, while also contributing to

algorithmic development and analysis in each setting. To do this, we must first embed our

work in the technical background and literature to date in the field, which we accomplish

in the next two chapters, before proceeding to our principal analysis.



2
Background

Reinforcement learning is a broad field, drawing from developments across multiple

domains, including probability theory, information theory, control theory, ODEs, statistics,

supervised learning, and more [Sutton and Barto, 2018]. As such, this chapter provides

a technical overview of the formal concepts that are used throughout the thesis. While

not all the concepts presented here are used in every chapter, together they form the

mosaic-background of the theoretical underpinning of this work. Some more specific

background details are left to their respective chapters.

2.1 Reinforcement Learning

Reinforcement learning is concerned with the computational learning of sequential

decision making in a stochastic environment. In RL problems, agents encounter a series

of states at which decisions need to be made. The states eventually observed later

in the sequence depend on the states encountered and the decisions made previously.

RL problems tackle the complexity of such decision making by enforcing a formal

separation between the agent and the environment, in which the environment specifies

states, decisions available, and outcomes of those decisions, and the agent simply must

act. This abstraction is highly flexible and applicable in many practical situations. As

7
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such, as far as this thesis is concerned, RL problems are problems in which an agent

interfaces with an environment over time. While the agent is generally represented by

the output of an RL algorithm, and may take many forms, the Markov decision process

(MDP) is generally used to represent the environment, which we will now describe in

some detail.

2.1.1 Markov Decision Processes and Dynamic Programming

The MDP provides a formal basis for describing the environment with which an RL agent

interacts. It is a flexible model that can accurately represent many real-world settings

and allows flexibility for representations of states and uncertainty over the consequences

of actions taken. The core limitation of the MDP is the requirement is that it must obey

the Markov property—the distribution over outcomes of agent decisions must depend

solely on the current state of the agent. While abstractions that eschew this limitation

exist [Puterman, 2014], they incur an extra layer of complexity and are not considered

here.

General MDPs Formally, a general MDP is specified as the tuple ⟨S,A, P, R, ρ0⟩. S

is the set of possible states which the agent may occupy. A is the set of actions that the

agent can take. P : S ×A× S → R is the probability density function which specifies

the state-to-state conditional transition dynamics of the MDP, with P (s′|a, s) representing

the probability that the agent transitions to state s′ after taking action a in state s. R :

S ×A → ([rmin, rmax]) gives a random bounded reward, with −∞ < rmin ≤ rmax <∞,

which specifies the signal which we look to optimise in the long run. In some chapters

we use a deterministic reward corresponding to r : S ×A → [rmin, rmax], which can also

be interpreted as the expected value of R. ρ0 : S → R gives the initial state density. The

agent interacts with the environment at discrete time steps. At step t, action at is taken in

state st, s′
t = st+1 is sampled from P (·|st, at), and reward rt = R(st, at) is yielded. This

interaction loop begins anew in state st+1.

The notion of optimising the scalar reward accrued in the long run after starting from

an initial state, proves to already incur complexity in our model of sequential decision
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making. We want to reserve the possibility of an infinite, continuing interaction between

agent and environment, and in general the sum of encountered rewards:

R =
∞∑
t=0

Rt,

may not converge. As such, we generally consider either finite horizon MDPs, discounted

MDPs or average reward MDPs, each of which modify this sum in a different way to

ensure convergence.

Finite Horizon, Discounted, and Average Reward MDPs The finite horizon MDP

gives the simplest formulation for managing long run optimisation of cumulative rewards.

As the name suggests, rather than considering the rewards across an infinite horizon, only

the first T rewards are considered:

RT =
T∑
t=0

Rt.

Generally, this setting assumes an eventual resetting of the agent after T timesteps, leading

to resampling an initial state from ρ0, after which another rollout begins. This is also

referred to as episodic learning. The explicit notion of horizon leads to the simplest

setting that alleviates the need to reason over rewards arbitrarily far in the future.

Discounted MDPs retain the infinite sum, but employ an effective horizon by geometri-

cally decaying rewards received in the future. The MDP is augmented with a discount

factor, γ ∈ [0, 1), and we optimise the resulting series:

Rγ =
∞∑
t=0

γtRt.

This approach is often justified as representing uncertainty over the fact that the agent will

continue to interact with the environment after step t–i.e. γ represents a probability that

the agent terminates operation at step t, after which it must be reset [Sutton and Barto,

2018].

Finally, average reward MDPs trade-off rewards equally at all time horizons through the

use of the limit:

Rρ = lim
T→∞

1
T

T∑
t=0

Rt.
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This form is powerful in that it eliminates all myopia from the optimisation target,

removing any dependency on the starting state. However, this form is somewhat more

unwieldy mathematically, and does not reflect the fact that in practice, we are generally

concerned with the immediate behaviour of the agent, rather than purely asymptotic

performance.

In this work, we generally focus on the discounted setting as it is the most well-studied,

though Chapter 4 makes use of both discounted and average-reward setting. More details

about the relationship between these settings can be found there.

Agents and Policies To represent agent behaviour in the MDP, we construct a policy,

denoted π : S × A → R, a probability density function over actions to be taken by the

agent in state s. We can view an agent as a mapping from states to a distribution over

actions. An optimal policy, which solves the MDP for a particular criterion, x, is denoted

π∗
x, and obeys:

π∗
x = arg max

π
Eπ,P [Rx|S0 = s] ,

for all s ∈ S. The expectation is taken over the potentially infinite random sequence

(A0, R0, S1, A1, ...), representing the random states, actions and rewards encountered by

repeatedly drawing from π and P . We also introduce Pπ(s′|s) := Ea∼π(s) [P (s′|s, a)], the

state-to-state conditional distribution of a policy. We say that the steady state distribution

of a policy,

ρπ(s) = lim
t→∞

∫
st−1

P (st|st−1)
∫
st−2

P (st−1|st−2)
[
...
] ∫

s0
P (s1|s0)ρ0(s0)ds0

[
...
]
dst−2dst−1,

is the limiting distribution over states induced by that policy for an MDP. In this work, we

only consider unichain MDPs [Puterman, 2014], for which such a limiting distribution

always exists.

Bellman Equations and Value Functions Fundamental to the notion of sequential

decision making is the notion of dynamic programming. Dynamic programming is a

paradigm in which a complex problem is recursively broken into simpler sub-problems. In

general the solutions to these sub-problems may depend on a combination of the solutions



2. Background 11

to the sub-problems which they depend on. In sequential decision problems, evaluation

of a policy quality can be broken up into a sum of the immediate rewards incurred by

following that policy, and then the evaluation of future rewards in accordance with the

appropriate criterion. The equations formalising this relationship are known as Bellman

Equations [Bellman, 1952].

In the finite horizon case, the expected sum of future returns, or value of a policy at a

state, and time, denoted V T
π : S × N→ R is given by the unique solution to the Bellman

Equation:

V π
T (s, t) = EA∼π(s),r∼R(s,A)

[
r + EP (S′|s,A) [V π

T (S ′, t+ 1)]
]
,

with base case V π
T (s, T ) = 0 and S ′ representing the random variable for the subsequent

state, with realisation s′. We see this way how information about rewards is propagated

back through the states of the MDP. Clearly at the horizon, there is no future rewards to

be received, so V π
T (s, T − 1) depends only on the expected reward at state s. In earlier

time steps however, values depend on both the expected rewards received and the values

of the states that are expected to be reached in subsequent steps.

The discounted reward criterion value function obeys a similar form, though it no longer

depends on the horizon directly:

V π(s, γ) = EA∼π(s),r∼R(s,A)
[
r + γEP (S′|s,A) [V π(S ′, γ)]

]
.

Now the value at a state depends on both the immediate reward, and the values of all

states visited in the future, decayed geometrically at rate γ. We can observe how the

geometric decay affects rewards received in the future by continuing to unroll the Bellman

Equation:

V π(s, γ) = EA∼π(s)
[
r(s, A) + γEP (S′|s,A)

[
EA′∼π(S′)

[
r(S ′, A′) + γEP (S′′|S′,A′) [V π(S ′′, γ)]

]]]
.

Here S ′′ is the random variable representing the state visited two time steps into the future.

We can see that the expected reward obtained at S ′ is decayed by a factor of γ, and that

values (and thus rewards) obtained at states S ′′ and beyond will be decayed again, leading
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to an overall coefficient of γ2. If we continue to unroll this recursion to infinity, we will

recover a form identical to that of Rγ .

Before we continue on to the average reward formulation of the value function, we present

some additional forms of Bellman equation in this context, as this is the setting we operate

in for the most part. We drop the explicit dependence of value functions on γ from here

on, as such dependence is generally fixed for the MDP, and clear from context. We also

move to using the deterministic reward r(s, a), since this simplifies notation. The action

value function, generally denoted Qπ : S ×A → R reflects the value of taking action a

in state s, then following policy π for all subsequent transitions:

Qπ(s, a) = r(s, a) + γEP (S′|s,a) [V π(S ′)] .

Removing the dependency on the policy at the current state can lead to computational

tractability and efficiency later on when solving MDP problems.

We also present the Bellman optimality equation

V ∗(s) = sup
a∈A

[
r(s, a) + γEP (S′|s,a) [V ∗(S ′)]

]
,

in which the expectation is replaced by the supremum over actions. For a given MDP

there is only one V ∗(·) which solves the optimality equation. It is known as the optimal

value function, and it corresponds to the value of following an optimal policy in the MDP.

This elucidates the core connection between the optimal policies and optimal values in

an MDP: for any MDP, there exists a deterministic policy that is optimal for that MDP,

which is greedy with respect to the optimal value function [Puterman, 2014].

So, an optimal policy follows naturally from the optimal value function, with:

π∗(s, a) = I

(
a = arg max

a∈A
Q∗(s, a)

)
,

where I(a′ = ai+1) evaluates to 1 if the condition in its argument is met and 0 otherwise.

Q∗(s, a) is the optimal action-value function:

Q∗(s, a) = r(s, a) + γEP (S′|s,a) [V ∗(S ′)] .
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In the subsequent section, we will leverage this relationship in order to develop iterative

solutions to the MDP. First, for completeness, we briefly discuss the average reward setting.

For the rest of the chapter, we proceed to consider only the discounted setting.

We note that, while RT and Rγ , directly admit notions of value that are state dependent,

for the unichain MDPs [Puterman, 2014] considered in the average reward section of

this thesis, Rρ is state-independent, due to the absence of an (implicit) finite horizon. In

this work, such a formulation is acceptable, as it will only be used later for matching

a limiting distribution of an expert policy. In the literature, this is referred to as gain

optimality, and is the weakest of several average reward criteria. See e.g. [Mahadevan,

1996] for a more thorough discussion of this setting.

Value and Policy Iteration If the solution to an MDP is an optimal policy at each

state, how do we find such a policy? The value iteration and policy iteration algorithms

leverage dynamic programming paradigms to solve such a problem when the MDP

dynamics, P and r, are known and tractable. These algorithms exploit the fact that the

Bellman equations can be expressed as affine operators applied to the space of value

functions. For a policy, π, we define the corresponding Bellman operator, Tπ, elementwise

as follows:

(TπQ)(s, a) = r(s, a) + γEP (S′|s,a)EA′∼π(S′) [Q(S ′, A′)] .

The policy iteration algorithm iterates between phases of policy evaluation and policy

improvement. Starting with an arbitrary initial policy, π0 and value function, Q0, we

repeatedly apply Tπi
, leading to the update scheme:

Qj+1 = Tπi
Qj.

By Banach’s fixed point theorem [Banach, 1922], and the fact that Tπi
is a γ-contractive

operator [Puterman, 2014], iterates of this form will converge to the true value Qπi . Once

we are sufficiently close to convergence (our value function is close to estimating the true
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value of our provisional policy), we can apply a step of policy improvement, in which a

new greedy policy is chosen based on the values of the previous policy:

πi+1(s, a) = I

(
a = arg max

a
Qπi(s, a)

)
.

Given the new policy, another round of policy evaluation is performed, and iteration

proceeds until πi+1 = πi, at which point we have the optimal policy.

Policy evaluation combines the policy improvement and policy evaluation steps by

iterating directly the Bellman Optimality Operator, defined for an action value function,

Q with:

(T∗Q)(s, a) = r(s, a) + γEP (S′|s,a)

[
sup
a′∈A

Q(S ′, a′)
]
.

We note that this is also a γ-contractive affine operator in infinity norm, though the

fixed point here is the value function corresponding to the optimal policy. So iterates

Qi+1 = T∗Qi converge at a geometric rate to the optimal action-value function. Once

iterates have converged, we can then decide the optimal policy directly with the relation

π∗(s, a) = I(arg maxaQ∗(s, a)).

2.1.2 Approximate Dynamic Programming and Temporal Difference
Methods in Tabular MDPs

In order to apply the value and policy iteration algorithms as described above, the

dynamics of the MDP must be known. Specifically, to compute the relevant expectations,

we need access to r(s, a), and P (s′|s, a) for all s, a, s′. Clearly if MDPs have large or

infinite state and action spaces, or if we are interacting with an MDP that has unknown

dynamics, explicit computation of such expectations is infeasable. In order to handle

policy evaluation in such situations, Temporal Difference (TD) methods are generally

employed. TD methods make use of intermediate value predictions as learning targets,

leading to a process called bootstrapping. When state spaces are finite, TD methods

act as stochastic approximation (SA) methods for policy evaluation or value iteration.

Interestingly, TD methods also allow for extension of similar algorithms into MDPs with

potentially infinite state and action spaces through the use of function approximation,

which we will detail later in this section.
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When the state and action spaces are small enough to be represented as a finite table, policy

evaluation can be performed using the tabular TD(0) algorithm. Instead of evaluating the

expectation across all states and actions simultaneously, we seek to learn from an agent

actively sampling individual states and actions from an environment.

Policy Evaluation with Tabular TD(0) Again we begin with an arbitrary value function

Q0. For an agent currently occupying state si, we sample ai from the policy we are trying

to evaluate, π(s). The agent receives reward ri = r(si, ai), and then arrives in state si+1

as sampled from P (S ′|si, ai). After sampling the subsequent action, ai+1 ∼ π(si+1), we

can then update our value function estimate as follows. We define the TD-error at step i

as:

δi = r(si, ai) + γQi(si+1, ai+1)−Qi(si, ai).

This encodes a sample-based estimate of the self-inconsistency of our estimate value at a

particular (sampled) state. Due to the uniqueness of the fixed point, only a correct value

function will encounter TD error δi = 0 at all such states in expectation.

This error is then used to update the value at si, ai in accordance with standard SA

technique. Making use of a time-dependent scalar learning rate αi, we conduct the

update:

Qi+1(si, ai) = Qi(si, ai) + αiδi,

where the sequence [αi] is subject to the standard SA Robbins-Monroe constraints:

∞∑
i=0

αi =∞,
∞∑
i=0

α2
i <∞.

This leads the value at the encountered state to be adjusted towards the value encountered.

The term γQi(si+1) is referred to as a bootstrap, as the value of Qi(si, ai) is effectively

using the estimated value of the subsequent state (and the encountered reward) as an

update target. A simple argument based on standard results in SA shows that this algorithm

indeed will converge almost surely to the true value of the policy followed.

We note that the “0” in TD(0) comes from a generalisation of the algorithm, known as

TD(λ), which implements a second set of values known as the eligibility trace. This
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allows for trade-offs between the bootstrapped estimate of return shown here and many

step Monte Carlo returns, which unroll the Bellman equation further, incorporating more

of the rewards encountered before bootstrapping at the cost of higher variance. This is an

important and well-studied generalisation, but this work is strictly concerned with TD(0)

and related algorithms, though we expect many of our results to generalise to the use of

eligibility traces. For more information on TD(λ), see Sutton and Barto [2018].

Control withQ-Learning In a control setting, where we are looking to learn an optimal

policy, we can perform a similar procedure as TD(0), in which we sample a temporal

difference error and update parameters accordingly. Here, the error is based on the

Bellman optimality operator instead of the policy sampled variant. This leads to an

algorithm known as Q-learning. Once more, starting from an arbitrary value function Q0,

and stochastic policy π0, in state si, we sample ai, ri and si+1. Then we can compute the

sample TD error for Q-learning:

δi := ri + γ sup
a′∈A

Qi(si+1, a
′)−Qi(si, ai).

We see that this error also measures the gap between our best guess of the value at the

current state, and the sample-based bootstrapped return. Here, our bootstrap corresponds

to the action which we expect to yield highest returns under our current estimate of the

value function. Notice that

E [δi] = T ∗Qi(si, ai)−Qi(si, ai),

and so we expect the error to be 0 only when we achieve the value of the optimal policy,

since Q∗ is the unique solution to the Bellman equation Q = T Q. This gives us some

indication that we expect Q-learning to converge to the optimal value function. The value

function update:

Qi+1(si, ai) = Qi(si, ai) + αiδi,

is then the same as in TD(0), with [αi] obeying the Robbins-Monroe conditions. Based

on the contractivity of the Bellman optimality operator, so long as π0 samples all states

and actions across the MDP with sufficient frequency, following similar logic to that of
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TD(0), values converge to those of the optimal policy almost surely. We can then read

the optimal deterministic policy π∗(s, a) = I(a = arg maxa∈A Q
∗(s, a)).

It is important to note that in Q-learning as we have constructed it so far, states are

continuously sampled from a fixed policy, while the values being learned increasingly

track the values of the optimal policy. This paradigm, in which we sample from one

policy but learn about another is known as off-policy learning. Off-policy learning is

a very powerful paradigm, as in concept, it allows agents to lean about many policies

from a single stream of data. However, in general, it may be very inefficient to continue

to sample from π0 indefinitely. We may want to use intermediate values to generate

intermediate policies which cover the relevant regions of state space more efficiently. We

will discuss this, as well as a more general algorithm for off-policy learning in the next

section.

Off-Policy Methods

As mentioned previously, Q-learning is an off-policy method for learning the optimal

policy in an MDP. Rather than maintain a fixed exploration policy until convergence, we

may want to use intermediate values to gather data from parts of state space that we have

learned to be more relevant to the optimal policy. The naive approach to this is to greedily

follow the current best-guess optimal policy:

πi(s, a) = I(a = arg max
a∈A

Qi(s, a)).

This corresponds to Q-learning on-policy, and leads to a pathological situation which

fails to visit all state-action pairs. It may be the case that the value of some action in

some state is underestimated, and only by taking that action can the value be updated.

This means that we will not be sampling from the optimal Bellman operator anymore and

may fail to learn the optimal policy. However we can take advantage of the off-policy

nature of Q-learning in order to ensure that we sample all actions in all states with some

minimum rate. This gives rise to the notion of ϵ-greedy policies, which sample the greedy

policy with probability 1− ϵ, and take a random action with probability ϵ. This sort of

policy ensures that underestimated values are eventually resolved, as there is some small
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probability that any action will be taken in any state, giving us good coverage of the MDP

once more. At the same time, the actions taken with highest probability are those of the

greedy policy, so we can expect more frequent updates in the regions of state space that

correspond to our current understanding of optimal behaviour.

Expected SARSA ϵ-greedy exploration targeting the deterministic optimal policy

is only one particular combination in the matrix of off-policy learning algorithms.

This particular approach combines the problem of control with the problem of value

estimation. To explore off-policy learning more abstractly, we restrict ourselves to the

policy evaluation setting. We now introduce a more general algorithm for off policy

learning schemes known as Expected SARSA [Sutton and Barto, 2018].

Expected SARSA involves the use of both a target policy, π and a behaviour policy µ,

both of which can change over time. The behaviour policy determines how states are

sampled, while we look to learn the values of the target policy. Again we construct a

temporal difference error as in Q-learning, but instead of taking the maximum over next

actions, we take the expected next action according to πi:

δi = ri + γ
∑
a′∈A

πi(a′|s′)Qi(si+1, a
′)−Qi(si, ai).

Because πi can be chosen in a time dependent way, this leads to an incredibly flexible

update scheme which covers all of the algorithms we have discussed previously. For

example, say we choose µi(s) = πi(s) and πi(a′|s′) = I(a′ = ai+1). In this case, we

recover TD(0) policy evaluation. If πi is chosen to be the greedy policy with respect to

Qi, and µi the ϵ-greedy policy, we recover ϵ-greedy Q-learning.

Other options are possible as well. If µi = µ0 and πi = π0, we have off-policy expected

policy evaluation, in which we evaluate policy π using data from µ. An additional

benefit to this scheme is that, by taking the expectation over actions sampled in the

next state, rather than the single sample estimate as in TD(0), we achieve a bootstrap

target with reduced variance, as the only random variable is the state from which we are

bootstrapping.
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2.1.3 TD Methods with Function Approximation

In many practical settings—such as robotic manipulation, complex resource allocation

problems, or medical decision making problems—state and action spaces become too

large to be represented in a table. These settings admit infinite or continuous representa-

tions of states and actions. In such cases, new challenges arise. Firstly, we must choose a

functional form and parameterisation of our value functions—these choices may constrain

learning and not allow for representation of the true value function for any given policy,

or fail to capture the optimal policy at every state. Secondly, our update schemes from

before based on the Bellman optimality operator which require maximisation over the

action space may not be possible.

Regarding the first concern—which generally revolves around large state spaces—we may

be interested in learning some notion of the best possible value function approximator

within our chosen function approximation class. We also may be interested in the learning

behaviour of algorithms for which our chosen representation satisfies certain assumptions

which may or may not hold for all practical problems. The second concern—focused

on large action spaces—demands the application of different algorithmic approaches,

the most popular of which are the policy gradient approaches. This section concerns

itself mostly with continuous state spaces, while continuous action spaces are left to later

chapters.

Representing Continuous State Spaces When faced with large state spaces, an

important additional design decision arises: how do we represent states in the MDP

such that we can learn from them? The standard approach is to introduce an additional

fixed mapping ϕ : S × A → Rn, which projects state-action pairs into n-dimensional

vector space. Such vectors are referred to as feature vectors (in reference to supervised

learning), though occasionally we will refer to the feature vector ϕ(s, a) as the state itself

when context is clear, since this is the mapping of the state that the agent encounters.

Implicit in such a mapping is the notion of state similarity: state-action pairs which are

somehow similar should map to feature vectors which are close in a Euclidean sense.

Furthermore, in order to maintain the Markov property, ϕ must be injective, which is to
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say that distinct state-action pairs map to distinct feature vectors–we cannot allow state or

action aliasing under the mapping ϕ.

In tandem with our observation function ϕ, we must construct a value function, Q : Rn →

R, which can take as input a state-action feature vector and return the (estimated) value

of taking such an action in the corresponding state. We generally make use of a set of

modifiable parameters, θ ∈ Rm, which encode the set of computations to be performed on

ϕ(s, a) leading to the output of Q. To denote the dependency of Q on θ, we often denote

it Qθ, though sometimes this explicit representation is dropped where this dependency is

clear.

This is a powerful and very general scheme for approximation of value functions in

continuous state spaces. One simple and powerful formulation of this approach to

function approximation involves the use of a linear value function, which expresses values

as a linear combination of state features. Here, we take θ ∈ Rn, and define:

Qθ(ϕ(s, a)) = θ⊤ϕ(s, a),

as the inner product between parameters and feature vectors. It is clear that this scheme is

a generalisation of the tabular representation–a tabular MDP is given by n = |S| · |A|,

with ϕ(s, a) = es·|A|+a, where ei is the vector with 1 at element i and 0 otherwise. We

then have θs·|A|+a = Q(s, a) to represent our proposed value function.

TD Methods with Function Approximation Now that we are using function approxi-

mation, it is clear that the functional form of our approximator may not be sufficiently

rich to represent the true value function. That is to say, there may not exist a theta for a

fixed form of Qθ such that solutions exist to:

Qθ = T πQθ.

The most common alternative objective is to consider the projected Bellman equation,

which suggests that the projection of our value function into the space of functions
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representable using our function approximation class under the Bellman operator should

achieve a fixed point:

Qθ = ΠµT πQθ.

Πµ represents the Euclidian projection operator with respect to the metric defined by the

behaviour policy, that is:

Πµ(Q) := arg min
Qθ

∥Qθ −Q∥µ.

A fixed point of the projected Bellman equation represents the minimum expected TD

error within our function approximation class.

Under light conditions, in the common on-policy learning with linear function approxima-

tion setting, the projected Bellman operator is also a contraction, and we can expect that

repeated application of it will lead to a fixed point. While in general we may be interested

in nonlinear forms of function approximation, these settings can involve nonconvex

optimisation in general, and are thus much more difficult to study. In this section we focus

on linear function approximation forms, leaving a discussion of practical techniques for

nonlinear approximation to the next section.

In order to solve the minimisation problem described by the projection operator, many

techniques are possible. Here we focus on a subset of such methods known as fitted

TD methods. These techniques make use of a second set of parameters, θ′, which are

periodically fixed, and used to track the application of the Bellman operator on our

candidate value function. If we set θ′ = θ, then application of our Bellman operator looks

like:

ΠµT πQθ = arg min
Qθ

∥Qθ − T πQθ′∥µ, (2.1)

which allows for minimisation using conventional methods. For example, we can apply

stochastic gradient descent in θ to the squared distance in order to apply a single step

of the projected Bellman equation. This is a standard regression problem with targets

T πQθ′ .

While solving the sequence of regression problems specified as in Eq. (2.1) is possible, it is

not necessary to fully complete the minimisation specified here. In fact, it is often the case
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that only a single gradient descent step is needed to ensure convergence. When sampling

states rather than taking expectations explicitly, this leads to the update scheme:

δi = ri + γQθ′
i
(si+1, ai+1)−Qθi

(s, a),

θi+1 = θi + αiδi∇θi
Qθi

(si, ai),

θ′
i+1 = θi+1.

We can see that when tabular function approximation is used (represented in the linear

form described above), this reduces exactly to the tabular TD update. This process is

occasionally referred to as semigradient TD: the update matches that of TD, but also

looks as though we are taking the gradient of the squared TD error with respect to the

values of the current state, while treating the value of the subsequent state as fixed with

respect to the value function parameters. While the semigradient description is often

used, more formally, we are simply taking a single sample approximation of stochastic

gradient descent (SGD) in the projected Bellman error. This will be explored further in

Chapter 5.

Of course, there is a limitation in the use of function approximation. Since the projection

operation depends on the data-gathering policy and the Bellman operator depends on the

target policy, if these policies do not match, together they do not form a contraction and

may in general be expansive. As such, in order to guarantee convergence of fitted TD

methods, data must be gathered on policy, in absence of other assumptions that allow for

convergence. We explore such conditions in more detail in Chapter 5.

2.1.4 Deep Reinforcement Learning

In more complex environments, even best in class linear function approximation may

leave much to be desired in terms of value function representation or corresponding

policy performance. In such situations, nonlinear function approximation forms are used.

The most common form of nonlinear function approximation is the deep neural network

[Goodfellow et al., 2016], which leads to the field of deep reinforcement learning. Due

to the nonconvex optimisation sub-problems implied by the use of neural networks (i.e.

optimisation of Eq. (2.1) with Qθ specified by a neural network with weights given by θ),
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fewer guarantees can be given regarding convergence properties and performance of deep

RL algorithms. However, the ability of neural networks to represent massive classes of

functions ensures that the true values of any policy can be better represented by neural

networks than linear parameterisations. As such, many recent works have developed

practical techniques for solving RL problems with DNN function approximation. Here,

we investigate some of the common practices that will be discussed later in this work. The

primary two techniques applied in this way are known as experience replay [Lin, 1992],

and target parameters [Mnih et al., 2015]. While many novel developments have been

formulated in the deep RL space since then, these techniques form the basis of most such

methods, and most of the novel developments in value-based deep RL methods represent

incremental tweaks to these practices.

Target Parameters As was suggested in our analysis of TD with general function

approximation, in order to apply the projected Bellman operator, there exists an opti-

misation subproblem representing the projection step. In the deep RL literature, the

practice of freezing a secondary set of target parameters, and minimising the gap between

target “slow” values under the Bellman operator, and the “fast” value function parameters,

is referred to as using a target network. Often, rather than freezing the parameters for

a single step of optimisation, parameters remain static through many steps of updates.

Alternatively, in more recent works, a Polyak averaging scheme is used to update target

parameters continuously.

Historically, this practice has been justified in an ad-hoc manner as providing additional

stability for the value network, by keeping targets fixed for many steps. However, we can

see from the way in which we have introduced the TD update with function approximation

that it is simply a small-sample estimation of an application of the projected Bellman

operator. Later in this thesis, we explore in more detail the theoretical advantage that

target parameters provide.
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Experience Replay Rather than performing TD updates online using single samples,

one can consider performing batch updates, where data is sampled i.i.d. from a fixed-

length buffer of past states and actions. If the data-generating policy remains fixed and

the buffer is cleared after each update, then this is equivalent to performing mini-batch

optimisation of Eq. (2.1). In practice, the buffer is never cleared and policies are changed

over time, though the argument is made in theoretical contexts that the value function

updates are slow enough and smooth enough to warrant such characterisation. While

experience replay may be generally useful [Lin, 1992], it is particularly important in the

deep RL context for two reasons.

First, neural networks are difficult to optimise from single-sample SGD methods, since

the variance that arises from such complex function approximation tends to be greater

than that in the linear case. As such, mini-batch gradient descent methods are generally

preferred [Goodfellow et al., 2016]. By storing past experiences to use in later updates,

methods implemented with experience replay can average sample gradients across several

state-action pairs, leading to lower variance updates and more stable learning.

In addition, neural networks can be particularly susceptible to the effects of correlated

data. Due to the nonlinearities present, the order in which data is observed has significant

effect on the learning process. As such, feeding the network several correlated state-

action pairs may lead to parameter configurations that are inescapable. By sampling i.i.d.

from a dataset of potentially millions of past state-action pairs, the data fed through the

network becomes less correlated, and is thus less likely to lead to pathological parameter

configurations.

While deep RL methods have allowed for powerful forms of value function representation,

enabling the automatic learning of relevant forms of state abstraction, the concepts we

have covered thus far provide no means for an agent to reason abstractly over its own

behaviour. In the next section, we provide the formalisms needed to formulate such

behavioural abstractions.
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2.1.5 Temporal Abstraction in Reinforcement Learning

In RL, temporal abstraction involves reasoning over several similar sequences of actions

as though they were a single, higher-order action. The biological metaphor here is highly

clarifying–when people reason over their own behaviour, rather than considering raw

action space consisting of coordinated muscle twitches, they think about moving their

legs, and arms, picking a wildflower, or writing a letter to a friend. The field of study

concerned with these processes of abstraction is generally referred to as “hierarchical”

reinforcement learning (HRL).

Temporal abstraction allows for faster propagation of information through time, as

sequences of actions can be considered as a single decision. Furthermore there is some

evidence to suggest that HRL methods can lead to more efficient exploration of state

space [Nachum et al., 2019c], and that they can help with human interpretability of agent

behaviour. HRL methods are generally formulated using a modified version of the MDP

known as a Semi-Markov decision process (SMDP), which we detail here.

Semi Markov Decision Processes The SMDP represents a slight modification from the

MDP in which—in addition to a fixed distribution over subsequent states conditioned on

the current state and action—we must be able to define a static distribution over the time

that it takes to reach that subsequent state. We formalise this notion by modifying our

state transition function to the multivariate form: P ′ : S ×A× (S × R+)→ R, where

P (s′, t|a, s) gives the probability of arriving in state s′ after duration t, after taking action

a in state s. This form now describes a joint distribution between subsequent states and

the time that it takes to arrive in such a state. In general, while state-to-state transition

time may be represented by a distribution over positive reals, in the context of temporal

abstraction for RL, we focus on arrival times given by natural numbers–representing

the number of states visited in the base MDP between decision epochs–so there is an

additional restriction: t ∈ N.

Fortunately, at the SMDP level, value iteration and policy iteration–as well as their

TD-based approximations–can be applied almost directly, requiring only a modification
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of how discounting is applied in order to evaluate policies and solve SMDP problems

[Puterman, 2014]. In RL, several approaches can be used to tie together an MDP with

temporal abstraction in order to form an SMDP, though the most common is known as

the options framework, which we now discuss.

The Options Framework The options framework [Sutton et al., 1999] provides the

formal machinery for specification of temporal abstraction in RL. An option, ω is specified

by the tuple ⟨Iω, πω, βω⟩. Iω ⊆ S is the set of states from which the option can be selected.

This acts as a mechanism for which we can restrict the abstract affordances of an agent at

states in which such behaviours are impossible. We cannot perform the abstract action

“pick up a glass” if there are no glasses to pick up! However, in current practice it is

common to disregard this sort of constraint by taking the initiation set to be the entire

state space. πω : S ×A → R is a normal RL policy over primitive actions, which defines

the behaviour that constitutes our temporal abstraction. βω : S → [0, 1] is a termination

function, which maps states to the parameter of a Bernoulli random variable representing

the termination of the active option, signifying the need for a new decision at a higher

level of abstraction (over options).

Generally, agents are then equipped with a set of options, denoted Ω. Decisions at

the abstract (SMDP) level are generally made by an additional policy over options,

πΩ : S × Ω → R, which determines a state-conditional probability distribution over

options. The execution model of an agent with options can then be thought of as such:

given an initial state, the agent samples from the policy over options in order to select an

abstract behaviour. The agent then acts in accordance to the policy of the option selected,

though at each state along the way, it also samples from the distribution specified by the

termination function, B ∼ B(βω(s)), with B(x) representing the Bernoulli distribution

parameterised with x. Eventually, the agent may encounter the event B = 1. In such

an instance, control returns to πΩ, and another option is sampled, which is then used to

select the next primitive action, beginning the loop anew.
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2.2 Imitation Learning

While RL methods are effective at solving sequential decision making problems, they

suffer from an important set of drawbacks. Firstly, they can be highly data inefficent due

to the problem of exploration—agents must thoroughly explore MDPs in order to find

the optimal policy. Perhaps more fundamentally, RL looks to optimise a single scalar

reward over sequences of behaviour. While this is a fundamentally flexible and expressive

model—from a design perspective—expressing a desired behaviour can be complex, with

seemingly simple and intuitive reward functions leading to unexpected or dangerous

optimal behaviours. Finally, in the RL framework, it is difficult to naively encode expert

biases—if good behaviour for a particular MDP is known, it can be difficult to make

use of such expert knowledge. Imitation Learning (IL) algorithms provide solutions for

sequential decision making problems which mitigate all of these issues. IL algorithms do

away with the scalar reward specified by the MDP in favour of a dataset of state-action

transitions sampled by an expert actor. Generally, the behaviour of this expert is assumed

to be an optimal or near-optimal policy, and the agent in question must learn to mimic the

expert.

2.2.1 Formalism of Imitation Learning

In IL problems, an agent is provided with a fixed dataset, D, of (S,A, S ′)-tuples, which

is sampled from an expert policy, πE , in an MDP. The agent has no access to rewards in

the MDP, and only has access to the MDP transition function implicitly via the sample

transitions in the dataset. There are two formulations of the IL objective. In the first, the

agent must learn a policy, π, which achieves returns close to the expert policy:

EρπE
[r]− Eρπ [r] ≤ ϵ,

for all possible reward functions r. In the second formulation, the distribution of states

observed by the agent must closely match the distribution of states encountered by the

expert. The most common notion of divergence applied to such a problem is known as

the total variation distance and leads to the objective:

∥ρπ − ρπE
∥TV := sup

X∈X
|ρπ(X)− ρπE

(X)| ≤ ϵ,
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where X is the event space over state-action pairs.

