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ABSTRACT

Stuart Martin D. Phil.
Balliol Trinity Term 1988
Quivers and the modular representation theory

of finite groups

The purpose of this thesis is to discuss the role of
certain types of quiver which appear in the modular represen-
tation theory of finite groups. It is our concern to study
two different types of quiver. First of all we construct the
ordinary gquiver of certain blocks of defect 2 of the sym-
metric group, and then apply our results to the alternating
group and to the theory of partitions. Secondly, we consider
connected components of the stable Auslander-Reiten gquiver of
certain groups G with normal subgroup N. The main interest
lies in comparing the tree class of components of N-mocdules,
with the tree class of components of these modules induced up

to G.
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INTRODUCTION

Let G be a finite group and k a field of characteristic
P. One of the most important problems in the modular
representation theory of G can be stated along the lines of
the following: "given a p-block % of G of defect d, what can
be deduced about the structure of S?" This usually means
that we are looking for the structure of the indecomposable
projective modules (their composition factors, multiplicities
and so on); In the case where B has defect 0 or 1 (or more
generally, when the defect group is cyclic), the beautiful
results of Brauer and Dade (see [1]) give complete
information in terms of the so-called Brauer free. After
some preliminary remarks in the first two chapters, we
consqgct Brauer trees for cyclic blocks of some symmetric
groups.

In fact there seems to have been very 1little actual
block theory done with regard to the symmetric group, En. In
1940, T. Nakayama stated his characterisation of when an
ordinary irreducible representation SA belongs to a p-block,
in terms of the p-core [22, 6.1.21]. Once G. James gave an
easy construction for all irreducible representations of I
over any field [17] the way was open for a more thorough
investigation of non-cyclic blocks. The main problem centres
around finding the modular characters énd the dimensions of

these irreducible representations, or, equivalently, calcul-

ating the decomposition matrix. Using some new results, due



to K. Schaper, we address ourselves to this problem of
finding the decomposition numbers and then set about inves-

. The

tigating elementary abelian p-blocks B of rank 2 of 22D

main outcome of this is to compute the dimensions of all Ext

spaces of simple modules. As described in Chapter 4 this may
be conveniently represented in the form of a 2-dimensional
graph called the (ordinary) quiver Q(8) of %. Q(®) has a
very pleasing symmetry: it is effectively a sguare which has
been folded over along a diagonal. By inducing the vertices
up to 22p+1 and beyond, it is possible to construct gquivers
for rank 2 blocks of symmetric groups of degree up to 3p-1.

These results are to be found in Chapter 5; together with the

corresponding story for alternating groups.

In 1975, M. Auslander and I. Reiten introduced the
notion of the almost split seguence [4] in connection with
the representation theory of artin algebras. Since then,
investigation of these almost split, or AR-seguences has been

intense, especially for modules over group algebras. As well
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as be they are also very
useful: for example they can be used to prove the non-
singularity of the Benson-Parker inner product [5].

n these AR-seguences

[N

In fact we are not just interested

per se; we are also keen to see how they "fit together” in a

certain quiver called the Auslander-Reiten gquiver TI'(kG). This
quiver is constructed from the indecomposable kC-modules
together with the irreducible maps between themn. In Chapter



6, we explain the conrnection between this guiver and the

n

)]
§-e

AR-sequences mentioned above; we also mention the m
structure theorems of C. Riedtmann and P. Webb. The tree
class associated to a connected component of the stable
quiver, which Riedtmann's theorenm produces will be our main
concern, and this is explained in Chapter 7.

In the final two chapters we are motivated by a guestion
raised by Solberg [36] concerning the relationship between

possible tree classes of I'(kN) and I'(kG) where N is normal in

G. More explicitly, suppose that M is a module lying in a
component oI I'(kN) where M is simple or periodic. Then M
will lie 1in an A~ component. For simple M we investigate

a
components of summands of MT°, using little more than easy

Clifford theory. For periodic M, which of course 1lie in
. . - - G .

"r—-tubes", we would like to know when summands of MT lie in

istened

s—-tubes, where s)r. These tubes we have chr
e
"exceptional" and to construct some examples, we are obliged

to use some pretty stiff cohomological methods.



CHAPTER 1

Preliminaries

This introductory chapter should be regarded as a
preface to both parts of this thesis. It contains notation,
remarks and standard theorems connected with representation
theory. The first section deals with some absolutely basic
material on finite group algebras, and further details may be
found in any standard textbook 1like [9], [10] or [24], if
reqguired. The second section contains material which could
be considered slightly more specialised: for example Loewy
series and the Green Correspondence, together with the re-
lated ideas of vertices, blocks and defect groups. This

material is discussed fully in [11] and [24].

1.1 Finite group algebras

To avoid unnecessary length, we shall use freely the
language of group theory without comment: any gaps can be
filled in by reference to [15], [16], which in fact also
gives an account of ordinary and modular representation
theory. It should be noted that, for typographical reasons,
the only piece of non-standard notation we use is the symbol
":" to denote a semidirect product. We shall also assume
familiarity with basic homological algebra (exact sequences

and splittings, projectivity, projective covers, commutative



diagrams and the Ext functor). For positively all aspects of
this, see [10, Introduction]. Reference can also be made to
[5, 1.4] or to more specialised works such as [8]. Any ring
theoretic concepts which we use will be standard (see for
example [2], [10]).

Let R be a complete d.v.r. with maximal ideal p=<1>.
Let k = R/p be the residue class field, and let S denote the
quotient field of R. Then the triple (k,R,S) is called =
p-modular systemn. We say that a field F is sufficiently
large if it contains the m'th roots of unity where m is the
exponent of G. Then F is a splitting field for G and all its
subgroups [10, Theorem 17.1]. By [10, §17B]’, for the p-
modular system (k,R,S) with charS=0 and S sufficiently large,
then k is sufficiently large. We shall be almost exclusively
concerned with finitely generated left modules over the group
algebra kG, for some finite group G and for k as described
above. These conventions will be used throughout, and in
particular one should note that k is a field of character-
istic p, where p is prime and p divides the order of G.

If M is a kG-module, we assume familiarity with the
notions of indecomposability, simplicity, (or irreducibility)
and of semisimplicity of M. If M is projective-free, we call
M a core.

By the Jordan-Holder theorem as it applies to the
kG-module M, M has a composition series whose factors A,

B,...,2 say are unique up to appearance in the series. In

this case, we write



M ~ A+B+...+2Z.
The radical of M, denoted J(M) is defined to be the
intersection of all maximal submodules of M, and the head of

M, denoted HA(M) is the maximal semisimple factor module of

M , so that H4A(M) = M/J(M). Denote by soc(M), the socle of
M, defined as the maximal semisimple submodule of M. The
projective cover of M will be denoted by P(M). It is well-

known [11, §78] that if M is a core we can define OM to be
the kernel of the surjective homomorphism P(M) - M. The iso-
morphism class of QM 1is uniquely determined by the iso-
morphism class of M, and Q is called the Heller loop space
operator. So we have a short exact seguence (s.e.s.)
6-»> QM »> P(M) > M> 0

Now define inductively QnM i = Q(Qn—lM) for all integers n>1.
M is said to be periodic if there exists an integer n>0 such
that M = ™. If n is the smallest such integer, then n is
called the period of M.

If M and N are kG-modules, denote the space of k-maps by

Homk(M,N); this space becomes a kG-module under the extension

of the action

(gf)(m) = gf(g’m)
for gegG, feHomk(M,N), meM. In particular, 1if kG is the
*
trivial kG-module (that is gia=A, ge&G, Aek), then M :=

Homk(M,kG) is the dual of M; this is a G-space under the

extension of the G-action
(gf)(m) = £(g'm)

* *
where geG, feM . M is self-dual if M = M . Also the set of



G-invariant homomorphisms from M to N will be denoted by
HomkG(M,N), which 1is a kG-module under the action given
above. For the so-called 1-projective G-homomorphisms, see
Section 9.2 in Part II.

The endomorphism ring Ende(M) is a 1local ring if and
only if the kG-module M is indecomposable, and this fact in

turn implies

THEOREM 1.1.1 (Krull-Schmidt, [10]). Suppose that M is
as above. Then the indecomposable direct summands of M are
uniquely determined up to isomorphism. In other words, if

] 131
M2 e M, = 2 e M.
I J J

1 [}
where the Hi and the Mj are indecomposable kG-modules, then

4 LI}
there exisls a bijection ¢: I » J such that Mi = M@Ci) for

all 1.8

If M is isomorphic to a direct summand of N, we write
M|N. If, further, M is indecomposable, we shall write MIIN.
We end this section with some further operations which

one can perform on the kG-modules M and N. Denote by M he

¢
usual restriction of operators to a subgroup H of G. If X is
a character of M, then the restricted character will be
KN

is a kG-module in a natural way: if geG, meM, neN, then set

denoted by XH' The tensor product [1], [2] of M and N, Me

g(m®n) = gmegn.
This gives a well-defined action of G on M®N, because of the

bilinearity of the definition, and it is clear that M®N is a



module. The operation ® is commutative, associative, distri-

butive over addition, and so on.

We can use ® to define the induced module. Let H be a
subgroup of G and let A be a kH-module. We form the tensor

product

TG, o 1
:= kG ®kH A

which 1is a kG-module under the linear extension of the

A

G-action
g(x®a) = gxe®a
for aeA, g,xeG. If x is a character of A then the induced

character will be denoted by XG.

Finally we collect together some results relating in-

cduction, restriction and tensoring in a portmanteau theoren.

THEOREM 1.1.2 (see [1C] or [241]). Let M and N be kG-

and kH- modules respectively. Then

i) A

= N where HN\G denotes an arbitrary
H\G

9:%kn
left transversal of H in G;

(11> (Nakayama Relatltions)

= TG
My N = Hom (N
G

~ T N
(b HomkHCN'MiH) = HomkGCN SMD;

(iii) If M is projective then MTG is projective;

(a) Hom

civy (nevd 19 = AT9 o y1G  unere Vv is a kH-module;

G

vy N TG = (nTE",

(vi) (Frobenius Reciprocity) M@kNTG = (MLH®kNJTG;

(vii) (Transitivity of inductlion) Lel HSK<G. Then

wT%,T6 & 476,

4



(viiidShort exacl sequences have their exactness pre-

served by induction and restriction. g

We end this section with the statement of Mackey's
Theorem. First some notation: if LG and M is a kL-module,
we shall write geM (or 9 or gM) for the 'Lg—module with
action

(glg?)(gem) = gelm.

THEOREM 1.1.3 (Mackey Decomposition, [15, Satz 16.9] or
[9, §44]). Let H,6K<G. Let N be a kK-module. Then

TG ~ TH
N ‘LH = Z e((gi®N)¢KgﬂH)
KN\G/H

as kH-modules, where XK\G/H denotes an arbilrary transversal

of double (H,K)-cosets.B

Remark. We could have given an identical formulation of
the above results for RG- and SG- modules, but since we deal

primarily with kG-modules, it seems more natural just to look

at this case.
1.2 Aspects of representation theory

This section deals with slightly more specialised

topics, which nevertheless ought to be standard currency

amongst the cognoscenti.

Let M be a kG-module. Then J(M) is a submodule, so it



2

too has a radical and we denote J(J(M)) by J“(M). Repeating

this argument, define Jl(M); observe that there is an n such
that J7(M)=0 but .Jn_l(M)#O. This n is called the Loewy

length of M, and the seguence of modules

n-1

M2 J(M) 2 J3(M) 2 777t M) 2 0

U

together with their semisimple quotients is called the Loewy
series of M. Dually, M/soc(M) is a module, so has a socle:
we let soc2(M) be the submodule of M containing soc(M) such
that socz(M)/soc(M)=soc(M/soc(M)). Again we can inductively
define socj(M). Now there is an m such that socm(M)=M, and

it is elementary to show that m=n, and the socle series is

given by

C € soc(M) < socz(M) c ... €M
together with its quotients. We usually denote the Loewy
length of M by £(M). If the successive quotients of the

Loewy (equivalently the socle) series are simple, then M is
called uniserial (because in this case [1, I] it has a unique

composition series), and we write M=%(S .,Sn) where the Si

10

S..

are simple such that Jl—l(M)/Jl(M) )

R

We say that M is H-projective for HLG if there is a kH-
module N such that MINTG. The following (by no means
complete) 1list of properties of H-projective modules will

prove useful. Such results are attributed to D.G. Higman.

THEOREM 1.2.1 ([10, §19], [5, pp 80-321]). Lel M be a
kG-module and N a kH-module where HLG. Then

Cid M is H-projective 1{if and only if M is HI-



projective;
(11> M is 1-projective if and only if M is projective;
(iii) If P is a Sylow p-subgroup of G then M is P-
projective;
(iv) N is K-projective, for K<H > NTG is K-projective;
(v For SSGH, if M is S-projective then M is H-

projective. B

By (v) we may consider those subgroups V of G such that

V is minimal with respect to the property that M is

V-projective. A member of the set of such subgroups is
called a vertex of M. By (iii) each vertex 1is a p-group.
Also

THEOREM 1.2.2 ([1, p.66 Theorem 41]). The verlices of an
indecomposable kG-module form a conjugacy class of p-

subgroups. &

Let Q be a p-subgroup of G and set N=NG(Q). The foll-
owing result is to be found in [24] and is known as the Green

Correspondence.

THEOREM 1.2.3. Let M be an indecomposable kG-module
with vertex Q, and suppose that HzN. Then
MlH =z fM o8 ( ? Mi)

where fM is indecomposable with veriex Q, and M, ts in-

decomposable with verlex contained in Q*NH, for some xgH.



Let W be an indecomposable kH-module with veritex Q.
Then
WTG = gWe ( 8 W.)
i 1
where gW is indecomposable with vertex Q, and Wi is in-
decomposable with vertex contained in Q*NQ for some xgH.

Also fgW = W, and gfM = M. 8

fM and gW are called the Green Correspondents of M and W
respectively.

We bring this introductory chapter to an end with a
brief discussion of block theory. First we look at indec-

omposable summands of kG:

THEOREM 1.2.4 ([1, IV.13 Theorem 1]). kXG has a unigue
decomposition into a direct sum of subalgebras each of which

is indecomposable as an algebra.n

The indecomposable subalgebras in this theorem are
called the blocks of kG. If M is an indecomposable kG-

t
module, then 3M=M for a certain block B, and ® M=0 for all

)
other blocks 3 . 1In this situation we say that M lies in (or
t
belongs to) the block B. Notice that submodules, qchient

modules and direct sums of modules 1lying in a block % also
lie in %. The following is also relevant when we come to

look at the ordinary quiver of a block in Part I:

PROPOSITION 1.2.5 ([24, I1.10.8]). Let SI and S2 be



simple kG-modules. Then SI and SZ lie in the same block of
kG if and only if there exists a sequence of simple modules
S;=T,, Ty oo, T =S,

IGCTi,T. ) # 0 for all i (I1<i<n-1).%

such that Extk

View kG as a k(GxG)-module under the action
= -1
(gy.95)a = g ag,

for aekgG, gl,gzeG. Let § be the diagonal map G-GxG. We have

THEOREM 1.2.6 ([1, IV.13 Theorem 4]). If B is a block
of kG, then B has a vertex as a k(GxXG)-module, of the form

8D, where D is a p-subgroup of G.H§

The subgroups D of G referred to in Theorem 1.2.6 are =
conjugacy class of p-subgroups of G, and are called the
defecl groups of 38, If |D|=p%, B is said to be of defect d.
Properties of blocks, including &a discussion of Brauer
Correspondence is to be found in [1], [24], [5]. Comments
and results on blocks of defect 0, 1 and 2 are presented

later in this work.



PART I

ORDINARY QUIVERS AND SYMMETRIC GROUPS



CHAPTER 2
The representation theory of the symmetric group

This chapter, read in conjunction with Chapter 1 is
designed to provide the reader with all necessary background
from the representation theory of the symmetric group. Such
material will be used constantly throughout Chapters 3 to 5.

In the sections that follow, G will denote the symmetric
group Zn of degree n. All the usual properties of G will be
used without comment, for example results about order, con-
jugacy and characters. The starting point is G.D. James'
construction [17] of the irreducible FG-modules over a field
F of arbitrary characteristic. This depends heavily on the
Specht module, the definition of which is given in Section
2.1. In subsequent chapters, the notion of the p-hook plavs
a central rdle, so we give a brief summary in Section 2.2.
Later on we shall also need to calculate decomposition
numbers for _non—cyclic blocks of G, and so we take the
opportunity, in Section 2.3 to place this important problem
in a more general setting.

