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Abstract Circulant preconditioning for symmetric Toeplitz systems has been
well developed over the past few decades. For a large class of such systems,
descriptive bounds on convergence for the conjugate gradient method can be
obtained. For (real) nonsymmetric Toeplitz systems, much work had been fo-
cused on normalising the original systems until [J. Pestana and A. J. Wathen.
SIAM J. MATRIX ANAL. APPL. Vol. 36, No. 1, pp. 273-288] recently showed
that theoretic guarantees on convergence for the minimal residual method can
be established via the simple use of reordering. The authors further proved
that a suitable absolute value circulant preconditioner can be used to en-
sure rapid convergence. In this paper, we show that the related ideas can
also be applied to the systems defined by analytic functions of (real) non-
symmetric Toeplitz matrices. For the systems defined by analytic functions of
non-Hermitian Toeplitz matrices, we also show that certain circulant precondi-
tioners are effective. Numerical examples with the conjugate gradient method
and the minimal residual method are given to support our theoretical results.
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1 Introduction

Instead of directly dealing with the n× n (real) nonsymmetric Toeplitz sys-
tem Anx = b, Pestana and Wathen suggested in [14,11] that one can pre(or
post)multiply by the “flip” matrix Yn, defined as

Yn =

 1

. .
.

1

 ∈ Rn×n,

to obtain the symmetric system YnAnx = Ynb. Using a suitable absolute value
circulant matrix |Cn| as a preconditioner in which Cn is derived from An in a
standard way, they further proved that the eigenvalues of the preconditioned
matrix |Cn|−1YnAn are clustered at ±1. The absolute value circulant matrix is
readily computed from the diagonalisation provided by a Fast Fourier Trans-
form. One can then use the minimal residual method (MINRES) for solving
such symmetric but possibly indefinite system with a guarantee of convergence
which depends only on its spectrum.

In this work, we show that Pestana and Wathen’s idea of using Yn as
a reordering device and |Cn| as a preconditioner can both also be applied
to the systems defined by analytic functions of (real) nonsymmetric Toeplitz
matrices, i.e. systems of the form h(An)x = b. Note that h(An) is generally
not Toeplitz. Based on those ideas, we show that one can solve the symmetric
system Ynh(An)x = Ynb using MINRES with a guarantee of convergence
which depends only the eigenvalues of Ynh(An) instead of solving its normal
equation system. In particular, we also show that |h(Cn)|−1Ynh(An) can be
decomposed into the sum of a unitary matrix, a matrix of small norm and a
matrix of low rank under suitable assumptions.

Our previous work [8] showed that g(c(An)) could be an effective precon-
ditioner for g(An), where g(z) is the trigonometric function ez, sin z or cos z,
An is the Toeplitz matrix generated by a continuous complex-valued function
defined on [−π, π] and c(An) is the optimal circulant preconditioner [4] for
An. In this work, instead of assuming a trigonometric function, we extend it
to the larger class of analytic functions.

Functions of Toeplitz matrices have some crucial applications. For exam-
ple, eAn arises from the discretisation of integro-differential equations with
a shift-invariant kernel [9]. Solving those equations is often required in areas
such as the option pricing [5,15]. Related work on computing the exponential
of a block Toeplitz matrix arising in approximations of Markovian fluid queues
can also be found in [2]. As for the matrix cosine and sine functions, an exam-
ple of applications is solving the following system of second order differential
equations [7]

d

dt2
y +A2

ny = 0, y(0) = y0, y
′(0) = y′0,
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whose solution is given by

y(t) = cos(tAn)y0 +A−1n sin(tAn)y′0.

It is noted that |h(Cn)| and h(Cn) are circulant matrices. By the diagonal-
isation of a circulant matrix Cn = U∗nΛnUn, where Un is a Fourier matrix in
which the entries are given by [Un]jk = 1√

n
e−2πijk/n with j, k = 0, 1, . . . , n−1,

we have |h(Cn)| = U∗n|h(Λn)|Un and h(Cn) = U∗nh(Λn)Un. Therefore, for any
vector d the products |h(Cn)|−1d and h(Cn)−1d can be efficiently computed
by Fast Fourier Transforms in O(n log n) operations.

It must be noted however that fast matrix vector multiplication with the
matrix h(An) is not readily archived by circulant embedding, as for the simple
case h(z) = z, though sparsity may still help. Indeed for eAn , the matrix vector
multiplication can be computed efficiently for example by a fast algorithm in
[10].

