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1 Motivation and summary

The aim of this paper is to study the mathematical structure and properties of the functions
that appear in the scattering of open and closed strings on AdS backgrounds. Let us start
by reviewing the relevant results in flat space. The Veneziano amplitude for the scattering
of four open-string tachyons is given by the Euler beta function

T(s)D(t)

Texn (1.1)

1
B(s,t) = / 271 - 2) e =
0
While the integral converges for Re(s) > 0, Re(t) > 0, the right-hand side can be continued
beyond this region. The closed string amplitude for the scattering of four tachyons in flat
space, the Virasoro-Shapiro amplitude, is given by the complex beta function

Be(s,t) = / 2221 = 22202, = F(E(j);(lfzf(_l s_)I‘S(I?t) . (1.2)

Again, while the integral converges for Re(s) > 0,Re(t) > 0,Re(1 — s —t) > 0, the right-hand
side can be continued beyond this region. These two functions satisfy various functional

equations and relations. For instance, under shifts in the Mandelstam variables

Bls+1,0) = ——plst), Blsit+1) = ——A(s.0). (1.3)

Another functional equation is

7(s +t)(cot(ms) + cot(nt))
st

ﬁ(sat)ﬁ(_sv _t) = - ) (1'4)



which can be shown to be related to Poincaré duality [1]. The Euler and complex beta functions
are intimately connected. In a small s, ¢ expansion they are related by a single-valued map

Be(s,t) = sv(B(s,1)) (1.5)
where sv acts term by term and is such that
SU(C2n) = C(21) = 0, s0(C@n+1)) = Cu(@n+1) =200 +1), n=1,2-. (16)

The implications of this relation away from s = ¢ = 0 are not clear, but it can be shown [1, 2]
that this is equivalent to

sin(7s) sin(mt)

mﬁ(s,t)z, (1.7)

5@(87 t) =
which are the KLT relations [3]. The relation between open and closed tree-level string
amplitudes in flat space goes beyond four points. It is now understood that closed string
amplitudes, of any multiplicity, are the single-valued projection of open string amplitudes.
This was initially conjectured in [4] and then shown in [1, 5-7] using different methods.
See also [8-10].

Developments in flat space are based on explicit results obtained via world-sheet com-
putations. This leads to integral representations for tree-level scattering amplitudes, over
the boundary of the disk for open strings, and over the Riemann sphere for closed strings.
For curved spaces in the presence of RR fluxes, we do not currently have a world-sheet
theory capable of computing scattering amplitudes. However, in the presence of AdS factors,
on-shell string scattering amplitudes can be defined in terms of correlators of local operators
in the CFT at the boundary. CFT tools can then be combined with ideas from number
theory to advance the computation of massless tree-level amplitudes for both closed [11-17]
and open [18, 19] strings. In a small curvature expansion,’ the results admit an integral
representation, over the boundary of the disk for open strings, and over the Riemann sphere
for closed strings, exactly as in flat space, but with the extra insertion of polylogarithms:
multiple polylogarithms (MPLs) in the open string case, single-valued multiple polyloga-
rithms (SVMPLs) in the closed string case. In particular, the low-energy expansion (small
s,t) then involves only zeta values (open strings) and single-valued zeta values (closed strings),
mirroring the expansions in flat space. An analogous structure has also been observed for
scattering amplitudes in AdSs with pure NS-NS fluxes [21]. Altogether, these results suggest
a certain universality in the structure of string amplitudes on curved backgrounds, which
motivates us to consider the natural generalisations of the Euler and complex beta functions

1
Tu(s, ) = / 211 = 2) Ly (2)de,
0 (1.8)
Lofst) = [ 12721 = o2 L, ()%

"More precisely, there is a sequence of integral transforms from the position-space four-point correlator to
the world-sheet integrals studied here. This notably involves the standard Mellin transform followed by a
Borel transform, in the spirit of [20]. See, for example, [14] for further details.



where L, (x) is the MPL labelled by the word w and L,,(z) is the SVMPL labelled by the
word w. For the empty word w = e, we obtain back the Euler and complex beta functions

Je(sa t) = ﬁ(sa t) ) Ie(svt) = B(C’(svt)' (1'9)

We show that these building blocks satisfy several properties and relations. The first key
result is that the J,,(s,t) integrals are a particular class of Aomoto-Gelfand hypergeometric
functions. Below we give explicit results up to weight four. The second key result is that the
integrals I, (s, t), the building blocks of closed string amplitudes on AdS, can be written as
bilinears of the integrals Jy,(s,t), the building blocks of open string amplitudes on AdS:

I(s,t;e0,e1) = JT(s,t; €0, e1)K(s, t; €0, 1) T (s, t; €0, €]) (1.10)

where eg, e; are non-commutative variables, €| a certain deformation of e;, and Z(s,t; eg, 1)
and J(s,t; ep, e1) are generating functions for the integrals in question. This generalises the
stringy KLT relations (1.7) to scattering on AdS. The AdS KLT Kernel takes a remarkably
simple form

K(s,t;eo,e1) =

1 ZiTrSM 2i7rtM -1
< - S i ) (1.11)
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where My, M7 are monodromy operators introduced below. The rest of the paper is organised
as follows. In section 2, we focus on the building blocks of open string amplitudes, discuss
their properties in general and compute them explicitly up to weight four. In section 3, we
focus on the building blocks of closed string amplitudes, and show their precise relation to
the open building blocks, providing KLT relations for string scattering on AdS. We end
with some conclusions. Appendix A contains a short review of MPLs and SVMPLs. Finally,
appendices B and C discuss additional properties of the Jy,(s,t) integrals, including their
pole structure and the implications of Poincaré duality.

