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Abstract

We investigate theoretically the topological Kondo effect (TKE) and related non-
Fermi-liquid (NFL) phenomena in correlated mesoscopic devices containing
Majorana fermions. Using the numerical renormalisation group (NRG), we
confirm and extend results obtained by conformal field theory (CFT) and we
calculate numerically exact conductance curves for several different devices over
large temperature ranges, which could be compared directly to future experiments.
Our calculations uncover a wide range of physics in these mesoscopic devices and
we derive several effective models to explain this behaviour.

We first consider the prototypical model proposed by Béri and Cooper [B. Béri
and N. R. Cooper. Phys. Rev. Lett., 109, 156803 (2012).] in which a non-local
spin-1/2 is coupled to spin-1 conduction electrons. This model was proposed as
the minimal model for the TKE, arising as the low-energy effective model of a
superconducting grain connected to three leads containing Majorana fermions at
the ends. We study the model in detail, confirming asymptotic CFT results and
calculating the full conductance curves. We show that the NFL physics is robust to
asymmetric Majorana—lead couplings, and uncover a duality between weak- and
strong-coupling regimes using Abelian bosonisation. We also show how inter-
Majorana couplings destabilise the NFL behaviour.

We next consider the device beyond the effective spin-1/2 model, working instead
with an Anderson-type model where charge fluctuations can be taken into
account. We consider various possibilities for the energy levels on the
superconducting grain and calculate and compare the behaviour in each case. We
show that the NFL physics is robust to charge fluctuations, and is not restricted
only to the regime of a non-degenerate ground state on the superconductor with
large charging energy. We also derive various low-energy effective models for the
different charging states.

Finally, we investigate the device with a fourth lead attached. This gives rise to an
effective two-channel Kondo model, but the device geometry means that the
conductance is distinct from that studied previously. We also consider the full
Anderson model, showing again that the conductance results are robust to charge
fluctuations.
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1

Introduction

Scientists used to believe that matter is composed of a smallest unit, hence the
term “atom”. Later on, however, we found that atoms are actually composed
of protons, neutrons, and electrons. Protons and neutrons are yet another type
of composite particles where the former comprises two up quarks and one down
quark resulting in the charge of 4+e whereas the latter comprises one up quark and
two down quarks resulting in a neutral particle. Nevertheless, most of chemistry,
material science, and condensed-matter physics can be formed from the consider-
ation of atoms as merely composed of protons, neutrons, and electrons, and how
they interact with each other; their internal structures are irrelevant and materi-
als properties are entirely different from those of their constituents. The idea of
“emergent phenomena” [1], that new properties of a macroscopic system emerge
out of a collection of microscopic entities and cannot be understood in terms of
the fundamental laws that govern those entities themselves, is described in Philip
Anderson’s article — “More Is Different” [2]. And with that, being interested in
the various properties of matter, we shall content ourselves in particular to the
study of electrons and their interactions which give rise to an array of emergent
phenomena.

An emergent phenomenon that is of interest to us and is central to the study
of this project is the Majorana bound state, which in fact is hypothesised to exist
as an elementary particle, a physical fermion, as well. Majorana fermions are
particles that are their own antiparticles [3, 4, Bl [6]. Its existence was discov-

ered when physicists were trying to use quantum mechanics to study relativistic



1. INTRODUCTION

particles. It started with Klein and Gordon who proposed a relativistic wave
equation by effectively squaring the Schrodinger equation [7]. (A more quantita-
tive summary will be presented in the next chapter.) However, the solutions to
the Klein-Gordon equation are problematic: not only do they not lead to positive
definite probability density, the solutions with both positive and negative energies
exist and the physical interpretation of the latter is problematic. Dirac then came
up with his equation which solved the first problem [8] and he later solved the
second problem by reinterpreting the negative energies as that of the antiparti-
cles with opposite charge [9, 10], hence predicting the existence of positrons. The
following year, Weyl showed that a simpler form of solutions exist for massless
fermions; instead of a four-component field, the solution becomes two-component
fields [I1]. Pauli then proposed the existence of neutrinos two year later [12].
At the time it was believed that neutrinos are massless neutral particles; hence,
their properties should be the same as those of Weyl fermions. However, since
neutrinos are neutral, at the time, Majorana thought that it was possible that
antineutrinos could be the neutrinos themselves and he came up with solutions
to the Dirac equation which are real and describe particles which are their own
antiparticles [3], that is 47 = 7 in second quantisation.

Whilst the existence of a Majorana fermion as an elementary physical particle
is yet to be seen, it is also possible that Majorana fermions may exist as emergent
quasiparticles in condensed matter systems. Since Majorana fermions are their
own antiparticles, it is natural to search for them in superconducting systems
where the quasiparticles are a combination of both electrons and holes which are
antiparticles of each other. The most common type of pairing in superconductors
however is of s-wave type; Cooper pairs are formed from electrons with oppo-
site spins as can be seen from the form of the Boguliubov quasiparticle operator:
b= uc$ + vey [13]. Since obviously b # b, these Cooper pairs are not Majorana
fermions. Thus, we need to look for effectively spinless superconducting systems
in which the pairing mechanism is triplet and that is a p-wave superconductivity
in one dimensional systems or a p + ip superconductivity in two dimensional sys-
tems [5], 14]. Over the past few years, a number of possible candidates have been
proposed as practical realisations of these Majorana fermions. In one-dimensional

systems, which can be understood based on a simple model proposed by Kitaev



[15], since the electrons carry the spin %, the main task is to come up with a way
to freeze out one of the spin species so that the system appears spinless, though
stabilising such a system is yet an experimental challenge. Possible candidates
in this category include the two dimensional topological insulators [16], 17] which
grew out of Fu and Kane’s proposals [I8, [19] that the p-wave pairing may oc-
cur on the surfaces of a strong topological insulator under the proximity-induced
superconductivity [20, 21, 22] (being in contact with an ordinary s-wave super-
conductor), conventional one dimensional semiconducting wires with appreciable
spin—orbit coupling and a magnetic field [23, 24], or three dimensional topologi-
cal insulator nanowires [25]. More details of the one-dimensional system will be
given in Section [2.2] Candidates for the two-dimensional systems are split into
two groups. The first group is the systems where the p + ip pairing is a result
of the material’s internal dynamics and the classic examples are the fractional
quantum Hall state with v = 5/2 [26, 27] and the layered spinful triplet super-
conductor SroRuOy [28,29]. The second group once again falls into the case where
we have to engineer the spinless p + ip superconductivity by forming appropri-
ate heterostructures with various kinds of two dimensional electrons, though this
approach once again suffers the same difficulty as in the one dimensional case in
removing the spin degeneracy of the electrons. The classic examples in this group
are the three dimensional topological insulators such as BisSes [30, 31, 132} [33], [34]
and the conventional two dimensional electron systems which are either semi-
conductor based [35] or based on a quantum anomalous Hall state [36, 37]. We
mention on the passing that in the two-dimensional p + ip superconductor, Ma-
jorana fermions appear in vortices in the superconducting pairing potential, and
even when the gap is closed, they may appear upon varying chemical potential
or electrostatic potential [5].

Not only are Majorana fermions of academic interest, but they also possess in-
teresting properties that may have important technological applications as well.
First of all, Majorana fermions are non-Abelian anyons [38]. In three spatial
dimensions and one time dimension, (341)D, particles are classified into two cat-
egories, the result which comes from particle exchanges. If we consider all possible
trajectories that take NV indistinguishable particles from their initial spatial po-

sitions at some time to the same final spatial positions at later time, it turns out
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that all these different trajectories fall into different topological classes which cor-
respond to the elements of the permutation group Sy, whose elements detemine
how the initial positions of these particles are permuted into the final positions.
Since there are only two one-dimensional irreducible representations, the trivial
representation and the sign representation, particles are classified into two cate-
gories, namely, bosons and fermions. The higher-dimensional representations of
the permutation group can still be classified as bosons or fermions with an ad-
ditional quantum number [39]. On the contrary, in two spatial dimensions, since
a path which involves looping of a particle around the other cannot be deformed
to a point without cutting through that other particle, the winding of a particle
around the other is well defined and when two particles are exchanged twice,
which is equivalent to one being looped around the other, they do not necessar-
ily come back to the same state. For a system of two identical particles, upon
exchange, its wavefunction may change by an arbitrary phase factor, ¥ — el%),
where the special case § = 0 corresponds to bosons and # = 7 corresponds to
fermions, and others with arbitrary values of 6 are called anyons with statistics
0 [39]. However, when we consider the general case of N particles, the classes
of the trajectories correspond to the elements of the braid group By, which is
a non-Abelian group. Therefore, particles in this category obey non-Abelian
braiding statistics — Majorana fermions are an example of such particles. Fur-
thermore, since any single Dirac fermion can be mathematically decomposed into
two Majorana fermions, which correspond to the real and the imaginary part
of the original fermion, we can also form a Dirac fermion from two Majorana
fermions. If a Dirac fermion is formed out of a pair of spatially separated Ma-
jorana fermions, this type of delocalised fermionic state will be robust against
local perturbations which cause decoherence. The combination of non-Abelian
statistics and the braid operations make Majorana fermions attractive as a basis
for performing low-decoherence topological quantum computation [39, 40].

The term topological phase is usually associated with any system with ro-
bust degenerate ground states whose quasiparticle excitations are anyons, but
its precise definition is given by Nayak et al [39]: a system is in a topological
phase if all observables are invariant under smooth deformation of the space-time

manifold at low temperature, or equivalently, that all observable properties are



independent of the choice of space-time coordinates. The term “at low tempera-
ture” is used in the sense that the invariance is only broken by terms that vanish
as ~ max (e‘A/ T e~lel/ 5) for some non-zero energy gap A and finite correlation
length &, and for this reason, in general, topological phases have an energy gap
separating the ground states from the excited states. In our context, Majorana
fermions are proposed to exist on a topological superconductor, which can be en-
gineered by proximity-coupling a long thin one-dimensional semiconducting wire
with a strong spin—orbit coupling to an s-wave superconductor and exposing it
to a magnetic field that is sufficiently strong (relative to the energy gap A and
the chemical potential g, in particular, |gupB| > /A% + u2) [5, 23, 24].
Further interest in Majorana fermions has stemmed from proposals of the
so-called “topological Kondo effect” [41]. To put this in context, we first briefly
review the conventional Kondo effect and related physical behaviour.
Historically, it was the existence of the electric resistance minimum found
in non-magnetic metals with magnetic impurities that attracted physicists to the
Kondo model [42]. The resistance of pure metals usually decreases as temperature
is lowered due to the depopulation of phonon modes which can scatter conduction
electrons. Upon further cooling, the resistivity reaches a constant value; while
phonon scattering decreases with temperature and becomes insignificant at low
temperature, lattice defects give rise to a finite resistivity. However, when a
magnetic impurity is introduced, instead of becoming constant, the resistivity
increases again upon cooling. In 1964, Jun Kondo applied perturbation theory
to what was then called the s—d exchange model, now know as the Kondo model
— a very simple model consisting of free conduction electrons and a local spin
coupling between the spin of the magnetic impurity and that of the conduction
electrons — and found that indeed due to the presence of such an interaction
the resistance minimum exists [43]. However, Kondo used perturbation theory,
which was unable to explain the physics of the model at temperature scale far
below the resistance minimum. Later, this model has been studied extensively
by a variety of different methods such as Anderson’s “poor man’s scaling” [44],
Wilson’s Numerical Renormalisation Group [45] 46], 47, 48], Fermi Liquid Theory
[49], Bethe Ansatz [50, 51], and Conformal Field Theory [52, 53], and has also

been generalised to other models such as the Anderson model [54] where the
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imputiry spin is replaced by an energy level, or the multichannel Kondo model
[55] where the conduction electrons of different kinds or channels are allowed.
A quantitative and more extensive summary of the Numerical Renormalisation
Group, which is the main tool used to study physical properties of the system in
this project, will be presented in the next chapter. Later in the 2000s, the Kondo
model was brought to attention to the science once again when it was shown that
it can also be used to describe electron tunnelling processes in a quantum dot
[56], leading to the experimental realisation of the two-channel Kondo effect and
its Non-Fermi liquid properties [57, 58]. And once again, the Kondo model is

seen to arise in these mesoscopic devices.
t A
Figure 1.1: Schematic diagram of a simple device in which the Kondo physics,
based on a quantum dot (QD), is combined by the Majorana fermions which are

proposed to exist on the surface of a topological superconductor (TS), in connection
with a normal metal lead (NM).

More recently, it was proposed that the Kondo physics if combined with Ma-
jorana fermions [59] 60], 61] will lead to interesting dc transport [62, 63, 64] or
ac properties in quantum RC circuits [65] 66]. The most basic device is shown
in Figure where the a normal metal lead is coupled to a quantum dot, effec-
tively realising a Kondo model, which is then connected to a Majorana fermion on
the surface of a topological superconductor. A few other devices that utilise the
connection of the Majorana fermions on a superconductor, which is also related
closely to the Kondo physics have also been proposed. For example, the device
that is central to this project is the simplest one in which a topological Kondo
effect can be observed, proposed by Béri and Cooper [41]. This device is also
being experimentally explored [67, [68]. They proposed a superconducting island

that supports four Majorana fermions as is shown in Figure Each of the three



Majoranas is locally coupled to a spinless conduction electron lead, shown as the
solid lines on the figure. The Hamiltonian of the device then consists of the three
spinless electron leads, the charging energy of the superconducting island, and
the three local Majorana—lead couplings. In order to understand the transport
properties of this device, Béri and Cooper performed a Schrieffer-Wolft transfor-
mation [69] and argued that in the regime where the temperature and voltages
are much smaller than the energy gap and the superconducting charging energy,
the physics of the device can be described by a low-energy effective Hamiltonian
that is equivalent to a Kondo Hamiltonian of a spin—% impurity with spin-1 con-
duction electrons. The three spin-1 states are formed from three spinless electron
leads and the two spin—% impurity states are formed from the two pairs of Majo-
rana fermions with a specific parity. Since the Majorana fermions are nonlocal,
the degeneracy is a topological degeneracy; hence, the phenomenon is named the
“topological Kondo effect”. Béri and Cooper then performed the renormalisation
group analysis by using the poor man’s scaling procedure [44] and showed that
there is a renormalisation group flow towards the isotropic coupling and argued
that the Kondo temperature is Tx ~ e ", where p is the density of states of the
leads at Fermi level and A is the typical size of the coupling constants. In order to
understand the nature of the stable fixed point at low temperature of the model,
Béri and Cooper used the conformal field theory [52, 53] to study properties near
the non-Fermi liquid fixed point and confirm that the results agree with those of
previous studies [70] [71], in which Abelian bosonisation was used to argue that
this particular type of Kondo model is equivalent to the Kondo model in which
a spin—% impurity is coupled to four spin—% conduction electron leads, the four-
channel Kondo model. Whilst that is the case for the thermodynamics, that is
certainly not the case in the dynamics [72]. Furthermore, the Non-Fermi liquid
fixed point of the topological Kondo effect is in fact robust against the anisotropy
of the Majorana—lead couplings, unlike the typical Kondo effect realised in quan-
tum dots in which Non-Fermi liquid fixed point is stable at low temperature
only if the channel isotropy is achieved, rendering this device a possibility for the
multichannel Kondo effect to be experimentally constructed. Béri and Cooper
also used the conformal field theory to calculate the zero-temperature value and

also the asymptotic behaviours (both at small and large temperature) of the
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off-diagonal conductance between two conduction leads. Finally, they ended the
paper by generalising the device to a superconducting island hosting M Majo-
rana fermions and argued that since the Majorana operators generate a Clifford
algebra [3] with the spinor representation of the SO(M) Lie algebra, we have the
SO(M) Kondo problem.

In addition to the device proposed by Béri and Cooper, there is also an array
of semilar devices being proposed. One such device was studied by Zazunov et
al [73] where the Hamiltonian that governs the proposed system involves real
antisymmetric matrices, €2 and t, which contain information about the coupling
between the different Majoranas for the former, and between the Majoranas and
the conduction leads for the latter. Their main goal is to study the parity effects
in the tunnelling conductance of the model with a few different topologyies of the
junction. Altland and Egger [74] and later Zazunov et al [75] studied a multiter-
minal Coulomb—Majorana junction, in which N helical nanowires are set on top
of a superconductor which hosts 2N Majorana fermions at the end of each wire,
M < 2N of which are tunnel coupled to the normal part of the conduction wires,
which act as helical Luttinger liquids. Altland and Egger studied how the charg-
ing energy of the island affect the low-energy behaviour of the model including
the renormalisation group flow whereas Zazunov showed that the model indeed
corresponds to the two-channel Kondo model with SO(M) symmetry group and
hence the observation of Non-Fermi liquid behaviour of the system. Finally, there
are also studies by Tsvelik [76] and Crampé and Trombettoni [77] which are based
on a system composed of three quantum Ising spin chains that are connected to
each other in a A junction. The system is shown to be equivalent to the two-
channel Kondo model with the presence of the Majorana fermions since they are
equivalent to the quantum Ising chains through Jordan—Wigner transformation
[76].

There have also been a number of studies that appear after the proposal of the
topological Kondo effect. With regard to this particular setup of the Majorana
device, Béri himself studied this SO(M) Kondo problem in more details by map-
ping it to a quantum Brownian motion model [78]. He calculated the asymptotic
behaviours of the conductance tensors and also sketched a phase diagram of the

topological Kondo effect in terms of the bare parameters of the model. Finally,



33

/TN
tI1:.74 hu 73! tho %l—l

Figure 1.2: The minimal setup for the Majorana device which realises the topo-
logical Kondo effect. The central rectangle is a superconducting island which hosts
the four Majorana fermions (red circles), three of which are locally tunnel coupled
(solid lines) to the three conduction leads (the exterior rectangles). The device is
proposed and studied by Béri and Cooper [41]. Later Galpin et al [72] also took
into account the exponentially small nonlocal couplings (dotted lines) between the
Majoranas and the conduction leads (t;;) and among the Majoranas themselves

(hij) and use the Numerical Renormalisation Group to study the device.

he highlighted the device with M = 4 and argued that this could be a possible
experimental realisation of the two-channel Kondo model in which the Non-Fermi
liquid fixed point is stable. Altland et al formed the Bethe ansatz solutions for
the thermodynamics of the SO(M) Kondo model [79], then later applied the
Abelian bosonisation technique to study the charge transport, spin dynamics,
and multipoint correlations of the model near the low-temperature fixed point
[80]. Eriksson et al applied quantum Brownian motion and bosonisation to cal-
culate the scaling dimension of the leading irrelevant perturbation, which implies
the power-law scaling of the conductance [81]. Eriksson et al also studied the
local density of states and showed that the Kondo physics in this model can also
be probed in tunnelling experiments. Plugge et al applied a few techniques such
as bosonisation and renormalisation group to to study the process of “quasipar-
ticle poisoning” by the presence of other low-lying fermionic quasiparticle states
in the device [82]. Finally, the topological Kondo effect has also been proposed
to be observable in optical trap systems [68].

It is the objective of this thesis to confirm the original predictions of Béri and
Cooper, and to study the device in more details. Using the Numerical Renor-
malisation Group, we calculate numerically exact thermodynamics of the system

and the full temperature dependent conductance curve, so that it can be useful
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for the experimentalists who can fabricate the device. Furthermore, we are in-
terested in the effects of the non-local couplings, both those between the leads
and the Majorana fermions and those between the Majorana themselves (repre-
sented by dotted lines in Figure , and how these could affect the robustness
of the Non-Fermi liquid properties at low temperature. After fully studying the
spin model, we tackle the problem by a different approach. Instead of using the
spin Hamiltonian which is an effective model, we model the superconductor as
a dot with orbitals or energy levels available for electrons. In this sense, the
model is equivalent to the Anderson generalisation of the Kondo model. We use
the Numerical Renormalisation Group to study both thermodynamics and the
conductance of the general Majorana device.

Much of the work from this study has been published [72]. Progress from
several other studies is also being made [67, [68] [74, [75, [79, 80, 8], [82]. Specif-
ically, Béri [78] has generalised the setup of the Majorana device to include M
arbitrary number of leads attached to the superconducting island, where he has
once again used conformal field theory to calculate the zero-temperature value
and the asymptotic behaviour of the conductance as a function of M, and sketch
the phase diagram of the topological Kondo effect. Later we will also follow this
line of study by adding another conduction lead to the minimal Majorana device
so that M = 4 and use Numerical Renormalisation Group to study both the
system’s thermodynamics and the conductance.

This thesis is structured in the following manner:

The second chapter presents all the necessary background information, start-
ing from the most important ingredient in the Majorana Device — the Majorana
fermions. We then provide a brief review of the toy model in which Majorana
fermions can be realised in a condensed matter system and an overview of the
Majorana device as is proposed by Béri and Cooper. Since the model can be
understood in the context of the Kondo model, we give a detailed summary in-
cluding the quantitative description of the Kondo model, the main tool that is
heavily used in this project — the Numerical Renormalisation Group — and also a
summary of the physical properties that are calculated and discussed repeatedly

in this work.

10



The study of the low-temperature effective spin model of the minimal (three
conduction electron leads) Majorana device is split into chapter 3 and 4, where we
study the model with high symmetry requirements — the isotropic and the axial
symmetry — in the former, and study the model which includes the exponentially
small perturbations and the model without symmetry requirements in the latter.
We study the Non-Fermi liquid properties of the system through the calculations
of thermodynamic properties, in particular, the impurity entropy and the spin
susceptibility, and the ¢-matrices and the linear conductance tensors which are
dynamic properties. The materials in chapter 3 and half of that in chapter 4 have
been published [72].

In chapter 5, we study the Majorana device without the low-energy transfor-
mation by implementing a suitable modelling of the charging energy part of the
Hamiltonian of the device. The device with three different configurations of the
superconducting island is then studied in details and we have confirmed that the
low-temperature behaviour in the large-energy gap limit of the device is indeed
the spin behaviour that we have found and studied earlier in the previous two
chapters. In fact, the Non-Fermi liquid nature of the device can still be observed
at low temperature independent of the configuration of the superconductor.

We then include an additional conduction electron lead to the device and study
both its low-temperature effective spin model and also its equivalent level model
in chapter 6. Here since the required computing resources are much higher, we
only restrict ourselves to the study of the isotropic model in order to investigate
mainly the Non-Fermi liquid properties of the model and compare them to the
three-lead case. We leave the inclusion of anisotropy and other exponentially
small perturbations for further studies.

Finally, we conclude the thesis with a brief summary at the end.

11
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2

Background

In this chapter, we provide a brief review of all the essential ingredients that form
the thesis. We begin by discussing the history and the proposal of the existence
of Majorana fermions. Then we discuss the mesoscopic device of interest which
incorporates the Majorana fermion quasiparticles. It turns out that under a
certain set of conditions, the Hamiltonian that governs the behaviour of this
device can be mapped onto a Kondo Hamiltonian; hence, we discuss it in the
following section. Since the main tool that is used to study and investigate
a physical system in this thesis is the Numerical Renormalisation Group, we
discuss the general concept of the Renormalisation Group technique prior to that
by providing two discrete examples, then discuss the Numerical Renormalisation
Group in details, including its application to the physical properties calculations
— such as thermodynamics, scattering ¢ matrix, and the linear conductance — at

the end, where we have also included known properties of the Kondo model.

2.1 Majorana Fermions

In quantum mechanics, a quantum state of a quantum mechanical system evolves

in time according to the Schrodinger equation

0
HY = il 0, (2.1.1)

13



2. BACKGROUND

where H is the Hamiltonian of the system. For a non-relativistic free particle,

) . . 2 . N
since its energy is E' = -, the quantised Hamiltonian operator becomes

R

2m

H = (2.1.2)

For a relativistic particle, the form of the energy expression is more complicated
E = \/p?c? + m?c*. In order to avoid the cumbersome expression involving the
square root upon quantisation, we operate H onto the Schrodinger equation once

again, and quantise the square of the energy [7]:

H* = (=RAV? +mPct) o = —hQS—; : (2.1.3)
1 0? 2

It was Dirac who in 1928 managed to come up with the “square-root” of the

Klein—Gordon equation:

0 0 o 1,0 mec
(19 2 O 39 L o0 _ me
1(7 o +7 3y + 57 + e 8t> . Y, (2.1.5)

where 7% are the gamma matrices, which in Dirac representation are given in

terms of Pauli matrices o; as the following 4 x 4 matrices:
I, O 0 o
0 __ 2 1 _ T
’}/ _<0 _[2)7 Y _(_Ux 0)7
0 o 0 o
2 _ Y 3 _ z
= 8) (50

Upon taking the square of the operator in the Dirac equation ([2.1.5]), we indeed

(2.1.6)

obtain the Klein-Gordon equation ([2.1.4)), since the cross terms vanish due to
the anti-commutation relation of the gamma matrices: {y*,7"} = 2n"”, where

n* is the Minkowski metric tensor (+ — ——). In the covariant form, the Dirac

equation (2.1.5) becomes
(ihy*0,, — me) Y = 0, (2.1.7)

where the repeated index p is summed over. Since the gamma matrices are

complex, in general we expect ¥ to be complex as well. If a field ¢ creates

14



2.2 Majorana Fermion in a 1D Condensed Matter System

a particle A, its complex conjugate v¢* creates its anti-particle A and destroy
the particle A. If a particle is to be its own anti-particle, then it must be that
Y* = 1), i.e., that the field is real, or later in the operator context, that ! = 1.
It was Majorana [3] who found another representation of the gamma matrices,

the Majorana representation, in which all four matrices are purely imaginary:

- 0 o ~ io, O
0 __ Yy 1 _ z
P %) (T
. (2.1.8)
~2 0 —0y ~3 [ T10g 0
T e, 0 ) T 0 —ie, )

resulting in the Dirac equation being real, and it is possible to have a
real ¢ as a solution. We therefore refer to it as a Majorana fermion (MF), a
particle that is its own anti-particle. It is still unclear whether a MF exists as an
elementary particle, but many physicists are optimistic that in certain condensed
matter systems, a MF may exist as a quasiparticle excitation [3] [32] 38|, 83 [84].
This fact is particularly appealing to many physicists because the MF has non-
Abelian exchange statistics and, when is spatially delocalised, can be tolerant to
local perturbations rendering it useful for a quantum information storage, leading

to the idea of topological quantum computation [39, [85].

2.2 Majorana Fermion in a 1D Condensed Mat-

ter System

We now review a simple one-dimensional (1D) toy model of a condensed matter
system that hosts MF's, which is believed to be realisable due to the supercon-
ducting proximity effect, by following standard review articles [5], (6], [14].

Kitaev [I5] considered a one-dimensional spinless tight-binding chain with
p-wave superconducting pairing described by the Hamiltonian

N-1

N
1 .
H=—pu Z a}ai b Z <tagai+1 + Ae®a;a,41 + adj.) , (2.2.1)
i=1

i=1

where p is the chemical potential, ¢ > 0 the nearest-neighbour hopping parameter,

A > 0 the superconducting gap, ¢ the superconducting phase, a; the annihilation
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operators for a spinless electron at site 7, and adj. denotes the Hermitian adjoint.
The pairing is p-wave since it couples electrons of the same spin, in contrast to the
standard s-wave pairing which couples those of opposite spins. The interesting
physics of this model can be observed when the spinless fermion operator a; is
decomposed into its real and imaginary parts
o—id/2
2

a; = (Yri +ivLs), (2.2.2)

where 7, ; are Majorana operators of type a € {L, R} at site i and we include the
superconducting phase term for convenience. The fact that they are Majorana

operators can be seen upon inverting the above relation to obtain

fYL,i =i (efi¢/2ag . ei¢/2ai) 7 (223)

YrRi= e %] + e, (2.2.4)
which clearly shows that the canonical Majorana fermion relations are satisfied:

Wi = Yasi (2.2.5)
{Vasis 8,5} = 20a8i;. (2.2.6)

In this basis, H becomes

7 i

N-1
3 Z (A +1)VYrivLiv1 + (A =) YLiVRit1] -
=1

(2.2.7)

Despite the complexity of the model Hamiltonian, its physics can be seen most

Z 1 +17R27L1

easily in two special cases.

In the first case, when u < 0 and t = A = 0, the second term of the Hamilto-
nian disappears altogether, leaving only the couplings between the two L and R
Majoranas on the same site. In order to diagonalise the Hamiltonian, we combine
the two Majoranas on each site (top panel of Figure , effectively going back
to the original ordinary fermion a;. The Majoranas of the same site are bound
together and the chain rests in the topologically trivial phase. The Hamiltonian
then becomes H; = —p ). azai, which implies that the unique ground state cor-
responds to the vacuum of a; fermions and the spectrum is gapped since addition

of a a; fermion costs a finite amount of energy .
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o9 e &6 .- 60

a a2 as an

O0—00—00—--—00
by by b3 bn_1

Figure 2.1: Diagramatic representation of the ’s tight binding chain. (top) When

p < 0and t = A = 0, the two Majoranas on the same site i, y,/r; are paired,
resulting in a non-degenerate ground state with an energy gap. (bottom) When
= 0andt=A #0, the Majoranas on a different site, yg; and 7z, ;+1, are paired

and the ground state is doubly degenerate.

In the second case, when 4 = 0 and t = A # 0, the remaining term cor-
responds to the coupling between the Majorana R at site ¢ and the Majorana
L at the adjacent site ¢ + 1, and the topological phase appears. In terms of
the ordinary fermion operators, b, = %(”yL,iH + ivgr;), the Hamiltonian reads
Hy =1t <bjbi — %) In the bulk, similar to before, addition of a b; fermion
costs a finite amount of energy ¢ and the gap persists. However, the two Ma-
jorana localised at the end of the chain, vz ; and gy, are completely absent
from Hs; thus, the chain now supports zero-energy Majorana modes, which are
realised from the these two Majorana fermions, seen by writing them as an or-
dinary, but non-local, fermion, f = %(’YLJ + vr.n). The fact that this f fermion
does not appear in Hy implies that addition of this fermion to the system costs no
energy, and the ground state is doubly degenerate: if the vacuum |0) is a ground
state (even occupation), so is f1]0) with opposite parity (odd occupation); in
contrast to the conventional superconductor where a unique ground state exists
as condensates of Cooper pairs which are always of even parity.

