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We study the deformation and slip-through of a heavy elastic beam suspended above two point supports and
subject to an increasing body force — an idealized model of a fibre trapped in the pores of a filter as flow
strength increases, for example. Using both asymptotic and numerical techniques, we investigate the behaviour
of the beam under increasing body force and the maximum force that can be supported before it must slip
between the supports. We quantify this maximum body force as a function of the separation between the two
supports. Surprisingly, we show the existence of a critical separation below which the beam can withstand

an arbitrarily large body force, even in the absence of friction. This is understood as the limit of a catenary
between the supports that is connected to (and supported by the tension in) a vertically hanging portion
outside the supports. We explore how frictional forces impact the deformation and load-bearing capacity of
the beam and show that our results are consistent with laboratory experiments.

1. Introduction

Flexible objects in contact with a rigid boundary and subject to
a body force occur in a wide variety of scenarios, whether in an
industrial setting or in day-to-day life: the main cable in a suspension
bridge (Zhang et al., 2017; Zhou and Chen, 2019; Zhang et al., 2021),
buckling of a pipe within a borehole when drilling for oil (Miller et al.,
2015b,a), and the rucking of a rug (Vella et al., 2009; Kolinski et al.,
2009), are some examples. While many of these examples are at quite
large scales, the essential ingredients (a uniform body force and a
flexible slender structure) can be a useful approximation of complex
scenarios at small scales. Two examples of the same ingredients at
smaller scales are the flow-induced trapping of a fibre in a filter (Lant
et al., 2022), and a soft robot walking on the floor (Shepherd et al.,
2011; Hu et al., 2018; Wu et al., 2023).

When modelling the deformation of elastic materials, it is important
to maintain key features such as the flexibility, as well as the forces
underpinning the deformation. In all of the aforementioned examples,
the deformation is influenced by contact with a surface. Therefore it is
important to understand the effects of the frictional and restoring forces
as well as a constant body force on the material. However, a general
contact region can be complex and so it is especially convenient that
several of the earlier examples, such as the trapping of fibres and soft
robot locomotion, can be approximated as point contact.

When considering a supported elastic beam, the question of when
the beam will slip through the supports and fall is often of interest. For
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example, when considering a model for a point supported or variable-
arc-length beam, the question is whether an equilibrium configuration
exists (Athisakul and Chucheepsakul, 2008; Chen et al., 2010; Plaut
et al.). The aim of this class of problem is to understand the critical
load that can be withstood by the beam before it slides off the support,
and how this depends on the location of the support.

Previous work on point-supported elastic beams has focused on
investigating the optimal positions with which to lift an elastic ca-
ble (Wang, 1990), as well as the critical weight and support span
with which to store flexible pipes or cables (Chen et al., 2010). The
two models differ from one another as the first model concerns the
lifting of a cable, equivalent to having only a nonzero vertical reaction
force, whereas the latter captures how a cable is supported, taking into
account a nonzero horizontal component of the reaction force. In either
case, the focus has often been on determining either the critical support
positioning for a given load or, for a given support positioning, the
critical load at which the beam slides off.

This system also has important practical implications. For example,
when considering the filtration of fibres that have detached from the
clothes in a washing machine or tumble-dryer, the slipping of a fibre
through the filter mesh occurs due to the action of the fluid flow
through the filter. Such a process is undesirable as this corresponds
to failure in the filter operation.

Motivated by the filtration of fibres, in this paper, we consider the
deformation of a supported elastica under an increasing body force,
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starting from a small-deformation state. We note that, for highly-
deformed fibres, the force due to an external flow will actually vary
with arc length along the fibre, since the force experienced by a fibre is
proportional to the length perpendicular to the external flow. However,
for model simplicity we will assume a uniform body force along the
length. This is sufficient to uncover the qualitative behaviour of the sys-
tem; generalizing to an arc-length-dependent force is straightforward.
We also note that the model describes the deformation of an elastic
beam that is loaded uniformly across its length with changes in load
only happening quasi-statically.

In Section 2, we present our model of the deformation of a beam
under increasing force, for the case in which the contact between
the beam and the supports is assumed to be frictionless. We study
the behaviour and load-bearing capacity of the beam, above which
the beam must slip and fall between the supports. We show that for
sufficiently close supports (supports a fraction < 1/e of the total length
of the beam apart) the system is able to support an arbitrary high
load in equilibrium — since 1/e =~ 0.37, this seems to reproduce a
result of Chen et al. (2010) but allows additional insight that may be
generalized to include friction.

In Section 3, we generalize the model to explore how frictional
forces impact the deformation and load-bearing capacity of the beam.
One complication that this introduces to the problem is that friction
allows a body to hold a range of configurations (Vella et al., 2009;
Plaut and Dillard, 2011; Plaut et al.). In Section 4 we present results
from experiments while in Section 5 we draw conclusions on our
investigation of this point-supported heavy beam.

2. A heavy beam on point supports
2.1. Model setup

We consider a beam of length 2L, placed symmetrically on two point
supports, which are set a horizontal distance 24 apart, as shown in Fig.
1. Here we will assume that the contact between the beam and the
supports is frictionless; we revisit this assumption in Section 3. The
deformation occurs under the action of a body force f per unit length,
which is intended to represent the weight of the beam; the system is
therefore referred to as the Point Supported Heavy Elastica (or PSHE)
henceforth. However, it may also represent the action of an idealized
viscous force from a uniform flow perpendicular to the beam.

The coordinates (&, ) are defined such that the point supports lie
on y = 0, and the centre of the PSHE lies at ¥ = 0. We define 0 as
the angle the tangent to the PSHE makes with the positive %-axis. The
arc length § is defined symmetrically such that § = 0 at the centre of
the PSHE, § = +§* at the two point supports, and § = +L at the two
free ends. The point supports provide a reaction force with vertical
and horizontal components, I% and R;, respectively, defined in the
directions as shown in Fig. 1. The signs here are chosen such that
when the PSHE is in the shape given by Fig. 1, both reaction forces
are positive.

Geometry relates the cartesian coordinates (%,7) to the intrinsic
coordinates (5, 0) via
ﬁ =cos 0, d_y
ds ds
We exploit the symmetry of the problem to consider only the half of
the PSHE with 0 < § < L. A vertical force balance then gives

=sin6. (1a,b)

g(fsin9+ﬁ0059) =f-Rys5(3 -5, 2
ds

where 7 and 7 are the tension and shear forces, defined to be tangent
and normal to the PSHE, respectively, and §(-) is the Dirac §-function.
A horizontal force balance gives

%(fcos@—ﬁsin&) = Ry6(3 - 5%). 3)
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PSHE —

Point supports

Fig. 1. Sketch of the setup for the point-supported heavy elastica (PSHE) of
length 2L under the action of a body force f per unit length and supported
by points located a distance 24 apart.

Finally, a moment balance gives

2
E1SS +i=0, @
where E is the Young’s modulus of the PSHE and I is the second
moment of inertia of its cross-section (see Howell et al., 2008, for
example).

