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Abstract

Chronic obstructive pulmonary disease is a significant cause of morbidity and mortality
worldwide. Despite this, the most common lung function testing techniques are not sen-
sitive enough to detect the disease in its early stages, limiting opportunities for secondary
prevention. It has been shown that measures of inhomogeneity detect signs of the disease
earlier than spirometry, the most common form of lung function test. There is however,
currently no “gold standard” method for assessing the inhomogeneity of the lungs.

A common technique for investigating inhomogeneity of ventilation is the multi-breath
nitrogen washout. During this procedure a patient is switched from breathing room air to
pure oxygen, and the concentration of nitrogen in the expired gas is measured as it washes
out of the lungs. In this thesis we propose a novel method of assessing the inhomogeneity
of the lungs from high quality nitrogen washout data.

This method involves the estimation of parameters from a mathematical model of
the lungs which may then be reported as measures of inhomogeneity. The mathematical
model we develop aims to represent the underlying physiology well; while having a small
parameter set, and governing equations that may be solved quickly and accurately.

Careful attention is also paid to the parameter estimation procedure. We develop a
practical approach which uses the available data, and considers computational constraints.
We test our method on synthetic data to investigate the uncertainty of the parameters
we estimate.

Finally, we present results from a small experimental trial designed to test our method
in fifteen volunteers. The results appear promising, with our method distinguishing be-
tween the young, the old, and those with respiratory disease. However, there are some
inconsistencies in our results. We highlight these, and suggest some areas for future

investigation that might improve the work presented in this thesis.






Contents

1 Introduction 1
1.1 Central research question . . . . . . . . . . . ... ... L. 2
1.2 Thesisoutline . . . . . . . .. 3

2 Literature review 5
2.1 Lung physiology . . . . . . . .. 6

2.1.1 Lungstructure . . . . . . . . . ... 6
2.1.2  Mechanics of breathing . . . . . . .. ... ... ... ... 7
2.1.3 Gas exchange in thelung . . . . . . . .. .. ... ... .. ..... 8
2.1.4  The expirogram . . . . . . . .. ..o 9
21,5 COPD . . . o 10

2.2 Mathematical models of the lungs . . . . . . .. ... ... ... ... ... 11
2.2.1 Compartmental models . . . . . . . ... .. ... L. 12
2.2.1.1 Conservationof mass . . . . . . . .. .. ... 12

2.2.1.2 Continuous ventilation . . . . . . ... ... ... 13

2.2.1.3 Tidal ventilation . . . . .. .. ... ... ... 15

2.2.2 Trumpet model . . . . . . . ..o 16
2.2.3 Diffusion in the conducting airways . . . . . . . ... ... ... .. 18
2.2.4 Biophysical models . . . . . .. ... oo 20

2.3 The inverse problem . . . . . . . ... L 20
2.4 Spirometry . . . . ... 22
2.5 The functional lung unit and inhomogeneity . . . . . . .. ... ... ... 23
2.5.1 Consequences of inhomogeneity . . . . . . ... .. .. ... .... 25
2.5.1.1 Diffusion limitation . . . . . . .. ... ... ... ... .. 26

2.6 Measuring inhomogeneity . . . . . .. ... oL 26
2.6.1 Hyperpolarised gas magnetic resonance imaging . . . . . . . .. .. 27
2.6.2 Positron emission tomography: . . . ... ... 0L 28
2.6.3 Multiple inert gas elimination technique . . . . .. .. ... .. .. 29
264 N, washout . . . . . ..o 29
2.6.4.1 Lung clearance index . . . . . . . ... ... .. ... ... 29

2.6.4.2 Normalised alveolar slope . . . . . .. ... ... ... .. 30



2.6.4.3 Ventilation-volume distribution . . . . . .. ... ... ..
2.6.5 Inspired gas sinewave technique . . . . . . . .. ... ... ...
2.6.6 Deadspace volume . . . . . . ... ... ... ...

2.6.7  SUMMATY . . . . ...

3 Methods Summary

3.1

3.2

3.3

4 The
4.1

4.2

4.3

4.4

4.5

Structure of the model . . . . . . . .. ...
3.1.1 Inhomogeneity . . . . . . . . ...
Governing Equations . . . . . . .. ..o L oo
3.2.1 Alveolar compartments . . . . . . . . .. .. ... ...
3.2.2 The body’sgasstores. . . . . . .. ...
3.2.3 Deadspace compartments . . . . . ... ... ... ...

Parameter estimation . . . . . . . . ..

lognormal lung
The governing distribution . . . . . . . . ... 0oL
4.1.1 Estimates of distributions from a biophysical model of the lungs . .
A compartmental model . . . .. ...
4.2.1 Alveolar compartments . . . . . . .. ...
4.2.1.1 A naive discretisation . . . ... .. ... ... ... ...
4.2.1.2 Discretisation by change of variables . . . . . .. ... ..
4.2.1.3 Evaluation of AV}; and @Q;; in MATLAB . . . . . ... ..
4.2.2 Discretisation of the deadspace . . . . . . ... ... ... .. ...
4.2.2.1 Lognormal distribution . . . . . .. .. ... ... ... ..
4.2.2.2 Normal distribution . . . . .. .. ... ...
4.2.3 Note on indexing of compartments . . . . . . ... ... ... ...
Governing equations for the alveolar compartments . . . . . . . .. .. ..
4.3.1 Fractional ventilation . . . . . . ... o000
4.3.2 Governing equations for the body compartments . . . . . . . . . ..
Governing equations for the deadspace compartments . . . . . . . . . ...
4.4.1 The advection equation . . . . . . . . ... . ... ... ... ...
442 Plugflow . ... . . ..
4.4.3 Poiseuille flow . . . . . ...
4.4.3.1 An analytical solution . . . . ... ... ... ... ...
4.4.4 Deadspace in the full model . . . . . . . . .. ... ... ... ...
4.4.4.1 Distribution of deadspace . . . . . . ... ... ... ...
Solving the governing equations in the deadspace . . . . .. ... .. ...
4.5.1 The method of characteristics . . . . . . . .. ... .. ... ....
4.5.2 Implementation for inspiration . . . . . . . . ... ... ...

4.5.3 Implementation for expiration . . . . . . . .. ... ...

i

35
35
37
37
37
39
41
41



4.6

4.7

5 The
5.1
5.2

9.3

5.4

2.5

4.5.4 Treatment of deadspace at the end of expiration . . . . . . . . . .. 83

455 SUummary . ... ... 84
Solving the governing equations for the alveoli . . . . . . . . ... ... .. 85
4.6.1 Temporal resolution of experimental data . . . . . . . .. ... ... 85

4.6.2 Solving the governing equations of the alveolar compartments using

inbuilt ODE solvers in MATLAB . . . . ... ... ... ...... 86
4.6.2.1 Computation time . . . . . .. .. ... ... .. .. ... 87
4.6.2.2 Conservation of mass and parameter estimation . . . . . . 89
4.6.3 A better method for solving the alveolar compartments . . . . . . . 91
4.6.4 Performance of our solution method . . . . . . .. .. ... .. ... 93
SUMMATY . . . . . o 94
inverse problem 97
Minimisation problem . . . . . . . ... ... 97
Evaluation of the objective function . . . . . . . .. ... ... ... .... 99
5.2.1 [Initial conditions . . . . . . . . ... 100
5.2.1.1 [Initialisation of lung volume . . . . . . . .. .. ... ... 101
5.2.2  Venous concentrations during air breathing . . . . . . . . .. .. .. 103

5.2.2.1 Estimation of gas exchange at the pulmonary capillary . . 103

5.2.2.2 The continuous model . . . . . . ... ... ... ... . 105
5.2.2.3  Variation of venous concentration . . . . . ... ... ... 108
5.2.2.4  Estimation of starting venous concentrations . . . . . . . . 109
5.2.3  Venous 02 concentration during high 02 breathing . . . ... ... 110
Synthetic data . . . . . . . . .. .. L 113
5.3.1 Creation of syntheticdata . . . . . . . ... ... ... ... .... 113
5.3.2 Parameter identifiability in noise free data . . . . . . . . .. .. .. 114
5.3.3 Number of compartments . . . . . . .. ... ... ... .. ..., 118
Experimental error . . . . .. ..o 120
5.4.1 Noisemodel . . . . . . . . ... 121
5.4.1.1 Accuracy of measured gas fractions . . . . . .. ... ... 121
5.4.1.2  Finite response time . . . . . . . ... ... ... ... 123
5.4.1.3 FErrors in the flow measurements . . . . .. ... .. ... 124
5.4.1.4 Temporal misalignment . . . . .. .. ... ... ... .. 125
54.1.5 Summary . . . ... 125
5.4.2  Uncertainty of estimated parameters . . . . .. .. ... ... ... 127
5.4.3  SUMMAry . . ... e 129
Tissue volume . . . . . . . . . 130
5.5.1 The objective function . . . . . . .. ... 0L 130
5.5.2 Parameter identifiability and uncertainty . . . . . . . . ... .. .. 131

il



5.6 Summary . . o. ...
6 Pilot study results

6.1 Study details . . . . . . ..
6.1.1 Dataquality . . . .. .. ...

6.2 Values for fixed parameters. . . . . . . . . ... L.
6.3 Young healthy volunteers . . . . . . . . . .. ...
6.3.1 Estimated parameters . . . . .. .. .. ... ... ... ... ...
6.3.1.1 Repeatability . . . . .. ... ... oo

6.3.1.2 Correlation with lung volume . . . . . . .. .. ... ...

6.3.1.3 Influenceof pand Qr . . . . .. ... ... L.

6.3.2 Comparison with existing modalities . . . . . ... ... ... ...
6.3.2.1 Lung clearance index . . . . . . . .. .. .. ... ... ..

6.3.2.2 Agreement with predicted FRC . . . . . . ... ... ...

6.3.2.3  Arterial oxygen saturation . . . . .. .. ...

6.3.2.4  Ventilation-perfusion distributions . . . . . ... ... ..

6.4 Older volunteers . . . . . . . . . .. .
6.4.1 Estimated parameters . . . . . ... ... ... ... ... .. ...
6.4.1.1 Repeatability . . . . ... ...

6.4.2 Derived parameters . . . . . .. .. ..o
6.4.2.1 Predicted FRC . . . . . .. ... ... L.

6.4.22 LCIvalues . .. .. .. ... ... ... ... ...

6.5 Discussion . . . . . . .
6.6 Tissue volume . . . . . . . . ..
6.6.1 Experimental results . . . . . . ... .o
6.6.2 Estimated values from the literature . . . . . ... ... ... ...
6.6.3  Summary . . . .. ...

7 Summary and future work

7.1 SUMMAry . . .. o. ..
7.2 Future work . . . . ...
7.2.1 Experimental work . . . . . ... ... oL
7.2.2 Model development . . . . . . . ..o

7.3 Concluding remarks . . . . . .. ...

A Glossary of key terms
B Diagnostic plots

Bibliography

v

137
137
139
140
142
143
143
145
145
146
147
147
149
151
155
156
156
158
160
161
162
164
165
167
168

169
169
173
173
174
175

177

181

195



Chapter 1

Introduction

In the European Union chronic obstructive pulmonary disease (COPD) is the third most
common cause of death, and in North America it is the fourth [104]. Strategies for dealing
with this burden focus on either primary prevention, aiming to reduce risk factors such as
exposure to tobacco smoke, or tertiary prevention, reducing symptoms in patients where
the disease is fully developed [65].

Currently the most common method for assessing lung function is spirometry [72]. To
detect lung disease spirometry measurements are compared to ‘normal’ values for patients
of similar physical characteristics. However, a report by the U.S. Preventive Services Task
Force found that spirometry is not sensitive enough to make its use as a screening tool
for COPD worthwhile [63]. Thus there is a need to develop more sensitive measures of
lung function that could be used to test for mild COPD.

One concept that has long been considered an important indicator of respiratory health
is the degree of inhomogeneity in the lungs. Inhomogeneity in the lungs generally refers to
a mismatch between either ventilation and perfusion, or ventilation and alveolar volume.
In a homogeneously ventilated lung each unit of volume would the same amount of fresh
gas and perfusion. In practice however, this is not the case. Even healthy lungs are slightly
inhomogeneous, and it has long been recognised that the amount of inhomogeneity appears
to increase with disease [11, 22, 31, 32]. It has been suggested recently that indicators of
inhomogeneity show abnormality earlier than spirometry in mild COPD patients [97].

A common technique for investigating inhomogeneity of ventilation is the multi-breath
nitrogen washout (MBNW). During this procedure a patient is switched from breathing
room air to pure oxygen, and the concentration of nitrogen in the expired gas is measured
as it washes out of the lungs [95]. A number of measures of inhomogeneity can be derived
from this technique, with the most popular being the lung clearance index (LCI) [11, 50].
This index (which will be discussed in more detail in Section 2.6.4) has been shown to
be able to separate healthy controls from people with both cystic fibrosis and COPD [13,
38, 51, 54] demonstrating the potential of the nitrogen washout as a method for detecting

lung disease.
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Figure 1.1: An outline of the process we use to investigate a subject’s lung function.

1.1 Central research question

This thesis is based on the premise that there is information in the transient expired COZ’
O2, and No concentrations (both during air breathing and the nitrogen washout) that is
currently not used in clinical assessment of lung function, and that use of such information
might provide a clinically useful measure of the inhomogeneity of the lungs. Our proposed
lung function test that makes use of this information is outlined in Figure 1.1.

This test involves estimating the parameters of a novel lung model (“the lognormal
lung”) from experimentally-measured nitrogen washout procedures, and using those pa-
rameters as as measures of inhomogeneity in the lungs. For this test to work we require

the following.

e A device that can accurately monitor the concentrations and flows of COQ, 02,
and Ny at the mouth with high time resolution, so we can apply the principle of

conservation of mass.

e A mechanistic model of the lungs, whose parameters provide a good measure of lung

function (and in particular inhomogeneity in the lungs).

e A procedure for estimating the parameters of that model based on experimental
data.

While the focus of this thesis is theoretical, the work detailed here was performed
in close collaboration with Professor Robbins’ group in the Department of Physiology,
Anatomy and Genetics. Professor Robbins was a co-supervisor of this thesis, providing
significant guidance on the physiological content and direction of the work.

As part of their work to measure oxygen consumption in intensive care Professor Rob-
bins’ group have developed an experimental device for high precision in-airway molecular
flow sensing [17]. This device integrates the measurement of COy, Oy, and HyO using
laser absorption spectroscopy, with a novel high precision flow sensor, which is designed to
improve on specifications for such devices recently laid out by the European Respiratory

Society (ERS) [96] by more than an order of magnitude.
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When using the device a patient breathes through a mouth-piece and the concentra-
tions of COy, Oy, and HyO and the flow rate of gas are measured every 10ms. Both the
flow and concentration measurements are performed in the airway, and with a very fast
response time, removing many of the problems associated with alignment between flow
and concentration signals that are seen in data collected with many devices [96]. In this
thesis this device is referred to as the laser gas analyser (LGA).

This thesis focuses on the last two challenges listed in the bullet points above: (i) the
development of a novel mathematical model of the lungs; and (ii) a robust procedure for
estimating the parameters of this model. Thus the central research question of this thesis
is: “Can we develop a novel mathematical model of the lungs, whose parameters we can
estimate from high quality nitrogen washout data provided by the LGA, to provide a

sensitive measure of the inhomogeneity of the lungs?”

1.2 Thesis outline

After reviewing relevant literature in Chapter 2, we describe the novel mathematical model
of the lung we have developed in Chapter 4. This model makes two big assumptions.
First, we assume that the lung can be modelled with two types of volume; deadspace
compartments in which all gas transport is via convection, and perfectly mixed alveolar
compartments. Thus we ignore serial inhomogeneity or stratification within the alveoli.
Secondly, we assume that the inhomogeneity of ventilation, perfusion, and volume in
the alveoli can be parameterised with a bivariate lognormal distribution. This chapter
also explains how we model gas flow in the deadspace, and how we solve the governing
equations in a computationally efficient manner.

In Chapter 5 we develop a method to estimate the parameters of our model from
experimental data (the second of the challenges identified above). We describe the dif-
ficulties of estimating the venous gas concentrations (which we do not measure) and
develop a method for doing this. We then test the performance of our parameter estima-
tion method on synthetic data (data created using our model), both with and without
a realistic amount of experimental error (for which we develop a detailed model). We
consider the uncertainty of our parameter estimates and find that our method requires a
very accurate measuring device, such as the LGA, to give accurate parameter estimates.

Next, in Chapter 6, we discuss the results of estimating the parameters of our model
from six washout procedures performed on 15 (six young healthy, six older healthy, and
three with moderate COPD) volunteers. Here we assess: (i) how well our model fits
the experimental data; (ii) the repeatability of our parameter estimates; (iii) how these
estimates compare to measurements made with other modalities; and (iv) the differences

between the three groups.



The experimental data discussed in Chapter 6 was collected in conjunction with Dr
O’Neill and Dr Santer. Dr O’Neill ensured the device was correctly calibrated for each
visit. Dr Santer recruited the COPD patients and older volunteers; performed the lung
function testing; and provided medical support. I recruited the young healthy volunteers
and operated the LGA during the washout procedures.

Finally in Chapter 7 we summarise the work we have performed and offer some sug-

gestions for future work in this area.



Chapter 2

Literature review

In the previous chapter we established that the goal of this thesis is to develop a novel
method of quantifying inhomogeneity in the lungs, by combining a novel mathematical
model of the lungs with high quality measurements of gases entering and leaving the
lungs. In this chapter we will review the literature that forms the background to the work
presented in the rest of the thesis.

First we give a brief introduction to the structure and function of the lungs. We then
give some details about COPD, the lung disease that motivated this work.

Next we discuss several different types of mathematical model of the lungs and their
uses. In this section we focus particularly on models with governing equations that may
be solved in a reasonable amount of time, and that are characterised by limited parameter
sets, as these are likely to be the category of models that can be parameterised for an
individual patient using experimental data. This section explains in some detail how we
apply the principle of conservation of mass in the lungs, as this principle is used repeatedly
in this thesis. We then discuss the ‘inverse’ problem that we must solve to find parameter
estimates for individuals from experimental data.

We introduce a conceptual model of the lung, the functional lung unit [128], and use
it to explain a concept of central importance in this thesis, inhomogeneity. In this section
we also use a very simple model to illustrate the effects of inhomogeneity on lung function,
and discuss the experimental evidence that led us to ignore one type of inhomogeneity in
the lungs, serial inhomogeneity.

Finally, we discuss existing pulmonary function tests (PFTs). In particular we discuss
spirometry, the most common PFT, and its limitations that make the development of
alternative tests attractive. We also discuss a number of methods that have been used to
investigate inhomogeneity in the lungs. Many of these methods of assessing inhomogeneity
have found significant correlation between estimates of inhomogeneity and lung disease,
demonstrating the potential of reliable measures of inhomogeneity as biomarkers of lung
function. In keeping with the goal of this thesis we pay particular attention to the Ny

washout, and methods used to analyse this procedure.
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Figure 2.1: The definition of static lung volumes based on a volume-time spirogram of
an Inspiratory Vital Capacity manoeuvre. Inspiratory Reserve Volume (IRV): Vol-
ume of gas that can be further inspired from the end of inspiration in conventional tidal
breathing. Tidal Volume (V): Volume of gas expired/inspired during normal breath-
ing. Expiratory Reserve Volume (ERV): Volume of gas that can be further expired
from the end of expiration during normal tidal breathing. Inspiratory Vital Capacity
(IVC): Maximum volume of gas that can be inspired after a maximal expiration. Resid-
ual Volume (RV): Volume of gas remaining in the lungs after a maximal expiration.
Inspiratory Capacity (IC): Volume of gas that can be maximally inspired from the end
of tidal expiration. Functional Reserve Capacity (FRC): Volume of gas remaining
in the lungs at the end of tidal expiration. Total Lung capacity (TLC): Total volume
of gas in the lungs at the end of a maximal inspiration. Figure from [126].

In this thesis I will refer to several abbreviations for different lung volume measures,

these are defined with the aid of a spirogram in Figure 2.1.

2.1 Lung physiology

The primary function of the lung is to exchange gas with the blood, and in particular,
eliminate the C02 produced by the metabolism, and take up the 02 required for the
metabolism to continue [128]. The underpinning physiology that allows the lungs to
perform this function is extraordinarily intricate.

Here we provide a brief overview of some of the key features of the structure and

function of the lungs, before discussing the pathology of COPD, the disease that motivated

our work.

2.1.1 Lung structure

Morphometric studies reveal that the airways of the lung form a dichotomously branch-
ing structure, often known as the airway tree, that terminates in alveoli [127]. There are
approximately 23 generations of branches in the airway tree. These generations are often
split into three zones: (i) the conducting zone, from generation 0 to approximately gen-

eration 16; (ii) the transitory zone, from approximately generation 17 to 19; and (iii) the



respiratory zone, from approximately generation 20 to 23. The conducting zone comprises
the conducing airways, which are not thought to expand significantly during inspiration
and do not have alveoli. Alveoli begin to appear in the transitory zone of respiratory
bronchioles, and therefore gas exchange starts to occur in this zone. The respiratory zone
consists of alveolar ducts connecting the bronchioles to alveolar sacs. This collection of
structures is sometimes known as the acinus. This is where the majority of alveoli are
situated, and the majority of gas exchange occurs. For an average size adult, whose lung
is inflated to three quarters of TLC, the volume of the conducting zone is typically around
150 ml, the transitory zone 1500 ml, and the respiratory zone 3150 ml [127].

The alveoli, where the airway tree terminates, are hollow elastic structures that expand
during inspiration and contract during expiration. Gas diffuses from the airspace into the
blood (and vice versa) across the alveolar membrane. There are between 400 and 700
million alveoli in a typical human lung (the number varies with body size). In total the
alveoli comprise a surface area of about 70 to 100m?2, approximately 70% of which is
covered by pulmonary capillaries [80, 127].

As even this short overview makes clear, the lung is an enormously complicated struc-
ture with many physical processes occurring. We do not attempt to model the lung in
this level of anatomical detail, but a discussion of some models that do is presented in

Section 2.2.4. Next we give a brief overview of the mechanics of breathing.

2.1.2 Mechanics of breathing

Air enters or leaves the lungs because of small pressure gradients (approximately 1 cmHQO
or 98 Pa) between the air in the alveoli and the atmosphere [60]. Here we give a brief
explanation of what causes these pressure gradients during spontaneous breathing, based
on the overviews presented in [60, 129], and introduce the concept of compliance.

At FRC, the elastic recoil of the alveoli (which tends to cause them to contract) is
balanced by the elastic recoil of the chest wall (which tends to pull outwards). This
causes the intrapleural pressure (the pressure in the space between the chest wall and the
lungs) to be very slightly negative, equivalent to approximately 5cmH,0 [60]. At FRC
the alveolar pressure is equal to the atmospheric pressure, and there is no airflow.

At the start of inspiration, the respiratory muscles contract, expanding the chest wall.
This reduces the intrapleural pressure, causing the alveoli to expand, increasing their
elastic recoil. This expansion causes the alveolar pressure to drop (by approximately
1 cmHQO [60]), establishing a pressure gradient between the alveoli and the atmosphere.
This drives airflow into the lungs until the alveolar pressure equilibrates with the at-
mospheric pressure. If the airways connecting the alveoli had no resistance to airflow,
then the flow would compensate for this pressure drop instantaneously, and the drop in

intrapleural pressure would be smaller [129].



Expiration starts when the respiratory muscles relax. This allows the chest wall to con-
tract, increasing the intrapleural pressure, reducing the ‘pull’ on the alveoli. Thus, due to
their elastic recoil, the alveoli contract, increasing the alveolar pressure (by approximately
1emHyO [60]), and driving air out of the lungs until the pressure equilibrates.

Expansion and contraction of the lung is typically characterised by considering the
compliance of the lung, which is the change in volume of the lung divided by the change
in transpulmonary pressure (the difference between the intrapleural pressure and atmo-
spheric pressure) associated with the volume change [60]. Compliance is a function of lung
volume, typically decreasing with increasing lung volume (after a small increase at the at
the start of inspiration), and is different on expiration and inspiration (i.e. demonstrates
hysteresis) [60].

The compliance of the lung (which is inversely related to its elastic properties) is a
combination of the compliance of the chest wall and of the alveoli [129]. If we consider an
individual alveolus, the volume change associated with it is the product of its compliance
(which is determined by its elastic properties), and the change in pressure that caused the
volume change. COPD leads to increased compliance, and fibrosis (a condition caused by
a proliferation of connective tissue in the lungs) decreased compliance [60].

Before discussing COPD, the disease that motivated this work, in more detail, we

briefly discuss gas exchange in the lung.

2.1.3 Gas exchange in the lung

As we explained previously, gas exchange in the lungs occurs by diffusion across the
alveolar membrane. An assumption of many mathematical models of the lungs is that
this process occurs instantaneously. Theoretical analysis suggests that under normal
physiological conditions this is a reasonable assumption [136]. Thus we also adopt this
assumption, and assume that the partial pressures of COQ, 02, and Ny equilibrate across
the alveolar membrane.

The gas concentration in the blood is then a function of alveolar partial pressure. For

inert gases (such as Ny) this is simply a linear function and,
C = S,P, (2.1)

where C' is the concentration of the inert gas in the blood, P the partial pressure, and S,
the solubility.

For C02 and 02 the situation is significantly more complicated. As well as dissolv-
ing, these gases react with many of the proteins (principally haemoglobin) and ions (for
example bicarbonate) that are present in the blood [81]. This is an intricate system, and
means that the concentrations of these gases are a coupled non-linear function of their

partial pressures. In this thesis we use the detailed model of the biochemistry of the



0.6

- 05 e
o ==
S 04 —— |
€ //'" Py =40mmHg
3 03 " P 2=100mmHg ]
=2 - 5%
E 02 / 1
o
A .
Oo 0 /
0 | | | | | | |
0 10 20 30 40 50 60 70 80
Partial Pressure/mmHg
0.25
- 02F — 1
S rd
2 )
= 015+ / e
£ Poo =46mmHg
[%2] / 2
S o1/ _ P, =40mmHg 4
— 2
IS
o~ 0.05 |
O /
/
0 | | | | | | |
0 100 200 300 400 500 600 700 800

Partial Pressure/mmHg

Figure 2.2: A plot of the CO, (top plot) and O, (bottom plot) concentrations predicted
by the blood-gas model used in this thesis at a range of different partial pressures [81].

blood developed by O’Neill and Robbins [81] to convert partial pressures of CO, and Oq
into concentrations. Plots of the concentrations of 002 and 02 as a function of partial
pressure predicted by this model are shown in Figure 2.2.

In most of this thesis we refer to dry gas fractions for simplicity (as it allows us to write
FOO: 4+ FO: 4 FN2 = 11) | rather than partial pressures as is often done in the literature.
To convert between the two we assume that air everywhere within the lungs is at body
temperature, pressure, and is saturated (BTPS), and thus

P9

|
B, — Pu,o

(2.2)

where FY is the dry fraction of gas g, PY its partial pressure, P, atmospheric pressure,

and Py 0 the saturated partial pressure of HQO.

2.1.4 The expirogram

In this thesis we will refer frequently to expirograms, which are plots of expired gas fraction
measured at the mouth against cumulative expired volume. An example of one of these

plots is shown in Figure 2.3.

"'We include the volume of the other inert gases present in air, principally Ar, in the volume of Ny.
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Figure 2.3: Examples of experimentally measured expirograms for 002 (top plot) and 02
(bottom plot), showing the fraction of the gas of interest measured at the mouth against
expired volume. The three phases, whose locations we approximately identify in this plot,
are discussed in more detail in the main body of the text.

Three phases of this diagram are commonly identified. Phase I is typically believed
to consist of gas expired from the deadspace (the volume of the lungs that does not
participate in gas exchange), and thus gas fractions are very similar to their inspired
values during this phase. In phase II gas from the alveoli begins to appear at the mouth,
and thus there is a rapid change in gas fraction. Phase III, which is known as the alveolar
phase, is assumed to consist of alveolar gas. During maximal expirations a rapid rise at

the end of this graph is sometimes observed, this is referred to as phase IV [96].

2.1.5 COPD

In the European Union chronic obstructive pulmonary disease (COPD) is the third most
common cause of death, and in North America the fourth [104]. Strategies for dealing
with this burden focus on either primary prevention, i.e. aiming to reduce risk factors
such as exposure to tobacco smoke, or tertiary prevention, i.e. reducing symptoms (such
as coughing, and severe breathlessness) in patients where the disease is fully developed
[65].

While COPD is an extremely heterogeneous disorder [53], there are two main com-
ponents of the disease. These are narrowing of the small conducting airways, leading
to their increased resistance to gas flow [67], and emphysema, destruction of the lung

parenchyema (tissue within the respiratory zone of the lung), leading to a significant loss
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of tissue elasticity [48]. Both this loss of elasticity (and thus increased compliance), and
the increased resistance of the small airways contribute to the slow emptying of the lung
during forced expiration which traditionally characterises COPD [48].

Based on this slow emptying of the lung, the disease is generally classified into four
stages of severity, known as GOLD (Global Initiative for Chronic Obstructive Lung Dis-
ease) stages 1-4, by using a patients measured FEV; (the maximum volume of air that a
person can expire in one second, for more details on this measure see Section 2.4). Gold
stage 1 (mild COPD) is classified as a COPD patient with an FEV that is above 80% of
their predicted value, while in GOLD stage 4 (very severe) the FEV{ is below 30% of the
predicted value [122]. Despite this being the dominant form of assessing and classifying
the disease, it is well recognised that FEV7 is not a sensitive measure of the severity of
the disease, or its progression [63, 65, 122].

As well as the difficulties of detecting COPD during its early stages, and the difficulty
of tracking the progression of the disease that this lack of sensitivity causes, it also means
that very large numbers of patients must be recruited to perform clinical trials into treat-
ments for COPD. This makes the clinical trials very expensive, and has been suggested
as one of the reasons why only one new class of medication, roflumilast [79], has been
approved to manage COPD in the last 25 years [71].

It has has been observed using the multiple inert gas elimination technique (see Sec-
tion 2.6.3 for more details on this technique), that the mismatch of ventilation and perfu-
sion increases in COPD [123], and that detecting this mismatch may be a better method
of detecting the early stages of the disease than spirometry [97]. When tested using this
technique COPD patients exhibit regions of very high ventilation-perfusion ratio, which,
it has been suggested, is due to regions of the lung in which emphysematous destruction of
a significant number of pulmonary capillaries has occurred [128]. This, and the changes in
elasticity of lung tissue, suggest that COPD may have large effects on the inhomogeneity

of both ventilation and perfusion.

2.2 Mathematical models of the lungs

As we explained in Chapter 1 the goal of this thesis is to develop a mechanistic model
of inhomogeneity in the lungs that can be fitted to high quality experimental data, to
provide useful measures of lung function. This requires a model with a limited parameter
set, governed by equations that can be solved rapidly (parameter recovery procedures
typically involve solving the equations describing a model a large number of times), but
which still represents the underlying physiology.

Our model is presented in Chapter 4, but here we discuss a number of different models
of the lungs that have been developed previously. For the purposes of the following

discussion we classify these models into three categories.
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1. Compartmental models. These models approximate the alveolar region of the lung
with perfectly mixed alveolar compartments. The conducting airways are approx-
imated with deadspace compartments in which no diffusion, or gas exchange with

the blood, occurs.

2. Trumpet models. These models still use a simplified geometry, but consider transport

in the conducting airways via both convection and diffusion.

3. Biophysical models. These models generally involve the use of imaging methods to
derive a detailed anatomical geometry on which to solve the governing equations.
These governing equations aim to represent the underlying physics of the processes

occurring within the lung in more detail than the other classes of model.

We will now discuss each of these in turn, aiming to give an idea of their assumptions,

and the problems they have been used to investigate.

2.2.1 Compartmental models

In Section 2.1.1 we described the branching structure of the airway tree which terminated
in alveoli. These alveoli appear from approximately generation 17 to generation 23. How-
ever, the simplest form of lung models ignore this complexity, and assume that the lung
can be split into regions in which gas transport is only by convection, and there is no gas
exchange with the blood (the deadspace), and perfectly mixed alveolar compartments in
which all the gas exchange between the air and the blood occurs.

Before describing the two main classes of such models, continuous ventilation models
and tidal ventilation models, we state the principle of the conservation of mass that will
be used repeatedly in this thesis, and explain how it applies to the functional lung unit

presented in Figure 2.7.

2.2.1.1 Conservation of mass

The principle of conservation of mass that we use in this thesis states that the rate of
change of volume of a particular gas within a region is equal to the net flux of that gas
into that region. We refer here to volume rather than mass as we assume that gas in the
lungs is at constant pressure and temperature, and thus the two measures are equivalent.

In the case of the functional lung unit shown in Figure 2.7 (this conceptual model is
introduced properly in Section 2.5) this means that the rate of change of the volume of a
given gas within the unit is equal to the sum of the net flux of that gas from the airways
due to ventilation, and across the alveolar membrane due to exchange with the blood. We
will discuss the net flux due to ventilation in the following sections, for both continuous
ventilation and tidal ventilation models. However, first we will briefly explain the flux

due to gas exchange with the blood, which is common to both classes of model.
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Figure 2.4: A schematic diagram of a continuous ventilation model, showing gas entering
and leaving the alveoli via both ventilation and exchange between the gas and blood
volumes. All quantities are defined in the main body of the text. Volumes are not to
scale. Note for ease of illustration, the ventilation entering the alveolar compartment,
Vin, and the ventilation leaving the alveolar compartment, V,,, are shown as V¢ and V<
respectively in this figure.

Consider the blood compartment shown in Figure 2.4. In this figure we assume that all
the pulmonary capillaries in the lung form a single compartment. The flux of a particular
gas flowing into the compartment is QrCY, where Qr is the cardiac output (which we
assume is constant) and CY is the mixed venous gas concentration of gas g entering
the compartment. The flux of the gas leaving the compartment is QrCY, where CY is
the arterial concentration of that gas. Since the total pulmonary blood volume is small
(approximately 70ml across the whole lung [128]), any change in the volume of gas in the
pulmonary capillaries (and thus the blood compartment) is ignored, and by conservation

of mass, the flux of the gas crossing the alveolar membrane is,
QT (O’U - Ca) . (23)

2.2.1.2 Continuous ventilation

An assumption included in many compartmental models is that of continuous ventilation
[42]. Such models do not have separate inspiratory and expiratory phases. Instead,
ventilation continuously enters at one end of the compartment and continuously leaves
from the other. A further assumption is that the volume of the compartment is assumed
to be constant. We will discuss the implications of this assumption later in this section.
Figure 2.4 shows the key features of such a model. To model inhomogeneity, more alveolar
compartments can be added with different ventilations, volumes, and perfusions [39, 61,
124].
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It is assumed that the alveolar compartment is well mixed, and the volume of the gas of
interest in the alveoli is F(t)V4, where V} is the alveolar volume, and F4(t) is the fraction
of that volume occupied by the gas of interest. As can be seen in Figure 2.4, the fluxes of
gas entering and leaving the alveolar compartment via ventilation are: V;,F?Y, where V,
is the ventilation entering the alveolar compartment and F7 the inspired fraction of gas g;
and V;fo‘, where Vel, is the ventilation leaving the alveolar compartment. The net flux of
gas ¢ into the compartment via ventilation is then, Vj, F’ 9 — V.. F 4. Combining this with
the net flux of gas g into the alveolar compartment via exchange with the blood, (2.3),
and applying conservation of mass to the alveolar volume, we have

d(F3(t)Va)

p = VinF¥ — Voo Y + Qp (C9 — C9). (2.4)

Summing this equation for CO4, Oy, and Ny, and remembering that FCO2 4 Oy FNy —

1, we have
av, . .
= Vin = Ve + 2 Qr (C1 - CY). (2:5)
g

Since the alveolar compartment has a constant volume in this model, the left hand side

of this expression will be zero. Thus we have
Ve = Vin + Q7 (CY = CY). (2.6)
g

As the net rate of gas exchange with the blood, given by >, Q7 (CJ — CY), is typically

small in comparison to the ventilation, it is often assumed that
“/:?x = ‘/7,71 = VA7 (27)

where V), is the alveolar ventilation. If we make this assumption then (2.4) can be written
in the more familiar form [42],

d(F4(t)V. :

ROV _ v, (b7~ 1)+ Qi (02 - €. (2.9
Another assumption common when using a continuous ventilation model is that we are

in a steady state. In this case derivatives with respect to time are zero, and from (2.4)

we have

V;nFIg - ‘/e:cFA? + QT (Cg - Cg) = Oa (29)

which we note does not depend on the alveolar volume, V4. Hence, methods, such as
the multiple inert gas elimination technique (MIGET) [124], that analyse data with a
continuous ventilation model in steady state will not be sensitive to alveolar volume.
MIGET will be discussed in more detail in Section 2.6.3.

Despite the simplicity of this model it has been used in a number of different settings:
to determine deadspace volumes [30]; as the basis for the MIGET technique [124, 125];
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Figure 2.5: A schematic diagram of a single compartment tidal ventilation model, showing
gas entering and leaving the mouth, and exchange between the gas and blood volumes.
The dotted line indicates expansion of the alveoli during inspiration. All quantities are
defined in the main body of the text. Volumes are not to scale.

in the sinewave technique [34, 143]; and in analysis of N,, washouts [32, 39, 61]. There
are two reasons for the wide usage of this model. First, the use of more complicated
models is only justified if the data quality is better than much of what has been available
until now [39, 95]. Secondly, these equations can either be solved analytically, or are
computationally tractable with the computational resources that were available when the
experimental techniques were first developed [42]. These experimental techniques, and

their successes and failures, will be discussed in Section 2.6.

2.2.1.3 Tidal ventilation

A step towards a more realistic model of the lungs is to assume tidal, rather than continu-
ous, ventilation. A simple schematic diagram of a single compartment of a tidal ventilation
model is shown in Figure 2.5. In this model the alveolar compartment is ventilated via
a series deadspace volume, and its volume expands and contracts during inspiration and
expiration respectively.

Applying conservation of mass to the (well mixed) alveolar compartment during inspi-
ration, we have that the rate of change of volume of the gas of interest is the sum of the
flux due to gas exchange with the blood (explained in Section 2.2.1.1) and the flux due
to ventilation, which is the flow rate entering the compartment multiplied by the inspired

fraction of the gas of interest. The governing ordinary differential equation (ODE) for the
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alveoli on inspiration is then [35, 42],

d(Fa(t)Va(t))
dt

= u(t)F1a(t) + Qr (Cy(t) — Cu(t)) , (2.10)

where u(t) is the flow rate entering the compartment, and Fj4(t) is the fraction of the
gas of interest inspired into the alveolar compartment at time ¢. In this case, the alveolar
volume, V4(t), is also a function of time. Most models [14] have assumed that since
the volume of gas exchanged with the blood is small in comparison to the flux due to

ventilation,

dV4(t)
dt
However, as we will explain further when developing our model in Chapter 4 we have not

= u(t). (2.11)

done this. The reason for this is that we use experimentally measured flow patterns, and
while on any one breath the difference in expiratory and inspiratory volumes due to gas
exchange is small, over the 15 minutes of breathing we consider, this difference becomes
significant.

The situation during expiration is very similar, except the flux due to ventilation is
now the flow rate (which is now negative as gas is leaving the compartment) multiplied

by the fraction of the gas of interest in the alveoli. Thus we have

d (Fa(t)Va(t))
dt

— w(t)Fa(t) + Qr (Cy(t) — Cu(t)) . (2.12)

As with the continuous model, inhomogeneity in a tidal ventilation model may be intro-
duced by considering a number of compartments with different ventilations, volumes, and
perfusions.