The appearance of the delocalised Majorana zero modes and the ground-state
degeneracy is a consequence of the fact that the chain forms a topological phase,

which is not smoothly connected to the trivial phase. Due to this topological
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origin, the existence of the topological phase does not rely on the fine tuning of the
parameters p, t, and A of the model [14]. In general, so long as the system is still
in the topological phase, the two Majorana modes are not simply the vz ; and vz n
localised at the end of the chain, but their wavefunctions decay exponentially into
the bulk of the chain on a length scale ¢ given by the superconducting coherence
length. The overlaps of the wavefunctions results in the split of the degeneracy
on the energy scale of e /¢, where / is the length of the chain. Therefore, in a
system whose £ > &, the splitting is exponentially suppressed compared to other
relevant energy scales of the system and the degeneracy is effectively realised.
These Majorana edge states will be utilised in a mesoscopic device of interest

in this project whose details are described in the next section.

2.3 Béri—Cooper Majorana Device

Following Béri and Cooper [41], [72], we are interested in a mesoscopic device
consisting of a superconducting island which supports four localised Majorana
modes, three of which are coupled to spinless conduction electron leads (Figure
. The system can be described by the following Hamiltonian

H = Hyoqs + H, + Hy + Hi, (2.3.1)
where the terms
Hicads = nga-};iakiv (2.3.2)
ki
g\ 2
H, = E. (N - —> , (2.3.3)
e
%)
Ht = Z tij’yi@bjei(b/Q + adJ (235)

j
Hicags Tepresents the spinless conduction electron lead ¢ with momentum £ and
dispersion relation ;. H. is the charging energy of the superconducting island
with N electrons and q is the gate charge. Hy; is the exponentially-small coupling

between Majorana fermions at the end of the leads. H; describes the coupling
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33
PR
tI1:.74 hu 73! tho %l—l

Figure 2.2: The minimal setup for the Majorana device which realises the topo-
logical Kondo effect. The central rectangle is a superconducting island with the
charging energy H.. The island hosts four Majorana fermions (red circles), three of
which are locally tunnel coupled, via Hy, to the three conduction leads (the exterior
rectangles). Hy includes both the local coupling (solid lines) and also the non-local
coupling (dotted lines) between the conduction electron leads and the Majoranas.
The effect of the local coupling has already been studied by Béri and Cooper [41].

In this thesis, we also study the effect of the non-local coupling.

between the Majorana mode ¢ on the superconducting island and the conduction
electron lead j, where the operators v; correspond to the conduction electrons at

the end of the lead j,
1

N N 2

and the phase operator ¢'*/2 raises the number of electrons on the superconductor

(2.3.6)

by one charge unit: [V, e*%/2] = £e*¢/2, This tunnelling Hamiltonian can be ob-
tained by writting the usual tunnelling Hamiltonian between the electrons on the
superconducting island, 1g(x), and the electrons on the regular conduction leads,
V;, as ~ g(x;)1; + adj., where z; is the tunnelling point. The superconducting
electron operator can be expressed as 1hg(x) = €%/2{37 . £;(x)7; + 1> s(x)}, where
¢;(z) are the Majorana wave functions and v~ g(z) is the piece of the electron
operator with positive-energy BCS excitations [62]. The tunnelling Hamiltonian
is then obtained by neglecting 1~ g(z), which can be done below the energy scale
of the superconducting gap [62].

We shall see later on that under a certain set of conditions, the Hamiltonian
(2.3.1) above can be mapped onto an impurity Hamiltonian, namely, the Kondo

Hamiltonian, which we now introduce in the next section.
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2.4 Kondo Model

A problem of interest to condensed matter scientists in the 1930s was the elec-
tric resistance minimum found in non-magnetic metals with magnetic impurities.
The resistance of pure metals decreases when temperature is lowered due to the
depopulation of phonon modes which can scatter conduction electrons. Upon
further cooling, the resistivity reaches a constant value: while phonon scattering
decreases with temperature and becomes insignificant at low temperature, lat-
tice defects give rise to a finite resistivity. However, when a magnetic impurity
is introduced, instead of becoming constant, the resistivity increases again upon
cooling [42].

It took thirty years before this was explained by Jun Kondo [43], who applied

perturbation theory to the s—d exchange model, now known as the Kondo model:

HZHlead—f—JS'S

— Zskazaakg +J {% (S+S_ + S_s+) + stz} , (2.4.1)
ko

where ay, are the operators for the conduction electrons of spin o, o € {1,l]},
the upper-case operators S*, S*, S~ are the z-component spin-projection, spin-
raising, and spin-lowering operators for the impurity, and the analogous lower-
case operators s*, s, s~ are the local spin operators at the impurity site of the
conduction electrons. Specifically, s =>"_ , %aiaggza(,/, where a, = ﬁ >k ko
are the operators for the conduction electrons at the impurity site and o =
(04, 0y,0,) are the Pauli matrices. The raising and lowering operators are related
to the spin-projection operators by S* = S% £iS¥. Essentially, the Kondo model
(2.4.1) consists of two terms: the first term is the Hamiltonian of non-interacting
conduction electrons and the second term represents the interaction — the spin
coupling — between the conduction electrons and the impurity. If J is positive,
the interaction is said to be antiferromagnetic, i.e., the two spins prefer to be
antialigned. Kondo found that the spin contribution of the resistivity is pspin =
—beln(T/Tg), where b is a constant, ¢ is the impurity concentration, and T is
the Fermi temperature. Together with the phonon contribution of a1, where

a is a constant, the resistivity minimum is found to be at the temperature of
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Thin = (g—g) 18 Though the resistivity minimum problem was solved by Kondo, it
can be seen from the spin contribution to the resistivity expression that it diverges
at very low temperature. Such a problem occurs when the high-order terms
become as important as the low-order terms, and the perturbation theory breaks
down. Thus, other non-perturbative techniques, one of which — the Numerical
Renormalisation Group — will be discussed in details, are required to study the
impurity problem.

A variant of the Kondo model was proposed in 1980 by Nozieres and Blandin
[55] in order to take into account the orbital structure of the impurity. This is
now known as the multichannel Kondo Model or specifically the n-channel Kondo

Model, and its Hamiltonian can be written as

H= Z 5ka2wakw + JZ S -s;, (2.4.2)
kio i

where i € {1,...,n} is the channel index. The low-temperature behaviour of
this model can be categorised into 3 groups depending on the relative size of
the impurity spin S and the number of channels of the conduction electrons n.
Details of these models will be provided in Section [2.5.2] after we have discussed
the Renormalisation Group method and understood the fixed point structure of
the standard one-channel Kondo model.

Now that we have described the standard Kondo model, in the next section, we
discuss one of the techniques that is used to solve the problem, the Renormalisa-
tion Group, via two examples. Later, we discuss the Numerical Renormalisation
Group technique, which a very powerful tool as it is non-perturbative but the

renomalisation then has to be carried out numerically.

2.5 Renormalisation Group

Before describing the Renormalisation Group (RG) method, let us consider, as an
analogy, the relationship between fluid mechanics and the fluid’s composition. At
the microscopic level, a fluid is composed of small particles that interact with one
another and the interactions are described by quantum mechanics. Nevertheless,

in order to understand the dynamics of a fluid, it is not necessary to understand its
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microscopic details. Fluid mechanics, whilst being able to describe the dynamics,
does not refer to the internal quantum structure of the fluid; the microscopic
details are included in the parameters such as viscosity. Therefore, in order to
describe the long-length behaviour of a fluid, we do not need to know the motion
or the fluctuations on small length scales; only average behaviour at larger length
scales needs to be considered. The process of averaging out the fluctuations on
small length scales is known also as integrating out short-wavelength fluctuations.

The low-energy behaviour of condensed-matter systems is usually of interest
since, in addition to the practicalities in a sense that, for example, we frequently
deal with metals at room temperature not at its melting point, it tends to be
universal, i.e., there is a set of common low-temperature behaviours among models
with different microscopic details. Hence, the idea of RG will also be applied to
integrate out, analogous to short-wavelength fluctuations, high-energy excitations
of a theory, so that low-energy properties of a system can be understood.

In order to illustrate the RG principles, we discuss two explicit examples:
the spin decimation as applied to the one-dimensional Ising model and the poor

man’s scaling to the Kondo model.

2.5.1 Real-Space Spin Decimation

We first discuss the RG method that is done in real space of the one-dimensional

Ising model by following Pathria [86]. The model Hamiltonian is

N
H = —JZSZ‘SH_l, (251)
=1

where J > 0 is the coupling constant and s; € {£} is the spin at site i. The

partition function of the system is then

N
Q= Z e PH — Z H exp {Ko + K18iSit1}, (2.5.2)
{si} {si} =1

where Ky = 0, Ky = fJ, and 5 = 1/kgT. The parameter K is included for

reasons that will later become clear. The RG idea here is to decimate half of the
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spins from the chain by carrying out the sum over them. Assuming N even, we

rewrite the summand above as

N 3N
H exXp {K[) + K18i8i+1} == H exXp {2K0 + Kl(SQj_lsgj + 82j82j+1)} . (253)
i=1 j=1

The sum over all the even spins sy; can then be carried out to give

IN
2
H exp(2K) - 2 cosh {K1(s2j—1 + S2j+1) } - (2.5.4)

Jj=1

Denoting the odd spins sqj_1 =: &/, we attempt to rewrite the transformed par-

7
tition function in its original form. In particular, we substitute the summand

(2.5.4) into the partition function (2.5.2)) and force it to be equal to the same
partition function but with the transformed parameters K; and Kj:

3N N/
Q= Z Hexp(QKo) -2cosh { Ky(s) 4+ s7,1) } = Z Hexp {K{+ Kiss) 1.}
{sf} =1 {s} i=1

(2.5.5)
Specifically, we take

/

which is required to be true for all choices of s and s},,.

s, =84, = land s = —s.,, = 1 to obtain
exp(2Ky) - 2cosh(2K,) = exp(Ky+ K7), 2exp(2Ky) = exp(Ky — K1), (2.5.6)
which can be inverted to give
Kj = 2K, + In(2y/cosh2K;), K| = %ln(cosh 2K7). (2.5.7)

Here it becomes clear why the parameter K\ needs to be included: in an attempt
to sum over half of the spins in the chain and rewrite the Hamiltonian in its orig-
inal form, two unique conditions (2.5.6)) need to be satisfied and thus, requiring
two free parameters.

The thermodynamics of the Ising spin chain can be understood by considering
the free energy. Setting Ky = 0, the partition function of the system before and

after the spin decimation are

Q = Q(K,) = eV oQ(KY), (2.5.8)
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where Q(K1) = >, I efsisitr - Since N’ = LN, we calculate the free energy
per spin, f(K;) = —%kBTln Q(K1) to be

£y = —shoTEG + 3 f(KY). (2.5.9)

In the limit 7" — oo, both K and K7 vanish and we obtain the high-temperature
free energy
f(0) = —kpgTKj = —kgTIn2. (2.5.10)

This can be understood by considering the entropy s = —g—% = kgIn 2, which
suggests the two possible spin states; at high-temperature limit, each spin in
the Ising chain becomes completely independent from one another. This also
illustrates the significance of the parameter K. In the limit 77— 0, K; — oo

and K! ~ 11n (1e251) ~ K. Using the equations (2.5.7) and (2.5.9)), we find the
1= 33

free energy to be
f(Ky) ~ —kgT In(24/cosh2K;) ~ —kgTK; = —J, (2.5.11)

which is to be expected as it is indeed the energy per spin at low temperature
when all the spins are aligned. In fact, for this particular model, the functional
equation does have a solution and we can solve for a general expression
for the free energy

f(K1) = —kgT In(2 cosh K7). (2.5.12)

We can see from the discussion above that the RG transformation — in this
case, the spin decimation or the sum over half of the spins — takes the param-
eter J = K;/f in the Hamiltonian to J' via K| = R(K}), where the
specific form of the transformation R is given by the equation (2.5.7). The RG

transformation in general may have what we refer to as a fized point, K*, where
R(K™) = K™, (2.5.13)

As can be seen from previously, the fixed points of the model are K = 0 and
K} = 0o. K7 is referred to as a stable fixed point since any values of K; near
0 results in K that is smaller and approaches 0. On the contrary, the other
fixed point Kjj is unstable because any values of K; # 0 results in K; that
goes towards K. Therefore, a generic one-dimensional Ising model with finite J
appears disordered when viewed on a long enough length scale, or when enough

spins are decimated.
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2.5.2 Energy-Space Poor Man’s Scaling

A perturbative RG procedure that is relevant to the impurity problem is Ander-
son’s poor man’s scaling [44]. We review the method as is presented by Hewson
[69] by following the outline given in details by Altland and Simons [87]. We
begin by considering the Kondo Hamiltonian but lowering its symme-
try by allowing anisotropy between the coupling constants of the z component
and the z,y components. Expanding out the conduction electron spin operators
s in terms of the creation and annihilation operators, the Hamiltonian of the

anisotropic Kondo model then takes the form

H = Z 8ka£gakg+% Z {J+S+a,lak/¢ + J_S_azTakli + J. 5% (a%am — aha;w)} .

v . (2.5.14)
Assuming that the conduction band of a constant density of states pg is of band-
width 2D centred at g, = 0, we divide the band into the high-energy electron /hole
states occupying the energy shell D/b < |g| < D and the remaining states
0 < |ex] < D/b, where b > 1. We attempt to derive a low-energy effective
Hamiltonian by considering virtual excitations to the high-energy states as per-
turbations. In particular, we split the Hilbert space of the system into three
subspaces: {1y} with no electrons/holes in the upper/lower band edges, {u;}
with at least one electron in the upper band edge, and 7 with at least one hole
in the lower band edge. Applying the projection operator P;,7 € {0,1,1} to
the Schrédinger equation, Hiy = E1), inserting the identity operator 1 = > i B
using the fact that sz = P;:

P (Ey) = P (H}) = BHY Pl =Y PHPu;, (2.5.15)

where 1); is the wavefunction in the subspace j, and arriving eventually at a set

of equations

E; = Z H;j;, (2.5.16)
J

where H;; := P,HP; can be interpreted as the components of H that takes the
states from subspace j to subspace ¢. We then solve the equations ([2.5.16|) for 1
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and 11 and substitute them into the equation for 1y, namely,

Evo = Hotpr + Hootho + Horthn (2.5.17)
= [HOT (E - Hii)_l Hio —+ HOO + HOl (E - Hll)_l H10:| 'lbo. (2518)

Focussing on the term that scatters an electron into the upper band edge, we
identify Hio to be

1 - 2
Hyy = 3 Z {J+S+altf¢aks¢ + J_S a;tfﬂkg + J,S (a,thakST - azfiakw)} ,
ks ks
(2.5.19)
where ky span the range of energies within the band edge and k, span the range
of lower energies. Then, there are eight possible processes that are allowed for
the Hyy X Hyp term, i.e., those that take the states from within {} to {11} and

back to {1y}, four of which are

2.5.20)
2.5.21)
2.5.22)
2.5.23)

JzSzangakﬂ X JzSzaLfTakST (
J,S’a,tmakﬂ X J+S+a,tf¢aks¢ (
JzSzaLgTaka X J,S’a,];fTakS¢ (
—JzSZaLgiakN X J+S+a£f¢akﬁ, (

and the other four are related by symmetry. The first two pairs preserve the
spin of the electrons whilst the latter two involve a spin-flip process. There are
also contributions of the same type from the Hy; X Hiy. Combining the sixteen

contributions, we arrive at the renormalised coupling constants

1 1 1 1
b) = Ji — = JoJepoD (1— 7 (2524
Te(b) = T = 5T o ( b)(E—D+%+E—D—%> (2:5.24)

1 1 1 1
b) = - = _poD (1 — - . 2.5.2
10 = 1= 30t (1-3) (=g t pope ) 2529)

Since we are interested in the low-energy properties, £ < D, and the typical

internal excitation energy ¢, < D, the recursion relations can then be written as

dJs
Tp = P (2.5.26)
d.J.
T p = Pl (2.5.27)

26



2.5 Renormalisation Group

where dD = D (1 — %), b — 1, and the scaling trajectory follows the relation
J? — J = const. (2.5.28)

For the ferromagnetic model with J, < 0, if |J,| > Ji, as the bandwidth is
reduced, Jyr — 0. If |J,| < Ji, and also for the antiferromagnetic model with
J, >0, J, and Jy gets larger and larger until the perturbation method used here
is no longer valid.

For simplicity, we now consider the isotropic antiferromagnetic Kondo model

with J, = JL = J > 0. The scaling equations ([2.5.26]) and (2.5.27)) become

dK
D ~-K? (2.5.29)

where K = pgJ is the dimensionless coupling constant. There are two fixed
points for this model: the weak-coupling (WC) fixed point K, = 0 and the
strong-coupling (SC) fixed point K§, = oco. The weak-coupling fixed point is
unstable and corresponds to the model at high temperature where the impurity
is effectively decoupled from the conduction electrons. As the bandwidth is re-
duced and with it high-energy excitations integrated out, the system flows to the
strong-coupling fixed point, which is stable and corresponds to the model at low
temperature where the conduction electrons and the impurity effectively form a
spin singlet state and we usually refer to it as the impurity spin being screened. In
addition, if we integrate the scaling equation from the initial bandwidth

D and the coupling constant K to the renormalised values D and K

R ogx (D

~~— = dmD 2.5.30

| % L (25.30)
11 D

De VK = De /K, (2.5.32)

We thus obtain a scaling invariant which is usually referred to as the Kondo

temperature Tk, defined via

kgTx = De VK (2.5.33)
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which is a single parameter that characterises the RG flow.
In the case of the antiferromagnetic multichannel Kondo model (2.4.2)), the

scaling equations (2.5.26)) and ([2.5.27)) are modified [8§] to

dKJ_ n 9 2
=—-K K, +—-(K]+K)K,, 2.5.34
dln D L + 4( 1 + z) €L ( )
dK n
= -K: +-KK, 2.5.35
dlnD 1 + 2 1 ) ( )
where the transverse coupling constants are set to equal K, = K, = K_ for

simplicity, and the third-order terms are included in order to obtain the leading

dependence on n, the number of channel. In the isotropic limit, K, = K, the

scaling equations ([2.5.34)) and (2.5.35|) collapse to

dK f
=K+ gK“, (2.5.36)

which leads to the modified Kondo temperature
kgTx = DK™? e VK, (2.5.37)

Furthermore, upon setting the scaling equation to zero, it might seem
that there exists also another fixed point K, = 2/n. This is obtained by assuming
that the second-order term is of the same magnitude as the third-order term and,
except in the case where n is large [55], the perturbation theory is no longer
justified. Nevertheless, results from NRG calculations have been used to show
the existence of this intermediate fixed point [89].

As mentioned before, the low-temperature behaviour of the multichannel
Kondo model depends on the relative size of the impurity spin S and the number
of channels of the conduction electrons n and can be split into 3 cases. This can
be understood by considering the strong-coupling behaviour of the model, where
the n channels of spin—% conduction electrons together with the spin S impurity
form an effective spin of the size |S — n/2|. We thus categorise the multichannel
Kondo model into three different cases: the underscreened model with S > 7, the
exactly screened model with S = 7, and the overscreened model with S < 7. It
turns out that for the exactly screened and underscreened cases, the behaviour is

similar to that of the single-channel model: K3 is unstable; K§. is stable; K
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does not exist. However, in the case of overscreened model, both K3, and K¢x
are unstable; Kj exists, is stable, and has properties that cannot be explained
by Fermi-liquid theory and is therefore known as the Non-Fermi liquid (NFL)
fixed point [55], 89].

2.5.3 Numerical Renormalisation Group

The principal method that is used in this project is a particular implementation of
RG, the Numerical Renormalisation Group (NRG) [45, 40}, [48]. The main idea of
NRG is the same as RG in the sense that by carrying out the NRG procedure, the
low-temperature behaviour of a system of interest is found. However, contrary to
the poor man’s scaling, which is perturbative, NRG is not. The general procedure
of NRG is the following:

1. Logarithmic discretisation of the conduction band

2. Mapping to a semi-infinite chain

3. Iterative diagonalisation of the Hamiltonian of the chain
4. Calculation of physical properties

Before we discuss the NRG procedure, we briefly discuss the general form of

a quantum impurity Hamiltonian, which usually consists of three parts:
H = Himp + Hband + Himpfbanda (2538>

where Hiy,, is Hamiltonian of the impurity, for example, the second term of
the Kondo Hamiltonian (2.4.1)), Hyana the conduction band, and Hipp bana the
interaction between them. In particular, the latter two Hamiltonian take the

following forms:

Hband = Z gka]];gak:cr- (2539)
ko

Himpfband - Z Vk (f;ako + a"];:o.fg') s (2540)
ko
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where the operators a, are for the electrons in the conduction band with spin o,
momentum k, and energy i, the operators f, for the impurity, and the parameter
Vi the coupling constant between the impurity and the band.

In this thesis, we make standard assumptions in NRG for metallic bands, that
the conduction electron band is uniform and extends from —D to D, choose D
as the energy unit, i.e., setting D = 1, and ignore the momentum dependence of
Vi, i.e., Vi = V, the Hamiltonian can then be rewritten in the continuous form
as [48]

1 1
A
H = Hiyp + Z/l dsealaa&, + Z/l de ?0 (f;akg + a,iafg> , (2.5.41)

where Ay = V2 is the hybridisation function, a is a continuum conduction elec-
tron operator which satisfies the standard commutation relations: {al,, a.,/} =
d(e —€)dgor-

Now we proceed to the first step of the NRG procedure, the logarithmic
discretisation of the conduction band. With the parameter A > 1, we define a

set of intervals marked by the following points

T, =+A"" neN. (2.5.42)
The width of each interval is therefore

dy=AT"(1—-A). (2.5.43)
Within each interval, we define a complete set of orthonormal functions

L_etiwnre  for x4 < te <z,
*(e) = {@e o o ! (2.5.44)

" 0 outside this interval,

with the Fourier harmonic index p € Z and the fundamental Fourier frequencies

W, = 3—”. We then expand the conduction electron operators a., in this basis as

Qeg = Z [anpaw:{p(s) + bnpaw;p(g)] ) (2'5'45)

np
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where the inverse transformation is given by

1
Unpo :/ de [ :p(g)]*aam (2546)
-1

bpo = /_ 1 de [th,(2)]" e (2.5.47)

1

The operators a,,, and b,,, as written above are now discrete electron opera-
tors satisfying the standard commutation relations {alpa, Unipor } = Onn/Opp 0o
We now convert the general Hamiltonian, equation (2.5.41)), into one with these

discrete operators. The conduction electron term then becomes

1
/ deeal ja., = Z (&Fal o tnpoe + &0 bnpo) (2.5.48)

1 np
+ Y [ (9,9 oo — 3 (0,1 )blo by
n,p#p’

The first term is diagonal in p and the energies are given by

1
&= FA (1+A71). (2.5.49)
The coupling constants between states with different p are given by
I1—A1 AT 27i(p’ — p)
= = — — ). 2.5.50
ay, (p,p') i _pexp( e ( )

The hybridisation term is also transformed to

1
A ,: 1 it .
/1 de 7f0alw = ﬁf” Z ('yn Anoo + Y bnog) , (2.5.51)

n

A2 AT /2
ﬁz(;o) (—An ) . (2.5.52)

Clearly, the impurity operator fI is coupled only to the conduction electron op-

with the coeflicients

erators with p = 0: a,0, and b,o,. Therefore, we argue that since the coupling
constants between states with different p, o (p,p’), equation (2.5.50)), contains
the prefactor (1 — A=1), which vanishes in the continuous limit, A — 1, we shall
ignore all the p # 0 states. In practice, this approximation still produces accurate

results even for A as large as 2 [45] 46, [48].
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The Hamiltonian ([2.5.41)) is then turned into the discretised form:

H Hlmp—'—z gn naaTw Sn na ) (2553)

+%§aj<fi§nj(v:am+vgbm)+§nj ¥, + b, )f),

where we have now relabelled the operators a,, = a,¢, and dropped completely
the index p.

Before we continue with the next step in the NRG procedure, we mention a
problem that arises from the discretisation of the model. It turns out that the
discretisation introduces oscillations into the thermodynamic expectation values.
A standard method that is used to alleviate this problem is to perform the “z

averaging” [90]. By introducing a small shift in the discretisation point

1 n=>0
Tp =1 ’ 2.5.54
{A‘"”, n>1 ( )

Y

where z € [0,1), these artificial oscillations can be removed by averaging the
thermodynamic quantities over calculations with different values of z. Note how-
ever that the continuum recovered by this method is still different from the true
continuum limit A — 1. In addition, in order to accelerate the convergence to
the continuum limit, it is conventional to multiply Ay by a correction factor A,
[47, 148, [91], which takes the value of

1A+
AT oA
The next step is to map the discretised Hamiltonian (2.5.53)) onto a semi-

infinite chain. The third term of the Hamiltonian is a coupling between the

InA. (2.5.55)

impurity operator fI to another conduction electron degree of freedom, which we

now call ¢}, defined as

1
) + -
Coo = g Vo Ao + Yy, bro ) - 2.5.56
’ Vo = ( "’ ) ( )
The normalisation constant &, can be written as

=Y [(7;)2 + (75)2} = A,. (2.5.57)

n
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The hybridisation term then becomes

1 §o
_fci ’Yr—l_ana + ’77:an = fTCOJ (2558)
Vel )
Here the operator ¢, corresponds to the first site of the conduction electron chain.
This operator is not orthogonal to the a,, and b,,, but we can use a standard
tridiagonalisation procedure to generate the orthogonal set of operators c,, via

an orthogonal transformation,

= (Unmme + Vnnbumo) (2.5.59)
m=0
whose inverse is
= Z UmnCmo bna = Z VUmnCmo - (2560)
m=0 m=0

The Hamiltonian (2.5.53)) can then be transformed into the semi-infinite chain

as required:

H Hlmp + \/ 50 Z fTCOU + COO’fU) Z (c:rwcn—i-la + Cinrlacno) 9 (2'5'61>

o,n=0

where the operators ¢! now represent the nth site of the conduction electron
chain. The zeroth coefficients can be read off directly from the definition of the

operators cg,, equation ([2.5.56):

Jr —
Uom = T g = L (2.5.62)

V&' Vé

The recursion relations for the remaining parameters can be derived and are

initialised at n = 0 by

Jr J—
Upyy = M7 Vi = gmﬂ_ (2.5.63)
to to
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For n > 1, the recursion relations are the following

2= [(Ghuam)” + (Gavnn)’] — £21,

1

Un+1,m = t_ (gzrzunm - tnflunfl,m) ) (2564)
1

Un4+1,m = t_ (é-r:bvnm - tnflvnfl,m) .

Wilson [45] has solved for the expression of ¢,, analytically:

1— A—n—l Afn/2
\/1 _ A—Qn—l\/]_ — A—2n-3 )

t, = %(1 + A7 (2.5.65)
In the limit of large n, ¢, — (1 4+ A7')A™"/2, clearly decrease exponentially in
n. The n = 0 conduction electron site is usually interpreted as the electron shell
localised physically closest to the impurity. This shell is then coupled to the next
shell n = 1 which is farther away from the impurity on the energy scale that is
of v/A smaller than before, and so on.

We now arrive at the next step of the NRG procedure — the iterative diago-
nalisation. This is also the step where RG transformation takes place: H(K) KN
H(K'). The Hamiltonian (2.5.61) can be viewed as a series of Hamiltonians

Hy, N € N, which approaches H in the limit N — oo:

N-—1
HN = A(N_l)/2 {Himp + \/ é-_ﬂ(_)z <f;c()a + CZ)ng) + Z tn (Cjwcn—f—la + CILJ’-IUC'N/O')} )

o,n=0
(2.5.66)
with H = limy_0o A~ -"D/2H . The factor of AN=Y/2 ig introduced into the
equation ([2.5.66|) in order to cancel the N dependence of ty_1 (equation (2.5.65))

Therefore, two successive Hamiltonians are related by

Hyy = AYV2Hy 4 AN? Z 1Y <CTN0'CN+10' + C}r\f-l-lacNU) ; (2.5.67)

where the sequence starts at

Hy= A"1/? {Himp + \/%Z (fjaU + cg(,fg) } : (2.5.68)
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The equation (2.5.67)) can then be interpreted as a RG transformation R in
the sense that Hy,1 = R(Hy). Unlike in the Sections [2.5.1] and [2.5.2] where
fixed points are characterised by a set of parameters { K'} where R(H({K*})) =

H({K*}), there exists no such representation where a set of parameters {K*}

can be identified in NRG. Instead, we characterise Hy by its enegy eigenvalues

En(r) and their eigenstates |r) y:
Hy|r)y = En(r)Ir)y, re{l,.... N}, (2.5.69)

where N; is the dimension of Hy. In order to iteratively diagonalise Hy, we
assume that the eigenstates and their eigenvalues have been determined for a
given N. A basis state for Hy,, labelled as |r;s) ., is constructed by taking
a direct product of the eigenstates of Hy with a suitable basis of the added site
|s(N +1)):

75 8) N = 1)y @ |s(V + 1)) . (2.5.70)

The Hamiltonian matrix elements of Hy,1 are then

Hyya(rs,7's') = o (s s| Hyyr |75 8" ) Nt (2.5.71)

The Hamiltonian Hy; can then be diagonalised to give the new set of eigenstates
|7) no1 With eigenvalues Enyi(r). This new set of eigenstates are related to the

product states via the unitary matrix U:

P = D U ') [r's sy - (2.5.72)

Furthermore, it is convenient to set the energy of the ground state to zero.
Since the basis states of Hy,q is constructed from the direct product with
a basis set of the added site as written in the equation , the dimension
of the Hilbert space grows exponentially by a factor of the dimension of the
space of the added site in each NRG step, rendering it impractical to perform
diagonalisation numerically. The standard solution to this problem is to truncate
the eigenspace by keeping only the N, lowest-energy eigenstates. The dimension
of the eigenspace is therefore fixed to Ny and the NRG computation time grows
linearly with the number of NRG steps required. The appropriate number of

eigenstates required depends on the model and this is conventionally checked by
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varying N, until the low-energy RG flow is no longer affected. Since in each NRG
step, the addition of a new site is a perturbation of the order A=/, this becomes
very small and the truncation works well for large values of A. The smaller the
chosen A is, the higher number of Ny is required. It is therefore essential to
determine the optimised value of A and Ny for a particular model Hamiltonian.
By choosing A — 1, we are closer to the continuum limit, but at the same time,
large value of N is required by the truncation to work efficiently. As mentioned
before, it has been shown that accurate results can be obtained even for A as
large as 2 [45, [46] [48]; hence, in this project, we choose A = 3 and vary the Nj
until we obtain the results that are no longer dependent on the number of states
kept.

