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Observation of gravitationally induced entanglement between two massive particles can be viewed as imply-
ing the existence of the nonclassical nature of gravity. However, weak interaction in the gravitational field is
extremely small so that gravitationally induced entanglement is exceptionally challenging to test in practice.
For addressing this key challenge, here we propose a criterion based on the logical contradictions of weak
entanglement, which may boost the sensitivity of the signal due to the gravitationally induced entanglement.
Specifically, we make use of the weak-value scenario and Einstein-Podolsky-Rosen (EPR) steering. We prove
that it is impossible for a classical mediator to act on two local quantum objects to simulate amplified-weak-
value phenomenon in two-setting EPR steering. Our approach can amplify the signal of gravitationally induced
entanglement that were previously impossible to observe, by any desired factor that depends on the magnitude
of the weak value. Our results not only open up the possibility of exploring nonclassical nature of gravity in the
near future, but also pave the way for weak entanglement criterion of a more general nature.

I. INTRODUCTION

Quantum theory and general relativity, the two backbones
of modern physics, have been verified with very high preci-
sion in their respective fields. Yet, it is hard to unify them
into a unique corpus of laws. One possible route to that gen-
eral theory is the quantisation of gravity, with the same spirit
as other field theories. However, there is a long-standing de-
bate whether gravity should be quantized [1-5]. Traditionally,
it is believed that the effects of quantum gravity should oc-
cur at high energy scales or in the short length regime which
are beyond the reach of current technology. Recently, there
has been a revival of the idea of a tabletop probe, which
highlights the interaction of the probe mass with the gravi-
tational field generated by another mass [6—10]. Especially,
two gravity-induced-entanglement tests, sometimes called the
Bose-Marletto-Vedral (BMV) experiments [11, 12], have been
proposed, which may be use to expose the quantum nature of
gravity. BMV’s protocol aims to provide a firm evidence on
whether the gravitational field is mediated by the transfer of
quantum information. Bose ef. al. suggest that if we ad-
mit the central principle of quantum information theory: en-
tanglement between two systems cannot be created by local
operations and classical communication (LOCC), then gravi-
tationally induced entanglement indicates that gravity must be
quantum [12]. On the other hand, Marletto and Vedral argue
for this view through a more general information-theoretic ar-
gument [11, 13], which is based on constructor theory [14].
Specifically, one does not need to assume any specific dynam-
ics law of mediators (in this case the gravitational field) to
justify the conclusions of creating entanglement in the exper-
imental proposal [11, 13]. In this article, we will focus on
the quantum formalism. Till now, a variety of advanced the-
oretical and experimental proposals have been suggested to
investigate the gravitationally induced entanglement and non-
classicality [15—40].

Entanglement witnesses are a suitable method for measur-

ing the gravitationally induced entanglement [41, 42]. Un-
fortunately, due to the extremely weak strength of gravity, a
“strong” and detectable entanglement signal might require a
longer interaction time of massive particles in a superposi-
tion of two location (matter-wave-like interferometer), which
poses a serious challenge to current experimental techniques.
As we all know, a general rule of thumb is that the larger and
heavier a particle is, the shorter its coherence time. In particu-
lar, the experiments must be implemented within the coherent
time otherwise the loss of entanglement due to decoherence
would prevent us from concluding anything about the quan-
tum nature of gravity. Is it possible to detect weakly entangled
signals with limited coupling time for a given mass of parti-
cles and a finite resolution or sensitivity of the measurement
devices? Could we amplify the signals of these non-classical
correlations? This is an issue that has not been mainly consid-
ered in previous studies [15—40] and is also the main motiva-
tion for our present paper.

There is a famous parametric amplification approach in
quantum information field, called weak-value amplification
[43-45]. Weak values have their root in quantum weak mea-
surement, which describes a weak coupled measurements,
proposed by Aharonov, Albert, and Vaidman [43]. Weak-
value amplification exploits the fact that the post-selection of
the weak measurement of a pointer can yield an amplified shift
which is exceptionally sensitive to small changes in an inter-
action parameter. This has been successfully applied to the
estimation of a range of small physical parameters [45], in-
cluding beam deflection [46, 47], frequency shifts [48], phase
shifts [49] and so on.

In this article, we propose a criterion for determining weak-
gravitationally-induced entanglement, which makes use of
a weak-value scenario and Einstein-Podolsky-Rosen (EPR)
steering [50-52]. Specifically, we unify the weak measure-
ments (weak value amplification scenarios) in the framework
of EPR steering. Similar to the Bell test [53, 54], we con-
sider two sets of measurement bases that can be randomly se-



lected, one of which is the normal measurement basis (e.g.,
the computational basis) and the other one corresponding to
weak value amplification. We present a comparison of two
predictions of the quantum and classical mediator, the mea-
surement probability distribution and the measurement visi-
bility. We show that in the case of weak entanglement, the
classical mediator (in this case, the gravitational field) cannot
simulate the results related to the measurement visibility of
weak-value basis, thus ruling out the separable model. Con-
cretely, our approach can amplify the signal of gravitationally
induced entanglement by any desired factor that depends on
the magnitude of the weak value. Compared to the previous
protocols, our approach allows us to observe entangled sig-
nals that were previously impossible to observe. Besides, our
criterion is not limited to the detection of weak entanglement
in gravity. It is applicable to more general case of weak en-
tanglement, including potentially macroscopic entanglement.