For further information on these and other topics, see
the Lecture Notes of James [20], the definitive work of James

& Kerber [22], and also §75 of [11].

2.1 Spechl modules and simple kG-modules



DEFINITION 2.1.1. K=(A1,A2, .) is a partition of n,
written Arn, if Al, Az,... are non-negative integers, with
o
A 2A,2. .. and g A, = n.
For example (4,2%2,1)r9. Clearly the number of

partitions of n equals the number of inequivalent ordinarvy

irreducible representations of G. If Atn, the Young diagram
[AY is {(i,]): i,jez, iz1, lstAi}. For example,
[(4,22,1)] = x x X X

X X

X X

p14
If (i,j)elAl, (i,J) is a node of [A]. There are obvious
definitions of rows and columns of [A]. The conjugatle

diagram [A'] 1is obtained by interchanging the rows and
columns in [A]. Of course this also produces a conjugate
partition A'.
If A, ukn we say that A dominates pu and write A»w if for

all j

3 3

% A2 % oy
For example (3,2,1)»(2%®). Note however that (3,1%) and (29%)
are incomparable under ». Note also that this notation is
non-standard (for typographical reasons). The dictionary or
lexicographic ordering, written > is defined thus: A>p if and
only if the least j such that Aj#pj satisfies Aj>uj. Hence
for example (3,1%)>(2%). We say that A,u are neighbours with
respect to », written A»eu if and only if A»uw, A#u and there
is no «Fn such that Agagu. For a pleasant characterisation

involving diagrams, see [22, 1.4.10].



From now on, let AFnN. Let F= k or S.

DEFINITION 2.1.2. Let M" be the permutation module of G

on cosets of Young subgroups

En XEN X TR N Y B #1, .
1 2 i 1 1 2
Then the Specht module s? is defined as
s*.= Fec™M
A A . . .
where c 1= z; (sgnm). S has dimension independent
) 1
Zhixzkzx...
of F.
THEOREM 2.1.3 ([20, §4]). Let F=Q. Then {SA: AFN} is a

complete selt of ordinary irreducible representations of G.

Each SA is self-dual and absolutely irreducible.3

Now take F=k. The key result in James' construction is:

THEOREM 2.1.4 (The submodule theorem [17]). Lelt X be a
kG-submodule of HA. Then either CAX=O, in which case XECSA)L
or CAX#O in which case xgsx.g

A A Ayl ..

So let R = Z{X a kG-submodule of S": ¢c"X=0}. It is imm-
ediate that c“rR™=0.

THEOREM 2.1.5. Either c"s™=0, so that B =" or o sMzo,
implying that RA#SA, in which case R is the unique maximal

submodule of Sk.g



Let DA=SA/RA so that either DA=0 or If\ is simple by

Theorem 2.1.5.

DEFINITION 2.1.6. Akn 1is p-singular if for some i,
Ai+1=hi+2=...=ki+p>0. Otherwise A is p-regular.

For example A=(4,1) is a 2-regular partition of 5, while
(2,13) is 2-singular. By careful trickery, we can prove that

the number of p-regular classes of G equals the number of

p-regular partitions of n [20, 10.2]. Our main message is

THEOREM 2.1.7 ([20, §11]1). Let Arn. Then

(i) DA=O if and only if (char k=p and) A is p-singular.

(ii) Lelt K=k. Then {DA: AR, N p-regular} is a completle
A

set of inequivalent irreducible kG-modules. Each D" is self-

dual and absolutely irreducible.§

2.2 More notation

Associated to the Young diagram is the concept of the

hook. A hook is a partition of the form (n-r,17), and has a

-shaped diagram

corner hand
l d
X e e s e XX
>§ arm
% Qeg
X
T
focot

We are usually concerned with hooks 1lying as subsets of gz

given diagram. For example we give the hook



P-4
with corner (2,2) inside [(42,3)]. The length of a hook is
the number of nodes in it. The example just given has length
4. 1If we replace each node N in a diagram by the hook length
of the hook with corner N then we obtain the hook graph. For
the above this is

2
1

w oo
N O
WATRNFN

If (a,b) is a node of the diagram [A] we write hgb for the
hook length.
A skew or rim hook is a connected part of the rim of [A]

which one can remove to leave a proper diagram. We show

below one of two possible skew 3-hooks

X
X

Ko N
KXo
K= K

The p-core is obtained when we cannot remove any more skew p-
hooks from the Young diagram. For example the 3-core of
(7,5,4,3,2) is (4,2) as shown

X X X-X-—-X

X—-X-X
-X—-X
-X

K== X X
N=X N X X

The number of hooks removed 1is the p-weight (so here it is

5). By [22, 2.7.16] each diagram has a uniquely determined

p-core.

The importance of hooks arises in such theorems as the

hook formula for dimensions:



n!
dim s” =

‘II {hook lengths in [A]}
and the so-called Nakayama Conjecture
THEOREM 2.2.1 ([22, §6.1]). S” and s™ are in the same

p-block of G if and only if they have the same p-core.3

We also need the slightly less well-known notion of the
p-edge. This consists of p-segments all but at most one of
which contains p points: the first p-segment comprises either
the first p points of the rim of the diagram (starting with
the longest row) or the entire rim if its length is less than
p. The next p-segment is obtained similarly stafting in the
row next below that which contains the end of the last
p-segment defined. Continue until the final row is reached.
For example take p=5 and consider the partition

(9,82,7,6,32,2,1)r47; take the 5-edge

X X X X X X X ¥X
X XXX XXXX
X X X X X X X-X
X X X X X X-X
X X X X-X-X
X X X
X X-X
X-X
3

to obtain (7%,6,5,3,2,1).

Remark. In most of these definitions 'p' need not be a

prime, although in practice p=char k.
We shall make use of these definitions together with
basic results like the Branching Theorem and Theorem 2.2.1

freely. In fact the Branching Theorem is used so often that



we record it below for ease of reference.

DEFINITION 2.2.2. If A+n we define

i-

AT = N A At )
i+
AT S AN AT )
THEOREM 2.2.3 (The Branching Theorem, [20, §9]). If
A

Abn then we have for the restriction of S to the stabiliser

H=2n 7 of the point n

A _ A
i
Ai>Nj4a

If Zn denotes the stabiliser of the point n+1 in G=Zn+1 then

we have for the induced representation

i+
(SA)TG _ Z SA

i
Ai<Aioa

(where Ag:=«).3
2.3 The main problem: decomposition matrices

This section is nothing more than a brief survev of the

<=

problems involved in working out composition factors of
certain modules for G. First suppose that given purn, we want
to know about the composition factors of M anda sW. Over
fields of characteristic zero, the situation is well-
understood. The permutation module MA has a composition

factor isomorphic to s if and only if p»A, and

M* ~ s + 2 p st
WA

where the bMeZ>O are determined by Young's Rule. For this



see [20, §14].

Now consider the same problem over k(=2p). We are
mainly interested in the modular representations associated
with the SA, and in particular their composition factors.
Hence the actual modular representation we choose does not
really matter: however it will simplify things greatly if we
could start with a matrix representation of SA with entries
in Z, so that to produce the associated p-modular represen-
tation we need only reduce the coefficients modulo p. The
reason this is possible is because of the following theoren.

THEOREM 2.3.1 ([22, 7.2.12]). There is a basis L of S
wilth respeclt to which the enilries in the matrix representing
a permutalion with respect ito L, defined over @, are all
integers. If the malrix enilries are reduced modulo p, we

obtain tthe matrix representing the same permutation with

respect to L, defined over k.BE

An easy corollary of this is that SA defined over k is

the p-modular representation SA of Zn obtained from SA def-

ined over @. It is worth pointing out that this is certainly

not the only way to construct a p-modular representation SA
from SA since there are other matrix representations of Zn
over 2, Q-equivalent to SA. The point is that while two such
k-representations need not be k-equivalent, they will all

have the same irreducible factors, which is after all what we



are interested in. The matrix which records the multip-
licities of the p-modular irreducible modules DA as factors
of the reductions modulo p of the ordinary irreducible
representations s", is called the decomposition mailrix for G.

n

We denote this matrix by Dp. It can be shown ([22, 7.1.16,

7.2.13]) that nDp has '"wedge shape"

pM (v p-regular)

gh

(L. p~regular)

provided that we place the p-regular partitions in dictionary
ordering before all the p-singular partitions. In Chapters
3-5 we consider the problem of calculating nDp where psn<3p-1
and p 1s odd for certain blocks of defect 2. However in
general this calculation is still an open problem. For some
"tricks of the trade" and some examples see [20, §24], [22,
§6.3], [18], [19], [21] and [e6]. See also Chapter 4, in
which the method of Schaper 1is used, and Appendix B where a

formal statement of his result (Theorem B.1.1) is given.



CHAPTER 3

Blocks of symmetric groups with

cyclic defect groups

When we have a block of a group G of defect 0 then the
structure is particularly easy to describe: the block is a
simple algebra and the decomposition matrix is the 1x1
identity matrix, [1, IV]. In this chapter we concentrate on
constructing the decomposition matrix of blocks of defect 1
of Zi where p<i<2p-1 for all odd primes p. By the Brauer-
Dade-Green-Peacock theory described in [1, V], this is
equivalent to constructing the Brauer tree for each block.
We do this in Section 3.1 by first constructing the tree for
2 and then using (mathematical) induction. In Section 3.2,
using these trees, we are able to define and give examples of
a certain type of directed graph called a guiver. For a
cyclic block, the guiver has a particularly simple shape, in
contrast to the more complicated beast constructed for other

blocks in the next two chapters.

3.1 The Brauer tree

Recall (from [1],[14]) that if ¥ is a block of a finite
group G, with cyclic defect group then %8 1is a Brauer tree
algebra, in the sense that there is a Brauer tree which

describes the structure of the indecomposable projective



kG-modules. For the actual algorithm, see the cited
references. In our case we shall take an arbitrary cyclic
block (with defect group Cp, cyclic of order p) of G=2i where
p<i<2p-1 and construct the Brauer tree.

Recall that the "Nakayama Conjecture" (Theorem 2.2.1)

gives a way of sorting characters into blocks. Hence we can

state our main theoren:

THEOREM 3.1.1. The Brauer tree for any block of defect
I (that is with defect group Cp' p primel) for Ez., (where
psis2p-1) in characleristic p is obtained as follows:

(i> Wrile down the p-core.

(1i) Write down all possible ways of adding a skew p-
hook to the core in order to leave a proper diagran.

(i1i1i)Each such diagram produces a character in the block
(the one corresponding to the partition defined by the
diagram). Place these in an open polygon by means of the
dictionary ordering on partitions.

(iv) The polygon thus consitructed is the Brauer tree of
the block.

Remarks. (i) In particular, the Brauer tree of the prin

cipal block of Zp mod p is

X X K eesesecscsscscrscvessccccevene X___—___x

(p) (p-1,1) (p-2,1%) (2,1772) (1%)

where we write (A) instead of the character XA. This tree is
certainly well-known [22 ,EX.6.3]. One can think of the main

theorem as being a generalisation to cyclic blocks with a



non-empty p-core.

(ii) Of course this description of the Brauer tree will
work for an arbitrary block of defect 1 with a modification
of the given proof.

Proof of theorem. We use induction on i, the degree of

The base step is to prove that (*) 1is as claimed,
(noting that it makes sense here only to consider the prin-

cipal block). Let H=Z and G=Zp. Begin by inducing char-

p-1
acters of H to G, using Theorem 2.2.3. The characters x of H
we consider are the ones corresponding to hook partitions.

This is because we need a summand of xG lying in B5(G). Let

1H be the trivial character of H. Then

— - - - 2
(x(P72:1))6 | (p=1.1) | (p-2,2) ,  (p-2,1%)
- i-1 - i-1a -3 i-2 -3 i
(x(Pm11570))6 | (pmiHl, 180y (pe1,2,1872) | (p-i, 1)
-1 P p—2
(((TTTI 6 L 1P L (2,1772)

Observe now that the operation of reducing modulo p commutes
with the operation of inducing. So reduce the characters
listed above modulo p. However H 1s a p'-group so every
kH-module M is projective, by Maschke's Theorem, and so MTG
is projective, by Theorem 1.1.2(iii). So

(1) all the characters 1listed above are projective
characters of G (by Theorem 1.1.2(iii)).

G - (P) (p-1,1)

Now (lH) + X lies in the principal block
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SO must be a character of an indecomposable projective

module. Hence x(p) (p-1,1)

and ¥ must be neighbours in the
Brauer tree. Also, x(p)=lG is of course irreducible, so lies
at the end of the stem. We are now able to begin

X X
X(p) ><(p—l,l)

Consider next, for 0<i<p, the general character of the

form
-i.137%) .G -i+1,1%"1 -1 i-2 -i, 14
(x (P )16 = (P ) 4y (Pmi,2,187%) | (p-i,1f)
By (1), this is the character of a projective module. By

Nakayama, the second term on the right is not in B,(G) hence

it splits off. What remains is a character of an indecomp-
3 i-1a i 1i

osable projective module, so x(p 1+1.1 ) and x(p 1,1%) are

neighbours. The tree is now
—— X 4000 eccscccccscssnvecerreseses X  eveccccsvrcsseesevscorevesese X
-1,1 -i+1,1%4-12 2,1P-2
><(p) X(p ) X(p ) X( )
p-1 P P-2
The final step is to consider (x(l ))G = X(l ) + x(2’1 ).

This 1lies 1in 345(G) so is the character of a projective

p-2
and x(z’l ) are

(17)

indecomposable module. Once again ¥

neighbours in the tree with the ordinary irreducible x(lp) at
the end.
The proof that (*) is the tree for Zp is now complete.
So assume the result is true for Zk where k2p. Consider
a general p-core of a block of Zk. This has k-p nodes where

k-p<2p, and we suppose it is of shape



XX . « v « « « X
XX . . . X
m
X X. . X
For each of the m rows suppose that row j has n{j) nodes.

m

Clearly Jgi n(j) = k-p. By induction we construct the Brauer
tree of the block associated with this core. Our algorithm
tells us that to construct the tree, we imagine the core
being fixed on the page, and then we write down the possible

ways a string of p beads can wrap itself around the rim of

the core. Start with

€« n(l) » ¢« o) -
XX ... XXX ... X
giving the partition (n(i1)+p.n(2),...,n{(m)). Proceed
next to
« n((1) >
X X v X X X voenn. b

where the top row has n(l1)+p-(n(1)-n(2)+1)=n(2)+p-1 nodes,

and the second row has n(l)+1 nodes, giving the partition

(n(2)+p-1,n(1)+1,n(2),...,n{(m)). By induction the tree
begins

X X

X(n(1)+p.n(2).--.n(m)) X(n(2)+p—1,n(1)+1.n(2),-.n(m))

We now need the diagram of the general partition A, say.
This is shown in Figure 1 below in which the added p-hook is

shown using o o o notation.



KX
o
w

X X X 0 0 «i'th
X X X O o ©
o
o)
X X X o
X X...X 0 o © «k'th
X...X _ enm'th

FIGURE 1: [A]

Suppose that one adds ¢ nodes to the j'th row, where
€<n(j-1)-n(j). Assume that the skew hook which we have added
continues on to the k'th row. We find an expression for
x=£+n(Jj}. We have

=n(J)+p—(n({k-1)-n(k)+i+n(k-2)-n(k-1)+1+..+n(j)-n(j-1)+1)
=n(k)+p-(k-3)
Also, for the remaining rows, the r+l1'th row will now contain
n(r)+1 nodes (jsr<k). We now draw the tree (with the x signs

omitted) in Figure 2.




(n(1)..n(j-1),n(k+1)+p-(k-j)-1,n(j)+1..n(k+1)+1,n(k+2)..n(m))

T T T
3 j+1 k+1
............ x X
(n(1),n(2),..,n(m),2,1P"2) (n(1),..,n(m),17)

FIGURE 2: tree for Zk.
We now induce to 2k+1 using the Branching Theoren.
Denote the projective characters in the Brauer tree by

Xl""xr' Induce the general x shown above: xG =

[(n(1)+1,..,n(m))+..+(n(1),..,n(j—1)+1,..,n(m))+(n(1),..,n(k)

+p—(k—j)+1,..,n(m))+(n(1),..,n(j)+2,..,m(m))+..(n(l),..,n(m)+

1)]+{(n(1)+1,..,n(m))*+..+(n(1),..,n(j—1)+1,..,n(m))*+(n(1),.

