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Supplementary Note 1: Characterization of polarization properties of the GRIN lens

The polarization properties of an object can be described using either a Jones matrix (JM) or Miiller matrix (MM)" 2. While
Jones matrices are used to deal with interference cases by fully polarized light, the MM contains 16 elements my,; (k1 =
1,2,3,4), which can comprehensively represent the polarization characteristics — including depolarization — of the target"2. In
this section, we use the MM to characterize the polarization properties of GRIN lens cascades. These measurements use a
calibrated MM imaging polarimeter based upon the dual rotating waveplates method®3. The measurement principle and

schematic of the setup are shown in the following contexts.
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Supplementary Figure 1. Setup of the MM imaging polarimetry. LED light source; P1, P2: fixed polarizer; QWP1, QWP2: rotated quarter waveplate.

Camera as detector.

Supplementary Figure 1 shows the MM imaging polarimeter. The polarizers (P1, P2) are oriented in the same direction. Two
quarter waveplates (QWP1, QWP2) rotate with fixed rotational speeds, such that ¢; = 5¢,. The main measurement principle
is shown in Eq. (1) below, where superscript q represents the ¢ measurement. Mg,,,  is the MM of the sample, Mp,, Mp,,
Mqwp1, Mgwpz are MMs of P1, P2, QWP1, QWP2, respectively. Mgysiem is the equivalent overall MM of the system. S;,

and Sy, are incident and output Stokes vectors.
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Since the intensity is equivalent to the first element S, of the Stokes vector, we make [7 = (Sgut) o> Which represents the

corresponding intensity of g™ measurement. From Eq. (1) we obtain the Fourier series,

1= (Sgut)0 = ay + X12,(a,cos 2n¢({ + b, sin 2n¢z), )



where a,, and b,, are the Fourier coefficients, and ¢ is the angle of QWP1 at q™® measurement. The MM of the sample could

then be calculated from the Fourier coefficients as shown below. For more details see Ref [2-4].
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Once the MM of the sample is obtained, we apply the Lu-Chipman MM polar decomposition method (MMPD)® to extract
polarization parameters from the MM. This method is widely used to decompose the complicated interactions between sample
and polarized light into a series of phenomena®!?: the sample’s diattenuation (D), depolarization (A), retardance (R) and its
fast axis direction (8) represented by the corresponding three Matrix factors M,, My, Mp, respectively. The main principle

is represented by Eq. (4).
Msam = MpMgMp. 4)

The diattenuation value D can be readily obtained from the second to fourth elements in the first row of a MM, that is the
elements mi2, mi13 and mi4 respectively, as shown in Eq. (5). The retardance R is reconstructed from the trace of My, Eq. (6),
while the orientation of optic axis ranging from — g to g radians is calculated according to Eq. (7). The depolarization
properties are included in the in the bottom right 3x3 matrix m, of the matrix M,, which is shown in Eq. (8). 4;, 1, and A5 in

Eq. (8) are the eigenvalues of m,, and P is a matrix composed of the eigenvectors of m,. A, and A, in Eq. (8) are

linear/circular depolarization values.

D= \/mfz + mf3 + mﬂ, (5)

R = cos™?! [% - 1], (6)



0 = Ltan—! M] (7)
2 Mgz —MRi3
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Supplementary Figures 2a to 2¢ demonstrate the MMs and the corresponding MMPD results of the single GRIN lens cascade.
We found that 1) the measured experimental MM as well as the MMPD parameters matched well with the simulation
counterparts; 2) the MMPD results reveal that the birefringence structure of the GRIN lens behaves equivalently to a spatially-
variant waveplate array with a) linear retardance that gradually increases along the radial direction and b) fast axis directions
that vary azimuthally (gradually changing from -n/2 to 0 then to n/2 radians as the azimuthal angle changes from 0 to & radians,
then a similar variation when the azimuthal angle changes from = to 27 radians). The fast/slow axis direction distributions are

shown in Fig. 1b in the main article as well.

In Supplementary Figures 2d to 2g, we further show four different SHWP based GRIN lens cascades including in
Supplementary Figure 2d — the one used in the main article (as Fig. 3b and 3c). Besides the close correspondence between
simulation and experimental results, we also found that the MMs of these GRIN lens cascades have significant off-diagonal
asymmetry which is of interest in MM research, as well as related sample information analysis''. Specifically, we extracted
the circular anisotropy coefficient!? of these four MMs, shown in Supplementary Figure 2h, in which we use grey arrows to
indicate the gradient of the circular anisotropy'®. This implies the system can be used to demonstrate spin-Hall effect (SHE)

of light!®. Both of these phenomena deserve further exploration.

We propose here that the GRIN lens cascade can also find use as a special device for other research areas, such as the
derivation of quantitative MM parameters from exotic materials (e.g. chiral characteristics'*), biomedical research (multi-
layer birefringence and/or diattenuation characterization'"), or studies on complex spin-orbital interaction (SOI) processes of
light!®. These all take advantage of the unique property of the GRIN lens — its equivalence to a spatially variant waveplate

array, which can encompass all combinations of retardance and fast axis direction.
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Supplementary Figure 2. Polarization properties of several GRIN lens cascades. (a), (b) and (c) are the schematic of the single GRIN lens cascade and

its MM, polarization parameters decomposed by MMPD method both in simulation and experiment. (d), (e), (f), (g) are four different SHWP based GRIN

lens cascades (the diagrams omit the polarization state generator (PSG) and a polarization state analyser (PSA) parts) with their simulated and experimental