2 Preliminary results on c(An) and An

In the context of iterative solvers for Toeplitz systems, we assume that the
given n×n Toeplitz matrix An is associated with the function f via its Fourier
series

f(θ) =

∞∑
k=−∞

ake
ikθ

defined on [−π, π]. We have

An =



a0 a−1 · · · a−n+2 a−n+1

a1 a0 a−1 a−n+2

... a1 a0
. . .

...

an−2
. . .

. . . a−1
an−1 an−2 · · · a1 a0

 ,

where

ak =
1

2π

∫ π

−π
f(θ)e−ikθ dθ, k = 0,±1,±2, . . . ,

are the Fourier coefficients of f . The function f is called the generating function
of the Toeplitz matrix. If f is complex-valued, An is non-Hermitian for all n.
If f is real-valued, An is Hermitian for all n. If f is real-valued and positive,
An is Hermitian positive definite for all n. If f is real-valued and even, An is
symmetric for all n [12].

We first provide some lemmas concerning Toeplitz matrices. Let C[−π, π]
be the Banach space of continuous complex-valued functions defined on [−π, π]
with the supremum norm ‖ · ‖∞.
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Lemma 1 [3, Lemma 1 and 3] Let f ∈ C[−π, π]. Let An ∈ Cn×n be the
Toeplitz matrix generated by f and c(An) ∈ Cn×n be the optimal circulant
preconditioner for An, i.e. c(An) = minWn∈MUn

‖An −Wn‖F where MUn
is

the set of all circulant matrices. Then we have

‖An‖2 ≤ 2‖f‖∞ and ‖c(An)‖2 ≤ 2‖f‖∞ n = 1, 2, . . . .

Lemma 2 [3, Theorem 1] Let f ∈ C[−π, π]. Let An be the Toeplitz matrix
generated by f and c(An) be the optimal circulant preconditioner for An. Then
for all ε > 0 there exist positive integers N and M > 0 such that for all n > N
we have

c(An)−An = Vn −Wn,

where
rank Vn ≤ 2M

and
‖Wn‖2 ≤ ε.

3 The spectra of the preconditioned matrices

In this section, we first provide several lemmas concerning functions of matri-
ces.

Lemma 3 [6, Theorem 1.18] Let h(z) be analytic on an open subset Ω ⊆ C
such that each connected component of Ω is closed under conjugation. Consider
the corresponding matrix function h(z) on its natural domain in Cn×n, the set
D = {An ∈ Cn×n : Λ(An) ⊆ Ω}. Then the following are equivalent:

(a) h(A∗n) = h(An)∗ for all An ∈ D.

(b) h(An) = h(An) for all An ∈ D.

(c) h(Rn×n ∩ D) ⊆ Rn×n.

(d) h(R ∩Ω) ⊆ R.

Lemma 4 [6, Theorem 4.7] Suppose h(z) has a Taylor series expansion

h(z) =

∞∑
k=0

ak(z − α)k,

where ak = h(k)(α)
k! , with radius of convergence r. If An ∈ Cn×n then h(An) is

defined and is given by

h(An) =

∞∑
k=0

ak(An − αIn)k

if and only if the distinct eigenvalues λ1, · · · , λs of An satisfies one of the
conditions

(a) |λi − α| < r,
(b) |λi − α| = r and the series for h(ni−1)(λ), where ni is the index of λi,

is convergent at the point λ = λi, i = 1, . . . , s.
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Lemma 5 [6, Theorem 4.8] Suppose h(z) has a Taylor series expansion

h(z) =

∞∑
k=0

ak(z − α)k,

where ak = h(k)(α)
k! , with radius of convergence r. If An ∈ Cn×n with ρ(An −

αIn) < r then for any matrix norm ‖ · ‖

‖h(An)−
K−1∑
k=0

ak(An−αIn)k‖ ≤ 1

K!
max
0≤t≤1

‖(An − αIn)Kh(K)(αIn + t(An − αIn))‖.

The following lemma shows that Ynh(An) is (real) symmetric when An is
a (real) nonsymmetric Toeplitz matrix.

Lemma 6 Given h(z) is analytic on |z| < r. If An ∈ Rn×n with ρ(An) < r
is (real) persymmetric, i.e. YnAn = ATnYn, then h(An) is also (real) persym-
metric.

Proof We start by showing that Akn is (real) persymmetric for any nonnegative
integer k:

YnA
k = YnAnA

k−1
n

= ATnYnA
k−1
n

= ATnYnAnA
k−2
n

= (ATn )2YnA
k−2
n

...

= (ATn )kYn

= (Akn)TYn.