,n(k+1)+p—(k—j)—1,..,n(m))+(n(1),..,n(j)+2,..,n(m))+..+(n(1),

*
..,n(m)+1)
where the * indicates that the partition has different middle
terms to the one appearing within the first set of sguared

brackets.

The next task is to separate these representations into

blocks (which of course uses Theorem 2.2.1), and hence
construct the tree. First we look at le =
X(n(1)+p+1,n(2),.-.n(m))+~~ +X(n(2)+p,n(1)+1,..,n(m))+~~

This first character has p-core

«n(l)+1 =

(*%)

and we take this as the core defining the block we want. All
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other characters in this first batch have p-core not of the
form (*%*), In the second batch of characters, the second

character has core

b S X X.ouou. X-...-X

Xeveooann X X- -X
which 1is precisely (*%*). All other characters are in a
different block because they do not have p-core (**). So by

standard arguments (see the base step) the tree begins

X X erescceveras

(n{1)+p+1,n(2),..,n(m)) (n{2)+p-1,n(1)+2,..,n(m))

The next step is to deal with the general middle term which
we have called xG. Recall that the core must.have n(l)+1
nodes in the first row and hence in the first batch of
characters the one with partition (n(1)+1,...) is the only

candidate. Removing a p-hoock, we obtain (**):

T
o]
[
¢

—— mn(%) > £ -(R-4)

X X X X —-————X

x
|
!
|
|
|
|
!
I

w

X -——-x
é~— n(k-1)+1 -

X X
—— n(k+1) —_—

Observe that this is just Figure 1 except with an extra node

- 31 -



in the first row. Removing the hook, we obtain (**).

For the second batch of characters, only the first one
has the form [A], this time with the rim hook pushed one line
further down (and the extra node). Removal of the héok gives
(**) again.

The two characters we obtained from this analysis will
be neighbours in the Brauer tree for I which is now

k+1

constructed as

X I sesescecesnerecessreccscssssssecsnenee
(n(1l)+p+1,n(2),..,n(m)) (n(2)+p-1,n(1)+2,..,n(m))
.......................................................... X eeeeecccvencececssvessversscstcasssrscsrssessessssarcansen
(n(l1)+1,n(2), ,n(j-1),n(k)+p+(k-j),n(j)+1,..,n(k-1)+1,n(k+1)
........ X X
(n(1)+1,n(2),..,n(m),2,1P"2) (n{(1)+1,n(2),..,1%)

Our theorem now follows by induction.B

Now we have obtained the tree in Theorem 3.1.1. Suppose
instead we try to obtain a description as to where an

arbitrary character in the block lies without actually having

to construct the whole tree.

COROLLARY 3.1.2. Letl xh be an arbitrary character
appearing in one of the trees for Zz. as g¢given in Theorem
3.1.1. Then the serial number of the character in the tree
is equal to the leg length of the p-hook which we can remove

from [AJ.

Proof. We define the leg length to be the number of



nodes in the leg plus 1. Note that in this proof we freely
use the notation of Theorem 3.1.1.

Once again we do an induction on i, the degree of Ei.
When i=p, all partitions appearing in the tree are hooks of
the form (p-i,1') and by the base step of Theorem 3.1.1, this
occurs in the i+1'th position. But the 1leg length of the
hook is i+1 as required.

Assume the result for £ where k2p and construct the

Kk’
tree for Zk. Take the arbitrary partition as in Figure 1 and
recall that its core is obtained by omitting the circles.
This skew hook corresponds to a hook I [20, 18.4] of leg
length k-j+1. By induction, this is the serial number of the
character ¥.

Consider now X The tree is shown above, as is the

k+1°
core of the arbitrary character (see (**) on page 30). By
comparing with Zk’ the leg length is k-j+2 which is equal to

the serial number as required.s

3.2 The ordinary quiver and cyclic blocks

This section is designed as a preliminary to Chapters 4
and 5 in which the so-called ordinary quiver of a block is
discussed. Here we give the definition together with some
examples of the quiver for the case of cyclic blocks of the
symmetric group.

DEFINITION 3.2.1. Let k be algebraically closed. Let ®

be a block of a group algebra kG. The ordinary quiver of R



is the (finite) directed graph whose vertices are the irred-
ucible kG-modules (up to isomorphism) lying in %, and where

the number of arrows S»T is dim ExtiG(S,T) where S and T are

k
irreducible, (or, equivalently the number of times T occurs
in J(P(s))/3%(P(S)). Notice that by Proposition 1.2.5, the

gquiver is connected.

In some sense, one can think of the gquiver, Q(®8), of 2
as measuring the complexity of . For example B is semi-
simple if and only if 9 has no edges. We calculate sone

examples below; however for a much more detailed exposition
see [30, p.96 et seq.].

Now recall from Section 2.1, the condition for two
partitions A,u to be neighbours. Recall also the notation we

introduced for this.

THEOREM 3.2.2. Let B be any cyclic block of G=2i where

psitZp-1. Letl DA,D“ be p-modular irreducibles lying in 3.
Then ExtiGCDA,D“3¢O if and only if u»er or A”‘f“
Remark. We comment on a slight abuse of notation here.

By neighbours, we mean that there is no « such that A»a»p and

such that D(a)eﬁ. This convention excludes the obvious

trivialities.

Proof of theorem. Construct the Brauer tree of ® as in
Section 3.2. This may be represented as
pta) p(P) pfc)
X —m——— X X X ssescses
><(a) ><(b) X(c) ><(d)

Considering projective covers and using basic properties of



Brauer trees [1, §17] we obtain the Loewy series:

D(a)

1l
(w/

P(D(a))

.. . 1 (b) (a)
giving dlmkExth(D ,D )

=1.
Let sza be as in Section 3.1 and let u=uB lie
immediately to the right of it. Let v=vY follow b in the

tree. We have a Loewy series

5 (B)
p(n(B)y -
DY D'
So dimk(ExtiG(D(B),D(a)))=l and dimk(ExtéG(D(Y),D(B)))=1
Hence obtain the ordinarv gquiver
X eeescesseseerssccssssccsesscasesos K e X e X secccscsccssvecscessosecccsscseccsnrencsnrsons X
pla) ple) p(B) L(v) p(n(1),..17°%)

Hence result.g

Remark. Notice by Theorem 2.1.6(i) that the guiver has

one less node than the tree.



CHAPTER 4

The ordinary quiver of the principal block of 22p

4.1 Introduction

Let 8 be a block of a finite group G. Then in Defin-
ition 3.2.1 we introduced the ordinary quiver of . Theorem
3.2.2 then provided us with examples of such a gqguiver in the
case where G=Zi p<i<2p-1, and B was any cyclic p-block of G.
In that case the gquiver was just an open polygon, and was
easily computed using the Brauer tree. Our aim in this
chapter 1is to construct the gquiver in the case where G=22p
and %=%O(G), the principal p-block of G. We also wish to
compare our results with the corresponding cyclic theory.

The contents of this chapter are based on the work
contained in [26] and we now summarise the main points. In
Section 4.2 we state a few results about Brauer trees for
22p—1 which we need from Chapter 3. 1In Section 4.3 one can
present the main theorem (Theorem 4.3.1) and exhibit the
ordinary gquiver Q(®) in Figure 3 (Appendix A). The proof is
given in Sections 4.4 to 4.6. We take a modular irreducible

A

D" for G (where ArR2p) and construct a certain filtration of

the projective cover P(DA) whose quotients are various

compatible modules (see Definition 4.2.1). The structure of
these compatibles, which are induced from irreducible
kH-modules, is discussed in Section 4.4. This is done using



decomposition numbers, calculated using a new result of K.
Schaper [34], although of course one could have calculated
these numbers en passant by Frobenius Reciprocity. For
details of the method of Schaper, and for some examples of
decomposition matrices of %O(G) for small primes, see
Appendix B.

The compatibles can, in some sense, be fitted together,
coming as they do from the Brauer trees for the blocks of
defect 1 of H. This is described in detail in Section 4.5.
Finally, in Section 4.6, we get a complete classification of
those simple modules p* for which dimkExt;G(DA,D“)=O or 1,
and it is shown that there are no other possibilities simply
by appealing to the ‘"ordering" of compatibles in the
filtrations.

The dimension of a given Ext1 space is always O or 1 and
the ordering of compatibles means that our quiver, which can
be thought of as a pictorial representation of all the Ex’c1
spaces, 1looks "locally" like a 2-dimensional lattice (away
from the ends). We get some degeneration at the ends, but
nonetheless the overall structure still produces for us a
triangular-shaped 1lattice which 1is symmetric about the

middle. Examples of this pleasing symmetry are given in

Figures 4-6 (Appendix A).
4.2 Preliminary resultis

This short section is really designed to establish no-



tation. Let k be a field of characteristic p, and let H=
zzp—l and G=22p

DEFINITION 4.2.1. Let M be a kG-module and suppose that
M has a Loewy series such that £(M)=3. Suppose that M has
simple head and simple socle isomorphic to A and semisimple

heart H(M)zBe-..... 8Z. Then we shall say that M is compatible

and we write

To prove the main result of this chapter, we induce
simple KkH-modules up to G and analyse their Loewy structure.
Now %O(G) is the unique p-block of G of weight 2 and we want
to ensure that the induced modules have a nonzero summand
lying in this block. Clearly this happens if we consider
simple kH-modules lying in p-blocks of H which have either p-
core with partition Cj=(j,1p—j—1) where 1<j<p-1 or of shape
C =(p,1p—1). It is possible, using Theorem 3.1.1 to give

2p-1

the Brauer trees of such blocks of H:

THEOREM 4.2.2. Let %K be the block of H with pP-
core C ., where 1sks<p-1. Then the Brauer tree of %p-z is
X )4 .....2. .............................. X .................]: ...... ) 4 D
X(2P—1) ((p-1) " ,1) ><(p—l,p—1+1,1 ) _(p~-1,1%)

and for %K where k<p-2 we have

X I eeseeveeccessescscnsanacnescssacstriosesss X eesee sevecenens secerceee
K= v . e
X(p+K,1p k=1, X(p,K+1.1p K=2, X(p-J,K+1,23,1p JTR=2,




oooooooooooooooooo

for 0<jsp-x-2 and 0<{<k-2.§

Theorem 4.2.2 provides us with a knowledge of the decom-
position numbers of blocks of H. At this point one could
also have obtained the decomposition matrix of the principal
block of G using a process called r-induction. }However, we
have preferred to calculate this using the method of Schaper
(see [6] and [34]), and I am grateful to D. Benson for
explaining this method to ne. In general terms we obtain a

matrix with i(p—l)(p+1) columns (the number of p-modular
2

irreducibles), and all but one column has four 1's; there is
a unique column with three 1's. These facts seem to be part

of the foclklore.

4.3 Statement of the main ltheorem and some examples

Recall from Chapter 3 the definition of the (ordinary)
quiver of a block. Let 3=3 (G) be the principal p-block of
o

G, and let Q($)=2pr be its quiver. Then we can now state

our main result as



THEOREM 4.3.1. If 1=2Kk=<p-% and 0<j<p-k-4% we let
_ p(p+x+1,1P7F7T

K ’

_ plp-i,ke2,29 aPTITR2,

J:K ’

L ((k+3) %, 2P7K78y

u

s aJd*1l _p-j-2
t. = plP-J.2 1 )
J
Then in Figure 3 (Appendix A) we have

dlmkExth(v uK)

dlmkExth(uK+1,uK)

. 21
dlmkEXLkG(vj,K+1'vj,K

. 1
dlmkEthG(vj+1,K'vj,K)

dlmkEthG( p—K—2,K—1

dlmkExth(w vp K—S,K) = 1

dlmkEthG( p K—4 ,K+1

dlmkEthC(vg 1,tj) = 1

dlmkExth(tj+1,tj) = 1.

The Extz spaces obltained by interchanging the modules also

|
Y

il
[

) =1

!
[

have dimension 1. All other Extl Spaces are zero.B
Remarks. (i) In the figure, we write A instead of DA.
(11) Note the general shape of 2pQp: there are p-1
nodes down the left-hand and right-hand edges, and p-1 nodes
along the top. The left-hand edge has the hook partitions
lying on a line in their 1lexicographic ordering. However
observe using Theorem 4.2.2 that the quiver for the principal
block of Ei (p£if2p-1) consists of certain hooks lying on a

line in this ordering. So in some sense Q(%) is a "natural"
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generalisation of all these quivers of subgroups.

(iii) For analogues of the theorem for symmetric groups
of higher degree, see Chapter 5 (in particular Theorem 5.4.3
and accompanying remarks).

EXAMPLES. In Appendix A we give three examples of

ordinary quivers in Figures 4,5 and 6 for the primes 5,7 and

11.

4.4 Some Loewy series

We begin by constructing series for simple modules
induced from p-blocks of H. However details of the proofs

are given only for modules induced from the principal block

of H. The method for other blocks is identical.

Concerning the reduction modulo p of a module, we refer
the reader to Theorem 2.3.1. We often denote this using the
"bar" notation, although in places where it is obvious what
is intended the bar will be omitted. Recall &also the

definition and notation for uniserial and compatible modules.

LEMMA 4.4.1. Let %p-z have p-core Cp-l' Let 11 have
Brauer ilree as shown in Theorem 4%4.2.2. Lelt the corresponding
simple edges of the tree be S,T,...,X,... . Then the Loewy
series of STG, TTG,...,XTG,... are as follows:

. TG _ . (2p-1,1)
16 (p,p-1,1) p(2p-2,1%) _(p%) _((p-1)%,2)

(ii) T'~ = (D"’ "7 D ' D D )

. i-1 . .1
-1+ , -i,

- 41 -



p_llp_i+112111-2)

D( ) where i23.

Proof. Here we use decomposition numbers and the fact
that the DA are self-dual (Theorem 2.1.6).
(i) By Theorem 2.2.3
(x(2P-1)y6 - (2p) . (2p-1,1)
and by Schaper the reduction of (S(Zp—l))TG has composition

(zp_lll)

factors k, k and D By self-duality, the module must

have the stated structure.

(ii) Now we seek the factors of TTG. We know that as

. | )
kH-modules, P(S)=U(S,T,S) where s=D(2P71) ng p=p((P-1)7,1)
so that there is a s.e.s.

C » S > QS > T > 0.

Hence we obtain

G

0 - ST - (QS)TG > TTG = 0

.{1)

TG

S is known from above. So we need to consider

2
(S(p_l) ll))TG-

Inducing to the principal block

2 _ 2
(X((p—l) 11))6 = X(p:p 1,1) + X((p 1) 12).

(2p)  p(2p-2,1%)  (p,p-1,1) [(p%)

These have factors D , and

2
D(2p—111) and D(QP)’ D(plp—lll) and D((p_l) 12).

So using

L4

(1) we now have that

2 2

16 _ (2p-2,1%) | [(P%) , ,p(p,p-1,1) , ((p-1)%,2)

T
L (2)

(Notice that we list here only the factors in the principal



block).

(iii) Now concentrate on factors for the general induced

module. We claim that

. : i-1
%16 L p(2p-1,17) | ,plp,p-i+1,17 7)

i-2

D(p—l,p—i+1,2,1 )

for i=3.

. (3)

2

For i=3 we know that P(D((p—l) ' 1)

) = ©(T; S,U) where U =

2
D(p l,p-2,17) is the third irreducible module in the tree.

As before we have an induced sequence
0 - TTG > (QT)TG > STG & UTG -> 0

and we already know the factors of STG and TTG hence it is

s 493 _ 2
elementary to show that Umva(ZP""'1 ) (p,p-2,17)

D(p—llp—zlzll).

+2D +

D(p-l.p—i+2,11'2)

Now suppose 1i>3. Then P/{ ) = €(W; V,X)

and so the induced seguence is

Cc - WTG > (QW)TG - VTG ) XTG > C.

