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Abstract

Multiparameter persistence modules are central objects in Topological Data Analysis. Un-

like ordinary persistence modules, they do not admit a complete discrete invariant such

as the barcode. This thesis explores the use of Harder-Narasimhan theory as a way to

devise discrete invariants of multiparameter persistence modules that are discriminating,

computable, stable and interpretable.

Harder-Narasimhan types are a family of discrete invariants of persistence modules

over finite posets. We first study their discriminating power in several settings arising in

Topological Data Analysis. We then use Harder-Narasimhan types to define the skyscraper

invariant, a novel discrete invariant of multiparameter persistence modules. We show that

this invariant is strictly more discriminating than the rank invariant and is stable with

respect to the interleaving distance.
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Chapter 1

Introduction

1.1 Setting and motivation

1.1.1 Persistent homology

The goal of Topological Data Analysis (TDA) is to extract geometric and topological in-

formation from a metric space X to support tasks such as classification or visualisation.

Often, X will be a finite subset of a euclidean space equipped with the topology inherited

from that space. Such a metric space will be called a pointcloud. For instance, if X has

been sampled uniformly on an unknown manifold, we aim to recover properties about the

underlying manifold such as the number of connected components and holes.

Persistent homology is one of the main tools in TDA. The core idea is to build from a

metric space X, a filtration F pXq of topological spaces, i.e. a nested sequence of topological

spaces indexed by a totally ordered poset P . When X Ă pRm, dq is a pointcloud, one can

compute the Čech filtration of X which is homotopy equivalent to the filtration pdpX, ‚q ď
tqtPR. Other popular choices for F pXq include the Rips and Alpha filtrations which are

typically easier to compute than the Čech filtration.

The homology of the filtration F pXq, with coefficients in a fixed field F defines a functor

from P to the category Vect of F-vector spaces. In other words, for i ě 0, the i-th homology

of F pXq assigns a F-vector space HipF pXqxq to each element x P P , along with a F-linear
map HipF pXqx ãÑ F pXqyq for each relation x ď y in P , subject to certain compatibility

conditions. This algebraic object is known as an (ordinary) persistence module.

In this thesis, we only consider persistence modules whose spaces are finite-dimensional.

In this case, every persistence module decomposes [55, 39] into a direct sum of modules of

the form

0 ÝÑ ¨ ¨ ¨ ÝÑ 0 ÝÑ F 1ÝÑ ¨ ¨ ¨ 1ÝÑ F ÝÑ 0 ÝÑ ¨ ¨ ¨ ÝÑ 0.

These indecomposable persistence modules are uniquely determined by the intervals in

P on which they are supported, and are therefore called interval (persistence) modules.

Given a persistence module V : P Ñ Vect, we denote by BarpV q the multiset of intervals

given by the supports of the indecomposable summands in the decomposition of V . The
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dpX, ‚q ď 0

Ă

dpX, ‚q ď 0.3

Ă

dpX, ‚q ď 0.6

Ă . . .

(a)

H0 : F10 r I8 08,2 sÝÝÝÝÝÝÝÝÝÝÑ F8 r 1 01,7 sÝÝÝÝÝÝÝÝÝÝÝÝÑ F 1ÝÝÝÝÝÝÑ . . .

H1 : 0 ÝÝÝÝÝÝÝÝÝÝÝÝÑ 0 ÝÝÝÝÝÝÝÝÝÝÝÝÑ F 1ÝÝÝÝÝÝÑ . . .

(b) (c)

Figure 1.1: (a) Čech filtration CechpXq of a pointcloud X Ă pR2, dq (black and blue) and

the corresponding sublevel sets of dpX, ‚q (orange), (b) the zero-th and first homology of

CechpXq, and (c) the persistence diagrams for the zero-th and first homology of the Rips

complex of X (respectively red and green) computed with [58]. The green point far from

the diagonal in the persistence diagram corresponds to the hole in the underlying circle.

multiset BarpV q is called the (persistence) barcode of V . If P is finite, the barcode is a

bijection from the set of isomorphism classes of persistence modules to a countable set, and

hence characterises the persistence module up to isomorphism. Moreover, if V arises as

the homology of a filtered simplicial complex F pXq, its barcode BarpV q can be computed

efficiently using matrix reduction algorithms [46, 117].

A key property of the barcode is its robustness to certain noise in the data. More

precisely, for i ě 0, let F denote either the Čech or the Rips filtration, and let dGH be

the Gromov-Hausdorff distance between metric spaces. Then, one can define two metrics:

firstly, the interleaving distance dI between persistence modules, and secondly, the bottleneck

distance db between persistence barcodes. In the following diagram Hi ˝F is Lipschitz and

Bar is an isometry [38, 34]:

pPointclouds, dGHq Hi˝FÝÑ pPersistence modules, dIq BarÝÑ pMultisets of intervals, dbq.

The barcode of a persistence module V can be visualised by plotting each interval

pa, bq in BarpV q as a point pa, bq in R2. This is known as the persistence diagram of V

(see Figure 1.1(c)) and provides an easily interpretable visualisation of the barcode. The

barcode can also be used for statistical analysis or can be vectorised and integrated into a

machine learning pipeline. As a result, it has found application in a wide range of fields; a

comprehensive overview of such applications is available on the DONUT platform [45].

I refer readers to [100, 35] for a more detailed introduction to ordinary persistent

homology and its applications.
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Figure 1.2: Two pointclouds and the persistence diagram of their Rips complex (computed

with [58]). Only the pointcloud without outliers has a prominent green dot corresponding

to the hole in the underlying circle.

1.1.2 Multiparameter persistent homology

One key limitation of ordinary persistent homology is its lack of robustness to outliers in

the data (see Figure 1.2).

One way to mitigate this issue is to filter the pointcloud X by density before computing

its persistent homology. More precisely, if we let f : Rm Ñ Rą0 be a density estimator on

Rm, we can define a bifiltration F pXq of simplicial complexes indexed by R2 and homotopy

equivalent to the sublevel sets of the function y P Rm ÞÑ pdpX, yq, 1{fpyqq P R2. The

homology of F pXq is then a functor from the poset pR2,ďq to Vect, where ď is the product

order on R2. More generally, one can consider functors from the product of n ě 2 totally

ordered sets P :“ T1 ˆ ¨ ¨ ¨ ˆ Tn to Vect. These are known as multiparameter persistence

modules and can be used to study pointclouds with outliers or variations in density [112],

as well as time-varying data [76] or chromatic pointclouds [95].

The decomposition of ordinary persistence modules into direct sums of interval modules

does not generalise to multiparameter persistence modules, even for modules arising from a

TDA pipeline [26]. More precisely, given a connected convex subset S of P (in the sense of

order theory), we define the spread module supported on S as the module IrSs that assigns F
to each element in S, 0 to each element outside S, and has identity maps between nonzero

spaces. In general, multiparameter persistence modules do not decompose into a direct

sum of spread modules. Worse, the functors from t0, 1u ˆ t0, . . . , 5u to Vect are already

of wild representation type [87, 88]. In particular, the decomposition of a multiparameter

persistence module is not in general easy to compute and interpret.
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As a result, one of the overarching goals of multiparameter persistence has been to assign

to a multiparameter persistence module V a quantity IpV q, independent of the isomorphism

class of V , that replicates some key properties of the persistence barcode. The assignment

I is usually called an invariant (of multiparameter persistence modules).

Goal. Devise an invariant I : pV : P Ñ Vectq ÞÑ IpV q P A of multiparameter persistence

modules that is

• Computable: there should be efficient methods to calculate and store IpV q for any

V coming from a TDA pipeline.

• Stable: when P “ Rm, the set A should be equipped with a metric dA so that

I : pPersistence modules, dIq Ñ pA, dAq is Lipschitz, or at least continuous.

• Discriminating: the invariant should be as informative as possible about the iso-

morphism class of V .

• Interpretable: there should be a way to either visualise, perform statistical analysis,

or integrate IpV q into a machine learning pipeline.

• Discrete: when P is finite, the set A should be countable.

Carlsson and Zomorodian introduced the rank invariant, a (necessarily incomplete)

discrete invariant ρ which associates to a multiparameter persistence module the rank of

all its maps [31]. Many other discrete invariants have since been proposed in the TDA

literature. Examples include invariants using ideas from homological and commutative

algebra [82, 64, 14], sheaf theory [73, 90] and lattice theory [75, 21, 91, 5]. More details

about invariants in multiparameter persistence, including the recent approach using relative

homological algebra, can be found in the review articles [20] and [13].

A common idea for many of these invariants is to derive from V a family of less complex

persistence modules pV iqiPI . For instance, the generalised rank invariant [75] considers

restrictions of V to certain subposets of P . This idea is also present in the approach using

relative homological algebra, where invariants summarise the modules in the projective

resolution of V [14]. In this thesis, we follow this line of research and introduce a new

family of invariants obtained as the dimension vectors of the subquotients appearing in

certain filtrations of V .

The use of filtrations to build invariants of multiparameter persistence modules has been

explored recently. Miller and Zhang proposed [94] to filter a multiparameter persistence

module by inductively quotienting out a spread submodule with maximal support. The

obtained filtration is very interpretable but is not canonical. Another approach is to build

[12] a filtration 0 Ă Vε Ă V ε Ă V of a multiparameter persistence module V such that

the subquotient V ε{Vε is more decomposable than V , and the other subquotients in the

filtration are ε-small.
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1.1.3 Harder-Narasimhan filtrations

Under certain finiteness assumptions, Harder-Narasimhan (HN) filtrations provide a canon-

ical way to filter an object in abelian or triangulated categories [105, 23]. They were orig-

inally introduced for vector bundles over a smooth projective curve [63] and were studied

in the context of (finite) quiver representations in [78, 103, 65]. A multiparameter per-

sistence module indexed by a finite poset can be viewed as a representation of a quiver

with relations. Such modules therefore admit HN filtrations. In this thesis, we investigate

whether HN filtrations can be used to define discrete invariants of persistence modules that

are computable, stable, discriminating and interpretable.

HN filtrations depend on the choice of a stability condition. In the context of persistence

modules indexed by a finite poset P , a stability condition Z is an additive map1 that sends

the dimension vector dimV P ZPě0 of a nonzero P -persistence module V to a complex number

ZpdimV q in the open right half-plane of C. We now fix the indexing poset P and a stability

condition Z. The Z-slope of a nonzero V : P Ñ Vect is then defined as µZpV q :“ ImZpdimV q
ReZpdimV q .

A nonzero persistence module V is said to be Z-semistable if for every nonzero submodule

W Ă V , we have µZpW q ď µZpV q. The Harder-Narasimhan (HN) filtration of a persistence

module V (along Z) is the unique filtration

0 “ HN0
ZpV q Ĺ HN1

ZpV q Ĺ ¨ ¨ ¨ Ĺ HNℓ
ZpV q “ V

such that each subquotientHNi
ZpV q{HNi´1

Z pV q is Z-semistable and µZpHN1
ZpV q{HN0

ZpV qq ą
µZpHN2

ZpV q{HN1
ZpV qq ą ¨ ¨ ¨ ą µZpHNℓ

ZpV q{HNℓ´1
Z pV qq. HN filtrations, seen as Ropp-

filtrations, are functorial. More precisely, if for θ P R we define the submodule

xV, Zyθ :“
ď

µZpHNi
ZpV q{HNi´1

Z pV qqěθ
1ďiďℓ

HNi
ZpV q (1.1)

of V , then any morphism f : V Ñ W of P -persistence modules satisfies fpxV, Zyθq Ă
xW,Zyθ for all θ P R [65].

The Harder-Narasimhan type TrV ;Zs of V along Z is the sequence of the dimension

vectors of the subquotients in HN‚
ZpV q. HN types define discrete invariants of multipa-

rameter persistence modules. The recent work of Cheng [36] shows that HN filtrations

and hence HN types can be computed in polynomial time for multiparameter persistence

modules indexed by a finite poset.

1More precisely, for a general poset P , Z is a group homomorphism from the Grothendieck group of

(an exact abelian subcategory of) the category of P -persistence modules to the additive group of complex

numbers sending the classes of nonzero modules to the right open half-plane.
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1.2 Main results

1.2.1 Discriminating power of HN types

One approach to study the discriminating power of HN types is to consider a class C of

persistence modules which decompose into a finite set of well-understood indecomposable

modules. In this setting, we say that an invariant is complete on C if it can distinguish any

pair of non-isomorphic persistence modules in C. We focus on classes C that are of interest

to the TDA community and address the following question

Question. Given a class of persistence modules C, for which stability conditions Z is the

HN type Tr‚;Zs complete on C?

In this paragraph, we restrict ourselves to persistence modules indexed by a finite poset

P . For simplicity, we further assume that the stability conditions Z are standard in the

sense that their real part is dimV P ZP ÞÑ ř

pPP dimVp. A standard stability condition

is therefore determined by the vector pImZp1pqqpPP P RP where 1p denotes the indicator

function of the element p P P .
A zigzag is a poset whose Hasse diagram is of the following form for some n ě 0

x0
e1

x1
e2 ¨ ¨ ¨ en´1

xn´1
en

xn.

where each edge ei points either forward xi´1 Ñ xi or backward xi´1 Ð xi. Persistence

modules indexed by zigzags are called zigzag persistence modules and appear for instance

when studying time-varying data [29]. This generalises ordinary persistence modules which

correspond to the equioriented case where all the edges in the indexing zigzag point forward.

The following theorem is a combination of results by Kinser [80] and Reineke [103].

Theorem (Theorem 3.4.3). Let P be a zigzag with n` 1 ą 0 vertices. The set of standard

stability conditions Z for which the HN type along Z is complete is nonempty and can be

explicitly described from P . In the case of ordinary persistence modules, the HN type along

a standard stability condition Z is complete if and only if

ImZp1x0q ą ImZp1x1q ą ¨ ¨ ¨ ą ImZp1xnq.
The characterisation of complete HN types for ordinary persistence modules can be

generalised in several directions. For instance, we can consider the class CrectpP q of mul-

tiparameter persistence modules indexed by a finite poset P that decompose into a direct

sum of spread modules whose support is a cube. Such persistence modules are said to be

rectangle-decomposable (see Figure 1.3).

Theorem (Theorem 3.5.10). Let P be a product of n totally ordered finite sets and let Z be

a standard stability condition. Outside a hyperplane arrangement in the space of standard

stability conditions, Tr‚;Zs is complete on CrectpP q if and only if for p, q P P we have

p ă q ùñ ImZp1pq ą ImZp1qq.

6
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Figure 1.3: Example of an indecomposable module in CrectpP q (left) and in CspreadpP q (right)
for P :“ t0, 1, 2, 3, 4u ˆ t0, 1, 2, 3u.

More generally, we can consider the class CspreadpP q of multiparameter persistence mod-

ules that decompose into a direct sum of spread modules. Such persistence modules are

said to be spread-decomposable (see Figure 1.3). The sources of a spread module are the

minimal elements in its support seen as a poset with the partial order induced by P . We

denote by Cspread-2spP q the class of modules in CspreadpP q whose indecomposable summands

have at most two sources.

Theorem (Proposition 3.5.13). Given a product P of n totally ordered finite sets, there

exists a finite number t ě 1 of standard stability conditions Z1, . . . , Zt such that the invariant

V ÞÑ pTrV ;Zisq1ďiďt is complete on Cspread-2spP q.

When P is the of the form t0, 1u ˆ t0, 1, . . . , nu with n ě 0, we refer to P -persistence

modules as ladder persistence modules and Cspread-2spP q “ CspreadpP q. Ladder persistence

modules appear when studying maps between ordinary persistence modules [47, 95]. The

above result can be refined in the case of ladder persistence to show that one can obtain

an invariant that is complete on CspreadpP q by using only t “ Opn3q stability conditions

(Theorem 3.6.4).

Finally, we consider a poset P defined by a Hasse diagram of the form

x0 x1 ¨ ¨ ¨ xn´3 xn´2

xn´1

e0 en´1

e1 e2 en´3 en´2 (1.2)

where each edge ei points either clockwise or counter-clockwise (and the resulting graph is

acyclic). Such a poset is called circular and P -persistence modules appear when studying

the persistence of circle-valued maps [27]. For the following result assume that the field F is

algebraically closed. An indecomposable P -persistence module V is said to be pre-injective

(resp. pre-projective) if there exist two edges ei and ej with opposite orientations such that,

for some choice of bases for V , the maps Vei and Vej are given for some n ě 0 by the two
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(resp. the transpose of the two) nˆ pn`1q matrices r In 0n,1 s and r 0n,1 In s, and all the other

maps of V are given by identity matrices [44, 99]. Building on a result from [65], we show

the following

Proposition (Corollary 2.7.5). Let P be a circular poset. There exists a standard stability

condition whose HN type is complete on the class of direct sums of pre-projective and pre-

injective P -persistence modules.

1.2.2 The skyscraper invariant

As we have seen, the discriminating power of HN types depends heavily on the choice of

the stability condition. Guided by the results presented in the previous section, we focus

on certain stability conditions which produce invariants with good properties.

Definition (Definition 3.3.1). Let P be a finite poset and let V : P Ñ Vect be a P -

persistence module. The skyscraper invariant of V is the collection of HN types of V along

the standard stability conditions pZpqpPP defined for p, p1 P P by

ImZpp1p1q “
#

1 if p “ p1,

0 otherwise.
△

The skyscraper invariant is discrete by construction. It can be computed in polynomial

time using the algorithm of [36]. In this thesis, we compare the skyscraper invariant to

existing invariants in multiparameter persistence. We say that an invariant I is stronger

than an invariant I 1 if IpV q “ IpW q implies I 1pV q “ I 1pW q for any pair of persistence

modules V and W . Two invariants are said to be equivalent if each of them is stronger

than the other. This notion of relative strength induces a partial order for invariants up to

equivalence.

Theorem (Theorem 3.3.5 and Proposition 3.3.9). The skyscraper invariant is strictly

stronger than the rank invariant and incomparable with the generalised rank invariant.

If we restrict ourselves to ladder persistence modules, the skyscraper invariant can be

computed efficiently [69] and provides new information not captured by existing invariants.

More precisely, we can compare it to the 6-pack diagram, a collection of six persistence

modules associated to an inclusion of filtered topological spaces and studied in [95].

Proposition (Theorem A.2.1). The skyscraper invariant is strictly stronger than the first

four diagrams in the 6-pack diagram and is incomparable with the entirety of the 6-pack

diagram.

In practice, multiparameter persistence modules arising from TDA applications are

indexed by Rn for n ě 2 and satisfy certain finiteness conditions. Unless stated otherwise,

we will assume in this introduction that every Rn-persistence module V is finitely presented
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(f.p.) in the sense that it can be obtained as the cokernel of a map of free multiparameter

persistence modules. Broadly speaking, it means that V can be discretised by a finite

subposet of Rn [20, 32].

Unfortunately, for a general stability condition Z, the existence of HN filtrations of

Rn-persistence modules is not guaranteed (see Example 4.3.2). To remedy this issue, we

restrict ourselves to a subset ZpRnq of stability conditions that satisfy certain finiteness and

positivity assumptions (see Definition 4.3.8). In particular, ZpRnq contains the continuous

analogues of the stability conditions used to define the skyscraper invariant. Namely, the

stability conditions whose imaginary part are the group homomorphism dimV ÞÑ dimV0 all

belong to ZpRnq.

Theorem (Theorem 4.3.11). Let V : Rn Ñ Vect be a f.p. Rn-persistence module and let

Z P ZpRnq. Then, V admits a unique HN filtration along Z. Moreover, this HN filtration

can be computed in any fine enough discretisation of Rn.

We now introduce a generalisation of the skyscraper invariant that is defined for Rn-

persistence modules and is stable with respect to the interleaving distance. Given x P Rn,

the x-shift of a Rn-persistence module V plays a key role in the definition of the interleaving

distance. It is defined as the composition V ˝ Tx where Tx is the translation y ÞÑ x ` y of

Rn.

Definition (Definition 4.3.17). Let V : Rn Ñ Vect be a f.p. Rn-persistence module and let

Z P ZpRnq be a stability condition. The HN filtered rank invariant of V along Z consists,

for every pθ, x, yq P R ˆ Rn ˆ Rn, of the rank

sθZ,V pθ, x, yq :“ rank
`xV ˝ Tx, Zyθ0ďy´x

˘

. △

Given a Rn-persistence module V and a stability condition Z P ZpRnq, the HN filtered

rank invariant pθ, x, yq ÞÑ sθZ,V px, yq has a structure of functor from RˆpRnqoppˆRn to Zopp
ě0

(Theorem 4.4.7), and under some mild assumptions, it is semialgebraically constructible

(Proposition 4.6.4). Moreover, for θ small enough, the functor sθZ,V coincides with the rank

invariant ρV (Proposition 4.3.18).

HN filtered rank invariants can be equipped with an erosion distance. More precisely,

given two Rn-persistence modules V and W , the erosion distance between their HN filtered

rank invariants is defined as the supremum over θ P R of dEpsθZ,V , sθZ,W q where dE is the

erosion distance between rank invariants defined in [101]. The functoriality of HN filtrations

[65] implies that

Theorem (Theorem 4.4.7). HN filtered rank invariants along any Z P ZpRnq are Lipschitz

continuous with respect to the interleaving distance and the erosion distance between HN

filtered rank invariants.
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Example 1.2.1. [Example 4.5.2(ii)] Let n “ 2, let b : R2 Ñ Rą0 be an integrable function

such that b|r0,2q2 “ 1. We define the stability condition Z P ZpR2q by

Z : dimV ÞÑ
ż

R2

b dimV `i dimV0. (1.3)

Given a bounded spread S Ă R2 and x P R2, we denote by LxpSq the area of ty P S | y ě xu.
Let V :“ IrS1s ‘ ¨ ¨ ¨ ‘ IrSms be the direct sum of m ą 0 spread modules such that

S1, . . . , Sm Ă r0, 2q2. Using the uniqueness of HN filtrations, one can check that the HN

filtration of the x-shift V ˝ Tx along Z is given for θ ą 0 by

xV ˝ Tx, Zyθ “ à

1ďiďm
0ăLxpSiqď 1

θ

Ir␣z P R2
ě0 | x ` z P Si

(s.

Namely, summands appear in the HN filtration by increasing lifetime as measured by Lx.

Figure 1.4 depicts the resulting HN filtered rank invariant for two specific choices of per-

sistence modules V and W . Observe that V and W have the same rank invariants, but the

erosion distance between their HN filtered rank invariants is strictly positive.

θ

1

1
2

1
3

V pθq such that

sθZ,V “ ρV pθq
:

V pθq “ V

W pθq such that

sθZ,W “ ρW pθq
:

W pθq “ W

x

y

x

y

x

y

x

y

x

y

1

1 2 ´ 1
θ

1 ´ 1
2θ

1

1

3
2

´ 1
2θ

1 ´ 1
θ

2 ´ 1
θ

Figure 1.4: Depiction of the HN filtered rank invariants of V :“ Irr0, 1q ˆ r0, 2qs ‘
Irr0, 2q ˆ r0, 1qs and W :“ Irr0, 1q2s ‘ Irr0, 2q2zr1, 2q2s. Let Z be one of the stability condi-

tions defined in Example 1.2.1. For each θ P R, the top and bottom rows depict two spread-

decomposable (not necessarily f.p.) persistence modules, respectively V pθq andW pθq, whose
rank invariants coincide with respectively sθZ,V and sθZ,W . Spread-decomposable modules are

represented by drawing the support of their indecomposable summands.

Let Q be a bounded cube of Rn and let Z P ZpRnq be a stability condition such that

for every V : Rn Ñ Vect supported on Q, we have ZpdimV q “ ş

Q
dimV `i dimV0. Then,

the invariant V ÞÑ sV,Z generalises the skyscraper invariant introduced for finite posets

(see (4.21)). In a forthcoming work with Jan Jendrysiak, we devise [71] and implement

in C++ [72] an algorithm to compute sZ,V for modules over the field F :“ Z{2Z. This

algorithm relies on the decomposition algorithm AIDA [41] and on exhaustive enumera-

tions of submodules. Despite not being polynomial in the worst case, it performs well on

multiparameter persistence modules arising from TDA pipelines. We show that it is empir-

ically much faster than the algorithm proposed by Cheng [36]. Our algorithm relies on the
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following observation: for any θ ą 0 and x P Rn, the maps out of 0 in xV ˝ Tx, Zyθ are all

surjective (Proposition 3.3.3). The additivity of Tr‚;Zs means that, before computing any

HN filtrations, we can decompose the largest submodule of V ˝ Tx whose maps out of 0 are

all surjective. We observed that this submodule tends to have much smaller indecomposable

summands than V .

1.3 Readers guide

We give a brief overview of the contents of this thesis. Each chapter includes its own in-

troduction and notations and can be read independently. Chapter 2 provides a detailed

example of the interplay between persistence theory and Harder-Narasimhan filtrations.

In Chapter 3, we study the discriminating power of HN types for various classes of mul-

tiparameter persistence modules, and we introduce the skyscraper invariant. Chapter 4

introduces HN filtered rank invariants and proves their stability. Finally, in Appendix A,

we compare the skyscraper invariant to other invariants in the context of chromatic TDA.

Some general notations used throughout the thesis are gathered in Appendix B.

Harder-Narasimhan filtrations and zigzag persistence: a motivat-

ing example

Chapter 2 is based on the content of an article co-authored with Vidit Nanda and Ulrike

Tillmann [53]. Only minimal notation changes were made to the original article.

This chapter gives a precise relationship between the HN filtrations of representations

of an affine type rA quiver (see Equation (1.2)) and the barcode of the zigzag persistence

module obtained by unwinding the underlying quiver. This preliminary work shows in a

simple example that HN types are able to pick up information which is of interest in TDA.

Harder-Narasimhan filtrations of persistence modules: discrimi-

nating power

Chapter 3 follows an article written with Emile Jacquard, Vidit Nanda and Ulrike Tillmann

[52], with only minimal notation changes from the published version. The content of Sec-

tions 3.3.1, 3.3.2, and 3.6 is based on slight extensions of results proved by Emile [69]. The

ideas and results presented in Sections 3.3.3, 3.5.2, and 3.5.3 are my own. The remainder of

Chapter 3 was developed and written collaboratively with Emile. Our common supervisors,

Vidit Nanda and Ulrike Tillmann, participated in the conceptual development of the results

and in the writing and revision of the entire paper.

In this chapter, we investigate the strength and limitations of Harder-Narasimhan types

for several families of quiver representations which arise in the study of persistence modules.

We introduce the skyscraper invariant, which amalgamates the HN types along stability
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conditions supported at single vertices, and we generalise the rank invariant from multi-

parameter persistence modules to arbitrary quiver representations. Our four main results

are as follows: (1) we show that the skyscraper invariant is strictly stronger than the

rank invariant in full generality and that it is incomparable with the generalised rank in-

variant, (2) we characterise the set of central charges which produce a complete invariant

for zigzag (and hence, ordinary) persistence modules, (3) we extend the preceding char-

acterisation to rectangle-decomposable multiparameter persistence modules of arbitrary

dimension; and finally, (4) we show that although no single central charge is complete for

interval-decomposable ladder persistence modules, a finite set of central charges is complete.

Harder-Narasimhan filtrations of persistence modules: metric sta-

bility

Chapter 4 is broadly based on the preprint [50] which is currently under review. The

version presented here includes several additional results and examples that were added

during the review process.

Building on the previous chapters, we extend the definition of the skyscraper invariant

from the finite to the infinite setting and consider multiparameter persistence modules over

Zn and Rn. We then establish an erosion-type stability result for the skyscraper invariant

in this setting.

Invariants for ladder persistence

Appendix A focuses on ladder persistence and its application to chromatic TDA. In this

context, we compare the discriminating power of several invariants, including the skyscraper

invariant, the generalised rank invariant, and the 6-pack diagram.
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Chapter 2

Harder-Narasimhan filtrations and

zigzag persistence: a motivating

example

Introduction

This chapter concerns representations of acyclic quivers of affine type rAn. The underlying

graph of any such quiver is the n-cycle as drawn below, but one does not obtain a directed

cycle after the edges have been oriented:

xn´1

e0 en´1

x0 e1
x1 e2

¨ ¨ ¨ en´3
xn´3 en´2

xn´2

Our goal here is to describe remarkable formulas which relate two discrete quantities that

are associated to every finite-dimensional representation V of such a quiver. The first

one has its roots in geometric invariant theory, and constitutes a numerical reduction of

V ’s Harder-Narasimhan filtration along a special choice of stability condition. The second

quantity of interest arises in the algebraic study of persistent homology. To obtain it, one

first lifts V to an n-periodic zigzag persistence module over the infinite quiver

¨ ¨ ¨ en´1
xn´1

e0 x0
e1 x1

e2 ¨ ¨ ¨ en´2
xn´2

en´1
xn´1

e0 ¨ ¨ ¨ ,
and then catalogues the multiplicities of its indecomposable summands. Before outlining

the main contributions of our work, we provide brief summaries of both quantities below.

Harder-Narasimhan filtrations

For the purposes of these introductory remarks, a stability condition on a finite acyclic

quiver Q with vertex set Q0 is a map α : Q0 Ñ R that assigns a real number αx to each
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vertex x. The α-slope of a nonzero finite-dimensional representation V of Q is the ratio

µαpV q :“
ř

xPQ0
αx ¨ dimVx

ř

xPQ0
dimVx

.

Here Vx denotes the vector space assigned by V to each vertex x. We call V semistable if

the inequality µαpUq ď µαpV q holds for every nonzero subrepresentation U Ă V . Once we

fix α, there exists a unique, finite length filtration V ‚ of V :

0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V,

where the successive quotient representations Sj :“ V j{V j´1 are semistable and have

strictly decreasing α-slopes. This V ‚ is called the Harder-Narasimhan filtration [63, 103]

of V along α. Our first invariant, for a specific choice of α to be described later, is the map

Q0 Ñ Zℓ that sends each x in Q0 to the vector
`

dimpS1qx, . . . , dimpSℓqx
˘

.

Zigzag persistence

Gabriel’s foundational theorems from [55] establish that the set of indecomposable represen-

tations of a type An quiver can be canonically identified with the collection of subintervals

ru, vs Ă r0, n ´ 1s that have integral endpoints. The study of such representations has

enjoyed a substantial recent renaissance, induced largely by their appearance in topological

data analysis [100, 30], where they are called zigzag persistence modules. Thus, by Gabriel’s

results, every finite-dimensional zigzag persistence module P decomposes uniquely into a

direct sum of the form

P » à

ru,vs
Iru, vsdu,v ;

here ru, vs Ă r0, n ´ 1s ranges over a finite set BarpP q called the barcode of P . For each

such interval, Iru, vs is the corresponding indecomposable whose multiplicity, denoted du,v

above, is a strictly positive integer. A similar interval decomposition theorem also holds

for infinite zigzag persistence modules [17], where the endpoints of intervals are allowed to

attain ˘8 values. Every representation V of a type rAn quiver gives rise to an n-periodic

infinite zigzag module LV , and the second invariant of interest is the associated multiplicity

function BarpLV q Ñ Ną0.

Main results

We introduce the Euler stability condition ϵ : Q0 Ñ R, which is defined on any finite

quiver Q as follows. The underlying graph of Q forms a one-dimensional CW complex X;

and every representation V of Q functorially induces a cellular sheaf [40] S V on X. From

this sheaf, one can build a two-term cochain complex which computes the cohomology of

X with S V coefficients. The corresponding Euler characteristic has the form

χpX;S V q “
ÿ

xPQ0

p1 ´ deginpxqq ¨ dimVx.
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Here deginpxq equals the number of edges which point to x. Our stability condition is

therefore given by ϵpxq :“ 1 ´ deginpxq.
Harder-Narasimhan filtrations along ϵ enjoy some surprising properties pertaining to

barcode decompositions. As a warm-up exercise, we first consider the easiest examples,

which are furnished by equioriented quivers of type An

x0
e1 // x1

e2 // ¨ ¨ ¨ en´1
// xn´1.

The representations of such quivers are called (ordinary, discrete) persistence modules. For

any such representation V , the Harder-Narasimhan filtration V ‚ along ϵ can be used to

directly recover the multiplicities of all intervals which have the form r0, js in BarpV q.
Here is a simplified version of Theorem 2.5.4.

Theorem (A). Let V be a persistence module and let j1 ă . . . ă jℓ be the collection of all

indices j in t0, . . . , n ´ 1u satisfying r0, js P BarpV q. Then V ‚ has length either ℓ or ℓ` 1,

and for each integer 0 ă k ď ℓ the quotient Sk :“ V k{V k´1 satisfies

dimpSkqxi
“
#

d0,jk i P r0, jks,
0 otherwise.

Thus, the Harder-Narasimhan filtration of V along ϵ recovers (the multiplicities of) all

those intervals in BarpV q which have left endpoint 0. We show that one can also extract

similar formulas for multiplicities of all the other intervals in BarpV q – and hence, the

entire isomorphism class of V – by availing of Harder-Narasimhan filtrations along ϵ of V ’s

restriction to certain truncated subquivers. In future work, we will describe a method for

recovering multiplicities of all indecomposables (for representations of a different quiver)

by using several different stability conditions at once.

Turning now to the central focus of this chapter, we consider a representation V of a

type rAn quiver Q over an algebraically closed field. The indecomposable summands of V

have two possible forms, illustrated below:

To the left we have Nru, vs, which is obtained by wrapping an interval ru, vs Ă Z around

Q; here u1 and v1 equal u and v modulo n respectively. To the right lies Jrλ;ws, where all
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vector spaces have the same dimension w ě 1 and all edge-maps are identities except for a

Jordan block with diagonal λ ‰ 0 over e0. As mentioned above, V lifts to a representation

LV of the infinite zigzag quiver UQ obtained by unwinding Q. This lift operation L forms a

functor from the category of representations of Q to the full subcategory of representations

of UQ spanned by n-periodic objects. Moreover, LV decomposes as a direct sum of the

form

LV » Ir´8,8sd8̊ ‘ à

ru,vs

˜

à

cPZ
Iru ` cn, v ` cns

¸dů,v

. (2.1)

The first term on the right consists of infinite intervals corresponding to the Jrλ;ws sum-

mands of V while the second term consists of (infinitely many) n-shifted copies of Iru, vs
corresponding to the Nru, vs summands. Here is a condensed description of our main result,

Theorem 2.7.4.

Theorem (B). Let V be a representation of an acyclic type rAn quiver Q over an alge-

braically closed field. Let V ‚ be the Harder-Narasimhan filtration of V along ϵ, and let

Sj :“ V j{V j´1 be its successive quotients. If µϵpSjq is nonzero, then for each vertex x P Q0

we have:

dimpSjqx “
ÿ

Nru,vs
d˚
u,v ¨ dimNru, vsx

where the sum is over all Nru, vs appearing in the decomposition of V which have the same

ϵ-slope as Sj. And similarly, if µϵpSjq equals 0, then for each vertex x P Q0, we have

dimpSjqx “ d˚
8 `

ÿ

Nru,vs
d˚
u,v ¨ dimNru, vsx

where the sum is over indecomposable summands Nru, vs of V that satisfy µϵpNru, vsq “ 0.

Since LV is periodic, the multiplicities d8̊ and dů,v of its indecomposable summands can

be computed by restricting to a sufficiently long finite zigzag persistence module via the

algorithms of [30, 29] — see Corollary 2.7.5 and the subsequent Remark 2.7.7 for complexity

estimates. We hope that the results of this chapter will encourage not only the use of tools

from geometric invariant theory in the study of persistence modules, but also facilitate

an influx of techniques from topological data analysis for efficient computation of Harder-

Narasimhan filtrations.

Organisation

Sections 2.1, 2.2 and 2.3 contain notation and preliminary material pertaining to quiver

representations, their direct sum decompositions into indecomposable representations, and

Harder-Narasimhan filtrations respectively. In Section 2.4 we introduce the Euler stability

condition, and in Section 2.5 we prove Theorem (A). In Section 2.6 we describe the infinite

zigzag persistence modules arising as lifts of rAn quiver representations. Finally, Section 2.7

contains the proof of Theorem (B) along with some of its consequences.
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Related work

The recent work of Kinser [80] classifies totally stable conditions on type A quivers, for which

every indecomposable is stable, rather than semistable1. Using such a stability condition

instead of ϵ in Section 2.5 would allow us to recover the entire barcode at once from the

HN filtration (rather than only the intervals with left endpoint 0). We note in passing that

total stability conditions have also been described for quivers of type D and E by Diaz,

Gilbert and Kinser in [43]. For more complicated quivers, however, the set of totally stable

conditions is always empty.

In [65], Hille and de la Peña characterise stable representations of tame quivers when the

stability condition is in a neighbourhood of a quantity called the defect. For rAn quivers, the

defect happens to coincide with the Euler slope, and hence their work yields a different proof

of our Proposition 2.7.3. Unlike their argument, ours does not use any knowledge of tame

hereditary algebras (besides the list of indecomposable type rA quiver representations). More

recently, Apruzzese and Igusa [3] have used a geometric model to determine the maximum

finite number of stable indecomposables of type rA quivers as the stability condition is

varied.

The idea of relating indecomposables of a quiver to those of its universal cover, which

is exploited heavily in Section 2.6, dates back to the work of Riedtmann, [104] Bongartz-

Gabriel [16], Gabriel [54] and Green [60]. An algorithmic perspective on covering theory

for representations of strictly alternating rAn quivers has been employed in the work of

Burghelea and Dey on circle-valued persistence [27], where indecomposables of the form

Jrλ;ws are called Jordan cells. Similarly, Cheng [36] presents a polynomial time algorithm

to compute Harder-Narasimhan filtrations with respect to any stability condition by relating

them to the so-called discrepancies of quiver representations. Computing discrepancies

requires finding the largest c such that a given space of matrices has a c-shrunk subspace.

Although this last problem admits a polynomial-time algorithm [68], we are not aware of

any practical implementations.

Finally, the work of Henselman and Ghrist [57] seeks to generalise persistence barcodes

for functors to non-abelian categories by viewing (ordinary) persistence modules as lattice

homomorphisms from a lattice of intervals with respect to a certain partial order. In

contrast, the ϵ-slope defines a total preorder on the set of intervals. If the interval modules

are all stable (i.e., if the stability condition is totally stable in the sense of [80]), then this

preoreder is an order and the HN filtration constitutes a subsaecular series in the language

of [57].

1In this context, a Q-representation V is called stable with respect to α : Q0 Ñ R if the strict inequality

µαpUq ă µαpV q holds for every subrepresentation 0 Ĺ U Ĺ V .
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2.1 Quiver representation preliminaries

The study of quiver representations is a vast enterprise spanning algebra and geometry,

so we will restrict our focus here on the aspects relevant to this work; comprehensive

treatments can be found in [81] and [107].