These objectives are related, as under mild conditions, bounding the total variation

distance leads directly to a bound on the return-based objective (see, e.g. [Ciosek,

2022]).

2.2.2 Behavioural Cloning

The simplest form of imitation learning employs a supervised learning technique in order

to mimic expert behaviour. In the behavioural cloning (BC) algorithm, imitation is set

up as a multivariate regression problem, where features are represented by states, and

our regression model is fitted to the actions taken by the expert in those states. For a

parameterised policy πθ, the objective is then given by:

arg min
θ

ES,A∼D
[∥∥∥EA′∼πθ(S)[A′]− A

∥∥∥] .
We simply fit the policy to the actions taken in the dataset. However, such a simple

approach has a key drawback. At evaluation time, the agent must sample states according

to its own behaviour. This means that if our agent encounters a state that is not in the

dataset, its behaviour may not be well defined, and it may take actions that lead it to

states increasingly far from those that would be encountered by the expert, leading to

poor performance. This phenomenon, known as covariate shift, is particularly notable in

data poor regimes, if our policy parameterisation class cannot fully express the behaviour

of the expert, or if the MDP obeys stochastic transition dynamics. This means that few

guarantees can be provided for agents trained with BC without heavy assumptions on

MDP dynamics or extreme amounts of data. As such, more sophisticated approaches

have been developed in recent years which explicitly consider the sequential nature of

the problem at hand. These approaches are explored further in Chapter 4, in which we

provide a novel algorithm and related analysis for imitation learning.
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Related Work

In this chapter, we contextualise the contributions of our work, providing the background

literature, lines of work, and concurrent developments within which our project sits.

3.1 Theory Of Reinforcement Learning

As we have discussed in the previous chapter, tying RL to its roots in dynamic program-

ming are the value-based methods. These approaches seek to approximate value iteration

or policy iteration [Howard, 1960], leveraging the fact that the value function, given by

the expected sum of future discounted rewards can be optimised with a greedy policy.

These methods employ temporal-difference (TD) learning [Sutton, 1988] in order to learn

online, propagating rewards encountered by future states to those earlier in time. One

particularly important value-based method is Q-learning [Watkins and Dayan, 1992], as

described in the previous chapter. Q-learning is what is known as an off-policy method,

in that the value function learned corresponds to the expected future rewards of the

greedy policy, rather than the stochastic “exploration” policy used to gather data. Of

additional theoretical value are the least-squares temporal difference (LSTD) algorithms,

[Bradtke and Barto, 1996, Lagoudakis and Parr, 2003, Ernst et al., 2005], which have

superior convergence properties to regular TD methods and can be employed in batch RL

29
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settings (where the agent has access to a limited data set of previous interactions with the

environment), at the cost of reduced computational efficiency.

Sometimes, if a stochastic policy is desirable, if optimisation is easier in policy space than

in value space, or if action spaces are continuous (preventing efficient maximisation over

action-values), policy gradient methods Williams [1992], Sutton et al. [2000], Kakade

[2002] provide an alternative to the aforementioned techniques. Policy gradient methods

directly optimise parameterised policies rather than forming policies implicitly through

the value function. They can employ Monte Carlo estimates of future returns, as in

REINFORCE [Williams, 1992], or bootstrap via learned value functions [Konda and

Tsitsiklis, 2000]. An additional benefit to policy gradient methods, covered in more detail

later, is that regularisation can be applied to the policy to integrate prior knowledge about

useful policy structure.

3.1.1 Deep Reinforcement Learning

As general function approximators, neural networks are capable of learning their own

abstraction—the model itself defines the space in which similar states lead to similar

outcomes. Early work in neural network function approximation met limited success, with

one particularly notable example being the TD-Gammon backgammon agent [Tesauro,

1995]. While the program was able to compete with other top-tier backgammon programs

without specialised features, even with the use of general function approximation, in

order to compete with human experts, the features provided to the network were specially

engineered to promote meaningful generalisation. More recently, the work of Mnih et al.

[2013, 2015] significantly advanced the pursuit of state abstraction in RL by training an

agent to play Atari video games with superhuman performance using only the rendered

pixels as input. In doing so, the agent must learn its own abstraction, in an end-to-end

manner, trained entirely from reward signal. From this work, the field of “Deep RL”

developed quickly. Key algorithmic advances include the parallelisation of on-policy

actor-critic methods for data decorrelation [Mnih et al., 2016], the use of deep learning to

train deterministic policies in environments with continuous action spaces [Lillicrap

et al., 2015], trust-region style optimisation [Schulman et al., 2015a, 2017], and a
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maximum-entropy objective [Haarnoja et al., 2018]. These advances have led to important

accomplishments, including expert-surpassing performance in the games of Go [Silver

et al., 2017b] and StarCraft [Vinyals et al., 2019], and dexterous manipulation, solving

Rubik’s Cube with a robotic hand [Akkaya et al., 2019]. More practical applications

have included energy grid management [François-Lavet et al., 2016], and online user

experience customisation [Gauci et al., 2018].

Analysis of Target Networks Key to the success in much of deep RL has been the use

of target networks [Mnih et al., 2015, Fujimoto et al., 2018, Haarnoja et al., 2018], which

make use of a set of lagged value function parameters to stabilise learning. This technique,

which we analyse in detail in Chapter 5 has been studied before, though usually involving

algorithmic changes or restrictive assumptions. Furthermore, most previous analysis

makes use of two-timescale stochastic approximation techniques, which do not provide

finite iteration performance bounds, as we provide in Chapter 5.

Yang et al. [2019] show convergence of a Q-learning approach using a target network

that is updated using Polyack averaging with nonlinear function approximation. However

their analysis—which makes use of two-timescale analysis—requires a projection step

to limit the magnitude of parameters. Carvalho et al. [2020] show convergence of a

related method using two-timescale analysis, though their target network update differs

significantly from those used in practice. Zhang et al. [2021] analyse the use of target

networks with linear function approximation, but require projection steps on both the

target network and value parameters. Lee and He [2019] provide finite-iteration bounds,

but are limited to on-policy data, linear function approximation, and near-perfect fitting to

the target network between updates. Fan et al. [2020] analyse the use of target networks

for deep Q-learning [Mnih et al., 2015] with the simplifying assumption that they are

performing some form of Fitted Q Iteration.

3.1.2 Generalisation in Reinforcement Learning

Early uses of the term generalisation in the RL literature almost exclusively refer to

the use of function approximation [Ackley and Littman, 1989, Boyan and Moore, 1995,
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Sutton, 1996]. While this no doubt implies a form of generalisation, there is a lack of

formal or theoretical understanding of what this term means and how to quantify it. As

put by Ackley and Littman [1989], while in supervised learning there is a “‘learning

phase’ followed by a ‘generalisation test,’ in reinforcement learning the search problem is

a generalisation test, performed simultaneously with learning”.

From this perspective, if generalisation and search are entangled, a large branch of

RL theory regarding PAC learnability and regret bounds can be viewed as study in

generalisation. Kearns and Singh [2002], provide the first formal sample complexity

bounds on the regret of an RL algorithm (called E3) in general MDPs. The R-max

algorithm of Brafman and Tennenholtz [2002] uses an implicit exploration-exploitation

tradeoff to extend these results to adversarial environments (such as zero-sum games).

Kakade [2003] provides a more natural notion of PAC learning in RL settings, and

demonstrates that R-max is PAC-learnable here as well. Strehl and Littman [2008]

employ upper confidence bounds to ensure efficient exploration. Auer et al. [2009]

introduce the notion of MDP diameter in order to achieve tighter regret bounds.

3.1.3 Performance bounds

While previously mentioned results give formal regret bounds for tabular MDPs, recent

focus has been more concerned with direct performance bounds and convergence analysis,

with the use of function approximation. Jiang et al. [2017] provide bounds for the

broad class of Contextual Decision Processes (which includes MDPs and POMDPs as

subcategories), with some restrictions. Dalal et al. [2017] give the first finite time bounds

for linear TD(0), under an i.i.d. data model. Bhandari et al. [2018] provide bounds for

linear TD in both the i.i.d. data setting and a correlated data setting, through analogy with

SGD. Srikant and Ying [2019] approach the problem from the perspective of Ordinary

Differential Equations (ODE) analysis, bounding the divergence of a Lyapunov function

from the limiting point of the ODE that arises from the TD update scheme.

Fitted policy evaluation, a particular form of TD learning relevant to the analysis in

Chapter 5, involves a more sophisticated iteration scheme that has been particularly well
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studied with function approximation, due to more theoretically principled updates. Nedić

and Bertsekas [2003] analyse the convergence of the Least-Squares Policy Evaluation

(LSPE) algorithm of Bertsekas and Ioffe [1996] in an on-policy, linear function approx-

imation setting. Analysis of LSPE shows that learning with constant step size leads to

theoretical and empirical gains compared to TD and LSPE with decaying step sizes [Yu

and Bertsekas, 2009].

In the context of fitted methods applied to off-policy and control problems, Munos and

Szepesvári [2008] prove generalisation properties of Fitted Q Iteration [Ernst et al., 2005]

for general function classes under assumptions of low projection error and limited data

distribution shift. Le et al. [2019] coin the term fitted policy evaluation (FPE), and

formalise the algorithm for general function approximators, with theoretical results under

similar assumptions to Munos and Szepesvári [2008].

Inspired by fitted approaches, Gradient TD-style methods [Sutton et al., 2008, 2009,

Maei et al., 2009] also lead to convergent, TD-style algorithms, even with off-policy

sampling or nonlinear function approximation. These methods look to perform gradient

descent directly on the projected Bellman error, and do so by maintaining a second set of

parameters—as described in the previous chapter—which must be optimised at a faster

timescale than the value parameters. However, these approaches are commonly found to

be ineffective and not used in practice due to the difficulty in tuning the rate of second

timescale (see, e.g. Fellows et al. [2021]), and potentially additional variance introduced

by the second set of parameters [Ghiassian et al., 2020].

3.1.4 Overfitting, Transfer Learning and Deep RL

As RL has matured as a field and moved into more difficult, representationally complex

domains, and with the advent of deep RL, the need for a notion of generalisation has

become increasingly evident. Deep networks are well understood to be prone to overfitting

[Zhang et al., 2016, Goodfellow et al., 2016], and this is likely a problem in deep RL as

well, despite nonstationarity. As a result, regularisation of policy networks is applied,

often in the form of entropy regularisation, as in Mnih et al. [2016], Schulman et al.
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[2017], though more standard forms of L1 and L2 weight decay [Liu et al., 2019], batch

normalisation [Ioffe and Szegedy, 2015], and dropout [Srivastava et al., 2014] can be used

as well. While Liu et al. [2019] find that it is policy networks that need regularisation

most, Farebrother et al. [2018] find that L2 regularisation of the Q-network leads to

improvements in policy robustness under domain changes as well. Along similar lines,

Igl et al. [2019] propose the use of information bottleneck methods to regularise policies

in a multi-task learning setting.

The other common notion of generalisation in RL is concerned with the ability of

agents to perform well in environments that they were not optimised for. Early origins

of this perspective can be seen in value functions that generalise over many reward

functions via the successor representation [Dayan, 1993]. Particularly important here

is the notion of environment overfitting, where the training procedure is specialised

to solve one environment, even if the agent is to be deployed in another environment.

In the context of RL, this can take the form of fragile hyperparameter settings, and

careful architectural choices, factors which—as an aside—harm the reproducibility of

the work as well [Henderson et al., 2018]. Whiteson et al. [2011] first outline the issue

of environment overfitting for the RL case, proposing the use of a distribution over

environments, sampled from some common generalised environment. In doing so, we

specify the sort of generalisation we expect from our agents, and evaluate accordingly.

One successful application of this principle was done by [Packer et al., 2018], who

train agents on a distribution of parameterised environments, then assess performance

on held-out environments from the same distribution, as well as on environments with

out-of-distribution parameters. Zhang et al. [2018a] examine the effects of training on

multiple random seeds on overfitting with stochastic agents in continuous spaces. Often,

environment stochasticity (such as random initialisation, or randomly repeated actions) are

used to encourage robust policies [Machado et al., 2018a], however Zhang et al. [2018b]

demonstrate on a procedurally generated testbed that agents are able to “overfit robustly”,

leading to good performance on training environments, and poor performance on testing

ones sampled from the same distribution. Cobbe et al. [2019b] propose procedural

generation of environments, sampled explicitly for training and testing sets. They also
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introduce the CoinRun environment, which has quickly become a key benchmark for

multi-task generalisation in RL. Igl et al. [2020a] find that the non-stationarity of the RL

problem is harmful for generalisation performance, and propose an algorithm to combat

non-stationarity.

A recent line of work is particularly promising regarding a theoretical characterisation of

overfitting and generalisation in deep RL. Set in a batch RL context, François-Lavet et al.

[2018], and Francois-Lavet et al. [2019] decompose the suboptimality of the expected

return into an asymptotic bias term, and one which depends on the amount and quality

of data observed. This decomposition suggests the possibility of a bias-overfitting, or

bias-variance tradeoff in batch RL. Particularly of interest here, François-Lavet et al.

[2018] suggests hierarchical learning as a potential source of generalisation, though this

idea is yet to be further developed.

3.2 Imitation Learning

There exists a wide body of prior work which looks to solve the imitation learning

problem. Further complicating matters is the fact that different algorithms employ slightly

different problem settings. In the most strict setting, which will be the focus of this thesis,

the agent only has access to a fixed dataset, without the ability to further interact with

the environment. However many previous developments in IL algorithms make calls to

online RL solvers, and focus more on the reward specification problem and the inductive

bias provided by expert data.

Behavioural Cloning The simplest and oldest form of imitation learning is known as

behavioural cloning, which, as described in Chapter 2 simply optimises policy parameters

in order to match the expected state-conditional probability of taking the actions in the

expert dataset. However this formulation fails to accommodate for the sequential nature of

the MDP, leading to distribution shift [Ross and Bagnell, 2010], and severely increasing

the amount of expert data needed to learn a good policy.
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Inverse RL Inverse RL (IRL) proposes to evade this issue by learning a reward function

which the expert data is (implicitly) maximising, then optimising a policy to solve

the original MDP augmented with this reward function. Early formulations of this

problem required full solutions to candidate MDPs at each iteration [Ng and Russell,

2000, Ziebart et al., 2008]. These approaches required heavy assumptions on transition

dynamics and the form of the reward function of the MDP in order to enable this.

More recent adversarial IRL methods [Ho and Ermon, 2016] allow for online learning

use GAN-style training [Finn et al., 2016] to construct candidate reward functions and

policies in order to minimise a divergence between the learned policy and the expert

data distribution. However, these methods are known to be difficult to train, and require

continuous interaction with the environment, which is not available in our setting, which

constrains interaction with the MDP to a finite dataset.

Support Matching In order to avoid the instabilities of adversarial IRL methods, and

to limit the number of calls to an RL solver needed, Wang et al. [2019] propose a phased

approach, which looks to construct a reward function such that state-actions visited by

(or close to those visited by) a deterministic expert are rewarding, while state-actions

far from the dataset are not. A reward function is first estimated using only the expert

data, either by direct labelling, or an approximate support estimation method. Then, a

single call to an RL solver is made, using the rewards supported by the expert. Ciosek

[2022] develop theory for support matching methods, providing formal guarantees for

reward labelling on discrete MDPs, as well as a heuristic relaxation of the labelling which

has been shown to work in continuous environments. Our work builds on these support

matching results, but looks to do so in a strictly batch setting, without the need to call an

online RL solver.

Offline Imitation Learning Several previous methods employ the setting assumed

by our work, looking to learn to mimic an expert policy strictly from data. Zolna et al.

[2020] propose an adaptation of adversarial IRL methods for batch settings, though this

approach still suffers from training challenges and nonstationarity. More recently, Kim
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et al. [2021] establish the use of a hybrid dataset composed of expert and exploratory

data, making use of a marginalised density ratio method [Liu et al., 2018, Nachum et al.,

2019a] in order to minimise the KL-divergence between the learned policy and expert

behaviour. Concurrently, Ma et al. [2022] discuss a paradigm which leverages a more

general class of f -divergences in a similar way. Our work builds on the use of both expert

and exploratory data in order to train online but makes use of a simple approach more

similar to the support methods mentioned above.

3.3 Temporal Abstraction in RL

Historically, temporally extended behaviours were developed to speed up long-term

planning [McGovern et al., 1998, Precup et al., 1998, Mann and Mannor, 2014], with

origins in traditional A.I. and hierarchical task network planners. In RL, the field of study

around abstract actions is known as HRL, due to the fact that abstract actions can be

viewed as “higher order” than the so-called “primitive” actions of the base MDP. HRL

methods are largely motivated for promoting temporally extended exploration strategies,

long-term credit assignment, and interpretable behaviour, though in some multi-task

settings, HRL methods have led to generalisation benefits [Frans et al., 2017, Igl et al.,

2020b].

3.3.1 Formalisms

There are many frameworks that have been developed to formalise the representation of

abstract behaviours RL. Currently, the most popular is the options framework [Sutton

et al., 1999], which will be our focus here, though we will first provide brief overviews of

other forms of hierarchy.

Hierarchies of abstract machines (HAMs) are a highly general framework for representing

behavioural abstraction [Parr and Russell, 1998], in that the other formalisms we discuss

can be seen as instances of HAMs. HAMs represent higher order policies as finite

state machines, which can call finite state machines of one order lower as subroutines.
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However, this highly general formulation leads to analytical and algorithmic difficulties

when dealing with anything but the most simple HAMs.

The MAXQ framework [Dietterich, 2000b] specifies hierarchical policies as solutions to

increasingly refined sub problems, with the overall task being solved by the highest order

policy. As such, low-level behaviours are given by a pseudo-reward function, as well as

termination predicates, which dictate when a low-level policy should return control to

higher ones. MAXQ develops alternate notions of optimality, and employs an additive

decomposition of the value function into the value of the subtask with respect to the

pseudo-reward, and a separate value of completing a subtask. While specifying the reward

function can generally be easier than specifying a full low-level policy, this concision can

lead to suboptimal or unexpected behaviour, as the pseudo-reward function can interact

with the true reward function in surprising ways. Additionally, MAXQ policies can be

difficult to analyse theoretically, as the policies which optimise the pseudo-reward may

not be known in advance.

The options framework [Sutton et al., 1999] gives low-level behaviors as policies directly–

as a mapping from states to action probabilities, alongside a termination function–which

maps from states to the probability that the low-level behaviour returns control to the

higher-order policy, and an initiation set, which dictates the set of states that a given

subpolicy can be selected in. Often in more recent work, the initiation set of all options is

taken to be the entire state space. While in principle, these hierarchies could be arbitrarily

deep, generally there is only two levels of policy–the policy over options, and the options

themselves. An MDP with a set of options induces a SMDP for the policy over options,

a slight modification of the MDP formalism, where, when an action is taken in a state,

instead of just specifying a distribution over next states, the environment also specifies a

distribution over the durations it may take to reach that next state [Puterman, 2014]. Most

of the theory of MDPs applies nearly directly to SMDPs, though care needs to be taken

to ensure proper discounting. The combination of low level policies being Markov and

the policy over options being semi-Markov enables a powerful form of shared learning
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known as intra option learning [Sutton et al., 1998], which allows actions taken under

one low-level policy to contribute to learning of another.

Work concerned with the theory of options is somewhat more scarce than empirical

work. Jong et al. [2008] provide an empirical evaluation of the effectiveness of options

with a particular structure in learning as opposed to planning. Brunskill and Li [2014]

offer theoretical analysis of HRL, providing a PAC-MDP bound for learning options

in a multi-task setting. Jinnai et al. [2019] provide analysis for options learned using

graph-theoretical properties. Finally, Nachum et al. [2019c] give empirical results that

elucidate the different aspects of HRL that may provide learning benefits.

Other forms of abstraction in tabular settings involves development of state abstractions

that perform a reduction from a base MDP to an abstract MDP, based on the dynamics

of the environment in question. These approaches focus on the interplay between state

and temporal abstractions by defining equivalence classes between states which exhibit

similar behaviour in the MDP. Advances in this line of thought are not isolated to RL,

with developments visible in other domains such as motion control via motion primitives

[Arikan and Forsyth, 2002, LaValle, 2006], and gridding procedures in formal verification

[Esmaeil Zadeh Soudjani and Abate, 2013].

[Li et al., 2006] develop a theory of the criteria which can be used to aggregate states.

Dean et al. [1997] presented an early method of state aggregation, making use concept

of bisimulation in order to cluster states which exhibit similar transition and reward

functions. Alongside the MAXQ framework, which includes specific allowances for

state aggregation [Dietterich, 1999], Andre and Russell [2002] discuss explicit forms

of hierarchical RL which aggregate states and develop policies to transition between

the resulting abstract states. Abel et al. [2016] provide a modern treatment of this

line of thinking, providing theoretical bounds on the effectiveness of an abstraction

procedure which allows states to only exhibit similar value functions to be considered

equivalent.
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3.3.2 Learning Behavioural Abstraction

While behavioral abstraction is deeply useful when it is possible to be specified by

hand [Precup et al., 1998, McGovern et al., 1998], the ability to discover this sort of

structure automatically is seen as integral to the pursuit of HRL [Dietterich, 2000a].

Early work in this space employed heuristics over the nature of transition dynamics

to help make exploration easier. Of particular historical importance is the bottleneck

method [McGovern and Barto, 2001], which defines option policies as those which lead

to “bottleneck” states–sparsely connected states that connect more dense regions of state

space. These states in particular limit random exploration strategies, potentially because

their presence increases hitting times between states on either side of the bottleneck

[Jinnai et al., 2019]. Stolle and Precup [2002] use a random task formulation to discover

bottleneck states, using Q-learning to create option policies.

Another category of option discovery algorithms leverages the relationship between

MDPs and graph networks, using graph theoretical notions to define options. With these

methods, the underlying MDP is represented as a graph, with states as nodes, and edges

between states that have positive transition probabilities between them. Mannor et al.

[2004] uses graph clustering, with options defined as policies that lead from one cluster

to another. Şimşek and Barto [2009] use the betweenness centrality of the graph, with

option policies leading to high betweenness states. Machado et al. [2017, 2018b] use

proto-value functions [Mahadevan and Maggioni, 2007], a form of representation for RL

based on the graph Laplacian, to define a diffusion model for options. Finally, Jinnai et al.

[2019] construct a set of “point options”. These options that both initiate and terminate

at exactly one state, corresponding to adding a single edge to the graph of possible state

transitions. Options are then chosen to minimise an upper bound on the cover time of the

graph.

Another common practice involves the construction of options that reach arbitrary goal

states. This paradigm is often referred to as feudal RL [Dayan and Hinton, 1993]. These

options tend to be indexed by continuous sets, rather than the more typical discrete ones.
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Option policies are trained to reach goals, either in raw state space [Nachum et al., 2018],

or in a learned state space [Vezhnevets et al., 2017, Nachum et al., 2019b].

The most agnostic class of option discovery algorithms seeks to learn option structure

end-to-end, directly from rewards. These approaches tend to carefully parameterise

policies and leverage a state space augmented with option information, such that the

resulting behaviour can be described using the options framework. Levy and Shimkin

[2011] pioneered this approach, explicitly constructing a large augmented state and action

space to model the learning of options as learning a flat policy. Mankowitz et al. [2016]

employ gradient descent to learn a constrained class of options, where only one option can

be active in any partition of state space. Bacon et al. [2017] provide a key result, deriving

a policy gradient theorem for learning options. Zhang and Whiteson [2019] build on this

by representing the option learning process as two augmented MDPs, allowing for off-

the-shelf application of state-of-the-art RL methods. Igl et al. [2020b] learn options in a

multitask setting using the information theoretic planning as inference framework.

An alternative method for learning options end-to-end involves treating the active option

as an unobserved latent variable. Since the number of options tends to be small,

marginalisation over option indices is possible, and the probability of any given option

being active at any given time step can be computed. The benefit to this approach as

compared to augmented state space methods is that learning can be shared across options,

rather than treating different options in the same state entirely separately in order to

maintain Markov state. Daniel et al. [2016] employ linear option policies, allowing

them to explicitly optimise options via an expectation-maximisation procedure. Fox

et al. [2017] adapt this method to the deep RL setting by alternating between expectation

and gradient descent steps, rather than explicit likelihood maximisation. Smith et al.

[2018] employ gradient descent through the forward algorithm [Baum and Petrie, 1966]

to optimise option parameters directly.

Variational Skill Discovery Methods One limitation of the end-to-end approach is

that the options learned are often trivial or degenerate, due to the fact that option policies

provide no representational benefit in MDPs—this is to say that optimal policies can
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always be represented without options [Puterman, 2014]. A novel category of algorithms

thus seeks to construct options in an entirely reward-agnostic manner, with options

constructed to satisfy information-theoretic criteria. Gregor et al. [2016], Eysenbach et al.

[2018] learn options by optimising a variational lower bound on the mutual information

between the option index and the states visited by the option policy, leading to a set of

options that visit diverse states. Sharma et al. [2020] expand on this idea by using the

forward form of the mutual information, and learning a dynamics model. Campos et al.

[2020] also use the forward mutual information criteria, but separate the exploration

and state sampling problems from the skill discovery problem. Finally Harutyunyan

et al. [2019] explore the idea of learning options that optimise for consistent termination

conditions, rather than the policy itself.

Transfer Learning Transfer learning, in which an agent is trained on (easy) source

tasks with the goal of building on these solution to solve (challenging) target tasks, is a

key motivating use case for HRL, as explored in detail in Chapter 6. As such, we provide

a brief overview of alternative approaches to transfer learning.

Several previous works, such as Thrun and Schwartz [1995], Pickett and Barto [2002],

Frans et al. [2017] use source tasks to learn skills for transfer. However these approaches

require that the downstream target tasks can be solved by directly composing the policies

learned in the source tasks.

Igl et al. [2020b]—alongside various related approaches [Teh et al., 2017, Galashov

et al., 2019, Tirumala et al., 2019]—improve on this framework by making use of KL-

regularisation to facilitate learning policies that are similar to those discovered on source

tasks. This allows for some flexibility of policies on target tasks, with particular inductive

biases introduced by skill hierarchies and choice of regulation form. Termination functions

can be learned on the target tasks [Igl et al., 2020b], facilitating composition of policies

learned on the source tasks. Outside of the HRL algorithmic framework, Wulfmeier et al.

[2019] demonstrate that KL-regularised policies lead to positive transfer for similar sets

of tasks.
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These previous approaches require that solutions to the target tasks are identical or similar

(in a KL-divergence sense) to the solutions to source tasks. In contrast, we will introduce

a representation-learning based approach in Chapter 6 which allows skills to effectively

cover the entire state space relevant to the tasks at hand, leading to skills that are not

solutions to these source tasks, admitting a wider range of target tasks.



4
Imitation Learning via Offline

Reinforcement Learning

This chapter builds on the work done in the paper A Strong Baseline for Batch Imitation

Learning [Smith et al., 2023].

We begin our discussion of generalisation in sequential decision making problems and

the complications that arise by studying a setting very close to supervised learning:

offline imitation learning (OIL). In OIL problems, we have access to a fixed dataset

of expert behaviour and must learn to mimic this expert. The naive approach, known

as behavioural cloning, builds a maximum likelihood model of the expert policy over

the dataset. However, these models tend not to generalise well to online execution in

the environment, as they do not consider the fact that evaluation occurs in this setting,

meaning that test samples are not i.i.d. As such, we need to consider more complex

methods in order to provide guarantees on the generalisation performance of our learned

policy.

In addition to the theoretical challenges posed by the OIL problem, the potential distribu-

tion shift incurred at test time leads to challenges in empirical evaluation. In offline RL

methods more broadly, hyperparameters are generally tuned via evaluation of policies (that

have been trained offline) on the environment. This practice—the equivalent of tuning a

44
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supervised learning algorithm on the test set—may lead to significant information leak. In

an extreme case, we can imagine treating all of our model parameters as hyperparameters

and then tuning them based on online rollouts of the learned policy in the environment,

which would violate the limited data constraints of offline RL methods, and favour

methods which overfit or are difficult to tune in practice. However, evaluation of policy

quality from offline data is a challenging RL problem in its own right, and any ORL

evaluation pipeline needs to accommodate tuning of the policy evaluation algorithm

employed. Perhaps surprisingly, far from being standard practice, to our knowledge, no

such protocol has ever been described.

To address both of these issues at once, we develop a simple, novel OIL algorithm, that

both exhibits strong generalisation guarantees and is easy to tune. Our bounds depend

on the size of the MDP, the size of the expert dataset, and the size and quality of the

exploratory data-generating policy. As a corollary to our theoretical analysis, we prove

a conjecture from Kearns and Singh [1998], which to our knowledge has never been

demonstrated formally until now. Alongside this, we develop a novel evaluation protocol,

which includes a policy evaluation tuning phase, in order to compare ORL algorithms in

a pragmatic and fair manner.

More concretely, our algorithm is motivated by support matching approaches to IL, which

look to simplify the IL problem by constructing an intrinsic reward function offline which

assigns high reward to policies that match the support of the expert policy in the dataset

[Wang et al., 2019, Reddy et al., 2019, Ciosek, 2022]. Using this fixed reward function,

a policy can then be learned by a single call to an RL solver. Previous variants of these

algorithms require online interaction in order to optimise for the constructed reward. We

extend these algorithms and theoretical guarantees for them in tabular environments into

the OIL setting.

To do so, we need to eliminate the environmental interaction component of the support

matching call to an RL solver. While ORL methods provide a natural solution to this

issue, there remain concerns about the dataset that we use. In general, we imagine that

the expert dataset may be expensive or difficult to collect, leading to inadequate data
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for ORL. Furthermore, expert policies are often deterministic, and may not provide

adequate coverage of the MDP in order to learn a robust policy. To address this, recent

works in offline IL—such as [Zolna et al., 2020] and [Ma et al., 2022]—have introduced,

alongside a small expert dataset, a second, much larger exploratory dataset which is used

to learn dynamics of the Markov Decision Process (MDP) in areas potentially not covered

by the expert agent. These prior works are limited by their complexity: they involve

multi-stage learning procedures involving density estimation as well as off-policy RL

methods. Furthermore, when they were published, the evaluation of these algorithms

made use of hyper-parameter tuning on the environment, and unfair comparisons to

simple baselines, inflating their performance and violating the strict data requirements of

the OIL setting.

Using our novel evaluation protocol, we evaluate a relaxation of our algorithm on

challenging continuous control environments, and find that despite its simplicity, our

approach is able to outperform more complex state-of-the-art baselines. Evaluation is

conducted in a challenging, data-poor regime in which naive approaches fail. Our results

are statistically robust, making use of the cutting edge reporting methods proposed by

Agarwal et al. [2021], improving confidence in our results and helping to establish a

precedent for more robust benchmarking.

This chapter serves two primary functions in the context of existing literature. First, it

extends the theory of support-matching imitation learning methods into the fully offline

domain. This is particularly important as support-matching methods are simpler than

competing IL approaches, making them more useful when faced with the practical

problems—such as high variance and difficult policy evaluation—incurred in the offline

RL setting. Second, our policy evaluation protocol serves as an intervention in offline

RL methodology, demonstrating a practical and principled approach to the problem of

hyperparameter tuning and algorithm selection, as an alternative to current practice, which

makes use of information leak by evaluating policies online through interaction with the

environment.
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In addition to these core contributions, our empirical analysis reveals our simple algorithm

to be surprisingly effective when compared with state-of-the-art baselines, marking it as a

practical tool for conducting offline IL. Overall, our study finds the proposed algorithm

to be both simple and effective, making it a pragmatic baseline for future work on IL in

challenging, low expert data regimes.

4.1 Preliminaries and Assumptions

In the theoretical section of this chapter, we consider only tabular MDPs, with small state

and action spaces. Furthermore we make the assumption that the reward function, r, is

deterministic, and that 0 < rmin < rmax < 1. This chapter makes use of both discounted

and average reward criteria for MDPs. As such, we make use of an important identity,

relating the two:

Rρπ = (1− γ)
∑
s

ρπ(s)V π(s, γ),

see e.g. Kakade [2001] for a proof. This powerful identity allows us to relate an

approximate solution to the discounted MDP to the average reward achieved. We see that

the average reward differs from the expected value over the steady state distribution by

only a constant factor in 1− γ.

With respect to the imitation learning formalism, in order to accommodate offline learning,

we introduce, in addition to the expert dataset, which we denote DE , we include an

exploratory dataset DX , which is used to learn the structure of the MDP. In general, DX

can be sampled from a random policy, or a policy designed to evenly sample across the

state space, so long the policy visits all state-action pairs often enough, an assumption

which is formalised below. To do so we introduce the notation ρπ(s, a) := ρπ(s)π(s, a),

the steady state-action distribution of policy π.

In addition, we introduce assumptions on the structure of the MDP, the expert policy, and

our learned policy for simplicity and tractability. The assumptions made in this work are

as follows:

Assumption 4.1. The expert and imitation policies are deterministic.
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Assumption 4.2. Expert, exploration, and imitation policies induce aperiodic and

irreducible Markov chains.

Assumption 4.3. The Markov chain induced by the exploratory policy has a uniform

lower bound on the probability that the agent will visit any given state and action:

ρπX
(s, a) > pmin.

Assumption 4.4. All eigenvalues of the transition matrix obtained by following policy π∗

on the MDP, Pπ∗ are distinct.

Assumption 4.1 is needed in order for our procedure to remain agnostic to the choice of

offline RL algorithm. Since any stationary MDP has a deterministic optimal solution, if

the expert behaviour is stochastic, then a batch RL algorithm which yields a deterministic

solution will be optimal with respect to our support-matching reward, but may not match

the expert behaviour, which includes random actions. This means that a stochastic

expert will generate an intrinsic reward function which will admit a deterministic

optimal imitation policy. Periodic policies may be compatible with our proof, given

some additional bookkeeping, leading to a relaxation of Assumption 4.2. However, the

exploratory policy must be aperiodic in order to achieve appropriate sampling over the

state space. Similar concerns suggest that Assumption 4.3 cannot be relaxed without

introducing other assumptions. Assumption 4.4 is needed only to prove Lemma 4.5, and

can, in principle, be relaxed.

In the tabular setting, some notational conveniences are possible. ρπ(s) can be represented

by a vector, ρπ, of length |S|, with each entry giving the steady state probability of the

agent occupying that state. Similarly P π(s′|s) can be given by an |S| × |S| matrix, with

entry Pij denoting the probability of transitioning from state i to state j in one step under

policy π. We denote such a matrix Pπ.

The quality of our exploratory policy is quantified via the mixing time. This quantity

reflects how quickly the exploratory policy reaches the steady-state distribution of the

MDP. The mixing time, denoted tπ, is given by the smallest t such that:

max
s
∥1(s)⊤P t

π − ρπ∥TV ≤
1
4 ,
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where 1 is a vector with an entry of 1 at the argument and 0 elsewhere.

With our notation defined, assumptions made clear, and relevant quantities defined, we

now introduce our algorithm.