2

i-1 . i-
2D(p,p i+2,1 )

16 pl2p-i+1,1777)

By induction W + +

D(p—l,p—i+2,2,1i_3). Using Schaper, the factors of (QW)TG

are obtained by looking at reductions of S(p,p-i+1,1i_1) +

S(p—l,p-i+1,2,1i—2). These are D(2p—i’1i) + D(2p—i+1’1i_1) +

(P p-irl, 1 7h) (P p-i¥2,177%) J(p-1,p-i+1,2,177%)
3

. i-
D(p—l,p—1+2,2,1 ), (3) is now an elementary consequence.
Now we use (2) and (3) to complete the proof of the

lemma. We do this in
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LEMMA 4.4.2. Let X be the general module appearing in
Lemma 4.%.1, and let M=XTG. Then

(1> M is indecomposable.

(ii) M has isomorphic (irreducible) head and socle,
namely the unique composition factor, £(M), of multiplicily
two.

(11101 is compatible, of Loewy length 3, and M=C(L(M);
all remaining factors).

(iv) M is uniserial if and only if X=S, where S is as in
Lemma 4%.4%. 1.

Proof. When X=S, see Lemma 4.4.1.

Let ¥#S. Recall the Green Correspondence as detailed in
Theorem 1.2.3. Let fH denote the Green Correspondent inside
H with respect to the vertex <g> of X, where g has order p.

G-\\\\\\\
H ’ch(<37)
\ e

NH ( (37)

Recall (from [9]) the definition of the outer tensor product,
which we denote by #. Let Q=Zp, and let NO=NQ(<g>). Con-
sider the subgroup P=Zp_1 of Q. The result we want to prove
is tackled in several steps:

P

To see this note that z=Z y % k since Z lies in
0

(4) Let z:fHX. Then N=ZTNOXQ = Z # k TQ ({o{enf{fr‘nj tio ,,ﬂ'ﬁ(u“f Z’,'S)
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B,(N,XQ). Hence by [9, 43.2] N = (ziNO)TNo B kipTQ' Also:

(5) k TQ ;¢ indecomposable.

lP
Note that because P is a p'-group, kiP is projective
(with character x(p_l)). Hence kiPTQ is projective (with
character x(p)+x(p_1'1) = 1+x(p—1’1)), and so it 1is isomor-
phic to the projective cover of kQ.- As a result k¢PTQ is

indecomposable.

(6) M is indecomposable.

TQ
k¢P

follows by (4), that M is indecomposable. To obtain the

Since Z 1is indecomposable and by (5), is too, it
factors, one can merely apply (2) and (3) directly.

Finally note that as M is self-dual, it has isomorphic
head and socle which therefore has to be £(M). So the series
either is uniserial, or has Loewy length 3. As all com-
position factors are self-dual (Theorem 2.1.6) and all but

one have multiplicity one, M is compatible as required.g

As before we let %K be the p-block of H with p-core CK,
where, by Lemma 4.4.1, we may assume that k=<p-2. Let i be
the serial number of the module Mi=SiTG appearing in the 1i'tl

position in the tree of Theorem 4.2.2,

THEOREM 4.4.3. With the above notation, )% has the

following Loewy series:

-K
i) M, = ¢e(D ), plere 157

[4

(p+K+2,1p‘K“2))
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(ii) For 0<j<p-k-4,

K, k=2,2P7K 1

L

(k+3,k+1,2P7K"3 4

)

. j ~-j-k-2 . j -
M = C(D(p—JIK+212311p J ), D(p—J,K+l,2J,1p
j+2 ;
L(p=j.x+3,27,1PTITKT3,
) .
(iii) For x=<p-5,
-K~-3
_ (k+3,k+2,2P7%7% 1y
Mp—K—l = €(D ; X, D
2 ,p—k-3
+
D((K 31,2 )), where
2 ,p-k-4
+
pl(x+a)™,2 ) w<ps
X = D(p ), K:p—3
kG , K=p-2
2 -K-2
(iv) M = ﬂ(D((K+2) , 2P )
P-K !
2 p—-K-2
ol (k+2)%,2 )y
(v For k>2,
p—-K-1
Mo _r = e(p(K+1,K,2 1),y plr+2,x,2
2 .p-K-1
D((K+1) x )), where
(D(K2,2P—K) , K>2
o , kK=1,2
(vi) For 1<&(kK-2, KJZ,
y _ (KL k=g, 2P T
p-K+i+1 !
D(K+2,K—&,2P-K_2,1&+2))
Proof. As in Lemmas 4.4.1 and 4.4.2.%
Finally, we also have
THEOREM 4.4.4. There is a module
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14

)

)

’

14

D(K+2,K+1,2p-K-2,1)
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p-1 p-2 p-2
+
e(p(P+1, 1577 p(p+2,177%)  (p,2,1P7%)

p-1,
Proof. Inducing the defect 0 representation pp:1 !

of H to G, we know that we must obtain a projective module

P p-1
having a Filtration  with Zhoh&nfs g(P.17) = g(pt+l,1 ) and

moclulor Com/éoschén ﬂc{"ors

p,2,1P7%) . .
. The1< are easily computed wusing Schaper's

S(
result. é{f"'ﬂ;z He extesions /éf‘owé/ecl ég Theorend 4 4 -3~)
one c@n  Now /514(( out - fﬁe—— 're7w're0{ »Gem/aﬁ}é/e Mo&‘/e

as the  fop quofient m o Hpe  Rltaton. &

4.5 A useful lemma

We shall see later that the results of Section 4.4 give
us all the necessary information on the extension groups.

The following result however makes the construction of the

guiver much easier.

LEMMA 4.5.1. (i) Consider & segment of the tree 1in

Theorem 4#.2.2 together with the series of the induced modules

where at least one of the Q,V is zero. Then ExtiGCU,PJ#O.

(ii) Suppose thal the induced modules have shape
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T T
U(X,Y,2Z) c(P; Q,R,S)

where Q=0 (say) if k=2. Then ExtéGCP,XJ#O.

(iti) Finally we can have, for k<p-2

ooooooo X esevenee

T T
C(P; Q.,R,S) U(X,Y,2Z)

where Q=0 (say) if x=2. Then Extj.(X,P)#0.

Remarks. (i) In part (ii) above we regquire k2.

(ii) As yet we make no assertions concerning dimensions

of the Ext1 spaces. For this, see Section 4.6.
Proof of lemma. Clearly (iii) is dual to (ii), and in
(i) we need only check for V=0 say. As in Section 4.4 we do

the verification only for the principal block.
At this juncture, the reader 1is referred to Theorem
4.2.2 and Lemma 4.4.1. We write ¢A for the Brauer character

corresponding to A.

(1) Begin by showing that Ext;G(D(p’p—l'l),k)¢O.

To see this, note that the Schaper formula applied to

S(p,p—l,l) gives us the character sum 2¢ +

+
(2p-1,1) © P(2p)
2.. Now just observe that anything in the
®(p%) T ®(2p-2,1%) : yehing
first Schaper layer extends the top 1layer. This simple

argument is powerful and will be used again below.

2
1 (D(plp—2ll )'D(plp—lll))#O.

(2) ExtkG

3 2
The character sum is x(2p—3’1 )_X(2P)_X(P )_X(p,p 1,1)
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: (p,p-1,1)
2 + . So again D
¢(2P—2,12) * ¢(2p—3,13) q)(p,p—l,l) g
is in the first layer.

. i-1 . i-2
(3) ExtiG(D(p'p_l+1’1 V,p(PeP=1%2,17 ")y 4 for ina.

The character sum is now 2¢(2p—i+1 11-1 +

)t Prap-1,1t)
¢(p,p—i+2,1i_2) and hence the result follows again.g

4.6 Conclusion of proof

Our final task is to show that the dimension of each of
the Ext1 spaces studied above can only be 1, and that no

other extensions exist.

PROPOSITION 4.6.1. (i) Let L be any of the modules with
Loewy series as given in Lemma %.%.1 and Theorems 4%.%.3 and
.4, 4, Then there is only one equivalence class of extension
of the head of L by a simple module in the middle layer.

Ciid Suppose we have two consecutive series, as in
Lemma 4.5.1, wilh heads V and W respectively. Then

dim Ext; (W,V) = 1

(iii) There are no equivalence classes of extensions
olher than lthose calculated in (i) and (ii) above.

Proof. All three parts follow easily 1f we give the
proof for modules induced from the principal block as the
method for other modules is identical.

(1) dim Ext;G(D(p’p—l’l),k) = 1.

k
The two Loewy series (i) and (ii) of Lemma 4.4.1 define

a filtration of P(k) with guotients
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X=gu(k’ D(zp—lll)' k)'

2 2 2

’

X.
So the only possible extensions are those of type (i) or type

(ii) above. Conversely these do exist by Lemmas 4.4.1 and

4.5.1.
1 (p,p-2 12) (p,p-1,1)
(2) dlmkExth((D , D ) = 1.

The relevant filtration has quotients
Y,

2 3
C(D(plp_zll ), D(2p—311 )’ D(p“lfp—2,2,1))

[ 4 ’

Y.

Hence the result follows as in (1).
A | . i-1
(3) dimkExtf{G(D(p'p’l'1 Y, pPePTIFLT T)y here iza.

It is clear that the method used above also works here.®
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CHAPTER &

Symmetric groups of higher degree, and

alternating groups

5.1 Introduction

This section deals with the construction of the ordinary
guiver of $O(Zi) where 2p<i<38p-1 modulo p. The point here is
that we can use the results of Chapter 4 (and in particular
Theorem 4.3.1) as a base step for an induction argument, to
obtain analogous results for principal blocks Qf symmetric
groups of higher degree. The main result is Theorem 5.2.1.
By tensoring with the alternating character, we can obtain
results about the conjugate block to the principal block:
these results are contained in Theorem 5.2.2.

Having all these ordinary gquivers at our disposal, we
can, for the cases we have looked at, verify a conjecture of
G. Mullineux [27] <concerning a bijection of p-regular
diagrams. For details, see Section 5.3. Admittedly this is
hardly overwhelming evidence for the proof of the conjecture
in general, but at least we have a proof which deals with an
infinite number of cases.

In the last section of this chapter we investigate how
far our results carry over to the alternating group, Ai
(2p<i<3p-1). Use is made of results in this and the previous

chapter to construct gquivers for blocks of Ai' and we shall



see that in all but two cases, the general shape is the sane

as that for Zi (see Theorem 5.4.4 and accompanying remarks).
5.2 The main theorem

Let mn=2p. Then we are considering the group Gy=zﬂ+y
where 12vy<p-1. Let %=%O(Gy) and let Q=Q(®) be its guiver.

The figures referred to below are to be found in Appendix C.

THEOREM 5.2.1. If 12y<p-3 then Q is shown in Figure S.

If y=p-2,p-1 then Q is shown in Figure 10.

THEOREM 5.2.2. Let B' be the block of GY wilh p-core

X
% Y. Lel Q'=Q(B'>. Then if 12y=2p-3, Q' is shown in Figure
X

11 while if y=p-2,p-1 then Q' is shown in Figure 12.

Remarks. (i) As before in the figure we write A instead
of DA.

(i7) Compare with Theorem 4.3.1. We have the same gen-
eral shape as in Figure 3 but notice that for 2ﬁ+Y we obtain
Y new extensions. For the principal block these appear as
vertical bars up the left-hand side, and for the conjugate
block they appear up the right-hand side.

(iii1)The shape of the gquiver in Theorem 5.2.2 may be

easily seen if we "tensor" the quiver YQp with the alter-

nating character. To obtain the labelling however we must



mimic the proof of Theorem 5.2.1, and the details are

omitted. The conjecture of Mullineux is essentially a
conjecture about the form of this 1labelling - see Section
5.3.

(iv) We give examples for p=5: these are shown in

Figures 13 and 14.

Proof of Theorem 5.2.1. Proceed by induction on v.
Observe first that the case y=0 is dealt with in Chapter 4.
When y=p-2 or p-1 a direct argument can be used, so we nmay
assume that O<y<p-2.

By induction the quiver may be represented as in Figure
9. The method will be to take the nodes of this gquiver and
induce to 2n+y+1 and then obtain the Loewy series of the

induced module. We do this in exactly the same way as the

procf of Theorem 4.3.1 and we list the modules in +the ﬁmhuﬁa(

block 1 +he 4able below .

p* (0™) TEmay+1
K K
s
2%"+7 Tty +1
~K— —K=2
(p+k+1,vy+1,1P %72 (p+k+1,y+2,1P K72,
for k2vy+1.
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—\) — '._2
(p+y+1,y+1,1P Y72 (p+y+1,y+2,1P7Y

PN

(p+y+1,y+3,1P7 Y~ [p+y+1,vy+1,127Y7 1]
(p+y+1,v+2, 1P7Y~ 2)
(Only when y=1 is the module [.]

missing; when y=p-3, k2
7t+'}/+1

is added to the second layer.)

(pty.k+2,1P7K72) (pry+1,k+2,1P7K72)

for 0O<k=zy-1
(P*+Y.P) (p+y+1,p)

(p+y.k+2,1P7K72) (p+y+1,k+2,1P7K72)

for k2vy+1

(p+y,y+2,1P V%) (p+y,y+2,1P7Y7h
(p+K,y+1,1p—K—1) (p+K,Y+2,1p—K—1)
for k=y-1
((p-3)2%,y+2,2771) ((p-3)%,y+3,2771)
(p-j,x+2,y+2,2971 1P7I7K"2, (p-j.k+2,y+3,29 71, 1 PTITR"2,

for k>vy
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; . 2 i — —_ -y - . 2 = %A
(p-3. (y+2)?,2371 1 P7I7V¥72, (p-3. (y+2)2,2971 1P=J-v-1,

(p-3,y+1,xk+2,2971 (P=I7K-1, (p-3,y+2,k+2,297 1 1PI-K=1,
2 . p-K-3 ~K-
(v, (x+3)2,2P7K"3, (v+1, (k+3)2,2P7K"3,
-k -2 + —_—
(y,Kk+3,2P7K72 4K+l (y+1,Kk+3,2P K72 (K+1,

We complete the proof by considering the following

result.

LEMMA 5.2.3. In the situation above, let

0D s*5 pHs o

be a nonsplit extension of H-modules where H=2ﬂ+7. Then in
the s.e.s.
0 - (DA)TG > (S”‘)TG - (D“’)TG > 0
where G=Z , the middle iferm is indecomposable.
+y+1

Proof. Once again the method will be to use a form of

Green Correspondence.
/G\
H\\\\\\ ,/////JV1
N

Let D=CpxC and Q=Zn' Denote the outer tensor product of two

modules by # as 1in the proof of Lemma 4.4.2. Let No=N_.(D),

ol
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N=NH(D) and N1=NG(D) (=NgXZ ). Let fH denote the Green

y+1

Correspondence inside H with respect to the vertex D of M=sV,

Then by assumption M is indecomposable so has a Green

Correspondent f:M, lying in Bg(N). Then Z=f_M=Z #k. . Now
H H  “INo zY
z™a o Z2TNoXZy g
= (2,0 )10 g (k) TEyer
INg b3
v
=z # (kg RN
Y
and (k2 )sz+1 has only one summand in the principal biock

v
and so ZTN1 has only one summand in the principal block. The

result about MTG is immediate because summands of MTG lying
T
in 35(G) are in one-one correspondence with summands of ZTI\':l

lying in %O(Nxzy+1)'

This completes the proof of the lemma and also of the

theorem, because by considering filtrations, all nonzero

1

xXt
kzTr+n+1

E groups have dimension 1.%

5.3 Some commenils on & conjecture of Mullineux

Recall from Section 2.2 the definition of the p-edge of
a Young diagran. Let Arn, with n arbitrary and, following

[27], we make the following definition:

DEFINITION 5.3.1. (i) e(A):= number of points in the p-
edge of A.
(ii) I(A):= the partition obtained from A by removing

the p-edge from A.

Observe that in the example on page 20, e(A)=16 and I(A)



=(72,6,5,3,2,1).