II. QUANTUM FORMALISM OF BMV EXPERIMENTS

Here we focus on the quantum formalism of BMV exper-
iments. As shown in Fig. 1, BMV proposal is presented.
Two quantum mass Q 4 and Qp are initially at distance from
each other. Each mass individually undergoes Mach-Zehnder-
type interference in parallel, and interacts with the other mass
via the gravitational fieldwhich plays the role of the mediator
M. Under the assumption of locality, observation of gravita-
tionally induced entanglement between Q 4 @ Qp is the in-
direct evidence of nonclassicality (quantumness) of the me-
diator M [11-13]. Specifically, The initial state of system
Q4 and system Qp is a separable state (by the first beam
splitter), donated as g4 ® op = |+)a(+| ® |+)B{+|, where
|+) = \%(|O> +11). Since the masses on different paths inter-
act via the gravitational field, the state of the composite system
becomes, before they enter their respective final beam split-
ters, oap = A(oa ® op), where A(-) is the map of channel
(operation) acting on quantum systems Q 4 and Qp induced
by the mediator M. If the quantum state 9 4 5 can not be writ-
tenas ), pi0Y ® 0%, then o is a entangled state, which in-
dicates that the action A(-) is a entanglement operation. This
results may be the evidence of quantumness for mediator M
[11, 13, 39] . On the contrary, a classical mediator can only
produce unentangled quantum state for quantum systems Q 4
and Qp , that is 0G5 = A%(0a ® 0p) = Y, pid’y ® 0.
where A (-) denotes the effective channel induced by a clas-
sical mediator.

Weak-value scenario of BMV experiments. Under the time
evolution of the joint state of the two masses is purely due
to their mutual gravitational interaction [11, 13]. Thus, the
channel A(-) of quantum mediator M mentioned above (in
Fig. 1) is an umtary operatlon Sq%)emﬁcally, the unitary is

given as U = exp(—i =cos(Sr- ) ® I—|—zsm(A¢7)Z®
Z, where H = A2¢Z ®Q 7 is the Hamiltonian of the two
mass is [23, 24] , in which A¢ = Gmlmg(é - \/ﬁ)
After the unitary evolution, the joint quantum state of Q 4 and
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FIG. 1: Symmetric Bose-Marletto-Vedral experiment for testing
gravitationally induced entanglement. There are tow mass Q 4 and
Op. Each mass individually undergoes Mach-Zehnder-type interfer-
ence in parallel, and interacts with the other mass via gravity.

Qp becomes

[U) =Ul+)a ®|+)B
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which is a two-qubit entangled state. Without loss generality,
|¥) can be rewritten in other basis. For the qubit case, the
identity can be expressed as I = |e) (€| + |e1)(e*], satisfying
{e*|e) = 0. Here we define |¢) = €[0) — /1 — €2|1) and
let) = V1 — €2|0) + €|1), where € is a real positive number.
Now the composite state becomes

= cos(
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where a = (+), B = ('), X =
cos(550)+)p + ISIH(MT)A%\ ), and |Yc) =

cos(%‘?ﬂ—i—} + zsm(Ad’T A€ |-). As can be seen, the
weak values are embedded in the quantum states|x.) and
(elZ|4) _ ervi=e

[Xc1), whifh are given as Aj, = o5t = —vi—e and
AS = <€<6 lﬂ? = ==t \/Ll:gz = — Alfu respectively. From

the nature of |U), it follows that if the quantum system Q 4
is projected into |¢) (Je*)), then the quantum state of system
Qp will collapse to (unnormalized) state |X.) (|X..)), and
vice versa. The amplified weak-value A, can be achieved
if the result of the collapse of quantum system Q4 to |e)
when o = (e|4) is very small. From this perspective, the
generation of weak value can be explained as it originated
from EPR steering [50-52], which is determine by the
measurements of one of the parties [55].

As we have shown above, the weak value A¢, (Afj) deter-
mine the form of the quantum state |Y.) (|X..)). The larger
the weak value A¢, the bigger (smaller) the component |—)
of the quantum state |X.) (|X..)). According to the theory
of weak-value amplification, the quantum state |x.) is more
likely to be accurately measured with big weak value AS
when the phase parameter ¢T is extremely small. So one
may use such amplification phenomenon to enhance sensitiv-
ity of signal of gravitationalliy induced entanglement. Unfor-
tunately, the weak-value amplification approach is specific to
parametric amplification, and it cannot be used directly to rule




out the possibility of classical models. Therefore, one need to
find an entanglement criterion with weak-value amplification
to exclude the model of classical mediator.

III. EPR STEERING AND WEAK-VALUE SCENARIO

Here we focus on how to construct an entanglement crite-
rion with the weak-value amplification. As we have shown
above, the weak-value scenario is a special case of EPR steer-
ing, which corresponds to one-measurement setting. It is
known that the experimental results of one-measurement set-
ting in EPR steering can be easily simulated by a local model.
Therefore, from this point of view, the amplified weak value
in BMV experiments may be simulated by a classical media-
tor. That is, one cannot determine the quantumness of gravity
directly with a weak value amplification scenario. In general,
EPR steering scenario needs at least two different measure-
ment bases (two-measurement setting) to determine whether
the joint quantum state is steerable (entangled) or not. Hence,
one may consider exploiting the EPR-steering scenario to de-
termine entanglement while keeping the measurement basis
corresponding to the weak value amplification as one of the
two measurement bases for EPR steering.

