ON SARKOZY’S THEOREM FOR SHIFTED PRIMES
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ABSTRACT. Suppose that A C {1,...,N} has no two elements
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Part [. Introduction

1. INTRODUCTION

Let (V) denote the relative density of the largest set A C {1,..., N}
not containing two elements a,a’ differing by p — 1, p a prime (that is

to say, (N) = ‘%') A well-known 1978 result of Sarkozy [30] is that
limy 00 6(N) = 0, that is to say the set {p — 1 : p prime} is a set of
recurrence. In fact, Sarkozy’s work establishes a bound

§(N) < (loglog N)=27°W),

This was subsequently improved by Lucier [15], who proved that
§(N) < (loglog N)=»)
for some function w(N) — co. In 2008 Ruzsa and Sanders [29] made a

substantial advance on the problem by establishing that
(S(N) < efc(logN)

1/4

The exponent of ; here was recently improved to 5 by Wang [36]. This
is the best bound currently in the literature.

Ruzsa and Sanders remark in their paper that, even assuming the
Generalised Riemann Hypothesis (GRH), the best bound that seems to
be available using their methods is §(N) < e~¢(eM"?  They repeat
a 1982 question of Ruzsa [27], asking whether a bound of the shape
d(N) < N~¢ can be proven under such an assumption. Our main
result in this paper is a bound of this strength, without any unproven
hypothesis.

Theorem 1.1. Let A C {1,...,N} be a set such that A — A contains
no number of the form p — 1, p a prime. Then |A| < N'=¢ for some
c>0.

We remark that essentially the same arguments would prove the
analogous result with p + 1 replacing p — 1, and that trivial examples
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show that no such result is possible for p + a with any fixed a other
than £1.

We do not give an explicit value for ¢, but one could be obtained
from our arguments using forthcoming explicit zero-density estimates of
Thorner and Zaman [35]. The value of ¢ thus obtained would certainly
be extremely small.

If one assumes GRH, it is possible to establish Theorem 1.1 with any
c < % Moreover, the argument simplifies dramatically (it is less than
one third the length of the unconditional one). The interested reader
may find a writeup of this argument in [3].

We will give an outline of our method for proving Theorem 1.1 in the
next section. The key new development is that we eschew the density
increment strategy common to all of the works cited above, and instead
study the so-called van der Corput property, which is strictly stronger
than that of being a set of recurrence, directly.

Let us recall what the van der Corput property for the shifted primes
is. For each N, set

N) := inf
1(N) = inf o
where Zy denotes the collection of all cosine polynomials

T(x)=ao+ Z a,—1 cos(2m(p — 1)x)
PN

where a; € R and which satisfy T(0) = 1, T(z) > 0 for all . The
van der Corput property is that v(N) — 0 as N — 0o. We note that
the van der Corput property may be formulated in different ways, and
the above formulation is due to Kamae and Mendes France [13] and
Ruzsa [26]. Montgomery’s Ten Lectures [18, Chapter 2] provides a
good discussion.

We will show the following result.

Theorem 1.2. We have y(N) < N~¢ for some absolute constant ¢ >
0. That s, there is a cosine polynomaial

T(x) =ap+ Z a,—1 cos(2m(p — 1)x)

p<N

where a; € R, T(0) =1, T(x) 2 0 for all x and ayg < N~°.

One may of course define the quantities 6(N) and ~(N) with respect
to an arbitrary set, rather than just for the shifted primes. In this
general setting, roughly speaking we have ¢ 5 . More precisely, it
follows from [1%, Chapter 2, Lemma 1] that one has 6(N) < (1+2)~(H)



4 BEN GREEN

for any H, so in particular 6(N) < 2v(N). We will give a self-contained
proof of this latter fact (for shifted primes, but the argument is general)
in Section 2. Bourgain [2] gave an example showing that inequalities
in the opposite direction do not hold in general, that is to say being a
van der Corput set is strictly stronger than being a recurrent set. See
also [10] for related material.

We now revert to the specific setting of the shifted primes. Regarding
previous results in the direction of Theorem 1.2, Kamae and Mendes
France showed that the shifted primes have the van der Corput prop-
erty, but gave no explicit bounds. Currently, the best-known upper
bound for (V) seems to be that of Slijepcevi¢ [31], who showed that
Y(N) < (log N)~H+elh.

Finally, we note that the best-known lower bound for §(V) is rather
small, though not as small as one might naively guess. This is a result
of Ruzsa [25], who showed that

§(N) > N€(10g2+o(1))7101;ig1\,. (1.1)

Note that this is asymptotically smaller than N~!*¢ for any € > 0, and
one would expect this to be the true behaviour of §(NV). In fact, (1.1)
may be close to the true bound. T believe (and see [31]) that no better
lower bound is known for (N).

Proving upper bounds of this strength is surely hopeless. Indeed,
if one could show that 6(N) < N~Y/27¢ for some ¢ > 0 then, taking
A to be the multiples of ¢ up to ¢>=¢, one sees that there is a prime
p < ¢*¢ congruent to 1(mod ¢). Such a bound is beyond what is
currently known, even on GRH.

Acknowledgements. The initial impetus for thinking about the van
der Corput property came after the author became aware that the
Lovész f-function can be used to show that any set A C Z/qZ of size >
/¢ contains two elements differing by a square (mod ¢), where ¢ is any
product of distinct primes 1(mod 4). This connection was also observed
by Naslund [20], who says it was known to Ruzsa (unpublished). I
thank Zachary Chase for interesting conversations on this topic and
for presenting Lovasz’s paper to me in an easily digestible form which
made the connection to the van der Corput property clear. I would also
like to thank Ofir Gorodetsky, Lasse Grimmelt, Emmanuel Kowalski,
Valeriya Kovaleva, James Maynard, Eric Naslund, Joni Teravainen and
Jesse Thorner for various helpful comments and correspondence.
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Notation. In this section we introduce notation which is global to the
paper, most of which is standard. There will be many further pieces of
notation of a more local nature which we will introduce later on.

Our use of asymptotic notation such as O(), o(), < and > is stan-
dard in analytic number theory. Sometimes we will add subscripts to
this notation; thus, for example, Og(1) means a constant depending
only on some parameter B. We will use the rougher notation X Y
to mean X < N°WY where here N is a global parameter through-
out the paper (we are interested in subsets of {1,...,N}). We write
X = O(Y) to mean the same thing. Often, but not always, the N°()
term will be just a fixed power of log N. We will remind the reader of
this notation when we first use it.

We will use the following standard arithmetic functions: the Mobius
function p, Euler’s totient function ¢, the von Mangoldt function A,
and its restriction to primes A’ (that is, the proper prime powers p’,
i > 2, are removed from the support). Given positive integers a,b we
write (a,b) for their ged and [a, b] for their lem.

A slightly unusual notation we will use is to write denom(z) for the
denominator of the rational number x when written in lowest terms,
or in other words the least positive integer ¢ such that qr € Z. The
quantity denom(z) is well-defined for x € Q/Z, which is the context in
which we will use it.

Given 6 € R, we write e() = > and ||0|| for the distance from 6

to the nearest integer. There is no other use for || - || in the paper, so
we do not need a more pedantic notation such as || - [|r/z-
If ¢ is a positive integer, we write ¢,(n) = Zae(z/qz)* e(%), the

Ramanujan sum.

If p is a prime and n is a non-zero integer, we write v,(n) to be the
power of p dividing n, and extend this to a function v, : Q \ {0} — Z
in the usual way, defining v,(§) := v,(a) — v,(b). We will, by a slight
abuse of notation, define v, on (Z/p"Z) \ {0} by taking v,(z) = v,(T)
for any T € Z projecting to = under the natural map.

In several later sections of the paper we make considerable use of the
notation F'*(n) := F(n+1), F~(n) := F(n—1). Whilst I acknowledge
that this is a somewhat unattractive and nonstandard piece of notation,
it is essential in order to keep expressions manageable later on.

Finally, in a number of sections we will see the constant M, whose
definition may be found at (11.3) and which takes the value M =
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7-39.222993  The precise value of this constant is not especially impor-
tant provided that it is large enough, but we choose to fix a value for
definiteness.

2. NON-NEGATIVE TRIGONOMETRIC POLYNOMIALS

Rather than work with the van der Corput property as defined in
the introduction directly, we instead deduce bounds on §(N) and v(N)
from the following proposition, which encodes a property easily seen to
be equivalent to the van der Corput property.

Proposition 2.1. Suppose that there is a function ¥ : Z — R and
01,09 > 0 with the following properties:

(1) W(n) is supported on the set {p — 1 :p prime};

(2) SN W(n)cos(2mn) = —6,N, for all § € R/Z;

(3) ZnNzl W(n) = 6N
Then 6(N) < 612ji15 and ¥(N) < 525 +6 . Conversely, there is a function

U satisfying (1), (2) and (3) above and such that v(N) = 51‘252.

Remarks. An immediate corollary of this is that §(IV) < 2y(N).

We remark that no specific properties of the set {p—1: p prime} are
used in this section; the arguments and conclusions apply to recurrence
and van der Corput properties of general sets.

Proof of Proposition 2.1. We begin with the first two statements, the
bounds on §(N) and v(N). We will use Fourier analysis (mod 2N).
Suppose that A C {1,..., N} does not contain any elements differing
by p—1, where p < N is a prime. Then it does not contain any elements
differing modulo 2N by p — 1, p < N a prime.

Now we have
(01 + 62)N|AJ?
rT
< ) |Z1A (51N+§RZ\IJ 2N)) (2.1)
r€Z/2NZ n=1

since the term with r = 0 is > (J; +32)|A|* N by (3) and all other terms
are non-negative by (2). On the other hand, we have

> |Z 2=2N > 1a(m)la(n) =2NIA|, (2.2)

reZ/2NZ n=1 m=n(mod 2N)
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whilst
N ™m rr
> !ZlA(n)e(ﬁ)FZ‘I’(ﬂ?) (5%
r€Z/2NZ n=1 z=1

N N N
=2N Z Z Z 1m—n+x£0(mod2N)1A(m)1A(n)\Ij(‘r) =0,

m=1 n=1 z=1

because V¥ is supported on p — 1, p prime, and A does not contain two
elements differing by such a number (mod 2N).

Taking real parts and combining this with (2.1), (2.2) gives (d; +

02)| AP N < 201 N?|A|, from which we obtain [A] < 32N, as required.

For the van der Corput property, consider

T(x):= (6N + Z U(n)) (6N + Z U(n) cos(2mn)).

It is clear that T'(0) = 1, T'(x) > 0 for all x and finally

0N 01

= - < 7

SN +>_,¥(n) 01+ 02
which shows that indeed (V) < 516le52'

Finally we turn to the converse statement. Suppose we have a cosine
polynomial T'(z) = ag + >,y @p-1cos(2m(p — 1)x) where a; € R,
T(0) =1, T(x) = 0 for all z and ay = y(N). Define ¥(n) to be a,_;
if n=p—1, p < N aprime, and 0 otherwise. Then property (1) is
satisfied. Since T'(x) = ag+)_, <y ¥(n) cos(2mnzx), the assumption that
T'(x) > 0 implies (2), with ¢, := §¢. The assumption that 7'(0) = 1

implies (3), with 85 := =22, The claim follows. O

Qo

From this, we see that Theorem 1.1 and Theorem 1.2 are both conse-

quences of the following result (which is in fact equivalent to Theorem
1.2).

Theorem 2.2. There are absolute constants 0 < ko < k1 and a func-
tion ¥ : Z — R with the following properties:

(1) W(n) is supported on the set {p — 1 :p prime, p < N};
(2) 25:1 U(n)cos(2mn) = —N'="1_ for all 0 € R/Z;
(3) S, W(n) > N1

The proof of this result occupies the rest of the paper.
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3. SKETCH OF THE CONSTRUCTION AND PLAN OF THE PAPER
3.1. Sketch of the construction

The main business of the paper is the construction of the function
¥ in Proposition 2.1.

The construction is complicated, so we begin by explaining roughly
where it comes from. The starting point is to observe that

ul

Wo(n) :=A'(n+1)A'(n —1)7(n)*(1 N )+ (3.1)

ought to have something like the desired properties, where A’ is the
von Mangoldt function restricted to primes, and 7 is the divisor func-
tion. To see why, consider how one would expect this function to
behave on progressions n = a(mod p), where p is a prime of mod-
erate size. The A'(n + 1) term will be uniformly distributed across
a Z —1(mod p), whilst the A’(n—1) term will be uniformly distributed
where a #Z 1(mod p). Thus one expects, assuming that A’(n + 1) and
A'(n—1) behave suitably independently, that A’(n —1)A’(n+1) is uni-
formly distributed where a # £1(mod p). The symmetry about 0 here
guarantees that the exponential sum of A’(n + 1)A’(n — 1) at points

- ought to be essentially real-valued. The divisor function 7(n) has

roughly twice the weight on @ = 0(mod p) as it does on each of the
other values of a (for each divisor d of n/p, we get both d and pd as
divisors of n). Very roughly, this leads one to expect that Wy(n) has
total weight proportional to v(a) on n = a(mod p), where v(0) = 4,
v(£1l) = 0 and v(a) = 1 for all other a. This weight has exponen-
tial sum at g which is both real and positive, which is a very helpful
step towards proving (2). Moreover, by considering the multiplicative
behaviour of the functions concerned, one can hope for a similar state-
ment at points g, q squarefree. Finally, the tent function (1 — ‘i]\[')Jr
has non-negative Fourier transform (the Fejér kernel) and so one might
expect Vg to satisfy something like property (2).

Unfortunately, we cannot make any aspect of the preceding discus-
sion rigorous. Indeed, the function A’(n + 1)A’(n — 1) may, for all we
know, be essentially zero (the negation of this is the twin prime conjec-
ture) and so certainly understanding the asymptotics of its exponential
sum is hopeless.

Our actual construction of W is inspired by (3.1) but includes various
truncated and modified versions of the arithmetic functions involved as
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well as some extra terms. Roughly, we will construct it as a product
U(n) :=A(n+1)Ag(n — 1)Hg(n) Do/ (n)E(n)w(n). (3.2)

Here, Q, Q" are certain parameters to be specified later, with Q' < Q.
Let us give a very brief overview of what each of these terms are and
their purpose.

The Ag term is a kind of Fourier-truncation of the von Mangoldt
function given by

1(q)
Ag(n) == mcq(n% (3.3)

q<Q q
where ¢;(n) 1= 3_,c(z/4z)- €(%') is a Ramanujan sum. This function
models the expected distribution of A on progressions but is much

easier to analyse than A itself. It was used by Heath-Brown [10] to
give an alternative proof of the ternary Goldbach conjecture.

The factor Hg behaves (somewhat) like a Fourier-truncated trun-
cated version of 72. Tt is defined as

Hgp(n) := Zn(q)cq(n) where 1(q) := 1i2(¢) | | —. (3.4)
<Q

Thus one should think of A’'(n + 1)Ag(n — 1)Hg(n) as a kind of
Fourier-truncated variant of the function A(n + 1)A(n — 1)7(n)? dis-
cussed at the beginning of the section. We discussed, on a heuristic
level, the distribution of this latter function in progressions of small
modulus (prime, in the discussion, but we need the general case), and
a similar heuristic discussion applies to A(n+1)Ag(n—1)Hg(n). This
still assumes that A is well-distributed in progression of small modulus,
where “small” means up to a power of N. Unfortunately, nothing like
this is known to be true: possible zeros near to R8s = 1 of Dirichlet
L-functions L(s, x) can significantly skew the distribution.

To account for these irregularities we introduce the term D¢, which
we call a damping term. This term has the form

5 bn
DQl(n) = Z Z OébJTG 1r|n€(ﬁ),

r<Q’' bEZ/r3Z

where the o, are non-negative real numbers summing to 1. (There
is some scope for varying the choice of the numbers % and 3, but it is
crucial that g < 1.) Tts role is essentially to ensure that the irregu-
larities in distribution just discussed still lead to non-negative Fourier

coeflicients.
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The construction of D¢ (n) is rather complicated. It is defined in
Section 13 as an infinite series (13.7), but this definition depends on
material developed in several earlier sections. Roughly, the main con-
tributions to the oy, come from characters x which have zeroes partic-
ularly close to Jts = 1. The need for the twists by e(f«—?) arises because
of the properties of Dirichlet characters to prime power moduli with
large exponent, in particular the fact that these can behave like additive
characters on large subgroups.

The function E(n) is either the constant function 1 or an indicator
1gn- The latter case arises, essentially, when there is an exceptional
character x; of conductor ¢, that is to say a character such that L(s, x)
has a zero very close to s = 1.

Finally, w(n) is an “archimedean” factor. The tent function w(n) =
(1 — %)jL turns out not to work, essentially because one needs the
exponential sum of n”~!'w(n) to be pointwise dominated by that of
w(n), for p a possible zero of some L(s,x). This is not the case for
the tent function, since the exponential sum of w(n) in that case (the

Fejér kernel) has zeroes. We are instead forced to make a much more

elaborate construction using properties of the function W(x) = x_%e*x,

whose Fourier transform has a relatively slow and controlled decay.

3.2. Plan of the paper

The main business of the paper is to properly define ¥ as given by
(3.2) and to show that it satisfies the conclusions of Theorem 2.2. This
is a lengthy task.

Part II of the paper may be read independently of the rest of the
paper and may plausibly be useful elsewhere. In this section we con-
struct another approximant Ay g 5, to A. Unlike Ag, this approximant
sees possible nontrivial zeroes with p > 1 — 09 up to height @) of
all Dirichlet L-functions L(s,y) with x of conductor < @. Including
this information about zeros makes Ay o ,, a more complicated object
than Ag, but it allows us to rigorously show that exponential sums
> nen(A(n) = Ay g.00(n))e(nd) enjoy a power saving NQ~% over the
trivial bound of N, uniformly in 6. This allows us to reduce matters
to the analysis of, instead of ¥, the modification ¥’ in which A(n + 1)
is replaced by Ay g, (n + 1), for suitable @, 0.

Part III of the paper assembles various preliminaries for the main
argument. In Section 7, we describe some zero-density estimates and
their consequences. The material here is similar to what one would
find in a proof of Linnik’s theorem on the least prime in a progression,
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which is not surprising since Theorem 1.1 is easily seen to imply that
the progression 1(mod ¢) contains a prime of size ¢°"). What we need
here is a little stronger than what is required for Linnik’s theorem,
where the modulus is fixed. Our main reference is Bombieri’s book [1].

Section 8 discusses periodic functions on Z, their rational Fourier
expansions, and the notion of positivity. It also introduces some of
the key examples and functions in the paper such as H as described
above.

Section 9 and the related Section 10 are rather long and technical,
though crucial to the paper. They are concerned with passing between
truncated series ) o a(g)cy(n), which are good for Fourier analysis,
and untruncated series such as - o a(q)cq(n), which are much easier
to understand combinatorially. Section 9 concerns triple products of
such series and their shifts, and in Section 10 characters are introduced
as well. Despite the technical nature of these sections, the statement
of the main result of Section 9, Proposition 9.1, is self-contained and
potentially applicable in other contexts.

Section 11 develops material necessary for the construction of the
damping term D¢. A crucial input here is the Postnikov character
formula which, due to the lack of a reference suitable for our purposes,
is developed from first principles in Appendix A.

Section 12 constructs the archimedean weight w(n), modelled on

z72e~*. The main result here, Proposition 12.1, is self-contained and
is also potentially of some use elsewhere.

Finally, we come to Part [V, where the function V¥ is rigorously con-
structed and shown to have the desired properties. The construction of
the damping function D¢y is probably the most conceptually interest-
ing part of this analysis. The fully detailed definition of ¥ is given in
Definition 15.1, and finally in the rest of that section it is shown that
U satisfies Theorem 2.2.

Some comments for the reader. 1 have endeavoured to make key
intermediate results self-contained where possible, so that it is possible
to understand the basic structure of the argument without reading
all the proofs. There are a very large number of hyperlinks in the
paper to facilitate recall of key definitions and intermediate results.
Consequently, I recommend that anyone interested in reading the paper
use a suitable PDF viewer rather than the printed version.
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Part II. An approximant for the primes

The objective of this part of the paper is define certain approximants
Ay to the von Mangoldt function A which are very close to it in Fourier
space. The definition (which requires a little setting up) may be found
in Definition 4.4, and the key result is Proposition 4.6. Recall that N
is a large integer, a global parameter in the paper, and that X Y
means that X < N°DY

4. DEFINITION OF THE APPROXIMANT

We adopt the following fairly standard convention in analytic number
theory: p denotes a nontrivial zero of some L-function, and we write
p = [ +iv; somewhat less standardly, we always write o := 1 — 3, thus
Rp=1—-o0.

Definition 4.1. Let () be a positive real parameter, and let o¢ > 0.
Write Zg(0p) C C for the multiset consisting of all p = § + iy =
1 — o +ivy with 0 < 0¢ and |y| < @ which are zeros of some Dirichlet
L-function L(s, x) with conductor at most Q).

Remarks. Later on we will fix oy = ﬁ, a convenient but not optimal

choice which works for all our arguments.

When we say that Zg(0p) is a multiset, we mean the following. If
p occurs as a zero of multiplicity r; for primitive Dirichlet characters
Xi, ¢ = 1,...,m, then p should appear in Zg(0p) with multiplicity
r1+---+7,. Conjecturally, every p is a simple zero of a unique L(s, x)
(and so Zg(0p) is simply a set) but this is not known. In fact Z¢(0p)
is conjecturally empty if oy < % If p € Eg(og), we write x, for the
primitive Dirichlet character associated to it.

Suppose 1 is a Dirichlet character (not necessarily primitive) to mod-
ulus r. Recall that the Gauss sum 7(v) is defined by

b
()= Y v)e().
be(Z/rZ)*
The following three definitions are important ones in the paper.

Definition 4.2. Let y be a primitive Dirichlet character to modulus q.
Let r be a positive integer and let b € (Z/rZ)*. Then if q|r we define

cy(b,7) = —rx(b)u(é)x( )T(X), (4.1)

and set ¢, (b,r) =01if ¢ 1.
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Definition 4.3. Let x be a primitive Dirichlet character to modulus
q. Then we define

=YY albre™), (4.2)

q|r be(Z/rZ)*

where ¢, is as given in (4.1).
Finally, we can define the approximants Ay themselves.

Definition 4.4. If n is a positive integer, define

Mpqao(n) = Ag(n) = Y n"7'Ey, o(n). (4.3)

PEZQ(00)

Remarks. As we progress with our analysis we will understand more
about why these are relevant definitions. For instance, we will see in
Lemma 6.2 that F, o can be thought of as a kind of “Fourier-truncated”
version of Y restricted to numbers with no prime factors < Q.

