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Abstract

Inspired by Stufler’s recent probabilistic proof of Otter’s asymptotic number of unla-
beled trees, we revisit work of Palmer and Schwenk, and study unlabeled forests from
a probabilistic point of view. We show that the number of trees in a random forest
converges, with all of its moments, to a shifted compound Poisson. We also find the
asymptotic proportion of forests that are trees. The key fact is that the number of trees
and the number of forests are related by a Lévy process. As such, the results by Palmer
and Schwenk follow by an earlier and far-reaching limit theory by Hawkes and Jenk-
ins. We also show how this limit theory implies results by Schwenk and by Meir and
Moon, related to degrees in large random trees. Our arguments apply, more generally,
to the enumeration of subexponentially weighted integer partitions, or, in fact, any
setting where the underlying Lévy process follows the one big jump principle.
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1 Introduction

Stufler [30] recently gave a probabilistic proof of Otter’s [24] result on the asymptotic
number #, of unlabeled trees on n vertices, showing that

lim o"n>%1, = B, D)
n—>oo
where « and B are called Otter’s constants. We note that @ ~ 0.338 and 8 ~ 0.534,
see, e.g., Finch [14]. The first constant satisfies

a=JTa—ab% @)
k=1

where r,, is the number of rooted unlabeled trees on n vertices. The second constant
is related to the average preimage size of the surjection (7', v) + R, where T is an
unlabeled tree, v is one of its n vertices, and R is T rooted at v. Specifically,

lim 2 = @ p?)\/3, 3)

n—oo r

A number of years later, Palmer and Schwenk [25] studied asymptotic properties
of the number f, of unlabeled forests on n vertices, using singularity analysis. In this
work, we take a probabilistic point of view. In particular, in conjunction with Stufler’s
[30] proof of Theorem (1), we obtain alternative, probabilistic proofs of the main
results in [25], stated as (5) and (6) below. Rather than using singularity analysis,
we will employ a Tauberian-type theorem by Hawkes and Jenkins [17], based on the
Lévy—Khintchine formula from the theory of Lévy processes.

In fact, our methods are more widely applicable, reaching well beyond trees and
forests; see Sect. 1.3 below. We will, however, focus on this specific case of interest
in order to bring our probabilistic techniques and intuition into the clearest possible
light.

Our first result is as follows:

Let7(x) = Y 2 tnx" be the generating function for 7,, starting the sum atn = 1
for convenience.

We recall (see, e.g., Aldous [1]) that a random variable X is compound Poisson
distributed, with compounding measure &, if

E(e~?X) = exp (- /000(1 - e_"’x)é(dx)) ; 4)

for all ¢ > O.

Theorem 1 (Tree-forest distribution) Let 9, be the number of trees in a uniformly
random unlabeled forest on n vertices. Then, as n — 00, I, — 1 converges, with all of
its moments, to a discrete compound Poisson random variable &2, with compounding
measure &, = t(ozk)/k on integers k > 1.
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Generalizations of this limit theorem appear in, e.g., Bell, Bender, Cameron, and
Richmond [5] and Stufler [31], but not with convergence of all moments. The conver-
gence in distribution in the theorem implies that the number of trees in the forest is
tight as its size grows. We strengthen this and show that all the powers of the number of
trees are uniformly integrable. Both of these facts are an effect of the well-known one
big jump principle that implies that a forest of large size is most likely large because
of one large tree, a phenomenon sometimes referred to as condensation.

A more general version of this result, with essentially the same proof, carries for-
ward in any situation where ¢, is replaced by some other x,, ~ ba™"n™¢, with ¢ > 1,
or, even more generally, when a”x, is proportional to a subexponential probability
distribution (so that the one big jump principle applies). See Sect. 1.2 and 1.3 below
for definitions and more context.

In particular, we recover Theorem 2 in [25], stating that

1im E(Z) — 1+Zt(ak). (3)
k=1

In fact, by Theorem 1, and reversing the order of summation (see the end of Sect. 3.1
for details), we obtain the following result.

