A minimal model for solvent evaporation and absorption in thin films
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Abstract

We present a minimal model of solvent evaporation and absorption in thin films consisting of a volatile solvent and non-
volatile solutes. An asymptotic analysis yields expressions that facilitate the extraction of physically significant model
parameters from experimental data, namely the mass transfer coefficient and composition-dependent diffusivity. The
model can be used to predict the dynamics of drying and film formation, as well as sorption/desorption, over a wide range
of experimental conditions. A state diagram is used to understand the experimental conditions that lead to the formation
of a solute-rich layer, or “skin”, at the evaporating surface during drying. In the case of solvent absorption, the model
captures the existence of a saturation front that propagates from the film surface towards the substrate. The theoretical
results are found to be in excellent agreement with data produced from dynamic vapour sorption experiments of ternary
mixtures comprising an aluminum salt, glycerol, and water. Moreover, the model should be generally applicable to a

variety of practical contexts, from paints and coatings, to personal care, packaging, and electronics.
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1. Introduction

Thin evaporating films that are composed of a volatile
solvent and non-volatile solutes play an important role in
a broad spectrum of applications ranging from paints and
coatings [1, 2], ink-jet printing [3], and flexible electron-
ics [4]. Over the last decade, theoretical and experimental
advances in film drying have led to innovative and cost-
effective techniques for manufacturing multifunctional ma-
terials via evaporative self-assembly [5] and lithographic
processes [6, 7, 8], which, under certain conditions, result
in the stratification of mixture components in the direction
that is normal to the film surface. This stratification can
be advantageous in the case of scratch-resistant coatings
[9] or detrimental in the case of drying, where it can lead
to warping, wrinkling, or cracking [10, 11]. An equally
relevant process is the absorption of solvent from the sur-
rounding environment by a dry film or matrix. This plays
a crucial role in the controlled release of pharmaceuticals
[12], food science [13], and personal care products such as
anti-perspirants [14].

In all of the aforementioned technologies, quantitative
and predictive understanding of solvent evaporation and
absorption in thin films is essential. Thus, a number of
theoretical studies have been carried out to which aim to
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develop models of these processes [15]. In the case of film
drying, Eckersley & Rudin [16] derived a simple model
that can account for two key stages that are often ob-
served in experiments. The first of these is the constant-
rate period, whereby evaporative mass loss takes place at
a uniform rate over time. This is followed by the falling-
rate period, where mass loss slows due to the depletion
of the volatile species. Remarkably, Eckersley & Rudin’s
model is able to capture these two stages without explic-
itly considering the spatial variation of the film compo-
sition. Extended models that are based on the diffusion
equation [17, 18, 19, 20] have been used to study concen-
tration gradients throughout the film and, in particular,
the onset of viscous or brittle solute-rich skins below the
free surface [21, 22]. The formation of a skin is expected
to occur when the depleted solvent cannot be replenished
sufficiently quickly due to local decreases in the rate of
mass diffusion. Detailed models based on thermodynamic
principles have been proposed as a means of accurately
describing the transport of heat and mass during the dry-
ing process [23, 24, 25]. Finally, there is a wide body
of literature concerning the application of hydrodynamic
models to the problem of film drying [26, 27]. These mod-
els explicitly account for the motion of the liquid phase
and have been used to understand flow-driven solute de-
position, e.g., the coffee-stain effect [28, 29, 30, 31]; skin
formation [32, 33]; and the onset of Marangoni instabil-
ities caused by composition gradients at the evaporating
surface [34, 35, 36, 37, 38].

In the particular case of polymeric films, the problem

November 3, 2016



of theoretically describing the absorption of solvent has
received considerable attention due to the possibility of
non-Fickian diffusion in these systems [39]. Several mod-
els have been proposed which aim to couple the diffusion
of absorbed solvent throughout the film with the elastic
[40, 41, 42] or viscoelastic [43, 44, 45, 46] response of the
polymer network. Simplifications of these models that ne-
glect the detailed mechanics of the polymer matrix have
been proposed in the context of drug delivery [47, 48, 49].

The extensive detail of existing models [50, 51, 52] for
solvent evaporation and absorption in thin films has en-
abled a wealth of insight to be gained into these technolog-
ically relevant processes. However, the complexity of these
models can restrict their practical use, since sophisticated
computational methods and a large number of parame-
ters may be required to solve the governing equations and
hence make theoretical predictions. Therefore, the goal of
this paper is to develop a practical and efficient approach
to modelling solvent evaporation and absorption in thin
films. Our approach is based on a “minimal” descriptive
model that contains a limited number of physically mean-
ingful parameters, which can be linked to key experimental
observables, and is robust enough to be used as a predic-
tive tool. Novel analytical expressions are derived from
the model and used to systematically extract parameter
values from experimental data.

The predictive capability of the model is achieved by
requiring it to have a minimal number of “inputs”, namely
the initial film composition and the time evolution of the
film thickness (or film mass). A simple fitting procedure
will then “output” values for the remaining physical pa-
rameters. Based on these parameters, the model can sub-
sequently make quantitative predictions about the drying
and absorption processes, including skin formation, as the
system conditions, e.g., the initial film compositions or
thicknesses, are varied. An overview of how the model can
be applied to the problem of film drying is illustrated in
Figure S1. To verify that the model is able to accurately
capture film drying and solvent absorption, we compare
theoretical predictions of the film thickness to experimen-
tal data produced from dynamic vapour sorption exper-
iments using ternary mixtures of a salt, humectant, and
water. The agreement between theory and experiment is
found to be excellent.

2. Model formulation

We consider the behaviour of a mixture consisting of
a volatile solvent and one or more non-volatile solutes.
The mixture forms a long layer on top of a horizontal and
non-permeable substrate, as illustrated in Figure 1. The
surface tension of the mixture is assumed to be sufficiently
strong that deformations in the film surface from the flat
state can be neglected; thus, the finite thickness of the film
can be described by a function of time A(t). Depending on
the atmospheric conditions above the film surface, solvent
can either evaporate from the film, causing a decrease in

the thickness, or be absorbed from the atmosphere, leading
to an increase in the film thickness. We refer to these as
the “drying” and “sorption” problems, respectively. In
evaporating systems with large solvent excess, the drying
problem effectively describes film formation.

To simplify the mathematical description of the drying
and sorption problems, a number of assumptions about
the system are made. Diffusion is assumed to be the sole
means of mass transport within the bulk and adequately
described using Fick’s law with a composition-dependent
diffusivity D. We do not consider convective transport
or any hydrodynamic effects. The exchange of solvent
with the atmosphere is described using a phenomenolog-
ical mass flux J that must balance the diffusive flux at
the film surface. Any temperature changes, such as those
resulting from evaporative cooling, are assumed to be suffi-
ciently small that the system can be treated as isothermal.
Furthermore, due to the large horizontal extent of the film
in comparison to its initial height, the system is treated as
one dimensional. Finally, we make the important assump-
tion that the density differences between the solvent and
solutes are negligibly small so that the mixture density can
be taken as constant.

Under these assumptions, conservation of solvent in
one dimension leads to a nonlinear diffusion equation for
the solvent fraction ¢ given by

P, 1)

where z denotes the vertical distance from the substrate.
In this problem, the mass and volume fractions are inter-
changeable due to the assumption that the mixture has a
constant density p. Furthermore, the quantity 1 — ¢ cor-
responds to the combined fraction of non-volatile solutes,
effectively reducing the problem to a “pseudo-binary” sys-
tem. A complete ternary description is then recovered by
the explicit dependence of the model parameters on the
ratio of non-volatile species. To capture the general trend
of the diffusivity of solvent decreasing in regions of increas-
ing solute, we assume that D has a simple functional form
given by

D(¢) = (DO - Dw)¢a + Do, (2)

where Dy and D, represent the effective diffusion coeffi-
cients in “wet” (solvent-rich) and “dry” (solute-rich) lay-
ers, respectively, and the exponent a is a fitting parameter.

The form of the diffusivity given by (2) is expected to
be well suited for describing glass-forming systems that ex-
hibit a near-constant diffusion coefficient below the glass
transition [53]. For polymer systems that remain above
the glass transition, several exponential forms for D have
been proposed based on phenomenology [54, 55] or derived
from free-volume theory [56, 57]. Exponential forms of D
will tend to zero as ¢ — 0 much faster than the polyno-
mial form of (2) with Dy, = 0, leading to differences in the
diffusion-limited regimes of solvent absorption and evapo-
ration. However, these differences will only be substantial
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Figure 1: (Color online) Schematic diagrams of solvent evaporation [(a)—(c)] and absorption [(d)—(f)] in mixtures composed of a volatile
solvent and non-volatile solutes. Increasing darkness corresponds to decreasing solvent fraction. The mixtures form thin films on top of a
non-permeable substrate. Typical pathways through the phase diagram during solvent removal (a) and absorption (d) in the case of a ternary
mixture. The initial and equilibrium solvent fractions are denoted by ¢; and ¢e, respectively. The evaporation process can be decomposed
into four main stages (b); the first two describe the constant-rate period whereby the decrease in film thickness is approximately linear with
time. The third and fourth correspond to the falling-rate period, in which the rate of thinning decreases due to the formation of a solute-rich
skin near the surface of the film (c). This skin inhibits the transport of fresh solvent to the film surface. Similarly, the absorption process has
four key stages (e); the first three correspond to onset of a saturation front that propagates from the film surface towards the substrate (f)

and the last describes the expansion of the film to its steady state.

if the diffusion-limited regime is entered early in the dry-
ing problem, or is prolonged in the sorption problem. The
polynomial form (2) is otherwise expected to be an ade-
quate representation of the diffusivity for general systems.
By considering the detailed interactions between the sol-
vent and solute(s), it is also possible to derive functional
forms for the diffusivity that can account for elastic effects
[58] and maximum packing of solute [17, 20]. However,
we refrain from incorporating additional physics into the
model in order to retain its simplicity.