4.2 Imitation Learning by Batch RL

Our imitation learning algorithm, Imitation Learning by Batch Reinforcement Learning

(ILBRL) is simple. For discrete MDPs, we employ the intrinsic reward function given

by:

r̂(s, a) = I((s, a) ∈ DE),

This is the exact reward function used by other support matching approaches, such as

Wang et al. [2019] and Ciosek [2022]. These works call on an arbitrary RL solver to

perfectly optimise returns with respect to this intrinsic reward, making use of unlimited

interaction with the environment. Here, we consider a setting in which we cannot run

the algorithm in the environment before test time. This forces us to instead make a call

to an offline RL algorithm, which in general may not be able to perfectly optimise for

our intrinsic reward due to limited data. This significantly complicates analysis, as we

need to manage the inefficiency and statistical dependence on finite data that comes from

offline RL algorithms, as well as the fact that our call to an RL solver may lead to a

suboptimal policy due to the use of finite data. Pseudocode for the overall process is

given in Algorithm 1.

Algorithm 1 Imitation Learning by Batch Reinforcement Learning
Input: Expert dataset: DE , Exploration dataset: DX

Output: Imitation policy: π
1: for s, a ∈ DU do
2: r̂(s, a)← I((s, a) ∈ DE)
3: π ← BatchRL(DU , r̂)
4: return π

In general, our algorithm admits any batch RL algorithm which is able to learn a near-

optimal policy with high probability. In order to simplify analysis, for the theory section

of this chapter, we make use of an off-policy RL algorithm, developed by Kearns and
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Singh [1998], known as phased Q-Learning. The algorithm is somewhat impractical, but

its analysis is tractable. We develop favourable asymptotical guarantees on its sample

complexity in subsequent sections. Later, for empirical evaluation, we will substitute

phased Q-learning for a more modern offline RL algorithm, known as TD3-BC [Fujimoto

and Gu, 2021].

4.3 Theory of ILBRL

This section establishes finite sample complexity bounds for ILBRLwith phased Q-

learning in tabular MDPs. To do so we first reiterate and expand on the proofs provided

by Kearns and Singh [1998], formalising their conjecture for agent-based sampling of

data. We then join these results with the proofs of Ciosek [2022], which are concerned

with the amount of expert data needed to build an effective intrinsic reward function.

Together, these results give bounds on the amount of expert and exploratory data needed

to ensure high probability learning.

4.3.1 Theory of Phased Q-Learning

Phased Q-learning can be seen as a sample-based form of value iteration. In this algorithm,

rather than sampling states and actions individually, each action at each state across the

entire environment is sampled simultaneously m times. This data generation process

is known as parallel sampling. Parallel sampling can be simulated using standard RL

sampling based on rollouts of a policy in the MDP, which we characterise theoretically

later in this section. It allows us to update the estimated state-action value at each state and

action simultaneously according to the optimal Bellman equation using the deterministic

reward and empirical bootstrap, using the following iteration:

Qi+1(s, a) = r(s, a) + γ
1
m

m∑
k=1

max
a′

Qi(sk, a′),

where sk is the kth sample subsequent state from taking action a in state s.

Since the empirical bootstrap will concentrate around the true value, we expect that, with

enough data, this is exactly performing value iteration. Here we prove that this is an
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efficient offline RL algorithm. First, we need to demonstrate that the amount of data

needed to achieve bounded error at the end of the evaluation process is polynomial in the

appropriate quantities, which was accomplished in the original work by Kearns and Singh

[1998]. Second, we need to show that we can simulate sampling from the parallel model

efficiently. Kearns and Singh [1998] postulate that such a procedure should be possible

under assumptions concerning the quality of the exploration policy, but a formal proof

has never been provided until now.

We use the notation from Kearns and Singh [1998]:

• m is the number of samples from the parallel sampler,

• ℓ is the number of iterations of phased Q-learning,

• V̂i(·), Q̂i(·, ·) are our estimated value functions at iteration i,

• V̄i(·), Q̄i(·, ·) are the true value functions of the policy greedy with respect to Q̂i,

• Vi(·), Qi(·, ·) is the output of i rounds of policy iteration,

• V ∗(·), Q∗(·, ·) are the optimal value functions.

Following the intuition that phased Q-learning is similar to value iteration, we make use

of the following inequality—that our estimate of the bootstrapped value concentrates

around the true bootstrap:

Claim 1. For all s, a, and i ≤ ℓ, we have∣∣∣∣∣ 1
m

m∑
k=1

V̂i(s′
k)−

∑
s′
P (s′|s, a)V̂i(s′)

∣∣∣∣∣ ≤ η′, (4.1)

where s′
k is the kth sampled subsequent state from the parallel sampler at s, a.

We will later take m large enough, in combination with Hoeffding’s inequality, to

demonstrate that Claim 1 will hold with high probability. This is done in the proof

of Lemma 4.3.

With this assumption, we are able to formalise the notion that performing phased Q-

learning is very close to performing true value iteration, as suggested by the following

lemma.
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Lemma 4.1. Given Eq. (4.1), the difference between the value output by phased Q-

learning after ℓ steps and the optimal value is given by

ζ(s, a) :=
∣∣∣Q̂ℓ(s, a)−Q∗(s, a)

∣∣∣ ≤ η′γ + γℓ

1− γ ∀s, a.

Proof. We begin by bounding the gap between value estimated by phased-Q iteration and

the value output by policy iteration. Recall the phased Q-learning update, given by

Q̂i+1(s, a) = r(s, a) + γ
1
m

m∑
k=1

V̂i(s′
k).

For any s, a pair, this means we have

∣∣∣Q̂i+1(s, a)−Qi+1(s, a)
∣∣∣ =

∣∣∣∣r(s, a) + γ
1
m

m∑
k=1

V̂i(s′
k)− r(s, a)− γ

∑
s′
P (s′|s, a)Vi(s′)

∣∣∣∣
≤ γ

∣∣∣∣∑
s′
P (s′|s, a)

(
V̂i(s′)− Vi(s′)

) ∣∣∣∣+ γη′

≤ γmax
s′

∣∣∣V̂i(s′)− Vi(s′)
∣∣∣+ γη′

≤ γmax
s′

∣∣∣∣max
a′

Q̂i(s′, a′)−max
a′

Qi(s′, a′)
∣∣∣∣+ γη′

≤ γmax
s′,a′

∣∣∣Q̂i(s′, a′)−Qi(s′, a′)
∣∣∣+ γη′,

where the first inequality makes use of our claim in (4.1), the second uses the fact that we

have a convex combination of the value gap over states, and the last from the max of a

difference being greater than a difference of max. Starting from Q0(s, a) = Q̂0(s, a) and

recursively applying this equation leads to the bound

∣∣∣Q̂ℓ(s, a)−Qℓ(s, a)
∣∣∣ ≤ η′γ

1− γ , (4.2)

by the geometric series and the fact that both algorithms are initialised identically.

Puterman [2014, Thm 6.3.3] shows that |Qℓ(s, a)−Q∗(s, a)| ≤ γℓ/(1− γ). Combining

with the above yields

∣∣∣Q̂ℓ(s, a)−Q∗(s, a)
∣∣∣ ≤ η′γ + γℓ

1− γ .

Lemma 4.1 suggests that the the value function learned by phased Q-learning differs from

the optimal value function by at most a statistical error term which shrinks as m grows,

and an iteration term, which shrinks as ℓ increases.
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Given that our learned value function is close to the optimal value function, we now

look to bound the overall suboptimality of the corresponding policy learned by phased

Q-learning. We define the discounted regret of the policy at step i on the discounted

MDP as the expectation of the difference between the discounted return achieved by the

learned policy and that of the optimal policy, with expectation taken over the initial state

distribution:

ϱγ(i) := Es0

[
V̄ ∗(s0)− V̄i(s0)

]
.

Equipped with the pointwise value gap, we can bound the overall regret with the following

lemma.

Lemma 4.2. Given Eq. (4.1), the policy output by phased Q-learning after l steps achieves

regret of at most:

ϱ(ℓ) ≤ 2
(1− γ)

(
η′γ + γl

1− γ

)
.

This means that our overall regret is simply a constant factor of the error we incur in

approximation of the optimal value function.

Proof. We begin by bounding the statewise suboptimality of the learned policy using the

suboptimality of a single action. Let πℓ(s) := argmaxaQ̂ℓ(s, a) give the policy output

after ℓ steps of phased Q-learning. We abuse notation slightly here by writing a := πℓ(s),

since context is clear. Then we have

∣∣∣V̄ℓ(s)− V ∗(s)
∣∣∣ =

∣∣∣∣r(s, a) + γ
∑
s′
P (s′|s, a)V̄ℓ(s′)− V ∗(s)

∣∣∣∣,
=
∣∣∣∣γ∑

s′
P (s′|s, a)

[
V̄ℓ(s′)− V ∗(s′)

]
+Q∗(s, a)− V ∗(s)

∣∣∣∣,
≤ γ

∣∣∣∣max
s′

[
V̄ℓ(s′)− V ∗(s′)

] ∣∣∣∣+ ∣∣∣∣Q∗(s, a)− V ∗(s)
∣∣∣∣.

Unrolling this gives rise to a geometric series in γ:

|V̄ℓ(s)− V ∗(s)| ≤ 1
1− γ max

s
|Q∗(s, πℓ(s))− V ∗(s)| . (4.3)

Let π∗(s) := arg maxaQ∗(s, a) be the optimal policy. We bound this gap for a = πℓ(s) ̸=

π∗(s) = a∗, since otherwise it is zero. Since, by construction, Q̂ℓ(s, a∗) ≤ Q̂ℓ(s, a), the
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gap is maximised when we are both underestimating the optimal value of the optimal

action and overestimating the optimal value of a suboptimal action:

∣∣∣V ∗(s)−Q∗(s, a)
∣∣∣ = Q∗(s, a∗)−Q∗(s, a),

= Q∗(s, a∗)− Q̂ℓ(s, a∗) + Q̂ℓ(s, a∗)− Q̂ℓ(s, a) + Q̂ℓ(s, a)−Q∗(s, a),

≤ |Q∗(s, a∗)− Q̂ℓ(s, a∗)|+ Q̂ℓ(s, a∗)− Q̂ℓ(s, a) + |Q̂ℓ(s, a)−Q∗(s, a)|,

≤ 2
(
η′γ + γℓ

1− γ

)
+ Q̂ℓ(s, a∗)− Q̂ℓ(s, a)︸ ︷︷ ︸

≤0

,

where the final line is an application of Lemma 4.1. Since the both this and Eq. (4.3)

apply across all states, combining this with Eq. (4.3) gives the bound on our regret.

Since we now have a bound on the overall regret of our algorithm, we can bound this

by η, our overall error margin for this phase of learning, allowing us to solve for the

relevant quantities. Once we have solved for the minimum acceptable concentration error

η′, we can solve for m, the number of samples we need for Eq. (4.1) to hold with high

probability. This is accomplished in the following lemma.

Lemma 4.3. Taking mℓ samples from the parallel model for phased Q-learning, such

that

mℓ ≥ log
(

2ℓSA
δ′

)
2γ2ℓ

(1− γ)2(η(1− γ)2 − 2γl)2 ,

we obtain discounted regret less than η with probability at least 1− δ′.

The proof involves bounding by an overall acceptable error η and solving for mℓ using

Hoeffding’s inequality. It suggests that high probability polynomial learning is possible.

While this looks like a recursive bound in ℓ, we note that the constant factor on both sides

allows us to set ℓ first in practice, then choose m. We have chosen this form in order to

demonstrate the overall sample complexity bound.

Proof. To start, we recall Hoeffding’s concentration inequality.
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Lemma (Hoeffding’s Inequality). Let Xj be a sequence of i.i.d. random variables

uniformly bounded by 0 ≤ Xj ≤ a. Define the sample mean of the sequence of length m

as X̄m := 1
m

∑m
j=1 Xj . Then we have

P
(∣∣∣X̄m − E[X1]

∣∣∣ ≥ t
)
≤ 2 exp

(
−2t

2m

a2

)
.

In order to bound the overall error by η, we choose the phased Q-learning concentration

error as

η′ =
[
η(1− γ)2/2− γℓ

]
/γ,

with the additional condition that:

ℓ ≥ log η + 2 log(1− γ)− log 2
log γ , (4.4)

to ensure that η′ is not negative.

Substituting our choice of η′ into Lemma 4.2, we see that regret obeys

ϱγ(ℓ) ≤
2

(1− γ)

(
η′γ + γℓ

1− γ

)
= 2

(1− γ)

 η(1−γ)2/2−γℓ

γ
γ + γℓ

1− γ

 = η.

With our error bounded, we proceed to bound the probability with which we fail to

achieve this error, which will lead to our overall bound on m. We define the concentration

error as

∆i(s, a) :=
∣∣∣∣∣ 1
m

m∑
k=1

V̂i(s′
k)−

∑
s′
P (s′|s, a)V̂i(s′)

∣∣∣∣∣ .
Next, we apply Hoeffding’s Inequality for each s, a, i, substituting Xj = V̂i(s′

k) and

t = η′. At step i, conditioned on s and a, V̂i is a deterministic function with range

[0, (1− γ)−1] and the s′
k are independent draws from the MDP transition function at s, a,

so Hoeffding’s inequality can be used, and we obtain

P (∆i(s, a) ≥ η′) ≤ 2 exp

−
2m

(
[η(1− γ)2/2− γℓ]/γ

)2

(1− γ)−2

 .
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We take a union bound over state, action, and algorithm step, since the overall bound

needs to hold for all of the above. Then, bounding the resulting failure probability by δ′

gives

2SAℓ exp

−
2m

(
[η(1− γ)2/2− γℓ]/γ

)2

(1− γ)−2

 ≤ δ′.

Solving for m leads to

m ≥ log
(

2ℓSA
δ′

)
2γ2

(1− γ)2(η(1− γ)2 − 2γl)2

and the claim follows by multiplying both sides by ℓ.

Now we only need concern ourselves with the gathering of these m independent samples

from the parallel model. We do so by appealing to a classic result applying to Markov

chains, which suggests that sampling the current state and action after following the

chain for several steps is close to sampling from the stationary distribution, allowing for

gathering of independent samples.

Lemma 4.4. The number of sample transitions from the exploration policy needed to

perfectly simulate the parallel sampling model with failure probability less than δ′′ is

upper bounded by

2tπX

log(2)pmin
log

(
2
pmin

)
log

(
SA

δ′′

)
.

This shows that we can ensure perfect parallel sampling with high probability using a

number of samples subquadratic in tπX , 1/pmin, 1/δ′′ and SA.

Proof. Let ρTπX
be the distribution after rolling out the exploratory policy for T steps

from any starting distribution. By Levin and Peres [2017, Sec. 4.5], we know that

T ≥ tπX log(1/τ)/ log(2) implies ∥ρTπX
− ρπX

∥TV ≤ τ . We choose

T ≥ tπX log(2/pmin)/ log(2),

such that τ ≤ pmin/2. Assume that we collect a sample every T steps. After collecting N

samples, the probability that a given state-action pair is never observed is bounded from
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above by (1− pmin + τ)N ≤ exp(−Npmin/2). Bounding this probability by δ′′, taking a

union bound over all state-action pairs and solving for N yields

N ≥ 2/pmin log(SA/δ′′).

The claim is obtained by multiplying N and T .

Lemma 4.4 combined with Lemma 4.3 can then be used to give the overall sample

complexity of the phased-Q learning stage of our algorithm.

4.3.2 Bounding Total Variation Distance Between Expert and Imita-
tor

With a good sense for the data requirements of our offline RL algorithm, we can proceed

to ensure that we have enough expert data to craft a good reward function for ILBRL to

succeed. We do so by invoking a key lemma of Ciosek [2022]. However, this lemma

applies only to the average reward setting, while our results thus far concern policies

optimised for discounted reward. As such we must first bound the suboptimality of the

learned policy (under the discounted criterion) with respect to the average value attained.

We achieve this with a relaxation of Theorem 1 from Kakade [2001]. Recall that Rρπ

represents the average reward of policy π.

Lemma 4.5 (Relaxation of Theorem 1 from Kakade [2001]). Suppose policy π is ϵ-

suboptimal or better at each state with respect to the discounted return. Let π∗ be the

optimal policy under the average reward criterion. Taking Σ to be the matrix of right

eigenvectors of Pπ∗ with corresponding eigenvalues: λ1 = 1 > ... ≥ |λn| Then, under

Assumption 4.4, we have

Rρπ ≥ Rρπ∗ − κ(Σ)∥r∥ 1− γ
1− γ|λ2|

− (1− γ)ϵ,

where κ(Σ) := ∥Σ∥2∥Σ−1∥2 is the condition number of a matrix, and r is the vector with

entries r(s, π∗(s)) for each state.
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Proof. Our proof closely follows that of Kakade [2001]. Let πγ∗ be the optimal policy

under the discounted return criterion. Then we have, for all s

V πγ∗

(s) ≥ V π∗(s).

Subtracting ϵ from both sides gives

V π(s) ≥ V πγ∗

(s)− ϵ ≥ V π∗(s)− ϵ,

for all states, which follows from the assumption that π is ϵ-suboptimal or better. From

here we make use of the relationship between average reward and discounted reward:

Rρπ = (1− γ)
∑
s

ρπ(s)V π(s),

≥ (1− γ)
∑
s

ρπ(s)(V π∗(s)− ϵ),

≥ (1− γ)
∑
s

ρπ(s)(V π∗(s))− (1− γ)ϵ,

≥ Rρπ∗ − κ(Σ)∥r∥ 1− γ
1− γ|λ2|

− (1− γ)ϵ.

The second inequality comes from the fact that ρπ sums to one across states. The final

inequality follows exactly from the proof in Kakade [2001].

Lemma 4.5 gives us a lower bound on the suboptimality with respect to the average

reward of a policy ϵ-suboptimal with respect to the discounted reward. Next, we need

to ensure that it is possible to achieve a policy which performs well with respect to the

intrinsic algorithm reward. This is accomplished by invoking Lemma 5 of Ciosek [2022],

reproduced here for convenience.

Lemma 4.6 (Lemma 5, Ciosek [2022]). Given an expert dataset consisting of |DE| points,

a policy, π which maximises the average intrinsic reward achieves an expected average

intrinsic reward, Rint
ρπ

, of at least

Rint
ρπ

= 1− ν −
√

8StπE

|DE|
,

for all error terms ν > 0, with probability at least

1− δ′′′ := 1− 2 exp
(
−ν

2|DE|
4.5tπE

)
.
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To connect high performance on the intrinsic reward with the performance on the extrinsic

reward, we make use of another key lemma of Ciosek [2022]:

Lemma 4.7 (Lemma 7, Ciosek [2022]). An agent which achieves an average reward of

1− ϵ on the intrinsic reward MDP also achieves average reward of:

(1− ϵ)RρπE
− 4tπEϵ

on the true MDP.

We are now ready to conclude, evaluating the overall sample complexity of our algo-

rithm.

Theorem 4.8. Consider an instance of Algorithm 1. Under assumptions 4.1 to 4.4, in

order to achieve regret on the average reward problem of less than ϵ, or total variation

distance between the expert and the imitation policy less than ϵ, with probability 1− δ,

we need to sample

max
{

1
ϵ2 32StπE (1 + 4tπE )2,

4.5tπE 16(1 + 4tπE )2 log(4/δ)
ϵ2

}

transitions from the expert policy, and

O
(
tπX

pmin
log

(
1
pmin

)
log2

(
SA

δ

)
log

(
tπEβ

ϵ(1− λ)

)
(tπE )8β6

ϵ8(1− λ)6

)

from the exploratory policy, where β = κ(Σ)∥r∥, as described in Lemma 4.5.

Proof. For reference, we reproduce the relevant error variables and their interpretations

here.

Error Variable Interpretation
ϵ Output error of Algorithm 1

1− ϵ′ Average intrinsic reward obtained by the learned policy
ϵ′′ Reward construction error

1− ν Probability controllable intrinsic reward of expert policy.
η Discounted regret for phased Q-learning
η′ Concentration error of sampled values

Table 4.1: Error Variables
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Let

1− ϵ′ := Es,a∼ρπ [r̂(s, a)] = Rint
ρπ

(4.5)

represent the average reward achieved by the policy learned on the intrinsic reward

problem. We begin by directly evoking Lemma 4.7. This leads to our overall regret on

the true problem, given by

RρπE
−Rρπ ≤ ϵ′RρπE

+ 4tπEϵ′,

≤ ϵ′ (1 + 4tπE ) .

We then wish to bound the number of samples needed to achieve ϵ′ small enough such

that the overall error obeys

ϵ′ (1 + 4tπE ) ≤ ϵ, (4.6)

with probability δ.

Lemma 4.5 gives us the means to decompose ϵ′ in terms of the error incurred by batch

learning and construction of the intrinsic reward problem in our algorithm. Let the policy

learned by phased Q-learning be η-suboptimal with respect to the discounted intrinsic

return across all states. Lemma 4.5 allows us to move to the average reward setting,

by bounding the distance between the average intrinsic reward obtained by our learned

policy and the optimal intrinsic average reward using this quantity. However the optimal

intrinsic average reward itself is a function of the amount of data we have. Lemma 4.6

bounds this additional error incurred from a potential lack of expert data. Specifically, we

define the reward construction error as

ϵ′′ := ν +
√

8StπE

|DE|
.

From Lemma 4.6, we have Rint
ρπ∗ ≥ 1− ϵ′′, with some probability 1− δ′′′, which we will

return to bound, once ϵ′′ has been bounded. Substituting Rint
ρπ∗ = 1 − ϵ′′ and ϵ = η in

Lemma 4.5 we have:

Rint
ρπ
≥ 1− ν −

√
8StπE

|DE|
− κ(Σ)∥r∥ 1− γ

1− γ|λ2|
− (1− γ)η.
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From the definition of ϵ′ in Eq. (4.5), this leads to the following bound

ϵ′ ≤ (1− γ) κ(Σ)∥r∥
1− γ|λ2|

+ (1− γ)η + ν +
√

8StπE

|DE|
,

which we set to

(1− γ) κ(Σ)∥r∥
1− γ|λ2|︸ ︷︷ ︸
T1

+ (1− γ)η︸ ︷︷ ︸
T2

+ ν︸︷︷︸
T3

+
√

8StπE

|DE|︸ ︷︷ ︸
T4

≤ ϵ

(1 + 4tπE ) ,

in order to satisfy Eq. (4.6).

Since there are four terms here—which we refer to as T1−T4—with largely independent

algorithmic parameters, we allow error to be distributed evenly across all the terms, which

allows us to bound the above expression termwise.

In order to control the first term, we need to set γ large enough to satisfy

T1 ≤ 1
4

ϵ

(1 + 4tπE ) . (4.7)

For convenience we define α := 4(1 + 4tπE )/ϵ and β := κ(Σ)∥r∥. This leads us to

(1− γ)β
1− γ|λ2|

≤ 1
α
. (4.8)

We set

γ = αβ − 1
αβ − |λ2|

, (4.9)

or, equivalently

(1− γ) = 1− |λ2|
αβ − |λ2|

.

in order to satisfy Eq. (4.8). Setting γ in this way thus allows us to minimise the error

incurred by transferring from the discounted to the average reward setting, by increasing

the effective horizon of the discounted problem.

Moving on to the second term, directly choose

(1− γ)η = 1
α
,
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to satisfy T2 ≤ 1/α. We leave the error in this form, since η is multiplied by a factor of

1− γ in Lemma 4.3. Intuitively, this corresponds with the scaling of stepwise rewards in

the discounted problem by a factor of 1/(1− γ).

Continuing to the terms corresponding to the definition of our intrinsic reward problem,

we choose

ν = 1
α
,

to satisfy T3 ≤ 1/α. Finally, we choose

|DE| =
⌈ 1
ϵ2 128StπE (1 + 4tπE )2

⌉
, (4.10)

where ⌈·⌉ is the ceiling function which chooses the smallest integer greater than the

argument. This allows us to satisfy

T4 =
√

8StπE

|DE|
≤ 1
α
.

This provides us with our first bound on the number of expert samples, and completes the

bounding of overall error by the relevant factors. To complete our proof, we must ensure

that these errors hold with overall probability δ.

With the error of our algorithm controlled, we move on to bounding the failure probability

of our algorithm. Let δ′′′ be the maximum probability of the expert policy failing to

achieve an intrinsic average reward of 1 − ϵ′′ as in Lemma 4.6. From Lemma 4.6,

substituting 1/α for ν, we have

δ′′′ ≤ 2 exp

−
(

ϵ
4(1+4tπE )

)2
|DE|

4.5tπE

 .
Setting this to be less than δ/2 and rearranging leads to the bound

|DE| ≥
72tπE (1 + 4tπE )2 log(4/δ)

ϵ2 . (4.11)

This is our second bound on |DE|. Taking the maximum over Eq. (4.10) and Eq. (4.11)

gives our overall bound on the number of expert samples needed.
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To bound the failure probability of phased Q-learning, we first bound the probability that

our simulation of the parallel sampler fails. Invoking Lemma 4.4 with the substitution

δ′′ = δ/4, we get

N ≥ 2tπX

log(2)pmin
log

(
2
pmin

)
log

(
SA

δ/4

)
. (4.12)

With our remaining error budget, we can look to bound the probability that phased Q

learning fails. Substituting 1/α for (1− γ)η and δ′ = δ/4 in Lemma 4.3 gives

mℓ ≥ log
(

2ℓSA
δ/4

)
2γ2ℓ

(1− γ)2( 1
α
(1− γ)− 2γℓ)2 . (4.13)

To complete the proof, we recall from Eq. (4.4) that

ℓ ≥ logγ
( 1
α
(1− γ)

2

)
. (4.14)

Together, Eqs. (4.9) and (4.11) to (4.14) give the sample complexity needed to bound

the failure probability of our procedure, given by δ′ + δ′′ + δ′′′, below the global error δ,

with the overall number of expert samples given by the maximum over Eq. (4.10) and

Eq. (4.11), and the number of exploratory samples given by |DX | ≥ Nℓm.

While the above gives the most precise version of our bound, it is difficult to interpret

the effect of changing ϵ, δ, and the parameters of the environment, largely due to the

obscuring influence of γ on m and ℓ.

To fully simplify, we will choose sensible values for ℓ and γ, which will lead to a bound

with a simpler form. Since γ < 1, logγ is a decreasing function, so we choose

ℓ = logγ
( 1
α
(1− γ)

4

)
.

Substituting this for ℓ in Eq. (4.13) leads to the following bound on m:

m ≥ log

2SA logγ
(

1
α

(1−γ)
4

)
δ/4

 2γ2

(1− γ)2
(

(1−γ)
α
− (1−γ)

2α

)2

≥ log

2SA logγ
(

1
α

(1−γ)
4

)
δ/4


(

8γ2α2

(1− γ)4

)
. (4.15)
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To further simplify, we choose a sensible value for γ. Noticing that our bound on γ based

on Eq. (4.8) is increasing in αβ, instead of Eq. (4.9), we choose

γ = 2αβ − 1
2αβ − |λ2|

.

Which, since 2αβ ≥ 1 and 0 ≤ |λ2| ≤ 1, remains in [0, 1), and satisfies Eq. (4.8).

Substituting this into our choice of ℓ and simplifying leads to

ℓ =
log

(
ϵ2(1−|λ2|)

4(1+4tπE )(8(1+4tπE )β−|λ2|ϵ)

)
log

(
8(1+4tπE )β−ϵ

8(1+4tπE )β−|λ2|ϵ

) .

If we divide ℓ by

l =
(

4(1 + 4tπE )β
ϵ(1− |λ2|)

)2

,

and take limits, through use of a limit solver, we find that multiple applications of

l’Hopital’s Rule give

lim
α→∞,β→∞,λ→1

ℓ

l
= 0,

which implies that:

ℓ = O
(4(1 + 4tπE )β

ϵ(1− |λ2|)

)2
 .

All that is left then is to bound the second factor in Eq. (4.15). Substituting our values of

γ, we have (
8γ2α2

(1− γ)4

)
= 8α2 (2αβ − 1)2(2αβ − |λ2|)2

(1− |λ2|)4

≤ 8α2 (2αβ)4

(1− |λ2|)4 ,

where the second inequality follows from the fact that 2αβ ≥ 1. Bringing this together

with our first term, this gives an overall bound for m as

m = O
log

SA
(

tπEβ
ϵ(1−|λ|)

)
δ

 (tπE )6β4

ϵ6(1− λ)4 .


Multiplying with our bounds for ℓ and N , we get the overall sample complexity of the

exploratory dataset

|DX | = Nmℓ = O
(
tπX

pmin
log

(
1
pmin

)
log2

(
SA

δ

)
log

(
tπEβ

ϵ(1− λ)

)
(tπE )8β6

ϵ8(1− λ)6

)
.
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The bound on total variation follows from the well-known identity

Eρ1 [f ]− Eρ2 [f ] ≤ ϵ =⇒ ∥ρ1 − ρ2∥TV ≤ ϵ,

for two discrete distributions, ρ1, ρ2 and a function f with range [0, 1]. See e.g. Ciosek

[2022] for a proof. Substituting ρπE
for ρ1, ρπ for ρ2, with f = r, gives

RρπE
−Rρπ ≤ ϵ =⇒ ∥ρπE

− ρπ∥TV ≤ ϵ. (4.16)

Choosing |DE| and |DX | sufficiently high as described above leads to the left side holding

true as discussed. This implies that with the same number of samples, the total variation

distance between expert and imitator is less than ϵ, with probability at least 1− δ.

We note that the bound on the amount of expert data needed differs from that of Ciosek

[2022] only in terms of a constant factor. This is promising, insofar as it suggests that

the amount of expert data needed is not significantly larger than when online learning is

permitted, in order to specify an effective reward function. The burden of learning offline

then falls only on the size and quality of the exploratory dataset and the size of the MDP.

In practice, this exploratory data may be simpler to collect, since we need only to ensure

good coverage of the MDP rather than that the best actions are taken.

While our bound is quite large in terms of 1
ϵ

compared to related bounds (such as Ma

et al. [2022]), this largely is due to the setting we consider. Since we are concerned

with matching the steady-state distribution of the expert rather than a discounted reward

objective, the effective horizon of the problem becomes infinite, and compounding errors

in the learned behaviour can no longer be dampened by the discount factor. Indeed we

can see that the fact that 1
1−γ must be linear in ϵ in order to satisfy Eq. (4.9) leads to

the extra O( 1
ϵ6

) later in our proof. The use of an average-reward algorithm in place of

phased Q-learning may lead to a tighter bound in ϵ, as we will not have to switch between

discounted and average reward settings, but the convergence properties of average-reward

algorithms require more strict conditions, and may necessitate the use of additional

assumptions.
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4.4 Evaluation Of Offline RL Algorithms

Equipped with theoretically sound generalisation bounds, we turn to the empirical

component of this chapter, which is concerned with formulation of a reasonable and

principled practice for evaluating generalisation performance of offline RL methods, as

well as the practical generalisation performance of a relaxed variant of our algorithm in

modern benchmark environments. We begin by developing our novel evaluation protocol

for ORL algorithm comparison.

Due to the absence of an i.i.d. test set in sequential decision making problems, it is unclear

how to evaluate their generalisation properties, especially when working from a fixed

batch dataset. The current convention is to train on batch data, and tune hyperparameters

on the true environment. However this gives batch algorithms access to conceivably

unlimited data: in an extreme case we can imagine that all agent parameters are taken to

be hyperparameters, and a “batch” algorithm is trained, though all optimisation happens

on data from the true environment. Even more alarmingly, in the imitation learning

setting this leads to an information leak, insofar as that the algorithm implicitly makes

use of environment reward for parameter tuning. This makes it difficult to empirically

compare the effectiveness of different batch RL algorithms, as some may be highly prone

to overfitting to particular datasets or environments, but we will not observe this since

they are able to be tuned on the true environment. Furthermore, the fact that the amount

of data used in tuning on the true environment is both unbounded—and in common

practice unreported—makes it difficult to evaluate generalisability and ease of tuning

across different algorithms.

These issues have been noted recently by Paine et al. [2020], who suggest using a

validation set and an independent offline policy evaluation (OPE) procedure on the policy

output by the offline RL algorithm. Hyperparameters are optimised in accordance with

the estimated values of the initial states in the dataset. However, little attention is given to

the fact that the OPE is itself a challenging and provably difficult problem [Wang et al.,

2021a], requiring hyper-parameter tuning of its own. In order to address these issues, we

develop a novel evaluation protocol which enables tuning of OPE independently of the
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algorithm being evaluated. This enables fair comparison of batch RL and IL algorithms,

with clear data requirements, and reduced information leak.

Data Partitioning In order to prevent overfitting to our limited dataset and biasing our

performance estimates, we first partition our dataset into a training set and evaluation set.

The policy evaluation set is then further partitioned into an evaluation training set, and an

evaluation validation set, preventing overfitting of the OPE algorithm to the evaluation

data.

Tuning OPE In order to tune the OPE algorithm, at least two deterministic policies of

different known quality are needed. In addition, we require that the dataset be composed

of transitions which include the actions taken at the subsequent state. In this work we

employ Expected SARSA [Van Seijen et al., 2009], though in principle, other methods

for OPE can be used. Expected SARSA (ESARSA) is then tuned on the data with the

known, “safe” policies to ensure convergence to the values of the known policies, as well

as good separation of policy values. Since data is generated by multiple policies, one

key hyperparameter of the policy evaluation process is the composition of the evaluation

dataset—we need to find a reasonable data distribution, such that state distribution induced

by our target policies are not too far from the distribution of the dataset, a key factor which

leads to divergence. These hyperparameters are then used to evaluate the policies learned

via offline RL. While in general this may not lead to a convergent OPE algorithm for all

possible learned policies, our procedure provides a consistent evaluation protocol without

the use of new data from the environment, enabling principled selection of policies and

grounding of the learned values in the environment at hand.

Policy Selection Each batch RL method is trained across several hyperparameter

configurations and several random seeds. Using the evaluation hyperparameters tuned on

the known safe policies, evaluation of a single hyperparameter and random seed setting

for the batch algorithm is then performed across several evaluation seeds in order to

estimate the true value of the learned policy. Policy evaluation is run for a fixed number

of steps, determined by the amount of time it took for evaluation to converge on the
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known policies. Performance of a control hyperparameter setting is then given by the

mean output of the learned value function on a held-out dataset consisting of initial states.

The policy which achieves the highest mean convergent value across seeds and rollouts

is then chosen for evaluation on the true environment, which forms the results that are

reported.

Imitation Learning This chapter is largely concerned with the imitation earning setting,

while the evaluation protocol developed here is meant to apply to evaluation of offline RL

more broadly. We underscore that our algorithm needs no access to true rewards, but in

order to implement our protocol for the purpose of evaluation, knowledge of true rewards

is needed for the transitions in the dataset. These rewards are used for policy evaluation

only: importantly they are not needed for ILBRL.

4.4.1 Pseudocode

Algorithm 2 represents an abstract procedure by which offline RL practitioners can tune

and evaluate agents that are trained on offline data, without access to the true environment.

The protocol integrates an all-important phase in which the offline policy evaluation

(OPE) algorithm itself is tuned, a practice which we find to be highly necessary, and

absent from existing literature altogether.