MMs. (h) Circular anisotropy coefficient of GRIN lens cascade in (d), (e), (f) and (g). The grey arrows indicate the anisotropy gradient.
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Supplementary Note 2: Modelling of light modulation by the graded birefringence of the GRIN

lens

In this section we show mathematically how the retardance profile of the GRIN lens can be calculated and show how the
propagation of vector fields through these lenses can be modelled (the equations in this section form the basis for all modelling

of the GRIN cascades).
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Supplementary Figure 3. Model for analysing the retardance profile of a GRIN lens. (a) A specific incident point A is represented by (7, 6’,¢"), and
the arbitrary point inside GRIN lens along the propagation ray trace is denoted by B (7, 8, ¢). The blue double-sided arrow is slow axis direction (extraordinary
axis), and the orthometric red counterpart is the fast axis direction (ordinary axis) of that arbitrary point. The black and grey focus points at distal side of the
GRIN lens represent focus splitting between the e ray (white solid line) and the o ray (white dotted line), which is introduced by both the birefringence
property and the sinusoid ray trace. (b) (i) the section of a GRIN lens shows the refractive index and the birefringence profiles, (ii) shows two curves of these
two parameters along the radius direction from centre point to the boundary of GRIN lens, (iii) shows an incident light on point A(7’,6’,¢"), on the front
surface of GRIN lens, referenced by z axis. (iv) shows the lateral profile of one arbitrary section of GRIN lens, which includes a ray trace passing through
point B. £ is the interior angle between the ray and the extraordinary axis (blue double-sided arrow in (a)) at point B, which is the complementary angle to

¢, which is the interior angle between the ray and the direction of the z axis.

Supplementary Figure 3a illustrates the refractive index (violet coloured gradient), birefringence (yellow coloured gradient)
as well as one arbitrary ray trace (white solid line) when light propagates through the GRIN lens. Supplementary Figure 3b

(1) shows the refractive index profile and birefringence profile of a GRIN lens section, and (ii) shows sketches of these two
7



parameters along the radius direction from the centre to the boundary (refer to the lens from Femto Technology Co. Ltd., G-

B161157-S1484). All the calculations below are under the meridional plane approximation'®.

For a general ray within the GRIN lens, the distance from the GRIN lens axis is denoted by r, the azimuth of the incident
position is denoted by 6, and the interior angle between the ray and the direction of the z axis is denoted by ¢. Then a specific
incident ray at point A can be expressed in terms of (', 8',¢"), also shown in Supplementary Figure 3b (iii). With traditional
GRIN lens ray tracing'®, the ray path C (which represents the radius at distance z) of the specific incident beam can be

represented by:

C(z) = ' cos(VAz) + ta\?_;’ sin(VAz) = ’r’z + taanc' cos (\/ZZ —tan™! %D, 9)

where z is the propagation length along the axis and 4 is a constant determined by the manufacturing process that is directly

tan2¢s

related to the refractive index distribution, 2—: is the period of the sinusoidal ray trace and the amplitude is ’r'z = The

refractive indices seen by the o rays and e rays are denoted by n, and n, respectively, which are functions of the radius r. We

then could express the refractive index of a GRIN lens in series form to approximate the real distributions:

(1) = ny(0) + ayr + apr? + azrd + -+ aprk, (k=1,23,-)

Ne(1) = ng(0) + By1 + Bor? + L3 + -+ Ber®,  (k=1,23,) (10)

Where n,(0) and n.(0) are the refractive indices of the o rays and e rays at the centre (note that n,(0) = n.(0)),
and aq, ay, a3, @ and By, By, B3 - B are constants determined by the manufacturing process. The effective refractive

index ny (1, &) experienced by the e ray at the local coordinates (7, 8, ¢) inside the GRIN lens is represented by:

Tle’(T, f) — ne(M)no () ) (1 1)
\/ng(r)coszf+n(2,(r)sinzf

where ¢ is the interior angle between the wave normal and the extraordinary axis (blue double-sided arrow in Supplementary
Figure 3b (iv)), which is the complementary angle to ¢. Along the sinusoidal ray trace, there will be an accumulated phase
difference o between the o rays and e rays when the beam reaches the back surface of the GRIN lens. So, there would be a

different overall o dependent on the traced ray C.



It should be noted here that there would also exist a minor beam split between o rays and e rays due to the birefringence
properties of the GRIN lens, with which we are able to modulate the axial resolution of the GRIN lens imaging system as
validated in Fig. 3b and 3c in the main article (the point spread function measurement process is adopted with reference to
Ref [15]). This splitting is due to the differing sinusoidal optical path lengths of the rays (C. and C, respectively). The
parameter 4 in Eq. (9), which is related to the amplitude (and period) of the sinusoidal ray trace, is also different for o rays
and e rays (in practice, the parameter should be represented by A, and A., separately, which are determined by the
corresponding refractive index profile, Eq. (10)). As the collection of o rays and e rays inside GRIN lens are associated with
radial and azimuthal linear polarisation eigenmodes, the corresponding linear polarized light fields play a special role in all
GRIN lens based systems. Based upon this understanding, we aim to calculate the optical path length difference (OPLD) and

the phase difference determined by the retardance o:

OPLD(r,6,¢) = fce[ner(s)]ds - fco[no(s)]ds ~ [ [ner(s) —no(s)lds. (12)

0(r,0,6) =5 [olne:(s) = no(s)]ds. (13)

Here n.(s) and n,(s) are the local refractive indices experienced by e rays and o rays, as a function of distance s along the
sinusoidal optical path, as an arc length integral from the original point on the front surface to the exit point on the back
surface. Since the birefringence in the GRIN lens is very small, when calculating the accumulated retardance, we can make
the approximation that the path of the e rays and the o rays is the same (as shown in Eq. (12)). We use parallel incident light
(¢ = 0 at z= 0) throughout this work, and as the refractive index and birefringence profiles are rotationally symmetric, if we

define the wavelength of the incident beam as A, Eq. (13) would allow us to calculate the corresponding o.

