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Abstract

The focus of this thesis is twofold: on one hand we study the query complexity

of equilibrium computation in games, and on the other hand, we use equilib-

rium concepts from game theory as a tool to understand miner incentives in

Bitcoin.

In terms of query complexity, we mostly focus on algorithms that have ac-

cess to utility queries in large games and best response queries in bimatrix

games. For the former, we demonstrate query-efficient completely uncoupled

dynamics that achieve non-trivial approximate equilibria. For the latter, we

reduce the problem of query-efficient approximate equilibrium computation

to a natural geometric learning problem: approximately learning partitions

of an n-dimensional simplex into disjoint convex polytopes via membership

queries. Given this reduction we show query-efficient algorithms for the ge-

ometric problem, and ultimately provide an algorithm for computing ε-well-

supported Nash equilibria in m × n bimatrix games with a query cost that

is polynomial in log
(

1
ε

)
and max(m,n) provided that min(m,n) is constant.

This leads to a polynomial query complexity algorithm for 2-player games,

provided that one of the players has a constant number of strategies.

As for incentives in Bitcoin, we shed some light into how robust honest min-

ing protocols are to the presence of strategic agents. Our focus is on the

strategic aspects of both solo mining and pool mining in Bitcoin. For the

former, we take a multiplayer approach and exhibit specific strategy profiles

of multiple strategic miners that outperform honest mining, even if said min-

ers would not be incentivised to be dishonest individually. This effectively

renders the Bitcoin protocol less secure than previously thought. As for the

latter, we propose a new mining pool protocol that is a randomised variant

of the already-ubiquitous pay-per-last-N-shares (PPLNS) mining pool scheme

in Bitcoin. Our pool protocol, randomised pay-per-last-N-shares (RPPLNS),

enjoys the same desirable properties of PPLNS, but with the added benefit of

an exponentially reduced state space required to maintain the protocol. More

importantly, this reduced state space also allows us to prove robust guarantees

against a richer class of strategic pool mining than before.
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Chapter 1

Introduction

1.1 Games, Equilibria and Bitcoin

Game theory is the technical language of conflict and cooperation between interdepen-

dent agents, and although its historical roots lie in mathematics and economics, over the

past few decades it has become fruitfully intertwined with the field of computer science.

Indeed, with the advent of the internet and other large-scale decentralised technologies,

game theory has informed the evolution of such systems and given computer scientists

a lens with which to study such vast computational objects that are created and propa-

gated by strategic agents. Conversely, computer science has also shed some light on the

computational resources needed to find solution concepts in game theory. This thesis lies

precisely in this dialectic between computer science and game theory. On one hand we

use techniques from algorithmic complexity to study equilibrium concepts in game theory,

and on the other hand, we study Bitcoin by explicitly computing equilibria pertaining to

miner incentives in both the Bitcoin ecosystem at large and within mining pools.

One of the cornerstones of game theory is Nash’s theorem [57], which establishes

the existence of Nash equilibria, a stalemate of sorts, in all finite games. Though Nash

equilibria have been used as a model for possible outcomes in strategic scenarios between

players, explicitly finding an equilibrium presents many computational challenges, most

notably the intractability of computing an equilibrium even in games with two players,

as proven in [15] and [17]. In this thesis we also delve into the intricacies of computing

equilibria, but rather than only focusing on time as a resource, we place an emphasis

on the amount of relevant information about a game an algorithm needs in order to

compute different notions of approximate Nash equilibria. The way we formalise how

an algorithm obtains information as a resource is via the notion of a query oracle which

returns a specific pre-defined piece of information about a game upon being queried by

an algorithm. Since we treat information as a resource, we are interested in algorithms

that make efficient use of an oracle, or rather have a low query complexity.

1



Precisely understanding the number of queries of a specific kind that are needed to

obtain different solution concepts is not just an esoteric computational endeavour. There

are further practical justifications for why it is reasonable to impose that algorithms

be query-efficient. First of all, it is well-known that the full representation of a game

can grow exponentially in the number of players involved, hence it can be infeasible to

demand that an algorithm have the full representation of the game. In addition, agents

themselves may not have a clear idea of how to quantify the utility they gain from specific

scenarios of play. Finally, assuming that agents maximise utility, an algorithm may only

witness indirect information about utilities in a game, such as best-response behaviour

where agents myopically take their best actions in a given strategic scenario. Either way,

it is an important and reasonable imposition that an algorithm succeed with this limited

information.

Beyond the computational intricacies of equilibrium computation, we previously men-

tioned how game theory and in particular equilibria have proven to be fruitful tools in

understanding the vast decentralised nature of the internet. These same tools are cur-

rently being used to understand miner behaviour in Bitcoin and other similar cryptocur-

rencies that have exploded in popularity over the past decade. Bitcoin is a decentralised,

semi-anonymous and tamper-proof digital currency that maintains a public ledger via

distributed consensus algorithms powered by blockchain technology. End users of the

currency post transactions to the P2P network sustaining the protocol and said trans-

actions are bundled into blocks by miners: agents tasked with the upkeep of the ledger.

With respect to Bitcoin, the prescribed longest chain rule dictates that miners must bun-

dle pending transactions into a block that also includes a single hash pointer to the end

of the longest chain seen by the miner in their local view of the ledger. Furthermore, in

order for a block to be valid, its hash must lie below a dynamically adjusted threshold.

Hence, miners must expend computational resources to find valid blocks.

Indeed, in Bitcoin’s proof-of-work consensus protocol the miner is essential. These

agents take upon themselves the task of maintaining the ledger of transactions that

form the foundation of Bitcoin. This upkeep is not done out of good will however, as

the judicious design of Bitcoin pays miners for their efforts, with the aim of incentivising

honest behaviour. Ultimately the incentives in Bitcoin are complex, and more importantly

the security of the system itself lies in completely understanding agent incentives. In this

thesis we shed some light into how robust honest mining protocols are to the presence of

strategic agents.
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1.2 Outline of the Thesis and Main Results

The thesis is composed of two major parts. In Chapters 2-4 we focus on the query

complexity of computing equilibria in games with different query oracles, and in Chapters

5-7 we use equilibria as a tool to study strategic incentives in Bitcoin.

• In Chapter 2 we provide a formal introduction to game theory and query complex-

ity. In particular, we delve into the subtleties of using different query oracles in

equilibrium computation and we also give a brief overview of important previous

results in the field and background literature.

• In Chapter 3 we study the computation of approximate equilibria in large games via

utility queries. In a γ-large game, deviations of a single agent change other players’

utilities by at most γ. For large, n-player binary action games we show that for

γ = 1
n

we can obtain a non-trivial ε = 1
8

approximate Nash equilibrium by a novel

completely uncoupled continuous-time dynamic using O(log n) rounds/queries. We

further discretise this dynamic and extend our results to multiple actions and dif-

ferent values of γ to obtain non-trivial approximation guarantees.

• In Chapter 4 we study the computation of approximate well-supported Nash equi-

libria in bimatrix games via best response queries. The first main contribution is

a reduction of approximate equilibrium computation in this setting to the related

geometric objective of using a membership query oracle to approximately learn a

partition of an m-dimensional simplex into a disjoint covering of n convex poly-

topes. With this reduction in hand, we provide query efficient algorithms for the

aforementioned geometric objective, and ultimately show that in m × n bimatrix

games, we can efficiently compute an ε well-supported Nash equilibrium with a

query cost that is polynomial in log
(

1
ε

)
and max(m,n), provided that min(m,n)

is constant. This leads to a polynomial query complexity algorithm for bimatrix

player games, provided that one of the players has a constant number of strategies.

Furthermore, we show that if we use a more powerful pairwise comparison oracle

instead of best response oracles, we can in fact compute an ε-WSNE with a query

usage polynomial in m,n, and log
(

1
ε

)
. In addition, we also partially extend our

results to the multiplayer setting.

• In Chapter 5 we give an overview of the Bitcoin protocol and related work in the

area of strategic incentives in Bitcoin.

• In Chapter 6 we study strategic mining within the Bitcoin protocol at large by

exhibiting a specific truncation of the celebrated selfish mining (SM) strategy of
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[22], which we call semi-selfish mining (SSM). SSM not only outperforms honest

mining as in SM, but its reduced state space also allows us to compute full utilities

if multiple (non-colluding) miners are employing SSM to various degrees. The

analysis of SM by Eyal and Sirer, as well as in follow-up work, considers a single

deviating miner (who may control a large fraction of the hash power in the network)

interacting with a remaining pool of honest miners. With SSM we extend this

analysis to the case where there are multiple (non-colluding) strategic miners. We

find that in this setting, specific deviations from honest mining by multiple strategic

agents can outperform honest mining, even if, individually, miners would not be

incentivised to deviate from the honest protocol. This previous point effectively

renders the Bitcoin protocol to be less secure than previously thought.

• In Chapter 7 we study incentives in pool mining and present a novel twist to the

already popular “Pay-per-last-N -shares” (PPLNS) mining pool scheme used by a

majority of the Bitcoin network. By suitably randomising PPLNS we are able

to maintain its strengths (fairness, variance reduction, robustness to pool hopping)

while reducing the underlying memory usage of the protocol and proving robustness

guarantees against a richer class of strategic mining than before.

1.3 List of Papers

The majority of results in this thesis are from the following series of papers:

• Paul W. Goldberg, Francisco J. Marmolejo-Cosśıo, and Zhiwei Steven Wu

Logarithmic Query Complexity for Approximate Nash Computation in

Large Games [28]

Theory of Computing Systems, 63(1): 26-53 (2019).

Full version in CoRR: abs/1807.06170.

• Paul W. Goldberg, and Francisco J. Marmolejo-Cosśıo

Learning Convex Partitions and Computing Game-theoretic Equilibria

from Best Response Queries [27]

Proceedings of 14th Conference on Web and Internet Economics (WINE 2018).

To appear in special issue of ACM Transactions on Economics and Computation.

Full version in CoRR: abs/1807.06170.

• Francisco J. Marmolejo-Cosśıo, Eric Brigham, Benjamin Sela, and Jonathan Katz

Multiple (Semi)-Selfish Miners in Bitcoin[51]

Proceedings of 1st Advances in Financial Technology (AFT 2019).

Full version in CoRR: abs/1906.04502.

4

https://arxiv.org/abs/1610.08906
https://arxiv.org/abs/1610.08906
https://arxiv.org/abs/1807.06170
https://arxiv.org/abs/1807.06170
https://arxiv.org/abs/1906.04502


• Philip Lazos, Francisco J. Marmolejo-Cosśıo, Xinyu Zhou, and Jonathan Katz

RPPLNS: Pay-per-last-N-shares with a Twist

In submission.

In addition, for completeness we also mention the following work whose results are not

contained in this thesis:

• Georgios Birmpas, Philip Lazos, Francisco J. Marmolejo-Cosśıo, Elias Koutsoupias

Fairness and Efficiency in Dag-based Cryptocurrencies [11]

To appear in proceedings of 24th International Conference on Financial Cryptog-

raphy and Data Security (FC 2020).

Full version in CoRR: abs/1910.02059.
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Chapter 2

Query Oracle Models

2.1 Game Theory Preliminaries

For the entirety of this thesis we focus on normalised finite games. A normalised finite

game, G, consists of n agents, identified by elements in [n] = {1, ..., n}, where each agent

has a finite action set Ai of cardinality ki and a utility function Ui :
∏n

i=1Ai → [0, 1].

We often use Ai = {a0, ..., aki−1} or Ai = {0, ..., ki − 1} interchangeably to refer to the

actions of the i-th player. In general, we let A =
∏n

i=1Ai be the space of all pure strategy

profiles of all players, and for the i-th player we let A−i =
∏

j 6=iAj be the space of all

pure strategies of agents other than i. For any a ∈ A, we let a−i ∈ A−i denote a specific

pure strategy profile of all players other than i within a. This latter notation is of great

convenience, for then we can specify (a′, a−i) ∈ A as the pure strategy profile of all players

where player i deviates from a by playing a′ and all other players maintain a−i.

For the i-th player we let ∆(Ai) denote the space of all probability distributions

over the elements of Ai. It is straightforward to see that if |Ai| = ki, then ∆(Ai) =

{(p1, ..., pki−1) | p1, ..., pki−1 ≥ 0,
∑ki−1

i=1 pi ≤ 1}, where pi represents the probability mass

placed on ai and p0 = 1−
∑ki−1

i=1 represents the probability mass placed on a0. This latter

set can in fact be identified with the (ki−1)-simplex, which we denote by ∆ki−1 ⊆ Rki−1.

With this in hand we let ∆(A) =
∏n

i=1 ∆(Ai) ∼=
∏n

i=1 ∆ki−1 be the space of all product

probability distributions over action profiles of agents. We call any xi ∈ ∆(Ai) a mixed

strategy for player i and note that xi is in fact a vector (xij)
ki−1
j=1 ∈ ∆ki−1 such that xij ≥ 0

for all j and
∑ki−1

j=1 xij ≤ 1. Finally, we let any x = (xi)
n
i=1 ∈ ∆(A) be a mixed strategy

profile of all players where for an arbitrary player i ∈ [n], we can write x as (xi, x−i) with

xi ∈ ∆(Ai) and x−i ∈ ∆(A−i) =
∏

j 6=i ∆(Aj). With the aforementioned definitions of

mixed strategy profiles, we extend the domain of utility functions from A to ∆(A) by

letting utility represent expected utility, i.e. Ui(x) = Ea∼x(Ui(a)) for any x ∈ ∆(A) when

treated as a product distribution over A.
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We are ultimately interested in computing Nash equilibria and suitable approxima-

tions with query access to a given game G.

Definition 2.1 (Nash Equilibrium). Suppose that G is a finite n-person game. We say

that a mixed profile x ∈ ∆(A) is a Nash equilibrium (NE) if for every player i ∈ [n], it

holds that for all x′i ∈ ∆(Ai), Ui(x) ≥ Ui(x
′
i, x−i). Namely, no agent has any incentive

to deviate from x.

In what follows we also let Ei : ∆(A−i) → [0, 1] be the upper envelope function of

any player i ∈ [n] that consists of Ei(x−i) = maxx′∈∆(Ai) Ui(x
′, x−i), representing the

maximal utility player i can earn against x−i. Notice that since any x ∈ ∆(Ai) is in

fact a mixture over pure strategies in Ai, we can write the upper envelope function as

Ei(x−i) = maxa′∈Ai Ui(a
′, x−i). With this in hand, we can define the concept of Best

Responses for a given player. We let BRi(x−i) = {a ∈ Ai | Ui(a, x−i) = Ei(x−i)} ⊆ Ai be

the set of best responses player i has against mixed strategy x−i. For a given xi ∈ ∆(Ai),
we also say that the support of xi is the set of strategies in Ai that have non-zero

probability in xi, and we denote this set by Si(xi) ⊆ Ai. With this notation in hand, we

can formulate a useful equivalent combinatorial formulation of a Nash equilibrium

Observation 1. x ∈ ∆(A) is a NE if and only if for every player i ∈ [n], whenever

x = (xi, x−i), it follows that Si(xi) ⊆ BRi(x−i).

As mentioned before, we also study suitable approximations to the concept of a Nash

equilibrium. We begin by relaxing the condition that no agent have any incentive to

deviate in a NE to agents having a bounded incentive to deviate.

Definition 2.2 (ε-approximate Nash equilibrium). Suppose that G is a finite n-person

game. We say that a mixed profile x ∈ ∆(A) is an ε-approximate Nash equilibrium (ε-

ANE) if for every agent i ∈ [n], it holds that for all x′i ∈ ∆(Ai), Ui(x) ≥ Ui(x
′
i, x−i)− ε.

Namely, no agent has more than ε incentive to deviate from x.

We also modify the notion of best responses to account for an additive approximation

of ε. For any ε we let εBRi(x−i) = {a ∈ Ai | Ui(a, x−i) ≥ Ei(x−i)− ε}. This set consists

of all actions a ∈ Ai that are at most ε from optimal for player i when faced against x−i.

Definition 2.3 (ε-well-supported Nash equilibrium). Suppose that G is a finite n-person

game. We say that a mixed profile x ∈ ∆(A) is an ε-well-supported Nash equilibrium

(ε-WSNE) if for every agent i ∈ [n], we can decompose x = (xi, x−i) and have Si(xi) ⊆
εBRi(x−i).
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It is straightforward to see that the concept of an ε-WSNE is more stringent than

that of an ε-ANE: if a mixed strategy profile x ∈ ∆(A) is an ε-WSNE, then it is forcibly

an ε-ANE, whereas the converse statement does not hold in general.

We also briefly mention the notion of a correlated equilibrium and its relevant approx-

imation. As we have seen before, a Nash equilibrium consists of a product distribution

over player strategy profiles where no agent has an incentive to deviate. For correlated

equilibria we generalise the definition to allow joint distributions over A that may not

decompose into product distributions as in the case of a Nash equilibrium. The joint

distribution can be thought of as a trusted randomised signal to act from a centralised

source, and the equilibrium condition simply means that an agent does not have an incen-

tive to deviate upon learning their signal. In the case of ε-correlated equilibria we simply

impose that an agent has at most ε incentive to deviate upon learning their signal.

Definition 2.4 (Correlated Equilibria). Suppose that G is a finite n-person game and

that x is a joint distribution over A which places mass x(a) on each strategy profile a ∈ A.

We say that x is a correlated equilibrium (CE) if for every player i ∈ [n], and all pure

strategies, j, k ∈ Ai, ∑
a∈A:ai=j

x(a) (Ui(k, a−i)− Ui(a)) ≤ 0.

We say that it is an ε-correlated equilibrium (ε-CE) if for every player i ∈ [n] and any

function f : Ai → Ai, ∑
a∈A:ai=j

x(a) (Ui(f(ai), a−i)− Ui(a)) ≤ ε.

2.2 Query Complexity

The first half of the dissertation is composed of Chapters 3 and 4, and focuses on al-

gorithms that compute equilibria in games by accessing limited information from the

games themselves. Not only does this allow us to differentiate between different solution

concepts, but it is also a practical assumption given the fact that the description of a

game is in general exponential in the number of players. Ultimately, we treat information

as a resource and aim to quantify how much information is necessary to compute an

equilibrium in different settings.

The way we formalise how an algorithm accesses information about a given game is

by Query oracles. We assume our algorithms have no prior knowledge of the game but

can access information via queries to an oracle. For a given oracle, Q, and family of

games G, we are interested in algorithms that compute a solution concept S over G ∈ G
(e.g NE, ε-ANE, or ε-WSNE) with access to Q. For any such algorithm, we say that

8



its query complexity is the number of calls to Q it makes during its execution. In the

following paragraph we make this notion rigorous:

Suppose that G is a class of finite games where G(n, k) is the set of games G ∈ G
that have at most n and players and such that |Ai| ≤ k for all i ∈ [n]. Furthermore, let

AS,Q be all algorithms that compute solution concept S for games in G with access to

Q. Finally, let CQ(A,G) be the number of calls to Q an algorithm A ∈ AS,Q makes in

its execution on a given G ∈ G.

Definition 2.5 (Query Complexity). For any algorithm A ∈ AS,Q we let QCA(n, k) =

maxG∈G(n,k) CQ(A,G). This is the worst case number of queries A makes in solving for

S on a game in G(n, k) and it is denoted as the query complexity of A. In addition,

we let QCS,G,Q(n, k) = minA∈AS,Q QCA(n, k) denote the smallest query complexity of any

A ∈ AS,Q over games in G(n, k) and call this function the query complexity of the solution

concept S over games in G with query acces to Q.

In the definition of query complexity we have implicitly made an emphasis on the

query usage as a function of the number of players in a game n, and their maximum

number of actions k. Ultimately, we are interested in algorithms with a query complexity

that has a low dependence on these parameters. When the solution concept involves an

approximation of ε, we also aim for query complexities with a benign dependence on

1/ε. What kind of information an oracle provides is crucial to the query complexity of

a solution concept. In this section we give a brief overview of different types of natural

query oracles.

Utility Queries

Given that we have defined games as a collection of action sets and utility functions for

n agents, it is natural to consider a query oracle that returns specific utilities at a given

strategy profile of all agents. For a utility query, specified by an action profile a ∈ An, the

query oracle returns (Ui(a))ni=1, the n-dimensional vector of payoffs to each player. Notice

that we could have instead specified that the query oracle return the utility of a single

specified agent, however it is trivial to notice that simulating the “all utilities” answer

with this restricted oracle can be done by repeating the same single utility query for all

agents. Ultimately, this means that distinguishing between an “all utilities” and “single

utility” oracle introduces at most a multiplicative factor of n in the query complexity of

an algorithm, hence we ignore this distinction and focus on the “all utilities” oracle.

Definition 2.6 (Utility Query Oracles). Suppose that G is a finite n player game. We

say that QU : A → [0, 1]n is the pure strategy utility query oracle if for any a ∈ A,
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QU(a) = (Ui(a))ni=1. We also say that QM : ∆(A) → [0, 1]n is the mixed strategy utility

oracle if for any x ∈ ∆(A), QM(x) = (Ui(x))ni=1.

It is important to note the distinction between QU and QM . We will mainly focus on

describing query-efficient algorithms that use QU rather than QM . The reason for this

is that as noted in [3], QM is not an interesting oracle model due to the fact that it is

“too powerful”. This latter point stems from the fact that inputs to the mixed strategy

oracle can be of arbitrary precision, and for pure strategy utilities that arise from a finite

precision discrete set (say bit strings of a fixed length), a single mixed strategy utility

query can in fact recover all payoff information of a given game.

Of course we would like to recover information regarding payoffs to mixed strategies

with QU , as this is fundamental in the definition of equilibria. We naturally do so by

sampling from QU according to mixed product distributions in ∆(A) and taking an

empirical average of utilities. Such sampling is used extensively in Chapter 3, and the

details of how to perform this sampling along with approximation guarantees can be

found in Section 3.6.3. In more detail, for a given game G, let k = maxi=1,...,n(|Ai|). We

show that approximating QM(x) up to an additive error of β with a success probability

of at least 1− δ can be done with 64k2

β3 log (8n/δ) samples from QU(a) where a is sampled

according to x ∈ ∆(A).

Best Response Queries

In spite of being explicitly represented in the mathematical definition of a game, one could

argue that in practice actions do not always give rise to clear-cut utilities, let alone the

fact that agents may have other incentives at play, thus making it difficult to encapsulate

utility into a single number. For this reason, we introduce the natural concept of best

response queries. Using a best response oracle, an algorithm gains information regarding

what best responses agents may have to a specific mixed strategy profile of all other

agents in the game. Since this is a set-valued function, we distinguish between three

different styles of best response query oracle each of differing strength:

Definition 2.7 (Best Response Query Oracles). Let G be an n-player game.

• There are n strong best response oracles, BR1, ..., BRn as per Section 2.1.

• Suppose each Ai has a strict ordering denoted by ≺i. Then there are n lexicographic

best response oracles, BR`
i : ∆(A−i)→ Ai for i = 1, ..., n. Each of these is defined

by BR`
i(x) = min≺i (BRi(x)).

• A family of adversarial best response oracles is a collection of n functions denoted

BRA
i : ∆(A−i)→ Ai for i = 1, ..., n. Each of these satisfies BRA

i (x) ∈ BRi(x).
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It is straightforward to see that the aforementioned oracles are in decreasing order

of strength, for the strong best response oracle can simulate any given lexicographic or

adversarial oracle, and a lexicographic oracle is simply an example of an adversarial oracle.

Therefore algorithms that successfully compute equilibria with an adversarial oracle for

example, trivially extend to the other two.

Furthermore, it is straightforward to see that QM can trivially efficiently simulate

BRi for any i ∈ [n]. For a given x−i ∈ ∆(A−i), this is done by ki = |Ai| calls to QM at

(a′, x−i) for all a′ ∈ Ai to determine which actions maximise expected utility for player i

against x−i. Thus any algorithm that computes equilibria via any family of best response

oracles can be simulated with QM with at most a multiplicative overhead of maxi∈[n] ki

queries.

On the other hand, at a first glance it may seem that QU can simulate best response

oracles in a similar fashion, but this is not the case. QU can in fact not even be used

to efficiently simulate an adversarial best response oracle with high probability in the

worst case. Intuitively, there are n-player games where an agent may be indifferent to all

strategy profiles but one (out of the exponentially many pure strategy profiles of A). In

this scenario, distinguishing expected payoffs to mixed strategy profiles between such a

game and one where the given agent is in fact indifferent to all profiles is impossible to

do with high probability. We refer the interested reader to Appendix A for a full proof

of this result.

Pairwise Comparison Queries

We briefly introduce an oracle that is intermediate between the strong best response

oracle from above and QM . A pairwise comparison oracle takes as input a player i ∈ [n],

two actions aj, ak ∈ Ai where aj 6= ak and a mixed strategy profile x−i ∈ ∆(A−i) to

answer whether action aj weakly dominates action ak for player i when all other players

use x−i.

Definition 2.8 (Pairwise Comparison Queries). Suppose that G is a finite n player game.

We let QPW be the pairwise comparison query oracle. Suppose that i ∈ [n], aj, ak ∈ Ai
such that aj 6= ak, and x−i ∈ ∆(A−i):

QPW (i, aj, ak, x−i) =

{
1, if Ui(aj, x−i) ≥ Ui(ak, x−i),

0 otherwise.

Although it seems that we have imposed lexicographic tie-breaking, we can in fact

ascertain whether Ui(aj, x−i)) = Ui(ak, x−i) by making the queries QPW (i, aj, ak, x−i)

and QPW (i, ak, aj, x−i), and noting whether they both return 1. Once again, it is not
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difficult to see that we can efficiently simulate QPW with QM but not with QU , since the

same adversarial example presented in Appendix A holds. Furthermore, we also notice

that simulating BRi for any player i ∈ [n] can be done with 2
(
ki
2

)
queries to QPW by

establishing a complete ranking of all actions in Ai against a given mixed strategy. As a

consequence, any query-efficient algorithms in the best response oracle setting translate

to query-efficient algorithms in the pairwise comparison oracle setting.

ε-Best Response Queries

We have already introduced the notion of approximate best responses, we simply formalise

this into oracle models akin to those regarding best responses.

Definition 2.9 (ε-Best Response Query Oracles). Let G be an n-player game.

• There are n strong ε-best response oracles, εBR1, ..., εBRn as per Section 2.1.

• Suppose each Ai has a strict ordering denoted by ≺i. Then there are n lexicographic

ε-best response oracles, εBR`
i : ∆(A−i) → Ai for i = 1, ..., n. Each of these is

defined by εBR`
i(x) = min≺i (εBRi(x)).

• A family of adversarial ε-best response oracles is a collection of n functions denoted

εBRA
i : ∆(A−i)→ Ai for i = 1, ..., n. Each of these satisfies εBRA

i (x) ∈ εBRi(x).

Once again it is clearly the case that we can efficiently simulate any εBRi with QM . In

addition, our example from Appendix A still holds if we replace BR1(x−1) with εBR1(x−i)

for ε < 2n. Hence, for sufficiently small ε, we can also not hope to efficiently simulate

any ε-best response query with QU . On the other hand, in in Section 3.6.3 we show

that for an arbitrary x ∈ ∆(A), we can approximate QM(x) up to an additive error of

β with a success probability of at least 1 − δ using 64k2

β3 log (8n/δ) samples from QU(a),

where a is sampled according to x ∈ ∆(A) and k is the largest strategy set cardinality

amongst players. This in turn means that if ε−1 = poly(k, n), then approximating QM
up to ε/3 can be done efficiently and with high probability by sampling via QU . This

allows us to compute subsets of εBRi for arbitrary mi. To see why this suffices, suppose

that mi has ki actions, and that for a given x−i, the quantities Û0, ..., Ûki−1 are such

that |Ûj − Ui(aj, x−i)| for each aj ∈ Ai. Then it follows that if Ûr ≥ maxj(Ûj) − ε
3
,

then ar ∈ εBRi(x−i). Furthermore, the set of ar ∈ Ai that satisfy these conditions is

non-empty, since at least the index argmaxj(Ûj) satisfies the lower bound.

We end our discussion on ε-best response oracles by noting that in general we cannot

simulate εBRi with either BRi or QPW . However, we can simulate some adversarial

oracles of the form εBRA
i by using BRi or QPW . This is because BRi returns best
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responses, which are in turn trivially ε-best responses, and we can simulate BRi with

QPW . However, there may be some actions that are ε-best responses and not strict best

responses, and this information is impossible to recover with best response information

alone, or even a ranking of actions ascertained from repeated calls to QPW .

Bounded Rationality Response Queries

A further justification for the paradigm of best response query oracles is that in actual

play, if agents are utility maximisers, an algorithm may observe best responses. However,

it is often beneficial to relax the assumption that agents are utility maximisers by instead

assuming that they behave according to a prespecified notion of bounded rationality.

For example, agents may instead respond according to an ε-best response (for a suitable

paramater of ε). Another common assumption is that agents take stochastic actions

with probability proportional to the utility of the action at hand. One mathematical

formalisation of this concept is that of a quantal response (QR) agent.

Definition 2.10 (Quantal Response Agent). A bounded rationality agent is said to behave

according to quantal response with rationality parameter λ ≥ 0 if whenever the agent has

to choose between actions a1, .., ak with utilities U1, ..., Uk, the agent takes action ai with

probability eλUi∑k
j=1 e

λUj
. Note that when λ = 0 an agent uniformly randomises over all

actions and as λ→∞ they uniformly randomise over best actions.

If we take the perspective of a query oracle being a glimpse into action that may

happen in play between agents, we encapsulate the notion of a QR agent via a randomised

query oracle: QλQR.

Definition 2.11 (Quantal Response Query). Suppose that G is an n player game. For

a given i ∈ [n] and x−i ∈ ∆(A−i) we let QλQR(i, x−i) be a distribution over Ai dictated by

quantal response with parameter λ for the actions player i may take against x−i. I.e. the

probability on an action aj ∈ Ai is precisely eλUi(aj,x−i)∑n
r=1 e

λUi(ar,x−i)
.

If one is given access to the exact probabilities that underly the quantal response

distribution of an agent, it is possible to reconstruct QPW , and consequently any BRi.

However, since QλQR only gives sample access to the QR distribution, it is in general not

possible to discern QPW let alone BRi from an efficient number of samples from the QR

distribution of mi, since the underlying QR distribution could have such small differences

in probability between actions, that a prohibitive amount of samples are necessary to

discern this order with high probability. As an extreme example, we can look at the

scenario where λ = 0. In this case a QR agent simply responds according to a uniformly
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random action, and it is impossible to discern any information about best responses or

ε-best responses for that matter.

On the other hand, one can use concentration inequalities, in the spirit of sampling

approximations to QU in Section 3.6.3, to also show that approximating probabilities

in a given QR distribution up to polynomial additive factors can be done efficiently via

sampling. Depending on the λ value used in QλQR, this ultimately makes it possible to

compute a subset of ε-best responses, as long as ε is not too small, with an efficient

number of samples from QλQR.

2.3 Literature Review

As mentioned in the introduction, the Nash equilibrium (NE) is a fundamental concept

in game theory. They are guaranteed to exist in finite games, as proven in [57], yet

computational challenges in finding one abound, most notably, the PPAD-completeness

of computing an exact equilibrium even for two-player normal form games as proven in

[17] and [15]. For this reason, query complexity has been extensively used as a tool to

differentiate hardness of equilibrium concepts in games.

Bimatrix Games

Bimatrix games are a natural starting point to study query complexity of equilibria.

For example, it is straightforward to prove that computing an exact Nash equilibrium

requires full knowledge of players’ payoffs. This is shown in [23] whereby the authors

take a generalisation of matching pennies and argue that perturbations in payoffs lead to

distinct exact equilibria, hence any algorithm must query all payoffs.

ε-ANE however, can be computed in a query efficient manner for different values of ε.

For example, the authors of [18] show that in an arbitrary m×n bimatrix game, a 1
2
-ANE

can be computed with two best response queries, and consequently, two utility queries.

The row player picks any pure strategy, i1 ∈ [m], the column player computes j ∈ [n], a

best response to i1, and finally the row player computes i2 ∈ [m], a best response to j.

If the row player uniformly randomises between i1 and i2 and the column player plays j,

then the mixed strategy profile is the desired 1
2
-ANE.

The same approach is generalised in [23] where the authors prove that computing a

(1− 1
i
)-ANE for any i ≥ 2 requires at most 2k − i+ 1 utility queries in a k × k bimatrix

game. This turns out to be asymptotically optimal in k for deterministic algorithms, as

the authors also prove that computing such equilibria requires at least k − i + 1 utility

queries in the worst case. The proof of the lower bound relies on the fact that with fewer

than k− i+ 1 queries, some column must remained unqueried, and hence it could either
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contain maximal payoff (all 1) or minimal payoff (all 0) for the column player, and this

discrepancy disallows computing our desired approximate Nash equilibrium.

The results of [23] are extended and strengthened in [24]. The authors begin by

proving an Ω(k2) lower bound for deterministic algorithms in computing ε-ANE for ε < 1
2

in constant sum bimatrix games (and consequently for bimatrix games in general). The

proof relies on a similar but more subtle analysis of the lower bound from [23], where

with o(k2) queries, multiple columns remain largely unqueried and adversarial responses

to unqueried strategy profiles can force one such column to need significant mass for the

column player in the desired ε-ANE. The fact that an adversary has multiple choices of

such “good” columns results in the lower bound. This same approach is also extended

to lower bounds against randomised algorithms via the use of Yao’s minimax principle,

yielding a Ω(k2) query complexity for computing 1
6k

-WSNE in k×k bimatrix games. With

this in hand, the utility query complexity of ε-ANE in k×k bimatrix games is completely

characterised for deterministic algorithms: ε < 1
2

requires Ω(k2) queries, 1
2
≤ ε ≤ 1 − 1

k

requires Θ(k) queries and ε > 1− 1
k

requires no queries (uniformly randomising over all

actions for each player suffices).

Randomisation can achieve better query efficiency. This is demonstrated in [24] where

the authors present specific randomised algorithms that achieves (3−
√

5
2

+α)-ANE for any

α > 0 using O(k log(k)) utility queries. This breaks the 1
2

barrier of deterministic al-

gorithms expressed above and is done in 3 steps: providing a query-efficient method of

approximating payoffs to mixed strategy profiles of a bimatrix game, using said approx-

imate payoffs to provide a query-efficient algorithm for computing ε-ANE in zero-sum

bimatrix games (via an extension of an existing algortihm for the computation of ε-ANE

for zero-sum bimatrix games in [29]), and finally, using this aforementioned algorithm as

a subroutine in computing the desired ANE for general bimatrix games. This final step

is done by adapting the approximate equilibrium computation algorithm of [12].

In terms of well-supported equilibria, an overall similar approach also yields an algo-

rithm for computing (2
3

+α)-WSNE for any α > 0. The main difference lies in converting
ε2

8
-ANE to ε-WSNE via the methods of [15] (i.e. shifting mass from suboptimal strategy

profiles to best responses and bounding the change in best response utility after said

shift). Ultimately, the same query-efficient algorithm for computing ε-ANE in zero-sum

games is adapted for ε-WSNE and this is used as a subroutine in an algorithm that adapts

that of [46]. As a final note, [24] also contains a linear lower bound for the deterministic

query complexity of computing ε-WSNE for any ε > 0. This is in contrast to the fact

that computing a (1 − 1
k
)-ANE requires no queries at all as a pair of uniformly random

strategy profiles achieves such an approximation guarantee.
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Multiplayer Games

The authors in [33] use techniques from communication complexity to show that in n-

player games, 2Ω(n) queries are needed in the worst case to compute: pure Nash equilibria,

pure Nash equilibria in a Bayesian setting, and mixed Nash equilibria. More specifically,

the authors assume that each player in the game has access to their own utility function,

and that an equilibrium computation protocol consists of multiple rounds where agents

communicate individual actions in a pure strategy profile and observe corresponding

utilities. This communication model translates well to restrictive uncoupled equilibrium

computation amongst agents.

For the first lower bound, the authors produce two reductions. In the first they

reduce the set disjointness communication problem to that of deciding whether a game

has a pure Nash equilibrium. This is done by taking an instance of set disjointness with

base set S = {0, 1}n, and subsets S1, S2 ⊆ S, and constructing an n-player, binary-

action game, G, where each player has action set Ai = {0, 1}, and hence the space of

pure strategy profiles, A, can be identified with S. The judicious construction of the

game is such that the utilities of action profiles, a ∈ S1 ∩ S2, dominate all others for

each player. To tie things together, two final players are added to the game who either

prefer such a dominating a ∈ S1 ∩ S2 if it exists, or otherwise engage in a game of

matching pennies, thus giving G the property that either S1 ∩S2 6= ∅, and hence there is

a unique pure Nash equilibrium, or otherwise there is a unique mixed Nash equilibrium

arising from the matching pennies agents. In the second reduction, the authors reduce

set disjointness to computing pure Nash equilibria in games with a finite improvement

property (and hence games that forcibly have a pure Nash equilibrium). The reduction

uses a similar but more involved construction, but most importantly, it rules out the

possibility that restricting algorithms to games that have pure Nash equilibria may lower

the communication complexity of computing a Nash equilibrium.

The second lower bound involves computing Nash equilibria in the Bayesian setting,

where a common distribution of games is chosen, and algorithms are faced with computing

an equilibrium from a game chosen from this distribution. The communication cost an

algorithm pays is the expected cost from this distribution of games. Indeed, the difficult

family of games from the first lower bound does not imply the existence of difficult

distributions in terms of expected communication cost. As a consequence, the authors

proceed to explicitly describe a distribution of binary-action, n-player, games whereby

for each agent i ∈ [n], and each opponent strategy profile a−i, a best response from the

agent action set, A = {0, 1} is chosen uniformly randomly (with utility 1, as opposed 0

for the worse response). Under this distribution, the authors prove that the probability a

game from the sample has no pure Nash equilibria is bounded away from 0 by a constant
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α. Furthermore, using classical communication complexity techniques, they focus on

combinatorial rectangles over the set of possible player inputs, where each game in the

rectangle has no pure Nash equilibrium. From here, they show that each such rectangle

has at most probability mass 2−2n−1
in their given distribution. These two results prove

that the number of such monochromatic combinatorial rectangles must in fact be doubly

exponential in n, from which the exponential communication complexity lower bound

holds.

As for the third lower bound, the authors rightfully note that high communication

complexity in mixed equilibria can be an artifice of arbitrary precision representations

of probability distributions over action profiles or of payoffs themselves. In spite of

this, they create a family of games that are succinctly representable in a well-defined

sense and yet, where it can be shown that computing a mixed Nash equilibrium over

them has exponential communication complexity in n (the number of players) as well.

The construction rests on generalising Jordan’s game from [39] to obtain a family of n-

player games parametrised by any function f : {0, 1}n−2 → R. Each choice of f gives a

different unique mixed equilibrium of the modified Jordan game, but the authors obtain

the aforementioned succinct representation by focusing on a judicious subset of functions

from the parameter space (in turn parameterised by the set of all boolean functions

h : {0, 1}n−2 → {0, 1}). Due to the fact that each such choice of h gives rise to a different

equilibrium, lower bounds on communication complexity follow.

As a final note on this paper, the authors also briefly delve into upper bounds on the

communication complexity of equilibrium concepts. They trivially give upper bounds that

match these lower bounds for binary-action games (agents in the upper bound procedure

communicate their entire payoff tensor), but most interestingly, for correlated equilibria,

they create a communication-efficient protocol by adapting the algorithm of [60], thus

obtaining a polynomial communication complexity.

Continuing with the query complexity of correlated equilibria, the authors of [36]

prove two important results: any deterministic algorithm that computes an ε-CE in n-

player binary action games requires at least 2Ω(n) utility queries in the worst case, and any

randomised algorithm that computes an exact correlated equilibrium in n-player binary

action games requires 2Ω(n) utility queries in the worst-case.

To show the first result, they consider 1
2
-CE and reduce the problem of computing such

an equilibrium to a combinatorial problem on the n-dimensional boolean hypercube which

they call the approximate sink problem (AS) . To be precise, if v ∈ {0, 1}n is a vertex of

the hypercube and vi is said vertex with the i-th bit flipped, the authors give each directed

edge of the hypercube, (v, vi), a sign R(v, vi) ∈ {−1, 1} such that R(v, vi) = −R(vi, v).

An algorithm is allowed to query any vertex v ∈ {0, 1}n, and consequently learns the value
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of all R(v, vi) for i = 1, ..., n, i.e. the weights of edges from v. Finally, the goal of an

algorithm which solves AS is to find vertex with in-degree no less than n
4
, or equivalently,

such that
∑

iR(v, v(i)) ≤ n
2
. Given an instance of AS, it is straightforward to construct an

n-player binary action game such that Ui(v
i)−Ui(v) = R(v, vi), with utilities being either

0 or 1, and such that queries to the game’s payoff matrix correspond to queries in the AS

model. Finally, the game’s construction is also such that a 1
2
-correlated equilibrium can

be immediately transformed to an approximate sink of the original problem instance. As

a consequence, lower bounds in the query complexity of AS carry over to lower bounds

in the query complexity of 1
2
-correlated equilibria.

The main idea behind the lower bound on AS is that any algorithm for AS which

uses less than 2n/8−1 queries can be turned into a “polite” one, i.e. one where any query

v is made to a vertex for which at least 3n/4 of its neighbours have not been queried.

The details follow from involved combinatorial arguments, but intuitively there is enough

room in the n-dimensional hypercube to fix non-politeness of an algorithm solving AS.

Ultimately, politeness gives an adversary all the power they need to fool an algorithm

solving AS, as whatever answer is returned, 3n
4

of its edge orientations can be changed to

make such an answer incorrect.

For lower bounds against randomised algorithms for computing exact correlated equi-

libria, the authors consider a weighted variant of the AS problem called the “non-positive

vertex” problem (NPV). A similar reduction to before shows that the ability to compute

an exact correlated equilibrium gives rise to algorithms solving NPV, hence lower bounds

for the latter imply lower bounds for the former. To construct lower bounds for NPV

in the setting of randomised algorithms, the authors exhibit a probability distribution

of difficult NPV instances from rapidly mixing random walks on the boolean hypercube,

which are appended to a fixed hamiltonian cycle of the hypercube. In their construction,

solving NPV amounts to finding the end of said paths, but due to the fact that they mix

rapidly, a subexponential number of queries cannot succeed with high probability, and

thus lower bounds for randomised algorithms follow from Yao’s minimax principle.

The author in [3] improves upon the previous two papers by proving exponential

in n utility query lower bounds for randomised algorithms computing ε-WSNE when

ε is a small enough constant. The crux of the proof is in three steps: reducing the

computation of WSNE in a suitable 2n-player game to that of finding an approximate

fixed point of an n-dimensional Lipschitz continuous mapping, reducing the problem of

finding such an approximate fixed point to that of finding the end of a simple path on

the n-dimensional hypercube, and finally, a proof of this latter problem being hard even

via randomised algorithms. The first step in this reduction follows a proof of Brower’s

fixed point theorem from Nash’s theorem in [68], and the second is an application of a
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reduction described in [37]. As for the third step in the proof, the problem is related to

finding the end points of a random path on the n-dimensional hypercube, which given

the fact that random walks on the hypercube mix rapidly, is difficult to do. Random

walks have self-intersection, so care must be taken in making the reduction, since cycles

can occur. However, the authors shows that excising said cycles still maintains a path

that is long enough for hardness to creep in.

The authors of [29] also focus on the query complexity of computing correlated equi-

libria and relevant approximations in the utility query model for n-player games. For ε-

correlated equilibria, they prove a logarithmic upper bound in n by adapting well-known

multiplicative weights algorithms which compute approximate correlated equilibria to

the utility query setting. This is done by a novel query-efficient method of approximat-

ing mixed strategy utilities via the utility oracle, whereby mixed strategies are perturbed

enough to ensure that all actions have non-trivial support, whence concentration inequal-

ities can be used to ensure that empirical averages are close to true expected utilities with

high probability. This upper bound is shown to be asymptotically optimal, as the authors

demonstrate via an adversarial distribution of binary action games and Yao’s minimax

principle that the number of queries needed to find a (1
2
− 1

k
)-correlated equilibrium with

high probability is at least logk(k−1)(n).

Interestingly, the authors also present a query-efficient algorithm for computing ε-

WSNE in succintly representable games. This is done by a “halving” algorithm, whereby

a family of candidate games is maintained, and at any given iteration, a game G′ is

constructed with payoffs at each strategy profile arising from median payoffs of candidate

games. An ε
2
-WSNE, x, is computed for G′, and a large enough sample is taken from x to

ensure that if x is not an ε-WSNE of the intended game G, then with high probability the

sample will be inconsistent with a constant fraction of candidate games. It is important

to note that this algorithm is not computationally efficient.

As a brief aside on the related topic of communication complexity of equilibrium com-

putation, the authors in [5] have also proved lower bounds in communication complexity

for computing ε-WSNE for small enough ε in both bimatrix and multiplayer games. As

the authors mention in their paper, this result is obtained in four steps: proving lower

bounds in terms of the query complexity of end of line instances of specific graphs (of con-

stant degree), lifting these query complexity lower bounds to communication complexity

lower bounds, embedding the specific line as a Lipschitz function, and finally constructing

a game that imitates said Lipschitz function.
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Constrained Classes of Games

Given the aforementioned lower bounds in query complexity of equilibrium computation,

it is natural to focus on constrained families of games with hopes of obtaining algorithms

that perform better than such worst-case lower bounds. In [31], the authors focus on

approximate equilibrium computation in anonymous games with n players, each with

k strategies (where the only relevant information for a player’s payoff is a partition of

opposing players into the strategies they play). In this setting they begin by proving that

computing an exact Nash equilibrium requires querying all payoffs exhaustively as well as

exhibiting a two-player, three-strategy, anonymous game where the unique equilibrium is

irrational, thus further motivating the study of approximate equilibria in the anonymous

setting. The main result of the paper is in the context of computing ε-ANE of n-player

anonymous games with binary action sets. The authors give a randomised algorithm

that computes a O(n−1/4)-ANE with Õ(n3/2) payoff queries and a Õ(n3/2) run time. In

addition, they prove a lower bound of Ω(k log(k)) utility queries needed to compute an

ε-WSNE by randomised algorithms.

Returning to [23], the authors also present query efficient algorithms for graphical

games of constant degree and various forms of congestion games. For the former, an

exact Nash equilibrium can be found with a polynomial number of payoff queries by

discovering every payoff in the game, which given the structure of the game, can be done

without querying every pure strategy profile. For congestion games with m parallel links

and n players, at least log(n) + m utility queries are needed to compute an exact Nash

equilibrium. The log(n) term arises from considering m = 2 links and noticing that in the

worst case equilibrium computation involves performing binary search over which agents

take which link. As for the m term in the lower bound, this arises from simply considering

an m-link game with 1 player and noticing that all utilities of links need to be known

to compute an exact Nash equilibrium. On the other hand, the authors also provide an

upper bound of O
(

log(n) · log2(m)
log log(m)

)
utility queries in computing exact Nash equilibria

in this family of congestion games. They provide an algorithm which works by iteratively

grouping players into blocks, where all players in block must play on same link. In each

round of the algorithm, an invariant is maintained that blocks are in equilibrium (i.e. no

block of players can collectively deviate in order to reduce their latency). Initially players

are placed in a single block, and in each round, blocks are split into smaller blocks and a

new equilibrium is computed for smaller blocks. Eventually block sizes are reduced to 1

and the result is a Nash equilibrium.
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Fictitious Play and Best Response Queries

Best response queries are a weaker but natural query model which is powerful enough to

implement fictitious play (FP), a dynamic first proposed in [13], and proven to converge

in [63] for two-player zero-sum games to an approximate NE. In FP, the row player and

column player each maintain a multiset of pure strategy profiles, Sr and Sc respectively.