Such models have been developed for a number of the techniques discussed in Sec-
tion 2.6, including the sinewave technique [35, 134], MIGET [133, 141], and the N,
washout [141]. Rather than using the flow measured at the mouth (as we do in Chap-
ter 4) standard breathing patterns have often been assumed, for example, constant flow
during inspiration and an exponentially declining flow during expiration, although it has
been shown that the behaviour of the models, specifically the elimination of C02 from
the lungs, is sensitive to the form of breathing pattern assumed [135].

In Chapter 4 we develop a novel mathematical model of the lungs. We extend the

material presented in this section significantly in that chapter.

2.2.2 Trumpet model

The compartmental models discussed above assume (on the basis of experimental ev-
idence, see Section 2.5.1.1) that the volume where both convection and diffusion are
important is minimal. However, ‘“Trumpet models’ assume that gas transport in the

conducting airways is dependent on both convective and diffusive processes.
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These models assume that the cross-sectional area of the airways (Ag, (7)) can be
treated as a smooth function of ‘distance’ (x) into the lungs from the mouth [82, 102].
The form of A, (x), which increases rapidly at the end of the respiratory tree, gives this
class of models their name [127, 131].

To derive the governing partial differential equation (PDE) several further assumptions

are made.
e Mixing perpendicular to the axis of the respiratory tree is instantaneous.
e The left and right lungs are identical and all branching is symmetric.
e The volume (and cross-sectional area) of the airways is constant over time.
e The total volume of the alveoli expands by the tidal volume, V7, during each breath.

e Alveoli are present from a distance of z,, into the lungs and are the only place

where gas exchange with the blood occurs.
e The length of the airways, L, is constant and all gases are incompressible.

The governing equation of the model is then [82, 102],

oF oF 0 oF
ox ox ox

(Agw + Aalv)a + VA —=— = D— Aaw> + S(z,t), (2.13)

where A,,, and A, are the cross-sectional areas of the airways and alveoli respectively, v
is the gas velocity, D is the diffusion coefficient of the tracer gas, and S(z,t) is a source
(or sink) term for gas diffusing from (or into) the blood.

Solving this equation accurately is computationally intensive [131]. Thus, in general,
these models have been employed to gain mechanistic insight into the behaviour of the
lungs rather than used in the estimation of parameters from experimental techniques.
For example, they have been used to look at: stratification of gas in the lung [103]; to
investigate the sources of the alveolar slope during the No washout [82, 83], arguing that
the alveolar slope cannot solely be caused by stratification within the lung; and the effect
of different breathing patterns on CO,, transfer during normal breathing [135], where it
was shown that the breathing pattern (even for the same total alveolar ventilation) can
affect the elimination of CO, from the lungs.

Before proceeding with our discussion of the different mathematical models of the
lungs, we use the Trumpet model to compare the magnitude of diffusive and convective

transport in the conducting airways.
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Figure 2.6: A contour plot showing the variation of the Peclet number (Pe) in space
and time in the conducting airways. The only regions in which diffusion is an important
method of gas transport (where Pe < 1) are the small white regions in the top and
bottom right hand corners of the plot.

2.2.3 Diffusion in the conducting airways

In the conducting airways we assume that there are no alveoli, and thus A, and S(x,t)
are zero. Thus (2.13) becomes,

A(m)%—f + v(a:,t)A(x)g—}; = D% (A(a;)%—i) , (2.14)

where we have dropped the subscript 4, from the cross-sectional area of the airways for
simplicity of notation.

If we non-dimensionalise (2.14) we have
~OF 10 (,0F

5
oA — p—
MFLEP T #20r \“ op

OF
ot

%A (2.15)

where symbols with a tilde denote typical dimensions of the parameters, and those with

a hat the non-dimensionalised variables. Re-arranging and simplifying we have,

£y (Aa_lf +@Aa_F) _ 32 <A‘9F> , (2.16)
Xz

D ot oz 0z

where % is known as the Peclet Number, Pe, which represents the ratio of convective
to diffusive transport. Pe > 1 indicates diffusion is negligible and convection dominant,
while Pe <« 1 indicates that diffusion is important and convection may be neglected [119].
To estimate the value of Pe in the conducting airways we need appropriate values for 7,

for which we use the length of the conducting airways (L), D for which we use the diffusion

18



coefficient of N 2 and 9. However, the gas velocity, v(z,t), and therefore the appropriate
value of v, varies significantly both in time (due to changes in the flow rate), and in space
(due to the large variation in A down the respiratory tree). Therefore, we do not report
a single number for Pe in the conducing airways. Instead, we consider the variation of v
with x and ¢, and use this to estimate how Pe varies in space and time in the conducting
airways.

v(x,t) is related to u(t) (the flow rate measured at the mouth) by the relationship

v(x,t) Ax) (2.17)
Thus to find the appropriate value of v at particular values of z and ¢ we assume,
. 1
0= Al t)u(t). (2.18)
One form of A(z) used in the literature based on anatomical data is [131]
A(z) = wic)f (2.19)

Values for o and (3, parameters that govern the shape of A(zx), are shown in Table 2.1.
We assume that the flow rate varies sinusoidally during breathing [102], and thus during

expiration
%

u(t) = — 2teT sin (ﬂtte) : (2.20)

where V7 is the tidal volume and ¢, is the length of expiration.

Then using (2.19) and (2.20), we have on expiration

2
7 g‘th sin (ﬁ) (5;"’7) (2.21)

Using this expression we can then calculate Pe at different points in time and space
in the conducting airways. The results for expiration are shown in Figure 2.6; the plot
for inspiration would look very similar. The regions of the plot where Pe < 1 are almost
impossible to see (they are at the small white regions at the bottom and top right of
the plot, representing the end of the deadspace at the beginning and end of expiration
respectively). This indicates that diffusion is probably only important at the end of the
deadspace and when u(t) is very close to zero (i.e. at the end of inspiration/expiration).

Thus our analysis indicates that convective transport is probably dominant in the
deadspace. This supports the experimental evidence we will present in Section 2.5.1.1,

that the volume of the lung in which both convection and diffusion are important is small.
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Symbol Value Parameter

L 40 cm Length of the conducting airways
« 100cm?  Shape parameter

15} 40.55cm  Shape parameter

Vr 600 ml Tidal volume

te 3.58 Duration of expiration

D 0.25 cm? N2 diffusion coefficient

Table 2.1: Parameter values used to consider the importance of diffusion in the conducting
airways. These values are taken form [131].

2.2.4 Biophysical models

Biophysical models are considerably more complex than any of the models presented
thus far. A good review of key considerations when setting up models of this form is
presented in [111]. Briefly however, they involve using a space filling branching algorithm
and imaging data to define a finite-element mesh for the airway (and capillary) structure
[110, 112]; and the solution of coupled tissue mechanics, airflow, and gas transfer models
on this mesh [14, 84, 108].

These equations combine non-linear elasticity and fluid dynamics in three dimensions,
which are very complicated problems, even before their coupling is considered, and thus
they are very intensive to solve computationally [42]. Along with their large parameter
sets, and the difficulty of determining boundary conditions from experimental data, this
means they are probably not appropriate for the kind of parameter estimation we attempt
in this thesis. However, they can be extremely useful in considering mechanistic questions
about lung function.

For example, they have been used to study: the influence of airway asymmetry and
bronchoconstriction on the alveolar slope during the Ny washout [73, 113], where they
have shown that patchy bronchoconstriction may be insufficient to affect the value of one

of the indices used to interpret the Ny washout, S see Section 2.6 for more details

cond (
on these indices); how the location of particle deposition after inhaler use (important for
the deliver of medicine to asthma sufferers) depends on particle size [75]; and mechanisms

relating to emphysema and its progression [107].

2.3 The inverse problem

To use a mathematical model to gain understanding of a physical process there are two
classes of problem,: (i) the ‘forward’ problem, in which a model with known structure and
parameters is used to predict outputs that can be measured experimentally; and (ii) the
‘inverse’ (or ‘backward’) problem, in which parameters are found to ensure that the models
output to match experimental observations. Defined most broadly the inverse problem

involves defining both the structure of the model (‘model selection’) and its parameter
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values (‘parameter recovery’). In this thesis, model selection is performed mostly using
qualitative comparisons with experimental data, however we note more formal methods
exist, see for example [114].
Parameter recovery typically involves finding the parameter values which minimise an
objective function R,
min R(9(0),y), (2.22)

where ¢(0) is data simulated with parameters 6, and y is the experimentally measured

data. We consider objective functions which are sum of squared errors (SSE),
R =3 wi(§:(0) - v)", (2:23)

where ¢ are the data-points and w; weighting factors. Typically we are interested in three

things.
1. Determining which parameters are identifiable from the experimental data.
2. Finding the values of the parameters that minimise (2.23).
3. Estimating the uncertainty of the recovered parameters.

A parameter of a model is identifiable if its value can be determined from data experi-
mental data. Non identifiability may be structural, in which case even noise-free data does
not give unique parameter estimates, or practical, if unique estimates are only possible
using data with a higher signal-to-noise ratio than is available [46]. Such problems can
sometimes be dealt with by changing either the model or the experimental design [62].
Two of the most common methods of investigating these issues are maximum likelihood
(ML) methods and Bayesian inference.

In ML methods the parameters, 0, that minimise (2.23) are found (often using non-
linear least squares algorithms), and the curvature of R around this minimum is used to
derive confidence intervals which are consistent with the level of experimental noise [1,
20, 46].

Another approach to finding confidence intervals is bootstrapping [16]. This involves
calculating the residuals between the output of a model (with fitted parameters), and
the experimental data. It is assumed that the size of the residuals are independent of
their position in the dataset, and thus they can be randomly re-ordered. These residu-
als are added to the model’s output to form a synthetic dataset that is assumed to be
representative of a noisy experimental dataset. A number of different synthetic datasets
(with different, random ordering of the residuals) are produced and the variation in the
estimated parameters is used to estimate of the uncertainty in the estimated parameters.

The approach in Bayesian inference is different. We treat the parameters 6, as well as

the data y, as random variables, and aim to calculate the posterior probability distribution
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(over all of parameter space) of a particular  given the data y;, p(6|y;). To estimate this

Bayes’ rule is used,
p(Oly) o< p(y:l0)p(0), (2.24)

where p(y;|0) is the probability of observing the data given the parameters (which given
a model and observed data is relatively straightforward to calculate), and p(#) the prior
probability of observing the parameters, which is set based on the prior knowledge (or lack
thereof) of the system. The advantage of Bayesian techniques is that the posterior distri-
bution allows rigorous estimation of identifiability, best fit parameters, and uncertainty.
However, calculation of the posterior distribution, even when using efficient numerical
methods such as Markov chain Monte Carlo (MCMC) or approximate Bayesian compu-
tation (ABC) can be very computationally expensive, particularly for high dimensional
models [1, 45, 46, 114].

2.4 Spirometry

There are a number of different Pulmonary Function Tests (PFTs), for example: plethys-
mography [19, 126]; CO diffusing capacity [64]; and helium dilution [69]. More details
of each of these techniques can be found in the references, but briefly: Plethysmography
and helium dilution involve estimating a patient’s FRC, and then its comparison with a
normal value for their height, weight, age, and gender; while measurement of the CO dif-
fusing capacity involves measurement of the uptake of CO, to quantify factors limiting the
rate of gas exchange. However, by far the most common lung function test is spirometry,
because it is the easiest and cheapest to perform.

During spirometry a subject breaths through a mouthpiece and the flow (and therefore
the volume) is measured as a function of time. The standard procedure for spirometry
involves measurement of the Forced Vital Capacity (FVC), the maximum volume of air
that a subject can expire with a forced effort after a maximal inspiration; and measure-
ment of the Forced Expiratory Volume in one second (FEV7), the maximum volume of
air expired in the first second of an FVC manoeuvre. Subjects performing this manoeuvre
generally require coaching to perform it correctly. Even after coaching, significant varia-
tion in a subject’s performance is seen. The full protocol and criteria for acceptability of
measurements are set out in [72].

Spirometry may be used to distinguish between obstructive and restrictive abnor-
malities. Obstructive abnormalities are normally characterised by a disproportionate
reduction in maximal airflow (FEV{) compared to FVC. Restrictive abnormalities, on
the other hand, are characterised by a severe reduction in TLC despite a normal FEVy
to FVC ratio. Other indices that are sometimes extracted from spirograms are peak

expiratory flow (PEF), and the mean forced expiratory flow between 25% and 75% of
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Figure 2.7: An idealised functional unit of the lung, this presentation follows the concept
discussed by West [128].

FVC (FEF25%_75% ), which may be useful in detecting the presence of upper airway
obstructions [85].

The high level of variation in performance seen between subjects, and between dif-
ferent laboratories conducting these tests, means that a single spirometry test, viewed in
isolation, cannot reliably confirm the presence of a particular pathology [12, 21, 85]. In
fact, in tests on healthy subjects 10% of readings are abnormal [36], and, as we noted
in the previous chapter, the U.S. Preventive Services Task Force does not recommend

screening for COPD with spirometry [63].

2.5 The functional lung unit and inhomogeneity

One important conceptual model for understanding the factors that impair the ability
of the lungs to exchange gas with the blood is that of the functional lung unit [128]. A
schematic diagram of a functional lung unit is shown in Figure 2.7. We consider the lung
to be made up of a large number of such units.

In this functional unit gas enters, and leaves, the unit via the airway, and via exchange
with the blood across the alveolar membrane. A perfect lung, one which maximises the
amount of gas exchange for a given blood flow and ventilation, would be one in which
each of these lung units (assuming they are of equal volume) receives an equal fraction of
the blood flow (perfusion) and ventilation [128]. However, as we will see in Section 2.6,
even for someone with healthy lungs this is not the case, and different parts of the lung
receive different amounts of ventilation and perfusion.

We define this difference of ventilation and perfusion between different lung units as
inhomogeneity of ventilation and perfusion respectively. One concept that has often been

used to investigate this inhomogeneity is the ventilation-perfusion distribution. This is the
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Figure 2.8: A simple illustration of the effects of inhomogeneity on gas exchange in the
lung based on a simple two compartment model. This plot shows the variation of the
arterial concentration of O, as the ratio of ventilation between the two compartments is
varied. In this figure the perfusion is equally split between the two compartments.

distribution of ventilation-perfusion ratios between different lung units. We will discuss a
number of methods for estimating this distribution in Section 2.6.

In Chapter 4 we present a novel lung model which incorporates inhomogeneity of
ventilation, perfusion, and volume of the airways leading to lung units. These are all forms
of parallel inhomogeneity [101]. However, one form of inhomogeneity we do not consider in
our model is serial inhomogeneity. We define serial inhomogeneity as any inhomogeneity,
due to diffusion limitation, which leads to concentration differences within a lung unit,
rather than just between units. This is often referred to as stratification within the lung
[101, 119]. Before explaining the experimental evidence which motivated the decision to
ignore serial inhomogeneity, we will give an illustration of the consequences of parallel

inhomogeneity using a simple two compartment continuous ventilation model.
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2.5.1 Consequences of inhomogeneity

The importance of inhomogeneity of ventilation and perfusion on the lung’s ability to
take up O, has long been understood [90, 93]. Riley and Cournand [93] showed that
the effect on the steady-state arterial 02 and C02 partial pressures of any distribution
of ventilation and volume within the lung can be represented by a three compartment
model. This model is comprised of one deadspace compartment, one “ideal” alveolar
compartment, and one shunt (venous blood that by-passes the alveoli and thus does not
participate in gaseous exchange) compartment. Here we use a simple two compartment
continuous ventilation model to see what the effect is on the arterial 02 concentration,
and thus the uptake of 02, of introducing mismatch between ventilation and perfusion.
Consider a model, identical to that shown in Figure 2.4, but with two alveolar com-
partments, with volumes, V4, and Vj,, alveolar ventilations, Vi and Vg, and perfusions
)1 and )5. Here we assume for simplicity that the ventilations entering and leaving a
compartment are constant and equal. In steady state (when all derivatives with respect

to time are zero), from (2.8) we have that
Vi (Ff = F4) + Qi (Cf = Co.(FL* Fi?)) =0, (2.25)

where the subscript ¢ denotes the compartment and the superscript g either 02 or C02
as relevant. We have written the arterial gas concentrations as Cgi(ngoz, FZQ) to make
clear that they are functions of the alveolar gas fractions, '{ . As described in Section 2.2
we use the blood-gas model to convert from alveolar gas fractions to concentrations in
the blood. We can then solve these equations simultaneously in the two compartments,
for both C02 and 02, to get the arterial gas concentrations in each compartment. The
mixed arterial gas concentration is the perfusion weighted sum of arterial concentration
from each compartment.

In Figure 2.8 we plot the arterial 02 concentration as the ratio of the ventilations (%)
of the compartments is varied while the total ventilation and perfusion are kept constant
(at 4.21/min and 51/min respectively). In this figure the perfusion is equally split between
the compartments, although a similar figure where we varied the perfusion and kept the
ventilation equally split could be produced. In this figure we have assumed venous partial
pressures of 46 mmHg for CO,, and 40 mmHg for O,.

Even though the total ventilation and perfusion is always the same in this figure, it is
evident that increasing the inhomogeneity of ventilation reduces the arterial concentration
of O2 leaving the lungs. This demonstrates that inhomogeneity impairs the ability of the

lungs to perform their primary function, exchange gas.
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2.5.1.1 Diffusion limitation

One method for studying gas mixing in the lungs is to perform simultaneous washouts
of He and SFg [119]. The reason these gases are used is that they are: inert; almost
insoluble, and thus not affected by perfusion; and have very different diffusivities.

Kawashiro et al. [59] performed simultaneous multi-breath washouts of these two gases.
These experiments involve the subject breathing the gas through a closed ventilatory
system, until the concentration of the tracer gas in their lungs equilibrates with that in
the rest of the system. They are then switched to breathing room air and the concentration
of the tracer gas is measured as it leaves the lung.

Despite the extremely different diffusivities of He and SF6, the profile of the washouts

were very similar. Specifically they estimated the dilution factor ratio r,, where

wHe

Ty = SLFG, (2.26)
Wn
and w, is the dilution factor,
FET(TL + 1)
Wy = ———— 2.27

where Fgr(n) is the end tidal gas fraction on breath n.

Although there was a statistically significant difference between the two gases, it was
small, with the value of r remaining close to unity (0.98-1.00). This suggests that the
region in which the rate of gas transfer via diffusion is limiting is small (compared to the
volume in which the gas being washed out is diluted in). Thus partitioning the lungs into
a region in which only convection occurs, the deadspace, and a perfectly mixed alveolar
volume seems reasonable.

There is however some evidence that the magnitude of diffusion affects the value of
the normalised alveolar slope in humans [87] (although this result was not found in dogs
[70]), and so models that neglect diffusion may fail to reproduce this feature. The concept

of normalised alveolar slope is discussed in detail in Section 2.6.4.2.

2.6 Measuring inhomogeneity

In this section we discuss a number of experimental methods that have been used to
investigate inhomogeneity in the lungs. We saw in Section 2.5.1 that inhomogeneity is a
major cause of the impairment of gas exchange in the lungs. Despite this, no single ‘gold
standard’ method for assessing inhomogeneity has been developed. However, the sheer
number of methods, and the correlations with lung disease, discussed below demonstrate

the potential of a measure of inhomogeneity as an indicator of lung function.
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2.6.1 Hyperpolarised gas magnetic resonance imaging

In conventional proton MRI it is not possible to image the airspaces of the lung, due to
their low proton density, and the high magnetic susceptibility of the surrounding lung
tissue. This can be overcome by adding hyperpolarised gas (either He or '*Xe ) into
the inspired gas [27, 77]. The magnetic moment of these gases is typically two orders of
magnitude larger than that of the water in the surrounding tissue, allowing the airways
and tissue to be distinguished.

3He was initially the most popular gas for hyperpolarised gas magnetic resonance
imaging (HP MRI), as its gyromagnetic moment is three times larger than **Xe , and it
is therefore easier to polarise. However, it is significantly more expensive and difficult to
acquire. In fact, in the US its supply is currently regulated by the government due to its
use in security scanners. The medical community does receive an allocation for research,
but it is likely that if the technique were adopted more widely 2Xe would have to be
used [27, 77].

We will now consider four applications of HP MRI that have been used to study the

inhomogeneity of the lungs.

Ventilation imaging: In ventilation imaging a stack of 2D images are acquired during
a breath hold following an inspiration of HP gas. Regions of high signal intensity in the
resulting images correspond to normally ventilated areas, and regions of low intensity to
ventilation defects (totally or partially obstructed regions). Ventilation defects have been
detected in patients with pulmonary disease using both *He [56] and '**Xe [3].

There is however some difference between images taken with the two gases, with 12°Xe
images showing larger and more prevalent defects. It has been argued that this is due to
the large differences in molecular weights between the two gases, and that ?*Xe is more
sensitive to mild obstructions [77]. However, respiratory gases have different molecular
weights to either of these gases, and it has not yet been determined how the respiratory
gases are affected by these mild obstructions that 2?Xe detects but *He does not.

3He washouts have been imaged with HP-MRI, allowing calculation of the ratio of
fresh gas entering a unit of the lung to the total end inspiratory volume of the unit. This

allows a regional map of the ventilation-volume ratio in the lung to be produced [49].

Diffusion MRI: By carefully measuring the signal attenuation under different condi-
tions an Apparent Diffusion Coefficient (ADC), which varies inversely with how much the
diffusion of the HP gas is restricted in different areas of the lung, can be calculated [77].
Both 3He [99] and '*?Xe [57] have been used to show that the ADC is larger in emphysema,
due to the enlargement of airspaces caused by tissue destruction that is characteristic of
the disease. It has also been shown that the technique is sensitive enough to detect

gravitational gradients and the variation of alveolar size with age [57].
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Estimation of partial pressure of 02: The longitudinal relaxation rate of a HP gas is
directly proportional to the local O, concentration [77]. By mapping this relaxation rate,
the partial pressure of O, (Pao,) in the lung can also be mapped [77]. If the composition
of mixed venous blood is measured, and the P40, values are assumed to represent steady
state values, then corresponding ventilation-perfusion ratios (% ratio) for regions of the
lung can be estimated using conservation of mass relationships [94]. Using this approach

the authors report a % distribution, a plot of the perfusion or ventilation to regions with

v
Q

pigs [94].

a given 4 ratio, which is approximately lognormal in a group of seven healthy Yorkshire

Gas exchange and uptake: !?Xe (unlike 3He ) is soluble in both tissue and blood.
In the lungs it exists in dynamic equilibrium between the gas and dissolved phase (ap-
proximately 2% is in the dissolved phase at equilibrium), and this, coupled with the large
chemical shift of the spectroscopic peaks between the two phases, allows study of its ex-
change and uptake [77]. Although this method requires reasonable care to implement,
it has been shown to be sensitive enough to detect the heterogeneity of gas exchange in

normal subjects caused by gravitational gradients [58].

2.6.2 Positron emission tomography:

In this technique a radiotracer, originally 13N2 , is introduced into the lungs either by
infusion into the blood, or via the inspired air. The regional activity of the radiotracer
is then mapped using a positron emission tomography (PET) scanner. Depending on the
technique, the ventilation, perfusion, or ventilation-perfusion distributions of the lungs
may be estimated [4, 78, 91, 115].

Using a combination of bolus infusion, continuous infusion, and ventilation based
techniques, Treppo et al. [115] estimated the specific ventilation (the ventilation per unit
volume), perfusion, and ventilation-perfusion distribution of ten dogs. They found that
the distributions were well approximated by lognormal distributions (as has been theo-
retically suggested [139]).

Musch et al. [78] used a bolus injection, followed by a breath hold (during which
period the activity of the radiotracer was assumed to be proportional to the perfusion),
and then monitored the activity as the tracer washed out the lungs (assuming a mono-
exponential decay in intensity in a voxel, with a time constant inversely proportional to
the ventilation) to map these quantities in humans.

More recently ®®Ga has been used as the radiotracer, as it has increased sensitivity,

allowing reduction of the radiation dose of this procedure by up to 50% [4].
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2.6.3 Multiple inert gas elimination technique

The multiple inert gas elimination technique (MIGET) is used to investigate the inho-
mogeneity of ventilation-perfusion matching in the lung. Six inert gases with differing
solubilities are dissolved into a saline solution and infused into a patient at a constant
rate. After 20 minutes (the delay is to allow the inert gas concentrations to settle down
to a steady state), retention values (the arterial partial pressure divided by the mixed
venous partial pressure) are calculated for each gas [47, 125].

It is then assumed that these values represent steady state values (although even
at ‘steady state’ the partial pressures will vary due to the tidal ventilation of the lung
[133]), and that conservation of mass can be applied to the exchange of gas with the
blood. This allows the derivation of an equation which relates gas retention to local
ventilation-perfusion ratio. Six gases with different solubilities are used because each one
is sensitive to different values of this ratio. A simple 50 compartment lung model, in which
each compartment has a different ventilation-perfusion ratio, is fitted (assuming that the
ventilation-perfusion ratios are subject to a smoothing function) to the data to estimate
the ventilation perfusion distribution of the lungs [124]. However, given this effectively
involves fitting 50 unknowns to six data points, the information content of this estimation
procedure has been questioned [132].

Healthy subjects appear to have narrow unimodal distributions, older subjects broader
unimodal distributions, and subjects with COPD may have multi-modal distributions
[125]. Tt has also been suggested that indicators of inhomogeneity derived from MIGET
display abnormality earlier than spirometry in mild COPD patients [97].

2.6.4 N2 washout

Since the late 1940s the multi-breath N, washout test (MBNW) has been used to in-
vestigate inhomogeneity of ventilation [31]. In this procedure a subject is switched from
breathing room air to breathing pure 02, and the expired concentration of N2 is moni-
tored as it washes out of the lungs. A consensus statement from the European Respiratory
Society (ERS) and American Thoracic Society (ATS) gives a full outline of the experi-
mental procedure, and specifications for measuring devices for collecting data from this
technique [95].

Below we discuss a number of ways in which the data from this technique has been
analysed, and what it has revealed about the relationship between inhomogeneity of ven-

tilation and respiratory disease.

2.6.4.1 Lung clearance index

A number of indices of the inhomogeneity of the distribution of ventilation have been based

on the observation that a Ny washout proceeds most quickly if the lung is homogeneously
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ventilated [31]. One such index is the lung clearance index (LCI), which is defined as

Litres of ventilation required to reduce the Ny concentration to 4—10 of its original value

FRC

(2.28)
The LCI has been shown to separate subjects with both emphysema and cystic fibrosis
(CF) from healthy subjects [6, 11, 38, 51, 95]. Although there is variation in the values
reported in the literature, LCI appears to take values of around 6.5 in healthy adults and

values over 8 in those with known lung disease [95].

2.6.4.2 Normalised alveolar slope

Another approach to estimating inhomogeneity of ventilation has been to look at the
slope of phase III from N expirograms (see Figure 2.3) from each breath of the washout.
This slope is then normalised by dividing it by the mixed expired N, concentration of the
breath under consideration. It should be noted that this slope is non-zero even in healthy
subjects [31].

It has been shown using the trumpet model (see Section 2.2.2) that this slope does not
exist in homogeneous lungs [82], and experimentally that it is not caused by gravity [88].
Thus the source is probably inhomogeneity [26]. Two mechanisms have been suggested to
explain this: (i) diffusion convection dependent interactions (DCDI); and (ii) convection
dependent interactions (CDI) [116].

DCDI result from interactions between convection and diffusion at asymmetric branch
points, located in a region where transport by convection and diffusion are of equal mag-
nitude (the diffusion front). This is generally believed to be in the acinus of the lungs.
A two branch trumpet model has been used to show that this can occur even if the
two branches’” emptying is synchronised and the ventilation volume ratios are identical
[26]. This contribution to the normalised alveolar slope (S) is considered to be breath
independent [116].

CDI result from sequential emptying between unequally ventilated lung units proximal
to the diffusion front. Thus this interaction is believed to arise from inhomogeneity in
conducting airways, or different pressure-volume (P-V) characteristics of large lung units.
If poorly ventilated units contribute relatively more at the end of expiration, a positive
slope will be generated. This effect increases in magnitude with breath number [116].

Thus Verbanck [117] established the following procedure for determining indices re-
lating to the two interactions from a N, washout procedure (with a target tidal volume
of 11 on each breath).

1. Estimate FRC from total volume of N, collected during the washout (until the
point where the concentration of N, is 1.5%). This is done by assuming that the
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N2 fraction is uniform everywhere within the lungs, and thus

Cumulative expired volume of Ny
FRC = N N .
Finitial = Ffinal

initial

(2.29)

2. Evaluate alveolar slope on each breath (between expired volumes of 0.651 and 11),

and normalise with the mixed expired concentration for that breath.
3. Plot this against lung turnover (total expired volume of gas divided by FRC).

4. The slope of this curve between turnovers of 1.5 and 6 (where DCDI is negligible)

is defined as S which is considered an index of CDI.

cond’

5. Sycips the index of DCDI, is then evaluated by taking the value of the normalised
slope on the first breath, and subtracting the influence of inhomogeneity in con-

ducting airways (S.,,q multiplied by the lung turnover in breath one).

con

These indices have been shown to have abnormally high values after bronchoprovoca-
tion [117] and in COPD patients [118], and have been used to study the changes in lung

structure in these cases.

2.6.4.3 Ventilation-volume distribution

The Ny washout has also been used to attempt to assess the distribution of ventilation
within the lung. Over sixty years ago Fowler et al. [32] fitted a simple three compartment
model to the mean expired Ny fractions during the washout. They found some inhomo-
geneity even in young, healthy subjects, which increased slightly in older subjects and
markedly in those with lung disease. More recently Gustafsson et al. [39] fitted slow and
fast ventilated lung compartments to mean expired Ny fractions in both healthy controls
and CF patients. They found the presence and size of the slowly ventilated compartment
was an indicator of the severity of the disease (as assessed by other respiratory markers).

Another method of analysing the distribution of ventilation has been to attempt to
recover a ventilation-volume distribution. This involves fitting a 50 compartment model
(49 alveolar and one deadspace), with each compartment having a different specific ven-
tilation (the ratio of the tidal volume received by a compartment to its volume), to the
data. It has been found experimentally that the recovered distribution is narrow and
unimodal for young healthy subjects, broader for older subjects, and may be multi-modal
for those with respiratory disease [61]. This approach has also been taken with 02 washin
data [74].

The N2 washout procedures used in this approach typically involve 17 breaths, and
a 50 compartment model is fitted to these 17 data points. Thus, similar to MIGET, the
estimation procedure suffers from under-determination, and a smoothing function must

be used [61]. It has been shown, for the standard choice of smoothing function, that the
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width of the recovered distribution is only weakly dependent on the width of the true
distribution [132].

2.6.5 Inspired gas sinewave technique

Introduced in the mid seventies [143], the inspired gas sinewave technique involves intro-
ducing a gas with a sinusoidally varying concentration into the inspirate. This perturba-
tion is designed to be relatively small, so that the inspired concentrations of all gases are
clinically acceptable, and unlikely to affect the subject’s physiology. The mean concen-
tration in the airways and tissues of the body is allowed to equilibrate, and the partial
pressure of the expired gas is continuously monitored. It is expected theoretically, and
found experimentally, that the end and mixed-expired partial pressures of the tracer gases
also vary sinusoidally, but with a different amplitude and phase to the forcing signal.

A mathematical model is then used to relate the amplitude and phase of the partial
pressure of the expired gas to the inspired forcing signal. Inversion of this model then
provides an estimate for the deadspace volume, FRC, and, if a soluble gas is used, the
cardiac output [34, 35, 138].

Zwart et al. [143] used a simple mathematical model to establish conditions for the
solubility of the tracer gas, and the period of the inspired sinewave, that allow recirculation
of the signal in the mixed venous blood returning to the lungs to be ignored. This led to
the use of halothane (a very potent anaesthetic agent) in extremely low concentrations
(0.03%) over a period range of 0.5 to 4 minutes.

However, such low concentrations require extremely accurate concentration measure-
ments, thus the significantly less potent anaesthetic agent nitrous oxide was used in an
animal study, despite this gas not fulfilling Zwart’s solubility condition. This allowed a
mean value for the signal of 6% without causing any physiological effects [41]. Theoretical
support for ignoring recirculation for a wider range tracer gas solubilities than previously
suggested was provided by [34].

Another very attractive tracer gas is O,, as this avoids the need for an anaesthetic
agent and can be used at a high mean concentration. However, there is the added com-
plication that 02 is consumed by the body, and this rate of consumption can vary signif-
icantly between individuals. It should be noted, however, that there is some theoretical
evidence that, in steady state, this consumption can easily be compensated for, and that
the amplitude and phase of the expired sinewave for the insoluble gas Ar, and 02 (after
adjustment for the consumption) should be identical [40]. This has been investigated
experimentally with varying conclusions [44, 137].

Ventilation volume distributions have also been investigated in the context of the
sinewave technique. Whiteley et al. [134] simulated data using a model based on a con-
tinuous ventilation volume distribution. They then attempted to recover the alveolar

volume using a tidal, single compartmental model at a range of frequencies (as a recovery
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procedure for inhomogeneous lungs in the sinewave technique is yet to be defined). It
was observed that the more inhomogeneous the distribution, the greater the difference
between the values at high and low forcing frequencies. Thus they defined the following

index of inhomogeneity (I),
Va(5) = Va(1)
Val) 7

where V4(T') is the estimated alveolar volume at a period of 7" minutes. This index

I =

(2.30)

was shown to be able to distinguish between broad and narrow unimodal, and bimodal

distributions, and to be robust to the magnitude of error expected in practice [134].

2.6.6 Deadspace volume

An important determinant of alveolar ventilation is the volume of deadspace, the volume
of the lungs that does not participate in gas exchange with the blood, and how it is
distributed throughout the lungs. One of the most common methods for estimating the
volume of deadspace is the single breath test for C02 (SBT—COQ). During this test the
fraction of CO, (F©O2) and the volume of air expired are measured at all times during a
single expiration.

It can be assumed that the atmospheric value of F¢©: is approximately zero, thus the
only source of CO, in the lungs is diffusion across the alveolar membrane from the blood.
As gas exchange only occurs in the alveoli, it is assumed that these contain CO, at the
end of inspiration but the conducting airways do not. Thus considering the deadspace
and alveoli as separate, well mixed, compartments we assume the deadspace has a F¢©2
of zero, whereas the alveolar compartment has a F°C2 equal to the end tidal value we
measure (air from the alveoli is expired last). Applying conservation of mass we can then

derive the simple Bohr formula to estimate the volume of deadspace [30],

co,

F
Vop=Vr|1- 251, (2.31)
FET2

where Vp and Vi are the deadspace and tidal volumes respectively, and F 502 and F ]S? 2
are the mixed expired and end tidal C02 fractions respectively.

A modified ‘functional’ deadspace has also been estimated from the MBNW technique
and its difference from the Bohr deadspace used as an index of ventilatory efficiency for

these manoeuvres [5].

2.6.7 Summary

The sheer variety of methods used to investigate inhomogeneity in the lungs presented in
this section demonstrate the interest in a method of quantifying inhomogeneity suitable

for widespread clinical use. So far none of the methods presented in this section has
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gained widespread adoption. There are a variety of reasons for this, for example, the
complication of performing them (MIGET [125]), or their expense (HP MRI [27]).

Of the methods presented here the Ny washout is perhaps the most straightforward,
as rather than exotic tracer gases such as those used in MIGET or HP MRI, it simply
involves a subject breathing high levels of 02 for a sustained period. In the rest of
this thesis we present a novel method of analysing N, washout data that may provide a

mechanistic measure of inhomogeneity in the lungs.
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Chapter 3

Methods Summary

This chapter summarises the mathematical model (the “lognormal lung”) of the lungs
and how its parameters are estimated from experimental data. This is designed to give
the reader an overview of these areas, so that the full details of the model (presented in
Chapter 4) and the parameter estimation procedure (presented in Chapter 5) may be more
readily understood. References to these more detailed discussions are made throughout
this chapter. Some of the text and figures from this chapter are repeated in those chapters

for clarity.

3.1 Structure of the model

Our model is designed to simulate a patient breathing on the LGA; it takes the flow rate
and compositions of the inspired gas and mixed venous blood as inputs, and then returns
the compositions of the expired gas and arterial blood as a function of time.

A schematic diagram of the components of our model is displayed in Figure 3.1. In
our model we assume that all gas exchange and volume change within the lung occurs
in perfectly mixed alveolar compartments. Each alveolar compartment has an associated
volume of personal deadspace, and each of these personal deadspace compartments is ven-
tilated via the common deadspace compartment. We assume that the common deadspace
compartment (Vp¢) is the known volume of deadspace introduced by the measuring ap-
paratus, while the total volume of the alveolar compartments when the lung is at FRC
(V4), and of the personal deadspace compartments (Vpp) are parameters which must be
determined for each test subject.

Not shown in this diagram is our model of the recirculation of arterial nitrogen, for
which we use a simple four compartmental model from the literature [7], or the recircula-
tion of arterial O, for which we use a single body compartment of volume V;. These are

discussed further in Section 3.2.2
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N
Venous blood

Figure 3.1: A schematic diagram of our model. We consider the lung to be composed of
three different types of volume. N (here N = 3) perfectly mixed alveolar compartments
(grey circles), N personal deadspace compartments (Vpp) that connect each alveolar
compartment to the common deadspace compartment (Vp¢), which we assume represents
the deadspace introduced by the measurement apparatus.

Figure 3.2: (a) A schematic diagram of an alveolar unit. Vpp is the total volume of
personal deadspace of which a fraction v; is connected to compartment i. V) is the total
alveolar volume, and AV; is the fractional alveolar volume change (“compliance”). Qr
the total perfusion, of which a fraction @); perfuses compartment i. (b) The bivariate
lognormal distribution of compliance and perfusion.
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Symbol Description

Va Total alveolar volume when the lungs are at FRC
Vi C02 equivalent tissue volume

Qr Cardiac output

O Width of the compliance distribution

oy Width of the perfusion distribution

P Correlation of compliance and perfusion
Vpe Apparatus deadspace volume
Vpp Total personal deadspace volume

0., Width of the deadspace distribution

Table 3.1: A summary of the parameters that describe our model. Vpe is set equal to
the measured apparatus deadspace volume of 155 ml, but all the other parameters must
be estimated.

3.1.1 Inhomogeneity

To model inhomogeneity in the lung we consider the alveoli as N (N = 3 in Figure 3.1)
perfectly mixed compartments in which gas exchange with the blood occurs, and which
expand during inspiration and contract during expiration. Each alveolar compartment
has equal volume at FRC, but differs in its fractional share of the total perfusion (Q;),
compliance (AV}), and personal deadspace volume (v;). A diagram of a single alveolar
unit in which each of these fractional shares is illustrated is shown in Figure 3.2a.

If each of these fractional shares were a unique parameter, our model would have an
extremely large parameter count. Thus instead a key assumption of our model is that the
fractional compliance and perfusion are governed by a bivariate lognormal distribution,
illustrated in Figure 3.2b and outlined in detail in Section 4.1. This distribution has three
parameters that must be determined for each subject: (i) o, the width of the compliance
distribution; (ii) o,, the width of the perfusion distribution; and (iii) p, the correlation
between compliance and perfusion.