Corollary2 As n — oo,

k
E(F,) — 1+Zl—ak
and
k
Var(y)—>z—wk)2

Using the values for ,,, | < n < 100, available at the OEIS [29], we note that the
asymptotic mean and variance of .7, are approximately 1.755 and 1.035, respectively.
In proving Theorem 1, we will also give an alternative, probabilistic proof of The-
orem 1 in [25], concerning the asymptotic proportion of unlabeled forests that are

connected, showing that
LIy 1
lm — - ——,
n—o0 fy 1+ f(a)

where f(x) =) 72, fax" is the generating function for f,; see Corollary 4 below.

(6)

1.1 Our Approach

We recall that a probability distribution 7 is infinitely divisible if, for any n > 1, there
are independent and identically distributed X1, ..., X, suchthat X; +---+ X, ~ 7
has this distribution.

The following observation that all three sequences f,, r,, and f, are related by
an infinitely divisible probability distribution is central to our arguments. We use the
convention that fy = 1.
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Theorem 3 (Otter’s distribution) Put

oo
p=[Ta-ah"
k=1

Then, the sequence (p,,n > 0) with

pn = pa” fo = fu [ J(1 — byt (7

k=1
is an infinitely divisible probability distribution.

We note that the proof of this theorem shows that

Pu=&"fu [ J(1 = 85" ®)

k=1

is an infinitely divisible probability distribution for any 0 < & < «, so we in fact
obtain a family of such distributions. The second equality in (7), however, holds only
when & = «, using (2).

Each infinitely divisible probability distribution s has an associated Lévy process
(Ls,t > 0), whose state L1 ~ m at time r = 1 has this distribution. The Lévy—
Khintchine formula relates w with a corresponding Lévy measure v, which controls
the jumps of the process. When (i, n > 0) is supported on the nonnegative integers,
this formula states that (v;, j > 1) satisfies

oo oo )
Znnx” = exp —Z(l —xM; |, 9
n=0 j=1

and thus, 7 is a compound Poisson distribution with compounding measure v (see (4)
above). In this case, the fotal Lévy measure A = 2311 v; is finite. Hence, u, = v, /A
is a well-defined probability measure and 7 is the law of the sum of Poisson(A)
independent samples from p.

As we will see (see Sect. 2 below), in the specific case of Otter’s distribution
T, = pn, the Lévy measure v, then equals

a}’l
= din, (10)
din
so that by changing the order of summation (see (14) below), we find that p = e™*.
By (1), we find that 7, ~ o't is regularly varying with index y = —5/2, in the sense
that T, ~ x7 1,, forall x > 0 (see, e.g., Bojanic and Seneta [6]). A general result of
Hawkes and Jenkins [17], from a year before [25], states that if ;, and v, are related
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by (9) and v, is regularly varying with index y < —1, then m, ~ v,. As such, we
obtain the following result, which, as we will see (see again Sect. 2), implies (6).

Corollary 4 As n — oo, we have that f,, ~ t,/p.

We note that p,, is also regularly varying. On the other hand, the infinitely divisible
distributions p, in (8) are not regularly varying when & < «.

1.2 One Big Jump Principle

Our proof of Corollary 4 is based on the so-called one big jump principle; see, e.g.,
[7, 18, 23].

The result by Hawkes and Jenkins [17], as discussed above, was later extended
by Embrechts and Hawkes [11], who showed that the following are equivalent, as
n — oQ:

() py ~ 2y and Wy ~ fnt1;
(ii) )y ~ 2m, and 7w, ~ Wup1;
(iii) m, ~ vy and v, ~ V1.

Above, as usual, p) (and, similarly, 7;¥) denotes the self-convolution

n
=Y tkin—k-
k=0

A probability measure (u,,n > 0) is subexponential if condition (i) above is
satisfied. Such distributions satisfy the so-called one big jump principle; namely, if
the sum of two (or more) independent subexponential random variables takes a large
value, then most likely one of them has taken (essentially) this value.

The equivalent condition (iii) then says that the probability 7, that the Lévy process
L1 ~ m takes a large value n is asymptotically equivalent to v,. For j > 1, the value
v; is the expected number of jumps by L of size j by time = 1 (i.e., times s < 1
that limg o Ly—, = Ly — j). For large j, this is close to the probability of having one
jump of size j, so m, ~ v, essentially says that if L takes a large value, it is most
likely due to one large jump.