Since h(z) is analytic on |z| < r, it has the following Taylor series repre-
sentation:

h(z) =

∞∑
k=0

akz
k

with the radius of convergence r. By Lemma 4, we have

h(An) =

∞∑
k=0

akA
k
n.
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Thus,

Ynh(An) = Yn lim
K→∞

K∑
k=0

akA
k
n

= lim
K→∞

K∑
k=0

akYnA
k
n

= lim
K→∞

K∑
k=0

ak(Akn)TYn

= lim
K→∞

(

K∑
k=0

ak(Akn))TYn

= h(An)TYn.

Moreover, by Lemma 3 (c), h(An) is real when An is real. The result
follows. ut

We are now ready to give our main results on the spectrum of |h(c(An))|−1h(An).
Without loss of generality, we assume that h(z) is represented by the following
Taylor series:

h(z) =

∞∑
k=0

akz
k.

Theorem 1 Given h(z) is analytic on |z| < r. Let f ∈ C[−π, π] with 2‖f‖∞ <
r. Let An be the Toeplitz matrix generated by f and c(An) be the optimal
circulant preconditioner for An. Then, for all ε > 0 there exist integers N and
M such that for all n > N

h(c(An))− h(An) = Rn + En,

where
rank Rn ≤ 2M,

‖En‖2 ≤ ε.

Proof Since h(z) is analytic on |z| < r, it has the following Taylor series
representation:

h(z) =

∞∑
k=0

akz
k

with the radius of convergence r = (limk→∞ |ak+1

ak
|)−1. By the assumption

2‖f‖∞ < r and Lemma 1, we have

r > 2‖f‖∞
> ‖An‖2
> ρ(An)

= max
i
λi(An)

≥ λi(An) for i = 1, 2, . . . , n,
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where λi(An) denotes the i-th eigenvalue of An. Therefore, by Lemma 4, we
have

h(An) =

∞∑
k=0

akA
k
n.

Similarly, we have

h(c(An)) =

∞∑
k=0

akc(An)k.

We now decompose

h(c(An))− h(An)

= h(c(An))−
K∑
k=0

akc(An)k︸ ︷︷ ︸
G1

+

K∑
k=0

akc(An)k −
K∑
k=0

akA
k
n︸ ︷︷ ︸

B

+

K∑
k=0

akA
k
n − h(An)︸ ︷︷ ︸
G2

.

We first get the measure of ‖G1 +G2‖2. Using Lemmas 5, we have

‖G1 +G2‖2

≤ ‖h(c(An))−
K∑
k=0

akc(An)k‖2 + ‖h(An)−
K∑
k=0

akA
k
n‖2

≤ max0≤t≤1 ‖c(An)K+1h(k+1)(tc(An))‖2
(K + 1)!

+
max0≤t≤1 ‖AK+1

n h(k+1)(tAn)‖2
(K + 1)!

≤ ‖c(An)K+1‖2
(K + 1)!

max
0≤t≤1

‖h(k+1)(tc(An))‖2 +
‖AK+1

n ‖2
(K + 1)!

max
0≤t≤1

‖h(k+1)(tAn)‖2

Now, by Lemma 1,

max
0≤t≤1

‖h(k+1)(tAn)‖2 = max
0≤t≤1

‖
∞∑
k=0

(K + k + 1)!

k!
aK+k+1(tAn)k‖2

≤ max
0≤t≤1

∞∑
k=0

(K + k + 1)!

k!
|aK+k+1|‖tAn‖k2

≤
∞∑
k=0

(K + k + 1)!

k!
|aK+k+1|‖An‖k2

≤
∞∑
k=0

(K + k + 1)!

k!
|aK+k+1|(2‖f‖∞)k

We now show that
∑∞
k=0

(K+k+1)!
k! |aK+k+1|(2‖f‖∞)k is a convergent series

using the ratio test. By the assumption 2‖f‖∞ < r = (limk→∞ |ak+1

ak
|)−1, we
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know that

lim
k→∞

|aK+k+2

aK+k+1
|(K + k + 2

k + 1
)(2‖f‖∞) = lim

k→∞
|ak+1

ak
|(2‖f‖∞)

< (
1

r
)(2‖f‖∞)

which is a constant less than 1 because 2‖f‖∞ < r.

Therefore, by the ratio test,
∑∞
k=0

(K+k+1)!
k! |aK+k+1|(2‖f‖∞)k is conver-

gent. We conclude that
∑∞
k=0

(K+k+1)!
k! |aK+k+1|(2‖f‖∞)k := m(2‖f‖∞) is in-

dependent of n.

