HYPERKAHLER IMPLOSION AND NAHM’S EQUATIONS
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ABSTRACT. We use Nahm data to describe candidates for the universal hyperkéhler implosion
with respect to a compact Lie group.
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1. INTRODUCTION

Symplectic implosion is an abelianisation construction in symplectic geometry introduced by
Guillemin, Jeffrey and Sjamaar [10]. Given a symplectic manifold with a Hamiltonian action of
a compact Lie group K, the implosion (or imploded cross-section) of the manifold is a stratified
symplectic space with an action of the maximal torus 7" of K, and the symplectic reduction of the
implosion by T can be identified with the reduction of the original manifold by K.

The key step is to define the implosion (T* K )imp1 of the cotangent bundle T* K with respect
to one of the commuting K actions on this space. This example is universal in the sense that the
implosion of a general manifold M with K-action may be obtained by symplectic reduction from
the product M x (T*K)impi. Symplectic reductions of the universal implosion by the maximal
torus give the coadjoint orbits of K. The implosion (I*K)imp may be defined by taking the
product of K with the closed positive Weyl chamber, stratifying by the centraliser C' of points in
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the closed Weyl chamber, and then collapsing by the commutator subgroup of C'. In particular,
no collapsing occurs on the open dense set which is the product of K with the interior of the
Weyl chamber. As explained in [I0], the implosion may also be viewed as an affine variety with
an algebro-geometric stratification that agrees with the symplectic stratification above.

In [5] a hyperkéhler analogue of the symplectic implosion was introduced for the case K =
SU(n). The space is an affine variety and hyperké&hler reductions by the maximal torus give the
Kostant varieties, which are affine completions of complex coadjoint orbits.

The construction of [5] works by using quiver diagrams, and is related to the description of
complex coadjoint orbits for SU(n) via quivers. For other groups, no such finite-dimensional
description of the coadjoint orbits is as yet available, except in the case of the nilpotent variety
[9). Instead, complex coadjoint orbits have been realised via gauge-theoretic methods as moduli
spaces of solutions to the Nahm equations on the half-line [15], [13], [4], [12].

The sequel [6] to [5] included a possible approach to hyperkéhler implosion for general compact
groups using the Nahm equations. In this paper we shall develop an analytical framework for
this approach. We introduce in §3 a space of Nahm data modulo gauge transformations and
stratify it by the centraliser C' of the asymptotic triple 7. We obtain a candidate for the universal
hyperkahler implosion @ by performing further collapsings by gauge transformations valued in
[C, C] at infinity. This can be viewed as an analogue of the collapsing procedure mentioned above
in the construction of the symplectic implosion. It turns out, however, that this construction
does not reproduce the quiver moduli space in the case K = SU(n), as the torus action on the
bottom stratum corresponding to C' = K is trivial in the case K is semi-simple (K = [K, K]).
A modification of this first construction is described later (see Remark which, at least for
K = SU(2) (see §8), can be identified with the quiver construction from [5].

We show that fixing the asymptotic triple 7 and further quotienting out by a torus yields the
corresponding Kostant variety; this holds both for our first construction and its modification. In
order to prove this, we introduce in §4 related spaces of Nahm data which admit hyperkahler
structures with T' action, such that the hyperkahler moment map for 7' gives the asymptotic
triple 7. The hyperkahler quotient, in a suitable stratified sense, is identified both with the space
obtained by fixing 7 in @ and quotienting by 7', and also with the Kostant variety.

The tangent vectors to the spaces of solutions to the Nahm equations that we use are not
necessarily square integrable. Therefore, instead of using the L2-metric to define our hyperkéhler
structure, we use a modification of it modelled on work of Bielawski [2] on monopole moduli spaces.
In our situation the Bielawski metric is nondegenerate but may not be positive definite, although
the induced metric on any Kostant variety is always a positive definite hyperkéhler metric.

In §6 we discuss how Q could play the role of universal hyperkdhler implosion. Let us define
the Nahm hyperkéhler implosion of a hyperkéhler manifold M with a tri-hamiltonian K-action
to be the hyperkahler quotient of M x Q by the diagonal action of K. Then Q may be viewed
as the Nahm hyperkahler implosion of T* K¢, where K¢ is the complexification of K, and is thus
a hyperkéhler analogue of the universal symplectic implosion (T*K)impi. In §7 we produce a
holomorphic description of our strata in Q@ by making a choice of complex structure such that the
asymptotic triple 7 satisfies the condition of Biquard regularity. In §8 we illustrate the construction
by discussing the SU(2)-case and point out some of the differences to the quiver construction.
Finally §9 gives a brief discussion of how symplectic implosion may be interpreted in terms of
Nahm data.

Notation. We shall use M J/K to denote the hyperkéahler quotient of a space M by a group
K.

Acknowledgements. It is a pleasure to thank Roger Bielawski for useful conversations.

2. NAHM’S EQUATIONS ON THE HALF-LINE

Let us recall some facts concerning the Nahm equations. These are the ordinary differential
equation system

(1) i

dt

+ [To, Ti] = [Tj, Tk), (ijk) cyclic permutation of (123),
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where T; takes values in the Lie algebra £ of K. They can be studied on different intervals Z but
we shall be primarily interested in the equations on the half-line [0,00). There is a gauge group
action

(2) To — uTput — au™t, Ty — uTiu™"' (i =1,2,3),
where u: Z — K. We shall often denote the image of T; under u by w.T;.

The constructions of complex coadjoint orbits mentioned above by Kronheimer, Biquard and
Kovalev [15], [13],[4], [12] proceed by considering suitable moduli spaces of Nahm data on Z =
[0, 00) with prescribed asymptotics. It can be shown that Nahm matrices can always be put into
a gauge in which they have asymptotics

ag; .
To— b — 2t —=1.2.3
i Tz+2(t+1)+ (Z ) 7)7
where 7 = (71,72, 73) is a commuting triple. Moreover o; = p(e;), where eq,es, e3 is a standard
basis for su(2) and p: su(2) — £ is a Lie algebra homomorphism, so [01,03] = —203 etc. In

addition we must have [r;,0;] = 0 for all 7, j, so p takes values in the Lie algebra ¢ of the common
centraliser C' := C(7y,72,73) of the triple (71, 72,73). We call (01, 09,03) an su(2)-triple in this
situation.

The leading terms in fact define an exact solution to Nahm’s equations

3
g
TT o = 05 Pt )
’ ( (T 2t + 1)>i_1>
which we call a model solution.

In the work of Kronheimer, Biquard and Kovalev a complex coadjoint orbit is obtained by fixing
the model solution, that is fixing the commuting triple 7, an su(2)-triple o and the corresponding
model solution 7% ,, and considering a suitable moduli space of solutions to the Nahm equations
asymptotic to this model solution. If ¢ = 0 we obtain the semisimple orbits—in particular if 7
is regular in the sense that C is the maximal torus 7' then ¢ must be 0 and we obtain regular
semisimple orbits [I5]. At the other extreme, if 7 = 0 we get the nilpotent orbits [13].

In these arguments one uses the L? metric to define a hyperkihler structure-this metric is finite
because the 7 are fixed.

3. STRATIFYING NAHM DATA BY THE CENTRALISER OF THEIR LIMIT

Let us now, as discussed in [6], consider how one might approach hyperkéihler implosion for a
compact group K in this framework. We wish to obtain a hyperkéhler space (with some singu-
larities) carrying commuting actions of K and its maximal torus T, such that the hyperkéhler
reductions by the torus give the Kostant varieties, that is, the varieties obtained by fixing values
of the invariant polynomials on the complex Lie algebra. These varieties are unions of complex
coadjoint orbits, and in the regular semsimple case are exactly coadjoint orbits.

Let € be the Lie algebra of K equipped with a bi-invariant metric (,). We will consider ¢-valued
Nahm matrices on [0,00). As we now want to obtain all coadjoint orbits, we must allow the
commuting triple and su(2)-triple to vary. Accordingly we fix a Cartan sub-algebra t C ¢, and
consider Nahm data T; : [0,00) — ¢ which converge to a limit T;(c0) = 7; € t, but we allow the 7;
to vary in t. As above we use 7 to denote the commuting triple (71, 72, 73).

We recall that the universal symplectic implosion may be stratified by the centraliser of the
element of the closed Weyl chamber. Motivated by this, in the hyperkahler situation we stratify
the space of Nahm matrices with limits in t by the centraliser C' = C(7y, 72, 73) of the limiting
triple.

It is well-known that formally Nahm’s equations can be interpreted as the hyperkahler moment
map for the action of the gauge group on the infinite-dimensional quaternionic vector space of
Nahm data.

Our goal is to construct this hyperkahler quotient in such a way that the subspace of solutions
to Nahm’s equations converging to a fixed triple 7 with centraliser C' stratifies into torus bundles
over the strata (complex coadjoint orbits) of the Kostant variety defined by 7. Moreover, 7 should
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be the value of the moment map for the action of the maximal torus T of K. The torus fibre over
a semisimple orbit will be C/[C, C] which equals T in the generic case when C(7) = T. For other
strata the fibres are quotients of 7. In this way the Kostant varieties will arise as hyperkahler
quotients of our Nahm moduli space by T, as desired.

In order to realise the space of Nahm data with fixed centraliser as a hyperkahler manifold, and
to obtain the statements about moment maps, we have to provide an analytical framework. In
particular, since we work on the half-line [0, 00), we have to specify the asymptotic behaviour of
the Nahm data and gauge transformations. The L?-metric is no longer appropriate as it is infinite
in directions which correspond to varying 7. We shall see that a modification due to Bielawski
[2] of the L? metric has better finiteness properties which fit in well with our stratification by
common centralisers.

3.1. The Space of Nahm Data. We fix a maximal torus 7" in a simply-connected compact Lie
group K with Lie algebra t = Lie(T"). Biquard has proved in [4] that any solution (Tp, 71,75, T3)
to the Nahm equations can be put into a gauge such that there exists a commuting triple 7 =
(71,72, 73) of elements 7; in t with common centraliser C = C(r) C K such that

P = o,
TP = Ti—l—ﬁ—FO((l—Ft)_(l—i_o), i=1,2,3, forsome (={_(c)>0,
T = 0O(e™) i=0,1,2,3, for somen=rn(r) > 0.

We have used Biquard’s notation in [4] to write a Lie algebra element & € € as &P + ¢ with
respect to the orthogonal decomposition £ = ¢ @ ¢t. Moreover, o = (01,02, 03) is an su(2)-triple
in ¢ = Lie(C), i.e. —20; = [0}, 0] whenever (ijk) is an even permutation of (123). This condition
means in particular that o; € [c, c].

This asymptotic behaviour is a result of the existence of a Coulomb gauge, as proved in [4],
Proposition 2.1 and Corollary 2.2: Writing the solution T = (Ty, Ty, Ts, T3) as (0,71, 72, 73) + T,
Biquard showed that if T is sufficiently small in a suitable norm, then one can put 7" into Coulomb
gauge with respect to the model solution (0,71, 72, 73). That is, T satisfies

~ 3
@72[7'1,111] :0, To(O) = 0.

dt .
=1

Moreover, one has the estimates

(3) _

sup [(1+ )T |, sup (1 + )* T |, sup |(1+¢)*Ti| < ssup{|(1 +)*(T; + [To, T,])[, |(1 + )*[T3, T3]},
i,j

where £ > 0 is a constant. Combining these estimates, the Coulomb gauge condition and Nahm’s
equations, a Weitzenbock argument then gives the exponential decay of the H-components, whose
rate n only depends on the 7;. The constraint is that 7 should be less than or equal the first
positive eigenvalue of 27 | —ad(r;)?.
The parameter ¢ > 0 has to be chosen as follows. Define the Chern-Simons function
3
¢: C3 _>R7 ¢(£17£2a€3) = Z<€l7§l> +<§1a[£27§3}>7
i=1
whose critical points are precisely the su(2)-triples. Also define the Casimir operator associated
with the adjoint action of the su(2)-triple o on ¢ to be
3

Y(o) == ad(c;)* € End(c).
i=1
Then in the above gauge fixing result Biquard requires ¢ to be chosen less than or equal to the
first positive eigenvalue of Hess(¢),. Moreover, in order to make certain transversality arguments
work, he needs ¢ to be smaller than the first positive eigenvalue of the Casimir (o).
An easy calculation leads to the following observation:
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Lemma 3.1. Let o be a critical point of ¢, i.e. an su(2)-triple in ¢ and let w € C. Then the
Hessian of ¢ satisfies

Hess(9) you-1 (€, %) = Hess(¢)o (u™ " €u,u™ " pu).
In particular, the eigenvalues of the Hessian Hess(¢p), at o depend only on the conjugacy class of
.
Proof. The Hessian of ¢ at the point o € ¢ applied to &,1) € ¢ is given by
d2
Hess(¢),(£,v) = dsdt |(s,t)=(0,0)P(0 + 8§ + ty))
(€1,2¢1 — |03, Yo] + [02,¥3]) + (€2, 202 + [03,¢1,] — [01,¢3,])
+(€3, 293 + [01, 2] — |02, ¥1])-

Now since for any u € C we have
(4) [uaiu_l,z/)j] = ufo;, u_lz/)ju]u_l,
it follows from the bi-invariance of the metric that

Hess(¢)uou-1 (&, 1) = Hess(¢)o (u™'€u, u™ u).

In addition, the relation implies that
7(Ad(u)(0)) = Ad(u) 0 (o) 0 Ad(u™").
So altogether we deduce the following fact.

Corollary 3.2. The eigenvalues of Hess(¢), and y(o) and hence the constraints on the parameter
¢ only depend on the conjugacy class of o in C.

Our gauge-theoretic framework will be based on certain weighted function spaces, which we
introduce now. Fix ¢ > 0 and introduce the Banach space of £-valued C'-functions, which up to
first derivative decay like 1/(1 + ¢)1+¢:

Qc(®) = {f € C'([0,00),) | || fllo := sup((1 + O]+ (L8 f(0)]) < oo}

As usual we write f = %. Note that if ¢’ > ¢, then we have a continuous inclusion Q¢ C Q..
We also need to work with the Banach space Qexp., (£) of C*-functions which up to first derivative
decay like e for n > 0:

Qexpin () = {f € C([0,00),8) | [y, = Sgp(entlf(t)l) + Sttlp(emlf(t)\) < oo}

Again we have continuous inclusions Qexp;n C Qexp;n Whenever 1’ > 1. We will also consider the
space of exponentially decaying C'-functions

Qexp(8) = [ Qesxpin () = {F € C([0,00),8) [ Fn > 02 f € Qesepin (B}
n>0
Note that the latter space does not come equipped with a natural norm.
Lemma 3.3. Fiz positive real numbers ( >0 and n > 0. Then the spaces Q¢ (£) and Qexp.n(8) as

well as Qexp () are closed under point-wise Lie bracket. The Lie algebra &, considered as constant
functions on [0,00), acts on each of them by the adjoint action.

Proof. By the definition of Q¢(£) there exist constants A;, Ay for £ € Q¢ (€) such that

A1 . A2
)< — ) < — .
€01 < e KOI< o
The standard inequalities

@), w(@)]] < 26| (2)]



6 ANDREW DANCER, FRANCES KIRWAN, AND MARKUS ROSER

and
d ) .
00001 < 200l + O
give the result for Q¢ (¥).
The proofs for Qexp:;(€) and Qexp(€) work in a similar fashion. O

When it is clear in which Lie algebra the functions we are considering take their values, we will
often drop the £ from the notation and simply write Q¢ etc.

