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ABSTRACT: In this paper we define the analogue of Calabi—Yau geometry for generic D = 4,
N = 2 flux backgrounds in type II supergravity and M-theory. We show that solutions of the
Killing spinor equations are in one-to-one correspondence with integrable, globally defined
structures in Eq(7) X R* generalised geometry. Such “exceptional Calabi—Yau” geometries are
determined by two generalised objects that parametrise hyper- and vector-multiplet degrees
of freedom and generalise conventional complex, symplectic and hyper-Kahler geometries.
The integrability conditions for both hyper- and vector-multiplet structures are given by the
vanishing of moment maps for the “generalised diffeomorphism group” of diffeomorphisms
combined with gauge transformations. We give a number of explicit examples and discuss the
structure of the moduli spaces of solutions. We then extend our construction to D = 5 and
D = 6 flux backgrounds preserving eight supercharges, where similar structures appear, and
finally discuss the analogous structures in O(d,d) x R* generalised geometry.
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1 Introduction

Supersymmetric backgrounds are a key ingredient in both string phenomenology and the
AdS/CFT correspondence. For backgrounds without flux, supersymmetry requires the internal
manifold M to have special holonomy. The archetypal example is a six-dimensional Calabi—-
Yau manifold [1], where the geometry is characterised by a holomorphic three-form  and a
symplectic two-form w satisfying the integrability conditions d2 = dw = 0. The integrability
of © implies the manifold is complex, and the tools of complex and algebraic geometry can
then be used to construct examples and calculate many important physical properties, such
as moduli spaces, particle spectra and couplings, as first discussed for example in [2—4].

A natural question is whether there is an analogous description of generic supersymmetric
flux compactifications preserving eight supercharges. In the context of type II reductions
to four dimensions, this defines the natural string-theory generalisation of the notion of a
Calabi—Yau manifold to backgrounds including both NS-NS and R-R flux.! In this paper
we show that exceptional generalised geometry [11-14] gives precisely such a reformulation:
the supersymmetric background defines an integrable generalised structure, which we call an
“exceptional Calabi-Yau” (ECY) geometry. In fact, the tensors w and 2 are replaced by a

!Note that there are general “no-go” theorems [5-10] that, in the absence of sources, exclude reductions on
a compact space to a Minkowski background when fluxes are present. Thus the backgrounds in this paper are
generically either non-compact or have boundaries corresponding to the excision of the sources.



pair of generalised structures that interpolate between complex, symplectic and hyper-Kéhler
geometries. With respect to the N’ = 2 supersymmetry, one structure is naturally associated
to hypermultiplets and the other to vector multiplets, and the integrability conditions, defined
using generalised intrinsic torsion [15], have an elegant interpretation in terms of moment
maps.

A description in terms of integrable structures is important since it should provide new
approaches for tackling problems such as analysing the deformations and moduli spaces of
arbitrary flux backgrounds, as well as constructing new examples. We also note that it not
only gives generalisations of the classical target-space theories of the topological string A and
B models to include R-R modes, but also defines a corresponding pair of theories in M-theory.

The conventional notion of a G-structure has already provided a very useful way of
analysing flux backgrounds [8, 16, 17]. While the manifold M no longer has special holonomy,
the Killing spinor bilinears still define a set of tensors invariant under G C SO(d) C GL(d;R)
where d is the dimension of M. The fluxes then describe the lack of integrability of this
G-structure. Formally this is encoded in the intrinsic torsion, and only when this vanishes does
the background have special holonomy. For generic backgrounds, the structure is only locally
defined since there can be points where the stabiliser group of the Killing spinors changes. The
basic point of this paper, as in [15], is that there is actually a natural extended geometry in
which supersymmetry for a generic flux background again corresponds to integrable, globally
defined G-structures.

Focussing for the moment on A/ = 2, D = 4 backgrounds, in the case of NS-NS flux such
a reformulation has already appeared under the guise of generalised complex geometry [18-21].
One considers a generalised tangent bundle £ ~ TM & T*M, admitting a natural O(d, d)
metric. For a large class of supersymmetric backgrounds with non-trivial two-form B-field and
dilaton ¢, the holomorphic and symplectic forms generalise to a pair of O(6,6) pure spinors
®* € T'(ATT*M), each defining an SU(3,3) C O(6,6) structure. They satisfy compatibility
conditions, analogues of w A Q = 0 and w? o Q A Q, that imply that together they define an
SU(3) x SU(3) structure. Furthermore, the ' = 2 Killing spinor equations imply d®* = 0,
and one says the SU(3) x SU(3) structure is integrable [21]. Each such integrable ®* defines
a generalised complex structure [18] and the integrable SU(3) x SU(3) structure is known as a
generalised Calabi—Yau metric structure [19]. This language has been useful for a whole range
of applications including addressing deformations [19, 22-24], topological strings [25-27], steps
towards classifying flux backgrounds [28-30] and the AdS/CFT correspondence [31-33].

To include R-R fluxes and also M-theory compactifications, we need to consider Eyq) x R+
or exceptional generalised geometry [11, 12]. The generalised tangent space is further extended
to include the R-R gauge symmetries, such that it admits a natural action of Eq(g) X R*. It
gives a unified geometrical description of type II and M-theory restricted to a (d — 1)- or
d-dimensional manifold [13, 14], invariant under local transformations by the maximal compact

subgroup Hy of Egg) X R*. The bosonic symmetries combine in a generalised Lie derivative,



there is a generalised metric, invariant under Hy, that encodes all the bosonic degrees of
freedom, and, defining a generalised connection D that is the analogue of the Levi-Civita
connection, the full bosonic action is equal to the corresponding generalised Ricci scalar, and
the fermion equations of motion and supersymmetry variations can all be written in terms
of D. We note that there is a long history of considering exceptional groups in supergravity,
in many cases by positing the existence of extra coordinates, for example see [34—41] and
more recently [42-46]. Although in general defining such putative extensions of spacetime is
problematic [47-50], we note that all the constructions here are equally applicable as local
descriptions to any situation where a suitable spacetime can be defined.

The two generalised structures defining generic N' = 2, D = 4 backgrounds are invariant
under Spin*(12) and Eg(2) subgroups of the E7) X R* acting on the generalised tangent
space. We refer to them as H and V structures respectively, standing for “hyper-” and “vector-
multiplet”. If compatible, together they define an HV structure that is invariant under SU(6).
It is then natural to define an ECY structure as an integrable HV structure. Such structures
were first introduced in the context of type II theories in [51]. Since the supersymmetry
parameters transform under H; = SU(8) in the exceptional generalised geometry, the SU(6)
structure appears as SU(6) is the stabiliser group of a pair of Killing spinors. Some steps
towards rephrasing supersymmetry in terms of integrable generalised structures in the N’ =1
case, where the structure is SU(7), were taken in [12] in M-theory and in [51] in type II. The
full set of N' =1 conditions, written using a particular unique generalised connection, were
given in [52], and this was extended to N'= 2 in [53]. The four-dimensional effective theories
in both N =1 and N = 2 have been considered in [12, 51, 54].

As first noted in [51], the infinite-dimensional spaces of hypermultiplet and vector-
multiplet structures admit hyper-Kéahler and special Kahler metrics respectively. Strikingly,
we find that the integrability conditions for each can be formulated as the vanishing of the
corresponding moment maps for the action of the generalised diffeomorphism group. The
moduli spaces of structures are then given by a hyper-Kahler or symplectic quotient. For ECY
geometries there is an additional integrability condition that involves both structures. That
differential conditions appear as moment maps on infinite-dimensional spaces is a ubiquitous
phenomenon [55, 56]. Examples include the Atiyah-Bott description of flat gauge connections
on a Riemann surface [57], the Donaldson—Uhlenbeck—Yau equations [58-60], the Hitchin
equations [61], and even the equations for Kahler-Einstein metrics [62, 63]. In our case we
see that there are also moment maps for geometries defining generalisations of complex and
symplectic structures that, in addition, use the full (generalised) diffeomorphism group.

For each structure, we show that the integrability conditions correspond to the existence of
a torsion-free G-compatible generalised connection. This follows the analysis of [15] where it was
shown that there is a natural definition of intrinsic torsion for generalised G-structures, and one
can define generalised special holonomy as structures with G C Hy and vanishing generalised

intrinsic torsion. The minimally supersymmetric backgrounds of type Il supergravity and



M-theory in various dimensions are constrained to have generalised special holonomy in both
the Minkowski [15] and AdS [64] case. Here, we use the same notion of generalised intrinsic
torsion to prove that our integrability conditions are equivalent to the Killing spinor equations.

Physically the appearance of moment maps is very natural. It is possible to reformulate
the full ten- or eleven-dimensional supergravity as a four-dimensional N' = 2 theory [51, 65,
66]. The Spin*(12) structures then naturally parametrise an infinite-dimensional space of
hypermultiplets, while the Eg) structures encode an infinite-dimensional space of vector
multiplets. This is the origin of our names for the two types of structures. The N = 2
theory will be gauged, and supersymmetry implies that the gauging defines a triplet of
moment maps on the hypermultiplets and a single moment map on the vector multiplets
(see for example [67]). This structure was already noted in [51], where it was pointed out
that the gauged symmetry was simply the R-R gauge transformations. However for generic
backgrounds, as we show here, not only the R-R gauge transformations but actually the whole
set of generalised diffeomorphisms are gauged, including NS-NS gauge transformations and
conventional diffeomorphisms. The integrability conditions can then be directly translated into
the vanishing of the gaugino, hyperino and gravitino variations, following a similar analysis
for N/ =1 backgrounds in [12, 51, 52, 68]. In making this translation we partly rephrase the
standard conditions, as given in [69-71], showing that the gaugino variation generically implies
a vanishing of the vector-multiplet moment map.

This paper is rather long, primarily because of the inclusion of a number of examples
which we hope will clarify some of the more abstract constructions. However, it does fall into
two fairly distinct parts. The first, sections 2 to 5, discusses N’ = 2, D = 4 backgrounds in type
II and M-theory. The first three sections cover some examples of D = 4 supersymmetric flux
backgrounds, an introduction to generalised geometry and generalised structures, integrability
of the structures and finally some example calculations. More technical aspects, such as
the equivalence of integrability with torsion-free G-structures, the origin of the integrability
conditions from gauged supergravity and the moduli space of supersymmetric compactifications,
are all in section 5.

Our formalism also applies to both type II and M-theory backgrounds in D =5 and D =6
preserving eight supercharges, and to O(d,d) x R generalised geometry. Discussion of these
cases, along with some simple examples, forms the second part of the paper, sections 6 to 7.
The hypermultiplet structure is always of the same form, but the second generalised structure
that is compatible with it is dependent on the case in hand. The O(d,d) x RT case is of
physical interest because these structures capture those supersymmetric NS-NS backgrounds
that do not have a description in generalised complex geometry, most notably the NS5-brane
solution. We note that AdS backgrounds can also be described in this formalism but, in the
interest of avoiding an even longer paper, we leave these for a companion work [72].



2 N =2, D = 4 flux backgrounds

Our aim is to reformulate generic supersymmetric flux backgrounds with eight supercharges
as integrable structures within generalised geometry. We will focus first on the case of type
IT and M-theory backgrounds giving N' = 2 in four dimensions. In this section, we briefly
summarise the Killing spinor equations, along with the standard N' = 2 examples of Calabi—
Yau and generalised Calabi—Yau metrics in type II theories, and discuss how the notion of a
Calabi—Yau structure extends when one includes fluxes. In appendix B, we give a number
of other backgrounds that will provide useful examples when we come to discuss generalised
structures.

2.1 Supersymmetric backgrounds in type Il and M-theory

We consider type II and M-theory spacetimes of the form RP”' x M, with a warped product

metric

ds? = e?2ds?(RP1Y) 4 ds?(M), (2.1)

where A is a scalar function on M. Initially we will assume D = 4 and hence M is six-
dimensional for type II and seven-dimensional for M-theory. For the type II theories we use
the string frame metric so that the warp factors for type II and M-theory are related by
A= Ayp + %qﬁ, where ¢ is the dilaton. We allow generic fluxes compatible with the Lorentz
symmetry of R®!. Thus for M-theory, of the eleven-dimensional four-form flux F we keep the
components

Frny.mg = Finy.mas Fnyme = (5F ).z (2:2)

where m = 1,...,7 are indices on M, while for type II we use the democratic formalism [73]
and keep only the flux components that lie entirely on M.
In M-theory, the eleven-dimensional spinors € can be decomposed into four- and seven-

dimensional spinors nT and e respectively according to
e=n"@etn @€, (2.3)

where + denotes the chirality of n*. The internal spinor € is complex, and can be thought of
as a pair of real Spin(7) spinors € = Ree + iIme. The Killing spinor equations read [74-77]

1 ni..n ni . nansn 11 n...1n
vme‘f’anl...m;(’Ym Lol _85m I’Y s 4)6_ B grtmni..ng” Lo lbe = s
1
4

’ymeE + (8mA)’YmE — 9716‘F”'nl..-"_’14,.)/7)11...Tn,46 .

where V is the Levi-Civita connection for the metric on M and 4™ are the Cliff(7;R) gamma
matrices. These imply that F vanishes for Minkowski backgrounds [74], since it can only be

supported by a cosmological constant.



There are similar expressions for the Killing spinor equations in type II (see for ex-
ample [21]). In this case, there are a pair of real ten-dimensional spinors {e1,e2} which
decompose under Spin(3,1) x Spin(6) as

er=n ©x; +m ®xf,

- (2.5)
E2=n3 OX5 +1 ®X3,

where the £ superscripts denote chiralities, x; and n, are the charge conjugates of xj and
n;r respectively, and the upper and lower signs in the second line refer to type IIA and IIB
respectively. The two internal spinors can be combined into a single, complex, eight-component

e— (X)) 2.6
(ﬁ) 20

which for type ITA is simply the lift to the d = 7 complex spinor of the M-theory reduction.

object

In both type IT and M-theory, the gamma matrices generate an action of SU(8) on the
eight-component spinors e. Using the SU(8) norm, given in type II by €e = )ZTX;“ + X;x;,
supersymmetry implies é = const. x e [21, 74-77]. For N' = 2 backgrounds we have two
independent solutions, €; and €2, to the Killing spinor equations. With respect to the SU(8)
action, the solutions are thus invariant under an SU(6) subgroup. In E;(7) X R* generalised
geometry this SU(8) action is a local symmetry [13, 14]. From this perspective, as stressed
in [15, 51], we can view the N' = 2 background as defining a generalised SU(6) structure

N =2 background {e;,e2} <= generalised SU(6) structure. (2.7)

Understanding how this SU(6) structure is defined and its integrability conditions, along with
the analogous structures in D =5 and D = 6, will be the central goal of this paper.

2.2 Generalising the notion of a Calabi—Yau structure

The classic example of an N/ = 2 background is, of course, type II string theory with vanishing
fluxes, where M is a Calabi-Yau threefold. Generic flux solutions of the N' = 2 Killing spinor
equations can thus be thought of as string-theory generalisations of the conventional notion of
a Calabi—Yau manifold to backgrounds including both NS-NS and R-R fluxes.

Calabi—Yau manifolds admit a single covariantly constant spinor x™ which is invariant
under the action of an SU(3) subgroup of Spin(6) ~ SU(4). In this case, the two SU(8) Killing

spinors of (2.6) are given by
* 0
€1 = X 5 €2 = 5 (28)
0 X~

One can build two differential forms as bilinears in x: a symplectic form w and a holomorphic



three-form (2, satisfying the compatibility conditions

wAQ=0, %wAw/\w:%iQ/\Q. (2.9)

The Killing spinor equations are equivalent to the integrability conditions
dw =0, dQ =0, (2.10)

which together define an integrable or torsion-free SU(3) structure on M. The forms w and
2 are invariant under Sp(6;R) and SL(3; C) subgroups of GL(6;R) respectively. Thus the
different structure groups embed as

GL(6;R) D Sp(6;R) for w
U U (2.11)
SL(3;C) for @ > SU(3) for {w, Q}

The simplest extension is to consider generic NS-NS backgrounds by including H = dB
flux and dilaton. These are beautifully described within generalised complex geometry [18-21].
The two SU(8) spinors are taken to have the form?

_(x oo [
€1 = <0>, 92 = <X2>. (2.12)

Each spinor x; is stabilised by a different SU(3) subgroup of Spin(6) ~ SU(4). Generically the
common subgroup leaving both ;" invariant is SU(2). However, since the norm between the
spinors can vary over M, there can be points where the spinors are parallel and the stabiliser
group enhances to SU(3). Backgrounds where this happens are called “type-changing” [18, 19].
The presence of two spinors X;r means that the differential forms constructed from the spinor
bilinears are more intricate than in the Calabi—Yau case. The background can be characterised
by two polyforms [21]

ot e T(ANTT*M), " e T(AN"T*M), (2.13)

where ATT*M and A~T*M are the bundles of even- and odd-degree forms respectively. They
satisfy a pair of consistency conditions (B.8) and the Killing spinor equations are equivalent
to the integrability conditions

det =0, dd~ =0, (2.14)

2As we will discuss in some detail, there are also pure NS-NS, V' = 2 backgrounds where the Killing spinors
do not take the form (2.12), and hence are not described by generalised complex structures.



which define what is known as a generalised Calabi—Yau metric. A conventional Calabi—Yau
background is of course a special case, given by taking
Pt =e %o Bev o~ =ie % BQ, (2.15)

with B closed and ¢ constant. Thus we see that ®T generalises the symplectic structure and
&~ generalises the complex structure.

These conditions define an integrable structure in O(6,6) x R* generalised geometry [18,
19, 21]. One considers the generalised tangent bundle F ~ TM & T*M, which admits a
natural O(6,6) metric 7. The two polyforms ®* can then be viewed as sections of the
positive and negative helicity Spin(6,6) spinor bundles® associated to E, each stabilised
by a (different) SU(3,3) subgroup of Spin(6,6). Therefore, each ®* individually defines a
generalised SU(3, 3) structure. The compatibility conditions imply that their common stability
group is SU(3) x SU(3), so

0(6,6) x R > SU(3,3), for &+
U U (2.16)
SU(3,3)_ for @~ D SU(3) x SU(3) for {&+, D}

Note that the two SU(3) stabiliser groups are precisely the groups preserving Xf and x5
in (2.12). As we discuss in section 7, the integrability conditions d®* = 0 are equivalent to
the existence of a torsion-free generalised connection compatible with the relevant SU(3, 3)+
structure.

It is natural to ask how these structures and their integrability conditions are extended
when one considers completely generic backgrounds, for example including R-R fluxes for
which the type IT Killing spinor equations take the form (2.5). These are the questions we
address in the next two sections. In identifying the relevant objects in the generalised geometry,
and how they connect to conventional notions of G-structures, it will be useful to have a range
of examples of N’ = 2 backgrounds. To this end, a number of simple cases, with and without
R-R fluxes and in both type II and M-theory, are summarised in appendix B, along with more
details of the Calabi—Yau and generalised Calabi—Yau metric cases.

3  Er(r) structures

We will now show that a generic N' = 2, D = 4 background defines a pair of generalised
structures in E7(7) x R* generalised geometry. For type II backgrounds this pair was first
identified in [51]. We will turn to the integrability conditions in the next section.

3In making this identification there is an arbitrary scaling factor that can be viewed as promoting the O(6, 6)
action to an O(6,6) x RT action, corresponding to the dilaton degree of freedom [78, 79].



The idea of a generalised G-structure is as follows. In conventional geometry, the generic
structure group of the tangent bundle T'M of a d-dimensional manifold M is GL(d;R). The
existence of a G-structure implies that the structure group reduces to G C GL(d;R). It
can be defined by a set of tensors = that are stabilised by the action of GG, or alternatively
as a principal G-sub-bundle Pg of the GL(d;R) frame bundle F. In generalised geometry,
one considers an extended tangent bundle E which admits the action of a group larger than
GL(d;R). For us the relevant generalised geometry will have an action of Eq(7) x R*. One can
define frames for £ and a corresponding principal E7(7) X R*-bundle, called the generalised
frame bundle F'. A generalised G-structure is then defined by a set of generalised tensors that
are invariant under the action of a subgroup G C E7(7) X RT. Equivalently, it is a principal
G-sub-bundle Pg, of the generalised frame bundle F'.

The two generalised G-structures relevant to N' = 2, D = 4 backgrounds are*>

hypermultiplet structure, Jy, G = Spin*(12), (3.1)
vector-multiplet structure, K G = Eg(2). '

We will often refer to these as H and V structures respectively. As we will see, we can impose
two compatibility conditions between the structures such that their common stabiliser group
is Spin*(12) N Eg(2) = SU(6), defining

HYV structure, {Jo, K} G = SU(6). (3.2)

We see that the generalisation of the embeddings (2.11) and (2.16) for Calabi-Yau and
generalised Calabi—Yau metrics respectively is given by

E7(7) X R+ D) Spln*(12) for Ja
U U (3.3)
EG(?) for K D SU(6) for {JO”K}

The SU(6) group is the same one that stabilises the pair of SU(8) Killing spinors {e1, €2}.
These structures are generalisations of the symplectic and complex structures on Calabi—
Yau manifolds in type II compactifications. Focussing on type IIB, in table 1 we list the
(generalised) tangent bundles and structures that appear in conventional and generalised
O(d,d) xRt and E7(7) % R* geometries. We see that the H structure generalises the symplectic
structure w (or the pure spinor ®*), while the V structure generalises the complex structure
Q (or the pure spinor ®7). For type ITA the situation is reversed, and the V and H structures

generalise w and () respectively.

“In [51] these were denoted K, and A = 2Re L respectively.
®Spin*(12) is the double cover of SO*(12), the latter corresponding to a particular real form of the complex
SO(12;C) Lie algebra [80].



hyper vector

E Grame G = G =
™ GL(6) Sp(6;R)  w  SL(3;C) Q
T™ & T*M 0(6,6) x RT SU(3,3), & SU(3,3). &
TMeT*MONTMS... E7(7) x RT Spin*(12) J, E6(2) K

Table 1. The (generalised) tangent bundles and G-structures in conventional, generalised complex and
exceptional generalised geometry for type IIB supergravity. We include the group Ggame that acts on
the (generalised) frame bundle, the reduced structure group G of the symplectic, complex, generalised
complex, vector- or hypermultiplet structure, and the invariant object = that defines the structure.

Recall that the moduli spaces of (integrable) symplectic and complex structures of Calabi—
Yau manifolds are associated with N' = 2, D = 4 hypermultiplets and vector multiplets in type
IT theories. The same thing happens here: the moduli space of integrable Spin*(12) structures
defines fields in hypermultiplets and that of integrable Eg (o) structures defines fields in vector
multiplets, hence the names. In fact, one can also consider the infinite-dimensional space of all
such structures, without imposing any integrability conditions, and these too can naturally be
associated with hypermultiplets and vector multiplets. As described in [51, 65, 66], one can
view this structure as arising from a rewriting of the full ten- or eleven-dimensional theory,
analogous to the construction in [34], but with only eight supercharges manifest. The local
SO(9,1) Lorentz symmetry is broken and the degrees of freedom can be repackaged into N' = 2,
D = 4 multiplets. However, since all modes are kept — there is no Kaluza—Klein truncation —
the hyper- and vector-multiplet spaces become infinite dimensional.

In the rest of this section we first review Eq(7) x R* generalised geometry. We then define
H and V structures, discuss the infinite-dimensional space of structures, and, in each case,
show how the various examples of N'= 2, D = 4 backgrounds given in appendix B define J,
and K.

3.1 Eg@) X R* generalised geometry

Eq(a) xR or exceptional generalised geometry is the study of structures on a generalised tangent
bundle E, where E admits a unique action of the Ey44) group [11, 12]. The corresponding
differential geometry was developed in [13, 14]. Here we summarise the key points, relegating
some of the details to appendix E.

For M-theory on a manifold M of dimension d < 7, the generalised tangent bundle is

E~TM& N*T*M & NT*M @ (T*M @ NTT*M). (3.4)
For a type II theory on a (d — 1)-dimensional manifold M, the generalised tangent bundle is

E~TM®T*M@®ANET*M & NST*M @ (T*M @ A°T*M), (3.5)

,10,



where + refers to even- or odd-degree forms for type IIA or IIB respectively. For type IIA,
this is just a dimensional reduction of the M-theory case. For type IIB, this can be rewritten
in a way that stresses the SL(2;R) symmetry as

E~TM@®(S@T*M)® NT*M @ (S AN°T*M) @ (T*M @ \ST*M), (3.6)

where S is an R? bundle transforming as a doublet of SL(2;R). In all cases the generalised
tangent bundle is an Egg) X R* vector bundle. For example, for d = 7 it transforms in the
561 representation, where the subscript denotes the Rt weight. By definition, a scalar field
of weight p, transforming in the representation 1,, is a section of (det 7*M)?/©~4) . (Since
supersymmetric backgrounds are orientable, we can assume det 7" M is trivial.)