Since, by (1), «"t, is regularly varying with index y = —5/2, itis natural to expect,
in light of (7) and (10), the asymptotics in Corollary 4 to hold.

In closing, let us mention that different versions of the one big jump principle have
been used recently by Stufler [31] to study the sizes of the small structures in a random
multiset of large total size, and by Panagioutou and Ramzews [26] to study the rare
event that a multiset of large total size consists of many objects. Both of these works
apply, in particular, to our current case of trees in large forests.

1.3 Further Applications

We have focused on unlabeled trees and forests; however, our methods are more widely
applicable. In this way, we provide a probabilistic alternative to previous works, such
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as Compton [9] and Bell, Bender, Cameron, and Richmond [5], which use singularity
analysis to study distributional features of random combinatorial structures.

For instance, our arguments extend immediately to the setting of weighted integer
partitions (multisets) with subexponential weights. In fact, the potential application of
this limit theory to partitions and related structures is alluded to in [17, pp. 66—67]. In
the case of unlabeled trees and forests, we effectively assign weight #; to each integer
k > 1, so that there are a total of f,, weighted partitions of n. Of course, other weights
are possible. See again [5, 9] and, e.g., the more recent works [2, 22, 26, 31].

In another direction, see our recent applications to the enumeration of tournament
score sequences [4, 19], Sinai excursions [10] and graphical sequences [3]. In all of
these cases, in contrast to the current work, the combinatorial objects of interest are
ordered.

Indeed, the first two are examples of renewal sequences, which can be thought of as
weighted integer compositions. Graphical sequences, on the other hand, are delayed
renewal sequences, with one anomalous inter-arrival time (also sometimes referred to
as Riordan arrays in combinatorics).

We expect many further combinatorial applications to be found. The limit theory
[11, 17] is based on work by Chover, Ney, and Wainger [8], which studies analytic
transformations of probability measures, vastly generalizing the classical renewal the-
orem. As such, our current methods can, subject to the conditions in [11, 17], be
applied when a combinatorial structure decomposes into smaller irreducible parts, as
is often the case.

Finally, let us highlight the vast generalization of the main limit theorems in [11,
17], stated as Theorem C in Embrechts and Omey [12], where exp(z) in (9) is replaced
with some other analytic function ¢ (z), pointing to applications awaiting, well beyond
the Lévy—Khintchine correspondence.

1.4 Outline

In Sect. 2, we prove Theorem 3 and its Corollary 4. In Sect. 3, we prove our main
result, Theorem 1. Finally, in Sect. 4, we discuss some further applications, related to
cycle index asymptotics and degrees in large random trees, giving an alternative proof
of a result of Schwenk [28] (cf. Meir and Moon [21]).
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2 Otter’s Distribution

A forest is a multiset of trees. As such, their generating functions #(x) and f(x)
are related via Polya’s exponential, as can be seen using the log-exp transform, as a
simple instance of the symbolic method in Flajolet and Sedgewick [15, p. 29]. Indeed,
as explained therein, let .7 be the set of all unlabeled trees. For each T € .7, let
|T| > 1 be its number of vertices. Each forest can be expressed as a sequence of trees,
in some canonical order. As such, it follows that 1 + f(x) (with 1 accounting for the
Jfo = 1 empty forest containing no trees) is an infinite product of geometric series,
with one foreach T € .7:

1 = 1 \%
o= T =T ()
TeT L=l i1 M xk
00 . o0 t(xk)
= exp —Ztklog(l—x) = exp Z . . (1
k=1 k=1

