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Abstract

This article describes a coordinate free approach to modelling stochas-
tic textures through the application of stochastic partial differential
equations. The intended application is that of sampling from a prior
probability density in the solution of inverse problems by Bayesian
filtering methods. In simpler cases analytical formulae for the correla-
tion functions can be derived. Such formulae can then be used to guide
parameter selection in the general case where numerical methods are
necessary.

1 Introduction

Mathematical models are studied using computer simulation in almost all
areas of applied and computational mathematics. Most such applications
require the solution of inverse problems. The large and growing literature
in areas such as weather forecasting, climate prediction and oil reservoir
forecasting is of particular interest to the authors. In these problems the
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prior information has specific geometric and visual qualities that need to
be summarised in a mathematical way. The difficulties are severe in the
geoscience applications involving complicated geometric features arising from
sedimentary and tectonic processes that affect the spatial distribution of
physical properties. However the need to summarise properties influenced
by geometric complications arises in many inverse problems. For definiteness
in the following, the focus is on the geoscience, petroleum reservoir problem.
However we hope that the ideas and literature in the discussion will be of
general interest and value.

Reservoir simulation models are widely used by oil and gas companies for
production forecasts and for making investment decisions. In order to min-
imize the mismatch between simulated and observed measurements of pro-
duction data the inverse problem, known as ‘history matching’ in petroleum
engineering, needs to be solved. The solution of the inverse problem pro-
vides an estimate of the reservoir rock parameters such as permeability and
porosity. Another approach is within a Bayesian formulation of the inverse
problem and subsequent application of an Ensemble Kalman filter or other,
more rigorous, sequential Monte Carlo method. The Ensemble Kalman Fil-
ter [7] is one of the most successful and popular approaches even though it
makes assumptions of linearity in parts of the derivation. All of the ensem-
ble methods, as does the basic Bayesian framework, require a prior to be
specified.

The focus of this article is on stochastic sampling from a prior proba-
bility distribution, in other words, the generation of realizations of reservoir
parameters based on assumptions regarding reservoir structure (geological
layers and faults), the shape of the correlation function and a set of measure-
ments made during well logging. An ensemble of such realizations serves as
input for the Monte Carlo methods mentioned above. Modelling unknown
functions in models is within the domain of spatial statistics or, as sometimes
called, ‘geostatistics’. In some cases the prior is specified as a closed form
probability density function and in other cases by a stochastic process. In this
paper we study a particular stochastic process - an elliptic stochastic partial
differential equation (SPDE) - and derive the probability density function for
special cases that are sufficient to guide the initial choice of parameters in
the prior.

There are many texts on stochastic sampling, and we only give a con-
cise overview and some selected references. A comprehensive overview of
simulation methods in geostatistics can be found in [5]. The Metropolis-
Hastings algorithm and sampling from a Langevin equation are widely used
in statistical physics [3]. The Gibbs Sampler was introduced into the image
processing literature by [11]. The distinctive feature of these methods is the
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necessity to make many iterations before the realizations are suitable for use.
However, in some methods such as the technique of sequential Gaussian sim-
ulation [5], a compromise is made and only a limited number of iterations are
performed, perhaps only one, and the realizations form only an approximate
ensemble from the target prior. In applications of geostatistics the method of
sequential Gaussian simulation has achieved great popularity. Other meth-
ods for simulation of stochastic fields include: the LU-decomposition method,
turning bands, the spectral representation method, and the Karhunen-Loève
expansion [5, 6].

Existing geostatistical algorithms for stochastic simulation require a map-
ping, called a uvt-transform, from physical to parametric space resulting in
a stratigraphic coordinate system. The parametric space can be considered
to represent a pre-deformed and pre-faulted deposition environment. This
method assumes that the property layering follows the original depositional
layering thus ignoring later geological modification by, for example, diage-
netic processes. After appropriate scaling to remove anisotropy in the corre-
lation function, the reservoir properties are modelled in stratigraphic coordi-
nates by, for example, a Gaussian stationary random field and then mapped
back into the physical space. Due to the structural complexity of geological
layers which might be twisted, pinched-out and faulted, the construction of
the stratigraphic coordinate system is very hard to archive. Existing approx-
imations of this coordinate system in many cases cause significant distortions
in the correlation distances. The major advantage of the method we propose
in this paper is that the stratigraphic coordinate system becomes unnecessary
when Markov fields are generated as solutions of stochastic partial differen-
tial equation. This is analogous to the fact that when fluid flow, or other
continuum processes are modelled in a local way, using a partial differential
equation (PDE), then a global coordinate system that follows the geometry is
unnecessary, and only a local coordinate system is required when performing
calculations.

Whittle [19] and Heine [12] introduced stochastic partial differential equa-
tions to describe random fields and numerical procedures were subsequently
developed to generate random realizations [2, 13] for stationary fields in a
parametric space. In this paper we extend this approach and propose a
method for sampling random fields directly in physical space in the presence
of geological deformations and faults. We also provide a general mathemat-
ical framework for application of stochastic elliptic PDEs to random field
generation. In particular we extend an existing method of white noise ap-
proximation and prove numerical convergence.