The generalised frame bundle F is an Eq@) x R* principal bundle constructed from
frames for E. One defines generalised tensors as sections of the vector bundles associated
with different Egq) X R* representations. Of particular interest is the adjoint bundle ad F,
corresponding to the adjoint representation of Eg(g) x R*. In M-theory we have

ad FE~R@(TM @T*M) @ N3T*M & NST*M @ N*TM ¢ AT M, (3.7)
while in type 11

adF ~R@ [Re ATM & AT*M]

3.8
& [(TMT*M)® N*T*M & N°TM| & [NFTM & ATT*M] 35

where the upper and lower signs refer to type IIA and type IIB respectively. For IIB this can

also be written as

adF ~RO(TM@T*M) D (S® S ® (S®ANTM)® (S ANT*M)

(3.9)
ONTM @ NT*M @ (S @ ASTM) & (S ® AST* M),

where the subscript on (S ® S*)o indicates that one takes the traceless part. For d = 7 these
bundles transform in the 19 + 133¢ representation, where the singlet is the part generating
the R action.

The generalised tangent bundle is actually defined as an extension, so that there is a
non-trivial patching between the tensor components. In M-theory, on the overlap of two local
patches U; NU; of M, a generalised vector V' € I'(E) is patched by

Vi = eMan+dhan (3.10)

where A(;;) and [X(Z-j) are locally two- and five-forms respectively, which can be identified as
sections of ad F', so that e TG is the exponentiated adjoint action. The isomorph-

isms (3.4) and (3.7) depend on a pair of potentials A € T(A3T*M) and A € T'(AST*M) via
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the exponentiated adjoint action
V = eA+Af/, R=eMARe 474, (3.11)

where V € T'(E) and R € T'(ad F), the “untwisted” objects V and R are sections of TM &
NT*M @ - and R@ (TM @ T*M) & - - - respectively, and A and A are patched by

i i A 1
Ay = Ag) +dAgy), Agi) = Ay + dAgj) — 3dAag) A Ag). (3.12)
The corresponding gauge-invariant field strengths
F =dA, F=dA-1ANF, (3.13)

are precisely the supergravity objects defined in (2.2). The type II theories are similarly
patched. For type IIB we have

dA,  +dR

Vo = iy, @1

where Az@.) and A(ij) are locally a pair of one-forms and a three-form respectively. The relations
between the twisted and untwisted objects are written as

V =By, R=eP'tCReB'C (3.15)
with the corresponding three- and five-form field strengths given by
F' =dB', F=dC + i¢;B' N FY, (3.16)

where F!' = H, F? = F3 and F are the usual supergravity field strengths. We discuss how to
include a non-zero axion-dilaton in appendix E.2, following [81].

The differential structure of the generalised tangent bundle is captured by a generalisation
of the Lie derivative that encodes the bosonic symmetries of supergravity, namely diffeomorph-
isms and form-field gauge transformations. Given a generalised vector field V' € T'(E), one
can define the action of the generalised Lie derivative (or Dorfman derivative) Ly on any
generalised tensor. For example, its action on generalised vectors is given in (E.12) and (E.41),
and on sections of ad F in (E.13) and (E.42). It endows E with the structure of a Leibniz
algebroid [82]. It will play an essential role in defining the integrability conditions on the

generalised structures.

3.2 Hypermultiplet structures

The idea of an hypermultiplet structure (or H structure) was first introduced in [51] in the
context of type II theories. Formally we have:
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Definition. An E;(7) hypermultiplet structure is a Spin*(12) C Eq(7y x R* generalised struc-
ture,

or, in other words, a Spin*(12) principal sub-bundle pSpin*(lQ) of the generalised frame bundle
F. More concretely, we can define the structure by choosing a set of invariant generalised
tensors. The relevant objects are a triplet of sections of a weighted adjoint bundle

Jo €D(ad F @ (det T*M)"/?) o =1,2,3, (3.17)

such that they transform in the 1331 representation of Er(7) x R*. We require them to define
a highest weight suy subalgebra of e7(7), which is the necessary and sufficient condition for
them to be invariant under Spin*(12). We can write the algebra as

[Ja, J/j] = 2K€apyJy, (3.18)

where £ is a section of (det T*M)'/? and the commutator is simply the commutator in the
adjoint representation of Ez(7y x R*, defined in (E.7) and (E.36). The norms of the Jq,
calculated using the e7(7y Killing form given in (E.27) and (E.56), are then fixed to be

tr(Jadg) = —K20us- (3.19)

As described in [51], decomposing under the SU(8) subgroup® of E7(7), one can view the
corresponding “untwisted” objects J, as being constructed from bilinears of the Killing spinors
¢; of the form Ué{ €;€;, where Jéj are the Pauli matrices.

A key point for us, first noted in [51], is that the infinite-dimensional space of H structures
admits a natural hyper-Kéahler metric. To define the space of structures, note that, at a
particular point & € M, the structure J,|, is invariant under Spin*(12) so it can be viewed as

fixing a point in the homogeneous space
Jal, € W = Eq¢7y x RT /Spin*(12). (3.20)
One can then consider the fibre bundle of homogeneous spaces

W — ZH
l (3.21)
M

constructed by taking a quotient Zy = F /G of the generalised frame bundle F by the structure
group G = Spin*(12). Choosing an H structure is equivalent to choosing a section of Zy.

5The actual subgroup is SU(8)/Zz but throughout this paper, for simplicity, we will ignore discrete group
factors.
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Thus the infinite-dimensional space of all possible H structures is simply the space of smooth
sections,

space of hypermultiplet structures Ay = I'(Zg). (3.22)

Crucially, the fibres W of Zjy are themselves pseudo-Riemannian hyper-Kéhler spaces. In fact
W is a hyper-Kéhler cone over a pseudo-Riemannian symmetric quaternionic-Kéahler space,
also known as a Wolf space,

W/H* = Eqp)/(Spin*(12) x SU(2)), (3.23)

where the action of the quaternions H* mods out by SU(2) x R*. The Riemannian symmetric
quaternionic-Kéhler spaces were first considered by Wolf in [83] and classified by Alekseevsky
in [84], while the pseudo-Riemannian case was analysed by Alekseevsky and Cortés [85],
and (3.23) is indeed included in their list. Recall that one can always construct a hyper-Kéhler
cone, known as the Swann bundle, over any quaternionic-K&hler space [86]. In this case
the cone directions are simply the SU(2) bundle together with the overall R™ scaling. The
hyper-Kéhler geometry on W, as first described in [87], is summarised in appendix C.

The hyper-Kéhler geometry on Ay is inherited directly from the hyper-Kéhler geometry
of the W fibres of Zy. This is in much the same way that the infinite-dimensional space of
smooth Riemannian metrics on a compact d-dimensional manifold (which can be viewed as
the space of sections of a GL(d; R)/O(d) homogeneous fibre bundle) is itself a Riemannian
space [88-90]. The construction follows that on W. Concretely, consider a point o € Ay,
corresponding to a choice of section o(x) € I'(Zy). Equivalently, given a point o € Ag we
have a triplet of sections J,(x). Formally, one can think of J,(z)[o] as a triplet of functions
on Ay taking values in the space of sections I'(ad F ® (det T*M)'/?)

Jo : An — D(ad F @ (det T*M)/?). (3.24)

The tangent space T, Ay at o is spanned by vectors v € T, Ay that can be viewed as a small
deformation of the structure J,(z). Formally, we can define the change v, (z) in J,(z), given
by v acting on the section-valued functions J,, that is vq, = v(Jy) = 1,0J4, where § is the
exterior derivative on Ag. By definition, v, (z) is a section of ad FF @ (det T*M)'/2. At each

point ¢ it can always be written as
va(2) = [R(z), Ja(x)], (3.25)

where R(x) is a section of the e7(7) ® R adjoint bundle ad F. Note that only elements that are
not in spinjy actually generate non-zero v,. Decomposing ad F ~ad pspin*(12) @ ad PSLP in*(12)?
where pspin*(12) is the generalised G-structure defined by J,, this means formally we can also
identify

Ty An ~ T(ad Parye12) ® (det T*M)'?). (3.26)
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Given two tangent vectors v, w € T, Ay, we then define a triplet of symplectic forms at the
point o € Ay, such that the symplectic products between v and w are given by

Qo (v,w) = €48y /M tr(vgwy). (3.27)

Recall that v, (z) and we(z) are sections of ad F® (det T*M)'/2. Thus tr(vgw,) is a section of
det T* M and can indeed be integrated over M. These forms define the hyper-Kahler structure.

The geometry on Ay is actually itself a hyper-Kéhler cone. There is a global SU(2) x RT
action that rotates and rescales the structures J,. This means that one can define a hyper-
Kaéhler potential [86], a real function y which is simultaneously a Kéhler potential for each of
the three symplectic structures. On Ay it is given by the functional

X = é/ K2, (3.28)
M

where 2 is the density that depends on the choice of structure o(x) € T'(Zy) through (3.18). In
terms of the Killing spinors ¢;, the global SU(2) symmetry corresponds to the fact that, under
the decompositions (2.3) and (2.5), the ¢; are determined only up to global U(2) rotations of
the pair of four-dimensional spinors 7727F . Thus the global SU(2) action on J, is simply part of
the four-dimensional A" = 2 R-symmetry. The global R rescaling corresponds to shifting the
warp factor A in (2.1) by a constant, and then absorbing this in a constant conformal rescaling
of the flat metric ds?(R%*!). Modding out by these symmetries, we see that the physical
space of structures is actually an infinite-dimensional quaternionic-Kéhler space. As we have
mentioned, this structure on Ay can be viewed, following [51, 65, 66], as a rewriting of the full
ten- or eleven-dimensional supergravity theory as a four-dimensional N’ = 2 theory coupled
to an infinite number of hypermultiplets, corresponding to the full tower of Kaluza—Klein
modes parametrising Ay. Physically, the Swann bundle structure corresponds to coupling
hypermultiplets to superconformal gravity [91-93].

3.3 Vector-multiplet structures
Vector-multiplet structures (or V structures) were also first introduced in [51] in the context
of type II theories. Formally we have:

Definition. An Ey 7y vector-multiplet structure is an Eg) C Er¢7y X RT generalised structure.

In other words, it is an Eg(9) principal sub-bundle ]5E6(2> of the generalised frame bundle F.

The corresponding invariant generalised tensor is a section of the generalised tangent
bundle
K eT'(E), (3.29)
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which we recall transforms in the 561 representation of E7(7) x R*. This tensor is almost
generic, the only requirement is that it satisfies

q(K) >0, (3.30)

where ¢ is the quartic invariant of E7(7).7 This ensures that the stabiliser group is Egoy [94].
As will see below when we discuss the geometry of the space of V structures following [51], one
can use ¢(K) to construct a second invariant generalised vector K, and it is often convenient
to consider the complex object

X =K +iK. (3.31)

Decomposing under the SU(8) subgroup of E7(7), one can view the corresponding “untwisted”
objects X as being constructed from bilinears of the Killing spinors ¢; of the form € eie]T =
er1e8 — egel.

In this case, the infinite-dimensional space of V structures admits a natural rigid (or
affine) special Kéhler metric [51]. The structure K|, at a particular point € M fixes a point
in the homogeneous space

K|x eP= E7(7) X R+/E6(2). (332)

One can then consider the fibre bundle of homogeneous spaces

P— Zv
l (3.33)
M
constructed by taking a quotient Zy = F /G of the generalised frame bundle F by the structure

group G' = Eg(y). Choosing a V structure is equivalent to choosing a section of Zy. Thus the
infinite-dimensional space of all possible V structures is simply the space of smooth sections,

space of vector-multiplet structures Ay = I'(Zy). (3.34)
The space of K is an open subset of I'(F), thus we can identify the space of V structures as
Ay ={K € T'(F) : ¢(K) > 0}. (3.35)

Note that I'(E) is a vector space, and hence we have a natural set of local flat coordinates on
Ay, fixed by choosing a frame for E. The decomposition into conventional tensors as in (E.2)
and (E.31) is an example of such a choice.

The special Kéhler metric on Ay is again inherited from the special Kéhler metric on

"Recall that E7(7) can be defined as the group preserving a symplectic invariant s and a symmetric quartic
invariant q. Given the RT weight of E, note that ¢(K) € T'((det T*M)?).

,16,



P, the homogeneous space fibres of Zy. (Special Kéhler geometry is reviewed in [95, 96]
and summarised in appendix D.) Recall that one can always define a complex cone over a
local special Kéhler manifold to give the corresponding rigid special Kahler manifold. The
Riemannian symmetric spaces that admit local special Kéahler metrics were analysed in [97, 98]
and include the case E7(_s5)/(Eg x U(1)). Here we need a pseudo-Riemannian form based on
E7(7), so the relevant space is

P/(C* = E7(7)/(E6(2) X U(l)) (3.36)

Here the C* action is generated by the U(1) bundle together with the overall R scaling. The
rigid special Kéhler geometry on Ay can be formulated in analogy to Hitchin’s construction of
the metric on the space of SL(3; C) structures [99] and SU(3, 3) structures [18]. The space P
is a “prehomogeneous vector space” [100], that is, it is an open orbit of E7(7) % R* in the real
561 representation. The open subset is defined by the condition ¢(K) > 0. Consider a point
K € Ay. The vectors in the tangent space T Ay at K can be viewed as a small deformation
of K, which are just sections of F, hence T Ay ~ I'(E). Given v,w € Tx Ay, the fibre-wise
E7(7) symplectic invariant s then defines a symplectic form €2 on Ay by

Q(v, w) = /M s(v,w), (3.37)

where, since sections of E are weighted objects, s(v,w) is a section of det 7*M and hence it
can be integrated over M. As reviewed in appendix D, special Kahler geometry requires the
existence of a flat connection preserving 2. Here, the vector-space structure of I'(E') provides
natural flat coordinates on Ay, and hence defines a flat connection with respect to which €2
is by definition constant. We can then use the quartic invariant to define a function H that
determines the complex structure and hence the metric (D.4). We define the real Hitchin

H= / V&, (3.38)
M

where again the weight of K means that y/q(K) € I'(det T*M). This defines a second invariant
tensor K € I'(E) ~ Tx Ay as the corresponding Hamiltonian vector field

functional

1 Q = —6H, (3.39)

where ¢ is the exterior derivative on Ay, and hence an invariant complex generalised vector
X = K +iK. The two real invariants correspond to the two singlets in the decomposition
56 = 1+ 1+ 27 + 27 under Eg(2) C E7(7). The metric on Ay is given by the Hessian

0H

Hyn = TSKMSKN (3.40)
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where M =1,...,56 denote the components of K. The definition of the metric is equivalent
to choosing a complex structure given by ZM y = —§KM /6K, and implies that —H is the
Kahler potential for the special Kéhler metric on Ay.® In these expressions we are using
the flat coordinates on Ay defined by the vector space structure on I'(E). To see the more
conventional description of special Kéhler geometry in terms of a holomorphic prepotential F,
one needs to switch to a particular class of complex coordinates, as described in [96].

On any rigid special K&hler geometry there is a global C* symmetry, such that the quotient
space is, by definition, a local special K&hler geometry. On Ay, the action of C* is constant
rescaling and phase-rotation of the invariant tensor X. The U(1) part is simply the overall U(1)
factor of the four-dimensional N/ = 2 R-symmetry, while, as for the hypermultiplet structure,
the Rt action is a reparametrisation of the warp factor A.? Modding out by this symmetry,
the physical space of structures Ay /C* is an infinite-dimensional local special Kahler space.
This is in line with the discussion of [51, 65, 66], where we view Ay/C* as the space of
vector-multiplet degrees of freedom, coming from rewriting the full ten- or eleven-dimensional
supergravity theory as a four-dimensional N' = 2 theory. Physically, the cone structure on Ay
corresponds to coupling the vector multiplets to superconformal gravity [91-93].

3.4 HYV structures

In the previous sections, we defined two generalised structures that give the extension of
complex and symplectic geometry of Calabi—Yau manifolds for generic flux solutions, but
alone these are not enough to characterise a supersymmetric background. Recall that N' = 2
backgrounds define a generalised SU(6) structure [15, 51], this SU(6) being the same group
that stabilises the A/ = 2 Killing spinors. Formally we define:

Definition. An E;7)y HV structure is an SU(6) C Er(7) x R* generalised structure,

or, in other words, an SU(6) principal sub-bundle ﬁSU(ﬁ) of the generalised frame bundle F'. If
the SU(6) structure is integrable, we refer to it as “exceptional Calabi-Yau” or ECY. For type
IT backgrounds it is the flux generalisation of a Calabi—Yau three-fold, while for M-theory it is
the generalisation of the product of a Calabi-Yau three-fold and S!.

As in the simpler Calabi—Yau case, to ensure that the background is indeed N' = 2 we
need to impose a compatibility condition between the H and V structures such that together
they define a generalised SU(6) structure. The common stabiliser group Spin*(12) N Eg9) of
the pair {J,, K} is SU(6) if and only if J, and K satisfy two compatibility conditions.

Definition. The two structures J, and K are compatible if together they define an SU(6) C

8Note that our conventions for the E7(7) symplectic form mean that the metric here is é that in [51]. Also
our normalisation of the quartic invariant is fixed relative to the symplectic form by the relation (D.7).

9The second compatibility condition in (3.41) implies that R* actions on J, and X are correlated.
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E7(7) x R generalised structure. The necessary and sufficient conditions are [51]

Jo - K =0,
tr(Jads) = —21/q(K) 6as,

where - is the adjoint action 133 x 56 — 56, given in (E.6) and (E.35).

(3.41)

These constraints can be thought of as the generalisations of the conditions (2.9) between
symplectic and complex structures on a Calabi—Yau manifold. Note that they are equivalent
to

Jp - X=J_-X=0, (3.42)

where JL = J; & 1iJs, and the normalisation condition
lis(X, X) = &%, (3.43)

respectively, where r is the factor appearing in (3.18) and s(-,-) is the Eq(7) symplectic
invariant, given in (E.26) and (E.55).

3.5 Examples of E7(7) structures

We now show how the examples of N/ = 2 supersymmetric backgrounds described in appendix B
each define an H and V structure. We hope this will give a sense of the variety of geometries
that can be described. In the same way that generic generalised complex structures can be
thought of as interpolating between complex and symplectic structures, we will see that H
structures can interpolate between these and conventional hyper-Ké&hler structures. Similarly,
V structures cover a wide range of possibilities, interpolating between complex, symplectic
and simple product structures. We will also check that the structures are compatible, and
so define an HV or generalised SU(6) structure. Although we do not give the details, the
structures can be calculated explicitly as Killing spinor bilinears using the decomposition of
E7(7) under SU(8).

Throughout this section we will use the “musical isomorphism” to raise indices with
the background metric g on M. For example, if w is a two-form, w! is the corresponding

bivector (w?)™"

= ¢"Pg"wy,. Note that when the flux is non-trivial, since the compatibility
and normalisation conditions are E7(7) X R* covariant, we can always check them using the

untwisted structures. For example, the compatibility condition in M-theory is

Jo K = (A Je 44 (AR =M, K)=0 o J, K=0.  (3.44)
For the following examples, one can check the sus algebra (3.18) and normalisation (3.19)

of the J, using (E.7) and (E.27) for M-theory, and (E.36) and (E.56) for type IIB. The
normalisation (3.43) of X (or K) can be checked using the symplectic invariant, given by
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(E.26) for M-theory and (E.55) for type IIB. Finally, one can check compatibility of the
structures (3.42) using the adjoint action, given by (E.6) for M-theory and (E.35) for type
IIB.

3.5.1 Calabi—Yau manifolds in type IIB

Consider first type IIB on a Calabi—Yau manifold M. The H structure is defined by the
symplectic form w on M. The decomposition of the adjoint bundle ad F in this case follows (3.9).
The H structure is given by

Jy = trniw — Jikn'w! + Likn'w Aw Aw + Hrniwt Awf AW (3.45)
J3 = %n%@—inw/\w—i—imwﬁ/\wﬂ, .

where the SL(2;R) doublet n = (—i,1)* is a section of S, 7 = —io9 is a section of (S ® S*)o,
where o is the second Pauli matrix, and the density is simply x? = volg, where volg = %w/\umw
is the volume form on M. Note that J3 can be thought of as a combination of two U(1) actions
embedded in E7(7), the first generated by 7 in sly and the second generated by w Aw — Wi A Wi,
Since w = w1, J, is completely determined by w alone.

Recall that in type IIB the generalised tangent bundle E has a decomposition into tensors,
given in (3.6). For a Calabi—Yau background, the V structure is defined by the holomorphic
three-form () simply as

X =Q. (3.46)

We can also check the compatibility condition (3.42) given the form of J, in (3.45). The
adjoint action (E.35) gives

Ji - X o —in'wf Q4+ nfQ A w, J_ - X o =i Q4+ Al A w. (3.47)

These vanish if and only if wAQ = wAQ = 0, from which we recover the standard compatibility
condition (2.9) for an SU(3) structure.

3.5.2 CY3 x S! in M-theory

For type ITA compactifications on Calabi—Yau three-folds, the complex structure should define
the H structure. If we add the M-theory circle to this case, we expect the holomorphic
three-form 2 and the complex structure I to appear in J, — this is indeed the case. Using the
decomposition (3.7), we find

Ji = 1rQ - 10,

_ _ 3.48
Jy = 3kl — LikQ A Q — LicQf A QF, (349

where the density is just the volume form x% = vol; = %iQ ANQAC.
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The symplectic structure on the Calabi—Yau manifold determines the V structure. Using
the decomposition (3.4), we find

X=C4iw— i AwAw—il®@volr. (3.49)

Using the adjoint action (E.6) and the algebraic conditions 2.4Q = 0, 2;:w =0 and w A Q =0,
it is straightforward to show that the compatibility conditions (3.42) are satisfied.

3.5.3 Generalised Calabi—Yau metrics in type II

This is the case first considered in [51]. The H structure is determined by the SU(3,3)+
structure pure spinors @~ and ®T in type IIA and type IIB respectively. To see the embedding
it is natural to use the decomposition of E7 ;) under SL(2;R) x O(6,6). The adjoint bundle
was given in (3.8). The three sets of terms in brackets correspond to the decomposition
133 =(3,1) + (1,66) + (2,32T), while the first term is just the singlet (1,1) generating the
R* action.

The H structure is given by!°

J+ = uiq)jF,

. , . (3.50)
J3 = k(u'u; + a'uj) — 58T T,

where the upper/lower choice of sign in ®F gives the type IIA/IIB embedding, and we have
defined

7
A
u = ( f) € T((det T*M)Y? ® (R & ASTM)), (3.51)
K
with
K2 = 1(0F, 0F), (3.52)
where u; = eijuj, so that u'a; = —%, and we are using the isomorphism AETM ~ NSTM &

ATT*M. The object J*, transforming in the O(6,6) adjoint representation (1,66), is the
generalised complex structure defined in (B.10). It is important to note that the NS-NS B-field
is included in the definition of the pure spinors so that the objects J, are honest sections of
the twisted bundle ad F.

Using the adjoint action and the e7(7) Killing form in section 3 of [51], one can check that
the triplet satisfies the suy algebra (3.18) and is correctly normalised (3.19). The embedding
reduces to the previous examples in that, for type IIA, the pure spinor @~ corresponding to
the complex structure embeds in J, and, for type IIB, we find J, contains the symplectic
structure. Note that upon taking a conventional symplectic structure, we expect this to reduce
to the type IIB case of section 3.5.1. It is important to note that the SL(2;R) factor in each
case is different: for type IIB it is S-duality, while for the generalised complex structure it is

"Note that with our conventions, the 32F component CT here is equal to v/2 times the CT used in [51].
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the commutant of the O(6,6) action. Taking this into account, it is straightforward to show
the two cases match after including a constant SU(2) rotation of the J,.
The V structure is determined by the generalised complex structure as [51]

X = o%, (3.53)

where the upper/lower choice of sign in ®* gives the type IIA/IIB embedding. Using the
symplectic invariant in section 3 of [51], rescaled by a factor of 1/4, one can check this satisfies
the normalisation condition (3.43). Notice that upon taking a conventional complex structure,
this does indeed reduce to the case of section 3.5.1.

For J4 in (3.50), the adjoint action in section 3 of [51] gives

Jy - X ot (0T TA0F), J_ - X o @ (T, T4D%), (3.54)

These vanish if (+, TA®F) = (®* TAPT) = 0. We recover the compatibility conditions (B.8)
for {®T,®} to define an SU(3) x SU(3) structure.