The fractional perfusion and compliance of the N compartments are then determined
by discretising this continuous distribution. This process is explained in detail in Sec-
tion 4.2.1. Similarly, the fractional deadspace volume is determined by discretising the
deadspace distribution (which has one parameter, the width of the deadspace distribution
0,) as described in Section 4.2.2. Thus the structure of the model is defined by the nine

parameters summarised in Table 3.1.

3.2 Governing Equations

3.2.1 Alveolar compartments

We assume that the alveolar compartments are perfectly mixed, and that the gas exchange

between the blood and the alveolar compartment reaches equilibrium. Since N2 and 02
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are almost insoluble in lung tissue we assume that the volume of these gases dissolved in
lung tissue will be negligible. By conservation of mass the rate of change of the volume
of gas in a lung unit is equal to the sum of the flux entering via ventilation from the
personal deadspace, and the net flux due to exchange with the blood across the alveolar

membrane. Thus for Ny and O, during inspiration we have (35, 42],

d (F (t)Vai(t))

AR = Via(t) (1) + QraQ: (CH() — C(1)) (3.1)

where [/ (t) is the gas fraction g (where g may be Oq or No) in compartment 7 at time ¢,
V" is the fraction of the flow measured at the mouth that enters compartment ¢ during
inspiration (the calculation of this quanitity is discussed in detail in Section 4.3.1), F7,(¢)
is the fraction of gas ¢ inspired into compartment ¢ from the connected personal deadspace
compartment, Qr is the cardiac output, C¥(¢) is the mixed venous (pulmonary arterial)
gas concentration of gas g entering the compartments, C?;(¢) the blood gas concentration
of gas g leaving compartment i, V4;(t) the volume of compartment i, and w(t) is the

flow rate of gas (measured by the LGA). It should be noted that since we consider gas

dVai(t)
dt

given by (3.5), which is derived below.

is not equal to V/™u(t), as is often assumed [14], but is

exchange with the blood,

However, COZ is significantly more soluble than No or 02, and thus is present in
appreciable volumes in lung tissue [100]. We assume that the tissue volume is a constant
fraction (b) of the total alveolar volume at FRC (V) and distributed among the compart-
ments in proportion to their volume at FRC. We assume that the partial pressures of CO,
in the tissue and the alveoli are at equilibrium, and thus the volume of C02 dissolved in
the tissue associated with compartment i is

ViVabA, (P — Payo) B O (1), (3.2)

i

where A; is the solubility of CO, in lung tissue. We then define the effective CO,, tissue

volume, V;, as

Vi = b (P, — Puyo). (3.3)
Therefore, including this volume, for CO,, on inspiration, by analogy with (3.1), we
have
d (F7% () (Vai(t) + ViViVa))

- = Vimu(t)F1, > (6) + QrQs (C5 (1) = CL* (1)) . (3.4)
Summing (3.1) (for both N, and 02) and (3.4), re-arranging, and remembering that

FCO2 4 FNo 4 FO» = 1, we have
dFO (1)

= V"u(t) + QrQi Y (CA(t) = G (1) = ViIKVa ===,
g

dVa;(t)
dt

(3.5)
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where ¢ denotes one of the three respiratory gases. Thus as we noted earlier Wasl®) g ot

dt
equal to Vi™u(t).
On expiration the flux due to ventilation is leaving rather than entering the compart-
ment. Thus (3.1) becomes [35, 42]

d (F(t)Vai(t))

7 = VEu(t)FY(t) + QrQ; (CY(t) — CY(t)) . (3.6)

where Vi is the fraction of the flow measured at the mouth that leaves compartment i
during expiration (the calculation of this quanitity is discussed in detail in Section 4.3.1),

and g is Oy or Ny. Similarly for CO, we have

4 (F72 (1) (Vailt) + ViViV))

dt

= VeEmu(t)Fy (1) + QrQ; (€52 (1) — G (1)) . (3.7)

Summing (3.6) (for both Ny and 02) and (3.7), and re-arranging, gives the governing

equation for compartmental volumes on expiration,
dF O (1)

= VEu(t) + QrQi 1 (C4(t) = CL (1)) + ViViVa=——=.
g

dVai(t)
dt

(3.8)

The method used for solving these equations is described in detail in Section 4.6.

3.2.2 The body’s gas stores

Previously we derived the governing equations for the alveolar compartments, and saw
that they depend on the venous gas concentrations Cy(t). During the air breathing phase
of our measurement protocol, these values are relatively stable and can be calculated from
the data without the need for a model of recirculation. During the high O, breathing
phase, the concentrations of both Ny and 02 in the pulmonary venous blood change
substantially, and so models for recirculation must be employed.

To model the body’s Ny stores, and their exchange with the blood, we adopt the
model (and parameters) of Baker and Farmery [7]. This model, illustrated in Figure 3.3,
assumes that the body is made up of four compartments perfused in parallel. The venous
partial pressure of nitrogen leaving the [-th body compartment is found by solving the
following conservation of mass equation ((21) from [7]),

Py _ Qr@Q

i~y 0= R0). 39

where ij? is the venous (which is assumed to be equal to the tissue) nitrogen partial
pressure in body compartment [, (); is the fractional perfusion of body compartment [,

A, is the blood-tissue partition coefficient of compartment [, Vj; is the tissue volume of
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Figure 3.3: A schematic diagram of the four compartment model of the recirculation of
arterial nitrogen [7]. Arrows show the arterial blood leaving the lungs and mixed venous
blood returning to the lungs.

compartment [, and P (t) is the perfusion weighted average arterial partial pressure of

Ny in each alveolar compartment. P (t) is given by
PY2(t) = 3 QiF;*(t) (P — Piryo) - (3.10)

The mixed venous nitrogen concentration entering the lung is the perfusion weighted

concentration leaving the body compartments,
N2 N2
Cy2(t) = Sy Y QuP,% (1), (3.11)
]

where S is the solubility of Ny, in the blood.

Unlike Ny, Oy is consumed by the body, and thus if we were to adopt the four compart-
ment model for Oy, we would have to determine how this consumption was distributed
among the compartments. We lack information with which to do this, and thus for the
02 stores we assume a single body compartment. Further, we assume there is a constant
rate of 02 consumption, Vo, , which is the same as that we measure at the mouth during
the air breathing period. Thus the governing differential equation for C;) % in the high 02
breathing period is

oy 1
a Vi

O,

(Qr (C2=(t) = €7 (1) = Vo, (3.12)
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where V7, is the volume of the compartment and C22 is the perfusion weighted average

arterial concentration. Cy? is given by
CP2(t) = Y- QuCa(1): (3.13)

The 02 consumption, VOQ, is assumed to be equal to that measured at the mouth during

the air breathing period, and thus

. 1 tair o)
Vo, = / FO2(Hu(t) dt, (3.14)
0

taz’r

where F' ]32 is the 02 fraction measured at the mouth and ¢, is the duration of the air
breathing period. This leaves one additional parameter, V7, to be estimated during the

parameter recovery procedure.

3.2.3 Deadspace compartments

On the basis of both theoretical, see Section 2.2.2, and experimental, see Section 2.5.1.1,
evidence we neglect gas transport via diffusion in the conducting airways (which we ap-
proximate with cylindrical deadspace compartments) and assume all transport is via con-
vection.

However, even in a simplified geometry such as a cylindrical pipe, many different
patterns of flow are observed [106]. In Section 4.4 we consider two of these flow patterns:
plug flow, representative of turbulent flow seen at high speeds; and Poiseuille Flow, a fully
developed laminar flow.

Plug flow is the simplest flow pattern in which gas fronts entering the deadspace
propagate down the deadspace unaltered. In Section 4.4 we show (by comparing the
output of our model to experimental data) that this simple flow pattern (often used by
other authors e.g. [133]) is a valid and sufficiently accurate way to model flow in the

conducting airways.

3.3 Parameter estimation

In this section we describe the minimisation problem that we solve to estimate the pa-
rameters of the model (Table 3.1) from data collected during the measurement protocol.
For our purposes a measurement protocol comprises ten minutes of air breathing followed
by five minutes of breathing pure O,.

The objective function, R, that we minimise to estimate the parameters of our model
is

R= X alt)? (R - F$%w) + (Fir) - FS1))

air—breathing

Y ) (Fap(n) - Fy*(w) . (3.15)

O,breathing
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where Fy, and Fg are the measured and simulated fractions in the measurement plane
of the LGA respectively. The ‘air-breathing period’ for the objective function above
is defined as the five minutes of normal breathing immediately preceding the high O,
breathing phase. The first two minutes of normal breathing are discarded to allow the
subject to adjust to breathing on the LGA, and the following three minutes are used to
allow the model to settle into a quasi steady state.

In (3.15) we consider the CO, and O, fluxes during the air-breathing period, and
Ny flux during the high 02 breathing period. The reason for not using No during the
air breathing period is that during this period the variation of Ny is small, and thus the
signal is relatively noisy.

During the 02 breathing phase, we have only an approximate idea of how the venous
O, and CO, concentrations behave. As the No exchange with the blood is relatively
limited, the influence of perfusion on its signal is much lower, and thus during the washout
we only consider the N, flux.

To evaluate the objective function we must solve the forward problem, where we solve
the model with known parameter values. However, when we solve the forward problem, as
well as values for the parameters, we also need to know initial conditions for the differential
equations, and the composition of the inspired gas and mixed venous blood. The initial
conditions required are the gas fractions in every deadspace and alveolar compartment,
and the starting volumes of the alveolar compartments. The calculation of the initial
conditions is described in detail in Section 5.2.1.

We estimate the mixed venous concentrations of Oy and CO, using a combination
of our model, and data collected from the LGA. Although highly damped, these venous
concentrations are not entirely constant because volunteers may hyperventilate to some
degree when breathing on the LGA. For this reason we allow for a linear trend during the
air breathing period. During the air breathing period, we use a continuous flow version
of our model to provide initial estimates of the venous CO, and O, concentrations on
every breath from the volumes of these gases exchanged at the mouth. We then fit
straight lines to these values. Finally, we use the full version of our model to estimate the
starting values for the venous concentrations that ensure the estimated and experimentally
measured 002 and 02 consumption rates are equal. This process is described in detail
in Section 5.2.2.

During the high 02 breathing phase, the recirculating arterial 02 will lead to a rise in
the venous O, concentrations. We used a simple model of the body’s oxygen stores with
a single parameter, V7. To estimate the behaviour of the mixed venous 02 concentration
during the high O, breathing period, a value for this parameter must be found. This is
achieved by finding the value of V, that ensures the alveolar volume remains stable during
the high O, breathing phase, as described in Section 5.2.3.

42



Since we estimate the venous concentrations with our model, they will vary as the
parameters of the model change in each objective function evaluation. Thus every time
we evaluate the objective function, we must: establish initial conditions; estimate the

venous gas concentrations during air breathing; and find an appropriate value of V7.
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Chapter 4

The lognormal lung

In this chapter we discuss the development of a novel mathematical model of the lungs,
whose parameters are intended to provide measures of the inhomogeneity of the lungs.
The model will require, as inputs, various parameters that describe the lung, the total
flow rate of gas at the mouth, and inspired gas fractions. Outputs will be the simulated
expired gas fractions at the mouth.

We will discuss the inverse problem of estimating the parameters of our model from
experimental data in Chapter 5, but we note here that almost all methods for solving the
inverse problem (see Section 2.3) involve solving the forwards problem a large number of

times. Thus to be suitable for our purposes the model must:

1. represent the underlying physiology, and produce an output that is a good approx-

imation to that seen experimentally;

2. be described by a small parameter set that can be estimated from experimental
data;

3. be governed by equations that may be solved quickly and accurately (conserving

mass with high precision) using reasonable computational resources.

Before discussing the development of the model in detail we present an outline of the
argument that this chapter will follow.

We explained in Section 2.5 that our conceptual model of the lung is that it is com-
posed of a large number of functional lung units (Figure 2.7) connected to the mouth
via the conducting airways. Each one of these units may have a different ventilation,
perfusion, and volume. If, in our mathematical model, each of these were represented by
an independent parameter, this would represent an enormous parameter set. Such a large
parameter set would be very difficult, if not impossible, to estimate from experimental
data.

Thus instead we follow Wilson and Beck [139], and assume that the volume changes,
perfusions, and volumes at FRC of the lung units follow an underlying continuous distri-

bution. In this chapter we introduce this distribution, show that it is described by only
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three parameters, and compare it to the output of a more complicated biophysical model
of the lung.

We assume that we can approximate this continuous distribution with a finite number
of perfectly mixed alveolar compartments. We outline this, and then explain how we use
a change of variables to approximate the governing continuous distribution with discrete
compartments in an efficient way. This section concludes with an explanation of how the
deadspace, which we assume represents the conducting airways, is discretised.

Next we present the governing conservation of mass equations for the alveolar and
body compartments. Here we explain an important distinction in our model, between the
fractional ventilation of a lung unit and the fractional volume change of a lung unit, and
why we introduce it.

The governing equations for the deadspace compartments, which we assume represent
the conducting airways of the lung, require careful consideration. On the basis of both
theoretical and experimental evidence we neglect diffusion in the conducting airways, and
assume mass transport is by convection alone. Having done this we derive the advection
equation that governs gas transport in the deadspace compartments. Next we compare
two different flow profiles, plug flow and Poiseuille flow, to experimental data. We find
that plug flow provides a better approximation to the signal seen at the mouth, and thus
this flow pattern is adopted.

Finally, we explain how we solve the governing equations. In the case of the deadspace
compartments, we explain how to apply a change of variables to solve the governing
advection equation in a manner that conserves mass with a high degree of precision. For
the governing differential equations of the alveolar compartments we compare a number
of different MATLAB ODE solvers, but find that we can develop a method which is faster

and conserves mass with a higher degree of precision.

4.1 The governing distribution

At the start of this chapter we explained that our conceptual model of the lung was one
of functional lung units (Figure 2.7) whose ventilations, perfusions, and volumes were de-
termined by a continuous distribution. In this section we introduce the distribution, show
that it is described by only three parameters, and compare the form of the distribution
to the output of a biophysical model of the lung.

Wilson and Beck [139] established a theoretical framework for a distribution, encom-
passing both ventilation and perfusion, to allow them to reconcile experimentally mea-
sured ventilation-volume and perfusion-volume distributions, with ventilation-perfusion
distributions measured using MIGET. The governing distribution of our model is simi-

lar, except we consider fractional distributions (so the distribution is independent of, for
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Figure 4.1: An example of a bivariate normal distribution in = and y (log (A7V> and log (%)

respectively). The functional form of this distribution is given in (4.2). The shadows
show the projections onto the z and y axes. As shown in Section 4.1, these projections
are normal distributions with, variances o2 and 05, and means T and ¥y respectively.

example, tidal volume), and we assume that fractional volume change rather than ven-
tilation is lognormally distributed. As we show in Section 4.3.1, this distinction is made
because in our model volume change is caused by both ventilation and gas exchange.

In Section 2.1.2 we also introduced the concept of compliance, and noted that the
change in volume of an alveolar unit was the product of its compliance and the pressure
change it experiences. In this thesis we therefore refer to the distribution of fractional
volume change as the distribution of compliance, as we feel this terminology is more
intuitive. We note however, that the two are not entirely equivalent, as the pressure
changes experienced by different lung units may also vary within the lung due to, for
example, the effects of airway resistance or gravity [129].

Having explained this important distinction, we now describe the governing bivariate

distribution. For ease of notation we define

x =log (AVV> , (4.1)
e (2)

where AV is the fractional alveolar volume change, V is the fractional alveolar volume at
FRC and @ is the fractional alveolar perfusion.

The governing distribution of our model (V(z,y)) is defined with the statement that
V(z,y)dxdy is the fraction of the alveolar volume with x = log (ATV) and y = log (%)

values that lie in small intervals of length dx and dy around the values of z and y.
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We assume that V' is a bivariate lognormal distribution of A7V and %, thus

%%h exp (2 (1—_1 - <<x 2 DD, - y))) |

o; 00y o

V(z,y) =

2
Y

distributions respectively,  and gy are their means, and p the coefficient of correlation

where 2 and o2 are the variances of the volume change-volume and perfusion-volume
between x and y. An example of a distribution of this form is plotted in Figure 4.1.
Evidence for the assumption of lognormality from a number of modalities (HP MRI,
PET, and MIGET) is discussed in Section 2.6, and is examined for data taken from a
biophysical model of the lungs in Section 4.1.1.

The volume change-volume (V(z)) and perfusion-volume (V(y)) distributions are the

projections of V(z,y) onto the x and y axes respectively. Thus,

Vi) = /_ O:o V(z,y) dy, (4.3)
and N
Vy) = [ Via.y) da. (4.4)

Substituting (4.2) into these expressions we have

Viz) = \/%a exp <_(€U_2j)> ) (4.5)

and

Wy) = \/%0 exp (—(y20—2y)> . (4.6)

Thus V(z) and V(y) are univariate lognormal distributions.
We now show that this distribution is described by only three independent parameters.
From (4.1),
AV(z) = V(x)e®, (4.7)

substituting this into (4.5) and rearranging we have,

AV(z) = \/%% exp <_ (= _2(2; ‘73))2> exp <(_‘732_2j>> . (4.8)

Since we require that

/ AV(z) dz =1, (4.9)
we must have )
97
exp (—W) =1, (4.10)
and so
P O 411



Since from (4.1),
Qly) = Vly)e', (4.12)

y=——2. (4.13)

In contrast to previous work [139] the means of the distribution, Z and g, are not inde-
pendent parameters, and the distribution is governed by three parameters: o, o,, and
p. This is because we use fractional quantities, and assume our distribution is indepen-
dent of the tidal volume and the cardiac output. Before discussing how we discretise
this continuous distribution into the compartments that make up our model, we examine
the ventilation-volume and perfusion-volume distributions of a biophysical model of the

lungs.

4.1.1 Estimates of distributions from a biophysical model of the
lungs

In this subsection we show that the ventilation-volume and perfusion-volume distributions
taken from a biophysical model of the lungs are well approximated by a lognormal one.
We used data taken from a biophysical model of the lungs [18, 108] (kindly provided by Dr
A Clarke, University of Auckland), which we refer to as the “New Zealand lung”. More
details on biophysical lung models can be found in Section 2.2.4.

The data we have available from the New Zealand lung is the acinar volume, venti-
lation, and perfusion of each voxel in the lung at functional reserve capacity (FRC). We
calculated the values of log (‘%), and log (%) for each voxel, and then calculated the stan-
dard deviations of these as estimates for o, and o, respectively. The correlation between
the two was used as an estimate for p. The values we found were 0.30, 0.57, and 0.87 for
0z, 0y, and p respectively’.

In Figure 4.2 we plot the distributions V(x) and V' (y) from the simulated data and the
distributions given by (4.5) and (4.6) using the estimated values of o, and o,,. We can see
in this plot that although there may be some skew in the distributions from the biophysical
model the lognormal distribution is a good approximation for both distributions.

Figure 4.3 displays a comparison of the full bivariate distribution of the data from the
New Zealand lung and that estimated from (4.2) using our estimated values of o,, oy,
and p. In this case the correlation between the two variables is captured well (as seen
by the similar slope and shape of the distribution). However, as we might expect, our
estimated distribution is significantly smoother and more regular than the one taken from

the biophysical model.

!For this comparison we have assumed that we can ignore the small difference between volume-
change and ventilation, as our interest here is seeing if the distributions of the New Zealand lung are
approximately lognormal.
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Figure 4.2: The ventilation-volume distribution (left) and perfusion-volume (right) dis-
tributions of the “New Zealand lung”. On both plots we display the actual distributions
from the “New Zealand lung”, and the estimated distributions from (4.5) and (4.6) using
values for o, and o, of 0.30 and 0.57 respectively. Although there appears to be some
skew in the distributions from the biophysical model of the lungs, they are very close to
lognormal.
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Figure 4.3: The full bivariate distribution of the “New Zealand lung” (left plot) compared
to that estimated from (4.2) using values of o,, 0y, and p of 0.30, 0.57 and 0.87 respectively
(right plot). The values in the colour bars represent V(z,y).
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Venous blood )

Figure 4.4: A schematic diagram of our model. We consider the lung to be composed of
three different types of volume. N (here N = 3) perfectly mixed alveolar compartments
(grey circles), N personal deadspace compartments (Vpp) that connect each alveolar
compartment to the common deadspace compartment (Vp¢), which we assume represents
the deadspace introduced by the measurement apparatus.

4.2 A compartmental model

Our model is designed to simulate a patient breathing on the LGA; it takes flow and
inspired gas (02 and COZ) fractions measured every 10ms as inputs, and then returns
the expired CO2, 02, and No fractions in the measurement plane of the LGA (the point
at which the LGA measures the flows and gas fractions) as a function of time.

In Section 2.2 we discussed three different classes of model. Here we develop a ‘com-
partmental model’. We do not use a trumpet or biophysical model because, as discussed
in Section 2.2, these models require precise, subject specific knowledge of the geometry of
the airways (which we will not have for subjects on the LGA), and are computationally
intensive to solve.

A schematic diagram of the components of our model is displayed in Figure 4.4. In
our model we assume that all gas exchange and volume change within the lung occurs
in perfectly mixed alveolar compartments. Each alveolar compartment has an associated
volume of personal deadspace, and each of these personal deadspace compartments is ven-
tilated via the common deadspace compartment. We assume that the common deadspace
compartment (Vpe) is the known volume of deadspace introduced by the measuring ap-
paratus, while the total volume of the alveolar compartments when the lung is at FRC
(V4), and of the personal deadspace compartments (Vpp) are parameters which must be

determined for each test subject.

51



Figure 4.5: A plot comparing the two methods of discretising the distribution discussed
in Section 4.2.1.1. The contour plots represent the bivariate lognormal distribution either
as a function of z and y (left hand plot), or as a function of s and ¢ (right hand plot).
The dashed-lines represent the limits on the integrals that define the compartments (here
N, = N, = Ny = N; = 5), and their position is found as described in the text (the upper
and lower limits on the right hand plot are at +00 and —oo respectively, and so not visible
here). In the left hand plot, many of the compartments are located in points of very low
probability density.

Not shown in this diagram is our model of the recirculation of arterial nitrogen, for
which we use a simple four compartmental model from the literature [7], or the recircula-
tion of arterial O, for which we use a single body compartment of volume V;. These are
discussed further in Section 4.3.2

In the following sections we explain in more detail how the model is parameterised.

4.2.1 Alveolar compartments

We consider the alveoli as N (N = 3 in Figure 4.4) perfectly mixed compartments in which
gas exchange with the blood occurs, and which expand during inspiration and contract
during expiration.

A key assumption of our model is that the fractional volume change-fractional volume
and fractional perfusion-fractional volume ratios are governed by the underlying bivariate
lognormal distribution that we outlined in Section 4.1. Thus the values of these ratios
in the N compartments are determined by discretising this continuous distribution. This

process is explained in more detail below.

4.2.1.1 A naive discretisation

We now explain how we approximate the continuous governing distribution of our model
with N, N, unique pairs of volume change-volume and perfusion-volume ratios. Each of

these pairs is indexed with the subscripts ;;, where 1 = 1,2,... N, and j = 1,2,... N,.
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We first discretise  and y into N, 4+ 1 and N, + 1 equally spaced points. Since these
points are equally spaced we must choose finite upper and lower bounds, and thus zq is
set such that

/ " Viz) de = 0.0001, (4.14)
and xy, such that
/ V(z) dz = 0.0001. (4.15)
TN,

The values yo and yy, are defined by analogous expressions involving the relevant uni-
variate distribution V(y).

We can then define the fractional volume of compartment (ij) when the lung is at
FRC as,

Vij = /yyj /Il W(z,y) dady. (4.16)
-1 /i1
Using the definitions of x and y given by (4.1), the fractional volume change (AV};) is
AV, = /yy] /: exp(x)V(x,y) dady, (4.17)
and the perfusion @)},
Qij = /:jl /:1 exp(y)V(z,y) dady. (4.18)

This method of discretising the continuous distribution works well if the major and
minor axes of the elliptical probability density function lie along the x and y axes (i.e. if
p = 0). However if p # 0 the probability density function is an ellipse whose major and
minor axes do not lie along the x and y axes, as was the case for the distribution estimated
from the biophysical lung model, shown in Figure 4.3. In this case the approach described
above, in which we discretise the distribution into equal sized rectangles along the x and
y axes, will be quite inefficient; since, as shown in the left hand plot of Figure 4.5, there
will be a number of compartments with almost zero volume, and one or two containing
the majority of the volume.

Thus in the next section we take advantage of a geometrical property of the normal
distribution that allows us to change variables so that this discretisation can be performed

more efficiently.

4.2.1.2 Discretisation by change of variables

To discretise the governing continuous distribution more efficiently, we take advantage of
a useful property of the bivariate normal distribution. This property is that any bivariate
normal distribution can be represented as a transformation of the standard bivariate
normal distribution (zero mean, zero covariance, and unit variances). In this section we

follow the outline given in [24] and explain how this change of variables may be made
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by formulating the bivariate normal distribution in vector notation. We then set up the
integrals that we must solve to define our compartments in these new variables.

The bivariate distribution, (4.2), can be written in the following notation [24],

1 1 T w—1
Vi) = e (-5 x-mw'S" x-w) (4.19)

x = (g) : (4.20)

o= (g) , (4.21)

2
Y= ( T p‘””?J). (4.22)

2
poLoy O,

where

The contour lines of constant probability are ellipses centred on the mean, with major
and minor axes defined by the eigenvectors of 3 [24].

To perform a change of variables we first diagonalise 3,
¥ = UAUT, (4.23)

where A is a diagonal matrix with, as 0 < p < 1, positive entries on the diagonal and U

is a rotation matrix, and so

U=U" (4.24)

We can re-write (4.23) as
= = (UA?) (UA3)", (4.25)

_ (\/? W%) | (4.26)

If we substitute (4.25) into (4.19) and use the fact that the determinant of a matrix’s

where

Z

transpose is equal to the determinant of the matrix, we have

1 1 T 1\-T 1y -1
V(x) = TSI (-2 (x— )" (UAT) " (UAZ) " (x - u)) L 27

To simplify this expression we define a new set of axes s,

s = (UA%)_1 (x —p), (4.28)

s = (‘;) , (4.29)

and thus multiplying (4.28) by UA? we have

where

x = p+ UAZs. (4.30)
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The Jacobian of this transformation is J, where
Oz Oz
J = (g; 35) ) (4.31)
ds Ot

Calculating this explicitly from (4.30) we have that,
J =UA:z. (4.32)

To change the variables of a probability density function (PDF), the PDF in the old
variables is multiplied by the determinant of the Jacobian for the transformation between

the two sets of variables [24]. Thus in our case,
V(s)=V(x)J]|. (4.33)

Using this and substituting for s in (4.27), we obtain

V(s) = 217r exp (—;STS> . (4.34)

This is the standard bivariate normal distribution (zero mean, zero covariance, and
unit variances) defined on s. Thus any bivariate normal distribution defined on x can be
represented as the standard bivariate normal distribution on s, using a suitable change of
variables. The advantage of using the standard bivariate normal distribution is that the
major axes of the ellipses that form the probability density function are along the axes
on which we define the distribution (see the right hand plot in Figure 4.5).

We can then define a rectangular grid on s and ¢, which samples the distribution effec-
tively, and transform the integrals discussed above to find the volume changes, volumes,
and perfusions associated with these (N;N;) rectangles (compartments).

In the new variable s and ¢ we can re-define (4.16) as,

t; S
Vi = / ’ / V(s t) dsdt, (4.35)
tji—1 v Si—1

where i =1... Ny, 7=1...N;, and

1 —5% — t?
Vs, t) = o OXP <S2> : (4.36)

We can factorise (4.35) into the product of two univariate integrals. If we do this we have

v, = [ ) w / A =) 4 (4.37)
= ——exp | — ——exp|— ] ds. .

Y ti—1 V 2 P 2 Si—1 V 2 P 2

In our new variables we can then define the limits on the integrals such that each compart-

ment represents an equal fraction of the alveolar volume at FRC (i.e. V;; = , rather

1
NSNt)
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than the compartments defined previously which represented equally sized rectangles on

x and y. To do this we define s; such that

— 1

/ \/_ exp <S> ds = N (4.38)

In the new variables the limits are no longer equally spaced, and so s9 = —oo and sy, = 0.

Similarly we define ¢; such that

o1 —t? 1

exp | — | dt = —, 4.39

e P ( ) N, (4.39)

where ty) = —oo and ty, = 00. A comparison between the two methods of discretising the

distribution is shown in Figure 4.5.
Using (4.17), (4.30), and (4.31), the fractional volume change defined on the new axes
is then
AV, = / / exp (T + Ju1s + Jiat) Vs, t) dsdt. (4.40)
Si—1

Similarly using (4.18), (4.30), and (4.31), the fractional perfusion is
/ / eXp + J213 + Jggt) V(S, t) dsdt. (441)

Our method for evaluating (4.40) and (4.41), which factorises these bivariate integrals into
the product of two univariate integrals, again taking advantage of the change of variables,

is briefly explained in the next section.

4.2.1.3 Evaluation of AVj; and );; in MATLAB

Re-arranging (4.40) we have,

- t; 42 8i 2
AV, = exp (7) / exp (754_22(]12t> dt/ exp <S+22JHS> ds, (4.42)
t Si—1

21

7j—1

thus,

1 t) —(t — Ji2)? (s —J
AV = EKI /t.1 exp( ( 5 12) ) \/%/S 1exp (211)) ds, (4.43)

where K is given by

2 2
K, = exp (:p 1 U JQF (J12) ) . (4.44)
Analogously,
1 tj —(t — J22)2 S - J21)
Qij = —27rK2/t exp( 5 —27r /sl 1eXp 5 ds, (4.45)

7j—1

where K5 is given by

Ky = exp (g + G ; (‘]22)2> . (4.46)
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Thus these integrals are the product of the integrals of two normal distributions with
standard deviation equal to one and means given by the appropriate entry of J. We can
calculate these integrals in MATLAB using the inbuilt function normedf, which calculates
the cumulative distribution function of the normal distribution, and is defined by the

expression [66]

210 J—0 202

normcdf(a,T,0) = ! /a exp <—($_:Z)2> dz. (4.47)
Thus substituting into (4.43) we have
AV, = K,y (normcdf (tj, J12,1) — normedf (t;_1, Jro, 1))
(normcdf(sj7 Ji1,1) — normedf(s;_q, Ji1, 1)) (4.48)

We can use an analogous approach to calculate the perfusion, @);;. Calculating the
integrals using this approach is approximately 3,000 times faster than calculating (4.40)
and (4.41) directly. During parameter estimation, when these integrals are performed

repeatedly, this reduction in computation time becomes significant.

4.2.2 Discretisation of the deadspace

The total volume of personal deadspace associated with each of the N N; unique pairs
of volume change-volume and perfusion-volume ratios is V;;Vpp. However, units with
the same volume change-volume and perfusion-volume ratios may be located in different
regions of the lung. Thus they will be associated with different volumes of deadspace.
We assume that rather than forming a single compartment, this deadspace is distributed
according to a personal deadspace distribution.

This distribution is discretised into N; compartments for each pair of volume change-
volume and perfusion-volume ratios; thus the total number of both alveolar and deadspace
compartments, N, is N,N;Ny. The deadspace distribution is assumed to be identical for
each pair of volume change-volume and perfusion-volume ratios.

In the case of the governing distribution of the alveolar compartments, presented
in Section 4.1, we had both theoretical and experimental evidence to suggest that the
appropriate distribution was lognormal. In the case of the deadspace distribution, we
lack such evidence. Thus here we define both a lognormal and a normal distribution, and

compare the two distributions in Section 4.4.4.

4.2.2.1 Lognormal distribution
To set up a lognormal distribution of deadspace we first define,

Vs

z = log <ij> : (4.49)
]
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where v;; is the fractional personal deadspace volume. The distribution of fractional

alveolar volume is then
Uij
7= _ 4.
Vij oxp(2) (4.50)

is lognormally distributed we have

v;i(2) = Y exp <_(Z_Z”)> : (4.51)

2
207

Assuming
ij

where the factor of V; is introduced because we assume that the total volume of personal
deadspace associated with each of the NN, unique pairs of volume change-volume and

perfusion-volume ratios is V;;Vpp. Substituting (4.50) into this expression we have,

Vii(2) = \/;ZU exp <_ (2 = 3y = 02)) ) exp (O'g — 22_”) : (4.52)

202 2
Since the total fractional volume associated with each unique pair of ij of unique AV—V;J
and % ratios is V;;, we require that
ij
| Vo) az =i, (4.53)
and thus we must have )
2%
exp (‘72%> =1, (4.54)
and so )
o
Zij = =. (4.55)

2
Thus the deadspace distribution introduces one more parameter, o,.

We are now going to discretise the continuous distribution, (4.51), into discrete com-
partments. As each of the NN, compartments (denoted with indices ij) is split into Ny
compartments, we introduce a third index k. We again assume each alveolar compartment
has equal volume, and thus the fractional volume of compartment ijk, Vj;; ,is

Vij

Vi = [ Vil2) dz = 2, (4.56)
Zk—1 Nd

with zp = —o0 and zy, = 0.
We can then define the fractional deadspace volume (v;;;,) associated with compart-

ment 17k as
2k
Vijk :/ Uij(Z) dz. (457)
Zk—1
The perfusion-volume and volume change-volume ratios of the N N, compartments
(denoted with indices ij) do not change when each of them is split into N; compartments
(as these are set by the governing alveolar distribution), and thus we have
Vijk

Qijk = QZJ?@J (4.58)
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Similarly the fractional volume change is

AV = AV (4.50)
For clarity we note here that

1=1,2,..., Ny,

jg=1,2... Ny

k=1,2,..., Ny

4.2.2.2 Normal distribution

As has already been explained we will present two different deadspace distributions, having
presented the lognormal deadspace distribution, we now present the normal deadspace

distribution. In the case of the normal distribution we define,

Uij
=4 4.60
=72, (4.60)
and thus
Vij = ZV;J (461)

Assuming the fractional volume is normally distributed, we have

Vij(z) = \/QK;:U exp <_(Z2;2ZW>> : (4.62)

Substituting (4.61) into this expression we have

Vijz —(z—zy)°

The total fractional deadspace volume associated with each unique pair of AVWJ' and ?/—;
ratios is V;;. Thus we require
/ ’Uij(Z) dz = ‘/” (464)

If we let Z = z — z;; we have,

o V(7 + 7. _72
Vij (£ + 2) eXp<2 )dZ:Vij, (4.65)

-0 V270, o?
hence V7 e
and since Z exp (;f;) is an odd function we have,
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Thus, as for the lognormal deadspace distribution, the normal deadspace distribution
introduces one additional parameter, o,.

To allocate compartments we again apply (4.56), (4.57), (4.58), and (4.59). However,
the normal deadspace distribution (4.62) is defined from —oo < z < oo. From (4.60) we
see that 2 < 0 gives negative values of {.

Thus if the value of o, is sufficiently large (the larger the value of o, the greater the
density of the distribution away from its mean of one), then (4.57) may give a deadspace
compartment with a negative volume, which is clearly not physically realistic. Thus we
establish a maximum value for o, that prevents (4.57) giving a compartment with a
negative volume.

To do this we find the volume of the smallest compartment as an (implicit) function of
0., and find (numerically) the value of o, which makes this compartment’s volume zero.
This value is set as the maximum value for o,.

Substituting (4.63) into (4.57), and using Z;; = 1 we have

% Vijz —(z—1)°
. —EZ ) g 4.68
Vijk . \/%O'Z €xp ( 20_2 z ( )

If we let Z = 2z — 1, then we have that

w1 V.. (7 +1 —72
V2 )exp< )dZ, (4.69)

rU’LH — - 7
AR V2mo, 202
thus
zp—1 Vi 72 w1l V.7 72
Viip = ex dZ + I~ _exp | — | dZ. 4.70
A V27o, P ( 202 > zo1-1 V270, P ( 202 (4.70)
From (4.56) we can see the first integral is equal to x; , and integrating the second we
have ) )
Vij | Vijo. — (k-1 — 1) — (2 — 1)
ik = — el — . 4.71
Vijk N, + o (exp ( 207 exp 207 (4.71)
This will have its lowest value when k£ = 1, as 2,1 = 2y = —oo and thus the positive

exponential term in this expression will be zero. In this case,

Vz’j VijUz - (zl - 1)2
=Y — L — . 4.72
Uz]l Nd + /_271' < €exXp ( 20_3 ( 7 )

Since the volume of a compartment cannot be less than zero, this expression must be

greater than or equal to zero. Thus a maximum value for o, can be found by solving the

[/i' ‘/ijo'z — (21 — 1)2
— | = 0. .
N \/_ exp ( 2 0 (4 73)

For N; = 5 this gives a maximum value of o, of 0.7144.

following equation,
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4.2.3 Note on indexing of compartments

We began this section referring to compartments with two indices, ij, due to our dis-
cretisation of the bivariate lognormal distribution. We then introduced a third index,
k, as each one of these ij compartments was split into N; compartments due to the
discretisation of the deadspace distribution. Thus each compartment had three indices,
ijk.

This indexing was convenient for explaining the discretisation of the distributions.
However, for simplicity of notation, in the rest of the thesis we uniquely identify each

compartment with a single index %, where

i=i+Ny(j—1)+ NN, (k—1), (4.74)
where
i=1,2,..., N,
j:1727"'7Nt7
k=1,2,...,Ng.

In the rest of the thesis we will drop the“and ¢ (given by (4.74)) will be the sole index we
use to refer to the compartments.
Having explained how we define the volumes of our model lung we now describe the

governing equations.

4.3 Governing equations for the alveolar compart-
ments

In this section we describe the governing equations for the alveolar compartments in our
model. For a more detailed discussion of how they are derived from the principle of
conservation of mass see Section 2.2.

We assume that the alveolar compartments are perfectly mixed, and that the alveolar
and arterial gas partial pressures are in equilibrium. Since Ny and 02 are almost insoluble
in lung tissue we assume that the volume of these gases dissolved in lung tissue will be
negligible. By conservation of mass the rate of change of the volume of gas in a lung unit
is equal to the sum of the flux entering via ventilation from the personal deadspace, and
the net flux due to exchange with the blood across the alveolar membrane. Thus for No

and Oy during inspiration we have (35, 42],

d (F (t)Vai(t))
dt

where F7(t) is the gas fraction g (where g may be O, or Ny) in compartment 7 at time ¢,

= V™" u(t)Ffi(t) + QrQ; (C4(t) — CLi(t)), (4.75)

Vin is the fraction of the flow measured at the mouth that enters compartment i during
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inspiration (the calculation of this quantity is discussed in Section 4.3.1), F7,(t) is the
fraction of gas ¢ inspired into compartment ¢ from the connected personal deadspace
compartment, Q7 is the cardiac output, C¥(t) is the venous gas concentration of gas g,
CY%.(t) the arterial gas concentration of gas ¢ leaving compartment i, V;(t) the volume
of compartment 4, and u(t) is the flow rate of gas (measured by the LGA). It should be
noted that since we consider gas exchange with the blood, dv’;‘lilf/(t) is not equal to V;i™u(t),
as is often assumed [14], but is given by (4.79), which is derived below.