When x = xo, the (primitive) prinicipal character, we have ¢, (b,r) =

p(r)

o) and so

Fyq(n) = Ag(n), (4.4)

where A is the approximant (3.3). Given this, it is possible and often
convenient to write

Mpgas(n) = > g Fy,o(n). (4.5)

PEEG(00)

Here, we set =5 (00) = Zq(09) U {1} and we adopt the convention that
X1 is the principal character (of which 1 is of course a pole, not a zero),
and €, = —1 or 1 according as p is a zero or a pole (i.e. p=1).

I am not aware of A4 ¢ », having appeared previously in the literature.
Teréviinen [31, Definition 5.2] makes a vaguely related definition (but
only using the zeros of (), and there is some similarity with the work
of Pintz [22, 23] on the exceptional set for the Goldbach problem.

As a final remark, we note that on the assumption of GRH we have
Agg.00 = Aq for all og < %, since Z¢(0p) is empty.

Lemma 4.5. Ay g, is real-valued.

Proof. One may check using 7(X) = x(—1)7(x) that cx(b, ) = ¢, (=b,7)
and thus that

!

FYvQ = X?Q' (4'6)
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Suppose that p € Eg(0y), thus L(p, x,) = 0. Then L(p,X,) = 0 (note
that L(s,x) = L(3,X), since both sides are meromorphic and they
agree for R(s) > 1). That is, p € Eg(0g) and x5z = X, . It follows from
this and (4.6) that n”~'F\ o(n) = n?~1F\_o(n), thus the summands
in (4.3) come in conjugate pairs. O

Finally we state the key Fourier approximation property.

Proposition 4.6. Suppose that oy < % and that Q@ < N9. Then we
have

D" (AR) = Agg.on(n)e(nb)] $ NQ#

and
1

[N (N () = Aggoy(m)e(nd)| £ NQ#

n<N

uniformly for 6 € R/Z.

Here, note that the second statement (which is the one we will need
later on) follows easily from the first, since  , _y [A(n) —A'(n)| £ Nz,

5. PROOF OF THE FOURIER APPROXIMATION PROPERTY

The business of this section is to prove Proposition 4.6. The basic
idea will be to consider the cases of # close to a rational with small
denominator (the “major arcs”) and 6 not close to a rational with
small denominator (the “minor arcs”) separately. In other words, we
use the circle method. The heart of the argument begins in Subsection
5.3 below.

We will need various ingredients in the proof, which we assemble now
before moving on to the main argument.
5.1. Zero-density estimates

We have the following result, sometimes known as a grand log-free
zero-density estimate.

Proposition 5.1. We have, uniformly for a > %,

“ipe EQ(%) Rp > a) < Q¥ (5.1)

Here, zeroes are counted with multiplicity.
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This follows from [12, Theorem 1] (with any constant larger than
6 in place of 8). That zeroes are counted with multiplicity is not ex-
plicitly stated there (or indeed in many results of this type) but the
proofs do give this. Any result of this general type (that is, a “log-
free” zero-density estimate over all moduli) would be suitable for our
purposes. Jutila (ibid.) describes some previous results of this type
and remarks that the first such estimates were due to work of Fogels
[5] and Gallagher [6], and can be found explicitly in the latter paper.

Remark. In Section 7, we will need more refined estimates coming
from the phenomenon of “exceptional zero repulsion”; see Proposition
7.5.

A consequence of Proposition 5.1 this is the following convergence
result.

Lemma 5.2. Suppose that ) < No. Then > )NSR’)_1 < 1.

PEEQ(5
Proof. For k > 1, write Eg ) for the multiset of all p € Eo(3) for which
k—1<(1-%Rp)log@ < k. By Proposition 5.1, |Eg)| < 8 for all k.
Summing over k, we obtain

Z NP1 « ZN_IIZ%;&J@S’“ < Ze_%e% < 1.

PEEQ k>1 k>1

5.2. Exponential sum estimates

We will need the following estimate for exponential sums twisted by
nP~t = nferoe™  This is material of a standard type, but it seems
hard to locate a usable reference in the literature.

Proposition 5.3. Suppose that p = 3 + iy, where % < B <1 and
Iv| < NY2. Then we have

Y w7 le(0n) < NPmin (1, (1+ N6~ 7 72). (5.2)

n<N

The proof will require the following two well-known estimates for
exponential sums.

Lemma 5.4 (Kuzmin-Landau). Let I C R be a bounded interval. Let

f I — R be continuously differentiable such that f' is monotonic and
/(O =X onI. Then

ST elfm) <A

nelNZ
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Proof. See [33, Part I, Theorem 6.7]. Recall that here [|6]| is the dis-
tance to the nearest integer. U

Lemma 5.5 (van der Corput). Let I C R be a bounded interval. Let
f 1 — R be twice continuously differentiable with X < |f"(z)| < aA.
Then

D e(f(n) < alI|]A? 42712

nelNZ

Proof. See the comments after the proof of Theorem 6.7 in [33, Part I

for the exact version we state here. See also [33, Theorem 6.5], which
would suffice for our purposes but it slightly less explicit about the
dependence on a. O

Proof of Proposition 5.3. Since e(6n) is periodic, we may assume 0 <
0| < 3 throughout, and hence that [|6]] = |6]. Set

S(v,0,N) Z n"e(fn) Z (— logn + 6n).
n<N n<N

From the identity

N
-1 = NA-1 (B — 1)/ 25 2dx

we see that

> nfle(On) = NPT1S(4,0,N) — (B—1) /1 27728(7, 6, z)dz. (5.3)

n<N

Now (5.2) consists of three bounds. The first one, that the sum is
< NP, is essentially trivial:

|Zn”_1| < Z Inf~t = Znﬁ_l < N”.

n<N n<N n<N

(Note that the implied constant is uniform in /3 in the range % < B <
L)

For the second estimate in (5.2), we apply the Kuzmin-Landau bound
(Lemma 5.4) with f(t) = 5= logt + 0t, we see that if M := P' then

Z ne(On) < |07
M<n<x

Estimating the contribution from M < % trivially using |n“7e(6n)| < 1
gives S(7,0,z) < (14|y|)|0]~!. Substituting into (5.3) gives the second
estimate in (5.2).
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For the third estimate in (5.2), suppose that I C [27,2/71] is some
interval. Apply the van der Corput bound (Lemma 5.5) on this in-
terval with f(t) = -logt + 0t. Since f"(t) = —5ls we can take
A =2"%722L| a=4and obtain the estimate

> nTe(nf) < |37+ 2|y

nel
Summing over j gives
S(v,0,2) < Y| log N + Nly| 712,
uniformly for z < N. Substituting this into (5.3) gives
Z n~te(On) < NP|y|7Y2 4+ |5|"2N*1log N,

n<N

which certainly implies the stated bound if |y| < N2 (in fact the
weaker condition |y| < % would suffice). O

5.3. Minor arcs estimates

We now come to the heart of the proof of Proposition 4.6. We look
first at the minor arcs, obtaining estimates for those # not close to
a rational with small denominator. Recall that the notation X T Y
means |X| < N°DY; in this section, the N°!) terms are just fixed
powers of log N, but this is not important for our purposes in this
paper.

The following is our key minor arc estimate, which we phrase in the
contrapositive.

Lemma 5.6. Suppose that oo < = and that max(Q, %) < Ns. Suppose

that, for some 6 € R/Z,
|3 A (n)e(nf)| > 6N,

n<N

Then there is some r # 0, |r| S 073, such that ||0r| < 63N .

1
5

Proof. From the definition (4.3) of Ay, (or, more precisely, from
(4.5)) it follows that

SIS o(n)e(nd)] = GN.

pEEa(Uo) n<N

Recall that we set Z¢)(09) = Z¢(00) U{1} and we adopt the convention
that x; is the principal character. By Lemma 5.2 it follows that there
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is some p € =5 (09) such that
1) ne By, q(n)e(dn)] > GNP,
n<N

where 3 = Rp. Fix this p and, for notational brevity, write x = x,.
As usual, write p = 8 + i7, and let ¢ be the conductor of . Note that
q < Q (or else p would not appear in = (09)) and also that |y| < Q.
Substituting in the definition (4.2) of F) o(n) and using the triangle
inequality, we obtain

S el D nrle((0+ ;)n)\ > NP, (5.4)

glr be(Z/rZ)* n<N
r/q<Q
From the definition (4.1) of ¢, (b, ) and the basic bound
T =a. (5.5)
for the Gauss sum of a primitive character y we have
g\
c(b,7r)] < —. 5.6

Also, ¢, (b, ) is supported where (¢,7/q) = 1 (and where r/q is square-
free). Therefore from (5.4) we have

q*? Z gb(?“) Z Zn”l 0—1— )n)| > N (5.7)

qlr be(Z/rZ)* n<N
r/q<Q
(gr/9)=1

Now we use Proposition 5.3 to get an upper bound on
b
S = Pl -)n)|.
> I e<<9+r>n>|
be(Z/rZ)* n<N

For the (at most two) values of b with [|§+2|| < 1, we use the ﬁrst and

third bounds in (5.2), to get a contribution of < NB min(1, |y|)"2. For
all other values of b we instead use the second bound in (5.2), obtaining
a contribution of

b
KNI+ P) D 0+ T < NP1+ y)rlogr,

be(Z/rZ)*
10+21>+

uniformly in 6. Now since |7| < Q, r < Q? and Q < N, this is
dominated by the bound N min(1, |y|~2), and so

S < N°min(1, |y|"2). (5.8)
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Since
1/2
@ > ¢( Z o(k) > o(q) log @,
q|r k<Q
r/q<Q
(g,r/9)=1

comparing with (5.8) and (5.7) gives

q'*log Q
?(q)

Using ¢(¢) £ ¢ and ¢ > 1, and considering the cases |y| < 1 and |y| > 1
separately, this gives

min(1, [y]72) > 4.

_1 _
¢ 1+ ) R 6% (5.9)

an inequality we will use shortly.
Returning to (5.7), and dropping the conditions ¢|r and (¢,7/q) = 1,

we have
> ¢ N S w0+ D) > 6N

r<Q? be (Z/rZ)* n<N

By the first and second estimates in (5.2), this implies

b 1
in(N -1 Nao 2(1 -1
Z ¢ Z min( ’”9+7“H )>dNg 2(1+ |v])

r<Q? be (Z/rZ)*
Z 0°N, (5.10)

where the second step follows from (5.9).
By Dirichlet’s theorem, we may write

1

a
=—-+n, where d<2Q? |n|<2dQ2,

d

with & in lowest terms. If § # —9 , this means that

1 1 1

> >
2dQ2 dr  2dQ% 7~ 2rd

b
O+—|| ==+ -
042> 15+ 21 -
Hence, if r # d then we we have

b
Z 10+ =7 < dr +rlogr < Q%
be(Z/rZ)* r

and so the contribution to the left-hand side of (5.10) from r # d will be
bounded above by Q* ngQz ﬁ < @*. By our choice of parameters,
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this is negligible compared to 6>N. Thus the bulk of the contribution
to the left-hand side of (5.10) comes from r = d, that is to say

Z min(N, || + = H*l)g(si’w. (5.11)

bG(Z/dZ)*

Now

b
E ||9+3H_1<<dlogd§622.
be(Z/dZ)*
b#—a

Therefore the bulk of the contribution to the left-hand side of (5.11)
comes from b = —a, and so

1 a
——min(N, ||0 — =|71) Z N.
SRV 18- 57 2
This implies both d < 672 and ||6d|| < 6 3N~!, that is to say the
two statements claimed. This completes the proof. U

Combining Lemma 5.6 with standard minor arc estimates for the
von Mangoldt function confirms Proposition 4.6 unless 6 is close to a
rational with small denominator (that is, in the minor arc case), as the
following corollary shows.

ool

Corollary 5.7. Suppose that o9 < + and that max(Q, ) < Ns.
pose that, for some 6 € R/Z,

13" (A(n) — Aygop(n))e(nf)] = 6N

Then there is some r # 0, |r| L 672, such that ||0r]] S 0 3*N~1.

Proof. Oneof |y A(n)e(On)|and | Yy Ay qoo(n)e(0n)] s at least
%N , by the triangle inequality. In the latter case, the conclusion follows
immediately from Lemma 5.6. Suppose, then, that we are in the former

case, SO
> Awe(on)] >
n<N

n [, Chapter 25] it is shown that if |6 — 2] < q 2 then

Sup-

N. (5.12)

| &,

N
ZA e(n) < (—= + N5 + NY2¢1/2)1og? N. (5.13)

UQ
n<N

Let X = ¢62Nlog™® N for some ¢ > 0 which we will specify shortly. By
Dirichlet’s theorem, there is some q < X such that |6 — 2| < 1 X< g L.

By the assumption that 6 > N~ 5 (which is a comfortable one, but
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stronger than necessary) and that N is sufficiently large, the middle
term in (5.13) is < 0N/6. By the choice of X (if ¢ is small enough) the
last term in (5.13) is also < dN/6. It follows from these observations
that if (5.12) holds then the first term in (5.13) is > 0N/6, which
implies that ¢ < 672 Note also that ||fg|| < X' 56 2N~'. Thus the

conclusion of CA(J)rollary 5.7 holds in this case also (in fact with slightly
superior exponents). O

5.4. Major arc estimates

In this section, we handle the cases of Proposition 4.6 not covered
by Corollary 5.7. The main result is the following.

Lemma 5.8 (Major arcs). Suppose that oy < 519 and that ) < N7°.
Suppose that there is some d < Q2 such that 10d]| < Q%N’l. Then

> (A) = Aygo(n)e(Bn) £ NQ 7. (5.14)

n<N

Before proceeding to the proof, let us see how Corollary 5.7 and
Lemma 5.8 together imply Proposition 4.6.

Proof of Proposition /.6. Let € > 0 be arbitrary. Let § = Q’%Ne, and
suppose that for some 6 we have

[ D (AR) = Apgop(n))e(nb)] = ON.

n<N
Then, by Corollary 5.7, there is some r # 0, |r| < d7°, such that
10r| < 63N-'. If N is big enough in terms of e, |r| < Q2 and
|07 < QzN"1, so we are in a position to apply Lemma 5.8, and this
tells us that NV Q’i % 0N, which is a contradiction for N sufficiently
large in terms of €. Since £ was arbitrary, Proposition 4.6 follows. [

To prove Lemma 5.8, we will need some preliminaries on Dirichlet
characters and on the coefficients ¢, as defined in (4.1). In particular,
we will see why these coefficients play a key role in the paper. Here and
in what follows, cond () means the conductor of the primitive Dirichlet
character y.

Lemma 5.9. Let r be an integer and b € (Z/rZ)*. Then
bn
e(——) = Z cx (b, 7)1 (nmy=1x(n), (5.15)

r
x:cond(x)|r

where the sum s over all primitive Dirichlet characters x.
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Proof. For any character ¥ to modulus r we have
bt, ——
> Y(t)e(—) = v (b)7(¥). (5.16)
te(Z/rZ)*

By [11, Lemma 3.1], if ¥ is induced by a primitive character x with
conductor ¢ then

mod r
sum over all ¢(r) Dirichlet characters to modulus r, we have

Therefore by orthogonality of characters, and writing Zw( ) for the

()= o 3 (X v D))
Y(modr) te(Z/rZ)*
1
= Y(0)T ()Y (n)
5,2
1 r.o T
= o) X:Conzd(xm X(b)u(a)x(g)T(X)1(n,7~):1x(n).

X primitive
To get the last line, for each ¥ we consider the primitive character y
which induces it, noting that the induced character ) to modulus r is

then 1¢,,y—1x(n). The result follows immediately by the definition of
¢, namely (4.1). O

We will also need a version of the explicit formula. If x is a primitive
Dirichlet character, denote by Z(x) the multiset of nontrivial zeros of
L(s,x) in the strip 0 < Rs < 1, together with the pole at 1 if y is
principal. Note that Zf(op) is then the disjoint union of the (multi-
)sets Z(x)NZEH(00), as x ranges over all primitive x with cond(x) < Q;
this follows from the definition of Zg(0y), Definition 4.1.

Lemma 5.10. Suppose oy < % Let 1 be a Dirichlet character (not
necessarily primitive) to some modulus v, r < Q < x, and let x be the
primitive character inducing . Then

P ~
SAmm = Y 6T +0E g (a7)
n<x pEZ(X)ﬁEa(UO) p

Here, 1 =1 and €, = —1 when p is a zero.

Recall that O(Y) means a quantity that is bounded in magnitude by
NeWYy,
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Proof. This is a standard result (for instance, it appears as [32, Exer-
cise 45 (iv)]), but it is not straightforward to find a completely quotable
reference. First, we observe that one may quickly reduce to the primi-
tive case ) = x. Indeed, the sums over p are the same since L(s, x) and
L(s,%) have the same nontrivial zeros (as they differ only by a finite
product of terms 1 — p~*), whilst on the other hand »_ _ A(n)i(n)
and ), A(n)x(n) differ by < log® z, as explained in the displayed
equation following [1, Chapter 19, equation (12)].

Suppose, then, that ¢ = y is primitive. Suppose first that x is not
the principal character 1. Then [1, Chapter 19, equations (13) to (15)]
state that

ZA(n)X(n) =— Z* %) + O(JE(I%T@2 + 2 ogx).  (5.18)

n<z [Spl<@Q

Here the sum is over all zeros of L(s, x) in the critical strip 0 < Rs < 1,
and the asterisk denotes that if x is real has a simple real zero [
with 81 > 1 — @, then p = 1 — f3; is omitted from the sum. To
derive (5.17), we must remove the contribution of the zeros p with
0 < Rp < 1 — 0y, which do not lie in Zg. To estimate this, divide
the set of such p into sets Qy, k = 0,1,..., where 2¥ < |Sp| < 2FFL,
and the set €, where |[Sp| < 1. By standard estimates for the number
of zeros (see, for example, [, Chapter 16]) we have |Q| < 2*, and
IS 1. I p ey, |%| < 27F'770 50 37 g, |%| Sattol I p e Q.

we have |%| < 7% log @ (since I_ﬁlr\ < log @ for all the zeros under

consideration). Summing the contributions from €2, and all the Qj, with
k < log, X, we obtain the stated result.

Suppose now that y is the principal character. Here, (5.18) still
holds provided we remember to include a main term of z coming from
the simple pole of ¢, as follows from [1, Chapter 18, equations (9) and
(10)]. O

We turn now to the proof of Lemma 5.8 itself.

Proof of Lemma 5.8. Recall the definition of Ay ¢, in the form (4.5),
viz

Ay Qoo(n) = Z gpnpilF‘vaQ(n)? (5.19)
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where (Definition 4.3)

F.

= Y Y b,

cond(x)|r be(Z/rZ)*
r<Q cond(x)

with ¢, defined in (4.1), and cond(x) denotes the conductor of x.

Write 6 = —%+n with d as in the statement of Lemma 5.8. Replacing
d by a divisor of itself if necessary, we may assume that 3 is in lowest
terms. By the assumptions of Lemma 5.8,

@2 1
Inl < <30

Multiplying (5.19) through by e(nQ), summing over N and interchang-
ing the order of summation, we obtain

> Ay (n)e(fn)
=D IND SIS SEETN ) S (R R0}

r<Q? bE(Z/rZ)* p€EY (00) n<N

plr
T/ngQ

(5.20)

(5.21)

Here, we have written ¢, := cond(y,) for brevity.
We claim that the contribution from % #9is 5 Q°, which can be
subsumed into the right hand side of the desired bound (5.14) because

of the assumption that Q < N 5. To prove this claim, we use the
second bound in (5.2), the fact that |3p| < @, and the trivial bound
¢y, (b,7)| <1 to see that this contribution is bounded by

oD DI LR S T I DRl e

r<Q? PEE (00) r<Q?

be(Z/rZ)* be(Z/rZ)*
by _a ki_g
r d r d

where the inequality follows from Lemma 5.2. Now if 2 # —% then

12 =%+l =5 —Inl > 5Q%, since r < Q% d < Q and |n] < (2Q%)~"
by (5. 20) Smce the different g are Q *-separated,

b a _
Yo =l < Q'logQ.
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Thus the contribution of 2 # —% to (5.21) is < Q°logQ < Q°, as
claimed. It therefore follows from (5.21) that

> Mowmel@n) = ) epey(a,d) Y 0 le(nn) + O(Q°).

n<N PEE (00) n<N
(5.22)
(Note that the conditions g,|d and d/q, < @ are redundant, since

¢y, (a,d) = 0 unless the first is satisfied, and d < Q% implies the second
is automatically satisfied.)

Now we look at the Fourier transform of the von Mangoldt function
A itself. The key input is the explicit formula, Lemma 5.10. We want to
twist this by e(nn) for small n, which can be done by partial summation.
Specifically, observe that

e(nn) = e(nN) — 2m'77/ e(nt)dt.

Multiplying by A(n)i(n), summing over n < N, interchanging the
order of integration and summation and substituting ¢t = Nu gives

> A)y(n)e(nm) = e(nN) Y An)y(n)—

n<N n<N

— 27Ti77N/0 e(nNu)du Z A(n)y(n).

n<Nu

Applying the explicit formula (5.17) and using the identity

1 1 1
/ " te(nNx)dx = —e(nN) — 27TZ"I7N/ —e(nNz)dx

0 P o P
(which may be established by integration by parts) we obtain

> Ay (n)e(im)

n<N

1
5 N
= fprp/ a*te(nNz)dz + O((1 + [pN|)(N' ™7 + 5))
PEZ($)NEp (00) 0

= Z e, N /l " te(nNxz)dx + O(NQ’%) (5.23)
0

PEZ(Y)NEF (00)

by the assumption that @ < N, and since |n| < Q%Nfl.
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We want to approximate the integral here by a sum, to which end
we use the crude approximation

b 1 n 1 ,
/aw(x)deN > w(ﬁ)+0(ﬁ(|lw|lmo<a,b>+IIwHLoo(a,b))),

aN<n<bN

valid for any interval [a, b] of length at most 1 and for any differentiable

function w : (a,b) — C with bounded derivative. We take w(z) :=
1

"~ le(nNz) and [a,b] = [N72,1]. Then ||w||p@p < Nz272 (where
p =0+ and 0 pm@y < N7+ y]) + N - N2 <
N'=28Q + Q2 N228 < N1=28Q), so we get
1
/ X " te(nNx)dw = N~ Z n~te(nn) + O(N_%ﬂQ).
N N%<n<N

Since also

N3 N3 )
|/ " te(nNz)dz| < / 2P de < N72P
0 0

and
N7 DT lelm) KNP YT [nf < N7

1 1
1<n<N?2 1<n<N2

we have

1 N
/ " te(nNx)dr = N7 Zn"_le(nn) + O(N_%ﬁQ).
0

n=1

Now (5.23) implies that

N
Yo Ampnyetm) = Y e,y nle(nN)+
n<N pEZ(b)Ey(00)  n=1

+0(Q Y NF)+ONQ). (5.24)

PEZ(Y)NEG(00)
To estimate the first error term, we use the zero-density bound |Z(¢) N
Z5(00)| < 1+]Zg(00)| < @ (which follows from Proposition 5.1, since
0o < 3). This shows that the total error term in (5.24) is O(N2Q? +
NQ_%) = O(NQ_%) since Q < N5.
Now (5.15) gives
an

e<_7) - Z CX(a,d)l(n,d):lX(n>v

x:cond(x)|d
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where the sum is over primitive x. Recalling that § = —+n, it follows
that

> Amemd) = Y eya,d) > An)x(n)e(n)

n<N x:cond(x)|d n<N

(n,d)=1
~ 1
= Y e la,d)> An)x(n)e(nn) +O(Q7),
x:cond(x)|d n<N

where for the second bound we have used 3, .., 41 A(n) S 1 and
the bound

d> 1
> ledad) < old) o= < QF, (5.25)
x:cond(x)|d
which follows from (5.6) and the assumption that d < Q2. Substituting
into (5.24) (with 1) = x, and using the fact that the total error term in

(5.24) is O(NQ™2) as explained after (5.24)) gives

N
Z A(n)e(On) = Z E5Cy, (a, d) Z n~te(nn)
n<N pGEa (0’0) n=1

cond(x,)|d

+O@QT+NQ2 > ey(a,d))).

x:cond(x)|d

Using (5.25) again, we see that the error term is O(NQ~4). Note
also that, in the sum over p, the condition that cond(x,)|d can be
omitted since ¢, (a,d) = 0 when cond(x) 1 d.