Furthermore, at each iteration of FP, the row-player computes a best-response to the

empirical distribution of Sc (i.e. that of sampling uniformly randomly from Sc), and

adds this strategy to Sr. The column player does the same, and this process continues,

whereby the empirical distributions of each player eventually converge to an ε-ANE.

The convergence of FP has also been extended beyond two-player zero-sum games

to also include games solvable by iterated elimination of strictly dominated strategy sets

in [55], potential games in [54] and [53], as well as 2 × n games with generic payoffs

in [10] . On the other hand, [67] contains a simple non-zero-zum variant of rock-paper-

scissors along with initial conditions that guarantee that FP cycles indefinitely around the

unique equilibrium and thus does not converge. The authors of [19] provide an explicit

construction to show that if ties amongst best responses are broken arbitrarily, then the

rate of convergence of FP is quite slow in the worst case (with
(
Ω(t−1/n)

)
-ANE for n×n

games after t rounds). In addition, beyond issues of non-convergence, FP can have a

poor approximation value for general games, as shown in [30].

Quantal Response

Quantal response was initially introduced in [52] as a statistical approximation to rational

play. The authors introduce the notion of a quantal response equilibrium as a solution

concept in games, whereby agents do not deterministcally employ best responses in play,

but rather act stochastically with probability proportional to the expected utility of their

actions. Subsequent work in behavioural economics such as [32] and [69] has further

backed the plausability of quantal response as a model for human behaviour in games. In

particular, there has been much work in the multi-agent systems community around using

quantal response as a model of human behaviour as in [71], especially in the context of

Stackelberg security games. Some notable examples include: efficient algorithms for com-

puting optimal defender strategies against QR adversaries in the unconstrained defender

setting and efficient approximation of optimal defender strategies against QR adversaries

in the constrained defender setting in [72]; Extensions to QR adversaries whereby an ex-

ponentially weighted average of subjective utilities is used to model defender behaviour

in [59]; and an in-depth analysis of the relative merits of stochastic bounded rationality

models of attacker play in repeated Stackelberg security games in [42].
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Chapter 3

Computing ε-ANE in Large Games
with Utility Queries

In this chapter we investigate the problem of equilibrium computation for “large” n-

player games. Large games have a Lipschitz-type property that no single player’s utility

is greatly affected by any other individual player’s actions. In this chapter, we mostly

focus on the case where any change of strategy by a player causes other players’ payoffs

to change by at most 1
n
. We study algorithms having query access to the game’s utility

function, aiming to find ε-approximate Nash equilibria. We seek algorithms that obtain

ε as small as possible, with time polynomial in n.

Our main result is a randomised algorithm that achieves ε approaching 1
8

for binary-

action games in a completely uncoupled setting, where each player observes their own pay-

off to a query, and adjusts their behaviour independently of other players’ payoffs/actions.

O(log n) rounds/queries are required. We also show how to obtain a slight improvement

over 1
8
, by introducing a small amount of communication between the players. Finally,

we give extension of our results to large games with more than two strategies per player,

and alternative largeness parameters.

3.1 Introduction

In studying the computation of solutions of multi-player games, we encounter the well-

known problem that a game’s payoff function has description length exponential in the

number of players. One approach is to assume that the game comes from a concisely-

represented class (for example, graphical games, anonymous games, or congestion games),

and another one is to consider algorithms that have query access to the game’s payoff

function.

In this chapter, we study the computation of approximate Nash equilibria of multi-

player games having the feature that if a player changes their behaviour, it only has a small
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effect on the payoffs that result to any other player. These games, sometimes called large

games, or Lipschitz games, have recently been studied in the literature, since they model

various real-world economic interactions; for example, an individual’s choice of what

items to buy may have a small effect on prices, where other individuals are not strongly

affected. Note that these games do not have concisely-represented payoff functions, which

makes them a natural class of games to consider from the query-complexity perspective.

It is already known how to compute approximate correlated equilibria for unrestricted

n-player games. Here we study the more demanding solution concept of approximate

Nash equilibrium.

Large games (equivalently, small-influence games) are studied in [1] and [41]. In

these papers, the existence of pure ε-approximate Nash equilibria for ε = γ
√

8n log(2kn)

is established, where γ is the largeness/Lipschitz parameter of the game, and k is the

number of pure strategies for each player. In particular, since we assume that γ = 1
n

and

k = 2 we notice that ε = O(
√

log(n)/n) so that there exist arbitrarily accurate pure Nash

equilibria in large games as the number of players increases. The authors of [43] study this

class of games from the mechanism design perspective of mediators who aim to achieve

a good outcome to such a game via recommending actions to players. The author of [2]

studies large binary-action in anonymous games where anonymity is exploited to create

a randomised dynamic on pure strategy profiles that with high probability converges to

a pure approximate equilibrium in O(n log n) steps.

Our main result applies in the setting of completely uncoupled dynamics in equilibria

computation. These dynamics have been studied extensively: the authors of [34] show

that there exist finite-memory uncoupled strategies that lead to pure Nash equilibria

in every game where they exist. Also, there exist finite memory uncoupled strategies

that lead to ε-ANE in every game. Young’s interactive trial and error from [75] outlines

completely uncoupled strategies that lead to pure Nash equilibria with high probability

when they exist. Regret testing from [61] and its n-player extension in [25] show that

there exist completely uncoupled strategies that lead to an ε-Nash equilibrium with high

probability. Randomisation is essential in all of these approaches, as the authors of [35]

show that it is impossible to achieve convergence to Nash equilibria for all games if one

is restricted to deterministic uncoupled strategies. This prior work is not concerned with

rate of convergence; by contrast here we obtain efficient bounds on runtime. Convergence

in adaptive dynamics for exact Nash equilibria is also studied in [33] where the authors

provide provide exponential lower bounds via communication complexity results. The

author of [3] also proves an exponential lower bound on the rate of convergence of adaptive

dynamics to an approximate Nash equilibrium for general binary games. Specifically, he

proves that there is no k-queries dynamic that converges to an ε-WSNE in 2Ω(n)

k
steps with
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probability of at least 2−Ω(n) in all n-player binary games. Both of these results motivate

the study of specific subclasses of these games, such as the “large” games studied here.

3.2 Preliminaries

We recall some notation from Section 2.1. We consider games with n players where

each player, i ∈ [n], has k actions, Ai = {0, 1, ..., k − 1}. Given the common action

set, we say that Ai = A∗ for all i ∈ [n] and we recall that A =
∏n

i=1Ai = (A∗)n. Let

a = (ai, a−i) denote an action profile in which player i plays action ai and the remaining

players play action profile a−i. We also consider mixed strategies, which are defined by the

probability distributions over the action set A∗. We write x = (xi, x−i) to denote a mixed-

strategy profile where xi is a distribution over A∗ corresponding to the i-th player’s mixed

strategy. To be more precise, xi is a vector (xij)
k−1
j=1 such that

∑k−1
j=1 xij ≤ 1 where xij

denotes the i-th player’s probability mass on his j-th strategy. Furthermore, we denote

xi0 = 1−
∑k−1

j=1 xij to be the implicit probability mass the i-th player places on his 0-th

pure strategy. Once again we recall that ∆(A∗) denotes the space of all mixed strategies

over the action set A∗. Each player i has a payoff function Ui : A → [0, 1] mapping an

action profile to some value in [0, 1]. We will at times write Ui(x) = Ea∼x [Ui(a)] to

denote the expected payoff of player i under mixed strategy x. An action a is player

i’s best response to mixed strategy profile x if a ∈ argmaxj∈A∗ Ui(j, x−i).

We assume our algorithms and players have no other prior knowledge of the game but

can access payoff information through querying the utility oracle QU . For each utility

query specified by an action profile a ∈ A, the query oracle will return (Ui(a))ni=1, the

n-dimensional vector of payoffs to each player. Our goal is to compute an approximate

Nash equilibrium with a small number of queries. In the completely uncoupled setting,

a query works as follows: each player i chooses his own action ai independently of the

other players, and learns his own payoff Ui(a) but no other payoffs or actions.

In the rest of this chapter it is useful to quantify the degree of suboptimality of a

specific player in a mixed strategy profile. We call this quantity the regret of a player

and define it as follows:

Definition 3.1 (Regret). Let x be a mixed strategy profile, the regret for player i at x is

reg(x, i) = max
j∈A∗

E
a−i∼x−i

[Ui(j, a−i)]− E
a∼x

[Ui(a)] .

Note that a mixed strategy profile x is an ε-approximate Nash equilibrium (ε-ANE)

if for each player i, the regret satisfies reg(x, i) ≤ ε. In Section 3.6.1 we will address the

stronger notion of a well-supported approximate Nash equilibrium as per Definition 2.3.
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We recall that such an equilibrium is a mixed-strategy profile where players only place

positive probability on actions that are approximately optimal.

Observation 2. To find an exact Nash (or even, correlated) equilibrium of a large game,

in the worst case it is necessary to query the game’s utilities exhaustively, even with

randomised algorithms. This can be done shown using a similar negative result for general

games due to [36], and noting that we can obtain a strategically equivalent γ-large game

(Def. 3.2), by scaling down the payoffs into the interval [0, γ].

We will assume the following largeness condition in our games. Informally, such

largeness condition implies that no single player has a large influence on any other player’s

utility function.

Definition 3.2 (Large Games). A game is γ-large if for any two distinct players i 6= j,

any two distinct actions aj and a′j for player j, and any tuple of actions a−j for everyone

else:

|Ui(aj, a−j)− Ui(a′j, a−j)| ≤ γ ∈ [0, 1].

We will call γ the largeness parameter of the game; in [1] this quantity is called the

Lipschitz value of the game. One immediate implication of the largeness assumption is

the following Lipschitz property of the utility functions.

Lemma 3.1. For any player i ∈ [n], and any action j ∈ A∗, the fixed utility function

Ui(j, x−i) : ∆(A∗)(n−1) → [0, 1] is a γ-Lipschitz function of the second argument x−i ∈
∆(A∗)n−1 ⊆ R(n−1)×(k−1) w.r.t. the `1 norm.

Proof. Without loss of generality consider i = 1 and j = 0. Let q = x−1 and q′ = x′−1

be two mixed strategy profiles for the other players. For i ≥ 2 and j ∈ A∗ \ {0}, let

δij = q′ij − qij. Note that ‖q − q′‖1 =
∑

ij |δij|.
Let eij be the unit vector that has a 1 in the (ij)-th entry and 0 elsewhere. We first

show that there exists an ordering of the discrete set {(ij) | 2 ≤ i ≤ n, 1 ≤ j ≤ k}
denoted by {α1, α2, ..., α(n−1)(k−1)} such that for all ` = 1, ..., (n − 1)(k − 1), the vector

q` = q +
∑`

i=1 δαieαi represents valid mixed strategy profiles for players i ≥ 2.

Suppose that we fix i, and consider qi and q′i as the mixed strategies of player i arising

in q and q′. We recall that these are vectors in [0, 1]k−1 whose components sum is less

than 1. We consider two cases. In the first, suppose that there exists a j such that δij < 0

by definition, δij < qij, hence qi + δijej is a valid mixed strategy for player i.

In the second, suppose that δij > 0 for all j. Now suppose that δij > qi0 = 1−
∑k−1

j=1 qij

for all j. If this is the case then q′i cannot possibly be a valid mixed strategy for player i,
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hence it must be the case that for some j, δij < qi0, hence once again qi + δijej is a valid

mixed strategy for player i.

Since such a choice of valid updates by δij can always be found for valid qi and q′i,

we can recursively find valid shifts by δij in a specific coordinate to reach q′i from qi. If

this is applied in order for all players i ≥ 2, the aforementioned claim holds and indeed

q` = q +
∑`

i=1 δαieαi for some ordering {α1, ..., α(n−1)(k−1)}.
With this in hand, we can use telescoping sums and the largeness condition to prove

our lemma. For simplicity of notation, in what follows we assume that q0 = q, and we

recall that by definition q(n−1)(k−1) = q′.

|Ui(j, q′)− Ui(j, q)| =

∣∣∣∣∣∣
(n−1)(k−1)∑

`=1

Ui(j, q`)− Ui(j, q`−1)

∣∣∣∣∣∣ ,
(Triangle Inequality) ≤

(n−1)(k−1)∑
`=1

|Ui(j, q`)− Ui(j, q`−1)| ,

(Definition of Largeness) ≤
(n−1)(k−1)∑

`=1

γ|δα` | = γ‖q′ − q‖1.

which proves our claim.

From now on until Section 3.6 we will focus on 1
n
-large binary action games where

A∗ = {0, 1} and γ = 1
n
. The reason for this is that the techniques we introduce can be

more conveniently conveyed in the special case of γ = 1
n
, and subsequently extended to

general γ.

Recall that xi denotes a mixed strategy of player i. In the special case of binary-action

games, we slightly abuse the notation to let xi denote the probability that player i plays 1

(as opposed to 0), since in the binary-action case, this single probability describes player

i’s mixed strategy.

The following notion of discrepancy will be useful.

Definition 3.3 (Discrepancy). Letting x be a mixed strategy profile, the discrepancy for

player i at x is

disc(x, i) =

∣∣∣∣ E
a−i∼x−i

[Ui(0, a−i)]− E
a−i∼x−i

[Ui(1, a−i)]

∣∣∣∣ .
Estimating payoffs for mixed profiles We can approximate the expected payoffs for

any mixed strategy profile by repeated calls to the oracle QU . In particular, for any target

accuracy parameter β and confidence parameter δ, consider the following procedure to

implement an oracle Qβ,δ:
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• For any input mixed strategy profile x, compute a new mixed strategy profile

x′ = (1 − β
2
)x + (β

2
)1 such that each player i is playing uniform distribution with

probability β
2

and playing distribution xi with probability 1− β
2
.

• Let N = 64
β3 log (8n/δ), and sample N payoff queries randomly from x′, and call the

oracle QU with each query as input to obtain a payoff vector.

• Let Ûi,j be the average sampled payoff to player i for playing action j.1 Output the

payoff vector (Ûij)i∈[n],j∈{0,1}.

Lemma 3.2. For any β, δ ∈ (0, 1) and any mixed strategy profile x, the oracle Qβ,δ with

probability at least 1− δ outputs a payoff vector (Ûi,j)i∈[n],j∈{0,1} that has an additive error

of at most β, that is for each player i, and each action j ∈ {0, 1},

|Ui(j, x−i)− Ûi,j| ≤ β.

The lemma follows from Proposition 1 of [29] and the largeness property.

Extension to Stochastic Utilities. We consider a generalisation where the utility to

player i of any pure profile a may consist of a probability distribution Da,i over [0, 1], and

if a is played, i receives a sample from Da,i. The player wants to maximise his expected

utility with respect to sampling from a (possibly mixed) profile, together with sampling

from any Da,i that results from a being chosen. If we extend the definition of Q to output

samples of the Da,i for any queried profile a, then Qβ,δ can be defined in a similar way

as before, and simulated as above using samples from Q. Our algorithmic results extend

to this setting.

3.3 Warm-up: 0.25-Approximate Equilibrium

In this section, we exhibit some simple procedures whose general approach is to query a

constant number of mixed strategies (for which additive approximations to the payoffs can

be obtained by sampling). Observation 3 notes that a 1
2
-approximate Nash equilibrium

can be found without using any payoff queries:

Observation 3. Consider the following “uniform” mixed strategy profile. Each player

puts 1
2

probability mass on each action: for all i, xi = 1
2
. Such a mixed strategy profile is

a 1
2
-approximate Nash equilibrium.

1If the player i never plays an action j in any query, set Ûi,j = 0.
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We present two algorithms that build on Observation 3 to obtain better approxima-

tions than 1
2
. For simplicity of presentation, we assume that we have access to a mixed

strategy query oracle QM that returns exact expected payoff values for any input mixed

strategy p. Our results continue to hold if we replace QM by Qβ,δ. 2

Obtaining ε = 0.272. First, we show that having each player making small adjustment

from the “uniform” strategy can improve ε from 1
2

to around 0.27. We simply let play-

ers with large regret shift more probability weight towards their best responses. More

formally, consider the following algorithm OneStep with two parameters α,∆ ∈ [0, 1]:

• Let the players play the “uniform” mixed strategy. Call the oracle QM to obtain

the payoff values of Ui(0, x−i) and Ui(1, x−i) for each player i.

• For each player i, if Ui(0, x−i)−Ui(1, x−i) > α, then set xi = 1
2
−∆; if Ui(1, x−i)−

Ui(0, x−i) > α, set xi = 1
2

+ ∆; otherwise keep playing xi = 1
2
.

Theorem 3.1. If we use algorithm OneStep with parameters α = 2 −
√

11
3

and ∆ =√
11
48
− 1

4
, then the resulting mixed strategy profile is an ε-approximate Nash equilibrium

with ε ≤ 0.272.

Proof. Let x denote the “uniform” mixed strategy, and x′ denote the output strategy by

OneStep. We know that ‖x− x′‖1 ≤ n∆. By Lemma 3.1, we know that for any player

i and action j, |Ui(j, x−i)− Ui(j, x′−j)| ≤ ∆.

Consider a player i whose discrepancy in x satisfies disc(x, i) ≤ α. Then such player’s

discrepancy in x′ is at most disc(x′, i) ≤ α + 2∆, so his regret in x′ is bounded by

reg(x′, i) = x′i disc(x
′, i) = disc(x′, i)/2 ≤ α/2 + ∆. (3.1)

Consider a player i such that disc(x, i) > α. Then we consider two different cases. In

the first case, the best response of player i remains the same in both profiles x and x′.

Since disc(x′, i) ≤ 1, we can bound the regret by

reg(x′, i) = x′i disc(x
′, i) =

(
1

2
−∆

)
. (3.2)

In the second case, the best response of player i changes when the profile x changes

to x′. In this case, the discrepancy is at most 2∆− α, and so the regret is bounded by

reg(x′, i) = x′i disc(x
′, i) =

(
1

2
+ ∆

)
(2∆− α). (3.3)

2In particular, if we use Qβ,δ for our query access, then with probability at least 1 − δ we will get
(ε+O(β))-approximate equilibrium, where ε is the approximation performance obtainable via access to
QM .
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By combining all cases from Equations (3.1) to (3.3), we know the regret is upper-bounded

by

reg(x′, i) ≤ max

(
α

2
+ ∆,

1

2
−∆,

1

2
(1 + 2∆)(2∆− α)

)
. (3.4)

By choosing values

(α∗,∆∗) =

(
2−

√
11

3
,

√
11

48
− 1

4

)
≈ (0.085, 0.229),

the right hand side of Equation (3.4) is bounded by 0.272. Thus if we use the optimal α∗

and ∆∗ in our algorithm, we can attain an ε = 0.272 approximate Nash equilibrium.

Obtaining ε = 0.25. We now give a slightly more sophisticated algorithm than the

previous one. We will again have the players starting with the “uniform” mixed strategy,

then let players shift more weights toward their best responses, and finally let some of

the players switch back to the uniform strategy if their best responses change in the

adjustment. Formally, the algorithm TwoStep proceeds as:

• Start with the “uniform” mixed strategy profile, and query the oracle QM for the

payoff values. Let bi be player i’s best response.

• For each player i, set the probability of playing their best response bi to be 3
4
. Call

QM to obtain payoff values for this mixed strategy profile, and let b′i be each player

i’s best response in the new profile.

• For each player i, if bi 6= b′i, then resume playing xi = 1
2
. Otherwise maintain the

same mixed strategy from the previous step.

Theorem 3.2. The mixed strategy profile output by TwoStep is an ε-approximate Nash

equilibrium with ε ≤ 0.25.

Proof. Let x denote the “uniform” strategy profile, x′ denote the strategy profile after

the first adjustment, and x′′ denote the output strategy profile by TwoStep.

For any player i, there are three cases regarding the discrepancy disc(x, i).

1. The discrepancy disc(x, i) > 1
2
;

2. The discrepancy disc(x, i) ≤ 1
2

and player i returns to the uniform mixed strategy

at the end;

3. The discrepancy disc(x, i) ≤ 1
2

and player i does not return to the uniform mixed

strategy in the end.
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Before we go through all the cases, the following facts are useful. Observe that

‖x− x′‖, ‖x− x′′‖, ‖x′ − x′′‖ ≤ n/4, so for any action j,

max{|Ui(j, x′−i)− Ui(j, x′′−i)|, |Ui(j, x−i)− Ui(j, x′−i), |Ui(j, x−i)− Ui(j, x′′−i)|} ≤
1

4
. (3.5)

It follows that

max{|disc(x′, i)− disc(x′′, i)|, |disc(x, i)− disc(x′, i)|, |disc(x, i)− disc(x′′, i)|} ≤ 1

2
.

We will now bound the regret of player i in the first case. Since in the mixed strategy

profile x, the best response of player i is better than the other action by more than 1
2
.

This means the best response action will remain the same in x′ and x′′ for this player,

and they will play this action with probability 3
4

in the end, so his regret is bounded by
1
4
.

Let us now focus on the second case where discrepancy disc(x, i) ≤ 1
2

and player i

returns to the uniform strategy of part 1. It is sufficient to show that the discrepancy

at the end satisfies disc(x′′, i) ≤ 1
2
. Without loss generality, assume that the player best

response in the “uniform” strategy profile is action bi = 1, and the best response after

the first adjustment is action bi = 0. This means

Ui(1, x−i)− Ui(0, x−i) ≥ 0 and, Ui(0, x
′
−i)− Ui(1, x′−i) ≥ 0.

By combining with Equation (3.5), we have

Ui(1, x
′′
−i)− Ui(0, x′′−i) ≤ Ui(1, x

′
−i)− Ui(0, x′−i) +

1

2
≤ 1

2
,

Ui(0, x
′′
−i)− Ui(1, x′′−i) ≤ Ui(0, x−i)− Ui(1, x−i) +

1

2
≤ 1

2
.

Therefore, we know disc(x′′, i) ≤ 1
2
, and hence the regret reg(x′′, i) ≤ 1

4
.

Finally, we consider the third case where disc(x, i) ≤ 1
2

and player i does not return

to a uniform strategy. Without loss generality, assume that action 1 is best response for

player i in both x and x′, and so Ui(1, x
′
−i) ≥ Ui(0, x

′
−i). By Equation (3.5), we also have

Ui(0, x
′′
−i)− Ui(1, x′′−i) ≤

1

2
.

If their best response changes to 0, then regret is bounded by reg(x′′, i) ≤ 1
8
. Otherwise,

if 1 remains as the best response, then regret is again bounded by reg(x′′, i) ≤ 1
4
. Hence,

in all of the cases above we could bound the player’s regret by 1
4
.
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3.4 1
8-Approximate Equilibrium via Uncoupled Dy-

namics

In this section, we present our main algorithm that achieves approximate equilibria with

ε ≈ 1
8

in a completely uncoupled setting. In order to arrive at this we first model game

dynamics as an uncoupled continuous-time dynamical system where a player’s strat-

egy profile updates depend only on their own mixed strategy and payoffs. Afterwards

we present a discrete-time approximation to these continuous dynamics to arrive at a

query-based algorithm for computing (1
8

+ α)-Nash equilibrium with query complexity

logarithmic in the number of players. Here, α > 0 is a parameter that can be chosen,

and the number of mixed-strategy profiles that need to be tested is inversely proportional

to α. Finally, as mentioned in Section 3.2, we recall that these algorithms carry over to

games with stochastic utilities, and in this latter setting we can show that our algorithm

uses an essentially optimal number of queries.

Throughout the section, we will rely on the following notion of a strategy/payoff state,

capturing the information available to a player at any moment of time.

Definition 3.4 (Strategy-payoff state). For any player i, the strategy/payoff state for

player i is defined as the ordered triple si = (vi1, vi0, xi) ∈ [0, 1]3, where vi1 and vi0 are

the player’s utilities for playing pure actions 1 and 0 respectively, and xi denotes the

player’s probability of playing action 1. Furthermore, we denote the player’s discrepancy

by Di = |vi1 − vi0| and we let x∗i denote the probability mass on the best response, that is

if vi1 ≥ vi0, x∗i = xi, otherwise x∗i = 1− xi.

3.4.1 Continuous-Time Dynamics

First, we will model game dynamics in continuous time, and assume that a player’s strat-

egy/payoff state (and thus all variables it contains) is a differentiable time-valued function.

When we specify these values at a specific time t, we will write si(t) = (vi1(t), vi0(t), xi(t)).

Furthermore, for any time-differentiable function g, we denote its time derivative by

ġ = d
dt
g. We will consider continuous game dynamics formally defined as follows.

Definition 3.5 (Continuous game dynamic). A continuous game dynamic consists of

an update function f that specifies a player’s strategy update at time t. Furthermore, f

depends only on si(t) and ṡi(t). In other words, ẋi(t) = f(si(t), ṡi(t)) for all t.

Observation 4. We note that in this framework, a specific player’s updates do not depend

on other players’ strategy/payoff states nor their history of play. This will eventually lead

us to uncoupled Nash equilibria computation in Section 3.4.2.
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xi = Pr[play 1]

vi0

vi1

•

•

Figure 3.1: Visualisation of P ; on the red line, vi0 = vi1 so the player is indifferent and
mixes with equal probabilities; at the red points the player has payoffs of 0 and 1, and
makes a pure best response.

A central object of interest in our continuous dynamic is a linear sub-space P ⊂ [0, 1]3

such that all strategy/payoff states in it incur a bounded regret. Formally, we will define

P via its normal vector ~n = (−1
2
, 1

2
, 1) so that P = {si| si · ~n = 1

2
}. Equivalently, we

could also write P = {si | x∗i = 1
2
(1 + Di)}. (See Figure 3.1 for a visualisation.) With

this observation, it is straightforward to see that any player with strategy/payoff state in

P has regret at most 1
8
.

Lemma 3.3. Suppose that a player i ∈ [n] has a strategy/payoff state, si ∈ P, then their

regret is at most 1
8
.

Proof. This follows from the fact that a player’s regret can be expressed as Di(1 − x∗i )
and the fact that all points on P also satisfy x∗i = 1

2
(1 +Di). In particular, the maximal

regret of 1
8

is achieved when Di = 1
2

and x∗i = 3
4
.

Next, we want to show there exists a dynamic that allows all players to eventually

reach P and remain on it over time. We notice that for a specific player, v̇i1, v̇i0 and

subsequently Ḋi measure the cumulative effect of other players shifting their strategies.

However, if we limit how much any individual player can change their mixed strategy

over time by imposing |ẋi| ≤ 1 for all i, Lemma 3.1 guarantees |v̇ij| ≤ 1 for j = 0, 1

and consequently |Ḋi| ≤ 2. With these quantities bounded, we can consider an adver-

sarial framework where we construct game dynamics by solely assuming that |ẋi(t)| ≤ 1,

|v̇ij(t)| ≤ 1 for j = 0, 1 and |Ḋi(t)| ≤ 2 for all times t ≥ 0.

Now assume an adversary controls v̇i0, v̇i1 and hence Ḋi, one can show that if a player

sets ẋi(t) = 1
2
(v̇i1(t)− v̇i0(t)), then he could stay on P whenever he reaches the subspace.
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Lemma 3.4. If si(0) ∈ P, and ẋi(t) = 1
2
(v̇i1(t)− v̇i0(t)), then si(t) ∈ P ∀ t ≥ 0.

Theorem 3.3. Under the initial conditions xi(0) = 1
2

for all i, the following continuous

dynamic, Uncoupled Continuous Nash (UCN), has all players reach P in at most
1
2

time units. Furthermore, upon reaching P a player never leaves.

ẋi(t) = f(si(t), ṡi(t)) =


1 if si /∈ P and vi1 ≥ vi0,

−1 if si /∈ P and vi1 < vi0,
1
2
(v̇i1(t)− v̇i0(t)) if si ∈ P .

Proof. From Lemma 3.4 it is clear that once a player reaches P they never leave the

plane. It remains to show that it takes at most 1
2

time units to reach P .

Since xi(0) = x∗i (0) = 1
2
, it follows that if si(0) /∈ P then x∗i (0) < 1

2
(1+Di(0)). On the

other hand, if we assume that ẋ∗i (t) = 1 for t ∈ [0, 1
2
], and that player preferences do not

change, then it follows that x∗i (
1
2
) = 1 and x∗i (

1
2
) ≥ 1

2
(1+Di(

1
2
)), where equality holds only

if Di(
1
2
) = 1. By continuity of x∗i (t) and Di(t) it follows that for some k ≤ 1

2
, si(k) ∈ P .

It is simple to see that the same holds in the case where preferences change.

3.4.2 Discrete Time-step Approximation

The continuous-time dynamics of the previous section hinge on obtaining expected payoffs

in mixed strategy profiles, thus we will approximate expected payoffs via Qβ,δ. Our

algorithm will have each player adjusting their mixed strategy over rounds, and in each

round query Qβ,δ to obtain the payoff values.

Since we are considering discrete approximations to UCN, the dynamics will no longer

guarantee that strategy/payoff states stay on the plane P . For this reason we define the

following region around P :

Definition 3.6. Let Pλ = {si | si ·~n ∈ [1
2
−λ, 1

2
+λ]}, with normal vector ~n = (−1

2
, 1

2
, 1).

Equivalently, Pλ = {si | x∗i = 1
2
(1 +Di) + c, c ∈ [−λ, λ]}.

Just as in the proof of Lemma 3.3, we can use the fact that a player’s regret is Di(1−x∗i )
to bound regret on Pλ.

Lemma 3.5. The worst case regret of any strategy/payoff state in Pλ is 1
8
(1+2λ)2. This

is attained on the boundary: ∂Pλ = {si | si · ~n = 1
2
± λ}.

Corollary 1. For a fixed α > 0, if λ =
√

1+8α−1
2

, then Pλ attains a maximal regret of
1
8

+ α.
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We present an algorithm in the completely uncoupled setting, UN(α, η), that for

any parameters α, η ∈ (0, 1] computes a (1
8

+ α)-Nash equilibrium with probability at

least 1− η. Our algorithm is essentially discretising UCN and using approximate utility

information obtained via sampling pure utility queries.

Since xi(t) ∈ [0, 1] is the mixed strategy of the i-th player at round t we let x(t) =

(xi(t))
n
i=1 be the resulting mixed strategy profile of all players at round t. Furthermore,

we use the mixed strategy oracle Qβ,δ from Lemma 3.2 that for a given mixed strategy

profile x returns the vector of expected payoffs for all players with an additive error of β

and a correctness probability of 1− δ.
The following lemma is used to prove the correctness of UN(α, η):

Lemma 3.6. Suppose that w ∈ R3 with ‖w‖∞ ≤ λ and let function h(x) = x · ~n, where

~n is the normal vector of P. Then h(x+w)− h(x) ∈ [−2λ, 2λ]. Furthermore, if w3 = 0,

then h(x+ w)− h(x) ∈ [−λ, λ].

Proof. The statement follows from the following expression:

h(x+ w)− h(x) = w · ~n =
1

2
(w2 − w1) + w3.

Theorem 3.4. With probability 1− η, UN(α, η) correctly returns a (1
8

+α)-approximate

Nash equilibrium by using O( 1
α4 log

(
n
αη

)
) queries.

Proof. By Lemma 3.2 and a union bound, we can guarantee that with probability at least

1−η all sample approximations to mixed payoff queries have an additive error of at most

∆ = λ
4
. We will condition on this accuracy guarantee in the remainder of our argument.

Now we can show that for each player there will be some round k ≤ N , such that at

the beginning of the round their strategy/payoff state lies in Pλ/2. Furthermore, at the

beginning of all subsequent rounds t ≥ k, it will also be the case that their strategy/payoff

state lies in Pλ/2.

The reason any player generally reaches Pλ/2 follows from the fact that in the worst

case, after increasing x∗ by ∆ for N rounds, x∗ = 1, in which case a player is certainly

in Pλ/2. Furthermore, Lemma 3.6 guarantees that each time x∗ is increased by ∆, the

value of ŝi · ~n changes by at most λ
2

which is why ŝi are always steered towards Pλ/4.

Due to inherent noise in sampling, players may at times find that ŝi slightly exit Pλ/4

but since additive errors are at most λ
4
. We are still guaranteed that true si lie in Pλ/2.

The second half of step 4 forces a player to remain in Pλ/2 at the beginning of any

subsequent round t ≥ k. The argumentation for this is identical to that of Lemma 3.4

in the continuous case.
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Algorithm 1 UN(α, η)

Require:
Threshold: α > 0
Confidence: η > 0

Initialisation:
λ←

√
1+8α−1

2

∆← λ
4

N ← d 2
∆
e

xi(0)← 1
2

for i ∈ [n]

Initial Gradient Estimate:
for (i, j) ∈ [n]× {0, 1} do

v̂ij(0) =
(
Q(∆, η

N
)(j, x(0)−i)

)
i

Query Dynamics:
for t = 1, ..., N do

for i ∈ [n] do
for j ∈ {0, 1} do

v̂ij(t)←
(
Q(∆, η

N
)(j, x(t)−i)

)
i

∆v̂ij(t)← v̂ij(t)− v̂ij(t− 1)
if ŝi(t) = (v̂i1(t), v̂i0(t), xi(t)) /∈ Pλ/4 then
x∗i (t+ 1)← x∗i (t) + ∆

else
x∗i (t+ 1)← x∗i (t) + 1

2
(∆v̂i1(t)−∆v̂i0(t))

return x(N)
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Finally, the reason that individual probability movements are restricted to ∆ = λ
4

is

that at the end of the final round, players will move their probabilities and will not be

able to respond to subsequent changes in their strategy/payoff states. From the second

part of Lemma 3.6, we can see that in the worst case this can cause a strategy/payoff

state to move from the boundary of Pλ/2 to the boundary of P 3λ
4 ⊂ Pλ. However, λ is

chosen in such a way so that the worst-case regret within Pλ is at most 1
8

+ α, therefore

it follows that UN(α, η) returns a 1
8

+ α approximate Nash equilibrium. Furthermore,

the number of queries is

(N + 1)

(
1024

λ3
log

(
8nN

η

))
=

(
1

λ
+ 1

)(
1024

λ3
log

(
8n

λη

))
.

It is not difficult to see that 1
λ

= O( 1
α

) which implies that the number of queries made is

O
(

1
α4 log

(
n
αη

))
in the limit.

3.4.3 Logarithmic Lower Bound

As mentioned in the preliminaries section, all of our previous results extend to stochastic

utilities. In particular, if we assume that G is a game with stochastic utilities where

expected payoffs are large with parameter 1
n
, then we can apply UN(α, η) with O(log(n))

queries to obtain a mixed strategy profile where no player has more than 1
8

+α incentive

to deviate. Most importantly, for every ` > 2, we can use the same methods as [29] to

lower bound the query complexity of computing a mixed strategy profile where no player

has more than (1
2
− 1

`
) incentive to deviate.

Theorem 3.5. For every ` > 2, the query complexity of computing a mixed strategy

profile where no player has more than (1
2
− 1

`
) incentive to deviate for stochastic utility

games is Ω(log`(`−1)(n)). Alongside Theorem 3.4 this implies the query complexity of

computing mixed strategy profiles where no player has more than 1
8

incentive to deviate

in stochastic utility games is Θ(log(n)).

Proof. Suppose that we have n players and that ` > 2. For every b ∈ {0, 1}n we can

construct a stochastic utility game Gb as follows: For each player i, the utility of strategy

bi is Bernoulli with bias `
`−1

and the utility of strategy 1 − bi is bernoulli with bias 1
`
.

Note that this game is trivially
(

1
n

)
-Lipschitz, as each player’s payoff distributions are

completely independent of other players’ strategies.

Suppose that G is the uniform distribution on the set of all Gb, then using the same

argumentation as Theorem 3 of [29], we get the following:

Theorem 3.6. Let A be a deterministic payoff-query algorithm that makes at most

log`(`−1)(n) utility queries and outputs a mixed strategy x. If A performs on G, then
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with probability more than 1
2
, there will exist a player with a regret greater than 1

2
− 1

`
in

x.

We can immediately apply Yao’s minimax principle from [73] to this result to complete

the proof.

3.5 Achieving ε < 1
8 with Communication

We return to continuous dynamics to show that we can obtain a worst-case regret of

slightly less than 1
8

by using limited communication between players, thus breaking the

uncoupled setting we have been studying until now.

First of all, let us suppose that initially xi(0) = 1
2

for each player i and that UCN is

run for 1
2

time units so that strategy/payoff states for each player lie on P = {si | x∗i =
1
2
(1 + Di)}. We recall from Lemma 3.3 that the worst case regret of 1

8
on this plane is

achieved when x∗i = 3
4

and Di = 1
2
. We say a player is bad if they achieve a regret of at

least 0.12, which on P corresponds to having x∗i ∈ [0.7, 0.8]. Similarly, all other players

are good. We denote θ ∈ [0, 1] as the proportion of players that are bad. Furthermore, as

the following lemma shows, we can in a certain sense assume that θ ≤ 1
2
.

Lemma 3.7. If θ > 1
2
, then for a period of 0.15 time units, we can allow each bad player

to shift to their best response with unit speed, and have all good players update according

to UCN to stay on P. After this movement, at most 1− θ players are bad.

Proof. If i is a bad player, in the worst case scenario, Ḋi = 2, which keeps their strat-

egy/payoff state, si, on the plane P . However, at the end of 0.15 time units, they will

have x∗i > 0.85, hence they will no longer be bad. On the other hand, since the good

players follow the dynamic, they stay on P , and at worst, all of them become bad.

Observation 5. After this movement, players who were bad are the only players possibly

away from P and they have a discrepancy that is greater than 0 · 1. Furthermore, all

players who become bad lie on P.

We can now outline a continuous-time dynamic that utilises Lemma 3.7 to obtain a

(1
8
− 1

220
) maximal regret.

1. Have all players begin with xi(0) = 1
2

2. Run UCN for 1
2

time units.

3. Measure, θ, the proportion of bad players. If θ > 1
2

apply the dynamics of

Lemma 3.7.
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4. Let all bad players use ẋ∗i = 1 for ∆ = 1
220

time units.

Theorem 3.7. If all players follow the aforementioned dynamic, no single player will

have a regret greater than 1
8
− 1

220
.

In essence one shows that if ∆ is a small enough time interval (less than 0.1 to be

exact), then all bad players will unilaterally decrease their regret by at least 0.1∆ and

good players won’t increase their regret by more than ∆. The time step ∆ = 1
220

is thus

chosen optimally.

Proof. We have seen via Lemma 3.7 that after step 3 the proportion of bad players is at

most θ ≤ 1
2
, we wish to show that step 4 reduces maximal regret by at least 1

220
for every

bad player while maintaining a low regret for good players.

Since after step 3 all bad players remain on P , we can consider an arbitrary bad

player on the plane P with regret r = D(1 − x∗). Let us suppose that we allow all bad

players to unilaterally shift their probabilities to their best response for a time period

of ∆ < 0.4 ≤ D units (the bound implies bad player preferences do not change). This

means that the worst case scenario for their regret is when their discrepancy increases to

D + 2θ∆. If we let r′ be their new regret after this move, we get the following:

r′ = (D + 2θ∆)(1− x∗ −∆) = D(1− x∗) + 2θ∆(1− x∗)−D∆− 2θ∆2,

= r − 2θ∆2 + (2θ(1− x∗)−D) ∆.

However, we can use our initial constraints on D and x∗ from the fact that the players

were bad, along with the fact that θ ≤ 1
2

to obtain the following:

2θ(1− x∗) ≤ (1− x∗) ≤ 0.3 < 0.4 ≤ D.

Hence as long as ∆ < 0.4, r′ < r hence we can better the new bad players, without

hurting the good players by choosing a suitably small value of ∆.

To see that we don’t hurt good players to much, suppose that we have a good player

with discrepancy D and best-response mass, x∗. By definition, their initial regret is

r = D(1 − x∗) < 0.12. There are two extreme cases to what can happen to their regret

after the bad players shift their strategies in step 4. Either their discrepancies increase by

2θ∆, in which case preferences are maintained, or either discrepancies decrease by 2θ∆

and preferences change (which can only occur when 2θ∆ > D). For the first case we can

calculate the new regret r′ as follows:

r′ = (D + 2θ∆)(1− x∗) = r + 2θ(1− x∗)∆ ≤ r + (1− x∗)∆ ≤ r + ∆.
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This means that the total change in regret is at most ∆. Note that if a player was

originally bad and then shifted according to Lemma 3.7 then their discrepancy is at

least 0.1. For this reason if we limit ourselves to values of ∆ < 0.1, then all such players

will always fall in this case since their preferences cannot change.

Now we analyse the second case where preferences switch. Since we are only consid-

ering ∆ < 0.1, then we can assume that all such profiles must lie on P . In this case we

get the following new regret:

r′ = (2θ∆−D)(x) = r + 2θx∗∆−D ≤ r + x∗∆−D ≤ r + ∆.

Consequently, in the scenario that preferences change, the change of regret is bounded

by ∆ as well. This means that for ∆ < 0.1, the decrease in regret for bad players is at

least:

2θ∆2 + (D − 2θ(1− x∗))∆ > 0.1∆.

And for such time-steps ∆, the regret for good players increases by at most ∆. Thus

under these bounds, the optimal value is ∆ = 1
220

which gives rise to a maximal regret of
1
8
− 1

220
= 137

1100
.

As a final note, we see that this process requires one round of communication in being

able to perform the operations in Lemma 3.7, that is we need to know if θ > 1
2

or not to

balance player profiles so that there are at most the same number of bad players to good

players. Furthermore, in exactly the same fashion as UN(α, η), we can discretise the

above process to obtain a query-based algorithm that obtains a regret of 1
8
− 1

220
+α < 1

8

for arbitrary α.

3.6 Extensions

In this section we address three extensions to our previous results:

• (Section 3.6.1) We extend the algorithm UCN to large binary-action games with

a more general largeness parameter γ = c
n
∈ [0, 1], where c is a constant.

• (Section 3.6.2:) For n-player, k-action games, we consider arbitrary Lipschitz con-

stants γ = c
n
∈ [0, 1] and construct a new continuous dynamic, QR(γ) that utilizes

a non-linear subspace of strategy/payoff states.

• (Section 3.6.3) We once again consider n-player large games with k actions, and

largeness parameter γ = c
n
. In this setting we describe an algorithm that uses a new

uncoupled approach that is substantially different from other continuous dynamics

from this chapter.
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3.6.1 Continuous Dynamics for Binary-action Games with Ar-
bitrary γ

We recall that for large games, the largeness parameter γ denotes the extent to which

players can affect each others’ utilities. Instead of assuming that γ = 1
n

we now let

γ = c
n
∈ [0, 1] for some constant c. We show that we can extend UCN and still ensure

a better than 1
2
-equilibrium. We recall that for the original UCN, players converge to

a linear subspace of strategy/payoff states and achieve a bounded regret. For arbitrary

γ = c
n
, we can extend this subspace of strategy/payoff states as follows:

Pγ =
{

(x∗, D) | x∗ = min

(
1

2
+
D

2c
, 1

)}
.

where D and x∗ represent respectively a player’s discrepancy and probability allocated

to the best response. For c = 1 we recover the subspace P as in UCN. Furthermore, if

|ẋ∗| ≤ 1 for each player, then |Ḋ| ≤ 2c, which means that we can implement an update

as follows:

ẋ∗ =
Ḋ

2c
.

This leads us to the following natural extension to Theorem 3.3:

Theorem 3.8. Under the initial conditions xi(0) = 1
2

for all i, the following continuous

dynamic, UCN-γ, has all players reach Pγ in at most 1
2

time units. Furthermore, upon

reaching Pγ a player never leaves, i.e.

ẋ∗i (t) = f(Di(t), Ḋi(t)) =


1 if si /∈ Pγ,
0 if si ∈ Pγ and x∗i >

1
2

+ Di
2c
,

Ḋi
2c

otherwise .

Notice that unlike UCN, this dynamic is no longer necessarily a continuously differen-

tiable function with respect to time when c > 1. However, it is still continuous.

Once again, we note that for all strategy/payoff states, regret can be expressed as

R = (1− x∗)D,

from which we can prove the following:

Theorem 3.9. Suppose that γ = c
n

and that a player’s strategy/payoff state lies on

Pγ, then his regret is at most c
8

for c ≤ 2 and his regret is at most 1
2
− 1

2c
for c > 2.

Furthermore, the equilibria obtained are also c-WSNE.
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Proof. If c ≤ 2, then regret is maximised when D = c
2

and consequently when x∗ = 3
4
.

This results in a regret of c
8
. On the other hand, if c > 2, then regret is maximised when

D = 1 and consequently x∗ = 1
2

+ 1
2c

. This results in a regret of 1
2
− 1

2c
.

As for the second part of the theorem, from the definition of Pγ and from the definition

of ε-WSNE in Section 2.3 it is straightforward to see that when D ≥ c, x∗ = 1 which

means that no weight is put on the strategy whose utility is at most c from that of the

best response.

Thus we obtain a regret that is better than simply randomizing between both strate-

gies, although as should be expected, the advantage goes to zero as the largeness param-

eter increases.

Discretisation and Query Complexity

In the same way as UN-(α, η), where we discretised UN, Theorem 3.9 can be discretised

to yield the following result.

Theorem 3.10. For a given accuracy parameter α and correctness probability η, we can

implement a query-based discretisation of UCN-γ that with probability 1 − η correctly

computes an ε-approximate Nash equilibrium for

ε =

{
c
8

+ α, if c ≤ 2,
1
2
− 1

2c
+ α, if c > 2.

Furthermore the discretisation uses O
(

1
α4

(
n
αη

))
queries.

3.6.2 Continuous-time Quantal Response Dynamics

In this section we construct a continuous-time dynamic akin to UCN from Section 3.4.

Our dynamic computes approximate well-supported Nash equilibria for k-action, γ-large

games with n players, where each of these parameters is arbitrary. This scenario is more

complicated than the binary-action case due to the fact that modifications to a player’s

strategy can encompass adding or taking away probability mass from multiple different

pure strategies. Since we are interested in completely decoupled protocols, we will take

the perspective of an arbitrary player and generalise the notion of strategy/payoff states

from Section 3.4.

Definition 3.7 (Generalised strategy/payoff state). For an arbitrary player i, the strat-

egy/payoff state for player i is defined as the ordered triple si = (vi1, ..., vik, xi1, ..., xik) ∈
[0, 1]2k, where vij are expected utilities for playing pure actions j, and xir denotes the

player’s probability of playing action r. When the specific identity of a player is unim-

portant, we simplify the above notation to s = (v1, ..., vk, x1, ..., xk).
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In all the analysis that follows, we assume the perspective of a generic player and hence

use the latter notation from the definition.

Lemma 3.8. Suppose that the rate of change of a player’s mixed strategy satisfies the

condition
∑k

i=1 |ẋi| ≤ 2. Then the total effect on other players’ utilities is at most γ.

Proof. Since
∑
xi = 1, it follows that

∑
ẋi = 0. Let I+ be the set of all i such that

ẋi > 0 and I− be the rest. It should be straightforward to see that
∑

i∈I+ |ẋi| ≤ 1

and that the same holds for I−. Furthermore,
∑

i∈I+ ẋi +
∑

i∈I− ẋi = 0, hence for every

increase in probability there is a matching decrease. For this reason, we can consider

the total change in probability as occuring in “pairwise” increments and decrements that

eventually total out the complete change in probability. Since the pairwise changes don’t

ever change utilities by more than γ, then the claim follows.