However, 002 is significantly more soluble than N, or 02, and thus is present in
appreciable volumes in lung tissue [100]. We assume that the tissue volume is a constant
fraction (b) of the total alveolar volume at FRC (V) and distributed among the compart-
ments in proportion to their volume at FRC. We assume that the partial pressures of CO,
in the tissue and the alveoli are at equilibrium, and thus the volume of 002 dissolved in
the tissue associated with compartment i is

ViVabh, (P, — Puyo) Fy (), (4.76)

where P, is barometric pressure, Py, o is the saturated partial pressure of water at body
temperature and pressure (BTPS), \; is the solubility of (302 in lung tissue. We then

define the effective C02 tissue volume, V;, as

Vi = b (P, — Puyo). (4.77)
Therefore, including this volume, for CO, on inspiration, by analogy with (4.75), we
have
d (Fy 2 (t) (Vas(t) + ViViVa))

= Vimu(t) Fy, (1) + QrQi (C5 72 (1) — € % (1)) . (4.78)

dt
Summing (4.75) (for both Ny and 02) and (4.78), re-arranging, and remembering that
FCO2 4 FNo 4 FO» = 1, we have

co
215() = Vi"u(t) + QrQ: Y (CL(t) — Cai(t)) — vivthdt(), (4.79)
9
where g denotes one of the three respiratory gases. Thus as we noted earlier %z(t) is not

equal to Vi u(t).
On expiration the flux due to ventilation is leaving rather than entering the compart-
ment. Thus (4.75) becomes [35, 42]
d (F7(t)Vai(t))
dt

where Vi is the fraction of the flow measured at the mouth that leaves compartment i

= Ve u(t) FY () + QrQ; (C4(t) — CHi(t)), (4.80)

during expiration (the calculation of this quantity is discussed in Section 4.3.1), and g is
Oy or Ny. Similarly for CO, we have

d (F7%(t) (Vailt) + ViViVia))

dt

= VeEmu(t)Fy 02 (t) + Qr@s (C5 2 (1) — € 2 (1)) . (4.81)
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Summing (4.80) (for both N, and 02) and (4.81), and re-arranging, gives the governing

equation for compartmental volumes on expiration,

CO
dFCO (1)
2 A 4.82

dt (482)

dVi(t)
dt

= VEru(t) + QrQs Y (CU(t) — C4i(t)) + ViViVa

g

4.3.1 Fractional ventilation

In this section we first explain why we assume that fractional volume change of compart-
ment 7, AV;, rather than the fractional ventilation of that compartment, V}, is constant.
We then describe the practical approach we developed to establish the fractional ventila-
tions during inspiration, V/", and expiration, fo

Consider a breath which starts (at ¢ = 0) and finishes (at ¢ = ;) at the same total

lung volume. This implies that

) dVA(t) B
/0 22 dt = 0. (4.83)

If we assume that V; is constant and equal for both expiration and inspiration, sum (4.82)

over all compartments, and integrate we have

tp COQ
JAOESS (@T@»Z(cz(w — (1) - vivthW) dt=0.  (484)

g

If the total lung volume is the same at the start and end of this breath, then we also
require that the volume of each compartment is the same at the start and the end of the
breath. If we assume that the fractional ventilation to compartment ¢ is constant and

equal to V;, then integrating (4.82) we have

CcO
Fo
dzdt(t)dt. (4.85)

t dV, i ty .
200 s -t v

This should be equal to zero if the compartment’s volume is the same at the start and
the end of the breath. However, in general, it will not be. In fact, (4.84), which holds
because the total lung volume is the same at the start and end of the breath, only implies
that (4.85) is equal to zero if Vi=Q; =V, (i.e. if we have perfect ventilation perfusion
matching). This is not true in every compartment of our model, and thus the fractional
ventilation to each compartment cannot be constant over the whole breath. Instead, we
define (from the lognormal distribution) a constant fractional volume change AV;, and
calculate the ventilations of each compartment on inspiration and expiration from this.
We discuss the exact definition of the fractional volume change, and how we estimate the
fractional ventilations in each compartment below.
The most natural definition of AV is

Vailt) _ 5y dValt)
dt Yodt

(4.86)
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Figure 4.6: Histogram of the deviations of compartments’ volumes from V4V, when the
total alveolar volume is within 0.5ml of V4 during 13 minutes of breathing. The data
used to generate this figure is taken from one of the parameter fits to experimental data
discussed in Chapter 6. The histogram is normalised so the sum of the heights of the bars
is one.

where V() is the total alveolar volume at ¢. Substituting (4.79) into (4.86) we have

o AV, i o dF (1)
Vi= o) (AVi% — QrQ; zg: (CI(t) — Cailte)) + VinVAT : (4.87)

However, if (4.87) applies, then when u(t) = 0, V; is undefined. The physical reason
for this is that when the flow is zero the only cause of alveolar volume change is gas
exchange with the blood, and thus there is no value of the ventilation that can ensure the
fractional volume change remains constant. Thus (4.86) cannot hold.
dVai(t)

T/dVst(t) we take a

more approximate approach. We assume constant values for V; during both expiration

Instead of requiring a completely constant value of the ratio

and inspiration, although the values for expiration and inspiration will be different, and

are updated on a breath by breath basis as explained below.
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We initialise the values for V; by setting them equal to the values of AVj, since the
volume change during a single breath due to ventilation is much larger than that due to
gas exchange with the blood. On subsequent breaths, the value of V; during inspiration

(V™) is the value that would have led the following integral to hold on the previous

breath,
/ o dVailt) gy / RUNTALIG (4.88)
o dt 0 bodt ’ '

where t; is the duration of that inspiration. Substituting in (4.79), integrating, and re-

arranging we have

AV; (Valtr) = Va(0)) = ' Qr@: S, (CA(1) — Co(1) + ViViVa o™ dt

yin — 4.89
' cu(t) dt (4.89)
Analogously on expiration we have
CO2
o _ AV Valt) = Va(t) — 2 QrQ 3, (CH0) = C(1) + VVVs g @t o
’ fttlb u(t) dt o

The values of these expression are estimated at the end of each breath and the calculated
values of Vlm and V;e"” used on the subsequent inspiration/expiration.

To verify this approach we checked that when the lung was at FRC, the volume
of each compartment was V4V;. Deviations from this were typically less than 1% of
the compartment’s volume, and no trends in the deviations over the nitrogen washout
procedures we simulated (up to 13 minutes of breathing) were observed. Figure 4.6 shows
a histogram of the deviations of the compartments’ volumes from their expected value
(V4V;) when the lung was at FRC. For this figure FRC was defined as when the total
volume of the alveolar compartments was within 0.5 ml of V4. The data used to generate
this figure is taken from one of the parameter fits to experimental data discussed in

Chapter 6.

4.3.2 Governing equations for the body compartments

In Section 4.3, we derived the governing equations for the alveolar compartments, and
saw that they depend on the venous gas concentrations Cg(t). These are not measured
for subjects breathing on the LGA, and thus we must estimate them.

Venous C02 and 02 concentrations (the latter only during air breathing) are estimated
from experimental data, using estimates of the gas exchange on each breath. This is
described in Section 5.2.2.3. However, N2 is very insoluble in blood, and hence the
volume of this gas exchanged with the blood during normal breathing is almost zero.

Thus to model the body’s N, stores, and their exchange with the blood, we adopt the
model (and parameters) of Baker and Farmery [7]. This model, illustrated in Figure 4.7,

assumes the body is made up of four compartments perfused in parallel. The venous
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Figure 4.7: A schematic diagram of the four compartment model of the recirculation of
arterial nitrogen leaving the lungs through the body[7]. Arrows show the arterial blood
leaving the lungs and mixed venous blood returning to the lungs.

partial pressure of nitrogen leaving the [-th body compartment is found by solving the

following conservation of mass equation ((21) from [7]),

dPy* _ QrQu N,
i =y, (B0 = Prm), (4.91)

where sz is the venous (which is assumed to be equal to the tissue) nitrogen partial
pressure in body compartment [, (J; is the fractional perfusion of body compartment [,
A; is the blood-tissue partition coefficient of compartment [, Vj; is the tissue volume of
compartment [, and P (t) is the perfusion weighted average arterial partial pressure of

N, in each alveolar compartment. AL (t) is given by
PYa(t) =" Q.F, *(t) (Pb - PHQO) : (4.92)

The mixed venous nitrogen concentration entering the lung is the perfusion weighted

concentration leaving the body compartments,
Co2(t) = Sy > QP (1), (4.93)
1

where Sy, is the solubility of Ny in the blood.
As mentioned above, we estimate the venous concentrations of 002 and 02 during

air breathing from experimental data. As we will discuss in Section 5.2.2, we cannot
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continue to apply this method during the high O2 breathing period (the nitrogen washout
procedures we simulate consists of a ten minute period of breathing normal air followed
by five minutes of breathing pure 02). We assume that the behaviour of venous CO, is
the same in both the air breathing and high O, breathing phase, as the inspired CO,
concentration does not change.

However, the arterial O, concentration during the high O, breathing period rises, and
we need a model of how this 02 in the arterial blood will recirculate through the body,
and into the venous blood. If we ignore this recirculation, then, as shown in Section 5.2.3,
we simulate a very large Oy exchange with the blood, and the alveolar volume shows a
sharp decline during the 02 breathing phase.

Unlike N, 02 is consumed by the body, and thus if we were to adopt the four compart-
ment model for 02, we would have to determine how this consumption was distributed
among the compartments. We lack information with which to do this, and thus for the
02 stores we assume a single body compartment. Further, we assume there is a constant
rate of 02 consumption, Vo, , which is the same as that we measure at the mouth during
the air breathing period. Thus the governing differential equation for Cﬁ,? % in the high 02
breathing period is

oy 1
iV

(Qr (CO2(t) = C52() = Vo) (4.94)

where Vy is the volume of the compartment and C22 is the perfusion weighted average

arterial concentration. Cy? is given by
CP2(t) = 3 QL2 (1). (4.95)

The 02 consumption, Voz, is assumed to be equal to that measured at the mouth during

the air breathing period, and thus

. 1 tair
Vo, = /O FO2 (Hu(t) dt, (4.96)

tair
where F' ]\32 is the 02 fraction measured at the mouth and ¢, is the duration of the air

breathing period. We now discuss the governing equation of the deadspace compartments.

4.4 Governing equations for the deadspace compart-
ments

In Chapter 2 we discussed both theoretical, see Section 2.2.2, and experimental, see Sec-
tion 2.5.1.1, evidence that gas transport via diffusion in the conducting airways (which
we approximate with deadspace compartments) was negligible compared to that by con-
vection. In this section we begin by deriving an advection equation for the deadspace

compartments, which we assume are cylinders of uniform cross sectional area.
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Figure 4.8: An illustrative diagram of a section of a cyclindrical deadspace volume. The
shaded volume of width dr and axial length dz is used in the derivation of (4.100)

However, even in a simplified geometry such as a cylindrical pipe, many different
patterns of flow are observed [106]. We consider two of these flow patterns, plug flow,
representative of turbulent flow seen at high speeds, and Poiseuille Flow, a fully developed
laminar flow.

Rather than trying to determine the appropriate flow pattern from theoretical analysis,
we implement both the plug and Poiseuille flows in our model, and compare the results to
experimental data. We find that plug low model produces a qualitatively better fit to the
data (although both models show reasonable agreement). Finally, we find that this fit can
be improved by introducing the distribution of deadspace we outlined in Section 4.2.2.
We briefly compare the lognormal and normal deadspace distributions, and discuss why
we adopt the normal distribution.

In both this section and Section 4.5, we refer to the flow rate in all the deadspace
compartments as u(t), the flow rate measured at the mouth. This will be the flow rate
in the common deadspace volume. However, by conservation of flow, in the personal
deadspace compartments the flow rate is the same as that entering/leaving the alveo-
lar compartments (V;"u(t) and V;**u(t) during inspiration and expiration respectively).
We use this slight abuse of notation for simplicity, and note that it does not affect the

governing equations or their solution.

4.4.1 The advection equation

In this section we derive the governing advection equation for a deadspace compartment.
We assume the deadspace compartment is a straight cylindrical pipe of radius R and

length L. We also assume that we can neglect gravity, and that the flow is: incompressible;
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independent of z; axial; and independent of the polar co-ordinate 6 (i.e. we assume axial
symmetry).

Consider a region of the pipe at a radius r from the centre, radial width dr and axial
width dz (the shaded volume in Figure 4.8). The volume of gas ¢ in that region at time
t will be

2rrdrdzF9(r, z,t), (4.97)

where FY is the fraction of gas ¢g. Since we ignore diffusion, the net volume of gas g

entering that region at time ¢ is,
2rrdro(r,t) (F9(r, z,t) — F9(r, 2 + dz,t)), (4.98)

where v(r, t) is the gas velocity. By conservation of mass the change of volume of gas in
this shaded region from ¢ to t 4 dt is equal to the net volume of gas entering that region

over the period and thus
dz (F9(r,z,t) — F(r, z,t + dt)) = dtv(r,t) (F9(r, z,t) — F9(r, z + dz, 1)), (4.99)

where we have cancelled 2mrdr which appears in every term. Dividing by dzdt and taking
limits as they tend to zero, we have the governing advection equation for the deadspace

compartments,
OF9(r, z,t) OF9(r, z,t)

ot = —v(nt) 0z

In Section 4.5 we present a method for solving this equation based on the method of

(4.100)

characteristics [76]. We leave a full discussion of that method until there, but here we
note that it is fast (approximately 5,000 times faster than real time for the problems we
consider), and conserves mass to almost machine precision.

When we include these deadspace volumes in our full model, we are interested in the
flow weighted average gas fractions leaving the deadspace compartments, rather than the
fraction at each point along the radius. This is because these are the gas fractions that
we will measure at the mouth or that will enter the alveolar compartments. The flow

weighted average gas fraction, FY9(z,t), is given by

_ Jt2mru(z ) FO(r, 2, ) dr
B u(t)

where u(t) is the flow rate (measured in units of volume per unit time), and is given by

F9(z, ) , (4.101)

u(t) = /OR 2rro(r, t) dr. (4.102)

We measure u(t) (in units of litres per second) at the mouth, and not the gas velocity,
v(r,t). Below we present two different flow patterns that are observed in cylindrical pipes,
plug flow and Poiseuille flow, that give different forms of v(r,t). Later we compare the
solution of our model with these two flow patterns to experimental data, and find that

plug flow gives better agreement.
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4.4.2 Plug flow

Empirically it is found that for turbulent flow in a cylindrical pipe the variation of v(r,t)

with r is approximately given by [106]

3

v(r,t) < (R—r)m™, (4.103)

where m is a constant. At high flow rates, m typically becomes very large [106]. In the
case of plug flow we assume that m = oo, and so the flow profile (and thus F9) is uniform

across the pipe. Hence from (4.102),
olr,t) = (4.104)

Substituting this into (4.100), we have

OF9(z,t)  wu(t)0F9(z,t)
a A 9z (4.105)

where A = mR?, and we have used that F9(z,t) = F9(r,z,t) for plug flow, as the gas

fraction is uniform across the pipe. Thus to solve for F9(z,t) in the deadspace compart-
ment when we assume plug flow, we solve this equation once per deadspace compartment
using the method described in Section 4.5. Before considering Poiseuille flow, we briefly
give a change of variables for this equation that we will use when deriving our method of
solution in that section.

Since the deadspace has constant cross-sectional area, we can define
Vp = Az, (4.106)

where Vp(z) is the cumulative volume of deadspace at a distance z into the deadspace
volume. We can then re-write (4.105) as

OFI(Vp,t) OFI(Vp, 1)

TEL0 e (4.107)

We note here that this depends only on Vp and w(t) (which we measure), and not the

dimensions of the cylinder, R and L.

4.4.3 Poiseuille flow

If we assume that the flow is laminar and fully developed, then applying no slip boundary
conditions, an exact solution to the Navier Stokes equations for the axial velocity of the
flow v can be derived. The velocity is given by
~ 2u(t)

= —Ri (R2 — T2), (4108)

v(r,t)

which is the famous Hagen-Poiseuille flow equation [130]. Poiseuille flow is often assumed

in biophysical models of the lung [18, 84].
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If we assume a Poiseuille flow pattern, the value of the gas velocity is different at every
value of r. Thus to calculate the value of F9(z,t), we have to solve (4.100) at a number
of points along the radius and then apply (4.101). As we want our methods of solution
to conserve mass with a very high degree of precision, this would involve solving (4.100)
at a very large number of points, which would be computationally expensive.

Instead, we discretise the radius into N, + 1 points, denoted r;, and assume that the
value of v(r,t) is constant between any two adjacent points. We select r; such that each
annulus between two adjacent points (the shaded area in Figure 4.8) represents an equal

fraction of the cross-sectional area of the cylinder. Thus
R2
s (Tl2+1 - r?) = (4.109)
with
r1 = 0. (4.110)

A scheme in which the values of r; were chosen such that the flow rather than the cross
sectional area was equally divided was also tried, but this made no appreciable difference
to the solution. The gas velocity between r; and 7,1, v;, is the average value of the

velocity between those points, thus

B f”“ v(r,t)2mr dr

4.111
St 2y dr ( )
Substituting (4.108) into this expression we have
4u(t) [T r(R? — d
o = 2 )f ( - ) i) (4.112)
and thus o ) )
2u(t 9 T 7
= — —— . 4.11
T TR (R 2 (4.113)
Thus (4.101) becomes,
Sym(riy —rE) v F9(r, 2, t)
Fo(zt) = = (1t = 1) wF¥(r (4.114)

u(?)

Hence to find F9(z,t) we solve (4.100) for [ = 1...N,, and find the flow weighted
average of the results. This is done using the same approach, based on the method of
characteristics [76], used for solving the plug flow pattern. Thus the computation time for
solving the deadspace assuming this flow pattern is approximately N, times longer than
that for the plug flow pattern. In the next section we determine an appropriate value for
N, by comparing this numerical approach to an analytical solution of the Poiseuille flow

model that we derive for a simple set of initial and boundary conditions.
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Figure 4.9: A comparison between the analytical solution at the end of the deadspace
calculated using (4.125) and a numerical solution found using the compartmental approach
for a single inspiration with parameters and breathing patterns from Section 2.2.2. The
discrete steps in the numerical solution are due to the finite number of compartments
used. In this diagram Fyj = 0 and F7(¢) = 1.

4.4.3.1 An analytical solution

Consider a deadspace volume of radius R, and length L (thus total volume Vpr = mR?L),
with conditions such that Poiseuille flow is established. We assume F9(r, z,0) = Fy and
F(r,0,t) = FY}, i.e. the initial gas fraction in the volume is F, then gas at F} is washed
in at z = 0. As we ignore diffusion, the gas fraction as a function of the radius at the end

of the deadspace will be

Fy  fort <tp(r)

4.115
F{ fort >tp(r), ( )

FI(r,L,t) = {

where t7,(r) is the time taken for a signal entering the deadspace at r at ¢ = 0 to reach

the other end of the deadspace. L is defined by the equation,

tL(T)
L:/ v(rt) dt. (4.116)
0

Since v(r,t) is largest at r = 0, the signal from the mouth will first reach the end of
the deadspace at this radius. This will happen at ¢7(0), which substituting (4.108) into
(4.116) at r = 0 is given by,

tr.(0) 2u(t)
L— / dt. 4117
0 mR? ( )
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As Vpr = mR2L we can rewrite this expression as
tr(0)
Vi = / 2u(t) dt. (4.118)
0

We note that ¢7,(0) depends on the total volume, and not the dimensions, of the cylinder.

The flow weighted average nitrogen fraction at the end of the deadspace is then

F§ for t <t,(0
FQ(L,t) = q("] v(r,t) R v(r,t) = L( ) (4119)
Jomew 2nr FY oy At e, 2mr Fy way dr fort > t1,(0),
where 7,4, is the radius at time ¢ at which the following is true,
t
L= / O(Fan; ) dt. (4.120)
0
Substituting (4.108) into this expression we have
VprR? t
DI = (R -2, / u(t) dt, (4.121)
2 0
and hence
P = |1 — — DT (4.122)
2 [y u(t') dt’
Substituting (4.108) into (4.119) we have, for ¢ > t1(0),
AFY frmee oy AFY R 2 2
Fg(L,t):ﬁ/O (R —r)rdr+R4/rmaz<R —r)rdr. (4.123)
If we perform these integrals we then have
4 R2r72nax Tfnax
Fg(L,t):m(FIg—Fg)< 5 T4 ) + Fy. (4.124)

Substituting (4.122) into this expression we obtain

g B g o _ Vpr Sl Vor 9
F9(L,t) = 2 (F9 — EY) (1 N TOXG dt,) (1 > (1 TG dt,)) RS (4.125)

We note that F9(L,t) depends on the total volume and not the dimensions of the cylinder.
When we tried this procedure numerically, with a variety of more general (i.e. non uniform)
initial and boundary conditions, we found that the flow weighted average fraction did not
depend on R, only on the total volume of the deadspace compartment.

A comparison between this method of solution, at N, = 20, and the analytical solution
is shown in Figure 4.9. In this figure we see that the compartmental approach tracks the

analytical solution well, although discrete steps due to the compartments are visible.
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Figure 4.10: A comparison of the plug flow and Poiseuille flow patterns with experimental
data for a single expiration. In this plot Ny =1 (i.e. there is no deadspace distribution).

4.4.4 Deadspace in the full model

Both Poiseuille flow and plug flow patterns were implemented within the full model,
with no deadspace distribution (i.e. Ny = 1), and fitted to experimental data taken from
the LGA (using the process that will be described in Chapter 5). A comparison of the
two different flow patterns for a single expiration during normal breathing is plotted in
Figure 4.10. Here we consider the qualitative form of the behaviour.

For the Poiseuille flow pattern we see that the slope of phase II is too shallow (compared
to that seen experimentally), but phase III is too steep. The plug flow pattern produces a
phase II slope that is perhaps slightly too steep, but the alveolar plateau is similar to that
observed experimentally. Thus it appears that the qualitative fit of the plug flow pattern
is better, and as we noted earlier, it is faster to solve. This is a useful mathematical
result, that the simplest flow pattern (often used by other authors [133]) is a valid and
sufficiently accurate way to model flow in the conducting airways. Thus plug flow, rather

than Poiseuille flow is the flow pattern we assume in the rest of this thesis.

4.4.4.1 Distribution of deadspace

In Figure 4.10 we considered a single personal deadspace compartment associated with
each of the NyN; unique pairs of volume change-volume and perfusion-volume ratios (i.e.
Ny = 1). However, a further refinement can be made to the model if we consider that
lung units with the same volume change-volume and perfusion-volume ratios may be
located in different regions of the lung, and thus associated with different volumes of
deadspace. As outlined in Section 4.2.2, we assume this can be treated by assuming
the deadspace associated with each pair of volume change-volume and perfusion-volume
ratios is distributed according to a continuous distribution that we approximate with Ny

compartments.
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Figure 4.11: The top plot compares an experimentally measured expirogram with simu-
lated expirograms with Ny = 1 (no deadspace distribution) and a normally distributed
deadspace. In the bottom plot normal and lognormal deadspace distributions are com-
pared to experimental data.

The top plot in Figure 4.11 shows the improved fit that is achieved by introducing the
deadspace distribution. In this plot we assumed a normal deadspace distribution. Not
only was the qualitative fit improved, but o,, the width of the deadspace distribution,
was found to be well identified in both synthetic data (discussed in Chapter 5) and
experimental data (discussed in Chapter 6). Thus this model of distributed deadspace
was adopted.

In Section 4.2.2 we also described two candidates for this underlying continuous dis-
tribution of deadspace, a normal and a lognormal one. Fits assuming both of these
distributions are shown in Figure 4.11. This figure shows that the output of the model
is very similar independent of which distribution we assume (the estimated values of the
other parameters of the model were also very similar).

This is not surprising, as at the width of the distributions shown here, o, = 0.40 (the
mean value of o, we found in healthy volunteers was 0.41), the normal and lognormal
distributions are very similar. Once discretised into five compartments, there is virtually
no difference in the deadspace volumes that these two distributions produce.

Since we had no theoretical reason to assume a lognormal distribution, and as shown
in Figure 4.11, it does not appear to make any difference to the output, we adopted the
normal distribution. This will be the distribution of deadspace used in the rest of this

thesis. We now describe in some detail the method we use to solve the governing equations
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of the deadspace compartments.

4.5 Solving the governing equations in the deadspace

In Section 4.4 we determined that the appropriate governing equation for the deadspace

compartments in our model was the advection equation,

OF9(Vp,t)
ot

OF9(Vp,t)

= —u(t) v,

: (4.126)

where u(t) is the flow rate (measured in units of unit volume per unit time) in that
deadspace compartment, and Vp(z) is the cumulative volume of deadspace at a distance
z into the deadspace compartment.

For the purposes of this section we consider a deadspace compartment with the end
closest to the mouth at Vp = 0, and the other end at Vp = V_,q. The distribution of
gas in the deadspace at t = 0 will be specified as the initial condition, i.e. F9(Vp,0) is
known for 0 < Vp < Vipq. The boundary conditions at one end of the deadspace, F9(0,t)
during inspiration and F9(V,,q,t) during expiration, will also be specified. In this section
we describe our method for solving (4.126).

When we solve (4.126) in the deadspace compartments we solve for two things: (i)
the gas fraction leaving the deadspace (at Vp = Vinq during inspiration and Vp = 0
during expiration); and (ii) the distribution of gas left in the deadspace at the end of
inspiration/expiration, which we use as the initial condition for the subsequent expira-
tion/inspiration.

Our method of solution of (4.126) is based on the method of characteristics [76], which
we explain in the next section. We then explain a change of variables that we apply to

ensure our method conserves mass.

4.5.1 The method of characteristics

A common method for solving the advection equation is the method of characteristics
[76]. In this section we briefly explain how this method can be applied to solve (4.126).
Using the chain rule we have that the total derivative of F9(Vp,t) with respect to ¢ is

AF9(Vp,1) _ OF(Vp,t) | OF(Vp,t) dVp

4.12
dt ot oVp  dt’ (4.127)
and thus from (4.126) we can see that
dFI(Vp,t) dVp

i.e. Y9 is constant on lines of dde = wu(t). These lines are known as the characteristic

lines.
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Figure 4.12: A graphical representation of the method of characteristics, as applied to a
deadspace compartment during inspiration. The red arrows represent characteristic lines.
In this diagram wu(t) is constant, and thus these lines are straight. Arrows connected to
the vertical dotted line show how the solution at the end of the deadspace as a function
of ¢ is found. Arrows connected to the horizontal dashed line show how the solution in
the deadspace at the end of inspiration is found.

Figure 4.12 illustrates the application of the method of characteristics to a deadspace
compartment during inspiration. As discussed previously, we solve for F9 at Vp = Viq
as a function of time during inspiration, and at every point in compartment at the end
of inspiration (¢t = t;). Thus we want to know the value of F'9 on the vertical dotted line
and the horizontal dashed line in Figure 4.12. The values of F'Y on the horizontal and
vertical axes are the known initial and boundary conditions respectively.

In this figure characteristic lines are illustrated with red arrows. For ease of illustration
we have drawn them as straight lines, which they will be if u(t) is a constant. If u(t)
is not constant, then they will be parallel curves not straight lines. As discussed above,
F, is constant on the characteristic lines. Thus to find the value of F¥ at a given point
on the vertical dotted/horizontal dashed line, we integrate the characteristic equation,
DD — y(t), from this point (the tip of the red arrows in the figure) to find the characteristic
curve on which F'Y is constant. This allows us to locate the point in the initial or boundary
conditions (the base of the red arrows in the figure) where the (known) value of F9 is the

same as at the point of interest. In the next section we explain how we do this in practice.

4.5.2 Implementation for inspiration

In the previous section we explained how the solution to the advection equation can be
found from the initial and boundary conditions using the method of characteristics. In

this section we explain how we ‘extend’ the initial conditions to include the boundary
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-V,
Figure 4.13: A graphical representation of our computational implementation of the
method of characteristics. The red arrows represent characteristic lines. In this dia-
gram u(t) is constant, and thus these lines are straight. Arrows connected to the vertical
dotted line show how the solution at the end of the deadspace as a function of ¢ is found.
Arrows connected to the horizontal dashed line show how the solution in the deadspace
at the end of inspiration is found. Here we have included the boundary conditions in the
initial conditions, so that the solution can be found in a computationally efficient manner.
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conditions, as this simplifies the computational implementation of the calculations that
have to be performed. We also explain a change of variables that ensures conservation
of mass, even when solving (4.126) at a finite number of time points. We explain our
method for solving the advection equation during inspiration in detail in this section, and
then briefly discuss how this method is applied during expiration in the next section.

We now describe how we ‘extend’ the initial conditions to include the boundary con-
ditions. Consider the characteristic curve in Figure 4.13 which intersects the vertical axis
at t = t#. We want to find the value that V would have if we extended the characteristic
curve back to t = 0. If we integrate the characteristic equation of this curve we have

#

t#
/ o 4y = / ult) dt, (4.129)
o dt 0

and thus o
Vo (t#) — Vp(0) = /0 u(t) dt. (4.130)

Since Vp is zero at t = ¢, dropping the #, we then have

Vo(0) = - [ u(t) d. (4.131)

for t < t;, where t; is the length of the inspiration. The value of F¥9(Vp,0) in this region
is F7(t), the fraction of the gas of interest inspired into the deadspace compartment at
time ¢ (i.e. the boundary condition). This ‘extension’ is illustrated in Figure 4.13, where
characteristic lines that would have terminated on the vertical axis in Figure 4.12 are now
extended so that their base is on the horizontal axis.

As mentioned above, we do not solve for the fractions of the gas of interest, but rather
cumulative volumes of the gas of interest. Before describing how we do this, we briefly
explain why we make this change of variables.

Consider the two red arrows connecting the horizontal axis to the vertical dotted line in
Figure 4.13. These arrows represent the characteristic lines, with the value of F9(Vp,0) at
the base of the arrow being equal to the value F9 takes at every point on the line, including
at the tip of the arrow. If we assume that the two arrows represent neighbouring points
in a temporal discretisation, then we can see that the solution (the values of F'9 at the
tip of the arrows) will be insensitive to the values of F'9 between the bases of the arrows.
Thus the precision with which we are able to conserve mass will depend on the temporal
discretisation. However, if we work with cumulative volumes rather than fractions, then
the value at the base of the second arrow will contain information about all the points
in between the two arrows, and thus, as we show in Section 4.5.5, we can conserve mass
with very high precision. Below we describe how we do this in practice.

We define the cumulative volume of the gas of interest in the deadspace at ¢t = 0,
Vgg(VD), as

Ven
Vi, (Vo) = [ FO(Vh,0) av, (4.132)
D
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where we have defined zero of this quantity at Vp = Vipe, and Vp extends to — [;" u(t) dt
to include the boundary conditions. Rather than solving for the gas fraction leavmg the
deadspace at time ¢, F'9(Vyq,t), we solve for the cumulative volume of the gas of interest
that has left the deadspace by time ¢, V7 (¢). This is given by

1= [ " FO (Vi #)u(t') . (4.133)

We now explain how Vj, can be calculated from the initial conditions V7 . Consider
the hatched region in Figure 4.13. As the characteristic lines never cross (even if they
are not straight they will be parallel), the volume of gas g that has left the deadspace
by t = t* (i.e. the quantity V% (t*)) will be equal to the volume of gas g that started
inspiration in the region of the compartment between Vp = V5 and Vp = Vguq (i.e. the

quantity V3,(V53)), and thus we have

Vin(t") = Vi (Vp). (4.134)
By integrating the characteristic equation, % = u(t), we have that
Vi = Vi — /O ) at, (4.135)
and thus we have that .
Va(t) = V8, (Vs — [ u() at) (4.136)

where we have dropped the * for ease of notation. Thus V% (¢) can be calculated from
the initial condition, which we extended to include the boundary condition for con-
venience, without finding the solution at intermediate points in either time or space.
When we implement this in MATLAB, we calculate vectors representing V7, (Vp) and
( nd — fo u(t') d ) at the start of inspiration, and then vectorise the calculation of V9
using (4.136). As we show in Section 4.5.5 this is a very computationally efficient ap-
proach.

We can demonstrate that (4.136) is true more formally. Let Q be the hatched region
in Figure 4.13, with boundary 0f). Integrating (4.126) over this region we have that

g g
Js OF9( VD, u<t)w AVidt = 0, (4.137)
D

If we apply Green’s theorem in a plane [92] to the surface integral, then we have that

// OF9( VD, u(t)aFg(VD,t)

dth:f HYFI(Vp,t) At — FI(Vp,t) dVp = 0.
vy D BQU() (Vp, ) (Vp,t) dVp

(4.138)
The boundary 0f2 is made up of three lines: the horizontal line from Vp = V5 to
Vb = Vina, at t = 0; the vertical line from ¢t = 0 to t = t;, at Vp = Viuq; and the
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characteristic curve from ¢ = t* to Vp = V}. Writing the line integral around this

boundary out in full we then have that

Vn t* 0
— [P VD,0) AV + [ ul®)F (Vana,t) At + [ ()P (Vi ) = u(t) F(Vi, £) dt =0,
Vi 0 t*

(4.139)

where we have used that dVp = wu(t)dt on the characteristic curve. From (4.132) and
(4.133) the first two integrals are equal to V7 (V) and Vj (t*) respectively. Since the

third is zero, we have, as required,
Vin (") = Vi (V). (4.140)

As characteristic lines do not cross, the distribution of gas in the deadspace compart-
ment at the end of inspiration, vggEz, will be the same as the distribution in the part
of the (extended) initial condition which has not left the deadspace compartment by the

end of inspiration, and thus

Vi, 5(Vo) = VB, (VD -/ ) dt) v, ( / ) dt) , (4.141)

where we have subtracted the second term so that V3 5, (0) = 0. This definition simplifies
our calculations on expiration, when gas will be leaving the deadspace at Vp = 0, as we

now explain.

4.5.3 Implementation for expiration

During expiration (when u(t) is negative) the method of solution is similar, as shown in
Figure 4.14, except that to include the boundary conditions in the initial condition we

now extend Vp to values greater than Vi,q (rather than less than zero). Thus we define
t

Vb = Vena — / u(t) dt, (4.142)
0

for values of Vp greater than V4.
During expiration we solve for the cumulative volume of gas g that has emerged from
the deadspace (at Vp = 0) by time ¢, V.9 (¢). This is defined by the equation

V) = — [ F20, ¢)u(t) dt’ (4.143)

ex
tr

Applying an analogous argument to that used in inspiration this is found from the cumu-
lative volume of gas ¢ in the deadspace (extended to include the boundary condition) at

the start of expiration using

Va(t) = Vg (- [ ult) at), (4.144)
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Figure 4.14: A graphical representation of our computational implementation of the
method of characteristics. The red arrows represent characteristic lines. In this dia-
gram u(t) is constant, and thus these lines are straight. Arrows connected to the vertical
dotted line show how the solution at the end of the deadspace as a function of ¢ is found.
Arrows connected to the horizontal dashed line show how the solution in the deadspace
at the end of inspiration is found. Here we have included the boundary conditions in the
initial conditions, so that the solution can be found in a computationally efficient manner.
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where V7, is defined such that its zero is at Vp = 0, i.e.

V

The distribution of gas in the end of the deadspace at the end of expiration (V3,(Vp))
is the same as the distribution of gas in the (extended) initial condition that does not
leave the deadspace compartment by the end of expiration. To match the definition of the
initial conditions for inspiration, (4.132), we ensure that Vgg(VD) is zero at Vp = Vi,
and increases with decreasing Vp, and thus we have

t t
V8, (Vo) = Vi (V;nd B / 0 dt) Vi (VD B / 0 dt) , (4.146)
tr

tr

where tp is the end of expiration. We assume this equation applies in the common
deadspace volume. However, in the personal deadspace volume we apply a simple correc-
tion to approximate the behaviour of the branching structure of the airway tree. This is

described in more detail in the next section.

4.5.4 Treatment of deadspace at the end of expiration

At the end of inspiration we assumed that the initial condition for the subsequent expi-
ration was the distribution of gas in the deadspace at the end of the previous inspiration.
At the end of expiration we assume the same in the common deadspace compartment,
and thus the initial condition for the subsequent inspiration is given by (4.146). However,
we treat the personal deadspace compartments differently as we now explain.

Our model assumes that deadspace is either entirely personal (associated with a single
alveolar compartment), or entirely common. However, the deadspace is a dichotomously
branching structure, with truly personal branches at the level of the alveoli progressively
joining until they reach the common deadspace of the trachea [127].

During inspiration, where gas with a common fraction is splitting as it goes down the
respiratory tree, this branching structure can be well approximated by the independent
volumes. Similarly, for gas which completely transits the personal deadspace compart-
ments during expiration, the distinction is not important (it is mixed as it enters the
common deadspace anyway). However, for gas which is left in the personal deadspace
compartments at the end of expiration, our assumption that each personal deadspace
compartment is independent will not be a good one.

As an example of the errors caused by this assumption, consider a poorly ventilated
compartment during the nitrogen washout. If the compartment is poorly ventilated then
at the end of expiration the No fraction in its personal deadspace compartment, that it
inspires at the start of inspiration, will be relatively high. However, in reality, its inspirate
should contain gas (with a lower No fraction) from better ventilated compartments that

progressively joined the gas from this compartment as gas moved up the branching airway
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structure at the end of expiration. Thus, in this case, the model would predict too high
an inspired N, fraction into the compartment.

To solve this problem rigorously would need a full model of the branching deadspace.
However, we have neither the geometrical information, nor the computational resources
(given our constraints on computation time) to do this. Instead, we assume that at the
end of expiration the personal deadspace compartments ‘mix’ such that the gas fraction
at the end of the personal deadspace compartments joining the common deadspace com-
partment is the same across all compartments. The fraction at the alveolar end of the
personal deadspace compartment is assumed to be equal to the fraction in the connected
alveolar compartment. The gradient of the gas fractions within each personal deadspace
compartment is assumed to be linear.

To find the common fraction, FY,,, we apply conservation of mass. First we calcu-
late the total volume of gas in all the personal deadspace compartments at the end of
expiration, V,. This is done using (4.146). Since we assume a linear gradient in the per-

sonal deadspace compartments after mixing, the average fraction in a personal deadspace

. F? +F9. .
compartment will be =254 Thus by conservation of mass,
F?, FY,
Ve = ZviVDPDP; 4 (4.147)

where FY; is the fraction of gas g in compartment i at the end of expiration, and v; is the

fractional deadspace volume of compartment ¢. Re-arranging this expression we have

2V,
Fp = o =3 il (4.148)
DP

i
We note that this fraction will not necessarily be the same as the fraction at the end of
the common deadspace.

Having found the common fraction we can apply (4.132) and define the initial condition
for the subsequent inspiration in each personal deadspace compartment. In the notation
used in the previous two sections this is given by

Fpp + F3

Vlgg(VD) = 5 L (v;Vpp — V). (4.149)

4.5.5 Summary

To test our implementation of this method of solving the governing advection equation of
the deadspace we confirmed that it does indeed conserve mass with very high precision.
More specifically, we confirmed that the volume of each gas in a deadspace compartment
at the end of inspiration/expiration was equal to the volume of gas that was in that com-
partment at the start of inspiration/expiration, plus the net volume of gas that entered

the compartment during the period. This was found to be true to within 1071 of gas,
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demonstrating the precision with which this method conserves mass. Solving one inspi-
ration/expiration for one compartment takes approximately 0.0004 s, showing that this is

also a computationally efficient approach.

