
How (and when) can you fit examples to logic-based

hypothesis classes over infinite structures?

MICHAEL BENEDIKT, University of Oxford, UK
ALESSIO MANSUTTI, IMDEA Software Institute, Spain

We study fitting problems, sometimes called “training problems”, where given a finite sample of inputs and
outputs, the goal is to determine whether a function in a certain class can produce those outputs, exactly or
approximately, on the given inputs. We focus on the computational and descriptive complexity of fitting for
logically-defined classes in common decidable structures, like the real ordered field and Presburger arithmetic.
Our framework encompasses classes that arise in practice, including neural network classifiers.

We also study fitting for classes indexed by distributions over structures, where we learn a distribution
over elements from the statistics it induces on definable subsets; a framework that connects to learning-based
cardinality estimation in databases. In both settings, we characterize the complexity of fitting and show how
these problems can often be decided through encodings into natural query languages over the sample, while
establishing broad structural theorems based on combinatorial and model-theoretic properties.
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1 Introduction

A basic computational problem in machine learning is to fit sample inputs and outputs with a
function in a given class. There are many notions of fitting possible, depending on the loss function
used and whether the fit has to be exact or within some tolerance. For example, linear regression
involves fitting samples with a linear function minimizing the aggregate error. Here we look at
decision problems, asking if there is an exact fit for a set of input/output samples, or a fit with a
certain bound on the error. The case of exact fitting is often called the consistency problem.

Our focus will be on hypothesis classes arising from logical formulas over infinite structures. We will
first consider families of Boolean-valued functions (a.k.a. “concept classes”) defined by first-order
formulas in a decidable infinite structure. The formula’s free variables are partitioned into two
parts, the “object variables” and the “parameter variables”. By considering all instantiations of the
parameter variables, one obtains families of Boolean-valued functions via logic.

Example 1 (Rectangles). Our logic-based concept class could be the set of rectangles in the
plane with sides parallel to the axes. This class is definable by a formula 𝜙 over the structure (R, <).
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There are four “parameter variables”, 𝑦1, . . . , 𝑦4, and two “object variables”, 𝑥1 and 𝑥2. The formula 𝜙
constrains the point (𝑥1, 𝑥2) to lie inside the rectangle defined by the parameter variables:

𝜙 (𝑥1, 𝑥2 ;𝑦1, 𝑦2, 𝑦3, 𝑦4) := 𝑦1 < 𝑥1 < 𝑦2 ∧ 𝑦3 < 𝑥2 < 𝑦4.

In the exact fitting problem for this class, we have sequences, 𝑝1, . . . , 𝑝𝑛 and 𝑞1, . . . , 𝑞𝑚 , of pairs
of reals: the positive examples and negative examples. We want to know if there is a rectangle (i.e.,
an instantiation of the parameter variables) that contains each 𝑝𝑖 for 𝑖 ≤ 𝑛 and excludes each 𝑞𝑖 for
𝑖 ≤𝑚. In the approximate fitting problem, we allow 𝑘 errors, where 𝑘 is an additional input. ⊳

We also consider families of real-valued functions definable from logical formulas. A first way of
generating such families is via variable-partitioned formulas over a numerical structure, like the
reals or the integers, where for each parameter the instantiated formula defines a function.

Example 2. Suppose our real-valued hypothesis class is the set of functions whose graph is a
piecewise combination of two quadratics. This class can be constructed from a parametric function

𝑓 (𝑥 ; 𝑡, 𝑎1, 𝑏1, 𝑐1, 𝑎2, 𝑏2, 𝑐2) =
{
𝑎1 · 𝑥2 + 𝑏1 · 𝑥 + 𝑐1 if 𝑥 ≥ 𝑡

𝑎2 · 𝑥2 + 𝑏2 · 𝑥 + 𝑐2 otherwise,

where the parameter variables are the threshold 𝑡 and the coefficients of the two quadratic polyno-
mials. This hypothesis class is definable by a formula over the real ordered field (R,+, ·, <). The
exact fitting problem consists of a sequence of pairs of reals (𝑥1, 𝑦1), . . . , (𝑥𝑛, 𝑦𝑛): we wish to know
if there is an instantiation of the parameters such that 𝑓 (𝑥𝑖 ) = 𝑦𝑖 for each 𝑖 ≤ 𝑛. In the approximate
fitting problem, deviations 𝑓 (𝑥𝑖 ) ≠ 𝑦𝑖 are allowed, provided the total error across all 𝑖 ≤ 𝑛 stays
within a given tolerance 𝜖 . ⊳

A second way to obtain a real-valued hypothesis class, investigated in model theory [9, 33] and
in data management [31], is to construct a distribution class on top of a (concept or real-valued)
class. The idea is to start with a logically-defined hypothesis class over an arbitrary structure, and
consider the family of real-valued functions obtained by “randomizing” its parameters or its objects:

Example 3. Suppose our real-valued hypothesis class is parameterized by probability distributions
over the points in the plane, with each function in the class mapping axis-aligned rectangles to their
probability. The exact fitting problem will now consist of a sequence of pairs (𝑟1, 𝑝1), . . . , (𝑟𝑛, 𝑝𝑛)
where each 𝑟𝑖 is a rectangle (specified by endpoints) and 𝑝𝑖 is its desired probability. We wish to
know if there is a probability distribution on the plane that can give rectangle 𝑟𝑖 probability 𝑝𝑖 . ⊳

From the above we see that fitting problems have many variations. We will investigate two
related questions for fitting problems over logically-defined hypothesis classes:

• What is the computational complexity of exact and approximate fitting problems, in terms of
the sample size, that is, the data complexity of fitting problems?

• When can we solve fitting problems in polynomial time by evaluating a first-order query

over the sample? Informally, we search for a first-order sentence quantifying only over the
sample, expressed in the signature of the underlying structure (e.g., the real ordered field),
along with predicates for accessing the sample, such that evaluating the sentence on a sample
tells whether it is fittable. We formalize this with the notion of restricted-quantifier formula

(Definition 9) that arises from earlier work in database theory [22, 38].
For instance, we will see that the fitting problem in Example 1 can be solved via “first-order query
evaluation over the sample”. By extending this form of query evaluation with linear algebra, we
can also solve fitting problems of distribution classes. For instance, we can show tractability of the
fitting problem for Example 3 using first-order queries plus linear algebra.
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Summary of Main Contributions.We overview our contributions, leaving more fine-grained
Takeaways to the individual sections where the relevant formal definitions are in place. We formal-
ize fitting problems (exact and approximate) for logically-defined classes over infinite structures.
For many common decidable structures, we show that these fitting problems are tractable in the
size of the sample, and can be reduced to first-order query evaluation over the sample. Although our
results hold for concrete classes of interest, we provide a general property of a structure (restricted
quantifier collapse [12]) that guarantees that this tractability-via-querying result holds.

In the case of logically-defined concept classes, we compare the phenomenon of fitting by first-
order query evaluation over the sample with finite VC dimension, which characterizes efficiency in
the number of samples needed to learn to some confidence and accuracy [17]. It is well-known that,
in general, a concept class can have finite VC dimension but still have an intractable fitting problem
(see Remark 3). We find that this discrepancy is more difficult to achieve for logically-defined concept
classes: we show that any such example must come from a structure without restricted quantifier
collapse, and it cannot be an automatic structure [27].
For real-valued function classes, formed using function classes as in Example 2 or via the

randomization construction of [31] as in Example 3, we show decidability (and, often, tractability)
of fitting in important cases. In the tractable cases the algorithms use a combination of first-order
querying and linear algebra. Again, our results apply to particular function classes of interest (e.g.,
given by neural networks), but we also provide results that apply to a broad class of structures.
We also identify classes of fitting problems where tractability cannot be shown without resolving
longstanding open problems in theoretical computer science.
In studying these fitting problems, we require a mix of techniques. In some cases we use ideas

from classical model theory, such as results relating combinatorial dimensions of families and
definability of types (see UDTFS in Section 4). In other cases, fitting problems connect to core
computational questions concerning numerical structures such as Presburger arithmetic and the
real ordered field (see Section 6 and Section 7).

Organization. After preliminaries in Section 3, Section 4 establishes conditions on a structure
implying that exact and approximate fitting for definable concept classes can be solved not only in
PTIME, but via first-order queries over the sample. In Section 5 we look at automatic structures,
where fitting may be intractable for some classes, but becomes tractable when the class has finite
VC dimension. Sections 6 and 7 move to real-valued classes. Section 6 extends our analysis of
tractable fitting to hypothesis classes given by formulas over a numerical structure (i.e., a structure
whose domain is a subset of R). Section 7 covers real-valued functions arising from randomizing a
logically-defined class. We close with discussion in Section 8.

For space reasons, a number of proofs and examples are deferred to the extended version [14].

2 Related work

Our logic-based framework subsumes some standard constrained optimization problems like linear
regression, which were already known to be tractable. While such problems are often attacked by
imposing geometric conditions on the constraints and objective function, like convexity, here we
consider arbitrary parameterized families, restricting only the underlying structure. Fitting problems,
under the name of “training”, have been studied for standard neural architectures [1, 15, 26], and
also in the presence of SoftMax and other exponential activation functions [29]. Our results deal
with a different set of function classes, and our classes will fix the number of parameters that can
be set, unlike [1, 15, 26, 29]. We discuss a few of the connections of our results to prior work in this
area in Sections 4 and 6, see Remarks 6 and 8.
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Our work has close connections with embedded finite model theory which emerged from the
database theory community [10, 11, 13, 22, 36]: in fact, it can be seen as a restricted case of the
evaluation problem dealt with in embedded finite model theory, as we will explain shortly. Our
analysis of fitting using queries is in the same spirit as “in database learning”, e.g. [37]. Unlike those
works, we consider hypothesis classes that may already involve quantification over an infinite set.
And we are interested in training using queries directly on a materialized supervised sample, not
how to do composition with queries that form the sample.
The complexity of fitting has also been studied for logical formulas on finite structures, with

the focus being conjunctive queries [46]. In addition to the distinction in structures, in this prior
line of work the logical formula again varies, while in our case it is fixed. Similarly [28] defines a
learning framework allowing formulas referencing either finite or infinite structures; but the focus
is not learning parameters in a fixed formula over an infinite structure, and thus both the results
and the techniques are incomparable to ours.
Our approach to logic-based fitting problems includes distribution classes (Section 7), which

were introduced in [31], motivated by machine learning approaches to cardinality estimation in
databases. They are closely related to the “randomization of a structure” [8, 33], as explained in [3].