A quiver Q consists of two sets Q0 and Q1, whose elements are called vertices and edges

respectively, equipped with two functions s, t : Q1 Ñ Q0 called the source and target map.

We typically write e : x Ñ y when indicating that the edge e has source speq “ x and target

tpeq “ y. A path of Q is any nonempty finite sequence of edges p “ pe1, . . . , ekq so that

spejq “ tpej´1q holds across all 1 ă j ď k. The source and target maps extend to any such

p by setting sppq “ spe1q and tppq “ tpekq, and we call p a cycle of Q whenever the source

and target vertex of p are identical. The quiver Q is called acyclic if it does not contain

any such cycles.

Let us fix, once and for all, a ground field F so that all vector spaces and linear maps

encountered henceforth are understood to be defined over F. A representation V of Q is

an assignment of

1. a vector space Vx to each vertex x P Q0, and

2. a linear map Ve : Vx Ñ Vy to each edge e : x Ñ y in Q1.

Unless stated otherwise, we will assume that both Q0 and Q1 are finite, and we will only

consider finite-dimensional representations of Q — i.e., each Vx is required to be finite-

dimensional over F. The map dimV : Q0 Ñ Z sending each x to dimVx is called the

dimension vector of V .

A morphism of representations f : V Ñ V 1 is a collection of vertex-indexed linear maps

tfx : Vx Ñ V 1
x | x P Q0u so that for each edge e : x Ñ y in Q1 the evident diagram of vector

spaces commutes:

Vx
fx

//

Ve

��

V 1
x

V 1
e

��

Vy fy
// V 1

y

Equivalently, the identity ftpeq ˝Ve “ V 1
e ˝fspeq holds for every edge e P Q1. With this def-

inition of morphisms in place, the representations of Q define an abelian category ReppQq,
see [55, Section 1.2]. Injective and surjective morphisms, kernels, images, quotients, direct

sums and the zero object are all defined pointwise in ReppQq. We say that V is a sub-

representation of another representation V 1 whenever there exists an injective morphism

V ãÑ V 1, in which case we simply write V Ă V 1.

Remark 2.1.1. The quiver Q is a subquiver of another quiver Q1 “ ps1, t1 : Q1
1 Ñ Q1

0q if

we have Q0 Ă Q1
0 and Q1 Ă Q1

1 so that s and t are restrictions of s1 and t1 respectively.
Given such a subquiver, we note that each representation V 1 of Q1 automatically induces a
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representation V of Q by restricting to the available vertices and edges. Namely, Vx :“ V 1
x

for all x P Q0 and Ve :“ V 1
e for all e P Q1.

2.2 Harder-Narasimhan filtrations

Harder-Narasimhan filtrations were originally introduced for the purpose of studying moduli

spaces of vector bundles over algebraic curves [63]; they have since been employed in a

plethora of other contexts [78, 23, 61], including geometric invariant theory [106, Chapter

4.2].

The Grothendieck group KpAq of an abelian category A is the abelian group generated

by the objects of A subject to the relation that V “ U ` W whenever there is an exact

sequence 0 Ñ U Ñ V Ñ W Ñ 0. By a stability condition on A we mean an abelian

group homomorphism Z : KpAq Ñ pC,`q valued in the (additive) complex numbers, so

that every nonzero object U is mapped to the right half plane, i.e. ReZpUq ą 0. Given

such a stability condition, the Z- slope of a nonzero object V in A is the real number

µZpV q :“ ImZpV q
ReZpV q .

Definition 2.2.1. Let Z be a stability condition on A. A nonzero object V in A is

Z-semistable if its nonzero subobjects have smaller or equal slopes. In other words,

µZpUq ď µZpV q holds whenever there exists an injective morphism U ãÑ V in A with

U ‰ 0. △

The importance of semistable objects in the study of moduli spaces stems from the

fact that every nonzero object admits a unique filtration for which the successive quotients

are semistable and have strictly decreasing slopes. A proof of the following result (for the

category of representations of a fixed quiver) can be found in [65, Theorem 2.5]; more

generally, see [61, Theorem 4.2].

Theorem 2.2.2. Let A be a finite length (i.e., Noetherian and Artinian) abelian category

equipped with a stability condition Z : KpAq Ñ pC,`q. Every object V ‰ 0 of A admits a

unique filtration V ‚ :“ HN‚
ZpV q:

0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V

whose successive quotients V j{V j´1 are all Z-semistable with strictly decreasing Z-slopes,

i.e.,

µZpV j{V j´1q ą µZpV j`1{V jq.
(This unique V ‚ is called the Harder-Narasimhan, or HN, filtration of V along Z.)

Remark 2.2.3. In particular, it follows from uniqueness that a nonzero object V of A is

Z-semistable if and only if the corresponding HN filtration is the trivial one 0 Ĺ V .
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Let HompQ0,Zq be the abelian group consisting of functions Q0 Ñ Z with addition

defined vertex-wise. When Q is acyclic, the map V ÞÑ dimV furnishes an isomorphism

KpReppQqq » HompQ0,Zq — see for instance [81, Theorem 1.15]. As a result, every

stability condition on ReppQq amounts to a function β : Q0 Ñ C sending vertices x to

complex numbers βx, subject to the requirement that Reβx ą 0. It is customary to assign

numbers of the form βx “ 1 ` i ¨ αx for arbitrary real numbers αx [65, 103]. Thus, the

stability conditions of interest are precisely the functions α : Q0 Ñ R, and for such a

function the corresponding α-slope of V P ReppQq equals

µαpV q “
ř

xPQ0
αx ¨ dimVx

ř

xPQ0
dimVx

.

Crucially, the uniqueness result of Theorem 2.2.2 applies only after the stability condi-

tion has been fixed — in particular, varying α : Q0 Ñ R is liable to produce a very different

HN filtration of the same representation. If α is identically zero for instance, then all quiver

representations are semistable with slope 0, and hence have trivial HN filtrations. Our focus

here will be on a specific choice of stability condition ϵ arising from cellular sheaf cohomol-

ogy, which is described in Section 2.4. Throughout the remainder of this section, however,

we fix an arbitrary α and all instances of slopes, stability and HN filtrations encountered

here are with respect to this fixed α.

The following result was established for vector bundles in [109, §2]; the version stated

below is [103, Lemma 2.2].

Lemma 2.2.4. The following properties hold for every exact sequence

0 Ñ U Ñ X Ñ V Ñ 0

in ReppQq with U, V and X all nonzero:

1. minpµpUq, µpV qq ď µpXq ď maxpµpUq, µpV qq; and moreover,

2. if µpUq “ µpV q with U and V semistable, then X is also semistable.

It will be convenient for our purposes to describe the HN filtrations of direct sums in

terms of the HN filtrations of constituent factors. To this end, given any representation

V in ReppQq, we consider the HN filtration V ‚ as being indexed over the real line in the

following manner. The HN R-filtration of V is the assignment xV, αy : t ÞÑ xV, αyt of quiver
representations to real numbers obtained by setting

xV, αyt :“ V ttuµ ;

here ttuµ is the smallest integer i ě 0 satisfying t ě µpV i`1{V iq, as illustrated below:

V 2

µpV 2{V 1q
V 1

µpV 1{V 0q

xV, αyt

t

V 0

. . .
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Given s ě t in R, we have tsuµ ď ttuµ, so there is an obvious inclusion xV, αyt ãÑ xV, αys.
Thus, xV, αy constitutes a functor from the ě-ordered set of real numbers to the category

ReppQq. There is a natural direct sum operation on such functors, where rxU, αy ‘ xV, αys
assigns to each t P R, the representation xU, αyt ‘ xV, αyt.

The following result is well-known to experts, but we were unable to find it in the

literature and have included a proof for completeness.

Proposition 2.2.5. For nonzero U and V in ReppQq, we have xU‘V, αy “ xU, αy‘xV, αy.
Proof. Writing ℓ and m for the lengths of U‚ and V ‚ respectively, let

µ :“ ␣

µpU i{U i´1q(
1ďiďℓ

Y ␣

µpV j{V j´1q(
1ďjďm

be the union of slopes attained by the successive quotients of both filtrations. By con-

struction, xU ‘ V, αy is locally constant on R ´ µ. Let θ1 ą . . . ą θn be the slopes in µ

arranged in strictly decreasing order, and consider the filtration W ‚ of U ‘ V given by

W k :“ xU, αyθk ‘ xV, αyθk for each 1 ď k ď n. We now claim that W ‚ is the HN filtration

of pU ‘ V q. To see this, note that we have an isomorphism of quotient representations

W k

W k´1
» xU, αyθk

xU, αyθk´1
‘ xV, αyθk

xV, αyθk´1
(2.2)

for each k. We will now show that W k{W k´1 is semistable with slope θk, which – when

combined with the uniqueness guarantee of Theorem 2.2.2 – produces the desired result.

By (2.2), we have a (split) exact sequence of the form

0 Ñ xU, αyθk
xU, αyθk´1

ãÑ W k

W k´1
↠

xV, αyθk
xV, αyθk´1

Ñ 0

The two summands on the right side of (2.2) are either trivial or semistable with slope θk

by construction. In the nontrivial case, the first assertion of Lemma 2.2.4 ensures that the

slope of W k{W k´1 is also θk, while the second assertion guarantees semistability.

2.3 Indecomposables and barcodes

A representation V ‰ 0 of a quiver Q is indecomposable if it cannot be written as a direct

sum of two nontrivial representations. Since we have assumed that Q is finite and V is finite-

dimensional, the Krull-Schmidt theorem [9, 83] applies, so there is a unique pair consisting

of a finite set IndpV q of indecomposable representations and a function IndpV q Ñ Ną0

denoted I ÞÑ dI that satisfies

V “ à

IPIndpV q
IdI .

It follows from Proposition 2.2.5 that the HN filtrations of all I in IndpV q determine the HN

filtration of V , so in principle it suffices to restrict attention to indecomposable representa-

tions. Unfortunately, the task of decomposing a given V P ReppQq into indecomposables,
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and the task of cataloguing all possible indecomposables in ReppQq are both remarkably

difficult problems for arbitrary Q. Two prominent exceptions are the Dynkin quivers of

type A and rA, whose indecomposables we describe below.

2.3.1 Quivers of type A

Gabriel’s seminal result [55] established that ReppQq is representation finite2 if and only

if the undirected graph obtained from Q by ignoring source and target information is a

disjoint union of simply-laced Dynkin diagrams (i.e., of types A,D and E). In particular,

we recall that a quiver Q is said to be of type An for some n ě 0 whenever its underlying

graph is:

x0
e1 x1

e2 ¨ ¨ ¨ en´1
xn´1.

Representations of type An quivers are also called zigzag persistence modules [30].

If speiq “ xi´1 and tpeiq “ xi holds for each i, then Q is called equioriented, and its

representations are (ordinary) persistence modules [117].

Definition 2.3.1. Let Q be a quiver of type An and consider a subinterval ru, vs Ă r0, n´1s
with u and v integers. The interval module Iru, vs is the representation of Q defined as

follows. The vector spaces assigned to vertices are

Iru, vsxi
“
#

F if i P ru, vs
0 otherwise.

The linear map Iru, vsej assigned to the edge ej is the identity idF whenever both source

and target vector spaces are nontrivial, and is necessarily zero otherwise. △

The following result is a direct consequence of Gabriel’s theorem [55].

Theorem 2.3.2. Let Q be a type An quiver. Then up to isomorphism, the indecomposables

of ReppQq are precisely the interval modules Iru, vs for ru, vs Ă r0, n ´ 1s.

It follows directly from the above result that for every zigzag persistence module V

there exists a unique finite set BarpV q containing subintervals of r0, n ´ 1s and a unique

function BarpV q Ñ Ną0 denoted ru, vs ÞÑ duv which satisfy the following property: there

is an isomorphism

V » à

ru,vsPBarpV q
Iru, vsduv (2.3)

in ReppQq. This set BarpV q is called the barcode of V while ru, vs ÞÑ duv is called the

multiplicity function. There are practical algorithms which can compute both barcodes

and multiplicities for zigzag persistence modules — see [30].

2Representation finiteness of Q means that there are only finitely many indecomposables in ReppQq
which attain a given dimension vector.
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In this chapter we will also be interested in representations of type A8 quivers; the

underlying graph of any such quiver Q has vertices indexed by Z as depicted below:

¨ ¨ ¨ e´1
x´1

e0 x0
e1 x1

e2 ¨ ¨ ¨
Interval modules Iru, vs in ReppQq are described as in Definition 2.3.1, except that in

addition to the usual subintervals ru, vs Ă Z, one also allows infinite intervals with u “ ´8
or v “ 8 or both. The following result summarises [17, Theorem 1.6 and Theorem 1.7].

Theorem 2.3.3. Let Q be a type A8 quiver. Then,

1. the only indecomposable objects in ReppQq are the interval modules; and moreover,

2. every V P ReppQq satisfying dimVx ă 8 for all x P Q0 admits a unique (and not

necessarily finite) set BarpV q consisting of subintervals ru, vs Ă Z Y t˘8u and a

multiplicity function d : BarpV q Ñ Zą0 so that the decomposition

V » à

ru,vsPBarpV q
Iru, vsduv

holds in ReppQq.

2.3.2 Affine quivers of type rA

We say that Q is of type rAn if its underlying graph has the form

xn´1

e0 en´1

x0 e1
x1 e2

¨ ¨ ¨ en´3
xn´3 en´2

xn´2.

(2.4)

for n ą 1. In this section we assume that the ground field F is algebraically closed. With

this assumption in place, the indecomposables of Q can be classified into two families, which

we describe below (with illustrative examples to follow).

Definition 2.3.4. Let Q be a quiver of type rAn.

1. For each interval ru, vs Ă Z, the representation Nru, vs of Q is defined as follows.

Setting ℓ :“ tv´u
n

u, the vector space assigned to xj is

Nru, vsxj
“
#

Fℓ`1 if j P ru, vs mod n, and

Fℓ otherwise.

The linear map over ej is the identity whenever its source and target vector spaces are

equidimensional; the exceptional cases occur when j equals either u or v ` 1 modulo

n. In such cases, if ej has a clockwise orientation, then we have:

Nru, vsej “

$

’

’

&

’

’

%

r0 idℓs if pu mod nq “ j ‰ pv ` 1 mod nq,
ridℓ 0sT if pu mod nq ‰ j “ pv ` 1 mod nq, and
“

0 idℓ
0 0

‰

if pu mod nq “ j “ pv ` 1 mod nq
.
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Similarly, when ej has a counterclockwise orientation, Nru, vsej is the transpose of

the appropriate matrix above.

2. For each field element λ ‰ 0 in F and integer w ě 1, let Jrλ;ws be theQ-representation
which assigns to every vertex the vector space Fw, to every edge ej for j ‰ 0 the

identity map idw, and to e0 the Jordan block with λ along its diagonal. △

We observe that Nru, vs and Nru1, v1s are isomorphic whenever both (a) lengths v ´ u

and v1 ´ u1 coincide, and (b) the equalities u “ u1 and v “ v1 hold modulo n. To remove

the ambiguity, we will implicitly assume henceforth that u lies in t0, . . . , n ´ 1u for every

Nru, vs.
Example 2.3.5. Here is the representation Nr1, 9s of a type rA6 quiver; note that the di-

mension is larger between vertices x1 and x3, and that unlabelled arrows carry identity

maps:

F

uuF r 01 s
// F2 // F2 F2

r1 0s
//oo F

ii

Similarly, here is the representation Jr2; 3s of the same quiver:

F3
„

2 1 0
0 2 1
0 0 2

ȷ

uuF3 // F3 // F3 F3oo // F3

ii

A proof of the following result can be found in [44].

Theorem 2.3.6. A representation of a type rAn quiver is indecomposable if and only if it

is isomorphic either to Nru, vs for some interval ru, vs Ă Z or to Jrλ;ws for some λ ‰ 0 in

F and w ě 1 in Z.

2.4 The Euler stability condition

The stability condition that we will use throughout this chapter is simple to define. By the

discussion following Remark 2.2.3, we only require a function Q0 Ñ R. This function is

x ÞÑ p1 ´ # te P Q1 | tpeq “ xuq ,

with # denoting cardinality. Readers who are satisfied with this definition may safely

proceed to the next section; in this section we will only describe the reasons which have

motivated our choice.

Consider a CW complex X, write σ ď τ to indicate that the cell σ lies in the boundary

of the cell τ in X, and denote the poset of cells ordered by this face relation by pX,ďq. A
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cellular sheaf F on X is a functor from pX,ďq to the category Vect of F-vector spaces

[40]. Thus, F assigns to each cell σ a vector space Fσ and to each face relation σ ď τ a

linear map Fστ : Fσ Ñ Fτ , subject to two axioms:

1. (identity) the map Fσσ : Fσ Ñ Fσ is the identity for each cell σ, and

2. (associativity) across any triple σ ď τ ď ν of cells, we have Fσν “ Fτν ˝ Fστ .

When X is one-dimensional, the associativity axiom holds automatically since there are no

triples of the form σ ă τ ă ν. Cellular sheaves on X form an abelian category ShfpXq
whose morphisms are given by the natural transformations between functors pX,ďq Ñ Vect.

Let F be a cellular sheaf on a CW complex X, and consider the sequence of vector

spaces and linear maps

0 // C0pX;F q δ0F // C1pX;F q δ1F // ¨ ¨ ¨ , (2.5)

where CjpX;F q :“ ś

dimσ“j Fσ for each dimension j, and the map δjF has the following

block structure. Its component Fσ Ñ Fτ equals

δjF |στ :“
#

rσ : τ s ¨ Fστ if σ ď τ

0 otherwise,

with rσ : τ s denoting the degree of the attaching map of τ ’s boundary along σ. A simple

calculation [40, Lemma 6.2.2] confirms that (2.5) is a cochain complex, and the associated

cohomology is denoted HjpX;F q :“ ker δjF
L

img δj´1
F . If these sheaf cohomology groups

are finite dimensional for all j and vanish for j " 0, then there is a well-defined Euler

characteristic of F :

χpX;F q :“
ÿ

jě0

p´1qj ¨ dimHjpX;F q,

which (as usual) also equals the alternating sum
ř

jě0p´1qj ¨ dimCjpX;F q whenever this

sum makes sense.

The graph underlying any quiver may be treated as a one-dimensional regular CW

complex — cells of dimension 0 and 1 are Q0 and Q1 respectively. In this case, the zeroth

sheaf cohomology H0pX;S V q coincides with the space of sections [108, Section 1] of V .

Definition 2.4.1. Let Q be a quiver with underlying graph X. The associated sheaf

functor S : ReppQq Ñ ShfpXq sends each V in ReppQq to the cellular sheaf S V in

ShfpXq which assigns to each cell σ P Q0 Y Q1 the vector space:

pS V qσ :“
#

Vσ if σ P Q0

Vtpσq if σ P Q1,

and to each face relation σ ď τ , with τ P Q1 and σ P tspτq, tpτqu, the linear map:

pS V qστ :“
#

Vτ if σ “ spτq
idVσ if σ “ tpτq.
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Morphisms V Ñ W in ReppQq induce morphisms S V Ñ SW in ShfpXq in a straight-

forward manner. △

Our next result shows that the Euler characteristic χpX;S V q can form the imaginary

part of a stability condition on ReppQq.
Proposition 2.4.2. Let Q be a quiver with underlying graph X. The map V ÞÑ χpX;S V q
is a well-defined group homomorphism K0pReppQqq Ñ pR,`q.
Proof. It is not difficult to confirm that the functor S is exact, so every exact sequence

0 Ñ U Ñ V Ñ W Ñ 0 in ReppQq produces a short exact sequence of cochain complexes

0 Ñ C‚pX;SUq Ñ C‚pX;S V q Ñ C‚pX;SW q Ñ 0.

Passing to the long exact sequence on sheaf cohomology, we obtain the desired equality

χpX;S V q “ χpX;SUq ` χpX;SW q.
Since there are only two nontrivial cochain groups to consider in (2.5) when X is the

underlying graph of a quiver Q, we have for each V in ReppQq the formula

χpX;S V q “
ÿ

xPQ0

dimVx ´
ÿ

ePQ1

dimVtpeq by (2.5) and Def 2.4.1,

“
ÿ

xPQ0

p1 ´ deginpxqq ¨ dimVx .

Here deginpxq :“ # te P Q1 | tpeq “ xu. We have arrived at the desired stability condition.

Definition 2.4.3. The Euler stability condition for an acyclic quiver Q is the map

ϵ : Q0 Ñ R given by ϵpxq :“ p1 ´ deginpxqq, and the associated slope defined for V ‰ 0 in

ReppQq by

µϵpV q :“
ř

xPQ0
ϵpxq ¨ dimVx

ř

xPQ0
dimVx

,

is called the Euler slope. △

2.5 HN filtrations of ordinary persistence modules

Throughout this section, Q will denote the equioriented quiver of type An for some n ě 1,

and V will denote a fixed nonzero object of ReppQq, i.e., an ordinary persistence module:

V0
f1

// V1
f2

// ¨ ¨ ¨ fn´1
// Vn´1 . (2.6)

Our goal here is to link the barcode decomposition of V from (2.3), recalled below:

V » à

ru,vsPBarpV q
Iru, vsduv ,

to its HN filtration with respect to the Euler stability condition (see Theorem 2.2.2 and

Definition 2.4.3). The first step in this direction is to establish some general results which

hold for a wider class of stability conditions.
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2.5.1 General results for antitone slopes

Let ĺ denote the lexicographical total ordering on subintervals of r0, n´ 1s, where ru, vs ĺ
ru1, v1s holds if we have either u ă u1 or both u “ u1 and v ď v1. Let α : Q0 Ñ R be a

stability condition on Q with associated slope µα. We say that our slope µα is antitone if

the inequality µαpIru, vsq ě µαpIru1, v1sq holds in R whenever we have ru, vs ĺ ru1, v1s.

Lemma 2.5.1. If µα is antitone, then every interval module Iru, vs for ru, vs P BarpV q is

α-semistable.

Proof. Fix an interval ru, vs P BarpV q, and consider a nonzero submodule U Ă Iru, vs.
Using the barcode decomposition of U from Theorem 2.3.2 followed by Lemma 2.2.4, we

obtain the inequality

µαpUq ď max
ru1,v1sPBarpUq

µαpIru1, v1sq.

Thus, we are required to prove that µαpIru1, v1sq ď µαpIru, vsq holds whenever Iru1, v1s is a
submodule of Iru, vs. It is readily checked that this submodule condition holds if and only

if u1 ě u and v1 “ v. This fact follows from [11, Theorem 4.2(i)], but for completeness let

us recall that we need u1 ě u for dimension reasons. Moreover, v1 “ v follows from the fact

that if v exceeds v1 then the following diagram of vector spaces fails to commute:

F “ Iru1, v1sv1 //
� _

��

0 “ Iru1, v1sv1`1� _

��

F “ Iru, vsv1
id

// F “ Iru, vsv1`1

(2.7)

Thus, we have ru, vs ĺ ru1, v1s and the desired conclusion follows because µα is antitone.

For antitone µα’s we can now describe HN filtrations directly in terms of barcodes.

Proposition 2.5.2. Assume that the slope µα is antitone, then for each t P R the HN

R-filtration of V evaluated at t is given by

xV, αyt » à

ru,vs
Iru, vsduv , (2.8)

where the sum is over all ru, vs P BarpV q satisfying µαpIru, vsq ě t. The multiplicities

duv are the ones appearing in (2.3) and the isomorphism can be obtained by restricting the

decomposition from (2.3).

Proof. We know from Lemma 2.5.1 that interval modules are semistable for antitone µα.

By Remark 2.2.3, the HN filtration of such a module is the trivial one (0 Ĺ Iru, vs), which
clearly satisfies (2.8). By Proposition 2.2.5, the left side of (2.8) is (also) additive, whence

V satisfies (2.8) as claimed.
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Corollary 2.5.3. Assume that µα is antitone and that the HN filtration V ‚ of V has length

ℓ. Then for each j in t1, . . . , ℓu, we have an isomorphism

V j

V j´1
» à

ru,vs
Iru, vsduv ,

where the sum ranges over all ru, vs P BarpV q satisfying µαpIru, vsq “ µαpV j{V j´1q, and
where d indicates the multiplicity function of V from (2.3).

2.5.2 Specific results for Euler slopes

We continue to work with a fixed persistence module V as in (2.6), but now specialise to

the Euler stability condition ϵ : Q0 Ñ R from Definition 2.4.3. It is immediate from this

definition that the Euler slope of V is

µϵpV q “ dimV0
řn´1

i“0 dimVi
. (2.9)

Here is the full version of Theorem (A) from the Introduction.

Theorem 2.5.4. Let ru, vs ÞÑ du,v be the multiplicity function of V as described in (2.3),

and let J be the (possibly empty) set of all indices j P t0, . . . , n ´ 1u for which r0, js lies in
BarpV q. If J˚ is the set of all intervals ru, vs P BarpV q with u ‰ 0, then,

1. the length ℓ of the (Euler) HN filtration V ‚ is

ℓ :“
#

1 ` p#Jq if J˚ ‰ H
p#Jq otherwise;

and moreover,

2. if the elements of J are j1 ă . . . ă jp#Jq, then we have for 1 ď k ď ℓ

V k

V k´1
“
#

Ir0, jksd0,jk if k ď p#Jq
À

ru,vsPJ˚ Iru, vsdu,v if k “ 1 ` p#Jq.

Proof. Replacing V by an indecomposable module Iru, vs in the formula (2.9) gives

µϵpIru, vsq “
#

1
v`1

, if u “ 0

0 otherwise.

Thus, µϵ is antitone and we may apply Corollary 2.5.3 to establish both assertions.

The preceding result establishes a direct relationship between barcode decompositions

and (Euler) HN filtrations of ordinary persistence modules — to obtain the HN filtration
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from the barcode inductively, one lexicographically orders the intervals in BarpV q with left

endpoint zero as r0, j0s ă r0, j1s ă ¨ ¨ ¨ ă r0, jn´1s; then for k ă n, we have

V k » V k´1 ‘ Ir0, jksd0,jk .
Conversely, it is possible to extract the multiplicity of any interval of the form r0, vs in

BarpV q by using the HN filtration: there is at most one index k for which the equality

µϵpV k{V k´1q “ 1{pv ` 1q holds. If such a k exists, then we have d0,v “ dimpV k{V k´1qx0 ;

otherwise, r0, vs is not in BarpV q. There is, however, no separation of intervals ru, vs P
J˚ from each other since all of them have slope 0. Two remedies are available for this

unfortunate incompleteness — the first of these comes in the form of slopes which separate

all intervals in BarpV q. Any such totally stable slope [80], if used instead of ϵ in the proofs

above, would allow us to recover the entire barcode of V via successive quotients of the

associated HN filtration. The second remedy is described below.

Remark 2.5.5. Let us label the vertices and edges of the underlying quiver Q as follows:

x0
e1 // x1

e2 // ¨ ¨ ¨ en´1
// xn´1.

For each integer k in t0, . . . , n ´ 1u, define Qěk to be the type An´k subquiver of Q con-

sisting of vertices txj | k ď j ď n ´ 1u and all the edges between them. Let V ěk be the

representation of Qěk obtained by restricting V to Qěk. By the restriction principle [30],

the decomposition (2.3) becomes

V ěk » à

ru,vs
Irmaxpu ´ k, 0q, v ´ ksduv ,

where the sum is over all intervals ru, vs P BarpV q satisfying v ě k. For a fixed interval

rk, vs in BarpV q, the above decomposition induces the relation on multiplicities

dk,v “ děk
0,v´k ´

ÿ

ru,vs
du,v.

Here děk
0,v´k denotes the multiplicity of r0, v´ ks in BarpV ěkq, and the sum is over intervals

ru, vs in BarpV q satisfying u ă k. By Theorem 2.5.4, we have that děk
0,v´k can be recovered

from the HN filtration of V ěk along the Euler stability condition. Thus, we can inductively

reconstruct the entire multiplicity function of V from the HN filtrations of
␣

V ěk | k ě 0
(

.

2.6 Unwinding affine type rA quivers

We say that a quiver is of type A8 whenever its underlying graph has the form

¨ ¨ ¨ a´1
y´1

a0
y0

a1
y1

a2 ¨ ¨ ¨
Explicitly, the vertex set is identified with the set of integers Z, and there is a unique edge

between every adjacent pair of integers. Thus, representations of A8 quivers are infinite

zigzag persistence modules.

We now fix a quiver Q “ ps, t : Q1 Ñ Q0q of type rAn labelled as in (2.4).
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Definition 2.6.1. The unwinding of Q is a quiver UQ of type A8 whose vertex and edge

sets areUQ0 :“ Q0ˆZ andUQ1 :“ Q1ˆZ, with source and target maps σ, τ : UQ1 Ñ UQ0

given as follows: for all j P t1, 2, . . . , n ´ 1u and c P Z, we have

σpej, cq :“ pspejq, cq and τpej, cq :“ ptpejq, cq.

If spe0q “ x0 then the edge pe0, cq P UQ1 has source px0, cq and target pxn´1, c ´ 1q for

each c P Z. Conversely, if spe0q “ xn´1, then pe0, cq has source pxn´1, c ´ 1q and target

px0, cq. △

Let ϕ : UQ0 Ñ Z be the bijection pxi, cq ÞÑ i ` cn; for each interval rp, qs Ă Z, let
UQp,q Ă UQ denote the truncated subquiver spanned by all vertices satisfying ϕpxj, cq P
rp, qs and the edges between them.

Example 2.6.2. Here is rA6 quiver from Example 2.3.5 depicted above its unwinding. The

labels above and below the vertices of the unwinding are ϕpUQ0q and UQ0 respectively.

y´1 y0 y1 y2 y3 y4 y5 y6

px0, 0q px1, 0q px2, 0q px3, 0q px4, 0q px5, 0qpx5,´1q px0, 1q

x0 x1 x2 x3 x4

x5

. . . . . .

As before, we only consider representations whose assigned vector spaces are all finite-

dimensional. Such a representation W P ReppUQq is said to be periodic whenever we

have:

Wpxj ,cq “ Wpxj ,c`1q for all pxj, cq P UQ0, and

Wpej ,cq “ Wpej ,c`1q for all pej, cq P UQ1.

We denote by PReppUQq the full subcategory of ReppUQq which consists of all such

periodic representations. Crucially, we do not require that the morphisms in PReppUQq
be periodic, otherwise the resulting category would be equivalent to ReppQq.

Proposition 2.6.3. Up to isomorphism, the indecomposable representations in PReppUQq
are either

1. the infinite interval module Ir´8,8s, or

2. the direct sum Σru, vs :“ À

cPZ Iru ` cn, v ` cns for some interval ru, vs Ă Z.
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Proof. Since PReppUQq is a subcategory of ReppUQq, it follows from Theorem 2.3.3 that

every representation W in PReppUQq admits a decomposition into indecomposables in

ReppUQq of the form

W » à

ru,vs
Iru, vsdu,v . (2.10)

Here the sum ranges over intervals ru, vs Ă Z lying in the barcode BarpW q, and du,v is the

multiplicity of each such interval as described in (2.3). We first claim that the multiplicity

function is n-periodic — namely, for all rp, qs Ă Z, we have dp,q “ dp`n,q`n. To verify

this claim, let W p,q denote the representation of UQp,q obtained by restricting W to the

available vertices and edges. By (2.10), we have

W p´1,q`1 » à

ru,vs
I
“ru, vs X rp ´ 1, q ` 1s‰du,v

where the sum is over intervals ru, vs P BarpW q that have nonempty intersection with

rp ´ 1, q ` 1s. The desired n-periodicity of d now follows from the fact that the left side

remains invariant if p and q are replaced by p`n and q`n respectively. Similarly, BarpW q
can not contain any intervals of the form ru,8s or r´8, vs — the inclusion of any ru,8s
interval would, for instance, force the inclusion of ru`cn,8s for all c P Z, which contradicts

the finite dimensionality of W . Thus, (2.10) becomes

W » Ir´8,8sd´8,8 ‘ à

ru,vs

˜

à

cPZ
Iru ` cn, v ` cns

¸du,v

“ Ir´8,8sd´8,8 ‘ à

ru,vs
Σru, vsdu,v ,

where the sums range over intervals ru, vs P BarpW q with 0 ď u ă n. Moreover,

since PReppUQq is a full subcategory of ReppUQq, the above decomposition holds in

PReppUQq, as desired. Finally, we note that Ir´8,8s is indecomposable in PReppUQq
because it is indecomposable in the larger category ReppUQq by Theorem 2.3.3, and that

each Σru, vs is indecomposable in PReppUQq because any nontrivial periodic decomposi-

tion of it would produce a nontrivial decomposition of Iru, vs in a sufficiently long truncation

of UQ.

Remark 2.6.4. The argument given above also establishes that the multiplicity function

BarpW q Ñ Ną0 of W P PReppUQq can be recovered from the decomposition (into

indecomposables) of a sufficiently large but finite zigzag persistence module. More pre-

cisely, let D P Z be chosen so that for any ru, vs P BarpW q there is a c P Z satisfy-

ing ru ` cn, v ` cns Ă r1, D ´ 1s. Then there is a one-to-one correspondence between

the non-zero summands of the decompositions of W and the truncation W 0,D. In fact,

D :“ pdimW0 ` 2qn always suffices: if ru, vs lies in BarpW q, then we have

#pru, vs X nZq ď dimW0 and v ´ u ă pdimW0 ` 1qn “ D ´ n,

so the translation of ru, vs by nZ whose starting point is in r1, ns is included in r1, D ´ 1s.
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There is an evident lift map that sends objects of ReppQq to those of ReppUQq defined
as follows. The lift LV of a representation V of Q assigns Vxj

to every vertex in UQ0 of

the form pxj, cq and similarly Vej to every edge of the form pej, cq in UQ1. We note that

LV is called the infinite cyclic covering in [27].

Example 2.6.5. Continuing Examples 2.3.5 and 2.6.2, here are the representation Nr1, 9s of
the rA6 quiver from example 2.3.5 and its lift LpNr1, 9sq. As before, unlabelled edges carry

identity maps:

F

vvF r 01 s
// F2 // F2 F2

r1 0s
//oo F

hh

¨ ¨ ¨ r1 0s
// F // F // F r 01 s

// F2 // F2 F2

r1 0s
//oo F // F // F r 01 s

// ¨ ¨ ¨

Given a morphism f : V Ñ V 1 in ReppQq, the lifted morphism Lf : LV Ñ LV 1 is given
by

Lfpxj ,cq “ fxj
for all c P Z.

Thus, the morphisms of PReppUQq lying in the image of L are always periodic even

though – as mentioned above – morphisms in PReppQq are not periodic in general. As a

consequence, we can not expect all the indecomposable representations from Definition 2.3.4

to lift to indecomposable representations in PReppUQq from Proposition 2.6.3. However,

we have the following convenient result.

Proposition 2.6.6. Let L : ReppQq Ñ PReppUQq be the lift functor. Then,

1. for every interval ru, vs Ă Z, we have

LpNru, vsq “ Σru, vs,

where the right side is as defined in Proposition 2.6.3. And moreover,

2. for each field element λ ‰ 0 in F and integer w ě 1, we have

LpJrλ;wsq “ Ir´8,8sw.

Proof. The matrices in the description of Nru, vs from Definition 2.3.4 are already in bar-

code form (see [70, Definition 2.2]), so the desired interval decomposition of LNru, vs can
be directly inferred from these matrices. Moreover, since all the matrices in the description

of Jrλ;ws are isomorphisms, it follows from Theorem 2.3.3 that there exists a change of

basis which turns them all into identities.
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2.7 HN filtrations of affine type rA quivers

Let Q be a quiver of type rAn as defined in (2.4), and fix a representation V ‰ 0 of Q

valued in vector spaces over an algebraically closed field F. Our goal here is to relate the

HN filtration of V along the Euler stability condition (from Definition 2.4.3) to the barcode

decomposition of the lifted representation LV P ReppUQq which has been described in

Proposition 2.6.3.

The first task at hand is to compute the Euler slopes of all indecomposables in ReppQq
— we recall from Theorem 2.3.6 that these have form Nru, vs and Jrλ;ws, both of which

have been described in Definition 2.3.4. There is a single number pu,v P t0, 1, 2u which

determines the sign of the Euler slope of each Nru, vs, and it admits the following graphical

description (with u1 :“ u mod n and v1 :“ v mod n):

xu1 xv1

pu,v “ 0

. . .
xu1 xv1

pu,v “ 1

. . .

. . .
u1 v1

pu,v “ 2

. . .

Explicitly, pu,v counts whether the edge eu1 has target u1 and whether the edge ev1`1 has

target v1. The cases pu,v “ 0, 1, 2 are equivalent [56, Sec 11.3] to Nru, vs being called

respectively pre-injective, regular and pre-projective in standard texts [81, 107].

Proposition 2.7.1. The Euler slopes of indecomposable representations in ReppQq are

given as follows.

1. For each ru, vs Ă Z, we have

µϵpNru, vsq “ 1 ´ pu,v
v ´ u ` 1

.

2. For each nonzero λ P F and integer w ě 1, we have

µϵpJrλ;wsq “ 0.

Proof. The second assertion follows from the following elementary calculation: for each λ

and w as above, by Definitions 2.3.4 and 2.4.3 we have

µϵpJrλ;wsq “
ř

xPQ0
p1 ´ deginpxqq ¨ w
ř

xPQ0
w

.

Since
ř

xPQ0
deginpxq equals the cardinality of the edge set, we obtain

µϵpJrλ;wsq “ #Q0 ´ #Q1

#Q0

.

The numerator on the right side vanishes, as desired, because both cardinalities equal n.
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Turning now to Nru, vs, by the discussion preceding Definition 2.4.3 we have

µϵpNru, vsq “ χpX;S Nru, vsq
ř

xPQ0
dimNru, vsx . (2.11)

Here X denotes the underlying graph of Q, while S : ReppQq Ñ ShfpXq is the associated
sheaf functor from Definition 2.4.1. This associated sheaf is locally constant on a decompo-

sition of X into two disjoint intervals X “ A\B, whose exact nature depends on the value

of pu,v. In particular, setting ℓ :“ tv´u
n

u, let A Ă X be the union of cells on which Nru, vs
has dimension ℓ` 1, and let B be the complement of A in X (on which Nru, vs necessarily
has dimension ℓ). Whether A is closed, clopen or open in X depends on pu,v being 0, 1 or

2. Therefore, A’s Euler characteristic is

χpAq “

$

’

’

&

’

’

%

`1 pu,v “ 0,

0 pu,v “ 1,

´1 pu,v “ 2.

Equivalently, we have χpAq “ 1 ´ pu,v.

Now the numerator in (2.11) is given by

χpX;S Nru, vsq “ χpA;Fℓ`1
Aq ` χpB;Fℓ

Bq,

where Fℓ`1
A is the constant Fℓ`1-valued sheaf on A, etc. Thus,

χpX;S Nru, vsq “ χpAq ¨ pℓ ` 1q ` χpBq ¨ ℓ.

