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1. Introduction

Let m > 3 and (M™, h) be a closed (compact without boundary) Riemannian man-
ifold. For every smooth immersion d:X 5 M ™ the (conformal) Willmore energy is
defined by

W((ﬁ) = / <|I:'[|2 + Kh(cﬁ*TE)) dvolg,
b

where g = ®*h is the induced metric by ® on ¥, K,(®,TY) is the sectional curvature
of the 2-plan induced by ®, and H is the mean curvature vector, defined by

where T; ; is the second fundamental form. This functional, first introduced in the Eu-
clidean space by Poisson in 1814 ([50], see also the work of Sophie Germain [14]) in the
context of non-linear elasticity, was rediscovered later by Blaschke and Thomsen [8] in
the 1920’s in the framework of conformal geometry and by Willmore [65] in 1965.

A key property of such a Lagrangian is the conformal invariance. Furthermore, it has
been recently proved in [41] that the Willmore functional is the unique (up to linear
combinations with topological terms) conformally invariant integral curvature energy
for surfaces (in R?, it was already known that (H? — K ;)dvol, is up to scaling the only
pointwise conformally invariant 2-form).

In addition to the aforementioned strong connection with conformal geometry, the
Willmore functional in curved ambient spaces has remarkable links with other topics in
mathematics and physics. For instance, the Willmore energy is the main term of the
Hawking mass [16] in the framework of general relativity (see for instance [26,13,44]).
Furthermore, it corresponds to the main term of the Nambu-Goto action in string theory
[51] and the renormalised area functional in the AdS/CFT correspondence [2,3].
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From the point of view of calculus of variations, as well as motivated by the aforemen-
tioned connections to physics, it is natural to investigate the existence and the properties
of the Willmore immersions that are by definition the critical points of the Willmore
energy. The standard first variation formulae show that critical points of W satisfy the
FEuler-Lagrange equation

AYH - 2|HPH + o/ (H) + % (H) — 2Ky H + 2%2(d®) + (DR)(d®) =0,  (1.1)

where &7 is the Simons operator, and the other terms are curvature functionals defined
by

where V is the Levi-Civita connection, (€1,€3) is an orthonormal moving frame of
3,(TX), (3, ,Tp) is a local orthonormal frame of TM™, and R is the Riemann
curvature tensor of the ambient space (M™,h). This equation was first obtained by
Weiner ([64]) without the additional scalar curvature component whose derivation can
be found in [42, Lemma 3.1] (see also [42, (3.13)]).

The literature about Willmore immersions in Riemannian manifolds (other than R™
or, equivalently by conformal invariance, S™) is relatively recent and in expansion. The
first existence results for Willmore spheres have been obtained in perturbative settings
by the second author [38,39]. Under the area-constraint condition, the existence and
the geometric properties of Willmore-type spheres have been investigated by Lamm-
Metzger-Schulze [26], Lamm-Metzger [24,25], Laurain and the second author [27] and
Eichmair-Kérber [13]. Area-constrained Willmore tori of small area have been recently
constructed by Tkoma, Malchiodi and the second author [19,20]. All the aforementioned
results are perturbative in nature, 7.e. either the surfaces have sufficiently small area,
or the ambient Riemannian metric is sufficiently close to either the Euclidean or the
spherical metric.

The global problem of studying the existence of smooth immersed spheres minimising
quadratic curvature functionals in Riemannian manifolds was initiated by the second
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author in collaboration with Kuwert and Schygulla [23] adapting Simon’s ambient ap-
proach [59], and by the second author with Riviére [42,43] via a parametric approach,
proving the existence of area-constrained Willmore spheres in homotopy classes as well
as the existence of Willmore spheres under various assumptions and constraints. Also,
Chen-Li [10] proved the existence of stratified weak branched immersions of arbitrary
genus minimising quadratic curvature functionals under various constraints (for weak
immersions, refer to [45,63] and to [55,30] for works more in relationship with Willmore
surfaces).

The main goal of this article is to generalise the quantization result of Bernard-
Riviére [7] to the case of Willmore immersions in Riemannian manifolds. This result
should be seen as the first step to generalise Riviéere’s min-max theory for Willmore
spheres [56] to immersions with values into closed Riemannian manifolds. This extension
is natural since, by conformal invariance of the Willmore energy, the quantization result
in Euclidean spaces is equivalent to the energy quantization in the sphere S™ (for n > 3)
equipped with its standard round metric.

Theorem A. Let (M™, h) be a smooth compact Riemannian manifold of dimension m >
3, and let {®y}reny C Imm(S?, M™) be a sequence of Willmore immersions. Assume
that

lim sup W (®y) < oo
k—o0

- (1.2)
lim sup Area(®y) < oo.

k—o0
Then, up to a subsequence, the following energy identity holds

p q
Jim Wagm gy (8k) = Woarm i (Bee) + 3 Woarm u (F) + D Wi (7)
i=1 j=1

+ Zr: (WRW(C_;) —4m 90,l) ) (1.3)

=1

where:

(1) The map ®o is a smooth Willmore immersion of S into (M™, h), possibly branched
at finitely many points ay,--- ,ay € S>.

(2) For any j = 1,...,p € N, the map \sz is a smooth, possibly branched Willmore
immersion of S into (M™, h).

(3) Forany j = 1,...,¢g € N, = 1,...,r € N, the maps 7j; : S* = R™ andé :
S? — R™ are smooth, possibly branched, Willmore immersions in R™ and 0y, =
90(@,}91) € N is the multiplicity of (; at some point p; € 6(52) c R™.

(4) The map Boo 1 5% = M™ is obtained as follows: there exist a sequence of diffeomor-
phisms { fx}ren of S? such that ®y, o fr is conformal and
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3y, 0 fu = . inCL.(S*\{a1, - ,an}), VIl eN.
— 00
Furthermore, it holds

Hm Winrm py (Bk) = Wiarm ) (Bae) <= By 0 fi = d,, in CY(%), VIeN.
— 00

k—o0

Moreover, if hm Area(@k) = 0, then the first two terms in the right hand side of

k— 00
(1.3) are not present, ie. using the same notation as above for i;, {; and 6y, it

holds

T

lim W(Mm h) (I)k ZWRm 77] + Z (WRm (@) — 47 90,l) .

k—o0
=1

Remarks 1.2. Let us denote Ek =0 f&, where fy is given by (4) in Theorem A.

e The Riemannian Willmore bubbles ¥; : S — M™ are obtained as follows: for any
i € {1,...,q}, there exists a sequence of positive Mbius transformations v of S?
concentrating at one of {ay, - ,ay} such that:

Browh — Wi in Cloe(8?\ {al,-+ ,ak,}), WeEN,

where {ai,--- ,a%. } is a finite set of points in S2.

o The Fuclidean Willmore bubbles ij;, é : 52 — R™ are obtained by the following blow
up procedure: for any s € {1,...,p} (resp. forany ¢t € {1,...,q}), there exists a point
7/ € M (resp. T € M), there exist a sequence of positive Mébius transformations
1/}2 (resp. L) of S? concentrating at one of {ai,---,an}, a sequence of rescalings
A}, — +00 (resp. AL — +00) and inversions Z} of R™ such that:

A, - ExpZ oy, 0 9] i in ClLo(S*\ {a], - ,ag'\,]{}), VieN,
and, respectively,
=l o AL -Exp;.l1 o By, 0 YL v G in CL (S {al, e ,aévlu}), vl e N,
where {a{, e ,agvﬁ }, {all, e ’aé\’['} C S? are finite sets of points.
Arguing along the lines of the proof of Theorem A, one can prove the energy quantiza-
tion for surfaces of arbitrary genus, under the assumption of W22 weak convergence to a

limit map and a bound on the conformal structures; the reader is referred to Theorem 6.1
for the precise statement.
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Remarks 1.3.

(1) Since the Gauss curvature is quantized as well (see (6.4), and refer to [7, Lemma V.1]),
the quantization of energy stated in Theorem A and Theorem 6.1 also holds for a
general quadratic curvature functional of the form

F)\h)@((ﬁ) :Al/\ﬁ|2dvolg+>\2/|ﬁo\%\,p dVOlg, (14)
by b

for some A1, Ay € R, where EO is the Weingarten tensor (see for example the form
introduced by Calabi in [9]) and | - |wp the Weil-Petersson metric. Explicitly, we

have in a conformal local chart hy = 2 77(82®)dz2 = 2¢* 9, (e’”@zé) dz?, and for

two 2-forms o = p(2)dz? and 8 = 1(2)dz?%, we have

(a, Bywp = e Pp(2)Y(z) =g *®a®p.

Indeed, the quantity

is equal to 2mx(X) in the limit by Gauss-Bonnet Theorem and the smooth conver-
gence of the conformal structures. The quantization of F}, ), also uses the quanti-
zation for the sectional curvature, but this result follows easily for this quantity is
sub-critical.

(2) In [7] the boundedness of the area is not assumed because the authors work in R".
However, by a stereographic projection and by using the conformal invariance of
the Willmore energy, their result is equivalent to the quantization of energy for S™-
valued maps, where S™ is equipped with its standard round metric. Indeed, for all
immersion ® : ¥ — S™, the Willmore energy in the sphere is defined by

Wgn(q;):/<1+|ﬁ|2> dvol,,
b))

which shows in particular that a uniform bound on the Willmore energy implies a
uniform bound on the area. In particular, our assumption is a natural generalisation
of the Euclidean result of Bernard-Riviére (notice that it holds in particular for any
small enough perturbation of the round metric on the sphere).

(3) Consider the following assumption.

Assumption 1.4. The sectional curvature K} of the ambient manifold (M,h) is
bounded below by kg > 0, i.e. there exists ko > 0 such that K,(P) > ko for
any 2-dimensional non-isotropic tangent plane P € % (T M), where



A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789 7

and P =7 A W.

The Assumption 1.4 implies that for any immersion $:% - (M™, h), it holds

Area(®) < —/Kh (8.7%) dvol, < —/ |H\2+Kh(<l> TE)) dvol, < %W(@),
0

which implies in particular that the bound on the area follows once a Willmore
energy bound is in place. In particular, the theorem will hold for any small enough
(in the C? topology) perturbation of the round metric on S™ without the assumption
on the uniform boundedness of the area.

(4) Given a closed manifold M™, for a generic Riemannian metric h (see [46]), one can
control the area of an immersion @ : X — (M™, h) by its L2-curvature energy ([4];

see also [40])
Fya( / |T|2 dvol,.

Therefore, the area bound in the assumption (1.2) can be dropped for a generic
metric on a closed ambient manifold, when considering the quantization of energy
for a functional Fy, x,, with A1, A2 > 0. See (1.4) for the definition of F}, »,.

Some Ideas of the Proofs
Related literature on energy quantization and general strategy

The main results Theorem A and Theorem 6.1 shall be read in the context of
other bubble-neck decomposition and energy quantization results. One can mention
[57,62,21,11,49,33,52] in the setting of harmonic maps and other conformally invari-
ant variational problems. A fundamental difference between the aforementioned energies
and the Willmore functional is that, in the former, the corresponding Euler Lagrange
equations are of second order, whilst the latter is a fourth-order problem.

As already mentioned, the first quantization result for the Willmore energy was ob-
tained by Bernard-Riviére [7] for Willmore surfaces with bounded conformal structures
and immersed in Euclidean ambient spaces. A first generalisation of [7] was established
by Laurain-Riviere [29] in the case of Willmore immersions with degenerating conformal
classes, still with values into R™. Also, Marque [36] obtained an improved convergence
result in case of a single minimal bubble blown at a concentration point, and in [35] gave
an explicit example of such a phenomenon. The crux of the proof of the quantization of
energy is to obtain the no-neck energy property, once a suitable decomposition of the
domain is performed. The idea is not restricted to the Willmore energy and applies to
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any quadratic energy (the Dirichlet energy [33], the Ginzburg-Landau energy [32,31],
the Euclidean Willmore energy [7,29], horizontal 1/2-harmonic maps [34], etc). To fix
ideas, consider an immersion 4 : (X, g) — (M™,h) C R™ between Riemannian manifolds
(where we assume without loss of generality that (M™, h) is isometrically embedded into
R™) and its Dirichlet energy given by

1
B = 5 / dit]? dvol,
b

A neck region is conformally equivalent to an annulus Q2 = Bg\ B,.(0). We say that the no-
neck energy property holds provided that for any neck-region Q4(1) = Bg, \ B, (0) C C,
we have

lim lim sup / |Viig|*dz =0, (1.5)
a0 koo
Qp(a)

where, for all 0 < a < 1, Qi(a) = Bagr, \ Ba-1r, (0). The idea of the proof is to use
Lorentz spaces (see the Appendix 7 for more details) and the duality between L?! and
L% where L% is the weak L? space and L>! its pre-dual which can be explicitly
characterised. The duality implies in particular that for any measured space (X, ) and
any measurable maps o, 7 : X — R™, it holds

[ .5 < [l 1] o (16)
Q

The method proceeds into two steps. First, one proves for some ay > 0 independent of
k € N an a priori estimate

||d7jk||L2,1(Qk(a0)) < C (17)

where C' > 0 is independent of k € N. Then, one proves a weak quantization of energy,
i.e. that

then the duality inequality (1.6), (1.7), and (1.8) show that the energy quantization in
(1.5) holds. Indeed:

/ Vi *de < [ Vikllpza o)) VR L2050 (0)) < CIVERIL2% (0 0) -
Qk(a)
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This approach was first developed by Lin-Riviere in the context of the Ginzburg-Landau
functional [32,31] and for harmonic maps [33]. It was used more recently for Willmore
immersions with values into R” by Bernard-Riviere [7] and Laurain-Riviere [29].

Difficulties and novelties of this paper

Although we build on Bernard-Riviere’s work ([7]), new technical difficulties arise in
the Riemannian setting. One key point is the need to introduce new Orlicz spaces that
were not previously used in this context to our knowledge.

A fundamental ingredient in the proof of the energy quantization for Willmore im-
mersions in Euclidean spaces [7] is the introduction of conservation laws by Riviere [53]:
these permit to rewrite the fourth-order Willmore equation into a system of second-
order Jacobian-type equations which can be handled with tools from integrability by
compensation.

The first technical difficulty compared to [7] is that we do not get the existence of such
an exact system of conservation laws for any critical immersion. Indeed, it is necessary
to assume that the area is small enough to get the existence of a perturbed system of
conservation laws (see [42, Lemma A.1 and Lemma A.2]), and Lemmas 3.6 and 3.14 in
this paper. The perturbation is caused by the ambient curvature, and yields a complex-
valued system of non-pure Jacobians (rather than real-valued systems of pure Jacobians
as in the Euclidean setting). This is why, in order to prove the existence of the perturbed
system of conservation laws in the neck region, we assume that the area is bounded and we
prove that the area in neck-regions (and bubble regions too) is quantized, and therefore
arbitrarily small.

The heart of the proof of Theorem 3.2 will be to establish refined estimates on the ap-
proximate conservation laws [42] satisfied by Willmore immersions. This will be achieved
in Subsection 3.3.

A key technical difficult is to remove a log |z| term in estimate (3.67). It forced us to
introduce a new Lorentz-type (or Orlicz) function space.

Another technical point is to obtain a suitable e-regularity result for Willmore im-
mersions with values into curved ambient spaces. We prove in Theorem 4.1 that there
exists eg = eo(M™, h) > 0 with the following property: provided that 3 B(0,1) - M™
is a weak Willmore immersion, the estimate

Area(®(B(0,1))) + / \Vii|2dx < eo
B(0,1)
implies that ® € C°>(B(0,1)) and, for all k € N, there exists C}, < oo such that
k= -
IV e 80,29 < Cr IV 2 (50,1))

Notice that by the previous Remark 1.3 (3), the bound on the area is superfluous for
a generic metric on M"™, or in the case of an ambient metric with positive sectional
curvature.



10 A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789

The main technical difficulty is to obtain a pointwise L2°° bound (see Theorem 3.13).
In order to prove it, we will introduce a generalised Lorentz (or Orlicz-Lorentz) space
modelled on L*»* and named Li;g; (where 0 < 3 <1 and LIQO’;E’ = L?°) in the analysis.
The reader is referred to Appendix 7 for more details on these Banach function spaces.

Another important step in the proof is to show that for holomorphic maps (the same
proof works more generally for harmonic maps), the standard e-regularity and scaling
considerations giving that a L?° bound implies locally a W' N L%! estimate, hold
more generally when one has a Li;;g bound (see Lemma 7.7). Since the more classical
improvement from L2 to W51 N L2%! for harmonic maps had several applications,
it is natural to expect that the aforementioned sharpened improvement obtained in
Lemma 7.7 will be useful also in other settings.

Acknowledgments. The exposition of this manuscript greatly improved after the revision
made by the reviewer, whose careful reading has been extremely helpful for the authors.
The first author was supported by the Early Postdoc Mobility Variational Methods in
Geometric Analysis P2EZP2_191893. The second author was supported by the Euro-
pean Research Council (ERC), under the European Union Horizon 2020 research and
innovation programme, via the ERC Starting Grant “CURVATURE”, grant agreement
No. 802689.

2. Notation and preliminaries

Throughout the paper, (M™, h) is a compact Riemannian manifold without bound-
ary and ¥ is a closed Riemann surface. Given a smooth immersion % — (M™ h),
we endow Y with the pull-back metric g = ®*h. An important role will be played by
the conformal structure associated to the metric g (for conformal structures on com-
pact Riemann surfaces see for instance [22]). In particular we will assume that, given a
sequence of immersions Iy X — (M™ h), the conformal structures associated to the
pull-back metrics gr = CI;Zh are contained in a compact region of the moduli space. This
assumption prevents the degeneration of the Riemann surface in the domain (see [7,29]).

Without loss of generality, we can assume that the smooth immersion D
(M™,h) is a conformal parametrisation, i.e. we can choose local coordinates (z1,x2) on
Y such that g; ; = €2>‘(5i7j. The real valued function A will be called conformal factor.
Sometimes, taking advantage of the complex structure of a Riemann surface, it will be
useful to switch the complex notation z = x1 + i xs.

Thanks to the Nash isometric embedding theorem, we can assume without loss of
generality that M™ C R", and that h = (*ggrn, where ¢ : M™ — R” is the Nash
embedding. Since M™ is a compact manifold, we have in particular

H]I]\/ m

<(Cp < 2.1
Loo(M’m) - 0 0, ( )
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where ]TMm is the second fundamental form of ¢. Given a smooth immersion ® : ¥ —
(M™,h) of the 2-dimensional surface 3, we define the generalised Gauss map (see
Hoffman-Osserman [18]) iig : ¥ — A™ 2T M™ by

Op, ® N Oy, ®
h—— = - =
10,3 A 0y, B|

’ﬁ:q; = %
where z = 41 x5 are arbitrary local coordinates on X, and xj, : A2TM™ — A™ 2T M™
is the linear Hodge operator associated to the metric h. We claim that the following
formula holds:

05 = La(iig) A (71.) 0 D, (2.2)

Indeed, we have locally 7i, = U1 A+ AUy, and fig = A1 A+ ATl 2. If € = e_’\8$i§ in
a conformal chart, we deduce by definition that (€4, €2, 71, - - fl,,—2) is an orthonormal
basis of TM™, which implies that (t4(€1), tx(€2), ta (1), -+, ta(Fn—2), U1, , Up—pm) 18
an orthonormal basis of R™ and we deduce the claim (2.2).

Even if the main Theorem A concerns smooth immersions, some of the intermediate
results that we will establish will hold more generally for weak conformal immersions.
A weak conformal immersion of the unit ball B(0,1) C R? is a map d e When
W22(B(0,1), M™) such that the a.e. well defined pullback metric g = ®*h is conformal
to the Euclidean metric on B(0,1), i.e. g; ; = e2>‘5i7j for some a.e. well defined function .
Observe that the space of weak (conformal) immersions corresponds to the energy space
for the Willmore functional W thus it provides a natural functional analytic framework
for the analysis and the calculus of variations of such an energy functional. Indeed the
space of weak immersions with bounded area and Willmore energy satisfies useful pre-
compactness properties. Let us recall the following pre-compactness result from [42],
after [55,30].

Theorem 2.1. Let @, : 52 — (M™,h) be a sequence of weak immersions of S? into the
closed m-dimensional Riemannian manifold (M™, h) and assume that the uniform area
and Willmore bounds (1.2) hold. Then, up to pre-composing with suitable bi-Lipschitzian
diffeomorphisms of S?, one can assume that ®;, are conformally parametrised. Moreover,

(1) Either, diam (®(S2)) — 0 and thus there exists a point T € M such that, up to a
subsequence, <f>k(52) — T in Hausdorff distance sense;

(2) Or, for every k € N, there exists a positive Mdbius transformation fi of S? such
that, if we call

gk:‘f)kofk

the reparametrised immersion and
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Xk =log \8zlér;c| = log |angk|

the new conformal factor, the following holds (up to a subsequence):
(i) There exists a finite set of points {a1,...,an} such that for any compact subset
K c S*\{ay,...,an}

swp Rl <oe.
keN Leo(K)

(i) There exists a conformal weak immersion £xo : S% < (M™, h), possibly branched
at {ai,...,an}, such that

Er — Eno weakly in Wi;g(Sz\{al,...,aN}). (2.3)
Moreover,
W(€so) < liminf W (&)
k—o0
iii) Furthermore, W _'Do = lim W _; if and only if one can choose {a1,...,an} =
k
— 00

0 in the above claims.

Remark 2.2. Thanks to Simon’s monotonicity formula [59], the first case in Theorem 2.1
is equivalent to Area(®;(52)) — 0.

As a consequence of the e-regularity Theorem 4.1 that we will prove later in the pa-
per, if B, are Willmore spheres, then (2.3) can be improved to a cl .(S?\{a1,...,an})
convergence for every [ € N. The goal of the paper is to perform a fine analysis of 5k,
including the conformal factor, area, and Willmore energy, around the points aq, ..., an,
under the assumption that 5k are Willmore immersions. In order to simplify the nota-
tion, throughout the paper we will assume that the maps ka are already conformally
parametrised and in the good gauge satisfying 21€1§ ||)\kHLoc( Ky < 00, for every compact

subset K C S?\ {a1, -+ ,an}.
3. L2! estimates on the mean curvature in the neck region

The first part of the proof of the main theorem is to establish L% estimates on the
mean curvature in the neck region (see Theorem 3.2). To this aim, in Subsection 3.1 we
prove: a no-neck area property (in (3.24); see [43]), a Harnack-type inequality for the
conformal factors (in (3.25); see [7]), an L? quantization result for the conformal param-
eters for some p > 2 (see (3.29)) and, finally, uniform L? estimates for the conformal
parameters for some p > 2 (see (3.30)).
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As we mentioned above, one of the fundamental parts of the proof of Theorem 3.2 is to
obtain pointwise estimates for the tensors that appear in the approximate conversation
laws from [42] (see Section 3.3).

Let {5k} . be a sequence of Willmore immersions from a fixed closed Riemann

surface X sat];sfying the hypotheses of Theorem A.

The crux will be to remove a log|z| term in one of the key estimates (more precisely,
in (3.67)). This will take almost all of Subsection 3.4 and will be the most innovative
and technical part of the paper, requiring the introduction of apparently new Lorentz-
type function spaces. Let us stress that such a log|z| term is due to the curved ambient
space and therefore was not present in the proof of the energy quantization for Willmore
surfaces in Euclidean spaces [7].

Thanks to the hypothesis (1.2) of the theorem, we have

A = sup (Area(cﬁk(z)) + W(«iﬁk)) <. (3.1)
keN

Combining (2.2) with the triangle inequality, the Gauss equations and the conformal
invariance of the Dirichlet energy, we get:

/|dﬁwq;|3dvolg < 2/|dﬁq;|3dvolg + 2/\d(ﬁL o ®)|2dvol,
z

) )
= 2/|dﬁ,§|3dvolg—|—2 / T pgm |3 dvoly,
Y (%)

<2 / |dﬁq;|3dvolg + 202 Area(®)
)

_ 2/ (4\ﬁ|2 — 9K, + 2Kh(<f>*TZ)) dvol, + 2C2 Area(d)
b
< 8W/(®) + 2C5 Area(®) + 4 | K|l oo (ym) — 87 X(Z), (3.2)

where we used estimate (2.1). Since M™ is a closed manifold, we deduce that the sectional
curvature K, of the smooth metric A on M™ is bounded. Therefore, the combination of
(3.1) and (3.2) yields:

sup / |dﬁwq~>k|3dvolg < (8 +2CHA +4 [ Kn e (army — 87 x(E) = A(h) <oo. (3.3)
keN 2

This allows us to apply the bubble-neck decomposition of Bernard-Riviére [7, Propo-
sition IIL.1], and the other theorems of [7, Sections III and IV], since they do not use
the Euler-Lagrange equation of Willmore surfaces in R™ and work for any sequence of
smooth immersions of bounded Willmore energy.
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Lemma 3.1 (Bernard-Riviére, Lemma V.1 of [7]). There exist constants eo(n), Co(n) > 0
with the following property. If 0 < € < g¢(n), 0 < 4r < R < o0, Q = By \ B,(0), and
d: Q> R"isa conformal weak immersion satisfying the conditions

[Vl 200y < €
|Vild#" < e
8B..(0) (3.4)
/ |V7|2dx + / |Vii|?dz < e,
BR\Eg(O) B2, \B.(0)

then
/Kgdvolg < Cp(n)e,
Q

where g = <Iﬁ>*an.

By the Theorema Egregium of Gauss, since ¢ : (M™,h) — (¢(M™), gr=) is an isom-
etry, we deduce that we can apply this result to ®;. Hence, if ®; is parametrising a
neck-region 2 = By \ B,(0) and satisfies the hypothesis of Lemma 3.1, we deduce that

Then, the other results of [7, Section V] where no Euler-Lagrange equation is used can
be applied identically to {¢ o @ }ren. The Liouville equation

—AN, = MK,
implies by the Adams-Morrey embedding (see [54]) that

sup [[VAkl| 2.0 (p(0,1)) < C- (3.5)
keN

Now, we will describe the differences from [7, Section VI] onwards.

In [7, Section VI], the conservative form of the Willmore equation for immersions in R™
discovered in [53] plays a fundamental role. In order to extend such analysis to the curved
ambient setting, we will use the Euler-Lagrange equation in conservative form obtained
in [42] for immersions into Riemannian manifolds. However, this requires to prove that
the area in neck regions is small enough (in fact, we need a slightly stronger statement
which will follow from this bound thanks to a Harnack inequality; see Lemma 3.6).
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The next theorem is the main result of this section.