3 Preliminaries

3.1 Hypothesis classes and fitting problems

Definition 1 (Hypothesis classes). A hypothesis class is a set H = {𝑓𝑦 : 𝑦 ∈ 𝑌 } of real-

valued functions 𝑓𝑦 : 𝑋 → R, for some set 𝑋 , the range space. The functions in the class, also called

hypotheses, are indexed by elements of a parameter space 𝑌 .

Definition 2 (Concept classes). A concept class is a hypothesis class in which the image of all

functions is restricted to {0, 1}. One can equivalently identify the functions in the class with subsets of

the range space, i.e., a concept class C can be thought of as the set {{𝑥 ∈ 𝑋 : 𝑓 (𝑥) = 1} : 𝑓 ∈ C}.
Definition 3 (Sample). A sample is a finite collection (𝑠1, 𝑡1), . . . , (𝑠𝑛, 𝑡𝑛) of pairs from 𝑋 × R,

where the training inputs 𝑠1, . . . , 𝑠𝑛 are pairwise distinct, and 𝑡1, . . . , 𝑡𝑛 are the training outputs.

Our focus is on the following computational problem:

Definition 4 (Approximate fitting problem). The approximate fitting problem for a hypothesis

classH is the decision problem of determining, given as input a sample and a tolerance 𝜖 ≥ 0, whether
there is a hypothesis ℎ ∈ H that 𝜖-fits the sample, that is, ℎ achieves

∑𝑛
𝑖=1 |ℎ(𝑠𝑖 ) − 𝑡𝑖 | ≤ 𝜖 .

We refer to the above problem as the 𝜖-fitting problem when the tolerance 𝜖 is fixed rather than
being part of the input. The 0-fitting problem requires an exact fit of the sample, and it is thus also
called the exact fitting problem. In the case of fitting problems for concept classes, 𝜖 is a non-negative
integer, and samples are of the form (𝑠1, 𝑏1) . . . (𝑠𝑛, 𝑏𝑛), where 𝑏𝑖 ∈ {0, 1}; so, they can equivalently
be viewed as a collection {𝑠𝑖 : 𝑏𝑖 = 1} of positive examples, and {𝑠𝑖 : 𝑏𝑖 = 0} of negative examples.

Example 4 (Rectangles, again). In the concept class of rectangles from Example 1, the range
space is R2 (all points in the plane) and the parameter space is R4 (each parameter describes a
rectangle). The approximate fitting problem for this class asks, given positive 𝑆+ and negative 𝑆−
examples and a tolerance 𝜖 , if there is a rectangle 𝑅 ⊆ R2 such that | (R2 \𝑅) ∩𝑆+ | + |𝑅∩𝑆− | ≤ 𝜖 . ⊳

Remark 1. While Definition 4 uses the𝐿1 norm
∑𝑛

𝑖=1 |ℎ(𝑠𝑖 ) − 𝑡𝑖 |, all our complexity upper bounds also

hold for the 𝐿2 norm
√︁∑𝑛

𝑖=1(ℎ(𝑠𝑖 ) − 𝑡𝑖 )2 and the hinge loss
∑𝑛

𝑖=1 max(0, 1− 𝑡𝑖 ·ℎ(𝑠𝑖 )). See [14].

Fitting problems for logic-based concept classes. We are interested in approximate fitting
problems for hypothesis classes that are defined in terms of first-order predicate logic on some
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infinite structure. For concept classes, this means considering partitioned formulas, that is, formulas
𝜙 ( ®𝑥 ; ®𝑦) with free variables partitioned into object variables ®𝑥 and parameter variables ®𝑦.

Definition 5 (Definable concept class). Let𝔐 be a structure with domain𝑀 . Let 𝜙 ( ®𝑥 ; ®𝑦) be
a partitioned formula over (the vocabulary of)𝔐, with 𝑗 object variables and 𝑘 parameter variables.

Associated to 𝜙 is the concept class C𝜙 with range space𝑀 𝑗
and parameter space𝑀𝑘

, defined as

C𝜙 := { {®𝑞 ∈ 𝑀 𝑗 : 𝔐 |= 𝜙 ( ®𝑞 ; ®𝑝)} : ®𝑝 ∈ 𝑀𝑘 } .

Concept classes that are definable in terms of partitioned formulas are sometimes called definable
families. We sometimes abuse notation by abbreviating “partitioned formula” by “formula”, and
we sometimes leave the background structure𝔐 implicit. Given a formula 𝜙 ( ®𝑥 ; ®𝑦), we say that a
sample with positive examples 𝑆+ and negative examples 𝑆− is 𝜙-fittable if there is a parameter ®𝑝
such that 𝜙 ( ®𝑞 ; ®𝑝) holds for every ®𝑞 ∈ 𝑆+, and ¬𝜙 ( ®𝑞 ; ®𝑝) holds for every ®𝑞 ∈ 𝑆− .

Remark 2. Classical examples of concept classes arise as C𝜙 for suitable 𝜙 . For example, a binary

classifier given by a feedforward neural network with ReLU activations can be described by a formula

of the real ordered field (R,+, ·, <), where the inputs are objects and the weights are parameters. Our

later results (e.g., Corollary 1 and Theorem 4) will show that these families have tractable fitting.

3.2 Computational tameness assumptions on structures

To obtain complexity bounds for approximate fitting problems of definable families in the standard
Turing machine model, we need two computational assumptions about the structure on which the
formulas are defined. We write ⟨𝑤⟩ for the length of a finite word𝑤 over some finite alphabet Σ.

Assumption 1 (Effective constants). We assume that each structure𝔐 is equipped with an

(infinite) distinguished subset 𝐸 ⊆ 𝑀 of effective constants and a surjection 𝜌 : 𝐷 → 𝐸 from a set

𝐷 ⊆ Σ∗
of finite words over some alphabet Σ. We assume membership in 𝐷 is decidable in polynomial

time: given 𝑠 ∈ Σ∗
, we can check if 𝑠 ∈ 𝐷 in time polynomial in ⟨𝑠⟩.

We tacitly identify effective constants with their representations. For example, in saying that
a procedure “takes as input an effective constant 𝑐 and runs in time polynomial in the size of 𝑐”,
we mean that the procedure takes as input an 𝑠 ∈ 𝐷 such that 𝜌 (𝑠) = 𝑐 , and its running time is
polynomial in ⟨𝑠⟩. Representations extend to collections (tuples, sets, etc.) of effective constants,
by defining their size as the sum of the sizes of all elements (from 𝐷) appearing in the collection.
In fitting problems, we assume the training inputs 𝑠𝑖 are tuples of (elements in 𝐷 representing)
effective constants and the training outputs 𝑡𝑖 are rationals encoded as a pair of binary integers.
Similarly, we assume the tolerance 𝜖 to be a non-negative rational, again encoded as a pair of binary
integers. With these representations, we can now talk about the complexity of fitting:

Definition 6 (PTIME approximate fitting). A partitioned formula 𝜙 over a structure𝔐 has

PTIME approximate fitting whenever there is an algorithm for deciding the approximate fitting

problem for C𝜙 that runs in polynomial time in the size of the sample and of the tolerance.

We stress that throughout the paper we always look at the complexity of fitting problems when
formulas are fixed (the input consists only of a sample and a tolerance). In particular, our fitting
algorithms can perform any normalization on this formula (e.g., quantifier elimination) “for free”.
Note also that having PTIME approximate fitting for each partitioned formula 𝜙 ( ®𝑥 ; ®𝑦) does not
imply even decidability of the approximate fitting problem when 𝜙 is not fixed.

Assumption 2 (Fixed-formula tractable evaluation). We assume that for any first-order

formula 𝜙 (𝑥1, . . . , 𝑥𝑘 ), there is an algorithm that takes as input a 𝑘-tuple of effective constants ®𝑐 , and
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determines whether 𝜙 (®𝑐) holds in the structure, running in polynomial time in the total size of ®𝑐 . We

refer to this property of a structure as fixed-formula tractable evaluation (FFTE).

Example 5. Many commonly studied decidable structures have a natural set of effective constants
where FFTE holds. In particular, this property holds for any structure with quantifier elimination
where checking of quantifier-free formulas is tractable. Examples include the real ordered field
(R,+, ·, <), where the effective constants are the rationals, or additive natural number arithmetic
(N,+, <), also known as Presburger arithmetic, where the effective constants are all naturals. ⊳

Unless otherwise stated, we always assume that structures have effective constants and FFTE.

3.3 Combinatorial and definability properties of structures

Two model-theoretic properties will play a key role: finite VC dimension and RQC.

Definition 7 (VC dimension). We say a concept class C on range space 𝑋 shatters a finite subset
𝑆 of 𝑋 whenever, for every 𝐸 ⊆ 𝑆 , there is ℎ ∈ C such that ℎ(𝑠) = 1 for 𝑠 ∈ 𝐸 and ℎ(𝑠) = 0 for 𝑠 ∈ 𝑆 \𝐸.
The VC dimension of C is the supremum of the sizes of subsets of 𝑋 shattered by C. A concept class

has finite VC dimension whenever there is a finite bound on the sizes of sets it can shatter.

Example 6 (Rectangles have finite VC dimension). The class of rectangles from Example 1
has VC dimension 4: there is a set of size 4 that you can shatter, namely a diamond-shaped set in
the plane. However, it is rather simple to see that there is no such set of size 5. ⊳

Remark 3. Finite VC dimension does not imply a tractable fitting problem. There are effectively

presented classes with finite VC dimension which do not have PTIME fitting (under standard complexity-

theoretic assumptions), see for instance [39, Section 3], [4, Section 7].

Remark 4. Finite VC dimension is necessary and sufficient for Probably Approximately Correct

(PAC) learnability from random examples [17]. The definition of PAC learning will not be important in

our work but if a class has finite VC dimension, any fitting algorithm suffices to PAC learn. Conversely,

infinite VC dimension makes PAC learning impossible, even when not requiring an efficient algorithm.

Definition 8 (Finite VC dimension of formulas, NIP, and IP). A partitioned formula 𝜙 ( ®𝑥 ; ®𝑦)
over a structure 𝔐 is said to have finite VC dimension if the corresponding concept class C𝜙 does.

We say that a structure 𝔐 is NIP (short for “Not having the Independence Property”) when every

partitioned formula over𝔐 has finite VC dimension. Otherwise,𝔐 is said to be IP.

Example 7 (Examples ofNIP structures). Both the real ordered field and Presburger arithmetic
are NIP [45, App A]. The extension of Presburger arithmetic with the power predicate 2N := {𝑥 ∈
N : 𝑥 is a power of two}, denoted PrA(2N), is also NIP [34]. ⊳

Wementioned in the introduction that we are interested in whether we can solve fitting problems
with a first-order query that quantifies only over the elements in the sample, not over the infinite
structure. This is a special case of the notion of restricted quantifier formula from the database
literature [22, 38] which we review. Below,𝔐 is a structure with domain𝑀 and signature 𝐿.