At the non-permeable substrate located at z = 0, we
impose a no-flux boundary condition given by

8¢>_
o

To derive boundary conditions at the film surface located
at z = h(t), we use the fact the only the solvent can ex-
change mass with the surrounding atmosphere. By letting
J denote the volume flux of solvent through the film sur-
face, conservation of solute and solvent gives, respectively,

z=0. (3)

(1 —¢) dh

_D((i)) 0z - (1 - (b)a =0, z = h(t)a (4&)
D)9~ 65 = T@), ==h(t). ()

The terms that are proportional to dh/d¢ account for the
fact that each mass balance in (4) holds across a moving
surface. We will use the convention that J < 0 and J >0
correspond to solvent entering and leaving the film, respec-
tively. By adding the two boundary conditions in (4), a

differential equation for the film thickness is obtained:

dh
3 = (), 1) (5)
Inserting (5) into (4b) yields a simplified boundary condi-
tion for the diffusive flux of solvent:
9¢
—D(¢p)— =(1—-9¢) J(9),
(657 = (1-6) J(9)
For the rest of the paper, the conditions (5) and (6) will
be used in place of (4). We choose a simple form of the
solvent flux [59, 60, 61, 54] given by

J = E[p(h(t), 1) — del, (7)

where ¢, is equilibrium solvent fraction and k is a mass
transfer coeflicient. By invoking thermodynamic princi-
ples [57, 62, 63, 50], it is possible to derive nonlinear re-
lationships between the flux J and the solvent fraction ¢.
As shown in Section S2 of the Supplementary Material, a
nonlinear flux does not lead to substantial changes in the
drying problem. However, significant quantitative discrep-
ancies can arise in the sorption problem. It is important
to emphasize that the qualitative features of the dynamics
remain unchanged, and the asymptotic approach that is
developed for the model based on the simplified flux (7)
can also be applied to the case of a nonlinear flux. Impli-
cations for the accurate description of common film drying
processes are discussed in Section 5.

To close the model, initial conditions must be pre-
scribed. We assume that the film is initially well mixed,

z = h(t). (6)



corresponding to spatially uniform distributions of solvent
and solute. Thus, the initial conditions for the system can
be written as

#(2,0) = ¢1, h(0) = hy, (8)

where the initial solvent fraction ¢; is a constant and h;
denotes the initial thickness of the film.

A useful identity can be derived by integrating (1) over
the thickness of the film and making use of (4b) and (5),
leading to

h(t)
/0 d(z,t)dz = h(t) — (1 — ¢1)h;. (9)

Equation (9) can be used to relate the total mass of solvent
in the film to its thickness and thus shows that these two
quantities are interchangeable. We will see below that, de-
spite the model being based on Fickian diffusion, sorption
does not necessarily lead to film thicknesses, and hence
film masses, that scale like the square root of time.

2.1. Non-dimensionalisation

The model is cast into non-dimensional form in order
to identify the key parameter regimes. Tildes denote the
dimensionless counterpart of a dimensional variable. The
vertical coordinate z is written in terms of the initial film
height so that z = h;z. Time is written in terms of the
time scale of mass transfer, leading to t = (h;/k)t. Finally,
the diffusivity is written as D(¢) = DoD(¢), where

D(¢) = (1-0)¢" + 6 ~ ¢" +3, (10)

with 6 = Do /Dy < 1 being the ratio of dry to wet dif-
fusivities. A Péclet number, Pe, for this system can be
defined as

Pe = kh;/ Dy, (11)

which represents the ratio of the diffusive time scale 74 =
h?/Dy to the time scale of mass transfer, Ty = hi/k. It
is important to emphasise that the Péclet number as de-
fined in (11) does not give a true representation of whether
diffusion will be fast or slow compared to solvent evapora-
tion/absorption because the diffusivity can change by sev-
eral orders of magnitude as the solvent fraction changes
from ¢; to ¢ due to its dependence on the local film com-
position.

Upon dropping the tildes, the non-dimensional diffu-
sion equation is given by

96 0 ¢
pe = D@32 (122)
which has boundary conditions
1ol B B
5. =0, 2 =0, (12b)
DL —Pe(1 - )6 —60), z=h(t).  (12)

0z

The film thickness evolves according to

S olh). 1)~ o] (120)
The initial conditions are
p=¢, h=1, t=0. (12e)
The integral (9) in dimensionless form reads
Rh(t)
o(z,t)dz = h(t) — 1+ ¢. (12f)

0

The steady-state film thickness, h.,, can be readily de-
duced from (12f) using the fact that ¢ — ¢, as t — oo;
this yields

(13)

The relationship in (13) provides a simple way to infer
either ¢, or ¢; from experimental measurements of the
equilibrium film thickness.

The dimensionless model (12) will now be analysed us-
ing a combination of asymptotic and numerical methods;
details of the computational scheme are given in Section
S3 of the Supplementary Material.

3. Film drying

We first consider the scenario of complete drying by
setting ¢o = 0 in the governing equations. The alterna-
tive case when ¢, > 0 is discussed in Section 3.1.5. The
analysis of drying can be split into two parts depending on
whether the rate of evaporation is fast or slow compared
to the initial rate of diffusion. The relative rate of these
two processes is characterised by the initial Péclet num-
ber, ¢ = Pe¢; “, where the factor of ¢{ accounts for the
initial value of the diffusivity, i.e., D ~ ¢{ at t = 0. We
first assume that the initial composition of the film is such
that the initial Péclet number is small, ¢ < 1, thus imply-
ing ¢; > Pel/®. We refer to this as “solvent-rich” drying.
We briefly consider “solute-rich” drying, characterised by
¢; = O(Pe'/?) or smaller, in Section 3.2.

3.1. Solvent-rich drying

We assume that ¢ < 1 and § < Pe. The first inequal-
ity defines the case of solvent-rich drying. The second
inequality is not essential but it will facilitate a discus-
sion of all of the key drying stages, of which there are
four. Three of these stages are illustrated in Figure S3;
the fourth and final stage can be considered a sub-stage of
the third. The four stages essentially arise from the differ-
ent balances that occur between the left- and right-hand
sides of the diffusion equation (12a), which themselves are
caused by the decrease in the diffusivity during the drying
process. Thus, plotting the diffusivity as a function of the
solvent fraction enables the onset and transition between
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Figure 2: (Color online) A state diagram of the drying process can
be created by plotting the (dimensionless) diffusivity as a function of
the solvent fraction. By tracing out the path along the curve starting
from ¢ = ¢; and ending at ¢ = ¢e, the different stages that will occur
during drying can be predicted.

various drying stages to be visualised, as shown in Fig-
ure 2. The drying dynamics can be understood by tracing
out the path along the diffusivity curve starting from the
initial value of the solvent fraction ¢; and ending at ¢,
which we take as zero for now. The evolution of the film
thickness across the drying stages is illustrated in Figure
1 (b).

A detailed mathematical analysis of each drying stage
is given in Section S4 of the Supplementary Material. We
now summarise these stages and present the key results
that are relevant for film drying experiments.

3.1.1. Stage (i): Initial depletion

The first drying stage is characterised by t = O(e) with
Pel/® « ¢ < ¢; and it describes the dynamics on the diffu-
sive time scale. Here, the initial depletion of solvent from
the film surface leads to the formation of a compositional
boundary layer that grows in thickness until it reaches the
substrate. The film thickness in this stage is given by
h(t) ~ 1 — ¢it, which is valid for ¢ ~ ¢ < 1. Due to the
slow rate of evaporation on the diffusive time scale, the
decrease in film height is negligible, making this stage dif-
ficult to detect in experimental measurements of the film
thickness.

3.1.2. Stage (ii): Quasi-steady

The second stage is characterised by ¢ = O(1) with
Pel/® « ¢ < ¢; and describes the dynamics on the evap-
orative time scale. Diffusion is sufficiently fast that con-
centration gradients across the film are small. The sol-
vent fraction evolves quasi-steadily as evaporation thins
the film.

Stage (ii) is captured by writing ¢ = ¢;¢ in the dimen-
sionless model (12). Taking ¢ — 0 then yields a leading-
order solvent fraction, ¢, that is uniform in space, which
can be used to show that the film thickness in this stage
is given by the implicit expression

ho(t) — 1+ ¢
o]

The leading-order solution for the film thickness (14) de-
scribes the complete thinning of the film to its equilibrium
thickness in the absence of concentration gradients. Fur-
thermore, the analysis indicates that, to leading order, the

hg(t)—l-(l—qzﬁi)log [ :| +t=1. (14)
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Figure 3: (Color online) Evolution of the film thickness during film
drying. Lines correspond to numerical simulations. Stars and circles
correspond to the asymptotic solution in stages (ii) and (iii)—(iv),
respectively. Parameters are ¢; = 0.85, Pe = 1072, § = 1072,
¢e =0, and a = 3.

drying kinetics in stage (ii) are solely determined by the
form of the evaporative flux and thus the rate of thinning
is set by the time scale of evaporation Tevap = hi/k. A
comparison of film thicknesses computed from the leading-
order solution (14) and a numerical simulation of the full
model (12) is shown in Figure 3. The leading-order solu-
tion appears to do an excellent job at capturing the entire
drying process and, in particular, the constant-rate period.
However, a closer inspection of the final drying stage (see
the inset of Figure 3) shows that there is a retardation of
the drying process, which the leading-order solution (14)
is unable to capture. This retardation is caused by the
formation of a solute-rich skin at the surface of the film,
details of which are presented in the Supplementary Mate-
rial. Nevertheless, the leading-order solution (14) can be
used in practice as a means of extracting 7ev,p by fitting
this curve to experimental data in the constant-rate period
of drying.

3.1.8. Stage (iii): Skin formation

The third stage of drying captures the formation of a
solute-rich skin and is defined by t = O(1) with /¢ <«
o= O(Pel/a). At this stage, enough solvent has been re-
moved to induce a large change in the diffusivity, leading to
the time scales of evaporation and diffusion becoming com-
mensurate. A large gradient in the solvent fraction forms
near the film surface because diffusion becomes too slow
to replenish depleted solvent. This composition gradient
corresponds a skin. The lack of solvent near the surface
leads to a substantial decrease in the rate of drying.

The transition between stages (ii) and (iii) occurs when
1/a

the magnitude of the solvent fraction is ¢ ~ Pe™/* <« 1,
the film thickness is
ho~ (1= i) (1 +Pet’), (15)

and can be experimentally identified as the point where the
leading-order solution (14) begins to significantly deviate



from experimental data. In Figure 3, the stage (ii)—(iii)
transition can be seen when ¢ ~ 1.5.

