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Abstract— Uncertainty is almost ubiquitous in safety-critical
autonomous systems due to dynamic environments and the
integration of learning-based components. Quantifying this
uncertainty—particularly for time-series predictions in multi-
stage optimization—is essential for safe control and verifica-
tion tasks. Conformal Prediction (CP) is a distribution-free
uncertainty quantification tool with rigorous finite-sample
guarantees, but its performance relies on the design of the
nonconformity measure, which remains challenging for time-
series data. Existing methods either overfit on small datasets,
or are computationally intensive on long-time-horizon problems
and/or large datasets. To overcome these issues, we propose a
new parameterization of the score functions and formulate an
optimization program to compute the associated parameters.
The optimal parameters directly lead to norm-ball regions
that constitute minimal-average-radius conformal sets. We then
provide a reformulation of the underlying optimization program
to enable faster computation. We provide theoretical proofs
on both the validity and efficiency of predictors constructed
based on the proposed approach. Numerical results on various
case studies demonstrate that our method outperforms state-
of-the-art methods in terms of efficiency, with much lower
computational requirements.

I. INTRODUCTION

Uncertainty is almost ubiquitous in safety-critical au-
tonomous systems. The dynamic nature of external envi-
ronments (e.g., autonomous driving) and the incorporation
of learning-based methods (e.g., neural-networks) introduce
uncertainties into the systems, which pose new challenges
to safe controller design and verification. To address this
issue, one way is to quantify uncertainty, in particular, for the
time-series predictions that arise in multi-stage optimization
problems. We classify uncertainty quantification methods into
two main streams:

a) Bayesian methods and concentration-bounds: Uncer-
tainty quantification using Bayesian methods include Bayesian
Inference, Bayesian Neural Network and other variants [1]—
[3]. Alternative approaches include concentrations bounds,
such as Chernoff-Hoeffding (e.g., [4]), Clopper-Pearson (e.g.,
[5]). A more detailed review can be found in Section 2.3
of the survey paper [6]. However, Bayesian methods do not
have finite-sample guarantees and become computationally
intractable for large-scale problems; concentration bounds can
be conservative in uncertainty quantification. An alternative
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to these methods is conformal prediction, which are presented
next.

b) Conformal Prediction: Conformal Prediction (CP)
constitutes a statistical framework that has been introduced [7]
as a distribution-free and statistically rigorous tool to predict
a (1 — «)-confidence region for the trained prediction model,
with o € (0,1). Under mild assumptions on a calibration
dataset, CP provides tight finite-sample guarantees on both
marginal coverage and conditional coverage. Although closely
related with scenario optimization [8], a tool that has also
been used for tight uncertainty quantification [9], CP focuses
on a different aspect and thus complements the scenario
approach (see [10] for some connections between CP and the
scenario approach). Thanks to its simplicity, flexibility, and
computational-efficiency, CP has been applied in probabilistic
safe control synthesis and verification, such as moving-objects
avoidance control [11]-[14], probabilistic reachability analysis
[15]-[17], probabilistic reachable sets construction [18]-[20].

However, while the confidence region produced by CP
comes with rigorous probabilistic guarantees, its performance
(e.g., size and shape of the region) still depends critically
on one of its core components—the nonconformity measure
(also called score function). Designing an appropriate score
function for time-series uncertainty quantification is non-
trivial. Existing works [21]-[24] either suffer from 1) overly
conservative confidence regions [21], 2) overfitting or fitting-
errors [22], [23], or 3) computational intractability issues
[23], [24]. To the best of our knowledge, no work seems to
alleviate these issues at the same time.

In this paper, we aim to overcome these challenges when
using CP for time series, thus opening the road for its
use in multi-stage optimization and safety problems that
require uncertainty quantification over entire trajectories rather
than single time-steps. We propose a new parameterized
score function that can be optimized to provide minimal-
average-radius CP regions. Our CP method generates norm-
ball regions, that are convex and as we will show also
tight, for multi-dimensional time series and exhibits lower
computational requirements compared to other algorithmic
alternatives. Our proposed approach is directly applicable to
control problems such as safe learning-based MPC [11]-[14]
and multi-stage safety verification [25].

Our main contributions can be summarized as:

1) We propose a new parameterized non-conformity mea-
sure for calibrating multi-dimensional time-series data
in CP, and a mixed-integer linear programming (MILP)
problem to determine optimal parameter solutions. We
then provide a re-formulation of this MILP with fewer



constraints to enable faster computation times.

2) We prove that our method is valid (concept at the core
of CP); we also prove that the optimal parameters result
in determining the minimum average-radius conformal
set for any pre-specified normed-ball region.