Hence,

max
0≤t≤1

‖h(k+1)(tAn)‖2 ≤ m(2‖f‖∞).

Similarly, we get

max
0≤t≤1

‖h(k+1)(tc(An))‖2 ≤ m(2‖f‖∞).

Therefore,

‖G1 +G2‖2

≤ ‖c(An)K+1‖2
(K + 1)!

max
0≤t≤1

‖h(k+1)(tc(An))‖2 +
‖AK+1

n ‖2
(K + 1)!

max
0≤t≤1

‖h(k+1)(tAn)‖2

≤ ‖c(An)‖K+1
2

(K + 1)!
m(2‖f‖∞) +

‖An‖K+1
2

(K + 1)!
m(2‖f‖∞)

≤ (2‖f‖∞)K+1

(K + 1)!
m(2‖f‖∞) +

(2‖f‖∞)K+1

(K + 1)!
m(2‖f‖∞)

=
(2‖f‖∞)K+1

(K + 1)!
(2m(2‖f‖∞)) := εK

which converges to zero as K goes to infinity. Therefore, for a given εK > 0,
there exists an integer K such that for all k > K,

‖G1 +G2‖2 ≤ εK , (1)

where k is the number of terms in the Taylor series of c(An) (or An).

We next show that B can be decomposed into a sum of a matrix of fixed
rank and a matrix of small norm. Firstly, by Lemma 2, for all ε > 0 there exist
integers N1 and M2 > 0 such that for all n > N1, we have

c(An)−An = Vn −Wn,
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where

Vn =



♦ · · · ♦
. . .

...
♦

♦
...
. . .

♦ · · · ♦



with diamonds representing the non-zero entries,

rank Vn ≤ 2M1

and

‖Wn‖2 ≤ ε.

Rewrite B as

B =

K∑
k=0

akc(An)k −
K∑
k=0

akA
k
n

=

K∑
k=1

ak(c(An)k −Akn)

=

K∑
k=1

ak(

k−1∑
j=0

c(An)j(c(An)−An)Ak−1−jn )

=

K∑
k=1

ak(

k−1∑
j=0

c(An)j(Vn −Wn)Ak−1−jn )

=

K∑
k=1

ak(

k−1∑
j=0

c(An)jVnA
k−1−j
n )︸ ︷︷ ︸

Rn

+

K∑
k=1

ak(

k−1∑
j=0

c(An)jWnA
k−1−j
n )︸ ︷︷ ︸

J

.
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Using Lemmas 1, we can estimate the norm of J :

‖J‖2 = ‖
K∑
k=1

ak

k−1∑
j=0

c(An)jWnA
k−1−j
n ‖2

≤
K∑
k=1

|ak|‖
k−1∑
j=0

c(An)jWnA
k−1−j
n ‖2

≤ ‖Wn‖2
K∑
k=1

|ak|
k−1∑
j=0

‖c(An)‖j2‖An‖
k−1−j
2

≤ ‖Wn‖2
K∑
k=1

|ak|
k−1∑
j=0

(2‖f‖∞)j(2‖f‖∞)k−1−j

= ‖Wn‖2
K∑
k=1

|ak|
k−1∑
j=0

k(2‖f‖∞)k−1︸ ︷︷ ︸
m0

≤ m0ε, (2)

where m0 is a constant independent of n.
We now show that rank Rn ≤ 2KM1 by first investigating the structure of

Rn. Similar to the approach used in the proof of Lemma 3.11 in [13], simple
computations yield

c(An)αVnA
β
n =



♦ · · · ♦ ♦ · · · ♦
... ♦

...
... ♦

...
♦ · · · ♦ ♦ · · · ♦

♦ · · · ♦ ♦ · · · ♦
... ♦

...
... ♦

...
♦ · · · ♦ ♦ · · · ♦


,

where the diamonds represent the non-zero entries which appear only in the
four (α + 1)M1 by (β + 1)M1 blocks in the corners, provided that n is larger
than 2 max(α+ 1, β + 1)M1. Since the rank of

Rn =

K∑
k=1

ai(

k−1∑
j=0

c(An)jVnA
k−1−j
n )

is determined by that of
∑K−1
j=0 c(An)jVnA

K−1−j
n which is a block matrix with

only four non-zero KM1 by KM1 blocks in its corners, it follows that the rank
of Rn is less than or equal to 2KM1 if we assume n > 2KM1︸ ︷︷ ︸

M

.
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Hence, we pick

N := max {N1, 2M},

and, combining (1) and (2), it follows that for all n > N we have

‖G1 + J +G2︸ ︷︷ ︸
En

‖2 ≤ m0ε+ εK .