Theorem 3.2. Let {ry}cn » ARk }pen C (0,00) be such that ry — 0 and Ry — R €
k—o0 k—oo

(0,00). Let (M™,h) C R™ be a closed Riemannian manifold that we assume isometrically
embedded in R™. For any 0 < o < 1, define the subset Qx(a) = Bag, \ Ba-1,,(0) C
B(0, Ry). There exists constants 9 = €o(n,h), a0 = ap(n,h) > 0 with the following
property. Let {CI;k}keN C C*(B(0, Ry), M™) be a sequence of Willmore disks satisfying:

A(h) = suII:I IV Akl (B0, Re)) T Area(®(B(0, Ry))) + / |Vt |2de | < oo
he B(0,Ry)
(3.6)

sup / |Vﬁk|2dx <egg.

s€ [Tk > %]325 \Es‘ (0)

Then we have

He)\ka

< Co(n,h,A).
12 @uaoy © O
The rest of the section will be devoted to the proof of Theorem 3.2. This will require
to estabish several results of independent interest.

3.1. L? bounds and quantization for the conformal parameters

The goal of this section is four-fold: we prove a no-neck area property (see (3.24)),
establish a Harnack-type inequality for the conformal factors (see (3.25)), prove an LP?
quantization result for the conformal parameters for some p > 2 (see (3.29)), and estab-
lish uniform LP estimates for the conformal parameters for some p > 2 (see (3.30)).

Let us first recall the following lemma from [37], slightly generalising [7, Lemma IV.1].

Theorem 3.3. There exists a positive real number e1 = €1(n) with the following property.
Let 0 < 257 < R < oo be fized radii and & : Q@ = B \ B.(0) — R™ be a weak immersion
of finite total curvature such that

[Vl gy < £1(n). (3.7)

1
For all (%) ‘< a <1, define Q(a) = Bagr \ Ba-1,(0). Then there exists a universal

constant Cy = C1(n) and d € R (depending on v, R, ® but not on ) such that for all
r\3 1
(E) <a< e we have
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||V()\ — leg |Z|)||L2=1(Q(oz)) S Ol \/a ||V)‘||L2°°(Q) + / |Vﬁ|2d$ (38)
Q

and for allr < p < R, we have

1
d—o- / o NdA < Oy / \Vii|?de + —— /|vn\ dz | . (3.9)
™

_ log
aBp max{p,Qr}\BT(O)

In particular, there exists a universal constant C1 = Cj(n) with the following property:
1

1
for all (;) <a < , there exists A, € R such that

A = dlog 2| = Aall~(a(a)) < C1 [ VEIVAIlL20q) + / Vit|dz | . (3.10)
0

Applying Theorem 3.3 to {5k}k€N (that we see from now as a map Py 1L — R
such that ®4(X) C M™ for all k € N), we deduce that in a neck region Qj(c) =
B(0,aR) \ B(0,a™'ry) (where limsup Ry < oo), there exists for k& € N large enough

k—o0

dr € R and A € R such that

Ak = di log 2] — Akllpee (o, (a)) < C1 | VEIVAlL2. (00 T / |Vitg|*da

Qi (1)
<Y < o0 (3.11)
thanks to (3.3) and (3.5). We deduce that:
e 7207 24k 520 < Pk < 20T 24k 520k for all 2 € (). (3.12)
Thanks to (3.1), we deduce that
sup / 2% |22 |dz|? < sup €291 Area (P, (i () < e2°1A < 0. (3.13)
kENQ (@) keN
k&

Now, by the e-regularity Theorem 4.1 to be proven below, we deduce that 5k k—> 500
—00
in CL_(B(0,1)\ {0}) for all | € N, where ®o : B(0,1) — R" is a branched immersion

loc

having at most a branch point at 0. Therefore, by [55, Lemma A.5] (see also [7]), there
exist an integer 6 > 1 and Ay € C™\ {0} such that

0:Boo = Ag2% ™"+ o(|2%1). (3.14)
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We also let 5y > 0 such that
e = 219,80 | = 2| Ao|[2|*%72(1 + o(1)) = B2|2[*P72(1 4 o(1)).
Now, applying (3.9) to di and p = a— we deduce that

lim sup dk—— / O\ dA| < Ty < 0.

k—o0

ol

a

By the strong convergence, it follows that

/ O\ dAt — / D Aood At =0y — 14+ O(aR)
—>0027T
a2 a2

and we deduce that {dy},.n C R is a bounded sequence. Therefore, we can assume up
to a subsequence that dy — d € R.
k—o0

Lemma 3.4. d > —1.

Proof. Without loss of generality, we can assume that Ry k—) R such that 0 < R < o0.
—00

Furthermore, notice that by hypothesis, there is no energy concentration on Bag, \
Br, (0). Therefore, applying our e-regularity result of Theorem 4.1, we deduce that
2

By, . @ in C'(Bsp \ Bz2p(0)) for all I € N. Therefore, {A}y is bounded on
— 00
0Bpr, (0), and since dy, o d, we deduce by (3.11) that {Ay},  is bounded. Therefore,
—00
setting A = likm inf Ay, and A = limsup,,_, ., Ay, it holds that
—00

—0< A= hkm inf Ay, <limsup 4, = A < cc. (3.15)

k— o0

Using once more the strong convergence in (3.12), (3.14) and (3.15) we obtain that for
all z € Br(0) \ {0},

6—20{'62A‘Z|2d < ‘A’0|2 (1 + O(|Z|)) |Z|200—2 < 6201/62Z|Z|2d. (3.16)
We argue by contradiction. First, assume that d < —1. Then, we get that for k large
enough dj, < —1. Using that r;, — 0 and recalling (3.12), we obtain that, for all0 < « < 1,

it holds

Area (P (Q())) = / M |dz|? > e 2 / 248 2|2 | dz|? (3.17)
Qk(a) Qk(a)
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2(|dg|—1
_ o soppa L (m Y
|di| — 1 (o= try,)2(del=1) a’Ry,

> 00,
k—o0

which contradicts (3.13). Thus d > —1 and we need only prove that d # —1. If dj, = —1,
we have

. y dz|*
Area (P (Q())) = / 62)\k|dz|2 > e 2¢h / 24k | Z||2
z
Qk(a) Qk(a)

2
_ 1 [0 Rk
= 27 e 201 24k Jog ( ) — 0.
Tk

Therefore, we can assume that d # —1 for k large enough. By Fatou’s lemma, (3.12)
and (3.15), we deduce that, for all 0 < e < R, it holds

lim inf Area(®y(Q())) > lim inf Area(®y(Bar \ B=(0)))
— 00 — 00

> e 207 / e |z%4|dz |

Bar\Be(0)

By hypothesis, Area(®;(Q(a))) is bounded (see (3.13)), which implies that the function

(0,R) : e — / 12|2%)dz|>  is bounded.

Bar\Be(0)

We deduce that d > —1, as desired. O

Remark 3.5. Once the quantization of energy is established, it will imply a posteriori
that (see [37])

dp — 6p—1>0. (3.18)
k—o0

In fact, [37, Theorem A] holds for an arbitrary immersion with values into R™ and yields
that di, = 0y — 1 > 0. However, in the present setting of curved ambient space, we
could not get (3.18) a priori (as it happens in the case of a flat ambient space). The
origin of such a difficulty lies in the non-vanishing curvature that perturbs the system of
conservation laws associated to the Willmore equation [42].

Let us also observe that the fact that a no-neck energy property implies the asymptotic
integrality of dj suggests that an hypothesis ensuring that dp > —1 + ¢ (for k large
enough)—that follows from the uniform boundedness of the area—is necessary.
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Now, since by [7, Proposition IIL.1] neck-regions are disjoint and finite unions of such
annuli, if Qk(«) is the whole neck-region associated to a concentration point a; (where
1 <4< N,and N is the number of concentration points), we have (see also [43]):

lim lim sup / e r|dz|? = 0. (3.19)
a=0 koo
Qe ()

Indeed, if ) (o) = Bag, \ By, (0), we deduce by Lemma 3.4 that there exists § > 0 such
that dp > —1 + ¢ for k large enough and

/ e2M|dzf2 < A / s = (@R < T am) 0
= dp +1 0 '

a—0
Q, () B(0,0Rx)

Consider a typical bubble region

B(i,j, k) = B, 1,0 @)\ | B., (3.20)
jleri

from the bubble-neck decomposition [7, Proposition III.1]. We refer to [7] for the precise
statement and relevant definitions. For our purpose here it is sufficient to recall that

(1) B, i (xk’J) corresponds to a bubble for ®y;

2 the set of indices I’ corresponds to the bubbles contained in B . ; zid ;
T k
k

(3) the total number of bubbles is bounded: sup cardU I < oo;
keN
i.J

(4) khm x I q, for every i, j.
— 00

(5) lim 7“ 7 0, for every i, .

k—o0

From [7, (VIIL.10)] (notice that this result does not use the Willmore equation, and
therefore, holds in our Riemannian setting), a uniform Harnack inequality holds: for all
0 < a < 1, there exists C, > 1 such that for all £ € N large enough

sup M < (O, inf ¥, (3.21)
B(ij,0,k) B(i,5,0,k)

Therefore, the estimate (3.12) implies that there exists CY, such that for all z €
B(i7j? a7 k)

2dy,

0 < 01 i < (i)™ 322

Since dj k*} d > —1, we deduce that for all 0 < a < 1
—00
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N 2di+2
/ e |dz | < w0 (r2’3> .0 (3.23)
—00
B(i,j,0,k)
lim lim sup / e*eldz|> = 0. (3.24)
a—=0 koo
B(0,aRy)

We also deduce that there exists A € R such that, for all £ € N large enough, it holds
for all z € Q(1/2):

e Az < eMe(E) < A 2], (3.25)

For the next developments, we need to sharpen the above estimates to an L?! bound
for the conformal parameter and an LP quantization result for it.

Let d € R and f : B(0,R) — R U {cc} be such that, for all z € B(0, R), it holds
f(2) = 2|4 1 d < =1, since |- [ 20 (x) > 2v2]]- [l2(x)> We have:

|||Z‘d||L211(B(O,R)) =

Recalling that for all measured space (X, u), for all 1 < p < 00, it holds (see for example
[37, Appendix 3.7.1])

1
£ lle x) | f(z)] > 1)) dt
0
we have:
1
H|Z| HLQl(B (0,R)) 4/,“/ dt—4\/_R fOI'd:O7
0
R4 o)
1oy =4 | #BORDEde+a [ (50,5
0 R4
4
= 4y/7R'*? +4\F R1+d ‘F 4 for —1<d<0,

1—|—d

R? 1
- 1,1 2
121 L2 (B 0.Ry) = 4/u<B(0,R) \B(0,t4))2dt = 4¢7rRl+d/\/1 — sids
0 0

<4VTRY™, for d > 0.

Combining the last estimates with (3.25), we deduce that, for all k¥ € N large enough, it
holds
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1
||e>"“ HLQ,l(Qk(a)) < 4y/me max {1, 1—|-dk} (R, )1 Tx

= 4y/me” max {1, 1;_(1} (aR)' 4, (3.26)
By (3.22), we have
- N Tdy
12 ot gy < AVTVEE (117 — 0. (3.27)
The combination of (3.26) and (3.27) yields
Jim lim sup e |2 (B0.0m)) =0 (3.28)

We see that the estimate is a combination of (3.26) that controls the L*! norm in the
neck regions, and of (3.27) that controls the L?! norm in the bubble regions.

Later on, we will need the following improvement of the quantization (3.28). Since
dr — d > —1, we deduce that there exists 0 < ¢ < 1 and N € N such that for all

k—o0

k > N, we have di, > —1 + . In particular, this implies that

(aRk)2+Pdk

/ ep’\’ﬂ(z)|dz|2 < el / |z|Pdx|dz|? = 2mePA >+ od
bag

Qk(()é) B(OvaRk)

2
, forallp<——.
1—e¢

Using the Harnack inequality in bubble domains (3.21), we deduce that

2
lim lim sup ||e* 0, forallp< = (3.29)

k —
amo it HLP(B(O,aRk))

2
Indeed, we have 2+ pdy, > 2+ p(—1 +¢) > 0 if and only if p < ¢ In particular, we
deduce that

2
e is bounded in LP (B (0, Ry/2)) for all p < o (3.30)
3.2. Diameter estimate in bubbling domains

In order to solve 0,-like equation, one needs to perform a trivialisation of the tangent
bundle. Therefore, we need to make sure that @5 (B(0,«Ry)) has a bounded diameter in
k € N that converges to 0 as o — 0.

Notice that in a neck region Q(a) = Bar, \ Ba-1,, (0), we have

lim lim sup diam(®(B(0, aRy)) = 0.

a=0 koo
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Indeed, by the Harnack inequality in the neck region, we have on Q(cy) for some ag > 0
independent of k € N and for all k large enough

M = e [z| (14 o(1)),

where Ay k—) A € R and dy k—) d > —1 by the above analysis. For simplicity, assume

that there is a single bubble. Thanks to the Harnack inequality in each bubble domain
and neck region ([7, (VIII.10) p. 131]), without loss of generality we can assume there is
a single bubble. Now, by the Harnack inequality on the bubble domain, we deduce that
for all 0 < « < a, there exists C,, C!, < oo such that

C(/l(pk)dk < Ca—leAk(a’lpk) <eM < Cfae/\k(a’lpk) < C;(pk)dk in B0, ' pp).

In particular, for all z € B(0, «Ry), we have

1B, (2) — D4 (0)] < /e)"c (Tﬁ)dr <cl / (pr) P dr + 2" / e dr
0 0 a~lpy
Cy, di+1 2e | |dk+1
— adk k dip +1 ’

and since pp — 0, we have
k—o0

. . 2 A R d+1
limsup sup  |Pr(2) — Pr(0)] < 2e(aR)TT
k—oo 2€B(0,aRy) d+1 a—0

since d+ 1 > 0. Furthermore, since (M™, h) is a compact manifold, its injectivity radius
is strictly positive. Therefore, we deduce that there exists ap > 0 such that for all k € N
large enough, <fk(B (0, g Ry)) is contained in a fixed—without loss of generality, we can
assume that {®,(0)}ren converges to some point p € M™—domain V on which geodesic
coordinates exist.

3.8. Refined estimates on the approrimate conservation laws

We let as above {i;k}keN be a sequence of smooth Willmore immersions satisfying
the assumptions of the main Theorem A. In the next lemma, we generalise [42, Lemma
A.1], by relaxing the L> control to an L?! control.

Lemma 3.6. There exists constants e2(m), Ca(m) > 0 with the following property. For
all j,k € {1,---,m}, let 'y]k € W2 N CO%C) be such that supp (’y]k) C B(0,2) and

HVJI?HL,“(C) < eo. For allU € LL (C), define
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m
(V,Jj)j = 8zﬁj + va(jk in 2'(C), where 1 <j <m.
k=1

Then for all Y € (H_l + L) (C), there ezists a unique U € L2>°(C) satisfying
v.0U=Y in2(C)
Furthermore, we have the estimate

|71

.||

L2 (C) H-14L1(C)

Proof. As in [42], we use a fixed-point argument. For all U € L2°°(C), define

- 1 L L
TU) = <—%*<YJ‘—Z%’?U1€>> :
k=1 1<j<m

By the Young inequality for weak LP spaces (that follows from the classical Young
inequality by interpolation) and the L2 /L2 duality, we have for a universal 'y < co

. 1 o i 1 .
T(0)+ =¥ <Y To|— (e
H Tz L2=OC(C) j,k:l w4 LZ’OO((C) Ll((C)
2T0 <= | & -
= N .;1 5l ey [ L2 (C)
k=
2m Fo i = F0m2 =
< U < . (331
- Jr =0 ; MLz (c) = T =0 L1220 (C) (3:31)
Choose
Nz
50 == 72
4m FO
Now, exactly as in [42], we get the estimate
1 - .
L.y < um) |7, , (3.32)
Y4 L2=°C((C) H71+L1((C)
where for all u : R™ — R™, we have
||u||H71+L1(Rm) = inf {||U1||H71(Rm) + Hu2||L1(Rm) Tu=u; + ug} .

Therefore, (3.31) and (3.32) imply that for all U € L2°°(C), we have
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fro

o

+T4(n) H?H . (3.33)

1
L2:%°(C) 5 L2 (C) H-14L1(C)

As in (3.31), for all Uy, U, € L2°°(C), we have

|7@) - 1)

=

(3.34)

1
L200(C) 2 L2.00(C)

Therefore, (3.33) and (3.34) prove that T : 1L2°°(C) — L*»*>°(C) is a contraction, and
therefore admits a fixed point by Banach contraction mapping Theorem. The estimate
follows from (3.32). O

Now, let fx : C™ — C™ be the linear map such that for all X € C*°(B(0, Ry),C™),

we have

V.X = 0.X + fo(X) = 0.X + (Z 7§.7le> , (3.35)
=1 1<j<m
where, denoting with (<f),1€, - ,5?) the components of @ in the local coordinates of

M™, we set:
m
1 l 54
Vik =D 15 40:81,
q=1

where Fé'vq are the Christoffel symbols of the ambient Riemannian manifold (M™, h). We
now fix some e3(m) < ea(m) to be determined later. By the estimate (3.28), we deduce
that there exists ag > 0 and N € N such that

1<sjulrim H’y;’kHLz,l(B(O,aoRk)) <egg(m) <eg(m), forallk> N. (3.36)

Recalling the L?1/L2°° duality, for all X € L2°°(B(0, Rx),C™) and for all r < agRy,
the following estimate holds:

%) NEa < colmpm? | % .
ka( L1(B(0,r)) lel HVJHL"‘ H(B(0,r) L2 (B(0,r)) ss(m)m L2.(B(0,r))
(3.37)
We also have the pointwise estimate
[(X)(2)] < Ca(h) XX ()], (3.38)

where Cy(h) > 0 only depends on h (the metric on M™). Let Yy : Q(ag) — C™ be
defined by
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Yo =i (VZHk — 3VLH, —i % (vzﬁk A Hk)) . (3.39)

Notice that Yy is smooth, so in particular it is an element of H~'+L'. Thus, the extension
Y}, to the whole C by setting Y = 0 on C \ Q4 () is an element of H~1 +L!(C). Making
use of the L2! estimate (3.36), we are in position to apply Lemma 3.6 and deduce that
there exists Ly € L2 (B(0, agRy), C) such that

{ V.Ly =Yy  in B(0,aoRy) (3.40)

Im (L) =0 on dB(0, agRy).

Remark 3.7. The boundary condition for Im (Ly) in (3.40) is obtained in the exact same
way as in Lemma A.2 in [42] since ®,, is smooth (see Lemma 3.14 for more details).
However, the L?* estimate obtained here by simply applying Lemma 3.6 will depend
on k and for technical reasons we need to obtain a function l_:k controlled in L%
independently of k. Indeed, without a priori estimates, since the boundary condition of
Re (L) cannot be prescribed, we would not be able to get a L>> control on Re (Ly)
(in [7], at a crucial step, the authors use the fact that the equation in VL holds up
to a constant, which allows to assume that some mean of Ly vanishes; however, if the
Christoffel symbols do not vanish, the equation is not invariant by translation). This is
due to the fact that in general, one cannot prescribe the full boundary condition in a @
equation.

From the e-regularity Theorem 4.1 we know that there exists a constant C > 0
independent of k£ and «g such that

- ok(lz]) _ Co
M|V (2)] < O < 20 41
PO < e < (3.41)

where
%
1 =12
Op(r) = ) |Viig|“dz | . (3.42)
B2r\§7§(0)

Indeed, since H), satisfies the Euler-Lagrange equation
. 1 . . . .
Lyt = 5V, (ngHk —3VL Hy+ ((*vgknk) A Hk))
= — R} (Hy) + 2 Ky Hy — 2%,(d®y) — (DR)(d®y) — Z3 (Hy,),

which is uniformly elliptic in all dyadic annuli in Q(1) thanks to the hypothesis of
Theorem A and the Harnack inequality on the conformal parameter (Lemma 3.3, (3.10)),
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we deduce by standard elliptic regularity ([15], Theorem 3.9) that there exists a constant
To(n) such that

HVH H <F0< ) I’_jk _ —‘y—?“QHggkﬁkH _ .
Lo (8B(0,r)) L‘X’(B%T\B%r(o)) LM(B%T.\B%T(O))
(3.43)
With the e-regularity Theorem 4.1, we deduce that
He*kﬁkH R (W) Hekkﬁk’ . (3.44)
L>(B4,\B3,.(0) r L?(B2-\B 5 (0))

Now, since
67A|Z|dk < eAk(z) < €A|Z|dk,

we deduce that for all 0 < 3 < 1 and r, < fr < B~1r < Ry, we have for all Br < |z| <
pgtr

e~ Aqldrlpdi < Mk (2) < eAa 1kl pdi

And since dj, k—> d, we deduce that there exists B € R independent of k such that
— 00

sup M) < B inf M) forall 2rp < 1 < % (3.45)

2€B2,\B (0) 2€B2,\B 1z (0)

The combination of (3.44) and (3.45) gives

5 e~ Ak(r)

Fl(n) Ht’:’)\kﬁk‘ < eBe_’\k(r)l"l(n)tsk(r),

L2(B2\By (0))

I
Lo (By

By, \Bs:(0)) r
3 4

(3.46)

where \g(r) = Ag(r - 1) = Ag(r,0). Notice that since we use complex numbers for the
argument of A\, the notation A\ (r) makes sense for all r > 0. Likewise, we have

| =0 (14

Lo° (B4, \Bsr (0))>
3" 4

< C(h) (1 n eBe—Mﬂrl(n)(sk(r)) . (3.47)

Lo (B4 \B3 (0
3 4

Since rdx(r) < 4/A(h) (recall that A(h) is defined in (3.6)), we finally deduce by (3.43),
(3.46) and (3.47) that
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MO HL(2)| < [VAR(2)] < Ca(n)dr(|z]) for all z € Q (;)
(3.48)

M|V H,(2)] < C5(n, h) 6k|(|f|) for all z € Qy <;) .
z

Recalling that ?k =1 (Vzﬁk - 3Vj‘ﬁk — 1 *p, (szik A ﬁk)), we deduce from (3.48),
the Harnack inequality for A, and the expansion (3.35) that
MINY(z) < C (ek’“(z)\VHk(zﬂ + | Vit |e & Hy (2)] + )| Hy ()]
+e MO g (2)] e )| i (2) )

dx([21)
K

+@mwwW@w0

o (|2])

||

+ C4(n)20k(]2))? + Cy(n)o1(2)

< C’(C’5(n, h)

<

where we used —1 < dj, for the last component, and the trivial estimate 0 (|z|) <

VA(R)|z| 7L

For technical reasons, we will have to perform a disjunction of cases depending on the
value of dj. The analysis in the first case, dp < 0, will take several pages; the other cases
will be discussed after (3.100). Notice that we consider the extension by 0 of Y;|Qz(a)
in the rest of this section. Let us state the main estimate that we will prove here.

Proposition 3.8. Under the hypothesis of Theorem 3.2, there exists C = C(m,h,A) >0,
ag >0, and Vk :C — C™ such that

Bsz(z) = Yk m Qk(ao)

and satisfying the pointwise estimates

MANVi(2)] < g, for all z € () ,

|2
o (3.49)
|2|% Vi (2)] < m for all z € Qi (ap) .
Proof. Analysis of Case 1: d; <0
If d, <0, then we have a fortiori
C
Vi(2)| < = (3.50)
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First define Uy, : C — C™ by

, 1 2 1 13
0 = 3 (~ =+ (C900) ) ) = =5 [ 2
C
1 V) -
- 27”72@/ AT A de. (3.51)

Lemma 3.9. There exist constants Cy,C1 > 0 and ag o € C™, fork € N, with sup |ag,o| <
keN
oo such that

Uy (z) — 20 <O+ forallzeC. (3.52)

2

Proof. Since Z© is anti-holomorphic and Yy has compact support, we have that

0.04(2) = (6% (CV(0))) = 2 - Z*Vila) = Tile), (35)

where d, is the Dirac mass in z € C. Write for simplicity » = 2r; and R = %.

Fix some z € B(0, R). First, if 0 < 2|z| < r, we have

. 1 ¢
=
B(0,R)\B(0,2|z])

d¢ A d¢ (3.54)

and expanding, we get

2. (e’ —2 =

1 CYu(Q) = 1 / CYe(©)) 2| =

— dC NdC = — d

2mi _/ C—z2 CAde ; ™ ot dcl™ ) 2
B(0,R)\B(0,2|z]) - B(0,R)\B(0,2|z])

[oe]
=> ap?. (3.55)
=0

For | = 0, we have

—2 -
¢ Yi(Q) |d¢|?
/ —I+1 |d<|2 < C(O |C| = 27TO0R, (356)
(0,R)\B(0,2|z]) B(0,R)

and for [ = 1, we have
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/ C};k( )IdCI <on /——27rlog (;l) (3.57)

(0,R)\B(0,2]z])

Therefore, by (3.54), (3.55), (3.56) and (3.57), we deduce that there exists a universal
constant C7 such that

—

EQU]C( )—ako—Zaklz

=2

< Cyz|log (| |> (3.58)

and ay o is uniformly bounded for £ > N.
Furthermore, we have for all [ > 2

- R
I AL dc|? dt
/ Cli(l )|d<|2 < Co / ||C|l-'|,-1 < 27Cy m

(0,R)\B(0,2|z) B(0,R)\B(0,2|z]) 2|z

21 Cy 1 1
-T2 (@) (3:39)

which implies that

o0

1
<200y e 2|t = 2Co|2). (3.60)
=2

o0
E akJEl

=2

Therefore, by (3.59) and (3.60) we get

log (%) 20,

— T (3.61)

Oulz) - 5| < &

Now, assume that 2|z| > r. Then we have

20(2) = / ¢ =

21

dZ/\dCJr% / ¢ Yk(Od{/\d{

B(0,2|z)\B(0,r) B(0,R)\B(0,2|2])
)-

= 1u1(z) + Ua(z (3.62)

Notice that this expansion holds, as by construction Yy vanishes outside B(0, R)\B(0, r).
We first easily estimate

! V(0 Co ct?
wm | SeeasD |

B(0,2|z))\B(0,r) B(0,2]z])
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Co ¢ 2
™ ¢~ 7l

B(z,3|z)

< = 6CoR|2| (3.63)

and the previous argument shows that (notice that this is the same constant ay o)

|tia(2) — a0 < C1l2]

o ()| + 26001 (3.64)

Finally, by (3.62), (3.63) and (3.64), we deduce that

oz ()|
. k.0 ‘ I2] 8Ch
Ou(s) - 22| < o= + =2, (3.65)
z° 2| 2|
which concludes the proof of the lemma. O
Next, define V,:C—Cm by:
Vi(z) = Ui(2) - 22 forall z€C. (3.66)
Z

Lemma 3.10. Let Vi : C — C™ be defined in (3.66). Then there exists Cy > 0 such that

) < i (s ()] +1): (367)

Moreover, VIm (Vi) € L2°°(C) which shows in particular that Tm (V;,) € Wh(2:2)(B(0,
Ry)). Furthermore, by the Sobolev embedding, it holds:

€ () LP(B(0, Ry))

p<oo

Remark 3.11. The removal of the logarithmic term in the estimate (3.67) will be the
main technical difficulty of the proof.