Corollary 2. If all players satisfy the above constraints, then any player’s utilities

changes by at most nγ.

From this point onwards, we assume that all players are restricted in their movements of

probability by the above rule (
∑k

i=1 |ẋi| ≤ 2), and as before, we will find a subspace of

all strategy/payoff states with the property that an arbitrary player can remain on it in

an uncoupled scenario via valid updates, and that in addition, regret on the subspace is

bounded.

Definition 3.8 (Quantal Response Subspace). For a given randomness parameter λ ≥ 0,

we define the following subspace:

QRλ =
{
s = (v1, ..., vk, x1, ..., xk) | xi = Qλ

i (~v) =
eλvi∑k
j=1 e

λvj

}
,

where we have referenced the family of quantal response functions Qλ
i from Chapter 2.

We will show that for λ = 1
2nγ

a player can reach QRλ relatively quickly and remain on

it with valid probability updates such that
∑k

i=1 |ẋi| ≤ 2.

Theorem 3.11. Under the initial conditions λ = 1
2nγ

and xir = 1
k
, for any player i and

all pure strategies r = 1, .., k, the following continuous dynamic, QR(γ), has all players

reach QRλ in at most O(λ+ log(k)) time units. Furthermore, upon reaching QRλ, each

player remains on QRλ.

For r ≥ 2:

ẋir = f(xi2, ..., xir, ẋi2, ..., ẋir) =


xir, if xir < Qr(~vi),

−xir, if xir > Qr(~vi),

λ
∑k

j=1(v̇ir − v̇ij)xirxij, if xir = Qr(~vi).
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For r = 1:

ẋi1 = −
k∑
j=2

ẋij.

Proof. First we will show that for λ = 1
2nγ

a player can remain on QRλ. If we assume

that xir = Qr(~vi) = eλvir∑
j e
vij as a function of time, then it is straightforward to see that

probability time derivatives have the following form:

ẋi = λ

k∑
j=1

(v̇i − v̇j)xixj.

Since this is precisely the third case for QR(γ), the claim holds.

Now we wish to show that |ẋir| ≤ xir for r ≥ 2. This is trivial for the first two cases

of the dynamic, but for the third we can bound the magnitude of this derivative:

|ẋir| = λxir|
k∑
j=1

(v̇ir − v̇ij)xij| ≤ λxir

k∑
j=1

|(v̇ir − v̇ij)|xij.

Furthermore, if for the time being we assume that |v̇ir| ≤ nγ for all r, then we get

|(v̇ir − v̇ij)| ≤ 2nγ and we can further bound the above expression to get our desired

expression:

|ẋir| ≤ λxir

k∑
j=1

(2nγ)xij = λ(2nγ)xir = xir.

Finally, since we have defined ẋi1 = −
∑k

j=2 ẋij, we obtain the following:

|ẋi1| = |
k∑
j=2

ẋij| ≤
k∑
j=2

|ẋij| ≤
k∑
j=2

xij ≤ 1.

Hence we satisfy
∑k

j=1 |ẋij| ≤ 2, which from Lemma 3.8 and Corollary 2 justifies the

assumption that |v̇ir| ≤ nγ for all r.

Finally, it remains to show that under this dynamic, a player reaches QRγ in at most

O(λ + log(k)) time units. To do so, we demonstrate that for an arbitrary r = 2, ..., k,

xir = Qr(~vi) after the required time.

We have already shown that once xir(t) = Qr(~vi(t)) for a given time t, then xir(t
′) =

Qr(~vi(t
′)) for subsequent t′ > t. Let t∗ be the first time such that xir(t

∗) = Qr(~vi(t
∗)).

From the first two cases of the dynamic, we can use the initial conditions xir(0) = 1
k

to

solve for xir(t) for t < t∗ as the following:

xir(t) =

{
1
k
et, if 1

k
= xir(0) < Qr(~vi(0)),

1
k
e−t, if 1

k
= xir(0) > Qr(~vi)(0).

43



As an upper bound to the worst-case t∗, we consider when 1
k
et = 1 and when 1

k
e−t =

1
1+(k−1)eλ

(the second term is the smallest probability attainable under quantal response

with rationality parameter λ). In doing so, we obtain

t∗ ≤ max

(
log(k), log

(
1 + (k − 1)eλ

k

))
= O(λ+ log(k)),

which completes the proof of Theorem 3.11.

Now for a specific λ, we wish to find bounds on the worst-case regret a player can

suffer on QRλ. I.e. a combination of utilities v1, ..., vk such that the corresponding

quantal response probability masses amount to a large regret. In order to do so, we

assume without loss of generality that v1 ≥ vi ≥ 0 for all i, so that we can write the

regret in terms of v1 and a player’s expected utility, V =
∑
vie

vi∑
evj

:

R = v1 − V.

In the following analysis, we relax the bounds on vi to find a global maximum on R that

still holds in our restricted case. Since v1 is fixed, maximising regret is equivalent to

minimising log(V ). To do so, we take partial derivatives and equate to 0:

∂

∂vi
(log(V )) =

(1 + λvi)e
λvi∑k

j=1 vje
λvj
− λeλvi∑k

j=1 e
λvj

= 0.

After simplification we get the following expression for vi which is irrespective of the

index i:

vi = V − 1

λ
= α∗.

It follows that a globally maximum regret is obtained when all other utilities vi = α are

uniform. Given this, we can reformulate our expected utility as follows:

V =
v1e

λv1 + (k − 1)αeλα

eλv1 + (k − 1)eλα
.

We take logarithms and differentiate to find the critical value α∗:

∂V

∂α
=

(k − 1)(1 + λα)eλα

v1eλv1 + (k − 1)αeλα
− (k − 1)λeλα

eλv1 + (k − 1)eλα
= 0.

If we let β = λ(α− v1), then we can simplify the above to

1 + (k − 1)eβ + β = 0,

for which the solution makes use of the Lambert W function and has the following form:

β = −W
(

(k − 1)

e

)
− 1,
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which leads to

α∗ = v1 −
1 +W

(
(k−1)
e

)
λ

.

However, we recall that we had an expression for α∗ in terms of V and λ:

α∗ = V − 1

λ
,

which leads to the following:

V − 1

λ
= v1 −

1 +W
(

(k−1)
e

)
λ

, and

R = v1 − V =
W
(

(k−1)
e

)
λ

= 2nγW

(
(k − 1)

e

)
= fR(n, γ, k).

Here we have defined the function fR = 2nγW
(

(k−1)
e

)
on the right hand side as the

upper bound term on regret that occurs in this analysis.

We recall that for x > e the Lambert W function satisfies the bound W (x) < log(x),

which means that for k ≥ 9 the following regret bounds hold:

R <
log(k − 1)− 1

λ
= 2nγ (log(k − 1)− 1) .

Hence if a player reaches the QRλ, their regret is at most O(nγ log k).

It is important to note that in the bound above, α can be negative, which can lead

to the above upper bound not being tight, as the worst-case strategy/payoff state in the

extended regret function is no longer realisable under the bounds vi ∈ [0, v1].

To get around this, we note that α < 0 happens precisely when v1 − 1
λ
< fR(n, γ, k).

This means that the above bound is tight up until fR(n, γ, k) reaches v1 − 1
λ
. This term

is highest at 1− 1
λ

= 1− 2nγ.

So when fR(n, γ, k) > 1− 1
λ

there is no value of v1 that will invoke a positive minimal

α value, hence the minimum value of V is obtained on the boundary of (v2, ..., vk) ∈
[0, v1]k−2, and it is straightforward to see that the minimum boundary value is when

v1 = 1 and all other vi are 0. This leads to a maximal regret of the following form:

R ≤ k − 1

eλ + k − 1
.

Theorem 3.12 (Final Bounds). For a given combination of n, γ and k ≥ 9, QR(γ)

obtains the following maximal regret, R, on QR(2nγ)−1 after O(λ+ log(k)) time:

R ≤

2nγ(log(k − 1))− 2nγ, if 2nγ log(k − 1) ≤ 1,
k−1

e
1

2nγ +(k−1)
otherwise.
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3.6.3 Block Equilibrium Computation for k-action Games

When the number of pure strategies per player is k > 2, the initial “strawman” idea

corresponding to Observation 3 is to have all n players randomise uniformly over their

k strategies. Notice that the resulting regret may in general be as high as 1 − 1
k
. In

this section we give a new uncoupled dynamic for computing approximate equilibria in

k-action games where (for largeness parameter γ = 1
n
) the worst-case regret approaches

3
4

as k increases, hence improving over uniform randomisation over all strategies. Recall

that in general we are considering γ = c
n

for fixed c ∈ [0, n]. The following is just a

simple extension of the payoff oracle Qβ,δ to the setting with k actions: for any input

mixed strategy profile x, the oracle will with probability at least 1 − δ, output payoff

estimates for x with error at most β for all n players.

Estimating payoffs for mixed profiles in k-action games. Given a payoff ora-

cle QU and any target accuracy parameter β and confidence parameter δ, consider the

following procedure to implement an oracle Qβ,δ:

• For any input mixed strategy profile x, compute a new mixed strategy profile

x′ = (1 − β
2
)x + ( β

2k
)1 such that each player i is playing uniform distribution with

probability β
2

and playing distribution xi with probability 1− β
2
.

• Let m = 64k2

β3 log (8n/δ), and sample m payoff queries randomly from x′, and call

the oracle QU with each query as input to obtain a payoff vector.

• Let Ûi,j be the average sampled payoff to player i for playing action j.3 Output the

payoff vector (Ûij)i∈[n],j∈{0,1}.

As in previous sections, we begin by assuming that our algorithm has access to QM ,

the more powerful query oracle that returns exact expected payoffs with regards to mixed

strategies. We will eventually show in section 3.6.3 that this does not result in a loss of

generality, as when utilising Qβ,δ we incur a bounded additive loss with regards to the

approximate equilibria we obtain.

The general idea of Algorithm 2 is as follows. For a parameterN ∈ N, every player uses

a mixed strategy consisting of a discretised distribution in which a player’s probability is

divided intoN quanta of probability 1
N

, each of which is allocated to a single pure strategy.

We refer to these quanta as “blocks” and label them B1, . . . , BN . Initially, blocks may

be allocated arbitrarily to pure strategies. Then in time step t, for t = 1, . . . , N , block t

is reallocated to the player’s best response to the other players’ current mixed strategies.

3If the player i never plays an action j in any query, set Ûi,j = 0.
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The general idea of the analysis of Algorithm 2 is the following. In each time step,

a player’s utilities change by at most nγ/N = c/N . Hence, at the completion of Algo-

rithm 2, block N is allocated to a nearly-optimal strategy, and generally, block N − r

is allocated to a strategy whose closeness to optimality goes down as r increases, but

enables us to derive the improved overall performance of each player’s mixed strategy.

Algorithm 2 Block Equilibrium Computation BU (performed by each player)

Require:
Parameter: N ∈ N

Initialisation:
Blocks B1, . . . , BN ; {a block represents 1

N
of the player’s mixed strategy }

Allocate each Bi to arbitrary j ∈ [k];

Block Updates:
for t = 1, . . . , N do

Observe expected utilities (Uj)j∈[k] to current mixed strategy profile ~x = (~xi)i∈[n];
Reallocate Bt to best response to ~x;

return ~xi = (xj)j∈[k]

Theorem 3.13. BU returns a mixed strategy profile (~xi)i∈[n] that is an ε-NE where:

ε =

{
c
(
1 + 1

N

)
, if c ≤ 1

2
,

1− 1
4c

+ 3
2N
, if c > 1

2
.

Notice for example that for γ = 1
n

(i.e. putting c = 1), each player’s regret is at most
3
4

+ 3
2N

, so we can make this approach 3
4

since N is a parameter of the algorithm.

Proof. For an arbitrary player i ∈ [n], in each step t = 1, ..., N , probability block Bt is

re-assigned to i’s current best response.

Since every player is doing the same transfer of probability, by the largeness condition

of the game, one can see that every block’s assigned strategy incurs a regret that increases

by at most 2c
N

at every time step. This means that at the end of N rounds, the j-th most

recently updated block will at worst be assigned to a strategy that has min{1, 2cj
N
} regret.

This means we can bound a player’s total regret as follows:

R ≤
N∑
i=1

min
{

1,
2cj

N

}
· 1

N

There are two important cases for this sum: when 2c ≤ 1 and when 2c > 1. In the first

case:

R ≤
N∑
i=1

2ci

N2
= nγ

(
1 +

1

N

)
.
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Figure 3.2: Visualisation of Ab,h when h ≤ 1 (Left) and h > 1 (Right).

In order to compute the second, we let ` = bN
2c
c and get:

R ≤

(∑̀
i=1

2ci

N2

)
+ (N − `) · 1

N
≤ 1− 1

4c
+

3

2N
.

In fact, we can slightly improve the bounds in Theorem 3.13 via introducing a dependence

on k. In order to do so, we need to introduce some definitions first.

Definition 3.9. For b, h > 0, we construct Ab,h by taking a right triangle of base length,

b, and height, h, and truncating it at height 1 if h > 1 (resulting in a trapezoid). If h ≤ 1,

the triangle remains untruncated. We call Ab,h the truncated triangle in the Cartesian

plane with a base of length, b, and height, h. See Figure 3.2 for a visualisation.

Definition 3.10. For a given truncated triangle Ab,h and a partition of the base, P =

{x1, ..., xr} where 0 ≤ x1 ≤ . . . ≤ xr ≤ b, we denote the left sum of Ab,h under P by

LS(Ab,h,P) (for reference see Figure 3.3) and define it as follows:

LS(Ab,h,P) =

|P|∑
i=1

(
min

{h
b
xi, 1

})
(xi+1 − xi).

With these definitions in hand, we can set up a correspondence between the worst case

regret of BU and left sums of Ab′,2cb′ where b′ = 1 + 1
N

. Suppose in the process of BU a

player has blocks B1, ..., BN in the queue. Furthermore, without loss of generality, suppose

that their k strategies are sorted in ascending order of utility so that u1, ..., uk where uj is

the expected utility of the j-th strategy at the end of the process. Furthermore, let Rj =

u1−uj (i.e. the regret of strategy j), so that we also have 0 = R1 ≤ R2 ≤ ... ≤ Rk ≤ 1. If

N is much larger than k, then by the pigeon-hole principle, many blocks will be assigned

48



0

1

0 x1 x2 x3 x4 x5 b

Figure 3.3: Example of left sum of five-element partition of base in the case where h > 1.

to the same strategy, and hence will incur the same regret. However, as in the analysis

of the previous bounds, each block has restrictions as to how much regret their assigned

strategy can incur due to the largeness condition of the game. In particular, the assigned

strategy of block Bb (assigned b turns ago) can only be assigned to a strategy j such that

Rj ≤ min
{

1, 2cb
N

}
. For such an assignment, since the block has probability mass 1

N
, it

contributes a value of Rj ·
(

1
N

)
to the overall regret of a player. Hence for fixed regret

values (R1, .., Rk), we can pick a valid assignment of these values to blocks and get an

expression for total regret that can be visualised geometrically in Figure 3.4.

The next important question is what valid assignment of blocks to regret values results

in the maximal amount of total regret for a player. In Figure 3.4, Block 1 is assigned to

strategy 1, Blocks 2,3, and 7 are assigned to strategy 2, blocks 4 and 5 are assigned to

strategy 3, block 5 is assigned to strategy 4 and finally blocks 8 and 9 are assigned to

strategy 5. One can see that this does not result in maximal regret. Rather it is simple

to see that a greedy allotment of blocks to regret values results in maximal total regret.

Such a greedy allotment can be described as follows: assign as many possible (their regret

constraints permitting) blocks at the end of the queue to Rk, then repeat this process

one-by-one for Ri earlier in the queue. This is visualised in Figure 3.5, and naturally

leads to the following result:

Lemma 3.9. Let b′ = 1 + 1
N

. For any fixed R1, ..., Rk, the worst case assignment of

probability blocks to strategies corresponds to a left sum of Ab′,2cb′ for some partition of

[0, b′] with cardinality at most k − 1.

This previous lemma reduces the problem of computing worst case regret to that of

computing maximal left sums under arbitrary partitions. To that end, we define the

precise worst-case partition value we will be interested in.
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Figure 3.4: For N = 9 and k = 5, and c > 1
2
, this shows a visualisation of a feasible

allotments of regret values to blocks after BU. Note that this does not exhibit worst-case
regret.

0 1

0

1

R1

R2

R3
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B1 B2 B3 B4 B5 B6 B7 B8 B9

Figure 3.5: For N = 9 and k = 5, and c > 1
2
, this shows a visualisation of a feasible

allotments of regret values to blocks after BU. Unlike Figure 3.4, this does exhibit worst-
case regret.
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Definition 3.11. For a given Ab,h, let us denote the maximal left sum under partitions

of cardinality k by Ab,hk . Mathematically, the value is defined as follows:

Ab,hk = sup
|P|=k

LS(Ab,h,P).

We can explicity compute these values which in turn will bound a player’s maximal regret.

Lemma 3.10. A1,1
k =

(
1
2

) (
k
k+1

)
which is obtained on the partition P = { 1

k+1
, 2
k+1

, ..., k
k+1
}.

Proof. This result follows from induction on k and self-similarity of the original triangle.

For k = 1, our partitions consist of a single point x ∈ [0, 1] hence the area under the

triangle will be A1,1
1 (x) = (1− x)x which as a quadratic function of x has a maximum at

x = 1
2
. At this point we get A1,1

1 (x) = 1
2
· 1

2
as desired.

Now let us assume that the lemma holds for k, we wish to show that it holds for k+1.

Any (k + 1)-element partition must have a left-most element, x1. We let A′(x) be the

maximal truncated area for a (k + 1)-element partition, given that x1 = x. By fixing x

we add an area of x(1− x) under the triangle and we are left with k points to partition

[x, 1]. We notice however, that we are thus maximising truncated area under a similar

triangle to the original, where the scaling factor is (1 − x). We can therefore use the

inductive assumption and get the following expression:

A′(x) = (1− x)x+ (1− x)2A1,1
k = (1− x)x+

1

2
(1− x)2

(
k

k + 1

)
.

It is straightforward to see that A′(x) is maximised when x = 1
k+2

. Consequently the

maximal truncated area arises from the partition where xi = i
k+2

which in turn proves

our claim.

Via linear scaling, and a case analysis, one can extend the above result to arbitrary values

of b, h and k.

Corollary 3. For b, h > 0 and k ≥ 2, we obtain the following expressions for Ab,hk :

Ab,hk =

{ (
bh
2

) (
k
k+1

)
, if h < k+1

k
,

b(1− 1
2h
− 1

2hk
) otherwise.

Proof. Let us first consider h ≤ 1 < k+1
k

. In this case, the triangle at hand is untruncated,

hence we can scale the result of Lemma 3.10 to get the desired expression. Now let us

suppose that 1 < h < k+1
k

. For this case, let us consider Bb,h to be the the triangle with

base b and height h that, unlike Ab,h, is not truncated. As in the previous paragraph,

we can scale the result of Lemma 3.10 and see that the largest k-element left sum for
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Bb,h occurs for the partition P = { b
k+1

, 2b
k+1

, ..., kb
k+1
}. The fact that h < k+1

k
implies that

kb
k+1

< b
h
. Consequently, the left sum at P for Bb,h is also a left sum for Ab,h. Since

Ab,h ⊂ Bb,h, it follows that this partition also gives a maximal k-element partition for left

sums of Ab,h and thus the claim holds.

As for h > k+1
k

, let us define ` = b
h

and b′ = `
(
k+1
k

)
. Similar to the proof of Lemma

3.10, we let A′(x) be the maximal truncated area for a k-element partition, given that

xk = x. We begin by showing that A′ achieves its maximum in [0, `]. To show this, we

suppose that x∗ ∈ (`, b] is a maximiser of A′. Ultimately x∗ is the final element of a

k-element partition, P , which gives rise to an optimal left sum for Ab,h. Suppose that

y is the (k − 1)-th element of P . We consider two cases: when ` ≤ y < x∗, and when

y < ` < x∗. In the first scenario, we notice that removing x∗ from P results in the same

left sum albeit with a (k − 1)-element partition. This in turn means that the choice of

x∗ was not optimal as we had assumed. In the second scenario, we notice that replacing

x∗ with ` in P results in a larger left sum, once again contradicting the optimality of

x∗. Both of these contradictions prove that without loss of generality, we can consider

x∗ ∈ [0, `].

In what follows we will show that in fact x∗ = ` is an optimiser of A′. Let us recall

that we defined b′ = `
(
k+1
k

)
. From the fact that h > k+1

k
, we know that ` < b′ < b.

Suppose that x ∈ [0, `] and that P is the optimal k-element partition that gives rise to

a maximal left sum in Ab,h such that xk = x. The left sum that arises from P can be

decomposed into two parts: a left sum of Bb′, k+1
k , the untrunacated triangle of base b′

and hight k+1
k

, and the remaining portion of the overall left sum. The remaining portion

of the left sum (arising from area beyond `) is clearly maximised when xk = `. On the

other hand, from Lemma 3.10, we also know that the left sum of Bb′, k+1
k is maximised at

xk = b′
(

k
k+1

)
= `. Since both components of A′ are maximised at `, our claim holds.

Using this previous point and Lemma 3.10 we have ultimately shown that the optimal

k-element partition for Ab,h is in fact P = {xi}ki=1 where xi = `
(
i
k

)
. Simple algebra thus

gives the desired expression: Ab,hk = b(1− 1
2h
− 1

2hk
)

Finally, we can combine everything above to obtain:

Theorem 3.14. With access to a query oracle that computes exact expected utilities for

mixed strategy profiles, BU returns an ε-approximate Nash equilibrium for

ε =

{
c
(
k−1
k

) (
1 + 1

N

)2
, if 1

2

(
N
N+1

)
< c < 1

2

(
k
k−1

) (
N
N+1

)
,

1− 1
4c

(
k
k−1

)
+ 1

N
otherwise.

Proof. This just a straightforward application of Lemma 3.9 and Corollary 3.
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Figure 3.6: Example of α additive error in utility sampling. For this 7 element partition,
regret bounds are increased by 2α and we get an augmented truncated triangle.

Query Complexity of Block Method

In the above analysis we assumed access to a mixed strategy oracle as we computed

expected payoffs at each time-step for all players. When using Qβ,δ however, there is an

additive error and a bounded correctness probability to take into account.

In terms of the additive error, if we assume that there is an additive error of α on each

of the N queries in BU, then at any time step, the b-th block will be assigned to a strategy

that incurs at most
(
min

{
1, 2cb

N

}
+ 2α

)
regret, which can visualised geometrically in figure

3.6, and which leads to the following extension of Lemma 3.9.

Lemma 3.11. Suppose that β > 0 is fixed and that we define b′′ = (1 + 1
N

+ β
c
) and

h′′ = 2cb′′. In BU, if queries incorporate an additive error of β on expected utilities,

for any fixed choice of R1, ..., Rk, the worst case assignment of probability blocks Bb to

strategies corresponds to a left sum of Ab′′,h′′ for some partition of [0, b′′] with cardinality

at most k − 1.

Finally, since our approximate query oracle is correct with a bounded probability, in

order to assure that the same additive error of β holds on all N queries of BU, we need to

impose a correctness probability of δ
N

in order to achieve the former with a union bound.

This leads to the following query complexity result for BU.

Theorem 3.15. For any α, η > 0, if we implement BU using Qβ,δ with β = α and

δ = η
N

, with probability 1− η, we will obtain an ε-approximate Nash equilibrium for

ε =

{
c
(
k−1
k

) (
1 + 1

N
+ α

c

)2
, if 1

2

(
N
N+1

)
< c < 1

2

(
k
k−1

) (
N
N+1

)
,

1− 1
4c

(
k
k−1

)
+ 1

N
+ α

c
otherwise.

The total number of queries used is 64k2

α3 log
(

8nN
δ

)
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It is important to note that once again, the regret has an extra term of the form O( 1
N

)

in the number of probability blocks. Although this can be minimised in the limit, there

is a price to be paid in query complexity, as this would involve a larger number of rounds

in the computation of approximate equilibria.

3.6.4 Comparison Between Discrete Methods

We can compare the guarantees from our discrete methods from 3.6.1 and 3.6.3 when we

let the number of strategies k = 2 and we consider largeness parameters γ = c
n
∈ [0, 1].

Furthermore, we consider how both methods compare when N →∞.

c ≤ 1 1 ≤ c ≤ 2 c ≥ 2
UNC c

8
c
8

1
2
− 1

2c

BU c
2

1− 1
2c

1− 1
2c

One can see that UNC does better by a multiplicative factor of 1
4

in the case of small

c and better by an additive factor of 1
2

for large c.

3.7 Conclusion and Future Directions

The obvious question raised by our results is the possible improvement in the additive

approximation obtainable. Since pure approximate equilibria are known to exist for these

games, the search for such equilibria is of interest. A slightly weaker objective (but still

stronger than the solutions we obtain here) is the search for well-supported approximate

equilibria in cases where c > 1 and for better well-supported approximate equilibria in

general.

There is also the question of lower bounds, especially in the completely uncoupled

setting. Our algorithms are randomised (estimating the payoffs that result from a mixed

strategy profile via random sampling) and one might also ask what can be achieved using

deterministic algorithms.

Finally, we also notice that one of our warm-up algorithms, TwoStep, as well as

BU can in fact be implemented via access to best response oracles rather than utility

oracles, whereas UN, QR and OneStep fundamentally make use of the utility values.

Indeed the author of [2] has shown that if a large game is in addition anonymous, then

a best response dynamic converges to an approximate pure Nash equilibrium with high

probability. Therefore, it would be interesting to see what approximation guarantees one

can get for equilibria in large games that are not anonymous via best response queries.
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Chapter 4

Computing ε-WSNE with Best
Response Queries

In this chapter we study algorithms that have query access to a player’s best-response

behaviour: an algorithm may query a mixed-strategy profile (i.e. probability distributions

constructed by the algorithm, over each player’s pure strategies) and learn a given player’s

best responses. Our focus is on standard bimatrix games, which is arguably the most

natural starting-point for an investigation of a new query model. The solution concept of

interest is approximate Nash equilibria (exact equilibria are typically impossible to find

using finitely many such queries). A basic challenge is to identify algorithms that achieve

this goal with good bounds on their query complexity (and also, ideally, their runtime

complexity).

In more detail, we assume an m× n game G: a row player has m pure strategies and

a column player has n pure strategies. G has two unknown m × n payoff matrices that

represent payoffs to the players for all combinations of pure strategy choices they may

make. A query consists of a probability distribution over the pure strategies of one of

the players, and elicits an answer consisting of a best response for the other player (i.e.

a pure strategy that maximises that player’s expected payoff). The general question of

interest is: how many queries are needed, as a function of m,n, ε to compute an ε-WSNE.

Using Kakutani’s fixed point theorem, we reduce this question to a novel and more

geometrical challenge in the design of query protocols. Suppose that the m-simplex ∆m

is partitioned into n convex regions having labels in [n] = {1, . . . , n}. When we query

a point x ∈ ∆m we are told the label of the convex region that contains x. How many

queries (in terms of m,n, ε) are needed in order to ensure that all points in ∆m are within

ε of a point whose label we know? We show how to achieve this using time and queries

polynomial in log ε and max(m,n) provided that min(m,n) is constant. This leads to

a polynomial query complexity algorithm for 2-player games, provided that one of the

players has a constant number of strategies.
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Finally, we explore the possibility of using a pairwise comparison oracle which is more

powerful than best response oracles. In this setting we find that our geometric objective

can be solved with a number of queries that is polynomial in m,n and log
(

1
ε

)
. This in

turn results in a query complexity for computing ε-WSNE in bimatrix games that is also

polynomial in m,n and log
(

1
ε

)
via pairwise comparison queries.

4.1 Introduction

Earlier work in computational learning theory has studied exact learning of geometrical

regions over a discretised domain, where algorithms are sought with query complexity

logarithmic in a “resolution” parameter and binary search is repeatedly applied in a sys-

tematic way as in [14]. The authors of [26] specifically study the learnability of polytopes

in this context, deriving query efficient algorithms, and precisely classifying polytopes

learnable in this setting. These algorithms can be adapted to approximately learn a sin-

gle polytope with membership queries, but the obtained notion of approximation is not

directly applicable to computing ε-close labellings.

For a bimatrix game, simple ε-close labellings can be constructed by querying best

responses at mixed strategies arising as uniform distributions over sufficiently large mul-

tisets of pure strategies. As a consequence of our main theorem, best responses to these

multiset distributions contain enough information to compute approximate WSNE. This

result is in the spirit of [4] and [49], where the authors aim to quantify specific k such

that some approximate equilibrium arises as a uniform mixture over multisets of size

k. We note in our scenario that there is also a guaranteed existence of an approximate

equilibrium using sufficiently large multisets, however, verifying that a specific pair of

mixed strategies is an approximate WSNE is not straightforward using only best re-

sponse queries. This is in contrast to the verification of approximate equilibria via utility

queries as studied in [4].

Separately, we note that the work in this chapter is possibly relevant to the search

for a price equilibrium in certain markets. In [8], the authors study markets consisting of

strong-substitutes demand functions for N different goods available in multiple discrete

units. These markets are a generalisation of the product-mix auction of [45]; a basic task

is to identify prices at which some desired bundle of the goods is demanded. Consider the

space (R+)N of all price vectors. As analysed in [7] and [8], a strong-substitutes demand

function partitions this price space into convex polytopes, each of which comprises the

prices at which some particular bundle of goods is demanded. Consequently, this chapter

relates to a setting where price vectors may be queried, and responses consist of demand

bundles. The connection is imperfect, since the main objective in the context of [7] and
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[8] would be to learn a price at which some target bundle is demanded, rather than the

entire demand function. The ideas here may be useful for learning the values that the

market has for various bundles.

Overview of Chapter

We begin by diving headfirst into the underlying geometric learning problem we are trying

to solve. As mentioned before, we consider partitions of the unit m-simplex ∆m into n

convex polytopes, P1, ..., Pn, and aim to approximately learn the partition with access to

a membership oracle that for a given x ∈ ∆m, returns a polytope to which x belongs. The

notion of approximation we study is that of ε-close labellings, a collection of empirical

polytopes, {P̂i}ni=1, such that P̂i ⊆ Pi for i = 1, ..., n and ∪ni=1P̂i is an ε-net of ∆m ⊂ Rm

in the `2 norm.

Note that in one dimension (m = 1) we can use binary search to solve this problem

using n log(1/ε) queries. We generalise to higher dimension, exploiting convexity of the

regions to reduce query usage in computing ε-close labellings. We present two algorithms

for this task: Constant-Dimension Generalised Binary Search (CD-GBS), which for con-

stant m uses poly(n, log
(

1
ε

)
) queries, and Constant-Region Generalised Binary Search

(CR-GBS), which uses CD-GBS as a subroutine and for constant n uses poly(m, log
(

1
ε

)
)

queries.

This problem is ultimately linked to the question of how to compute approximate

(well-supported) Nash equilibra (ε-WSNE) using only best response information, ob-

tained via queries in which the algorithm selects a mixed strategy profile and a player,

and receives a best response for that player to the mixed profile. Via Kakutani’s fixed-

point theorem [40] we reduce this variant of equilibrium computation to finding ε-close

labellings of polytope partitions. For m × n games where m is constant (or n equiva-

lently, by symmetry), we show that an ε-WSNE can be computed using poly(n, log
(

1
ε

)
)

best response queries. In addition, we also consider using a pairwise comparison oracle,

which is more powerful than best-response oracles. In this setting, we show that we

can in fact compute an ε-close labelling with a query cost that is polynomial in m,n

and log
(

1
ε

)
. This in turn implies that an ε-WSNE can be computed with poly(m,n, 1

ε
)

pairwise comparison queries.

Finally, we briefly delve into the problem of computing ε-WSNE in multiplayer games

with best response queries. Unfortunately, as soon as there are more than two players,

the geometric connection between computing ε-WSNE and learning polytope partitions

of the simplex breaks down. Nonetheless, fixed-point techniques from Section 4.7 can still

be applied in this setting, and we present a simple algorithm that computes an ε-WSNE
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Figure 4.1: Polytope partition, cross-section and slices.

with a finite query complexity. To be more specific, in a game with n players each having

k actions, our algorithm computes an ε-WSNE using O
(
n
(
nk
ε

)nk)
best response queries.

4.2 Preliminaries and Notation

Our main object of study will be families of polytopes that precisely cover the unit

simplex, with the property that any two distinct polytopes from the family are either

disjoint, meet at their boundary, or entirely coincide. Throughout, the polytopes we

work with are convex.

Definition 4.1 ((m,n)-Polytope Partition). A (m,n)-polytope partition consists of a

set of n convex polytopes in Rm, P = {P1, ..., Pn}, with the following properties:

•
⋃
Pi = ∆m = {x ∈ Rm | ∀i, xi ≥ 0,

∑
i xi ≤ 1}.

• For each i 6= j, either relint(Pi) ∩ relint(Pj) = ∅ or Pi = Pj, where relint(H)

means the relative interior of H.

Definition 4.2 (Cross-sections and Slices). Let P ⊂ Rm be a polytope and π : Rm → R
the projection function into the first coordinate. For x ∈ R, we define the x-cross-section

of P as P x = π−1(x) ∩ P . For any I = [x, y] ⊂ R we define the [x, y]-slice of P as

P I = P x,y = π−1([x, y])∩P . Suppose that P = {Pi}i is an (m,n)-polytope partition. The

definitions of cross-sections and slices extend to Px = {P x
i }i and PI = Px,y = {P x,y

i }i.

Figure 4.1 gives a visualisation of these two definitions. Notice that in the same

figure, Px is essentially a lower-dimensional polytope partition linearly scaled by a factor

of (1 − x). This however, is not the case in general, as visible in Figure 4.2, where Px

fails the second condition of Definition 4.1. We distinguish between these two scenarios

with the following formal definition:
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Definition 4.3 (Non-Degenerate and Degenerate cross-sections). Let P be an (m,n)-

polytope partition. For x ∈ [0, 1) let fx : Px → ∆m−1 be defined as fx(v1, ..., vm) =
1

1−x(v2, ..., vm). If fx(Px) is an (m − 1, n)-polytope partition, we say that Px is a non-

degenerate cross-section. Otherwise we say that Px is a degenerate cross-section.

The recursive structure of polytope partitions on non-degenerate cross-sections will

be crucial to our constructions. Luckily, for any polytope partition, there are only a finite

number of points x ∈ [0, 1) that give rise to degenerate cross-sections. Before showing

this, we define an important discrete subset of [0, 1] given by the projections of vertices

of polytopes under the same projection, π, used in Definition 4.2.

Definition 4.4 (Vertex Critical Coordinates). For a given polytope P ⊂ Rm let VP ⊂ Rm

be the vertex set of P . Define the set of vertex critical coordinates as CP = π(VP ) ⊂ R.

If P = {Pi}ni=1 is an (m,n)-polytope partition, then we extend our definition to define

CP =
⋃n
i=1CPi ⊂ [0, 1] as the vertex critical coordinates of P.

Lemma 4.1. Suppose that P is an (m,n)-polytope partition and that x ∈ [0, 1) \ CP.

Then Px is non-degenerate.

Proof. First we show that if P ⊂ Rm is an arbitrary polytope and x ∈ R \ CP then

relint(P x) = relint(P ) ∩ π−1(x).

First of all, we notice that P 6= P x since we have assumed that x is not the projection

of a vertex of P . Suppose that the affine dimension of P is k ≤ m so that P is full

dimensional in the affine subspace H of dimension k. Let z ∈ relint(P x) ⊂ P x. Clearly

π(z) = x, hence we simply need to show that z ∈ relint(P ). Suppose that this is not the

case, then z lies on some boundary hyperplane to P in H. Call this boundary hyperplane

D. D cannot lie entirely in π−1(x) due to the fact that x is not a critical coordinate. It

follows that D ∩ π−1(x) is thus a boundary hyperplane to P x. This contradicts the fact

that z ∈ relint(P x), thus establishing the fact that z ∈ relint(P ) ∩ π−1(x).

Suppose that z ∈ relint(P ) ∩ π−1(x). Since relint(P ) ⊂ P , we know that z ∈
Px. Furthermore, z ∈ relint(P ) means that for some ε > 0, the k-dimensional ball

Bε(z) ∩ H is entirely contained in P . Clearly this also holds for the k − 1 dimensional

ball Bε(z) ∩H ∩ π−1(x), establishing the fact that z ∈ relint(P x).

Let us return to the lemma statement which involves a polytope partition P instead of

a single polytope P . If x ∈ [0, 1)\CP then we have shown relint(P x
i ) = relint(Pi)∩π−1(x)

for all Pi ∈ P, which from the fact that P satisfies the second condition of Definition

4.1 establishes the fact that Px also satisfies this second condition. The fact that Px

satisfies the first condition of Definition 4.1 trivially follows from the fact that P covers

∆m as per the first condition of Definition 4.1.
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Figure 4.2: Degenerate cross-section at x.

4.2.1 Query Oracle Models

We study two natural query oracle models for polytope membership in any P.

4.2.2 Query Oracle Models

We study two natural query oracle models for polytope membership in any polytope

partition P.

Definition 4.5 (Membership Query Oracles for Polytope Partitions). An (m,n)-polytope

partition, P has the following membership query oracles:

• Lexicographic query oracle: Q` : ∆m → [n], which for a given y returns the smallest

index of polytope to which y belongs, namely Q`(y) = min{i ∈ [n] | y ∈ Pi}.

• Adversarial query oracle(s): QA : ∆m → [n], which can return any polytope to

which y belongs. Namely QA is any function such that QA(y) ∈ {i ∈ [n] | y ∈ Pi}
for all y ∈ ∆m.

When we wish to refer to an arbitrary oracle from the above models, we use the nota-

tion Q. Before continuing, we also clarify that for A,B ⊆ Rn, we denote Conv(A,B) ⊆
Rm as the convex combination of the two sets. In addition, if Ai ⊆ Rm is an indexed

family of sets with i = 1, ..., r, we denote Conv(Ai |i = 1, ..., r) ⊆ Rn as the convex

combination of all Ai.

In what follows, we rigorously define our learning objective and subsequently begin by

developing and analysing algorithms for the lexicographic query oracle first in Sections

4.3 and 4.4. Ultimately, we generalise our results from the lexicographic oracle to worst

case adversarial oracles in Section 4.5 via upper-envelope polytope partitions.
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4.2.3 ε-close Labellings

Upon making queries to Q, we can infer labels of x ∈ ∆m by taking convex combinations.

We abstract this notion in the following definition.

Definition 4.6 (Empirical Polytopes and Labellings). Suppose that P is an (m,n)-

polytope partition and S ⊂ ∆m is a finite set for which queries to Q have been made.

Let P̂i = Conv({x ∈ S | Q(x) = i}) ⊂ Pi. We say each P̂i is an empirical polytope of

Pi and that P̂ = {P̂i} is an empirical labelling of P. Furthermore, we use the notation

P̂⊥ = ∆m \ ∪ni=1P̂i. to refer to points in ∆m unlabelled under P̂.

An ε-net in the `2 norm for ∆m ⊂ Rm is a set Nm
ε ⊆ ∆m with the property that for

all x ∈ ∆m, there exists a y ∈ Nm
ε such that ‖x − y‖2 ≤ ε. Our learning goal is to use

query access to an oracle, Q, to compute an empirical labelling P̂ such that ∪ni=1P̂i is an

ε-net of ∆m.

Definition 4.7 (ε-close Labelling). Suppose that ε ≥ 0 and that P̂ is an empirical

labelling for P. If ∪ni=1P̂i is an ε-net of ∆m ⊂ Rm in the `2 norm, we say that P̂ is an

ε-close labelling of P.

Although ε-close labellings are defined for polytope partitions, we extend our ter-

minology to also encompass slices of polytope partitions. As such, when we mention

computing an ε-close labelling of Px,y, we mean an empirical labelling of Px,y (in the

same vein as Definition 4.6) with the property that the union of its empirical polytopes

forms an ε-net of (∆m)x,y.

4.2.4 Learning in Thickness to Learning in Distance

Definition 4.8 (Thickness of Sets). Suppose that Z ⊆ Rm is a set. We define the

thickness of Z as the largest radius of an `2 ball fully contained in Z and we denote it by

τ(Z) = sup{δ ≥ 0 | ∃x ∈ Z with Bδ(x) ⊆ Z} where Bδ(x) = {y ∈ Rm | ‖x − y‖2 ≤ δ}.
In the language of convex geometry, τ(Z) is the depth of the Chebyshev centre of Z.

For a polytope partition P, if P̂ is an ε-close labelling, then τ(P̂⊥) ≤ ε, but the

converse does not hold in general. Even though P̂⊥ may be of small thickness, if it

contains vertices of ∆m, these vertices may be far from labelled points. The following

results lead up to Lemma 4.4, a slightly weaker version of the converse. Lemma 4.4 shows

that if we are able to learn an empirical labelling where the set of unlabelled points is

of small enough thickness, then we will in fact have succeeded in learning an ε-close

labelling, where any unlabelled point is close in distance to a labelled point.
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We begin with Lemma 4.2, where informally, we show that for a full-dimensional

convex polytope, P , and any given subset, A ( P , of bounded thickness, an arbitrary

x ∈ A is γ-close to P \ A, where γ is inversely proportional to τ(P ) and proportional to

the diameter of P . Ultimately, we wish to consider A = P̂⊥ of bounded thickness, so this

result is key in establishing the proximity of elements in P̂⊥ to P̂ , which is our objective

in learning ε-close labellings.

Lemma 4.2. Let P ⊂ Rm be a full-dimensional convex polytope with diameter given by

Diam(P ) = supx,y∈P ‖x− y‖2.

• If A ( P and γ >
(
Diam(P )
τ(P )

)
τ(A), then Bγ(x) ∩ (P \ A) 6= ∅ for all x ∈ A.

• If A ⊆ P is such that int(P ) \ A 6= ∅ (int(P ) refers to the interior of P ) and

γ >
(
Diam(P )
τ(P )

)
τ(A), then Bγ(x) ∩ (int(P ) \ A) 6= ∅ for all x ∈ A.

Proof. The proof of the first claim follows by considering the picture given in Figure 4.3.

Pick an arbitrary x ∈ A. Due to the definition of thickness, there exists some v ∈ P

such that Bτ(P )(v) ⊂ P . Consider the convex combination, Conv(x,Bτ(P )(v)) ⊂ P . The

furthest point in this convex combination from x is at the other extreme of Bτ(P )(v) from

x, and we denote the distance between these two points by z = supa∈Bτ(P )(v) ‖x− a‖2 ≤
Diam(P ). By similarity however, it now follows that if we consider Bγ(x), and the fact

that Diam(P ) ≥ z, a similar inscribed sphere of radius strictly greater than τ(A) will

exist within F = Bγ(x) ∩ Conv(x,Bτ(P )(v)) ⊂ Bγ(x) ∩ P . By definition, τ(F ) > τ(A).

It follows that F 6⊂ A, which proves the claim as F ⊂ Bγ(x).

As for a proof of the second claim, it follows by considering the same picture above

and noticing that int(Conv(x,Bτ(P )(v))) ⊂ int(P ) as well as the fact that the former set

is non-empty since P is of full dimension.

In order to apply the previous lemma to polytope partitions, it is important we es-

tablish bounds on the thickness and diameter of ∆m.

Lemma 4.3. Diam(∆m) =
√

2 and τ(∆m) ≥ 1
m+
√
m

.

Proof. For the first part of the statement, let us fix an x ∈ ∆m. If we consider the

function fx(z) = ‖x − z‖2
2, then this function is differentiable and clearly achieves local

maximum when z is a vertex of ∆m. It thus follows that the distance between two points

in ∆m is maximised when both are vertices. This in turn is maximal when both points

are vertices not equal to the zero vector, in which case they are at distance
√

2 from each

other.

As for the second part of the claim, we explicitly construct an inscribed sphere of the

desired radius. Let λ = 1
m+
√
m

, and define x = λ~1 ⊂ ∆m. Clearly Bλ(x) is tangent to
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Figure 4.3: Proof of Lemma 4.2 .

∆m on axis-aligned faces (defined by the set of all z such that πi(z) = 0 in the positive

orthant). The remaining face is given by the set of z in the positive orthant such that

‖z‖1 = 1. The most extremal point of Bλ(x) in the direction of this face is given by 1
m
~1,

hence the sphere is inscribed in ∆m.

1
m+
√
m

1
m+
√
m

1
m
~1

Figure 4.4: Proof of Lemma 4.3 .

Lemma 4.4. Suppose that P is an (m,n)-polytope partition. Furthermore suppose that

P̂ is an empirical labelling with τ(P̂⊥) < ε. For any γ >
√

2(m +
√
m)ε, it follows that

P̂ is a γ-close labelling. In particular, if γ > 4mε, the claim also holds.1

1An identical result which may be of separate interest holds if we consider partitions of arbitrary
m-dimensional convex polytopes (not just ∆m as per the definition of polytope partitions). As long as
we can bound the thickness and diameter of the ambient convex polytope, learning in thickness translates
to learning in distance.
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Proof. From Lemma 4.3, we know that τ(∆m) ≥ 1
m+
√
m

and Diam(∆m) =
√

2. Suppose

that x ∈ P̂⊥. From Lemma 4.2 our choice of γ implies Bγ(x)∩(∆m\P̂⊥) 6= ∅. This in turn

means that P̂ is a γ-close labelling. As for the final claim, this holds since m ≥ 1.

4.3 Constant-Dimension Generalised Binary Search

for Q`

Let us first build some intuition for why generalisations of binary search lead to query

efficient algorithms for computing ε-close labellings of (m,n)-polytope partitions.

Finding an ε-close labelling of a (1, n)-polytope partition using a lexicographic ora-

cle is the same as approximately learning n sub-intervals of [0, 1]. Using binary search

techniques and an optimal O(n log(1
ε
)) queries, we can compute an ε-close labelling.

Query efficiency comes from the fact that if x, y have the same label, it becomes

unnecessary to further query any point in [x, y]. To be more specific, unless [x, y] contains

the boundary of a sub-interval, all labels can be inferred within [x, y]. Boundary points

of intervals thus serve as “critical points” with respect to the query oracle Q`, where the

information it provides changes.

We will use a higher-dimensional analogue of this property at the core of this section’s

main algorithm. At a high level, suppose that we have an (m,n)-polytope partition that

we want to learn via queries and an algorithm for computing arbitrary ε-close labellings

of (m−1, n)-polytope partitions. We can use this algorithm as a subroutine on the cross-

sections of two coordinates x 6= y and ask whether the convex combination of these two

ε-close labellings will itself result in a g(ε)-close labelling of Px,y (recall Definition 4.2)

for a reasonable g.

Suppose that we could compute 0-close labellings (i.e. perfectly recover a polytope

partition), it is clear that if we let PV be the set of all vertices of all Pi in the polytope

partition, then π(PV ) is a suitable set of critical points (not necessarily the smallest one

though) in the sense that if [x, y]∩π(PV ) = ∅, then the convex combination of both lower-

dimensional 0-close labellings for Px and Py will result in a 0-close labelling for Px,y.