We define the space A of Nahm data to be the space of all C'-functions T' = (Ty, Ty, T», T5) :
[0,00) — €®@R* such that there exists a commuting triple 7 C t and an su(2)-triple o C ¢(7) =
Lie(C(7)) with
%

2(t+ 1)

Here ( is fixed as follows. As remarked in the introduction, the space A is stratified by the
centraliser C' of the limiting triple 7. After applying an SO(3) rotation (which does not alter C)
one can make 7 Biquard-regular, that is C(7) = C(72,73), and now K¢/C¢ is a semisimple orbit
for K¢ [12], [4], and C¢ and C are connected as we are assuming K simply-connected [I7]. Note
also that as the maximal torus T" of K is contained in C', then 7' is a maximal torus in C' and hence
contains the identity component of Z(C') as the latter is fixed by conjugation in C. In particular
Z(c) C t.

It has been observed in [6] that the space of all su(2)-triples in ¢ is the union of finitely many
C-orbits, where C acts by conjugation (see also the appendix in [I3]). Moreover, there are only
finitely many strata, as there are only finitely many subgroups of K that appear as centralisers of
elements of t, and hence only finitely many subgroups that appear as triple intersections of these
centralisers. Therefore, the above discussion in Corollary shows that we can choose a single
¢ > 0 such that the Biquard constraints are satisfied simultaneously for all su(2)-triples ¢ C ¢ and
all centralisers c.

To, Ti — 7; — € Qe (¢(1)) ® Qesp(c(T)F) i =1,2,3.

Definition 3.4. Fix a compact subgroup C' C K centralising a triple (71,72, 73) in t. We define
the stratum

- A Ly i . _
AC_{TemTO,Tz T 2(t+1)enc(c)@ﬂexp(c )i=1,2,3,: C(r)=C, UCC}.

The space A¢ consists thus of Nahm data asymptotic to a model solution T , = (0, (Ti + %)

but o and 7 are allowed to vary subject to the above relations and the constraint that C(7) = C.
Note that the 7 satisfying this condition form an open set U in a vector subspace of t3, while the
condition that o C ¢ defines a compact space V of triples o, acted on by C with finitely many
orbits. Now Ac is an affine bundle over U x V' with fibres copies of Q¢ (c) @& Qexp(ch).

At a point T = (Tp, T1, To, T3) = Typ + T, with T € (Qe(c) @ Qexp(c1))?, a tangent vector to
Ac may be written as a quadruple X = (Xg, X1, Xa, X3) : [0,00) — £ ® R%.

i=

3

We use the notation X; . = (O, (6i + ﬁ) 1) and can write X — X5 € (Q¢(¢) D Qexp(c1))?

for some triples 6, e. In Biquard’s notation this means
D D € . H n .
X, XP -6 — m € Q(c), i=1,2,3, X € Qoxp(ch), 1=0,1,2,3.

We shall see shortly that §,e¢ must satisfy certain algebraic relations implied by the condition
[75,0;] = 0 and the other algebraic properties of the 7;’s and o;’s.

Observe that since X satisfies asymptotic conditions different from the ones satisfied by the
other X; the spaces A¢ do not carry the natural hypercomplex structure coming from the iden-
tification R* = HL.
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As mentioned above, the §; terms mean that tangent vectors are not in general L?. To deal with
this difficulty, rather than use the L? metric we shall put on A¢ Bielawski’s symmetric bilinear
form (see [2]):

3 0 3
IX1%, = b3 (Xi(o0), Xi(00)) + / SOUX(0), Xi(1) — (Xi(00), Xi(s0))dt,
=0 =0

where b € R is an arbitrary real constant.

In order to check that this gives a well-defined metric on Ag, i.e. that | X|%, < oo for any
tangent vector X, we have to collect some properties of the d; = X;(00) and ¢; implied by the
asymptotic conditions we imposed on our Nahm data. The next lemma is essentially contained in

[6].

Lemma 3.5. For a tangent vector X = X5, + X e TrAc, where T =T, , + T e Ac, we have
the following algebraic relations:

(1) 6; € Z(c), that is [6;,7] =0 Vv € ¢, Vi > 1. In particular [0;,7;] =0 for all i,5 > 1,

(2) [1i €] =0 ¥i,j,

(3) [6i,€5] =0,

(4) (7,0;) =0 Vv €le,cl,i=1,2,3.

(5) (di,€i) = 0.

Proof. (1) The triple (d1,d2,d3) is tangent to the space of commuting triples with centraliser C'.
This implies in particular that
[0;,7]=0 Vyec
(2) We have o; € [c,¢] so €; € [¢,¢] C ¢, which implies
[Ti, 6j] =0 V’L,j
Alternatively, observe that differentiating the relation [r;,0;] = 0 gives
(73, €] + [0i, 05] = 0

and the second term vanishes by (1).
(3) Since [0;,v] = 0 for any v € ¢ we observe that

[61‘, Ej] =0.

(4) Now for any £ € ¢ the map ad(§) = [¢, —] € End(¥) is skew-symmetric with respect to the
invariant inner product we fixed. Since §; is contained in the the centre Z(c), i.e. ad(d;) vanishes
on ¢ for i = 1,2, 3, we have, for 71,7 € ¢

([71572), 0i) = — (72, [711, 04]) = (72,0) = 0.
(5) This follows from (4), and the fact that ¢; € [c, ¢]. O
We are now in a position to check the finiteness of the Bielawski metric, again following [6].

Proposition 3.6. If T € A¢c and X € TrAc, then

3 0 3
XN %, =b> (Xi(c0), Xi(c0)) +/0 D (Xi(t), Xi(t)) — (Xi(00), X;(00)))dt < oo
i=0 i=0

Moreover, the Bielawski metric is non-degenerate on TrAc.
Thus, we may interpret (Ac,| - |Bp) as an infinite-dimensional space with a translation-
invariant non-degenerate symmetric bilinear form..

Proof. Given X € TrAc, we know that there exist ¢; and §; as in the above discussion such that
Xo = O((1 +¢)~1+9)

and

€

2(t+1)

Xi=06+ +0((141)~+9), i=1,2,3.
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The term involving b and X;(co) is therefore always finite. So we may assume b = 0 and it is
enough to prove the proposition for || - || := || - ||B,0. Then

X115

0o 3
3o, %0 — ()Xo

=0

co 3
/o D ((Xa(0), Xa(1)) — (6:,65))dt

/O (<5i t st )~ Gedd +0 +t><1+<>>> dt

< ((ds, € €, € _a
/o (<t+1> * 4(<t+1>)2 +o+n~ +0)> i

= /OOO (m +0O((1 +t)—(1+<>)) dt,

which is finite. In the last step we have used Lemma/[3.5] in particular the result (5) that (§;,¢;) = 0.

To see that the Bielawski metric is non-degenerate, we observe that any quadruple of ¢-valued
C'-functions on [0, 00) with compact support defines a tangent vector. Hence, we may use bump
functions to argue by contradiction as usual: Suppose X € T Ac satisfies

(X,Y)pp =0, VY €TrAc.

If X does not vanish, then there exists a ¢y € [0,00) such that X;(to) # 0 for some i € {0, 1,2, 3}.
By continuity, there exists a ¢ > 0 such that X;(¢) # 0 for all ¢ such that |t — ¢y] < ¢. Now
pick a non-negative bump function h with compact support in (to — ¢, to + ¢) such that h(tg) = 1
and consider the tangent vector Y whose only non-zero component is given by Y;(t) = h(t)X;(t).
Then, since Y (o0) = 0, we get

to+c
0=(X,Y)p), = / B(t)(X(t), X (t))dt > 0,

tU—C

a contradiction. O

We have thus defined on A¢ a non-degenerate translation-invariant symmetric bilinear form.
We shall see in the following two examples that it is indefinite, so that, formally, we may think of
Ac as a flat infinite-dimensional pseudo-Riemannian manifold.

3

Example 3.7. Put b = 0 and take a model solution T, = (0, (’7’2' + m) ), as well as

i=1
d; € Z(c) for i = 0,1,2,3 and consider for sufficiently small 6 the family

3
0 _ , _ i
TT,O' - (07 <TZ + 967, + 2(t + 1)>Z_1> .

d
X = @'0:01—‘7?70- = <O761)52763)

Then the tangent vector

satisfies
o 3 oo 3
1X|2, = / > (XKDXil0) = (5009) i = / > () = (56 dt =0

Thus, tangent directions corresponding to deforming the limiting triple 7 give rise to examples
of null vectors in (T'Ac, || - ||B,o), i-e. if we fix the parameter b in the definition of the Bielawski
bilinear form to be zero.
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Example 3.8. For b > 0 we may consider for n > 0 and §; € Z(c) the following tangent vector:
X = (0,(1 —e™")61,0,0). Then writing |6;]* = (51, 81), we find

o0 o0 3
X115, = b|51|2+/ (@ =e™™)%[01]* — |01]?) dt = |60 <b+/ (e7 — 2€nt)dt> =|6,]? (b - 277) ’
0 0
which is negative if we choose 1 < % and equal to zero if n = %.

It is useful to decompose the Lie algebra £ into orthogonal subspaces as follows
t=2Z(c)®[c,c] dct.
We write € € ¢ as
E=EP0 4Pt el
with respect to this decomposition. Recall that for tangent vectors we have X;(c0) = 6; € Z(c),
ie.
X;(00) = X{(00).
By definition, then, the Bielawski metric can be written as follows

3 0 3
X115, = bZ<Xi(OO)7Xi(OO)>+/O D (Xi(t), Xi(t)) — (Xi(00), Xi(00)))dt
i=0 i=0

3 o 3
= bz<5ia5i>+/ SOUXI®), X @) + (X0, X7 0) + (XP0), X0 (8) — (63, 6:))dt
i=0 0 =0

= X7 +1XPHZ + 11X P05,

Thus, it is the Z(c)-component of a tangent vector which we have to consider in order to study
definiteness properties of the Bielawski metric.

On the other hand, for any element T' € Ac and any b € R, the metric || - || g is certainly
positive definite on the space of tangent vectors which vanish at infinity, i.e. X such that §; = 0.
In fact, for such vectors the metric || - |5, reduces to the usual L®-metric. In particular, if we
restrict to a subvariety where the triple 7 is fixed, then || - ||, reduces to the L? metric for any
choice of the parameter b. The process of obtaining Kostant varieties by torus reduction will
involve fixing 7 in this way.

3.2. The Gauge Group. Let G C C' C K be a Lie subgroup with Lie algebra g. On the stratum
Ac we shall describe an action of the gauge group Gg, whose Lie algebra Lie(Gg) is given by the
space of C? paths ¢ : [0,00) — & such that

* £(0) =0,

e ¢ has a limit {(c0) € g

e £€Q:(c) D Qexp(ct).
The cases which will be of most interest to us are when G equals one of C, [C,C],C N C(o),{1}.
Lemma 3.9. For¢ in Lie(Gg), we have [T—i—ﬁ,f(oo)—g(t)f’] € Qc(c) and [T+ %,f(f)H} €
Qexp(ch) for all T € t and o € [c,¢].
Proof. Let ¢ € Lie(Gg), so £(0) = 0 and £ has a limit in the Lie algebra g C ¢, i.e. {(00) = £(00)P.
Moreover, we have ¢P € Q¢ (c) as well as & ¢ chp(cl-).

We check that the two terms in the lemma have the required asymptotic behaviour. By writing

€oc) =€) = [ é(o)is
t
and using €0 € Q¢ (c), €7 € Quxp(ch), we see that
€(00) =P =0(1+1)7°) and €7 € Qep(ch).
Then since 7 acts trivially on c, i.e. commutes with £, we find
2 " €(00) = €()] = O((1+ )70+
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and

d

Tk — e = S

2(t+1),s< 00) —£(t)”]
[Q(HI)Q@( 00) = €M1 - [577

= O((1+1)~+9),

For the ¢t-component, we calculate similarly

I+ gy €07 =06
and g
Gl sy 0" = e €07 + [+ 5T 0] = 0™
for some n > 0. O

Lemma 3.10. Lie(Gg) is a Lie algebra.

Proof. We only have to check that Lie(Gg) is closed under the Lie bracket. Let &, ¢ € Lie(Gg).
Clearly, the first and second conditions hold for [£, ¢].
To check the third condition, we note that &,¢ = O((1 +¢)~1+9). We have to consider the
term % [€, 1], which we decompose according to the splitting &€ = ¢ @ ¢t (note that %(ﬁD) = (%)D
and similarly for the H superscript):

Tlew] = [0+ 0P 1 u) 4 (€7 + €, 4P + 7]
= [P 0P+ [€P, 9P + (€701 + (€7, 41])P
o™, P+ (€7, v ]+ (€7, ] + €7, 9P + (€7, ¢™] + (€7, )
The terms ([€7, "] + [¢7,4])P and ([€7, "] + [¢7,H])H clearly lie in Quxp(c) C Q¢ (c) and

Qexp () respectively. The remaining terms lie in Q¢(c) @ Qexp(ct) as is implied by the following
lemma.

Lemma 3.11. (1) Let ¢ >0 and let f : [0,00) — ¢ be bounded with f = O((1+t)~") and let
g € Q¢(c). Then the bracket [f,g] lies in Q¢ (c).

(2) Let ¢ >0 and let f : [0,00) — ¢ be such that f and f are bounded. Let g € Qoxpn(c), then

the bracket [f, g] lies in Qexp:y(ct). In particular, if g € Qexp(ct), then [f, g] € Qexp(ct).

Proof. (1) The assumptions on f and g imply that there exist positive constants A1, As and As
such that

A1 . A2
lg(t)] < Ao (1] < DG
as well as
< i
Thus,
70,9 < 21f@llgtr] < 20D
and

jtmt),g(t)]\ < 1) 90| +|1£.90)]] < (ff;;ic + Qézjutr))gij

(2) This is very similar to (1). By assumption there exists n > 0 and positive constants A; and
Ay such that

lg(t)] < Are™ o |g(t)] < Age™ .
Thus,
£ (®), 9] < 2[f(®)]g(t)] < 241 sup(| f)e™™
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and
d

3109001 < 17000 + 1700 < (241500017 + 2A0sup(17D)
O
Altogether we have verified that [£, ] € Lie(Gg), which is therefore indeed a Lie algebra. [

Note that we have actually proved a slightly stronger statement, namely that the space Lie(Gg.y,)
obtained by replacing Qexp by Qexpsy, i-e. fixing the exponential decay rate, in the definition of
Lie(Gg), is a Lie algebra.

The space Lie(G¢) is the Lie algebra of the gauge group G given by the space of K-valued
C?-paths u : [0,00) — K such that

o u(0)=1,
e u(0) € G CC,C),
o (tu1)P € Qc(c) and (du™1)H € Qexp(ct),
It acts on Nahm matrices by the usual gauge action
(5) u.Ty = Ad(u)(To) —wu™t,  w.Ti=Ad(u)(Ty) i=1,2,3.