Whilst the RG flow behaviour of a model can already be studied from how the
low-lying energy levels behave as a function of NRG iterations, NRG is also pow-
erful for providing information about the physical properties. Their calculations

are reviewed in the next section.

2.6 Physical Properties

2.6.1 Thermodynamics

At each NRG iteration N, an average value of a thermodynamic quantity at

temperature 1" can be calculated through

1 - T
(- YI) = er BENG) (|| ), (2.6.1)

T

where the partition function

AR PR (2.6.2)

Since the Hamiltonian Hy is scaled by the factor of AAN=D/2 in the equation
(2.5.66), the states with En(r)/AN"D/2 > kgT are exponentially suppressed
due to the Boltzmann factor and do not significantly contribute to the sum. We

can therefore define the quantity

a2 Bn
B= s ~ L (2.6.3)
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where the inverse temperature By = (kgTx)~!. In practice, 3 is chosen to be
from 0.5 to 1 and at Nth iteration of the NRG procedure, the temperature is
then defined through it, i.e., kgTy = AN"1/2/3

The simplest thermodynamic quantities that can be calculated by NRG are
the impurity contribution to the entropy Simp, heat capacity Cinp,, and the mag-
netic susceptibility Ximp. Given a thermodynamic system and the energies of all
the microstates, the free energy F' and the internal energy U — in the units where

kg = 1 — are given by

F=-TlnZ (2.6.4)
and | 87

where Z =) e PE() is the partition function. The entropy and the heat capac-

ity can then be calculated from via their temperature derivatives:

OF
§=-o5=8(H) +lnZ (2.6.6)

and 50
C= o5 =5 ((H) - (H)?). (2.6.7)

The impurity contribution to these properties are calculated by subtracting away
the contribution from the free conduction electrons, e.g., Sin, = S — Sp. As
an explicit example, at the NRG iteration /N, the impurity contribution to the

entropy at temperature Ty is calculated from

ZN)

Sianp(Tiy) = SM — sV — g, ((H(N>> - <H(()N)>) tnoe o (268)
0

The magnetic susceptibility can be calculated in a similar fashion:

=2 (ﬁizg_g) = B ((M?) — (M), (2:6.9)

where M is the magnetic moment, which is the sum of the S, of all spins. The
impurity contribution is then Ximp = X — Xo-
For the isotropic one-channel Kondo model, at high temperature, Sin, — In2

going towards the weak-coupling fixed point due to the doubly degeneracy of
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the free spin-3 impurity, and Tximp = 35(S + 1) = 1 following Curie’s law.
At low temperature, due to the strong coupling between the impurity and the
conduction electron degree of freedom, the impurity is screened and Siy,, — 0
and Ximp becomes constant.

As for the multichannel Kondo model, as is mentioned in Section the
model is classified into 3 different categories, whose low-temperature behaviours
are very interesting. Imagining the posibility of having the impurity spin S being
screened by the n channels of spin—% conduction electrons, we categorise the model
n

5, underscreened S > 7,
n

and overscreened S < 3. In the exactly screened case, as the name suggests,
Simp — 0. In the underscreened case, there remains a residual effective spin
S" =8 — 4 and thus, Sy, — In[S'(S" +1)]. And for the most interesting case of

all, the overscreened case, the low-temperature impurity entropy at the NFL fixed

into the case where the spin is exactly screened S =

point, as calculated from Bethe-ansatz solution [92] and conformal field theory
(CFT) [93], follows the expression:

(2.6.10)

Simp(T — 0) = In {sin[ﬂ(QS +1)/(n +2)] } 7

sin[r/(n + 2)]

which suggests non-integer ground-state degeneracy. Near this NFL fixed point,
if n is the number of channels, the asymptotic behaviour of the impurity entropy

is found to

24, forn > 2,

2.6.11
aT' (1=5bInT), forn =2, ( )

Simp(T) — Simp(()) ~ {
where a,b are some constants, A = 2/(2 +n), and 1+ A is the known scaling
dimension of the leading irrelevant boundary operator at the overscreened fixed
point [52]. Since the heat capacity is related to the entropy by the relation C' =
Tj—;, they have the same asymptotic behaviour. Furthermore, the asymptotic
behaviour of the magnetic susceptibility near the NFL fixed point is the same

T34, for n > 2,

2.6.12
cI'(l1—dInT), forn=2, ( )

TXimp(T) ~r {

where ¢, d are some constants.
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2.6.2 Scattering t Matrix

The zero-temperature scattering ¢ matrix is define through the equation:

G i(w) = O +< ! )Tkk,ﬂ»(w)( ! > (2.6.13)

Z — € z — € z— €

where Gy j(w) is the retarded Green function, z = w + 10 with 6 — 07, and the
Fourier transform of Gy i(w) is G i(t) = —i(t)({ar(t),al,,(0)}). Physically,
the ¢ matrix can be understood by considering its relationship with the Green
function. The Green function quantifies the scattering of an electron with a
wavevector k and spin i at ¢t = 0 to the state with a wavevector k" at later time ¢.
As is seen from the equation , the Green function consists of two terms:
the first term arises from the non-interacting part of the Hamiltonian, Hie,qs, and
the second term is related to the interaction. Therefore, the ¢ matrix is related to
the scattering amplitude that arises from the interacting part of the Hamiltonian.
Denoting in general the retarded correlation function —if(t)({A(t), B(0)}) by
(4; B)

derivative and Fourier transforming them:

.» we can derive the general equations of motion by taking the time-

(A B), = ({4, BY) + ([A, H]; B)),, (2.6.14)
= ({A, B}) + (A; [H, B]),.. (2.6.15)

Applying this to the general Hamiltonian H = Hieags + Hing, we can write the

retarded Green function above Gy ;(w) as

Ok n ({[ari, Hint) ,az/i}> + ([ari, Hint] ; [arss, Hint]T»w

fawss alos), = = CEAI Ry . (26.16)
Therefore, the ¢ matrix can be read off as
T i (@) = {[awis Hine » alyi}) + (lani, Hine] s [awsi, Hine] )., (2.6.17)
For convenience, we shall focus on the dimensionless ¢ matrix defined as
ti(w) = —mp ImZTkk,i(w). (2.6.18)
k
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In calculating the ¢ matrix via NRG, we use the FDM-NRG method [94], 95].
Due to the discretisation, we obtain a discrete set of delta functions. We then
use the standard method of Ref. [94) [05] to broaden the poles.

The zero-frequency value of the zero-temperature scattering ¢ matrix of the
overscreened Kondo model with n channels of conduction electrons and spin-s

impurity has been previously calculated from CFT [96]:

_ 1 cos[n(2s+1)/(2+n)]
H0) = ; (1 oo T2 ) ) . (2.6.19)

In addition, the asymptotic behaviour near the NFL fixed point is found to be

tw) — t(0) ~ — |w|™. (2.6.20)

2.6.3 Linear Conductance

The other important dynamic quantity is the linear differential conductance in
an ac field. We assume that at ¢t = —oo, the system is in equilibrium with all
the leads at a common chemical potential © = 0. Then, also at ¢ = —o0, we
adiabatically switch on the chemical potential of lead j which is time dependent:
1j(t) = eV cos(wt). Assuming that the current I;(t,w) = e (2 N;), where N; is
the number operator of lead i, has reached an oscillatory steady state by ¢ = 0,
we define a dimensionless ac conductance tensor as

e? . OL(t =0;w)

One may obtain the static conductance in response to a dc voltage by taking the
limit w — 0: G(T) = limy o Gij(w; T).

We use the Kubo formalism [97] to obtain an expression for the linear con-
ductance that can be calculated by NRG. If we have a system that is described
by a time-independent Hamiltonian H with a time-dependent perturbation that
is adiabatically switched on H'(t) = e"BF(t) , with n — 07, where B is an
operator which describes how the field couples to the system and F(t) is a
time-dependent scalar, the change in the expectation value of an observable A,
A (A(t)) = Tr[p(t)A — peqA], where p(t) and peq are the density matrices in the
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presence and absence of the perturbation, respectively, is given in Appendix B of
Hewson [69]:

A(A(L)) = %Tr / " B pu At — ) F(E) AL (2.6.22)

—0oQ
where A(t—t') = eHt=¥)/h Ae=1H(E=¥)/1 ig the observable in the interaction picture.
In the context of our mesoscopic device, the perturbation which arises from the

chemical potential of lead 7 is of the form
H'(t) = p;j(t)N; = ecos(wt)V;Nj, (2.6.23)

where e is the magnitude of the electron charge, w the frequency of the ac bias
voltage, and N; the number operator of lead j. The current into lead 4, [;(t) =

LeN;(t)) = e <Nl(t)> can then be calculated by substituting A = eN;(t) and
B = N; into the Kubo formula, equation (2.6.22)):

21/ v _
Li(t;w) = 6172/] Tr/ " [N}, peq| Ni(t — t') cos(wt’) dt'. (2.6.24)

With the change of variable ¢t — ¢ — t” and the definition of the conductivity

tensor

oij(w) = %Tr/ SCHM N pe ] NG (1) dt, (2.6.25)
0
the current can be rewritten as
62‘/j —iwt iwt
Li(tw) = 5 [e 705 (w) + e“oy(—w)] (2.6.26)

Finally, with the definition of the spectral function K;;(w) which can be expressed

as real and imaginary part:

Kij(w) = _% / ei<w+in>t<[Nj,Ni(t)]> dt (2.6.27)
0
= Kj;(w) +1Kj;(w), (2.6.28)
we obtain
N (D OL;(t; w)

th% (w)
hw

— sin(wt) (2.6.30)

=27 [cos(wt) i (Kl{j <wﬁ)w_ Ky (0))] .
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The static dc conductance can be obtained by taking the limit w — 0:

d RQKZ{/'(‘U)
G = }JIL% Gij(t;w) = —2m };iino T] (2.6.31)
In comparison with the value at ¢t = 0,
R ()
Giy(w) = Gyt = Ojw) = —2m——=—, (2.6.32)
we therefore indeed have that
G = lim G (w). (2.6.33)

Finally, by Lehmann resolving K};(w), one finds that sgn[Kji(w)] = sgn|w]
and as a result, G;;(w) < 0. Essentially, in the dc limit, when we apply a positive
bias to lead ¢ there is then a current flowing out from that lead and we expect
the conductance to be negative.

Now that we have reviewed all the essential ingredients that will be used
throughout this thesis, we study the behaviour of the mesoscopic device men-
tioned earlier by applying NRG to study first its low-energy effective model in

the next chapter, and later on, the full model.
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The Isotropic and the Axially
Symmetric Spin Models

In this chapter, we consider the Majorana device as described previously in Sec-
tion [2.3] Since we are mainly interested in the low-temperature behaviour of
the model, following Béri [41], we first derive the low-energy effective model by
projecting it into a subspace of a particular charging state. It turns out that the
effective model is the Kondo model with a spin—% impurity coupled to spin-1 con-
duction electrons. In order to reduce the complexity of the model, we first impose
the full symmetry condition by requiring the coupling constants to all be equal
and study the isotropic Kondo model by NRG. We investigate both the model’s
static thermodynamic properties — the impurity entropy and spin susceptibility —
and also the dynamic properties — ¢ matrix and linear conductance. Finally, we
lift the isotropic symmetry requirement and find that the low-temperature Fermi
liquid behaviour is robust. The work in this chapter has already been published
[72].

3.1 Low-Energy Effective Model
Given the Hamiltonian (2.3.1]) that is introduced in Section [2.3]

H = Hypgs + H. + Hy + Hy, (3.1.1)
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MODELS

we are particularly interested in energy scales that are much lower than the charg-
ing energy F.. Assuming that the system is tuned to the middle of a Coulomb
blockade valley [15, 27] where (H.) = 0 for some N, Béri [41] derived a low-energy
effective Hamiltonian, by following the method that is outlined in Section [2.5.2
consider virtual excitations to the adjacent charging states N —1 and N + 1 as
perturbations. Here, we split the Hilbert space into three subspaces: {1y} for the
charging state N, {¢1} for N + 1, and {¢7} for N — 1. The low-energy effective
Hamiltonian can be read off from the equation as

Heg = Hyi (E — Hyp)™ ' Hig + Hoo + Hoy (E — Hyy) ™' Hyo. (3.1.2)

As before, H;; is interpreted as the components of H that takes the states from
subspace j to subspace i. Therefore, Hyg = Hot = ), i tij”yiwjei‘f’/ 2 adds an
electron to the superconductor whereas Hy, = Hiy = HIO removes an electron
from the superconductor. Furthermore, since the subspace with N —1 and N +1
are not connected, Hi; = H;7 = 0. Finally, Hyg is the part of the Hamiltonian
that does not change the number of electrons on the superconductor: Hyy =
Hicags + Hur-

Consider now explicitly the third term and noting that the commutation rela-
tion [HH ei¢/2] = E.e'/? is of the form [H, A] = cA, we can then use the identity
T A=Asrs H Jomgzaw) [98]. Therefore,

Hy (B — Hu)fl Hyo = Z t:je_i¢/2¢;7i (£ — Hu)il Ztk17k¢lei¢/2 (3.1.3)
ij

="t te P e (B — (Hy + B)) ™' (3.1.4)

ijkl
tiithl
~ Z %’YW (0 (3.1.5)
ijkl
£t 2%ty
=D vkw vi-) z/) Wi, (3.1.6)
ijkl ijl

where we have made the approximation that F. is much larger than the energy
scale of interest. The terms %Twl (without the Majorana operators) of the equa-
tion (3.1.6) are potential scattering terms, do not renormalise, and will not be
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considered. Similarly,

_ £t
Hy; (E — Hyp) ™ Hyg & Z —]E ’Yk%wlw; (3.1.7)
ijkl ¢
t;-tkl t;.k.tk'
= 2?—%%@% - ]T]%%- (3.1.8)
ijkl ¢ ijk ¢

We shall ignore and absorb the second term of the equation (3.1.8)) into the
Majorana-coupling terms Hy;. The first terms of the two equations are the same
and can be combined, though we shall neglect the terms where ¢ = k since these

are again potential scattering terms. Thus, the low-energy effective Hamiltonian

becomes ot
_ ikl T
Heﬂ = Hleads + Hy + % EC /Yk'Yi'(ﬁj@/)l. (319)
ij
ik

We shall now show that the last two terms can be written in terms of the
spin operators. First, we consider a Kondo model of a Spin-% impurity coupled

to spin-1 conduction electrons [41], (70}, [71]:

Hi =Y JoaSala, (3.1.10)

where S, is a spin—% object and can be realised from the Majorana bilinears as
mentioned in Section S, = %O’a = _}1 Zij €aijVi7j, and I, is a spin-1 object
formed from the lead electrons, I, = —izij em-ng Y, where o, are the Pauli
matrices and e€,;; is the antisymmetric Levi-Civita tensor. Consider explicitly

the o = 1 component of H:

Jll

1
JnSih = STy (Ve — vliis) = S0 (vl + waefvs) . (3.1.11)

Now consider only the first term in the parenthesis, this can be generated from
the last term of the effective Hamiltonian when the indices i = j = 3,
k = | = 2, which leads to the coupling ~ t9t33, and also when ¢ = [ = 2,
j = k = 3, leading to the coupling ~ #3,. The former is the local coupling between
the Majoranas and the lead electrons whereas the latter is the long-range coupling
between the Majorana and the other lead electrons. Since the Majoranas are well

localised, the overlap between the wavefunctions of the non-local Majoranas are
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small and the coupling constants ¢;;,;.; are exponentially small, o3 < t92, 33 and
can be ignored. We therefore conclude that indeed the spin Hamiltonian (3.1.10))
is a result of some of the last term of the effective Hamiltonian (3.1.9) and the

spin coupling constants J,, can be expressed as

Ut
Jaa ~ le%%1 =9 3.1.12
3 leas — 2, (3.1.12)
ij
where as mentioned before, the exponentially small long-range couplings when i =
l,7 = k are ignored. Furthermore, other exponentially small non-local couplings

tij, hij, where i # j generate the term

0H =Y JapSals + > JopSall + > haSa, (3.1.13)
af af «a
a#B

where I = Zij ij [Jéz)} ~1; are the five components of a spin-2 density and
ij

J&) are elementary symmetric real matrices. The coupling constants Jug ~ J,5 ~

tistss : : :
=22 and hg ~ €qi5hi;5. Therefore, our effective low-energy Hamiltonian becomes
C

Heff = Hleads + HK + HM +0H. (3114)

3.2 Isotropic Spin Model

In order to understand the basic universal physics of the model, we shall begin
by ignoring all the exponentially small terms in the equation : 0H, which
arises from the non-local coupling between the Majorana and the lead electrons
and Hyr, which describes the non-local coupling between two Majorana fermions.
Furthermore, we impose the full symmetry condition and consider the isotropic
spin coupling of the Hamiltonian Hg, equation : Ji1 = Jag = J33 =: J.
This condition corresponds physically to the device in which the local couplings
between all the conduction leads and the Majoranas are equal. Therefore, the

effective Hamiltonian of interest is reduced to

5= ealar + 7Y Sala. (3.2.1)
ki a
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3.2 Isotropic Spin Model

We then perform the following transformation to the lead operators:

1

Ci,—1 = E(akl + iakg), (322)

Ck,0 = (g3, (3.2.3)
1 '

Ch41 = E(akl — iags). (3.2.4)

The electron orbitals localised at the end of each wire become f; = ﬁ >k Chijs
analogous to the equation ([2.3.6)). By changing the spin-1 operators I, to their
raising and lowering equivalents I+ = I, & il,, and expressing them in terms of

these transformed lead operators,

1 =2 (fifa = L) (3.2.5)
1 =V2 (fifa =) (3.2.6)
Lo=flfo—fli o, (3.2.7)

the effective Hamiltonian becomes

5= enclyong + I{S. (Flafir = 111 )
& X (3.2.8)
+ s [57 (s slado) +57 (rhaso+ fisa) |}
where, analogous to the spin-1 operators I,, the Spin—% operators S, are also
expressed in their raising and lowering forms S* = S, +19,,.

From the standard NRG code for a Kondo model with a spin—% impurity cou-
pled to spin—% conduction electrons, we therefore replace the spin—% lead electron
operators s,(0), s7(0), and s~ (0) by the spin-1 operators, equation —.
The two quantum numbers which are used in block diagonalisation processes are
then the total charge, @ = 2(ny1 +mng+n_q — %), where the factor of % is added
so that the maximum and minimum number of charge is symmetric about 0, and

the total z-component of the spins, 25, (ot = 2(S, + n41 —n_;), where the factor

of 2 is added so that the number is an integer, and the operators n; = f} fj
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3.2.1 Kondo Scale and Thermodynamics

Before we discuss any specific physical properties of the model, we discuss the
Kondo temperature Tk, which is the universal temperature that sets the scale of
the universal flow of all the physical properties. Since Fabrizio and Gogolin [70]
and Sengupta and Kim [71] argued a Kondo model with spin—% impurity coupled
to spin-1 conduction electrons is equivalent to the 4CK model, we might expect
the same dependence of the Kondo temperature as a function of the coupling
strength J, equation (2.5.37)) with n = 4:

Tx/D = c(pJ)? e /?, (3.2.9)

Numerically, we define Tk to be the temperature at which the impurity entropy,
as defined in Section [2.6.1] is halfway between the WC and NFL fixed points:
Sinp(Tx) = 2(In2 + In/3) ~ 0.62. As is shown in Figure , the results from
NRG confirms that exactly.

The RG flow behaviour of this model can be observed clearly from the impurity
entropy Simp as a function of temperature (Figure (left)). The universal RG
flow is the same as that of 4CK model: a crossover from the WC fixed point at high
temperature with S, = In2 ~ 0.69, since the spin—% is doubly degenerate, to the
NFL fixed point with Sinp, = In V3 &~ 0.55, coinciding with the residual entropy
value expected of an overscreened multichannel Kondo model, equation
with n = 4. Near the NFL fixed point, when T <« Tk, the impurity entropy
follows the asymptotic form: Sipmp(T) — Simp(0) ~ (T /T )*?, exactly the expected
behaviour of the NFL fixed point of the 4CK model, equation with n = 4.

The equivalent universal flow behaviour is also observed in the impurity spin
susceptibility Tximp (Figure|3.2f (right)), also defined in Section a crossover
from the WC fixed point at high temperature with Ty = C' = 35(5 + 1) = 1,
where C' is the Curie constant and S = % is the spin of the impurity, following
Curie’s law, to the NFL fixed point with Ty = 0. The same asymptotic relation
near the NFL fixed point are the same as that of the impurity entropy, 7' Ximp(Z") ~
(T/Tx)*?, and these have already been identified [41}[72] and are in full agreement

with the numerical results presented here.
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Figure 3.1: The dependence of the Kondo temperature Tk on 1/pJ for the
isotropic spin model. The red dots are data calculated from NRG whereas the

green line is the analytical expression from the poor man’s scaling, equation 1}
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Figure 3.2: The universal temperature dependence of the thermodynamics for
the isotropic spin model. (left) The impurity entropy Simp (red line) showing the
RG flow from the WC fixed point Simp = In2 ~ 0.69 to the NFL fixed point
Simp = Inv/3 ~ 0.55, with the asymptote near the NFL fixed point of (T/TK)Z/3
(green line). (right) The impurity spin susceptibility T"ximp (red line) following the

same crossover with the same asymptote (green line).
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3.2.2 Dynamics: Scattering ¢t Matrix

In this section, we study the universal RG flow of the scattering ¢ matrix and the

zero-bias differential conductance. The ¢t matrix can be calculated by using the
equation (2.6.17) in the general formulation in section but we need to first

calculate the commutation relations

1

[Ck,ju Hint] == ij, (3210)
where
X,1 == J (%SJrfo - Szfl) y (3211)
Xo = % (STfa+S5f1), (3.2.12)
1
Xg=J (ES_]”O + SZfH) . (3.2.13)

Substituting these relations into the equation , we find the expression for
the ¢ matrix:

Ti(w) =Y kmy(w) = §J(S.) + (X XD),. (3.2.14)
As defined previously in equation , the dimensionless quantity of interest
is t;(w) = —mpImz;(w).

Although the expressions above for ¢ matrices are written in terms of X;
operators which involve the localised transformed operators fi, they are also valid
for ¢t matrices in the original physical basis. The reasoning is as follows: Since the
original lead operator a3 and the transformed lead operator ¢y are the same,
the ¢t matrix for the physical lead 3 is the same as that for the transformed spin
1 = 0. However, since the model under consideration is isotropic, the t matrices
for all three spin species are the same; hence, so are those for all three leads.
This is confirmed in our NRG result (not shown) and we shall show only the
results calculated from the spin j = —1. Figure [3.3| shows the zero-temperature
scattering ¢ matrix as a function of frequency w. The universal RG flow from
the WC fixed point where t; = 0 to the NFL fixed point where t; = %
observed. Note here that this zero-frequency value ¢;(0) = 3 is different from the

value CF'T predicted for the 4CK model, equation([2.6.19) with n =4 and s = %:

is clearly
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3.2 Isotropic Spin Model

t1K(0) = %ﬁ ~ 0.21. This is not unexpected because the actual conduction
channels of the two models are different [72]: whereas there are 4 channels of
spin—% electrons in one model, there is a single channel of spin-1 electrons in the
other.

In addition, we analyse the asymptotic behaviour of the model both at high
and low frequency. The behaviour at high frequency |w| > Tk, near the WC fixed
point, can be explained by the perturbative scattering of conduction electrons

from the spin-1 impurity local moment, and takes the form [99]

|w>T 1
(w) =

t : 3.2.15
“ a + n2(b|w|/Tx) (3:2.15)

with some constants a and b. The behaviour near the NFL fixed point at low
frequency |w| <« Tk is as predicted by CFT [96], equation (2.6.20)), for 4CK

model:

t(w) — t;(0) << (%) ' (3.2.16)

3.2.3 Dynamics: Linear Conductance

Finally, we study the dynamic property that can be probed experimentally, the
linear conductance. Since the local couplings ¢;; are isotropic, the Hamiltonian
under consideration is symmetric with respect to the interchange of the leads
and the three conduction leads are equivalent; hence, there are only two distinct
conductance tensors: G;;(w) and G;;(w) when i # j.

According to the equation , the conductance is related to the spectral
function by G;;(w) = —27Th2thi(w)
tives of the lead operators N; through equation (2.6.27). Therefore, we need to

, whereas K;;(w) is related to the time deriva-

calculate them first. Furthermore, when working with NRG, the lead operators
that we use are the transformed lead operators ¢y ; equation. Unlike
in the case of the t matrix where the result for the spin j = —1 is equivalent
to that in the physical basis, here we need to explicitly relate the conductance
tensors of the two bases.

If we represent the number operators in the physical basis by N; = aziaki and

those in the transformed basis by N; = CL,jCk,jv we can show that N_; + N; =
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Figure 3.3: The frequency dependence of the zero-temperature scattering ¢ ma-
trices t; for the isotropic spin model, calculated from NRG (red line) with the high-
temperature asymptote of equation(3.2.15)) (green line), and the low-temperature

NFL asymptote, equation (3.2.16) (blue line).

N; + Ny and Ny = N3. Therefore,

900((&)) = G33(UJ), (3217)
9,10((.4}) -+ 910(0.)) = Glg(W) + GQ:),(W). (3218)
Due to current conservation, we also have that

G13(w) + Gaz(w) + Gaz(w) =
G-10(w) + Goo(w) + G10(w) =

: (3.2.19)
(3.2.20)

Imposing the isotropy condition, G;x(w) = Gjk(w) and Giy(w) = Gjr(w) when

1,j # k and combining it with the two results above, we conclude that

le(w) = —%G“(w) = —%9“(@) = 91k(w) (3.2.21)

Both the diagonal and off-diagonal conductance tensors are conserved by the basis

transformation.
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The last ingredient we need for the NRG calculation is the expression for the
time derivatives of the lead operators N;, which can be calculated by using the
equation iAN; = [N;, H]:

: J
N = (S+ fofo— S fl f_1> , (3.2.22)
: J
i = (5 flifo = ST f 1) (3.2.23)
Ny = —ih (N_1 + NH) , (3.2.24)

where the last equation arises physically from the current conservation. We can
therefore use these operators to calculate K;;(w) and subsequently to calculate
G,j(w) using the standard FDM-NRG method [94], 95].

Arbitrarily, we choose to calculate the off-diagonal conductance §_;o(w) and
the diagonal conductance G_1_1(w). As mentioned in Section , the diagonal
conductance is expected to be negative. Together with the equation (3.2.21]), we
expect the off-diagonal conductance to be positive. This is indeed observed to
be the case, as shown in Figure 3.4 The zero-frequency values are observed to
be Gir(w) = % and Gy(w) = —3. The relationship between the two clearly holds
at zero-frequency, but in general, the equation , Gi(w) = —%Gii(u}), can
be confirmed: Goo(w) scaled by a factor of —3 superposes onto Go(w). Since we
have confirmed the relationship between the two conductance tensors, we now
focus only on the positive off-diagonal conductance G (w),? # k. As in the case
of ¢t matrix, the behaviour at high frequency |w| > Tk, near the WC fixed point,

takes the form

) lwl>Tk 1
a +1In®*(V|w|/Tk)’

with some constants @’ and b, which is characteristic of spin-flip scattering of

Gip(w;T =0 (3.2.25)

conduction electrons from a free spin—% impurity local moment. The behaviour

at low frequency |w| < Tk, near the NFL fixed point if of the form

w K %
Gi(w; T = 0) — Gir(0,0) “<T — (‘;—‘) , (3.2.26)
K

clearly different from the asymptote of the ¢ matrix (|w|/7T%)"/?, equation (3.2.16]).
The explanation for the different power is given by Béri through CFT [41], [72].
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Figure 3.4: The frequency dependence of the zero-temperature conductance
tensors Gy, for the isotropic spin model, calculated from NRG, both for the
non-diagonal component G;,i # k which is positive (red line) and the diago-
nal component G;; which is negative (blue line). As expected, Gi(lw|/Tk) =
—%Gii(\w| /Tx), equation. Near the NFL fixed point, the asymptotic be-
haviour for Gy (|w|/Tk) is of the form (Jw|/Tk)?/® (green line) predicted by CFT,

equation .

o4



3.2 Isotropic Spin Model

0.75
—_
05 .
E |
6.5
0.25 | l .
O 1 1 1 1 1
10°6 104 102 109 102 104 106

o]/ Ty

Figure 3.5: The frequency dependence of the conductance tensors G, # k for
the isotropic spin model at the temperature range of 107* < T/Tk < 10*. The

temperature is increased along the direction of the black arrow.
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Figure 3.6: The temperature dependence of the dc conductance tensors
G?,S(T),i # k for the isotropic spin model which is calculated by taking the limit
as w — 0 of Gix(w;T) (red dots; the line is merely a guide line). The asymptotic
behaviour near the NFL fixed point is of the form (T'/T )% (green line), consistent
with the CFT prediction.
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By using perturbation theory arond the NFL fixed point, the scaling dimension of
the leading irrelevant operators is 3; CFT thus predicts the asymptote of w?/3~!
for the ¢t matrix. However, all the first-order contributions to the conductance
vanish by symmetry; therefore, the asymptote for the conductance becomes w?/?
due to the second-order terms.

We close this section by looking at the temperature dependence of the lin-
ear conductance, which is shown in Figure at the temperature range of
1074<LKT /T < 10%. The frequency dependence of the conductance tensor fol-
lows the same zero-temperature curve, however, plateaus off sooner. The higher
the temperature, the sooner it reaches the zero-frequency value. From it, we can
extract the static conductance by taking the limit w — 0, equation . The
temperature dependence of the static conductance is shown in Figure (3.6 where
we observe that the behaviour is the same as that the frequency dependence of
the zero-temperature conductance. In particular, we show in Figure that near
the NFL fixed point at low temperature, the asymptote agrees with the prediction
by CFT [41]: )

Gie(T) — Ge(0) Tk <1) - (3.2.27)
Tx

Now that we have fully understood the basic properties of the isotropic model,

in the next section, we relax some symmetry constraints and study their conse-

quences.