Suppose we construct A=A, I(A)=A I(I(A))=A

a-1" -2
.,E=AO in o steps. Let ei=e(hi), *i=number of rows of Ai.
Clearly the sequences 8=(e1,...ea), %=(r1,...ra) together
determine A [27, 2.1].
DEFINITION 5.3.2. Let A be p-regular. By [27, 2.2]
each Ai is p-regular. Define f=(sl,...sa) bv
O . pley
s, = ei—ri+ei where €;=
1 , otherwise

Mullineux defines his bijection as follows:

THEOREM 5.3.3 [27, 4.11]). The finile sequences € and ¥
of Definilion 5.3.2 determine a sequence of p-regular part-
itions o (1<ifa), such thatl each b has S; rows and eCpiJ=
=e,. B

This map of p-regular partitions is clearly seen to be a
bijection of order (at most) 2. Notice that the alternating
representation of Zn induces a bijection (of order 2) upon
the D}‘. Mullineux in [27] and [28] conjectured that this
bijection agrees with the one constructed in Theorem 5.3.3

and gave a few examples for small primes, and when p>n. Our

analysis gives the following result:

THECREM 5.3.4. The conjecture is irue for all cyclic
blocks of z; (p<i<zZp-1) and all elementary abelian blocks of

Zj (2pLj<3p-1).
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i
Proof. In all cases notice that tensoring with S(1 )

merely sends the ordinary quiver of a block to the block
characterised by the conjugate p-core. By Theorems 3.1.1,

4.3.1, 5.2.1 and 5.2.2, this gives the result.g

Remark. Theorem 5.3.4 should be compared with Corollary
3.2 of [26]. We have now verified the conjecture up to
degree 3p-1, but while this gives some evidence in an in-
finite number of cases, the conjecture is still far fronm

being proved in general.
5.% Some remarks on alternating groups

As soon as a result on the representation theory of Zn
is proved it 1s usual to ask what happens vis-a-vis the
alternating group An' Recall the following definition for an
arbitrary kH-module M, where H is an arbitrary subgroup of an
arbitrary group G.

DEFINITION 5.4.1. The inertia group T of M in G is

T=T(M)={geG: Mz=goM}.
If T=G we say that M is G-siable.

Recall also the elementary result below:

LEMMA 5.4.2. Assume T=H. Then MTG is indecomposable.

Proof. If not, write M1®=M,eM,. Then By Theorem 1.1.3

172

MiLH = 2 ®(g;®M) where i=1,2 and I';SG\H and I'_ NI_=@. Choose
i

g;el;, i=1,2 and let gs=g2g1*. Then Mlzgle but (g3M1)¢H =



§ e(93g®M) which is impossible because gsglerz.g
i

Remark. Note that Anszn with a cyclic p'-quotient. This
is a situation which will also be studied in Part II where
much use will be made of Lemma 5.4.2.

There are two cases depending on whether a kAn—module M

is G-stable or not.

PROPOSITION 5.4.3. Letl H=An G=2n. Lelt ¢t be the

alternaling character. Lel M be a kH-module.
(1) If M is G-slable then M extends to a kG-module M.
and
M1 CaM, @ (oM, ).
. 6 .. TGy, o
CiidIf T(M)=H then M is indecomposable and (M O =

JH
Me(g®M) where geG and MzgoM.

Proof. (i) M extends to M, by a result to be proved in

G_ 16_
=My o g =M,®(L8M ) and

) = Hom(M,MaM) so the two summands

Part II, Section 7.3. So M| TCoM, @1

Hom(M1C¢,MT¢) = Hom(M,MTC

JH

are different. Part (ii) is from Lemma 5.4.2.§

Remark. As we shall see later, the situation of (1) is
called the spliit case and that of (ii) is called the fuse
case.

Restriction of G-modules to H depends whether a module
is equal to its core or not. See [22, 6.1.46]. We deal now

with the consequences of this in case n=2p, 2p+1,...,3p-1.
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There are two cases.
Case 1 n=2p,2p+1

Here there is a unique block of weight 2 namely the
principal block. If A and A' are associated partitions and

AN

D '#£D then we write, inside Ar (y=0,1), the symbol 2A¢ as
i

+v
a vertex for the quiver, meaning that two kG-modules fuse to
give a single kH-module. In case A=A', we write, following

[22, 2.5.7], Ai to indicate that the restricted module splits

into two summands.

THEOREM 5.4.4. With the above notation, the ordinary

quiver for An , ¥Y=0,1, is given in Figure 15 in Appendix C.%

+Y

Remarks. (i) One can obtain the correct wvalue of A at
each vertex from this and the previous chapter.

(ii) The qguiver for the alternating groups of Theorem
5.4.4 do not have the same "natural symmetry" as those
constructed earlier. Observe however that it is essentially
the quiver for the symmetric group which has "folded and
frayed".

(iii)The dotted lines appearing at bottom right appear

only for En+1'

(iv) Notice that we have obtained a unique 2-dimensional

Ext1 group at the top right-hand side. This is shown by the

double edge.

(v) In the example given in Appendix C (Figure 186), we

give the quiver for A (mod 5).

11



Now we look at
Case 2 2p+22n<3p-1

In this case no module in a block 1is associated to
another module in the same block. So the quiver just fuses
with one in another (namely the conjugate) block. The

example shown in the Appendix (Figure 17) is A (mod 5).

12



PART 1II

AUSLANDER-REITEN QUIVERS

AND THEIR TREE CLASS



Chapter 6

Introduction to Auslander-Reiten theory

Let G be an arbitrary finite group and suppose that k is
algebraically closed. In Chapters 7 to 9, we are concerned
with Auslander—-Reiten theory for modules over the finite
group algebra A=kG. The underlying theory falls naturally
into two separate but intimately 1linked areas, which are
dealt with in Sections 6.1 and 6.2 below: namely almost split
sequences and Auslander-Reiten quivers. The segquences are
built up from so-called irreducible maps and were first
studied in a series of papers by M. Auslander and I. Reiten
for modules over artin algebras (see [4]) although here we
deal only with modules over A. The AR-quiver 1is a 2-
dimensional graph of these maps, as is explained in Section
6.1 where some well-known examples are also given; the
exposition presented here is based on lectures of K. Erdmann.
In Section 6.2 we give a summary of Webb's work on classif-
ving the tree class of components of this quiver. The tree
class is a directed tree which plays an important role in the
Structure Theorem of Ch. Riedtmann [33]: we shall be much
concerned in this thesis with components of tree class Am, A:
and D_ . Remarks about these and other types of components

are to be found in Theorem 6.2.3.

6.1 Almost splil sequences



Let M and N be nonzero indecomposable A-modules.

DEFINITION 6.1.1. The A-homomorphism f:M-»N is said to
be irreducible if and only if f is not an isomorphism and
whenever f=goh (where g,h are A-homomorphisms) is a factor-

ization of f, either g is split epi or h is split mono.

LEMMA 6.1.2. If f:M>N is irreducible, then f is either

an epimorphism or a monomorphism.

Proof. By the homomorphism theorem, there are maps g,h
such that
f
M-> N
g /? h
M/ker(£f)

with ker g=ker(f), im h=im(f). Then either h is a split epi,
in which case h is an epi hence so is f, or else g is a split

mono, which implies g is a mono, so f is too.3%

EXAMPLE. Let N=P, an indecomposable projective and let
M=J(N). Then the inclusion <:M<N is irreducible.
Proof. 4 is nonsplit since M, N are indecomposable and

MzN. Let
<
M < N
K \sAZ‘p
Now im{=MESimpEN=P. P/J(P) is simple so imp=P or imp=J(P).

If imp=P then p is onto and P is projective so p splits. If

imp=J(P)=im( then k splits (with right inverse 4p).
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DEFINITION 6.1.3. The Auslander-Reilen quiver (or
AR-quiver for short) is a directed graph TI'(A) whose vertices
are the (isomorphism classes of) indecomposable A-modules,

and such that there are d labelled edges

if and only if d is maximal with the property that there
exist irreducible maps
g & M —— N

Remarks. (i) Usually we have d<1.

(ii) The definition is symmetric: it can be shown using
Theorem 6.1.5 below, that d is the largest number such that
there exist irreducible maps

M — § ® N.

Very often projective modules in the quiver provide un-
necessary complications. To avoid this we introduce the
notion of the stable guiver.

DEFINITION 6.1.4. The stable AR-quiver TI'.(A) 1is ob-
tained from TI'(A) by removing projective vertices and all
arrows starting and ending at projectives.

EXAMPLE. Take A=kP where P=<x> 1is cyclic of order p.
Recalling the Jordan Canonical Form for x, let X:1 be the

i-dimensional indecomposable (1<is<p). Then the guiver looks

like

- 65 -



Xl\ . /7X
x/ 2 T~y

1
3

where the stable quiver is obtained by removing the Xp and
the dotted arrows.
Let

M = {X: 3 arrow [X] =»> [M]}

M+ = {X: 3 arrow [M] - [X]}
and recall from Section 1.1 the definition of the Heller
operator Q. The following theorem was pfoved, by Auslander

and Reiten for modules over an artin algebra, but we here

just consider group algebras.

THEOREM 6.1.5 ([41]). (i) If M is indecomposable and non-
projective then there exisls a (unique to isomorphism) indec-

omposable module Y such tUthatl M =yT and there exists a

nonsplil s.e.s.

where di is the number of arrows [XiJ+[MJ (or the number of

- 66 -



arrows [YJ»[XiJ.

(ii) If Y is indecomposable and non-injective (which is
the same as being non-projective since A is symmeiric) then
there exists a unique indecomposable module M Such that Y =m"

and a s.e.s. (&).8

Remarks. (i) One writes Y=1TM where T is the Auslander-
Reiten translate. If A is a group algebra then T=0%. For
details of the proof in the case of group algebras see [24,
I1.9.2].

(ii) (&) is called the Auslander-Reiten sequence or the
almost split sequence (usually abbreviated to AR-seguence)
terminating in M. We denote this by Q(M).

(iii) Note finally that, as a result of this theorem, it
is of interest not only to describe the indecomposable A-
modules, but also the maps between modules. Hence we some-
times find it convenient to consider all the action taking
place in the category modA of finitely-generated A-modules.
The rationale behind this thinking is hinted at in [32].

EXAMPLE. It is an exercise to show that the only
irreducible maps involving a projective indecomposable module

P=P(S) (S simple) are

can

m: P >> P/S = P/soc(P)

and
inc

j: J(P) > > P

Thus if an AR-sequence involves a projective module, it is of

this form. Let ﬂ1=ﬂ/J(P), J=induced inclusion map. The
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following is an AR-segquence
i (3
O — J(P) —» J(P)/S® P —> P/S — O
where P=P(S), S simple.

Remarks. (i) In general, the gquiver is locally finite
(meaning that IM—I,IM+| < o, for all M). This is a consequ-
ence of Theorem 6.1.5,

(i1) 7T induces a translation on I'g(A), and if t=Q? then
Q induces a graph automorphism on I'g(A).

(i171)The components of o« and £ in (&) are the
irreducible maps.

(iv) Since irreducible maps are not, by definition, iso-
morphisms there are no loops in the graph.

F'.(kG) is an example of an abstract silable represent-
ation quiver of the type discussed by C. Riedtmann [33].
There, she proves a Structure Theorem which states (in our
case) that if ® is a connected component of I (kG) then
®=ZB/Il where B 1is a directed tree and I<AutZB 1is an
"admissible" group of automorphisms. ZB 1is defined as
follows: the vertices are (n,xX) nezZ, xe€B: for each arrow x-=y
there are two arrows (n,x)»(n,y) and (n,y)->(n-1,x). The
translation is A{(n,x) =(n+l,x). We call ZB the universal
cover of ®. B is calied the tree class of 8, and 1is denoted

by B(®). For an excellent account of this see [5, §2.29].

EXAMPLE . ®=ZA:.
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EXAMPLE. The components ® of the stable AR-graph which
will usually occur have the property that 6(M) has only two
middle terms. The preceding example displays this feature.
Other components of great interest are called tubes. They
are of type ZAm/K for some Iinteger k. Modules in a stable
component which is a tube may be labelled by elements of 2ZxN
such that

(a) the irreducible maps go from M(z,n) to M(z,n+1) and
from M(z+1,n+1) to M(z,n) and

(b) M(z,n)=M(z+ks,n) vseZ, and the corresponding arrows
are identified; also k is the smallest such integer with this
property.

The modules M(z,1) form the end of the tube. The r’th
row is given by the modules M(z,r). Also Kk is the rank of
the tube. For an example of a 1-tube see the example
following Definition 6.1.4; for a 3-tube, see below.

EXAMPLE. ©=ZA_/3.

3 vertices/row

N identify S

In Chapter 9 we deal with periodic modules (see Section
9.1). We use there the fact that if M is periodic of period

k say, then it can be shown that the component of M is a



K _ . See Theorem 6.2.3 below.

K-tube, kK odd
5-tube, «k even

6.2. Auslander-Reiten quivers

The paper of Webb [39] goes a long way to determining
the tree class of connected components of I'g(kG). There is a
considerable simplification of this work by Okuyama [29],
which uses the Benson-Parker inner product. We return to
this in Chapter 7. Webb's main result is concerned with the
existence of so-called additive functions from the vertices
of the tree to N. However since we shall be more concerned
with the corollary to the theorem below, and not with the
actual functions, we leave the interested reader to chase up

the definition of subadditivity in [5, 2.3C.2].

THEOREM 6.2.1 ([39, 2.2]). The tree associated to a

connected component of T'g(kG) admiis a subaddilive function.3
As a result, he proves

COROLLARY 6.2.2. The tree class is among the following
listi:

(a) finite Dynkin diagrams

(b) Euclidean diagrams

(c) infinite Dynkin diagrams:



o
8
1
!
'
4
e
g
4]

For details of the proof and lots of pictures, see [5, 2.31]
or [39, Theorem A].
We give below a summary of what is known to happen in

each of the three cases given in Corollary 6.2.2.

THEOREM 6.2.3. (i) If a componenlt ©® of I'g(kG) has a
finite Dynkin diagram as its lree class then ©® consists of
all the non-projective modules in a block of kG with cyclic
defecl group, [5, 2.31.87. In this case the ilree class is
An' £137 or [312. However the olher finite Dynkin diagrams
come up in algebras of finite represenlation type which are
not blocks of finite group algebras.

(ii) If ® has as tree class &a Euclidean diagram, then
there is a projective module allached to ®, [5, 2.32.57, and
p=2, 29, Theorem 217J.

(iii) If ® has infinitely many vertices and contains a

periodic module, then the tree class is A_, (5, 2.31.11]1.8%

Remarks. (i) For further details about dguiver com-
ponents the reader is referred to sections 2.28 to 2.32 of
Benson [5]. For more facts about almost split sequences

defined over artin algebras, see the survey article of Reiten

[32].
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(ii) We shall not be concerned with the finite case of
Theorem 6.2.3(i) since this is well-known.

In the next chapter we study (infinite) regular compon-
ents. ©® 1iIs said to be regular if it contains no projective
modules. It is then easy to prove that if, in addition, k is
algebraically closed, then only A_, A: and D_ can occur as a
tree class. (To see this, note that by the symmetry referred
to early in Section 6.1 only diagrams of type A,D,E,g (but

not A D and E occur. By regularity and Theorem 6.2.3(1ii)

11)’
only A,D and E occur. There can be no E diagrams by Remark
(ii) above.

EXAMPLE. Let P be a normal subgroup of G and suppose
that P 1is noncyclic, and not of order 4. Let A be the
connected component of TI'(kG) containing the trivial module
kG. Then A is regular. For a proof, see Linnell [25, Lemma
3.17.
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CHAPTER 7

The tree class of components of

abelian mod p groups

Suppose that we are given an AR-sequence as in Chapter
6. A natural question to ask is what sort of operations can
be performed on the sequence which would preserve the
property of being "almost split". It is a fact that the
number of such operations is limited:

(&) duality ([5, 2.17.9]). If O 2X-2Y>Z > 0 is an AR-

* * *
sequence, then so is 0 » Z 2> Y > X -0

(b) taking Homs ([24, II1.9.3]). Let Z be indecomposable
and non-projective. Let GQ(Z) be 0 > 12 > E > Z > 0. Assume
that B is indecomposable, and not isomorphic to Z. Then the

most we can say is that
o - HomkG(B,TZ) - HomkG(B,E) - HomkG(B,TZ) - 0
is exact (which is clear) and
0 - HomkG(Z,TZ) - HomkG(Z,E) > HomkG(Z,Z) -
La(Z,TZ)) > ©

is exact (the truncation of the long exact sequence for Ext).

soc(Ext

(c) ensoring. The usual problem here 1is that the
tensor product of two indecomposable modules is usually de-
composable, and there are very few methods to find the
resulting summands. Under certain (often bizarre) conditions
one can tensor an AR-sequence with some non-projective in-

decomposable module and obtain an AR-sequence after



discarding projectives. For example, consider GQG(I) where I

is the +trivial module. Let M be indecomposable such that
p{rankkM. Then a(M)=Q(I)®M 1is an AR-sedquence up to
projective summands as proved in [3]. There are

generalisations of this, the most noteable *to be found in
[35], to which the reader is referred.