Nowadays, EPR steering has been heavily studied, includ-
ing the detection of various linear and nonlinear inequalities
(see review [56]) . There are also some quantum steering para-
dox based on logical contradictions [57-59]. However, we
will show that none of these can be directly used for the verifi-
cation of weakly amplified versions of quantum steering. The
reason is that all of these depend on the expectation value,
which is related to the probability (the probability of weak
amplification is very low). This could lead to experimental
errors masking the true entangled signal. In the following, we
consider not only the probability distribution of the steered
quantum states, but also introduce a physical quantity, the vis-
ibility of the measurement (IT) of one of subsystem, i.e. Op.
We express this quantity in terms of V' = Tr(opII), where o5
is the steered normalized density matrix of Q. We will show
that the genuine entanglement signal is hidden in the visibil-
ity. Satisfying all conditions of probability distribution and
visibility allows us to exclude any separable state model.

IV. WEAK ENTANGLEMENT CRITERION

In general EPR steering scenario, there are two parities,
one of which is trusted the other is untrusted. In that case,
Local hidden state (LHS) model is considered [52] to sim-
ulate the predictions of genuine EPR steering. Fortunately,
in the following, we do not need to make use of LHS model
(separable model is considered) to analyze the steering since
two parities are trusted (controlled by ourselves) and the sys-
tem Q4 and Qp are genuine quantum states. As mentioned
above, the quantum states generated by quantum mediator
is |U) = cos(B27)[+)al+) 5 + isin(527)|—)a|—)p [60].
Here we set two measurement basis for Q 4 are {|0),|1)} and

{l€), |e+)} respectively, we have four steered but not normal-
ized quantum states

P = 51636415,
sa oy 1
75" (@) = 510-) (@I, )

3514 (@) = |aPTr(1Re) (e Ixe) (el 35
5% 14(Q) = 1BPTr(|Rer) (Rer Dlxer )Xt |5,

where a = (e|+), B = (et|+), |p1) = cos(Az‘;T)H} +
. . AGT e (Re

isin(30)-), Il = il x| =
% and gp represent the unnormalized quantum
states ((Q) represents the quantum mediator). Eqn. (3)
indicates that when we project the quantum states of O 4
to |0),[1), ]e),|et)}, we get the quantum states of Qp are
|o4), [d=), Ixe)s |xer ) with probabilities

{p(0,¢+) ; p(1,¢—)’p(67xe) , p(6L7X€L)}

S R o “4)
=15 5 " Tr(Ixe) {(xel), 1817 Tr([Xer ) (Xex D)

respectively. If there exists a separable model (classical me-
diator) can fake the results of Eqn. (27), then one does not
convinced that Q 4 can steer Og’s quantum state (namely,
Q4 and Qp are unentangled). Otherwise the separable model
contradicts with the quantum predictions. However, since
the precision of the measurement devices is limited [61], we
may not be able to measure the signal of weak entangle-
ment. One can verify that when the entanglement is extremely

weak (i.e., % is very small), the probability p(¢:Xe) =

[ Tr(|%) (Xel) = Jof2[cos?(B47) + sin(57)| A5, 2] will

be very small so that the measurement device with resolution
v > plexe) /(plexe) 4+ p(eL’XeU) can not distinguish whether
O 4 and Qp are entangled or separable or not [62]. Therefore,
we cannot directly determine weak entanglement in this way.
Similarly, entanglement witness and other inequality methods
to calculate the expectation value will also fail in this case.

Here we note that the Eqn. (3) and (27) may cover the pre-
dictions of visibility of the measurement of Qp (steered state)
when the heralded probability is very small, i.e. p(&X<) — 0.
Here we show that the visibility of measurement of system
Qp is more robust and powerful to detect weak entanglement.
Without loss generality, we define the visibility of projective
measurement I1; is

Vi, (o) = Tr(ILioR), )

One can see that, for a pure qubit, the maximal visibil-
ity is 1 while for a mixed state, it is impossible to ob-
tain the visibility equals to 1. Let’s set {IIg, II;,IIo, II5}

are {‘¢+><¢+|7 |¢7><¢7|a |Xe><Xé|7 |Xe¢><X€J~ ‘} respeCtiveIY'



Now we have four sets of measurement visibility

Vin, (051) = Tr(|é4) (64 |0l ),
Vin, (04) = Tr(jo_) (¢—|o5 "), ©
Vin, (0551) = Tr(lxe) (xelofs ),

Vi (0l ) = Tr(lxes ) (xes Loy ),

€
where Qg)‘A, QS‘A, gg“‘, gg 4 are the steered and normal-

ized quantum state of Qp. Obviously, the steered states of
Eqn. (3) satisfy that all above V' are equal to 1. That is

€ EJ'
V2 (0514) = Vi (041) = Vi (051 = iZ (o5 1) =1,
@)

J

in which label () indicates quantum prediction. As we ana-
lyzed before, in the case of extremely weak entanglement, the
results of Eqn. (27) (probability distribution) can be simu-
late by a separable state 05 5 [62]. Naturally, one may won-
der whether separable states 05  can also emulate the mea-
surement visibility. Our finding is that the visibility of mea-
surement setting Vig, (ggl“) corresponding to the weak value
amplification cannot be simulated. Specifically, the classical
visibility of measurement Il is given as [62]

VE (0%1) = Tr(|xe) (xelo*) =

When the entanglement is extremely weak, without loss gen-

erality, we set cos(%) ~ 1, sin(AinT) = A;;LT. The mea-
surement basis {|e), |e*)} is chosen to realize weak-value am-

plification (i.e. AS, = k% and A5, = ALZ, ~ %Z); < 1,

where k is a coefficient) when ¢ — % and we have o =

(e]+) =~ 0, B = {e*|+) ~ 1 and ak < 1. Upon substituting
these approximations into Eqn. (8) (discard the second-order
small quantity |a|2, (527)% and set 1 £ (527)2 =~ 1), we
obtain [62]

o telay 1
V(25 ~ 1 ©)
while VHC0 ~ VHC1 R~ VHC;’ ~ 1. One can see that this re-
sult is contradictory to the results in Eqn. (7). The mea-
sured visibility of weak entanglement is all equal to 1, how-
ever, the separable model has a 17i>. If k = 1, we have