We view an offline RL algorithm, A, as a (stochastic) function which maps from a dataset,

D ∈ D, and hyperparameter configuration, ψ ∈ Ψ, to a policy, π ∈ Π. Our protocol

is then used to optimise over a discrete set of candidate hyperparameter configurations,

returning those that lead to the highest expected performance on held-out data. Here

we assume that datasets are indexed by trajectory in the first dimension, then state,

though a shuffled dataset can be used, so long as initial and terminal states are labeled

appropriately.

An OPE algorithm, A′, then maps from datasets and policies, as well as OPE hyper-

parameters, ϑ ∈ Θ, to value functions, V ∈ V . Our criterion for selection of OPE

hyperparameters is referred to as RankError (RED), which takes a set of value functions
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learned by OPE, Vk, each of which evaluates a different policy, πk, and compares how the

ranking implied by Vk compares to sample Monte Carlo estimates of V πk :

RED({Vk}, {V πk}) =
∑
k

|Rank [Vk(D)]− Rank [V πk(D)]| .

In our case, rankings are performed over value functions that are averaged over several

random seeds. In the case where OPE diverged, the corresponding term was set to the

maximum, |{πk}|, with other rankings adjusted favourably to minimise RE. Ties were

broken based on the total distance to the true values
∑
k|Vk(D)− V πk(D)|.

For the purposes of data partitioning in Algorithm 2, D0:i refers to subset of D with

indices between 0 and i, Dl:|D|,0 is the subset of D with indices between l and |D|

intersected with the subset of D corresponding to start states.

4.4.2 Tuning Data Composition for Policy Evaluation

In our experiments, we found that tuning the policy evaluation hyperparameters played a

vital role in ensuring good policy selection. Indeed, for many hyperparameter settings,

policy evaluation diverged altogether. In our setting, since the data was derived from

multiple policies, one key parameter was the relative mix of different sources on which to

evaluate the policy. This is illustrated in Figure 4.1.

4.4.3 Algorithmic Benefits of Tuning Protocol

We note that an additional algorithmic benefit of this protocol is that, due to the instability

of policy evaluation under distribution shift, our policy evaluation step represents a form

of implicit regularisation on the final policy selected for deployment. Policies that lead to

instability in evaluation are likely to diverge heavily from the distribution induced by the

dataset, while policies that stay close to the data will lead to more stable evaluation. Since

the limitation of distribution shift seems to be fundamental to current practice in batch RL,

we propose that this is beneficial, especially in the context of imitation learning, in which

we are looking to achieve a policy similar to the one used to generate the data.
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Algorithm 2 Offline Hyperparameter Tuning for RL
Input:

Data: Dataset D, Training set fraction d,
Offline RL: Algorithm A : D ×Ψ→ Π, Hyperparameters {ψn}, random seeds {xs}
OPE: Algorithm A′ : D × Π × Θ → V , Training fraction d′, Known policies {πk},

Hyperparameters {ϑj}
Output: Optimal hyperparameters, ψ∗, Performance of optimised algorithm RA(D,ψ∗)

Phase 1: Data Splitting

1: i← int(|D| ∗ d)
2: DT ← D0:i # Assign training set
3: DV ← Di:|D| # Assign validation set
4: l← int(|DV | ∗ d′)
5: DVP E

← DV 0:l # Assign Policy Evaluation Training Set
6: DVF

← DV l:|DV |,0 # Assign Final Performance Validation Set (initial states only)

Phase 2: Offline Policy Evaluation Tuning

1: for ϑj ∈ {ϑj} do
2: for πk ∈ {πk} do
3: Vjk ← A′(DVP E

, πk, ϑj) # Evaluate known policy on PE training set

4: ϑ∗ ← arg minj REDVF
({Vjk}, {V πk}) # Choose evaluation hparams from initial states

Phase 3: Offline RL Training

1: for ψn ∈ {ψn} do
2: for xs ∈ {xs} do
3: πns ← A(DT , ψn) # Train policy via offline RL for several seeds

Phase 4: Hyperparameter Selection

1: for πns ∈ {πns} do
2: Vns ← A′(DVP E

, πns, ϑ
∗) # Evaluate policy with optimal PE hyperparameters

3: ψ∗ ← arg maxn
∑
s Vns(DVF

) # Optimal hyperparameters maximise value of initial states
4: RA(D,ψ∗) ← EvalEnv(πψ∗) # Evaluate optimal hyperparameters averaged across seeds

5: return
(
ψ∗, RA(D,ψ∗)

)

4.5 Continuous Control Task Experiments

In many realistic RL settings, tabular function approximation is not possible, due to

large or continuous state and action spaces. Complimenting our theoretical guarantees

provided in Section 4.3, we investigate a modification of our proposed algorithm on

state-of-the-art benchmarks, making use of contemporary deep RL techniques. We apply

the evaluation protocol developed in Section 4.4, in order to examine the practical efficacy

of our algorithm framework as compared to other contemporary approaches. We find that,

despite (or perhaps due to) its simplicity, ILBRL outperforms baseline approaches under
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Figure 4.1: Policy Evaluation of a single policy on varying dataset compositions. We see that
for more evenly mixed data, evaluation is more stable, while for less balanced data, divergence
occurrs. This highlights the importance of tuning the policy evaluation protocol itself.

our fair model selection protocol.

4.5.1 Environment

The Gym MuJoCo benchmark [Brockman et al., 2016] is a standard set of challenging

RL environments which cover such continuous control tasks. These locomotion tasks

involve learning control policies for several robots with varying morphologies in a

simulated physical environment. The agents, which are restricted to movement in a two

dimensional plane, are optimised for forward velocity and maintaining their centre of

mass in a prespecified vertical range (representing the agent maintaining an upright pose).

Specifically, we make use of the Hopper-v2, Halfcheetah-v2, Walker2d-v2,

and Ant-v2 environments, as D4RL datasets [Fu et al., 2020] (described below) are

available for these settings. We use gym version 0.24.1, and MuJoCo version 2.1.

Additional details regarding reward function specifics, as well as state and action spaces

can be found in the documentation at https://github.com/openai/gym. A discount factor

of γ = 0.99 was used across all experiments.

https://github.com/openai/gym
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4.5.2 Datasets

In our experiments, data comes from the D4RL MuJoCo benchmarks [Fu et al., 2020],

which are standard continuous control datasets used to benchmark state-of-the-art offline

RL and IL methods. The D4RL data consists of several datasets, generated by policies of

varying quality. The “expert” data represents rollouts from a stochastic agent trained on

the true environment online using SAC [Haarnoja et al., 2018]. This policy is taken to

be optimal in the environment. We use a fraction of the D4RL expert data as our DE . In

order to simulate a risk-averse offline setting in which data has been gathered from known,

safe exploratory policies for training and evaluation, our exploratory data, DX , is derived

from the D4RL “medium” dataset, which comes from a suboptimal, intermediate policy

trained on the true environment. For imitation learning algorithms, we mask the true

reward, normally available in the dataset, save for the evaluation protocol described above.

Specifically, we use the version of D4RL available at the commit: https://github.com/rail-

berkeley/d4rl/commit/d842aa194b416e564e54b0730d9f934e3e32f854.

Dataset Composition A naive behavioural cloning (BC) baseline using only the expert

data was able to achieve an expert-level policy for several environments when 100 expert

trajectories were used, as is done in Ma et al. [2022], Zolna et al. [2020]. We instead opted

to use only 18 expert trajectories, which we found to be the maximum number such that

the BC baseline began to perform suboptimally. This amount of data was chosen in order

to highlight the effectiveness of our algorithm, as if there is enough expert data for BC to

perform effectively, in general there is likely little benefit to using more sophisticated IL

algorithms. Our total training dataset size was then taken to be 6 · 105 transitions, in order

to leave enough data to be used for policy evaluation. Since each expert trajectory was

approximately 1000 timesteps long, this means that the training datasets were composed

of only 3% expert data. For policy evaluation, as described above, the dataset composition

was tuned as a hyperparameter. We found that, from values we tried, a 50/50 split was

optimal. The overall size of the policy evaluation set was 7 · 105 transitions, with 5 · 105

used for training, and 2 · 105 reserved for validation, of which only 208 were the initial

states ultimately used for validation in our experiments.

https://github.com/rail-berkeley/d4rl/commit/d842aa194b416e564e54b0730d9f934e3e32f854
https://github.com/rail-berkeley/d4rl/commit/d842aa194b416e564e54b0730d9f934e3e32f854
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4.5.3 Adapting ILBRL for Continuous Control Tasks

In order to extend our algorithm for use in the MuJoCo, environments—which use both

continuous state and action spaces—we apply a modified version of the continuous

support reward relaxation of Ciosek [2022]. We employ the normalised reward:

r(s, a) := max
s′,a′∈DE

1− 1
d

1
2
max

∥ϕ(s, a)− ϕ(s′, a′)∥
1
2
2 ,

where dmax := maxs,a∈DU
mins′,a′∈DE

∥ϕ(s, a)− ϕ(s′, a′)∥2 is the maximum distance

observed in the dataset. The use of normalisation ensures that rewards are bounded in

[0, 1] and helps control instability that arises in our context due to the need for offline

deep RL methods, which generally lack convergence guarantees. We can think of this as

a “soft” support estimator which assumes some smoothness over the environment and

agent policy: state-action pairs that are in the expert dataset will have reward 1, just as in

the tabular algorithm. However, in continuous environments it is unlikely that the same

state will be visited more than once, so we also reward state-action pairs that are close to

the expert data.

Our agent learns via a state-of-the-art offline RL method known as TD3-BC [Fujimoto

and Gu, 2021]. The algorithm is a modification of the algorithm developed in Fujimoto

et al. [2018], with an additional BC regularisation term applied to the policy loss. This

shifts the distribution induced by the learned policy to be closer to the data distribution and

leads to more stable learning. We employ a small modification to the TD3-BC algorithm

by multiplying the statewise BC loss by the intrinsic reward achieved in those states. This

leads the agent to put more emphasis on imitating expert behaviour, and less weight on

the imitation of the exploratory policy.

4.5.4 Baselines

We compare to two state-of-the-art offline IL algorithms: SMODICE [Ma et al., 2022] and

ORIL [Zolna et al., 2020]. In addition, we compare to an expert-only BC baseline, which

makes use exclusively of DE . This stands in contrast to the dataset used for BC by Ma

et al. [2022], which contains large amounts of expert data, but large amounts of random
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data as well, which confounds the BC learner. In some of our experiments, we found

that giving the BC learner as much data as is reported in Ma et al. [2022] leads to near

optimal performance for some environments. We also provide a sample-based estimate

of the D4RL policies, evaluated by rolling out the provided models on the environment

several times. We use the argmax variant of the policies, which act according to the mean

of their Gaussian policy. To implement our baselines, we made use of lightly modified

versions of implementations made available in association with Ma et al. [2022], which

can be found at: https://github.com/JasonMa2016/SMODICE

4.6 Implementation Details

Architectures All policies and value functions across our method and the baselines

shared a common architecture, taken from Ma et al. [2022], but established as standard in

several works prior, such as Zolna et al. [2020]. Policies and values were parameterised

as multilayer perceptrons [Goodfellow et al., 2016]. Two hidden layers were used,

each of size 256. Rectified Linear Units (ReLU) [Goodfellow et al., 2016] were

used as nonlinearities between layers. For policies, since MuJoCo environments have

symmetrically bounded action spaces, the outputs of these networks were then passed

through an elementwise tanh function scaled to match the environment bounds. The

discriminator network used for SMODICE [Ma et al., 2022] and ORIL [Zolna et al.,

2020] baselines was an MLP of the same size as the policy and value networks, though

here tanh nonlinearities were used between layers.

Algorithm Implementation Details Both baselines and ILBRL were implemented

using the PyTorch scientific computing library (https://pytorch.org/), version 1.12.0.

Experiments were run on Google Cloud Compute n1-standard-64 VM instances

with Intel Haswell CPUs and the Debian 10 operating system. GPU computing

was not used for our experiments.

As was suggested in Fujimoto and Gu [2021], and used in Ma et al. [2022], we em-

ployed dataset standardisation. Sample means, µDT
, and standard deviations, σDT

, were

https://github.com/JasonMa2016/SMODICE
https://pytorch.org/
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estimated for observations, o, across the training sets, and all data passed through the

networks, s, was transformed according to s = (o− µDT
)/σDT

.

The Adam [Kingma and Ba, 2014] optimiser was used for optimisation across all learned

functions. Parameters were kept at the defaults used by PyTorch version 1.12.0, except

for the learning rate (gain) which was tuned as a hyperparameter. The baselines made use

of a reward scaling parameter, which was also tuned as a hyperparameter.

For ILBRL, TD3-BC was selected as our offline RL algorithm as it introduces only

one additional hyperparameter as compared to an online RL algorithm, alongside the

fact that it learns deterministic policies. We found that this combination made TD3-

BC ideal for our setting, which demanded simplicity especially due to our multi-stage

evaluation protocol described above. TD3-BC can be summarised as the policy update

scheme:

θ′ = θ + α∇θ (λQ(s, πθs) + BC(πθ(s), a)) ,

where s, a are the state and action in the dataset, α is a learning rate in [0, 1], and the Q

function is learned separately through Double-Q Learning [Hasselt, 2010] on the dataset,

with clipped zero-mean noise added to the policy when performing the bootstrapped

update. The BC term is simply the mean-squared-error between the action taken by the

policy and the action in the dataset. We introduced one change to the TD3-BC algorithm,

which was a re-weighting of the statewise behavioural cloning loss:

BCILBRL(s, a′) := BC(π(s), a)r̂(s, a),

where rI is our intrinsic reward function. This re-weighting encourages imitation of the

expert policy, and reduces the degree to which the exploration policy is copied. We found

this led to higher performance based on our offline evaluation protocol. An ablation study

can be seen below in Figure 4.4.

Off Policy Evaluation Implementation Details All methods were evaluated via

Algorithm 2 combined with the Expected SARSA [Van Seijen et al., 2009] off-policy

evaluation algorithm implemented using target networks [Mnih et al., 2013]. Stochastic
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policies were evaluated according to the policy π′(s, a) = E [π(s, a)], which is common

practice for Gaussian-parameterised policies such as the ones employed here [Haarnoja

et al., 2018]. The expected SARSA bootstrapped update for deterministic policies with

target networks is then given by:

θ′ = θ +∇θ

[
Qθ(s, a)− r(s, a)− γQθ̄

(
s′, π(s′)

)]2
,

with target networks updated using the exponential moving average:

θ̄′ = (1− τ)θ̄ + τθ

In order to make policy evaluation more robust, updates were performed according to the

mean bootstrap values of two separately parameterised value and target networks. In the

equations above this corresponds to:

θ′
i = θi +∇θi

(
Qθi

(s, a)− r(s, a)− 1
2γ

[
Qθ̄1

(
s′, π(s′)

)
+Qθ̄2

(
s′, π(s′)

)])2
,

for i ∈ {1, 2}, with target networks updated as before in accordance with their corre-

sponding value network.

4.6.1 Reported Results

Each offline RL algorithm was evaluated across 10 hyperparameter configurations, with

6 random policy seeds per hyperparameter. Policy evaluation was then performed for

each of the random seed-hyperparameter combinations. Since policy evaluation is itself

a stochastic algorithm, evaluation of each configuration was tested across 3 evaluation

seeds. Amongst evaluations that converged, the hyperparameter configuration that was

then chosen was the one that had the highest learned value on a held-out dataset consisting

only of environment start states.

The performance of the optimal configuration was evaluated for each of the policy seeds

as the mean return of of 30 rollouts of 1000 steps on the true environment, averaged

across 10 different random environment seeds. These means were taken to represent the

true performance of the learned policy.
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This gives 6 policy performance data points per algorithm, per environment (one for each

policy seed). To aggregate this data, we follow the recommendations of Agarwal et al.

[2021]. We perform a stratified bootstrap, sampling 6 points with replacement from the

policy performance pool for each environment. To compute the IQM of a bootstrap, we

discard samples in the bottom or top 25th percentile of the 6 samples in each environment.

The mean is then taken over the remaining data: across environments for our confidence

interval plots, and per environment for the performance profile.

In order to compute confidence intervals, we repeat this process 10 000 times, taking the

lower bound of the interval to be the data point at the 2.5th percentile of IQM samples,

and the upper bound to be the data point at the 97.5th percentile. This corresponds to the

percentile bootstrap assumption

The environmentwise results in Table 4.2 were computed as the mean and 95% CI

scores of the three policy seeds per environment, using the more conventional normal

assumption.

4.6.2 Results

Algorithm Hopper Halfcheetah Walker2d Ant
ILBRL 64.634± 8.417 49.856± 1.229 80.681± 6.154 104.907± 1.109
BC 69.459± 15.005 4.884± 0.338 27.04± 5.937 21.666± 5.17
SMODICE 53.228± 2.508 42.662± 0.422 75.942± 0.794 90.05± 1.436
ORIL 5.7± 5.214 55.079± 4.207 25.268± 14.239 35.81± 2.296
(Exploration) 55.62 42.686 67.371 88.333
(Expert) 111.016 94.371 107.747 121.639

Table 4.2: Mean performances on environment during evaluation for three training seeds, averaged
over 30 rollouts. Error measures are given by a 95% confidence interval based on the mean
performance per training seed.

The final performance results of our algorithm, evaluated on the environment after

optimisation using our principled evaluation procedure can be found in Fig. 4.2 and

Fig. 4.3. Our metrics were chosen based on the recommendations by Agarwal et al. [2021],

for improved ease of comparison, and increased statistical robustness. Performance was

measured according to the normalised D4RL score, which assigns random performance a

score of 0, and expert performance a score of 100. Fig. 4.2 represents 95% confidence
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intervals (CI) for the interquartile mean (IQM) score of bootstrapped samples uniformly

chosen across three rollouts per algorithm and all tasks. The IQM interpolates between

the median and the mean statistic. It is estimated by first computing the mean normalised

score of the middle 50% of scores in a given bootstrap. Then, the reported overall means

and CIs are computed over the entire set of bootstrap means. Agarwal et al. [2021] find

that bootstrapped CIs are more statistically robust than the median, and less susceptible

to outliers than the mean. Bootstrapping across tasks serves two purposes: it gives an

aggregate notion of performance in order to efficiently compare algorithms, and allows for

more statistically robust point estimates by making use of all available data at once.
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Figure 4.2: Aggregate Performance of ILBRL and baselines across D4RL tasks. Horizontal bars
represent interquartile means. Shaded regions give 95% confidence intervals based on bootstrapped
samples [Agarwal et al., 2021]. The purple, dashed line gives the average performance of the
exploratory policy. The expert policy achieves an expected score of 100.

We note that among the algorithms we tested, only ILBRL is able to outperform the

exploratory policy by a statistically significant margin. This suggests that it is able to

make good use of the expert data labels and is not simply cloning the exploratory policy.

Because we are in a challenging, low expert data regime, performance of the baselines
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is somewhat lower than the values reported in the original publications, which make

use of large amounts of expert, or near-expert data. We hypothesise that our relative

effectiveness is due to the simplicity of our approach, as well as the natural scaling of

our method to imbalanced datasets, while the baselines rely on density estimation, which

may be challenging under highly imbalanced data regimes.

In addition to our more robust approaches to evaluation, we report complete evaluation

results for all tests in Table 4.2. Our results carry over: our algorithm outperforms or

competes with the baselines on all of the environments.
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Figure 4.3: Performance profiles for ILBRL and baselines [Agarwal et al., 2021]. Curves that
arc further from the origin are higher performing. ILBRL is competitive with state-of-the-art IL
algorithms in difficult data regimes. It is able to achieve more tasks at a lower thresholds and
reach higher performances when compared to the baselines.

For a more qualitative evaluation of our method, we make use of a performance profile, as

shown in Fig. 4.3, also suggested by Agarwal et al. [2021]. On the x axis is a performance

threshold, and on the y axis is the fraction of runs across environments that achieved the

level of performance specified on the x axis. We see that our method is able to compete

with expert performance on some tasks, as can be observed by the x-intercept reaching

past a threshold of 100. Our algorithm strictly dominates the ORIL baseline, and reaches
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well beyond medium performance, showing that it is able to both perform very well on

easier tasks, and maintain a reasonable performance for more challenging tasks.

In addition we performed an ablation study on our modified reward function. We found

it to improve performance, though not across all tasks. A performance profile and

IQM bootstrap CI can be found in Fig. 4.4. In addition, despite the fact that gains are

not extreme, our policy evaluation procedure is able to select for the reward-weighted

ILBRL over the ablation using only offline data, further evidencing the robustness and

effectiveness of our evaluation procedure.

4.6.3 Hyperparameters

This section details hyperparameters and tuning ranges to enable reproducibility of the

experiments in question.

Tuning Ranges

All hyperparameters were tuned using random search. In order to evaluate fairly against

the baselines, given the novel evaluation protocol, we retuned baseline hyperparameters,

with ranges near the defaults from https://github.com/JasonMa2016/SMODICE. For

ILBRL, hyperparameters that were not tuned were taken to be defaults from the TD3-

BC implementation at https://github.com/sfujim/TD3_BC. We emphasise that policy

evaluation was tuned using policies from the dataset, not from our method or the

baselines.

Hyperparameter Range
λ uniform(1,4)
Critic Learning Rate uniform(1e− 5, 1e− 4)
Actor Learning Rate uniform(1e− 5, 1e− 4)
Training Epochs 400
Minibatches Per Epoch 2500
Minibatch Size 256

Table 4.3: ILBRL Hyperparameter Ranges

https://github.com/JasonMa2016/SMODICE
https://github.com/sfujim/TD3_BC
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Figure 4.4: Performance of ILBRL with reward-weighted BC loss and without reward weighting
(ablated). We see that reward weighting does provide some performance gains on the true
environment, (left and centre figures), and that these gains are reflected in our offline policy
evaluation procedure (right).

Hyperparameter Range
Reward Scale uniform(0.05, 3)
Discriminator Learning Rate uniform(1e− 4, 1e− 3)
Actor Learning Rate uniform(1e− 5, 1e− 4)

Table 4.4: SMODICE & ORIL Hyperparameter Ranges
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Hyperparameter Range
Learning Rate loguniform(3e− 4, 3e− 2)
Training Epochs 400
Minibatches Per Epoch 2500
Minibatch Size 256

Table 4.5: Behavioural Cloning Hyperparameter Ranges

Hyperparameter Range
Expert Dataset Fraction choice([0, 0.3, 0.5, 0.8])
Target Network Update Frequency choice([2, 10, 16])
Value Learning Rate choice([3e− 6, 3e− 5, 3e− 4, 3e− 3])

Table 4.6: Off Policy Evaluation Hyperparameter Ranges

Final Hyperparameters

In this section we detail the hyperparameters selected for use by the policy evaluation

process. We note that for reproducibility reasons, the random samples used during

training were seeded identically, so the configurations for Halfcheetah, Walker2d,

and Ant are identical for ILBRL, all environments ended up selecting the same hyper-

parameters for ORIL, and hyper-parameters are identical for Hopper and Walker2d

with BC.

Hyperparameter Value
Expert Dataset Fraction 0.5
Target Network Update Frequency 16
Value Learning Rate 3e− 4

Table 4.7: Policy Evaluation Hyperparameters

Hyperparameter Value
λ 1.9898232924151003
Critic Learning Rate 6.308344747206642e− 05
Actor Learning Rate 4.279938571320915e− 05

Table 4.8: ILBRL Hyperparameters: Hopper



4. Imitation Learning via Offline Reinforcement Learning 83

Hyperparameter Value
λ 3.780707811143581
Critic Learning Rate 3.193621317706127e− 05
Actor Learning Rate 3.4187343220724746e− 05

Table 4.9: ILBRL Hyperparameters: Halfcheetah

Hyperparameter Value
λ 3.780707811143581
Critic Learning Rate 3.193621317706127e− 05
Actor Learning Rate 3.4187343220724746e− 05

Table 4.10: ILBRL Hyperparameters: Walker2d

Hyperparameter Value
λ 3.780707811143581
Critic Learning Rate 3.193621317706127e− 05
Actor Learning Rate 3.4187343220724746e− 05

Table 4.11: ILBRL Hyperparameters: Ant

Hyperparameter Value
Reward Scale 0.132485274367925
Discriminator Learning Rate 0.0004279938571320915
Actor Learning Rate 6.308344747206642e− 05

Table 4.12: SMODICE Hyperparameters: Hopper

Hyperparameter Value
Reward Scale 0.09806293680143131
Discriminator Learning Rate 0.0006509491094594771
Actor Learning Rate 8.59713615304861e− 05

Table 4.13: SMODICE Hyperparameters: Halfcheetah

Hyperparameter Value
Reward Scale 0.17006151306334566
Discriminator Learning Rate 0.00012462906034979525
Actor Learning Rate 1.3235001285067025e− 05

Table 4.14: SMODICE Hyperparameters: Walker2d
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Hyperparameter Value
Reward Scale 0.15584724849066423
Discriminator Learning Rate 0.0008741470800027616
Actor Learning Rate 3.9755828061032105e− 05

Table 4.15: SMODICE Hyperparameters: Ant

Hyperparameter Value
Reward Scale 0.1
Discriminator Learning Rate 0.0006509491094594771
Actor Learning Rate 8.59713615304861e− 05

Table 4.16: ORIL Hyperparameters: All Environments

Hyperparameter Value
Learning Rate 0.01463435996151319

Table 4.17: BC Hyperparameters: Hopper

Hyperparameter Value
Learning Rate 0.017457140313552756

Table 4.18: BC Hyperparameters: Halfcheetah

Hyperparameter Value
Learning Rate 0.01463435996151319

Table 4.19: BC Hyperparameters: Walker

Hyperparameter Value
Learning Rate 0.005028663892514822

Table 4.20: BC Hyperparameters: Ant

4.7 Conclusions

As we have seen in this chapter, complications arise when our goal is to learn a behaviour

which affects the distribution of test data observed, even when operating with a fixed

dataset and clear objective function. While this setting is the closest to supervised learning

that will be observed in our work, additional care needs to be taken in order to provide
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sample efficiency bounds and generalisation guarantees. In our case these additional

considerations lead to the need for a high quality exploratory dataset, alongside a smaller

amount of expert behaviour.

Because of these additional concerns, common practice in offline RL and IL make use

of hyperparameter tuning and evaluation procedures that fundamentally undermine the

use cases and settings they are designed for. This makes it impossible to compare offline

algorithms fairly. In order to address these problems we have developed a new protocol for

analysis of offline RL methods which prevents information leak from the true environment

and allows data-fair comparison across algorithms.

Despite these challenges, we are able to provide concrete guarantees for our simple

algorithm in the tabular average reward setting. Our algorithm is able to generalise

expert behaviour to unseen states more effectively than more complex SOTA baselines on

challenging control environments with very little expert data.



5
Target Networks and

Generalisation—Breaking Down the
Deadly Triad

The content of this chapter was developed as part of the paper Why Target Networks

Stabilise Temporal Difference Methods [Fellows et al., 2023]

One of the most catastrophic and pathological problems in reinforcement learning (RL)

occurs when using a combination of TD methods with off-policy learning and function

approximation. Styled the deadly triad, this seemingly natural setting has been shown to

lead to divergence in simple environments [Baird, 1995]. Current theory suggests that this

arises due to a misalignment between the function approximation class and the Bellman

operator, which, when sampled off policy, leads to expansionary updates. This leaves

us with a clear need both for algorithmic subversion of the deadly triad and for a more

clear theoretical characterisation of how and why this seemingly innocuous—and highly

desirable—setting leads to divergence.

Despite the lingering mystery of the deadly triad, recent decades have led to some of

the most impressive empirical displays of RL efficacy in this exact setting: off-policy

TD with deep neural networks as function approximation. This model class enables

86
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automatic learning of complex state abstraction, leading to effective generalisation across

the state space. However, neural networks can be challenging to optimise, requiring large

amounts of data in order to generalise well to unseen states, as well as requiring stable

targets in order to generalise well. This has led to the introduction of new, RL-specific

techniques, in order to enable the use of this powerful function approximation class for

state abstraction in RL. The most conserved of these techniques is the target network,

which makes use of a lagged set of parameters for the value function approximator,

in order to temporarily stabilise targets for value function updates. This chapter dives

deeply into the theory of target networks, revealing that they serve a fundamental role in

stabilising TD-style learning, providing an antidote to the deadly triad, as opposed to the

conventional wisdom that they are a “trick” used to fit together neural network function

approximation with RL.

Target networks—originally introduced a decade ago by Mnih et al. [2013, 2015] as a

technique to limit correlation in neural network updates across states—have become a

ubiquitous feature of state-of-the-art deep reinforcement learning algorithms [Lillicrap

et al., 2015, Haarnoja et al., 2017, 2018, Fujimoto et al., 2018]. The conservation of this

approach across off-policy deep RL methods suggests that something quite fundamental

is at play. Whilst recent analysis has characterised the convergence properties of policy

evaluation using target networks, existing approaches focus on asymptotic results, and

usually make simplifying assumptions that neither hold in practice nor account for the true

behaviour of target network-based updates. Here, in order to characterise the surprising

effectiveness of state abstraction using deep neural networks in RL, we formalise the

use of target networks as a class of partially fitted policy evaluation (PFPE) algorithms.

These algorithms bridge the gap between traditional TD approaches [Sutton, 1988]

and fitted policy evaluation (FPE) [Bertsekas and Ioffe, 1996, Le et al., 2019]. With

correct hyperparameters, we show in this chapter that the use of target networks can

help prevent deep RL algorithms from diverging, even in regimes where TD diverges.

We also introduce a regularisation scheme that leads to guaranteed convergence of our

online algorithm, without the need to resort to projection of network parameters as is

done in previous work. Additionally, we establish finite-time performance bounds for
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the use of target networks and general (convex) function approximation—without strong

simplifying assumptions—providing theoretical justification for the empirical success

that has been observed in challenging, off-policy tasks.

In this chapter, to characterise the performance of target networks, PFPE—which has

traditionally been viewed through the lens of two-timescale analysis—is canonised as

a single update applied only to the target network parameters. The stability of the

algorithm is determined by analysing the eigenvalues of the Jacobian of this update. This

formulation allows characterisation of both the limiting (asymptotic) and finite-time (non-

asymptotic) convergence properties of PFPE. Furthermore, it suggests, counterintuitively,

that target networks are actually the object being optimised rather than merely a means to

stabilise conventional TD updates. Later in this chapter, we make use of this insight and

empirically investigate a novel target parameter update scheme that uses a momentum-

style update [Polyak, 1964], setting the stage for future research of practical target-based

algorithms. We develop key insights into the usefulness of target networks, which we find

do not improve asymptotic performance when decaying step sizes are used, but improve

the conditioning of TD and fitted methods when the step size does not tend to zero, as is

often implemented in practice. Under non-decaying stepsizes, our Jacobian analysis show

how PFPE reconditions the TD Jacobian allowing us to prove convergence in regimes

where TD is unstable, providing an explanation for the surprising efficacy of deep RL

methods that make use of target networks.

This chapter represents the first known analysis of target networks without making

restrictive changes to the algorithms that are used in empirical practice. Furthermore, this

investigation yields the first finite-time error bounds for target networks as they are used

in practice, as opposed to the asymptotic results which are more common in the literature.

By characterising how target networks help bypass the deadly triad, a fundamental RL

pathology, our analysis provides a foundation for future algorithmic development in this

challenging setting. Our insight opens the door for such developments by fixating on the

optimisation path of the target network, indicating that more sophisticated target network

update schemes may be a fruitful line for future study.
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5.1 Off-policy Evaluation

In this chapter, we focus only on the off-policy evaluation problem with function

approximation, looking to optimise a set of value function parameters, θ ∈ Θ, to

approximate the long term expected value of a policy, π, across all states:

Vθ(s) ≈ V π(s).

However, in the off-policy setting, we are restricted to transition data sampled from a

distribution that does not match the steady-state induced by π. For simplicity of notation

and to accommodate the introduction of target networks in Section 5.2, we introduce

some shorthand for the relevant data distributions. The data that we will be learning from

is provided in the form of tuples, each of which we denote by ς := (s, a, r, s′, a′). These

tuples are sampled from a fixed distribution, ρς . The marginal distribution over states is

given by d, and the marginal distribution over actions, conditioned on the state, is given

by µ.

The following i.i.d. assumption on our data distribution will be used for clarity of

exposition:

Assumption 5.1. Each ς ∼ ρς is drawn i.i.d..

Typically, ρς is the steady-state distribution of an ergodic Markov chain induced by

following policy µ at all states, though in principle, data may be gathered from multiple

policies, or sampled directly by other means.

5.1.1 Fitted Policy Evaluation

While direct application of online TD is occasionally possible in the off-policy evaluation

setting with function approximation, more sophisticated methods may also be applied. In

particular, fitted methods improve on the sample efficiency and stability of TD methods

by explicitly incorporating the limitations of the function approximation class through

the use of a projection operator [Szepesvári, 2010]. This is important since it may

not be possible for our value function to perfectly match the true value of the target

policy. Recall that these methods generally perform some variant of the iterate Qθl+1 =



5. Target Networks and Generalisation—Breaking Down the Deadly Triad 90

ΠρςT πQθl
where Πρς is the projection operator under the sampled data distribution,

ΠρςQ = arg minQ′∥Q′ − Q∥d,µ. These updates are known as fitted policy evaluation

(FPE), and give the closest approximation to iteration of the Bellman operator within our

function approximation class. Using a contraction argument, it has been shown that if

µ = π, i.e. we are sampling on policy, and linear function approximation is used, both

TD and FPE will converge to the same fixed point [Szepesvári, 2010].

For some function approximation classes, the projection operator can be solved for in

closed form. This gives rise to the LSPE algorithm [Lagoudakis and Parr, 2003] in the

context of linear function approximation. However, in order to achieve more complex

abstraction over the state space, richer function classes may need to be used. In this

case, we must apply other solution methods for computing the projection operator. One

possible solution is to introduce a second set of parameters, θ̄l ∈ θ, which can be used as

an optimisation target, to keep track of our application of the Bellman operator. These

parameters give rise to a convex inner optimisation problem which looks to solve for the

application of the projection operator. Formally, at every iteration, l, we want to find the

argmin of the loss:

L(θ; θ̄l) := ∥Qθ − T π[Qθ̄l
]∥d,µ. (5.1)

One general scheme for this minimisation process is to perform stochastic gradient

descent on the parameters, θ, until they converge. This can be viewed as a two-timescale

optimisation process with iterates on the faster timescale obeying

θi+1 = θi + αi∇θL(θi; θ̄l), (5.2)

until they converge, and iterates on the slower timescale then corresponding to

θ̄l+1 = θ∞, (5.3)

where θ∞ is the final iterate of the SGD update. While this schema works well in

theory, in practice it may be too computationally expensive to iterate until convergence

in the inner optimisation problem. For the remainder of this section, we discuss how

classic semigradient TD represents an approximation of this procedure. In the subsequent
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section we develop a family of algorithms—corresponding to the use of target networks

in deep RL—which allow us to bridge the gap between FPE and its semigradient TD

approximation.

5.1.2 TD(0) and FPE

Recall that the semigradient TD update is given by:

θl+1 = θl + αl (r + γQθl
(s′, a′)−Qθl

(s, a))∇θQθl
(s, a).

