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Abstract

Model tests with unidirectional random wave fields are common for coastal en-

gineering purposes. In this paper, we investigate the finite water depth effect on

both the probability of extreme events and the averaged shape of them in such

experimental conditions. We simulate some typical model test conditions with

a numerical tool, which solves the fully non-linear wave equations. We find the

analytical solution based on Nonlinear Schrödinger equation (NLS) to be accu-

rate for low steepness and relatively deep water cases. However, the analytical

solution underestimates the kurtosis at the steady state for high steepness cases

in shallow water, and also gives zero value of kurtosis at critical water depth,

whereas a small but non-zero value of kurtosis is observed in the numerical

tank. We also investigate the averaged shape of the extreme events, which are

modified by nonlinear physics over the distance. The horizontal asymmetry is

significant initially but is greatly reduced to a steady state, and the contraction

of the wave groups grows monotonically until the steady state is reached along

the wave tank. Finite water depth has limited effects on the averaged shape of

large events, especially for the extremely steep waves.
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1. Introduction

Coastal engineers often need to perform model tests in unidirectional wave

flumes. To simulate the short-term wave variability in nature they will do

tests using random waves with a predefined spectrum. Typically, waves will be

generated by randomly assigning a phase to different Fourier components, and5

using this as a basic model to drive the paddle (possibly including second order

physics see [1]). However, in unidirectional waves, non-linear interactions lead to

correlations forming between components, increasing the number of large waves

and modifying the shape of the average event away from that predicted in a

linear model. This contrasts to waves in the real ocean which are directionally10

spread. In such realistic seas, where the wave field is in ‘equilibrium’, models

based on linear dynamics are expected to be good predictors of wave height

[2, 3] and of group shape for all but the most extreme waves [4, 5].

It is important for testing models that this departure from linear statistics

is understood. For instance, if the tester simulates a design sea state at the15

paddle, the loads predicted on the object being tested will be over-estimated if

the non-linear physics has led to more large waves. Further, the shape of the

extreme wave-group can be important in determining forces. A clear example of

this is in structures which have a dynamics response such as the ‘ringing’ effect

which may impact the design of offshore wind turbines [6, 7]. Thus, model20

testers need to be able to assess the importance of these change in the shape of

extremes in their work.

The theoretical work on this problem perhaps originates with the pioneering

work of Benjamin and Feir [8]. However, analysis of the problem looking at

the evolution of wave from an initially random initial condition stems from the25

work of Janssen [9] with major theoretical contributions from [10, 3, 11, 12, 13].

Experiments and numerics such as [14, 15, 16, 17] examine the multidimensional

random wave fields and mainly focus on deep water waves. Most of this work

has focussed on the amplitude distribution of waves rather than the shape of

extreme wave groups.30
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In finite water depth, the wave-induced current stabilise the nonlinear fo-

cusing for unidirectional wave trains at sufficiently small relative water depths

below a critical value of k0d = 1.363 [18, 19, 20] and the cubic nonlinearity

vanishes [21] in nonlinear Schrödinger equation (NLS) type solutions. However,

nonlinear focusing can still be triggered with directional disturbances in finite35

water depth (see numerical simulations in [22, 23] and experiments in [24]).

The role of directionality in finite water depth in wave statistics of random

wave fields have been examined by [25] with experimental results and numerical

simulations (see also [26] and experiments in [27]).

Kurtosis of the free surface is widely used as a proxy for the distribution40

of extreme waves (see for instance [10]). Unfortunately, most of the closed-

form analytical predictions on the evolution of kurtosis focus on deep water

waves, which excludes the suppression of nonlinear wave focussing in finite water

depth. In the present paper, we apply a simple depth correction to the existing

analytical model and investigate its validity when including finite depth effects.45

We numerically explore what happens to steep sea-states as they evolve from

uncorrelated initial conditions to an equilibrium state and how the shape of

the largest waves varies along the flume using a fully non-linear potential flow

solver.