Lemma 3.12. Modulo terms in Q¢(¢) ® Qexp(ct), u € Gg acts on 7 + sy like u(o0) € G C
[C,C]. That is,

o
Ad(u) — A _ 7 Veq e (¢
(Adu) = Ad(uoe)) (7 + 577577 ) € A0 & Qo)
Note that this preserves the condition C(1) = C (indeed it fizes T) and the condition o C .

Proof. This is a consequence of the properties of the spaces Q¢ (c) and Qexp(cF), but we spell out
the details. We can calculate for a constant ¢ € ¢ using u(c0) € G C [C, C] and the bi-invariance
of the norm on &,

[(Ad(u(00))(+) — Ad(u(t))(¥))" |

IN
@\8

- /tm[m-l(s)a(s))%nds

< 2l e, [ s
= O((1+t)7°).
Similarly
H <\ d H
|(Ad(u(o0)) () — Ad(u(t)) ()" < /t 75 (Ad(u(s)(¥)) ™| ds
= [l @i, s
< 2l o, [ e
= O(e™™).
We have seen in this calculation that the derivative - Ad(u(t))(¢) satisfies

d

thd(U(t))(w)‘ = |[u™" (O)u(t), ¥]l.
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Since ¥ € ¢ is constant, it is immediate that the D and H-parts of this are O(1 + t)’(”C) and
O(e™™), respectively, because ad(1)) preserves the decomposition into D- and H-parts. Conse-
quently, the H-part of (Ad(u(t)) — Ad(u(00)))(T + 5%7y) lies in Qexpiy (c1).

To deal with D-component, we first consider Y =171 € Z(c). We see that since [(tu=1)P 7] =0
the above discussion yields |(Ad(u(00))(7) — Ad(u(t))(7))”| = 0, which obviously lies in Q¢(c).
If we take instead ¢ = o € [c,¢], we find |Ad(u(c0))(0)? A d(u (t))( )Pl =001 +t)~¢ and
D
|4 Ad(u())(@)P] = O(1+)~(+9). This implies that (Ad(u(00))(5p5) — Ad(u(t) (55+)) €
QC(C). O

In the next lemma we verify that the group in fact does act on the space Ac, i.e. it preserves
the asymptotic conditions imposed on our Nahm data.

Lemma 3.13. The gauge group G acts on the space (Ac, || - ||B,») by isometries.

Proof. We calculate the fundamental vector fields of the gauge action. At a point T' € A¢ these
are given by

d
X5 = @|9:0 exp(0€).T.
A short calculation gives

(6) X5 = (6. To] = & (6, T1), [€, To], [€, Ts))-
Writing 7' = Ty o + T with T € (¢ (¢) @ Qexp(c))?, and using [¢(c0), 7] = 0, we can write the
components of X% as follows:
(XP)o = [€0).To(t)] - £(1),
X£ i — [5(00)7 O’Z‘} t _ 3 Ui
We shall now show that the asymptotic conditions imposed on ¢ € Lie(Gg) and T; € Q¢(c) @
Qexp(ch) imply that this has the correct asymptotic behaviour for being a member of TrAc. By

definition of Lie(Gg), € lies in Q¢(¢) @ Qexp(ct), which is correct. Furthermore, since £(co) =
£(00)P, we have

i

]+[§(t)7 i(t)]’ i:1a2>3'

ag; H
[+ gy €)= 6(00) m+¢u+nfo - 00N + [1 + 5y €607
which also lies in QC( ¢) ® Qexp(ct) by Lemma The % term satisfies the required
conditions for the 2(t+1) term in the tangent vector.
Now T; € Q¢(¢) ® Qexp(c1) s0 that for i = 0,1,2,3 we can write

[57 TZ] = ED + gH’ TiD + TzH]
(KD’TZ’D] + [gHaTiH]D) ® ([gDaTzH] + [§H>TiD} + [gH,T;H]H)'

Since £ and the T; are bounded, all terms lie in the correct function spaces to be tangent to A¢
by lemma Thus, the fundamental vector fields of the action are tangent to A¢, as required.
We therefore obtain an infinitesimal action of Lie(Gg) on Ae. In fact, as in Lemma this proves
the stronger result that for ¢ € Lie(Gg.,) the vector field X¢ will be tangent to Ac.,, whenever
n>n'. Here Ac,, is the space obtained by replacing Qexp by Qexpyy in the definition of Ac.

We wish to show that this infinitesimal action integrates to an action of Gg. For this, we observe
that all the conditions defining A¢ are asymptotic in nature, and so we only have to worry about
the behaviour for large ¢. First of all, for u € Gg the terms (du=1)P and (au=1)H clearly satisfy
the correct decay conditions. And we have already seen in Lemma [3.12] that u essentially acts like
u(c0) on a model solution. It thus remains to take care of the terms of the form Ad(u)(T}) for
T; € Qe (c) ® Qexp(ct).

Note that the conditions are preserved by constant C-valued gauge transformations, hence also
by gauge transformations u € G such that u(t) = u(oo) € G for all ¢ larger than some tg > 0.
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For a general u € Gg with u(co) € G, the compactness of K implies that we can write u(oo) =
exp(£x0) for some & € g. Now take a smooth non-negative function h on [0, c0) such that h(0) = 0
and h(t) =1 for t > 1. Then the gauge transformation exp(h(t)é) lies in Gg and is constant
for t > 1, equal to u(co) € G. Hence it preserves the space Ac. Writing v = @ exp(h(t)§), where
t(o0) = 1, we may thus assume without loss of generality that u is asymptotic to 1 € G as t tends
to infinity.

Now u € Gg means that there exists an > 0 such that w is contained in the Banach Lie group
Ga.y- Since u tends to 1 as t — oo, we may write u(t) = exp(§(t)) for t sufficiently large, where §
satisfies the asymptotic conditions for being a member of Lie(Gg.,). The above discussion shows
that ad({(t)) preserves the space Ac,,y provided n’ < n.

Since Gg, is a Banach Lie group, we have the identity Ad(exp&) = €*4 in End(Q(c) @
Qexpy(¢1)), which hence implies that exp(&(t)) preserves the space Ac.,y, too. Since Qe is the
nested union of the spaces Qexp;y, this shows that u preserves the space Ac.

Finally, observe that the induced action of Gg on tangent vectors is just point-wise conjugation
which clearly preserves the Bielawski metric. O

We remark that the above results and their proofs remain valid if we work with Ac,, and Ga.y,
i.e. if we consider functions with fixed decay rate 1. We will use a similar setting with fixed 7 in
68, when we discuss a gauge-theoretic picture of the universal symplectic implosion.

3.3. Constructing a candidate Q for the Universal Hyperkahler Implosion. We are now
in a position to give a definition of the Nahm universal hyperkéhler implosion Q.

Let AV denote the set of solutions to the Nahm equations in A and let No = NN Ac. In order
to obtain the full implosion space Q we take the space N which is the union of the strata N¢
over all compact subgroups C of K and first quotient by Gy, the group of gauge transformations
as defined above with G = {1}, i.e. asymptotic to the identity at infinity. The strata Q¢ of the
implosion are obtained by performing further collapsings on the strata No /Gy by [C, C], where
we identify [C, C] with Gjc ¢)/G1 in the obvious way via the homomorphism given by evaluation
at infinity. In particular on the top stratum, corresponding to triples that are regular in the sense
that C'(7) = T, no further collapsing takes place. This is an obvious analogue of the picture for
symplectic implosion discussed in §1.

The implosion is now stratified by the moduli spaces Qc = N¢/Gic ). Although formally the
Nahm equations have an interpretation as the zero condition for the hyperkdhler moment map
associated with the action of the gauge group on the space of Nahm data, neither the spaces N /Gy
nor Q¢ can be interpreted as hyperkéhler quotients in a straightforward way. This is because the
natural hypercomplex structure is not well-defined on A, as we have observed. However, for each
choice of C, the action of [C, C] can be used to move the triples o into one of a finite list of standard
possibilities (one for each nilpotent orbit in the complexification C¢). The remaining freedom we
have by which to quotient is [C, C] N C(o), the intersection of [C, C| with the common centraliser
of 0. We thus obtain a refined stratification of Q¢ into strata Q¢ , = Nc,g/(g[ac]nc(g)) indexed
by the finitely many standard triples o. Here N¢, denotes the space of solutions in N¢ with
su(2)-triple equal to the standard triple o. In §4 we will provide an analytical framework to show
that the strata Q¢ , arise in a natural way as hyperkahler quotients. Thus, Q¢ is a stratified
hyperkéhler space with metric induced by || - || 5,5. We shall sometimes write the strata as Q¢ »(b)
to emphasise the metric dependence on b.

Moreover, we will show that hyperkéhler reduction of Q¢ , by the action of the maximal
torus T at level 7 then amounts to fixing 7 and collapsing N¢ /G by C(o) N C rather than by
C(o) N [C,C]. This is equivalent to collapsing the space of solutions in N¢/G1 asymptotic to the
triple 7 by C. As 7 is now fixed, the Bielawski metric on the hyperkdhler torus quotients of the
strata Q¢ , reduces to the usual L2-metric and we will show that, if the triple 7 is Biquard-regular,
these torus reductions give the strata of the Kostant variety associated with 7. In other words,
the hyperkéhler torus quotients of the spaces Q¢ , now give exactly the coadjoint orbits making
up the Kostant variety, as in [4], [I2]. To make this more precise, we shall relate Q¢ //T to
Kronheimer’s (respectively Biquard’s) moduli spaces used to construct coadjoint orbits.
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In particular if C'(7) = T then we are just fixing 7 and factoring out by gauge transformations
asymptotic to an element of T' at infinity. This gives the regular semsimple orbit of 7, which is
the unique stratum in the Kostant variety in this case, as in [15].

On the other hand on the stratum given by C' = K = [K, K] (that is, if 7 = 0), the torus action
will be trivial. So we see the nilpotent variety sitting inside the implosion Q as the stratum Q.
Note that this is not the case in the quiver approach to hyperkéhler implosion when K = SU(n);
see [5],[6]. In the latter approach a stratification labelled by pairs (C, o) is obtained, but these
strata are not hyperkéahler. In Remark below we suggest a modification of the construction of
Q which, at least in the case when K = SU(2), can be identified with the universal hyperkéahler
implosion constructed in [5].

4. THE STRATUM Q¢ AS A HYPERKAHLER QUOTIENT

As remarked above, A¢ is not a hypercomplex manifold. In order to exhibit Q¢ as a union of
hyperkahler strata Q¢ , we shall introduce a new family of spaces which are better adapted to
hyperkahler geometry.

Choose a C-conjugacy class of su(2)-triples in ¢ represented by the fixed triple o = (01, 02, 03).
Define .,Zlc’g to be the space of quadruples of C'! functions

(To,Tl,TQ,Tg) : [0,00) — E®R4

such that there exists 79 € Z(¢) and a commuting triple 7 = (71, 72, 73) in t, such that C(r) = C,
satisfying

° TOD —Tp € Qg(t)

oTsz’rzfﬁGQdc) i:1,273,

o TH € Qup(ct) i=0,1,2,3.
Here ( is again fixed, depending on C, as explained in the preceding section. If we denote by
Ac o+ the space of Nahm data defined as in §3, but with fixed o, then we can write Ac, = {7 €
Aco|lto =0} C Aco.

3
Our Nahm data are therefore asymptotic to Nahm data of the form 7, , » = (To, (Ti + 2(2'7_;1))

i=1
where o is fixed and the elements 7; € t are allowed to vary subject to the constraint that C'(7) = C,
To € Z(c). Recall from the previous section that Z(¢) C t. Again, we call T, -, a model solution.
Observe that by construction also 7; € Z(c) for i = 1,2, 3. So (79, 71,72, 73) lies in the open dense
subset of the quaternionic vector space Z(¢) @ H C t ®H defined by the condition that C(11, 72, 73)
is exactly C' rather than just containing C.

At a point T' = (To, T1, T, T3) = Ty 7.0 + T, with T € (Q¢(c) © Qexp(c1))?%, a tangent vector
to Ac,g may be written as a quadruple X = (Xg, X1, X2, X3) : [0,00) — €@ R*. As we now work
with a fixed triple o, no ¢;-terms appear in the Xj;.

The proof of Lemma shows that g = Xo(00) satisfies the same algebraic relations as the
other §;.

We use the notation X5 = (§;)?_, and can now write X — X5 € (Q¢(c) & Qexp(ct))? for some
0. In other words

XP -6 €0, X € Qep(ct) i=0,1,2,3.

We still use on AC’J the Bielawski bilinear form
3 o 3
X113, =0 (Xi(00), Xi(c0)) +/0 D (Xa(t), Xi(1)) — (Xi(00), Xi(00)))dt.
i=0 =

This is finite on all tangent vectors to flqg, since for each tangent vector X; — §; is integrable and
we do not have to deal with ¢;-terms, as the triple ¢ is now fixed. The same argument as used in
the proof of Lemma shows that it is non-degenerate at each point of flqo

As a consequence of the introduction of the limit 75 and of fixing o the space Ac,o is now
hypercomplex: We have three anti-commuting complex structures I, J, K obeying the quaternionic

)
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relations induced by right-multiplication by —i, —j, —k on ¢ @ R* =2 ¢ ® H. Explicitly,

IX - (le_X07_X37X2)7
JX = (X3, X3,—Xo,—X1),
KX = (X3 —X2, X1,—Xo).

Obviously, these complex structures are orthogonal with respect to the Bielawski metric on .,Zlcﬂ
and preserve the tangent spaces T:p.,4~l(;7,,7 i.e. take tangent vectors to tangent vectors.

Thus, we may interpret (Ac.o, ||| 5.5, I, J, K) as an infinite-dimensional flat pseudo-hyperkihler
space, i.e. a hypercomplex space with a compatible non-degenerate, translation-invariant symmet-
ric bilinear form.

4.1. The Gauge Group. To define the appropriate gauge group, we draw inspiration from [2].

Definition 4.1. Let G C (C' N C(0)) be a subgroup with Lie algebra g. We consider the gauge
group Gg(b), whose Lie algebra Lie(Gg (b)) is given by the space of C? paths ¢ : [0, 00) — £ such
that

* £(0)=0,

e ¢ has a limit £(00) € Z(c), and £(00) 1= b&(00) + limy o0 (£(t) — t&(0)) € g,

o (P —£(0)) € Qclc) and €7 € Quyp(ch),

Remark 4.2. (1) The limit lim;_, o (£(t) — t€(c0)) exists, because the derivative of the func-
tion £(t) —t&(o0) satisfies £(t) —£(c0) = O((1+t)~1~¢). Hence, the mean value theorem im-
plies that if ¢ < #' there exists a constant M > 0 such that |£(t) —t€(c0) — (£(t')—t'€(o0))| <
M(1+1t)=¢.

(2) The second and third conditions mean that we can write any such £ in the form

(7) £(t) = (t = b)é(o0) +£(1),

where € has a limit in g and £ € Q¢(¢) @ Qexp(ch).

(3) Note that the Lie algebra Lie(G¢) defined earlier is contained in Lie(Gg (b)) as the subspace
defined by the condition 5 (00) = 0. The real parameter b is the same as the one that
appears in the definition of the Bielawski metric. We will see in the next section, when we
calculate moment maps, why the elements in Lie(Gg (b)) have to depend on b in this way.