These equations are to be solved subject to the following boundary
conditions. From symmetry, we require that

6(0) =0, 2(0) = 0. (5a,b)

At the contact point, we must have the following continuity condi-
tions:

33" =a, JEH =0, (6a,b)
[X]3=s+ =0, [Pls=s+ =0, (6¢,d)
[0]i_se = O, [%LA* =0, (6e,0)

where [-] denotes the jump across § = §*. Finally, at the free boundary
we have

#(L)=0, Aa(L) =0, (7a,b)
Y=o, 7)
ds

We can immediately remove the §-functions from Egs. (2) and (3)
by integrating Egs. (2) and (3) over the point support. This gives jump
conditions for 7 and 7 at the support, effectively splitting our system
over two regions: central (0 < § < §*) and overhang (§* < § < L).
Integrating (2) over 0 < § < L, using (5a), (7a,b), and A(0) = 0 (by
symmetry), we find f{ﬁ = fL. This represents a global vertical force
balance: fL is the total force on the (half) PSHE, which is balanced by
the vertical component of the reaction force from one support. Since
the contact between the PSHE and the point supports is frictionless,
we impose that 7 is continuous over the point support, i.e. [?] sgr =0
Therefore, integrating (2) over §* < § < ", we find [Al; =
—fLsec0(3%), with R; = fLtan6(s*) from (3).

Taking the half-length L to be the natural length scale, we nondi-
mensionalize by letting,

=S

§=Ls, %= Lx, $=Ly, ®
A EI ~ EI A A EI
(i) = T30, f=T51 (Re. Rp) = T3 (R.R). (9

This nondimensionalization introduces an important dimensionless pa-
rameter (in addition to the force f): the half-gap a = a/L.
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Rewriting, the system of dimensionless equations to be solved in
O0<s<s*ands* <s<1is

== =cos#, (10a)

ds

d_y =siné, (10b)

ds

di(tsin6‘+ncos0)=f, (10c)
)

i(tcosG—nsinO) =0, (104d)

ds

d?0

@ =0 (10e)
with boundary conditions

6(0) =0, x(0) =0, (11a,b)

x(s*) = a, ¥(s*) =0, (11c,d)

[x]5=5* = 0’ [y]5=5* = 0; (1 1e,f)

do

[0, =0, 5] =0 (11g,h)

[f],egr = O, [n]y_e = —f sec 6, (11,)

t(1)=0, n(l) =0, (11k,D)

d_9(1 y=0, (11m)

ds

where we have denoted 6(s*) by 6*. Note that (10) is a twelfth-order
system with the unknown s*, making it thirteenth-order; (11) provides
the thirteen boundary conditions required.

2.2. Numerical approach

To solve the two-point boundary value problem (10) with unknown
contact arc length s*, we scale both the 0 < s < s* and s* < s < 1
regions onto [0, 1] by introducing two new variables,

s s — 5"
=5 &= 1—s*"
The price of this conversion is that the relevant equations differ by
different scaling factors. To solve the full system, we therefore need
to consider separate solutions in the central and overhang regions for
each variable.

(12)

2.2.1. Force versus displacement control

There are several ways in which we can solve the problem using
the boundary value problem solver bvp4c in MATLAB, depending on
whether we imagine the force or displacement to be controlled.

Force control. The first, and arguably more intuitive, method is to
impose the force f and half-gap a, and solve for the unknown contact
arc length s*. In this case, we start by solving for small f, and then
increase f via continuation.

Displacement control. The second method is to impose the contact arc
length s* and half-gap 4, and solve for the unknown force f required
to give this solution. In this case, we start from s* close to a, solve for
f, and then increase s* > a up to s* = 1 via continuation.

It is also possible to fix f and then decrease or increase a values,
with unknown s*, again via continuation, but we do not consider this
here.

Since we are generally interested in the solutions under increasing
force, our primary interest is in the force-controlled approach. How-
ever, we shall make use of both methods to trace the system’s evolution.
An initial guess for each of the twelve variables and the remaining
unknown parameter (either s* or f, depending on the chosen control
parameter) is required by the solver. Focusing on increasing force f,
we assume the PSHE starts from a small-deformation state; this allows
us to use a small-angle approximation to provide an analytic guess for
the numerical solver.
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2.3. Small-angle approximation

We begin by assuming that the deformation angle is small, which
we know will occur for f < 1. Since the deformation of the PSHE from
the x-axis is small, we must also have that y is small. Hence, x ~ s and,
in particular, the contact arc length is approximately the same as the
half-gap, i.e. s* ~ a. We linearize the governing equations and hence
expect the other variables to scale with f. Hence, we let

0=s0, n=fi, y=1r7. 13

Expanding the system (10) and boundary conditions (11) to leading
order in f and solving the resulting (linear) system, we find the solution
(expressed in the original dimensionless variables) to be

s* ~a, (14a)
X s, (14b)
H(x) ~ 0, (140)
0<x< s,
nx)~ 4 sxss (14d)
x—1 s*<x<1,
—x3 +302s* — 1 0<x<s*
oy~ L4 7 3@ - Dx sxss (14e)
6 | —=x3 +3x2-3x+3s*? s*<x<l,
) f o =x* +62s* = x? + (s** = 125" + 65*2) 0<x<s*
yx)r —
24 | —x* +4x3 — 6x% 4+ 125*2x + (s** = 165*3 + 65*7) s* <x < 1.

(140

Using this asymptotic result, we can also find an approximation for
the contact arc length s* as follows

* “ / 2 1/2 1 “ / 2
st = [1+(y (x)) ] dx~a+ = (y' (x))” dx.
0 2 Jo
Computing this using (14f) for x < s*, we find that
" 217161151413]
~ —a' - = —a - = —a’|. 15
sratf [504“ 307 Te0® T8 Tt (15)
While the asymptotic solution (14)-(15) provides some intuitive
insight into the shape (e.g. the curvature of the central region seems to
change sign values when s* ~ 1/2, i.e. around a ~ 1/2), it is important

as a starting point for the solution of the full system (10), allowing us
to evolve from a small-deformation state where f < 1 and s* ~ a.

2.4. Results

2.4.1. Shapes of the PSHE

Typical shapes of the PSHE as the force f is increased for various
values of half-gap q, are shown in Fig. 2. As expected, the numerically
determined shapes diverge from the small-angle shapes as f increases
beyond unity.

An interesting feature shown in Fig. 2 is that the shape of the PSHE
passes through three possible phases depending on the values of both
f and a. Following the similarity of the shapes shown in Fig. 2 to the
respective letters, we refer to each shape as a ‘W, ‘m’, or ‘n’-shape. For
a = 0.8, for example, we find that the PSHE seems only to realize a u-
shape, while for a = 0.2, the PSHE seems to realize both an n-shape and
m-shape under increasing force, but not a u-shape (Fig. 2). We define
each shape concretely by considering the following two features: the
sign of the curvature at the centre of the PSHE, and the sign of the
angle at the endpoint of the PSHE. In particular, we define:

(i) u-shape: 6'(0) > 0, 6(1) > 0.
(ii) m-shape: 6'(0) > 0, 6(1) <0.
(iii) n-shape: 0'(0) <0, o(1) <0.