As originally noted by [Yu and Bertsekas, 2009], this corresponds to the FPE update

scheme given by Eqs. (5.2) and (5.3) if, instead of completing the inner optimisation

process, we instead approximate it with a single step of SGD on L.

For concision in this chapter, we abuse notation somewhat and will use δ to represent a

vector-valued update, rather than the scalar value TD error used elsewhere in the paper.

Furthermore, to unify notation for TD, FPE, and the methods that we develop later, we

use a functional form which makes the dependency on the target parameters and the data

explicit:

δ(θ, θ′, ς) := (r + γQθ′(s′, a′)−Qθ(s, a))∇θQθ(s, a). (5.4)

This allows us to write the TD parameter update as:

θi+1 = θi + αiδ(θi, θi, ς). (5.5)

We denote the expected fitted TD-error vector as: δ(θ, θ′) := Eς∼ρς [δ(θ, θ′, ς)]. This

notation allows us to define the set of TD fixed points as:

θ⋆ ∈ θ⋆ := {θ|δ(θ, θ) = 0} . (5.6)

We recall that if a TD algorithm converges, it converges to a TD fixed point. Convergence

of TD methods can be guaranteed for linear function approximators when sampling

on-policy in an ergodic MDP: that is, the sampling distribution, ρς , comes from a single

policy, µ, and the steady state distribution of the target policy, ρπ is the same as ρµ. We
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characterise this convergence condition more precisely as part of our asymptotic analysis

in Section 5.3.1.

With this notation, alongside an understanding of the relationship between FPE and TD,

we are ready to discuss a unifying class of algorithms that approximate FPE, but also

include TD as a specific case.

5.2 Partially Fitted Policy Evaluation

If FPE corresponds to iterations of the projected Bellman operator, and TD corresponds

to an approximation of this via a single step of SGD on the projection loss given in

Eq. (5.1), then it is easy to imagine that we can interpolate between these approaches by

conducting any finite number of iterations, 1 ≤ k <∞ on the loss in Eq. (5.1). We refer

to such an algorithm as partially fitted policy evaluation (PFPE), as it conducts FPE-style

updates, but without fully fitting to the target parameters. This corresponds to the update

scheme—here presented with unified data indexing across both time scales—

θkl+i+1 = θkl+i + αkl+iδ(θkl+i, θ̄l, ς), (5.7)

θ̄l+1 = θk(l+1). (5.8)

The function approximator update in Eq. (5.7) carries out k iterations of SGD on the

loss before updating the target parameters using Eq. (5.8). In the limit as k → ∞,

assuming convergence of SGD to a global minimum, this reduces to the FPE update. By

interpolating between the TD update and the FPE update, PFPE is able to achieve the

improved convergence properties of FPE relative to TD, but in finite time for general

function approximators, without the need for total optimisation at each step.

Without loss of generality, we assume that θ̄0 is deterministic with ∥θ̄0∥ <∞ and αi = αl

for all kl ≤ i < k(l + 1), that is stepsizes only change after updating target parameters.

As the target parameters are updated to match the value parameters every k timesteps in

Eq. (5.8), rather than trying to reason over two sets of parameters, it suffices to consider

the target parameter update in isolation when analysing PFPE. Thus the goal of the
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following section will be to reformulate our two-timescale update scheme to a single

update, applied to the target parameters in the canonical form:

θ̄l+1 = gk(θ̄l,D, αl), D ∼ PD, (5.9)

where D := {ςi}ki=1 is a set of k i.i.d. samples from ρς , with joint distribution PD and

gk(θ̄l,Dl, αl) reduces the k nested updates from Eq. (5.7) into a single update for the

target parameters. While we find that explicitly formulating the update in this manner is

impossible for general function approximation, we can prove key properties of the update

with this functional form, simplifying analysis.

5.2.1 The Jacobians of the Update

In order to begin with our analysis, we define three key matrices which will be used

later to define the conditions for convergence and convergence rates for TD, FPE, and

PFPE.

The Hessian of the expected loss in Eq. (5.1) is defined as

H(θ, θ̄) := ∇2
θL(θ; θ̄),

the Jacobian in the second argument of the expected TD error vector is given by

Jδ(θ, θ̄) := ∇θ′δ(θ, θ′)|θ′=θ̄,

and we define the Jacobian of the TD(0) update as

JTD(θ̄) := ∇θδ(θ, θ)|θ=θ̄.

The Hessian, which we assume to be diagonalisable, will be used to characterise how

sequential inner updates influence the resulting parameters. The Jacobian of the TD error

vector will characterise the optimum of this fitting procedure, while the Jacobian of the

TD(0) update describes the (semigradient TD-style) update that happens at the start of

each PFPE iteration. We also note that, by the chain rule,

JTD(θ̄) = Jδ(θ̄l, θ̄l)−H(θ̄l; θ̄l)
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Our assumption on the Hessian can be made without loss of generality as an arbitrarily

small perturbation may be applied to the matrix in order to make its eigenvalues distinct

and therefore diagonalisable.

In order to ensure existence of these matrices, we require the expected PFPE update to be

differentiable almost everywhere. This can be guaranteed by a Lipschitz assumption on

the function approximators. In addition to this, we require that the variance of the updates

is bounded, motivating the following regularity assumption:

Assumption 5.2 (Function Approximator Regularity). We assume that δ(θ, θ′) is Lipschitz

in θ, θ′ with constant L: ∥δ(θ1, θ
′
1)− δ(θ2, θ

′
2)∥ ≤ L(∥θ1− θ2∥+ ∥θ′

1− θ′
2∥), Θ is convex,

and Vς∼ρς [δ(θ, θ, ς)] ≤ σ2
δ for some σ2

δ <∞.

Achieving bounded variance when using unbounded function approximators is often

performed in practice through the use of gradient clipping, or truncation the TD error

vector.

In order to manage the nonlinearity of our function approximation scheme, we introduce

the path-mean Jacobian, which corresponds to the average of all of the Jacobians along

the line joining θ to a TD fixed-point, θ⋆. Assumption 5.2 ensures that the line integral

joining any two points in Θ always exists.

The principle elements of our analysis are the following linearisations:

H̄(θ, θ⋆; θ̄l) := −
∫ 1

0
∇2
θ′L(θ′ = θ − t(θ − θ⋆), θ̄l)dt,

J̄δ(θ, θ⋆; θ̄l) :=
∫
∇θ′δ(θ̄l, θ′ = θ − t(θ − θ⋆))dt,

J̄TD(θ, θ⋆) :=
∫ 1

0
∇θ′δ(θ′, θ′)|θ′=θ−t(θ−θ⋆)dt.

Analysis in the subsequent section will show that JTD will determine the asymptotic

convergence of TD, as well as PFPE with decaying step-sizes. On the other hand, when

constant step sizes are used, PFPE acts more like FPE.
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Stability of FPE To demonstrate the usefulness of the path-mean framework, we use our

path-mean linearisations to demonstrate a convergence condition for FPE with nonlinear

function approximation, a novelty in the literature.

Lemma 5.1. Under assumption 5.2, the sequence of fitted policy evaluation updates

θ̄⋆l ∈ arg infθ L(θ, θ̄l) satisfy:

θ̄⋆l − θ⋆ =
l∏

i=0
H̄(θ̄⋆i+1, θ

⋆; θ̄⋆i )−1J̄δ(θ̄⋆i , θ⋆; θ⋆)(θ̄0 − θ⋆).

Proof. Given θ̄l, each FPE update θ̄⋆l must be an element of the set:

θ̄⋆l ∈ {θ|δ(θ, θ̄l) = 0},

which we use to derive a stability condition for the projection operator:

δ(θ̄⋆l , θ̄l) = δ(θ⋆, θ⋆) = 0

=⇒ δ(θ̄⋆l , θ̄l)− δ(θ⋆, θ̄l) = δ(θ⋆, θ⋆)− δ(θ⋆, θ̄l).

Let ℓ1(t) := θ̄⋆l − t(θ̄⋆l − θ⋆) and ℓ2(t) := θ̄l − t(θ̄l − θ⋆). We introduce the notation:

δ1(t, θ̄l) := δ(ℓ1(t), θ̄l), δ2(t, θ⋆) := δ(θ⋆, ℓ2(t)).

We observe that δ1(0, θ̄l) = δ(θ̄⋆l , θ̄l) and δ1(1, θ̄l) = δ(θ⋆, θ̄l). We also note that

δ2(0, θ⋆) = δ(θ⋆, θ̄l) and δ2(1, θ⋆) = δ(θ⋆, θ⋆). From the fundamental theorem of calculus

and assumption 5.2, it follows:

δ1(0, θ̄l)− δ1(1, θ̄l) = δ2(1, θ⋆)− δ2(0, θ⋆),

=⇒ −
∫ 1

0
∂tδ(θ = ℓ1(t), θ̄l)dt =

∫ 1

0
∂tδ(θ⋆, θ = ℓ2(t))dt,

=⇒
∫ 1

0
∇θδ(θ = ℓ1(t), θ̄l)(θ̄⋆l − θ⋆)dt = −

∫ 1

0
∇θδ(θ⋆, θ = ℓ2(t))(θ̄l − θ⋆)dt,

=⇒ −
∫ 1

0
∇2
θL(θ = ℓ1(t); θ̄l)(θ̄⋆l − θ⋆))dt = −

∫ 1

0
∇θδ(θ⋆, θ = ℓ2(t))(θ̄l − θ⋆)dt,

=⇒
∫ 1

0
∇2
θL(θ = ℓ1(t); θ̄l)dt(θ̄⋆l − θ⋆) =

∫ 1

0
∇θδ(θ⋆, θ = ℓ2(t))dt(θ̄l − θ⋆),

=⇒ H̄(θ̄⋆l , θ⋆; θ̄l)(θ̄⋆l − θ⋆) = J̄δ(θ̄l, θ⋆; θ⋆)(θ̄l − θ⋆),

=⇒ (θ̄⋆l − θ⋆) = H̄(θ̄⋆l , θ⋆; θ̄l)−1J̄δ(θ̄l, θ⋆; θ⋆)(θ̄l − θ⋆),
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where we applied the chain rule in deriving the third line. Recursively applying the result

yields:

θ̄⋆l − θ⋆ =
l∏

i=0
H̄(θ̄⋆i+1, θ

⋆; θ̄⋆i )−1J̄δ(θ̄⋆i , θ⋆; θ⋆)(θ̄0 − θ⋆),

as required.

Lemma 5.1 suggests that if supθ,θ′∥H̄(θ′, θ⋆; θ)−1J̄δ(θ, θ⋆; θ⋆)∥ ≤ 1, the FPE update will

represent a contraction, and thus lead to convergence. This condition is important, as we

can expect PFPE to obey similar dynamics if the k is taken to be sufficiently large. In the

next section we derive a similar condition for convergence of PFPE under a regime of

decaying step sizes.

5.3 Asymptotic Analysis

We now study the behaviour of Eq. (5.9) in the limit of l → ∞ and αl → 0. This

represents the first analysis of target networks with nonlinear function approximation,

using a single timescale stochastic approximation approach. While we will ultimately

find that target networks do not improve convergence conditions compared to TD, i.e. for

PFPE to converge with diminishing step sizes, TD must also converge. This surprising

result contradicts popular intuition and empirical results which indicate that the use

of target networks stabilise TD. However, in the following section we establish more

promising results in the nonasymptotic case. We recall the standard Robbins-Munro

condition for the decaying stepsizes that is a necessary condition to ensure convergence

to a fixed point:

Assumption 5.3. Each αl is a positive scalar with
∑∞
l=0 αl =∞ and

∑∞
l=0 α

2
l <∞.

As will become clear in our proof of Theorem 5.3, we find that the following key

assumption is necessary for convergence of PFPE:

Assumption 5.4 (TD Stability). There exists a region XTD(θ⋆) containing a fixed point θ⋆

such that J̄TD(θ, θ⋆) has strictly negative eigenvalues for all θ ∈ XTD(θ⋆).
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Notably, the necessity of assumption 5.4 suggests that the stability of PFPE under

diminishing stepsizes is determined only by the eigenvalues of the single step (TD)

path-mean Jacobian J̄TD(θ, θ⋆), regardless of the value of k or αl. Indeed, our stochastic

approximation analysis will show these algorithms to be provably divergent if this

condition cannot be satisfied [Pemantle, 1990]. From this perspective, if TD diverges

then so will PFPE under diminishing stepsizes, hence the asymptotic stability of PFPE is

independent of k and αl, and, unlike performing smooth updates under a two-timescale

regime, introducing target parameters that are updated periodically every k timesteps does

not improve asymptotic convergence properties under this analysis. Once assumption 5.4

has been established, there are several approaches to prove convergence of the PFPE

update under varying sampling conditions and projection assumptions. We follow the

proof of [Vidyasagar, 2023].

In order to use the tools of stochastic approximation, we need to define a Martingale

difference sequence that captures the behaviour of our updates. Let {θi}ki=0 denote the

intermediate function approximation parameters between target parameter updates θ̄l+1

and θ̄l, with θ0 = θ̄l and θk = θ̄l+1. We start by recursively expanding our target parameter

updates as:

θ1 = θ̄l + αlδ(θ̄l, θ̄l, ς0),

θ2 = θ1 + αlδ(θ1, θ̄l, ς1),

= θ̄l + αl
(
δ(θ̄l, θ̄l, ς0) + δ(θ̄l + αlδ(θ̄l, θ̄l, ς0), θ̄l, ς1)

)
,

θ3 = θ2 + αlδ(θ2, θ̄l, ς2),

= θ̄l + αl
(
δ(θ̄l, θ̄l, ς0) + δ(θ̄l + αlδ(θ̄l, θ̄l, ς0), θ̄l, ς1)

)
+ αl(δ(θ̄l + αl

(
δ(θ̄l, θ̄l, ς0) + δ(θ̄l + αlδ(θ̄l, θ̄l, ς0), θ̄l, ς1)

)
, θ̄l, ς2),

...

θk = θ̄l + αl
k−1∑
i=0

δ(θ̄l + αlhi(θ̄l,D, αl), θ̄l, ςi),

= θ̄l + αlhk(θ̄l,D, αl),
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where we define hi(θ̄l,D, αl) recursively as:

hi(θ̄l,D, αl) :=
i−1∑
j=0

δ(θ̄l + αlhj(θ̄l,D, αl), θ̄l, ςj).

and remark that h0(θ̄l,D, αl) = 0 trivially. We write our target parameter update as:

θ̄l+1 = θk = θ̄l + αl
(
kδ(θ̄l, θ̄l) +Ml+1 + εl+1

)
,

where

εl+1 := hk(θ̄l,Dl, αl)−
k−1∑
i=0

δ(θ̄l, θ̄l, ςi),

andMl+1 defines the Martingale sequence:

Ml+1 :=
k−1∑
i=0

δ(θ̄l, θ̄l, ςi)− kδ(θ̄l, θ̄l)

Next, we demonstrate that the proof of Borkar [2008, Theorem 2.2] can be adapted to

account for the additional term εl+1 that arises due to the use of target networks in the

updates. To this end, we introduce a new assumption which can be used to favourably

characterise convergence of PFPE by uniformly bounding the gradients.

Assumption 5.5. For all θ, θ′ ∈ Θ, and each transition data ς ,

∥δ(θ, θ′, ς)∥ ≤ ch ≤ ∞,

almost surely.

Equipped with this assumption, which favours convergence conditions for PFPE, we now

inreoduce Lemma 5.2, which demonstrates that as stepsizes tend to zero, the effect of

ϵl+1 becomes negligible, hence the inclusion of εl+1 is also negligible to our analysis of

the underlying ODE defined by the TD updates.

Lemma 5.2. Let νn,n+m := ∑m+n−1
l=n αlϵl+1 for m ≥ 1. Under Assumptions 5.1 to 5.3,

and assumption 5.5, limn→∞ supm∥νn,n+m∥ = 0 almost surely.
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Proof. We start by bounding each ∥ϵi+1∥ using the the Lipschitzness of δ from assump-

tion 5.2:

∥ϵl+1∥ =
∥∥∥∥∥
k−1∑
i=0

(
δ(θ̄l + αlhi(θ̄l,D, αl), θ̄l, ςi)− δ(θ̄l, θ̄l, ςi)

)∥∥∥∥∥ ,
≤

k−1∑
i=0

∥∥∥δ(θ̄l + αlhi(θ̄l,D, αl), θ̄l, ςi)− δ(θ̄l, θ̄l, ςi)
∥∥∥ ,

≤
k−1∑
i=0

L
∥∥∥θ̄l + αlhi(θ̄l,D, αl)− θ̄l

∥∥∥ ,
= αlL

k−1∑
i=0

∥∥∥hi(θ̄l,D, αl)∥∥∥ ,
Using ch from assumption 5.5, we bound ∥ϵl+1∥:

∥ϵl+1∥ ≤ αlL
k−1∑
i=0

ch = αlchkL,

almost surely. We use this result to bound ∥νn,n+m∥:

∥νn,n+m∥ ≤
m+n−1∑
l=n

αl∥ϵl+1∥ ≤ chkL
m+n−1∑
l=n

αl
2. (5.10)

Now, under assumption 5.3,

lim
n→∞

sup
m

m+n−1∑
l=n

αl
2 = 0,

hence by the bound established in Eq. (5.10):

lim
n→∞

sup
m
∥νn,n+m∥ = 0,

almost surely, as required.

Intuitively, this result tells us that taking finite k steps of PFPE becomes negligibly

different from taking one TD update as the learning rate goes to zero. Equipped with

the bound on the additional term induced by the target network, we are able to prove our

main result in this context

Theorem 5.3. Let Assumptions 5.1 to 5.5 hold. If there exists some fixed point θ⋆ with

region of contraction XTD(θ⋆) and timestep t such that θ̄l ∈ XTD(θ⋆) for all l ≥ t the the

sequence of target parameter updates in Eq. (5.8) converge almost surely to θ⋆.
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Proof. Our update

θ̄l+1 = θ̄l + αl
(
kδ(θ̄l, θ̄l) +Ml+1 + εl+1

)
,

is identical to the update presented in Borkar [2008, Eq. 2.1.1] with an additional term

εl+1. Proof of convergence to the ODE is given by Borkar [2008, Lemma 1], which is

predicated on the convergence of:

∆n,n+m := ζn+m − ζn,

from Borkar [2008, Eq. 2.1.6] where

ζn =
n−1∑
l=0

αlMl+1,

for n ≥ 1, that is limn→∞ supm∥∆n,n+m∥ = 0, almost surely. To adapt our updates so

that Borkar [2008, Lemma 1] still applies, we recognise that the term ζn is now replaced

in our updates with:

ζ̄n =
n−1∑
l=0

αl(Ml+1 + ϵl+1),

and hence ∆n,n+m is replaced in our updates with:

∆̄n,n+m :=ζ̄n+m − ζ̄n,

=ζn+m − ζn +
(
n+m−1∑
l=0

αlϵl+1

)
−
(
n−1∑
l=0

αlϵl+1

)
,

=ζn+m − ζn +
n+m−1∑
l=n

αlϵl+1,

=ζn+m − ζn + νn,n+m,

=∆n,n+m + νn,n+m,

where νn,n+m is defined as Lemma 5.2. All arguments of Borkar [2008, Lemma 1] remain

unchanged, except Eq. 2.1.9, where we must now show that limn→∞ supm∥∆̄n,n+m∥ = 0:

lim
n→∞

sup
m
∥∆̄n,n+m∥ ≤ lim

n→∞
sup
m

(∥∆n,n+m∥+ ∥νn,n+m∥) ,

≤ lim
n→∞

(
sup
m
∥∆n,n+m∥+ sup

m
∥νn,n+m∥

)
,

= lim
n→∞

sup
m
∥∆n,n+m∥+ lim

n→∞
sup
m
∥νn,n+m∥.
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Applying Lemma 5.2 yields limn→∞ supm∥νn,n+m∥ = 0 almost surely, hence

lim
n→∞

sup
m
∥∆̄n,n+m∥ ≤ lim

n→∞
sup
m
∥∆n,n+m∥,

which is proved in Borkar [2008, Lemma 1]. Convergence of our algorithm is thus only

predicated on the convergence of the update:

θ̄l+1 = θ̄l + αl
(
kδ(θ̄l, θ̄l) +Ml+1

)
. (5.11)

Borkar [2008, Theorem 2.2] proves convergence of Eq. (5.11) almost surely to θ⋆ given

the following four conditions hold:

I kδ(θ, θ) is Lipschitz in θ,

II Stepsizes αl satisfy assumption 5.3,

III The sequence {Ml,Fl}l≥0 is a Martingale difference sequence with respect to the

increasing family of σ-algebras: Fl := σ({θ̄i,Mi}i∈{0:l}) where E [Ml+1|Fl] = 0

and E [∥Ml+1∥2|Fl] ≤ C(1 + ∥θ̄l∥2) for some positive C <∞.

IV The sequence of iterates remain bounded, that is supl∥θ̄l∥ <∞ almost surely.

Conditions I and II hold trivially.

For Condition III, we can take expectations of the Martingale difference:

E [Ml+1|Fl] = E [Ml+1|Fl] ,

= E

[
k−1∑
i=0

δ(θ̄l, θ̄l, ςi)− kδ(θ̄l, θ̄l)
∣∣∣∣∣Fl
]
,

=
k−1∑
i=0

E

[
δ(θ̄l, θ̄l, ςi)

∣∣∣∣∣Fl
]
− kδ(θ̄l, θ̄l),

= 0,
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as required. We now show that the variance is bounded using assumption 5.2:

∥Ml+1∥2 =
∥∥∥∥∥
k−1∑
i=0

(
δ(θ̄l, θ̄l, ςi)− δ(θ̄l, θ̄l)

)∥∥∥∥∥
2

,

≤ k2
∥∥∥δ(θ̄l, θ̄l, ςi)− δ(θ̄l, θ̄l)∥∥∥2

,

=⇒ E
[
∥Ml+1∥2|Fl

]
≤ k2E

[∥∥∥δ(θ̄l, θ̄l, ςi)− δ(θ̄l, θ̄l)∥∥∥2
∣∣∣∣Fl] ,

= k2Vς∼ρς [δ(θ̄l, θ̄l, ς)],

≤ k2σ2
δ ,

thereby satisfying Condition III.

Finally, we prove Condition IV using Vidyasagar [2023, Theorem 5], which states iterates

remain bounded almost surely if:

(a) Conditions I and III hold;

(b) there exists some Lyapunov function V : θ 7→ R+ such that a∥θ − θ⋆∥2 ≤ V (θ) ≤

b∥θ − θ⋆∥2 for constants a, b > 0 and ∥∇2
θV (θ)∥ is bounded, and;

(c) ∇θV (θ)⊤δ(θ, θ) < 0 for all θ ∈ XTD(θ⋆).

We propose V (θ) = 1
2∥θ−θ

⋆∥2 as a candidate Lyapunov function, which trivially satisfies

(b). We now show (c) holds by applying the fundamental theorem of calculus to δ(θ, θ).

Let ℓ(t) := θ − t(θ − θ⋆). Like in Lemma 5.1, it follows:

δ(θ, θ) = δ(θ, θ)− δ(θ⋆, θ⋆)︸ ︷︷ ︸
=0

,

= δ ◦ l(t = 0)− δ ◦ l(t = 1),

= −
∫ 1

0
∂tδ ◦ l(t)dt,

=
∫ 1

0
∇θδ ◦ l(t)dt(θ − θ⋆),

hence:

∇θV (θ)⊤δ(θ, θ) = (θ − θ⋆)⊤
∫ 1

0
∇θδ ◦ l(t)dt(θ − θ⋆),

= (θ − θ⋆)⊤J̄TD(θ, θ⋆)(θ − θ⋆),

< 0,

for all θ ∈ XTD(θ⋆) under assumption 5.4, as required.
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The fact that we need assumption 5.4 in order to prove asymptotic convergence of PFPE

indicates that, under a decaying stepsize regime, eventually, PFPE will behave exactly as

TD and fail to converge under poor conditioning of the TD Jacobian. We now look to

investigate the conditions which lead to such poor convergence, known colloquially as

the deadly triad [Sutton and Barto, 2018].

5.3.1 The Deadly Triad

We have established that it is not possible to prove convergence of PFPE under diminishing

stepsizes if assumption 5.4 does not hold. We now discuss how failure to adhere

to assumption 5.4 formalises a phenomenon known as the deadly triad [Sutton and

Barto, 2018] where it has been established that TD with function approximation cannot

be proved to converge when either sampling off policy or using nonlinear function

approximators.

Linear Function Approximation To control for the effect of nonlinear function

approximation, we first investigate linear function approximators of the form Qθ(s, a) =

ϕ(s, a)⊤θ where ϕ : S ×A → Rn is a feature vector. Introducing the shorthand:

Φ := Es∼d,a∼µ(s)[ϕ(s, a)ϕ(s, a)⊤],

and

Φ′ := Es∼d,a∼µ(s)[Es′∼P (S′|s,a),a′∼π(s′)[ϕ(s′, a′)]ϕ(s, a)⊤],

we can derive the linear path-mean TD Jacobian as:

J̄TD(θ, θ⋆, α) = γΦ′ − Φ.

We now examine why the conditioning of J̄TD(θ, θ⋆, α) captures the effect of off-policy

sampling on the convergence of TD(0).

For linear function approximators, one assumption that has been demonstrated to lead

to convergence of off-policy TD is the “low distribution shift assumption” [Wang et al.,

2021a,b]. This can be formalised as the assumption that γ∥Qθ∥Pµ,π < ∥Qθ∥d,µ for all θ,

Pµ represents the one-step look-ahead distribution under policy µ and state distribution d.
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We show here that this is a sufficient condition for γΦ′ − Φ to have negative eigenvalues

under assumption 5.4.

Starting from assumption 5.4 and the definition of negative definiteness, we need to

show:

θ⊤(γΦ′ − Φ)θ < 0,

whenever γ∥Qθ∥Pµ,π < ∥Qθ∥d,µ, for all θ. Investigating the first term by expanding the

expectations, we see:

γθ⊤Φ′θ = γEs∼d,a∼µ(s)
[
θ⊤ϕ(s, a)Es′∼P (s,a),a′∼π(s′)

[
ϕ(s′, a′)⊤θ

]]
,

= γEd,π,Pµ

[
θ⊤ϕ(s, a)ϕ(s′, a′)⊤θ

]
,

≤ γ
√
Ed,π,Pµ [(ϕ(s, a)⊤θ)2]Ed,π,Pµ [(ϕ(s′, a′)⊤θ)2],

≤ γ
√
Ed,µ [(ϕ(s, a)⊤θ)2]Ed,π,Pµ [(ϕ(s′, a′)⊤θ)2],

≤ γ∥Qθ∥d,µ∥Qθ∥Pµ,π.

This allows us to apply our assumption:

θ⊤(γΦ′ − Φ)θ ≤ γ∥Qθ∥Pµ,π∥Qθ∥d,µ − ∥Qθ∥2
d,µ ≤ γ∥Qθ∥2

d,µ − ∥Qθ∥2
d,µ < 0

This implies that the function approximator class remains non-expansive under the one-

step lookahead distribution, Pµ, thereby preventing the function approximator diverging

as the Markov chain is traversed.

In the on-policy setting in an ergodic MDP, we can prove that there exists a stationary dis-

tribution dπ induced by following the target policy π—that is to say µ = π, and ρπ = dπ.

Moreover it is assumed that samples come from dπ; hence by the definition of ergodicity,

the one-step lookahead distribution is the stationary distribution:
∫
s Pπ(s′|s)ds = ρπ(s′).

It thus follows that γ∥Qθ∥Pµ,π = γ∥Qθ∥dπ ,π < ∥Qθ∥dπ ,π and hence assumption 5.4 holds

automatically for on-policy TD in an ergodic MDP, thereby establishing the convergence

properties as a special case via Theorem 5.3.

For off-policy data, it is not possible to prove that γ∥Qθ∥Pµ,π < ∥Qθ∥d,µ holds without

further assumptions on the sampling policy and MDP. In general, it is not possible to show
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that supθ∈θ∥J̄TD(θ, θ⋆, α)∥ < 1 in the off-policy case as the distribution shift may be too

high: there exist counterexample MDPs where off-policy algorithms such as Q-learning

provably diverge under linear function approximation [Williams and Baird III, 1993,

Baird, 1995].

Nonlinear Function Approximation Even in an on-policy regime, we cannot prove

convergence of TD when nonlinear function approximators such as neural networks

are used. In these cases, the path-mean Jacobian may not have a closed form solution.

However, it can be bounded by the path-mean variant using the pointwise norm of the TD

Jacobian. We start by bounding the maximum singular value:

supλ
(
J̄TD(θ′, θ⋆)

)
= sup

θ

θ⊤
(
J̄TD(θ′, θ⋆)

)
θ

θ⊤θ
,

= sup
θ

∫ 1

0

θ⊤ (JTD(θ′ − t(θ′ − θ⋆), θ′ − t(θ′ − θ⋆))) θ
θθ⊤ dt,

≤
∫ 1

0
sup
θ

θ⊤ (JTD(θ′ − t(θ′ − θ⋆), θ′ − t(θ′ − θ⋆))) θ
θθ⊤ dt,

≤
∫ 1

0
sup
t∈[0,1]

sup
θ

θ⊤ (JTD(θ′ − t(θ′ − θ⋆), θ′ − t(θ′ − θ⋆))) θ
θθ⊤ dt,

≤ sup
t∈[0,1]

sup
θ

θ⊤ (JTD(θ′ − t(θ′ − θ⋆), θ′ − t(θ′ − θ⋆))) θ
θθ⊤

∫ 1

0
dt︸ ︷︷ ︸

=1

,

≤ sup
θ′

sup
θ

θ⊤ (JTD(θ′, α)− I) θ
αθθ⊤ ,

= sup
θ′
λ (JTD(θ′, θ′)) .

We now substitute for the definition of the TD Jacobian, yielding:

JTD(θ, θ) = ∇θδ(θ, θ),

=∇θEς∼ρς [(r + γQθ(s′, a′)−Qθ(s, a))∇θQθ(s, a)] ,

=Eς∼ρς [(γ∇θQθ(s′, a′)−∇θQθ(s, a))∇θQθ(s, a)

+ (r + γQθ(s′, a′)−Qθ(s, a))∇2
θQθ(s, a)

]
,

=Eς∼ρς [(γ∇θQθ(s′, a′)−∇θQθ(s, a))∇θQθ(s, a)

+ ((T π[Qθ](s, a)−Qθ(s, a))∇2
θQθ(s, a)

]
,
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This leads us to the overall bound:

supλ
(
J̄TD(θ, θ⋆

)
≤ sup

θ
supλ

(
E
[
(T π[Qθ]−Qθ)∇2

θQθ

]
+E

[
(γE′[∇θQ

′
θ]−∇θQθ)∇θQ

⊤
θ

])
.

Even making the same assumption as in Section 5.3.1 of sampling on-policy in an ergodic

MDP to show that θ⊤E
[
(γE[∇θQ

′
θ]−∇θQθ)∇θQ

⊤
θ

]
θ ≤ (γ−1)θ⊤E

[
∇θQθ∇θQ

⊤
θ

]
θ <

0, we cannot prove the negative definiteness of JTD(θ, θ) required to satisfy assumption 5.4.

This is because the matrix E [(T π[Qθ]−Qθ)∇2
θQθ] can be arbitrarily positive definite

depending on the MDP and choice of function approximator. Indeed, there exist

counterexample MDPs with provably divergent nonlinear function approximators when

sampling on-policy [Tsitsiklis and Van Roy, 1997].

5.4 Non-asymptotic Analysis

The asymptotic analysis in Section 5.3 shows that increasing k for PFPE does not affect

the asymptotic strong convergence properties of the TD algorithm, implying that target

networks do not stabilise TD if stepsizes tend to zero. We showed that the underlying

reason for this was the deadly triad, which we formalised as adherence to assumption 5.4.

However, hope still remains for convergence guarantees with the use of target networks,

in a slightly different setting, which matches better with empirical practice and finite-time

learning.

The reason why PFPE under a diminishing step-size regime is fundamentally governed

by limiting ODE of TD(0) is because, as step sizes decrease, updates become increasingly

close to TD updates. This is formalised by Lemma 5.2. On the other hand, intuitively,

PFPE should be able to interpolate between FPE and TD(0). In order to prevent updates

from converging to TD update steps, we now consider a regime in which we use a constant

step-size, which invalidates the result in Lemma 5.2, and allow updates to look more like

those conducted by FPE.

In this section, we conduct a non-asymptotic analysis, which allows us to obtain finite

time error bounds while we investigate how the deadly triad can be broken by PFPE
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when stepsizes do not tend to zero. With the intuition that, under the non-diminishing

stepsize regime, PFPE updates should emulate those of FPE, we introduce the following

assumption, which encodes our convergence condition for FPE.

Assumption 5.6 (FPE Stability). There exists a region XFPE(θ⋆) containing a fixed point

θ⋆, with θi ∈ XFPE(θ⋆) for all i ∈ N such that supθ,θ′∈XFPE(θ⋆)

∥∥∥H̄(θ′, θ⋆; θ)−1J̄δ(θ, θ⋆; θ⋆)
∥∥∥ <

1.

This assumption may in general be either stronger or weaker than assumption 5.4,

depending on the particular form of function approximation, data distribution, and MDP

applicable to the problem at hand. Later, we will introduce regularisation which may

introduce new fixed points, but can be used to guarantee convergence in all settings.

We begin by relating the parameter gap of the PFPE fitting updates to those of the FPE

update. This will be used later to express this parameter gap in terms of the convergence

conditions derived in Lemma 5.1 and Theorem 5.3. The following lemma formalises this

for iterations within the inner optimisation problem.

Lemma 5.4. Under assumption 5.2, for fitting iterations i > 0, the expected updates can

be factored as:

Eρς [θi+1 − θ̄⋆l ] =
(
I − αlH̄(θi, θ̄⋆l ; θ̄l)

)
(θi − θ̄⋆l ),

Eρς [θi+1 − θ⋆] =
(
I − αlH̄(θi, θ̄⋆l ; θ̄l)

)
(θi − θ̄⋆l ) + θ̄⋆l − θ⋆.

and for iteration i = 0:

Eρς [θ1 − θ̄⋆l ] = (I + αJ̄TD(θ̄l, θ⋆))(θ̄l − θ⋆) + θ⋆ − θ̄⋆l

Proof. By the definition of the expected update θi+1:

Eρς [θi+1 − θ̄⋆l ] = θi − θ̄⋆l + αlδ(θi, θ̄l)− αl δ(θ̄⋆l , θ̄l)︸ ︷︷ ︸
=0

.

Like in Lemma 5.1, let ℓ(t) := θi − t(θi − θ̄⋆l ) define the line connecting θi to θ̄⋆l . Using

this notation, we re-write the expected update as:

Eρς

[
θi+1 − θ̄⋆l

]
=θi − θ̄⋆l + αl

(
δ(θ = ℓ(0), θ̄l)− δ(θ = ℓ(1), θ̄l)

)
.
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Applying the fundamental theorem of calculus under assumption 5.2 and the chain rule

yields our desired result:

Eρς

[
θi+1 − θ̄⋆l

]
= θi − θ̄⋆l − αl

∫ 1

0
∂tδ(θ = ℓ(t), θ̄l)dt,

= θi − θ̄⋆l − αl
∫ 1

0
∇θδ(θ, θ̄l)θ=ℓ(t)∂tℓ(t)dt,

= θi − θ̄⋆l + αl

(∫ 1

0
∇θδ(θ, θ̄l)θ=ℓ(t)dt

)
(θi − θ̄⋆l ),

=
(
I − αlH̄(θi, θ̄⋆l ; θ̄l)

)
(θi − θ̄⋆l ).