Proof. From Lemma 3.9, we get that aﬁk = Y}c on C and that there exists Cy > 0 such

that:
e < 1
Vi(2)| < — | |log 7l | +1), forallzeC.

el
Alm (vk) = 4Tm (a;?k) = 4Tm (vgmz)) —4Tm (E(Vk)) in Q(1/2) ,

Furthermore, we have

whilst Im (Vk) is harmonic in B(0, g '7;). Recall that by [42, Lemma 3.2 and Theorem
3.1], the following identities hold:
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?k =1 (Vzﬁk — 3szﬁk — 1k} (Vzﬁk A\ ﬁk)) = - (Vzlﬁk + <ﬁk7ﬁk,0>&z(§k>
4e" P Re (Vg (Vj—ﬁk + (Hy, ﬁo,k>82(f)k>)
= AFHy — 2|2 A + o/ (Hy) + 8Re ((R(e5,2.)2., H)es)
Therefore:
L , e
Im (V=Y;) = Im (fzzvz (vz iy, + (i, Hk,0>a;<1>k))
_ 177 7T 5
= ~2Re (V= (VE i + (. )08 ) )
= Lo (AL Hy, — 2| Hy*H + o7 (H ))
=3 g 4% k k
— 4 Re ((R(é’g, &.)e., ﬁk>5g) .

Using that @ is Willmore and using (1.1), we deduce that

L1 . - . .
Im (V575) = =2 (%f( v) — 2 Ky Hy, + 2 %5(d®,) + (DR)(dBy)
~ 8Re ((R(}, @)@,ﬁkwg)) . (3.68)
Therefore, by (3.30) and Holder’s inequality, we get:

I (V+¥3,)| < Ce2M () <1+|ﬁk|)e M LP(B(0,Ry)), (3.69)
p<1iz

where € > 0 is such that d > —1 4 . However, from (3.50) we have

Bu(le]) _ C”

ElrR

[Fef)| < ceMpfl < ¢

which does not suffice as one cannot obtain elliptic estimates from a L%* bound on the
Laplacian. In order to circumvent this problem, we will argue differently. Recall that for
any vector-field X, we defined

vA-ofen -0 (o)
=1 1<j<m
where

m
I l £4q
Yok = D T} 40:91.
g=1
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Recalling that Yk =1 (Vzﬁk — 3Vj—ﬁk — 1 *p, (szik A ﬁk)), we get
Vie = i (9. Hi = 37, (9. Hi) = 2 (i) — 00 (92705 A Hy) — o0, (Gi(n) A ) )
=i (—2 0. Hy, + 3 (9.7, ) Hy — 2fx(Hy,) — i x5, (9:705, A Hy,) — i %, (Gk(ﬁk) A ﬁk)) :

Since e, and e Hy, and |Vii;| are bounded in L2(B(0, Ry)) by hypothesis, we deduce
that there exists a constant C' > 0 such that:

[TV 421 0. H)| < € (197l il + | Hi| + Vo | i
+e2 i) € LH(B(0, Ry)). (3.70)

On the other hand, we have

m (ﬁ(—%azﬁk))j - < QZZFJq - azﬁk,l> — -2 irjq (0:810. )
q=1

== Zr (V& VHy.)

(Vr

7,97

[\D|F—‘

== d1v (E rl Vo! H, l)
1 i R
= —5div (Z ri ve! Hk,l> +
q=1

s 104:
=}
ﬂ‘

(VI VD) Hyy + > T 2 Hy g Hyy.

1 q=1

DN | =

q

Since e Hy, € L2(B(0, Ry,)), we deduce that
Im (ﬁ(—% azﬁk)) e H™! + LY(B(0, Ry)). (3.71)
Therefore, by (3.69), (3.70) and (3.71), we finally deduce that
Alm (Vi) e H™' + L'(C).

Standard elliptic estimates imply that Im (Vk) € WH(2:20)(C). Indeed, by the preceding
estimates, we have a decomposition

Alm (Vk) = div()?k) + Zk,

where X, € L2(C) and Z), € L*(C). Therefore, making the decomposition Im (V},) =
iy, + Uy, where
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Aﬁk = le(Xk) and A’(_fk = Zk,

we obtain:

[y

0(2) = 5= [ AB(Olog]z — Cl1dC” = 5 [ Zu(0)log = — ] ¢
C

Clearly, it holds

which, by Young inequality, yields:

1

IVTllLeee(cy < Oy ||

L2:(C)
Likewise, we have in the distributional sense

—

1 div(X
0.0 =1 [ W) _’“E(C)ld?
C
Now, recall that
F (z — %) &) = —%.

Indeed, using Edwards’ trick ([12, 5.15.8]; see also [58, VII, 7; 24]), namely that e~*(1 —

|z ~°) = log |z| in .#/(R?) (the space of tempered distributions), it is easy to show
e—

that

F (2 = log|2]) (§) = —2m f.p.— — (2m)* (7 — log(2))do,

1
€12

where f.p. stands for finite part of Hadamard. Therefore, we have

7 ( - 1) (€) =27 (25 0. og]2])) (€) = 1€ (= - logl2]) (6) = ~2miE .
_ 2
-z

Therefore we have by the Plancherel identity
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2
|dz?

. R 1 [l -
/|Vuk‘2dx:4/|azuk|2|dz|2 = p/‘;*dw(){k)
C C C

1 1 - o2
- [ e X —i6X ‘ de |2
47r2/|§|2‘ 161Xk — 16Xk 2| |dE|
C

1 7 12
Sﬁ/p(ﬂ dx.
C

Finally, we deduce that VIm (V}) € L2°°(C) which shows in particular that Im (Vy) €
W1 (2:20)(B(0, R)). Furthermore, by the Sobolev embedding, we have

Im (Vi) € () LP(B(0, R)),

p<oo

which concludes the proof of the lemma. O

The next step will be to remove the log|z| term in the estimate (3.67).
3.4. Remouwal of the logarithmic singularity in the estimate of Vi

Removing the log |z| term in the inequality (3.67) is the most technical part of the
proof of Theorem 3.2—mnotice that in the Euclidean setting [7, Lemma VII.1], no such
difficulty arises for delicate averaging arguments and the e-regularity allows one to di-
rectly obtain a L2° control for e*L. To this aim, we will introduce and use some (new)
Lorentz-type functional space. Let us stress out that this difficulty is due to the curved
ambient space and therefore was not present in the proof of the energy quantization for
Willmore surfaces in Euclidean spaces [7].

Recall that here, we are still working under the assumption that di < 0. Coming back
to the proof of Proposition 3.8, let us first make the decomposition

—

Im (Vi) = t, + Uy + W, (3.72)
where
Ady = 4Im (vgfk) in B(0, Ry/2)
U, =0 on 0B(0, R;/2),
while

Afy = —4Tm (ﬁ(?@) in B(0, Ry/2)

U, =0 on 0B(0, R;/2),
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and

{Awk =0 in B(0, Ry/2) (373)

@ =Im (V) on dB(0, Ry/2).

1
By the bound (3.69), we have A, € LP(C) for all p < 1= which implies by Calder6n-

1
Zygmund estimates that i, € W2P(B(0, Ry /2)) for all p < T By standard elliptic
—€

regularity ([17], Chapter 3, 3.3), we also get @), € WH(2)(B(0, Ry,/2)). Regarding o,
it holds

1 [ ClIm (f(Y)
T (—z
C
Furthermore, since Im (ﬁ(ff'k)) € H™ ' + L', we deduce that ©, € L?°°(C) (using the

same proof as in the above estimate, or alternatively [17, Théoreme (3.3.6)] for the L'
estimate). Therefore, there exists a holomorphic function hy such that

hi(z) 1 [ ¢CIm (F(Ya)(Q)
= +— —
Tz C_/ ¢

|d¢J?.

By the estimates in the proof of Lemmas 3.9 and 3.10 (and the pointwise bounds on
Tr(Ye) given in (3.70) and (3.71)), we deduce that there exists a constant C' > 0 such
that

271 (Fo(V Ry
%C/ ¢*1 (ka_(jk)(@) - % . C(‘log<||j|)‘ + 1>. )

Taking the expansion hg(z) = bo . + O(|2]), from V& € L?°°(C) we deduce that
bo,k = —ao,k; (3.75)

and that

Un(z) = @ €L’ (C), forallp<2. (3.76)

loc

More precisely, the estimate (3.74) shows that there exists a function 4 j and a constant
C > 0 such that

on(e) = (el €12 (5 (0.5 ) ) G.17)
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and

Ch Ry,
[ux(a)] < T log (—|) . (3.78)

Therefore, we deduce that 1, admits the Laurent expansion

o0
= > arn". (3.79)

n>—1

Next, we will show that
Yr € L2H(B(0,aRy)) . (3.80)

The proof is quite involved and will make use of some (apparently new) Orlicz-type
function spaces. For a more systematic discussion of generalised Lorentz spaces, the
reader is referred to the Appendix 7.

R
First, write for simplicity R = Tk’ and for all @ > 0, let ¢, : (0, R) — R be defined
by

pa(t) = ﬁ-

Then we show in the appendix that such a function gives rise to an interesting family of
Orlicz spaces whose properties are investigated in the appendix.

Estimating v,

Recall that ¢, was defined in (3.76). Thanks to Lemmas 7.7 and 7.8, recalling the
estimates (3.77), (3.78) and (3.79), we deduce that ¢y, € Llog (B(0, &&)). Indeed, we first
notice that since vt < Ay (t) for all 0 < o < 1 and t > 0, we have by Lemma 7.5 the
continuous injection

L>®(B(0, R)) = M(t — vt) C M(Aa) = L2 (B(0, R)). (3.81)

Therefore, we have the decomposition 9 (z) = ¥1 k(= ) (Vr(z ) 1k(2)) = Y1k(2) +

Vo (2), where o) € L3*(B(0,2%), and ¢y € Llog (B(0, &=). By the continuous
embedding L>>(B(0, &)) — LIQO;O(B(O, Be)), we deduce that 1y, € L10g (B(0, &e)).
Since vy, is meromorphic with a pole of order at most 1, we can apply the previous

Lemmas 7.7 and 7.8 to deduce the following estimate

Yi(z) — =Lk e Wil a2 (B <0,%>> . (3.82)

z



A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789 37

Notice that a_; 5 is bounded for & > N. Indeed, ¥ (%) = 24 (%) is holomorphic, so the
mean-value formula and (7.10) applied to r = Z& yield that there exists p € [£, R] such
that

27 27
B,(0) 08, (0)
1 2437 4
< oo (1108 () ) Il o e

A Pointwise Estimate on Vk

Using variants of Lemmas 7.7 and 7.8 for harmonic functions (see [29] and [37, Lemma
2.2, Lemma 2.3] for more details), we also deduce that w, € Wbl N L21(B(0, Ry /4))
(recall that Wy, is defined in (3.73)). Recalling the decomposition (3.72), we obtain the
following decomposition on B(0, Ry /4)

VIm (x?k) = hin(2) + hon(2), (3.83)

where

)
lh1k(2)] < CT

and hey € WH1 N L21(B(0, Ri/4)). More precisely, there exists a constant Cy > 0
independent of k£ such that for all &k > N,

2 kllza (s0,m 2 T IV ks (50, R, j27) = Co-

Now, identifying C with R2, we can rewrite the equation for 9.V}, as

9,Re (Vi) + 8,Im (V;) = 2Re (?k)
. ~ . (3.84)
—9,Re (V) + 8,Im (V;,) = 2Tm (Yk) :

or, equivalently,
VRe (V) — i VEIm (V) = 2 V5.

Therefore, we have
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n—2

O.Re ( ) Oy Hy, —32 19) Hkmkj)nkj + %7 (8 nk/\Hk) —ayIm(Vk)

! _12 (3.85)
8yRe (V_v];) = —Bzﬁk +3 Z(@zﬁk,ﬁkﬁﬁm — *p (&Dﬁk 74\ ﬁk) + azlm (Vk)

j=1

The identity (3.85) implies that

d,Re (Vi) = cos(0)d,Re (Vi) + sin(6)0yRe (Vi) = (cos(ﬁ)ayﬁk - sin(@)@mﬁk)

n—2
— 3 (cos(0)0, Hi — sin(0)0y Hy., ik ;)i
j=1

+ *p, ((cos(@)&‘yﬁk — sin(0) 0,7k ) A ﬁk)

— cos(0)d,Im (V) + sin(0)Re (V)

_ %aaﬁk 3 (%agﬁk> +n (%(%ﬁk A Hrk) - %aglm (V). (350
since for any smooth function v : B(0,1) — R™, and a,b € C we have

18911 = —sin(#)0u + cos(6)Oyu .
,

Now, recall the notation

—

Re (V;,), = ][ Re (Vk) A"

8B(0,p)
1 .
=5 / Re (Vk) A, for all aalrk < p < agRg.
™0
9B(0,p)

Since 77, (ﬁk) = ﬁk, we have

TR, (&;ﬁk) = 89 (Wﬁk (ﬁk>) - (897Tﬁk) (I’_jk) = 8gﬁk - (ag(ﬂ'ﬁk)(ﬁk)> . (3.87)
Therefore, by (3.85), (3.86) and (3.87), we deduce that

27
d 3 , 1. .
apRel Vi), /a Vil(p, 0 (E(am"') (Hk) + % (;agnk /\Hk> )de.

(3.88)
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Arguing as in the proof of [7, Lemma VI.1] using the e-regularity Theorem 4.1 (adapted
from Riviere’s original result [53]), we deduce that there exists 4(n), C4(n) > 0 such
that the following holds: if

sup / |Viik|?dr < e4(n)

rr<s<Ryg J
B2\ B, (0)
then
1 C Ry,
Vi (2)]? < c;f(n)| : Vit |2da < 4(72);3(”), for all 21, < |2| < 7k
Bz \B ||
2
(3.89)
Recall from (3.42) that the function d : (0, R;) — R is defined as
1 1
2 2
1 . 157 R
o= | [ VP | =Y f o wapa
Bap\Eg (0) sz\Eg (0)
We have in particular
1
2
p6u(p) < / Vig2de | < VA). (3.90)
(1)
Using Fubini’s theorem, we deduce that, for all 0 <7 < R < %, it holds
R R p
. p
/5i(p)pdp=/ / ViK1 g <jal<opy 4o
r " \B2r\Bz(0)
2\z|d
= / Vit / R
J p
B2r\B (0) 5
= log(4) / |Viig|?da. (3.91)

BQR\Eg (0)

This implies by the Cauchy-Schwarz inequality that
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[N

1
2

=

R

R R
[oopdo<| [oio] | [0 <r| [ [wipar| . o

" B\ (0)

Therefore, injecting the first inequality of (3.89) into (3.88) yields

“Re (V)| < Ce M 0)52(p)
dp
This estimate implies that
Ry
[ d
/ e (P) d—Re (Vi)p| pdp < C / |Vily|*da. (3.93)
p
27 Qk(l)

Define the function

a:(0,R/2) =Ry, alt)= ‘Re (Vk)t‘

d .
As |d/(¥) —tRe (Vk> , the combination of (3.25) and (3.93) yields
t

=13

R
/t1+dk|a’(t)|dt <cC.

r

Since d, — d > —1, from the identity
k—o0

R R
[t @ = R (R = o) — (14 dy) [ eao, (3.94)

r

we deduce as in [7, p. 120] that

ritdeg(r) < <@> o a <@> +C. (3.95)

The estimate
s (1)
[Vis(2)] < CzT

implies (independently of the estimate (3.95) which is tautological for the value r =
Ry /2) that for all [2| = £&, we have
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203 log (2 )

Vi) < =22

Taking the average on 9B(0, R /2), we deduce that

1+dg
(%) a (%) <20y 1og(2)RZ’“

which is bounded independently of k > N since dy, k—> d > —1 and Ry, k—> R > 0.
—00 —00
Finally, we deduce that for all 2ry < |z| < £& it holds

C

2| [Re (Vi) | < =R (3.96)
Lemma 3.12. For all v > 0 and u € WH1(9B(0,7),R™), it holds
Ju =l opon <0 [ [Vuldr™ (3.97)

dB(0,r)

Proof. By scaling invariance, we can assume that r» = 1, which permits to see u as a 27-
periodic function u = (uq,--- ,u,) : [0,27] — R™. By the intermediate values theorem,
for all 1 <4 < n, there exists a; € [0, 2] such that

27 2
1
0 0

Therefore, we have for all 1 < ¢ < n and for all 6 € [0, 27]

2m

27 0
u;(0) — ][ui AL = ui(0) — ui(ay)] / t)dt| < / |us(t)|dt.
0

Therefore, by the triangle inequality, we have

2m n 2m n 27
u(9)—][ud‘,2”1 §Z ui(ﬁ)—][uidfl §Z/\u§(t)|dt
0 i=1 0 =17

< n/ |u/(t)|dt, for all § € [0, 27].

Coming back to the initial inequality, we deduce that
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1
lw = urllpee B0, <1 / 'ragu At <n / |Vu|dAat
OB(0,r) OB(0,r)

which concludes the proof of the lemma. 0O

=k (2)

Ce|z—|27 VIm (Vi)| < < and (3.84), we deduce that for

2|

Using the estimates |}7;€| <

all z € Qi(1), we have

Re (Vi) - Re (1)

e / VRe (V4)|d"
9B(0,|z])

—n / (ﬂ + Viim (Vk)‘ dot
9B(0,|z])
<n / (2|17k| +|VIm (Vk)|) A"
9B(0,]z])
4
< | Tﬁg +27mC5log(| |>
+n / |ho|d o,
9B(0,]z])
where hs is bounded in W11 N L21(B(0, R /4)). In particular, by trace theory, we have

hy € LY(0B(0, |2])) and for some universal constant independent of |z|, we have by the
Cauchy-Schwarz inequality

1
el oo < P2 (- Wialus ooy + 190l oy

LS
<T, (T 1P2ll2 (0,74 jay) T IV R2llLi (0,7, 14)) | -
Therefore, we obtain the estimate

4mnC

‘Re(Vk(Z)) —Re (Vk) < FEzn +27mC’5log(| |) C,

where we recall that for all smooth ¢ : R? — R, and 0 < r < oo, we have @, =

@ds* is the average of ¢ on the circle of radius r and centre 0. Finally, using

9B(0,r)
that dr > —1 4 ¢ and recalling the Harnack inequality (3.25), we deduce that

. C Ry,
e)\k(z)|Re (Vk)( )‘ <= +27T77,C5‘Z| 1+ log( (3.98)

B o) o

<
BRED
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The previous estimate on Im (vk) (see (3.83)) coupled with the same argument on aver-
ages implies that

MANV(2)] < % for all z € Qx(1/4), (3.99)
z

which, recalling the Harnack inequality (3.25) for the conformal parameters, in turn
gives,

- C
| 2|4 | Vi(2)| < R for all z € Q(1/4). (3.100)

Therefore, the result is finally proven for dy < 0. Indeed, it represents (3.67) without
the logarithm term, which is the intended result. We now move to the analysis of the
remaining cases.

Analysis of the Other Cases
Let us recall for the sake of clarity (3.41)

Sk (]2l
2|

£

MAY(2) < C

<=2, (3.101)

Now, assume that di > 0. We will distinguish the case dj, k—> 0 and dy k—> d> 0.
— 00 —00
Case 2: d;, — 0. Define as above
k—o0

2

0= 5 (- 2+ (€70) ) = ks [ 2
C

|

Notice that 82Uk = Y’k. Fix some z € B(0, R), where we recall that r = 2r;, and R = %

For 0 < 2|z| < r, it holds

2 =

N
NB(

B(0,R)\B(0,2|z|)

I+1

i, Y 00
/ 7(: Y_k(g) |dC|2 7= Z ak,lfl_Q.
=0

I
S
[~
3|

B(0,R)\B(0,2|2])
Likewise, we have

‘a}g’0| <2rCyHR.

Then, we estimate for [ =1
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CYO) c? Gy [ 1 |
/ Zl—!—l |dC| < Cy / |<|2+dk_ dy ((2|Z|)dk_ﬁ>

(0,R)\B(0,2|z]) B(0,R)\B(0,2|z)

For | > 2, we have

&Y, dc|?
[ S| < / m'#'

(0,R)\B(0,2|2]) B(0,R)\B(0,2

27TC() 1
Tl 1+dy 2|z| TR )

Therefore, it holds

(o)
Zaszl < 200|Z|.
1=2
We deduce that
= ag ak,0 200 1 1 200
7 < - )+
- 5 < 5 (o~ )+ 14
Recalling the definition (3.66) of Vi(z) = Up(z) — kQO we deduce that for all |z| < g <
z
R
T it holds
. 20,R™% 1 ( R )dk 20, _ 4G, 1 ( R )dk
Vi) < ———— || =—=) —-1]|+—F<—|[14+—|[z=) -1
= I ( 22 EEREANCE
(3.102)

for k large enough. Notice that for all z # 0 we have

E((8)" 1) (4 2) () o ()

which suggests in the light of the previous discussion that the function above in the right-

hand side of (3.102) belongs to an Orlicz space. Although one can effectively prove such an
estimate by introducing a sequence of Orlicz spaces “converging” towards Llog (B(0,R))
and generalise Lemma 7.7, we will not need this fact.

Assume that 2|z| > r. It holds

20 -5 [ Elana [ ¢

211

B(0,2|z))\B(0,r) B(0,R)\B(0,2|z])
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We first estimate directly

2
2mi (-2 ™ ¢z = ¢]
B(0,2]z)\B(0,r) B(0,2|z])
_ & / _lagl®
™ [SRIEREY
B(0.13h)
Co / |d¢|?
+ — —. 3.103
Y N S EEr
B(0,2]2)\B(0, 3!
For all ¢ € B(0, %), we have by the triangle inequality |z — (| > |z| — |¢] > %, which

implies that

B[ g A
e —c = T2 =17 Mdr = " 3.104
/ ¢ldk|z —¢] ~ 2] 2% |2 ) ' ' 2—dk|Z| ;o (3.104)

B0,z B0,z
whilst
¢l 2% / [~ 1—d
< =2%T4 . 31|z k 3.105
| wraste = & (3.105)
B(0,2|z])\B(0, 2} B(z,3|z])

Since di < 1, the combination of (3.103), (3.104), (3.105) and (3.106) gives that

1 Vi) - L
5 / —. d¢ A d¢| < 16C|z| 4. (3.106)

B(0,2[zD\B(0,r)

Y|

The previous argument — that is, the estimates of the proof of Lemma 3.9 — shows
that (for the same constant ay o)

1 C Yk(() 2 QL0 400 1 R k
72 / (—=z el ~ z2 = |z <1+@ <<2|z|> _1>> ’

B(0,R)\B(0,2|z])

- aro| _ 4Cy 1 R \™ 16C,
A Ry (L P | =0
Ul = = ( 4 <<2|z|) MEED

and
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Finally, we get that for all z € B(0, %) the following estimate holds:

. AC 1 R \% 16C,
Ve(2)] < |7|0 <1 T <(ﬂ) - 1)) + |Z|1—+2 (3.107)

Case 3: 0 < di, <1 and dj, . d € (0,1). The estimate (3.107) gives that
—00

= CO d d 160 C
AT < T (1 g (R - 1)) + 50 <
Tel g (=) )P <
Here, the hypothesis implies that - ((R™ —1)) is bounded. Therefore, the claimed
estimate holds uniformly in k£ € N.
Case 4: dj, *> d > 1. By the previous cases, we can also assume that d; > 1 for all

k € N too. LetaENsuchthata<dk<a+1 and define

. 1 1 a+2.- Y
Uk(2) = ) <_7T_Z (C +2Yk(§))> _a+2/C K |dC|2~

Observe that ELU}C = ?k. Fix some z € B(0,R), where we recall that » = 2r; and
Ry,
R=—.

2
For 0 < 2|z| < r, it holds

~ 1 —a+2Y
Uk(z):_W / Ccikz(OWCP

B(0,R)\B(0,2|z])

I |1 —a—
=) ERE s AT

B(0,R)\B(0,2|z])

First, we have

Co —di—1 2 Co +1—d +1-d
< Y a—dy, — a k(9 a k)
ool <52 [P = T (R (2]2]) 1)
B(0,R)\B(0,2]2])
Then, for [ = 1:
1 —a— l+1 d |dC|2
= ¢ Yi(Q)1d¢[? [P dea

B(0,R)\B(0,2|2]) B(0,R)\B(0,2]z])
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2Cy log (;ﬁ) if d, =a
) 20, 1 1 .
dr—a (<2|z|>dk—a - Rdw) i > a-

For [ > 2, we have:

1 / R C 1 1
- ¢ () e 2
™ J 1 (2lz)%=a=1 (2l2])"
B(0,R)\B(0,2|z|)
Therefore
Zak lZ < 200(2|Z| a+1 d. Z 1 . CO(2|Z|)a+1 d, f: LL
— I—12 lol 12041
= 10g(2)Co(2|Z|)a“’dk-
We deduce that for di = a, it holds
= ak’o 40 1 R
Uk(Z) — §a+2 = ‘ |dk+1 + 200| ‘dk"rl lo (m y (3108)

whilst for dy, > a,

. ax0 4C, 20, 1 1 2\ %
Uk(z) — ZHQ‘ < e T a el (e B : (3.109)

Now, if 2|z| > r, we can make the same decomposition

—a+2 .=
1 ¢ Vi) =
a+2 - a7
Un(z) = 57 / — d¢ A d¢
B(0,2|2))\B(0,7)

1 ()~
“r% / 74_2 dC/\dC.