Definition 9 (Restricted qantifier formula). Let 𝑉 be a (finite) relational signature disjoint

from 𝐿. A restricted quantifier formula (RQ formula) in the signature 𝐿 ∪𝑉 is a formula built up

inductively from (possibly quantified) first-order formulas in the signature 𝐿, via Boolean operators

and restricted quantifiers of the form ∃®𝑥 (𝑇 ( ®𝑥, ®𝑦) ∧ 𝜙 ( ®𝑥, ®𝑦)), where 𝑇 is a relation symbol from 𝑉 , ®𝑥
and ®𝑦 are tuples of variables, and 𝜙 is an RQ formula.

An embedded finite model for𝑉 over𝔐 is an interpretation of each relation in𝑉 by a finite set of
tuples in 𝔐. Let E be such a model. By expanding 𝔐 with E we obtain a structure, denoted 𝔐, E,
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for the signature 𝐿 ∪𝑉 . We say that a formula 𝜙 in this signature holds in E whenever the structure
𝔐, E satisfies 𝜙 in the usual sense, i.e.,𝔐, E |= 𝜙 . Two formulas 𝜙1 and 𝜙2 in the signature 𝐿 ∪𝑉

are equivalent over embedded finite models for𝑉 over𝔐 whenever𝔐, E |= 𝜙1 ↔ 𝜙2 holds for every
embedded finite model E for 𝑉 over𝔐. We omit “over𝔐” when clear from context.

Definition 10 (Active domain). The active domain of an embedded finite model E for 𝑉 is the

finite subset of𝑀 obtained by taking the projections of each interpretation of each relation symbol in E.
Without loss of generality, we can let RQ formulas replace restricted quantifiers with quantifiers over

the active domain ADom. For example, if 𝑉 = {𝑅(𝑥1), 𝑆 (𝑥1, 𝑥2)}, the formula ∃𝑥 ∈ ADom 𝜙 stands

for ∃𝑥 (𝑅(𝑥) ∧𝜙) ∨ ∃𝑥,𝑦 (𝑆 (𝑥,𝑦) ∧𝜙) ∨ ∃𝑥,𝑦 (𝑆 (𝑦, 𝑥) ∧𝜙). We call these active domain quantifiers.

Definition 11 (RestrictedQuantifier Collapse). We say that𝔐 has Restricted Quantifier

Collapse (“𝔐 is RQC”) whenever for every relational signature 𝑉 disjoint from 𝐿, every first-order

formula in the signature 𝐿 ∪𝑉 is equivalent, over embedded finite models for 𝑉 , to an RQ formula.

Remark 5. It is known that RQC implies NIP, see [13, Proof of Lemma 3.9].

Example 8 ((Non-)examples of RQC structures). All structures listed in Example 7 are RQC.
For PrA(2N) we give an argument in [14]. The other examples are well-known, and follow from
general model-theoretic criteria that imply RQC, like o-minimality, NFCP [23], and distality [7].
Some NIP structures are not RQC. One example is the structure on the natural numbers with

the equivalence relation 𝐸 (𝑛,𝑚) holding when the largest power of two below 𝑛 is the same as
the largest below𝑚. Note that equivalence classes of this relation are finite, but the size of classes
is unbounded. Let 𝑉 = {𝐶 (𝑥)} and consider the sentence ∃𝑥 ∀𝑦 [𝐸 (𝑥,𝑦) → 𝐶 (𝑦)] stating that 𝐶
contains an equivalence class. One can show that this is not equivalent to an RQ sentence. ⊳

4 RQ fitting for definable classes

Takeaway. We show that RQC implies PTIME approximate fitting. Via the notion of Uniform

Definability of Types over Finite Sets (UDTFS), we prove thatRQC is equivalent to “RQ fitting”—fitting

via an RQ sentence—even when restricting RQ fitting to partitioned formulas with a single parameter.

Throughout the section, let𝔐 be a structure with domain𝑀 and signature 𝐿, and𝑉 be a relational
signature disjoint from 𝐿. Our study of fitting problems for definable concept classes starts from the
following motivating example, which illustrates why RQC is a very natural notion in this context.

Example 9. Consider the partitioned formula 𝜙 (𝑥 ;𝑦) := 𝑥 < 𝑦 over the structure (R, <). Introduc-
ing two unary predicates 𝑃 and 𝑁 , to be interpreted as the sets of positive and negative examples of
an input sample, the 0-fitting problem for 𝜙 can be expressed as the following first-order sentence:

∃𝑦 (∀𝑥 (𝑃 (𝑥) → 𝜙 (𝑥,𝑦)) ∧ ∀𝑥 (𝑁 (𝑥) → ¬𝜙 (𝑥,𝑦))) .
This general pattern works for any𝜙 , with the obvious adjustments to the number of object variables
and parameter variables. But a sample is (𝑥 < 𝑦)-fittable if and only if the positive examples lie
below the negative ones, and so the problem can alternatively be encoded as the RQ sentence
∀𝑥 (𝑃 (𝑥) → ∀𝑧 (𝑁 (𝑧) → 𝑥 < 𝑧)). This sentence describes a PTIME algorithm for the 0-fitting
problem for 𝜙 : iterate through all positive examples 𝑥 and all negative ones 𝑧, checking 𝑥 < 𝑧. ⊳

Example 9 motivates the following notion:

Definition 12 (RQ fitting). Consider a partitioned formula 𝜙 (𝑥1, . . . , 𝑥 𝑗 ; ®𝑦) over 𝔐, and let

𝑉 = {𝑃, 𝑁 } be a relational signature with two 𝑗-ary relations. We say that 𝜙 has RQ fitting if there is

an RQ sentence 𝜙fit in the signature 𝐿 ∪𝑉 , with the following property: consider a finite sample 𝑆 of

positive examples 𝑆+ and negative examples 𝑆− , and let E be the embedded finite model for 𝑉 over 𝔐

that interprets 𝑃 = 𝑆+ and 𝑁 = 𝑆− . Then, 𝜙fit holds in E if and only if 𝑆 is 𝜙-fittable.
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We say that𝔐 has RQ fitting whenever every partitioned formula over𝔐 has RQ fitting.

We remark that, as with RQC (Definition 11), the notion of RQ fitting is semantic and not
algorithmic: it must hold for all finite sets 𝑆 , not only those composed of effective constants.
Recalling that we assume effective constants and FFTE, the problem of evaluating a fixed RQ

sentence on a given embedded finite model is in PTIME:

Proposition 1. Fix an RQ sentence 𝜙 in 𝐿∪𝑉 . There is a PTIME algorithm that given an embedded

finite model E for𝑉 over𝔐, decides𝔐, E |= 𝜙 . Thus, any formula withRQ fitting has PTIME 0-fitting.

By “takes as input an embedded finite model” we mean that it takes as input lists of tuples of
(representations of) effective constants from𝑀 , encoding the interpretation of the relations in 𝑉 .

We extend Proposition 1 from exact to approximate fitting, at the cost of assuming RQ fitting
for the whole structure instead of single formulas.

Theorem 1. If𝔐 has RQ fitting, then any formula over𝔐 has PTIME approximate fitting.

By definition, RQC implies RQ fitting, and so from Theorem 1 we obtain:

Corollary 1. If 𝔐 is RQC, then every formula 𝜙 over 𝔐 has RQ fitting and PTIME approximate

fitting. In particular, this holds when 𝜙 is a formula over any of the structures in Example 7.

Remark 6 (Connection to Neural Network Classifiers). Consider the family of feedforward

neural network classifiers with 𝑅𝑒𝐿𝑈 activations: a network which is supplemented with a threshold

on a distinguished output gate to produce a Boolean. If we fix the number of network weights, such a

family is definable in the real ordered field, even when the threshold is left as an additional parameter.

Corollary 1 shows that we can solve the approximate fitting problem for this family in polynomial

time in the size of the sample. For exact fitting, we can use a very basic kind of database query to

check whether the sample is fittable (Proposition 1). But note that the exponent in the polynomial time

algorithm will be proportional to the number of parameters. Similarly, the query will have as many

table aliases as there are parameters in the architecture. Thus even for moderately-sized architectures,

these results do not provide practical algorithms.

4.1 Ideas behind the proof of Theorem 1

The proof of Theorem 1 has two steps. First, we show RQ fitting for all formulas implies𝔐 is NIP.
We prove something stronger: RQ fitting for a single parameter suffices. This will be useful later.

Lemma 1. If every formula 𝜙 ( ®𝑥 ;𝑦) over𝔐 has RQ fitting, then𝔐 is NIP.

Proof idea. We assume for contradiction that 𝔐 has a partitioned formula, which we can take
to be of the form 𝜙 ( ®𝑥 ;𝑦), with infinite VC dimension. From this we construct a formula 𝛾 (®𝑧 ;𝑦)
(still with a single parameter) capturing 3-colorability: finite graphs can be encoded as samples so
that a sample is 𝛾-fittable if and only if the graph is 3-colorable. We then show that 𝛾 having RQ

fitting implies that there is an RQ sentence 𝛾 ′ over the simpler structure (Z,+, <) with additional
binary relation 𝐸 such that, on embedded finite models, 𝛾 ′ holds exactly when the graph induced
by 𝐸 is 3-colorable. This gives a contradiction: 𝛾 ′ is an RQ sentence whose 𝐿-subformulas are
quantifier-free and use only order and addition, so evaluating 𝛾 ′ on an embedded finite model is in
𝐴𝐶0, but 3-colorability is not in 𝐴𝐶0 [25]. □

In the second step, we use the fact that𝔐 is NIP and has PTIME 0-fitting to provide a PTIME
algorithm for approximate fitting. By the Shelah-Sauer lemma (Fact 1, below), NIP implies that the
number of realizable partitions of a set 𝑆 of elements in the range space—i.e., the partitions of 𝑆
into positive and negative examples that can be fitted exactly—is polynomial in the size of 𝑆 .
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Fact 1 ([43]). Let C be a concept class on range space 𝑋 and with VC dimension 𝑑 ∈ N. For every
set 𝑆 ⊆ 𝑋 of size𝑚, the set {{𝑠 ∈ 𝑆 : 𝑓 (𝑠) = 1} : 𝑓 ∈ C} has size at most

∑𝑑
𝑖=0

(
𝑚
𝑖

)
.

Fact 1 does not provide a method for constructing the realizable partitions, but we can use PTIME
0-fitting to circumvent this problem: by issuing polynomially many evaluations to RQ sentences
(in PTIME by Proposition 1) it is possible to compute all realizable partitions in polynomial time.