2 Open string amplitudes on AdS — building blocks

We start with the Jy,(s,t) integrals

Tu(s,t) = /01 2511 = 2) Ly (2)da. (2.1)

Here, L, (x) is the MPL labelled by the word w in the alphabet with letters {0,1}. See
appendix A for their definition and properties. The integral converges in the region Re(s) > 0,
Re(t) > 0, but the analytic expressions we will find for .J,,(s,t) can be extended outside this
region. The integrals can be computed in a low-energy expansion [18§]

Juw(s,t) = poles + Z sPtd Z (Low (1) — L1iw (1)), (2.2)
P,q4=0 We0Pw1quiw

but we are after analytic expressions valid for generic s,t. To proceed, it is convenient to
introduce non-commutative variables eg, e; — associated with the letters 0,1 — and formally
define the generating function

L(e[), e1; a;) = Le({L’) + Lo(l')eo + 14 (x)el + L()()(.%')eg + L01(a:)6061 + ng(:c)eleo + e (2.3)



The derivative relations (A.2) for MPLs are then equivalent to the Knizhnik-Zamolodchikov
(KZ) equation

0
%L(eo,el;az) = (i: +

. 1) L(eg, e1; ), (2.4)

with the boundary condition L(ep,e;;z) = 2% as x — 0. For later reference, it is convenient
to introduce the Drinfeld associator

L(eg,e1;z) = L(ey,eq; 1 — x)Z(eg, 1), (2.5)
which satisfies the duality condition
Z(ep,e1)Z(e1,e0) = 1. (2.6)
Correspondingly, we introduce a generating function for the J,(s,t) integrals
J(s,t;ep,e1) = /01 2571 — 2)"" L(eq, e1; x)dx

= Jo(s,t) + Jo(s,t)eq + Ji(s,t)er + Jools, t)ed + Joi1(s,t)eger + - - .

(2.7)

This generating function satisfies interesting properties. The shuffle identities (A.4) of MPLs
together with %:1:5 = Lo(x)x® and %(1 —2)t = Li(z)(1 — z)* imply
Os (s, 1) = Z Juw (8, 1), OpJy(s,t) = Z Juwr (8,t). (2.8)
w’ e0LWw w’elw

At the level of the generating function, these imply

0 0 0 0
—J(s,t;e0,e1) = =—T(s,t;e0,e1), —T(s,t;e0,e1) = =—T(s,t;€0,€1) (2.9)

0s Oeg ot Oeq
where the non-commutative derivative is defined such that
8ei
— = 0y 2.10
ae] 1] ( )
together with the product rule
0 df(ep,e1) Jg(eo, e1)

(f(eo,e1)g(eo, 1)) = (2.11)

e Be. g(eo,e1) + f(eo, e1) De:

where the order of products needs to be respected.? Furthermore, from its integral definition,
it follows

J(s,t;ep,e1) = T(s+ 1,t;e9,e1) + T (s, t+ 1;ep,€1). (2.12)

The transformation property under shifts in only one of the two Mandelstam variables can
be found by combining the KZ equation (2.4) with integration by parts. We find?

1
17t; 9 =, 7t; ) )
J(s+ €o, €1) S+t+€0+el(s+eo)J(s €o, €1)

1
4 Liege)=———(t €0, e1)-
J(s,t+1;e9,e1) s—i—t—i—eo—i—el( +e1)T (s, t;e0,€1)

(2.13)

2E.g. note that =2 (epe; — e1ep) = 0, so that =2 f(eo, e1) = 0 does not mean f(eo, e1) is independent of eg.

deq Jeg
3Since ey and e; are non-commutative variables, expressions such as are to be interpreted as an

1
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: 1
expansion el st



The shift relations imply a hierarchy for the functions Jy(s,t) as the weight, namely the
number of letters or the length of the word w, increases

1
t 1.¢; — t: = - t— t:
(s+t)T(s+1,t;eg,e1) — 8T (s,t;e0,e1) S+t+60+61(60 e15)J (s, t;ep,e1),
A (2.14)
t t+1: —t t: = —ept t: .
(s+t)T(s,t+ 1;eq,e1) — tT (s, t;e0,€1) s+t+60+61(618 eot)J (s, t;e0,e1)

These relations fix, in principle, Jy(s,t) in terms of lower-weight integrals, modulo the
Euler beta function, which is the solution of the homogeneous shift equations. The solution

can be fixed by the behaviour as s — 0. For w # 0P, J,(s,t) is regular as s — 0, while
4

Jor(s,t) = (S_pi)lp + reg. In terms of generating functions

1
J(s,t;ep,e1) = .

+reg, ass—0. 2.15
+ ep & ( )

MPLs L, (x) are closed under the argument transformation
r—1—u, (2.16)

and their transformation properties are governed by the Drinfeld associator, see (2.5). Since
the region of integration defining the Jy, (s, t) integrals is invariant under such a transformation,
the integrals have a symmetry under the exchange s < t, also governed by the Drinfeld
associator. In terms of the generating functions

J(t,s;e1,e0) = T(s,t;e0,e1)Z(e1, ep). (2.17)

This is consistent with the derivative relations (2.9) since

0 0
T%Z(eo,el) = 8761Z(€Q,€1) = 0. (218)

Finally, let us mention that 7 (s, t; eg, e1) also satisfies a generalisation of Poincaré duality (1.4).
This relation involves the AdS Kernel, and is discussed in appendix C.
2.1 Explicit results

Up to weight four, the Jy,(s,t) integrals can be computed analytically, generally in terms
of generalised hypergeometric functions. At weight zero, we have

T(s)I'(?)
el$, 1) = ) = =—~. 2.1
o) = Bls.t) = T (219)
The relations (2.9) then fix the integrals at weight one
Jo(s,t) = OsJe(s,t), Ji(s,t) = OpJe(s,1). (2.20)

At weight two, three combinations are fixed by the derivative relations (2.9)

1 1
J()o(s, t) = §8§Je(8, t), JH(S, t) = 58752(]3(3, t), ng(s, t) + Jl(](s, t) = 858tJe(s, t) . (2.21)

4The limit s — 0 is singular.