Our second result follows immediately:

Eρς [θi+1 − θ⋆] = Eρς [θi+1 − θ̄⋆l ] + θ̄⋆l − θ⋆,

=
(
I − αlH̄(θi, θ̄⋆l ; θ̄l)

)
(θi − θ̄⋆l ) + θ̄⋆l − θ⋆.

While the first result applies to the initial update, in order to reveal the effect of J̄TD on

our update scheme, for the first update, it holds that:

Eρς [θ1 − θ̄⋆l ] = Eρς [θ1 − θ⋆ + θ⋆ − θ̄⋆l ],

= Eρς [θ1 − θ⋆] + θ⋆ − θ̄⋆l .

By the definition of the expected update:

Eρς [θ1 − θ⋆] = θ̄l − θ⋆ + αlδ(θ̄l, θ̄l)− αl δ(θ⋆, θ⋆)︸ ︷︷ ︸
=0

.

Let ℓ(t) := θ̄l − t(θ̄l − θ⋆) define the line connecting θ̄l to θ⋆. Using this notation we

re-write the expected update as:

Eρς [θ1 − θ⋆] =θ̄l − θ⋆ + αl (δ(θ = ℓ(0), θ = ℓ(t))− δ(θ = ℓ(1), θ = ℓ(1))) .

Applying the fundamental theorem of calculus under assumption 5.2 and the chain rule

yields our desired result:

Eρς

[
θi+1 − θ̄⋆l

]
= θ̄l − θ⋆ − αl

∫ 1

0
∂tδ(θ = ℓ(t), θ = ℓ(t))dt,

= θ̄l − θ⋆ − αl
∫ 1

0
∇θδ(θ, θ)|θ=ℓ(t)∂tℓ(t)dt,

= θ̄l − θ⋆ + αl

(∫ 1

0
∇θδ(θ, θ)|θ=ℓ(t)dt

)
(θ̄l − θ⋆),

=
(
I + αlJ̄TD(θ̄⋆l , θ⋆)

)
(θi − θ̄⋆l ).
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With these factorisations, we are able to relate expected iterates of PFPE to iterates of

FPE, alongside the difference between iterates and a fixed point.

Building on this, we now proceed to decompose the suboptimality of the parameters

for a single timestep of the inner optimisation problem into the effect of the expected

update plus the error induced by variance of the update. We will then manipulate this

decomposition in order to reflect the functional form described in Lemma 5.4. The

following lemma describes this decomposition.

Lemma 5.5. Under assumption 5.2,

Eρςi
[∥θi+1 − θ⋆∥] ≤ |1− αlλ⋆H |

∥∥∥θi − θ̄⋆l ∥∥∥+
∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ.

Proof. We start by bounding the expected norm term using Jensen’s inequality: EX [
√
X2] ≤√

EX [X2].

Eρςi
[∥θi+1 − θ⋆∥] ≤

√
Eρςi

[
∥θi+1 − θ⋆∥2

]
,

≤
√∥∥∥Eρςi

[θi+1 − θ⋆]
∥∥∥2

+ Vρςi
[θi+1 − θ⋆],

≤
√∥∥∥Eρςi

[θi+1 − θ⋆]
∥∥∥2

+ Vρςi
[θi+1],

≤
∥∥∥Eρςi

[θi+1 − θ⋆]
∥∥∥+

√
Vρςi

[θi+1], (5.12)

where we applied the triangle inequality to derive the final line. We bound the variance

term by substituting θi+1 = θi + αlδ(θi, θ̄l, ςi):

Vρςi
[θi+1] = (αl)2Eρςi

[∥∥∥δ(θi, θ̄l, ςi)− Eρςi

[
δ(θi, θ̄l, ςi)

]∥∥∥2
]
,

= (αl)2Vρςi

[
δ(θi, θ̄l, ςi)

]
,

≤ (αlσδ)2. (5.13)

Applying Lemma 5.4 to the combination of Eqs. (5.12) and (5.13) and using the triangle
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inequality yields our desired result:

Eρςi
[∥θi+1 − θ⋆∥] ≤

∥∥∥(I − αlH̄(θi, θ̄⋆l ; θ̄l)
)

(θi − θ̄⋆l ) +
(
θ̄⋆l − θ⋆

)∥∥∥+ αlσδ,

≤
∥∥∥I − αlH̄(θi, θ̄⋆l ; θ̄l)

∥∥∥ ∥∥∥θi − θ̄⋆l ∥∥∥+
∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ,

≤ sup
θi,θ̄⋆

l
,θ̄l

∥∥∥I − αlH̄(θi, θ̄⋆l ; θ̄l)
∥∥∥ ∥∥∥θi − θ̄⋆l ∥∥∥+

∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ,

≤ |1− αlλ⋆H |
∥∥∥θi − θ̄⋆l ∥∥∥+

∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ.

We can now use this single-step decomposition in order to bound the conditioning of the

overall k-step update, gk(θ̄l,D, αl), as described in Eq. (5.9). To do so, we introduce the

notion of a condition function, which we use in the following lemma, in order to bound

the stability of the overall update.

Definition 5.1 (Condition Function). For a subset X (θ⋆) ⊆ θ, with fixed point θ⋆, such

that θi ∈ X (θ⋆) for all i ≥ 0, let

λ⋆H(αl) := arg sup
θ,θ′,θ′′∈X (θ⋆),λ′∈λ(H̄(θ,θ′;θ′′)

|1− αlλ′| ,

∥JFPE∥ := sup
θ,θ′∈X (θ⋆)

∥∥∥H̄(θ′, θ⋆; θ)−1J̄δ(θ, θ⋆; θ′)
∥∥∥ ,

∥J⋆TD∥ := sup
θ∈X (θ⋆)

∥I + αJ̄TD(θ, θ⋆)∥.

and define the condition function as:

C(αl, k) := |1− αlλ⋆H(αl)|k−1 ∥J⋆TD∥+
(
1 + |1− αlλ⋆H(αl)|k−1

)
∥JFPE∥.

We can see that this condition function is given as a weighted combination of the key

matrices introduced in Section 5.2.1, and crucially depends on k, which reveals how

additional steps of optimisation without diminishing step sizes trades off the conditioning

of the TD(0) update with the conditioning of the FPE update.

Using the condition function, we will now bound the overall error of the k-step up-

date.
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Theorem 5.6. Define

σk :=
(
1− |1− αlλ⋆H |

k
) σδ
λ⋆H

, (5.14)

Let Assumptions 5.1 and 5.2 hold, then:

E
[
∥θ̄l+1 − θ⋆∥

]
≤ C(αl, k)E

[
∥θ̄l − θ⋆∥

]
+ αlσk. (5.15)

Proof. Let {θi}ki=0 denote the intermediate function approximation parameters between

target parameter updates θ̄l+1 and θ̄l, with θ0 = θ̄l and θk = θ̄l+1. We define the set of

samples for the inner optimisation problem up to step i as: Di := {ςj}ij=0 with distribution

PDi
, where sample ςj has distribution ρςj . Using this notation, we now proceed to show:

EPDk−1
[∥θk − θ⋆∥] ≤ C(αl, k)∥θ0 − θ⋆∥+ αlσk. (5.16)

Using assumption 5.1 to break apart the expectation, and then applying Lemma 5.5 leads

to:

EPDk−1
[∥θk − θ⋆∥] = EPDk−2

[
Eρςk−1

[∥θk − θ⋆∥]
]
,

≤ EPDk−2

[
|1− αlλ⋆H |

∥∥∥θk−1 − θ̄⋆l
∥∥∥+

∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ
]
,

≤ |1− αlλ⋆H |EPDk−2

[∥∥∥θk−1 − θ̄⋆l
∥∥∥]+

∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ,

≤ |1− αlλ⋆H |EPDk−3

[
Eρςk−2

[∥∥∥θk−1 − θ̄⋆l
∥∥∥]]+

∥∥∥θ̄⋆l − θ⋆∥∥∥+ αlσδ.

(5.17)

Applying Jensen’s inequality as is done in the derivation of Eq. (5.12) and using Eq. (5.13)

from Lemma 5.5 to decompose the inner expectation, then applying Lemma 5.4 yields:

Eρςk−2

[∥∥∥θk−1 − θ̄⋆l
∥∥∥] ≤ ∥∥∥Eρςk−2

[
θk−1 − θ̄⋆l

]∥∥∥+ αlσδ,

≤
∥∥∥(I − αlH̄(θk−2, θ̄

⋆
l ; θ̄l)

)
(θk−2 − θ̄⋆l )

∥∥∥+ αlσδ,

≤ sup
θk−2,θ̄

⋆
l
,θ̄l

∥∥∥I − αlH̄(θk−2, θ̄
⋆
l ; θ̄l)

∥∥∥ ∥∥∥θk−2 − θ̄⋆l
∥∥∥+ αlσδ,

≤ |I − αlλ⋆H |
∥∥∥θk−2 − θ̄⋆l

∥∥∥+ αlσδ. (5.18)
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Recursively applying Eq. (5.18) to Eq. (5.17) k − 1 times leads to:

EPDk−1
[∥θk − θ⋆∥] ≤ Eρς0

[
|1− αlλ⋆H |

k−1
∥∥∥θ1 − θ̄⋆l

∥∥∥]
+
∥∥∥θ̄⋆l − θ⋆∥∥∥+

k−2∑
i=0
|1− αlλ⋆H |

i αlσδ,

≤ |1− αlλ⋆H |
k−1

Eρς0
[∥θ1 − θ⋆l ∥]

+
∥∥∥θ̄⋆l − θ⋆∥∥∥+

k−2∑
i=0
|1− αlλ⋆H |

i αlσδ. (5.19)

Again, applying Jensen’s inequality as in Eq. (5.12) and using Eq. (5.13) and Lemma 5.4,

can break apart the expectation term as

Eρς0
[∥θ1 − θ⋆l ∥] ≤

∥∥∥Eρς0
[θ1 − θ⋆l ]

∥∥∥+ αlσδ,

≤
∥∥∥(I + αJ̄TD(θ̄l, θ⋆))(θ̄l − θ⋆) + θ⋆ − θ̄⋆l

∥∥∥+ αlσδ,

≤
∥∥∥I + αJ̄TD(θ̄l, θ⋆)

∥∥∥ ∥θ̄l − θ⋆∥+ ∥θ̄⋆l − θ⋆∥+ αlσδ,

≤
∥∥∥J̄⋆TD

∥∥∥ ∥θ̄l − θ⋆∥+ ∥θ⋆l − θ̄l∥+ αlσδ.

Substituting this into Eq. (5.19):

EPDk−1
[∥θk − θ⋆∥] ≤ |1− αlλ⋆H |

k−1
∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+ (1 + |1− αlλ⋆H |

k−1)
∥∥∥θ̄⋆l − θ⋆∥∥∥+

k−1∑
i=0
|1− αlλ⋆H |

i αlσδ.

≤ |1− αlλ⋆H |
k−1

∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+ (1 + |1− αlλ⋆H |

k−1)
∥∥∥θ̄⋆l − θ⋆∥∥∥+ 1− |1− αlλ⋆H |

k

1− |1− αlλ⋆H |
αlσδ,

≤ |1− αlλ⋆H |
k−1

∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+ (1 + |1− αlλ⋆H |

k−1)
∥∥∥θ̄⋆l − θ⋆∥∥∥+

(
1− |1− αlλ⋆H |

k
) σδ
λ⋆H

,

≤ |1− αlλ⋆H |
k−1

∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥+ (1 + |1− αlλ⋆H |
k−1)

∥∥∥θ̄⋆l − θ⋆∥∥∥+ σk.

This is nearly our end result, but the second term has been expressed in terms of the FPE

update. We roll this backward through one step of FPE using Lemma 5.1 in order to
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derive the effect of the k step update on the target network parameters.

EPDk−1
[∥θk − θ⋆∥] ≤ |1− αlλ⋆H |

k−1
∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+
(
1 + |1− αlλ⋆H |

k−1
) ∥∥∥H̄(θ̄⋆l , θ⋆; θ̄l)−1J̄δ(θ̄l, θ⋆; θ⋆)(θ̄l − θ⋆)

∥∥∥+ σk,

≤ |1− αlλ⋆H |
k−1

∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+
(
1 + |1− αlλ⋆H |

k−1
) ∥∥∥H̄(θ̄⋆l , θ⋆; θ̄l)−1J̄δ(θ̄l, θ⋆; θ⋆)

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥+ σk,

≤ |1− αlλ⋆H |
k−1

∥∥∥J̄⋆TD

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥
+
(
1 + |1− αlλ⋆H |

k−1
) ∥∥∥J̄⋆FPE

∥∥∥ ∥∥∥θ̄l − θ⋆∥∥∥+ σk,

≤ C(αl, k)
∥∥∥θ̄l − θ⋆∥∥∥+ σk.

Equipped with this result, we see that the expected update will be a contraction if

C(αl, k) < 1, leading us to expect convergence in this setting. We introduce the following

assumption in order to codify this behaviour.

Assumption 5.7 (Contraction Region). We assume that C(α, k) ≤ c < 1 over XFPE(θ⋆).

Later we will demonstrate that if assumption 5.6 holds, assumption 5.7 can be ensured

to hold as well, leading PFPE to converge whenever FPE converges. We will also show

that with regularisation, it is possible to ensure convergence, though the fixed point will

ultimately be modified.

With this, the proof of finite-time convergence of PFPE follows simply, which we

demonstrate as follows:

Corollary 5.6.1. Let assumptions 5.1, 5.2 and 5.7 hold. For a fixed stepsize αl = α > 0,

E
[
∥θ̄l − θ⋆∥

]
≤ ασk

1− c + exp(−l(1− c))
(∥∥∥θ̄0 − θ⋆

∥∥∥− σk
1− c

)
.

Proof. We start by applying Theorem 5.6:

E
[
∥θ̄l − θ⋆∥

]
≤ C(αl, k)E

[
∥θ̄l−1 − θ⋆∥

]
+ αlσk.
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As θ̄l ∈ XFPE(θ⋆) for all l ≥ 0, there exists a positive c < 1 under assumption 5.7 such

that C(αl, k) ≤ c, hence:

E
[
∥θ̄l − θ⋆∥

]
≤ cE

[
∥θ̄l−1 − θ⋆∥

]
+ αlσk. (5.20)

Now, for a fixed constant stepsize αl = α, we can apply Eq. (5.20) l times, yielding:

E
[
∥θ̄l − θ⋆∥

]
≤ cl

∥∥∥θ̄0 − θ⋆
∥∥∥+ ασk

l−1∑
i=0

ci,

= cl
∥∥∥θ̄0 − θ⋆

∥∥∥+ ασk
1− cl
1− c

= cl
(∥∥∥θ̄0 − θ⋆

∥∥∥− ασk
1− c

)
+ ασk

1− c,

= (1− (1− c))l
(∥∥∥θ̄0 − θ⋆

∥∥∥− ασk
1− c

)
+ ασk

1− c.

Now we apply the bound 1− x ≤ exp(−x), yielding our desired result:

E
[
∥θ̄l − θ⋆∥

]
≤ exp(−(1− c))l

(∥∥∥θ̄0 − θ⋆
∥∥∥− (ασk)

1− c

)
+ ασk

1− c,

= exp(−l(1− c))
(∥∥∥θ̄0 − θ⋆

∥∥∥− ασk
1− c

)
+ ασk

1− c.

Corollary 5.6.1 is a key result of this chapter. It demonstrates geometric decay of errors

in l, to a ball of fixed radius ασk

1−c . This is analogous to related work in stochastic gradient

descent [Bottou et al., 2018], and matches the intuition that, without decaying stepsize,

variance in the updates means that convergence to a precise fixed point does not occur,

but instead parameters will oscillate around this point.

We note that the radius of this ball is decreasing in α. This supports the use of a hybrid

approach, wherein a fixed step size is used until iterates are no longer improving and then

reducing step size and repeating to decrease the radius of the ball of convergence whilst

maintaining k as small as possible, until the desired level of precision is reached.

Corollary 5.6.1 shows that if assumption 5.7 holds, then we can expect PFPE to converge

to a reasonably good solution, but this point is moot if such a region of contraction

does not exist. The remainder of this section is dedicated to analysis of the condition
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function, in order to demonstrate that for suitable choices of α and k, we will always

occupy a region satisfying assumption 5.7 whenever FPE converges, thus also ensuring

nondivergence of PFPE.

5.4.1 Analysing the Condition Function

We now investigate key properties of Eq. (5.14) to understand how target parameters can

lead to convergence when classic TD methods fail. If J̄TD(θ, θ⋆) is positive definite, TD

is provably divergent, however our analysis reveals that even in this case, there may be

values of k and αl for which PFPE does converge.

Property 1: Lower bound C(αl, k) ≥
∥∥∥J̄⋆FPE

∥∥∥ , C(αl, k) ≥ |1−αlλ⋆H(αl)|k−1 ∥J⋆TD∥.

We first investigate the conditions for which our choice of function approximators can

never be used to prove convergence. Our condition function implies that if TD(0) diverges,

we cannot prove convergence for any λ⋆H ≤ 0 or λ⋆H ≥ 2
αl

as repeated applications of

|1− αlλ⋆H | do not reduce the effect the ill-conditioning of J̄TD(θ, θ⋆). We formalise this

in the following regularity assumption:

Assumption 5.8 (Eigenvalue Regularity Assumption). Given a region X ⊆ Θ, for all

θ, θ′ ∈ X there exists 0 < λmin and λmax <∞ such that λmin ≤ λ(∇2
θL(θ; θ′)) ≤ λmax.

We now propose two simple fixes to avoid this issue. Recall that λ⋆H is an eigenvalue of

the Hessian of a loss. If λ⋆H was negative, this would imply that the Hessian is not positive

semidefinite for all θ in the region of interest; hence we cannot prove convergence of

stochastic gradient descent on the loss L(θ; θ̄l), let alone the full PFPE algorithm. To

remedy this problem, the eigenvalues of the matrix can be increased using regularisation,

which we will describe at the end of this section. On the other hand, if λ⋆H ≥ 2
αl

, then

the conditioning of the Hessian matrix is ill-suited to the chosen step-size, and an easy

remedy is to decrease αl. Our bound also shows that the condition function is lower

bounded by ∥J⋆FPE∥, and so if assumption 5.6 does not hold, then convergence of PFPE

is not provable. If this is the case, then again, regularisation can be applied in order to
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ensure that the property holds, but will lead to convergence to a regularised fixed point,

rather than the true fixed point.

Property 2: Monotonicity For |1− αlλ⋆H | < 1, C(αl, k) ≤ C(αl, k′) for k ≤ k′.

The monotonicity property ensures that |1− αlλ⋆H | < 1 defines the interval of Hessian

eigenvalues for which there is a regime in which we can increase k in order to ensure PFPE

updates are a contraction mapping. This suggests that a key role of the target network is

to help mitigate the effects of the ill-conditioning of the TD Jacobian when using fixed

step sizes. We now investigate how decreasing stepsizes and increasing the number of

PFPE steps affect the conditioning of PFPE, which validates this hypothesis.

Property 3: Limits For any k < ∞, limαl→0 C(αl, k) =
∥∥∥J̄⋆TD

∥∥∥ + 2
∥∥∥J̄⋆FPE

∥∥∥. For any

0 < αl <
2
λ⋆

H
, limk→∞ C(αl, k) =

∥∥∥J̄⋆FPE

∥∥∥.
The first limit illustrates the effects of a diminishing stepsize sequence, confirming our

bound is consistent with the results of the previous section that increasing k does not

improve the convergence properties of PFPE if stepsizes tend to zero and PFPE only

stabilises TD for 0 < αl. By taking the limit k →∞, we compliment our monotonicity

result, obtaining a bound for how much we can improve on the stability of TD by

increasing k. As expected, in the limit of k →∞, the condition function tends to ∥J⋆FPE∥.

Through this insight, we interpret PFPE as mixing FPE and TD updates according the

coefficient |1−αlλ⋆H |k−1: for k = 1, PFPE uses only TD updates and in the limit k →∞,

PFPE recovers the FPE update.

5.4.2 Breaking the Deadly Triad

We now combine all properties presented in this section into our main result, proving that

through suitable regularisation and choice of αl and k, PFPE breaks TD’s deadly triad

described in Section 5.3.1:
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Theorem 5.7. Let assumptions 5.6 and 5.8 hold over XFPE(θ⋆) from Definition 5.1. For

any 1
αl
> λmin+λmax

2 such that αl > 0, any

k > 1 + log(1− ∥J̄⋆FPE∥)− log(∥J̄⋆TD∥+ ∥J̄⋆FPE∥)
log(1− αλmin) ,

ensures that XFPE(θ⋆) is a region of contraction satisfying assumption 5.7.

Proof. Now, as |1− αlλ′| is a symmetric function of λ with a minima at λ = 1
αl

and
λmin+λmax

2 is the mid point of λmin and λmax, it follows:

λ⋆H := sup
θ,θ′∈XFPE(θ⋆)

arg sup
λ′∈λ(∇2

θ
L(θ,θ′))

|1− αlλ′| = λmin.

Now,

αl <
2

λmin + λmax =⇒ λ⋆H ≤
2
αl

=⇒ |1− αlλ⋆H | < 1,

hence

lim
k→∞
C(αl, k) = lim

k→∞

∣∣∣1− αlλmin
∣∣∣k−1
∥J⋆TD∥+ lim

k→∞

(
1 +

∣∣∣1− αlλmin
∣∣∣k−1

) ∥∥∥J̄⋆FPE

∥∥∥
=
∥∥∥J̄⋆FPE

∥∥∥ < 1.

Let
∥∥∥J̄⋆FPE

∥∥∥ = 1− ϵ where 0 < ϵ < 1. From the definition of a limit, this implies that for

ϵ there exists some finite k′ such that whenever k > k′:

∣∣∣C(αl, k)−
∥∥∥J̄⋆FPE

∥∥∥∣∣∣ < ϵ =⇒ |C(αl, k)− (1− ϵ)| < ϵ =⇒ C(αl, k) < 1,

as required. To find the value of k for which C(αl, k) < 1, we set C(αl, k) = 1 and solve:

1 =
∣∣∣1− αlλmin

∣∣∣k−1 ∥∥∥J̄⋆TD

∥∥∥+
(

1 +
∣∣∣1− αlλmin

∣∣∣k−1
) ∥∥∥J̄⋆FPE

∥∥∥ ,
=⇒

∣∣∣1− αlλmin
∣∣∣k−1

=
1−

∥∥∥J̄⋆FPE

∥∥∥
∥J̄⋆TD∥+

∥∥∥J̄⋆FPE

∥∥∥ ,
=⇒ (k − 1) log(

∣∣∣1− αlλmin
∣∣∣) = log(1−

∥∥∥J̄⋆FPE

∥∥∥)− log(∥J̄⋆TD∥+
∥∥∥J̄⋆FPE

∥∥∥),
=⇒ k = 1 + log(1− ∥J̄⋆FPE∥)− log(∥J̄⋆TD∥+ ∥J̄⋆FPE∥)

log(1− αλmin) .
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Theorem 5.7 demonstrates that appropriate values of αl and k can be found by treating

them as hyperparameters, decreasing αl and increasing k until the algorithm is stable.

The key insight of Theorem 5.7 is that even when TD is unstable due to 1 < ∥I +

αlJ̄TD(θ̄l, θ⋆)∥, if FPE converges, there exists a finite k such that C(αl, k) < 1 and hence

PFPE is stable, leading to a convergent algorithm without need for perfect fitting of the

projected Bellman operator. We illustrate this phenomenon with a sketch in Fig. 5.1,

demonstrating that increasing k ensures PFPE is provably convergent in regimes where

TD cannot be proved to converge.
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TD

Figure 5.1: We plot C(α = 0.1, k) for ∥J̄⋆FPE∥ = 0.85 and ∥J̄⋆TD∥ ≤ 1.5 with increasing k as a
function of λmin.

The key insight of our analysis is that, unlike in TD where stability can only be proved

if the matrix J̄δ(θ, θ⋆; θ⋆)− H̄(θ, θ⋆; θ) is negative definite, with suitable regularisation,

the stability of PFPE can be determined by tuning αl and k, alongside the stability of

FPE. The choice of αl and k thus becomes a trade-off between maintaining a fast rate of

convergence and reducing the residual variance (αlσk) in Eq. (5.14).
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5.4.3 Convergence of TD(0) and FPE

It is well known that in the linear case, convergence of TD implies convergence of FPE

[Szepesvári, 2010], though a converse result does not exist in the literature. This suggests

that there are settings in which FPE converges but TD does not, although this remains

to be formally demonstrated in future work. In the nonlinear setting, this relationship

becomes less clear, as the Hessian is no longer constant across updates. This means

that it may be possible to craft function approximation schemes or MDPs for which TD

converges, but FPE does not. Without additional assumptions on the form of function

approximation used, sampling regime, or MDP, we cannot guarantee that FPE converges

as long as TD does. In order to maintain minimal assumptions in this work, we leave

analysis of these convergence criteria to future work.

Instead, we introduce a regularisation scheme which can be used to ensure convergence

of PFPE under all conditions.

5.4.4 Stabilising FPE with Regularisation

We now prove that assumption 5.6 can always be satisfied using regularisation schemes.

To do so, we introduce the following regularised TD vector:

δReg(θ, θ′) = δ(θ, θ′) + ρ(θ, θ′), (5.21)

where ρ(θ, θ′) is a regularisation term. A simple choice to ensure assumption 5.6 holds is

the ρ(θ, θ′) = −ηθ − µ(θ − θ′), where η and µ control the degree of regularisation. This

scheme is equivalent to adding ℓ2-regularisation to the loss L(θ; θ′). Of couse, this will

lead to a new fixed point, as the condition δReg(θ⋆, θ⋆) = 0 does not satisfy δ(θ⋆, θ⋆) = 0

unless θ⋆ = 0.

We now prove that FPE can be stabilised using the regularised update by tuning η, µ:

Proposition 1. Using the regularised TD vector:

δReg(θ, θ′) = δ(θ, θ′)− ηθ − µ(θ − θ′) (5.22)
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the path-mean Jacobians are:

H̄Reg(θ, θ⋆; θ̄l) = H̄(θ, θ⋆; θ̄l) + (µ+ η)I,

J̄δ,Reg(θ, θ⋆; θ̄l) = J̄δ(θ, θ⋆; θ̄l) + µI,

There exists a finite η > 0, µ > 0 such that the regularised version of assumption 5.6 is

satisfied.

Proof. Taking derivatives of δReg(θ, θ′):

−∇θδReg(θ, θ′) = −∇θδ(θ, θ′) + I(θ ̸= θ′)η + Iµ,

=⇒ H̄Reg(θ, θ⋆; θ̄l) = −
∫ 1

0
∇θ′δReg(θ′ = θ − t(θ − θ⋆), θ̄l)dt = H̄(θ, θ⋆; θ̄l) + (µ+ η)I,

∇θ′δReg(θ, θ′) = ∇θ′δ(θ, θ′) + µI,

=⇒ J̄δ,Reg(θ, θ⋆; θ̄l) =
∫ 1

0
∇θ′δReg(θ̄l, θ′ = θ − t(θ − θ⋆))dt = J̄δ(θ, θ⋆; θ̄l) + µI.

Without loss of generality, assume µ = na and η = nb for some 0 < a, b. Hence:

∥∥∥H̄Reg(θ′, θ⋆; θ)−1J̄δ,Reg(θ, θ⋆; θ⋆)
∥∥∥ =

∥∥∥(H̄(θ′, θ⋆; θ) + n(a+ b)I)−1(J̄δ(θ, θ⋆; θ⋆) + naI)
∥∥∥ .

From the continuity of the norm, it thus follows:

lim
n→∞

∥∥∥(H̄(θ′, θ⋆; θ) + n(a+ b)I)−1(J̄δ(θ, θ⋆; θ⋆) + naI)
∥∥∥ =

∣∣∣∣ a

a+ b

∣∣∣∣ < 1. (5.23)

From the definition of the limit, there exists some finite n′ such that

∥∥∥H̄Reg(θ′, θ⋆; θ)−1J̄δ,Reg(θ, θ⋆; θ⋆)
∥∥∥ < ∣∣∣∣ a

a+ b

∣∣∣∣+ ϵ,

for all n > n′. As ϵ is arbitrary, it can be chosen such that

∥∥∥H̄Reg(θ′, θ⋆; θ)−1J̄δ,Reg(θ, θ⋆; θ⋆)
∥∥∥ < 1,

for all n > n′, as required.

We also note that adding a positive multiple of the identity to the Hessian will eventually

make the regularised version positive definite, leading to satisfaction of assumption 5.8

for appropriate choices of αl. This means that regularisation can be used to ensure
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convergence of PFPE. In general, without additional assumptions on the form of the

function approximator, it is impossible to determine how the regularised fixed point will

relate to the true fixed point. This said, empirical results indicate that regularisation

of this sort can be useful, even in the complex function approximation case [Liu et al.,

2019].

5.5 Experiments

We proceed to empirical investigation of our bounds. First, we demonstrate that the use of

an infrequently updated target network leads to convergence of off-policy evaluation on the

Baird’s notorious counterexample. Then, we evaluate the effect of a speculative modified

update rule in the Cartpole-v0 gym environment [Brockman et al., 2016].

5.5.1 Baird’s Counterexample

In this experiment, we demonstrate the practicality of our core claim—that for sufficiently

high k and low enough α, PFPE will not diverge, even under conditions that TD does. To

do so, we evaluate the use of target networks with varying update frequencies on the well

known off-policy counterexample due to Baird [1995].

In this environment, depicted in Section 5.6, rewards are zero everywhere, transitions are

deterministic, and the true solution lies within the linear function approximation class

that we make use of. The behaviour policy is set such that all states are sampled with

uniform probability. The target policy, however, always transitions to a specific state,

and remains there. Due to undersampling of this absorbing state, conventional TD policy

evaluation diverges, demonstrating that even in simple environments, TD can be unstable

when applied off policy with function approximation.

Fig. 5.2 shows a graphical representation of the counterexample. The behaviour policy

chooses between the action represented by the wavy line with probability 6/7, and the

solid line with probability 1/7, in order to ensure that all states are visited at equal rates.

The behaviour policy always chooses the solid line. The linear function approximation

scheme is shown in terms of the value function weights: the function approximator
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evaluates the solid action using ω7 + 2ω8, and the wavy action by the value in the current

state. Sampling off policy in this way leads to divergence of TD, but PFPE converges, as

seen in Fig. 5.3.

2ω1 + ω8

2ω2 + ω8

2ω3 + ω8 2ω4 + ω8

2ω5 + ω8

2ω6 + ω8

ω7 + 2ω8

Figure 5.2: Baird’s Counterexample. The solid (grey) action moves the agent to the lower state
deterministically. The wavy (orange) action puts the agent into one of the upper states with equal
probability

We report the stepwise (fitted) error in Fig. 5.3 across different values of k, for fixed step

size α = 0.01, and fixed discount factor γ = 0.99. We see that with k = 1, which is

equivalent to using TD with fixed step sizes, our parameters diverge. Likewise, if k is set

to 10 or 100, we are unable to overcome the conditioning of the TD Jacobian and diverge,

albeit at a slower rate. Once we take k ≥ 500, however, conditioning has improved

enough to lead to convergence. This supports our theoretical conclusion: that PFPE can

be used to improve the convergence conditions of TD and FPE.

5.5.2 Cartpole Experiment

One important insight of our analysis is that we can view the entire optimisation process

as a sequence of updates to the target network only. This suggests investigation into alter-

native forms or acceleration of target network updates. Inspired by the use of optimisation

methods with momentum in RL settings [Sarigül and Avci, 2018, Haarnoja et al., 2018],

we investigate the effects of a target network that is updated using momentum.
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Figure 5.3: Experiment on Baird’s counterexample. Decreasing the frequency of target network
updates improves conditioning and leads to convergence of PFPE for suitable choices of
hyperparameters.

Unlike the standard periodic target network update in Eq. (5.8), we postulate that there

may be settings in which a periodic update with momentum may accelerate or stabilise

convergence. This update works as follows:

ω̄ =

(1− µ)ωi + µ(ωi−k − ωi−2k), i mod k = 0,
ω̄, otherwise.

(5.24)

We investigate the effects of this momentum update on the Cartpole domain as

implemented in the OpenAI “gym” environment suite [Brockman et al., 2016]. For

this experiment, we use control results in which the policy is continuously learned. This

is because control problems are inherently off-policy, and induce additional instability,

and thus benefit from faster and more stable convergence of values. We implement the

standard DQN [Mnih et al., 2015] algorithm, with our modified target network update

in order to examine its effect. The results are shown in Figure 5.4. Our proposed

update indeed leads to improved learning and stability, at least for the hyperparameter

ranges tested, suggesting that the momentum update has merit. As a result, we propose



5. Target Networks and Generalisation—Breaking Down the Deadly Triad 124

investigation of more sophisticated target network update schemes as an avenue for future

research.
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Figure 5.4: Target network with momentum experiment on the Cartpole environment. The
agent with the momentum update is significantly more stable and able to consistently learn, while
without the modified update, learning collapses.

5.6 Additional Experiment Information

For both plots, each configuration was run over 5 random seeds, with the central

tendency given by the mean, and the shaded errors representing the standard error of the

mean.

Hyperparameters that are not varied in the plots were optimised by grid search across

either linear or logarithmic hyperparameter ranges, as is suitable. Parameters were chosen

that led to the highest performance as averaged across random seeds, then relevant

hyperparameters were varied, using the optimal fixed hyperparameters. Hyperparameters

that were varied are denoted as lists in the tables below.

For the Cartpole experiment, we use a simple DQN-style setup with a small multilayer

perceptron (MLP) representing the value function. A small adjustment is made from

PFPE as characterised by the paper. Instead of updating value parameters on single data
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points, parameter updates are averaged across a small batch. This was found to increase

stability of learning, with no notable effects when comparing across independent variables.

This means that, in addition to our target network, we also make use of a replay buffer

which stores observed transitions. As such, data used in updates was sampled uniformly

from previous transitions. The policy was ϵ-greedy, with the estimated optimal action

taken with probability 1− ϵ.

Parameter Value
Environment Parameters
γ 0.99
Architecture Parameters
MLP Hidden Layers 2
Hidden Layer Size 32
Nonlinearity ReLU
ϵ 0.05
Training Parameters
Total Target Network Updates 500
Learning Rate [0.001, 0.0005]
Momentum (µ) [0, 0.01]
Batch Size 500
Steps per Target Network Update (k) 5
Data Gathering Steps per Update 5
Replay Buffer Size 2500

Table 5.1: Relevant Parameters for Cartpole Experiment

5.7 Conclusions

In this chapter, we have continued our exploration of generalisation in RL by analysing

target networks–one of the core techniques for stabilising complex function approximation

with TD learning. This technique leads to convergent algorithms, even when making

use of complex state abstraction via nonlinear function approximation, TD learning, and

sampling off-policy, all of which appear to be desirable, if not necessary, for learning

with neural network function approximation.