There are several points that should be considered when estimating the uncertainties of the beam split for different GRIN
systems. In this validation work, based upon our polarization measurements above, we estimated that the GRIN lenses we
used had maximum birefringence level around 10, which is in the range of plausible values for the lithium ion-exchange
process used in their manufacture. We tested three different types of pitch 2 GRIN lenses, which, due to their manufacturing
processes, had different birefringence properties and lengths. We found that they exhibited variations in beam splitting ranging

between ~1.5um and ~3.0um. These variations are due to the different optical properties of each lens. We have assumed here



that n, (r) and n.(r) follow a parabolic approximation, which one could likely refine for more accurate modelling of the

phenomena.
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Supplementary Note 3: Experimental set-up for polarization field measurements

Supplementary Figure 4 demonstrates the set-up for polarization field measurements. Here we used a LED light source
(633nm, 3mW, AA=20nm), a polarizer (P1) and a quarter waveplate (QWP1) to generate a light field of uniform polarization
that was incident on the GRIN lens cascade. We used a quarter waveplate (QWP2) and a polarizer (P2) to measure the Stokes
vectors of the light field by rotating QWP2 to four different angles!’!°, following the process according to Ref [17-19, 36].

The principal equations for calculation of the Stokes vector light field are shown in Eq. (14) and Eq. (15).

Sout = MpzMalWPZSin, n=1234..) (14)

I=A4-5, Spp=A"1-1. (15)

where S;, is the Stokes vector of the incident light field, Mp, and Mgyp, are MMs of the corresponding polarizer and

waveplate. ST, is the corresponding output Stokes vector for the nt fast axis orientation state of the quarter waveplate.

Mgwp, is the MM of the quarter waveplate for the n'h fast axis orientation. A is a nx4 matrix known as the instrument

matrix'®, which is derived from Mp, - M@wp,- 1 is the intensity information recorded by the camera.

...l

LED P1 QWP1 GRIN lens Interstitial components QWP2 P2 Camera

Supplementary Figure 4. Set-up for the polarization field measurement. LED: source; P1, P2: polarizer; QWP1, QWP2: quarter waveplate; Camera:
detector. The rest of the structure is the GRIN lens cascade, which combined different kinds of GRIN lenses with interstitial optical elements. Note that

imaging optics have been omitted for clarity.
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Supplementary Note 4: Theoretical and experimental validation for polarization light field

characterization

Vector beams (VB) have attracted great interest for a range of applications that take advantage of their structured
polarization?*-22. They can be used to control the properties of a beam focus in microscopy??, for the demonstration of M&bius
band-like topologies?*, for electron acceleration?> and material processing?®. Of particular interest are singular VBs where the
polarization distribution in the beam cross section has a vectorial singularity, such as a C-point (where the orientation of the
polarization ellipse is undefined) or an L-line (where its handedness is indeterminate)?”- 28. There is one class of singular VBs
called the full Poincaré beam, in which the polarization structure spans the full Poincaré sphere, which are of great interest in
many areas of research?’-?°. Here we first characterize the VB components of different vector vortex beams generated by
GRIN lens cascade. Following the characterization of the GRIN lens polarization properties* using the MM in Supplementary

Note 1, the properties can equivalently be represented by the Jones matrix as:

sin?(8) + e cos?(8) (e — 1) sin (8)cos (6)

JGrIN = (e — 1) sin (B)cos ()  cos?(8) + e sin?(0) | (16)

where € = €% = cos(o) + isin (¢), and where the desired retardance profile ¢ = f(r) « ng(r) (refer to Supplementary
Note 2 for information about f(r) and n.(r) of the GRIN lens). Here, 6 is the slow axis direction of the equivalent waveplate,
which is equal to the angle in the cylindrical-coordinate system, r is the radius, o is the effective cumulative retardance at
position (r, 8). If a state of polarization (SOP) incident on the GRIN lens is described by Jones vector E;, =
[cos, e¥sing]T, where the parameters ¢ and § determine the polarization state, then the output polarization beam profile

Eout 1s given by Eoyt = Jgrin * Ein. This can be also represented by Eq. (17):

[fl(qb, 5, 9,0)] _ [ sin?(8) + e cos?(8) (e — 1) sin (8)cos (9)] _ [ cos¢p an

f2($,6,6,0)] (e — 1) sin (A)cos (8)  cos?(0) + € sin?(0) eldsing |’

where functions f; (¢, 8,8, 0) and f,(¢, §, 6, o) determine the output VB. As for the case in Fig 2a in the main article, when

1

N [1,i]7, it can be easily validated that when o = =,

we apply Eq. (17) to a right hand circular polarized incident beam, Ex =

the polarization states of the generated beam vary from right-hand circular (at the centre) to left-hand circular (at the outermost

ring). Thus, the polarization state of the field [ f1(¢,5,0,0), f2(¢,5,0,0) |T gradually varies across the transverse plane

12



from the centre to the outermost boundary such that the field contains all polarization states. This validates that the single
GRIN lens cascade can produce a full Poincaré beam for any pure input SOP. Eq. (17) can be similarly used to simulate the
effects of other input polarization states. We demonstrated this ability more by using the same single GRIN lens cascade (see
Fig. 2a in the main article as well as Supplementary Figure 5a (i) below). Supplementary Figure 5a (ii) shows polarization
singularities in the exemplar full Poincaré beam (with topological index?! #=1), that features C-point and an L-line. The
corresponding mapping is shown in Supplementary Figure 5a (iii). A quantitative comparison example for demonstration is
presented in Supplementary Figure Sa (iv). The simulation and experimental data are from the beam in Supplementary Figure

5a (ii). A sample distribution of polarizations along the L-ling?’ 2

is chosen in order to illustrate the quality of fit; the
demonstration on the Poincaré sphere is also given. The mean measurement errors of parameters S’/, S’2 and S’3 were 1.8%,
2.1% and 2.7% respectively (normalized by S°0). It should be pointed out that the precision benefits from the highly-
symmetric birefringence, which is a consequence of the highly symmetric refractive index generated in the manufacturing
process. That deserves further exploration, especially if seeking to use GRIN optics as a beam generator for applications that

require highly symmetric beams. More examples of beam generation under this cascade are shown in Supplementary Figure

5b through simulation and experiment, which show close correspondence.