Ve (o) ~ 1. This is a logical contradiction of weak en-
tanglement. It is clear that the distinguishability of measure-
ment visibility is much greater than the probability distribu-
tion of measurement. Therefore, the signal of weak entan-
glement is amplified. Another implication of amplifying en-
tanglement seems to be that we can reduce the experimental
requirement in tests of gravitationally induced entanglement.
Given the sensitivity of measurement device, our scheme can
achieved X = A, saving for coupling strength of gravity.
For example, if A5, = 10%, we can reduce the mass of two
systems by 10 times, and shorten the coupling time by 100
times [62]. Our methodology does not depend on a specific
physical system. Hence, different physical systems may real-
ize amplification of gravitationally induced entanglement by
this approaches. Besides, our weak entanglement criterion re-
mains valid at a certain degree of decoherence and the limited

32p0) (xc|o ) (B lxe) + 5 (1 — ep?=) (xc|p_)(p_|xe) + splexe)
%62]?(07¢+) + %(]_ — 62)p(1,¢',) + %p(foe) ’

®)

(

precision of measurement device [62].

V. TESTS OF GRAVITATIONALLY INDUCED
ENTANGLEMENT

As a result of technological advance in quantum manipu-
lation of matter at larger mass scales [63—-65] and in grav-
itational measurements at smaller mesoscopic mass scales
[66], probing nonclassical nature of gravity becomes possi-
ble. In Ref [12, 40], the spin degrees of freedom of the
particles are used to construct the Stern-Gerlach interferom-
etry to test quantum gravity. Remarkably, there are many
other physical realisations apart from spin degrees of freedom
on probing gravitationally induced entanglement [15-38],
such as neutrino-like oscillations [15], optomechanics [18]
and atomic interferometers [27, 62].

Very recently , there is a promising experimental proposal
that uses two-level systems coupled to a massive resonator (a
harmonic oscillator) to probe gravitationally induced entan-
glement [68]. Unlike Ref. [27], it enhance the gravitational
interaction of two two-level systems by a massive particle
(as a mediator), where the effective gravity-induced coupling
strength is increased by a factor of £ [68]. Our criterion can
also be applied to this scenario to achieve additional amplifi-
cation.

VI. DISCUSSION AND CONCLUSION

Historically, there is a one measurement steering protocol
the same as the amplification by LOCC. In particular, Gisin’s
paper in 1995, who called it “Hidden quantum nonlocality re-
vealed by local filters” [69]. However, this local filter is es-



sentially a Positive Operator Valued Measures (POVM) and
needs to be performed with the help of an additional Hilbert
space, such as an additional ancillary qubit. The POVM mea-
surement will increase the experimental difficulty because it
requires additional coupling to a new quantum system and
measuring it. Certainly, if one do not consider the difficulty
of measurement, then one may perform two types of entan-
glement amplification. The first type of amplification can be
achieved by using the local filter method, and the second type
of amplification is achieved by the way we propose in the pa-
per.

From a fundamental perspective, our work combines weak
value theory and quantum correlation theory for the first time.
We show that weak-valued amplification in the two-setting
protocol is impossible to be simulated classically. Our results
also support the fact that weak values are quantum, whereas in
the past it was controversial whether weak values were quan-
tum or not [70-74] .

Our scheme is applicable to any weakly entangled pure
state, while allowing for the presence of partial decoherence
and noise. It be expected to significantly reduce the require-
ments for experiments, allowing for the test of gravitationally
induced entanglement in the near future. From a more general
point of view, our results is a general weak entanglement crite-
rion. We reveal how the hidden weakly entangled information
is re-presented as it is. Compared to the previous protocols,
our approach allows us to observe entangled signals that were
previously impossible to observe. As an outlook, we expect
that the criterion can be extended to the more general mixed
states, which may make it more possible to detect the entan-
glement of macroscopic objects.
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Appendix A : separable state model for classical mediator
A. Separable state model

Here we analyze the model of separable states for Q 4 and
Op (induced by a classical mediator) that can simulate the

results of quantum entanglement. As we mentioned before,
the quantum states generated by classical mediator is p4p =

A% (04 @ 0B) = 3, pio’y ® 0%, we have

(0 i\ g

QEBIA = ZpiTr |0)(0]g%) 0%,
o5 (C me (11)(1]0'4) 2l

(e (10)
( IA vaTr (el0’y) 0%,
L|A L 7 i

szTf ) ("] 0%) 0

where gp(C) is the unnormalized quantum state with the
classical mediator. If a calssical mediator can simulate
all the results of a quantum mediator, it must satisfy

05'(Q) = 25 (0).05'(Q) = 35'(C). 25'(@) = 25'(C)
and 3% 1(Q) = 3% '(C). So we have