Technically, since .7 is infinite, a limiting procedure is required in order to make the
above precise, but this is the basic idea.
The coefficient of x” inside the exponential, on the right-hand side of (11), is given

by
R N
[x ]1;:1 = § dig. (12)

d|n

Therefore, the Lévy—Khintchine formula (9) is satisfied, with infinitely divisible prob-
ability distribution
pn=a" fre -

and Lévy measure

n
= dig ~ o, (13)
n d|n

which, upon interchanging the order of summation, can be seen to have total measure
0 o 0 0 ok 00
AZZ?Zdtd:ZthT:_Ztklog(l_ak). (14)
n=1 k=1 =1 k=1

d|n

Noting that

oo
e =[Ja - =p,
k=1

Theorem 3 follows.
Finally, as discussed above, by applying [17] we find that p,, ~ t,, and Corollary 4
follows. In light of (11), this is equivalent to (6).
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3 Tree-Forest Distribution

We recall that the cycle index Z(S,) of the symmetric group S, is the polynomial in
the variables x1, . .., x, defined by

Z(Sp) = Z(Sp; X1, ..., X)) = Z 1_[ C@(G),

'aeS,lZ 1

where ¢y (o) is the number of cycles in the permutation o € S, of length £. It can be
computed recursively. We note that Zp = 1 and, for k > 1,

k
kZ(S) =Y xiZ(Sk-0), (15)

which can be deduced by considering the cycle of 1 in a 0 € Si. By classical Pélya
theory (see, e.g., [15, Eq. (91), p. 86]) for any k > 1, the generating function for the
number of unlabelled forests with k trees equals Z (S, #(x), .. ., 1(x%)), so the number
of unlabelled forests of size n with exactly k + 1 trees equals

X" 1Z (Skp1, 1(x), ..., 1(x*T1y).

By Robinson and Schwenk [27], this is asymptotically equivalent to #,{; as n — 00,
with o = 1 and
= Z(Sk, (@), ..., 1(X), k>1. (16)

As observed in [25, p. 120], dividing by f,, and using its asymptotics in Corollary 4,
the probability that a random unlabeled forest on n vertices has exactly k + 1 trees
converges to

Vi = p&k-

asn — o0.
Moreoyer,i by (15), the generating functions ¢(x) = Z,fio {kxk and £(x) =
Y22, t(ah)x' satisfy x¢'(x) = £(x)¢ (x). By integrating, we find that

ngx —exp( t(“) ) 17)

Comparing (17) with (9) and (11), it follows that the sequence (yx, k > 0) is an
infinitely divisible probability distribution, with Lévy measure (v;,i > 1) given by
v; = t(a')/i. Therefore, we obtain the following result, by the discrete compound
Poisson characterization of infinitely divisible probability distributions on the non-
negative integers; see, e.g., Feller [13, p. 290].

Proposition 5 Let .9, be the number of trees in a uniformly random unlabeled forest
on n vertices. Then, as n — 00, J, — 1 converges to a discrete compound Poisson
random variable 2, with compounding measure t(a*) /k on integers k > 1.
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In the next section, we show that this probabilistic rephrasing of the observations
in [25] yields a direct proof of (5) that appears as Theorem 2 in [25], as well as an
extension to the higher moments of .7},.

3.1 Convergence of Moments

With Proposition 5 in hand, we finish the proof of Theorem 1 by showing that .7, and
its powers are uniformly integrable.

The proof is once again related to the one big jump principle: A forest with many
trees can be partitioned into multiple large forests, which violates that a forest is in
fact most likely big because it has one big tree.

First, we provide the details of the uniform integrability of .7, and will then explain
how to adapt the argument to higher powers.

Lemma 6 We have that

lim limsup E[7,1;7 k] = 0.

K—00 p—soo

Proof Fix K and observe that

E[T17,-x)) = KP(T, > K)+ ) P(T, > k). (18)
k=K

Since 7}, converges in distribution to & + 1, it follows that
KP(9, > K) - KP(¥ > K).

Since E(Z?) < oo, the right-hand side can be made arbitrarily small by making K
large.