In addition, we have

I'(1+s)(t) 1,1,1, 1+s
Joi(s.t) = ——— 22\ @ 1 2.92
0(5,7) Tl+s+6)"%\2, 2,145+t )’ (2.22)

which can be computed by direct integration. Here we have used the general result

At weight three, there are eight independent integrals. Two of them are given by

T(1+s)T0) . (1,1,1,1, 1+s
Joo1 (5, 1) TA+s+t) > *\2, 2, 2,145+t )" (2.24)
and
Ji1o(s,t) = Jooi(t, s) + ¢(2)Jo(t, s) + ¢(3)Je(t, s). (2.25)

The other six combinations can be written in terms of derivatives

1 1
JOOO(Sat):gagt]e(sat)7 Jlll(sat)zgafje(sat)a

OsJ11(s,t) =Jor1(s,t)+J101(s,t)+J110(s,t),  OrJoo(s,t) =Jioo(s,t)+Jo10(s,t)+Joo1(s,t),
aSJ()l(S,t):2J001(S,t)+J010(8,t), Btjlo(s,t):2J110(8,t)+<]101(8,t). (2.26)

As we increase the weight, the integrals become more and more complicated. We will show
below that they are particular cases of Aomoto-Gelfand generalised hypergeometric functions.
At weight four, they can still be written in terms of hypergeometric functions and their
derivatives. Let us start with words with two zeroes and two ones, which are the most
complicated examples. There are six of them. The following combinations can be written
in terms of derivatives of lower-order integrals, already computed

DsJo11(s,t) = 2Joo11(s,t) + Joro1 (s, ) + Jor10(s, )

DsJ101(8,t) = Jor01(s,t) + 2J1001(8, t) + J1010(8, 1)

OsJ10(s,t) = Jo1o(s, 1) + Jro10(s, ) + 2J1100(s, 2) (2.27)
OrJoo1(s,t) = Jioo1(s,t) + Joto1(s,t) + 2Joo11(s, 1)

deJoro(s,t) = Jroio(s, ) + 2Jor10(s, t) + Joro1(s, 1)

IeJr00(s,t) = 2J1100(8, ) + J1010(8, ) + Jro01(s, 1) -

These relations are not all independent, and fix only four integrals. Two extra integrals can
be computed as follows. Let us start with Jyo11(s,t). Plugging the series representation
around zero for Lgo11(z) (see appendix A) and integrating term by term, we obtain

(s+OD(t) H(C — 1)

=T
Ji t) = 2.28
oo11(5, 1) ; T(l+s+t) 6B (2:28)
where H(¢ — 1) is the harmonic number. To perform the sum, we notice that
I'(l+e¢)
Hl—-1) =9+ Oc—=+— . (2.29)
F(f) e=0




The sum over ¢ can now be performed and we obtain

INQ! I(t 1,1,1,1 1
( +8) () 55F4< b +€7 +S )‘ . (230)
=0

Joor1(s,t) = s~ ;
oou(s:8) = T35 2, 2, 2,1+ s+t

Using similar tricks, we can compute all other integrals, for instance

T(1+s)T(t)

Jowo1(s,t) = =2 (8621 —3622) 5Fy ( (2.31)

2, 2, 1+ep, 145+t

1,1,1,14€, I+s
2T (1+s+t)

e1=e2=0

Together with the relations given above, this fixes all integrals at weight four with two zeroes
and two ones. Let us now focus on the integrals with three zeroes and a single one. Integrals
with three ones and one zero are related to those by s <» ¢ symmetry (2.17). By direct
integration, or by applying the trick above we obtain

WFC’W’L Ls 1). (2.32)

Jooo (5, 1) = — '
0001 (8 t) F(1+5+t)6 > 2, 2, 1+s+t’

The other three independent combinations can be fixed by the derivative relations, as can
Joooo(s,t) and Ji111(s,t).

Before proceeding, let us mention that the .J,,(s,t) integrals have an interesting structure
of poles. This is worked out in appendix B.°

2.2 Relation to Aomoto-Gelfand hypergeometric functions

We can always use the shuffle relations to write multiple polylogarithms in terms of Lo(z)
and multiple polylogarithms whose label ends in the letter 1. For instance,

Lyo(z) = —Loi(z) + L1(z) Lo (). (2.33)

This implies that all J,,(s, ) integrals can be written in terms of the ones whose label w ends
with the letter 1, plus derivatives w.r.t. s. Without loss of generality, let us then focus on words
ending in the letter 1. The representation of MPLs in terms of iterated integrals then leads to

1 x d T d Tr—1 r
Josana 1 (s:0) = [ doa* ML=yt [P [ [T S a3
0 0 0 0

1 — a1 Ty — an zr—1°

We can now make a change of coordinates

Uy =T, Up = a:n’ form=1,2,--- (2.35)
Tn—1

so that wu, € [0,1]. The integral then becomes

1T urur—lur—Q_..uz Uy 1
Jaraz-a,_11(8,t :/ dugus™ (1 — ug)t ! 071 72 r—2 .
araz-a,—11(8;1) 0 g g ( ) (uour — ay)(uouiug — ag) -+ (ug -+ - up — 1)

(2.36)

5This is useful for applications to dispersive sum rules and in order to compute the spectrum of intermediate
operators from the amplitude.