Lemma 4.3. If ¢ is in Lie(Gq(b)) then, [t + ﬁ,f(t)D] € Qc(c) and [T + 2(%1),5(75)}[] €
Qexp(ct) for all T € t and o € [c, ¢].
Proof. Let £(t) = (t—b)&(c0)+&(t) € Lie(Ga(b)), where £(0) = 0 and EN has a limit in the subalgebra
g C c. In particular, £(co) = £(00)P. Moreover, since £ — £(00) = €, we have £P € Q¢ (c) as well
as £H ¢ Qexp(ch).

Since £(00) € g and we are assuming that G C C N C(0), and since £(c0) € Z(c) commutes
with 7 and o, we have

fh+§é}5£@P%:h+af%5£wﬁfﬂWﬂ:h+§§}5£wﬁfﬂwﬂ,
[T+ ﬁ,f(t)li] = [T+ ﬁ,g(t)h’}

We check that these two terms have the required asymptotic behaviour. By writing
o) &)= [ éoyis
t

and using fLD € Q¢ (c), §H € Qexp(ch), we see that

£(00) —EP =0((1+1)7%) and €¥ € Qup(ch).
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Then since 7 and §(oo) act trivially on ¢, i.e. commute with ¢, we find for any o € [c, (]

7+ 5y 609) — €0°) = [y (00) =€) = O((1 + )74+
and
g T fo0) =07 = T E(o0) — ()"
dt 2(t+1)’ dt'2(t+1)’
[y €09 — €071 = [ 13:€0)”)

= O((1+1t)~C+9),

For the ¢t-component, we calculate similarly

I+ sy S0 = 0™
and
D s 0" =~y 0T+ gy €0 =0

for some 1 > 0.

Lemma 4.4. Lie(Gg (b)) is a Lie algebra.

Proof. We only have to check that Lie(Gg(b)) is closed under the Lie bracket. Let &1 €

Lie(Ga(b)).
Clearly, the first condition holds for [, ¢].

We may write &(t) = (¢ = b)é(00) +&(t) and ¢(t) = (t — b)¢h(00) +(t) with &(0c), 9h(c0) € Z(c)

and €, = O((1 + )~ (+9)). Then using that Z(c) acts trivially on ¢, we calculate

d . .

= [6(00) + & (¢ = B)b(00) + ] + [(¢ — D)é(00) + €. h(00) + 1]

= [€(00), D]+ (€7, (t — b)i(00)] + [(t — b)E(00), ] + (€7, 4h(00)] + €, 4] + [€, ).

We have seen in the proof of the previous lemma that €7, 9" e Qexp(cL), so the first four terms
in the last line of the above equation converge to zero as t — co. Moreover, ¥, £ are bounded with

£, = O((14t)~+9). Thus, the last two terms also converge to 0 € Z(c). Now

lim [¢(6), v()] = lim ([(t—b)é(00) + & (t = bpi(o0) + 7))

= Jim (= B)(E(00). 5]+ [E7, (o)) ) + [(00). (o0)]
= [€(c0). ¥(o0),

where we used again the exponential decay of % @H to deduce that limy_, (£ — b)([€(c0), ] +
(€1 4h(c0)]) = 0. Note in particular that [£(c0),?(c0)] € g. Thus, we have verified the second

condition for [£,9].
To check the third condition, we consider again

LIEw] = [E(00), 7]+ 7, (¢ — (o)) + [(6 — B)E(o0), 7] + (€7, 9(00)] + €, 9.

The first four terms lie in Qe (), since 7,4 and their first derivatives do. So we have to
consider the term %[5 ,9], which we decompose according to the splitting € = ¢@¢*, i.e. into D
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and H-parts:

d ~ ~ 3 3 ~ ~ ~ ~ X B

Flevl = €7+ P 49T+ €7 + £, 9P 4+ 91]
(€9 BP]+ (€2, P ) + (€7, 9] + (€7 P )P |
B, PP+ [EP, 1] + [€P, 9] + (€, 9P] + (7, 91 + (€, ")

The terms ([5H,1/~1H] + [éH,JH])D and ([fH,u?H} + [ENH,TLH])H clearly lie in Qexp(c) C Qc(c) and
Qexp(ch) respectively. The remaining terms lie in Q¢ (c) ® Qexp(ct) as is implied by lemma
Altogether we have verified that [£, 9] € Lie(Gg (b)), which is therefore indeed a Lie algebra. [

The space Lie(Gg (b)) is the Lie algebra of the gauge group Gg (b) given by the space of K-valued
C?-paths u : [0,00) — K such that

e u(0) =1,
. g(u) := limy o0 (4(t)u(t) 1) exists and lies in Z(¢) and i(o0) := exp(bs(u))(lim;_~ exp(—ts(u))u(t)) €

o (tu™HP —s(u) € Qc(c) and (du 1) € Qexp(ct),
In the next lemma, we verify that it in fact does act on the space flc,g, i.e. it preserves the
asymptotic conditions imposed on our Nahm data.

Lemma 4.5. The action of the gauge group Ga(b) preserves the space (Ac.o, | - | .s)-

Proof. This is similar to the proof of the analogous statement in the previous section, but we
have to take care of the different asymptotics. Let T' € Ac,, & € Lie(Ga (b)) and consider a
fundamental vector field

X5 = ([, To] — &, [6. T), [€, To), [€, T)).
WritingT:TfoﬁT’g—i-TwithTG(Q()@chp( )),wehave
(X5 = [Et),m 1 [€(t), To(t)] — €(c0) — (£(1) — £(c0))
(X5 = [€().m (H)Mg()mn, i=1,2,3

Lemma shows that the first term for i = 1,2, 3 lies in Q¢ (c) & Qexp(ct), as required. For i = 0
the situation is simpler and we find using [r9, £(t)P] = 0 that

[T07 f(t)] = [T07 g(t)H]’
and applying Lemma with o = 0, we get the desired result for the [£(t), 9] term.

Similarly, decomposing f — 5 (c0) = 5 into D and H parts, and using the third condition in
the definition of the gauge group, we see that this also satisfies the correct decay conditions for a
tangent vector to Ac . Finally £(c0) € Z(¢) is a tangent vector corresponding to deforming 7.

Now T; € Q¢ (c) ® Qexp(ct) so that for i = 0,1,2,3 we can write

€T = [€7+&". TP + T
(€7 TPV + (€7 TP) & (€7 T + (€, TP + (€7, T,
Write as usual () = (t—b){(00) +£(t). Observing that £ (t) = (t—b){(00) +£P(t), £ (t) = €7 (t)
since £(00) € Z(c) C ¢, and that {(c0) acts trivially on D-parts, we can refine this to
([P, TP+ €7, TP) @ ([(t = b)é(o0) + €7, T + (€7, TP) + (€7, 1)),
Now since é and the 7} are bounded, all terms lie in the appropriate function spaces to be tangent
to Ac,» by lemma The only term not taken care of by this lemma is

[t€(o0), T/"].
However, T € Qc,p(c) and this implies easily that also [t&(00), TiH] € Qexp(ch).
Thus, the fundamental vector fields of the action are tangent to Ac,. To see that this in-
finitesimal action integrates again to an action of the group G (b), we can essentially follow the
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same line of argument as in the proof of the corresponding statement in Lemma [3.13] The only
additional observation we need is the following: The asymptotic conditions defining /Ic,g are
preserved by gauge transformations u such that there exists a & € Z(c) so that for large ¢ we
have u(t) = exp((t — b)&y). Indeed, we can verify this directly: For large ¢, u(t)u~1(¢) is equal to
s(u) =&y € Z(c), so that u.Ty(oco) = 79 + &, which is allowed.

Since u is Z(C)-valued Ad(u) acts trivially on 7 + sy and also on Q¢(c). To see that it
preserves Qexp(ch), we first use the bi-invariance of the norm on € to see that

[Ad(u)(T) | = [Ad()(T)] = T = O(e™™),

whenever TH = O(e="). Next for t large enough so that u(t) = exp((t — b)&), consider the
derivative

4

= <Ad<u><Ti>>H] < (160, Ad(w)(T)]| + [Ad(u)( T)| < 2160l|T/ | +| T| = O(e ™)

which again lies in the correct function spaces.

Now, for large t, we can write any u € Gg(b) as the product of a Z(C)-valued gauge transfor-
mation exp((t — b)&p) and a gauge transformation that lies in G (as defined in §3). The proof of
Lemma [3.13] shows that such gauge transformations preserve not just the space A¢, but also the
slightly different space flqg in which ¢ is fixed and 79 # 0 is allowed (recall that we assume in
the definition of G (b) that G € C' N C(o), so that @(co) acts now trivially on o). O

4.2. Moment Maps. In this section we calculate the hyperkahler moment maps associated with
the action of the gauge groups G¢ (b) for various choices of subgroup G € CNC(c). The calculations
also explain the dependence of Qg(b) on the parameter b appearing in the Bielawski metric. First
we need a technical lemma which explains why the moment maps we obtain can be thought of as
taking values in the dual of Lie(Gg(b)).

For this it is useful to decompose ¢ into orthogonal subspaces as follows

t=Z()® Z(c)t,

where we observe Z(c)t = [c,¢] ® ¢t (cf. lemma [3.5). We write an element ¢ as £ + ¢! with
respect to this splitting.

Lemma 4.6. Let pu : [0,00) — ¢ be such that there exists a ¢ > 0 with pl = O((1 +t)=279),
ut =0O((1+t)72). Then p determines an element of the dual of Lie(Gg (b)) via

u(e) = / let), ut)yt

Proof. Observe that by the definition of Lie(Gg/(b)) we have

t) = (t = b)é(o0) + (1), &£(1) =& (1),
where éi is bounded for ¢ = 0,1. Now

/0 ). £t = / 00, — B)E(o0) + (1)) + (e (1), E (1)t

/Oo O((1+t)1") + O((1 + 1)~ ?)dt < .
0

To show that the association p +— fooo (u(t), —)dt is injective, we can use an argument analogous
to the one we used to show the non-degeneracy of the Bielawski metric on Ac. We just note that
Lie(Gg (b)) contains the space of £-valued functions on [0,00) which have compact support and
vanish at ¢t = 0. O
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4.2.1. The Moment Map for the Action of the Gauge Group associated with G = [C,C] N C(0).

Proposition 4.7. The gauge group Q[C’c]mc(g)(b) acts on the flat hyperkdhler manifold

(flc,o’ I IB.b: I, J, K) in a tri-Hamiltonian fashion with hyperkdhler moment map
p= (pr, s i)+ Aco — Lie(Gio,cnc(o) (0))* given by

~ur(T) = T+ [To,T1] — T2, T3],

_:U’J(T) = T2 + [TO, TQ] - [T3, Tl]a

—pur (T) Ty + [To, Ts) — [T1, Ta).

Remark 4.8. Observe that by definition we have Ty = 70 + Tp and fori =1,2,3, T, = 7; +
sty T L with oy € [¢, ] and T; € Q¢(c) & Qexp(ct) for any T € Ac,,. Thus,
0

TO =7, +T°, i=0,1,2 : TV =T . T!'= T i=1,2,3.
; n+T7, 1=0,1,2,3 0 0 i 2(t+1)+ P ,2,3

This implies that
To = To = O((1 + )~ 2+9)

and

T0 — T — 1 —(2+0) T — __ % Nj’.l — 1 =2y

Further, we see
[T, T;] = O((1 + £)~+9)

and for any j,k € {1,2, 3}, since the 7, mutually commute and [7;, 03] = 0, we have

)+Tk]

gj (o
2(t+1

2(t+ 1)

_ [Gjﬂa } —
- Wl’f)z+0((1+t) (2+0),

(T;,Tx] = [rj+ + Ty, 7 +

The first term lies in Z(¢)*. Thus, for any T € flcyg and any i = I,J, K, p;(T) satisfies the
assumption of lemma and so defines an element of Lie(Gic,cinc (o) (D))"

Proof of the proposition. The gauge group clearly preserves the hyperkihler structure, since the
induced action on T A¢, is given by

u.(Xi)i—g = (Ad(u)(X:))i,
which preserves the bi-invariant inner product and commutes with the complex structures.
Observe that for £ € Lie(Gjo,cjnco) (b)) we have
(€. T3] = [(t = b)é(00) + &, T + Tf] = [(t = 0)é(00) + & T) + €, T7).

As t — oo the first term converges to zero due to the exponential decay of T, while the second
one converges to

[£(00), 7i] =0,

since £(c0) € [¢, ¢] C ¢. Altogether, we see
X3 (00) = lim (=€ + [, To], ([€, T]){=1) = (—£(00),0,0,0).

We now calculate the moment map u; associated with the complex structure I. It is char-
acterised by the relation dus(£)(X) = wr(X¢, X) where X is any tangent vector to Ac,. Let
E(t) = (t—Db)E(o0) +£(t) € Lie(g[cjcmc(g)(b)) and let X = X5+ X be a tangent vector. As usual
we will write d; = X;(00). We calculate using IX%(oo) = (0,£(c0),0,0)
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wi(X5,X) = (IX5.X)p,
<([ ] [5 To] + &, —[¢, T3], [€, o)), (Xo, X1, X2, X3)) 5s

= (<[£( ), Tu ()], Xo(#)) + (£(¢) = [€(8), To()], X1(8)) = (£(00), 81) — ([E(1), Ta(1)], Xa(1))

0

3
H([E@), To ()] Xa(1)))dt + by ((IXF)(00), Xi(o0))

=0

= /Ooo(<[£(t),T1(t)]»Xo(t)> — (&), To(®)], X1.(8)) — ([€@), Ts ()], Xa(t)) + ([€(1), T2(1)], X3 ()
+%(<€(t),X1(t)> = (t€(00),61)) — (£(t), X1(8)))dt + b((o0), 61)

= /OOO<£() —X1 = [To(t), Xa(8)] — [Xo(8), Ty (1)] + [Ta(t), Xa(8)] + [Xa(t), T(t)])dt
+((E(t), Xa(t)) — (t(00), 61))I5° + b(E(0), b1)

We show that
((€(1), X1(t)) — (t&(00), 61))[5° = —b(£(00), b1).
Since the term on the lefthand side vanishes at ¢ = 0, we only have to deal with its limit as ¢t — oco.

Using £(t) = —b€(00) + t&(00) + € we may rewrite this as follows:
lim ((£(1), X1 (1)) — (t€(c0),01)) = Jim ({t6(00), X1 — d1)) + (§(00), 81) — b(§(00), d1).

t—00
Since
X1 =61 =0((1+1)”9),

the first term satisfies

(t(00), X1 = 81) = O((1+1)79),
and thus converges to zero. The second term

(€(c0), 1)

vanishes by lemma as £(c0) € [¢, ¢]. Thus,

b(£(00), 81) + ((£(1), X1(£)) — (t€(00), 61))[5° = —b(€(00), 61) + b((00), 61) =

Hence,
wr(X5, X) = /f(&(t), — X1 = [To(t), X1(8)] = [Xo (), Ta (1)] + [T2(t), X3()] + [Xa(t), T5(t)])dt,

and a calculation analogous to the one in the proof of lemma [4.6] shows that this integral is
well-defined.
In other words

dpr(T)(X) = %|0=0M1(T+9X) = —X1—[To(t), X1 ()]~ [Xo(t), To(8)]+[T2(¢), X3(t)]+[Xa(t), T5(1)],
from which the proposition follows. U

Remark 4.9. Note that in the above proof the assumption that &(co) € [c, ¢ is only needed to
ensure that the terms (£(c0),d1) vanish. For the terms of the form [€(c0), 7] to vanish we only
need to assume &£(co) € c.