By additivity of the Euler characteristic, we have χpBq “ ´χpAq since X is homeomorphic

to a circle and satisfies χpXq “ 0. Therefore, χpX;S Nru, vsq equals χpAq, which in turn

equals 1 ´ pu,v. Finally, the denominator in (2.11) is

pℓ ` 1q ¨ pv1 ´ u1 ` 1q ` ℓ ¨ pn ´ pv1 ´ u1 ` 1qq
“pv1 ´ u1 ` 1q ` ℓn,

which, by definition of ℓ, simplifies to v ´ u ` 1 as desired.

Next, we seek to establish that all the indecomposable representations in ReppQq are

ϵ-semistable. In light of Lemma 2.5.1, it suffices to show that the inequality µϵpIq ď µϵpI 1q
holds whenever we have an injective morphism I ãÑ I 1 between a pair of indecomposables

in ReppQq. There are only three nontrivial cases of I ãÑ I 1 to consider, which – based on

the slope computations from Proposition 2.7.1 – we call p``q, p0´q and p´´q. Explicitly,

p``q has Nru, vs ãÑ Nrū, v̄s with pu,v “ 0 “ pū,v̄,

p0´q has Jrλ;ws ãÑ Nru, vs with pu,v “ 2,

p´´q has Nru, vs ãÑ Nrū, v̄s with pu,v “ 2 “ pū,v̄.
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Remark 2.7.2. If we have an injective morphism U ãÑ V in ReppQq, then for every edge

e P Q1 the linear map Ue is precisely the restriction of Ve. It follows that if Ve is injective,

then so is Ue. We note that all the edges are assigned injective maps in Jrλ;ws; but exactly
2 ´ pu,v edges are assigned a map with a nontrivial kernel by Nru, vs. Therefore, the case

p`0q involving Nru, vs ãÑ Jrλ;ws for pu,v “ 0 never arises. And similarly, all the cases

involving Nru, vs ãÑ Nrū, v̄s with pu,v ă pū,v̄ are impossible.

The following proposition can be seen as a corollary of [65, Prop 5.2]. We prove it here

without using any property of tame hereditary algebras except the decomposition from

definition 2.3.4.

Proposition 2.7.3. The indecomposable representations of Q are all ϵ-semistable.

Proof. We treat each of the three cases separately.

Case p``q: The injectivity requirement from Remark 2.7.2 forces both u “ ū mod n

and v “ v̄ mod n, and (translating if necessary) we may as well assume that ū “ u and

v̄ “ v`cn for some c P Z. If c is negative, then pv´u´1q exceeds pv̄´u´1q, which implies

µϵpNru, vsq ă µϵpNru, v̄sq by Proposition 2.7.1. Thus, we assume that c is non-negative and

seek to verify that c “ 0. Consider the lifts

W :“ LpNru, vsq and W 1 :“ LpNru, v̄sq

which are defined on the unwinding UQ. By Proposition 2.6.6, we have W “ Σru, vs
and W 1 “ Σru, v̄s. The injective map Nru, vs ãÑ Nru, v̄s in ReppQq lifts to an injective

map ι : W ãÑ W 1 in PReppUQq. Restricting to the finite type A subquiver obtained

by truncating UQ to rϕ´1puq ´ 1, ϕ´1pv̄q ` 1s, we obtain a distinguished interval ru, vs in

BarpW q that is generated by the kernel of Wϕ´1puq. Similarly, there is an interval ru, v̄s
in BarpW 1q generated by the kernel of W 1

ϕ´1puq. The fact that ι induces an injective map

Iru, vs ãÑ Iru, v̄s in ReppQ1q now forces v “ v̄ by (2.7). Thus, Nru, vs and Nrū, v̄s have

equal slopes by Proposition 2.7.1.

Case p0´q: Proceeding as in the previous case, we define the relevant lifts W of Jrλ;ws
and W 1 of Nru, vs. By Proposition 2.6.6, we have

W “ Ir´8,8sw and W 1 “ Σru, vs.

We now claim that there is in fact no injective map Jrλ;ws ãÑ Nru, vs in ReppQq; if such
a map existed, it would induce an injective map W ãÑ W 1 in PReppUQq. But by the

same reasoning as in (2.7), no infinite interval can map injectively to a direct sum of finite

intervals.

Case p´´q: Since Nru, vs is a sub-representation of Nrū, v̄s by assumption, we have

the inequality dimNru, vsx ď dimNrū, v̄sx for every vertex x P Q0. By Definition 2.3.4,

these inequalities force pv̄´ ū` 1q ď pv´ u` 1q, whence Proposition 2.7.1 guarantees that

we have µϵpNru, vsq ď µϵpNrū, v̄sq as desired.
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Here is our main result, which is Theorem (B) from the Introduction.

Theorem 2.7.4. Let Q be an acyclic quiver of type rAn and let V be a representation of

Q over an algebraically closed field. Let d˚ : BarpLV q Ñ Ną0 be the multiplicity function

of the lift of V , and let Sj “ V j{V j´1 be the successive quotients in the HN filtration of V

along ϵ.

If µϵpSjq is nonzero, then it is of the form µϵpSjq “ 1
k
for some nonzero integer k P Z‰0

and for each vertex x P Q0 we have:

dimpSjqx “
ÿ

Nru,vs
d˚
u,v ¨ dimNru, vsx (2.12)

where the sum is over all Nru, vs appearing in the decomposition of V such that pu,v “
1 ´ signpkq and v ´ u ` 1 “ |k|. Similarly, if µϵpSjq equals 0, then for each vertex x P Q0,

we have:

dimpSjqx “ d˚
´8,8 `

ÿ

Nru,vs
d˚
u,v ¨ dimNru, vsx (2.13)

where the sum is over indecomposable summands Nru, vs of V that satisfy pu,v “ 1.

Proof. From Theorem 2.3.6, we know that there exist integers du,v ą 0 and dλ;w ą 0 so

that V decomposes as

V » à

ru,vs
Nru, vsdu,v ‘ à

λ,w

Jrλ;wsdλ;w ,

where the first sum is over ru, vs Ă Z with u P r0, n ´ 1s such that Nru, vs P IndpV q and

the second sum is over pλ,wq P pF ´ t0uq ˆ Ną0 such that Jrλ;ws P IndpV q. Similarly, by

Proposition 2.6.3 we have integers dů,v ą 0 and d8̊ ą 0 satisfying

LV » à

ru,vs
Σru, vsdů,v ‘ à

pλ,wq
Ir´8,8sd8̊

By Proposition 2.6.6 and the additivity of the lift functor, we obtain the following relations3

between the multiplicities of indecomposables in V and in LV :

#

du,v “ dů,v
ř

λ,w w ¨ dλ;w “ d8̊
(2.14)

where ru, vs Ă Z and pλ,wq P pF ´ t0uq ˆ Ną0. We use the convention dI “ 0 when the

indecomposable I is not in IndpV q, and similarly dI̊ “ 0 when I is not in IndpLV q. Consider
a successive quotient Sj :“ V j{V j´1 of the HN filtration of V . By Propositions 2.2.5 and

2.7.3, the quotient Sj can be written as the direct sum of the indecomposable summands of

V with the same slopes as Sj. By combining this result with (2.14) and Proposition 2.7.1,

we obtain that when µϵpSjq is nonzero, it is of the form 1{k with k P Z‰0. In that case,

3These formulae were established by Burghelea and Haller[28, Lemma 2.1(a)] in the case of alternating

type rAn quivers.
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the dimension vector of Sj can be decomposed as a sum over indecomposables Nru, vs with
pu,v “ 1 ´ signpkq and v ´ u ` 1 “ |k|:

dimSj “
ÿ

Nru,vs
d˚
u,v ¨ dimNru,vs .

When µϵpSjq “ 0, there is an extra term induced by the summands of the form Jrλ;ws:

dimSj “ d˚
8 ¨ dimJr1;1s `

ÿ

Nru,vs
d˚
u,v ¨ dimNru,vs,

and the sum is over indecomposables Nru, vs such that pu,v “ 1. This last formula simplifies

further since dimJr1;1s equals one at every vertex of Q.

Let TrV ; ϵs :“ pdimSjqj be the dimension vectors of the successive quotients Sj “
V j{V j´1 in the HN filtration of V along ϵ. The assignment V ÞÑ TrV ; ϵs is a discrete

invariant under isomorphisms in ReppQq. Theorem 2.7.4 implies the following two results

respectively about the discriminating power of TrV ; ϵs and about its computability:

Corollary 2.7.5. For all ru, vs Ă Z satisfying pu,v ‰ 1, the multiplicity of Nru, vs in the

decomposition of V into indecomposables can be retrieved from TrV ; ϵs.

Proof. Consider an interval ru, vs Ă Z such that pu,v ‰ 1, and let Au,v be the set of

indecomposables with the same Euler slope as Nru, vs that occur in the decomposition of

V into indecomposable summands. By Proposition 2.7.1, the slope of Nru, vs is nonzero

and the intervals ru1, v1s Ă Z satisfying Nru1, v1s P Au,v have the same value of p and the

same length as ru, vs.
We claim that the membership of Nru, vs in Au,v and its multiplicity in the decompo-

sition of V can be obtained via the relation

dimSj
u˚ ´ dimSj

pu´1q˚ “
#

du,v if Nru, vs P Au,v

0 otherwise

where a˚ denotes the residue modulo n of an integer a. Indeed, by equation (2.12), the

difference dimSj
u˚ ´ dimSj

pu´1q˚ can be decomposed as

ÿ

Nru1,v1sPAu,v

du1,v1 ¨ “#pru1, v1s X pnZ ` uqq ´ #pru1, v1s X pnZ ` u ´ 1qq‰.

The summands in the above sum are null unless either u1 “ u mod n or v1 ` 1 “ u mod n.

The latter case does not happen as pu1,v1 “ pu,v forces eu mod n and epv1`1q mod n to have

different orientations. The former case, u1 “ u mod n, only happens when ru1, v1s is a

translation by nZ of ru, vs since ru1, v1s and ru, vs are required to have the same length.
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We will represent the invariant TrV ; ϵs “ pdimSjqj by a collection of lists indexed by

the vertices x P Q0:

TrV ; ϵsx,‚ :“ ␣pj, dimSj
xq | 1 ď j ď ℓ, and Sj

x ‰ 0
(

.

Each of these n lists TrV ; ϵsx,‚ has size at most dimVx and are sorted by their first coordi-

nate. One can for instance retrieve the dimension of Sj
x in time OplogpdimVxqq by searching

for a pair pj, dq P TrV ; ϵsx,‚. Let V and W be two representations of Q such that each of

their spaces Vx andWx has dimension at most ∆. Then deciding whether TrV ; ϵs “ TrW ; ϵs
from the lists TrV ; ϵsx,‚ and TrW ; ϵsx,‚ only takes time Opn∆q.

Corollary 2.7.6. The invariant TrV ; ϵs can be computed from d˚ in time Opn∆ log∆q
where ∆ :“ maxxPQ0 dimVx.

Proof. Using its periodicity, we represent the multiplicity function d˚ as the list of all the

pairs pru, vs, dů,vq such that dů,v ą 0 and u P t´8u Y t0, 1, . . . , n ´ 1u. By equation (2.14),

each such pair pru, vs, dů,vq contributes dů,v ˆ pv ´ u ` 1q to
ř

xPQ0
dimVx; unless u “ ´8,

in which case the contribution is d8̊ ˆ n. As a consequence, d˚ has at most n∆ elements.

Moreover, there are Op?
n∆q different lengths of intervals in BarpLV q and those lengths

take values in r1, n∆s Y t8u. By Theorem 2.7.4, there are ℓ “ Op?
n∆q steps in the HN

filtration of V . One can thus associate to each element in d˚, the index j of the quotient

Sj to which it contributes in total time Opn∆q.
We initialise the lists TrV ; ϵsx,‚ as empty and we iterate over the Opn∆q elements of d˚.

For each pair pru, vs, dů,vq, we update TrV ; ϵs by the contribution of dů,v in equations (2.12)

and (2.13). The lists TrV ; ϵs‚,x that need to be updated can be determined in constant time

from ru, vs. Hence, we perform at most n∆ insertions in total and the time complexity is

dominated by the sorting time Opn∆ log∆q of the lists TrV ; ϵsx,‚.

From Remark 2.6.4 we know that d˚ can be deduced from the decomposition (into

indecomposables) of a zigzag persistence module of length Opn∆q with all spaces of di-

mension at most ∆. We assume that V is given as a sequence of matrices indexed by

edges of Q and that field operations in F require constant time. Then, since the algo-

rithm [30] involves performing one Gaussian elimination per map of the zigzag persistence

module, it gives a worst-case complexity for the computation of TrV ; ϵs of Opn∆4q where

∆ :“ maxxPQ0 dimVx.

Remark 2.7.7. Consider the special case where we are given as input a circular zigzag

diagram of simplicial complexes and inclusion maps, e.g.,

Kn´1
G g

tt

K0
� � // K1

� � // K2 . . . �
�

//? _oo Kn´2

7 W

jj
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where each arrow denotes an inclusion of simplicial complexes which only differ by one sim-

plex. We wish to compute TrHipK‚q; ϵs where HipK‚q is obtained by taking the homology

(with F coeffients) in dimension i of the given diagram. We denote m P N, the number of

simplices in the largest simplicial complex among K0, K1, . . . , Kn´1. Since dimHipKxq ď m

for all x P Q0, the dimension function d˚ can be computed by using the algorithm [29, Sec-

tion 4] directly on a zigzag of at most mn simplicial complexes with at most m simplices

each. As a consequence, the worst-case complexity for computing d˚ and TrV ; ϵs is Opnm3q.
Such a framework arises for instance when considering fibres of certain circle-valued maps

on a finite simplicial complex [27].

Finally, we note that although the results obtained above require F to be algebraically

closed, one can always fix bases for the vector spaces of a given V P ReppQq and consider a

new representation V ` with the same matrix description but now over the algebraic closure

F of F. The isomorphism class of V ` only depends on the isomorphism class of V , and as

such, TrV `; ϵs still constitutes an (incomplete) invariant of V . By Theorem 2.7.4 above,

this invariant can be related to the barcode of LV ` in the category of UQ-representations

valued in vector spaces over F.
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Chapter 3

Harder-Narasimhan filtrations of

persistence modules: discriminating

power

3.1 Introduction

More than sixty years ago, the notion of semistability was introduced by Mumford [96, 97]

to construct well-behaved quotient spaces for the actions of reductive groups on algebraic

varieties. Subsequently, Harder and Narasimhan described a stratification of the moduli

space of finite rank vector bundles over a complex curve for the purpose of computing its

cohomology groups [63]. The top stratum consists of semistable bundles, and every bundle

lying in a lower stratum admits a canonical filtration of finite length whose associated

graded components are semistable with strictly decreasing slopes (i.e., ratios of degree to

rank). This Harder-Narasimhan filtration continues to play a vital role in moduli problems

involving vector bundles and coherent sheaves [7, 66]; its existence and uniqueness have

been established more generally for objects of certain abelian categories by Rudakov [105]

to triangulated categories by Bridgeland [23] and to modular lattices by Haiden et al. [61].

The work of King [78] and Reineke [103] has extended the Harder-Narasimhan formalism

to categories of quiver representations.

Our efforts here stem from the desire to use Harder-Narasimhan theory to build iso-

morphism invariants for multiparameter persistence modules. In general, such modules

are representations of wild type quivers, so there cannot be a complete1 discrete invariant.

Nevertheless, the quest for discriminative invariants has been a central theme within topo-

logical data analysis. The earliest work in this direction was by Carlsson and Zomorodian

[31], who proposed the rank invariant. Subsequent efforts to study multiparameter per-

sistence modules have involved a plethora of tools sourced from diverse subject areas —

these include sheaf theory [73, 90], commutative and homological algebra [82, 64, 93, 14],

lattice theory [57, 91, 21] and beyond [86].

1An invariant is complete if two persistence modules are isomorphic whenever their invariants are equal.
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Outline and summary of results

Fix a finite quiver Q and let ReppQq denote the category of finite-dimensional representa-

tions of Q valued in vector spaces. By a central charge on Q, we mean any real-valued func-

tion α defined on the set Q0 of vertices
2. Consider a nontrivial representation V P ReppQq,

which assigns vector spaces Vx to vertices x P Q0. The α-slope of V is the ratio

µαpV q “
ř

xPQ0
αpxq ¨ dimVx

ř

xPQ0
dimVx

,

and V is said to be α-semistable whenever the inequality µαpV q ě µαpV 1q holds for every

nontrivial subrepresentation V 1 Ă V .

Once we fix a central charge α on Q, every nonzero representation V admits a unique

Harder-Narasimhan filtration [103, 62] of finite length

0 “ HN0
αpV q Ĺ HN1

αpV q Ĺ ¨ ¨ ¨ Ĺ HNn´1
α pV q Ĺ HNn

αpV q “ V

whose successive quotients Si :“ HNi
αpV q{HNi´1

α pV q are α-semistable and satisfy µαpSiq ă
µαpSi´1q for all i. The Harder-Narasimhan filtration thus provides a canonical method for

understanding arbitrary quiver representations through the α-semistable ones. The HN

type of V along α is the n-tuple of functions

TrV ;αs “ pdimS1 , dimS2 . . . , dimSnq ,

where dimSi : Q0 Ñ N assigns the natural number dimSi
x to each vertex x P Q0.

An important role in our paper is played by the spanning subrepresentation of V at a

vertex x — this is defined as the smallest subrepresentation xVxy Ă V containing Vx. The

function ρV : Q0ˆQ0 Ñ N that sends each px, yq to the dimension of xVxyy vastly generalises

the rank invariant of Carlsson and Zomorodian. Consider, for each vertex x, the central

charge δx : Q0 Ñ R which maps x to 1 and all other vertices to 0. The skyscraper invariant

δV is defined on ReppQq as the collection of HN types TrV ; δxs indexed by the vertices of

Q. Our first main result is presented in Section 3.3, and may be stated as follows.

Theorem (C). The skyscraper invariant is finer than the rank invariant on ReppQq for

any finite quiver Q.

The full statement may be found in Theorem 3.3.5, where we provide a precise formula

for recovering ρV px, yq in terms of TrV ; δxs. We also prove in Proposition 3.3.9 that the

skyscraper invariant is incomparable to the generalised rank invariant from [75].

We then specialise in Section 3.4 to the setting of zigzag persistence modules — these are

finite-dimensional representations of type A quivers of arbitrary (but finite) length ℓ ě 0:

x0
e1

x1
e2 ¨ ¨ ¨ eℓ´1

xℓ´1
eℓ

xℓ.

2This is the imaginary part of an abelian group homomorphism KpReppQqq Ñ C; see Section 3.2.2.

41



Here each edge ei points either forward xi´1 Ñ xi or backward xi´1 Ð xi, and ordinary

persistence modules correspond to the equioriented case where all of the ei point forward.

It is well known from Gabriel’s theorem [55] that any representation V of such a quiver

decomposes uniquely as a direct sum of interval representations, which are supported on

sub-intervals ra, bs Ă r0, ℓs. The intervals which appear with nonzero multiplicity comprise

the barcode of V — see [30]. We exploit knowledge of these indecomposables as well as

some recent work of Kinser [80] to prove the following result, which is Theorem 3.4.3 below.

Theorem (D). There is a classification of all complete central charges on the category of

zigzag persistence modules; in the special case of ordinary persistence modules, a central

charge α : Q0 Ñ R is complete iff αpxiq ą αpxi`1q holds for all i.

In Section 3.5, we study the natural d-dimensional analogues of ordinary persistence

modules [85], for d ą 1. These are certain representations of grid quivers, whose vertices

are parameterised by integer points in the product r0, ℓ1s ˆ r0, ℓ2s ˆ ¨ ¨ ¨ ˆ r0, ℓds, with each

ℓi ě 1. The d “ 2 case is illustrated below:

x0,ℓ2 // x1,ℓ2 // ¨ ¨ ¨ // xℓ1,ℓ2

...

OO

...

OO

. .
. ...

OO

x0,1 //

OO

x1,1 //

OO

¨ ¨ ¨ // xℓ1,1

OO

x0,0 //

OO

x1,0 //

OO

¨ ¨ ¨ // xℓ1,0

OO

The representations of interest are those for which every rectangle in sight commutes as a

diagram of vector spaces. Unlike the d “ 1 case, these quivers are of wild representation

type; as mentioned above, much effort has been invested towards finding good discrete

invariants for multiparameter persistence modules. A far more tractable subcategory is

spanned by the rectangle-decomposable representations, which admit direct sum decompo-

sitions into the obvious d-dimensional analogue of interval modules. Here we establish the

following result, consisting of Corollary 3.5.4 and Theorem 3.5.10.

Theorem (E). The skyscraper invariant is strictly finer than the rank invariant on the

category of multiparameter persistence modules. Moreover, for the subcategory of rectangle

decomposable modules, there is a classification of complete central charges which lie outside

of a hyperplane arrangement in the space of maps Q0 Ñ R.

We further establish in Section 3.5.3 that no single central charge is complete on the larger

category of interval-decomposable persistence modules [4]. Nevertheless, we show (in Propo-

sition 3.5.13 below) that a finite set of central charges is complete on the subcategory of

persistence modules that decompose into intervals with at most two sources.

42



In Section 3.6, we focus on the special case of 2-parameter persistence modules arising

from representations of ladder quivers of length ℓ ě 1:

x`
0

//

��

x`
1

//

��

¨ ¨ ¨ // x`
ℓ´1

//

��

x`
ℓ

��

x´
0

// x´
1

// ¨ ¨ ¨ // x´
ℓ´1

// x´
ℓ

Again, every rectangle is required to commute. These ladder persistence modules are impor-

tant because they arise from morphisms of (ordinary) persistence modules. Ladder quivers

are known [47, 26] to be of finite representation type only for ℓ ď 3. Here we obtain the

following results (Proposition 3.6.1 and Theorem 3.6.4).

Theorem (F). There is no complete central charge on the category of interval-decomposable

ladder persistence modules of length ℓ ě 4; however, for all ℓ there exists a finite set

A “ Apℓq of central charges which is complete on this category.

The set Apℓq is explicitly described in Definition 3.6.8, and its cardinality grows cubically

with ℓ; every constituent element of this set is expressible as an R-linear combination of at

most two skyscraper central charges.

Stability and computability

Besides high discriminative power, the most important properties that an invariant of multi-

parameter persistence modules should possess are computability and metric stability (with

respect to the interleaving distance, see [84]). The recent work of Cheng [36] introduces

a deterministic algorithm to compute Harder-Narasimhan filtrations of quiver representa-

tions along integer-valued central charges. For persistence modules, this algorithm runs in

polynomial time (with respect to the number of vertices, dimensions of vector spaces and

values of the central charge). We expect that various optimisations and simplifications will

become available when one focuses exclusively on the skyscraper invariant, and we hope to

explore these computational issues thoroughly in future work. Turning to metric stability,

the desired result for skyscraper invariants is established in Chapter 4.

3.2 HN types of quiver representations

In this Section, we establish notation and recall pertinent aspects of quiver representa-

tions [81, 107], their Harder-Narasimhan filtrations, and the associated Harder-Narasimhan

types [103, 62].
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3.2.1 Quiver representations

A quiver Q consists of the following data: a set Q0 whose elements are called vertices, a set

Q1 whose elements are called edges, and a pair of functions s, t : Q1 Ñ Q0 called the source

and target map respectively. One often depicts each edge e P Q1 as an arrow speq ÝÑ tpeq.
A path in the quiver Q “ ps, t : Q1 Ñ Q0q is any finite sequence of edges p “ pe1, . . . , ekq
satisfying tpeiq “ spei`1q for all i, and Q is called acyclic if it admits no such paths with

spe1q “ tpekq. In this paper, all quivers are assumed to have only finitely many vertices

and edges, and moreover, we will primarily be interested in acyclic quivers. We call Q

connected if for every pair of distinct vertices x and y, there is a finite sequence of vertices

px “ x0, x1, . . . , xk “ yq and edges ei satisfying tspeiq, tpeiqu “ txi, xi`1u for all i.

Definition 3.2.1. By a subquiver of Q “ ps, t : Q1 Ñ Q0q we mean any quiver Q1 “
ps1, t1 : Q1

1 Ñ Q1
0q with Q1

0 Ă Q0 and Q1
1 Ă Q1 such that s1 and t1 are the restrictions of s

and t respectively. We call Q1

• full if Q1
1 contains all edges of Q1 between pairs of vertices of Q1

0, and

• convex if every path of Q between vertices of Q1 is also a path of Q1. △

We work over a field F which remains fixed throughout (and hence suppressed from

the notation), so that all vector spaces encountered henceforth are defined over F. Let us

recall that a representation V of Q constitutes assignments of vector spaces Vx to vertices

x P Q0 and linear maps Ve : Vspeq Ñ Vtpeq to edges e P Q1. All representations considered

here are finite-dimensional in the sense that dimVx ă 8 holds for each vertex x P Q0; the

dimension vector of any such V is the function dimV : Q0 Ñ N given by x ÞÑ dimVx. The

set ReppQq of all finite-dimensional representations of Q is readily upgraded to a category

as follows. A morphism ϕ : V Ñ W consists of linear maps tϕx : Vx Ñ Wx | x P Q0u which

make the following diagram commute for each edge e P Q1:

Vspeq
ϕspeq

//

Ve

��

Wspeq

We

��

Vtpeq ϕtpeq
//Wtpeq

We call ϕ an (epi, iso, mono)-morphism if each ϕx is (sur, bi, in)-jective; V is called a

subrepresentation of W , denoted V Ă W , whenever there exists a monomorphism ϕ :

V Ñ W . The category ReppQq is known to be abelian, with composition, (co)kernels and

(co)products being defined vertex-wise [107, Section 1.3].

Remark 3.2.2. To any quiver Q we may associate a free category Q whose objects are

vertices and whose morphisms are paths in Q. With this point of view, a representation

V P ReppQq induces a functor from Q to the category Vect of finite-dimensional F-vector
spaces. Indeed, ReppQq is equivalent via adjunction to the functor category Q Ñ Vect (for

details, see [89, p. II.7]).
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A representation of Q is called indecomposable if it does not admit any nontrivial

direct sum decompositions in ReppQq. It is known [107, Theorem 1.2] that for every

finite-dimensional representation V of a finite quiver Q, there exists a unique set IndQpV q
containing isomorphism classes of indecomposables and a unique multiplicity function dV :

IndQpV q Ñ Zą0 for which there is an isomorphism

V » à

I

IdV pIq, (3.1)

with I ranging over IndQpV q. The seminal work of Gabriel [55] established that the set

of indecomposables in ReppQq with a fixed dimension vector is finite if and only if the

undirected graph associated to Q is a finite union of simply laced Dynkin diagrams.

Definition 3.2.3. Given a subquiver Q1 of Q, the identity representation IrQ1s P
ReppQq of Q1 is defined for x P Q0 and e P Q1 by

IrQ1sx “
#

F if x P Q1
0,

0 otherwise,
and IrQ1se “

#

idF if e P Q1
1,

0 otherwise.
(3.2)

When Q1 is a full subquiver, the representation IrQ1s is uniquely determined by the vertices

Q1
0 of Q

1 and we write IrQ1
0s rather than IrQ1s. If Q1 is moreover full and convex, then IrQ1s

is called [4, Definition 10] an interval representation. △

These identity representations IrQ1s provide examples of indecomposable representations

whenever Q1 is connected.

3.2.2 Harder-Narasimhan filtrations in abelian categories

The Grothendieck group of an abelian categoryA is the abelian groupKpAq freely generated
by the isomorphism classes rV s of objects V in A modulo a relation of the form rV s “
rU s ` rW s for each short exact sequence 0 Ñ U Ñ V Ñ W Ñ 0 in A. Let pC,`q
denote the abelian group of complex numbers under addition; we recall that a stability

condition3 [23] on A is any group homomorphism

Z : KpAq Ñ pC,`q

that sends nonzero objects to the open half-plane tz P C | Repzq ą 0u. The Z-slope of an

object V ‰ 0 is the real number

µZpV q :“ ImZpV q
ReZpV q .

We say that V is Z-semistable if the inequality µZpUq ď µZpV q holds for every nonzero

subobject U Ă V . If this inequality is strict for all subobjects U R t0, V u, then V is said to

be Z-stable.

3Such a homomorphism is sometimes called a linear stability function [80] or a central charge [23].
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The following result is a direct consequence of [23, Proposition 2.4]. We recall that

an abelian category is said to satisfy the Noetherian (respectively, Artinian) hypothesis if

every sequence ¨ ¨ ¨ Ă a1 Ă a0 of subobjects (respectively, every sequence b0 ↠ b1 ↠ ¨ ¨ ¨ of

quotient objects) eventually stabilises up to isomorphism.

Theorem 3.2.4. Let A be any abelian category which satisfies the Noetherian and Artinian

hypotheses. Fix a stability condition Z on A. Every nonzero object V of A admits a unique

filtration V ‚ of finite length n ě 1:

0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V n “ V, (3.3)

whose successive quotients Si :“ V i{V i´1 are Z-semistable and have strictly decreasing

slopes:

µZpS1q ą µZpS2q ą ¨ ¨ ¨ ą µZpSnq.
This V ‚ is called the Harder-Narasimhan (or HN) filtration of V along Z.

Crucially, the category of finite dimensional representations of a finite quiver satisfies

the hypotheses of the above result. It follows from uniqueness that the HN filtration of a

Z-semistable object V always has length one, i.e., 0 Ĺ V .

3.2.3 HN types of quiver representations

Let Q “ ps, t : Q1 Ñ Q0q be a quiver which remains fixed throughout this subsection. The

assignment V ÞÑ dimV defines a group homomorphism from the Grothendieck group of

ReppQq to the group of functions from Q0 to Z:

dim : KpReppQqq ÝÑ ZQ0

(For acyclic Q, this is an isomorphism [81, Theorem 1.15]). We note that any stability

condition Z on ReppQq which factors through dim amounts to a choice of two maps α :

Q0 Ñ R and β : Q0 Ñ Rą0. Explicitly, for nonzero V P ReppQq we have

ZpV q “
ÿ

xPQ0

`

βpxq ` ?´1 ¨ αpxq˘ ¨ dimVx,

and the corresponding slope is the ratio

µZpV q “
ř

xPQ0
αpxq ¨ dimVx

ř

xPQ0
βpxq ¨ dimVx

.

In this paper, we will only work with stability conditions Z which factor through dim.

Furthermore, as in [103, 62], we further restrict attention to those stability conditions for

which β is the constant map sending all vertices to 1. These are called standard stability

conditions; and any such stability condition Z depends on a single function α : Q0 Ñ R
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that we will henceforth call the central charge of Z. In light of these simplifications, we

will denote the slope of any nonzero V by

µαpV q “
ř

xPQ0
αpxq ¨ dimVx

ř

xPQ0
dimVx

. (3.4)

Similarly, the Harder-Narasimhan filtration of any nonzero V P ReppQq along Z is indicated

by HN‚
αpV q. The following seesaw lemma is stated in [103, Lemma 2.2]; we include a proof

here for completeness.

Lemma 3.2.5. Let α : Q0 Ñ R be a central charge for Q. Given any three nonzero objects

which fit into a short exact sequence in ReppQq:

0 Ñ U Ñ V Ñ W Ñ 0,

their α-slopes must satisfy one of the following chains of (in)equalities. Either

1. µαpUq ą µαpV q ą µαpW q, or
2. µαpUq “ µαpV q “ µαpW q, or
3. µαpUq ă µαpV q ă µαpW q.

In Case (2), V is α-semistable if and only if both U and W are α-semistable.

Proof. Since arctan : R Ñ p´π{2, π{2q is a strictly monotone increasing function, it suffices

to establish the desired inequalities for the composite θ :“ arctan ˝µα rather than for µα.

By definition, the (standard) stability condition Z induced by α is a group homomorphism

KpReppQqq Ñ pC,`q, so we have ZpUq ` ZpW q “ ZpV q. The desired results now follow

from examining the parallelogram in C determined by the origin, ZpUq and ZpW q whose

fourth point must be ZpV q. The angle θpV q lies between the angles θpUq and θpW q,
with equality of all three angles occurring only in the degenerate case where ZpUq is an

R-multiple of ZpW q.
Let us now consider the case (2) where U , V and W share a common α-slope µ. If U is

not α-semistable, then it admits a subrepresentation U 1 with µαpU 1q ą µ; but any such U 1

is automatically a subrepresentation of V which violates its α-semistability. Similarly, any

quotient W 1 of W with µαpW 1q ă µ violates the semistability of V . Thus, the semistability

of V forces semistability of both U and W . Conversely, assume that U and W are α-

semistable and label the maps in the short exact sequence as ι : U Ñ V and π : V Ñ W .

Given any subrepresentation V 1 Ă V , we have a short exact sequence

0 Ñ ι´1pV 1q Ñ V 1 Ñ πpV 1q Ñ 0.

In the nontrivial case, ι´1pV 1q and πpV 1q are nonzero subrepresentations of U and W re-

spectively, so by semistability both must have α-slopes no larger than µ. By the first part of

this Lemma, we therefore obtain µαpV 1q ď µ, which confirms the α-semistability of V .

Here is an immediate (but important) consequence of the preceding result.
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Corollary 3.2.6. If U and W are α-semistable objects of ReppQq with the same α-slope

µ, then their direct sum U ‘ W is also α-semistable with slope µ.

Definition 3.2.7. The Harder-Narasimhan type, or (HN type) of a representation

V ‰ 0 in ReppQq along a central charge α : Q0 Ñ R is denoted TrV ;αs and defined

as follows. Let n be the length of the Harder-Narasimhan filtration HN‚
αpV q, and let

Si “ HNi
αpV q{HNi´1

α pV q denote its successive quotients for 1 ď i ď n. Then,

TrV ;αs :“
´

dimS1 , dimS2 , . . . , dimSn

¯

. △

In the context of the preceding definition, it is often useful to view TrV ;αs as a function

R Ñ NQ0 in the following manner:

TrV ;αspλq “
#

dimSi if λ “ µαpSiq for some i,

p0, 0, . . . , 0q otherwise.
(3.5)

This function is well-defined since the successive quotients Si have strictly decreasing slopes

by Theorem 3.2.4. The uniqueness promised by this theorem further guarantees thatTr‚;αs
is invariant under isomorphisms in ReppQq. It is evident from Definition 3.2.7 that this

invariant is discrete, since it only produces finite sequences of (non-negative) integer values.

Moreover, this invariant is additive under direct sums; a proof of the following folklore

result may be found in Proposition 2.2.5.

Proposition 3.2.8. Let V and W be two representations of a quiver Q, and let α : Q0 Ñ R
be a central charge. Adopting the notation of (3.5), we have

TrV ‘ W ;αs “ TrV ;αs ` TrW ;αs
as functions R Ñ NQ0.

3.2.4 Complete central charges

The main theme of this paper is to measure the strength of the HN type as an invariant of

certain quiver representations across various choices of central charge. The definition below

corresponds to the best-case scenario.

Definition 3.2.9. Let Q “ ps, t : Q1 Ñ Q0q be an acyclic quiver and A any subcategory

of ReppQq. A collection of central charges A is said to be complete on A if TrV ;αs “
TrW ;αs for all α P A implies that V and W are isomorphic in A. △

If a collection of central charges A is complete on all of ReppQq, then we simplify

terminology by saying that A is complete for Q. For the simplest quivers, one hopes to

find a single complete central charge; we will appeal to the following result frequently in

our quest for such central charges.

Lemma 3.2.10. If α : Q0 Ñ R is a complete central charge for the acyclic quiver Q, then

every indecomposable representation in ReppQq is α-stable.
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Proof. Assume that α is a complete central charge and consider an indecomposable I in

ReppQq. If I is not α-semistable, then its HN filtration

0 Ĺ HN1
αpIq Ĺ HN2

αpIq Ĺ ¨ ¨ ¨ Ĺ HNn
αpIq “ I

has length n ą 1. Abbreviating I i :“ HNi
αpIq, in particular we have I1 Ĺ I. Now consider

the filtration of I1 ‘ pI{I1q given by:

0 Ĺ I1 Ĺ I1 ‘ pI2{I1q Ĺ ¨ ¨ ¨ Ĺ I1 ‘ pIn{I1q.

Since the successive quotients of this filtration are identical to those of HN‚
αpIq, it follows

(from uniqueness) that this new filtration is precisely HN‚
αpI1 ‘ pI{I1qq. Moreover, since

the Harder-Narasimhan type depends only on these successive quotients, we have TrI;αs “
TrI1 ‘ pI{I1q;αs. But since I is indecomposable, it can not be isomorphic to I1 ‘ pI{I1q
for I1 ‰ I, so the completeness of α forces α-semistability of I.

Given this α-semistability, if I is not α-stable, then there exists a nonzero subrepre-

sentation J Ĺ I with µαpJq “ µαpIq. Using the exact sequence 0 Ñ J Ñ I Ñ I{J Ñ 0

along with Lemma 3.2.5, we know that both J and I{J are α-semistable with slope µαpIq.
Another appeal to the same Lemma establishes that the direct sum J ‘ pI{Jq is also α-

semistable with slope µαpIq. For dimension reasons, TrI;αs equals TrJ ‘ pI{Jq;αs. But

once again, since I is indecomposable, it is not isomorphic to J ‘ pI{Jq for J ‰ I. Thus,

if I is not α-stable, then α is not a complete central charge for Q.

Let α : Q0 Ñ R be a central charge and letA be a subcategory ofReppQq. We stress that

for a nonzero V P A, the HN filtration HN‚
αpV q is computed in ReppQq — in particular,

we do not require A to be abelian. The next result describes sufficient conditions under

which one can determine HN‚
αpV q by only considering objects in A.

Lemma 3.2.11. Let I be a family of indecomposable representations of Q and let A “ ApIq
be the full subcategory of ReppQq spanned by those representations which decompose as

a direct sum of elements in I. Further assume that quotients and subrepresentations of

indecomposables in I all lie in A. The following hold:

1. if α is complete on A, then each indecomposable in I is α-stable; and

2. for every nonzero V P A, the representations and quotients in HN‚
αpV q are objects

in A.

Proof. Statement (1) follows from the fact that the proof of Lemma 3.2.10 only compares

pairs of HN types of the form pTrI;αs,TrJÀ I{J ;αsq with I P I and 0 Ĺ J Ĺ I. Indeed,

the assumptions on A ensure that J
À

I{J lies in A and that it is not isomorphic to I in

A.