3.5.4 D3-branes on HK X R? in type IIB

In this case, the hyper-Kéahler geometry on M provides a natural candidate for realising the
suy algebra. Using the structures defined in section B.4, we start by defining the untwisted
structure

Jo = —%/da — %/@wa NG AG+ %nwg A Cf A Cg, (3.55)

where k2 = e22 volg includes the warp factor. The actual structure is a section of the twisted
bundle ad F, and includes the four-form potential C' and two-form potentials B’ via the adjoint

action as in (3.15) , ,
Jo, = eB'*C J e B =C. (3.56)

We see explicitly that H structures can also encode hyper-Kéahler geometries.
X essentially defines the structure of the R? factor, since the hyper-Kéhler structure was
already encoded in J,. We first define the untwisted object

X = ale® (¢ — i) +in'e® (¢ — ila) A voly, (3.57)

where n' = (—i,1)" and %wa A wg = dqp5 voly. The presence of five- and three-form flux means
the actual structure is a section of the twisted bundle E

X =eP'HOX. (3.58)

We can check the compatibility condition with J, in (3.55). This can be done using the
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twisted or untwisted forms, since the twisting is an E7(7) x RT transformation. We find

Joo- X oc =Ly - (C1 — iGa) — 1A' (wh, A ¢ A GB)a((C1 — iG2) A voly)

4 (3.59)
—in'ly - ((¢1 —i2) A voly).

This vanishes as I, - ; = I, - voly = 0 and Cf_nwa =0.

3.5.5 Wrapped M5-branes on HK x R3 in M-theory

The final example is that of wrapped Mb5-branes. As discussed in section B.5, the geometry
admits two different sets of Killing spinors depending on whether the M5-branes wrap R? or a
Kahler two-cycle in the hyper-Kéhler geometry. These lead to two different H structures.

Let us consider the Kéhler two-cycle case first. Using the structure defined in section B.5,
we can define the untwisted H structure as

Jo = —%/{ra + %nw;; A Ca — %mwg A (3.60)
— th€apyCa A Gy A voly —reap Gl A G A ol
where k = €22 vol; and the tensors
Ta = €aprCh ® & €D(ITM @ T*M), (3.61)

generate the SO(3) rotations on R3. The V structure is defined by the untwisted object
X = e®Q +ie®Q A vols, (3.62)

where € = w9 + iw.
For M5-branes wrapped on R?, the untwisted structures are

ja = —%n[a + k%nwa A (3 — k%mwﬁ A C§, (3.63)

where again k2 = €2 voly, and

X =2 +ich) + (G +16) A G — (G + 1) A voly

3.64
— ieA(Q +i¢2) ® voly . ( )

In both cases there is a non-trivial four-form flux, so that the actual twisted structures
depend on the three-form potential A and, as in (3.11), are given by

Jo=eAJe ™, X =X, (3.65)

It is easy to check that in both cases the algebra (3.18), normalisation and compatibility
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conditions are all satisfied.

4 Integrability

Having given the algebraic definitions of hyper- and vector-multiplet structures, we now need
to find the differential conditions on them that imply the background is supersymmetric.
Formulations in terms of specific generalised connections have already appeared in [51, 53].
Here we would like to write conditions that use only the underlying differential geometry, in
the same way that dw = d€2 = 0 depends only on the exterior derivative. The key ingredient
will be the action of the group of generalised diffeomorphisms GDiff. Infinitesimally, this
action is generated by the generalised Lie derivative Ly, and we will see that all the conditions
are encoded using this operator.

We will show that the hypermultiplet conditions arise as moment maps for the action of
GDiff on the space of structures Ag. These maps were already partially identified in [51]. As
we prove in section 5, in the language of G-structures, they are equivalent to requiring that
the generalised Spin*(12) structure is torsion-free. The vector-multiplet condition similarly
implies that the generalised Eg(y) structure is torsion-free. Finally we consider integrability
for an HV structure. Given integrable H and V structures, there is an additional requirement
for the generalised SU(6) structure, defined by the pair {.J,, K}, to be torsion-free. In other
words, the existence of compatible torsion-free Spin*(12) and Eg(o) structures is not sufficient
to imply that the SU(6) structure is torsion-free. While not inconsistent with the general
G-structure formalism, this is in contrast with the Calabi—Yau case, where the combination of
integrable and compatible symplectic and complex structures is enough to imply the manifold
is Calabi—Yau.

4.1 Integrability of the hypermultiplet structure

We now introduce moment maps for the action of generalised diffeomorphisms on the infinite-
dimensional space of H structures. An H structure is then integrable if the corresponding
moment maps vanish.

We denote the group of generalised diffeomorphisms — diffeomorphisms and form-field
gauge transformations — by GDiff. Infinitesimally it is generated by the generalised Lie
derivative Ly, where V is a generalised vector, that is, a section of E. Thus roughly we can
identify the Lie algebra goiff with the space of sections I'(F). Actually this is not quite correct
since there is a kernel in the map I'(E) — goiff. For example, in M-theory, on a local patch Uj;
of M, we see from (E.12) that the component 7 € T'(T*U; ® ATT*U;) in V does not contribute
to Ly. Similarly, if the components w € T'(A2T*U;) and o € T'(AST*U;) are closed they do
not contribute. In what follows, it is nonetheless convenient to parametrise elements of goiff
by V € I'(E) remembering that this map is not an isomorphism.

Suppose that o(z) € Ay is a particular choice of H structure parametrised by the triplet
Jo- The change in structure generated by goiff is 6J, = Ly J,, which can be viewed as an
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element of the tangent space T, A. Thus we have a map
p: goiff — T(TAy), (4.1)

such that, acting on the triplet of section-valued functions J, defined in (3.24), the vector py
generates a change in J,

pv(Ja) = LVJa- (4.2)

Given an arbitrary vector field w € I'(T' Ag), we have, from (3.27), that
1oy Qa(w) = Qa(pv, w) = €apy /M tr((Lv Jg)ws). (4.3)

If 7 € T(ATT*M) is a top-form, so that it transforms in the 1 representation of E7(7y x R,

then by definition
/ Ly~ :/ Lot =0, (4.4)
M M

where £, is the conventional Lie derivative and v € I'(T'M) is the vector component of the
generalised vector V' € I'(E). Using the Leibniz property of Ly, we then have

’vaQa(w) = %ﬁaﬂ'y /M tr [(LVJB)w7 — J5<va’7)}
= —3€apy /M tr[wg(Ly Jy) + Ja(Lyws)] (4.5)
= Zw(slua(v)a

where § is the exterior derivative on Ay, that is, a functional derivative such that by definition
100 Jq = Weq, and

(V) = —Seapy /M tr(Jz(LvJy)), (4.6)

is a triplet of moment maps.

With this result we can define what we mean by an integrable structure:

Definition. An integrable or torsion-free hypermultiplet structure J, is one satisfying
a(V)=0  forall VeI(E), (4.7)

where 114(V) is given by (4.6).

As we will show in section 5, these conditions are equivalent to J, admitting a torsion-free,
compatible generalised connection. They are also the differential conditions on J, implied by
the requirement that the background admits Killing spinors preserving N' = 2 supersymmetry
in four dimensions.
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4.2 Integrability of the vector-multiplet structure

The integrability condition for the vector-multiplet structure K also depends on the generalised
Lie derivative, but in a very direct way. Recall that K € T'(E), thus we can consider the
generalised Lie derivative along K, namely L.

Definition. An integrable or torsion-free vector-multiplet structure K is one satisfying
LgK =0, (4.8)

or, in other words, K is invariant under the generalised diffeomorphism generated by itself.

As we will show in section 5, these conditions are equivalent to there being a torsion-free
generalised connection compatible with the generalised Eg(y) structure defined by K. Further-
more, it is easy to see that it implies L kK =0.In addition, using the results of appendix G,
we see that the generalised Lie derivative Lx X, where X = K + iK, is identically zero for

any vector-multiplet structure K. Hence the integrability condition (4.8) is equivalent to
LxX =0. (4.9)

Again, (4.8) is implied by the existence of N' = 2 Killing spinors.
In section 5.3.2, we will show that (4.8) is actually equivalent to the vanishing of a moment
map for the action of GDiff on Ay.

4.3 Exceptional Calabi—Yau structures

Finally, we can consider the integrability conditions for the HV structure, defined by a
compatible pair {J,, K}.

Definition. An ECY geometry admits an integrable or torsion-free HV structure {J,, K},
such that J, and K are separately integrable and in addition

LxJo =0, (4.10)

or, in other words, the J, are also invariant under the generalised diffeomorphisms generated
by K and K.

As we will show in section 5, these conditions are equivalent to there being a torsion-free
generalised connection compatible with the generalised SU(6) structure, defined by {J,, K }.
Using the results of [15], this implies that these conditions are equivalent to the existence of
N = 2 Killing spinors.
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It is important to note that the pair of compatible and integrable H and V structures is
not enough to imply that the existence of an ECY geometry. This is because there can be a

kernel in the torsion map, as can happen for conventional G-structures.'!

4.4 Examples of integrable structures

We now return to our examples of supersymmetric N/ = 2 backgrounds and show in each
case that the relevant integrability conditions (4.7), (4.9) and (4.10) are satisfied. For the
examples of Calabi-Yau in type IIB and CY3 x S! in M-theory, we show that the conditions are
necessary and sufficient using a decomposition into SU(3) torsion classes. The torsion classes
are more complicated for the other examples, and so we show only that the supersymmetric
backgrounds give examples of integrable structures. Instead, the equivalence of integrability
and N = 2 supersymmetry is shown using generalised intrinsic torsion in section 5.

There are a number of convenient calculational tools we will use. First note that in the
(J4,J—, J3) basis, the moment map conditions are naturally written as the combinations

ps = ;/M tr(J_(LvJy)) =0, py = —i/M tr(J3(LyJy)) =0, (4.11)

and LyxJ, is equivalent to LxJy = LxJ_ = 0. We also note that, from the form of the
generalised Lie derivative (E.11) and the adjoint projection (E.10) (and the corresponding
expressions (E.40) and (E.39) in type IIB), acting on any generalised tensor o«

Lya=Lya—R-a, (4.12)

where R € T'(ad F), R - « is the adjoint action, v is the vector component of V', L, is the

conventional Lie derivative and

dw +d for M-th
R wA o | or eory ’ (4.13)
d\' +dp+do*  for type 1IB

where we are using the standard decompositions of V' given in (E.2) and (E.31). Using the
identity tr(A[B, C]) = tr(B[C, A]) and the algebra (3.18), this allows us to rewrite the moment
maps (4.6) as

ta(V) = —Leas, /M te(Ja(Lody — (R J)))

= _560457/ tr(JgﬁvJV) —2/ /itl"(RJa)-
M M

(4.14)

The final tool is that, when the background has flux, it is often useful to write the

11Gee appendix C of [9] for an explicit example of a non-integrable product structure defined by the product
of two compatible, integrable complex structures.
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conditions using the untwisted structures J, and X. For this we need the twisted generalised
Lie derivative ﬁv.lz This is just the induced action of Ly on untwisted fields, and is given
in (E.21) for M-theory and (E.50) for type IIB. It has the same form as Ly but includes
correction terms involving the fluxes due to the p-form potentials. This can be written as a
modified R in (4.14), given by

p_ Ao —uF+ds— whF+oAF for M-theory (4.15)
AN — 15 F 4 dp— 15F — e XA FI +d5 + NMAF —pAF for type IIB
The conditions for integrability on the untwisted structures are simply
1a(V) = — Leas, / w(s(Lod)) =0 ¥V,  LgX=0,  Lgda=0. (4.16)
M

4.4.1 Calabi—Yau in type 1IB

Consider first the hypermultiplet structure (3.45). Parametrising V as in (E.31), we get
conditions for each component v, S\i, p and &%. From the second term in (4.14), taking each of

the form-field components in turn, we find the non-zero moment maps are

u+(5\i) x / EijanQWﬁ_ldS\i x / eijnjw Aw A dN / eijnjdw AwAN =0,
M M M

(4.17)
w4 (6") / € K2 Volg_ndél x / e;n’de’ =0,
M M
where we use £2 = volg so k%w# oc w A w, and for j
us(p) oc/ RQ(wﬁ/\wﬁ)_ndﬁoc/ w/\d[)cx/ dwAp=0, (4.18)
M M M

where we use k2wf A w? oc w. From this we recover dw = 0. For the vector component ¥ the
only non-zero contribution is

ps(0) o / kWP LLg (kw) — Lg(kw®) Jkw + KVOI%JE@(KJ volg) — Ls(k VOI%)JF\Z volg

M (4.19)

oc/ %w/\w/\ﬁ;,w%—ﬁgvolg =0,
M

which can be seen to vanish using dw = 0, Lyw = 13dw + diyw and integrating by parts.
Turning to the conditions on X given by (3.46), from (E.41) only the 7 component of the

Dorfman derivative is non-trivial

LxX =jQAdQ =0. (4.20)

12The nomenclature here is confusing: the twisted generalised Lie derivative acts on untwisted fields.
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Notice that the integrability condition is considerable weaker than requiring an integrable
SL(3; C) structure — it only requires that the type-(3,1) part of d2 vanishes. In the intrinsic
torsion language of [101], only the W5 component is set to zero, so that the underlying almost
complex structure is unconstrained.

The pair {J,, K} define an integrable generalised SU(6) structure if they are individually
integrable and also satisfy (4.10). From (E.42), we have

LxJy o infwfdQ — nfw A dQ = 0,

4.21
LxJ3 x —%(wﬁ A w?)adQ — j(w? A wh)jdQ + %l(wﬁ Awh)adQ =0, (4.21)

which sets the remaining type-(2,2) components of df2 to zero. Taken together, we have
dw = d2 = 0, as expected.

4.4.2 CY3 x S! in M-theory

Consider first the hypermultiplet structure (3.48). Parametrising V as in (E.2), the form field
components @ and & in the second term in (4.14) give the non-zero moment maps

qu((I))oc/ H2Qﬁ_ld(1)0(/ C/\Q/\ddux/ dCAQ NG =0,
M M M (4.22)

ug((})oc/ RQ(QMQﬁ)Jdmc/ Q/\d&oc/ d¢ A G =0,
M M M

which give d¢ = 0 and ¢ A dQ2 = 0 as conditions, and where we have used x?Qf x ¢ A Q
and k2Qf A QOF o ¢. In the intrinsic torsion language of [102], this fixes the components
W1, Wa, W5} and {R, V1, T1,Wo} to zero. The vector contribution is

w3 (0) o< / kP LG (KQY) + La(kQF) 1O
M
O(/C/\QAﬁﬁQ‘FC/\Q/\E@Q (4.23)
M

oc/ 15:¢CdQAQ =0,
M

where we have used [ Lsk% = 0 and the previous conditions to reach the final line. This fixes
the torsion class F to zero.

Turning to the conditions on X given by (3.49), upon using the algebraic relations we
find (4.9) simplifies to dw A w = 0, which requires the torsion classes {Wy, E + E, Vs, T5} to
vanish. Notice that this is weaker than requiring an integrable Sp(6;R) structure. One can
also explicitly check that (4.8) and (4.9) constrain the same torsion classes, and that Lx X =0
vanishes identically.

Finally, we have the additional condition that ensures the HV structure is integrable and
so defines an ECY geometry (4.10). Upon imposing the previous conditions, this forces the
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remaining torsion classes to vanish. Taken together, we find (, w and §2 are closed, and that
¢* is a Killing vector
Ecﬁw = O, £<ﬁQ =0. (4.24)

4.4.3 Generalised Calabi—Yau metrics in type II

Throughout we will use the expressions given in appendix B of [51], generalised to describe
both type IIA and IIB. The generalised vector decomposes as V = v + A + A+ 7+ AT where
v is a vector, A a one-form, A a five-form, 7 is a one-form density and A* are sums of even or

B+B+C*

odd forms. From the e action we conclude that in the splitting (4.14) we have

R =dA + (dA);_gv'v; + v*dAT, 4.25
J

where v’ = (1,0), dA acts as a “B-transform”, and the upper sign refers to type ITA and the
lower to type IIB. Thus in the moment maps for J, given in (3.50), we have the non-zero

contributions, using the trace formula given in section 3.1 of [51] and u'v; = k™1,

pa®) o [

(dAi,tbjF)oc/ (A*,doT) =0, (4.26)
M

M

and
ps(A) o / (T dANDPT) o / (dPT ANDT) + (T AANdDT) =0,
M M
i ) (4.27)
m(d) < [ ak-o,
M

where in the first line we have used the expression (B.10) for J iAB. From these we recover
d®T = 0. For the vector component we have

ps(v) o /M € (W OF, L, (u'®F)) o /M@ﬁ,ﬁv@ﬂ =0, (4.28)

where we have used the identity eijaiﬁvuj =0. Using £L,9T = 2,d®T + d¢,@T and integration
by parts, we see that this indeed vanishes.
For the conditions involving X given by (3.53), using (4.14) we have

Lxa « (v'd®*) - a =0, (4.29)

where a is any generalised tensor, - is the relevant adjoint action and we have imposed d®* = 0.
Hence (4.9) and (4.10) are both satisfied.

4.4.4 D3-branes on HK X R? in type IIB

We have a non-trivial five-form flux F' in this case, so it is convenient to use the untwisted
structures and twisted generalised Lie derivative. Focussing on .J, given in (3.55), from (4.14)
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and (4.15), the only non-zero form-field contribution to the moment maps is

o (p) o / K2 (wh A C% A Cg)Jdﬁ x / 2wy A dp / d(e2Awa) ANp=0. (4.30)
M M M
We recover d(e?*w,) = 0. The & condition is considerably more complicated and involves the
five-form flux F' through the term 23 F' in (4.15). After some manipulation, using in particular
that eqapy tr(IgLyly) = _faﬂy(wg—‘ﬁvww)y one finds

Lo (D) o / e?Pwa AN F + 262Aeag,ydA A wg A rgwy A G A Co. (4.31)
M

This vanishes for dA = —% * F, or more precisely it fixes the components of dA that are
transverse to (i 2.

For X given in (3.57) and using (4.15), acting on any untwisted generalised tensor & we
have

A ~

Lia=—-R-a=0, (4.32)
since we have

R=a'd(e(G1 —iG)) +in'd(e® (¢ — i) A voly) + e (¢ — i) A F = 0. (4.33)
We have used d(e®¢;) = 0 and d(e*? voly) = 0 so that the last two terms simplify to
4idA A (Cl — ICQ) Avoly = (Cl — ICQ) A F, (434)

which vanishes for dA = —i * F', or more precisely it fixes the components of dA that are in
the direction of ¢; 2. Hence the conditions (4.9) and (4.10) are both satisfied.

We also note that it is simple to extend our description to include imaginary self-dual
three-form flux, as first considered in [103-105] and analysed in detail in the case of hyper-
Kihler manifolds times R? in [106]. The metric, five-form flux and axion-dilaton are of the
same form as for our example, but the warp factor is no longer harmonic and there is a

non-zero three-form flux on M
F'+iF? = dvy;(2) A1y, (4.35)

where v7(z) are analytic functions of z = = + iy, and 77 are harmonic anti-self-dual two-forms
on the hyper-Kahler space. The moment maps are altered only in the p component, thanks to

the —eij;\i A F7 contribution to R in the presence of three-form flux, giving a term

/ A" Awa AF2 = X2 Awo AFY, (4.36)
M
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which vanishes as the wedge product of a self-dual two-form w, with an anti-self-dual two-form
77 is zero. The L  expression is also altered thanks to the same correction, giving an extra
term

€1 (G —iGo) A FT = —(C1 — i) A (F! —iF?). (4.37)

But this also vanishes as F! +1F? = v}(2)dz A 77, and dz = e 2 ({3 +1i(2). Hence we still have
fLXd = 0 for any tensor a.

4.4.5 Wrapped M5-branes on HK X R? in M-theory

In both cases we have a non-trivial four-form flux F', and so it is convenient to use untwisted
structures and the twisted generalised Lie derivative.

We first consider M5-branes wrapping a Kahler two-cycle in the hyper-Kéhler. Using the
form of .J, given in (3.60), together with (4.14) and (4.15), the contribution to the moment

maps from & is

fa(5) o / K2 eapy (voly ACh A ¢F)adé o / ?A¢y AdF / d(e*2¢y) A 6. (4.38)
M M M

We recover d(eQACi) =0 for ¢ = 1,2,3. The terms in the moment maps due to @ are

Ha (@) / %eamﬁz(volg /\C/g A Cg)_n(dj ANF)— KQ(wg A CH)ada

M (4.39)

x / A NF A+ Legs,d(€®Pws A s A Gy) A
M

This vanishes upon using the expressions for the flux F = e™*2 x d(e*®w3) and the exterior
derivatives of the (;. Again, the ¥ condition is more complicated and involves the four-form
flux F' through the term 3 F in (4.15). After some manipulation, one finds

o (D) / 12dA A voly Al A (1 A2sCr 4 Co A rgCa + (3 A 1iC3)
M (4.40)
+ €apgyw3 N (g A Gy N 1gE

Again, this vanishes after imposing the conditions from (B.25).
Now consider the conditions that depend on X. For X given in (3.62), acting on any
untwisted generalised tensor & we have

Lya=—R-a, (4.41)

where R is given by
R =d(e®Q) + d(ie®Q A vol3) + e*Q A F. (4.42)
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But R itself vanishes as
d(e®Q) =0,

4.43
d(ie®Q A volz) + e*Q A F =0, (4.43)

where we have used the expressions for the flux £’ and the torsion conditions on w, and (;
from (B.25). Hence, both (4.9) and (4.10) are satisfied.

Next we consider M5-branes wrapping an R? plane in R3. Using the form of J, given in
(3.63), together with (4.14) and (4.15), the non-zero form-field contribution to the moment

maps is
fia(@) o / K2 (wh A Ch)add o« / Pwa A A G AdD o / AP wa A AG) AD. (4.44)
M M M

This vanishes after using the expressions in (B.28). Again, the ¢ condition is more complicated
and involves the four-form flux F' through the term 23 F" in (4.15). After some manipulation,
one finds

wa(V) = / 126a5762AdA A wg A volg Atgw — 46®2wa A G A Co NG F. (4.45)

This vanishes for xF = e *2d(e**(; A (2), or more precisely it fixes the components of dA
that are transverse to (12 3.

For X given in (3.64), acting on any untwisted generalised tensor & we have

Lga= Lo )d—R-d, (4.46)

¢i+ics
where R is given by

R=d[e®(C +iC) A G| — (¢ +i¢h)aF — d[e® (¢ +i¢) A voly]

4.47
+e2 (G +iQ) AGBAF (447)

But R vanishes as
d(e®¢ A G) =0,

¢aF =0, (4.48)
d(e?¢ Avoly) —eAG AGBAF =0,
with similar expressions for (5. The generalised Lie derivative along X then reduces to the Lie

derivative along eA(Clﬁ + ig‘g), and we note that A does not depend on the coordinates = or
1y, so that Clﬁz_:dA = 0. It is then simple to check that the Lie derivative along eA(di + i(g)

preserves both X and .J,, and so both (4.9) and (4.10) are satisfied.
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5 Generalised intrinsic torsion, supersymmetry and moduli spaces

In this section, we analyse the integrability conditions for the hyper- and vector-multiplet
structures using the notion of generalised intrinsic torsion, first introduced in generality in [15]
and for a specific heterotic extension of O(d, d) x R generalised geometry in [107]. This will
allow us to do two things: first to show that each condition is equivalent to the existence of
a torsion-free generalised connection compatible with the relevant structure, and second to
prove, using the results of [15], that the full set of conditions defining an ECY geometry are
equivalent to solving the N/ = 2 Killing spinor equations.

We then show that the integrability conditions have a simple interpretation in terms
of rewriting the full ten- or eleven-dimensional supergravity theory in terms of an N = 2,
D = 4 gauged supergravity coupled to an infinite number of hyper- and vector-multiplets, as
considered in [51, 65, 66]. Finally we discuss some general aspects of the moduli spaces of

structures.