The circles in the inset of Figure 3 denote the film
thickness that is computed from a numerical simulation of
the asymptotically reduced model in this stage. The solu-
tion is able to capture the decrease in the rate of thinning
that the leading-order solution in stage (ii), given by (14)
and shown as stars, could not.

The asymptotically reduced model in this stage de-
pends on two dimensionless parameters: a and §. Numer-
ical simulations of the full model (12) are used to explore
how the parameters a and ¢ influence the long-term evolu-
tion of the film thickness. Figure 4 (a) focuses on the role
of a with ¢ fixed. As predicted from the analysis of stages
(i) and (ii), the initial evolution of the film thickness is
the same for all values of a [see, e.g., (14)] and follows the
quasi-steady evolution corresponding to a = 0 (constant
diffusivity). However, since the parameter a controls how
sharply the diffusivity decreases with the solvent fraction,
it also sets the time at which skin formation occurs and the
thinning rate slows. Interestingly, the long-term thinning
rate approaches a constant value (on a semi-log plot) that
is independent of a. Figure 4 (b) shows the influence of
¢ for fixed a, and reveals that the dry diffusivity ¢ selects
the final rate of film thinning, which can understood by
analysing the long-term dynamics that occur in the fourth
and final drying stage.

3.1.4. Stage (w): Final drying

The fourth and final drying stage is entered when the
solvent fraction is sufficiently small that the diffusivity can
be treated as constant; this occurs when ¢ < §/¢ and
t > 1. The governing equations in stage (iv) are linear
and can be solved using a Fourier series. The solution for
the film thickness can be used to show that the final rate
of thinning is given by

d o

37 108 (A() = hoo)] ~ —=(1 = 61) TIAG), (16)
where § = Pe™ (1 — ¢;) 716 and A is the smallest positive
root of

9%

)\0 tan )\0 =0 1. (17)

Equation (16) suggests that a convenient method for ex-
perimentally measuring the combination /\%5 is by plotting
log(h — hoo), where hoy = 1 — ¢ when ¢, = 0, and then
calculating the slope of the curve near the end of the dry-
ing process. Once )\%5 is known, the physically relevant
value of & can be isolated by solving (17). Details of this
procedure will be given in Section 5.1.

The dashed lines in Figure 4 represent the long-term
thinning rates that are predicted from (16), all of which
are asymptotically approached by the numerical solutions
of the full model (12). The numerical solutions are seen
to tend more rapidly to the asymptotic thinning rate (16)
for larger values of d; this is due to the condition defining

(b)

Figure 4: (Color online) The influence of the dimensionless diffusivity
D(¢) = ¢® + d on the evolution of the film thickness when a varies
(a) and when § varies (b). The solid lines correspond to numerical
simulations and the dashed lines denote the long-term drying rate
as calculated from (16). Parameters are Pe = 1072, ¢; = 0.85, and
¢e = 0. In panel (a), we have set § = 10~2; in panel (b), we take
a = 4. In both cases, hoo = 1 — ¢5.

stage (iv), i.e., ¢ < 0% being satisfied earlier in the
drying process.

8.1.5. Incomplete drying

Analysing the case of incomplete drying, whereby ¢ >
0, is relatively straightforward. In essence, the parameter
¢ selects the final stage of the drying process; see Figure
2. If ¢ > Pe!/ ¢  then the system always evolves quasi-
statically and the formation of a skin can be avoided. In
this case, the equation governing the (dimensionless) film
thickness can be written as

dh 1— ¢
-
dt ( ¢e) + h )
which satisfies #(0) = 1. However, when ¢, < Pe'/?
skin formation is very likely. If §/% < ¢, < Pe/®, then
only drying stages (i)—(iii) will be entered, whereas all four
stages will occur if ¢, < §1/9.

(18)

3.2. Drying of a solute-rich film

If the film is initially rich in solute, i.e., if ¢; = O(Pe'/)
or smaller, then the system begins to dry from stage (iii)
or (iv), leading to instant skin formation.



4. Film sorption

The non-dimensional model (12) can also describe the
situation whereby a film absorbs solvent from the sur-
rounding atmosphere. We first analyse the case of a dry
film absorbing solvent by setting ¢; = 0 and ¢, > 0. The
case when ¢; # 0 will be discussed in Section 4.1.2. The
solvent fraction is rescaled according to ¢ = ¢.® so that
® = 1 corresponds to the equilibrium saturation. In this
case, the diffusivity can be written as D(®) = & 4+ A,
with A = §¢; * being a key parameter of the model.

Similar to the drying problem, there are two sorption
regimes; these are based on the magnitude of the equi-
librium Péclet number ¢ = Pe¢_ ¢, where the factor of
¢o ¢ accounts for the value of the diffusivity at equilib-
rium, D ~ ¢3 as t — oco. If € > 1, corresponding to
Pe K Pe!/® then the increase in diffusivity as the film ab-
sorbs solvent is not sufficiently large to make absorption
the rate-limiting process. That is, the time scale of diffu-
sion is always much greater than that of absorption when
€ > 1. However, if € < 1, corresponding to ¢, > Pel/
then the film becomes sufficiently saturated that the diffu-
sive time scale falls below that of solvent absorption. We
refer to the € < 1 (¢e > Pe'/%) and € > 1 (¢ < Pe'/%)
cases as “strong” and “weak” saturation, respectively.

4.1. Strong saturation

We begin by considering the case when the saturation
is strong, i.e., when € = Pe¢_? < 1. To elucidate all
of the key stages in this limit, the additional assumptions
that A < e and @ > 1 are made. There are four stages that
can be considered, the mathematical details of which are
presented in Section S5 of the Supplementary Material.
The evolution of the film thickness and solvent fraction
across these stages is illustrated in Figure 1 (e) and Figure
5, respectively. In summary, the four sorption stages are:

i. Initial saturation t < €/(@+1) and & <« Al/e: This
describes the initial saturation of the film which is

confined to a thin layer near the surface of width
O(A(l/a)Jrlel).

ii. Saturation front t = O(e*/(@*1)) and ® = O(e!/(@+1)).
The surface becomes sufficiently saturated with sol-
vent to induce large increases in the diffusivity. The
rapid flow of solvent from regions of high diffusivity
(the film surface) to low diffusivity (the bulk) leads to
the onset of a diffuse saturation front, centred about
z = s(t), that propagates from the surface of the film
towards the substrate. This saturation front separates
regions of the film that are dry, ® ~ 0 for z < s(t),
from regions that are partially saturated, ® > 0 for
z > s(t).

iii. Transition €'/(¢*) < t <« 1 and /(*t) < & <« 1
The saturation front reaches the substrate and the sol-
vent fraction begins tending towards a spatially uni-
form state due to the fast rate of diffusion. The expan-
sion of the film is negligible up to this point, meaning

iii) Transition

3

Fii)

} (ii) Saturation front
}o

iv) Quasi-steady

x\\\

(i) Initial saturation

s(t) z/h(t)

Figure 5: (Color online) The dynamics of solvent absorption in the
limit of strong saturation, € = Pe ¢ * < 1. There are four key stages
to consider.

stages (i)—(iii) are unlikely to be detectable in experi-
mental measurements of the film thickness.

iv. Quasi-steady t = O(1) and ® = O(1): Newly absorbed
solvent is rapidly and uniformly distributed through-
out the film, leading to a solvent fraction that evolves
in a quasi-steady manner. The increase in volume is
sufficiently large to induce O(1) changes in the film
thickness. The film, therefore, expands until its equi-
librium thickness is reached.

We present the key results from analysing stage (iv), which
are pertinent to film sorption experiments.

4.1.1. Stage (iv): Quasi-steady

In this stage, the time scale of diffusion is much faster
than that of solvent absorption; thus, at each point in time,
the solvent appears to be in a steady-state profile. We find
that the leading-order solution for the solvent fraction in
stage (iv) is uniform in space, which can be used to show
that the film thickness is given by the implicit expression

1 1—(1— ¢
o [ L
1- ¢e ¢e
If the equilibrium solvent fraction is small, ¢ < 1, then

the leading-order film thickness (19) can be simply written
as

ho —1+ ] = —(1 = ¢e)t. (19)

ho(t) =1+ ¢e(l —e ") + O(42). (20)

Taking t — oo in (20) shows that the steady-state film
thickness in the limit of small solvent absorption is given
by hg = 1+ ¢., which are the first two terms in the small-
¢ expansion of the true equilibrium thickness, ho, = (1 —
be) "t =1+ ¢ + O(¢?). The form of (20) suggests that
in the limit ¢ < 1, all experimental data should collapse
onto a master curve given by

gt (ho—1)=1—e"". (21)

Fitting experimental data to either (20) or (21) will pro-
vides a simple means of extracting the time scale of ab-
sorption, h;/k, and thus deducing a value for the mass
transfer coefficient k.

A comparison of the asymptotic solution for the film
thickness given by (19) with a numerical solution of the



full model (12) is shown in Figure S8. The exceptional
agreement between these two solutions provides verifica-
tion that, despite the complicated dynamics that occur
in stages (i)—(iii), the film thickness is mainly driven by
the relatively simple quasi-steady dynamics of stage (iv).
This fact has significant experimental implications: since
diffusion is a higher-order effect and does not enter the
leading-order solutions for the film thickness, tracking the
evolution of the film height in absorption experiments in
the strong-saturation limit will provide limited informa-
tion on the values of the wet and dry diffusivities, Dy and
D, respectively, as well as the diffusivity exponent a.

Had we assumed that ¢ < A, then the time scale of
diffusion, even at t = 0, would be faster than absorption
and thus the entire process would be described by stage
(iv). Similarly, if 0 < a < 1, then the rapid initial increase
of the diffusivity leads to stage (iv) being entered almost
immediately.

4.1.2. Absorption by a pre-saturated film

The initial solvent fraction, ¢;, plays only a minor
role in the sorption problem; it selects which of the four
stages the evolution of the system begins from. The over-
all increase in the diffusivity of a pre-saturated film means
that the solvent fraction more rapidly approaches a quasi-
steady state compared to if the film was initially com-
pletely dry. Thus, by assuming that the solvent fraction
evolves quasi-steadily, we find that ® ~ ¢ 1[1—(1—¢;)/h]
and the film thickness is determined from (18).

