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1 | INTRODUCTION

One of the most fruitful philosophies of modern number theory has been that one can under-
stand the arithmetic of a field K by understanding the structure of the absolute Galois group
Gy = Gal(K5P /K), where K*°P is a separable closure of K. One instance of this is the celebrated
Neukirch-Uchida theorem, which states that, for algebraic number fields K, and K, if Gg, ~ Gg,
then K; ~ K,. A similar result for p-adic local fields was obtained by Mochizuki in [14], provided
one adds some minimal extra structure on the Galois group.
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More generally, one could ask what information about an abstract field is determined by its
absolute Galois group. It is well-known (by work of Artin-Schreier et al.) that a field K is real-
closed if and only if Gy ~ G, where F is a real-closed field. The equivalent result for p-adically
closed fields was obtained in [9]. In particular, Gy =~ G@P ifand only if K is elementarily equivalent
to @, in the language of rings. This was used in [11] to give a proof of the section conjecture in
birational anabelian geometry for p-adic fields. In both cases, the idea is to show that the abstract
structure of the Galois group encodes the existence of an ordering (resp., a henselian valuation),
which then determines the arithmetic of the field.

Because Gy is often highly complex, it is reasonable to ask how much information can be
obtained when making use of smaller quotients. Of particular interest are the maximal pro-I quo-
tients Gr (1) of Gg, | a prime, as for p-adic fields these quotients are well-understood. Indeed, if
¢, is a primitive Ith root of unity, I # p, then G@p(él)(l) ~ 7, X Z, via the action of the cyclotomic
character. Conversely, it is shown in [10] that if K is a field containing ¢; and Gx(l) ~ Z; X Z,,
then K admits a non-trivial I-henselian valuation” with residue field of characteristic different
from I. The valuation is recovered using the theory of ‘rigid elements’ (see, e.g., [4, section 2.2.3])
via a combinatorial argument. The existence of suitable rigid elements is in turn inferred from
the structure of Gg(I), which forces K to satisfy a ‘local reciprocity law’ in the form of a bijection
between extensions of degree [ and subgroups of K* of index ! induced by the norm map.

The case | # p lives in the ‘tamely ramified” part of the Galois group. Much more mysterious
is the ‘wild’ case | = p. Here the structure of Gg(p), F a finite extension of @, containing ¢, is
known by work of Demushkin, Labute and Serre (cf. [22] and [13]). It is an example of a pro-p
Demushkin group given by generators and relations which can be specified (see Section 2). These
fields are therefore canonical examples of what Efrat has called p-Demushkin fields (see Subsec-
tion 2.2). As already alluded to when mentioning the result of [14], there is no hope of recovering
all the arithmetic of such a p-Demushkin field purely from the maximal pro-p quotient of its abso-
lute Galois group, as there exist non-isomorphic pairs F, F’ of finite extensions Q p» containing ¢,
for which G ~ Gp,. Examples of such are given in [7, section 2], and include, for example, the
pairs F = Q,($ ), {/ﬁ),F’ =Q,($p, 4/p + 1), for any prime p > 2. Further examples in the pro-p
context are given in Remarks 2.11 and 2.18.

With this indeterminacy in mind, we make the following conjecture:

Conjecture 1. Let F/Q), be a finite extension, K an arbitrary field, where both F and K contain ¢ b
Suppose G(p) =~ Gr(p). Then we conjecture that the characteristic of K must be 0. Furthermore, we
conjecture that there exists a non-trivial valuation v on K such that for some finite extension F' /Q b
with G (p) =~ Gg(p) and p-adic valuation w on F’, the following holds.

(1) vis p-henselian.

(2) F'w =Kuv.

(3 [y, @ pLyl=p.

(4) Thereisauniformiser m of (K, v), in the sense that v(rr) is minimal positive in T, (so thevaluation
is discrete’), and K and F’ have the same initial ramification index over Q, that is, there is a
natural number e with v(p) = e - v() and w(p) = e - w(x’), where 7’ is a uniformiser of F'.

Here Kv, F'w and T, denote the residue fields and value group of the respective valuations.

T For the definition of I-henselianity, I a prime, see Section 2.

¥ Note that this is meant in the more general valuation-theoretic sense that the value group has a minimal positive element,
not that the value group is isomorphic to Z.



RECOVERING p-ADIC VALUATIONS FROM PRO-p GALOIS GROUPS | 30f38

Thus, conjecturally, the ‘wild’ part of G sees a lot more of the structure of the field than the
‘tame’ part. In fact, in the spirit of the Elementary Type Conjecture (see, e.g., the introduction of
[8] as well as [2]), we expect that the following conjecture holds:

Conjecture 2. Suppose Gi(p) is a finitely generated pro-p Demushkin group of rank > 3. Then
there is a finite extension F /Q,, containing g°p such that Gg(p) ~ Gr(p).

That is, we expect that essentially the only examples of finitely generated pro-p Galois groups
which are Demushkin are the ones coming from finite extensions of @, (¢ ,), and that the structure
implied by being Demushkin is already enough to force the existence of a valuation which is as
close to being p-adic as one could reasonably hope. A proof of this would be a major step forward
in the programme of classifying all finitely generated pro-p Galois groups (see [2], particularly
sections 5.2 and 5.3, for a discussion on this point).

Remark 1.1 (Counterexamples to sharper versions of Conjecture 1). In special cases, the val-
uation recovered in Conjecture 1 can be assumed to have nicer properties; for example, F’
can sometimes be taken be to F itself (see Remark 2.12 and Proposition 5.1). However, it is
in general not possible to sharpen the Conjecture considerably, as the following examples
demonstrate.

- The valuation in Conjecture 1 cannot be taken to be rank 1, as, for example, Q p((@)) has abso-
lute Galois group isomorphic to that of @, and the associated p-adic valuation has higher
rank. Here Q D (@) denotes the field of formal power series with coefficients in Q p and powers
in Q.

- One also cannot expect more than p-henselianity in Conjecture 1. For example, let K be
the fixed field of a decomposition subgroup of G@(gp)(p) with respect to any prolongation
of the p-adic valuation on Q(¢ p). Then Gg(p) ~ G@p(gp)(p) and K is p-henselian but not
henselian.

- The uniformiser 7 of (K,v) in part (4) of Conjecture 1 cannot always be chosen to be alge-
braic over Q. For example, given a prime p > 2, let F//Q,({ ) be a proper finite totally ramified
extension of degree prime to p, let 7 € F be a uniformiser of F transcendental over Q, and let
K=Fnlal s 7)(p)] be the p-henselisation of Q(¢ s 7r) with respect to the p-adic valuation
induced from F. Then Gg(p) = Gr(p) as the restriction Gp(p) — Gg(p) is onto by construc-
tion and as F is in fact, the completion of K, so, in particular F(p) is the compositum of F and
K(p). Now 7 is a uniformiser of both F and K, but no uniformiser 7z’ of F which is algebraic
over Q could be a uniformiser of K, as otherwise F would be contained in the compositum of
Q,(¢p) and the algebraic part of K, hence in Q,({,)(p) which is impossible because F/Q,($,)
is a proper extension of degree prime to p.

The most significant previous work on these conjectures was done by Efrat in [3]. He proved
a conditional result that a field K satisfying the conditions of Conjecture 1 must be so-called
‘arithmetically Demushkin’, equivalent to the existence of a valuation on K of a p-adic nature
[3, Theorem 6.3b]. The additional assumption required was that K already admitted a valuation
with non-p-divisible value group and whose fixed field of a decomposition subgroup of Gx(p)
does not contain all p"th roots of unity. It was conjectured that in fact all Demushkin fields are
arithmetically Demushkin. Under the same assumption, a proof of Conjecture 2 is also obtained.
By comparison, Conjecture 1 here represents a sharpening of Efrat’s conjecture: if K admits
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a valuation with the properties specified in Conjecture 1, then K is necessarily arithmetically
Demushkin, by way of taking a suitable coarsening’.

The main difficulty in proving unconditional versions of these conjectures is to produce, from
the Galois structure alone, any non-trivial valuation whatsoever. In this paper, we will prove the
following unconditional result, which represents the first successful attempt at overcoming this
hurdle so far:

Theorem 1. Conjecture 1 is true in the case F = Q,. That is, if K is any field with G (2) ~ GQZ(Z),
then there exists a non-trivial 2-henselian valuation v on K such that the residue field Kv is F,, the
value group T, is discrete with v(2) a minimal positive element and [T, : 2] = 2.

The proof hinges on the fact, first noted in Frohn’s thesis [5], that any field K for which Gg(p)
is Demushkin satisfies a ‘local reciprocity’ law induced by the norm map (see Proposition 2.15).
The proof then proceeds in three steps. First, one uses the explicit structure of G, (2) to make

some preliminary observations about K>/ (K*)?, which in turn imply that char(K) = 0. Second,
putting k = K N Q, we show using the Albert-Brauer-Hasse-Noether local-global principle that,
unless we are in an exceptional case, k embeds into @, N Q and hence that K> /(K*)? is generated
as an [F,-vector space by —1,2 and 5, as is the case for Q,. Assuming we are not in the excep-
tional case, a consequence of this and of ‘local reciprocity’ is that the ‘lattice’ of norm subgroups
Norm(K( \/E)X) < K*fora € K \ K? is identical to that of @,. Third, we use an adaptation of the
rigid element method to construct a valuation ring which satisfies all the desired properties. The
fact that our construction yields a valuation ring depends on checking that certain subsets in K
live inside specific norm subgroups. It turns out that this depends purely on the ‘combinatorics’
of the lattice of norm subgroups arising under the operation of intersecting multiple such sub-
groups. Because the lattice in K matches that of k, the existence of the desired valuation ring is
in this way effectively ‘lifted’ from k to K. The verification of this part is carried out via explicit
computations which have a distinctly K-theoretic flavour. Indeed, the technique locates elements
in specific norm groups by intersecting multiple Steinberg relations, and in some sense resembles
doing arithmetic combinatorics over the 2-truncated big Witt vectors of K. It would of course be
ideal to obtain a more conceptual, less computation-heavy, proof, by making this vague statement
precise, but this has so far eluded us.

Most of the calculations are relegated to Appendices A and B to aid exposition. Finally, a proof
by contradiction shows that the exceptional case from step 2 simply cannot occur, by using the
same norm-combinatorics techniques.

We do not have any new ideas of how to prove Conjecture 2, so the result in [3, Theorem 7.3]
remains the state of the art.

It is the opinion of the authors that the general framework of the proof should be generalis-
able to cases where p > 2. If one can recover the correct norm-lattice, then similar computations
should suffice to extract the required valuation. In fact, as the rigid element construction is sim-
pler in the case p > 2, these computations may end up being conceptually simpler. However, the
methods used here to pin down the norm-lattice depended on properties specific to p = 2 and it
is therefore unclear how to proceed in the general case.

Finally, as an application, in Section 5 we show that Theorem 1 has the following corollary,
which gives a significant strengthening of the birational section conjecture see [11] over Q,.

" Note that if K is as in Conjecture 1, then G (p) necessarily is Demushkin of rank > 3, as Gz(p) has rank at least 3 when
F is a p-adic field containing ¢ ,. Therefore, K satisfies the conditions in [3].
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Corollary 1. Suppose X is a smooth, complete curve over K = Q,. Then every group-theoretic
section of the canonical projection

Gi(x)(2) » Gk(2)
is induced by a unique rational point' a € X(K), where K(X) is the function field of X.

In fact, by more closely analysing the proof of the main theorem, we show that one can get
away with an even smaller quotient of the Galois group, the so-called maximal Z/p elementary
meta-abelian quotient (see the introduction to [17]). Thus, we recover as a consequence of our
work the main result of [17] in the case where the base field is Q@,. We also prove a statement for
varieties, strengthening the main result of [24].

2 | PRELIMINARIES

We collect some technical definitions and results used. All the valuation theory needed can be
found in [4]. The results on Galois cohomology and Demushkin groups are all stated and proved
in [22, chapter 5] and [13]. The results on Kummer theory, Brauer groups, central simple algebras
and Galois cohomology over an arbitrary field are comprehensively covered in [6] (chapter 4,
in particular). An alternative reference for several of these points is [16] (chapters 3, 6 and 7, in
particular). Finally, a particularly useful reference is Frohn’s thesis [5], which conveniently covers
most of the required background.

2.1 | p-Henselian valuations

Given a valuation v on a field K, we let Kv denote the residue field and I',, the value group. The
valuation ring will be denoted by O,,.