5.1 Generalised intrinsic torsion and integrability

We start by recalling the definition of generalised intrinsic torsion given in [15]. Let PoCF
be a principal sub-bundle of the generalised frame bundle F' defining a generalised G-structure.
It is always possible to find a generalised connection D that is compatible with P, however
in general it will not be torsion-free. Recall that the generalised torsion T of D is defined,
given any generalised tensor « and generalised vector V' € T'(E), by [13]

T(V)-a=LPa - Lya, (5.1)

where the torsion is viewed as a map T : E — ad F and T/(V) acts in the adjoint representation
on «. Here L‘[/) is the generalised Lie derivative with the partial derivative replaced with the
covariant derivative D, that is, acting on any generalised tensor «,

LPa = (V- D)a— (D xaa V) - a. (5.2)

Let W C E* @ ad F be the space of generalised torsions. For Ez(7y x R* generalised geometry,
we have [13]
W~E"®K, (5.3)

where the dual generalised tangent bundle E* transforms as 56_7 and K is the generalised
tensor bundle corresponding to the 912_; representation. For other Egg) X R* groups the
representations appearing in W are listed in [13].

By definition, any other generalised connection D’ compatible with Pg can be written as
D' =D+ %, where

Y=D-D eT(Kg), with Kg=E*®adPg. (5.4)
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We then define a map 7 : Kg — W as the difference of the torsions of D and D',
T(X)=T-T eT(W). (5.5)
In general, the map 7 will not fill out the whole of W. Defining the image
We =im71 C W, (5.6)

we can then define the space of the generalised intrinsic torsion, in exact analogy to ordinary
geometry, as the part of W not spanned by W, that is

Wi = W/We. (5.7)

Given any G-compatible connection D, we say that the generalised intrinsic torsion Tgt, of

By definition
this is independent of the choice of D. 1t is the part of the torsion that cannot be changed by

the generalised G-structure Pg, is the projection of the torsion T onto VVgt

varying our choice of compatible connection.

The intrinsic torsion 7.,

it is the obstruction to finding a connection which is simultaneously

torsion-free and compatible with the generalised G-structure. Hence, if it vanishes we say that

P is an integrable or torsion-free generalised G-structure.

5.1.1 Intrinsic torsion for hypermultiplet structures

Let us calculate the intrinsic torsion for a Spin*(12) structure. Decomposing W under
SU(2) x Spin*(12) we have!?

W =56+ 912 = 2(2,12) + (1,32) + (3,32) + (1, 352) + (2, 220), (5.8)
while for the space of Spin*(12) connections we have
Kepin=(12) = ((2,12) + (1,32)) x (1,66) = (2,12) + (2,220) + (1,32) + (1,352). (5.9)

This implies Wgpin+(12) € (2,12) + (1,32) + (1,352) + (2,220). Using the explicit form of
the map 7, we can show that this is actually an equality, hence

WSpin* (12)

int

= (2,12) + (3,32). (5.10)

We will now show that the triplet of moment maps constrain the same representations.
Since D is compatible with the Spin*(12) structure, by definition D.J, = 0. Using (5.1)

13Since calculating intrinsic torsion reduces to linear algebra at a point in the manifold, in what follows we
do not distinguish between vector bundles and their representations.
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and (5.2), and integrating by parts to move D from V to J,, we have

paV) o o [ (V- D), = (D xaa V). 1) = [T(V), 1))
x /M trx(JoT(V)) + tr H(Ja(ﬁ Xad V)) (5.11)

o / tr H(Ja TSpin*(lz)(V)) + / %TSpin*(lQ)(Ja V) K2,
M M

int int
where the second term in the last line comes from the torsion of D when evaluating the
total derivative in the integration by parts. We have also used the fact that the expression is
independent of the choice of compatible connection D and so only depends on the intrinsic
torsion ﬂi};in*(u). We see that the moment maps vanish if and only if the (3,1) component of
Tiilfin*(m)(V) vanish for all V. Recall that V transforms in the 56 = (2,12) + (1, 32) repres-
entation. Given the decomposition (5.10), we see that the (3,1) component of Tiilt)in*(u)(‘/)
vanishes if and only if both the (2,12) and (3,32) components of the intrinsic torsion vanish.
Thus the vanishing of the moment maps is equivalent to the existence of a torsion-free Spin*(12)

structure.

5.1.2 Intrinsic torsion for vector-multiplet structures

Repeating the analysis for vector-multiplet structures by decomposing under Eg(s), we have
W=56+912=1+2-27+78+4 351 +c.c, (5.12)

while for the space of Eg(9) connections we have
Ky, = (14274c.c.) x 78 =27+ 78+ 351 + 1728 + c.c. (5.13)

This implies Wgg,, € 274784351 +c.c. Using the explicit form of the map 7, we can show
again that this is actually an equality, hence
E
W,i® =1+27+c.c. (5.14)
We will now show that the Lx K = 0 condition is equivalent to vanishing generalised
intrinsic torsion. Using (5.1), (5.2) and DK = 0, we have
LxK = L2K —T(K) K = -T.°®(K) - K. (5.15)
Since K is a singlet under Egs) and Li K is a generalised vector transforming in the 56 =
1+ 27 + c.c. representation, this condition implies that the 1 4+ 27 + c.c. components of ﬂ}if @
vanish. However, these are precisely the components in the intrinsic torsion (5.14). Thus the
vanishing of Lx K is equivalent to the existence of a torsion-free Eg(9) structure.

— 36 —



5.1.3 Intrinsic torsion for HV structures

It was shown in [15] that solutions of the N' = 2 Killing spinor equations are in one-to-
one correspondence with torsion-free SU(6) structures. We now show that the full set of
integrability conditions on compatible pairs of structures {J,, K} are equivalent to vanishing
SU(6) intrinsic torsion and hence to solutions of the A" = 2 Killing spinor equations.

The analysis in [15] primarily considered minimally supersymmetric backgrounds. However,
it was also noted that the same simple group theory analysis can be used for N' = 2 backgrounds
in E7(7) x R generalised geometry. Explicitly we have, decomposing under SU(2) x SU(6),

W =56+912 = (1,1) +2(1,15) + (1,21) + (1,35) + (1,105)

5.16
+3(2,6) +(2,20) + (2,84) + (3,1) + (3,15) + c.c. (5.16)
From the analysis in [15] we have
SU(6)
w30 — (2.1) x (S +J) + c.c.
e = (B x S+ ) e (5.17)

= (1,1) + (3,1) +2(2,6) + (1,15) + (3,15) + (2,20) + c.c.,

where S+ J =8+56 =(2,1) +2(1,6) + (2,15) + (1, 20) are the representations in which
the Killing spinor equations transform. Note that we can also decompose the hyper- and
vector-multiplet intrinsic torsions as

Wirm (12 = (2,6) + (3,1) + (3,15) + c.c.,

W25 = (1,1) + (2,6) + (1,15) + c.c.

int

(5.18)

Since the (2,20) is missing from these decompositions, it is immediately clear that having an
integrable hypermultiplet structure J, and a compatible integrable vector-multiplet structure
K is not sufficient to imply we have an integrable SU(6) structure.

As we will now see, the missing components are set to zero by the extra conditions
LxJ, = 0. As before, given an SU(6)-compatible generalised connection, from (5.1), (5.2)
and DK = ﬁJa = 0 we have

LxJo = LR Jo = [T(X), Jo] = ~ [T, (X), Jo]. (5.19)
Since X is a singlet under SU(6) and Lyx.J, transforms in the 133 representation, we see
that LxJ, indeed includes the missing (2,20) component. In appendix G, we calculate
which components of the intrinsic torsion appear in which of the three supersymmetry
conditions (5.11), (5.15) and (5.19). The results are summarised in table 2.

We see that collectively the three integrability conditions on {.J,, K} are equivalent to
solving the A/ = 2 Killing spinor equations. Since an SU(6)-compatible connection is a special
case of both a Spin*(12)- and an Eg(2)-compatible connection, this decomposition also provides
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wSUe©)

int component

Integrability condition (1,1) (3,1) (2,6) (2,6) (1,15) (3,15) (2,20)

fa =0 X X X
LK =0 X X X
LxJ,=0 X X X X X

(6)

Table 2. The components of the generalised intrinsic torsion I/fo appearing in each of the N' = 2

supersymmetry conditions.

a direct proof that there are indeed no unexpected kernels in the 7 map in these two cases,
and that p1o, = 0 and Lx K are equivalent to the existence of a torsion-free Spin*(12) and Eg9)
generalised structure respectively.

© appear in multiple conditions. The pq (V)

We also see that certain components of VVE;E
and Ly K conditions are complementary. However the Lx J, condition shares components
with each of the other conditions. The relation between (1,1) components comes from taking

Lx of the second compatibility condition in (3.41) and using Lx X =0
tr(JoLxJs + JgLxJa) = —3is(X, Lx X) 0ug, (5.20)

while the relation between (2,6)" components comes from taking Lx of the first condition
in (3.41)
(ija)‘K—l-Ja’LxK:O. (5.21)

The relation between the (3,1) and (3,15) components arises from evaluating the moment

maps on X

f1a(X) = —3€apy /M tr(Js(LxJy)). (5.22)

Let us end this section by briefly noting how the conventional SU(3) intrinsic torsion,
which vanishes for type II Calabi—Yau backgrounds, embeds into the generalised case. The
combined SU(8) spinor (2.6) defines two different embeddings of Spin(6) ~ SU(4)4 C SU(8):
one for type ITA and one for type IIB, corresponding to the decompositions 8 = 4 + 4 and
8 = 4 + 4 respectively. There are hence two different embeddings of SU(3)+ € SU(6), giving
the embeddings of the torsion classes defined in [101] for type ITA

Wi:le C (3,1), Wy:8cC (3,15), Ws:6C (2,20),

5.23
Wi:3C(2,6), Ws:3C(2,6), (5.23)
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and for type IIB

Wi :1c C (3,1), Wy :8c C (2,20), Ws:6C (3,15),

5.24
Wy:3C(2,6), Ws:3C(2,6), (5-24)

which in each case is consistent with the analysis of section 4.4.

5.2 Supersymmetry conditions from gauged supergravity

As we have already noted, there is a natural physical interpretation of the spaces of hyper-
multiplet and vector-multiplet structures. We can view them as arising from a rewriting of
the full ten- or eleven-dimensional theory as in [34] but with only eight supercharges mani-
fest [51, 65, 66]. The local SO(9,1) Lorentz symmetry is broken and the degrees of freedom can
be repackaged into N’ = 2, D = 4 multiplets. However, since all modes are kept — there is no
Kaluza—Klein truncation — the vector- and hypermultiplet spaces Ay and Ay become infinite
dimensional. As previously argued for AV = 1 backgrounds in O(6,6) generalised geometry
in [68] and in E;(7) generalised geometry in [12, 51, 52], the integrability conditions can be
similarly interpreted in a four-dimensional language. The interactions of the four-dimensional
theory are encoded in the gauging of isometries on Ay and Ay, together with the concomitant
moment maps, as summarised in [67]. From the form (4.6) of the hyper-Ké&hler moment maps,
we see that we are gauging generalised diffeomorphisms. The general conditions, coming
from the vanishing of the gaugino, hyperino and gravitino variations, for the four-dimensional
theory to admit a supersymmetric A/ = 2 Minkowski vacuum have been analysed in [69, 70].
As we now show, these translate directly into the three integrability conditions for J, and K.

Recall that the scalar components of the hypermultiplets describe a quaternionic-Kéhler
space. Let Ay be the associated hyper-Kéahler cone. Similarly, the scalar components of
the vector multiplets describe a local special Kahler space. Let Ay be the associated rigid
special Kéhler cone. The gauging is a product of an action of a group Gy on the quaternionic-
Kahler space and of a group Gy on the local special Kéahler space, that each preserve the
corresponding structures. These can always be lifted to an action on Ay that preserves the
triplet of symplectic forms and commutes with the SU(2) action on the cone, and an action
on Ay that preserves the Kéhler form and complex structure and commutes with the U(1)
action on the cone. Following [70], the conditions for a Minkowski vacuum in a generic gauged
N = 2 theory, lifted to Ay and Ay, can be written as

O o = 0, X2O0kY =0, X200k =o. (5.25)

Here A parametrises the Lie algebra gy of Gy while A parametrises the Lie algebra gy of Gy, and
ky and 12:5\ are the corresponding sets of vector fields generating the actions on Ay and Ay (see
also appendix D). The label u is a coordinate index on Apg and i is a holomorphic coordinate
index on Ay, so that 1%5\ is actually the holomorphic part of the real vector generating the
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action. The p,  are a triplet of moment maps pq : Ag — g§;. As discussed in appendix D,
the complex vector X*? is a particular non-zero holomorphic vector on Ay, written in flat
coordinates, that defines the special Kahler geometry and also generates the C* action on the
cone. The indices A denote components in the natural flat coordinates on Ay. The matrices
@f{ and (:)j‘\ are the corresponding embedding tensors [108, 109].

Let us now translate this formalism into the geometrical objects defined previously when
Ag and Ay are the infinite-dimensional spaces of hyper- and vector-multiplet structures. In
this case, the gauging is by generalised diffeomorphisms Gy = Gy = GDiff. Recall that we
parametrised the Lie algebra gdiff by sections V € I'(E) even though there was actually a
kernel in this map. Furthermore, from (3.35), we saw that generalised vectors defined flat

coordinates on Ay. Thus we can identify the embedding tensors with the map

© =6 : T'(E) — goiff. (5.26)

The vectors k) and l%;\ generate the action of GDiff on Ay and Ay, so we can view them as
maps

k : goiff — (T An), k : goiff — T(T Ay). (5.27)

Hence we can identify the composite maps ko © and ko @, acting on an arbitrary generalised
vector V, with
VEO/ky = Ly J,,

A5 e (5.28)
VZO3k; = Ly X.

From appendix D, note that ko® is just the set of generators Xy=> acting on X. Thus, as
first noted in [107], in the infinite-dimensional gauging, we can identify a generic combination
of generators VAxX = with the generalised Lie derivative Ly . Similarly we have

VEOR{ o = pa(V). (5.29)

Finally, recall from the discussion in section 3.3 that our notation is consistent and the
holomorphic vector field X is indeed the complexified vector-multiplet structure X = K +iK.
Thus the three conditions (5.25) are precisely

e (V) =0 forall V, LxJ, =0, LyX =0. (5.30)

We see that the integrability conditions on the structures have a very simple interpretation
in terms of the gauged supergravity. This analysis is useful when looking for integrability
conditions in other situations, in particular the backgrounds in D = 5 and D = 6 with eight
supercharges which we discuss in later sections.
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5.3 Moduli spaces

In this section, we will discuss some simple aspects of the moduli spaces of H, V and ECY
structures. In the Calabi—Yau case, these come from deformations of the complex and
symplectic structures. For example in type IIA, the H-structure moduli space describes the
complex moduli together with harmonic three-form potentials C, while the V-structure moduli
space describes the Kéahler moduli. The main point here is that the H and V moduli spaces
appear as hyper-Kéhler and symplectic quotients respectively, and so by construction describe
quaternionic and special Kahler geometries as required by supersymmetry.

5.3.1 Moduli space of hypermultiplet structures

We have already seen that the differential conditions (4.7) that define integrable H structures
can be viewed as the vanishing of a triplet of moment maps for the action of the generalised
diffeomorphism group GDiff on the space Ag. Acting on the moment maps with the vector
field py € I'(T'Agn), corresponding to an element of goiff labelled by W, we have, using
integration by parts and Leibniz,

o 11 (V) = —Leas, /M te[(Lw J5)(LvJs) + Ly (L )]

= —%60657/ tr(Jﬁ(LLVWny)) (5.31)
M
= HOA(LVW)a

where we have used (4.4) and the Leibniz property. However the Lie bracket on goiff is

[Lv,Lw] = Lr,w = Lv,w; (5.32)

where [V, W] is the antisymmetric Courant bracket for Ezz) x R* [12, 13]. Thus we see
that the moment maps (4.6) are equivariant. Since any two structures that are related by a
generalised diffeomorphism — a combination of diffeomorphism and gauge transformation —
are physically equivalent, the moduli space of integrable structures is naturally a hyper-Kéahler
quotient, defined as

My = Ay JJGDIff = p71(0) N 15 1(0) N 3 ' (0)/GDiff. (5.33)

By construction My is also hyper-Kéhler.
The space of structures Ay is actually a hyper-Kéhler cone, and for the quotient space to

also be a hyper-Kihler cone one needs to take the zero level set'4

of the moment maps, as we
do, and ensure that the GDiff action commutes with the SU(2) action on the cone. We can

check that this is indeed that case. Under the SU(2) action we have §J, = €,3,03.J5, or, in

“More generally, one requires that the level set is invariant under the SU(2) action.
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other words, the action is generated by a triplet of vectors £€* € T'(T'Ag) such that

ga(JB) = eaB’yJ'y- (5.34)

Acting on the section-valued functions J,, we see the Lie bracket is given by

[pVaga] (']5) = LV(eocﬁVJ’y) - eaﬁ'yLVJ'y =0. (5'35)

Hence the action of GDiff does indeed commute with the SU(2) action. This means that
My is also a hyper-Kéhler cone [86], and we identify the physical moduli space with the
base of the cone My/H*. By construction, as required by supersymmetry, this space is
quaternionic-Kéhler.

It is worth noting that the action of GDiff on i *(0) Ny (0) N 31 (0) is not generally
free. For example, in a type IIB Calabi—Yau background, the integrable structure J,, given
in (3.45), is invariant under symplectomorphisms. Thus we expect that the moduli space My
is not generically a manifold, but has a complicated structure as a union of hyper-Ké&hler
spaces [110]. We could still try to calculate the dimension of My in a neighbourhood by
considering the linear deformation away from a point o € Apg corresponding to an integrable
structure J,. The variation of the moment maps is just duq, where § is the exterior derivative
on Ay, while the infinitesimal generalised diffeomorphisms are generated by Ly. We can
identify goiff with I'(E) and T, Ap with sections of a bundle ad ]NDSme*(IQ) as in (3.26). We
then have the exact sequence of maps

Le Ja ~ Jﬂa *
D(B) =% T'(ad Py (19)) — D(E*) @ R®. (5.36)
Again, this is complicated by the existence of fixed points. From our examples, it appears that

generically the sequence is not elliptic, and hence the moduli space is not finite-dimensional.

5.3.2 Moduli space of vector-multiplet structures

For the vector-multiplet structures we need to understand the constraint Lx K = 0 on the
space of structures Ay and again mod out by generalised diffeomorphisms. It turns out that
the integrability condition can again be interpreted as the vanishing of a moment map as we
now describe. In fact, this reformulation is not specific to this infinite-dimensional set up, but
applies to any flat, supersymmetric vacuum of gauged N’ = 2, D = 4 supergravity, giving a
new interpretation of the conditions derived in [69, 70].

We have argued that from a gauged supergravity perspective the condition Ly K arises
from a gauging of the generalised diffeomorphism group on Ay. As discussed in appendix D,
there are a number of requirements of the action of the gauge group on Ay for it to preserve the
special Kéhler structure. First it must leave the symplectic form invariant. Let py € I'(T' Ay)
be the vector field on Ay generating the action of a generalised diffeomorphism parametrised
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by V € I'(E). Recall that the structure K can be viewed as a coordinate on Ay, as given
in (3.35), thus associating Tx Ay ~ I'(E) we have

py = Ly K € F(T.Av). (5.37)

Given an arbitrary vector field W € I'(T'Ay) we have, from (3.37), that

szQ(W):Q(pv,W):/ s(Ly K, W). (5.38)
M

Using (4.4) and the Leibniz property of Ly we have
1, QW) = ;/ s(Ly K, W) — s(K, LyW)
M
=-3 / s(W, Ly K) + s(K, Ly W) (5.39)
M
= Zw(s/‘(v)’

where ¢ is the exterior derivative on Ay and p(V) is a the moment map

(V) =—3 /M s(K, Ly K). (5.40)

Thus the action of GDiff preserves the symplectic structure on Ay.

Acting on the moment map by the vector field py, corresponding to an element of goiff
labelled by W, we have

zpwéu(V) = —% /M S(LwK, LvK) + S(K, Lv(LwK)
= —;/ s(K, Lp,wK) (5.41)
M
= p(Ly W),

where we have used (4.4) and the Leibniz property. Thus from the Lie bracket (5.32) on giff
we see that the moment map (5.40) is equivariant. We also see, using (3.38) and (4.4), that
the Hitchin functional H is invariant under the action of py, since

Lol =po() = [ (WM 2 Vi) = [ LevaE =0 )

In addition, py = Ly K is clearly linear in K and so maps flat coordinates to flat coordinates.
This is enough to show that the GDiff action also preserves the complex structure. Finally
recall that the coordinate K (z) can also be regarded as the components of a vector field
and that the C* action on Ay is generated by X = K +iK = K —iZ - K € T'(TAy), where
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is the complex structure on Ay. As a vector field we have £,, K = [py, K] = 0 and so, since
L,,Z =0, we have [py, X]| = 0 and hence the action of GDiff on Ay commutes with the C*
action. These means that this gauging satisfies all the conditions necessary to preserve the
special Kéhler structure.

We now show that the condition Lx K = 0 is actually equivalent to the vanishing of the
moment map (V) for all V. To do this we first note some identities using (E.12), (E.26)
and (4.4)

QV, LyV) = | /M Lo(t07) + 3d(?) + (o0 A 0) — (100 Aw) =0,
(5.43)

QU, LyW) —Q(W, LyU) = / Lys(U, W) =0.
M

Under the identification of VAX = with Ly, these are just the representation constraint (D.13)
and the first constraint of (D.12). These imply

u(V)=—3Q(K,LyK) = Q(V, LK) :/ s(V, LK), (5.44)
M

and hence we have the alternative definition for the integrability of K:

Definition. An integrable or torsion-free Er(7) vector-multiplet structure K is one satisfying
pw(V)=0 forall Vel(FE), (5.45)

where p(V') is given by (5.40).

This reformulation is actually generic for any gauged N' = 2, D = 4 theory as we now show.
Using (D.9) and (D.11), we see that the third condition of (5.25) can be rewritten as

XAON (3iXT)0xr = XM Xpzs XF = LAz XTXT = 20) 415, (5.46)

where we have used the identities (D.12), (D.13) and (D.14). We see that the condition
X A(:);\\l%; = 0 is generically equivalent to the vanishing of the moment map p; = 0.

This reformulation gives a simple realisation of the moduli space of vector-multiplet
structures. Since any two structures related by a generalised diffeomorphism are equivalent, it

is naturally given by the symplectic quotient
My = Ay /GDiff = 11 (0)/GDiff. (5.47)

By construction My is also special Kahler. In fact it is a cone over a local special K&hler
space, as required by supersymmetry. As usual for symplectic quotients of Kéhler spaces, we
can also view My as a quotient by the complexified group My = Ay /GDiffc. As for the
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case of hypermultiplet structures, generically GDiff does not act freely on x~1(0) and hence
My is not necessarily a manifold, but rather has a stratified structure [111].

5.3.3 Moduli space of ECYs

Finally we consider the moduli space of ECYs. We first define the space of compatible HV
structures, though without the restriction on the norms. Formally, this is

AZ{(JQ,K)E.AHX.A\/:JQ-K:O}. (5.48)
The moduli space of ECYs is then given by
M=A{(JayK) EA: pig =0, p =0, LxJ, =0, k2 = —2+/q(K)}/GDiff. (5.49)

The reason for dropping the norm compatibility condition from the definition of A is that it
then has a fibred structure as we now discuss. One can imagine first choosing K and then J,
subject to the condition J, - K = 0, or vice versa. At each point x € M, we can then view the
coset Er(7)/SU(6) as a fibration in two different ways:

Spin*(12)/SU(6) ——— E7(7)/SU(6) E6(2)/SU(6) R — E7(7)/SU(6)

l l (5.50)

E7(7)/Spin*(12) E7(7)/Eg(2)
In both cases the fibres admit the appropriate geometry

P =R" x Spin*(12)/SU(6) P is a special Kahler space,

5.51
W =R" x Eg2)/SU(6) W/H* is a Wolf space. (5.51)

Thus we can use exactly the same construction as in sections 3.2 and 3.3 to define the
corresponding infinite-dimensional spaces of structures as hyper-Kéhler and special Kahler
manifolds. If we label these A{, for the space of V structures given a fixed H structure J,,
and Ag for the space of H structures given a fixed V structure K, the space A then has two
different fibrations:

A —— A A —— A
J J (5.52)
AH AV

Even with this fibred structure on A, the structure of the moduli space M appears
to be very complicated. Nonetheless, N/ = 2 supergravity implies that it should become a
product of the hyper- and vector-multiplet moduli spaces. Let us now comment on how this
might translate into conditions on our structures. The product structure suggests that, at
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least locally, the moduli space of hypermultiplet structures is independent of the choice of
vector-multiplet structure, and vice versa. One is tempted to conjecture that

M= ME x M, (5.53)
with ME and M‘\J, given by the quotients
ME = AE jCDiff g, My = A{ JGDift, (5.54)

where GDiff i C GDiff is the subset of generalised diffeomorphisms preserving K and GDiff ; C
GDiff is the subset preserving J,. The point here is that Af and A{; admit moment maps
for GDiff x and GDiff ; respectively, in complete analogy to section 4. For this to work the
spaces MII{( and M\J, must (locally) be independent of the choice of K and J, respectively.