We turn to the second term in (18). First, we note, by (1) and Corollary 4, that there
are constants ¢, C > 0 such that

c<a"'n?f, <C, (19)

for all n > 1. Next, we observe that, for any n and k, and any forest with n vertices
and more than k trees, we can decompose the forest into a pair of forests, such that:
(1) their sizes sum to n, (2) the first has at least | k/2] vertices, and (3) the second is at
least as big as the first. As such, the number of forests with n vertices and more than

k trees is at most
[n/2]

Z fﬁfn—ﬁ-

t=1k/2]
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Therefore, applying (19), we find that P(.%;, > k) is at most

c? [n/2] n 5/2 25/2¢2 [n/2] 1 ¢
CF () =TS e
L(n—20) c 05/2 — [3/2

€ k2 t=k/2]

for some constant ¢’ not depending on k and n. This is summable, so, for any ¢ > 0,
we can choose K large so that E[%l{yn>1<}] < ¢, for all large n. O

The proof above can be adapted to show that .7 is uniformly integrable, for any
integer m > 1. The basic idea is to split a forest with more than k trees into m + 1
forests of size at least |k/(m + 1)] and repeat the arguments above. The adaptation
is straightforward, so we omit the details. Together with Proposition 5, this yields
Theorem 1.

The argument also carries over to regularly varying distributions m,, with index
y < —1 by making enough splits to make the resulting power series summable (this
covers, e.g., the case of forests of rooted trees, as then y = —3/2). More generally,
for a subexponential distribution 7, that is bounded from above by a regularly vary-
ing distribution with index y < —1, we may use [31, Lemma 2.6.2] (see also [16,
Theorems 4.8 and 4.30]) with g(z) = anL,,’,‘—lJ " and f(z) = 7"+ 0 bound the

number of sequences of m + 1 elements of size at least | k/(m + 1) and then proceed
as in the regularly varying case.

Proof Corollary 2 To see that Theorem 1 implies Corollary 2, we first note (see, e.g.,
Mane [20, p. 279]) that

e¢]

E(2) =) t").
k=1
and

Var(2) = Zkt(cxk).

By similar reasoning as (12), we see that

[x"] Zk!’r(x") = (n/d)1a.

dln

Reversing the order of summation, as in (14) above, we find that

o0 o0 o0 o0
B =3t T =3 Y =3
k=1 dik k=1 i=l k=1
and o e o n
Var(,@)—Zk "Z Z ey iak =Zmzk,
=1 dk -1 =1 o (=)
as claimed. O
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4 Cycle Index Asymptotics

We conclude with two related applications of [11, 17] to the asymptotics of cycle
indices of the symmetric group.

4.1 Degrees in Large Random Trees

Recall the cycle index ¢,, as defined in (16). Note that o« "f(a¢") — t; = 1, as
n — oo. Therefore, by (17) and Theorem 4.2 in [17] (where, for this application, we
seta, = o "t(a") and b, = a7"¢,), it follows that, as n — oo,

tn ~ etal, (20)

where

Noting again that #{ = 1, and reversing the order of summation, we see that

o
e = 1_[(1 S
k=2

This result was proved by Schwenk [28], using an argument that involves a certain
generalization of the inclusion—exclusion principle. Another proof was later given by
Meir and Moon [21]. In fact, as noted above, the result is a direct consequence of [17]
that precedes the latter.

The asymptotics (20) are used, together with [27], to obtain information about
degrees in large random trees; see Corollary 4.1 in [28].

4.2 Subexponential Sequences

Finally, by combining [11, Theorem 1] and (15), we obtain the following generalization
of Corollary 4.

Theorem 7 Suppose that (vk, k > 1) is a positive sequence, with a finite total sum
L =Y 32, vk < 0o.Suppose also that ui = vy /) defines a subexponential probability
distribution on the integers k > 1. Then, as n — 00,

Z(Sn;v1,2v2,...,nvn)~e)‘vn. 21

In this work, we have demonstrated a procedure for obtaining the asymptotics of
a sequence (1 = aop,ay, ...). Suppose, for some y > 0, that y"a, is summable,
so proportional to a probability distribution 7,,. Then, if (9) holds for some positive
sequence (v,,n > 1), with total sum A, and u, = v,/A is subexponential, then
1, ~ v,. The above theorem reverses this procedure by, given v,, identifying 7, that
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satisfies (9). Indeed, for 7, = e~*Z, and Z,, the cycle index in (21) above, (9) follows
by setting x; = iv; in (15) above. Thus, if w,, = v, /A is subexponential, then 7, ~ v,
and the theorem follows.
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