13
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Supplementary Figure 5. Polarization light field generation and characterization. (a) (i) Schematic of a single GRIN lens cascade. P1 and P2: fixed
polarizers with transmission axis at 0°. QWP1 and QWP2: rotated quarter wave plate. Before the GRIN lens is a PSG that includes P1 and QWP1 to generate
a chosen arbitrary polarization state. Following the GRIN lens is a PSA, including P2 and QWP2 that enables Stokes vector measurement. (ii) shows a full
Poincaré beam generated by right hand circular input, and its C-point and L-line. The projection of this beam onto Poincaré sphere are demonstrated in (iii).
(iv) Stokes vector distribution of the vector beam in (ii) with both simulated and experimental data, alongside the data distribution on the Poincaré sphere. A
sample distribution of polarizations along the L-line is chosen for quantitative comparison. The mean measurement errors of parameters S°/, S°2 and §'3 are
given (normalized by S°0). (b) Beam generated by a single GRIN lens cascade. Five input SOPs generated by the PSG are illustrated (including linear,
circular and elliptical states) and shown on the Poincaré sphere. Patterns of polarized light fields in the larger circles represent experimental results and the

smaller circles are simulation counterparts. The red side of the color scale indicates right hand circular, whereas blue corresponds to left hand circular.

We further demonstrated and analysed some representative higher-order VBs generated by different cascades — with different
combinations of waveplates or different GRIN lenses. An infinite range of cascades can be created, not only through different
sequences of GRIN lenses and waveplates, but also through variation of the retardance and fast axis directions of the
waveplates. The main principle of VB generation can be found in Eq. (18), where Ej, is the incident polarization light field

and E, . is the generated beam profile, both represented by Jones vectors. [, and J&k;y (m = 1,2,3 ...) are m™ Jones
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matrices of the interstitial optical elements and the GRIN lenses along the cascade. The simulation approach in this section is

established through the methods in Supplementary Note 2 with the combination of Eq. (17) and (18).

Eout = ]irrrllter '](T}nRIN ]mt_e}‘ "']iznter '](1}RIN ']ilnter " Eip. (m=123..) (18)

Supplementary Figure 6 shows how different GRIN cascades can be used to generate a range of full Poincaré beams.

Supplementary Figure 6a illustrates a type of GRIN lens (coloured red) that has a larger magnitude retardance profile and is

almost equivalent to a sequence of three of the first type GRIN lens (shown in yellow, as also used in main article Fig. 2).

Supplementary Figure 6b shows the generated beams using right hand circular polarization incident light.

Based on these results in Supplementary Figure 6b, we can make several observations:

1)

2)

3)

4)

The GRIN lens cascades are able to generate high radial order VBs due to the nonlinear variation of retardance along
the radial direction (Supplementary Figure 6D (ii)), and to create high azimuthal order beams (Supplementary Figure
6b (1)).

32-34

These beams in Supplementary Figure 6b contains different kinds of topological structures’*~*, including the so-

called lemon and star (associated with topological indices + %) as well as spiral (associated with topological index 1),

and so on.

Supplementary Figures 6b (i) to (iii) show GRIN lens cascade generated multiple full Poincaré beams. In
Supplementary Figure 6b (i), there are four sectors in the beam profile, each of which contains a full Poincaré beam
(the white and green dotted regions show the boundaries of some of these sectors). In Supplementary Figure 6b (ii),
the red dotted circle contains a full Poincaré beam, the beam inside blue dotted circle contains all polarization states
spanned on the Poincaré sphere twice. In Supplementary Figure 6b (iii), we find that in a single-beam there are pair
of full Poincaré beams, each with an opposite topological charge (the white and green dotted lines show one pair)
and opposite handedness on the corresponding topological charge units.

The complex full Poincaré beam in Supplementary Figure 6b (iv) contains multiple examples of the same/opposite

topological charge units3*34

and multiple same/opposite handedness beam units (white ellipses demarcate beams that
have the same handedness but with opposite topologic charges in solid and dotted outlines; those with green outlines

have opposite handedness to those in white outlines but with opposite topologic charge pairs in their own solid and

dotted outlines).
15



To our knowledge, it has not yet been reported that GRIN lenses can act as a beam generator for various types of VBs and
especially for full Poincaré beams. All of the above characteristics indicate that the various special beams generated by GRIN

lens cascades may open new windows for complex polarization coding and beam engineering.

— T e
GRIN lens N GRIN lens

Equivalent to the combination of 3 GRIN lenses that used before

b

Input State 45° Input State Input State 5 4°  Input State 45°
- p— 2 A 0° Y
< s’ . N - . s y . s )
GRIN lens G 5 s’ ! Qwp ap— . - Qwp
HWP d— GRIN lens Hwp GRIN lens v awp GRIN lens
GRIN lens GRIN lens GRIN lens GRIN lens

Supplementary Figure 6. Polarization patterns generated by GRIN cascades employing two identical/different GRIN lenses. (a) A special GRIN lens
used in the later cases that is equivalent to an assembly of three of the GRIN lenses used in the experiment for (b). (b) are composed of four different cascade
structures (from (i) to (iv)) which use identical lenses (yellow one) or different lenses (red one). These cascades were also used in Fig. 2 in the main article.