Comparing with (5.22), and since @) < N%, the proof of Lemma 5.8
is complete. O

6. COMPLETED APPROXIMANTS

Recall (Definition 4.3) the definition

Feam) =3 3 eulbrie(™), (6.
r<qQ be(Z/rZ)*
where here ¢ := cond(x).

If one relaxes the constraint on r here, say to r|R! for some R > @,
we get an object which we call a “completed” approximant Fx, r. These
completed approximants are much easier to understand combinatori-
ally, and in fact provide the motivation for studying the truncated
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objects such as F, g. The interplay between completed and truncated
approximants is a key theme in this paper, and this section is devoted
to the basic properties of completed approximants.

Definition 6.1. Suppose that x is a primitive Dirichlet character to
modulus ¢g. Let R be some parameter. Then we define

For(n):=>_ Y cx(b,r)e(l%n). (6.2)

r|R! be(Z/rZ)*

At this point we introduce the functions Az/,z defined, for prime p,
by
0 if p|n
Napaln) = (- ity =3 (63)
These functions will feature quite heavily in the paper. The notation
Az/pz is (somewhat) standard, and reflects the fact that Agz/,z is the
most natural (mod p) analogue of the von Mangoldt function. Observe
that, for p prime,

]:CP(TL) =1+ %CP(H) = AZ/pZ(n), (6.4)

where here (recall) the definition of the Ramanujan sum c¢.(n) :=
ZbE(Z/TZ)* e(%”).
Lemma 6.2. Let QQ, R > 1 be parameters. Let x be a primitive Dirich-

let character with conductor q. Then

FX,R(n) = (H(l - 1)_I)Y(n)l(n,m):l = i%(n) H Azspz(n) (6.5)
¢(q) via

p<R p

p<R

and

q _ p(r)
F\o(n) ¢(q)x(n) % ¢(r)cr(n). (6.6)
(ra)=1

Proof. Recall the definition of ¢,, given in Definition 4.3. In particular
¢y (b, ) is supported where ¢|r and where r/q is squarefree and coprime
to ¢. Consider the definition (6.2). To begin with, fix r (with ¢|r and
r/q squarefree) and look at the inner sum over b. We have r = ¢r/,
with 7’ squarefree and coprime to g. We may write f—f = % + %, where
a € (Z/qZ)  and V' € (Z/r'Z)*. Note that b = ar’(mod ¢) and therefore
x(b) = x(a)x(r'), and so

/

~—

= L @
ey (b, r) = ¢(q)x( ) (X)¢(T,

~—
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Therefore we may factor

3 cbir)e BB,

r
be(Z/rZ)*

B - 7(x) Y x@e(), B = p(r’)
a€(Z/qZ)*
Now it is easy to see (and we have already used in this in (5.16)) that
D ac(z)qz)" X(a)e(%) = x(n)r(x) if (n,q) = 1. If x is primitive, as
here, the condition (n,q) = 1 can be dropped since both sides of the

expression vanish, as explained in [11, Section 3.4]. Therefore, using
(5.5), By = %x( n). We may write E2 more succinctly as “E ;cr (n).

Summarising, we have

S () = L ) ) (6.8)

be(Z/rZ)*

> e(b/—”). (6.7)

T,
Y e(Z/r'Z)*

(where r = ¢r’ with (/,q) = 1).
The expression (6.6) follows immediately from the definition (6.1) of
F\ ¢, summing (6.8) over r’ < () (and coprime to q).

To obtain (6.5), we recall the definition (6.2) of Fy g, and instead
sum (6.8) over all r|R!. We obtain

= 4 ——= u ')
F\yr(n) = ¢— Z (6.9)
/|R|
(r',q)=1

(We will use this equation in its own right in Section 10.)
Using the multiplicativity property cqp(n) = c.(n)cp(n) when (a, b) =
1, as well as (6.4), we see that sum over r’ factors as

[T+ ¢— = [ Azppz(n

p<R p<R
P piq
from which (6.5) follows. O

To conclude this section, let us record explicitly what happens in
the case x = xo, the principal character. Recall from (4.4) that in this
case, F, o is in fact equal to Ag, the classical approximant defined
n (3.3). Tt is therefore natural to write Ap instead of Fy, g for the
corresponding completed approximant, thus
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Z At (6.10)

IR'
The special case y = xo of Lemma 6.2 is then the statement that
n) = ][ Azpa(n), (6.11)
pP<R

which is a normalised characteristic function of the almost primes at
level R (that is, numbers all of whose prime factors are > R). This
statement also follows rather directly from (6.4) and multiplicativity.

6.1. Pointwise bounds

An application of the above expressions are pointwise bounds for
the F\ o. We first prove a general fact about what we will later call
Ramanujan series.

Lemma 6.3. Suppose that

f(n) =Y " o(r)e(n). (6.12)

Then

n) = Z A¢  where % = Zu(g)v(r) (6.13)

dln
a<Q r<Q

Proof. With A\, as defined in (6. 13) we have

Y = Zdzu SXGH du(g). (6.14)

dn d|r r<Q d|(r,n)
d<Q d<Q r<Q

On the other hand,
1 an 1
Lo = 5 Z e(—) =+ Zcr(”)
d d d
a€Z/dZ rld
and so by Mobius inversion we have
Z d,u = cr(n).
d|(r,n)
Substituting into (6.14) gives the claimed result. O
Remark. The sum ) dna<q Ad 18 a kind of sieve weight. Conversely,

any such weight can be expressed in the form (6.12), with v(r) =
> d<Q-rld /\Tzdv a straightforward exercise we leave to the reader.
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Corollary 6.4. We have |F, g(n)| < 7(n)log® Q pointwise. Conse-
quently,

As@oo(n)] < m(n)log’ Q( Y a7, (6.15)

PEE(00)

Proof. Set f(n) :== 3, 0.(rg=1 ZE:)cr(n). Applying Lemma 6.3 with

v(r) = %1(,,7,1):1, we obtain f(n) =}, 4o Ad With

A p(@u(r) _ p(d) p? (k)
— Z o = :

1724 o) e 2, o)
r<Q (dk,q)=1
(r.q)=1 (d,k)=1

(Here, of course, we wrote r = dk, noting further that the sum is sup-
ported where r is squarefree, which means that d and k are coprime.)
It follows that

d 1
M|l < — — < log? Q.
Ml < 5@ 2 g <189

Thus |f(n)| < 7(n)log® Q, from which the stated bound follows imme-
diately using (6.6). (We could, of course, easily save almost two powers

of log by using less crude bounds on % if we wanted to.)
The bound (6.15) is immediate from this and the definition (Defini-
tion 4.4) of Ay g op- O

Part III. Preliminaries to the main construction

7. ZEROES AND DENSITY ESTIMATES

In this section we assemble some more sophisticated zero-density
estimates needed for the main construction. Recall the definition (Def-
inition 4.1) of the multiset Zg(0p). One main aim of this section will
be to show the existence of a “good scale” T at which any exceptional
zero in Zr (o) (that is, a real zero of a real L(s, x) very close to s = 1)
has fairly small modulus. The key result of this section is Proposition
7.7.

The manipulations in this section are rather similar to those in the
standard proof of Linnik’s theorem as presented, for example, in [I1,
Section 18.4]. The main difference here is that we need to consider
characters to all moduli ¢ < @, rather than just a single ¢, which
means we must appeal to more general zero-density estimates.
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Let us recall some facts about zeroes of L-functions. In this sec-
tion A1, Ag, A3, A4 are fixed absolute positive constants. Once again we
adopt the standard convention in analytic number theory of writing,
for a nontrivial zero p of some L-function, p = 3 4 iy. Somewhat less
standardly, we always write 0 :=1— (3, thus Rp =1 — 0.

Let us recall some standard facts about zeros. The first is the
Landau-Page theorem, in the form stated at the beginning of [I, Section
6].

Proposition 7.1. There is an absolute, computable constant \; € (0, 1]
such that the following is true for any parameter (Q > 10: with possibly
one exception, all p € Eq(3) satisfy o > 10/;,1Q' The exception, if it
exists, is a simple real zero of L(s, x.) for some real Dirichlet character
Xx of conductor q, < Q. This zero, if it exists, is called the exceptional

zero at scale Q).

The second is a result of Landau.

Proposition 7.2. Suppose that x1, x2 are distinct real characters mod-
ulo q1,qa, with real zeros at 1 — 01,1 — oo respectively. Then

A
log q192 '

max(oy,09) >

Using these facts together, we can locate scales ) at which (essen-
tially) any exceptional zero has relatively small modulus.

Proposition 7.3. Let x € (0,1) be given. Then for any X > 10'/%,
and for either QQ = X or QQ = X", at least one of the following holds:

Ak
21()1;@’
(2) (second case) there is an exceptional zero at scale @, but its

modulus q, satisfies q, < Q".

(1) (first case) all zeroes in Zq(L) satisfy o >

Remarks. To avoid confusion, for the time being we call these the
first and second cases rather than the unexceptional and exceptional
cases since the first case does not strictly preclude an exceptional zero
at scale () in the sense of Proposition 7.1; there could be a zero with

MK A1
2log @ <0< log@Q"

Proposition 7.3 is very closely related to, for example, [19, Corollary
11.9].

Proof of Proposition 7.3. Consider first of all the scale ) = X. If there
is no exceptional zero at this scale (in the sense of Proposition 7.1) then

we are in case (1) and indeed we have the stronger bound o > 10/\ng'




SARKOZY FOR SHIFTED PRIMES 33

Suppose then that there is an exceptional zero p, = 1— o, at this scale.

If o, > 2;\;;62 then we are again in case (1). If ¢, < Q" then we are in

case (2). Suppose, then, that X" < ¢, < X and 0, < 21’:)1;)(.
Now consider the scale ) = X*. By analogous reasoning, we are done
unless there is an exceptional zero p, at this scale, with X** < ¢/ < X*

/ )\15
and o, < Tlog X7 *

Since ¢, < X" < q,, the zeros p,, p, correspond to distinct characters.
By Landau’s result we obtain

)\1% S a ( ,) S )\1 > )\1
———— > max(0y,0,) = ,
2log X~ log g.q. = log X?
a contradiction. 0
We quote the following two results from [I]. Here, A9, A3 are com-

putable absolute constants.

Proposition 7.4. Let () > 10. We have, uniformly in o < 1,
1
#{p e EQ(E) CRp = a) < A1), (7.1)

Proof. This is the first statement in [, Théoreme 14], where it is noted
that the argument leads to explicit constants if desired. U

Proposition 7.5. Let Q) > 10. If there is an exceptional zero (p.) at
scale Q) then we have the stronger bound

1
#{p e EQ(§) cp# pe, Rp = al < Xo(0,1og Q)R (7.2)

Proof. This is the second statement in |1, Théoreme 14]. O

Remark. Note that Proposition 7.4 is a grand log-free zero density
estimate and as such is the same as Proposition 5.1, except that in
the latter we gave an explicit exponent of 8 in place of A3. In this
section, the implied constant As is also important, and moreover we
must pair Proposition 7.4 with Proposition 7.5, which is usually called
exceptional zero repulsion.

Explicit (large) values for Ay, A3 are obtained in forthcoming work of
Thorner and Zaman [35]. Using these, the exponent in Theorem 1.1
could be made explicit if desired, but it would be extremely small.

Let M be the explicit absolute constant specified in (11.3), that is
to say M = 7-36. 222993,

Proposition 7.6. There is an absolute constant B such that the fol-
lowing holds for any parameter ) > 10.
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e [f there is no exceptional zero at scale @,
AM Y QL (7.3)
P€EQ(3)
o [f there is an exceptional zero p, at scale Q,

QP42 Y Q<L (7.4)

PEEQ(5)\{p+}

Proof. Let Ay € (0,1) be a constant such that
e+ Mhox <1 (7.5)
for all z with 0 < z < Ay (a choice which works is \y := min(ﬁ, m))
Unexceptional case. Choose kg such that

okl A
A2 ,;) e ? < ﬁ.
Set
Sr:={pe EQ(%) : 28 < Bolog Q < 28111,
For all p, the fact that we are in the unexceptional case means that

olog@ > )y, so with B chosen suitably (that is BA; > 2%), S, is only
nonempty for k > k. From (7.1) we have

A32k+1 )\32k+1
B

log@ = \ge~ B

ISk < X2

Therefore

Z Q—Ba _ Z Z Q—Ba < Z |Sk|6—2’C

PEEQ(S) k>ko peSy, k>ko
A3 9k+1_ok _2k
é/\QE eB? 2<)\QE e 2,
k>ko k>ko

which is at most ﬁ by the choice of k. Here, in the penultimate step,
we also assumed that B > 4);.

Exceptional case. We proceed essentially as before, but now defining
Sp = {p# ps : 2" < BologQ < 281}
Once again, if B is chosen suitably, Sy is only nonempty for k > k.

From (7.2), we have

A 2k+1

1Sk < Ao(0, log Q)QFRE@ = M\y(a, log Q)e

A3 9k+1
52
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Much as before,

2k
ZQ o < (U*logQ)Z e m)\Q/\4(a*logQ)
PFEp« k=ko

However, by the choice of A4, and with x := o, log @ < \; in (7.5),
AoAg(ologQ) <1 —Q77".

This confirms the desired inequality. U

Let us finish by stating the consequence of all this that we will need
in the what follows. In the following, the exponents Eo and 107% are
what turn out to be convenient later; it would be possible to specify

any positive values for them, at the expense of making ¢ smaller.

Proposition 7.7. Let M = 7-35.222993 There is an absolute constant
¢ > 0 with the following property. Suppose that oy < %. Let N be a

large integer. Then there is T, N < T < Nﬁlt), such that if we list the
zeros of Zr(og) (with multiplicity) in order of decreasing real part as
p1,---,ps, (at least) one of the following holds, where o; :=1— Rp,:

(1) We have
A 1
Z N7 < o3 (7.6)

(2) p1 is a simple, real zero of a real character x1 of conductor
q1 < T10_67 and

J
N-16% 4 2MZN—%@-%‘ < 1. (7.7)
=2
Moreover,
J<T. (7.8)
Proof. Set b := min(lﬁB, 3213‘%). Apply Proposition 7.3 with X :=

N®and k :=10%and let T = Q = X or X* as in the conclusion of
that proposition. Then either (first case) we have
)\1:% /\11€
oy 2 =
2logT = 2log X

(7.9)

or (second case) there is an exceptional zero p; at scale T', with modulus
@ <T".
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Now apply Proposition 7.6 with ) = T'. Suppose we are in the first
case. If there is no exceptional zero at scale T' we apply (7.3), which
gives

J J
Sk <31 s
7j=1 7=1
If there is an exceptional zero at scale T (which must be p;) then we

must instead apply (7.4). Ignoring the term with the exceptional zero,
as above this gives

SN
Z N~ (7.10)

Moreover, by the lower bound (7.9) on o; we have
1 ST RS 1
N1‘71<N3210X— 32 L ——
6 g e~ 32 Wi
by the choice of b. Adding this to (7.10) gives (7.6) in this case as well.

Now suppose we are in the second case (of Proposition 7.3, thus
p1 is exceptional with modulus ¢; < T%). Applying (7.4) gives, since
1
b < 168’
J J
1 1
N=16% +2M Y " N716% < T8 4 2M Y "T7P7 < 1
j=2 =2
This is (7.7), so we have indeed shown that one of (1), (2) holds.

Finally, (7.8) follows immediately from (5.1) and the assumption that
o) < % L]

Finally, we will require the following well-known bound.
Lemma 7.8 (Page’s bound). We have o > ql_l/Q(log Q)72 > qt

Proof. See [19, Corollary 11.12]. Note that the implied constant here
can be made explicit if desired; one has Siegel’s much stronger bound
01 > q; - for any € > 0 (see [19, Theorem 11.14]), but here the implied
constant is not explicit when e < % O

8. PERIODIC FUNCTIONS AND RAMANUJAN SERIES

In this section we set out some basic nomenclature for periodic func-
tions f : Z — C and for certain special periodic functions which we
shall call Ramanujan series (following, for example, [25], and inspired
by [24]), and we will prove some basic lemmas that will be needed later.
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8.1. Basic nomenclature and definitions

Periodic functions. Rational Fourier series. The first key observa-
tion is that any periodic function f : Z — C has a (unique) rational
Fourier series, that is to say we may write

fln) = f (Ne(n) (8.1)

\EQ/Z

for certain f(\) € C, which we call the rational Fourier coefficients of
f, and with this sum being supported on just finitely many A. To see
the existence of such a series, simply observe that

1n5b(m0dr) :% Z 6(_w_b)e<%> (82)

T T
x€Z/rZ

Any periodic function may be written as a finite linear combination of
basic functions like this.

Norms, support and averages. If f is a periodic function with rational
Fourier coefficients f”(\) then we write

1£1I% = max[fA(A)] and [ f]l7 == ; TRV

We also define the support s(f) to be the largest denominator of any
A for which f*(\) # 0 (when \ is written in lowest terms).

If f: Z — Cis a periodic function then we write Av f for the average
of f (which is well-defined, either as the average of f over any period,

or as limy_,o X! Zle f(x)).

We have the orthogonality relation that Ave(An) = 1,—g, and so
from (8.1) we see that f*(\) = Av f(n)e(—An). In particular the
rational Fourier expansion of a function is unique, and also

Ifll5% < Av|f]. (8.3)

Positivity. We will say that a periodic function f is Fourier-positive
if f"isreal and non-negative. If f, g : Z — C are two periodic functions
then we write g < f to mean that [¢g"(\)| < f*(A) for all A € Q/Z. In
particular, f must be Fourier-positive for this notation to apply. We
will use this notation fairly extensively throughout the paper.

A simple example of a Fourier-positive function is, for any fixed r, the
function f(n) := 1,y,, which is Fourier positive by (8.2) (with b = 0).
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Note that for this function we have
1
leln“go = ;v ||1r|n||i\ =1, S(lrln) =T (8~4)

Ramanugjan series. We say that a periodic function f in the form
(8.1) is a Ramanugjan series if f"(\) is supported where denom(\) is
squarefree, and if it depends only on denom(\). Equivalently, we have
an expansion

f)=>al@ Y e<%>=2a<q>cq<n>, (8.5)

a€(Z/qZ)* q=1

supported on finitely many squarefree q.

8.2. Simple properties

Here are some simple properties of positivity which we will use several
times.

Proposition 8.1. We have the following statements concerning peri-
odic functions from Z to C.

(1) If F,G are Fourier-positive then so are F'+ G, FG and tF for
t e R}U,’

(2) If (F})ier is a finite collection of Fourier-positive functions then
any non-negative linear combination ), t;F; is Fourier posi-
tive, where t; € Ry,

(3) If F < G then F < G and tF < tG fort € Rxy;

(4) If F| < Fy and F} < Fy then F| + F, < Fy + Fy and F{F} <
FIFQ,'

(5) If F' < F and if G is positive then F'G < FG. In particular,
this holds if G(n) = e(An).

(6) If F has M as a period, F" is supported on rationals A with
denom ()| M;

(7) If F', F have M as a period, then F' < F if and only if

Y Pe=50l < Y Flme(=77)

ne€Z/MZ n€Z/MZ

for alla € Z/MZ.

Proof. (1) and (2) are straightforward. For the first statement in (3),
note that FA()\) = F"(=)), so
TS A

[F ()] = [FMN=N)] < GN=N) =G (=N =G (),
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the last step since G is real-valued (since F' < ). The second state-
ment in (3) is clear. For (4), we use the formula

i) N = > BB, (8.6)
/\1,)\2€Q/Z
>\1+)\2:)\(mod 1)
valid for any pair of periodic functions by, by : Z — C. Applying this
first with b; = F! and then with b, = F;, we obtain

(FEERMNI< Y IO ()]

)\1,)\26Q/Z
Al +)\2:)\(m0d 1)

< Z F(M)F5 (A2) = (FF2)" (),
AL A2€Q/Z
A1+A2=A(mod 1)
which is the multiplicative part of (4). The additive part of (4) is
straightforward. For (5), it suffices in view of (3) and (4) and the
fact that any Fourier-positive GG is a non-negative linear combination
of e(An)s to check the case G(n) = e(An). To see this, observe that
[(F'G)" ()] = [(F)"(§ = M| S F(§ = A) = (FG)"(¢), for all § € Q/Z.
Item (6) follows from (8.2) and the uniqueness of rational Fourier series.
Finally, for (7) we note that }_ ;g F(n)e(—=57) = MF"(5), so
under the stated assumption we have |(F”)"(3)| < F"(54) for all a €
Z/MZ. By item (6), [(F")"(N\)] < F/(A) for all X € Q/Z. O

Next, some simple properties concerning norms and the support.

Lemma 8.2. Suppose that f : Z — C is a periodic function. Then the
norms || flI1, I fIl5 are invariant under shifts: in particular || f1]|2 =
Wflle = 1f7lla for both norms, where fT(n) = f(n+1) and f~(n) =
f(n—1).