4.6 Solving the governing equations for the alveoli

In this section we discuss the solution of the governing ODEs for the alveolar compart-
ments that were derived in Section 4.3. In that section we derived ODEs for the alveolar
fractions of COy, Oy, and Ny, and for the alveolar volume. We solve for the CO, and
O, fractions, and the alveolar volume, and then calculate the Ny, fractions from these
(FN2 =1 — F9 — F©9:), This means that we solve 3N+5 ODEs, one for the fraction of
C02 in each compartment; one for the fraction of 02 in each compartment; one for the
compartment’s volume; and a total of five for the body compartments. In this section we
first try solving these equations with a number of different MATLAB ODE solvers, and
then explain why we developed our own method.

At the start of this chapter we stated that for us to solve the inverse problem our
method of solving the forward problem had to be fast (because solving the inverse problem
typically involves solving the forwards problem a large number of times) and conserve
mass with high precision. Conservation of mass is very important because errors in the
conservation of mass are cumulative. Thus even relatively small errors in conservation of
mass on a single breath may be significant over the 15 minutes of experimentally measured
breathing that we use to solve the inverse problem. Another reason for the importance of
conservation of mass is that we calculate N, fractions using F' Ny =1 — FO: — OO0 At
the end of the washout F'N2 becomes very low, and thus if we do not conserve the masses
of CO, and O,, FN2 may become negative.

Before proceeding we discuss an important issue that we have thus far ignored, the

temporal resolution of our experimental data.

4.6.1 Temporal resolution of experimental data

All the fractions, flows, and concentrations we described in Section 4.3 were instantaneous
values, i.e. we wrote down differential equations that assume we know the flow at every
time t. However, the fractions and flows measured at 10ms intervals at the mouth using
the LGA are not of this form. They are calculated based on a number of measurements
taken during each 10ms time period, and thus are average values over the 10ms period.
Thus the flow reported by the LGA at time point ¢;, u(¢;), is related to the instanta-

neous flow u(t), as follows,
[ () dt

u(ty) = “*IN : (4.150)
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where At = t; — t;_;=10ms. Similarly the average fraction is

[ FY(t) dt

ti—1

F{(t) = N

(4.151)
As the method of solution for the deadspace compartments we described in Section 4.5
depended only on integrals of the flow, these integrals can be replaced with discrete sums
using (4.150) without affecting that method. However, as we will see in the next section,
if we do not take account of this finite resolution of u(¢) when solving the governing
equations of the alveolar compartments, and simply use inbuilt MATLAB ODE solvers,
quite unexpected behaviour can result. Thus in Section 4.6.3 we develop our own method

for solving the alveoli that treats this explicitly.

4.6.2 Solving the governing equations of the alveolar compart-
ments using inbuilt ODE solvers in MATLAB

If our model has N alveolar compartments then, as we discussed at the start of this section,
solving it requires the solution of 3N+5 ODEs. MATLAB has a number of different in-
built functions to solve such ODEs [66]. In this sub-section we compare the different
solvers, and explain why we developed our own method for solving the ODEs (outlined
in Section 4.6.3).

The inbuilt solvers in MATLAB can be broadly split into two categories adaptive and
non-adaptive. Non-adaptive solvers take time-steps of fixed size. In MATLAB there are
five such solvers: odel; ode2; ode3; ode4; and odeb, with the number corresponding to
the order of the solver.

Adaptive solvers estimate the error at each time point, and vary the size of the subse-
quent time-step such that the estimated error is kept within a prescribed limit. This has
the advantage that when the solution varies quickly the solver can take small time-steps,
and when it varies more slowly it can take larger ones. However, as we shall see, this is
associated with considerable computational overheads. Adaptive solvers may be further
sub-divided into, stiff and non-stiff solvers. Stiff solvers are designed to deal with prob-
lems where the system has (at least) one very rapidly changing component, and (at least)
one much more slowly varying one. In MATLAB these are denoted with an s at the end
of their name.

At the start of this chapter we established that our method of solving the governing
equations must be fast and conserve mass with a high degree of precision. In the rest
of this section we test how the various inbuilt solvers in MATLAB perform when judged

against these criteria.

86



AbsTol ode23/s ode45/s odel13/s odelbs/s ode23s/s

1074 104 11.1 10.7 35.5 429
107° 14.5 12.7 16.5 49.1 1.07 x 103
106 29.9 17.9 30.2 85.7 2.73 x 10°
1077 70.2 35.2 68.0 226 6.87 x 10°
1078 152 79.0 139 513 1.43 x 10*
1079 257 167 256 965 *

Table 4.1: Computation times for a 100 breath washout simulated using the model de-
scribed in Section 4.2 (with 125 compartments), using a number of different adaptive ODE
solvers, over a range of error tolerances, to solve the governing equations of the alveolar
compartments. Values shown here are the average of three runs. *The computation time
at AbsTol=10"" with ode23s was not measured, as even at the previous error tolerance,
the solver took over 4 hours to do 100 breaths.

4.6.2.1 Computation time

Table 4.1 shows the computation time 2 for a 100 breath washout simulated with our model
using a number of different adaptive solvers at a variety of different error tolerances. It is
clear from the very long computation times that using a stiff solver (ode15s or ode23s)
is not appropriate in this case. At all but the largest error tolerances, the fastest non-stiff
solver is ode45, thus this is the only adaptive solver we will consider further.

Table 4.2 shows these computation times for the non-adaptive solvers, there are no
error tolerances here as the timesteps are fixed. As the order of the solver increases,
the number of times the derivative is evaluated at each timestep increases, and so the
computation time increases. In the table we can see that the range of computation times
of the non-adaptive solvers is similar to that of ode45 with AbsTol values between 107°
and 1078,

Before considering how well each solver conserves mass it is worth considering how this
computation time is spent. Table 4.3 summarises the results of ‘profiling’ our solution of
these washouts. Before we discuss the contents of this table, a brief note on profiling in
MATLAB.

Profiling code in MATLAB produces a report summarising the number of times all
the lines within our code were run, how long was spent doing this, and the overheads
associated with each function. This is an extremely useful tool, both in debugging and
in speeding up code. However, the act of profiling introduces its own overheads that
are included in the estimates of a function’s overheads. Thus the estimates of overheads
are larger than the true overheads when the code is run without profiling. Hence we do
not refer to computation times in these tables, and it should be remembered that the

estimates of overheads are likely to be over-estimates.

2 All times in this section are measured on a standard PC (Dell Optiplex, Intel® Quad Core™ i5-3570
CPU @ 3.40GHz, 3.7GB RAM)
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Solver Computation time/s

odel 15.1
ode?2 24.2
ode3 37.9
oded 48.5
odeb 72.8

Table 4.2: Computation times for a 100 breath washout simulated using the model de-
scribed in Section 4.2 (with 125 compartments), using a number of different non-adaptive
ODE solvers to solve the governing equations of the alveolar compartments. Values shown
here are the average of three simulations.

Solver % time solving ODE % overheads Calls of Insp. DE  Calls of Exp. DE

1074 60% 36% 7,708 7,660

1075 63% 31% 14,098 7,954

1076 74% 26% 29,992 13,450
1077 87% 22% 73,818 43,346
1078 94% 19% 191,098 115,462
107 97% 18% 418,936 273,160
odel 63% 14% 33,239 17,908
ode2 78% 15% 66,378 35,716
ode3 86% 13% 99,517 53,254
ode4d 89% 14% 132,656 71,332
odeb 93% 18% 198,934 106,948

Table 4.3: Results of profiling the solution of a 100 breath washout (comprising 51,147
time-points), with 125 compartments. Overheads (expressed as a percentage of the time
spent solving the ODE) include those resulting from the operation of the code-profiler as
well as those from the ode solver itself.

The top six entries in Table 4.3 show the results of profiling our solution of a 100 breath
washout, where we have used ode45 at a variety of error tolerances to solve the differential
equations of the alveolar compartments. As we might expect, the percentage of the total
computation time spent solving the ODEs, and the number of times the functions which
calculate the derivatives are called (at each solution point ode45, which is based on an
explicit Runge-Kutta method, evaluates the derivatives 6 times [66]), increase as we make
the error tolerance smaller. The second point worth noting is that, particularly at large
error tolerances, a significant amount of the ODE solvers time is spent on overheads.

The bottom five entries in Table 4.3 show the equivalent results for the non adaptive
solvers. The percentage of time spent on overheads is much smaller here than it is for
ode45, which explains why the direct solvers can perform a larger number of evaluations
of the derivatives, and still solve the equations more quickly (compare the computation
times for ode45 at AbsTol=10"% and ode1). Nevertheless, it still represents approximately

15% of computation time.
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Solver Error in conservation of mass/1

odel 2.6 x 107°
ode?2 2.5 x 1074
0de45(1079) 1.9 x 1074
ode45(107%) 1.9 x 1074

Table 4.4: Departure from conservation of mass from a single inspiration for a selection
of the ODE solvers. The figures in brackets for ode45 represent the values of AbsTol.
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Figure 4.15: Plot of the variation of R4 with V4, where we have solved the ODEs in our
model with odel, ode2 (solid curves), and ode45 with several different values of AbsTol
(dashed curves).

4.6.2.2 Conservation of mass and parameter estimation

Table 4.4 shows the error in the conservation of mass (the difference between the change
of mass of gas in the lungs and the sum of the net mass of gas entering the lungs via both
ventilation and perfusion) from a single inspiration for a selection of these solvers. We
note that in all cases these errors are a number of orders of magnitude larger than the
method of solution we developed for the deadspace.

What effect do the different solvers, and their different accuracies have on parameter
estimation? While the full parameter estimation procedure is yet to be established (we
will discuss this in Chapter 5) we focus here on the effect of the ODE solver choice on the
variation with the total alveolar volume (V) of the sum of the squares of the differences
between measured and simulated nitrogen flux during the washout, Ry,

Ry =Y (ulty) (FE™(t) — B (1)), (4.152)

l

where Fﬁzp and Fﬁ};m are the experimentally measured and simulated nitrogen fractions

respectively. The variation of R, with different values of Vy, for a variety of different ODE
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Solver Recovered V4/1 Standard Deviation/1

odel 3.675 2 x 107°

ode2 3.686 2 x 107
ode45 (107°) 3.68 0.013
ode45 (1077) 3.69 0.0074

Table 4.5: Estimated values of V4 and their standard deviations calculated from 10 repeats
with varying initial guesses. Where the solver is ode45, the value in brackets is the value
of AbsTol.

solvers, is plotted in Figure 4.15. This plot has a number of features which are worth
further consideration.

Consider the curves produced by the adaptive solver, ode45 (dashed lines). Each
curve seems to follow the same overall shape, with the same global minimum. However,
even at AbsTol=10"%, the curve is not smooth, and becomes increasingly bumpy as the
value of AbsTol is increased. The problem with this is that it makes it difficult for
minimisation algorithms to find the global minima of these curves. Any algorithms that
involve derivatives cannot be used, and even those that do not may find local minima.

To examine this problem quantitatively we used fminsearch (a derivative free min-
imisation function in MATLAB) to try and find the value of V, which minimises Ry.
Table 4.5 summarises the results of ten attempts with different initial guesses (ranging
between 31 and 41). As expected, the smaller error tolerance leads to a smaller standard
deviation, although looking at the curves it is perhaps surprising fminsearch performs
as well as it does.

If we look at the curves produced using the non-adaptive solvers they, at least when
viewed on this scale, appear to be smooth. However, in this case the global minima for
the two solvers are different. Similarly in Table 4.5 we see that the mean of the estimated
values for the two non-adaptive solvers are slightly different, with the mean of the values
found using ode2 being the same as that of the adaptive solvers. This difference is down
to the difference between odel, which only evaluates derivatives once every time step,
and assumes the values of these derivatives are the same for the entire time step, and the
higher order methods which evaluate the derivatives multiple times.

In the analysis in Table 4.5 we used fminsearch to estimate the value of V4, because
the variation of Ry with V4 (when we solve the ODEs with an adaptive solver) is not
smooth enough to allow a derivative based minimisation method. However, if we use
a non-adaptive solver, then this restriction does not apply and we can use lsgnonlin
(unlike fminsearch, 1sqnonlin is a derivative based method). As shown in Table 4.6,
1sqgnonlin finds the minimum significantly quicker than fminsearch does.

In many cases adaptive ODE solvers may be more efficient than those with a fixed
time step, but that does not appear to be the case here. These solvers take variable time

steps, assuming that u(¢) is a continuous function that can be sampled at any ¢t. However,
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Solver Recovered V,/1 Standard Deviation/l Computation Time/s
lsgnonlin 3.686 4 x107° 183
fminsearch 3.686 2 x107° 615

Table 4.6: A comparison of using fminsearch and 1sqnonlin for recovering V4 with the
ODEs solved with ode2. These are the results of 10 repeats with differing initial guesses.

as we noted above, we do not know instantaneous values of u(t), and it appears that
the variability introduced by the variable step size prevents the use of efficient derivative
based minimisation algorithms. This slowed the estimation of V4 almost three times, and
this is only likely to worsen as the number of parameters we want to estimate increases.
Thus it appears a non adaptive solver is more appropriate for our needs.

However, we saw in this section that up to 15% of the non adaptive solver’s computa-
tion time was spent on overheads, and the precision with which mass was conserved was
not as good as our method of solving the deadspace. The advantage of using inbuilt solvers
is that they are well validated, and can be used for a wide range of problems. However,
we only want to solve a small number of known equations. Thus in the next section, we
develop our own method for solving the governing ODEs of the alveolar compartments.
This method conserves mass with a very high degree of precision, and is (slightly) faster
than odel.

4.6.3 A better method for solving the alveolar compartments

In this subsection we develop our own method for solving the governing equations of the
alveoli that were presented in Section 4.3. As we describe below, we assume we start at a
time point where we know the volumes of C02 and 02 in each compartment, and total
volume of each compartment (thus we can infer the volume of Ny). We then integrate the
relevant governing equations to find the values of these volumes at the next time point.
We use the same approach to solve the governing equations of the body compartments.
To find the volumes of CO, and O, during inspiration we integrate (4.75) from ¢

(where we assume we know the solution) to the next time point, ¢,

A dv&gt(t) dt= [ VP EL() + Qr@: (A1) — € (1) dt (4.153)
where,
V22 (t) = O (0)Vai(t), (4.154)
and
V22 (1) = Fy(t) (Vai(t) + ViViVa) . (4.155)

The first term on the right hand side of (4.153) represents the volume of gas that enters
the alveolar compartment from the connected personal deadspace compartment. When

we solve the personal deadspace compartments (as described in Section 4.5), we calculate

91



Vg

in

time ¢. Since this gas must go into the connected alveolar compartment we have,

@) (t), the cumulative volume of gas that has left personal deadspace compartment i by

L
/ l Vitu(t) Fi(t) dt = Vii(i) (t1) — ‘/ii(i) (ti—1)- (4.156)

ti—1

The second term on the right hand side is the volume of gas exchanged with the blood
over the period in compartment 7, V;(;), and is given by,

Vi) = [ Qe (cate) - i) (1.157)

l

We approximate this integral with the first order Euler expression,
Vii(t) = AtQrQ; (CY(ti-1) — Cgi(ti1))) - (4.158)

As previously described, we use the blood-gas model developed by O’Neill and Robbins
[81] to convert alveolar CO, and O, fractions to concentrations. We assume that nitrogen

concentrations are given by,
CN2 = S, (P, — Pu,o) F™, (4.159)

where Sy, is the solubility of nitrogen in the blood, P is barometric pressure, and Py, o 18
the saturated partial pressure of water at BTPS.
Substituting (4.156) and (4.157) into (4.153) we then have

V() = V2 (tior) + (V2o (0) = Via e (tim1)) + AtQrQ; (CY(tir) — Ci(ti-r))) . (4.160)

To find the volume of each compartment, we use a two stage approach. First we
calculate Vi, which is the value Vy;(t;) would have if the fraction of C02 in the tissue

stayed constant. This is found by integrating (4.79) assuming the last term is zero, thus

Vi) = Vai(tiza) + Ata(t) + Y Vi(t), (4.161)
g

where we have used the definition of V;J(¢;) from (4.157).

Next we apply conservation of mass to work out how much C02 must move from the
gas phase into the tissue to equalise the gas fractions between the two phases (we defined
V; in Section 4.3 such that these two fractions would be equal). We then subtract this
volume of CO2 from Vi, to find the new alveolar volume.

By definition, o
COagy = Vi W) (4.162)

Vai(t) + ViVaVy

By conservation of mass, Vy;(t;) will be Vi) less the net change in CO, dissolved in the

F,

7

tissue from t;_; to t;, thus
Vailty) = Vipey — ViVaVi (B O3 (t) — Fy 2 (ti)) - (4.163)
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Substituting (4.162) into (4.163) we have,

Vas(t) = Vip(oy — ViVaVi Vi) FL%(t) (4.164)
Ai\Ul) — Vip(i) VAV VAZ(tl) T ‘/ZVA% i -1 ) .
thus following some rearrangement we can write
Vai(t1)? + bVas(th) = ¢, (4.165)
where
b=— (Vip(oy + ViVaVi (F % (tim) — 1)), (4.166)
¢ = ViVaVi (ViVAVIE, @ (tia) + Vi) — Vi (1)) (4.167)

This quadratic could be solved using the quadratic formula. However, given this involves
numerically estimating a square root, it can be solved more quickly and accurately using

the following iterative scheme [98],

Vai(t) (4)* + ¢
2Vai(t)(j) + b

Vait)(j+ 1) = (4.168)

where j is the index of iteration (we used ten iterations setting Va;(t)(1) = Vipu) and
found this sufficient to solve the equation to machine precision).
Finally to solve the body compartments we numerically integrate (4.91), using Euler’s

method, to obtain

At
Py2(t) = P2 (tiy) + Al (PNa(ti1) = Pa?(ti)) (4.169)
AV
and (4.94) which gives
1 :
O (1) = C*(tr-1) + 37 (132 () = Vo, A1), (4.170)
L

where V;2(t)) = ¥, Vi 2 (1)
On expiration our approach is the same, except to find the volumes of CO, and O,

we integrate (4.80) to obtain

VA () = V(i) + AV a(ti) FY (b)) + Vi (1) (4.171)

4.6.4 Performance of our solution method

At the start of this section we noted that our method of solving the governing equations
of our model (for it to be useful in the inverse problem) should be fast and conserve
mass with high precision. In this section we briefly discuss how our implementation in

MATLAB performs relative to these two criteria.
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Figure 4.16: A plot showing the variation of the computation speed (defined as the
duration of the measured procedure divided by the duration of the simulation) with the
number of compartments simulated, performed on a standard desktop PC. Each point is
the average of ten runs.

Figure 4.16 shows the variation of computation speed (defined as the duration of the
measured procedure divided by the duration of the simulation) with the number of com-
partments simulated. The issue of the appropriate number of compartments is addressed
in Section 5.3.3, but here we note that with N = 125 the model runs approximately 40
times faster than real time.

If we apply conservation of mass to the whole of our model, we have that the change of
the volume of a gas in the lungs (which is the sum of its changes in the common deadspace
compartment, N personal deadspace compartments, and N alveolar compartments) over
a period is equal to the net volume entering at the mouth plus the net volume entering
the alveolar compartments from the blood. This was checked for both inspiration and
expiration for each gas, the mean departure from conservation of mass over 72 breaths

was 4 x 107151, Thus our implementation conserves mass with almost machine precision.

4.7 Summary

In this chapter we have developed a novel mathematical model of the lungs, with a small
parameter set, that can be solved quickly, while conserving mass with a high degree of
precision. Our conceptual picture of the lungs is of a large number of functional lung
units, whose fractional volume changes, perfusions, and volumes are determined by a

continuous bimodal lognormal distribution.
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We presented an efficient method of discretising this distribution into a finite number
of alveolar compartments. We assume these compartments are perfectly mixed, and are
where all gas exchange and volume change in the lungs occurs. We wrote down the gov-
erning equations for the alveolar compartments, and explained that, since we include the
volume change due to gas exchange with the blood in our equations for alveolar volume,
the fractional ventilation of the alveolar compartments cannot be constant. Instead, we
defined the fractional volume change of a compartment, which ensures the compartment’s
volume behaves in a physically realistic manner.

We assumed the conducting airways that connect the alveoli to the mouth can be
represented by deadspace compartments in which all gas transport is by convection. We
derived a governing advection equation for these volumes, and compared two possible
flow patterns, plug flow and Poiseuille flow, to experimental data. We found that plug
flow matched the data better, and thus this flow pattern was adopted. We also compared
two distributions of the deadspace volume, and explained why we adopted a normal
distribution.

Finally we presented efficient methods for solving the governing equations of the
deadspace and alveolar compartments that conserved mass with a high degree of pre-
cision. In the next chapter we discuss how we estimate the parameters of this model from

experimental data.
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Chapter 5

The inverse problem

In this chapter we focus on the ‘inverse’ problem, how we estimate the parameters required
by our model (outlined in Chapter 4) from experimental data. To be useful as part of the
lung function test outlined in Chapter 1, we need parameter estimates that are reliable
and that can be obtained within a reasonable amount of time (hours not days). This
chapter details how we estimate the parameters from experimental data taken with the
LGA, and our investigation of the uncertainty of these parameter estimates.

First we describe the minimisation problem we solve to estimate these parameters. We
define the objective function and explain our approach to finding the set of parameters
that minimise its value. We then discuss in some detail how the objective function is
evaluated, paying particular attention to how we estimate the venous concentrations and
initial conditions required by our model.

We then use noise-free synthetic data to consider which parameters we can estimate
from the data, and the influence of those parameters we cannot estimate. We consider
a model for experimental error, both for the LGA and for a device built to the ERS
specifications [95]. We use this error model to add noise to our synthetic data, and
consider the uncertainty in our parameter estimates due to experimental noise. Finally,
we suggest a procedure for estimating one of the parameters that is not identifiable from

a nitrogen washout procedure.

5.1 Minimisation problem

In this section we define the minimisation problem that we solve to estimate the parame-
ters of the model we described in Chapter 4 from a nitrogen washout procedure. For our
purposes a ‘nitrogen washout procedure’ comprises ten minutes of air breathing followed

by five minutes of breathing pure O,.
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The objective function, R, that we use to compare simulated and experimental data
is

R= X alt? (P 0) — FS% 0)" + (B ) - F(t))

air—breathing
Y ult)? (Bl - Fs* () (5.1)
O, breathing
where ¢, are the discrete measurement times, and F}; and F¢ are the measured and sim-
ulated fractions in the measurement plane of the LGA respectively. The ‘air-breathing
period’ for the objective function above is defined as the five minutes of normal breath-
ing immediately preceding the washout. The first two minutes of normal breathing are
discarded to allow for the subject adjusting to breathing on the LGA, and the following
three minutes are used to allow the model to settle into a quasi steady state (as described
in Section 5.2.2).

In (5.1) we consider the CO, and O, fluxes during the air-breathing period, and N,
flux during the high 02 breathing period. The reason for not using N2 during the air
breathing period is that during this period the variation of Ny is small, and thus the
signal is relatively noisy (see the expirograms from normal breathing in Appendix B).

During the 02 breathing phase, we have, as we will explain later, only an approximate
idea of how the venous 02 and C02 concentrations behave. As N2 is insoluble, the
influence of perfusion on its signal is much lower, and thus during the washout we only
consider the N flux.

The evaluation of (5.1) for a given parameter set, discussed in the next section, is
a multi-stage process that takes approximately three minutes. Thus Bayesian methods
for solving the inverse problem, discussed in Section 2.3, which typically require very
large numbers of function evaluations, are not suitable here. Instead we use fmincon, a
MATLAB non-linear least squares optimisation function, to find the set of parameters (the
parameters required by our model are listed as a reminder in Table 5.1) that minimise
our objective function. This is referred to throughout this thesis as: “The parameter
estimation procedure”.

The reason for using this optimisation function is that it is a derivative based method
(we saw in Section 4.6.1 that derivative based methods appear to be faster for this prob-
lem), that can easily be implemented in parallel. This means that when the minimisation
algorithm estimates derivatives of the objective function numerically it can evaluate the
objective function on different CPUs simultaneously. For an objective function as com-
putationally expensive as ours, this provides a significant speed up. All of the parameter
estimates in this thesis were performed using fmincon implemented in parallel on the

Arcus-B high performance computer!.

T would like to acknowledge the use of the University of Oxford Advanced Research Computing (ARC)
facility in carrying out this work. http://dx.doi.org/10.5281/zenodo.22558
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Symbol Description

Va Total alveolar volume when the lungs are at FRC
Vi C02 equivalent tissue volume

Qr Cardiac output

O Width of the compliance distribution

oy Width of the perfusion distribution

P Correlation of compliance and perfusion
Vpe Apparatus deadspace volume
Vpp Total personal deadspace volume

0., Width of the deadspace distribution

Table 5.1: A summary of the parameters that describe our model. Vpe is set equal to
the measured apparatus deadspace volume of 155 ml, but all the other parameters must
be estimated.

In the next section we describe in some detail how (5.1) is evaluated.

5.2 Evaluation of the objective function

In the previous section we explained that we use the MATLAB least-squares solver,
fmincon, to find the parameters, listed in Table 5.1, that minimise the objective function,
(5.1). To evaluate the objective function we must solve the forwards problem, where we
solve the model with known parameter values. We described a computationally efficient
means of doing this in Sections 4.5 and 4.6. However, when we solve the forwards prob-
lem, as well as values for the parameters, we also need to know initial conditions for the
differential equations, and the composition of the inspired gas and mixed venous blood.

The initial conditions required are the gas fractions in every deadspace and alveolar
compartment, and the starting volumes of the alveolar compartments. The gas fractions
will be inhomogeneous across different compartments (see Figure 5.1), and there is no
guarantee that the first inspiration will start from FRC. Thus, as we will describe in
Section 5.2.1, the initial conditions must be carefully calculated.

Ny is very insoluble and not metabolically active. Thus we adopt the simple four
compartment model of Baker and Farmery [7] (described in Section 4.3.2) to estimate the
venous No concentration. However, since C02 and 02 are exchanged in much greater
volumes, and are metabolically active, such a model is not appropriate.

We estimate the venous concentrations of O, and CO, using a combination of our
model, and data collected from the LGA. To estimate the variation of the venous con-
centrations during the air breathing period we solve a simplified version of our model to
estimate the venous CO, and O, concentrations on every breath; and then fit straight
lines to these values. The starting values for the venous concentration are set so that the
estimated (with the full model) and experimentally measured CO, and O, consumption

rates are equal.

99



| | | | | | | | |
160 180 200 220 240 260 280 300 320

Figure 5.1: An example of the behaviour of the simulated alveolar gas fractions during
the burn in period. Each line represents the alveolar gas fraction in one compartment of
the model.

However, during the high O, breathing phase, the recirculating arterial O, will lead
to a rise in the venous 02 concentrations. We introduced a simple model of this in
Section 4.3.2 that had a single parameter, V7, the volume of distribution for venous 02.
To estimate the behaviour of the venous O, concentration during the high O, breathing
period, a value for this parameter must also be found.

Since we estimate the initial conditions and venous concentrations with our model,
they will vary as the parameters of the model change in each objective function evaluation.
Thus every time we evaluate the objective function, we must: estimate the venous gas
concentrations during air breathing; establish initial conditions; and find an appropriate

value of V. Each of these steps is discussed in more detail in the following sections.

5.2.1 Initial conditions

To initialise the model we must specify the initial conditions in each one of the alveolar
and deadspace compartments at the start of the first inspiration (the first inspiration we
simulate is two minutes after we have started collecting data). We cannot measure these
initial conditions, and so we use a continuous model to provide guesses for them. We then
simulate three minutes of normal breathing using the full model before performing any
analysis. This three minute ‘burn in’ period is to prevent differences between the full and

continuous model influencing the value of the objective function, and thus our parameter
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estimation.

The initial conditions we set are listed below.

e The alveolar gas fractions in a given compartment are set equal to the value found
for that compartment in the equivalent continuous ventilation model (see Sec-
tion 5.2.2.2).

e The nitrogen partial pressures in the body compartments are set equal to the per-

fusion weighted average nitrogen partial pressure of the alveolar compartments.

e The gas fractions in each personal deadspace volume are set equal to those of the

connected alveolar compartment.

e The gas fraction in the common deadspace volume is set equal to the end tidal value

from the previous breath.

Figure 5.1 shows an example of the behaviour of the alveolar gas fractions in each
compartment during the burn in period. In this figure we can see that the alveolar gas
fractions are approximately steady during this burn in period. It should be noted that we
would not expect them to be exactly steady, both because of the hypocapnia that we will
discuss in Section 5.2.2.3, and the irregularity of spontaneous breathing. We now discuss

how we set the initial volumes of the alveolar compartments.

5.2.1.1 [Initialisation of lung volume

When a subject breathes spontaneously their expected end expiratory lung volume is, by
definition, FRC. However, there is significant breath to breath variation in this quantity.
If we plot the integral of the flow we measure with the LGA (“The tidal volume record”),
then, as shown in Figure 5.2, the value of the integral at the local minima increases with
time. This is due to the inequality of O, consumption and CO, production (the rate of
the former is greater than the rate of latter), and is thus an expected feature. However,
it makes it difficult to identify when the lungs are at FRC. The correct identification
of FRC is important, because our definition of V; is that it is the fractional volume of
compartment ¢ when the lungs are at FRC.

To estimate where FRC is on the tidal volume record, we fit a cubic smoothing spline
to the local minima of the tidal volume record using the MATLAB function csaps. This
function has one adjustable parameter that sets the degree of smoothing. The value of
this parameter used in all cases was 10~7, with zero representing a straight line and one
a spline going through every point. Our value was set by inspection of a number of data-
sets, where we aimed to find a value that responded slowly to trends in the minima. Both

smaller values and larger values of p were tried, but the choice of p had little effect on
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Figure 5.2: A plot of the troughs (the end of expiration) in the tidal volume record (the
integral of the flow measured at the mouth with respect to time) of a healthy volunteer,
and a cubic smoothing spline with smoothing parameter, p = 10~7. The red circle is the
expiration prior to the start of the washout.

parameter estimation. An example plot of the local minima in the tidal volume record,
and a spline fitted through them is shown in Figure 5.2.
The first breath we simulate may not be at FRC (see Figure 5.2), thus when initialising

the compartmental volumes, we set
Vai(to) = ViVa + AViVass, (5.2)

where V4 is the total volume of the alveolar compartments at FRC, and Vg is the
deviation of the starting lung volume from FRC. Vg is estimated as follows.

Initially, we assume that Vg is equal to the difference between the smoothing spline
and the local minimum of the tidal volume record at the start of the first breath of the
air breathing period. However, it is very important for the estimation of a number of
parameters that the difference from FRC of the lung volume on the first breath of the
washout is correct. Therefore, once we have established the slopes and starting values
of the venous concentrations during normal breathing (see Section 5.2.2), we run the full
model, and update our value of Vg by the difference between: (i) the expected deviation
of the lung volume from FRC at the start of the washout (the difference between the local
minimum from the tidal volume record and smoothing spline at that point); and (ii) the

difference between the model’s alveolar volume at that point and Vj4.
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Figure 5.3: An example of the declining end tidal CO,, fractions of a healthy volunteer
breathing on the LGA.

5.2.2 Venous concentrations during air breathing

We previously stated that the venous concentrations during the air breathing period were
estimated to match the net volumes of CO, and O, passing through the mouth in the
air breathing period. If the venous concentrations were constant during the air breathing
period, then this would be a relatively simple condition to apply. However, as we now
explain, this is not the case.

During our data collection we observed that when breathing through a mouthpiece
subjects tended to breath more deeply than they would normally. This caused a gradual
fall in I ,S;) ? (see Figure 5.3) and hence C’@C 0> (t). This phenomenon is known as hypocap-
nia. In this subsection we explain how we include this behaviour in our model.

First we describe how we estimate pulmonary gas exchange using data from the LGA.
Next we describe a continuous ventilation version of the full model we described in Sec-
tion 4.2. This model is used to estimate how the venous concentrations vary during the
air breathing period. Finally, we describe how we use the full model to find the starting
venous concentrations that ensure the net volumes of CO, and O, passing through the

mouth in the air breathing period in the model match those measured using the LGA.

5.2.2.1 Estimation of gas exchange at the pulmonary capillary

Before applying the continuous model we must first estimate the volume of each gas
exchanged with the blood for each breath using data from the LGA. By conservation
of mass, the volume of a gas exchanged with the blood at the pulmonary capillary on

a breath is equal to the difference between: (i) the net volume of that gas entering the
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Figure 5.4: A plot of the integral of the flow measured using the LGA, the ‘tidal volume
record’. The red line is a smoothing spline fitted to the local minima (see Section 5.2.3).
The smoothing spline represents points on the tidal volume record at which the lung is
at the same volume. The dashed-red line is this line shifted up by the standard deviation
of the difference of local minima from this line.

104



lungs through the mouth (measured with the LGA); and (ii) the change in the volume of
that gas in the lungs. Given that the end expiratory volume varies significantly during
spontaneous breathing (see Figure 5.4), the volume of the respiratory gases in the lungs
at the end of a breath will also vary significantly, even if the concentrations of the gases do
not change. Thus to estimate the breath-by-breath pulmonary gas exchange, we change
our definition (just for the purposes of this calculation) of a breath to try and ensure each
‘modified breath’ finishes at the same lung volume.

Figure 5.4 shows an example of a tidal volume record, with both a spline (solid red
line) and a spline shifted up by the standard deviation of the difference of the spline from
the local minima (dashed red line) also illustrated. As explained in Section 5.2.1.1, we
assume that the smoothing spline represents the location of FRC on the tidal volume
record (i.e. if the local minimum of the tidal volume record coincides with this line the
subject has expired to FRC on that breath). Further, we assume that if we shift this
spline up by a fixed amount then every point at which the tidal volume record crosses
the spline represents a time when the lung is at the same volume. For the purposes of
estimating the pulmonary gas exchange, we define a ‘modified breath’ as from a point
where the adjusted smoothing spline, i.e. the red dashed in line in Figure 5.4, intersects
the tidal volume record during a conventionally defined expiration to the next such point.
We note that such a modified breath may include multiple inspirations/expirations.

We then estimate the pulmonary gas exchange of gas g (neglecting any change in the
volume of that gas stored in the lungs) on that modified breath, V¢(m), using
V9(m) = : FO(t)u(t) dt, (5.3)
where £, is the time at which modified breath m ends, F{,(t) is the fraction of gas
g measured at the mouth, and u(t) is the measured flow rate. As this calculation is
independent of our model it is only done once during parameter estimation, prior to the

first evaluation of the objective function.

5.2.2.2 The continuous model

To model the variation of the venous gas concentrations during the air breathing period,
we apply a continuous ventilation model to each modified breath. Using this model we
estimate the venous gas concentrations on each modified breath, and then fit a straight
line to these estimated venous concentrations.

The reason for using a continuous ventilation model rather than the full model is that
its governing equations (listed below) can be solved very quickly. We describe the contin-
uous model we use in more detail below, but the guiding principle is that it is designed to

correspond as closely as possible to the full model. Thus, for example, when calculating
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Figure 5.5: A schematic diagram of a compartment in the continuous model, showing gas
entering and leaving the compartment, and exchange between the gas and blood volumes.
The model is solved to estimate the quantities in red.

the inspired ventilation into a compartment we consider the volume of a particular gas
that would be inspired on that breath into that compartment in the full model.

One compartment of this continuous ventilation model is shown in Figure 5.5. We
assume that each of these compartments has the same fractional volume (V;), perfusion

(Q;), ventilation (V}), and associated volume of deadspace (v;Vpp) as the equivalent com-

partment in the full model.

Governing equations

In Chapter 2 we derived the governing equation for gas fractions in the alveoli in a
continuous ventilation model,
d (F3;(t)Vai)
dt

where F¥, and F}, are the alveolar and inspired fractions of gas ¢ in compartment i, CY

= Vin Ffi(1) = Vee Fi(t) + QuQr (C4 = CF)) (5.4)

and CY; are the arterial and venous concentrations of that gas, Vy; is the volume of the
compartment, and V;n and Vez are the ventilations entering and leaving the compartment
respectively.

We assume there is no change in the stored volume of gas in the compartment over the
modified breath, and thus the integral of the hand side of this expression over a modified

breath is zero. Integrating (5.4) over the modified breath m in compartment i we have

/ttm Vi (1) = Vo F33(1) dt = QiQrTyn (CF (Fi*(m), Fy? (m) = Co(m)), (5.5)

where CY9 (F%,(m), F;(m)) is the average arterial concentration of gas g in the compart-
ment (which we assume can be calculated from the average gas fractions in the compart-
ment, F9;(m), using the blood model), C9(m) is the average venous concentration of gas

g on modified breath m, and T}, = tor — 1.
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The volume of gas entering compartment i during modified breath m, V;(m), is
tm .
Vig(m) = / Vi dt. (5.6)
tm—1

We also define the total volume of all gases leaving the compartment during modified
breath m, Vg;(m), where
bm .
Viim) = [ Vi, dt. (5.7)

tm—1

Using these definitions we re-write (5.5) in the following way,
g g _ g COQ 02 g
Viim)F,(m) = Visi(m)F4i(m) = QQr T, (C3 (Fi(m), Fy2(m)) = C4(m)) . (5.8)

where F}.(m) is the average inspired gas fraction into compartment ¢ during modified
breath m. The reason for writing the equation in this form will become apparent below.

The total volume of gas exchanged with the blood during modified breath m, V.¢(m),
is equal to sum of the volume of gas exchanged with the blood in each compartment

during modified breath m. Thus we have
> QiQr (€2 (Faitm) 2, Fai(m)®2) = Co(m)) = Vi (m), (5.9)

where V9(m) is estimated as described in the previous section. Below we describe how we
calculate Vy;(m)F7,(m) and Vg;(m) to correspond as closely as possible to their equivalents
in the full model using experimental data. Once this is done we have 2(N + 1) equations,
(5.8) for COgy and O, in each compartment and (5.9) for both gases, that we solve to find
the 2(N + 1) unknowns (F'%,(m) and C9(m)) on each modified breath.

Inspired gas volume

Consider the gas inspired into compartment ¢ of the full model on modified breath m. The
total volume of this gas, Vy;(m), is 3; ViVr(j), where Vp(j) is the inspired tidal volume
on breath j, and we sum over all the j inspirations within the modified breath m. We
consider each of the j inspirations separately.

The first v;Vpp (as long as this is smaller than V;Vp(j)) of the inspired volume will

have started inspiration in the personal deadspace, where the average fraction of gas ¢ is

F{.(m—1)4+F% ,(m—1)
2

at the end of expiration, see Section 4.5.4). Since we assume plug flow this will still be

(where F'})p is the common fraction at the end of the personal deadspace

the average fraction of this volume of gas when it enters the alveolar compartment. The
next V;Vpe (as long as this is smaller than ViV () — v;Vpp) of the inspired tidal volume
into the compartment will have started the breath in the common deadspace volume,
where we assume the fraction of gas ¢ is equal to the end tidal fraction of that gas from

the previous expiration, Fi,(j — 1). Finally, the remainder of the tidal volume, which
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started inspiration outside the lungs, will enter the alveolar compartment. We measure
the fraction of this volume of gas as it passes through the measurement plane of the LGA.

We assume the gas inspired into the equivalent compartment in the continuous ven-
tilation model has the same composition, and thus summing over the j inspirations in
modified breath m, we have that

Vii(m)F7,(m) = Z(Ff‘i(m —1) —;F%P(m -1 min (viVDp, ViVT(j))

+ Fi(j — 1) min (ViVpe, max (ViVe(j) = viVop, 0) )

lipG) .
[V Ry o) ),
0

(5.10)

where Z7p;) is the time, during breath j, at which the inspired volume into compartment
i is V;Vpe + v;Vpp less than its maximum value, ViVT(j). Thus t;p(;) is defined by the
expression

. . trpG) .
ViVe(G) — (ViVipe + viVip) :/OID()V,»u(t)dt, (5.11)

here we assume V; = AV,. If V;VT(j) < (ViVDC +v;Vpp), then t;p; = 0. The j we sum
over in (5.10) are all the conventionally defined inspirations within modified breath m

(typically one but sometimes more).