4.2. Weak saturation

When ¢, = O(Pe'/?) or smaller, the time scale on
which the surface of the film approaches equilibrium sat-
uration becomes smaller than or commensurate with the
time that is required for the saturation front to reach the
substrate. The expansion of the film occurs before the
solvent fraction reaches a quasi-steady state and thus the
evolution of the film thickness deviates from that predicted
by (19), as shown in Figure S8. We leave a detailed anal-
ysis of this saturation stage as an area of future work.

5. Model validation with experiments

Film drying and sorption experiments were carried out
as a means of (i) verifying that the mathematical model
presented in Section 2 is able to accurately describe these
processes and (ii) illustrating how the asymptotic solu-
tions can be used to extract key physical parameters of
the system. The experiments are based on ternary so-
lutions consisting of aluminium chlorohydrate (ACH; 50
wt% hydrated dialuminum chloride pentahydroxide aque-
ous solution, Summit Research Laboratories Inc.), glycerol
(Sigma-Aldrich), and deionised water (obtained from a
Milli-Q source), which act as model systems for an impor-
tant class of personal care products, namely anti-perspirants
[14]. Typical drying rates for these systems are relatively

slow, of the order of 1 um-min~!, commensurate with a

range of paint-drying, dip-coating, and other drying pro-
cesses [64, 65, 66, 67]. For drying processes of considerably
higher rates (~100 ym-min~!), a nonlinear expression for
the solvent flux J might be required, as discussed in Sec-
tion S2 of the Supplementary Material.

At atmospheric pressures and temperatures below 40
°C, only water evaporates (“solvent”) while both ACH
and glycerol remain in the solution or film (“solutes”) [14].
Glycerol acts as a “humectant” and modulates both drying
and sorption/desorption kinetics, as well as the thermody-
namics of the system. Under certain conditions [11, 14],
a transient skin is formed upon drying. When applying
the model (12) to this system, the mixture is effectively
“coarse-grained” such that the two solutes, glycerol and
ACH, are treated as a single non-volatile component with
volume fraction 1 — ¢. The ternary mixture thus becomes
“pseudo-binary”. Importantly, however, the model param-
eters, namely the diffusion and mass transfer coefficients,
are dependent on the ACH-glycerol ratio, enabling the ac-
curate parameterisation of the ternary system.

Solutions were prepared with a fixed ACH mass frac-
tion of 0.15 and varying glyercol mass fractions ranging
from 0 up to 0.15. After preparation, the solutions were
left to homogenise and reach equilibrium over a time span
of two hours. Thin films of height 130 £ 10 um were
then prepared by depositing 10 ul of solution onto a bal-
ance pan using a pipette (Eppendorf). Dynamic vapour
sorption (DVS-Advantage, Surface Measurement Systems
Inc.) was used to monitor the change in mass of the film
during the evaporation/absorption processes with a res-
olution of £10 pug. The measurements of the film mass
were then converted into film thickness by assuming that
the cross-sectional area of the film remained constant dur-
ing each experiment. The relative humidity (RH) of the
atmosphere was controlled by pumping a mixture of air
and water vapour into the drying chamber at a standard
total gas flow rate of 200 sccm, which otherwise had little
influence on the evaporation/absorption processes.

The equipment was programmed to carry out the ex-
periments as follows. First, the initial films were dried for
a period of five hours at 0% RH. During this time, the film
mass reached a steady state, signifying the end of the dry-
ing process. Film sorption was then initiated by increas-
ing the RH to 20% and maintaining this value for 200-400
minutes. In the case of a 0% glycerol mixture, a sequence
of alternating absorption/evaporation cycles followed the
initial drying period whereby the RH of each absorption
cycle was increased from 0% to 80% in 20% increments
and held for 480 minutes. After each absorption cycle, the
saturated film was dried at 0% RH for 480 minutes.

Due to the presence of ACH and glycerol in the films,
it was possible for the total water loss in the drying ex-
periments to exceed the initial amount of deionised water
that was added to the mixtures. This “enhanced drying”
is explained by the presence of water in the initial ACH
complexes. During drying, the water in the ACH com-



plexes is exchanged with glycerol and the excess is free
to evaporate from the film [14]. Accounting for water in
the ACH complexes is possible by a judicious choice of the
parameter ¢;, which represents the initial fraction of wa-
ter in the film. In practice, ¢; is calculated in the drying
experiments using measurements of the equilibrium film
thickness and (13) under the assumption that ¢, = 0.

5.1. Drying experiments

Experimental data from drying experiments using films
consisting of 0% and 15% glycerol are presented in Figure
6 (a). As predicted from the analysis of film drying in Sec-
tion 3.1, the evaporation process can be decomposed into
multiple stages. First, there is an initial period whereby
a significant fraction of water is shed from the layer and
the film thins at a rate that is approximately constant
[stages (i)—(ii)]. The rate of thinning then decreases [stages
(iii)—(iv)] and subsequent changes in the film thickness are
small.

Values for the physical parameters associated with the
films can be estimated by fitting the non-dimensional model
(12) to the experimental data. As previously mentioned,
we take ¢o = 0 and calculate ¢; from the equilibrium film
thickness using (13). Thus, the non-dimensional model
depends on four unknown parameters: a, Pe, §, and the
evaporative time scale Tevap = hi/k. The latter three of
these act as proxies for the physical parameters Dg, Dy,
and k, respectively. Three of these four parameters can
be easily determined by fitting the asymptotic solutions of
the drying problem to the experimental data.

A visual guide of the fitting procedure is given in Figure
6 (b). First, a value for the mass transfer coefficient & is
determined by fitting the asymptotic solution for the film
thickness in stage (ii), given by the dimensional version of
(14), to the constant-rate period of the drying curve, which
we identify as the initial portion of the curve with negative
curvature. Eventually, the asymptotic solution of stage (ii)
begins to deviate from the experimental data, which marks
the transition into the third drying stage. From the anal-
ysis of Section 3.1.3, this transition is expected to occur
when the film thickness is of order h ~ hoo(1 + Pel/%);
see (15). Therefore, a value of Pe'/® = (kh;/Dg)/* can
be determined by calculating (h — hoo)/heo at the point
at which the asymptotic solution in stage (ii) begins to
depart from the experimental data. In Figure 6 (b), this
departure can be seen to begin when (h — hoo)/h; ~ 1072,
The dry diffusivity Do, can be calculated using the asymp-
totic thinning rate of stage (iv); in dimensional terms, this
is given by

d _

e llog ((h = hoo)/hi)] = —X3(1 = 60) 2(Dac/R2),
where Ag solves Agtan(Ag) = (1 — ¢;)(khi/ D). However,
if (1 — ¢1)(khi/Do) > 1, which is expected when there
is a significant reduction in the thinning rate due to skin
formation, then A\g ~ 7/2. Therefore, a value of Do, can be

(22)

straightforwardly estimated using (22) after the rate on the
left-hand side has been calculated from the experimental
data and A is approximated by 7 /2.

This fitting methodology determines three of the four
model parameters. The final step in the fitting is to isolate
the values of a and Dy. To do this, numerical solutions
of the full non-dimensional model (12) are fit to the ex-
perimental data using Pe as the single fitting parameter.
Knowing Pe, the values of a and § can subsequently be
determined.

The solid lines in Figure 6 (¢) correspond to numerical
simulations of the model using parameters obtained by
our fitting procedure. The model is able to capture the
experimental data with a remarkable degree of accuracy.
Model parameters for the film with 0% glycerol were found
to be ¢ = 0.86, Tevap = 14 min, a = 3.8, Pe = 1.0- 1074,
and § = 1.3-10~7. In terms of dimensional quantities based
on an initial film thickness of h; = 130 pum, we find that
E=92-10"% mmin~', Dy = 1.2-107° m?min—', and
Dy = 1.6-10712 m2.min~! For the 15% glycerol film, the
model parameters are ¢; = 0.72, Teyap = 20 min, a = 4.0,
Pe = 7.0-107%, and 6 = 5.1 - 107, which lead to values
of k = 6.5-107% mmin~!, Dy = 1.2 - 10~ m? min!,
and Do = 6.2-107'2 m?-min~!. The higher value of Dy
in the latter case is expected due to the plasticisation of
the film by the addition of glycerol, suppressing its glass
transition at room temperature, and the trivial reduction
of the ACH phase volume.

Using the values of the physical parameters obtained
for the 0% and 15% glycerol mixtures, it is now possible
to make quantitative predictions about the drying dynam-
ics that occur in films with different initial compositions
and thicknesses. For instance, Figure 7 (a) shows a contour
plot of the drying curves for arbitrary glycerol fractions be-
tween 0-15% that have been computed by simulating the
model with parameter values obtained by interpolation.
From this data, it is possible to predict, for a given com-
position, the time that is required for 99% of the solvent
to be removed from the film, which is shown as the dashed
curve in Figure 7 (a). Figure 7 (b) illustrates how the dry-
ing curves depend on the initial height of the film when the
initial glycerol fraction is held at 15%. The dashed-dot line
shows the time tg5 that is required for 95% of the solvent to
evaporate from the film. The linear relationship between
tos and h; arises from the fact that, up to this point, the
films are in stage (i)—(ii) of the drying process and thus
the time scale is set by that of evaporation, h;/k. These
figures illustrate how the model can provide a wealth of
quantitative insight into film drying over a wide range of
conditions from only a small amount of experimental data.