Proof. This follows immediately from (f*)"(\) = e(£\)f"()\), which

follows from the definition (8.1). O

Lemma 8.3. Suppose that by, by : Z — C are periodic functions. Then
[1babally < [[Bo ]I 1027 (8.7)
[b1b2|5 < 1102 151027 (8.8)

If by, by have coprime periods then we have the stronger bound
[1b1b2]l% = 1161115 [[02 1% - (8.9)

Finally, we have
S(blbg) < S(bl) S(bg). (810)
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Proof. The bounds (8.7), (8.8) are immediate from (8.6). For (8.9),
suppose that the periods of by, by are M;, My respectively, and that
My, My are coprime. By Proposition 8.1 (6), b ()\;) is supported where
denom();) divides M;. Now if - + 2 = ]74—/11 + %(mod 1) then,
clearing denominators and using the coprimality of Ml,Mg, we see

that a; = aj(mod M;) and a = ay(mod Ma), so 7 = %(mod 1) and

&2 = % (mod 1). It follows that, in (8.6), all the sums A; + A with
Ai € Supp(b)) are distinct, and so for each A there is at most one choice

of A, Ay with b7(A1), 05 (X2) # 0, and so (8.9) follows. Finally, (8.10) is
clear from (8.6). O

We remark on the case of Dirichlet characters, which will arise several
times in the paper.

Lemma 8.4. Suppose that x is a primitive Dirichlet character to mod-
ulus q. Then, || X[ < ¢7% and |x[I? < ¢=.

Proof. The second statement follows from the first, because y is ¢-
periodic and so its rational Fourier series is supported on rationals
with denominator q. By Fourier analysis on Z/qZ we have x(n) =
2 acz/qz(@)elan/q), where y(a) = 3 )7 x(¥)e(—ax/q). By [11,

equation (3.12)] and the remarks following it, v(a) = X (a)7(x), where

7(x) is the Gauss sum, which has modulus /g by [l ], Lemma 3.1].
The first statement of the lemma follows. O

Let us also record basic bounds on the Fourier norms of the functions
F, ¢ and Ag, which are crucial in the paper.

Lemma 8.5. Let x be a primitive character to modulus q. We have

1
[Felll < Qg2 (8.11)
In particular,

[Aell? < @ (8.12)

Proof. From the definition (4.1) and the evaluation (5.5) for Gauss

sums, we have the bound |c, (b, 7)| < q2¢(r)™L. Recall the definition
(4.2) of F, g. Summing over the ¢(r) values of b € (Z/rZ)*, and then
summing over all 7 such that ¢|r and g < @, the result follows.

The second statement (8.12) is immediate upon taking x = xo, the
prinicipal character, and recalling (4.4). O
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8.3. Az/pz,T%/pZ and their properties

The following two types of periodic function will play an important
role in the paper. For p a prime, write (as in (6.3))

0 ifpln
A = . 8.13
z/p2(1) { i (po) = 1. (8.13)
and
2 —{ v el 8.14
TZ/pZ(n) = % if (p,n) = 1. (8.14)

The definitions are chosen so Av Az/,z = Av T, oz = 1.

The function Agz/,z, which is somewhat standard, was already briefly
discussed in Section 6. The notation 7 IpZ is not standard; this is
supposed to remind the reader that this function behaves somewhat
like a (mod p) analogue of the squared divisor function 72, as discussed
in subsection 3.1, albeit normalised to have average value 1.

It is easily checked that the rational Fourier series of Agz/,z, 7‘% Jpz, AT€

Mapaln) 1=~ 3 el =1- e (19

and

3 ™ 3
2 =1+ — E —)=1+ 8.16
7'Z/pz(”) D+3 e( D ) P 3Cp(n)» ( )

so in particular both are Ramanujan series. Moreover, 73 /pz, 18 Fourier-
positive, though Az/,z is not.
Let us also note the following for future use.

Lemma 8.6. We have
[Azpzllon =1, [Azpzll? =2 (8.17)
and

Izzlli =1, NIzl < 4. (8.18)

The following simple lemma plays a critical role in our paper. Here,
recall, we use the notation f*(n) = f(n+1), f~(n) = f(n —1).

Lemma 8.7. For every prime p, A;/pZAE/pZT%/pZ is Fourier-positive.
Also, we have the bound

HAJZF/])ZAE/])ZT%/pZHQO <14 0(p7?). (8.19)
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Proof. Set u, := (1 — —) (1+ )AZ/pZAZ/pZTZ/pZ Then one may check
that
0 if n = +1(mod p)
up(n) = ¢ 4 if n=0(mod p)
1 otherwise.

If p # 2 we may compute the discrete Fourier transform a,(k) :=
P ZnEZ/pZ up(n)e(—kn/p) as follows:

1(3 —2cos 2™ty Kk #£0
» —J P
p(k) { ! b0, (8.20)
Note that @,(k) is real and positive, indeed 1,(0) = 1+% and u,(k) > %.
By Fourier inversion in Z/pZ,
2k kn
up(n) =14~ + 573 —zcosi) (=),
PP p
and so u, is Fourier-positive. When p = 2 one may check that u5(0) =
Ui2(1) = 2 and so these inequalities also hold.
Multiplying through by (1 — %)_2(1 + ]%)_1, we see that
- 2 A L 3.1 L5 -2
HAZ/pZAZ/pZTZ/pZHoo < (1__) (1+_) maX(1+_7_) = 1+O(p )7
p p pp
which is (8.19). O

Products of the Az/,z and of the T%/pz will be important in the paper.
In fact, we have already seen [[,, Az/pz(n); it is the same thing as

Ag(n), the normalised characteristic function of the R-almost primes,
as defined in (6.10). Let us record this observation here explicitly:

n) =[] Azpz(n). (8.21)

p<R

The product of the 73 Jpz 18 10t something we have seen yet, but it
and its truncation are equally important in the paper.

Definition 8.8. Let R be a parameter. Then we define

n) = 1] 722(n)

p<R

where 77, is defined as in (8.14).
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By (8.16) and the multiplicativity of Ramanujan sums, Hz(n) is a
Ramanujan series

He(n) =Y nla) S o™

dR ac(zjqzy 1

Here, for g|R! we have

n(q) =

qu 1% if g is squarefree
0 otherwise.

We also introduce the truncated version of H.
Definition 8.9. Let () be a parameter. Then we define
an
Hot) = Yonla) Y o)
q<Q ac(Z/qZ)*

This is an important function in the paper, as described in Subsection
3.1. We have n(q) < 3“};@ < ¢ 'MW where w(q) is the number of
distinct prime factors of q. Therefore we have the bound

1H I < QW (8.22)

8.4. A class of periodic functions

It turns out that the functions Ag and Hg belong to a certain class of
periodic functions on Z which has nice closure properties under shifts
and pointwise multiplication. This fact will be important later in the

paper.

Definition 8.10. Let X > 1 be an integer and B > 0 a real parameter.
Then we denote by €(X) the class of periodic f : Z — C such that
7 (N) is supported on A with denom(\) squarefree and at most X, and
such that if ¢ = denom(\) then |f*(\)| < 7(q)?/q.

Lemma 8.11. We have Ag, Hy € 62(Q).

Proof. For Ag (defined in (3.3)), this is just a case of checking that

|%| < T(g)z, which is true by some distance since

2 _ 7(@)
Hp\qz_a T g
For Hg, we must show that n(q) < 7(¢)?/q. Noting that when

1 1
o(q) leq p—1 S

log 3
q is squarefree we have J[, 3 = T(q)@ < 7(q)? gives this bound
immediately. 0
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It is clear from the definition that @5 (X) is closed under shifts, that
is to say if f(n) € €(X) then f(n+h) € €p(X). Slightly less obvious
is the fact that these classes are (weakly) closed under taking products,
which is the content of Lemma 8.12 below. Here, for A € R~ we write

A6 (X) for those series of the form \f, f € €p(X).

Lemma 8.12. Suppose that fi € €p,(X1) and fo € €p,(Xs). Then
fifa € (ogPP05: W X6, 1 op, 1 3(X1 Xa).

To prove this result we will need a counting result, Lemma 8.13
below, about denominators of sums of fractions (when written in lowest
terms).

Suppose that ¢, r are squarefree and that (a,q) = (b,r) = 1, and set

a b qr
d:=d -4 )=
enom(q + r) (ar + bq, qr)

Then #M I[¢,7] (and in particular d is squarefree).

Lemma 8.13. Suppose that q,r are squarefree and that b € (Z/rZ)*.
Then

#{a€ (Z/qZ)" : denom(g + 2) =d} < d<(§: 7‘)‘
Proof. 1f d 1 [q,r] then the left-hand side is empty and the result is
trivial. Suppose, then, that d|[q,r]. The denominator condition is
equivalent to (ar 4 bgq, qr) = qr/d, and so is contained in the condition
ar + bg = 0(mod ¢r/d). Dividing through by (¢,r) and setting ' :=
r/(q,7), ¢ := q/(q,r) (thus ¢',r" are coprime) and t := ¢r/d(q,r) =
[q,7]/d, this condition is equivalent to

ar’ +bqg' = 0(mod t). (8.23)

If this condition is satisfied, ¢ must be coprime to r’. Indeed if p|(t, ")
then p|bq’ = (ar’ + bg') — ar’. But this is impossible since both b and
¢’ are coprime to r’. Moreover, since t|[q,r] = gr’, it follows that t|q.

Returning to (8.23), as a ranges over Z/qZ then so does ar’, and so
we simply need an upper bound for the number of solutions (mod ¢)
to a fixed congruence z = ¢(mod t), where t|g. Such an upper bound
is ¢/t, and the lemma follows. O
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Proof of Lemma 8.12. Suppose that A = % € Q/Z is in lowest terms.
Then

a ay 5]
(fle)A(_) = Z Z f1A<_)f2A(_)

q a<X1  a1€(Z/qZ)* e 12

©<X2  ayc(Z)goZ)*
%+a—2=9(mod 1)

92 7 q
Bl d BQ
< 3 TS TR € (2/0Z) : denom(Z - &) = a).
<X el d d a1 q
1<X1 lq1q
13 (q1)=
By Lemma 8.13, this is bounded above by
By Bo+1 B1+Ba+1
Z 7(q1) Z 7_<d)32 (q1,9) < 7(q) Z 7(q1) (Q1,Q)‘
q1<X1 0 dlqiq q q q1<X1 N
12 (q1)=1 w2 (q1)=1

Here, we used the rather crude bound

Y " 7(d)P < T(qiq) g‘laXT(d)BQ < 7(g)?t < 7(q) P r(g) P
q19q
dlqiq

The result now follows from Lemma B.2. ]

8.5. The functions @,

We now turn to a different example of a Fourier-positive function,
which will feature heavily later on since they are important in con-
structing the damping function D.

Let r be any positive integer, and let b € Z/r*Z. Then we define

b
(1) = r%1r,xe<r—"§). (8.24)

Remark. Here, the constants % and 3 are convenient choices which
work for our later arguments. Any 0 < ¢ < 1 < C with ¢ sufficiently
close to 1 and C' sufficiently large would work, though the exponent in
the main theorem would be affected.

The functions ®,; are of course periodic. They are also Fourier
positive, since both 1, and e(?—ﬁ) are. Indeed,

Bafn) =178 S el(+ ). (8.25)

Note in particular that
@, ]I = 78 (8.26)
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and
s(®,p) < 1P (8.27)

9. TRIPLE CORRELATIONS OF RAMANUJAN SERIES

We turn now to a key technical result concerning the relationship
between certain products of translated Ramanujan series (as defined in
(8.5)) and their truncations. Here is the main result.

Proposition 9.1. Let hy, ho, hs be distinct integers with max; |h;| < H.
Consider three Ramanujan series

fin) = 3" aula)e, (n).

i =1,2,3, such that o;(q) is supported on finitely many squarefrees and
satisfies the bound |c;(q)| < 78(q)/q, where T is the divisor function
and B is some parameter. Consider also their truncations

fixin) = 3 ailg)ey(n),
q<X;
where X1, Xo, X3 are some thresholds. Set X := min(X;, X, X3).
Consider the correlations
F(n) = fl(n + h1>f2(n + hz)fg(n + hg)

and the truncated correlations

Fx, x,.x5(0) == fix,(n 4 ha) fox, (0 + ha) f3,.x,(n + hs).
Then
|F = Fx, xo. x50 <pe H? X (9.1)
for every e > 0.

Remark. Most likely, this proposition could be extended to products
of an arbitrary number of f; (rather than just 3) but we do not need
any such extension in this paper.

We need the following lemma in the proof.

Lemma 9.2. Let my,ms be distinct, nonzero integers. Let r be a
positive integer and suppose that b € (Z/rZ)*. Let qi,qs be squarefree,
and suppose that P is an integer with P|[q1, q2|r. Then

myia moQ
Z e( L 2) < |mama(my —m2)|T(P)2-
a1€(Z/q1Z)* N 12
a26(Z/q2Z)*
a1g2r+a2q17=bq192(mod P(q1,q2))
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Proof. Set ¢; = q1/(q1,42), ¢ = ¢@2/(q1,¢2), d :== P/(P,r) and 1’ :=
r/(P,r). The congruence a;qor+asqir = bg1g2(mod P(q1, ¢q2)) is equiv-
alent to a;ghr+azqir = blq1, g2](mod P). Moreover, since (P, r) divides
both P and r, if the congruence has a solution at all then b[q;, ga] =
v(P,r) for some v, and so the congruence is equivalent to ajgyr’ +
asqyr’ = v(mod d). Note that r’ is coprime to d, so the congruence
is equivalent to aiq) + asq; = u(mod d), where u := v(r’)~!(mod d).
Thus our task is to show that

mia moQ
S = Z e( g2 2) < [mama(my — mo)|7(P)>.
a1€(Z/q1Z)* N ©
a2€(Z/q2Z)*

a1¢4+azq;=u(mod d)
(9.2)
We claim that d|[g1, g2]. To see this, recall that P|[qi, gs]r. Therefore
d = P/(P,r) divides [q1, ¢2|r/(P,7r) = [q1, g2]r’. However, d and " are
coprime, so indeed d|[q1, ga].
Detecting the congruence aiq, + a2q; = u(mod d) using additive
characters mod d, the sum to be estimated is then

1 A A ; 1
S==2 3 e=T) Y (R (10 Taath)) (g 3)

A(mod d) we@mzy B T2 d
a2€(Z/q2Z)*

Set t := [q1,q2]/d (so t is an integer, by the above discussion) and
observe that
b _ g _ o el/d

d dq, q1 B 57

and similarly ¢}/d = t/q.. Using these expressions, the sum (9.3) can
be rewritten as

S:% Z e(—%) Z €<a1(m1+)\t)) Z e(ag(mg—l—)\t)).

A(mod d) a1€(Z/ 1 Z)* 0 a26(Z /g2 Z)* 1
(9.4)
Now we use the inequality
an
| Z 6(7)’ < (Cbn)’
ac(Z/qZ)*
which is a standard bound for Ramanujan sums (see [1 |, equation (3.5)]
or [9, Section 16.6]). Substituting into (9.4) gives
1
[S1< = D0 (qrma+ M) (g2, mz + M), (9-5)

A(mod d)
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Suppose that p is prime and that p|(q1, m1 + At). Then certainly p|q;.

If p|t, then we must have p|m;. It follows that either p| (q‘ilt), or else
p|my, and so (since ¢; is squarefree)
(qromy + M) < Jma | (=2 my + ML), (9.6)
(Q17 t)
Note moreover that since t|[q1, g2] = ¢bq1 we have t|q5(q1,t), and hence
n = % divides @ = d. Therefore (9.6) implies
(g1, m1 + At) < |ma|(d,mq + At).
Similarly,
(g2, ma + At) < |mo|(d, ma + At).
Substituting into (9.5) gives
mim
5] < | > (domy + At)(d,ma + M), (9.7)
d
A(mod d)
Now since t = [q1,¢2]/d and [q, ¢2] is squarefree, ¢ is coprime to d.
Therefore it follows from (9.7) that
15| < 'mldm2| 3" (ds)(ds+h), 9.8)
s(mod d)

where h := my — my # 0. Without loss of generality, A > 0.

Now for any s, (d,s) and (d,s + h) are both divisors of d, and any
common factor of them must divide h. If (d,s) = dy and (d,s + h) =
dy then s = O(mod d;) and s = —h(mod dy), which is a congruence
condition (possibly not satisfiable) mod [dy, ds]. Note that [di,ds] =
dids/(dy,dy) > dyds/h. Therefore, for a fixed choice of dy,ds, the
number of such s is at most d/[dy, ds] < hd/dyds. 1t follows that

> (d,s)(ds+h) =

s(mod d)

= Z dide#{s € Z/dZ : (d,s) =dy,(d,s+ h) = ds}

d1,dz|d
<) dldgm = hdr(d)>.
di,d2|d

Substituting into (9.8) gives |S| < h|lmyma|7(d)?, which immediately
implies the lemma. O
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Corollary 9.3. Let mq, mo be distinct nonzero integers. Let r be a
positive integer and suppose that b € (Z/rZ)*. Suppose that q1,qs are
squarefree. Then, uniformly in gs,

mia maa
Z e( 142 2) < fmamy(my — my)|7(rlqr, g2])*.
a1€(Z/q1Z)* N .
aQE(Z/q2Z)*
denom(%-&-%—%):%

Proof. The condition denom(‘;—i + Z—; — %) = ¢z is equivalent to (ajqer +

asq1r — bq1qo, q1qor) = “{;—3‘” (note it can only be satisfied if gs|rq1qo,
which implies g3|7[q1, o] since g3 is squarefree).

We may detect this condition by Mo6bius inversion, specifically the
version in Lemma B.5. Taking m = a1qor + aoq17 — bq1q2, n = rq1q2
and A = rq1q2/qs in that lemma gives

1 L

9192

a1q2r+azq1r—bq142,rq41,q2) ==,

denom (2L 492 _b\—gp, —
(q1+qz r)=as

B d
= Z #(m)lamzﬂrazqﬂzbqlqz (mod d)

%\d\ﬂhth

P
- Z “(m)1a1qu+a2q1Tqu1qz(m0d P(q1,42))

Ha.92] | irigy o)

where P := d/(qi, ¢2) (which is an integer). Multiplying this by e(%—i—
#292) and applying Lemma 9.2 for each value of P (of which there are
at most 7([q1, g2]r)) gives the result. O

Lemma 9.4. Let B > 0 and X > 1 be parameters and let r > 1 be an
integer. Then

B B B
Z 7(q1)” 7(g2)” 7(gs) <Lpe rEXETL (9.9)
q1 q2 qs

max(q1,q2,93)=2X
P2 (q1)=p>(q2)=p>(q3)=1
q1]7q2q3
q2|rq1q3
q3|rq1q2

Proof. By symmetry it suffices to handle the sum over those q1, ¢, ¢3
for which ¢; is biggest (and hence ¢; > X). The condition ¢;|rgsqs

implies that (ql‘f},qz) lg3, and so in particular g3 > (q1(,1;q2)'

Given ¢y, qo, since gs|rq1go there are at most 7(rq1q2) < 7(r)7(q1)7(q2)
choices for g3. It also follows that, for each permissible g3, 7(g3) <
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7(r)7(q1)7(q2). It follows that the LHS of (9.9) is bounded above by

2B+1 2B+1
T(T>B+1 Z 7(q1) 7(5?2)
a=X D921 o)
2<q1
12 (q1)=p>(g2)=1
o T(Q1)23+1 T(Qz)zBH(fh, 7q2)
= > 5 > -
=X il q2<q1 2
B3 (q1)=1 12 (q2)=1

By Lemma B.2 (noting that (¢, 7¢2) = (q1, r)((;f—lﬂ, ¢2), and taking h =

oy in that lemma), the inner sum is < (q1,7)7(q1)?P 2 1og? W ¢

Therefore the LHS of (9.9) is bounded above by

4B+3 logOB(l) ¢

T(T)BH Z (QhT)T(Ch)
q12X
13 (q1)=1

i

By Lemma B.3 (and a further application of the divisor bound 7(r) <.
7<) this is indeed bounded above by <. r*X°!, which is what we
wanted to prove. O

Proof of Proposition 9.1. From the definitions of F' and F, x, x, in
the statement of the proposition one may check that

Z a(qr)a(gz)a(gs) x

a1 92 43
max(X—l,X—Q,X—3)>1

h h h
x Y L L S AT TI)

a;€(Z/q; Z)* q1 q2 qs

21 4 22 23 —
atete =A(mod 1)

(F = Fx, x0,x5)" (V)

Using this, we will show first that
[(F = Fx, x5.x5)"(\)| <, H® denom(X\)"X*"". (9.11)

This statement is substantial progress towards Proposition 9.1. To han-
dle the case where denom(\) is large, however, we need an additional
argument using (9.11) and Lemma 8.12.

We turn to the proof of (9.11). Suppose that A = % with b, r coprime.
[fo+2+0 = A(mod 1) then ¢ |rga2qs, g2|rq1gs and q3|rq1qe. Therefore
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the RHS of (9.10) may be rewritten as e(hsb/r) times

Y. alg)ale)als) Y (1= ha)ar  (ha — haJazy

: Q1 g2
max (4L, 92 93 )5 a16(Z/q1Z)*
Dl 12€(Z):2)*
q1|rq2qs3 . =(2/02)"
q2|rq1q3 enom( k422 —2)=gs
q3|rq1g2

Note that the summation over a3 has disappeared since ag is uniquely
determined by ay, g1, as, g2, and the condition denom(‘;—i +2 - 2) = q3
guarantees that this az is coprime to ¢s3. Since hy, hs, hy are distinct,
the inner sum is exactly of the type considered in Corollary 9.3, and

by that result it is bounded by O(H37(r[q1, ¢2])?). Tt follows that
(F=Fx, x0x,) W < H7(r)* Y Jadgr)alge)algs) |7 (g1, o))

max(%,%,%)>l
q1|rg2q3
92|rq1qs3
q3|rq192
By assumption, |a(q)] < 7(q)®/q for all ¢, and « is supported on

squarefrees, and so this is bounded above by
B+3 B+3 B+3
O(HST(’I“)?)) Z T(ql) T(QZ) T(QS) .

1 2 3
max(q17q27q3)>X q q q

12 (q1)=p>(q2)=p>(g3)=1
q1|rq2q3
q2|rq1q3
q3|rq1q2

Applying Lemma 9.4 and the divisor bound gives the claimed bound
(9.11).

Now we supply the further arguments necessary to handle the case
where denom(\) is large. Fix some A\ and write r := denom(\). Then

(9.11) gives
(F = Frp) (N <pe Hre L (9.12)

Now F}.,, is the product of three functions in the class €5(r), as
defined in Definition 8.10. By (two applications of) Lemma 8.12,
Fo.r € (logoB(l) 7)€5B4+6(r), which means that

|Fr/,\r,r(/\)| <<B7€ 7,6—1'
Together with (9.12), this implies that
|[FMN)| <pe Hr*7"

The same bound also applies to F' )@1’ X,.x, (M), simply by replacing the
«; in the definition of F by of(n) := a;(n)l,<x,. By the triangle
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inequality (and recalling that » = denom(\)) it follows that
(F — Fx, x,.x;) (A <pe H® denom(A\)*". (9.13)

We now have the desired bound |(F — Fx, x, x;)"(\)| <pe H*X*!
in all cases: if denom(A) < X, apply (9.11), whilst if denom(\) > X,
apply (9.13).