3) We evaluate the efficacy of our approach numerically on
4 case studies and show that it produces valid conformal
regions with the smallest size among baselines [21]-
[24], [26]. Specifically, the results suggest that our
proposed approach reduces the conformal set size by
16.03%, 14.32%, 14.01%, 16.93% on the 4 case studies,
respectively, compared to the previous State-of-the-Art
(SOTA) method [24].

4) Our optimization program runtime requirements are
mild; compared to previous SOTA [24], it leads to
8812.0, 78622.0, 14.4, 22.1 times faster computation
on the 4 benchmark studies we have investigated
numerically, respectively.

The remainder of this paper is organized as follows: Section
introduces the problem setting and the conformal prediction.
In Section [[II| we formally propose our approach, which we
term Optimal Selection Conformal Prediction (OSCP). Then
Section [[V]| compares our method with 5 baseline methods
via numerical experiments on 3 synthetic datasets and 1 real
dataset. Finally, Section [V] concludes the study.

II. PROBLEM SETTING AND CONFORMAL PREDICTION
PRELIMINARIES

A. Problem Setting

In a discrete-time control system, let YA'O;T_l =
(%, ...,YTfl) eycC R¥*T" and Yor_1= (Y07 ...,YTfl) €
Y C RY*T denote the nominal (predicted) and true tra-
jectories of a parameter Y; evolving over a horizon of
T time-steps. For example, Yg.7—1 can be the trajectory
of a moving obstacle to be avoided, while YO:T—l is the
predicted trajectory given by a neural-network. As another
example, Yo.7_1 can be the system state trajectory provided
by the nominal system model which does not account for
noise/disturbance, and thus different from the real trajectory
Yo.r_1. Let ?O:T—l = (?0, . YT—l) be the residual
sequence capturing the error between the nominal and the
true trajectory, i.e., fft =Y, — fft _

We stipulate that the residual sequence Y.7—1 is a random
quantity distributed according to a probability measure P. We
assume that the corresponding probability space is defined
as appropriate.

We assume throughout that we are given an exchangeable
calibration dataset D., = {{f((f)Ti1 f;l containing the
residual sequences of historical trajectories, where the term
exchangeability is defined as follows:

Definition 1 (Exchangeability). A collection of N random
variables is said to be exchangeable if the joint probability
distribution of any permutation of these N random variables
are the samell]

'Note that exchangeability is a weaker condition compared to assuming
that data are independent and identically distributed (i.i.d.).

It should be noted that we only assume that the multiple
complete T-horizon sequences are exchangeable, without
requiring exchangeability within time-horizons; i.e. we do
not assume Y; and Yy are exchangeable or i.i.d. for a given
0 <t#t <T, as residuals at different time steps may
exhibit temporal correlation. Another important remark is
that if the nominal trajectory is generated from a data-driven
model (e.g., neural-network), the calibration dataset D,
must not involve any residual of training data, as we have
assumed that all data come from the same distribution and
such an operation would alter it.

For a pre-defined error level ¢ € (0,1), our goal is to
use D, to construct a set-value predictor I'“ that predicts a
closed and bounded abstraction region C; (such as a norm-ball)
around each Y; such that with at least (1 — ¢) probability, the
true trajectory Yo.7—1 is completely inside these abstraction
regions simultaneously for each t =0,...,7 — 1.

More formally, we want to use D, to construct a set-
valued predictor

r:Yor 1 —@L'Ccy 4))

that produces T' decoupled and valid (Def. |2|) abstraction
regions for Yo.r_1, where the term validity is defined as
follows.

Definition 2 (Validity, [7]). Given a desired error level € €
(0, 1), a statistical abstraction predictor I'® is said to be valid
if for any new trajectory Y(()?;Vi)l, we have

P(YS e T (YE)) 21— @

where P is the joint probability measure of the new residual
sequence Y """ and the calibration data De,. In the setting
of this paper, (2) is equivalent to:

P (Yf“ew) e forallt=0,..T— 1) >1—e (3)

B. Conformal Prediction and ICP Framework

Conformal Prediction (CP) is a model-agnostic and
distribution-free tool that aims to quantify prediction un-
certainty and produce valid prediction sets I' without as-
sumptions on the data distribution. The most commonly used
CP methods employ a computation-friendly framework called
Inductive-Conformal-Prediction (ICP, see [7]), sometimes also
called Split-Conformal-Prediction. Such framework assumes
that the data in calibration set is exchangeable with the test
data. Then we use a score function (non-conformity measure)
A to assign each calibration data with a non-conformity score
R;, and find the pth smallest score with p = [(1—¢€)(N +1)].
Then any data point with score smaller or equal to this pth
smallest score is in the valid conformal region.