5.2. Sorption experiments

Figure 8 (a) presents the data from sorption experi-
ments using a 0% glycerol mixture at different values of
RH. As the RH is increased, the film is able to absorb
more water from the surrounding atmosphere and thus
there is a corresponding increase in the equilibrium film
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Figure 6: (Color online) Drying of ternary ACH-glycerol-water mixtures in 0% relative humidity. (a) Raw experimental data of the film
thickness as a function of time. (b) A visual guide to fitting the asymptotic solutions of the drying problem to experimental data. The time
scale of evaporation, h;/k, can be determined by fitting the quasi-steady solution in stage (ii), given by (14), to the constant-rate period of
the drying curve. The point at which the quasi-steady solution departs from the data can be used to infer a value of Pel/%. The asymptotic
thinning rate predicted from the solution in stage (iv), given by (16), can be used to calculate the dry diffusivity Deo. (c) Model fits (lines)
to experimental data (symbols) of 0% (circles) and 15% (squares) glycerol mixtures.
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Figure 7: (Color online) Predictions of the evolution of the (nor-
malised) film thickness h(t)/h; with time for (a) various initial glyc-
erol compositions and fixed initial film thickness (130 pm), and (b)
at fixed initial glycerol concentration (15%) and various film thick-
nesses, up to 1000 pm. In panel (a) the dashed line corresponds to
the time required for 99% of the solvent (water) to evaporate. In
panel (b) the dashed-dot line represents the time needed for 95% of
the solvent (water) to evaporate.
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thickness. Assuming that the films are dry at the start of
each absorption cycle, corresponding to ¢; = 0, the equi-
librium water fraction ¢, can be obtained via (13) using
the final height of the film. We find that ¢, = 0.070, 0.14,
0.22, and 0.38 when the RH is set to 20%, 40%, 60%, and
80%, respectively. Motivated by the results of analysing
the sorption problem in Section 4.1, we attempted to fit
the experimental data to the asymptotic solution for the
film thickness (19). The only free parameter in the fit-
ting is the time scale of absorption T,ps = hi/k, which was
found to be 4.8, 3.2, 2.8, and 4.4 min for the absorption
cycles at 20%, 40%, 60%, and 80% RH, respectively. The
results from the fits are shown as lines in Figure 8 (a); the
agreement between theory and experimental is excellent.
In the final set of sorption experiments, the RH was
fixed to 20% and the role of the glycerol fraction was in-
vestigated. The data from these experiments is tabulated
in Table S1. The relative increase in the film thickness,
as measured by the value of hoo/h; — 1, was found to be
small, suggesting that only a small fraction of water is ab-
sorbed in these low-RH conditions. Calculating the equi-
librium fraction according to (13) revealed that ¢, was
indeed small for all of the mixtures that were considered.
The analysis of the sorption problem suggests that any
experimental data associated with small equilibrium sol-
vent fractions should collapse onto a master curve given by
(21). Thus, we attempted to fit the experimental data of
the film thickness as a function of time, shown as symbols
in Figure 8 (b), to the exponential function given by (20)
to determine the time scale of absorption 7,1,s. When car-
rying out the fitting, an approximate value for ¢, given by
e ™~ hoo/hi—1, was used in order to be consistent with the
small-¢. approximation. The experimental data obtained
from films with 0%-10% glycerol fits nicely onto the mas-
ter curve, shown as a solid black line. Interestingly, the
data from the film with 15% glycerol seems to slightly de-
viate from the master curve, possibly indicating that this



system lies outside of the strong-saturation limit that was
analysed in Section 4.1. Resolving this discrepancy will be
an area of future work.
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Figure 8: (Color online) Sorption experiments using ternary ACH-
glycerol-water mixtures. (a) The effect of RH on the saturation of
0% glycerol mixtures that begin from the dry state, characterised
by ¢; = 0. Symbols denote experimental data and the solid lines
correspond to the quasi-steady solution given by (19). (b) Sorption
experiments carried out at 20% RH. The experimental data (sym-
bols) can be collapsed onto a master curve (solid line) given by (21)
due to the smallness of the equilibrium volume fraction ¢e at 20%
RH; parameters from the fit are given in Table S1.

6. Conclusion

We have presented a minimal model of solvent evap-
oration and absorption in thin films, based on physical
parameters that are limited in number and relatively easy
to determine, which can be used as a predictive tool. In
contrast to explicit models that consider detailed physical-
chemical processes [50, 51, 52|, the minimal model is an-
alytically tractable. Thus, an asymptotic study of the
model was carried out, which yielded novel analytical ex-
pressions that can be used to extract parameter values
from experimental data. In addition, the asymptotic anal-
ysis revealed key insights into the dynamics that can occur
during the drying and sorption processes. In the case of
evaporation, a state diagram can be constructed which
outlines the stages that occur along the drying pathway.
Importantly, this diagram can also be used to predict the
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experimental conditions that will lead to the formation of
a solute-rich skin near the evaporating surface. Such skins
play important roles in, e.g., paints [35] and spin-cast poly-
mer films [33]. Having predictive control over the physical
characteristics of these skins can, therefore, open innova-
tive pathways for surface patterning and the fabrication of
advanced functional surfaces [9].

A comparison of the theoretical results with data pro-
duced from dynamic vapour sorption experiments showed
that the model is able to accurately capture key features
of evaporation and absorption. In the case of solvent ab-
sorption, the kinetics were entirely set by the mass transfer
coefficient k and the film thickness could be described by a
single implicit function. The relatively small time scale on
which diffusion plays a leading role in the sorption prob-
lem meant that diffusive effects could not be detected in
the measurements of the film thickness, the latter of which
evolves on a much larger time scale. This fact had impor-
tant practical ramifications, as the sorption experiments
were unable to provide information about the diffusivity
of solvent within the film. The situation is slightly different
in the drying problem because the eventual formation of a
skin reduces the rate of thinning enough for the diffusion-
limited stage to be detectable in measurements of the film
thickness. In situations where no skin occurs, the drying
problem becomes similar to the sorption problem in the
sense that the rate of thinning is solely driven by evapo-
ration and hence set by the mass transfer coefficient.

In deriving the minimal model, several simplifying as-
sumptions were imposed in order to retain the analytical
tractability of the governing equations. If these assump-
tions cease to be valid, then the model may need to be ex-
tended. For example, evaporative cooling can influence the
drying dynamics through changes in the diffusivity, which
often has an Arrhenius-like temperature dependence, or
via the mass transfer coefficient appearing in the evapo-
rative flux. The effects of evaporative cooling may only
influence the early stages of drying, however, due to the
fact that the thermal diffusivity is often much larger than
the mass diffusivity [68]; therefore, the film reaches ther-
mal equilibrium before it thins by an appreciable amount.
Due to the simplicity and generality of the model, incor-
porating additional physics and using alternative forms of
the phenomenological laws, e.g., for the diffusivity, is a
straightforward task.

Perhaps the most significant modelling assumption is
the treatment of the system as one dimensional. When
this assumption is combined with that of a flat surface,
our model effectively only considers films with constant
surface area. Such films are rarely encountered in prac-
tice and, therefore, the predictions from a one-dimensional
model could deviate slightly from experimental data due
to geometric effects associated with the change in surface
area. Extending the model to multiple spatial dimensions
is certainly possible [63], although this can come with a
marked increase in complexity as one begins to account
for contact line motion and other hydrodynamic effects



[69]. However, the excellent agreement between our theo-
retical and experimental results, the latter of which involve
films with pinned contact lines and a height-to-width ratio
of roughly 1:100, suggests that our one-dimensional model
can capture the key features with sufficient accuracy to
function as a useful predictive tool of solvent evaporation
and absorption in thin films.
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Supplementary material

A minimal model for solvent evaporation and absorption in thin
films

Matthew G. Hennessy*, Giulia L. Ferretti, Joao T. Cabral, Omar K. Matar*

S1 Graphical overview

Figure S1 provides a graphical overview of how the model can be applied to the problem of film drying.
The same approach can be used to study the swelling of a film that occurs upon solvent absorption.

S2 Comparison of models for the solvent flux

The minimal model (12) is based on a simplified form of the solvent flux at the free surface given by

Ji (¢) =k (¢ - ¢c)v (S].)

where k; is a mass transfer coefficient and ¢, is the equibrium solvent fraction. Generally, the solvent flux
is expressed in terms of the difference in vapour pressures [5]. In the case of solvent-polymer mixtures
[2, 4], the flux can be written as a nonlinear function of the solvent fraction,

Jo(6) = ko [geloHXITO g glmdetx(1m0)?] (S2)

where x is the interaction parameter in the Flory—Huggins free energy and ko is another mass transfer
coefficient. For ¢ ~ ¢, we find that Jo(¢) ~ k5(¢ — de), with kf representing a constant that depends
on ky and ¢,. Therefore, the flux given by (S1) can be interpreted as the near-equilibrium limit of (S2).
Moreover (S1) is expected to be a valid approximation of (S2) provided that |¢; — ¢o| < 1, where ¢; is the
initial solvent fraction. To explore the validity of this approximation when |¢; — ¢o| = O(1), numerical
simulations of the dimensionless model (12) using a solvent flux given by (S2) have been carried out. The
mass transfer coefficient k2 in the nonlinear flux (S2) is chosen so that Ji(¢;) = Ja(¢i). This will ensure
that the rates of change of film thickness are initially equal and that the same non-dimensionalisation
can be applied when using the nonlinear flux.

Figure S2 (a) shows the evolution of the film thickness in the drying problem when ¢, = 0 and
¢; = 0.85. The other parameters are Pe = 1072, § = 107°, a = 3.0, and y = 0.40. As the nonlinear flux
(S2) is greater than the simplified linear flux (S1), the solutions begin to diverge during the the constant-
rate period of drying, which is evaporation-limited and thus governed by the form of the evaporative
flux. However, once the system enters the diffusion-limited falling-rate period of drying, which occurs
when ¢ ~ 2 in Figure S2 (a), the differences in the evaporative flux become insignificant and the solutions
begin to converge. In this case, the nonlinear flux (S2) only leads to small quantitative changes in the
drying curve.