Lemma 2. Let C be a concept class with finite VC dimension and PTIME 0-fitting. There is a

polynomial-time algorithm for computing the realizable partitions of an input finite subset 𝑆 of 𝑋 .

Proof sketch. Let 𝑆 = {𝑠1, . . . , 𝑠𝑛}. We compute the realizable partitions of {𝑠1, . . . , 𝑠 𝑗+1} from
those of {𝑠1, . . . , 𝑠 𝑗 }: each realizable partition (𝑆+, 𝑆−) yields the two candidates (𝑆+ ∪ {𝑠 𝑗+1}, 𝑆−)
and (𝑆+, 𝑆− ∪ {𝑠 𝑗+1}), and each candidate is kept if it passes the 0-fitting test. By Fact 1, at every
step there are only polynomially many realizable partitions. □

Then, approximate fitting reduces to determining whether the smallest distance between any
realizable partition and the given sample is at most the tolerance 𝜖 , establishing Theorem 1.

4.2 The relationship between RQC and RQ fitting

RQ fitting captures the idea of being able to solve a fitting problem by evaluating an RQ sentence
over the positive and negative examples. A priori, this seems like a much weaker property than
RQC, which allows for more general queries over (arbitrary) embedded structures. Surprisingly,
this intuition turns out to be wrong: RQ fitting is equivalent to RQC, with this equivalence holding
even when RQ fitting is considered only for formulas with a single parameter variable.

Theorem 2. 𝔐 has RQ fitting ⇐⇒ every 𝜙 ( ®𝑥 ;𝑦) over𝔐 has RQ fitting ⇐⇒ 𝔐 is RQC.

Proof sketch. The interesting direction is from one-parameterRQ fitting toRQC. By Lemma 1,
one-parameter RQ fitting implies that𝔐 is NIP. We rely on a result in model theory of Chernikov
and Simon [21], showing that NIP structures have a property called “Uniform Definability of Types

over Finite Sets” (UDTFS). Formally, a partitioned formula 𝛾 ( ®𝑥 ; ®𝑦) with 𝑗 object variables and 𝑘

parameter variables has UDTFS (with respect to𝔐) whenever:
There is an 𝐿 formula 𝛿 ( ®𝑦 ; ®𝑝) such that for any finite set 𝑆 of 𝑘-tuples in 𝔐 of cardinality at

least two, for any 𝑗-tuple ®𝑥0, there is ®𝑝0 from 𝑆 such that𝔐 |= ∀®𝑦 ∈ 𝑆 𝛾 ( ®𝑥0, ®𝑦) ↔ 𝛿 ( ®𝑦, ®𝑝0).
Let 𝑉 be a relational signature disjoint from the signature 𝐿 of 𝔐. By induction on the number

of unrestricted quantifiers, we show that every first-order formula in 𝐿 ∪ 𝑉 is equivalent over
embedded finite models for𝔐 to an RQ formula. The induction step considers a formula

𝜓 (®𝑧) := ∃𝑦 𝑄1 (𝑢1) . . . 𝑄𝑘 (𝑢𝑘 ) 𝛾 (𝑦, ®𝑢, ®𝑧),
where 𝛾 is a Boolean combination of 𝐿-formulas and 𝑉 -atoms, ∃𝑦 is an unrestricted quantifier, and
each 𝑄𝑖 (𝑢𝑖 ) is an active domain quantifier (the induction hypothesis ensures we can restrict our
attention to these quantifiers). For simplicity, we restrict the proof sketch to embedded finite models
with active domain of at least two elements, and assume that𝛾 is an 𝐿-formula. We applyUDTFS on
𝛾 to get a formula 𝛿 (®𝑢 ; ®𝑝). Let 𝜂 (®𝑧, ®𝑝) := ∃𝑦 ∀𝑢1 ∈ ADom . . .∀𝑢𝑘 ∈ ADom : 𝛾 (𝑦, ®𝑢, ®𝑧) ↔ 𝛿 (®𝑢, ®𝑝).

The formula𝜓 (®𝑧) is equivalent, over embedded finite models with active domain at least two, to

∃𝑝1 ∈ ADom . . . ∃𝑝𝑟 ∈ ADom

(
𝜂 (®𝑧, ®𝑝) ∧ ∃𝑦 𝑄1 (𝑢1) . . . 𝑄𝑘 (𝑢𝑘 ) : 𝛿 (®𝑢, ®𝑝)

)
.

The variable 𝑦 does not appear in 𝛿 , and thus ∃𝑦 can be eliminated from the rightmost conjunct. It
remains to convert 𝜂 into an RQ formula. We consider the fitting problem for the one-parameter
formula 𝜂qf (®𝑢, ®𝑧, ®𝑝 ;𝑦) := (𝛾 (𝑦, ®𝑢, ®𝑧) ↔ 𝛿 (®𝑢, ®𝑝)), on positive examples only. This problem corre-
sponds to the sentence ∃𝑦 ∀ ®𝑢, ®𝑧, ®𝑝 : 𝑃 (®𝑢, ®𝑧, ®𝑝) → 𝜂qf (®𝑢, ®𝑧, ®𝑝 ;𝑦), for which we can find an equivalent
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RQ sentence 𝜒 , by the RQ fitting hypothesis. Wlog., we can assume that the variables ®𝑧 and ®𝑝 do
not occur in the sentence 𝜒 . We replace all occurrences of 𝑃 ( ®𝑤0, ®𝑤1, ®𝑤2) in 𝜒 (where ®𝑤0 and ®𝑤1 have
the same cardinality as ®𝑢 and ®𝑧, respectively) with the conjunction ADom( ®𝑤0) ∧ ®𝑤1 = ®𝑧 ∧ ®𝑤2 = ®𝑝 .
The proof concludes by showing that the resulting RQ formula is equivalent to 𝜂. □

5 PTIME fitting beyond RQC

Takeaway. We show that IP structures do not necessarily have PTIME 0-fitting (unless P = NP);

yet formulas of finite VC dimension over an automatic structure have PTIME approximate fitting.

Theorem 1 shows that RQC (equivalently, RQ fitting) suffices for PTIME approximate fitting.
Recall that the first step of the proof of this theorem shows that IP structures cannot be RQC by
showing an encoding of 3-colorability. Intuitively, this tells us that for many IP structures, there
are fitting problems that are NP-hard (although formalizing a general statement requires further
computational assumptions). A concrete example of this fact is given by Büchi arithmetic, the
expansion of Presburger arithmetic with the binary relation 𝑉2 := {(𝑥,𝑦) ∈ N2 : 𝑦 is the largest
power of 2 that divides 𝑥}. This structure is IP: the partitioned formula bit(𝑥 ;𝑦) := 𝑉2 (𝑥, 𝑥) ∧
∃𝑦1, 𝑦2 : 𝑦 = 𝑦1 +𝑥 +𝑦2 ∧𝑦1 < 𝑥 ∧ (𝑦2 = 0∨∃𝑧 : 𝑥 < 𝑧 ∧𝑉2 (𝑦2, 𝑧)) holds exactly when 𝑥 is a power
of two appearing in the binary expansion of 𝑦, and thus shatters the powers of two. It also has
FFTE and effective constants (all naturals encoded in binary); this follows from the fact that it is an
automatic structure (defined below) [18, 19]. By reduction from 3-colorability, we see that there are
formulas over Büchi arithmetic for which the 0-fitting problem is NP-hard. Moreover, we can easily
show that all formulas over Büchi arithmetic have approximate fitting problems in NP (see [14]).

Proposition 2. The approximate (and exact) fitting problem of any formula over Büchi arithmetic

is in NP. There are formulas for which the 0-fitting problem is NP-complete.

The structure PrA(2N) is a reduct of Büchi arithmetic with RQC (Example 8), and there are a
number of other reducts of Büchi arithmetic known to be RQC [13]. Consequently, we already
know that many definable concept classes over Büchi arithmetic admit PTIME approximate fitting.
By examining their automata representation, we now show that, for all definable concept classes
over Büchi arithmetic, finite VC dimension implies tractable fitting.

Automatic structures. For a sequence𝑤1, . . . ,𝑤𝑘 of finite words over an alphabet Σ, their convolu-
tion𝑤1 ⊗ · · · ⊗𝑤𝑘 is the word over the alphabet (Σ ∪ {□})𝑘 obtained by first padding each𝑤𝑖 with
a fresh symbol □ ∉ Σ to a common length, to then take the component-wise product. For instance,
for𝑤1 = 𝑎 and𝑤2 = 𝑏𝑐𝑑 , we have𝑤1 ⊗𝑤2 =

[
𝑎
𝑏

]
·
[ □
𝑐

]
·
[ □
𝑑

]
, where · denotes concatenation.

A relation 𝑅 ⊆ (Σ∗)𝑘 is regular if the language {(𝑤1⊗· · ·⊗𝑤𝑘 ) ·𝑝 : (𝑤1, . . . ,𝑤𝑘 ) ∈ 𝑅, 𝑝 ∈ {□}∗} is
regular. A relational structure𝔐 is automatic if there is a regular language 𝐷 ⊆ Σ∗ and a surjection
𝑟 : 𝐷 → 𝑀 such that, for every relation 𝑅 ⊆ 𝑀𝑘 in the structure, the relation {(𝑤1, . . . ,𝑤𝑘 ) ∈ 𝐷𝑘 :
(𝑟 (𝑤1), . . . , 𝑟 (𝑤𝑘 )) ∈ 𝑅} is regular. See [27] for an overview on automatic structures. For an
automatic structure, we take𝑀 as the set of effective constants, with 𝐷 providing their encodings.

Theorem 3. Consider a partitioned formula 𝜙 ( ®𝑥 ; ®𝑦) over an automatic structure 𝔐. If 𝜙 has finite

VC dimension, then 𝜙 has PTIME approximate fitting.