2. Numerical experiments50

2.1. The model

To investigate the wave evolution in different water depths, OceanWave3D is

used to solve the standard fully non-linear wave equations (see [28] for details).

This numerical scheme solves the potential flow governing equations over the

whole domain with fully non-linear boundary conditions at the free surface using55

a finite difference method.

The numerical wave tank has a length of 320 m in the wave propagation

direction with 4098 nodes, which provides a spatial resolution of 0.078 m (ap-

proximately 23 nodes per peak wavelength). Fifteen clustered nodes are used
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vertically in the water column. We have been careful to mitigate the impact of60

different grid resolutions on our results and have ensured the numerical accuracy

of the results following the approach of [29]. The total simulation time is 1920

s with a time step of 0.02 s (75 per period).

Waves are generated with a relaxation zone in the first 30 m of the numerical

wave tank and are absorbed by a 35 m long pressure damping zone at the65

end. Care has been taken to ensure the second order error waves and wave

reflection effects are negligible. There is a local smoothing filter to model the

wave breaking effects. This local filter activates when the vertical Lagrangian

acceleration on the free surface is greater than 0.4 m/s2. When this filter is

triggered, a small amount of energy is removed from the breaking waves locally70

until the vertical particle acceleration is below the threshold. For the case of

deep water, the model agrees very well the experimental results [30].

2.2. Test conditions

The input wave spectrum for the tests conditions, is a TMA transform as

proposed by Hughes [31]:75

S(f)D =
S(f)∞

2n
tanh2 k0d, (1)

where S(f)D is the transformed finite water depth spectrum, S(f)∞ is the

spectrum for a deep water conditions, n is the ratio between group velocity

and phase velocity at water depth of d and k0 is the dominant wave number.

This transform retains the spectral shape in deep water but accounts for the

notional influence of linear shoaling on all the components. For S(f)∞, we80

used a JONSWAP spectrum with γ = 3.3. A recent study shows this TMA

transformed JONSWAP spectrum predicts the averaged shape of extreme events

well in intermediate water depth [32]. We consider two cases in this paper. The

main difference between them is the significant wave height. Case 1 has a higher

significant wave height of 0.14 m (steepness (ε) = 2πHs/(gT
2
0 ) = 0.04), and case85

2 have a significant wave height of 0.11 m (steepness (ε) = 0.03). We summarise

the sea state parameters in Table 1:
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Table 1: Sea state parameters for both cases.

No. T0 [s] k0 [m−1] d [m] k0d Hs [m] ε

Case 1 No. 1 1.5 2.06 0.65 1.33 0.14 0.04

Case 1 No. 2 1.5 1.97 0.77 1.5 0.14 0.04

Case 1 No. 3 1.5 1.82 1.33 2.42 0.14 0.04

Case 1 No. 4 1.5 1.80 1.75 3.14 0.14 0.04

Case 2 No. 1 1.5 2.06 0.65 1.33 0.11 0.03

Case 2 No. 2 1.5 1.97 0.77 1.5 0.11 0.03

Case 2 No. 3 1.5 1.82 1.33 2.42 0.11 0.03

Case 2 No. 4 1.5 1.80 1.75 3.14 0.11 0.03

3. Results

In this section, we aim at investigating the evolution of the probability of

the extreme events and the averaged shape of these. We first compare the90

numerical results with analytical results for the evolution of dynamic excess

kurtosis based on the NLS [12] in different water depths. We further investigate

the average shape of largest events by quantifying the horizontal asymmetry

and the contraction of the wave envelope in the mean wave direction at different

water depths.95

3.1. Evolution of dynamic kurtosis

We start by comparing our numerical results with modified theoretical pre-

dictions based on [12]. We compute the dynamic kurtosis Cd4 , which is suggested

by Janssen [9] as a parameter for estimating rogue wave density:

Cd4 =
〈η4L〉
3std4 − 1, (2)

where ηL is the linearised free surface elevation with respect to the mean water100

level, std is the standard deviation of the free surface, and angle brackets denote

a statistical average. We ‘correct’ the simulated free surface for bound waves
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by removing all the harmonics that do not follow the dispersion relationship in

the frequency domain (see [33] for details).