Note also that for the calculation X5 (c0) = lim; o0 (—€ + [€, To], ([, T3])2_,) = (—£(0), 0,0, 0)
we only need to assume that £(c0) € c.



HYPERKAHLER IMPLOSION AND NAHM’S EQUATIONS 21

The object we would like to study is the hyperkihler quotient of (A¢., || - |5.) by the action
of the gauge group QN[C,C]QC(U) (b), which we denote by Qc,a(b).

Formally, the tangent space of Qc,g(b) at a smooth point T' can be identified with the orthogonal
complement to the tangent space of the Q[Cycmc(g)(b)—orbit through T inside the tangent space
of all solutions to the Nahm equations in flCJ. That is, T Qc,a (b) can be described by elements
XeT Tflc,g solving the following system of equations

X1+ [To, Xa] + [Xo, Th] — [To, X3] — [Xo, T3] =

Xo + [To, Xo] + [Xo, To] — (T3, X1] — [X3, T1]
X3+ [To, X3] + [Xo, T3] — [T, Xo] — [X1,T2] =

3
Xo+ > [T, Xi] = o.
=0

The first three equations are just the linearised Nahm equations, while the equation at the bottom
says that X is perpendicular to the Gic cjnc(0)(b)-orbit through T'. This can be seen as follows.

Let £ € Lie(Gjc,cjnc (o) (D). Then we have seen in equation |§| that

X5 = (=€ + (& Tol, (1€, T,
and
X5 (00) = (—€(c0),0,0,0).

Now let X = X5+ X € TTAC’J and compute using integration by parts:

0o 3
(X5, X)Bp = b(—é(OO)75o>+/O <<—S(t),Xo(t)>—<—5(00),5o>+Z<[§(t)»Ti(t)]7Xi(t)>> dt
=0

3

= —b(£(00), do) + (—(&(), Xo(1) + (¢€(00), d0))I5° + / () + SOIT), Xi0)], )

=0

Writing £(t) = t&(00) — bé(00) 4 € as usual, and using £(0) = 0, a calculation almost identical to
the one in the proof of Proposition [£.7] shows

—b(£(00),80) + (= (&, Xo) + (t£(c0), 50)) |5 = 0.

Thus,
3

(X5, X) gy = / o+ SOITL X e,

=0

as desired.

4.2.2. The Torus Action on the Moduli Space Qc 5 (b). On Q¢ »(b) we have an action of the gauge
group Qcmc(g)(b), which preserves the hyperkahler structure.

Of course, Qcmc(g)(b) preserves the hyperkahler structure on flc,(, and since Q[Cyc]mc(g)(b) is
a normal subgroup of Go(b) (it is the kernel of the map gcmc(o)(b) = CnNC(o)/(Clo)n]C,C))
induced by evaluation of @ at infinity, see the notation used in definition of Qg(b), Deﬁniti9n ,

the action of QC(U)(b) induces an action of CNC(0)/([C,C]NC(0)) on the moduli space Q¢ (b).
From the proof of [.7] we can read off the moment map of the C'N C(c)/([C,C] N C(0))-action.
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Corollary 4.10. The moment map for the C N C(c)/([C,ClNC(0))-action on Q¢ ,(b) is evalu-
ation at infinity:

pi(T) = Ti(c0),
pi(T) = Ty(c0),
pr(T) = Ts(c0).

Proof. We give the proof just for y;. Most of the work has already been done in the proof of
Proposition Let T € Qc»(b) and let X = X5+ X € TrQc »(b). Recall that we found

wi(X5,X) = (IX%,X)
= /0 (€(t), = X1 — [To(t), X1 ()] — [Xo (), Ta(t)] + [Ta(t), X5(t)] + [Xa(t), T5(t)])dt

+H((E(t), X1 (1)) — (t€(00), 1)) + b(€(0), 61)

Since X solves the linearised Nahm equations, the integral in the second line of the above calcu-
lation vanishes. We have also seen in the proof of [£.7] that

((£(2), X1(2)) — (t€(00), 81 + b{€(00), 81) = (£(c0), 01).

As we now allow £(o00) € ¢(7, o) rather than [c,¢] N ¢(T, ), we end up with

dpr(X)(€) = wi(X§, X) = (§(c0), X1(00)),
as desired. O

As remarked earlier, the centraliser subgroup C'is connected since we assume that K is simply-
connected. Hence C' is isomorphic to a commuting local direct product Zy(C)[C, C] where Zy(C)
is the identity component of Z(C') This is only a local direct product, as in general Zy(C) and
[C, C] will have a non-trivial finite intersection. Now T is a maximal torus in K, hence it is also
maximal in C, and so it contains Zy(C). Let t = exp(r) € T. We can write any 7 = 79 + 7!
with 70 € Z(¢) and 7% € tN[c, ¢] so that ¢ is the product t = tot; with tg = exp(7°) € Zo(C) and
t1 = exp(r!) € [C,C]. In particular ty lies in C N C(0). So we can make T act via taking the
Zy-component and projecting this to CNC(o)/([C,C]NC(c)). Due to the potentially non-trivial
intersection of Zy(C) and Cj, the element ¢y is not unambiguously defined in general. Observe
however that the ambiguity lies in [C, C] and so that all choices of ¢y project to the same element
in the quotient. In the case o = 0 this is equivalent to the usual map T'— C — C/[C, C].

We thus obtain an (in general non-effective) action of the maximal torus 7' = exp t on Q¢ . (b),
the moment map of which is again evaluation at co. Note that the metric on the hyperkéhler
quotient Q¢ o (b) /T induced by || - ||p,p is just the L?-metric, as the level set of the hyperkéhler
moment map associated with the T-action consists of solutions to the Nahm equations with 7
fixed. We shall then prove in §5:

Theorem 4.11. Suppose T is Biquard-regular, i.e. C = C(12,73). Then the hyperkihler quotient
Qc,o (b)), T gives a stratum of the Kostant variety defined by 7, i.e. a coadjoint orbit with semi-
simple part given by T and nilpotent part defined by o.

Remark 4.12. In Remark [8.1| we will consider a modified version of Q¢ , where the SU(2) triple
o is not fixed but instead varies in a T-orbit of SU(2)-triples. Theorem will still hold for this
modification with 7" acting in the natural way.

4.2.3. The Action of K on Qc,,(b). We have an action of K on each stratum Qg (b) given by
gauge transformations which are no longer constrained to be the identity at ¢ = 0 but otherwise
satisfy the same asymptotic conditions as elements of QN[QC]QC(J) (b). This action clearly preserves
the hyperkahler structure and we can calculate the associated hyperkahler moment map.

Lemma 4.13. The hyperkdhler moment map p for the K-action on QQU (b) is given by
w(To, T1, T, Ts) = (=T1(0), =T>(0), —13(0)).
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Proof. Again, we give the proof just for uy. The argument is analogous to the one in the proof of
Proposition Let T € Qc,»(b) and let X = X5+ X € TrQc,»(b). Recall that we found in the
proof of Proposition [4.7]

wi(X5,X) = (IX5,X)p
/0 (€(t), X1 — [To(t), X1(t)] — [Xo(t), T (t)] + [Ta(t), Xs(t)] + [Xa(t), Ts(t)])dt

F((E(), X1(1)) — (t(00), 61))I5° + b(E(0), b1)

Since X solves the linearised Nahm equations, we end up with
dpr(X)(6) = wr(X5, X) = ({£(t), X1(t)) — (t€(00), 5:))|F° + b(€(00), 61).
Now since £(c0) € [c,¢], but we no longer assume £(0) = 0, the calculation in the proof of
Proposition [£.7] shows that
wr(X5, X) = =(£(0), X1(0)).
This implies the desired result. O

4.3. Equivalence of Qcﬁ(b) and Q¢ (b). We recall that Q¢ o (b) is the quotient by Gjo c1nc (o)
of the set of solutions to Nahm’s equations in A¢ with fixed su(2)-triple o, with Bielawski metric
Il - llB,6- We shall now produce an equivalence between this space and the hyperkéhler quotient

QC,U(b)-

The starting point is the observation, that given T' € flcm we can always find a gauge trans-
formation u € Gj¢ cjnc(e) (D) such that u.T is asymptotic to some model solution 7% ;, i.e one with
T0 = 0.

Lemma 4.14. Let T = T, 5 + T € ACJ. Then there exists a gauge transformation u €

Gic,c1nc(0)(b) such that u.T is asymptotic to Tr o = To 7.5

Proof. Let T = (Ty,T1,T>,13) = Try 0 + T e flag. Then we know that we can write Ty =
70 + Tp with 70 € Z(c) and T; € Q¢(c) & Qexp(ct) for i = 0,1,2,3. To find the required gauge
transformation u € Gjc c)nc(e)(b) that gauges 7o to zero, we make an ansatz in the form
u(t) = exp({(t)),
for a suitable £ € Lie(QN[C’C]mC(U)(b))7 which we take to be £(t) = (t — b+ be™ )1y for some
¢ > 0. We check that this defines an element in Lie(g[c’c]mc(g)(b)). First of all, £(0) = 0 and
£(o0) = 19 € Z(c). Now
£(00) = bé(c0) 4 lim (£(t) — t&(o0)) = by + lim ((—=b + be™)7y) = 0.
t—o00 t—o0
Moreover,
=0 £— {(oo) = —bce 7y = O(e™ ).

Thus, £ € Lie(g[c’c]mc(g)(b)), in fact it lies in Lie(G; (b)), as f(oo) =0.
Now, noting that u is Z(C)-valued and so commutes with the 7; and o;, we calculate

2(t+1) i
T:o + (cbe™ 7o + Ad(u)Ty, (Ad(u)Tp)2,),
as desired. O

3
vl = (7'0 + Ad(u(t))(fo) — (1 = cbe™ )0, (Ti + R + Ad(u(t))(ﬂ)) )

Corollary 4.15. The moduli space Qc,o(b) = (Noyo, || - [1B.6)/9ic,c)nc(e) defined at the end of §3
may be identified with the hyperkihler quotient Q¢ »(b) = (Ac.o, || - ||B,b)//g[c,c]nc(g)(b).
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Proof. Let T € flqa be a solution to the Nahm equations. The above Lemma shows that we
can use a gauge transformation u € Q[C’C]mc(g)(b) to gauge away 79. The resulting solution
T" = u.T lies in N¢, as defined at the end of §3 and the remaining gauge freedom by which
we have to quotient is just Geo(o)njo,c) as defined in §3 (Recall that that for any b we have

Go={ue G (b) | s(u) = limy_, 00 ™t = 0}). O

Let Q¢ -0, respectively Ne r o, denote the subsets given by elements in Q¢ ,, respectively
Nc.», asymptotic to a fixed triple 7 with C(7) = C. Then the same argument as in the proof of
the above Corollary together with the moment map calculation for the T-action on QCJ (b) gives
the following result:

Corollary 4.16. The moduli space (Qc,r.0, || - |Bb)/T = Nz, |- |Bb)/Genc () may be iden-
tified with the hyperkihler quotient (Qc.,o, || - |Bp) )T = (Ac,o, || - [|1B.6) /| Genc (o) ().

Thus, the constructions of §3 and §4 result in the same moduli spaces. But the compatible
hypercomplex structure is only visible in the setting used in §4.

5. THE RELATION OF (Qc 1.0, - |3.6)/T AND Qe o (b) /T WiTH COADJOINT ORBITS

We now want to relate the hyperkahler torus quotients of the moduli space Qc,g(b) of solutions
to the Nahm equations, asymptotic to some model solution T, -, with C(7) = C' and equipped
with metric || - || 5p, to Kostant varieties.

Our aim is to show that these torus reductions give coadjoint orbits. For this, we have to
prove that our setup is essentially equivalent to the one used by Biquard to construct hyperkéhler
metrics on coadjoint orbits.

5.1. Nahm’s Equations and Complex Adjoint Orbits. We start by briefly reviewing the
results in [15],[4],[12], where the existence of hyperkédhler structures on coadjoint orbits of semi-
simple complex Lie groups was established. We mainly follow Biquard’s treatment. Given fixed

3
triples 7 and o with associated model solution T’ , = (O7 <7’i + %) ) as before, we consider

i=1
(8) ABiauard (T T TP € Q(e). TH, TF € €9, (cH))
Here we introduced the space
(9) Cale) ={f:[0,00) = ¢ [ [[flla =sup[(L +1)*f] < o0},

where « can be an arbitrary real number, in our case & = 24 (. As we have now fixed the limiting
triple 7, tangent vectors to AZ"ed have no §;-terms or e;-terms. Thus, the complex structures
as well as the usual L2-metric are well-defined on ATB’Z’I““M. Recall that in this setting the L2

metric agrees with the Bielawski metric restricted to the tangent space T’ Afngd. This space is

Biquard
CcnC(o)

Lie(Gominh) = £ :[0,00) = £ | €(00) € ene(0), £ € Qc(c), €7, &7, £ € Oy a(ch)},
It is useful to decompose ¢ as follows:
t=cnelo) ®cn(e(o)t) @et.

We will write ¢ € € as &€ = & + ¢P + ¢H. The natural norm on Lie(ggr?qg?:)d) is given by

1€llg; Biguara = 165 lac (e e(o)) + ||€P||cg(cm(a)¢) + 1€ Nl2tc + 1€ N24¢ + NET l2+4¢

acted upon by the gauge group G whose Lie algebra is given by

where we used the notation [[€]|cz = [I€llc + 1€l + [€]l24c-
Biquard then showed that the moduli space of solutions to the Nahm equations

Bi d quar Bi rd
M =T € ABgard | w(T) = 0}/G o4t

is a smooth hyperkéhler manifold diffeomorphic (as a complex symplectic manifold for the complex
structure I) to the coadjoint orbit through 75 + i3 + 09 + io3, provided the triple 7 satisfies the
condition of Biquard regularity, i.e. C(72,73) = C.
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5.2. The Relation between O, (b)//T and MBiquard We have observed before, that the
hyperkéhler reduction QC,U(b) JIT at level 7 € t®R3 is the same as the quotient of the space of
solutions to the Nahm equations in ACJ (b) asymptotic to the fixed triple 7 (and arbitrary 7o)
by the group QCOC(U)(b). By the results of §4.4. this is the same as the quotient by Gonc (o) of
the space (Nc 70, || - ||2) consisting of solutions with 79 = 0 converging to 7. We have discussed
before that for any such solution to the Nahm equations the exponential decay rate 7 of the T} ’s
depends only on the triple 7. Hence, the moduli space NC,T,U/QCQC(U) is the same as the space
Nerom/ Gonc(o)sms where we replace Qeyxp by Qexp;y, for suitable 7 in the respective definitions.

On the other hand, we see from [4], Propositions 2.2. and 3.1. that in Biquard’s gauge theoretic
setup, one can equally well replace the condition T}, T} e C,5(ct) by TH € Qexpin(ct) for
sufficiently small.