Fig. 2 also highlights other features of the problem. For example,
with ¢ = 0.8, as we continue to increase the value of f, numerical
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Fig. 2. Plots of the PSHE shape for various values of the half-gap, a, and increasing force, f. The dashed curves represent the small-deformation shape, y(x)/f,
or (equivalently) the shape predicted with f/ = 1 by the small-deformation theory. Solid curves show the numerically-computed shapes for: (a) a = 0.8,
log,, f = {-2,-1,0}. (b) a = 0.2, log,, f/ = {0,1,2,3,4,5}. The different shapes illustrated are referred to as ‘w’-shape (as in (a)) or ‘m’ and ‘n’-shape (as in

(b)).

solutions cease to exist for sufficiently large f. This suggests the ex-
istence of a maximum force, beyond which the PSHE cannot sustain an
equilibrium shape. In practice, we identify this with the PSHE slipping
through the supports. We also notice that the PSHE can support a much
greater force when a = 0.2 than it can when a = 0.8, which suggests that
this maximum force must also be dependent on «. In the next section,
we explore the existence and value of this maximum force, f (@), in
more detail.

2.4.2. Non-monotonicity of f

Naively, one might expect that the force, f = f,.«, needed to push
the PSHE between the two supports would correspond to the value of
f such that the entire length of the PSHE lies between the supports
(i.e. s* = 1). Treating s* as the control parameter and determining
the corresponding value of f, we see that f(s*;a) is generally non-
monotonic (Fig. 3): for f < fi. two possible solutions may exist,
one with s* < s7 . and one with s* > s* ., where 57 is defined by

it crit’?
f(s*.) = fmax- This non-monotonicity separates our solutions into two

bragghes; our interest in the deformation of a PSHE under increasing
force means we will focus on the branch with s* < s¥ . since this
branch can be accessed from the small-f asymptotic solution. This
differs from the approach of Chen et al. (2010) who considered both
solution branches.

We find that s . =1 is only realized when the half-gap a 2 0.9185,
as seen in Fig. 3 — for these values of a, f(s*;a) is monotonic. The
shapes realized through this deformation are similar to that of the u-
shapes in Fig. 2(a), except that the endpoints of the PSHE eventually
reach the supports, at which point f = f_ ...

For a = 0.4, for example, we see the shape transition from an n-shape
to a m-shape under increasing f, as seen in Fig. 2(b) for a = 0.2. This
requires a large increase in force, and the contact arc length decreases
as the transition occurs, as shown in (Fig. 3). In such cases, we find
the curve in Fig. 3 by first using force control to increase f until the
PSHE no longer realizes an n-shape, and then switching to displacement
control, increasing s*. A similar transition is realized in the s* > s*_
branch for a = 0.4, where the shape snaps from an m-shape to a u-
shape as f decreases. This is seen numerically as a jump in f, however,
since we are interested in the deformation of the PSHE under increasing
force, we do not consider this further.

We can also see from Fig. 3 that the value of f,,,, increases as the
half-gap a decreases. More surprisingly, however, for a = 0.2 we note

that it appears there is no finite f,,,,; there seems to be a critical half-
gap a, € [0.2,0.4), below which there does not exist a finite maximum
force.

2.4.3. Behaviour for large f and a < ag,

To understand the behaviour of the PSHE in the limit of large forces,
f > 1, (and to understand if there is, indeed, no maximum load f,,,
in some configurations), it is natural to rescale the forces by f, i.e. we

let
n=fN, t=fT. (16)

With this rescaling, the force and moment balance equations (10c—e)
become:

dis(Tsin6+Nc0s9)= 1, (17a)

dis(T cosf — N sinf) =0, (17b)
2

%% +N =0, 17¢)

subject to the boundary conditions (11), where (11i-1) are rescaled.
This system is now almost independent of the loading f, though we
note that in (17c¢) there is a small parameter, 1/, in front of the highest
derivative. As such, we expect a boundary layer-type solution. In this
case, from Eq. (17¢), we have N = 0 everywhere except in the boundary
layer and hence expect to have a heavy string, i.e. the catenary. This is
similar to what we see in the numerical solution for large f. We begin
by considering the outer solution.

Outer solution: the full catenary. For an outer solution, we will look at
system (17) at leading order. Eq. (17c) gives N = 0 while (17a) and
(17b) yield, respectively,

i(T sinf) =1, i(T cosd) =0. (18a,b)
ds ds

Egs. (18) can be integrated once to give

Tsinf=s—a, TcosO = p, (19a,b)

where a, § are constants of integration. Here, a corresponds to the arc
length position at which 6 = 0, which in our notation is s = 0; hence,
a = 0. We discuss the physical significance of § in due course. We note
that there are two solutions for T depending on whether we impose
boundary conditions at s = 0 or s = 1. This means we must consider
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Fig. 3. Plots of the force, f, against the contact arc length, s*, for half-gaps a = {0.2,0.4,0.5,0.6,0.8,0.9185,0.95}.

solutions in the central (i.e. 0 < s < s*) and overhang (i.e. s* < s < 1)
regions separately, which we denote by subscripts ¢ and o, respectively.
From Egs. (19), and using y(s*) = 0, we find that the shape and tension
in the central region are:

Ve = V242 —\[s* + 2, (20)
T, = Vs2+p?, (@4))

where we note that 7(0) = p. This shape corresponds to the classic
catenary, which may be seen by relating the arc length s to x, i.e.

s = fsinh <f) (22)
B
to yield
y.=p cosh<£>—cosh<g>], (23)
o0 (5) -0 5
T. = fcosh (%) . @4
For the solution in the overhang region, imposing 7(1) = 0 in

Egs. (19), gives 0,(s) = —xz/2. This is a vertically hanging chain with
solution

Yo =5 —s, (25)
T,=1-s, (26)

where we have also used the boundary condition that y(s*) = 0.

We therefore have two solutions of the problem with N = 0. These
must match at s = s*; in particular, imposing that the tension is
continuous at the support, we have

Vs 2+ p2=1-s* 27)

However, this incurs a discontinuity in 6 at the support that must be
resolved in the boundary layer (Fig. 4(a)).

Before we consider the boundary layer at s = s*, we first make some
observations about the two solutions we have just found.

First, we note that the force f does not enter into the solution
(20)-(21) and (25)-(26): when N = 0, an arbitrarily large f may be
supported in this way. (We shall see shortly that it is only possible to
find a suitable g if a < a, = 1/e, however.)

Secondly, by combining Egs. (18), and using Eq. (10b), since T(1) =
0, (11i), and T and y are both continuous over the supports, we can
write T(s) = y(s) — y(1). In particular

T(0) = y(0) — y(1), (28)

i.e. the difference in height between the centre of the PSHE, and the
end of the PSHE, is equal to the tension of the PSHE at the centre.
Since we saw from Eq. (21) that § = T(0), Eq. (28) gives us new
insight into the classic catenary solution, (20) and (21); in particular,
the physical meaning of the constant of integration  appears not to be
well known. Since combining (28) with (21) we have that g = y(0)—y(1),
one natural interpretation is that g represents the distance between the
lowest point of a catenary and the lowest point of the hanging chain
needed to support that catenary. Since the hanging chain is usually
omitted, this is not apparent: by adding the freely hanging part of the
chain, the meaning of # becomes clearer. For this reason we refer to
the combination of hanging and central portions of the chain as the
‘full catenary’.