The paper is organized as follows. The next section provides an overview
of a general theory of stochastic elliptic PDEs. In particular, the modified
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Helmholtz equation driven by white noise and properties of its solution are
discussed. Section 3 is devoted to the boundary value problem for stochastic
PDEs and the dependency of the covariance function of its solution from the
distance to the boundary. An approximation of ‘white noise’ is presented
in Section 4 and we show that the solution of the equation with approxi-
mated white noise converges to the solution of the equation with analytical
white noise. In section 5 the method for sampling directly in physical space is
described in detail. Conditional simulation and the relation to Tikhonov reg-
ularization are discussed in section 6. Section 7 is devoted to the Biharmonic-
Helmholtz equation and correlation functions of its solutions. Finally Section
8 contains some concluding remarks and perspectives for further work.

2 Theoretical framework.

2.1 Random fields.

A collection of random variables ξ(x) ∈ L2(Ω,F , P ), x ∈ G dependent on a
vector parameter x in a region G ⊆ Rd is called a random field. We consider
real Gaussian random fields with zero mean E [ξ(x)] = 0 and finite variance
E [ξ(x)2] < ∞.

Consider the space C∞
0 (G) of infinitely differentiable functions u = u(t), t ∈

G with compact support. The linear continuous operator which maps func-
tions u ∈ C∞

0 (G) into L2(Ω,F , P )

ξ = (u, ξ), u ∈ C∞
0 (G),

is called a generalized random field. For ξ = (u, ξ) differentiation is defined
as for generalized functions, that is

Dkξ = (−1)|k|(Dku, ξ).

As an example we consider the generalized random field associated with an
ordinary random function ξ(x), x ∈ G

(u, ξ) =
∫

G
u(x)ξ(x)dx, u ∈ C∞

0 (G). (1)

Another important example is Gaussian “white noise” - the generalized ran-
dom function in G ⊆ Rd

η̇(u) =
∫

G
u(x)η(dx), u ∈ C∞

0 (G),

where η(dx) is the Gaussian orthogonal measure, that is

E [η(∆)] = 0, E [η(∆1)η(∆2)] =
∫

∆1∩∆2

dx.
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2.2 Stochastic Partial Differential Equations driven by

white noise.

Consider an elliptic partial differential equation driven by Gaussian white
noise

Lξ(u) = η̇(u), u ∈ C∞
0 (G), (2)

where L is a uniformly elliptic and formally self-adjoint differential operator

Lu =
∑

|α|,|β|≤l/2

(−1)|α|Dα[aαβ(x)Dβu], u ∈ C∞
0 (G) (3)

with smooth bounded coefficients aαβ(x), x ∈ G. In the following we shall
assume the existence of a square integrable Green’s function g(x,y) for L in
G; also we assume that

l > d/2, (4)

where l is the order of the differential operator L and d is the dimension of
the region G ⊆ Rd.

The generalized field

ξ(u) = η̇(L−1u), u ∈ C∞
0 (G)

is the unique solution of (2); if condition (4) is satisfied, than the solution of
(2) is an ordinary Gaussian random field (see [16], theorem on p.533), i.e.

ξ(x) =
∫

Rd
g(x,y)η(dy), x ∈ G, (5)

In addition, ξ(x) is a Markov random field, which intuitively means that for
any smooth surface Γ which separates G into complementary domains, what
happens inside is independent of what happens outside when conditioned by
knowledge of ξ(x) on Γ and all derivatives ξ(k)(x), x ∈ Γ, (1 ≤ k ≤ l − 1)
taken in the direction orthogonal to Γ (see [15], [16], [17] for details).

For the equation (2) we will often be using formal notation

Lξ(x) = η̇(x), x ∈ G, (6)

with the same meaning as (2). Formally η̇(x) my be interpreted as an ordi-
nary random field with

E[η̇(x)] = 0, E[η̇(x)η̇(y)] = δ(x − y)

A special case of (3) is the operator

L =
m
∑

i=0

ai∇2i. (7)
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In this special case the solution (5) is defined as the stochastic integral

ξ(x) =
∫

Rd
g(‖x − y‖)η(dy), x ∈ G, (8)

where g(‖x − y‖) is Green’s function for L, i.e. Lg(‖x − y‖) = δ(‖x − y‖).
The covariance function E [ξ(x)ξ(y)] for this zero mean Gaussian field can
be expressed as

C(‖x − y‖) =
∫

Rd
g(‖x − x0‖)g(‖y − x0‖)dx0 (9)

therefore, the field is stationary.
Note also that the covariance function (9) represents Green’s function for

the operator L2

L2C(‖x − y‖) = δ(‖x − y‖) (10)

which immediately follows from

LC(‖x − y‖) =
∫

Rd
Lg(‖x − x0‖)g(‖y − x0‖)dx0

=
∫

Rd
δ(‖x − x0‖)g(‖y − x0‖)dx0

= g(‖x − y‖).
The following theorem provides a useful tool to evaluate the covariance func-
tion from Green’s function.

Theorem 2.1. For the equation (5) with the operator defined as

am∇2m + am−1∇2m−2 + ... + a0

the covariance function satisfies the equation

C(‖x − y‖) = −∂g(‖x − y‖)
∂a0

. (11)

Proof. Writing Lξ(x) = η̇(x), we have Lg(‖x − y‖) = δ(‖x − y‖).
Differentiating both sides by a0 we obtain,

am∇2m ∂g(‖x − y‖)
∂a0

+am−1∇2m−2∂g(‖x − y‖)
∂a0

+...+a0
∂g(‖x − y‖)

∂a0

+g(‖x−y‖) = 0,

or

L
∂g(‖x − y‖)

∂a0

= −g(‖x − y‖),

therefore

L2∂g(‖x − y‖)
∂a0

= −Lg(‖x − y‖) = −δ(‖x − y‖)

From (10) we obtain (11)
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Figure 1: Correlation functions (a = 1) for d = 1, 2, 3.