Proof. We assume a single object variable and a single parameter variable. Let A be the
minimal DFA recognizing the relation defined by 𝜙 (𝑥 ;𝑦), and 𝑄 be its set of states. Let 𝑆 =

(𝑠1, 𝑏1), . . . , (𝑠𝑛, 𝑏𝑛) be the sample and 𝜖 be the tolerance. By a pumping argument, if some parame-
ter 𝜖-fits 𝑆 , then one such parameter has an encoding of length polynomial in the size of 𝑆 . So, we
can pad examples and candidate parameters with □ to a common polynomial length ℓ .
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For 𝑘 ∈ [0..ℓ], let 𝑠𝑘𝑖 be the prefix of 𝑠𝑖 of length 𝑘 . A tuple (𝑞1, . . . , 𝑞𝑛) ∈ 𝑄𝑛 is 𝑆-reachable at 𝑘
if there is a word 𝑦 of length 𝑘 such that, for every 𝑖 ∈ [1..𝑛], A reaches 𝑞𝑖 after reading 𝑠𝑘𝑖 ⊗ 𝑦.
The algorithm computes the set of all 𝑆-reachable tuples at 𝑘 , for 𝑘 = 0, 1, . . . , ℓ . For 𝑘 = 0, the
only such tuple is (𝑞0, . . . , 𝑞0), where 𝑞0 is the initial state of A. For 𝑘 ≥ 1, the set is obtained from
the one at 𝑘 − 1 by reading one more letter. Together with each tuple, the algorithm also stores
the state reached by 𝑦 in a DFA recognizing the padded encodings of parameters (to make sure
that 𝑦 belongs to 𝐷 · □∗). Finally, it checks whether some tuple at ℓ , reached by the encoding of a
parameter, agrees with 𝑆 (in terms of accepting/rejecting states) on all but at most 𝜖 examples.
The algorithm runs in polynomial time because there are polynomially many 𝑆-reachable tuples

at each 𝑘 . To see this, for every two distinct states 𝑝, 𝑞 ∈ 𝑄 , fix a word that leads to an accepting state
from exactly one of 𝑝 and 𝑞; this word exists becauseA is minimal. Let 𝑢1 ⊗ 𝑣1, . . . , 𝑢ℎ ⊗ 𝑣ℎ be these
words; so, ℎ ≤

( |𝑄 |
2
)
. Every state 𝑞 is then uniquely determined by the set of indices 𝑗 ∈ [1..ℎ] such

that 𝑢 𝑗 ⊗ 𝑣 𝑗 leads from 𝑞 to an accepting state (this set may be empty for one state). Fix 𝑘 ∈ [0..ℓ].
Let (𝑞1, . . . , 𝑞𝑛) be the tuple reached at 𝑘 via a word 𝑦. Since (𝑠𝑘𝑖 ⊗𝑦) · (𝑢 𝑗 ⊗ 𝑣 𝑗 ) = (𝑠𝑘𝑖 ·𝑢 𝑗 ) ⊗ (𝑦 · 𝑣 𝑗 ),
the word 𝑢 𝑗 ⊗ 𝑣 𝑗 leads from 𝑞𝑖 to an accepting state if and only if A accepts (𝑠𝑘𝑖 · 𝑢 𝑗 ) ⊗ (𝑦 · 𝑣 𝑗 ).
Hence, the tuple only depends on the ℎ sets

𝑋 𝑗 (𝑦) := {𝑡 ∈ 𝑇𝑗 : A accepts 𝑡 ⊗ (𝑦 · 𝑣 𝑗 )}, where 𝑇𝑗 := {𝑠𝑘𝑖 · 𝑢 𝑗 : 𝑖 ∈ [1..𝑛]} and 𝑗 ∈ [1..ℎ] .
That is, if two words 𝑦 and 𝑦′ of length 𝑘 satisfy 𝑋 𝑗 (𝑦) = 𝑋 𝑗 (𝑦′) for every 𝑗 ∈ [1..ℎ], then they
reach the same tuple. Let C be the class of all sets {𝑡 : A accepts 𝑡 ⊗ 𝑧}, where 𝑧 ranges over words.
Since A only accepts padded encodings of pairs satisfying 𝜙 , the VC dimension of C is at most
the VC dimension 𝑑 of 𝜙 . As |𝑇𝑗 | ≤ 𝑛, Fact 1 applied to C and 𝑇𝑗 gives at most

∑𝑑
𝑖=0

(
𝑛
𝑖

)
≤ (𝑛 + 1)𝑑

choices for each 𝑋 𝑗 (𝑦). So, there are at most (𝑛 + 1)𝑑ℎ 𝑆-reachable tuples at 𝑘 , which is polynomial
in 𝑛 since 𝑑 and ℎ only depend on 𝜙 . □

Note that the converse of Theorem 3 fails: there are definable concept classes in Büchi arithmetic
with infinite VC dimension but tractable fitting: bit(𝑥 ;𝑦) can easily be seen to give such an example.

Our results leave open the question of whether NIP and FFTE alone guarantee PTIME (exact or
approximate) fitting, with Theorems 1 and 3 telling us that a counterexample to this would have to
be a structure that is neither automatic nor with RQC. One way such a NIP structure might still
have PTIME fitting is if it can be expanded into an RQC one (while retaining FFTE):

Example 10. Consider the last structure from Example 8, involving an equivalence relation on
the natural numbers with classes of unbounded finite size. As remarked there, this structure is not
RQC, and hence lacks RQ fitting by Theorem 2. However, it can be expanded to PrA(2N), which
is RQC and thus does have PTIME fitting. ⊳

Whether everyNIP structure can be expanded to beRQC is open.We note that the structure from
Example 10 can alternatively be expanded by a total order to get RQC. However, it is known [44]
that there are NIP structures that cannot be expanded to have a linear order without losing NIP,
thus we cannot hope to be able to add a total order in general. In Example 8 we recalled that
there are some broad model-theoretic properties that imply RQC, most notably distality [7, 21].
Unfortunately, it has been shown that there are NIP structures that cannot be expanded to a distal
structure [30]; but these counterexamples are still RQC.

6 Fitting for logically-defined real-valued functions

Takeaway. We move our attention to hypothesis classes given by definable real-valued functions. If

the function is “piecewise”, we show that the approximate fitting problem is tractable over many RQC
structures. Otherwise, one can readily obtain fitting problems that are sum-of-square-roots-hard.
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We now consider fitting problems for hypothesis classes of real-valued functions. As mentioned
in the introduction, such classes can be built from logic in several ways. In this section, we take the
most direct approach: definable families of functions over a numerical structure, i.e., one whose
domain is a subset of R. One can represent such a family through a partitioned formula 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦)
with variables split into object variables ®𝑥 , a single output variable 𝑧, and parameter variables ®𝑦. The
formula 𝜙 is assumed to be functional: for every parameter ®𝑦∗ and object ®𝑥∗, there is a unique 𝑧∗
such that 𝜙 ( ®𝑥∗ ; 𝑧∗ ; ®𝑦∗). We write 𝑓𝜙 for the function defined by 𝜙 , i.e., the function satisfying
𝑓𝜙 ( ®𝑥, ®𝑦) = 𝑧 ↔ 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦). The definable function class H𝑓𝜙 given by 𝑓𝜙 is the hypothesis class
containing all functions 𝑓®𝑝 := ( ®𝑥 ↦→ 𝑓𝜙 ( ®𝑥, ®𝑝)), where ®𝑝 ranges over the parameters.

Remark 7. It is easy to see that the 0-fitting problem for definable function classes trivially reduces

to the concept class case: given an input sample 𝑆 := (®𝑠1, 𝑡1), . . . , (®𝑠𝑛, 𝑡𝑛), we have
(∃®𝑦 ∑𝑛

𝑖=1 |𝑓𝜙 (®𝑠𝑖 , ®𝑦) − 𝑡𝑖 | ≤ 0) ↔ (∃®𝑦 ∧𝑛
𝑖=1 𝜙 (®𝑠𝑖 ; 𝑡𝑖 ; ®𝑦)),

and so we can alternatively solve the 0-fitting problem for 𝜙 ( ®𝑥, 𝑧 ; ®𝑦), treating 𝑆 as the set of positive

examples. In particular, by Corollary 1 this implies that for every RQC numerical structure, like the

real ordered field (R,+, ·, <) or Presburger arithmetic, definable function classes have PTIME 0-fitting.
In general, we will not obtain an analogous result for approximate fitting.

6.1 Approximate fitting for piecewise functions

Consider a formula 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦). We say that 𝑓𝜙 (and 𝜙) are piecewise whenever 𝜙 is of the form∨𝑚
𝑖=1𝜓𝑖 ( ®𝑥, ®𝑦) ∧ 𝑧 = ℓ𝑖 ( ®𝑥, ®𝑦), (1)

where the guards 𝜓1, . . . ,𝜓𝑚 form a partition of the range and parameter spaces, and each ℓ𝑖 is a
term. In this case, we say thatH𝑓𝜙 is a piecewise function class. We show that, for piecewise function
classes, the landscape of approximate fitting problems reduces to satisfiability in fixed dimension.

Lemma 3. Let 𝔐 be a numerical structure with domain 𝑀 containing the naturals, and with

signature 𝐿 containing 0, 1, +, and <, interpreted as usual. Assume𝔐 is NIP, and all its partitioned
formulas have PTIME 0-fitting. Let 𝑓𝜙 be a piecewise function given by a formula 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦) over 𝔐.

There is a polynomial-time algorithm that given as input a sample 𝑆 and a tolerance 𝜖 , computes 𝜙 ′ ( ®𝑦)
over𝔐, with the property thatH𝑓𝜙 𝜖-fits 𝑆 if and only if𝔐 |= ∃®𝑦 𝜙 ′ ( ®𝑦). If 𝜙 is quantifier-free, so is 𝜙 ′

.

Proof sketch. Let 𝜙 be as in Formula (1), and let 𝑆 = (®𝑠1, 𝑡1), . . . , (®𝑠𝑛, 𝑡𝑛) be the sample. Writing
down the definition of the approximate fitting problem, we see that it is equivalent to deciding

∃®𝑦 :
∨

𝜇 : [1..𝑛]→[1..𝑚]

(∧𝑛
𝑗=1𝜓𝜇 ( 𝑗 ) (®𝑠 𝑗 , ®𝑦) ∧ ∑𝑛

𝑗=1 |ℓ𝜇 ( 𝑗 ) (®𝑠 𝑗 , ®𝑦) − 𝑡 𝑗 | ≤ 𝜖

)
.