Mori and Janssen [10] present the evolution of excess kurtosis for unidirec-105

tional waves in deep water with a three-dimensional integral evolution equation

(their Eq. (14)) and a simplified version in the narrow-bandwidth and large-time

limit for Gaussian spectra (their Eq. (28)). Without invoking the large-time

assumptions, the integral can be evaluated in closed-form [12] (see also [13])

Cd4 (x)

BFI2
=

π

3
√

3

[
1− 6

π
Im
(
i arcsin

1 + 2iα

2

)]
, (3)

where Cd4 is the dynamic excess kurtosis, Im is the imaginary part, α = 2ν2x/λ0110

and ν is the bandwidth of the wave spectrum.

However, Equation 3 is derived for deep water waves. To obtain the fi-

nite water corrections, we simplistically follow Serio’s method of computing

Benjamin-Feir Index (BFI) in finite water depth [34]:

BFI =
√
m0kpQpκ

√
2π, (4)

where m0 = H2
s /16 is the zeroth moment of the energy spectrum, κ is a depth115

correction factor, which is unity in deep water. κ can be computed as:

κ = µ

√
|τ |
χ
, (5)

where µ, τ and χ are all dimensionless coefficients depending on relative water

depth kpd. The general forms of µ, τ and χ are (see [35] for detailed derivation):

µ = 1 + 2
kpd

sinh (2kpd)
, (6)

τ = −µ2 + 2 + 8(kpd)2
cosh (2kpd)

sinh2 (2kpd)
, (7)

χ =
cosh (4kpd) + 8− 2 tanh2 (kpd)

8 sinh4 (kpd)
− (2 cosh2 (kpd) + 0.5µ)2

sinh2 (2kpd)
[

kpd
tanh (kpd)

−
(
µ
2

)2] . (8)
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Qp is the quality factor introduced by [36]. Qp is a dimensionless parame-

ter, which describes the spectral bandwidth. It has less sensitivity to the high120

frequency tail of the spectrum (and cut-off frequency) than other bandwidth

metrics [34, 37]. Qp is given by:

Qp =
2

m0
2

∫ ∞
0

fS2(f)df, (9)

where S(f) is the wave spectral density function.

Figure 1 shows the evolution of dynamic excess kurtosis (Cd4 ) at different

water depths. From Figure 1, both numerical simulations and the analytical125

solution based on cubic nonlinear Schrödinger equation (NLS) start with excess

kurtosis of zero. The excess kurtosis reduced noticeably as the water depth

decreases towards the critical value, which agrees well with the existing litera-

ture on the suppression of nonlinear focussing at finite water depth [18, 19, 20].

The asymptotic analysis captured the overall trends except for the shallowest130

case (k0d = 1.33). Near the critical water depth of k0d = 1.36 where the cu-

bic nonlinearity vanishes [21] meaning the analytical solution predicts that the

free surface remains Gaussian (excess kurtosis is always zero). However, we

still observe a small value of dynamic excess kurtosis at steady state, which is

consist ant with previous experiments and numerics [25]. This could be due to135

the imperfections in correcting for bound waves, but is also likely to be due to

nonlinearity beyond the cubic nonlinearity contributing to the excess kurtosis.

This could also explain the small gap between the theoretical predictions and

the simulated results for the case with k0d = 1.5. For relative deep water cases

(k0d = 2.41 and k0d = 3.14), the numerical results agree well with the analyt-140

ical solutions, which suggests the asymptotic analysis can provide an accurate

estimation of kurtosis for low steepness and relatively deep water wave fields.