To make this more precise, we need some compactness lemmas, which we state and prove in

below.

These lemmas then imply that it is enough to prove that for a model solution T , the operator
VioVro: Lie(Gene (o)) — Cngg(c) D Cg,]t(cL)

is an isomorphism. Here C?,,(c*) denotes the space of continous functions on the half-line such

that the norm || f||¢ne = sup(e™|f(¢)|) is finite. This can be done following the proof of Proposition

3.2. of [] with minor modifications on the ¢*-part (the proof on the c¢-part still works, as our

setup is the same as Biquard’s on the c-components). For the ¢*-part, in Biquard’s notation this

means A, i, v not all equal to zero, our compactness results imply (just like in Biquard’s proof)

that the situation reduces to that of Kronheimer treated in the proof of [15], Propositions 3.8, 3.9.
Altogether we obtain:

Proposition 5.1. The moduli space (Mﬁi‘{gard, Il - llz2) may be identified with the hyperkdhler
quotient Qc.o (b)) T at level T.

5.2.1. Analytic details. As before, let a,n > 0 and denote by C9, respectively Cgm, the spaces

of continuous functions on the half-line such that the norm || f||o, = sup((1 + ¢)*|f(t)|), respec-
tively || f|lent = sup(e"|f(¢)]), is finite. It then follows from the asymptotic conditions defining
Lie(Gene (o)) that for any solution T € Ng r oy the operator V5V maps Lie(Gone(o)m) tO
C9y (€)@ C2(ch).

Again we decompose £ as above,

t=cnc(o) @ cn(e(o)t) @ ct,
and write £ € € as § = &P + &P + €. We then define on Lie(Gone (o)) the following norm:
1€llg = 1€° 0 (e ne(oy) + HleHCg(cﬁc(a)J-) + ||§H||c§m(cl)7

where the norms || - Hcg(cmc(gl) and || - ||sz(cL) are defined by

1fllez 1flle + 1 e + 1 F 24
Ifllcz, = M fllene + 1 Fllene + [ fllene-

Note that our setup agrees with the one used by Biquard on the D-parts, but on the H-part we
replace the weight function (1 +¢)2*¢ by et
Writing . (cNe(o)) = {£:[0,00) = cNe(0)]|[{]lo, < oo}, we get

Lie(Gone (o)) = {€ € Qe(cne(o)) & CZ(cN (o)) ® C2,. ()] £(0) = 0}.

Our aim is to show that V3V is a compact perturbation of the operator V7 V., associated
with the model solution 17 ,.
Note that for a solution 7' = T , + 1" we can write

V;—*VTS - v;k—7a'v7—7(7§ = 2[T07 g] +A- g’
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where A is the linear operator given by

A€ =[T0,8 + Y ad(Tr 00) (ad(T)(€)) + ad(T3) (ad(Tr 0:4) (€)) + (ad(T7))*(€).-
=1

The following series of corollaries will imply that & — 2[Tp,&] + A - € defines a compact operator
Lie(ngC(U);n) — Cg+<(5) @ ant (Cl)
d

With respect to this direct sum decomposition, we may view A + 2ad(7p) o §; as a (2 x 3) block
matrix and we check that each of its six block components defines a compact operator between
the respective function spaces.

The analytic lemmas we need in order to prove this are all based on the following adaptation
of Ascoli’s theorem to the space CJ(€) of bounded continuous £-valued functions on the half-line
equipped with the sup-norm.

Lemma 5.2. Let ® C CJ(€) be a uniformly bounded family of continuous functions such that
there exists a positive constant C' and a positive, monotonically decreasing continuous function A
with limy_, o0 A(t) = 0 such that for any f € ® and t > t' the following estimate holds:

[f(t) = ()] < CAE) — A®)).
Then ® C C§(8) is relatively compact.

Proof. The proof is based on the proof of Ascoli’s theorem in ([I6], Theorem 3.1.). The set ®
forms a uniformly bounded family of continuous functions. We want to show that ® is relatively
compact in the space CJ([0,00)) of bounded continuous functions endowed with the sup-norm.
The inequality
(1) — F(#)] < COE) - A1)

shows that ® is equicontinuous. Moreover, since A(t) converges to zero monotonically as ¢ — oo
it follows that given € > 0, we can cover [0, 00) by finitely many open intervals V(¢;),i=1,...,m
such that for all ¢ € V'(¢;) we have | f(t) — f(¢;)| < e. Now consider the set ®(t;) = {f(t;) | f € P},
which is relatively compact in €. Therefore the (finite) union

y = e

is also relatively compact in € and we can cover it by finitely many open balls B.(¢;), j =1,...,n
of radius € centered at £;. Moreover, there is some map o : {1,...,m} — {1,...,n} such that for
each i we have f(t;) € Bc({,(;)).- Therefore if we associate to such a map o the space ®, of all
elements f € ® such that |f(t;) — &,y < € for each i, then ® is covered by the open sets ®.
Finally, we see that if f,g € ®, and ¢ € [0,00), then t € V(t;) for some ¢ and

Lf(t) =g < 1f@) = f)I+ 1 (E) = Loy + 1oy — 9(ta)] + [g(t:) — g(t)] < 4de.
Thus, we can cover ® by a finite number of open sets of prescribed diameter, i.e. ® is relatively
compact. O

The next corollary shows that the map
3
E= A& =2T0, 8]+ ) ad(Tr ) (ad(T5)(€)) + ad(T) (ad(Tr0:4) (€)) + (ad(T5))(€)
i=1
defines a compact operator.

Corollary 5.3. (1) Let ¢ > 0 and let f,, € Qo with « > 1. Then multiplication by f. defines
a compact operator fq : C<2 — CS+<.
(2) Let n >0, > 0 and let fo € C([0,00),R) such that [|e™ follco + \|e"tfa|\cg < o0, with
a > 1— . Then multiplication by f, defines a compact operator fq : Cg - CY%,.
(8) Let n > 0 and let fo € Qo with « > 1. Then multiplication by f, defines a compact

operator fy : Cfm, — Cgm,-
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(4) Letn > 0,¢ > 0 and let f, € Q, with @ > 1. Then multiplication by f, defines a compact
operator fq : Ceznt — CS+<.

(5) Letn >0 and let fo € C([0,00),R) such that [|e" fu||co + Hentfchg < oo, with a > 1.
Then multiplication by fo defines a compact operator fo : Qp = {§ € C?([0,00),8)|£(0) =
O,é € QC} — ant-

(6) Let n > 0 and let f, € C*([0,00),R) such that ||fallo, < oo, with « > 1+ (. Then
multiplication by fo defines a compact operator fo : QU = {£ € C2([0,00),8)[€(0) = 0,€ €
Qc}— Coc

Proof. (1) We have to show that the f, sends the unit ball in Cg to a relatively compact set

in C9, .. We thus have to check that ® = {(1 + t)2Cf Ll € CZE(e), H§HC§ <1} c )
satisfies the assumptions of Lemma Now

t
‘/t/

t

%(1 + s)2+<fa(5)§(s) ds

(2+ Q)1+ )T fa(s)E(s) ds

(14> fa(DE() — (1+1)F fa(#)E()]

IN

IN

|
t/

+ [ 10+ 9 a0 + ful)E(e) s

IN

y 2+ (1 + ) fa(s)l€llczlds

[ 10+ 92 o) lEles] + 10+ 5) (o))l ds

IN

L 18400+ 9101+ 10 +92Fals)lds

1

t
B+ el | Grgyets

1 1
— C(Cafa) <(1 +t/)a—1 B (1 +t)a_l> ’

IN

where C = zi_iﬂfaﬂga is a constant depending only on f,,{. Thus, if @ > 1, the
compactness is implied by Lemma |5.2

(2) This assertion is proved analogously by estimating |e” f,(£)€(t) — e fo(t')E(t')| with
¢ € C?, and applying Lemma We omit the details.

(3) This assertion is proved analogously by estimating |7 f,(£)€(t) — e fo(t)E(t')| with
¢ € C?,, and applying Lemma We omit the details.

(4) This assertion is proved analogously by estimating |(1+t)21¢ f,, (£)€(t)— (1+t")2+S fo. () E(H)]
with ¢ € C?,, and applying Lemma We omit the details.

(5) We again have to check that ® = {e" f,£|¢ € Q, Hf”gc < 1} C Cf satisfies the assump-
tions of Lemma We start by observing that since £(0) = 0 and & € Q’<7 we may
write

ngﬂé@m

from which we deduce that

t N lélle 1 €]l
€01 < [ 16 < 1éla. | et =0 (1= o) < e
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€]l

We now calculate using |£(¢)| < T = % and |§(t)| < ||§HQC =1:
nt ot ’ / ! i ns
a5~ fu ()] < [ | T a(e)e)| ds

’
t
’

< [ )+ 1 ()€ e Lo () s
t DY 1em fa(s 1e S fols)|ds
< [ (14 D)l sol+ e
< I ey + e faley) || e
1 1
= C(Cvnafoc) <(1+t/)a_1 - (1+t)a_1) :

Thus, if a > 1, we may again apply Lemma [5.2
(6) This assertion is proved similarly to assertion (5) by estimating |(1+#)2+¢ £, (£)&(t) — (1 +
2T fo (E)E(H)| for € € Q and applying Lemma -

The following two results show that ¢ — ad(Zp)(€) is the composition of a bounded and a
compact operator, hence compact.

Corollary 5.4. (1) Let f € Q.. Then point-wise multiplication by f, defines a compact

operator fo : Q¢ — Cg+€ provided o > 0.

(2) Let f € Q.. Then point-wise multiplication by f, defines a compact operator
fo i Qoxpin — C’gm provided o > 0.

(8) Let f € Q.. Then point-wise multiplication by f, defines a compact operator
foa : Qexpin — Cg+< provided o > 0.

(4) Let f € Qexpia- Then point-wise multiplication by fo defines a compact operator
fo : Q¢ = C2, provided o > 1.

Proof. (1) Let & be an element of the unit ball in Q.. We use the differentiability of the
elements in ¢ and f, to calculate

0+ 0060 - 0+ P L@ < [ £+ fuls)eto)] s
_ ,: |2+ O+ ) fa()E(s)] ds
w0 a0 + 1o s
< el [ 6+ OlFalo)l + 101+ 9)a(o)ds
< G+, [ Gt

= C(C, far) <(1 +1t/)a e +1t)a> '

The claim follows again from Lemma [5.2
The other assertions are proved similarly, see the remarks for assertions (2), (3), (4) and (6) in
the proof of Corollary [5.3] O

Lemma 5.5. Differentiation & — £ defines a bounded operator Lie(Gene (o)) — Qe (©) B Qexpin (ch).
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Proof. Let  be an element of the unit ball in LieGc ¢}, We have
||§D||QC @ ||§H||Qexp;n

168 o e neoy) + €2 o e me(or ) @ 1E7 | 2unpn

HéHQC(C)@QeXpm([L)

IN

IN

168 o (e (o)) + ||§P||cg(cm(a)L) ® H§H||c§m

= ”gHLie(gcmcw))'

6. THE NAHM IMPLOSION OF T* K¢

Now given a general hyperkahler manifold M with a tri-hamiltonian K-action we can define its
Nahm hyperkahler implosion to be the hyperkahler quotient

Mhiximpt = (M x Q) /K.

Here we recall (see also the discussion in §3) that Q is the stratified hyperkéhler space Q = [[~ Q¢
where the strata themselves are given by Q¢ =[], Qc -

The universal symplectic implosion for K may be viewed as the implosion (T%K)imp1 of the
cotangent bundle T*K. In this section we shall relate Q to the Nahm hyperkahler implosion of
T* K¢, where the latter space has the hyperkéhler structure found by Kronheimer [14], which we
recall in the next section.

6.1. T*K¢ and Nahm’s Equations. In [I4] Kronheimer has realised T* K¢ as a moduli space
of smooth solutions to the Nahm equations on [0, 1]. The precise setting is as follows. Let

A=C([0,1],6)* = C([0,1],¢) ® H.

This becomes a flat infinite-dimensional hyperkéhler manifold with hypercomplex structure given
by right multiplication by —i, 7, k and metric given by the L2-metric. Define the gauge group

(10) Goo = {u € C*([0,1], K) | u(0) = 1 = u(1)},
the Lie algebra of which is given by
(11) Lie(Goo) = {€ € C*([0,1],8) | £(0) = 0 =¢(1)},

i.e. C?-paths in £ vanishing at the end points of the interval. Kronheimer then shows that, as
a holomorphic symplectic manifold, the moduli space Mgy of solutions to the Nahm equations
modulo gauge transformations may be identified with 7% K¢. The identification (for the complex
structure I) goes via putting a = Ty — ¢T3, 8 = To + iT5. Then Nahm’s equations are equivalent
to

(12) B+[a,8] = 0 (the complex equation)
(13) a+a" +a,a"]+[8,8] = 0 (the real equation).

It then turns out that Moy =2 M, where M, is the space of solutions (a, 3) to the complex
equation modulo complex gauge transformations. The result that is needed here is that in the
complex gauge orbit of a solution («, ) to the complex equation there exists a solution to the real
equation and any two solutions to the real equation that lie in the same complex gauge orbit are
equivalent under a gauge transformation valued in the compact group. Then define a map

¢ MGy — Ke xtc 2T*Ke  (a,8) = (g(1), 5(0)),

where g is the unique complex gauge transformation such that g(0) = 1 and Ad(g)(a) —gg~* =0
(that is, g gauges « to zero).

The following lemma is proved in [7] (where a different sign convention is used). The argument
is similar to our previous calculation of the moment map for the T-action on Qc.

Lemma 6.1. Let Gy be the group of gauge transformations equal to the identity at t = 0 and lying
in K att=1. Then K = Gy/Goo acts on Moo preserving the hyperkdahler structure with moment
map given by

w(To, Ty, 1o, Ts) = (T1(1), To(1), T5(1)).
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6.2. The Implosion of T* K¢.

Lemma 6.2. Let (To,T1,T5,T3) be a solution to Nahm’s equations on an interval [0,a) (a = 0o
is allowed). Then there exists a gauge transformation u : [0,a) — K such that

(1) u(0) =1 = u(a),
(2) There exists an e > 0 such that on [0, €] we have u.(Ty, Th,T5,T3) = (0, Ad(u)(T1), Ad(u)(T2), Ad(u)(T3))
and u(t) =1 fort > a/2, (respectively t > 2 if a = ).
Proof. Let h be a cut-off function such that
e h=1on[0,1]
e h=0on [2,00)
and define hq(t) = h(4t/a) (if @ = oo just take hy = h). Then applying the gauge transformation
uy = exp(thy (t)Tp(0)) we find that
(ur.T0)(0) = (Ad(ua(t))To(t) — a1 (t)ug* (t))]i=o0
(Ad(u1(t))To(t) = hi(t)To(0) — tha(t)T5(0))li=0
— Ty(0) — To(0) = 0.
Writing Ty = u1.Tp, we see that Tp(0) = 0. Let ug be the unique solution with ug(0) = 1 to
Ad(UQ)TO - 112’&2_1 =0.

(which is equivalent to the linear equation s = uQTO). Now pick 0 < ¢ < min(%, 1) sufficiently
small such that

~ 1
|To(t)] < Einjrad(K) vt € [0, €],

where injrad(K) denotes the injectivity radius of the Riemannian manifold K, whose metric is
given by the fixed invariant inner product on &.