We show that only polynomially many pairs of a map 𝜇 and a combination of signs for the terms
inside absolute values are realized by some ®𝑦, and that these pairs can be computed in polynomial
time. For this, we add two object variables 𝑢 and 𝑣 , and consider the formula 𝜒 ( ®𝑥, 𝑧,𝑢, 𝑣 ; ®𝑦) stating
that 𝜓𝑢 ( ®𝑥, ®𝑦) holds and that 𝑣 ∈ {0, 1} encodes the sign of ℓ𝑢 ( ®𝑥, ®𝑦) − 𝑧; this is expressible since
𝑀 contains the naturals. The pairs above correspond to the realizable partitions of {(®𝑠 𝑗 , 𝑡 𝑗 , 𝑖, 𝑏) :
𝑗 ∈ [1..𝑛], 𝑖 ∈ [1..𝑚], 𝑏 ∈ {0, 1}} for 𝜒 , and we conclude by Fact 1 and Lemma 2. Therefore, the
algorithm from the statement of the lemma computes a formula 𝜙 ′ equivalent to the one above, but
with only polynomially many disjuncts and no absolute values. □

Thanks to Lemma 3, we obtain the following:

Theorem 4. The approximate fitting problem is in PTIME for every definable function class over

the real ordered group or over Presburger arithmetic. For the real ordered field, the problem is in PTIME

for every piecewise function class.
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Proof sketch. First, we note that every definable function over (R,+, <) is a piecewise func-
tion 𝑓𝜙 given by a quantifier-free formula 𝜙 from the expanded structure (R,+,−, 0, 1, { ·

𝑑
}𝑑≥2, <),

where ·
𝑑
denotes division by 𝑑 . A similar result holds for Presburger arithmetic, with respect to

the expanded structure (N,+,−, 0, 1, { ·
𝑑
}𝑑≥2, <) where ·

𝑑
is interpreted as integer division by 𝑑 (i.e.,

𝑛
𝑑
= 𝑟 if and only if 𝑟 ·𝑑 ≤ 𝑛 < (𝑟 + 1) ·𝑑). Both results ultimately follow from quantifier elimination

in these linear structures. Moreover, both structures inherit RQC and FFTE. Thus, we can restrict
our attention to piecewise functions also in the first statement of the theorem.

From RQC we conclude that all considered structures are NIP and have PTIME 0-fitting (Theo-
rem 1). Moreover, we can assume the formula 𝜙 ′ from Lemma 3 to be quantifier-free (recall from
Example 5: the real ordered field has quantifier elimination). The sentence ∃®𝑦 𝜙 ′ ( ®𝑦) in that lemma
has size polynomial in the sample and tolerance, and has a fixed number of (existential) quantifiers.
The result follows because, for both Presburger arithmetic and the real ordered field, one can solve
existential formulas in PTIME when the number of variables is fixed [35, 41]. □

Remark 8 (Connection to training problems for neural networks). We return to the

connection with feedforward networks, now moving from classifiers (as in Remark 6) to networks

without a threshold, which output a real value. As noted before, feedforward neural networks with

ReLU activation functions and a single output neuron can be encoded as piecewise functions over the

real ordered field. By Theorem 4, the approximate fitting problem for any fixed network of this kind is

in PTIME. This result also applies to the 𝐿2 norm and the hinge loss function (Remark 1).

As in Remark 6, we do not claim that these results are practical, due to an exponential dependency on

the number of parameters. Related work [5, 24] shows that approximate fitting for two-layer networks

with a single output is in PTIME when the network is fixed, and NP-complete otherwise. When the

network is not fixed and has at least two outputs, the 0-fitting problem is already ∃R-complete [1, 15].

Here, ∃R represents the complexity of the existential theory of the reals, see Definition 13 below.

6.2 Approximate fitting outside piecewise functions

The real ordered field has definable functions that are not piecewise. An example is the parameter-
free square root function given by formula sqrt(𝑥 ; 𝑧) := (𝑥 < 0 ∧ 𝑧 = 0) ∨ (𝑧 ≥ 0 ∧ 𝑧2 = 𝑥). This
function violates the piecewise property because the second disjunct contains a guard involving
the output (𝑧 ≥ 0), and an equality non-linear in 𝑧 (𝑧2 = 𝑥 instead of 𝑧 = ℓ (𝑥)). Showing PTIME
approximate fitting for sqrt would constitute a breakthrough in computational geometry, as it
would yield a PTIME algorithm for the sum-of-square-roots problem (SSR). Given non-negative
integers 𝑎1, . . . , 𝑎𝑛 encoded in binary, and a rational 𝑏, this problem asks if

∑𝑛
𝑖=1

√
𝑎𝑖 ≤ 𝑏. The

problem is not known to be in PTIME, but the best known upper bound places it in the counting
hierarchy [2]. The reduction to approximate fitting for sqrt is straightforward: simply supply the
sample (𝑎1, 0), . . . , (𝑎𝑛, 0) and the tolerance 𝑏 to this problem. Proposition 3 (stated below) shows
that, in fact, the tolerance can be fixed to any 𝜖 > 0.
While we conjecture the approximate fitting problem for the real ordered field to be in the

counting hierarchy, at the moment the best known upper bound is given by the straightforward
reduction to the existential theory of the reals.

Definition 13 (∃R). The existential theory of the reals ∃R is the closure of the satisfiability problem

for existential sentences over the real ordered field under polynomial-time many-one reductions.

The class ∃R is contained in PSPACE [41], but strictness of this containment is open [6].

Proposition 3. The approximate fitting problem of any definable function class over the real ordered

field is in ∃R. There are classes for which the 𝜖-fitting problem is SSR-hard, for every fixed 𝜖 > 0.
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Proof. Membership in ∃R is given by the reduction mentioned above. For hardness, fix 𝜖 > 0,
and let 𝑎1, . . . , 𝑎𝑛, 𝑏 be an instance of SSR. In polynomial time, compute rational approximations 𝑞𝑖
of √𝑎𝑖 from below, with an error within 𝜖

𝑛
. If

∑𝑛
𝑖=1 𝑞𝑖 < 𝑏 − 𝜖 (resp.

∑𝑛
𝑖=1 𝑞𝑖 > 𝑏), the answer is yes

(resp. no). Otherwise, decrease 𝑞1 so that
∑𝑛

𝑖=1 𝑞𝑖 = 𝑏 − 𝜖 . Then,
∑𝑛

𝑖=1 |
√
𝑎𝑖 − 𝑞𝑖 | =

∑𝑛
𝑖=1

√
𝑎𝑖 − 𝑏 + 𝜖 ,

and so sqrt 𝜖-fits the sample (𝑎1, 𝑞1), . . . , (𝑎𝑛, 𝑞𝑛) if and only if
∑𝑛

𝑖=1
√
𝑎𝑖 ≤ 𝑏. □

7 Fitting for randomized classes

Takeaway. We look at hypothesis classes formed by “randomizing” a base concept class, considering

distributions over the parameter space. If a concept class comes from an RQC structure, its randomized

class has PTIME approximate fitting; the algorithm combines RQ querying with linear algebra.

We now turn to a second natural approach to creating a real-valued hypothesis class from logic,
which works on top of an arbitrary structure. The idea, which was independently investigated in
model theory [9, 33] and in data management [31], is to “randomize a hypothesis class”. We use the
variant from [3, 31]: starting from a “base” hypothesis class we form a new real-valued hypothesis
class by looking at probability distributions.
Randomizing a concept class. Let Δ(𝐴) denote all probability distributions on a 𝜎-algebra 𝐴.

Definition 14 (Distribution class). Consider a concept class C := {𝑓𝑦 : 𝑦 ∈ 𝑌 } with range

space 𝑋 , and let 𝑌Σ be the 𝜎-algebra on 𝑌 generated by the sets 𝑃𝑥 := {𝑦 ∈ 𝑌 : 𝑓𝑦 (𝑥) = 1} for all
𝑥 ∈ 𝑋 . The distribution class of C is the (real-valued) hypothesis class DC := {ℎ𝜇 : 𝜇 ∈ Δ(𝑌Σ)} on
the same range space 𝑋 , such that each ℎ𝜇 maps 𝑥 ∈ 𝑋 to 𝜇 (𝑃𝑥 ).
Example 11. We return to Example 3. Let C be the dual of the concept class of rectangles

from Example 1: the range space is R4 (all rectangles) and the parameter space is R2 (points in the
plane). Its distribution class is parameterized by distributions 𝜇 over a 𝜎-algebra on R2. Given such
a probability distribution 𝜇, the hypothesis ℎ𝜇 maps a rectangle to its 𝜇-probability.
In the approximate fitting problem for DC , samples are sequences (®𝑠1, 𝑡1), . . . , (®𝑠𝑛, 𝑡𝑛), where

each ®𝑠𝑖 is a (representation of a) rectangle, and 𝑡𝑖 is a target probability. Given a tolerance 𝜖 ≥ 0, we
seek a distribution 𝜇 satisfying

∑𝑛
𝑖=1 |ℎ𝜇 (®𝑠𝑖 ) − 𝑡𝑖 | ≤ 𝜖 . ⊳

We remark that [31] defines the dual distribution class of a concept class by taking distributions 𝜇
on the range space 𝑋 , where each hypothesis ℎ𝜇 maps a parameter 𝑦 ∈ 𝑌 to 𝜇 ({𝑥 ∈ 𝑋 : 𝑓𝑦 (𝑥) = 1}).
For a concept class given by a partitioned formula 𝜙 ( ®𝑥 ; ®𝑦), the dual distribution class coincides with
the distribution class of the formula obtained from 𝜙 by swapping object and parameter variables.
All our results on distribution classes carry over to dual distribution classes.

7.1 Fitting problems for distribution classes

We show that when the 0-fitting problem for the underlying concept class is decidable, so is the
fitting problem for its distribution class, via a reduction from the latter to the former.

Proposition 4. Let C be a concept class given by a partitioned formula 𝜙 ( ®𝑥 ; ®𝑦). The approximate

fitting problem for the distribution class DC reduces in non-deterministic polynomial time to deciding

polynomially many instances of the 0-fitting problem for C. The instance of the fitting problem forDC
is a yes-instance if and only if all the 0-fitting problems are yes-instances.

Proof. Let (®𝑠1, 𝑡1), . . . , (®𝑠𝑛, 𝑡𝑛) be the input sample, and 𝜖 be the tolerance. The approximate
fitting problem for DC asks for a distribution 𝜇 such that

∑𝑛
𝑖=1 |𝜇 ({®𝑦 ∈ 𝑌 : 𝜙 (®𝑠𝑖 , ®𝑦)}) − 𝑡𝑖 | ≤ 𝜖 .