Taking the contrapositive of this, if the convex combination does not result in a 0-close

labelling —a condition which can be verified— then we know there is a critical point in

[x, y]. Thus we recover a binary-search mechanism, whereby we can isolate critical points

up to a desired tolerance ε.
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4.3.1 Warm-up: Learning Slices of Single Polytopes

We set up important groundwork by focusing on arbitrary polytopes P ⊂ Rm. We

let π : Rm → R be the projection function introduced in Definition 4.2, and we recall

Definition 4.4 regarding the vertex critical coordinates of P denoted by CP .

Lemma 4.5. Suppose that x, y ∈ R are such that [x, y]
⋂
CP = ∅. Then taking convex

hulls of cross-sections we get Conv(P x, P y) = P x,y.

Proof. [x, y] ∩ CP = ∅ implies the vertices of the polytope P x,y lie in Px and Py. Since

the convex hull of the set of all vertices of a bounded polytope is the polytope itself, the

claim follows.

v1 v2 v3 v4 v5 v6lα(P ) rα(P )

c d

Pc,d

a b

Pa,bα α

Figure 4.5: Conv(P a, P b) 6= P a,b and Conv(P c, P d) = P c,d.

This property of polytopes whereby convex combinations give rise to complete infor-

mation except when traversing a discrete set of critical points (visualised in Figure 4.5) is

critical to CD-GBS. With query access to polytopes however, we no longer fully recover

P x perfectly, but instead an approximation given by an ε-close labelling, P̂ x. It becomes

more subtle to show that by taking convex hulls of P̂ x and P̂ y, we recover the desired

information along [x, y].

4.3.2 Necessary Machinery

We delve into the specifics of CD-GBS by defining some important machinery. We recall

our notion of thickness in Definition 4.8, and see that it satisfies a sub-additivity property

when the sets being considered are convex polytopes:

Lemma 4.6. Let P1, .., Pk ⊆ Rm be convex polytopes. Thickness of these sets satisfies a

sub-additive bound: τ (∪iPi) < 10
3

(
∑

i τ(Pi))(m+ 1)3/2.

Proof. Let R = 10
3

(
∑

i τ(Pi))(m + 1)3/2. Suppose that x ∈ ∪iPi. We will show that

BR(x) cannot be a subset of ∪iPi via a volume argument. For this proof, we will let
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V (A) denote the volume of the set A ⊂ Rm. We will also let S(m,R) denote the volume

of the hypersphere in m dimensions of radius R.

First of all, we need to show that for a given Pi, we have the following volume bound:

V (Pi ∩BR(x)) ≤ 2τ(Pi)S(m− 1, R).

This follows from Fritz John’s Theorem [38] especially as referenced in [9]. The statement

of this theorem says that if K ⊆ Rm is a convex body, then there exists a unique ellipsoid

E ⊆ K of maximal volume, with the property that E ⊆ K ⊆ mE . Any higher-dimensional

ellipsoid has at most m axes of symmetry, and for E , it must be the case that the smallest

axis is at most the thickness of the convex body: τ(K) (Otherwise there would be a sphere

of radius larger than τ(K) inscribed in E , contradicting the definition of thickness).

Furthermore, since K ⊆ mE , the projection of K onto this axis must be contained in a

segment of length at most 2mτ(K). This means that if we take an arbitrary polytope

Pi, there exist two parallel supporting hyperplanes to Pi, call them H1 and H2 that are

at most 2mτ(Pi) apart. Call the convex body between these halfspaces H. Since the

majority of the mass of a hypersphere is contained around its centre, it follows that the

volume of the intersection of H with BR(x) is maximised when x is equidistant from

H1 and H2. Furthermore, the volume of this cross-section is bounded by the distance

between H1 and H2 multiplied by S(m−1, R) which is at most 2τ(Pi)S(m−1, R). Since

V (Pi ∩BR(x)) ≤ V (H ∩BR(x)), the claim holds.

Now if we take a union bound over all i, we get V ((∪iPi)∩BR(x)) ≤ 2m
∑

i τ(Pi)S(m−
1, R). If it were the case that the right hand side were strictly less than S(m,R), we would

have found an R such that BR(x) contains points not contained in any Pi. To this end,

we use the following ratio:

S(m,R)

S(m− 1, R)
= R
√
π

Γ(m+1
2

)

Γ(m+2
2

)
≥ 0.6R(m+ 1)−1/2.

The inequality uses Stirling’s formula for the gamma function. We can therefore see that

with our value R > 10
3

(
∑

i τ(Pi))(m+ 1)3/2, we get the desired volume bound.

For a given polytope partition P = {Pi}i, it will be important to establish thickness

bounds on Pi at specific cross-sections. The following definition allows us to associate to

each polytope Pi a segment of [0, 1] within which cross-sections of Pi are thick above a

threshold.

Definition 4.9 (α-Critical Coordinates). Let P ⊂ Rm be a polytope. For α > 0, we

define lα(P ) = inf{x ∈ R | τ(P x) ≥ α} and rα(P ) = sup{x ∈ R | τ(P x) ≥ α} so that

∀z ∈ R, τ(P z) ≥ α if and only if z ∈ [lα(P ), rα(P )] (Here thickness is with respect to the

natural embedding of P x in Rm−1). These are called α-critical coordinates for P .
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By combining this with Definition 4.4 we get the correct notion of critical coordinates

mentioned at the beginning of Section 4.7.

Definition 4.10 (Critical Coordinates of a (m,n)-Polytope Partition). Suppose that

P = {P1, ..., Pn} is an (m,n)-polytope partition. For α > 0, we let Cα
P be the union

of the sets of all vertex critical coordinates of all Pi as defined in Definition 4.4, and

the set of all α-critical coordinates for all Pi as in Definition 4.9. Specifically, Cα
P =

(∪iCPi)
⋃

(∪i{lα(Pi), rα(Pi)}).

As mentioned in the beginning of this section, CD-GBS clusters queries around critical

coordinates (up to a desired tolerance). For this reason it is important to bound the

number of critical coordinates in a given (m,n)-Polytope partition.

Lemma 4.7. If P is a (m,n)-polytope partition |Cα
P| ≤

(
n+m
m

)
+ 2n.

Proof. For any given (m,n)-polytope partition, P, if a vertex occurs, it must be the case

that out of the n polytopes in P and m boundary halfspaces of ∆m, m of them meet.

Furthermore, each collection of m polytopes and boundary halfspaces can give rise to

only one vertex (which can be seen as a consequence of the fact that vertices are points

in ∆m). It follows that the set of all vertex critical coordinates is at most
(
n+m
m

)
and the

first part of the bound holds. As for the second half, there are at most two α-critical

coordinates per Pi, which completes the expression above.

With this machinery in hand, we are in a position to prove the main result necessary

to demonstrate correctness of CD-GBS. We show that if x, y ∈ [0, 1] are such that [x, y]

contains no critical coordinates, then sufficiently fine empirical labellings of Px and Py

with Q` will contain enough information to compute an ε-close labelling of Px,y by simply

taking convex combinations of these very empirical labellings at both cross-sections.

Lemma 4.8. Given m,n, ε > 0 let α = ε
20nm5/2 and β = ε2

85nm5/2 . Suppose that P is an

(m,n)-polytope partition and that the following hold:

• x, y ∈ [0, 1] are such that x < y ≤ 1− ε
3
.

• [x, y] ∩ Cα
P = ∅.

• P̂x and P̂y are empirical labellings of Px and Py computed via Q`, such that ∪iP̂ x
i

and ∪jP̂ y
j are β-nets for (∆m)x and (∆m)y respectively.

Then
⋃
iConv(P̂ x

i , P̂
y
i ) is an ε-net of (∆m)x,y.
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Proof. Let us define the following:

U = {i ∈ [n] | [lα(Pi), rα(Pi)] ∩ [x, y] = ∅},

V = {i ∈ [n] | [x, y] ( [lα(Pi), rα(Pi)]}.

We call U the set of α-insignificant polytopes and V the set of α-significant polytopes.

From the fact that [x, y] contains no critical coordinates, we know that U ∪ V = [n] and

from Lemma 4.1, we also know that for all z ∈ [x, y], Pz is non-degenerate. We proceed

by proving the following claims:

1. V 6= ∅.

2. Any point in the cross-section of an α-insignificant polytope is 2ε
3

close to an α-

significant polytope (within that same cross-section).

3. If e ∈ P x
j \
(⋃n

i=1 P̂
x
i

)
, and j ∈ V , then there exists a e′ ∈ P̂ x

j such that ‖e−e′‖2 <
ε
3
.

4. If w ∈ P z
j for some j ∈ V and z ∈ [x, y], then there exists a w′ ∈ Conv(P̂ x

j , P̂
y
j ) ∩

π−1(z) such that ‖w − w′‖2 <
ε
3
.

(2) and (4) suffice to prove the theorem. To see this, suppose that w ∈ (∆m)x,y. This

means that w ∈ P z
i for some i ∈ [n] and z ∈ [x, y]. If i ∈ V , then from (4) ∃w′ ∈

Conv(P̂ x
i , P̂

y
i ) ⊂

⋃
iConv(P̂ x

i , P̂
y
i ) such that ‖w−w′‖2 <

ε
3
. On the other hand, if i ∈ U ,

then by (2) ∃w′ ∈ P z
j for some j ∈ V such that ‖w − w′‖2 <

2ε
3

. In turn by (1) again,

∃w′′ ∈ Conv(P̂ x
j , P̂

y
j ) ⊂

⋃
iConv(P̂ x

i , P̂
y
i ) such that ‖w′ − w′′‖2 <

ε
3
. Using the triangle

inequality ‖w − w′′‖2 < ε, and hence
⋃
iConv(P̂ x

i , P̂
y
i ) is an ε-net of (∆m)x,y in the `2

norm as desired.

Let us prove statement (1). We know that if i ∈ U , for all z ∈ [x, y] it holds that

τ(P z
i ) ≤ α. Using the union bound from Lemma 4.6 we see τ(∪i∈UP z

i ) ≤ 10nαm3/2

3
= ε

6m
.

On the other hand, we also know that ∪i∈UP z
i ⊂ (∆m)z ∼= (1 − z)∆m−1. From Lemma

4.3, we know τ((∆m)z) ≥ 1−z
((m−1)+

√
m−1)

. It follows that if ε
6m

< 1−z
((m−1)+

√
m−1)

, then

∪i∈UP z
i 6= (∆m)z. The condition y ≤ 1 − ε

3
ensures that this happens for all z ∈ [x, y].

This in turn implies V 6= ∅.
Let us prove statement (2). From Lemma 4.3, we know Diam((∆m)z))

τ((∆m)z)
≤
√

2((m− 1) +
√
m− 1). We can apply Lemma 4.2 in exactly the same fashion as Lemma 4.4 to get

γ1 = 2ε
3
>
(

10nαm3/2

3

)
4(m − 1). We know that if w ∈ ∪i∈UP z

i , then ∃w′ ∈ ∪i∈V P z
i such

that ‖w − w′‖2 < γ1 = 2ε
3

, which is what we wanted to show.

Let us prove statement (3). Let us define (P̂ x
j )⊥ = P x

j \
(⋃

i∈[n] P̂
x
i

)
. Note that

these are the points in P x
j that do not have any label whatsoever under the empirical

labelling at x. Importantly, some points could have a label other than j if these points
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are on the boundary of another polytope with a label that has higher priority in the

lexicographic ordering. By the fact that we have a β-close labelling of Px, it must hold

that τ((P̂ x
j )⊥) ≤ β. Also, since P x

j ⊂ (∆m)x, we know Diam(P x
j ) ≤

√
2 from Lemma

4.3. Since j ∈ V , we also know that τ(P x
j ) ≥ α, hence τ((P̂ x

j )⊥) ≤ β < α ≤ τ(P x
j )

which in turn implies that int(P x
j ) \ (P̂ x

j )⊥ 6= ∅. Let η∗ = 1
2

(
ε
3
−
(√

2
α

)
β
)
> 0 and let

γ2 = ε
3
− η∗ >

(√
2
α

)
β (the addition of the η∗ gap is to help with the proof of statement

(4)). We can use the second part of Lemma 4.2 to see Bγ2(e) ∩
(
int(P x

j ) \ (P̂ x
j )⊥

)
6= ∅.

Since all points in int(P x
j ) only belong to Pj, it follows that under the lexicographic oracle

one only sees the label j for those points. This implies that Bγ2(e) ∩ P̂ x
j 6= ∅, which in

turn implies ∃e′ ∈ P̂ x
j such that ‖e− e′‖2 < γ2 = ε

3
− η∗ < ε

3
as desired.

Finally, we prove statement (4). Since [x, y] has no critical points, from Lemma 4.5

we know that Conv(P x
j , P

y
j ) = P x,y

j , which in turn means that there exists a a ∈ P x
j

and a b ∈ P y
j such that w ∈ Conv(a, b). To be precise w = Conv(a, b) ∩ π−1(z). Now if

a ∈ P̂ x
j and b ∈ P̂ y

j , then we are done. Let us suppose that this is not the case. We focus

on a. If a ∈ (P̂ x
j )⊥, the previously proved statement says there is some a′ ∈ P̂ x

j such that

‖a − a′‖ < ε
3
. If a /∈ (P̂ x

j )⊥ ∪ P̂ x
j , then it must be the case that a ∈ P̂ x

k ∩ P x
j for some

other k ∈ [n]. This however only happens if a ∈ Pj ∩ Pk for some Pk 6= Pj, from the

second property of polytope partitions from Definition 4.1 and the fact that using the

lexicographic query oracle means that if Pj = Pk and j < k then P̂k = ∅ always. Invoking

the second property of Definition 4.1 again, we see that a lies on a bounding hyperplane

of Pj. This in turn means that for every δ > 0, Bδ(a)∩ int(P x
j ) 6= ∅. Let us thus consider

δ∗ = min{ ε
3
, η
∗

2
}, where η∗ is defined as in the previous paragraph. Let x∗ be a point in

Bδ∗(a) ∩ int(P x
j ). Either x∗ ∈ P̂ x

j or x∗ ∈ (P̂ x
j )⊥. In the former case, since δ∗ < ε

3
we are

done, we have succeeded in finding a′ = x∗ ∈ P̂ x
j such that ‖a − a′‖2 <

ε
3
. In the latter

case, from the previous paragraph, since x∗ ∈ (P̂ x
j )⊥ we know that ∃a′ ∈ P̂ x

j such that

‖x∗ − a′‖2 <
ε
3
− η∗. Since δ∗ < η∗

2
, we can use the triangle inequality to conclude that

‖a− a′‖2 <
ε
3
. In either case, we have proven what we wanted.

The same argumentation as the previous paragraph shows us that ∃b′ ∈ P̂ y
j such that

‖b − b′‖2 <
ε
3
. If we let w′ = Conv(a′, b′) ∩ π−1(z), then w′ satisfies the requirements of

statement (4) and we have finished our proof.

For the following corollary, suppose that P is an (m,n) polytope partition and that

0 = t0 < t1, ..., < tk = 1 are points in [0, 1]. Furthermore suppose that β = ε2

85nm5/2 as

in Lemma 4.8. For each ti, if ti /∈ Cα
P, let P̂ti be a β-close labelling of Pti , otherwise

let P̂ti = ∅. Let P̂ = Convi(P̂ti) and for i = 1, .., k, let Ij = [tj−1, tj]. If P̂ti−1,ti is an

ε-close labelling of Pti−1,ti , we say that Ij is covered, otherwise we say Ij is uncovered.
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Corollary 4. For any collection of {ti}ki=1, there are no more than 2Cα
P intervals Ij that

are uncovered.

Proof. Suppose that Ij is uncovered, then one of the following holds:

• Either tj−1 or tj are in Cα
P,

• tj−1, tj /∈ Cα
P yet Conv(P̂ tj−1 , P̂ tj) is not an ε-close labelling of Ptj−1,tj .

From the contrapositive of Lemma 4.8, the latter case implies Ij ∩ Cα
P 6= ∅, hence in

either case there is a critical coordinate in Ij. In the worst case each x ∈ Cα
P lies on a

tj, causing both Ij and Ij+1 to be uncovered. This implies that there are at most 2Cα
P

intervals Ij that are uncovered.

4.3.3 Specification of CD-GBS and Query Usage

Terms and Notation: The details of CD-GBS are presented in Algorithm 3. We recall

our notation from Definition 4.3 where for x ∈ [0, 1) we defined fx : (∆m)x → ∆m−1 given

by fx(x, ..., vm) = 1
1−x(v2, ..., vm). We note that this is a bijection between both polytopes,

hence it is well-defined to use f−1
x . In addition, we let Dk = { i

2k
|1 ≤ i ≤ 2i} be the

dyadic fractions of k-th power in the unit interval (excluding 0). For every x ∈ Dk we can

associate the interval Ikx = [x− 1
2k
, x]. For each of these intervals midpoint(Ikx) denotes its

midpoint. We also use the same language as Corollary 4.3.2 when we talk about whether

Ikx is covered or not (with respect to the current empirical labelling, P̂, obtained from

taking convex hulls of labels in ∆m). We note that in order to have a well-defined base

case of CD-GBS (which is equivalent to binary search), we let ∆0 = R0 = {0}. Finally,

we say that a point x ∈ [0, 1] is an uncovered critical point if P̂x is computed via a

recursive call to CD-GBS and for (a, b) = Bε/2(x) ∩ [0, 1], it holds that P̂a,b is not an

ε-close labelling of Pa,b.

Theorem 4.1. If CD-GBS is given access to Q` for a (m,n)-polytope partition, it com-

putes an ε-close labelling of P using at most
(∏m

i=1

((
n+i
i

)
+ 2n

))
22m2

logm
(

170nm5/2

ε

)
membership queries. For constant m this constitutes O(nm

2
logm

(
n
ε

)
) = poly(n, log

(
1
ε

)
)

queries 2.

2CD-GBS runs in polynomial time for constant m. The time-intensive operation consists of identifying
uncovered intervals, but since the dimension of the ambient simplex is constant, each empirical polytope
P̂i has at most a constant number of bounding hyperplanes. These hyperplanes can each be extruded by
ε, and checking whether there exists a point outside all these extrusions can be done in time polynomial
in n via brute force. In fact, all other algorithms in this chapter have efficient runtimes (in their relevant
parameters) due to similar reasoning.
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Proof. We first prove that CD-GBS indeed computes an ε-close labelling when given

access to a valid Q` by inducting on m. It is straightforward to see that in the case

m = 1, if CD-GBS is given access to a valid Q` for a (1, n) polytope partition (a partition

of the unit interval into conected subintervals), then it simply performs binary search on

the interval [0, 1] ∼= ∆1.

As for the inductive step, for k = dlog(2/ε)e, any two contiguous points of Dk are less

than ε/2 away from each other. For now suppose that every recursive call to CD-GBS

was along a non-degenerate cross section Pt. From the inductive assumption, this means

that CD-GBS computes an ε
2
-close labelling of those cross-sections, using the triangle

inequality, we know that P̂ is an ε-close labelling of P.

We note however that there is no guarantee for what a recursive call to CD-GBS does

on a degenerate cross section P̂t. For this reason, it could be the case that at the end

of the loop over Di, P̂ is not an ε-close labelling. This can only happen if there is some

t ∈ Cα
P ∩ Dk which is an uncovered critical coordinate.

If t is an uncovered critical coordinate we can rectify the situation. If we find a z ∈ Bε/2

that is not a critical coordinate, then Pz is non-degenerate and computing CD-GBS along

the cross-section gives us an ε
2
-close labelling of Pz. Using the triangle inequality, we see

that this in turn removes t from the set of uncovered critical coordinates, and we say that

t is “fixed”. Thus the final while loop of the algorithm eliminates the set of uncovered

critical coordinates so that P̂ is indeed an ε-close labelling.

It thus remains to show that the final while loop terminates. However, there are

at most |Cα
P| uncovered critical coordinates, and over the course of fixing all uncovered

critical coordinates, there are at most |Cα
P| bad guesses for z ∈ Bε/2(x) where Pz is

degenerate. Therefore the final while loop makes at most 2|Cα
P| invocations to CD-GBS

along cross-sections. This concludes the proof of correctness for CD-GBS.

Let us bound the total query usage of CD-GBS. For all values of k in the first for loop,

we know from Corollary 4.3.2 that since Q` is a valid lexicographic oracle for P, that the

number of uncovered Ikx will not exceed 2
((
n+m
m

)
+ 2n

)
, and since CD-GBS is called once

per uncovered interval, it follows that for each k there at most 2
((
n+m
m

)
+ 2n

)
recursive

calls to CD-GBS. Furthermore, since Q` is a valid lexicographic oracle for P, it will also

never be the case that ∃i, j ∈ [n], z ∈ ∆m such that dim(P̂i) = m and z ∈ int(P̂i).
In the worst case, k loops from 1 to dlog(2/ε)e and makes an extra 2|Cα

P| recursive

calls to CD-GBS to fix all uncovered critical coordinates. In total if we let T (m,n, ε)

denote the query cost of running CD-GBS on a valid lexicographic oracle, we get the

following recursion:

T (m,n, ε) ≤ 2|Cα
P| log

(
2

ε

)
T

(
m− 1, n,

ε2

85nm5/2

)
+ 2|Cα

P|.
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In order to make this more amenable, we define f(m) =
((
n+m
m

)
+ 2n

)
and use Lemma

4.7 to bound this expression as follows:

T (m,n, ε) ≤ 3f(m) log

(
2

ε

)
T

(
m− 1, n,

ε2

85nm5/2

)
.

Furthermore, from the fact that the base case is binary search, we know T (1, n, ε) ≤
n log

(
2
ε

)
.

To unpack the recursion. Let us define the values ε0 = ε and εk+1 =
ε2k

85n(m−k)5/2 for

k = 1, ...,m− 1. With this in hand, we can unroll the recursion to obtain:

T (m,n, ε) ≤

(
3m−1

m−1∏
i=1

f(i)

)(
m−1∏
k=1

log

(
2

εk

))
.

Since each εk+1 < εk, we can upper bound the right-hand product by bounding each term

with εm−1. If we first solve for this value, we obtain:

εm−1 =
ε2m−1∏m−1

j=1 (85nj5/2)2j
,

≥ ε2m−1∏m−1
j=1 (85nm5/2)2j

,

≥
( ε

85nm5/2

)2m

.

In the first inequality we bounded the denominator product in the base by j ≤ m,

as for the second inequality, we evaluated the geometric series in 2 for the exponent to

bound the exponent by 2m. With this in hand we obtain the desired bounds:

T (m,n, ε) ≤ 3m2m
2
m∏
i=1

f(i) logm
(

170nm5/2

ε

)
,

≤

(
m∏
i=1

((
n+ i

i

)
+ 2n

))
22m2

logm
(

170nm5/2

ε

)
.

Finally, For large enough n, every term in
∏m

i=1

((
n+i
i

)
+ 2n

)
is bounded by (n+m)m+

2n. It follows that this product is O(nm
2
), and thus for constant m, this constitutes

O(nm
2

logm
(
n
ε

)
) = poly(n, log

(
1
ε

)
) queries.

The previous results show that for constant dimension, m, CD-GBS is query efficient

in n and 1
ε
. In the following section we use this algorithm as a building block to construct

a method for computing efficient ε-close labellings when the number of regions, n, is held

constant instead.
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Algorithm 3 CD-GBS(m,n, ε,Q)

Input: m ≥ 0, n, ε > 0, query access to oracle Q : ∆m → [n].

Output: P̂: an ε-close labelling of P.
if m = 0 then

Query Q(0)
else

P̂0 ← f−1
0

(
CD-GBS

(
m− 1, n, ε2

85nm5/2 , Q ◦ f−1
0

))
, P̂1 ← Q(~e1).

for k = 1 to dlog(2/ε)e do
if Number of uncovered Ikx exceeds 2

((
n+m
m

)
+ 2n

)
then

Halt
for x ∈ Dk do

if Ikx is uncovered then
t← midpoint(Ix)

P̂t ← f−1
t

(
CD-GBS

(
m− 1, n, ε2

85(1−t)nm5/2 , Q ◦ f−1
t

))
Recompute P̂ by taking convex hulls of labels
if ∃i, j ∈ [n] such that int(P̂i) ∩ P̂j 6= ∅ or P̂ is an ε-close labelling then

Halt
while ∃x ∈ [0, 1] an uncovered critical point do
t← z for arbitrary z ∈ Bε/2(x)

P̂t ← f−1
t

(
CD-GBS

(
m− 1, n, ε2

85(1−t)nm5/2 , Q ◦ f−1
t

))
Recompute P̂ by taking convex hulls of labels

return P̂

4.4 Constant-Region Generalised Binary Search for

Q`

In this section we introduce Constant-Region Generalised Binary Search, (CR-GBS),

which as the name suggests, is a query-efficient algorithm for computing ε-close labellings

of (m,n)-polytope partitions when n is constant and m and ε are allowed to vary.

The intuition behind the algorithm lies in the fact that if m is much greater than n

(it suffices for m >
(
n
2

)
), then any vertex of a given Pi cannot lie in the interior of the

ambient simplex ∆m. This is because a vertex in ∆m must consist of the intersections of

at least m half-spaces, all of which cannot arise from adjacencies between different Pi.

Not only do all vertices lie on the boundary of ∆m, but one can easily show that

they are all contained in faces of the boundary of ∆m that have dimension O(n2) which

is presumed to be constant. The number of such faces in the boundary of ∆m is thus

polynomial in m, and moreover if we could compute 0-close labellings of these faces we

could take convex combinations and recover a 0-close labelling of the entire polytope

partition.
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We will demonstrate that for an appropriate value of ε′, if we compute ε′-close la-

bellings of such faces in the boundary, we can recover an ε-close labelling of the entire

polytope partition over all of ∆m by taking convex combinations. CR-GBS computes the

necessary ε′-close labellings of lower dimensional faces by using CD-GBS as a subroutine,

which as we shall see results in our desired query efficiency for n constant.

We note however, that not all faces in the boundary of ∆m are axis-aligned, which

poses a problem if we are to use CD-GBS as a subroutine. As we show in the following

section, this is not an issue since we can translate such simplices into axis-aligned simplices

via a simple transformation.

4.4.1 Non-axis-aligned Simplices

So far we have focused on the case where ∆m = {x ∈ Rm | ‖x‖1 ≤ 1, xi ≥ 0}. In a

straightforward fashion we transform our results to the equivalent simplex Λm = {x ∈
Rm+1 | ‖x‖1 = 1, xi ≥ 0}. To do so, we define the invertible linear map φm : ∆m → Λm+1

given by φm(x1, ..., xm) = ((1−
∑m

i=1 xi) , x1, ..., xm). It is straightforward to see that φm

is
√
m+ 1-Lipschitz continuous. Via standard Lipschitz continuity arguments we get the

following:

Lemma 4.9. Suppose that P is an (m,n)-polytope partition of Λm+1. If P̂ is an ε√
m+1

-

close labelling of φ−1
m (P), then φm(P̂) is an ε-close labelling of P.

Proof. Suppose that x ∈ Λm+1 has no label under φm(P̂). Since P̂ is an ε√
m+1

-close

labelling, there must be some y ∈ ∆m with the property that ‖φ−1
m (x)−y‖2 <

ε√
m+1

. If we

consider φ−1
m (x), since P̂ is ε√

m+1
-close, there must be some y from an empirical polytope

P̂i ⊂ ∆m with the property that ‖φm(x) − y‖2 <
ε√
m+1

. It follows that φm(y) ∈ φm(P̂)

and by Lipschitz continuity of φm, ‖x− φm(y)‖2 < ε as desired.

4.4.2 Necessary Machinery for CR-GBS

Suppose that P is an (m,n)-polytope partition with the property that m >
(
n
2

)
. Fur-

thermore, let k =
(
n
2

)
and let ∂k(∆

m) denote all k-dimensional faces of ∆m. For each

face F , let PF be the restriction of P to F . If F is axis-aligned (equivalently, if F

contains the origin), then it is an isometric embedding of ∆k in ∆m, so we let φF be a

canonical isomorphism from F to ∆k. If F is not axis-aligned, we let φF be any canonical

isomorphism from F to ∆k as per Section 4.4.1.

As mentioned previously, computing empirical labellings of every face in ∂k(∆
m) via

CD-GBS will be enough to compute an empirical labelling for P. The only issue with this

strategy however, is that CD-GBS is only guaranteed to return an ε-close labelling if it is
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Figure 4.6: γ-Interiors of Polytopes in a Partition.

given access to a valid lexicographic membership oracle for a polytope partition, and for

an arbitrary polytope partition, it is not always the case that φF (PF ) is a (k, n)-polytope

partition for all F ∈ ∂k(∆
m). As an example, consider a polytope partition with an

arbitrary (m−1)-dimensional polytope Pi contained in F = P0 (the 0-cross-section of P).

Any full-dimensional Pj ∈P must have the property that 0 /∈ π(relint(Pj)), hence it still

holds that relint(Pi)∩ relint(Pj) = ∅. However, when restricted to PF , relative interiors

are with respect to P0, and it can be the case that relint((Pi)F )∩ relint((Pj)F ) 6= ∅. For

this reason, we slightly refine our notion of polytope partition.

Definition 4.11. Suppose that P is an (m,n)-polytope partition such that for all 0 ≤
k ≤ m and F ∈ ∂k(∆m), φF (PF ) is a (k, n)-polytope partition. Then we say that P is a

proper polytope partition.

For the remainder of this section, we focus on proper polytope partitions. In addition,

in order to prove correctness of CR-GBS we define a robust approximation of any Pi ∈P.

Definition 4.12. Suppose that P ⊂ ∆m is a polytope. We define intγ(P ) as

intγ(P ) = {x ∈ P | Bγ(x) ∩∆m ⊂ P}.

We call this the γ-interior of P .

Intuitively, the γ-interior of P consists of points that are “robustly” within P by a

margin of γ relative to the interior of ∆m, as visualised in Figure 4.6. In Lemma 4.10 we

show that intγ(P ) is a sub-polytope of P with certain supporting hyperplanes translated

towards the interior of P by a margin of γ. We also show that if Pi is an element of

an (m,n)-polytope partition where m > k, then the vertices of intγ(Pi) also lie in some

F ∈ ∂k(∆m).

Lemma 4.10. Suppose that P is an (m,n)-polytope partition with m > k =
(
n
2

)
. For

each Pi ∈P, and any γ > 0, intγ(Pi) is a sub-polytope of Pi. Furthermore, each vertex

of intγ(Pi) lies in some F ∈ ∂k(∆m).
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Proof. Since Pi ⊂ Rm is a polytope, it can be expressed as the intersection of finitely

many half-spaces: Pi =
⋂q
j=1 Hj, such that Hj = {x ∈ Rm | aj · x ≥ bj, where aj ∈

Rm, ‖aj‖2 = 1, bj ∈ R}. As before, each half-space, Hj, can either arise as an adjacency

of Pi with the boundary of ∆m, or as an adjacency of Pi with some other Pr ∈P. Let

us call the former set of half-spaces A and the latter B. We abuse notation slightly and

also let A refer to the sets of indices j ∈ [q] such that Hj ∈ A (similarly for B).

For each Hj ∈ B, let H ′j = {x ∈ Rm | aj · x ≥ bj + γ, where aj ∈ Rm, ‖aj‖2 =

1, bj ∈ R}. Clearly H ′j ⊂ Hj, and in fact the boundary hyperplane of H ′j is parallel to

that of Hj (and translated by a margin of γ towards the interior of Hj). We now define

C =
(⋂

j∈AHj

)
∩
(⋂

j∈BH
′
j

)
and we show that intγ(Pi) = C, which proves the first part

of the lemma.

Suppose that x ∈ C. By virtue of the construction of all H ′j, it must be the case that

Bγ(x) does not intersect the boundary of any Hj ∈ B. Since all Hj ∈ A are unchanged

in C, we obtain Bγ(x) ∩∆m ⊂ Pi, therefore x ∈ intγ(Pi).
Now suppose that x ∈ intγ(Pi). Since intγ(Pi) ⊂ Pi, it is clear that x ∈ Hj for all

Hj ∈ A. As for Hj ∈ B, we know that x ∈ Hj from the fact that intγ(Pi) ⊂ Pi. If x /∈ H ′j,
then Bγ(x) 6⊂ Hj, which in turn implies Bγ(x) 6⊂ P , contradicting our assumption that

x ∈ intγ(Pi). This proves the claim that C = intγ(Pi).

As for the final claim of the lemma, we note that since each Hj ∈ A arises as an

adjacency of Pi with the boundary of ∆m, it must be the case that |A| ≤ m. Furthermore,

since each Hj ∈ B arises as an adjacency of two polytopes in P, it follows that |B| ≤(
n
2

)
= k < m. Since at least m half-spaces need to meet in Rm to make a vertex, it must

be the case that any vertex of C = intγ(Pi) lies on some F ∈ ∂k(∆m).

Suppose that P is a proper (m,n)-polytope partition with m > k =
(
n
2

)
. Furthermore,

suppose that Pi ∈P is of full affine dimension and consider a vertex, v, of intγ(Pi) which

is “robustly” in the interior of Pi by definition. From the previous lemma we know that

v lies in some F ∈ ∂k(∆m). We now show that due to the margin γ with which v lies

within Pi, we can recover a label of v by computing a suitable empirical-labelling of F .

Lemma 4.11. Suppose that P is a proper (m,n)-polytope partition with m > k =
(
n
2

)
.

Furthermore, suppose that Pi ∈ P is of full affine dimension and that v is a vertex of

intγ(Pi) that lies on some face F ∈ ∂k(∆m). It follows that any 2γ
5

-close labelling of F

that correctly labels the vertices of F gives v the label i. Furthermore, suppose that for

all F ∈ ∂k(∆m) we compute a 2γ
5

-close labelling. By taking convex combinations of these

empirical labellings, we get τ(P̂⊥) ≤ 10
3
n2γ(m+ 1)3/2.

Proof. If v is a vertex as in the statement of the lemma, it must either be a vertex of the

original simplex, or Bγ(v)∩Pi∩F must contain a r-dimensional `2 ball of radius γ which
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Figure 4.7: Proof of Lemma 4.11.

we call A2 (where r corresponds to the dimension of the sub-face of F that v lies on,

implying 1 ≤ r ≤ k). If v is a vertex of the original simplex, then it is correctly labelled

by assumption, so we focus on the the latter case.

Let A1 be any r-dimensional `1 ball of radius 3γ
5

such that A1 ( A2, and denote the

corners of A1 by x1, ..., xs. For i = 1, ..., s, let Vi = B2γ/5(xi) ∩ A2 ⊂ F . We note that

Vi ∩ Vj = ∅ for all i 6= j.

By the conditions of empirical labellings and the fact that Pi is of full affine dimension,

there must exist z1, ..., zs such that zr ∈ Vr and zr gets its correct label, i, under Q`.

Furthermore, it is straightforward to see that v ∈ Conv(z1, ..., zs), hence v gets its correct

label, i, as visualised in Figure 4.7.

Along with Lemma 4.10, this shows that if for all F ∈ ∂(∆m)k we compute 2γ
5

-close

labellings that correctly label the vertices of F , then we will have correctly labelled

all vertices of the polytope intγ(Pi). Consequently, by taking convex combinations of

these labellings, the entirety of intγ(Pi) will be labelled correctly for an arbitrary full-

dimensional Pi.

For a given full-dimensional Pi ⊂P, it is the case that Pi\intγ(Pi) can be expressed as

a disjoint union of at most k ≤ n2 polytopes of thickness bounded by γ (using the notation

from the proof of Lemma 4.10, these polytopes are all of the form (Hj \H ′j)∩Pi, of which

there are at most |B| = k ). For a given Pj that is not full-dimensional, it trivially holds

that τ(Pj) = 0 Thus we can use Lemma 4.6 to see that τ(P̂⊥) = τ(∪i (Pi \ intγ(Pi))) ≤
10
3
n2γ(m+ 1)3/2.
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Corollary 5. Suppose that P is a proper (m,n)-polytope partition. Let γ = 3ε
40n2(m+1)5/2 ,

and suppose that for all F ∈ ∂k(∆m), a 2γ
5

-close labelling that correctly labels the vertices

of F is computed with Q`. Taking a convex combination of these empirical labellings

results in an ε-close labelling of P.

Proof. This follows from the fact that τ(P̂⊥) ≤ 10
3
n2γ(m+1)3/2 from the previous theorem.

We can therefore use Lemma 4.4 and obtain the desired result.

The previous result gives us precisely what we need to prove the correctness of CR-

GBS. In fact, it shows that CR-GBS can use any algorithm as a sub-routine (not just

CD-GBS) as long as it computes empirical labellings of polytope partitions along all faces

F ∈ ∂(∆m)k while correctly labelling the vertices of ∆m.

4.4.3 Specification of CR-GBS and Query Usage

Terms and Notation: For F ∈ ∂k(∆
m), we let φF denote a canonical isomorphism

from F to ∆k as per Section 4.4.2. Furthermore, for each such F , we let P̂F empirical

labelling returned by CD-GBS on a given face, F .

Algorithm 4 CR-GBS(m,n, ε,Q)

Input: m,n, ε > 0, query access to oracle Q : ∆m → [n]
Output: ε-close labelling of P.
k ←

(
n
2

)
for F ∈ ∂k(∆m) do

P̂F ← φ−1
F

(
CD-GBS

(
k, n, 3ε

100n2
√
k+1(m+1)5/2 , Q ◦ φ−1

F

))
.

P̂← ConvF (P̂F )

return P̂

Theorem 4.2. Let P be a proper (m,n)-polytope partition where n is constant and

m > k =
(
n
2

)
. CR-GBS computes an ε-close labelling of P and uses O

(
mk logk

(
m
ε

))
=

poly(m, log
(

1
ε

)
) queries.

Proof. The correctness follows from Corollary 5. In the worst case faces are of the form Λk,

which incur an extra cost of
√
k + 1 in the approximation factor of empirical labellings.

We use this as a worst case bound.

For simplicity in notation, we define m0 = k, ε0 = 3ε
100n2

√
k+1(m+1)5/2 . From Theo-

rem 4.1, the CD-GBS subroutine uses at most
(∏m0

i=1

((
n+i
i

)
+ 2n

))
22m2

0 logm0

(
170nm0

5/2

ε0

)
queries. Since k =

(
n
2

)
is constant, this expression can be written as O

(
logk

(
m5/2

ε

))
=

O
(
logk

(
m
ε

))
. Finally, there are

(
m
k

)
possible faces upon which CD-GBS can be called as a

subroutine, hence the total query usage is indeed O
(
mk logk

(
m
ε

))
= poly(m, log

(
1
ε

)
).
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4.5 Upper Envelope Polytope Partitions

Up until now we have focused completely on the lexicographic query oracle Q`, creating

algorithms CD-GBS and CR-GBS that compute ε-close labellings of (m,n)-polytope

partitions when given access to Q`. If these algorithms are given access to an adversarial

oracle QA however, they may fail. It suffices to see this for CD-GBS since CR-GBS uses

it as a subroutine.

To see why CD-GBS may fail under QA we recall that the algorithm recursively

computes ε-close labellings of cross-sections Pt for different values of t ∈ [0, 1]. If ever

CD-GBS is called on a degenerate cross-section Pt, it has conditions to either tell that

it is being called on a degenerate cross-section (when it notices that there exist i, j ∈ [n]

and z ∈ ∆m such that z ∈ int(P̂i)∩ P̂j), or in the worst case, prevent it from exceeding its

query balance. In both cases however, the algorithm returns a valid empirical labelling,

i.e., P̂ = {P̂i}ni=1 such that P̂i ⊆ Pi.

When an adversarial oracle is used however, we may see i, j ∈ [n] and z ∈ ∆m such

that z ∈ int(P̂i)∩ P̂j. Indeed this can occur if Pi = Pj and both are full-dimensional. The

natural solution seems to merge Pi and Pj (since the second condition of the definition of

polytope partitions tells us that Pi = Pj in this case). The main problem however, is that

there is no way of telling when the condition above is an artifice of the adversarial oracle,

or simply due to the fact that Pt is degenerate. If we blindly merge labels, we may in

fact be performing an incorrect merge on a degenerate cross-section! This of course may

return inconsistent polytope partitions.

Since the key problem is the existence of degenerate cross-sections, we consider a

slightly stronger variant of polytope partitions with the key property that cross-sections

are never degenerate. Furthermore, this special type of polytope partition is expressive

enough for our game theoretic applications, and best of all, it allows us to prove results

in the adversarial query oracle model.

Definition 4.13 (Upper Envelope Polytope Partition). Suppose that A ∈ Rn×m is an

n ×m real-valued matrix and that b ∈ Rn. Let Pi = {y ∈ ∆m | (Ay + b)i ≥ (Ay + b)j

for all j 6= i}. We denote the collection P(A, b) = {P1, . . . , Pn}, as the upper envelope

polytope partition (UEPP) arising from (A, b).

It is straightforward to see that for any (A, b), P(A, b) is itself an (m,n)-polytope

partition. Crucially however, it satisfies more properties than the previous definition of

polytope partitions.

Lemma 4.12. Suppose that A is an n × m real valued matrix and that b ∈ Rn. Then

P(A, b) = {P1, . . . , Pn} has the following properties:
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• For any x ∈ [0, 1) let fx be the canonical affine transformation that maps (∆m)x

to ∆m−1. There exists an n × (m − 1) real matrix Ax and bx ∈ Rn such that

P(Ax, bx) = fx(P(A, b)x).

• P(A, b) is a proper polytope partition (Definition 4.11).

• If Ai,• = Aj,• and bi = bj then Pi = Pj. Conversely if Pi is of full affine dimension

and relint(Pi) ∩ Pj 6= ∅, then Ai,• = Aj,• and bi = bj; consequently, Pi = Pj.

• Suppose that a1, . . . , ak ∈ R are such that
∑k

i=1 ai < 1 with k < m. Let H =

{(z1, . . . , zm) ∈ ∆m | zi = ai, i = 1, . . . , k} where H has affine codimension k.

If x1, . . . , xm−k ∈ ∆m are affinely independent points of Pi ∩ H and in addition,

y ∈ Conv(x1, . . . , xm−k) belongs to Pj, then Pi and Pj coincide in H.

Proof. The first bullet point follows from two facts: affine transformations restricted to

affine subspaces are themselves affine transformations, and compositions of affine trans-

formations are themselves affine transformations.

To be rigorous, define the affine transformation g : Rm → Rm to be g(x) = Ax+b. Let

g′ = g �(∆m)x be the restriction of g to the affine subspace (∆m)x ⊂ Rm of codimension

1. As we mentioned before, g′ is itself an affine transformation.

Now let us recall that fx is the canonical affine transformation that maps (∆m)x

to ∆m−1. It is straightforward to see that f−1
x exists (∆m−1 and (∆m)x are clearly

isomorphic) and is itself an affine transformation. Consequently g′ ◦ f−1
x : ∆m−1 → Rn

is itself an affine transformation, which can be identified with a matrix Ax and vector bx

such that (g′ ◦ f−1
x ) z = Axz + bx. It is straightforward to see that (Ax, bx) are such that

P(Ax, bx) = fx(P(A, b)x) as desired.

As for the second bullet point, let F ∈ ∂m−1(∆m) be an arbitrary face of ∆m of

codimension 1. In addition, we use the notation φF as before to denote the canonical

isomorphism from F to ∆m−1. φF is itself an affine transformation, hence we can use

identical argumentation from before to show that by restricting the original affine func-

tions arising from (A, b) to F ∈ ∂m−1(∆m), we can find equivalent affine functions that

render φF (PF ) an upper-envelope polytope partition. For arbitrary 0 ≤ k ≤ m − 1, we

can use the previous statement inductively to show that for any F ∈ ∂k(∆m), PF is a

(k, n)-polytope partition. This concludes the proof that P is a proper polytope partition.

As for the third bullet point, the fact that Ai,• = Aj,• and bi = bj implies Pi = Pj is

trivial. Let us focus on the case when Pi is of full affine dimension and relint(Pi)∩Pj 6= ∅.
For the sake of contradiction, let us suppose that Ai,• = Aj,• and bi 6= bj. If this

holds, then (Ay + b)i 6= (Ay + b)j for all y, which contradicts our assumption that

relint(Pi) ∩ Pj 6= ∅. Let us therefore suppose that Ai,• 6= Aj,•. Let H be the set of y
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such that (Ay + b)i = (Ay + b)j. Since Ai,• 6= Aj,•, H has codimension of at least 1. By

assumption, there exists a z ∈ relint(Pi) ∩ Pj. It must be the case that z ∈ H as well.

However, using the fact that z ∈ relint(Pi) and that Pi is of full affine dimension, for

some ε > 0, the Bε(z) ( Pi. However, since z ∈ H, which is of codimension 1, then half

of Bε(z) must not belong to Pi, which is a contradiction.

The final bullet point follows from putting the first and third bullet points together

and inducting on k. The base case follows from the fact that for w ∈ [0, 1), we know that

Pw is itself a scaled upper envelope polytope partition (from the first bullet point). Now

suppose that x1, ..., xm−1 ∈ Pi are affinely independent in P(A, b)w. Furthermore suppose

that Conv(x1, ..., xm−1) contains a point y ∈ Pj. Since the xi are affinely independent,

it follows that Pw
i is full-dimensional in P(A, b)w, hence we can apply the third bullet

point to show that Pw
i and Pw

j coincide in P(A, b)w (which is in fact what we desired).

Let us suppose that the claim holds for a given k − 1 < m − 1 and that we are

given a1, ..., ak. From the first bullet point, P(A, b)a1 is a scaled lower-dimensional upper

envelope polytope partition. Let us define H = {(z1, ..., zm) ∈ ∆m | zi = ai, i = 1, .., k}
and H2 = {(z1, ..., zm) ∈ ∆m | zi = ai, i = 2, .., k}. It follows that P(A, b) ∩ H =

P(A, b)a1 ∩ H2, and in the later we can use the inductive assumption (since (m − 1) −
(k−1) = m−k) to show that if x1, ..., xm−k are affinely independent points in P a1

i ∩H2 =

Pi∩H, and y ∈ Conv(x1, ..., xm−k) belongs to Pj, then P a1
i and P a1

j coincide in H2, which

is the same as saying Pi and Pj coincide in H as desired.

4.5.1 Adversarial CD-GBS

Suppose that P is an UEPP. Since it is also a proper (m,n)-polytope partition, it inherits

all the properties from before. Along with Lemma 4.12 we have the necessary tools to

show that Algorithm 5 is a query efficient way of computing ε-close labellings of P with

an adversarial query oracle. In the specification of CD-GBS, we use identical terms and

notation from Algorithm 3.

Theorem 4.3. If CD-GBS is given access to an adversarial query oracle QA of an (m,n)-

polytope partition based on a UEPP, it computes an ε-close labelling of P using at most(∏m
i=1

((
n+i
i

)
+ 2n

))
22m2

logm
(

170nm5/2

ε

)
membership queries. For constant m this con-

stitutes O(nm
2

logm
(
n
ε

)
) = poly(n, log

(
1
ε

)
) queries.

Proof. As in the proof of correctness of CD-GBS, we begin by noting that when m = 1

the algorithm runs identically to binary search. We thus focus on the case where m > 1.

The key observation of the proof of correctness is the following: At any given k in

the first for loop there are at most 2|Cα
P| values of x such that Ikx is uncovered. Let us

consider the empirical polytope P̂ that has been constructed at the time of the execution
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Algorithm 5 Adversarial CD-GBS(m,n, ε,QA)

Input: m ≥ 0, n, ε > 0, query access oracle QA : ∆m → [n].

Require: Recursive calls to CD-GBS
(
m− 1, n, ε2

85(1−x)nm5/2 , QA ◦ f−1
x

)
.