One crucial challenge is how to define the non-conformity
measure A. This is in fact non-trivial, as using a different
A will induce CP-regions with different shapes and sizes. A
CP method that has a too large CP-region is conservative
and does not provide meaningful results. To evaluate the
performance of a CP method, we use the term efficiency:
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(a) 2D-regression example (b) time-series data withd = 2, T = 2

t=0

t=1

Fig. 1: Data with non-conformity scores lower or equal to
RI?! are drawn in blue, otherwise in orange. A valid CP
contains at least p number of residuals inside CP regions.
Motivated by simple regression case in (a), we minimize
the average radius of normed-ball regions that containing p
number of time-series residuals inside.

Definition 3 (Efficiency, [7]). GivenA an efficiency metric Leg,
an error level €, and a fixed input Yo.7_1, a CP method T'§
is said to be more efficient than another CP method 1'§ if

Lot (T5(Yor-1)) < Lon (Te(Yor1)) . &)

In the context of time-series setting where we need to
produce a sequence of T decoupled regions, the efficiency
metric Leg is usually taken as the sum-of-widths (diameters)
or sum-of-volumes (Lebesgue measure) of the 7" CP-regions.

III. OPTIMAL SELECTION CONFORMAL PREDICTION
(OSCP)

In this paper, we propose a new CP method for time series
using the Re-calibrate ICP framework [22]-[24], which splits
the D, into 2 halves, one for learning the parameters in a
parameterized score function and another for calibration (as
in the standard CP). We propose a novel parameterization that
provides very tight conformal regions in theory and achieves
SOTA on the experiments in Section We also show that
the computation of this method is much more efficient than
the previous SOTA method.

A. Motivation: Minimal-Average-Radius Regions Containing
p Residuals

In the classical ICP framework for a simple regression task
of predicting a 2-D vector 4 = (y1,y2) ', the score function
can be simply defined as the lo-norm of the residuals g, i.e.
A(Y) == [|9ll2 = ||Ureal — Ypred||2- Suppose with probability-
one, there are no ties (i.e., the score of each data is distinct
almost surely). Now, if we draw a circle centered at the origin
and plot each residual vector § of the calibration data on the
graph (see Figure [Ta)), then we can see that constructing the
CP-region is equivalent to constructing the smallest circle
that contains exactly p number of residual vectors (either in
its interior or on its boundary) with p = [(1 — €)(N + 1)].
This is because the radius of this circle is equal to the p-th
smallest score, which we denote by R,

Given this fact, we now consider a simple time-series
setting with d = 2 & T = 2 (Figure [Ib). At each time step,
we first fix a local “center” point, and plot residual vector

fﬁ(i) = Yt(i) — Yt(i) with respect to this center point (think
of it as the origin in x-y plane). The solid lines connecting
two points denote the residuals at 2 time steps from the same
time-series data, while the time series is inside the CP region
if both ends of this line segment are inside the respective
circles (connected via dashed lines). The first fact is that
there are at least p residuals of calibration data inside the CP
regions (in fact there are exactly p residuals when there are
no “ties”). The question we seek to answer is whether we can
perform a similar procedure with the single-stage regression
case above. That is, construct CP-regions that give rise to
norm-balls with the smallest average radius while containing
at least p residuals inside. We provide a positive answer to
this question, and refer to our proposed method to achieve
this as Optimal Selection Conformal Prediction (OSCP).

B. OSCP: Algorithm Description, Validity and Efficiency

Considering the motivation of constructing smallest re-
gions containing p calibration data, we now present the
Optimal Selection Conformal Prediction (OSCP) method
using the Re-calibrate ICP framework and the Empirical-
Risk-Minimization principle. This method is compatible with
the common convex shapes (hyper-ball, hyper-cube, hyper-
ellipsoid, etc.) for CP regions, which depends on the specific
norm the user is using to calculate the absolute residual at
each time step. To make the statement clearer, we first define
the normed-residual-series of a residual sequence between
nominal and real time-series as follows:

Definition 4 (Normed-residual-series €). Given any norm
I| -] : R* = R, the normed-residual-series ééfT_l =
(ééz)7 e ég,f)_l)—'_ for a residual sequence Y((;zf_l is defined
as a time series

el 1= (V] s 1T € R )

Using a different norm will induce different shapes of CP
region for this method, which will be discussed later. Often,
a natural choice is to use the [-norm.

a) Step 1: Split data: We conform to the Re-calibrate
ICP framework, which requires to further split the calibration
dataset. Suppose we have an exchangeable dataset D, drawn
from P, we split it into two disjoint subsets Dca1 1, Dcal,2
with size ni, ng. Although there is no requirement on how
to split the dataset, in our numerical implementation we use
ny =~ na.

b) Step 2: Determine the optimal score function: Given
a norm to calculate normed-residual-series of the calibration
data, the parameterized score function A is defined as

A(?(()l)Tq) = max {é(()i) —To, ~-~»é¥),1 - 7"T—l} , (6)

where rg,...,rp_1 are parameters need to be determined.
Specifically, we use D, 1 to formulate a mixed-integer linear
programming problem to find optimal parameters g, ..., 77_,
and the detailed formulations are in Section



c) Step 3: Calibrate and construct the final CP regions:
Once we determine the parameters r;, t = 0,..., 7T — 1,
based on Dg,1 1, we have a well-defined score function A,
and as a result we can calculate non-conformity scores R; =
A(?éfzf_l) for each data in Dcy 2.