These beams were generated using right hand circular polarized incident light.
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Supplementary Note 5: Set-up for interferometry

We employed commonly used interferometric methods’ 3¢ to characterize OAM generation. Supplementary Figure 7
illustrates the Mach-Zehnder interferometer, in which we used a He-Ne laser (633nm, 2mW, with a Gaussian intensity
distribution), a polarizer (P1) and a quarter waveplate (QWP1) to generate a uniform polarization incident light field at the
input to the GRIN lens cascade. The light reflected by the first beam splitter (BS1) into the reference arm, passed off a silver
mirror (M1) then was modulated by a half waveplate (HWP1). The beam was expanded then reflected again by another silver
mirror (M2) before being combined with the beam from the experimental arm by the second beam splitter (BS2). Finally, the
second quarter waveplate (QWP2) and the polarizer (P2) filtered the polarization state of the beam before measurement of the

interferogram at the camera.

- q N

HWP1 Beam Expander
Laser Pl QWPl BSI GRIN lens Interstitial components BS2 QWP2 P2 Camera

Supplementary Figure 7. Set-up for interferometry. P1, P2: polarizer; QWP1, QWP2: quarter waveplate; HWP1: half waveplate; BS1, BS2: beam splitter;

M1, M2: silver mirror; Camera: detector. The rest of the structures comprise the GRIN lens cascade. Note that imaging optics have been omitted for clarity.
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Supplementary Note 6: Theoretical and experimental basis of OAM component analysis

A light beam possessing a helicoidal phase-front, described by the structure of el*?, carries OAM of Ih (where [ is an integer

and h is the reduced Planck’s constant)*’*°. Since this revelation in 199237, various further applications of these beams have

41-44

been developed, such as optical manipulation 45-47

, optical communications®*#’, and in quantum and nano-optics*®-!. In this
section, based on the polarization pattern analysis in above section, we provide further details of the analysis of OAM

components of different vector vortex beams generated by GRIN lens cascade. From Eq. (16) we know that the Jones Matrix

of'a GRIN lens is equal to:

i 2 2 _ .
Jermy = lﬁll ]12] _ [ sin“(0) + e cos“(8) (e —1)sin (8)cos (8) (19)

21J21 Jz2 (e — 1) sin (B)cos ()  cos?(0) + esin?(0) |

where € = €% = cos(0) + isin (¢), and 0 = f(r) x n.(r) (see Supplementary Note 2), 8 is the fast axis direction of the
equivalent waveplate which equals to the azimuthal angle in the cylindrical coordinate system, r is the radius across the
section of the GRIN lens, o is the linear retardance value of the equivalent waveplate at the position (r, 8). For simplicity of

notation, let us make $2¢ = sin(20), %% = cos(26), S° = sin(c), C° = cos(c). From this we obtain:

[,11 ]12] _ [1 +C°+C¥?(C°-1)+S°(1+Cc¥)i §29(C° —1) + 5°5%%i 20)

21 J22 §20(C° — 1) + 59529 1+C°+Cc®A-co)+S5°(1-c®)i [

Suppose a uniformly polarized beam represented by Jones vector Ej, passes through the GRIN lens Jgriy. We now examine

the properties of the generated vector Ey, = Jgrin * Ein 10 left- and right-circular eigenpolarization bases: Ej, = \% [1,-i]T,

Er = \/% [1,i]T. Following the OAM generation case in the main article, we used a fixed input SOP: Eg = \/% [1,i]T entering

a single GRIN lens. Using the Jones matrix calculation of Eq. (20), we find that,

Jarn [] = 2 [}] + 2 [ 1], @1

where z; and z, can be written as z; = %(ei0 +el9),z, = %(ei(zeﬂ) +€l@9%9) So, if we use a PSA for state Ey =
[1,—i]T, would only see the z,E}, term from Eq. (21), which can be written as,

L
V2
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2, [_11] _ %(ei(29+n) + ¢i20+0)) [_11] — 4 £i(20+0) [_11] 22)

where A(7) is the amplitude distribution. When considering OAM, we are only concerned about the phase term (26 + ¢) in
Eq. (22), where @(r) is an initial phase delay determined by the retardance profile o(r) (see Supplementary Note 2). The
exponent i(260) shows that the analyzed E;, beam exhibits two units of OAM, which reveals that the GRIN lens can be used
as a spin-to-orbital angular momentum convertor. Corresponding results can be found in Fig. 2a (iii) to (v), Supplementary

Figures 8a and 8c.

We now examine the properties of the generated vector Ey,c = Jgrin - Ein In another two specific eigenpolarization bases:

Ey = [1,0]T, Ey = [0,1]T. We used a fixed input SOP: Eg = \/% [1,i]" entering a single GRIN lens:

1 1 0
JerIN [1] = 2zy [0] + zy [1] (23)
From calculation, [Z1’  Z3'] can be written as exponential form:

2y = %(eio + €l0 4 20+ | i(0+20)) (24)

Zyr = %(el(g) + ei(tﬂg) + ei(26+§) + ei(a+29_g)), (25)