Then we have that the length of the curve ug in K restricted to the interval [0, €] can be bounded
as follows:

l(ug) = / luy * (8)iig(s)|ds = / |To(s)|ds < %injrad(K)e < %injrad(K).
0 0

Thus, for ¢t € [0,¢] we may write uz(t) = exp(£2(t)), where &, is a function taking values in £
such that £(0) = 0. Now put hs(t) = h(t/e) and define u(t) = exp(ha(t)&2(¢))ui(t). Then by
construction u(0) = 1 and u(t) = 1 for t > § and for 0 <t < € we see
’LL.TO = UQ.TO =0.
U

Now use the map t — ¢ + 1 to identify Q as a moduli space of solutions to Nahm’s equations
on [1,00) and consider the hyperkahler manifold T* K¢ x Q.

Proposition 6.3. Let b > 0 and consider the diagonal K-action on T* K¢ x Q given by gauge
transformations lying in K att =1. Then

(T"Ke, [ - lle2) x (T B )T E = (1] - 1B,6+1)-

Proof. We work stratum by stratum. We have already calculated the moment maps for the
individual factors and the moment map for the diagonal K-action on the product is simply the
sum of the moment maps on the factors. Hence for elements 7' € T* K¢ and T' € Q¢ , we find

u(T,T) = (Ty (1) — Ty (1), To(1) — To(1), T5(1) — T5(1)).

Thus, 12~ (0) consists of pairs of solutions T', T to Nahm’s equations on [0, 1] and [1, c0) respectively
such that for i = 1,2,3 we have T;(1) = T;(1). It follows from the previous lemma that using
the gauge groups we can represent T, T by solutions such that in a neighbourhood of ¢ = 1 the
Ty-terms vanish and we can therefore represent points in the zero locus of the hyperkahler moment
map by smooth solutions to the Nahm equations on the whole half-line [0, 00).
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Now first quotienting out by the gauge actions on the individual factors and then quotienting
out by the diagonal K-action amounts to the same thing as quotienting out by Q[C,C]QC(J)(())-

Let (T,T) be a solution such that near t = 1 we have Ty = 0 = Ty. Then by uniqueness of
solutions to linear ODEs, tangent vectors to (T*Kc x Q) /K at (T,T) can be represented by
paris of tangent vectors (X, X ) on the individual factors that agree at ¢ = 1. The product metric

applied to such a pair gives

1 3 3 s 3
1 XN1? = 1X 72 + 1 X5, = /O DX +bY | Xi(oo) Jr/1 D (X = [ Xi(o0) ).
i=0 i=0 i=0

If we define

2 {X on [0, 1]

X on[1,00),
then we find }
1, X2 = 1X 115 41
]
Remark 6.4. (1) See also the discussion at the beginning of §5 in [2], where Bielawski has

obtained a similar result in a slightly different setting.

(2) Note that there is nothing special about the interval [0, 1] in Kronheimer’s description of
T*Kc - any compact interval will do. Thus, the parameter b is shifted by the length of
the interval used to define the hyperkahler metric on 7% K¢.

(3) For any b,b' > 0 with &' = rb for r > 0, the moduli spaces Q¢ and Q¢ are isometric
by the map T'(t) — rT'(rt).

7. COMPLEX STRUCTURES

In order to analyse the complex structures, as usual we split the Nahm equations into real and
complex parts:

Oé:To—iTl, BZTQ—FiTg
The moduli spaces will be equivalent (cf. [4]) to the relevant spaces of solutions to the complex
equation

g
E - [6aa]

modulo the group Q[C,C]QC(U)(b)C of complex gauge transformations g : [0,00) — K¢ satisifying

(14)

asymptotic conditions analogous to those of QN[CVCJQC(U)(b). For example, £ : [0,00) — g = ¥ lies
©)

if can be written in the form

E(t) = (t = b)é(o0) + &,
where £(0) = 0, £(c0) € Z(¢)¢ and &(c0) € [cc,cc] N e(o)c. The components £ and €7 with
respect to g = cc @ Cé‘ are required to satisfy the same decay condition as before.
We shall also need the group g?c,c]mc(a)(b)c of complex gauge transformations u that are not

constrained to be equal to the identity at t = 0.
We write (following the notation of [4])

in the Lie algebra Lie(Gjc,c)nc(o0) (D)

O[:7_07Tr7m+...

B T
= T .

R
where 7, = iT,7c = T2 + i3 and H = ioy,Y = %(02 + i03). We denote 7, + t_% by g and
TC + H_Ll by Bo. Writing X = %(702 + i03), we thus obtain an s[(2)-triple (H, X,Y) satisfying
[H,Y] = -2V, [H, X] = 2X, [X,Y] = H.
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As in [4], we aim to find a complex gauge transformation in QPC C]ﬂC(a)(b)(C (i.e. one that does
not necessarily satisfy g(0) = 1), that gauges ag to «, that is a = g.ag = gapgg~* — gg—!. This
amounts to solving

dg

— =gy —
dt gao g

First gauge 79 — 7 to zero as in §4 by the transformation
exp((t — b+ be ) (19 —im1))

which lies in Q[C7C}nc(g)(b)c. From this observation it follows in particular that the complexified

gauge group does not act on the whole space flqg,b, as it does not preserve the common centraliser
of the limiting triple 7 in general. However, the complexified gauge group acts on a slightly smaller

space flrce*g(b) which consists of Nahm data asymptotic to triples 7 which are Biquard-regular, i.e.

C = C(72,73). We now want to describe the complex structure of the subset Qgeg (b) € Qe (b),
the moduli space of solutions asymptotic to some Biquard-regular triple. The above observation
shows that after a gauge transformation in Q[C,C]ﬂc(o')(b)c we may assume that the limiting triple
is of the form (0, 72, 73).

By Proposition 4.1. in [4] we can find a gauge transformation g € ,C';gﬁc(g)(b)(C with
limy o0 §(t)g~1(¢) = 0 such that

(o, B) = g.(a0, Bo),

In particular, there is no nilpotent term (n in the terminology of [4]) in the S-coordinate, as we are
working with Biguard-regular triples. The gauge transformation g has a limit g(c0) € (CNC(0))c
since g~ € Q¢ (cc) ® Qexp(cd). Since C is the local direct product Z(C) x [C,C], we can write
g(00) = gog1 with go € Z(C) and g; € [C, O] so that g; g then satisfies the asymptotic conditions
for being a member of Q[OQC]HC(U)(Z))C.

Such a gauge transformation g € QNPQC]OC(O)(())C satisfying (o, 8) = g.(ag, Bo) is not unique:
We are allowed to multiply ¢ by a term of the form Ad(e~/ ®0)(p) for some p € K¢. In order for
g = gAd(e=J)(p) to satisfy the asymptotic conditions of the complex gauge group, we have to
impose constraints on p. Biquard showed that p has to lie in the subgroup whose Lie algebra is
given by ¢ccNe(Y) C ¢c, ie. p € CcNC(Y). Note that H acts on this space with non-positive
eigenvalues, as it does so on ¢(Y'). However,

Ad(exp(— / 00))(p) = Ad(exp(log(t + 1)H))(p)

has to have a limit in [C¢, C¢] and hence p also has to lie in [C¢, C¢] as H acts trivially on Z(C).
Altogether, the Lie algebra of the group L, in which the ambiguity p lives, is given by

[ =Lie(L) = [cc, cc] Ne(Y).

Thus, we have an isomorphism of complex manifolds (with respect to our chosen complex structure
I)

Qu9(b) = K¢ X(ce,cancy) (to)e +Y),

where (tc)e = {7c € tc|¢(7¢) = e¢c} C Z(c¢). This isomorphism is induced by assigning to our
Nahm data the pair (¢(0),7c +Y).

In particular, if we take Cc = Tt then Y must be zero and we get K¢ x t:® where t.® denotes
the locus in the complex Cartan algebra of elements with abelian stabiliser. In the case K = SU(n)
it was noted in [5] (Proposition 8.1.) that this space occurred naturally inside the implosion.

On the other hand, if we look at the case Cc = K¢ = [Kc, K¢], then 7 must be zero and we
get K¢ X¢(yy Y, which is the nilpotent orbit in ¢ defined by Y. There is no non-trivial residual
torus action in this case, and the ”moment map” is just zero.
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8. THE CASE K = SU(2)

We illustrate our construction in the case K = SU(2). We then have two strata Qr and Qf
labelled by the two possible centralisers C' = T and C' = K. The second one is given by Nahm
data asymptotic to 7 = 0 and consists of two refined strata which correspond to taking either
o =0 or o to be a standard triple, which we may assume to be such that

. -1 0 1 . 0 1
H—ZO’l—< 0 1), Y—2(02+203)—<0 0)

The triple 7 = (0,0,0) is automatically Biquard-regular and the discussion of §7 above shows
that as complex manifolds (with respect to the complex structure I) the two refined strata are
given by

Qr.o(b) = Q5% (b) = Ke xxk. {0} = {0}
and
QK00 (b) = Q;(e,gao(b) = K¢ Xeov) Y = K¢/N,
where N = C(Y) is the stabiliser of Y. With the choice of o (and hence of H, X,Y’) as above, we

have
1t
N:{(O 1)|te<c}.

In other words, QK,O— (b) is just the regular nilpotent orbit in sl(2,C). The torus action is trivial
on the bottom stratum as K = [K, K]. So the bottom stratum Qg gives the nilpotent variety
in the SU(2)-case. The identification goes via (g,Y) — gYg~!, or, on the level of solutions to
the complex equation , (a, B) — B(0), which is the complex moment map for the K¢-action
given by complex gauge transformations with arbitrary values at ¢ = 0. Note that [ is a trace-free
2 x 2-matrix of rank 1.

For the top stratum we can describe the open subset represented by solutions to the Nahm
equations that are asymptotic to a Biquard-regular triple (i.e. a triple such that (72, 73) are not
both zero):

Q! (b) = Ke x £ = SL(2,C) x (C\ {0}),
where t°7 = C\ {0} denotes the set of regular elements in tc.

The complex moment map for the T = U(1)-action is just projection onto the (C\ {0}-
component in the above description. Taking the quotient by T¢ at level 7¢ is just given by
(g9,7c) = grcg™!, which on the level of solutions to the complex equation asymptotic to 7¢ is
again the complex moment map for the Kc-action («, 3) — 5(0).

In contrast to the above discussion, the quiver construction for the universal implosion for
K = SU(2) gives just flat H2, which should be thought of as the space of quivers of the form

a
c=cC2

b
The maximal torus T' = U(1) C SU(2) acts in the standard way by (a, b) — (e?a,e~%b). Consider
the Tr-invariant map

X :H? — gl(2,C) (a,b) > ab.
This is the complex moment map for the GL(2,C)-action. The complex moment map for the
T-action is given by pr(a,b) = tr(X(a, b)).
In §8 of [5] the identification of H? = C* with the GIT quotient (SL(2,C) x b) / N is explained,

where
a b
o {(1 ") asec).

The subset corresponding to a # 0 then gives SL(2, C) x t."/ and the subset defined by a = 0,b # 0
corresponds to the regular nilpotent orbit. Note however, that there is in this case a non-trivial
torus action, leaving a fixed (which is the value of the complex moment map for the T-action)
and taking b to t2b. As we have fixed the su(2)-triple o, this action is not present on our stratum

QC,U’-
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Remark 8.1. As we have just noted, the candidate Q for the universal hyperkahler implosion
which we have constructed using the Nahm equations does not coincide with the quiver version
constructed in [B] when K = SU(n). We can modify the construction slightly in order to obtain
a candidate which, at least when K = SU(2), can be identified with the quiver version from [5].
For this recall that /Ic,o was defined to be the space of quadruples of C' functions

(T07T17T23T3) : [O’OO) - E®R4

such that there exists 79 € Z(¢) and a commuting triple 7 = (71, 72, 73) in t, such that C(7) = C,
satisfying

o TOD — T € QC(C)

oTP—n—ﬂ%ﬁe%@)i:Lz&

o TH € Qpp(ct) i=0,1,2,3.
where the SU(2) triple o is fixed. If instead we allow o to vary in a single T-orbit, essentially the
same analysis goes through and we obtain a modifed version Q of @ with a torus fibration Q@ — Q
and similar properties (cf. Remark [4.12)).

9. SYMPLECTIC IMPLOSION AND THE ‘BABY NAHM EQUATION’

In this section we develop a gauge-theoretic description of symplectic implosion inspired by
Bielawski’s discussion of the so-called ‘Baby Nahm Equation’ in [3]. Let K be a compact Lie
group as before with Lie algebra £ and fix a invariant inner product on £. Let Z C R be an
interval. For a pair of C* functions (Tp,Ty) : Z — € the Baby Nahm equation is given by

(15) Ty + [Ty, Ty] = 0.

9.1. (I'"*K)imp1 and the Baby Nahm equation on [0,1]. Let Z = [0,1] and consider the
space A = (C1([0,1],€))2. This is an infinite-dimensional flat Kéhler manifold equipped with
the L? metric and compatible complex structure which can be seen by writing a tangent vector
X € TrA as X + ¢X; and taking I to be multiplication by i. The gauge group Goo = {u €
C?([0,1], K)|u(0) = 1 = u(1)} (see also acts on A as usual preserving the Kéhler structure
and the associated moment map is given by the baby Nahm equation, as is shown by the following
calculation for £ € Lie(Ggg) and Y € Tp.A:

W(XE,Y) = / (I(~€ + [&,T0), [6,T3)), (Yo, V1))

/0 (€~ [€.To). Y1) + ([, T3], o)
1

A / (€1 + [Ty, V] + Yo, Th))
0

:—A@KHRW+%$D

as ¢ vanishes at the endpoints of the interval.

Thus, we can view the moduli space M of solutions to the baby Nahm equation modulo Gyg as
a Kéhler quotient. Let G C K be a subgroup. On M we have an action of GG induced from the
gauge group Gy ¢ of gauge transformations equal to 1 at ¢ = 0 and having an arbitrary value in G
at t = 1. From the above calculation we can see that if G = K then the moment map is given by
evaluation at ¢t = 1:

px(T) = Ti(1).
Thus the symplectic implosion of M with respect to this K-action is given by a quotient
Mimpl = ,u‘I_{l (t+)/ %7

where t* is a (closed) positive Weyl chamber in t, the Lie algebra of the maximal torus. The
implosion is stratified by the pre-images tg of the faces of t7 under pux collapsed according to =2
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by the commutator of the associated centraliser subgroup. That is, we have strata
Me = i (4)/1C, C) = {T € A| Ty + [Ty, T1] = 0, T1 (1) € t£}/Go,1c.c)

and

Mimpl = H MC~
e}

To identify the moduli spaces M, respectively M, we proceed as follows, following Bielawski [3].
Given a solution 7" to the Nahm equation, there exists a unique gauge transformation uy € Go x
such that

UO.TO = ’U,()Toual — uoual =0.
As a consequence of the equation, we see that this forces ug.Th = uoTiug ! to be constant. We
can therefore define a map

P M= K x E, q)(TmTl) = (UO(1>,T1(0)).