Expired gas volume

To estimate Vg;(m) we apply the Haldane transformation to each compartment [43], and
assume that the volume of nitrogen leaving each compartment over the period is equal to

the volume entering. Thus,

co, 0, 0, 0,
Vei(m)(1 = Fa; 2 (m) — Fa?(m)) = Vis(m)(1 — Fp*(m) — F;*(m)). (5.12)
We note that the Haldane relation will not apply during the high O2 breathing phase,
and thus this model cannot be applied to that phase of the procedure.
Having calculated Vi;(m)F7;(m) and Vg;(m) we can solve (5.8) (in each compartment)
and (5.9) for both gases to get estimates for the venous concentrations and average gas

fractions in each compartment for each breath. This is done using fsolve in MATLAB.

5.2.2.3 Variation of venous concentration

Figure 5.6 shows an example of the behaviour of the venous gas concentrations, estimated
as described in Section 5.2.2.2; during the air breathing period. In this case, and in many
other data sets we collected, C5? (t) shows a steady decline over the period, and o 2(t)
a very slow rise. This is the hypocapnia we described in Section 5.2.2.

To model this we fit a smoothing function (a straight-line) to the estimates of o (t)

and C;) 2(t) found using the continuous model. The slope of this line then defines the rate
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Figure 5.6: An example of the variation of the venous gas concentrations estimated using
the continuous ventilation model, as described in Section 5.2.2.2. The dashed line is a
straight line fitted to this data.

of change of the venous gas concentrations during the air-breathing period. To validate
this method we simulated data using the full model, with known slopes of C;,C 0 (t) and
Cg 2(t), and found this method estimated these slopes correctly.

As there is no change in inspired 002 fraction, we assume the same slope for C’g OQ(t)
for the entire nitrogen washout procedure. How we estimate cy2 (t) during the high O,
breathing phase is discussed in Section 5.2.3. We next discuss how we use the full model
to get initial values for Cyo (t) and co> (t).

5.2.2.4 Estimation of starting venous concentrations

During the air breathing period we assume that C (t) and o 02(25) change linearly at
the rate found in Section 5.2.2.3, but we have not yet described how we find their initial
values. To find the initial values of C5? (t) and CLo (t) we find the values that match
the experimentally measured and simulated (using the full model) net volumes of O, and
CO, passing through the mouth. We use the full rather than continuous model, because
values for these concentrations estimated with the two models differ slightly; and if we use
the continuous model values when we simulate data with the full model, the simulated
and measured volumes of CO, and O, passing through the mouth do not quite match.
Formally we use £solve to find the initial values of Cy 2 (t) and lose (t) which give

zeros in the vector function,

Ry = lAt;u(tl) (Fur 2 (t) — Fg (1)), At S ult) (Fyp (h) — Fs” (tl))] . (5.13)

l
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Figure 5.7: A plot of the behaviour of the alveolar volume if the venous O, concentration
is assumed to continue varying linearly during the high 02 breathing phase (which starts
at t = 600s). Following the start of the washout the alveolar volume declines sharply.

where we sum over each time point (¢;) in the last five minutes of the air breathing period.
To check the robustness of this procedure we tried a variety of initial guesses for the venous

gas concentrations and ensured the same initial values of Cy 2 (t) and cy> (t) were found.

5.2.3 Venous O, concentration during high O, breathing

In Section 5.2.2.4 we assumed that the C’g 2(t) varied linearly during the air breathing
period. However, if we continue this assumption into the high 02 breathing phase, the rise
in the arterial 02 concentration, and consequent increase in 02 exchange with the blood,
causes the lung volume to decline rapidly (see Figure 5.7). Instead we use the simple
model described in Section 4.3.2 to allow C’g) 2(t) to rise during the high Oy breathing
phase, so that the volume of O, exchanged with the blood falls sufficiently to achieve a
stable alveolar volume.

As we do not have a direct experimental measurement of alveolar volume, we assume
that it continues to track the smoothing spline during the high 02 breathing phase.
We find the value of V7 (the volume of distribution for venous O,) that minimises the

objective function,
Ry =" (Vap(te;) — (Valte;) — Va))*, (5.14)

j
where tg; are the end expiratory times during the high 02 breathing phase; Vi, (tg;)
is the difference between the local minimum at t¢g; on the tidal volume record and the
smoothing spline at that point; V4(tg;) is the total alveolar volume of the model at tg;;
and Vj is the total alveolar volume at FRC.

Performing this minimisation using the full model takes approximately four minutes.

As this is performed every time we evaluate the overall objective function, (5.1), this
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would quickly become very computationally expensive.

However, the model for (JS 2(t), introduced in Section 4.3.2, is a low order one, and
our objective function, (5.14), is based on a qualitative idea of what the behaviour of
the alveolar volume should be rather than explicit measurements. Thus we use the more
approximate method explained below, and demonstrate that it produces qualitatively
correct behaviour.

The first step in our approach is to run the full model with V, = oo to estimate V4(t)
when Cg 2(t) is constant during the high 02 breathing phase. Next we use a simple,
single compartment model, to estimate the volume of O, exchanged in the alveoli on
each breath. We then find the value of V; which reduces the volume of O, exchanged
sufficiently to give the correct behaviour for V4(t).

In this simple model we assume that the average 002 and 02 fractions in the alveoli
during expiration are equal to the end tidal values for that breath, and that the values

during inspiration (FY,,(j)) are,

Fin) = 5(Fheli) + Fia(G — 1)) (515)

Thus integrating (2.3) separately for both expiration and inspiration, and summing the

results, the volume of O, exchanged during breath j, VO (5), is

VO:(5) = Qr (Trgy (CO(Fan? (5), Faz () — C52(tr)

W Fanla) € >02 (5.16)
+ Ty (COFLR (), FR3 (7)) — €2 (1))

where T7(;) and Tg(;) are the lengths of the jhinspiration and expiration respectively.

This is first calculated with constant Cy 2 (t) to give an estimate for the volume of O,
consumed by this model with V7, = co. Next we solve (4.170), the governing equation for
venous O, concentration during the high O, breathing phase, using the above assumptions
for average alveolar fractions, to estimate the venous O, concentrations with finite values
of V. We can then calculate the volume of O, exchanged on each breath, VO2(34), for
finite V7.

The reduction in the volume of O, exchanged on breath j for a given value of Vi,
VO2(4,V), is equal to the difference between: (i) V°2(j) calculated with V, = oo; and
(i) VO2(4) calculated with the given value of V. We assume that the alveolar volume
of the full model during the high O, breathing phase is the sum of the value found with
Vi = oo, Vi°(tg;), and the cumulative estimated reduction in O, exchange for a given
value of Vz, VO2(4,V7) from the start of the washout to breath j, thus

VA(tEj) = VXO(tE]) + i V02<k', VL) (517)
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Figure 5.8: The effect on C’%(t) (top plot) and V4(¢) (bottom plot) of the method by
which find an appropriate value of V. ‘Full’ refers to use of the full model and ‘Estimated’
to the method using the single compartment model.

Substituting this expression into (5.14) we have,

, 2
j
Ry=>" (Vsp(tEj) — (Vo(try) + > VO(k,Vp) — VA)) : (5.18)
j k=1

We can then find the value of V}, that minimises this modified objective function. This
method is approximately ten times faster than using the full model, and gives slightly
different values for V7. Thus, as shown in the top plot of Figure 5.8, the form of C;) 2(t)
during the pure 02 breathing phase is slightly different. However, when we compare the
behaviour of the alveolar volume in the full model with values of Vi found using the
full and estimated methods, we find it is very similar, as shown in the bottom plot of
Figure 5.8. Thus given the difference in computation times, we adopt the approximate
approach.

Finally, having found good initial conditions, venous concentrations during the air
breathing period, and a value for V7, we can simulate the full nitrogen washout procedure,
and evaluate (5.1). In total one evaluation of the objective function takes approximately

two and a half minutes.
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5.3 Synthetic data

In Chapter 1 we outlined our proposal for a novel lung function test, which involves esti-
mating the parameters of the lung model we developed in Chapter 4 from experimentally
measured nitrogen washout procedures. In the previous section we outlined, in some de-
tail, our parameter estimation procedure. In this section we test this procedure using
data created with our model (“synthetic data”). The advantage of using synthetic data
is that we know the values of the underlying parameters (Table 5.2). We are interested

in several questions.

1. Are the parameters of our model estimable “in principle” (if there was no experi-

mental error) from a nitrogen washout procedure?

2. If some of our parameters are not estimable, can we set them to physiologically
reasonable values without influencing the estimation of the parameters that are
identifiable?

3. What number of compartments should we use when estimating parameters?

4. If we include realistic experimental noise what is the level of uncertainty in our

parameter estimates?

In this section we consider the first three of these questions using error free synthetic
data. The incorporation of realistic experimental noise and its consequences are dis-
cussed in Section 5.4. First we describe how we created the synthetic data. Next we look
at the variation of the objective function with the parameters of our model. We then con-
sider what this suggests about which parameters are identifiable from a nitrogen washout
procedure, and what the influence of the parameters that are not identifiable is on the
parameters that are identifiable. Finally, we test the performance of the full parameter
estimation procedure and briefly consider the effect of the number of compartments that

we use.

5.3.1 Creation of synthetic data

To create noise free synthetic data we assume a full set of parameters for the lung model
(Table 5.2). We then simulate a full nitrogen washout procedure, using an experimentally
measured flow pattern and inspired gas fractions (venous gas concentrations are estimated
as described in Section 5.2). The flow pattern and inspired gas fractions of the synthetic
data are then set equal to the measured values used as inputs to the model, and the
expired fractions to the simulated values. Here we used Ny = N, = N; = 5 (a total of
125 compartments). The issue of the number of compartments that we use in our model

is explored in Section 5.3.3.
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Symbol Value Description

Va 2.851 Total alveolar volume when the lungs are at FRC
Vbe 0.1551 Common deadspace volume
Vbp 0.1351 Total personal deadspace volume

Oy 0.45 Width of the compliance distribution

oy 1.01 Width of the perfusion distribution

p 0.8 Covariance of the compliance and perfusion

o, 0.40 Width of the deadspace distribution

Qr 5.76 Imin—! Cardiac output

Vi 0.25 C02 equivalent tissue volume

Table 5.2: A summary of the parameters used in the creation of synthetic data. They
are similar to those found in Section 4.1.1, and thus are assumed to be representative of
healthy subjects. Producing one such estimate takes approximately five hours.

5.3.2 Parameter identifiability in noise free data

A necessary (but not sufficient) condition for estimating the correct values of the pa-
rameters is that the objective function has a minimum value at the true values of the
parameters. Figure 5.9 shows the variation of the objective function with each of the
underlying parameters (the value of the common deadspace is set equal to the measured
deadspace of the LGA, and so we do not consider it as a parameter we have to estimate)
while the parameters not being varied are held at their true values.

Each plot in the figure shows a clear minimum at the true value of the parameter, al-
though there appear to be a number of local minima in the plot of varying p. We also note
that the minima at the true values of the parameters are not exactly at zero. The reason
for this is that when we produced the synthetic data we estimated venous concentrations
using experimentally measured data, but in the simulations shown in Figure 5.9 we use
the synthetic data for this (as part of the evaluation of the objective function). This leads
to small differences in the venous gas concentrations and their slopes, which cause the
small non zero value of the objective function at the true values of the parameters.

The size of the variation of the objective function with the parameters in the top four
plots (Vpp, 0., Va, and o,) is more than an order of magnitude larger than the size of
the variation with the parameters in the bottom four plots (o, p, Vi, and Qr). Thus, as
we will show below, small errors in the estimation of one of the former four parameters,
or experimental noise, can obscure this small signal and prevent the accurate estimation
of the latter four parameters.

In the rest of this thesis we will refer to the first four parameters as the “airway
parameters”, as they determine the volumes and ventilations of the alveolar and deadspace
compartments. The latter four are referred to as the “circulatory parameters”, as they
relate to perfusion or, in the case of V,, to C02 in lung tissue, rather than directly to the

airspaces of the lungs.
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Figure 5.9: The variation of the value of the objective function (calculated as described
in Section 5.2) with each parameter. In each case, one parameter is varied and the values
of the others are set to the values given in Table 5.2.
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When estimating the parameters, however, we are not estimating one parameter at a
time, but all eight simultaneously. Thus it is useful to try and understand the dependency
of the parameters. Here we define the dependence of two parameters as how the variation
of one parameter changes the value of another parameter at which the objective function
has its minimum value.

With eight parameters it is extremely difficult to visualise, and computationally in-
tensive to explore, the parameter space comprehensively. Thus to explore the dependence
of the parameters, we plot the variation of the objective function as two parameters are
varied simultaneously in Figure 5.10. Even this figure is computationally intensive to
produce; each of the 28 plots comprises 2,500 points each of which take 2.5 minutes to
evaluate. Thus if we performed the simulations in series on one computer, it would take
approximately 17 weeks to produce this figure. Evaluated on 28 nodes of Arcus-B it takes
approximately 15 hours, demonstrating the value of using this resource.

Examining this figure we again see that Vpp has the largest influence on the value of
the objective function, and almost irrespective of the value of the other parameters, the
minimum for the objective function is at the same value of Vpp. 0., 0, and V4 all show
more dependence, for example a higher value of ¢, means the minimum in o, tends to be
at a lower value (increasing either parameter increases the inhomogeneity of the lungs).
Nevertheless, although not visible on this scale, the global minimum when any two of
these parameters are varied is located at the true value of the parameters.

However, the most important thing we note here is that the values of the circulatory
parameters (o, p, V;, and Qr), which as we noted previously may be difficult to estimate,
do not seem to affect the location of the minimum in the objective function as the airway
parameters (Vpp, 0., Va4, and o,) are varied. This suggests that even if we can’t correctly
estimate the values of the circulatory parameters, this will not affect our ability to estimate

the values of the airway parameters.
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Parameter True Value Mean Standard Deviation Coefficient of variation

Vop/L 0.135  0.135 2 x 104 0.15%
o. 0.40 0.40 0.004 0.97%
Va/L 2.85 2.84 0.01 0.35%

O 0.45 0.44 0.007 1.48%

o, 1.01 0.92 0.09 9.50%

p 0.8 0.89 0.08 9.08%
Qr/Lmin™1 5.76 6.57 0.64 9.74%
v, 0.25 0.27 0.1 37.33%

Table 5.3: A summary of the results of ten attempts at parameter estimation on noise
free synthetic data. The range of initial guesses for the parameters was the range over
which they were varied in Figure 5.9.

To test our hypothesis that the airway parameters should all be estimable from noise
free data, irrespective of whether correct values are found for the circulatory parameters,
we performed ten parameter estimation procedures on the synthetic data, with varying
initial guesses for the parameters. The range of initial guesses for the parameters was the
range over which they were varied in Figure 5.9.

The results are displayed in Table 5.3. The values of V4, Vpp, 0., and o, are estimated
with a high degree of precision. However, while the true values of o,, p, V;, and Qr are
(just) within the mean estimate plus the standard deviation of the relevant parameter,
the standard deviations of the estimates are about an order of magnitude larger than for
the airway parameters suggesting that the circulatory parameters cannot be estimated as
precisely.

The analysis in Table 5.3 was performed with the default value (107°) for the stop-
ping criteria TolFun on the optimisation function (fmincon). This criteria is the minimum
change in the value of the objective function that must occur between successive iterations
for the optimisation function to continue iterating. Lowering this value did not meaning-
fully change the above results (although it did increase the computation time), and thus

in the rest of this thesis we use the default value.

5.3.3 Number of compartments

As we described in Chapter 4, our model involves approximating continuous distributions
with Ny x Ny x N; compartments. Thus an obvious question is, how many compartments
do we need to use to get a good approximation?

We saw in Figure 4.16 that increasing the number of compartments decreased the
computation speed. Since most of the computation time during the parameter estimation
procedure is spent evaluating the model, halving the computation speed will roughly

double the length of time it takes to estimate parameters. With 5 x 5 x 5 compartments
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varying number of compartments.
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Parameter True Value 5 x5 x5 7TxX7Tx7 9x9x%x9

Vor/L 0.135 0.134 0.135 0.135
o. 0.40 0.40 0.42 0.42
Va/L 2.85 2.84 2.82 2.81

O 0.45 0.44 0.44 0.44

o, 1.01 0.92 0.95 0.99

p 0.8 0.89 0.86 0.86
Qr/Lmin™1 5.76 6.67 7.79 8.07
v, 0.25 0.22 0.35 0.30

Table 5.4: A summary of results of simulating data with 5 x5 x5, 7x7x 7, and 9 x9x 9
compartments, and estimating parameters with 5 X 5 X 5 compartments.

parameter estimation takes around five hours, and thus there is a computational incentive
to minimise the number of compartments we use.

Figure 5.11 shows the effect of using different numbers of compartments on the expired
CO2 and 02 traces produced by our model. In this figure we can see that while moving
from 3 x 3 X 3 to 5 X 5 x 5 compartments makes a noticeable difference to the solution,
the difference between the 5 x 5 x 5 solution and the 7 x 7 x 7 solution is relatively small.

To check the effect of this small difference in the forward solution on our parameter
estimation procedure, we simulated synthetic data using our model with 7 x 7 x 7 and
9 X 9 x 9 compartments. We then attempted to estimate the parameters using 5 X 5 X 5
compartments. Table 5.4 shows the results of these parameter estimations.

Here we can see that we can recover the parameters that we believe are estimable
from our procedure (V4, Vpp, 0., and o,) accurately using a 5 x 5 x 5 model even when
the underlying data was produced with a larger number of compartments. This suggests
that even though our conceptual model of the lungs is that they are made up of a very
large number of units that form a continuous distribution, we can use a model with
5 x 5 x 5 (125) compartments to estimate the parameters of the underlying continuous
distribution. Thus in the rest of this thesis, unless otherwise specified, we adopt this

number of compartments.

5.4 Experimental error

In the previous section we found that our parameter estimation routine provided good
estimates of the airway parameters (Vpp, 0., 0., and V) from noise free data. However,
the circulatory parameters (o, p, Vi, and Q) could not be reliably found, although this
did not affect the estimation of the airway parameters. In this section we explore the
effects of experimental noise on our parameter estimation procedure. The steps we take

to do this are outlined below.
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1. Establish detailed noise models for the LGA and for a theoretical device represen-

tative of current (non LGA) devices.
2. Apply these noise models to create “noisy synthetic data”.
3. Attempt to estimate parameters from a number of these noisy synthetic datasets.

4. Compare the results of these estimates to the true parameter values (shown in
Table 5.2) to get an idea of the uncertainty in our parameter estimates due to

experimental noise.

5.4.1 Noise model

In this section we consider appropriate models for experimental noise for both data mea-
sured by the LGA, and data measured by a device representative of those currently avail-
able. The European Respiratory Society (ERS) recently established criteria that a device
for measuring nitrogen washouts should conform to [96]. The authors of the paper note:
“It is unlikely that all individual criteria outlined will be fulfilled by any one system”, and
so we use the maximum error tolerances from this paper as representative of a current
(non LGA) device (“ERS Device”). We note, however, several devices exist that exceed a
number of these criteria, both for measuring SFy [52] and Ny, washouts [142], have been
reported in the literature.

The accuracy of experimental data may be limited by [96]:

1. the accuracy of the measured gas fractions;

2. the finite response times of the gas sensors;

3. the accuracy of the flow measurement;

4. temporal misalignment between the flow and gas fraction measurements.

We will discuss how each of these sources of error (noise) is added to noise-free data to
produce ‘noisy synthetic data’ for both devices. Apart from error in the gas fraction
measurements, which we consider explicitly, the values used for the LGA were supplied

by those developing the system.

5.4.1.1 Accuracy of measured gas fractions

To estimate the error in gas fractions measured with the LGA, we consider the residuals
between the expired gas fractions simulated with our model (with fitted parameters)
and the experimentally measured fractions. We then find a continuous distribution to
approximate these residuals, and use this as a model for the distribution of experimental

error. These residuals will include error due to model misfit (the quality of the fit will be
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Figure 5.12: Plots of the magnitude of the residuals against the measured gas fraction.

The top two plots are from the air breathing period and the bottom two from the high
Oy breathing phase.

discussed in detail in Chapter 6), as well as measurement error, but this will be the case
when we run our parameter estimation procedure on experimental data, and so it seems
reasonable to include it here.

Figure 5.12 shows the relationship between the size of the measured gas fraction and
the residual size for one representative dataset. While there is some structure here, this
relationship does not appear to be very strong, and thus we assume the magnitude of the
error is independent of the measured fraction.

Histograms of these residuals from five datasets are plotted in Figure 5.13. The air
breathing and washout phases are plotted separately. We assume that we can approximate
these histograms with normal distributions with zero mean, and standard deviation equal
to the standard deviation of the residuals. This assumption, while clearly a simplification,
looks reasonable, although there appears to be a larger number of small residuals than
you would expect from a normal distribution (particularly for COy where there are a
large number very close to zero). There is also some skew in the 02 residuals during the
washout, however the degree and direction of this skew varied depending on the datasets
we examined and thus we do not include it here. The standard deviation of the 002
residuals (0.0020) is the same during normal breathing and the high O, breathing phase,
however for O, it is about two to three times bigger during the high O, breathing phase
(0.0026 and 0.0068 respectively). Thus to include the error in the measured gas fractions,

we sample from a normal distribution with the appropriate standard deviation, and add
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Figure 5.13: Histograms of differences between the fitted synthetic data and the exper-
imentally measured gas fractions. The top two histograms are from the air breathing
period and the bottom two from the washout.

the value to the noise free gas fraction.

The ERS device is assumed to be composed of a Ny detector rather than C02 and
O, detectors. The criteria for the accuracy of such a device is [96]: “Linearity within 1%
relative of full scale (e.g. 0-80% is £0.8% at 80% Nj) to ensure appropriate assessment
of starting concentration, and within 5% relative of any lower value (e.g. £0.25% at 5%
NQ)”. We note the magnitude of these errors are similar to those we found for the LGA
and for simplicity assume the same error model for the fractions measured with both

devices.

5.4.1.2 Finite response time

When there is a step change in gas fraction a sensor will take a finite amount of time to
respond to that signal [8]. The LGA measures the spectra, from which the gas concen-
trations are estimated, several times in each 10ms measurement window, and thus this
response time should be very small. Here we use 10ms. The ERS specification requires

the response time to be at most 100 ms [95], thus we assume this value for the ERS device.
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To add this error to the experimental signal we assume a single exponential rise time

model. Thus following a step of magnitude F the measured fraction, F'(t), is [8, 28]
t
F(t) = Fy + F, (1 — exp (—t» , (5.19)
0

where Fj is the initial gas fraction. We assume that the 100 ms response time is the time

taken for the signal to reach 90% of its final value, thus

~ 100ms
*7 log(10)

(5.20)

The instrument response function g(t) is the derivative of the step response [8, 28], and
thus

exp (—;-
_ew(-a) to). (5.21)

The measured signal (F);(t)) is then a convolution of the instrument function and the
true signal (f(t)) [28], thus

t

Fult) = / Flw)g(t —u) du. (5.22)

5.4.1.3 Errors in the flow measurements

There are two types of error in the flow measurements, Gaussian noise on the instanta-
neous flow measurements, and errors in the recorded volume.

The first of these is assumed to have a magnitude of 5% of the measured flow for the
ERS device [96] and 0.5% for the LGA. To include this form of noise at each time point
we sample from a normal distribution with a mean of one and standard deviation equal
to 5% for the ERS device and 0.5% for the LGA, and multiply the noise free flow by this
value.

The ERS specifications state that recorded volumes should be accurate to within 3%
[96], for the LGA the equivalent specification is 0.25%. We assume that this error is the
result of drift in the flow measurement (volumes are the integral of the flow), and that
this drift may occur throughout the washout period.

To model this drift we add a Gaussian random walk to the flow measurements with
standard deviation (o). To set the value of o we set the expected size of the error in the
recorded volume (the expected length of the Gaussian random walk, o+/n [15], multiplied
by the duration of the experiment) equal to that specified by the error tolerance. Thus,

oAtny/n = Error Level x Ve, (5.23)

where n is the number of time steps, and V. is the the total volume of gas that has

passed through the flow sensor during the experiment.
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Type of Noise ERS Level LGA Level

Gaussian noise on F©2 0.002 0.002

Gaussian noise on F©: (air breathing)  0.0026 0.0026

Gaussian noise on F2 (washout) 0.0068 0.0068
Finite response time 100 ms 10ms
Gaussian noise on flow 5% 0.5%

Error on recorded volumes 3% 0.25%
Signal misalignment 10 ms dms

Table 5.5: A summary of the different types of noise on the data, and their magnitude
for the LGA and the ERS device. With the exception of the noise on the fractions which
we estimate, values for the ERS device are taken from [96] and those for the LGA from
our experimental collaborators who developed the device.

5.4.1.4 Temporal misalignment

Finally, as many devices measure flow and concentration in different locations, there may
be some temporal misalignment of the signals. The ERS suggest that this should be
at most 10ms, while in the LGA the signals are measured in the same place and thus
co-incident within 5ms. This error was applied by shifting the flow and concentration

signals relative to each other by the stated amount.

5.4.1.5 Summary

Table 5.5 gives a summary of the different types of noise and their magnitudes for both
the LGA and the ERS device.

Figure 5.14 shows a comparison of the experimentally measured gas fractions and the
noisy synthetic version of the same breath. Our decision to use a normal distribution,
despite the true residuals having a larger density close to zero than would be expected for
such a distribution, means that although the residuals and the experimental noise have
the same standard deviation, the synthetic noisy data is more noisy than the experimental
data. A second point worth noting is that while the ERS and LGA signal are similar for
most of the breath, the greater response time of the ERS device means that sharp changes
in the gas fraction (for example just after 524 s in the plot) happen slightly later, and more
gradually for this device.

Figure 5.15 compares the effect of the different error sizes in the flow measurements
for the LGA and the ERS device. While the flow pattern on any one breath is not that
different between the two devices (top plot), the errors on the volume measurements (that
we simulated with a Gaussian random walk) can cause large divergences between the ERS
and LGA data in the tidal volume record (bottom plot).

It is worth noting that not all devices show volume drift, see for example [142]. In
devices where this drift does occur, corrections are sometimes applied [9, 96]. However,

we cannot apply such corrections, as we need accurate determination of the 02 and C02
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consumption rates (which depend on the difference between inspiratory and expiratory
volumes) to estimate the venous gas concentrations (see Section 5.2.2).
In the next section we consider the effect of these two noise models on parameter

estimation.

5.4.2 Uncertainty of estimated parameters

In Section 5.3 we found that we could estimate the airway parameters (Vpp, 0., 0., and
Vy4) from noise free data. The circulatory parameters (o, p, Vi, and Q7) could not be
reliably estimated, but this did not prevent the estimation of the airway parameters. In
this section we test whether that conclusion holds once we include the effect of realistic
experimental error.

To investigate this we created ten datasets (with the same underlying noise free data)
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Parameter True Value Mean Standard Deviation Coefficient of variation

Vop/L 0.135  0.134 8 x 10~ 0.5%
o. 0.40 0.40 0.004 1.39%
Va/L 2.85 2.81 0.02 0.64%

O 0.45 0.43 0.006 2.93%
o, 1.01 1.00 0.16 17.81%

p 0.8 0.84 0.11 14.4%
Qr/Lmin™1 5.76 3.37 1.5 44.51%
v, 0.25 0.27 0.17 62.96%

Table 5.6: A summary of parameter estimations performed on ten different synthetic
datasets with the LGA noise model.

with each of the two noise models. We then attempted to estimate the parameters from
each of these datasets. The mean parameter estimates, standard deviations of those
estimates, and coefficients of variation (the standard deviation divided by the mean) for
the LGA noise model are shown in Table 5.6.

Here we see that we can estimate Vpp, 0., 0., and V4 to within a physically meaningful
precision. While the true values of o,, p, and V; are within one standard deviation of the
mean of the estimates, these standard deviations are large (over 60% of the size of the true
value for V; for example), and thus we conclude that they cannot be estimated accurately
from our data. The true value of Q7 is not within the (large) estimated standard deviation
of the mean estimated value, and thus we conclude that this parameter also cannot be
estimated from our data.

The standard deviations and coefficients of variation give an idea of the uncertainty
of our parameter estimates in the presence of experimental error. For the volumes, Vpp
and Vy, the standard deviations are 0.8 ml and 20 ml respectively. These are small in an
absolute sense, and smaller than the variability we might expect from a subject changing
position between runs. For o, and o, it is difficult to have a physical insight into the
size of the standard deviation, but we note that for these parameters the coefficients of
variation are 2.9% and 1.4% respectively.

One limitation, as well as the accuracy of the noise model, in the strength of these
conclusions is that it is difficult to determine the number of datasets required to quantify
the uncertainty accurately. To check the effect of the number of datasets we estimated
parameters from five more noisy datasets, and found coefficients of variation of 0.3%,
0.5%, 1.9%, and 1.3% for the estimated values of Vpp, V4, 0., and o, respectively from
these datasets. The similarity of these numbers to those shown in Table 5.6 suggests that
our conclusion, that the uncertainty of these parameter estimates due to experimental
noise is relatively small (and probably smaller than the biological variability), is valid

even if we cannot be certain of the precise size of the uncertainties.
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For the ERS noise model our parameter estimation procedure was only able to find
a minimum on three of the ten datasets (and the estimated parameters from these three
datasets were not close to the true values). This suggests that the criteria set out by
the ERS for a nitrogen washout device are not stringent enough to provide data accu-
rate enough for our method of estimating parameters. This of course assumes that our

interpretation of these criteria, used to build the noise model, is valid.

5.4.3 Summary

At the start of the section on synthetic data we set out four questions.

1. Are the parameters of our model estimable “in principle” (if there was no experi-

mental error) from a nitrogen washout procedure?

2. If some of our parameters are not estimable can we set them to a physically reason-

able value without influencing the estimation of the parameters that are identifiable?
3. What number of compartments should we use when estimating parameters?

4. If we include realistic experimental noise what is the level of uncertainty in our

parameter estimates?

In this section we have found (in answer to the first two questions) that the airway
parameters of our model (Vpp, 0., 0., and Vy) are identifiable from a nitrogen washout
procedure, while the circulatory parameters (o,, p, Vi, and Qr) are not. As we only
measure data at the mouth, and have no direct information about the concentrations or
flows in the blood, this is perhaps not surprising.

Fortunately however, the values of the circulatory parameters (as long as they are
in a physiologically reasonable range) do not prevent accurate estimation of the airway
parameters, and thus we conclude the circulatory parameters can be set to physiologically
reasonable values without preventing the estimation of the airway parameters.

An obvious question, given this lack of identifiability of the circulatory parameters
is whether the model of perfusion should be simplified to reduce the complexity (and
computation time) of the overall model. However, as discussed in Chapter 7 there are
plans to use a more soluble gas (acetylene), which hopefully will improve the identifiability
of the circulatory parameters in the model. Thus the decision was made to retain the full
model of perfusion to allow the flexibility to attempt to determine these parameters in
the future.

Next we found that we could use a 125 compartment model to accurately estimate
the parameters of data produced with a much larger number of compartments. Thus we

adopt this number of compartments.
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Finally, we considered the uncertainty of our parameter estimates in the presence of
experimental noise. To do this we developed detailed noise models for a device conforming
to the ERS specifications and for the LGA. Our analysis suggested that a device conform-
ing to the ERS specifications would not be sufficiently accurate for our purposes. In the
case of the LGA, our analysis suggested that the uncertainty due to experimental error
of our estimates of the airway parameters was small, and, at least for the two volumes,
smaller than the degree of uncertainty we would expect from biological variability (for
example, the variation of position of the subject when breathing on the device).

In the next section we investigate a novel experimental procedure which, in Chapter 6,
we use to try and set a physiologically reasonable value for the equivalent CO, tissue

volume, V;.

5.5 Tissue volume

We showed in the previous section that we cannot estimate a value for the equivalent 002
tissue volume, V;, from the nitrogen washout procedure. Fortunately, we also showed that
the uncertainty in the value of this parameter does not prevent the accurate estimation of
the airway parameters. Nevertheless, it would be useful to have a rough idea of the size
of this parameter. In this section we investigate an experimental technique we developed
to estimate a physiologically reasonable value for this parameter.

Since we assume only C02 is soluble enough to be present in significant volumes in the
lung tissue, the only equations in which this parameter appears are the governing ODEs
for CO, in the alveoli, (4.78), and (4.81). Thus to get a signal from this parameter,
we require a procedure which causes a large change in the alveolar C02 fractions. The
obvious thing to try is a C02 washin. However, unlike 02, C02 cannot be delivered in
large quantities for long periods of time without risk to the subject [23]. Even relatively
low quantities delivered for long periods of time have been found to induce anxiety [140].

Thus our CO2 washin protocol is: ten minutes of breathing room air, followed by
approximately 40s when the inspired CO, fraction is 6%, and finally 2 minutes of room
air breathing. Other than a slight deepening of breathing following the CO,, step no ill

effects were observed.

5.5.1 The objective function

Since the goal of this procedure is to estimate V;, we find the parameters that minimise
the sum of the squared differences between the measured and simulated CO,, fluxes during

the 002 washin. Quantitatively we minimise the objective function, Ry,, where

Ri= Y ult)? (B2 (t) - FS® (). (5.24)

CO, washin
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As for the nitrogen washout function the evaluation of the objective function is a multi

step procedure. To evaluate (5.24) we carry out the following steps.

1. We discard the first two minutes of the air breathing period, during which we assume
the subject is settling down to breathing on the LGA.

2. We use the continuous model to estimate the slope of the venous gas concentrations

and the starting gas fractions (as in Section 5.2.2).

3. We find starting values of the venous gas concentrations, with the full model, that
match the net volumes of CO, and O, volumes passing through the LGA during

the second five minutes of the air breathing period (as in Section 5.2.2.4).

4. We find the correct starting lung volume such that, at the start of the CO, washin,
the difference between the lung volume and FRC is correct (as judged by a smoothing

spline fitted to the tidal volume record, see Section 5.2.1.1).

5. Finally, we simulate the CO, washin procedure with the full model and calculate
(5.24).

5.5.2 Parameter identifiability and uncertainty

To study parameter identifiability and uncertainty due to experimental noise, we created
synthetic data (using the parameters shown in Table 5.2) for this procedure. Figure 5.16
shows the variation of the objective function, (5.24), with each parameter while the others
are held constant at the values shown in Table 5.2.

As we saw with the nitrogen washout procedure (Figure 5.9), each curve has a min-
imum at the true value of the parameter. A difference from Figure 5.9 is the relative
magnitudes of the variation with the different parameters. While Vpp still seems to have
the largest influence on the value of the objective function, the difference between the
magnitudes of the variation with the rest of the parameters is not as pronounced. In the
nitrogen washout procedure, the effect of V; on the value of the objective function was
negligible in comparison to a number of the other parameters. That is not the case here,
suggesting V; may be identifiable from this procedure.

Figure 5.17 shows the variation of (5.24) with two parameters, while the rest are
held constant at their true values. It is again instructive to compare this plot with the
equivalent from the nitrogen washout procedure, Figure 5.10. In Figure 5.10 we saw that
the values of the four circulatory parameters (o, p, V4, and Q) had very little influence
over where the minima in the objective function was for the airway parameters (Vpp,
0z, 0, and Vy). In the case of the C02 washin, it is again true that the values of the
other parameters have little effect on the location of the minimum with varying Vpp, but

all the other parameters show some degree of dependence. This is not surprising given

131



o 05

%1073

%1074

0.1

0.15
DP

0.2

%1074

3.5

%1073

1.5

%1074

0.4 0.5

o
N
o
el

><‘|‘O'3

0.5 ¢

%1074

o
(o]
o
]
o
o I
o
©
—_

x10°%

Figure 5.16: The variation of the value of the CO, tissue volume objective function,
(5.24), with each parameter. In each case one parameter is varied while the values of the

others are set to those shown in Table 5.2.
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Parameter True Value Mean estimate Standard Deviation

Qr/Imin 1 5.76 5.57 0.17
1% 0.25 0.23 0.025

Table 5.7: A summary of parameter estimations performed on noisy synthetic CO, washin
data.

the similarity of the magnitudes of the variation in the objective function we observed in
Figure 5.16.

To test whether this dependence was a problem for parameter identification we at-
tempted to find the set of airway and circulatory parameters that minimised (5.24) using
fmincon (implemented in parallel on Arcus-b). Unfortunately in ten attempts with vary-
ing initial guesses, none of the parameters were estimated correctly. Thus we decided to
try a different approach.

Instead of trying to estimate all the parameters, we assume that we know the value
of the airway parameters (Vpp, 0., 0, and Vy), p, and o, from washout procedures
performed on the same subject (how this is done is discussed in Chapter 6), and then
attempt to estimate V; and Q7 from the 002 washin data.

To see if Q1 and V; were identifiable in principle under these conditions, we attempted
10 parameter estimates on a single set of noise free data with varying initial guesses. This
gave us values of 5.81 £1 x 107* 1/min and 0.25 £ 1 x 10~* for Q7 and V; respectively,
compared to the true values of 5.76 1/min and 0.25 respectively. This suggests that V;
can be estimated from error free data, if we know the values of the other lung parameters.
The estimated value of ()7 was close, but not equal to the true value, which suggests that
this procedure may not estimate an accurate value of Q7.

Next to assess the level of uncertainty in these parameter estimates due to experimental
noise, we attempted to estimate the values of the two parameters on ten noisy synthetic
data sets, created using the LGA noise model we established in Section 5.4. The results
are displayed in Table 5.7.

The mean estimated value of Q7 is slightly over one standard deviation from the true
value, thus we again conclude that this technique may not give an accurate value for this
parameter (although it may give a rough value). The mean estimated value of V; is within
one standard deviation of the true value. This suggests that we may be able to estimate
the value of V;, albeit with a relatively high degree of uncertainty (the standard deviation
is approximately 10% of the estimated value of V}), if we know the true values of the
airway parameters (Vpp, 0., 0, and Vy), p, and o,. However, as we will see when we
apply this method to experimental data in Section 6.6, in practice we cannot be certain
of the true values of these parameters, and the true uncertainty in estimates of V; is

considerably higher.
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Figure 5.17: The variation of the value of the 002 tissue volume objective function, (5.24), as two parameters are varied. In each case
two parameters are varied, while the values of the others are set to the values shown in Table 5.2. In this figure blue represents low values
of the objective function and yellow high values.



5.6 Summary

The lung function test we proposed in Chapter 1 requires us to be able to estimate the
parameters of our lung model from high quality nitrogen washout data. In this chapter
we have explained how we estimate those parameters, discussing in some detail the steps
we go through to calculate the objective function, and how we find the set of parameters
that minimise it. Next, we used synthetic data noise free data to determine that the
airway parameters (Vpp, 0., 0., and Vy) are identifiable in principle from the nitrogen
washout, while the circulatory parameters (o, p, V4, and Q7) are not. However, the cir-
culatory parameters could be set to physiologically reasonable values without influencing
the estimates of the airway parameters.