We prove Statement (2) by induction on the length ℓ of the HN filtration V ‚ of V P A
along α. When ℓ “ 1, the result is trivial as V ‚ is the one-step filtration 0 Ĺ V . Assume

that ℓ ą 1 and that the result holds for all lengths up to ℓ´ 1. Let V » À

IPI I
dV pIq be the

decomposition of V into indecomposables. By Proposition 2.2.5, the filtrations HN‚
αpIq

have length at most ℓ and they determine V ‚. We can thus restrict ourselves to the case
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where V P I. By assumption, the subrepresentations V 1, . . . , V ℓ all lie in A, and similarly,

the quotient V {V 1 is an object of A. Finally, by the inductive hypothesis applied to V {V 1,

the representations V i and V i{V i´1 are objects of A for all i, as desired.

Remark 3.2.12. If we assume that A is an abelian exact subcategory of ReppQq in the

setting of Lemma 3.2.11, then Theorem 3.2.4 guarantees that HN filtrations are well-defined

in A. If we further assume that the group homomorphism F : KpAq Ñ KpReppQqq » ZQ0

naturally induced by the inclusion A Ă ReppQq is injective, then α can be pulled back

to KpAq. More precisely, the standard stability condition Zα : ZQ0 Ñ C on ReppQq
associated to α induces a stability condition F ˚α on A given by the composite Zα ˝ F :

KpAq � � F //

F˚α
##

ZQ0

Zα

��

C

.

By the naturality of F , for every nonzero V P A, we have µF˚αpV q “ µαpV q, and the α-

(semi)stability of V in ReppQq implies its F ˚α-(semi)stability in A. By Lemma 3.2.11(2)

and by uniqueness of HN filtrations, we have

HN‚
F˚αpV q “ HN‚

αpV q.

The above remark applies whenever A is the full subcategory of representations of Q

subject to some commutativity relations. Indeed, in this case, A is stable under subrepre-

sentations and quotients; moreover, F : KpAq Ñ ZQ0 is an isomorphism— see [6, p. III.3.5].

We will therefore treat the representations of quivers with and without relations on an equal

footing throughout the rest of this paper.

3.3 The skyscraper and rank invariants

Here we study the HN types arising from central charges defined by delta functions on

the vertices of a given quiver Q; we call this the skyscraper invariant. We also extend

the rank invariant of [31] to the setting of arbitrary quiver representations, and show that

the skyscraper invariant is finer than the rank invariant. Moreover, we prove that the

skyscraper invariant is neither finer nor coarser than the generalised rank invariant of [75].

3.3.1 Skyscraper invariant

Let Q “ ps, t : Q1 Ñ Q0q be an arbitrary (i.e., finite, but not necessarily acyclic) quiver.

In the absence of specific knowledge regarding the structure of Q or its indecomposable

representations, it is not immediately obvious how one might identify interesting classes of

central charges for Q à la Theorem 3.4.2. Among the simplest nontrivial central charges

which may be defined on any quiver are the ones supported on a single vertex.
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Definition 3.3.1. The skyscraper central charge at a vertex x P Q0 is the map δx : Q0 Ñ
R given by

δxpyq “
#

1 if y “ x,

0 otherwise.

And the skyscraper invariant δ‚ on ReppQq assigns to each representation V the col-

lection of HN types δV “ tTrV ; δxs | x P Q0u along skyscraper central charges at all of the

vertices. △

Definition 3.3.2. Let S Ă Q0 be a nonempty subset of vertices. The spanning subrep-

resentation of V at S, denoted xVSy, is the intersection of all subrepresentations W Ă V

for which Wx is isomorphic to Vx whenever x lies in S. △

We will simply write xVxy when S is the singleton txu. Spanning representations at

singletons determine the HN filtrations along skyscraper central charges.

Proposition 3.3.3. Given a vertex x of Q, let 0 “ V 0 Ĺ ¨ ¨ ¨ Ĺ V n “ V be the HN filtration

of V along δx. If j is the smallest index for which V j
x equals Vx, then:

1. either j “ n or j “ n ´ 1, and

2. for every 1 ď k ď j, we have V k “ xV k
x y.

Proof. We note that the δx-slope of a nonzero representation W of Q is given by

µδxpW q “ dimWx
ř

yPQ0
dimWy

, (3.6)

which is evidently non-negative. Assuming that V j
x “ Vx holds for some j in t0, . . . , nu, we

have V k
x “ Vx for all k ě j, whence the successive quotients Sk :“ V k{V k´1 satisfy Sk

x “ 0

for all k ą j. By (3.6), we obtain equalities of slopes:

0 “ µδxpSj`1q “ µδxpSj`2q “ ¨ ¨ ¨ “ µδxpSn´1q “ µδxpSnq.

Since these slopes are required to strictly decrease in the HN filtration, there are only two

possible options. Either j “ n´ 1, in which case only the last slope is 0; or j “ n, in which

case all slopes are non-zero. Thus, we have established assertion (1).

We now prove assertion (2) by induction on k P t1, . . . , ju.
Base case: Since V 1 is δx-semistable and xV 1

x y is its subrepresentation, we must have

µδxpV 1q ě µδxpxV 1
x yq, whence

dimV 1
x

ř

yPQ0
dimV 1

y

ě dimV 1
x

ř

yPQ0
dim xV 1

x yy .

If dimV 1
x “ 0 then there is nothing to check, so we assume that this dimension is nonzero.

Since each xV 1
x yy is a subspace of the corresponding V 1

y for y P Q0, we obtain V 1 “ xV 1
x y.

Inductive step: Assume that V k “ xV k
x y holds for some k ă j. Now Sk`1 is δx-

semistable by definition of the HN filtration; and by the argument which established as-

sertion (1), it has a strictly positive δx-slope. Thus, we have dimSk`1
x ą 0, and applying
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the base case (to Sk`1 instead of V 1) yields Sk`1 “ xSk`1
x y. Given any subrepresentation

W Ă V k`1 such that Wx “ V k`1
x , we show that W “ V k`1. By the inductive hypothesis,

since pW X V kqx “ V k
x , we have V k “ W X V k Ă W . Similarly, since Sk`1 “ xSk`1

x y and

pW {V kqx “ Sk
x , we have W {V k “ Sk`1. By the 5-lemma [114, Ex 1.3.3] applied to the

following commutative diagram with exact rows,

0 // V k X W //W //� _

��

W {pV k X W q // 0

0 // V k // V k`1 // Sk`1 // 0

we obtain W “ V k`1 and thus V k`1 “ xV k`1
x y, as desired.

3.3.2 Rank invariant

The following notion constitutes a substantial generalisation of the rank invariant, which

was introduced in [31] for multi-parameter persistence modules.

Definition 3.3.4. The rank invariant of a representation V P ReppQq is the function

ρV : Q0 ˆ Q0 Ñ N given by:

ρV px, yq :“ dim xVxyy. △

It follows from the above definition that ρ‚ is a discrete isomorphism invariant for ReppQq.
The following result gives a formula for the rank invariant in terms of the skyscraper

invariant δ‚ — in fact, we show that for any vertex x, the rank ρV px, yq can be recovered

from the single Harder-Narasimhan type TrV ; δxs.
Theorem 3.3.5. Let Q be a finite quiver. The skyscraper invariant is strictly more dis-

criminative than the rank invariant on ReppQq in the following sense.

1. Consider V P ReppQq and any vertex x in Q0. If 0 “ V 0 Ĺ ¨ ¨ ¨ Ĺ V n “ V is the HN

filtration of V along δx, then for any vertex y of Q we have

ρV px, yq “
j
ÿ

k“1

dimSk
y ,

where Sk :“ V k{V k´1 and j is the smallest index for which V j
x equals Vx.

2. There exist two representations W and W 1 of the quiver

‚ // ‚

‚

OO

// ‚

OO

for which ρW “ ρW 1 whereas δW ‰ δW 1.
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Proof. By Proposition 3.3.3, we have j P tn, n ´ 1u and V j “ xVxy. So by Definition

3.3.4, the value of ρV px, yq equals dimV j
y . Since the S‚ are successive quotients of the HN

filtration V ‚, we have

dimV j
y “

j
ÿ

k“1

dimSk
y ,

which establishes the first assertion. Turning now to the second assertion, let us consider

the representations W (left) and W 1 (right) depicted below:

F // 0 F // 0

F2

r 1 0 s
//

r 0 1 s
OO

F

OO

F2

r 1 0 s
//

r 1 0 s
OO

F

OO

Both evidently have the same rank invariant. Let x be the ď-minimal vertex of this quiver

(i.e., the vertex on the bottom-left). By examining (the slopes of) sub-representations,

one readily checks that W is δx-semistable, so that its HN filtration is just the trivial one

0 Ĺ W . On the other hand, W 1 has a two-step HN filtration 0 Ă U Ă W 1, where U is given

by

0 // 0

F //

OO

0

OO

Since W and W 1 have different HN types along δx, the skyscraper invariants δW and δW 1

are distinct as claimed above.

3.3.3 Generalised rank invariant

The authors of [75] introduced a generalised version of the rank invariant for multiparameter

persistence modules by studying their restrictions to certain subposets. A similar approach

was considered in [79] for representations of rooted tree quivers. Here we extend both

constructions to the setting of general quiver representations. To this end, let Q be an

arbitrary finite quiver, and denote by SubQuivpQq the set of its subquivers. Given a

representation V P ReppQq and a subquiver Q1 P SubQuivpQq, the restriction V|Q1 of V to

Q1 is the representation defined by pV|Q1qx “ Vx for x P Q1
0 and pV|Q1qe “ Ve for e P Q1

1.

As mentioned in Remark 3.2.2, a representation V P ReppQq may be viewed as a

functor Q Ñ Vect, where Q is the category induced by Q. One may therefore examine its

categorical limit (written limÐÝV ) and colimit (written limÝÑV 1) — see [89, Ch III and Ch V].

Explicitly, the limit may be viewed as a subspace of the product
ś

xPQ0
Vx:

limÐÝV »
#

v P
ź

xPQ0

Vx

ˇ

ˇ

ˇ

ˇ

vtpeq “ Vepvspeqq for all e P Q1

+

. (3.7)

For each vertex x P Q, the desired map πx : limÐÝV Ñ Vx is the restriction of the projection
ś

yPQ0
Vy ↠ Vx. We note that the limit of V is the space of global sections of V and
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may be computed efficiently using the algorithm from [108], which is implemented in [51].

Conversely, the colimit of V is isomorphic to the space of its global cosections. This is the

quotient of the sum
À

xPQ0
Vx given by

limÝÑV »
À

xPQ0
Vx

O

"

v ´ Vepvq
ˇ

ˇ

ˇ

ˇ

v P Vspeq for some e P Q1

*

. (3.8)

Given any vertex x P Q0, the desired map ιx : Vx Ñ limÝÑV now arises as the quotient of the

canonical inclusion of Vx into the direct sum
À

xPQ0
Vx.

By definition, we have the following commutative diagram for every e P Q1:

limÐÝV
πspeq

{{

πtpeq

""

Vspeq
Ve //

ιspeq
##

Vtpeq

ιtpeq
||

limÝÑV

Thus, when Q is connected, the composite ιx˝πx : limÐÝV Ñ limÝÑV does not depend on x P Q0

and one may unambiguously define the limit-to-colimit map as ιx ˝ πx for any x P Q0. The

limit-to-colimit map is still defined in general, as limÐÝV and limÝÑV can be obtained as the

direct sums of limÐÝV|Q1 and limÝÑV|Q1 over the maximal connected subquivers Q1 of Q.

Definition 3.3.6. The generalised rank invariant of V P ReppQq is the map

GRIV : SubQuivpQq Ñ N

that sends each Q1 P SubQuivpQq to the rank GRIV pQ1q P N of the limit-to-colimit map of

the restriction V|Q1 . △

It follows that the assignment V ÞÑ GRIV constitutes an additive invariant on ReppQq
(in the sense that V ‘ W is sent to GRIV ` GRIW ). We note that Definition 3.3.6 yields

an alternate characterisation of the rank invariant for multiparameter persistence modules.

Explicitly, given vertices x, y P Q0, let Qx,y be the smallest full subquiver of Q which

contains all the paths from x to y in Q. It is now readily checked that the assignment

rρV px, yq :“ GRIV pQx,yq (3.9)

coincides with the classical rank invariant.

Remark 3.3.7. The restriction of GRIV to a subset S of SubQuivpQq will be denoted GRISV .

In the multiparameter persistence setting which was the focus of [75], the family S usually

consists of full and connected subquivers; see [75, Definition 3.5].

We denote by RepidpQq the full subcategory of representations V P ReppQq which

admit a decomposition into a direct sum of identity representations, as in (3.2). Adapting

the proof of [75, Theorem 3.14], we arrive at the following result.
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Proposition 3.3.8. The generalised rank invariant GRIV is complete on RepidpQq.
Proof. Given Q1 P SubQuivpQq, we compute GRIIrQ1spQq. If Q “ Q1, then one can check

using (3.7) and (3.8) that limÐÝ IrQ1s » limÐÝ IrQ1s » F as vector spaces, and that the maps

pπxqQ0 and pιxqQ0 can be chosen to be all identities, whence GRIIrQ1spQq “ 1. Otherwise,

if there exists a vertex x P Q0zQ1
0, then ιx ˝ πx “ 0 and so GRIIrQ1spQq “ 0. Similarly, if

there is an edge e P Q1zQ1
1, then πtpeq “ Ve ˝πspeq “ 0 so once again GRIIrQ1spQq “ 0. Given

rQ,Q1 P SubQuivpQq, by the above (with rQ instead of Q), we have

GRIIrQ1sp rQq “ GRI
IrQ1X rQsp rQq “

#

1 if Q1 Ą rQ

0 otherwise
.

Finally, let V P RepidpQq and let dV pIrQ1sqqQ1PSubQuivpQq be the multiplicities in decompo-

sition (3.1). By additivity of GRI, we have

GRIV p rQq “
ÿ

Q1Ą rQ

dV pIrQ1sq.

Hence, one can prove by descending induction over Q1 P pSubQuivpQq,Ăq that the multi-

plicity dV pIrQ1sq can be obtained from GRIV .

We now establish the main result of this subsection.

Proposition 3.3.9. The skyscraper and the generalised rank invariant are not comparable.

More precisely,

1. there exist two representations V and W of the quiver

‚
‚
OO

// ‚
‚
OO

// ‚
OO

// ‚
such that δV ‰ δW whereas GRIV “ GRIW ; and

2. there exist two representations V 1 and W 1 of the quiver

‚ // ‚

‚

OO

such that δV 1 “ δW 1 whereas GRIV 1 ‰ GRIW 1.

Proof. The representations V and W are given below:

V :“

F

F2

r 1 0 s
OO

r 0 1 s
// F

F2 F2

r 0 1 s
OO

r 1 1 s
// F

à

‚

‚

‚

‚

‚

‚
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W :“

‚

‚

‚

‚

‚

‚

à

‚

‚

‚

‚

‚

‚

à

‚

‚

‚

‚

‚

‚

Here, following the discussion around (3.2), we depict a representation IrQ1s where Q1 is a
full subquiver of Q by the contour (in blue) of Q1

0 Ă Q0. Let x P Q0 be the bottom left

vertex of Q and let Q3Ò (resp. Q3Ñ) be the full subquiver of Q induced by its three top

(resp. rightmost) vertices.

On the one hand, W is δx-semistable because each of its summands is δx-stable of slope

1{4. On the other hand, the δx-slope of the second summand of V (on the right) exceeds

the δx-slope of V ; whence V is not δx-semistable. We thus have TrV ; δxs ‰ TrW ; δxs, and
in particular, δV ‰ δW .

We show that given Q1 P SubQuivpQq, we have GRIV pQ1q “ GRIW pQ1q. When Q3Ò Ă
Q1, the limit-to-colimit map of both V|Q1 andW|Q1 factors through the following commutative

diagram

F
))

limÐÝ // F3

r 1 0 0 s 55

r 0 1 0 s ))

limÝÑ
F

55

whence the map F3 Ñ limÝÑ is null and GRIV pQ1q “ GRIW pQ1q “ 0. By symmetry, we also

have GRIV pQ1q “ GRIW pQ1q “ 0 whenever Q3Ñ Ă Q1. When Q1
0 ‰ Q0, we claim that

both V|Q1 and W|Q1 lie in RepidpQ1q and are isomorphic. Indeed, one can check this by

hand for each of the 6 maximal proper subsets of Q0. Finally, assume that Q1
1 ‰ Q1 but

Q1
0 “ Q0 and that Q1 contains neither Q3Ò nor Q3Ñ. Then, Q1 cannot be connected and by

the previous case applied to each connected component of Q1, we have V|Q1 » W|Q1 .

For the second assumption, consider the following two representations in RepidpQq:

V 1 :“
‚

‚

‚
à ‚

‚

‚
and W 1 :“ ‚

‚

‚ à

‚

‚

‚

By Proposition 3.3.8, we have GRIV 1 ‰ GRIW 1 . Since xV 1
xy » xW 1

xy for all x P Q0 and

dimV “ dimW , we have δV 1 “ δW 1 .

The remainder of this subsection will be occupied by a comparison of the four invariants

introduced so far:

• δ, the skyscraper invariant from Definition 3.3.1,

• GRI, the generalised rank invariant from Definition 3.3.6,

• ρ, the version of the rank invariant from Definition 3.3.4, and
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• rρ, the version of the rank invariant from Equation (3.9).

Let us denote by R the set of pairs pQ, V q where Q is a finite quiver and V P ReppQq.
The discriminative power of invariants on a subset R1 of R defines a preorder ĺR1 given

by I ĺR1 I 1 whenever I 1 is more discriminative than I, or equivalently if the implication

I 1pV q “ I 1pW q ùñ IpV q “ IpW q
holds for all pQ, V q, pQ,W q P R1. Let RMP Ă R be the subset of pairs pQ, V q where Q is a

grid quiver and V is an equalised representation of Q (see Section 3.5.1 for details).

Proposition 3.3.10. The Hasse diagrams of the partial orders induced by ĺRMP
and ĺR

are given below:

GRI δ

rρ “ ρ

cc
==

Multiparameter persistence setting

(ĺRMP
)

GRI δ

rρ

OO

ρ

OO

Quiver setting (ĺR)

Proof. We start with the quiver setting. We have already proved that δ łR ρ ĺR δ (The-

orem 3.3.5) and that GRI łR δ łR GRI (Proposition 3.3.9). Moreover, by construction,

we have rρ ĺR GRI. By transitivity, showing the following three statements:

1. GRI łR rρ 2. ρ łR GRI 3. rρ łR δ

is enough to determine the whole Hasse diagram induced by ĺR.

1. ConsiderW andW 1 like in the proof of Theorem 3.3.5(2). We have rρW “ rρW 1 whereas

Proposition 3.3.8 implies that GRIW ‰ GRIW 1 ; whence GRI łR rρ.

2. Consider the following representations of the quiver Q :“ x
//
//
// y

V :“ F

r 1 0 0 sT

��r 0 1 0 sT
//

r 0 0 1 sT

BBF3 and V 1 :“ F

r 1 0 0 sT

��r 0 1 0 sT
//

r 1 1 0 sT

BBF3 .

We have ρV px, yq “ 3 ‰ 2 “ ρV 1px, yq whereas GRIV “ GRIV 1 . Indeed, for any strict

subquiver Q1 Ĺ Q, we have V|Q1 » V 1
|Q1 and dim limÐÝV “ 0 “ dim limÐÝV 1.

3. Consider the following two representations of the quiver Q “ x //
// y

V :“ F2

idF2

''

r 0 1
1 0 s

77 F2 and V 1 :“ IrQs2

On the one hand, rρV px, yq ď dim limÐÝV “ 1 whereas rρV 1px, yq “ 2 ˆ GRIIrQspQq “ 2.

On the other hand, both V and V 1 are δx-semistable because all the maps are injective.

Hence, δV “ δV 1 .
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In the multiparameter persistence setting, both ρ and rρ coincide with the classical rank

invariant. Moreover, since positive statements of the form I ĺR I 1 still hold when restricting

from R to RMP, we have GRI ľRMP
ρ ĺRMP

δ. Finally, since the example from the proof

of Theorem 3.3.5(2) lies in RMP, we have GRI ŋRMP
ρ ňRMP

δ, as desired.

Remark 3.3.11. Let S Ă SubQuivpQq be a subset containing all the full connected convex

subquivers of Q. Since the result of Proposition 3.3.10 only relies on examples in S, it holds
with GRISV instead of GRIV . Moreover, the proof of Proposition 3.3.8 can be adapted to

show that GRISV is complete on those representations which admit a decomposition into

indecomposables of the form IrQ1s with Q1 P S.

3.4 HN types of zigzag persistence modules

The goal of this section is to characterise complete central charges for type Aℓ quivers.

3.4.1 Zigzag persistence modules

Fix an integer ℓ ě 0. A quiver Q is said to be of type Aℓ whenever its underlying undirected

graph has the form

x0
e1

x1
e2 ¨ ¨ ¨ eℓ´1

xℓ´1
eℓ

xℓ.

We describe the direction of edges via a boolean string τ of length ℓ, called the orientation

of Q: its i-th entry τi indicates whether ei points forward (1) from xi´1 to xi or backward

(0) from xi to xi´1. For instance, when ℓ “ 3, the sequence τ “ 100 implicates the following

quiver:

x0
e1 // x1 x2

e2oo x3.
e3oo

We say that Q is equioriented if every τi equals 1 (i.e., all edges point forward). Our goal

here is to describe all complete central charges α for representations of type Aℓ quivers.

Representations of type Aℓ quivers are called zigzag persistence modules [30], and these

specialise in the equioriented case to ordinary persistence modules [100]. It follows from

Gabriel’s theorem [55] that the indecomposable summands which appear in the decompo-

sition (3.1) of a nonzero V P ReppQq have a particularly simple form when Q is of type

Aℓ. Each such indecomposable corresponds to a subinterval ra, bs Ă r0, ℓs with integral end-

points. Recalling that F is the ground field over which all of our vector spaces are defined,

the indecomposable Iτ ra, bs P ReppQq associated to ra, bs has the form

0 oo // ¨ ¨ ¨ oo // 0 oo // F oo // ¨ ¨ ¨ oo // F oo // 0 oo // ¨ ¨ ¨ oo // 0. (3.10)

Here the arrows point in accordance with the orientation τ of Q, the contiguous string

of F’s spans vertex indices ta, a ` 1, . . . , b ´ 1, bu, all maps with source and target F are

identities, and all other vector spaces are trivial. These indecomposables are often called

interval modules.
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Explicitly, if Q is a type Aℓ quiver with orientation τ , then associated to each repre-

sentation V P ReppQq there exists a unique finite set BarpV q consisting of subintervals

ra, bs Ă r0, ℓs with a ď b integers, and a unique function BarpV q Ñ N sending each ra, bs
to its multiplicity dab, so that there is an isomorphism

V » à

ra,bs
pIτ ra, bsqdab . (3.11)

Here the direct sum ranges over ra, bs P BarpV q. Thus, a central charge α : Q0 Ñ R
is complete for Q in the sense of Definition 3.2.9 if and only if the multiplicity function

ra, bs ÞÑ dab of every V P ReppQq can be recovered from the HN type TrV ;αs.

3.4.2 Characterising complete central charges

The first step in our quest to describe all complete central charges of Q is a converse to

Lemma 3.2.10. This result is mentioned (without a detailed proof) in the discussion after

[103, Conjecture 7.1]. Throughout, we fix a quiver Q “ ps, t : Q1 Ñ Q0q of type Aℓ and

denote its orientation by τ .

Proposition 3.4.1. A central charge α : Q0 Ñ R is complete for Q if every indecomposable

Iτ ra, bs in ReppQq is α-stable.

Proof. Let V P ReppQq have the decomposition (3.11); we seek to establish that the

multiplicities dab which appear in this decomposition can be recovered from TrV ;αs. To

this end, let λ1 ą λ2 ą ¨ ¨ ¨ ą λk be the collection of all slopes contained in the set

tµαpIτ ra, bsq | ra, bs P BarpV qu .
For each i in t1, . . . , ku we denote by Bi Ă BarpV q the subset consisting of all ra, bs for

which µαpIτ ra, bsq ě λi. Consider the filtration V ‚ of V given by

V i :“ à

ra,bsPBi

Iτ ra, bsdab .

By construction, the quotient V i{V i´1 is a direct sum of stable representations with α-slope

equal to λi. Now Corollary 3.2.6 and uniqueness (described in Theorem 3.2.4) ensure that

V ‚ is the HN filtration of V along α.

For each b P t0, 1, . . . , ℓu, define ϕb : t0, . . . , bu Ñ R as ϕbpaq :“ µαpIτ ra, bsq. We claim

that these maps are injective: given a1 ă a, there are two cases to consider, depending on

the orientation of ea P Q1 (or equivalently, on the value of τa P t0, 1u). If tpeaq “ xa, then

there exists a monomorphism Iτ ra, bs Ă Iτ ra1, bs and the stability of the latter representation

guarantees ϕbpaq ă ϕbpa1q. On the other hand, if tpeaq “ xa´1 then Iτ ra, bs is a quotient of

Iτ ra1, bs: we have a short exact sequence in ReppQq of the form

0 // Iτ ra1, a ´ 1s // Iτ ra1, bs // Iτ ra, bs // 0.

An appeal to Lemma 3.2.5 along with the α-stability of Iτ ra1, bs gives ϕbpaq ą ϕbpa1q. In

both cases we obtain ϕbpaq ‰ ϕbpa1q for a1 ă a, whence ϕb is injective as claimed.
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Given this injectivity, for each fixed i we may order the elements of Bi as

Bi “ tra1, b1s, ra2, b2s, . . . , ran, bnsu ,

where b1 ą ¨ ¨ ¨ ą bn. Now the multiplicity da1b1 is precisely the dimension of V i{V i´1 at

any vertex xj P Q0 where b2 ă j ď b1. Proceeding inductively, we similarly recover the

multiplicities dakbk for all 1 ă k ď n.

The preceding result, combined with Lemma 3.2.10, confirms that a central charge α

for Q is complete if and only if every indecomposable Iτ ra, bs P ReppQq is α-stable. The

main result of [80] is a complete characterisation of such central charges in terms of two

functions: let χ, η : t0, 1, . . . , ℓu ÞÑ N be defined inductively as follows. Beginning with

χp0q “ 0 and ηp0q “ 0, for each i ą 0 we set

χpi ` 1q “
#

χpiq ` 1 if τi “ 1

χpiq if τi “ 0
and ηpi ` 1q “

#

ηpiq ` 1 if τi “ 0

ηpiq if τi “ 1

For instance, when τ “ 1101, the function χ takes on values p0, 1, 2, 2, 3q while the function
η takes on values p0, 0, 0, 1, 1q for inputs p0, 1, 2, 3, 4q:

0 1 2

3 4

X0 X1 X2 X3

Y0

Y1

For each k P N we have the level sets Xk :“ ti | χpiq “ ku and Yk :“ ti | ηpiq “ ku, both of

which are subintervals of t0, . . . , ℓu as χ and η are monotone. Writing Xk “ rak, bks and

Yk “ ra1
k, b

1
ks for each k, we are able to state [80, Theorem 1.13].

Theorem 3.4.2. All indecomposables Iτ ra, bs in ReppQq are α-stable for a given central

charge α : Q0 Ñ R if and only if the following inequalities hold:

µαpIτ ra0, b0sq ą µαpIτ ra1, b1sq ą ¨ ¨ ¨ ą µαpIτ raχpℓq, bχpℓqsq,
µαpIτ ra1

0, b
1
0sq ă µαpIτ ra1

1, b
1
1sq ă ¨ ¨ ¨ ă µαpIτ ra1

ηpℓq, b
1
ηpℓqsq.

It is also shown in [80] that, for every possible orientation τ , (a) this is a minimal set

of inequalities for characterising those central charges along which all indecomposables are

stable, and (b) the set of all such central charges defines a non-empty open subset in RQ0

which is linearly equivalent to RˆRQ1

ą0. These results, when combined with our Proposition

3.4.1 and Lemma 3.2.10, completely describe all complete central charges for Aℓ quivers.

Theorem 3.4.3. Given an integer ℓ ě 0, let Q be a quiver of type Aℓ and orientation

τ . The set of complete central charges for Q is nonempty, and consists precisely of those

α : Q0 Ñ R which satisfy the inequalities from Theorem 3.4.2.
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We note here that the set of complete central charges admits a particularly appealing

description in the case where Q is equioriented.

Corollary 3.4.4. For ordinary persistence modules, a central charge α is complete if and

only if the inequality αpxiq ą αpxi`1q holds for all i P t0, 1, . . . , ℓ ´ 1u.
Proof. If τ “ 11 . . . 1, then the function χ : t0, 1, . . . , ℓu Ñ N is given by χpiq “ i, whereas

the function η is identically zero. We therefore seek any α : Q0 Ñ R which satisfies

µαpIτ ri, isq ą µαpIτ ri ` 1, i ` 1sq for all i. By (3.4) and (3.10), this string of inequalities

reduces to

αpx0q ą αpx1q ą ¨ ¨ ¨ ą αpxℓ´1q ą αpxℓq, (3.12)

as desired.

3.5 HN types of multiparameter persistence modules

Finding discriminative and computable invariants for multiparameter persistence modules

remains a central challenge in topological data analysis. In this setting, we prove a gener-

alisation of Corollary 3.4.4 for rectangle-decomposable representations. We then establish

another completeness result for a larger class of interval-decomposable representations.

3.5.1 Multiparameter persistence modules as equalised represen-

tations

Let Q “ ps, t : Q1 Ñ Q0q be an acyclic quiver. Its source and target maps may be extended

from edges to paths γ “ pe1, . . . , ekq by setting spγq :“ spe1q and tpγq :“ tpekq. Given a

representation V P ReppQq, there is a distinguished linear map Vγ : Vspγq Ñ Vtpγq induced
by the composite

Vγ :“ Vek ˝ Vek´1
˝ ¨ ¨ ¨ ˝ Ve2 ˝ Ve1 .

Definition 3.5.1. We say that V P ReppQq is equalised if the following property holds:

for any pair of vertices x, y P Q0 and any pair of paths γ, γ1 with common source x and

common target y, the composite maps Vγ and Vγ1 are identical. Let RepeqpQq Ă ReppQq
be the full subcategory spanned by equalised representations. △

We recall from Remark 3.2.12 that the HN filtrations of an equalised representation

coincide in RepeqpQq and in ReppQq.
Example 3.5.2. A large class of interesting equalised representations arises in the study of

cellular sheaves [40]. Every such sheaf F on a regular CW complex X is a functor from the

face-ordered poset of cells pX,ăq to the category VecpFq of F-vector spaces. The Hasse

graph of X is the quiver QpXq whose vertices correspond bijectively to the cells of X, with

a unique edge σ Ñ τ being present whenever σ is a face of τ of codimension one. Any given

sheaf F : pX,ăq Ñ VecpFq on X induces a representation V pFq of QpXq as follows: every

vertex σ is assigned the vector space Fpσq and every edge σ Ñ τ is assigned the linear map

Fpσ ă τq. The fact that F is a functor directly implies that V pFq is equalised.
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Definition 3.5.3. The flow partial order on vertices Q0 of the acyclic quiver Q is defined

as follows: given x and y in Q0, we have x ď y if either x “ y or if there exists a path γ in

Q with spγq “ x and tpγq “ y. △

Given V P RepeqpQq and a pair of vertices x ď y in Q0, we write Vxďy : Vx Ñ Vy to

indicate the map defined by any path γ from x to y, with the understanding that this map

is the identity for y “ x. Since V is equalised, this is well-defined and it follows that the

image of Vxďy is isomorphic to xVxyy (from Definition 3.3.2). Thus, the value of ρV px, yq is

precisely the rank of Vxďy when V is equalised. This is the genesis of the terminology of

the rank invariant, which was introduced in [31] to study certain equalised representations

of grid quivers, described below.

Let us fix a vector L “ pℓ1, ℓ2, . . . , ℓdq of d ě 2 integers, with each ℓi ě 1. Here we

consider the case where Q “ ps, t : Q1 Ñ Q0q is the d-dimensional grid quiver of shape L,

defined as follows. Its vertices xp are indexed by all p lying in the product

ΛpLq :“
d
ź

i“1

t0, 1, . . . , ℓiu ,

and there exists a unique edge xp Ñ xq whenever q ´ p is a standard basis vector of Rd.

Here, for instance, is the quiver of shape L “ pℓ, 2q for arbitrary ℓ ě 1:

x0,2 // x1,2 // ¨ ¨ ¨ // xℓ´1,2
// xℓ,2

x0,1 //

OO

x1,1 //

OO

¨ ¨ ¨ // xℓ´1,1
//

OO

xℓ,1

OO

x0,0 //

OO

x1,0 //

OO

¨ ¨ ¨ // xℓ´1,0
//

OO

xℓ,0

OO

Equalised representations of d-dimensional grid quivers are also referred to as d-parameter

persistence modules [31]. We note that every grid quiver Q contains an embedded copy

of the grid quiver of shape L “ p1, 1q, and that both the representations W and W 1

which appeared in the proof of Theorem 3.3.5 are equalised. Thus, we obtain the following

consequence.

Corollary 3.5.4. Given any integer d ě 2, let Q be the grid quiver corresponding to some

integer vector L “ pℓ1, . . . , ℓdq with each ℓi ě 1.

1. The skyscraper invariant δV of V P RepeqpQq determines its rank invariant (via the

formula in Theorem 3.3.5).

2. There exist representations W and W 1 in RepeqpQq which have identical rank invari-

ant and satisfy δW ‰ δW 1.
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3.5.2 Rectangle-decomposable representations

In general, grid quivers are of wild representation type and one cannot expect to obtain

a tractable classification of all indecomposable objects in RepeqpQq. One can, however,

impose a higher-dimensional analogue of (3.11) by passing to the subset of rectangle-

decomposable representations, which we describe below.

As before, let Q “ ps, t : Q1 Ñ Q0q be the grid quiver of shape L “ pℓ1, ℓ2, . . . , ℓdq for

d ě 2 and all ℓi ě 1. Given any subset P Ă ΛpLq, we recall from Definition 3.2.3 that IrP s
denotes the representation of Q which assigns vector spaces

IrP sxp “
#

F if p P P,
0 otherwise;

the linear map associated to each edge is the identity whenever both source and target spaces

are F, and it must necessarily equal zero otherwise. By a rectangle representation we

mean IrRs, where R :“ ra1, b1s ˆ ¨ ¨ ¨ ˆ rad, bds for some rai, bis Ă r0, ℓis is a rectangle inside

ΛpLq. We note that IrRs is always equalised when R is a rectangle. We write ReprecpQq
for the full subcategory of RepeqpQq spanned by objects which are (isomorphic to) direct

sums of rectangle representations. The rank invariant is complete when restricted to this

subcategory [19, 37]; and by Corollary 3.5.4, so is the skyscraper invariant.

Our goal in this subsection is to prove a much sharper result — we extend Corollary

3.4.4 to the category of rectangle-decomposable representations of arbitrary dimension d by

classifying the set of complete central charges. For this purpose, it is necessary to exclude

from consideration a finite union of hyperplanes in the vector space of central charges:

H :“
ď

R‰R1
tα : Q0 Ñ R | µαpIrRsq “ µαpIrR1squ , (3.13)

where R and R1 range over distinct rectangles in ΛpLq. The following result serves to justify

this exclusion.

Proposition 3.5.5. If α R H is a central charge for which each rectangle representation

IrRs P RepeqpQq is α-stable, then Tr‚;αs is complete on ReprecpQq.
Proof. Given V P ReprecpQq, consider its decomposition

V » à

R

IrRsmR ,

where the direct sum is indexed over all subrectangles R Ă ΛpLq, of which only finitely

many have multiplicity mR ą 0. It suffices to recover these multiplicities from the HN type

of V along α. By Proposition 3.2.8, for each real number c P R we have

TrV ;αspcq “
ÿ

µαpRq“c

mR ¨ dimIrRs

Since α R H by assumption, the multiplicity mR1 of any rectangle R1 can be obtained by

letting c “ µαpR1q, so the sum simplifies to TrV ;αspcq “ mR1 ¨ dimIrR1s.
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The following is a multiparameter generalisation of Corollary 3.4.4.

Theorem 3.5.6. Let Q be a grid quiver of shape L “ pℓ1, ℓ2, . . . , ℓdq for any ℓi ě 1. A

central charge α R H is complete on ReprecpQq if and only if it satisfies the inequality

α ˝ speq ą α ˝ tpeq for each edge e P Q1.

The remainder of this subsection will be occupied by the proof.

We first establish a technical result in lattice theory. Let us recall the flow partial order

on Q0 from Definition 3.5.3. A subset of vertices U Ă Q0 is said to be up-closed if x P U
and y ě x implies y P U . Given an arbitrary nonempty subset A Ă Q0, we denote by A`

the smallest up-closed subset of Q0 containing A. The poset pQ0,ďq has a structure of finite
lattice with ^ and _ given by applying respectively min and max coordinate-wise. One

can check that this lattice is distributive (the distributive law is true in each coordinate),

and hence that it satisfies the following standard inequality [1, Corollary 6.1.3].

Proposition 3.5.7. Let pL,^,_q be a finite distributive lattice. For any subsets X, Y Ă L,

we have the inequality

|X| ¨ |Y | ď |X ^ Y | ¨ |X _ Y |, where:

1. | ‚ | denotes cardinality,
2. X _ Y :“ tx _ y | x P X and y P Y u, and
3. X ^ Y :“ tx ^ y | x P X and y P Y u.

We will use this combinatorial inequality to establish the following result about up-closed

subsets of Q0.

Lemma 3.5.8. Let U Ă Q0 be an up-closed subset with complement D :“ Q0zU . Then,

for all subsets A Ă D we have

|A| ¨ |U | ď |D| ¨ |U X A`|
where | ‚ | denotes cardinality.
Proof. Since, pA` XDq` “ A`, it suffices to establish the desired inequality with A replaced

by the larger set A` X D. Since A` X D equals A`zpU X A`q, this inequality becomes

`|A`| ´ |U X A`|˘ ¨ |U | ď p|Q0| ´ |U |q ¨ |U X A`|,
which is equivalent to

|A`| ¨ |U | ď |Q0| ¨ |U X A`|.
Since U and A` are up-closed, we have U XA` “ U _A`. Applying Proposition 3.5.7 with

subsets X “ U and Y “ A` of L “ Q0, we obtain

|A`| ¨ |U | ď |U ^ A`| ¨ |U _ A`| ď |Q0| ¨ |U X A`|,
as desired.
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The main tool in the proof of our generalisation of Corollary 3.4.4 to ReprecpQq is the

following max-flow/min-cut theorem [15, Chapter III.1].

Theorem 3.5.9. Let Φ “ pσ, τ : Φ1 Ñ Φ0q be a quiver whose vertex set contains a dis-

tinguished source s˚ R τpΦ1q and target t˚ R σpΦ1q, and let κ : Φ1 Ñ r0,8s be a function

defined on edges. The maximum value attained by a κ-flow equals the minimum κ-capacity

of a cut separating s˚ from t˚.