This analysis was conducted by formalising the use of target networks through a class

of methods known as partially fitted policy evaluation algorithms. PFPE generalises

the more traditionally well understood TD(0) algorithm and fitted policy evaluation
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algorithms. While PFPE is generally implemented using a two-timescale update scheme,

a core insight derived here is that these updates can be viewed as a single, unified update

to the target parameters, simplifying analysis and leading to asymptotic and finite time

bounds without additional restrictive assumptions or significant changes to the algorithms

used in practice.

While we cannot demonstrate convergence improvements of target networks when using

asymptotically decaying step sizes, if step sizes remain bounded away from zero, our

main result shows that there will always exist a finite number of update steps, k, and

non-zero upper bound over stepsizes such that PFPE geometrically converges to a ball

around the optimal parameters, so long as FPE converges. This setting maps well onto

current practice, as most implementations of target networks with TD learning do not use

a decaying step size. In this way our result helps to explain why target networks have led

to empirical success, where traditional TD(0) and FPE fail.

In examining the exact conditions under which target networks help stabilise learning, we

hope to encourage development of better forms of state abstraction, and to demonstrate

the particular challenges of learning state abstraction in RL. Furthermore, we hope that

the insight gleaned here—alongside our preliminary experiments—may lead to novel

algorithms which focus directly on learning target networks more effectively, allowing

for fast and stable learning of complex state abstraction and ultimately agents with better

generalisation capabilities.



6
Temporal Abstraction: Learning Skills

Diverse in Value-Relevant Spaces

The content of this chapter was developed as part of the paper Learning Skills Diverse in

Value-Relevant Spaces [Smith et al., 2022].

The previous chapters have been largely concerned with capturing generalisation in

performance in the form of worst-case performance bounds. Chapter 4 explored data

abstraction more deeply in the offline imitation learning setting, where empirical esti-

mation of agent performance is a challenge in its own right. Chapter 5 took a deeper

dive into state abstraction, and the ways in which target networks can be used to produce

good value estimates with nonlinear function approximation and off-policy data sampling.

In this chapter, we approach another key notion of generalisation—unique to the RL

setting—temporal abstraction. This chapter represents a methodological deviation from

the preceding chapters as well, as the novel contribution here is strictly algorithmic, with

primarily empirical support, rather than theoretical analysis.

Temporal abstraction—as discussed in Chapters 1 to 3—allows RL agents to reason over

“skills”, or entire sequences of behaviour, rather than individual actions. This leads to a

reduction in the effective time horizon of RL problems and enables more coordinated

exploration [Dietterich, 1998, Nachum et al., 2019c]. If skills are modular, they can

127
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facilitate transfer learning, as each skill constitutes a part of a solution to the broader

problem [Andreas et al., 2017, Frans et al., 2017, Igl et al., 2020b].

As is the case for state abstraction in supervised learning, one key goal in the development

of algorithms for temporal abstraction is learning skills directly from data, rather than

manually specifying them. Early approaches in HRL made use of skills specified

manually, but this process can be difficult or expensive, creating a need for automated

skill discovery. While many modern algorithms learn skills using carefully parameterised

policies optimised for reward, another family of algorithms learns without use of a reward

function, yielding skills that can be used across a variety of downstream tasks. These

recent works [Gregor et al., 2016, Eysenbach et al., 2018, Sharma et al., 2020] learn sets

of skills that are optimised such that it is easy to distinguish the states visited by different

skills in terms of a categorical classification problem. This classifier, referred to as a

discriminator network, is optimised to distinguish skills, while skill policies are optimised

to be maximally classifiable by the discriminator.

However, temporal abstraction, when specified in terms of states in this way, may not

be able to learn useful skills. In practice the learned skills may be trivial, representing

behaviours that lead to states that are distinct, but not in ways that are meaningful to the

task at hand. To put this in more concrete terms, imagine a cooking agent that employs

visual input as state. In this setting, the cooking temperature or seasoning of a dish would

be impossible to express explicitly in pixel space. Without access to abstract features,

an agent equipped with a diversity objective would discover easy-to-learn but unhelpful

skills (we can imagine it reorganising the spice cupboard in many different ways rather

than learning to add them to the dish). Instead, if the agent specifically learns skills that

manipulate abstract features of the food, like crunchiness or seasoning, then the agent

will be more likely to learn to prepare many dishes quickly.

The question of temporal abstraction that we seek to answer in this chapter is then:

“how do we construct diverse skills that abstract over the right thing”? In this way, we

investigate the connections between state abstraction and behavioural abstraction, and the

need for effective state abstraction in order to specify good skills.
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To achieve this, we take inspiration from semi-supervised learning, in which a small

amount of labelled (or in our case, reward-dependent) data is used to learn how unlabelled

(reward-free) data should be abstracted. Our framework uses sample tasks with available

rewards to make it easier to specify the abstract features of the environment which skills

should learn to manipulate. Our approach, called DIVRS (Diverse In Value Relevant

Space) approaches this problem in stages. First, making use of the reward signal on a

small number of tasks, the agent learns a state abstraction which is useful for predicting

performance. The agent is then able to use reward-free skill discovery methods to

manipulate the space of those relevant and controllable features. These skills are then

better suited for agent control in other (potentially more challenging) related tasks,

compared to purely unsupervised baselines.

Relative to existing literature, this chapter provides the first concrete path towards making

information-theoretic skill discovery methods practical. We do this by developing an

algorithm which corrects for more typically found underspecified skills by learning a

representation under which skills that visit distinct states achieve distinct returns in the

tasks at hand. We validate the empirical efficacy of our algorithm both quantitatively

and qualitatively. To do so, we develop a novel environment with pixel observations,

which makes use of colour as a key feature. Our study finds that skills learned using

representation-based pretraining to ground skills in the task at hand outperform naive

counterparts on challenging locomotion tasks.

6.1 Information Theory

As the algorithm studied in this chapter makes use of quantities derived from the field of

information theory, we provide a brief overview of the relevant terms.

The foundation of information theory is the study of entropy, H , which is used to quantify

how much information is gained by realising a sample from a random variable. In this

work, we focus on MDPs with continuous state and action spaces, and thus use a form of

entropy known as differential entropy, which is given by:

H(X) := −
∫
P(x) logP(x)dx,
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where P denotes the density function of X . Variables with high entropy assign weight

more evenly across possible outcomes, and thus carry more information when sam-

pled.

Also important to our study is the notion of conditional entropy. This quantity is given

by

H[X|Y ] := −
∫
P(x, y) log P(x|y)

d
ydx,

and represents how surprising the random variableX will be on average when the variable

Y takes a known quantity.

Even more central to our algorithm is the notion of mutual information (MI), defined

as

I(X, Y ) = H[X] +H[Y ]−H[X, Y ],

where H[X, Y ] is the joint entropy, representing the entropy of the joint distribution

(X, Y ). Intuitively, the mutual information describes correlation between two variables

insofar as sampling from one variable provides information about another. If variables

share information, then most of the stochasticity in the marginal samples will no longer

be present in the joint sample, leading to the final term being smaller than the first two.

On the other hand if the variables do not share information, then the joint sample should

be nearly as random as the sum of the independent samples, leading to a low mutual

information.

6.2 Variational Option Discovery

Our approach builds off of a recent trend in the use of variational option discovery

(VOD) methods [Gregor et al., 2016, Eysenbach et al., 2018, Achiam et al., 2018] for

unsupervised skill discovery. A skill, πω is defined as a policy, π(a|s, ω), which is

conditioned on a discrete latent variable ω. We use the conditional notation to highlight

that the distribution over the action chosen depend on both the state and the skill variable.

In the options framework, this corresponds to an option policy, πω(s, a). VOD then take

as input a statistic of agent behaviour, ξτ , derived from a trajectory, τ , generated by rolling
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out a particular skill policy πθ(a|s, ω) for an entire episode. The option used for the

rollout is generally sampled from a fixed distribution, P(ω). In the language of options,

this implies that the termination function is zero everywhere, the policy over options is

fixed and independent of the state, and the initialisation set for all skills corresponds to

the start states of the MDP, though in practice these restrictions are loosened when skills

are deployed. The VALOR algorithm [Achiam et al., 2018] chooses ξτ to be given by

a subsequence of visited states {s0, sk, s2k...}, while DIAYN [Eysenbach et al., 2018]

uses individual states. VIC [Gregor et al., 2016] selects ξτ to be the final state of the

episode. In all cases, the optimisation target for these skills is the maximisation of the MI

between ω and the statistic ξτ , I(ω; ξτ ), and in some cases, an additional maximisation of

the entropy H[πθ(·|s, ω)] is used to ensure that skills better cover the state space.

Since MI is symmetric in its arguments, two decompositions can be used for practical

estimation:

I(ω; ξτ ) = H(ω)−H(ω|ξτ ) (6.1)

= H(ξτ )−H(ξτ |ω), (6.2)

Eq. (6.1) is often called the reverse MI and Eq. (6.2) the forward MI [Gregor et al., 2016,

Campos et al., 2020]. Optimising either form directly is generally intractable, as both

require integration over the entire state space.

When using the reverse form of MI, a variational lower bound can be formulated for

Eq. (6.1), since H(ω) can be directly computed as options are sampled from a fixed

distribution. This results in an overall entropy-regularised objective given by:

max
θ,ϕ

Eω∼P(ω)[Eτ∼πω ,P,ρ0 [log qϕ(ω|ξτ ) + βH(πθ(a|s, ω))]− logP(ω)], (6.3)

where qϕ is an estimator for P(ω|ξτ ), parameterised by learned parameters ϕ.

By contrast, the forward objective can only be bounded approximately, due to the need to

integrate over all of state space in order to compute both logP(ξτ |ω) and logP(ξτ ), both
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of which must be integrated over the entire state space and have opposite signs. We can

approximate this similarly using a variational-style parameterisation as:

max
θ,ϕ

Eω∼P(ω)[Eτ∼πω ,P,ρ0 [log qϕ(ξτ |ω)−log
∑
ω′
qϕ(ξτ |ω′)P(ω′)+βH[πθ(a|s, ω)]]], (6.4)

Despite the lack of formal bound, the forward objective has been used effectively in

previous work [Sharma et al., 2020, Campos et al., 2020], indicating perhaps that the

powerful neural network variational models used in practice are able to closely fit the true

distribution, leading to a close approximation of the overall MI.

Two online simultaneous optimisation processes are then coordinated, alongside data

collection to maximise MI:

• the variational model, referred to as the discriminator, is trained to minimise the

negative log-likelihood loss − log qϕ on trajectory statistics ξτ and labels ω

• at the same time, the skill-conditional policy used to gather the data maximises the

corresponding approximation in either Eq. (6.3) or Eq. (6.4).

In other words, for the reverse objective, the discriminator is trained to predict skills from

the trajectory statistics, while for the forward one it is trained to predict the trajectory

statistics that are visited by the skills. In both cases policies are rewarded for producing

trajectories on which the discriminator performs well. In practice, skills learned via

forward MI tend to be unimodal, since each skill is specified by a single state prediction,

while reverse mode skills are often multimodal [Campos et al., 2020].

In MDPs with rich state spaces, choosing the trajectory statistic directly in state space,

ξτ ∈ Sk, where k is some integer, will not be sufficient to learn skills that are relevant for

downstream tasks. Training a DIAYN agent [Eysenbach et al., 2018] on the MuJoCo Ant

environment could lead the agent to take actions that affect easily-controllable features

like the robot joint positions and orientation. While these skills are distinguishable in

terms of the discriminator objective, they do not capture many desirable behaviours in

the environment, such as different walking gaits or consistent movement in the x-y plane.

This results in skills that will be useless for many tasks, including agent locomotion and

navigation. This happens because some features of the state, like joint angles, are directly
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influenced by actions and thereby easier to control by the policy than other aspects of

state, like the location of the agent, which requires a longer sequence of coordinated

actions to control.

In the literature, the most common solution to this issue has been restricting the observa-

tion space of the discriminator to some hand-crafted subset of state features, such as the

position of the agent’s centre of mass (referred to as an x-y prior) [Eysenbach et al., 2018,

Sharma et al., 2020] or the difference between consecutive states [Achiam et al., 2018],

which encourages skills that move to different states. However, for many tasks, this sort

of specification of relevant features may be impossible to achieve a priori.

In an arbitrary task setting, it is difficult to imagine the possibility of this sort of restriction,

or more generally, abstraction, in a purely reward-free context. How can we know what

sorts of states skills should visit if we don’t know anything about the reward that those

skills will be eventually used to optimise? In the next section we will introduce the semi-

supervised skill discovery section that will allow us to form a more general solution to

this problem by learning the state abstraction needed to discover meaningful skills.

6.3 Problem Setting

To learn a diverse set of skills that manipulate feature space in ways that are relevant

for downstream tasks, we are given access to an environment ⟨S,A, P, ρ0⟩ that can be

explored during learning. Instead of seeking to learn a single task, we now use a set of

tasks with different reward functionsM = {Mi}i=1...Nm , with each task Mi specified

by ⟨ri, γi⟩. Our goal is to pre-train a set of discrete skills π(a|s, ω), ω ∈ {1, 2, . . . , Nω}

such that any of the tasks Mi can be solved quickly. This would be useful if we anticipate

having to train multiple agents on different tasks fromM, or if particular tasks are known

to be challenging (in terms of sparse reward or exploration difficulty). In these cases, we

can reduce overall training costs by first learning a set of useful skills only once.

During pre-training, we make use of a small subset of representative source tasksMs ⊂

M. In general these tasks can be randomly sampled from an overall task distribution, or

chosen by hand to be easy to solve, or represent the space of tasks inM well. Access
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toMs allows us to learn skills that are relevant for solving other tasks inM, without

having to directly solve a large number of tasks inM individually, or solve particularly

difficult tasks inM. Underscoring the fact that pretraining will be easier than solving all

of the tasks, we will see in Section 6.4 that only effective policy evaluation is needed to

learn useful skills. Of course, if different tasks require manipulation of wildly different

features in order to solve them, then transferring skills between tasks is unlikely to prove

useful. As such, we assume the existence of a shared structure between the tasks. In

the formulation presented here, we assume there is a set of low-dimensional shared

state features ψ(s) with dim(ψ(s)) << Ns, that are useful for predicting the long-term

performance on any of the tasks from M, though in general, these features may be

difficult to learn.

While this assumption will not apply to all real-world settings, there are many sets of

tasks which we can imagine adhering to this setup. In robot navigation tasks, for example,

we can imagine that the global position of the robot would be key to reaching any desired

place. In the example of robot tasked with cooking many different dishes, the features

relevant for differentiating the dishes might be given by ingredient quantities, cooking

temperature, and the spiciness or acidity of the dish, etc.

Now that we have a setting in which we can conduct state abstraction in order to learn

effective skills, we are ready to introduce DIVRS, an algorithm for learning skills in this

setup.

6.4 Method

To approach the problem of specifying an abstract state space and thus learning useful

temporal abstraction, we propose DIVRS (Diverse In Value Relevant Space). DIVRS uses

the source tasks in Ms to learn a parameterised feature mapping ψϑ(s) : S → Sψ,

that abstractly represents the variations in state that matter for the tasks of interest.

If we then restrict the observation space of the discriminator to our learned latent

representation, we discover skills that are not only diverse, but also diverse in relevant

features. DIVRS consists of two phases of learning. The first phase makes use of the
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representative tasks Mi ∈ Ms in order to learn good abstract features. After learning

these features, we need to extract the representation ψϑ(s) from this agent. In the second

step, without any more use of the reward function, VOD methods are employed to learn

skills that reach states that are diverse in those features. The pseudo-code for both phases

can be found in Algorithm 3.

Algorithm 3 DIVRS

Input: set of source tasks {M1, ...,Mk}, coverage policy µ
Output: set of skills πθ(a|s, ω)
Phase 1 - Learning State Representation ψϑ(s)

1: initialise ψϑ̂(s), {w1, ..., wk}, fv
2: while ψϑ̂(s) is not converged do
3: sampleMi from {M1, ...,Mk}
4: for j in n_steps do
5: transition_batch← rollout_policy(Mi, µ)
6: ψϑ̂(s), {wi}, fv ← PEval( transition_batch, ψϑ̂(s), {wi}, fv )
7: ψϑ(s)← Distillation({M1, ...,Mk}, ψϑ̂(s), µ )

Phase 2 - Learning Skills πθ(a|s, ω)
1: fix the parameters ϑ of ψϑ(s)
2: initialise πθ(a|s, ω), qϕ(ω|ψϑ(s)), Qν(s, a|ω)
3: while not converged do
4: sample ω ∼ P(ω)
5: for j in n_steps do
6: exps← rollout_policy(πθ(a|s, ω))
7: if Using reverse MI objective then
8: exps.reward← log qϕ(ω|ψϑ(st))− logP(ω)
9: else if Using forward MI objective then

10: exps.reward← log qϕ(ξτ |ω)− log∑ω′ qϕ(ξτ |ω′)P(ω′)
11: πθ(a|s, ω), Qν(s, a|ω)← SAC_update(exps, πθ(a|s, ω), Qν(s, a|ω))
12: qϕ(ω|ψϑ(s))← optimise_dscr_loss(exps, qϕ(ω|ψϑ(s)))

6.4.1 Phase One

Choice of features Our learning approach requires features that are relevant to per-

formance on the tasks of interest. Since the value function is a measure of long-term

performance, we suggest that ψϑ(s) be given by learned abstract features useful for

prediction of values on our source tasks. We expect these features to characterise how

rewarding the state that the agent is currently occupying will prove to be. If the agent
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reaches states with features that predict high values, it will perform well on the given

task.

The primary alternative consideration—using features that directly predict single-step

rewards—is less desirable for a few reasons. If the reward is binary, for example, then

the related features will only be useful for binary classification, potentially leading to

discontinuities in the feature space which may make learning with those features more

difficult. Comparatively, the value function is smooth, which leads to more uniform

feature space. Furthermore, the value function carries more information about the long

term effect of various features of the environment. Other approaches that already exist

for learning features in RL, including autoencoders [Lange and Riedmiller, 2010], and

successor features [Schaul et al., 2015], are focused on reward-free learning, while here

we want to learn features that are closely tied to performance on the source tasks.

Value function architecture To ensure that ψϑ̂ does not depend on specific tasks,

but is still used across all tasks, we can choose our class of value function estimators

V µ
i (as in [Schaul et al., 2015]) such that values can be factored as a combination of a

state-independent task embedding and the learned features, i.e. V µ
i (s) ≈ f(ψ ˆϑ(s), wi),

where f(·) is a simple function like inner product or a small neural network, µ is our data

gathering policy, and wi is the state-independent embedding of task i.

Learning features In order to learn a value function and the features useful for

predicting values, we first must gather data. We make use an exploratory policy, µ,

for all the tasks in the first phase and evaluate that policy, carefully parameterising our

Algorithm 4 PEval

Input: transition batch D, shared embedding ψϑ̂(s), task embedding w, value network
fv

1: S,A,R, S ′ ← D
2: δ ← (f(ψϑ̂(S), w)−R− γfv(ψϑ̂(S ′), w))
3: v ← v − δ∇vfv(ψϑ̂(S), w)
4: ϑ̂← ϑ̂− δ∇ϑ̂fv(ψϑ̂(S), w)
5: w ← w − δ∇wfv(ψϑ̂(S), w)
6: return ψϑ̂(s), w, fv
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value function to ensure that a single ψϑ(s) is optimised across all tasks. A random policy,

a policy that has been optimised for the tasks, or a policy optimised to uniformly cover

the state space are all relevant possibilities for µ. In our experiments, random policies

were sufficient to derive good skills, though we investigate an optimised policy as well.

One important algorithmic decision in our setup involved first training a value network

with a high dimensional embedding, ψϑ̂(s), and later compressing that representation

using a process known as network distillation, which is described below. This enabled

learning of higher quality representations due to the increased capacity during high-

variance policy evaluation. The policy evaluation procedure for learning ψϑ̂(s) is detailed

in Algorithm 3 (Phase 1), and Algorithm 4. Because we are only interested in features of

the value function, it is important to underscore that our approach only needs to perform

policy evaluation, instead of learning potentially challenging optimal policies on source

tasks.

Compression of features In order for DIVRS to work, ψϑ must be a sufficiently

parsimonious representation. If it is not compressed enough, and contains information

from features that are not useful for predicting value, when those features are later used to

specify skills, the learned skills may manipulate these irrelevant dimensions, rather than

the ones useful for predicting value. For these reasons, we must make use of regularisation

and distillation techniques to ensure good compression.

Information bottleneck methods [Tishby et al., 2000] encourage learning general but

concise representations. These methods look to learn a minimal sufficient statistic by

maximising the information conserved about the relevant prediction (in our case the value

function), while also maximising the amount of information lost between state and state

abstraction. Formally, this can be given by

min
ϑ
I(s;ψϑ(s)− I(ψϑ(s);V π

i (s)))

. While methods which directly optimise this objective exist [Alemi et al., 2016, Igl

et al., 2019], this effect may also occur in neural networks with capacity constraints

at an intermediate layer [Tishby and Zaslavsky, 2015, Shwartz-Ziv and Tishby, 2017].
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Algorithm 5 Distillation

Input: A set of source tasks {M1, ...,Mk}, target embedding ψϑ̂(S), coverage policy µ
Output: Distilled Embedding ψϑ(S)

1: initialise bottleneck network ϑ, reconstruction network dv
2: while ∥ψϑ̂(s)− dω(ψϑ(s))∥ ≥ ϵ do
3: sampleMi from {M1, ...,Mk}
4: for j in n_steps do
5: ← rollout_policy(Mi, µ)
6: l← RegressionLoss(dω(ψϑ(S)), ψϑ̂(S))
7: v ← v −∇vl
8: ϑ← ϑ−∇ϑl

9: return ψϑ(s)

We found this approach to give sufficiently terse embeddings for skill learning. To

further encourage this information bottleneck effect, we make use of regularisation during

training [Cobbe et al., 2019a]. However, directly learning a value function with a small

bottleneck network layer was challenging, since we found policy evaluation to require

excess capacity to learn well. To tackle this problem, we make use of distillation [Rusu

et al., 2015], in which a second network with an appropriate bottleneck (which will be

eventually taken as ψϑ) is trained on a regression objective so as to predict the outputs of

ψϑ̂, despite being a lower dimension embedding. This is achieved via a reconstruction

network dv that takes the compressed representation ψϑ and projects it into the original

representation space corresponding to ψϑ̂. The pseudo-code for our distillation can be

found in Algorithm 5.

6.4.2 Phase Two

Learning skills In the second phase, we make use of our learned state abstraction

in order to specify the skills learned by a VOD algorithm. To this end, the com-

pressed features ψϑ learned in the first phase are used as the observation space for

our discriminator network. In principle any VOD algorithm can be used here, but

for the sake of simplicity, and to isolate the representation learning aspect of our

contribution, in our experiments we employ either forward or reverse MI forms of

DIAYN [Eysenbach et al., 2018, Campos et al., 2020]. The discriminator and skills are

trained online in parallel, with the discriminator trained to minimise the prediction loss at
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each state independently–i.e., Lτ (ϕ) = ∑
t∈{1..T} Lt(ϕ), where Lt(ϕ) = − log qϕ(t). The

discriminator loss at a timestep t is qϕ(t) = qϕ(ψϑ(st)|ωt) for the forward MI objective,

and qϕ(t) = qϕ(ωt|ψϑ(st)) for reverse MI. The resulting pseudo-reward for the skill

is rt = log qϕ(t) − logZt with normalisation term Zt = ∑
ω qϕ(ψϑ(st)|ω)P (ω) for the

forward objective and Zt = P (ωt) for the reverse objective, with uniform skill prior

distribution P (ω). The parameters of the state embedding ψ(s) are fixed for the duration

of this phase.

Skill use Once our skills are learned, they can be used to visit regions that are distinct in

the value-relevant state abstraction from phase one. Two possibilities for such use include

selection and fine-tuning of the best performing skills on other tasks fromM, or training

a policy over options, π(ω|s) as in Eysenbach et al. [2018], to coordinate learned skills.

These possibilities will be investigated empirically in Section 6.6.

6.5 Information-Theoretic Comparison of DIVRS and
DIAYN

DIVRS learns skills that manipulate the environment in accordance with the dynamics of

the value function, rather than the dynamics of the state space. In this section, we make

an information-theoretic argument about how our approach is better able to capture value

relevant features than the base DIAYN algorithm. In doing so, the assumptions that we

make will expand on and clarify the use case of our algorithm. We show, under these

assumptions, that skills learned via DIVRS have higher MI with state values than skills

learned directly from the observation space.

In an MDP, for a fixed state distribution, we consider the value function for a fixed

policy to be a deterministic transformation of the random variable S, corresponding to

the state. This gives us a distribution over values of states, P(V (S)). In reference to the

information bottleneck model of data generation, we invert this relationship, assuming

that a randomly sampled label (in our case the value function) generates a distribution over

states with that value. We then consider phase one training as an optimisation process of
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the information bottleneck objective [Tishby et al., 2000] for a parameterized embedding

of state, ψθ(s):

min
θ
I(ψθ;S)− βI(ψθ;V )

In order to capture the notion of features that are not useful for value prediction, we

partition the state space into those components that can be used to predict the value, U ,

and those that are sampled independently of U , given by ζ (i.e. I(ζ, U) = 0). While this

is not always possible, it captures the notion that some components of state are not very

informative of the value function (imagine joint angles on a MuJoCo task in which the

agent must reach a specific point in space). During phase one, S is then encoded into a

latent representation, ψ, which represents a minimal sufficient statistic of V from features

in S. In order to express that this encoding is done perfectly, we introduce the following

assumption:

Assumption 6.1. ψ contains exactly the information from S needed to recreate V , and

no other information, that is:

H(V ) = I(V ;S) = I(ψ(S);S) = I(ψ(S);V ).

Assumption 6.1 implies that both S and ψ(S) can perfectly predict V , and that the

only information in ψ(S) is the information about V . Given that ψ is a (deterministic)

embedding of S used to predict V , which is itself a deterministic function of S, this

assumption is satisfied, so long as ψ does not contain spurious projections from S, and so

long as ψ is rich enough to capture the complexity of V (S). In our running example, the

locomotion task, this assumption corresponds to the idea that ϕ(S) encodes the position

of the agent, which is sufficient information to predict the value of S. Further, it suggests

that spurious features, such as joint angles are not included in ϕ(S). This assumption will

be satisfied based on experimental design choices, such as the dimension of ϕ(S), and

the reward function in the source tasks.

We build skills from either the raw state space (as in DIAYN), ZS , or from our compressed

representation, leading to skills Zψ, where these random variables correspond to the skill
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Figure 6.1: Graphical model for each time step while learning skills from both pretrained
representations and raw states. P(S), P(ZS), and P(Zψ) are all fixed.

index active at the current state. Skill indices are then distributed across states (or embed-

dings) to maximise the corresponding mutual information (I(S;ZS) or I(ψ(S);Zψ)) for

a fixed (uniform) prior distribution over skill indices and our fixed distribution over states.

For the purposes of the proof, we assume that this process occurs perfectly—the skill

index can be predicted perfectly from the state or embedding that it derives from:

Assumption 6.2. Skill indices are perfectly predictable from their corresponding state or

embedding variable:

H(ZS|S) = H(Zψ|ψ(S)) = 0.

In practice, this assumption is almost never going to be perfectly realised, as model

capacity is limited, and the set of initial states will always have ambiguous skill labels,

since all skills can be initialised in them. However, once skills are differentiated, this

will be nearly satisfied, as the agent will immediately move away from ambiguous states

towards skill-specific states.

From assumption 6.2, it follows that I(ZS;S) = I(Zψ;ψ(S)), since H(ZS) = H(Zψ),

given that the skill indices have the same marginal distribution by construction.

Our final assumption is concerned with the fitting of the skills to the value-irrelevant

features, ζ . We assume that the skill policies π(s|zs) are able to control features in ζ , and

thus the skills ZS learn to contain at least some information about ζ when maximizing

the mutual information between states and skill indices:
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Assumption 6.3. Skills learned in raw state space manipulate features in ζ:

I(ZS; ζ) > 0.

This assumption can usually be expected hold true. The only environments in which it

will not is when all spurious features that are not indicative of task value also cannot be

controlled by the agent.

For simplicity’s sake, in our description, we have considered only the value function of a

single task, though the proof that follows easily extends to a multi-task setting, with value

V ′ = E[V ], where the expectation is over the task distribution. The only requirement is

that the features in ψ are sufficient to predict the expected value across tasks.

The dependencies between variables here can be visualised using the graphical model

given by Fig. 6.1 for any given time step.

With our assumptions collected, we can move on to prove that skills learned with

pretraining share more mutual information with the task values than those learned

without:

Theorem 6.1. For a fixed distribution over states and skill priors, let {U, ζ} be a partition

of state features, such that U represents features useful to value function prediction, with

MI I(U, V ) = H(V ), while features in ζ are sampled independently of those in U , with

I(U, ζ) = 0. After learning sets of the same number of skills using both DIAYN and

DIVRS on the fixed distribution, let ZS represent the random variable corresponding with

the DIAYN skill index active at a given time step. Let Zψ represent the active skill index

of skills learned using DIVRS. Given assumptions assumptions 6.1 to 6.3, we have:

I(V ;Zψ) > I(V ;ZS).
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Proof. We start by applying Bayes’ rule to H(Zψ|V ):

H(Zψ|V ) = H(Zψ|V, ψ(S)) +H(ψ(S)|V )−H(ψ(S)|Zψ, V ),

= H(ψ(S)|V )−H(ψ(S)|Zψ, V ), (Assumption 6.2)

≤ H(ψ(S)|V )−H(ψ(S)|Zψ, V, S),

≤ H(ψ(S)|S)−H(ψ(S)|S).
(Assumption 6.1 and ψ is a deterministic function of S)

≤ 0.

However, since entropy is non-negative, it must be that H(Zψ|V ) = 0. From this it

follows that:

I(Zψ;V ) = I(Zψ;ψ(S))

= I(ZS;S), (Assumption 6.2)

= H(ZS)−H(ZS|U, ζ),

= H(ZS)−H(ζ|U,ZS)−H(ZS|U) +H(ζ|U),

= I(ZS;U) + I(ZS; ζ|U),

≥ I(ZS;V ) + I(ZS; ζ|U).
(Data Processing Inequality and independence of U and ζ)

By assumptions 6.2 and 6.3, we have:

I(ZS; ζ|U) = I(ZS; ζ)− I(U ; ζ) > 0,

which gives us the desired result.

Intuitively, the theorem holds because DIAYN learns skills to control elements of state

space that may be uncorrelated with state values, while DIVRS constrains skills to only

manipulate features relevant to the value function. Given that the methods have the

same number of skills with the same sampling distribution, this means that all of the

information in Zψ pertains to V , while some of the information in ZS does not.
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6.6 Empirical Evaluation

This section is concerned with the empirical validation of our proposed approach,

investigating the ways in which learning good state abstraction leads to better specified

skills. To do so, we conduct experiments in several domains: a simple gridworld, MuJoCo

locomotion tasks which make use of features, and a novel MuJoCo control task with

image-based state space. Our results look to both build intuition as to the sorts of skills

that our pretraining procedure learns, and to establish concrete, quantitative benefits of

our method as compared to baselines.

6.6.1 Gridworld Experiments

(a) DIAYN (b) DIVRS

Figure 6.2: Visualising state visitation frequencies of eight skills in a gridworld environment
with additional confounding feature dimensions for both DIAYN [Eysenbach et al., 2018] (a) and
DIVRS (b). The triangle represents the agent position, with the tip pointing in the direction of
orientation, and colour intensity indicating visitation frequency of that particular state. We note
that the agent trained with DIAYN falls prey to the additional dimensions and largely remains in
the initial state, while DIVRS learns to navigate the grid effectively.

In order to build intuition as to the sorts of settings we expect our method to work in, our

proposed approach was tested in a modified 7 × 7 gridworld from Chevalier-Boisvert

et al. [2018]. As in the original environment, in this variation, the agent state is given by

its position on the grid, as well as its orientation. The agent is able to rotate, and moves

along the grid in the direction it is currently oriented. To capture the notion of spurious

features as discussed in assumption 6.3, we augment our feature space with additional

controllable dimensions. We add four such integer-valued “distractor” dimensions, each

corresponding to the direction that the agent is facing in the plane. The action space

is then augmented with two additional actions, which allow the agent to increment or
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decrement the distractor dimension corresponding to the direction that it is facing. We can

imagine that the agent has access to a remote control that manipulates the brightness of

the wall that it is facing. However, these additional features and corresponding actions are

not useful to the task at hand, which is a normal goal-reaching task in the x-y plane.

During phase one of our approach, we train an entropy-regularised PPO agent [Schulman

et al., 2017] to reach one of two corners of the grid. We made use of a sparse reward, so

the agent was only rewarded once it reached the active goal state. During RL training,

we initialise the agent at a random state to ensure generalisation of the value function. A

convolutional neural net is applied to the grid in order to embed the agent position in x-y

space. The non-location observations—agent direction and the distractor dimensions—

are concatenated and passed through a MLP network in order to embed these features.

The two resulting embeddings are concatenated, and then fed to actor and critic network

heads, alongside a task index embedding, which identifies which of the two tasks the

agent is in. We did not make use of distillation for this experiment as we found it to be

unnecessary for learning good skills.

In phase two, a stop-gradient operator is applied to the concatenated feature embeddings

(without the task index). These fixed embeddings are used as environment features

for the discriminator network during DIAYN training, where here we used reverse MI

objective in Eq. (6.1). The discriminator is a single hidden layer neural network with

ReLU nonlinearities applied to those features. Skill policies are trained with PPO, using

an architecture similar to the one during phase one, replacing the task index embedding

with a skill index embedding, which is given by fully connected layers applied to a

one-hot representation of the active skill and concatenated with the location and non-

location embeddings. In experiments with DIAYN, we use the same architecture for the

discriminator and skills, but the discriminator takes as input the raw state space rather

than the learned state embedding. Training during this phase is always initialised in the

centre of the environment to produce consistent and localised skills.

Fig. 6.2 provides a visualisation of the learned skills for both DIAYN and DIVRS. We

find that the additional distractor dimensions do indeed confound DIAYN, where five
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of eight skills never leave the initial state, instead finding separation in the distractor

dimensions. On the other hand, by making use of the pretrained embedding, the skills

learned are unaffected by the distractor dimension, and reliably learn to move to different

positions in the environment. This is because the state abstraction is well-formulated for

the task at hand, leading to effective specification of the behavioural abstraction.

With strong qualitative intuition that our procedure is effective, we now proceed with

more realistic experiments on more challenging tasks.

(a) Reverse MI. (b) Forward MI with x-y-
prior.

(c) Forward MI with DI-
VRS.

Figure 6.3: Trajectory traces in the x-y plane of 16 different Ant skills trained with varying
algorithms: (a) reverse MI, (b) forward MI with x-y prior, (c) forward MI with DIVRS. Each skill
was executed three times for each algorithm, with traces coloured by skill index. While DIAYN in
the raw state space leads to inconsistent and undistinguished skills (a), DIVRS is able to learn
skills which are consistent and easily distinguishable in visitation of different regions of the x-y
plane (c), and are competitive with skills that use explicit hand-crafting of features (b).