An analytic expression for a,,. We have seen that if a value of § can
be found such that Eq. (27) is satisfied, the PSHE can withstand an
arbitrarily large force. We will determine the critical value of half-gap
that separates this case from the case in which equilibria exist only
when f < fiax-

Substituting for s* from (22), we find that g satisfies

a=—flogp. (29)
Crucially, this equation for g has solutions provided that

a< = dy. (30)

@ |~

(The right-hand-side of (29) has a maximum at f§ = 1/e.) There-
fore, the PSHE can assume this catenary-type configuration, and hence
withstand an infinite body force, provided that a < a,, = 1/e.
However, we note that the solution of (29) for g is multi-valued for
a < ay, that is, for a given value of half-gap, there are two possible
configurations that satisfy the equations: one with contact arc length
s* < s*(ay,) and the other with s* > s*(a,) (Fig. 5(a)). The existence
of two solutions is unsurprising, as previously we realized only one
solution due to our focus on solving the problem under increasing force,
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Fig. 4. (a) Sketch of the shape of the PSHE near the supports in the limit f > 1. (b) Plots of the numerically determined tension, #(s)/f, as a function of arc
length s for half-gap a = 0.36 (solid curves), for log,,(f) = {4,5,6,7}, alongside T'(s) from the outer solution (21) and (26) (dashed curve).
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Fig. 5. (a) Plot of the contact arc length, s*, in the outer solution, (22), against half-gap, a < 1/e, (29). (b) Plot of the (rescaled) potential energy, U,/ f, (32),
against half-gap, a, (29). The solid curves represent the branch of solutions with s* < s*(a,,), and dashed curves those with s* > s*(a,,). The limiting point a = 1/e

is shown by the vertical dotted line.

while the analysis above only holds for f > 1. To understand which
solution to take, we will look at the energy of both solutions, and take
the solution with less energy.

Energy and stability. The total energy of the PSHE combines the po-
tential and bending energies. In dimensional units, we have U, =
EI [Ug +U,] /L, where

1 1 2
1 do
U, = f/() ys)ds and U, = 5/0 (a) ds,

are the dimensionless potential and bending energy, respectively. Since
our outer solution only holds for large f, we have that the bending
energy U, < U,. Using the outer solutions (20) and (25), along with
the continuity of tension (27), we find

(3D

25 =1
32
7} (32)

Upa ®# Uy = f [%(s* -+ log(1 —2s*)] .
From this, we see that the branch of solution with s* < s*(a,) has lower
energy, and hence is the energetically favourable solution (Fig. 5(b)).
The outer solution with s* < s*(a,) agrees well with the numerical
solution far from the point supports (see the plot of the tension in Fig.
4(b)). However, it is inconsistent with the continuity of 6 across the
point supports, and one can see that the behaviour of the rescaled

tension, 7/ f, is dramatically different in the outer solution near the
supports than in the numerics. As mentioned earlier, this is expected
because of the small parameter multiplying the highest derivative in
(17c¢), which will give rise to a boundary layer-type solution — we now
turn to determine this.

Inner solution: behaviour close to the supports. To find the inner solution
for the behaviour of the PSHE with f > 1 close to the supports, we will
again use Egs. (17) but first rescale the spatial variables near s = s* and
then consider the leading-order system. To retain the highest derivative
in Eq. (17¢) with f > 1, we scale the spatial variables as follows:

s=s*+ V2%, x=a+ VX, y=f12y. (33)
Using these scalings, the governing Egs. (17) become, to leading order

inl/f,
dx

E =cos#, (34a)
% = sin, (34b)
%(T sinf + N cosf) =0, (34¢)
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%(T cosf — N sinf) =0, (34d)
2
% +N=0. (34e)

To match the inner solution to the outer solution in the limit f — oo,
and impose the jump condition for N and continuity of T over the
supports, we need to consider separate solutions for either side of the
support. We will denote each solution by the subscripts L and R, for
the solution to the left, (catenary) with ¢ <0, or right, (hanging chain)
with ¢ > 0, of the support, respectively. We will therefore solve the
above equations subject to the following boundary conditions:

{— -0 T, — TL_*, N, -0, 6, — 6'3 (35a,b,c)
{—> o Tp =T, Np—=0, 0g—0,. (35d,e,f)
=0 Np—N; =—sect*, Tr—-T;=0. (35g,h)
dog do, .

=0: Op—0,=0, — ——==0, 35i,
¢ R L ac ac (35i,j)

where we have the outer solution tensions and angles at the supports,
and use the shorthand (-)* = (-)(s*).

Note that T = T,* by continuity (27), in the outer solution. Solving
Egs. (34c) and (34d), subject to the given boundary conditions, we find
the solutions for T and N in terms of 6* <6, <6* and —7/2 < 0y < 6*
to be

T (0;) =T, cos (0, —0F), Tr(0g) = —T sin6bp, (36a,b)

Np(0p)=-T"sin (0, —6F), Ng(Og) = -T cos 0. (36¢,d)

Using the continuity of 7', (35h), and jump condition for N, (35g), we
can then determine the value of 6* (matching as in Fig. 4(a)). To satisfy
both conditions, we must have

tan0* = —p. 37)

Using the solutions for N, g, we can solve Eq. (34e) to find 6, r(¢; gr)»
and hence we have the following solutions for N x({; g) and Ty (¢} g):

T, =T [2tanh2 (\/T_ (+er)) - 1] , (38a)
To="T; [2tanh2 (\/T_;(gR + cR)) - 1] , (38b)
Nj = -2T" tanh (\/E (Co+ cL)) sech <\/T—c*(§L + cL)> , (38¢)
Ng = -2T" tanh (\/E (¢ +ca) ) sech (\/f (Cr + cR)) , (38d)

where we have set the constants c; g such that 6; p = 6* when{; g = 0:

¢ = arctanh [cos <%(6* - 6:))] R (39a)

T*
c

CR = \/Lr?arctanh [cos(% (0* + %))] .

Note that, since 6*+7/2 = —6*+67, our inner solution has the rotational
symmetry,

(39b)

Or(CR) — 0" = —0.(CR) + 0%, (40)

From this, we have that ¢; = —ck. Hence, we also have symmetry in
T, g and Ny g.

With the solutions for the inner region, we can now understand the
full behaviour of the PSHE in this limiting case. Our inner solution
provides a good approximation for the behaviour of the PSHE near the
point supports.

2.5. Regime diagram for the PSHE

We have seen that the behaviour of the PSHE deforming under
increasing f is dependent on the value of the half-gap a. Moreover,
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No solution

Fig. 6. Phase diagram for increasing force, f = Vi L3/(EI), against half-
gap, a = d/L. Here the phases are labelled by colour, with the grey region
representing no solution, i.e. the boundary is f = f,.. The asymptote at
a=a, =1/e is given by the dashed line.

the value and existence of a maximum force for which a solution can
be found, is also dependent on a.

We summarize when such a solution can be found for the PSHE, and
the shapes of any existing solutions, by considering a phase diagram
(Fig. 6). As discussed previously, the shape realized by the PSHE is
dependent on both f and a. In addition to allowing us to see what
happens as we change f while holding a fixed, the phase diagram
allows us to read off what happens when we change « for a fixed value
of f, therefore giving us a complete picture of the behaviour of this
PSHE problem.