B(0,R)\B(0,2|z])

The second integral is estimated as above and we get

1 CYe(() ~ ar,o
o / C — C C Ea+2
B(0,R)\B(0,2]z])

4C, 20, 1 1 2\ e
< S T g —a e (Mdka - (E) : (3.110)
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Then, we have

—a+2.=
1 ¢ Ye(Q), 2| _ Co / |d¢|? a+1—d
> 7 < — — 2 < k
271 / C—z el < ™ IC|dk—|¢ — 2| — 16C0]=|

B(0,2|z))\B(0,r) B(0,2|z))\B(0,r)

using the same proof given the estimate (3.106). Finally, we deduce that

. AC 1 R\™ 16C,
Ve(2)] < |7|° <1+ o <(M) - 1)) + |Z|1—+2 (3.111)

Sub-case 1: d;. k—> d with @ < d < a+ 1. Then the estimate (3.111) immediately
—00

implies the bound
~ 1
2| % |V (2)] < C| for all z € Q <2>
z

Sub-case 2: di, = a. Then we can apply the same argument on averages as in the case
—1 < a <0 and the rest of the proof is unchanged (notice that the proof of the estimate
on Im (V},) is independent of the multiplicity dy).

Sub-case 3: dy — a and di > a for all k € N (notice that it covers all remaining

k—o0
cases by the previous discussion). Then, we apply the same averaging argument as before

the statement of Lemma 3.12 and find

1+dg
ritdeg(r) < (%) a <%> +C,

which shows by (3.109) that
ritdeg(r) <40, + C.

Notice that if the estimate had been replaced by an estimate on Q2 (ag) for all 0 < o <

> we would have had instead

20 1 1 9\ e
1+dy <4 Y R e )
r a(r) <4Cy + dr — a (apRy)at <(040Rk)d’“_a <Rk> >

Since dy, — a and Ry — R € (0,00), we deduce that
k—o00 k—o00

1

W — ¢~ (dr—a)log(aoRk) _ 1 _ (di, — a)log(apRy) + O ((dk _ a)?)

which gives that
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1 1 2\ % o 1
N oo | ——
drp —a (aoRk)dk_a Ry k—o0 & 2000 )’

showing that

, 200 1 1 ( 2 )dk‘“
limsup | 4Cy + — | =
k€~>oop < O dy, — a (agRy)a T <(040Rk)dk_a Ry,

2Cy 1
=4 —1 —_
Cot (pR)at1 o8 <2a0> =

Finally, we deduce the estimate announced in Proposition 3.8. O

Estimates on Wk and I_:k

Theorem 3.13. Under the hypothesis of Theorem 3.2, there exists Ci(m,h,A), ag > 0
and a measurable function Ly : B(0,apRy) — C™ satisfying the equation

VzEk = 57]@ on Qk(ao).

Moreover, the following decomposition holds: Ek = Vk + Wk, where

e’\’“(z)|17k(z)| < %7 for all z € Qp (o),
and
Im (Ly) and Wy are bounded in WH®)(B(0, agRy)) uniformly in k € N.
Proof. First, we will construct a function Tjk on B(0, apRyg), for ap > 0, such that

V.U, = 8.0y, + fi(Uy) = 8.Vi,  on Qu(a). (3.112)

Note this is equivalent to
L 1 .
Uk = Vk — % * fk(Uk), on Qk(ao). (3.113)
This will be achieved by a fixed point argument similar to the one of [42, Lemma A.1].
First, extend by 0 the restriction of Vi to B(0, ag Ry, and using a smooth non-negative
cut-off  such that n = 1 on B(0,apRy) and supp (n) C B(0,2a9Ry), we can assume
that supp (7;) C B(0,2a0Ry) for all 1 < j,1 < m. Then, define \; : C — R such that

M(2) = Me(2)n(2) = (1= n(2)) log(1 +|2]*).

Consider the normed space
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L2%(C) = L, (C) N {u LMy € LQvOO((C)} , forallkeN,

equipped with the norm

L2.2(C)

oy = [}
One checks immediately that L%OO((C) is a Banach space (for example, by the series
k
criterion using that 1L2°°(C) is a Banach space). Now, by the previous estimate (3.49),
we deduce that Vj € L(XZ’OO)((C).
k
We introduce the operator T : L%OO(C) — L(XZ’OO)((C), defined by
k k

(3.114)

—

T(0) = Ve — = fu(0)

Using the Young inequality for convolution, for all 2 < p < oo, if ¢ < 2 is such that

using the support assumption on 75» and that | f,(0)| < Coe s |U], we deduce that

1 - 1 7
—* fi(U <C e H v
TZ 50 Lp,oo(C) v T2z () ) L (©)
-siretn |0
VrC(p) || 1x(U) L712 (B(0,2a0R1))
<2 1| » ‘ J
>~ \/EC(p)H ||L%2(B(O,2(X(JR7€)) fk(U) L2:>°(B(0,2a0Rk))

U (3.115)

S 2\/%000(]7)’”# (20[0Rk) % L2’°°(C) ’
Xk

k

, using Holder’s inequality we deduce that for

2
Since e* € LP(B(0, Ry,)) for all p < T—:

all2 < p < 135 it holds
|r@) -V _— | (@) =)
) N R .
=cw) (Cao i Le(B(0,05 i) 1™ liaa10,200 0 * H]Hrlﬂ2 L2(<c>>

X

p

L?=2"7(C)

—x ful0)
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1 2 X 1 (2 %erk
< C(p) ( Cug(2m)brf ™™ + (2m)3 0™ 2
(2 +pdk)5

U

x 2¢/m CoyC <}%) 71'31;%24(2&0]%]@);2%3

2,00 :
L2 (C)

In particular, choosing p = 2+ ¢ < 72—, we obtain that there exists a constant C(g) > 0
such that

T(U) -V, ‘ < C(e)ag
|7(@) -7 ey 5 €O 0] 2
4
Therefore, taking ag = (201(5)) °, we get that
7@ = e e, < 5 9]
Fllizee) = 2 17 2oy

Since V,, € L-i’oo((C)7 we conclude that 7T : L?X’OO(C) — L%oo((C) is a contraction which
k k k

implies in particular that 7' admits a unique fixed point U'k
The function Uy, € LQXLOO((C) satisfies
k

L. 1 .
UkZVk—E*fk(Uk). (3.116)

Since fi,(Uy) € L2°°(B(0, agRy)), the previous estimate (3.115) shows that
L, fe(Ux) € () LP(C).
mZ

p<oo

2
Since e* € LP(B(0, agRy,)) for all p < = Ve deduce by Hélder’s inequality that

e (i % fi(Uy ) m LP(B(0,a9Ry)).

<1 175
Now, recalling the pointwise estimate (3.49), we deduce that there exists f : B(0, agR) —

R (where R = sup R;) such that f € L?(B(0, agR)) for all p < 2 such that
keN

M|y < |£ + f(2) for all z € Qx(ap).
z

Then, using an estimate presented in the proof of [42, Lemma A.2], we deduce that
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NEY

Since VIm (Vi) € L2°°(C) (this is where the removal of the logarithm term is crucial),
by (3.116) we conclude that

<C.
L2:%(C)

< Cka(ﬁk)

L2.°°(C)

Vim (U;) = VIm (Vi) — Im (v (% * fk(ﬁk)>) € L¥>=(C).

Now, we can apply the exact same proof as Lemma A.1 of [42] (see also Lemma 3.14
for more details) to obtain by a similar contraction argument as above the existence of
Wy, € WH(2:20)(C) such that

V.W, =0 in B(0, agRy)
Im (W) = Im (Uy) on 0B(0, agRy).

Finally, defining Ly=Ux— Wy : B(0,a0Ry) — C™, we deduce that

ML € L%°°(B(0, aogRy))
Im (L) € WH2)(B(0, a0 Ry,))

and

Vzﬁk = ?k in B(O, aoRk)

Alm (Ek) —4Im (Vzﬁg) —4Tm (fk(?k))

—amm (0= (fu(Th))) in B(0, aoRy)
Im (L) =0 on 9B(0, apRy).
2
Furthermore, there exists I bounded in L?(B(0, agRy)) for all p < = such that
M) ¢
e N Lp(2)] < B +1(2), on Qg(ap). (3.117)

Now, we introduce a refinement of [42, Lemma A.2].

Lemma 3.14. Let 2 < p < o0 and 1 < q < 2 be fized real numbers. There exist constants
es(n,p,q) > 0, Cs3(n,p,q) > 0 with the following property. For all j, k € {1,--- n}, let
v eLP(C)n W (2:2)(C) be such that supp (v§) € B(0,2) and ||7;“H
allU e LL_(C), define

loc

12.1(C) < gg. For
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n
(VZU> =0.U; + E ’7ka in 2'(C), where 1 <j <mn.
J
k=1

Then for all Y € (L'NL>®)(C) such that Im(V3Y) € L4(C), provided that
HV;HLP(B(O 2 < €3 there exists a unique U € WH(2)(B(0,1)) such that Im (U) €
W24(B(0,1)) satisfying

V.U=Y  in2'(B01))
0 on 0B(0,1).

Furthermore, we have the estimate

(17

L2,ao((c)) ’

n HY

il
W1 (2.2 (B(0,1)) LL(C)

Proof. As in the proof of Lemma 3.6, if T is defined as in (3.114), we have for all
U € L%°°(C) the estimate

fro

<c|7
L2 (C)

+CH(7‘

L(C) L2.°°(C)

and that for all (71, Ijg € L2°°(C) if e3 < d is small enough, we have

1
<

@) -1 | o<1

L2:%(C)

By the same argument as [42, Lemma A.2], we deduce that

VT (U ’ <To||Y; =) A0
H W )~ 1;% ' L% (C)
n
<1, |7, e
=2 o) T 22 I a0,

—

<Ty|Y

k
L2.°¢(C) + ;F2 ‘|7j HLP(B(072)) k L%(B(O,Q)) ’

By the Sobolev embedding theorem, if ¢ < 2, we have W4(B(0,2)) — L4 (B(0,2)),
where

1 1 1 2-—¢
¢ ¢ 2 2
. . % 2p s . / p
Since we want to impose ¢* = — where p > 2, this implies that ¢ = p’ = T

Therefore, we deduce that there exists a universal constant I'y such that
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Ui S (L e L .
LP 2(B (0,2)) LP »—1(B(0,2)) L»-1(B(0,2))
By the L= /L * duality applied to |Uk| »°1, we deduce that
|2 T
L?»=1(B(0,2)) *(B(0,2)) L222(B(0,2))
_ gl @—71)77—2&:3 G, ,
pp—2 L2 (B(0,2))
and likewise
HVﬁk’ P (p—)ﬂ'Q(P 1)71'2(13 2) ‘VU .
L?—1(B(0,2)) p(p—2) L2:2°(B(0,2))
Therefore, we get
[vr@)| Ton 7
L2 oo((c) L2, oo
p—4 (p — 1)2 p—2 ( —
+I'on 27T —~-m2-De HUk
’ pp—2) ! L2 (B(0.2))
A7)
L2.22(B(0,2))

and for all Uy, U, e WL (2:20)(C), the estimate

2
3p—4 —1 p—2
> gﬂ'2(}) 1) r 20— 2)54HU1

<F27’L2

HVTUl - VI )’LM(C) p(p—2)

W1.(2, oo)((c)

Taking

1 vt (p—1)2  _p2 \ 7!
Eq = min {50, 1 (F2n223pl4 Hﬂ-ﬂp}l)) } ,
p\p—

we deduce that

1

—

|7@) - 1(@)

_U'2

Hw1,<2,oo>(«:) - WL(2:00)(C)

Therefore, T has a unique fixed point that we denote Us. Define by f: C™ — C" the
linear map such that for all X € C°°(C,C"), we have

V.X =0.X + f(X).
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Now, to get the boundary condition, define the operator S : Wh(22)(B(0,1),C") —
WH(2:2)(B(0,1),C™) such that for all U € WL-(2)(B(0,1),C"), V = S(U) is the
unique solution of the equation

—

{ 9.V *f((i) in B(0,1) (3.118)
Im (V) = Im (U)) on 0B(0,1).

Let us prove that this operator S is well-defined. First, by the Cauchy formula, if

s 1 IO) 4 o i
B(0,1)

then we have 9,V = —f(U) and Vo = 0 on 0B(0,1). Furthermore, by the previous
convolution estimates, we have

—

Vo <

1
W1(2,20)(B(0,1)) — 2

Hﬁ” . (3.119)
W1.(2,50) (B(0,1))

Now, first solve in W(2:°°)(B(0,1),R"™) the equation

AV, =0 in B(0,1)
Vi =Im(Uy)  on 0B(0,1).

Then we have by Calderén-Zygmund estimates V; € W12 (B(0,1)). If V; is the
harmonic conjugate of ‘71, then by interpolation theory, we also deduce that ‘72 €
W (2:2)(B(0,1)) and that for some universal constant C, we have

Vi

] + % < 0 [ (7 -
W1.(2,50) (B(0,1)) W1(2,20)(B(0,1))

W(2:22) (B(0,1))

By construction, the function Vs =V +iVy = z(Vz - 1‘71) is holomorphic, which implies
that ‘74 = ng = ‘_/'2 + ﬂ?l is anti-holomorphic, i.e. 82174 = 0. Furthermore, we have by
construction Im (V3) = Vi = Im (Up) on 8B(0,1). Therefore, the function Vp + V; is
the unique solution to the system (3.118). Furthermore, by the estimate (3.119), S is
a contraction, so we get a unique fixed point U, of S, which satisfies V.U, = 0 and
Im (U;) = Im ([70) on &B(0,1). Therefore, the function U = Uy — U, is the unique
solution to the system of the theorem. O

Recall the expansion

L. 1 .
Ly =V, — Wi, — — * fr(Uy),
TZ
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— 2 -
where fi(Ur) € Ly (C), Wy, € WH>)(B(0, a0 Ry,)). Moreover,
k

M) < &

PR for all z € Qg ().
z

From [42, Lemma A.1], we deduce that

1

— %
Tz

Fi(Ur) € WHE)(C),
which finally implies that
Ek = ‘7;9 + W}w with Wk S Wl’(2’oo)(B(O, OéoRk)) .

For simplicity, we shall rename Wy as Wk, and this concludes the proof of the proposi-
tion. O

3.5. Conclusion of the proof of Theorem 3.2

In the following, we introduce tensors
S € WhZ)(B(0, agRy), C)
and
Ry, € WH22)(B(0, agRy,), A2C™)

that satisfy (up to lower order terms) Jacobian systems of equation, which allows one
to use Wente-type inequalities to first upgrade the L?> to an L? control, and later on,
to an L%! control. Since ﬁk can be written explicitly in terms of Si and ﬁk, the L2!
control on VS and VR, will imply the L2 control on e* Hy, (see (3.144)). The idea to
introduce those new tensors goes back to Riviére’s seminal article ([53]) where the exis-
tence of those tensors follows from the additional conservation laws satisfied by Willmore
surfaces in Euclidean surfaces (that were later proved to come from Noether’s theorem
by Bernard [5] and the invariance of the Willmore energy under dilations and rota-
tions). In Riemannian manifolds, we have almost conservation laws due to the curvature
terms, but the introduction of those tensors permits to show similarly the smoothness
of weak Willmore immersion ([42]). We also refer to Riviere’s lectures notes for another
presentation of the proof of the regularity of weak Willmore immersions ([54]).

By Lemma 3.14, we deduce that there exists Sy € W1(2)(B(0, a9 Ry), C) such that

8sz = <6z(i;k,f_k> in B(0,0éoRk)
(3.120)
Im (Sk) =0 on 0B(0, agRy)
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Furthermore, by [42, (6.7)] we have
b (0 (108, 72))) = Lo (1 (£2))

Since Im (Ly) € L(B(0,a0Ry)) for all ¢ < oo, e H, € L2(B(0,a0Ry)) and e €
LP(Q(ap)) for all p < 2=, we deduce that

. o 2
eAn <Hk71m (Lk>> is bounded in LY(B(0, agRy)) for all ¢ < 7

Therefore, since

hl|

Alm (S) = 4Im (ag(@q?k, k>)) on B(0, aoRy)

Im (S;) =0 on 0B(0,agRyg),
the classical Calderén-Zygmund estimates give that
Im (S) is bounded in W*%(B(0, apRy)) for all ¢ < %
By the Sobolev embedding, we deduce that
VIm (Sg) is bounded in LP(B(0, apRy)) for all p < %_E
Therefore, for all z € Qi (agp) it holds
[VRe (S0)| = 2/0:Re (S1)| = 2| ~i 0.Im (S1) + (.85, L)

- C
QWMMH%MMSm+wm@L (3.121)

where g, € WH(Z2)(B(0, agRy)).

Now, using Lemma 3.14, we deduce that there exists B, € W(22)(B(0,aoR}),
A%2C™) such that

Vzﬁk ZazékAEk —2i825kAﬁk in B(0,0sz)
(3.122)

Im (R) =0 on dB(0,aRy).
Furthermore, by [42, (6.8)] we have
Im (v; (@Cf)k A\ Ek — 21 825k A\ ﬁk))

1 . ~ 2
— _§e2Aka ATm (L) € LY(Q(ag))  forall ¢ < 7o
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This gives in turn
Alm (By) = 49-0.R), = 4Im (& (azcﬁk ALy —2i0.8, A ﬁk)) —4Im (& (Fk(ﬁk)))

= 4Tm (V= (084 A Ly — 20 0.8, A Hy.) )

—4Tm (Fk (azé’k AT (L) — 210,85 A ﬁk))

—am (0 (Fu(Ry)) .
where Fy(R}) is such that

V.Ry = 8.Ry, + F.(Ry).
Notice that
‘Fk (azék AIm (L) — 2i 0.8, A ﬁk) ‘
< € (|Ll + 1Hi]) € LI(B(0.agRy)) for all g < %

Recalling the Sobolev embedding

WHL2)(B(0,1)) — ﬂ LY(B(0,1)),

q<oo

we have R, € L4 for all ¢ < co. Since e € LP(Q(ag)) for all p < 12, we deduce that
it holds a fortiori

|Fi(Ri)| < CeM|Brl €[] LP(Qu(ao)).

p<t2z

- 2
Thus Alm (R;) € W™ LP(B(0,agRy)) for all p < T—: and, by Calderén-Zgymund

R 2
estimates, we obtain that Im (Ry) € WP (B(0, agRy)) for all p < 1—=

Next, we sharpen the last estimate. To this aim, we first prove a pointwise bound for
Re (Ry). Writing

ﬁk = R% A R% s
we deduce that

m
=0.Ry, + E i j10:Pp Ry ijei Nej,

i\jl=1
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where (€1,---,€p,) is a basis of R™, and ¢; ;; € R are finite linear combinations of
Christoffel symbols with integer weights. We compute:

m
. L. 1 . .
A A
0zF(Rk) = E <&zci,j,lazq)k,l Ry + 5 Cidle "Hy - e Ry g
igi=1

+ Ci,j,laz(i;k,l&zﬁkyi,j> e; N ej
n 1 . . | ) . | .
5 (et 0 8) (e ) 0 ()
,5,l=1
1 Ak 7 =g . —
+ §Ci,j,l€ Hy - (Re (Rk,i,j) +¢Im (Rk,i,j))

+ iCi’j’l <5x‘5k,z — iayfi)‘k’l) (c’)z + zﬁy) (Re (ék,i,j) +iIm (ék,i,j)) ) e; N\ ej

f; (5 ((Veuss ¥8s) 1 (Ve T80 (Re (i) +im (Rrs))
+;l i (Re (Risy) +imm (Risy))
+ %ci,ﬂ (0810 —10,811) (0uRe (Rris) — 0yl (Fis)

+i (9yRe (i) + 0alm (Friy))) ) e Ae;

_ ﬁ (1 (Vo0 TBuiRe (Rusy) — (Vers0 480t (i)

+ % (<vCi,j,l7vl(f)k,l>Re (ﬁvku) + (Vei i1, V1) Im (ﬁk”))

)it (8.)

+ 1cZ‘,j,lfi’\’“Hk - ek (Re (ﬁ
+ ici’j’l ((V(f)k,VRe (}72,“ ) (V& VI (Rk”)>)
(%

2

+ %’cm’l (~(VBii, V4 Re (Fiis)) + (VBrs, VIm (Fris))) > eiMej.

Therefore, we have
tm (0=F(Ry)) = i i ( (Ve VEB)Re (R ) + (Veiio, VBe)Tm (Riis)

(3.123)
+ 26)‘kﬁk . eMIm (ﬁk,i,j) + ¢ 5. (— <V‘£k,l, VLRG (Ek,i,j)>
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+ <V<fk7l, Vim (Eklj)>> ) e; Nej.

Since Ry, € LP(B(0, a0 Ryg)) for all p < oo, we deduce that for all 7,5,1 € {1,--- ,m}
<Vci7j’l7 VL(ﬁk’ﬂRe (ﬁkﬂ"j) + <VCi’j,l, V@kﬂlm (ﬁk,i,j) € Lp(B(O, Oé()Rk)).

p< lia

Indeed, since for some cf‘fl“y € N, we have
J»

cija(a) = Y T L (Pk()),

By

we deduce that
|Veija] < Coer,

so that (Ve 1, VE®y,) € Np< 1. LP(B(0,aRy)). From Im (Ri) € CY(B(0,agRy,)), we
deduce that

M Hi- M Im (R )| < Clalou(lz]) < Cleft.

Since VA, € L2 and V), € L>, using the previous L? bound on e** (see (3.30)),
we get that

o 2
0zF(Ry) € LYB(0, agRy)) for all ¢ < 7

= 2
Therefore, we have Im (Ry) € W29(B(0,a9Ry)) for all ¢ < o and by Sobolev
embedding, we get VIm (By,) € LP(B(0, agRy)) for all p < —2=, which shows in particular

1—¢?
that VIm (Bj) € L2 (B(0, agRy)) and Im (R,) € CO(B(0, agRy)), which suffices to our
purpose. Indeed, by the pointwise bounds (3.48) and (3.117), we deduce that

|VRe (Ry)| = 2|0.Re (By)| < e |Li| + 2e* |Hy| + 2| Fi (R

c 5 _C
< 7|+fk(z)+05k(|z\)+06’\’“\Rk| <), (3.124)

2
where hy, is bounded in L?(B(0, agRy)) for all p < 1—=
Furthermore, Ry, and Sy, solve the system
Vzék =1 ((—1)m+1 *h (ﬁk Jvzék) + (0, Sk) *n ﬁk> in B(0,aRy)

. (3.125)
0,5, = _i<szk;*hﬁk> in B((LaRk).
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Now, recall that there exists a linear map Fj, : A2R™ — A2R"™ such that
V.Ey = 0.Ri + Fi(Ry),
where
|Fi(By)| < Ce | Ryl (3.126)
Thus, we can rewrite the system (3.125) as
0By =i ((=1)™ e (g J0- By ) + (9-5%) w0 7o + 1 Fr(B)
b1 g, (ﬁk JFk(ﬁk))) (3.127)
0. Sk = —i(0. R, *ufi) — i(Fi(R), *n i) -

Since Ry, and S), are bounded in W(2°)(B(0,aR},)), we deduce by the Sobolev em-
bedding that for all 1 < p < oo, there exists C), < oo such that

|

We prove the following lemma (see [7]). In order to make the notations easier to read,

: +1SkllLe(B0,arey) < Cp <00, forall0<a<apand k> N.
(3.128)

L»(B(0,aRy)

write

1
Uy = ][ ud#t = — / wdAt.
2mr
OB(0,r) OB(0,r)

Lemma 3.15. Let k,m € N, uw € WH1(B(0,1),C), f € L2(B(0,1),C), ¢ € WhH(2)(B(0,
1),A*C™), @ € W2 NL>*(B(0,1), AR™) such that

Oou = —i ((0.7,0) + f) . (3.129)

Let 0 <7 < R < 0o and set Q = Br \ B,(0). Assume that Im (7) € WH2(Q) and that

[VRe (¥)(2)] < %, for allr < |z| < R. (3.130)
Then
R ) 3
R dp| <var(')Co ||V L @ Vim (7
dp e(u)p| pdp| <V2m ) C0 V][ 2 ) + Vo [0 o (@) [IVIm (0) | 2 ()

1
t 1fllL2 ) - (3.131)
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Proof. Rewriting the equation (3.129) as

9:Re (u) = —i ((0,9, ) + 9.Im (u) + f),
and recalling that 9, = 1 (8, — i9,), we deduce that
d:Re (u) = 2Re (—i ((8., @) 4+ 8.Im (u) + f)) = 2Im (8,7, @) + d,Im (u) + f)
dyRe (u) = —2Tm (—i ((8.7, @) + 0.Im (u) + f)) = 2Re ((9.7, @) + 8.Tm (u) + f) .

Recalling that
O0;Re(u) = cos(#) 9,Re (u) +sin(0) 9y Re (u)
{i&gRe (u) = —sin(6) 9, Re (u) + cos(8) OyRe (u),
we get

OrRe (u) = 2 cos(0)Im ((0.7, W) + 9. Im (u) + f) + 2 sin(6)Re (0.9, @) + 9.Im (u) + f)

- %Im (0.5, ) + 2 0.Tm (u) + 2f(2)) . (3.132)

Now, notice that

2 1 (2.5, @) = Im ({(cos(8) + i sin(8)) (9 — i 9,) Re (#), @)

k1
+Im (i ((cos(f) + isin(d)) (0x — i 0y) Im (W), W))
= (sin(#)0, Re (¥) — cos(0)dyRe (V), W) + (cos(0)0,Im (¥) + sin(0)0,Im (v/), W)

_ —%<89Re (@), ) + (9,Im (¥), ).