Now, let pa = [(1—¢€)(nz+1)]. Suppose RP2 is the poth
smallest non-conformity score among scores of D, 2, We can
then construct the final CP regions I'“ : YO;T,l — ®tT;OICt,
where the region at each time step is:

Co={yeR?:|ly-Y| < RP 41} )

Then these regions are valid conformal regions.

Theorem 1  (Validity). Suppose Coy,...,Cr_1 are
derived via the procedures above, then we have
]P’(Yt(new) eCt,Vt:O,...,T—l) > 1 — ¢, where P

is the joint probability measure of D¢, 2 and ?(()n;‘f)l
Proof: The construction of score function A depends
only on Dc,,1, and does not include information from
Dea12. Thus, the non-conformity score for each data in
Deca12 is exchangeable with that of a new data drawn
from D. Let p» = [(1 — €)(nz2 + 1)], by Lemma 1 in
[27], the conformal regions defined as I‘e(Y(()fl;Vi)l) =

{Y € RXT | A(Y — Yé?;“_')l) < R[P2]} has property that

P (Y((f;vi)l € FC(YA'(()?;VI)l)) > 1 —¢€ Now, for any Y €
RdXT

ACY = X E) = max {|1v; = 7| =, } < R

s ||V, =V < Rl 4y, WE=0,...,T—1.
Thus, if we define CP-region at each t as
C = {y eR?: |y —V;|| < Rl + rt}, we guarantee that

]P’(Yt(new) eCt,Vt:O,...,T—l) >1-e -

d) Efficiency of this method: This method produces the
smallest average radius (over T regions) regions that a valid
CP method can achieve based on D, 1, with respect to a
user’s predefined norm for calculating normed-residual-series,
e.g., if a user uses lo-norm to calculate absolute residuals,
then this method produces the 2-norm balls with the minimum
average radius any CP method can achieve. We formalize
this in the theorem below.

Theorem 2 (Empirical Average Radius Minimization). Sup-
pose {r§,...,rn_,} are the optimal parameters computed
in Step 2 (see also the optimization program in [[lI-C)), based
on Dy 1. The minimum average radius of an empirical CP-
region is then equal to % EtT:_Ol Ty

Note that the term “empirical” refers to the Empirical-
Risk-Minimization (ERM) principle. The regions %enerated
by calibrating data in D, 1 via score function A(YOZ:)T_l) =
max { &) —rs, .. el | — 7“?71} are not valid CP regions,
but this Theorem shows that OSCP is efficient in the sense
of ERM principle. The proof can be found in Section [VI] at
the end of the paper.

e) Shapes of CP regions: The shape of CP regions that
this method produces depends on the user pre-defined norm
for calculating the absolute residuals. This can be viewed
as a hyper-parameter for the method. For instance, lo-norm
produces ball-shaped regions, I or l,,-norm induces hyper-
rectangle regions, and positive-definite matrix A-norm results
in ellipsoid-shaped regions (see [28]). Ellipsoidal regions is
flexible, but may lead to over-fitting when the data is not
enough to reflect its shape in high dimensional spaces. When
the dataset is small and we don’t have prior knowledge of
the data distribution, we can assume the prediction residual
follows a gaussian error and employ ls-norm.

C. Optimal Parameter Computation

Suppose we have select the shape of CP region by choosing
a specific norm || - ||, and we have calculated the normed-
residual-series for data in Dga1 1. Let p1 = [(1 —€)(n1+1)].
Our goal is to determine optimal parameters rg, ..., 77—1 by
using the first calibration dataset D q; 1.