Definition 2.1. For a field K and a prime p, we write K(p) for the maximal pro-p Galois exten-
sion of K (within some fixed algebraic closure of K), that is, the compositum of all finite Galois
extensions of K of order a power of p. A field is said to be p-closed if K = K(p).

If v is a valuation on K, we say v is p-henselian if v has a unique extension to K(p), or,
equivalently, if Hensel’s lemma holds for polynomials that split in K(p).

Fact 2.2. A field (K, v) is p-henselian if and only if v extends uniquely to every Galois extension of
degree p [4, Theorem 4.2.2].
2.2 | Demushkin groups and their invariants

Definition 2.3. Let G be a pro-p group for some prime p. G is said to be Demushkin* of rank
n>1(neN)if

7 See Section 5 for the precise meaning of this.

¥ Note that other sources may define this slightly differently.
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(i) HY(G,7/pZ) is a finite F,-vector space with dime (H'(G,7/p7)) = n;
(ii) dim[Fp (H*(G,z/p2)) =1,
(i) the cup product H'(G,Z/pz) x H'(G,7z/pZ) — H*(G,Z/pZ) is a non-degenerate bilinear
pairing.

The first condition says that G is finitely generated as a pro-p group, with a minimal set of gen-
erators having size n. The second condition says that a minimal presentation requires precisely
one relation (see [22, section 4.2]) or [13, section 1]). Hence, G ~ F /(r), where F is the free pro-p
group on n generators, r is an element (or ‘word’) of FP[F, F], and (r) is the closed normal sub-
group generated by r. Here brackets denote the commutator. Consideration of the abelianisation
G = G/[G,G] of G gives the following

Lemma 2.4. There exists a unique s € N U {oo} such that
ab ., S n—1
GV ~7,/p'Z,X z,

with n = rank(G) and p*® = 0 by convention.

Proof. Taking the abelianisation kills all the terms of the word r involving commutators. If r
involves no pth powers, then the abelianisation is clearly just a finitely generated pro-p abelian
group on n generators, and we are in the case s = oco. Suppose then that r does contain some
pth powers. In this case trivialising the commutators leaves behind an expression in G of the
form g7 ! 9y . 9 " =1 for some k < n. Let s be the smallest of the integers s;: without loss of
generality s = s;. Then G has the following presentation as a pro-p abelian group:

b S
G® = (g1, s s G | WP =1),
o glf‘ - # 1. The set{w, g, ... , g, } clearly also generates G%°, and no new non-
trivial relations are introduced besides w?’ = 1, as such non-trivial relations would induce ones
among {g, ... , g,}- Thus, G has a presentation of the form

pS
wherew = g, g,

G® = (w, gy, gy | WP = 1),
from which one gets
G ~7/p°7 x 7y > 7,/pZ,x 757!
as desired. O

The invariants n and s of G almost determine G up to isomorphism. To completely determine
G, one needs the additional invariant Im(y) introduced by Serre [22, section 4.5]. Serre has shown
that there exists a continuous homomorphism y : G - Z; which is uniquely determined by
the property that the induced homomorphisms H'(G,I,(x)) — H'(G,I,(x)) are surjective for
J =1, where I;(y) is the G-module defined by letting G act on Z/ p’Z via y; see [13, Theorem
4] for a proof. It can then be shown that the image Im() is an invariant of G such that s is the
highest power of p for which Im(y) C 1+ p*Z, (Corollary to [13, Theorem 4]). Furthermore,
n and Im(y) completely determine G up to isomorphism [13, Theorem 2]. In fact, Demushkin,
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Serre and Labute have given a complete classification of possible Demushkin groups in terms of
these invariants, which can be split into three cases C1, C2 and C3. As before, the value of p* is
set to be 0 by convention.

Theorem 2.5 (Classification of Demushkin groups). Let G be a pro-p Demushkin group with invari-
antsn € N, s € NU {oo} and A = Im(y). Let UI()f) =1+ prp. Then one of the following cases
holds.

Cl. If p* # 2 then n is even and the relation r can be chosen as
— P
r=xy [x5,%] . [X,-1, %,]-

In this case, A = Ug).
C2. If p* = 2 and nis odd, then

f
r= XfX§ [x5, x31[x4, X5] ... [ 2,1, X, ],

with f an integer > 2 or oo such that A = {1} X U;f).
C3. Finally, let p* = 2 and n be even. IfA2 has index 2 in A, then

242
r=x; f[xl,xz] X1, %,]

with f an integer > 2 or co. In this case A is the closed subgroup on§ generated by —1 + 2f. If
A2 has index 4 in A, then

2
r= x%[xl’ xZ]x3f [xn—l’ xl’l]
for some integer f > 2. In this case, A = {£1} X Ugf ),
Conversely, all the above cases of r define a Demushkin group with the appropriate invariants.

Proof. Details and proofs of all cases are given in [13], with the three cases described in the
introduction. L]

The canonical examples of Demushkin groups are the Galois groups Gx(p) for finite extensions
K of @, containing ¢, [22, section 5.6].

2.3 | Demushkin fields and field-theoretic interpretation of the
Demushkin invariants

As just remarked, the groups G (p) for finite extensions K of @, containing ¢, are Demushkin.
These fields are therefore canonical examples of the following definition:

Definition 2.6. Let K be a field. Following Efrat, we say that K is a p-Demushkin field if K contains
¢p and Gg(p) is a Demushkin group. The Demushkin invariants of G (p) are in this case labelled
Ng,Sg and .
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Note that p-Demushkin fields are by definition of characteristic different from p.
The invariants ng, sy and yx of a p-Demushkin field K can be naturally interpreted in terms
of the field structure, as we now explain.

Definition 2.7. Let p be prime. For a field F and a € F* \ (F*)P, define
Np(a) := Norm,, %)/F(F( {/E)X)

As F( {/E) =F( {/E) whenever a/b € (F*)P, we will by abuse of notation also write Np(a) for
a € F*/(F*)P, with a denoting both an element of F* and its class modulo p th powers.

Remark 2.8. When the base-field in question is clear, we will just write N(a) for ease of notation.

Suppose that K is a p-Demushkin field. As the characteristic of K is not p, Kummer theory can
be invoked to provide, upon choosing such a pth root of unity, an isomorphism

H'(Gk(p),Z/pZ) ~ K*/(K*)?,

and hence the invariant ny is precisely the number of independent pth power equivalence classes
in K*/(K*)P. If K is a finite extension of Qp, then n = [K : Qp] + 2 [22, chapter 5, section 5.6,
Theorem 4]. A description of the invariant s will follow from the following characterisation of

X-

Lemma 2.9. Let K be a p-Demushkin field. Then the Demushkin invariant xy coincides with the
p-cyclotomic character of K.

Proof. This is proven in [13] assuming that K is a finite extension of @, containing ¢, (cf. the
discussion following [13, Theorem 7]), but the same proof works for more general K. The point
is that one can show that the cyclotomic character y’ of Gi(p) satisfies the property that the
induced homomorphisms H'(G,1,(x")) —» H'(G,I,(x")) are surjective for j > 1, where I j( X)) is
the G-module defined by letting G act on Z/p/Z via y'. As yy is the unique homomorphism
satisfying this [13, Theorem 4], it follows that y, = x’. O

Corollary 2.10. Let K be a p-Demushkin field. The invariant sy € N U {oo} is uniquely determined
in terms of the highest power p® for which { p» €K

Proof. As previously stated, s is the highest power of p for which Im(x) C 1+ p°Z,,. But by the
above lemma, y corresponds to the cyclotomic character, so this condition says that pS is the
maximal power for which the cyclotomic character acts triviallyon Z ,/ p*Z ,. This is exactly equiv-
alent to p* being the maximal power for which { s € K, essentially by definition of the cyclotomic
character. O

Remark 2.11. The classification of Demushkin groups now makes it clear why different extensions
of @, can have the same pro-p Galois group. For example, if p # 2, let F and K be two finite degree
n extensions of @, containing ¢, for some integer n. Then case C1 of the classification shows that
Gr(p) =~ Gg(p) as long as sg = sg, that is, as long as they have the same p™th roots of unity.
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Remark 2.12. Note thatif K = Q,(¢)), then if K’ is an arbitrary finite extension of Q p containing
¢ps wehave Gy/(p) =~ Gg(p)ifandonlyifK = K ! as K is the only such extension with Demushkin
invariants ng = p — 1, sy = 1. Therefore, in this case, F/ may be taken to be F in the statement of
Conjecture 1.

Next, we want to describe the cup product pairing. The theory of Brauer groups provides an
isomorphism

H*(Gy(p),Z/pZ) ~ Z/pZ ~ ,Br(K),

where ,Br(K) is the p-torsion subgroup of the Brauer group of K. Here, the first isomorphism
comes from the Demushkin assumption and is non-canonical, while the isomorphism of H? with
pBr(K) is canonical.

Definition 2.13 (‘Hilbert symbol’). For a field K with ¢ » € K, and two elements a,b € KX, the
‘symbol’ (a, b)r denotes the Brauer equivalence class of the central simple K-algebra defined by
two generators x, y subject to the relations x? = a,y? = b,xy =¢ pyx. If p = 2 these are exactly
the quaternion algebras over K.

A given equivalence class (a, b)g is trivial if and only if the algebra splits, which can be writ-
ten informally as (a, b)r = 1, where we have used multiplicative notation for the cyclic group
Z/pZ.We have (a,b)r = 1if and only if a € N(b) if and only if b € N(a). The symbol (a, b)x is
sometimes informally referred to as the ‘Hilbert symbol’.

The cup-product pairing can now be identified with the map

K*J(K*)P xK*/(K*) - Z/pzZ

sending the pair a, b to the symbol (a, b).

The above discussion shows that the invariants of a p-Demushkin field, and the cup-product,
have natural interpretations in terms of the field arithmetic. It turns out that the property
of being Demushkin itself, that is, the criteria on dimensions and the non-degeneracy of the
cup-product, can also be interpreted in terms of the field arithmetic. This observation was
noted and proved in Frohn’s thesis [5], who described it as a sort of ‘local reciprocity law’.
This interpretation will follow as a consequence of the following more general fact from linear
algebra

Proposition 2.14. Let(,) : V XV — W be a symmetric or skew-symmetric bilinear pairing, where
V and W are finite-dimensional vector spaces over a finite field L, such that W is generated by the
elements (v, w) for v,w € V. Then the following statements are equivalent.

(1) The pairing is non-degenerate and dim; (W) = 1.
(2) Themap ¥ : {U <V |dim;(U) =1} - {U < V| codim;(U) = 1} given by

W) =vt ={ueVv|(,u) =0}

is a bijection, where Lv denotes the 1-dimensional subspace spanned by v.
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Proof. For the direction (1) = (2), a non-degenerate bilinear form always induces an isomorphism
of V with its dual V*, which in turn induces a bijection between 1-dimensional subspaces of V*
with the codimension-1 subspaces of V. Note that this does not require the field L to be finite.
For the converse direction, where the assumption on L is needed, we refer to [5, Theorem
4.24). 0

Proposition 2.15 (‘Local Reciprocity for p-Demushkin fields’). Let K be a p-Demushkin field. Then
foreach a € K*\ (K*)P, N(a) is a subgroup of K* of index p, and the map

¢ {K({/a) : a € KX\ (K*)P} —» {H < K*/(K*)P : H has index p}

given by K( {/E) — N(a) is a bijection between Galois extensions of degree p and subgroups
of K*/(K*)P of index p. Conversely, any field K containing ¢, for which ¢ is a bijection is
necessarily Demushkin.

Proof. Apply Proposition 2.14 in the case where V = H'(Gx(p), Z/pz),W = H*(Gx(p),Z/pZ),
both being finite-dimensional [ ,-spaces, and the pairing is the cup-product. Here we note that
the Merkurjev-Suslin theorem implies that W ~ ,Br(K) is indeed generated by the equivalence
classes (a, b)g. O

Remark 2.16. In the case p = 2, we get from this that in a 2-Demushkin field, N(a) = N(b) if and
only if a and b are equal modulo squares. This will be crucially exploited in what follows.

2.4 | The structure of G (2)

Theorem 1 concerns the group G, (2). This group evidently falls under case C2 of the classification
(Theorem 2.5), but the value of f is not immediately apparent. This ambiguity is taken care of by
the following result of Serre.