This is a particular case of Aomoto-Gelfand hypergeometric function of type (r + 2,2r + d + 2),
see [22-24]

1T
/ H duud (1 — ug) 741 — yug - - up) T - (1= yruguy) N, (2.37)
0 i=o

where to make contact with (2.36) we choose 7; # 0 only for a; = 1. Here r is the weight, or
length of the word, and d is the depth, or number of ones. The integrals we consider in this
paper are obtained in the limit y; — 1. Let us consider for example Jy-—11(s,t). In this case

J0r711(8, t) = Jorfll(S, t, 1) (238)

where

1T 5(1 — t—1
JOT_ll(S? t’y) — _/O Hdul 1”0( UO)

I'(1+ s)T'(t) 1, - ,1, 1+s
=————",19oF ; 2.39
F(1+$+t)r+2 r+1 2,~--,2,1—|—s—|—t’y ( )

is a standard generalised hypergeometric function. The relation to Aomoto-Gelfand hyper-
geometric functions suggests the introduction of extra variables y; such that at y; = 1, the
integrals reduce to the expressions that appear in the open string scattering problem. It
is convenient to do this in the compact notation where

Js1,59,+ 154 (5’ t) (71)d*]031—11052—1~-1(Sa t), si > 1. (2'40)

By writing L, ... s,(x) as a nested sum and integrating term by term, we obtain

o0
B(s+ l1,t)
Tsi,esa(8:1) = i (2.41)
b1 >02>->L3>0 1 %2 d
where B(s + (,t) = %. We can now introduce the extra variables y;
= B(s+ b, t)yi' - vy
J31,~-~,Sd(3,t§Y1a"' 7Yd) - Z 7SSz pod (242)
£1>02>>€4>0 172 d
so that
JS1,527“' »Sd (S’ t) = ‘]517827'“ »Sd(s7 til, 1)' (2'43)
The functions Js, s, ... s,(5,t;y1,- -+ ,ya) are generalised hypergeometric functions.® As such,
they satisfy differential relations in the variables y;. Indeed
0
qucfsl,.--,sd(s,t;yhm V) = Jsp e sg—1,0,50(S:55V1, 0,V a) (2.44)
q
5More precisely, they fall into the category of Horn’s hypergeometric series, in general given by
Z c(na,mag, -+ ) 2" z02
ni,ng, =0
with ¢(n1 + 1,n2,--+)/e(n1,n2, -+ ),c(n1,n2 + 1,--+)/c(ni,n2,---) and so on, rational functions of the n;.



so that the operator yqaiyq lowers the index s4, and the total weight, by one. By repeated
action of such operators, we reach

e}

4
Jo0(s,t;y1,++ ,ya) = Z B(s + b1, t)y - v (2.45)
L1>0>-->03>0
These are particular cases of Lauricella hypergeometric functions, and for the present case,
they can be written as linear combinations of hypergeometric functions.

3 Closed string amplitudes on AdS — building blocks

We now turn our attention to the building blocks of closed string amplitudes on AdS
Tu(s,1) :/|z|25—2|1 2L (2)d2 (3.1)

where L,,(2) is the single-valued multiple polylogarithm (SVMPL) labelled by the word w in
the alphabet with letters {0,1}. The integral converges for Re(s) > 0,Re(¢) > 0,Re(s + t) < 1,
but the explicit results we will find can be continued beyond that region. The integrals can
be computed in a low-energy expansion [13]

Ip(s,t) =poles+ > sPt9 Y (Low(l) — Liw(1)). (3.2)

p,q=0 WeorPwl1d9 uw

From (2.2) and (3.2) we can see that
Iy(s,t) = sv (Jw(s,t)) , (3.3)

since L, (1) = sv (Ly(1)), so that the closed string amplitude building blocks are the single-
valued version of the open string amplitude building blocks, as expected. We are, however,
after a quadratic relation a la KLT (1.7). As in the previous section, it is convenient to
introduce a generating function for the SVMPLs

L(eg,e152) = Le(2) + Lo(2)eg + L1(z)er + ,CO[)(Z)C(Q) + Lo1(2)eper + Lio(2)ereg + -+, (3.4)

constructed from the generating series of MPLs (2.3) according to (A.24). It is a formal
solution of holomorphic and anti-holomorphic KZ equations

0 2 €1

“r )= (29

a2 (€0, €15 2) ( +z—1
0

dz

> L(eg, e1;2)
(3.5)

z—1

€o el
L(eo,e1;2) = L(eg, e1; 2) Z T ,

where the deformed variable €} is given in appendix A, and we have the boundary conditions

2 . . .
cologl2l® a5 » — 0. One can introduce the Deligne associator as

L(eg,e1;2) =€
L(eg,e1;2) = L(e1,ep; 1 — 2)W (e, e1), (3.6)

which satisfies the duality condition W (ep,e1)W(e1,e9) = 1. Integrating the generating
function L(ep, e1;2) term by term leads to the generating function for the I,,(s,t) integrals:

Z(s,t;e0,e1) = / 12]257211 — 2|72 L e, €1; 2)d>2. (3.7)



We will start by discussing the general properties of Z(s, t; g, e1). Then, we will turn to its

explicit computation and relationship to the generating function J(s,t;eg, e1) appearing in

the problem of open-string scattering on AdS. The shuffle identities together with %]2\28 =

Lo(2)|2** and %\1 — 2%t = £1(2)|]1 — 2|?* imply
0

0 0
—Z(s,t;ep,e1) = Z(s,t;ep,e1), —Z(s,t;ep,e1)=

P
-9 9 T(s.t: . .
s deo ot (5t c0, €1) (3.8)

661

Furthermore, the holomorphic and anti-holomorphic KZ equations for L(eg, e1; 2) together
with integration by parts lead to

1 1
I(s+1,t;eg,e1) = — (s +e9)L(s, t;ep,e1)(s + eg) ——
( 0,€1) s—i—t—i—eo—i—el( 0)Z(s,t; €0, e1)( O)S—I—t—i—eo—i—e’l 59
1 1 '
I(s,t+1;e9,e1) = —————(t +e1)Z(s,t;e0,e1)(t + €}) ——————.
( 0-€1) s—l—t—l—eo+el( DI 0-e1) 1)8+t+eo+e’1

In order to obtain these relations, we have done formal manipulations that take us outside
the convergence region of the relevant integrals. We assume that these relations hold for
the appropriate analytic continuation. SVMPLs are closed under z — 1 — z, and their
transformation is governed by the Deligne associator. Performing a change of coordinates
z = 1 — zin (3.1) implies

Z(t,s;e1,e0) =Z(s,t;ep,e1)W(e1,ep). (3.10)