We end with a few further comments. First, using the results of [15], the integrability
conditions on K and J, are equivalent to the Killing spinor equations, and we identically satisfy
the Bianchi identities by defining the structure in terms of the gauge potentials. We then recall
that for warped backgrounds of the form (2.1), the Killing spinor equations together with
the Bianchi identities imply the equations of motion [9, 15, 17, 112]. Consequently, since the
equations of motion on M are elliptic, the moduli space M must always be finite dimensional.

The second point relates to the generalised metric G. Recall that this defines an SU(8) C
E7(7) % R* structure and encodes the bosonic fields of the supergravity theory, restricted
to M, along with the warp factor A [11, 13]. Since SU(6) C SU(8), the HV structure
{Ja, K} determines the generalised metric G. Given a Lie subalgebra g we can decompose
ey ©R=g® gt. Decomposing into SU(2) x SU(6) representations we find

spinf,™ = (1,1) + (2,6) + (2,6) + (2, 20) (3 1),
86(2)J_ - 2<17 1) + 1 15 ( 75) (276>7 (5 55)
sust = (1,1) + (1,15) + (1,15) + (2 20), '
1,15

sugt = 3(1,1) + (1,15) + (1,15) + (2,6) + (2,6) + (2,20) + (3,1).

Thus the deformations of {J,, K} that do not change the generalised metric G are those
in the (1,1) + (2,6) + (2,6) + (3,1) representations. The first and last are the U(1) and
SU(2) symmetries acting on K and J, respectively. It is easy to see that the moment maps
vanish only for constant rotations. The remaining (2, 6) + (2, 6) deformations correspond to
deforming the Killing spinors for a fixed background. If such solutions exist, they imply that
the background actually admits more supersymmetries than the A/ = 2 our formalism picks
out. We also note that these deformations appear in both the deformations of K and J,,
and are related through the constraint J, - K = 0. Thus we conclude that if the background
is honestly N' = 2, then, up to a global SU(2) x U(1) rotation, there is a unique structure
{Ja, K} for each generalised metric G and, infinitesimally, we can consider independent J,
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and K deformations. This gives some credence to the conjecture that the moduli space takes
the form (5.53).
Finally we note that the conditions L xX =LxJ,=0 imply that

LxG =0, (5.56)

and so K and K are generalised Killing vectors. This means there is a combination of
diffeomorphism and gauge transformations under which all the supergravity fields are invariant.
Hence, locally, one can always choose a gauge in which Ly = L£,, where v is the vector
component of X. If the metric g has no conventional Killing vectors, then v = 0 and the
integrability conditions involving X are equivalent to

Lx (anything) = 0, (5.57)

independent of the choice of J,, as we saw happen explicitly in a number of our examples.
In this case, an alternative approach to calculating M is to solve (5.57) and the moment
map conditions on J, independently, impose the compatibility conditions, J, - K = 0 and
K2 = —2\/m, and then quotient by GDiff.

6 Eg) structures for D = 5,6 supersymmetric flux backgrounds

In this section we consider generic D = 5,6 type II and M-theory flux backgrounds preserving
eight supercharges. In complete analogy with the D = 4 case, they define a pair of integrable
generalised structures, though now in Egg) for N =1, D = 5 backgrounds and Es5(5) ~
Spin(5,5) for N = (1,0), D = 6 backgrounds. In both cases there is a H structure naturally
associated to hypermultiplet degrees of freedom. In D =5 there is also a V structure, though
now the space of structures admits a very special real geometry rather than a special Kahler
geometry, in line with the requirements of N'=1, D = 5 gauged supergravity. In D = 6 we
find the second structure is naturally associated to N'= (1,0) tensor multiplets.

Since much of the analysis follows mutatis mutandis the D = 4 case, we will be relatively

terse in summarising the constructions.

6.1 Eg) hyper- and vector-multiplet structures

For compactifications to D = 5, the relevant generalised geometry [13, 14] has an action
of Eg) x R*. The generalised tangent bundle transforms in the 27 representation and
decomposes under the relevant GL(d) group as (3.4) or (3.6), where the one-form density
terms are not present. The adjoint bundle transforms in the 1¢g + 78¢ representation and
decomposes as in (3.7) or (3.9), where the doublet of six-forms and six-vectors are not present
for type IIB. In both type II and M-theory, the spinors transform under the USp(8) subgroup
of Egg) x R*. For N =1 backgrounds in D = 5, the single Killing spinor is stabilised by a
USp(6) subgroup.
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6.1.1 Structures and invariant tensors

The Eg ) generalised G-structures are defined as follows.

Definition. Let G be a subgroup of Eg). We define
e a hypermultiplet structure is a generalised structure with G = SU*(6)
e a vector-multiplet structure is a generalised structure with G = Fy(y
e an HV structure is a generalised structure with G = USp(6)

As before, an H structure is defined by a triplet of sections J, of a weighted adjoint bundle,
as in (3.17), such that they transform in the 783/, representation of Eg) x R* and define a
highest weight suy subalgebra of ¢g). The algebra and norms of the J, are the same as for
the D = 4 case, given in (3.18) and (3.19). A V structure is defined by a generalised vector!®

K €I'(E), suchthat c¢(K,K,K)#0, (6.1)

where c is the Eg) cubic invariant given in (E.25) and (E.54). Compatibility between the
vector- and hypermultiplet structures implies that the common stabiliser group SU*(6) N Fy4)
of the pair {J,, K} is USp(6). The necessary and sufficient conditions are

Jo K =0,

(6.2)
tr(Jan) = *C(K, K, K) 504,8,

where - is the adjoint action. Note that the second condition implies K is in the orbit where
¢(K,K,K) > 0. They are equivalent to

Jy K =0, c(K,K,K) = K, (6.3)

respectively, where k is the factor appearing in (3.18). If the HV structure is integrable, we
again say it defines an ECY geometry since in M-theory it is the flux generalisation of a
compactification on a Calabi—Yau three-fold.

As with the D = 4 case, the infinite-dimensional space of H structures Ay is the space
of smooth sections of a bundle over M with fibre W = Egg) x R*/SU*(6). This fibre is a
hyper-Kéhler cone over a pseudo-Riemannian Wolf space [85]

W/H® = Eg)/(SU*(6) x SU(2)). (6.4)

The hyper-Kéhler geometry on Ay is again inherited directly from the hyper-Kéhler geometry
on W. The details follow exactly the D = 4 case in section 3.2 upon exchanging the relevant

groups.

15There are two distinct Eg(6) orbits preserving Fy 4, distinguished by the sign of ¢(K, K, K) [94].
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The infinite-dimensional space of V structures
Ay ={K € T'(F) : ¢(K,K,K) > 0} (6.5)

can also be viewed as the space of smooth sections of a bundle over M with fibre P =
Eg(6) x R*/ Fy4). It admits a natural (rigid) very special real metric, which again is inherited

16 The Riemannian

from the very special real metric on the homogeneous-space fibres.
symmetric spaces that admit (local) very special real metrics were analysed in [115] and
include the case Eg(_g6)/F4. Here we need a pseudo-Riemannian form based on Eg), where

the relevant space is again a prehomogeneous vector space [100]
P/R™ = Eg(6)/Fa(a)- (6.6)

The geometry on Ay can be constructed as follows. Consider a point K € Ay. Given
u,v,w € Tg Ay ~ T'(E), the fibre-wise cubic invariant ¢ defines a cubic form on Ay by

C(u,v,w) = /M c(u,v,w), (6.7)

where, since sections of E are weighted objects, we have c¢(u, v, w) € I'(det T* M) and hence it
can be integrated over M. The metric on Ay is then defined as the Hessian of C(K, K, K)

oC
Cun = 5 (6.8)

KM§KN®
In these expressions we are using the flat coordinates on Ay defined by the vector-space
structure of I'(F). On any rigid very special real geometry there is a global R symmetry, such
that the quotient space is, by definition, a local very special real geometry. On Ay, the action
of R is constant rescaling of the invariant tensor K. As for the hypermultiplet structure, the
R* action is simply a physically irrelevant constant shift in the warp factor A. Modding out
by the symmetry, the physical space of structures Ay /R™ is an infinite-dimensional local very
special real space.

In analogy with the D = 4 discussion of [51, 65, 66], we can view Ay/R* and the
quaternionic-Kahler base of Ay as the infinite-dimensional spaces of vector- and hypermultiplet
degrees of freedom, coming from rewriting the full ten- or eleven-dimensional supergravity

theory as a five-dimensional N' = 1 theory.

6.1.2 Integrability

The integrability conditions for the Eg(g) generalised G-structures again arise from gauging
the generalised diffeomorphism group, and are almost identical to those in D = 4 given

18For reviews of very special real geometry see for example [113, 114].
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in (4.7), (4.8) and (4.10), namely

e (V) =0 for all V e T'(E), (6.9)
LK =0, (6.10)
LiJa = 0. (6.11)

In each case they are equivalent to the structure admitting a torsion-free, compatible generalised
connection: if the first condition holds, .J, defines a torsion-free SU*(6) structure; if the second
condition holds, K defines a torsion-free Fy 4 structure; if all three conditions are satisfied,
{Ja, K} define a torsion-free USp(6) structure. In the latter case, using the results of [15],
this implies that these conditions are equivalent to the existence of an N’ = 1 Killing spinor.
Again, the pair of compatible and integrable H and V structures is not enough to imply that
the HV structure is integrable.

Note that the condition L K = 0 can be written in an equivalent form as follows. Using
the results and notation of [13], we have

LKK:LKK—[[K,K]]:GXE (K XNK):dK/, (612)

where K’ is the exterior derivative K’ = §C € T'(E* ® det T*M), on Ay, of the invariant
functional C(K, K, K). The condition (6.10) is then simply

dK' = 0. (6.13)
For example in M-theory, if K = v 4+ w + ¢ then
K' = 1,w+1,0 - lwAw+jwAo—LioAw e D(T*M @ A*T*M @ T*M @ AST*M), (6.14)
and the conditions are simply
dK' = d(2w) + d(1,0 — 3w Aw) = 0. (6.15)

To see that these differential conditions constrain the generalised intrinsic torsion for the
different generalised structures, we start by noting that for Eg) % R™ generalised geometry
the space of generalised torsions is [13]

W =27+ 351 (6.16)

Repeating the analysis of section 5, we find, decomposing under SU(2) x SU*(6),

7SU”(6)

int

= (27 6) + (37 15)7 (617)

,50,



I/Vlgts p(6) component

Integrability condition (1,1) (3,1) (2,6) (2,6) (1,14) (3,14) (2,14)

fa =0 X X X
LK =0 X X X
Lgd,=0 X X X X X

Table 3. The components of the generalised intrinsic torsion ngts p(6)

D = 5 supersymmetry conditions.

appearing in each of the N' =1,

while decomposing under Fy4)

Wi =1+ 26. (6.18)

int

The intrinsic torsion components of an HV or USp(6) structure, decomposed under SU(2) x
USp(6), along with which integrability conditions they constrain, are summarised in table 3.
We note that it is equal to (2,1) x (S+J), where S+.J = 8+48 is the USp(8) representation in
which the Killing spinor equations transform. From the results of [13], we see that, again, the
Killing spinor equations are equivalent to the differential conditions for an ECY or integrable
USp(6) structure.

As in the D = 4 case, the integrability conditions have a direct interpretation in terms
of D = 5 gauged supergravity. Following [70], the conditions for a Minkowski vacuum in a

generic gauged N = 1 theory can be written as'”

O ttax = 0, hAOrEY =0, hAON

L =0. (6.19)

The only difference compared with the D = 4 case is that the vector A is now the coordinate
vector in the real special geometry on Ay, written in flat coordinates, which here we identify
with K. The three conditions (6.19) then translate directly into the three integrability
conditions (6.9)—(6.11).

We can again consider the moduli spaces of structures. The integrability conditions for
the H structure are identical to those in D = 4, and again the moduli space is a hyper-Kahler
quotient, exactly as discussed in section 5.3.1. The arguments leading to the identification
of the moduli space of V structures are also similar to those of D = 4, and so we simply
summarise the relevant observations and results.

As discussed in [117], rigid very special real geometry requires the existence of a flat torsion-
free connection V preserving a metric tensor Cy,, that, with respect to the flat coordinates,
can be written as the Hessian of a cubic function C. For us, the vector-space structure of I'(E)
defines natural flat coordinates on Ay and the cubic function is given by (6.7). The function

"Note that the third condition comes from the term in W*4% proportional to e*f [116], which was assumed
to vanish in [70].
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is invariant under the action of generalised diffeomorphisms, and since py = Ly K is linear in
K, it maps flat coordinates to flat coordinates. Thus GDiff preserves the very special real
structure. Furthermore, we observe that given an integrable structure K such that Lx K = 0,
any other choice of structure related to K by the action of GDiff is automatically integrable
too. This means that integrability of the structure is well defined under equivalence by GDiff,
so that both the very special real structure and the integrability condition descend to the
quotient space. Thus the moduli space of integrable vector-multiplet structures is

My ={K € Ay : LgK = 0}/GDiff, (6.20)

which, as the RT action generated by K commutes with GDiff, is a rigid very special real
space. As required by supersymmetry, it is a cone over a local very special real space. The
moduli space of ECYs is again more complicated, though all the comments made in the D =4

case also apply here.

6.1.3 Example: Calabi—Yau manifold in M-theory

Just for orientation, we consider the simplest example of a generalised USp(6) structure,
namely M-theory on a six-dimensional Calabi—Yau manifold M. In fact, assuming M has only
an SU(3) structure, supersymmetry implies that the metric is Calabi-Yau and that the warp
factor A and four-form flux F' vanish [118, 119]. The goal here is to see how these conditions
arise from the integrability conditions on the H and V structures.

The untwisted H and V structures are encoded by 2 and w respectively. We have

Jo = a0 (6.21)
Jg = %Ii[ - TIGiﬁQ AQ— %MQjj A Qﬁ, '
where I is the almost complex structure (B.2) and the Eg(g-invariant volume is w? = 32 volg,

while
K = —e®w. (6.22)

It is easy to check, using the expressions in appendix E, that J, generate an sus algebra and
that the structures satisfy the correct normalisation and compatibility conditions, given (2.9).
As previously, the actual structure will include the three-form potential A via the adjoint
action: J, = eAjae*A and K = eAK. In what follows it will be easiest to use the untwisted
forms with the twisted Dorfman derivative in the differential conditions.

The hypermultiplet structure is integrable if the triplet of moment maps vanish. We start
with p3. The moment map is a sum of terms that depend on arbitrary ©, @ and ¢. Considering

each component in turn we find

13(5) oc/Md(e?’A)/\&, p3(@) oc/Me3A(IJ/\F. (6.23)
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implying dA = F = 0. Using the fact that A is constant, the ¥ component of u3 and the ©
component of p simplify to

w3 (0) o< / 38 (16Q A dQ — 132 A dQ) pt (@) / SRAON . (6.24)
M M

The first requires the (3,1)-component of d2 to vanish or, in the language of [101], the
Ws component of the SU(3) torsion is set to zero, while the second vanishes if and only
if d€2 vanishes, that is, Wi = Wy = Ws = 0. Finally, the 6 component of p; vanishes
identically, while the ¥ term vanishes if F' vanishes. Together, we see that the integrability of
the hypermultiplet structure requires a constant warp factor, a vanishing four-form flux and
that Q is closed.

For the V structure we have

LK =—wAdw=0, (6.25)

which requires the W, component of the SU(3) torsion to vanish. Note that requiring K to
define a integrable F4) structure is considerably weaker than the condition for w to define an
integrable symplectic structure. Finally, the L J, = 0 condition required for an integrable
USp(6) structure is equivalent to

LiJy o< jQ L jdw — 3107 0dw — dw A Q = 0. (6.26)

One can show this vanishes if and only if dw vanishes, that is W, = W5 = W, = 0.
We have shown that for this restricted SU(3) ansatz, integrability of the generalised
USp(6) structure requires M to be Calabi—Yau, that is dw = d2 = 0, with a constant warp

factor and a vanishing four-form flux.

6.2 Es(5) hyper- and tensor-multiplet structures

For compactifications to D = 6 the relevant generalised geometry [13, 14] has an action
of Es(5) X R ~ Spin(5,5) x RT. The generalised tangent bundle transforms in the 164
representation and decomposes under the relevant GL(d) group as (3.4) or (3.6), where
the doublet of five-forms are not present for type IIB and the one-form density terms are
not present for type IIB or M-theory. The adjoint bundle transforms in the 1¢ + 45¢
representation and decomposes as in (3.7) or (3.9), where the six-forms and six-vectors are
not present for type IIB or M-theory. In both type II and M-theory, spinors transform under
a USp(4) x USp(4) ~ Spin(5) x Spin(5) subgroup of Es) x R*. For N = (1,0) backgrounds,
the Killing spinor is stabilised by an SU(2) x USp(4) subgroup.

6.2.1 Structures and invariant tensors

The Eg(g) generalised G-structures are defined as follows.
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Definition. Let G be a subgroup of E55). We define
e a hypermultiplet structure is a generalised structure with G = SU(2) x Spin(1,5)
e a tensor-multiplet structure is a generalised structure with G = Spin(4, 5)
e an HT structure is a generalised structure with G = SU(2) x USp(4)

As before, the H structure is defined by a triplet of sections J, of a weighted adjoint bundle,
as in (3.17), such that they transform in the 452 representation of Ess) x R* and define a
highest weight sus subalgebra. The algebra and norms of the J, are the same as for the D =4
case, given in (3.18) and (3.19).
The T or tensor-multiplet structure is new. It is defined by choosing a section of the bundle
N transforming in the 102 representation of Es) x R*. For M-theory on a five-dimensional
manifold M,
N ~T*M @ AN'T*M, (6.27)

while for type IIB on a four-dimensional manifold M it is
N~SoNTMaSo AT M. (6.28)
The invariant generalised tensor for a Spin(4,5) structure is a section of N:
Q €T'(N), suchthat 7(Q,Q) >0 (6.29)

where 7 is the SO(5, 5) metric given in (E.24) and (E.53).
A pair of compatible structures define an SU(2) x USp(4) structure and satisfy

Ja : Q = 07
(6.30)
tr(JocJ,B) = _U(Qa Q) 5aﬁ7
where - is the adjoint action. They are equivalent to
and the normalisation condition
n(Q, Q) = K>, (6.32)

respectively, where k is the factor appearing in (3.18). If the HT structure is integrable, we
again say it defines an ECY geometry since it preserves eight supercharges and is the analogue
of the corresponding structures in D =4 and D = 5. In this case, there is no example without
flux that is a Calabi—Yau space so the nomenclature is somewhat misleading, although the
simplest flux example discussed in section 6.2.3 does have an underlying Calabi—Yau two-fold.
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As before, the infinite-dimensional space of H structures Ay is the space of smooth
sections of a bundle over M with fibre W = Es55) x R*/(SU(2) x Spin(1,5)). This fibre is a
hyper-Kéhler cone over a pseudo-Riemannian Wolf space [85]'®

W/H* = SO(5,5)/(SO(4) x SO(1, 5)). (6.33)

The hyper-Kéhler geometry on Ay is again inherited directly from the hyper-Kéhler geometry
of W. The details of this exactly follow the D = 4 case in section 3.2 upon exchanging the
relevant groups.

The infinite-dimensional space of T structures

Ar ={Q e T(N) : n(Q, Q) > 0} (6.34)

can also be viewed as the space of smooth sections of a homogeneous-space bundle Zt over M
with fibre P = E55) x RT/Spin(4,5) ~ SO(5,5) x R*/SO(4,5) ~ R>®. It admits a natural
flat metric, which again is inherited from the flat metric on the fibres P. In N = (1,0) gauged
supergravity, the scalar fields in the tensor multiplets describe Riemannian geometries of the
form SO(n,1)/SO(n), where the cone over this space is just flat R™! [120]. Here our fibres P
are isomorphic to R?>® with a flat pseudo-Riemannian metric, with the base of the cone given
by the hyperboloid

P/RT =S0(5,5)/S0(4,5), (6.35)

where the R action is just the overall scaling. The flat metric is given by the quadratic form
on At

(0, w) = /M (v, w), (6.36)

where v,w € TI'(TgAr) ~ I'(IN), and since sections of N are weighted objects, we have
n(v,w) € I'(det T*M) and hence it can be integrated over M. The flat metric on Ar is
simply 3. On Ar, the action of RT is constant rescaling of the invariant tensor Q. As
for the hypermultiplet structure, the R* action is simply a reparametrisation of the warp
factor A. Modding out by the symmetry, the physical space of structures Ar/R* is an
infinite-dimensional hyperbolic space.

As in the discussion of [51, 65, 66], we view Ap/RT and the quaternionic-Kéhler base of
Ag as an infinite-dimensional spaces of tensor- and hypermultiplet degrees of freedom, coming
from rewriting the full ten- or eleven-dimensional supergravity theory as a six-dimensional

N = (1,0) theory.

"®Recall E5(5) ~ Spin(5, 5), Spin(4) ~ SU(2) x SU(2) and USp(2) ~ SU(2), and note we have not been careful
here to keep track of any discrete group factors.
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6.2.2 Integrability

The integrability conditions again arise from gauging the generalised diffeomorphism group
and, for the H structures, are identical to those in D = 4,5 given in (4.7), namely

pa(V)=0  forall V e I'(E), (6.37)

which is equivalent to the structure admitting a torsion-free, compatible generalised connection.

The integrability condition for the T structure @ is new and does not require the generalised
Lie derivative. Instead, it appears in much the same way as the integrability of the pure spinors
®* describing generalised complex structures in O(d, d) x Rt generalised geometry. Recall
that the usual derivative operator 0 embeds in £* which transforms in the 16¢ ; representation
of Spin(5,5). We can use the 16°,; x 102 — 165 action to form the projection E* ® N — E,
given in (E.18) and (E.47). This means there is a natural action of d on @ which results in a

generalised vector, and furthermore, in this case, it is covariant. We then have

Definition. An integrable or torsion-free tensor-multiplet structure @ is one satisfying
dQ =0, (6.38)

or in other words (@ is closed under the exterior derivative.

These conditions are equivalent to there being a torsion-free generalised connection compatible
with the generalised Spin(4,5) structure defined by Q.

We can also consider the integrability conditions for the HT generalised structure defined
by the compatible pair {J,, Q}.

Definition. An ECY geometry admits an integrable or torsion-free HT structure {J,,Q}
such that J, and @Q are separately integrable. There are no further conditions.

In contrast to the case of compatible V and H structures, the existence of a pair of compatible
and integrable H and T structures is enough to imply that the HT structure is integrable.
These conditions are equivalent to there being a torsion-free generalised connection compatible
with the generalised SU(2) x USp(4) structure defined by {J,,Q}. Using the results of [15],
this implies that the conditions are equivalent to the existence of an N' = (1,0) Killing spinor.

To see that these differential conditions constrain the appropriate generalised intrinsic
torsion for the different generalised structures, we start by noting that for Ess) x R generalised

geometry the space of generalised torsions is [13]

W = 16° + 144°. (6.39)
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SU@)xUSp(4)

int component

Integrability condition (1,2,4) (2,1,4) (2,1,4) (3,2,4)

ta =0 X X
d@Q =0 X X

WSU@)xUSp(4)

Table 4. The components of the generalised intrinsic torsion W,

N = (1,0), D = 6 supersymmetry conditions.

appearing in each of the

Repeating the analysis of section 5, we find, decomposing under SU(2) x SU(2) x Spin(1,5)
where the first factor is the SU(2) generated by J,,
WwoU@Spin(L5) _ (9 1 40) 4+ (3,2, 4), (6.40)

int
while decomposing under Spin(4, 5)

Wopn(5) _ 16, (6.41)
The intrinsic torsion components of an HT or SU(2) x USp(4) structure, decomposed un-
der SU(2) x SU(2) x USp(4), along with which integrability conditions they constrain, are
summarised in table 4. We note that the intrinsic torsion is equal to (2,1,1) x (S~ 4+ J7),
where ST+ J~ = (1,4) + (5,4) are the USp(4) x USp(4) representations in which the Killing
spinor equations transform for A/ = (1,0) supersymmetry [15]. Again, from the results of [13],
the Killing spinor equations are equivalent to the differential conditions for an integrable
SU(2) x USp(4) structure.