Using (3.132), the same computation for z 9,Im (u) yields

Or Re(u) = —%(89Re (¥), W) + %Bglm (u) + (0, Im (¥), W) + 2Im (éf(z)) . (3.133)

Therefore, we deduce that

1 . 1
aRe /8 Re (u)(r,8)d /<r89Re(v),w> dé + - / Oplm (u)do

8B(0,t)
2 2
42 (8,Im () *>+1/I f(z))do
o -lm (v), w o m H z
0

0
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2w

2 2
1 1 . 1 - 1 z
= —%/<;89Re (v),w—wt>d9+ %/@Thn (¥), W)dl + %/Im <|7f(z)> de.
0 0

0
Notice that by the Cauchy-Schwarz inequality, we have for all ¢ € L2(Q2,C)

2

R27rd 1 R 27 1

av < — 2 _ 2| 1512,
[|[ o5 pio< s [ [1ePododo =5 [1oP1ac
r |0 r 0 Q

Therefore, by the Minkowski inequality and (3.130) we have

R
/dRe()zd < 0 /|ﬂ il |dz‘
o \Wep L= RUNFE

+— /\8Im17u7||dz|2 + — /‘ < ) |dz|?
1
dz2\ " 1 1
/ 0= 0P |+ = 1T 190 Dl + = Wby
Now, by (3.97), we infer
o o n o 1
Hw - w\Z\HLm(aB(o,\z\)) < <k> / |Vai|ds", for all z € B(0,1).
9B(0,]z)

Using the Cauchy-Schwarz inequality and the co-area formula twice, we deduce that

2

2 2
L 2|dz|2 n / / N 1 |dz|
— < Vi|d#
/ [0 = e |22~ <k> IV |2[?

Br\B,(0) Bgr\B.(0) \9B(0,lz])
2 R
<27r<> / / \v*|2|dz|2 2 )2(7;)/ / vaPdet | de
Bgr\B,(0) 9B(0,|z]) r \9B(0,t)
2
:(277)2(@ / V] dz 2.
Br\B-(0)

We conclude that
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R 2
Jige

1
+ Nors 1fllLe ) »

which concludes the proof of the lemma. O

pdp <m( >Co IVl o) + = 1l 171 @) e

Applying Lemma 3.15 to Sk in the equation (3.127), we deduce that

2

aRy 2
d T .
[ |re )| pdo | <nin =1/ Culn M) IVl 0,0

o Tk

N me (Fz,c)‘

1
— ||R
V2T ¥

L2(Q4 (@)

—

+

L2(Qp(a))

Applying Lemma 3.15 to each of the
inequality that

m(fg—l) components of R’,€7 we get by the Minkowski

=

ag Ry 2

[ |Re )| pdo | < nin = DT )CH 1) 1970, 0
o Tk

nn—1) <||VIm(S/c)|| (e + || VI ()| )

2Vor LA (9 (e L2(Q(a)

—

+n(n— 1)\@ By

Recall now the following generalization (see [37]) of [7, Lemma VI.2] proved in [28] (see
also [29]).

L2(Qp(a))

Lemma 3.16. There exists a universal constant Ry > 0 with the following property. Let
0<4r < R< Ry, Q= B(0,R)\ B(0,7) = R, a,b: Q — R such that Va € L>>*(Q) and
Vb e L2(Q), and ¢ : Q — R be a solution of

Ap=Va Vb  in Q.
Forr < p <R, define

1
Pp = ][ wd%lzﬁ / odAt.

9B, (0) 9B,(0)
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Then Vi € L2(Q), and there exists a positive constant Co > 0 independent of 0 < 4r < R
1

3 1
such that for all (%) <a< 3 it holds:

HVSDHI}(BQR\EQ,”) < Co ||va||L2v°°(Q) ||VbHL2(Q) + Co HV‘PpHLZ(Q) +Co ||V<PHL2,<>0(Q) .
From (3.128) we know that

1Sk 12 (2 (00 /20) + HR’“’

<
L2 (Qk (0/2))

Lemma 3.16, the system (3.127) and the Cauchy-Schwarz inequality imply that

@Ry
)

7 (wn
<c [ aw| [ (vsd+Iva) et | dp

d
+ ’d_pRe (Sk’p>

20y Tk 9B(0,p)
a0 Ry, 3
el [ aewde| (ISsoniansm * [l g m) <€
aglrk

Furthermore, by the inequality (7.10), there exists 1o € (2f, 2By guch that if r =
"‘OQRk , we have

~ 2V 3w -
S Ry|) dott < ——— (1Skll; 200 (. \ 5 R
(l ol k‘) =~ log(2) ( ellu .30 F || L2=°°(Bzr\BT<o>>)
9B, (0)
2r' "% (2r) 7 5 P
< - .
log(2) (H kHLIJ(BzT\BT(O)) + H k‘ LP(BQ,.\BT(O))>
(3.134)
Therefore, it holds
[Re (Fr.r) = Re (Rro)| + [Re (Sk.r) = Re (S,
)
<c / 9 Re (B + | -LRe (8e)| ) dp < ©
>~ Un dp k,p dp k,p P>
2aglrk

and
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—

. C
|Re (Ri,r)| + |Re (Skr)| < C+ —— ( Ry
(oo Rk) 7

S .
Lr(@u(ao/2) | | ’“”Lp(ﬂmo/m))

In particular, we get that Re (ﬁk)p, Re (Sk), € L®([dag ' Ry, 2222]). We deduce that

Re () () - e (1)

gw / |VRe (ﬁzk) \d"

2
DB (0, 21)

-1 S - -
< % \VIm (By)|dA" + n(n — 1) / N (\Lkl + |Hk|> A"

9B(0,]z]) 9B(0,]z])

+ 2| / [Re ()| d" + Cz| / I ()| d"

9B(0,|2)) OB(0,2])
< C A |z|% / (Wi|dA" + C|z| % / |Re (Rp)|do" . (3.135)
0B(0,2]) 2B(0,2)

Now, easy scaling considerations show that for all u € W!(C), there exists a universal
constant C7 < oo such that for all 0 < r < oo,

1
lalhsomom < O (19l oo + 3 luhsgpor ) (3136

Assuming that we moreover have v € W(2:2)(C), we deduce by the Sobolev embedding
that u € LP(C) for all p < oo, which implies by Holder’s inequality that for all € > 0, we
have for some universal constant I', < oo

—€)
/ uldr < U ol 2 ) < Ter™0 ) IVl o). (3137
B(0,r)

Now, using the L?1 /L% duality, we get
IVuldz < |[Ulp2a (g0, IVUllLe<som) < AVTT I Vullpze g - (3.138)
B(0,r)

Finally, putting together (3.137) and (3.138), we deduce that for all 0 < r < oo and for
all € > 0, there exists C. < oo such that

lullis o, < Ce rt IVl 2 g - (3.139)

Therefore, using that and W, € W1(2°)(C) (making a controlled W1(2:°°) extension
)

to C of our function defined on B(0, agRy)), we deduce that
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\Wel|dot" < Cz|' <. (3.140)

9B(0,|z])

Since d > —1 + €, we deduce by the L* estimate for the means of Re (ﬁk) and the
combination of (3.135) and (3.140) that

IRe (By)(2)] < C + C|z|% / IRe (Rp)|doA" .
0B(0,]z)
Integrating this identity and using dy > —1 + ¢, we deduce that
[Re (By)|dA" < 21C|2| 4 2w C|z| "+ / |Re (By,)|dA"
0B(0,z]) 0B(0,z])

< Clz| + C(agRy)® / IRe (Ry)|doAt, (3.141)

9B(0,]z])
which shows that for ay > 0 small enough, we have
/ Re (Ry)|dA" < ). (3.142)
9B(0,]z])

We conclude that Re (By) € L®(B(0, agRy)). A similar argument (easier since we have
a 0, equation and not a V, one) finally yields that

Sl Hé H <C. 3.143
Skl (2, (ao/ay) + || Bk Lo° (i (c0/4)) ( )

To complete the proof, recall from [42] that in B(0, agRy) it holds:

A (Re (ék)) = (=1)" %, (Vﬁk IVERe (ﬁk)) — s« (Vity AV (Re () + G

A (Re (Sk)) = (V(*niix), VIRe (By)) + Gox

for some G 1, and Gy, which are bounded in L?(B(0, agRy)), for all 1 < p < 2.
Recall also the following slight variant (see [37, Lemma 4.5]) from [28, Lemma 7].

Lemma 3.17. Let Ry > 0 be the constant of Lemma 3.10. Let 0 < 16r < R < Ry,

Q= B(0,R)\ B(0,r) - R, a,b: Q — R such that Va € L2(Q) and Vb € L2(Q), and
@ :Q — R be a solution of

Ap=Va-V*b in Q.
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Assume that ||90||L°o(aﬂ) < o00. Then there exists a constant C; > 0 such that for all
(r)% el
rR) ST W
2
H@HL‘X’(Q) + ||V<PHL2,1(BQR\§Q_1T(0)) + HV <'0HL1(BQR\§OL,1T(O))

< C1 (IValla oy 1Vl + 1elle ooy

From Lemma 3.17, we deduce that

1Skl @ aora + [V

+ HVZSkHLl(Qk(ag/Q)) + Hv2ék‘

L2:1(Qk (a0/2)) L1 (Qk(a0/2))

<C.

Since Im (Lj,) € WH(2)(B(0, apRy,)) we deduce that e*Im (L;,) € L2+<(B(0, agRy)).
Using the identity

My, = —Im (Vzﬁk Le_)‘kagék) — %e)‘klm ([_:k)
~Re (ie**kazciikazsk) + Re (<azq3k,1m (Ek)>e**agci>‘k) : (3.144)
we finally get

e

<
L21(Q(0/4))

which concludes the proof of Theorem 3.2. 0O
4. Weak e-regularity for Willmore immersions with values into manifolds

In this section, by following [42] (that constitutes an alternative approach to Riv-
iére’s original strategy [53]), we generalise the e-regularity for Willmore surfaces to the
case of immersions with values into Riemannian manifolds (see Theorem 4.1). The e-
regularity is needed in the previous section to obtain pointwise estimates for Hand VH
in annuli. For other e-regularity results on the Willmore energy, we refer the reader to
[48, Theorem 4.1}, [36], [6].

This section is technically much easier than the previous one because we work on disks
and therefore do not have to deal with singularities and improved Wente-type estimates.

By [42, Lemma 3.2 and Theorem 3.1], the following identities are satisfied for any
smooth immersion @ : & — (M™, h)

V=i (vzﬁ VLA i (Vaii A ﬁ)) — —2j (vLﬁ +(d, H0>agcf>)

— — —

se P Re (V= (VEH + (H, Ho)o=8) ) = AL - 2| H1PH + o/ ()
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We deduce that

g
N
51
I
B
—
L
g
/N
<
=
an]
_|_
=
oml
P
KHL
SN—
SN—
|
|
[\
=~
)
N
3
N
<
=
T
+
=
Oﬁi
P
KL
N—
N—

Assuming that $ is a Willmore immersion, from (1.1) we deduce that

Im (VoV) = %e” (@1 (1) ~ 2 Ky, 1] +22,(d%) + (DR)(a%)

— 8Re ((R(é’g, &,)é., H)gg)) . (4.1)

As before, let f: C™ — C™ be the linear map such that for all X € C*°(B(0,1),C™),
it holds

VX — 0% 4 f(F) — 0.5 + (z Mi) |
=1 1<j<m

m
where %j = Zr{pﬁq and I‘iq are the Christoffel symbols of the ambient space
qg=1

(Mm, h)

Theorem 4.1. Let (M™,h) be a smooth closed Riemannian manifold. Assume that
(M™,h) — R™ is isometrically embedded into R™. There exist constants €9 > 0, and
constants {Cr}ren C (0,00) with the following property. Let P - B(0,1) — (M™, h)
be a conformal Lipschitz map satisfying the weak form of the Willmore equation (4.1).
Denote by 7i : B(0,1) — A™=2TM™ the Gauss map associated to & and assume that

Area(®(B(0,1))) + / |Vii|2dz < €. (4.2)
B(0,1)
Then, for all k € N, it holds

|v* < C | Area(®(B(0,1))) + / |Vii|?dx | . (4.3)

B(0,1)

L2
nHLOO(B(O,%))

Proof. We will follow the proof of the regularity of weak Willmore immersions in
manifolds [42, Theorem 6.1], replacing the main technical hypothesis by the weaker
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(4.2)—mnotice that the latter is exactly the assumption originally used in Riviére’s work
[53], once we replace the Euclidean ambient space by a sphere.

Step 0: Weak L2 estimate of the conformal factor of ® (refer to [55, Theorem 1.1] for
a similar proof). Notice that no assumptions on the smallness of a norm are necessary
here.

Let A = log (|V;I> |2) be the conformal factor of . First, the Liouville equation implies
that

—AN = 2K, (4.4)
Let u be the solution of
~Au=e*K, in B(0,1)
u=0 on 0B(0,1).

Considering ® as a R™-valued map (using Nash embedding theorem as described in
Section 2), if 77 : B(0,1) — A?R™ is its unit normal, by standard elliptic regularity (see
[17, Théoreme 3.3.6]), we have

IVullz. (50,1 < C |2 K[ 1.

<+

(B(0,1)) L2(B(0,1))

< O (Area(@(BO,1))* + Vil (501 ) - (45)

By the Liouville equation, we deduce that v = A — u is a harmonic map. Therefore, the
Caccioppoli inequality implies that

HVUHLZ(B(O,%)) < ||U||L2(B(o,g))- (4.6)

Now, by the mean-value formula, we have for all z € B(0, %)

o) = | o,

which implies that

(v(@))* <2 ][ Awdy | +2 ]l u(y)dy

(%75 (@,75)

200

2
T ||UHL2(B(0,1)) ) (4.7)
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where we used the Cauchy-Schwarz inequality in the second inequality. Since u has zero
trace on 0B(0, 1), the Sobolev inequality implies that

lulliaqo. < € IVulle (g0, < € (Areal@BO, D)? + [ Villapy ) - (48)

Now, Jensen’s inequality implies by the convexity of the exponential function that

1
exp | 2 ][ Ay)dy | < ][ Wy < 20 / AWy,

B(xv%o) B(xv%o) B(0,1)
Therefore, for all x € B(0, %), we have

2

(=, 15)

and finally, (4.7), (4.8) and (4.9) show that

200

100 -
I —e (bg (1) +10g Area(@(50,1) + /22 oo 1»)

< C(log <17rﬂ) + log Area(®(B(0,1))) + Area(®(B(0,1)))

[N

+ ||Vﬁ|L2(B(O,1)))' (4.10)
Finally, by (4.5), (4.6) and (4.10) we deduce that
IVAllL2.0 (B0,2)) < IVUllpzc(p0,2)) + IVOllL2(5(0,2))
<01+ (Area((B0 1)) + 1900
+ log Area(®(B(0, 1))) (4.11)

Step 1: Harnack inequality for the conformal parameter.
First, consider $ as a R"-valued map, and let 7 : B(0,1) — A" 2R" be the unit
normal of & : B(0,1) — R™. Then, we have by (2.2) the estimate

/ \Vii|2dx < 2 / |V |2 da:+2|\]IMmHLoo(Mm Area(®(B(0,1))) < 2(1+ C2)e2,
B(0,1) B(0,1)
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where Cy < oo only depends on M™. Therefore, provided that 2(1 + C3)e < %”, we

deduce that by Hélein’s classical result ([17, Lemme (5.1.4)]), there exists a moving frame
(€1,8) : B(0,1) — S™~1 such that
ii=%(@ A&) in B(0,1)

/|Vé’1|2dx+ / |Vés|?dx < 2 / Vit da.

B(0,1) B(0,1) B(0,1)

Let u € WH1(B(0, 1), R) be the unique solution of the following Dirichlet boundary value
problem:

Au=Ve, Ve,  in B(0,1)
u=0 on 9B(0,1).

Then, the improved Wente inequality ([17, Théoréme (3.4.1)]) implies that

IVullp 2 o,y + 1ullie s, < Cw Vel o) IVellLa(s0,1))

<Cw / Vi de. (4.12)

B(0,1)

If v = A — u, the Sobolev embedding W1 (B(0,1)) < L>(B(0,1)) and Wirtinger’s
inequality show that

v — ﬁ||L<>o(B(o,%)) <C ||V'U||L2,1(B(o,%)) . (4.13)
Since v = A — u is a harmonic map, there exists a universal constant C' < co such that

”vaLZvl(B(O,%)) <C va||L2=°°(B(O,%)) : (4.14)
Therefore, (4.13) and (4.14) show that

1o = Fllpoe (B0,3)) < CNIVVllL2~(50,2)) - (4.15)

Thus, (4.12) and (4.15) imply that there exists A € R such that

Y ~2
H>‘ - )\HL‘X’(B(&%)) <C / \Vn[“d + ||V)‘HL2v°°(B(07%))
B(0,1)

< c<1 + (Area@(B(O, 1)))) Vil sy

+ log Area(®(B(0, 1)))), (4.16)



A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789 73

where we used (4.11) in the second inequality. Finally, we deduce by (4.16)

< CArea(B(B(0,1))C HJ‘

He)\HL?vl(B(Oé)) <<t ||6/\HL2 (B(0,1)) *

(4.17)

L21(B(0,3))

Step 2: Diameter estimate.
Thanks to the Harnack inequality, we deduce that for all z € B(0,1), we have

|2|

-

|B(z) — (0)] < /ewﬁ)dr < Ce*|z| < CArea(®(B(0,1)))2 2.
0

Therefore, for some universal constant C' < oo, we have
diam(®(B(0,1))) < CArea(P(B(0,1))),

which implies that for g9 > 0 small enough, ®(B(0,1)) is included in a geodesic domain
of M™ and that we can trivialise tensors in an exponential chart to get R™-valued maps.

Step 3: Construction of tensors L : B(0,1) — C™, R : B(0,1) — A2C™ and S :

B(0,4) — C coming from the almost conservation laws.
Let n : C — Ry be a smooth cut-off function such that » = 1 on B(0, %) and

supp(n) C B(0,1). Let Y = 7757, where

Recall that we have

where f and G are linear functions such that |f(H)| < Ce*|H| and |G(7)| < Ce* for a
universal constant C' > 0. Therefore, noticing that

Vi = (0.0 + f()) = 7a(011) + F() = 0. (s () + (Do) () + £ (1)
= 0.H + (9.mq)(H) + f(H),
we can make the decomposition

V.H —3VEIH — %, (Vzﬁ A ﬁ) = 200 — 3(0.ma)(H) — 2 f(H) + 5 (a 7 A ﬁ)

—

+ % (G (i) A H).
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Therefore, we have

|-20.7 <ol
~1(B(0,1)) L2(B(0,1))
while
- —2 (8 i A ﬁ) G@A)NH
H JCH) 45 (9:A1 (G AL oy
< C||\va Hﬁ H A ) .
<C| n||L2(B(o,1)) L2(B(0,1) € L1(B(0,1)
Therefore, we deduce that
7 <O (14 1Vlam0) [ 2 | -
H H-11LY(B(0,1) — ( FIViillea 0.1 L2(B(0,1)) “ FlLiso)
Now, we estimate Y. Since || < 1, we have
Y —no.H <C||Vi H e He/\ﬁ‘ ,
n ot | ||L2(B 0,1)) B(0,1)) L1(B(0,1))

while for all ¢ € C2°(C,C™), we have

/n@zﬁ-$|dz|2 = —/(ﬁ%;azn-l-nﬁ-azﬁ) |dz)?,

C C
B H _a‘ B(0 ’
2( 1\ %(0)) 2(B(0,1))

which implies that

o], < (|
H-1(C)

Finally, we deduce that

—

Y

<0 (14190 |1 o)

|2
H-14+L1(C) L2(B(0,1))

Therefore, provided that £g > 0 is small enough, by Step 2, we can trivialise the tensors

in a geodesic chart and apply Lemma 3.6 to deduce the existence of a unique L e
L2%°°(C,C™) such that

Vv.L=in (vzﬁ — 3VEH — w (VLA A H’)) in C.

Furthermore, we have the estimate
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=

L

<€ (1 19hocmion) | 7] |-+ »
L2eo(C) ( IVl o) L2(B(0,1)) “ lerzouy

which implies by using twice the Harnack inequality that

)\’_T o = 1 A\
AL <c(1+||vi + Area(8(B(0,1)))? HeH‘ .
e (1+ 197l a0,y @) ||,
Using the identity
1 ﬂ - .
Im (V:Y) = ¢ (%f(H) — 2K, H + 2%:(d®) + (DR)(d®)

by the Harnack inequality on the conformal parameter, we deduce that Im (VzY) €
L2(B(0,1)). Indeed, we have

[ (927

L2(B(0,1))

< Ce (Area(@(B(O, 1))? + He’\ﬁ‘

LQ(B(O)l))>

[N

- =

< O | Area(®(B(0,1))) + Area(®(B(0,1)))

=

/ |H|dvol,,

B(0,1)
Furthermore, the previous argument shows that
oo <o (14 9hsmany) | 18], o)
‘ i ( IVl s0.0) L2(B(0,1)) L1(B(0,1))
Therefore, we deduce that
Hlm (VzY) <C (Area(ff(B(O, 1)) + Arca($(B(0,1)))? e)‘ﬁ‘ )
H*1+L1+L2(C) L2(B(0,1))

+C ((1 1972 0.1 Hﬁ

L2(B(0,1))

+ C’He)‘ﬁ‘

L1(3(0,1))> '

Therefore, following the second half of the proof of [42, Lemma A.1], we deduce that
there exists a unique L € L% (B(0, 1),€™) such that L € L2°°(C,C™) such that
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v.L=in (vzﬁ —3VLH — xp (VLA A ﬁ)) in B(0,1/2)
Im (L) =0 on dB(0,1/2),

which satisfies the estimate

|

+ He’\VIm (E)‘

L2 (B(0,3)) L2 (B(0,3))

1

< C (1 + HVTL”LQ B(O 1)) +Area( 5) H

L2(B(0,1))

L2(B( 01)))

+ C Area(3(B(0,1))) (Area(@(B(OJ)))% H ’\H’

<C (Area(cﬁ(B(o, 1))% + He’\ﬁ‘

4.18
L2(B(0,1))> ’ ( )

using the estimate (4.2). Therefore, we can now use Lemma 3.14 to deduce the existence
of S € Wh(22)(B(0,1),C) such that

9,8 = <az<i>’,f> in B(0,1/4)

Im(S)=0 on 0B(0,1/4),

and

- 1 —
IThes 210010, < © (Area@BOD)E + [

L2<B<o,1>>> '

Notice that this equation implies that Im (5) satisfies the following system of equations
_ 7 _ Lo/ 7 :
Alm (S) = 4Tm (ag (<az<1>, L>)) =3¢ <H,Im (L)> in B(0,1/4)
Im(S)=0 on 0B(0,1/4),

which implies by Calderén-Zygmund estimates that Im (S) € W9(B(0, i)) for all g < 2
and that

lEm ($)llwe.as0.4) < € |||

L2(B(0,3)) HeAIm (S>HL<1’<B<07%>>

<CH AH‘

(4.19)

e HIm ([_:)‘ .
L2(B(0,3)) L4 (B(0,3))
Since Im (L) € VV1 (2 Oo)(B(O, 1)), we deduce by Sobolev embedding that for all 1 < ¢ <
2, there exists C;; < 0o such that
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1 ()]

.= CHVIm (L)

L (B(0,3 L2:22(B(0,3))

< e (Area@(B(o, 1))% + H@H’ : (4.20)

LZ(B(O,l))>

where we used (4.18). Putting together (4.19) and (4.20), we deduce that for all 1 < g < 2,
there exists I'; < 0o such that

)
L2(B(0,1))

- 1 N
1 )l o045, < T (Area(@(50. 1) + |21 .

<r (4.21)

eAH’

L2(B(0,1))

using the smallness hypothesis (4.2). Likewise, using Lemma 3.14, we deduce that there

exists R € Wh(22)(B(0, 1)) such that

V.R=08.BANL—20,9ANH in B(0,1/4)
(4.22)
0

Im (R) = on dB(0,1/4),

and

BzéAE—QiazéAﬁ’

<C ’
W(2:09) (B(0,1)) < LL(B(0,1))

O.ONL—2i0. 0N H

+| )
L2 (B(0,}))

<C <Area(5(B(O, 1)))% + Hekﬁ‘

L2<B<o,1>)> '
By [42, (6.8)] we have

Im (Vg (825 AL —2i0,3 /\ﬁ)) = —%emﬁ/\Im (L) € LY(B(0,1/4)) for all ¢ < 2,

which implies that

VS
N
KHL
>
—
=)
=
|
[\}
~.
(o))
N
KL
>
=
N——
N——

= 2P F Alm (L) — 4Im (F (azcii Alm (L) — 20 9,8 A ﬁ))

—41m (8. (F(E))) .
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We first estimate as previously
‘F (azcﬁ Alm (L) — 2i 9.8 A ﬁ)] < Ce? (|E| + |ﬁ|) € LY(B(0,1/4)) for all ¢ < 2.

Now, using (3.123),

we finally deduce by Calderén-Zygmund estimates that for all ¢ < 2, there exists 'y < oo
such that

HIm (R)H <1/ (Area(&;(g(o, ))E + He)‘ﬁ‘

W24(B(0,1))

L?(B(o,n)) '

Furthermore, R and S solve the system

V.R =i ((—1)n+1 n (mvzﬁ) 4 (8.9) %1 ﬁ) in B(0,1/4)
) (4.23)
0.8 = —i(V.R, x,i) in B(0,1/4).