PO 10)(0]4 ® |64 ) (4]
= piTr(|0)(0]02) Tr(|o 1) (D1 o) 0%y ® 0,

P (A4 @ 6o ) (o |s
=Y o Tr(1)(Lel) Tr(|¢-) (6 0j) s © 0,

plexe) (b

e)(ela ® [xe) (XelB
—szTr (el o) Tr(Ixe) (Xelo) 04 ® 0F,

pe ’X*)\G M a ® [xer ) (Xex |
= piTr(ler) (e ') Tr(|xe) (xer [0) 04 © 0,

where

{p(0’¢+) p19-) plexe) p(eL XL )}

11 (12)
ia 5) O‘ZTr(bZex)ZeDa ﬂQTr(|)~(6L><>~<ei |)}

It is well-known that a pure state cannot be obtained by a
convex sum of other different states, namely, a density matrix
of pure state can only be expanded by itself. Let us look at Eq.
(11), because the left-hand side is proportional to a pure state,
without loss of generality, one has



p%) = p,Te(10)(0]0)y) Tr(| 4 ) (B4 |0
p=) = ppTr(11) (1|05 Tr([o— ) (p— |l
pX) = p Tr(le) (el o) Te(Ixe) (Xl 0

1
Pl Xet) = pTr(let) (e 0% ) Tr(|xex ) (Xes |0

Naturally, one may consider mixing these four pure states with
corresponding probabilities to construct a separable model to
simulate the prediciton of quantum mediator. Since two basis

J

= AC(QA ®oB) =
1

C
0AB

[p(e’Xe)

DO |

It should be noted that if our test only using a single basis b =
{e,€1}, it is easy to find a separable state to simulate the re-
sults of quantum mediator (one can verify it). Similar to quan-
tum steering scenario, two or more than two basis are consid-
ered, in theory, there is no classcal quantum mediator can sim-
ulate it ( probability distribution). However, ideal projective
measurements can not be implemented in experiments since
they need infinite resource costs [61]. That is, the measure-
ment device has limited resolution. One can verify that when
the entanglement is extremely weak (i.e., AQ‘;T is very small),
the probability p(cX<) = a2Tr(|X)(Xe|) = a?[cos?(22T) +
sin (Aw )| AS, 2] will be very small so that the measurement

device with resolution 7 > p(&Xe) /(plexe) 4 p(eL’XeL)) can
not distinguish whether Q 4 and Qp are entangled or separa-
ble or not.

Example. Suppose = A¢T

Aqﬁ‘r

is very small and A¢, is very large,
5r-) ~ 1 and sin(A;,;T) ~ M’T . So we
have |y..) ~ |4+) and |X¢) = |+) + ZAd)TAE |—) Here we

set M’" A¢, = 1, the quantum state |x.) becomes |+) + i|—).

we approximate cos(

—_ — — ~—

1
i[p(°’¢+)|0><0|,4 ® o) (4|5 + pH0-

e)(ela ® |xe) (Xel B + '

and ¢y ® 0 = 0)(0]4 ® [64) (b4 |5,

and oy ® oy = [1){(1|a @ [d_)(o_|B, 13
and 0} ® o = [€){€e[a ® |xe)(Xe|B,

and 0} ® oy = |e") (e |a @ [xer ) (Xer |-

(

a={0,1} and b = {e, e1} are randomly selected (with prob-
ability %). Therefore, the separable state induced by classical
mediator can be written as

N1){1a @ o= )| 5]+
(14)

£
X et ) (et a @ [xes ) (e 8]

So we have

{p(o"b*),p(l"ﬁ*),p(s’“ (e"x L)} _ {7 = 2a 2,ﬂ2}

(15)
Recall @ = (e|+), B = (e1]+), |e) = €|0) — V1 —€2|1)
and |e1) = /1 — €2|0) + €[1). If we want to get a big weak
value AS, = (?l‘ZJ‘;’) = ZJ_F\/*V}G ¢ should close to —=. So

O[NL \/‘Acf)‘r

and 5 ~ 1. Therefore, Eqn. (15) becomes

Aot 4

{p(0,+),p(1,+)7p(—,xe) (+ +)} - {, - 4( o )

, 1}

(16)
It is easy to verify that the above results can be simulated by a
separable state |[+)4 ® |+)p (a more accurate model should
be in the form of 0 p) if 4(%;’;:)2 is small which may be
masked by the noise of measurement device.



B. Visibility of measurement for separable model

Before calculate the visibility of measurement, we need to find the reduced density matrix Q<O|A gg“‘, 0p (4 and g<5 14 for

Q 4 g» Which are as follow

s _ Ta(0) (014 ® Tofp) _ 394164 (9] + 3D (el 4+ 3 (1= €)pT XD lxes ) |,
B Tr(|0)(0]4 ® IpoS ) 1p06+) 4 Le2plexa) 4 L(1 — e2)pletxcr)

piila — Tral{la @ Ipeflp) _ 39" 16-) (0| + 5 (1= )p I Ixe)bxel + 38X s ) (e |
BT (1)1 @ IneS ) 5P + J(1— 2)pled) + Jeple xt) S
(ela _ Tralle)(ela ® I0Gp) _ 3P0 ) (bl + 5(1 = E)p 1o ) (o | + 39X xe) (xe|
B Te(e)(e[a ® IpoSp) Te2p06) 4 1(1 - 2) @0 4 Iy ;

Jea Tl eta @ Tpes) _ (1= 020100 0u] + 310 )0 | + 3 X xes s |
P Tr(|€L><€L|A Y IBQ%B) 5(1 — 62) (0, ¢+) =+ 762p(57X5) + p(e X 1)

Now substitute them into the Eqn. (28), we get the visibility of measurement of oG Anp:

n

VE (0194) = Tr(g4 )64 [0014) = 50 00) + 5E2pEX (B ) (Xel by ) + 5 (1 — €)pl Xty [xer ) (Xer |D4)

0 1.(0, 1 € 1 _ 2 et x_ L !
I o + +QB o 2p( ,¢+)+26 p( 7X6)—|—2(1 € )p( € )