Asinthe D =4 and D = 5 cases, the integrability conditions have a interpretation in terms
of D = 6 gauged supergravity as we now sketch. The gauging of D = 6 supergravity coupled
to tensor-, vector- and hypermultiplets using the embedding tensor formalism is discussed
in the context of “magical supergravities” in [121]. The conditions for a supersymmetric
Minkowski background coming from the vanishing of the gaugino variations read'®

Orftar =0, Lo} =o. (6.42)

The key difference compared with the D = 4 case is that the vector L! is now the coordinate
vector on the flat tensor-multiplet space Ar. Note that the first condition was previously
discussed in [70]. In making the translation to the integrability conditions we note that L’

9Note we use a different index notation from [121] to match the notation used in D =4 and D = 5. Also,
the first term in (6.42) comes contracted with a matrix m> in the gaugino variation, but using the fact that
m? « (L' L)1 we see that this term can only vanish if the first term in (6.42) vanishes.
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corresponds to (), while the matrix 9? is a map
0:T(N)—T(E), (6.43)
which we can identify with the action of the exterior derivative d discussed above, so that
Lo, = dQ. (6.44)

Hence the conditions (6.42) are precisely (6.37) and (6.38). Note that there are number of
conditions on 64, as well as on the intertwiner between I'(N), T'(E) and I'(E*), related to the
tensor hierarchy and necessary for the supersymmetry algebra to close. It would be interesting
to see how these are satisfied by the exterior derivative d in the infinite-dimensional case. The
fact that the geometry on each fibre SO(5,5) x RT/SO(4, 5) of the homogeneous-space bundle
ZT is a pseudo-Riemannian variant of that appearing in one of the magical supergravity
theories suggests that the structure will essentially be inherited fibre-wise.

The moduli spaces in this case are much the same as the previous examples we have
seen. The moduli space of H structures is again as discussed in section 5.3.1. The space of
T structures At admits a flat geometry, defined by the metric ¥. Again, the vector-space
structure of I'(V) defines natural flat coordinates on At and hence a flat connection that,
by definition, preserves Y. GDiff preserves the flat structure, and furthermore an integrable
structure ) remains integrable under the action of GDiff. Thus the moduli space of integrable
tensor-multiplet structures is

My = {Q € Ar : dQ = 0}/GDiff, (6.45)

which is again flat. As required by supersymmetry, it is a cone over a hyperbolic space. As
for the previous cases, generically GDiff does not act freely on At and hence M is not
necessarily a manifold. The moduli space of ECYs is again more complicated, though all the

comments made in the D = 4 case also apply here.

6.2.3 Example: NS5-branes on a hyper-Kéihler space in type IIB

The standard NS5-brane solution is a warped product of six-dimensional Minkowski space with
a flat four-dimensional transverse space and preserves sixteen supercharges [122]. Exchanging
the flat transverse space for a four-dimensional hyper-Kéhler space breaks supersymmetry
further, leaving eight supercharges [123]. Thus, we expect it can be formulated as an integrable
SU(2) x USp(4) structure within Ej) x R* generalised geometry. The metric takes the
standard form (2.1) with D = 6, and the four-dimensional space M admits an SU(2) structure,
with a triplet of two-forms w, as in (B.16), and a canonical volume form %wa A wg = 0qp Voly.
The solution also has non-trivial NS-NS three-form flux H and dilaton ¢, but the warp
factor A is zero. The solution is supersymmetric if the SU(2) structure and three-form flux
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satisfy [9, 123]
d(e w,) =0, *H = —e??d(e™2?). (6.46)

Recall that in type II theories there are two types of ten-dimensional spinors. The NS5-brane
solutions are an example of a pure NS-NS geometry preserving eight supercharges where the
preserved Killing spinors are all of one type: they have V' special holonomy in the language
of [9]. As such they cannot be described by generalised complex structures [21]. For this
reason it is interesting to see how they do appear in the Ej@s) ¥ R* generalised geometry.
(Note that we described the same solution wrapped on R? in E7(7y X R* generalised geometry
in terms of the wrapped M5-brane background of section B.5.) In the next section we will
also see how they can be embedded in O(4,4) generalised geometry.

Embedding in type IIB, the H structure is determined by the wq, such that the untwisted
objects are

Jo = =K1, + Ikuiw, + Srviwd, (6.47)
where (I,)™, = —(wa)™, is the triplet of almost complex structures, u’ = (—1,0) and
v’ = (0,—-1), and k? = e 2?voly is the Ej5(5)-invariant volume. The untwisted T structure

depends only on the volume form and dilaton through
Q = u' + e vl voly, (6.48)

where u and v are the same as above. It is easy to check from the results of appendix E that
the J, generate an suy algebra, and that the normalisation and compatibility conditions are
satisfied. The NS-NS three-form flux H embeds in the first component of Fi (see (3.16)).
Thus, as previously, the actual structures will include the NS-NS two-form potential via the
adjoint action: J, = eBlt];ée_B1 and Q = eBlé. In what follows it will be easiest to use the
untwisted forms with the twisted Dorfman derivative in the differential conditions.

For the moment maps the A terms give

fra (N o /M e 2w, AdAL, (6.49)
4

which vanishes for d(e ??w,) = 0, completely fixing the intrinsic torsion of the underlying
SU(2) structure. Using this condition, the ¥ terms simplify to

o (D) o / €apre 20dp A wp A pwsy — e 2Pwe A1 H. (6.50)
My

This vanishes for xH = —e??d(e™2?). In terms of the untwisted objects, the integrability of
the T structure is given by

where the action of dp: on Q € I'(N) is defined in (E.52). Using the explicit form of Q, we
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have
szQ = du’ + EijuiFj (6.52)

The one-form term vanishes as 1’ has constant entries. The three-form term also vanishes as
the contraction of u! with F7 picks out F? = F3, which is zero for the NS5-brane background.

Finally, note that we can embed the D5-brane solution in a similar way. The dilaton now
appears as a warp factor A, so the Es5)-invariant volume is k? = voly. We also take u’ = (0,1)
and v’ = (—1,0), and drop the factor of e™2% in (). The moment maps then vanish if

d(e®w,) = 0, Fy=—2%d(e™®). (6.53)

The first of these is the correct differential condition for the SU(2) structure. The second is the
correct three-form flux, coming from the dual of the seven-form flux due to the D5-brane [9].
The integrability of the T structure takes the same form as for the NS5-brane, but now the
contraction of u’ with F7 picks out F' = H, which is zero for the D5-brane background.

7 0O(d,d) hyper- and vector-multiplet structures

Thus far we have focussed on vector- and hypermultiplet structures in the exceptional Eg(4) x R+
generalised geometries. However, as we now describe, they also appear in the O(d,d) x Rt
generalised geometry of Hitchin and Gualtieri [18, 19], describing the NS-NS sector of type
II supergravity. The main point of physical interest is that it will give us an alternative
description of the NS5-brane backgrounds of [9, 122, 123].

Let us step back for a moment and recall that there are three basic classes of (generalised)
geometries based on the split real forms SL(d; R), O(d, d) and Eg(4) of the simply laced groups
as summarised in table 5. In each case, the (generalised) Lie derivative takes a standard
form [13, 124] as in (E.11), such that, given V € I'(F) and any generalised tensor «, we have

Lya=(V-9)a— (0 x4 V) - «q, (7.1)

where X .4 projects on the adjoint representation of Ggame. One can introduce generalised
connections and define torsion (see [13, 125-129] for O(d, d) and [124] for Ey4)), where the
torsion tensor is a section of

W~E"®K, (7.2)
with
(TM @ N>T*M)y  for SL(d; R) x R,
K={AE for O(d,d) x R, (7.3)
144°¢.351',912 for Eqg) x RT with d = 5,6,7,

and where the subscript on (TM @ A2T* M )y denotes the traceless sub-bundle. Note that other
generalised geometries are possible [82, 130], both as a result of choosing different structure
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Structure group Ggame Gen. tangent space F

Conventional geom. SL(d;R) x R TM
Hitchin generalised geom. O(d,d) x R ™™ & T*M
Exceptional generalised geom. Egig) x RT TM @ N*’T*M @ . ..

Table 5. The three basic classes of (generalised) geometries based on the split real forms of the simply
laced Lie groups.

groups and depending on under which representation the generalised tangent space transforms.

The basic point, stressed both in this paper and in [15], is that one can use the generalised
analogue of intrinsic torsion to define integrable generalised structures in each case. The original
generalised complex structures of [18, 19] are a case in point. Consider an SU(3,3) C SO(6,6)
structure defined by a pure spinor ®*. To see that the differential conditions d®* = 0
constrain the appropriate generalised intrinsic torsion, recall first that the generalised torsion
of a generalised connection Dy VN = 9y VN + QuNpVF, where V € T(E ® det T*M), is
given by [124, 125, 127]

(T\)mnp = —=3Qunp, € T(N’E),

(7.4)
(TQ)M = —QPPM S F(E),

where indices are raised and lowered using the O(d, d) metric. It is straightforward to show,
decomposing under SU(3, 3), that the intrinsic torsion is

WUVE3) — 6420 + c.c., (7.5)
and that these are precisely the representations that appear in d®*. It is worth stressing
that it is key that the R™ factor is included. Without it the E* ~ E component of W is
missing [127] and the condition d®* = 0 is not equivalent to vanishing intrinsic torsion since
there is then no 6 representation in Wiy.

In what follows, we will simply look at the list of Wolf spaces and prehomogeneous
vector spaces (PVS) that arise for split real forms of the simply laced groups, to see if any
other potentially interesting examples of integrable structures exist. We will exclude Egy)
because the standard formalism of generalised geometry fails for this case [13, 131]; although
other interesting approaches are possible [132-134] we will not consider them here. For the
hypermultiplet structures we will see that the list is very simple, while for the PVS cases it is
considerably richer.

7.1 Hypermultiplet structures and integrability

From the list given in [85], the only case based on simply laced groups that we have not yet
considered is the hyper-Kahler cone W = SO(d, d) x R*/(SU(2) x SO(d — 4,d)), where the
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corresponding Wolf space is
W/H* = SO(d,d)/(SO(4) x SO(d — 4,d)). (7.6)

Note that this case already arose for d =5, as the Es5) ~ Spin(5,5) hypermultiplet structure
discussed in section 6.1 and where the generalised tangent space transformed in the spinor
representation 16.2° Here, however, we are interested in the case of conventional O(d,d) x R
generalised geometry, valid for any d, where the generalised tangent bundle transforms in the
vector 2d representation.

Recall that in conventional O(d,d) x R generalised geometry, the generalised tangent
bundle and adjoint bundle take the forms

E~TM&T*M,

N , ) (7.7)
ad F ~ R @ (TM @ T*M) & N2*TM & N2T* M,

and one defines (det T*M)P to have weight p under the RT action [79, 124]. We then define

Definition. An SO(d, d) hypermultiplet structure is an SU(2) x SO(d — 4,4) € SO(d,d) x R

generalised structure.

It can be defined as usual by choosing a triplet of sections J, of a weighted adjoint bundle as
in (3.17) that give a highest weight suy subalgebra of so,4 4 satisfying (3.18) and (3.19).
The integrability conditions again take the standard form (4.7), namely

pa(V) =0 for all V e I'(E), (7.8)

which is equivalent to the structure admitting a torsion-free, compatible generalised connection.
It is straightforward to show, decomposing under SU(2) x SU(2) x SO(d — 4, d) where the first
factor is the SU(2) generated by J,, that the generalised intrinsic torsion is

P SU@)xSO(d—4.d) _

int

(2,2,1) + (3,1,2d — 4), (7.9)

and that these are precisely the representations constrained by the moment map conditions.
Note that for d = 5 this intrinsic torsion is different from that in section 6.2 precisely because
the generalised tangent bundle transforms in a different representation.

7.2 Prehomogeneous vector spaces, vector-multiplet structures and integrability

In any reformulation of supergravity in terms of a lower-, D-dimensional gauged supergravity
theory, the infinite set of vector multiplets will correspond to sections of the generalised tangent

2ONote that such Spin(d,d) x R generalised geometries with d = 6,7,8 can also appear as subsectors of
exceptional generalised geometries [130].
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bundle since it is these elements that generate the symmetries. If the vector multiplets in D
dimensions contain scalars, then these define V structures given by sections of E.

We have already seen how these appear for E g4 x R™ generalised geometry. For SO(d, d) x
R there is one remaining possibility noted in [135]. A generalised vector is generically stabilised
by SO(d — 1,d) and defines a point in the flat homogeneous space P = SO(d,d) x Rt /SO(d —
1,d) ~ R%? which is a cone over the hyperboloid

P/R* = S0(d,d)/SO(d — 1,d). (7.10)

Thus we can define

Definition. An SO(d,d) vector-multiplet structure is an SO(d — 1,d) C SO(d, d) x Rt gener-
alised structure.

It is defined by a section of the weighted generalised tangent bundle
K e T(E® (det T*M)"?)  such that n(K, K) > 0, (7.11)

where 7 is the O(d, d) metric so that n(K,K) € I'(det T*M). Note that for d = 5 the T
structure @ in Ej(5) ~ Spin(5, 5) generalised geometry, discussed in section 6.2, also defined
a Spin(4, 5) generalised structure. Again, the difference here is that the O(d, d) generalised
tangent bundle E' is in the vector representation rather than the spinor representation, as was
the case for Ejs).

The integrability conditions essentially take the standard form (4.8), except that since
K is a weighted section we cannot take the generalised Lie derivative along K. We need to
rescale, so that the definition becomes

Definition. An integrable or torsion-free SO(d,d) vector-multiplet structure K is one satisfy-
ing
Ly K =0, (7.12)

where € = \/n(K, K) so that K/e € I'(E).

It is then straightforward to show, decomposing under SO(d — 1,d), that the corresponding
generalised intrinsic torsion is just a singlet corresponding to n(K /e, T5)

7 SO(d~1.d)

int

=1, (7.13)

and it is precisely this singlet that is constrained by condition (7.12).
We can also consider the case of compatible SO(d, d) hyper- and vector-multiplet structures,
defining as before

Definition. The two structures J, and K are compatible if together they define an SU(2) x
SO(d — 5,d) € SO(d,d) x Rt generalised structure. The necessary and sufficient conditions
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are

Jo - K =0, tr(JoJg) = —n(K, K)bap, (7.14)
where - is the adjoint action.

The intrinsic torsion, decomposing under SU(2) x SU(2) x SO(d — 5, d) where the first SU(2)
factor is generated by J,, is given by

7 SU@)xSO0(d—5.d)

int

=(2,1,1) + (3,1,2d — 5) + (1,1,1), (7.15)

and we see that the separate integrability of J, and K is enough to ensure the integrability of
the {J,, K} structure.

It is interesting to note that in all our examples, V structures (and the T structure
of section 6.1) were based on coset spaces that were prehomogeneous vector spaces (PVS),
that is, were open orbits over the relevant generalised geometry structure group acting on a
particular representation. This property will be true of any structure associated to a multiplet
in D dimensions that contains form-fields, such as vector- or tensor-multiplets, because the
form-field degrees of freedom form vector spaces under the action of the structure group Geame-
It is interesting, therefore, following Hitchin [136], to look at the list of possible PVSs based
on the split real forms of the simply laced groups to see which cases have been covered.

A PVS can be one of two types [100]. Let R be the representation space on which a group
G’ acts. One then defines

type 1: G’ x SL(n;R) acting on R ® R™ gives an open dense orbit,
type 2: G’ x GL(n;R) acting on R ® R"™ gives an open dense orbit (and (G’, R) is not
type 1).

For type 2 there is always a polynomial in R that is invariant under G’. To match the three
basic generalised geometries we need G' € {SL(d;R),SO(d, d), Eq(g)} and an R factor. This
implies (G', R) is of type 2 with n = 1. (In fact, in the next section we will see that a case
with n = 2 can also be physically interesting.) The list of possibilities, ignoring those with
trivial stabiliser group G, is given in table 6. We note that other than case (a), which is simply
a conventional metric, all the other cases of structures have already been considered in the
literature. Note that the very special real geometry in case (b) encodes D = 5 vector multiplets
from M-theory on an SU(3)-structure manifold, the special Kéhler geometry in case (c) encodes
D = 4 vector multiplets for SU(3)-structure reductions of type II, and similarly the special
Kéhler geometry in case (g) encodes D = 4 vector multiplets for SU(3, 3) structures in type II.

It turns out that the integrability conditions for the corresponding (generalised) structures
follow a standard pattern. As we have already noted for the cases discussed here, the invariant
polynomial on the PVS can be used to define a Hitchin functional H, as first described
in [18, 78, 99, 136, 137]. If we denote the structure K € I'(R), where, by an abuse of notation,
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G'/G R geometry of G’ x Rt /G

(a) GL(&R)/SO(d;R)  S°R™

(b) GL(2n;R)/Sp(2n;R)  A%R?"  very special real (n =3) [135]

(¢) GL(6;R)/SL(3;C) N3RS special Kihler [99]

(d) GL(7;R)/Gs N3RS [137]

(e) GL(8;R)/SU(3) N3RS [135]

(f) SO(d,d)/SO(d —1,d) R* flat §6.1, §7.2,
(g) Spin(6,6)/SU(3,3) AFRC®  special Kéhler [18], [19]
(h) Spin(7,7)/Ga x Go ATR? [78]

(i)  Ege)/Fau 27 very special real £6.1

(G)  Ez1/Eg2) 56 special Kéhler 63.3

Table 6. The PVSs that arise in SL(d; R), SO(d, d) and E44) generalised geometry. The geometry of
G’ x RT/G is listed whenever it corresponds to that of a vector or tensor multiplet. We also reference
the paper or section of this paper where the corresponding (generalised) structure is first discussed.

we are using R for both the generalised tensor bundle and the corresponding representation of
G’, then varying the functional one can always define a second invariant structure

K'=6H € T(det T*M ® R*), (7.16)

where ¢ is the exterior derivative on the infinite-dimensional space of structures. (For example,
from (3.39), for E7(7)/Eg(2) we note that K’ is just —2,Q.) There are then two possibilities,
depending on whether R is the generalised tangent bundle E or not,

type A, R # E: dK = dK' =0,

(7.17)
type B, R=E: LK =0.

Recall that type B are the vector-multiplet structures. Note that for all the examples where
R # E one can define an appropriate covariant generalised geometry notion of the action
of the exterior derivative taking sections of R to sections of some other generalised tensor
bundle, something which is not possible for generic generalised tensor bundles R. Note also
that in certain cases the dK’ = 0 condition is implied by the dK condition. For example in
the symplectic structures of case (b), one has K = w and K’ = ﬁw"‘l, so that dK =0
implies dK’ = 0. Finally, note that for the vector-multiplet structure for Eg(6), discussed in
section 6.1, the type A and type B conditions are actually equivalent, since Lx K = 0 could
also be written as dK' = 0.

For completeness, let us note that PVS structures have also been considered in the
SO(d +1,d) x R generalised geometry [82] that describes NS-NS degrees of freedom coupled
to a single U(1) gauge field. These possibilities are listed in table 7. Hitchin [136] has also
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considered the type 2, n = 2 case SO(5,5) x GL(2;R)/Gs(9) x SL(2;R) with R = A*R® @ R?.

G'/G R
) SO(d+1,d)/SO(d,d) R24+1
) SO(4,3)/Ga) A*R3 - [138]
(c) Spin(5,4)/Spin(4,3)  A*R*
(d)"  Spin(6,5)/SU(3,2) A*RS  [139]

Table 7. The PVSs that arise in SO(d + 1, d) generalised geometry.

7.3 Examples

Physically, we are interested in those structures that actually describe supersymmetric back-
grounds in the NS-NS sector of type II supergravity. The presence of hypermultiplet structures
means we are interested in backgrounds preserving eight supercharges. These have been
analysed in [9, 123]. The ones of interest all preserve type II Killing spinors of only one type:
they have VT special holonomy in the language of [9]. As such they are not described by
generalised complex structures.

The simplest case is the D = 6, N/ = (1,0) background of [123], corresponding to an
NS5-brane at a point in a hyper-Kahler space, as described in section 6.2.3. In this case,
the Killing spinor is stabilised by an SU(2) x SO(4) € SO(4) x SO(4) C SO(4,4) subgroup.
However this corresponds to an SO(4,4) H structure J,. To see this, we can reduce the
Es(5) description given in section 6.2.3 to the SO(4,4) subgroup, generated by (r, BY, %)
in (E.35). As an element of the SO(4,4) adjoint representation, the Es5) hypermultiplet
structure reduces to

Jo = —3kly — SKwa — %mg, (7.18)

with k2 = e2? voly. From the SO(4,4) truncation of the Es(5) adjoint algebra (E.35) and
Killing form (E.56), it is easy to check the suy algebra (3.18) and normalisation (3.19).
Including the NS-NS two-form leads to the twisted object J, = eBJ,e™F and the integrability
conditions are just the standard vanishing moment maps. No other structures are needed to
define the supersymmetric background. This reduction to SO(4, 4) explains why in section 6.2.3
all the differential conditions on the SU(2) structure w, arose from the moment maps, with
the conditions on () being satisfied identically.

For N =1, D = 5 the metric has the form

ds* = d§*(Msy2)) + (%, (7.19)

where the metric d§?(Mgy2)) admits an SU(2) structure defined by a triplet of two-forms we
as above, and ( is a one-form. The conditions for supersymmetry are given in [9]. The Killing
spinor is stabilised by an SU(2) x SO(5) C SO(5, 5) subgroup, which from the discussion above
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we see corresponds to a pair of compatible structures {J,, K}. The untwisted objects then

take the form

7 1 1 1
Jo = —5kla — 5KWa — §/<awg,

- 7.20
K = k¢ + k¢, ( )

with k2 = e~2¢ voly, and twisted structures J, = eb jae_B and K = eBK. The integrability
conditions (7.8) and (7.12) are equivalent to the Killing spinor equations.

The N = 2, D = 4 case includes an interesting new twist. We need to extend the
SO(6,6) x RT generalised tangent space to include the six-form potential B, dual to B in
D =4, and also the “dual graviton”. This means taking

E~TM&T*M & NT*M & (T*M @ AST*M), (7.21)

which is a truncation of the E(7) type II generalised tangent bundle (3.5) to the NS-NS sector,
keeping (v, A!, 02, 7) in (E.31). The subgroup of E7(7) acting on FE is then

Grame = SL(2;R) x SO(6,6) x RT, (7.22)

such that E transforms in the (2,12); representation. The generalised metric defines an
SO(2) x SO(6) x SO(6) structure, where the SL(2;R)/SO(2) coset encodes the NS-NS four-
dimensional axion-dilaton. The adjoint representation is generated by (r, B!, 3% a2, at)
in (E.33). The Eq(7) generalised geometry of M5-brane backgrounds was described in section 3
and we can simply truncate the results there to SL(2;R) x SO(6,6). The metric, truncated
from (B.20), takes the form

ds® = d5*(Msy()) + (7 + G5, (7.23)

with a pair of one-forms ¢;. From (3.63) and (3.64), we find the hyper- and vector-multiplet
structures are B
Jo = —%nIa — %/ﬁ;wa — %mg,

: (7.24)
K =+ — G Avoly +( ® volg,

with k2 = e 2?voly, and twisted structures J, = ijae_B and K = e¢BK. Note that in
deriving K we take the real part of X in (3.64). As in section 4, the integrability conditions
are simply

pa(V)=0  forall V e I'(E), LxK =0, LxJ, =0, (7.25)

where X = K + iK is the complex generalised vector, constructed from K. One can again
show that these conditions are equivalent to those in [9)].

The vector-multiplet structure K is still associated to a PVS. However, from the form of
the structure group (7.22) we see that we are now interested in type 2 structures with n = 2.

— 67 —



The relevant stabiliser groups G C SL(2;R) x SO(6,6) x R are now

hypermultiplet structure, Jo G = SL(2;R) x SU(2) x SO(2,6),

7.26
vector-multiplet structure, K G = SO(2) x SO(4, 6). (7.26)

with the common subgroup SO(2) x SU(2) x SO(6). Note also that the space of vector-multiplet
structures admits a special Kahler metric and hence, given K, one can construct a invariant
complex generalised vector X = K + iK.

8 Discussion

In this paper we have given a new geometrical interpretation of generic flux backgrounds in
type Il supergravity and M-theory, preserving eight supercharges in D = 4,5, 6 Minkowski
spacetime, as integrable G-structures in Eg4) X R* generalised geometry. As in conventional
geometry, integrability was defined as the existence of a generalised torsion-free connection
that is compatible with the structure, or equivalently as the vanishing of the generalised
intrinsic torsion, defining what we called an “exceptional Calabi-Yau” (ECY) space.