2.3 Modified Helmholtz equation

The main instrument for generating random fields in the article is the mod-
ified Helmholtz equation,

−b∇2ξ(x) + ba2ξ(x) = η̇(x), x ∈ Rd. (12)

From now on, for brevity, we will simply call this equation ‘Helmholtz equa-
tion’. Green’s function, the covariance function and the correlation function
(fig. 1) for this equation are: for d = 1

G(r) =
e−ar

2ab
, C(r) =

(1 + ar)e−ar

4a3b2
, ρ(r) = (1 + ar)e−ar;

for d = 2

G(r) =
1

2πb
K0(ar), C(r) =

ar

4πb2a2
K1(ar), ρ(r) = ar · K1(ar);

where the K’s are the modified Bessel functions of the second kind; for d = 3

G(r) =
e−ar

4πbr
, C(r) =

e−ar

8πab2
, ρ(r) = e−ar.

3 Boundary value problems and distortion of

the random field near the boundary.

If we are to use SPDE to generate samples from a prior on a finite domain
then we must apply some boundary conditions. Of course, this is true what-
ever method we use to generate the random fields but when using an SPDE,
at least in the elliptic case studied here, one has to be quite explicit about
such conditions. If we were to frame the problem in a variational setting the
question of boundary conditions would be somewhat hidden but we would
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in fact be using the natural boundary conditions implied by the variational
principle. In this section we are primarily concerned with showing what hap-
pens when one uses homogeneous Dirichlet or Neumann conditions. We will
show that such conditions distort the correlation structure. Depending upon
the intended application this might be a source of difficulty. As the domains
are generally complicated and even non-convex the use of periodic conditions
is not generally possible, and anyway would introduce correlation artefacts
that could be harmful to the results. We discuss a practical approach at the
end of this section.

The solution for the boundary value problem for equation (12) may be
represented as

u(x) =
∫

G
g(x,y)η(dy) −

∫

∂G

[

u(z)
∂g(x, z)

∂ν
− ∂u(z)

∂ν
g(x, z)

]

dz (13)

where Green’s function

g(x,y) = g∗(‖x − y‖) + υ(x,y), (14)

and g∗(‖x − y‖) is the fundamental solution for the differential operator L,
and

Lυ(x,y) = 0, x ∈ G,

υ(x,y) = −g∗(‖x − y‖), x ∈ ∂G.

In order to generate realizations of a random field specified by such an
SPDE we have to solve a boundary value problem in the given domain. For
this reason we investigate the effect of the boundary on the random field and
its covariance function. From (13) we note that homogeneous Dirichlet or
Neumann boundary conditions allow one to construct a zero mean Gaussian
random field with the covariance function

C(x,y) =
∫

G
g(x,x0)g(y,x0)dx0. (15)

In contrast with equation (9) for the infinite domain, the covariance function
can be non-stationary even for the Helmholtz equation when the domain is
finite.

If the correlation distance is significantly shorter than the diameter of the
domain G, which for the Helmholtz equation (12) means that,

dcorr(a) =
∫ +∞

0
ρa(r)dr << diamG, (16)

we can still assume that the correlation function (15) has approximately the
same value as in the infinite domain case specified by equation (9). This
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is valid only when points are taken away from the boundary. In order to
estimate the difference between (15) and (9) near the boundary (which we
will call “the distortion of the correlation function”) we consider a half space
domain x ∈ R3, 0 ≤ x < ∞ with a

1. Dirichlet boundary condition u(x) = 0 at x = 0
Green’s function is:

g(x, y, z, ξ, η, ζ) = g∗(x − ξ, y − η, z − ζ) − g∗(x + ξ, y − η, z − ζ)

where g∗(x − ξ, y − η, z − ζ) is the fundamental solution of (2); and with a
2. Neumann boundary condition ∂xu(x) = 0 at x = 0
Green’s function is:

g(x, y, z, ξ, η, ζ) = g∗(x − ξ, y − η, z − ζ) + g∗(x + ξ, y − η, z − ζ)

In general the covariance between two points (x, y, z) and (x + ∆x, y, z) is

C(x, y, z, x + ∆x, y, z) =
∫ +∞

0

∫ +∞

−∞

∫ +∞

−∞
g(x, y, z, ξ, η, ζ)g(x + ∆x, y, z, ξ, η, ζ)dξdηdζ.

With the Dirichlet boundary condition the covariance function is

C(x, y, z, x + ∆x, y, z) =
∫ +∞

0

∫ +∞

−∞

∫ +∞

−∞
g∗(x, y, z, ξ, η, ζ)g∗(x + ∆x, y, z, ξ, η, ζ) −

g∗(x, y, z,−ξ, η, ζ)g∗(x + ∆x, y, z, ξ, η, ζ) −
g∗(x, y, z, ξ, η, ζ)g∗(x + ∆x, y, z,−ξ, η, ζ) +

g∗(x, y, z,−ξ, η, ζ)g∗(x + ∆x, y, z,−ξ, η, ζ)dξdηdζ =
∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
g∗(x, y, z, ξ, η, ζ)g∗(x + ∆x, y, z, ξ, η, ζ)dξdηdζ −