Output: ε-close labelling of P.
if m = 0 then

Query QA(0)
else

P̂0 ← f−1
0

(
CD-GBS

(
m− 1, n, ε2

85nm5/2 , QA ◦ f−1
0

))
P̂1 ← Q(~e1).
for k = 1 to dlog(2/ε)e do

for x ∈ Dk do
if Ikx is uncovered then
t← midpoint(Ix)

P̂t ← f−1
t

(
CD-GBS

(
m− 1, n, ε2

85(1−t)nm5/2 , QA ◦ f−1
t

))
Recompute P̂ by taking convex hulls of labels
while ∃i, j ∈ [n], z ∈ ∆m such that dim(P̂i) = m and z ∈ int(P̂i) do

Merge label i with label j
Recompute P̂ by taking convex hulls of labels

if P̂ is an ε-close labelling then
Break

return P̂

of the k-th loop. Due to the fact that we have merged any labels from the execution of

the loop at value k−1, it follows that for all i, j, P̂i∩ P̂j is not of full affine dimension. In

turn this means that there exists a hyperplane Hi,j that separates the interiors of P̂i and

P̂j. Furthermore, denote H+
i,j as the halfspace defined by Hi,j in which P̂i is contained.

This means that in turn we can define P i = ∩jH+
i,j so that P̂i ⊂ P i. Furthermore, it is

straightforward to see that we can define P = {P i} as a valid (m,n)-polytope partition

that is consistent with P̂. Since P is consistent with our current observations from QA,

we can actually simulate CD-GBS on P i for the first k − 1 iterations of the algorithm

(ordering polytopes accordingly to simulate a lexicographic query oracle). The empirical

polytope returned when doing so will in fact be P̂, and thus we can apply corollary 4.3.2

to tell us that the number of uncovered Ikx is in fact bounded by 2|Cα
P|.

Returning to our proof of correctness of the algorithm. It is not hard to see that upon

termination it is correct if we assume that calling CD-GBS as a subroutine works correctly

as per the inductive assumption and crucially the fact that from Lemma 4.12 each cross-

section of P is non-degenerate. Therefore we focus on the query cost of the algorithm.

At each k = 1 to dlog(2/ε)e, from our previous result there can only be at most 2|Cα
P|

uncovered Ikx , which are precisely the Ikx that result in queries. By simple multiplication

we thus get that the number of cross-section queries is at most 2dlog(2/ε)e|Cα
P|, hence
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we get the following recursion for bounding the query cost of adversarial CD-GBS:

T (m,n, ε) ≤ 2

((
n+m

m

)
+ 2n

)
log

(
2

ε

)
T

(
m− 1, n,

ε2

85nm5/2

)
.

with base case T (1, n, ε) ≤ n log
(

2
ε

)
. If we unpack the recursion in the same way as

Theorem 4.1, we get the desired result.

4.5.2 Adversarial CR-GBS

In this section we formalize an adversarial variant of CR-GBS. We note that most of the

notation is identical to lexicographic CR-GBS (Algorithm 4).

Algorithm 6 CR-GBS(m,n, ε,P)

Input: m,n, ε > 0, query access to QA for (m,n)-polytope partition P.
Output: ε-close labelling of P.
k ←

(
n
2

)
for F ∈ ∂(∆m)k do

P̂F ← φ−1
F

(
CD-GBS

(
k, n, 3ε

100n2
√
k+1(m+1)5/2 , Q ◦ φ−1

F

))
.

P̂← ConvF (P̂F )

while ∃i, j ∈ [n], z ∈ ∆m such that dim(P̂i) = m and z ∈ int(P̂i) do
Merge label i with label j
Recompute convex hulls of labels

return Q̂

Theorem 4.4. Let P be an (m,n)-polytope partition where n is constant. Furthermore,

let k =
(
n
2

)
. CR-GBS computes an ε-close labelling of P and uses O

(
mk logk

(
m
ε

))
=

poly(m, log
(

1
ε

)
) queries.

Proof. As in the proof of Theorem 4.3, we know that there exists a polytope partition

P that is consistent with P̂. Once again, we notice that this invocation of adversarial

CR-GBS is identical to running lexicographic CR-GBS on P, which would in turn return

P̂ an ε-close labelling of P. However, it is straightforward to see from the definition of

ε-close labellings that this also makes P̂ an ε-close labelling of P as desired. Finally, the

query usage of adversarial CR-GBS is identical to lexicographic CR-GBS, hence the rest

of the theorem follows.

4.5.3 Pairwise Comparison Oracles

In this section we take a slight detour to give a short exposition on a natural, more

powerful, extension to membership oracles in upper-envelope polytope partitions. The

oracles we speak of are pairwise comparison oracles, which we will define shortly. At
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a high level, for an (m,n)-UEPP, P, a pairwise comparison oracle takes as input two

indices, i, j ∈ [n] and a point x ∈ ∆m, and answers whether the affine function defining

Pi dominates that of Pj or vice versa.

We introduce algorithms for computing ε-close labelings of UEPP in this setting with

a more benign query cost than our previous algorithms that only make use of membership

query oracles. Ultimately, we will show in Section 4.7, that pairwise comparison oracles

in this setting are a natural analogue of pairwise comparison oracles, QPW , in games

(Chapter 2). This in turn will result in algorithms for computing ε-WSNE via QPW .

The Oracle Model

Upon close inspection, it is clear that an (m,n)-UEPP is also uniquely defined as a

family of real-valued affine functions over ∆m, which we call f1, ..., fn. For a given (m,n)-

UEPP, P, defined by an n×m matrix, A, and vector, b ∈ Rn, these functions are in fact

fi(y) = (Ay+b)i, and we use this notation throughout this section. As a first observation,

it is clear that Pi = {x ∈ ∆m | fi(x) ≥ fj(x) ∀j ∈ [n]}, hence for a given x ∈ ∆m, any

variation of a membership oracle for P is simply returning any number of indices i ∈ [n]

of fi that dominate all other fj at x.

Definition 4.14 (Pairwise Comparison Oracle). Suppose that P is an (m,n)-UEPP

parametrised by the affine functions: f1, ..., fn. We let QPW : [n]2 ×∆m → {0, 1} be the

pairwise comparison oracle for P and define it as follows:

QPW (i, j, x) =

{
1, if fi(x) ≥ fj(x),

0 otherwise.

The first thing to notice about the definition is that we haven’t made the distinction

for when fi(x) = fj(x), and it may seem that we are imposing a lexicographic preference.

However, it is straightforward to note that if we wish to establish whether fi(x) = fj(x), it

suffices to make the queries QPW (i, j, x) and QPW (j, i, x) and see whether both return 1.

In this same vein, we could also consider differing strengths of pairwise comparison oracles

that break ties in different ways as we have done with best response oracles throughout

this chapter. Nonetheless, the high-level aim of this section is to simply illustrate how

the added information from QPW can be used to compute ε-close labelings, so we focus

on this model.

Computing ε-close labellings with QPW

To simplify our exposition, for any i, j ∈ [n]2 such that i 6= j, we let H i,j = {x ∈
∆m | QPW (i, j, x) = 1}. It is straightforward to see that Pi = ∩jH i,j. This hints at the
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fact that if we approximately learn all H i,j, then we will have have enough information

to construct an ε-close labelling of P. To this end, we let H i,j
α = intα(H i,j) = {x ∈

H i,j | ∀y ∈ Hj,i, ‖x− y‖2 ≥ α}. In addition we let F (i, j, α) = ∆m \ (H i,j
α ∪Hj,i

α ) and

Fα =
⋃
i<j F (i, j, α).

Lemma 4.13. Let P be a (m,n)-UEPP and ε > 0. If we let α = 3ε
20(m(m+1)1/2)(n(n−1))

then τ(Fα) < ε
4m

.

Proof. From the definition of H i,j
α it is clear that τ(F (i, j, α)) ≤ 2α for all values of i, j

and α. Let R = ε
4m

and suppose that x ∈ Fα. We will show that BR(x) cannot be

a subset of Fα via a volume argument identical to Lemma 4.6. In what follows we let

k =
(
m
2

)
for convenience.

Once again, we let V (A) denote the volume of a set A ⊂ Rm, and we let S(m,R)

denote the volume of the m-dimensional hypersphere of radius R. The first thing to

notice is that since F (α, i, j) is precisely the convex region between two hyperplanes at

distance 2α from each other, it follows that V (F (α, i, j)∩BR(x)) ≤ 2αS(m− 1, R). This

is due to the fact that a majority of the mass of a hypersphere is concentrated around

its centre, and hence the volume of the intersection of F (α, i, j) and BR(x) is maximised

when x is equidistant to the supporting planes of F (α, i, j). Furthermore, the volume

of this cross-section is bounded by the distance between these supporting hyperplanes

multiplied by S(m− 1, R), which is at most 2αS(m− 1, R) as claimed.

Given the bound above, we can take a union bound and see that V (Fα ∩ BR(x)) ≤
2kαS(m− 1, R) Hence it suffices to show that 2kαS(m− 1, R) < S(m,R) to show that

BR(x) cannot be a subset of Fα. As in Lemma 4.6, we recall the following identity:

S(m,R)

S(m− 1, R)
≥ 0.6R(m+ 1)−1/2.

From which the fact thatBR(x) is not a subset of Fα follows from our choice of parameters.

In Algorithm 7 we provide the specification for Approx-Halfspace, which for a given

α > 0 and i, j ∈ [n] such that i < j computes Ĥ i,j and Ĥj,i as approximations to H i,j

and Hj,i respectively via binary search along the edges of ∆m.

Lemma 4.14. Suppose that Approx-Halfspace is given access to a pairwise comparison

oracle QPW for a UEPP, P. For a given α > 0 and i, j ∈ [n] such that i < j, and fi 6= fj,

Approx-Halfspace(α, i, j) computes Ĥ i,j and Ĥj,i such that Ĥ i,j
α ⊆ H i,j and Ĥj,i

α ⊆ Hj,i.

On the other hand, if fi = fj, then Ĥ i,j = ∆m and Ĥj,i = ∅.
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Proof. First we notice that QPW (i, j, er) gives the same answer for all r ∈ [m] if and only

if fi(x) ≥ fj(x) for all x ∈ ∆m. In either case, this means that Ĥ i,j = ∆m and Ĥj,i = ∅.
When fi(x) > fj(x) for all x ∈ ∆m, Then by definition H i,j

α = ∆m and Hj,i
α = ∅ and the

claim holds. The second case where fi = fj is also vacuously covered in the lemma. We

therefore focus on the scenario where not all QPW (i, j, er) give the same answer.

As per the notation of Algorithm 7, we let Vi be the vertices of ∆m such that

QPW (i, j, er) = 1 and Vj be all other vertices. Suppose that er ∈ Vi, es ∈ Vj, and

that yrs is the edge of ∆m between these two vertices. If H i,j
α 6= ∅, we let zi be the unique

x ∈ H i,j
α ∩ yrs that is at a maximal distance from er, otherwise we let zi = er. Likewise,

if Hj,i
α 6= ∅, we let zj be the unique x ∈ Hj,i

α ∩ yrs that is at a maximal distance from es,

otherwise we let zj = es.

Our first observation is that ‖zj − zi‖2 ≥ α. ‖zj − zi‖2 is in fact minimised when

yrs is perpendicular to the separating hyperplane between H i,j and Hj,i, in which case

‖zj − zi‖2 = α, hence the claim holds. Given this observation, it follows that zi ∈
Conv({er, xir,s}) and zj ∈ Conv({es, xjr,s}), where xir,s and xir,s are the limiting points

found via binary search along yrs in Approx-Halfspace. The reason for this is that our

binary search parameter is in fact α, which as we saw is the minimal distance between

zi and zj. Finally, it is a straightforward observation that H i,j
α is in fact contained in the

convex combination of all such zi (for every edge between Vi and Vj) and all vertices in

Vi. It thus follows that Ĥ i,j
α ⊆ Ĥ i,j

α as desired.

With Approx-Halfspace in hand, we can use it as a subroutine in our end algorithm

for computing ε-close labelings of UEPP via QPW . We call our algorithm for this task

Comparison-Polytope(ε), with specification as per Algorithm 8.

Theorem 4.5. Comparison-Polytope(ε) correctly returns an ε-close labelling of ∆m. Fur-

thermore, it uses O(n2m2 log(nm
ε

)) calls to QPW

Proof. From Lemma 4.14 we know that each Ĥ i,j ⊆ H i,j
α ⊆ H i,j. Furthermore, we also

know that Pi = ∩jH i,j, hence it follows that P̂i = ∩jĤ i,j ⊆ Pi. Furthermore, it also

follows that P̂⊥ = ∆m \ (∪iP̂i) ⊆ Fα, hence from Lemma 4.13 it follows that τ(P̂⊥) < ε
4m

,

which from Lemma 4.3, implies that P̂ is indeed an ε-close labelling.

As for query usage, we once again let k =
(
n
2

)
, and note that we call Approx-Halfspace

precisely k times. Each time, we perform binary search along at most
(
m
2

)2
edges of

∆m up to a resolution of α = 3ε
10(m(m+1)1/2)(n(n−1))

. It follows that the query usage of

Comparison-Polytope is at most k
(
m
2

)2
log
(

1
α

)
= O(n2m2 log

(
nm
ε

)
) as desired.
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Algorithm 7 Approx-Halfspace(α, i, j)

Require: α > 0, i, j ∈ [n] such that i < j
Vi, Vj = ∅
for r ∈ [m] do

Query QPW (i, j, er)
if QPW (i, j, er) = 1 then
Vi ← Vi ∪ {er}

else
Vj ← Vj ∪ {er}

for r, s ∈ [m]2 such that r < s do
if QPW (i, j, er) 6= QPW (i, j, es) then
L← er
R← es
while ‖L−R‖2 ≥ α do
C ← (L+R)/2
if QPW (i, j, C) = QPW (i, j, R) then
R← C

else
C ← C

if QPW (i, j, er) = 1 then
xir,s ← L
xjr,s ← R

else
xir,s ← R
xjr,s ← L

Ĥ i,j ← Conv({xir,s}, Vi)
Ĥj,i ← Conv({xjr,s}, Vj)
return Ĥ i,j, Ĥj,i

Algorithm 8 Comparison-Polytope(ε)

Require: ε > 0
α← 3ε

10(m(m+1)1/2)(n(n−1))

for r, s ∈ [m]2 such that r < s do

Ĥr,s, Ĥs,r ← Approx-Halfspace(α, r, s)
for i = 1, ..., n do
P̂i = ∩jĤ i,j

return P̂
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Unlike CD-GBS and CR-GBS, the most striking feature of Comparison-Polytope is

that it has a query complexity that is polynomial in all relevant parameters: m,n, and

log
(

1
ε

)
. As we will see in Section 4.8, this will in turn correspond to algorithms for

computing ε-WSNE in m × n bimatrix games with a query cost that is polynomial in

m,n, and log
(

1
ε

)
, where m and n are the number of strategies of the row and column

player respectively.

4.6 Bimatrix Games and Lipschitz Continuity of Util-

ity Functions

Now that we have established query-efficient algorithms for learning ε-close labellings of

polytope partitions, we turn our attention to game theory to prove the connection between

learning these labellings and computing approximate well-supported Nash equilibria in

bimatrix games.

Suppose that G = (A,B) is an m × n bi-matrix game where A,B ∈ [0, 1]m×n are

the row player and column player payoff matrices respectively with payoffs normalised to

[0, 1]. We wish to identify an ε-well-supported Nash equilibrium (ε-WSNE) using only

limited information on G. The set of row player pure strategies is [m] = {1, . . . ,m} and

similarly that of the column player pure strategies is [n] = {1, . . . , n}. Furthermore, the

set of all row player mixed strategies can be associated with the axis-aligned (m − 1)-

simplex: ∆m−1 = {~x ∈ Rm−1|
∑m−1

i=1 xi ≤ 1 and xi ≥ 0}. Similarly, column player mixed

strategies are identified with ∆n−1.

Definition 4.15 (Bimatrix Utility Functions). Suppose that u ∈ ∆m−1, and v ∈ ∆n−1

are row and column player mixed strategies. Let u′ = (1−
∑
ui, u1, ..., un−1) and v′ = (1−∑

vi, v1, ..., vn−1). Then for strategy profile (u, v), row player utility is Ur(u, v) = u′TAv′

and column player utility is Uc(u, v) = u′TBv′.

It will also be useful to have shorthand for the following functions: U i
r(y) = Ur(ei, y)

as the row player utility for playing pure strategy i, and ER(y) = maxi∈[m] U
i
r(y) as the

maximal utility the row player can achieve against mixed strategies. In an identical

fashion we can define U j
c and EC as the column player utility in playing strategy j

and the maximal column player utility. With this notation in hand, we can define the

best response oracles algorithms will have access to when computing approximate Nash

equilibria.

Definition 4.16 (Best Response Query Oracles). Any bimatrix game has the following

best response query oracles:
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• Strong query oracles: for the column player, BRC
s (u) = {j ∈ [n] | U j

c (u) = EC(u)}
and for the row player, BRR

s (v) = {i ∈ [m] | U i
r(v) = ER(v)}.

• Lexicographic query oracles: for the column player, BRC
` (u) = minj∈[n] j ∈ BRC

s (u)

and for the row player, BRR
` (v) = mini∈[m] i ∈ BR

s (v).

• Adversarial query oracles: for the column player, any function BRC
A such that

BRC
A(u) ∈ BRC

s and for the row player, any function such that BRR
A(v) ∈ BRR

s (v).

From the perspective of the row (column) player, when faced against a column (row)

player strategy v (u), these best response oracles provide information regarding optimal

actions of the row (column) player. The full best response oracle returns all optimal

actions, the lexicographic oracle breaks ties between optimal actions in a consistent way,

and finally, an adversarial oracle simply returns any given optimal action in case there

are ties.

For a given mixed strategy, u ∈ ∆m−1, we say the support of u is the set of pure

strategies that are played in u with non-zero probability. It will be useful to formulate

this as a function in order to define Nash equilibria combinatorially in the following

section.

Definition 4.17 (Support Functions). Let SR : ∆m−1 → P([m]) be the function which

returns the support of a row player mixed strategy. Similarly let SC : ∆n → (P [n]) return

the support of column player mixed strategies.

We recall the definition of a Nash equilibrium from Chapter 2: a pair (u, v) is a

Nash Equilibrium (NE) if for all u′ ∈ ∆m−1 and v′ ∈ ∆n−1: Ur(u, v) ≥ Ur(u
′, v) and

Uc(u, v) ≥ Uc(u, v
′). Furthermore, (u, v) is a NE if and only if SR(u) ⊆ BRs

R(v) and

SC(v) ⊆ BRs
C(u). I.e. u is supported by best responses to v and vice versa. When using

best response queries only, one does not have access to utility values (as emphasised in

the first definition), however this second equivalent definition of Nash equilibria can be

verified by using best response oracles and supports alone. In addition, we also note

that for utility queries the complexity of an exact Nash equilibrium is finite: we can

exhaustively query the game. On the other hand, the following theorem shows this is not

the case for best response queries. This further motivates studying the computation of

approximate equilibria with best response query oracles.

Theorem 4.6. The query complexity of computing an ε-WSNE in bimatrix games with

strong best response queries is Ω(log(1
ε
)). Consequently, the query complexity of comput-

ing exact NE with strong best response queries is unbounded.
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Proof. Let us consider a family of bimatrix games Gx,y = (Ax, By), parametrised by

x, y ∈ (0, 1) and with payoff matrices:

Ax =

(
x x
0 1

)
, and By =

(
0 y
1 y

)
.

It is clear that for any x, y ∈ (0, 1), Gx,y has no pure equilibria, but its unique NE is

the mixture: row strategy u = (1−y, y) and column strategy v = (1−x, x). Furthermore,

the set of ε-WSNE of this game correspond precisely to Bε(x)×Bε(y) ⊆ [0, 1]2.

Before continuing, suppose that x ∈ (0, 1) is fixed and that a1, ..., ak ∈ [0, 1]. Given x,

we can define Ax as above, and this gives rise to the row player best response oracle BRs
R

which takes as input the probability a column player places on the rightmost column.

No matter what the choice of x, it is always the case that BRs
R(0) = {1} (the top

row) and BRs
R(1) = {2} (the bottom row). With this in hand, we define two quantities

α1, α2 ∈ [0, 1]. If BRs
R(ai) = {2} for all ai, we let α1 = 0, otherwise we let α1 = max{ai |

BRs
R(ai) = {1}}. We also define α2 in a similar fashion. If BRs

R(ai) = {1} for all ai, we

let α2 = 1, otherwise we let α2 = min{ai | BRs
R(ai) = {2}}.

We claim that no matter the choice of a1, ..., ak, there is always a choice of x such that

α2 − α1 ≥ 2−k, and we prove this via induction. For the base case, we consider a single

point a1 ∈ [0, 1]. If a1 ≤ 1/2, then any x > a1 leads to BRs
R(a1) = {1} which suffices.

On the other hand, if a1 > 1/2, any x < a1 leads to BRs
R(a1) = {2} which suffices.

Now let us suppose that the claim holds for the points a1, ..., ak ∈ [0, 1] with values α1

and α2 such that α2−α1 ≥ 2−k. Let us consider a new point ak+1. If ak+1 ∈ [0, α1]∪[α2, 1],

then BRs
R(ak+1) is forcibly determined, and the resulting α′1 and α′2 are unchanged and

the claim still holds. On the other hand, let us suppose that ak+1 ∈ (α1, α2) and let

ζ = 1
2
(α1 + α2). If ak+1 ≤ ζ, any x ∈ [ζ, α2] leads to BRs

R(ak+1) = {1} which suffices.

On the other hand, if ak+1 > ζ, any x ∈ [α1, ζ) leads to BRs
R(ak+1) = {2} which suffices.

This proves the claim.

Now let us suppose that an algorithm, A computes ε-WSNE for the family of games

Gx,y and that A makes less than k = log(1
ε
) − 2 queries to BRs

R and BRc
R. Forcibly it

must be the case that less than k queries are made to BRs
R, and from our claim above,

we know that no matter the queries made, there is an adversarial choice of x ∈ [0, 1] such

that α2−α1 > 2−k = 4ε. Furthermore, any x ∈ [α1, α2] is consistent with the answers to

BRs
R. This however shows that A cannot possibly be a correct algorithm, for if it is to

compute an ε-WSNE, it must return a value z ∈ [α1, α2] that is at a distance ε from the

parameter x ∈ [0, 1] chosen by an adversary. Since α2 − α1 = 4ε this is impossible.
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4.6.1 Algebraic Properties of Utility Functions

The definition of a ε-WSNE needs approximate best responses, yet we only have access to

the best response oracle in our model. In order to resolve this, we delve into the algebraic

properties of utility functions of both the column and row player.

Lemma 4.15. If the domains of U i
r and U j

c are endowed with the `2 norm, then the

functions are λR and λC Lipschitz continuous respectively, for some 0 ≤ λR ≤
√
n− 1

and 0 ≤ λC ≤
√
m− 1. If the domains are endowed with the `1 norm, then both functions

are 1-Lipschitz continuous.

Proof. We focus on U i
r, the case for the column player is identical. Let c = [AT ]i =

(a1, ..., an) be the i-th row vector of the row player’s payoff matrix, and suppose that

v = (v1, ..., vn−1) ∈ ∆n−1 is a column player mixed strategy, where v0 = 1 −
∑n−1

i=1 vi is

implicit. Let z = (zi)
n−1
i=1 with zi = (ai − a0) for i = 1, ..., n − 1. Then it is clear that

U i
r(v) = a0 +

∑n−1
i=1 zi · vi. This function is linear, and trivially ‖z‖2-Lipschitz continuous.

Since the game is normalised, ‖z‖2 ≤ ‖~1‖2 =
√
n− 1.

As for the second part of the claim, the domain of U i
r can be equivalently represented

as Λn = {x ∈ Rn | ‖x‖1 = 1, xi ≥ 0} by using the invertible linear map φn−1 : ∆n−1 → Λn

given by φn−1(x1, ..., xn−1) =
(
x1, ..., xn−1,

(
1−

∑n−1
i=1 xi

))
. This space can be endowed

with total variation distance as a metric, which for two distributions, x, y ∈ Λn is defined

as TV (x, y) = maxs⊆n |Px(S)− Py(S)| = 1
2
‖x− y‖1. Since utilities are bounded to be in

the interval [0, 1], it follows that U i
r is 1-Lipschitz as a function with domain Λn in the

total variation metric.

Now suppose that x, y ∈ ∆n−1. We wish to show that TV (φn−1(x), φn−1(y)) ≤ ‖x −
y‖1. To see this, let xn = 1−

∑n−1
i=1 xi and yn =

∑n−1
i=1 yi. Then ‖φn−1(x)− φn−1(y)‖1 =

‖x − y‖1 + |xn − yn|. From this we see that |xn − yn| = |
∑n−1

i=1 (yi − xi)| ≤ ‖x − y‖1,

which in turn implies ‖φn−1(x)−φn−1(y)‖1 ≤ 2‖x−y‖1. Dividing the expresion by 2 and

applying the fact that TV (x, y) = 1
2
‖x − y‖1 proves our desired inequality. 1-Lipschitz

continuity in the `1 norm for domain ∆n−1 follows immediately.

Corollary 6. Since EC and ER are defined as a pointwise maximum, it follows that they

are also Lipschitz continuous with constant λC ≤
√
m− 1 and λR ≤

√
n− 1 in the `2

norm.

With bounded Lipschitz continuity, we have guarantees on how much utilities can

deviate between “close” mixed strategy profiles. This has interesting implications even

for the best response query oracle, for this means that if u and u′ are close in the `2 norm

with ci ∈ BRC
s (u), cj ∈ BRC

s (u′) and ci 6= cj, then we can say that ci and cj are both

approximate best responses in the vicinity of u and u′.
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This idea is formalised in the following Lemma which establishes how to obtain in-

formation regarding approximate best responses using only the best response oracle and

“nearby” queries. With some thought one can see that this in general does not reveal

all approximate best response information. For example, if a strategy were strictly dom-

inated, a best response oracle would never see it, and hence never be able to tell if it was

an approximate best response.

Lemma 4.16. Fix ε > 0 and let δC = ε
2
√
m−1

. Suppose that u ∈ ∆m−1 is a row player

mixed strategy with cj ∈ BRC
s (u). For any u′ such that ‖u− u′‖2 ≤ δC, if ci ∈ BRC

s (u′),

then |U i
c(u) − U j

c (u)| ≤ ε. In other words, ci is an ε-best response to u. Similarly, let

δR = ε
2
√
n−1

. Suppose that v ∈ ∆n−1 is a column player mixed strategy with rj ∈ BRR
s (u).

For any v′ such that ‖v − v′‖2 ≤ δR, if ri ∈ BRR
s (v′), then |U i

r(v)− U j
r (v)| ≤ ε. In other

words, ri is an ε-best response to v.

Proof. Suppose that u′ is such that ‖u − u′‖ ≤ δC and ci ∈ BRC
s (u′). By definition,

Ec(u
′) = U i

c(u
′) ≥ U j

c (u′) and by Lemma 4.15, |U c
j (u) − U c

j (u
′)| ≤ λC‖u − u′‖2, and

‖U c
i (u)−U c

i (u
′)| ≤ λC‖u− u′‖2. With these expressions we obtain the following inequal-

ities:

|Ec(u)− U i
c(u)| ≤ 2λC‖u− u′‖2 ≤ 2λC

ε

2λC
= ε.

The proof of the second half of the lemma is identical.

4.7 Nash’s Theorem with Discrete Approximations

We are now in a position to prove the intimate connection between computing ε-close

labellings of upper envelope polytope partitions and computing ε-WSNE for bimatrix

games using best response queries.

Definition 4.18 (Best Response Sets). Let G = (A,B) be a bimatrix game. We define

column best response sets as the collection of Ci = {x ∈ ∆m−1 | BRs
C(x) = ci}. Similarly

we define row player best response sets as the collection of Rj = {y ∈ ∆n−1 | BRs
R(y) =

rj}. We denote the collections by C = {Ci}ni=1 and R = {Rj}mj=1.

Since utilities are affine functions, it is immediately clear that C and R are upper

envelope polytope partitions. Now the best response oracles play the same role as mem-

bership oracles, Q, from before. Since adversarial oracles are the weakest of the three

membership oracles (in the sense that they are a valid lexicographic oracle and they can

be simulated with access to a strong oracle), we focus on using adversarial best response

oracles. Furthermore, with our language of empirical labellings we can now define the fol-

lowing important concept, but first we clarify some notation: d(x, S) denotes the infimum

distance of a point, x to a set S.
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Definition 4.19 (Voronoi Best Response Sets). Suppose that Ĉ = {Ĉi} and R̂ = {R̂j}
are empirical labellings of C and R as in Definition 4.6. The Voronoi Best Response

Sets of the row and column player are V Rj = {y ∈ ∆n−1 | argminj d(y, R̂j) = rj}
and V Ci = {x ∈ ∆m−1 | argmini d(x, Ĉi) = ci}, defined for any j ∈ [m] and i ∈ [n].

Furthermore, we let V R(v) = {i | V Ri 3 v} and V C(u) = {j |V Cj 3 u} be the row and

column player Voronoi Best Responses.

Lemma 4.17. Voronoi best response sets partition ∆m−1 and ∆n−1 into closed connected

regions with non-empty interior and piecewise linear boundaries.

Proof. Without loss of generality, let us focus on a given column player Voronoi best

response set; i.e. some V Ci ⊂ ∆m−1 that is non-empty and arises from the empirical

labelling Ĉ = {Ĉi} of column-player best responses. First we note that Ĉi ⊂ V Ci by

definition, and the former is a convex, closed, and connected polytope of ∆m−1. Therefore

it remains to show that if we pick an arbitrary x ∈ V Ci \ Ĉi it is connected to Ci. To do

so, suppose that p ⊂ ∆m−1 is the unique shortest path from x to Ci. It is clear that all

points along p must also lie in V Ci, therefore the claim holds.

As for closedness, note that if {xn} is a sequence in V Ci that converges to some

x ∈ ∆m−1 then x must also be in V Ci. This follows from the continuity of Euclidian

distance for ∆m−1 ⊂ Rm. Now suppose that x is a limit point of V Ci, then we can

construct a sequence as above, and thus x must also be in V Ci, rendering the set closed.

Finally, the piecewise linear boundary arises from the fact that Ĉi is itself a closed

convex polytope which has a piecewise linear boundary. Decision boundaries between dif-

ferent Ĉi and Ĉj are composed of nearest neighbour decision boundaries between piecewise

linear boundaries, which in turn results in piecewise linear decision boundaries between

V Ci and V Cj.

Although the previous lemma proves that Voronoi best response sets partition ∆m−1

and ∆n−1 into closed connected regions with non-empty interior and piecewise linear

boundaries, they need not be convex. This ends up not being an issue for our subsequent

results. The reason we deal with these objects however is due to the following Lemma.

We recall that λR ≤
√
m− 1 and λC ≤

√
n− 1 are the relevant Lipschitz continuity

constants for row player and column player expected utility functions. The following is

a straightforward consequence of Lemma 4.16.

Lemma 4.18. Suppose that Ĉ is a ε
2
√
m−1

-close labelling and R̂ is a ε
2
√
n−1

-close labelling.

Then Voronoi best responses are ε best-responses in G
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We recall that the combinatorial formulation of Nash’s theorem implies that with full

information of best response sets in all of ∆m−1 and ∆n−1, one is able to compute and

verify an exact Nash equilibrium. Best responses only partially recover this information

in convex patches of ∆m−1 and ∆n−1. Voronoi best response sets however allow us to

take this partial information and extend it to approximate best response information

across the entire domains ∆m−1 and ∆n−1 (Voronoi best response sets cover ∆m−1 and

∆n−1 after all). This hints at the fact that Voronoi best response sets hold enough

information to compute ε-WSNE. In fact we can prove this in the same way as Nash’s

theorem: via Kakutani’s fixed point theorem. In order to do so, we define a Voronoi

best response correspondence (which as we have shown before is an approximate best

response correspondence), and show that it satisfies the properties of Kakutani’s fixed

point theorem. The guaranteed fixed point of this correspondence will in turn be an

ε-WSNE. In what follows we clarify that we use the notation P(X) to denote the power

set of an arbitrary set X.

Definition 4.20 (Voronoi Approximate Best Response Correspondence). For a given

mixed strategy profile of both the row and column player, (u, v) ∈ ∆m−1×∆n−1, we define

B∗(u, v) to be the set of all possible mixtures over Voronoi best response profiles both

players may have to the other player’s strategy. B∗ : ∆m−1 ×∆n−1 → P(∆m−1 ×∆n−1)

is defined as follows:

B∗(u, v) =
(
conv(V R(v)), conv(V C(u))

)
⊆ ∆m−1 ×∆n−1.

Theorem 4.7 (Kakutani’s Fixed Point Theorem [40]). Let A be a non-empty subset of a

finite-dimensional Euclidian space and f : A → P(A) be a set-valued function satisfying

the following conditions:

• A is a compact and convex set.

• f(x) is non-empty for all x ∈ A.

• f(x) is a convex-valued correspondence: for all x ∈ A, f(x) is a convex set.

• f(x) has a closed graph: that is, if {xn, yn} → {x, y} with yn ∈ f(xn) for all n,

then y ∈ f(x).

Then f has a fixed point, that is there exists some x ∈ A such that x ∈ f(x).

Theorem 4.8. B∗ satisfies all the conditions of Kakutani’s fixed point Theorem, and

hence there exists a strategy profile (u∗, v∗) such that (u∗, v∗) ∈ B∗(u∗, v∗). In particular,

if the Voronoi best responses for B∗ arise from Ĉ, a ε
2
√
m−1

-close labelling and R̂, a
ε

2
√
n−1

-close labelling, then this in turn implies that (u∗, v∗) is an ε-WSNE of G.
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Proof. We need to prove the following conditions for Kakutani’s fixed point Theorem:

• B∗ has a compact and convex domain.

• B∗(u, v) is non-empty and convex for all (u, v) ∈ ∆m−1 ×∆n−1.

• (Graph Closedness) Suppose that {σn} and {σ′n} are sequences in ∆m−1 × ∆n−1

that converge to σ and σ′ respectively. Furthermore, suppose that σ′n ∈ B∗(σn) for

all n. Then σ′ ∈ B∗(σ).

For the first item, the domain of B∗ is ∆m−1 × ∆n−1 which clearly satisfies the desired

condition.

As for the second and third item, from the definition of B∗ the image of any (u, v)

consists of convex combinations of Voronoi best responses, which are defined for all (u, v)

(thus satisfying non-emptyness), and since they are convex combinations, they are convex

subsets of ∆m−1 ×∆n−1.

Finally for the fourth item, let us consider such a sequence where σn = (un, vn),

σ = (u, v), σ′n = (u′n, v
′
n), and σ′ = (u′, v′). To show the claim, it suffices to consider the

sequences {un} and {v′n} with respective limits u and v′, and show that v′ ∈ conv(V C(u))

To show this however, it suffices to use the fact that Voronoi best response sets are

closed. Suppose that u has a certain set S ⊂ [n] of Voronoi best responses. Then there

exists a constant µ > 0 such that Bµ(u) ∩ V Ci 6= ∅ if and only if i ∈ S; namely the µ

neighbourhood around u only intersects Voronoi best response sets from u’s Voronoi best

responses.

To explicitly construct such a µ, let us consider Di = d(u, Ĉi) to be the distance

between u and the empirical best response set Ĉi. This means that S = argminiDi, so

let us define D = miniDi and µ =
minj /∈S Dj−D

3
which is positive due to the fact that there

are finitely many partial best response sets. Now suppose that x ∈ Bµ(u), then for any

j /∈ S we have d(u, Ĉj) ≤ d(u, x) + d(x, Ĉj) by the triangle inequality, which rearranging

gives us: d(x, Ĉj) ≥ d(u, Ĉj)− d(u, x) ≥ (D+ 3µ)− µ = D+ 2µ. On the other hand, for

any i ∈ S, d(x, Ĉi) ≤ d(x, u) + d(u, Ĉi) ≤ D + µ. It thus follows that x can only have

Voronoi best responses from S.

Now from the fact that un → u, then for some N > 0, if n > N then un ∈ Bµ(u).

This in turn means that vn ∈ conv(S) by assumption, which means that v ∈ conv(S) as

well, which is what we wanted to show. To extend this to σ and σ′, it suffices to repeat

the previous argument in each component of the correspondence.

Now that the conditions of Kakutani’s fixed point Theorem are satisfied, we know of

the existence of an (u∗, v∗) such that (u∗, v∗) ∈ B∗(u∗, v∗). As in the statement of the

Theorem, suppose that Voronoi best responses for B∗ arise from an ε
2
√
m−1

-close labelling
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of ∆m−1 and an ε
2
√
n−1

of ∆n−1, then we know that all Voronoi best responses are ε best

responses for both players. The conditions of the fixed point amount to saying that both

players are playing convex combinations of Voronoi best responses, therefore (u∗, v∗) is

an ε-WSNE.

With Theorem 4.8 in hand and our algorithms for constructing ε-close labellings, we

can put everything together and prove our desired results regarding the query complexity

of computing an ε-WSNE in general bimatrix games.

Theorem 4.9. Suppose that G is an m×n bimatrix game and let n be constant. We can

compute an ε-WSNE using O(mn2
logn

2 (m
ε

)
) = poly(m, log

(
1
ε

)
) adversarial best response

queries.

Proof. Suppose that C and R are the polytope partitions arising from best-response sets

in G. This means that C is a (m−1, n)-polytope partition and R is a (n−1,m)-polytope

partition. Let εC = ε
2
√
m−1

and εR = ε
2
√
n−1

. From Theorem 4.8, we know that computing

an εC-close labelling of C and a εR-close labelling of R suffice to compute an ε-WSNE

of G. We use adversarial CR-GBS on C and adversarial CD-GBS on R.

n is the number of polytopes in the partition C, which is assumed to be constant.

Consequently, Theorem 4.4 states that computing an εC-close labelling of C using CR-

GBS uses O((m − 1)k logk
(
m−1
εC

)
) adversarial queries, where k =

(
n
2

)
. Since k ≤ n2, we

can upper bound the number of queries by O(mn2
logn

2 (m
ε

)
).

n − 1 is the dimension of the ambient simplex in the partition R, which is assumed

to be finite. Consequently, Theorem 4.3 states that computing an εR-close labelling

of R using CD-GBS uses O(m(n−1)2
logn−1

(
1
ε

)
) queries. We trivially upper bound this

quantity by O(mn2
logn

2 (m
ε

)
). Putting everything together, the total query usage is thus

O(mn2
logn

2 (m
ε

)
) = poly(m, log

(
1
ε

)
) as desired.

ε-WSNE via Pairwise Comparison Oracles

We recall that in Section 4.5.3 we showed that having access to pairwise comparison

oracles in a UEPP opens the door to algorithms that are more query-efficient. It is not

difficult to see that for a given bimatrix game, G, having access to QPW amounts to

having access to QPW for both R and C. This means that we can apply Theorem 4.5

to get a query complexity for computing ε-WSNE with QPW from Chapter 2 that is

polynomial in all relevant parameters of G: n,m, and log
(

1
ε

)
.

Theorem 4.10. Suppose that G is an m×n bimatrix game. We can compute an ε-WSNE

using O(n2m2 log
(
nm
ε

)
) pairwise comparison queries.
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We also note that the lower bound in Theorem 4.6 also applies for comparison queries,

since the family of games at hand are binary action and hence comparison queries are

the same as best response queries. This in turn implies that the computing an ε-WSNE

requires precisely Θ(log
(

1
ε

)
) pairwise comparison queries.

4.8 A Brief Foray into Multiplayer Games

In this section we partially extend our results from sections 4.6 and 4.7. In particular, we

show that in multiplayer games utility functions are Lipschitz continuous as well, which

allows us to uncover approximate best-response information when observing different best

responses at “nearby” mixed strategy profiles. In addition we generalise our definitions

of best response sets and of ε-close labellings to obtain a result similar to Theorem 4.8

where we showed that obtaining a precise enough empirical labelling provides enough

information to compute a well-supported approximate Nash equilibrium.

The main difference in the multiplayer setting however is that best response sets are

no longer polytopes nor convex, which means that our algorithms for computing empirical

labellings via generalisations of binary search no longer apply. This does not preclude us

however from simply querying an ε-net, which as we will show will suffice for computing

an ε-WSNE.

4.8.1 Notation for Multiplayer Games

We briefly review notation from Chapter 2. For simplicity we will focus on games with

n players where each player has a strategy set Ai consisting of |Ai| = k pure strategies.

It is straightforward to extend our results to more general games where different players

have action sets of different cardinalities.

In general, we let A =
∏n

i=1Ai be the space of all pure strategy profiles of all players.

For the i-th player, we also denote A−i =
∏

j 6=iAj as the space of all pure strategy profiles

of players other than i. Since every player has k actions, it is straightforward to see that

all A−i are isomorphic, hence without loss of generality we can assume that for all i, A−i
is in a canonical representation. For a given pure strategy profile a ∈ A, we may wish

to distinguish the pure strategy taken by the i-th player, and this is done by writing

a = (ai, a−i) with ai ∈ Ai and a−i ∈ A−i.
We denote the i-th player’s mixed strategy space by ∆(Ai), and we note it is equivalent

to ∆k−1. This means that the space of mixed strategy profiles of all players is ∆(A) =∏n
i=1(∆k−1) = (∆k−1)n. In addition, for the i-th player, we also denote ∆(A−i) =∏n
i=1(∆k−1) = (∆k−1)n−1 as the space of all mixed strategy profiles of players other than

i. Once again, since all players have k actions, we can assume without loss of generality

97



that all ∆(A−i) have the same canonical representation. For a mixed strategy profile

x ∈ ∆(A), we may wish to distinguish the mixed strategy of the i-th player by writing

x = (xi, x−i) with xi ∈ ∆(Ai) and x−i ∈ ∆(A−i).

Definition 4.21 (Multiplayer Utility Functions). For any player i and action r ∈ A, we

denote U r
i : A−i → [0, 1] as the i-th player’s utility for playing r. If a = (ai, a−i) ∈ A is

a pure strategy profile, the utility player i receives is Uai
i (a−i) which we denote by Ui(a).

Utility functions are defined for pure strategy profiles, but we extend the domain to

include mixed strategy profiles. In particular, if x = (xi, x−i) is a mixed strategy profile,

we let U r
i (x−i) = Ea−i∼x−i(U r

i (a−i)) and by extension Ui(x) = Ea∼x(Ui(a)).

As in bimatrix games, for a given player i and x−i ∈ ∆(A)−i, we let Ei(x−i) =

maxr∈Ai U
r
i (x−i) be the maximal expected utility player i can obtain against the mixed

strategy profile x−i of all other players. We also recall the definition of best response

oracles

Definition 4.22 (Best Response Query Oracles). Let G be an n-player game:

• There are n strong best response oracles, BR1, ..., BRn as per Section 2.1.

• Suppose each Ai has a strict ordering denoted by ≺i. Then there are n lexicographic

best response oracles, BR`
i : ∆(A−i)→ Ai for i = 1, ..., n. Each of these is defined

by BR`
i(x) = min≺i (BRi(x)).

• A family of adversarial best response oracles is a collection of n functions denoted

BRA
i : ∆(A−i)→ Ai for i = 1, ..., n. Each of these satisfies BRA

i (x) ∈ BRi(x).

For completeness we have defined all best response oracles, but we focus on adversarial

best response oracles. As mentioned before, they are the weakest from the fact that a

lexicographic oracle is a valid adversarial oracle and the fact that adversarial oracles

can be simulated with strong best response oracles. This implies that our results for

adversarial oracles carry over to other oracle models.

4.8.2 Lipschitz Continuity of Utility Functions

As in Section 4.6, we will show that for each player i and each r ∈ Ai, U r
i is a Lipschitz

continuous function. In order to do so, we must regard the domain of U r
i , which is

∆(A−i) = (∆k−1)n−1, as a subset of Euclidean space endowed with the `1 norm.

Lemma 4.19. For any player i and action r ∈ Ai, U r
i is 1-Lipschitz when the domain

is endowed with the `1 norm.
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Proof. Consider an arbitrary player j with j 6= i. If we endow ∆(Aj) with the `1 norm,

from Lemma 4.15, we know that U r
i as a function of xj ∈ ∆(Aj) (which is a component of

∆(A−i)) is 1-Lipschitz. This is because if all mixed strategies other than those of player

i and j are fixed, we obtain a k × k bimatrix game between player i and j. Now let us

consider x, y ∈ ∆(A−i).

|U r
i (x)− U r

i (y)| =

∣∣∣∣∣
n−1∑
j=1

U r
i (y1, .., yj, xj+1, ..., xn)− U r

i (y1, .., yj+1, xj+2, ..., xn)

∣∣∣∣∣ ,
≤

n−1∑
j=1

|U r
i (y1, .., yj, xj+1, ..., xn)− U r

i (y1, .., yj+1, xj+2, ..., xn)| ,

≤
n∑
j=1

‖xi − yi‖1,

= ‖x− y‖1.

(4.1)

Since Lipschitz continuity is maintained over maxima, with the same Lipschitz con-

stant, we get the following result that says that best responses to nearby mixed strategy

profiles are in fact approximate best responses.

Lemma 4.20. Ei : ∆(A−i) → [0, 1] is 1-Lipschitz when its domain is endowed with the

`1 norm. In particular, if x, y ∈ ∆(A−i) and ‖x− y‖1 ≤ ε
2
, then any r ∈ BRs

i (y) is an ε

best response to x for player i.

4.8.3 Nash’s Theorem with Discrete Approximations in Multi-
player Games

Just as in bimatrix games, we have a notion of best response sets.

Definition 4.23 (Multiplayer Best Response Sets). Let G be a game with n players,

each with k strategies. For a player i and pure strategy r ∈ Ai, we define P j
i = {x ∈

∆(A−i) | BRs
i (x) = r}. We say that P j

i is a best response set corresponding to strategy

r for player i, and note that {P r
i }r∈Ai cover ∆(A−i).

In bimatrix games our goal was to learn ε-close labellings of the polytope partitions

induced by best response sets. In the multiplayer setting that goal can be generalised.

Definition 4.24 (Multiplayer ε-close labellings). Let G be a game with n players, each

with k actions, and let i be a specific player in the game. Suppose that for each action

r ∈ Ai, P̂ r
i ⊆ P r

i is a closed set. We say the collection {P̂ r
i }r∈Ai is an empirical labelling

99



of ∆(A−i). If in addition
⋃
r∈Ai P̂

r
i is an ε-net of ∆(A−i) in the `1 norm, we say that the

collection {P̂ r
i }r∈Ai is an ε-close labelling of ∆(A−i).

As we will see shortly, if we manage to compute an ε
2
-close labelling for all ∆(A−i),

we have enough information to compute an approximate equilibrium.

In bimatrix games, each P r
i is a polytope, but in multiplayer games, expected utilities

are no longer linear in ∆(A−i). Consequently, best response sets are semi-algebraic sets

instead. This means that in general best response set are not connected and thus not

convex. Without convexity and polytope structure we can no longer use binary search

methods to learn ε-close labellings. As mentioned before, this does not preclude us from

computing an ε-close labelling via a brute force method of querying an entire ε-net of

∆(A−i). Before we show this suffices however, we show the key result of this section:

computing ε
2
-close labellings for all ∆(A−i) suffices to compute ε-WSNE. To do so we

revisit Voronoi best response sets. We recall d(x, S) denotes the infimum distance of a

point, x to a set S.