(d) restricting ([5, 2.17.10]). Recall from Section 1.2
the definition of the vertex of a module. Let H be a sub-
group of G. Then an AR-sequence G(Z) splits on restriction
to H if and only if H does not contain a vertex of Z (or
equivalently a vertex of tZ).

It is the aim of this chapter to consider the one
obvious operation we have not mentioned: 1inducing from
subgroups. We assume that the subgroup is normal so that we
at least have the luxury of using a little Clifford theory to
analyse the summands of an induced module. The scene is set
in Section 7.1. In Sections 7.2 and 7.3 we prove a dgeneral
theorem about inducing modules from a normal subgroup of an
abelian mod p group. Other results along these lines (for

more specialised groups) are proved in later chapters.

7.1 Some definilions

The motivation for studving the AR-theory of induced
modules comes from the following result of &. Solberg [36],
which falls out as a corollary of his results on strongly

graded rings. Let G have a normal subgroup N and write
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G=G/N.

THEOREM 7.1.1 ([36, Corollary 7]). Let F=kG®,, :mod kN
~> mod kG, and let H=resiriction: mod kG - mod kN. If |G|
is 1invertible in k, then the functors F and H preserve
AR-sequences (in the sense that if Q(Z) is given in mod kN

respectively mod kG, then Q(FZ) respectively Q(HZ) 1is a

direct sum of sequences in mod kG respectively mod kN.)H

Solberg claims that this could be used to compare the
AR-quivers for kN and kG but gives no examples. In a recent
paper [38], Uno considers the decomposition of an induced AR-
sequence but is not really concerned with actual quivers per
se. Throughout Part II we will be concerned with precisely
the problem raised by Solberg for certain groups with a
known gquotient. More precisely,

DEFINITION 7.1.2. Let G have a normal subgroup N. Let
¥ be some group-theoretic property. We say that G is % mod p
if G has property £ and is a p'-group.

Remark. Examples will be given below and in Chapter 8.
We comment that % is usually taken to be '"cyclic" or
"abelian". If G is % mod p, the underlying normal subgroup
will always be denoted by N.

Now we fix some notation. Let G be abelian mod p. Let

k be an algebraically closed field of characteristic p. M

will always be an indecomposable kN-module.
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7.2 PRegular components and abelian mod p groups

Let M lie in a regular component A of I'(kN), so that by

o«

our comments at the end of Section 6.2, B(A)zAm, Aoo or Dm.

We ask what are the components of summands of MTG. By the

R

struc ture theorem for finite abelian groups we write G/N

. TG i
C, Xeeeeer xXC with C, =<g.>. Then M = ® g. OM,.
ts5 93 IN 2 %3

i, ]
Recall from Definition 5.4.1 the definition of the
an
inertia group T=T(M) of M. Notice that fo;(abelian mod p
group, we are once again in the split-fuse situation, so we

want to calculate T. Observe however that by the following

result it is enough to consider only G-stable modules.

LEMMA 7.2.1. With the above notation, wrile
T _
M > & M,
where the f% are indecomposable kT-modules. Then MiTG is

indecomposable.
Proof (Ward & Willems, [16]). Let 7 be a transversal of

T in G. Now N<G so NAT and MTTLN is the direct sum of kN-

modules of the form x®M (xeT), and by definition of T, x®M=M.

Hence by Theorem 1.1.1

where we have m. summands say. So given geG

g@Mi =z (gOM)®------ & (geM)

which means
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TG ~ o~ =) 't@ Doseecese t®M
My 70 g = [ 2 temy] = 2 @ ((te) (teM)) |
Vi T
..... (**)
Write MiTG = A®B. Now Mi”MiTGiT so without loss, suppose
1 1 1
M. A, ... i = =M. .
lI LT Write AiT Mi ®A where Mi M1 Then
= Poooscsss 8 ’
ALN A1 AmieAiN
by (*) where Asz, that is
1
AiN = tA¢N =tAle ---------- gtAmietAiN

where tAj = t®M as kN-modules.

It follows that teM|A with multiplicity at least m;.

IN

1 ]
Choosing t#t €7, t®M£t oM as kN-modules. By (**) MiTGiN LN

A, we must have B=0, which shows

| A
But then since dim M.TGZdim
ki k

that MiTG is indecomposable.§

Remark. There is no restriction on the gquotient G/N Iin
the proof of this lemma, although for what follows it is

crucial that G/N has the properties stated above.

LEMMA 7.2.2 (Willems [16, Theorem VII.9.S]). Let G be
cyclic mod p, and let M be G-stable. Then there exisils a
kG-module W such thatl Wiygm.g

This can be easily extended:

LEMMA 7.2.3. Lemma 7.2.2 holds for abelian mod p
groups.

Proof. Write G/N as a product of cyclic groups as
above. Then we do induction on r, the number of such
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factors. The case r=1 is Lemma 7.2.2. Now let r>1. Find a
subgroup H<G such that H strictly contains N and H/N
EC&1X -------- c with G/Hsc&r.

Since M 1is G-stable it is of course H-stable, hence by
induction there is a kH-module II such that HiNEM' By Lemma
7.2.1 we can assume II is indecomposable and is G-stable. By

Lemma 7.2.2 (which is the base step) there is a kG-module P

114

such that P,.=[1. Hence P

LH M. g

w~ Py

In this case we have that MTG splits intc ¢ non-

isomorphic summands, where &=H€i. With all these
i

preliminaries out of the way, we can now proceed to the main

result.
7.3 The main theorem

THEOREM 7.3.1. Let p be odd. Let € be a regular

component of T (kH), where H and G are as above and k is

algebraically closed. Let Met be indecomposable, and G-
stable. Then MTG has summands 1lying in the following
components & of G.
B(€) B(&) &
(i) A A ZA_ or ZA_/K
Cii) A> A" or D_ ZA_, ZA_/o or ZD_
ciii)  D_ A” or D_ ZA’, ZA”/o or ZD_

where keN and o is reflection in a T-orbit.
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Proof. (i) Consider Okuyama's construction of a
subadditive function on a connected component of I'_(kG) or
's(kN) as detailed in [29]. We use his notation. Cobserve
that dN and dG can be defined using the same module Y inside
N and G. Let M'°=2 ® M,. Then

dN(M)SdG(Mi) (vi)

To see this, choose s to be G-invariant. Notice that this

does not affect subadditivity. We have

dg(M;) = (s.,M) = (so71°,M,)
= (So/My ) = dyMyyn)
= r(seg.,M) = rdN(M)
where so=YTNe(Q*Y)TN—ITN, s=soTG and r is the number of
summands of MiiN' Since 12r<|G:N|, (1) follows.

Now recall that if d is any subadditive function on a

connected 1labelled graph and d is unbounded, then T=A [5,

o’
2.30.6(iv)]. So in our case, since dN(Mi) is unbounded, it
must follow, by (1) that dG(Mi) is unbounded so we have A°°
upstairs.

Finally observe that the component itself is either ZAQ
or a tube [12]. This is because any non-trivial automorphism
is a "rotation" of order k>0. We investigate this in Chapter
8.

(ii), (iii) To see how A: and Dco can arise from each
other, notice first that if the module M splits when induced

then so do all its AR-translates. Cne can visualize this

better by considering the following diagram.
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N — &

G e— N

0]

The component A is isomorphic to ZA: or ZA:/O, for B(A)
= A:, but for B(A)ED°° there are no nontrivial automorphisms

induced by conjugation.®

Remarks. (i) For a thought-provoking discussion of

graph automorphisms, see [12, §1].

(ii) Unfortunately, we are at present unable to provide

any actual examples of (ii) and (iii) occurring.

- 80 -



CHAPTER 8
Simple modules in the Auslander-Reiten quiver

In this chapter, we assume all the basic terminology and
results of Chapter 6. Here we shall be dealing with simple
modules for certain classes of groups, and hence trying to
answer Solberg's question (see Section 7.1) in this case.
The results derived here fall naturally into two parts. In
Section 8.1 we shall be looking at simple modules for abelian
mod p groups and more generally for Mp mod p groups, in the
case where k is algebraically closed of odd characteristic.
The assumptions allow us immediately to write down what the
simple G/N modules are. An example showing how fhe theory
breaks down when p=2 is also given. In Section 8.2, we look

at modules for an abelian mod p group over a non-closed

field. The motivation for this comes from Benson's rendition
of Galois descent, (as enshrined in §2.383 of [5]), and using
the ideas there we can derive Theorem 8.2.4. This computes

the tree class for simple FG-modules and can be viewed as the

analogue of Theorem 8.1.3.

8.1 Simple modules I

Let k be algebraically closed of characteristic p, where
p is odd. Let P=OP(G), the maximal normal p-subgroup of G,

and suppose that P is non-cyclic. With respect to P suppose



that G is abelian mod p and write G=G/Op(G) and let |G|=m.
We have

PROPOSITION 8.1.1. The trivial module k_, of P lies in a

P
component of the stable part of the component of I'(kP) whose
tree class is A_.
«©

Proof. This deep result is proved in [39, Theorem F]

and [25, Theorem 1.1].8

PROPOSITION 8.1.2. (i) kG-modules are the kG-modules on
which P acts trivially.

(ii) The simple kG-modules are precisely the simple kG-
modules.

Proof. (i) If X is a kG-module then consider X as a KG-
module via

(pglx = gx

(xeX, peP, geG) which works because P=G.

(ii) If S is a simple kG-module, then S is a kG-module

by (i), so is still simple.

Let S be a simple kG-module. We have to show that P
acts trivially.on S. Let Sg={meS: dm=m VvdeP}. It is enough
to show that Sg=S. Clearly So is a kG-submodule of S so
either Sg=0 or Sg=S. View S as a G-space under the obvious
action. Let ®=<dm: deP> so that & is &a finite abelian p-

group inside S.

L J

Then §=U§i, a disjoint union of orbits &, each of

whose lengths divides |[P|. Hence
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n = the number of orbits of length 1

= 0 (mod p)

But n#0 because {0} is an orbit and so n2p. So choose 0#m in
an orbit of size 1. Then dm=m vdeP that is meS,, whence Sy#4
as required.®

Recall that € 1is abelian, and 1let Sl""'sm be the
simple kG-modules. Then we have

THEOREM 8.1.3. (i) k T - S e S.:

p & i
d

(ii) S lies at the end of a component of TI'(kG) whose
tree class is Aw;

(iiidAll the Si lie in different componentis.

Remarks. (i) We require p to be odd. For let F be a
field containing the primitive third roots of unity. Let
A=FA4 and observe that A4§V4:Cs. Let Sg, S; and S, be the
three simple modules in characteristic 2. By the example on
page 67, we have the following AR-sequence
085188, 2 Po/So 2 O

with P;=P(S;), and hence we obtain the component containing

(0 J J(PO) - P _ &S, 8S

all 3 simple modules, and looking like

As before, Ky The o Sc®S,®8S; and kg lies in a §12 component

4



(see [5, Appendix]).
(ii) An example of a group satisfying the hypothesis of

this theorem is the matrix group

ab 2
G = {[o aq]; a,beGF(p°), a#O}

e = {[3 ] vesrio®))

and of course Gz=(C_XxC :C .
( o) p) p2_1

Proof of theorem. (i) The simple kG-modules are

1-dimensional because G is abelian (using Proposition 8.1.2).

Label these modules such that Sl=kG' Since dimSi=1,
. . . 1G
- = I .
dlmsiiP 1 hence SiiP kp. Since G is a p'~group Si“(siiP)
that is siukPTG. Since dim kPTG=lG:P|dimkP=|G|, (i) follows.

(ii) It is <clear that kG lies at the end of its

component Al

-

Let i>1 and consider the component Ai of Si' Applying
the theorem of Schulz [35] to modules in Al after tensoring
with Si’ we conclude that Ai=A1®Si after removing proj-
ectives. We have to show that the tree class is again A_.

Let H. be the heart of P(kG), which by [39, Theorem E] is

G

indecomposable. A1®Si looks like
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To show that this is a A°° component, we must show that X=QHG®

Si is indecomposable after removing projectives.

172
Benson and Carlson [11, Theorem 81.79], kGHSi®Sj if and only

Suppose not, then X=X eX_, say with xi#o. By a result of

if sS. gsj. Then for such i and j,

i
19S5, = 2 . . = L .
QH Sl X1 X2 > QH®81®SJ (X1®Sj)a(X2®SJ)
> QH = (x1®sj)e(x2®sj)
> QH is decomposable
and this is impossible by our observation above. The fact

that Si lies at the end of Ai is immediate.

(iii) Suppose that two simple modules 1lie in the same
component. Then we have a graph automorphism of finite
order. By (ii) we know that the simple modules have to lie
at the end of the component, so the automorphism must be a

translation. Since translations have infinite order we are

done.2

DEFINITION 8.1.4. A finite group is called an Mp-group

if the simple modules in characteristic p are monomial (that



() W, '
) We  must  agoun ahos that  QLH® S, w0  swlcomporlt
Notwee that  SLH o W wnoleconifirmatte  arol é%mt.
S;:  wn e ' '

rewed  ar o aifle  #G - nodidy . Then
{;} 16, Yheownm 9-/12a) ] the Tenwor "
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is induced from 1-dimensional representations of subgroups of

G).

THECOREM 8.1.5. Suppose that in the statement of Theoirem

8.1.3, insilead of assuming thalt G is abelian mod p, we assume

that G is Mp mod p. Then

TG
kP

Also the conclusions of parts (ii) and (iii) of Theorem 8.1.3

= > @ a;S; for some a;eN

hold here.

Proof.

~(t) For the first part, let S be a simple kG-module.
Then S=TTS where T is a l-dimensional kH-module of a subgroup
H of G. By Theorem 1.1.3

_ TG o g TP
Sip = (T )yp = Z ® (°T xsnp!
HgP

Since T is 1-dimensional, ST is 1-dimensional, hence ST

JHTNP
- _ . . g < g =1 -7
is 1-dimensional. But H®NP<P so we get TngnP Rpysqp~<p Sav.
Since m is a p'-number we get SHSJ/PTG that is Sl!akDTP where

a=]G:H|. Then since dim kDTG=|G:H9nPI we are done.
8.2 Simple modules II

We assumed throughout the last section that k was alge-
braically closed. However here we do not demand that this be

the case. So we let X be a field such that Kb>k. We are

concerned with representations over both k and K.

PROPOSITION 8.2.1. K lies at the end of an A



component. g

Of course this follows from [39, Theorem F] which holds
irrespective of whether the field is closed or not. It is a
natural guestion to ask if results similar to those in
Section 8.1 hold for other simple modules S;.

The set-up will be as follows: we take k=GF(p) with p
odd and we view k as the prime subfield of K=GF(p2). We
assume G is C}*C} :C}a1 because it seems easier to prove
results in the case when representations over K are all 1-
dimensional. Let F=k or K. Notice that there are simple
kG-modules which are not 1-dimensional. As before we set m=

15].

LEMMA 8.2.2. Let S Sm be all the simple KG-modules.

17
Then over X there are r 1l1-dimensional simple modules and
%(m—r) sets of conjugate 2-dimensional simple modules. Here
r is the cardinality of the fixed field of the Frobenius
automorphism, v.

Proof. Observe that the Galois group §G=Gal(K/k)=<y> is
cyclic of order 2. There are r=p-1 fixed points, giving 1-
dimensional simple modules Ml""Mp—l which are absolutely
simple. The remaining v=(p2—1—p+1)=p(p-1) simple modules
Nl""Nv are 2-dimensional and have the property that

N.®K = S; ® s, 7

where SiY is the algebraic conjugate of Si under v.H

- 87 -



We can, by [5, 2.383.2] concentrate on finding in which
components Si and SiY lie. Let Si and SiY lie at the end of
the components Ai and Ei respectively of TI'(KG). Let Si be
the component of TI'(kG) in which Ni lies. In the theorem
which follows we use the method of Galois descent mentioned
above. Recall that the Galois group § acts on the set of
indecomposable KG-modules in the obvious way.

DEFINITION 8.2.3. In the above situation we say that
the Ai, and Ei lie above Si. If € is a connected component
of the stable gquiver of XG-modules we define the de-
composition group ge to be Stabg(e), and the decomposition

field Kd to be the fixed field of gc.