Step 4: Derivation of the Jacobian systems.
Since V is the Levi-Civita connection associated to g, we deduce that

92,8 = —i 0=(V. R, xp7i) = —i(V=V. R, %47) — i(V. R, V=(kp)).
Notice that
AX =2(V.Vz+VzV.) X,

and that

In particular, we have
4VsV. X = AX +2R(&,¢6.)X,

and
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ARe (—i<vgvzﬁ, *hm) = Re (—¢<AR’, ) — 2i(R(E5, &) R, *hm)
— (ATm (B), %47) + Re (—; i(R(E, +i 6,6 — i) R, *hﬁ>)
— (AlIm (R), x7) + Re ( (R(21,)R, *hm)
= (AIm (R), xp7) — (R(€1, &)Re (R), 7). (4.24)

Now, notice that for all function a,b: B(0,1) — R, it holds

4Re (0,a - 0zb) = Re ((0g,a — 1 0yya) (Opy b+ 1 04,b)) = Op, @+ Oy b+ Dy b - Oy, b
=Va-Vb
4Re (—i0.a - 0zb) = Im ((0pya — 1 Dpya) (O b+ 1 02y0)) = —0pp@ - Dy b+ Opy - Oz, b
=V'a- Vb,

since V*a = (—0,,a,0,,a). In particular, for all a : B(0,1) — C and b: B(0,1) — R,
we have

4Re (—id,a - 8zb) = 4Re (—i . Re (a) - 8zb) + 4Re (9,Im (a) - dzb)
= V+Re(a)-Vb+ VIm (a) - Vb.
Therefore, we have
ARe (S) = 4Re (—i(VZﬁ, vg(*hﬁ») +4Re (—i<vgvzﬁ, *hﬁ>)
= (V*Re (R), V(xp71)) + (VIm (R), V(*u7)) + (Alm (R), x,77) — (R(€1, &2)Re (R), *pi1)

(4.25)
Likewise, it holds

VaVLR = i(=1)"* (Vait IVLR) + (<) (st JiV=VR) +i02%8 # 7
+10,8 - V(xnil),
and by what precedes, we have
ARe (z (vgmvzﬁ)) S (VﬁJVLRe (R’)) - (VﬁJIm (R’)) .
We infer that
4Re (VaV.E) =(-1)" (Vi IV Re () + (-1)" (Vi JIm (R) )
F4(—1)"Re (*hmivgvzé)

— ATm (S) (%47) — V*Re (S) - V(5pit) — VIm (S) - V(xp,7).
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We also have
4Re (vgsz‘) — 2Re (vgvzé + V.V R) +2Re (R(eg, e:)ﬁ)
— ARe (R) + %Re R(E, +i6,¢ — ié’g)ﬁ)
= ARe (R) + R(é1,&)Im (R).
Therefore, we infer that
AR =(-1)™ (vm V_Re (R)) + (=)™ (vm VIm (R))
4 4(—1)"'Re (*hﬁJNgvzé)
— Alm (S) (+7t) — VERe (S) - V(xat) — VIm (S) - V(x47i) — R(E}, &)lm (R).
Now, by (4.24) we get that
4(—1)""'Re (*hmivgvzﬁ) = (1™ (*hﬁJAIm (R’))
+ (1) (*hﬁJR(é'l,é’g)Re (R’)) :
and we finally deduce that
AR =(—1)™ (vm V.Re (R‘)) — ViRe(S) - V(xa7) + (—1)™ (vm VIm (R))
— VIm (S) - V(nii)
(=)™ (*hﬁ I Alm (fz)) — Alm (S)(x47) + (—1)"+! (*hﬁ _IR(&1,8)Re (R’))
— R(é1,&)Im (R). (4.26)

Step 5: Strong L?! estimate.

Now, as in the proof of [42, Theorem 6.1], we can consider A = (Re (RK),Re(S)) :
B(0,4) — R™“5+1 where Re (R) : B(0,1) — R™" " can be trivialised in a normal
neighbourhood thanks to the diameter estimate of Step 2. Letting N = W + 1, for
all 1 <i < N, asin [42], A; solves a Jacobian-type equation of the form

N
AA; =) V*'A;-VB;;+F, (4.27)
j=1

and the coupled system (4.25) and (4.26) shows that where B;; are linear com-
binations with smooth coefficients of the unit normal 7, and F; are smooth linear
combinations of Alm (S), Alm (ﬁ)7 8%518%. A;, Ag, and Og;Im (S) Oy, (%p7);, and
8%, Im (R)i17i2 8mk (*hﬁ)l-
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By the previous estimates, since Im (R),Im (S) € W24(B(0, 1)) for all ¢ < 2, and
é, S € WH(2:2) we have for some universal constant C' < co

=

IFlhagoiogy < € (Ara@(BO.D)E + A

L2(3(0,1))) '

Notice that each non-linearity can be absorbed to get a linear estimate thanks to the
estimate (4.2). Now, make a decomposition

Ai = i + i + Xis

where
N
A(pz = ZVJ'AJ‘ . VBLJ' in B(O, 1/4)
j=1
p; =0 on B(0,1/4),
and

C;i=0 on 0B(0,1/4).
By the refined L2/L%*° Wente inequality (see [17, Théoréme (3.4.5)]), we first get ¢ €
Wy?(B(0,1/4)) and

N
||V‘Pi||L2(B(0,§)) < CZ ||VAJ‘HL2100(B(0&)) HVBZQJ’”L%B(O&))
j=1

<0 (aratd(@0.004 + |0, 5,.,)

Calderén-Zygmund estimates imply that 1; € W24(B(0, 1)) for all ¢ < 2, and that for
all ¢ < 2, there exists a universal constant I'; < oo such that

’ 2 1 A 17
illweo(s0.2)) < Ta 1 lLaqsoy < T (Area@(B(o, Nt + e (B(w) .

Since x; is a harmonic function, we deduce that

2
VXl im0,y + 1V lee s, + Xl B0,y
<C ”XiHL?’OO(B(O,i))

<C (Area(cﬁ(B(o, )% + He’\ﬁ‘

L2<B<o,1>>> ’
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where we used the two previous estimates. Therefore, since A; = ¢; +1; + x;, we deduce

that VA; € L2(B(0, %)), and using the afore-mentioned improved Wente inequality, we

finally obtain the estimate A; € WHZD(B(0, %)) N L>(B(0, %)), and

- 1 \ 77
19 Al a0, ) + Milli= (a0, < € (Area(«b(B(o, D) + | L2<B<0,1)>> .

Step 6: Morrey estimate and strong LP estimate for (some) p > 2.

Now, in order to complete the bootstrap, we need to prove a LP estimate on VA;
for some p > 2. We will use Morrey-type estimates. To simplify notations, notice that
working with balls of decreasing but larger radii, we get the estimate

|v7

<C (Area(ff)(B(O, 1)))? + He)‘ﬁ‘

| 19S e + |E] 150,49

L2:1(B(0,% L= (B(0,5))

LQ(B(O,I))) '

Furthermore, by the previous discussion, for all € > 0 there exists 0 < pg < i such that

sup |VB|?dx < €.
z€B(0,3)
B(=,p0)

Let z € B(0, %), and 0 < p < pg. Making the same decomposition A; = ¢; + 1; + x; as
above but on B(z, p) (replacing B(0, %) by B(z,p)), Wente’s inequality shows that

va@iHLz(B(m,p)) <Ce HVAHLQ(B(Z,;))) )

whilst Calderén-Zygmund estimates imply that for all ¢ < 2, there exists C; < co such
that

2
vai”Lz(B(x,p)) < Cop? HFZ-||L‘1(B(x7p))

<o (Area(qS(B(o, 1)))? + He)‘ﬁ‘

L2<B<071))> '

In particular, for all 0 < o < 1, there exists I', < oo such that

11—« =4 1 A7
V%l (5o < Tap (Area(cb(B(o, D) + He H‘ LZ(B(O’U)) .

Now, for all 0 < ¢ < 1, we have the sharp estimate

IVXillLe (Batp)) < EIVXillL2(Ba,py) < EIVAllL2 (5,0 -
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where we used that y; is harmonic with x; = A; on 0B(z, p), and thus x; has the least
Dirichlet energy amongst maps of trace A; on 0B(z, p). Finally, we deduce that

IV Al (B o)) < CE VAl (G, py) + IV Ailliz s,y + Tadp’ ™,
where we wrote for simplicity

A = Area(®(B(0,1)) 2—|—H ’\H‘

L2(B(0,1))
Now, using the elementary inequality

(a+b+c)? < 4da® +4b* + 262,
we deduce that

/ |VA;|2de < 4C3e? / |VAdx + 2t* / IV A;|2dz + AT2 A2 p20 ),

B(z,tp) B(z,tp) B(z,p)

Summing those estimates, we find that

/ |VA|2dfo / |VA;|?dx

B(z,tp) (z,tp)

< (4NC%? 4 21%) / IVA[dz + ANTZA?p*0 =),

B(z,p)
Taking ¢ 1ad5 0 for some 0 < § < 1, we deduce that
11, = — an = — T 11 , W u
S 4W/NC
1+0 2 2 2(1-a)
|VA|?dx < = [VA|*dx + CoA”p . (4.28)
B(z,2) B(z,p)

This implies that VA belongs to a Morrey space. Indeed, let 0 < r < £, and i € N be
such that

2ir < po < 217,

Then, (4.28) implies that

1
|VA|2dz < (5 + 5) / |VAPdz + CoA%(2r)2( =)

B(z,r) B(z,2r)
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1 2 1
§(—gﬁ> /‘|vm%m+cg@m%*mA?<1+(—gf)4kﬂ>

B(z,2r)
1445\ ) soy 2 [ (1Y 1o
<(T> / |VAPdz + Cy(2r) A Z — ) @y
B(z,2'r) 3=0

1405 2 2 a(1—a) 212 (140)) " —1

o VA A2(2r)2(1=9) )

_( 2 > / | [Pdo + Cal"(2r) 217291 +6) — 1
B(x,po)

Notice by the previous inequality that

t <
We deduce that
145" . 2 log (52) 2
) = _ - < — r
( 5 ) exp( zlog<1+6))_exp<<1 Tog(2) log(1+6)

tos(135)

2 ( r > log(2)
146 \po

Now, we have

(2172 (1 + 5))Z = exp (i((1 — 2a) log(2) + log(1 + 4)))

< exp <log (%) ((1-2a+ 26))) = (%)140&25 ;

where we used the inequality log(1 + x) < z for all > 0. Finally, we infer that

log( 2

2 2 r 103(5) 2 2 24(1-o) 1-28 1—2a+6
Alfde < —— [ - A C, A - TeaTo,
‘/‘V| x_1+5<p) /Q|V| + 2144 1 M
B(z,r) B(z,p0)

Furthermore, since 0 < o < 1 is arbitrary, we deduce that for all 0 < 8 < 1, there exists
0 < a < 1and ey > 0 such that

1-5
/ [VAPPde < 4 <pi> / VA2 dx + Cg A*r'=F < O A% =P,
0

B(z,r) B(z,po)

which implies that
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2

/ IVAP*dz | < CA < oo (4.29)

B(z,r)

sup

1—
zeB(0,1) \ T o

In particular, A is %-Hélder—continuous on B(0,1), and we find that

1A= All < (50,3 <CA (4.30)

where A = ][ Adz is the average of A on B(0,1). Now, first rewrite the set of

B(0,3)
equations as

AA=VB -V'A+F,

where B € Wh2(B(0,4/5), M,,(R)), and F € LY(B(0,4/5)). In particular, for all ¢ < 2,
there exists C; < oo such that by Cauchy-Schwarz and Hélder’s inequality, we have

2

/|AA\dx§ /|B\2d:c /|VA|2dx + / |F|dx

B(z,r) B(z,r) B(z,r) B(z,r)

D=

1
7

1-8
< CVBliepoay Ar = +(L2(B(,7) " 1FllLaB @)

11 2(1-1% 1-8

<onr'F 4200 < oart, (4.31)

4
where we can take ¢ = 353 € (1,2). Now, let n be a positive cut-off function such

+ 8
that 7 = 1 on B(0, 1) and supp(n) C B(0, ). Set u = n(A — A). We have the following
representation formula for all z € R?:

1
u(w) = 5 [ 1ogle ~ ylAu(y)dy.

R2

Therefore, we can write

and
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where the right-hand side is the convolution of |A - | with a Riesz kernel. Now, recall the
following result from [1, Theorem 5.1] (see also [54, Theorem VIIL3]). Let 0 < v < 2.
For all f € L'(R?) and = € R?, define

1
Mw(f)(:c)—ig%?rw7 / |f(z)|d.
B(z,r)

For v =2, M, = M is the standard maximal function. Then, the following result holds:

Theorem 4.2 (Adams-Morrey embedding—Theorem 5.1 [1], see also Theorem VIIL3 in
[54]). Let 0 < ~v < 1. Then, there exists a constant C, < oo such that for all f €
W2L(R2 R) such that M, (Af) € L=(R?), we have V f € L= 7 (R2) and

V51, 222 e gy < O JA I ey M (A g - (4.32)

Thanks to Theorem 4.2, we deduce that

HVUHL%,W B <, ||A“HL1(R2) HM (Au)HLw (R2)

1—
where we wrote v = Tﬂ Since n = 1 on B(0, i), we have in particular

A < A M., (A 4.
IVA] 2= = (B(0.1)) Gl UII 2) [ M5 U)HLoo(Rz) (4.33)
First, by using (4.30), we estimate

1 — _
= / Agl|A ~ Alde < CJ|A~ Al g ) min (7.1} < O A~ A
B(z,r)

B(0,3))

< CA. (4.34)
Likewise, by (4.31) and Cauchy-Schwarz inequality (recall that 2y = 1 — 3), we have

2

1
= / Vol VAl < | o / VARdz | < CA. (4.35)
B(z,r) B(z,r)
Finally, (4.31) yields
1
- / n]AAldx < CA. (4.36)

B(z,r)
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Likewise, we have
[Aullpy(gzy < CA, (4.37)
and we finally deduce by (4.33), (4.34), (4.35), (4.36) and (4.37), that

IVAI s < CA. (4.38)

HE (B(0,1))

Step 7: Bootstrap and conclusion.

We deduce that ﬁ, S € WP for all p < % Using the following pointwise identity

AH = —Im (VZELe_Aagi) — %e)‘lm (E) —Re (z e 0P 8z5)
+1«a(«g§,hn(i»efka;§),

and observing that

3+ 1-p - B
SLELAESY > 24 =247,
1+ 143 2 i
we deduce
‘k%ﬁ < CA.
L2+7(B(0,%))

Using the classical Willmore equation, Calderéon-Zygmund estimates permit to show that

E?GWﬂW(B<Q%>)

for all p < oo (see the end of the proof of [42, Theorem 6.1]) and (up to choosing slowly
decreasing radii instead of the diadic choice made above) to prove that ® € C°°(B(0, )
and satisfies the estimates (4.3). O

5. L% quantization of energy

The goal of this section is to prove the following result, establishing the L?*° quan-
tization of energy. The proof mimics the one found in [7] but has additional technical
difficulties. We argue by contradiction and show that an absence of weak energy quanti-
zation for a non-trivial sequence of Willmore annuli (whose energy is uniformly bounded
from below) allows us after rescaling to find a weak limit that has to be a constant map.

Theorem 5.1. Let (M™,h) be a closed m-dimensional Riemannian manifold. There ex-
ists €9 > 0 with the following property. Let {ri},cn A Rr}ren C (0,00) be such that
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limsup Ry, € (0,00), 7x — 0 and set Q. (o) = Bar, \ Ba-1, (0) for all0 < oo < 1. Let

k—00 k—o0

{®)}ren : B(0, Ry) — (M™, k) be a sequence of Willmore immersions such that

A= sug ||VAk||L2,oo(B(O,Rk)) + / |Vﬁk|2dfb + Area(ék(B(O, Rk>)) < 00,
ke

B(0,Ry)
and
w | s
rk<8<%325\§s(0)
Then

lim sup lim sup [|[2|V7ik (%) |, (0, (a)) = O-
a—0 k— o0

In particular, it holds

lim sup lim sup || V7ik |1.2.00 (0, (o)) = 0-
a—0 k—o0

Proof. By the e-regularity Theorem 4.1, we deduce that

20150
|2*

Ch
|Viig(2)]? < BE

/ Vit |2da <

Baz\B 5|

2

In particular, we have
”v'ﬁ:k”L?“(Qk(%)) S 4\/ 7T'Cl€0.

Now, assume by contradiction that there exists €; > 0, a sequence {ff;k}keN C
C>°(B(0, Ri,), M™) of smooth Willmore immersions and a sequence {z},cny € Q(3)
such that

log ‘Z—k| — and log | —| — o0,
Tk | k—oo ‘Zk| k—o0
and
|2k | V7K (2x)| > €1 > 0. (5.1)

Notice that, in particular, zj k—> 0 € C. Therefore, applying again the e-regularity
—00

Theorem 4.1, we deduce
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/ \Vitg[2de > Cy |2k |? | Vil (21))? > Cple?. (5.2)
B2|zk\\§@

Using the previous result (Theorem 3.13 and the end of Section 3.13) and that
limsup Ry < oo, we get that there exist ag > 0, Ly € Li’:o(B(O,aoRk),(C”), Sy €

k—o0

WL(220)(B(0, agRy), C) and By € Wh(2)(B(0, a9 Ry,), A2C™) such that

V.L, =i (vzﬁk — 37, (VL Hy) — i % (Vzﬁk A ﬁk)) in Q(ao)
9.8y, = (0,8, Ly,) in Qulag)  (5:3)
V. Ry = 8.8 A Ly — 2i 8.8, A Hy in Q(ao)
and satisfying the bounds:

<C

o2
L2:1 (@ (o))

N + ||vSk||L2-,1(Qk(a0)) + HVE}C’

L2 (Qk (a0

[1n 1 (50) 280,000y + [ 1 ()|

2
k> W (2,00) (Q () W2:4(B(0,a0Rk))

2
<C,, f 11 ——
< Gy, Iora q<2_6

—

Furthermore, Im (Sy) and Im (Ry) solve the equations

Alm (Sy) = —2e2* (Hy,, Im (Ly)) in Q(ap)

—4Im (Fk (825kAIm(Ek) —2i825kAﬁk)> in Q(ap)-
(5.4)

Define the function Wy, : Q4 (ap|zx|™!) — R™ by
Ty (w) = e () —log x| (5k(\zk|w) - é’k(zk)) .
A direct computation shows that
B Upo(w) = |zg|e M EI 71081219, By (|24 |w) = e M9, By (|25, |w). (5.5)

Therefore, the conformal parameter py of U}, satisfies

pe(w) = Ak (|2 |w) = A (zr) -
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By the uniform Harnack inequality on the conformal parameters (see Theorem 3.3), there
exists C' > 0 independent of £ > NN such that

IV (Ae = di1og [2]) [l 2.1, (a0)) T 1A = di10g 2]l (0, (ag)) < C
where dj, — d € (—1,00), as k — oo. In particular, it holds

L (w)] < [Ak(|zk|w) — dy log |zxw]|| + |di log [2k] — Ak(2k)| + [di log |w]|
< (|d] + 1)[log |w]| + 2C,

which is uniformly bounded on any compact subset K C C \ {0}. Now, by (5.5), we
deduce that

(w) = 7ig (|21 |w). (5.6)
Then, we compute

02 50 (w) = |z ]e 2B (|25 [w) = |zi|e” M) x 262 s (2 1W) (|2 |w)

— 2|Zk|62>\k(|zk|w)*>\k(zk)ﬁk(‘zk|w)7
which implies that
1 _ w T 2k) T
Hy(w) = ge 292 U (w) = |z e ) Hy (|2 |w). (5.7)
We deduce that
e H i (w) = |z e 1219 Hy (|2, Jw)

which shows that, after the linear change of variable z = |z|w, it holds

)| Hy (w) Pl duw | = / o 2P U i (|2 ) [ do?
Qk (aolzr|~1) Qi (olzk|™1)
_ / G| Fy (2)P]d2 2 = / | By Pdvol,,
Qg (o) Qp (o)

We deduce that
OwH (W) = |2 |2e™ )0, Hyy (|2 |w) (5.8)

and that
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|2k 2N O (D (|21 )0 B (| 2| w) T H |2 |w)’
=T (B (|21 |w)) ] 2] 0 B (| 2| w)  H g (w) (5.9)

Smce {r} pen is uniformly bounded in L{5,(C\ {0}), we deduce by the e-regularity that

{Hk}keN is bounded in Lg2 (C \ {0}). Furthermore, by the Harnack inequality (3.25),
we deduce that

e Az w| ™ < |24]10: g (|z0lw)] < e ]

Since dj k—) d> —1, and z k—> 0, whilst FJ are bounded, we conclude that for all
compact subset K C C \ {0}, it holds

. 2 (209 (§ 5 aff ZH _
klggoH|zk| e Iy (@r(l2k|w)) 0 P (| 21| w) T Hy (|2 [ w) L () 0. (5.10)

Now, the previous scaling considerations prompt us to introduce Ly, : Qp(ag|zi] L) — C
defined by

-

Li(w) = |z |e™ ) Lo (|21 w).
It is immediate to check that
eNkEk(w) _ ‘Zk|e/\k(|zk|w)ﬁk(|zk|w) — ‘Zk|6/\k(|zk|w)‘7k(|zk|w) + |Zk|ekk(\zk\w)pf/k(|zk|w)’

where W, € Wh(2:2)(B(0, agRy)) and V;, satisfy for all z € Q(ap) the estimate

Ak(Z)‘V'k(Z) < g

| <
||
for some constant C' > 0 independent of k. We deduce that

/\k ‘Zk \w

= c C
Joxfe [Vizew)| < Janl x = = =

|zklw]  |w]
Also, by defining W, : B(0, ag|zx| 2 Ri) — C™ as

Wi(w) = Wi(|2k|w)
we have

<C

- i _
L2:>°(B(0,a0Rk))

)

va

L2:0°(B(0,c0|2x |~ Ry))
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giving that W), is bounded in W1(2:°)(B(0, ag|zx| "' Ry)). Furthermore, by the Harnack
inequality (3.25), we deduce that

2kl < Al Bl — 0 in TE5(C\ {0}).

Therefore, we get that

— 0

szoo(Qk(Oco|Zk|71)) k—o0

(C\ {0}) for all p < oco.

H|Zk|exk<|zk|->wk‘

B GRATA v 0 in LT

Then, we have
Vim (L) (w) = |22V Im (L) (|26 Jw)
which implies that

_ |Zk|e)\k(zk)
L2:20(Q (av0))

me(ﬁk)

L2200 (Qp (o))

— 0,

<ot o)
< e |z m (L) L2:%2 (. (o)) k=00

where we used |z| v 0 and dj + 1 P d+1 > 0. Finally, using (5.3), (5.8) and (5.9)
— 00 — 00

we obtain:
O Ly — i (awffik — 35 (DuHy) — i % (az%k A ﬁk)) — 7 (5.11)
where
(22),= 3 1P @aaf)0-Brazeho) L)
lLa=1
— i Hiyo g (|2kw) + 30 Ty oy foo) (e (2 w))1 — %1 ( k(|2x|w) A Hk(|2k|w))l >

Z F (I)k |zk|w))|zk\8 q)k q(|zk|w) (Ek,l(w) - iffk,l(w) + 3z Wﬁk(w)(ﬁk(UI))l

l,g=1

—+ (Faw Afmu))l) .

By the e-regularity Theorem 4.1, as in (5.10), we get that for any compact subset K C
C \ {0}, it holds
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P (B (12 ) [2410-Bc 2 o)1 ( i F () + 31 7y () (),

Furthermore,
- C
| L (w)] < [w]de+T + fre(w),

where f is bounded in W5 (%) and in particular in L? for all p < co. Therefore, we
have

| 2|t
[w]

which implies that for any compact subset K C C \ {0} and any p < oo, it holds

Now define Sy : Q(aglzi| 1) = C and Ry, : Qp(ap|zi| 1) — A2C™ by

|21 |0 (|2 w)] | Lo (w)] < + Ll | ™ fi(w)

— 0.

T (B2 ]w)) 20 B (|21 [w) T Ly, (w)’
LP(K) k—oo

Sk(w) = Sp(|zklw),  Ri(w) = Ru(lze|w).

By scaling invariance, we have

/ \Viig, [Pdz = / \Viiy|?de < C

Qe (avolzx|71) Qp (o)

.

VS,

=||VS <C
L2:1(Qg (aolzr|~1)) ” k||L2’1(Qk(Olo)) -

- e,

Therefore, by the e-regularity of Theorem 4.1 to deduce that for any compact subset
K c C\ {0}, and for any I € N, there exists C;(K) < oo such that

L2:1(Q (aolzx|71)) L21(Qp(a0))

Hvlﬁ@k < C(K).

Lee(K)

Therefore, up to a subsequence, Wy . U, in CL.(C \ {0}) and by lower semi-
—00

continuity and conformal invariance of the Dirichlet energy (or L*! norm of the gradient),
we deduce that
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<C.

12:1(C)

et I

+ HV§°°H n HVR’OO
L2.1(C)

L2.°°(C)

Furthermore, recalling that Im (Sy), Im (ﬁk) € W24(B(0,apRy)) for all ¢ < 2_357 and
using that Im (Sy)(w) = Im (Sk) (|2 |w), we deduce that for all ¢ < =

1V2Im (Sp)|? + |V*Im (R'k)lq> da

B(0,a0|zx| ! R)

k—o0

= |z |20 D / (IV2Im (Si)|? + |V2Im (Ry)|7) do < 2(Cy)?| 227D — 0.
B(0,a0Rg)

~ = ~

It follows that V2Im (S ) = 0 and V?Im (R ) = 0 and, since VIm (S.,) € L*!(C) and

Vim (Rs) € L2(C), this implies that Im (S) and Im (Es) are constant. Recalling
that (5.3) can be rewritten (see [42, Lemma 6.2]) as

N A O L (A TR
0.8 = —i(V. Ry, *niik),

an expansion similar to the one made in (5.11) shows that the system passes to the limit
and yields

0. Roo = (=1)™ 5, (ﬁw Jiazﬁoo) 100,85 *n ik
0.5 = —i(0, B, ki) -

Since both Eoo and §oo are real, this system can be rewritten as
Vﬁoo = (=1)" %, <%Oo JVJ‘R;OO) — V¢§oo *7, %Oo
V8o = (VB iine).

We deduce that the following Jacobian system holds:

ARo = (—1)™ %, (v%‘oo Jvazoo> A v (*ﬁoo)
A8, = (V' R,V (*;ﬁoo)%

Using an improved Wente estimate as in [7], we deduce that
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.

+ HV§°°HL211(<C) s¢ (HVEOO

+ vam‘
(©

L2v1((C)> [V7co|l 2. (c)

L2v1((C)> '

Therefore, taking ¢ = %, we get that Ro and S are constant. Since Im (I_:oo) =0,

L21(C) 12,1

1.2,1

< Ce (Hvﬁm +[|v3x|
©

we have the identity
e2umﬁoo = —Im (@Rm I_BE\I_I‘OO) — Re (8Z§00(1' 6;\1700)>

+Re ({0 Foc, Im (Loc)) 00 ) = 0.

We deduce that H., = 0 which, by the exact same proof as in [7], yields that Viieo = 0,
contradicting the estimate

/ |Viieo|2dz > Cyte? > 0

B>\B1(0)

that passed to the limit thanks to the strong convergence on C \ {0}. O
6. Proof of the main Theorem A

We are finally in position to prove the main result of the paper (Theorem A), namely
the quantization of the Willmore energy for Willmore spheres in Riemannian manifolds.
The proof will combine all the main technical results proved in the paper: the L?! uni-
form bounds on the Willmore integrand in neck regions (Theorem 3.2), the e-regularity
Theorem 4.1, and the L2 quantization of energy (Theorem 5.1).