Definition 4.25 (Multiplayer Voronoi Best Response Functions and Best Response Sets).

Let G be a game with n players, each with k actions, and let i be a specific player in the

game. Suppose that {P̂ r
i }r∈Ai is an empirical labelling of ∆(A−i). Player i’s Voronoi

Best Response function is denoted by V i : ∆(A−i) → Ai. The function is defined as

V i(x) = argminr∈Ai d(x, P̂ r
i ). We also define player i’s Voronoi Best Response Sets as

V r
i = {x ∈ ∆(A−i) | V i(x) = r}.

If we invoke Lemma 4.20, we obtain the same result as in bimatrix games whereby

Voronoi best responses are actually approximate best responses.

Lemma 4.21. Suppose that {P̂ r
i }r∈Ai is an ε

2
-close labelling of ∆(A−i), then Voronoi

Best Response for player i are ε Best Responses in G.

In addition, our definition of empirical labellings stipulated that P̂ r
i are all closed sets.

This is a property which is inherited by Voronoi Best Response Sets.

Lemma 4.22. Voronoi best response sets are closed.

Proof. The proof is identical to Lemma 4.17 since `1 distance is still a continuous function

of the relevant domain ∆(A−i).

We now define the generalisation to the Voronoi Best Response Correspondence from

before.
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Definition 4.26 (Multiplayer Voronoi Best Response Correspondence). Suppose that x ∈
∆(A) is a mixed strategy profile. We define the Voronoi Best Response Correspondence

B∗ : ∆(A)→ P(∆(A)) as follows:

B∗(x) =
n∏
i=1

conv(V i(x−i)) ⊆ ∆(A).

Theorem 4.11. B∗ satisfies all the conditions of Kakutani’s fixed point Theorem, and

hence there exists a mixed strategy profile x∗ ∈ ∆(A) such that x∗ ∈ B∗(x∗). In particular,

if the Voronoi best response for B∗ arise from ε
2
-close labellings for all ∆(A−i), then this

in turn implies that x∗ is an ε-WSNE.

Proof. As in the proof of Theorem 4.8, the first three conditions of Kakutani’s fixed point

theorem are trivial. We focus on proving that B∗ has a closed graph. It suffices to show

the following for any player i: if {xn} is a sequence in ∆(A−i) that converges to x, and

{yn} is a sequence in ∆(Ai) converging to y with the property that yn ∈ conv(V i(xn))

for all n, then y ∈ conv(V i(x)).

To show this, we prove that there exists a constant δ > 0 with the property that

B1
δ (x) ∩ V r

i if and only if r ∈ Vi(x). Here B1
δ (x) denotes the `1 ball of radius δ around x.

We prove this claim by contradiction.

Suppose instead that for every δ > 0, B1
δ (x) contains some point from a V r

i , where

r /∈ V i(x). Let δ1 > 0 be arbitrary, and let z1 be the guaranteed point in B1
δ1

(x) that

is contained in a collection of V r
i where none belong to V i(x). Let δ2 = ‖x − z1‖1. We

continue in this fashion where for a given δk > 0, we let zk ∈ B1
δk

(x) be a point contained

in a collection of V r
i where none belong to V i(x). Accordingly we define δk+1 = ‖x−zk‖1.

Since we can always continue this process, we recover a sequence {zn} of elements in

∆(A)−i that converges to x. There are only a finite number of Voronoi Best Response

sets, hence this sequence must contain an infinite subsequence of points belonging to the

same voronoi best response set, say V r′
i , where r′ does not belong to V i(x). This however

implies that x is a limit point of V r′
i , and since this set is closed, this implies that x ∈ V r′

i ,

which contradicts the fact that r′ /∈ V i(x), thus proving our desired claim.

Returning to the sequences {xn} and {yn}, the existence of a fixed δ > 0 with the

property that B1
δ (x) ∩ V r

i if and only if r ∈ Vi(x) means that for some N > 0, if n > N ,

xn ∈ B1
δ (x), which in turn means that yn ∈ Conv(V i(x)). This in turn means that

y ∈ Conv(V i(x)), as desired. Applying this result to each i yields the graph-closedness

of B∗, thus establishing that B∗ satisfies all the properties of Kakutani’s fixed point

theorem.

As for the second part of the theorem, suppose that x∗ is the guaranteed fixed point

of B∗ as guaranteed by Kakutani’s fixed point theorem. From Lemma 4.21, we know
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that Voronoi Best Responses are ε-Best responses. By the definition of B∗, the support

of each x∗i ∈ ∆(Ai) consists of ε best responses to x∗, thus establishing the fact that x∗

is an ε-WSNE.

With the previous theorem in hand, we have established that computing a ε
2
-close

labellings of all ∆(A−i) suffices to compute an ε-WSNE. Although the lack of convexity

in best response sets prevents us from using binary search techniques, we can always

query an ε-net of ∆(A−i) in the `1 norm. In this vein, we construct an explicit ε-net for

∆(A−i).

Lemma 4.23. Mn
ε =

(
2ε
n
Z
)n⋂

∆n is an ε-net in the `1 norm for ∆n. Furthermore,

|Mn
ε | = O

(
( n

2ε
+ n)n

)
.

Proof. The first claim follows from noting that lattice points lie on vertices of axis-aligned

hypercubes of side-length 2ε
n

. These cubes have a diagonal of length 2ε in the `1 norm,

hence their centres are at most ε-away from a given queried vertex.

As for the cardinality, using a stars and bars argument, if S = 1
κ
Zn ∩ ∆n for some

κ ∈ N, then |S| =
(
κ+n
n

)
= O ((κ+ n)n).

Since ∆(A−i) is a product of simplices, we can take products of the above ε-net

constructions to in turn obtain an ε-net for ∆(A−i).

Lemma 4.24. Suppose that ε > 0 and let ε′ = ε
n−1

. Furthermore, let us define the set

Hn,k
ε = (Mk−1

ε′ )n−1 ⊂ ∆(A−i) ∼= (∆k−1)n−1. Then Hn,k
ε is an ε net for ∆(A−i) in the `1

norm. Furthermore |Hn,k
ε | = O

(
(nk

2ε
)nk
)
.

Querying all points in an ε-net trivially gives rise to an ε-close labelling. Consequently,

with Lemma 4.24 and Theorem 4.11 in hand, we have proven our main result regarding

the query complexity of computing an ε-WSNE using adversarial Best Response Queries.

Theorem 4.12. Suppose that G is a game with n players with k pure strategies each.

One can compute an ε-WSNE of G using O
(
n(nk

ε
)nk
)

adversarial Best Response Queries.

Pairwise Comparison Oracle in Multiplayer Games

We briefly notice that the same lack of convexity in multiplayer best response sets also

prevents us from using an approach similar to Comparison-Polytope with access to QPW .

That being said, we recall that we can trivially simulate the best response oracle of any

i ∈ [n], BRi, via O(k2) calls to QPW . Therefore, in the multiplayer setting we can also

compute an ε-WSNE of G using O
(
k2n(nk

ε
)nk
)

calls to QPW .
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4.9 A Brief Foray into Approximate Query Oracles

In this section we informally discuss at a superficial level how some of our results carry

over to the approximate query oracles εBR and QλQR from Chapter 2.

ε-Best Response Oracles

Suppose that G is an m × n bimatrix game and that we are given access to adversarial

best response oracles εBRA
R and BRA

C as per Definition 2.9. A similar result to Lemma

4.16 still holds, since the underlying utility functions of G are Lipschitz irrespective of

the oracle used in an algorithm. To be specific, if u, u′ ∈ ∆m−1 are row player mixed

strategies such that ‖u − u′‖2 <
α

2
√
m−1

, then if εBRA
C(u′) is an (ε + 2α) best-response

against u. An identical result holds for column player mixed strategies.

With this in hand, we can follow an identical narrative to Section 4.7 to show that in

order to compute an (ε+ α)-WSNE it suffices to:

• Compute a partition of ∆m−1 into closed sets P̂1, ..., P̂n with the property that i is

an ε best-response in each Pi and ∪iP̂i is a α
4
√
m−1

-net of ∆m−1 in the `2 norm.

• Compute a partition of ∆n−1 into closed sets P̂1, ..., P̂m with the property that i is

an ε best-response in each P̂i and ∪iP̂i is a α
4
√
n−1

-net of ∆n−1 in the `2 norm.

Suppose that εPi is the set of x ∈ ∆m−1 such that i ∈ [n] is an ε-best response to row

player mixed strategy x ∈ ∆m−1. It follows that the set of {εPi}ni=1 indeed cover ∆m−1,

but this collection is no longer as a polytope partition, since the individual εPi may have

non-trivial intersections. This means that CD-GBS and CR-GBS as is cannot be used

for εBR, but perhaps a similar approach can be adapted from our results.

On the other hand, it is straightforward to notice that we can use an ε-net approach

of Theorem 4.12 from the previous section to trivially compute the empirical partitions,

{P̂i}ni=1, of ∆m−1 and ∆n−1 mentioned above. This implies that we can compute an

(ε + α)-WSNE at a query cost of O
(
n(nk

α
)nk
)

calls to any approximate best response

oracle

Quantal Response Oracles

As we noted in Chapter 2, a quantal response oracle QλQR cannot in general efficiently

simulate either a best response oracle or a pairwise comparison oracle. The reason for

this is that the underlying distribution of QλQR samples from may place minute differences

of probability mass on different actions, and so discerning this with high probability

becomes impossible. That being said, we also noted that with knowledge of λ it does
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become possible to simulate an adversarial ε-best response oracle with high probability,

hence our exposition regarding εBR holds for QλQR.

In the bimatrix games setting, we notice that with knowledge of λ, we can in fact

approximately simulate QPW with high probability. What we mean by this is that for

a given player i ∈ [n], pair of actions j, k ∈ Ai and an opponent mixed strategy profile

x−i ∈ A−i, we can answer whether Ui(j, x−i) ≥ Ui(k, x−i)− ε with high probability. This

alone however does not salvage the use of Comparison-Polytope in this setting. This is

due to the fact that an agent, i ∈ [n], may be approximately indifferent between two

actions, j, k ∈ Ai irrespective of an opponent strategy x−i. This in turn precludes us

from ascertaining the H i,j
α and Hj,i

α with high probability.

4.10 Conclusion and Future Directions

In this chapter we introduced the concept of learning ε-close labellings of (m,n)-polytope

partitions with membership queries, and derived query efficient algorithms for when either

the dimension of the ambient simplex in the polytope partition, m, is held constant, or

when the number of polytopes in the partition, n, is held constant. In addition, we also

study the problem of learning ε-close labellings via pairwise comparison queries and show

that with this more powerful oracle, we can compute an ε-close labelling with a query

cost polynomial in m,n and log(1
ε
).

Most importantly, we introduced a novel reduction from computing ε-WSNE with

best response queries to this very geometric problem.This allows us to show that in the

best response and pairwise comparison query models, computing ε-WSNE of a bimatrix

game has a finite query complexity. More specifically, for m × n bimatrix games, the

pairwise comparison query complexity is polynomial in m,n and log(1
ε
), and in games

with one parameter, say n, constant, the best response query complexity is polynomial

in m and log
(

1
ε

)
. Furthermore, we partially extended our results from bimatrix games

to n-player games. Although the underlying geometry in n-player games prevents us

from using our results from learning polytope partitions, we were still able to show that

querying a fine-enough ε-net of the mixed strategy space of all players suffices to compute

an ε-WSNE.

As mentioned in the introduction, this geometric framework could be of use in other

areas where Lipschitz continuous structures appear over domains with convex partitions.

Upon further inspection, it is not difficult to see that polytope partitions do not need to

be contained in ∆m, and in fact our algorithms extend to arbitrary ambient polytopes.

Furthermore, it would be of great interest to create algorithms with a better query cost,

prove lower bounds with regards to computing ε-close labellings, or simply explore weaker
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query paradigms, as mentioned in Section 4.9. Finally, we have mentioned that in the

multiplayer setting, best response sets are no longer polytopes, but rather semi-algebraic

sets. It would be of interest to create learning algorithms for ε-close labellings of these

more complicated geometric objects, since doing so suffices to compute ε-WSNE.
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Chapter 5

Bitcoin Overview

We now proceed to the second major portion of this thesis, where we focus on applications

of game-theoretic equilibria to Bitcoin. Though this is a departure from query-based

equilibrium computation algorithms, the rest of the thesis highlights important game-

theoretic issues in incentive-based cryptocurrencies such as Bitcoin.

5.1 Nakamoto Consensus

Just over a decade ago, Satoshi Nakamoto published a landmark white paper outlining the

backbone protocol to Bitcoin [56], arguably the world’s first mainstream digital currency.

Through the Nakamoto protocol and blockchain technology, users can reliably agree upon

a common transaction history maintained by miners on the public Bitcoin ledger in a

decentralised and anonymous fashion. This is possible in part because agents within the

protocol are assumed to be strategic rather than adversarial—a fair assumption when

creating a ledger for currency. The Nakamoto protocol is thus at its core a decentralised

consensus protocol among strategic agents that is built from cryptographic primitives

and judicious incentive engineering.

There are two principal types of agent in Bitcoin: users and miners. Users hold and

transfer Bitcoin between addresses via transactions, whereas miners maintain a consistent

history of transactions for the Bitcoin ecosystem. In order to update Bitcoin’s ledger,

miners bundle pending valid transactions into “blocks” which must have a hash value

lower than a target that is dynamically adjusted by the Bitcoin protocol (see Figure 5.1).

Furthermore, a valid block also points to a predecessor block and contains the hash value

of said predecessor block in order to make the ledger “tamper-proof” as changes in the

predecessors of a given block can be observed by the changes they incur in hash values.

Subsequently, valid blocks are propagated to all agents within Bitcoin’s system, and all

agents are able to efficiently verify the validity of blocks and transactions therein. To

extract a transaction history consensus from this protocol, honest agents agree to use
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Figure 5.1: We give a very brief overview of some of the main points of the Nakamoto
consensus protocol behind Bitcoin. At first there are two blocks in the ledger, each with
their own consistent transactions. Circles represent pending valid transactions to be put
into the ledger. A miner/pool then collects pending transactions into a block which points
to the previous end of the ledger (B2 in this case). In order for this block to be valid,
its hash has to be below a certain threshold (this is the computationally intensive step,
as often a miner has to attempt multiple block configurations to attain the threshold).
Once this is complete, all other miners can verify that the block with its transactions is
valid, and the ledger is thus updated. The existence of this block in the longest consensus
path implicitly rewards the miner/pool owning the block with Bitcoin.

the longest path in their local copy of the blockchain as the global transaction history of

Bitcoin. Ultimately, miners are rewarded for their computational efforts in maintaining

this blockchain, as they earn a block reward for each valid block they contribute to the

longest path in the blockchain as well as all transaction fees therein.

Given the financial rewards a miner obtains from updating the blockchain, we model

these agents as strategic entities seeking to maximise their amount of Bitcoin. As such,

the prescribed honest behaviour of miners is to follow the Bitcoin protocol: mining upon

the longest chain in their local history, and immediately propagating valid blocks once

found. It is straightforward to see that if all miners within Bitcoin are honest, their block

rewards will be proportional to the amount of computational power they have. More

specifically, to model miner dynamics, we suppose that there are n strategic miners,

m1,...,mn, with hash power α1, ..., αn respectively. Each αi represents the proportional

amount of computational power mi has in the Bitcoin ecosystem, such that
∑n

i=1 αi = 1.

To make our previous statement more precise, if there are L blocks in the longest chain

of the ledger, then in expectation each mi will own αi ·L valid blocks in the longest chain

if all agents are honest.

Under the specification of Bitcoin, block difficulty is dynamically adjusted so that the

entire Bitcoin ecosystem finds a block on average every 10 minutes. Furthermore, given

the fierce competition in mining, if a specific miner mi has a small hash power, αi, then

although in expectation they earn an amount of coin proportional to αi per block that is

mined (as they have an αi probability of finding any given block in the longest chain), the
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variance of this payoff may be huge. For this reason, miners collect their computational

resources into pools where rewards are evenly re-distributed on a more regular basis to

reduce variance in miner payoffs.

5.2 Literature Review

Selfish mining was originally introduced in [22]. In this work, the authors describe Selfish

Mining (SM), a specific mining strategy that deviates from the prescribed honest mining

strategy of the Bitcoin network with the key property that it is more profitable than

honest mining for miners with over 1/3 of the hash power of the entire Bitcoin network.

Subsequently, [58] and [65] identify a generalised class of selfish mining strategies to

which SM belongs and show that in general there are more aggressive and profitable

strategies than SM within this family of strategies. In a similar vein, [44] uses game

theory to formalise the decision a single strategic miner may take to employ different

strategies from the generalised family of selfish mining strategies. In particular, they

define complete information games that are analogous to real-life mining and show that

for these games, if no miner has a large enough hash power, honest mining is a Nash

equilibrium.

Perhaps most similar to our work in Chapter 6 is [50], where the authors simulate

multiple strategic miners employing strategies other than honest mining. Their results

are simulation-based, whereas we provide closed-form results for a specific truncation of

selfish mining. In fact, our model can be seen as a variant of the model used in [6],

which we developed concurrently to allow for an arbitrary number of strategic agents.

Furthermore we take a larger focus on the game-theoretic considerations miners may take

in deciding whether to employ truncations of selfish mining in varying degrees.

Subversive mining strategies can also be combined with network level attacks to exac-

erbate undue profits. This is discussed in [58] where the authors combine selfish mining

strategies with eclipse attacks; an eclipse attack is when an entity holds all connections

with a subset of the mining swarm and can thus control all communication between them

and the rest of the miners. The authors show that no combination of a selfish mining

strategy and eclipse attack is optimal at all times. The choice of what selfish mining

strategy to adopt as well as how to eclipse a victim is highly dependent on the network

parameters in which one is operating. These parameters include computational power,

percentage of the network that can be eclipsed, and the percentage of remaining miners

that can be influenced.

There are additional attacks miners can wage outside the family of selfish mining.

At the pool level, managers can wage withholding attacks as per [16] and [20], where a
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malicious pool infiltrates a victim pool, submitting shares and withholding full solutions.

Indeed this notion of “partitioning” one’s pool is similar to our partition games from

Section 6.4.2. [20] shows that this can be profitable for a single malicious pool, but

when multiple pools engage in block withholding attacks, this results in a situation akin

to the prisoner’s dilemma, where the equilibrium of all malicious pools is to infiltrate

and thus reduce the overall profit of every pool in the network. Withholding attacks

are further refined in [47], where a malicious pool still withholds full solutions from a

victim pool, but may share said full solutions when it hears of a full solution being found

by a miner outside of the malicious and victim pool. The intent of this strategy is to

incentivise the victim pool manager to cause a fork, and this behaviour does away with

the prisoner’s dilemma of [20], as there are equilibria where larger pools are strictly better

off than honest mining. Furthermore, there is some evidence showing that this family of

pool-level attacks can be difficult to detect for victim pools [16].

Along with work covering subversive mining attacks and which strategies miners

should adopt based on network parameters, there have also been efforts to defeat these

attacks. In [21] the authors outline a new blockchain protocol, Bitcoin Next Generation,

which decouples leader election and transaction serialization for better scalability. In

their new protocol, they propose that when an honest miner is presented with two chains

of the same length, they choose which one to mine on uniformly at random. With this

change, the lower bound on computational power needed to mine selfishly increases, thus

making it harder to act subversively. While this was conjectured to be true and showed

to be so with simulation, there are contradictory results. In [65] the authors show that

while this change does limit the strength of large selfish miners, it enhances the strength

of medium sized selfish miners and that selfish miners with computational power less than

25% can still gain from acting subversively. Recently, [48] have also demonstrated that

if miners are allowed to pay portions of their block reward forward to future miners who

successfully mine upon their block, then strategic mining of blocks can be disincentivised

for larger miners though they may still reap a larger than fair share of the rewards.

The related research we have mentioned until now is mainly involved with strategic

mining with respect to block rewards, but our work in Chapter 7 is dedicated to strategic

mining within pools with specified payment protocols, see [64] for an extensive survey of

pool protocols. [66] give necessary conditions for honest inter-pool mining for a specific

family of mining pool protocols. In their paper, honest inter-pool mining is when miners

report shares and blocks to the pool manager immediately upon finding them. Not only

do they show that certain popular strategies are not incentive compatible or budget bal-

anced (proportional payment, fixed payment per share), but they describe an incentive

compatible variant pool protocol that is also budget balanced. In addition, they also
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partially answer the question of whether Pay-per-last-N-shares (PPLNS) is an incentive

compatible mining pool scheme by exploring when honest mining is robust against the

specific strategic deviation where miners keep a single share private with the hopes of find-

ing a subsequent block to ensure said private share is paid by publishing it immediately

before revealing a block. Subsequently [76] study a different class of strategic deviations

in PPLNS where a miner hoards a certain number x ∈ N of shares. Subsequent shares

are published immediately, and whenever a block is found, those x shares are published

immediately before publishing the block. Their analysis makes the assumption that each

strategic miner reaches their threshold x, and show when being honest outperforms be-

ing strategic in this setting. Finally, [62] exhibit specific reporting strategies that can be

beneficial to strategic miners at high enough hash rates.
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Chapter 6

Competing (Semi-)Selfish Miners

6.1 Introduction

One of the key innovations in the Nakamoto protocol behind Bitcoin [56] is the assump-

tion that agents involved in the upkeep of the digital ledger, so called miners, are strategic

rather than adversarial, which invites a game-theoretic analysis of the underlying proto-

col. Under this relaxed assumption, Bitcoin enjoys more robust guarantees on its security:

the adage being “it is in a miner’s best interest to be honest when there is an honest

majority of miners”.

This adage however was famously proven to be incorrect in [22], where the authors

first described “Selfish Mining”, a non-honest miner strategy that gives more returns to

miners than honest mining, even if a majority of other agents are honest. Subsequently,

there has been much work exploring the extensions and limitations of selfish mining, but

most of this work is limited to the case in which there is a single selfish miner and the

rest of the network acts honestly. In this chapter we study scenarios where more than

one miner deviates from the honest mining protocol. We show that there are substantial

game-theoretic differences when multiple miners can be strategic with implications to

Bitcoin’s security. First of all, there are hash rates where a miner is incentivised to be

honest if mining is treated as a one-shot game, yet where the miner is incentivised to

be strategic if he is the leader in sequential (Stackelberg) game. Second of all, we show

that with multiple strategic miners, specific deviations from honest mining by multiple

strategic agents can outperform honest mining, even if individually miners would not be

incentivised to be dishonest. These two previous points effectively render the Bitcoin

protocol to be less secure than previously thought.
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6.1.1 Our Contributions

We study miner incentives when multiple miners employ variants of selfish mining strate-

gies. Original selfish mining (SM) consists of secretly withholding mined blocks and

judiciously publishing private blocks in an attempt to increase stale block rates of other

miners. Though such an attack is not immediately profitable, as the block rate of all

miners decreases, it can be profitable in a longer time horizon as block difficulty rates

decrease. In SM, miners may keep an arbitrarily long private chain, which makes it dif-

ficult to analytically solve for relative revenues when more than one miner employs SM.

For this reason, we study a truncation of this strategy, semi-selfish mining (SSM), where

miners keep a private chain of length at most 2.

SSM falls within the family of generalised selfish mining strategies of [65] and [58],

and our work begins by studying analytic properties of SSM’s performance against honest

mining. In Section 6.4.1, we show that although SSM achieves less relative revenue than

SM against honest mining, it is always a more profitable strategy for a strategic miner

than honest mining if the miner has a hash rate larger than 38% of the total system

hash rate, and if the strategic miner is able to propagate blocks to other miners quickly,

this threshold lowers to around 26.8%. In fact, we show the relative revenue of SSM is

an asymptotically tight lower bound of the relative revenue of SM as a strategic miner’s

hash power tends to 0.

As mentioned before, the benefit of SSM is that it can be represented with a reduced

state space, and hence we can explicitly solve for relative revenues in the case where

multiple strategic miners employ SSM. In Section 6.4.2 we focus on systems with two

strategic miners and describe the Markov chain that governs block publishing dynamics.

This allows us to explicitly solve for relative revenues of all miners in the steady state.

With the steady state solutions in hand, we are able to study the incentives that

govern the decision whether a miner uses SSM against another strategic miner. To do

so, we define a binary action two-player game amongst both strategic miners which we

call the SSM game. In the SSM game both miners are denoted by m1 and m2 and they

have corresponding utility functions U1 and U2. In addition, each miner has the action

set {H,S} representing honest mining and SSM mining. Interestingly, we find multiple

scenarios at different hash rates:

• For all pure strategy profiles, s ∈ {(H,H), (S,H), (H,S), (S, S)}, there exist hash

rates of both strategic miners such that s is a unique pure Nash equilibrium.

• When both strategic miners have roughly around 0.2 to 0.27 of the system’s hash

power, both (H,H) and (S, S) are simultaneously pure Nash equilibria of the SSM

game.
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• There exist hash rates where a specific miner is not unilaterally incentivised to em-

ploy SSM, yet (S, S) is the only pure Nash equilibrium of the game. This effectively

lowers the minimum hash rate required for SSM to be profitable by virtue of the

existence of another strategic miner.

• There exist hash rates where U1(S, S) < U1(H,H) < U1(S,H) (once again, an

identical result holds with the roles of miners reversed). This is interesting be-

cause although SSM is individually rational for the first strategic miner, the second

(larger) strategic miner has the ability to “penalise” the first miner were they to

retaliate by using SSM.

We also consider a richer action space for miners: we allow them to partition their

hash power into an honest portion and an SSM portion. The game specified by these

utilities is called the partition game, and when treated as a one-shot game, it yields the

same pure Nash equilibria as the SSM game. The more interesting result stems from

treating this game as a Stackelberg game and understanding optimal commitments a

miner may make to elicit a desired behaviour in the other miner. It turns out that in

the partition game, there exist hash rates with non-trivial Stackelberg equilibria that

can result in large gains for leader miners. In fact, there are even hash rates where a

miner is honest in the one-shot SSM game, yet strategic in the sequential partition game’s

Stackelberg equilibrium. This has important consequences for the security of Bitcoin, as

miners with smaller hash rates than what was known before may be incentivised to be

strategic in a sequential setting.

In Section 6.10 we consider the scenario where M > 2 miners are strategic. For

1 ≤ M ≤ 8, we compute bounds on the minimal α ∈ [0, 1] such that if the M strategic

miners each with hash power α have to decide between employing honest mining and

SSM, the strategy profile where all such miners employ SSM Pareto-dominates honest

mining. For each M , we call α the uniform profitability threshold for SSM, and we show

that not only is it a decreasing function in M , but that already for M = 8, α is as low as

0.11. This is striking, because at such hash rates, miners are far from being individually

incentivised to employ SSM, implying that the existence of other strategic miners can

effectively hurt the stability of Bitcoin.

We also note that in Section 6.8 we explicitly extend our game-theoretic formalism

from Section 6.4.2 and Section 6.7 to the multi-player setting, and we specify how to

compute utilities in these games. Furthermore, in Section 6.9 we extensively map in-

centives of 3 strategic miners akin to Section 6.4.2 and Section 6.7. We find that the

game-theoretic observations of the two-player setting generalise appropriately.
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6.2 Model Assumptions and Notation

The decentralised design of Bitcoin consists of clients: users of Bitcoin, who own ac-

counts designated by addresses. A client can send Bitcoin from an address he owns to

an arbitrary address by broadcasting a transaction to the Bitcoin P2P network. This

transaction will eventually be appended to a global ledger called the Blockchain. The

upkeep of the Blockchain is performed by miners, who collect transactions in blocks and

append these blocks to the chain. For this task, miners are rewarded with Bitcoin, either

in the form of a block reward or transaction fees.

We model the Blockchain system as a set of M strategic miners, m1, ...,mM , and an

implicit honest miner mM+1. Each strategic miner mi, controls an αi ∈ (0, 0.5] portion

of the system hash power (we don’t consider strategic miners strong enough to perform

a 51 percent attack), and the honest miner mM+1 controls a β = 1−
∑M

i=1 αi > 0 portion

of the system hash power. The implicit honest miner is without loss of generality for if

any number of miners (beyond the strategic miners m1, ...,mM) employ honest mining,

this is equivalent to one miner of their combined hash power employing honest mining.

For convenience we denote the set of valid strategic miner hash rates by HM = {α ∈
(0, 0.5]M |

∑M
i=1 αi ≤ 1}.

Given strategic miner hash rates α ∈ HM , any found block has an αi probability of

being found by the i-th strategic miner mi, and a β probability of being found by mM+1.

We also assume that the system overall finds blocks at a rate of λ according to a Poisson

process. In terms of the actual implementation of the Bitcoin protocol, λ is roughly one

block every 10 minutes, which is ensured by dynamically adjusting the difficulty of the

block hash target.

The append-only nature of the block renders the Blockchain into a tree with a root

at the genesis block. Since the longest path of the tree is the agreed-upon transaction

history, a miner’s revenue consists of his block rewards and transaction fees arising from

blocks that eventually become a part of the longest path in the Blockchain. In this

chapter, we focus on block rewards and normalise such rewards to unit value, hence the

revenue of a miner is the number of his blocks that are accepted in the longest path of

the blockchain.

Indeed it could be the case that a longest path in the blockchain is eventually surpassed

by a competing path: this is a key aspect to selfish mining strategies. This of course makes

it difficult to ascertain revenues when miners are arbitrary agents. In our work however,

we pit specific mining strategies against each other and hence obtain well-defined block

creation rates for all agents involved. Furthermore, we assume that agents are rational

and that the utility they wish to maximise is their relative revenue: which, for a miner

114



mi, is the expected number of blocks mi publishes in the blockchain normalised by the

expected number of blocks produced by all miners m1, ...,mM+1. The justification behind

this utility function comes from the fact that Bitcoin dynamically adjusts its difficulty,

hence relative revenue in the long-term corresponds to overall revenue.

6.3 Miner Strategies

Mining strategies are often defined with an implicit assumption that a miner following the

strategy will be pitted against miners employing a specific strategy (i.e. honest mining).

Since our work focuses on miner incentives when multiple miners deviate from honest

mining, we find ourselves in need of rigorously defining miner strategies with respect to

all possible changes in the blockchain, not just those changes that can occur against a

specific kind of miner.

In this vein, we formally describe three specific mining strategies: honest mining,

selfish mining, and semi-selfish mining. We describe the strategies for an arbitrary miner

denoted by m.

To execute these strategies, m must keep track of their private chains, the public

chain, a block upon which to mine and an internal state ` ∈ {0, 0′} ∪ N. As for addi-

tional notation, priv denotes the private chain of m, pub denotes the public chain and F

(frontier) denotes the set of blocks at the ends of the longest paths of the public chain.

Arbitrary blocks are usually denoted by B. We also let len(priv) and len(pub) denote the

length of the longest path in the miner’s private chain and the length of the longest path

of the public chain respectively. For a given set of a blocks S, we let oldest(S) denote

the oldest block in S of which m was aware. Finally, we let end(priv) be the block at the

end of the miner’s private chain and p(m) be the block upon which m is mining.

The integer of the internal state, ` represents a miner’s “lead”: how much longer the

miner’s private chain is than the public chain. For all three mining strategies states 0 and

0’ will not only mean that the miner has no lead with respect to the public chain, but

that the miner’s private chain is in fact the public chain (a fact which follows from the

rules governing the strategies). Finally, the difference between 0 and 0’ is that the latter

state occurs when there is a tie on the public chain, i.e. |F | > 1. The choices available

to miners are where to mine, p(m), and whether to reveal parts of their private chain.

6.3.1 Honest Mining

Honest miners are those who follow the prescribed Bitcoin mining protocol faithfully. We

describe the strategy in terms of what actions m takes when in states ` ∈ {0, 0′}:
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• Case 1: m finds a block, B.

– m publishes B.

– `← 0.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′.

– If |F ′| = 1, then `← 0.

– If |F ′| > 1, then `← 0′.

– p(m)← oldest(F ′).

It is straightforward to check that if all miners mine honestly, their expected relative

revenue is precisely their hash rate:

Lemma 6.1. For any α ∈ HM , if all strategic miners are honest, the expected (block)

reward of any strategic miner mi is αi (and β for the extra honest miner mM).

6.3.2 Selfish Mining

Eyal and Sirer introduced Selfish Mining (SM) in [20] as a specific strategy that outper-

forms honest mining when a rational agent has sufficient computational resources. SM

can be described by the actions m takes in the following states:

` = 0 and p(m) = oldest(F )

• Case 1: m finds a block: B.

– m keeps B private.

– `← 1.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′

– If |F ′| = 1, then `← 0.

– If |F ′| > 1, then `← 0′.

– p(m)← oldest(F ′)
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` = 0′ and p(m) = oldest(F )

• Case 1: m finds a block: B.

– m publishes B.

– `← 0.

– p(m)← B

• Case 2: pub changes to pub′ with frontier F ′.

– If |F ′| = 1, then `← 0.

– If |F ′| > 1, then `← 0′.

– p(m)← oldest(F ′)

` ≥ 1 and p(m) = end(priv)

• Case 1: m finds a block: B.

– m keeps B private.

– `← `+ 1.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′ and k = len(pub′) − len(pub) ≤
max(`− 2, 0).

– m publishes k-prefix of priv.

– `← `− k.

– p(m)← p(m).

• Case 3: pub changes to pub′ with frontier F ′ and k = len(pub′) − len(pub) >

max(`− 2, 0).

– m publishes priv, resulting in pub′′ with frontier F ′′

– If |F ′′| = 1, then `← 0.

– If |F ′′| > 1, then `← 0′.

– p(m)← oldest(F ′′).
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At a glance, this characterisation of SM may look different to how it is usually de-

scribed. Upon closer inspection however, one can see that this is equivalent to what was

presented in [20]. In particular, the fact that in state ` = 0′, p(m) = oldest(F ), means

that when a tie involves a block mined by m (as would be the case if they had published

a previously private block), they will indeed continue mining upon it, as they will have

necessarily seen it first amongst blocks in F .
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Figure 6.1: SM Dynamics. A square with M is a block mined by m. The circle with m
represents the value of p(m). A solid line means that portion of the chain is public, and
a dashed line means that portion of the chain is private. If a miner employing SM has a
lead of ` = 1 that is diminished, he publishes his private chain and hopes to win the tie
(Top). If the miner has a larger lead that is partially encroached, he publishes a prefix
of his private chain to push other miners into a race (Middle). If a miner of lead ` > 1
sees his lead encroached to ` = 1, he publishes all blocks to overtake (Bottom).

6.3.3 Semi-Selfish Mining

SM can be generalised to a class of strategies where a miner maintains a private chain

and has the following actions at hand: publishing a portion of his private chain, mining
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upon his private chain, and foregoing his private chain to mine upon the public chain.

Indeed, this general class of selfish mining strategies is studied in [58] and [65].

We focus on the simplest selfish mining strategies from this family by exhibiting a

specific strategy, Semi-Selfish Mining (SSM), where the selfish miner never maintains a

private chain of length greater than 2 and prioritises breaking ties immediately. Notice

that the first characteristic of SSM is necessary if the selfish miner is to gain any benefit

from selfish mining, for if the miner only maintains at most one private block, he can

only hurt his chances of having this block (and hence any block) published when facing

honest miners. Furthermore, much like the original SM strategy, we can show that SSM

leads to increased revenue ratios for the selfish miner if they have sufficient hash power.

The reason we study such a simple strategy from the rich space of selfish mining

strategies is that it still obtains higher relative revenues than honest mining in certain

parameter regimes, yet it has a much simpler state space than most selfish mining strate-

gies. This reduced state space will eventually allow us to explicitly solve for expected

relative revenues when two selfish miners play against each other. SSM can be described

by the actions m takes in the following states:

` = 0 and p(m) = oldest(F )

• Case 1: m finds a block: B.

– m keeps B private.

– `← 1.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′

– If |F ′| = 1, then `← 0.

– If |F ′| > 1, then `← 0′.

– p(m)← oldest(F ′)

` = 0′ and p(m) = oldest(F )

• Case 1: m finds a block: B.

– m publishes B.

– `← 0.

– p(m)← B

• Case 2: pub changes to pub′ with frontier F ′.
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– If |F ′| = 1, then `← 0.

– If |F ′| > 1, then `← 0′.

– p(m)← oldest(F ′)

` = 1 and p(m) = end(priv)

• Case 1: m finds a block: B.

– m keeps B private.

– `← 2.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′ and k = len(pub′)− len(pub) = 0.

– m does nothing.

• Case 3: pub changes to pub′ with frontier F ′ and k = len(pub′)− len(pub) > 0.

– m publishes priv, resulting in pub′′ with frontier F ′′

– If |F ′′| = 1, then `← 0.

– If |F ′′| > 1, then `← 0′.

– p(m)← oldest(F ′′).

` = 2 and p(m) = end(priv)

• Case 1: m finds a block: B.

– m publishes oldest(priv \ pub).

– `← 2.

– p(m)← B.

• Case 2: pub changes to pub′ with frontier F ′ and k = len(pub′)− len(pub) = 0.

– m does nothing.

• Case 3: pub changes to pub′ with frontier F ′ and k = len(pub′)− len(pub) > 0.

– m publishes priv, resulting in pub′′ with frontier F ′′

– If |F ′′| = 1, then `← 0.

– If |F ′′| > 1, then `← 0′.

– p(m)← oldest(F ′′).
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Figure 6.2: SSM as a truncation of SM. Once again, a square with M is a block mined
by m. The circle with m represents the value of p(m). A solid line means that portion
of the chain is public, and a dashed line means that portion of the chain is private. Here
m has a lead of ` = 2 and upon mining a block, publishes his oldest private block.

6.4 Relative Revenue Computation

6.4.1 Warmup: One Strategic Miner

We begin by studying how one strategic miner of hash power α ∈ H1 = (0, 0.5] performs

against honest miners of hash power β = 1 − α in terms of relative revenue. As in [20],

we let γ be the proportion of honest miners who mine upon an SSM chain in the case

of a tie, a parameter which we call the propagation of the strategic miner (as this is

related to a miner’s ability to propagate their blocks across the underlying Bitcoin P2P

network). In what follows, we let rSM and rSSM be the expected block creation rate of

a single miner using SM and SSM respectively against honest miners. Consequently, we

let rothers be the block creation of other honest miners in the system (this is dependant

upon whether SM or SSM is used, but we use the same term for the sake of simplicity).

Finally, we let RSM and RSSM denote the relative revenues of a single miner using SM

and SSM respectively against honest miners.

Theorem 6.1 (Selfish Mining Relative Revenue [20] [70]). A single strategic miner of

hash power α and propagation γ attains the following revenue ratio using SM against

honest miners:

RSM =
rSM

rSM + rothers
=
α(1− α)2(4α + γ(1− 2α))− α3

1− α(1 + (2− α)α)
.

Asymptotically around α = 0 the expression is the following:

RSM = αγ + α2(4− 3γ) + α3(4γ − 5) + α4(7− 5γ) + α5(6γ − 7) +O(α6).

We can use a similar Markov chain analysis to derive the revenue ratio of SSM against

honest miners. We recall that the strategic miner, m1, has hash power α ∈ H1 = (0, 0.5]

and the honest miner m2 has hash power β = 1 − α. Let us define the state space
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S = {S0, S1, S2} corresponding to the number of private blocks belonging to the miner

employing SSM. We can now describe the transitions and their corresponding revenues

(expected block creation rate per state):

Transitions from state S0

• S0 → S0 occurs if m2 find a block. The probability of this transition is β and m2

wins a block.

• S0 → S1 occurs if m1 finds a block. The probability of this transition is α and no

players win a block.

Transitions from state S1

• S1 → S0 occurs if m2 finds and publishes a block, which occurs with probability

β. A fork is created when m1 subsequently publishes his hidden block and from

here three events can occur: A first scenario occurs when m1 finds another block

to resolve the tie in his favour, resulting in two blocks for m1. This occurs with

probability α. A second scenario occurs when an honest miner finds a block that

resolves the tie in favour of m1, resulting in one block for m1 and one block for

m2. This occurs with probability γβ. A final scenario occurs when an honest miner

finds a block that resolves the tie in favour of m2 which results in two blocks for m2.

This final event occurs with probability (1 − γ)β. In all aforementioned scenarios

the resulting state is S0, thus the probability of the transition to state S0 is β.

• S1 → S2 occurs if m1 finds a block and keeps it private as per SSM. This event

occurs with probability α and no blocks are awarded to any agent.

Transitions from state S2

• S2 → S0 occurs when m2 finds a block. The probability of this transition is β and

m1 wins two blocks.

• S2 → S2 occurs if m1 finds a block. The probability of this transition is α and m1

wins a block.

The transitions are visualised in Figure 6.3. Furthermore, we can fully express the

transition matrix of the Markov chain as follows:

M =

1− α 1− α 1− α
α 0 0
0 α α


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Figure 6.3: States and Transitions for Single SSM vs. Honest Miners.

For a given probability distribution x ∈ R3 over the state space S, Mx gives the resulting

probability distribution over S after one transition under the Markov chain above. Since

the chain is easily seen to be ergodic, there exists a unique steady state distribution, π,

such that Mπ = π. Using Gaussian elimination we obtain π = (1− α, α(1− α), α2)T as

the unique steady state. Furthermore, from the transitions mentioned above we obtain

the following expected block creation rates (denoted by rSSM and rothers) per state:

Table 6.1: Expected revenue per state
State E(rSSM | Si) E(rothers | Si)
S0 0 1− α
S1 (1− α)(γ(1− α) + 2α) (1− α)(γ(1− α) + 2(1− α)(1− γ))
S2 α + 2(1− α) 0

We let rSSM and rothers denote the expected revenue per round at steady state π for

m1 and m2. We also let RSSM and Rothers denote the revenue ratios of m1 and m2 at

steady state. Given our expected revenues per state, we obtain rSSM = (2−γ)α4 + (3γ−
5)α3 + (4− 3γ)α2 + γα and rothers = (1− α)2 ((γ − 2)α2 + (2− γ)α + 1).

Theorem 6.2. A strategic miner of hash power α and propagation γ, attains the following

revenue ratio when using SSM against honest miners:

RSSM =
rSSM

rSSM + rothers
=
α(α(α(2α− 5) + 4)− (α− 1)3γ)

(α− 1)α2 + 1
.

Asymptotically around α = 0, the expression is the following:

RSSM = αγ + α2(4− 3γ) + α3(4γ − 5)− α4(6− 5γ) + α5(7γ − 9) +O(α6).

Comparing Performance of SM and SSM

Asymptotically SM and SSM have the same performance as α→ 0. In fact RSM−RSSM =

O(α4). For all parameter settings SM outperforms SSM, as evidenced in the graphs in

Figure 6.4. At γ = 0 SM becomes profitable at α = 1/3 and SSM becomes profitable at
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Figure 6.4: RSM and RSSM against honest miners at γ = 0, 0.25 and 0.5.

α = 0.38. At γ = 0.25 SM becomes profitable at α = 0.3 and SSM becomes profitable

at α = 1/3. Finally, at γ = 0.5 SM becomes profitable at α = 1/4 and SSM becomes

profitable at α = 0.26795

6.4.2 M = 2 Strategic Miners

The benefit of SSM lies in the fact that it can be a rational strategy distinct from honest

mining and more importantly, describing it in terms of a Markov chain does not require

many states. The simplicity of the state space allows us to explore the scenario where two

agents of different hash rates employ SSM and analytically solve for relative revenues.

Markov Chain Analysis

Suppose that α = (α1, α2) ∈ H2 is the strategic hash rate of the system. Since we have

two strategic miners, our state space, S, consists of nine states of the form Si,j where

0 ≤ i, j ≤ 2. These represent the relative lead SSM miners 1 and 2 have with respect to

the public chain. Given our description of SSM we can describe the state transitions as

per Section 6.5.

Transition Matrix and Steady State

The above state space gives rise to an ergodic Markov chain, so there is a unique stationary

distribution we can solve for. In order to do so, we define the following transition matrix,

P , on R9, where the coordinate axes of R9 (in ascending order) represent probability

mass in states S0,0, S0,1, S1,0, S0,2, S1,1, S2,0, S1,2, S2,1, and S2,2 respectively. Each Px,y is
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the probability of transitioning to state x from state y in the Markov chain.

P =



β β β β β β α2(1− α2) + β α1(1− α1) + β 1
α2 0 0 0 0 0 0 0 0
α1 0 0 0 0 0 0 0 0
0 α2 0 α2 0 0 α2

2 0 0
0 α1 α2 0 0 0 0 0 0
0 0 α1 0 0 α1 0 α2

1 0
0 0 0 α1 α2 0 0 0 0
0 0 0 0 α1 α2 0 0 0
0 0 0 0 0 0 α1 α2 0


Since this is an ergodic chain, there is a unique steady state distribution, π, such that

Pπ = π, which we can solve for with Gaussian elimination.

Propagation and Revenues

In the original selfish mining paper, much attention was given to the propagation param-

eter γ. Indeed block dissemination is important because it allows an attacker to persuade

other miners to work on their chain in the case of a tie. We also note from the previ-

ous section that the steady state distribution π is independent of the propagation of the

system. The expected number of blocks published per state however, crucially depends

on the propagation of the system, and these two objects specify the relative revenue of

agents.

In our work, when there is a single strategic miner employing SSM, the ability to

propagate blocks is parametrised by γ as in the original analysis of SM. When there are

strategic miners employing SSM however, how propagation is modelled becomes more

complicated, since different strategic miners may have a different influence on the P2P

network topology. For the rest of the chapter we assume that propagation is uniform. In

other words, whenever there is a tie in the public chain (of arbitrary size), all miners not

involved in the tie are assumed to have a uniformly random chance of contributing their

hash power to any element of the tie. Under the assumption of uniform propagation, we

can compute the expected block rate per state of the Markov chain for both strategic

miners and honest miners. The following matrix R encodes this information: the first

and second row are expected block rates per state for the first and second strategic miners

respectively, the third column is the block creation rate for honest miners. If π is a steady

state vector for M above, then RTπ ∈ R3 gives steady state expected block creation rates

for all miners.
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R =



0 0 β
βα1 2βα2 + 1

2
β(1− α2) 1

2
βα1 + 3

2
β2

2βα1 + 1
2
β(1− α1) βα2

1
2
βα2 + 3

2
β2

0 α2 + 2β 0
2βα1 + 1

3
β2 2βα2 + 1

3
β2 4

3
β2

α1 + 2β 0 0
0 2β + 2α2

2 + 3α2(1− α2) 0
2β + 2α2

1 + 3α1(1− α1) 0 0
3α1 + 3βα1 + 1

2
β2 3α2 + 3βα2 + 1

2
β2 β2


In the following section we include a model for different propagation rates when two

strategic miners are involved as well as their effects on relative revenues of all miners.

6.5 Markov Chain Formalism for M Strategic Miners

In this section we delve into the Markov chain governing revenues (block creation rates)

when multiple strategic miners employ SSM. In what follows we assume that α ∈ HM .

This implies that m1, ...,mM are strategic miners with hash power α1, ..., αm, and mM+1

is an honest miner with hash power β = 1−
∑M

i=1 αi.

As in the one miner case, we let S = {0, 1, 2}M be the state space of all possible

private leads held by m1, ...,mM employing SSM. For a given x ∈ S, xi denotes the

private lead of mi. In addition, for a given x ∈ S, we let Ax = {i ∈ [M ] | xi = 1} and

Bx = {i ∈ [M ] | xi = 2}. Clearly Ax ∩Bx = ∅, furthermore, we can completely establish

transition probabilities from x by looking at Ax and Bx.