All that is relevant for specifying 𝜇 is its output on the finite Boolean algebra generated by the
sets {®𝑝 ∈ 𝑌 : 𝜙 (®𝑠𝑖 , ®𝑝)} for 𝑖 ∈ [1..𝑛], so it suffices to know the probability of formulas

∧𝑛
𝑖=1𝜓𝑖 (®𝑠𝑖 , ®𝑦)

where each𝜓𝑖 is either 𝜙 or its negation. There are at most 2𝑛 of these formulas. Let 𝐹 be the set
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of these formulas that are satisfiable. We write 𝐹𝑖 for the formulas in 𝐹 in which 𝜙 (®𝑠𝑖 , ®𝑦) occurs
positively. Introducing a variable 𝑥𝜓 for every formula 𝜓 ∈ 𝐹 , the approximate fitting problem
reduces to solving the following problem over the real ordered group:∑𝑛

𝑖=1 |𝑡𝑖 −
∑

𝜓 ∈𝐹𝑖𝑥𝜓 | ≤ 𝜖 ∧∑
𝜓 ∈𝐹 𝑥𝜓 = 1 ∧∧

𝜓 ∈𝐹 𝑥𝜓 ≥ 0. (2)
The main observation is that Formula (2) is severely underconstrained, and so by appealing to
Carathéodory’s theorem [20] for convex cones, one can show that if there is a solution, then there is
one where at most polynomially many variables 𝑥𝜓 are non-zero. The constraint featuring absolute
values is unproblematic when it comes to applying Carathéodory’s theorem: it can be replaced by∑𝑛

𝑖=1 𝑧𝑖 ≤ 𝜖 ∧∧𝑛
𝑖=1 (𝑦𝑖 = 𝑡𝑖 −

∑
𝜓 ∈𝐹𝑖 𝑥𝜓 ∧ 𝑦𝑖 ≤ 𝑧𝑖 ∧ −𝑦𝑖 ≤ 𝑧𝑖 ), where 𝑦𝑖 , 𝑧𝑖 are fresh variables.

The non-deterministic polynomial-time reduction simply guesses polynomially many satisfiable
formulas of the form

∧𝑛
𝑖=1𝜓𝑖 (®𝑠𝑖 , ®𝑦) described above, and solves in polynomial time the system

obtained from Formula 2 by keeping only the variables corresponding to the guessed formulas.
Each formula

∧𝑛
𝑖=1𝜓𝑖 (®𝑠𝑖 , ®𝑦) corresponds to an instance of the 0-fitting problem for C. □

It is easy to see that the 0-fitting problem for the distribution class over a concept class C is at least

as hard as the 0-fitting problem for C: for samples where the associated target probabilities are in
{0, 1}, if they can be fit by a randomized parameter, they can also be fit by a deterministic one.
Then, the corollary below follows from Proposition 2 and Proposition 4.

Corollary 2. Approximate fitting for distribution classes of formulas in Büchi arithmetic is in NP,

and there is a distribution class over Büchi arithmetic with an NP-complete 0-fitting problem.

If we assume that the concept class has finite VC dimension and PTIME 0-fitting, then its
distribution class has PTIME approximate fitting.

Theorem 5. Let 𝜙 ( ®𝑥 ; ®𝑦) be a partitioned formula with finite VC dimension and PTIME 0-fitting.
Then, the distribution class DC𝜙 has PTIME approximate fitting.

Proof. We use the same reduction outlined in the proof of Proposition 4. In that proof, 𝐹 is the
set of satisfiable conjunctions

∧𝑛
𝑖=1𝜓𝑖 (®𝑠𝑖 , ®𝑦) with𝜓𝑖 ∈ {𝜙,¬𝜙}. Such a conjunction is satisfiable if

and only if the partition of {®𝑠1, . . . , ®𝑠𝑛} it induces is 0-fitted by some hypothesis in C𝜙 . Hence 𝐹
corresponds to the realizable partitions of the sample inputs. By Lemma 2, these can be computed
in polynomial time, since C𝜙 has finite VC dimension and PTIME 0-fitting. In particular, |𝐹 | is
polynomial by Fact 1. Thus, Formula 2 has polynomially many variables. After eliminating the
absolute values as in the proof of Proposition 4, it becomes a linear program of polynomial size,
solvable in polynomial time with the ellipsoid method [42]. □

Theorem 5 allows us to lift Theorems 1 and 3, and Corollary 1, to distribution classes:

Corollary 3. If a structure𝔐 is RQC, then for any partitioned formula 𝜙 , the approximate fitting

problem for the distribution classDC𝜙 is in PTIME. The same result holds if𝔐 is an automatic structure

and 𝜙 has finite VC dimension.

7.2 Randomizing a definable function class

Thus far, we have considered two ways of creating logic-based real-valued hypothesis classes:
via formulas over a numerical structure that define functions, and by randomizing an arbitrary
logically-defined hypothesis class. It is possible to combine these approaches. Starting from a
definable function class over a numerical structure such as the reals, we “randomize the function
class” to form a new real-valued class parameterized by distributions over the parameter space.
Each distribution induces a hypothesis by taking the expected value of the underlying function
over the parameters. We formalize this construction below.
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A real-valued hypothesis class H := {𝑓𝑦 : 𝑦 ∈ 𝑌 } with range space 𝑋 is said to be bounded
whenever, for every 𝑥 ∈ 𝑋 , the set {𝑓𝑦 (𝑥) : 𝑦 ∈ 𝑌 } is included in an interval [𝑎, 𝑏] of R.

Definition 15 (Expectation class). Consider a bounded hypothesis class H := {𝑓𝑦 : 𝑦 ∈ 𝑌 }
with range space 𝑋 , and the 𝜎-algebra 𝑌Σ generated by the sets {𝑦 ∈ 𝑌 : 𝑓𝑦 (𝑥) ≤ 𝑟 } for all 𝑥 ∈ 𝑋 and

𝑟 ∈ R. The expectation class ofH is the (real-valued) hypothesis class EH := {ℎ𝜇 : 𝜇 ∈ Δ(𝑌Σ)} on the

same range space 𝑋 , such that each ℎ𝜇 maps 𝑥 ∈ 𝑋 to the expectation E𝑦∼𝜇 [𝑓𝑦 (𝑥)] :=
∫
𝑌
𝑓𝑦 (𝑥) 𝑑𝜇 (𝑦).

Note that the hypothesis thatH is bounded is both a necessary and sufficient condition for the
expectation E𝑦∼𝜇 [𝑓𝑦 (𝑥)] to be well-defined (i.e., for every 𝑥 ∈ 𝑋 , the map𝑦 ↦→ 𝑓𝑦 (𝑥) is 𝜇-integrable)
on all probability distributions 𝜇 ∈ Δ(𝑌Σ).
We can show that fitting problems are decidable for expectation classes that are built over

definable function classes over classical numerical structures:

Theorem 6. The approximate fitting problem is in NP for every expectation class over a bounded

function class over the real ordered group and over Presburger arithmetic. For expectation classes based

on the real ordered field, the problem is in ∃R.

To prove this theorem, we first reformulate the approximate fitting problem for expectation
classes to replace continuous integration with linear algebra.

Lemma 4. Let H := {𝑓𝑦 : 𝑦 ∈ 𝑌 } be a bounded hypothesis class with range space 𝑋 , 𝑆 :=
(𝑠1, 𝑡1), . . . , (𝑠𝑛, 𝑡𝑛) be a sample of pairs from 𝑋 × R, and 𝜖 be a tolerance. For 𝑖 ∈ [1..𝑛], let 𝑓𝑖 denote
the map 𝑦 ↦→ 𝑓𝑦 (𝑠𝑖 ). Then, EH 𝜖-fits 𝑆 if and only if∑𝑛

𝑖=1 |𝑡𝑖 −
∑𝑛+1

𝑗=1 𝑝 𝑗 · 𝑓𝑖 (𝑦 𝑗 ) | ≤ 𝜖 ∧ ∑𝑛+1
𝑖=1 𝑝𝑖 = 1, (3)

for some 𝑦1, . . . , 𝑦𝑛+1 ∈ 𝑌 and non-negative 𝑝1, . . . , 𝑝𝑛+1 ∈ R.

Proof. By definition, EH 𝜖-fits 𝑆 iff
∑𝑛

𝑖=1
��𝑡𝑖 −∫𝑌 𝑓𝑖 (𝑦) 𝑑𝜇 (𝑦)

�� ≤ 𝜖 for some distribution 𝜇 ∈ Δ(𝑌Σ).
Consider a distribution 𝜇 ∈ Δ(𝑌Σ). Since H is bounded, every 𝑓𝑖 is 𝜇-integrable. We now rely on

the following mean value theorem for integrals:

Fact 2 ([32]). Let 𝑓1, . . . , 𝑓𝑛 : 𝑌 → R be 𝜇-integrable functions. Then, the convex hull of the set

{(𝑓1 (𝑦), . . . , 𝑓𝑛 (𝑦)) : 𝑦 ∈ 𝑌 } ⊆ R𝑛
contains the vector

( ∫
𝑌
𝑓1 (𝑦) 𝑑𝜇 (𝑦), . . . ,

∫
𝑌
𝑓𝑛 (𝑦) 𝑑𝜇 (𝑦)

)
.

From Carathéodory’s theorem [20], any vector (𝑣1, . . . , 𝑣𝑛) ∈ R𝑛 in the convex hull of the set
𝐶 := {(𝑓1 (𝑦), . . . , 𝑓𝑛 (𝑦)) : 𝑦 ∈ 𝑌 } can be expressed as a convex combination of at most 𝑛 + 1
elements from 𝐶 , that is, (𝑣1, . . . , 𝑣𝑛) =

∑𝑛+1
𝑖=1 𝑝𝑖 · (𝑓1 (𝑦𝑖 ), . . . , 𝑓𝑛 (𝑦𝑖 )), for some 𝑦1, . . . , 𝑦𝑛+1 ∈ 𝑌 and

non-negative 𝑝1, . . . , 𝑝𝑛+1 ∈ Rwith
∑𝑛+1

𝑖=1 𝑝𝑖 = 1. Observe that this means that the converse of Fact 2
also holds: there is a probability distribution 𝜇∗ such that

(𝑣1, . . . , 𝑣𝑛) =
( ∫

𝑌
𝑓1 (𝑦) 𝑑𝜇∗ (𝑦), . . . ,

∫
𝑌
𝑓𝑛 (𝑦) 𝑑𝜇∗ (𝑦)

)
.

It is the distribution 𝜇∗ :=
∑𝑛+1

𝑖=1 𝑝𝑖 𝛿𝑦𝑖 , where 𝛿𝑦 is the Dirac measure at𝑦; that is, 𝜇∗ (𝐵) =∑
𝑖 : 𝑦𝑖 ∈𝐵 𝑝𝑖

for every 𝐵 ∈ 𝑌Σ. By Fact 2, we conclude that the fitting problem reduces to solving System 3. □

Proof of Theorem 6. The theorem refers to three structures, and we handle each separately.
Case: real ordered field. In this case, one simply encodes System 3 as an existential formula.
Case: Presburger arithmetic. The NP bound for Presburger arithmetic relies on the fact that
bounded function families on the naturals have finite range, so they are not far from concept classes.

LetH be a bounded function class definable in Presburger arithmetic. Recall that we are looking
at the approximate fitting problem for EH . Since H is bounded, the image Im(𝑓𝑖 ) ⊆ N of every
function in System 3 is finite. Note that 𝑓𝑖 only depends on 𝑠𝑖 , and by applying well-known bounds
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on the solutions to integer linear programs (see [42, Chapter 17]) one can show that the bit length
of every natural in Im(𝑓𝑖 ) is polynomial in the bit length of 𝑠𝑖 .
The NP algorithm guesses a polynomial-size natural𝑘𝑖 𝑗 for each term 𝑓𝑖 (𝑦 𝑗 ) occurring in System 3.