∫ +∞

0

∫ +∞

−∞

∫ +∞

−∞
g∗(x, y, z,−ξ, η, ζ)g∗(x + ∆x, y, z, ξ, η, ζ) +

g∗(x, y, z, ξ, η, ζ)g∗(x + ∆x, y, z,−ξ, η, ζ)dξdηdζ

The first integral is the non-distorted covariance (9), whereas the second
integral represents the distortion of the covariance function near the plane
at x = 0. For the Neumann boundary condition the distortion has the same
magnitude but the opposite sign. If we are interested in determining the
distortion in the variance only, (∆x = 0), then the second integral reduces
to,

∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
g∗(x, y, z, ξ, η, ζ)g∗(x, y, z,−ξ, η, ζ)dξdηdζ.
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(a) Variance σ2(x) = ρ(x, x) as a function
of a distance from the boundary

(b) Covariance function at the distance
x = dcorr(a) = 100 from the boundary

Figure 2: Neumann b.c., fundamental solution, Dirichlet b.c. Correlation
distance dcorr(a) = 2/a = 100

In the one-dimensional case for Helmholtz equation, these integrals can be
determined analytically:

C(x, y, z, x + ∆x, y, z) =
(1 + a∆x)e−a∆x

4a3b2
− e−a(2x+∆x)(1 + a(2x + ∆x))

4a3b2
.

Choosing the parameter b2 = 1
4a3 so as to normalize the covariance we obtain,

C(x, y, z, x + ∆x, y, z) = (1 + a∆x)e−a∆x − e−a(2x+∆x)(1 + a(2x + ∆x)).

For x = dcorr(a) = 2/a, the distortion in variance does not depend on a and
is approximately 10% (see fig. 2).

A similar analysis can be done for the three-dimensional case where the
integrals can be calculated numerically and for x = dcorr(a) = 1/a the dis-
tortion in variance is approximately 13%. At points near edges and corners
the distortion is larger and also can be estimated in a similar way.

We conclude from this analysis that the random field generated by the
SPDE is significantly distorted if the distance from the boundary is shorter
that correlation distance. As we discuss in the introduction to this section,
the distortion provides a clear reason for being careful in choosing appropriate
boundary conditions and not just using the natural conditions associated
with the underlying deterministic PDE. Such a choice must depend on the
application in mind, but in general we would propose that in two dimensions
a stochastic ordinary differential equation be solved along the edges, and
in three dimensions an SPDE be solved on the bounding surface after first
solving an ordinary stochastic equation on the edges. The values at the
corners could be simply sampled from a normal density with the appropriate
mean and variance.
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4 Numerical approximation of White Noise

In [1] the approximation of Gaussian white noise on rectangular grids was
presented. We extend this approach to arbitrary grids. On a domain G ⊆ Rd

with partition Γh =
⋃N

i=1 Ki into N cells, we approximate white noise as a
piecewise constant function

η̇h(x) =
∑

Ki∈Γh

χi(x)

µ(Ki)

∫

Ki

η(dx) =
∑

Ki∈Γh

ηi
√

µ(Ki)
χi(x) (17)

where µ(Ki) is the volume of element Ki, χi(x) is the characteristic function
for Ki and ηi ∼ N(0, 1).

Lemma 4.1. For modified white noise η̇h(x) ∈ L2(G)

E(
∫

G
η̇h(x)dx)2 = µ(G)

E(‖η̇h‖2
L2

) = N

Proof.

E
(∫

G
η̇hdx

)2

= E





∫

G

∑

Ki∈Γh

ηi
√

µ(Ki)
χi(x)dx





2

= E





∑

Ki∈Γh

ηi
√

µ(Ki)

∫

Ki

dx





2

= E





∑

Ki∈Γh

ηi

√

µ(Ki)





2

=
∑

Ki∈Γh

µ(Ki) = µ(G)

Similarly,

E
(∫

G
(η̇h(x))2 dx

)

= E







∫

G





∑

Ki∈Γh

ηi
√

µ(Ki)
χi(x)





2

dx







= E





∫

G

∑

Ki∈Γh

η2
i

µ(Ki)
χi(x)dx



 =
∑

Ki∈Γh

∫

G

1

µ(Ki)
χi(x)dx =

∑

Ki∈Γh

1 = N

The approximate elliptic stochastic equation

−∇2uh(x) + a2uh(x) = η̇h(x), x ∈ G, uh|∂G = 0 (18)
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possesses the unique solution

uh(x) =
∫

G
g(x,y)η̇h(y)dy. (19)

Convergence of uh(x) to u(x) was shown in [1] for the one-dimensional case
based on the Lipschitz property of Green’s function and in [20] it was ex-
tended to the 2- and 3-dimensional cases for rectangular grids. In both papers
a constraint was imposed on parameter a in equation (18) (see Theorem 2.1
in [20]). In this work we eliminate this constraint and extend the proof for
arbitrary grids.

Theorem 4.1. Suppose that u and uh are the exact and approximate solu-
tions respectively, then for 0 < ε < 1/4

E(‖u − uh‖2
L2) ≤ Ch1−ε for d = 2, (20)

E(‖u − uh‖2
L2) ≤ Ch

3
4
−ε for d = 3. (21)

Proof. Let e(x) = u(x) − uh(x) =
∫

G g(x, y)η(dy) − ∫

G g(x, y)η̇h(y)dy.