The result follows. ut

Corollary 1 Given h(z) is analytic on |z| < r. Let f ∈ C[−π, π] with 2‖f‖∞ <
r. Let An be the Toeplitz matrix generated by f and c(An) be the optimal circu-
lant preconditioner for An. If ‖h(c(An))−1‖2 is bounded for n = 1, 2, . . . , then
for all ε > 0 there exist positive integers N and M such that for all n > N

|h(c(An))|−1h(An) = Qn + R̂n + Ên,

where Qn is unitary,

rank R̂n ≤ 2M,

‖Ên‖2 ≤ ε.

Proof As h(c(An)) is a circulant matrix we write h(c(An)) = U∗nh(Λn)Un
where h(Λn) is the diagonal matrix with the eigenvalues of h(c(An)). We then
have

|h(c(An))| = U∗n|h(Λn)|Un
= U∗nh(Λn)Un U

∗
nsign(h(Λn))−1Un︸ ︷︷ ︸

Qn

= h(c(An))Qn, (3)

where sign(h(Λn)) = diag( h(Λi)
|h(Λi)| ), and Qn is unitary.

By Theorem 1, we know that for all ε > 0, there exist positive integers N
and M such that for all n > N

h(c(An))− h(An) = Rn + En,

where

rank Rn ≤ 2M,

‖En‖2 ≤ ε.

By the assumption that ‖h(c(An))−1‖2 < m0 for n = 1, 2, . . . , where m is
a positive constant independent of n, we have

h(c(An))−1h(An) = In + h(c(An))−1(h(An)− h(c(An)))

= In + h(c(An))−1(−Rn) + h(c(An))−1(−En).
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Further using (4), we have

|h(c(An))|−1h(An) = Qnh(c(An))−1h(An)

= Qn +Qnh(c(An))−1(−Rn)︸ ︷︷ ︸
R̂n

+Qnh(c(An))−1(−En)︸ ︷︷ ︸
Ên

.

Since Qn is unitary, we know

rank(R̂n) = rank(Qnh(c(An))−1Rn) = rank(Rn) ≤ 2M

and
‖Ên‖2 = ‖Qnh(c(An))−1En‖2 = ‖h(c(An))−1En‖2 ≤ m0ε.

The result follows. ut

Assuming f is a real-valued, by Lemma 3 (a), we know that h(An) is
Hermitian as An is Hermitian. Similarly, h(c(An)) is Hermitian as c(An) is
Hermitian. Hence, we consider the following two cases: when h(An) is Hermi-
tian indefinite, MINRES can be used with |h(c(An))| as the preconditioner. In
the special case where both h(An) and h(Cn) are Hermitian positive definite,
|h(c(An))| becomes h(c(An)) and CG can be applied.

Corollary 2 Given h(z) is analytic on |z| < r. Let f ∈ C[−π, π] with 2‖f‖∞ <
r. Let An be the Toeplitz matrix generated by f and c(An) be the optimal circu-
lant preconditioner for An. If ‖h(c(An))−1‖2 is bounded for n = 1, 2, . . . , then
for all ε > 0, there exist positive integers N and M such that for all n > N

[|h(c(An))|−1h(An)]∗|h(c(An))|−1h(An) = In +Rn + En,

where
rank Rn ≤ 4M,

‖En‖2 ≤ ε.

Proof By Corollary 1, we know that for all ε > 0 there exist positive integers
N and M such that for all n > N

|h(c(An))|−1h(An) = Qn + R̂n + Ên,

where Qn is unitary,
rank R̂n ≤M,

‖Ên‖2 ≤ ε.
We then have

[|h(c(An))|−1h(An)]∗|h(c(An))|−1h(An)

= (Qn + R̂n + Ên)∗(Qn + R̂n + Ên)

= Q∗nQn + R̂n
∗
(In + R̂n + Ên) + (In + Ên

∗
)R̂n︸ ︷︷ ︸

Rn

+ Ên + Ên
∗

+ Ên
∗
Ên︸ ︷︷ ︸

En

= In +Rn + En.
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It immediately follows that rank Rn ≤ 4M and ‖En‖2 ≤ ε2 + 2ε. ut

When h(An) is non-Hermitian, we consider its normal equation system as
shown in Corollary 2. Since [|h(c(An))|−1h(An)]∗|h(c(An))|−1h(An) is Hermi-
tian positive definite, we can CG in this case.