IpMo-) 4 11— )plx ([ xe) (xelp—) + 33X ([ x 1) (xer [p-)
$p(10-) + 2(1 — e2)plenxe) + Te2p(etxcr) ’

felay 5€2p094) (x| ) ( )+ 51— Ap2) (xc|o_)(d_|xe) + 5p(x)

%e2p(0»¢+) + %(1 — 52)}9(1:‘1’7) + %p(@Xe) ’

1
(1= PO (x i |y ) D |Xer) + 52T (xer |0_) (P |xcr) + 3Pl Xet)
(1= e2)p©@e+) + Le2plenxe) 4 Lpletxcr)

VE (051*) = Tr(jo-) (ool *) =

Vi€ (0551) = Tr(|xe) (xelo

VC <5L|A =T <€L‘A _
(05 ) =Tr(|xer ) (xetlog ) =

3

(18)

Aot cos A“W +) g+isin Ad}T A,
ory Ly ) = CEN R gy o

oo (345 ) o (B 45, )3

where |¢1) = cos( 5 )|+) £ dsin(

cos(B27 ) |) Fisin(38T) AT |~ )
[cos"’(Azq;L" )+sin? ( A;’;: )|AF 12] 3

Recall that {p(®:¢+), p(l:d-), plexe) plemxc)y = {11, 2Tr(|>~<e><>26|),52Tr(\>~<eL><>~<eL|)}, Tr(|Xe) (Xel) = cos®(557) +
)+sin® (S557) A 12

A ~ A A
sin? (59 | AL 2, Tr([ et ){Ren ) = cos2(557) -+ sin(387) A5 2, (65 )2 = (0 V(G5 1y )2 =
|cos? (Az,‘Jb")—Q—SInQ(Ad’T)A6 \2 _ cos? (AQ‘j;L")—smz(AZ‘%")A6 12 _ cos? (A‘j”') s1n2(A"”')A5 |2
[cos2(A2¢’,T)+€m2(A2¢T)|Afu ‘<¢ |XE>‘ [COSQ(A2dgT)+sin2(%)\AfU|2]’ |<¢_|XEL>‘ - [COSQ(A;;LT)—FSinz(A;T)\AE 12)’ one has

VE (gl0ln) = 1% +1%2€2242|0082A¢f7) + sin (Asz)AE Wl +30 - )52|0052(A¢T) i Q(A T) T
1+ 2e2a2[cos?(557) + sin® (557 )| A5 2] + 2 (1 — €2)B2[cos2 (52 ) + sin® (527 )[4 |2]
: (55) ()
(

4 L 11— e)a?|cos?(527) — sin®(B27) AS |2 + 2 42|cos?

V< (011) =

= + (1 —62)a2[c0s2(A2¢;LT)+s1n (A¢T)\ <12l + 6262[c052(A—h)+sin2 ATFLT |Afj\2]7
12 Jeos® (S )4sin”(SEE) AL 1”1 leos® (557) —sin® (5FT) AL | 1 27, 20 Agr 2(AGTV| ge |2
VC (plcl) = 1€ ot (B o SIS 1 ASNNTE SITTHE ST DU L
ot =
: Lty 1(1— ) + La2[cos?(BE) + sin® (A20) A5 ] |
11 _ .2 ICf’Sz(AQ‘Q,T)-I-Sinz(%)AZJ 1> 1,2 leos®(557)— sin® (527) A5, |2 2 2
VE (ol 1) = 101~ ) oS ranr 5514 T 1€ o B ran A anr g + 387008 (G7) + sin® (5501 AL |
i =
’ T(1 =€) + e + 3 52[cos?(557) + sin® (557)|Ag [?]
19)
[
C. Examples can realize weak-value amplification (i.e. A ~ <i- and

2h

When the entanglement is extremely weak, cos(A¢T) ~ 1,

A¢T) — A¢T

sin( 5% o 0. The measurement basis {|e), 1)}



Af: = Alfu ~ A;z;: < 1) when ¢ — % and we have
a = {e|l+) = 0, 8 = (e |+) ~ 1. Upon substituting these ap-
proximations 1nt0 Eqn (19) (dlscard the second-order small
quantity |ar|?, (227)2 and set 1 + (527)2 ~ 1), we obtain

Vi (05" ~ 1
Vif, (05 ) =~ 1; o)
Vif, (ofs* )%%;
VS (o3 (lay 1

One can see that this result is contradictory to the results an-
alyzed in our main text. The measured visibility of weak en-
tanglement is all equal to 1, however, the separable model has
a % This is a logical contradiction.

The more general case is that we set A5, = k=5, where

'r >

is the coefficient. We also assure cos(527) ~ 1, sm( 29Ty —

2h 2h
80T As = Alfu ~ 527 < 1and ak < 1. One has
0
V< (051) ~ 1;
Vi (ep") ~ 1
. 1 2D
ViE (05 ) = T
VS, (o35 (et 4y~ 1.