In Supplementary Figure 8 below, the corresponding phase profiles, intensity profiles, as well as interference patterns using
analyzers described by [1,0]T (both in experiment and simulation) can be found in Supplementary Figures 8d (iii) to 8h (iii)
and 8d (vii) to 8h (vii). We also modified the PSA to obtain a wider variety of wave fronts for illustration; the sequence is
shown in Supplementary Figure 8b on the pathway from (i) to (ix) on the Poincaré sphere of the PSA state. The simulated

and experimental interferograms as well as intensity distributions can be found in Supplementary Figures 8d to 8h.
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fixed polarizers with transmission axis at 0°. QWP1: fixed quarter wave plate with fast axis orientation at 45°. QWP2: rotating quarter wave

plate. The PSG comprises P1 and QWP1 to generate fix circular SOP, and the PSA is constructed by P2 and QWP2. (b) A Poincaré sphere

representation of the pathway of detection polarization states (i) to (ix) in (d) to (h). (¢) A particular illustration of the interference pattern

of state (v) in (f). The two spirals indicated that the light beam contained two units of OAM. (d) to (h) Interference patterns, phase profiles,

intensity distributions under different fast axis orientations of the second quarter waveplate (QWP2 in (a)) from -45° to 135° with interval

22.5°. The rows show: (d) Simulation of interference patterns. (e) Experimental interference patterns. (f) Simulation of phase patterns. (g)

Simulation of intensity distribution. (h) Experimental intensity distribution. The analyser states for each column are shown above (b). The

data here are normalized besides the simulation phase value. (i), (j), (k) and (1) are higher-order GRIN lens cascades and their generated

complex phase patterns, interference patterns and intensity profiles under specific input SOP and analysis polarization state. Note that the

PSG and PSA parts have been omitted for clarity, and that in (i) and (j) the second GRIN lens (yellow) is of the same type as the first lens,

whereas in (k) and (I) GRIN lens (red) has a larger magnitude retardance profile, as used in the previous section.
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Similar to the polarization fields shown in the main article (Fig. 2), some demonstrations of the complex phase modulation
abilities of higher order GRIN lens cascades are also shown in Supplementary Figures 8i to 81. It can be seen that higher order
cascades are able to generate different complex phase patterns that also feature higher order OAM components by choosing
the input SOP and the analysis polarization state. An example can been seen in Supplementary Figure 8j, which shows four
discrete singularities. This method can benefit various applications requiring phase control, especially for OAM or vortex

beam related applications.

We further demonstrated cases using linear polarized incident eigenpolarization bases: Ey = [1,0]T, Ey = [0,1]T. We first

used a fixed input SOP: Ey; = [1,0]T entering a single GRIN lens cascade, and analyzed by Ey = [1,0]T and Ey = [0,1]".
1 1 0
JGRIN [0] =z [0] + zyr [1] (26)

We calculate z,7and z,” by through the same process used before, as shown in Eq. (27) and (28). In the following

Supplementary Figures 9a and 9b we demonstrate phase profiles, intensity distributions and interference patterns (where the

object beam is interfered with the same SOP light).

1.0 4 hio) 4 1 i0 4 Li(o+m) _3m = T 3w
e +¢e!'%) 4+ -|cos(20)|(e'” + e , 6 e , uUl-,—|,
Zy = 21( . . ) i ( . . ) 4 4-] [4— 4-] (27)
> (el® +el%) + > lcos(20)|(e™ + el?), Otherwise.
%lsin(ZH)l(eiO + elletm), 0 € [—g. 0] u E.T[],
Zyn =91 ) ) (28)
3 |sin(29)|(e”‘ + e“’), Otherwise.
Using the basis Eg = % [Li]%, By, = \/% [1,—i]T as the analysis eigenbasis, we obtain:
11 _ 1 1
Jorin [o] = 20 [ ] + 72| . (29)

from which we derive Eq. (30) and Eq. (31) below. The corresponding phase profiles, intensity distributions and interference

patterns can be found in Supplementary Figures 9¢ and 9d.

zyn =7 (€10 + €l 4 ¢TI0 4 gi(0-20)) (30)
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Zym = %(eio + el7 4 el(204M) 4 ¢i(0+20)) (31)

The simulations in this section were based on the above theoretical equations. It should be noted that other combinations of
incident polarizations or analysis eigenvectors, or even higher order GRIN lens cascades cases (combined with Eq. (18)), can

be easily calculated through the same process above.

We have demonstrated here that the GRIN lens cascades have the potential to generate complex structured phase profiles
under different input/output eigenpolarizations. This novel structure for phase modulation (including the generation of OAM),
derives from the special birefringence profile of GRIN optics. To our knowledge, this has not yet been reported. It might pave
the way for new methods of complex beam engineering and benefit corresponding applications such as OAM related quantum

and nano-optics.
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Supplementary Figure 9. Phase profiles, interference patterns, intensity distributions generated by the single GRIN lens. (a), (b), (¢) and (d) are phase
and intensity information extracted using horizontal linear polarized light at the input and analysis through: (a) horizontal linear, (b) vertical linear, (c) left
hand circular and (d) right hand circular polarized light, respectively. In each group of four images, (i) shows simulated absolute phase profiles, (ii) and (iii)
are experimental and simulated interference patterns, (iv) and (v) are experimental and simulated intensity distributions. For clarity, the PSG and PSA parts

are not shown in the cascades.
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Supplementary Note 7: Optimization of the polarisation state generator (PSG) and polarisation

state analyser (PSA)

There are many ways to specify the illumination polarizations and analyser configurations for MM polarimetry? 3-37-11 13 18,
52,53 To find optimum measurement configurations, one can use the condition number (CN) of the system as an optimisation
criterion for both the PSG and PSA. The CN can also be related to the volume of the inner tetrahedroid constructed by the

SOPs inside the Poincaré sphere (shown in Fig. 4b (ii) of the main article)'® 32,