In the special case when h(An) is (real) nonsymmetric, it is not necessary
to normalise the original system via the following corollary:

Corollary 3 Given h(z) is analytic on |z| < r. Let f ∈ C[−π, π] with real
Fourier coefficients and 2‖f‖∞ < r. Let An be the real Toeplitz matrix gener-
ated by f and c(An) be the optimal circulant preconditioner for An. If ‖h(c(An))−1‖2
is bounded for n = 1, 2, . . . , then for all ε > 0 there exist positive integers N
and M such that for all n > N

|h(c(An))|−1Ynh(An) = Qn + R̂n + Ên,

where Qn is orthogonal and (real) symmetric,

rank R̂n ≤ 2M,

‖Ên‖2 ≤ ε.

Proof As h(c(An)) is a circulant matrix we write h(c(An)) = U∗nh(Λn)Un
where h(Λn) is the diagonal matrix with the eigenvalues of h(c(An)). We then
have

|h(c(An))| = U∗n|h(Λn)|Un
= U∗nh(Λn)Un(U∗nsign(h(Λn))Un︸ ︷︷ ︸

C̃n

)−1

= h(c(An))C̃n
−1
, (4)

where sign(h(Λn)) = diag( h(Λi)
|h(Λi)| ), and C̃n is orthogonal.

By Theorem 1, we know that for all ε > 0, there exist positive integers N
and M such that for all n > N

h(c(An))− h(An) = Rn + En,

where
rank Rn ≤ 2M,

‖En‖2 ≤ ε.
By (4) and the assumption that ‖h(c(An))−1‖2 < m0 for n = 1, 2, . . . ,

where m0 is a positive constant independent of n, we have

|h(c(An))|−1Ynh(An) = Yn|h(c(An))|−1h(An)

= Yn|h(c(An))|−1(h(c(An))−Rn − En)

= YnC̃n︸ ︷︷ ︸
Qn

+Yn|h(c(An))|−1(−Rn)︸ ︷︷ ︸
R̂n

+Yn|h(c(An))|−1(−En)︸ ︷︷ ︸
Ên

.
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As C̃n is a real circulant matrix, Qn = YnC̃n is (real) symmetric. Also, as

C̃n is orthogonal, we can show that Qn is orthogonal:

QTnQn = (YnC̃n)T (YnC̃n)

= C̃n
T

(Y Tn Yn)C̃n

= C̃n
T
C̃n

= In.

We have

rank(R̂n) = rank(Yn|h(c(An))|−1Rn) = rank(Rn) ≤ 2M

and
‖Ên‖2 = ‖Yn|h(c(An))|−1En‖2 = ‖h(c(An))−1En‖2 ≤ m0ε.

The result follows. ut

In the above results, the condition on the uniform boundedness of ‖h(c(An))−1‖2
has been required. In fact, the validity of this condition depends on the com-
position of the analytic function h(z) and the generating function f of the
Toeplitz matrix An. The following examples illustrate the point.

For h(z) = sin z, from

‖(sin c(An))−1‖2 = max
i
| 1

sinλi
|

where λi is the i-th eigenvalue of c(An), we know that ‖(sin cn[f ])−1‖2 could be
arbitrarily large since sinλi could be close to zero. Therefore, we have needed
to assume that ‖(sin c(An))−1‖2 is bounded for n = 1, 2, . . . .

As for h(z) = ez, the condition always holds as we can easily show that

‖(ec(An))−1‖2 ≤ e2‖f‖∞ n = 1, 2, . . . .

4 Extension to multilevel cases

In this section, we briefly discuss that our results can be extended to the
multilevel Toeplitz cases. The related proofs can be done in a similar fashion
as in the 1D Toeplitz case. Namely, with the appropriate assumptions, we
can show that the preconditioned system defined by an analytic function of
a multilevel Toeplitz can be decomposed into the sum of a matrix with small
norm and a matrix of low rank for a sufficiently large dimension.

Consider the simple block-Toeplitz-Toeplitz-block (BTTB) matrix as an
example, An,m = Hn⊗Km where Hn ∈ Rn×n and Km ∈ Rm×m are both real
Toeplitz. Introducing the matrix Yn,m = Yn⊗ Ym, it can be easily shown that
Yn,mAn,m = (Yn ⊗ Ym)(Hn ⊗ Km) = (YnHn) ⊗ (YmKm). Thus Yn,mAn,m is
symmetric as both YnHn and YmKm are symmetric. Together with an effective
absolute value block-circulant-circulant-block (BCCB) preconditioner, we can
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use MINRES for Yn,mAn,m without considering the normal equations system.
The well-known difficulty that the low rank part now has been multiplied by
the block dimension is as exactly the same issue in our situation as it does for
the more standard well-known situation.