Appendix B: Experimental consideration

We have shown that steering scenarios with weak value am-
plification are not possible to be simulated classically. In the
following, we focus on the analysis of the steered state for
weak-value amplification, so as to consider the feasibility of
the experiment for detecting weak-gravitationally-induced en-
tanglement. Let set m; = me = m and suppose that the
coupling strength of gravity is weak. After the weak grav-
ity interaction and projective measurement ({(¢|) on Q 4, the

system Qp becomes Q< ‘A( Q) = |xe){Xe| B With probability
] [eos? (57 + sin® (F57)| A, ).
One can see that there is a weak value, which is A5 =

<€<|jj$> = i \/%i If the coupling strength of interac-

tion of gravity is 0, that is A¢ = 0. In this case, the final
state of system Qp is |[+) , which do not carry any weak-
value information. That is there is no entanglement between
these two quantum system. On the contrary, when the cou-
pling strength is not O but small, that is, there is a gravita-
tionally induced phase, the final state of system Qz becomes
Ixe) ~ W(H—) +1 2‘1’14E |[—)). One can see that

the quantum state of Qp is depend on the weak value AS,.
Suppose that we measure an observable Il = |y.)(xc| on
the system Qp. The observable of the displacement of II5 is
the expectation value of the final state minus the expectation

value of the initial state (|+)) of Qp, and we get

(Ally)g = Tr(Ia0l*) — Tr(Ia|+) (+])
Q (elay 1
ST sy @)
1

[+ 15042

One can see that if %Afy =1, (Aﬁ2>Q=%. Even though
the heralded probability 2|a|? = 1 — 2ev/1 — €2 is small, af-
ter many runs of experiment, we can still observe a clear shift
of the quantum state, which is a signal of entanglement be-
tween two system introduced by gravity (average shift will be
0 without entanglement generation).

For example, in the Ref [11], the shift of quantity about en-
tanglement is p; = sin (g;f ) &~ ﬁ;.f; in the case of weak
coupling, where p; is the the probabilities for the mass to
emerge on path 1 (R). For showing the clear enhancement of
our scheme, we give a simple example. If we set A5, = 10%

and 4;152 = 10~4, we have <AH2>Q =1 while p; ~ 10~
That is we can enhance the sensitivity and resolutlon for detect
the quantum gravity 0.5 x 10* times by using weak-value am-
plification scheme. However, in above example, the steered
probability becomes p = 2 x 10~% in weak-value scheme.
Fortunately, for existing quantum technologies, the frequency
of experiments can reach MHz and beyond (suppose the time
of gravitational interaction within microseconds). That is we
may have 10° runs in one second . The total run of ex-
periments is about p x 105 x 3600 x 24 = 864 each day.
This is enough for us to achieve an accurate experimental es-
timation. Given a resolution of measurement, we achieved
X = 10* saving for coupling strength of gravity. In other
words, we can reduce the mass of two systems by 10 times,
and shorten the coupling time by 100 times. This is a very
experiment-friendly scheme, which increases the feasibility of
testing gravitationally induced entanglement by using existing
technology.

Appendix C: Observing quantum gravity using Limited
resolution of measurement device

In a von Neumanntype measurement, the pointer is shifted
proportional to the eigenvalues of the measured observable

[¥) @ |¢(q) aZalw a) @ |p(g — goa)),  (23)

where ¥ and ¢(q) are the initial states of system and probe,
respectively, the index a refers to the eigenbasis of the ob-
servable, ¢ is the position of the probe, and g0 is a coupling
constant. The outcome of the measurement is then provided
by reading the position of the probe.

In a ideal projective measurement the probe’s initial state
is narrower than the distance between the eigenvalues, i.e.,
(¢p(q — a)|p(q — a’)) = daqr, hence, reading the probe’s posi-
tion provides full information of the measured physical quan-
tity and collapses the system into the corresponding eigenstate



of the observable. However, it has been show that the ideal
projective measurements can not be implemented in experi-
ments since they need infinite resource costs [61]. Therefore,
the resolution of measurement devices are always limited, that
is |(¢(q — a)|p(q — a’))|* = v # 0. This is the noise come
from the measurement process.

In the previous section, we consider two quantum system in
initial state |[4+)|+) interact each other by gravity, and one of
them poselected to a almost completely orthogonal state |e) =
€]0) — V1 — €2|1), where € is close to % This postseleted
operation is exactly limited by the resolution of measurement
7. So the minimal overlap (e|+) = /7, which determines the

upper limit of the weak value, Max(AS,) = V2

5
Now let consider the case that the square (\)? effective cou-
pling strength ﬁ;’; = ~y. That is one can not measure the
entanglement using traditional entanglement witness methods
[11, 12], since the signal of gravitationally induced entangle-
ment is covered by the noise of measurement device. In this
case, weak-value based scheme is still work. One can ob-

tain obvious signal of gravitationally induced entanglement
(All)g = 5> 7.

Appendix D: Observing gravitationally induced entanglement
with decoherence

In fact, the decoherence is exist in experiment. The longer
time in single run, the more decoherence. Besides, the evo-
lution of desired initial quantum state is not ideal because the
system is inevitably coupled with the environment. Let us
consider an environment-induced decoherence model (other
decoherence models are out of our analysis) for the system
Q4 and Qp. Without loss generality, we consider the action
of environment as a partially depolarizing channel, which is
given as

T
Ne(o)=(1-qo+q-, (24)

d
where g corresponds to the degree of a system that has been
decohered. Therefore, the final state before measurement has
a mathematical form

Iy®1Ip

TR (25)

0ap = (1—=q)|¥)(¥|+q

where |¥) = ale)a ® [Xc)5 + Blet)a @ [Xer ). Therefore,
we can get four steered states

08 (@ = TS Lo )6l + L,

05 @ = o ) p 15+ i,

a5 (Q) = (1 = DlaPTr(I%) (%e) xe) (el + 5 T,

8l (@) = (1= QIBPTr(e) (Ret Dlxes ) xes [ + 2 L.