6.5.1 State Transitions

Let us suppose x ∈ S is arbitrary. In what follows we let ei ∈ {0, 1}M be the unit

vector with 1 in the i-th coordinate. Furthermore, we let Px→y denote the probability of

transitioning from x to y. To fully describe all transitions for any x ∈ S, we look at four

different cases depending on Ax and Bx.

Case: |Ax| ≥ 0, |Bx| = 0

If any strategic miner mi obtains a block, they keep it private as per SSM extending their

private chain by 1 (which they forcibly have a margin to do so). This results in state

x + ei and occurs with probability αi. If mM+1 finds a block, they publish it as per the

honest mining protocol, which occurs with probability β. All mi such that xi 6= 0 then

publish their private chains as per SSM and a race ensues. The conditions of SSM and

honest mining dictate that the race is settled in the following turn, and hence we return

to state 0. In summary:
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• Px→x+ei = αi for all i ≤M .

• Px→0 = β.

Case: |Ax| = 0, Bx = {j}.

In this case a single miner has a private lead of 2 and all other miners have no private

lead. If any strategic miner mi such that i 6= j finds a block, SSM dictates that they keep

this block private and proceed to having a private chain of length 1. This corresponds to

transitioning from x to x+ ei, which occurs with probability αi. If the mj finds a block,

an event which happens with probability αj, SSM dictates he publish his oldest private

block. Since Ax = ∅, this block will be the longest public chain, and the resulting state

will be x again. Finally, if mM+1 finds a block, honest mining dictates he publish it. mj

in turn sees his private lead decrease to 1 and hence publishes his entire private chain. As

a consequence state 0 ensues, and this transition occurs with probability β. In summary

we have the following transitions:

• Px→x+ei = αi for all i 6= j.

• Px→x = αj.

• Px→0 = β.

Case: |Ax| ≥ 0, |Bx| > 1.

Suppose that mi such that i /∈ Bx finds a block, which occurs with probability αi. As per

SSM mi has a margin to keep this block private, hence state x+ ei ensues. On the other

hand, if mi is such that i ∈ Bx, then by SSM, mi publishes their oldest private block.

As a result, all miners in Ax publish their private leads to start a race, and all miners

in Bx publish their private leads to overtake. mi thus sees his private lead diminish to

1, hence by SSM he publishes his entire private chain. This chain is the longest of all

miners, hence we return to state 0. Finally, if mM+1 finds a block, which occurs with

prability β, he publishes it as per honest mining, all strategic miners with hidden chains

once again publish their hidden chains. There is a multi-way race amongst all miners in

Bx, but as per SSM and honest mining, this race is decided in the following turn and we

return to state 0. In summary we have the following transitions:

• Px→x+ei = αi for i /∈ Bx.

• Px→0 = β +
∑

i∈Bx αi.
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Case: |Ax| > 1, Bx = {j}.

If any mi such that i 6= j finds a block, an event which occurs with probability αi, then

SSM dictates they keep this block private and the resulting state is x+ ei. If mM+1 finds

a block, which occurs with probability β, they publish it as per honest mining, and mj

sees his lead diminished and by the rules of SSM, publishes his private chain to create

the longest public chain. The resulting state is thus 0. Finally, if mj finds the following

block, he publishes his oldest private block as per SSM, and consequently the public tie is

amongst a prefix of the chain of mj the chains of all mi such that i ∈ Ax, since they also

publish their private chains. At this point mj is mining upon his private chain whereas all

other miners, including mM+1 mine upon some of the chains partaking in the public tie.

From here there are two scenarios. Either mj also finds the following block, in which case

SSM dictates he publish it, and the new public prefix of his chain is the longest public

chain and the ensuing state is 2ej, or any miner other than mj finds the next block, in

which case mj sees his lead diminished and publishies his entire private chain resulting

in state 0. The overall probability of the first scenario is α2
2 and the overall probability

of the second scenario is α2(1− α2). In summary we have the following transitions:

• Px→x+ei = αi for i 6= j.

• Px→2ej = α2
j .

• Px→0 = β + αj(1− αj).

6.5.2 Propagation Formalism

In the original analysis of selfish mining, much attention was given to a data propagation

parameter γ. Propagation is important because it allows an attacker to persuade honest

miners to work on their end the public chain when forks occur.

When there are M ≥ 2 strategic miners however, propagation intricacies cannot be

captured by a single parameter, as different strategic agents have different abilities to

convince other miners of their own chains. To encompass this generality, let us suppose

that D ⊆ [M + 1] is a subset of miners engaged in a tie (we recall that mM+1 is the

implicit honest miner in the system). For j ∈ D and i ∈ [M + 1] we let γDi,j be the

probability that mi mines upon the chain of mj in the tie composed of all D miners. The

only restriction we place on these parameters is that γDi,i = 1 for i ∈ D and i 6= M + 1.

The reason for this is that a strategic miner will mine upon their public chain in case

of a tie. Finally, we note that in the uniform propagation model we use throughout the

chapter, we simply let γDi,j = 1
|D| if i /∈ D and i 6= j or if M + 1 ∈ D and i = j = M + 1.
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6.5.3 Expected Revenue per State with Arbitrary Propagation

For a given state x ∈ S, we compute the expected revenue per agent under the underlying

Markov chain governing SSM dynamics. We denote this quantity by rev(x) ∈ RM+1,

where rev(x)i denotes the expected revenue of mi when the system is in state x ∈ S.

In order to compute these quantities, it will be useful to define the expected revenue

all agents obtain when there is an arbitrary tie involving a set D ⊆ [M ] of miners. As

we have seen in state transitions, for a given x ∈ S, ties can involve either agents with

a private lead of 1 or agents with a private lead of 2. We denote the expected revenue

all agents receive when a tie of D ⊆ [M ] miners with private lead of i = 1, 2 occurs by

Ti(D) ∈ RM+1:

• T1(D) =
∑M+1

i=1 αi

(∑
j∈D γ

D
i,j(ei + ej)

)
.

• T2(D) =
∑M+1

i=1 αi

(∑
j∈D γ

D
i,j(ei + 2ej)

)
.

As with state transitions, for a given x ∈ S, we can characterise rev(x) by looking at

Ax and Bx, the indices of strategic miners with a private lead of 1 and 2 respectively.

Case: |Ax| = |Bx| = 0.

In this case, only mM+1 revceives a block if he finds one, which occurs with probability

β and we obtain:

• rev(x) = βeM+1.

Case: |Ax| > 0, |Bx| = 0.

In this case, blocks are only won in the event of a tie, which in turn only happens if

mM+1 originally finds a block with probability β. In such a case, there is a tie amongst

the indices Ax ∪ {M + 1}. Overall, this yields:

• rev(x) = β ((T1(Ax ∪ {M + 1})).

Case: |Ax| = 0, Bx = mj.

In this case, if mj finds a block, he publishes his oldest block as per SSM and thus wins a

block in the turn. If mM+1 finds and publishes a block as per honest mining, mj publishes

his entire chain as per SSM and wins two blocks in the turn. Overall this yields:

• rev(x) = αj(ej) + β(2ej).
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Case: |Ax| ≥ 0, |Bx| > 1.

If any mj such that j ∈ Bx finds a block, by SSM they publish their oldest private block.

Other miners with indices in Bx thus publish their entire private chains of length 2, and

consequently mj publishes his entire private chain of length 2 (relative to the original

fork so still longer than all other private chains), winning 3 blocks overall. If any mi

such that i /∈ Bx finds a block, they simply keep it private as per SSM and no blocks are

definitively won. Finally, if mM+1 finds a block with probability β, then all mj such that

j ∈ Bx publish their private chains and a tie ensues amongst these agents, which results

in T2(Bx) expected revenue for all miners. Overall, this results in:

• rev(x) =
∑

j∈B αj(3ej) + βT2(Bx).

Case: |Ax| > 1, Bx = mj.

If mM+1 finds a block with probability β, mj sees his lead diminished and publishes his

entire private chain, thus winning two blocks. If any mi such that i /∈ Bx finds a block,

they simply keep it private as per SSM and no one immediately wins blocks. Finally,

if mj finds two blocks in a row he publishes a prefix of his private chain and wins two

blocks (transitioning to state 2ej in the process). If mj finds a block (thus leading him

to publish his oldest private block as per SSM), and subsequently any other miner finds

the next one, mj sees his lead diminished and publishes his entire private chain, winning

3 blocks overall. Overall, we obtain:

• rev(x) = β(2ej) + α2
j (2ej) + αj(1− αj)(3ej).

6.6 To SSM or not to SSM? A Revenue Analysis

Although our Markov chain analysis gives us a closed-form solution for the relative rev-

enue of both strategic miners when using SSM, the expression is unwieldy. We can

however explicitly solve the expression for specific hash values, α1 and α2 and use these

values to describe a two-player, binary action game governing the decision as to whether

a player employs SSM or not.

Suppose that α = (α1, α2) ∈ H2 describes the hash rates of both strategic miners. We

let RSSM(α) = RSSM((α1, α2)) ∈ [0, 1]3 be the revenue ratios of all miners (including the

honest miner m3) when both strategic miners employ SSM. Specifically, RSSM(α)i is the

revenue ratio of mi for i = 1, 2, 3. With this in place we can define a two-player binary

action game governing the incentives behind employing SSM or not for m1 and m2.
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Definition 6.1 (Two-player SSM Games). Suppose that α = (α1, α2) ∈ H2 is a strategic

hash distribution. We define the SSM Game, Gα as a two-player binary action game. In

Gα each strategic miner has a binary action set {H,S} ∼= {0, 1}, where H ∼= 0 represents

mining honestly and S ∼= 1 represents employing SSM. We define the utilities of all pure

strategy profiles as follows:

• U1(H,H) = α1, U2(H,H) = α2.

• U1(H,S) = α1

1−α2
RSSM((0, α2))3, U2(H,S) = RSSM((0, α2))2.

• U1(S,H) = RSSM((α1, 0))1, U2(S,H) = α2

1−α1
RSSM((α1, 0))3.

• U1(S, S) = RSSM(α)1, U2(S, S) = RSSM(α)2.

For notational convenience, we interchangeably denote a pure strategy profile of all players

by either a tuple, as in (H,H) for both miners employing honest mining, or a string, as

in HH.

As a first region of interest, in Figure 6.5 we display hash rates where U1(S, S) <

U1(H,H) < U1(S,H). For such α, although SSM may be unilaterally rational for the

first strategic miner, a larger miner can penalise the first strategic miner for deviating from

the honest protocol by retaliating with SSM. As a specific example of this phenomenon,

let us consider the hash distribution α = (0.33, 0.48) which leads to Gα with utilities

summarised in Table 6.2. The second, larger, strategic miner m2 can retaliate from SH

by deviating to SS, in which case m1 is worse off by approximately 0.04 in utility than

if he had mined honestly at the outset.

Table 6.2: Example of Gα where m2 can retaliate against SH
α = (0.33, 0.48) HH HS SH SS

U1 0.33 0.26794954 0.35517387 0.29387121
U2 0.48 0.57777649 0.46196499 0.61890781

Now that we have defined the game Gα, it is natural to ask about what equilibria

it has. Our results suggest that for all values of α ∈ H2, Gα has at least one pure

Nash equilibrium (PNE), so that if we let PNE(G) denote the PNE of a given game G,

PNE(Gα) 6= ∅ for α ∈ H2. In the first image of Figure 6.6 we show which regions of H2

demonstrate different combinations of PNE. For the most part, hash rates lead to a single

PNE in Gα, with distinct regions where each pure strategy profile (HH,HS, SH, and

SS) occurs as a sole equilibrium. The most interesting observation however, is that for α
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Figure 6.5: Hash rates where U1(S, S) < U1(H,H) < U1(S,H) and subsequent penalty
values given by U1(S, S)− U1(H,H).

Figure 6.6: PNE types and the welfare surplus of SS over HH for m1 when both are PNE.

roughly in the region [0.2, 0.27]2, PNE(Gα) = {HH and SS}. For all of these hash rates,

SS Pareto dominates HH as it results in more utility for both agents involved. As a

concrete example, consider Gα for α = (0.24, 0.24) with utilities in Table 6.3. Clearly HH

and SS are PNE in Gα, and the utility surplus between SS and HH is approximately

0.02 for m1 and m2.

Table 6.3: Example of Gα with HH and SS as PNE
α = (0.24, 0.24) HH HS SH SS

U1 0.24 0.24293956 0.23069139 0.25911617
U2 0.24 0.23069139 0.24293956 0.25911617

The second image in Figure 6.6 focuses on [0.2, 0.27]2 ⊂ H2 and visualises the difference

in utility between SS and HH for m1. The difference in utility for m2 is symmetric since

Gα is an anonymous game, meaning the role m1 and m2 can be interchanged.
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Figure 6.7: Hash rates where the profitability threshold of SSM is reduced.

Interestingly, there are hash rates α ∈ H2 where SS is an equilibrium, yet SH is

not profitable relative to HH for m1. This means that the existence of another strategic

miner can make mining with SSM profitable and stable for m1 whereas this is not the

case when m1 with hash power α1 is the only strategic miner in the system. For these

α we say the profitability threshold of SSM has decreased. The set of α ∈ H2 such that

the profitability threshold of SSM decreases is graphed in Figure 6.7. Furthermore, there

are hash rates in this region where SS is the only PNE, such as α = (0.235, 0.345) which

leads to Gα with utilities in Table 6.4.

Table 6.4: Example Gα where SSM Profitability Threshold Decreases
α = (0.235, 0.345) HH HS SH SS

U1 0.235 0.22352621 0.22418585 0.23160125
U2 0.345 0.37698013 0.34987697 0.42917647

The logical next step is to ask about mixed Nash equilibria inGα, however the meaning

of mixed strategies is not well-suited for selfish mining attacks. For example, what would

the mixed strategy 0.2H + 0.8S represent? One interpretation could be a randomised

commitment, where with probability 0.2 a miner commits to H and with probability 0.8

a miner commits to SSM. This however does not make much sense for selfish mining

attacks, since their profitability takes time (due to adjustments in the block difficulty of

the system), meaning that an opposing agent would have ample time to perform a best

response to the realised commitment over the initial randomisation.
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Another approach is to have 0.2H+0.8S mean that a miner partitions his hash power

into honest mining and SSM mining and commits to this partition henceforth. Although

utilities of mixed strategies do not directly correspond to convex combinations of utilities,

we use this approach to study an extended action space for miners.

6.7 Partition Games and Strong Stackelberg Equi-

libria

As mentioned at the end of the previous section, we also study incentives when miners

are given a richer set of pure strategies beyond that of choosing between honest mining

and SSM. In particular, we now allow a given miner with hash power αi to partition his

computational power into a portion following SSM and a portion using honest mining.

Before continuing we also clarify notation: for x, y ∈ Rn, we use x ◦ y to denote the

Hadamard product of x and y.

Definition 6.2 (Two-player Partition Games). Suppose that α = (α1, α2) ∈ H2 is a

strategic hash distribution. We define the Partition Game, GP
α , as a two-player game,

where each player has the same action set [0, 1], representing the proportion of their hash

power dedicated to employing SSM. For a given pure strategy profile s = (s1, s2) ∈ [0, 1]2,

we define the utilities of GP
α as follows:

• U1(s1, s2) = s1RSSM(s ◦ α)1 + (1− s1) (1−s1)α1

1−s·α RSSM(s ◦ α)3.

• U2(s1, s2) = s2RSSM(s ◦ α)2 + (1− s2) (1−s2)α2

1−s·α RSSM(s ◦ α)3.

In Figure 6.8, for α = (0.46, 0.25) we graph the pure strategy utilities of m1 and m2

as a function of s ∈ [0, 1]2. The most glaring observation is that for fixed s−i, Ui(si, s−i)

is a convex function of si, attaining local maxima at si = 0 and si = 1. This is clear

from the fact that the blockchain eventually has one common history, so both sides of a

miner’s partition inherently compete with one another.

Game theoretically, this means best responses for any mi are always from the set

{0, 1}. Immediately, this tells us that the set of pure Nash equilibria of GP
α are the same

as those in Gα, since GP
α restricted to pure strategy profiles in {0, 1}2 is isomorphic to Gα

(recall that H ∼= 0 and S ∼= 1 in Gα). It may thus seem the augmented strategy space

of GP
α buys us nothing. However, if we treat GP

α as a leadership game, where m1 gets to

commit to a pure strategy, s1, to which m2 retaliates, then we get a different story.

To formally treat GP
α as a leadership game, we let m1 be the leader and m2 the follower.

For a given pure strategy s1 ∈ [0, 1] of m1, we let BR(s1) denote the best response m2

has to s1. Since we have observed that best responses for any mi are always from the
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Figure 6.8: Utilities in GP
α for α = (0.46, 0.25).

set {0, 1}, it follows that BR(s1) = argmaxx∈{0,1}U2(s1, x). If U2(s1, 0) = U2(s1, 1), then

we let BR(s1) = argmaxx∈{0,1}U1(s1, x), so that m2 breaks ties in favour of m1. The

value of commitment s1 for m1 is denoted by v1(s1) = U1(s1, BR(s1)) and for the value

of commitment s1 for miner 2 is denoted by v2(s1) = U2(s1, BR(s1)).

In a leadership game, a common solution concept is that of a Strong Stackelberg

Equilibrium (SSE), which is a strategy pair (s∗1, s
∗
2) such that s∗1 ∈ argmaxxv1(x) and

s∗2 = BR(s∗1). This can be seen as a subgame perfect equilibrium of GP
α , or the optimal

commitment under v1. Furthermore, we let SSE(G) denote the SSE of a game G.

In Figure 6.9 we graph (optimal) commitment values for m1 at the SSE of GP
α for dif-

ferent values of α ∈ H2. Furthermore, we graph the value of these optimal commitments

when compared to utility players obtain at their respectively optimal PNE of Gα at the

given hash rate.

6.7.1 Non-trivial SSE

Since GP
α can be seen as an augmented action space to Gα, we categorise α ∈ H2 depend-

ing on how the sets PNE(Gα) = PNE(GP
α ) and SSE(GP

α ) compare.

Definition 6.3 (Commitment/SSE Types). For every α ∈ H2 we associate a commit-

ment type denoted com(α) ∈ {0, 1, 2, 3} defined as follows:

• If SSE(GP
α ) = PNE(Gα), then we define com(α) = 0.

• If SSE(GP
α ) ⊂ PNE(Gα), then we define com(α) = 1.

• If SSE(GP
α ) 6⊂ PNE(Gα), and ∃s∗ ∈ SSE(GP

α ) such that s∗1 ∈ {0, 1}, then we define

com(α) = 2.

• If SSE(GP
α ) 6⊂ PNE(Gα), and 6 ∃s∗ ∈ SSE(GP

α ) such that s∗1 ∈ {0, 1}, then we define

com(α) = 3.
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If com(α) = 0 we say α ∈ H2 gives rise to a trivial commitment and that the collection

of SSE in GP
α are trivial. Accordingly, if com(α) 6= 0, we say α gives rise to a non-trivial

commitment and the collection of SSE in GP
α is non-trivial. Furthermore, we also say

that if α ∈ H2 is such that com(α) = i, then all s∗ ∈ SSE(GP
α ) are of type i as well. In the

two-miner scenario, we make the following observations about α ∈ H2 with non-trivial

commitment types:

• com(α) = 1 occurs at hash values such that the PNE of Gα are HH and SS.

m1 commits to S to nudge the system to converge to the SS equilibrium which

Pareto-dominates HH in Gα.

• com(α) = 2 occurs at hash rates where there is one SSE of GP
α , s∗ = (s∗1, s

∗
2) ∈

{0, 1}2, yet s∗ does not correspond to a PNE of Gα. s∗ is unstable in Gα from

the perspective of m1, who would prefer deviating from s1 when pitted against s2.

These SSE make use of the sequentiality of GP
α but not of the extended action space

given by partitioning.

• com(α) = 3 occurs at hash rates such that HS is the only PNE of Gα, but where

α is close to the region in H2 where SS arises as the sole PNE of Gα. At these

values, m2 only slightly prefers SH to SS, hence m1 can bait m2 into playing S by

reserving a small portion of hash power to mine honestly.

For any non-trivial SSE, v1(s∗1) is lower bounded by the lowest-utility m1 obtains

amongst PNE in Gα. On the other hand, if com(α) = 1, 3, the SSE of GP
α are such that

v1(s∗1) is strictly greater than the highest utility m1 obtains amongst PNE in Gα. This

strict surplus in utility is visible in the latter graphs of Figure 6.9, and we can see that

these non-trivial commitments also benefit m2 in spite of being the follower.

6.7.2 Plots of Non-Trivial SSE by Type

We now focus on plotting optimal H2 that exhibit SSE of types 1, 2 and 3. For SSE of

type 1, it suffices to look at Figure 6.6 and Table 6.3 for visualisation of the benefit of

SSE over PNE (Since it is just the difference in welfare between PNE in this case).

As for SSE of type 2, these are plotted in more detail in Figure 6.10. For these values

of α, we can see that HH is the only PNE in Gα, but SS is the SSE of GP
α , which is

forcibly unstable in the one shot game, Gα, as m1 prefers HS to SS. Table 6.5 shows

the utilities for Gα at a specific value of α exhibiting this behaviour. Note that in this

example, the leader, m1, has a hash rate of α1 = 0.2, at which normally they would not

be incentivised to unilaterally employ SSM in the one-shot SSM game. The power to

commit makes SSM viable at smaller hash rates than in the one-shot game.
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Figure 6.9: SSE types for m1, optimal commitments for m1, and relative surplus of SSE
against best PNE for m1 and for m2 respectively.

Table 6.5: Example Gα where the SSE in GP
α is of type 2

α = (0.2, 0.225) HH HS SH SS

U1 0.2 0.20352746 0.18016529 0.20179681
U2 0.225 0.21133109 0.23057851 0.23905979

Figure 6.11 focuses on hash rates where SSE are of type 3. Furthermore, Figure 6.12

looks specifically at α = (0.431, 0.239), which is a hash rate such that GP
α has an SSE of

type 3, and graphs utilities and best responses as a function of the leader commitment

in GP
α . This gives a better way of visualising how s1 = 0.98 is an optimal commitment

where m2 is rendered indifferent between S and H.

6.8 Game-theoretic Formalism for M > 2 Strategic

Miners

Our analysis from Section 6.4.2 extends in a straightforward fashion to when there are

M > 2 strategic miners. Consequently, for any hash distribution α ∈ HM , we can

compute RSSM(α) ∈ [0, 1]M+1, the revenue ratio of all M strategic miners and all other

honest miners, when all strategic miners of hash power αi employ SSM. In this section, we
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Figure 6.10: Optimal Commitments for m1, as well as SSE surplus against best PNE for
m1, and for m2 respectively in the region [0.185, 0.2] × [0.21, 0.27]. This region exhibits
SSE of type 2.

Figure 6.11: Optimal Commitments for m1, as well as SSE surplus against best PNE for
m1, and for m2 respectively in the region [0.2, 0.5]× [0.19, 0.28]. This region exhibits SSE
of type 3.
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Figure 6.12: Partition Game Analysis for α = (0.431, 0.239). The top left image plots
follower utilities when playing H or S against a leader commitment partition. The bottom
left image plots follower utility when best responding to a leader commitment. The best
response at a given commitment dictates which of the two utilities the leader obtains in
the top right plot. Putting everything together, the bottom right plot gives the value of
a leader commitment (for the leader) as a function of their commitment. Note how this
function is maximised at approximately 0.98, where the follower is indifferent between H
and S.
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extend the game-theoretic formalism of Section 6.4.2 to to study incentives when M > 2

strategic miners interact.

6.8.1 To SSM or not to SSM in the Multiplayer Setting

We recall that Section 6.4.2 introduced SSM games, a family of binary action games

Gα that governed the incentives behind choosing to employ SSM or honest mining. We

extend this game to the multiplayer setting in a natural way. Suppose that α ∈ HM is a

hash rate of all strategic miners. Once again, we let RSSM(α) ∈ [0, 1]M+1 be the revenue

ratios of all miners. Just as before, RSSM(α)i is the relative revenue of mi.

Definition 6.4 (Multi-player SSM Games). For every α ∈ HM , we define the SSM

Game, Gα as a M-player binary action game. Each strategic miner has a binary action

set {H,S}, where H represents mining honestly and S represents employing SSM. For

convenience, we associate this action space with {0, 1}M , where action 0 denotes honest

mining and action 1 denotes employing SSM. In order to specify utilities, we suppose that

x ∈ {0, 1}M is a pure action profile such that xi = 1 and xj = 0:

• Ui(x) = RSSM(α ◦ x)i.

• Uj(x) =
αj

1−α·xRSSM(α ◦ x)M+1.

Penalising Coalitions

In Section 6.4.2 we explored scenarios where an agent might be unilaterally incentivised to

use SSM, but a second larger agent can retaliate by employing SSM to make the original

agent worse off than when everyone mines honestly. In the multiplayer setting, any subset

of agents can retaliate in a similar fashion, thus we formally define what constitutes a

penalising coalition. In what follows, we use the notation ~χC ∈ {0, 1}M to denote an

indicator vector for a subset C ⊂ [M ].

Definition 6.5 (Penalising Coalition). Suppose that α ∈ HM is a distribution of hash

power amongst M strategic miners. We say that C ⊂ {2, ...,M} is a penalising coalition

for miner 1 if the following hold:

• U1(~χ1) > U1(~0).

• Ui(~χ1∪C) > Ui(~χ1∪C\i) for all i ∈ C.

• U1(~χ1∪C) < U1(~0).

Furthermore, we say that C incurs a penalty of U1(~0) − U1(~χ1∪C) on miner 1 when

retaliating.
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The first condition ensures that miner 1 has a unilateral incentive to deviate and

employ SSM. The second condition ensures that each miner in the penalising coalition is

better off retaliating than defecting from the retaliation (ensuring retaliation is in a loose

sense a credible threat), and finally the third condition ensures that miner 1 is worse off

when being retaliated against than when everyone is honest.

6.8.2 Partition Games in the Multiplayer Setting

In Section 6.7, we introduced the notion of a partition game, GP
α , which extended the

action space of Gα to allow miners to partition their hash power into honest mining and

employing SSM. This definition extends naturally to the M -player case.

Definition 6.6 (Multi-player Partition Games). Suppose that α ∈ HM is a hash distri-

bution for M strategic miners. We define the Partition Game, GP
α , as a M-player game,

where each player has the same action set [0, 1], representing the proportion of their hash

power dedicated to employing SSM. For a given pure strategy profile s ∈ [0, 1]M , we define

the utility of the i-th player in GP
α as follows:

• Ui(s) = siRSSM(s ◦ α)i + (1− si) αi(1−si)1−
∑
αisi

RSSM(s ◦ α)M+1.

Optimal Commitments in GP
α

As in the M = 2 miner case, for any miner i, every action si ∈ (0, 1) is dominated by

either si = 0 or si = 1 if GP
α is treated as a one shot game. The reason for this is that

partitioning hash power results in unnecessary self competition, hence it will never be a

best response to fixed opponent strategies. Consequently, the PNE of GP
α as a one shot

game are identical to the PNE of Gα.

On the other hand, we can once again treat GP
α as a full information sequential game

where m1 commits to a strategy and all other M − 1 players react. The subgame perfect

Nash equilibria (SGPNE) of this game are generalisations of the Stackelberg equilbria of

Section 6.7. The most subtle issue with generalising SSE however arises in tie-breaking.

The assumption in SSE for two player games is that the follower will break ties in favour

of the leader. This is a fair assumption in the two-player setting, because it is often the

case that commitments that lead to indifference in responses are of lower measure than

those that invoke unique best responses. For this reason a leader can commit to strategies

in an arbitrarily small neighbourhood of an SSE to ellicit the desired best response in the

case of a tie for the follower.

In the multi-player setting however, it can be the case that a non-trivial neighbourhood

of leader commitments give rise to subgames with multiple PNE. For this reason it may
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be unfeasible to assume that follower agents converge to a PNE that maximises the

welfare of the leader, as there is nothing in the power of the leader to even approximately

guarantee this behaviour. For this reason, we take a pessimistic approach to SGPNE of

GP
α . In particular, we assume that for a leader commitment, all other agents will settle

on a PNE that minimises welfare for the leader. To be precise, for a given pure strategy

s1 ∈ [0, 1], we let GP
α (s1,−) denote the (M − 1)-player subgame for miners 2, ...,M

conditioned on miner 1 committing to s1. Furthermore, we let WSN(s1) (Worst sub-

Nash) be the lowest utility pure Nash equilibrium of GP
α (s1,−) for miner 1. The value of

commitment s1 in the leadership game GP
α for miner 1 is v1(s1) = U1(s1,WSN(s1)), and

for any other miner i = 2, ...,M , vi(s1) = Ui(s1,WSN(s1)). We call the family of all such

pure strategy profile the collection of Pessimistic Sub-game Perfect Nash Equilibria, (P-

SGPNE). In particular, we are interested in values of α where the set of P-SGPNE of GP
α

result in strictly larger welfare for m1, implying that either the possiblity of commitment

or partitioining strictly benefits m1 in the worst case.

In a similar fashion to the two-player case, we study how different values of α ∈ HM

give rise to different P-SGPNE(GP
α ) vs PNE(Gα) = PNE(GP

α ).

Definition 6.7 (Multiplayer Commitment/ SGPNE Types). Suppose that α ∈ HM , we

classify its commitment type, com(α), depending on the relationship between the sets

P-SGPNE(GP
α ) and PNE(Gα)

• If P-SGPNE(GP
α ) = PNE(Gα), then com(α) = 0.

• If P-SGPNE(GP
α ) ⊂ PNE(Gα), then com(α) = 1.

• If P-SGPNE(GP
α ) 6⊂ PNE(Gα) and ∃s∗ ∈ P-SGPNE such that s∗1 ∈ {0, 1}, then

com(α) = 2

• If P-SGPNE(GP
α ) 6⊂ PNE(Gα) and @s∗ ∈ P-SGPNE such that s∗1 ∈ {0, 1}, then

com(α) = 3.

As in the two-player case, if com(α) = 0 we say α ∈ HM gives rise to a trivial

commitment and that the collection of P-SGPNE in GP
α are trivial. Accordingly, if

com(α) 6= 0, we say α gives rise to a non-trivial commitment and the collection of P-

SGPNE in GP
α is non-trivial. Furthermore, we also say that if α ∈ HM is such that

com(α) = i, then all s∗ ∈ P-SGPNE(GP
α ) are of type i as well.
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6.9 Visualising Incentives of M = 3 Strategic Miners

In order to visualise results for M = 3 miners, we fix the hash rate of the third player, α3

and repeat our analysis for Section 6.4.2 when α1 and α2 are allowed to vary. We observe

qualitative difference in the family of games Gα for four different regions of α3 values:

R1 = [0, 0.17], R2 = [0.175, 0.203], R3 = [0.208, 0.27] and R4 = [0.274, 0.5].

6.9.1 Pure Nash Equilibria in Gα

As mentioned in the previous section, our results show four main regimes of results as

a function of α3. In terms of PNE, when α3 ∈ R1, H strictly dominates S for miner 3,

hence the three player games Gα and GP
α reduce to a two player game conditioned on

player 3 playing H. For α3 ∈ R2, we see the emergence of SSS as a PNE near the centre

of the hash space, and the size of this region grows as a function of α3. For α3 ∈ R3, SSS

is still a PNE for central values of α, however we see the emergence of distinct regions

where SHS and HSS are PNE. Finally, when α3 ∈ R4, S strictly dominates H for player

3, and once again Gα and GP
α reduce to subgames conditioned on miner 3 playing S.

In Figure 6.13, we visualise this phenomenon by picking representative values of α3

in R1, R2, R3 and R4 and graphing regions where distinct PNE occur in Gα as well as the

difference in welfare between the best and worst PNE for each player respectively.

6.9.2 SSM Profitability Threshold Diminished

As in the two-player case, we find that there are hash rates where m1 is not unilaterally

incentivised to employ SSM, yet there exist equilibria where m1 employs SSM. In Figure

6.14 we visualise the hash rates where this happens for all Ri relevant regions of α3 values.

In particular, for α3 values in R2, R3 and R4, we see that the emergence of SSS as a PNE

can occur when m1 has much smaller hash power than the 0.26795 necessary to make

SSM profitable unilaterally.

6.9.3 Optimal Commitments

As mentioned in Section 6.8, we treat GP
α as a full information sequential game where m1

commits to a strategy and all other miners subsequently act. We recall that for a given

pure strategy commitment s1 ∈ [0, 1] for m1, the worst Nash equilibrium of the resulting

subgame Gα(s1,−) for m1 (so in terms of U1) is denoted by WSN(s1). In addition,

vi(s1) = Ui(s1,WSN(s1)) for i = 1, ...,M , denotes the utility obtained by each miner at

(s1,WSN(s1)).
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Figure 6.13: PNE for α3 ∈ {0.14, 0.2, 0.22, 0.36}. For the areas that have multiple PNE,
the difference in welfare at the best PNE and worst PNE for miner 1 and miner 3 are
mapped in the second and third rows respectively. Since Gα is an anonymous game, the
difference in welfare for miner 2 is the same as that of miner 1 reflected about the axis
y = x.

Figure 6.14: Profitability Threshold Diminished for α3 ∈ {0.14, 0.2, 0.22, 0.36}
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For α3 ∈ R1, R2, R3, R4, we look at what values of s1 optimise v1(s1) as optimal

commitments from the leader of GP
α , m1. As mentioned in Section 6.8, any s∗ =

(s∗1,WSN(s∗1)) that optimises v1 is necessarily a (pessimistic) subgame perfect Nash equi-

librium. In Figure 6.15 we plot these optimal commitments with fixed α3 as a function

of (α1, α2). Furthermore, we also plot com(α) as per Definition 6.7, and the subsequent

surplus between v1 at the aforementioned pessimistic SGPNE and the worst lowest utility

PNE for m1. Similar observations can be made as in the two-player case of Section 6.7:

• When com(α) = 0, pessimistic SGPNE of GP
α are identical to PNE of Gα, so the

ability to partition and the ability to commit to strategies do not give m1 an undue

advantage in the worst case.

• When com(α) = 1 it is generally the case that Gα has multiple PNE, and the

commitment of m1 “nudges” other players to a PNE that Pareto-dominates the

worst PNE in Gα.

• The only exception to the previous observation is the left-most region of com(α) = 1

when α3 = 0.2 is fixed (second column of Figure 6.15). In this area, the optimal

commitment for m1 is s1 = 0. In response to this, the subgame Gα(0,−) only has

HH as a PNE. As a consquence, the only pessimistic SGPNE at these α values is

(0, 0, 0), yet both (0, 0, 0) and (1, 1, 1) are PNE in Gα. The reason for this however,

is that if we consider the commitment s1 = 1 (i.e. m1 employing SSM), then

Gα(1,−) actually has two PNE: HH and SS. The worst of these two equilibria

however is HH, and thus the strategy profile (1,WSN(1)) = (1, 0, 0), which is

strictly worse than (0, 0, 0) fpr m1.

• When com(α) = 2 there exist pessimistic SGPNE, s∗ = (s∗1,WSN(s∗1)) /∈ PNE(Gα)

such that s1 ∈ {0, 1} and s∗1 is not a best response to WSN(s∗1) for m1.These non-

trivial commitments make use of sequentiality of GP
α but not of the augmented

action space granted by partitioning.

• When com(α) = 3, m1 has enough hash power that PNE(Gα) only has strategy

profiles that exemplify m2 and m3 being disincentivised to use SSM. That being

said, at these values of α, m2 and m3 are almost indifferent between employing

SSM and honest mining (hence the reason com(α) = 3 occurs along boundaries of

where PNE(Gα) changes values), hence m1 can bait them into employing SSM by

judiciously giving away some hash power to honest mining in a partition.
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Figure 6.15: Optimal m1 commitment for α3 ∈ {0.14, 0.2, 0.22, 0.36}, commitment types,
and utility surplus in P-SGPNE vs. worst PNE for m1.

6.9.4 Penalising Coalitions

In Figure 6.16 we plot hash rates where there exist penalising coalitions against miner

1 along with the smallest given penalty they can incur on miner 1. Furthermore, in the

top row of the plot, we specify precisely which coalitions C ⊂ [2, 3] satisfy the conditions

of Definition 6.5. The plots show that for α3 ∈ {0.14, 0.36} there is only one kind

of penalising coalition (C = {2} or C = {3} respectively), but for α3 ∈ {0.2, 0.22},
C = {2}, {3} and {2, 3} are all penalising coalitions at different hash rates and for some

values of α.

6.10 Visualising Incentives of M > 3 Strategic Miners

When M > 3 it becomes difficult to visualise how aspects of Gα and GP
α precisely vary

with α. That being said, we do find very similar structures as in the M = 2 and M = 3

case, such as: penalising coalitions, existence of PNE, and for some regions multiple

PNE, in Gα, non trivial commitments in GP
α , and finally, hash rates α where the SSM

profitability threshold decreases with the existence of other strategic miners. We expand

upon this final point to specifically see how the number of strategic miners M affects the

profitability threshold of SSM.
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Figure 6.16: All Penalising Coalitions for miner 1 when α3 ∈ {0.14, 0.2, 0.22, 0.36}, and
the smallest penalty they incur.

6.10.1 Decreasing SSM Profitability Threshold

To study the effect of the number of miners on the profitability threshold of SSM, we

define the following:

Definition 6.8 (Uniform Profitability Threshold for SSM). For M ≥ 1 miners we say the

uniform profitability threshold for SSM is the smallest η ∈ [0, 1] such that α = η~1 ∈ HM

and ~1 ∈ PNE(Gα) (all players employing SSM is a PNE in Gα).

With our methods from Section 6.8, we can approximate the uniform SSM profitabil-

ity threshold for various values of M . In particular, Figure 6.17 shows these threshold

values for M = 1, ..., 8. Furthermore, the second plot takes the uniform SSM profitability

threshold, η, and for α = η~1, computes the utilities of both ~0 and ~1 which are both PNE

in Gα. Interestingly, for M = 1, .., 8, not only does the uniform profitability threshold de-

crease as a function of M , but all miners employing SSM is a PNE that Pareto dominates

all miners being honest. These results thus show that the presence of multiple strategic

miners may have more of an impact on the stability of Bitcoin than previously thought.

6.11 Conclusion and Future Directions

In this chapter we have described a specific miner strategy, semi-selfish mining (SSM) that

is a truncated variant of Selfish Mining (SM). SSM has the benefit of being a profitable

strategy for large enough miners (in the same way as SM), and also structured enough for

us to explicitly solve for relative revenues when more than one strategic miner employs

SSM. With this in hand, we have been able to use a game-theoretic lense to glean some

information on miner incentives when more than one miner is strategic within the bitocin

system.
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Figure 6.17: Upper bounds on the uniform profitability threshold for SSM as a function
of the number of strategic miners. We also plot the welfare of ~1 (all SSM) versus ~0 (all
honest).

In particular, for any α ∈ HM , we define the SSM game Gα which governs strategic

miner incentives in choosing to employ SSM or mine honestly, and the partition game

GP
α , which extends the action space of Gα to allow miners to partition their hash power

between honest mining and SSM. For M > 1 strategic miners we find the following main

takeaways from studying Gα and GP
α :

• All α ∈ HM seem to lead to Gα with pure Nash equilibria. Furthermore, there are

regions in HM such that Gα has multiple PNE.

• A single miner might prefer to use SSM over honest mining in Gα, but there can

exist a coalition of miners who may retaliate against this action and punish the

original SSM miner into receiving less utility than their hash power.

• Though the set of PNE in GP
α is identical to those of Gα, when treating GP

α as a

sequential game leads to non-trivial commitments, some of which involve a miner

employing SSM even though SSM is not rational in the one-shot SSM game.

• Finally, there exist hash rates, α ∈ HM such that m1 does not unilaterally prefer to

employ SSM, but some PNE of Gα includes m1 employing SSM, effectively reducing

the profitability threshold of SSM and consequently affecting the stability of Bitcoin.

The action spaces in Gα and GP
α may seem limited due to the fact that they only

interpolate between honest mining and SSM, but there is nothing barring a variant Gα

and GP
α from studying the choice of employing other subversive mining strategies over

honest mining. In fact, Gα and GP
α can be defined by using empirical estimates to steady

state payoffs instead of closed form solutions, which could glean some information into

how mining dynamics change when a larger palette of subversive strategies is available to
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interdependent strategic miners. In fact, GP
α could be extended so that the action space

of miners is no longer simply partitioning mining power between honest mining and SSM,

but any partition of mining power amongst a given list of subversive mining strategies.

In addition, the fact that penalising coalitions exist hints at the possibility of modelling

such structures in a repeated game framework. The issue of course comes in modelling

how much utility a penalising coalition gains in maintaining everyone honest, but there

could be interesting subgame perfect Nash equilibria in an appropriate model. Finally,

along the same vein of penalising coalitions, there is also scope for a more fine-grained

cooperative game theoretic analysis of SSM and Partition games.
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Chapter 7

RPPLNS: Pay-per-last-N-shares
with a Randomised Twist

In this chapter we present a novel twist to the already popular “Pay-per-last-N -shares”

(PPLNS) mining pool scheme used by the majority of the Bitcoin network. By suitably

randomising PPLNS we are able to maintain its strengths (fairness, variance reduction,

robustness to pool hopping) while reducing the underlying memory usage of the protocol

and proving robustness guarantees against a richer class of strategic mining than before.

7.1 Introduction

In Bitcoin’s proof-of-work (PoW) consensus protocol, the miner is essential. These agents

take upon themselves the task of maintaining the ledger of transactions that form the

foundation of Bitcoin. This upkeep is not done out of good will however, as the judi-

cious design of Bitcoin pays miners for their efforts, with the aim of incentivising honest

behaviour. Bitcoin dynamically adjusts its difficulty, and as mining becomes more spe-

cialised, miners find that the variance in their rewards is undesirably high (indeed mining

a single block on a small CPU could take years in expectation). For this reason, min-

ing pools have emerged as a way of reducing payoff variance, as miners pool together

resources and distribute earnings accordingly.

Given the existence of pools, however, the choice of which payment protocol to use

becomes an important mechanism design problem, as any such choice directly affects pool

miner behaviour. As of now, the most popular pool payment protocol is Pay-per-last-

N-shares (PPLNS), in which a pool manager maintains a queue of the N most recently

reported shares (near misses to the hash threshold of the protocol), and if a block is found

by the pool, its reward is distributed evenly amongst the miners who own those N most

recent shares. The popularity of PPLNS can be attributed to the following properties:
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• Fairness: PPLNS miners earn the same block reward in expectation than solo

mining.

• Variance reduction: PPLNS miner earnings have lower variance than in solo mining.

• Robustness against Pool-hopping: Unlike other payment schemes (such as propor-

tionally paying per share), there are no “beneficial” states of the pool where miners

are better off expending their computational resources in another PPLNS pool.

In this work, we present a novel stochastic twist to PPLNS which we call Randomised

PPLNS (RPPLNS). We show that RPPLNS enjoys the same aforementioned benefits of

PPLNS, in addition to the following:

• Robustness against a richer class of strategic mining.

• An exponential reduction in the protocol state space.

The main structure of the chapter is as follows: in Section 7.2 we define a formal

framework for pool mining protocols that encompasses PPLNS and RPPLNS in a lan-

guage that is amenable to a rigorous mathematical analysis of their properties. Section

7.3 holds the key results of the chapter, where we describe RPPLNS and prove its desir-

able properties. In Section 7.5 we theoretically justify scenarios when strategic hoarding

of blocks occurs in both PPLNS and RPPLNS. Finally, in Section 7.6 we describe possible

further areas of research.

7.2 State Machine Mining Pools

In this section we describe a broad class of pool payment mechanisms that encompass

many of the most popular pool payment schemes in use today. In general, a pool prepares

blocks in advance to send to its pool miners, and pool miners try different nonce values

in an attempt to obtain a valid block (with a low enough hash value) that will reward

the pool with BTC to be redistributed to pool miners.

7.2.1 Partial Proof-of-Work

As mentioned before, when mining solo (not as a part of a pool), miners obtain an

expected reward proportional to their hash power. In order to maintain fairness, a pool

needs a proxy to measure the computational resources a miner is contributing to the pool’s

operations. This is done by allowing pool miners to send the pool operator near-misses

to the Bitcoin difficulty threshold.
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Definition 7.1 (Valid Shares/Blocks). For a given value D ≥ 0 and Bitcoin difficulty

threshold τ ≥ 0, we say that a block attempt B is a valid share if H(B) ≤ D · τ , where

H(B) is the hash of the block. If H(B) ≤ τ , we say the block is valid (or simply call it a

block rather than a share if the context is clear).

Thus the first choice of a pool is which difficulty parameter, D, it uses for the definition

of its valid shares. Note also that valid blocks are themselves considered to be valid shares

as well.

7.2.2 Full Generality of Mining Pool Rules

In our full exposition of mining pool rules, we assume the following: that there are n inter-

pool strategic miners, m1, ...,mn, and one honest extra-pool miner, m0. Furthermore, we

define Ms = {(i, 0) | i ∈ [n]} and Mb = {(i, 1) | i ∈ [n]} such that M = Ms∪Mb∪ (0, 1) is

the set of all valid messages that can be sent to the mining protocol. At any given moment,

a message x ∈M is sent to the pool. If x = (i, 0) ∈Ms, then miner i has reported a share

to the mining protocol and if x = (i, 1) ∈Mb∪(0, 1), then miner i has reported a block to

the mining protocol1. In what follows, we also let ∆k = {~x ∈ Rk | xi ≥ 0, and
∑
xi = 1}

be the k-dimensional simplex.

Definition 7.2 (State Machine Mining Pool). We say that M = (D,T, S, P ) is a state

machine mining pool protocol where:

• D is the share difficulty.

• S is a discrete state space with a distinguished initial state, s0 ∈ S.

• T : S ×M → S is a state transition function.

• P : S ×Mb → ∆n is a payment function.

The above definition gives rise to two simple payment dynamics which we will shortly

define. Interpool miners report shares or blocks to M which update the internal state

s ∈ S ofM via T . If ever an inter-pool miner reports a valid block via a message x ∈Mb,

then one of two scenarios happens: In a push-pay pool,M transitions to state s′ = T (s, x)

first and subsequently re-distributes block reward to miners via P (s′, x) (block rewards

are normalised to 1 unit), and in a pay-push pool, M re-distributes block reward to

miners via P (s, x) and then transitions to s′ = T (s, x). Finally, if an extra-pool miner

finds a block (which is visible to M by virtue of folllowing the global blockchain), then

1m0 only sends block messages to the pool due to the fact that the concept of a share only makes sense
for inter-pool miners. On the other hand, a block message from m0 corresponds to the pool becoming
aware of said block on the global blockchain itself.
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M transitions to state T (s, (0, 1)). In what follows we cast common mining pool schemes

as state machine mining pools. Before doing so, we define what honest miner behaviour

is in state machine mining pools.

Definition 7.3 (Honest Mining). For all pool mining schemes, we say an inter-pool

miner is honest if they mine upon the block given by the pool operator and if they report

shares/blocks immediately. For solo miners, we say they are honest if they publish blocks

they find immediately.