For the values of a > 1/e, the relationships between f and s* in Fig.
3(a) showed the existence of a finite f,,.. This maximum corresponds
to the applied body force being sufficiently large that the PSHE slips
through the supports; when a < 1/e, the PSHE can withstand an
infinite force without slipping between the supports. Moreover, we
find numerically that the value of f,,,, increases more rapidly when
a decreases into the m-shape region (i.e. a $1/ \/3) towards a = 1/e, as
shown by the boundary curve in Fig. 6.

A PSHE under a sufficiently small fixed force f can realize all three
shapes by changing only the half-gap 4. With this result, this phase
diagram displays the robustness of this PSHE problem, since there are
several continuations one could run to get to a certain f and a value,
but the result remains the same regardless.

3. The effect of frictional forces

In the previous section, we investigated how a heavy elastic beam
suspended over two point supports behaves under an increasing body
force. Our analysis was based on the assumption that the contact
between the beam and the supports is frictionless. We found that
the critical force required to push the beam completely between the
supports (so that no equilibrium exists) is dependent on the size of the
gap between the supports: generally, this critical force increases as the
gap size reduces. While this result is intuitive, we showed that, below a
critical half-gap a,, = 1/e, the PSHE can, in fact, support an arbitrarily
large body force.

In reality, however, the PSHE will be affected by frictional forces
acting at the contact points. We expect that, with the inclusion of
friction in the model, there will be a corresponding increase in the
critical load at which the PSHE falls through: the existence of frictional
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forces should change the required global force balance and allow for
more arc length to comfortably be supported between the supports,
before falling through. We also anticipate that the inclusion of friction
may increase the critical gap width at which the PSHE can withstand
an arbitrarily large body force.

3.1. Model setup

To incorporate the effects of friction into the model, we use the same
governing equations as previously, i.e. (10). The key difference is that
friction allows for a discontinuity in the tension across the supports.
We therefore must modify the boundary conditions on the tension and
normal forces at the point supports given in (11i,j).

We impose Coulomb friction and consider a (dimensionless) fric-

tional force F,, and normal reaction force Ry, such that

~|ulRy < F, < |ulRy. (41)

Since the frictional force may be in either direction, we take a signed
friction coefficient, u. At the onset of sliding, we will have that F, =
uRy (Plaut et al.). Since our focus is on the time-independent problem,
we focus on when the beam is at the onset of sliding. We will also im-
pose a direction of friction and hold it fixed throughout the evolution,
i.e. the sign of y will remain fixed throughout the evolution.

We also note that since our focus is on finding solutions that are
on the point of sliding, i.e. F, = uRy, we will actually have a family
of solutions with —|u|Ry < F, < +|u|Ry. If |u| = 1, for example, the
PSHE could obtain any configuration between those found for u = —1
and p=1.

3.1.1. Governing equations

In the previous section, we determined the (now dimensionless)
reaction forces R, and R, by considering a global force balance over
half of the PSHE. With friction, the vertical global force balance remains
the same as in the frictionless case since we still have that n(0) = 0
by symmetry; we therefore have R, = f, which is equivalent to the
dimensional Iéﬁ as before. However, with the contact between the PSHE
and the supports now being frictional, we no longer impose that ¢ is
continuous. Instead, we have

F/x = _[t]s=s*’ RN = _[n]x=x*~ (423,]3)

We impose the friction law F, = uRy, and with R, = f, this gives

_ tan@* —p

" 1+ ptan6* I 43

X

The resulting jump conditions are

fu S

- gy = ——————— 44a,b
usin 0% + cos 0* ()=, p sin 0% + cos 0% (44a,b)

[t]s=s* =

Note that upon setting y = 0, we recover the jump conditions for the
frictionless case (11i,j).

3.2. Numerical approach

As with the frictionless case, we solve the system (10) numerically
as discussed in Section 2.2, subject to (11a-h,k-m) and the new jump
conditions (44). To do this, we provide a small-deformation solution
as our initial guess for the numerical solver. The solution remains the
same as in (14) up to leading order in f, except for #(x), which changes
due to the jump condition (44a), giving

) = {f” x <5 (45)

0 x> s*.

We will investigate the effects of such a frictional force by imposing a
value of u and holding it constant whilst increasing either f or s* via
continuation. Similarly to the frictionless case, we are interested in the
critical force needed for the PSHE to fall between the supports, as well
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as the values of the half-gap below which the PSHE can withstand an
arbitrarily large body force without slipping between the supports.

3.3. Results

3.3.1. fma and the coefficient of friction

In the frictionless case, we saw that the size (and even existence)
of a finite maximal body force, f,,., iS dependent on the half-gap a
(Fig. 3). For a 2 0.5, fy,., is determined by treating s* as the control
parameter and finding the corresponding f. However, for a < 0.5, we
first increase f via continuation until the PSHE no longer realizes an
n-shape, and then switch the control parameter to s*.

With the inclusion of friction, we see that the existence and size of
Jmax is now also dependent on the value of u (Fig. 7(a)). For example,
for a = 0.4 we are not able to find a maximum f for u > 0.25 as chosen
in Fig. 7(a). For u < 0, however, there is a finite f,,,, which increases
with u. This tells us that, by increasing the frictional force from the
supports, the PSHE is able to withstand a greater force. We also see
from Fig. 7(a) that the value of st = 8*(fmax) increases with u, and
for a given f, the contact arc length s* decreases with u.

Fig. 7(b) shows the maximum supportable force f,,, (When it exists)
as a function of a for different values of y. This plot also shows that
the value of a = a (u) — the value below which the force may
increase without ever causing slip-through — changes with x from the
frictionless value of a (4 = 0) = 1/e. When p > 0, we see that the
maximum force appears to blow up for a greater value of half-gap
a.,. This supports the expectation that frictional forces would make it
more difficult for the PSHE to slip between the supports. Conversely,
for u < 0, we see the maximum force blow up for a smaller value of
Ay

For u = 0.5, we find that there is a jump in f,,, from f .. =~ 45 to
Smax & 460 when a ~ 0.5778. For any value of f within this range, there
exists an equilibrium solution for the PSHE, however we do not see a
configuration, for any value of a4, for which f,,,, lies within this range.

We first notice a jump in f,,, for 4 > 0.47 and we see the size
of this jump increases with yu, until it becomes seemingly indefinite,
i.e. numerically we can no longer find an f,,,, when increasing f up
to 107. For u = 0.75,1, we find that there is no gradual increase in
Smax @S @ — ay, (Fig. 7(b)). Rather, when decreasing a, we see an
instantaneous change from a finite f, ., to the system being able to
support an arbitrarily large body force. This is believed to be due to
the blow-up values being in a region where the PSHE can only realize
a u-shape (i.e.a> 1/ \/5). We would always expect there to exist a finite
Jmax for a u-shape solution, whereas the mechanism for withstanding an
infinite body force relies on the overhanging ends being long enough
to support the load, i.e. an m-shape. When evolving under increasing
f, we do not see a natural transition from u-shape to m-shape for these
high a values, which could explain this instantaneous blow-up.