(26)

Further, we can project quantum states of Op to
[64),16-), Ixe), |xer) with probabilities

€1
(pO0+), pld=) plexe) pletxn)y
1 q¢1 ¢
={
2

5 13 1 Il (%) + 5. (1= DIBPTr(ee ) (%

4’2 4
27)

Further, the visibility of measurement for quantum media-
tor are

. 1
Vnozse (0] a — .
11, (QB ) 1 + q?
noise 1 1
V(o) = 1o
noise € q (28)
VH2 (Q<B|A) =1- —{€|a )
2Tr(o5' ")
notse et q
VH3 (Qﬁg lA) =1-

~6J‘
2Tr(gy 1)

where ¢ = 0,1,2,3. Similarly, we can construct a separable
state (14) model for comparison. If ¢ is small, i.e. so that
ViEose(Q) > Vipos¢(C), we can still obtain the amplified
signal of entanglement. Therefore, our weak entanglement
criterion is applicable to some kinds of mixed states.

Appendix E : atomic interferometers with a harmonic oscillator

Here we analyze a possible experimental proposal based on
atomic interferometers with a harmonic oscillator [27]. We
analyze how to apply our weak entanglement criterion to this
scenario. Consider a harmonic oscillator Q 4 (a mechanical
resonator) coupled to a two-state system Qp (an atom trapped
in a double-well potential). Since Qp is a qubit state, one can
set the position operator of the atom Qp to the Pauli matrix o,
with the eigenstates | L) and |R), which represent the location
of atom occupying, respectively. The gravitationally driven
Hamiltonian of these two system is given as (h = 1) [27]

H=wa'a+ g(a+a')o., (29)
where w, a' and a denote the frequency, creation and annihi-
lation operators of the harmonic oscillator, respectively. The
coupling coefficient g correspond to the gravitational interac-
tion between atom and oscillator, satisfying g < w. Up to a
global phase, the time-evolution operator can be rewritten as

U(t) = D' (o, \)e ™" 9 D(5,\), (30)
where D(¢) = exp{Ca’ — (*a} is the usual displacement op-
erator and A = £. Consider the oscillator is initialized in its
ground state |0) 4 and the atom is in the superposition of | L) 5
and |R)p. After the time evolution, the composite quantum
state becomes |¥(t)) = U(t)[0)4 ® %(\L)B + |R)g) =
%(\n>A®|L>B+\—n)A®|R>B), where the evolved states of
the oscillator are coherent states |+7) 4 = D(£A(e” W —1)).



If we implement the Hadamard gate to the two-level system
Qp, we have

1 1
(1) = £|Catn+>A®\L>B+f|catn_>A®\R>Ba €29

where |cat, )4 = cy(|n)a + | — n)a) and cat, )4 =

c—(Im)a — | — n)a) are the Schrodinger’s cat state with
— 1 — 1 i

cy = T and c_. = =T Since

(cat,,_|cat,, ) = 0, one can address Eqn. (31) as two-qubit en-
tangled state. However, the entanglement |¥(t)) is very weak
(52— is small) due to the fact that || is very small (determine
by gravitational interaction). Similar to Eqn. (2), one may
choose a suitable basis for Q 4 (Qp) to a new form of |¥(t)),
which has the amplified signal. For example, let’s expand Q 4
to the basis {|v) = sin(6)]cat,, ) + cos(f)|cat, ), |v) =
cos(0)|cat,,, ) — sin(f)|cat,, )} with < 1, and one has

(1) = o) o (AR, o IR
1 ! Lpe (32)
totyae (LRl gy O gy
Cyq C_

One can see that compared to the components of |L) g, the
component of |R)p is enlarged when Q4 is projected to
[vya. If 0 is small enough, one may has % ~ L0lB)

2c_

such that the component of |R) 5 in the steered quantum state
of QOp is boosted. According to weak entanglement crite-
ria we proposed, this basis is the most significant ingredi-
ent to amplify the entangled signal. Similarly, another mea-
surement basis needs to be selected, which may be {|+) =
leaty,) + Jsleat, ), |=) = Jleaty. ) = Jpleat, )} A
random selection of these two measurement bases yields the
probability distribution and measurement visibility of system

10

Qp, which allows us to witness the gravitationally induced
entanglement. In real scenarios, the resonator Qp may be a
thermal state close to the ground state. We analyze this case
in Appendix E.

In above analysis, we assume that the oscillator is initial-
ized in its ground state |0). In a realistic implementation, due
to the finite temperature (may be nK), the oscillator instead
starts in a mixed state, such as a thermal state, donated as
o = [ d>¢L eI/ ¢)(¢|. In this case, the evolving state

of two system becomes
20 L o~lc?/m
oap = [ ¢ Mg, 33)

where |W¢) = 3(IC+ma + (¢ —ma) @ |L)p + 5(I¢ +
ma—1|C—n)a)®|R)p. Obviously, if ¢ = 0, |¥) reduce to
Eqgn. (31). Here we will be concerned only with the projective
measurements (v| 4 (corresponds to amplified entanglement),
since the measurements of the other bases are trivial. The
conditional state of the atom becomes

wla _ Tra(lv)(vla ® Ipoan)
= , 34
%5 = Te(|o){v]a © Ipoan) 34

leading the measurement visibility

Vir, (05") = Tr(IL,.055'*) (33)

(v|cat,,+)
where I, = [u)(u| and |p) = (5 =|L)p +
<vl;iitj’w]%)g)/\/\ <U|;z[:+> |2+ | <v|;actj’> |2. When the ther-

mal state is very close to the ground state, one may has
Vi, (e 4)~Vif, (e *)

= k > 1, where v is measurement

5
sensitivity. Therefore we may still achieve k-fold magnifica-
tion compare to the usual ones.
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