The situation is slightly different in the sorption problem because the diffusion-limited regime is
short-lived and thus the majority of the evolution is set by the kinetics of solvent absorption. As Figure
S2 (b) shows, differences in the form of the flux can lead to significant quantitative changes in the film
thickness, although the qualitative behaviour remains the same. The simulations in Figure S2 (b) are
based on ¢; = 0, ¢ = 0.70, Pe = 107%, § = 107°, @ = 2.0, and x = 0.40. The nonlinear flux (S2) is
smaller (in magnitude) than the simplified flux (S1), which causes the film to expand more slowly in this
case.
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Figure S1: (Color online) An overview of a typical drying experiment and application of the model.
(a) The drying of ternary mixtures consisting of two solutes, A and B, and a volatile solvent with
distinct initial compositions will take place along different pathways in the phase diagram. (b) As these
systems dry, the film thickness (or equivalently, the film mass) is measured as a function of time. (c)
Using the initial solvent fraction ¢; and film thickness h(t) as model inputs and fitting the solutions to
experimental data, values for the mass transfer coefficient, k, and equilibrium solvent fraction, ¢, as
well as a functional form for the diffusivity, D(¢), can be obtained. Having determined all of the physical
parameters, the model can then be used to predict how the drying process proceeds for different initial
compositions (e.g., A%), and film thicknesses (h;).
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Figure S2: (Color online) Comparison of solvent evaporation and absorption using the simplified flux (S1)
and the nonlinear flux (S2) in the dimensionless model (12). (a) Evolution of the film thickness in the
drying problem. The model parameters are ¢; = 0.85, ¢ =0, Pe = 1072, § = 107°, a = 3, and y = 0.4.
(b) Evolution of the film thickness in the sorption problem. Lines correspond to numerical simulations
and symbols are asymptotic solutions. The model parameters are ¢; = 0, ¢ = 0.7, Pe = 1074, § = 1075,
a=2,and y = 0.4.

The asymptotic analysis of the sorption problem with the nonlinear flux (S2) follows the same pro-
cedure detailed below in Section S5 for the case of the simplified flux (S1). Carrying out the asymptotic
analysis with the nonlinear flux yields a simple (non-dimensional) differential equation for the film thick-
ness given by

dh

5 = 21— (1 =e)/h(b) (S3)

which must satisfy h(0) = 1. Figure S2 (b) shows that solutions of (S3) are excellent approximations to
numerical solutions of the full nonlinear model (12). Furthermore, solving (S3) provides a straightforward
way of fitting an extended model based on the nonlinear flux (S2) to experimental data.

S3 Details of the numerical method

In order to numerically implement the dimensionless model (12), we make the change of variable n =
z/h(t), which enables the moving domain 0 < z < h(t) to be transformed to a fixed domain 0 < n < 1.
The proceeding analysis, however, will be carried out using the dimensionless coordinate z. Linear finite
elements are used to spatially discretise the diffusion equation (12a) in transformed coordinates. At each
time step, we assume the film thickness is known and then update the solvent volume fraction using a
semi-implicit method that treats the diffusive terms implicitly but the nonlinear terms (e.g., the diffusion
coefficient) explicitly. Thus, updating the volume fraction requires solving a linear system of equations
at each time step. Once a new volume fraction is computed, the film thickness is updated using an
explicit time discretisation of (12d).

S4 Asymptotic analysis of solvent-rich film drying

The dynamics that occur in the four drying stages are now explored using matched asymptotic expansions
and numerical simulations. For convenience, these stages are illustrated in Figure S3.

S4.1 Stage (i): Initial depletion

This stage is captured by writing t = et, ¢ = di(1+ E(lg), and h = 1+ ¢h in the dimensionless model (12),
where the scaling for ¢ comes from balancing terms in the boundary condition at the film surface (12c).
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Figure S3: (Color online) A simplified schematic diagram of the key stages in solvent-rich film drying.
There is a fourth stage (not shown), which is a continuation of the skin-formation stage and describes
the removal of all remaining solvent from the film.

Assuming that the diffusivity does not change too rapidly and the condition aE|$| < 1 is satisfied, then
we can naively take ¢ — 0 to obtain the leading-order problem given by

9
ot

9%

022’

= D(1) (S4)

where the rescaled diffusivity D is defined as D(¢) = ¢ + 4, with § = d¢; *, which is subject to the
conditions

9o

o 0, z=0, (Sba)

_ 0 ' B
D)5 =1-¢;, z=1, (S5b)
¢ =0, i=o0. (S5¢)

The leading-order solution for the film thickness is found to be
h(t) = —ait. (S6)

The problem given by (S4)—(S5) can be solved using a Fourier series expansion and the early-time
behaviour is readily deduced by seeking a similarity solution; for details, see Hennessy & Miinch [3]. For
our purposes it will suffice to consider the asymptotic behaviour for large . This can be obtained by
first noting that

Aéwam=—u—@ﬁ (s7)

this expression can be derived by integrating (S4) over the thickness of the film and applying the boundary
and initial conditions in (S5). We now introduce an artificial small parameter o < 1 and write = o~ '{.
From (S7) we must have that ¢ ~ a~' if { ~ o !; thus, we write ¢ = a'¢g + ¢1 + O(a). By solving
the problem at each order of o we find that

o ) (1 2\
£~ —(1— i)t + ~—= -5, t>1
St~ (-t g (55 ) 1 (59)
Therefore, the long-term solution in stage (i), written in terms of the original variables, is given by
Pe(l — ¢i)¢i 1 2’2
~ b — (1 — &b it Sl 7 N e
¢(Z, t) ~ ¢i ( ¢1)¢1t + D() 6 5 ) (S9a)
h(t) ~ 1 — ¢it, (S9b)

which is valid as t ~ € = Pe¢; “ < 1. The long-term solution (S9) will be used to match into the second
stage.



S4.2 Stage (ii): Quasi-steady

This stage is captured by writing ¢ = ¢i¢ and h = h in the dimensionless model given by (12a)(12f).
This leads to a diffusion equation of the form

09 0[5, 09
5 = P95 (510
which has boundary conditions
99
—Y = = 1
_ _0¢ o _
~D(3) 5L = (L= 6id)d == hit) (S10¢)
The film thins according to
dh -
and the integral (12f) is given by
h(t) _ _
i d(z,t)dz = h(t) — 1 + ¢;. (S10e)
0

Initial conditions are replaced by the requirement that the solution matches to (S9) as t ~ 0.
The governing equations (S10) are solved by seeking an asymptotic expansion of the form

d(z,t) = do +ed1 + O(e?), (S1la)
h(t) = ho + ehy + O(?), (S11b)
and making the crucial assumption that ¢ > '/¢. If this is the case, then the leading-order (in ¢)

contributions of (S10a)—(S10c) imply that ¢ is only a function of time. The leading-order part of (S10e)
can then be used to relate the solvent fraction ¢ to the film thickness hg; in particular,

= ho(t) =1+ ¢
P00 == )

Inserting (S12) into the leading-order part of the thin-film equation (S10d) gives an initial value problem
for the film thickness,

(S12)

dhyg (1—¢y)
_— = —1 —
de + ho

(S13)

which has the matching condition ho =1 as t = 0, as dictated by (S9b), which also yields ¢o(0) = 1. An
implicit solution for Ay can be obtained and written as

ho(t) — 1+ ¢
oi

To better understand the onset of solute-rich skins, we must proceed to the O(g) problem because
the leading-order solution for the solvent fraction given by (S12) is constant in space and thus does not
provide any information about the development of concentration gradients. The O(e) solution for the
solvent fraction can be written as

ho(t) + (1 — ¢;) log { } +t=1. (S14)

bi(et) = -4 _2?%%@;; %) .2 4 5,(0,0). (S15)

Matching to the solution in stage (i), i.e., (S9a), yields ¢;(0,0) = (1 — ¢;)/(6D(1)). A coupled system

of differential equations that governs the undetermined function ¢;(0,¢) and the correction to the film
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Figure S4: (Color online) Evolution of the average concentration gradient across the film defined by
(S16) during film drying. Lines correspond to numerical simulations. Stars and circles correspond to
the asymptotic solution in stages (ii) and (iii)—(iv), respectively. Parameters are ¢; = 0.85, Pe = 1072,
§=10"°, and ¢, = 0.

thickness hy(t) can be derived from the O(e) contributions to the integral (S10e) and the equation for
the film thickness (S10d). However, we do not pursue the solution to this problem here.

Using the O(g) solution for the solvent fraction (S15), we examine the average concentration gradient
defined by

8¢ ¢(h(t)a t) - ¢(0a t)
<a> BTG (516)

By inserting (S15) into (S16), we see that the undetermined function ¢1(0,¢) drops out and the average
concentration gradient in the second time stage can be written as

<a¢)> _ _5(1 _7¢i?0)¢0 + 0(62). (817)
oz 2D (o)
Upon neglecting the small 6 contribution to the diffusivity D, the gradient in (S16) is approximately
given by (qu/az) ~ —5(;5 , which can be interpreted as the ratio of solvent left in the film, ¢, to the
diffusivity ¢§. On one hand, the gradient tends to decrease as solvent is removed from the film, while on
the other hand, it tends to increase as the diffusivity decreases during the drying process. The overall
change in the gradient will depend on the rates at which these two quantities tend to zero. When the
diffusivity exponent a is greater than one, i.e., a > 1, the decrease in diffusivity occurs much faster than
the rate of solvent removal. Consequently, substantial concentration gradients develop across the film as
it dries (¢o — 0), suggesting the onset of skin formation. However, when a < 1, the average gradient
remains O(e) in size; this is because the film dries before the diffusivity changes enough to induce the
formation of a skin.

Figure S4 shows the evolution of the average concentration gradient (S16) that has been computed
numerically (lines) and asymptotically (symbols) for two values of a. When a = 0, the diffusivity is
constant and, as expected, the concentration gradients remain O(¢) in size. However, when a = 3, strong
gradients develop across the film when ¢ ~ 1.5, which is precisely the time when the rate of thinning
begins to decrease in comparison to the rate predicted from the leading-order solution (S14). For both
values of a, the asymptotic gradient, as calculated from (S17) and shown as stars, accurately captures
the numerical results in stage (ii). The divergence between the asymptotic and numerical solutions at
time ¢ ~ 1.5 in the case when a = 3 is due to a breakdown of the asymptotics, which is now discussed.

The decrease in the diffusivity that occurs within the second stage suggests that it will be possible
for the left- and right-hand sides of the diffusion equation (S10a) to attain the same order of magnitude.
Physically, this corresponds to the time scales of mass transfer (evaporation) and diffusion becoming
commensurate, and it signifies the onset of a third drying stage. Indeed, by balancing the two terms
in (S10a), we find that the third stage occurs when ¢ ~ el/a which is equivalent to ¢ ~ Pel/®. The



height of the film during the transition into the third stage and the time at which this happens can be
estimated from (S12) and (S14); this yields

ho ~ (1 —1)/(1 = ¢ie/*) ~ (1= é1)(1+ ¢ie'/?) (S18)

and t, ~ ¢ — (1 — ¢) log[qﬁi_l(l - qﬁi)Pel/a], respectively. Since both terms in the diffusion equation
(S10a) become similar in magnitude when ¢ ~ e'/e the asymptotic solution that was computed in this
subsection ceases to be valid. Thus, the scalings for ¢ and hg are used to reformulate a model that is
valid in the third drying stage.