Indeed, this symmetrising technique applies to more general real multilevel
Toeplitz matrices since they are in general persymmetric. Consequently, by
Lemma 6, analytic functions of real multilevel Toeplitz matrices are also per-
symmetric. Multiplying these matrices by the matrix Yn with the appropriate
dimension can result the modified yet symmetric matrices. Again, MINRES
with effective absolute value multilevel circulant preconditioners can be used.

5 Numerical results

In this section, we demonstrate the effectiveness of our proposed preconditioner
|h(c(An))| for h(An)x = b using CG, MINRES and GMRES. Throughout all
numerical tests, eAn is computed by the MATLAB built-in function expm
whilst sinAn, cosAn and other matrix functions are computed by funm. The
vector b is generated by the function ones(n,1) and the initial guess is the zero
vector. Also, we use the function pcg to solve the Hermitian positive definite
systems. For Hermitian indefinite systems, we use the function minres. As
a comparison, GMRES is also used for some systems and it is executed by
gmres. The stopping criterion used is

‖rj‖2
‖b‖2

< 10−7,

where rj is the residual vector after j iterations.
Example 1. We first consider a Grcar matrix An, namely

An =



1 1 1 1

−1
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . . 1

. . .
. . .

. . . 1
. . .

. . . 1
−1 1


.

Table 1 (a) and (b) show the numerical results for An using MINRES or GM-
RES. The preconditioners seem efficient for speeding up the rate of convergence
of both Krylov subspace methods.
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Table 1 Numbers of iterations with (a) MINRES for YnAn and (b) GMRES for An with
Grcar matrix An.

(a)

n In |c(An)|
128 49 13
256 49 12
512 49 11
1024 47 11

(b)

n In c(An)
128 94 6
256 158 6
512 218 6
1024 213 5

Example 2. We now consider h(An) with h(z) = z2 + z + 1 and An being
a Grcar matrix. Table 2 (a) and (b) show the numerical results for h(An).
In Figure 1 (a) and (b), we also show the spectra of Ynh(An) before or after
applying the preconditioner |h(c(An))| when n = 512. Again, we observe the
clusters of eigenvalues at ±1.

Table 2 Numbers of iterations with (a) MINRES for Ynh(An) and (b) GMRES for h(An)
with h(z) = z2 + z + 1 and An being a Grcar matrix.

(a)

n In |h(c(An))|
128 144 16
256 167 15
512 194 14
1024 190 13

(b)

n In h(c(An))
128 128 9
256 256 8
512 512 8
1024 1024 7
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(a)-15 -10 -5 0 5 10 15

(b)-1.5 -1 -0.5 0 0.5 1 1.5 2

Fig. 1 The spectrum of Ynh(An) when n = 512 with h(z) = z2 + z + 1 and An being
a Grcar matrix under the following condition: (a) without a preconditioner; (b) with the
preconditioner |h(c(An))|.

Example 3. We also consider the system defined by hyperbolic sine function
of Toeplitz matrix. Table 3 (a) and (b) show the numerical results for sinhAn
with An being Grcar matrix. The convergence rate appears accelerated with
our proposed preconditioners.

Table 3 Numbers of iterations with (a) MINRES for Yn sinhAn and (b) GMRES for
sinhAn with An being a Grcar matrix.

(a)

n In | sinh c(An)|
64 105 24
128 172 22
256 391 20
512 808 19

(b)

n In sinh c(An)
64 64 14
128 124 13
256 240 11
512 486 10
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Example 4. The next example is the (real) nonsymmetric Toeplitz matrix
generated by f(θ) = eiθ + 2e−iθ, namely

An =


2

1
. . .

. . . 2
1

 .
In Figure 2, we still observe that the eigenvalues are highly clustered at ±1 as
expected.

(a)-3 -2 -1 0 1 2 3

(b)-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 2 The spectrum of YnAn with An generated by f(θ) = eiθ + 2e−iθ when n = 512
under the following condition: (a) without a preconditioner; (b) with the preconditioner
|c(An)|.
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Example 5. We consider the matrix exponentials with An generated by
f(θ) = θ2. Table 4 shows the numbers of iterations required with CG for eAn

with or without the preconditioner. It is apparent that the proposed precon-
ditioners are effective for speeding up the rate of convergence of CG.