Recall that a κ-flow on Φ is a map f : Φ1 Ñ r0,8s satisfying two constraints:

1. fpϵq ď κpϵq for all ϵ P Φ1, and

2.
ř

σpϵq“x fpϵq “ ř

τpϵq“x fpϵq for all x P Φ0z ts˚, t˚u.
The value of f is the sum νpfq :“ ř

σpϵq“s˚ fpϵq; by the second constraint above, νpfq also

equals
ř

τpϵq“t˚ fpϵq. On the other hand, an ps˚, t˚q-cut is any subset E Ă Φ1 whose removal

disconnects s˚ from t˚; the κ-capacity of such a cut is cpEq :“ ř

ϵPE κpϵq. We are now able

to characterise complete central charges for Q which do not lie in the union of hyperplanes

H from (3.13).

Theorem 3.5.10. Let Q be a grid quiver of shape L “ pℓ1, ℓ2, . . . , ℓdq for any ℓi ě 1. A

central charge α R H is complete on ReprecpQq if and only if it satisfies the inequality

α ˝ speq ą α ˝ tpeq for each edge e P Q1.

Proof. If the inequality α ˝ speq ď α ˝ tpeq holds for some edge e, then we obtain

µαpIrttpequsq ď µαpIrtspeq, tpequsq.
We now have from Lemma 3.2.10 that the restriction of α to the A2 quiver speq Ñ tpeq is

not complete. It is straightforward to confirm that as a consequence α is not complete on

ReprecpQq. The remainder of the argument will be devoted to the converse implication —

assuming that α ˝ speq ą α ˝ tpeq holds for all e P Q1, we will show that α is complete.

By Proposition 3.5.5, it is enough to prove that each rectangle representation is α-stable.

By passing to the full subquiver induced by vertices lying within any such rectangle, it

suffices to assume that the rectangle representation at hand is V “ IrΛpLqs. Consider a

subrepresentation V 1 Ĺ IrΛpLqs; this assigns vector spaces of dimension at most 1 with

all nontrivial maps being isomorphisms. Thus, V 1 has the form IrU s for some up-closed

proper subset U Ĺ Q0. Let tu1, u2, . . . , umu be the vertices lying in U , and similarly let

td1, d2, . . . , dnu be the vertices lying in its complement D :“ Q0zU .
Construct a new quiver Φ “ pσ, τ : Φ1 Ñ Φ0q as follows: its vertex set Φ0 consists of

Q0 along with two additional vertices s˚ and t˚. The edge set Φ1 is built in two stages as

follows: first we insert a unique edge from s˚ to each vertex of D, and similarly a unique

edge from each vertex of U to t˚, as depicted below:

s˚

d1

d2

...

dn

t˚

u1

u2

...

um
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In the second step, we add a unique edge di Ñ uj whenever di ď uj holds in Q0. Define

κ : Φ1 Ñ r0,8s by:

κpϵq “

$

’

’

&

’

’

%

1{n if σpϵq “ s˚
1{m if τpϵq “ t˚
`8 otherwise.

Claim: Every ps˚, t˚q-cut E Ă Φ1 has κ-capacity cpEq ě 1.

Given such a cut, let S and T denote the vertices lying in the component of s˚ and t˚
respectively after the edges of E have been removed. We may safely assume that E contains

no edges of the form di Ñ uj since that would immediately force cpEq “ 8. Therefore,

writing A :“ S XD and B :“ T X U , we know that A` XB is empty because the removal

of E must separate s˚ from t˚. As a result, we have

cpEq “ |DzA|
|D| ` |UzB|

|U | .

Using the fact that UzB contains A` X U followed by Lemma 3.5.8, we have

|UzB|
|U | ě |U X A`|

|U | ě |A|
|D| “ 1 ´ |DzA|

|D| .

Using this bound in our expression for cpEq given above establishes the claim.

Returning to the main argument, we have by Theorem 3.5.9 that Φ admits a κ-flow

f : Φ1 Ñ r0,8s of value νpfq ě 1. Select any such f and note that it must evaluate to 1{n
on each edge s˚ Ñ di and to 1{m on each edge uj Ñ t˚, whence its value νpfq is exactly 1.

Define F : D ˆ U Ñ Rě0 by

F pdi, ujq “
#

fpdi Ñ ujq if di ď uj holds in Q0

0 otherwise.

Since α ˝ speq ą α ˝ tpeq holds for each edge e P Q1, and since F takes strictly positive

values on at least some pdi, ujq pairs, we have

n
ÿ

i“1

m
ÿ

j“1

F pdi, ujq ¨ αpdiq ą
n
ÿ

i“1

m
ÿ

j“1

F pdi, ujq ¨ αpujq.

Using the fact that f is a κ-flow, for each i we have
řm

j“1 F pdi, ujq “ 1{n, and similarly for

each j we have
řn

i“1 F pdi, ujq “ 1{m. Thus, the inequality above is ϕαpIrDsq ą ϕαpIrU sq.
Finally, the desired inequality ϕαpV 1q ă ϕαpV q follows from Lemma 3.2.5 applied to the

short exact sequence 0 Ñ V 1 Ñ V Ñ IrDs Ñ 0.

3.5.3 Interval-decomposable representations

The class of interval-decomposable representations (see Definition 3.2.3) generalises the class

of rectangle-decomposable representations and plays an important role in multiparameter

persistence. Let Q be a finite acyclic quiver, and let RepintpQq be the full subcategory

of ReppQq spanned by the objects which admit a direct sum decomposition into interval
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representations. The subcategories of ReppQq introduced in this document are related by

the following inclusions

RepidpQq� v
))

ReprecpQq � � //RepintpQq
' �

44

� w

))

ReppQq

RepeqpQq
( �

55

where RepidpQq is defined in (3.2). The results from [4] establish that the equality

RepintpQq “ RepidpQq X RepeqpQq

holds when Q is a 2-dimensional grid quiver, but not in general.

Let I denote the set of (isomorphism classes of) indecomposables in RepintpQq. The

support of a representation V P ReppQq is the subset supppV q Ă Q0 consisting of all

vertices x for which the vector space Vx is nontrivial (or equivalently, those vertices x where

dimV pxq is nonzero). Note that the representations in I are uniquely determined by their

support. We recall the flow partial order ď on Q0 from Definition 3.5.3, and say that a

subset S Ă Q0 is convex if the full subquiver induced by S is convex. Following the proof

of [5, Lemma 4.4], we show that RepintpQq satisfies the conditions of Lemma 3.2.11.

Lemma 3.5.11. The subrepresentations and the quotients of an interval representation are

interval-decomposable.

Proof. Let I P I and let W Ă I be a nonzero subrepresentation. We prove that W and

I{W both lie in RepintpQq. For each x P supppIq, let 1x be the unit of Ix “ F. Since

dimI takes values in t0, 1u, the vectors p1xq constitute bases of the nonzero spaces of W

and I{W . Hence, W and W {I are isomorphic to identity representations.

We now prove that supppW q and supppI{W q are convex. Let p be a path in Q from

a vertex in supppW q to a vertex in supppIq. By convexity of supppIq, the composite

map Ip is an isomorphism; whence, Wp is injective and tppq P supppW q. So the subset

supppW q Ă supppIq is upward-closed with respect to ď. In particular, supppW q is convex

in the full subquiver induced by supppIq and hence in Q. Moreover, the complement

supppI{W q “ supppIqz supppW q is a downward-closed subset of supppIq and is also convex

in Q.

We have proven that W and I{W are isomorphic to some identity representation of

the form IrP s where P Ă Q is a full convex subquiver. Let P 1, . . . , P k be the connected

components of P , we have IrP s » Àk
i“1 IrP is, and by definition each IrP is lies in I.

Given an integer k ě 1, we denote by Iďk the family of interval representations with at

most k sources. Namely,

Iďk :“ tI P I, |min supppIq| ď ku ,
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where minpIq denotes the set of minimal vertices lying in the subposet psupppIq,ďq. The

supports of two indecomposables of Iď2 inside a grid of shape p10, 10q are shown below in

blue:
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A natural question to ask is whether there is a family A of central charges which is complete

on RepintpQq. Let us first state a negative result.

Corollary 3.5.12. Assume that the underlying field F is different from Z{2Z. If Q con-

tains a grid of shape p4, 1q, then no single central charge is complete on the class of Iď2-

decomposable modules and hence on RepintpQq.

This follows from Corollary 3.6.2, which we will prove in the next Section. The good news

takes the form of the following Proposition, which is the main result of this Subsection.

Proposition 3.5.13. There is a finite family of central charges A which is complete on

Iď2-decomposable representations.

The first step in our proof is the following Lemma.

Lemma 3.5.14. Let J Ă I be a family of interval representations and assume that for all

I P J , there is a central charge αI : Q0 Ñ R and a real number λI P R such that I is the only

αI-semistable interval representation in I of slope λI . Then, the invariant TrV ; pαIqIPJ s
is complete on J -decomposable representations.

Proof. By Lemmas 3.2.11(2) and 3.5.11, the HN type TrJ ;αIspλIq of a nonzero interval

representation J P J is the dimension vector of some αI-semistable W P RepintpQq. By

Lemma 3.2.5, the indecomposable summands in the decomposition of W must have slope

λI . Since, dimW ď dimJ , the dimension vector TrJ ;αIspλIq is either 0 or dimI . Given the

decomposition V » À

JPJ J
dV pJq, we have

TrV ;αIspλIq “
ÿ

JPUI

dV pJq dimI .

Since the support of every J P U I contains supppIq, the multiplicities pdV pJqqJPJ can be

obtained from pTrV ;αJ sqJPJ by descending induction on J equipped with the partial order

induced by the inclusion of supports.

We now prove the main result of this subsection by applying Lemma 3.5.14 with the

family of interval representations J “ Iď2.
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Proof of Proposition 3.5.13. Let I P Iď2, we first prove the existence of a central charge

along which I is stable. If the set minpsupppIqq of minimal vertices of the subposet supppIq
is a singleton txu Ă Q0, then I is δx-stable. If min supppIq contains two vertices x, x1 P Q0,

we consider a nonzero central charge α : Q0 Ñ R whose support is tx, x1u. I has two proper

submodules of nonzero α-slope xIxy and xIx1y. Hence, I is α-stable if and only if

#

αpxq
| supppxIxyq| ă αpxq`αpx1q

| supppIq|
αpx1q

| supppxIx1 yq| ă αpxq`αpx1q
| supppIq|

which can be rewritten as

| supppIq| ´ | supppxIx1yq|
| supppxIx1yq| ă αpxq

αpx1q ă | supppxIxyq|
| supppIq| ´ | supppxIxyq|

There exist αpxq, αpx1q P Rą0 satisfying the above inequalities if and only if

´

| supppIq| ´ | supppxIxyq|
¯

¨
´

| supppIq| ´ | supppxIx1yq|
¯

ă | supppxIxyq| ¨ | supppxIx1yq|

or equivalently,

| supppIq| ă | supppxIxyq| ` | supppxIx1yq|.
This last inequality holds because supppIq “ supppxIxyqYsupppxIx1yq and it is strict because

the full subquiver induced by supppIq is connected.

Let α : Q0 Ñ Rě0 be a central charge such that I is α-stable and let

m :“ min
JĹI

µαpIq ´ µαpJq.

One can define a central charge αI whose values are linearly independent over Q and such

that for all x P Q0, we have αIpxq P rαpxq, αpxq ` mq. Then for an interval representation

J Ĺ I, we have µαI pJq ă µαpJq `m ď µαpIq ď µαI pIq. So I is also αI-stable and moreover,

by linear independence over Q, each interval representation in I has a different αI-slope. By

Lemma 3.5.14, the invariant TrV ; pαIqIPIď2s is complete on Iď2-decomposable modules.

It remains open whether the above result generalises to any family J Ă I of interval

representations. The main bottleneck for this generalisation is the existence for each I P J
of a central charge along which I is stable. This last problem only depends on the shapes of

the supports of interval representations in J . Moreover, the complete family A of central

charges from the proof of Proposition 3.5.13 has the same cardinality as Iď2. It would

be interesting to prove a stronger version of Proposition 3.5.13 with a smaller family A of

central charges. Theorem 3.6.4 in the next Section gives a partial result in this direction in

the case of ladder persistence modules.

69



3.6 HN types of interval-decomposable ladder persis-

tence modules

Fix an integer ℓ ě 1. Here we will be concerned with certain equalised representations of

the following ladder quiver Q “ ps, t : Q1 Ñ Q0q of length ℓ:

x`
0

e`
1 //

e0

��

x`
1

e`
2 //

e1

��

¨ ¨ ¨ e`
ℓ´1

// x`
ℓ´1

e`
ℓ //

eℓ´1

��

x`
ℓ

eℓ

��

x´
0

e´
1

// x´
1

e´
2

// ¨ ¨ ¨
e´
ℓ´1

// x´
ℓ´1

e´
ℓ

// x´
ℓ

Equalised representations of such quivers are sometimes called ladder persistence modules;

these are precisely 2-parameter persistence modules of shape L “ pℓ, 1q, but it is customary

to represent them with vertical arrows pointing down instead of up. In particular, they

arise when studying the morphisms of ordinary persistence modules. The authors of [47]

established that RepeqpQq is of finite type for ℓ ď 3 and completely classified its inde-

composable objects via Auslander-Reiten theory. In contrast, in this section, we focus on

interval-decomposable ladder persistence modules. The last three authors introduced in

[70, Section 5] the nestfree condition which guarantees the interval-decomposability of a

ladder persistence module. This condition was later generalised in [110].

3.6.1 Interval-decomposable representations of ladders

Given V P RepeqpQq, we let V ` and V ´ denote its restrictions to the top and bottom

rows of Q respectively. Since both V ˘ are representations of the (equioriented) Aℓ quiver,

they admit direct sum decompositions into interval modules as described in (3.11). Up to

isomorphism, the indecomposable objects of RepintpQq have one of three possible forms:

1. Given subintervals ra, bs and rc, ds of r0, ℓs whose endpoints satisfy c ď a ď d ď b,

let Ra,b
c,d be the representation V for which V ` is the interval module Ira, bs while V ´

is the interval module Irc, ds, and all vertical maps are 11s whenever possible and 0

otherwise:

F //

��

F //

��

¨ ¨ ¨ // F //

��

¨ ¨ ¨ // F

F // ¨ ¨ ¨ // F // F // ¨ ¨ ¨ // F

2. Given an interval ra, bs Ă r0, ℓs, let Ra,b be the ladder representation V for which V `

equals Ira, bs and V ´ is trivial, with all vertical maps necessarily being 0:

F //

��

F //

��

¨ ¨ ¨ // F

��

0 // ¨ ¨ ¨ // 0 // 0 // ¨ ¨ ¨ // 0 // ¨ ¨ ¨ // 0
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3. Finally, given an interval rc, ds Ă r0, ℓs, let Rc,d be representation V for which V ` is

trivial while V ´ is Irc, ds, so once again all vertical maps are 0:

0 // ¨ ¨ ¨ // 0 //

��

0 //

��

¨ ¨ ¨ // 0 //

��

¨ ¨ ¨ // 0

F // F // ¨ ¨ ¨ // F

It will be convenient in the sequel to unify notation by adopting the convention

Ra,b
8,8 :“ Ra,b and R8,8

c,d :“ Rc,d, (3.14)

so that for every V P RepintpQq there exist multiplicities ra,bc,d P N satisfying:

V » à

a,b,c,d

´

Ra,b
c,d

¯ra,bc,d

, (3.15)

with pa, b, c, dq ranging over admissible subsets of t0, 1, . . . , ℓ,8u4 as per (3.14). Our goal

throughout the remainder of this section is to quantify the extent to which these multi-

plicities can be recovered from HN types. The first result in this direction is negative: for

ℓ ě 4, there is no complete central charge α : Q0 Ñ R.

Proposition 3.6.1. If Q has length ℓ ě 4, then for every central charge α : Q0 Ñ R there

exists at least one indecomposable in RepintpQq which is not α-stable.

Proof. It suffices to consider ℓ “ 4 which embeds into all larger ladder quivers:

x`
0

//

��

x`
1

//

��

x`
2

//

��

x`
3

//

��

x`
4

��

x´
0

// x´
1

// x´
2

// x´
3

// x´
4

Let α˘
j be the valued assigned by a given central charge α to the vertex x˘

j for 0 ď j ď
4. Assume, for the purposes of contradiction, that all the indecomposables in RepintpQq
are α-stable. Consider the inequalities of slopes arising from the following inclusions of

indecomposables:

3pα´
1 ` α`

1 q ă 2pα´
0 ` α´

1 ` α`
1 q R1,1

1,1 Ă R1,1
0,1

3pα´
0 ` α´

1 q ă pα´
0 ` α´

1 ` α`
1 ` α`

2 ` α`
3 ` α`

4 q R0,1 Ă R1,4
0,1

4pα´
3 ` α`

3 ` α`
4 q ă 3pα´

2 ` α´
3 ` α`

3 ` α`
4 q R3,4

3,3 Ă R3,4
2,3

4pα´
2 ` α`

2 ` α`
3 q ă 3pα´

1 ` α´
2 ` α`

2 ` α`
3 q R2,3

2,2 Ă R2,3
1,2

4α`
4 ă pα´

2 ` α´
3 ` α`

3 ` α`
4 q R4,4 Ă R3,4

2,3

Labelling these five inequalities as paq, pbq, . . . , peq respectively, we obtain

4paq ` 4pbq ` pcq ` 4pdq ` peq holds if and only if 0 ă 0,

which provides the desired contradiction.
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When combined with Lemmas 3.2.11(1) and 3.5.11, the calculation in Proposition 3.6.1

yields the following consequence.

Corollary 3.6.2. For ℓ ě 4, there is no central charge α : Q0 Ñ R that is complete on

RepintpQq.
Before remedying this defect by considering a larger collection of central charges, we describe

another negative result which highlights the necessity of restricting our focus to interval-

decomposable representations.

Proposition 3.6.3. Let F be any field other than Z{2Z, and consider a ladder quiver Q of

length ℓ ě 4. There exist non-isomorphic representations V fi W in RepeqpQq such that

TrV ;αs “ TrW ;αs for every central charge α : Q0 Ñ R.

Proof. For each scalar λ in F, consider V pλq P RepeqpQq given by

0 //

��

F
r 10 s

//

r 11 s
��

F2
r 1 0
0 1 s

//

r 1 λ
1 1 s

��

F2

r 1 λ s

��

r 1 0 s
// F

��

F r 10 s
// F2

r 1 0
0 1 s

// F2

r 1 0 s
// F // 0

(See also [26, Definition 4(2)].) Since we have assumed F ‰ Z{2Z, there exist distinct

nonzero scalars λ ‰ µ in F; we set V :“ V pλq andW :“ V pµq. Any isomorphism ϕ : V Ñ W

must restrict to automorphisms ϕ˘ : V ˘ Ñ W˘ of the top and bottom rows. By [70,

Theorem 4.4], both ϕ˘ are forced to be trivial in the chosen bases, i.e., represented by the

identity matrix on each vertex. It is readily checked (along the middle vertical edge) that

this collection of identity matrices does not constitute a morphism V Ñ W in ReppQq,
whence V and W are non-isomorphic in the subcategory RepeqpQq. On the other hand,

there is an evident bijection between the subrepresentations of V and those of W that

preserves dimension vectors, and hence, α-semistability for any choice of central charge

α : Q0 Ñ R. This yields TrV ;αs “ TrW ;αs, as claimed.

3.6.2 A complete set of central charges

Fix a ladder quiver Q of length ℓ ě 1. Our goal in this subsection is to prove a stronger

version of Proposition 3.5.13 in the case of ladder persistence modules. More precisely, by

performing a more refined analysis, we are able to reduce the size of the collection of central

charges and to make the relationship between multiplicities of interval representations and

HN types more explicit.

Theorem 3.6.4. There exists a finite collection of central charges A whose cardinality

grows cubically with ℓ and for which the HN type Tr‚;As is complete on RepintpQq.
We let I denote the set of (isomorphism classes of) indecomposable objects which were

defined at the beginning of this Section. We will also adopt the convention (3.14) for de-

scribing these indecomposables as Ra,b
c,d for certain a, b, c, d in the set rℓs8 :“ t0, 1, . . . , ℓ,8u.
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Remark 3.6.5. Here are all the possible strict inclusions I 1 Ĺ I in I:

(1) Ra1,b8,8 Ĺ Ra,b8,8 if a ă a1

(2) R8,8
c1,d Ĺ R8,8

c,d if c ă c1

(3) Ra1,b8,8 Ĺ Ra,b
c,d if d ă a1

(4) R8,8
c1,d Ĺ Ra,b

c,d if c ď c1

(5) Ra1,b
c1,d Ĺ Ra,b

c,d if a ď a1 and c ď c1.

We recall from Section 3.5.3 that the support of an indecomposable I P I is the subset

supppIq Ă Q0 consisting of all vertices x for which the vector space Ix is nontrivial. Since

the indecomposables of RepintpQq can be uniquely identified by their supports, we may

illustrate these five containments I 1 Ĺ I from Remark 3.6.5 by depicting the supports of I 1

(shaded red) and I (outlined blue).

xà x`
b

(1)

xć x´
d

(2)

xà x`
b

xć x´
d

(3)

xà x`
b

xć x´
d

(4)

xà x`
b

xć x´
d

(5)

Definition 3.6.6. For every integer k ě 0 and subset S Ă Q0, define the set

Ik
S :“

#

I P I |
ÿ

xPQ0

dim Ix “ k and minpIq “ S

+

. △

There is a partition I “ š

k,S Ik
S where k ranges over Zą0 while S ranges over subsets

of Q0. The constituent part Ik
S is empty unless S has one of two possible forms:

• txu for any vertex x “ xà or x “ xć ,

• txà , xć u with 0 ď c ă a ď ℓ.

Here are the supports of certain I P I6
S for nontrivial choices of S Ă Q0:

xà

xć

S “ txà , xć u

xć

S “ txć u
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xà

S “ txà u

xà

Lemma 3.6.7. Given any integer k ą 0 and subset S Ă Q0 of vertices, the set of dimension

vectors
␣

dimI | I P Ik
S

(

is linearly independent in the vector space of maps Q0 Ñ R.

Proof. It suffices to consider the nontrivial cases where |Ik
S| ą 1, which can only occur when

either S “ tx`
i u for some i or when S “ tx`

i , x
´
j u for some i ą j. We claim that every

indecomposable Ra,b
c,d P Ik

S is uniquely determined by b. To verify this claim, note first that

if S “ tx`
i u for some i P t0, 1 . . . , ℓu then we must have a “ i and c P ti,8u, with c “ 8

occurring if and only if b “ i ` k ´ 1. Otherwise, if S “ tx`
i , x

´
j u for i ą j, then a “ i and

c “ j. In both cases, d is determined by the formula

k “ pb ´ aq ` pd ´ cq ` 2.

Thus, the map ι : Ik
S Ñ rℓs8 sending each Ra,b

c,d to b is injective, as claimed above. Now

consider an R-linear combination of the form

v :“
ÿ

IPIk
S

rI dimI .

A brief examination of the supports of indecomposables lying in Ik
S reveals that the value

vpx`
j q depends only on those I which satisfy ιpIq ě j. Thus, the real numbers rI may be

recovered by descending induction on ιpIq.

Let us fix a collection of irrational numbers ttp,qu indexed by pairs of integers 0 ď q ă p

so that the following inequalities hold:

q

p ´ q
ă tp,q ă q ` 1

p ´ pq ` 1q . (3.16)

Definition 3.6.8. For each integer k ą 0 and subset S Ă Q0 for which Ik
S is nonempty,

define the central charge αk
S : Q0 Ñ R as

αk
S :“

#

δx if S “ txu.
δxà

` tk,a´c ¨ δxć
if S “ txà , xć u.

Here δx is the skyscraper central charge at vertex x (from Definition 3.3.1) while the t‚,‚
are irrational numbers chosen to satisfy (3.16). △

We now compute the HN type of every indecomposable I P I along these central charges.

The calculation below makes essential use of spanning subrepresentations xISy, which were

introduced in Definition 3.3.2.
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Lemma 3.6.9. Fix any k ą 0 and S Ă Q0 for which Ik
S is nonempty, and define

λkS :“
#

1{k if |S| “ 1,

p1 ` tk,a´cq{k if S “ txà , xć u .

The following assertions are equivalent for every indecomposable I P Ik1
S1:

1. The αk
S-slope of I equals λkS.

2. Both k “ k1 and S Ă supppIq hold.

If either assertion is true, then we also have that I is αk
S-semistable if and only if S “ S 1.

Proof. We abbreviate αk
S to α and λkS to λ. Recall from Definition 3.6.6 that either S “ txu

or S “ txà , xć u with a ą c. In the first case, the desired equivalence follows from computing

µαpIq “
#

1{k1 if x P supppIq
0 otherwise

. (3.17)

In the case S “ txà , xć u with a ą c, we similarly have:

µαpIq “

$

’

’

’

’

&

’

’

’

’

%

1{k1 if S X supppIq “ txà u ,
tk,a´c{k1 if S X supppIq “ txć u ,
p1 ` tk,a´cq{k1 if S Ă supppIq,
0 otherwise.

(3.18)

Since tk,a´c is irrational by assumption, µαpIq determines S X supppIq, as desired.
We now assume that I is α-semistable (in addition to satisfying µαpIq “ λ), and seek

to show that S “ S 1. Since xISy is a subrepresentation of I with µαpxISyq ě λ, we must

have I “ xISy. This forces I to lie in Ik
S, thus ensuring S 1 “ S as desired. Conversely,

if S “ S 1, then I lies in Ik
S. By Lemma 3.2.5, it suffices to show that indecomposable

subrepresentations I 1 Ĺ I have smaller α-slope than I. It is readily checked that any

subrepresentation I 1 Ă I must be equalised, and by Lemma 3.5.11, I 1 is also interval-

decomposable. Therefore, it suffices to consider only those I 1 which have been listed in

Remark 3.6.5. Of these, the I 1 with nonzero α-slope all have the form xIS1y for S 1 Ĺ S.

When |S| “ 1, there are no such I 1 to consider; and when S “ txà , xć u for a ą c, the only

relevant I 1 are xIxà
y and xIxć

y. Thus, the desired semistability of I reduces to verifying

two inequalities:

1

| tx ě xà u X supppIq| ď 1 ` tk,a´c

k
ě tk,a´c

| tx ě xć u X supppIq| .

Both hold by the constraints imposed on tk,a´c in (3.16).

We recall from (3.5) that given a central charge α : Q0 Ñ R, the HN type TrV ;αs of

any V P RepintpQq may be viewed as a function R Ñ NQ0 . The following result describes

the values of the function associated to each central charge αk
S from Definition 3.6.8 at the

corresponding slope λkS from Lemma 3.6.9.
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Proposition 3.6.10. Consider any pk, Sq such that Ik
S is nonempty, and let I P I. Then

for α :“ αk
S and λ :“ λkS, we have

TrI;αspλq “
#

dimxISy if xISy P Ik
S

0 otherwise.
(3.19)

Proof. Letting I‚ be the HN filtration HN‚
αpIq, we consider two possible cases:

Case 1: I “ xISy. By Lemma 3.6.9, we have the equivalence I P Ik
S ô µαpIq “ λ.

Hence, if xISy is α-semistable, then TrV ;αs equals dimxISy whenever xISy lies in Ik
S, and

is trivial otherwise. Assume now that xISy is α-unstable. In particular, S X supppIq is of

the form txà , xć u because otherwise xISy would not have any proper subrepresentations of

strictly positive α-slope. In this case, we claim that I‚ is the 3-step filtration 0 Ĺ xIsy Ĺ
xISy Ĺ I for some s P S. Indeed, xIxà

y and xIxć
y are the only proper subrepresentations

of I of nonzero slope and they are α-semistable. Then from Definition 3.6.8, the slopes

µαpI i{I i´1q lie in either Q or in tk,a´c ¨ Q, neither of which contain λ “ p1 ` tk,a´cq{k,
whence TrI;αspλq “ 0.

Case 2: I ‰ xISy. We claim that TrI;αspλq “ TrxISy;αspλq. Indeed, by the argument

that established Proposition 3.3.3, we have Iℓ´1 “ xISy and µαpIℓ{Iℓ´1q “ 0 ă λ where ℓ is

the length of I‚. Finally, the result follows from the first case.

To complete the proof of Theorem 3.6.4, recall the collection of central charges A “ ␣

αk
S

(

from Definition 3.6.8, and consider some V P RepintpQq with decomposition V » À

IPI I
rI .

We show that the multiplicities prIqIPI can be recovered from TrV ;As by descending strong

induction on the partial order Ă from Remark 3.6.5. To this end, note that for indecom-

posables I P Ik
S and J P I, we have xJSy “ I if and only if I is a subrepresentation of J .

By combining Propositions 3.2.8 and 3.6.10, we get

TrV ;αk
SspλkSq “

ÿ

IPIk
S

r`
I ¨ dimI ,

where r`
I :“ ř

J rJ for J ranging over representations in I which satisfy J Ě I. By Lemma

3.6.7, the integer r`
I can be obtained from TrV ;As for each I P Ik

S. Finally, assume by the

inductive hypothesis that rJ is known for all J Ľ I in I. Now rI can be recovered from

TrV ;As as the difference rI “ r`
I ´ ř

JĽI rJ .

Finally, it follows from Definition 3.6.8 that the set of complete central charges A has

cardinality

cpℓq :“ 2ℓ3 ` 3ℓ2 ` 13ℓ ` 12

6
,

and hence grows cubically with the length ℓ of the underlying ladder quiver.

Remark 3.6.11. One can choose different irrational numbers tp,q in (3.16) to generate un-

countably many other such complete sets of the same cardinality cpℓq. It is not clear to us

(for large ℓ) whether all complete sets of central charges for interval-decomposable repre-

sentations of ladder quivers can be obtained in this fashion; nor is it clear whether cpℓq is

the minimal size for such a complete set.
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Chapter 4

Harder-Narasimhan filtrations of

persistence modules: metric stability

Introduction

Motivation

Persistent homology is one of the main tools in Topological Data Analysis (TDA). It pro-

vides a compact, computable and easy-to-read summary measuring how certain geometric

and topological features of the data persist across multiple scales. The underlying math-

ematical structure here are sequences of vector spaces connected by linear maps, usually

called persistence modules. These modules arise naturally when one computes the homology

of a scale-indexed filtration of topological spaces built on an underlying dataset. Most per-

sistent homology techniques output a discrete summary, called a barcode, which is complete

in the sense that it characterises the given persistence module up to isomorphism [46, 117].

This barcode is known to be stable under certain natural perturbations of the persistence

modules or of the underlying dataset [34].

For some applications, scale is not the only parameter of interest. For instance, adding

density as a second parameter makes persistent homology techniques more robust to outliers

in the data. It therefore becomes necessary to study more general notions of persistence

modules, which are given by functors from arbitrary posets to the category of vector spaces.

However, Carlsson and Zomorodian showed [31] that there are no discrete complete invari-

ants for such persistence modules with two or more parameters. They also introduced the

rank invariant, a (necessarily incomplete) discrete invariant which associates to a multipa-

rameter persistence module the rank of all its maps. Many other discrete invariants have

since been proposed in the TDA literature. Examples of those include invariants using

ideas from homological and commutative algebra [82, 64, 14], sheaf theory [73, 90] and

lattice theory [75, 21, 91, 5]. More details about invariants in multiparameter persistence,

including the recent approach using relative homological algebra, can be found in the review

articles [20] and [13].
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In Chapter 3, we studied a family of invariants based on ideas from Geometric Invari-

ant Theory applied to the representation theory of posets. Indeed, for every pointwise

finite-dimensional (p.f.d.) persistence module over a finite poset, one can define Harder-

Narasimhan(HN) filtrations [78, 65]. These filtrations are parameterised by a stability

condition which can be described by two real-valued functions on the elements of the poset.

The collection of dimensions of the vector spaces appearing in an HN filtration are called

the HN type of the persistence module for the given stability condition. A particular elegant

choice of stability conditions is based on the Kronecker delta function that picks out indi-

vidual elements of the poset. These can be used to build the skyscraper invariant which is

discrete, computable in polynomial time [36] and strictly stronger than the rank invariant

(see Chapter 3).

Stability

Multiparameter persistence modules indexed over Zn or Rn are equipped with the inter-

leaving distance [34, 85] which makes standard TDA pipelines robust to small variations

in the input data. When introducing an invariant of persistence modules, it is desirable to

replicate the stability property enjoyed by barcodes of one parameter persistence modules.

Explicitly, one seeks a metric on the output space which makes the invariant Lipschitz

continuous with respect to the interleaving distance. For instance, the rank invariant of

a Rn-indexed persistence module is a functor from pRnqopp ˆ Rn to pZě0 Y t8uqopp and

the erosion distance between such functors makes the rank invariant stable [101, 102,

76]. A similar statement holds for the generalised rank invariant introduced by Kim and

Mémoli [37]. Moreover, rank exact decompositions, which are an example of the signed

decompositions considered in [14, 13], are stable when equipped with a generalisation of

the bottleneck distance [22].

In this work, we establish a stability result for the skyscraper invariant. In order to do

so, we extend the definition of this invariant from the case of p.f.d. persistence modules

over finite posets to the setting of finitely presentable persistence modules over Zn or Rn.

Using the erosion distance, we define a distance, dHN, on the output of this version of the

skyscraper invariant so that the rank invariant factors continuously through the skyscraper

invariant

interleaving distance erosion distance

dHN

skyscraper invariant

rank invariant

top stratum

The Harder-Narasimhan filtrations were introduced as stratifications of finite-rank vec-

tor bundles over a complex curve and were used to compute the cohomology groups of

certain moduli spaces [63]. They were later adapted to the case of finite quiver represen-

tations and hence of persistence modules over a finite poset [78, 65]. HN filtrations have
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also been studied in categories which are not necessarily abelian [23, 2]. However, when

applied to the case of finitely presentable Rn-persistence modules, these frameworks make

restrictive assumptions about the stability condition.

Outline and main results

Given a poset Q, the dimension vector of a pointwise finite-dimensional Q-persistence

module V P VectQ is the function dimV : x P Q ÞÑ dimVx P Z. A stability condition Z over

Q is an additive function sending the dimension vector of a nonzero Q-persistence module

to a complex number with positive real part1. The Z-slope of a nonzero Q-persistence

module V P VectQ is the real number

µZpV q :“ ImpZpdimV qq
RepZpdimV qq

where Re and Im denote the real and imaginary parts. Moreover, V is said to be Z-

semistable if the Z-slopes of its nonzero submodules do not exceed µZpV q.
Assume that Q is finite. There is a unique finite-length filtration:

0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V (4.1)

called the HN filtration [63] of V along Z such that the successive quotients Si :“ V i{V i´1

are Z-semistable and have strictly decreasing Z-slopes. The HN type of V along Z is

the discrete invariant given by the dimension vectors of the quotients S1, . . . , Sℓ. Given

q P Q, a particular choice of stability condition over Q is given by Zq : dimV P ZQ ÞÑ?´1 dimVq ` ř

q1PQ dimVq1 P C. Broadly speaking, the HN type of V along Zq can be

interpreted as sorting the features alive at q by increasing size of their remaining lifespan

(see Remark 4.2.5). The skyscraper invariant of V amalgamates for every q P Q the HN

type of V along Zq. We compute the skyscraper invariant for spread-decomposable modules

(Proposition 4.2.8) and show that it is complete on the class of persistence modules over a

3 ˆ 3 grid whose inner maps are all surjective (Proposition 4.2.11).

We now assume that Q is infinite and we work in the category PersfppQq of finitely

presentable Q-persistence modules. Depending on the choice of stability condition Z over

Q, HN filtrations along Z may not exist for every V P PersfppQq (Example 4.3.2). In

Section 4.3, we introduce two notions of discretisable stability condition which guarantee the

existence of HN filtrations. The first notion (Definition 4.3.3), inspired by the construction

of the skyscraper invariant over a finite poset, requires that ImZ is a nonnegative finite

linear combination of the evaluation forms pδq : dimV ÞÑ dimVqqqPQ. For the second notion

(Definition 4.3.6), defined for Q “ Rn, we ask that Z is induced by a complex-valued step

function. More precisely, let f : Rn Ñ C be an integrable function with a positive real part.

1Z is a group homomorphism from the Grothendieck group of (an exact abelian subcategory of) VectQ to

the additive group of complex numbers sending the classes of nonzero modules to the right open half-plane.
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We say that f is a step function if it is constant on the parts of a locally finite partition of

Q into hyperrectangles. The stability condition Zf induced by f is given for V P PersfppQq
by

Zf : dimV ÞÑ
ż

Q

f dimV .

Theorem 4.3.11 gives a more general version of the following statement:

Theorem (G). Let Z be a stability condition over an upper semilattice Q. If either

(i) ImZ is a nonnegative finite linear combination of the functions pdimV ÞÑ dimVqqqPQ;
or,

(ii) Q “ Rn and Z “ Zf is induced by an integrable step function f : Rn Ñ C such that

Ref is positive and Imf is compactly supported,

then HN filtrations along Z of finitely presentable Q-persistence modules exist, are unique

and can be computed over a finite poset.

For the rest of this summary, Z is a stability condition over Q “ Rn which satisfies the

hypotheses of Theorem (G). Let x P Rn and let Tx be the translation y P Rn ÞÑ x` y P Rn.

Given V P PersfppRnq, temporarily denote by V x,‚ the HN filtration of V along the stability

condition T x˚Z : dimV ÞÑ ZpdimV ˝Tx
q. Let θ P R and let ipθq be the largest index such that

either ipθq “ 0 or µTx˚ZpV x,ipθq{V x,ipθq´1q ě θ. We define (Definition 4.3.17) the function

sθZ,V which sends x ď y P Rn to the integer2

sθZ,V px, yq :“ rankpV x,ipθqqxďy.

The function θ P R ÞÑ sθZ,V is nonincreasing and for θ small enough sθZ,V coincide with the

rank invariant – see Equation (4.19) and Proposition 4.3.18. For this reason, we call the

family psθZ,V qθ, the HN filtered rank invariant of V along Z.

In Section 4.4, we establish a stability result for HN filtered rank invariants. Let V,W P
PersfppRnq and denote by ε⃗ the vector pε, . . . , εq P Rn. The interleaving distance dIpV,W q
between V and W [85] is the infimum of all ε ě 0 such that there exist maps of persistence

modules

ϕ‚ : V Ñ W ˝ Tε⃗ and ψ‚ : W Ñ V ˝ Tε⃗
whose compositions ψ‚`ε⃗ ˝ ϕ‚ and ϕ‚`ε⃗ ˝ ψ‚ are given by the internal maps of V and W .