Theorem 2.17 (Serre). Let K be a finite extension of Q, with N = [K : Q,] odd. Then Gg(2) is
generated by N + 2 elements subject to the single relation

r = x%xg[xZ, X3] vee [XN+1, xN+2].
Proof. This is given as [13, Theorem 8]. The key point is that extensions of odd degree do not add
any information about primitive 2V th roots of unity. Hence, Im(y) is as big as possible, implying

that f = 2. ]

Remark 2.18. Thus, G;(2) ~ G/(2) for any two extensions F, F’ of @, with the same odd degree,
irrespective of whether F ~ F’ or not.

Corollary 2.19. The group G, (2) has rank 3, and can be generated by three elements X, y, z subject
to the single relation

x*y*y.z] = 1.
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The abelianisation is given by
Ge(2) ~2/22 X 73,

Proof. The first statement follows immediately by setting N = 1 in the preceding theorem. The
statement concerning the abelianisation follows from Lemma 2.4 by noting that the s-invariant of
Q,isl. ]

3 | STEP1OF THE MAIN RESULT: RECOVERY OF MULTIPLICATIVE
STRUCTURE AND NORM GROUPS

For the rest of this section and the next, we now fix a field K with
Gr(2) ~ GQZ(Z).

In this section, we aim to prove that the structure and arithmetic properties of KX /(K*)? are
essentially the same as those of @3 /(Q5)*.

We first define some useful notation. For x,y € L*, L a field, p a prime, we write x ~ y if x
and y define the same equivalence class in L* /(L*)P, that is, if x/y € (L*)P.If x,, ..., x,, € L*, we
write

(X5 s Xp)

for the subspace of L* /(L*)P generated by x,(L*)?, ..., x,(L*)P. So, as a multiplicative group,

(X1, e s X)) = {xil ---xi{‘(LX)p li; € {0,1,...,p— 1}}.

Proposition 3.1. The group @; / (G.’,D;)2 has dimension 3 when viewed as a vector space over
F,. A basis is given by the square classes of —1,2 and 5. Hence, @; = {+1, +2,+5,+10} modulo
squares.

Proof. The dimension of the vector space matches the rank of GQZ(Z), which we know to be 3 by
Corollary 2.19. The fact that —1, 2 and 5 form a basis is explained in, for example, [21] (chapter 24,
section 4: see the discussion following Lemma 3). O

We will show that the same is true for K* /(K*)?. Indeed, we will show the stronger statement
that any relation between square classes of algebraic elements in Q, also holds in K. For example,
in Q,, it is true that 3 ~ —5, so the same will also hold in K. This will be made precise in Proposi-
tion 3.10. To do so we will want to make use of the field-theoretic description of the Demushkin
structure of Gg(p) described in the previous section. We therefore first need to prove that K is
genuinely 2-Demushkin, or in other words that char(K) # 2. As a preliminary step towards this
and more, we prove the following lemma.
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Lemma 3.2.

(i) Thereis a quadratic extension of Q, which does not embed into a Z /4Z-extension of Q,, that is,
a Galois extension L/Q, with Galois group Gal(L/Q,) ~ Z [4Z.
(ii) Any finite extension F /Q, containing g must have degree at least 4.

Proof. By Corollary 2.19,
b 2
G&Z(Z) ~7/27 X Z;,.

By the fundamental Galois correspondence, we need to prove that there exists an index-2 (closed)
subgroup H of Gglz’ (2) such that for any subgroup H’ < H one has Gglz’ (2)/H' + 7 /4Z. Picking

H to be the Z% component of Gg’;(z) clearly qualifies. It has index 2, and if H' is any finite index
subgroup of H then Gg’; (2)/H’ ~ 7 /27 x N for some non-trivial 2-group N: such a group can
never be isomorphic to Z/4Z7.

For (ii), let F be such an extension. As {g = 1/ \/5 +i/ \/5 and \/5 & Q,(i), F must have degree
at least 4. Ll

Corollary 3.3. The characteristic of K is not 2, and —1 & K?. In particular, 2 € K*.

Proof. As the property (i) in the previous lemma is equivalent to a group-theoretic statement
about Go, (2), it is also true of K. But if char(K) = 2, or —1 € K?, then every (separable) quadratic
extension does embed into a Z /4Z-extension. When char(K) = 2 this follows immediately from a
theorem of Witt [25, Satz, p. 237]. If char(K) # 2 and —1 € K?, then consider an arbitrary quadratic
; — 2 2 2
extensmnK(\/E) of K. Then NormK(\/E)/K(\/E) =—a & K*,as—1 € K“and a ¢ K-. Thus, \/E &

K( \/5)2, and hence K( \/E) is contained in the Z /47Z-extension K( {‘/E). O

We can now freely invoke the description of the Demushkin invariants ng, sy and Im(yy) from
Subsection 2.3. To start with, ng = g, and hence

X
2

O G

The following lemma will show that —1 and 2 are independent, non-trivial square classes in
K*/(K*)?, and that the characteristic of K is in fact 0.

Lemma 3.4.

(i) 2 ¢ K(vV/-1)>~

(ii) —1 is not the sum of two squares, and char(K) = 0.

Proof. To prove (i), observe that the statement of Lemma 3.2(ii) is purely group theoretic. Indeed,
by Corollary 2.10, the statement of Lemma 3.2(ii) is equivalent to the statement that any field
extension F/Q, with s; > 3 has degree [F : Q,] > 4. This is equivalent to the statement that
any closed, normal subgroup H of Gq, (2) with index < 3 must have an s-invariant < 3. As the s-
invariant admits a purely group theoretic characterisation in terms of the isomorphism invariant
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x (see discussion after Lemma 2.4), this statement is purely group theoretic. As Gg(2) =~ GQZ(Z),
it follows that the same statement is true for K, which proves the claim.

For (ii), note that by (i), it follows that —1 and 2 are independent and non-trivial square classes
in KX /(K*X). If —1 were a sum of two squares, that is, if —1 € N(—1), then as 2 € N(-1) also,
N(-1) = (-1,2). So, —2 € N(—1) whence —1 € N(-2), and so N(-2) = (—1,2) = N(-1). By
Proposition 2.15 and Remark 2.14, 2 is a square: contradiction.

In particular, as in any finite field, —1 is a sum of two squares, the characteristic of K must be

0. O

By the above lemma, we may now define the field k := K n Q. That is, k is the relative algebraic
closure of @ in K. Our next goal is to elucidate the structure of k, and show that except for one
‘bad case’, k admits a 2-adic’ valuation, that is, a valuation such that the henselisation k" of k is
isomorphic to @, N Q. Note that this latter field can be identified with the henselisation Q" of @
with respect to the 2-adic valuation, and is elementarily equivalent to Q,, see, for example, [19].
In particular, k is a subfield of Q, N Q.

Before proceeding with the next proposition, let us recall some results about extensions of p-
adic fields.

Lemma 3.5. Let L/Q), be an algebraic extension containing a primitive pth root of unity ¢ .

(i) If the extension is finite, then dim[FpL>< JALXP =[L: Q p] + 2.
(i) IfL/Q, isa Galois extension whose degree[L : Q,]is divisible by p, then any element in ,Br(Q))
of order p becomes trivial in ,Br(L).

Both statements are also true if we replace Q, with Q", the henselisation of Q with respect to the
p-adic valuation.”

Proof. See, for example, [22, chapter 2, section 5.6, Theorem 4] for the proof of (i). The proof
of (ii) follows from the same argument used to show that if p* divides [L : Q p], then pBr(L) =
0, and can be found in [16, chapter 7, Corollary 7.1.4]. Namely, under the identification of the
Brauer groups with @/Z, the inclusion Q, — L corresponds to the homomorphism Br(Q,) —
Br(L) given by multiplication by the degree [L : @, ]. If p divides this degree, then multiplying by
it will kill any order p elements of ,Br(Q)).

To show that we may replace Q, by Q" in both statements, we recall the well-known
consequence of Krasner’s lemma that ﬁp =00 > and so the restriction G@p — Ggn is an isomor-
phism. As dim[FpLX/(LX)P = dim[Fle(GL(p), 7/pZ) and ,Br(L) ~ H*(G(p), Z/pZ), the claim
follows. O

We will also require the following classical result of class field theory, where we are using the
symbol notation introduced in Definition 2.13.

Theorem 3.6 (Albert-Brauer-Hasse-Noether). Let a, b € k, with k a number field containing ¢ ,.
Then the symbol (a, b),, = 1 if and only if (a,b); = 1 for every completion k, with respect to a val-
uation or an ordering v on k. That is, the central simple algebra (a, b),, splits if and only if it splits
over every completion k.

¥ This is an example of the well-known slogan that as far as algebra is concerned, henselisations are as good as completions.
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Remark 3.7. As with the above lemma, the statement is still true if we consider henselisations and
real closures rather than completions, by similar reasoning.

‘We are now ready for the crucial lemma.

Lemma 3.8. Given k = K N Q, one of the following cases holds.

(A) The restriction map Gg(2) — G,(2) is an isomorphism, and there exists a valuation on k with
henselisation k" = Q n Q,.

(B) k is formally real and G, (2) is not Demushkin. Furthermore, one of the following is true:
By: 3~1or2ink.
B,: 3isindependent of +1,+2 in k, Ni.(=2) = (2,3), and k* /(kK*)* = (-1, 2, 3).

Proof. Choose any chain of number fields ky = Q C k; C ... C k such that k = [J2, k;. By
Lemma 3.4, —1 ¢ Ng(—1), so also —1 ¢ N, (—1) and —1 ¢ Nki(—l) for any i. If we let &; denote
the set of all orderings and valuations v of k; for which —1 & Njv(—1), where k; is a real-closure,
respectively, a henselisation, of k; with respect to v, then by the Albert-Brauer-Hasse-Noether
theorem every %, is non-empty. For i < j, each valuation in X; lies above a valuation in Z;. Now,
it is easy to see that X, contains the ordering of Q. As it is only for p = 2 that the Hilbert sym-
bol (-1, —1)p = —1, we see that I, consists of exactly the ordering and the 2-adic valuation, and
hence every valuation in X; lies above one of these. Each Z; is also finite, due to the well-known
fact that the Hilbert symbol trivialises in the henselisation of all but finitely many valuations. As
the Z; form an inverse system of finite, non-empty sets, their inverse limit X, is non-empty. Fur-
ther, every valuation v € X is either archimedean (corresponding to an ordering) or dyadic, as
it must lie over one of these two valuations on k,. We now distinguish between two cases.

Case A: Suppose that T, contains a dyadic valuation v. If we let k* denote the henselisation
of k with respect to v, then —1 & N, x(—1). If we denote by @" a henselisation of @ with respect to
the 2-adic valuation (which we may without loss of generality take to be @, N Q) then there is a
natural embedding Q" < k". For notational convenience, we set F := k" and L = Q". We claim
F=1L.

Indeed, first notice that if [F : L] is even, then all order-2 elements of ,Br(L) become trivial in
F, by Lemma 3.5(ii). But the Brauer class of (—1, —1) is of order 2 in both L and F, so this cannot
be the case. Therefore, F/L has odd, possibly infinite, degree. The odd degree implies that the
canonical map

L*J(LX)* = F*J(F*)? 3.1)

is injective, and the same is true if we replace L by any finite subextension L’ /L of F. Hence, for
any such L/,

X FX

dll’l’lF2 W < dln’lF2 W .
‘We now claim that the canonical map

kX/(kX)Z N FX/(FX)Z
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is surjective. Indeed, if kK and F' are the completions of k and F, then we have a commutative
diagram

kX/(kX)Z FX/(FX)Z
RX J (k)2 ———— FXJ(E*)?

where the arrow at the bottom is an equality because k is also the completion of k”. As k is dense
in its completion and the non-zero squares form an open subset of k, the vertical arrow on the left
is a surjection. Furthermore, the vertical arrow on the right is injective: if a € F¥ is a square in F,
then the polynomial x? — a satisfies the conditions of Hensel’s lemma and is hence already solv-
able over the henselisation F. The commutativity of the diagram then implies that the horizontal
arrow on the top must be a surjection, as claimed.
Now, note that ask C K,
X

dimFZW < diszW =

Combining this with the surjection just established, we get

IX X X

di <d <d

Mg, (L%)? <

img, (FX)2 img, (k¥)2

for any finite subextension L’ /L of F. But by Lemma 3.5,
dimg L) =L/ : @"]+2> 3 (3.2)

and so it must be that [L’ : @"] = 1. As this is true for any such finite subextension L’ /L of F, it
follows that F = @". Thus k & k" = " = Q, N Q. Additionally, we see that

X

dimmz W =

From this equality and the fact that —1,2 and 5 form a basis for @"* /(Q"™)?, it follows that
—1,2 and 5 also form a basis for k* /(k*)?. We also know that 3 ~ —5 in k, as this is true in k". As
3 =1+ 2isvisibly in N (—2), we have —5 € N (—2). As G;»(2) is Demushkin of rank 3, the norm
groups of k are generated by exactly two elements, by local reciprocity (Proposition 2.15). We now
have enough information to work out all the norm groups N (a) for a € {—1, +2,+5, +10}. They
are as follows:

- Ni(=1) =(2,5)
- Ni(2) =(-1,2)
- Ni(5) =(-1,5)

- N,(10) = (—1,10)
- N (=2) = (2,-5)
- N(=5) = (=2,5)
- Ni(=10) = (=2,-5)
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Indeed, it is easy to check that the right-hand sides are all contained in the left-hand sides. The
only generators not clearly a norm of the right shape are —5 € N;(—2) and equivalently —2 €
N,(=5), which we considered above. The rest are routine (e.g. 2 = 1> + 12,5 = 12 + 22,50 (2,5) C
N (—1)). The generators are independent because they are independent already in the ambient
space Q" / (Q"™)2. Finally, none of the norm-groups on the left-hand side can be strictly bigger
than the corresponding right-hand side, as that would imply they are bigger also in k", which we
know they are not.