E[e2(x)] = E[(
∑

Ki∈Γh

∫

Ki

(g(x, y) − 1

µ(Ki)

∫

Ki

g(x, z)dz)η(dy))2] =

=
1

µ(Ki)2

∑

Ki∈Γh

∫

Ki

(
∫

Ki

g(x, y) − g(x, z)dz)2dy

≤ 1

µ(Ki)

∑

Ki∈Γh

∫

K2
i

|g(x, y) − g(x, z)|2 dzdy

E(‖u − uh‖2
L2) =

∫

G
E(e2(x))dx ≤

1

µ(Ki)

∑

Ki∈Γh

∫

K2
i

(
∫

G
|g(x, y) − g(x, z)|2 dx)dzdy

For Helmholtz equation (18) Green’s function for d = 3 is

g(x, y) =
e−a|x−y|

|x − y| + υ(x, y),

where υ(x, y) is a harmonic, Lipschitz continuous function on G that depends
on the shape of G. From Lemma A.2 we obtain

∫

G
|g(x, y) − g(x, z)|2 dx ≤ cε |y − z| 34−ε
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Hence

E(‖u − uh‖2
L2) ≤ cε

µ(Ki)

∑

Ki∈Γh

∫

K2
i

|y − z| 34−ε dzdy ≤

cε

µ(Ki)

∑

Ki∈Γh

∫

K2
i

h
3
4
−εdzdy = cε

∑

Ki∈Γh

∫

Ki

h
3
4
−εdy = Ch

3
4
−ε.

For d = 2 Green’s function is g(x, y) = K0(a |x − y|) + υ(x, y). Analogously
to the 3-D case we apply Lemma A.2 and obtain (20).

5 A Stochastic sampling algorithm in para-

metric and physical space.

5.1 Sampling in parametric space

To generate realizations of a Gaussian stationary random field, we state a
boundary value problem for Helmholtz equation (12) driven by approximate
Gaussian ‘white noise’ (17) with homogeneous Neumann boundary condi-
tions. This problem is solved numerically in the two-dimensional case using
a Finite Element method on the triangulated region. Field realizations for
the same realization of white noise and for various values of the coefficient a
are shown on figure 3. To obtain anisotropic correlation functions in 2-D (see
fig. 4), ρ(r) = arK1(ar) with r =

√
α2x2 + β2y2 one can use the equation

− 1

α2
ξ
′′

xx(x, y) − 1

β2
ξ
′′

yy(x, y) + a2ξ(x, y) = η̇(x, y). (22)

5.2 Sampling in physical space

Our goal is to model a field which is “locally stationary”, that is, at each
point x there is a local orthonormal basis hi(x), i = 1...d where the field
can be considered as stationary in the small neighborhood of the point x

with correlation function C(
√

∑

i α
2
i x

2
i ), where coefficients αi, i = 1...d are

constant within this neighborhood and represent anisotropy of the correlation
function. The shape of the geological layer provides sufficient information
to find these base vectors on the boundary of the layer and we reconstruct
vector components inside the layer via boundary value problems for Laplace’s
equation (Fig. 5).
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Figure 3: Field realizations for Helmholtz equation (12): a=5, 10, 20, 50.
Correlation function ρ(r) = ar · K1(ar).

Figure 4: Field realizations for equation (22): a = 10, α = 0.32, β = 1 (left),
a = 10, α = 0.1, β = 1 (right).

14



Figure 5: A triangulated geological layer and the h1(x) vector field.

In order to generate samples in physical space, that is, directly on curved
geological layers, we introduce the equation

−∇ · A(x)∇ξ(x) + a2ξ(x) = η̇(x) (23)

where A is a second order symmetric tensor which has a diagonal matrix
representation Aij in the basis hi(x), i = 1...d with diagonal components
α−2

i , i = 1...d, i.e. using the symbol ⊗ to denote the dyadic product

A =
1

α2
1

h1 ⊗ h1 +
1

α2
2

h2 ⊗ h2 +
1

α2
3

h3 ⊗ h3.

Hence equation (23) in the global coordinates becomes

−∇ · L(x)ALT (x)∇ξ(x) + a2ξ(x) = η̇(x), (24)

where hi are columns in the matrix L and A is the constant diagonal matrix
of correlation anisotropy coefficients α−2

i . This equation can be used in the
global coordinates even when it is impossible to construct layer-following
stratigraphic coordinates.

Fields of reservoir characteristics, such as porosity and permeability, usu-
ally have longer correlation distances along a curved layer in comparison with
the correlation distances across the layer. Samples generated from equation
(24) shown in fig. 6 demonstrate this anisotropy.

5.3 Markov property of a discretized random field.

In section 2.2 we mentioned the Markov property of the continuous random
field (5). This property is preserved for discrete random fields obtained as
Finite Element approximations of (5). Indeed, for each grid node i and its

15



(a) α1 = 0.1, α2 = 1, a = 1 (b) α1 = 0.1, α2 = 0.32, a = 1

(c) α1 = 0.05, α2 = 1, a = 0.1 (d) α1 = 0.04, α2 = 1, a = 1

Figure 6: Field realizations for the equation (24).

neighborhood Ni of nodes sharing an edge with the node i, the numerical
scheme produces the equations

aiξi +
∑

j∈Ni

ajξj = ηi ηi ∼ N(0, σ) (25)

which is equivalent to the definition of a discrete Gaussian Markov random
field.