THEOREM 8.2.4. Ai and Zi are isomorphic as components
of T(KG>. They have the same tree class which is A_. More-
over §.=z=A..

i1
Proof. Assume that Aiéﬁi. In our case, since Q=02 we

have QA.=§5_=1 and hence by the Fundamental Theorem of Galois
1 b S

Theory Kd=K.

Let A§1) and A§2) be the images of Ai under ¢. So we
can assume that A§1)=Ai, A§2)=Ei. Clearly Agj) lie above Si
(for j=1,2). Let gi be the component of the stable quiver of
KG-modules over which Ai lies, so that yigAi. By [5, 2.33.4]

(1) Ai is the only component of the stable quiver of KG-
modules lying over yi.

(2) There is a natural isomorphism gigsi.

(3) ¥ is the quotient of Ai by the action of QA_.
1
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(1) and (3) are redundant, but (2) gives us that Y;=s. .
Notice also that the argument is symmetrical: let @i be the
component of KG-modules over which Ei=A§2) lies. Then as
before A§2)=@i and @igsi. Then

Bi = A§2) = @i = si =Y =4,

which shows that Aigﬁi. In fact we show below that
THEOREM 8.2.5. Ai has tree class Am.
which has an immediate

COROLLARY 8.2.6. S, and sz.Y lie in isomorphic different
components.

Proof. If not then they clearly must lie at the end of
an A_ component. The only possible graph automorphism of
finite order has to be a translation (which of course has
infinite order). Hence the component 1is a tube which is

impossible. 3

Proof of Theorem. B, and C_ cannot occcur because if
they did then the edge QSi - H is labelled (1,2) or (2,1).
These are the dimensions of the space Irr(QSi,H) over the
residue class fields of EndKG(QSi) and EndKG(H) respectively.
Since both QSi and H are absolutely indecomposable both
endomorphism rings are local. Hence the dimensions must be
equal.

A: cannot occur, again because the heart of P(Si) is



indecomposable as a XG-module. We now show that D_ cannot
occur.
Suppose the tree class is D_ and let Hi be the heart of

S;. Now part of the component looks like

U and V are modules. We show that 4AQ(V) has no projective
middle summand. For if it does then G(V) is

| 0 -> U-> Hi & Q> V=0
so that by an example in Section 6.1, Q is a projective in-
deconmposable module with heart Hi' Let Q=P(Sj). Now U=QSj 2
QSi SO QéP(Si). But

lPldimSj < dimQ = dimHi+2dimSj

i

lPl—2+2dimSj
so that |[P|-2 2 (IPI—Z)dimSj. So dim Q=lPl=dimP(Si) and
Q=P(Si)®Sj, Hi=Hi®Sj. There exists an AR-sequence

0 > M> Hi 8 (QeSj) > N->0
with Q@SjéQ. Since the tree class 1is Dco we need Q®Sj;P(Si)
and S.®S.;Si. Now Sj acts via geG as a scalar A, and we have
just shown A=-1. So dimHi is odd.

Let Gg=P:<g>. P(S.) and Q are indecomposable with
i"]lGg 1Go
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isomorphic hearts. Under the algebraic closure K, of K the
irreducible representations of <g> are 1-dimensional.
Tensoring with Sj now gives a fixed point free permutation of
order 2 of these irreducibles hence

M semisimple KGg-module
* .
(*) MO®S . = M } > 2|dim M

J
Cbserve that P(Si) is uniserial with its middle lavyer X of
odd dimension. But X 1s also semisimple as a KGg-module with
X@Sjsx hence by (*) dim X is odd. It follows that G(V) is
O » U > Hi - V>0
*

with U =V and in particular, dimU=dimV and dim Hi is odd, the

final contradiction. Now wusing the fact that Hi is

absolutely indecomposable we complete the proof.g

Correchon . We  observe that the  componsat Dy = D ®S;

where N . the CmM/muml 0ﬂd%wuﬁf Kz . ¥ 4 f%@%
tramediate FHat A A Free  dass A
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CHAPTER S
Periodic modules in the Auslander-Reiten guiver

In this final chapter we are concerned with periodic
modules over certain group algebras. We know, from Theorenm
6.2.3(1ii) that such a periodic module, M say, lies in a k-
tube for some k>0. By Theorems 1.1.2 and 6.2.3, MTG lies in
a A-tube, for some A2k. Hence, motivated by Example 9.1.1
below we are particularly interested in the case where AZK;
such tubes we call the exceplional tubes.

The first example 1is considered in Section 9.1. We take
as our group a "mod p analogue" of the alternating group A.
and construct a family of p-dimensional periodic modules
which lie in 1-tubes. Theorem 9.1.4 gives a simple condition
for these tubes to be exceptional. In Section 9.2 we aim to
construct more periodic modules by considering pullback
diagrams of the modules considered in Section 9.1. This uses
some homological techniques, and the author 1s particularly
grateful to Dave Benson for suggesting that consideration of
the long exact sequence for Ext might bear fruit. Finally
(Section 9.3) we very briefly sketch one possible way of

constructing exceptional tubes for other group algebras.
9.1 Periodic modules of dimension p

Let G=(C_XxC_):C_2 as before and let k be a field of
Pp P pe-1



characteristic p. Instead of considering irreducible kG-
modules, we concentrate on periodic modules (recall from
Section 1.1 that if Q is the Heller loop space operator then
a module M 1is periodic 1if Q"M=M for some n; and that the
least such n is called the period of M). The motivation for
studying these modules comes from the following example:
EXAMPLE 9.1.1 ({7], 1[5, Appendix]). Let F be an

algebraically closed field of characteristic 2 and let P be

the Xlein 4-group, so that P=<x>x<y>. In the notation of
[5], let M= V;.L 5 (where AEPI(F)), of dimension 2 and period
1. So V1 N lies at the end of a 1-tube. M is the
representation
1 17 1 A ]
X b y » (A #e)
c 1 ] o 1 ]
[ 1 0 7 1 1
x b vy B (A=)
[ o 1 | 0 1 |

and it lies in a component of tree class A _:

Vl,h €« Vz,x V3’A R
z
Now let A=A,=<X,y,z: X2%=y2=z?=1, xy=yx, X =y, Y =xy> =
P:Cs. Let T be the inertia group of M in A. Let w, ® be the
primitive cube roots of unity in F. Then

PROPOSITION 9.1.2. (i) If AGEFZCF)/(Z>J\{Q,5ﬂ§fhen T=P,
TA

and so by Lemma 5.%.1 WZ >\=M is indecomposable and lies in

7’

a 1-tube.

(ii) If re{l,w,0} then M is A-stable and we have



W (A) = M = 8 s |,

a direct sum of three uniserial modules of Loewy length 2,
each of which lies in a 3-lube (and similarly with w replaced
by @J.

(iiiJ0The components of Wz N and WZ w(k) are shown below.

Wy (1) W, () Wi (W) Wi,u(1)
3u(w) W2 . (1) zw(w)
W o (1) W3 w () _ Wi, () Wy (1)

(and similarly for » replaced by wWJ.Z%

Now consider the general situation in odd
characteristic, mentioned at the beginning of this section.

2

Assume that k contains all the p“-1'th roots of unity. Then

we waht to provide "mod p" analogues of the results of
Proposition 9.1.2. So we are interested in finding periodic
kP-modules X lying in k-tubes such that XTG has summands
lying in A-tubes where A;K. Our arguments employ the
language and methods of cohomology.

Notice first of all that we can view G as the group of

upper triangular matrices in SLz(p‘) with P=Cp><Cp (and note



that we generalise this in Section 9.3). The following

result provides us with plenty of 1-tubes of T'_(kP).

LEMMA 9.1.3. Periodic kP-modules all have period atl
most 2, so &all lie in 1-tubes.
Proof. P is an abelian p-group, so just apply [8,

Corollary 8.8].3

Let P=<x>X<y> and let

1. O

X » X = 4 = Xo+Ip
O 1
o 1.
where Xgo = 0-:-1 . Let y » ¥. Since we reguire, amongst
1 "ol

other things, a representation of P, Y nust satisfy XY=¥YX

that is YeC(X) so that from linear algebra

p-1
Y = I+A X +..... + =
Y I A1XO Ap—lxo
is a polynomial in XO' Observe also that XO=X—I and YO=Y—I
are strictly upper triangular and so xP=vP=1. Hence

LEMMA 9.1.4. Let M=M(1,A) be the module given by

11.. 0O 1. M

X » vy v
. S M

O '; o J1

Then M is a kP-module of dimension p.3
LEMMA 9.1.5. If M=MC1,)\), then M is periodic of period

Proof. Let Vr(M) be the (rank) variety of M (as defined

in [8, §57). We show that Vr(M) is a line. Using Carlson's



L8, §51]
notation/we get
-1
ER

'0

s = (

and if a=(a1,a2),

= + % 7
Aa I &1X0+a2(A1}O

) dim M =

2

+A X T+,

20

p—l,

A1 %o

x P~1

This is free as a k<ua>—module if and only if rank(Aa—I) =

p-1.
of

O &4 A,m

o

has determinant egual to 0.

& (o, +A o

1 1 2)

& o, = —A

A 00

(VS WY

1 1%2

« My
o(,..; )'Olz
O

So aeVr(M) if and only if everv (p-1)X(p-1) submatrix

M.

Now this occurs

P-1 _ 4

BEence there are two cases given as follows.

case 1: A =0

2

4

Then Vr(M) =

{0yu{(C,«

the affine line spanned by (0,1).

case 2: A_¥#¥0
4

Then V_ (M)
r

this time this is the affine line spanned by

This implies that Vr(M)
(_All
9.1.3 the period 1is 1 or 2.

projective cover

1), which in turn implies that M is periodic.

Now if M

0O - M>%kpP ->M->0

2

=M

=47

y: o« ek},

2 is

whic?

{O}U{(—Alaz,az): azek}, and

(=A,.,1).

1 14

is the affine line spanned by

By Lemma

then taking the



and counting dimensions, p2=2p that 1is p=2 which

| ]
)]

impossible. g

Now we seek a classification of all periodic kP-modules
of dimension p. Once again the rank variety plays a major

role. Note also that for the modules given above we have:

LEMMA S8.1.6. M is cyclic as a kP-module.
FProof. The generator is ¢e,+%¥ where ek, Zesp{ei,...,

€p-1) and e,;,...,e, are the standard column vectors.Eg

Henceforth the generator of M will be denoted by "a".

Let M be an arbitrary periodic kP-module of dimension p.

LEMMA 9.1.7. Either Mi(x) or Mi(y> is free.

Proof. Suppose not. In Carlson's notation, write
x=1+1(x—1)+0(y—1)=ua where a=(1,0)evr(M). Also y=1+0(x-1)
+1(y-1)=uB where B=(0:1)5Vr(M)- This contradicts the fact

that Vr(M) is a single line through the origin.3

LEMMA 9.1.8. Suppose that M¢(x) is free. Then & basis

of M may be found, such that

where Aiek. In other words, MzM(1,A).
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Proof. The fact that x » Xo+I, 1is clear; since YeC(X),

Y is a polvnomial in X.3%

THEOREM 9.1.9. The periodic kP-modules of dimension p
are precisely

(1> M(1,A)

(ii) M(pm,1)

for any A and any p with u1=0.

Proof. The modules are periodic, by Lemmas 9.1.4 and
9.1.5, and the two possibilities occur according as M¢<x> is
or is not free. The conditions on the parameters occur

through comparing varieties.

Finally we ‘)Cm(?( out wLem two polynomials define the same
module. Suppose we have the representation (i) above
together with the module M(1,u)

Make a change of basis using the nonsingular matrix T.
As TeC(X), T is upper unitriangular. By comparing entries in
the matrix equation

we get that Ai=u. (1<i<p-1) .3

1

It is now our concern to show that the M's defined above
provide us with some "exceptional tubes" (see the intro-
duction to the chapter).

Recall that G=P:Q where P=CpxCp=<x>x<y> and Q=Cp2_1=

<g>. Let w be a primitive element of Q. Then we may write g

w O 1 1 1 w
= [ 0 wq}, and we can take x = o 1 and y = o 1 ]



Hence

S P R D
¥ =10 1 Y¥“ =10 1
()
Now since P2G we also have that xg=xayB, yg=xY 8. This gives
1 a+Rw +Se
Xg={ ;3] g _ 1 y+6w
o 1 Y 0 1

L (*#)
Comparing (*) with (**) we require

«+Rw = wz]

3} (1)
&V

LEMMA 9.1.10. Such «,B,vy.,8 always exist.

Y+H&W

Proof. If wz = «+Bw then
w3 = W(x+Rw)
= aW+B(a+Bw)
= aB+(a+82)w
so we may take y=aB, 8=a+32. That (t) holds is because there

. . 2 . . . .
always exists a polynomial X +ax+beZp[x] which is irreducible

over Z_.
D |

Consider M=M(1,A) as above. If «,B,Y,5 are as in Lemma

9.1.10 then

p

1~ (3) )
.
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1 (5)1 (E)A‘f«-{&)l ] -
1 g TABY L))
: T AR

<
I

-
|1

1
-
r-s+1 in Ag
where f_(B,A.,...A_) has degree . So we have,
r 1 r .
r in B
for g®oM,
3 -
r1 0(4’{3A1 ((g,)/\,'“‘(sAf"ﬁAz*t:) -
1 4:p) g loph )y
9 o(+(3), , )
91/"’:/}) f)
@ B _
X B X'y -
L = 1
r iIn &,
where g (a,B,Al,...A ) has degree . The matrix
T o r-s+1 in A

for vy » xyy6=? is found by replacing «,f bv v,8. Recall also
that y=af and S=a+R2.
Under conjugation by the diagonal matrix

diag((a+BAl)p—1,...,1),
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X will have 1's on the diagonal and the superdiagonal. Cne

can always conjugate inside the stabiliser of this flag, so

we can conjugate to X &again. This is best seen from an

example:

EXAMPLE 9.1.11., Take p=3. We have

oliag ((or+ X,)zu-f M o1) g

1 «+(}A. k= ((i) ):4{3)1-}«{5), +(%) A e 11 (0’+/21\:)?:.I
0o 1 ou(;), =10 1 1 =S;
o] (o) 1 OO0 1 !

11 © 1 1 0]

-2
c 1 1-(4B3) 'k o) 1 1
© 0 L - o o 1
S ——
and ‘

Now we have to see what happens to ¥ under these two

conjugations. It is easy to see that this produces the

matrix
i 1 (o(+(}»\.)-1('y+5,\,) («+/;A,)'If(9j)AT + 'ycfr\1 + é\Al—f (Z) 3 -
(y83)fs A § (B 4 apdys ot ()

1 (s 3200 (74320
1 ¢
1 50 5y d ) 7
1 9%y d )
1 -
where ;he hi are polynomials 1in y,S,Al,...A;:I and g1*=

(a+BA1)*.
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EXAMPLE 9.1.12. Take p=3. Let a+BA1=t. Then

1 pddy = (N4 N y8 (D) ohigflasfp3, sk, 1) 1 €1yl €Y |
o 1 7+, o 1 {lpdd) =T
o O 1 0 0 1
and
11 ©
01 1-t%

- -2 -3
1t yrdd)) tip- ¢ R (y+d21) )
T = lo 1 é”/}/ﬂﬂ,)
@) O 1
So we have an upper triangular algebraic action on thea
space of A's (given by the h's), which constitutes a rational

representation of 2/(p2%-1). We require to know what the

fixed space is, and our analysis produces

THEOREM 9.1.14. There are finitely many G-stable kP-
modules of the above form provided that AZ is a p2-1’th root

of wunity, and the coefficients of A in hi (i>1) are

nontrivial.

Remark. The gquestion of finding other "exceptional
tubes" is considered in Section 9.2.