It follows by Proposition 2.15 that k is Demushkin of rank 3. As k is relatively algebraically
closed in K, and the primitive 2V th roots of unity (N > 1) are already algebraic over Q, we have
Im(xg) = Im(x,). Hence, G¢(2) and G, (2) are Demushkin groups with the same invariants, and
so are isomorphic finitely generated pro-2 groups. Thus, the epimorphism Gg(2) - G, (2) is an
isomorphism, by the profinite pigeon-hole principle see [20, Proposition 2.5.2].

Case B: Suppose X, does not contain a dyadic valuation. Then k is formally real. If
dimg k*/ (k*)? = 2, then k*/(k*)? = (—1,2). Because sums of squares are always positive,
N, (=1) = (2). Also, 1 + 2a? > 0 for any a € k, hence N;(—2) = (2). But we always have —1 and
2in N;(2), due to the trivial identity —1 = 1 — 2. Therefore, N; (2) = (—1, 2). As the norm-groups
have different size, it follows from Theorem 2.15 that k is not Demushkin. This puts us in sub-case
B;, where we note that the identity 3 = 1 + 2 means 3 € N (—2) = (2), thatis,3 ~1or3 ~ 2.

Suppose instead that dimg k*/(k*)* = 3. Then k*/(k*)* = (~1,2,c) for some c € k*. If
N, (-1) is a subspace of dimension 2 then we may assume, replacing c by —c if necessary, that
N (—1) =(2,c). In this case, by reciprocity, —1 € N;(c). As also ¢ € N;(c), and the subspace
(=1, c) of Ni(c) has dimension 2, the equality N, (c) = (-1, ¢} is forced. It follows that —2 & N, (c),
and hence, reciprocally, ¢ ¢ N (—2). Also, as both N (—1) and N;(—2) contain elements that are
positive with respect to any ordering, we deduce first that ¢ € N, (—1) is positive and second that
—c & N (—2). We can therefore conclude that N, (—2) = (2). In particular, k is not Demushkin,
as before, and we are again in sub-case B;.

If, on the other hand, N, (—1) is a subspace of dimension 1, then necessarily N, (—1) = (2). In
this case k is once again not Demushkin, as N;(2) = (—1, 2) is always true, so the norm groups
have differing dimensions. As an equality N (—2) = (2) would put us back in sub-case By, let us
instead assume that 3 is independent of 1 and 2, and hence N, (—2) = (2, 3). Because 3 is neces-
sarily positive with respect to the ordering, 3 cannot be equivalent to —1 or —2 modulo squares.
We may therefore, without loss of generality, set ¢ = 3 in this case, to get k*/(k*)? = (-1, 2, 3).
This is precisely sub-case B,. O

The appearance of the exceptional Case B essentially emerges from the ambiguity around the
square class of 3 in K. As several of the dihedral extensions of degree 8 of Q, are generated using
\/3 (see [15]), it may be possible to determine this square class directly from the structure of G (2),
as was done for —1 and 2. Although we were unable to do this, we will never the less prove that

Proposition 3.9. Case B in Lemma 3.8 cannot occur.

The proof may be found in Appendix B, and is obtained by showing that k being formally real
is in all cases incompatible with K being Demushkin. Because the proof proceeds by using the
‘norm-combinatorics’ machinery developed in the next section, the reader is recommended to
leave the verification of this Proposition to the end. One may reasonably ask whether a group
theoretic proof can be given of Proposition 3.9, for example, by proving that G,(2) has to
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be Demushkin. It is possible to identify several potential structures of G, (2) by (i) using the
arithmetic information (existence of orderings/valuations) to identify the potential Witt rings
of k and (ii) referring to [8, tables 5.2 and 5.3], which give the isomorphism type of G, (2) for
each such Witt ring. However, in all such cases the authors considered, the abstract group G, (2)
obtained does occur as a quotient of Gg(2), suggesting that Case B cannot be straightforwardly
ruled out by purely group-theoretic arguments. It seems that some form of direct appeal to the
field structure is necessary.
‘We now proceed with Case A.

Proposition 3.10. An F,-basis for K* /(K*)? is given by the classes of —1,2 and 5. For any q € k,
q ~lin K ifand only if ¢ ~ 1 in Q, (in particular, this holds for all q € Q). The quadratic norm
groups N(a) of K are as follows:

Ng(-1) = (2,5)
Ng(2) =(-1,2)
Ng(5) =(-1,5)

N¢(10) = (~1,10)

Ni(=2) = (2,-5)

Ng(=5) =(-2,5)

Ng(-10) = (—2,-5)

Proof. By Proposition 3.9, we are necessarily in Case A of Lemma 3.8. In that case, —1,2 and
5 form a basis for k*/(k*)? and they are therefore independent modulo squares. As K> /(K*)?
has dimension 3, these also form a basis of K*/(K*)?. The structure of the norm groups for K
must be the same as that of k, as KX /(K*)? has the same basis as k and the norm groups have
the same size. These were calculated in the proof of the above lemma, resulting in the above list.
For the last part, note that g ~ 1 in K if and only if g ~ 1 in k, as if ¢ were a non-square in k, it
could only become a square in K if one of +1, +2, +5, +10 become square in k, which we know
cannot happen. As k embeds into Q,, the same argument shows thatq ~ link ifand onlyifq ~ 1
in Q,. ]

4 | STEP 2 OF THE MAIN RESULT: CONSTRUCTION OF THE

VALUATION VIA NORM COMBINATORICS

In @,, we can detect the valuation ring via norms by the equality
Norm(Q,(V/5)%) = 75 - (Q})?

which follows from the fact that Qz(\/g) is the (unique) unramified quadratic extension of Q,. We
will use this observation along with the following construction from the theory of ‘rigid elements’
see, for example, [4, section 2.2.3] to construct the valuation of Theorem 1. The general setup is
as follows.
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Let p be a rational prime, F a field, T < F* a subgroup containing (F*)P. Define the sets

O(T) :={xeF\T:1+x€eT} (4.1)

O,(T) :={xeT:xO,(T)COT)} 4.2)
and
O(T) := O,(T) U O,(T).

The following key construction of valuations has its roots in the work of Arason, Elman and
Jacob, see [1], who first recognised the importance of the condition 1 — ©;(T)O,(T) C T (called
‘pre-additivity’ in their paper) and its connection to valuations.

Lemma 4.1. Suppose that the subgroup T satisfies the following conditions.

(i) (Existence of rigid elements) Forany x ¢ T, T + xT C T U xT.
(ii) Foranyx,y € O,(T),onehas1 —xy €T.
(iii) Ifp=2,then -1 € T.

Then O is a valuation ring of F with ©* C T.
Proof. This follows straightforwardly from [4, Theorem 2.2.7] and its proof. O

Consider the above valuation construction with p = 2, F = K and T = N(5). In this case, we
write O, instead of O, (T'), and so on. Notice that for K = Q,, the non-zero elements in 9 are those
with positive, odd valuation, by the ultrametric inequality, and so O, consists of the 2-adic integers
with even valuation. Therefore, in this case O is precisely Z,, showing that this construction does
reproduce the 2-adic valuation on Q,. We will show that the condition of the lemma holds for
our abstract K as well, and then deduce that the valuation ring O(N(5)) satisfies the additional
properties desired.

Condition (iii) of Lemma 4.1 is trivially satisfied because —1 € N(5). Condition (i) is also
straightforward when p = 2. Indeed, for x ¢ N(5), N(5) and xN(5) are distinct cosets of size 4,
and hence their union has size 8 and thus spans the whole space: condition (i) is therefore trivially
satisfied. The difficult condition is (ii), which is equivalent to the ‘pre-additivity’ condition as a
result of condition (i) [1, Lemma 2.6].

Remark 4.2. The statement in [4, Theorem 2.2.7] for p = 2 does not include condition (ii) on
expressions of the form 1 — xy. Instead, it is shown that, when p = 2, there necessarily exists a
subgroup T, of K* satisfying condition (ii), and that for this T, one has that O(T,) is a valuation
ring. However, there appears to be no obvious way to exclude the possibility that the subgroup
T, is in fact the whole of K*. That is, there is no way of telling if the valuation obtained is trivial
or not. To show that T, may be taken to be T (i.e. to show non-triviality), one must show that
condition (ii) in fact holds for T itself.

Remark 4.3. On the other hand, when p > 2, the proof in [4, Theorem 2.2.7] shows that condition
(i) implies condition (ii). Verifying the existence of rigid elements is therefore likely to be the key
challenge in attempts to extend Theorem 1 to primes p > 2.
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To show that N(5) satisfies condition (ii) of Lemma 4.1, the idea is to decompose the term 1 — xy
in several ways, all of which are visibly in certain norm groups N(a). Working on a case by case
basis, depending on the square classes of x,y,1 + x and 1 + y, this places 1 — xy in the intersec-
tion of several norm groups, which are known by Proposition 3.10. In all cases, the possible square
classes of 1 — xy thus obtained are always in N(5). As an intermediate step, we need to establish
that +£1, +5 and £1/5 € O,, that is, that these numbers are ‘units’ in ©; of course we expect this
to be true because these numbers are units in Z,. Doing this amounts to computing the square
class of expressions 1 + ax when x € O, and a € {+1, +5,+1/5}. This is again done by writing
1+ ax as a norm in several different ways, thereby severely restricting its possible square class.
Chief among the identities used repeatedly is the Steinberg relation:

1—x e N(x)

for any x # 0, 1. We will use this identity without comment in all calculations.

These calculations show that the square class of expressions like 1 + ax, for a € k, x € K, is
determined entirely by the square class of x, 1 + x and the ‘lattice’ of norm-groups. If such a state-
ment could be made rigorous and then proved, one could deduce that O(N(5)) is a valuation ring
simply because it is one for k. Unfortunately, such a structural proof still eludes us, and we instead
resort to direct computations.

The full computations and details can be found in Appendix A.

Remark 4.4. Notice that 0 € @;(T) for any T. In the calculations and lemmas established in the
following, we always ignore this case, as it can easily be seen that 0 will satisfy all the claims made,
or that the resulting computation gives 0, which we know to be in ;.

Before we begin, let us for ease of exposition introduce some notation. For a; € K*, we write
{a,a5,...,a,}
as shorthand for the subset
a;(K*)* U ay(K*)* U ... U a,(K*)?

of K*.
The key lemma, where the bulk of the computations take place, is the following:

Lemma 4.5. Let x € O,. Then 1 + ax € N(5) for a = +1,+2,+4,+5,+1/5. Furthermore, given
a specific choice of x € O, the values of these expressions (modulo squares) can be uniquely
constrained, and depend only on the value of x and 1 + x (modulo squares).

Proof. See Appendix A. The proof uses explicit calculations on a case by case basis, as explained
above. These are tedious, but elementary, and can be carried out following a straightforward algo-
rithm. Note that the cases a = +1, +5, £1/5 are essentially capturing the fact that these numbers
are units with respect to the dyadic valuation, while the cases a = +2, +4 are capturing the fact
that v(2) > 0. O

‘We are now ready to prove the critical
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Proposition 4.6. Forany x,y € O}, 1 —xy € N(5).

Proof. The key point is to note that for any a € K, we have the following decompositions, already
present in [1]:

1—xy= (1+ay)<1 +(1+x/a)1__i_a31}y)

=1+ ax)(l +(Q +y/a)1__i_a§x>.