3.3 Axially-Symmetric Model

In this section, we continue to study the spin part of the Hamiltonian ,
but start considering some of the perturbation terms in 6 H. In particular, we
constraint the system to a case where the coupling ¢;; = t32 and imaginary
coupling t19 = —t91, which leads to the axial symmetry around axis 3 and allows
the calculations to be done with real matrix elements. Finally, we allow the
transverse and the longitudinal spin coupling constants to be different. The

Hamiltonian of interest then is

HE™ = el + LS L+J1 Y Sala. (3.3.1)
ki

ac{z,y}
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Performing the lead operator transformations (3.2.2)—(3.2.4)) as before, and ex-

plicitly expressing the spin-1 operators I, in terms of the localised lead electron
operators f;, (3.2.5)(3.2.7), the Hamiltonian of the axially-symmetric spin model

can then be written as

Hgg™ = ngcz,jck,j + J.5; (foH - fi1f—1>
kj

+ % [SJF (fgfﬂ + foo) +57 (fjrlfo +fgf—1>] '

(3.3.2)

3.3.1 Kondo Temperature for Small K,

As usual, we begin by investigating the Kondo temperature. Béri [41] has shown
that for this model, the scaling equations up to the second-order of the cou-

pling constants are exactly the same as that of the single-channel Kondo model,

[ ]
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Figure 3.7: The log-log plot of the temperature dependence of the dc conductance
tensors GI¢(T) for the isotropic spin model. The plot is linear with the slope of 2

confirming the asymptotic behaviour in equation (3.2.27)).
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equations (2.5.26))—([2.5.27)):
A, dK, ,

dmp =~ Bl p = AL

(3.3.3)

These scaling equations can then be solved in the limit of small coupling constants
to give [100, [101]:

Ti)D " cema/Ks (3.3.4)
where
_ {%tanlf’ K. < Ko, (3.3.5)
;tanh v, K, > K|,
with )
P =1- G?) . (3.3.6)

Figure (left) shows the K, dependence of Tk calculated from NRG at four
different values of K, € {0.02,0.1,0.2,1}. For small K, < 1, the results agree
very well with the equation (3.3.4)).

1p-10
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Figure 3.8: The dependence of the Kondo temperature Tk on the coupling con-
stant K, = pJ, at the different values of K| = pJ; = 0.02,0.1,0.2,1 (red cir-
cles, blue crosses, purple squares, and green circles, respectively) for the axially-
symmetric spin model . (left) The log—log plot highlights the agreement of
the Tx (for small K) calculated from NRG with the equation (red line,
blue line, purple line, and green line), which is obtained by analytically solving the
scaling equations in the limit K, < 1. (right) The log-linear plot shows the
exponential decay in the Tk as a function of K, (for large K), equation .
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3.3.2 Kondo Temperature for Large K, and Bosonisation

When K, is large, the perturbative scaling equations ({3.3.3]) are no longer valid.

However, the results from NRG clearly show the exponential behaviour:
T "= e fED) K (3.3.7)

This can be understood by applying a bosonisation [102] 103] 104] as first used
by Schiller and De Leo for a different model [I05] to the axially-symmetric Kondo
Hamiltonian (3.3.2]).

First of all, since the Kondo interaction is local and the dispersion relation
is spherically symmetric, we may expand the electron operators in spherical har-
monics and find that only the s-wave harmonic interacts with the impurity. There-
fore, the three-dimensional problem impurity problem is reduced to an effective
one-dimensional problem defined on half-line, x > 0 with the impurity at the
beginning of the line x = 0 [52]. Furthermore, working near the Fermi level, we
linearise the dispersion relation by expanding it to the first-order in k, near the

Fermi points kg = *+kp, and setting the Fermi energy cp = 0:

R R

2m m

where the Fermi velocity vp = hkp/m. Then we rewrite the fermion operator ¢ ;
in the position representation:

1 , ikx
Chj = \/m/ dz * o; (z), (3.3.9)

where the [ " denotes the half line z > 0. Therefore, the lead Hamiltonian becomes

_ E T
Hleads - 5kck,jck,j
k?j

1 / —ik(z' —z
= Norbggk/ da’ da e )zb;(x')gbj(x)
»J
1 / —i(k— ' —x
:Jwﬂh/ dﬂdx}j{hmﬂk——hﬁe(kk”( yl(a") v ()

k?j

. hUF(k _ kF) e+i(k—kF)($/—m)¢;(x/) 1%(1})} .

99



3. THE ISOTROPIC AND THE AXTALLY SYMMETRIC SPIN
MODELS

We then combine the “left-moving” and the “right-moving” fields (related to one
another by x <+ —x) into a single term, by extending the variable z to (—o0, 00),
hence dropping the prime from the integral. Relabelling the variable k == k — kg,

we arrive at

Hiow = [ 4o/ do 3 bk 0] (0') (o)

Norb k.

— 1 / _ —ik(z'—x) Tl )
=N / dz dxkzjpr ( i0, e ) V(') ()

1 ik(a/
_ / da’ da > ihwg - e D (0 9, ()

Norb k.

= ihvp Z/ do’ dx d(x — x’)w;(:c') 0y Vi (x)
J

= ihvp » / dzi(z) 9, ¥;(2). (3.3.10)
J
Therefore, the Kondo Hamiltonian in the continuum limit takes the form

H = ihvp Z/ dx I/J;r(l') Oy ¢(z) + J.aS, <¢11(0)¢+1(0) — ¢11(O>¢71(0))

JJ_CL

+ 75 57 (U000(0) + i 0)0(0)) + 57 (#1(0)0(0) + 4§(0)61(0)) |

(3.3.11)

Then we use the standard formulation expressing the boson fields ¢;(x) in
terms of the fermion fields ¢;(x) via [102, 103] [104]

1

—ig;(x)
e P 3.3.12
V2o ( )

V(z) = P

where the boson fields obey

[0(2), ox(y)] = —imdzp sgn(z —y), (3.3.13)

with the ultraviolet momentum cutoff a=* = 7/a. The operators P; are the

phase factors to ensure the fermion anticommutation relations. The Hamiltonian
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in terms of the boson fields then becomes

p = 2/ 42 [0, 0,(@)]* + 525 [0,041(0) — 0,001 (0)]

—= {S+ (ellPo@=¢41 (0} 4 ei[ml(O)—aso(o)]) (3.3.14)

+ S~ ( i[¢+1(0)—¢0(0)] + ei[¢0(0)—¢—1(0)])} 7

where the phase shift associated with J, in the absence of J| is given by [105]

5, = tan* <7Tp2jz> ) (3.3.15)

Next, we form linear combinations of the three boson fields ¢;(x) as [70]

P(z) = 7[¢+1( z) + ¢o(x) + -1 ()], (3.3.16)
¢s(z) = 7[¢+1() ¢-1(7)], (3.3.17)
of(x) = 7[¢+1( z) — 2¢o(w) + ¢-1(z)], (3.3.18)

resulting in the Hamiltonian

thZ/dx 6@ + V23, sast()

2‘];_ {S+ <e T35 0+V36,0)] | = J5195(0)- \/§¢f(0)]> (3.3.19)
s <e+%[¢s(o)+\/§¢f(0)] +e+%[¢s(0)_\/§¢f(0)]>}'

Then we perform a canonical transformation H — UHUT, with U = e!V2¢:(0)S-
Using the commutation relation (3.3.13) which implies that [0,1(0), e®¥:(®)] =
—2imk§(0)eF* () we obtain the results:

U 0:0:(0) U' = 0,64(0) —2v2m5(0)5.0:¢4(0), (3.3.20)
U [0:05(0)]° UT = [0,6(0)]* — 4v/275(0)S.941)4(0). (3.3.21)
In addition, the commutation relation [S*, ST] = S* implies that et*" S+ =

St eFS*+D and results in the transformation

USTU = §* eva2e:©) (3.3.22)
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Ignoring the constant term that is generated from (3.3.20)), using the relation
hvp = a/27p, and performing the final transformation vs(x) — —4(z), the

transformed Hamiltonian reads

hUFZ/dx e +f(——5> S.0,1,(0)

2{;_ {S+ <e—ﬁ[¢>s< V36,00 | e—ﬁws(m—ﬁwm)}) (3.3.23)
45 <e+%[¢s(0)+\/§¢f(o>} I e+%[¢s(o>—ﬁ¢f<on> }

Since the resulting Hamiltonian (3.3.23) is, except for the J, part, identical to
the one prior to the transformation, equation (3.3.19)), the transformation can be
viewed as a duality between the strong and the weak coupling with fixed K|, and

the parameter K, follows

dlz = g - 6,2
tan~ ! —WK; =T tan™! ULE
2 2 2
2 K,
K/ = = cot (tan 1T )
T 2
2\? 1
K=(=)] —. 3.3.24
= () & (3.3:21)

Therefore, we expect the model with fixed small K| and K, to have the same
physics as that with K! = ¢/K,, where £ = ( ) Furthermore, if we define the

quantity
K.

ﬁa

clearly, the duality holds between two Hamiltonians (with fixed K, ) in which

v=In

(3.3.25)

one has the longitudinal coupling v/€e” whereas the other \/Ee™”, which suggests
that the physics is insensitive to the sign of v. If we assume that In7Tk can be

expanded as a power series in v, it should therefore be of even power:
1 2
InTx/D ~ pr*=pu (anZ — 51n§> : (3.3.26)

where 1 is a constant. This agrees very well with the results from NRG (Figure
, though we have slightly adjusted the constant & = 0.37.
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Figure 3.9: The Kondo temperature of the axially symmetric model with fixed
K, = 0.001, highlighting the duality between the model with K, (circles) and
K =¢/K, (crosses), in comparison to the equation (3.3.26) (line), where here we
have adjusted the constant & = 0.37.

Finally, in the limit of small K, <« K, < 1, we can also use the results
obtained from poor man’s scaling earlier, equation (3.3.4)), by expanding « in the
limit of small x = K, /K,

1
y=V1—a2~1— 2% (3.3.27)

2
1 1 1 1.4
a:—tanh_lvzalnltzzélnﬁw—lnxw—anL, (3.3.28)
Tk = ce™ K  oIEL)/Kx (3.3.29)

Together with the duality relation, we expect Tx when K, > 1 then to be
Ty ~ et MELK: (3.3.30)

which is indeed the relation found numerically from the NRG results.
Note also that whilst the relation above certainly holds for large K, according

to the right panel of Figure [3.8 which once again shows the K, dependence of

Tk calculated from NRG at four different values of K, € {0.02,0.1,0.2,1} but on
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a log—linear scale, such a condition holds relatively loosely. For instance, when
K| =0.02 (red circles in Figure (right panel)), the relation is seen to
hold for K, as small as 3.

We note also that whilst the fixed points of this Kondo model with spin-1 con-
duction electrons are very similar to those of the 4-channel Kondo model, there
is a clear difference between the RG flows of the two models. In the 4-channel
case, when the coupling constant K, is antiferromagnetic and is sufficiently large,
the ground state is the free spin state which is the same as in the case of the fer-
romagnetic model. Therefore, there are two Kosterlitz—Thouless lines separating
between the ferromagnetic and antiferromagnetic domains [105]. However, in our
case with spin-1 conduction electrons, due to the presence of the duality between
the small and large K, such a transition is not present and the low-temperature
NFL behaviour persists for all values of coupling constants.

Finally, we have calculated the thermodynamics of the axially symmetric
model and, as is shown in Figure [3.10, found its qualitative behaviour to be
the same as that of the model with full isotropic symmetry, i.e., at high tem-
perature, the entropy approaches In2, which is the value of at the WC fixed
point. As temperature is decreased, the entropy decreases down to the value of
Inv/3, the value at the NFL fixed point. This shows that the NFL fixed point
is robust against the spin anisotropy in the Kondo context, or equivalently the
channel anisotropy in the physical setup. Experimentally, this implies that the
Non-Fermi liquid behaviour that can be experimentally probed in this device does

not require the fine of the tunnel couplings among all the conduction leads.

3.3.3 Dynamics

Due to the reduced symmetry, we no longer have a single representative ¢ matrix
as in the isotropic case. Axial symmetry implies that two of the spin species
j = £1 are equivalent to each other, resulting in ¢t (w) = t_1(w) # to(w) (Figure
. At high frequency, they take the usual form near the WC fixed point,
equation (3.2.15)), with different constants a and b. At low frequency, both curves
collapse onto the same universal as obtained previously from the isotropic model,
Figure , reinforcing the robustness of the NFL fixed point against the spin
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Figure 3.10: The temperature dependence of the thermodynamics for the axially
symmetric spin model. The curve is the universal impurity entropy curve that is
obtained earlier for the isotropic model, the left panel of Figure showing that

the Non-Fermi liquid behaviour is robust against the spin anisotropy.

anisotropy. The same behaviour is also found for the zero-temperature conduc-
tance tensor, G, of the model. As shown in Figure |3.12] at high frequency, the
behaviour is that of the model at the WC fixed point, and gradually flows to the
NFL fixed at low frequency whilst the curve superposes onto that of the isotropic
model.

In this chapter, we studied the basic properties of the Majorana device by
ignoring all the exponentially suppresed couplings. We found that the Hamilto-
nian which governs the low-energy behaviour of the model is a spin model, in
particular, it is a Kondo model with a spin—% impurity coupled to spin-1 conduc-
tion electrons. Whilst its low-temperature thermodynamics provides an evidence
that the stable fixed point of this model is the same as that of the 4-channel
spin—% Kondo model, characteristed by the zero-temperature impurity entropy
Simp(0) = In+/3 and its asymptote ~ T%3 their RG flows are different. Whilst
here are two parameter regimes in the 4-channel model which has a decoupled

local-moment ground state — the ferromagnetic model with |J, | < |J,| and the
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Figure 3.11: The frequency dependence of the zero-temperature scattering ¢
matrices t11(w) = t_1(w) (red line) and tp(w) (green line) of the axially symmetric
spin model in comparison with that of the isotropic model (blue line). At low

frequency, both curves collapse onto the same universal curve, approaching the
NFL fixed point with the (|Jw|/T%)"? asymptote, equation (3.2.16]).
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Figure 3.12: The frequency dependence of the zero-temperature conductance
tensor Gy of the axially symmetric model: both the non-diagonal component G,
(red line) and the diagonal component Gj; (green line), in comparison with those
of the isotropic model (blue lines). At low frequency, both curves collapse onto
the same universal curves, approaching the NFL fixed point with the (|w|/Tk)%/?
asymptote, equation . Once again, the low-temperature NFL behaviour is

robust against the anisotropy.
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anti-ferromagnetic model with large enough .J, — only the former region exists
in the spin-1 conduction electron model; the whole of the anti-ferromagnetic re-
gion only has a stable low-temperature NFL fixed point. In the next chapter, we
shall investigate the effects of including some of the exponentially small coupling
terms that we ignored here and also completely lifts the symmetry constraint of
the model.
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4

The Spin Model with Lower
Symmetry

In this chapter, we continue to study the low-temperature effective spin model
that is derived from the Hamiltonian of the Majorana device. We split the chap-
ter into two parts. In the first part, we study the effects of the exponentially
small perturbations that arise from non-local couplings between the Majoranas,
or those between the Majorana and the conduction electrons on different leads, in
the form of the effective channel anisotropy and Zeeman field. Note that the term
anisotropy used here is not the anisotropy between the couplings of the different
physical conduction leads. As will be explained in details later, the anisotropy in
this part is the anisotropy between the couplings of the spin—% impurity and the
different spin species of the spin-1 conduction electrons. We shall find that these
two perturbations produce the same physics: they destablise the NFL behaviour
of the model and at low temperature the behaviour of the system becomes that of
the Fermi liquid at the SC fixed point. Parts of the materials in this section have
also been published [72]. In the second part, neglecting these small perturbations,
we look back at the Kondo spin model without imposing any symmetry condi-
tions. We will show that the NFL physics is stable against this type of anistropy
and the physics of the model is that found previously in the axially symmetric

model.
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4.1 Inclusion of the Perturbations

In the first half of this chapter, we study the low-energy effective spin model,
equation (3.1.14)), that was derived in Section of the previous chapter:

Heff: Hleads+HK+HM ‘|’5H, (411)

where Hiads = Y, 5kaziaki, equation ([2.3.2)), is the free conduction electron
lead term, Hx = ), JaaSala, equation (3.1.10)), is the Kondo spin term, Hy =
i thijivy, equation (2.3.4), is the magnetic Zeeman term arising from non-local

couplings between the Majorana fermions, and

0H =Y JagSals + > JopSals) +3 haSa, (4.1.2)
af af o
a#B

equation, are other perturbative terms which arise from long-range cou-
plings between the Majorana fermions with the conduction electrons on different
leads. We have studied extensively the effect of the Kondo spin term alone with
some symmetry constraints in the previous chapter but will now include the ex-
ponentially small non-local perturbations; therefore, there are a number of free
parameters to work with. Since we have now understood from the previous chap-
ter that the NFL fixed point is robust against the channel anisotropy in the
physical setup, i.e., the coupling constants between the Majorana j and the con-
duction electrons on lead j are not equal, or equivalently in Kondo language, it
is robust against the spin anisotropy, i.e., the longititudinal coupling constant .J,
is not the same as the transverse one .J,, in this chapter, we shall investigate
another type of anisotropy. First of all, we once again enforce the isotropic sym-
metry condition on the Kondo spin part Hg, which is given as part of equation
(3.2.8)), which for reasons that will be subsequently explained, is rewritten as

e = 3{ . (Pt = fh) + =5 (ST + 5 lafo) + -

S. (fJfo - filf_l) + % <S+filfo + s—fgf_1> }

Effectively, we have broken this Kondo model into two standard spin—% Kondo

models with spin—% conduction electrons: the first part (the top line) is a Kondo
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model where the conduction electrons with spin 1 are represented by the electrons
in channel j = +1 and | by 7 = 0 and the second part (the bottom line) is also
the same type of Kondo model but with spin 1 are represented by the electrons
in channel j =0 and | by j = —1.

We will now consider the effect of 0 H. First of all, since we can realise a spin-
% out of a product of Majoranas, we combine Hy; and the last term of 0 H. To
keep the problem simple, we keep only the S, term and simply call the coefficient
in front of it h; this is the effective Zeeman term. Secondly, the first two terms
in 6 H will add different contributions to the different terms in equation .
Once again, in order to keep the problem tractable, we consider a simple case
near the isotropic limit, where the coupling of the two parts of the Kondo model
is only slightly different and we parameterise the difference by a small positive
parameter 0, added to the first part of the equation (4.1.3). Together with the

conduction leads Hje.qs, the Hamiltonian of interest in this part of the chapter

takes the form

Heﬂ‘ = Z ekcgjck,j + hSz

kj

+ {(J+5) [Sz (f-THfH - f(;rf0> + !

(sfisu+s b)) @y

Sl S

w0 [0 (o= 1) + s (570 sai) | )

4.2 Channel Anisotropy

We begin by considering only the effect of the channel anisotropy (positive § # 0)
by setting the effective Zeeman field h = 0. As usual, we investigate first the

thermodynamics of the model: the impurity entropy, Simp-

4.2.1 Thermodynamics and Crossover to Fermi-Liquid

Consider first the case where the anisotropy is very weak (6/D = 107%, red line
of Figure [4.1). At high temperature, the behaviour of the model is the same
as that of the isotropic spin model: the RG flows from the WC fixed point,
characterised by Simp = In2, to the NFL fixed point with Sy, = In V3, with the
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4. THE SPIN MODEL WITH LOWER SYMMETRY

same (T /Tk)?*/® asymptotic behaviour (the two lines superpose exactly onto each
other). However, at low temperature, there is an additional RG flow to a fixed
point with Sin, = 0, characteristic value at the SC fixed point where the system

behaves as a standard Fermi liquid.

0.7

06 r

05 r
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Figure 4.1: The impurity entropy for the spin model with the § anisotropy.
Here, the coupling constant J/D = 0.1 whilst the small anisotropy 6/D =
1078,107%,107%, and 102 (red, green, blue, and magenta lines, respectively), in
comparison to the isotropic case (black line). In addition to the usual RG flow from
the WC fixed point Simp = In 2 to the NFL fixed point Sim,p = In /3 (no anisotropy;

black line), we have also found the crossover to the SC fixed point Siyp = 0.

This additional RG flow can be understood by considering this spin model with
spin-1 conduction electrons as a model with two channels of spin—% conduction
electrons as mentioned in the previous section and can be explained by using
the standard argument that is used to explain the instability of the NFL fixed
point against the channel anisotropy in the two-channel Kondo model. Since the
coupling constant J+¢§ > J, the former renormalises to infinity much faster than
the latter and the system is driven to the SC fixed point where the impurity spin

is screened by channel 57 = 0, +1, resulting in zero impurity entropy; the channel
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j = —1 simply decouples [72]; had the parameter § < 0, channel j = +1 would
decouple instead, though resulting in the same thermodynamics nonetheless.

Upon increasing the magnitude of the perturbation ¢, the coupling constant
J + 0 renormalises even faster and the RG flows to the SC fixed point sooner.
This crossover to the Fermi-liquid regime, when there is a good scale separation
between to flow from the WC fixed point and the flow towards the SC fixed point,
has been found to follow the power law [72] [80]

3/2

Ty ~ Tk % (4.2.1)

D

Here we conveniently choose the Fermi-liquid crossover scale, Tj; = %ln V3,
halfway between the NFL and the SC fixed points. This relation is confirmed by
our NRG results as shown in Figure 4.2; we observe a good agreement between
the crossover temperature scale extracted from NRG and the power law above
in the region where temperature is low enough that there is a good separation
between the initial RG flow and the latter, i.e., Tj; < Tk. If the perturbation §
is large enough, the RG flows directly from the WC to the SC fixed point.
Clearly, these non-local couplings perturb the system in such a way that the
NFL fixed point is no longer stable at low temperature and it becomes more
difficult to experimentally observe the NFL physics. However, as is seen from
Figure (e.g., red line), that there is a parameter regime in which there is
a good separation between the three different regions (77, < Tk). Since it is
the coupling J that controls the Kondo scale and the § parameter that controls
T3, the scale separation can be achieved if § < J. Experimentally, this means
that we need to engineer a device whose non-local couplings to the Majoranas
are much smaller than the local couplings between the Majoranas and the leads.
The NFL physics can then be observed at the intermediate temperature range.
In addition, we can also use the power law, equation , to characterise for
the subsequent flow (NFL — SC fixed point) and hence, the topological Kondo

effect, as well.
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Figure 4.2: The Fermi-liquid crossover temperature scale for the spin model
with the § anisotropy. The red circles are data obtained from NRG, which agree
very well with the power law |6/D|3/2 (green line) which follows from dimensional
scaling arguments in CFT, at low enough temperature where there is a good scale

separation, i.e., Ty < Tk.

4.2.2 Dynamics

Similar to the case of the model with the axial spin symmetry (Section , the
three t matrices are not equal. Specifically, since it is the channel symmetry that
is broken, the differences between the ¢ matrix of the three channels become even
more obvious, as is shown in Figure 4.3, The behaviour of the ¢t-matrices can
be understood by splitting them into three regions. At very high frequencies, all
three t-matrices approach zero, the WC fixed point values. When the frequency
is lowered, there is a RG flow from WC to NFL fixed as before. Note that
in this case, it is to (Figure , blue line) that is exactly the same as that
of the isotropic model — recall the transformation — and we have also

observed that to(w) = $[t_1(w) + t41(w)]. Furthermore, when there is a good
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scale separation, i.e., Tj; < |w| < Tk, we found the asymptotic behaviour of

) Tr )78, i=+1
tz(w) ~ {2 p (|w|/ FL) ) ? P (422>

% + pi (|w|/TI§L)72/37 1 =0,

where p; are some constants.

At lower frequencies, w < T§;, the subsequent RG flows from the NFL to the
SC (Fermi-liquid) fixed point — ¢;(w) — 1 — for the channel i = +1 and 0 (Figure
ﬁ, green and blue lines) where the renormalisation of the coupling constant
grows very fast whereas the channel i = —1 gets decoupled (Figure , red line)
and t_; — 0. Near the SC fixed point, we found the standard asymptotes

(4.2.3)

(w) ~ 4 1T G/ TR i =0, 41,
0+ ai(|wl/T7)% =1,

where ¢; are some constants.

The off-diagonal conductance Gip(w) (Figure also shows the RG flows
from the WC, then approaches the NFL fixed point at high frequencies, before
the subsequent crossover to the SC fixed point at lower frequencies, where the
conductance vanishes. This can be understood [72] by considering an electron
tunnelling due to the voltage applied at channel i = 0 from, say, channel i = 0
to +1 which at the same time flips the spin impurity from 1 to | due to the
conservation of S,. This therefore prevents the further electron transport since
the impurity is now in the | state. A flow of electrons can be facilitated only by
the coupling of the channel ¢ = —1, where the electron can then flow from the
channel ¢+ = 0 to —1 and by doing so flips the impurity spin back to 1. Finally,
the asymptotic relations of the off-diagonal conductance near the NFL and SC

fixed points are expectedly found to be

2 _ T —4/3 T T
Gro(w) ~ {3 p/(\w\/ FL)2 ) rL < o] < Tk, (4.2.4)
0+ ¢'(Jwl/T5)?, w| < Ty,

where p’ and ¢’ are constants.
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Figure 4.3: The zero-temperature scattering ¢ matrices of the the spin model
with & anisotropy, §/D = 1079, resulting in #,(w) (green line) and to(w) (blue
line) flow to the SC fixed point (t = 1) at low temperature whereas t_1(w) (red
line) decouples (t = 0). The ¢ matrix of the isotropic spin model (black line) is

included for reference.
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Figure 4.4: The zero-temperature non-diagonal conductance tensor G of the
spin model with ¢ anisotropy, 6/D = 1075. At intermediate temperature range,
it approaches the NFL behaviour (G = %) At low temperature, the crossover to
Fermi-liquid regime (G = 0) is observed. The conductance of the isotropic spin

model (black line) is included for reference.

76



4.3 Zeeman Field

4.3 Zeeman Field

In this part of the chapter, we consider the effect that arises from the effective
Zeeman field by setting the anisotropy parameter 6 = 0. It turns out that the
effect of turning on the Zeeman field on the thermodynamics of the model is
largely the same as including the channel anisotropy [72]. As in shown in Figure
E, the NFL fixed point with the characteristic Siyp = Inv/3 is not stable and
RG flows to the SC fixed point with Siy,p = 0 at very low temperature. A rough
physical argument can be made: by turning on the Zeeman field, according to
the equation , the impurity spin S, = 1 becomes energetically unfavourable
and the impurity ground state is the S, = 1 state — the impurity entropy therefore
vanishes. A better argument which takes into account the fact that the impurity
problem is a many-body phenomena is given in the context of RG: since the field
breaks the spin symmetry of the model and the NFL fixed point is unstable to
this symmetry breaking, at low temperature, the RG flow towards the SC fixed
point which is when a particular spin state is favoured, resulting in the vanishing
impurity entropy. Interestingly, the order of magnitude of the field required to
push the system to Fermi liquid is much smaller than that of the anisotropy
parameter . Furthermore, the entropy curves of this crossover if scaled by 17,
superpose exactly on top of each other, showing that the RG crossover to the SC
fixed point is universal.

Regarding the dynamics of the model, since it is easier to understand conduc-
tance, we shall discuss it first. Figure [4.6| shows as expected that the inclusion
of the field destroys the conductance at low energy scales. In this case, the be-
haviour of the system can be understood by realising that at low energy scales, the
field freezes the spin state of the impurity rendering it impossible to support the
transport of the conduction electrons which requires the spin flip of the impurity.
Whilst in the channel anisotropy discussed in the previous section, transport of
a single electron blocks further transport of the system, in this case, the Zeeman
field directly freezes the impurity spin state and annihilates the conductance of
the system.

Finally, we present the scattering t-matrices of the system under the influence
of the Zeeman field (Figure . At first sight, this appears to be radically differ-
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Figure 4.5: The impurity entropy for the spin model with the Zeeman field
turned on. Here, the coupling constant J/D = 0.1 whilst the field h,/D =
10714,10712,10719 and 10® (red, green, blue, brown, and yellow lines, respec-
tively), in comparison to the case with no field (black line). Similar to the chan-
nel anisotropy case, Figure there is a crossover from the NFL fixed point
Simp = In v/3 to the SC fixed point Simp = 0.
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Figure 4.6: The zero-temperature conductance tensor G, of the isotropic spin
model with the Zeeman field h/D = 104 (red line). Similar to that of the channel
anisotropic model, it approaches the NFL value G = % at intermediate frequency
range and crosses over to the Fermi-liquid regime with G = 0 at low frequencies.

The conductance of the isotropic spin model (black line) is included for reference.
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Figure 4.7: The zero-temperature scattering ¢t matrices of the isotropic spin model
with the Zeeman field h/D = 107'4: t,1(w) (green line), to(w) (blue line), and
t_1(w) (red line), in comparison to the case without the field (black line). Though

they look drastically different from those of the channel anistropic case (Figure

, they are related to each other via the equations li and 1)
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ent from the ¢t-matrices of the channel anisotropic system (Figure . However,
an insight can be gained by considering the S-matrices of the system Sy which

are related to the t-matrices via
27ipr(w) = 1 — SpG(w), (4.3.1)

where Sy, is the Fermi-liquid S-matrix containing phase shift information, which
in the case of the model with anisotropy, S o« —k [106], and G(w) is some
frequency-dependent function universal to both k& = +£1 species. By inverting
the relation and combining the proportionality constant of S¢ into the function
G°(w), we have

G (w) = ip [T41(w) — 71 (W)]. (4.3.2)

Figure and (red lines) show the real and the imaginary part of the function
G(w) of the channel anisotropic spin model.

The presence of the Zeeman field introduces an imaginary factor into the S
matrices of the system, i.e., SP o ik [106]. The factor i in the equation (4.3.2))

hence disappears and we expect the relation between the two systems as
5 (w) = iG"(w), (4.3.3)

which is indeed shown to be the case in Figure and [£.9 Note also that the
zero-frequency values of the ¢ matrices of the spinful channels £ = 41 are found
to be %, which is also what is expected in the case of 2-channel Kondo model
under a magnetic field [106], 107].

Effectively, the Zeeman field perturbs the system in the same way as the
channel anisotropy does to the physics of the system, i.e., it destablises the NFL
fixed point and pushes the system towards the SC fixed point where Fermi liquid

behaviour is observed.