Proof. The fixed space 1is given by solving the

equations {hr(hl,...h )=A_ ) which of course is alwavs poss-

r

ible by algebraic closure.
Begin by solving the eguation

h, (A

1 =

1) 1
that is

A SHY = A (A Bra)
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This produces the eguation B(Alz—ﬁhl—a)=0 upon substituting

for v and §. Since B#0 (else geC(P)) A1=w or @, which is a
2
P -1'th root of unity, by eguation (1) above.
Now continue to solve the equations hr(hl,...hr)=kv to

obtain but a finite number of G-stable modules.s

EXAMPLE ¢.1.15. Take p=3. The first equation is A12=
a+BA1. The second equation, linear in Az is
§ 2 B 2
(OINa“+y8na+ (1) -A0 ({5 A1 “+aBra+(5))
2 2 2 2
Az ) A 4+ A,—=S
1 tRAT
This gives a unique value of A2 for each 8'th root of unity
Al.
. A 16 .. . 1,2
Any G-stable M will be such that M lies in = E(p -1)-
tube:

LEMMA 9.1.16. Lel M be a module given in Theorem 9.1.9,
and let il be G-siable as in Theorem S.1.1%. Lel S(Z) be the
simple kG-module corresponding to the pz-z’ih root of unity
£. Then MTG is a direct sum of p uniserial modules of

Loewy lenglh p:

2
S(1) S(AF, F)
S(A,) S(A?."p+1)
MTG = B ..... B é
- —1
S(Alp 1 s(aP 77

Proof. Clear from the above discussion.f



9.2 Pullbacks of periodic modules

Suppose that M M, are two p-dimensional periodic kP-

1’ 2

modules which lie in exceptional tubes (in the sense of the

previous section). Let o: M1 -> M2 be a kP-homomorphism and

let : P(Ml) - M1 be the projective cover of Ml‘ Let E be

the submodule of P(Ml)eM2 consisting of those elements (x,VY)

where x and y have the same image in M (the pullback of o

1

and ¥). In this section we aim to show that, under certain
conditions, E alsoc lies in an exceptional tube.

First we need a little more notation. In general, if X
and Y are kG-modules, set

H= (X,Y) = Homk(X,Y)

Write F= (X,Y)G = HomkG(X,Y) for the set of fixed points of G

on H. Recall from [24, II.2.7] that o¢e<F is I-projective if
it can be factored through P(X). We denote the ideal (in F)

of 1-projective maps by (X,Y)G Denote the gquotient by

;.
(x,v) L6,

In what follows we need to understand the space (Ml’Mz)P

where M1=M(1,A) and M2=M(1,p). This is covered in the next

couple of results. Recall first that

LEMMA 9.2.1. If M,=(w»,> then a k-basis of M, is {u,,

Cx-z)vi,...,Cx-ZDP-Z&i} where i=1,2. 8

Let ¢e(M1,M2). As Mi=<@i>, ¢ is completely determined
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by m=¢(%1). Now

p-1
i
i=0

(1)
for some gisk which depend on ¢ of course. Notice that, ¢
extends linearly to a unigque k<x>-homomorphisn. We seekXk

conditions under which it is a k<y>-homomorphism also (and

hence ¢e (Ml'MZ)P)' We require

S((y-1)my) = (y-1)d(n,).

Now, we expand both sides

p-1
. _ _1yJ
L.E.S. = ¢( 2 A.(x-1)"2,)
j=1
J
= AL (x-1
Z J(x )¥m
J
p-1
- S Ajgi(x—1)1+3%2 (3)
j i=0
Also
R.H.S. = (v-1)m
= (y-1)( 3 &y (x-1)7e,)
i
p -1
- i+K
= (2 2w E (x-1)T ),
kK =1 1

By equating R.H.S. and L.H.S. we require
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LEMMA 9.2.2. With the above notation, in order tthat
¢ECN1,M2)P, we require:
p-1 p-1 p-1 p-1
22 g, xD Ve, = S (Y e )l (x-1) e
v=0 i=0 v=0 i=0
where Aogr Bp=0.8

The system of equations in &,A,u which this produces will be

used in

LEMMA 9.2.3. Leti Mi be as above. Then
P

dlmk(Ml’Mz) = r+1
h ] ] ET <iZ #
where r is maximal such that AZ B (15isr) and Ar+1'“r+1'
Proof. For O=ZXj<r we define maps
¢j: M1 > M2

" _qyp-r+3j-1

41 » (xX-1) 12
which clearly extends to a k-homomorphism. Notice that, in

the notation of (1) above,

1, i=p-i+j-1
Both sides of the identity in Lemma 9.2.2 reduce to
r
> Ay (E-1)
a=1

p+a—r—1+j%
2

for each j, and so the ¢j are kP-homomorphisms. Clearly they
form a linearly independent set.
Conversely, let ¢e(M1,M2)P be arbitrary. Solving the

equations arising from Lemma 9.2.2 it is easy to show that
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§;(¢)=0 if i#p-r-1+j and hence besp{dy, ... D ). So the ¢j

r

form a basis as required. ®

Suppose now that o: M2'+ M1 where the D@i are of the

above form. Let ¢=P(M1) - M1 be the projective cover of Ml'

Let E=E¢ be the pullback of (¢,¥) with projections (nl,nz):

- (*)
In order that the upper sequence be nonsplit we reguire that

¢ is not l-projective. This follows from

PRCOPOSITION 9.2.4. Let Mi be &s above. Assume that
Alzuz. Then & is nol 1-projective.

P
Proof. By [24, 6.1117, d=dimk(M Mz); equals the number

1’

E3
of summands of P(kp) as a direct summand of M, M Now dimk

1 2’
2

ok
(M1 ®M2)=p so that dszl. Hence we have to investigate when

d=1. In this case ,

P

F )

*
(M, ,M,)" = (M, &M

* N

= soc(M1 ®M2)

*
kP. Hence din

This is 1-dimensional because M. &M

M.
1 2 M

k( 1 2)

IR

=1, and by Lemma 9.2.3 Al#pl.g
We now have to show that E¢ is indecomposable.

THEOREM 9.2.5. In the above notation, 1if A1=u1 then £¢

- 107 -



is indecomposable.
Proof. From (*) we have a s.e.s.

0O -»> E,L = P(Ml)eM2 > M, - 0

0] 1
Write M1=M(1,A), and M2=M(1,u). Notice that by Lemma 9.2.3
dim (M(1,m), M(1,A)° = 1+(# initial A =# initial p.) and
denote this number by r so that 1<r<p. Using the fact that

the Mi are periodic of period 2, the l.e.s. for Ext can be

written as

. pe.ad
> Ext (M2,M1)

et ~_"

Ext®(E,M,)
L

* 3
Here the ¢j and the ﬂj (j=1,2) are the induced maps (in

dimension j}, and the 3's are the connecting homomorphisms.
Let s=dim{imd) so that 1ss<r. The claim 1is that
Exti(N,M1)#O for NJ|lE and all 1. This follows from the nore

general lemma proved below.

LEMMA 9.2.6. Let X and Y be modules for & p-group P,

and suppose lhat X*®Y is not projective. Suppose thatl
VIXINVCYI#§0}. Then Exz;pcx,y>#o for all i.
i
Proof (due to D. Benson). Observe that Ext (X,¥Y)=

- . ) s
Extl(x &Y, k). Construct a minimal projective resoclution of
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*
X ®Y as
3p 38 *
P2 P1 PO - X ®8Y > O
As X ®Y is non-projective, all the Pi#o, and by minimality
all the 3's map into the radical of Pi—l' Hence any map
P, SP,_

i

which is nonzero composed with the boundary map is nonzero.

1

However Extl(X,Y)=Hom(Pi,k)#0.§

Now we can finish the proof:
Begin by constructing the s.e.s.

* ; *
0 » cokergp = Extl(E,M ) - kerd - O

1
ce ()

.
We show that ¢2 is surjective. Recall that ExtiP(Mi,Mj) =
1,P

(QQMi,Mi) so that the map ¢2* is a map End M1 > (M2

given by composition. The domain and codomain are uniserial:

’Ml)

Ll Lt

|
|

M, My

®
and hence ¢2 must be onto.
%
It now follows from (**) that Extz(E, Ml) = kerd . But
this latter space is indecomposable as a module over End Ml’

which is just a p-dimensional local ring. It follows that E

is indecomposable.E
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We are now left with the problem of determining when two

maps M2->M1 give isomorphic E's.

THEOREM 9.2.6. Lel ¢1,¢2:M1 > Mz be such thal they are

not 1I-projective. Then, in the following list, (i)>(ii)=>
(itid.

i im¢1 = im¢2 (which holds if and only if the images
have the same dimension).

(ii) There exists an w«sAut MZ such that ¢2a=¢1

(v3
M2 —_— M2
¢1l
¢2
M
1

(itidIf E is the extension determined by ¢i' then

of]

E =z E

oF oP

Proof. (ii)=(iii). This 1is clear because the map

&: E —> K

Pa P2
(XIY) !—————q (XIOLY)

provides the isomorphism. (Note that if there were a2 commut-
—_——— M

M,
¢1l
M —p 1

would hold, the isomorphism being given by (x,y)H(x,B*¢2ay)).

[
then the same conclusion

ative sqguare

@y

=

(i)>(ii). If the image spaces have dimension 1 then the
¢ are scalar multiples hence invertible. So a=¢2*¢1 will do.
Assume the image space has dimension >1.

Let Mi=<ei>’ where e1=¢1(e2). Let meM2 so that m=ce2+§

where %eezj is nilpotent. As eleim¢1, then by assumption
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e1=¢2(m) for sone meM2 of the above form. Define a map

L2 e2 P om

If zekP then €,Z is the general element of M2 so we define «

by
a(ezz)=mz.
For the desired result, we have to show that it is well-

defined.

LEMMA 9.2.7. (i) Lel x be nilpotent. Then 1+x is a
unit and so the sum of a nilpotent element and a unit is a
unit.

(ii) o is well-defined, in the sense that

e z=0 3 mz=0

2
Proof. (i) This 1is trivial.
(ii) Suppose that ezz=0. Now m=ce2+%. As %eezJ (the

radical) we can write nwcez+re2=(c+r)e2 where reJ 1is nil-
potent. By (i) c+r is a unit u say. Hence m=e,u.
In this case,

mz = (ce . +%)z

This proves the result.g

COROLLARY 9.2.8. In the notation of the above theorem,

we obtlain dimCim¢iJ non-isomorphic extensions. g
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9.3 Periodic modules of other group algebras

In Sections 9.1 and 9.2 we considered the group G which
had a quotient G/Pngz_l. Notice that sz_loccurs as a
subgroup of SLz(p). So one can naturally ask for analogues
of the results of the previous sections in the case when G/P
is some arbitrary subgroup of SL2(p). Note that all such

subgroups have been classified in [37, 3.§6].

Now Z(SLz(p)) = 02 = <T> say. Then T is an involution
and T=—12. If P=<x>x<y> then =t inverts x and vy, so that the
action of 02 on P is well-understood. Hence

[ 1 -1 } [ 1 -2 }
0 1 Y 0 1
=31 = y‘I

so that effectively this 1is just a special case of Lemnma
9.1.10 (with «=8=-1 and B=vy=0).

Let M be one of the periodic kP-modules of dimension p
appearing in Theorem 9.1.9. Let M®T be given by matrices

with entries expressed in terms of the hi’gi as before. Then

THECREM 9.3.1. Provided that the coefficients of Ai in
hi (i>1) are nontrivial there are infinitely many G-siable

kP-modules M.
This has the immediate

COROLLARY 9.3.2. These G-stable M lie in exceplional

tubes.
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Proof. The method is identical to that in Section 9.1.

In the case given here, there is no condition on Al to be

satisfied. (In fact one should notice that this occurs

precisely when Al satisfies
BA12+(Q—8)A1—y=O).§

EXAMPLE. Take p=3. Then 1in Example 9.1.15, for any Al

We get A.=A_.-A 2

we can put «=8=-1, B=y=0 to solve for x =N Ay

o

and hence obtain an infinite number of exceptional tubes.
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APPENDIX A

This appendix contains the necessary rfigures alluded to

in Chapter 4, Section 4.3.






(10)

(9,1)

(g 1) G

FIGURE 4L :

(7,1%)@

(6,1*)

(4 2)

a2

(3,2)




4

(o} '8)

(Z ﬁ:

RNiNHIL

(:t)

(1°g1)

(*1+)



]

P9 AN

(, b %)

.y AN :
(b 7 :w I ('€

/

61,700 o (1 1dy

N

(! .76) O ._«.(,.iwwd.o_.a,_ (!

(T L G ..w\m\mv 0 (7l \\ ?_'.m;;_.o

(LTSN (gD

\.\\- ey’ 7, | 4 ¢
"y TA0D, (of €1

(o . TS6)Y
Vi Nm‘ .N.N.\&\m.w. NM‘\NM..\O_. -~ ﬂmrxm‘_;

L

(T (n.t)

(1 S QAT - AR 2.CT) - QAL ATY) ¢

(22)



APPENDIX B

The required material in [34] is still not readily
available. This appendix 1is designed to give a brief
indication as to how to calculate decomposition numbers using
this material and to give a few examples. There is a useful

sunmmary of the work in [6].
B.1 General Theory

We use the notation and conventions of Part I. Recall
that there is a natural symmetric bilinear form on MA (length
1, inner product C) and this is inherited by Sh (here AFn has
s parts and n is arbitrary). Let

Sh(a) = {xeSA: VyeSA, pa|<x,y> }

which is élearly a submodule of SA. Filter SA=SA(O) as

s 2 sM(1) 2 sM(2) 2...2 ©

() in SA under reduction mod-

where SA(a) is the image of SA

ulo p. We comment that this is a departure from the previous

use of the notation in Part I. Then Schaper's formula

gives the wvalues of the Brauer characters

x(S™M(1)) + x(sM(2)) +

A A
=x(s™(1)/8M(2)) + 2x(s™(2)/8M(3)) + 3...
in terms of ordinary irreducibles.
Let v_ be the p-adic valuation on integers (so that

vp(p“m)=a if ptm). Recall also that if (x,y) is a node in



the hook graph of A, we denoted the hook length by hi . We

4

have

THEOREM B.1.1 (Schaper, [34]). The Brauer character

Z x(s™(z))

r>0

agrees on p-regular conjugacy classes with the ordinary char-

acter
A
A A
Z Z vphig) = vp(h3p))
<i<j<s f=1
A A A A A A A A
X(hll’h21" hl 1, l'bl +h’. l hi+1,1""hjl—hjﬁ"'hsl)'g

See also [23] which gives an interesting forerunner of
this result.

To apply Theorem B.1.1, suppose we have calculated the
decomposition numbers for .. partitions dominated by A.
Then the formula tells us whether the decomposition numbers
for A are zero and gives an upper bound for those which are

nonzerao.

B.2 Examples

EXAMPLE B.2.1 ([23, §3]). Take (5,4,3,2)r14 and p=5.
B = 8 753 1
6 5 31
4 31
2 1
is the hook graph. The contribution from the second column

can be found as from the Young diagram:



¥ X X X X
X X X-X
X X-X
X X
The skew (2,2)-hook is marked. Unwrapping this, then wrap-

ping it on higher in the diagram gives

X X X X X X-X—-X—-X-X X X X X X I}{ X X X X X
X X X X X—X—-X—-X X X E'{—-.—X
X X X X-X
X X X
Hence our character sum is
2 2 .2 2
 (10,2,1%) (67,17 (6%,3,1)

where we have &a positive sign if and only if the sum of the

leg lengths of the skew hook and the new skew hook is odd.

EXAMPLE B.2.2. Consider the matrix ' D, (Figure 7), and

suppose we have calculated, by some method, the first six

(5,4,1) A

rows of the matrix. We require factors of S Now H

5 4 3 1 which gives a character sum
321 |

L6 LN |

2

2
X(8,1 ) (10) (57)

+ X + X

which is

29,1y T ®(8,12) T P(10) T P(s52)

upon reduction mod 5. The only dubiety lies with D(g’l).
(9,1) =y (810 (9) ich i +& and hence the
But (x )29 X +X which 1s ¢(9) Y(8,1)
multiplicity is 1 not 2. This fills in the factors of the
(5,4,1)

reduction of S One can repeat this argument to

obtain the complete matrix.

Remarks. (i) As mentioned in Chapter 2, while there are

stacks of ad hoc methods for calculating nDp, (for exzample



see the references cited at the end of Section 2.3), there is
no published algorithm which will work for all values of n.
However the method outlined in Section B.1 seems to work
exceptionally well for the cases we're interested in.

(ii1) Two tables are given below (Figures 7&8) deter-
mined as in Section B.2. We give merely the p-regular part
since the p-singular part is easily found from this using the

character table.
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APPENDIX C

This appendix contains the necessary figures alluded to

in Chapter 5.
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