Now define the following subsets of K* /(K*)?:

Dy(x,) = 1+ ay)N(a(l + x/a)y(1 + ay))
D2(x,y) = (1 +ax)N(a(1 + y/a)x(1 + ax))

D,(x,y) = D}(x,y) N D2(x,y) N N(xy).

Then it is a consequence of the above decompositions that 1 — xy € D,(x, y). By Lemma 4.5, for
a = +1,+5,+1/5, we can pin down the values of 1 + ax,1+ ay,1 + x/a and 1 + y/a, and this
allows one to compute the sets D,(x, y). It turns out that intersecting all the constraints obtained
in this way always uniquely pins down the value of 1 — xy modulo squares, and one can check,
case by case, that this value is always in N(5). The details are found in Appendix A. O

Corollary 4.7. The set O is a non-trivial valuation ring of K with residue characteristic 2.

Proof. We have shown that condition (ii) of Lemma 4.1 is satisfied for T = N(5). Condition (iii) is
trivially satisfied because —1 € N(5). Condition (i) is also straightforward: given any x & N(5),
one easily verifies that xN(5) = K* \ N(5), and hence N(5) U xN(5) = K*. Thus, Lemma 4.1
guarantees that @ = O(N(5)) is a valuation ring with @* c N(5). In particular, the valuation
is non-trivial.

As 2 ¢ N(5), the value of 2 is strictly positive, whence 2 becomes trivial in the residue field, and
hence the residue field has characteristic 2. O

Remark 4.8. We will choose a valuation v with @, = O, and denote the value group, maximal
ideal and residue field of v as ', M and Kv, respectively.

‘We now elucidate the structure of O, further. Put
A:={xeN():1+2x € N(5)} (4.3)

In Q,, this set coincides, by the ultrametric inequality, with the 2-adic integers with even valuation.
Hence, we expect the following

Lemma 4.9. 0, = A.

Proof. The inclusion @, C Ais trivial: if x € O, thenas2 € O;, we have 2x € O, sothat1 + 2x €
N(5).
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For the reverse inclusion, note that if x € A then 2x € O,. As O, is invariant under multipli-
cation by @ = +1,+5 and +5~!, we have that 1 + 2ax € N(5). Therefore, given x € A, ax also
satisfies the conditions required to be in A, for any a = +1, +5 and +57!, and so A4 is invariant
under multiplication by these numbers. Suppose therefore that we can prove that for any x € A
withx ~ 1,thatx € O,. Then as O, is also invariant under multiplication by those numbers, it eas-
ily follows that x € @, also when x ~ —1 or £5. Because @, C N(5) = {£1, £5}, these are the only
possible square classes of x. If x ~ 1, then in addition we know 1 + 2x € N(5) N N(-=2) = {1, —5}.
Thus, we need only consider the following two cases:

Casel :1+2x~1

We need to show thatforanyy € O, xy € O,. As O, isinvariant under +1, +5, +571 asbefore,
we can assume that y ~ 2, whence 1 —y € N(5) N N(2) = {£1}.

Suppose first 1 —y ~ 1. Then if 1+2x =a?, we get 1+2xy =(1—y)+a’y € N(-1)n
N(-2). But it is also in N(5) because —2x,y € O, whence 1 — (—2x)y € N(5) by Proposition 4.6.
So, 1+ 2xy ~ 1. Hence, 1 + 5xy = (1 + 2xy) + 3xy € N(—10) n N(10) = {1, 10}, using that 3 ~
—5.If 1 + 5xy ~ 10, we get 1 + 4xy = (1 + 5xy) — xy € 2N(5). But as O is aring, 2xy € O, and
so 4xy € O;, whence 1 + 4xy € N(5), contradiction. So, 1 + 5xy € N(5), whence it follows that
5xy € O, and hence so is xY.

Suppose now that 1 —y ~ —1. Then 1 + 2xy € N(2) n N(5) N N(—1) = {1}. Arguing as above,
1+ 5xy € N(5) and we are done also in this case.

Case2 :1+2x ~ —5|

First suppose y ~ 2,1 —y ~ 1. Then 1 + 2x = —5a? for some a, whence 1 +2xy = (1 —y) —
5a%y.As2x € 0,1+ 2xy € N(5) as well. Consequently, 1 + 2xy € N(5) N N(=1) n N(10) = {1}.

Itfollowsthat1 + xy = (1 +2xy) — xy € N(-2)NNQ2) ={1,2}.If1 + xy ~ 2,then1 + 4xy =
(1+ xy) +3xy € 2N(5). Butas4xy € 0,1 + 4xy € N(5) as well, giving a contradiction. Hence,
1+ xy ~ 1 and we are done.

Next suppose y ~ 2,1 —y ~ —1. Then as above, we get 1+ 2xy = (1 —y) — 5a’y for some
a,andso1+2xy € N(5)N—=N(—-10) N N(—1) = {5}. Now 1 + 5xy = (1 + 2xy) + 3xy € 5N(2)n
N(-10) = {-5,10}. If 1 + 5xy ~ 10, then 1+ 4xy = (1 + 5xy) — xy € —2N(5) N N(5) which is
empty. Hence, we must have 1 + 5xy ~ —5. That is, 5xy € O;, so xy € O, as well. O

As O* C O,, we have

Corollary 4.10. The units are
O*={xeN(5):1+2x € N(5)and 2+ x € N(5)} (4.4)
and the maximal ideal is the disjoint union M = O, U B where
B:={xeN(5:1+2xeN(5and2+ x & N(5)} (4.5)

Proposition 4.11. B = 20;.

Proof. If x € B,thenas 2+ x & N(5),1+ x/2 € N(5), so x/2 € O;, whence x € 20,. The other
direction follows easily from the previous lemma in a similar fashion. O

Proposition 4.12. v(2) is a minimal positive element in T.
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Proof. As ©®; C M, v(2) > 0. Now suppose we have x € M with v(x) < v(2), thatis,2/x € M =
O, U20,.1f2/x € 209,,then x~! € O, contradicting v(x) > 0. Thus,2/x € O,.Ifit were now the
case that x € O, then x ¢ N(5) by definition, so that x = +2, +10 modulo squares. Dividing by x2
implies that the same is true for x~!. Thus, 2/x = +1, +5 modulo squares, and hence 2/x € N(5),
contradicting the fact that2/x € ;. Hence, it must be that x € 209;,say x = 2y,y € O,. But then
v(2) > v(x) = v(2y) > v(2), which is absurd. O

Asv(2) > 0, itis clear that Kv has characteristic 2. We now prove that the residue field is exactly
[, and that the valuation is 2-henselian.

Proposition 4.13. The residue field Kv = F,.

Proof. 1tis possible to prove, using similar computations as before, thatif x € ©* then1 + x € M,
implying that O/ M contains only two elements. However, an anonymous reviewer suggested a
simpler argument inspired by the Galois characterisation of p-adic fields, which we gratefully
reproduce here.

First note that if a, b € O are such that 1 + 2a ~ 1 + 2b, then a — b € M. Indeed, suppose 1 +
2a = Ax?and 1 + 2b = Ay? for some A € {+1,+2, +5, +10}. Then clearly v(1 + 2a) = v(1 + 2b) =
v(1) = 0. As 2(a — b) = A(x? — y?), we have v(x? — y?) > 0. It follows that x = +y + 2z for some
z € O, and hence v(x? — y?) = v(+4zy + 4z%) > v(4), giving v(a — b) > 0 as desired.

Now let a4, ... a, be representatives in @ of the non-zero elements of Kv. The above obser-
vation shows that the set {1 + 2a,,...1 + 2a,, 1, 5} cover n + 2 distinct square classes, where we
have used that 1=1+2-0,5 =1+ 22 and that v(2) is minimal. Condition (4.4) implies that
every element of this set belongs to N(5), so by multiplying them all by 2, we conclude that
there are at least 2n + 4 square classes in total. As the total number of square classes in K is
precisely 8, this implies that n < 2. Kv cannot therefore be larger than F,, and so they must
coincide. O

Proposition 4.14. The valuation O is 2-henselian.

Proof. 1t suffices to show that @ extends uniquely to every quadratic extension of K, by Fact
2.2. This will follow from the fundamental inequality for valuations [4, Theorem 3.3.4] if we can
show that ef = 2 for any quadratic extension L of K, with e and f the ramification and inertia
degrees of L/K. This can be done in a number of ways, for example, by ‘lifting’ the ramifica-
tion/inertia degrees from k. The following particularly simple approach was suggested by an
anonymous reviewer.

Note that for any quadratic extension L/K, either ef = 2 or ef = 1. So it suffices to show that
ef # 1, that is, that the extension is not immediate. But L is necessarily obtained by adjoining a
square root of +1,+2, +5, +10, and hence contains as a subfield Q( \/&) fora € {+1,+2,+5,+10}.
However, the prime ideal 2Z of Z is either inert or ramifies in any such Q(\/&), and so Q along
with the 2-adic valuation admit no immediate extensions. Hence, neither can K. O

We can now complete the proof of the main theorem.

Theorem 4.15. Suppose Gi(2) ~ Gg, (2). Then there is a valuation v on K which is 2-henselian,
has discrete value group with v(2) as a minimal positive element, residue field F, and [T : 2T'] = 2.
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Proof. The only thing remaining to prove is that [T : 2I'] = 2. Note that I’ = K*/©%, and
OX(K*)? = N(5). As v(O*(K*)?) = 2T, and N(5) has index 2 in K%, this implies that

KX

r2r « ———
/ OX(K*)2

has order 2. O

Remark 4.16. Upon reviewing the proof, one finds that we did not need all of Gg(2), only the
significantly smaller quotient Gal(K"' /K), where K" is the so-called maximal Z/2Z elementary
meta-abelian extension of K. Indeed, Lemmas 3.2 and 3.4 clearly only need this quotient, and Pop
has shown ([17, section 2], in particular Lemmas 1, 2 and 6) that the Galois cohomology used is
already seen by Gal(K" /K). Therefore, Proposition 3.10 can be obtained using only this quotient,
and this is all that is required for the norm-combinatorics.

5 | APPLICATION: THE BIRATIONAL SECTION CONJECTURE

To demonstrate how the main conjecture, and hence main result, can provide number theoretic
consequences, we conclude with an application to the birational section conjecture. For details on
this conjecture and the area of anabelian geometry it falls under, see, for example, [11, 17] and [23].
The details behind this application are surely well-known to the experts, but the explicit nature
of Conjecture 1 and Theorem 1 allow for a particularly direct argument.

5.1 | Basic statement of the birational section conjecture

Recall that given a smooth, complete curve X over a field K, there is a canonical exact sequence
of Galois groups

1-G - Ggx) > G — 1, (5.1)

K(X)
where K(X) is the function field of X and K(X) = K ® x K(X).

Given any a € X(K), we can assign to it a ‘bouquet’ of group-theoretic sections s, : Gy —
Gk(x)- Indeed, let v, be the valuation on K(X) corresponding to a, and w the valuation on K(X)
corresponding to a preimage of a in X := X ® K (so w extends v). Now let I, and D,, denote
the inertia and decomposition subgroups groups of Gg(x) obtained by choosing an extension
of w to the separable closure K(X)P of K(X). Then Hilbert Decomposition Theory gives us a
commutative diagram

1 Greo GITX) GT{ 1
1 I, D, G, 1

with exact rows. Here G, denotes the Galois group of the residue field extension. It is known that
the bottom row admits sections see, for example, [12]. Any choice of such induces a section s,,
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of (5.1) such that s(Gg) C D,,. The set of sections s,, obtained in this way is typically referred to
as a ‘bouquet’ of sections, and the members of the bouquet are said to lie over a. The different
decomposition subgroups D,, corresponding to different prolongations of w to K(X)*P form a
conjugacy class under Ggx. In a similar manner, if v is a valuation which is trivial on K and has
residue field K, the same discussion shows that v induces a ‘bouquet’ of sections which are said
to lie over v. We call such valuations K-valuations.

The birational anabelian section conjecture of Grothendieck says that, for certain fields K, every
section of 5.1 lies over a unique a € X(K). This was proved in [11] in the case where K is a finite
extension of @,,.