4.4 Lifting Symmetry Constraints

In the second half of this chapter, we shall study only the main Kondo spin part of
the Hamiltonian, equation (3.1.10)), ignoring all the small perturbations that have

previously been considered in the first half of the chapter. This time, however,
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Figure 4.8: The real part of the frequency dependent of the function §(w/T7y) as
defined in the equation for the spin model in the presence of the § anisotropy
(red line) and the imaginary part of the same function for the model with Zeeman
field turned on (green line). The two functions are related to each other by the

equation (4.3.3]).
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Figure 4.9: The imaginary part of the function G(w/T}; ) for the 6 anisotropy

case (red line) and the real part for the Zeeman field case (green line).
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we shall not impose any symmetry constraints on the system and work with the

following Hamiltonian

He =Y exalyapi+ Y JoaSalo. (4.4.1)
ki ac{z,y,z}

Béri has studied this model before using the Conformal Field Theory and the

poor man’s scaling procedure [41]. In the weak coupling limit, he proposed that

the RG flow follows the scaling equation

dJ,
dl

— —pJs,, (4.4.2)

and its permutations, where «a, 3,7 € {1,2,3} are distinct, [ = In D, D is the
bandwidth, and p is the density of states of the conduction electrons. In this
section, we seek to extensively study the spin model in general without any sym-
metry constraints and seek to confirm that these scaling equations indeed hold
and that the NFL fixed point is stable against this type of anisotropy. Since the
Hamiltonian needs to be entered manually into the NRG code, for convenience
we choose to represent the spin-1 operators as [, = —1)_, ; gm-ng 1; so that the
matrix elements of the Hamiltonian are relatively simple, instead of representing
it by the original spin-1 operators. The compensation, however, is that we have to
perform the computation using complex numbers. Therefore, the NRG is code is
rewritten so that all the numbers are changed to complex double precision float-
ing point numbers, the matrix elements of the Hamiltonian in the basis of wj Y
are entered into the code, and without the symmetry requirements as imposed in
the previous chapter, the total spin S, (ot = S, + (fllfﬂ — filf_1> is no longer
conserved and has to be removed from the code. Since the computation becomes
more costly as the dimension of the matrices to be diagonalised is increased, we
focus only on the thermodynamics of the system and use it to characterise the
flow and the behaviour of the model.

We ran NRG calculations for various combinations of J,/D € [0.01,10] and
have found that indeed the NRG flow of the impurity entropy does always go
from the WC fixed point, Simp, = In2, at high temperature to the NFL fixed
point, Simp = In /3 at low temperature (Figure . The RG flow also scales
on top of the universal curve obtained previously (left panel of Figure |3.2)).
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4.4 Lifting Symmetry Constraints

Figure shows the Kondo temperature as a function of one of the cou-
pling constants J at four different values of J;/D = 0.01,0.05,0.1,0.5 and fixed
J3/D = 0.1. Indeed much of the behaviour found in the axially symmetric model
(Section is retained here. At weak coupling, the Kondo temperature grows
as a function of J; — we will look into this more closely whether and how well this
agrees with the results from the scaling equations above. At strong coupling, the
Kondo temperature decays exponentially, Tk o< e~’2, resulting in the duality-like
behaviour found in the axially symmetric model.

In order to look more closely at the weak coupling regime of the model, we are
going to compare the Kondo temperature obtained from the NRG calculations
to those obtained from solving the RG scaling equations above. We use
Mathematica to solve the scaling equations, where we have fixed J3/D = 0.01
and vary J;/D € [0.1,0.5], J/D € [0.1,5] with AJ,/D = 0.01. We initiated the
parameter [y = 0 and arbitrarily choose the Kondo temperature to be the energy
scale lx = In Tk at which the coupling J3(lx)/D is renormalised to 5. We have also
multiplied lx by another arbitrary constant so that it can be compared directly
to the Kondo temperature obtained from NRG. Figure (left panel) shows the
contour plot of the log of the Kondo temperature as a function of the coupling
constants J; /D and Jo/D whilst the other coupling constant J5/D = 0.01 is fixed.
According to the scaling equations , due to the presence of the negative
sign, the parameters J, always increases as the parameter [ decreases. Since
%  J,, the larger the initial values of J, are, the faster J3 renormalises; thus,
the less negative [ becomes. The Kondo temperature then increases (becomes
less negative) quickly as Ji, Jy increase to the regime beyond where the scaling
equations are valid.

It is also very clear that these results are very different from those obtained
from NRG calculations (Figure[4.12] right panel) in the region of large Jo/D > 1.
Whilst the Kondo temperature increases as .J; increases upon solving the scaling
equations, NRG shows that Kondo temperature in fact decreases as J, increases.
This is also consistent with results found for the axially symmetric model found
in the previous chapter and also earlier in this section where we have observed the
duality-like behaviour (Figure , left panel), particularly that the turning point

is near Jo/D = 1. The discrepancy arises from the fact that the scaling equations
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Figure 4.10: The temperature dependence of the impurity entropy of the spin
model when no symmetry constraints are enforced. The results from NRG calcu-

lations (red) scales on top of the universal impurity entropy curve of the isotropic
spin model (red line of the left panel of Figure shown as the black line here).
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Figure 4.11: The dependence of the Kondo temperature Tk on the coupling
constant Jo where we have fixed J3/D = 0.1 and varied J;/D = 0.01,0.05,0.1,0.5
(red circles, blue crosses, purple squares, and green circles, respectively) for the spin
model without any symmetry constraints (4.4.1). (left) The log-log plot; (right)
The log-linear plot. The behaviour similar to the duality found previously in the
axially symmetric model, Figure [3.8] is also observed here. Furthermore, for large
J, the Kondo temperature decays exponentially as a function of one of the coupling

constants, exactly the same as is the axially symmetric case, equation (3.3.7)).
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are only valid in the small coupling regime; hence, the results obtained by
solving them are no longer valid and the top half of the plot is incorrect.

The similarities between the results obtained from these two methods can,
nevertheless, be seen more clearly when we look at the plot on a log scale where
the region of J5/D > 1 is shown on an equal footing to that of Jo/D < 1, or if we
simply zoom in to the region of small J5/D < 1 on the linear scale. In the former,
the log scale (Figure [£.13)), the bottom half of the plot — Jo/D < 1 — agree very
well with the results obtained from NRG. In the latter, the linear scale (Figure
, where we show only on the region of J;/D < 1, the results from the two
methods obviously agree very well with each other.

We close this chapter off by remarking that we have now fully studied the
spin model. This model supports the NFL behaviour at low temperature, which
is robust against the presence of the anisotropy between the local couplings of
the leads and the Majorana fermions. In addition, this model exhibits the duality
between the region of weak coupling J < 1 and strong coupling J > 1, consistent
with the behaviour found for the axially symmetric model which is studied in
the previous chapter. The presence of other exponentially small perturbations,
for instance, the non-local couplings between the Majoranas, on the contrary,
destablises the NFL behaviour and pushes the system towards strong-coupling
Fermi-liquid regime. Whilst this may pose some challenges into experimentally
observing the NFL behaviour, it is still possible to do so when there is a good
separation between the two energy scales.

In the next chapter, we shall study the Majorana device fully, without per-
forming the low-energy transformation, including as well a consideration of the

structure of the device.
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Figure 4.12: The contour plot of the log of the Kondo temperature (Ilx = InTxk)
as a function of the coupling constants J;/D € [0.1,0.5] and Jo/D € [0.2,5.0]
with fixed J3/D = 0.01. (left panel) The plot is obtained by solving the weak-
coupling RG scaling equations and the Kondo temperature is defined to be
the energy scale Ik at which J3(Ix)/D = 5. As the coupling constant is increased

either along J; or Ja, the log of the Kondo temperature increases as well (becomes

less negative). (right panel) The plot is obtained from NRG calculations. In this

case, since the Kondo temperature increases with the coupling constants when they
are smaller than 1 but decreases once they are greater than 1 (See Figure ,
the turning point of the contour lines occur at Jo/D = 1.
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Figure 4.13: The contour plot of the log of the Kondo temperature (lx = InTk)

as a function of the coupling constants on a log scale In J; /D and In J /D with fixed

J3/D = 0.01. (left panel) The plot is obtained by solving the scaling equations.

(right panel) The plot is obtained from NRG calculations.
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Figure 4.14: The contour plot of the log of the Kondo temperature (lx = InTk)
zoomed in near the region of J;/D < 1.0. (left panel) Results from solving the
scaling equations. (right panel) Results obtained from NRG calculations. It is clear

that for small Jo/D < 0.6, the two plots agree very well with each other.
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5

Beyond the Low-Temperature
Effective Model

In the previous two chapters, we were interested in the low-temperature behaviour
of the Majorana device and in order to simplify the model, we derived a low-energy
effective model by projecting it onto the ground-state subspace, the subspace
where the superconductor is tuned to some N charged state and (H.) = 0. We
found that the effective low-energy Hamiltonian is a Kondo spin—% Hamiltonian
coupled to the spin-1 conduction electrons and we study its thermodynamics and
zero-temperature conductance tensors. In this chapter, we shall not perform such
a projection but attempt to study the model in full. Since the charging energy
Hamiltonian contains the variable N, the number of charges on the supercon-
ducting island, which is an arbitrary number, NRG cannot directly handle this
Hamiltonian right away. We shall therefore assume that the level spacings are
sufficiently large that only a few charge states need to be considered and start
by studying the simplest configuration of the superconductor — having only two
charge states. Afterwards, we add more states so that the energy configuration is
the same as that which can be generated from the charging energy Hamiltonian

directly and study how its physics is changed.
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5.1 Hamiltonian of the Majorana Device

In Section [2.3] we discuss the Majorana device of interest in this project and

write down the Hamiltonian (2.3.1)
H = Hypgs + H. + Hy + Hi, (5.1.1)

stating that our device consists of a mesoscopic superconducting island with the
charging energy term H. = E. (N — g)Q with four Majorana bound states present,
three of which are coupled to conduction electron Hj..qs via the tunnelling term
H, = Zij tij%%eid)m + adj., in addition to being able to lightly couple with each
other via Hy. In the previous two chapters, we worked in the low-temperature
and low-coupling regime, so that we could perform a low-energy transformation
to the Hamiltonian above and work with the effective spin model . In this
chapter, we shall consider the structure of the superconducting island as well.
In order to be able to implement the NRG calculation of this model, we need
to rewrite H; by converting all the operators, if not already, into the standard
Dirac fermions operators: we replace the exponential operator €'/ which creates
an electron on the superconductor by a canonical creation operator d' and form

two Dirac fermions from the four Majorana ~; via

f= % (71 +172) (5.1.2)
F=3 (i), (5.1.3)

resulting in the Hamiltonian

Ho=d" {t: [(f+ )1 =1 (f = )] +t: (f'+ ) v} +adi.  (5.1.4)

We ignore the non-diagonal exponentially-small couplings and assume equal cou-
plings between lead 1 and lead 2, t; = ¢4, in order to avoid working with a complex
Hamiltonian. Performing a set of transformations equivalent to (i3.2.2))—(3.2.4)),

1 .
¢1 = E(wl + 11)9), (5.1.5)
1 :
P2 = E(wl — ithy), (5.1.6)

P3 = 13, (5.1.7)
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we will therefore be working with the following tunnelling Hamiltonian
Hy = d {V2t (f1o1+ foo) + 1 (f + /1) 6} +adj. (5.18)

Similarly, we remodel the Hamiltonian that represents the superconductor
so that it can be implemented in the NRG codes. Our approach is to consider
the energy spectrum of this physical system and then we will come up with a
Hamiltonian that is capable of producing this very same energy spectrum. It is
known that electrons are paired in the form of Cooper pairs in the ground state
of a conventional superconductor, i.e., that the ground state of a superconduc-
tor has even number of electrons, whereas the excitations with odd number of
electrons cost energy; the system is gapped with its energy spectrum shown in
the top left panel of Figure 5.1} In the presence of Majorana fermions, however,
as is mentioned in Section 2.2} there exists a zero-energy mode which supports a
zero-energy excitation. Since the states with odd and even number of electrons
are now on the equal footing energetically, the conventional energy gap A dis-
appears, resulting in the energy spectrum that is shown in the top right panel
of Figure . Finally, it is the charging energy H. = FE. (N — 5)2 that lifts the

2N-1 2N+1
A 2N-2 2N-1 2N 2N+1 2N+2
2N-2 2N 2N+2
£ 2N-I™ 2N +1 o
_ 2N=2, 2N+1
" — AL 2NT2N
2N-27 ¥ e 2N+2
2N

Figure 5.1: Following Ref. [62], energy spectrum of a superconductor as a func-
tion of its number of electrons. Whereas the figures on the top (bottom) are the
spectrum for the superconductors without (with) charging energy, the figures on

left (right) are those for when there are not (are) Majorana fermions present.
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

degeneracy among the different charge states [62]. The details of the energy spec-
trum, however, depends on the value of the gate charge ¢, which can be tuned via
the gate voltage across the capacitor that is connected to the superconducting
island. For instance, if ¢ = Nye, where Iy is an integer, the ground state which
is the Ny-charge state is non-degenerate. However, if ¢ = %e, at half integer, the
ground states — the %—Charge states — are now degenerate; its energy spectrum
then takes the same form as that of the bottom right panel of Figure Note
also that it is the charging energy that breaks the degeneracy of all the different
charge states on the superconductor, rendering N, the number of charges on the
dot, a meaningful quantum number which we shall use as a principal number to
classify the superconducting states.

Finally, in order to further simplify the form of the possible Hamiltonian for
the superconductor, we assume that only a few charge states of the supercon-
ducting island are energetically accessible, and model the charging energy H.
by write down a simplified Hamiltonian Hg;. Neglecting the exponentially small
couplings, we now drop Hy; and for the rest of the chapter will be working with

the following Hamiltonian

H = Hy,qs + Hsy + H. (5.1.9)

5.2 The Simplest Case: Two Charge States

We first consider the simplest case possible: the case in which the only two states
that are energetically accessible to the system are the states N and N+1. (In the
bottom right panel of Figure[5.1] this is the case where only the two lowest energy
states — the charge states 2N — 1 and 2N — are considered, though the two need
not be degenerate in general.) In this case, effectively the superconductor can
be viewed as a single orbital with two charge states available. Note that whilst
earlier in Chapter [3| we derive the effective spin model by assuming that the
charge state N is the ground state and consider the transitions to the two other
charge states N —1 and N + 1 as perturbations, we study a system with only two
charge states here. The assumption that the charging energy F. is much greater

than the energy scale of interest (Section then corresponds to the case where

92



5.2 The Simplest Case: Two Charge States

the difference in energy between the two charge states N and N + 1 are larger
than other parameters in the model.
Since the superconducting island can now be treated as a single orbital, its

Hamiltonian can be written simply as
HZS = en, (5.2.1)

where n = d'd is the number operator of the electron in that orbital and ¢ is the
energy cost for that electron. Arbitrarily, we choose € < 0 and the ground state
configuration of the superconducting island is the occupied state. Furthermore,
since the energy difference between the two superconducting states is |e|, we refer
to it as the energy gap. The Hilbert space of this system can be constructed by
taking the direct product of the superconducting orbital, as is represented by the
electron operator d, with the two Majorana pairs, represented by the electron
operators f and f’, each of which can either be empty or occupied, resulting
in a total number of 8 states. However, Fu made the following argument for a
system with a single Majorana mode [62]: Recall that the ground states of the
superconductor are composed of two sectors, one with even number of electrons
called |e), the other with odd number of electrons called |o), which are related to

each other by f|e) = 0 and |o) = fT|e) and are represented as

le.d) = Y ane®N[2N) (5.2.2)
n=2N

0,0) = Y ane ™I 2N 4 1) (5.2.3)
n=2N+1

This therefore imposes that the occupation of Majorana mode f1f = %(i’yl'yg +1)
is fixed by the number of electrons on the superconductor mod 2, iy = (—1)",
i.e., whether the Majorana mode is occupied depends on whether the number of
electrons on the superconductor is even or odd. Therefore, the conclusion is that
the actual Hilbert space is smaller than that generated from the direct product.
In our case, with two Majorana modes, represented by the operators f and f’,
the constraint is generalised so that the parity of the two Majorana modes must
be the same as the parity of the superconducting electron. For example, if the

parity of the Majorana is even, either the two Majorana modes are both empty
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

or both occupied, the number of the electrons on the superconductor must be
even as well, or in this case, the single orbital n = d'd must be empty.

In order to remove the states with incorrect parity, for example, the state in
which the superconducting orbital is empty (even) but the two Majorana modes
are only singly occupied (odd), we add the following fictitious energy cost to the
Hamiltonian in the initialisation step of the NRG:

H = 2 {(1 =) [nar (1= nag2) + (1= mag s

(5.2.4)
+n [(1—=npn)(1 —naz) + nannas) },

where the state in the first line is the state with the empty superconducting
orbital and odd Majorana parity and vice versa for the second line, and we have
chosen the energy penalty z/D = 10°. In the example mentioned above, the
superconducting orbital is empty n = 0 whereas the two Majorana modes are
only singly occupied, np;; = 0,np0 = 1 or nyy = 1, np0 = 0, which corresponds
to the state in the first line. These two states will get an additional energy cost

of z and will be projected out in the first iteration of NRG.

5.2.1 Decoupled Limit

When the superconducting island is decoupled from the leads, the system of in-
terest then consists of a simple two-level subsystem with an energy gap of € which
is connected to the Majoranas and the three independent free-electron leads. The
entropy of the superconducting sector can be straightforwardly calculated from

the thermodynamic relation

oF 0 e e/

e =~ ThQ=h(l4+e¥Ny 4+~ 2.
o7 ~ T M@= (e ) (52.5)

At low temperature, the empty state is energetically unfavourable and the ground

Sst =

state is the occupied state; thus, Ss; — 0 as expected. At high temperature, both
states are accessible and indeed Sg; — In 2.

In order to discuss this system in the context of impurity problem, we use the
previously defined Si,, = S — Sy where S is that of the full system and Sy is
that of free conduction electron leads. Since the system is composed of the su-

perconducting island, the Majoranas, and the free conduction leads, subtracting
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away the contributions from the leads, Sin, = Ssi + Su. Now we consider the
ground state that is formed from the direct product between the superconduct-
ing orbital and the two Majorana fermion orbitals, |ns;) ® |nasm, nae). Since the
coupling constant t = 0, the Majoranas completely disappear and the Hamilto-
nian of the system, taken away the lead contributions, is simply Hgr = engr; the
Majorana sector, however, still remains in the Hilbert space. Since ¢ < 0, the
ground state of the superconducting orbital is occupied, ngt = 1, and Sg; = 0.
Furthermore, since the parity of the superconducting sector is odd, the parity
constraint forces the parity of the Majorana sector to be odd as well. There are
two such states, |na, nae) € {|1,0),]0,1)} with odd parity; therefore, at low
temperature, Sy = In2. We finally conclude that Si,, = In 2 at low temperature.

As mentioned before, both odd and even parity states of the superconductor
are accessible at high temperature. The odd parity superconducting state is asso-
ciated with two odd parity Majorana fermion states, and vice versa for the even
parity superconducting state. Therefore, Sy = In2 and S, = In4. Figure
shows that the impurity entropy of the system in the decoupled limit calculated
from NRG agree exactly with the analytical relation above, with the two limit-
ing values also confirmed as discussed and the crossover between the two limits

occurs at the energy scale of T ~ |e|.

5.2.2 Large-Energy Gap Limit

As mentioned before, when the energy gap between the two superconducting
states is larger than other parameters in the model, we would expect the low-
energy behaviour of the system to be the same as that found for the effective
spin model being studied in the previous two chapters. Figure [5.3| shows the
impurity entropy of the superconducting system with a large energy gap |e|/D =
10 assuming isotropic coupling constants ¢; = t3. Since the energy gap is large,
the empty superconducting state becomes energetically unfavourable and hence
inaccessible; the ground state of the superconducting sector of the system is the
occupied state. At high temperature, we found the impurity entropy to be that of
the WC fixed point value Sin, = In2 as expected; whereas in the spin model, this

arises from the degenerate spin doublet state, in this case, the value reflects solely
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Figure 5.2: Impurity entropy as a function of temperature of the Majorana device
in the decoupled limit. The results from NRG is shown, in the case of —¢/D = 1075
(red) and 1073 (green) against the analytical results (black lines) from the equation
G.2.5).

the degeneracy in the Majorana sector. When the coupling constant is turned
on, the impurity entropy flows to the NFL fixed point value Sinp, = In V3, which
is exactly the behaviour of the low-temperature effective spin model studied in
the previous chapters. Furthermore, the results found in this large-energy gap
limit superimpose exactly onto the universal impurity entropy curve of the spin
model. Finally, the other feature that we found for this Majorana device in the
large-energy gap limit which is very similar to the behaviour of the effective spin
model is the duality behaviour found in the strong-coupling regime.

In section |3.1,, we have already shown in equation that when the
charging energy is large, the effective spin coupling constant J,, is related to the

tunnelling coupling constant ¢;; via
J~—, (5.2.6)

in the isotropic limit. Together with equation (3.2.9)), which states that the Kondo
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Figure 5.3: Impurity entropy as a function of temperature of the Majorana device
in the large-energy gap limit, |¢|/D = 10. The coupling constants are assumed to be
isotropic t1/D = t3/D = 0.8(red), 1(green), 3(blue), 4(cyan), and 5(magenta). The
decoupled limit ¢ = 0 is also included for reference (black line). The entropy flows
from the WC limit Siy,p = In2 at high temperature to the NFL value Siy,p = In V3.

These curves are exactly the same as the universal entropy curve of the spin model.

—c1/J

temperature Tx ~ J%e , we therefore expected

T /D ~ e/t 5.2.7
K/

Figure shows that the Kondo temperature calculated from NRG (red circles)
as a function of the coupling constant ¢ agree very well with the relation above
(green line). In addition, we could also study the dependence of the Kondo
temperature on the size of the energy gap, which for the same reason is predicted

to be

1
Tx/D ~ e eeslel, (5.2.8)

This is confirmed in Figure [5.5 where we have obtained the Kondo temperature

from NRG for when the energy gap |¢|/D € [1,10] is large and the coupling

97



5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

constants of ¢/D = 0.5 and 0.7 — the NRG results agree very well with the
analytical relation ([5.2.8)).

Since we have discovered in section that there is a duality between the
model with the spin coupling constant J <> %, when the coupling constant is
large, we also expect the Kondo temperature relation to follow the same
behaviour, i.e.,

1 2
Tk /D ~ a e (5.2.9)

to hold when the tunnelling coupling constant ¢ is large. This is confirmed in
Figure (blue line) where we have shown that the expression above agrees with
the data calculated from NRG when the energy gap |e|/D = 10.

Now we study another physical property that can be experimentally probed,
the conductance tensor. Just as in section [3.2.3] we need the expressions for the
time derivatives of the lead operators, which we determine first in the transformed
basis N; = gbqu,- as

Ny = V2t (—d*f%l + gbifd) , (5.2.10)
N, = V2t (—dT Fooa+ <b£f*d) , (5.2.11)
Ny =t (—dT(f’ + Mo+ o (f + f’T)d) . (5.2.12)

In order to be able to interpret the results, we need to work with the operators

in the physical basis N; = zpj 1;, which can be expressed in the transformed basis

as
N = lﬂwl = % (N1 + ¢1¢2 + ¢£¢1 + N2> ) (5.2.13)
Ny = oy, = % (Nl — Pl — Hhpr + N2> ; (5.2.14)
N3 = Nj, (5.2.15)

where we clearly observe as well that Ny + Ny = N; + Ny as a result of the
transformation (5.1.5)—(5.1.6)). The expressions for the time-derivative operators

are then
i = 53— df (F161+ f62) + (81f +obsT) d

(5.2.16)
Fd' (1162 + for) = (e + ol f1) d}.
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Figure 5.4: The dependence of the Kondo temperature Tk on the coupling con-
stant ¢ in the large-energy gap limit |¢|/D = 10 of the Majorana device. The red
dots are data calculated from NRG whereas the green line is the analytical rela-

tion obtained from the low-energy transformation at weak-coupling limit, equation

(p-2.7), and the blue line is that at strong-coupling limit, equation (5.2.9).
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Figure 5.5: The dependence of the Kondo temperature Tk on the energy gap
le| in the large-energy gap limit |e|/D € [1,10] of the Majorana device when the
coupling constants are t/D = 0.5 (red dots) and 0.7 (blue dots). The NRG results
(dots) agree very well with the analytical relation ([5.2.8]) (black lines).
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Figure [5.6| shows the frequency dependence of the zero-temperature conduc-
tance tensor in the large-energy gap limit. As anticipated, the results found for
the device in this limit (red line) collapse onto the universal curve of the isotropic
spin model (black line), showing the RG flow from the WC fixed point at high
temperature to the NFL fixed point at low temperature, and once again confirm-
ing that when the energy gap between the states on the superconductor is large,
the model behaves effectively as a spin model studied in the previous chapter.
Indeed, the spin physics is robust against the inclusion of the charge fluctuation
to the N 41 charge state in this two-charge state model and the low-energy effec-
tive model that we derived in Section does correctly capture the low-energy
physics of this model.
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Figure 5.6: The zero-temperature conductance tensor of the Majorana device in
the large-energy gap limit. In this limit, the conductance curve is the universal
curve obtained earlier from the isotropic spin model (Figure .

We close this section by discussing one of the remarkable features of the topo-

logical Kondo effect: it can be turned off by decoupling one of the leads [41].
This can also be seen in the results from NRG calculation (Figure [5.7]), where
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5.2 The Simplest Case: Two Charge States

we calculate the impurity entropy of the system when lead k = 3 is being slowly
decoupled from the superconductor — ¢3 — 0. It can be seen very clearly that as
t3 is decreased, the RG flow towards the NFL fixed point occurs at a lower tem-
perature scale. Once t3 is small enough, which is still as large as 0.1D, the Kondo
temperature then becomes smaller than 1071 D. Certainly, removing lead k = 3
completely would effectively lift the topological Kondo effect. We can also see
from the figure that the anisotropy in the coupling constants ¢, does not change
the qualitative RG flow pattern of the system; therefore, we will not look further

into the anisotropy of this type.
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Figure 5.7: Impurity Entropy of the Majorana device as a function of temperature
in the large-energy gap limit when lead k = 3 is being slowly decoupled from the
superconducting island, i.e., t3/D = 0.9 (red), 0.5 (green), 0.3 (blue), and 0 (cyan)
whilst t1/D = 1 is kept fixed. The result of the fully coupled case t3 = t; = 1
is also included for reference (black). As t3 is reduced, the Kondo scale quickly
decreases until the RG flow to NFL fixed point can no longer be observed in the

temperature range of interest.
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

5.2.3 Doubly Degenerate System

Now we turn our attention to the system where there is no energy gap between
the empty and the occupied states on the superconductor, i.e., ¢ = 0. This
superconductor energy configuration is the ground-state manifold of the energy
configuration in the lower right panel of Figure [5.1] - the charge states 2N —1 and
2N in the figure are represented by the two superconducting states in our model
and the other charge states are of energies inaccessible to the system. Since this
energy configuration is very different from what we have considered before, it is
possible that different physics is observed.

We study the RG flow of this system by studying the impurity entropy (Fig-
ure . As can be seen, the qualitative features of the RG flow are indeed
different from those other systems studied before. In the decoupled limit, (black
line of Figure , the impurity entropy stays constant at In4. This is due to
the quadruply degeneracy of the system, half of which is from the superconduct-
ing sector which is doubly degenerate, and the other half is from the Majorana
sector. As we have mentioned before, due to the parity constraint, the occupied
superconducting state is allowed with only the odd Majorana configurations and
vice versa. Since there are two Majorana states of each parity, the Majorana
contribution to the impurity entropy is In2. When the conduction electrons are
coupled to the Majoranas on the superconductor, we can observe a new crossover
from this In 4 fixed point to the NFL fixed point with the usual impurity entropy
of Inv/3. Interetingly, despite the fact that now the superconducting state can
either be occupied or empty at low temperature, the RG flow still goes towards
the In /3 NFL fixed point. Therefore, we conclude that the NFL fixed point is
remarkably robust against the charge fluctuation in the superconductor. Finally,
we observe that the Kondo scale increases as the coupling constant is increased
as before.

Once the coupling is large enough, the impurity entropy is observed to be In 2
at high temperature and eventually flows towards the NFL fixed point. Further-
more, we have found that the the impurity entropy curve obtained in this regime
superposes exactly onto the universal curve which characterises the flow from the
WC fixed point to the NFL fixed point in the spin model (the left panel of Figure
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5.2 The Simplest Case: Two Charge States

. Whilst this parameter regime is very different from that which we know to
generate the spin physics — zero energy gap with large ¢, instead of the previously
large energy gap — the same physics reappears here.

We can understand the system in this large-¢ regime by perturbatively deriving
an effective Hamiltonian. If the Hamiltonian of a system can be decomposed as
H = Hy + AHy, where H, is the part of the Hamiltonian whose eigenstates and
eigenvalues are know and H; is a perturbation. The expression for the effective

Hamiltonian up to the second order is given by [10§]:
Heff = HOPa + PaHlpa

1 ! L
+3 E |icv) (icr| Hy [ky) (ky| Hy [jer) (Gl <E ~ Ey, + Eio — Ekw) ’

2

ijk
y#
(5.2.17)

where « indicates the ground-state manifold, P, =), |ic) (ic| is the projection
operator onto the manifold «, and E;, is the energy of the state ¢ of the manifold

Q.