Table 4 Numbers of iterations with CG for eAn with An generated by f(θ) = θ2.

n In ec(An)

128 258 9
256 465 8
512 673 8
1024 835 8

In Figure 3, we further show the spectra of the preconditioned matrices
with different n. We observe that the highly clustered spectrum is independent
of n. In Figure 3 (i) and (ii), the contrast between the spectra of the systems
is shown. In Figure 3 (iii), we show the zoom-in spectrum of (ii) and observe
that the eigenvalues are highly clustered at 1. Due to the highly clustered
eigenvalues of the preconditioned system, a fast convergence rate for CG is
expected (see for example [1]).
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(a) (i)0 2000 4000 6000 8000 10000 12000 14000 16000 18000

(ii)0 5 10 15 20 25 30

(iii)-1 0 1 2 3 4

(b) (i)

0 0.5 1 1.5 2

10
4

(ii)0 5 10 15 20 25 30

(iii)-1 0 1 2 3 4

(c) (i)

0 0.5 1 1.5 2

10
4

(ii)0 5 10 15 20 25 30

(iii)-1 0 1 2 3 4

Fig. 3 The spectrum of eAn with An generated by f(θ) = θ2 when (a) n = 128, (b)
n = 256 or (c) n = 512 under the following condition: (i) without a preconditioner; (ii) with
the preconditioner ec(An). (iii) The zoom-in spectrum of (ii).
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Example 6. Next, we consider symmetric indefinite Toeplitz matrices. Table
5 shows the numerical results for An generated by f(θ) = θ2 − π. In Figure 4
(a) and (b), we also show the spectra of the system before and after applying
the preconditioners. We observe the clusters of eigenvalues at ±1 which are
independent of n.

Table 5 Numbers of iterations with (a) MINRES and (b) GMRES for An with An gener-
ated by f(θ) = θ2 − π.

(a)

n In |c(An)|
128 76 11
256 159 11
512 321 10
1024 648 10

(b)

n In c(An)
128 74 6
256 150 7
512 299 6
1024 595 6
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(a) (i)-4 -2 0 2 4 6 8

(ii)-5 0 5

(iii)-1.5 -1 -0.5 0 0.5 1 1.5

(b) (i)-4 -2 0 2 4 6 8

(ii)-3 -2 -1 0 1 2 3 4

(iii)-1.5 -1 -0.5 0 0.5 1 1.5

(c) (i)-4 -2 0 2 4 6 8

(ii)-3 -2 -1 0 1 2 3 4

(iii)-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 4 (i) The spectrum of An and that of with An is generated by f(θ) = θ2 − π when
(a) n = 128, (b) n = 256 or (c) n = 512 under the following condition: (i) without a
preconditioner; (ii) with the preconditioner |c(An)|. (iii) The zoom-in spectrum of (ii).
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Example 7. In this case, we consider cosAn with the symmetric indefinite
An generated by f(θ) = θ2 − π. Table 6 shows the numerical results with
MINRES for cosAn with or without preconditioners | cos c(An)|. Again, we
observe significant reduce in the numbers of iterations needed for MINRES
with the proposed preconditioners used. In Figure 5, we also show the spectra
of | cos c(An)|−1 cosAn when n = 512 and observe the clusters of eigenvalues
at ±1.

Table 6 Numbers of iterations with (a) MINRES and (b) GMRES for cosAn with An
generated by f(θ) = θ2 − π.

(a)

n In | cos c(An)|
128 58 24
256 110 24
512 212 24
1024 417 22

(b)

n In cos c(An)
128 58 12
256 110 13
512 212 11
1024 417 11

(a)-1 -0.5 0 0.5 1

(b)-40 -30 -20 -10 0 10 20

(b)-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 5 The spectrum of cosAn when n = 512 with An generated by f(θ) = θ2−π under the
following condition: (a) without a preconditioner; (b) with the preconditioner | cos c(An)|.
(c) The zoom-in spectrum of (b).
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We recall that the cost of GMRES increases for every iteration, whereas
MINRES has a constant cost per iteration. Thus whilst in many examples,
GMRES requires fewer iterations than MINRES, there is not necessarily a re-
duction in work. The rapid convergence guarantees established here for MIN-
RES are a true indication of the success of our preconditioning approach; it is
not perhaps surprising that related preconditioning strategies such as those we
have used with GMRES are also successful. It is now widely appreciated that
a good preconditioner will lead to work well with efficient iterative methods;
indeed that it is the quality of the preconditioner rather than the choice of
iterative method which usually determines the success or otherwise of a solver.
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