Recalling the motivating example in [[lI-A] we seek to deter-
mine a series of norm-balls with radii r,t = 0,...,T—1, that
have the minimum average radius (equivalently radius sum,
ie., ZtT;(Jl r¢) and contain at least p; normed-residual-series
é(()Z;)Tq’& We can achieve this by means of the following
optimization problem:

T—1
min r (MILP)
{reh (b} ; '
subject to by - (6) — 1) <0, t=0,....,T—1, (8)
1= 1,...,’17,1
ny
> bi=m ©)
=1
b € {0,1}, i=1,..,ni. (10)

This is a mixed-integer linear programming problem that
is always feasible, and in fact we can remove a large fraction
of redundant constraints to enable faster computation while
keeping the optimal solutions of rg, ..., 7r—; unchanged. To
reduce the size of this program and improve the associated
computational efficiency, two redundant constraint sets, can
be identified and removed. To this end, sungose that for each
t, 'él[tpl] is the p;th smallest value among étl), ceny éﬁ”l). Then
the first redundant constraint set is defined by

Sy = {z e{1,...,m} D <& ve=o0,.. T 1}.
11)
This set denotes the indices of all inactive constraints. In
the case we are provided (or often it is easy to identify) a
feasible solution {r(()feas), ey rgpfe_h‘f ), bgfeas), ey bﬁff“)} to the
(MILP), then we can neglect a second redundant set

Sy = {z e{l,.omi}| e > r) forve=0,..,T— 1}

(12)
which includes all solutions that would lead to a cost (sum
of radii) greater than that of the available feasible solution.



Although the method to find such feasible solutions is not
unique, one fast and easy-to-implement heuristic procedure is
as follows: for each ¢ = 1,...,nqy, we calculate the sum
of normed residuals TotalRes(i) := ZtT 01 eﬁl and sort
TotalRes(#)’s in non-decreasing order. Then we pick the

first p; indices, i1, ..., ip, and let bl(.fe““’ = 1 for these indices,
b(feas)
i

(feas) _

= 0 otherwise. Let r; max égi). Then we

1=11,...0p

have a feasible solution to (MILP).
Once S; & S5 are identified, we can set up a modified
optimization program as follows.

T—1
i MILP-fast
min ;73 ( )
subject to b; - (&) —r,) <0, t=0,...,T—1,i€8
(13)
Héax{et)}<rt, t=0,...,T—1 (14)

i€S]
> bi=pi— S| (15)

€S
b € {0,1}, i€ S (16)

where S :={1,2,...,n1} \ (51 U S2).

Theorem 3 (Equivalence of (MILP) & (MILP-fast)). When
|S1] < p1, (MILP-fast) is always feasible, and its set of
optimal solutions of {r§,...,r%_1} coincides with that of
(MILP). Otherwise, if |S1| > p1, the optimal solution to
(MICP) is r, = e, t =0,...,T — 1.

The corresponding proof is in Section at the end of
the paper. Theorem [3| implies that when |S;| < p1, we can
solve to find optimal parameters 7§, ..., 75 ;.
The rough idea is that to make the choice of r;’s optimal, we
must always consider containing residual-time-series from .S;
but not considering containing those from S5. Thus, when
S1 < p1, solving is equivalent to solve (MILP-fast).
On the other hand, when |S1| > p; (although not common
in practice), there are already more than p; residual-time-
series to be contained inside the norm-balls, so we can simply
choose r;, = 6,[5 Pl ,t =0,...,T—1, as the optimal parameters.

When the error level € is small, usually can
remove a large number of mixed-integer constraints in (§) and
integer variables b;’s, which makes the computation much
faster. The detailed results of increased running speed can be
seen in Section [V=Cl

The pseudo-code of this faster algorithm for computing
optimal parameters is in [29].

IV. NUMERICAL EXPERIMENTS

To demonstrate the performance of our method, we test
on both simulated and real time-series with different time
horizons 7', dimensions d, and calibration dataset sizes IV,
taken from [22]. We compare our method with 5 baseline
uncertainty-quantification (UQ) methods, and the results show
that among all valid alternatives, the efficiency of our proposed
approach outperforms the state-of-the-art method on all case
studies.

a) Baseline Approaches: We selected MC-dropout [26]
and CF-RNN [21] as the baseline approaches for Bayesian
UQ method and CP for time series, respectively; as well
as three recent approaches in CP for time series, namely,
CopulaCPTS [22] and LCP [24] as parameter optimization
methodologies, and CRD [23] as a convex CP baseline. Since
both CRD and our method allow users to specify shapes,
we test hyper-rectangle & ellipsoid shapes of CRD (denoted
as CRD-Rect & CRD-EII, respectively) and ball & ellipsoid
shapes of our method (OSCP-l; & OSCP-EIll).