Now, in the limit ¢ = 0, the Hamiltonian of the system is simply
H = Hieags + Hy, (5.2.18)

where H; is given in equation . With the coupling constants t; = t3 =: t
being large, we shall take H; to be Hy and consider the infinite chain Hje.qs as a
perturbation. Since the coupling strength decreases along the chain, to the first
approximation, we shall consider only the first term of the infinite chain. Taking
the basis states to be the direct product of the superconductor orbital d, the two
Majorana fermion orbitals f and f’, and the orbitals of the three lead electrons
at the impurity site ¢;, we exactly diagonalise H; and found the lowest-energy

eigenstates to be

11:10;010) + & |1; 015 001) + & |0; 00; 110) + [0;11;011),  (5.2.19)
—[1;01;100) + & |1;10;001) + & |0; 11; 110) + |0; 00; 101) , (5.2.20)

‘Xl)
Ix2)

where k = %(\/3 — 1), and the eigenstates are written in terms of the occupation

number of the superconducting sector, Majorana sector, and the lead sector,
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Figure 5.8: Impurity Entropy of the Majorana device as a function of temperature
when the two superconducting states are degenerate (¢ = 0). The coupling constant
t/D = 0.1 (red), 0.2 (green), 0.3 (blue), 0.5 (cyan), 1 (magenta) and 2 (brown).
The decoupled limit ¢ = 0 (black), where the impurity entropy stays constant at
the value of In4 at all temperatures due to the double degeneracy both in the
superconducting sector and in the Majorana sectors, is also added for reference.
When the leads are weakly coupled to the superconducting island and is as large
as 0.1D, we can observe a RG flow to the NFL fixed point with Sjy,p, = In V3. As
the coupling becomes stronger, the Kondo scale becomes larger until eventually it
starts decreasing — in the same sense that the spin model studied in the previous
chapters does. In this strong-coupling regime, the RG flow is the universal flow
from the WC fixed point to the NFL fixed point that is found in the spin model.
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Figure 5.9:
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The linear relationship between In Tk t? and ¢ (red circles), where T

is the Kondo temperature and ¢ is the coupling constant between the Majorana
and the leads, in the large-t regime ¢/D € [1,2]. The fact that this relationship is
linear confirms the equation (5.2.28) (green line)), that indeed Tk ~ t%e_‘m.
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Figure 5.10: The frequency dependence of the zero-temperature non-diagonal

linear conductance of the Majorana device both in the small-t regime (red line)

and the large-t regime (green line). The results from the isotropic spin model (red
line of Figure is also shown here (black line) for reference. Clearly, the RG

flow of the model in the strong-coupling regime is exactly the same as that of the

effective spin model studied previously in Chapter
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

respectively. The energy of the ground states is
€0 = —%(\/SJr 1)t, (5.2.21)
whilst the energy of the first excited states is
&1 = —V2t, (5.2.22)

both of which are clearly directly proportional to . At low enough temperature,
all high-energy states are thermally inaccessible and the model can then be viewed
as an effective doubly degenerate degree of freedom together with Hjeaqs. It turns
out to be convenient to use the discretised form of the lead Hamiltonian, which is
given as a part of equation. Since t,, as is given by the equation ([2.5.65))
decays exponentially in the discretisation parameter A, we consider only the first

term n = 0 and ignore the rest; therefore,

H, = Z s (C(T)ich- - CLCO) : (5.2.23)
where s is the coupling constant in the semi-infinite chain, given by equation.
Taking the basis states to be the direct product of the two-level system { x; } and
the orbitals of the three lead electrons at the site n = 1, the non-diagonal part of
the effective Hamiltonian is found to be

xD s*p
3P = = { s 001) (a5 010] + Pxas 101) (x5 110)

515 100) {x2: 001] + |x13 110) (x2; 011] } vadj,  (5.2.24)

where p is a constant and AE = €1 — ¢y is the energy difference between the
ground state and the first excited state. We note that the lead sector of the matrix
elements on the first line can be represented by the operator 013012 since they both
remove an electron from the third lead and create one on the second lead, and
011-1613 for the matrix elements on the second line. Furthermore, since the { x; }
sector is a two-level system, we can define a lowering operator S~ = |x1) (xal-
Hence, we rewrite the effective Hamiltonian as
s%p

Hé‘f]fj =A% {S‘(chclg — 011013) + S+(012013 — 013011)} ) (5.2.25)
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5.2 The Simplest Case: Two Charge States

Performing one last canonical transformation ¢;; — —cj7, and recognising that

the lead-sector operators in the left bracket is the spin-1 raising operator

LT =2

o O O

1
0
0

o = O

= V2 (vl + vlv,) (5.2:26)

we conclude that the effective Hamiltonian is a spin flipping Hamiltonian

p

xD S — 4+ +r—

D STLt +STL7). 5.2.27

T V2AE ( ) ( )
Since the difference in energy AE ~ t, the effective coupling constant J = \/S;i’ =~

1
t

coupling strength ¢ as

and we expect the Kondo temperature of this large-t regime to depend on the

1
Tx ~ J?e /7 ~ t—2e*a2t. (5.2.28)

We extracted the Kondo temperature from NRG results and show that the re-
lationship between In Tk t* and ¢ is linear (Figure , confirming precisely the
equation above.

Furthermore, we have also calculated the zero-temperature linear conductance
tensor of this degenerate system (Figure . Clearly, in the large-t regime, the
RG flow is exactly that of the spin model and therefore support the interpretation
of the model as a spin coupling model that arises from the effective two-level
system that is coupled to the three conduction leads above when we study the
impurity entropy.

The small-t regime, which corresponds to the impurity entropy flowing from
In4 at high temperature to In+/3 at low temperature, however, is different and
can be experimentally distinguished from that in the strong-coupling regime by

the measurement of the conductance.

5.2.4 Lifting the Constraints

Consider now the one-orbital system in general. We have seen so far that in
one extreme where the leads are decoupled ¢ = 0, there is a RG flow from the

free-orbital regime with Si,,, = In4 towards occupied superconductor state with
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

Simp = In2, where the degeneracy comes from the Majorana sector, at the en-
ergy scale T ~ |e| due to the presence of the energy gap (Section [5.2.1). In
the other extreme where the ground states are degenerate ¢ = 0, the coupling
between the leads and the Majoranas t; generates the RG flow towards the NFL
regime, Sin, — In /3, which can be from the free-orbital regime (Section
or the regime where the superconductor is occupied (Section . In general,

therefore, we see a combination of the two types of behaviour.
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Figure 5.11: Impurity Entropy of the Majorana device as a function of tempera-
ture in the case where the energy gap is small: €/D = 10~°. The coupling constant
t/D = 0.1 (red), 0.2 (green), 0.3 (blue), 0.5 (cyan), 1 (magenta) and 2 (brown).
When ¢ is small (e.g., t/D = 0.1), the system behaves as if the lead electrons are
decoupled from the Majoranas (red circles of Figure [5.2). When ¢ is very large,
i.e., t/D > 0.3, the system behaves as if the states on the superconductor are de-
generate (Figure . In the intermediate-t range, we observe both the RG flow
from free-orbital regime to occupied-superconductor free-Majorana regime, and the

subsequent flow to the NFL regime.

Let us consider first the case where the energy gap is very small, |¢|/D = 1077.

Figure shows the temperature dependence of the impurity entropy of this
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5.2 The Simplest Case: Two Charge States

system. When the coupling is very small, the impurity entropy is identical that of
the decoupled system down to the lowest temperature scale (Figure . When
the coupling constant ¢ is moderately large (0.3 < t/D < 0.5), the system behaves
in the same way the degenerate system does (Figure : the impurity entropy
flows directly from In4 to In /3 and the Kondo scale increases as the parameter
t is increased; once t is much larger, the impurity entropy if found to be In 2 even
at high temperature and flows towards the NFL value of In v/3.

It is the intermediate-coupling regime that we observe both types of RG flows.
In order to study the behaviour of this model without having to calculate its prop-
erties at a temperature range that is unreasonably low, we increase the coupling
to |e|/D = 1072, which is larger, but is still small compared to the parame-
ter ¢, so that the initial RG flow to Simp = In2 occurs at higher temperature.
We then calculate the impurity entropy (Figure , left panel), Kondo tem-
perature, and its conductance (Figure , right panel), where we have found
that both the impurity entropy and the zero-temperature conductance tensor of
the model in this regime are exactly the same as that of the spin model — the
two curves superpose exactly onto the results of the spin model — and also that
Ty ~ J?e %/’ ~ tte=®/P despite the fact that here the energy gap |e|/D = 102
is not large at all compared to the coupling constant ¢/ D ~ 0.3. Hence, the topo-
logical Kondo effect can still be observed even when the energy gap of the system
is not large provided that the coupling between the superconducting island and
the electron leads is sufficiently large.

We therefore conclude that in this one-orbital system, there are three types
of RG flows: the flow from the free-orbital regime, characterised by Sin, = In4,
to the regime where the superconducting orbital is occupied and the Majorana
degree of freedom is doubly degenerate with Sy, = In 2; the flow from either this
latter regime or the regime where ¢ is so strong that a doubly degenerate degree
of freedom is formed from the superconducting orbital, the Majoranas, and the
conduction electrons at the first site towards the NFL fixed point; and the direct
flow from the free-orbital regime towards the NFL fixed point.

The first type of flow is controlled by the size of the energy gap parameter
¢ and occurs at the energy scale of T" ~ . The second type of flow occurs

from a doubly degenerate system when the coupling between the leads and the
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Figure 5.12: The physical properties for the Majorana device with a single super-
conductor orbital with the energy gap |e|/D = 0.01 (red lines) in comparison with
those of the spin model (black lines). (left) The impurity entropy Simp showing the
RG flow from In2 to In+/3. At very high temperature, we can observe the tail of
the initial RG flow from Siyp = In4. (right) The zero-temperature non-diagonal

conductance tensor G;; showing the corresponding RG flow.

Majoranas is strong enough; this is where the behaviour of the system is the
same, regardless of whether the actual energy gap is large enough relative to
the coupling constant, as the effective spin model studied in Chapter [3, which
assumes a large energy gap. Finally, the third type of the flow occurs in the case
of weak coupling and small- or no-gap system and is a direct crossover from the

free-orbital regime to the NFL regime.

5.3 Three Charge States

We now proceed to consider the case in which in addition to the states N and
N + 1 being energetically accessible as is studied in the previous section, we also
include the charge state N + 2 as is shown in the left panel of Figure [5.13] As
in the previous section, we choose the N + 1 charge state to be the ground state.
There are now two energy gaps and we call the energy difference from the ground
state energy of the N charge state |¢| and that of the N 4 2 charge state |¢’|, with
€ < 0 as before. The energy difference between these two energy gaps are defined

as Ae.

110



5.3 Three Charge States

I Ae N+2 ’ g1+ EgIdouny occ
el = N . E empty | £
.................... m—— e
N+1

Figure 5.13: (left) Energy spectrum of a superconductor with three energetically
accessible charge states. The energy difference from the ground state energy of the
N charge state is labelled as |¢| and that of the N + 2 charge state as |¢'|. The
energy difference between the two energy gaps is defined as Ae = |&'| — |¢|. (right)
Energy spectrum of the two-orbital model. In comparison to the physical model,
€1 = ¢, and the energy difference between the empty and the double occupied

states is €1 + €9 = Ae.

This three-state system can be modelled as a system composed of two orbitals

with the Hamiltonian

HSICS = &1 M1 + €2 Na, (531)

where n; = dZdi are the number operators for the orbital ¢ and ¢; its energy.
There are then a total of four states in the Hilbert space of the superconducting
sector: empty, singly occupied (on orbital 1 or 2), and doubly occupied. Since
we want only one singly occupied state, we choose to project the singly occupied
state in which the electron occupies the second orbital ny away by adding an
energy penalty to it, Ei = z(1 — nq)ny. Its energy spectrum is shown in the
right panel of Figure [5.13] From the Hamiltonian, the energy of the empty state
is clearly zero. The energy of the singly occupied state is €; := ¢ in the physical
device. Finally, the energy difference between the empty and the double occupied
state is €1 + &9 := Ae. For the rest of the section, we choose to discuss the results
in terms of the original physical parameters ¢ and ¢’. Furthermore, since each of
these states must also be associated to a Majorana configuration with a correct
parity, we remove the incorrect states by also adding an energy penalty in the

form analogous to equation ([5.2.4)):

Hfe = 2 {[(1 — ) (1 = na) + muna] [nan (1 — mare) + (1 — nar ) nae]
(5.3.2)
4 (1 = n) + (1 — n)na] [(1 = man) (1 — muage) + narnase) }
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

5.3.1 Symmetric System

As can be seen in Figure [p.13] there are two free parameters: ¢ and . We
shall first investigate the system in which the ground state configuration is non-
degenerate and we work in the symmetric limit, i.e., we set the two energy gaps
to be equal, € = €’; hence, the two free parameters are now reduced down to one:

the energy gap .

5.3.1.1 Decoupled Limit

As usual, we study the system in the decoupled limit where we can analytically

solve the problem first. The impurity entropy of this system is found to be

—e/T € e—a/T
Simp = ln2+1n (2+e ) + fm, (533)

where as before, the In 2 term comes from the degeneracy in the Majorana sector.
At high temperature, all three states on the superconductor are accessible, each
of which is paired with two possible Majorana configurations, resulting in Sy, =
In6. At low temperature, both the empty and the doubly occupied states are
no longer thermally accessible; hence, the configuration of the superconductor is
fixed to singly occupied, is associated to the two odd Majorana configurations,
and results in Simp = In2. As before, the crossover from the high-temperature

regime to low-temperature regime occurs at 7' ~ |g|

5.3.1.2 Large-Energy Gap Limit

We know from the study of the large-energy gap of the model with two charge
states (Section that the ground state of the superconductor is the (singly)
occupied state and the second-order virtual transition to the empty state in this
large-energy gap limit generates a spin model, equation , with the coupling
constant J ~ %2 as is given in the equation (3.1.12)). In this three-charge state
system, the ground state is the same and the transition to the empty state should
generate the spin model with the same coupling strength. However, in addition to
the transition to the empty state, there is also a second-order virtual transition

to the doubly occupied state, which should generate another spin model with
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Figure 5.14: Temperature dependence of the Impurity entropy of the two-charge
state Majorana device in the decoupled limit. The NRG results in the case of
—&/D = 107" (red) and 1073 (green) agree with the analytical results (black lines,
equation ([5.3.3)).

the same coupling J ~ %2 Since H3S = H2®S + g5my, we expect the effective
Hamiltonian to be Hog = Hx + Hx = 2 t; Y o Sale. In order to easily compare
the results with the two-charge state system, we shall study the model with the
energy gap of |e|/D = 20, exactly twice the size of the energy gap of the one-
orbital system we studied before.

Figure [5.15] shows impurity entropy as a function of temperature of the three-
charge state Majorana device in the large-energy gap limit, |¢|/D = 20, assuming
as before isotropic coupling constants t; = t3. In the small-t regime, the behaviour
of the impurity entropy of the two-orbital system is qualitatively the same as that
of the one-orbital system. The RG flow of this system can be effectively described
by the spin model and goes from the free spin value of In2 at high temperature
to the NFL value of Inv/3 at low temperature. The curve obtained from this
system is exactly the universal curve of the spin model (left panel of Figure .

The left panel of Figure [5.16] also shows that the Kondo scale extracted from this
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Figure 5.15: Temperature dependence of the Impurity entropy of the three-
charge state Majorana device in the large-energy gap limit, |¢|/D = 20, with the
coupling constants of 0.8 (red), 1 (green), 3 (blue), and 5 (cyan). The result of
the two-charge state system with |¢|/D = 10,¢/D = 0.8 is included for reference
(black line). When the coupling is weak, the entropy flows from the free-spin value
Simp = In2 at high temperature to the NFL value Si,p, = In V3. Whilst these
curves are exactly the same as the universal entropy curve of the spin model, the
crossover scale does not occur exactly at the same temperature scale as that of the

two-charge state system.
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Figure 5.16: The dependence of the Kondo temperature Tk, in the large-energy
gap and small-¢ limit of the three-charge state Majorana device on (left) the cou-
pling constant ¢ and (right) the energy gap |¢|. The results obtained here show
the same dependence as in the case of the two-charge state device both on the
coupling t (Figure green line), Tx/D ~ t*e2/? equation , and the
gap ¢ (Figure , Tx/D ~ # el equation (5.2.8)).

114



5.3 Three Charge States

system does have the same dependence on the strength of the coupling constant
t as that of the two-charge state system, equation ([5.2.7)).
Figure [5.15] also shows that the crossovers of the two systems at the same

308 — 2¢38 do not occur at the same exact temperature

coupling strength and ¢
scale. In order to derive the effective spin coupling constant of é, the assumption
that the charging energy or the energy gap in this context is large is made (Section

[B.1). It is possible that in this case the energy gaps £3“%/D = 20 and £“8/D = 10
are not large enough for the relation between the two coupling constants, J3°5 =
J2¢S hence the two Kondo scales, to be exact. We will come back to this when
we study the dependence of the coupling constant on the energy gap.

We have also calculated the zero-temperature conductance tensor (Figure
5.17) and obtained the universal conductance curve of the spin model (red line
of Figure as expected, confirming the low-temperature effective behaviour of
the spin model.

On the other hand, in the large-t regime, the behaviour of the three-charge
state system is very different from that of the two-charge state system. It turns
out that in this case, the duality behaviour — the mapping between J <+ % and
— which is observed in both the spin model and the two-charge state model, is
completely absent.

In addition to the dependence on the coupling constant ¢ of the Kondo tem-
perature, we have also studied its dependence on the energy gap. The right panel
of Figure shows indeed that the Kondo temperature has the same depen-
dence on the energy gap ¢ as in the two-charge state system. In fact, it is the size
of the energy gap that explains the discrepancy between the one-orbital and two-
orbital device in this limit. As mentioned above in order to determine that the
effective low-energy Hamiltonian is a Kondo spin Hamiltonian with the coupling
constant proportional to %, we assume that the energy gap ¢ is large. Therefore,
we determine the impurity entropy (hence the Kondo temperature) of the two
systems in the large-energy gap limit when coupling is fixed at t/D = 1 (Figure
, setting the energy gap of the three-charge state system to always be twice
of that of the two-charge state system, i.e., e3¢5 = 2225 It is clear that the
crossover of the three-charge state system always occurs at a slightly higher tem-

perature than that of the three-charge state system. Nevertheless, if we calculate
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the Kondo temperature of the two systems, we found that the ratio between the
Kondo temperatures, T2 /T2 decreases as the energy gaps increases. Specif-
ically, we found that the ratios take the values of 3.70, 3.33, 3.03, and 2.86 for
the case where 3“5 /D is varied from 20, 30, 40, and 50, respectively. Whilst it is
not clear that this ratio will eventually approach 1, we see that the assumption
that the effective coupling strength can be added, J3¢5 = J2©5 4 J26S — 2J2CS
becomes more reliable for larger values of the energy gaps. Perhaps calculations
of Kondo temperature at even larger energy gaps (¢/D > 50) will generate more
convincing results. In any case, we will come back to this addition of coupling

constant once again when we study the asymmetric system in the large-energy

gap limit (Section [5.3.2.2)).

5.3.1.3 Triply Degenerate Limit

Another limit in which we can perform some analytical study of the model and
compare its results to those from NRG is the vanishing energy-gap limit, ¢ = 0,
even though this limit is not physically realisable in the Majorana device being
studied since this triply degenerate energy configuration can not be achieved by
tuning the background charge ¢ in Equation .

Figure [5.19|shows the temperature dependence of the impurity entropy where
we can observe a few different types of RG flow. When the coupling ¢ is very small
(t/D < 0.1), the entropy flows from the high-temperature value of In6 to In2
at low temperature. At high temperature, all the three occupation states of the
superconductor, each associated with two Majorana configurations, are thermally
accessible, resulting in the impurity entropy of In6. At low temperature, since
the coupling is very small, the flow to the NFL fixed point is not observed;
however, there is still a flow to Simp = In2. As in the case for the simple 2-site
tight-binding model, the fact that the ground state at low temperature is the
positive linear combination of the two sites reflects the fact that the energy of the
system is minimised when electrons are allowed to spread over them, in this case,
the low-temperature configuration of the superconductor is a particular linear
combination of the three occupation states; the residual impurity entropy of In 2

is a result of the usual degeneracy in the Majorana sector. We observe here as
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Figure 5.17: Frequency dependence of the zero-temperature conductance of the
three-charge state Majorana device in the large-energy gap limit, |¢|/D = 20 and
small coupling ¢ (red line) which superposes directly onto the universal conductance
curve of the isotropic spin model (black line here; red line of Figure
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Figure 5.18: The impurity entropy as a function of temperature for the three-

charge state Majorana device (solid line) in comparison to that of the two-charge
state device (dotted line). The coupling constant is kept fixed at t/D = 1 whilst
the energy gap of the the three-charge state system is 6SCS/D = 20, 30,40, 50 (red,
green, blue, and cyan solid lines) and that of the two-charge state is ¢2°5/D =
10, 15,20, 25 (red, green, blue, and cyan dotted lines); the energy gap of the three-
charge state system is always twice that of the two-charge state, e3¢5 = 2¢2¢5, All
the dotted lines can be superimposed on the solid lines if they are scaled by the
factor of 3.70, 3.33, 3.03, and 2.86 for £2°5/D = 10, 15,20, and 25, respectively.
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

well that the flow occurs at the temperature scale T*/D ~ (t/D)?: for instance,
by increasing the coupling constant ¢/D from 10~ (red line of Figure by a
factor of 102 to 1072 (green line), the Kondo temperature increases by a factor of
10* from Tk /D ~ 107 to 107°.

When the coupling becomes sufficiently strong (t/D ~ 0.2), we observe a
further flow from In 2 to the NFL value In /3. Given these two limiting values of
the impurity entropy, we suspect that this is the usual topological Kondo effect
that can be described by the spin model studied previously. We thus compared
the entropy curve to that of the spin model and found that indeed the RG flow
in this regime is the universal RG flow characteristic of the topological Kondo
effect (the left panel of Figure . Furthermore, we have also confirmed the
usual Kondo temperature dependence on the coupling, Tx/D ~ tie™/ t* , thus
concluding that we observe the topological Kondo effect in the 1ntermediate—t
regime of the triply degenerate limit of the three-charge state Majorana device.

Nevertheless, as is mentioned before, this three-charge state system differs
from the two-charge state system in that the duality-like behaviour is no longer
observed here and increasing the coupling does not further decreases the Kondo
temperature. In order to understand this behaviour, we performed the derivation
of an effective Hamiltonian for large ¢ coupling as we did for the two-charge state
system (Section . Take Hy == Hy, equation (5.1.8), we exactly diagonalise

it and found that the ground states are

Ix1) = [0;00;111) — o [1;10; 011) 4 8 |1; 01; 110) + ~ [2; 00; 001) + |2; 11; 010) ,
Ix2) = [0;11;111) + o |1;01; 101) — B |1;10: 110) — ~2; 11;001) + |2; 00; 100 ,
) = [2;00;000) + o |1; 10; 010) — B]1;01;001) + ~|0; 00; 110) + |0; 11;011)
) = [2;11;000) 4+ o |1; 01; 100) + 8 |1;10;001) — ~ |0; 11; 110) — )

‘X:s

X4 0;00;101),

where o = 02 —460, B = 03—50, v = 0> —4, 0 = %(5 + /17), and the eigenstates
are written in terms of the occupation number of the superconducting sector,
Majorana sector, and the lead sector, respectively. The energy of the ground
states is £ = —tf whereas the lowest energy of the excited states is e, = —v/2t.

As before, we take the first term of the discretised Hjeaqs to be the perturbation
H; as is given in the equation and found that the non-diagonal part of

118



5.3 Three Charge States

175 + .

15 1

Simp

125 ¢ 1

075 r

05 1 1 1
1010 108 106 104 102

T/ D

Figure 5.19: Temperature dependence of the impurity entropy of the three-charge
state Majorana device in the zero-energy gap limit, where the ground-state config-
uration of the superconductor is triply degenerate. The coupling constants t/D are
10™* (red), 0.01 (green), 0.1 (blue), 0.2 (cyan), 0.25 (magenta), and 0.5 (brown).
There are three RG flow pattern observed here: the first one, when ¢ is very small,
is from the high-temperature In 6 as a result of the triply generate superconductor
configuration and doubly generate Majorana configuration to the low-temperature
In 2 where the superconductor sector configuration is fixed to a linear combination
of the three occupation states and the residual entropy is a result of the Majorana;
the second one, in the intermediate-t range, in addition to the first type of flow,
the RG flows further to the low-temperature NFL In+/3; the last type is a flow
directly from In6 to In+/3 and occurs for very large ¢t. In this case, increasing t

does not further decrease the Kondo temperature.
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the effective Hamiltonian is

2
xD 57q

o = —E{ [x1; 001) {x2; 010] + [x13 101) {x2; 110]

)
— [x1;100) (x2; 001] 4 [x1; 110) (x2; 011
+ |x35 001) (x4; 010] 4 [x3; 101) (x4; 110
— [x3; 100) (x4; 001] 4 [x3; 110) (x4; 011 } + adj., (5.3.4)

where ¢ is a constant and AF = ¢, — ¢y ~ t. By defining a set of lowering
operators, S; = |x1) {(x2| and S5 = |xs) (xa|, recognising as before that the lead
sector of the matrix elements above can be represented by the operators 613612
and —chlg, and replacing them by the spin-1 raising/lowering operators, e.g.,
Lt =42 (cJ{lcm + 013012>, we obtain the effective Hamiltonian

b = V;ZE i (S;L* +S7L7), (5.3.5)
which is a spin Hamiltonian coupling two spin—% impurities with spin-1 conduc-
tion electrons. Since this is different from the single impurity spin model, the
bosonisation argument does not apply, we do not have such a small-J-large-.J
mapping, and the duality behaviour is not observed.

Note also another significant difference between the degenerate two-charge
state (Figure and three-charge state (Figure systems. In the former,
with the ground state coupled to only one excited state, the high-temperature
charge-fluctuation character of the ground state with Si., = In4 is somewhat
more stable: the coupling is required to be almost as strong as t/D ~ 1 before we
could observe that Si,, = In2 at high temperature. Hence, the topological Kondo
effect is not observed in the small-¢ regime and can only observed at large-t (t/D >
1). In the three-charge state system with the ground state coupled to both of
the excited states, however, the charge-fluctuation character disappears relatively
easier — Simp, — In2 is observed at T' ~ 107 when the coupling t/D ~ 1074 —
and topological Kondo effect can thus be observed at a much weaker coupling,
t/D ~ 0.1. It appears therefore that the topological Kondo effect requires the
degeneracy in the Majorana sector (each parity has two configurations), that the

degeneracy in the superconducting sector be lifted (so that Si,, = In2), and
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Figure 5.20: Temperature dependence of the impurity entropy of the three-charge
state Majorana device when the energy gap is allowed to take a smaller value, here
in particular, |¢|/D = 2 x 107°. The coupling constants /D are 10~ (red), 0.01
(green), 0.1 (blue), 0.2 (cyan), 0.25 (magenta), and 0.5 (brown). Compared to the
case of the degenerate three-charge state device (Figure , the only difference
between the two systems is in the small-¢ region: whereas here the entropy quickly
flows to In 2 due to the energy gap, the entropy of the degenerate system remains at
In 4 until the coupling becomes sufficiently large. The physics of the strong coupled

region remains the same.

a coupling between the superconductor and the spinless leads that is sufficiently
strong that allows a transition to the excited state available in the superconductor

sector.

5.3.1.4 Lifting the Constraints

We would like to close the study of the symmetric three-charge state model by
lifting all the constraints previously imposed onto the model, in the same manner
that we approached the two-charge state system. For instance, consider the case

where the energy gap is non-zero but still small, say, ¢/D = 2 x 1075 (Figure
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. When the coupling is very small, the results are significantly different
from those of the model in the degenerate limit (Figure . There, since
the energy levels are degenerate, when ¢ is not very large, the impurity entropy
remains at In 6; once t is sufficiently large, there is a RG flow towards In 2 occuring
at T*/D ~ (t/D)?. Here, however, due to the energy gap, the excited states
become energetically inaccessible once T' < |¢| and the RG flow towards In2
occurs right then. Therefore, the results of the model in general are different
from the degenerate regime as long as (t/D)? < |e|/D. If t is large enough that
the flow towards In2 occurs before T' ~ |¢]|, the energy gaps become irrelevant,
and the system behaves in the same way the degenerate system does. As before,
when t/D ~ 0.1, we can observe the NFL physics and its signature Siy,, — In V3.

Upon further increasing the size of the energy gap |e|, the first RG flow (Simp =
In6 — In 2) occurs at a higher temperature scale, but at the same time, the Kondo
scale slowly decreases and the second RG flow (Sipmp = In2 — In+/3) is observed
at lower temperature. When the energy gap is sufficiently large, the Kondo
1

temperature follow the relation (5.2.8), T/D ~ =3 e~ and the topological

le[?

Kondo effect is observed in the same manner as in the degenerate limit.

We can therefore conclude that the symmetric three-charge state system share
some similarities with the two-charge state system, but also has its own unique
features. When the energy gap and the coupling are relatively small, there is
a RG flow towards a “Ifree spin—%” state (Simp — In2) for both models, though
given that the free orbital behaviour of the two models are different, the high-
temperature impurity entropy take different values. The behaviour of the two
models then become significantly different in the intermediate- and large-t regime.
In the former, whilst the two-charge state system exhibits a direct RG flow from
the free-orbital to the NFL regime, we observe in the three-charge state system
a RG flow first from the free-orbital to the free spin—% regime, then to the NFL
regime which is the topological Kondo effect. In the latter, the J < %1 duality
is observed only in the two-charge state system but not in the three-charge state
system. Once the energy gap is large, nonetheless, both systems effectively behave
as a Kondo spin and exhibits NFL physics at low-temperature, with the additional

state only serves to increase the effective coupling in the three-charge state system,
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with the same exception that the duality is observed only in the two-charge state
system but not in the three-charge state system.
Next we shall lift the symmetry requirement that the two energy gaps € and

¢’ be kept equal.

5.3.2 Asymmetric System

In order to be more realistic and to enable the model to describe the Majorana
device for a general value of ¢/e, we now lift the symmetry constraint and allow
the energies of the N and N + 2 charge states — modelled by the empty and the
doubly occupied states — to be different, i.e., we no longer enforce the condition
e = ¢’. This exactly results in the energy spectrum as is shown in Figure [5.13]

As before, we begin by considering the system in the decoupled limit first.

5.3.2.1 Decoupled Limit

Since we have already understood the effect of the first energy gap ¢ from the
previous section, we shall arbitrarily fix it to be —e/D = 107°. The reason
why we pick the energy gap to be of this size is so that we can compare it to
the symmetric case, where we observe the entropy flow from In6 to In2 at the
temperature scale of T//D ~ |g|/D ~ 107° (Figure [5.14). Now we only have the
second energy gap &' to consider. We shall restrict ourselves only to the case
where the energy of the doubly occupied state is greater than that of the empty
state, i.e., |e| < |¢’|. We will not consider the case where the energy of the doubly
occupied state is lower than that of the singly occupied state either, for that is not
physically realisable in the charging-energy Hamiltonian. Furthermore, instead
of using the second energy gap |¢| as a free parameter, in this section, we shall
directly parameterise the system by the energy difference between the two energy
gaps, Ae = [¢'| — |e] > 0.