We developed a detailed noise model, which allowed us to show that a device which
conformed to the ERS recommendations for nitrogen washout measuring devices [96] was
not accurate enough for our purposes, but the LGA was. We argued that the uncertainty
in the parameters we could estimate due to experimental noise was almost certainly less
than the degree of biological variability we expect from patients breathing on the device.
Finally, we suggested a technique, which while it could not give as good estimates as
the nitrogen washout for most parameters, might allow us to estimate a physiologically
reasonable value for one parameter, V;, that we could not estimate from the nitrogen

washout.

135



136



Chapter 6

Pilot study results

In this chapter we discuss the results of estimating the parameters of the mathematical
model described in Chapter 4 from experimental data. Specifically, we consider data
taken from 15 volunteers. Six of the volunteers were young and healthy, while nine were
older volunteers. Three of the older volunteers had moderate (GOLD stage 2) COPD.

For the proposed pulmonary function test we outlined in Chapter 1 to give a mecha-
nistic measure of inhomogeneity in the lungs, our mathematical model must represent the
physiology of a subject performing a nitrogen washout sufficiently well. This is difficult
to assess, but in this chapter we do so in three ways.

First we check how well the output of our model (with fitted parameters) agrees with
the experimental data we collect. Next we assess how similar the estimated parameters
are between repeat measurements on the same volunteer; as if a subject’s physiology does
not change between repeat measurements, then neither should our parameter estimates.
Finally, we compare our estimated parameters (and measures derived from them) to
measurements taken with other modalities. This chapter describes the results of assessing
our model by these criteria in each of the groups, and comparing the results of the groups
to each other.

At the end of the chapter we discuss the results of the CO, washin procedure which

we use to estimate a representative value for V;, the effective 002 tissue volume.

6.1 Study details

Our study comprised six young healthy volunteers (all less than 25 years old), six older
healthy volunteers (all over 70 years old), and three volunteers with moderate COPD.
Some of the physical characteristics of the volunteers are displayed in Table 6.1. A healthy
volunteer was classified as someone with no reported lung disease or history of smoking
(volunteer E06 smoked as a teenager, but gave up in 1964), while a moderate COPD
patient was one with an FEV| of between 50% and 80% of their predicted value (GOLD
stage 2).
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ID  Gender H/em W/kg A/yrs FEVy FVC FEV/FVC
Y03 Female 171 65 22 109% 110% 112% 113% 85%  85%
Y04 Female 180 66 24 8% 1% 94% 80% T79% 75%
Y05 Female 173 95 23 110% 114% 110% 110% 88%  90%
Y06 Female 180 63 23 80% 9% % 5%  94%  93%
Y07  Male 193 83 20 95%  95% 114% 116% 69% 68%
Y08  Male 177 78 20 142%  141% 142% 144% 84%  83%
E02  Male 183 93 70 8% 8% 104% 105% 65% 64%
E03  Male 169 72 79 65% 58% 3% 8% 86% 60%
E04  Male 176 80 76 129% 123% 130% 127% 75% 72%
E05 Female 160 20 71 92%  93% 114% 115% 67% 67%
E0O6  Male 185 69 70 9% 103% 114% 117% 67% 67%
EO7 Female 165 49 71 113%  114% 131% 140% 72% 68%
C01  Male 178 101 63 8%  73% 128% 104% 53%  55%
C02  Male 163 85 72 % % 124% 116%  46%  50%
C03  Male 170 60 90 58%  49% 100% 93% 41%  38%

Table 6.1: A summary of some of the physical characteristics of the volunteers who
participated in this study. Note identifiers (ID) in the healthy volunteers do not start
at one as these identifiers were used for members of the team during development of
the device. Datasets from these individuals were only taken while the device was under
development, and thus they are not included here. FEV{ and FVC are given as percentage
of predicted values, while FEV{/FVC is the ratio of the quantities expressed in 1/s and L.
For each of the spirometry measures values shown are those taken on the first and second
visit in that order.
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Figure 6.1: Example washout datasets taken from volunteer Y04 (top plot) and C03
(bottom plot). In the plots the net volume of each gas that has entered through the
mouth is shown. The high 02 breathing phase starts after approximately 600s. The
horizontal line is a visual aid to help with the identification of any slope in the N 9 record.

Each volunteer visited the laboratory on two occasions. On each visit three washout
procedures (ten minutes air breathing, followed by five minutes of pure O, breathing) and
one CO, washin (ten minutes of air breathing followed by 40's of breathing 6% CO,) were
performed, and data collected using the LGA. Volunteers breathed through a mouthpiece
and air was prevented from leaving or entering their nose with a nose clip (and for those
volunteers for whom a nose clip was insufficient, tape as well).

During all procedures the arterial 02 saturation was monitored via a peripheral probe
(Datex-Ohmeda 3900 Tru-Trak+ ®). Spirometry and blood tests were also performed
on each volunteer on each visit, except for volunteers Y05 and Y06 who declined to have
blood tests. Full ethical approval for this study was received from the Scotland A Research
Ethics Committee (REC Reference Number: 11-SS-0091).

6.1.1 Data quality

Example data from nitrogen washout procedures performed by two volunteers;, Y04 (top
plot) and C03 (bottom plot), is shown in Figure 6.1. These plots show the net volume of
each gas that has entered through the mouth as a function of time. The horizontal line

is a visual aid to help with the identification of any slope in the N, record.
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Consider first the top plot. The high O, breathing phase starts after approximately
600s, when large volumes of N, start to leave the lung. Note the lack of slope in the
Ny record during the air breathing phase, and the slopes of the 002 and 02 records,
associated with CO, production and O, consumption respectively. An example of the
variability of spontaneous breathing can be seen in the large inspirations that correspond
to the occasional spikes that are visible in the Ny record.

In the bottom plot however, the N2 record is not flat, and shows an apparent N2
consumption. Since N2 is almost insoluble in blood and not produced or consumed by
the body, we expect that over any extended period inspired and expired volumes of N,
will be equal (the Haldane effect [43]). If this is not the case then either: the volunteer
must have changed position during the experiment (a large decline in lung volume due to
a progressive slump would lead to an apparent production of N2), there must be a leak
(for example through the nose where we do not measure the flows or concentrations of
gases), or there must be errors in the data caused by the LGA.

Thus before attempting to estimate parameters, the N2 records from each nitrogen
washout procedure were examined. If there was evidence of a significant error in nitrogen
balance, as in the bottom plot in Figure 6.1, then this run was excluded from further
analysis. Datasets that showed either an error in N,, balance (difference between inspired
and expired nitrogen volumes) of over 45 ml/min over an eight minute air breathing period,
or where the Ny record contained significant sloping periods, were excluded. None of the
36 repeats from the healthy volunteers had to be excluded. However, all the repeats from
C03 (who struggled to hold the mouthpiece in his mouth) and E02 (who struggled to
maintain his posture for 15 minutes) were excluded because of poor nitrogen balance. Of
the remaining 42 repeats from the older volunteers, only one was excluded on the grounds
of poor nitrogen balance.

This difference between the groups suggests that the problems are related to volunteer
performance rather than the measuring device. While efforts were made to ensure the
volunteers were seated as comfortably as possible, and that there were no leaks from either

the nose or the mouthpiece, there is clearly a need for further development in this area.

6.2 Values for fixed parameters

In Chapter 5 we showed that the airway parameters (Vpp, 0, 0., and V) are estimable
to a good degree of accuracy in the presence of realistic experimental noise from a nitrogen
washout procedure, while the circulatory parameters (o, p, Vi, and Qr) are not. However,
the values of the circulatory parameters did not seem to influence the estimation of the
airway parameters suggesting the circulatory parameters could be set to physiologically
reasonable values. Thus we attempted to recover values of Vpp, 0., 0., and Vy in each

volunteer, our approach to estimating values for the other parameters is discussed below.
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Symbol Value Description

Vpp Estimated Total personal deadspace volume

o, Estimated Width of the deadspace distribution

Va Estimated Total alveolar volume when the lungs are at FRC
Oy Estimated Width of the compliance distribution

oy Estimated Width of the perfusion distribution

p 0.8 Correlation of compliance and perfusion

Qr % Cardiac output

Vi 0.25 C02 equivalent tissue volume

Vbe 0.1551 Apparatus deadspace volume

Table 6.2: A summary of the parameters of our model and how their values are obtained.

In Chapter 5 we found that V; was the most poorly identified parameter, with a
coefficient of variation of 37% in estimates of this parameter even from noise free data
(Table 5.3). In addition, as shown in Figure 5.9, V; had by an order of magnitude the
smallest effect on the value of the objective function. Given this, V; was set equal to a
single value, 0.25, based on [25], although we show in Section 5.5 that 0.4 may be a more
reasonable estimate. However, as we saw in Chapter 5, the choice of this parameter has
minimal effect on the estimation of the other parameters.

Cardiac output was also particularly poorly estimated in the presence of noise. Bio-
logically, cardiac output is closely related to metabolic rate, so that venous C02 and 02
concentrations are relatively constant under resting conditions. A typical value for 02
extraction from the blood at rest is 25% [60]. For the Hb concentration used in the blood
gas model (149 g/1), this corresponds to an arteriovenous O, concentration difference of
approximately 50 ml of 02/ 1 of blood. As we explained in Section 2.2 the 02 consump-
tion (Voz) is equal to the cardiac output multiplied by the arteriovenous 02 concentration

difference, thus we set the cardiac output such that

Vo, (6.1)

QT: 507

where V02 is measured in units of ml/min. We also explored cardiac outputs set to
produce arteriovenous O, concentration differences of 40 ml /1 and 60 ml/l to investigate
the importance of this parameter.

The coefficients of variation for the estimation of both p and o, were also large in the
presence of noise (see Table 5.6), suggesting that they could not be successfully estimated
from the data. However, Figure 5.10 suggests that there may be some dependency between
these parameters. If so, then it may be possible that if one value is fixed, then a value
for the other may be estimated. To see if this was true, we chose to try and estimate o,
while fixing p. We chose to set p at 0.8, based on high-resolution micro-sphere studies

in animals [2, 68], which give values of 0.80 and 0.81 respectively. Similar values are
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Figure 6.2: These plots compare the simulated data (with fitted parameters) to the mea-
sured data for one nitrogen washout procedure performed in volunteer Y07. (a) shows
the mixed expired nitrogen fraction for the whole procedure, (b) expirograms during the

air breathing phase for all three gases, (c) a breath at the start of the washout, and (d)
a breath midway through the washout.

suggested from more derived studies in humans [10]. We also explored values of p of 0.65
and 0.95 to investigate the importance of this parameter.

A summary of the parameters we estimate in each of the volunteers, and the assumed
values of those that are fixed, is shown in Table 6.2. In the rest of this thesis, unless

otherwise stated, the parameters which we do not estimate have the values shown in this
table.

6.3 Young healthy volunteers

Having established which parameters we estimate, and values for those we do not, we
estimated parameters for the six healthy volunteers from each of the washouts they per-
formed. Figure 6.2 shows a comparison of the simulated output of the model (with fitted

parameters) and experimental data for one volunteer. In Appendix B equivalent plots for
all the volunteers are shown.
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These plots show the mixed expired (average) No fraction over the whole procedure.
Also shown are expirograms from the air breathing period (10 breaths before the start
of the washout), the start of the washout, and midway through the washout (10 breaths
after the start of the washout). In each figure in Appendix B these expirograms are from
the same breaths (relative to the start of the washout) to be as representative of the fit
quality as possible.

The measured and simulated mixed expired nitrogen fractions are, in almost all cases,
very similar. This suggests that the model describes the nitrogen wash out process
very well for these volunteers. The agreement between the measured and simulated ex-
pirograms is more variable, but in most cases is still very good. This suggests the model
describes the within breath morphology well, although there is some variability here. This
is perhaps not surprising given the amount of variability there is in spontaneous breath-
ing (see for example the very large inspirations visible in Figure 6.1). Other sources of
variability are volunteers changing position, coughing, or swallowing. Nevertheless, we
conclude that the model appears to describe the nitrogen washout fairly well for these

healthy volunteers, and move on to examining the estimated parameters.

6.3.1 Estimated parameters

Figure 6.3 shows the parameter values estimated from the six repeats in each of the six
healthy volunteers. With the exception of o,, which as we saw in Chapter 5 was poorly
determined even from synthetic data, estimated parameter values were very similar for
repeated washout measurements from the same volunteer. Since in most cases the two
visits were separated by a couple of days, and we had no reason to suspect that any of
the volunteers’ lung functions had changed in this period, this is an extremely promising
result.

In the following subsections we will discuss the repeatability in more detail, the cor-
relation of the estimated parameters with lung volume, and the influence of the assumed

values of p and Q) on the estimated parameters.

6.3.1.1 Repeatability

The coefficients of variation for the estimation of each parameter in each volunteer, and
the mean of these coefficients across all volunteers are shown in Table 6.3. These coefhi-
cients of variation are all significantly larger than those we estimated from noisy synthetic
data, shown in Table 5.6. This is not surprising, as these results include the variation
in volunteer performance (for example, variation in posture, coughing etc.) as well as
experimental and fitting errors.

Nevertheless, for all parameters except o,, the average value of the coefficients of

variation are less than 7%. Given that this involves fitting a model as well as errors in
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Figure 6.3: Plots showing the estimated parameters for each of the young, healthy volun-
teers. The red spots show the values for each of the 6 repeats of the washout procedure.
The height of the bars show the mean values in each volunteer, and the error bars rep-
resent + one standard deviation. The volunteers are ordered from smallest to largest
alveolar volumes. For all the estimates in this plot Vpe =0.1551, p = 0.8, V; = 0.25, and
Qr was set to give an arteriovenous O, concentration difference of 50 ml O, /1 of blood.
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Identifier Vpp o, Va O oy
Y03 50% 11.1% 3.7% 22% 42%
Y04 56% 64% T7.0% 6.5% 43%
Y05 82% 2.5% 3.7% 6.0% 49%
Y06 4.4% 22% 1.7% 6.5% 45%
Y07 4.6% 68% 58% 12.1% 38%
YO8 53% 7.6% 27% 78% 45%

Average 5.5% 6.1% 4.1% 6.9% 44%

Table 6.3: Coefficients of variation (standard deviations divided by the mean) from 6 re-
peats on each of the six healthy volunteers. For all the estimates in this table Vpo =0.1551,
p=0.8,V, =0.25 and Q7 was set to give an arteriovenous concentration difference of
50ml of Oy /L of blood. The values in the final row are the averages for the whole group.

data collection and volunteer performance, this compares reasonably well with the intra-
visit repeatability of lung clearance index (LCI) measurements from SF g washouts of 3.6%
and the inter-visit reproducibility of 8.9% (0.6 on a mean value of 6.7 for healthy adults)
reported in [51].

6.3.1.2 Correlation with lung volume

In the Figure 6.3 the volunteers are ordered from smallest to largest lung volume. There
is a clear relationship between the volume of deadspace and lung volume, and perhaps an
inverse one between o, and lung volume. Analysis with linear regression suggested both
of these relationships were statistically significant.

We will later compare the ratio ‘%P between the different groups of volunteers, and
so values of this ratio for the healthy volunteers are plotted in Figure 6.6. Also plotted
in this figure are the values of UZ%, which is the width of the deadspace distribution in
ml deadspace/ ml alveolar volume. We refer to this as the scaled width of the deadspace
distribution.

However there does not appear to be any relationship between lung volume and o,.
The adjusted R? for a regression of o, against V4 was 0.01. If this holds true once
measurements are made in a larger number of people, this is a promising finding; since it
suggests that, unlike FEV{, o, may be an intensive (a measure that does not vary with

body size) rather than an extensive measure (a measure that varies with body size).

6.3.1.3 Influence of p and Qr

The results displayed in Figure 6.3 were obtained using a value of Q) set to give an
arteriovenous O, concentration difference of 50 ml O, /1 blood, and a value of 0.8 for p.
To test the effect of these assumptions on the estimated values, we ran a grid of nine
different fits with assumed cardiac outputs of 40, 50 and 60 ml 02 /1 blood and values of
p of 0.65, 0.8, and 0.95 on each of the 36 datasets from this group.
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Parameter @ effect size p value p effect size p value

Vbp 0.09% 0.8 1.06 % 4 %1071
o 1.40% 0.2 6.10% 7x 1077
Va 3.53% 0 0.01% 0.93
o8 3.63% 0.03 -7.06% 8 x 107°
oy -19.88% 0.006 -47.81% 5x 1077

Table 6.4: A summary of the univariate regression performed to assess the influence of
the assumed values of p and the arteriovenous 02 concentration difference (using which
we set Q7). The effect size gives an estimate of the percentage change in the value of the
parameter for a doubling of the assumed values of p or the arteriovenous O, concentration
difference as relevant.

Table 6.4 shows the results of a regression analysis to determine the influence of each
these parameters. Here we applied a linear model to each of the estimated parameters in
turn. We assumed that each run on each volunteer was a random variable (i.e. had its own
mean), and performed a regression with p and the arteriovenous 02 concentration differ-
ence as independent variables, and the estimated parameter as the dependent variable.
As we have parameters with a variety of magnitudes these results are expressed as ‘effect
sizes’. This is an estimate of the percentage change in the estimated parameter value for a
doubling in the assumed value of either p or the arteriovenous O, concentration difference
as relevant. This heuristic quantity was calculated by dividing the regression co-efficient
by the mean of the estimated parameter across all the volunteers, and multiplying by the
average value of p or the arteriovenous O, concentration difference as relevant.

As shown in this table, we found for all parameters except oy, the choice of Qr or
p had little effect on the value of the estimated parameters; equivalent to a 7% or less
change in parameter value for a doubling of either Q7 or p. This agrees very well with
our findings in Chapter 5 that our inability to estimate ()7 and p did not affect our
ability to estimate values for the airway parameters, and validates our decision to use
physiologically reasonable values for these parameters.

In the case of 0, doubling the value of p had an influence equivalent to a 48% reduc-
tion in the value of o, (and doubling the arteriovenous concentration difference a 20%
reduction). This is consistent with the dependence we noted in Figure 5.10. Along with
the large standard deviation between repeats in the same volunteer, this suggests that
our method is not a robust means of estimating o, (again consistent with our findings in
Chapter 5). However, the large variations in o, did not prevent consistent values for the

other parameters being estimated.

6.3.2 Comparison with existing modalities

In the previous section we demonstrated that our model fits data from normal healthy

volunteers well, and that the parameter estimates that it gives are repeatable (with the
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Identifier LCI
Y03 5.824+0.19
Y04 6.06 + 0.34
Y05 6.65 + 0.28
Y06 6.65 + 1.8
Y07 6.29 + 0.72
Y08 6.00 + 0.4

Average 6.24 +0.8

Table 6.5: Estimated values of the LCI (means + standard deviations) from 6 repeats on
each of the six healthy volunteers. The values in the final row are the averages for the
whole group.

exception of o,). In this section we compare these estimated parameters, and other
outputs from our model, with existing modalities.
Before doing this we briefly comment on the values of LCI we estimated for the healthy

volunteers from the nitrogen washouts we performed on them.

6.3.2.1 Lung clearance index

We calculated LCI for each of our volunteers using equation (2.28), where, following the
recommendations of Robinson et al. [95], we removed the volume of apparatus deadspace

from the ventilation and estimated FRC using the following formula

net volume of inert gas exhaled
FET(l) _FET(n) ’

where Fpr(1) and Fgr(n) are the end tidal Ny fraction on the first and last breath under

consideration.

FRC = (6.2)

Means and standard deviations of the LCI from the six runs we performed on each
volunteer are shown in Table 6.5. The mean values agree reasonably well with those
reported by Husemann et al. [54] and Bell et al. [13], 6.94+0.61 and 7.040.7 respectively,
for nitrogen washouts on healthy volunteers. However, in a number of volunteers the
repeatability is significantly worse than that reported for LCI values calculated from SF6
washouts [51]. This is probably because we made no effort to control tidal volume (as

this is not required for our technique) unlike the authors of that paper.

6.3.2.2 Agreement with predicted FRC

Figure 6.4 compares the estimated value of FRC from our technique (Vpp 4+ V4) and
predicted values based on the volunteer’s age, gender and height. The predicted values
were calculated using formulas taken from [105], which are commonly used in lung function

testing [126]. For males the predicted value of FRC in litres is given by,

FRC predicted = 2.34H + 0.01A — 1.09, (6.3)
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Figure 6.4: A comparison of the value of FRC predicted by (6.3) or (6.4) as relevant, and
the value we estimate using our technique. The dotted lines represent 95% confidence
intervals.

where H is the height measured in metres and A the age in years. For females the
equivalent formula is,
FRC\predictea = 2.24H + 0.001A — 1. (6.4)

The 95% confidence intervals on these values are +0.991 and £0.821 for the males and
females respectively.

In this figure we have also converted Vpp and V), from volumes at STPD (as discussed
in Chapter 4, we solve for dry fractions and volumes at STPD in our model) to BTPS,
which is the conditions under which plethysmographic volumes are reported, using the
following formula (derived from the ideal gas law) [129],

Iy Ds

VBTPS = ‘/STPD T

5 6.5
1s B, — Pu,0 (6.5)

where Ty = 310.15K and Ts = 273.15K are the body and standard temperatures re-
spectively, Ps = 100kPa and P, = 101.3kPa are the standard and barometric pressures
respectively, and Py o = 6.266kPa is the saturated partial pressure of water at BTPS.
All volunteers except one (Y08) had estimated values of FRC that were within the
95% confidence interval of the predicted values. This volunteer had both FEV{ and
FVC values in excess of 140% of their predicted values, and thus they appear to have

exceptionally large lungs.
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Figure 6.5: A plot of o, against the difference between the measured and estimated O,
saturation for each run on each volunteer.

The formulas for predicted FRC are based on data taken from plethysmographic mea-
surements, and so include non communicating regions of gas within the thorax. Thus sim-
ilar to the reported differences between gas dilution and plethysmographic values [126],
we might guess our values would be lower (on average) than the predicted values. How-
ever, five of the six volunteers had estimated values of FRC that were larger than their
predicted values.

This is not necessarily incompatible with previous findings, as it is possible the true
values of FRC for these volunteers are larger than those predicted by (6.3) and (6.4). As
can be seen in Table 6.1, four of the six had FVC values larger than predicted, and thus
they may as a group have large lungs. This would not be surprising as they were a group
whom we might expect to have very good lung function (four of the six were university
level athletes and one a trumpet player). Full lung function testing is being organised to

obtain measured values for FRC.

6.3.2.3 Arterial oxygen saturation

As we saw in Chapter 5, values for the circulatory parameters (Qr, p, Vi, and o,) were
not estimable from our data. This is not surprising, as we only have data taken at the
mouth, and thus have to infer what is happening in the blood. However, as we mentioned
previously, the volunteers’ arterial O, saturations (SpO,) were monitored during the
washout procedures with a peripheral probe. The 02 saturation of the blood is defined
as the percentage of haemoglobin in the blood that is saturated with 02 [60], and thus

this measure gives us some access to what is happening in the blood.
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Parameter Before exclusion After exclusion
Vpp/L 0.144 £ 0.008 0.139 4+ 0.005

o 0.38 £0.02 0.38 £ 0.03
Va/L 2.65+0.19 2.72+0.18
o8 0.42£0.03 0.43 £0.03
o 1.25 £ 0.54 0.92£0.17

Table 6.6: A summary of the effect of excluding the set of parameter estimates that give
a difference between the measured and simulated Sp02 of greater than 2% on volunteer
Y04. In all cases values given are means plus or minus standard deviations.

This probe has a stated accuracy of £2%, and thus was not felt to be precise enough
to be included as part of the objective function used in parameter estimation. However,
it is useful to consider how well our estimates of SpO, from the model agree with the
experimentally measured values over the final five minutes of the air breathing period.

To estimate SpO,, from the model we calculate the blood flow weighted average arterial

02 concentration during the final five minutes of the air breathing period (C(? 2),

1 ty NsNtNg

S QiC3(t) dt, (6.6)
=1

C(?Q - to — ts Jts
where t, and t, are the start and end times of the air breathing period respectively, 022 (t;)
is the arterial O concentration in compartment ¢ at time ¢, and Q; is the fractional
perfusion. From this the average SpO, during this period can be found using the blood-
gas model [81].

If we compare the SpO, value estimated from our model to the measured value, then
only five of the 36 parameter estimates give an estimated value that is more than +2%
away from the measured value. Of these the difference in estimated and measured SpOsy
is greater than 2.2% in only three cases.

Figure 6.5 shows the difference between the measured and estimated SpO,, values for
each run on each volunteer plotted against o,. From this figure it is clear that the large
saturation differences are associated with large values of oy,.

Two of the three runs with large differences in the estimated and measured saturations
were from volunteer Y04. Thus we considered the effect on the parameter estimates in
this volunteer of excluding runs with a saturation difference greater than 2.2%. Table 6.6
shows the effect on the means and standard deviations of the parameter estimates for
volunteer Y04 when these two runs are ignored. The only parameter for which the mean
before exclusion was more than one post exclusion standard deviation away from the new
mean was o,. This was also the only parameter whose standard deviation was significantly
altered by the exclusion of these runs.

Thus it appears the only parameter estimate that is meaningfully changed by this

exclusion is o,. This supports the finding in Chapter 5 that the uncertainty in o, does
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not influence the estimation of the airway parameters (Vpp,o.,Va, and o,). It also
suggests that if our interest is in these airway parameters then our conclusions will not
be altered by whether or not we exclude points where the estimated and measured Sp02
differ significantly. However, it may allow us to exclude extreme values of o,, and thus

improve our estimation of that parameter.

6.3.2.4 Ventilation-perfusion distributions

In Chapter 2 we introduced the multiple inert gas technique (MIGET) which has been
used to study the ventilation-perfusion distribution within the lung. In this section we
investigate the ventilation perfusion distributions that we estimate from our technique.
We then compare them to ventilation-perfusion distributions found in the literature.

When we introduced the governing bivariate lognormal distribution in Section 4.1,
we explained that Wilson and Beck [139] introduced this distribution to try to reconcile
experimentally measured ventilation-volume (%) and perfusion-volume (%) distributions
with ventilation-perfusion (%) distributions estimated using MIGET.

They assumed that the ventilation-volume and perfusion-volume distributions are log-

normal, with standard deviations oy and o respectively, and then showed that since
\% v

o () e (1) -1 (2). o

the ventilation-perfusion distribution is also lognormal with standard deviation oy , where
Q

0% = (TZZ + 02Q —2poyoyg, (6.8)
1 VvV % A7

Ql=

where p is the correlation between the ventilation and perfusion. This formula gives us
an insight into the behaviour of the width of the ventilation-volume distribution. For
example, we can see that as either the ventilation-volume or perfusion-volume distribu-
tions get broader, or their correlation, p, decreases, the width of the ventilation-perfusion
distribution will increase.

However, we cannot use (6.8) to estimate the width of the ventilation-perfusion dis-
tribution from our parameter estimates, as in our model ventilation is not exactly lognor-
mally distributed. There are two reasons for this. First, the ventilation of the deadspace
must be subtracted from the total ventilation to get the alveolar ventilation, and sec-
ondly, we assume that fractional-volume change (“compliance”) rather than ventilation
is lognormally distributed.

Thus to estimate a ventilation-perfusion distribution comparable with MIGET we
use our model (with the parameter values set to those estimated from the run under
consideration) to estimate the alveolar ventilation (V,;) over the final five minutes of the

air breathing period. This is the volume of fresh (i.e. starting inspiration outside the
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Figure 6.6: Plots showing a number of measures derived from our estimated parameters
for the young healthy volunteers. The meaning of these measures and how they are
derived is discussed in the main body of the text. The red spots show the values for
each of the 6 repeats of the washout procedure, the height of the bars their means, and
the error bars are 4+ one standard deviation from the mean. The volunteers are ordered
from smallest to largest alveolar volumes. For all the estimates in this plot Vpe =0.1551,
p=0.8,V, =0.25 and Qr was set to give an arteriovenous 02 concentration difference
of 50ml of O, /1 of blood. Red open circles were excluded from the estimates of the mean
based on the unphysical values of Sp02 predicted by the model, see Section 6.3.2.3.
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Figure 6.7: An example plot of the ventilation-perfusion distribution in the lung. This
shows the ventilation or perfusion going to a region of the lung with a particular value of
the ventilation-perfusion ratio. To produce this graph compartments were grouped into
nine groups, each with average ventilation-perfusion ratio indicated by a cross.

deadspace) gas that enters each alveolar compartment during the period, divided by the

duration of the period. On any one breath the alveolar ventilation is,

: Vi (Vi — Vpe) — oV,
vAZ:Z(’ i t;C) DP>, (6.9)

m

where Vi and )" are the tidal volume and duration of the breath m, and V;™ is the
fractional ventilation entering compartment ¢ on breath m. The perfusion to each com-

partment is simply Q;Q7, and thus we can define the ventilation-perfusion ratio of the

compartments, QYE‘;T. An example histogram of the distribution of Q‘/ﬁ with both Vi
and Q;Qr, similar to those produced by MIGET (see for example [124]), is shown in
Figure 6.7.

The most commonly reported parameters from the MIGET technique are the Ln SD
(perfusion) and Ln SD (ventilation) [125]. We refer to Ln SD rather than Log SD to
make clear it is the natural logarithm that is used. These are the standard deviations
Vai
Qi?QT
each repeat in each volunteer are plotted in Figure 6.6. Means and standard deviations

of the perfusion and ventilation distributions of log( ) respectively. Values from

for each volunteer are also shown in this figure. In the calculations of these means we

have excluded the runs for which the saturation difference is greater than 2.2% (denoted

with open circles in the figure). The difference between Ln SD (perfusion) and Ln SD
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0.65 0.8 0.95

40 1 0.64+£0.18 045+0.12 0.33+£0.11
50 |1 0.59+0.15 0.414+0.13 0.26 £0.05
60 | 0.60 £0.16 0.41+0.09 0.26 £0.05

Table 6.7: Estimated values of Ln SD (ventilation) (means + standard deviations) from
6 repeats on volunteer Y06 at a range of values of p (listed along the top row) and
arteriovenous O, concentration differences (listed in the first column in ml O,/1 blood).

(ventilation) is small as observed elsewhere [124], and would be zero if both ventilation
and perfusion were exactly lognormally distributed [10].

The standard deviations of the estimates of the Ln SD are high (typically around 25%
of the mean value) in individual volunteers, and thus we do not advocate this technique as
a method for estimating ventilation-perfusion distributions in healthy young volunteers.
This variability is not surprising given the coefficients of variation of our estimates of o,
shown in Table 6.3. Nevertheless, it is re-assuring that the mean estimated value of Ln
SD for each volunteer lies within the normal range indicated by Wagner of 0.4-0.6 [125].

These values are all calculated with p = 0.8 (and an arteriovenous Oy concentra-
tion difference of 50ml O, /1 blood). From (6.8), we can see that increasing p will, if
no other parameter changes, tend to decrease the variance of the ventilation-perfusion
distribution. In fact, as we noted in Section 6.3.1, the value of o, (the width of the
perfusion distribution) decrease as p increases. This will further reduce the width of the
ventilation-perfusion distribution as p increases.

Table 6.7 shows the effect of the choice of p and the arteriovenous O, concentration
difference on the estimated values of Ln SD (ventilation) for volunteer Y06 (the patterns
for other volunteers and Ln SD (perfusion) were similar). Given the wide standard de-
viations of the estimated values, the effect of the arteriovenous concentration difference
is not material. However, as we would expect from the discussion above, the higher
the correlation between the compliance and perfusion distributions, the lower the Ln SD
(ventilation) of the ventilation-perfusion distribution. At p = 0.95, values of the Ln SD
(ventilation) are slightly below the normal range defined by Wagner, and at at p = 0.65
slightly above.

Thus our estimates of the Ln SD depend on a parameter that we fix at a constant
value because we cannot estimate its value from our data. This further supports our
conclusion that our technique is not an appropriate method for exploring ventilation-
perfusion distributions. However, that the values of Ln SD are within the normal range

at p = 0.8 provides some further support for our use of this value of p.
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Figure 6.8: An example of an expirogram from volunteer E03 during the air breathing
period comparing the simulated output of the model with fitted parameters (dashed red
line) and experimental data (solid blue line). A noticeable feature of this expirogram is
that alveolar C02 appears to emerge later than alveolar 02.

6.4 Older volunteers

We also collected data from nine older volunteers, six of whom were healthy (no reported
history of lung disease) and three of whom had moderate (GOLD stage 2) COPD. As
described in Section 6.1.1, while the quality of the data collected from this group was
generally very good, two volunteers (C03 and E02), struggled to perform the technique.
Their data showed significant deviations from nitrogen balance during the air breathing
period, and was excluded from further analysis. Other than this, only one dataset (from
volunteer E05) was excluded on nitrogen balance grounds.

Comparisons of the simulated output of the model (with fitted parameters) and ex-
perimental data for one run on each older volunteer (except for volunteer C01, where we
show one plot from each visit) are shown in In Appendix B (Figures B.7-B.14). As for
the healthy volunteers, the simulated mixed expired nitrogen fractions are in good agree-
ment with the measured values, suggesting we describe the washout process well in these
volunteers. In general, the model also appears to describe the intra-breath morphology
well. See the expirograms shown in, for example, Figures B.9, B.10, B.10, and B.13).

However, there does appear to be more variability in the agreement between the sim-
ulated and measured expirograms in the older volunteers than in the younger volunteers.

In Figure 6.8 we show an example of a feature that we observed in a number of volunteers
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in this group. In the experimental data shown in this figure phase II (in which alveolar
gas begins to emerge) appears to start earlier for Oy than CO,. In our model, however,
this does not occur and phase II begins at the same time for both gases. This feature
is apparent in a number of the older volunteers (for example E03, E04, C01, and C02).
On closer inspection of the data collected from the younger volunteers it is also visible in
volunteer Y04.

We can appreciate why this feature is not shown by our model if we consider an impor-
tant difference between convective and diffusive processes. Convective processes depend
on gradients of air pressure, and thus affect all gases equally, while diffusive processes de-
pend on gradients of partial pressures/dry fractions of particular gases. Thus any feature
which appears to show asymmetry between different gases may well be a signature of a
diffusive process [119]. In our model diffusion is either complete and instantaneous (in
the perfectly mixed alveolar compartments) or ignored (in the deadspace compartments).
Thus this feature may be an indication that our assumption that we could ignore any
diffusion limitation (stratification) in the alveoli is, at least in some volunteers, invalid.

We will discuss possible methods of incorporating stratification in the next chapter.

6.4.1 Estimated parameters

Figure 6.9 shows the estimated parameters from all the viable repeats in the older volun-
teers. The volunteers are ordered in increasing lung volume with the two volunteers with
moderate COPD on the far right. With the exception of C01, in whom we estimated quite
different values from his two visits, the measurements appear repeatable (repeatability
will be discussed in more detail in the next section).

Also shown in this figure are the range of means we found in the healthy volunteers. All
but the two female volunteers (E05 and E07) show values for the widths of the compliance
and perfusion distributions (o, and o, respectively), and deadspace volume (Vpp) that are
elevated compared to the young healthy volunteers. In a number of cases o, takes lower
values than those seen in the young volunteers, although as we will see in Section 6.4.2,

when we normalise this parameter with VVLAP this is not the case.

6.4.1.1 Repeatability

Coefficients of variation for each parameter in each of the older volunteers are shown in
Table 6.8, along with means from both groups. In general, the values from the two groups
appear similar suggesting that repeatability is similar across the two groups, although it
appears the value of o,, while still not as precisely determined as the airway parameters,

may be more estimable in this group.
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Figure 6.9: Plots showing the estimated parameters for each of the older volunteers. The
red spots show the values for each of the 6 repeats of the washout procedure, the height of
the bars their means, and the error bars are 4 one standard deviation from the mean. The
volunteers are ordered from smallest to largest alveolar volumes, with the two volunteers
with moderate (GOLD stage 2) COPD on the right of the figure. For all the estimates
in this plot Vpe =0.1551, p = 0.8, V; = 0.25, and Q)7 was set to give an arteriovenous
O, concentration difference of 50ml O, /1 of blood. The horizontal dashed lines show the
largest and smallest mean value from the healthy volunteers.
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Identifier Vbop o, Va Oy oy

E03 84% 26.4% 3.4% T71% 10.1%
E04 4.4% 253% 55% 8.0% 11.9%
EO05 3.6% 71%  72% 3.5% 6.5%
E06 54%  6.0% 43% 2.0% 15.6%
EO07 4.6% 84% 22% 51% 12.8%
Co1 17.5%  74% 30.4% 14.9% 17.6%
C02 1.9% 6.0% 4.3% 2.0% 15.6%
Average 6.5% 123% 7.9% 6.3% 11.3%

Young Average 5.5% 6.1% 4.1% 6.9%  44%

Table 6.8: Coefficients of variation (standard deviations divided by the mean) from 6
repeats on each of the older volunteers. For all the estimates in this table Vo =0.1551,
p =08, V; =0.25, and Qr was set to give an arteriovenous O, concentration difference
of 50 ml of 02 /1 of blood. The values in the final two rows are the averages for this group
and the healthy volunteers in that order.

Two exceptions to this similar repeatability are the values of o, in EO3 and E04, from
whom our estimated values of o, are small (this will be discussed further in the next
section), and all the estimated parameters in CO1.

CO01 is the only volunteer in our study for whom we estimated different parameter
values from their two visits. With values of Vpp, V4, and o, all noticeably larger on the
first visit. Figures B.12 and B.13 show data from CO1’s two visits. From these two plots
it is apparent that not only is the quality of the fit better on the second visit, but also the
experimentally measured expirograms are quite different. In particular, the difference in
emergence times of alveolar CO2 and 02, that we noted in the previous section, is very
visible on the first visit, but much less so on the second visit. There was no significant
difference between the recent symptoms he reported on the two visits. However, his
measured FEV{ and FVC were both markedly lower on the second visit, by 14% and
24% respectively. The results from this volunteer will be discussed further in the next

chapter.

6.4.2 Derived parameters

Figure 6.10 shows the values of the derived parameters for the older volunteers compared
to the range of means from the young healthy volunteers.

We noted in the previous section that we estimated what looked like relatively large
values of Vpp in the older group. However, once we normalise this by alveolar volume,
only one of the healthy older volunteers (E03) has a value for VVLAP which is outside the
range of the young healthy volunteers. Both of the volunteers with moderate COPD have
values outside the healthy range.

Similarly, when we calculate the values of JZVV%:” (which is the width of the deadspace
distribution expressed in units of ml deadspace/ml alveolar volume), all the older healthy

158



0.05

o
(6]
I
-
-
-
L _ ]

T

Ln SD (perfusion) Ln SD (ventilation)

o!iiiili

_4 | | | | | | |
EO05 EO3 EO7 E04 EO06 Cco02 CO01

SpO, difference

Figure 6.10: Plots showing a number of measures derived from our estimated parameters
from the older volunteers. The meaning of these measures and how they are derived is
discussed in the main body of the text. The red spots show the values for each of the 6
repeats of the washout procedure, the height of the bars their means, and the error bars
are + one standard deviation from the mean. The volunteers are ordered from smallest
to largest alveolar volumes, with the two volunteers with COPD on the right hand side.
For all the estimates in this plot Vpe =0.1551, p = 0.8, V; = 0.25, and ()7 was set to give

an arteriovenous O, concentration difference of 50ml of Oy /L of blood.
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volunteers lie within the range of the young healthy volunteers (even those with small
values of 0,). However, both the volunteers with moderate COPD appear have larger
values for this scaled deadspace width.