A. Synthetic Datasets

a) Particle trajectory: According to [22], the first two
datasets are generated from the Interacting Particle System
[30], and extra Gaussian noises with standard deviation
o = 0.01 and 0.05 are added to the dynamics of particle
simulations in two datasets, respectively. For each case, data
is split into 2000/500/500 for training, calibration, testing,
respectively. A prediction model is trained to predict the future
dynamics Y € R¥*7T given the past observations X € R*™
of the particle simulation with 7 = 35, T' = 25, d = 2. Then
all UQ methods are evaluated according to the procedures
stated in [29]. For UQ methods that require a further split
of calibration dataset, the split ratio is set to be 0.5/0.5 for
Dea11 & Deay2 except LCP. We note that the optimization
program in LCP becomes computationally intractable for this
split, so we adopt 0.1/0.9 split-ratio for LCP.

b) Drone trajectory: The drone trajectory dataset is
generated from [31] with added Gaussian noise of o = 0.02.
The data-split is 600/200,/200 for training/calibration/testing.
The prediction model forecasts a drone’s future trajectory
given its past observations (r = 60, 7" = 10, d = 3).
After training the prediction model, all UQ methods are
evaluated in a similar manner. For methods requiring a split
of the calibration dataset, a split-ratio of 0.5/0.5 is adopted
(including LCP).

B. Real Dataset: Covid-19 Daily Cases

We also conduct a case study on the real dataset, UK Covid-
19 Daily Cases. We used the preprocessed dataset from [22]?_-]
Each time-series data in the preprocessed Covid-19 dataset
corresponds to 150-day daily cases from mid-September 2020
to mid-February 2021 at a region in UK. Then, 500/160,/80
time-series data are used for training/calibration/testing. The
prediction model takes 100 days of data as input, and outputs
the subsequent 50 days, i.e., 7 = 100,7 = 50,d = 1. For
UQ methods that require a further split of the calibration
data, the split ratio was set to 0.5/0.5.

C. Numerical Results

For target confidence levels from 0.5 to 0.95 (10 values),
we tested each UQ method with 50 runs (random splits of
calibration and test set but with the same proportion) on
each dataset. OSCP aims at producing minimal radius norm-
balls; it is thus not direct how to compare that radius with

2The original ~ Covid-19
https://coronavirus.data.gov.uk/

dataset can be download at
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Fig. 2: Performance visualization on the Particle Dataset
(0 = 0.05). The dashed reference line in the Coverage
graph denotes the target confidences, and only methods with
coverage curves at or above this line achieve the target
coverages. In the Volume graph, curves closer to the bottom
indicate better performances (less conservative).

some UQ methods whose outcome is not a norm-ball one.
Thus, we consider comparing the total volume (area/length
depending on the dimension) of confidence sets. A more
detailed description of the comparison setup & performance
evaluation of all methods is provided in [29].

Our method outperforms all the baselines on 4 case
studies for all 10 confidence levels (0.5 to 0.95). Specifically,
compared to previous SOTA method LCP [24] (the one with
the smallest total volume among baselines that have empirical
coverage no smaller than target ones), our method with I5-
norm, OSCP-/5, reduces the total confidence region size (on
average) of 16.03%, 14.32%, 14.01%, 16.93% on dataset
Particle (0 = 0.01), Particle (¢ = 0.05), Drone, Covid-19,
respectively. When using an ellipsoidal confidence region,
our method achieves further reductions in the region size (see
[29] for details).

Part of the experiment results (with standard error) are
shown in Figure 2] and the complete results & visualizations
are in [29]. From the results in Figure @ it can be seen that
our method returns a confidence region with the smallest
volume among all alternatives, while achieving the target
confidence levels.

a) Runtime comparison: We also compare the runtime
used in solving the optimization problem between our method
and the previous SOTA (LCP, [24]). For the Particle (¢ =
0.05) dataset, LCP sometimes reach the time limit and
terminate the simulation at 10000s, so the actual computing
time is higher than the reported result. In Table [I, we can
see that when target confidence is set as 0.9, our method is
8812.0, 78622.0, 14.4, 22.1 times faster than LCP on the four
datasets, respectively.

V. CONCLUSION

In this work, we propose a new parameterized score
function for conformal prediction in multi-dimensional time
series and an optimization program to determine an optimal
parameter set. We prove validity and efficiency of our method,

TABLE I: Comparison of optimization runtime (in sec) for
target confidence 1 — e = 0.9

Case Study Previous SOTA [24] OSCP-lo
Particle (o = 0.01) 1215.002 4 1450.119  0.137 +£ 0.057
Particle (o = 0.05)  >9392.66 + 1358.109  0.119 + 0.034

Drone 0.151 + 0.033 0.010 + 0.007
Covid-19 0.549 =+ 0.166 0.025 £ 0.011

showing that optimizing these parameters is equivalent to
determining the minimum-average-radius CP regions with a
pre-specified norm-ball description. Numerical results on four
different datasets (synthetic and actual data) demonstrate that
our method outperforms alternative approaches, while having
much lower computational requirements.
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VI. PROOF OF THEOREM 2|