Based upon this, we chose a PSG that consisted of four sectors of differently oriented quarter waveplates, as shown in Fig. 4b
(1) in the main article, where the fast axes of waveplates 1 to 4 were oriented at 45°, 15.9°, 74.1°, and -45° according to the
optimization shown in Ref [52]. Similar CN analysis has shown that the 132° phase retardance with four different fast axis
directions is optimal for the PSA'® %2, providing a CN of 1.732. As shown in Fig. 4c¢ (ii) and 4c (iii) in the main article, the
polarization properties of the GRIN lens cascade have rotational symmetry (this cascade is also used to generate multiple full
Poincaré beams units in a single beam in Supplementary Note 4). However, each of the four sectors equivalently encompasses
required optimal combinations of retardance and fast axis direction, and each sector is enabled to generate a full Poincaré
beam. Additionally, as the birefringence profile is determined by the atomic level scale of ion implantation, the number of
potential channels in the system is determined in effect by the pixelation of the camera. Thus, the GRIN lens based MM
polarimeter has the great advantage of providing multiple parallel channels to aid the calculation. We chose m (m=4, 5, 6...)
pixels in each channel to calculate four Stokes vectors simultaneously, to then work out the target MM. If taking MMPD
results as a standard, the chosen pixels encompass the analysis channels of the 132° phase retardance ring on each PSA sector,
so it follows that the optimum CN (1.732) can be achieved. The additional effective pixels can help reduce spatial noise when
combining the pixel information'®. For these reasons, the GRIN cascade can form as a basis of an optimal MM measurement

system.
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Supplementary Note 8: Measurement of the Miiller matrix (MM) with the single shot polarimeter

We derive here the main equations describing the principle of operation of the MM polarimeter. We use n (n=1, 2, 3 and 4)
to denote the four areas of the PSG array corresponding to the four sectors of the FQWP, and m (m=1, 2, 3 ... M) to denote

the chosen pixel number in each sector.

nm _ Cgnmo Lpnmo . cnm
out —MPZ MGRINZ MHWP MGR1N1 MSample Sin ’ (32)

where S;i™ represents incident Stokes vectors generated by the four sectors of the PSG array (the m is the chosen pixel number

in each sector; all pixels in each sector have same incident SOP). Sgut" is the combination of output Stokes vectors (both in

the channel m of the sector n; the same meanings are followed in the later description). Mgampie denotes the MM of the

targeted sample, and Mp,, Mywp denote the MMs of the polarizer and the half wave plate. Mggini, Merinz are MMs of the

GRIN lenses in the corresponding spatial positions. Since only intensity information can be recorded by the camera, which
nm

means only the first element of S;;; can be obtained (the intensity information at sector # from channel m), then Eq. (32) can

be modified into Eq. (33) and Eq. (34):

Loy = A~ MSample * Sin, (33)
“117 (o110 11 11 117
Lout A" a7 a;” as
1M M AM M 1M
M Gag™ ar™ ay” oag
2,1 21 21 .21 21
Iowe] (%0~ a7 ay” a3
: : 11 M 21 oM 31 M 41 aM
I L T I L T Al B A L o B
PlTlg3r g3t g3t g3t Msampte 1AM 21 2M 31 M a1 AM (34)
():ut 0 1 . 2 3 S3’ - 83 s3 - 83 sy’ v 837 S3 v Sy
Ioa| lag™ ai™ a3 a3"
4,1 41 41 41 41
Loue| |@y” a” ay” a;
aM oM _aM 4M 4M
Uoue ! lag a; a, az" |

Where the intensity information recorded by the camera for each modulation and detection channel are defined as a vector:

_ 1,1 1,M 2,1 2,M 3,1 3,M 4,1 4M1T
oyt = [Iout Iout Iout Iout Iout Iout Iout Iout ’

(35)
and A is defined by:
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A= [Al,l Al,M A2,1 AZ,M A3,1
which is a 4m x 4 matrix in which each component A™™ = [a,

corresponding Mp; - M¢Ring - Muwp - Mrini- We then expand S = [sg"™"

1,1 LM 21 2M 31
So  So So So S

Sin = 1:1 ‘ 15M 52 1 st E3 1
sk sPM g2 L g2M 3

nm nm
a

A3,M A4~,1

nm
a;
nm nm
S1 S2
3M _4,1
So So

3M 41
S3 S3

A*MT, (36)

az™] consists of the first row of the

s3™]T, and let

s
|, (37)
s

which is a 4 x 4m matrix that consists of columns that are individual Stokes vectors from each combination of PSG sectors

and camera pixels. Then the MM of the sample can be calculated as:

— A-1. .c—1
MSample =4 Iout Sin ,

where S;;! is the pseudo inverse matrix of S;, , and A™" is the pseudo inverse matrix of A.
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Supplementary Note 9: Validation of feasibility using standard samples

In order to test the capabilities of the MM polarimeter, we used as samples four polarizers with different orientations (0°, 90°,
45°, -45°), which are illustrated as P2 to P5 in the experimental setup in Supplementary Figure 10a. We took measurements
of each polarizer in a single-shot and compared the derived MM elements with the ground truth MMs (Supplementary Figures
10b (i) to 10b (iv)). The maximum errors of the derived MM elements were smaller than 6.93%. The GRIN lens cascade
based polarimeter has the following advantages: 1) it can perform single-shot MM measurement in a robust and stable manner;
2) single-shot measurements enable precise measurement of moving/changing objects; 3) it has the potential to be miniaturised

into an integrated instrument, especially a fibre-based probe with scanning detection for clinical applications.
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Supplementary Figure 10. Characterization of the GRIN lens based MM polarimeter. (a) Simplified setup for the validation

experiment of the polarimeter. PSG: P1, polarizer; FQWP, four-quadrant quarter waveplate, with different fast axis orientations in each
quadrant. PSA: P6, polarizer; HWP, half waveplate. P2 to P5: polarizers with transmission axis orientations at 0°, 90°, 45°, and -45°. (b)