This completes the proof of Proposition 9.1. U

10. TRIPLE CORRELATIONS WITH CHARACTERS

In this section we build upon the previous section by introducing
characters. The main result of the section (and the only one we will
need elsewhere) is the following.

Proposition 10.1. Let QQ, R be parameters and suppose that 1 < Q) <
Q1,Q2,Q3 < R. Let x be a primitive Dirichlet character of conductor
q < R. Then we have
I1F¢ g Ag, Hoy — FphpHall), < REOQ™H.

The reader may want to take the opportunity to recall the definitions
of the various objects appearing here, which may be located as follows:

o I\ o is a key object of the paper whose definition is given in
Definition 4.3. It has an alternative expression given in (6.6);

° ﬁX,R is a “completed” version of F', defined in Definition 6.1
and with an alternative expression in (6.5);

e Ay is a classical approximant to the von Mangoldt function,
defined in (3.3);

e Ay is the completed version of this, defined in (6.10) and with
an alternative expression in (8.21), which exhibits it as a nor-
malised characteristic function of the R-almost primes;

e Hj is another key object in the paper, defined in Definition 8.9,
and to be thought of as a kind of proxy for the square of the
divisor function;

e Hp is a completed version of this, defined in Definition 8.8.

Finally, recall that f*(n) := f(n+1) and f~(n) :== f(n — 1), and
that the basic properties of periodic functions and their Fourier series
(and in particular the notation || - ||2,) are laid out in Section 8.

For the rest of the section we regard x and its conductor q as fixed,
with ¢ < R. Write (see Appendix C) x = Hp|q Xp, Where x, is a

Dirichlet character of conductor p?», where ¢ = Hp| ‘ pr.
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We divide the proof of Proposition 10.1 into two parts, according to
whether or not ¢ > Q%

10.1. The case of large conductor

In this section we give some estimates which imply Proposition 10.1
when g > Q2. Recall the definition (8.13) of Az/pz. It is also convenient
to introduce the local factors xz/,z defined by xz/,z = ]ﬁxp if p|q,

and xz/pz = Azjpz if p{ ¢. Then (6.5), (6.10) can be written in the

form . .
Fyr= H Xz/pz> Ap = H Az/pz. (10.1)

p<R p<R
Our first estimate deals with the completed terms in Proposition
10.1.

Lemma 10.2. We have ||| yApHg|% < 7(q)q =,
Proof. By (10.1) and (8.9), we have
1E R AR Rl < TT A% (10.2)
pP<R
where f, := X, wzz /pZT% Jpz- When p{ ¢ we have Xz/,7 = Az/pz, and

so for these p we have || f,||5 < 1+O(p~2) by (8.19). The product over
p of all these contributions is O(1).

When plq, f, = [%Y;Ag/pZT%/pZ7 and so by (8.8) we have

p

1ol < ——=xll5l1AZ 272217 (10.3)
p—1 /

By Lemma 8.4 we have

Ixpllo < %72 (10.4)
By (8.7) and (8.17), (8.18) we have ||A, ;77 ,7]11 < 8. Substituting
this and (10.4) into (10.3), and using the crude bound -2 < 2, we
obtain || f,||A, < 16p~5/2,

Taking products over p, we see that the right-hand side of (10.2) is
bounded by < 16°@g~1/2 where w(q) denotes the number of distinct
prime factors of ¢, which implies the claimed bound. O

The second result of this section, which is a little harder, deals with
the uncompleted terms in Proposition 10.1.

Lemma 10.3. Suppose that 1 < @1, Q2,3 < R. Then
I1F o, Mg, Houll < (g)°® (log®?) R)g 2. (10.5)
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Proof. Introduce

p(r)
foln)= > er(n). (10.6)
2 ()

(r,g)=1
(Of course, this definition depends on ¢, but we are regarding ¢ as
fixed throughout the section and so suppress the dependence to keep
the notation manageable.) By (6.6) we have

o= @Xf@ (10.7)

Consider the definition of Ay, viz

No(n) =" M(Tgcr(n). (10.8)

r<Q (b(?”

Since the sum is supported where r is squarefree, each r in the sum
may be written uniquely as r = dr’ where d|q and (r',q) = 1. By
the multiplicative property ¢,(n) = cq(n)c(n) the contribution from a
particular value of d (to the sum over r in (10.8))) is then

s@ ™ 2 ™
(r",9)=1

It follows that
-y p(d)
AQ = - mcde/d. (109)

(Note, here and in what follows, ¢, is the Ramanujan sum considered
as a function.)

Now we expand F) o Ag, using (10.7) and (10.9), obtaining

d
Fiohg, = @ ; %Y*c;f&f@z v (10.10)

Recall from Definition 8.9 that Hg, = ZT<Q3 n(r)e, where n(r) =
Hp‘r z% and 7 is restricted to squarefrees. Summing according to e :=
(r,q), we see that Hg = >_ | n(e)cchqyse, where

hy := Z n(r" ). (10.11)
'Y
(r,g)=1

Thus from (10.10) we obtain
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_ ud _
oMo, Ha, = Z @" X g e foyahase  (10.12)

F
Consider first the term fcfgl fé2 / 413 /e- The three functions fo,, fo,/4
and hg, /. all lie in the class ¢5(R), as defined in Definition 8.10, by
a trivial modification of the proof of Lemma 8.11. Since this class is
invariant under shifts, it follows by two applications of Lemma 8.12
that f§, fo, /ahas/e € (log®M R)%6(R), and so in particular

HfCJ?rl féz/th3/8‘|& < logo(l) R. (10.13)

Moreover, the rational Fourier expansion of this term has only frequen-
cies which are coprime to q.
Now let us examine the other terms in (10.12). For fixed d, e (square-

free, else they are not relevant in (10.12)) we have the factorisation over
prime powers

% e)X cgee = [ [ o (10.14)

where, for each p dividing ¢, b,()d’e) is a product of the following periodic
functions:

plg

° Yp,
(if p|d) or 1 (otherwise);

1%
p+3 ¢y (if ple) or 1 (otherwise).
Recall that ¢,(n) = —1if p{n, and ¢,(n) = p — 1 if p|n.
Now if z is any of the four possible products of the periodic functions

(—p%lc; or 1) and (p+30p or 1) other than the trivial product z=1-1

then we have Av |z| < To and so (by (8.3)) [|z]|4 < p. Since these

functions z all have p as a period, their rational Fourier transforms are

supported on rationals (mod 1) with denominator p and so ||z||} <

pl|z]|5, < 1. This bound also holds when z = 1, when in fact ||z||f = 1.

Since, if plg, b,()d’e) = X, z for one of the four possible choices of z, it

follows from this, the bound X, |5 < p~™/2 (cf. (10.4)) and (8.8) that
IS % < I I ll= 11 < Cp=Pr2.

Taking products over p|q and using (8.9) gives, by (10.14),

||ZE§;77(6)Y+ Jcellbe < OO < ()W (10.15)
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By (8.9) (noting that the expression in (10.13) has period coprime
to ¢, whereas the expression in (10.15) has period ¢), we obtain
p(d)

|| ¢(d)n(e)y+6d_cef51f52/dh623/e||;\o < T(q)O(l) (logo(l) R)q_l/Q’

uniformly in d,e|lg. Finally, summing over the 7(¢)? choices of d,e
and using (10.12) and the (very) crude bound g ST q), we obtain

(10.5). O

To conclude this subsection, we observe that Lemmas 10.2 and 10.3
and the triangle inequality immediately imply Proposition 10.1 in the
1
large conductor case ¢ > Q=.

10.2. The case of small conductor

We turn now to the small conductor case ¢ < Q%. Let us look again
at the expression (10.12) for the product ), Ag, Hg,-

We will compare this with a corresponding expression for F ;r R]\]}f[ R-
To obtain such an expression, we first introduce

fr(n) = > %cr(n)z 1 A2z, (10.16)
r|R! p<R
(rg)=1 g

where the equivalence of the second and third expressions follows using
multiplicativity and is explained after (6.9). By (6.9), we have

Fop= %yﬁg. (10.17)
Write
s = [[Azpz. (10.18)
plg
Then, by (8.21),
Agr = sfr. (10.19)

Next, introduce

hin) = > n)en) =[],z (10.20)
r|R! p<R
(rg)=1 plq

The equivalence of the second and third terms here follows from (8.16)
and the multiplicativity of Ramanujan sums. Finally, set

t =[]z (10.21)

plg
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Then, by Definition 8.8,
Hp = th. (10.22)

Taking products of (shifted versions of) (10.17), (10.19) and (10.22)
gives

FroApHp = ¢E])—+s tfifrh. (10.23)

Now let d,e be divisors of ¢ (as in (10.12)). Observe that (for
any (1,Q2,Qs,d,e) the functions le, fqQsya and hg, /. are Fourier-
truncated versions, in the sense of Proposition 9.1, of fr, fr and h
respectively. This follows from simply inspecting the relevant defini-
tions (10.6), (10.11), (10.16) and (10.20). Thus we may apply Propo-
sition 9.1 with X1 = Ql; X2 = Qg/d, X3 = Qg/e, B = 2 and
(hl, hQ, hg) = (1,0, —1> to get

1£6, fazhas = FiFrhlll < X710 < @mae®. - (10.24)

Here X := min(Q, %2, %) and X > Qz since d,e < g < Q%

Now (if d, e|q) the Fourier support of & ¢(d n(e)xtc;c. is on rationals
whose denominators are composed of primes dividing g, whereas the
Fourier support of fgl féQ / N3 /e — f# f h is on rationals whose denom-

inators are coprime to ¢, as follows from the definitions (10.6), (10.11),
(10.16), (10.20). Therefore by (8.9), (10.15) and (10.24) we have

d s -
LR e fgzhas — FATDI
d - 1
< I|%n( )X eqcelln ||f51f%h% — i frhlh < Q2 W (10.25)

Now from the facts that Agz/z = 1+ “E ;cp (see (8.15)) and T%/pz =
1+ n(p)c, (see (8.16)), the definitions (10.18), (10.21) and the multi-

plicativity of u, ¢, n and of ¢4(n) as a function of d, we have

p(d)
- ¢(d)cd:s and Zn(e)c =

elq

Shifting the first equation by —1 and then summing (10.25) over all
divisors d, e of ¢, we obtain (by the triangle inequality)

p(d _ T - 1,
I3 S MO Cacefd fayhes = X5t FaPll, < rlafQd
d e

de\q
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Multiplying through by ﬁ and comparing with (10.12), (10.23) we
obtain

_ SR _1.,
IFf o Mg, Has — Fl A Hellh, < m(q)*Q 240,
which verifies Proposition 10.1 in the small conductor case.

11. DAMPING CHARACTERS
11.1. Introduction

Before starting this section, the reader may wish to revisit the intro-
ductory discussion of Subsection 3.1.

The main result of this section is Proposition 11.2 below. It is the
key input in constructing our damping function D. We begin by trying
to motivate this result, which is not an easy task.

One of the key issues we face in this paper is that a Dirichlet char-
acter x is not a Fourier-positive function. Indeed, if x is primitive of
conductor ¢, its rational Fourier coefficients will have magnitude q_%
(by Lemma 8.4) but will not always be positive reals. We do, however,
have x(n) < q%1q|n, because the function on the right ¢s Fourier posi-
tive and its rational Fourier coefficients are q_% at at rationals 2. The

function qélqm, whilst somewhat singular, is fairly small (of size q*%)
on average.

Now in our paper we are faced with a function, namely AIT,UOAZ?HQ,
which is a sum of objects involving shifted characters x™(n) = x(n+1).
It is complicated, so for the purposes of this motivating discussion
suppose we have a function f(n) = 1 — .., 7 %xj (n), which is a
convergent sum of Dirichlet characters of the same general flavour.
Suppose cond(y;) = ¢;. Now as a first step we could consider f(n)(1+

1

q{ 1g,jn), where the multiplying factor here is designed to dominate the
Fourier oscillations from x;. Unfortunately, though it achieves this

1
aim, it introduces new cross-terms such as —4x3 (n)(g{ 1g,n), which
still have large (but not necessarily positive) Fourier coefficients.

To deal with this issue, we need a family of Fourier-positive functions
like the qélqm, but with the property that x* times any such function
is Fourier-dominated by something like another function of the same
type (where here cond(x) and ¢ might be different). Then, we can
define D as a suitable sum of such functions.

A family of functions with something like this property is the set
of convex combinations of the functions ®,,, which we introduced in
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Subsection 8.5. Recall that ®,,(n) = qglqme(z—?). The reader will

note that this is somewhat akin to the function qélqm appearing in
the heuristic discussion above, only it is even more singular (but still
with a small /! norm, of size q’%) and now with an additional linear
phase term. The need for the linear phase term arises from a resonance
phenomenon which occurs when (for example), in the above heuristic
discussion we have something like ¢; = p and cond(y2) = p?. Re-
stricted to n for which p|n, x5 behaves like a linear phase; this sort of
phenomenon ultimately comes from the Postnikov character formula
(see Appendix A).

Before turning to the precise statement of our main proposition, let
us give some definitions.

With N the main global parameter in the paper, set

IT:= HpN. (11.1)

p<N

Definition 11.1. Denote by .# the class of all convex combinations
> @i®y a, where I, 0 < o < 1, Y,y < 1 and a; € Z/¢PZ. Now
let P be some finite set of primes. Write .%p for the subclass spanned
(as convex combinations) by those ®,, ., where each ¢; is divisible by
all the primes in P.

Remarks. Every element of .% is Fourier-positive, since all the ®, ,,
are (by (8.25)) and by Proposition 8.1 (1). The role of IT (which could
be replaced by any fixed sufficiently composite large number) is to en-
sure that there are only finitely many functions ®,, under considera-
tion, and so the convex combinations may be assumed to be finite ones,
and so every function in .% is periodic. This is a very helpful technical
convenience later on, specifically in Section 13, where we want to make
sense of a convergent infinite sum of such functions.

Define w(p), p a prime, by
(11.2)

(The exact values are unimportant but ones which work are given for
definiteness; the key feature is that w(p) = 1 for sufficiently large p.)

Set
M = Hw(p). (11.3)
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Here is the main result of the section.

Proposition 11.2. Let x be a primitive Dirichlet character with con-
ductor q, and suppose that q|I1, where 11 is defined in (11.1). Let
P = 77( ) be the set of primes dividing q. Let F € . Then there is
some F' = F(F,x) € Fp such that x Tlno1,g9=1F < MF, where M is
the absolute constant defined in (11.3).

Remark. The 1(,_1 -1 term, which does not influence the analysis
very much, is necessary later on. It did not feature in the heuristic
discussion above.

The first main idea in the proof of Proposition 11.2 is to work one
prime at a time, and then take a product over primes at the end. Most
of the section is devoted to the case ¢ = p' a prime power.

11.2. Prime power moduli — setup

Definition 11.3. For a given prime p and exponent 8 > 0, denote
by 7, 5 the class of all finite convex combinations > @i®ys ., where
0<a; <1, ) o <1, the f§; are positive integers with § < §; < N,
and a; € Z/pwlZ

Remark. The upper bound B; < N ensures that p®%|II, where II
is defined in (11.1), and so %] C .Z; once again, the role of this
upper bound is to ensure that the spaces under consideration are finite-
dimensional.

Note that each 3@5 is closed under convex combinations, and that
we have the nesting
0 1
Fy DTy D (11.4)
Every function in gfl? is periodic and Fourier-positive (by Proposition
8.1 (1) and (8.25)). Here is the main result for prime-power moduli.

Proposition 11.4. Let p be a prime, and let x be a primitive Dirichlet
character to modulus p*, 1 <t < N. Let F € ﬁf. Then there is some
F=F(Fy) € Z"™PY such that X L pm-1)=1 F < w(p)F, where w(p)
is as defined in (11.2).

We make some initial reductions. First, it suffices to handle the
case F' = &5, (for arbitrary §, not necessarily the same ). Indeed,
suppose we have this case and write F' = Y, a;®,s, ,,. Suppose that
X Lpn-1)=1Pp8 4, < w(p )F’ where F, € fmax(ﬁ“l). By the nesting
(11.4), and the fact that 8; > 3, we have F; € Z™*®D Then (using
Proposition 8.1 (3) and (4)) we have x 1(p7n_1):1F < w(p) >, k.
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Taking F = > o, F; completes the proof, noting that F € ﬁ;nax(ﬁ’l)
because of the closure of this class under convex combinations.

We may further reduce to the case a = 0, that is to say F(n) =
p*?/%1,5),,. Indeed, if for this F, x™1(_1 =1 F < w(p)F for some F €
Z2BD then (by Proposition 8.1 (5))

L= F)e(55) < wp) E(n)e(: 55).

The function ﬁ’(n)e(z%) can be written as a convex combination of
functions of the form (I)pé,a(m@(;%) = q)pB’b(n) where b := d+p3(5*ﬁ)a,
where § > max(3,1).

These reductions reduce the task of proving Proposition 11.4 to the
following.

Proposition 11.5. Let x be a primitive Dirichlet character modulo
p', t = 1. Let F(n) = p**/%1,5,,, where B > 0. Then there is some

F=F(Fx) e F2E queh that X o1 p=1 F < w(p)F.

The proof of this falls into two somewhat distinct parts, according
to the size of 5. When § < t/3 we can use Gauss sum estimates: see
subsection 11.3. When g > t/3, if p is odd we use the fact that the
values (1 & p°k) are polynomial phases in k of degree at most 2 by
a special case of a well-known result of Postnikov. Curiously, the case
when ¢/3 < [ < t/2 is the most delicate part of the argument. For the
details, see subsection 11.4.

11.3. The case of small

The case f < t/3 of Proposition 11.5 can be handled with Gauss
sum estimates.

Proof of Proposition 11.5, 5 < t/3. We use the identities

N an 1 a(n —1)
Lo =0" ) 6(p7) and  1pn-1)—1 =1 5 > G(T)
a€Z/pPZ a€Z/pZ
and the Gauss sum estimate
AL
Y x(@e(-=50) < p72, (11.5)
z€Z/ptZ p

which holds for all A € Z/p'Z, even those divisible by p (when the left-
hand side is zero) by [11, equation (3.12)] and the remarks following
it. It follows that for all A\ € Z/p'Z we have
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A 1
> X+ DlguonaFne(="0) < 2808, (116)

where here F(n) = p% 1,8, as in the statement of Proposition 11.5.

Since B
> @poln)e(—S5) = pt, (11.7)
neZ/ptZ p
it follows from Proposition 8.1 (7) that
X(n+ Dlgu-1=1F(n) < w(p)®, (11.8)

Here we made use of the facts that 1t + 28 < (2 — 118) (which follows
from the assumption that § < t/3) and 2p~ /s < w(p) (which is a
consequence of the definition (11.2) of w(p)). Thus we may take F' =

®,¢ o, noting that this lies in Jp, which is contained in .%,™ (51 gince
t > max(34, 1). O

It is convenient to note that the same analysis also handles the case
p=2andt € {1,2} and any 5 < t, since w(2) > 4. Indeed, from
(11.6), (11.7) and the fact that 222767 < 4. 26" when 8 < ¢ < 2, we
still have (11.8). This is convenient, as these small cases will be mildly
exceptional in the analysis of the next subsection.

11.4. The case of large

We turn now to the case § > t/3 of Proposition 11.5. We assume
throughout the section that p' # {2, 4}, because this case can be han-
dled as described at the end of the last subsection. Note that since
t > 1, in this case we automatically have § > 1 and so max(f,1) = f.
Let us first of all note that the case 8 > t is trivial, because then if p®|n
then x(n + 1)1pn-1=1 = 1 and so x(n + 1)1n—1)=1F(n) = F(n) for
all n, so we may simply take F' = F. Suppose, then, for the remainder
of this section that t/3 < 8 < t, and write, for A\ € Z/p'Z,

An
S0 = T A+ Dlgnsalyne—2)
neZ/ptZ p
Ak
= Y 1+ 2E),
keZ/pt—PZ p

We now need a consequence of a result which is usually known as the
Postnikov character formula. For a self-contained treatment of this
topic, see Appendix A.
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It follows from Proposition A.4 and the comments immediately fol-
lowing it that, since p* ¢ {2,4}, there are a1, as € Z such that

sn= Y oL VE+ ak®y (11.9)

t—03
keZ/pt—5Z p

We now divide into two cases (it is important to note that the division
into cases depends only on x, 8, and not on \).

Case 1 (Purely linear case): we have ay = 0(mod p'~#). In this case
we have simply

m n
sny= Y e<(p = 3 Lo,

keZ/pt—PZ n€Z/ptZ

Therefore if F(n) = pgﬁlpﬁm then, by Proposition 8.1 (7) we have
Xt pn =1 F < F, where F(n) := p651p5|n (“7). Note that F(n) is
of the form ®,s;, since we may write Z—% = pgiﬁ since 5 > t/3. This
confirms Proposition 11.5 in Case 1, the purely linear case.

Case 2 (Not purely linear case): ay # 0(mod p'="). Suppose first
that p is odd; minor modifications, which we will indicate at the end,
are required when p = 2.

Given A, define u(A) by

o0 if p'~Pla; — A
u(A) = { t— B —wvy(a1 — ) otherwise. (11.10)

Thus 0 < u(A\) < t — 5; note that the definition has been made so that
it is well-defined for A € Z/p'Z. Lemma D.1 (and (11.9)) tells us that

IS(N)] < ptPm2v™, (11.11)

When u(A) = 0 we can do better: in this case we have v,(az) < t—0—1
by the assumption that we are in the not purely linear case, and SO
Lemma D.1 gives

IS(A)| < pPs, (11.12)
Let 0 < v <t— . Define
5y ain
Fv(n) = p6( +5)1pv+5|n6(?).
We note that F), is of the form U with 8 > 8, so in particular lies
in ff. Indeed, we can take § = 8 + v and then write 9= %ﬂ since

36 = 3(8+wv) =38 >t. Now (since v < t — 3) Fy(n) is a function
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on Z/p'Z. We may compute its (mod p') Fourier coefficient at A as
follows:

Z Fv(”)e(—)\—?) — pa+h) Z G(M)

t—v—p3
neZ/ptZ p keZ/pt—v—FZ p
0 if v < u()
= { pROHH-E iy s g0y, (1S)
In particular, comparing with (11.11) one sees that (writing u = u(\)

for brevity)

| > X+ Dl Fn)e(—=5)| = pa?|S(V)| < piftt=o=2e
neZ/ptZ p
_1, 5y e 1, An
=p3 pﬁ( HOHt—u—f — 3 Z Fu(n)e(——t).
neZ/ptZ p

When u(\) = 0, we may use (11.12) instead of (11.11), obtaining the
bound

An 1
| D XA Dl Fe(==0) | <ps Y Fo(n)e(—
neZ/ptZ p n€Z/ptZ

An
ra

).