5.2 | The pro-p version of the birational section conjecture

The exact sequence (5.1) does not necessarily remain exact upon taking maximal pro-p quotients.
Nevertheless, one can still consider sections of the canonical surjection

Gk(x)(p) » Gk(p), (5.2)

and show that a rational point a € X(K) gives rise a bouquet of sections s with image inside
a decomposition group of the associated valuation. These sections are once again said to lie
over a. The pro-p version of the birational section conjecture says that every section of (5.2)
lies over such a K-rational point of X. We will show that Conjecture 1 implies the pro-p
birational section conjecture, assuming that K is a finite extension of @, containing ¢,,. Pop
has shown in [17] that this conclusion holds already when considering a much smaller quo-
tient, namely the maximal Z/pZ elementary meta-abelian quotient. The pro-p version follows
from Pop’s theorem, but the proof we give here is independent. Both these quotient-variants
of the birational section conjecture imply the standard birational section conjecture (see [17,
p. 623]).

We also note that the generality of our main theorem means we can prove a statement for
varieties, not just curves, with no additional complications. The birational analogue of the sec-
tion conjecture in higher dimensions was proven by Stix in [24]. Here one finds that every
section lies over a unique K-valuation. When X is a curve, it is well-known that such valua-
tions correspond exactly to points. For higher dimensions, such valuations imply the existence
of a point, but there is no longer a bijective correspondence. In [18], Pop generalised Stix’s result
to the meta-abelian setting, but again, our proof here is independent.

Proposition 5.1. Assume Conjecture 1 holds, and suppose X is a smooth, complete variety over F of
dimension n > 0, where F is a finite extension of Q,, containing ¢ ,. Then given any section s of the
projection

GF(X)(p) > Gp(p),

there is an F-valuation w' on F(X) with s(Gr(p)) C D,,, the decomposition group of a prolongation
of w' to F(X)(p). The valuation w' and its prolongation to F(X)(p) are uniquely determined by s.

Proof. Lets : Gp(p) = Gpx)(p) be a section, and let K be the fixed field in F(X)(p) of s(Gg(p)).
Then Gg(p) =~ s(Gr(p)) =~ Gr(p). By Conjecture 1, there is a finite extension F’/@p (with a
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p-adic valuation w) and a valuation v on K satisfying the properties of the conjecture. In par-
ticular, Kv = F'w and there are uniformisers 7 and 7’ of (K, v) and (F’, w), respectively, such
that, for some natural number e, both v(p) = ev(rr) and w(p) = ew(x’). We claim that in our case
one can take F' = F.

First, the valuation v is the canonical p-henselian valuation on K as the finite residue field is
not p-closed, and the restriction u of v to F (which is relatively p-closed in K) is the canonical
p-henselian valuation on F and thus coincides with the p-adic valuation on F.

Now let e = ep /0, €F = €Fr/q, denote the ramification indices of F/Q, and F’/Q,), respec-
tively, and similarly let f, f denote the inertia degrees. As F C K, we know that |F'w| = |Kv| >
|Ful, and hence fr > frr. Let A be a uniformiser of F, so that u(p) = eru(1). As v(rr) is minimal
positive in ', and F C K, we have v(rr) < v(4), and thus the equality v(p) = u(p) implies that
e =e > ep.

But now the isomorphism Gp/(p) ~ Gr(p) means the Demushkin invariants of F and
F' match. In particular, the equality of n-invariants implies that N := [F" : @,] = [F : Q,].
Thus,

N=[F' :Q) =epfp 2epfr=[F:Q,]=N,

and hence ey = epr, fr = fpr. Therefore, (F,u) satisfies all the conditions stated for (F/,w)
in Conjecture 1 and hence we may take F’ = F instead. Moreover, we may assume that
m=A€F.

Then the restriction v’ of v to F(X) still has residue field Fv and v’/(7r) is a minimal positive
element. If H is the subgroup of I';, generated by v/(7), we let w’ denote the valuation obtained
from v” with value group I',, /H. The residue field of w’ contains F and carries a discrete rank-1
valuation induced by v’ with the same residue field and ramification index as (F, u), from which
it follows that the residue field of w’ must be precisely F, as (F,u) admits no proper immediate
extension. As (K, v) is p-henselian, so is the coarsening 1 of v with value group I, /H; note that
w’ is thus the restriction of w to F(X). Hence, K contains a p-henselisation of (F(X), w’), that is,
s(Gp(p)) C Dy, the decomposition subgroup of Ggx(p) with respect to the unique prolongation
of w’ to F(X)(p) which prolongs .

To show uniqueness of w’, assume there is another such valuation w”. Then w’ and w" give
rise to two different p-henselian valuations on K with non-p-closed residue field, which, by the
p-variant of Schmidt’s theorem [10, Proposition 2.8], must be comparable. Hence, so are w’ and
w’’, which is not possible as they are both trivial on F with residue field precisely F.

Finally, to show uniqueness of the prolongation of w’ to F(X)(p) containing s(Gp(p)) in its
decompositions group, note that two distinct such prolongations would restrict to two distinct p-
henselian, hence comparable, valuations on K, both prolonging w’. But K /F(X) is algebraic and
hence no two prolongations of w’ to K can be comparable. O

Corollary 5.2. Assume Conjecture 1 holds, and suppose X is a smooth, complete variety over F,
where F is a finite extension of Q,, containing .. Then there is exists a section of Gg(x)(p) > Gg(p)
ifand only if X(F) # 0.

Proof. The non-trivial direction is to go from a section to a point. Assuming a section exists, Propo-
sition 5.1 shows that one can construct a F-valuation w’ on F(X), thatis, a valuation which is trivial
on F and has residue field F(X)v = F. If @, is the corresponding valuation ring with maximal
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ideal M, then triviality of the valuation on F implies that we have a commutative diagram

Spec(F(X)) X
Spec(O,) Spec(F)

As X is complete, the valuative criterion of properness implies that there is a unique map i :
Spec(O©,,) — X for which the diagram still commutes. The image of M, under i is a closed
point of X with residue field K(X)v = F, and is therefore precisely an F-rational point of X, as
desired. O

Corollary 5.3. Assume Conjecture 1 holds, and suppose X is a smooth, complete curve over F, where
F is a finite extension of Q,, containing §,. Then every section of the projection Ggx)(p) » Gg(p)
lies over a unique F-rational point a € X (F).

Proof. This follows from the classical result that, for curves, all K-valuations come from K-rational
points. O

The main theorem therefore yields the following unconditional result:

Corollary 5.4. Suppose X is a smooth, complete variety over Q,. Then any section of the projection

Ga,x)(2) » Gg,(2)

lies above a unique Q,-valuation v, which corresponds to a Q,-rational point if X is a curve. In both
cases, the existence of a section implies that X(Q,) # 0.

Remark 5.5. As noted before, one can actually obtain the same conclusion using just the maximal
7 /27 elementary meta-abelian quotients. A key point here is that p-henselianity can be detected
purely from degree p extensions by Fact 2.2, which allows the arguments in Proposition 5.1 to
go through.

APPENDIX A
A.1 | Description of norm-combinatorics algorithm

In these appendices, we will detail the computations missing from the main text. While these
computations were initially verified by hand by way of a form of ‘yoga’ of norm-combinatorics,
the fundamentally algorithmic nature of the procedure allowed us to verify and streamline the
process using a computer program. The code, written in Python, is registered on Zenodo:

https://zenodo.org/badge/latestdoi/63322560

The code repository can be checked out and run on any computer with Python installed’. The
script ‘GenerateProof.py’ will produce several text-files, which comprise a fully fleshed out proof
of Proposition 4.6. For the reader not interested in running code, the text-files ‘ProofOfProposi-
ton.txt’ and ‘DetermineValuesCaseN.txt’ (N = 1,..8) can be downloaded directly and viewed on the

The only non-standard package required is the module Sympy, which can be found at http://www.sympy.org/en/index.
html
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Zenodo page. The file ‘ProofOfProposition’ is the main proof file, with the other files containing
details for how to pin down values of 1 + ax for various a.

Let us first describe what seems to be happening at a more abstract level, before describing
the explicit algorithm used. Suppose we are given the square values of x and 1 + x and want to
determine the value of 1 + nx for some integer n. Note that for any integer m, we have

1+nx=01+4+mx)+mn—mx. (A1)
We therefore define the following subset of K* /(K*)?:
C;(x) = N(=nx) N (1 + mx)N(—(1 + mx)(n — m)x).
Equation (A.1) implies that 1 + nx € CJ! (x). As this is true for every m, we get

l1+nxe ﬂ C(x), (A.2)

mez

which is a coset of an intersection of norm groups. These intersections, for each n, m, form a sys-
tem of dependencies between the square values of 1 + nx for every n € Z. In particular, because
every expression 1 + nx does have a square value, these intersections can never be empty. The
algorithm we implement amounts to showing that, given the norm lattice of K, there is only one
possible square value of 1 + nx which is consistent with these dependencies. The ‘correct’ value,
which corresponds to that expected” from the existence of a dyadic valuation on K, produces an
intersection of size 1, while any other choice produces an empty intersection. It is tempting to
speculate that the embedding of the norm lattice into the right framework may allow one to inter-
pret these intersection-dependencies as a system of linear equations with a unique solution. The
resemblance between expressions such as 1 — xy with arithmetic in the (2-truncated rational) big
Witt vectors W(K) over K, suggests one candidate for this framework, but not one we are able to
substantiate further.

The actual algorithm is now simple to describe. As input is given the square value of x,1 + x
and an integer n: the desired output is the square value of 1 + nx.

Step 1: Compute C7'(x). As this is a coset of an intersection of two norm groups, its size is at
most 4.

Step 2: Let y be one of the four possible values and assume 1 + nx ~ y.

Step 3: Pick some m # n. Compute the intersection C7"(x) N C}'(x) using the assumption from
Step 2. The value of 1 + mx lies in their intersection. If this intersection is empty, we know that the
assumption in Step 2 was false: go back to Step 2, pick a different choice of 1 + nx, and compute
the intersection for 1 4+ mx again. Repeat until a non-empty intersection is obtained.

Step 4: The non-empty intersection is again, at most size 4, and we simply repeat the above
procedure. Assume 1 + mx ~ z for one these 4 choices, pick some m’ # n, m, and compute the
intersection C;”, x)n C:l"' x)n C;l"' (x). If this intersection is empty, reject the choice z. Pick a new
choice and repeat.

The key point is that, if the initial choice y was bad, then this procedure terminates (i.e. pro-
duces an empty intersection) after a very short number of steps: typically only two or three
rounds suffice. Furthermore, given n = +2, +4, +5, it is always sufficient to pick m in the range

T Recall that, as a 2-adic integer z is a square in Z, if and only if z = 1 mod 8, the square class of expressions 1 + nx in Z,
can always be deduced by considering the valuation of nx.
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n—>5< m < n+ 5. In practice therefore, if the initial choice y does not produce a contradiction
after four rounds of the above algorithm, then one simply moves to the next case. In the next
section, we will explicitly show how this procedure terminates in all cases and gives the desired
output.

Remark A.1. Repeated use is made of the fact that we know the square class in k of every integer,
as it must be the same as in Q, by Proposition 3.10. As the computations only involve expressions
in x with integer coefficients, this suffices.

Verifying Proposition 4.6 is now easy. One simply computes all the decompositions D, (x, y) for
a = +1, +5. The square values of 1 + ax and 1 + ay are known by virtue of the above algorithm.
Intersecting all the constraints obtained in this way turns out to be enough to pin down the value
of 1 — xy precisely, and it can be seen to be in N(5) in all cases.

A.2 | Proof of Lemma 4.5 and Proposition 4.6

Let us now prove Lemma 4.5 using the algorithm described above. We want to show that for
X € 01,1+ ax € N(5) for a = +1,+2,+3, +4, +5,+1/5. The constraints C} (x) will take care of
allvalues of a except a = +1/5. For these, we will use the fact that we will have already determined
the values of 1 + mx for certain integers m. Indeed, note that to determine 1 + x/n for n = +5,
it suffices to determine n + x. Now note that if 1 + mx ~ k, then 1 + mx = kb? for some b € K.
Therefore, we find by simple arithmetic that

1
X = —— + mkc?
m
for some ¢ € K, and hence
1 2
n+x=(n——)+mkc
m

_hm=1 + mkc?. (A3)
m

Define the following subset of KX /(K*)?:
F} (x) = nN(—=nx) n m(nm — 1)N(—(nm — 1)(1 + mx))

By Equation (A.3), we have n + x € F); (x), and we can compute these sets using our knowledge
about 1 + mx. Intersecting several such subsets corresponding to values m = +1,+2,+3,+4,+5
provides a sufficiently stringent constraint on n + x to pin down its value uniquely in all cases.
The values n — x can be obtained via n — x = —(—n + x), using the same constraints.
We remind the reader that in Q,, and hence also in K, we have 3 ~ —5 and 7 ~ —1. This allows
one to easily reduce the value of any integer appearing in the proof to one of +1, +2, +5 or +10.
Finally, by convention we set N(1) = {£1, +2, +5, +10}.