We found the differential conditions on the structures implied by integrability, and showed
that they took a simple form in terms of the generalised Lie derivative or moment maps
for the action of the generalised diffeomorphism group. As for Calabi—Yau backgrounds,
supersymmetric solutions are described as the intersection of two separate structures that can
be associated to hypermultiplet and vector-multiplet degrees of freedom in the corresponding
gauged supergravity. We saw how the simple examples of Calabi—Yau, generalised Calabi—
Yau and hyper-Kéhler structures appear in our formalism, as well as various other simple
supersymmetric flux backgrounds. We also discussed the corresponding structures in O(d, d) x
RT generalised geometry, which capture the geometry of NS5-brane backgrounds. Finally, using
the classification of prehomogeneous vector spaces we identified all the possible generalised
structures associated to vector and tensor multiplets.

There are many directions for future study. The extension to AdS backgrounds will be
considered in a companion paper [72]. The other obvious extension is to find the analogous
structures for backgrounds with different amounts of supersymmetry. In Eg(g) x R* generalised
geometry the supersymmetry parameters transform under the maximal compact subgroup
H,. As conjectured in [15], supersymmetric backgrounds preserving N supersymmetries
should be given by integrable G-structures where G C Hy is the stabiliser group of the N
Killing spinors. Thus, for example, D = 4, N' = 1 backgrounds define an SU(7) C SU(8)
structure [12]. We have seen here that the structures are naturally associated to multiplets in
the D-dimensional theory, and furthermore that the integrability conditions can be deduced
from the standard form of the D-dimensional gauged supergravity. This should provide a
relatively simple prescription for deriving the conditions for other examples.
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A very important question both for phenomenology and the AdS/CFT correspondence is
to identify the deformations of the structures. We discussed some general properties of the
moduli spaces, notably that they arise as hyper-Kahler and symplectic quotients. However,
there are several open questions, in particular to understand how the moduli space of ECYs
splits into a product of a hyper-Kéahler space and a special Kahler space. On general grounds,
one expects that the deformation problem is described by some underlying differential graded
Lie algebra (DGLA) with cohomology classes capturing the first-order deformations and
obstructions, as described for example in [140]. For example, for H structures in ITA, this
would be some generalisation of the Dolbeault complex. Such extensions appear in generalised
complex geometry [19, 141, 142], but this would go further to include R-R degrees of freedom.
In the generalised complex structure case, starting from a conventional complex structure,
it is known that the extra deformations can be associated with gerbe and non-commutative
deformations of the algebraic geometry [19, 25]. An open question is how to understand the
corresponding R-R deformations when they exist. In the AdS context, solving the deformation
problem gives a way of finding the exactly marginal deformations in the dual field theory. We
will take some steps in this direction in a forthcoming paper [143].

As we have seen, the integrability of both the H and V structures are captured by moment
maps. Typically this is closely allied to notions of stability (see for example [56]), which, if they
exist, would here define integrable complex or symplectic structures (and their generalisations)
under the action of some quaternionic version of the full generalised diffeomorphism group.
A natural question is also to understand the reduction of structures, as has been done for
generalised complex geometry [144]: how, given a generalised Killing symmetry, structures
with eight supercharges on M define structures on M of one dimension lower. Physically this
would realise the r-map of [113].

Conventional generalised complex geometry is known to capture the A and B topological
string models on backgrounds with H-flux [25-27]. The geometries defined here should
encode some extension to M-theory or with the inclusion of R-R flux. It was previously
proposed [145, 146] that the relevant topological M-theory was related to Hitchin’s formulation
of Gy structures [137], which combines both the A and B model. Here we have a slightly
different picture with two candidate structures in M-theory. Note that in principle either the H
structures or the V structures could be viewed as generalisations of the A and B models, with
mirror symmetry mapping H (or V) structures in ITA to H (or V) structures in IIB. However,
the integrability conditions on the V structure are considerably weaker — for example, for a
generalised complex structure they do not imply that d®* = 0. In this case it would appear
one would need to choose a fixed background .J, and also impose the Lx.J, condition. The
hypermultiplet structure integrability, on the other hand, does imply d®* = 0, and hence
these give the natural candidates for generalisations of the topological string models. It would
be particularly interesting to consider the quantisation of these models, as in [27] though now

with a hyper-Kahler rather than symplectic space of structures.
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A Notation

Our notation follows [14]. Wedge products and contractions are given by

1
(w Ay = PEP ooy ]
plp'!
_ (g+q")!
(/\ A p)al”'aq+q’ = W)\[a1~--aqpaq+1"'aq+q’]’
1 .
(UJ)\)almaq_p = Evbl"'bp)\bl...bpal...aqu if p <gq,
| (A.1)
1
oyt i Lo, itz
o 1
(JuagA)y = (p— 1)'Wlmcp_l)‘bcr--cp—l7
d!

(.])‘ A p)a7a1~~'ad = (q - 1)'(d +1-— Q)' Aa[al"'aqflpam“ad}'

Given a basis {é,} for TM and a dual basis {e*} for T*M, there is a natural gl; action on
tensors. For example, the action on a vector and a three-form is

(r-v)*= Tabvba (7 Nabe = _Tda/\dbc - 7°db)‘adc - 7’dc/\atbd' (A.2)

When writing the components of generalised tensors, we sometimes use the notation that
(- )(p) and (.. )@ denote p-form and g-vector components respectively. For a p-form p, we
denote by pf the p-vector obtained by raising the indices of p using the conventional metric
on the manifold.

We define the Hodge star as

ai..ap _ l ai...ap

. by €. (A.3)

*x e
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With a Euclidean metric we have ¢;_4 = e¢!*¢ = 1, so that x1 = vol and xvol = 1. With a

_0.d—1

mostly plus Minkowski metric we have €y 41 = =1, so that x1 = vol and xvol = —1.

In particular this choice implies

(M _p) volg = p A *A. (A.4)

B Examples of N' = 2, D = 4 backgrounds

In this appendix, we shall summarise a number of simple A/ = 2 backgrounds in both type II
and M-theory, with and without fluxes. We use these to provide concrete examples of E7
structures in section 3.5 and to show how the usual supersymmetry conditions are recovered

from integrability conditions in section 4.4.

B.1 Calabi—Yau manifolds in type II and SU(3) structures

Calabi—Yau manifolds admit a single covariantly constant spinor x* defining an SU(3) C
Spin(6) ~ SU(4) structure. Equivalently it admits a symplectic form w and a holomorphic
three-form 2 that are compatible. One can choose a frame {e“} for the metric on M where
these take the form

w=e?+e¥ e Q= (e! +ie?) A (2 +1iet) A (€7 +ie?), (B.1)

where " = ™ A e". Raising an index on w defines an almost complex structure I on the
six-dimensional space

n n

By construction, the forms satisfy the compatibility conditions (2.9). In the language of
G-structures, w and € define Sp(6; R) and SL(3; C) structures respectively. The consistency
conditions (2.9) imply that the common subgroup is given by Sp(6;R) N SL(3;C) = SU(3).
The fact that y is covariantly constant is equivalent to the integrability conditions

dw =0, dQ = 0. (B.3)

B.2 CY3 x S! in M-theory

Let us also briefly note the form of the M-theory lift of the type ITA Calabi—Yau background.
The seven-dimensional internal space is a product M = Mgy3) X S! with metric

ds*(M) = ds*(Mgys)) + ¢, (B.4)

where ( = dy, with y the coordinate on the M-theory circle, and dSZ(MSU(?))) is the ITA
Calabi-Yau metric on Mgys). The Killing spinors take the same form as (2.8) but are now
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viewed as complex Spin(7) spinors. They again determine an SU(3) structure, which can
equivalently be defined by the triplet of forms {w, 2, (}. If we raise an index to define the
vector (f = 0y, we have the compatibility conditions

%w/\w/\w:%iQ/\Q, wAQ=0, 1eiw = 0, 1182 = 0, (B.5)
and the integrability conditions
dw =0, dQ =0, d¢ = 0. (B.6)
Note that they imply ¢* is a Killing vector.

B.3 Generalised Calabi—Yau metrics in type II and pure spinors

Returning to type II, we now consider the case where all NS-NS fields are non-zero, that is,
we include non-trivial H = dB flux and dilaton, and the Killing spinors take the form (2.12).
The background can be characterised using O(d, d) x RT generalised geometry as follows [21].

The generalised tangent bundle E ~ T'M @& T*M admits a natural O(d, d) metric . The
background is defined by two complex polyforms, taking d = 6,

d* e T(NET* M), (B.7)

which can then be viewed as sections of the positive and negative helicity Spin(6,6) x RT
spinor bundles, where the R factor acts by a simple rescaling. The generalised spinors are
not generic but are “pure” meaning they are stabilised by an SU(3,3) C Spin(6, 6) subgroup.
They also satisfy the consistency conditions

(T, dT) = (&, d7), (@, V-d7) = (dT V- d7) =0 VV, (B.8)

where, given V = £ + A € I'(T'M @ T*M), one defines the Clifford action V - ®* = VAT 4&+ =
ngi + A A ®*. In addition, (-,-) is the Spin(6, 6)-invariant spinor bilinear, or Mukai pairing,
given by
(T,5) =Y (=)D ASE ), (B.9)
p

where ¥,y denotes the p-form component of ¥ and [p] is the integer part of p.

Each pure spinor defines an (almost) generalised complex structure J+ € I'(ad F), where
ad F ~T((TM @ T*M) ® N*T*M @& A>T M) is the principal O(6,6) frame bundle for E. The
generalised complex structures are given by

: <(I)ia FAB(i)i>

+A
J B=1 <(I)i,(i)i> ’ (Bl())
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where T4 are O(6,6) gamma matrices with A = 1,...,12, and indices are raised and lowered
using the O(6,6) metric. Note that acting on pure spinors it has the property

iJfBFABCI)i = 3ip*. (B.11)
The integrability conditions are
det =0, d®~ =0, (B.12)

which define what is known as a generalised Calabi—Yau metric [19]. These conditions imply
that each almost generalised complex structure is separately integrable. Each is also equivalent
to the existence of a torsion-free generalised connection compatible with the SU(3, 3)+ structure
defined by ®*.

B.4 D3-branes on HK X R? in type IIB

Let us now turn to three further flux examples. The first corresponds to D3-branes in type
IIB at a point in a space M = Mgy2) X R?, where Mgy (2) is a four-dimensional hyper-Kéahler
space. This is in the class of the solutions first given in [103-105] and analysed in detail for
M = Mgy(9) X R? in [106]. We have a conformal factor A and an R-R five-form flux F, and
in general also an imaginary self-dual three-form flux. The metric on M takes the form

4% = A (Msy) + ¢ + & (B.13)
where d§?(Mgy(g)) is an SU(2)-structure metric on Mgy(2) and
(1 = e 2duz, (o = e 2dy. (B.14)

The type IIB axion-dilaton 7 = A + ie? is constant, and for convenience we take 7 = i.
The two SU(8) Killing spinors take the form

+ +
€ = ( >'<1_> , € = ( >‘<2_> . (B.15)
—IX1 —1X2

The two spinors Xj define a conventional SU(2) structure, which is simply the one defined by
the hyper-Kéhler geometry. It is determined by a triplet of symplectic forms w, and the pair
of one-forms {(1,(2}. One can always choose a frame {e*} for the metric on M where these
take the form

wy = e 4 B, wy = €13 — 2 wy = €' + 3
: ; (B.16)
G =e’, Q=e
The corresponding triplet of complex structures is given by (I,)™,, = —(wq)™,,, such that for
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Q = wy + iwy, we have (I3)",Qpn = iQyy,. The volume form on M is defined by
%wa ANwg A (1L A G2 = 6qpv0ls. (B.17)
If we include only five-form flux, the integrability conditions for the structure are

d(e®¢) =0, d(e* wq) =0, dA = —14F, (B.18)

IS,

where F' is the component of the five-form flux on M and x is the six-dimensional Hodge
duality operator, calculated using the metric (B.13). If one also includes a non-zero three-form
flux on M, it has to have the form [106]

H +iF; :d’y](z)/\n, (Blg)

where 77(z) are analytic functions of z = z + iy and 77 are harmonic anti-self-dual two-forms
on the hyper-Kéhler space. The functions 7;(z) are constrained by a differential equation
arising from the Bianchi identity for F.

B.5 Wrapped M5-branes on HK X R3 in M-theory

For our final two examples, we consider the M-theory backgrounds corresponding to wrapped
MS5-branes in a seven-dimensional geometry that is a product of a four-dimensional hyper-
Kahler space with R3. There are two possibilities: the branes can either wrap a Kihler
two-cycle in the four-dimensional hyper-Kéhler space or wrap an R? plane in R3. In each case,
the spacetime is a product M = Mgy(g) X R? with the metric

ds® = d8*(Mgy(2) + G + G + (3, (B.20)

where Mgy (o) admits an SU(2) structure, ds? (Mgu(2)) is the metric determined by the structure,
(; are one-forms, and there is a non-trivial four-form flux F. Crucially, because of the back-
reaction of the wrapped brane, the SU(2) structure is not integrable, in other words the metric
is no longer hyper-Kéhler.

One can choose a frame {e®} for the metric on M such that the forms determining the
SU(2) structure are given by

wy = M4 B, wy = €13 — 2 wy = €2 4 &3
5 6 . (B.21)
G =e G =c¢, (g=e'.
The corresponding triplet of complex structures is given by (I4)™,, = —(wq)™,,, while the
volume form on M is defined by
%wa ANwg N GGNG NG = (Sag volz . (B.22)
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The integrability conditions differ in the two cases. Consider first the case where the
MS5-brane wraps a Kéahler cycle, calibrated by ws, in the hyper-Kéahler manifold. The metric
takes the form [147, 148]

ds® = d&*(Mgy(2)) + e~ *2 (d2? + dy? + d2?), (B.23)

so that
(1 = e ?Adz, G = e 22y, (3 = e 22dz. (B.24)

The remaining conditions can then be written as

d(e®wi) = d(e®ws) = 0, d(e*Pws) = e*® « F,

B.25
d(e4AW3 ACLAC A C3) =0, ( )

where * is the Hodge duality operator calculated using the metric (B.20). Note that the
integrability conditions preserve the SO(3) symmetry between the (, but break the symmetry
between the w,.

For an M5-brane wrapping R?, the metric takes the form
ds? = e 2 dshk (Msy(g) + 22 (da? + dy?) + e *2d22. (B.26)

where d§%1K(MSU(2)) is a hyper-Kihler metric on Mgyys), and
(1 = ePdx, (o = ePdy, (3 = e 22dz. (B.27)

In addition
d(e4Aw1) = d(e4Aw2) = d(e4Aw3) =0,

B.28
d(eG A Q) ="+ F, d(e*¢3 A voly) = 0, (B.28)

where %wa A wg = 643 voly. Now the symmetry between the (, is broken but that between
the wy is preserved.

These examples are interesting because we have the same SU(2) structure in each case
but very different integrability conditions. A seven-dimensional SU(2) structure in M-theory
actually admits four independent globally defined spinors.?! In the two examples, different
pairs of spinors are picked out by the Killing spinor equations. When we turn to generalised
geometry, we will see that these different choices give two very different embeddings of the
SU(2) structure into the generalised structure. Note that, dimensionally reducing along (3,
these solutions also correspond to wrapped NS5-branes in type IIA. In the first case of branes
wrapped on a Kéhler cycle, the ten-dimensional Killing spinors actually take the form (2.12),
and so these geometries are included in the class of SU(3) x SU(3) NS-NS backgrounds
described in section B.3. However, when the brane is wrapped on R?, the Killing spinors take

21This counting is reflected in the fact that compactifying M-theory on K3 x T? breaks half the supersymmetry.
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the form

€ = <X0T> , € = <X02_> , (B.29)

and, although the background is purely NS-NS, we see that it is not described by an integrable
SU(3) x SU(3) structure, an exceptional case first noted in [21].

C Hyper-Kahler geometry of Wolf spaces

A Wolf space is a symmetric quaternionic-Kéahler space W/H* = G'/(G x SU(2)) (as always
we are ignoring discrete factors). The Riemannian case was first studied by Wolf in [83]
and classified by Alekseevsky in [84], while the pseudo-Riemannian case, of relevance here,
was analysed by Alekseevsky and Cortés in [85]. It is known that every quaternionic-Kéahler
manifold admits a bundle over it whose structure group is SU(2) [149]. More importantly,
there exists a tri-Sasaki structure on this bundle [150] and hence the cone over the SU(2)
bundle is hyper-Kahler [86]. The geometry on this “Swann bundle” W for Wolf spaces has
been explicitly constructed in [87].

We can construct the tri-Sasaki and hyper-Kéhler structures as follows. The tri-Sasaki
space over the Wolf space is simply the symmetric space S = G'/G. As for any symmetric
space, given an element k € G’ one can decompose the left-invariant one-form 6 as

0=k 'dk =7+ A, (C.1)

where m € g¢'&g and A € g. The one-forms 7 descend to one-forms on S, while A transforms as
a G-connection. Since S is the tri-Sasaki space over the Wolf space, G’ contains an SU(2) factor
whose centraliser is G. We can then define a triplet of maps j, : G’ — g’ as parametrising the
orbit

Ja(k) = k3R, (C2)

where j&o) is some fixed set of suy C g’ generators, stabilised by G. We normalise such that 7,
satisfy the algebra
e J8] = 2€apy]y- (C.3)
By definition j,(kg) = ja(k) for all g € G. Thus j, descend to a triplet of g’-valued functions
on S=G'/G
Ja: S —4d, (C.4)

where, by definition, there is a one-to-one correspondence between points in S and points on
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the orbit in g’. The exterior derivative of j, on S is

djo = (dk)k ™ Jo + jokdk™"
= [Ja, 0] (C.5)
= [jou 77]7

where we have used [j, A] = 0 as the j, are stabilised by G.

The tri-Sasaki structure is defined by a triplet of one-forms whose derivatives give a triplet
of symplectic forms on the base of the SU(2) fibration. Following the discussion in [151], the
one-forms are given by

~ 1 ~ ~
= —5€apy tr(djs - J
Mo 2 aﬂj (dJs - Jv) (C.6)
=tr(7 - Ja),
which are clearly the left-invariant forms projected onto the sus subalgebra.

Now consider the metric cone over the tri-Sasaki space W = G’ x RT /G, with cone

coordinate r. The one-forms on the cone are inherited from those on the base as [151]

Na = 7"27704- (C?)

From the definition of 7, in terms of the j,, this can be viewed as taking the triplet of functions
Jo : W — ¢ on the cone to be

Ja = TJa- (CS)

An exterior derivative gives the symplectic forms

1
wq = 5d
ST (C.9)
= 5€apy tr(djs A djy).
Note that the symplectic forms are manifestly closed. Given two vector fields v, w € I'(W), if
we define the triplet of functions v, = 2,dj,, then

Wa (v, w) = €y tr(vgwy). (C.10)

Any change in the functions j, defining a point in W can be generated by the adjoint action
of a, € ¢/, so we can also view vector fields as vy = [ay, jo]. We then have

wa(v, U)) = €afBy tr ([avv jﬁ} [auﬂ j’y])

C.11
= 2tr([ay, aw)ja)- ( )

This is the analogue of the Kirillov-Kostant—Souriau symplectic structure on coadjoint orbits,
as discussed in [87].
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D Special Kahler geometry

There are a number of different ways to define rigid (or affine) special Kahler geometry [95,
96, 152]. The most appropriate to our needs follows [96], stating that it is a 2n-dimensional
Kahler manifold Ay with a flat, torsion-free connection v satisfying

A~

VineQnp =0, V2P, =0, (D.1)

where (2 is the Kéahler form and Z is the complex structure. Note that V is not the Levi-Civita
connection, since these conditions do not imply V is metric compatible.

Locally, by the Poincaré Lemma, the condition on Z can be integrated. The usual
formulation is to note that, since V is torsion-free, one also has @[mékn} = 0, thus locally
there exists a complex vector field X such that

VaX™ =M, —iT™,. (D.2)

Writing the real and imaginary parts as

X™ = g™ 4 ig™, (D.3)
so that V,a2™ = §™, and V,2™ = —1I™,, one notes that the metric is given by ¢y, =
QpZP,, = —Qmp@ni‘p = —@n(ﬂmpi‘p). But since gy, is symmetric, this means there exists a

local real function H such that the metric is given by the Hessian

A

Imn = _@mvnHv (D.4)

and Q,,,2" = @mH = O H. Note that in these conventions, following [96], H is equal to
minus the Kahler potential.

The fact that V is torsion-free and flat means one can always introduce real coordinates
such that V,,, = 8/0z™. This notation is consistent with (D.3) since the condition V,, Re X" =
0™, means that in flat coordinates we can always locally identify Re X" with the coordinate
x™. It is conventional to use a different index notation 2> to distinguish flat coordinates (or
equivalently ¥ is the index for a flat frame). If one requires that the symplectic structure
takes a standard form in the flat coordinates, then the choice of z* is determined up to affine
symplectic transformations

2’ = PPza® 4 &, (D.5)

where P € Sp(2n;R) and c is constant. Note that in flat coordinates gsz = —0x0=zH. Since

V is not the Levi-Civita connection, one cannot introduce coordinates that are both flat and
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complex. However, one can go halfway and define so-called “special coordinates” X' such that

0 0 0
X=X =X"——-F—— D.6
ONE ozl — Loy (D-6)
where > = (2, y7) are flat Darboux coordinates (that is ones where Q = da! Ady;), implying

that 2/ = Re X' and y; = — Re F;. Furthermore, the condition (D.2) implies that there is a
local holomorphic function F(X7), called the prepotential, such that F; = 0F/0X?.

Again following [96], one can define a local (or projective) special Kahler manifold in
terms of the complex cone over it, in analogy to the way a quaternionic-Kéahler manifold
defines a hyper-Kéhler cone. Suppose Ay is a rigid special Kahler manifold such that there
is a globally defined holomorphic complex vector field X satisfying (D.2) that generates a
C* action that preserves the structure. Then the rigid Kéahler structure on Y descends to a
local special Kihler structure on the quotient space Ay/C*.2?2 One can also show that, as a
function of any set of flat coordinates, H is homogeneous of degree two. Furthermore, the
Kéhler potential K on Ay /C* is given by

e X = H=10(X, X), (D.7)

where we use the homogeneity of H to derive the last equality.

In gauged N = 2 supergravity one identifies an action of a group Gy on Ay /C*, which
can be lifted to an action on Ay that commutes with the C* action. Supersymmetry requires
that the action of Gy preserves the special Kahler structure. If 12:;\ € I'(T'Av) is the vector field
corresponding to the action of an element of the Lie algebra e gv, then one first requires

ﬁ’%xQ =0, L’%xz =0, (D.8)
or, in other words, that l;:;\ is a real holomorphic Killing vector. In addition, it must map

flat coordinates to flat coordinates by a symplectic rotation, equivalent to the condition, in
components, that it is linear in z*, that is

l;:)z\ = p;\z z=, (D.9)

[1

where pj € sp,,(R). It is easy to see that the corresponding moment map is given by

ps = 3P5xs T (D.10)

where piyz = p;\AEQAZ. The particular gauging of the N' = 2 theory is encoded in an
embedding tensor ©4 [108, 109]. This can be used to define a set of (constant) generators in

22Gtrictly, the fermions provide an additional integral condition on the cohomology of the Kihler form on the
quotient [95].
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sp,(R) B
XAEE = @7\\}?5\257 (Dll)

so that, by definition, they must satisfy [108]
XpEs) =0, Xp " Xppz' — Xpor”Xa, ' = Xaa, A, (D.12)
where Xpzy, = Xa="Qry;. They also satisfy a “representation constraint”
Xazs) = 0. (D.13)

Finally, we note that contracting the moment map (D.10) with the embedding tensor gives
(:)f‘\u;\ = %XAE{;ZCEJ}E. Using the condition Xp=xX=X* = 0 given in [109], which is a
consequence of k5 being holomorphic, we have

Ol = 1 Xp=s X=X (D.14)

E Eg44) generalised geometry

E.1 Eg4q) for M-theory

We review from [14] a construction of Eqg) X R using the GL(d) subgroup appropriate to
M-theory, including useful representations, tensor products and the generalised Lie derivative.
On a d-dimensional manifold M, the generalised tangent bundle is

E~TM & NT*M @& N T*M @ (T*M @ N"T*M). (E.1)
We write sections of this bundle as
V=v+w+o+r, (E.2)

where v € T(TM), w € T(A2T*M), o € T(AST*M) and 7 € T'(T*M ®@ A"T*M). The adjoint
bundle is

ad F~R@(TM @T*M)® N3T*M & NST*M @ N*TM & AT M. (E.3)
We write sections of the adjoint bundle as
R=l+r+a+a+a+a, (E.4)

where [ € R, r € T(EndTM), a € T(A3T*M) etc. We take {é,} to be a basis for TM with
a dual basis {e®} on T*M so there is a natural gl; action on tensors. The ¢q(4) subalgebra
is generated by setting [ = %, /(9 — d). This relation fixes the weight of generalised tensors
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under the RT factor, so that a scalar of weight k is a section of (det 7 M )*/(9=d)
15 € F((det T M)/ (9—d>). (E.5)

We define the adjoint action of R € I'(ad F) on V € T'(E) to be V/ = R-V. The
components of V' are
V=Ww+r-v+aw— dao,
W =lw+r-w+via+ alo + T,
(E.6)
o =lo+r-oc+via+aAw+ o,
7’:lr—|—r-r—jd/\w—|—ja/\a.
We define the adjoint action of R on R’ to be R” = [R, R]. The components of R” are

(Oé_lal — O/Ja) + %(07,_1& — O~4_|c~l,),

W=

r/l:[

)

'+ jasja — jol sja — %l(a_na' —a/Ja)

+ j& ja — jaaja’ — 21(& sa — aad),
a'=r-d—r"-a+dia—aid, (E.7)
& =r-d -1 -a—and,

"=r-o —r'-a+dsa—asd,

&=r-&d—r-a-and.