We prove that for each θ P R, the functions sθZ,V and sθZ,W can be seen as functors from

pRnqopp ˆ Rn to pZě0 Y t8uqopp. The erosion distance dEps, rq between two such functors

r and s [101] is the infimum of all ε ě 0 such that for each px, yq P Rn ˆ Rn, we have

spx ´ ε⃗, y ` ε⃗q ď rpx, yq and rpx ´ ε⃗, y ` ε⃗q ď spx, yq.

The following result, stated in full detail in Theorem 4.4.7, shows that HN filtered rank

invariants are stable:

2The following expression corresponds to Equation (4.20) with V x,ipθq :“ xV, T x˚Zyθ.
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Theorem (H). For every pair of finitely presentable Rn-persistence modules V and W , we

have

sup
θPR

dEpsθZ,V , sθZ,W q ď dIpV,W q.

The above theorem may be used to produce a stability result for the HN filtered version

of the persistence landscapes [25, 111] – see Corollary 4.4.13.

Given a spread (see Subsection 4.1.1) I Ă Rn, an important example is the module

FI P VectR
n

whose dimension vector is the indicator function of I and whose inner maps

between nonzero spaces are identities. In Section 4.5, we compute the HN filtered rank

invariants of direct sums of such modules along certain stability conditions (Proposition

4.5.1) and give examples illustrating Theorem (H).

Example (A). Consider the R2-persistence modules V :“ Fr0,2qˆr0,1q ‘ Fr0,1qˆr0,2q and

W :“ Fr0,2q2zr1,2q2 ‘ Fr0,1q2 . Let Z be the stability condition over R2 given by dimV ÞÑ?´1 dimVp0,0q ` ş

xPR2 minp1, e2´∥x∥8q dimVxdx. The modules V andW have the same rank

invariant but we have 0.5 ě dIpV,W q ě dEps1Z,V , s1Z,W q ą 0.2 – see Figure 4.1 and Example

4.5.2(2).

θ

1

1
2

1
3

V pθq such that

sθZ,V “ ρV pθq
:

V pθq “ V

W pθq such that

sθZ,W “ ρW pθq
:

W pθq “ W

x

y

x

y

x

y

x

y

x

y

1

1 2 ´ 1
θ

1 ´ 1
2θ

1

1

3
2

´ 1
2θ

1 ´ 1
θ

2 ´ 1
θ

Figure 4.1: HN filtered rank invariants psθZ,V qθ and psθZ,W qθ from Example (A). In the top

(resp. bottom) row, we depict, for θ P R, two areas Bθ and Rθ such that sθZ,V (resp. sθZ,W )

coincides with the rank invariant of FBθ ‘ FRθ .

Finally, in Section 4.6, we prove in the setting of Theorem (G)(ii) that if Imf is non-

negative, then the HN filtered rank invariants along Zf are semialgebraically constructible

functions in the sense of [92]. This result ensures that the HN filtered rank invariants

over Rn can be computed deterministically by calling Cheng’s algorithm [36] finitely many

times.

4.1 Preliminaries

We first introduce discretisable persistence modules over general posets [18, 32] and over fi-

nite products of totally ordered sets [86]. After defining the notion of discretisable functions,

we briefly go through the concepts of stability conditions, slope stability, HN filtrations and

HN types in abelian categories [23]. Finally, we define the pullback of a stability condition.
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4.1.1 Persistence modules

Given a field F and a poset P , a P -persistence module is a functor V : P Ñ VectF from P

to the category of F-vector spaces and linear maps. Let V be a P -persistence module, the

dimension vector of V is the function dimV : P Ñ Zě0 Y t8u which sends p P P to dimVp.

The support of V is the subset tp P P | Vp ‰ 0u of P . The rank invariant of a persistence

module V is the function ρV : P ˆ P Ñ Z Y t`8u given by

ρV pp, p1q :“
#

rankVpďp1 if p ď p1 in P

`8 otherwise
(4.2)

We fix once and for all the field F and will henceforth omit it from the notation. We

further ask P -persistence modules to be pointwise finite-dimensional – meaning that the di-

mension vectors are integer-valued functions. The P -persistence modules define an abelian

category PerspP q where morphisms are natural transformations.

A subset I of P is called a spread (or sometimes an interval) if it is:

- connected: for all u, v P I, there is a sequence pu “ u0, u1, . . . , uℓ “ vq in I such that

ui and ui`1 are comparable for each i; and

- convex: I contains the set tp P P | u ď p ď vu for each u ď v in I.

For instance, given p P P , the subset xpy :“ tp1 P P | p1 ě pu is a spread. Given a spread

I of P , the spread module supported on I is the indecomposable module FI whose spaces

pFIqp are F if p P I and 0 otherwise and whose maps between nonzero spaces are identities.

A P -persistence module is called spread-decomposable if it is isomorphic to a direct sum of

spread modules.

4.1.2 Discretisable persistence modules

Let P and Q be two posets. A map of posets f : P Ñ Q is an increasing map from P to Q.

The pullback of a Q-persistence module V by f is the P -persistence module

f˚V :“ V ˝ f

where ˝ is the composition between functors. Let U be a P -persistence module and let

Lanf pUq denote the left Kan extension (see [89, Chapter X]) of U along f . The pushforward

of U by f is the Q-persistence module

f˚U :“ Lanf pUq.

More concretely, for q P Q, we have pf˚Uqq :“ limÝÑ
p|fppqďq

Up. The functors f˚ : PerspQq Ñ
PerspP q and f˚ : PerspP q Ñ PerspQq are respectively called the restriction (sometimes

pullback) and induction (sometimes extension [13] or pushforward) functors. They form

[18, Lemma 2.15] an adjoint pair pf˚, f˚q.
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Definition 4.1.1. A Q-persistence module V is said to be f -discretisable if it is isomorphic

in PerspQq to the pushforward by f of some P -persistence module U

V » f˚U.

In that case, we say that f is adapted to V . AQ-persistence module is said to be discretisable

(sometimes tame [32]) if it is f -discretisable for some map of posets f from a finite poset P

to Q. We denote by PersfppQq Ă PerspQq the full subcategory of discretisable Q-persistence

modules. △

Observe that the induction functor of a map of (not necessarily finite) posets g : Q Ñ Q1

sends discretisable Q-persistence modules to discretisable Q1-persistence modules.

Example 4.1.2. • When Q is finite, we have PersfppQq “ PerspQq
• Discretisable R-persistence modules are the ones whose barcode consists of a finite

number of intervals of the form ra, bq with pa, bq P R ˆ R Y t8u
A Q-persistence module is free and finitely generated if it decomposes as a direct sum of

a finite number of spread modules of the form Fxqy with q P Q. A Q-persistence module V is

said to be finitely presentable if there is a map f between two free and finitely generated Q-

persistence modules such that V » coker f . Our interest in finitely presentable persistence

modules is justified by the fact that a Q-persistence module lies in PersfppQq if and only if

it is finitely presentable [32, 10.3(2)].

A refinement of f : P Ñ Q is a map of posets f 1 : P 1 Ñ Q such that f factors through

f 1. Namely, there is a map of posets g fitting into the commutative diagram

P P 1

Q

f

g

f 1

A map of posets f : P Ñ Q is an inclusion of posets if whenever fppq ď fpp1q in Q we

also have p ď p1 in P . A subset S of the poset pQ,ďq induces an inclusion of posets

pS,ď|SˆSq ãÑ pQ,ďq from S equipped with the partial order induced by Q. If f is an

inclusion of posets, then the unit idPerspP q ñ f˚f˚ is a natural isomorphism [18, Lemma

2.19].

Remark 4.1.3. Let f : P Ñ Q be a map of posets and let S Ă Q be a subset containing

fpP q, the inclusion of posets induced by S Ă Q is a refinement of f . Hence, a pair of maps

of posets f 1 : P 1 Ñ Q and f 2 : P 2 Ñ Q has a common refinement induced by the subset

f 1pP 1q Y f 2pP 2q Ă Q.

The existence of common refinements implies that the subcategory PersfppQq is additive.
Moreover, PersfppQq is closed under finite colimits [32, 8.2(5)]; however, in general, it is not

closed under finite limits:
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Example 4.1.4. Let Q be the set Z \ tx, y, zu equipped with the partial order induced by

the relations z ě x ď y and for i P Z, y ď i ě z.

. . . ‚ ‚ i P Z ‚ ‚ . . .

y z

x

... ... ... ...

Let η : Fxyy ‘ Fxzy Ñ Fxxy be the map of Q-persistence modules such that ηy “ idF and

ηz “ idF. The domain and codomain of η are discretisable because they are free and finitely

generated. But the kernel of η, which is isomorphic to FZ, is not finitely generated and

hence not discretisable. In this example, the full subcategory PersfppQq is not closed under

kernels which are finite limits3.

In order to ensure that PersfppQq is an exact abelian subcategory, we will make as-

sumptions about the poset Q. Chachólski, Jin and Tombari proved that if Q is an upper

semilattice, then PersfppQq is closed under finite limits [32, 8.4]. A more general statement

can be found in [33, Corollary 4.8].

We recall that a poset Q is an upper semilattice if every pair of elements px, yq P Q2

admits a least upper bound x _ y. A map (resp. inclusion) of posets f : P Ñ Q is called

a map (resp. inclusion) of semilattices if P and Q are upper semilattices, and for all

px, yq P P 2, we have fpx _ yq “ fpxq _ fpyq.
We now assume that f : P ãÑ Q is an inclusion of semilattices with P finite. For q P Q,

the finite subset tp P P | fppq ď qu Ă P is either empty or has a maximum in P :

tquf :“ max tp P P | fppq ď qu .

The function q P Q ÞÑ tquf P P Y t´8u is called the f -floor function. By definition, the

pushforward of some U P PerspP q by f can be written pointwise as pf˚Uqq “ Utquf with the

convention U´8 “ 0. Given p P P Y t´8u, we denote by

cubf ppq :“ tq P Q | tquf “ pu

the fiber of p by t uf .

Lemma 4.1.5. Assume that Q is an upper semilattice, then,

(i) PersfppQq is an exact abelian subcategory of PerspQq [32, last paragraph of §8],

(ii) any map of semilattices f : P Ñ Q from a finite upper semilattice P has an exact

induction functor f˚ : PerspP q Ñ PerspQq [32, 10.5], and

(iii) a discretisable Q-persistence module can be discretised by an inclusion of semilattices

with a finite domain [32, 10.3(1)].

3This example was suggested by Luis Scoccola.
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Proof. (i) We have seen that PersfppQq is full, additive, closed under finite colimits (and

hence under cokernels) and closed under finite limits (and hence under kernels). This

implies [114, Lemma 1.6.2(2)] that PersfppQq is an exact abelian subcategory of

PerspQq.
(ii) For each q P Q, the functor pf˚ qq : U P PerspP q ÞÑ pf˚Uqq “ Utquf P Vect is exact.

Since exactness in PerspP q and PerspQq are determined pointwise, f˚ is exact.

(iii) Let V P PersfppQq. There is a map of posets f : P Ñ Q with P finite which is adapted

to V . The subset fpP q generates a finite sub-semilattice of Q

xfpP qy :“ fpP q Y
!

ł

S | S Ă fpP q finite and nonempty
)

.

By remark 4.1.3, the inclusion of semilattices xfpP qy Ă Q is adapted to V .

4.1.3 Grid functions

In this subsection, the poset Q is the product of n totally ordered posets equipped with the

product partial order. This setting contains our two main cases of interest where Q is either

Zn or Rn. We will give a more concrete definition of discretisable persistence modules.

An interval in a totally ordered poset T is a nonempty subset I Ă T that has a supremum

sup I and an infimum inf I in T Y t˘8u and such that for z P I, we have inf I ă z ă
sup I ùñ z P I. The length of an interval I of R or Z is the number len I :“ sup I ´ inf I.

A cube of Q “ Q1 ˆ ¨ ¨ ¨ ˆQn is a subset I1 ˆ ¨ ¨ ¨ ˆ In Ă Q such that each Ii is an interval

of Qi. A face of a cube I1 ˆ ¨ ¨ ¨ ˆ In Ă Q is another cube J1 ˆ ¨ ¨ ¨ ˆ Jn Ă Q such that for

each i P t1, . . . , nu, the interval Ji is either Ii, tinf Iiu or tsup Iiu.
Definition 4.1.6 ([86, Section 2.5]). A grid function G : P ãÑ Q is an embedding of a

cube P “ P1 ˆ ¨ ¨ ¨ ˆPn of Zn into Q which is defined coordinate-wise by strictly increasing

functions Gi : Pi ãÑ Qi and such that limtÑ˘8 Giptq “ ˘8 – if those limits exist. When P

is finite, G is said to be a finite grid function. △

Observe that by Remark 4.1.3, a Q-persistence module is discretisable if and only if it

is discretisable by a finite grid function.

The interest of working with a finite grid function G : P ãÑ Q is that the floor function

t uG can be computed coordinate-wise and that for every p P P the fibers cubGppq are cubes
of the form

śn
i“1rai, biq where pai, biq P Qi ˆ pQi Y t8uq.

Notation 4.1.7. Given a grid function G : P ãÑ Q, let CpGq denote the partition delimited

by G. Namely, CpGq :“ tcubGpxq | x P P u. When Q is a cube of Rn or Zn, we also define

CbpGq :“ tc P CpGq | c is boundedu and CbfpGq :“ tc1 Ă Q | Dc P CbpGq, c1 is a face of cu.
Most of the above notions can easily be adapted to the case where G : P ãÑ Q is an

infinite grid function. Indeed, for q P Q, the subset tp P P | Gppq ď qu is a cube of Zn which

is bounded above in each direction so that its maximum tquG is well-defined. Hence, the

argument of Lemma 4.1.5(ii) still holds for G and the induction functor G˚ is exact.
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Gppq

cubGppq

q

GptquGq

Figure 4.2: The black disks are the image of a grid function G : t0, 1, 2u ˆ t0, 1u ãÑ R2, the

dashed area is a fibre of p :“ p0, 0q under t uG and the square node is some q P Q

Let G : P ãÑ Q be a grid function, a refinement of G is a grid function G1 : P 1 ãÑ Q

such that there exists a grid function τ : P ãÑ P 1 satisfying G “ G1 ˝ τ . A refinement G1 of
G such that ImG “ ImG1 X c for some cube c of Q is called an extension of G. If G1 is an
extension of a grid function G : P ãÑ Rn, then CbpGq Ă CbpG1q. Among the two refinements

of G depicted in Figure 4.3, only the right-hand side one is an extension.

Figure 4.3: These two figures depict two refinements G1 of the finite grid function G from

Figure 4.2. The set ImG is given by the black disks and the set ImG1z ImG is represented

by the blue triangles. The full gray lines delimit CpGq and CpG1q is delimited by all the

lines.

There is a more general notion of tameness for Rn-persistence modules [93] which de-

fines, under some auxiliary assumptions, an exact abelian subcategory of PerspRnq [113].

This article will only consider the notion of discretisable persistence modules defined in

Definition 4.1.1.

4.1.4 Discretisable functions

We now introduce the necessary notation and vocabulary to study the dimension vectors of

discretisable persistence modules. Fix an upper semilattice Q and a set Y . Let f : P ãÑ Q

be an inclusion of upper semilattices.

The pullback of a function b : Q Ñ Y by f is the function f˚b :“ b ˝ f . The pushforward
of a function a : P Ñ Y by f is the function f˚a : Q Ñ Y defined for q P Q by

f˚apqq :“ aptquf q

with the convention ap´8q “ 0. A function b : Q Ñ Y is said to be discretisable by f if

there exist a : P Ñ Q such that b “ f˚a. Let FpQ, Y q denote the set of functions b : Q Ñ Y

which are discretisable by some inclusion of semilattices with a finite domain.
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Note that for U P PerspP q and V P PerspQq, we have

dimf˚V “ f˚ dimV and dimf˚U “ f˚ dimU . (4.3)

In particular, if V P PersfppQq, then dimV lies in FpQ,Zě0q. We denote by FpQ,Rq˚ the

set of R-linear forms on FpQ,Rq and we say that L P FpQ,Rq˚ is strictly positive (resp.

nonnegative) if LpFpQ,Rą0qq “ Rą0 (resp. LpFpQ,Rě0qq “ Rě0).

Given S Ă T be two sets, the indicator function of S (in T ) is the function 1S : T Ñ
t0, 1u sending t P T to

1Sptq :“
#

1 if t P S
0 otherwise.

(4.4)

Example 4.1.8. Given an element q P Q, the function 1xqy “ dimFxqy lies in FpQ,Zě0q.
Indeed, if f : t0u ãÑ Q sends 0 to q, we have 1xqy “ f˚1t0u.

Assume now that Q is a product of n totally ordered posets. A step function on Q is a

function on Q which is discretisable by a (potentially infinite) grid function. A discretisable

function b P FpQ,Rq is a step function since it can be discretised by a finite grid function.

However, the floor function t u : x P R ÞÑ txu :“ max tp P Z | p ď xu P Z is a step function

but does not lie in FpR,Zq.
Example 4.1.9. • when Q “ Zn, every function on Q is a step function.

• when Q “ Rn, a function b : Q Ñ R is discretisable if and only if it is a finite linear

combination of the family

␣

1śn
i“1rai,biq | @i P t1, . . . , nu , ai ă bi P R Y t`8u( . (4.5)

Moreover, a function b : Q Ñ R is a step function if and only if it is a countable linear

combination of family (4.5).

Let Q be either R or Z, let I be an interval of Q, and let b : I Ñ Q be a function.

We say that b is affine if there are constants b0, b1 P Q such that for all x P I, we have

bpxq “ b1x` b0. Let C be a cube of Rn or Zn and let
ş

C
denote either the Lebesgue integral

if C is a cube of Rn or the countable sum over C if C is a cube of Zn. A function b : C Ñ C
is said to be integrable if the integral

ş

C
|b| is well defined and finite.

4.1.5 HN filtrations in abelian categories

Let A be an abelian category. The Grothendieck group of A is the abelian group KpAq
generated by the isomorphism classes rV s of objects subject to the relations rV 1s “ rV s `
rV 2s for every short exact sequence 0 Ñ V Ñ V 1 Ñ V 2 Ñ 0 in A [115, Definition

II.6.1.1]. A stability condition Z over A is a group morphism between the Grothendieck

group of A and pC,`q which sends classes of nonzero objects to the right open half-plane

tz P C | Rez ą 0u. The Z-slope of a nonzero object V P A is the real number µZpV q :“
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ImZprV sq
ReZprV sq . Moreover, V is said to be Z-stable if all its proper subobjects have a strictly

smaller slope:

0 Ĺ W Ĺ V ùñ µZpW q ă µZpV q.
If instead 0 Ĺ W Ĺ V ùñ µZpW q ď µZpV q, then V is said to be Z-semistable.

Definition 4.1.10 ([63, 65, 105]). Given an object V in A, a HN filtration of V along Z

is a sequence of subobjects 0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V of finite length ℓ P Zě0 such that

• for each 0 ď j ă ℓ, the quotient V j`1{V j is Z-semistable, and

• µZpV 1{V 0q ą µZpV 2{V 1q ą ¨ ¨ ¨ ą µZpV ℓ{V ℓ´1q. △

Example 4.1.11. Let P be the poset t0 ă 1u and let A :“ PerspP q. For every short exact

sequence 0 Ñ V 1 Ñ V Ñ V 2 Ñ 0 in PerspP q, we have dimV “ dimV 1 ` dimV 2 . As a

consequence, the assignment V P PerspP q ÞÑ idimV1 ` dimV0 ` dimV1 P C induces a

stability condition Z1 over PerspP q. The Z1-slope of a nonzero V P PerspP q is µZ1pV q “
dimV1

dimV0`dimV1
and 0 Ĺ pFt1uqdimV1 Ĺ V is a HN filtration of V along Z1.

Proposition 4.1.12. Let A be an abelian category and let Z be a stability condition over

A.

(1) [23, paragraph above Proposition 2.4] If an object V of A has a HN filtration V ‚ along

Z, then V ‚ is unique.

(2) [23, Proposition 2.4] If the following two conditions are satisfied

• there are no infinite sequences of subobjects ¨ ¨ ¨ Ă Vj`1 Ă Vj Ă ¨ ¨ ¨ Ă V2 Ă V1 in

A with µZpVj`1q ą µZpVjq for all j,

• there are no infinite sequences of quotients V1 ↠ V2 ↠ ¨ ¨ ¨ ↠ Vj ↠ Vj`1 ↠ . . .

in A with µZpVjq ą µZpVj`1q for all j,

then every nonzero object in A has a HN filtration along Z.

A detailed proof of Proposition 4.1.12(1) can be found in [61, Theorem 4.2] (the proof

in [61] is written in the setting of modular lattices, which include the lattice of subobjects

of a nonzero object V of A).

Notation 4.1.13. Let 0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V be the HN filtration of V P A along

Z. For θ P R and 0 ď i ď ℓ, we write xV, Zyθ :“ V i whenever µZp V i

V i´1 q ě θ ą µZpV i`1

V i q
with the conventions µZp V 0

V ´1 q “ `8 and µZpV ℓ`1

V ℓ q “ ´8.

Let FiltrpAq be the category of Ropp-indexed filtrations of objects of A. Given a stability

condition Z, we refer to the assignment x´, Zy : V P A ÞÑ pxV, ZyθqθPRopp P FiltrpAq as the

HN functor along Z. Indeed, it has been observed in many settings that under some

finiteness assumptions on Z and A, the assignment x´, Zy is well-defined and functorial –

see [49], [65, Theorem 2.8] and [2, 3.1].
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Definition 4.1.14 ([103, Definition 2.6]). Let Q be a poset and let A be an exact abelian

subcategory of PerspQq. Assume that an object V P A has a HN filtration along Z. Then

its HN type TrV ;Zs along Z is the data of the dimension vectors appearing in its HN

filtration. Using Notation 4.1.13, we write it as a family pTrV ;ZsθqθPR given for θ P R by

TrV ;Zsθ :“ dimxV,Zyθ . △

Let Q be an upper semilattice (resp. a finite poset) and let A :“ PersfppQq. We will

see in Lemma 4.3.1 (resp. Equation (4.7)) that for V P A, the class rV s P KpPersfppQqq
can be represented by the dimension vector dimV . This justifies that the definitions of HN

filtrations in Equation (4.1) and in Definition 4.1.10 coincide.

4.1.6 Pullback of stability conditions

Let F : A Ñ A1 be an additive exact functor between abelian categories and let Z : KpA1q Ñ
C be a stability condition over A1. By naturality of the Grothendieck group construction

[115, §II.6.1.5], F induces a group homomorphism KpF q : KpAq Ñ KpA1q. We further

assume that KpF q is injective. Then, one can define the pullback F ˚Z : KpAq Ñ C of Z by

F to be the stability condition over A which fits into the following commutative diagram:

KpAq KpA1q

C

KpF q

F˚Z
Z

(4.6)

Lemma 4.1.15. For every nonzero object U of A, one has µF˚ZpUq “ µZpF pUqq and

moreover,

F pUq is Z-semistable ùñ U is F ˚Z-semistable.

Proof. The equality µF˚ZpUq “ µZpF pUqq follows from the commutativity of (4.6). Assume

now that F pUq is Z-semistable and let 0 Ĺ U 1 Ĺ U . By exactness of F and injectivity

of KpF q, we have 0 Ĺ F pU 1q Ă F pUq and by semistability µF˚ZpU 1q “ µZpF pU 1qq ď
µZpF pUqq “ µF˚ZpUq.

The converse does not always hold, but if it does, F commutes with the HN functor:

Lemma 4.1.16. Let F : A Ñ A1 be an additive exact functor between abelian categories

such that KpF q is injective. Let Z be a stability condition over A1. Assume that every

nonzero U P A has a HN filtration along F ˚Z and satisfies:

U is F ˚Z-semistable ùñ F pUq is Z-semistable.

Then, for every nonzero object U P A, F pUq has a HN filtration along Z and we have:

xF pUq, Zy “ F pxU, F ˚Zyq.
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Proof. Let U P Az t0u and let 0 “ U0 Ĺ U1 Ĺ ¨ ¨ ¨ Ĺ U ℓ “ U be its HN filtration along

F ˚Z. By definition, the modules pU i{U i´1q1ďiďℓ have decreasing F
˚Z-slopes and are F ˚Z-

semistable. By Lemma 4.1.15, for 1 ď i ď ℓ, we have µZpF pU i{U i´1qq “ µF˚ZpU i{U i´1q
so the modules pF pU i{U i´1qq have decreasing Z-slopes. Moreover, by assumption, these

modules are Z-semistable.

By exactness of F , the inclusions in the filtration 0 “ F pU0q Ĺ F pU1q Ĺ ¨ ¨ ¨ Ĺ F pU ℓq “
F pUq are well defined and for 1 ď i ď ℓ, the quotient F pU iq{F pU i´1q is isomorphic to

F pU i{U i´1q.
The uniqueness of HN filtrations (Proposition 4.1.12(1)) ensures that 0 “ F pU0q Ĺ

F pU1q Ĺ ¨ ¨ ¨ Ĺ F pU ℓq “ F pUq is the HN filtration of F pUq along Z.

For our purposes, the most important application of the above results is the following

setting:

Example 4.1.17. Let f : P ãÑ Q be an inclusion of semilattices with P finite. The induc-

tion functor f˚ is exact and induces an injective group morphism from KpPersfppP qq to

KpPersfppQqq. Indeed, Lemma 4.1.5(ii) guarantees the exactness of f˚. Moreover, by nat-

urality of K, we have idKpPersfppP qq “ Kpf˚f˚q “ Kpf˚qKpf˚q and the morphism Kpf˚q is

injective. Lemma 4.1.16 applied to F :“ f˚ will be used in Section 4.3 to prove existence

results for HN filtrations in PersfppQq.

4.2 HN filtrations of persistence modules over finite

posets

In Subsection 4.1.5, we defined HN filtrations in the context of abelian categories. We now

specialise to the case of persistence modules over a finite poset [65]. We then introduce the

skyscraper invariant which relies on HN filtrations along specific choices of stability condi-

tions (see Chapter 3). Finally, we compute the skyscraper invariant for several examples of

persistence modules over finite small grid posets.

4.2.1 Definition and properties

We fix a finite poset P and consider the abelian category PerspP q. Since every stability

condition over PerspP q satisfies the assumptions of Proposition 4.1.12(2), HN filtrations

always exist in PerspP q.
Moreover, the Grothendieck group KpPerspP qq is isomorphic to ZP and stability condi-

tions over PerspP q can be explicitly described by two functions on P . More precisely, the

family trFtpusupPP freely generates KpPerspP qq and the assignment dim: V P PerspP q ÞÑ
dimV P ZP induces a group isomorphism:

dim: KpPerspP qq „ÝÑ ZP (4.7)
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(see [6, Theorem III.3.5] and [14, §3.1]). Given two functions a : P Ñ R and b : P Ñ Rą0,

let Za,b : KpPerspP qq Ñ C denote the stability condition given for V P PerspP q by

Za,bprV sq “
ÿ

pPP
pbppq ` ?´1appqq dimVp. (4.8)

Let Z be a stability condition over PerspP q and let a : P Ñ R and b : P Ñ Rą0 be the

imaginary and the real parts of the function p P P ÞÑ ZprFtpusq P C. Then, we have

Z “ Za,b since Z and Za,b coincide on the basis trFtpusupPP of KpPerspP qq.
Remark 4.2.1. In the literature [65, 67], HN filtration are usually studied for quiver repre-

sentations instead of persistence modules. We now detail how these two approaches relate.

The finite poset P can be seen as a quiver HassepP q whose vertices are the elements

of P and whose edges are given by the covering relation in P . Namely, HassepP q is the

directed simple graph such that given p, p1 P P , there is an edge from p to p1 if and only if

p ă p1 and there is no p2 P P such that p ă p2 ă p1.
Let V be a quiver representation. For a path γ in the quiver, let Vγ denote the compo-

sition of the maps of V along γ. The representation V is said to be equalised if for every

pair of paths γ, γ1 with the same sources and targets, we have Vγ “ Vγ1 .

The P -persistence modules can be identified with the equalised finite-dimensional rep-

resentations of HassepP q. Let F be the inclusion functor of PerspP q into the category of

finite-dimensional representations of HassepP q. F is exact and induces a group isomorphism

at the level of Grothendieck groups. Moreover, subrepresentations of equalised represen-

tations are also equalised. So F satisfies the assumptions of Lemma 4.1.16. It is thus

equivalent to compute the HN filtrations of V P PerspP q as a P -persistence module and as

a representation of the quiver without relation HassepP q.
One of the key tools for computing HN filtrations in small examples is the fact that HN

filtrations are additive. Namely, given two P -persistence modules V and W and a stability

condition Z on PerspP q, we have Proposition 2.2.5 an isomorphism of filtrations.

xV ‘ W,Zy » xV, Zy ‘ xW,Zy. (4.9)

4.2.2 The skyscraper invariant over finite posets

Let P be a finite poset and let p P P . Recall from (4.4) that 1tpu : P Ñ R denotes the

indicator function of tpu in P . Given a function b : P Ñ Rą0, the skyscraper invariant of

V P PerspP q along b is the data of the HN types (see Definition 4.1.14):

pTrV ;Z1tpu,bsqpPP . (4.10)

Definition 4.2.2. Let V P PerspP q and let p P P , the spanning submodule of V at p is the

submodule SpanppV q defined for p1 P P by

SpanppV qp1 “
#

ImVpďp1 if p ď p1

0 otherwise.

The remaining lifespan of V at p is the function pdimSpanppV qq{pdimVpq. △
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Example 4.2.3. Assume that b is the constant 1 function. Let S be a spread of P and let

p P S. The remaining lifetime of FS at p is 1SXxpy and µZ1tpu,bpSpanppFSqq “ 1
|SXxpy| where

| | denotes the cardinal of a set.

HN filtrations along Z1tpu,b enjoy certain properties that were first proven in Proposition

3.3.3 for a specific choice of b.

Lemma 4.2.4. Let V P PerspP q, p P P and b : P Ñ Rą0

(i) for all θ ď 0, we have xV, Z1tpu,byθ “ V .

(ii) for all θ ą 0, we have xV, Z1tpu,byθ “ SpanppxV, Z1tpu,byθq.
(iii) there exists θmin ą 0 such that for all θ P p0, θmins, we have xV, Z1tpu,byθ “ SpanppV q.
Proof. Let Zp denote the stability condition Z1tpu,b and let V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ “ V be the

HN filtration of V along Zp.

(i) The result follows from the fact that µZppV ℓ{V ℓ´1q ě 0.

(ii) Given W P PerspP q, let ĂW :“ SpanppW q. Given 1 ď i ď ℓ, let Si denote the quotient

Si :“ V i{V i´1. We show by induction on i in the interval t0uY␣

1 ď i ď ℓ | µZppSiq ą 0
( Ă

Z that V i “ ĂV i.

Base case: when i “ 0, we have V 0 “ 0 “ ĂV 0.

induction step: let i ą 0 such that µZpSiq ą 0 and assume that V i´1 “ ĆV i´1. We first

show that Si “ rSi. By definition, Si is Zp-semistable and ImZpprrSisq “ ImZpprSisq “
dimSi

p ą 0. Hence, 0 Ĺ rSi Ă Si and by semistability µZpp rSiq ď µZppSiq. But since

ImZpprrSisq “ ImZpprSisq, we must have

ÿ

p1PP
pb dim

ĂSiqpp1q “ ReZpprrSisq ě ReZpprSisq “
ÿ

p1PP
pb dimSiqpp1q.

Since dim
ĂSi ď dimSi , we obtain by positivity of b that dim

ĂSi “ dimSi , whence Si “ rSi.

As a consequence, dimV i “ dim
ČV i´1 ` dim

ĂSi and V
i is supported on xpy. Moreover,

for p1 ě p, since V i´1
pďp1 is surjective, dimV i

p1 “ rankV i´1
pďp1 ` rankSi

pďp1 “ rankV i
pďp1 “

dim ĂV i
p1 . Finally, since dim

ĂV i “ dimV i , we conclude that V i “ ĂV i.

(iii) If Vp “ 0, then V is Zp-semistable of null Zp-slope. In particular, for all θ ą 0, we

have xV, Zpyθ “ 0 “ SpanppV q. We now assume that Vp ‰ 0. Let 0 ă j ď ℓ be the

first index such that V j
p “ Vp. Since V j´1

p ‰ V j
p , the number θmin :“ µZppV j{V j´1q

is positive, and by (ii), xV, Zpyθmin “ V j “ SpanppV q. Moreover, either j “ ℓ or

µZpV j`1{V jq “ 0, so for all θ in p0, θmins, we have xV, Zpyθ “ V j “ SpanppV q.

Remark 4.2.5. Let p P P and let Zp be the stability condition Zp :“ Z1tpu,b (see (4.8)).

Lemma 4.2.4(ii) means that one can interpret the HN type TrV ;Zps of V P PerspP q as

recovering information about how the features of V ”alive” at p ”die”. More precisely,
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letting 0 “ V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ be the HN filtration of V along Zp, the inequal-

ities µZppV 1{V 0q ą ¨ ¨ ¨ ą µZppV ℓ{V ℓ´1q can be understood as having decomposed the

space Vp into subspaces pV 1{V 0qp, . . . , pV ℓ{V ℓ´1qp corresponding to persistence modules

V 1{V 0, . . . , V ℓ{V ℓ´1 with remaining lifespans at p (see Definition 4.2.2) of increasing size.

The HN type TrV ;Zps recovers these remaining lifespans at p and the skyscraper invariant

amalgamates this information for every p P P .
We recall that ρ denotes the rank invariant defined (4.2). Let psθb,V : P ˆ P Ñ Zě0 Y

t`8uqθPR be the family of functions given for θ P R and p, p1 P P by

sθb,V pp, p1q :“ ρxV,Z1tpu,byθpp, p1q. (4.11)

A consequence of Lemma 4.2.4 is the following.

Corollary 4.2.6. Fix a function b : P Ñ Rą0 and let V P PerspP q.
(i) the rank invariant of V is determined by the skyscraper invariant of V along b; and

(ii) Let p P P , the HN type TrV ;Z1tpu,bs and the pair pTrSpanppV q;Z1tpu,bs, dimV q are

determined by each other.

(iii) the skyscraper invariant of V along b and the family of functions psθb,V qθ are determined

by each other.

Proof. To simplify the notation, let Zp :“ Z1tpu,b and let psθV qθ :“ psθb,V qθ.
(i) Let p ď p1 P P . By Lemma 4.2.4(iii) there exists θmin ą 0 such that xV, Zpyθmin

p “ Vp.

Moreover, by Lemma 4.2.4(ii), the map xV, Zpyθmin

pďp1 is surjective and we have

ρV pp, p1q “ dim ImVpďp1 “ TrV ;Zpsθmin

p1 .

(ii) Let 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ be the HN filtration of V along Zp and let rV :“ SpanppV q.
By Lemma 4.2.4(iii), there exists j P t0, . . . , ℓu, such that V j “ rV . One can check

that 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V j is the HN filtration of rV along Zp. It follows from Lemma

4.2.4(i) and (iii) that for θ P R, we have

TrV ;Zpsθ “
#

TrrV ;Zpsθ if θ ą 0

dimV otherwise.

(iii) Let θ ą 0. By Lemma 4.2.4(ii), for p, p1 P P the integers TrV ;Zpsθp1 and sθV pp, p1q
coincide if p ď p1 and are respectively 0 and `8 if p ę p1. Hence, the invariants

pTrV ;ZpsθqpPP,θą0 and psθV qθą0 determine each other.

By Lemma 4.2.4(i), for θ ď 0 and p P P we have TrV ;Zpsθ “ dimV while sθV “ ρV .

But dimV is determined by ρV which, by Lemma 4.2.4(iii), is itself determined by

psθV qθą0. Hence, pTrV ;ZpsθqpPP,θPR and psθV qθPR determine each other.
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The functions psθb,V : PˆP Ñ Zě0Yt8uqθ constitute a Ropp-indexed filtration of the rank

invariant in the sense that for x ď y P P , the function s‚
b,V px, yq : θ P R ÞÑ sθV px, yq P Zě0

is nonincreasing and its maximum is ρV px, yq. Given two nonzero P -persistence modules

V and W , instead of comparing ρV and ρW , one could compare for every θ P R, the two

functions sθb,V and sθb,W . This observation is the inspiration for the distance defined in

Notation 4.4.9.

We now compute the skyscraper invariant of spread-decomposable modules. Let S be

a spread of P , the spread module FS is determined by its support S and will be depicted

by filling S in the Hasse quiver of P .

Lemma 4.2.7. Let b : P Ñ Rą0 be a function and let S be a spread of P . The skyscraper

invariant of FS along b is determined for θ ą 0 and p P P by

sθb,FS
pp, ‚q “

#

1SXxpy if 0 ă ř

p1PSXxpy bpp1q ď 1
θ

0 otherwise

Proof. Let p P S and let Zp denote the stability condition Z1tpu,b. We show that the HN

filtration of FS along Zp is 0 Ĺ FSXxpy Ĺ FS.

0 Ĺ
pp

Ĺ

Indeed, the two successive quotients FSXxpy and FS{FSXxpy have respective Zp-slopes
1

ř

p1PSXxpy bpp1q
and 0. Moreover, all the strict submodules of FSXxpy and FS{FSXxpy have null Zp-slopes.

Hence, these two successive quotients have decreasing Zp-slopes and are Zp-semistable. By

Proposition 4.1.12(1), 0 Ĺ FSXxpy Ĺ FS is the HN filtration of FS along Zp.

Assume now that p R S, then FS and all its nonzero submodules have null Zp-slope.

The spread module FS is hence Zp-semistable. Now that we have computed for all p P P
the HN filtration of FS along Zp, the expression of psθb,FS

qθ follows from the definitions (see

Notation 4.1.13 and Equation (4.11)).

Proposition 4.2.8. Let b : P Ñ Rą0 be a function, let S1, . . . , Sk be spreads of P and let

V denote the module V :“ Àk
i“1 FSi

. Let θ ą 0, for 1 ď i ď k, we define the spread

Sb,θ
i :“

!

p P Si | řqPSiXxpy bpqq ď 1
θ

)

. If V pθq denotes the module V pθq :“ Àk
i“1 FSb,θ

i
, we

have

sθb,V “ ρV pθq.

Proof. By (4.9), one can assume that k “ 1. Let θ ą 0, let S be a spread of P and let

Sb,θ :“
!

p P S | řqPSXxpy bpqq ď 1
θ

)

. By Lemma 4.2.7, we have sθb,V “ ρF
Sb,θ

.
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The construction of the skyscraper invariant is also motivated by computational consid-

erations. Firstly, Corollary 4.2.6(ii) allows to speed up the computations of the HN types

appearing in the skyscraper invariant. Secondly, the complexity of the algorithm developed

by Cheng [36] to compute HN filtrations along a stability condition Za,b determined by

a : P Ñ Z and b : P Ñ Zą0 depends polynomially on the absolute values of a and b. Thus,

I expect the computation of HN filtrations along Za,b to be less challenging when a “ 1tpu.