Proof. We proceed by cases, based on the square classes of x and 1 + x. Throughout we use freely
Proposition 3.10 to determine intersections of various norm groups. The constraints from the
decompositions C} (x) are made explicit in the first few cases, and then quoted without comment.
Note also that x € @, implies x ~ +2,+10.If x ~ 2, then 1 + x € N(5) "N N(-2) = {1, -5}, and
similarly when x ~ —2 or £10. Therefore, the cases considered below are indeed exhaustive.
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]Casel :x~2,1+x~1\

1 1+2x € Cf(x) =N(-2x)N A+ x)N(—(1 + x)x) = N(-1) n N(-=2) = {1,2}. Hence, first-
order constraints did not suffice to pin down the value uniquely. Assume therefore that
1+2x ~2.Thenwehavel+3x € C;(x) =N(=3-2)N1-N(-1-1-(3-1)-2) =N(10)n
N(-1) = {1,10}. The constraint from C;(x) gives nothing new in this case, so we have
1+ 3x ~ 1 or 10. We consider both options in turn.

* Suppose 1+ 3x ~ 1. Then C;(x) = N(-10) N N(=2) = {1,-5}, and C;(x) = N(-10)n
2N(5) = {—2,10}. Hence, 1 + 5x € C;(x) n C;(x) = @: contradiction.

* Suppose 1 + 3x ~ 10. The same computation as above gives a contradiction once more."

Hence, our assumption that 1 + 2x ~ 2 must have been false, implying that 1 + 2x ~ 1.

(2) We have showed that 1+42x ~1. Thus, 1+3x € C’(x)NCi(x)=N10)NN(-1)n
N(-2) ={1}.

(3) Similarly, we can now compute that 1 + 4x € Cj(x) N C5(x) N C5(x) = {1}.

(4) 1+5x € C;(x)NCI(x) N C3(x) N Cj(x) = {1}.

(5) Intersecting all available constraints gives 1 — 2x € {1}.

(6) Intersecting all available constraints gives 1 — 3x € {1}.

(7) Intersecting all available constraints gives 1 — 4x € {1}.

(8) Intersecting all available constraints gives 1 — 5x € {1}.

(9) Intersecting all available constraints gives 1 — x € {1}.

(10) We have 5+ x € F}(x) =5N(-10)nN(-1) ={2,5}. Also, 5+ x € F}(x) = 5N(-10)n
3(15-1)N(—(15—-1)-1) = 5N(—10) n 10N(-2) = {5, —10}, using that 14 ~ —2. Hence, 5 +
x € {2,5}n{5,10} = {5}.

(11) Wehave 5 —x € —F;°(x) N —F,>(x) = {5,2} n{-2,5} = {5}.

’Casez :x~2,1+x~—5‘

(D) 1+2x € Ci(x) ={2,5}.
* Assume 1+2x~2. Then 1+3x€C’(x)NC5(x)={1}. But then 1+5x€C(x)N
C5(x) N C3(x) = @: contradiction.
Hence, 1 + 2x ~ 5.
(2) All further values, including fractional ones, are now obtained immediately by successively
constraining, in order, the remaining values. This gives: 1 +3x ~ —1,1 +4x ~ 1,1 + 5x ~
-51-2x~51-3x~-51-4x~1,1-5x~-1,1—-x~-1,54x~—-1,5—x ~ =5.

’CaseS :x~—2,1+x~1‘

(1) 1+2x € Ci(x) =N(2) ={1,-1,2,-2}.

* Assume 1+ 2x ~ —1. Then 1 + 3x € C;(x) N C5(x) = {10,-2}.
(i) If1+43x ~ 10, then 1 —4x € C{*(x) N C;*(x) N C;*(x) = @.
(i) If1+3x ~ =2, then 1 —2x € C;*(x) N C;2(x) N C;*(x) = @.

* Assume 1+ 2x ~ 2. Then1 + 3x € C;(x) N C5(x) = N(-10) = {1, -2, -5, 10}. Irrespective
of what choice one picks for 1 + 3x, a contradiction is obtained by considering 1 — 3x.

* Assumel+2x ~ —2.Then1 + 3x € C;(x) N C;(x) = {—5, —2}. Irrespective of what choice
one picks for 1 + 3x, a contradiction is obtained by considering 1 + 5x.

Hence, it must be that 1 + 2x ~ 1.

" Note that in this particular case, the assumption about 1 + 2x alone was enough to get a contradiction, but this is not
always the case. Typically the extra constraint from 1 + 3x is required.
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(2 1+3xeC(x)NC3(x) ={1,-2}

* Assume that 14 3x ~ —2. Then 1 +4x € C{(x) N C5(x) N C5(x) = {=2}, 50 1 +4x ~ —2.
But now a contradiction is obtained by considering 1 + 5x.

Hence, it must be that 1 + 3x ~ 1.

(3) 1+4x € C{(x)NCy(x) N C5(x) = {1,—2}. If we assume 1+ 4x ~ —2, a contradiction is
obtained by considering 1 + 5x. Hence, 1 + 4x ~ 1.

(4) All further values, including fractional values, are now obtained by successively constraining
the values remaining, in order. This gives1 + 5x ~1,1 —-2x ~1,1-3x ~ 1,1 —-4x ~ 1,1 —
5x~1,1—-x~1,54x~55—x~5.

’Case4:x~—2,1+x~—1‘

(1) 142x € Ci(x) ={-1,-2,5,10}
* Assume 1+ 2x ~ —1. Then 1+ 3x € C;(x) N C;(x) = {—2}. But now a contradiction is
obtained by considering 1 — 4x.
* Assume 1+ 2x ~ —2. Then 1+ 3x € C7(x) N C5(x) = {-2,—5}.
* If1+ 3x ~ —2, obtain a contradiction by considering 1 — 3x.
* If1+ 3x ~ —5, obtain a contradiction by considering 1 + 4x.
* Assume 1+ 2x ~ 10. Then 1+ 3x € C;(x) N C;(x) = {—2}. But now a contradiction is
obtained by considering 1 — 5x.
Hence, we must have 1 + 2x ~ 5.
(2) 1+3x € C3(x) N C3(x) = {-2,-5}.
* Assume 1+ 3x ~ —2. Then 1 + 4x € Cj(x) N C5(x) N C5(x) = {-1}. Now obtain a contra-
diction by considering 1 — 3x.
Hence, 1 + 3x ~ —5.
(3) All further values, including fractional values, are now obtained by successively constrain-
ing the values remaining, in order. This gives: 1 +4x ~ 1,1+ 5x ~ -1,1 —2x ~ 5,1 — 3x ~
-1,1-4x~1,1—-5x~—-51—-x~-554+x~-55—x~—1.

’CaseS :x~10,1+x~1‘

(1) 1+2x € Ci(x) ={1,-2}.
* Assume 1+2x ~—2. Then 1+3x € C}(x)NC3(x)={-2}. Now a contradiction is
obtained by considering 1 — 2x.
Hence, 1+ 2x ~ 1.
(2) 14+3x € C(x)NCy(x) =1{1,-2}.
* Assume 1+ 3x ~ —2. Then 1 + 4x € C{(x) N C5(x) N C5(x) = {-2}. Now a contradiction
is obtained by considering 1 + 5x.
Hence, 1+ 3x ~ 1.
(3) 1+4x € C/(x)NCy(x) N C3(x) = {1,-2}.
* Assume 1 + 4x ~ —2. Then a contradiction is obtained by considering 1 + 5x.
Hence, 1+ 4x ~ 1.
(4) Allfurther values, including fractional values, are now obtained by successively constraining
the values remaining, in order. This gives: 1 +5x ~ 1,1 -2x ~1,1-3x ~ 1,1 —4x ~ 1,1 —
5~1,1-x~1,5+x~55-x~5.

’Case6 :x~10,1+x~—5‘

(1) 1+2x € Ci(x) = {5,-10}.
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* Assume 1+ 2x ~ —10. Then 1 + 3x € C;(x) N C5(x) = {1,-1,2,-2}.
* If1 + 3x ~ 1, obtain a contradiction by considering 1 — 2x.
* If1 + 3x ~ 2, obtain a contradiction by considering 1 — 5x.
* If1 4+ 3x ~ —1, obtain a contradiction by considering 1 + 5x.
* If1 4+ 3x ~ —2, obtain a contradiction by considering 1 + 5x.
Hence, 1 + 2x ~ 5.
(2 1+3x e C(x)NC3(x) = {-1,-2}
* Assume 1+ 3x ~ —2. Then 1 + 4x € C}(x) n C;(x) N C3(x) = {10}. Now obtain a contra-
diction by considering 1 + 5x.
Hence, 1 + 3x ~ —1.
(3) 1+4x € C/(x) N C5(x) N C3(x) = {1,10}.
* Assume 1 + 4x ~ 10. Then one obtains a contradiction by considering 1 + 5x.
Hence, 1+ 4x ~ 1.
(4) All further values, including fractional values, are now obtained by successively constrain-
ing the values remaining, in order. This gives: 1 + 5x ~ —5,1 —2x ~ 5,1 —3x ~ —=5,1 —4x ~
,1-5x~-1,1—-x~-1,5+x~—-1,5—x ~ —=5.

\Case7 :x~—1o,1+x~1\

(D) 1+2x € Ci(x)={1,-1}.
* Assume 1 + 2x ~ —1. Then a contradiction is obtained by considering 1 + 3x.
Hence, 1+ 2x ~ 1.

(2) All further values, including fractional values, are now obtained by successively constraining
the values remaining, in order. This gives: 1 +3x ~1,1+4x ~1,1+5x~1,1-2x ~ 1,1 —
3x~1,1-4x~1,1-5x~1,1-x~1,5+x~55—x~5.

’Cases :x~—10,1+x~—1‘

(M) 1+2x € Ci(x) ={5,-1}.
* Assume 1+ 2x ~ —1.Then 1 + 3x € C;(x) N C;(x) = {2}. Now a contradiction is obtained
by considering 1 + 4x.
Hence, 1+ 2x ~ 5.
(2) All further values, including fractional values, are now obtained by successively constrain-
ing the values remaining, in order. This gives: 1 + 3x ~ —=5,1+4x ~ 1,1+ 5x ~ —1,1 — 2x ~
51-3x~-1,1-4x~1,1-5x~—-51—x~—-554+x~-55—-—x~—1.

This completes the proof. O

The results of these computations that are used in the proof of Proposition 4.6 are summarised
in Table Al. For each possible combination of x and 1 + x, x € O, the corresponding row gives
the square values of 1 + ax for different values of a.

We are now ready to prove Proposition 4.6. The proof strategy was explained in the main text.
Table Al gives us all the information required to produce strong constraints on the possible values
of 1 — xy for each pair x,y € ;. We specify sufficient decompositions D,(x, y), D, (¥, x) in each
such case to force 1 — xy € N(5).

Before proceeding, observe that any x € 9 is of the form 2ab? where a € {+1, +5}. As for any
such a and any othery € O,, ay € O, we can without loss of generality always assume that x ~ 2.
By the symmetry of x and yin 1 — xy, thecase x ~y ~ 2,1+ x ~ —5,1 + y ~ 1 follows from the
case defined by swapping x and y. The cases checked below are therefore exhaustive.
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TABLE A1l Stability of O, under N(5)

X 1+x 1-x 1+5x
2 1 1 1

2 =5 -1 -5

-2 1 1 1

—2 -1 =5 —1

10 1 1 1

10 -5 -1 -5
-10 1 1 1

-10 -1 -5 -1

1+5x 1-51x
1 1

=5 -1

1 1

-1 =5

1 1

=5 -1

1 1

-1 =5

Proof (Proposition 4.6). By the above discussion, we only need to check the following cases:

]x~11+x~Ly~11+y~1y

1—-xy € D;(x,y)nD_;(x,y) N Ds(x,y) = {1} C N(5).

]x~11+x~Ly~11+y~—ﬂ:

1—-xy € D;(x,y)nD_;(x,y) N Ds(x,y) = {1} C N(5).