For each 𝑗 ∈ [1..𝑛 + 1], the algorithm solves the 0-fitting problem for H (in PTIME, by Theorem 4)
with input the sample (𝑠1, 𝑘1𝑗 ), . . . , (𝑠𝑛, 𝑘𝑛𝑗 ). This ensures the existence of a 𝑦 𝑗 ∈ 𝑌 such that
𝑓𝑖 (𝑦 𝑗 ) = 𝑘𝑖 𝑗 for all 𝑖 ∈ [1..𝑛]. Afterwards, the algorithm updates System 3, by replacing each 𝑓𝑖 (𝑦 𝑗 )
by 𝑘𝑖 𝑗 , and removing the absolute value as explained in the proof of Proposition 4. The result is a
linear program that can be solved in polynomial time.
Case: real ordered group. For obtaining an NP bound for the real ordered group, the main
challenge lies in handling the non-linear terms 𝑝 𝑗 · 𝑓𝑖 (𝑦 𝑗 ) from System 3, given that Im(𝑓𝑖 ) can
be infinite. Fix a partitioned formula 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦) from the real ordered group. We consider the
approximate fitting problem for EH𝑓𝜙

. Every function definable in the real ordered group is known
to be piecewise, and in fact, wlog., we can assume 𝜙 ( ®𝑥 ; 𝑧 ; ®𝑦) :=∨𝑚

𝑖=1 (𝜓𝑖 ( ®𝑥, ®𝑦) ∧ 𝑧 = ℓ𝑖 ( ®𝑥, ®𝑦)) to be

such that, for 𝑖 ∈ [1..𝑚],𝜓𝑖 ( ®𝑥 ; ®𝑦) := 𝐴𝑖 ·
[
®𝑥
®𝑦

]
≤ ®𝑏𝑖 ∧𝐶𝑖 ·

[
®𝑥
®𝑦

]
< ®𝑑𝑖 , where 𝐴𝑖 ,𝐶𝑖 are rational matrices,

and ®𝑏𝑖 , ®𝑑𝑖 rational vectors, and each ℓ𝑖 is a linear polynomial with rational coefficients.
Let (®𝑠1, 𝑡1), . . . , (®𝑠𝑛, 𝑡𝑛) be a sample and 𝜖 a tolerance. In System 3, wlog. we can assume 𝑝 𝑗 > 0

for every 𝑗 ∈ [1..𝑛 + 1]. Indeed, consider a solution ®𝑦∗1, . . . , ®𝑦∗𝑛+1 and 𝑝∗1, . . . , 𝑝∗𝑛+1 to System 3, and
suppose 𝑝∗𝑗 = 0 for some 𝑗 . Pick an index 𝑟 with 𝑝∗𝑟 > 0. Replace every ®𝑦∗𝑗 for which 𝑝∗𝑗 = 0 by ®𝑦∗𝑟 ,
and split the weight 𝑝∗𝑟 equally among the index 𝑟 and these indices 𝑗 . This is still a solution, as we
have not changed the sums

∑𝑛+1
𝑗=1 𝑝

∗
𝑗 · 𝑓𝑖 ( ®𝑦∗𝑗 ).

By guessing an index 𝑘𝑖 𝑗 ∈ [1..𝑚] for all (𝑖, 𝑗) ∈ [1..𝑛] × [1..𝑛 + 1], the algorithm non-
deterministically rewrites System 3 as∑𝑛

𝑖=1 |𝑡𝑖 −
∑𝑛+1

𝑗=1 𝑝 𝑗 · ℓ𝑘𝑖 𝑗 (®𝑠𝑖 , ®𝑦 𝑗 ) | ≤ 𝜖∑𝑛+1
𝑗=1 𝑝 𝑗 = 1

𝑝 𝑗 > 0 𝑗 ∈ [1..𝑛 + 1]
𝜓𝑘𝑖 𝑗 (®𝑠𝑖 , ®𝑦 𝑗 ) 𝑖 ∈ [1..𝑛], 𝑗 ∈ [1..𝑛 + 1]

(4)

I.e., the algorithm guesses which formula among𝜓1, . . . ,𝜓𝑚 the parameter ®𝑦 𝑗 satisfies, for every
object ®𝑠𝑖 in the sample. System 4 is still non-linear.
We linearize System 4 by a change of variables: for every 𝑗 ∈ [1..𝑛 + 1], we replace the vector

𝑝 𝑗 · ®𝑦 𝑗 by a vector of fresh variables ®𝑤 𝑗 . Observe that the variables 𝑝 𝑗 still appear in the system.
However, since 𝑝 𝑗 > 0, this change of variables is invertible, with ®𝑦 𝑗 = ®𝑤 𝑗/𝑝 𝑗 . For 𝑘 ∈ [1..𝑚], write
ℓ𝑘 ( ®𝑥, ®𝑦) = ®𝛼𝑘 · ®𝑥 + ®𝛽𝑘 · ®𝑦 +𝛾𝑘 . Then 𝑝 𝑗 · ℓ𝑘 (®𝑠𝑖 , ®𝑦 𝑗 ) = 𝑝 𝑗 · ( ®𝛼𝑘 · ®𝑠𝑖 +𝛾𝑘 ) + ®𝛽𝑘 · ®𝑤 𝑗 . Moreover, multiplying
the inequalities of𝜓𝑘 by 𝑝 𝑗 > 0, we see that𝜓𝑘 (®𝑠𝑖 , ®𝑦 𝑗 ) holds if and only if 𝐴𝑘 ·

(
𝑝 𝑗 ·®𝑠𝑖
®𝑤𝑗

)
≤ 𝑝 𝑗 · ®𝑏𝑘 and

𝐶𝑘 ·
(
𝑝 𝑗 ·®𝑠𝑖
®𝑤𝑗

)
< 𝑝 𝑗 · ®𝑑𝑘 . Hence, System 4 is feasible if and only if the following system is feasible:∑𝑛
𝑖=1

���𝑡𝑖 −∑𝑛+1
𝑗=1

(
𝑝 𝑗 · ( ®𝛼𝑘𝑖 𝑗 · ®𝑠𝑖 + 𝛾𝑘𝑖 𝑗 ) + ®𝛽𝑘𝑖 𝑗 · ®𝑤 𝑗

) ��� ≤ 𝜖∑𝑛+1
𝑗=1 𝑝 𝑗 = 1

𝑝 𝑗 > 0 𝑗 ∈ [1..𝑛 + 1]
𝐴𝑘𝑖 𝑗 ·

(
𝑝 𝑗 ·®𝑠𝑖
®𝑤𝑗

)
≤ 𝑝 𝑗 · ®𝑏𝑘𝑖 𝑗 ∧𝐶𝑘𝑖 𝑗 ·

(
𝑝 𝑗 ·®𝑠𝑖
®𝑤𝑗

)
< 𝑝 𝑗 · ®𝑑𝑘𝑖 𝑗 𝑖 ∈ [1..𝑛], 𝑗 ∈ [1..𝑛 + 1]

(5)

This is a linear system, in the variables 𝑝 𝑗 and ®𝑤 𝑗 (the absolute value can be removed as in the
proof of Proposition 4), and hence it is solvable in polynomial time. □
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Concept Class Exact fitting Approximate fitting

RQC structure (Presburger, real field, . . .) RQ (Corollary 1) PTIME (Corollary 1)
Büchi arithmetic, finite VC dimension PTIME (Theorem 3) PTIME (Theorem 3)
Büchi arithmetic, general NP, tight (Proposition 2) NP, tight (Proposition 2)
Definable Function Class

over (R,+, <) or (N,+, <) RQ (Remark 7) PTIME (Theorem 4)
Real ordered field, piecewise RQ (Remark 7) PTIME (Theorem 4)
Real ordered field, general RQ (Remark 7) ∃R, SSR-hard (Prop. 3)
Distribution Class

RQC structure PTIME (Corollary 3)
Büchi arithmetic, finite VC dimension PTIME (Corollary 3)
Büchi arithmetic, general NP, tight (Corollary 2)
Expectation Class

over (R,+, <) or (N,+, <) NP (Theorem 6)
Real ordered field ∃R (Theorem 6)

Table 1. Logic-based fitting problems (assuming effective constants and FFTE): a recap.

8 Discussion

Our work initiates a study of fitting problems for logic-based classes over infinite structures. Table 1
summarizes some of our results. We highlight that, for several natural examples, exact fitting
can be performed with a first-order query over the active domain of the sample—RQ entries in
the table—while approximate fitting reduces to generating polynomially many such queries. For
real-valued classes, we show that fitting is decidable for many natural classes; the algorithms often
involve equation solving in addition to querying, and tractability remains open in some cases.

For general hypothesis classes, it is known that “well-behaved sample complexity” (characterized
by finite VC dimension) and “well-behaved computational complexity of fitting” are unrelated
(Remark 3). However, our exploration of fitting problems reveals that these two are linked when
focusing on logically-defined classes. Indeed, for these classes we know no counterexample to the
question “does every NIP structure with FFTE have PTIME fitting?”, and we proved that any such
counterexample would need to come from a structure that is neither RQC nor automatic. This is
perhaps the major question we leave open. For an affirmative answer, it would suffice to show that
every NIP structure with FFTE can be expanded to have RQC while retaining FFTE.
In Table 1, all results involving the existential theory of the reals are not known to be tight.

These problems are syntactically restricted instances of the existential theory of the reals. The
reduction from the sum-of-square-roots problem to fitting for definable functions in the real field
indicates that one should not hope to prove a better bound for this problem than a fixed level of the
counting hierarchy [2]. The NP upper bounds for expectation classes over the real ordered group
and Presburger arithmetic from Section 7 are also not known to be tight.
All of our complexity results use standard bit complexity, assuming effective constants for the

samples. It would be possible to restate some results using the abstract Blum–Shub–Smale model
of computation [16, 40], but in many cases this would weaken the statements (e.g., for NP bounds).
In this work, we have only briefly explored the connection to neural network fitting problems

(e.g., [1, 5, 15, 24, 29]). In the extended version [14], we show that all our upper bounds extend to
both the 𝐿2 norm and the hinge loss function. A future direction is to examine approximate fitting
under other loss functions. Additionally, we have focused solely on decision problems in this work,
leaving open the task of finding a witness parameter. Addressing this search problem will require
further restrictions on the computation model to specify how parameters are represented.
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