The properties obtained so far mimic the properties for the building blocks of open string
amplitudes in AdS. In addition, it follows from (3.1) that the result for I,,(s, t) is only sensitive
to the symmetric part of £, (z) under the exchange of z <+ Z. Together with the explicit
construction of SVMPLs, see appendix A, this leads to the following relation

I(Svt;e(]ael) :IR(Svt;e()ae/l) (311)
where
IR(S, t; eq, 6/1) = IE(S, t) + 4 100010606/1606060 —+ .. (3.12)
i.e. the order of the letters in the word labelling I,,(s,t) is reversed.
3.1 Explicit results

We will now compute the generating function Z(s,t;ep,e1) in a series expansion in the
non-commutative variables e, eq:

Z(s,t;e0,e1) = Ie(s,t) + -+ - (3.13)

with I.(s,t) = Bc(s,t) the complex beta function. The condition (3.11) imposes relations
among different components. Up to weight four

Lio(s,t) = Ip1(s,t), Tioo(s,t) = Ipo1(s,t), T110(s,t) = Ip11(s,t)
Lo(s, t) = Io111(s, t) + 2¢(3) 11 (s, t), Lioo(s,t) = Ipo11(s,t) — 2¢(3)I1 (s, t)
Lioi(s,t) = Lioi1(s, t) — 6¢(3)I1(s,t), Lipwo(s,t) = Ipwo1(s,t) +4¢(3)I1(s,t)
T1000(s,t) = Ippo1(s, ), Ip100(s,t) = Ipo1o(s, t), (3.14)
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leaving three independent integrals at weight two, six at weight three and ten at weight four.
Next, we impose the derivative relations (3.8). Up to weight two, this fixes the remaining
integrals, in terms of the complex beta function, equivalently I.(s,t):

Io(s,t) = 0s1e(s, ), L (s,t) = Ogle(s, 1),
1., 1., 1 (3.15)
Igo(S,t) = iasle(s,t), Ill(S,t) = §3t Ie(s,t), Im(s,t) = 5856t16(s,t).

At weight three, it leaves only two independent integrals, which we take to be Iyo1(s,t)
and 1011(S,t)1
15 Los
1000(8,15) = 68516(3,15), 1111(5,25) = éat Ie(S,t),
1, 1., (3.16)
IlOl(S,t) = —2[011(S,t) + 583@ Ie(S,t), 1010(S,t) = —2[001(8,t) + 5683,518(8,75).

At weight four, it turns out the relations (3.8) are quite powerful, and only one independent
integral remains, which we take to be Iyi01(s,1t)

Toooo (s, 1) = 27143;:‘16(3,@, L (s,1) = 2—148;1.78(3,15),

hon(s,1) = —5dkdon(s,1) + éasaf (5,8) + 3C(3)0 L. (5, )

Toowo(s,1) = —%asfom(s,t) + %ag’atle(s,t)

Tooon(5,1) = 30uToon (5,) — 5208001 (5,1) (317)
To110(s,t) = —Io101(s,t) — O¢loor(s,t) + 5252 Ie(s,t) —2¢(3)0¢ e (s, 1)

Too1(s,t) = —In101(s,t) — DsIor1(s,t) + —62821 (5,t) — 2¢(3)0:1c(s,1)

Too11(s,t) = %aslon(s,t) + %(%Iogl(s,t) §8282 o(8,1) +C(3)0Ie(5,t)

1 1
10111(8, t) = iatfon(s, t) — ﬂasé)f’le(s, t) — <(3)8t18(87 t).

Our next task is to compute explicitly the independent integrals. We do so by extending
the ideas of KLT [3] to the integration of SVMPLs, following [18]. In the appendix to that
paper, we considered integrals of the form

Actosed (5, £) = / 2721 — 2272 Y Fi(2)Gi(2)d2z, (3.18)

where the inserted sum is finite and single-valued, but each independent term is not necessarily
single-valued. By deforming the contours as in [3], it was proven that these integrals can
be factorised into one-dimensional integrals

)1 1 t—1
Aclosed (8, 1) =5 Z/ Gi( dx/ y°~ " Discy {(1 —y)  Fi(y )} dy, (3.19)
where the discontinuity across the real axis for y > 1 is defined by

Discy [f(y)] = f(y +1i€) — f(y — i), y>1. (3.20)

— 11 —



For 37 F;(2)Gi(Z) = 1, we get Discy [(1 —y)'~!] = 2isin(nt)(y — 1)!~! and

1
Aclosed (s,t) = ;sin(ﬂt)/ 1 —a2)t 1dm/ vy — 1) dy, (3.21)

which is the KLT formula. Given the insertion of SVMPLs £,,(z), we can always factorise the
integrals into products of 1d integrals involving MPLs L,,(x). These are almost identical to the
integrals considered in the previous section, except the second integral is in the range y € [1, 00)
and one needs to keep track of discontinuities. The resulting expressions are very lengthy,
but the result can always be written as bilinears of the 1d Jy,(s,t) integrals. For example

Too(s,t) = (s, t) (Joor (s, ) Je(s,t) + Jioo(s, t) Je(s, ) + Joo(s, ) J1(s, t) + Jo(s,t)Jio(s, 1))
+ Ouk(s,t) Joo(s, t)Je(s,t) + Os E(S t)(Jio(s,t)Je(s,t) + Jo(s,t)Ji(s,t))
+ %@@n(s,tﬂ (5,6)Ju(5,1) + 02 (5,6)J1 (s, ) Tu(5,1) (3.22)

2 2cos?(m(s + 1)) — cos(27rs) — cos(27t)
4sin(m(s +t))*

Je(s,t)Je(s, 1),

where k(s t) = % is the KLT Kernel. This suggests writing our results in the

following illuminating way.