Proof of Theorem A. Let us first consider the case when kinlg Area(®;,(5?)) > 0.
€

Thanks to the pre-compactness Theorem 2.1, we know that there exists a sequence of

Lipschitzian diffeomorphisms { f;} of 52 and a weak immersion &5, of (S2\{a1, -+ ,an}),
possibly branched at the finitely many points a1, - ,an, into (M™, h) such that
f_;g =&, 0 fe = Eoo weakly in Wif(Sz \{a1, - ,an}). (6.1)

2,2

Thanks to the e-regularity Theorem 4.1, we can improve the weak W, >-

convergence to
local smooth convergence:

& = E  in CL(S%\{a1, - ,an}) forall [ € N. (6.2)
—00
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Following verbatim the arguments at [7, pp.129-130], one can extend the map f_:x, to the
whole S2, so that the extension £, : S2 — (M™, h) realises a Willmore immersion of S2
into (M™, h), possibly branched at the points ay,--- ,an.

Now, in a neck-region conformally equivalent to Q(a) = Bar, \ Ba-1r, (0), We can
apply Theorem 3.2 and Theorem 5.1 to deduce that there exists o > 0 and C > 0
independent of k& such that

e e

<C and limli Vit o _0.
L2.1(Q(ap)) - an 04113) lll;ri)SolipH nk||L2, (Qk ()

By the L%! /L% duality, we deduce that for all 0 < o < g

e < | |2 < C IVl
/ e H e < Yl e o 1 ol e oy = €TV Iz e
Qk(a)
which implies that
lim lim sup / |Hy|*dvol,, = 0. (6.3)
a=0 ko0
Qk(a)

By [7, Lemma V.1] (which does not use the Willmore equation and is valid for any weak
immersion), we also have

lim lim sup / K, dvolg, | = 0. (6.4)
a=0 g0
2 ()

Moreover, by the proof of Theorem 3.2 (see (3.24)), it holds

lim lim sup Area (&, (Qx(a))) = 0. (6.5)

a—0 k—o00

Using the point-wise identity
|Vit|? = 4| Hy|* — 2K, + 2K (8 +(T'S?)),

together with (6.3), (6.4) and (6.5), we deduce that

lim lim sup / \Viik|?dz = 0. (6.6)
a=0 k00
Qe (a)
This is the no-neck energy which will give below the desired quantization result.
Using that (M™, h) is isometrically embedded into R™ and the conformal invariance
of the Willmore energy to obtain a suitable convergence result for the energy of bubbles.
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Indeed, seeing <I_5k : X — (M™,h) C R™ as an immersion into R™, since by assumption
h = *grn, where ¢ : M™ —— R"™ is the inclusion map, we deduce that for any open
subset 2 C ¥ it holds

/ (|H,€|2 + K@k,*(TZ))) dvoly, = Wiprm 1y (Bk|Q) = Wi (1 0 B4|Q)
Q

= / |Hw(5,c |2dvolgk.
Q

Let

B<ivj?avk): - 1J l'k \ U B L :L‘k

jreri

be a bubble domain (for more details, see [7] or the discussion after (3.20)). Recall that
pi’j — 0 as k — oo and that the indices ¢,j vary within a finite set. The Harnack
inequality (3.21) (proved in [7, Display (VIIL.10)]) gives that for all 0 < « < 1, there
exists A, = A(i,j,a) > 0 such that

sup M@ <efaqnf M), (6.7)
z€B(i,j,a,k) z€B(1,7,0,k)

Choose an arbitrary point z;] € B(i,j,a, k) and set \(i,j, o, k) = \g (z;]) The uniform
area bound implies that

lim sup 62)‘(1"3"0"@(p;;j)2 < oo, forallae(0,1). (6.8)
k—o0
Thus we have two cases.
Case 1. lim sup 2?75 (p17)2 > () for some a € (0,1).

k—o00
This case corresponds to a macroscopic bubble forming in the region B(i, j, o, k). By

performing a good gauge extraction procedure along the lines of [42, Lemma 4.1], we can
find positive Mébius transformations f;, of S? such that the reparametrised immersions
(up to a subsequence)

€ =&vofu: 82— (M™ h)

converge weakly in W22 (and then smoothly, by the e-regularity Theorem) out-
sid_e_ ﬁnitely ‘many points {azl’j,...,a%d} to a Willmore immersion W;; : S?\
{alld’ S ’a%d} — (Mm,h):

£ — U,; inCL, (52 \ {al, .- ,aé\’,{yj}) for all [ € N. (6.9)

k—o0
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Following verbatim the arguments at [7, pp. 129-130], one can extend the map to the
whole S2, so that the extension ¥, ; : S — (M™, h) realises a Willmore immersion of

S? into (M™, h), possibly branched at finitely many points al S aﬁvj Moreover, the
no neck energy identity (6.6) ensures that
lim Tim W (Ek|B(z’, 4k, a)) Wiarm i (Bs ). (6.10)
a—0k—oo

Such a branched Willmore immersion corresponds to a Riemannian bubble \I_}i, 1 €
{1,---,p} in the statement of Theorem A.
Case 2. klim AMB3ak) (phI)2 — (0 for all a € (0,1).
—00

In this case, there exists a point Z; ; € M such that (again, up to a subsequence in k)
&.(B(i,j, o, k)) = T;; in Hausdorff distance sense, as k — oo, for all a € (0, 1).

Let Expg, BR"(0) — M denote the exponential map of (M, h) based at the point
Z; ;. Consider the rescaled immersions (with values in T, M ~ R™)

52]’(10) = ¢~ Misjak)—log i’ EXpmu (§k( w4 Z ) _ gk(ZIZ’J)) ’

Yw € (pZ’J)*l(B(i,j,oz,k) - zzkj) ccC.
It is easily seen that (6.7) implies
e ATl <19,€ ’j| <At for k € N sufficiently large,

and that the assumption of case 2 yields e~A(:J:a:k)—log P = too.

Notice that 529 are Willmore immersions in (R™, g(k,,7)), where the Riemannian
metrics g(k, i, j) converge to the Euclidean metric as k — oo, in CL_(R™) topology, for
every | € N. Moreover, the scaling invariance of the Willmore functional implies that

Wiarsy (8B 3.k, 0)) = W iy (671057 (BGdrak) = 2F,)) . (6.11)

Using the aforementioned C}, (R™) convergence of the ambient Riemannian metrics,
one can immediately adapt the proof of the e-regularity Theorem 4.1 to deduce that
there exists a finite set of points {ay”, - ,a}’,{_lj} C C with N, ; € N such that

.

g9y @9 i Cl, ((C\{alfj,--- a;;]}) for all [ € N,

k—o0

where {;g is a smooth Willmore immersion of C'\ {ail"j R ai\’i ; } in the Euclidean space
R™,
We can now follow verbatim the arguments in [7, pp. 130-132] and deduce that:
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(1) In case f \Vfw|2dm < 00, using the stereographic projection of S? to C, the limit
map 5’73 extends to a smooth Willmore immersion of S? into R™, possibly branched

at {a}’,--, Nu}' Moreover (see also (6.11)):
lim lim W, (g |B(%, j, k a)) = lim lim |Hz.; 26760 4y
a0 koo - (Mih) (SR 102 % T a0 koo &’
(Pk?) = (B(isj,ak) =2 )
— Wan (E). (6.12)

Such a branched Willmore immersion corresponds to a Euclidean bubble 7j;, j €
{1,...,q} in the statement of Theorem A.
(2) In case [ |VEL! [*dx = oo, one finds suitable inversions Ty ; j, Zoo,i,j in R™ such that

Tig o6 = Toeig o, in Clo (C\{al?,-+ ai }), forall L€ N.

Furthermore, one obtains that (pre-composing with the stereographic projection)
Tooyi N of ' extends to a smooth Willmore immersion of $2 into R™, possibly branched

at {a s, NJH} Moreover,
lim lim W, (5 \B(i,j, k a)) = lim lim s e da
a—0k—oo (M.h) \ 5k 102 % T a0 koo &’
(P71 (B(irj,a.k) =z )
= Wim (Zooij 0 E) — 4nb; 5 , (6.13)

where 6; ; is the integer density of Z ; ; o g"})g at the image point 0 € R™.
Such an inverted (compact) branched Willmore immersion of S? corresponds to a
Euclidean bubble ¢;, I € {1,...,r} in the statement of Theorem A.

The combination of (6.9), (6.10), (6.12) and (6.13) gives the desired energy identity (up
to a subsequence in k):

q
i Wy (24) = Wiagm n) (€) Z Wy () + Z W (7;)

+ ET: (WRm (&) — 4 eo,l) .0
=1

Arguing along the lines of the proof of Theorem A, one can prove the following quan-
tization result for surfaces of arbitrary genus, under the assumption of weak convergence
to a limit surface and a bound on the conformal structures.

Theorem 6.1. Let ¥ be a closed Riemann surface, (M™,h) be a smooth compact Rie-
mannian manifold of dimension m > 3, and let { Py }reny C Imm(X, M™) be a sequence
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of conformally parametrised Willmore immersions. Assume that the conformal classes

of{

§Zh}k N remain within a compact region of the moduli space of ¥ and that there
€

erists a weak, possibly branched, immersion éoo : 2 —= (M™,h) such that

Oy — Doy weakly in WIOC(E\{al, -,an}) and weakly" in Wllo’so(Z\{al,--- ,an})

k—o0

(6.14)

where {a1,--+ ,an} C X is a finite set. Then the following identity holds:

Jim Warm wy (k) = Wingm ny (Poo) + Z Wiaem ny (Vi) + Z Wrn (77;)

=1 J=1

+ zr: (W]Rm(é) - 47T90J) ’

=1

where:

(1)

The map <I;oo is a smooth, possibly branched, Willmore immersion of ¥ into (M™, h)
and

d, — b in CL(\{a1, - ,an}), VIeN.
Furthermore, it holds

lim W(Mm,h)(q_;k) = W(Mm,h)(q_;oo) < ék — (500 m Cl(E), Vvl € N.

k—o0 k—o0
The maps \I_J’Z : 82 — (M™, h) are smooth, possibly branched, Willmore immersions.
The maps 7; : S* — R™ and @ : 82 = R™ are smooth, possibly branched, Willmore
immersions and 6y = 90(&,56;) € N is the multiplicity ofd at some point x; € R™.
The Riemannian Willmore bubbles W; : S — M™ are obtained as follows: there
exist a sequence of unit area and constant curvature metrics hy on X conformally
equivalent to 5;;h and strongly converging in CY(X) such that for any i € {1,...,p},
there exists a sequence of points xz € X converging to one of {a1,--- ,an}, a sequence
of radit p}:C converging to zero such that (in converging hy conformal coordinates gy,
around the given point in {ay, -+ ,an}):

€ oprlphy + 9, (#4) —> WiomM(y)  in Cloe(C\ {ai,-- ajy,}), VIEN,
where 7 denotes the stereographic projection from S? into C, and {a’i, e »al}v,.} is
a finite set of points in the complex plane.

The Buclidean Willmore bubbles 7j;, (_2 : 82 =5 R™ are obtained by the following blow-
up procedure: there exist a sequence of unit area and constant curvature metrics hy
on X conformally equivalent to g;h and strongly converging in C'(X) such that for
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any s € {1,...,p} (resp. for any t € {1,...,q}), there exists a point T € M (resp.
TL € M), there exists a sequence of points xfc € X (resp. xi € X) converging to one
of {a1, -+ ,an}, a sequence of radii pi (resp. pl) converging to zero, a sequence of
rescalings )\i — 00 (resp. AL, — 00) and inversions =% of R™ such that (in converging
hi. conformal coordinates ¢y around the given point in {a1, - ,an}):

N Bxpgl o o pr(ply + ¢t (23)) — Tom T (y)
in Cioc(C \ {a},---,a},}), WIEN,
and, respectively,
=l o A - Exp! 0 & o or(phy + 95 (k) = Goml(y)

in Clloc(C\{allv"' 7alNl})7 VZENa

where m denotes the stereographic projection from S? into C, and {a{, e ,ag\,j},
{all, e ,alNl} are finite sets of points in the complex plane.

7. Appendix
7.1. Lorentz and Orlicz spaces

Let (X,u) be a measured space. For any p-measurable function f : X — R™, we
have

oo

/Iflpdu=p/tp Af (1)
X

0

where, for all ¢ > 0, we denote

Ar(t) = p (X0 {z: |f(2)] > 1)) .
Define the decreasing rearrangement f, : Ry — R4 U {oo} of f by
£(8) = inf (R 0 {5 Ap(s) < 1)) -
It is clear from the definitions that for all ¢ > 0
LY RN {s: fuls) > t}) = Ap(t), forallt>0.

Applying twice the slicing formula, we deduce that



102 A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789

|fIPdu=p [ PN (t)dt =p [ P7ELY (RN {s: fu(s) > t})dt = | fP(s)ds.
[ [

More generally, for all real-valued differentiable functions ¢, : Ry — Ry, we have the
integration by parts formula

/w(/\f(t))w'(t)dtZ/@’(tW (f<(t))dt. (7.1)
0 0
Since this formula is not completely standard, we give a proof of it. Let f be a non-
negative step function, then there exists 0 < a; < a2 < -+ < a, < 0o and pair-wise
disjoint measurable sets Ay, --- , A, such that

f = Zai].Ai.
i=1

n
Following [61], defining B; = U A, we have
j=i

f= Z(ai —a;-1)lp,,
i=1

where ag = 0. Then it holds

n

Ar =D wBi)laya) and fo=D 0l um)-
i=1

i=1

Thanks to a discrete integration by parts with B,11 = (), we deduce that

/W()‘f(t))wl(t)dt = Z / e(u(Ba))y'(t) = Z‘P(ﬂ(Bi)) ((as) —(ai-1))
0 i=lg; i

n n H(Bz‘)
=Y la) (Pln(B) — eln(Bi + D) = Yo wla) [ o0
=1 =1 w(Biy1)
n  H(Bi)
-y / (OB (f(1))dt
izl#(BHl)
- / (OB (f. (1))t

0
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The rest of the proof is the same as [61] if ¢ is unbounded or if (X, p) is o-finite, and given
in [60] in the general case. Notice that the proof would hold unchanged only assuming
that ¢ and v are absolutely continuous.

We will now define a class of Lorentz spaces (which can also be seen as generalisation
of Orlicz spaces [47]) of interest in this paper (see [61] and [60]). Let € be the set of
non-negative concave functions ¢ : Ry — R such that ¢ is continuous at 0,

¢(0) = lim p(t) =0

t—0

and ¢(t) > 0 for all ¢ > 0. For all measurable f : X — R” (of f: X — R U {%o0}),
define the norm

oo

1f vy = /SD()\f(t))dt.

0

Now fix some integer n > 1 and let .#(X) be the class of measurable R™-valued function
on X. Define

N(p) = A X) 0 {f I flly <o}
Then we have the following result:

Theorem 7.1 (Steigerwalt-White [61], Steigerwalt [60]). The functional || - |[n(y) 5 @
norm on N(p) and (N(@),| - ||n(p)) i a Banach space.

By the integration by parts formula (7.1), we deduce that

1fllney = [ &' @) ft)dt.
o

Now let 1 < p < 0o and 1 < ¢ < oco. Define for all t > 0

mm;ﬂ@wijﬂ@@
0 0

Then, the Lorentz space LP>9(X) is defined by

1
00 q

LP9(X) N {f : ||f||Lp,q(X) < 00}7 where ||fHLp,q(X) = /t%_lff*(t)dt
0

It is a Banach space and the following semi-norm | - |p.q(x)
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o0 q
Sl = | [ 637 s2(00as
0
is equivalent to || - [l r.e(x). In the case ¢ = 1, we have by Fubini’s theorem

p
HfHLPJ(X) = pj'fle.l(X).

Using the integration by parts formula (7.1), with ¢(t) = %ﬁ and ¥ (t) = t9 we deduce
that

/tgflff(t)dt:/qt’l—lgAf(t)%dt:p/tq—lAf(t)%dt.
0 0 0

This gives the well known fact that L??(X) = LP(X) with equivalent norms. Taking
instead @(t) = t%, we get that

oo
2
o p _p 1 . p
1 llLerx) = E|f|va1(X) = E/t” fu(t)dt = =1 11l v ) -
0

Therefore, the spaces N(p) are generalisations of L' spaces, but LP? spaces with 1 <
g < oo are not N (¢)-spaces.

Now, we will define generalisations of the weak LP spaces or Marcinkiewicz spaces. Fix
a o-algebra &/ C X () and assume the following property: for all A € o, if u(A) = oo,
there exists B C A such that 0 < u(B) < co. For ¢ € €, set

1 t
17 ser =523 =5 / [u(s)ds b, forall [ € A(X). (72)

If 1 <p < oo, define L?>®(X) = M(tl_%). It is known that LP°°(X) is a Banach space
equipped with this norm for 1 < p < 0o (and such a norm is denoted by || - ||L,,,m(X)).
Furthermore, the following result holds.

Theorem 7.2 (Steigerwalt-White [61], Steigerwalt [60]). Assume that ©(t) = o(t) ast —
o00. Then M () is a norm and (M(p),|| - ||) is a Banach space.

Remark 7.3. In [61], the authors first define the norm

1
I = 510§~ A/ fldyes A € (73)
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where
= N{A:0< p(A) < oo}.

Then Theorem 7.2 holds with this norm without any restrictions on ¢, and the authors
show (Theorem 3.3) that (7.2) and (7.3) coincide if either (X, %7, ) is o-finite or if
©(t) = o(t) as t — oco. Then they quote Steigerwalt’s PhD thesis [60] where the result
is proven without any hypothesis on X or ¢. Notice that this result does not contradict
the fact that LY is not a Banach space (even with X = R and y = .#'). Indeed, since
LP>(X) = M(tl_%), we would have L1°°(X) = M (1) but the function ¢(¢) = 1 is not
admissible (it does not belong to €) since it does not satisfy ¢(0) = 0. However, taking
p = o0, we formally get L>°°(X) = M(t) = N(t)* = L}(X)* = L>(X), so there is no
new Lorentz space corresponding to p = ¢ = oo.

Now, it is known that for all 1 < p < oo and 1 < g < oo, the dual space of L74(X) is
LP4 (X) with

11
=1, —+-—=1.

+1
2 q 4

D=

Moreover, for all measurable f,g : X — R U {£o00} such that f € L»9(X) and g €
LP4'(X), it holds

[ 9] < U lma Nl
X

For the generalised Lorentz space N(p), we have the following duality result.

Theorem 7.4 (Steigerwalt-White [61], Steigerwalt [60]). For all (f,g9) € N(p) x M(p),
it holds fg € L}(X, ) and

/fgdu < vy 191larce) -
X

In particular, N(¢)* = M(p).

Notice that those results are consistent with the L»! — L duality: indeed
L9°°(X) = M(t7), so that LP1(X)* = N(t#)* = M(t#) = LF>°(X).

Finally, generalising both the Lorentz spaces and the Orlicz spaces, one can add a
positive weight in the definition of N(¢) which gives a new norm N (¢, 1) defined by
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1l oy = / SO (O)() dt = / SOU(f(0) dt,  where U(t) = / (s) ds.
0 0 0

where the second identity follows from (7.1). Here, to make sure that N(p,) is a norm,
we must assume that ¢(t) > 0 for all ¢t > 0 and ¢ € €. However, even this generalisation
does not permit to recover the Lorentz spaces L”4(X) for 1 < ¢ < co.

We end this section with a trivial remark that we call lemma for convenience.

Lemma 7.5. Let ¢,1 € € be such that ¢ < 1. Then, we have a continuous injection
N(¢) = N(p) and a continuous injection M (p) — M ().

Proof. Let f € N(1). Then, using the inequality ¢ < ¢ we have

£y = [ #Ose0de < [ w0 0)de = £l
0 0

which shows that f € N(y), and that we have a continuous injection N(¢)) < N(p).
On the other hand, if f € M(p), using ¢ < ¢, we get

%gﬁ for all ¢ > 0,
and
1 / 1 /
iy =503 57 | £t < supd o [ fu(s)as b = L
0 0

which shows that f € M(¢), and implies the assertion on the continuity of the canonical
injection M(p) — M (1)) mentioned in the lemma. O

7.2. A one-parameter family of Orlicz spaces

Let o > 0 and define

t

Palt) = log™ (%)’ (7.4)

Let W : Ry — Ry be the Lambert function, which is the positive branch of the function
z — ze® and that satisfies for all z >0

W(z)eW® =g (7.5)

One easily checks that
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Explicit computations give

a ala+1)

1 «a _ -0
tlog®tt (&) tlog®t?(t)

/
t =
Pl (®) o ()

>0, ¢n(t)

which show that ¢, is convex and strictly increasing. We deduce that for all ¢ > 0, it
holds

22 (Bo.R) N % StV = o2 (B(O,R)m{x:%(|x|)< %})

]

= 72 (B(O,R) N {9: x| < Yo (%) }) = 7 min {RQ,@ZJZ (%)}
= 7 min {RQ, R26_2O‘W<ail(m)%) }
= WRQeizaW(a_l(Rt)é) .

The following asymptotic expansions hold:

{W(t) =t+ O(t?) when t — 0
W (t) = log(t) — loglog(t) + o(1) when t — oco.

Therefore, when ¢ — 0, we deduce that

ef2aW(of1(Rt)i) _ o2ARDTHO(E) 1
t—0
so that
log® (%)
lim 222 | BO,R) NS z: ———% >t =0.
t—0+ |x‘

However, when t — 0o, we have
e—2aW(a71(Rt)%> _ e—Za(log(ofl(Rt)é)—loglog(ofl(Rt)é)-l-o(l))

e2(alog(a)—log(R))+o(1) i eAto(1)

= 3 log?* (ofl (Rt)a) =5 (log®*(t) + O(1))
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for some A € R. This implies that

log® R
t*2? | BO,R)N{ = M >t = eAto) (log**(t) + O(1)) — <.
|| t—00
Note that
t o\ log® (\TRl)
lim (—— ) 22 |R?2n{z: — T s34 b ) < 0 < .
t—o0 \ log®(t) ||

This suggests that u = us = 1/p4(| - |) belongs to a Lorentz space. To determine its
weight, we first compute the function u, : Ry — R defined by

uy(t) =inf {s > 0: 2%(B(0,R) N {z : |u(z)| > s}) < t}.

For t < wR?, it holds

XQ(B(O,R)Q{HC:|u(x)|>s}):mjz2(§> §t<:>5§¢<\/§> @521&(\@)

whilst u,(t) = 0, for ¢t > wR?2. Therefore,

and

\/Elogo‘ (R\/f) for t < TR?
Uy (t) = t t

0 for t > TR?

so that

t

Oj wn(5)ds = /7 [2\/510g“ (R\/éﬂ +arak
= 2V/7t log® (R\/§> + 2raR j log® ™1 (R\E)

which, for a = 1, shows that

o _
@]
o
Q
|
j
—~
s
SN—"
o8
Vo)
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] u,(s)ds = 2v/wtlog (R\E) + 4RVt
0

First assume that o € N and notice that, for s = 7R?v, it holds:

t t

/ i 1 i 1 1
_ 2 — i o Z
/u*(s)dS—wR / R\/_log ( )du—wR/ ﬁlog (v) dv.
0

0

Now, we take « arbitrary and We introduce the integrals I(a,r) for r < 1 defined
by

T

= [ (1)

0

I

It holds

I(a, ) = 2y/rlog® (%) +2a]10g°‘1 (%) N 2/ log® ( ) + 20 (o —1,7)
0

= 2/ log® ( >+404\/_10g -1 G) +4a(a—DI(a —2,7).

Therefore, we deduce that provided that @« = n+ § withn € N and 0 < 5 < 1, we
have

Z2k+1 (Iﬁ n—l—l—ﬁ)) Vrlognk+h (%)
1=0
+2"kli[0(n—k+6)o/log ( )\d/tg (7.6)

Now, we will estimate the last integral by the method of stationary phase. A change of
variable x = log (—) shows that, for p = 3> 1, it holds

T o0 o

1\ dt 5700
B Z - P~ dr = | — —% -5
/log (t) / pxPe” 2z dx [ 2z e Loga(%) + 2 / e zdx
0

tog? (3) tog? (3)

1 1 T "
= 2/rlog” (—> + 2log” (—> /e—IOg(%)Tpdx,
T T
1

S
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where we performed a linear change of variable in the last integral. Now, if F': (0,00) — R
is defined by

oo

F(t) = / et da, (7.7)

1

then we can directly apply the method of stationary phase since p > 1 (it will be clear
that it fails for p = 1 since in this case, we have F(t) = 2/t). Indeed, if ¢ : [1,00) = R
is defined by p(z) = —%, then ¢ is strictly decreasing and ¢"(1) = —@ < 0, so the
method of stationary phase (or rather Laplace’s method) implies that

DN
3
QN
N+
[SES

47 e
FO o\ = v = po-D i

Applying it to t = log (%), we deduce that

8 [ omton ) gy Dy [ 4 [
2log ( )1/6 s dx o 26 1og” (r) =5 log(%)
[ 4 1

Therefore, the finitely many additional terms in the expansion (7.6) are negligible com-
pared to the first one and we deduce that for a > 0, we have

Ir) ~ 2vFlog® (%) . (7.8)

In particular, choosing the function

Ao (t) =t <1 + log$ (Rﬁ)) , (7.9)

we deduce that ug € M(Ay) = L2 (B(0, R)), where

log®™

t
M(8a) = L (BOR) 0] £+ [y =500 | o [ £:(5)as | < oc
0

Likewise, we define the space N(A,) = L2,

21 (B(0,R)) by

N(Aa) =Lioc(B(0, R))
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oo

A F 1 lvean, = / Ao (£ (BO,R) N {: |f(2)] > 1)) di < o0

0

Furthermore, notice that Ag : (0,00) — (0,00) is non-zero, concave (for § < 1), and
that Ag extends continuously to 0 and that Ag(0) = 0. Therefore, we can apply the
classical results of Steigerwalt and White to deduce ([61, Theorem 4.1 and Theorem 4.4],
see also Theorem 7.4 in the appendix) that N(Ag)* = M (Ag), and that for all (f,g) €
N(Ag) x M(Ag), the product fg € L}(B(0,R)) with

/ F9dL?| < Flinanlglaas-
(O,R)

To see that Ag is concave, we can assume that ¢t < 7R? without loss of generality, so
that up to a scaling Ag is concave if and only if

o(0) = vitog? (1)
is concave on (0,1). We compute
1
o gee () e ()
1y = —Ljegf (L) 2 2 /3—1(1) B ﬂ—l(l) pB-1) B—2<1>
P"(t) = 1wl log (t) 51 log ; +2t% log ; + e log ,

1 1\ BL=B), 5.1
B 4t-log <t) RN (t><0

forall0<t<land 0< g <1.