Since the Fourier coefficients of the F), are always non-negative (by
(11.13)) it follows that for all A (no matter the value of u(\)) we have

t—p
An An
‘ Z X(n+1)1(n71,p)=1F(n)e(__t)| g Zau(p) Z Fu(n)e(__t)a
n€Z/ptZ p u=0 n€Z/ptZ p

where o (p) = p~3 and a,(p) = p 3t foru=1,2,....
Thus, by another application of Proposition (8.1) (7) we have

t—p
X(n+ D11 p)=1F(n) <> au(p)Fu(n).

Recalling that each F, lies in ﬁf, we obtain the desired conclusion of
Proposition 11.5 provided that

t—pB
> aulp) <w(p). (11.14)
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However, we have

t—pB 00
daulp) <pi Y pE,
u=0 i=1

and a calculation shows that this is at most 1 for p > 19, and less than
3 for all odd p. Therefore (11.14) does indeed hold.

When p = 2, the bounds on |S(\)| coming from Lemma D.1 are
weaker by a factor of 22. This means we must take the a, larger by
this factor, and now the required numerical check is that 2%(2*% +
> 278 < T=w(2).

This completes the proof of Proposition 11.5 in Case 2, and hence of
the whole proposition.

11.5. General moduli

We turn now to the proof of the main result of the section, Proposi-
tion 11.2. This essentially amounts to taking products of Proposition
11.4 over different primes p, but one must be slightly careful.

Lemma 11.6. Suppose that ¢ = qi1q2 with (q1,q2) = 1. Then every
Dy a1 P05 Of the form @, ., and vice versa.

Proof. This follows fairly immediately from the definition (8.24) of the
®,, and the Chinese remainder theorem. O

Finally, we are ready for the proof of the main result of the section.

Proof of Proposition 11.2. It suffices to consider the case F' = ®,,
from which the general case follows by taking appropriate convex com-
binations (using Proposition 8.1). Suppose that r = 1’'q where ¢ =
Hpe7> p’, and 7’ is not divisible by any prime in P, so that (r',q) = 1.
We have F' = ®,, = &,/ ®,, where ¢,, = Hpep ®pﬁp’ap’ and here
a € Z/¢*Z, a, € Z/p*Z and V' € Z/(r')*Z. We also (see Appendix C)
have a factorisation y = Hpep Xp» Where each Y, is a primitive Dirich-
let character to modulus p'», where Hp p'» = ¢ (and so, in particular,
t, > 1 for every p).

By Proposition 11.4 (taking 5 = 0), for every p there is some F’p €
Z, such that

Xp Lpm-1)=1®psp o, < W(D)Fp.
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Taking products over p € P (and using Proposition 8.1 (4)) gives

X+1(q,n—1):1q)q,a = MHﬁpa

p

where recall that M := [, w(p) with w as defined in (11.2). Finally,
we may multiply both sides by ®,.;, which is Fourier-positive, so by
Proposition 8.1 (3) we have

X+1(q,nfl)=1F =< MF,

where [ := Dy [oep Fp. Finally, we observe using Lemma 11.6 that
F is a convex sum over functions O, o, where 1’ Hpep p divides ¢/, the

key here being that 7 is coprime to all the p. In particular, F lies in
Zp, which is what we wanted to prove. O

12. AN ARCHIMEDEAN CONSTRUCTION
12.1. Introduction and statement of results

In this section we describe the function w in the definition (3.2) of
our key function ¥. We need w to have a fairly long list of properties,
which are detailed in Proposition 12.1, but the most important is that
the exponential sum of w(n) twisted by n”~! can be controlled in terms
of the exponential sum of w alone (see items (4) and (5) of Proposition
12.1). The requirement for this property means that the most standard
kind of cutoff functions such as the Fejér kernel are not sufficient for our
purposes, and we instead make a construction modelled on the function
W(z) = 2 2¢~". Some further remarks on the particular choice of W
may be found at the end of Lemma 12.5.

Proposition 12.1. There is w : N — [0,00) such that we have the
Jollowing, for all p=1— 0 + iy with 0 < 55 and |y| < Ns:

(2) ZnNzl w(n) > lo{gVN;
(3) uniformly for n € R/Z with ||n|| = N~2 we have

n?~tw(n)e(nn) < N1z,

NE

n=1
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(4) uniformly forn € R/Z

N N
| Z n’"tw(n)e(nn)| < 11N 37 Z w(n) cos(2mnn) + O(Nl_l%).
n=1 n=1

(12.1)
(5) If p=1— 0o is real we have, umformly forn e R/Z,

N
Zn" Lw(n) cos(2mnn) < N~i° Z ) cos(2mnn) + O(N 13 T1z),

n=1

(6) For any X, 1 < X < N, we may write w = wy + wy where

Zwo < NX! (12.2)
and wq(n fR % )d¢ where Y = 210gN and
/ la(€)|dé < N°WX, (12.3)
R
For the rest of the section, take ¥V := 215\; ~ (as in the statement of
(6) above). The idea is to set
W(z) =z 2e" (12.4)
for x > 0 and W = 0 elsewhere, and then define
n
w(n) == W(?) (12.5)

12.2. Basic bounds for sums

In this section we provide some bounds for 32 n?~lw(n)e(nn). In
the first lemma, we compare this sum to an integral when 7 is not too
large.

Here, and throughout the rest of the section, we write T,f(x) :=
P~ f(z) for z > 0.

ff:R—R is (suitable nice) function, we normalise the Fourier
transform by f fR (—x&)dz, so that the inversion formula

reads f(x fR e(éx d§

Lemma 12.2. Suppose that%L <pB<landl|y| < Ns. Then, uniformly
for [n| < N”s

z
8

Zn”_lw(n)e(nn) = Yp_17{pW(—nY) + O(Ns).
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Proof. Set F(x) := T,W(x)e(nYz) = af*W(x)e(nYz) for z > 0.
Writing p=1— 0 + 4y and

F(x)=277 -W(x) - 6(21 logz +nYx)
T
and applying the product rule for derivatives, we see that

|F'(z)] < 277 "W (x) + 27 W' (z) + :JC_UW(JI:)(W| + nY).

1

For the first term we use the bound W (x) < z~2, and for the second
W'(z) < x~2 (which may be checked by looking at 2 < 1 and x > 1
separately). We split the third term in two. The part with M can be

bounded as for the first term, but now with an extra factor of M Nk,
We keep the remaining part as it is. Putting all this together gives

|F'(2)] < 27 2N& + 277 2¢ % ||Y. (12.6)
We have

N N n

n” lw(n)e(nn) = Yt F(—= 12.7
> un)elm) = Y* Y () (127)

and -
T (—yY) = / Flz)de. (12.8)
0

Now we have
>R [T
Y — Y
N+1

</ |F|+|—ZF /Y F]+[V |F|.  (12.9)
0 N

To bound the third term, we use the bound |F(x)| < |[W(z)| < e7%,

valid for 2 > 1, to bound this term by e=/" ~ -5 (which is tiny).

For the second term in (12.9), we can use the mean value theorem
to bound this by

To bound the sum appearing here7 we use the derivative estimate (12.6).
The contribution from the first term there is

N
1 n,_3_ .1 P R
<<Wn21’?’ 2 N8 K Y7 2N5,
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The contribution from the second is
1 N n
i -l —njy
< Yz\n\Y; e < nl,

where here we used the bound ) 7, n~*e™Y <, Y'~* uniformly for
s < sp< 1.

Finally, to bound the first term in (12.9), we use F(z) < 27277,
obtaining that this term is < Yoos,

Putting all these bounds into (12.9) gives

1 & n o
. ;m?) _ /0 F(z)dz| < Y7 3N + |n)|.

Multiplying by Y” and combining this with (12.7) and (12.8) gives the
desired result. U

Lemma 12.3. Let 0 < e < 1. Then we may split W = Wy+ Wy, where
0 < Wo, Wy < W pointwise, Supp(Wy) C [0,2¢] and Supp(W;) C
[e,00) and we have

Wa(z) = /R WA (€)e(€x)de,

where A 1 i
| (€)| <<min(l,5_§|§|_175—§|§|—2). (12.10)

In particular,

Wil < = log(D).
Proof. Let ¥ : R — [0,00) be a smooth function with ¥(z) = 0
forx < 1,0 < ¥(z) < 1forx € [1,2], ¥(z) =1 for z > 2 and
@] < 1 for all m, where W™ denotes the mth derivative. The
existence of such functions is standard. Set ¥_(x) := W(x/e), and then
define Wy := WV, and Wy := W (1 — ¥.). The support properties and
pointwise bounds in (1) are then clear.

For (2), we use the well-known bound (which follows by integration
by parts)

WL ()] < (W™ g™, (12.11)
for m =0,1,2. We have

Wil < [[W]h < 1. (12.12)
For the first derivative, note first that
Wil < W+ WP
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Now [|[W'W.||; < [

xr>e

W' (z)|dx < ™2, whilst

2e
W, < 5—1/ W(z)de < 2.

Therefore
1
[Wilh < ez (12.13)
For the second derivative, we have

Wl < IW W[l + 2 WLl + (WL

Now
W, < / W () |dz < =3,
Tr>€
INT, ! 1 > / 3
||W\vs||1<<g/ W (a)]de < 2,
and )
1 15
W < = [ W(r)de < e 2.
8 IS
Thus

W) < e 2. (12.14)

Combining (12.12), (12.13) and (12.14) with (12.11) gives the stated
bound (12.10).

The bound on |||y follows by splitting into the ranges |¢| < e™2,
ez < €] < e'and €] > ¢! and using (12.12), (12.13) and (12.14)
respectively on these ranges.

Finally, the fact that ||W1||1 is finite guarantees that W is repre-
sented pointwise by its Fourier integral, by well-known theory. U
Proposition 12.4. Uniformly for 0 < 0 < 1, |y| < Nt and for

N=z < ||| < 3 we have

N
Z n? " w(n)e(nn) < N1,
n=1

Proof. Set o := % and € := N~ (It is helpful, to see the structure of
the argument, to work with o rather than the explicit fraction % during
the proof.) We use the decomposition of W from Lemma 12.3 with this
value of €, and write the sum to be bounded as Sy + Sy, where

N
_ n
S = Zn” 1%(?)e(nn).
n=1
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We bound Sj in a fairly trivial manner, using the pointwise bound
Wo(z) < W(z) < #2 to conclude that

S 3w (Bt V)i« N = N

For S;, we use the Fourier expansion of W; as described in Lemma
12.3, obtaining

~ N é‘
= [ WA@de w5y ) = 51+ 1.

where S is the integral over |¢| < N3 and S is the remaining integral.
Using Lemma 12.3 again, we have

N
S < Nzoto) gyp |z:np_1€((é +n)n)|.

' Y
El<NE n=1

To estimate this, we use the middle bound of Proposition 5.3, which
. . . 1
implies (since |y| < N1 and 5 < 1) that

S« N3+ ) qup |5 4 g~ « Nioro+ied o NI,
1
el

where in the penultimate step we used the assumption that ||| > N~2
(and recall Y ~ %)

Finally, for S/ we use the bound |[IW;(£)| < e 2[¢|72 and the first
(trivial) bound in Proposition 5.3, obtaining

S < N W(€)]de < NY3e75 = N1,
I§>N3

Putting all this together concludes the proof. U

12.3. Bounds for integrals

Throughout this section, suppose that p =8+ iy =1— 0 + 7.

Obviously, to make any use of Lemma 12.2, we need some under-
standing of the Fourier transform of T,lW. We have

—

TPW(Q) = / xpflw(m)ef%rix@dx _ / :L_—gf%+i’yef:t(l+27ri0)dx.
0 0
(12.15)
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To handle this, we make use of the fact that the formula

% r
/ ey = 1) (12.16)
0

aS

holds for all Rs, Ra > 0, where a® = e*!°¢® with log a being the principal
branch of the logarithm on Ja > 0. This fact is “well-known” but it
is somewhat difficult to find a satisfactory reference; it appears as [14,
equation (1.5.1)], which states (quite correctly, but with no further
details) that it follows from the well-known case where a is real, by the
identity principle for holomorphic functions. It is also possible to give
a proof using contour integration.

From (12.15), (12.16) we have
— 't —o+i
() - —e ot
(14 2mif)2—ot

(12.17)

Specialising to p = 1 (i.e. ¢ =7 = 0) gives a formula for W, namely
W (0) = T(3)(1 + 2mi0) >

The bounds we need can now be read from the existing literature on
the I'-function, and are summarised in the following lemma.

Lemma 12.5. We have
T, W(0)] < 10(1 + 62)2° R (6), (12.18)

uniformly for 0 < o < 1 and all 7,9 eR. If p=1—o0 is real with o
small then, uniformly for 0<o<i 1, we have

RT,W(0) < (1 + O(0))(1 + 47262) 2° RV (6). (12.19)
We have
s(Ltan'(270)).

Proof. We first find a lower bound for %W(Q
R(1 + 2mi0)~ 7= =(1+ 4%292)

2
Since |tan~!(270)| < Z, we have cos(i tan™!(276)) > cos(%) = \%,
and so

2~ 1 1

RW(0) > 272(1 + 47%0%) 1. (12.20)

We turn now to finding an upper bound for |m(6)\ We will use the
inequality

IT(z + iy)| < Te ™12, (12.21)
which holds uniformly for }1 <z < % and for all y. For the proof, see
Lemma E.1. Also,

|(1 + 27Ti0>z+iy| — (1 _’_47T202)x/26—ytan*1(27r9) > (1 +47T292)x/26—7r|y|/2'
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It follows immediately from this, (12.21) and (12.17) that
T, W (6)] < 7(1 + 4726%) 3=, (12.22)

Comparing (12.20) and (12.22), the desired bound (12.18) follows im-
mediately since 72 < 10.

Now we turn to (12.19). By (12.17) we have

—

RT,_, W (0)

=T (3 — o) (1 +4x%0%)5+37 cos((1 — o) tan~"(2n6)).  (12.23)

We want to compare this with the same expression when o = 0. Since I
is differentiable (and never zero) on (0,1) we have I'(3 — o) = I'(3)(1+
O(0)). Since —% < tan™'(270) < %, and since the derivative of cos(tz)

with respect to x is uniformly bounded for (¢,z) € [-%,%Z] X R, we

279
have

cos((2 — o) tan™!(276)) = (1 + O(0)) cos(3 tan™ " (276))

uniformly in 6.
Putting this information together with (12.23) leads to (12.19). O

Remarks. If we tried to run a similar analysis with W (z) = e~ (or

any x~'e™® with t < %) it would break down at the point where we
asserted (12.21). Here, it is critical that we are only considering T'(2)

for Rz < % Indeed, one may compute that for large positive , if we
instead take W(x) = e™® then Tm(v) ~ 772 whilst W(y) ~ 771,
so (12.18) actually fails. What is going on here is that in Tm/(fy)
we have a phase 27e(—vyz) = e(y(5= logz — x)) which is stationary at
T = %, leading to less cancellation than one might naively expect. The

role of the factor ™2 in the definition of W is to reduce the relative
effect of this stationary phase term by making the Fourier transform
of W decay more slowly, so that (12.18) has a chance of holding.

12.4. Proof of the main result

We are now in a position to establish the main result of the section,
Proposition 12.1.

Proof of Proposition 12.1. (1) We have

N N
n 1 1 1
n ‘wn) K n (=) 2 <Y2N2° <« N9,
; (n) ; ()

with the implied constants being uniform for o < 1 (say).
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(2) We have

(3) This has already been established in Proposition 12.4.
(4) We first handle the case || < N~2. By Lemma 12.2,

an’lw(n)e(nn) = Y’J’ll{pW(—nY) + O(Ng). (12.24)
Taking p = 1,
Zw(n) cos(2mnn) = RW (—nY) + O(N¥). (12.25)

However, by (12.18) we have
YOVT,W (—nY)| < 10Y (1 + [nY ) " RW (—Y)
< 1IN "FTRW (—nY).
Combining these results glves the conclusion when |n| < N~ 2,

In the case N~% < In| < 5, Proposition 12.4 (applied to both sides
of (12.1)) gives the result immediately

(5) The case when N—2 < 7]l < & may be handled exactly as in
(4). For the case |n| < N2, we agam start with (12.24) and (12.25).
In fact, we need to take real parts of (12.24) which, since p =1 — 0 is
real, gives

z
8

Zn w(n) cos(nn) = 7”%@(—771/) + O(Ns). (12.26)

By (12.19) we have

Y ORT,_,W(—nY) < (1+ o<a>>Y—0<1 + Y [?)2TRW (—nY)

Here, in the second step we used 1+ |nY|2 < 1+ (N~2 1OgN) < N, and
210gN>N8 and1+C’a<Ns which is
valid uniformly for all real ¢ > 0 and for N > €8¢

The desired result follows by combining this with (12.26) and (12.25).

in the last step we used Y =
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(6) We use the decomposition W = W, + W; from Lemma 12.3,
taking e := X2, and set wo(n) := Wy(g), wi(n) := Wi(3). From
Lemma 12.3 we have wi(n) = [Wi(€)e($n)de, so we take a(€) =

W1 (). The stated bound (12.3) on Jg la(§)]d¢ is then immediate from
Lemma 12.3.

Also,

N
S wn) < Y W(%)<<Y%(NX‘2)% < NX1,
n=1

n<NX—2

which is the claimed bound (12.2). O

Part IV. The main construction

We turn now to the main construction of a function ¥ and to the
proof of Theorem 2.2 (and hence, as explained shortly before the state-
ment of that result, Theorems 1.1 and 1.2). The reader may find it
helpful to reread the broad overview of the construction, as given in
Section 3.1.

For the remainder of the paper, we fix a scale T' satisfying the con-
clusions of Proposition 7.7, with o¢ = 4—18, this choice being with future
applications of Proposition 12.1 in mind. From now on, pi, p2,...,ps
are the zeros in Zp := Zp(55) listed in order of decreasing real part, or
equivalently in increasing order of o; := 1 — Rp;. For each j, write x;
for the primitive character for which p; is a zero of L(s, x;), and set
g; = cond(x;).

At least one of the options (1) and (2) of Proposition 7.7 holds (in-
deed that is the content of the proposition). We refer to the two cases
as the “unexceptional” and “exceptional” cases respectively.

Remark. As previously remarked, it is technically possible to be in
case (1) yet still have an exceptional zero at scale 7" in the sense of
Proposition 7.1. However, there should be little danger of confusion
since we will have no further need for the definitions in Proposition
7.1.

13. CONSTRUCTION OF THE DAMPING TERM

To ease notation a little, in this section only we write

Y = ij,T j = 1,2,...,J and Yo ‘= [\T
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for the completed approximants as defined in Section 6. Thus, from
(6.5), (6.11) we have

d; _ .
o =% [[Azppz: =1 and @o=][]Azpz.  (13.1)
qb(q]) p<T p<T

pla;

We are now in a position to actually construct the damping term D.
Recall the definition of @, (see (8.24)), namely &, ,(z) := rglr‘xe(ﬁ—"’g).
Here are the key properties our damping term D will have.

Proposition 13.1. There is a function D : Z — R with the following
properties. D(n) is a finite conver combination

Do D aPealn), (13.2)

q a€Z/¢?Z
where
3
0<aga <1, D> aga=1 and o> 7 (13.3)
q,a
and such that
1 X _ ~ _ ~
N=5%pFpg HpD < o5 oy HrD (13.4)

for every j > 1 (in the unexceptional case) and for every j = 2 (in the
exceptional case).

Proof. In this proof we write for positive integer ¢,

Az/qz = HAz/pz, T%/qZ = HT%/pZ'

plg plg

We first show that it is enough to construct a function D : Z — C
with the required properties, that is to say without the condition that
D be real-valued. The key claim here is that, for every j, p; also
appears as one of the functions ;.

To prove the claim, consider the zero p; and the character x; asso-
ciated to the index j. As explained in the proof of Lemma 4.5, p; is a
zero of L(s,X;) = 0, so for some j' (possibly j' = j) we have p; = p;
and x; = X;. From (13.1) we see that p; = @;, which completes the
proof of the claim.

Now suppose we are given D : Z — C satisfying Proposition 13.1.
We assert that RD = 1(D + D) has the same properties (and of course
it is real-valued). First note it is a finite convex combination of the
form (13.2) because ®,, = ®, .
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Now, by the claim, if we have (13.4) for all j then we also have
lgy _ = _ =
N=57%% 0y HrD < @5 oy HrD
for all j. Taking complex conjugates and using the fact that both

wo = Ar = [[,<p Azjpz and Hr = [[,o; T%/pz are real-valued, and
using Proposition 8.1 (3), we have
1. = e =
N™s% ol oy HrD < ¢f oy HrD.
Adding this to (13.4) and dividing by 2 (and using Proposition 8.1 (4))
confirms our assertion about RD.

Now we turn to the construction of a D : Z — C satisfying the prop-
erties claimed. Recall (Definition 11.1) the definitions of the classes .#
and Zp, where P is a set of primes. For each j, write P(j) for the set
of primes dividing g;.

For the moment suppose that we are in the unexceptional case in
which option (1) of Proposition 7.7 holds. For every finite (possibly
empty) sequence (ji, jo, J3, - - - » Jm) Of integers from {1, ..., J} we define
U, i € F as follows. Set Wy := @, that is to say the constant

function 1. Assuming that ¥, .  has already been defined, take
Vs gm € y’])(jm) to be such that

X;rm 1(qm,n—1):1\Ilj17.-~7j7rL—1 < M\I]j17~.-,jm . (135)

The existence of W;, ., is guaranteed by Proposition 11.2.

Since W, lies in Fp;,.), it is supported on n for which p|n for
all p € P(jn). For such n and for p € P(j,,), we have AJZr/pZ(n) =

AE/pZ(”) = I%’ and so A;/qmz(n) = Ai/qmz(n) = ¢E](;:Ln) There-
fore Az/q zAi/q 2 Vil im = (%)2\1@1, Jme Since also Ai/qmz(”) —
(qm )l(qmn 1)=1, it follows from (13.5) that
G B B
¢(qm)xj+mAZ/QmZ\Ijjl,...,jm ;= MAZ/q ZAZ/quq;jlmjm.