We claim that this is a well-defined bijection. If u € Ggo, then ugu~" gives the unique element in
Go,k that gauges u.Tj to zero. Since u(0) = u(1l) = 1 we see that ®(u.(Tp,Th)) = (Lo, T1), i.e.
® is Goo-invariant.

To show injectivity, suppose ®(Ty, T1) = ®(Tp,T1). Then we have T1(1) = T1(1). Let ug and
U be the uniquely determined gauge transformations in Gy x that gauge Tj and T, respectively
to zero. By assumption ug(1) = @g(1). Therefore the gauge transformation u = ug Liip lies in Gyo.
Also u.Ty = uo_l.O =Tp.

This implies that T} = uTyu~", since both (T, Ty) and (Ty,uTiu~") = u.(Ty,Ti) solve the
baby Nahm equation and 77 (1) = w(1)T;(1)u(1)~! = T1(1). Thus, by uniqueness of solutions of
linear ODEs T} = uTyu~" on [0, 1], and hence (Tp, T}) is equivalent via Goo to (Tp, T})

The map P is also surjective, and an inverse is given as follows. For (k,&) € K x ¢ define a
solution to the Baby Nahm equation by choosing a path ug € Gy k such that ug(1) = k and define

(TOle) = Ual(oaf)

Observe that any two choices of ug differ by an element of Gyg, so that this construction defines a
unique element in M.

M is thus identified with K x ¢, and hence with T* K on choosing an invariant inner product
on &

On K x t}, we have an action of [C,C] via c.(k,€) = (k¢™!,€) and a similar argument to the
one just given shows that ® gives a [C, C] equivariant surjection

Dt (th) = K x tf,
which, by the above discussion of injectivity, induces an isomorphism
P Mc — (K x th)/[C,C).

Here the right hand side coincides with the stratum of (77 K )imp1 associated with C' as defined in
[10].

Hence we have a gauge-theoretic description of the universal symplectic implosion.

9.1.1. The Symplectic Structure. We start by calculating the symplectic structure of M. Recall
that we defined an inverse ¥ to ® : M — K x ¢ by ¥(k,&) = ual.(O, €), where uy was any C2-path
on [0,1] linking 1 and k. We calculate the derivative of ¥ at (1,0). This is given by

d
DV 0y(¢h1,92) = @|9:0‘I’(6XP(9¢1)79¢2)

= d%h?:o <— (jt eXP(—tQT/Jl)) exp(tfi)1), Ad(exp(—tﬂwl))(0¢2)>
= (Y1,v2)
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Therefore the pull-back of the symplectic form on M under ¥ is given by

1
(Wwr) 10y (1, 00), (61,62)) = /0 (IDW 1 0y (1, 4), DV 1.0y (€1, E2))

1
/0 (s 1) — (1, £2)

= (Yo2,&1) — (¥1,&2),

which is the standard symplectic form of K x £ = T* K. The symplectic form on the stratum Mg
is induced from this and so coincides with the symplectic structure on the stratum as defined in
[10].

9.1.2. The Complex Structure. Given an element (Tp,T}) € A define a = Top —iT}. Then the Baby
Nahm equation takes the form

a+a* +[a,a"] =0.
Define the complex gauge group G5, = {v : [0,1] = Kc|v(0) =1 =v(1)}. It acts on A by

v.a =vav t —ov L.

We shall show that in fact M = A/GS,. First of all, in analogy to the construction above, we have
A/Gg = K.

The isomorphism works again by sending any a € A to vp(1), where vy € Qg x 1s the unique gauge
transformation gauging « to zero such that vo(0) = 1. Its inverse sends g € K¢ to ag = *’[}g’l)!;l,
where v, is any element of gé‘i r such that vy(1) = g~'. We shall now associate to any given
g € K¢ a path vy such that the resulting oy will satisfy the Baby Nahm equation.

This can be done as follows. Use polar decomposition and write g~ = kexp(i€) for some
(k,€) € K x £. Then observe that if we take v (t) = exp(it§), then this clearly links 1 and exp(i§)

and satisfies moreover
—ogvg ' =i,

which clearly solves the real equation as i€ is constant and self-adjoint. Now take any K-valued
path u linking 1 and k and define vy(t) = u(t) exp(it§). Then oy = u.(i€) solves the Baby Nahm
equation, as the Baby Nahm equation is invariant under arbitrary K-valued gauge transformations.

This argument shows that any ggo—orbit on A contains a solution of the Baby Nahm equation.
If now a and o = v.a both solve the Baby Nahm equation, then the convexity argument in section
2 of [§] implies that o and o’ must be equivalent by a K-valued gauge transformation. Thus, we
see that, as a complex manifold, M = A/GS, = K¢ and the isomorphism between T*K and K¢
is given via polar decomposition.

To identify the complex structure of M, we take « to be a solution to the baby Nahm equation.
We let Ac = exp(iZ(c)) C Tc. Then we can define a map

O 1 G5 o0t (85)/96 10,00 = (K x Ac)/[C,C]
by
O (a) = exp(imy).up(1).

Here uo denotes the unique compact gauge transformation that gauges away Ty = 1/2(a — o*)
such that ug(0) = 1 and iy = 1/2(a + a*)(0). In other words, we found a complex gauge
transformation that gauges away « in stages, by first gauging away T and then gauging away the
constant remainder i7;. The map ® is [C, C]-equivariant and hence gives rise to a well-defined
bijection on quotient spaces.

Moreover, we know from the discussion in §6 of [I0] that the right-hand side (K x A¢)/[C, C] =
K¢ /[P, Po), where Pg is the parabolic associated to C.
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9.2. (I'"K)imp1 and the Baby Nahm Equation on the half-line. In this section we shall
describe the strata of the universal symplectic implosion (7K )imp1 as moduli spaces of solution
to the Baby Nahm equation on the half-line [0,00). For those subgroups C of K which arise as
centraliser of an element of the positive Weyl chamber, we consider the gauge group Q[C,C] (b)
defined as in §4 but with Q¢ replaced by Qexp. It acts on the flat Kahler manifold Ac¢ ,, which
consists of pairs of &-valued C'-functions (Tp,T1) on [0, 00), which have limits 7 € (ty)c, (i.e. in
the face of the positive Weyl chamber such that C(71) = C) and 79 € Z(c) such that T; — 7; € Qexp
for i = 0,1. The complex structure is defined as in the previous section and the metric is given by
the Bielawski bilinear form. The moment map calculations (see proposition then go through
without essential modification and the vanishing condition of the associated moment map gives
the Baby Nahm equation
T + [Ty, Th] = 0.

We have explained before that the resulting moduli space is the same as the space of solutions
with 79 = 0 modulo gauge transformations u € Q[C,C] (b) that satisfy s(u) = limy_,oo uu™! = 0
analogous to the gauge group defined in §3. Note that such gauge transformations have a limit
u(o0) = a(o00) € [C,C]. To identify the Kéhler quotient M = Ac,, / Q[C’C] (b), we proceed as in
the previous section.

Let (Tp,T1) be a solution with 79 = 0. Denote by w the unique gauge transformation with
u(0) = 1 such that Ty = —uu~!. Note that since K is compact, u is automatically bounded.
Thus, we see that for ¢ > ¢

t t
u(t') — u(t)] < / i < ¢ / (o] < Me~™
t t

for some constant M > 0. Thus, u(co) € K exists and it follows furthermore that ug(t) =
u(t)u(oo) ™" satisfies the asymptotic conditions of the the gauge group G cp(b) (with s(ug) = 0),
but not ug(0) = 1. We have thus written (Tp,T1) = ug.(0,71(c0)). Any other such gauge
transformation differs from wg by right multiplication by a constant ¢ € C' and in order to satisfy
the asymptotics of the gauge group, we must require ¢ € [C, C].

It therefore makes sense to consider the following map:

®: Mo = (K x (t4)0)/[C,C] ®(To, Tr) = (uo(0), Ti(o0)) = (uo(0),71),

where [C, C] acts on K x (ty )¢ by c.(k, &) = (ke, &) and (t4)e C Z(¢) is the open set of elements
in the positive Weyl chamber with centraliser equal to C. Similar arguments as the ones we used
before when we studied the baby Nahm equations on [0, 1] show that ® is a well-defined bijection
of sets.

9.2.1. Complex Structure. We now want to identify the complex structure of M at a point of
the form (0,71) (any K-orbit on M¢ contains a point of this form). The tangent space of M¢ at
(0,71) is given by the solution space of the ODE-system

X(]+[71,X1]:0 X1+[X0,T1]:0.

We see immediately that this forces X to be constant, thus equal to an element of Z(c), as we
need X;(00) = §; to lie in the centre of ¢. It is useful to decompose ¢t C € into two-dimensional
root spaces ¢t = @, £, with respect to the adjoint action of Z(C). On £, we have the relation
[T1,&a) = 2ma(T)Io€,, where Iy denotes the natural complex structure on ¢+ = T, (K.7y), the
tangent space to the (co)adjoint orbit of 71 (see §8.B in [1]).

Note that since any solution of the Baby Nahm equations in A¢ is of the form u.(0,7) for some
T E tJCC, where u satisfies the conditions of the gauge group at infinity and has an arbitrary value
at t = 0, we can assume that tangent vectors (Xo, X1) at (0,71) are given by combinations of
infinitesimal gauge transformations and variations of the limit 7, i.e. are of the form

Xo=—£t) X1=[¢&m]+0,

for some 61 € Z(c) and some £ : [0,00) — € satisfying all the conditions for being a member of
the Lie algebra of the gauge group except that we allow arbitrary £(0). These asymptotics are
necessary to ensure that the X; — §; have the right decay behaviour. We write X9 for such
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a tangent vector. The differential equations satisfied by (Xg, X7) hence translate into a second
order ODE on £, namely

(16) €+ [, [m,€]] =0,

since [11,01] = 0. The ODE on X, is automatically satisfied, as this is just the linearised Baby
Nahm equation and the Baby Nahm equation is invariant under arbitrary gauge transformations.
From the above discussion we get that £¥ = £(c0) € Z(c), which implies £P = (¢t — b)€(c0) + & for
some constant £ € [c, c] as we want to satisfy the condition of the gauge group.

To determine the other components, decompose £ = | &, according to the above root space
decomposition. Then we have on each space £,

éa - 47T2a(7'1)2§a =0.

The minus sign comes from the relation [71,&,] = 2ma(7) o€, on £,. The solution to this equation
which decays exponentially is given by

§a(t) = £a(0) exp(—2ma(my)t),

where we choose from +« the one such that a(7m) > 0 (see the discussion in [I], §8.B). Now
D® sends such a tanget vector X9 to (£(0),61) € Th.., (K/[C,C] x (ty)c) = (€ /[e,¢]) ® Z(c) =
(Z(c) @ ¢t) @ Z(c). This in fact equals

DB(X0) = (=bf(00) + > £a(0),61) € (Z(c) ® ct) @ Z(c)
a;a(r1)>0
If we apply the complex structure, we get by a direct calculation
DO(IXSM) = (=bdy + Y In&a(0), —€(c0)),
a;a(r1)>0

i.e. we arrive at the following proposition.

Proposition 9.1. The complex structure I on (K x(ty)¢)/[C, C] induced by the complex structure
I on Mc is given at a point (1,71) by

I(v4 vt w) = (=bw + Tyv, %v)7

where v,w € Z(c),vt € ¢t so that v+ vt € Ty(K/[C,C]) and w € Ty, (ty)c and Iy denotes the
canonical complex structure on the orbit through 71 (see §8.B in [1]).

9.2.2. The metric on M¢. From the above discussion we know that by decomposing ¢ into the
root spaces of 71, we can write the general solution to the equation explicitly as

E(t) = (t=b)(co) + Y Lalt)

asa(T1)>0

where {4 (t) = £a(0) exp(—2ma(71)t). And this corresponds to the tangent vector X0 = (Xo, X)) =
(=&, [€,71] + 61) where §; € Z(c). We can then calculate || X 9|2 using the relation [ry,6;] = 0:

XS = b(IE(0)* + 1611) + /Ooo €17 + (71, €] + 61 = ([€(00)* + [31]*)dlt
= b(I§(c0)* +1611%) +/m(i<€7£>) — (&, + [m, €]* + 2([71, €], 61) — [€(00) Palt
= b(€(c0)* +1611%) + ([, [, €10, €) + [, €17 — [€(o0) Pat

= (€)X +151]%) — [€(00)Pdt
= b(lE(c0) P +16:1%) + [(€,€) ftlé( )|l

_|_
Nho
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We evaluate the expression in brackets by writing £ = (¢ — b)f(oo) +&, so that £ = §(oo) +&. Thus,
(see the calculation in the proof of Proposition
[(€,6) = tlé(eo) P& = —blé(o0)* — (£(0),£(0)).
We arrive at
X505, = bl61]* = (£(0),£(0)).
Using the explicit form of £(¢), we can rewrite this as

XS IR, = blaul® — (£(0),£(0))
= o= (o) + D &(0),bE(c0) + Y ()

a;a(T1)>0 a;a(11)>0

= b6 +IEE)) = D (6a(0),£a(0)
a;a(r1)>0
= b(af + )+ Y 2ma(n)l&(0)f,
a;a(r1)>0
which is hence positive definite, since a(71) > 0. In the calculation of the tangent space at a model
solution we have used the fact that any solution to the Baby Nahm equation is gauge equivalent to
a model solution by the K-action given by gauge transformations with arbitrary values at ¢t = 0.
This K-action preserves the Bielawski metric on the moduli space. Hence we see that the metric
must be positive definite everywhere.

Proposition 9.2. The Bielawski metric || - ||py is positive definite on the moduli space Mc
whenever b > 0. At a model solution it is given by the formula

XS E = b(101 + [E(c0)) + Y 2ma(n)léa(0)).
a;a(T)>0
Using the formula for D® given in the previous section, we can write this onT(q -\ (K x(t;.)c)/[C, C]
as
(v vt w)P =blwl + 07 o+ Y 2malm)loy
a;o(11)>0
where v,w € Z(c) and v+ € ¢t.

9.2.3. Symplectic Structure. We can now read off the symplectic form on T(y ) (K x (t;)c)/[C, C]

from the above two propositions.

wp((v1 + o1, wr), (v + vy, ws)) (I(v1 + vi, wr), (v2 + v, wa))s

((=bwy + Igvi, b~ 1), (va + v3, w2))p
(

= b(b v, wy) + b7 N (—bwy, ve) + Z 2ma(71) (To (01 )as (V3 )a)

a;a(r1)>0
= (vpws) —(wi,va) + D) ([ ()l (v3)a)
asa(r1)>0
= (o1, w) — (wi,v2) + ([r1,01], v3)

= <U17w2> - <’U)1,’Ug> + <71a [UIL’U2L]>7

where we used the defining properties of the canonical complex structure Iy as given in [I], §8.B.
We state the result of this calculation in the following proposition

Proposition 9.3. The induced symplectic form on (K x (t+)¢)/[C,C] at the point (1,7) is given
by

Wb((’l)l + vf_awl)v (1)2 + Uﬁ_va)) = <Ulaw2> - <w13 v2> + ngS(vf_’ ”Ué'),
where WEKS denotes the standard symplectic form on the coadjoint orbit O,,. In particular, w is
independent of the parameter b in the definition of the Bielawski metric.
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