Lemma 1. Fix an error level ¢ € (0,1), and a prede-

fined score function A. Fix also any norm, and let r},

t =0,...,T7 — 1, be the optimal parameters of OSCP’s

score function. Any valid CP region (with same shape as

OSCP’s) constructed based on D, 1 has average radius
T—1

T 2at=0 Tt 2 T Qa0 Ti-

Proof of Lemma [I} ~ We first show that if
the set (not necessarily a CP-region) I'¢ (YOT 1) =
®f o {y eR:|ly -V < rt} contains at least p; ele-
ments out of Y(i) i= 1
no smaller than % Zt 0 T

Let p; = [(1— e)(m + 1)]. Consider the set

M(Yor-1) = el {y e R ly = Vil < vf ) a7

,n1, then it has average radius

where {r;}1-! is the optimal solution to the (MILP). Since
T8, 15y T is feasible to (MILP), there are at least p

indices from {1, ..., n; } such that & ~( ) <r;,vt=0,2,..,T—

1. Now, since {r; } is optimal to the objective of (MILP), then
the average radius of FC(SA{O;T_l)* is the minimum among
all norm-ball regions that contains at least p; elements out
of YO, i=1,....n4

Now, consider CP regions constructed on D, 1 via the
score function A and a selected shape induced by || - ||:

I (Yor1) == {Y € R4 : A(Y — Yo.r_1) < R}

Since R[P1] is the p1th smallest nonconformity score, then
there are at least p; number of i’s satisfying
A(Yyp_y) < BPT = Yo e (Y y).

Then the average radius of FG(YO .7—1) cannot be smaller
than that of (T7), which is & 3>/ ' rf. [

Proof of Theorem 2} Now with Lemma [I] we
start proofing the Theorem [2] Given an optimal solution
{rg,.,rp_1,07,...,b5 } of (MILP), the non-conformity
score R; of each data is then calculated by:

—.A( OT 1)—max{eo —T‘O,...7éfgz)_1—’l“}_1}.

To prove the result stated in the theorem, we first show that
Rl = 0. Let iy, io, ...,%p, be the indices such that b} = 1.
Due to feasibility of r; forany ¢t = 0, ..., T—1, we have eg )<
ry,Vi =11, ...,4p,. Thus, for ¢ = il, .y Bp,, we have Iy < 0.
We then have RIPY) < max R; < 0. Now suppose for

1=01,.00y0pq

the sake of contradiction that R ”1] < 0. Then 349,145, ..., 7,
such that R; < 0,Vi = Py ihy ey p .- Consequently, we have
e <t =0, T = 1,Vi =i, .,il, .

Consider a new solution candidate

ey g
if o =11,..,0,;

SOV B

max €,

/I
T = i 7 0
i=1],.. P1 s

otherwise.

It is easy to check that this new solution is feasible to
(MILP) and r; < r;,Vt = 0,...,T — 1. This contradicts to
the fact that ZtT;Ol ry is the minimum cost solution.

Thus, we can conclude that RIP1l = 0. Then for each ¢,
the resulting CP-region is

{yeR: |ly — Vi]| < RPY 477}
= {yeR:|ly-Yi| <]}

This completes the proof that the average radius of empirical
CP region of OSCP calculated from D, ; is equal to
T Zt o Ti,» which is the minimum value that a valid CP-
region with same shape can attain by Lemma [T} [ ]

VII. PROOF OF THEOREM[3]

Proof: Case 1: |S1]| < p1
Feasibility of (MILP-fast) is easy to check, as we can

always randomly pick p; indices i1, ...,4,, €5, and then the
1, Yi=iy,...ip, .

solution {r; = max & (NT-1 ;= P I
0, otherwise

trivially feasible to the problem. We will now prove each

direction seperately.



(=) w.ts. Any optimal parameters r* = (rf,...,r5_;) of
(MILP), 3b’ = {b}, i € S} s.t. (r*,b’) is an optimal
solution to (MILP-fast)).

We will first show that the feasibility region of
is a subset of that of (MILP).

First of all, we augment the space of decision vari-
ables (I’,b) = {7“0,...,7“'1“,1} U {bi}’ies to (I‘,B) =

{roy ey T7-1,b1, ..., b, }, 1.e. the feasibility region of

now becomes (10), (13), (T4) & (T3).

Consider following constraints:

b =1,
b; =0,

Z'ESU
1€ 55,

(18)
(19)
We add these two constraints on (r, b), which has no effect on
the feasible region of original decision variables (r,b). That
being saying, the feasibility region of is equivalent
with that of augmented (MILP-fasi), i.e.,

@), ©, (10), (8), (0 <« (10, (13), (4, (15). [T8), (19).