We now multiply both sides of this by 72 tamz = 1 Lojgn 2 /pz and then by
[L<rpian AZ/pzAi/pzTZ/pZ' By (8.16) and Lemma 8.7 (and Proposition
8.1 (1)) both of these are Fourier-positive, so by Proposition 8.1 (5) we
have

m
¢( )X]mAZ/qu Z/qm Z H AZ/pZ Z/pZTZ/pZ)\I]jlv“'a.jmfl
p<Tpfqm
- - 2
p<T1pfqm
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By (13.1) and the fact (Definition 8.8) that Hy = [,y 73,7, this may
equivalently be written as

ol oo HrVj, . . < Mo§og Hrvy, .. (13.6)
Set

= i Z N6+ +05m)

m=1 (j1,j2,.-..jm)

Here, the tuples (ji,...,Jm) range over all J™ tuples with 1 < j; <

J for each 7. We claim that this is a convergent sum and that in

fact p < % For this, note that the mth term in the sum for p is

(ijl N ’Tlfi"f)m, so by summing the geometric series it is enough to
show that Z}]=1 N—16% < 1, which is (massively) true by (7.6).
Now we define

D(n) =1+ Y Y NTmEnE g, (), (13.7)
m=0 (j1,....jm)

where again the tuples (ji,. .., jm,) range over all J™ tuples with 1 <
Ji < J for each . The functions W; ; all lie in .# (as defined in
Definition 11.1), and D is a convex combination of them. Therefore D
also lies in .%#; the key point here is that .# is the convex span of a
finite set of functions @, ,, so the fact that D is defined by an infinite
sum rather than a finite one does not matter.

D satisfies the first two conditions of (13.3). It also satisfies the
third condition of (13.3): note that the term with m = 0 in D(n) is
(14 )Wy = (14 p)~ '@y, so this follows from the fact that p < 3.

Turning now to property (13.4), we have the following deduction of
this statement, where we will explain the steps below:

1 . o~
(L+p)N~5% ¢ oy HrD

_ Z Z N—T16(O']'1+-..+0’jm)N_%0'jgpj(}pgﬁr]—v\l[jl’“_,jm

m=0 (j1,....Jm)

L (it ) Ar— Lo — ]
S3 S NN

m=0 (]177]777,)

oo
<3 N NTwen Tt G e Hp W,

m=0 (]lvvjm)

< (1+ p)pd o HrD.
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Here, the second step uses (13.6). In the third, penultimate, step we
used the fact that for j € {1,...,J} we have

1 1
N—Te% < — 13.
16 i ( 38)

by (7.6).
Finally, in the last step we added in the terms

L ~
— 15 (04, +F04,,+0j, + - ) )
N~ 16\%01 J J +1)(p0 ®o ]{T\I/j1 .... Jmodma1y  Jm+l 7£ I

and an extra copy of ¢ ¢y Hyp, noting that these are all Fourier-positive
as we have previously seen (specifically, ¢F ¢y Hy is Fourier-positive
by Lemma 8.7 and Proposition 8.1 (1), whilst ¥, ., . is Fourier-
positive because every function in .% is, as remarked after Definition
11.1.)

This completes the proof of property (13.4), and hence of Proposi-
tion 13.1, in the unexceptional case, that is to say when option (1) of
Proposition 7.7 holds.

The argument in the exceptional case (option (2) of Proposition 7.7)
is essentially identical, except now the indices j; in the above con-
struction only range over {2,...,J}. Instead of (13.8), we need the
analogous result in which j ranges over {2, ..., J}. This is supplied by
(7.7) (ignoring the contribution of N~1°* in that inequality).

This completes the proof of Proposition 13.1. U

14. FURTHER BOUNDS ON CORRELATIONS

The following section, which is a little technical, further enhances
the main result of Section 10 (Proposition 10.1), with an additional
twist by a damping function such as the D constructed in Proposition
13.1. For the purposes of this section, the precise construction of D is
relatively unimportant and we consider general linear combinations

E E ar bq)rb
T be(Z/r3Z)*

where ), |a.p| < 1. The example we really care about, of course, is
the one in Proposmon 13.1. Given such a D, define also the truncated

=D D an®un). (14.1)

r<X be(Z/r3Z)*

We pause to record a simple lemma which will be used a couple of
times later on.
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Lemma 14.1. Let D and its truncation Dx be as above. Then
IDx||) < X5 and s(Dx) < X (14.2)
Proof. These follow from (8.26), (8.27) and the definition of Dx. O

Now we turn to the main result of the section. For the notation, see
the comments after the statement of Proposition 10.1.

Proposition 14.2. Let 1 < Q1,Q2,Q3,Qs < R be parameters with
Q = min(Q1, Qa, Q3). Then, for any q,

— ~ Y 77 0 _1 5 1
I XQ1AQ2HQ3DQ41qIn - F;RARHRquIn”Qo < R°W (Q4 C+QQ 4)-
We isolate a lemma from the proof.

Lemma 14.3. We have Av |Hp®,,| < r—s7°@W log® R.

Proof. Recall from the definition, Definition 8.8, that Hp = Hp< RTo IpZ
From the definition of 7 Jpz. (see (8.14)) we have the pointwise bound

Hp(n) < 4470, (14.3)

where wg(n) denotes the number of distinct prime factors p of n with
p < R. This upper bound can occasionally be rather large, so we must
be careful. So that we can quote existing number-theoretic estimates,
it is convenient to compute the average of Hgr(n)®,,(n) by averaging
over n < X then letting X tend to infinity.

By (14.3) This average is bounded above by
T%Xfl Z Awr(n) < T%X*14WR(T) Z 4WR(k)7

n<X kgi
rln T

where in the second step we used the inequality wg(rk) < wg(k) +
wr(r). We have 47" L 7(r)? < r°) by the divisor bound. Applying
Lemma B.4 (and letting X — o0) completes the proof. O

Proof of Proposition 14.2. First we claim that
S S _1
1E pARHR(D — Doy)|l% < Q; °RW. (14.4)

D() DQ4 —Z Z ap, P rb

r>Q4 b(mod r3)
where ) |ap,| < 1, and therefore by Lemma 14.3

We have

~ ~ _1
Av|Hgr(D — Dg,)| < max Av|Hp®,,| < Q, °R°W. (14.5)
r>Q4

beZ /37
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Therefore by (8.3)

| o R HR(D — Do,)ls < Av|E wRpHr(D — Do)

R
r- ¢ ~ _1
< [ Frllocl[Arlloo AV [Hr(D — Dg,)| < Q4 ° R,

where in the final step here we used (14.5) and the pointwise bounds
|y plloos [|AR]|co < log R, which follow from (10.1) and the fact that
[[,<r-5 < logR. This confirms (14.4).

p<R p—1
Now by Lemma 14.1 and (8.8) we have

5
1/ Daull% < Q1111 (14.6)

for any periodic function f.
Now we are ready to prove Proposition 14.2 itself. From Proposition

10.1 and (14.6) we have
- A I 3 . _1
1Fy 0, Mg, Hoy Doy — Ff pArHrDo,|l5 < R*VQS min(Q1, Qs, Q3) 1.

X

From this, (14.4) and the triangle inequality, we obtain Proposition
14.2, but without the 1, terms.

The same bound holds with the 14, terms included, using (8.8) and
the fact (see (8.4)) that ||(14,)" |1 = 1. O

15. THE MAIN CONSTRUCTION AND COMPLETION OF THE PROOF
15.1. Introduction

We turn now to the proof of Theorem 2.2 itself. A brief overview of
the construction of a suitable function ¥ was given in Section 3 of the

paper, and the reader might find it helpful to review that section.

In this section, we write ¢; := (-+)?. Here

o0 , 765 is a convenient (but
by no means optimised) small exponent which works for our argument.
Any smaller exponent would also work but would give even weaker
quantitative results. As elsewhere, we will use the , £ and O nota-

tions to mean up to a factor of N°().

Let us now give an actual definition of the function W. As it has been
throughout the paper, let N be some large integer parameter. Let T

be a scale satisfying the conclusions of Proposition 7.7.
As in Proposition 7.7, we write pq, po, ..., ps for the zeros in =; =
Er(35) in decreasing order of their real parts ;. Recall from (7.8) that

we have the crude bound J <« T.



82 BEN GREEN

Definition 15.1. With parameters as above, define
U(n):=AN(n+1)Are (n — 1)Hrper (n) Dres (n) E(n)w(n) 1<y, (15.1)

for n > 0, where

e A’ is the von Mangoldt function restricted to primes, that is to
say A'(p) = logp for p a prime;

e Ag is the classical approximant to the von Mangoldt function,
defined in (3.3);

e Hp is a certain weight function which behaves like a kind of
truncated version of 72, and whose definition is given in Defini-
tion 8.9;

e Dg is the truncated version (as described in (14.1)) of D, the
damping term whose existence was shown in Proposition 13.1;

e I is the constant function 1 in the unexceptional case, and is
lgn in the exceptional case, where ¢; is the conductor of the
exceptional character ¢i;

e w is the function in Proposition 12.1.

Recall that the terms “unexceptional” and “exceptional” here refer
to options (1) and (2) respectively in the conclusion of Proposition 7.7.

Henceforth, it is convenient to adopt the convention that ¢; := 1 in
the unexceptional case, thus E(n) = 14, in all cases. This avoids a
certain amount of rather tedious division into cases.

Our claim is that this function ¥ satisfies the conclusions of Theorem
2.2, with k1 = %027'0 and ko = 2c37, where T'= N7, Recall that, by
Proposition 7.7, ¢ < 19 < 1170. Let us first note that U is a real-valued
function because all seven of the functions making up the product in
(15.1) are. It is also clear that W satisfies the support property (1) of
Theorem 2.2, because A’ does. It therefore remains to confirm items
(2) and (3) of Theorem 2.2 with the values we have just stated, that is

to say the estimates

N
Z U(n)cos(2mbn) L —NT 5 (15.2)
n=1
for all # € R/Z and
N
> W(n) g NT 2=, (15.3)
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15.2. Passing to a sharp approximant for A

The first step in establishing (15.2), (15.3) is to reduce matters to the
corresponding statements where W is replaced by an auxilliary function
U’ in which A’ is replaced by Ay, where

Ay = Aﬁ,Tﬁ’ (15.4)
the approximant to the primes constructed in Part II. Thus, we define
U'(n) := Ay(n + 1)Ages (n — 1) Hyer (n) Dpea (n) E(n)w(n)L,<n. (15.5)

for n > 0. Note that ¥’ is also real-valued since, in addition to the
functions mentioned above, Ay is real-valued by Lemma 4.5.

Lemma 15.2. We have

sup | Z(\If — \I")(n) cos(2mon)| < NT .
7

Proof. Consider the function F' := Ajc, Hyet Drex E. By (8.7) we have
IFI1 < [[Azer [ 1 Hrer [ | Drea [ E|ly S T2, (15.6)

where here we have used (8.12), (8.22), Lemma 14.1 and (8.4) respec-
tively for the four terms in the product.

Let us write w = wo + wy as in Proposition 12.1 (6), with X := T'1s.
Then

D (¥ = W)(n) cos(2mn) = Z mz (N (n (n))F(n)w;(n)e(nd)

== EO + El, (157)

say. For the term E, we use the crude pointwise bound |F(n)| <
T?:1%e2 which follows from (15.6) and the rational Fourier expansion
F(n) =3 \cqz " (A)e(An), obtaining a bound of

N
é T2c1+ez ( Z A'(n _|_ Z ’Aﬁ ‘wo

The first sum, over A’ is < (log N) 20 wo(n) S NT 1z by (12.2)
and the ch01ce of X.

The second sum, over Ay is a little more delicate since this function
is somewhat large for small n. To handle this we split the sum over n
into the ranges 1 < n < N3z and N2 <n < N. On both ranges we use
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the pointwise estimate (6.15) which, in the notation introduced at the
start of the section, implies that

J
Ay(m)] £ Z (15.8)
=1

For n < N2 we just bound this crudely by < J < T (this being (7.8)).
Therefore
> N(m)wo(n <TZ <TZ )P NAT
n<N% n<N7 n<N§
(Recall here that Y := , this quantity being involved in the def-

inition (12.5) of w.) When n > Nz, (15.8) gives the stronger bound
|Ay(n)| S 1, since we have the estimate Z}]=1 N=2% < 1 by (7.6) (in
the unexceptional case) or (7.7) (in the exceptional case). Therefore,
by another application of (12.2),

,L
> A(m)|wo(n) £ we(n) £ NT .
1
NZ<n<N n<N

Putting all this together, we obtain
Ey < NT* e, (15.9)

Turning now to the term FEj in (15.7) we use the expansion w;(n) =
Jr a(&)e(57)dE from Proposition 12.1 (6) and write the rational Fourier
expanswn of Fas F(n) =3 \cq/z " (Ne(An), obtaining

=R Z/ FMN / &) (N(n) = Ay(n))e((A+0 + é)n)
AeQ/Z n=1

> 1P e sup|z )40+ S
/\eQ/Z Mg

By Proposition 4.6 with @ = T, (12.3) and (15.6),
By S NT s -T?1%e . T,

Adding this to (15.9) concludes the proof of Lemma 15.2, using the

fact that 2014—62—% < —%. O

Let us now formally state the remaining task, which is to establish
the analogues of (15.2), (15.3) with ¥ in place of V.
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Proposition 15.3. The function V' : Z — R satisfies

N
Z W' (n) cos(2m0n) 2, —NT 5 (15.10)
n=1
and
N
> W'(n) 2 NT 2. (15.11)
n=1

Note that (15.2) and (15.3) follow from these two statements by
Lemma 15.2 (with # = 0 in the case of (15.3)) and the fact that

%02, 2c3 < %. As explained at the end of Subsection 15.1, this com-

pletes the proof of Theorem 2.2 and hence of all our main results,
conditional upon Proposition 15.3.

15.3. Fourier coefficients (;, B;“mc and their properties

For the remainder of the section, for each j € {0,..., J} write
B = (F;}TA;ﬁTDE)’\
and
By = (F pAge, Hres Drea E)".
To be clear, the A here indicates rational Fourier coefficients in the

sense of Section &, thus both ; and ﬁ;“‘nc are defined on Q/Z.
Let us collect some basic observations about these quantities.

Lemma 15.4. We have the following:

(1) lFolle = 15

(2) Bo is real, non-negative and symmetric, i.e. Bo(A) = Bo(—A);

(3) Birme(N) is supported where denom(\) < T°;

(4) Dreqz 1B (N < T

(5) 185 — Bylloo S T4 wniformly for all j;

(6) 15;(N)] < Né"fﬂo()\) for all 5 > 1 (in the unexceptional case)
and all j = 2 (in the exceptional case);

(7) in the exceptional case, By = [,
(8) we have By(0) > q; .

Proof. Recall throughout that FXO,T = Ar and F,,» = Ap. In partic-
ular, 8y = (AFALHrDE).
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(1) By (8.3) we have
ol = IAFA7 A2 DEIL, < AvIAFA; FirDE
< A2\ Ell Av [Hp D] (15.12)
By Lemma 14.3 we have Av |P~IT<I>T,b| < 1 uniformly for all 7, b and so,
since D is a convex combination of functions ®,,, Av|HrD| 5 1. We
also have ||F|| = 1 (clear from the definition of F) and ||Ar|«~ =
[[er(1 - i)_l < logT. Substituting these bounds into (15.12) gives
the result.

(2) This is already implicit in the statement and proof of Proposition
13.1, but to avoid potential confusion we give a self-contained expla-
nation. The statement is equivalent to the assertion that A}AEFITDE
is Fourier-positive as defined in Section 8. By Proposition 8.1 (1), it
is enough to show that each of the three functions AfALHy, D and
E are Fourier positive. For F, this follows from the Fourier expan-
sion 1g,), = qil > ac(zjmzy €(5). For D, this follows from the fact that
D is a convex combination of functions ®,, all of which are Fourier-
positive by (8.25). Finally, we have (see (6.11)) Ay = [[,<r Az/pz
and Hp = [L<r 77z (Definition 8.8), so the Fourier positivity of
A}ALHyp is a consequence of Lemma 8.7, which asserts that each
A /pzAZ /pZT% Jpz 1s Fourier-positive.

Finally, the symmetry property So(A) = Bo(—\) is a consequence of
the fact that AT AL Hp DE is real-valued and the uniqueness of rational

Fourier expansion.
(3) By (8.10) we have

S(F;;’TA;C1 Hrey Dye; B) < s(Fy, 1) 8(Ager ) s(Hrer ) s(Dres ) s(E).

(15.13)
Now from the definition (4.2) we see that s(Fy, r) < T cond(x;) < 1%
From the definition (3.3) we have s(Are;) < T, and from Definition
8.9 we have s(Hre) < T. From (14.2) we have s(Dre) < T3,
and finally from (8.4) we have s(F) < ¢ < T (where the bound
¢ < T comes from Proposition 7.7 (2)). Substituting all this into
(15.13) (and using the crude bound 2¢; + 3¢ + ¢35 < 1), we obtain the
required statement.

(4) By (8.7) and the definition of 3j™"°, we have

S BN < IEL 2l A

\EQ/Z

IHH?H

1HD§\“C2

L[ BN
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We have the bounds [|[F p[i < T2 (8.11), [Aza |} < T (8.12),
|Hpe [} < TO+0 (3.22), | Dpealp < T8 (14.2), and [[E[Jp = 1
(8.4), and so the result follows, again using a crude bound 2¢; + %cg < %

(5) This is little more than a restatement of an instance of Proposi-
tion 14.2 in the language of this section. In that proposition, we have
taken Q1 = R=T, Q3 = Q3 = TCl Qs =T and q = ¢;. Since ¢y is
tiny compared to ch, the term Q4 in Proposition 14.2 is dominant.

(6) This is (13.4) in which both sides have been multiplied by E
(which only makes a difference in the exceptional case). This preserves
the < relation, by Proposition 8.1 (5).

(7) This is a consequence of the fact that F B = A} E, which is
clear from the expressions (see (13.1))

AT = H AZ/pZ; Fx1,T = ¢(q )X1 H AZ/pZa

p<T p<T
plqi
since x1(n + 1) = 1 when ¢;|n. Here, x; is the (real) exceptional

character to modulus ¢;.

(8) From Proposition 13.1 and the fact that all the ®,, are Fourier-
positive, we have %@170 < D. Note that @, is just the constant func-
tion 1. Since F is Fourier- positive we have 3E < DE. Since E(n) =
qll > aczqz €5, we also have - < E, and therefore 1 <~ DE.

Using this and the fact that A?AT Hyis Four1er—p081t1ve (as remarked
in the proof of (2) above) it follows from Proposition 8.1 that

e~ 3 -, -~ -
1

Now it follows from the proof of Lemma 8.7 that the constant term in
the rational Fourier expansion of Ay Ay /77, 718 (14 ) (1—2) 72 (1+
) Lfor p > 3, and 16 for p = 2. Multiplying over all p < 7T (and using
the fact that all frequenmes of A} 12z /pZTZ Jpz have denominator p)
it follows that the constant term in the rational Fourier expansion of
A;A;HT is
16 1

(1—=)?(1+ §)*1(1 + 1) > 1.

3<p<T p p p

Combining this with (15.14) gives the required statement. U
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15.4. Preliminary analysis

We now begin the proof of Proposition 15.3. The initial steps will
be the same in the unexceptional and exceptional cases.

Recall the definitions of U’ (see (15.5)) and of Ay = Ay (Def-
inition 4.4, (4.5), (15.4)). Substituting the latter definition into the
former and expanding, and writing (just for the next few lines) ¢, :=
F;; 1A7e; Hrei Dres I for brevity, we have

N J N
> W(n)e(nd) => &; > wi(n)(n+ 1) w(n)e(nd),  (15.15)
n=1 7=0 n=1

where ¢g = 1 and ; = —1 for j > 1.

The first, rather minor, task is to replace (n+1)?~! here with nfi—1,

so that we can access Proposition 12.1. First of all, we claim that if
p=p0+iywith0< g <1and |y <T then

1 T
(1P = = e () = ]
n n

uniformly for positive integers n. To prove this claim, we first use the
trivial bound |[n?~'| < 1. Then, to estimate |(14-2)?~*—1], we split into
the cases n > T and n < T'. In the case n > T, we use the inequality
le* — 1] < |z], valid for |z| < 10 (say), with z = (p — 1)log(1 + 1),
which has [z] < (1+ [y])2 < . In the case n < T, we use the bound
(14 2y = (14 2)5 1 < 1.

Using this claim, we see that the error in replacing (n + 1)?~! by
n?~1in (15.15) is bounded above by

N N
< JT sup Z ]@](n)]# < T22eitex yo(1) Z %n) (15.16)
I n=1 n=1
Here, the second bound follows from the first by (7.8) and crude point-
wise estimates for the constituent functions of ¢;: for F\, r and Are
we have the pointwise bound of N°) by Corollary 6.4; for Hrpe, we
have the (very) crude pointwise bound |Hze (n)| < T2, which follows
from Definition 8.9 and the trivial bound |n(q)| < 1; for Dre, we have
the pointwise bound | Dye, (n)] < T'6% < T, which is immediate from
(13.2) and the definition (8.24) of ®,,; and finally for E' we have the
trivial bound E(n) < 1.
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Now by the definition (12.4), (12.5) of w(n) we have

N n

w(n) 1 n, _1 1 1
E — K E —(= Y Nz,
n=1 n n:ln(Y) s s 2

Substituting into (15.16) shows that the error in replacing (n + 1)~

by nfi~1in (15.15) is O(N'3), that is to say

> W (n)e(n sjz% n)n?~Lw(n)e(nd) + O(N3).

Now we expand ¢; = Fxt A gey Hrey Dre; B as its rational Fourier
series, with (by definition) coefficients 35"°()). This gives

N J N
S Wm)e(nd) => ;Y a3 n w(n)e((A+0)n)+O(N).
n=1 j=0 XeQ/Z n=1

(15.17)

From now on we think of § € R/Z as fixed; some choices will depend
on it, but all bounds will be uniform in 6. Note that, by Lemma 15.4
(3), all the A which are relevant in the above sum have denom(\) < T3.
Write A\g for the rational closest to —6 (mod 1) with denom()\g) < T°.
We claim that the contribution to (15.17) from all A # )¢ is small. To
see this, note that for such A\ we have both ||A + 0| > ||Xo + 0] (by
the assumption that Ao is closest to —6) and ||A — Ag|]| = T ° (since
denom(\), denom()\g) < T%). By the triangle inequality, we see that
A+0] > 3775 > N~z recalling here that we chose T < Nt in
Proposition 7.7. Therefore the contribution to the sum in (15.17) from
A # Ao is bounded above by

N
< JTOsup |87 (lo sup [ D 0 w(n)e(nn)]
] ES

Inl>3N~2

1
pEHT(T)

1

4

SJT%-T?- N~ 2 < N2

-

In the last step, we used J < T' (by (7.8)), Lemma 15.4 (4), Proposition
12.1 (3) and the fact that 7 < N0 (Proposition 7.7).