We further investigate the evolution of kurtosis at the same water depths but

with higher wave steepness in Figure 2. For the relatively deep water case (k0d =

3.14), the analytical solution predicts the initial growth of the excess kurtosis145

well, but after the peak, numerical results depart from the theoretical solutions

with a decreasing trend. This could be due to the inherent limitations of the
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Figure 1: Evolution of dynamic excess kurtosis for case 2 along the numerical flume with

different water depth. The dashed line shows the corresponding theoretical predictions from

[12] for each water depth.
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Figure 2: Evolution of dynamic excess kurtosis for case 1 along the numerical flume with

different water depth. The dashed line shows the corresponding theoretical predictions from

[12] for each water depth.

NLS typed approximations, which assume a narrowbanded Gaussian spectrum.

However, at the initial stage of wave propagation, the spectrum broadens as

the correlations between initially uncorrelated components develop (see [38] for150

example). This introduces permanent changes to the wave spectrum. The

assumption that kurtosis can be expressed in terms of lower-order moments

(Eq. (16) of [9]) may also become invalid if the waves are too steep. The

discrepancies in excess kurtosis, for relatively shallow water case (k0d = 1.36)

increase for higher steepness. This is expected as the contribution from higher155

order nonlinearity should become more significant for high steepness cases.
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3.2. Contribution of bound waves

In the above we focus on the free waves as a surrogate measure of the cor-

relation between freely propagating components in our numerical simulations.

We quantify the contribution from nonlinear interactions between free waves by160

examining the spatial evolution of dynamic excess kurtosis (Cd4 ). However, for

real water waves, the contribution to kurtosis induced by the bound waves can

be significant, especially at finite water depth [39, 40, 10]. The bound wave con-

tribution to kurtosis, Cb4, can be approximated by subtracting dynamic excess

kurtosis from the excess kurtosis of original surface elevation:165

Cb4 =
〈η4〉
3std4 − 1− Cd4 , (10)

Janssen [41] and Fedele [3] shows that for deep water waves, the bound wave

contribution to kurtosis, as an independent value of space, can be approximated

as:

Cb4 = Cb4|ss = 6(k0 std)2. (11)

In this section, we examine the steady-state value of bound wave contribution

to kurtosis (Cb4|ss), which is approximated as the average value of last ten wave170

lengths in the numerical tank. From Figure 3, in relatively shallow water, the

bound wave contribution to kurtosis increases significantly. This agrees well with

the previous studies [39]. On the deep water side, the theoretical predictions

agrees extremely well with the simulated results for Case 2. The discrepancy

between these for Case 1 could be due to the dynamic kurtosis departing from175

the theoretical predictions (see Figure 2). Unsurprisingly, Wave steepness also

has a significant impact on the bound wave contribution as the contribution

ratio for Case 1 is generally higher than Case 2.

3.3. Averaged shape of the extreme waves

The linear wave theory suggests the average shape of the largest event is180

given by the scaled autocorrelation function [42, 43, 44]. This approach has
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Figure 3: Contribution ratio from bound waves to kurtosis at steady state for different relative

water depths for both Case 1 and Case 2. Solid lines shows the simulation results and dashed

lines indicates the theoretical value obtained from Equation 11.
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been referred to as NewWave (primarily in the engineering community) and

as the theory of quasi-determinism (primarily in the physics community). The

expected shape of an extreme event with the amplitude of the peak (at t = 0)

scaled to unity is given by:185

η(t) =
1

m0

∫ ∞
0

S(f) cos(2πft)df, (12)

where S(f) is the wave spectrum, m0 = H2
s /16 is the zeroth moment of the

wave spectrum. However, the nonlinear physics might modify the shape of

these extreme events. For deep-water waves, nonlinear changes on the shape of

extreme events have been investigated for wave groups and random seas (see

[45]). Adcock and Taylor [46] shows that the group would contract spatially190

according to the analytical results based on NLS. For unidirectional random

waves, the work of [47] and [48] looked at the averaged shapes of extreme events

in deep water and the recent work of [49] investigates these extreme events in

finite water depth.