[x~214+x~Ly~=214y~1]:
1—xy € D;(x,y) N Ds(x,y) = {1} C N(5).
’x~2,1+x~1,y~—2,1+y~—1‘ :
1—xy € D;(x,y)nD_;(x,y) = {1} C N(5).
(x~21+x~1Ly~10,1+y~1]:
1—xy € D;(x,y) ={1,—1} C N(5).
]x~;1+x~Ly~mJ+y~—ﬂ:
1—-xy € D;(x,y) ={1,—5} C N(5).
]x~;1+x~Ly~—mJ+y~1y
1—xy € D;(x,y)nD_;(x,y) = {1} C N(5).
]x~11+x~Ly~—mJ+y~—w:
1—-xy € D;(x,y) N Ds(x,y) = {1} C N(5).
]x~z1+x~—iy~zl+y~—ﬂ:

1—xy € D,(x,y) N D_y(x,) N Ds(x,y) = {5} C N(5).

[x~21+x~=5y~-21+y~1]|:
1—xy € D;(x,y)nD_;(x,y) = {1} C N(5).
’x~2,1+x~—5,y~—2,1+y~—1‘ :
1 —xy € Dy(x,y) N Ds(x,y) = {5} C N(5).
]x~;1+x~—iy~mJ+y~1y
1—-xy € D;(x,y) ={1,—5} C N(5).
]x~;1+x~—iy~1Q1+y~—5y
1—xy € D,(x,y) ={5,—5} C N(5).




RECOVERING p-ADIC VALUATIONS FROM PRO-p GALOIS GROUPS 33 0f 38

]x~2,1+x~—5,y~—10,1+y~1\ :

1—xy € Dy(x,y) N Ds(x,y) ={1} C N(5).

]x~2,1+x~—5,y~—10,1+y~—1\ :

1—xy € Dy(x,y)nD_y(x,y) = {5} C N(5).

In all cases 1 — xy € N(5), completing the proof. O

APPENDIX B: RULING OUT THE EXCEPTIONAL CASE

In this section, we aim to prove Proposition 3.9, that is, that the exceptional Case B of Lemma 3.8
cannot occur.

B.1 | Preliminary observations about Case B

Recall that g,(K) = 3, and we have independent elements —1 and 2 in K* /(K*)?, with each norm-
group having dimension 2. Therefore, we can always pick ¢ € K independent of —1 and 2, with
¢ € Ng(=1). Hence, K*/(K*)? = {1,-1,2,-2,¢,—c, 2¢c, —2c}.

Thus, we automatically have Ni(—1) = (2,c¢), and N¢(2) = (—1, 2). Consider N(c). Trivially,
we have —c € N¢(c). If 2 € Ng(c), then ¢ € N¢(2) by reciprocity. As this is not the case, we have
2 & Ng(c). Thisrules out +2c being in N¢(c) as well, which implies we must have Ny (c) = (—1, ¢).
Using the fact that the norm groups need to be entirely distinct, as K is Demushkin, one can
proceed similarly to determine the norm groups of K. We end up with the following ‘lattice’:

Ng(-1) =(2,¢)
Ng(2) = (-1,2)
Ng(=2) = (2,—c)
Ng(c) = (-1,¢)
Ng(—c) ={c,—2)
Ng(2¢) = (-1, 2¢)
Ni(=20) = (—¢, ~2)
B.2 | Motivation

Because the proof which follows, presented without motivation, would no doubt appear extremely
ad hoc to the reader, we also discuss some of the reasoning that led to its discovery.

By refining the analysis of Case B carried out in Lemma 3.8, one can show, in the case where
dimFP k* /(k*)? = 3, that k admits both an ordering and a p-adic valuation with p = 5(8) and a
residue field that is not 2-closed.” Let k* denote the henselisation of k with respect to this p-adic
valuation. In this case, 2 is a square in the real closure of k but not in k, so we must have that
2 ¢ (k")? and so, by henselianity, 2 ¢ (k"v,,)?. Thus, k"(1/2) is the unique unramified quadratic

To see why, note that in this case one has ¢ ¢ N (2) but, being positive, c € N ,’6(2) with k" the real closure. Taking an
inverse limit over the valuations/orderings for which ¢ € N, (2) produces a valuation on k which is either dyadic, putting
us back in Case A, or is as described here. It cannot be another ordering, by construction.
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extension of k", and so O(N «(2)) defines the p-adic valuation ring in k", and hence also in k. The
‘yoga’ of norm-combinatorics suggests that O(Ng(2)) should then also define a valuation on K,
again with residue field not 2-closed. This would provide a contradiction, using the main results
from [10].

The process of attempting to carry through the norm-combinatorics in this case lead the authors
to a contradiction in any situation where 3 ~ 1 or 3 ~ 2, as in sub-case B;. Sub-case B, was found
to be ruled out in a similar manner. The contradiction can be understood, in both sub-cases, as
showing that certain elements which necessarily exist in K, due to K being Demushkin, are incom-
patible with the norm group information inferred from k (e.g. the square value of 3). These are
elements which cannot exist in k because of the existence of the ordering, and as, ‘morally’ speak-
ing, K should inherit the valuation-theoretic information of k, these elements should therefore
not exist in X either.

B.3 | Proof of Proposition 3.9

We deal with the two sub-cases separately.

Case B,

We need two preliminary lemmas, which show that certain arithmetic features of K are in this
case independent of whether 3 ~ 1 or 2. Note that the norm groups in what follows are computed
using the norm lattice presented in the previous section.

Lemma B.1. Assume 3 ~ 2. Let x € K be such that x ~c,1+ x ~ =2, and y € K be such that
y ~ —=2¢,1+y ~ —1. Then it is necessarily the case that 1 —x ~land1—y ~ 1.

Proof. Let us first show the claim about x.

First note that 1—x=(1+x)—2x € Ng(c)N—2Ng(—c)={l,c¢}. If 1—x~c, then
1+2x=(1+x)+x=(1—x)+3x € Np(—2c) N —2Ng(2c) NcNg(—2) = {-2},501 + 2x ~ —2.
But then 143 x=(0Q+x)+2x=(1+2x)+x =1 —x)+4x € Ny(—2c) N 2Ng(c)N
—2Ng(2¢) N cNg(—1) = @: contradiction. Hence, it must be that1 — x ~ 1.

Next we show the claim about y.

We have 1—y=(1+y)—2y € Ny(—2c) N —Ng(c) ={1,—c}. Suppose 1—y ~ —c. Then
we find 1+2y=(01+y)+y=00—-y)+3y € Ny(c) N —=Ng(—2c) N —cNg(-1) = {-—1}.
Also, 1-2y=010+y)-3y=010-y)—y=00+2y)—4y € Ny(—c) N —Ng(c)n —cNg(2) N
—Ng(2c) = @: contradiction. Hence, 1 —y ~ 1.

The proof is complete. O

Lemma B.2. Assume 3 ~ 1. Let x € K be such that x ~c,1+x ~ =2, and y € K be such that
y ~=2¢,14+y ~ —1. Then it is necessarily the case that1 —x ~ 1,1 —y ~ 1.

Proof. Let us first show the claim about x.

First, 1 —x = (1 + x) — 2x € Ng(c) N —2Ng(—c) = {1,c}. Assume that 1 —x ~ c. Then 1+
2x=(1+x)+x=(1—x)+3x € Ny(—2c) N —2Nr(2c) N cNg(—1) = @: contradiction. There-
fore,1 —x ~ 1.

Next we show the claim about y.
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First, 1—y =(1+y)—2y € Ng(—2c) N —Ng(c) ={1,—c}. Suppose 1—y ~ —c. Then we
find14+2y=0+y)+y=(0-y)+ 3y € Ng(c) N —=Ng(—2c) N —cNg(—2) = @: contradiction.
Hence,1—y ~ 1.

The proof is complete. Ol

We now rule out sub-case B;. Concretely, we will show that we cannot have both Np(—c) =
(=2,¢) and Nr(2c) = (-1, 2c). Therefore, one of these two norm-groups must have dimension 1,
contradicting the fact that K is Demushkin.

Proof (Proposition 3.9 B;). We have that —2 € Nr(—c), so, after dividing by suitable squares,
we may pick an element x € K with x ~ cand 1 + x ~ —2. Also, as —1 € Ny(2c), we may sim-
ilarly pick an element y € K with y ~ —2¢,1 4+ y ~ —1. By Lemmas C1 and C2, we know then,
irrespective of the square value of 3,that1 —x ~ 1,1 —y ~ 1.

Now consider 1 — xy. Note that we have, as in Case A, the canonical decompositions

1—xy=0+ ay)<1 +Q+a'x) 1:La§y> (B.1)

for any a € K. If we define

Gy(x,y) = (1 + ay)N(a(l + a ' x)y(1 + ay))
then 1 — xy € G,(x,y) by Equation (B.1). Similarly, 1 — xy € G,(y, x). We also trivially have 1 —
Xy € Nr(xy) = N(—2). We now compute, using the results of Lemmas C1 and C2, that

Gi(x,y) = =1+ Ng(=2-(=2¢) - (1)) = =Ng(-¢)
G_;(x,y)=1-Ng(-1-1-(-2c) 1) = Ng(20c).

Hence,

1—xy € Np(—2)N—=Ng(—c) N Ng(2c) = @,

which gives the required contradiction. [l

B.4 | CaseB,

In this case, we have that 3 is independent of +1,+2 in k, N;(2) = (2,3), and k*/(kX)* =
(—1,2,3). The proof of Lemma 3.8 shows that Case B, arises when N;(—1) has dimension 1, as
otherwise the existence of the ordering on k forces the equality N, (—2) = (2) and thus 3 ~ 1 or
3 ~ 2.As 2 € N;(—1), it follows that in Case B, that N, (—1) = (2). Additionally, we always have
the equality N (2) = (—1,2). This follows from the fact that the corresponding equality has to
hold in K, as K is Demushkin and the right-hand side is trivially contained in N(2). The norm
groups N, (a) for a = +3, +6 can be easily deduced from this, using reciprocity and the fact that
N, (—3) and N, (—6) must contain only positive integers (modulo squares), due to the ordering on
k. We get

Ni(=1) = (2)

Ni(2) =(-1,2)
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Ni(-2) =(2,3)

Ni(3) = (-2,-3)

Ni(=3) = (3)
N (6) = (-2,3)
Ni(=6) = (6).

Using this lattice, it is easy to deduce the following
Lemma B.3. In sub-case B,, 5~ 2ink.
Proof. Wehave5=1+4+4 =243 & N;(—1) N 2N, (-6) = {2}. O

Next, as k is relatively algebraically closed in K, N;(—2) = (2,3) generates a subspace of
N (—2), and being of the same dimension they are thereby equal. By reference to the lattice pre-
sented in Section B.1, we know Ny (—2) = (2, —c), implying that 3 ~ —c or 3 ~ —2c. As the lattice
in Section B.1 is invariant when replacing c by 2c¢, we may without loss of generality take c = —3.
This gives us the following lattice for K:

Ng(-1) =(2,-3)
Ng(2) =(-1,2)
Ng(=2) =(2,3)
Ng(=3) =(-1,3)
Ng(3) =(-2,-3)
Ng(=6) =(-1,6)
Ng(6) = (=2,3).

The fact that Ni(—6) = (—1, 6) implies that there exists an x € K with x ~ 6,1+ x ~ —1. On
the other hand, we prove that

Lemma B.4. There can be no element x ~ 6 with 1 + x ~ —1 in K, under the assumptions of sub-
case B,, provided that 5 ~ 2 in K.

Proof. Indeed, consider the element 1 — 3x. We have
1—-3x = (14 x)—4x € Ny(3x) N =Ng(—4x) = N¢(2) N =Ny (—6) = {1,-1}. (B.2)
Assume that 1 — 3x ~ 1. Then
1-2x=04+x)—-3x=(10-3x)+x
€ Ng(2x) N —=Ng(—3x) N Ng(—x)

= Nr(3) N =N (=2) N Ny (-6) = @, (B.3)
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giving a contradiction. So, it must be that 1 — 3x ~ —1. In this case,
1—2x € Ng(2x) N —=Ng(—3x) N —Ng(x) = {-3}, (B.4)
using the same decompositions as above. But, finally, this implies that
1-5x=(04+x)—6x=(1-3x)—2x=(1—-2x)—3x
€ Ng(2x) N —=Ng(—6x) N —=Ng(—2x) N —3Ng(—x)
= Ng(3) N =Ng(—=1) N =Ng(—3) N —3Ng(-6) = @, (B.5)
a contradiction which completes the proof of the lemma. O

To finish the argument, 5 ~ 2 in k implies 5/2 € k? C K?, and hence 5 ~ 2 in K. Thus,
Lemmas B.3 and B.4 generate a contradiction, which rules out sub-case B,.
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