4.2.3 The skyscraper invariant over finite grids

The remainder of this Subsection is devoted to computing the skyscraper invariant in three

small examples which are inspired by Chapter 3. Example 4.2.9 describes two persistence

modules with the same rank invariant but different skyscraper invariants. We then compute

in Example 4.2.10 the skyscraper invariant of a persistence module that is not spread-

decomposable. Finally, we consider the category of persistence modules with surjective

inner maps over the 3 ˆ 3 grid and we prove that the skyscraper invariant is complete on

this category whereas the generalised rank invariant is not complete.

Let P be a finite poset. For this subsection, b will be the constant function p P P ÞÑ
1 P Rą0. To simplify the notation, for p P P , we denote by Zp the stability condition Z1tpu,b

and by psθV qθ the invariant psθb,V qθ.
Given two integers m,n ě 1, the grid poset Pmˆn is the finite cube of Z2

Pmˆn :“ t0, 1, . . .m ´ 1u ˆ t0, 1, . . . n ´ 1u
Example 4.2.9. The two nonisomorphic P 2ˆ2-persistence modules depicted below have the

same rank invariant

V 2ˆ2 :“ ‚

‚

‚

‚
‘ ‚

‚

‚

‚
and W 2ˆ2 :“ ‚

‚

‚

‚
‘ ‚

‚

‚

‚
.

Observe in Figure 4.4 that for θ P p1
3
, 1s, one has sθV 2ˆ2 ‰ sθW 2ˆ2 so the skyscraper invariant

can distinguish V 2ˆ2 and W 2ˆ2.

θ
1

1
1
2

1
3

V pθq such that

sθV 2ˆ2 “ ρV pθq
: V pθq “ V 2ˆ2

0 F

F 0
V pθq “ 0

W pθq such that

sθW 2ˆ2 “ ρW pθq
: W pθq “ W 2ˆ2

F F

F 0
0

0

W pθq “ 0

Figure 4.4: The top (resp. bottom) row depicts for θ ą 0 the module V pθq (resp. W pθq)
defined in Proposition 4.2.8.

We now compute the skyscraper invariant of a persistence module which is not spread-

decomposable:
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Example 4.2.10. Consider the following indecomposable P 3ˆ3-persistence module:

U :“

F 0 0

F2 F 0

F2 F2 F

r 1 1 s
r 1 0 s

r 1 1 s
r 0 1 s

. (4.12)

Choose p P P 3ˆ3z tp0, 0qu. The spanning submodule SpanppV q is spread-decomposable.

By Proposition 4.2.8, we can compute its skyscraper invariant which by Corollary 4.2.6(2)

determines the HN type TrU ;Zps.
Assume now that p :“ p0, 0q, we claim that the U is Zp-stable and hence that its HN

filtration along Zp is the trivial one-step filtration 0 Ĺ U . Let U 1 Ĺ U be a nonzero

submodule, we show that µZppU 1q is less than µZppUq “ 2
9
. We can assume that dimU 1

p “ 1

because otherwise µZppU 1q “ 0. Let S be the support of U 1. Since the kernels of the maps

pUpďp1qp1ąp have pairwise null intersections, S has at least 5 elements and µZppU 1q ď 1
5

ă
µZppUq. Hence, U is Zp-stable.

The family psθUqθ is described below by depicting for every θ P R a module Upθq P
PerspP 3ˆ3q such that sθU “ ρUpθq.

θ

11
2

2
9

Upθq such that

sθU “ ρUpθq
: Upθq “ U

0

0

F

0

F

0

F

0

0

0

F2

F

F2

F

0

F

0

0
r1 0s

r1 0s
r1 0s

r1 0s
Upθq “ 0

Let PersspP 3ˆ3q be the full subcategory of modules V P PerspP 3ˆ3q whose inner maps

pVpďp1qpďp1PP are all surjective. For instance, the module U defined in (4.12) lies in PersspP 3ˆ3q.
The generalised rank invariant is not complete on PersspP 3ˆ3q (see Proposition 3.3.9(1)).

However,

Proposition 4.2.11. Let b be the constant 1 function on P and let Zp0,0q be the stability

condition Z1tp0,0qu,b – see (4.8). The HN type V ÞÑ TrV ;Zp0,0qs and hence the skyscraper

invariant along b is complete on PersspP 3ˆ3q.

Before proving Proposition 4.2.11, we use a counting argument to check that the 20

non-isomorphic indecomposable modules described in Figure 4.5 constitute an exhaustive

list of all the indecomposable modules (up to isomorphism) in PersspP 3ˆ3q.
Indeed, if Ce,e Ă PersspP 3ˆ3q denotes the additive subcategory generated by the spread

modules
␣

FP 3ˆ3zxpy | p P P 3ˆ3z tp0, 0qu( Y tFP u, we have [10, Theorem 1.7] an equivalence

of categories

PersspP 3ˆ3q{Ce,e » PerspP 2ˆ2q.
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Figure 4.5: Indecomposables modules in PersspP 3ˆ3q ordered by decreasing Zp0,0q-slope. U
is defined in Equation (4.12)

Indecomposable P 2ˆ2-persistence modules are known to be isomorphic to one of the 11

spread modules over P 2ˆ2 [47, Figure 13]. As desired, there are exactly 11+9=20 isomor-

phism classes of indecomposable modules in PersspP 3ˆ3q.
Proof of Proposition 4.2.11. Let I be the family of indecomposable modules described in

Figure 4.5. Let V P PersspP 3ˆ3q be a nonzero module, there are nonnegative integers pdIqIPI
such that

V » à

IPI
IdI .

Let p :“ p0, 0q, by Lemma 4.2.7 and Example 4.2.10, every indecomposable module I P I
is Zp-stable. Hence, by (4.9), we have for θ P R,

TrV ;Zpsθ “
ÿ

IPI
dITrI;Zpsθ “

ÿ

IPI
dI1p´8,µZp pIqspθq dimI .

Let J P I, we show thatTrV ;Zps determines dJ . Let IJ denote the set
␣

I P I | µZppIq “ µZppJq(.
By the above equation, one can recover the vector

ř

IPIJ dI dimI from TrV ;Zps. Moreover,

observe in Figure 4.5 that the family of vectors
␣

dimI | I P IJ
(

is linearly independent.

Thus, the multiplicity dJ can be recovered from TrV ;Zps.

4.3 HN filtrations of discretisable persistence modules

The two main goals of this Section are, firstly, to find a framework where HN filtrations of

discretisable Rn-persistence modules exist, and secondly, to define a continuous version of

the skyscraper invariant.

We first compute the Grothendieck group of discretisable persistence modules over an

upper semilattice. We then give examples of stability conditions and discretisable persis-

tence modules for which HN filtrations do not exist (Example 4.3.2). In Subsections 4.3.2
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and 4.3.3, we state and prove Theorem (G). Finally, we define the HN filtered rank invari-

ants which generalise and give a continuous version of the skyscraper invariant defined in

(4.11).

4.3.1 Stability conditions for discretisable persistence modules

Let Q be an upper semilattice. When Q is finite, remember from (4.7) that the assignment

dim: V P PerspQq ÞÑ dimV P ZQ
ě0 induces an isomorphism

dim: KpPersfppQqq “ KpPerspQqq » ZQ “ FpQ,Zq.

We now generalise this result to the case where Q is infinite.

Lemma 4.3.1. Let Q be an upper semilattice. The assignment dim: V P PersfppQq ÞÑ
dimV P FpQ,Zq induces a group isomorphism

dim: KpPersfppQqq „ÝÑ FpQ,Zq.

Proof. If 0 Ñ V Ñ V 1 Ñ V 2 Ñ 0 is exact in PersfppQq, then dimV 1 ´ dimV ´ dimV 2 “ 0 so

there is a well-defined group homomorphism dim: KpPersfppQqq Ñ FpQ,Zq.
Let f : P ãÑ Q be an inclusion of upper semilattices with a finite domain, the following

diagram of abelian groups

KpPerspP qq KpPersfppQqq

ZP FpQ,Zq

f˚

dim„ dim

f˚

(4.13)

is well defined – see Lemma 4.1.5(ii), and by (4.3), it commutes. Moreover, by (4.7), the

vertical arrow on the left is an isomorphism. If f˚ : FpQ,Zq Ñ ZP denotes the pullback by

f , then the pushforward f˚ : ZP Ñ FpQ,Zq satisfies f˚f˚ “ idZP and is hence injective.

surjectivity: let b P FpQ,Zq. There exists an inclusion of upper semilattices f : P ãÑ Q

with a finite domain and a function a P ZP such that b “ f˚a. By (4.7), there exists a

class pU P KpPerspP qq such that a “ dim pU . Finally, by commutativity of (4.13), we have

b “ f˚a “ pf˚ ˝ dimqpU “ pdim ˝f˚qpU .
injectivity: choose pV P KpPersfppQqq in the kernel of dim. By definition, there exist

integers λ1, . . . , λℓ P Z and modules V1, . . . , Vℓ P PersfppQq such that pV “ ř

i λirVis. Then,

by Remark 4.1.3, there is an inclusion of upper semilattices f : P ãÑ Q with P finite which is

simultaneously adapted to all the pViq1ďiďℓ. More precisely, there exist U1, . . . , Uℓ P PerspP q
such that pV “ ř

i λirf˚Uis. Let pU denote the class pU :“ ř

i λirUis P KpPerspP qq so that
pV “ f˚ pU . By commutativity of (4.13), we have

0 “ dim pV “ pf˚ ˝ dimqpU

Finally, by injectivity of dim: KpPerspP qq Ñ ZP and f˚ : ZP Ñ FpQ,Zq, we have pU “ 0

and pV “ 0.
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Two R-linear forms α, β P FpQ,Rq˚, such that β is strictly positive, induce a stability

condition StabCondα,β over PersfppQq defined for V P PersfppQq by

StabCondα,βprV sq :“ βpdimV q ` ?´1αpdimV q. (4.14)

Let Z : KpPersfppQqq Ñ C be a stability condition. By Lemma 4.3.1, Z factors through

the group isomorphism dim: KpPersfppQqq Ñ FpQ,Zq. More precisely, let αZ : FpQ,Zq Ñ
R and βZ : FpQ,Zq Ñ R be the imaginary and real parts of Z ˝ dim´1 : FpQ,Zq Ñ C.
The group morphisms αZ and βZ can be seen as linear forms from the real vector space

FpQ,Zq b R – FpQ,Rq. One can check that StabCondαZ ,βZ is well defined and coincide

with Z.

When the cardinality |Q| of Q is infinite, working in PersfppQq rather than PerspQq
is essential to guarantee the existence of stability conditions. Indeed, given a stability

condition Z over PerspQq, the module W :“ À

xPQ FtpReZprFtxusqq´1u`1

txu P PerspQq satisfies

ReZprW sq ě |Q|.
Let f : P ãÑ Q be an inclusion of upper semilattices with a finite domain. Given a

stability condition Z over KpPersfppQqq, we denote by f˚Z the pullback of Z by f˚ which

is defined by diagram (4.6) with F “ f˚ – see Example 4.1.17. Let α, β P FpQ,Rq˚ with

β strictly positive. We write the pullback f˚StabCondα,β in the form of (4.8) as Za,b. The

functions a, b : P Ñ R are defined for p P P by

appq :“ αp1cubf ppqq and bppq :“ βp1cubf ppqq.

The notions of slope, (semi)stability and HN filtrations are defined in A :“ PersfppQq as
per Subsection 4.1.5. Importantly, if we restrict ourselves to f -discretisable Q-persistence

modules where f is the inclusion of a finite upper semilattice P into Q, then all the slopes

can be computed in PerspP q using the same framework as in Subsection 4.2.1.

4.3.2 Existence of HN filtrations of discretisable persistence mod-

ules

The main result of this Subsection (Theorem 4.3.11) is an existence result for HN filtrations

of discretisable persistence modules along certain stability conditions. The following exam-

ples in the single-parameter setting demonstrate that discretisable persistence modules do

not always admit a HN filtration, depending on the choice of stability condition.

Example 4.3.2. (1) Let Q :“ r0, 1q and let a, b : r0, 1q Ñ Rą0 be integrable functions

such that a is increasing and b is constant. Consider the stability condition Z over

Persfppr0, 1qq, given for every V P Persfppr0, 1qq by

ZprV sq “
ż

r0,1q
pb ` ?´1aq dimV P C.
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Let V P Persfppr0, 1qq be the spread module V :“ Fr0,1q. Observe that the nonzero

discretisable submodules of V are given by
␣

Frt,1q | t P r0, 1q( and their Z-slopes are

given for t P r0, 1q by

µZpFrt,1qq “ 1

p1 ´ tqbp0q
ż 1

t

a.

Since a is increasing, the slopes µZpFrt,1qq increase with t P r0, 1q.
Assume by contradiction that V admits a HN filtration 0 Ĺ V 1 Ĺ V 2 Ĺ ¨ ¨ ¨ Ĺ V ℓ

along Z. Let t P r0, 1q such that V 1 “ Frt,1q. By definition of V ‚, the module Frt,1q is
Z-semistable but it has a submodule Fr t`1

2
,1q of strictly higher Z-slope. So Fr0,1q does

not have a HN filtration along Z.

(1’) A similar phenomenon occurs with a stability condition Z “ StabCondα,β over

Persfppr0, 1qq whose imaginary part is induced by α : b P Fpr0, 1q,Rq ÞÑ ´bp0q P R. As-
sume by contradiction that V :“ Fr0,1q has a HN filtration 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ´1 Ĺ V ℓ

along Z. There is t P r0, 1q, such that V ℓ´1 “ Frt,1q. The quotient V ℓ{V ℓ´1 » Fr0,tq
is Z-semistable but it has a submodule Fr t

2
,tq satisfying µZpFr t

2
,tqq “ 0 ą ´ 1

βp1r0,tqq “
µZpV ℓ{V ℓ´1q. By contradiction, the filtration xFr0,1q, Zy does not exist.

(2) Let Q :“ Z and let Z :“ StabCondα,β be a stability condition over PersfppZq whose

imaginary part is induced by α : b P FpZ,Rq ÞÑ lim`8 b P R. If the spread module

V :“ Fr0,`8q P PersfppZq had a HN filtration V ‚ along Z, then the first nonzero

submodule in V ‚ would be of the form Frt,`8q for some t P Zě0. The Z-semistability

of Frt,`8q would be contradicted by the existence of a submodule Frt`1,`8q of strictly
higher Z-slope.

We will now consider certain stability conditions such that the induction functor pre-

serves semistability. We will then use Lemma 4.1.16 to guarantee the existence of HN

filtrations.

Let Q be an upper semilattice. The evaluation form at q P Q is the linear form

δq : b P FpQ,Rq ÞÝÑ bpqq P R. (4.15)

Definition 4.3.3. Given an inclusion f : P ãÑ Q of upper semilattices, we denote by

Zevalpfq the set of stability conditions Z :“ StabCondα,β over PersfppQq such that α is a

nonnegative linear combination of the evaluation forms pδqqqPIm f . If Z P Zevalpfq, we say

that f is adapted to Z or equivalently that Z is f -discretisable. We denote by ZevalpQq the
union of Zevalpfq over all inclusions f of a finite semilattice into Q. △

Proposition 4.3.4. Let f : P ãÑ Q be an inclusion of upper semilattices with a finite

domain (in particular P and Q are upper semilattices) and assume that Z P Zevalpfq.
Then, for any nonzero P -persistence module U , we have

U is f˚Z-semistable ùñ f˚U is Z-semistable in PersfppQq.

Proof. Let W be a submodule of f˚U , we first prove that the pixelisation f˚f˚W is a

submodule of W . For q P Q, consider the linear map ϕq :“ Wfptquf qďq. Its domain
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is pf˚W qtquf “ pf˚f˚W qq, and it is injective as it is the restriction of the isomorphism

pf˚Uqfptquf qďq. The maps pϕqqq define a map of Q-persistence modules ϕ‚ : f˚f˚W ãÑ W

because for q ď q1 in Q, we have,

ϕq1 ˝ pf˚f˚W qqďq1 “ ϕq1 ˝ Wfptquf qďfptq1uf q “ Wfptquf qďq1 “ Wqďq1 ˝ ϕq.

Assume now that U P PersfppP q is f˚Z-semistable. Note that since P is finite, we

have PersfppP q “ PerspP q. Let 0 ‰ W Ă f˚U , we prove that µZpW q ď µZpUq. Let

α, β : FpQ,Rq Ñ R be the linear forms such that Z “ StabCondα,β. By definition, α is

a nonnegative linear combination of pδfppqqpPP . If αpdimW q “ 0, then µZpW q “ αpdimW q
βpdimW q “

0 ď αpdimU q
βpdimU q “ µZpUq. We now assume that αpdimW q ą 0. Given p P P , we have

δfppqpdimf˚f˚W q “ dimpf˚W qp “ δfppqpdimW q, whence αpdimf˚f˚W q “ αpdimW q ą 0. In

particular, f˚f˚W is nonzero. Since f˚f˚W is a submodule of W , we have dimf˚f˚W ď
dimW and µZpf˚f˚W q ě µZpW q because β is nonnegative. But, by applying the restriction

functor, f˚W Ă f˚f˚U » U so by f˚Z-semistability of U and Lemma 4.1.15, we finally

have

µZpW q ď µZpf˚f˚W q “ µf˚Zpf˚W q ď µf˚ZpUq “ µZpf˚Uq.
We now restrict ourselves to the case where Q is a cube of either Rn or Zn and state an

analogue of Proposition 4.3.4 for a larger family of stability conditions.

Notation 4.3.5. Let Q a cube of either Rn or Zn. Given two integrable functions a : Q Ñ
R and b : Q Ñ Rą0, we denote by Za,b the stability condition over PersfppQq given for

V P PersfppQq by

Za,bprV sq “
ż

Q

pb ` ?´1aq dimV .

Definition 4.3.6. Let G : P ãÑ Q be a grid function. We denote by ZsteppGq the set

of stability conditions of the form Za,b : KpPersfppQqq Ñ C (see Notation 4.3.5) such that

the functions a, b : Q Ñ R are discretisable (see Subsection 4.1.4) by an extension (see

Subsection 4.1.3) of G and

• the support of a is contained in
Ť

cPCbpGq c (see Notation 4.1.7), and

• b is positive and integrable on Q. △

Let c be a nonempty bounded cube of Rn. The dimension of c is the number 0 ď dim c ď
n of coordinates over which the projection of c has a positive length. We define the linear

form δc which sends b P FpRn,Rq to its average over c. Namely,

δcpbq :“
ş

c
b

ş

c
1

(4.16)

where the integral is dim c-dimensional. Similarly, if c is a bounded cube of Zn, we define

δc : b P FpZn,Rq ÞÑ ř

c b{
ř

c 1. If c “ txu is a point of Rn or Zn, then δc is the evaluation

form at x – see (4.15). Given a bounded cube c of Q, if ιQ is the inclusion of Q into either

Rn or Zn, we denote by δc the linear form b P FpQ,Rq ÞÑ δcpιQ˚ bq. Definition 4.3.6 can be

reformulated as follows:
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Remark 4.3.7. Let G : P ãÑ Q be a grid function and let Z P ZpGq. There exists an

extension rG of G such that ImZ (resp. ReZ) is a finite (resp. positive) linear combination

of pδc ˝ dimqcPCbp rGq – see Notation 4.1.7.

We now slightly extend the family considered in Definition 4.3.6 to include some of the

stability conditions belonging to ZevalpQq.
Definition 4.3.8. Let Q be a cube of Rn or Zn and let G : P ãÑ Q be a grid function.

We denote by ZpGq the set of stability conditions over PersfppQq for which there exist

Zstep P ZsteppGq and pλcqc P RCbfpGq
ě0 such that (see Notation 4.1.7 and (4.16)):

Z “ Zstep ` ?´1
ÿ

cPCbfpGq
λcδc ˝ dim . △

We use the same vocabulary and notations with Z as for Zeval. Namely, ZpQq :“
Ť

G finite ZpGq, and when a grid function G : P ãÑ Q satisfies Z P ZpGq, we say that G

is adapted to Z (or that Z is G-discretisable). In the case where Q is a cube of Zn, the

formulation of Definition 4.3.8 can be simplified:

Lemma 4.3.9. (i) Let Q be a cube of Zn, a stability condition Z over PersfppQq lies in

ZpQq if and only if there exist a : Q Ñ R finitely supported and b : Q Ñ Rą0 integrable

such that Z “ Za,b (see Notation 4.3.5).

(ii) Let Q be a cube of Rn or Zn and let Z P ZpQq. Given a (potentially infinite) grid

function G : P ãÑ Q, we have G˚Z P ZpP q.
Proof. (i) let Z P ZpQq. By definition, there exist b : Q Ñ Rą0 integrable, such that

ReZ is the morphism pV P KpPersfppQqq ÞÑ ř

Q b dimpV . Let | | denote cardinal-

ity, by Remark 4.3.7, there exist a finite family pλcqc P RCbfpGq such that ImZ “
ř

cPCbfpGq λcδc ˝ dim. We have Z “ Zř

cPCbfpGq λc
1c
|c| ,b

, as desired.

Conversely, let a : Q Ñ R be compactly supported and let b : Q Ñ Rą0 be integrable.

Consider a finite grid function G : P ãÑ Q such that P Ă Q is a finite cube containing

the support of a. The grid function idQ : Q Ñ Q is an extension of G and both a and

b are idQ-discretisable. Hence, Za,b lies in ZsteppGq Ă ZpQq.
(ii) By definition, there exist step functions a, b : Q Ñ R with a having a bounded support

and b being positive and integrable such that Z “ Za,b. Consider the functions

ra : p P P ÞÑ ş

cubGppq a P R and rb : p P P ÞÑ ş

cubGppq b P Rą0. Since CpGq is locally

finite, ra is finitely supported. Moreover,
ş

P
rb “ ş

Q
b ă `8 so rb is integrable. Given

pU P KpPersfppP qq, we haveG˚ZppUq “ ş

Q
pb`?´1aqG˚ dimpU “ ř

P prb`?´1raq dim
pU “

Z
ra,rbppUq; whence, by (i), G˚Za,b “ Z

ra,rb P ZpP q.
Proposition 4.3.10. Let Q be a cube of either Rn or Zn, let G : P ãÑ Q be a finite grid

function and let Z P ZpGq. Then for every nonzero P -persistence module U :

U is G˚Z-semistable ùñ G˚U is Z-semistable in PersfppQq.
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We defer the proof of Proposition 4.3.10 to the next Subsection. We now state our

existence theorem for HN filtrations of discretisable persistence modules:

Theorem 4.3.11. Let Q be an upper semilattice. If either

(i) Z P ZevalpQq (see Definition 4.3.3); or

(ii) Q is a cube of Rn or Zn and Z P ZpQq (see Definition 4.3.8)

Then, we have

(1) Every V P PersfppQq has a unique HN filtration along Z.

(2) Let f : P ãÑ Q be adapted to Z with P finite. Assume in case (i) that f is an

inclusion of upper semilattices, or in case (ii) that f is a grid function. Then the

following diagram is well-defined and commutative:

PerspP q FiltrpPerspP qq

PersfppQq FiltrpPersfppQqq

x´,f˚Zy

f˚ f˚
x´,Zy (4.17)

Proof. Let Q be an upper semilattice (resp. a cube of Rn or Zn) and let Z P ZevalpQq (resp.
Z P ZpQq).
(2) Let f : P ãÑ Q be an inclusion of upper semilattices (resp. a grid function) adapted

to Z with P finite. Since P is finite, Proposition 4.1.12(2) ensures that HN filtrations

along f˚Z exist in PerspP q “ PersfppP q. By combining Lemma 4.1.16 and Proposition

4.3.4 (resp. 4.3.10), we obtain that the diagram (4.17) is well-defined and commutes.

(1) Given V P PersfppQq, there exists an inclusion of upper semilattices (resp. a grid

function) f : P ãÑ Q with P finite adapted to both Z and V . By (2) applied to f ,

the HN filtration xV, Zy is well-defined.

Theorem 4.3.11(2) can be extended to the case where f is an infinite grid function.

Corollary 4.3.12. Let Q be a cube of either Rn or Zn. Let G : P ãÑ Q be a (potentially

infinite) grid function and let Z P ZpGq X ZpQq. Then, the pushforward G˚Z of Z by G˚
is well-defined and for U P PersfppP q, we have xG˚U,Zy “ G˚xU,G˚Zy.
Proof. First recall from Subsection 4.1.3 that G˚ : PersfppP q Ñ PersfppQq is exact. By

naturality of K (see Example 4.1.17), KpG˚q is injective and G˚Z is well defined.

By Lemma 4.3.9(ii), we have G˚Z P ZpP q and by Theorem 4.3.11(1), both of the assign-

ments x´, G˚Zy : PersfppP q Ñ FiltrpPersfppP qq and x´, Zy : PersfppQq Ñ FiltrpPersfppQqq
are well-defined. Let U P PersfppP q, there is a finite grid function G1 : P 1 ãÑ P such that

U is G1-discretisable. We can choose G1 such that Z lies in ZpG ˝ G1q. Indeed, since

Z P ZpGq XZpQq, there exists a bounded cube B of P such that Z P ZpG|Bq. It is enough
to refine G1 such that B Ă ImG1.
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Assume that U is G˚Z-semistable and let U 1 be a G1-discretisation of U . By Lemma

4.1.15, U 1 is pG ˝ G1q˚Z-semistable, and by Proposition 4.3.10, the Q-persistence module

G˚U » pG ˝ G1q˚U 1 is Z-semistable. Finally, with Lemma 4.1.16 applied to G, we have

xG˚U,Zy “ G˚xU,G˚Zy.

4.3.3 Proof of Proposition 4.3.10

Let Q be a cube of either Rn or Zn. Fix a finite grid function G : P ãÑ Q, a stability

condition Z P ZpGq and a nonzero P -persistence module U which is G˚Z-semistable. Like

in the proof of Proposition 4.3.4, the key to show that G˚U is Z-semistable will be to

pixelate the discretisable submodules of G˚U while controlling their slope. More precisely,

given a discretisable submodule W Ă G˚U and a finite grid function H adapted to both

W and G˚U , we set X :“ H˚W and we want to modify the finite grid function H so that

H˚X becomes G-discretisable while enforcing H˚X Ă G˚U and µZpW q ď µZpH˚Xq.
We thus need to study how the Z-slope of the submodule H˚X of G˚U evolves when

the grid function H is perturbed. In order to simplify the computations, we introduce and

restrict ourselves to certain elementary perturbations of the grid function H (see Definition

4.3.14). By Remark 4.3.7, there is a countable family CZ of bounded cubes of Q such that

Z is a complex linear combination of pδc ˝dimqcPCZ . Lemma 4.3.16 will control the numbers

pδcpdimH˚XqqcPCZ as H varies.

Remark 4.3.13. For convenience, we will sometimes consider products of n maps of posets

G : P Ñ Q which are not necessarily injective. We call these grid functions improper grid

functions.

If Q is a cube of Rn (resp. Zn), let C denote an interval of R (resp. Z) of positive length.
Otherwise, if Q is a cube of Zn, let C denote an interval of Z. Let H‚ : R Ñ Q be a family

of grid functions indexed by C. Namely, the (potentially improper) grid functions pHxqxPC
all have the same (co)domain, but their values are parametrised by x. Let 1 ď i ď n and

p P Ri.

Definition 4.3.14. A family H‚ : R Ñ Q of grid functions is said to be affine at pi, pq if

x ÞÑ Hx
i ppq P Qi is affine and for each other 1 ď i1 ď n and p1 P Ri1 , the function x ÞÑ Hx

i1 pp1q
is constant. △

Lemma 4.3.15. Let pHx : R Ñ QqxPC be a family of grid functions affine at pi, pq and let

R1 :“
ˆ i´1
ź

j“1

Rj

˙

ˆ pRiz tpuq ˆ
ˆ n

ź

j“i`1

Rj

˙

. (4.18)

There exists a finite grid function pH : pR Ñ Q and an isomorphism of posets pτ : R1 „Ñ pR

such that for all x P C, we have Hx
|R1 “ pH ˝ τ .

Proof. Choose any isomorphism of posets τ from R1 to a cube pR of Z. By definition, the

functions pHx
|R1qxPC are independent of x. We can thus choose pH :“ Hx

|R1 ˝ τ´1.
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We denote respectively by πi and ei the i-th orthogonal projection and the i-th canonical

basis vector in a cube of either Rn or Zn.

Lemma 4.3.16. Let pHx : R Ñ QqxPC be affine at pi, pq for some 1 ď i ď n and p P
Riz tminRi,maxRiu and assume that x P C ÞÑ Hx

i ppq is increasing. Let rH be an extension

of pH (see Lemma 4.3.15). Given c P Cbfp rHq (see Notation 4.1.7) and X P PerspRq, let

a : C Ñ R be the function

a : x P C ÞÝÑ δcpdimHx˚Xq P R.

1. If len πipcq ą 0, then the function a is affine.

2. Otherwise, a|Cztinf Cu is constant. If, in addition, for all r P π´1
i ppq, we have dimXr ě

dimXr´ei, then for x ď x1 P C, we have apx1q ď apxq.
Proof. The function a decomposes as

a : x ÞÑ
ÿ

rPR
dimXr

n
ź

j“1

δπjpcqp1cubHx
j

pπjprqqq

Observe that the function x ÞÑ 1cubHx
j

pπjprqq is constant unless i “ j and πjprq P tp ´ 1, pu.
Hence, we only need to compute the functions bs : x ÞÑ δπipcqp1cubHx

i
psqq for s P tp ´ 1, pu.

Let ph´, h`q be the constants pHx
i pp ´ 1q, Hx

i pp ` 1qq. If πipcq X rh´, h`q “ H then

bp “ bp´1 “ 0 and a is constant. Otherwise, since c P Cbfp rHq, we are in one of the following

two cases:

1. πipcq “ rh´, h`q: we have cubHx
i
psq Ă πipcq for all x P C so

bspxq “ len cubHx
i
psq “

#

Hx
i ppq ´ h´ if s “ p ´ 1

h` ´ Hx
i ppq if s “ p

which is affine. a is a linear combination of affine functions and is hence affine.

2. πipcq “ th´u: Let L : R Ñ R be the affine function such that for all x P C, we have

Lpxq “ Hx
i ppq. There exists a unique x´ P R such that Lpx´q “ h´. Since for all

x P C, the function Hx
i is increasing, one has x´ ď inf C. And for x P C,

bspxq “ 1Hx
i pp´1qPcubHx

i
psq “

#

1 ´ 1x´ if s “ p ´ 1

1x´ if s “ p

which is constant on Cz tx´u. We rewrite the function a as

apxq “ A `
ÿ

rPπ´1
i ppq

ar ˆ pdimXrbp ` dimXr´eibp´1q

where A “
ÿ

πiprqRtp´1,pu
dimXrδcp1cubHx prqq and ar “

ź

j‰i

δπjpcqp1cubHx
j

pπjprqqq. For all

x P Cz tx´u, we have apx´q ´ apxq “ ř

rPπ´1
i ppq ar ˆ pdimXr ´ dimXr´eiq. The result

follows from the nonnegativity of the constants parqr.
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Proposition (Restatement of Proposition 4.3.10). Let Q be a cube of either Rn or Zn.

Given a finite grid function G : P ãÑ Q and a stability condition Z P ZpGq, the pushforward
G˚U of a G˚Z-semistable nonzero P -persistence module U is Z-semistable in PersfppQq.
Proof. Let U be a G˚Z-semistable nonzero P -persistence module and let H : R ãÑ Q be a

finite refinement of G. We prove by induction over the cardinal

NH :“
∣∣∣∣∣ n
ğ

i“1

ImHiz ImGi

∣∣∣∣∣
that every nonzero H-discretisable submodule W Ă G˚U satisfies µZpW q ď µZpG˚Uq. We

denote by X the R-persistence module H˚W . Without loss of generality, we can translate

R in Zn so that minR and minP coincide.

Base Case: when NH “ 0, we have G “ H and by semistability µZpW q “ µZpG˚Xq “
µG˚ZpXq ď µG˚ZpUq “ µZpG˚Uq.
Induction Case: assume that NH ą 0 and that the result holds for all refinements H 1 of
G such that NH 1 “ NH ´ 1. Let 1 ď i ď n and let p P ImHiz ImGi. We define

x˘ :“
#

Hipp ˘ 1q if p ˘ 1 P Ri

˘8 otherwise.

For x P rx´, x`sz t˘8u, consider the finite grid function Hx : R Ñ Q defined for 1 ď i1 ď n

and p1 P Ri1 by

Hx
i1 pp1q :“

#

x if pi1, p1q “ pi, pq
Hi1pp1q otherwise.

The family pHxqxPrx´,x`szt˘8u is affine at pi, pq and we have H “ HHippq. Assume first that

p R tminRi,maxRiu. In particular, the family pHxqx is indexed by rx´, x`s.

x´ x x`

Figure 4.6: Let H : t0, 1, 2u ˆ t0, 1u ãÑ R2 be the grid function depicted in Figure 4.2 and

let pi, pq :“ p1, 1q. Let x P rx´, x`s be the horizontal coordinate of the square nodes, the

lines in the figure delimit CpHxq. The round nodes represent the set HxpR1q “ Im pH which

does not depend on x.

We consider the two Q-persistence modules W˘ :“ pHx˘q˚X and we prove that the

following partial function admits a maximum which is reached either at x´ or at x`

m :

" rx´, x`s ÝÑ R
x ÞÝÑ µZpHx˚Xq .
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m is monotonic on px´, x`q: since W Ă G˚U and p R ImGi, we have that for every

r P π´1
i ppq, the linear map Xr´ei Ñ Xr is a restriction of the isomorphism pG˚UqHpr´eiq Ñ

pG˚UqHprq and is hence injective. By Remark 4.3.7 and Lemma 4.3.16(i), the nonnega-

tive function x P rx´, x`s ÞÑ βpdimHx˚Xq is affine. Moreover, since the family pdimXr ´
dimXr´eiqrPπ´1

i ppq is nonnegative, by Remark 4.3.7 and Lemma 4.3.16(ii), x P rx´, x`s ÞÑ
αpdimHx˚Xq is the sum of an affine function and of λ1x´ with λ ě 0. Hence, the function

m|px´,x`q is well-defined and monotonic as the quotient of an affine function by a positive

affine function.

m has a maximum and it is reached at x´ or x`: since Rz Impt uHx´ q “ π´1
i pp´ 1q and

W ‰ 0, the injectivity of Xr´ei ãÑ Xr for r P π´1
i ppq ensures thatW´ is never null. Thus, at

x´, the function m is well-defined and by the above it is upper semicontinuous. If W` ‰ 0,

m is also well-defined at x` and monotonic on px´, x`s. It thus admits a maximum which

is reached at x´ or x`. Otherwise, if W` “ 0, we then have that both x ÞÑ αpdimHx˚Xq and
x ÞÑ βpdimHx˚Xq are affine on px´, x`s and null at x`. Whence, m is constant on px´, x`q
and we have mpx´q ě mpxq for all x P rx´, x`q.

Case p “ maxRi: we write W` :“ pHR1q˚X. Since p ą maxPi, the function x P
px´, x`q ÞÑ αpdimHx˚Xq is constant while x P px´, x`q ÞÑ βpdimHx˚Xq is decreasing and

positive. Hence, m is monotonic on px´, x`q, upper semicontinuous at x´ and – if W` ‰ 0

– continuous at x` “ `8. Moreover, as before, W` “ 0 implies that m is constant on

px´, x`q.
Case p “ minRi: By definition, p ă minPi so for every r P π´1

i ppq, we have Xr “ 0 and

for all x P px´, x`s, we have Hx˚X » W . As a consequence, m is constant over px´, x`s.
In any case, we found a nonzero W 1 P tW´,W`u such that µZpW 1q ě µZpW q.
W 1 is submodule of G˚U : since pH (see Lemma 4.3.15) is a refinement of G, by Lemma

4.3.15, there exists a finite grid function τ : P ãÑ R, independent of x, such that G “ Hx ˝τ
for all x P rx´, x`s. By definition, W 1 “ Hx˘

˚ H˚W , and by Lemma 4.1.5(ii),

W 1 Ă Hx˘
˚ H˚G˚U » Hx˘

H˚H˚τ˚U » Hx˘
˚ τ˚U » G˚U.

Finally, 0 ‰ W 1 Ă G˚U is pH-discretisable and since N
pH “ NH ´ 1, by induction

hypothesis, µZpW q ď µZpW 1q ď µZpG˚Uq.

4.3.4 HN filtered rank invariants

For this subsection Q is either Rn or Zn. Let x P Q, the map of posets

Tx : y P Q ÞÑ x ` y P Q

is called the x-shift. Its pullback Tx̊ : V P PersfppQq ÞÑ V ˝ Tx P PersfppQq induces an

endofunctor of PersfppQq which we call the x-shift functor.

We fix a stability condition Z P ZpQq Y ZevalpQq – see Theorem 4.3.11. The following

invariant of discretisable Q-persistence modules is inspired by the skyscraper invariant

(4.11) defined over finite posets.
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Definition 4.3.17. The HN filtered rank invariant of V P PersfppQq along Z P ZpQq Y
ZevalpQq is the filtration psθZ,V qθPRopp of integer-valued functions on Q ˆ Q given by

sθZ,V :

$

’

&

’

%

Q ˆ Q Ñ Zě0 Y t`8u

px, yq ÞÑ
#

rankpxTx̊ V, Zyθ0ďy´xq if x ď y

`8 otherwise.

△

Theorem 4.3.11 ensures that sθZ,V is well-defined and that for px, yq P QˆQ, the integer

sθZ,V px, yq can be computed in any suitable discretisation of V . Moreover, given x P Q and

θ ě θ1 P R, we have by definition xTx̊ V, Zyθ Ă xTx̊ V, Zyθ1
, whence sθZ,V px, ‚q ď sθ

1
Z,V px, ‚q.

The use of the term filtration is justified by the implication

θ ě θ1 ùñ sθZ,V ď sθ
1

Z,V . (4.19)

Note that, we can translate Z instead of V . Namely, for x P Q and V P PersfppQq, let
T x˚Z :“ pTx̊ q˚Z be the pullback of Z by Tx̊ (see Equation (4.6)). By Lemma 4.1.16 applied

to F :“ Tx̊ , we have for θ P R and y ě x in Q

sθZ,V px, yq “ rankpxV, T x
˚Zyθxďyq. (4.20)

Examples of computation of psθZ,V qθ can be found in Subsection 4.5.2.