Values for Ln SD (ventilation) and Ln SD (perfusion) are, for all but one of the older
volunteers (E05), outside the range we found in the normal volunteers. However, all but
one (E03) lie within the normal range identified by Wagner [125] of 0.4-0.6. In that paper
Wagner gives values of around one for those with mild disease. We find values of around
0.9 (apart from Ln SD (ventilation) in C02 which is 0.72). Similar caveats to those we
expressed in the case of the young healthy group, the uncertainty in o, (although this is
lower here) and the influence of p, apply here, but this agreement is promising.

Also plotted in this figure are the differences between measured and estimated S,0,
values for this group. Of the 41 repeats in this group, 8 of the estimated Sp02 values are
more than 2% from the measured values. Only one of those is (just) more than 3% away.
However, as can also be seen in this figure, in 38 of the 41 cases the model estimates a
value of SpO2 that is greater than the measured value. This is not the case in Figure 6.6,
where there appears to be no net bias. The overestimates of Sp02 suggest that there may
be some shunt in this group (mixed venous blood which bypasses the lungs and enters
the arterial blood without its concentration being altered). This will be discussed further

in the next chapter.

6.4.2.1 Predicted FRC

Figure 6.11 shows the differences in healthy older volunteers between our estimates of
FRC, calculated as described for the healthy volunteers, and values predicted (for mea-
surements taken using plethysmography) using formulas taken from [33]. In the male
volunteers,

FRCpredicted = —1.215 + 0.0234A + 0.559H*, (6.10)

where H is the height measured in metres and A the age in years. For females the
equivalent formula is,
FRCpredicted = 0.563A4 + 0.4998 H®. (6.11)

The 95% confidence intervals on these values are +0.811 and £0.671 for the males and
females respectively. All of our estimates for FRC were larger than the predicted values,
with three of the five outside the 95% confidence intervals. One volunteer appears to
have a very large estimated FRC (over 6.51), and thus it appears that our technique may
overestimate FRC in this group.

As COPD patients often have enlarged lung volumes due to the emphysematous tissue
destruction [109], these formulas do not apply to them. However, we had FRC measure-
ments taken for these volunteers using body plethysmography from a study they had
participated in approximately six months before they participated in this study. The
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Figure 6.11: A comparison of the value of FRC predicted by (6.10) or (6.11) as relevant,
and the value we estimate using our technique. The dotted lines represent 95% confidence
intervals.

FRC values measured using plethysmography were 5.081 for C01, and 4.301 C02. Our
mean estimates for the FRC of these volunteers were 5.931 (although the mean of the
second visit were the model fitted much better was 4.51), and 4.261 respectively. Thus
in these patients, where we have a measured rather than predicted value, there does not
appear to be the same degree of over-estimation. Measurements of FRC for the rest of

this group are currently being organised.

6.4.2.2 LCI values

Table 6.9 shows LCI values calculated for each of the older volunteers. In the healthy
older volunteers we find a mean value of 8.2, compared to 6.2 in the young healthy
volunteers. In a large study on healthy volunteers from age 25-65 Verbanck et al. [120]
found an increase of LCI of approximately 0.22 per decade. Our older volunteers are
slightly outside this age range, but if this increase is extrapolated, based on our mean
value in the young volunteers we would expect a mean value of 7.3 in the older group.
But given the low number of volunteers, wide standard deviations, and that we do not
control for tidal volume the difference between this number and our mean value for the
older group does not seem unreasonable.

Bell et al. [13] and Husemann et al. [54] report LCI values of 12.23+2.67 and 11.94+1.7
from nitrogen washouts performed on 10 and 20 subjects with COPD respectively. Our

estimates for C02 agree well with these values, while CO1 appears to fall closer to the
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Identifier LCI

E03 10.0£0.79
E04 5.8 +0.69
E05 8.4+1.10
E06 8.6 £0.49
E07 8.1+0.7

C01 8.7+£1.3

C02 124+ 1.3

Older Average 8.2+1.5
Young Average 6.24+0.8

Table 6.9: Estimated values of the LCI (means + standard deviations) from 6 repeats on
each of the six healthy volunteers. The values in the final two rows are the averages for
the older and young healthy volunteers in that order.

healthy older group. However, this volunteer’s tidal volume was around 21, significantly
in excess of the recommended value of 11 for measuring LCI [95]. Since the value of LCI
has been shown to be dependent on tidal volume [37], this may be a confounding factor
here.

Interestingly £03 who has the highest value for the LCI among the healthy older group
is also most similar to the two volunteers with COPD on a number of our measures, for

example: o, VVLAP, and JZV%;.

6.5 Discussion

In Section 6.3 we saw that the output of our model (with fitted parameters) agrees well
with experimental data taken from young healthy volunteers. These parameter estimates
appear very repeatable for repeated nitrogen washout procedures performed on the same
volunteer. Furthermore, these parameters, and a number of measures derived from them,
show good agreement with measurements taken with other modalities. These results
suggest that our model describes this group well.

In older volunteers the agreement between output of our model and experimental data
was, in general, still good. However, it showed more variability between volunteers. One
feature we noticed in the experimental data was a difference in the emergence times of
alveolar CO, and O,. We suggested this might be an indication of serial inhomogeneity
(diffusion limitation) in the alveoli. Despite this, the estimated parameters again seemed
repeatable, and showed a number of differences from the healthy young volunteers that
we discuss in more detail below. It does however appear that, in this group, estimated
values of FRC and SpO2 may be too high.

To check that this was not an effect of the number of compartments we used ap-
proximating the tails of the underlying continuous distributions poorly, we estimated

parameters for a number of the datasets from the older group using 7 x 7 x7 and 9 x9 x 9
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compartments. This did not significantly change the estimated parameters or Sp 02 values
from those found with 5 x 5 x 5 compartments. We also simulated data with 15 x 15 x 15
compartments using parameters estimated with 5x 5 x5 compartments. When we did this
the estimated Sp02 value changed by less than 0.1%, suggesting again that increasing the
number of compartments has limited effect. These results suggest that the errors are not
due to discretisation of the continuous distribution into a finite number of compartments.

To reduce the estimated value of SpOQ, a greater fraction of the perfusion needs
to go to areas with low ventilation to perfusion ratios. One way this could happen is
if correlation between ventilation and perfusion is reduced. Thus we tried estimating
parameters at p = 0.6 in volunteer C02. Reducing the value of p reduced the estimated
saturation by approximately 0.6%, but it worsened the fit quality (as judged by the
minimum value of the objective function). It is then possible that the low Sp 02 values may
be indicative of a deviation from lognormality of the ventilation-perfusion distribution.
For example, there may be a second “shunt like” mode with a substantial fraction of
perfusion at a very low ventilation-perfusion ratio.

Table 6.10 compares the mean values of a number of the different parameter estimates
from the model for the three different groups of volunteers. Given the small number of
volunteers in this study it is difficult to draw firm conclusions. Nevertheless, we discuss
some of the differences between the groups that appear to be suggested below.

Comparison between the young and older volunteer groups suggested elevated values
of the widths of the compliance and perfusion distributions (o, and o, respectively) in the
older group, with the values for the two volunteers with COPD being the largest. As we
discussed in Chapter 2, COPD is associated with emphysematous tissue (and pulmonary
capillary) destruction [48], leading to reduced elastic recoil, and thus increased compliance
in the affected regions [60]. If these changes do not occur completely uniformly across
the lung, then both compliance and perfusion would indeed be more inhomogeneous in
volunteers with COPD.

As has been frequently observed lung function declines with increasing age [55, 89,
121]. In particular, as shown in recent HP MRI studies [89], alveolar spaces appear to
be enlarged with age (without the accompanying destruction of the alveolar wall seen in
COPD), leading to a reduction in elastic recoil [121], although these changes are milder
than those seen in COPD [55]. Thus widths of the compliance distribution between the
healthy young volunteers and the volunteers with COPD seem reasonable for the older
healthy group. In our study we observed that the widths of this distribution for the
two elderly female volunteers lay within the bounds of the means of the young healthy
volunteers, while none of the male volunteers did. However, with such a small number of
volunteers it is difficult to comment on the significance of this result.

The other major differences we observed between the groups were in the deadspace
parameters. We found that estimated values of both VV%AP, and o, Y22 (the width of

Va
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Young Older COPD
LCI 6.2+ 0.8 8.2+15 10.6 £ 2.6
FEVy 100 £+ 24% 100 £ 24% 64 + 15
Oy 0.37 £ 0.04 0.51 £+ 0.09 0.82+0.1
oy 0.70£0.3 0.90 £0.2 1.55+£0.2
% 0.055 £0.006 0.065 £ 0.009 0.092 £ 0.004
OZ% 0.023 £0.005 0.021 £0.005 0.047 £0.01
Ln SD (ventilation) 0.50 £0.2 0.54 £0.07 091£0.1
Ln SD (perfusion) | 0.43 4+ 0.09 0.56 = 0.08 0.91+0.1

Table 6.10: An illustrative comparison between a number of the different parameters
estimates from our model and two existing measures of lung function (LCI and FEV1)
for the three groups of volunteers. Quoted numbers are means plus/minus standard
deviations.

the deadspace distribution in units of ml deadspace/ml alveolar volume), were elevated
in the volunteers with COPD compared to both sets of healthy volunteers, who had
similar values. When we developed our model of the deadspace, we assumed that the
deadspace represented the conducting airways of the lung. As we discussed in Chapter 2,
one of the pathological features of COPD is narrowing of the small airways [67]. Thus
if the conducting airways narrow, we might expect the volume of deadspace to decrease,
contrary to what we observe in the two volunteers with COPD.

One possible explanation for this, which we discuss further in the next chapter, is that
our assumption that we can ignore any diffusion limitation in the alveolar compartments,
and assume that they are perfectly mixed is not valid in these volunteers. The closest ana-
logue in our model of serial inhomogeneity in the alveoli is a larger volume of deadspace,
and thus enlarged deadspace values may be related to the failure of this assumption. In
the next chapter we suggest a possible method for incorporating serial inhomogeneity in
our model.

Before presenting a summary of the work discussed in this thesis, and suggesting future
avenues for investigation, we briefly discuss our attempts to estimate a representative value

for V;, the equivalent C02 tissue volume.

6.6 Tissue volume

As we saw in Chapter 5, V;, the effective C02 tissue volume could not be estimated accu-
rately from nitrogen washout data. However, this did not prevent the accurate determina-
tion of the airway parameters. Nevertheless, in Section 5.5 we suggested an experimental
procedure, a short CO, washin, from which a representative value for this parameter
might be set.

On each visit each volunteer performed one of these C02 washin procedures. In this

section we analyse the results of these procedures for the young volunteers. We consider
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Figure 6.12: Values of the estimated tissue volume and cardiac output for all the healthy
volunteers from the 002 step procedure.

only the young volunteers as we have more confidence in the values of the parameters
that we estimated from the N2 washout procedure for these volunteers than we do for the
older volunteers.

In this section we discuss the use of these results, and estimates based on data taken

from the literature, to set a value of V; for use in future N, washout analysis.

6.6.1 Experimental results

We showed in Section 5.5 that there was a significant degree of dependency between all the
different parameters in the CO2 washin procedure. There we attempted to estimate the
values of all eight parameters of our model, which we found was not possible. However,
we found that if we set the values of all the parameters except (Qr and V; we could
estimate a value of V; from noisy synthetic data, albeit with a co-efficient of variation of
approximately 10%.

This of course relies on us having values for the other six parameters (Vpp,Va, o4,
oy, p, and o,). While we do not of course know the ‘true’ values of these parameters for
volunteers tested on the LGA, we do have estimates from the nitrogen washout procedures
they performed. Thus for each of the CO, washin procedures we attempted to estimate
values for V; and Qr using values of Vpp, Vi, 04, 0y, p, and o, taken from each of the
27 parameter estimation procedures (the 3 x 3 grid of varying p and arteriovenous O,
concentration difference on each of the three repeats) performed on a volunteer’s nitrogen

washout data from the same visit.
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Volunteer Visit Estimated V; Standard deviation Number of estimates

Y03 1 0.70 0.16 8
Y03 2 0.65 0.48 3
Y04 2 0.21 0.13 6
Y06 1 0 0 1
Y06 2 0.21 0.06 18
YO7 1 0.30 0.18 8
YO7 2 0.80 0.08 11
Y08 1 0.62 0 1
YO8 2 0.54 0.14 11
Average 0.45 0.28

Table 6.11: The means and standard deviations of the estimated CO2 tissue volumes
where the estimated value of Qr was within 11/min of the value used in the estimation
of the parameters from the nitrogen washout procedure (set based on the arteriovenous
concentration difference).

Figure 6.12 shows all the estimated values of V; and Q7. Clearly there is a large
degree of variation in the estimated values of V;, with a large number of the zero values
for V; associated with relatively extreme values for the cardiac output. This suggests that
the difference between the estimated cardiac output and that used in the estimation of
the parameters from the nitrogen washout procedure might provide a method of filtering
some of the more extreme values, and thus reducing the variation in the estimates of V.

To produce Table 6.11, we considered only the estimated values of V; where the esti-
mated value of the cardiac output was within 11/min of the value used in the estimation
of the other parameters from the nitrogen washout procedure (set based on the arteriove-
nous concentration difference). Where such estimates existed, the means and standard
deviations for each volunteer on each visit are shown. For each volunteer on each visit
the maximum possible number of estimates is 27. Thus, as can be seen from the final
column, a large number of estimates are rejected by this filter. Despite this, there is still
significant variability in the estimated values of V; (even for the same subject).

This variability is not surprising, as this method relies on us knowing the true values for
all the parameters other than () and V;, but in practice our estimates of these true values
have some uncertainty. While the airway parameters (Vpp, Vi, 0., and o) are relatively
precisely estimated from the nitrogen washout procedure, there is some variation in the
estimated values of these parameters. In addition, o, is not very precisely estimated from
the nitrogen procedure, and we use a range of fixed values of p as this parameter cannot
be determined from the nitrogen washout procedure. Another source of uncertainty is
that the “true” value of the parameters may vary between repeats on the same volunteer
(for example, V4 vary due to changes in position). Given the dependency between the
parameters we saw in Section 5.5, it is not surprising that the uncertainty in the true

values of the other parameters leads to variability in the estimated value of V.
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Authors Estimated V;, Citation

Dubois et al. 0.2 [25]
Fenn and Dejours 0.13 [29]
Fenn and Dejours 0.56 [29]

Plewes et al. 0.53 86]

Sackner et al. 0.41 [100]

Average 0.37

Table 6.12: Estimated values of V; based on data in the literature. For more details see
the main body of the text. The second value attributed to Fenn and Dejours is based on
data taken from unpublished data from Dubois.

As shown in the table the average of the filtered values of V; across all the volunteers
and visits was 0.45, although given the large degree of variability this is at best a very
approximate estimate for V;. In the next section we compare it to values taken from the

literature.

6.6.2 Estimated values from the literature

Estimates for the value of the effective C02 tissue volume, V;, calculated from data in the
literature are shown in Table 6.12. How the effective lung tissue volume is parameterised
varies from study to study, and thus in the rest of this section we explain how we convert
these different parametrisations to get a value for V.

Dubois et al. [25] estimated a value for the ratio g4, where ELV is the effective lung
volume for CO,) (in our notation (1 4 V;)V4). They did this by comparing the rates at
which CO2 and 02 alveolar partial pressures equilibrate with the venous partial pressures

during a breath hold. They report an average value for this ratio of 0.83, i.e.

Va

—— =10.83 6.12
ERA7 ) (6.12)

re-arranging this gives an estimate of V; = 0.20.

Fenn and Dejours [29] use a similar method to get a value of 0.88 for the ratio. Thus
from their data V; = 0.13. They also report unpublished data from Dubois which gives a
value for this ratio (calculated at the end of an inspiration) of 0.64. This gives V; = 0.56.

Plewes et al. [86] studied the C02 dissociation curve in excised dog lung tissue. They
estimated that for a lung volume of 31 the change in volume of CO, per Torr of change
in the partial pressure of CO, was 3.48 ml COQ/Torr, of which 1.2 ml COQ/Torr was in
the lung tissue and thus 2.28 ml CO, /Torr in the air space. Dividing these two values
gives V; = 0.53.

Sackner et al. [100] estimated the pulmonary tissue volume by studying the uptake of
N5O, and carefully estimated the CO,, dissociation curves in lung tissue and blood in the

same six volunteers. They estimated a pulmonary tissue volume of 438ml, and a volume
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for the pulmonary blood of 79 ml. To estimate V; from their data, we: (i) multiply these
volumes by the values from the CO, dissociation curve for the change in volume of CO,
per unit of volume of lung tissue (or blood) per Torr of partial pressure; (ii) sum the
resultant values to get an estimate for the change in volume of CO, per Torr of change
in the partial pressure of C02 in the lung tissue; and (iii) divide this by the change in
volume of CO2 for the change in partial pressure of C02 in the airspaces of the lung.
Using their data, the change in volume of C02 per Torr of change in the partial pressure

of C02 in the lung tissue is
438 x 0.003 4+ 79 x 0.0038 = 1.61ml CO2/Torr. (6.13)

If we assume a lung volume of 31 (at BTPS), then from Dalton’s Law of partial pressures,

the value in the airspaces of the lung is

3000

60 = 3.95ml CO,/Torr, (6.14)

where we have divided by 760 Torr, as this is atmospheric pressure in Torr. Dividing

these two values gives V; = 0.41.

6.6.3 Summary

Both the estimates based on the 002 washin procedure and those based on data taken
from the literature show a large degree of variability, with all the authors cited in the pre-
vious section noting, as we do, that their methods give approximate rather than definitive
values. Nevertheless, as Sackner notes [100] there is very clear evidence that this param-
eter is not zero.

As we noted in Chapter 5, the value of V; does not influence the estimation of the
airway parameters, and thus this uncertainty in the true value of V; is not of concern here.
The goal of this section was to estimate a physiologically reasonable value for V; that could
be used in future Ny washout procedures. Given the means of the estimates from our
data and the literature are 0.45 and 0.37 respectively, a value of 0.4 seems reasonable.
However, it should be clear from the discussion in this section that this is a very rough

estimate.
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Chapter 7

Summary and future work

This chapter summarises the work presented in this thesis, and suggests some future

directions for work, both experimental and theoretical, in this area.

7.1 Summary

The premise of this thesis is that there is information in the transient expired COQ,
02, and Ny concentrations (both during air breathing and the nitrogen washout) that is
currently not used in clinical assessment of lung function, and that the appropriate use of
such information could yield a clinically useful measure of the inhomogeneity of the lungs.
Measuring these transient concentrations, and the flows of these gases accurately is very
difficult [17, 96]. Recently a novel device (the LGA) which measures these concentrations
and flows very accurately has been developed [17].

I proposed a method which involves estimating the parameters of a novel mathematical
model from high quality nitrogen washout data, and using the parameters of that model
as indices of the inhomogeneity of the lungs. Thus the central research question of this
thesis was: “Can we develop a novel mathematical model of the lungs, whose parameters
we can estimate from high quality nitrogen washout data provided by the LGA, to provide
a sensitive measure of the inhomogeneity of the lungs?”

I established in Chapter 4 that the model would need to represent the underlying
physiology well, have a limited parameter set, and be described by governing equations
that could be solved quickly and accurately. In the rest of that chapter I developed a
model with these characteristics.

I explained that our conceptual model of the lung was composed of a large number
of functional lung units (described in Chapter 2). T adapted work presented by Wilson
and Beck [139], and assumed that the volumes, fractional volume changes, and perfusions
of these units were governed by a bivariate lognormal distribution, which I showed was
described by only three parameters.

I developed an efficient method for discretising this distribution into a finite number

of alveolar compartments. I wrote down the governing equations of these compartments;
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and explained that, as I include gas exchange in the equations for alveolar volume change,
fractional ventilation cannot be a constant. Instead, I defined the fractional volume change
of a compartment, which ensured that all compartments’ volumes remained physically
realistic.

The conducting airways that connect the alveoli to the mouth were approximated with
deadspace compartments that I assumed were uniform cylinders. Further, on the basis of
both experimental (Section 2.5.1.1) and theoretical (Section 2.2.2) evidence, I assumed all
gas transport in these deadspace compartments was via convection. Even having made
these assumptions there are a number of possible flow patterns. I considered two, plug
flow and Poiseuille flow, and implemented both in the model. I found that plug flow more
closely matched the signal seen at the mouth, and thus this pattern was adopted.

Finally, I presented efficient methods for solving the governing equations of the model.
In the case of the deadspace compartments I explained how, after a change of variables, the
method of characteristics can be applied to the governing advection equation to conserve
mass with very high precision. For the alveolar volumes I developed a method that
considered the temporal resolution of our experimental data, which I found was very
important in parameter estimation.

In Chapter 5 I investigated the inverse problem of how to estimate the parameters of
the model from experimental data. I described the objective function used to compare
simulated and experimental data; and explained that because evaluating it takes approx-
imately three minutes, my approach to finding the set of parameters that minimised the
objective function was to use a MATLAB least squares minimisation routine, fmincon,
implemented in parallel on a single node of the Arcus-B super computer.

A particular problem I identified in the evaluation of the objective function was es-
timating the venous gas concentrations. These are not measured, but they appear in
the governing equations for the alveolar compartments. I noted that the hypocapnia we
observed, and the high arterial oxygen concentration during the washout phase, meant
it could not be assumed that these venous concentrations were constant. During the air
breathing phase, the pulmonary gas exchange on each breath was estimated. I then used
a simplified version of the model presented in Chapter 4 to estimate the venous gas con-
centrations on every breath from the estimated pulmonary gas exchange, and assumed
the change of the concentrations with time was linear. Finally, I found starting values
for the venous concentration so that the full model matched the total oxygen and carbon
dioxide consumptions that were measured over the air breathing period. To allow venous
oxygen to rise during the washout phase I proposed a computationally efficient method
of parameterising a single compartment model of oxygen distribution in the body.

Next I tested our parameter estimation procedure on synthetic data produced with
the model. First I examined noise free data, and found that while all parameters could be

identified, the circulatory parameters were much more poorly identified than the airway
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parameters. However, an analysis of the dependency between parameters suggested that
values of the circulatory parameters should have little effect on the estimated values of
the airway parameters.

Based on the criteria defined by the ERS [96] I then established a detailed model for
the error in experimental data. I did this both for both the LGA and a device built to
the ERS specifications.

When attempting to estimate parameters from a number of datasets, I found that the
ERS specifications did not produce data accurate enough for our method to estimate the
underlying parameters to within an acceptable tolerance. This result demonstrates the
reliance of our technique on very high quality data. For error levels consistent with the
LGA, I could not determine the circulatory parameters. This did not prevent the esti-
mation of the airway parameters with, I argued, less uncertainty than might be expected
from intrinsic biological variability. Thus, I concluded that the values for the circulatory
parameters could be set to physiologically reasonable values, and the airway parameters
estimated from data taken with the LGA. Finally, I suggested an experimental procedure
which might allow estimation of the equivalent CO2 tissue volume.

In Chapter 6 I attempted to estimate the parameters of the model from experimental
data. Specifically, I considered data taken from 15 volunteers who each performed six
nitrogen washout procedures on the LGA over two visits. Six of the volunteers were
young and healthy, six over the age of seventy with no reported lung disease, and three had
moderate (GOLD stage 2) COPD. In general the quality of the datasets taken from these
volunteers was extremely high, as indicated by the equality between inspired and expired
nitrogen volumes during room air breathing. However, we were unable to obtain data of
sufficient quality (as judged by the nitrogen balance) from two of the older volunteers,
who had difficulty complying with our protocol. One repeat from one of the other older
volunteers was also excluded due to an unexplained departure from nitrogen balance,
which occurred halfway through the procedure.

Based on the results of Chapter 5 I discussed which of the models parameters would
be estimated, which would be fixed and at what values. I attempted to estimate values
for all of the airway parameters, and the width of the perfusion distribution, while the
rest of the circulatory parameters were set at physiologically reasonable values.

The simulated output of the model (with fitted parameters) agreed well with the exper-
imental data from the healthy young volunteers. Furthermore, these parameter estimates
(with the exception of o,) were highly repeatable. The estimates for FRC, arterial oxy-
gen saturation, and the ventilation-perfusion distribution showed good agreement with
expected (or, in the case of arterial oxygen saturation, measured) values. This suggests
that in young healthy volunteers our method works well.

In the older volunteers (both healthy and those with COPD) the agreement between

the simulated output of the model (with fitted parameters) and experimental data, while
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still good in most cases, was more variable. In particular, we observed a difference in the
emergence times of alveolar carbon dioxide and oxygen during expiration that is not a
feature of the model. I will discuss possible origins of this phenomenon, and how it might
be incorporated into the model, in the next section.

Nevertheless, estimated parameters appeared to have a similar repeatability to those
of the younger volunteers, although values obtained from one of the COPD patients from
their two visits were very different. Large differences were also seen in their spirometry
from the two visits, but not in their reported symptoms or recent exacerbations.

Comparing parameter values between the groups yielded a number of differences. The
widths of both the compliance and perfusion distributions were greater in the older healthy
than the younger group, and greater still in the group with COPD. We suggested that this
agreed with known changes to lung structure due to both ageing and disease. However,
I also observed large deadspace volumes (when normalised with alveolar volume) in this
group which I suggested was a result of model misfit rather than physiology, meaning any
conclusions about the deadspace in this group are tentative.

The agreement with other modalities was also more variable in the older group. While
estimated ventilation-perfusion distributions still agreed well with those measured using
MIGET, the model over estimated arterial oxygen saturation during normal breathing
(this finding is discussed in the next section), and appeared to estimate values for FRC
significantly in excess of the predicted values.

Measured values of FRC were available for the volunteers with COPD from a prior
study they had participated in. In one case the agreement of the estimate of FRC to the
measured value was very good, while in the case of the other subject (C01 whose parameter
estimates different widely between his two visits) there was reasonable agreement from the
first visit but values that were significant overestimates from the second. To assess whether
my method does indeed overestimate FRC, full lung function testing for all the volunteers
is being organised. Before the results of this are available it is difficult to comment further
on this issue. However, it appears possible our method may overestimate FRC. In this
chapter I also presented the results of our attempts to estimate a representative value for
the equivalent tissue volume for carbon dioxide. Estimated values from this procedure
were very uncertain, but a value for this parameter that could be used in the future was
tentatively suggested.

In conclusion, the premise of this thesis was that there is information in the transient
expired COy, Oy, and Ny, concentrations, and appropriate use of this information might
provide a useful measure of the inhomogeneity of the lungs. Thus the central research
question of this thesis was: “Can we develop a novel mathematical model of the lungs,
whose parameters we can estimate from high quality nitrogen washout data provided by

the LGA, to provide a sensitive measure of the inhomogeneity of the lungs?”
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To that end I developed a model, which tried to balance computational considerations
(parameterisability, speed, and accuracy of solution) with physiological accuracy. I then
developed a practical approach for estimating the parameters of the model and tested it
on synthetic data.

The method was tested in a small group of 15 volunteers. The results from the young
healthy volunteers suggest that the model describes this group very well. Applying the
method to the older group I observed increased inhomogeneity that appears consistent
with known physiology. However, there were a number of inconsistencies in the quality
of the fit, and the parameter estimates from this group. These inconsistencies suggest
that the model may need further development to give truly sensitive measures of the
inhomogeneity of the lungs.

Nevertheless, 1 feel that the results in this thesis demonstrate that there is useful
information in the transient expired COQ, 02, and Ny concentrations; and that the
approach outlined here shows some promise as a method of using this information. The
next section discusses future research that might allow further assessment of the current
model’s utility, and extend the model to deal with some of the inconsistencies discussed

here.

7.2 Future work

There are a number of possible future avenues of research suggested by my work. Here I

outline a few.

7.2.1 Experimental work

As we discussed in Chapter 6, we observed a number of inconsistencies in our results
for the older volunteers. One of these was an apparent overestimation of FRC; to assess
this properly full lung function testing is being organised. It would also be interesting
to obtain measurements of other indices of inhomogeneity, for example LCI, from these
volunteers to act as comparison with our measures. More generally, a larger number of
volunteers, particularly those with COPD, would allow us to make stronger conclusions,
and see how widespread the inconsistencies we noted are.

Other possible studies might involve estimating parameters in patients with cystic
fibrosis, where LCI has been shown to be a sensitive measure of the disease [51]. One spe-
cific idea is to see whether our method can detect changes before and after physiotherapy
received by cystic fibrosis patients.

Another possible experiment involves getting healthy volunteers to breathe to different
target tidal volumes, for example 11, 21, 31 (if achievable), during the nitrogen washout
procedure. We would then estimate parameters at each tidal volume. Here we would be

interested in how similar the volumes of deadspace we estimated at these different tidal
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volumes were. If they were very different, and in particular increased with tidal volume,
this might indicate that one of our assumptions, that the deadspace has a constant volume,
might need modification. This procedure could also be used to check if the parameters of
the lognormal distribution (e.g. ., the width of the compliance distribution) are really
independent of the tidal volume. Conducting this experiment requires some modification
of the device so that the flow analysis, which is currently performed off-line, is done in
real time.

A useful modification to the device would be reducing the amount of deadspace it
introduces. The ERS guidelines recommend instrument deadspace should be less than
70 ml for measurements in adults [96], currently the deadspace introduced by the LGA is
155 ml. Reducing this deadspace would make it easier for all subjects to breathe on the
device, and allow its use in a wider range of ages (for example, in children).

Work is currently being conducted to assess the feasibility of incorporating a laser to
measure methane concentrations into the device. If this does prove feasible, we could try
performing a methane washin, rather than a nitrogen washout. A possible protocol for
this would be five minutes of air breathing, and then methane would be introduced into
the inspirate instead of some of the Ny (i.e. the inspired fractions of 002 and 02 would
remain the same). Methods of analysis would remain similar, except we could consider
COy, Oy, and CH, fluxes simultaneously, rather than having separate air breathing and
washout phases. This procedure would have two big advantages. Firstly it would shorten
the measurement period from fifteen minutes to ten minutes. Secondly, it would remove
the uncertainty of the physiological effects of the high 02 concentrations on, for example,
the venous concentrations.

Another possible modification which is being investigated is the addition of a laser to
measure a more soluble gas (acetylene). It is hoped that this will address one of the key

weakness identified in Chapter 5, the inability to identify the circulatory parameters.

7.2.2 Model development

As outlined in Chapter 4 a number of assumptions were made during the development of
the model. The strength of the conclusions we are able to make about a subject’s lungs
are limited by the validity of these assumptions, in this section we briefly discuss a couple
of the limiting assumptions.

A method of dealing with one of these assumptions, that high O, breathing does not
have any impact on physiology, was discussed in the previous section. Another limiting
assumption is that we assume a unimodal bivariate lognormal distribution of ventilation
and perfusion, when other modalities have demonstrated that (at least in disease) bimodal
distributions may exist [123]. Thus an obvious extension to this work would be to consider

bimodal distributions. The difficulty here would likely be ensuring that parameters remain
identifiable.
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In Chapter 6 we noted that in some of the subjects alveolar C02 appeared to emerge
later than alveolar O,. We argued that this might be evidence of a diffusive process that
is not modelled correctly, and thus that our assumption that the alveoli are perfectly
mixed (i.e. diffusion is complete) was not valid in these subjects.

One method of incorporating this serial inhomogeneity in the model would be to
adapt the approach Scheid et al. [101] applied to a continuous ventilation model. In their
approach a membrane is introduced into the alveolar compartment, splitting it into two.
Flux across the membrane is assumed to be via diffusion (Fick’s law is applied), and both
compartments are assumed to be well mixed. Careful consideration of the parametrisation
of this model, and how to ensure the compartment’s volumes remained physically realistic
would be required. It is envisaged that this model would require at least two additional
parameters, a diffusive conductance for the membrane, and a parameter to determine the
fraction of the compartment’s volume either side of this membrane. This would be a
way of investigating the influence of serial inhomogeneity without using a full convection
diffusion equation, which as we have previously discussed is computationally intensive.

Another approach to investigating the importance of diffusion would be to investigate
this phenomenon with a biophysical model of the lungs. Although, as we have discussed,
this sort of model would not be appropriate for the estimation of parameters, it would be
interesting to see whether biophysical models of diseased lungs showed this difference in
alveolar gas emergence times.

Finally, we noted that the model’s high estimates of SpO, values in some of the
older volunteers might be evidence of a deviation from lognormality of the true under-
lying ventilation-perfusion distributions. Thus other distributions could be investigated.
In particular, multi-modal distributions, like those found in some COPD patients using
MIGET [123], might be of interest. However, the difficulty here would probably be pa-
rameterisation (ensuring that all the parameters remained identifiable in experimental
data).

7.3 Concluding remarks

This thesis has demonstrated that there is useful information in the transient expired
COz, 02, and No concentrations, and that the approach of estimating the parameters
of a mathematical model to take advantage of this information is promising. Of the
parameters of the current model, the width of the compliance distribution (o, ) appears
to be the best candidate as a clinically useful index.

While both the model and the experimental procedure presented here need further
refinement, we believe that this thesis has shown such work is worthwhile, and may lead

to the development of a useful measure of the inhomogeneity of the lungs.
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Appendix A

Glossary of key terms

Symbol Description

Va Total alveolar volume when the lungs are at FRC
Vi 002 equivalent tissue volume

Qr Cardiac output

Oy Width of the compliance distribution

oy Width of the perfusion distribution

p Correlation of compliance and perfusion
Vbe Apparatus deadspace volume
Vpp Total personal deadspace volume

o Width of the deadspace distribution

Table A.1: A summary of the parameters that describe our model. Vpo is set equal to
the measured apparatus deadspace volume of 155 ml, but all the other parameters must
be estimated.

Symbol Description

Vi The fractional volume of compartment i
AV The fractional volume change (compliance) of compartment ¢
v; The fractional deadspace volume of compartment ¢

Qi The fractional perfusion of compartment

Vi

The fractional ventilation of compartment

Table A.2: The fractional quantities that define alveolar compartment i.
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Acronym

Definition

ATS American Thoracic Society
BTPS  The saturated partial pressure of water at body temperature and pressure
ERS European Respiratory Society
FEVy Forced expiratory volume in one second
FVC Forced vital capacity
FRC Functional reserve capacity
LCI Lung clearance index
LGA Laser gas analyser
ODE Ordinary differential equation
PDE Partial differential equation
ET End tidal (referring to gas fractions)
Table A.3: Frequently used acronyms.
Quantity Definition
F?(t)  The gas fraction g in compartment ¢ at time ¢
CY%.(t)  The arterial gas concentration of gas g leaving compartment 4
Ci(t) The venous gas concentration of gas g
Vg The consumption rate of gas g
u(t) The flow rate of gas (measured by the LGA)
Vai(t)  The volume of compartment 7 at time t
Vi.(t)  The volume of gas g in compartment i at time t
A 10ms time interval between LGA measurements
VA(t;)  The volume of gas g exchanged with the blood over A t in compartment i
b, Barometric pressure
Py,0 The saturated partial pressure of water at BTPS
= The partial pressure of gas g
At The solubility of CO, in lung tissue
Sy The solubility of Ny in the blood
Q Fractional perfusion of body compartment [
Vi Fractional tissue volume of body compartment [

Table A.4: Key quantities relating to the alveolar compartments.
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Quantity Definition
v(r,t)  The gas velocity at a radius r and time ¢ in a deadspace compartment
A The cross-sectional area of a deadspace compartment
L Length of a deadspace compartment
R Radius of a deadspace compartment
z Distance into a deadspace compartment
F9(z,t) The flow weighted average gas fraction at a distance z into a deadspace compartment
Vp(z) Cumulative volume of deadspace at a distance z into a deadspace compartment
VH,(Vp)  Cumulative volume of the gas of interest in the deadspace
at t = 0 (during inspiration) at Vp(2)
VI(t) Cumulative volume of the ¢ that has left the deadspace by time ¢ during inspiration
Fip Common fraction at the end of the personal deadspace volumes at the end
of expiration
F{/(t)  The fraction of gas g measured by the LGA at time ¢
F4(t)  The simulated fraction of gas g at the mouth at time ¢
Fi.,(t)  The end tidal fraction of gas g

Table A.5: Key quantities relating to the deadspace.
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Appendix B

Diagnostic plots

0.8 — ' T 0.06 F T " i LS.
1 —— - Simulated T
0.7 \ Measured |- S 0.04 - //
O 002+ /,/
06 | \l 1 , ,_m,_,,//
05| \ i 0 02 0.4 06 0.8 1
04} | 1 02l TN
w \ o N
03| | 1 S
\ 0.15 | ‘ ‘ R —
0.2 ¢ \ ] 0 0.2 0.4 06 08 1
01 \ | 0.794 F el ;‘\Myzd.;,gmww
\\ 0792 | g
or _— z 079+
0.788 b
P R S
0 20 40 60 80 100 120 140 0.4 06 0.8 1
Breath Expired Volume/|
(a) Mixed expired nitrogen fraction (b) Normal breathin
0.06 F ‘ S ——— 0.06 F w
e
o004 ¢ e 1 00T
O 0.02 / 1 O 0.02 /
0 = . . . B ob—— ‘ ‘ ‘
0 0.2 0.4 06 08 1 0 0.2 0.4 06 08
} :“ ‘ ‘ ‘ . . ,WW,A\‘\ ‘ ‘ ‘
« \ 095 1 .
o \ o) H N
05k el | 0.9 S
T — 0.85 \‘“‘\*:Trif;\z:/= —
0 02 04 06 08 1 0 02 04 06 08
06 e l 01 L T
04 g 1 -
= % =005 | P
02 - Vi
Y — ‘ ‘ ‘ f Of e’ ‘ ‘ ‘
0 0.2 0.4 06 08 1 0 0.2 0.4 06 08
Expired Volume/I Expired Volume/I
(c) Washout start (d) Mid washout

Figure B.1: Example plots of the fit to subject Y03.
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Figure B.2: Example plots of the fit to subject Y04.
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Figure B.3: Example plots of the fit to subject Y05.
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Figure B.4: Example plots of the fit to subject Y06.
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Figure B.5: Example plots of the fit to subject YO7.
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Figure B.7: Example plots of the fit to subject E03.
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Figure B.10: Example plots of the fit to subject E06.
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Figure B.11: Example plots of the fit to subject E07.
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Figure B.12: Example plots of the fit to subject CO1 from their first visit.

192



0.8

mulated y,,w»'»ﬂ'"!”";;
, o P
o 002t e
4
06 | ] 0= ‘ ‘ ‘
0 05 1 15
05+ 1 ; ; ;
e
| 02f S
w o IS
w04 ¢ | 1 o o018 | e
| Rl
0s | \ 1 0.16 ‘ T,
\ 0 05 1 15
2t \ 1 0.792 : ‘ o
0 \ M WW -
o1t A o= i AJ\IWMQWWWMW
W AW *\‘V'WM \
0 : ‘ L e 0788 W‘M‘J“W‘\ﬁf“l.t"wﬁ\ Tk ‘ ‘
0 20 40 60 80 100 0 05 1 15
Breath Expired Volume/I
(a) Mixed expired nitrogen fraction (b) Normal breathing
0.04 T T 004 - T
8 002 | /// ] 8 oozt ;/*’
L b
0 ‘ ‘ ] e ‘ ] ‘
0 0.5 1 1.5 0 0.5 1 1.5

0 . . 0 . . .
0 0.5 1 1.5 0 0.5 1 15
Expired Volume/I Expired Volume/I
(c) Washout start (d) Mid washout

Figure B.13: Example plots of the fit to subject CO1 from their second visit.
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Figure B.14: Example plots of the fit to subject CO2.
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