Two distant points i and j are connected by a graph of local relations (25)
but in our approach we do not use the correlation distance and therefore the
stratigraphic distance between them. This advantage enables the method
to provide the Markov property in the field that is generated and with the
advantage that the scaling from the metric structure of the geological system
is automatically accounted for by the partial differential equation.

5.4 Geological faults and a modified Finite Volume

method.

Geological faults play a significant role in description and modeling of hydro-
carbon reservoirs, therefore we propose a strategy for sampling in physical

16



space in the presence of faults. Consider a fault surface S which can split
a layer into subregions or introduce a localized displacement of rocks (as on
fig. 8) and the mapping between two sides of the fault surface f(x) : S → S
(fig. 7).

Figure 7: Fault
surface S and dis-
placement f(x).

For modelling discontinuities across a fault in 3-D
we propose the following modification of the Finite Vol-
ume method. The integral form of equation (24) is dis-
cretized for each control volume ωi (grid cell) as follows:

∑

σ∈∂ωi

Fi,σ + a2µ(ωi) · ui =
∫

ωi

η(dx)

where µ(ωi) is the volume of ωi and Fi,σ is the approx-
imated flux across the face σ ∈ ∂ωi ∩ ∂ωj shared by the
volume ωi and one of its neighboring volumes ωj. That
is, the analytical flux

Fi,σ =
∫

σ
−A(x)∇u · nds

is approximated by Fi,σ = −Tij(uj − ui), where A(x) is
the tensor from the equation (23) and the coefficient Tij

depends on the area of the face σ and the tensor A(x)
averaged over the respective grid cells ωi and ωj.

In the modified Finite Volume method we exclude all fluxes across faces
which belong to a fault surface and add fluxes between pairs of volumes which
shared a face before the layer was faulted. That is, for control volumes ωi, ωj

with faces σ1 ∈ ∂ωi ∩ S, σ2 ∈ ∂ωj ∩ S if the intersection σ1 ∩ f(σ2) is not
empty we add the flux −Tij(uj − ui) to the equations for the volume ωi and
the same flux with the opposite sign to the equation for the volume ωj. The
coefficient T depends on the area of intersection σ1 ∩ f(σ2), although this
area does not exist in the grid geometry of the model.

We apply this method to generate fields of basis vectors and random
fields. Figure 8 shows the application of the described method and a gener-
ated realization of a random field with an exponential anisotropic correlation
function.
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Figure 8: 3D case: Field realizations for the equation (24) in the presence of
a localised geological fault.

6 Relation to Tikhonov regularization. Con-

ditional sampling.

6.1 SPDE priors as functional measures

Consider a random field ξ(x) with zero mean and a functional probability
density of the form

π(ξ) =
1

Z
exp(−H[ξ]) (26)

where

H[ξ] =
1

2

∫

G
[a2(∇2ξ)2 + a1(∇ξ)2 + a0ξ

2]dx, (27)

and Z is a normalization constant such that
∫

S
π(ξ)D[ξ] = 1

where D[ξ] denotes integration over some suitable space of functions (see
Appendix L in [3] for details on functional differentiation and integration).
Using Gauss’ theorem and assuming suitable vanishing boundary conditions
this can be written in the form

H[ξ] =
1

2

∫

G
ξLξdx,

where Lξ is
Lξ = a2∇2(∇2ξ) − a1(∇2ξ) + a0ξ

18



It can be shown (see [10] for details) that Green’s function g(x,y) defined as
a solution of the equation

Lg(x,y) = δ(x − y)

is the covariance function of the field ξ(x), i.e.

E[ξ(x)ξ(y)] = g(x,y).

Therefore from (10) we deduce that for the solution of Helmholtz equation
−b∇2ξ(x) + ba2ξ(x) = η̇(x) the functional probability density has the form
(26) with functional

H[ξ] =
1

2

∫

G
[b2(∇2ξ)2 + 2b2a2(∇ξ)2 + b2a4ξ2]dx.

The example of the stochastic modified Helmholtz equation does not lead
to correlation functions with oscillatory features. This can be achieved by
adding bi-harmonic terms to the SPDE, as we will indicate later. When this
is done, the equivalent functional measure involves fourth order derivatives.
As one can sample from such measures using the stochastic partial differen-
tial Langevin equation we have the interesting result that sampling from a
functional measure, with a parabolic equation is equivalent to sampling using
an elliptic problem, where the spatial differential operator is a ‘square-root’
of the spatial part of the operator in the Langevin equation. This is the
reason for the potential increased efficiency in sampling by using a stochastic
elliptic PDE. However, the main interest in this is not to do with efficiency
(as the time spent to initialize an ensemble is generally negligible when com-
pared to the time spent in the subsequent solution of the forward problem).
In practice the main interest arises from the lower order of the spatial op-
erator, making it much easier to construct numerical approximations to the
equations.

6.2 Bayesian formulation of inverse problems.

The following idea is applicable to an inverse problem, including time de-
pendent problems, in abstract generality (as in [9]). However, here we will
just use a simple example for the purpose of linking the SPDE approach
to the classical Tikhonov regularisation methods. Consider the problem of
diffusion in a heterogeneous medium with diffusion coefficient k(x) such that
k = ln(ξ(x)). The equation for the solution will be

−∇ · k(x)∇p(x) = 0, x ∈ G. (28)
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The inverse problem requires determination or at least a characterization
of both functions k(x) and p(x) when their values, or some function of the
values are only known at a few points, generally with some measurement
error. These observations can be written as a diagnostic functional α =
D[ξ(x), p(x)]. However, the equation (28) defines the solution as a functional
of the coefficient k and the boundary data which we assume to be known.
This can be written as α = A[ξ(x)].