3.2 AdS KLT relations

Motivated by the KLT relations, the construction of SVMPLs from MPLs, and the result
above, we propose the following relation between the building blocks of open and closed
string amplitudes on AdS

I(s, t;ep, e1) = J(s,t;e0,1)K(s,t; €0, €1)T (s, t; €0, €}), (3.23)
where K(s,t;ep,e1) admits an expansion in the non-commutative variables
K(s,t;eo,e1) = k(s,t) + Kko(s,t)eg + ki(s,t)er + -+, (3.24)

starts with the KLT Kernel (s, t) and contains only trigonometric functions in s,t. Indeed,
as a consequence of the shift relations (2.13) and (3.9), the AdS KLT Kernel is periodic
in both s and ¢

K(s+1,t;ep,e1) = K(s,t + 1;e9,e1) = K(s,t;e0,€1). (3.25)

As a consequence of the derivative relations (2.9) and (3.8), the Kernel also satisfies

0K (s,t;e0,€1) = aaolC(s tieo,e1), OK(s,t;ep,e1) = a(;IC(s,t; €, e1), (3.26)

where we have used the fact that (recall % is a non-commutative derivative)

0

=1. 2
861 61 (3 7)
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In addition, (3.11) leads to
K(s,t;eq,e1) = KE(s, t;e0,€)). (3.28)

Finally, the AdS Kernel also possesses a symmetry under the exchange of s and ¢, inherited
from the respective symmetries for the 1d and 2d integrals

K(t,s;e1,e0) = Z(eo, e1)K (s, t;e0,e1)Z (€1, €). (3.29)

To a given order, one can compute the AdS Kernel by computing the generating functions
J(s,t;e,e1) and Z(s,t;ep, e1) explicitly. The relation (3.23) hence has a unique solution for
K(s,t;ep,e1), which can be computed order by order in eg, e;. The following way, however, is
much more instructive and allows us to compute the AdS KLT Kernel to all orders. Consider

the generating function

T(s,tico,en) = [ [ 720 = 2 2L e0, ex3 2)d%
(3.30)
= / |2)2572|1 — 2|72 L(eg, e1; 2) L (eo, €}; 2) d?2.

The holomorphic factorisation formula (3.19) then leads to

Z(s,t:e0,01) = 217”/100 dyy*~'Discy [ (1—y)' "' L(eo, e159)) /Oldmfs1(1—96)”LR(60,6'1;:B),
(3.31)
where the order of the two factors is important and recall Discy[f(y)] = f(y + ie) — f(y — i€)
for y > 1. Note that the second factor is nothing but the generating functional J%(s,t;eq, €}).
Let us now focus on the first factor. In order to convert the integral to an integral in the
correct range [1,00) — [0, 1], consider the following identities

0 1 oo
</ dz +/ dz —l—/ dz> 27H1 = 2)T U R(2) =0, (3.32)
—0o0 0 1 z=x*tie

where in our case F(z) = L(ep,e1;2) and the contour in each case is just above or just
below the real line. Furthermore, we have

Zsfl o — —eﬂ”s(—x)sfl, T < 0’
= (3.33)

= T -1 2> 1.
z=x+tie

(1—2)t

The discontinuities of MPLs as we cross the real line, either for x < 0 or x > 1, are governed

by monodromy matrices:

L(eg,e1;x +ie) = L(eg,e1;x —ie) My, =<0

(3.34)
L(ep,e1;x —ie) = L(eg, e1;x +ie) My, x> 1,
where the monodromy matrices have been computed in [25] and are given by
My = >0 My = Z(ey,e0)e*™ Z(eq, e1). (3.35)

,13,



For clarity of notation, let us introduce the following three objects
0
JE) = / dz(—z)* 11 — z) " L(eg, e1; = — ie),
—0o0
1
J :/ dzax* " (1 — z)" L(eg, e1; ), (3.36)
0

JE) = / drzs Yz — 1) L(eg, e1; = + ie),
1

where we have suppressed the (s, t; ep, e1) dependence. Notice that J in (3.36) is the same
as J in (2.7). As a consequence of (3.32), the three objects in (3.36) satisfy

—e™ J My +J — e gH) =0

. A 3.37
_e—’Lﬂ'SJ(—) +J— emrtJ(-i—)Ml =0, ( )

where the monodromy matrices do not commute with J, J(=), J(+). We can always write
et gE) et g N = JK, (3.38)

where K is invertible” and related to the AdS KLT Kernel by K = —ﬁK. Plugging this
in the previous two relations we find

—e™ 7 My + T (76—2‘7# 4 eimt g1 _ eliK—l) _

)

0
(3.39)
0.

_e—iﬂSJ(—) 4 J(+) (_eiﬂ'tMl + e—thK—l o eiﬂ'tMlK—l)
Since J(7) and J) are invertible, K~ should satisfy
oims (_e—m 4 i1 eliK_1> _ ims (—eli el eliK_l) M.

We can solve for K—! and find

62z7r5 MO 6217rt ‘2\41

-1 _
K =1+ 1— 621'7rs]\40 + 1— 62th1 :

(3.40)

At zeroth order in the non-commutative variables, My = M; = 1 and we get the inverse
of the usual KLT Kernel

K™ = —2miK~! = 1(cot(ms) + cot(mt)) + - - . (3.41)

At higher orders, and up to weight four, it precisely relates the explicit integrals we computed.
Plugging the explicit expressions for the monodromy matrices, we find

K™t = 21K~ = 7 (cot (m(s + eg)) + Z(e1, e0) cot (n(t +e1)) Z(eo, 1)), (3.42)

valid to all orders.