(i) to (iv) The measured single-shot MMs of the four polarizers (red boxes), and corresponding ground truth (black boxes).
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Supplementary Note 10: Tissue sample information, sampling method and statistical analysis for

tissue measurements

Clinically, different stages of breast ductal carcinoma tissues have different proportions and distribution of fibrous structures
in and around the milk ducts (there are stages 1 (normal), 2 (ductal carcinoma in situ) and 3 (invasive ductal carcinoma)).
Through this work, the samples were unstained, dewaxed sections of human breast ductal carcinoma tissue slices at different
stages. They were prepared and provided by the Department of Pathology, Shenzhen Sixth People’s (Nanshan) Hospital. For
the tissues in stages 1 (normal), and 3 (invasive ductal carcinoma), we selected 12-pm-thick slices®® for demonstration. For
comparison, the corresponding 4-pm-thick hematoxylin and eosin (H and E) stained slices>® were also prepared. The age
range of the patients was from thirty to fifty-five years. This work was approved by the Ethics Committee of the Shenzhen

Sixth People’s (Nanshan) Hospital.

We measured 10 points per sample using our new MM polarimeter and a conventional MM microscope (overall 20 samples),
as ground truth for quantitative comparison. In each sample, we chose the points by using MM polarimeter with the diameter
of the field of view (FOV) at 0.19mm (Femto Technology Co. Ltd., G-B151157-S1483). The FOV of the MM microscope
(calibration precision < 0.3%) was around four times larger than that of the polarimeter, so we took measurements from
chosen sub-areas within same FOV of MM polarimeter to be processed. Then we calculated the mean value of the retardance
across these areas to set as ground truth for further comparison through the same quantitative comparison process used to
differentiate the breast cancerous stages by polarization parameters®. Example MMs, as well as corresponding MMPD
parameters, from healthy or cancerous tissue are illustrated alongside quantitative statistic histograms in Supplementary

Figure 11.
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Supplementary Figure 11. Original MMs of healthy and cancerous samples. (a) Demonstrations of the original MMs (i), MMPD

parameters (retardance (ii) and fast axis directions (iii)) of the healthy samples. (b) Demonstrations of the original MMs, MMPD parameters

(retardance (ii) and fast axis directions (iii)) of the cancerous samples. (¢) Demonstrations of statistic histograms (mean value and the

standard deviation of the retardance) of different samples measured by the GRIN lens cascade and a conventional MM microscope (ground

truth); numbers refer to Supplementary Table 1. Source data are provided as a Source Data file.
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For simplicity of measurement by the MM polarimeter we make the assumption that measurement of the average SOP should
be sufficient for discrimination purposes. We first defocused the GRIN lens image, in order to implement optical averaging
of the polarization effects of spatially varying structures. Then we began with a chosen region with optimal CN (related to
the 132° retardance'®) to calculate the MM for demonstration of feasibility. If strong non-uniform area occurred such as near
to the boundary between tissue types, we chose alternative rings (corresponding to other retardance values within the effective
CN region on the PSA3?) or applied another single-shot to reconstruct the MM. In principle, alternative region shapes can be

chosen for optimization of the processes.

All the obtained data measured by the MM polarimeter were used to draw an overall 3-D dot distribution in Fig. 4f in the
main article. Then, combined with the corresponding MM microscope data, Supplementary Table 1 was formed to show the
data measured by two approaches as well as the corresponding P-value®, which shows the significant difference between the
two classes of samples. Considering the projection on Y (sample number) - Z (retardance) plane in the main article (Fig. 4f)
and the P-values in Supplementary Table 1 of either individual samples or the overall combination, it can be seen that the
polarimeter is able to distinguish efficiently the healthy and cancerous tissues. The difference between two kinds of samples
is obvious across the tested samples; this also confirms the robustness of the polarimeter. Compared to the data measured by
the MM microscope, larger standard deviations from the data measured by the polarimeter can be observed. The difference
might result from the inhomogeneous sample structure in the effective FOV. To make the process more efficient and precise,

further detailed error analysis and corresponding optimization will be the subject of further work.
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Supplementary Table 1. Value of retardance & (rad) of samples used in this section

Slide H1 and Slide C1 Slide H2 and Slide C2
Healthy Cancerous Healthy Cancerous
mean standard mean standard *P- mean standard mean standard *P-
value deviation value deviation value value deviation value deviation value
GRIN 0.0365 0.0166 0.1412 0.0497 <0.001 | 0.0463 0.0185 0.1159 0.0338 <0.001
cascade
MM 0.0309 0.0089 0.1289 0.0151 <0.001 | 0.0271 0.0067 0.1513 0.0104 <0.001
microscope
Slide H3 and Slide C3 Slide H4 and Slide C4
Healthy Cancerous Healthy Cancerous
mean standard mean standard *P- mean standard mean standard *P-
value deviation value deviation value value deviation value deviation value
GRIN 0.0406 0.0164 0.1340 0.0573 <0.001 | 0.0464 0.0178 0.1385 0.0377 <0.001
cascade
MM 0.0314 0.0033 0.1467 0.0179 <0.001 | 0.0257 0.0056 0.1371 0.0122 <0.001
microscope
.. Combination of all slides
Healthy Cancerous Healthy Cancerous
mean standard mean standard *P- mean standard mean standard *P-
value deviation value deviation value value deviation value deviation value
GRIN 0.0408 0.0189 0.1324 0.0433 <0.001
cascade e
MM 0.0323 0.0102 0.1279 0.0171 <0.001
microscope

*the P-value is obtained by the significance test method®> (P<=0.05 is significant), which shows the significance of the difference between
the two sets of data.
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