It follows from this analysis and (15.17) that 25:1 U'(n)e(nd) =

N

Z g; 857 (Ao Z w(n)n?te((Ag + 0)n) + O(N'"21).  (15.18)

n=1
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Next, we wish to replace the 5% terms by their untruncated vari-
ants . The main tool here is Lemma 15.4 (5) (which, recall, is a
substantial result, requiring all of Sections 9, 10 and 14 for its proof).
By that result, the error introduced by replacing 5;™"° by 3; in (15.18)
is bounded above by

Zlﬁm‘“ = B;(%0) I\Zn’” e((Ao + 6)n)]

J
_1
T}

7=0

Mz

22/\

(n)e(nn)].

n=1

Here, we have written 1 := A\g 4+ 6. By Proposition 12.1 (4), this in
turn is bounded by

J
= T_%CQ(Z w(n) cos(2mnn)) Z ~a% 4 O(JN' 1 ) (15.19)
7=0

By (7.6) or (7.7) (depending on whether we are in the unexceptional
case or the exceptional case) and the bound >N w(n) < N (which
is Proposition 12.1 in the case 0 = 0), (15.19) is § NT=s¢. Note
that the error term of O(JN'"12) is negligible since J < T' < N1 by
Proposition 7.7.

It follows from this analysis and (15.18) that

N N
3 w09 = 53003 o) 0T,
n=1 = n=1

Recall here that n := Xy + 6; observe also that the error term of
O(N'~21) in (15.18) is much smaller than the error term here, so was
absorbed into it.

We may run an essentially identical analysis with —6 in place of 6.
Since — )y is the closest rational to —6 (mod 1) with denom()\g) < T2,
we obtain

D W m)e(=nb) = 3" 565(=2a) D wlnn®e(—m) + O(NT5%).
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Adding these together, and using the symmetry of 5y (Lemma 15.4 (2))
we have

N
2 Z\I/ cos(2mOn) = 284(Ao) Zw ) cos(2mnn)
n=1

N
SN Bi(E00) Y wn)n? te(£nn) + O(NT~5%2). (15.20)
+ j>1 n=1

(The ), notation means that we take the sum of two terms, one for
each choice of sign.)

From this point on, the treatments in the unexceptional and excep-
tional cases are slightly different.
15.5. The unexceptional case

We start with (15.20). Taking absolute values of the terms with
j = 1 and using Lemma 15.4 (6) gives

Z\If cos(2mln) = Bo(Xo) (2 Z w(n) cos(2mnn)—

n

—ZZNWZW inml)*O(NTé%- (15.21)

+ j=1

Proposition 12.1 (4) gives that

| Z nPi—1 e(xnn)| <

) cos(2mnn) + O(N'~12).

N»—'
i M =

(15.22)

When substituted into (15.21), the contribution of the error terms
O(N'"%) is < |50()\0)|Jsup Ns% N1z < NT 5%, Here, we used
the fact that o; < 5 for all j; the bound \ﬂo()\o)| < 1 (Lemma 15.4

(1)); the bound J < T (7.8); and finally the fact that 7 < N0
(Proposition 7.7).

Therefore, substituting (15.22) into (15.21) gives

N

Z U'(n) cos(2mOn) = 28y(No)( Zw cos(2mnn)) (1 — 11 Z N“"J

n=1 j=1

— O(NT—5). (15.23)
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Now by (7.6) (and since M is vastly bigger than 11) we have 1 —
11 Z}]:1 N=5% > % Also, taking p = 1 in Proposition 12.1 (4) gives

1

w(n) cos(2mnn) = —O(N*'"12). (15.24)

Mz

n=1

Since |Bo(Ao)| £ 1 (Lemma 15.4 (1)) it follows from these observations
and (15.23) that

Z U'(n) cos(2mOn) > O(NT’%CQ).

n=1
This completes the proof of (15.10) (in the unexceptional case).

We turn now to (15.11). We set § = 0 in the above analysis, thus
Ao =1 =0 and (15.23) gives

N

Z\If > 26,(0)(D_w(n 1—112]\%*% ~ O(NT—5°),

n=1

By (7.6), Proposition 12.1 (2) and Lemma 15.4 (8), it follows that

N
Z '(n g N — O(NT %),

for some ¢ > 0. This is considerably stronger than (15.11), and so this
completes the proof of Proposition 15.3 in the unexceptional case.

15.6. The exceptional case

We now look at what happens in the exceptional case. Thus E(n) =
Lgi|n, Where ¢; = cond(x1) is the conductor of the exceptional character.

As in the unexceptional case, our point of departure is (15.20). Now,
however, we separate off the term j = 1 and use Lemma 15.4 (7),
obtammg (recalling here that p; = 1 — o is real)

N N
Z\I/ (n) cos(2mhn) = 26y(No) Zw (1 —n=") cos(2mnn)—
n=1

n=1

-
=D > Bi(Er) Y wm)n” e(Enn) O(NT=5).
=1

+ =2 n
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Taking absolute values and using Lemma 15.4 (6) gives

Z U'(n) cos(2mOn) = Bo(Xo) <2 Z w(n)(1 —n=) cos(2mnn)—
X Z )] ) - ONT i)

j=2

Applying Proposition 12.1 (4) and handling the error term exactly
as in the unexceptional case, we obtain

Z\I/ cos(2mon) = Bo(o) (2 Z w(n)(1 —n") cos(2mnn)—
—2M (D" w(n) cos(2mnn)) Z N=5%) — O(NT~5%).  (15.25)

Now we additionally apply Proposition 12.1 (5), which tells us that

N

Z n~tw(n) cos(2mnn) < < N9 Zw(n) cos(2mnn) + O(N1’T12).

n=1

Substituting into (15.25) and using |5o(Xo)| < 1 (that is, Lemma 15.4
(1)) to control the error term, we obtain

N N
Z W' (n) cos(2mOn) = 275y(No) Zw(n) cos(2mnn) — O(NT~5).
n=1 n=1

(15.26)
where
Ti=1-NTi" - MY N7,
j>2
Now (7.7) implies that 7 > 0; in fact, it implies
1
> S(1- N8, (15.27)

a fact we shall need shortly. We again have (15.24) and |Gy(A\o)| < 1,
and therefore (15.26) implies that

Z\If cos(2min) > O(NT’%CQ).

This confirms (15.10) in the exceptional case.



94 BEN GREEN

Finally, we turn to the proof of (15.11) in the exceptional case. Set-
ting # = 0 in (15.26), we obtain

N N
> W (n) > 2r8(0) > w(n) — O(NT52). (15.28)
= n=1

To estimate this, we use the inequalities 3y(0) > ¢;' (Lemma 15.4
(8)), SN w(n) > IOJgVN (Proposition 12.1 (2)) and 7 > (1 — N—51)
(which is (15.27)). Substituting into (15.28) gives

N .
Z U'(n) > q;" gV —— (1= N~571) — O(NT5%). (15.29)

Now we have 1 — N7591 > 1 — ¢7591 > o1, and by Page’s theorem
(Lemma 7.8) o1 > ¢; . Therefore (15.29) implies that

N ~ 1
qu >> ql 1 N O(NT7602)'

Finally, recall from Proposition 7.7 that ¢; < T*. Therefore
Z U'(n) Z NT% — O(NT 5%) 2 NT %

since c3 < 1—1202
This concludes the proof of (15.11) in the exceptional case, and hence
the proof of Proposition 15.3 itself.

As remarked at the end of Subsection 15.2, this completes the proof
of all the main results in the paper.

Part V. Appendices

APPENDIX A. POSTNIKOV CHARACTER FORMULA

In this section we assemble material that is well-known to experts
but for which I could not locate a convenient reference covering all that
is needed for this paper in a quotable form. In preparing this we used
(7], [L1, Section 12.6] and [17, Lemma 13].

Define Ly € Q[z] b
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Lemma A.1.

Ly(z+y+ay) = Ly(z) + La(y) + Z ciy 'y’
N<i+j<2N

with the (ci;)i =0 being rationals with denominator < N.
Proof. This is [7, Lemma 1]. O

Remarks. For the purposes of this paper, we only need the case
N = 2, which is an easy direct check, but this sits most naturally
within the more general theory. Of course, Ly is a truncated version
of the series for log(1 4 z), and then Lemma A.1 becomes a truncated
version of log(1 4+ z)(1 +y) = log(1 + x) + log(1 + y).

Denote by Z, C Q the ring of rationals whose denominator is co-
prime to p (which, abstractly, is the localisation of Z at p). Since
vp(7) < ¢ for all ¢, p, one sees that

N

LN(px) = Z (—px)i € Z(p) [SE] (A.Z)

: 1
=1

Let m, : Zy,) — Z/p"Z be the natural ring homomorphism. Let 7 :
Z/p"Z — C* be the additive character induced by the character e(-%)
on Z, and let v, := nom,, thus ¢, is an additive character on Z,).
Note that ker 1, = {x € Zy) : v,(v) = n}.

Lemma A.2. Let p be a prime. Let m,n be positive integers with
m < n, and suppose that p™ # 2. Let N be any integer such that

m(N +1) — [log, N| > n. (A.3)
For each a € Z, consider the map ¢, : 1 + p™Z — C* defined by
¢a(L+p"t) == (aLn(p™t)). (A.4)
Then
Pa((1+p"t)(1+p"t)) = da(1+ p"t)da(1 + p™t') (A.5)
and
Ga(1+p"t) = (1 +p™t") if t=1t'(mod p"™™). (A.6)

Finally, the maps ¢, and ¢q coincide if and only if a = ' (mod p™~™).

Proof. We start with (A.5). Substituting in the definitions and using
the homomorphism property of v,,, we must show that

Un(a(Ly(p™t + p™t' + p*"tt') — Ly (p™t) — Ly (p™t))) = 1,
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to which end it is enough (and in fact, if we want a result valid for all
a, necessary and sufficient) to show that

vp(Ly (p™t + p™t' + p*"tt') — Ly(p™t) — Ly (p™t')) = n.

By Lemma A.1 with x = p™t, y = p™t’, it suffices to show that
vy (p™t) (p™t')?) = n for every pair i,j featuring in that lemma.
Note that i + j > N + 1 for all these pairs, and also that v,(c;;) >
—|log, N| since c;; has denominator at most N. The required state-
ment therefore follows from the assumption (A.3).

We turn now to (A.6). Here, it is enough to show that
vp(Ln(p™t) — Ln(p™t)) 2 n

when ¢ = t/(mod p"~™). Recalling the definition (A.1) of Ly, it is
enough to proceed termwise and show that

- > AT
for i = 1,2,.... By factoring t' — (¢')" = (t — ¢')(t"' +...) we have

vy (t = (t')") = vy(t—1t') = n—m, and so to establish (A.7) it is sufficient
to show im +n —m —v,(i) > n, that is to say im > m+v,(i). This is
a true statement: it follows from v,(i) <i—1and (i —1)(m —1) > 0.
This completes the proof of (A.6).

Finally, we turn to the last statement. Suppose that ¢, and ¢,
are the same; then ¢, is trivial. In particular, ¢, (1 + p™) = 1,
which means that v,((a — a')Ly(p™)) = n. It is therefore enough
to show that v,(Ly(p™)) = m. From the definition (A.1) we have

Ly(p™) = p™ — Zi]\;(—l)i#. Since the p-adic valuation of the first
term is m, it is enough to show that all subsequent terms have strictly

greater valuation, that is to say
im —v,(1) > m+1 (A.8)

for all ¢ > 2. If p is odd, we have v,(i) < i — 2 and the inequality (A.8)
follows from (i — 1)(m — 1) > 0, which is of course true for all i > 2
and m > 1. If p = 2, the same applies unless ¢ = 2. In that case, it
may be checked directly that (A.8) holds unless m = 1. O

Corollary A.3. Let p be a prime. Let m,n be positive integers with
m < n, and suppose that p™ # 2. Let N be any integer such that (A.3)
is satisfied. Let x be a Dirichlet character (modp™). Then there is
some a such that x = ¢, on 1+ p™Z.

Proof. x restricts to give a character on Iy, . (p) := (1 + p™Z)/p"Z,
which is a group of size p"~™. By (A.5), (A.6), every ¢, also restricts
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to such a character. Since the number of distinct ¢, is p"~™, every

character on I',, ,,(p) arises in this way. The result follows. O

Now consider (A.2) again. Since v,(i) < i—1 for all primes p and all
i > 1, we have Ly(pz) = S| a;a' with v,(a;) > 1, and so Ly (p™z) =
SN diat with v,(a}) = m. From the definition (A.4) and the fact that
Wy, is an additive character, we see that ¢, (1 + p™t) = b, (3>, adit?).
Let b;, i = 1,..., N, be integers such that m,(aa;) = m,(b;p™). Then

we see that ¢, (1 + p™t) = e(L28), where f,(t) := Sor bt

n—m
p

Combining these observations with Corollary A.3, which is the result
we call the Postnikov character formula in this paper.

Proposition A.4. Let p be a prime. Let m,n be positive integers with
m < n, and suppose that p™ # 2. Let x be a Dirichlet character
with conductor p™. Then there is a polynomial f € Z[x| such that
x(1+phzx) = e(]j;(%,)n), and such that f has no constant term and has

degree at most N, where N is the smallest positive integer satisfying
m(N +1) — |log, N| = n.

Finally, we remark on the particular regime of interest in the main
body of the paper, specifically in Section 11, which is where m > %n
Thus 3m > n + 1, and we see that N can be taken to be 2. We
must also ensure that p™ # 2, which will always be the case unless
cond(x) = p" € {2,4}.

APPENDIX B. VARIOUS ESTIMATES FOR ARITHMETIC FUNCTIONS

In this appendix we collect various estimates, mainly for sums involv-
ing divisor functions, which are of fairly standard type. Throughout,
B > 0 is some real parameter.

Lemma B.1. We have
Z 7(n)? <p X (log X)92W).

n<X
Proof. This is standard. O

Lemma B.2. Let h € Z. We have
B
Z T(n) (n> h) <z T(h)B—H 10g2BX

n
n<X
p?(n)=1
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Proof. We use “Rankin’s trick”, noting that

7(n)”

Z (n7 h’) < ZM2<H)T(H)B(H, h)n—l—l/logX

n
n<X
p?(n)=1

_ H(l + QBp—l/logX) H(l + 2Bp—1—1/logX)
plh pth
< T(h)B+1 H(l + 2Bp7171/logX)'
p

Here, for the first term we used the crude inequality 1 + 28p~—1/1le X <
2B+1 By Taylor expansion we have, for some C' = C'(B), (1+28z)(1—
x)QB <1+C2? forall x < % Applying this to the product over primes
above, and noting that

1
1 — —1-1/log X1 _ ~ log X
[[a-» ) C(lOgX) og

p

and [ (1 +Cp~?) = Op(1), the result follows. O
Lemma B.3. Let h € Z. We have
Z (n, h)7(n)" log® n

n2 <<5,B haXs—l‘

n>X
p?(n)=1

Proof. By Lemma B.2 we have

h)7(n)? log”
Z <n7 )T(nl og n <<B,5 T(h>B+1X8_1.
n
X<n<2X
p?(n)=1
Summing dyadically over X and applying the divisor bound to 7(h)
gives the result. O

Lemma B.4. Write wg(n) for the number of distinct primes p < R
for which p\n. Then

XY " 4ert < log? R.

n<X

Proof. We have

owr(n) — Z 1,

dln
d|Pr
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where Pg is the product of the primes less than or equal to R. Squaring,
summing over X and interchanging the order of summation gives

1 1
wr(n) - _ -
DAY D 1= D ISX ) <X ) o
n<X n<X deln d,e|Pr n<X d,e|Pr d' e’ u|Pr
d,e|PR d,e\n
where in the last step we wrote d = ud’, e = ue’ with u := (d,e). The
expression on the right is

1 1
X0 3)3 =xJJa+ 2—))3 < Xlog® R.

d|Pr p<R
This completes the proof. O
Lemma B.5. We have

d
1(m7n):A: Z :u(z)lmz()(modd)-

d:Ald|n

Proof. Suppose first that the sum on the right is empty, that is to say
there is no d with Ald|n and d|m. Then we cannot have (m,n) = A,
since in that case A itself is an example of such a d. This means that
both the LHS and the RHS are zero.

Now suppose that the sum on the right is non-empty, that is to say
there is some d with A|d|n and d|m. In particular, A|(m,n). Write
m = Am’, n = An’/, and substitute d = Ad’ in the sum. Then the
RHS is

Zﬂ(d/)ld/|m’ = Z M(d,) = 1(m/,n’):1 - 1(m,n):Aa

&'’ &'|(m’ )

by the usual version of the M6bius inversion formula. 0

APPENDIX C. DIRICHLET CHARACTERS

We need the following result about decomposing Dirichlet characters
as products of local characters, which is well-known but not always
covered in analytic number theory texts.

Lemma C.1. Suppose that x is a Dirichlet character to modulus q =
pit - pim. Then there are unique Dirichlet characters x,, to moduli
pit such that x = [[2, Xp.- Moreover x is primitive if and only if all of
the xp, are, that is to say if and only if none of the x,, is the principal
character 1, p,)—1-
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Proof. Consider the isomorphism 7 : (Z/qZ)* — [, (Z/p{'Z)* given
by the Chinese remainder theorem. This induces a natural homomor-

—

phism m, : [[7, (Z/pSZ)* — (Z/qZ)* defined by
(me(X1s -5 xm)) (@) = xa((m(2))1) - - X (7 (2)1m),

where (7(x)); denotes the ith coordinate of 7(z) or, more colloquially,
(m(x)); = x(mod pi"). It is easy to see that 7, is injective. Therefore,
since the cardinality of the domain and range of 7, are the same, 7, is
an isomorphism. Lifting characters on (Z/qZ)* and on the (Z/p'Z)*
to Dirichlet characters on Z, the first statement of the lemma follows.

—

Turning to the statement about primitivity, denote by (Z/rZ)
the set of primitive characters mod r. Now observe that if for some j

we have x; ¢ (Z/p;Z)n, (ie. it is principal) then m,(x1, ..., Xm) ¢
(Z/4Z) i, since the latter is induced from a character modulo [ [, py*.
It follows that m, ([T, (Z/p; Z) im) 2 (Z/4Z))- To show that the
containment is in fact an equality, it is enough to show that ¢*(r) :=
(Z/rZ)} ;| is a multiplicative function of 7. This follows from the
fact that ¢ = 1 x ¢* and hence ¢* = p * ¢, as explained just after [I1,
equation (3.7)] (where a formula for ¢*(r) is given). O

APPENDIX D. AN EXPONENTIAL SUM ESTIMATE

The following lemma is of a well-known type and (apart from con-
stants) is special case of a classical and much more general result of
Hua. For references and a detailed bibliography of results of this type,
see [3].

Lemma D.1. Suppose that p is a prime and that min,_; ;v,(a;) =
n—r,r>=1. Then if p is odd we have

T + asx® .
D e R L
z€Z/p"Z p

A similar bound holds when p = 2, but with an extra factor of 2'/2.

Proof. Suppose first that p is odd. The claim is trivial for r = 0, so sup-
pose r > 1. Write ¥ for the sum. Then |X]? = D ez e(#(al(a: -
y) + az(z?* — 3?))). Making the substitution h := z —y, k :== x +y
gives that this is >3, 1z nz e(ﬁ%h(a’1 + kal,)), where we have written
a; = p"Ta), ay = p" "al, with at least one of af,al, coprime to p.
Performing the sum over h, we see that this is p*" "#{k € Z/p"Z :
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a) + kay = 0(mod p")}. If (@), p) = 1 then there is a unique value of
k here, so |X|* = p?>"~", which concludes the proof in this case. If p|a),
then (@, p) = 1, and there are no values of k, so ¥ = 0. This concludes
the proof in the case p odd.

Now suppose p = 2. The claim is trivial when » = 0 or 1, so suppose
r > 2. The preceding argument needs a small modification, because on
making the substitution i and k do not range over all of (Z/2"Z)? but
rather over the set of pairs with A + & = 0(mod 2) (twice each). That
is,
1

§h<a’/1 + kal2>>7

SP=2 ) liik=omodz)el
h,kEZ/2"Z
with the notation the same as before. Suppose first that r # 1. Ex-
panding 2 - 1,,—omod2) as 1+ e(%), we obtain

1 1 1
P= Y (5 h(a) +kap))+ > (5 h(d) +kay+2 1)+§k).
hkEZ/2"Z hkEZ/2"Z

The first term is < 22777, exactly as before. For the second term we
again perform the sum over h, obtaining that this is

r k
221 Z 1@’1+ka’252T*1(m0d2T)6<§)-

k€Z/2"Z

If af, is odd then there is a unique value of k here, giving a contribution
of 22"="_ Tf a}, is even then a] is odd, and there are no values of k.

Putting all this together gives an upper bound |X|? < 22" which
is what we wanted to prove. 0

APPENDIX E. AN EXPLICIT ESTIMATE FOR THE ['-FUNCTION

In this section we record an explicit estimate for the size of the I'-
function in the strip }L <Rz < % An estimate such as this is necessary
if one wishes to compute an explicit exponent in our main theorem.
Lemma E.1. Suppose that 3 <z < L. Then |I(z +iy)| < 7e W2,
Proof. We may assume y > 0; the case y < 0 follows from this by
conjugation. We use the explicit version of Stirling’s formula from [21,
p.294], which is valid for |arg z| < :

0(z)

1 1
logT'(z) = (z—§)logz—z+§log27r+w, (E.1)
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where |0(2)| < 1. Substituting z = z + iy, we have
log |I'(z + iy)| = RlogI'(x + iy)

1
= (z — E)log 2?2 4+ y? — yarg(z + iy)

1 0(z)
_ Zlog 2 7<)
a:—|—2 og 7T+§R6|z]

1 1 2
< Zlogél—yarg(x—i-z'y) —x+ 510g27r+ 3 (E.2)

Here, we used the fact that |z| > o > % to bound the last term, and
also the inequality (z — %) log /22 + y? < }llog 4, which follows from
the fact that log y/2% + y? > —log4 for = > 1.

Now for ¢ > 0 we have the inequality

tan~ 't > T_ 1

2t
To prove this, observe that f(t) := tan~'t — % + % tends to zero as
t — oo, but f'(t) = 1jt2 — % < 0 for all ¢.

The inequality (E.3) implies that

. (E.3)

. Y T x
=tan () > = - =
arg(x + 1y) an (x) 27y
for z,y > 0. Substituting into (E.2) gives
) 1 T 1 2 T
log |I'(z +1y)| < 1 log4 — SVt 3 log 27 + 3 <5V +log 7,
from which the lemma follows. O
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