(20)

Then we have p; — |S1] indices i’s s.t. 4 € S and éti) <r}
at each t. So constraint (13) & (I3) are satisfied. Now, since
for iy, ...,%p,, b = 1, it means that we have p; indices i’s
s.t. ei 2 <} at each t. Recall that e ~[p Vs the pith smallest
element in the sorted non- descendmg sequence {et )}
This means that e[p 1l <ry, Vt=0,..,T-1. Consequently,

for Vi € 51,
&) <&l <nf

,Vt=0,...,.T-1 & max{égi)} <ry,
i€S1

so constraint (T4) is also satisfied and we can therefore con-
clude that (r*, b’) is feasible to (MILP-fasf). As optimal value

of is always larger or equal to that of (MILP-fast), we

can conclude that (r*,b’) is optimal solution to (MILP-fas)
and the optimal value of (MILP) and (MILP-fast) are indeed

equal.

(<) w.t.s. For any optimal parameters r* = (r,...,r5_;)
of (MILP-fast), 3b" = (b1, b5, ..., b, ) s.t. (r*,b’) is an

optimal solution to (MILP).
Suppose (r*,b*) is an optimal solution of (MILP-fas).

This result is easy to check: for any solution r¢, b; satisfying ~ Consider solution (r*, b') = (rg, ..., v, 04, ..., by,, ), where
[® & @, br, i€ S;
bi- (6% —1) <0, t=0,....,T—1,i=1,...,m V=<1, ieS;
b @ —r)<0,t=0,...,T—1,i€{l,...,n1}\ S 0, i€ S
b; - (~(i) 1) <0, t=0,. 1,ies, Then we have
& ?el%x{et F<r, t=0,. —1. ib;:Zb:_i_'SllcOnsngm@pl_|Sll+|51|:ph
i=1 €S

Therefore, under (I8) & (T9), Constraint (§) < Constraints

(13), (T4). Also, under (T8) & (19),
Zb =p1e Y bi=p—

€S

‘S1|7

hence Constraint @ < Constraint (]E]) and thus, we can
conclude the result in (20). Consequently, we have shown
that the feasible region of augmented is a subset
of that of (MILP), which means the optimal objective value
of is no smaller than that of (MILP).

Now we will show that the optimal objective are in-
deed equal by showing that any set of optimal parameters
{ré,....,rh_1} of is feasible in (MILP-fast).

Suppose (r*,b*) = (r§,...,r7_1, b7, ..., by, ) is an optimal
solution of (IMI_]:F[)

First, we show that by =0 for i € Sy. For Vi € SQ, et @

feaq)for Vt=0,. — 1. Since 7} is optimal, Zf o T <

Tl plfeas), Then there must be at least one ¢ s.t. 7} <

rﬁfeas) This means that &) > () > r* Thus, to satlsfy
the constraint @) in , 1t must be that b7 = 0 for
Vi € Ss.

Next, we will show that 3{b.};cs s.t. (r*,b’) is feasible to
(MILP-fast). Let i1, ..., 4, be the indices s.t. b} = 1. Then by
the above result we know that iy, ..., 7y, € {1,...,n1}\ Se =
S'U Si. Select p; — |S1] indices from {41, ..., 4, } \ S1 (this
is always possible as |S1]| < p;) and set b, = 1 for these
indices, and set b} = 0 for the rest of the indices in S.

so constraint (9) is satisfied. For constraint (8), let’s first
consider the case i € SUSs, the constraints b, - (égz) —rf) <
0, t=0,...,T—1 are trivially satisfied. For case of i € 51,
constraint (T4) in says that b, - (&7 — ry) =
é§’> -7 <0, t=0,..,T — 1. Combining these results,
constraint (8) is satisfied. As a result, the solution (r*,b’) is
feasible to (MILP). Since in the proof of (=) we have already
shown that the optimal value of is equal to
(MILP), we can conclude that (r*,b’) is optimal to (MILP).

Case 2: |S1]| > p1

Consider the solution candidate r; = eg 2 ,1=0,..T -1
We will first show it is feasible to . Pick arbitrary p;
indices 41, 13, ..., ip, from 57, then let b =1,Vi=1i1,...,%p,
and let b; =0 0therw1se ThlS uarantees constraints @) &
(T0) satisfied. Since Vi € Sy, €, < e[p1 for vVt =0,...,T —
1, constraint (§) is also sat1sﬁed Thus, the solutlon Ty =
N[pl] ,t=0,...,T — 1 is feasible to (MILP).

Now we will show that it is also optimal to (MILP). Sup-
pose, for contradiction, 3 a feasible solution {ro, .. rT 1} of

(MILP) such that the objective value Y, ' 7} < 31" rf.
Then Elrt < r = egp 1] for some f. This means there are

less than p; i’s S.t. eg) < r%. However, constraints @ &
) together imply that there 3 at least p; i’s such that
ét’) <7Vt =0,...,T — 1. Contradiction! Thus, the solution

rf=éP t=0,.., T —1is optimal to (MILP). m
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