The Bayesian formulation of the inverse problem is given by the equation

π(ξ|α∗) =
δσ(α∗ − A[ξ])π(ξ)

∫

S δσ(α∗ − A[ξ])π(ξ)D[ξ]

where α∗ are the actual values of the measurements and δσ stands for a prod-
uct of small-variance Gaussian functionals over the different measurements.

Now consider the case where the prior distribution is of the form (26).
If the field of properties ξ is computed so that it maximizes the probability
density functional then this is equivalent to minimizing the functional

H∗[ξ] =
∑

i

(α∗
i − Ai[ξ])

2

2σ2
i

+ H[ξ]

where H[ξ] is defined by (27) and the subscript i ranges over a finite number
of different measurements.

Using the notation of equation (27) for various choices of a0, a1 and a2

a variety of well known regularisation procedures are derived. In particular
the choices a0 > 0, a1 = 0, a2 = 0 corresponds to ‘Tikhonov order-0’, a0 =
0, a1 > 0, a2 = 0 corresponds to ‘Tikhonov order-1’ and a0 = 0, a1 = 0, a2 > 0
corresponds to ‘Tikhonov order-2’ regularisation [18].

It thus becomes clear that the classical Tikhonov regularisation methods
are equivalent to maximum probability Bayesian inversion with a Gaussian
prior. When this idea is extended to the application of SPDE priors, such
as the Helmholtz equation, we see that we cannot in general show equiva-
lence with the ‘pure’ Tikhonov regularisations of various orders but with a
‘mixed’ version that includes more than one order of regularisation. While
one might regard this loss of generality as a disadvantage, one might remark
that the ‘pure’ methods, when examined from a Bayesian point of view, do
not usually give rise to correlation functions that are typical of the textures
of the functions that are modelled by the associated stochastic process.

6.3 Conditional stochastic simulation.

Suppose that the function is known at a few points ξ(xk) = ξ∗k and we want
to generate only those realizations of the random field which are consistent
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Figure 9: Solutions of (29) which are consistent with observations (marked
by line intersections): ξ(3, 3) = −ξ(3, 8) = ξ(8, 8) = −ξ(8, 3) = 0.3 and 0.5
accordingly.

with the observations. This procedure is called ‘conditional simulation’ in
the geostatistics literature and can also be defined via stochastic PDEs as
follows.

To motivate the equation that is used, we formulate a formal minimization
problem for the functional

H[ξ] =
1

2

∫

G
[b(∇ξ)2 + ba2

(

ξ − η̇h

ba2

)2

]dx

subject to constraints ξ(xk) = ξ∗k and ∂ξ
∂n

= 0 on ∂G.
Introducing Lagrange multipliers this can be rewritten as

Ĥ[ξ] =
1

2

∫

G
[b(∇ξ)2 + ba2

(

ξ − η̇h

ba2

)2

]dx +
∑

k

γk(ξ(xk) − ξ∗k).

Taking functional derivatives with respect to ξ and partial derivatives with
respect to the γk, we obtain a system

−b∇2ξ(x) + ba2ξ(x) =
∑

k

γkσ(x − xk) + η̇h(x) (29)

ξ(xk) = ξ∗k (30)

with boundary condition ∂ξ
∂n

= 0 on ∂G. It follows from theorem 4.1 that
ξ(x) converges to the solution of the equation (29) with η̇(x) when h goes to
zero. Figure 9 shows numerical solutions for this system of equations with
the same realization of the approximate white noise and two different sets of
observations.
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7 Biharmonic-Helmholtz equation.

7.1 Oscillatory correlation functions.

In this section we consider properties of the Biharmonic-Helmholtz equation
(noting once again that the full name would refer to the modified Helmholtz
equation):

a∇2(∇2u) + b∇2u + cu = η̇(x) (31)

Using Fourier transforms one can show that Green’s function in 2-D is given
by

G(r) =
1

(2π)2

∫ ∞

−∞

∫ ∞

−∞

eik·r

ak4 − bk2 + c
dk1dk2.

Using polar coordinates and noticing that
∫ 2π
0 eiρr cos θdθ = 2πJ0(ρr) this in-

tegral reduces to

G(r) =
1

2π

∫ ∞

0

ρJ0(ρr)

aρ4 − bρ2 + c
dρ.

where J0 is the Bessel function of the first kind. Using theorem 2.1 we obtain
the covariance function

C(r) =
1

2π

∫ ∞

0

ρJ0(ρr)

(aρ4 − bρ2 + c)2
dρ. (32)

In general this correlation function is a decaying and oscillatory function.
There are values of the parameters that give a simple decay. In 1-D and 3-D
Green’s and correlation functions have the same qualitative form as in 2-D
(see [10] for details).

In order to solve the Biharmonic-Helmholtz equation numerically, we rep-
resent it as a system of two second order elliptic equations with homogeneous
Neumann boundary conditions.

a∇2v + bv + cu = η̇(x),

−∇2u + v = 0.

An example of the correlation function (32) obtained via numerical inte-
gration and a random field sample generated with the same parameters
a = 1, b = 4.47, c = 21.37 are shown on figure 10.