7.2.3 Examples of State Machine Mining Pools

Proportional-per-share (PPS)

PPS mining pools with share difficulty D can be described succinctly as a state machine

mining pool: Mp = (D,Sp, Tp, Pp) with pay-push dynamics. The state space is Sp =

(Z≥0)n with starting state as the zero vector ~0 ∈ Sp. To define transition and payment

functions in what follows, we let ei be the i-th unit vector and I(·) be the indicator

function of its argument (i.e πj(ei) = I(i = j) where πj is the j-th projection of a vector).

Tp(s, x) =


s+ ei, if x = (i, 0) ∈Ms,
~0, if x ∈Mb,

s, if x = (0, 1).

Pp(s, x) =

{
(s+ei)
‖s+ei‖1 , if x = (i, 1) ∈Mb,

~0 otherwise.

Pay-per-last-N-shares (PPLNS)

In PPLNS, pools have an extra parameter, N , designating the length of queue to be used

and they use push-pay dynamics. For this reason, we let MN
PPLNS = (D,S, T, P ) be the

specific protocol for a given value of N .

• S = ({∗} ∪ [n])N . Here “∗” represents an empty value while the queue is filled in

the first N messagesMN
PPLNS receives. The queue is filled from the left to the right

and the starting state is s0 = (∗)Ni=1.

• for x = (i, b) ∈Ms ∪Mb, T (s, x) = i : s<n, which is the concatenation of i with the

first n− 1 elements of s. T (s, (0, 1)) = s.

• P (s, x)i =
|{j | T (s,x)j=i}|

N
.
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Figure 7.1: A single transition of state for PPLNS. Share 3 is pushed into the queue,
causing share 4 at the end of the queue to exit. Upon this transition, all owners of shares
in the queue are paid 1/N per share in the queue.

PPLNS maintains a sliding window history of shares that have been reported to the

pool manager, and whenever a valid block is found, it is pushed into the queue as a share

and then the block reward is distributed evenly amongst the N most recent shares sent

to the pool manager as shown in Figure 7.1.

T (s, x) =

{
(i : s<n), if x = (i, b) ∈Ms ∪Mb,

s, if x = (0, 1).

P (s, x) =


(
|{j | T (s,x)j=i}|

N

)n
j=1

, if x = (i, 1) ∈Mb,

~0 otherwise.

Score-based Rules.

It is clear from Section 7.2.3, that state machine mining pool protocols are able to main-

tain a sliding window of information regarding the most recent shares that are sent to

the pool operator. With minor tweaks to the structure of PPLNS, one can show that a

state machine pool protocol can also maintain information of all shares published between

subsequent blocks found by pool miners. Many score-based protocols take this sequence

of shares between blocks along with time stamps to decide how much to pay each pool

miner, consequently state machine mining pools can also implement general score-based

rules.
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7.2.4 Probabilistic State Machines

Just as before, we assume that there are n inter-pool strategic miners, m1, ...,mn, and

one honest extra-pool miner, m0. In an identical fashion, we let Ms = {(i, 0) | i ∈ [n]}
and Mb = {(i, 1) | i ∈ [n]} such that M = Ms ∪Mb ∪ (0, 1) is the set of all valid messages

that can be sent to the mining protocol. We augment the class of pools we study to

include those with probabilistic state transitions and payments:

Definition 7.4 (Probabilistic State Machine Mining Pool). We say thatM = (D,T, S, P )

is a probabilistic state machine mining pool protocol if the following hold:

• D is the share difficulty.

• S is a discrete state space with a distinguished initial state s0 ∈ S.

• ∀x ∈ M and ∀s ∈ S, T (s, x) is a distribution over S and P (s, x) is a distribution

over ∆m.

As in the deterministic case, the above definition gives rise to two simple payment

dynamics. Interpool miners report shares or blocks to M which stochastically updates

the internal state s ∈ S of M. If ever an inter-pool miner reports a valid block via

a message x ∈ Mb, then one of two scenarios happens: In a push-pay pool, M follows

a stochastic transition governed by T (s, x) to s′ and subsequently re-distributes block

reward to miners via P (s′, x), and in a pay-push pool, M re-distributes block reward to

miners via P (s, x) and then stochastically transitions to s′ = T (s, x). Once more, if an

extra-pool miner finds a block (which is visible to M by virtue of folllowing the global

blockchain), then M stochastically transitions to state T (s, (0, 1)). With this definition

in hand, we can delve into the definition and study of RPPLNS.

7.3 RPPLNS

Our definition of probabilistic state pool protocols allowed for payments to be stochastic,

but RPPLNS will only need for transitions to be stochastic.

7.3.1 Description of Protocol

As in PPLNS, in RPPLNS pools have an extra parameter, N , designating the size of bag

to be used and employs push-pay dynamics. For this reason, we let MN
R = (D,S, T, P )

be the specific protocol for a given value of N .
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Figure 7.2: A single turn’s randomised transition for RPPLNS. The pool receives share
3 and pushes it into the bag by randomly selecting an existing share in the bag to kick
out. In this case, share 2 is picked to leave. Upon the randomised push, all owners of
shares in the bag are paid 1/N per share in the bag.

• S = {s ∈ [N ]m |
∑
si ≤ N}. si represents the number of shares that mi owns in

the bag of MR. Furthermore, s0 = ~0 ∈ [N ]m. Note
∑
si < N only occurs for the

first N turns of the protocol while the bag is being filled.

• for s ∈ S and x = (i, b) ∈ Ms ∪Mb, P (T (s, x) = s− ej + ei) =
sj
N

. If
∑
si < N ,

then T (s, x) = s+ ei.

• If x = (i, 1) ∈Mb, then P (s, x)j =
sj+I(i=j)

N
.

Essentially, RPPLNS maintains a bag of N shares that have been reported to the

pool manager. Whenever a share is found, a random bag share is chosen to be displaced

to make room for the new share, and whenever a valid block is found, this randomised

transition is followed by a payment of 1/N for each share that a miner may have in the

bag. This process is visualised in Figure 7.2.

7.3.2 Notation

In the analysis of RPPLNS, it suffices to consider a single strategic inter-pool miner, m0

with hash power α, a single honest inter-pool miner m1 with hash power β, and a single

honest extra-pool miner m2 with hash power γ. Indeed, m1 and m2 could be composed

of multiple honest miners, but if they are honest, we can model their behaviour as that of

a single miner of their aggregate hash power. In addition, to model revenues, we consider

a turn-based process. Every turn, either m0, m1 or m2 find a share with probability α, β

and γ respectively, and each share has a further 1
D

probability of being a full block. We

wish to point out that we say that m2 finds shares in the sense that it computes a block
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with a hash that is a near-miss to the target hash (by a factor of D). m2 does not actually

report this near miss to the pool since it is not a part of the pool. However, m2 does

publish blocks immediately to all agents of the Bitcoin ecosystem, so we consider this as

a message to the pool operator. Finally, since m1 is an honest inter-honest pool miner,

whenever they find a share/block they communicate this immediately to the RPPLNS

pool.

7.3.3 Fairness and Variance Reduction

We show that if m0 is honest, then their expected block reward per turn is precisely α/D.

Since each share has a 1
D

probability of being a block, this coincides with the expected

α block reward m0 would get (per block mined by the system) mining solo. In addition,

we demonstrate that RPPLNS enjoys similar variance reduction in block reward to what

characterises PPLNS.

Theorem 7.1. Suppose that m0 is honest with hash power α, then their expected per-turn

block reward is α
D

in an RPPLNS mining pool. In addition, the variance of their per-turn

block reward is 1
D2 (α− α2) + α

ND

Proof. Suppose that m0 finds a share and sends it to the pool manager. Let X be the

random variable that specifies how much revenue that share makes over its lifetime in

the bag, Z. Since RPPLNS is a push-pay protocol, this means that Z − 1 is a geometric

random variable with mean N − 1, since the first turn a share is sent to the protocol it

is automatically added to the bag and thus elligible for payment, whereas once the share

is kicked out of the bag it is not elligible for the subsequent turn’s payment. At each

turn over the lifetime of the the share in the bag, let Yi be the indicator random variable

for whether any miner in the pool (i.e. m0 or m1) finds a full solution at the i-th turn

(including the initial turn when the share is found, as a share can be a full solution as

well). This means that the revenue of the share at the i-th turn is Yi/N . Consequently,

we get:

X =
Z∑
i=1

(Yi/N).

Clearly each of the Yi is iid, hence we can use Wald’s equation to get

E(X) = E(Z)E(Yi) = (N)(1/ND) = 1/D.

With this in hand, we know that the expected revenue of an honest miner in any given

turn is the previous expression multiplied by the probability of getting a share (including

a share that is a full solution). Thus the expected revenue of the m0 is

E(R0) = α/D.
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As for the second part of the theorem, we wish to compute the variance of X. To do

so, we compute E(X2):

E(X2 | Z) =
1

N2
E

(
Z∑
i=1

Y 2
i | Z

)
.

The inner sum can be expressed as

∑
i<j

E(YiYj) +
Z∑
i=1

E(Yi).

Since these are iid we get (
Z

2

)
1

D2
+
Z

D
.

Thus,

E(X2 | Z) =
Z2 − Z
2N2D2

+
Z

N2D
.

Now we can use the fact that E(Z) = N and E(Z2) = 2N2 −N

E(X2) =
(2N2 −N) +N

2N2D2
+

N

N2D
=

1

D2
+

1

ND
.

Finally, this means that the second moment of the revenue is

E(R2
0) =

α

D2
+

α

ND
,

which in turn tells us the variance is

var(R0) = E(R2
0)− E(R0)2 =

1

D2
(α− α2) +

α

ND
.

In deterministic PPLNS, block reward variance can be computed in an identical fash-

ion, and it is α
2D2 + α

ND
− α2

D2 − α
2ND2 . Typically, pools have N = 2D, in which case the

PPLNS variance becomes 1
D2 (α − α2) − α

4D3 . For this difficulty setting, RPPLNS block

reward variance becomes 1
D2 (α − α2) + α

2D2 . Though this is more than with standard

PPLNS, this still vanishes at the same asymptotic rate of O(1/N2) when N = Θ(D).

7.3.4 State Space Reduction

In this section, we prove that RPPLNS generally results in an exponential reduction in

the state space M needs to implement the protocol.

Theorem 7.2. Suppose that M is a mining pool with m miners. In order to imple-

ment PPLNS with parameter N , M needs at least mN states, whereas M can implement

RPPLNS with parameter N using at most N (N+m−2)m−1

(m−1)!
states.
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Proof. The first part of the theorem is clear from the definition of PPLNS. We focus on

the state that PPLNS needs once the queue is full after the initial N turns. Essentially

M needs to keep track of a sliding window of the ownership of the shares sent to it. Since

the messages sent toM can only come from [m], there are thus mN many such sequences.

As for the second part of the claim, we begin by focusing on the states used once the

bag is full after N turns. We notice that the set of all possible partitions of N bag shares

into m owners is in one-to-one correspondence with non-negative integral points of the

m−1 simplex scaled by a factor of N : N∆m−1 = {x ∈ Rm−1 | ∀i xi ≥ 0, and ‖x‖1 ≤ N}.
In [74], this is shown to be upper bounded by (N+m−2)m−1

(m−1)!
. For the firstN transitions of the

protocol, we notice that the set of all possible partitions of k < N bag shares intom owners

is in one-to-one correspondence with non-negative integral points of k∆m−1 ( N∆m−1,

hence by a union bound we get |
⋃N
k=1 k∆m−1| ≤ N |N∆m−1| ≤ N (N+m−2)m−1

(m−1)!
as desired.

To put Theorem 7.2 into perspective, it is often the case that m << N , so if we let

m = O(1) and consider the cardinality of the state space as a function of N , we get that

for PPLNS this is exponential in N : O(mN) and for RPPLNS this is only polynomial

in N : O(Nm). Similarly, notice in addition to this, how in PPLNS, if M wishes to

communicate to a specific miner the state of his shares, this requires N bits, as the miner

needs to know the position of all his shares in the queue. On the other hand, RPPLNS

only needs to communicate logN bits, due to the fact that it suffices to tell miners how

many shares they have in the bag, as there is no sequentiality in the bag.

7.3.5 Robustness to Pool-hopping

In this section we show that if a miner is given the choice between mining with two

different RPPLNS pools, then in expectation he will always earn the same block reward,

irrespective of the initial state of his shares in each pool and how he may choose to

partition his mining between said pools. In order to prove this, suppose that there is a

single miner m0 of hash power α, and two RPPLNS pools, Mi for i ∈ {1, 2}. Furthermore,

suppose that each Mi has bag size Ni, hash power βi and difficulty Di, so that on average,

Mi mines one block every Di shares.

Previously we studied fairness of a single mining pool, and hence we could model

share/block mining as a turn-based process, where each turn a share is found, and own-

ership is dictated by agent hash rates. Having a turn-based approach with multiple pools

is more fickle however, since pools may have different share difficulties, and hence the

expected duration of such a turn in the continuous-time mining process may be different.

For this reason, in this section we instead consider a continuous-time mining process.
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As is standard, we assume that share/block mining follows a Poisson process. We

further assume that time units are normalised so that the expected time it takes for a

block to be mined by the entire mining ecosystem is one time unit. Given this assumption,

it follows that if a η ∈ [0, 1] proportion of the global mining hash power is dedicated to

Mi for T time units, then in expectation ηDiT shares are found in Mi for i ∈ {1, 2}.
Given these observations, we are in a position to prove that RPPLNS is pool-hop-proof.

Theorem 7.3. Suppose that m0 has Ai shares in Mi for i ∈ {1, 2} at time t = 0.

Furthermore, suppose that {I1, ..., Ik} is an arbitrary finite disjoint collection of closed

intervals of [0, T ], such that I` = [x`, y`], where T is arbitrary as well. Let T2 = ∪ki=1Ii

and T1 = [0, T ]\T2 and suppose that m0 mines for Mi for each Ti, i ∈ {1, 2}, respectively.

Then the expected lifetime block reward of m0 for residual shares A1, A2 and shares/blocks

mined in [0, T ] is A1

D1
+ A2

D2
+ αT .

Proof. We first derive the expected payoff m0 obtains from Ai residual shares in Mi.

Since the pool manager will remove one share out of queue randomly whenever a new

share arrives, the expected number of these Ai residual shares will shrink exponentially

as new shares come in. After n new shares, the expected number of residual shares will

be Ai

(
Ni−1
Ni

)n−1

. Furthermore, every time a share is found, it has a 1
Di

chance of being

a full solution, in which case every share m0 has in the bag pays 1
Ni

block reward. This

means that the total expected lifetime payoff from these Ai shares can be written as,

1

Di

Ai
Ni

(
1 +

Ni − 1

Ni

+

(
Ni − 1

Ni

)2

+ . . .

)
,

=
1

Di

Ai
Ni

1

1− Ni−1
Ni

=
Ai
Di

.

It only remains to compute the expected lifetime block reward m0 obtains from

shares/blocks mined during [0, T ]. In what follows we let |T2| =
∑k

i=1 |yi − xi| and

|T1| = T − |T2| denote the amount of time m0 mines in Mi during [0, T ]. We note that

during T1, a total of α+ β1 hash power is being contributed to M1. This means that M1

mines D1|T1|(α + β1) shares in expectation during during this time. Furthermore, every

share has a α
α+β

probability of belonging to m0, therefore m0 finds D1α|T1| shares for

M1 in T1. Furthermore, as we saw in Theorem 7.1, each of these shares earns 1
D1

block

reward over its lifetime in expectation, therefore the total lifetime block rewards from

shares found for M1 in [0, T ] is α|T1| in expectation. In an identical fashion we can show

that the lifetime rewards for shares found for M2 in [0, T ] is α|T2|. Putting everything

together, this means that the total expected lifetime reward for the residual shares A1,

A2 and newly found shares in [0, T ] is A1

D
+ A2

D
+ αT as desired.
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The fact that the expected lifetime reward is an expression that is independent of the

partition, T1, precisely implies that RPPLNS is robust to pool-hopping. Furthermore, it

is straightforward to generalise Theorem 7.3 to encompass a choice of hopping between an

arbitrary number of pools, yielding the same robustness to pool-hopping in this setting.

7.3.6 Steady State of Honest Pool for RPPLNS

In this section we show that the number of shares m0 has in the bag of size N can be

modelled as an ergodic Markov chain. We explicitly derive the steady state distribution

and use it to compute the expected number of shares the miner has in the bag in the

honest steady state.

The Markov Chain

Let us suppose that miner m0 currently has i ∈ {0, ..., N} shares in the bag and is

honest. With probability α, m0 finds a block/share and publishes it to the pool operator.

Conditional to this, with probability i
N

, the number of shares stays the same, i → i,

and with probability N−i
N

, the number of shares increases by one, i → i + 1. On the

other hand, m1 finds a block/share and publishes it with probability β. Conditional to

this, with probability i
N

, the number of shares goes down by one, i → i − 1, and with

probability N−i
N

, the number of shares stays the same. Clearly, this induces an ergodic

Markov chain on the state space S = {0, ..., N}. Suppose that π = (πi)
N
i=1, is the unique

honest steady state distribution over S.

Theorem 7.4. For the steady state distribution π of miner shares in the RPPLNS bag:

πk =

(
N
k

) (
α
β

)k
(

1 + α
β

)N , for k = 0, ..., N.

Furthermore, the expected number of shares in the bag under π is

N

(
α

α + β

)
.

Proof. From the topology of the chain, we can make a cut-set between Si = {0, ..., i}
and Sci = {i + 1, ..., N} for i = 0, ..., N − 1. From steady state conditions it follows that

π must satisfy πiPi→i+1 = πi+1Pi+1→i for all such cut-sets. From before, we know that

Pi→i+1 = αN−i
N

, and Pi+1→i = β i+1
N

. As a consequence, we obtain πi+1

πi
= α

β

(
N−i
i+1

)
= f(i).

Using this expression we know that πi+1 = f(i)πi for all i = 0, ..., N − 1, consequently

πk =
(∏k−1

j=0 f(j)
)
π0 = π0

(
N
k

)
(α
β
)k for all k. The final step in obtaining the steady state

is normalising the sum of all terms, which corresponds to
∑N

k=0 πk = π0

∑N
k=0

(
N
k

)
(α
β
)k.
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Using the well-known expansion for (1 + x)n, we get that this is π0

(
1 + α

β

)N
. As a

consequence, it follows that for π to be a steady state, we need π0 =
(

1 + α
β

)−N
and

consequently:

πk =

(
N
k

) (
α
β

)k
(

1 + α
β

)N , k = 0, ..., N.

Now we wish to compute the expected number of shares in the bag in the steady state

by using our expression π. To do so, let us first define f(x) = (1+x)n for n ∈ N and x ∈ R.

We know that f(x) =
∑n

k=0

(
n
k

)
xk. Therefore, nx(1 + x)n−1 = x d

dx
f(x) =

∑n
k=0

(
n
k

)
kxk.

We use this formula to compute the expectation over π, Eπ =
∑N

k=0 kπk.

Eπ =
N∑
k=0

kπk =

(
1 +

α

β

)−N N∑
k=0

(
N

k

)
k

(
α

β

)k
,

=

(
1 +

α

β

)−N
N

(
α

β

)(
1 +

α

β

)N−1

,

= N

(
α

α + β

)
.

(7.1)

As a first consequence, note that this also constitutes a proof that RPPLNS is fair

if everyone is honest. The reason for this is that in each turn, we suppose that one of

either m0,m1 or m2 find a share with probability α, β, γ respectively, and each share has

a further probability of 1
D

of being a full solution. Thus the probability that a single turn

ends up paying agents from the pool is precisely α+β
D

. As a consequence, the expected

payment to m0 in the steady state is (Eπ)
(
α+β
ND

)
= α

D
, which is precisely the expected

per-turn payment of m0 mining solo.

7.4 When is Honest Mining a Dominant Strategy

We recall that we are in the setting of a single pool miner being strategic. In other words

we have m0, m1 and m2 of hash powers α, β and γ respectively. We wish to find conditions

such that m0 is honest (i.e. publishes shares and blocks toMR immediately). Given this

setting, at any given moment, we describe the state of m0 within the system with a tuple

(`, s, b) ∈ [N ]2×{0, 1}. ` represents the shares m0 has in the bag of the pool, s represents

the private shares of m0, and b represents whether m0 has a private block or not. Note

that b ≤ 1 is without loss of generality, as the extra blocks mined are invalidated once one

of them is released. Requiring s ≤ N is not without loss of generality, since technically
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a selfish miner could hoard an infinite amount of shares. However, it is reasonable to

assume that α < 0.5 (to prevent scenarios where double spend attacks are possible in

the first place). Hence it is exceedingly unlikely that s will reach values higher than N ,

given a typical difficulty such as D = N/2. Furthermore, as we will soon see, any time an

agent other then m0 finds a block, private shares are invalidated, hence further making

it difficult to hoard a large amount of private shares. The benefit of upper bounding s

and b is significant, as the state space becomes finite.

Recurrence Relation

Let gk(`, s, b) be the maximum revenue a strategic miner can obtain when acting optimally

starting at g(`, s, b), after exactly k shares in total have been mined by his pool. The

parameter k is necessary for the recursion to prevent it from being open ended.

gk(`, s, b) = max


A, (m0 waits and s < N),

B, (m0 waits and s = N),

C, (m0 publishes a share),

D, (m0 publishes a block),

(7.2)

We present the expressions for A,B,C and D in the following sections.

m0 Waits and s < N

When m0 waits and s < N , there are 6 immediate outcomes:

• m0 gets a block. Call this event “a” which happens with probability α
(

1
D

)
. The

resulting state is (`, s, 1).

• m0 gets a share. Call this event “b” which happens with probability α
(
D−1
D

)
. The

resulting state is (`, s+ 1, b).

• m1 gets a block. Call this event “c” which happens with probability β
(

1
D

)
. Since

m1 is honest, he publishes this block and the private shares and blocks of m0 are

rendered obsolete. This means that with probability `
N

a share of m0 is kicked out

of the bag resulting in state (`− 1, 0, 0) and m0 getting paid `−1
N

. With probability
N−`
N

a share of m1 is kicked out of the bag resulting in state (`, 0, 0) and m0 getting

paid `
N

.

• m1 gets a share. Call this event “d” which happens with probability β
(
D−1
D

)
. Since

m1 is honest, he publishes this share. This means that with probability `
N

a share

of m0 is kicked out of the bag and the resulting state is (` − 1, s, b), and with
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probability N−`
N

a share of m1 is kicked out of the bag and the resulting state is

(`, s, b).

• m2 gets a block. Call this event “e” which happens with probability γ
(

1
D

)
. Since

m2 is honest, he publishes this block and the private shares and blocks of m0 are

rendered obsolete. This means that the resulting state is (`, 0, 0).

• m2 gets a share. Call this event “f” which happens with probability γ
(
D−1
D

)
. In

this case the state remains at (`, s, b)

We can now get an expression for A in the recursion for gk:

A = α

(
1

D

)
gk−1(`, s, 1) + α

(
D − 1

D

)
gk−1(`, s+ 1, b)

+ β

(
1

D

)(
`

N
gk−1(`− 1, 0, 0) +

N − `
N

gk−1(`, 0, 0) +
`

N

)
+ β

(
D − 1

D

)(
`

N
gk−1(`− 1, s, b) +

N − `
N

gk−1(`, s, b)

)
+ γ

(
1

D

)
gk−1(`, 0, 0) + γ

(
D − 1

D

)
gk−1(`, s, b).

m0 Waits and s = N

This case is almost identical to the above. The only difference is in event b: when m0

gets a share. Since we don’t want to consider an infinite state space, we will assume that

upon obtaining N private shares, m0 will always publish subsequent mined shares. Since

N is usually quite large, the probability of even obtaining this state is small.

• m0 gets a share. Call this event “b” which happens with probability α
(
D−1
D

)
. m0

will publish this share. Hence the resulting state is (`, s, b) = (`,N, b).

With identical reasoning to the above, we get the following expression for B:

A = α

(
1

D

)
gk−1(`,N, 1) + α

(
D − 1

D

)
gk−1(`,N, b)

+ β

(
1

D

)(
`

N
gk−1(`− 1, 0, 0) +

N − `
N

gk−1(`, 0, 0) +
`

N

)
+ β

(
D − 1

D

)(
`

N
gk−1(`− 1, N, b) +

N − `
N

gk−1(`,N, b)

)
+ γ

(
1

D

)
gk−1(`, 0, 0) + γ

(
D − 1

D

)
gk−1(`,N, b).

164



m0 Publishes a Share

If the current state of the system is (`, s, b), then by publishing a share, there is a `
N

probability that a share belonging to m0 is kicked out of the bag, resulting in the state

(`, s − 1, b). There is a N−`
N

probability that a share belonging to m1 is kicked out of

the bag, resulting in the state (` + 1, s − 1, b). Note that a share is not actually mined,

therefore the recurrence does not involve gk−1. Putting this together, we get the following

value of C:

C =
`

N
gk(`, s− 1, b) +

N − `
N

gk(`+ 1, s, b).

m0 Publishes a Block

If the current state of the system is (`, s, b), then by publishing a block, there is a `
N

probability that a share belonging to m0 is kicked out of the bag, resulting in the state

(`, s− 1, b) and m0 earning `
N

. There is a N−`
N

probability that a share belonging to m1

is kicked out of the bag, resulting in the state (`+ 1, s− 1, b) and m0 earning min(N,`+1)
N

.

Putting this together, we get the following value of D:

D =
`

N

(
`

N
+ gk(`, 0, 0)

)
+
N − `
N

(
min(N, `+ 1)

N
+ gk(`+ 1, 0, 0)

)
.

Checking for Equilibrium Conditions

Observe that since the state space is finite the value obtained per ‘step’ k is at most 1,

the following limit is well defined for all (l, s, b):

φ(l, s, b) = lim
k→∞

gk(l, s, b)

k
.

This φ(l, s, b) can be thought of as the potential of state (l, s, b). Comparing φ values of

different states, we can deduce where the miner obtains higher payoffs.To tell for which

α, β,N , and D honest mining is a dominant strategy, we need to check the following

conditions:

φ(`+ 1, 0, 0) ≥ φ(`, 1, 0) when (`) ∈ [N ]. (7.3)

N − `
N

· φ(`+ 1, 0, 0) +
`

N
· φ(`, 0, 0) ≥ φ(`, 0, 1) when (`) ∈ [N ], (7.4)

where eq. (7.3) and eq. (7.4) show that releasing shares and blocks respectively is at least

as good as hoarding them.
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Computational Setup

Unfortunately we cannot solve exactly for φ, but we can approximate it well enough given

high enough k to observe if strategic mining is an option. We will use gk as defined in

eq. (7.2) with one difference: if state (l, N, b) is reached the miner is rewarded 1 and

jumps to state (N, 0, 0). This incentivizes hoarding blocks, since hoarding enough of

them results in an instant maximum payoff. The reason for this is to strengthen the

experimental results: if honest mining is viable in this setting, it is more likely that it is

actually the best option.

Having computed gk for large enough k, we can then check Equation (7.3) as it is.

For Equation (7.4) we need the following small adjustment:

N − `
N

(
`+ 1

N
+ gk(`+ 1, 0, 0)

)
+

`

N

(
`

N
+ gk(`, 0, 0)

)
> gk(`, 0, 1) when (`) ∈ [N ].

This is because as k goes to infinity, the immediate rewards (` + 1)/N and `/N vanish

compared to the potential of the three states involved (as φ is defined by diving with k).

Since we are working with finite k, we need to plug them back in.

Results

To understand the behaviour of the miners, we explicitly compute the truncated recursion

in Section 7.4 for N = 1000, D = 500 and k = 150. Each of the following graphs shows

the best action for m0 given an initial fraction of shares in the bag, which we call F . For

F ≤ 0.35, we have:

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.05
Honest Mining
Hoard Shares
Hoard Blocks

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.10
Honest Mining
Hoard Shares
Hoard Blocks

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.15
Honest Mining
Hoard Shares
Hoard Blocks

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.20
Honest Mining
Hoard Shares
Hoard Blocks

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.25
Honest Mining
Hoard Shares
Hoard Blocks

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.0

0.2

0.4

0.6

0.8

1.0

p2

Fraction of Shares Owned by p1 : 0.30
Honest Mining
Hoard Shares
Hoard Blocks

Figure 7.3: Best action for m0 for F ≤ 0.35.
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In this regime of F values, the strategic miner begins by controlling but a few shares

of the bag, and his best option is often to hoard a block. This is because they expect

to be able to add a couple more shares to the bag before someone else manages to mine

another block and invalidate their private block. In Section 7.5 we formally demonstrate

that for common difficulty settings of D = Θ(N) (typically D = N/2), if α = Ω(1/N),

and a pool miner has no shares in the bag, then hoarding a block for a single turn

dominates behaving honestly. This behaviour is not unique to RPPLNS though, as we

also demonstrate in the same section that for similar hash rates, if a pool miner is facing

an empty queue in PPLNS, they will hoard a private block with hopes of finding a share

in subsequent turns.

What is most interesting though, is that if we recall our derivations of the steady

state of bag shares from Section 7.3.6, strategic block hoarding only occurs at hash rates

and F values such that F is in fact much less than the expected number of bag shares in

the steady state. This suggests that if all miners behave honestly, a single pool miner is

more likely to find himself at a state where mining honestly is a dominant strategy.

On the other hand, for initial share distributions, 0.35 ≤ F ≤ 0.70, our recursions

suggest that honest mining is the best option throughout. We have omitted graphs of

these cases since they simply paint the simplex red entirely. Finally, when F ≥ 0.70, as in

the low initial share regime, we see that strategic behaviour arises once more, though this

time in the form of hoarding shares rather than blocks. For example, it is not difficult

to see that if F = 1, then in both PPLNS and RPPLNS hoarding a share dominates

publishing it immediately, as doing so has no effect on the state of the pool.

Once again, share hoarding becomes a better strategy at initial share distributions

that are far from the expected share distribution of the steady state of bag shares from

Section 7.3.6. This once again suggests that states where miners act strategically are

more rare than those where a miner is honest.
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Figure 7.4: Best action for m0 for F ≥ 0.75.

7.5 Strategic Hoarding

As seen in our empirical results, there are parameter settings in which we see strategic

pool mining in RPPLNS. In this section we theoretically justify why this is the case for

block hoarding in particular.

7.5.1 PPLNS

We assume that there is a single strategic pool miner, m0 with hash power α. This miner

operates within a PPLNS mining pool with hash power α+β, where the honest miners in

the pool can be considered as a single honest pool miner m1. Finally, we let m2 represent

all other honest miners in a system with collective hash power γ = 1− α− β.

Let us suppose that m0 has no shares in the pool queue and that he currently holds

a valid block he could send to the pool operator. We compare two mining strategies over

a two-element decision window. If m0 is honest, he will immediately publish this block,

wait one more turn to see who receives a share/block, and subsequently act honestly

(publish a new share/block immediately if found). On the other hand, we consider a

one-time strategic deviation by m0 as follows: m0 hoards the current block he has, and

waits one more turn to see what occurs. If he receives a share, he publishes the share

before his held block. In all other scenarios he acts honestly. We call the honest strategy

H and the strategic deviation S.

Theorem 7.5. If α > N+D−1
(D−1)2 , then S is a strictly dominates H.

Proof. How H and S perform depends on precisely one of 6 cases:

168



• m0 finds a block in the next turn. The probability of this is α 1
D

.

• m0 finds a share in the next turn. The probability of this is αD−1
D

.

• m1 finds a block in the next turn. The probability of this is β 1
D

.

• m1 finds a share in the next turn. The probability of this is βD−1
D

.

• m2 finds a block in the next turn. The probability of this is γ 1
D

.

• m2 finds a share in the next turn. The probability of this is γD−1
D

.

First we focus on the expected payoffs H receives in each of these cases:

• Here m0 publishes two blocks back to back. This results in an immediate reward

of 3
N

. The older block is still eligible for payment for N − 2 turns and the latter for

N − 1 turns, hence their expected future payment is N−2
ND

+ N−1
ND

. Overall we denote

this expected revenue by H1 = 3
N

+ N−2
ND

+ N−1
ND

.

• Here m0 publishes a block and then a share. This results in an immediate reward

of 1
N

. As before, the older share is alive for N − 2 more turns and the latter for

N − 1, hence their expected future payment is N−2
ND

+ N−1
ND

. Overall we denote this

expected revenue by H2 = 1
N

+ N−2
ND

+ N−1
ND

.

• Here m0 publishes a block and m1 subsequently publishes a block. This results in

an immediate reward of 2
N

. The first block is alive for another N − 2 turns, hence

its expected future payment is N−2
ND

. Overall we denote this expected revenue by

H3 = 2
N

+ N−2
ND

.

• Here m0 publishes a block and m1 subsequently publishes a share. This results in

an immediate reward of 1
N

. The first block is alive for another N − 2 turns, hence

its expected future payment is N−2
ND

. Overall we denote this expected revenue by

H4 = 1
N

+ N−2
ND

.

• Here m0 publishes a block and m2 subsequently finds a block. The latter event has

no bearings on the pool, hence this is equivalent to m0 publishing a single block,

which gives an immediate reward of 1
N

and since this block is alive for another N−1

turns, an expected future reward of N−1
ND

. Overall we denote this expected revenue

by H5 = 1
N

+ N−1
ND

.
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• Here m0 publishes a block and m2 subsequently finds a share. The latter event has

no bearings on the pool, hence this is equivalent to m0 publishing a single block,

which gives an immediate reward of 1
N

and since this block is alive for another N−1

turns, an expected future reward of N−1
ND

. Overall we denote this expected revenue

by H6 = 1
N

+ N−1
ND

.

Given our previous expressions, we can write the expected revenue m0 obtains from

using H by

RH = H1

( α
D

)
+H2

(
α(D − 1)

D

)
+H3

(
β

D

)
+H4

(
β(D − 1)

D

)
+H5

( γ
D

)
+H6

(
γ(D − 1)

D

)
.

We proceed to compute revenues for the strategic deviation S:

• Here m0 hoards a block and then receives a new block. This forcibly invalidates a

single block hence, hence m0 only gets an immediate reward of 1
N

and subsequently

this block lives another N − 1 turns to obtain an expected lifetime revenue of N−1
ND

.

Overall we denote this expected revenue by S1 = 1
N

+ N−1
ND

.

• Here m0 hoards a block and then recieves a share, publishing the share first and then

the block. This results in an immediate reward of 2
N

. Subsequently the latter share

is alive for N −2 turns and the block for N −1, hence the expected future payoff of

these is N−2
ND

+N−1
ND

. Overall we denote this expected revenue by S2 = 2
N

+N−2
ND

+N−1
ND

.

• Here m0 hoards a block and m1 publishes a block. This invalidates the secret block

and m0 gets no revenue. We denote this by S3 = 0.

• Herem0 hoards a block andm1 publishes a share. m0 only gets an immediate reward

of 1
N

and subsequently this block lives another N − 1 turns to obtain an expected

lifetime revenue of N−1
ND

. Overall we denote this expected revenue by S4 = 1
N

+ N−1
ND

.

• Here m0 hoards a block and m2 publishes a block. This invalidates the secret block

and m0 gets no revenue. We denote this by S5 = 0.

• Herem0 hoards a block andm1 publishes a share. m0 only gets an immediate reward

of 1
N

and subsequently this block lives another N − 1 turns to obtain an expected

lifetime revenue of N−1
ND

. Overall we denote this expected revenue by S6 = 1
N

+ N−1
ND

.

Given our previous expressions, we can write the expected revenue m0 obtains from

using S by

RS =S1

( α
D

)
+ S2

(
α(D − 1)

D

)
+ S3

(
β

D

)
+ S4

(
β(D − 1)

D

)
+ S5

( γ
D

)
+ S6

(
γ(D − 1)

D

)
.
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With these expressions in hand, we are interested in parameter values such that RS > RH .

RS −RH =− α

D

(
2

N
+
N − 2

ND

)
+
α(D − 1)

D

(
1

N

)
− β

D

(
2

N
+
N − 2

ND

)
+
β(D − 1)

D

(
1

ND

)
− γ

D

(
1

N
+
N − 1

ND

)
.

We wish to show when this latter expression is strictly greater than 0. First we notice

that the final term − γ
D

(
1
N

+ N−1
ND

)
= − γ

D

(
2
N

+ N−2
ND

)
+ γ

D

(
1
N
− 1

ND

)
. This means that we

can join all terms that have 2
N

+ N−2
ND

and take advantage of the fact that α+ β + γ = 1.

This gives us the following expression:

RS −RH =
α(D − 1)

ND
+
β(D − 1)

ND2
+
γ

D

(
1

N
− 1

ND

)
− 1

D

(
2

N
+
N − 2

ND

)
> 0.

We can now multiply both sides of the inequality by ND
D−1

to isolate α and get

α +
β

D
+

γ

D − 1
− γ

D(D − 1)
− 2

D − 1
− N − 2

D(D − 1)
> 0.

Subsequent simplification gives

α >
2D +N − 2 + γ − β(D − 1)−Dγ

D(D − 1)
,

=
2D +N − 2− (D − 1)(β + γ)

D(D − 1)
,

=
2D +N − 2− (D − 1)(1− α)

D(D − 1)
,

=
N +D − 1

D(D − 1)
+
α

D
,

α

(
D − 1

D

)
>
N +D − 1

D(D − 1)
,

α >
N +D − 1

(D − 1)2
.

(7.5)

In most cases N = 2D, which gives a lower bound of α > 3D−1
(D−1)2 . D is also usually

quite large, hence this shows that in almost all cases miners will hoard blocks in the case

they get lucky and find a block with an empty queue!

7.5.2 RPPLNS

Since RPPLNS is memoryless, we can extend the above analysis to the case where m0

miner has k shares in the bag and holds a private block. We want to study the expected

revenue from being honest for a single turn vs. waiting for the next turn in hopes of

finding another share to publish before the withheld block.
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Important Terms

In RPPLNS, if a specific share surives being pushed, it will be eligible for payment another

N − 1 pushes in expectation due to the memory-less property of their survival (it is a

geometric random variable). If everyone is honest, each of these payment opportunities

has a 1
D

probability of actually paying a 1
N

amount, hence shares that survive being

pushed give m0 an expected revenue of N−1
ND

.

To simplify the expressions, we let fBi (k,N) and fSi (k,N) represent the expected

utility m0 makes when miner i ∈ {0, 1} pushes a block or a share into the bag respectively:

fB0 (k,N) =
k

N

(
k

N
+ k

(
N − 1

ND

))
+
N − k
N

(
k + 1

N
+ (k + 1)

(
N − 1

ND

))
,

fS0 (k,N) =
k

N

(
k

(
N − 1

ND

))
+
N − k
N

(
(k + 1)

(
N − 1

ND

))
,

fB1 (k,N) =
k

N

(
k − 1

N
+ (k − 1)

(
N − 1

ND

))
+
N − k
N

(
k

N
+ k

(
N − 1

ND

))
,

fS1 (k,N) =
k

N

(
(k − 1)

(
N − 1

ND

))
+
N − k
N

(
k

(
N − 1

ND

))
.

(7.6)

With this in hand, we consider a two-turn scenario as with PPLNS. In one m0 has a

block in hand, and is honest with this current block and with what happens the following

term. This strategy is H for honest. In the second case, m0 hoards this block in hand

with hopes of mining a share the following turn and publishing the share before the block.

After this minor strategic deviation for a turn though, m0 returns to being honest. This

strategy is referred to by S. First we write the expected utility for each action for H

H1 =
k

N

(
k

N
+ fB0 (k,N)

)
+
N − k
N

(
k + 1

N
+ fB0 (k + 1, N)

)
,

H2 =
k

N

(
k

N
+ fS0 (k,N)

)
+
N − k
N

(
k + 1

N
+ fS0 (k + 1, N)

)
,

H3 =
k

N

(
k

N
+ fB1 (k,N)

)
+
N − k
N

(
k + 1

N
+ fB1 (k + 1, N)

)
,

H4 =
k

N

(
k

N
+ fS1 (k,N)

)
+
N − k
N

(
k + 1

N
+ fS1 (k + 1, N)

)
,

H5 = fB0 (k,N),

H6 = fB0 (k,N).

(7.7)
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Next we write the expected utility for each action for S

S1 = fB0 (k,N),

S2 =
k

N

(
fB0 (k,N)

)
+
N − k
N

(
fB0 (k + 1, N)

)
,

S3 = 0, (7.8)

S4 =
k

N

(
fB0 (k − 1, N)

)
+
N − k
N

(
fB0 (k,N)

)
,

S5 = 0,

S6 = fB0 (k,N).

We remember the probability of each state

p1 =
α

D
,

p2 =
α(D − 1)

D
,

p3 =
β

D
,

p4 =
β(D − 1)

D
,

p5 =
γ

D
,

p6 =
γ(D − 1)

D
.

(7.9)

With this in hand, we know that the following condition implies that S dominates H

when m0 has a block in hand:

RS =
6∑
i=1

(Si)pi >
6∑
i=1

(Hi)pi = RH .

The Case where k = 0

Just as in PPLNS, we focus on the scenario where the bag is empty and strategic pool

miners find a block. In terms of the equations above, this amounts to the case where

k = 0.

Theorem 7.6. If k = 0, and α, β are such that

α >
1

(D − 1)2

(
ND

N − 1
+N − β(N − 2)

)
= Θ

(
N +D

D2

)
.

then S strictly dominates H.
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Proof. We begin by computing the per-state surplus that S gives to H, ∆i = Si − Hi,

which gives us the following:

∆1 = −
(

1

N
+
N − 1

N2
+

(N − 1)2

N2D

)
,

∆2 =
N − 1

N2
,

∆3 = −
(

1

N
+
N − 1

N2
+
N − 1

N2D

)
, (7.10)

∆4 =
N − 1

N2D
,

∆5 = −
(

1

N
+
N − 1

ND

)
,

∆6 = 0.

Given these expressions, we are interested in the scenarios where
∑6

i=1 pi∆i > 0.

Given the fact that N,D ≥ 0, this is equivalent to ND2
∑6

i=1 pi∆i > 0. This leads to the

following condition on α for hoarding to dominate revealing a block.

α >
1

(D − 1)2

(
ND

N − 1
+N − β(N − 2)

)
= Θ

(
N +D

D2

)

In summary, we have shown that as in PPLNS, if α = Ω
(
N+D
D2

)
, then hoarding a

block when up against an empty bag is strictly better than publishing it immediately.

As in with PPLNS, it is often the case that D = Θ(N), hence this tells us that in this

scenario, if α = Ω
(

1
N

)
, then miners are strategic by hoarding blocks. This is indeed what

our empirical recursion results show.

7.6 Conclusion and Future Directions

In this chapter we presented RPPLNS, a novel twist on the already popular “Pay-per-

last-N -shares” (PPLNS) mining pool scheme used by the majority of the Bitcoin network.

By suitably randomising PPLNS, we are able to maintain its strengths (fairness, variance

reduction, pool-hop-proof-ness) while proving robustness guarantees for honest mining

and reducing the underlying memory constraints of the protocol. There are several pos-

sible directions for future research on RPPLNS. In the following paragraphs, we touch

upon the ones we consider the most fruitful.

Interpolating between RPPLNS and PPLNS: Queue-bag protocols. At its

core, PPLNS and RPPLNS are quite similar. It is not difficult to see that for a given
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value of N , one can interpolate between PPLNS and RPPLNS by considering a pool

protocolMQ,N that maintains a queue of length Q ∈ [N ], and when a share is kicked out

of the queue, it is put in a bag of size N −Q (As visualised in Figure 7.5). ClearlyM1,N

is RPPLNS andMN,N is PPLNS. One can show that such family of queue-bag protocols

share similar fairness, variance reduction and pool-hop-proof properties of PPLNS and

RPPLNS. For such protocols, it would be interesting to study their incentive compatibility

and see whether there is an optimal choice of Q to be made in terms of variance reduction,

incentive compatibility and memory usage minimisation.

Pushing Share
into Queue-Bag

Losing Random
Bag Share

Paying Queue-
Bag Shares

$ $ $3
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2
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2
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Figure 7.5: A single randomised transition for a queue-bag protocol. A miner sends share
3 to the pool operator, who pushes it into the initial queue. This causes share 8 to leave
the queue and be pushed into the bag. In this case, share 7 was randomly selected to
leave the bag to make room for share 8. Finally, all owners of shares in the queue and
bag are paid 1/N for each such share.

Possible Benefits of Informational Fairness. We have already mentioned the

fact that the reduced cardinality of the state space of RPPLNS vs. PPLNS can give

rise to space usage gains for an implementation of the pool protocol. An interesting

consequence of this fact is that since the state space of RPPLNS is smaller, it is also

succinctly describable, and hence easy to communicate to all pool miners. It would be

interesting to know that if a pool is operating a PPLNS mining protocol and there are

two strategic agents m1 and m2 within the pool, where m1 has full knowledge of the state

of the queue s ∈ S at any given moment of time and m2 only has partial information, say

some statistic, s′ over s (this could be the queue considered as a bag for example, with

order of elements in the queue forgotten), whether this gives m1 any undue advantage

over m2. If this were the case, there would be a strong further justification for RPPLNS,

as a way of putting all agents on an equal informational playing ground.

Stronger Incentive Guarantees. It would be great to rigorously understand the

recurrence relation governing the gain of an optimal strategic pool miner in RPPLNS.
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This would give us stronger results regarding incentive compatibility of pool miners and

could glean insights into unforeseen strategic considerations.
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Appendix A

Inequivalence of QU and QM

Proposition A.1. In the worst case, QU requires an exponential number of queries in

the number of players to simulate a best response oracle with high probability.

Proof. Suppose that we have n players. Let us define a family of games Gj
0 and Gj

1 for

1 ≤ j ≤ 2n−1 as follows:

• For all Gj
0 and Gj

1, Ai = {0, 1} for each i ∈ [n], and A−1 = {a1, ..., a2n−1} for

notational convenience.

• For all Gj
0 and Gj

1 and for all players i ∈ [n] with i > 1, Ui(a) = 0 for all a ∈ A.

• Suppose that 1 ≤ j ≤ 2n−1. In Gj
0 the following hold: U1(0, ak) = U1(1, ak) = 0 for

all k 6= j, U1(0, aj) = 1, and U1(1, aj) = 0.

• Suppose that 1 ≤ j ≤ 2n−1. In Gj
1 the following hold: U1(0, ak) = U1(1, ak) = 0 for

all k 6= j, U1(0, aj) = 0, and U1(1, aj) = 1.

In what follows, we focus on the specific distribution x−1 = (1/2)ni=2, which corresponds

to the uniform distribution over A−1 (in fact any product distribution with full support

over A−1 suffices). Clearly for any 1 ≤ j ≤ 2n−1, BR1(x−1) is {0} for Gj
0, and {1} for Gj

1.

Now let us suppose that P is any randomised protocol that makes use of QU and

computes BR1(x−1) with a success probability greater than 2/3 using at most α calls

to QU . We use Yao’s minimax principle to show that in fact it must be the case that

α = Ω(2n). Ultimately, since BR(x−i) is always a singleton in our family of games, this

demonstrates that even providing an adversarial best response oracle necessarily must

use this many queries.

Suppose that D is the uniform distribution over inputs of the form Gj
h for h ∈ {0, 1}

and j ∈ {1, ..., 2n−1}. It is straightforward to see that for a given input game Gj
h, any

deterministic algorithm must make the query (h, j) ∈ A to QU to correctly determine
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BR1(x−1). Therefore, under D, if a deterministic algorithm makes at most α queries, it

cannot succeed with probability larger than α/2n on D. Consequently, by Yao’s minimax

principle it must be the case that α = Ω(2n) as desired.
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