We herein present the change in the averaged shape of the extreme events195

(in the time-domain) and look at how this changes as the waves evolve spatially

along the wave tank. Figure 4 shows the averaged free surface of the largest

events at different positions in the numerical tank. When the waves are being

generated, the wave group is symmetric horizontally as predicted by the linear

theory. Nonlinear physics modifies the shape of these largest events as the200

wave propagates along the wave tank. From Figure 4, two main modifications

from nonlinear physics are that the largest wave tends to move to the front of

the wave group (horizontal asymmetry) and the contraction of the wave group.

The finite water depth seems to have limited impact on the averaged shape

of extreme events. The results presented here have had the bound harmonics205

removed to facilitate easier comparison with linear theory and between water

depths.

We quantify the change of the extreme events with two parameters (see [4]

for details). The first parameter measures the width of the wave group and

the second parameter measures the wave group asymmetry. From Figure 5,210
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Figure 4: Average shape of the 5 largest crest profiles (a, b) and the corresponding envelope

profiles (c, d) out of over 1280 waves at x/λ0 = 0, 5, 25 for random waves with a, c: k0d = 1.33

and b, c: k0d = 3.14.
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Figure 5: Illustration of the envelope duration when the normalised envelope height

|U | / |U |max exceeds 80% of its peak height.

σ1 and σ2 is defined as the duration when the envelope height exceeds 80% of

the maximum height of the envelope averaged from top 20 or 5 largest extreme

events from a 32 minutes simulations. The wave envelope is calculated using a

Hilbert transform:

|U | =
√
η2 + η2H , (13)

where |U | is the wave envelope and ηH is the Hilbert transformed surface ele-215

vation.

We define the parameters B1 and B2 to be the ratios between the measured

averaged duration σ1 and σ2 and the duration that would be predicted by the

linear theory based on the local spectrum:

B1 =
σ1,measured

σ1,quasi−determinism
, B2 =

σ2,measured

σ2,quasi−determinism
. (14)

We then establish Bmean and ∆B as parameters describing changes in the group220

width and the group asymmetry when compared to the linear theory:

Bmean =
B1 +B2

2
, ∆B = B2 −B1, (15)

A positive value of 1 − Bmean suggests the group tends to contract relative to
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the shape expected under linear evolution. A positive value of ∆B implies the

largest wave tends to move to the front of the group.

Figure 6 shows the evolution of envelope asymmetry for the top 20 largest225

events in 32 min simulations (approximately 1280 waves) of case 2 in different

water depths. Among all of the water depths, we observe a positive value of

∆B, which suggests the largest wave moves to the front of the wave group.

Despite the waves propagating in different water depths, the general trends

of the evolution of horizontal asymmetry of largest events are similar. ∆B230

starts at zero as the generated waves are linear random waves. Soon after the

wave departs from the relaxation zone, strong wave asymmetry is observed for

all cases. This is where the sea-state is furthest from its equilibrium state.

The horizontal asymmetry then peaks at slightly different positions for different

water depths and settles down to a smaller near-zero steady state value. Waves235

propagating in shallower water depths seem to have slightly higher asymmetry

value at both the peak and the steady state, especially for the shallowest water

case (k0d = 1.33). The length scales of the initial increase for different cases

seems to be similar for all the water depths.

Figure 7 shows the average contraction of the wave group around an extreme240

event given by 1− Bmean. We observe a positive value of 1− Bmean for all the

cases, which indicates the wave groups tend to contract compared to the evolu-

tion under linear theory. Different from the evolution of horizontal asymmetry,

the contraction of the wave group increases initially before flattening off when

equilibrium is achieved. The contraction occurs on a slightly different spatial245

scale compared to the horizontal asymmetry, but the spatial scale of initial

contraction increase for all different water depths seem to be similar.