As is shown in Figure [5.13] the energy spectrum of the superconductor is that
of a three-level system where the energy of the first level is set to zero, the second

to € < 0, and the third to Ae > 0. The impurity of the whole system, including
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Figure 5.21: Temperature dependence of the impurity entropy of the asymmetric
three-charge state Majorana device when the leads are decoupled, ¢ = 0. The first
energy gap is fixed —e/D = 1075 and the second energy gap is parameterised as
le'| = |e| + Ae, where Ae/D is varied from 1077 (red), 10~ (green), 10~3 (blue), to
107! (cyan). The impurity entropy of the symmetric system is added for reference
(black dots, visually lying underneath the red dots). As expected, the NRG results
agree with the analytical results, calculated from the equation , an example
of which is shown on the figure (brown line for Ae/D = 107!, visually lying on top
of the cyan dots) as well. When the energy difference Ac is large enough, we could
observe an additional RG flow of the entropy from In6 to In4 due to the fact that
at the intermediate temperature scale, the only state being thermally inaccessible

is the doubly occupied state. Eventually the entropy flows to the usual In 2.
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the Majorana can then be calculated:

1 e /T 4 Age=2e/T
T 14 e—¢/T + e—Ae/T’

Simp =In2+1n (14 e /7T 4 e‘AE/T) + (5.3.6)

which agrees very well with the results obtained from NRG calculations (Figure
. The qualitative behaviour of the system is unaffected by the asymmetry if
the energy difference Ae is much smaller than the first energy gap, i.e., Ae < |¢]
(red line); in fact, even when the two energies are equal, the RG flow pattern
remains essentially the same (green line). The entropy flows from In 6 — due to the
fact that three charge states in the superconducting sector, each is associated with
two Majorana states with the allowed parity, are energetically accessible — to the
usual In2 when the two energetically unfavourable states of the superconductor
are projected out and the residual entropy is a result of the Majoranas. The flow
occurs at the temperature scale of T' ~ |¢|. However, once the energy difference
is much greater than the first energy gap, Ae > |¢|, an additional flow of the
entropy from In6 to In4 is observed at T" ~ Ae. This is due to the fact that
in the intermediate temperature range |¢| < T' < Aeg, the temperature is large
enough that the empty state is still thermally accessible but too small for the

doubly occupied state to be accessible.

5.3.2.2 Large-Energy Gap Limit

Earlier in the symmetric case, we argue that due to the second-order virtual
transitions, the model should behave like a spin model at low temperature in
this limit (Section ; we therefore expect the impurity entropy to be the
non-Fermi liquid value of In /3. At high temperature, since the other two states
on the superconductor are thermally inaccessible due to the large energy gaps,
we expect the entropy to be In2 due to the degeneracy of the Majoranas. This
is indeed observed in the results calculated from NRG (left panel, Figure .
Furthermore, we argued that the coupling strength of the effective spin model can
be added J3% = J2OS 4 2% Gince J2 ~ %, whereas the effective coupling

2 . . . 2 2 . . .
J3CS ~ 2 ‘i—‘ in the symmetric case, it should be ﬁ + |z—,| in this asymmetric case.

We put this hypothesis to test by analysing the Kondo temperature dependence

on the two energy gaps.
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In the limit where both energy gaps are large, the dependence of the Kondo
temperature on the coupling constant follows the equation : Tk ~ J?e=/7.
If it is the case that the effective coupling constant can be added, we expect the
Kondo temperature of this asymmetric two-orbital model in the large-energy gap

limit to be

1 1)\? /(L2
TK/DN(H—I-M) e /(I€I+|s|)_ (5.3.7)

We calculated the Kondo temperature of the three-charge state system when
both of the energy gaps are large; we fix the first energy gap |e|/D = 50 and the
coupling constant t/D = 1.2, and vary the second energy gap |¢’|/D € [30,90].
We have found that indeed the Kondo temperature (calculated from NRG, shown

as red dots in Figure [5.22)) follows the equation ([5.3.7) and thus confirming the
hypothesis that the effective coupling can indeed be added.
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Figure 5.22: Thermodynamics of the asymmetric three-charge state Majorana
device when both of the energy gaps are large, in particular, we fix the first energy
gap to be |¢|/D = 50 and the coupling constant ¢t/D = 1.2, whereas the second
energy gap is varied: [¢'|/D € [30,90]. (left) The impurity entropy of the system as
a function of temperature. Since the energy gaps are large, only the singly occupied
state is thermally accessible even at high temperature and Sim, = In2. At low
temperature, the model behaves like a spin model which shows NFL behaviour
Simp = In V3. (right) The dependence of the Kondo temperature on the second
energy gap |¢/|. The results from the NRG calculation (red dots) agree very well
with the prediction from the equation (green line).
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5.3.2.3 Lifting the Constraints

We could now proceed to study the asymmetric three-charge state system where
we impose no constraints on it. Recall the results of the study of the symmetric
system with no constraints in Section[5.3.1.4] We found that in comparison to the
generate system (Section , the system with no constraints behaves very
similarly, the difference being only in the small-¢ regime where a RG flow towards
In2 at T ~ |e| occurs at T~ || when (t/D)? < |e|/D due to the presence of the
energy gaps. When the coupling ¢ is large, the energy gaps become irrelevant, the
RG flow towards In 2 is observed, and thus, the gapped and ungapped systems
behave identically. Hence, in the presence of asymmetric gaps, we predict that
once again, the asymmetric system should behave differently from the degenerate
limit only when the coupling is small. If the coupling is large, the energy gaps
are irrelevant to the problem and whether the gaps are symmetric or asymmetric
should not affect the behaviour of the system.

We consider as an example a case where the first enery gap is set to |e|/D =
2 x 107" so that it is equal to that of the symmetric system that we studied
earlier (Section [5.3.1.4), and now set the second energy gap to |¢'|/D = 1075
Its impurity entropy as is shown in Figure [5.23] is indeed very similar to that
of the symmetric model (Figure and also the degenerate model (Figure
. When the coupling is small, we observe an additional RG flow to In4
of the impurity entropy at the temperature scale of T ~ |e]; this is due to the
presence of the second smaller energy gap, and the behaviour of this system
is different from both the symmetric and the degenerate systems as expected.
The RG may then flow to In2 at lower T" ~ |¢/| when the empty state is no
longer energetically accessible. When the coupling becomes stronger, the system
is forced to flow to In2 at a higher temperature scale and the flow may flow
from In4 if |¢'|/D < (t/D)* < |e|/D, or may flow directly from In6 if (¢/D)* >
le|/D. As mentioned before, if the coupling becomes very strong, it dominates
the behaviour of the system; the energy gaps can effectively be neglected; the
three-charge state systems, whether symmetric, asymmetric, or degenerate all

behave in the same manner.
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Figure 5.23: Temperature dependence of the impurity entropy of the asymmetric
three-charge state Majorana device with the energy gap |¢|/D = 2 x 1075, In this
particular case, we choose the other smaller energy gap to be |¢/|/D = 1078, The
coupling constants ¢/D are 10~ (red), 0.01 (green), 0.1 (blue), 0.2 (cyan), 0.25
(magenta), and 0.5 (brown). Compared to the case of the symmetric three-charge
state device (Figure , the only difference between the two systems is in the
weak coupling region with |¢'| < T' < |e|, where there is an additional flow to In4

due to the empty state becoming energetically inaccessible.

Now that we understand the behaviour of the three-charge state system, in the
next section, we allow another charge state N +3 to be energetically accessible. In
this way, it is possible to study a superconducting configuration where the ground
states can be degenerate and virtual second-order transitions to first excited states

are possible from both of the ground states.

5.4 Four Charge States

In the final section of the chapter, we consider the Majorana device in which the

charge state N +3 is also energetically inaccessible — the energy spectrum is shown
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in the left panel of Figure [5.24, The advantage of studying this superconductor
configuration, compared to those that we have studied earlier, is that now it is
possible to study the device in which there are now two states in the ground-
state manifold (N + 1 and N + 2 charge states in the figure) and both of these
states are allowed virtual second-order transitions to the first excited states (N
and N + 3 charge states), enabling us to fully capture the low-energy part of the
energy spectrum of the Majorana device with charging energy (lower right panel
of Figure . In particular, we can now model the situation where N + 1 and
N + 2 charge states are degenerate but virtual excitations to N and N + 3 charge
states are included.

Before we write down the model Hamiltonian for this particular configura-
tion of the superconducting island, we consider carefully the energy spectrum

generated by the charging energy Hamiltonian, H. = E. (N — %)2. If the back-

3
29

the system are the N + 1 and N + 2 charge states, which are doubly degener-

ground charge is tuned to g/e = Ny + 2, we know that the ground states of

ate. In order to parameterise the system away from this particular degenerate
point, we define a parameter ¢, i.e., g/e = Ny + % — ¢ and § € |0, %] Since
Hyy1— Hy =2E.(N — Ny — 1 —=9), if § # 0, the energy difference between the
states in the ground-state manifold, i.e., the Ny + 1 and Ny + 2 charged states is

Ae = |HN0+2 — HN0+1| = 2EC 0. (541)
Moreover, we can calculate the sizes of the energy gaps on both sides:

| = 2B,(1 + 6), (5.4.2)
€' = 2E,(1 — §). (5.4.3)

This four-charge state system can be modelled as a system composed of three
orbitals

HS® = ey ny + g3 3 + £33, (5.4.4)

where as before n; are the number operators for the orbital ¢ with energy e;.
There are now eight possible configurations in the Hilbert space of the super-
conducting sector: empty, triply-degenerate singly occupied, triply-degenerate

doubly occupied, and fully occupied. As before, we add energy penalty to the
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Figure 5.24: (left) Energy spectrum of a superconductor with four energetically
accessible charge states. The energy difference between the two charge states in
the ground-state manifold is Ae. The sizes of the two energy gaps are labelled as
le| and |&’|. (right) Energy spectrum of the three-orbital model. In comparison to
the physical model, €1 := €, and the energy difference between the empty and the
double occupied states is €1 + g9 = Aec.

pairs of states with the configurations of (0,1,0),(0,0,1) and (1,0,1),(0,1,1) to
project out two of the three degenerate states so that we have a total of four
non-degenerate occupation states remaining in the Hilbert space. Furthermore,
we add the energy penalty to the states with incorrect Majorana configurations.

Specifically, we add the following terms to the Hamiltonian

Hic = ¢ {[(1 —n1)(1 —ng)(1 —ng) +nina(l — ng) + ni (1 — ng)ng + (1 — ny)nang] x
[nar (1 = nare) + (1 — na)nar)]
+ [n1(1 = ng)(1 —ng) + (1 —n1)na(l — ng) + (1 —ny) (1 — n2)ng + nineng|

(1= ma)(1 = nag2) + masnare] |-
(5.4.5)

5.4.1 Symmetric System

To minimise the number of free parameters in the system, we begin by studying
the symmetric system first, 6 = 0. This results in the energy difference Ae = 0,
rendering the NV + 1 and N + 2 charge states to be degenerate. In addition, the
sizes of the two energy gaps are equal |¢| = |¢/|. The energy spectrum of this
system is the same as that portrayed in the lower right panel of Figure (with

a relabelling of the states).
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5.4.1.1 Decoupled Limit

When the system is decoupled, the impurity entropy can be calculated:

—/T

Simp =102 +1n (2+2e—€/T) +£ e

T1to (54.6)

and we can confirm that the results obtained from NRG agree with this formula
(Figure . At high temperature, the impurity entropy takes the value of In 8
due to the four possible occupation states in the superconducting sector, each
of which is associated with a doubly degeneracy in the Majorana sector. The
entropy then flows to In4 at low temperature since the empty and the triply oc-
cupied states are energetically unfavourable and are no longer thermodynamically

accessible. The entropy crossover is observed at 1" ~ |¢| as usual.
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Figure 5.25: Temperature dependence of the Impurity entropy of the four-charge
state Majorana device in the decoupled limit. The NRG results in the case of

—&/D =107 (red circles) and 1073 (green circles) agree with the analytical results

(black lines, equation )
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5.4.1.2 Large-Energy Gap Limit

We then proceed to the large-energy gap limit of the device, whose energy spec-
trum is similar to that of the three-charge state device (Section , except
that the ground state in this case is doubly degenerate. When we studied the
two-charge state device (Section , we applied the low-energy projection into
the ground state subspace. We found that the virtual transitions from the ground
state to the excited state in the large-energy gap limit, which are of second-order
nature, generate an effective Kondo spin which at low temperature exhibits the
NFL behaviour. When we studied the three-charge state device (Section [5.3.1.2)),
we argued that there exist virtual transitions from the ground state to two ex-
cited states; hence, in the large-energy gap limit, we obtain an effective Kondo
spin with twice the coupling strength. In this case, since each of the ground
states can be virtually excited to its excited states as well, i.e., N +1 — N
and N +2 — N + 3, it is only natural to expect such a behaviour here. That,
nevertheless, is not the case.

When we derive the low-energy effective Hamiltonian by projecting the full
Hamiltonian onto the ground-state manifold as in the equation , we split
the Hamiltonian into Hy = Hgi + Hieaqs, and H; = H;. In both the
two-charge state and three-charge state models, the ground state of H is non-
degenerate. The first-order term P,H;P, always vanishes because H; involves
either creating or annihilating an electron on the superconducting island, thus
being outside the ground-state manifold. In the symmetric four-state case, since
the ground-state manifold consists of two charge states, the first-order term is not
zero and is more significant than the second-order term. The physics of this model
should thus arise mainly from the first-order H; which couples the degenerate
ground states, rather than the second-order virtual transitions to the excited
states; hence, its behaviour should be more similar to that of the degenerate two-
charge state system rather than the large-energy gap limit of the two systems.

As can be seen in from the impurity entropy of the system as shown in Figure
[£.26] that is indeed the case — the RG flow of the impurity entropy is similar
to the case of the degenerate two-charge state system (Figure . When the
coupling ¢ is not too big, the impurity entropy starts off at the value of In4 at
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Figure 5.26: The temperature dependence of the Kondo temperature Tx in the
large-energy gap limit |¢|/D = 10 of the four-charge state Majorana device when
the coupling constants are ¢/D = 0.1 (red), 0.2 (green), 0.3 (blue), 0.8 (cyan), 1.0
(magenta), and 1.2 (brown). The results of the first three cases are not universal

whereas those of the latter three are the universal curve of the spin model.
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Figure 5.27: Dependence of the Kondo temperature on the coupling constant ¢
for the four-charge state Majorana device in the large-energy gap limit. Whilst
the impurity entropy and the conductance suggests that the physics in this region
is the universal spin physics, the dependence of the Kondo temperature takes the

form Tk ~ t% e kt.
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

high temperature. A factor of two in the entropy is due to the degeneracy of the
ground states; the empty and the triply occupied states are projected out, and
there remain the singly and doubly occupied states. The other factor of two is as
usual a result of the degenerate Majoranas. When the coupling is large enough,
we observe the low-temperature NFL physics and the impurity entropy signature
of Inv/3. The curves are rescaled in order to be checked if they give universal
physics, but it is not visually conclusive whether these curves are universal. Later,
we will come back to this when we discuss the linear conductance.

When the coupling ¢ is much larger (¢/D ~ 0.1 in this case), we observe
that the impurity entropy is In 2 even at high temperature. As mentioned before
(Section that the tunnelling part of the Hamiltonian connects the two
ground states, and a new set of doubly degenerate ground states {|x;)}, equation
(5.2.19)—(5.2.20)) is formed, and hence the In2 entropy. When the temperature is
lowered, there is a RG flow towards the NFL fixed point as expected. Furthermore

in this region, the curves obtained from the NRG calculations are exactly the
universal curves of the spin model and the Kondo temperature in this region
follows the asymptote that one would expect for the degenerate two-charge state
system, Tk ~ e * equation (5.2.28)), as is shown in Figure m

Finally, we calculate also the frequency dependence of the zero-temperature
off-diagonal linear conductance and compare the results to the known result of
the spin model. According to Figure[5.28] the conductance calculations also show
two types of RG flow for the model, both of which flow from Gy (w) = 0 — %,
that which we have found in the case of two-charge state system system as well
(Figure . In the large-t regime, we found that the conductance curves are
universal and have confirmed that they are the same curve as that of the spin
model with the asymptote w?/3. On the contrary, in the small-t regime, the curves
are not universal, as is shown in Figure [5.29

We could study the system where the energy gaps are set to zero and we
have a quadruply set of degenerate states. Nevertheless, since we already under-
stand how the degeneracy affects the physics of the system from the previous two
studies (in the two-charge state system and three-charge state system systems),

together with the fact that this system is not realisable by the charging energy
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Figure 5.28: The frequency dependence of the zero-temperature linear conduc-
tance G;(w) in the large-energy gap limit |¢|/D = 10 of the four-charge state
Majorana device. The coupling constants are ¢/D = 0.1 (red), 0.2 (green), 0.3
(blue), 0.8 (cyan), 1.0 (magenta), and 1.2 (brown). Similar to the case of the im-
purity entropy, the first three conductance curves are not universal whereas the

latter three are the universal conductance curve of the spin model.
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Figure 5.29: The frequency dependence, scaled by the appropriate Kondo temper-
ature, of the linear conductance G;;(w/Tk) in the large-energy gap limit |¢|/D = 10
and coupling constant ¢t/D € [0.1,0.3] not too large, of the four-charge state Ma-
jorana device. As is clearly seen, the conductance curves in this regime does not

collapse onto a single universal curve.
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Hamiltonian, we will not pursue it and move on directly to study the system with

energy gaps not necessarily large.

5.4.1.3 Lifting the Constraints

Finally, we remove the large-energy gap constraint previously imposed on the
system. At high temperature, since all four states are thermally accessible, we
expect that the impurity entropy starts off at the value of In8, where the other
factor of two comes from the degenerate Majorana states. Like in the three-
charge state model (Section , there is then a competition between the
coupling and the energy gap that renders the two excited states energetically
inaccessible. The coupling is very small, (t/D)? < |e|/D, the crossover occurs
at the temperature scale T' ~ ¢. Upon further increasing the coupling ¢ until
(t/D)* > |e|/ D, the crossover occurs at higher temperature scale. As an explicit
example, we consider the case where the energy gap is —/D = 2 x 107° (Figure
[5.30). When t/D = 1073, (t/D)* = 1075 < |e|/D, and the crossover occurs at
T/D ~ |e|/D ~ 107>,

Upon further increasing the coupling ¢, the NFL behaviour of the system
can be observed and we see the RG flow towards the NFL fixed point value of
In+v/3 at low temperature. This behaviour is the same as the behaviour of the
degenerate two-charge state system. However, due to the additional second-order
type transitions to the two excited states, which also generates the Kondo spin
coupling behaviour, the effective Kondo coupling is larger, the Kondo scale is
as a result larger, and the RG flow occurs at a significantly higher temperature
than that of the two-charge state system at the same coupling strength. For
example, when the coupling t/D = 0.1, the transition Sy, = In4 — In V/3 occurs
at T/D ~ 1078 for the four-charge state system (the cyan line of Figure [5.30))
whereas it occurs at T/D ~ 1071° for the degenerate two-charge state system
(the red line of Figure [5.8).

Finally, when the coupling is very large, the states {|x;)}, equation (5.2.19)-
(5.2.20)), which are doubly degenerate are formed and the impurity entropy starts
off at In2 and flows towards the NFL value of Inv/3. As we mentioned above, in

this system, the effective spin coupling is a result of the first-order contribution
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Figure 5.30: Temperature dependence of the Impurity entropy of the four-charge
state Majorana device, where the energy gap |¢|/D = 2 x 1075 and the coupling
t/D = 107" (red, underneath the green line), 1073 (green), 10~2 (blue), 0.1 (cyan),
0.2 (magenta), 0.5 (brown), and 1 (black). There are three types of RG flows
present here. The first one, the flow from In8 to In4 where the two excited states
are projected out, occurs at T' ~ |¢| when the coupling (t/D)? < |¢|/D depending
on which is bigger. When the coupling is strong enough, we observe the second
type of flow from In4 to the NFL value of In /3. When the coupling becomes very
strong, a new ground state is formed from the two ground states and its entropy
is reduced to In 2 even at high temperature, and eventually flows to the NFL fixed

point.

from the degenerate ground states and the second-order virtual transitions to
excited states. Since the Kondo scale in the large-t regime of the degenerate

* and we also know that for the general (non-

two-charge state system is T ~ e~
degenerate) two-charge state system in large-¢ limit, increasing the coupling ¢
also decreases the Kondo temperature (Section , the Kondo scale of this
system in this region should be smaller than that of the degenerate two-charge

state system. For instance, when the coupling ¢/D = 1, the Kondo scale Tk
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

is below 107'° for the four-charge state system (the black line of Figure
whereas Ti,/D ~ 107% for the degenerate two-charge state system (the magenta
line of Figure .

We may therefore conclude that the physics of this system is characterised
mainly by the degenerate ground states, resulting in the behaviour of the de-
generate two-charge state system. This occurs because the coupling between the
two ground states is of first-order nature. The transitions to the excited states
which are of second-order nature are less important, but do serve to increase the
effective coupling constant of the system. This nonetheless may be relevant when
producing a real topological Kondo device with an experimentally observable
Kondo scale. In the next section, we shall study the system where the ground
states are not required to be degenerate and we are then able to study effectively

the full low-energy system that is generated by the charging energy Hamiltonian.

5.4.2 Asymmetric System

In the rest of this chapter, we will study the four-charge state model, in which
the requirement that § = 0 is no longer enforced, resulting in non-zero Ae. In
addition, evidently from the equations 7, the sizes of the two energy
gaps are not equal. Nonetheless, if we keep to small values of §, then the two
energy gaps will be of very similar sizes. Hence, we will investigate the asymmetric
four-charge state system with non-zero Ae, which we refer to as either the energy

difference or the asymmetry parameter, but equal energy gaps |e| = |€/.

5.4.2.1 Decoupled Limit

In this limit, the impurity entropy of the system can be calculated:

Lee /T 4+ (e 4+ Ag) emCHA/T 4 Age=Ae/T

Simp =In2+1nZ + T 7 : (5.4.7)
where Z the partition function is
Z -1 4 e*E/T + e*(E+AE)/T 4 efAE/T’ (548)

and the factor of In2 is a result of the Majorana degeneracy as usual. The NRG

results agree with this analytical formula as shown in Figure |5.31|
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Figure 5.31: Temperature dependence of the Impurity entropy of the asymmetric
four-charge state Majorana device in the decoupled limit. In this case, we fix the
energy gap |e|/D = 1073 and vary the asymmetry parameter Ae/D = 107 (red),
1077 (green), and 107° (blue). The NRG results agree with the equation
as is shown in the case of Ae/D = 107" (black line).

At high temperature, the impurity entropy takes the value of In8 due to the
fact that all four states in the superconductor, each of which is coupled to two
Majorana states with the same parity, are accessible. When the temperature is
lowered so that it is smaller than the energy gap, the entropy flows to In 4, because
the empty and the triply occupied states become energetically inaccessible. As
before, the transition occurs at 7' ~ |e¢]. Finally, upon further lowering the
temperature until it is less than the scale of the asymmetry parameter, even
the doubly occupied state becomes energetically inaccessible and the entropy is
reduced to In 2 where only the degeneracy in the Majorana sector remains. The
second transition occurs at the temperature scale T' ~ Ae expectedly.

This RG flow pattern (Figure arises in the case where the asymmetry
parameter Ae is smaller than the energy gap. We in principle can of course

investigate the other case where the asymmetry parameter is bigger. However,
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since this limit cannot be realised in the charging energy Hamiltonian (2.3.3]), we

will not study it.

5.4.2.2 Large-Energy Gap Limit

Next, we move on to the large-energy gap limit. When we studied the symmetric
system (Section , we learned that its physics is dominated by the degener-
ate ground states because the transitions between them by the Hamiltonian are
first order in the ground-state subspace whereas the transitions to the excited
states are second order and hence are much less important. In this case, we can
therefore expect the physics of the system to be dominated by the two lowest
energy states and the behaviour of the system be similar to that of the general
(not large energy gap) two-charge state system (Section [5.2.4).

In order to confirm this hypothesis, we calculate the impurity entropy as
a function of temperature in the limit where the energy gap is large, |e|/D =
20 and 50, and we keep the asymmetry parameter small at Ae/D = 107°. In
comparison to the results of the two-charge state device with the energy gap 107°
(Figure , whereas there is only a slight discrepancy in the case of the smaller
energy gap |e|/D = 20 when the coupling ¢ is small (Figure [5.32)), if |¢|/D = 50,
the impurity entropy curve is visually superimposable onto the results of the
two-charge state system (not shown). The discrepancy is a result of the virtual
second-order transitions to the N and N + 3 charge states. Hence, we conclude
that the physics in this regime is dominated by the physics of the two low-energy
states. The transitions to the other two energy levels, since they are very high in
energy and are of second-order nature, do not affect much of the physics in this

regime.

5.4.2.3 Lifting the Constraints

Finally, we lift the large-energy gap constraint on the system and study the
asymmetric system in general. Quite similar to the previous case, we also expect
the behaviour of the system to be dominated by the two ground states as well,
especially at low temperature. In order to facilitate the comparison between this

system and the two-charge state system, we shall set the asymmetric parameter
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Figure 5.32: Temperature dependence of the Impurity entropy of the asymmetric
four-charge state Majorana device, with large energy gap |¢|/D = 20 and the
asymmetric parameter Ae/D = 1075. Specifically, we show the results (solid lines)
when the coupling strength ¢/D is 0.2 (green), 0.3 (blue), and 1 (magenta), in
comparison to the results of the two-charge state device when its energy gap is
1075 (dotted lines). When ¢ is small, there is a small difference between the two

systems. When ¢ is large, the results are visually the same.

Ae to be of magnitude 107D, so that it can be directly compared with the two-
charge state system with the gap of that same size (Figure . The energy gap
is set a large value |e]|/D = 1073.

The impurity entropy calculated from NRG for this system is shown Figure
. When the coupling is very weak ¢/D < 0.1, we observe two types of RG
flows: one from In8 — In4 at T ~ || when the high-energy empty and triply
occupied states are projected out, and the other from In4 — In2 at T ~ Ae
when even the doubly occupied state becomes energetically inaccessible and is
also projected out. The second RG flow is the same type of flow found in the
two-charge state system. When the coupling is increased so that (¢/D)? > |e|/D,
the first RG flow occurs then at T//D ~ (t/D)?.
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5. BEYOND THE LOW-TEMPERATURE EFFECTIVE MODEL

In the intermediate-t range, 0.1 < t/D < 0.5, the first flow will happen at
the energy scale T/D > (t/D)* In addition, we observe the NFL behaviour at
very low temperature. In this regime, compared to the results of the two-charge
state system, the temperature at which we observe the flow to In+/3 is higher
since additional transitions to the excited states are also of Kondo spin nature
and effectively contributes to the additional coupling strength; since T ~ e~¢/7,
the increasing effective coupling J increases T™.

When the coupling ¢ is large, /D > 0.5, just as in the two-charge state system,
the duality behaviour is observed here. Moreover, for the same reason, in this
regime, the effective coupling strength is greater than that of its two-charge state
counterpart, and since Tk ~ e~ in this region, the transition to the NFL fixed

point occurs at the energy scale far below that of its two-charge state counterpart.

5.5 Summary

We close this chapter by summarising what we have learned from studying the
Majorana device without performing the low-energy transformation. First of all,
we know that the topological Kondo effect, or the physics of the spin model that
we have previously studied, can be captured by modelling the superconducting
island as a system as simple as the two-charge state system. In the large-energy
gap limit, the two-charge state system indeed exhibits the same behaviour as
that of the spin model, and topological Kondo effect can be observed both at
2

small-¢ coupling , where the effective spin coupling constant J ~ (E)Q ealel/t?

and also at large-t coupling, where the effective spin coupling constant becomes
J ~ t% e~ The duality J < % behaviour is also captured by this system. It
appears nonetheless that the ground state of the superconducting sector must
be non-degenerate for the topological Kondo effect to be observed at moderate ¢
coupling as is seen when we study the degenerate models.

When we include an additional charge state to the model system and study
the three-charge state system, we learn that the topological Kondo effect is still
observed in this model system. However, the crucial difference between this model
system and the two-charge state system is the fact that the duality behaviour is no

longer observed at large coupling t. Nevertheless, due to the fact that there is an
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Figure 5.33: Temperature dependence of the Impurity entropy of the asymmet-
ric four-charge state Majorana device, with the energy gap |¢|/D = 1073 and the
asymmetric parameter Ae/D = 107°. The coupling strength ¢/D is varied from
10~3 (brown), 10~2 (black), 0.1 (red), 0.2 (green), 0.3 (blue), 0.5 (cyan), 1 (ma-
genta). The qualitative behaviour of this system should be similar to that of the
two-charge state system with the gap size of 107°D, so we can compare the results
in this figure with those in Figure[5.11] When ¢ is very small, there is an additional
flow of the impurity entropy at high temperature from In8 due to the additional
two high-energy (N and N + 3) states. In the intermediate-t regime, the results are
the same except that the temperature scale of the crossover for this system is higher
than that of the two-charge state system due to the additional contribution from
the virtual transitions to the other two high-energy states. In the large-t regime,
the duality is observed as expected, but the Kondo temperature is far smaller than
that of the two-charge state system since stronger effective couping implies lower

Kondo temperature in this regime.
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additional energy level for the second-order virtual excitations, the spin coupling
J is effectively larger than that of the two-charge state system with equal coupling
t; hence, topological Kondo effect can be observed at higher temperature given
the same coupling strength .

Finally, we study the four-charge state system, a model in which it is possible
to have doubly degenerate ground states, where it is possible for each of them
to have their own virtual excitations. Since this system has both the ground
state degeneracy and also the possibility for virtual excitations, the behaviour of
the system is a combination of the two and the duality is once again observed.
However, as mentioned before, the topological Kondo effect can be observed at
moderate ¢ only if the ground-state degeneracy is broken. Thus, the topological
Kondo effect in this case is observed only at large t coupling. Even for the
asymmetric model where the ground states are not degenerate, a sufficiently large
energy gap is still required for the topological Kondo effect to be observed.