3.3.2. Behaviour for large f and a < a,

As friction only plays a role in the contact region, we can find both
outer and inner solutions in the limit of infinite body force for the
frictional problem, just as we did in the frictionless case. Since the
scaled governing equations remain the same as in (17), the form of the
solutions in terms of g, 0, and ¢ will remain the same as in Section 2.4.3.
However, the values of f and 6* must now depend on both a and u
because of the changes in jump conditions for t and n — compare (11i,j)
with (44).

Outer solution: the frictionally supported catenary. In the frictionless case,
recall that we found a, = 1/e by imposing continuity of T, i.e. T = T,
using the outer solutions (21) and (26). However, in the presence of
friction, T is no longer continuous, so we must instead impose that
T — T} satisfies the jump condition, (44a), for ¢/ f, i.e. we must now
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Fig. 7. (a) Plot of the force, f, against scaled excess contact arc length, s* — a, for half-gap a = 0.4. (b) Plot of the maximum force, f,,,, against half-gap, a,
where the asymptote at a = 1 /e is given by the dotted line. In both (a) and (b), results are plotted for u = {-1,-0.75,-0.5,-0.25,0,0.25,0.5,0.75, 1}, with dashed
curves representing y < 0 and solid curves u > 0. The value of f,,, for a =0.4 and x = 0, is marked by a circle in (a) and (b).

find g such that

1—s%)—1/s%2 2=_$_
( s S p sin 0% + cos 6* (46)

Unlike with the frictionless case, we cannot immediately derive from
this an equation for a, since 6* is unknown; rather, we must first look
at the inner solution to derive an equation for 6*.

Inner solution: behaviour close to the frictional supports. Whilst the condi-
tion that determines # has changed, the inner solution is still governed
by the same system of equations and boundary conditions as in (34)
and (35). Hence, we will still find the same solutions in terms of #* for
N g and Ty g, (36), only now T # T7. Using these equations in the
jump conditions for ¢t/ f and n/f, (44), we can then find 6*(8; ).

Substituting in the solutions (36), along with T, T, and 8" from
the outer solution, we find that
u—p
up+1
i.e. 0* = ¢, — arctan ff, where ¢, = arctan y is the friction angle. We
note once again that for 4 = 0 we return to the frictionless result
(37). We also note that, with the imposition of friction, we no longer
have rotational symmetry of the solutions due to the change in force
balancing.

Further, with Eq. (47) for tan 6*, we can find an equation for a(f; u).
Substituting (47) into (46) gives a transcendental equation for f(s*; p),
namely:

(I=s) =52+ 52 =—n

Eliminating s* using (22), we can reduce this to an equation for a(f; u):

tan§* =

= tan(q.’)f — arctan ﬂ), (47)

p2+1
W+l

(48)

P +1
ur+1

a=flog % L+ pu (49)

Note that, again, setting 4 = 0 returns us to the frictionless result for
a(p), see (29). As in the frictionless case, the expression a(f; 1) in Eq.
(49) is multi-valued. Hence an a. (u), the largest value of a for which
a catenary solution is possible, exists; to find it, we must solve for the
maximum that can be attained by the right-hand side of (49) as g varies
with fixed . This maximization must be done numerically. For a < a,,
the same energy argument that followed Eq. (32) in Section 2.4.3,
shows that the solution with contact arc length s* < s*(ay) is the
physically relevant one since the energy is lower than that of the other
solution.

0.95
09
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Fig. 8. Difference in height between the hanging rod’s centre and outer
edge, y(0) — y(1), as a function of friction coefficient u, for a =
{0.05,0.1,0.15,0.2,0.25,0.3,0.35}. This height difference is governed by (50) but
is affected by the dependence of f on y and a.

Finally, we note that T(0) — T(1) = g, but that now, since T is no
longer continuous over the point supports, we can no longer conclude
that this is also equal to the difference in height. With the solution for
0*, (47), the difference in height now becomes

241
§0) -3 = p— | S (50)
u>+1

This difference in height between the centre and edge of the hanging
rod is shown for a variety of a and y in Fig. 8. This shows that increasing
friction increases the height difference — a result that is physically
reasonable, but initially appears to be at odds with the ‘~’ in the right
hand side of (50), which might suggest the opposite. (The key to this
apparent contradiction is that  depends also on u.)

3.4. Apparent power-law behaviour in f,,,

Whilst the numerical results for f,,.(a; ) and a,(u) give qualitative
information, it is natural to ask how f,,, behaves as ¢ — a, from
above. Given that f,, must diverge as ¢ — a,, a natural way to
capture this is to investigate power-law relationships:

onax(@ 1) = AG0) [a = a, ()], (51
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T

Fig. 9. (a) Plot of the maximum force, f,..(a; ), against scaled half-gap, a—a,(u), for u
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{-1,-0.75,-0.5,-0.25,0,0.25,0.5}, where the dashed curves represent

results with y < 0 while solid curves represent u > 0. (b) Plot of the critical half-gap, a,(x), for which a catenary-type solution may be found as f — oo. The
prediction from the inner solution incorporating friction is given by the solid curve. The values of a, obtained from the power-law approximation are given for

u = {-1,-0.75,-0.5,-0.25,0,0.25,0.5} by the circles. The estimated values from the numerics found for u

{0.75,1} are given by the crosses, but are believed

to deviate from the analytical prediction because the corresponding values for a, lie in the region where only a u-shape can be realized (i.e. a 2 1/ \/5), as

indicated by the dashed line.

for some critical value a(u), exponent y(u), and constant A(u). (We
expect a,(u) = a,,(u), but leave this free for the moment.) To determine
these parameters, we follow Brun et al. (2016), taking the logarithm of
both sides of this equation, and then the derivative with respect to a,
to find that
dlog fuax(@ 1) _ y(w)
da S a—aw
By using the reciprocal of Eq. (52), we can find best-fit values for both
parameters y and a, using linear regression.

For example, in the frictionless case, for a near the blow-up value
a,, we find that the slope is 1/y(0) ~ —0.534, and note that 8/15 ~
0.5333, with a corresponding x-intercept of 0.368. This corresponds to
having y(0) » —15/8 and a,(0) ~ 1/e. Hence, for a near a,, we will
approximate f, .. by the following power-law:

(52)

~15/8
) (53)

Smax(@;0) = 2.5 (a e

The same procedure for each value of x4 shows the same linear trend
for (dv 108 fiax(a; wa)~' as a tends to some a.,(p). This suggests that
Smax(a@; u) follows the same power-law exponent as in (53), for each
value of y, i.e.

fmux(a; /4) = /1(/'4) [[l - a*(/l)]

We emphasize that the expression in (53) and (54) is based purely on
numerical observation; we do not understand the origin of the rational
exponent 15/8 but it is numerically robust.

Under the assumption that f,,,,(a; u) obeys the same power-law for
each value of y, we can fine tune our estimates for a,(u) such that
this holds true. We can see from Fig. 9(a) that, for y < 0.5, with a
good numerical guess for a,, the maximum force indeed seems to be
following the same power-law.