In the recent work of [49], comparison of the horizontal asymmetry is made

between the deep water case and the shallow water case (their Figure 14). Their

results show that for medium and relatively large waves, cases with shallower250

water depths show more horizontal asymmetry, which agrees well with our re-

sults in Figure 6. They also find that, particularly for deep water wave, there is

a greater level of horizontal asymmetry for the extremely large waves. To fur-
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Figure 6: Change in envelope asymmetry (∆B) for top 20 largest events in each realisation

of case 2 with different water depth.
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Figure 7: Nonlinear change in the duration when the envelope height of top 20 largest events

exceeds 80% of its peak height (1− Bmean) in each realisation of case 2 with different water

depth.
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Figure 8: Change in envelope asymmetry (∆B) for the top 5 largest events in each realisation

of case 2 with different water depth.

ther investigate the wave depth effects on extremely large waves, we performed

the same data analysis method but only for the top 5 largest waves in a 32 min255

time series. This will give us the measure of the averaged shape of extreme

events with exceedance probability abound 10−4.

Figure 8 shows the evolution of envelope asymmetry for the top 5 largest

events in different water depth. From Figure 8, the overall trends and the spatial

scale of the averaged envelope asymmetry of the top 5 largest events are quite260

similar with that of the top 20 largest events shown in Figure 6. However, the

top 5 largest events generally show more significant horizontal asymmetry at

the peak and at the steady state. The effect of water depth on the envelope

asymmetry is greatly reduced. This observation agrees well with the results in

[49].265

In addition to the similar horizontal asymmetry results as [49], we further
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Figure 9: Nonlinear change in the duration when the envelope height of top 5 largest events

exceeds 80% of its peak height (1− Bmean) in each realisation of case 2 with different water

depth.

investigate the contraction of the envelope for top 5 largest events at different

water depth in Figure 9. The general trends are similar to the top 20 largest

events shown in Figure 7, except the top 5 largest events have a greater con-

traction when compared to the top 20 largest events. As such, our results are270

consistent with the study of [49]

4. Discussion and conclusions

This paper studies how the properties of extreme waves evolve in wave-tanks.

We examine both the amplitude of the waves but also the changes to the average

shape of an extreme wave group. We use fully non-linear numerical simulations275

to study these across a variety of depths in intermediate and deep water. For all

these parameters, the initial state is not in equilibrium and so these go through
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a transient period before settling down to an equilibrium state.

We use the kurtosis of the free surface as a proxy for the number of extreme

waves. At the paddle the kurtosis of the linearised signal is 3. In all cases we see280

an increase in kurtosis down the tank although this is significantly supressed

by finite depth effects. This suppression of nonlinear wave focussing agrees

well with the previous literature [18, 19, 20] and experiments [25]. This may

not be desirable for engineers engaged in model testing in unidirectional flumes

since this increase in the number of large waves would not be expected in the285

open ocean. We have adapted an analytical model to account for finite depth

which captures the leading order physics. We propose this as a simple model

which could be used by engineers to understand whether an undesirably large

number of big waves will occur in their experiments. The effects described in this

paper are driven by non-linearity and, unsurprisingly, will be more significant in290

steeper sea-states. For model testing in directional spread flumes, increase in the

number of large waves due to oblique perturbations should also be considered

(see results in [22, 23, 24, 25]).

The width and duration of a large wavegroup behaves consistently across all

depths. There is a monotonic transition from the initial state to the equilibrium295

state. There appears to be very little variation in this with depth which is

interesting suggesting that the cubic term in the NLS may not be driving this.

The greatest contraction appears to be for the shallowest case. This result goes

somewhat against the results of Adcock & Yan [50] who studied isolated wave

groups and found the contraction was inhibited by depth although not by as300

much as would be expected using predictions from the cubic NLS. However,

our results show that the departure from the shape expected in linear theory is

transient and average group shape returns to one close to that predicted by linear

theory. Thus, if the group shape is critical in a test, it is suggested the structure

to be tested is placed after this transient period (roughly 20 wavelengths away305

from the paddle).

Our results here are intended as a guide to those undertaking experimental

work with random waves although we hope to have made a contribution to
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understanding the physics of these processes.
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