Now that we have understood the behaviour of the three-lead Majorana de-
vice, both its effective low-energy spin model and the model in which supercon-
ducting island is viewed as a collection of charge states, we extend the device to

include the fourth conduction electron lead.
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Addition of the Fourth Lead

In this final chapter, we attach an additional conduction electron lead to the Ma-
jorana device. Using the same approach that we used to study the spin model
(Chapter [3) and the level models (Chapter [5) of the three-lead Majorana de-
vice, we shall study this four-lead device by first deriving the low-energy effec-
tive Hamiltonian which turns out to be another spin Hamiltonian, specifically
it is the two-channel Kondo model [78], which has been proposed initially as a
model that takes into account the internal orbital structure of the impurity [55],
and is a subject of extensive studies both theoretically via a variety of different
methods such as Abelian bosonisation [109], large-n expansion [I10, 1T11], NRG
[106, 112, 113| [1T4], 115], Bethe ansatz [116], 117], CFT [52], and also experimen-
tally [57, 58]. The thermodynamic properties of the two-channel Kondo model
have been well studied and will be confirmed. Its conductance has also been cal-
culated, but for the same reason as in the case of the three-lead Majorana device
(Section , the temperature dependence of the conductance of this device is
different from the standard /T signature of the two-channel Kondo model [78§].
And whilst the asymptotic low-temperature behaviour of the conductance of the
N-lead Majorana device has already been derived, we calculate the full crossover
curve for the 4-lead device using NRG. Afterwards, we shall study the full Hamil-
tonian by modelling the charging energy part of the superconducting island as

a two-charge state system, analogous to what we did for the three-lead device

(Section [5.2)).
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The Hamiltonian as is introduced in Section [2.3|is the Hamiltonian of
the Majorana device. As before, if we only keep the leading-order terms and drop
all the exponentially-small terms (non-local couplings between the Majoranas and
the non-local leads, t;;,7 # j, and also between the Majorana themselves, Hy;),
it then takes the form

H = Hiepas + He + H, (6.0.1)

where Higads = Y1, 5ka2iaki is the enery of the free spinless conduction electron
lead 7, H. = FE. (N — g)Q is the charging energy of the superconducting island,
and Hy = ), tivie'?’? 4+ adj. is the tunnelling coupling between the Majorana
and the lead.

6.1 The Low-Energy Spin Behaviour

6.1.1 The Two-Channel Kondo Hamiltonian

As in Chapter 3] we study first the low-energy behaviour of the system by deriving
its low-energy effective Hamiltonian. Since the method used in Section still

works here, we end up with the following effective Hamiltonian:

Heff = Hleads + Z Tjj%%w% (611)
ik ¢

Knowing that the low-energy effective model of the Majorana device is a Kondo
spin model, we shall attempt to rewrite the above Hamiltonian into a spin Hamil-
tonian. Consider the simplest isotropic case where all the coupling constants are

equal. A set of spin—% operators can be formed from the first three Majoranas

as before, S, = —i Zij €aijVi7;, but we can also use the last Majorana as well:
Se = —i747a [B]. If we now relabel the coupling constant J = %j‘, the second

term of the Hamiltonian can be written as
He=a4 so (vhvn = olvs + olvs - oy ) +
(8% = 57) (wlus — vlun + vl - vius) + (6.1.2)
(5% +57) (e — vl +0le — vlus) },
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where as usual, the raising and lowering operators are defined via S* = S, +19,,.

Furthermore, we perform the following transformation, which is analogous to

equation(3.2.2H3.2.4):
1
— (4o £ ithy), 6.1.3
1,2 \/5( 1 % ity (6.1.3)

P34 = %(i Y3 + 1ta). (6.1.4)

We then obtain the following Hamiltonian

Heg = Z e ;Crj + J{Sz <¢J§¢3 — ¢l + oo — ¢1¢4)
kj (6.1.5)
+ 5 (0105 + 0l ) + 5~ (6lor + olon) }.

Since each of the ¢ operator pair 1, 3 and 2,4 form a spin—% object, in particular,
2=3=7and 1 =4 =| whereas I, = %(qﬂng —¢i¢¢> and I~ = ¢I¢T’ the

effective Hamiltonian then takes the form

Ho =Y exc) jong + J{28 (I + B) + 8 (17 +15) + 87 (If + 1) }
kj
= Z 6]66117]-0]{7]' + 2JS - (Il + 12) y (616)
kj
which is exactly the two-channel Kondo Hamiltonian, agreeing with what Béri
proposed for the 4-lead system using the results of a quantum Brownian model
[78].
In implementing the NRG code, we use the Hamiltonian (6.1.5]), which consists

of four spinless electron leads being coupled the a spin—% impurity.

6.1.2 Thermodynamics

Knowing that this is the two-channel Kondo model, since the impurity is a spin—%,
we expect that the impurity entropy take the value of In2 at high temperature.
Furthermore, since the impurity spin is less than the maximum value of the spin
of the conduction electrons, § =1 > %, the impurity is overscreened and the non-
Fermi liquid behaviour can be observed at low temperature. In particular, the

zero-temperature value of the impurity entropy can be calculated from equation
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(2.6.10): Simp(0) = In~/2 [92, @3]. We use the NRG technique to calculate the
impurity entropy of this spin system, and as is shown in the left panel of Figure

[6.1] the two limiting values of the impurity entropy are confirmed.

In addition, the low-temperature asymptote of the impurity entropy is pre-
dicted to take the form of the equation (2.6.11)): Sip(T) = Simp(0)+aT (1-bInT),
for the two-channel (n = 2) Kondo model [52], in agreement with our results
calculated from NRG (left panel of Figure . Similarly, the impurity spin sus-
ceptibility Ty flows from the high-temperature free—spin—% value of ;11 to the NFL
value at 0, with the same low-temperature asymptote: T'\imp ~ T'(1 — dInT)

[52], in agreement with NRG as well (right panel of Figure [6.1]).

We then look at the dependence on the coupling strength J of the Kondo
temperature, which we now take to be the temperature at which the impurity
entropy is at the midpoint between the free-spin and NFL values: Si,,(Tx) =
I(In2 + Inv/2) ~ 0.52. We found that the NRG results agree with the with the

equation (2.5.37]) with n = 2:

Tx/D ~ pJe /¢, (6.1.7)

6.1.3 Linear Conductance

Finally, we consider the linear conductance which is a dynamic property that is
experimentally relevant. Equation ((2.6.32)) relates the conductance tensor G;;(w)
to the imaginary part of the spectral function Kj;(w), which can be calculated
when the operators N; are known via equation 1) therefore, we first calcu-
late such operators. As in section [3.2.3] we represent the number operators in the
physical basis by N; = aliaki and those in the transformed basis by N; = c,ijjcw.
We choose to calculate N; as they can be physically interpreted directly, but

express them in the transformed basis because these are the operators that are
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Figure 6.1: The universal temperature dependence of the thermodynamics for the
effective isotropic spin model of the Majorana device with four conduction electron
leads attached. (left) The impurity entropy Simp (red line) showing the RG flow
from the free spin value of In2 to the two-channel Kondo NFL value of Inv2 ~
0.35, with the low-temperature asymptote: T'(1 — blnT') (green line). (right) The
impurity spin susceptibility T"ximp (red line) following the same crossover with the

asymptote: T'(1 —dInT) (green line).
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Figure 6.2: The dependence of the Kondo temperature Tk on the coupling J for
the effective isotropic spin model of the 4-lead Majorana device. The NRG results
(red dots) agree with the analytical relation (6.1.7) (green line).
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being used in the NRG code:

iy = +2{5% [(61 4 61) 65— 0 (61 + 62)] + 5 [ (61 +6) 01 — 6l (6n + 00)]
+25% [ol6, — elen| }. (6.1.5)
iy = +2{5% [(6 — 64) 63+ 64 (61 — 62)] — 5 [ (6] — 61) 0+ 6} (61— 0)
—25% |9l — olon] }. (6.1.9)
ihNy = 2 {5 [ (6} — 1) 62 + 6} (03— on)] — 5~ [ (61— 1) &1 + 6} (65 — )]
—25% |9l — olos| }. (6.1.10)
Ny = 42 {5 [(6h+61) 02 — 6} (95 + 60)] + 5 [ (5 +04) 61— 6} (85 + 6]
_26* :¢§¢4 . ¢1¢3} } (6.1.11)

As expected, ), N; = 0, which is the current conservation. In terms of the
conductance tensors, this is ) . G (w) = 0 for any k. The isotropy condition
gives G (w) = G, (w) when ¢, j # k. Combining the two, we then have
- %Gii(w) = Gix(w). (6.1.12)
Figure shows the frequency dependence of both the diagonal and off-
diagonal elements of the zero-temperature conductance tensors, where we ar-
bitrarily choose Gi1(w) to represent the diagonal elements and Gi2(w) the off-
diagonal elements. The relation (6.1.12)) above is confirmed at all frequencies and
the diagonal elements are negative as expected (Section . Furthermore, the
zero-frequency values are observed to be Gj;(w = 0) = =2 and Gy(w = 0) = 3.
Similar to the thermodynamics of the system, clearly the conductance of this
system is not the same as that of the three-lead device. Béri has generalised the
calculations of Nayak et al [I18], Oshikawa et al [119], and Fu [62] and found that
the zero-temperature values of the conductance of the Majorana device take the

form [78]:
[78] o
Gik(0) = 2 (N — k) : (6.1.13)

This equation then explains both of the zero-frequency zero-temperature values

in our case with N = 4 above and also generates the correct zero-temperature
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6.1 The Low-Energy Spin Behaviour

G(w)

1.5 9
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Figure 6.3: The frequency dependence of the zero-temperature conductance ten-
sors G;; for the effective isotropic spin model of the Majorana device with four con-
duction electron leads attached, both for the non-diagonal component G,7 # k
(red line) and the diagonal component Gy (blue line). Giu(w) = —3Gj(w) as
expected. At low temperature, G;;(|w|/Tk) is linear in frequency (green line) in

agreement with the NRG results.

values of the three-lead device studied earlier in Chapter [3| and 4] Moreover,
using the same argument that is given in Section for the three-lead device,
that the first-order correction to the conductance vanishes by symmetry, and the
second-order correction is of the order 2A — 2, where A = 2(N — 1)/N [78],
we expect the leading-order correction to the conductance for this device to be
linear. Indeed, we can confirm that the asymptotic behaviour of the non-diagonal
conductance calculated from NRG (Figure is of the form

Gir(w; T = 0) = Gix(0,0) — —, (6.1.14)

Tx

and the correction is indeed linear in frequency.

Now that we understand the basic effective low-temperature spin behaviour of
the Majorana device with four conduction electron leads attached to the supercon-
ducting island, we will study the model without performing the low-temperature
projection, but thinking of the superconductor as an orbital with an energy level

available to occupy up to one spinless electron.
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6. ADDITION OF THE FOURTH LEAD

6.2 Four-Lead Two-Charge State System

In this section, we shall investigate the superconducting island attached to four-
lead conduction electrons without the low-energy projection. As in the case of the
three-lead device (Section , we model the superconducting Hamiltonian sim-
ply as a two-charge state system, Hsc = en, where we have chosen the occupied
state to be lower in energy than the empty state, i.e., ¢ < 0.

In order to implement the NRG codes for this model, as in the case of the
three-lead device (Section , we change the Majorana operators into the stan-

dard Dirac fermion operators:

f= % (m1 +i72), (6.2.1)
= % (73 +174) - (6.2.2)

In addition, to avoid working with complex Hamiltonian matrix elements, we
assume the isotropic symmetry ¢; = ¢t and whilst we use the same transformations

for the first two lead operators

1 :

o1 = E(¢l + ithy), (6.2.3)
1 :

P2 = E(wl — igha), (6.2.4)

instead of identity for the third lead operators, since both lead 3 and 4 are now
coupled to the Majorana fermions, we make the equivalent transformations to

these two leads:

1 .

¢z = E(?ﬁ:a + ithy), (6.2.5)
1 .

Oy = E(% — ity). (6.2.6)

The tunnelling Hamiltonian then becomes

Ho=V2td {(fTor + foo) + (fTds + f'¢a) } + adj. (6.2.7)

Finally, similar to the case of three-lead model, we remove the states with incor-
rect parity by adding the fictitious energy (/5.2.4]).
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6.2 Four-Lead Two-Charge State System

6.2.1 Decoupled Limit

We first study the system in the decoupled limit where the impurity entropy is
analytically found to be

T € efz-:/T
Simp =In2 + In (1 +e ) + Tl_i_e—_s/T, (628)

which is identical to that of the two-charge state three-lead device in the decoupled
limit (Section , since the superconducting and the Majorana structures of
the two models are identical.

The NRG results are shown in Figure [6.4], which, in comparison to the results
of the two-charge state three-lead device (Figure , has a similar flow pattern
with the same crossover taking place at the same temperature scale T ~ [].
However, it is clear that even when the NRG calculations are performed with the

z averaging, if we keep the same number of states per iteration (Ng; = 2000 in

15

125 ¢

Simp
.

075 r

0.5 1 1 1
108 106 104 102 10°

T/D

Figure 6.4: Impurity entropy as a function of temperature of the four-lead two-
charge state Majorana device in the decoupled limit. The results from NRG is
shown, in the case of —e/D = 107" (red) and 1073 (green) against the analytical
results (black lines) from the equation (/6.2.8]).
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6. ADDITION OF THE FOURTH LEAD

both calculations), the results obtained for the four-lead system — in addition to
taking more computing time — show more oscillations. This is due to the fact
that the size of the Hilbert space in each iteration is twice the size of that of the
three-lead system; more computing time is required to diagonalise such matrices
in addition to the fact that more states need to be retained to reach the same
level of accuracy. In this section, the results for the calculations with the same N,
as in the three-lead systems are shown to visually reflect that more resources are
required for the calculations in this system. In the next section, in calculating the
thermodynamic properties of the system, we will increase the number of states
Ny — 4000 and in calculating dynamics, we increase Ny, — 6000 and this is where

we reach the computing limit given the resources available.

6.2.2 Large-Energy Gap Limit

We now increase the size of the energy gap so that it is much larger than the
coupling strength, in which case we expect that the low-temperature behaviour
of the model can be described by the spin model studied in the previous section.
We choose the coupling strength to be the same value as that we chose when we
studied the two-charge state three-lead model, |¢|/D = 10.

The impurity entropy calculated by NRG is shown in Figure [6.5 Since the
enery gap is large, the empty superconducting state is energetically unfavourable
and is projected out very quickly. There is a RG flow from the high temperature
where Sin, = In2, whose superconducting configuration is occupied and the
entropy is a result of the odd configuration of the Majoranas, to the NFL value
Simp = 1n v/2, which is exactly the behaviour of the low-temperature effective spin
model (of the two-channel Kondo type) studied earlier. The crossover curves are
confirmed to be the universal curve.

Another feature that can be seen quite clearly in the figure is the oscillations in
the curve. Even with the z averaging and the increased number of states retained
at each iteration Ny = 2000 — 4000, it is still insufficient for the oscillations to be
visually dampened. As will be explained below, the calculations with N, = 6000
can be achieved but with difficulty and we cannot perform the NRG calculations

to very low temperature.
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6.2 Four-Lead Two-Charge State System
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Figure 6.5: Temperature dependence of the impurity entropy of the four-lead
Majorana device in the large-energy gap limit with |e|/D = 10 and the coupling
strengths ¢ = 0.5(red), 0.75(green), 1(blue), 1.25(cyan), and 1.5(magenta). The
entropy flows from the high-temperature value of In2 to the two-channel Kondo
NFL value of Inv/2. These crossover curves are exactly the universal crossover of
the effective spin model (Figure left panel).
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Figure 6.6: The dependence of the Kondo temperature Tk on the coupling
strength ¢ when the energy gap is kept constant at |e|/D = 10 (left) and on the en-
ergy gap |e| when the coupling is kept constant at t/D = 1 (right) of the four-lead
Majorana device in the large-energy gap limit. The data from NRG calculations
(red circles) agree very well with the predicted relation (green lines), equation

(6.2-9).
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6. ADDITION OF THE FOURTH LEAD

We then study the dependence of the Kondo temperature on the coupling
constant and the energy gap. We know from the study of the spin model that
dependence is described by the equation . In addition, we also know that
the second-order excitation generates the effective coupling of strength J ~ t2/|e|,
we then expect the dependence of the Kondo temperature on the coupling and

the energy gap to be
t2
Tk /D ~ A e kel (6.2.9)

The two dependences are confirmed as shown separately in Figure [6.6] where we
show that Tk ~ t2 e~/ when the energy gap is kept constant at —e/D = 10 in
the left panel and that Tk ~ W —e2lel when the coupling constant is kept constant
at t/D =1 in the right panel.

Finally, we also calculate the zero-temperature linear conductance tensor of
the model. As before, we need the expression for ihN;, where N; are the number

operators in the physical basis, but written in terms of the NRG-basis operators:
ihN, = {(qu +6b) (F+ 1) d—d (F+ 1) (61 + 62} (6.2.10)
(6l =0b) (F = Fyd+d (f—f1) (61— a)} (6:2.11)

W, = {<¢3+¢4) (f'+ My d—dt (f + ) (¢3+¢4)}, (6.2.12)
ihN, = {<¢ o) (f = N d+d (f = ) (6s— 60} (6:213)

BN, = {

The frequency dependence of the zero-temperature conductance calculated
from NRG is shown in Figure (red line) for the calculation with 6000 states
retained in each iteration. The result obtained in this case is similar to but vis-
ibly different from that of the spin model (black line). We suspect that this is
due to the number of states kept in each iteration is insufficient; nevertheless,
with the computing resources that we have, we cannot increase it any more. In-
creasing the number of leads attached to the superconductor to four requires an
exponential increase of the computing resources and we can no longer calculate
the dynamic properties of this model as accurately as before. In particular, given
the computing resources of 32 GB of memory and 400 GB of hard disk available,
the conductance calculations with N, = 6000 can be performed with the maxi-
mum of 36 NRG iterations which is equivalent to T/D ~ 1078, Furthermore, the

156



6.2 Four-Lead Two-Charge State System

0.75
05 |
E
6.5
0.25 |
O 1
102 109 102

UJJ‘TK

Figure 6.7: The frequency dependence of the zero-temperature non-diagonal con-
ductance tensor Gy of the Majorana device (black line) in comparison with the
result of the spin model (black line) as is shown earlier in Figure In this case,
the results are visibly different and we suspect that this is due to the number of

states kept in each NRG iteration is insufficient for the level model.

calculations cannot be performed with more states retained as the Hilbert space
will be too large for the codes to handle given the size of the memory available.
Although it is inconclusive from the conductance results that this model possesses
the same low-temperature properties as the spin model, the thermodynamic re-
sults do suggest that such is the case.

We may conclude that the level model in the large-energy gap limit does
behave in the same way as the spin model as expected and leave the study of
both models in the more general case where the isotropy symmetry condition is

lifted as future work.
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7

Summary

In this thesis, we have undertaken a detailed theoretical study of the topological
Kondo effects in the Majorana devices to confirm and develop the initial proposal
of Benjamin Béri [41].

First, we studied the minimal device which requires three conduction leads to
be connected to the superconducting island. Following Béri’s argument, in chap-
ter 3, we rederived the low-energy effective model and showed that indeed it is a
spin model, in particular, it comprises a spin—% impurity which is realised from
the Majorana fermions, coupled to spin-1 conduction electrons which are formed
from the three channels of spinless lead electrons. We then use Numerical Renor-
malisation Group to study thermodynamics, ¢ matrices, and the conductance
tensors of this model with the isotropic symmetry constraint. We confirmed that
the low-temperature thermodynamics of this model is very similar to that of the
four-channel Kondo model, an interesting properties of which is the residual non-
zero impurity entropy of the value In /3 regardless of whether the spin coupling is
isotropic or not. Furthermore, we also confirmed that the asymptotic behaviour
of the Kondo temperature and the spin susceptibility of the model take the same
form of that of the four-channel Kondo model as expected. The dynamics of the
model, nevertheless, is distinctly different, for instance, the zero-frequency value
of the scattering ¢t matrix of the 4-channel Kondo model is predicted by CF'T to be
~ 0.21 whereas that of our system is found to be 0.5. As for the conductance, in
addition to confirming the asymptotic behaviour that was calculated by Béri via

CFT, we used NRG to calculate the full crossover curve, confirming that despite
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7. SUMMARY

the similar thermodynamics, the dynamic properties of these models are different
since the actual conduction channels of the two models are different: there is only
a single channel of spin-1 electrons in our model whereas there are 4 channels of
spin—% electrons in the 4-channel Kondo models.

We then lowered the symmetry constraint of the model from the full isotropy
to the axial symmetry, where we allowed the longitudinal coupling constant to be
different from the transverse coupling constant. First of all, we confirmed that
the non-Fermi liquid properties are robust against this type of symmetry break-
ing, thus, making the prospect of experimentally observing the topological Kondo
effect more likely. Then we investigated in details the Kondo temperature of this
system. When the transverse coupling constant is small, Béri’s has shown that
the scaling equations of this model is the same as that of a single-channel model,
we confirmed that the Kondo temperature of our system is of the same form as
that of the anisotropic single-channel Kondo model. When the transverse cou-
pling constant is large, however, we used Bosonisation to show that there exists
a mapping between the large and the small transverse coupling constants for a
system at a fixed longitudinal coupling constant. This result then implies that de-
spite the similar nature of the fixed points of our model and the 4-channel Kondo
model, the phase diagrams of the two systems are in fact very different: there are
two Kosterlitz—Thouless lines separating between the ferromagnetic and antifer-
romagnetic domains in the 4-channel Kondo model, but only one in our system
— the disappearance of the other Kosterlitz—Thouless line is due to the duality.
Finally, we calculated the dynamics of the model, which once again confirmed
the robustness of the low-temperature NFL behaviour against the anisotropy.

In chapter 4, we confirmed that the exponentially small long-range couplings
between the Majoranas or those between the Majorana and the conduction elec-
trons on different leads, which can be expressed as another type of anisotropy
parameterised by J, and an effective Zeeman magnetic field in the context of
Kondo model, render the non-Fermi liquid fixed point unstable at low temper-
ature. The RG of the system flows to the strong-coupling fixed point where it
becomes a standard Fermi liquid and there is no longer any residual impurity
entropy. Nevertheless, if the anisotropy parameter § < J the spin coupling con-
stant, the temperature scale at which the RG of the system flows to the NFL
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fixed point Tk, will be sufficiently separated from the temperature scale at which
the RG flows to the strong-coupling fixed point 7%, and the non-Fermi liquid
properties can still be observed in the intermediate temperature scale. This scale
separation can be observed both in thermodynamics and dynamics of the model.
Furthermore, we have studied the effect of the Zeeman field in details and found
that indeed the field produces the same effect as that of the anisotropy, rendering
the non-Fermi liquid fixed point unstable, and forcing the system to become a
Fermi liquid at low temperature, though magnitude of the field required for such
an observation is much lower than that of the anisotropy. This behaviour can
be seen very clearly in the thermodynamics and the conductance of the system.
Whilst at first sight, it appears that the ¢ matrices of the two systems are very
different; however, we have also shown that in fact the two are closer related to
each other and are different from the other simply by a factor of the imaginary
unit i.

In the second half of chapter 4, we went back to the original spin coupling
model, once again ignored all the small perturbations as we had done before in
chapter 3, and studied the system where we no longer imposed any symmetry
requirements. We confirmed that the non-Fermi liquid properties of the system
are robust against the anisotropy of the couplings in general. We then investigated
the dependence of the Kondo scale on the three coupling constants in details and
found that the duality behaviour can still be observed. Finally, we compared
the Kondo temperatures obtained from NRG to those obtained from solving the
scaling equations and found that the results agree very well in the region where
the coupling constant is less than 1, which is to be expected since the scaling
equations are obtained from perturbation theory which breaks down when the
coupling is greater than 1.

In addition to studying the low-temperature effective spin behaviour of the
device, in chapter 5, we attempted to study it, without performing the low-
temperature projection as had been done in chapter 3, by modelling the super-
conducting island as a dot with a few energy levels available so that its energy
spectrum is the same as that which is described by the charging energy term

on the original Hamiltonian. In this case, the Hamiltonian of the system is an
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Anderson-type model which can be investigated by the Numerical Renormalisa-
tion Group. We studied a few different configurations of the energy levels on
the superconductor and also in a few different limits. Due to the charging energy
term of the Hamiltonian, it is meaningful to discuss a state with a specific charge.
In particular, we started with the simplest configuration, when the dot only has
two energetically accessible charge states, and increased it to the maximum of
four charge states later. To systematically investigate each configuration of the
superconducting dot, we started by considering the decoupled limit, where the
impurity entropy can be analytically calculated and confirmed that the results
calculated from NRG agree with this. We then considered the large-energy gap
low-temperature limit — the condition in which we had assumed in deriving the
effective spin model in chapter 3 — and we found that indeed, the device behaves
in the same manner as the spin model and the non-Fermi liquid properties are
preserved; in fact, it turns out that this is common to all configurations of the
dot, which is to be expected. Similarly, the duality behaviour between the large
and small coupling constant regimes are also observed. Afterwards, we studied
another extreme limit of the superconducting configuration, the doubly degener-
ate limit, where the two charge states are of the same energy. It was found that
the coupling is required to be as large as 0.1D before the impurity entropy drops
to the NFL fixed point value of In /3 at the temperature scale above 109D and
this flow is not universal. Nevertheless, once the coupling constant is much larger,
the spin behaviour and the universal flow of the impurity entropy from In2 to
In v/3 is recovered. This behaviour can be explained by using perturbation theory
in the large-t limit, where we have found that the effective Hamiltonian is indeed
the spin Hamiltonian. Finally, we studied the behaviour of the device without
imposing any constraints on the system, where we have found mixed behaviour
ranging from the regime where the device is effectively decoupled (very small t),
to the regime where the device is effectively degenerate, and finally to the large-t
regime, where the flow to NFL fixed point is observed.

We then increased the number of accessible charge states to three, consid-
ered first the case where the energy spectrum was symmetric, and followed the
same sequence of the investigation as had been done earlier. We confirmed that

thermodynamics of the model in the decoupled limit agreed with the analytical
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results. In the large-energy gap limit, however, we found that the behaviour of
the system was not entirely what was expected. Whereas the low-temperature
residual entropy is still the NFL In v/3 value and the crossover curve is the univer-
sal spin crossover, the duality disappears: regardless of how large we increase the
coupling constant, the Kondo temperature never decreases. The same behaviour
is also observed when all three energy levels are degenerate, in which case we
used the perturbation theory to study the system in the large-¢ limit. Since the
effective Hamiltonian generated from the second-order virtual transitions is not
a spin—% impurity model coupled to spin-1 conduction electrons, the arguments
we used to prove the duality in the spin model before do not apply and thus
the duality is not to be expected in this model. Nonetheless, in the intermedi-
ate range of the coupling constants, the standard universal spin crossover can be
observed. Upon lifting the constraint, we found as before that the system has
mixed behaviour. In the asymmetric system, after confirming the results in the
decoupled limit with the analytical relations, we found that in the large-energy
gap limit, the universal spin behaviour is recovered with the new effective cou-
pling constant being the sum of the effective coupling constants of each of the
two levels. In general, depending on the relative size of the coupling constant
and the two energy gaps, we may observe the flow of the impurity entropy from
In6 to In4 then to In2 or a direct flow from In6 to In2 in the small-¢ region, a
feature that is of the decoupled limit. When the coupling is large enough, the
flow towards the NFL fixed point value of In V/3 is observed.

In the last section of chapter 5, we studied the four-charge state system, which
we believed to be a model that should capture all the low-energy features of the
energy spectrum that is generated by the original charging energy Hamiltonian
since it is possible to have doubly degenerate ground states, where each charge
state can be virtually transitioned to the adjacent charge state. In the symmetric
system, after having confirmed with the analytical results in the decoupled limit,
we have found that effectively the behaviour of the system can be understood as a
combination of the properties of the two-charge state systems since this system is
basically composed of two two-level systems whose ground state is tunnel coupled
to each other, which in turn is effectively the degenerate two-level system studied

previously. In fact, we have found that the physics of this system is principally
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governed by the latter because the effective model that arises from the transitions
within the ground-state manifold is of first-order nature whereas those from the
transitions from the ground-state manifold to the remaining two excited states are
of second-order nature. Furthermore, once again the duality behaviour between
the small coupling and large coupling regimes are recovered; after all, this system
does contain a degenerate pair of charge states, which have been found earlier to
show duality. In the case of the asymmetric system, it turns out that the physics
can be understood mainly by considering the effective model that arises from two
lowest energy states; the other two states only serve to change the minor details of
the system, e.g., the exact value of the Kondo temperature. We close this chapter
by making a remark of a feature that is common to all configurations of the dot:
it appears that in order for the topological Kondo effect to be observed at a
moderate ¢t coupling, the ground state degeneracy must be broken. Otherwise, the
physics of the system will be governed by the transitions between the degenerate
ground states, resulting in the In4 — In /3 flow which is not the universal RG
flow of spin model.

Finally, we extend the two models to the case where an additional conduction
lead is attached to the superconducting island in chapter 6. Following Béri, we
have confirmed that the low-energy effective Hamiltonian of the four-lead Majo-
rana device is the two-channel Kondo Hamiltonian. Due to the required com-
puting resources that is increased for the calculations of this system, we content
ourselves to study only the simplest limit: the model with isotropic symmetry
constraint. We used NRG to calculate and confirm that the thermodynamics
of this model is indeed what is expected of the two-channel Kondo model, for
instance, the residual low-temperature impurity entropy of In v/2. We have also
used NRG to calculate the full crossover conductance curve and verified that
our results agree with the zero-temperature values and the asymptotic behaviour
proposed by Béri. Furthermore, we studied the simple two-charge state model
in the large-energy gap limit and found that its low-energy thermodynamics in-
deed is captured by the spin model. We have also attempted to calculate a full
crossover conductance curve of the model, however, due to the required comput-
ing resources, the calculations were met with difficulties and we could not obtain

results that agree exactly with the spin model.
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Much work can be extended to the studies in this thesis, in particular we
have not included any exponentially small perturbations, that arise from the
long-range coupling between the Majoranas or between the Majorana and the
conduction electrons in different leads, in the studies of chapter 5. Similar to the
results seen in chapter 3, it is possible that these perturbations will destroy the
low-temperature NFL behaviour. We may also study how the different super-
conducting configurations will affect this destablisation. Even more so in chapter
6, once more computing resources are available, we could expand the investiga-
tion of the system to fully include the accurate calculations of the conductance
and the ¢ matrices. We will also include the exponentially small perturbations
and see how they destablise the NFL fixed point at low temperature. Finally,
we could extend the superconducting dot model to include many more accessible
energy levels in order to learn how they affect the behaviour of the system and
we would include the exponentially small perturbations that could destablise the

NFL behaviour of the system as well.
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