The dual of the generalised tangent bundle is E*. We embed the usual derivative operator
in the one-form component of E* via the map T"M — E*. In coordinate indices M, one
defines

Om for M =m,
oy = (E.8)
0 otherwise.

We then define a projection to the adjoint as
Xad: E*®@E — ad F. (E.9)
Explicitly, as a section of ad F' we have
0XaqaV=0®v+dw+do. (E.10)
The generalised Lie (or Dorfman) derivative is defined as
LyW = VBogWA — (8 xuq V) W5, (E.11)

This can be extended to act on tensors by using the adjoint action of 9 x,q V € I'(ad F ) in
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the second term. We will need explicit expressions for the Dorfman derivative of sections of F
and ad F. The Dorfman derivative acting on a generalised vector is

LyV' =L, + (va' — tpdw) + (ﬁva’ —ydo — W' A dw)

(E.12)
+ (Lym" — jo' Adw — jw' A do).
The Dorfman derivative acting on a section of the adjoint bundle is
LyR = (Lyr + jasjdw — %la_ndw — jaojdo + %ld_nda) + (Lya+7-dw — aado) (£.13)

+ (Lya+71-do+dwAa)+ (Lya — asdw) + (LyQ).

For Ej(), we also need the vector bundle transforming in the 102 representation of
Spin(5,5) x RT. We define this bundle as

N ~T*M @ N*T* M. (E.14)

We write sections of this bundle as
Q=m+n, (E.15)

where m € I'(T*M) and n € T'(A*T*M). We define the adjoint action of R € T'(ad F') on
Q € T(N) to be @ = R- Q, with components

/
m =2lm+r-m— ain,

(E.16)
n =2ln+7r-n—aAm.
Using 16¢ x 10 — 16, we define a projection to F as
Xp:E*"®QN — E. (E.17)
Explicitly, as a section of F, this allows us to define
d@ =0 xp Q = dm + dn. (E.18)

We define a patching of the bundle E such that on the overlaps of local patches U; N U;

we have )
Vipy = et Tdhan v, (E.19)

where A(;;) and A(ij) are locally two- and five-forms respectively. This defines the gauge-

invariant field strengths as

F =dA, F=dA-JANF (E.20)
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The twisted Dorfman derivative iV of an untwisted generalised tensor f is defined as
L= AL 4 a0 (e 0). (E.21)

The twisted Dorfman derivative f’V is given by the same expression as the usual Dorfman
derivative with the substitutions

dw — d — 13 F, do — dé — 13 F + QO A F. (E.22)
The projection 0 X g () also simplifies in a similar fashion allowing us to define
drQ =e"(0 xp (e*Q)) =dm +dn — F Am. (E.23)
The quadratic invariant for Ej) is
n(Q, Q) = —mAn. (E.24)
The cubic invariant for Eg) is
c(V,V,V) = —(tyw Ao+ gw Aw Aw). (E.25)
The symplectic invariant for Eq(7) is
s(V,V') = —1(w7 —1yT + 0 AW — 0’ Aw). (E.26)
The ¢q4) Killing form is
tr(R, R') = %(Q%d tr(r) tr(r’) + tr(rr') + asd’ + o' sa — asa’ — d’_nd). (E.27)

The form of the Ey4)-invariant volume x? depends on the compactification ansatz. For

compactifications of the form

g11 = e*2g11_a + 94, (E.28)
the invariant volume is
K2 = e(g_d)A@. (E.29)

E.2 Egi1(441) for type 1IB

We provide details of the construction of Egi1(441) X R* using the GL(d) x SL(2) subgroup
appropriate to type IIB supergravity, including useful representations, tensor products and
the generalised Lie derivative.
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On a d-dimensional manifold M, the generalised tangent bundle is

E~TM®T*M @ (T*M & N3T*M & N°T*M) & N°T*M @ (T*M @ NST*M)

(E.30)
~TM & (T*M ®S)® N3T*M & (ANT*M ® S) @ (T*M @ \ST*M),
where S transforms as a doublet of SL(2). We write sections of this bundle as
V=v+X+p+o +1, (E.31)

where v € T'(TM), X' € T(T*M ® S), p € T(AN*T*M), 0 € T(NT*M ® S) and 7 €
[(T*M @ AST*M). The adjoint bundle is

adF =R@(TM @T*M) & (S® S*)o @ (S ®@ A’ TM) @ (S A*T*M)

(E.32)
OANTM O N T*M @ (S @ NSTM) @ (S @ A°T* M),

where the subscript on (S ® S*)¢ denotes the traceless part. We write sections of the adjoint
bundle as

R=l+r+a+B +B +y+C+a +d, (E.33)

where [ € R, r € '(End T M), etc. We take {é,} to be a basis for M with a dual basis {e*}
on T*M so there is a natural gl; action on tensors.

The ¢q41(441) subalgebra is generated by setting [ = ¢, /(8 — d). This fixes the weight
of generalised tensors under the RT factor, so that a scalar of weight k is a section of
(det T M )k/(8=d)

1 € r((det T* MY (8—d>). (E.34)

We define the adjoint action of R € T'(adF) on V € T'(E) to be V! = R-V. The
components of V' are

v =1+ r-v+yap+ BN + e dtao?,

Ne=IN 7 N+ aij)\j — ~yaot +viB + Blp — &t

P =lp+r-p+viC+e€iB 07 + e N AB +or, (E.35)
o' =lo"+r o' +a 0l —CAN+pAB + B +vid,

7 :lT—{—T-T—{—Eijj)\i/\&j —jp/\C’—eijjai/\Bj.
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We define the adjoint action of R on R’ to be R” = [R, R']. The components of R” are

I'= %(nyC’ — ’y/_IC) + %ekl(ﬂk_lB/l — ﬂ,k_lBl) + %Eij(&i_ld/j — &/inj),
= (e =) e (G810 BY — §5 5 BY) — Me(8C0B" — BB
+ (72§ C" = j7' 5§ C) = 31(yaC" —+'LC)
+ €ij(jalaga — ja ujal) — Sej(alual — &),
a//i- — (a va —d - a)z'j + Ejk(,Bi_lBlk . B/i_JBk) _ %y’jekl(IBkJB/l . /B/kJBl)

k del),

+ejplalaa — ' uak) — 36% e (ahod — (E.36)
_ (7“ . Bli — . 61) + (a . B/ —d . 5)@ o (’7_|B/i —’y’_nBi) - (diJC, N d/i_nC), ’
=(r- Bt — . Bi) +(a-B' —ad - B)i + (BZC’ — B/i_IC) — (’y_lfbli — "}/,_Igli),
V' =y =1 y) e A BT+ 6@ LBY — & LBY),
=(r-C'—1'-0) —¢;B"NB” + ¢;;(8'2a"7 — p".a?),
(r-é/i—r/-di)—i—(a-d’—a’-d)i—(5”\7’—5”/\7),
(r-a"—r"-a)+(a-d —d-a)+(B'ANC" —B"AC).
The dual of the generalised tangent bundle is E*. We embed the usual derivative operator
in the one-form component of E* via the map T*M — E*. In coordinate indices M, one
defines

Om for M =m,
oy = (E.37)
0 otherwise.

We then define a projection to the adjoint as
Xad: B*@F — ad F. (E.38)
Explicitly, as a section of ad F we have
O XpaV=00v+d\ +dp+do’. (E.39)
The generalised Lie (or Dorfman) derivative is defined as
LyW = VBagWA — (8 xaq V) W5, (E.40)

This can be extended to act on tensors by using the adjoint action of 9 x,q V € I'(ad F ) in
the second term. We will need explicit expressions for the Dorfman derivative of sections of F
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and ad F. The Dorfman derivative acting on a generalised vector is

LyV' = L0 4+ (LN = 1 dXY) + (Lop' — 1dp + €5;dN A NY)
+ (Lyo" —1pda’ +dp AN —dX A p) (E.41)
+ (LT — € g N Ado? + §p' Adp + 50" A dN).
The Dorfman derivative acting on a section of the adjoint bundle is

LyR = (Ll + yodp + tewBFod! + 3¢k Ldot)
+ (Lor + jyojdp — $1yadp + €55 B ujdN — 11eBF dN
+ €556 1jdo? — 31eyaLdot)
+ (Evaij + ejkﬂi_nd)\k - %yjeklﬁk_:d)\l + ejkdi_ndak — %(Vjekldk_ndal)
+ (Lo —yudN — &' Ldp) (E.42)
+ (LyB 47 -dX + aijd)\j + B.dp — yado?)
+ (LY + €@ 2dN)
+ (LyC +7-dp+ ;AN A B + ;3 udo?) + (L&)
+ (Lo’ + 7+ do’ +a';do? —dN AC + B' Adp).

For Ej(), we also need the vector bundle transforming in the 102 representation of
Spin(5,5) x RT. We define this bundle as

N~Sa&NT*M &S ® AT M. (E.43)
We write sections of this bundle as
Q=m'+n+p, (E.44)

where m! € T'(S), n € T(A?T*M) and p* € I'(S ® A*T*M). We define the adjoint action of
R eT'(ad F) on Q € T'(N) to be @ = R-Q, with components

m't = 2lm’ + aijmj + Biin — yp',
n =2n+r-n+ eijﬁi_npj + eijmiBj, (E.45)
P :2lpi+r-pi+aijpj+Bi/\n—miC’.

Using 16° x 10 — 16, we define a projection to E as

xp:E*®N — E. (E.46)
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Explicitly, as a section of F, this allows us to define
dQ =0 xp Q = dm' + dn. (E.47)

We define a patching of the bundle such that on the overlaps of local patches U; N U; we
have _ )
Vi = e T hany (E.48)

where Aéij) and /~\(Z-j) are locally one- and three-forms respectively. This defines the gauge-
invariant field strengths as

F' =dB', F=dC — 1e;F' A DB (E.49)

We embed the NS-NS and R-R three-form fluxes as F31 = H and }732 = F3.
The twisted Dorfman derivative Ly of an untwisted generalised tensor [i is defined by

Lipji=eP7CL piico(ePTR0). (E.50)

The twisted Dorfman derivative Ly is given by the same expression as the usual Dorfman
derivative but with the substitutions

dX — AN — o F,
dp — dp — 1 F — e N A FI, (E.51)
do® — dé' + X' AF — p A F'.

The projection 9 X g @) also simplifies in a similar fashion allowing us to define
dpiQ =5 (0 xg (€7'Q)) = dm’ + dn + e;;m' FI. (E.52)
The quadratic invariant for Ejs) is
n(Q,Q) = eijmipj — %n An. (E.53)
The cubic invariant for Eg) is
c(V,V,V) = —L(wwp A p+eijp A NAN — 2e;50,\07). (E.54)
The symplectic invariant for Eq(7) is

s(V,V') = =2 ((wo7 —17) + eij(N AT =N NaT) —p A p). (E.55)
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The ¢411(441) Killing form is
tr(R, R') = %(Sfld tr(r) tr(r’) + tr(rr’) + tr(aa’) + y20" + ' 2C + €;(8'2B"Y + B"1B7)
+ €55 (O~éi_lgl/j + &/iJ&j)).
(E.56)

The form of the Eg,(441)-invariant volume x? depends on the compactification ansatz.

For compactifications of the form

910 = €2 g10-d + ga, (E.57)
the invariant volume includes a dilaton dependence and is given by
K2 = e 20e8-DA o0 (E.58)

We can include non-zero axion and dilaton in our formalism using the SL(2) frame given
in [81]. Let f’l be an SL(2) frame written in terms of a parametrisation of SL(2)/SO(2) as

5 e?/2 0
f% = (Ae¢/2 o] (E.59)

Comparing with the split frame of [81], we see we can write a generalised vector as
V=vte 2\ e %4 e 392" (E.60)

where A\ = f%)\% etc., and A contains no explicit axion-dilaton dependence. Using this we can
determine where the dilaton appears in the adjoint for Ej4) and @ for Ess)

R=I1l+r+ aij + 6?23 4 e ?2Bl 4 ey + e70C + 323" 4 e739/257

Q= Pmi 4 e n 4 32, (E.61)

Looking back to J, and Q for the NS5-brane solution in (6.47) and (6.48), we see they are
indeed of this form. The various powers of the dilaton correspond to the exponentiated action
of the adjoint element given by

l+r:%(—1+1). (E.62)

F Moment maps and quotients

In this appendix, we briefly review the notion of moment maps, and symplectic and hyper-
Kaéhler quotients, including the infinite-dimensional example of flat gauge connections on a
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Riemann surface due to Atiyah and Bott [57].

Consider a manifold Y with a symplectic form §2 that is closed, d€2 = 0. Suppose there is
an action of a Lie group G on Y that preserves the symplectic structure — that is G acts on
Y via symplectomorphisms. An element g in the Lie algebra g of G induces a vector field p,
on Y. As the group G acts via symplectomorphisms, the Lie derivative of 2 with respect to
pg vanishes. Together with d{2 = 0, this implies dz,,€2 = 0 and so 1,,(2 is closed. A moment
map for the action of the group G on the manifold Y is a map u: Y x g — R such that, for all
geg

du(g) = 1,9 (F.1)

The moment map is defined up to an additive constant of integration. If g* is the dual of the
Lie algebra g, one can also view p as a map from Y to g*. If G is non-Abelian one can fix the
constant by requiring that the map is equivariant, that is, that u commutes with the action of
G on Y. Still viewing p as a map from Y to g*, one can then form the symplectic quotient

Y/)G = ' (0)/6. (F.2)

This quotient space inherits a symplectic structure from Y and is a manifold if G acts freely
on Y. (Generically the reduced space is not a manifold, but is a “stratified space”.)

On a hyper-Kéahler manifold Y, one can consider an action of G that preserves all three
symplectic forms 2. Instead of a single moment map, one can then consider a triplet of maps
e Y — g* satisfying

d11a(9) = 15,2 (F.3)

Choosing them to be equivariant, one can then define the hyper-Kdhler quotient [153]

Y/IG = 11 "(0) i3 (0) 1 3 1 (0)/G (F.4)

This space inherits a hyper-Kéhler structure from Y, and the quotient is a manifold if G acts
freely.

We can also consider the case where both the group and the symplectic space are infinite
dimensional. A well-known example is the work of Atiyah-Bott [57]. Let G be a compact
Lie group and P be a principal G-bundle over a compact Riemann surface . The group of
gauge transformations G is the set of G-equivariant diffeomorphisms of P. Infinitesimally it
is generated by sections of the adjoint bundle ad P, that is Lie(G) = I'(ad P). Let Y be the
infinite-dimensional space of connections on P. The curvature of a connection A € Y is

F=dA+}[A A (F.5)

One can associate the tangent space T4Y at A € Y with the space of ad P-valued one-forms
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Q(X,ad P). Given two elements «, 3 € T4Y, one can define a symplectic product

Q(a, ) = /E tr(a A B), (F.6)

where tr is a gauge-invariant inner product on g, for example the Killing form if g is semi-simple.
To see that €2 is non-degenerate note that, given a metric on X, we have

Q(a, xa) = /Etr(a Axa) = [laf® >0, (F.7)

and so Q(a,*a) = 0 if and only if @ = 0. Furthermore, any connection A can be written as
A= A 4 o for some fixed connection A®) and a € Q'(X,ad P) (in other words Y is an
affine space modelled on Q!(X, ad P)), meaning that in this parametrisation € is independent
of A and hence, in particular, € is a closed two-form on Y.

The moment map for the G-action on Y is u = F. To see this note that, given an element
A of Lie(G) ~ I'(ad P), the induced vector field on Y is just the gauge transformation of A,
namely

pa = dA + [A, Al. (F.8)

Thus we have, for any o € I'(TY'),

szQ(a):Q(pA,a):/Etr[(dA+[A,A])Aa} :/tr[AA(da+[A,a])]

b
:za<5/trAF>,
>

where ¢ is the exterior derivative on Y, that is, in coordinates, the functional derivative
3/0An (). Viewed as a map u: Y — Lie(G)*, we see that yu = F.
This map is equivariant, and so we may form the symplectic reduction by quotienting by

(F.9)

the space of gauge transformations G
Y/G = u~1(0)/9. (F.10)

This is the moduli space of flat connections, that is A € Y such that F' = 0 modulo gauge
equivalence. The space of connections Y and the group of gauge transformations G are infinite

dimensional, but the moduli space is actually finite dimensional.
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G Intrinsic torsion and SU(6) structures

Following [15], we first calculate the intrinsic torsion space VViiE(G) for generalised SU(6)
structures. Decomposing under SU(2) x SU(6) the space of generalised torsions decomposes as

W =56 +912 = (1,1) + 2(1,15) + (1,21) + (1,35) + (1,105)

(G.1)
+3(2,6) + (2,20) + (2,84) + (3,1) + (3,15) + c.c.

The space of SU(6) connections is given by

Ksue) = ((1,1) 4 (2,6) + (1,15) + c.c.) x (1,35)
= (1,15) + (1,21) + (1,35) + (1,105) (G.2)
+(1,384) + (2,6) + (2,84) + (2,120) + c.c.

Thus we have

WiYO) S (1,1) + (1,15) + 2(2,6) + (2,20) + (3,1) + (3,15) + c.c., (G.3)
where equality holds if there are no unexpected kernels in the map 7 : Ksy) — W. To see
that this is indeed the case, we need the explicit map. In SU(8) indices, sections of Kgyg) are
given by -

S = (X575, 275, € (28 + 28) x 63, (G.4)
where the elements are antisymmetric on « and 8 and traceless on contracting v with d. The
space W decomposes as

W =56 + 912 = 28 + 36 + 420 + c.c., (G.5)

and the map 7 is

A A

T(2)ap = Say"s € 36+ 28,

. . G.6)
0 ) (
T(X)apy’ = 3%0,5% € 420,

where the “0” superscript on i?aﬁéﬂ means it is completely traceless. The 28 and 36

representations correspond to the symmetric and antisymmetric parts of T(i)ag. There are
similar expressions for the conjugate representations in terms of .

Turning to SU(6) connections, let 3 be a section of Ksu()- We can split the spinor indices
aintoa=1,...,6 and i = 7,8 so that the non-zero components are

Sus’a € (1,15) x (1,35),
Zaicd - _Eiacd S (27 6) X (17 35)7 (G7)
ij¢a € (1,35),
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and similarly for the conjugate ¥. We then find the non-zero components of 7(X) are

T(E)ab = Zac’p € (1,15) + (1,21),
T(X)ip = Zic €(2,6),
T(Z)abe® = 3E[abdc] z[a|e| p0 € (1,105) +(1,15),
T(D)abi® = 250,% — £ 0wy € (2,84) +(2,6), (G.8)
T(3)aif¢ = Xij% € (1,35),
T(2)abi’ = 3V(alel 0! € (1,15),
7(2)ais" = =550 ad]) € (2,6),

and hence Wiy is indeed given by an equality in (G.3). Note in addition that
T(E)abii — %T(E)[ab] =0, T(E)aijj + %T(Z)ia =0. (G.9)

We now turn to showing which components of the intrinsic torsion enter each of the
integrability conditions on the pair {J,, X }. For this it is useful to have an expression for
T(V) for SU(6) connections. We first note that the compatible SU(6) connection D must also
be an SU(8) connection and hence can be written as

D=D+73, (G.10)

where 3 € Kgug) and D is a torsion-free SU(8) connection. (That such connections exist
is central to the formulation of supergravity in terms of generalised geometry: they are
the analogues of the Levi-Civita connection of conventional gravity [13, 14].) Since D is
torsion-free, the torsion of D is given by

=7(%). (G.11)

We can then calculate T'(V). Writing V = (V#,V,,5) for the decomposition 56 = 28 +28 and
T(V) = (T(V)o, T(V)*s, T(V)*79) for the decomposition of the adjoint 1+133 = 1+63+70,
we define the adjoint action on a generalised vector W as

[T(V) - W] = T(V)oWoP 4 T(V)*, WP 4 T(V)P, W + T(V)*P1OW, 5,

[m] aB T(V)OWOéﬁ - T(V)Wawyﬁ - T(V)WQW%B -+ T(V)aﬁ'y(SW’y(s- (G'12)

From the form of the generalised Lie derivative in SU(8) indices given in appendix D of [15],
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we find
T(V)o = ,iva/%(i)aﬁ +c.c.,
T(V)% = g5V (1) + 37(2)50% + $7(5)1505 + 37(D)yyd) + 00 (G13)
T(V)* = v (7D 8 - 7(2)*675])) = x(ec.),
where *(c.c.) is the Hodge dual of the conjugate expression.

We also have expressions for the structures X and J, in terms of the spinor indices. For
X the non-zero component is the singlet in the 28 = (1,1) + (2,6) + (1, 15) representation

X = (T, T T%)  (€,0,0), (G.14)
while for J, it is the triplet in the 63 = (1,1) + (3,1) 4+ (2,6) + (2, 6) + (1, 35) representation
(Jﬂé>aﬁ - ((JOt)O(Sij? (Ja)ijv (Ja)iav (Ja)ia7 (Ja)ab) X (07 (Ua)ijv 0,0, 0)7 (G'15)

where o, are the Pauli matrices. The first thing to notice is that, substituting into the
generalised Lie derivative in SU(8) indices given in appendix D of [15], we find

LxX =0 identically, (G.16)

simply from the form of the X given in (G.14).
For the moment maps, since x? has weight two, the condition (5.11) on the intrinsic

torsion can be written as

tr(JoT(V)) + T(Ja - V)o

;o . o o (G.17)
X AV 007 i Tyt + V007 i(5Tjy + 7o) + V07 i(7y5 — T44) + coc

where we abbreviate T(f])ag and T(XA))QBAY‘S as Top and Tag,y(s. This vanishes for all V if and
only if
O'aJiTabjz =0 € (3,15),

(Tais? + $Tia) — 570 =0 € (2,6), (G.18)

;) =0 € (3,1).
Note, comparing with (G.9), that the (2,6) representation appearing in the second line is
indeed independent of the (2,6) component of the torsion generated by an SU(6) generalised

connection.
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The non-zero components of T'(X) are

T(X)() X 6ij7'z'j,
T(X)ia 8 Eleak ‘

T(X)ij o —2€ik7(j k) — §(E Tkl)dl

- éeik(57'ak + Tka), T(X)ab X €kl7'bkla + 6(6 Tkl)5b7

T(X) o ebgabi, _ cihgabi, %Ez’jf[ab]’ T(X)e o ekgabe,
so the non-zero components of T(X) - X are
(T(X) - X),; o< € (1,1),
(T(X) . X’)i o 2(7’a,-j + le) + gTai €(2,6),
(T(X) - X)*™ o —2(7%; — 279 € (1,15)

(G.19)

(G.20)

Note again that the linear combination of torsions in the second and third lines are independent

of those appearing in an SU(6) generalised connection, and further that the combination in

the second line is different from the one in the second line of (G.18), and hence we denote it

(2,6)’. Similarly, the non-zero components of [T'(X), J,] are
[T(X), Jo]' j o (' ma) o0’y — 2¢¥Tpy00"s + 25 T 00"t € (1,1) + (3,1),
[T(X), Ja]" q (Q(Taijj + %Tm) + %Tai)aaijejk €(2,6),
[T(X), ] o —eh 70,1 € (2.20)
[T(X), Jo) ™ o 27 0, € (3,15).

(G.21)

Note that the combination of torsions appearing in the second line is the same as the

combination appearing in the second line of (G.20).
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