7.2 Gaussian correlation function.

The correlation function of the form of a Gaussian density is widely used in
geostatistics, and the Biharmonic-Helmholtz equation can be used to gener-
ate samples with a correlation function close to a Gaussian correlation. As
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Figure 10: A sample of the random field for equation (31) with oscillatory
correlation function.

before we consider a white noise driven equation

Lu(x) = η̇(x), x ∈ Rd d = 1, 2, 3

and we are looking for the linear differential operator in the form

L =
∞
∑

n=0

an(∇2)n

which provides a solution with the correlation function

C(r) = e−
r2

λ2 (33)

It was shown in section 2.2 that the correlation function C(r) satisfies the
equation

L2C(r) = δ(r).

We consider the two-dimensional case here noting that the 1- and 3-D cases
are proved analogously. Applying a Fourier transform we obtain the algebraic
equation

L̂2(ωx, ωy)Ĉ(ωx, ωy) =
1

2π
The transform of a Gaussian correlation is

Ĉ(ωx, ωy) =
λ2

2π
e−

λ2(ω2
x+ω2

y)

4 ,

and hence,

L̂(ωx, ωy) =
1

λ
e

λ2(ω2
x+ω2

y)

8

=
1

λ

∞
∑

n=0

(

λ2

8

)n
1

n!
(ω2

x + ω2
y)

n

=
1

λ

∞
∑

n=0

(

−λ2

8

)n
1

n!
((iωx)

2 + (iωy)
2)n.
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Figure 11: Correlation functions (λ = 3): Gaussian function (dashed line),
function (32) for the equation (34).

Taking the inverse Fourier transform leads to the result,

L =
1

2πλ

∞
∑

n=0

(

−λ2

8

)n
1

n!
(∇2)n

=
1

2πλ
e−

λ2

8
∇2

.

Truncating terms for n ≥ 3 we obtain the Biharmonic-Helmholtz equation,
for which the correlation function (32) represents an approximation to (33)
(see fig. 11).

1

2πλ
(

λ4

128
∇2(∇2u) − λ2

8
∇2u + u) = η̇(x) (34)

In this way we are able to approximate general non-local Gaussian random
fields using a local approach. However this approach, as we hope we have
demonstrated in the earlier sections, allows for the useful generalisation of
the idea of a Gaussian random field in a geometry with complicated spatial
features such as curved layers and faults.

8 Conclusions.

This paper has investigated the application of stochastic elliptic partial differ-
ential equations as priors for the solution of inverse problems. Of particular
concern is the provision of a technique that can avoid the need to construct
stratigraphic coordinates, which is generally very difficult or even impossi-
ble. We hope that the relatively simple idea that we have investigated solves
this problem and stimulates further work. In particular further work on the
implications of various lower dimensional models as boundary conditions is
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required. Generalisations involving nonlinear terms and more complicated
spatial variations in the tensor coefficients could be fruitful lines of research.
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Appendix.

The following statement was proved as part of Lemma 2.1. in [4]:

Lemma A.1. For x, z ∈ G ⊆ Rd, d = 2, 3 and ε > 0

∫

G
|log |x − y| − log |z − y||2 dy ≤ cε |x − z|1−ε ;

for 0 < ε < 1/4

∫

G

∣

∣

∣

∣

∣

1

|x − y| −
1

|z − y|

∣

∣

∣

∣

∣

2

dy ≤ cε |x − z| 34−ε .

We also formulate the following

Lemma A.2. For x, z ∈ G ⊆ Rd, d = 2, 3, a > 0 and ε > 0

∫

G
|K0(a |x − y|) + g(x, y) − K0(a |z − y|) − g(z, y)|2 dy ≤ cε |x − z|1−ε ;

(35)
for 0 < ε < 1/4

∫

G

∣

∣

∣

∣

∣

e−a|x−y|

|x − y| + g(x, y) − e−a|z−y|

|z − y| − g(z, y)

∣

∣

∣

∣

∣

2

dy ≤ cε |x − z| 34−ε . (36)

where g(x, y) is Lipschitz continuous in G with respect to its first argument.
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Proof. The function K0(ax) − log 1
x

is bounded and has bounded derivative
on the segment [0, dG], where dG is the diameter of the domain G. Therefore
it is Lipschitz continuous on [0, dG], and

∣

∣

∣

∣

∣

K0(a |x − y|) − log
1

|x − y| − K0(a |z − y|) + log
1

|z − y|

∣

∣

∣

∣

∣

≤

C ||x − y| − |z − y|| ≤ C |x − z|
By definition there is Λ > 0 such that |g(x, y) − g(z, y)| ≤ Λ |x − z| for all
x, y, z in G. Hence, by Lemma A.1 we have

∫

G
|K0(a |x − y|) + g(x, y) − K0(a |z − y|) − g(z, y)|2 dy ≤
∫

G
|log |x − y| − log |z − y| + (C + Λ) |x − z||2 dy ≤

c∗ε |x − z|1−ε + 2
√

c∗ε(C + Λ) |x − z| 32− ε
2 + (C + Λ) |x − z|2 ≤

(c∗ε + 2
√

c∗ε(C + Λ)d
1
2
+ ε

2
G + (C + Λ)d1+ε

G ) |x − z|1−ε = cε |x − z|1−ε .

For d = 3 noting that the function e−ax−1
x

is bounded and has bounded
derivative on the segment [0, dG] the proof is analogous to the 2-dimensional
case.
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