S4.3 Stage (iii): Skin formation

1/a 1/a'

The relevant small parameter in the third stage is ¢;e /¢, which is equivalent to Pe Thus, we
rescale the variables in the dimensionless model (12) according to z = (1 — ¢;)%, t = £, + (1 — ¢y)i,
h = (1—¢;)[1 4 Pel/1 — ¢;)1/%h], and ¢ = Pe/*(1 — ¢;)1/%¢. The additional factors in the rescaling
that are proportional to (1 — ¢;) are for mathematical convenience; they do not represent additional
space and time regimes. Taking Pe — 0 with § Pe™' = O(1) yields a simplified leading-order model that
describes the drying process in the third stage. This is given by

?;;’ - % (b(([,)gf) \ (S19a)
where D(¢) = ¢° + 6 with § = Pe™' (1 — ¢;)~14, and the boundary conditions are
g‘j =0, 2=0, (S19b)
—D(qé)gf =¢, s=1. (S19¢)
The leading-order equation for the film thickness reads
dh _ —¢(1,7). (S19d)

i

Initial conditions are obtained by matching to the leading-order asymptotic solutions stage (ii), given by
(S12) and (S14), as ¢o becomes of size O(Pe/®); this gives ¢(%,0) = (1— ;) and h(0) = (1—¢;)~ /.
Due to nonlinear diffusion entering the leading-order governing equations (S19), it is difficult to make
analytical progress on this problem; therefore, numerical simulations are used to probe the dynamics in
this stage.

The circles in Figure S4 denote the average concentration gradient that is computed from a numerical
simulation of (S19). The solution in stage (iii) captures the generation of large concentration gradients
on O(1) time scales and their subsequent reduction. The small initial differences between the average
concentration gradient that is computed from the full model (12) and the simplified model in the third
stage (S19) is due to the matching condition corresponding to a solvent fraction that is spatially uniform.
Resolving this initial discrepancy is possible by matching higher-order asymptotic solutions in stages (ii)
and (iii).

S4.4 Stage (iv): Final drying

The fourth drying stage is entered when the solvent fraction is sufficiently small that the diffusivity can
be treated as constant. This occurs when gfu) < §1/a or, in terms of the original variables, when ¢ < 6/
The governing equations in stage (iv) can be derived from those in stage (iii) by taking the limit as é—0
with i = O((E) of (S19). This yields a linear system of equations given by

% _ 5%

o " o (S20a)



which is supplemented with boundary conditions

99

P $ — 2

5z =0, Z=0, (S20D)
—5@ b, =1 (S20¢)

The film thickness is given by

dh o

== (1, ). $20d

5 = *0) (520d)

The initial conditions for this problem can, in principle, be obtained by matching to the solution in stage
(iil); however, they will not be required. The solution to (S20) can easily be found via a Fourier series
and written as

b(2,1) ZA exp(—A261) cos(An %), (S21)

n=0

where the Fourier coefficients A,, are determined from matching conditions and the eigenvalues \,, satisfy
the transcendental equation

Antan(A,) = 671, (522)

which results from imposing the boundary condition (S20c). The eigenvalues are ordered according to
their magnitude as A3 < A3 < ... < A2 as n — oo. The film thickness can be found by inserting the
solution (S21) into (S20d), integrating with respect to time, and using the fact that h—0ast— oo
since the scaling of the film thickness in stage (iii) implies that h represents the departure from the
steady-state thickness ho, = 1 — ¢;; see Section S4.3. We find that

h(t) = Z A\t sin(A,) exp(—A267). (523)

For sufficiently large times, the first term in the sum in (S23) will dominate so that in the final stages of
drying, the film thickness decreases exponentially in time according to

h(E) ~ AgAy tsin(Xo) exp(—A25), (S24)
thus implying that the final rate of thinning is set by the dimensionless parameter § and independent of
the exponent @ in the diffusivity. Furthermore, from (S24) we see that

d v 9%
= [1og h(t)] ~ A5, (S25)
S5 Asymptotic analysis of solvent absorption in the limit of
strong saturation
When analysing the problem of solvent absorption, it is convenient to rescale the solvent fraction in

the non-dimensional model (12) according to ¢ = ¢oP so that & = 1 corresponds to the equilibrium
saturation. In this case, the diffusion equation can be written as

Pe 0® 0 0P
2 _ 7 (p@)* 2
o Ot 82( ( )az>’ (5262)
where D(®) = &% + A with A = d¢_ %, which has boundary conditions given by

0P

5= 0, z=0, (S26b)

0P  Pe

D)3 = 12 (1= 6B (E 1), 2= h() (8260)
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Figure S5: (Color online) The dynamics of solvent absorption in the limit of strong saturation, e =
Pe¢,* < 1. (a) A simplified schematic diagram depicting the evolution of the solvent fraction in four
key stages. (b) Detailed image of the asymptotic structure of the solution in the second stage where
there is a saturation front that propagates from the film surface towards the substrate.

The film expands according to

P gelt— 2(h(0), 1), (526d)
The initial conditions are
=0, h=1 t=0. (S26e)

In the case of strong saturation, defined by € = Pe¢, * < 1, there are four key stages to consider, which
are summarised in Figure S5 (a).

S5.1 Stage (i): Initial saturation

This stage describes the initial saturation of the film which is confined to a thin boundary layer near
the surface. Stage (i) can, in fact, be decomposed into two sub-stages. In the first sub-stage, the solvent
fraction is sufficiently small that the diffusivity is approximately constant. In the second, the solvent
fraction is still small but the diffusivity begins to vary.

To proceed with the analysis in the first sub-stage, a small parameter u < A'/® is introduced and
used to scale the solvent fraction and the diffusivity as ® ~ p and D ~ A, respectively. Balancing
terms in the boundary condition (S26¢) requires that h(t) — z ~ (A/€)u, while balancing terms in the
diffusion equation (S26a) then gives a time scale of t ~ (A/e)u?. Thus, we write ® = u®, t = (A/e)u’t,
z = h(t) — (A/e)uz in the governing equations (S26) and then take p — 0 to obtain the leading-order
problem given by

0% 9’0
= 2
or 022 (527a)
subject to the following boundary and initial conditions:
od
—=-1, z=0 S27b
62 i z ) ( )
d—0, 2z o0, (S27¢)
o =0, t=0. (S27d)

Condition (S27b) corresponds to the leading-order part of (S26¢), while (S27¢) represents the far-field
decay of the solvent fraction, which is consistent with the boundary-layer approximation of ® in this
stage. The problem given by (S27) is well known can can be solved using a similarity solution of the
form & = #1/2g(z/t'/?), details of which are given by Crank [1]. The solvent fraction at the surface
increases according to ®(0,t) ~ (et/A)/? which implies that the solution in this sub-stage is valid until
o A2Ja)+H1—1

The second sub-stage is captured by writing ® = AYe®, t = AR/O+e=1f and 2 = h(t) —
A1/a)+1e=17 in the governing equations (S26). The leading-order equations in the limit as A — 0



are of the same form as (S27) but have a nonlinear diffusion coefficient given by D(®) = &% + 1 and the
initial condition (S27d) is replaced with a matching condition. The solution to this problem describes
the localised saturation of the film surface when nonlinear diffusion becomes a leading-order effect. In
this stage, the expansion of the film is small and film thickness is given by h(f) ~ 1 + A®G/&)+1e—14 ¢

S5.2 Stage (ii): Saturation front

As the film continues to absorb solvent, the solvent fraction near the surface will exceed magnitudes of
O(A'/). However, for sufficiently short times, the solvent fraction will still be far from its equilibrium
value, i.e., ® <« 1. These two conditions define the second saturation stage. A new scale for the
solvent fraction can be obtained by balancing terms in the boundary condition (S26c¢) assuming that
h(t) — z = O(1) and A/* < ® < 1; this yields ® ~ €/(*+1)_ Using the scale for ® in the diffusion
equation (S26a) enables a time scale for this stage to be determined, i.e., t ~ et/(+a) - The solvent
fraction can still be comparatively small, i.e., of size O(A/¢), in regions that are sufficiently far from
the film surface. Therefore, the spatial domain can be decomposed into two main regions where either
® = O(A'%) or & = O(e*/(@+1)) | and we will show that these regions are connected by a thin transition
layer of width O(Ae=*/(@+1) located at z = s(t), as illustrated in Figure S5 (b). In physical terms,
these two spatial regions are located ahead of and behind a saturation front centred at z = s(t) that
propagates towards the substrate from the film surface.