6.6.2 MuJoCo With Features Experiments

Moving into more complicated continuous control domains, we select a variant of the

MuJoCo Ant [Todorov et al., 2012, Brockman et al., 2016] environment as the ideal

testbed, as in previous work, an x-y prior needed to be specified by hand in order to learn

skills that can be used successfully in challenging navigation tasks [Eysenbach et al.,

2018, Sharma et al., 2020]. As DIAYN is unable to formulate skills that reflect state

abstraction meaningful to the task at hand in this environment, we consider this to be an

ideal setting in which our algorithm can demonstrate its relative strength.

Paralleling the setup in Section 6.6.1, we make use of three navigational source tasks,

each corresponding to a goal, g, in the x-y plane, which the agent must reach to obtain

a reward. Each episode terminates when the agent reaches the goal, or after a fixed
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number of timesteps. In these tasks, the distance between the agent and the goal broadly

determines the value of the state, with other features like joint angles and agent orientation

being less indicative of state value. So, in order to simultaneously capture the distance

from all three goals, our learned features must effectively encode the position of the

agent.

In the first phase of training, we use online policy evaluation via state-action TD learning

with multiple agents running in parallel as in Mnih et al. [2016] to learn a value function

that is conditioned on the goal, V (s; g). GAE [Schulman et al., 2015b] and PPO-style

clipping of the value function [Schulman et al., 2017] are used to stabilise and speed up

learning. The value function is parameterised as V (s; g) = fv(ψ(s)⊙ w(g)), where the

function fv(·) receives an element-wise multiplication of the state and goal embeddings

(ψ(s) and w(g) respectively). Here, we found performing policy evaluation using a

randomly initialised and fixed policy network during representation learning to lead to

skills as good as or better than those learned with a trained policy as in Section 6.6.1.

In this experiment, in order to effectively learn the value function, we found that we could

not parameterise the value network such that ψ(s) was sufficiently small to achieve good

compression and learn meaningful skills. As such, we perform network distillation on

ψ(s) in order to ensure feature generalisation and terse representation. To do so we train a

network with a narrow bottleneck layer, ψ̄(s), to predict the learned value representation,

ψ(s), where training occurs on states sampled by a randomly initialised policy. The new

representation, ψ̄, will be used as our state abstraction for VOD learning in the second

phase.

For VOD training in phase two, as in related approaches [Eysenbach et al., 2018, Sharma

et al., 2020], we make use of SAC Haarnoja et al. [2018] to train the skill policies. For

this experiment, we used the forward MI objective to learn skills. We chose forward MI

in order to ensure skills behaved consistently across the state space. Further discussion of

this decision is provided below. In order to implement the forward MI objective, we must

choose a model for the skill-conditional state distribution, qϕ(s|z). In our case, we use a

multivariate Gaussian in the learned feature space (or in the predefined space when using
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the x-y prior). We choose the covariance to be a fixed uniform diagonal, and learn the

mean. While the covariance parameters could be in principle optimised directly by the

discriminator, we tuned them as additional hyperparameters.

Qualitative Skill Evaluation

In order to build intuition into the nature of skills learned by DIVRS compared to those

learned by DIAYN we plot traces of the agent’s position, as well as saliency maps

[Simonyan and Zisserman, 2015] of the trained discriminator. In the case of the x-y

traces, we can observe skillset features such as overall coverage of the x-y plane, as well

as how consistently the same skills localise in the same regions of state space. On the other

hand, saliency maps express exactly which features are influential in skill classification,

demonstrating how state abstraction gives rise to behavioural abstraction.

Fig. 6.3 compares DIAYN, DIAYN with the x-y prior, and DIVRS in terms of agent

location in x-y space. In the absence of the x-y prior, skills trained with DIAYN are

not well defined in terms of locality, echoing previously established conclusions from

Eysenbach et al. [2018], Sharma et al. [2020]. On the other hand, DIAYN with an

x-y prior and DIVRS explore the x-y plane consistently, with well localised skills. In

this way, we see that the abstraction learned by DIVRS is qualitatively similar to those

that have been engineered to suit the task at hand. We note that, while our baseline

DIAYN implementation makes use of a different MI formulation from the one that we

(a) DIAYN. (b) DIVRS.

Figure 6.4: Saliency of ant features for the trained discriminator network. We use saliency as a
proxy for how relevant a feature is to the decision reached by the network. Features are grouped
into position, orientation, joint angles, body valocities, and joint velocities. We observe that the
position features are much more relevant for the discriminator trained with DIVRS (b) than the
one trained with DIAYN (a).
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Figure 6.5: Learning curves on sparse sequential task.

used for our method and the x-y prior, we found that learning qϕ(s|z) directly with high

dimensional state space was impossible due to high variance in the discriminator learning

objective, preventing meaningful learning of skills. This suggests that, alongside leading

to specification in the correct feature space, our learned abstraction can make learning the

discriminator easier.

The saliency analysis in Fig. 6.4 demonstrates that skills learned by DIVRS are indeed

largely differentiated in terms of agent position, while skills learned from DIAYN make

more use of easier to control features, such as agent orientation and joint angles. This

confirms our hypothesis that providing the discriminator with features pre-trained on

value prediction for the source tasks lead the discriminator to specify skills based on the

features relevant to those tasks.

Sparse Downstream Task with HRL

In order to evaluate skills learned by DIVRS in more concrete, quantitative terms, we

test the agent on a challenging, sparse task that has been established to be difficult to

solve without the use of skills. The sequential sparse navigation task from [Eysenbach

et al., 2018] is ideal for this purpose, as non-hierarchical methods such as SAC [Haarnoja

et al., 2018] are unable to solve the environment directly, and skill learning methods like

DIAYN require handcrafted priors for the discriminator observation space. The task is

sequential, requiring the agent to visit a number of goal states in a particular order to



6. Temporal Abstraction: Learning Skills Diverse in Value-Relevant Spaces 150

Method Avg Return

DIVRS 0.954± 0.031
DIAYN 0.360± 0.084
DIAYN + x-y-prior 0.972± 0.012
Forward MI DIAYN 0.384± 0.169
Forward MI DIAYN + x-y-prior 0.947± 0.040
SAC 0.174± 0.051

Table 6.1: Zero-shot performance on unseen goals.

solve the task. The goals correspond to the anticlockwise rotation of the agent around a

square with side length four, with the agent receiving a sparse reward at upon reaching

each corner as it traverses these goals in sequence.

To train an agent to make use of the learned skills, skills were truncated to last 50

timesteps, with this duration selected by hyperparameter tuning. The policy over options

is trained using a discrete version of SAC [Christodoulou, 2019] in the Semi-Markov

Decision Process (SMDP) [Puterman, 2014] induced by the learned skills and the task

MDP. In order to ensure that the policy over options has enough information to accurately

coordinate skills, a one-hot representation of the number of goals reached is concatenated

to the agent state. Both the SAC baseline and hierarchical policies are trained for five

million primitive time steps, although hierarchical methods trained at the SMDP level can

only make use of data gathered at the hierarchical decision points, making the baseline

favour SAC overall in terms of data use.

Figure 6.5 shows the overall results of this experiment. The skills learned by DIVRS

consistently complete an entire lap of the square. This is competitive with skill discovery

methods that make use of a hand-specified feature space, and surpasses the use of DIAYN

with the x-y prior and reverse MI objective, even though DIVRS learns only from a binary

reward signal on source tasks. We see that skills learned without any state abstraction are

generally unsuccessful in the task, as they do not explore the relevant feature space

efficiently. Direct training of an SAC agent is similarly unsuccessful in achieving

consistent returns, as learning fails after approximately one million timesteps.
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Few-Shot Task with Skill Selection

In tandem with the results on our sparse sequential task described above, in this section

we look to evaluate another use case for the behavioural abstraction learned by DIVRS.

Here we evaluate how skills learned can be useful when there is a large set of tasks that

we wish to solve quickly. To do so, we evaluate the skills on a zero-shot learning task in

which the agent must reach a goal sampled randomly from the 4× 4 box centred at the

origin, with a sparse reward given for reaching the goal.

As in Eysenbach et al. [2018], evaluation consists of running each skill until the episode

terminates, and choosing the best performing skill as the solution to the task. We compare

DIVRS with DIAYN for both forward and reverse MI objectives, either making use of

the x-y prior or without it. We also compare with a skill-free baseline, which learns using

SAC over the number of steps that the skill-based methods require to evaluate all of their

skills.

The results are shown in Table 6.1. We report performance averaged over ten different

randomly sampled goals. DIAYN skills without the x-y prior, since they are misspecified

for locomotion on the plane, are infrequently able to reach the goal, only finding those

near the origin. Similarly, the skill-free policy occastionally reaches goals, but the learning

problem is too challenging to consistently reach goals using the limited amount of data

needed for the skill-based policies to evaluate all 16 skills. Since the temporal abstraction

is structured in harmony with the state abstraction needed for the task, skills learned with

DIVRS—and those learned using DIAYN with the x-y prior—are able to solve nearly all

of the goal-seeking tasks leading to consistently high performance.

6.6.3 Pixel MuJoCo Experiments

The experiments in the section thus far confirm that our procedure is able to learn a state

abstraction that leads to skills that are as effective as those specified by a hand-engineered

prior. However, in order to demonstrate the true capabilities of DIVRS, we conduct an

evaluation on a task in which hand-specification is difficult to achieve, as the agent does

not have direct access to the relevant state features. To do so, we will make use of an
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environment that uses pixel-based images as state input. Loosely inspired by the cooking

robot example that we have used throughout this chapter, our environment is a modified

version of the MuJoCo Reacher task, though in our version, goals are specified in an

abstract space, rather than the position of the reacher tip.

The environment To evaluate the ability of DIVRS to learn temporal abstraction

corresponding to an abstraction of state, we augment the classic Reacher environment

with an additional subspace given by the plane [0, 1]2. The “position” of the agent in this

subspace is represented by the colour of the Reacher tip and base. The agent position

along each axis of the augmented space is given by the red and green chromaticities of

the Reacher, in RGB colour space, with blue fixed to a particular value. We can thus

visualise the abstract state space as a four-way colour gradient, with yellow, red, blue and

green at the corners. This state subspace can thus be visualised as the background of the

trace plots in Fig. 6.6 (b, c).

In order to control the position in colour space, the agent must manipulate the Reacher tip

to corresponding quadrents of the original state space, as depicted in Fig. 6.6 (a). The

velocity of the agent’s movement in colour space corresponds to the distance between the

Reacher tip and the origin. So that the agent does not learn to ignore the colour space by

association with features of the original state space (like position of the tip) the controls

corresponding to movement in the colour space are randomly rotated by a multiple of 90◦

each episode, so the agent must learn to move to the correct colour quadrant in order to

move the right direction in colour space.

To give the agent a complete observation space, while simplifying learning, as in Hafner

et al. [2019], the image resolutions of observations are 64 × 64 pixels of six channels,

corresponding to two three-colour-channel observations of consecutive states, which

allows the agent to capture the joint velocities of the agent as well as the colour controls

(as visualised by the colour panels below the agent) and the colour of the agent base and

tip.
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(a) Pixel Reacher Environ-
ment.

(b) Skills Learned with DI-
AYN.

(c) Skills Learned with DI-
VRS.

Figure 6.6: Results on Pixel Reacher environment. The environment is illustrated in (a): the
colour of Reacher’s tip and base is modified towards one of the four colours, with the colour
determined by quadrant currently visited by the tip. The trajectories in the colour space of eight
skills obtained with DIAYN and DIVRS are shown in (b) and (c) respectively. Lines with the same
colour denote different rollouts of the same skill. DIVRS improves both coverage and consistency
of skills in the subspace relevant for performance. Best viewed in colour.

Learning Skills Reflecting the experiments performed on the Ant environment, for

pretraining, we fix three goal positions, here reflected as particular colour configurations

that the agent must reach in the abstract space. Reflecting the relative difficulty of this

task as compared to the Ant navigation task, we make use of a dense reward function for

pretraining, with reward given by the negative distance from the agent’s colour state to

the goal. Our learning architecture is identical to that used in the Ant experiments, using

policy evaluation on a random policy for pretraining, and then SAC to train skills. In this

setup, however, we learn only eight skills, and must use a convolutional neural network

in order to capture the state embedding.

In order to analyse the learned skills, we observe the traces of the agent in colour space,

given in Fig. 6.6 (b,c). In order to perform hyperparameter tuning in this setting, we

select the set of skills with the highest mutual information between skills and (embedded)

states as measured on test rollouts. Supporting the effectiveness of our learned abstraction

procedure the skills learned by DIVRS are largely consistent across two rollouts of each

skill, and manage to cover the abstract state space well, while skills learned without state

abstraction are inconsistent and lead to poor coverage of colour space, corresponding

instead to features of the original state space. In this way, we affirm that pretraining using

value learning tasks is a general and effective process for discovering state abstraction

that leads to meaningful abstract behaviours.
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6.7 Supplementary Experiments and Experiment De-
tails

In this section, we cover additional empirical evaluations which justify some of the

architectural decisions that we made in evaluating DIVRS. In particular, we conduct

an experiment which demonstrates that the forward MI objective is more conducive to

learning consistent, composable skills, and an experiment which demonstrates the need

for a distillation phase to compress our learned state abstraction.

6.7.1 Forward Mutual Information and Skill Consistency

Initial experiments in the HRL environment from Section 6.6.2 made use of skills trained

using the reverse MI objective. However, we found that skills learned in this way

occasionally performed poorly when the policy over options selected skills in regions of

state space which the skills had not been trained for.

In order to investigate the cause of this phenomenon, we conducted experiments in a

simple point mass environment, in which the agent state is given only by the position in

x-y space, and has direct control over its velocity in each dimension. Since the position

is the only state feature, this setup controlled for confounds in representation learning,

as VOD skills learned here must move the agent to distinct locations in order to be

discriminable.

Figure 6.7 demonstrates that if skills trained with a reverse MI objective are learned with

the agent starting in a fixed state, skill behaviour becomes unpredictable and inconsistent

when applied to random initial states. Even skills that appear to have a well-defined and

consistent behaviour when initialised from a consistent starting state, as in Fig. 6.7a do not

exhibit consistent behaviour in regions of state space that they were not trained on, causing

unexpected and erratic dynamics and leading to ineffective skills (Fig. 6.7b).

In order to correct this, we trained skills starting from a random initial state distribution.

However we found that skills still did not behave consistently across state space. We

found that this was caused by the use of the reverse MI objective. Since we have a

powerful discriminator network optimised to classify skills by the states that they visit, it
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(a) Skills learned using reverse MI (fixed initial
state).

(b) The same skills, run on a random initial state
distribution.

Figure 6.7: Effect of learning skills from a fixed starting state. 16 Skills were learned using the
reverse mutual information (MI) objectives. Each colour corresponds to a distinct skill. Skills
learned in this way lead to consistent behaviour when initialised from a fixed state, but any given
skill becomes inconsistent and ill-defined on states not visited by that skill during training.

is possible for this classifier to learn a multi-modal partitioning of states which correspond

to a single skill.

In contrast, for the forward mutual information objective, we can explicitly select a

unimodal distribution over states as a parameterisation for each skill. We found that this

choice, combined with the random initialisation described above, led to skills which were

able to consistently reach specific regions of state space, regardless of where they were

initialised.

We demonstrate this effect in Fig. 6.8. We see that skills learned using reverse MI trained

on random starting states still does not lead to consistent regions occupied by particular

skills (Fig. 6.8a). On the other hand, skills learned using the forward MI objective lead to

skills which terminate in predictable regions of state space, leading to more composable

skills.

In general, using a more constrained or less powerful discriminator network could have a

similar effect for the reverse MI problem. However, this may lead to a more challenging

learning problem due to a less powerful classifier, or, if more complex distributions of
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(a) Reverse MI (random initial
state).

(b) Forward MI (random initial
state).

Figure 6.8: The effect of using the forward MI objective as compared to the reverse MI objective,
with skill learning initialised from random starting states. Skills learned by reverse MI partition
the state space for a single skill into disjoint regions, which depend on the initial state. With the
forward MI objectives, skills converge to consistent final states. We note that the agent tends to
move diagonally, as it can control velocity in each dimension independently, leading to faster
movement along diagonals.

states visited by skills are desired, it may be difficult to express the learning model and

objective that correspond to such distributions in the reverse MI setting.

6.7.2 Degree of Compression Tests

Here, we investigate how compression via a distillation phase leads to better state

abstraction. To do so we performed an experiment in the Ant domain (Section 6.6.2), in

which a representation pretrained on the source tasks was compressed during distillation

by using bottlenecks in the distilled network of varying width. We used saliency maps

to provide a qualitative understanding of the compression—maps in which features are

more peaked indicate better compression, as the learned representation is sensitive to

only a few features of the state space. As demonstrated in Fig. 6.9, as the bottleneck gets

smaller, the learned representation contains fewer projections from features that are not

useful for estimating value on the source tasks. We find that this is necessary for effective

skill learning, as otherwise, the irrelevant aspects of state may still heavily influence the

overall skills learned.
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(a) Bottleneck size: 4. (b) Bottleneck size: 16. (c) Bottleneck size: 64.

Figure 6.9: Saliency maps of embeddings distilled to varying bottleneck widths. Larger
embedding sizes allow more information from aspects of state less important for value prediction
to pass through to the learned representation, potentially leading to poorly specified skills during
VOD.

6.8 Experiment Details

This section details some of the specifics of the architecture and training procedure used

in the experiments above, alongside the hyperparameters employed.

6.8.1 Ant Experiment Details

As is done in Eysenbach et al. [2018], the actuators of the ant robot have their gear

ratio reduced to 30, which leads to less erratic motion. Neural networks in this section

make use of multi-layer perceptron architectures with ReLU activation functions. Adam

[Kingma and Ba, 2014] is used to optimise losses. While in the normal Ant environment,

the agent centre of mass is constrained to the x− z plane, in this variant, movement in

the y dimension is enabled. In order to keep the state Markov for the locomotion tasks,

the state features are augmented with the x-y-z position of the agent.

Pretraining Representations

We learn a representation for a goal seeking agent by initially training on three fixed goals.

Every episode, a goal is selected from the three, and remains constant for the duration of

the episode. Goal positions act as task indices here. For a visualisation of the environment

layout, see Fig. 6.10
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Figure 6.10: Goal positions during pretraining of Ant. Dark blue dots represent goal positions,
light blue circles represent the radius at which the ant receives sparse reward and the episode
terminates, if the corresponding goal is active. The grey box is for scale comparison with the trace
plots in the paper and here.

Our value function network is given by the goal-dependent parameterisation: V (s, g) =

fa(ψ(s)⊙w(g)) ψ is a MLP with two hidden layers of size 256, and an output size of 64.

This relatively small output size was chosen in order to encourage compression in the

learned feature space. w is a MLP with a single hidden layer of size 128, and output of

64 to perform elementwise multiplication with the output of ψ. fa is then a final MLP

with a single hidden layer of size 64, and is trained to output the value of the state for the

current task.

During this phase, we train for 20 million time steps, though this much data is not

necessary. The value loss remains essentially constant after 500 000 steps. We note that it

is not necessary to solve the task, or even learn the optimal value function in this phase,

we only need to learn the features that correspond well with the values.

We ran this phase using five random seeds and chose the embedding to distil randomly

among them. There was no observable differences between random seeds, they learned

consistently, and the saliency maps of the value function were similar for all seeds.
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Distillation

The distillation phase consists of training a smaller network with a tight bottleneck to

predict the output of the learned embedding ψ from the state. This is done to ensure that

the absolute minimal amount of information from the state is encoded in our final learned

embedding, ψ̄. The distillation was trained on states from the same distribution as the

original policy was trained on. We employed an experience replay buffer of size 1 million,

in order to achieve greater data efficiency during this phase.

Our distilled network was a two hidden layer MDP with 256 units in each layer, and

a bottleneck size of 8. Smaller bottleneck sizes were tried, though these led to poor

saliencies after learning. The output of this bottleneck was then passed through a final

linear layer, giving a 64 dimensional output. The distilled network was then trained

by regression of this output against the output of ϕ, using mean-squared error loss. L1

regularisation was applied to the embedding output, and weight decay regularisation was

applied to the network weights, in order to ensure the most terse and well-generalising

model possible. Training was performed for 5 million time steps. Four random seeds

were used, and again no significant differences were found across random seeds in terms

of MSE or saliencies of learned feature maps.

Skill Learning

In this phase we learn skills that are diverse in either our learned embedding from the

previous phase (for DIVRS), from the original state space (DIAYN), or a hand constructed

x-y space (DIAYN + XY).

Skills were trained using SAC [Haarnoja et al., 2018] with the “double Q trick” for 3

million time steps. When learning policies and values for skills on replay buffer data, the

reward function was taken from the current discriminator parameters, rather than those

from when the data was collected.

For policy and value networks that condition on the active skill, a one-hot representation

of the active skill is passed to a small MLP with a single hidden layer of size 64 and output

dimension of 32. This embedding is concatenated with the environment observation, and
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passed through a three hidden-layer MLP, with the first two hidden layers of size 300,

and the last of size 64, before mapping to the action space of dimension 16 for the policy

network, or to a Q-value, in the case of the value network.

For reverse MI experiments, the discriminator is a two hidden layer MLP with 300 units

per hidden layer. It takes in the state or embedding of state, and maps to logits for the

probability that each skill is active in that state. Forward MI experiments used a lookup

table corresponding to a state in the relevant space for each skill.

Five seeds were used for each skill learning procedure. Hyperparameters were selected

to optimize pseudo-reward at the 3 million timestep mark. Skills were fairly consistent

across seeds, though they differed somewhat in position and orientation of particular

skills.

Quantitative Skill Evaluation

For quantitative evaluation of skills, we employed a sparse sequential HRL learning task,

in which skills had to be composed to achieve rewards. In order to keep the state Markov,

we include a one hot encoding of the number of goals reached, concatenated with the

agent observation space as input to the SMDP-level policies, as well as to the flat baseline

agents. Training was done for 5 million time steps. HRL agents were learned using

a variant of SAC designed for discrete action spaces. This version allows for explicit

computation of entropy terms, rather than the sample-based version used in continuous

control.

Due to the combinatorial nature of random seeding across the several phases, for these

experiments, we did not select for skills across the random seeds in the skill learning phase

directly. We trained across two random seeds for 12 different hyperparameter and skillset

combinations. We found that the hyperparameter ranges that we employed generally

did not change learning significantly. For DIVRS, we report the average performance

across hyperparameters and seeds and for baselines report the (more favorable) average

of the top three most successful hyperparameter configurations, which themselves are

determined by the average performance across the two seeds.
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The networks used for the SMDP level policy consisted of two hidden layers of size

128, followed by a hidden layer of size 64, before outputting logits for the skill selection

distribution, or for the Q values for each skill.

Ant Hyperparameters

Pretraining Value

Environment Steps per Iteration 40
Environment Threads 64
GAE λ 0.99
Learning Rate 8.96e− 5
Batches per Iteration 4
Gradient Clipping Norm 0.5
PPO Clipping Epsilon 0.2
Batch Size 1280

Learning Skills Value

Learning Rate 3e− 4
Environment Steps per Iteration 1000

6.8.2 Pixel Reacher Experiment Details

Here, we provide implementation details of the experiments performed in the Cooking

Reacher environment. As was done in the Ant environment, the gear ratio of the simulated

motors was lowered, this time to 80. ReLU activation functions were used for all networks,

and Adam was the optimiser.

Pretraining

The pretraining procedure here is similar to the one employed in the Ant environment.

First our agent is trained to reach three fixed goals in flavour space. Goal information is

passed to the agent as a separate feature from the pixel state, so that our learned embedding

space is not goal-dependent. Pixel information is processed via a two layer convolutional

network, with a fixed kernel size of (3, 3), no padding, and a stride of 2. The first layer

has 64 channels, while the second has 32. From here, there is a fully connected layer of

size 64. This network all together forms ϕ. The output this is elementwise multiplied by
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the goal embedding, which is identical to w in the Ant experiments, though now the input

is in [0, 1]2 to correspond with the flavour space. This phase lasts 2m frames.

Distillation

Distillation follows identically to the process described in the Ant section, but instead of

an MLP, the convolutional network described in the previous section is employed. Again,

a bottleneck of size 8 was used. Distillation was done for 3m frames.

Skill Learning

As in the Ant environment, the one-hot skill index is passed through a small MLP. The

resulting embedding is concatenated with the output of our pixel observation CNN, which

has the same architecture as the ones used in previous phases, though here the hidden

layer is of size 300. In the case of the learned Q function, the action is concatenated here

as well. From here, both the critic and policy networks have a single fully connected

layer of size 300, which is then mapped to either a predicted value, or a distribution over

actions. For the DIAYN baseline, the discriminator is identical to the network described

here, though the skill index is not concatenated.

Pixel Reacher Hyperparameters

Pretraining Value

Environment Steps per Iteration 1000
Environment Threads 1
Learning Rate 8e− 5
Batches per Iteration 1
Batch Size 1280

Learning Skills Value

Learning Rate 1e− 4
Environment Steps per Iteration 1000
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6.9 Related work on Representation Learning

This chapter has focused heavily on the discovery of state abstraction and the relationship

between state abstraction and specification of effective temporal abstraction. Previous

works concerning state abstraction in RL include Abel et al. [2020], Li et al. [2006], Abel

et al. [2016], Jong and Stone [2005], Igl et al. [2019]. These works share a common

thread of looking to build effective state-action abstraction to improve the ease of learning

or generalisability of action-value functions. Our approach, on the other hand, looks to

learn a general state abstraction so that a VOD method may later on partition the state

space in accordance with this abstract representation.

Like DIVRS, Abel et al. [2019] also utilise an information theoretic trade-off between

state compression and quality of the representation, though their approach is focused

on a single task setting, and involves direct solving of the abstract MDP, while the state

abstraction here is used to learn behavioural abstraction. Silver et al. [2017a] and Oh et al.

[2017] also learn a state abstraction, but look to use this abstraction in order to form a

model of the environment, which is more challenging than the approach used here. By

contrast, Liu et al. [2020] and Goyal et al. [2019] make use of a multi-task setting in

order to capture goal information in the abstract space, while our approach seeks to be

explicitly goal-independent. Similar to our work, Sermanet et al. [2018] make use of state

abstraction to generate a pseudo-reward for policy learning, though their approach uses

metric learning techniques for viewpoint independence rather than skills.

Other cosmetic similarities exist between the approach that we employ here and the

successor representation framework [Schaul et al., 2015, Barreto et al., 2017, Borsa et al.,

2019], as both use value functions with simple, goal-independent factorisation. However,

in the sucessor representation setting, the learned subspace must capture much more

state information and is used to perform policy evaluation for arbitrary possible reward

functions, rather than being used to compress the state space into a form amenable for

task-based partitioning via learned skills.
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6.10 Limitations of DIVRS

While we have clearly demonstrated the effectiveness of DIVRS in the process of learning

useful skills, it is important to note that it is not a universal solution and is best used in the

setting for which it is designed. One key limitation is the fact that in order for effective

learning to occur, it must be possible to select source tasks on which effective policy

evaluation can be performed. If a distribution over tasks is part of the problem setting,

then random sampling can be performed. While this is a drawback of much of the transfer

learning literature, it may not always be clear which tasks are appropriate for pretraining,

or these tasks may be challenging policy evaluation problems in their own right.

When the relevant features for the diversity objective are known and can be easily specified,

DIVRS is not an appropriate method to use, as the additional burden of learning good

features is unnecessary. Our multi-phased approach, while adding stability to the training

process and conceptual simplicity, can also make hyperparameter tuning difficult, as

hyperparameters for early phases of learning must be jointly tuned with hyperparameters

in later phases, leading to combinatorial complexity in the size of the tuning space.

Finally, DIVRS relies on good coverage of the state space during both pretraining and

VOD phases. We found that the use of a random policy during pretraining and entropy

regularisation during skill learning were sufficient, but in general, better covering policies

may be needed. We view this as an important problem, but an orthogonal one to the

insight provided here on the relationship between temporal and state abstraction. In future

work, we could ensure good exploratory policies through the use of methods such as

marginal state matching [Lee et al., 2019] or pseudo-counts Bellemare et al. [2016].

6.11 Conclusions

Drawing on the relationship between state abstraction and behavioural abstraction, this

chapter has developed a novel method, DIVRS, for automatic discovery of a feature space

which leads to specification of skills that will be useful for downstream learning. In

contrast to previous related methods, which operate in the MDP state space and are thus
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prone to underspecification and trivial skill learning, skills learned with DIVRS make use

of a few tasks and associated rewards in order to learn skills that manipulate a compressed

abstract representation of state. This state abstraction, which corresponds to features

useful for predicting the value of the source tasks, specifies the sorts of states that are

different in ways that relate to the actual task at hand.

Our multi-task setting has allowed us to characterise generalisation in RL in a form

very different from the other chapters, namely how we can build abstract structures for

reasoning over our own behaviour in one environment or task—and expect this structure

to lead to good performance or fast learning in an entirely different task. While theoretical

characterisation of this sort of generalisation is challenging, especially without assuming

that the target tasks are somehow “close” to the source tasks, we have demonstrated

empirically across several environments that this sort of transfer is indeed possible. It

is the explicit inclusion of a learning phase in which we discover state abstraction for

the purposes of skill specification that allow the learned behaviours to generalise well

without explicit guarantees on the relationship between the source and target tasks.

Options are entirely specified in terms of functions of states—termination, the option

policy, and membership in the initiation set, unless trivial, will all thus depend implicitly

on the state abstraction that is used. While our method approaches this question in its

most fundamental form, where options are defined by membership in maximally disjoint

sets of states, the broader relationship between temporal abstraction and state abstraction

is largely unstudied in the literature. It is our hope that this chapter represents a starting

point in a more thorough study of the dynamic interplay of these high-level modes of

reasoning.



7
Future Work and Conclusions

Our contributions have sought to advance understanding of the complexity of different

forms of abstraction present in RL, and perhaps more importantly, how particular forms of

abstraction constrain or enable other forms of abstraction. Along the way we have made

significant algorithmic, methodological, and analytical advances in the spaces of offline

imitation learning, deep RL with target networks, and variational option discovery. Yet,

there remains work to be done. In the next section we detail some of the open problems

that relate to the work done in this thesis.

7.1 Future Work

In broad strokes, the development of language around and focus on abstraction in this

thesis paves the way for a more formal study of the relationships between different forms

of abstraction in RL. Theoretical discussion of optimal representations for off-policy

learning would combine state and data abstraction in a powerful way. Orthogonally, there

is little formal investigation of the usefulness of options for transfer learning in tabular

settings, which could clarify more precisely the relationship between temporal and data

abstraction, without concerns for state abstraction.

166
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On a more technical level, the most clear open question to be drawn from this work is

concerned with the development of novel target network update schemes. While Polyak

averaging schemes which smooth updates have been used alongside the periodic updates

discussed here, the importance of the target network as the object being optimised is a

novelty which has not been previously understood. This opens the gates for algorithmic

development of improved target network update schemes. Our initial experiments using

target networks with a momentum-style update lend support to this.

In the space of HRL, we hope that our focus on state abstraction provides fruitful insight

on the role of representation in temporal abstraction. Future work could build on this

by integrating explicit representation learning components in the termination function

and option policies. More directly, our skill learning setup trivialises many aspects of

the options framework, including initiation sets and, more importantly, the termination

function. We expect that combining some of the feature learning ideas here with learning

termination functions will lead to more integrated and more composable skills.

Regarding the question of offline imitation learning, while we found empirical success

with continuous environments using our heuristic approach in Chapter 4, our theoretical

bounds do not extend to this setting. Generalising the bound to this setting is nontrivial, as

the support for the expert data will likely not intersect with the support for the exploratory

data. In addition, our data complexity bound is prohibitively high in 1
ϵ
, which comes from

the need to transition from the discounted setting to the average reward setting. While

we consider the average reward setting of our algorithm as a novelty in comparison with

other OIL approaches, we may find tighter bounds are possible if we use a discounted IL

objective. On the other hand making use of an average reward RL algorithm may lead to

tighter bounds with respect to the average reward IL objective, though this may prove

challenging as average reward value iteration is not provably convergent in general.

Another avenue for exploration of data abstraction in RL could turn to stability analysis of

RL, taking inspiration from the close relationship between stability and generalisation in

supervised learning. This could be used to capture a more concrete notion of overfitting
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in RL, which is integral to the study of generalisation in supervised learning, but thus far

largely absent in theoretical RL.

7.2 Conclusions

Abstraction provides a foundation for learning and executing complex behaviour. If we

understand abstraction, we can build more sophisticated and stable forms of learning.

In this thesis, we have looked to investigate and expend these foundations across many

dimensions, including data abstraction, state abstraction, and temporal abstraction.

In the case of data abstraction, we developed a simple algorithm with theoretical guar-

antees in the tabular offline imitation learning setting, which allowed us to focus on the

data cost that comes alongside the need to evaluate a policy using data gathered from

the policy itself. By setting our work in the average reward setting, we capture the most

long-term notion of imitating expert behaviour, a rarity in the field to date. Alongside this,

we highlighted an important connection between state and data abstraction in the need

to be able to tune policy evaluation algorithms offline in order to avoid information leak.

Our proposed evaluation protocol moves towards a more principled, data transparent, and

fair approach to hyperparameter selection and tuning in offline RL settings.

Focusing on state abstraction, we sought to answer one of the most fundamental questions

of deep RL—why do target networks stabilise deep RL, despite being subject to the

deadly triad? To do so we capture a formal notion of the deadly triad, helping characterise

why state abstraction and data abstraction (in the off-policy learning sense) combine

to lead to divergence of TD methods. Countering this, we provide the first finite-time

bounds for a TD-style algorithm with nonlinear function approximation, using the notion

of a path-mean Jacobian and unifying the target network and value network updates in

order to do so. Furthermore we demonstrated that when hyperparameters are correctly

tuned, under fixed update step sizes, the use of a target network can lead to a nondivergent

algorithm which converges to a ball of fixed radius around a local optimum, even when

TD(0) diverges.
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Finally we brought together all three forms of abstraction by using a pretraining approach

to representation learning, leading to skills useful in a transfer setting. Here we saw

that skills trained using VOD methods learn to be diverse, but they may be diverse in

meaningless ways. By recognising that the issue was one of misspecification due to a

lack of state abstraction, we were able to address this by developing a procedure for

learning state abstraction which specifies how skills should differ. These skills were then

used as a vehicle for curriculum learning, carrying fundamental information about agent

locomotion from easily solved tasks to challenging problems which cannot be solved

without the use of temporal abstraction, demonstrating the strong links between data

abstraction and temporal abstraction in RL.

In closing, we simply marvel at the complex and interconnected nature of abstraction

in RL. Progress in this field over the past decade has only accelerated, and as agents

reason at an increasingly abstract level, they are able to tackle more and more challenging

problems. We hope that our work has contributed to unravelling the deep mysteries

underpinning how meaningful behaviour can be learned. More fundamentally, we hope

that RL as a developing field is deployed in ways that help those most in need—with

conscientiousness, care, and curiosity guiding research directions to come.
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