The values of a, calculated this way compare well with the values of
a at which f,. (a; u) > o0, i.e. a, (u), as estimated from the asymptotics
(49) for -1 < u < 0.5 (Fig. 9(b)). However, for u > 0.5, this
agreement breaks down, as a, is above the flip-point for these large
values of u. The inner and outer solutions we have calculated do not
take into account that the PSHE will be evolving from a u-shape under
increasing force. The two values of a,, for y = 0.75 and u = 1 were
instead estimated by running continuations in f, decreasing a until the
continuation could run for an arbitrarily large f.

58 (54)

10

4. Experiments

We performed model experiments to test two key predictions of
our modelling — the transitions between different shapes as f and a
vary and the presence of a critical a below which very large f can be
supported (though of course it is impossible to reach arbitrarily large
f experimentally).

4.1. System setup and rod fabrication

The key experimental parameter is the dimensionless body force, f.
Using our nondimensionalization of £, given in (9), the dimensionless
gravitational force on a cylindrical rod of length L and radius r is

_ 4pgL?
T ER
where p is the volumetric density, g is the acceleration due to gravity, E
is the Young’s modulus, and I = zr*/4 is the second moment of inertia

of the rod’s cross-section.

The expression in (55) shows that reaching large values of f re-
quires the fabrication of slender rods (L/r > 1) with very low Young’s
modulus but appreciable density. To do this, we fabricated cylindrical
rods of Polyvinyl Siloxane (PVS, Elite Double 32 from Zhermack) by
injecting the mixed, liquid form into cylindrical tubes using a syringe
pump and allowing the rod to cure. The rod could then be removed by
carefully pulling from one end.

The density and Young’s modulus of Elite Double 32 were measured
to be p = 1150kgm=3 and E = 8 x 10° Pa, respectively, agreeing with
previously reported values (see Box et al., 2020, for example). (While
other types of Elite Double have lower values of E, the resulting solids
were found to extend noticeably under their own weight, in contrast
to our inextensible elastica model. Similarly, they were very ‘tacky’,
making it difficult to remove from the cylindrical mould.)

The value of f was varied by changing the dimensions of the
rod used experimentally; specifically two different cylinder radii, r =
1.5mm and r = 4.5mm were used with L chosen to obtain the desired
f. To span a large range of f, we used lengths L such that log;, f =
0,1,2,3, as well as the largest attainable f = 24300.

Point-like supports were made by clamping glass capillary tubes
(2 = 1 mm) horizontally (see images in Fig. 10). To reduce the friction

, (55)
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Fig. 10. Typical experimental images showing a range of different deformed rod shapes as the body force and support-separation, f and a, are varied. In each
row, the value of f is fixed: (a) f =~ 10, (b) f = 100, (c) f =~ 1000, (d) f =~ 24300. (Note that to vary f, the rod diameter and length are varied. For scale, the

diameter of the vertical stand in each image is 1.05cm.).

between the rod and the supports, we apply oil (Johnson’s baby oil)
to the supports; experiments on planar PVS samples on larger glass
surfaces suggested a sliding angle ¢ € (5, 8)°, corresponding to a friction
coefficient u € (0.08,0.15). The distance between the two supports,
rescaled by the rod’s length, gives the corresponding value of a.

The rod is placed by hand onto the supports as symmetrically as
possible (as judged by eye) and held in place until the effects of inertia
have dispersed; in this way, the experimentalist can ‘feel’ whether the
rod is close to equilibrium before releasing it. (Releasing without this
leads to large perturbations that can destabilize scenarios for which
equilibrium is actually possible.) If the rod remains supported and
in equilibrium for a given a then the shape of deformation is noted’
(and an image captured from the side view). The gap-width «a is then
increased by 0.1 until slip-through is reached. We then introduce
smaller changes to a to determine the largest value of a (with fixed
f) for which an equilibrium state exists to two significant figures; we
denote this quantity by a,,(f).

4.2. Results

Typical experimental images are shown in Fig. 10. These demon-
strate examples of all three of the different deformed shapes as f
and a are varied. The particular shape adopted for each pair, (a, f) is
also noted in a regime diagram (Fig. 11). This is compared with the
theoretically predicted regime diagram for ¢ = 0.115. (This value of
u was obtained by comparing the maximum value of a with the a_,,
found from experiments for f = 24300. Note that this value of u lies
within the experimentally-determined range of u values.)

1 However, for small f ~ 1 it was very difficult to distinguish the assumed
shapes from the u-shape.

11

The phase diagram in Fig. 11 shows qualitatively similar behaviour
between experiments and the theoretical predictions. In particular,
shape changes occur as f and/or a are changed. Moreover, the pre-
diction that arbitrarily large f may be supported as a decreases below
a =~ 0.4 seems consistent with our experimental data. However, the
quantitative values of parameters at which these transitions occur differ
somewhat. (The most dramatic example of this seems to be the be-
haviour at f = 10 where we observe u-shapes over a significantly larger
range of a-values than is expected.) We believe these discrepancies to
be a result of the model’s assumption that the rod is slender (r/L <« 1),
which is violated for the thicker, shorter rods required to reach f ~ 10.
Nevertheless, we still see the dramatic decrease in a,,,, from a = 0.97 to
a =0.59 as f increases from 10 to 100. We also find for extremely large
f that only m-shapes are observed and the experimentally observed
value a,,, ~ 042, is close to a = 1/e as expected for this small u
experiment.

5. Conclusions

In this paper, we have investigated the problem of a point-supported
heavy elastica (PSHE) deforming under the action of a uniform, increas-
ing body force. Our study was inspired by the industrial process of the
filtration of fibres and so we sought to understand the behaviour of
such an elastic object, focusing on the critical force at which equilibria
cease to exist. We then included the effects of friction into the model
to investigate how these results change with frictional force.

We showed that the PSHE can adopt three, qualitatively different,
shapes during its deformation: depending on the size of the half-gap
and the load, u, n, and m-shapes are observed, as summarized in Fig. 6.
This is supported by the results from our experiments (Figs. 10 and
11). For a fixed half-gap a, we found the maximum force f,,, that
could be withstood by the PSHE, before it falls between the supports,
both in the absence and presence of friction (Fig. 7(b)). The value of
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Fig. 11. Phase diagram for body force, f, against half-gap, a, for u = 0.115. Here the phases are labelled by colour, with the grey region representing no solution,
i.e. the boundary is f = f,,,,. The asymptote at a = a,,(u# = 0.115) = 0.413 is given by the dashed line. The different shapes are labelled by a : n-shape, Wl : m-shape,
v : u-shape. For each f, the largest equilibrium a, a = a,,,,(f), is marked in red.

Jfmax for a given half-gap increases with the inclusion of a frictional
force, supporting the expectation that the presence of friction allows
for a heavier beam to be supported (Fig. 7(a)). The value of f,,, also
increases as a decreases, implying that the smaller the separation of the
supports, the heavier the beam that can be supported. In the context of
a fibre in a filter, this supports the intuitive notion that the finer the
filter mesh, the greater the force that can be withstood by the fibre
before slipping through. Surprisingly, however, we found that there
is a critical value of half-gap, denoted a_,(u), below which the PSHE
can support an arbitrarily large body force. Via asymptotic analysis, we
were able to determine a, for a given value of y (Fig. 9(b)). We also
found numerically that the maximum force f,,,(a; ) appears to follow
- ~15/8
the same power-law for each value of y, with fy, ~ [a— a,] as
a\ ay, (Fig. 9(a)).