TA function f(eo,e1) = a4+ ageo + arer + - - - with «a # 0 is always invertible. In particular, J, J, and
J™) are invertible, hence the validity of (3.38).
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4 Conclusions

In this paper, we studied the building blocks of tree-level open and closed string amplitudes
on AdS. These are given by two infinite towers of world-sheet integrals, J,,(s,t) and I, (s, t),
labelled by words w in the {0, 1} alphabet, generalising the Euler and complex beta functions
respectively. Our main result is a precise relation between the two sets of integrals, of the form

Lo(s,8) = Y Juy (8, 0) K82 (5,8) Juy (5, 1), (4.1)

w1,w?2

which provides stringy KLT relations on AdS. So far, double-copy relations in AdS had been
restricted to the supergravity regime, see for instance [26-30]. We have found that the inverse
of the AdS Kernel has a remarkably simple form, see (3.40). This structure for the inverse
Kernel is reminiscent of what was found in flat space [31, 32]. There it was shown that
intersection theory provides a geometric interpretation of the KLT relations. In particular,
the inverse of the KLT Kernel in flat space can be interpreted as intersection numbers of
twisted cycles. It would be very interesting to extend this construction to AdS and find the
corresponding underlying twisted intersection theory.

The integrals considered in this paper generalise the Euler and complex beta functions,
and satisfy generalisations of their properties, functional equations and relations. In [4, 33, 34]
it has been shown that the Drinfeld and Deligne associators are the generating functions
of the Euler and complex beta functions respectively, or more generally open and closed
string amplitudes in flat space. It would be very interesting to generalise this construction
for the higher-weight integrals considered in this paper.

Another interesting direction is the generalisation to higher-multiplicity amplitudes. The
first step is to identify the corresponding building blocks. Presumably, these involve the
insertions of multiple polylogarithms in two or more variables for open strings and their
single-valued analogs for closed strings. See [35-37], where such single-valued functions are
introduced and studied.

In this work, we have focused on the relation between building blocks for open and closed
string amplitudes on AdS. Now one can focus on specific amplitudes in specific theories, and
look for KLT /double-copy relations, extending the beautiful work in flat space, see [3, 38, 39],
to AdS. Our results allow to compute in an analytic/closed form the first AdS curvature
corrections for all results available in the literature. An advantage of our expressions —
as opposed to their integral form — is that they can be analytically continued away from
the region of convergence of the integrals. This opens up the possibility of studying the
amplitudes in the complex s,¢ plane more directly.

We have developed a new machinery to compute certain classes of integrals over the
Riemann sphere. Exact examples in the literature include single-valued hypergeometric
functions and generalisations of those, see for example [7, 24, 40, 41]. Our results complement
those, and can be useful in other contexts involving world-sheet computations.

In this paper, we have shown that much of the beautiful mathematical structure found
in string theory amplitudes in flat space persists when AdS curvature corrections are taken
into account. It would be interesting to understand the reasons and implications of this
for string theory on curved backgrounds.
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A Conventions

We define multiple zeta values as
> 1
C(s1,-7+,84) = Z L2 ) (A1)
01>09>>04>0 "1 72 d
where d is called the depth and s; + - -+ + s4 is called the weight. Multiple zeta values are
intimately connected to MPLs [42]. These are functions L,,(x) of one variable, labelled by a
word w in the alphabet with letters {0,1}. They are recursively defined by the relations
d 1
—Layw(z) =

dx T—a

Ly(z), a=0,1, (A.2)

together with L.(x) = 1 for the empty word and lim,_,g L, () = 0, unless w = 0P in which

case Lor(z) = Z%logp x. Multiple zeta values can also be defined as multiple polylogarithms
evaluated at * = 1. In our conventions
€(817 st 7Sd) - (_1)dL051—11032—11”.08d711(1), (A.3>

with the regularisation condition L;»(1) = 0. Note that also Lgr(1) = 0. Polylogarithms
satisfy shuffle relations

L@ Lw(@) = Y Lw(). (A.4)
W ewLw’

Evaluating these at x = 1, we obtain shuffle relations for the multiple zeta values. Polyloga-
rithms can also be written as iterated integrals, which make manifest their differential relations

T dx 1 dx
Lalm...ar(az):/o L /0 2 .. (A.5)

xr1 —ax T2 —az

The integrals are convergent provided the last letter is a, = 1. Note that the shuffle relations
can be used to write all MPLs in terms of these and powers of Lo(z) = logz, so we will
often restrict to this case, without loss of generality. It is often convenient to introduce
a condensed notation:

LSl,"',Sd (J?) == (—1)dL051711052711_.0%—11(.Z‘) 5 (A.6)
with s; > 0, so that ((s1,---,sq4) = Ls, ... s,(1). In compact notation,
d 1
%le’...ysd(x) = Ele_l’...,sd(x) for s1 > 1, (A.7)
d 1
%LL... 7Sd(x) = mL527... 7Sd(aﬂ'). (AS)
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For all s; > 0, we can write down a regular series expansion around zero

[e.] .'L'el
LSI:"' »Sd ('I) = Z ESIZSQ L. Esd . (Ag)
U1 >02>->L43>0 12 d

It is convenient to introduce non-commutative variables {eg, e1}, associated to the letters
{0,1}, and the generating function

L(eg,e1;2) = Le(x) + Lo(x)eg + Li(z)er + Loo(az)eg + Loi(z)eger + - -+, (A.10)

so that as a consequence of the derivative relations

€0 €1

%L(eo,el;x) = ( > L(eo, e1; ), (A11)

x r—1

cologe a5 4 — 0. The generating function for

with the boundary condition L(eg,e1;x) = e
multiple zeta values, or in other words the regularised generating function L(eg,e1;x) at

x = 1, is the Drinfeld associator
Z(ep,e1) = L(eg,e1;1), (A.12)
which satisfies the duality relation
Z(ep,e1)Z(e1,e0) = 1. (A.13)
As a series expansion in eqg, e, it is given by
Z(eg,e1) =1 —C(2)[eo, e1] + ¢(3)[[eo, e1],e0 +e1] + - -, (A.14)

where [eq, e1] = epe; — erep denotes the commutator. The Drinfeld associator can also be
defined by Z(eq,e1) = L(e1,e0;1 — 2) 1 L(eq, e1; ). MPLs are multi-valued functions when
extended to the complex plane. It is possible to define single-valued functions £,,(z), denoted
single-valued multiple polylogarithms (SVMPLs). These are labelled by a word w in the
alphabet with letters {0,1} such that they satisfy the same derivative relations as MPLs,
under holomorphic derivatives [43]