7.8. Technical results for holomorphic functions with Orlicz space regularity

We will show that if u is a holomorphic function on B(0, R), then a L > of control
implies a Wh! control on B(0, aR) for all a < 1. Since it does not seem standard to us,
we give a full proof of this claim (in fact, we are not aware of a previous study of such
spaces in the existing literature). We start with a slicing argument reminiscent of the

proof of the Riemann-Lebesgue lemma.

Lemma 7.6. Let 0 < 8 < 1 and u € L1 °(B(0,R)). Fiz0 < B <1,z € B(0,%) and
0 <r < L. Then, there exists p € [r,2r] such that



112 A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789

2v/3m 1 R
1 B —
/ luldo” < Tog(@) (1 + log, (\/5 " )) iz (3,\ B, @) (7.10)

9B, (z)

Proof. By the co-area formula, we have

2r
dp
= /1 —_ > ] 1
[ @i [ 1o [ art| L zrope) o [ i
Ba,\B(z) r 9B, () 0B, (x)

Therefore, there exists p € (r, 2r) such that

1 L ul\x X
o [ lulir S [ @l

0B, (x) Ba,\Br(z)

2,1

Now, using the Llogﬂ

4.4]), we get

/ Li;; duality (see Theorem 7.4 in the appendix, or [61, Theorem

/ lu(z)|de < H1||L12c;;3 (32,.\§,.(o))|\U||Lfc;;;(32,.\§,.(o))~
BQ-,-\E,.(JE)

Notice that

32 ift<1

A(t) = 2 (BQT\E(w)ﬁ{x:l”}):{o if ¢ >1

We have by definition

[N

<1 +log? <R A:T(t))) dt

V3rr (1 log? (%E)) .

H1||L120’;(BQT\§T(93)) :/(/\1(15))
0

Finally, we deduce that

V3T 1 R
1 B —
P / luldot”" < log(2)r (1 +log’, (\/g r )) Hu||L12(;;2(B27‘\B7‘(1)) ’

9B, (z)

and that, a fortiori, for all x € B(0, g) and 0 < r < % such that B(z,2r) C B(0, R),
there exists p € [r,2r] such that

2v/ 37 1 R
1 B _
/ |u|djiﬂ < 10g(2) (1 +log+ (\/3 " )) ||u||L12(;;;(B2r\Br(I)) . O (7.11)

0B, (x)



A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789 113

Thanks to this result, we will now be able to show a variant of [28, Lemma 10] (see
also [29, Lemma B.1] and [37, Lemma 2.2]).

Lemma 7.7. Let u : B(0,R) — C be a holomorphic function and fiz some 0 < a < 1,
0 < B < 1. Assume that u € LIQO’EZ (B(0,R)). Then u € L2(B(0,«aR)) and there exists a
universal constant Ty (independent of o and B) such that

« 1
[l 0,ar)) < Fom <1 +log” (m)) lell2 (50,7 -

Proof. Write

oo
u(z) = Z anz".
n=0

Notice that u = 0,v, where

v(z) = Z bpz" = Z Gl o, (7.12)

First, using the estimate (7.10) applied to Vv at a point z € 0B(0,aR) with r =
1(1—a)R, we deduce by the mean-value formula that for some p € [3(1—a)R, (1—a)R],
we have

Vo(2)| = [2020(2)] = Wip / Dev(C)d A
0B(z,p)

<4\/§1 L oe? (21 190
“log@) V7 (1-a)R % \VBl-a VllLze (50, r))

8 3 1 2 1
= - 1+log? [ =—— 00 1
Vi ar 009 (Jrma) ) s eon: 019

where we used |Vv|? = 4]9,v|? by the holomorphy of v. Therefore, via integration by

parts and using that both v and T are harmonic, we deduce that

1 1 1
u(2)Pld=P? < 3 / Vodr = | / div (590) = 5 / 0,0 A
B(0,aR) B(0,aR) B(0,aR) 9B(0,aR)
1 -
= 5 / (U - vaR)auU df%ﬂ17 (714)
8B(0,aR)

where for all 0 < p < R, we set
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vy = ][ vdA?.
05, (0)

Thanks to the L bound (7.13) and the Sobolev embedding Hz (S1) < L!(B(0,1)),
there exists a uniform constant Cy > 0 such that

) -
IVUllLe(o,ar) = (v = 098,,) 00 A | < [0 = varll @5, 0y VOl (05, o))

B(0,aR)

< COaR ||UHH2 (0Bar(0))

x 2 \/§ ! 141 ! [
log2)V 71— )R og” \/_ "o ) ) iz s o)

800 3 (@]
< log(2) \/;(1 —a) (1 +log” ( )> ||VUHL2(B(O,O¢R)) ||u||L120';CB(B(O,R)) :

Therefore, we get

HUHLZ(B(O,aR)) ~ log(2) p (1-a) +log" | —= 1_ o ||u||L120';f3(B(O»R))

which concludes the proof of the lemma. O

=

We will also need the following lemma.

Lemma 7.8. Let R > 0 and u : B(0,R) — C by a holomorphic function such that
u € L2(B(0, R)). Then, for all 0 < o < 1, the following estimates hold:

4o
lulli2aso,ary) = 752 1ullizso,r)

042

IVullirs0,ar)) < 4ﬁm lullL2 (B0, R)) -

Proof. Let {a,}, . be such that

o0
= E anz"
n=0

Taking complex coordinates, we deduce that

JE ||dz|2—2ﬁz / an |2p2"+1dp—wz' )

B(0,R)
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A direct computation shows that for all n > 0, we have
” ‘Z|n||L2a1(B(0,R)) = 4\/ERTL+1.

Therefore, we deduce by the triangle inequality and the Cauchy-Schwarz inequality

that

”UHL?J(B(Q,QR)) < 4\/7?2 |an|(aR)" !
n=0

< 47 (Z(n—i—l n+1>> (Z Lai\l n+1>>

n=0

N|=

4o

= 1=z 12 s0,m) -

Then, we compute

2) = Znanz"’l = Z(n—l— Dapt12™.
n=1 n=0

Using that

" 2m
Il ||L1(B(0,R)) T2 , foralln >0, (7.15)

we deduce that

= > (n+1)
5 VUl s.ary = 19t s0.ar) < 27rn§=:o (n+2)

o % (o)
(n+1)° 2(n+2) |an1]? 2(n+2)
=2 (Z EET R 2

n=0 n=0

|an1](aR)"

Oé2
< 2\/7?7&)% [l (50,

(1-

where we used the following identities valid for |a| < 1

Oo(n+1)2nioo n oon—’_lnioo n - n . a”
7;37n+2 a —%(nnLl)a f;n+2a —;(nJrl)a 77;)& +,;3“+2
1 1 = an
:(l—aQ)_l—a—i_nz;;n—I—Q’

and
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e} n e} n—+2 n+1
a 1 a 1 a 1
Zn+2 CLQZTL+2 a? z_:n+1 “ a2( og(l —a) = a)
n=0 n=0 n=0
which shows that
o0
(n + 1)2 n+2 a3
e - " oe(l—a) —
T;) nt+2e o (e leell-a)—a
3 2 2 3
< a n a _a"+a .
“(1-a)?2 2(1-a) 2(1-a)

References

[1] D.R. Adams, A note on Riesz potentials, Duke Math. J. 42 (4) (December 1975) 765-778.

[2] S. Alexakis, R. Mazzeo, Renormalized area and properly embedded minimal surfaces in hyperbolic
3-manifolds, Commun. Math. Phys. 297 (3) (2010) 621-651.

[3] S. Alexakis, R. Mazzeo, Complete Willmore surfaces in H?® with bounded energy: boundary regu-
larity and bubbling, J. Differ. Geom. 101 (3) (2015) 369-422.

[4] V. Bangert, E. Kuwert, An area bound for surfaces in Riemannian manifolds, J. Differ. Geom.
129 (1) (2025) 65-113.

[5] Y. Bernard, Noether’s theorem and the Willmore functional, Adv. Calc. Var. 9 (3) (2016) 217-234.

[6] Y. Bernard, P. Laurain, N. Marque, Energy estimates for the tracefree curvature of Willmore surfaces
and applications, Arch. Ration. Mech. Anal. 247 (1) (2023) 8.

[7] Y. Bernard, T. Riviére, Energy quantization for Willmore surfaces and applications, Ann. Math.
180 (2014) 87-136.

[8] W.J.E. Blaschke, Vorlesungen Uber Differentialgeometrie I11: Differentialgeometrie der Kreise und
Kugeln, Springer-Verlag, Coll. Grundlehren der Mathematischen Wissenschaften, 1929.

[9] E. Calabi, Minimal immersions of surfaces in Euclidean spheres, J. Differ. Geom. 1 (1967) 111-125.

[10] J. Chen, Y. Li, Bubble tree of branched conformal immersions and applications to the Willmore
functional, Am. J. Math. 136 (4) (2014) 1107-1154.

[11] W. Ding, G. Tian, Energy identity for a class of approximate harmonic maps from surfaces, Com-
mun. Anal. Geom. 3 (3-4) (1995) 543-554.

[12] R.E. Edwards, Functional Analysis. Theory and Applications, Corrected reprint of the 1965 original,
Dover Publications, Inc., New York, 1995, xvi+783 pp.

[13] M. Eichmair, T. Koerber, Large area-constrained Willmore surfaces in asymptotically Schwarzschild
3-manifolds, J. Differ. Geom. 127 (1) (2024) 105-160.

[14] S. Germain, Mémoire sur cette question proposée par la premiere classe de l'institut: donner la
théorie mathématique des vibrations des surfaces élastiques, et la comparer a expérience, Acad.
Sci. 30 septembre (1815).

[15] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag
Berlin Heidelberg GmbH, 1977.

[16] S. Hawking, Gravitational radiation in an expanding universe, J. Math. Phys. 9 (1968) 598—604.

[17] F. Hélein, Applications Harmoniques, Lois de Conservation, et Repéres Mobiles, Diderot Editeur,
Sciences et Arts, 1996.

[18] D.A. Hoffman, R. Osserman, The geometry of the generalized Gauss map, Mem. Am. Math. Soc.
28 (236) (1980).

[19] N. Ikoma, A. Malchiodi, A. Mondino, Embedded area-constrained Willmore tori of small area in
Riemannian three-manifolds, I: minimization, Proc. Lond. Math. Soc. 115 (3) (2017) 502-544.

[20] N. Ikoma, A. Malchiodi, A. Mondino, Embedded area-constrained Willmore tori of small area in
Riemannian three-manifolds, II: Morse theory, Am. J. Math. 139 (5) (2017) 1315-1378.

[21] J. Jost, Two-Dimensional Geometric Variational Problems, Pure Appl. Math. (New York), John
Wiley & Sons, Ltd., A Wiley-Interscience Publication, Chichester, 1991.

[22] J. Jost, Compact Riemann Surfaces. An Introduction to Contemporary Mathematics, 3rd edition,
Universitext, Springer-Verlag, 2006.

[23] E. Kuwert, A. Mondino, J. Schygulla, Existence of immersed spheres minimizing curvature func-
tionals in compact 3-manifolds, Math. Ann. 359 (1-2) (2014) 379-425.


http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD352B16D871E921BEC4E04CF7250814Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib4F7E587CC0B516BA697EFF3B927AE11Fs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib4F7E587CC0B516BA697EFF3B927AE11Fs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib01A3B4837310AF0246D3CCCD40435F27s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib01A3B4837310AF0246D3CCCD40435F27s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibDC20FD43464A7DBA7444569D1F766E2Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibDC20FD43464A7DBA7444569D1F766E2Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib78D6810E1299959F3A8DB157045AA926s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6CF84E6819C05C4B8996173F7CD3A5E2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6CF84E6819C05C4B8996173F7CD3A5E2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2CE1C7DBEA72ED68C587CA3383754760s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2CE1C7DBEA72ED68C587CA3383754760s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibBA94C60939C29830A66585B621AB0A66s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibBA94C60939C29830A66585B621AB0A66s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibA8F8F638110537EDEFC196C0F1736C81s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF4BD266AFD38084186577740EEE541C2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF4BD266AFD38084186577740EEE541C2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD9C8A690D29D3011BB3110215450EE55s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD9C8A690D29D3011BB3110215450EE55s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib0A03E0F556D555E9E82935BAA17FCD99s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib0A03E0F556D555E9E82935BAA17FCD99s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9A55AB6891C4E5B7C744E8BD2EE1693Bs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9A55AB6891C4E5B7C744E8BD2EE1693Bs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECA733268897BE56D253E7F6B5975046s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECA733268897BE56D253E7F6B5975046s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECA733268897BE56D253E7F6B5975046s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6A4F8BFD19CA392E38E34EF5BE950DDEs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6A4F8BFD19CA392E38E34EF5BE950DDEs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibCA928C4E13439B9AA979B863819D00DEs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib0900A1A1F516384C4D036090CCEBE03Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib0900A1A1F516384C4D036090CCEBE03Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib39282882B04C43233CC01E4AECE4E019s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib39282882B04C43233CC01E4AECE4E019s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib606A097EE03163BE708736FEF74252C7s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib606A097EE03163BE708736FEF74252C7s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib14ABD42D1CB11F626312E611C7FE6C89s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib14ABD42D1CB11F626312E611C7FE6C89s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib64DA8677C44FF95616FF7D4FCC830A8As1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib64DA8677C44FF95616FF7D4FCC830A8As1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibCE2020D01475E778A789781C103EC696s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibCE2020D01475E778A789781C103EC696s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib4A4DF63C87B4F42081B846D9B9189984s1

A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789 117

[24] T. Lamm, J. Metzger, Small surfaces of Willmore type in Riemannian manifolds, Int. Math. Res.
Not. 19 (2010) 3786-3813.

[25] T. Lamm, J. Metzger, Minimizers of the Willmore functional with a small area constraint, Ann.
Inst. Henri Poincaré, Anal. Non Linéaire 30 (3) (2013) 497-518.

[26] T. Lamm, J. Metzger, F. Schulze, Foliations of asymptotically flat manifolds by surfaces of Willmore
type, Math. Ann. 350 (1) (2011) 1-78.

[27] P. Laurain, A. Mondino, Concentration of small Willmore spheres in Riemannian 3-manifolds, Anal.
PDE 8 (2014) 1901-1921.

[28] P. Laurain, T. Riviére, Angular energy quantization for linear elliptic systems with antisymmetric
potentials and applications, Anal. PDE 7 (1) (2014) 1-41.

[29] P. Laurain, T. Riviere, Energy quantization of Willmore surfaces at the boundary of the moduli
space, Duke Math. J. 167 (11) (2018) 2073-2124.

[30] E.E.Y. Li, W22-conformal immersions of a closed Riemann surface into R, Commun. Anal. Geom.
20 (2) (2010) 313-340.

[31] F.-H. Lin, T. Riviére, A quantization property for moving line vortices, Commun. Pure Appl. Math.
54 (7) (2001) 826-850.

[32] F.-H. Lin, T. Riviére, A quantization property for static Ginzburg-Landau vortices, Commun. Pure
Appl. Math. 54 (2) (2001) 206-228.

[33] F.-H. Lin, T. Riviere, Energy quantization for harmonic maps, Duke Math. J. 111 (1) (2002)
177-193.

[34] F. Da Lio, P. Laurain, T. Riviére, Pohozaev-type formula and quantization of horizontal half-
harmonic maps, Preprint, arXiv:1607.05504, 2016.

[35] N. Marque, Minimal bubbling for Willmore surfaces, Int. Math. Res. Not. 2021 (23) (December
2021) 17708-17765, 2020.

[36] N. Marque, An e-regularity with mean curvature control for Willmore immersions and application
to minimal bubbling, Ann. Inst. Fourier (Grenoble) 72 (2) (2022) 639-684.

[37] A. Michelat, T. Riviére, Pointwise expansion of degenerating immersions of finite total curvature,
J. Geom. Anal. 33 (1) (2023) 24.

[38] A. Mondino, Some results about the existence of critical points for the Willmore functional, Math.
Z. 266 (3) (2010) 583-622.

[39] A. Mondino, The conformal Willmore functional: a perturbative approach, J. Geom. Anal. 23 (2)
(2013) 764-811.

[40] A. Mondino, Existence of integral m-varifolds minimizing [ |A” and [ |H|?, p > m, in Riemannian
manifolds, Calc. Var. Partial Differ. Equ. 49 (1-2) (2014) 431-470.

[41] A. Mondino, H.T. Nguyen, Global conformal invariants of submanifolds, Ann. Inst. Fourier (Greno-
ble) 68 (6) (2018) 2663-2695.

[42] A. Mondino, T. Riviére, Willmore spheres in compact Riemannian manifolds, Adv. Math. 232 (2013)
608—676.

[43] A. Mondino, T. Riviére, Immersed spheres of finite total curvature into manifolds, Adv. Calc. Var.
7 (4) (2014) 493-538.

[44] A. Mondino, A. Templeton-Browne, Some rigidity results for the Hawking mass and a lower bound
for the Bartnik capacity, J. Lond. Math. Soc., II. Ser. 106 (3) (2022) 1844-1896.

[45] S. Miiller, V. Sverdk, On surfaces of finite total curvature, J. Differ. Geom. 42 (2) (1995) 229-258.

[46] T. Murphy, F. Wilhelm, Random manifolds have no totally geodesic submanifolds, Mich. Math. J.
68 (2) (2019) 323-335.

[47] W. Orlicz, Uber eine Gewisse Klasse von Rdumen vom Typus B, Bull. Int. Acad. Pol. Ser. A 8/9
(1932) 207-220.

[48] F. Palmurella, T. Riviére, The parametric approach to the Willmore flow, Adv. Math. 400 (2022)
108257.

[49] T.H. Parker, Bubble tree convergence for harmonic maps, J. Differ. Geom. 44 (3) (1996) 595-633.

[50] S.D. Poisson, Mémoire sur les surfaces élastiques, Mém. Inst. (1814).

[61] A. Polyakov, Fine structure of strings, Nucl. Phys. B 268 (2) (1986) 406-412.

[52] T. Riviére, Bubbling and regularity issues in geometric non-linear analysis, in: Proceedings of the
International Congress of Mathematicians, Beijing, 2002, vol. 3, Higher Ed. Press, Beijing, 2002,
pp. 197-208.

[63] T. Riviere, Analysis aspects of Willmore surfaces, Invent. Math. 174 (2008) 1-45.

[54] T. Riviere, Conformally invariant variational problems, arXiv:1206.2116, 2012.

[55] T. Riviére, Variational principles for immersed surfaces with L?-bounded second fundamental form,
J. Reine Angew. Math. 695 (2014) 41-98.


http://refhub.elsevier.com/S0001-8708(26)00011-3/bib71A1EFC114FD2FEAB567ED0FD7A959E0s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib71A1EFC114FD2FEAB567ED0FD7A959E0s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib35A1F92073A32C19C964EA32393C8C78s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib35A1F92073A32C19C964EA32393C8C78s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib71E957F1E23B50EE88890404E33CBB94s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib71E957F1E23B50EE88890404E33CBB94s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib673C67BEFFA67DC40AC6A5A215E463FAs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib673C67BEFFA67DC40AC6A5A215E463FAs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD18B8624A0F5F721DA7B82365FC562DDs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD18B8624A0F5F721DA7B82365FC562DDs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9CFCC36F30586549DEB2BDB1F8BF33ABs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9CFCC36F30586549DEB2BDB1F8BF33ABs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibCE1A42396E42AB02A50572EA8D8D1D6Fs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibCE1A42396E42AB02A50572EA8D8D1D6Fs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC0EE74CE9F0AD2C0ACF269743DDF6140s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC0EE74CE9F0AD2C0ACF269743DDF6140s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9D4D1578E5A0C92FF123A58B6327BD54s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib9D4D1578E5A0C92FF123A58B6327BD54s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6FD00F55FD612ADDFFA86D5C2E6DB113s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6FD00F55FD612ADDFFA86D5C2E6DB113s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC2B02D1F743C2EB68D86E1CBDCEF03AFs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC2B02D1F743C2EB68D86E1CBDCEF03AFs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD4A563A0627E6D3E56734C958CA3C503s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD4A563A0627E6D3E56734C958CA3C503s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib949740FCAE1AE6989AA027C974451A76s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib949740FCAE1AE6989AA027C974451A76s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibE6CFE0983BCF94BB2B4AB260FF5F12E1s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibE6CFE0983BCF94BB2B4AB260FF5F12E1s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2C946D595A3F573FACFFD9938F2AAD7Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2C946D595A3F573FACFFD9938F2AAD7Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib92B97AEEEE65867DA0D0C39C7AC4EB68s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib92B97AEEEE65867DA0D0C39C7AC4EB68s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibAD033F04600C7DE91183360D491DEFC5s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibAD033F04600C7DE91183360D491DEFC5s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib3F20A81C8F9C8DC27FF2DAC7D6006C45s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib3F20A81C8F9C8DC27FF2DAC7D6006C45s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibFD8A6FB5D0A54AD2E42F69BEA0D9B11Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibFD8A6FB5D0A54AD2E42F69BEA0D9B11Ds1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2973B34A6B3E6025AA7DE820A0462440s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2973B34A6B3E6025AA7DE820A0462440s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF000E16572C25319B2F115FF404E5CD3s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF000E16572C25319B2F115FF404E5CD3s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibE6AEFA73930EC292FEC0EE72C5489047s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib7DDF32E17A6AC5CE04A8ECBF782CA509s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib7DDF32E17A6AC5CE04A8ECBF782CA509s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC65DE0D1943ECB06D3789C4D3DC424A2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibC65DE0D1943ECB06D3789C4D3DC424A2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibFF8F2CF76957A180E6399169FF2FE53As1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibFF8F2CF76957A180E6399169FF2FE53As1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD0204AD84E19075F95A176B65152FFDEs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2C7FA5B4147150B7DFDB1FF83DBFAB3Es1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib7AB3A2FE32B3C17B937EE80360122E59s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib66678E7064F1121F6836F1A945A1D9C2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib66678E7064F1121F6836F1A945A1D9C2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib66678E7064F1121F6836F1A945A1D9C2s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibEA665C59D3C4A3E6F86513C48F588995s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib0B270A351FA638463F77A8037179D4E3s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6EC14A671CA6555C4557019B0514E854s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib6EC14A671CA6555C4557019B0514E854s1

118 A. Michelat, A. Mondino / Advances in Mathematics 489 (2026) 110789

[56] T. Riviére, Willmore minmax surfaces and the cost of the sphere eversion, J. Eur. Math. Soc. 23 (2)
(2021) 349-423.

[57] J. Sacks, K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. Math. 113 (1981)
1-24.

[58] L. Schwartz, Théorie des Distributions. Nouvelle Edition, Enti¢rement Corrigée, Refondue et Aug-
mentée, Publications de I'Institut de Mathématique de ’Université de Strasbourg, IX-X Hermann,
Paris, 1966, xiii+420 pp.

[59] L. Simon, Existence of surfaces minimizing the Willmore functional, Commun. Anal. Geom. 1 (2)
(1993) 281-326.

[60] M.S. Steigerwalt, Some Banach function spaces related to Orlicz spaces, PhD thesis, University of
Aberdeen Thesis, 1967.

[61] M.S. Steigerwalt, A.J. White, Some function spaces related to L, spaces, Proc. Lond. Math. Soc.
22 (1971) 137-163.

[62] M. Struwe, On the evolution of harmonic mappings of Riemannian surfaces, Comment. Math. Helv.
60 (1985) 558-581.

[63] T. Toro, Geometric conditions and existence of bi-Lipschitz parameterizations, Duke Math. J. 77 (1)
(1995) 193—-227.

[64] J.L. Weiner, On a problem of Chen, Willmore, et al., Indiana Univ. Math. J. 27 (1) (1978).

[65] T.J. Willmore, Note on embedded surfaces, An. Stor. Univ. IASO, S. I. A., Math. 11B (1965)
493-496.


http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2ECAC3E338B515FD97652242A9538740s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib2ECAC3E338B515FD97652242A9538740s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib3F15456DB4C56263B053690DD41A02C7s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib3F15456DB4C56263B053690DD41A02C7s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECAE93167D8136279F149F913D31B66Cs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECAE93167D8136279F149F913D31B66Cs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibECAE93167D8136279F149F913D31B66Cs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibB30BD351371C686298D32281B337E8E9s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibB30BD351371C686298D32281B337E8E9s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib40111EF8A1206907D1AE4AB1FFC292DDs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib40111EF8A1206907D1AE4AB1FFC292DDs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF4F28803C4DB941247DE819045DE100Es1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibF4F28803C4DB941247DE819045DE100Es1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib473DAEB21229F0ACA6A8BB82D6F32164s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib473DAEB21229F0ACA6A8BB82D6F32164s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD140EE599D8F12B049DE069ABED2ADADs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bibD140EE599D8F12B049DE069ABED2ADADs1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib22416BAE71D81AD3293810F9C9BE2FD1s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib59B997A219C5BE4BACA88BD6A5E4C5D4s1
http://refhub.elsevier.com/S0001-8708(26)00011-3/bib59B997A219C5BE4BACA88BD6A5E4C5D4s1

	Quantization of the Willmore energy in Riemannian manifolds
	1 Introduction
	2 Notation and preliminaries
	3 L2,1 estimates on the mean curvature in the neck region
	3.1 Lp bounds and quantization for the conformal parameters
	3.2 Diameter estimate in bubbling domains
	3.3 Refined estimates on the approximate conservation laws
	3.4 Removal of the logarithmic singularity in the estimate of V⃗k
	3.5 Conclusion of the proof of Theorem 3.2

	4 Weak ε-regularity for Willmore immersions with values into manifolds
	5 L2,∞ quantization of energy
	6 Proof of the main Theorem A
	7 Appendix
	7.1 Lorentz and Orlicz spaces
	7.2 A one-parameter family of Orlicz spaces
	7.3 Technical results for holomorphic functions with Orlicz space regularity

	References