We first analyse the region behind the saturation front defined by s(t) < z < h(t) where ® ~ e!/(@+1),
Thus, we rescale the variables in the governing equations (S26) according to ® = el/(‘”l)(i), h = iL, and
t = €'/(@+tD{ and then take the limit as A — 0 to obtain the model given by

o0 9 [.,00
—=— | ®*— 2
ot 0z < 8z> ’ (S28a)
which has boundary conditions given by
P ~ 0, 2~ s(t), (S28b)
Aaa(i) _ 1/(a+1) F 1/(a+1) F _ 1 (t
o= = (1 e <I>) (e ) 1) . 2= h(b). (S28¢)

The no-flux condition at the substrate given by (S26b) has been replaced by a matching condition stating
that the solvent fraction asymptotically tends to zero as the transition layer is approached. The evolution
equation for the film thickness is

% = /@t g |11 — /TN (n(f),1)] . (S28d)

Matching conditions for the film thickness are given by h ~1ast~ 0. The film thickness can, therefore,
be written as

h(f) = 1+ /@D g f 4 O/ eV, (S29)

A matching condition for & as £ ~ 0 will not be required.
We now examine the leading-order part (in el/(ath)y of (528), which is given by

oo 9 (.,00
— =P
ot 0z ( &z) ’ (S302)
with boundary conditions
d~0, z~s(t), (S30Db)
é“g—f =1, z=1, (S30c)
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where we have used the fact that h(f) = 1 + O(e!/(@+1); see (S29). An equation for the position of
the saturation front s can be deduced by integrating (S30a) between z = s and z = 1 and using the
conditions (S30b), (S30c), and s(0) = 1 to obtain

1
/ (2,7 dz = i. ($31)
s()

Counting the degrees of freedom reveals that the solution in the region behind the saturation front is
fully determined by the system of equations (S30a)-(S31). Furthermore, by introducing the change of
variable z = 1 — 2 and setting s(f) = 1 — 3(#), it can be shown that (S30a)-(S31) admits a self-similar
solution of the form

22 N _ 71/(at+2) < 3(f) = gflat+1)/(a+2)
o0 =1 f (£<a+1>/<a+z>>’ 5() = St ’ (832)

where f satisfies the free boundary value problem given by

a+1 df 1 _d wndf
- (a+2)£d§+ IO = 5 [f <§>d§], (5330)
with
odf _
-f d7€_1, §=0, (S33b)
fr~0, €~5, (S33¢)

where the similarity variable £ is defined as
£ = g/(fletD)/(at2)) (S33d)

The free boundary S is determined from the condition

S
/0 FE)de = 1. (S33¢)

In general, solutions to (S33) have to be computed numerically. However, it is possible to obtain a local
solution that is valid close to the saturation front given by

Sa(a+1)

1/a
) (S—g)] , &€= 5. (S34)

1o~ |
A comparison of the local solution (S34) with numerical solutions of (S33), shown in Figure S6 (a),
reveals that the local solution is an excellent approximation to the true solution even at points that are

far from the saturation front. The local solution (S34) implies that the solvent fraction near the front is
given by

1/a

o~ asery [ D0 —o0) (. _ ()] (535)

as z ~ s(t)T, which will be useful when matching to the solution in the transition layer. Using the local
solution (S34) in the integral (S33e), we find that the free boundary S is given approximately by

- 1/(a+2)
(a+ 1) (a+2)
S ~ [ pr=s) , (S36)
which agrees remarkably well with numerically computed values, as shown in Figure S6 (b).
The region ahead of the saturation front and the thin transition layer can be analysed together.
Recalling that the transition layer is characterised by the size of the solvent fraction, i.e., ® ~ A'/% and
the time scale has been set by considering the dynamics in the region behind the front, i.e., t ~ !/(a+1),

11
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Figure S6: (Color online) (a) Self-similar profiles of the solvent fraction in the strong-saturation limit,
plotted as functions of a similarity variable ¢ = (1 — z)/#(@*t1/(¢+2) for various values of the diffusivity
exponent a. The position of the saturation front is given by 1—s(t) = St(¢+1)/(¢+2) " (b) The dependence
of the self-similar front position S as a function of the diffusivity exponent a. In both panels, solid lines
represent numerical solutions of the similarity problem; symbols denote quantities obtained from a local
solution (S34) valid near the saturation front, i.e., £ ~ S™.

we rescale variables in the system of equations (826) according to ® = AV*®, ¢ = /(¢ and introduce
a travelling-wave coordinate ¢ defined by z = s(f) + (Ae~%/(¢+1))¢. This definition of ¢ implies that
¢( - —o0 and ( — +oo correspond to regions ahead of and behind the saturation front, respectively.
Upon taking the limit as Ae~%/(*+1) — 0, the leading-order part of the diffusion equation (S26a) is given
by
ds 09 0 0P
4 9~ aC [( +1) ac} (837)

We shall assume that the solvent fraction far ahead of the saturation front is small so that ¢ — 0 as
¢ — —oo. Moreover, to remove the translational invariance of the problem, we set ® =1 at { = 0. The
solution to (S37) can be written in an implicit form and upon applying the boundary conditions we find
that
1. .1 ds
—0% 4+ log® = - — —
a & a dt

(S38)

Far ahead of the front, i.e., when ¢ < —1 and log ® > ®¢, we find that ® ~ exp(—5¢), where § = ds/dt,
corresponding to the usual Fickian travelling-wave profile found in problems with constant diffusivity.
Far behind the front, i.e., when ¢ > 1 and log® < ®% we have that & ~ (—as()'/®, which can
be written as ® ~ /(@D [—as(z — s(f))]'/*. Matching this far-field solution to (S35) implies that
5 = —[(a+ 1)/(a + 2)](1 — s)/t. This equation has the solution s(f) = 1 — St(@+1/(e+2)  which is
consistent with the similarity solution that was computed in the region behind the front (S32).

An example of the solvent fraction in stage (ii) is shown in Figure S7. The line represents a numerical
solution of (S30) that uses the full form the diffusivity given by D(®) = &+ Ae~/(@+1) and replaces the
matching condition at the saturation front (S30b) with the original no-flux condition at the substrate,
d9/8z = 0 at z = 0. The dashed line corresponds to the similarity solution behind the saturation
front (S32) and the stars are the asymptotic solution in the transition layer (S38). The asymptotic
solutions are in excellent agreement with the numerical solution. In physical terms, the similarity solution
corresponds to the propagation of a sharp saturation front that separates regions of the film that are
partially saturated (& > 0) from those which are completely dry (& = 0). The asymptotic solution in the
transition layer accounts for the small, but non-zero, value of the diffusivity in the dry region of the film
and describes the consequent broadening of the sharp front. Thus, the transition layer can be thought
of as a diffuse saturation front whose thickness tends to zero in the limit as A — 0.

12
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Figure S7: (Color online) A comparison of the numerical (solid line) and asymptotic (stars and dashed
line) solution of the solvent fraction in stage (ii) of the strong-saturation problem. Behind the saturation
front, i.e., for z/h(t) > 0.37, the solvent fraction is well described by the similarity solution (dashed line)
obtained from (S33). Stars denote the leading-order solution (S38) in the transition layer that connects
regions ahead and behind the saturation front at z/h(t) ~ 0.37. Parameters are § = 107°, a = 2,
¢e = 1071, Pe = 107, and ¢; = 0. The solution is shown at time ¢t = 1071,

The asymptotic solutions that have been computed in stage (ii) will fail to remain valid if either
the saturation front reaches the substrate, or the solvent fraction near the surface becomes close to its
equlhbrlum value. The time at which the surface begins to approach equilibrium can be estimated as
foar ~ € (at2)/(atD) assuming that f(0) = O(1). The saturation front will reach the substrate when

5(tsup) ~ 1, which implies that s, ~ 1, where it has been assumed that S = O(1). Due to the assumption
that e < 17 the saturation front will always reach the substrate before equilibrium saturation is obtained
near the surface, i.e., tsub < tsar. This fact is used to define a third stage describing the dynamics that
occur after the saturation front coincides with the substrate.

S5.3 Stage (iii): Transition

The subsequent evolution of the system upon the saturation front reaching the substrate can be described
by (S30a) and (S30c) with the matching condition (S30b) replaced with the original no-flux condition
(S26b) and an initial condition given by ®(z, %) ~ f(S(1 — 2)). Although a closed-form solution to
this problem was not obtained, it is possible to show that

O~ it (S39)

for 1 < ¢ <« e~ /(+1) ysing an approach similar to that in Section S4.1. Thus, the solvent profile flattens
and the concentration of solvent becomes uniform throughout the film.

S5.4 Stage (iv): Quasi-steady

The long-term approximate solution for the solvent fraction given by (S39) and the solution for the film
thickness (S29) can be used to match into a new time stage where ® = O(e~ (¢t} and i = O(e~/(a+1),
This scaling results in the original governing equations given by (S26) with Pe ¢S ® replaced with € and
the initial conditions (S26e) replaced with matching conditions given by ® ~ ¢ and h ~ 1+ ¢t when t =
O(e/(@+1); these matching conditions result from (S39) and (S29), respectively. Due to the assumption
that € < 1 and the limitations on the smallness of ® and ¢ from the matching conditions, diffusion will
occur on a much smaller time scale than absorption of solvent from the surrounding atmosphere. Thus,
the solvent fraction will evolve quasi-statically. The solution to (S26) in stage (iv) can be obtained as a
regular asymptotic expansion of the form ® ~ &y + e®; and h ~ hg + ehy. As in the second stage of the
drying problem (see Section S4.2), the O(1) problem simply states that the leading-order solution for the
solvent fraction is uniform in space. By solving the O(¢) problem, we find that ®q(z,t) = ¢ 1 [1—1/ho(t)],
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Figure S8: (Color online) Evolution of the film thickness. The lines represent numerical solutions of (12)
and the symbols correspond to the asymptotic solution (19). Parameters are § = 1075, a = 2, ¢ = 1071,
and ¢; = 0.

where the leading-order film thickness hg satisfies
dhg 1
— =—1=9¢)+ —,

with ®g = 0 and hg = 1 as t = 0. The implicit solution to (S40) that satisfies the initial conditions can
be written as

(S40)

1— (1 —¢e)ho
e

A comparison of the asymptotic solution for the film thickness given by (S41) with a numerical solution of
the full model (12) is shown in Figure S8. The exceptional agreement between these two solutions provides
verification that, despite the complicated dynamics that occur in stages (i)—(iii), the film thickness is
mainly driven by the relatively simple quasi-steady dynamics of stage (iv).

lm—1+lj¢l%{ }:—U—¢Qt (S41)

S6 Fitting of absorption experiments at fixed relative humidity

Table S1: Experimental data from film sorption experiments at 20% RH for mixtures with different
initial glycerol fractions. The equilibrium volume fraction ¢, has been computed using two methods
based on the final film thickness. In the “exact” approach, (13) is inverted to give ¢po = 1 — (hoo/hi) ™ .
In the “approximate” approach, the smallness of hs,/h; — 1 is exploited to write ¢e ~ hoo/hi — 1. The
time scale of absorption 7.ps = hi/k is calculated by fitting the data to the master curve (21) using the
approximate value of ¢, for consistency.

Glycerol fraction | heo/hi | ¢e (exact) | @ (ApProx) | Taps [min]

0 1.08 0.072 0.077 3.15
0.02 1.05 0.049 0.052 24.6
0.04 1.03 0.027 0.027 46.9
0.06 1.04 0.038 0.040 24.7
0.08 1.04 0.041 0.043 32.8
0.10 1.06 0.059 0.063 20.2
0.15 1.03 0.026 0.027 424
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