The results from our PSHE provide a good foundation for further
work in modelling the microscale filtration of a fibre. This is significant
for filtration as our model suggests that to ensure no fibre of length
L > Ly, escapes the filter, a pore of size ap,. < Ly;,/e should be
chosen. Of course, our analysis assumed that the system remains left—
right symmetric — one next step would be relaxing this assumption
of symmetry. In reality, the chances of a fibre lying on a pore of
a filter with perfect symmetry is low, so one extension to consider
is asymmetric contact, to see how the critical half-gaps and forces
change if the PSHE is placed off-centre over the supports. Similarly, our
model of friction has assumed that contact with supports occurs only
at isolated points. An interesting direction for future research would
be to account for the finite radius of curvature of the supports, which
would allow for the magnitude and direction of the friction force to
vary spatially.

CRediT authorship contribution statement

Grace K. Curtis: Formal analysis, Investigation, Methodology, Writ-
ing — original draft, Writing — review & editing. Ian M. Griffiths:
Conceptualization, Formal analysis, Supervision, Writing — review &
editing. Dominic Vella: Conceptualization, Supervision, Validation,
Writing — review & editing.

12

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Acknowledgements

We are grateful for the support of a Christ Church Graduate Stu-
dentship (GKC). For the purpose of Open Access, the authors will apply
a CC BY public copyright license to any Author Accepted Manuscript
version arising from this submission.

References

Athisakul, C., Chucheepsakul, S., 2008. Effect of inclination on bending of
variable-arc-length beams subjected to uniform self-weight. Eng. Struct. 30,
902-908.

Box, F., Jacquemot, C., Adda-Bedia, M., Vella, D., 2020. Cloaking by coating: How
effectively does a thin, stiff coating hide a soft substrate? Soft Matter 16 (19),
4574-4583.

Brun, P.-T., Audoly, B., Goriely, A., Vella, D., 2016. The surprising dynamics of a chain
on a pulley: lift off and snapping. Proc. R. Soc. A: Math. Phys. Eng. Sci. 472 (2190),
20160187.

Chen, J.S., Li, H.C., Ro, W.C., 2010. Slip-through of a heavy elastica on point supports.
Int. J. Solids Struct. 47, 261-268.

Howell, P., Kozyreff, G., Ockendon, J., 2008. Applied Solid Mechanics: Approximate
Theories. Cambridge University Press.

Hu, W., Lum, G.Z., Mastrangeli, M., Sitti, M., 2018. Small-scale soft-bodied robot with
multimodal locomotion. Nature 554 (7690), 81-85.

Kolinski, J.M., Aussillous, P., Mahadevan, L., 2009. Shape and motion of a ruck in a
rug. Phys. Rev. Lett. 103 (17), 174302.

Lant, N.J., Defaye, M.M., Smith, A.J., Kechi-Okafor, C., Dean, J.R., Sheridan, K.J., 2022.
The impact of fabric conditioning products and lint filter pore size on airborne
microfiber pollution arising from tumble drying. PLoS One 17 (4), e0265912.

Miller, J.T., Su, T., Dussan V., E.B., Pabon, J., Wicks, N., Bertoldi, K., Reis, P.M., 2015a.
Buckling-induced lock-up of a slender rod injected into a horizontal cylinder. Int.
J. Solids Struct. 72, 153-164.

Miller, J.T., Su, T., Pabon, J., Wicks, N., Bertoldi, K., Reis, P.M., 2015b. Buckling of
a thin elastic rod inside a horizontal cylindrical constraint. Extr. Mech. Lett. 3,
36-44.

Plaut, R.H., Dillard, D.A., 2011. Instability of flexible strip hanging over edge of flat
frictional surface. J. Appl. Mech. Trans. ASME 78, 031011.


http://refhub.elsevier.com/S0020-7683(25)00488-3/sb1
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb1
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb1
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb1
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb1
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb2
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb2
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb2
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb2
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb2
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb3
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb3
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb3
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb3
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb3
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb4
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb4
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb4
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb5
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb5
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb5
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb6
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb6
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb6
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb7
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb7
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb7
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb8
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb8
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb8
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb8
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb8
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb9
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb9
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb9
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb9
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb9
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb10
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb10
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb10
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb10
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb10
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb11
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb11
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb11

G.K. Curtis et al.

Plaut, R.H., Dillard, D.A., Borum, A.D., Collapse of heavy cantilevered elastica with
frictional internal support. J. Appl. Mech. Trans. ASME 78, 2011.

Shepherd, R.F., Ilievski, F., Choi, W., Morin, S.A., Stokes, A.A., Mazzeo, A.D., Chen, X.,
Wang, M., Whitesides, G.M., 2011. Multigait soft robot. Proc. Natl. Acad. Sci. USA
108 (51), 20400-20403.

Vella, D., Boudaoud, A., Adda-Bedia, M., 2009. Statics and inertial dynamics of a ruck
in a rug. Phys. Rev. Lett. 103 (17), 174301.

Wang, C.Y., 1990. Lifting horizontal elastic beam at two points. J. Eng. Mech. 116,
141-151.

13

International Journal of Solids and Structures 326 (2026) 113702

Wu, S., Hong, Y., Zhao, Y., Yin, J., Zhu, Y., 2023. Caterpillar-inspired soft crawling
robot with distributed programmable thermal actuation. Sci. Adv. 9 (12), eadf8014.

Zhang, Q., Cheng, Z., Cui, C., Bao, Y., He, J., Li, Q., 2017. Analytical model for frictional
resistance between cable and saddle of suspension bridges equipped with vertical
friction plates. J. Bridg. Eng. 22, 1.

Zhang, W.M., Lu, X.F., Wang, Z.W., Liu, Z., 2021. Effect of the main cable bending
stiffness on flexural and torsional vibrations of suspension bridges: Analytical
approach. Eng. Struct. 240, 8.

Zhou, Y., Chen, S., 2019. Iterative nonlinear cable shape and force finding technique
of suspension bridges using elastic catenary configuration. J. Eng. Mech. 145.


http://refhub.elsevier.com/S0020-7683(25)00488-3/sb12
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb12
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb12
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb13
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb13
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb13
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb13
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb13
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb14
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb14
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb14
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb15
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb15
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb15
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb16
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb16
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb16
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb17
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb17
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb17
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb17
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb17
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb18
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb18
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb18
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb18
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb18
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb19
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb19
http://refhub.elsevier.com/S0020-7683(25)00488-3/sb19

	Bridging a gap: A heavy elastica between point supports
	Introduction
	A heavy beam on point supports
	Model setup
	Numerical approach
	Force versus displacement control

	Small-angle approximation
	Results
	Shapes of the PSHE
	Non-monotonicity of f
	Behaviour for large f and a≤a∞

	Regime diagram for the PSHE

	The effect of frictional forces
	Model setup
	Governing equations

	Numerical Approach
	Results
	fmax and the coefficient of friction
	Behaviour for large f and a≤a∞

	Apparent power-law behaviour in fmax

	Experiments
	System setup and rod fabrication
	Results

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