0 1

9z Law(?) =

Ly(2), a=0,1, (A.15)

together with L.(z) = 1 for the empty word and lim,_,o £,(z) = 0, unless w = 0P in which

case Lop(2) = I%logp |z|2. SVMPLs satisfy the shuffle identities

Lo(2)Lw(z)= 3 Lw(2) (A.16)

W ewuww’

Evaluated at one, SVMPLs generate single-valued multiple zeta values

C(s1,0 5 8d) = Ly e s,(1). (A.17)

More generally, we can define a single-valued map such that

Ly(z) = sv(Ly(2)) . (A.18)
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As for MPLs, we can define a generating function
L(eg,e1;2) = Le(2) + Lo(2)eo + L1(2)er + Loo(2)ed + Lo (2)eper + -+ (A.19)

so that as a consequence of the derivative relations

({?Z,C(eo,el;z) = (620 + 26_1 1) L(eo,e1;2), (A.20)
with the boundary condition L(eg,e1;z) = e log |21 a5 2 — 0. Tts regularised value at z =1
defines the Deligne associator

W (ep,e1) = L(eg,e1;1), (A.21)
which satisfies the duality relation
W (ep, e1)W (e, ep) = 1. (A.22)

In an expansion, the Deligne associator is given by
Wieg,e1) =14 2¢(3)[[eo, e1],e0 +e1] + - . (A.23)

The Deligne associator can also be defined by W(eg,e1) = L(e1,e0;1 — 2) " L(ep, e1; 2).
SVMPLs can be constructed from MPLs in a recursive way [25]. We have

L(ep, e1;2) = Lleg, e1; 2) LR (eq, €);%), (A.24)

where the Reverse operator R acts by reversing the order of the words labelling the components
of ‘C(e()a 6/1; E)

Lf(eg,el;2) =1+ -+ + Loo11 ()€} ehepeq + - - - (A.25)
and €} is a deformed variable which can be obtained from ey, e; by solving
Z1 (e, €))e) (Z1 (eg, €))7 = Z(ep,e1) te1Z (e, e1) (A.26)
recursively. In an expansion, we obtain
el = e1 —2¢(3)[eo + e1, [e1, [eo, en]]] + - - (A.27)
The above construction implies that the Drinfeld and Deligne associators are related by
W(eo,e1) = Z(eq, e1) Z%(eq, €}). (A.28)

Furthermore, the generating function L£(eg, e1; z) satisfies the anti-holomorphic KZ equation

0 /
55 Leo, e152) = Leo, e152) <€zo + 26_1 1> : (A.29)

,18,



B Pole structure

For applications to dispersive sum rules, it is convenient to have an expansion in poles for the
building blocks Jy,(s,t). We can always use the shuffle relations to write polylogarithms in
terms of Lo(z) and polylogarithms whose label ends in the letter 1. In terms of the Jy(s,1)
integrals, this means we can always focus on words ending in 1 and derivatives of those
functions w.r.t. s. Let us then use the compact notation. We have

. B(s + 1,1
Jsh...’sd(s,t) = M (Bl)
O1>09>>64>0 "1 72 d
This has poles at s = —n and t = —n. We can actually write
o o
(—1)"T(t 1 —1)"T(s 1
Bls,t) =2, '(n+ 1))1“(5 >— n)s+n =2 F(n(+ 1))F(i >— n)t+n (B.2)
n=0 n=0
For the poles in ¢, we find
=1 = (=1)"T(s + £1)
Jop e 54(8,1) = e o —. (B.3)
e n=0 t+n €1>€2>Z~:>€d>0 I'(n + 1)P(S + 4 - n)£11£22 T gdd
For the poles in s, we find
> > (=1)"T'(¢) 1 1
oy, 54(8,1) = — 5 . (B.4)
brod 7;)51>€2;>€d>0 L(n+ DIt —n) 7457 - £ s +n+ 4
Renaming n + 1 = n/ so that ¢; < n/, we find
< " (—1)"'=aT(¢) 1
Jspn5,(8,1) = — —. (B.5
() nfzzos+n/ Z1>£2>Z>£d>o L(n/ =+ DI+ b — ') 6157 - - 4] 35

C Poincaré duality

In this appendix, we generalise the relation (1.4) due to Poincaré duality. We consider
P(s,t;eq,e1) = J(s,t; €0, e1)K(s,t; €0, e1) T (—s, —t; —eq, —€1) (C.1)
and deduce properties of the function P(s,t;ep,e1). In particular, let us consider shifts in s
P(s+1,t;e9,e1) = T(s+ 1,t;e0,e1)K(s + 1,t; e, el)jR(—s —1,—t;—ep,—e1). (C.2)

Let’s recall the shift relations (2.13)

1
Ltiege) = — e, C.3
J(s+ €, e1) S+t+€0+€1(8+60)j(8 €o, €1) (C.3)

and recall that KC(s,t;ep,e1) is periodic. This leads to

1

P(s+1,t;ep,e1) = m(s +eo)P(s,t;ep,e1)(s+t+1+ep+er)

(C.4)

s+1+ey
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We can write both shifts in s and ¢ as

(s+t+eo+e)P(s+1,t;ep,e1)(s+14+e9) = (s+eo)P(s,t;e0,e1)(s+t+1+eo+e1),
(s+t+eg+e1)P(s,t+1;ep,e1)(t+1+e1) = (t+e1)P(s,t;e0,e1)(s+t+ 14 ey +er).

We also have symmetry under the exchange of s and ¢, see (2.17) and (3.29). It follows®
P(87 t;eo, 61) = P(ta s;e1, 60)'

Using this symmetry together with the recursion relations and the result at zeroth order,
we obtain

1 1

€0, 1)K (st o, 1) T (=8, —ti g, —e1) = ———— = =
J(s,t;€0,€1)K (s, t;€0,€1)T (=5 €0, 1) s+e tt+er

(C.5)
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