Proposition 4.3.18. Let Q be either Rn or Zn and let Z P ZpQq Y ZevalpQq. There is

θmin P R such that for all θ ď θmin P R and for all V P PersfppQq, we have

sθZ,V “ ρV .

Proof. Write Z in the form StabCondα,β – see (4.14). If Z P ZevalpQq, the result follows

from the nonnegativity of α. Assume now that there exists a finite grid function G : P ãÑ Q

such that Z P ZpGq. Given x P Q, by definition, sθZ,V px, ‚q “ ρV px, ‚q for θ small enough.

We now find a uniform lower bound for θ. Following Remark 4.3.7, there exists numbers

pacq P RCbpGq and pbcq P RCbpGq
ą0 such that

α ě
ÿ

cPCbpGq
acδc and β ě

ÿ

cPCbpGq
bcδc.

Given W P PersfppQq, we have the inequalities

αpdimW q ě minp0, min
cPCbpGq

acq
ÿ

cPCbpGq
δcpdimW q

βpdimW q ě min
cPCbpGq

pbcq
ÿ

cPCbpGq
δcpdimW q.

Let θmin be the real number minp0,minc acq{mincpbcq. If V 0 Ĺ V 1 Ĺ ¨ ¨ ¨ Ĺ V ℓ´1 Ĺ V ℓ “
Tx̊ V is the HN filtration of Tx̊ V along Z, we have µZpV ℓ{V ℓ´1q ě θmin. Then for θ ď θmin,

we have xTx̊ V, Zyθ “ Tx̊ V , and given y P Q, sθZ,V px, yq “ rankpTx̊ V q0ďy´x “ ρV px, yq.
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Definition 4.3.19. Let β P FpQ,Rq˚ be a strictly positive linear form. The HN filtered

rank invariant along StabCondδ0,β will be called the continuous skyscraper invariant along

β. △

Continuous skyscraper invariants are closely related to the finite version of the skyscraper

invariant defined in (4.11).

Fix a strictly positive linear form β P FpQ,Rq˚ and let Z0 denote the stability condition

StabCondδ0,β. Let x, y P Q and θ P R, we claim that the integer sθZ0,V
px, yq can be recovered

from a skyscraper computation over a finite poset. Indeed, choose a finite grid function

Gx : Px ãÑ Q adapted to both V and T x˚Z0. Let bx : Px Ñ Rą0 be the function p ÞÑ
βp1cubT´x˝Gx ppqq and remember the definition of sbx,pGxq˚V from (4.11). Since Gx̊T

x˚Z0 “
pT´x ˝ Gxq˚Z0 “ Z1txuGx ,bx

, by Theorem 4.3.11, we have

sθZ0,V
px, yq “ sθbx,pGxq˚V ptxuGx , tyuGxq. (4.21)

We will see in Proposition 4.6.4, that if β is induced by a step function, then one can choose

the grid functions pGxqxPQ so that the set tpPx, bxq | x P Qu is finite.

4.4 Stability theorems

The rank invariant, equipped with the erosion distance introduced by Patel [101] has been

shown to be stable [76] with respect to the interleaving distance. We extend this result to

the HN filtered rank invariants obtained in Definition 4.3.17. The HN filtrations also induce

filtered persistence landscapes which are a generalisation of the multiparameter persistence

landscapes introduced by Vipond [111]. As a consequence of the above result, this last

invariant is also stable. For this section, the poset Q will be either Rn or Zn.

4.4.1 Functoriality of HN filtrations

The key to adapt the existing stability theorems to the case of HN filtered rank invariants

will be the functoriality of HN filtrations. We restate [65, Theorem 2.8] using Remark 4.2.1:

Proposition 4.4.1. Let P be a finite poset and let Z be a stability condition over PerspP q.
Then for every map f : U Ñ U 1 in PerspP q and every θ P R

fpxU,Zyθq Ă xU 1, Zyθ.
Corollary 4.4.2. Let Q be either Rn or Zn. Let f : V Ñ V 1 be a map in PersfppQq and let

Z P ZpQq Y ZevalpQq. Then for every θ P R

fpxV, Zyθq Ă xV 1, Zyθ.
Proof. Assume that V and V 1 are in PersfppQq and choose a finite grid function G : P ãÑ Q

such that Z P ZpGq Y ZevalpGq and V and V 1 both have a G-discretisation, respectively U

and U 1. By Proposition 4.4.1, G˚f induces a map of P -persistence modules rf : xU,G˚Zyθ Ñ
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xU 1, G˚Zyθ where rf “ G˚pG˚U » V
fÑ V 1 » G˚U 1q. By Theorem 4.3.11, rf extends to a

map

G˚ rf : xG˚U,Zyθ Ñ xG˚U 1, Zyθ.
Finally, by exactness of G˚, the map xV, Zyθ » xG˚U,Zyθ G˚ rfÑ xG˚U 1, Zyθ » xV 1, Zyθ is the

restriction of f . Hence, fpxV, Zyθq Ă xV 1, Zyθ in PersfppQq.

4.4.2 Stability of HN filtered rank invariants

The x-shift map of V is the map of Q-persistence modules shx
V : V Ñ Tx̊ V defined by

pshx
V qy :“ Vyďx`y.

For ε ą 0, ε⃗ denotes the vector pε, . . . , εq P Q and we see Q and Zě0 Y t`8u as posetal

categories (associated with the standard partial order). We recall the definition of the

following two extended pseudometrics:

Definition 4.4.3 ([85]). Given ε ą 0, an ε-interleaving between two Q-persistence modules

V and W is a pair of maps f : V Ñ T ˚
ε⃗ W and g : W Ñ T ˚

ε⃗ V in PerspQq such that

T ˚
ε⃗ g ˝ f “ sh2ε⃗

V and T ˚
ε⃗ f ˝ g “ sh2ε⃗

W .

We will write f : V
εØ W : g to signify that pf, gq is an ε-interleaving between V and W .

The interleaving distance between V and W , denoted by dIpV,W q, is the infimum over

ε ě 0 such that there is an ε-interleaving between V and W . △

Definition 4.4.4 ([101, 76]). Consider two functors

F,G : Qopp ˆ Q Ñ pZě0 Y t`8uqopp.
For ε ą 0, we say that there is an ε-erosion between F and G if for all pa, bq P Qopp ˆ Q

F pa ´ ε⃗, b ` ε⃗q ď Gpa, bq and Gpa ´ ε⃗, b ` ε⃗q ď F pa, bq.
The erosion distance between F and G, denoted by dEpF,Gq, is the infimum over ε ě 0

such that there is an ε-erosion between F and G. △

An example of such functors is the rank invariant ρV of some V P PerspQq. ρV is known

to be stable with respect to the erosion and interleaving distances:

Theorem 4.4.5 ([76, Theorem 6.2][102, Theorem 3.11]). Let Q be Rn or Zn and let

V,W P PerspQq, we have dEpρV , ρW q ď dIpV,W q.
We fix a stability condition Z P ZpQq Y ZevalpQq and two persistence modules V and

W in PersfppQq. For convenience, we drop Z from the sθZ,V notation. The main argument

of the proof of Theorem 4.4.5 can be adapted to our setting and results in the following

lemma:

Lemma 4.4.6. Let x ď x1 ď y1 ď y in Q and assume the existence of maps

f : V Ñ T ˚
x1´xW and g : W Ñ T ˚

y´y1V

such that g ˝ f “ sh
py´xq´py1´x1q
V . Then for all θ P R, one has sθV px, yq ď sθW px1, y1q.
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Proof. The properties of f and g make the following diagram well-defined and commutative

xTx̊ V, Zyθ0 xTx̊ V, Zyθy´x

pTx̊ fqpxTx̊ V, Zyθq0 pTx̊ fqpxTx̊ V, Zyθqy1´x1

fx gy1

Here, the top horizontal map is the restriction of Vxďy “ pTx̊ V q0ďy´x to the submodule

xTx̊ V, Zyθ Ă Tx̊ V . By definition, its rank is sθV px, yq. The bottom horizontal map is the

restriction of Wx1ďy1 “ pT ˚
x1W q0ďy1´x1 to the submodule pTx̊ fqpxTx̊ V, Zyθq Ă T ˚

x1W . We

denote its rank as spx1, y1q.
Since the above diagram commutes, we have sθV px, yq ď spx1, y1q. Moreover, Corollary

4.4.2 implies that pTx̊ fqpxTx̊ V, Zyθq Ă xT ˚
x1W,Zyθ. Finally, sθV px, yq ď spx1, y1q ď sθW px1, y1q.

Theorem 4.4.7. Let Q be Rn or Zn and let Z P ZpQqYZevalpQq (see Definitions 4.3.3 and

4.3.8). Let V,W P PersfppQq be two Q-persistence modules, then for each θ P R, their HN

filtered rank invariant sθZ,V and sθZ,W are functors Qopp ˆQ Ñ pZě0 Y t`8uqopp. Moreover,

sup
θPR

dEpsθZ,V , sθZ,W q ď dIpV,W q.

Proof. Let V P PersfppQq and let x ď x1 ď y1 ď y, the shift maps shx1´x
V and shy´y1

V

satisfy the conditions of Lemma 4.4.6. Hence, sθV px, yq ď sθV px1, y1q or in other words

sθV : Qopp ˆ Q Ñ pZě0 Y t`8uqopp is a functor.

Let V,W P PersfppQq and assume that there is an ε-interleaving f : V
εØ W : g. Let

θ P R, we show that dEpsθV , sθW q ď ε. For a ď b in Q, the maps f and g satisfy the

conditions of Lemma 4.4.6 with px ď x1 ď y1 ď yq :“ pa ´ ε⃗ ď a ď b ď b ` ε⃗q. Hence,

sθV pa ´ ε⃗, b ` ε⃗q ď sθW pa, bq and by symmetry sθW pa ´ ε⃗, b ` ε⃗q ď sθV pa, bq.
Remark 4.4.8. Theorem 4.4.5 for discretisable persistence modules is a special case of The-

orem 4.4.7 obtained when the image of Z : KpPersfppQqq Ñ C is included in R.

Notation 4.4.9. Given two Q-persistence modules V, V 1 P PersfppQq and a stability con-

dition Z P ZpQq Y ZevalpQq, we write

dZHNpV, V 1q :“ sup
θPR

dEpsθZ,V , sθZ,W q

and we call this extended pseudometric the erosion distance between HN filtered rank in-

variants along Z.

4.4.3 Stability of HN filtered landscapes

The HN filtered rank invariants induce filtered persistence landscapes. We show that those

are also stable.

Definition 4.4.10. Given a functor s : Qopp ˆ Q Ñ pZě0 Y t`8uqopp, the persistence

landscape of s is the function λs P L8pZą0 ˆ Qq given for pk, xq P Zą0 ˆ Q by

λspk, xq :“ sup tε ą 0 | spx ´ h, x ` hq ě k, @}h}8 ď εu . △
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The persistence landscape introduced in [25, 111] is the invariant V P PerspQq ÞÑ λρV P
L8pZą0 ˆQq. They are stable with respect to the interleaving distance [111, Theorem 30].

Proposition 4.4.11. Let Q be either Rn or Zn. Given two functors r, s : Qopp ˆ Q Ñ
pZě0 Y t`8uqopp we have

∥λr ´ λs∥8 ď dEpr, sq. (4.22)

Proof. Let ε ą dEpr, sq and let pk, xq P Zą0 ˆ Q. We show that |λrpk, xq ´ λspk, xq| ď ε.

Without loss of generality, we restrict ourselves to the case where ε ď λrpk, xq ě λspk, xq.
Let h P Q such that ∥h∥8 ď λrpk, xq ´ ε. By definition,

spx ´ h, x ` hq ě rpx ´ h ´ ε⃗, x ` h ` ε⃗q ě k.

Hence, λspk, xq ě λrpk, xq ´ ε and λrpk, xq ´ λspk, xq ď dEpr, sq.
Remark 4.4.12. Assume that Q is either R or Z. The persistence landscape map is known

to be an isometry; that is, Equation (4.22) holds with equality [77, Theorem 4.3]. However,

even in the one-parameter setting, the erosion distance generally differs from the interleaving

distance [116, 8].

As before, let Z P ZpQq Y ZevalpQq and let V P PersfppQq. The HN filtered persistence

landscape of V along Z is the filtration pλsθZ,V
qθPRopp of λρV in L8pZą0 ˆ Qq. The stability

of this last invariant is a direct corollary of Theorem 4.4.7 and Proposition 4.4.11.

Corollary 4.4.13. Let Q be either Rn or Zn and let Z P ZpQq Y ZevalpQq. Given two dis-

cretisable Q-persistence modules V and W , their HN filtered persistence landscapes satisfy

sup
θPR

∥λsθZ,V
´ λsθZ,W

∥8 ď dIpV,W q.

Remark 4.4.14. Let i : Q1 ãÑ Q be the inclusion of a bounded cube of Q containing the

origin and let Z P ZpQ1q. One could adapt the stability results of this section to the

invariant V ÞÑ sZ,Q1,V defined by the function

px, yq P Q2 ÞÑ
#

rankpxi˚Tx̊ V, Zy0ďy´xq if 0 ď y ´ x P Q1

0 otherwise.

Even though sZ,Q1,V is not stronger than the rank invariant in general, the stability condition

Z has the advantage of being a finite linear combination of the δc ˝ dim – see (4.16).

4.5 Examples and computations

We compute the HN filtered rank invariant of spread-decomposable persistence modules

(Proposition 4.5.1) and we give several examples of computations of the erosion distance

between the HN filtered rank invariants of 2-parameter persistence modules.
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4.5.1 HN filtered rank invariants between spread-decomposable

persistence modules

Let Q be either Rn or Zn. Generalising Proposition 4.2.8, we compute the skyscraper

invariant of spread-decomposable modules.

Let β P FpQ,Rq˚ be a strictly positive linear form. Given θ ą 0 and a spread S of Q,

the pθ, βq-erosion of S is the spread

Sβ,θ :“
"

x P S | βpT ˚
x 1SXxxyq ď 1

θ

*

. (4.23)

The family of subsets pSβ,θqθą0 of S is decreasing. Examples of pβ, θq-erosion are depicted

in Figure 4.1. Observe that the spreads are eroded from their minimal elements.

Proposition 4.5.1. Let Q be either Rn or Zn and let S1, . . . , Sk be spreads of Q such

that the module V :“ Àk
i“1 FSi

is discretisable. Given a strictly positive β P FpQ,Rq˚, we
denote by Z0 the stability condition Z0 :“ StabCondδ0,β – see (4.14) and (4.15). For θ ą 0,

the Q-persistence module V pθq :“ Àk
i“1 FSβ,θ

i
satisfies

sθZ0,V
“ ρV pθq.

Proof. By (4.9) and Theorem 4.3.11, V ÞÑ sθZ0,V
is additive and we can assume that k “ 1.

Let S be a spread of Q such that FS P PersfppQq and let θ ą 0. To simplify the notation,

for θ ą 0, we write sθ :“ sθZ0,FS
and rθ :“ ρSβ,θ . Since 0 ď sθ, rθ ď ρFS

, we know that sθ

and rθ coincide outside of the subset S` :“ tpx, yq P S2 | x ď yu and that sθ|S` and rθ|S` take

values in t0, 1u.
We first show that sθ and rθ coincide on tpx, xq | x P Su. Let x P S, let G : P ãÑ

Q be a grid function adapted to FS and T x˚Zδt0u,β and let bx : q P Px ÞÑ βpTx̊ 1cubGx pqqq.
We set T :“ G´1pSq and p :“ G´1pxq. Following Proposition 4.2.8, we write T bx,θ :“
!

q P T | řq1PTXxqy bxpq1q ď 1
θ

)

. Since 1SXxxy “ G˚1TXxpy, we have

βpT ˚
x 1SXxxyq “

ÿ

qPTXxpy
βpT ˚

xG˚1tquq “
ÿ

qPTXxpy
bxpqq,

whence,

sθpx, xq “ 1
(4.21)ô sθbx,FT

pp, pq “ 1
4.2.8ô p P T bx,θ ô x P Sβ,θ ô rθpx, xq “ 1.

Let px, yq P S`. On the one hand, xV, T x˚Z0yθxďy, as a restriction of the isomorphism

pFSqxďy, is injective and sθpx, yq “ sθpx, xq. On the other hand, we observe that x P
Sθ,β ùñ y P Sθ,β. Indeed, by convexity T´ypSq X x0y Ă T´xpSq X x0y and since β is

nonnegative, βpTẙ 1SXxyyq ď βpTx̊ 1SXxxyq. Hence, we have sθpx, yq “ sθpx, xq “ rθpx, xq “
rθpx, yq.

4.5.2 Examples with two-parameter persistence modules

Generalising Example 4.2.9, we now give examples of computations of the distance defined

in Notation 4.4.9.
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Example 4.5.2. Let Q be either Rn or Zn. FixM P Zą0 and denote by PM the cube r0,Mqn
of Q. In order to study Q-persistence modules whose support is contained in PM , one can

consider the strictly positive linear form

βM : a P FpQ,Rq ÞÑ
ż

Q

minp1, eM´∥x∥8qadx.

The stability condition ZM :“ StabCondδ0,βM over PersfppQq has been chosen so as to

simplify the skyscraper invariant computations. In particular, over Z2, these computations

will coincide with the computations from Subsection 4.2.3. The stability condition ZM over

R2 has been used to produce Figure 4.1.

(i) over Q “ Z2: let GM be the inclusion PM Ă Q, choose V M P PerspPMq and consider

the module V P PersfppQq supported on PM and such that pGMq˚V “ V M . Let b be

the constant 1 function on PM . Using Notation (4.7) one can check that, for x P PM ,

T x˚ZMprV sq “ Z1txu,bprV M sq. As a consequence, the continuous skyscraper invariant

s‚
ZM ,V of V can be obtained by extending the skyscraper invariant s‚

b,V M of V M by

either 0 or `8 outside of pPMq2.
Continuing Example 4.2.9, we choose M “ 2 and we compare V :“ Ft0,1uˆt0u ‘
Ft0uˆt0,1u and W :“ Ft0,1u2ztp1,1qu ‘ Ftp0,0qu. We obtain

dZ
2

HNpV,W q “ 1 ą 0 “ dEpρV , ρW q.
Similarly, taking M “ 3, Proposition 3.3.9(1) provides an example of two modules in

V,W P PersfppZ2q with the same generalised rank invariant (see [75]) but such that

dZ
3

HNpV,W q ą 0.

(ii) over Q “ R2: Given a spread S of PM and θ ą 0, if vol denotes the volume, then the

pβM , θq-erosion (see (4.23)) of S is

SβM ,θ “
"

x P S, volpS X xxyq ď 1

θ

*

.

FixingM “ 2, we compare V :“ Fr0,1qˆr0,2q ‘Fr0,2qˆr0,1q and W :“ Fr0,2q2zr1,2q2 ‘Fr0,1q2 .
For each support S of the spread modules in the decomposition of V and W , and for

every θ ą 0, we depict in Figure 4.1 the spread Sβ2,θ. We show that

0.5 ě dIpV,W q ě dZ
2

HNpV,W q ą 0.2 ą 0 “ dEpρV , ρW q.
Indeed, the null maps provide a 0.5-interleaving between V andW , so dIpV,W q ď 0.5.

Moreover, let L : x P R ÞÑ px, xq P R2, the barcode of the modules V p1q ˝ L and

W p1q ˝ L (see Proposition 4.5.1) are given below

V p1q ˝ L :
W p1q ˝ L :

0 2 ´ ?
2 13´?

5
2

xx ´ ε x ` ε

x “ 0.585
ε “ 0.2

Taking px, εq :“ p0.585, 0.2q, we have s1Z2,V pLpx´εq, Lpx`εqq “ 2 ą s1Z2,W pLpxq, Lpxqq.
Thus, by Theorem 4.4.5, dIpV,W q ě dZ

2

HNpV,W q ě dEps1Z2,V , s
1
Z2,W q ą 0.2.
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We now give an example of erosion distance between HN filtered rank invariants of

persistence modules that are not compactly supported.

Example 4.5.3. Let β be the strictly positive linear form

β : a P FpZ2,Rq ÞÑ
ÿ

px,yqPZ2

apx, yq
2|x|`|y| .

and let Z denote the stability condition StabCondδ0,β over PersfppZ2q. Consider the Z2-

persistence modules V :“ FZě0ˆt0u ‘ Ft0uˆZě0 and W :“ FZ2ě0zZ2ą0
‘ Ftp0,0qu. Let S be the

support of one of the spread modules in the decomposition of V (resp. W ). Z has been

chosen so that for all x P Sz tp0, 0qu, we have ReZrTx̊FSXxxys “ 2 and ReZrFSXxp0,0qys “
|S X t0, 1u2| where | | denotes cardinality. In the first (resp. second) row of the diagram

below, we depict for each θ ą 0, the spread Sβ,θ (see Proposition 4.5.1):

θ

11
2

1
2

1
3

V pθq such that

sθV “ ρV pθq
:

V pθq “ V

F2

F

F
...

F

0

0

...

F

0

0

...

. . .

. . .

. . .

r0 1s

r1 0s

1

1

0

W pθq such that

sθW “ ρW pθq
:

W pθq “ W

F2

F

F
...

F

0

0

...

F

0

0

...

. . .

. . .

. . .

r1 0s

r1 0s

1

1
F

F

F
...

F

0

0

...

F

0

0

...

. . .

. . .

. . .

0

0

1

1
F

0

0

...

0

0

0

...

0

0

0

...

. . .

. . .

. . .

0

x

y

x

y

x

y

x

y

We thus obtain that dZHNpV,W q “ 1 ą 0 “ dEpρV , ρW q.

4.6 Discreteness of HN filtered rank invariants

Let Q be either Zn or Rn, let V be a discretisable Q-persistence module and let Z P ZpQq be
a discretisable stability condition over Q. Figure 4.1 shows that, in general, the HN filtered

rank invariants over Q are not discretisable functions in the sense of Subsection 4.1.5. We

show instead that when ImZ is nonnegative, the HN filtered rank invariants over Q are

constant on the parts of a subdivision of its domain into a finite number of semialgebraic

sets.

The wall-chamber structure of the space of stability conditions has been well-studied

for representations of finite quivers [65] and more generally for modules over a finite-

dimensional algebra [24]. For the purpose of this paper, we use the following definitions

inspired by [65, Section 3]. Let P be a finite poset and let U P PerspP q. Following equa-

tion (4.8), we see a stability condition pZ over P as a vector of RP ˆ RPą0. A wall system

tW iuI for U is a set of codimension 1 algebraic subvarieties of RP ˆ RP such that for

each I 1 Ă I, and each connected component C of pŞI 1 W iqzpŤIzI 1 W iq, the HN filtration

0 Ĺ U1 Ĺ ¨ ¨ ¨ Ĺ U ℓ “ U of U along pZ does not depend on pZ P C X pRP ˆ RPą0q. In that
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case, the semialgebraic sets C X pRP ˆ RPą0q are called chambers and each W i is called a

wall. A key observation is that the codimension 1 algebraic subvarieties amongst

˜#

pZ P RP ˆ RP
ą0

ˇ

ˇ

Im pZpdq
Re pZpdq “ Im pZpd1q

Re pZpd1q

+¸

0ďd,d1ďdimU

(4.24)

provide a finite wall system for U .

In order to extend the wall-chamber structure to the infinite case, we first study common

refinements between two families of grid functions. Let pG1,x : P 1 ãÑ Qqx and pG2,x : P 2 ãÑ
Qqx be two families of grid functions whose values (but not their domains) depend on a

parameter x P C. An independent common refinement of pG1,xqx and pG2,xqx is a choice

for each x of a common refinement Gx : P ãÑ Q of G1,x and G2,x such that there are two

grid functions τ 1 : P 1 ãÑ P and τ 2 : P 2 ãÑ P independent of x which fit for all x into the

following commutative diagram:

P 1 P P 2

Q
G1,x

τ1

Gx

τ2

G2,x
(4.25)

Lemma 4.6.1. Let pG1,x : P 1 ãÑ QqxPC and pG2,x : P 2 ãÑ QqxPC be two families of grid

functions. pG1,xqx and pG2,xqx have an independent common refinement (GxqxPC if and

only if for 1 ď i ď n and pp1, p2q P P 1
i ˆ P 2

i , the functions

x P C ÞÑ G1,x
i pp1q ´ G2,x

i pp2q P Qi (4.26)

all have constant sign (in t´1, 0, 1u).
Proof. We first assume that n “ 1. Assume that there exist pGxqxPC , τ 1 and τ 2 fitting

diagram (4.25). Let pp1, p2q P P 1 ˆ P 2, since, for x P C, Gx is increasing, the function x P
C ÞÑ signpG1,x

i pp1q´G2,x
i pp2qq “ signpGx ˝τ 1pp1q´Gx ˝τ 2pp2qq is the constant signpτ 1pp1q´

τ 2pp2qq.
Conversely, assume that the functions in (4.26) have a constant sign and fix y P C. By

Remark 4.1.3, there exists a common refinement Gy : P ãÑ Q of G1,y and G2,y such that

ImGy “ ImG1,y Y ImG2,y. For k P t1, 2u, let τ k : P k ãÑ P be a grid function such that

Gy,k “ Gy ˝ τ k. By injectivity of Gy, we have P “ Im τ 1 Y Im τ 2. For x P C we define the

function Gx : P ãÑ Q such that for k P t1, 2u, we have Gx ˝ τ k “ Gk,x. We only need to

prove that Gx is increasing. Indeed, given pp, p1q P P ˆ P , there exist pk, ℓq P t1, 2u2 and

ppk, pℓq P P k ˆ P ℓ such that pp, p1q “ pτ kppkq, τ ℓppℓqq. If k “ ℓ, since Gk,x is increasing for

all x P C, the sign of Gxppq ´ Gxpp1q “ Gkppkq ´ Gℓppℓq is given by the sign of pk ´ pℓ.

Otherwise, x ÞÑ Gxppq ´ Gxpp1q is one of the functions in (4.26) and since Gy is increasing

its sign is the constant signpp ´ p1q.
Assume now that n ą 1. The result is obtained by applying the Lemma, for each

1 ď i ď n, to the families pG1,x
i qx and pG2,x

i qx.
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A family of grid functions Gx : P ãÑ Q indexed by x is said to be affine if x P C ÞÑ
Gxppq P Q is affine in x for each p P P . Let

GV : P V ãÑ Q and GZ : PZ ãÑ Q (4.27)

be finite grid functions adapted to, respectively, V and Z. Without loss of generality,

assume that 0 P ImGZ . Since Z P ZpQq, we can choose an extension rGZ : Zn ãÑ Q of GZ

such that Z is a complex linear combination of pδc ˝ dimqcPCbp rGZq.

Lemma 4.6.2. There exists a partition P of Q into a finite number of cubes such that for

each part C P P, there is a finite affine independent common refinement pGx : P Ñ QqxPC
of pT´x ˝ GV qx and pGZqx (see (4.27)) so that the function

x P C ÞÑ pGxq˚Z P RP ˆ RP
ą0

is a polynomial in x whenever C is bounded.

Proof.

Construction of P and Gx: The functions in (4.26) with for x P Q, G1,x :“ T´x˝GV and

G2,x :“ GZ delimit a finite partition pP of Q where inside each part, the sign (in t´1, 0, 1u)
of each of those functions is constant. Moreover, since GZ is independent of x and each

pT´x ˝GV qi is affine in xi and independent of pxjqj‰i, the parts of this partition are cubes.

Let C be a cube in pP , by Lemma 4.6.1, there is a finite independent common refinement

Gx : P ãÑ Q of pT´x ˝GV q and GZ indexed by x P C. And we can choose pGxqx to be affine

since pT´x ˝ GV q and pGZq are both affine.

Assume now that C P pP is bounded. Since pGxq is affine, there is a bounded cube B of

Q such that for each x P C, we have ImGx Ă B. Hence, Im rGZ
i X Bi is finite for all i, and

by Lemma 4.6.1, we can further partition C into a finite number of cubes C 1 inside which

pGxq and rGZ have an affine independent common refinement p rGx : Zn Ñ Qq. Let P be the

refinement of pP induced by this partition of each bounded C P pP .

Semialgebraicity of pGxq˚Z: Assume that C P P is bounded. For x P C, we denote by

Zx “ pImZx,ReZxq P RP ˆ RPą0 the stability condition pGxq˚Z. Let τ : P Ñ Zn be a grid

function such that rGx ˝ τ “ Gx for all x P C. Fix p P P , one can check that for z P Zn,

cub
rGxpzq X cubGxppq “

#

cub
rGxpzq if z P cubτ ppq

H otherwise

So for c P Cbfp rGxq, the map x P C ÞÑ δcp1cubGx ppqq is polynomial of degree at most n.

Since ImZx
p is a linear combination of finitely many such maps, it is also polynomial in

x P C. By independence of rGx, there is b : Zn Ñ Rą0 such that for every x P C we have

ReZx : pV P PersfppQq ÞÑ ş

Q
p rGx˚bq dimpV . The function x P C ÞÑ ReZx

p can now be expressed

as the pointwise limit when N Ñ `8 of the polynomials

RN : x P C ÞÑ
ÿ

zPr´N,NsnXcubτ ppq
bz|cub rGxpzq|.

whose variables are the xi for 1 ď i ď n such that lenCi ą 0. Here, | | denotes the volume

if Q “ Rn or the cardinality if Q “ Zn. Finally, since the degree of RN is bounded by n,

by Lagrangian approximation, the coefficients of RN are also bounded and the limit ReZx
p

is itself polynomial.
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Definition 4.6.3 ([92, Section 1]). A function ϕ : X Ñ Z from a real algebraic set X is

called semialgebraically constructible if it can be written as a finite sum

ϕ “
ÿ

i

mi1Xi

where for each i, mi P Z and Xi is a semialgebraic subset of X. △

We denote by Q` the half-space tpx, yq P Q2 | x ď yu of Q2.

Proposition 4.6.4. Let Q be either Rn or Zn and let Z P ZpQq such that ImZ ˝ dim´1 is

nonnegative. Given V P PersfppQq, the HN filtered rank invariant

s‚
Z,V

"

Q` ˆ R ÝÑ Z
px, y, θq ÞÝÑ sθZ,V px, yq

is a semialgebraically constructible function.

Proof. Recall the finite grid functions GV : P V ãÑ Q and GZ : PZ ãÑ Q from (4.27) and

let P be a partition of Q given by Lemma 4.6.2. Let C “ C1 ˆ ¨ ¨ ¨ ˆ Cn P P and let
rU P PerspP V q be a GV -discretisation of V .

Unbounded below: If one of the components Ci is unbounded below, then for all x P C,
we have

sθZ,V px, yq “ rankxT ˚
x V, Zyθ0ďy´x “

#

rankVxďy if θ ď 0

0 otherwise.

Indeed, by Lemma 4.6.1, for all ppV , pZq P P V
i ˆPZ

i , the function xi P Ci ÞÑ GV
i ppV q ´ xi ´

GZ
i ppZq P Qi is of constant sign and is hence positive – meaning that the support of Tx̊ V

does not intersect
Ť

cPCbpGZq c; whence ImZpTx̊ pV q “ 0.

Bounded: If C is bounded, then using the result and notations of Lemma 4.6.2, there is

U P PerspP q such that Tx̊ V » Gx˚U for all x P C. Indeed, one can choose U “ τ˚ rU where

Gx ˝ τ “ GV . By Theorem 4.3.11, we obtain xGx˚U,Zyθ “ Gx˚xU, pGxq˚Zyθ for every θ P R,
and in particular,

sθZ,V px, yq “ rankxU, pGxq˚Zyθt0uGxďty´xuGx .

The inverse image of the chambers defined in (4.24) by the polynomial x P C ÞÑ
pGxq˚Z P RP ˆ RPą0 are semialgebraic. Fix one such semialgebraic set C 1, the HN fil-

tration 0 Ĺ U1 Ĺ ¨ ¨ ¨ Ĺ U ℓ “ U of U along pGxq˚Z does not depend on x P C 1. Let p P P
and 0 ď i ď ℓ, the set SC1,p,i of all px, y, θq P C 1 ˆ Q ˆ R such that

y ´ x P cubGxppq and µpGxq˚ZpU i{U i´1q ě θ ą µpGxq˚ZpU i`1{U iq (4.28)

is semialgebraic. There are finitely many SC1,p,i and inside each of them, sθZ,V px, yq is the

constant given by rankpU iq0ďp.

Unbounded above: Finally, assume that each component of C “ C1 ˆ ¨ ¨ ¨ ˆCn is either

bounded or unbounded above. Let Ib and Iu denote the set of indices 1 ď i ď n where Ci

is respectively bounded and unbounded above. Let πb and πu be the projection of C onto

respectively
ś

iPIb Ci and
ś

iPIu Ci. Given θ P R, we show that px, yq P pC ˆ Qq X Q` ÞÑ

118



sθZ,V px, yq only depends on πbpxq, πbpyq and πupy ´ xq. For W P PersfppQq, define the

discretisable submodule Wě of W determined by the subspaces

Wě
x :“

#

Wx if x ě GZpminPZq
0 otherwise.

Since ReZ is strictly positive and ImZprWěsq “ ImZprW sq ě 0, if 0 Ĺ Wě Ĺ W ,

then µZpWěq ą µZpW q. As a consequence, every nonzero Z-semistable W satisfies either

µZpW q “ 0 or W “ Wě, whence xV, Zyě “ xV ě, Zy.
By Lemma 4.6.1, for i P Iu and pV P P V

i , the expression xi P Ci ÞÑ GV
i ppV q ´ xi ´

GZ
i pminPZ

i q has constant sign and is hence negative. As a consequence, given x, x1 P C

such that πbpxq “ πbpx1q, we have pTx̊ V qě » pT ˚
x1V qě, and since 0 P ImGZ , for every z ě 0

in Q, we obtain

s‚
Z,V px, x ` zq “ rankrpxT ˚

x V, Zy‚qěs0ďz “ rankxpT ˚
x V qě, Zy‚

0ďz

“ rankxpT ˚
x1V qě, Zy‚

0ďz

“ s‚
Z,V px1, x1 ` zq.

Fix x0 P C, by the previous case the bounded cube π´1
u ptx0uq ˆQˆR of C ˆQˆR can

be partitioned into finitely many algebraic sets pSjqj such that each ps‚
Z,V q|Sj is constant.

Since the map π0 : px, y, θq P C ˆQˆ R ÞÑ px0, x0 ` y ´ x, θq P π´1
u ptx0uq ˆQˆ R is affine,

the set CˆQˆR can be partitioned into finitely many semialgebraic sets pπ´1
0 pSjqqj inside

which s‚
Z,V is constant.

The polynomial inequalities that define the semialgebraic sets used in the proof of

Proposition 4.6.4 are given by (4.24), (4.26) and (4.28). Using the result from [36], they

can be computed algorithmically. In general, this set of inequalities is not minimal and its

size is not polynomial in the cardinal of P V and in max dimV .

4.7 Conclusions

Theorem 4.3.11 shows that HN filtrations of discretisable Rn-persistence modules exist along

discretisable stability conditions. These filtrations can be used to define the HN filtered

rank invariants (Definition 4.3.17) which are stable with respect to the interleaving distance

(Theorem 4.4.7). Several open questions remain:

1. This article only considers discretisable (i.e. finitely presentable) persistence modules.

There is a more general notion of tameness for Rn-persistence modules [93] which

defines, under some auxiliary assumptions, a full abelian subcategory of PerspRnq
[113]. Under which hypotheses can the HN formalism be extended to this more

inclusive notion of tameness?

2. Section 4.3 gives examples and non-examples of stability conditions over PersfppRnq for
which HN filtrations are well-defined. Can one characterise such stability conditions?
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3. Given integrable functions a : Rn Ñ R and b : Rn Ñ Rą0, is it possible to define the

HN filtered rank invariant along Za,b by approximating a and b by step functions?

In order to use HN filtered rank invariants in practice, it is necessary to develop efficient

tools to compute them.

(i) In the finite setting (over a finite poset), Cheng proved [36] that the HN filtration

of a persistence module along an integral stability condition can be computed in

polynomial time (in the size of the poset, the dimensions of the persistence module

and the values of the stability condition) but to the best of my knowledge there is no

implementation available.

(ii) In the infinite setting (over Rn), Section 4.6 shows that the HN filtered rank invariants

can be recovered from a finite number of computations in the finite setting. How-

ever, in the description of Section 4.6, this number of computations is not necessarily

polynomial. A possible workaround to obtain a polynomial-time algorithm could be

to compute approximations of the HN filtered rank invariants by discretising their

domain.

Finally, once HN filtered rank invariants are computed, the next step is to compute the ero-

sion distance between them. In the finite setting, there exists a polynomial-time algorithm

to compute the classical erosion distance [76, Section 5]. One possible approach would be

to adapt this algorithm to HN filtered rank invariants indexed over Rn.
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Appendix A

Invariants for ladder persistence

Introduction

Chromatic topological data analysis adapts techniques like persistent homology to the case

of coloured pointclouds. One of the motivations for developing this approach is the study

of the relative spatial arrangement of cells of different types in a tissue. By applying the

chromatic variants of the Alpha filtration to a pointcloud partitioned into two colour classes,

one can efficiently produce an inclusion of filtered simplicial complexes ι : K‚ ãÑ L‚ that

contains information about the spatial interaction of the two colour classes [95, 98]. The

persistent homology in degree p ě 0 of this inclusion is a ladder persistence module Hppιq,
or in other words, a functor from the poset t0, 1u ˆR to the category Vect of vector spaces

over a fixed field.

Invariants Many invariants have been proposed to study the inclusion ι : K‚ ãÑ L‚. using
persistent homology. In the literature, most of these invariants rely on computing barcodes

or matchings between barcodes. A few examples of these invariants are

• the six-pack diagram [95]: it is obtained by extracting 6 different ordinary persis-

tence modules from Hppιq and computing their persistence diagram. More precisely,

consider the following ordinary persistence modules: the domain, the codomain, the

image, the kernel, and the cokernel of Hppιq, plus the relative homology HppL‚, K‚q.
For k P t3, . . . , 6u, we call k-pack diagram, the persistence diagrams of the k first

persistence modules in this list.

• induced matchings [110, 59]: the idea is to build from ι a partial matchings between

the barcodes of HppK‚q and HppL‚q

Another venue is to directly apply invariants to the functor Hppιq : t0, 1u ˆ R Ñ Vect.

Indeed, the functor Hppιq is an instance of a persistence module, and many invariants of

persistence modules exist in the literature. Examples of those include
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• the rank invariant [31]: this invariant is given by the rank of the maps Hppιqxďy for

every x ď y in t0, 1u ˆ R.

• the generalised rank invariant [75]: the main idea is to compute the rank of the limit-

to-colimit map of restrictions of the functor Hppιq : t0, 1u ˆ R Ñ Vect to different

subposets. If the subposets used to restrict t0, 1u ˆ R are given by the spreads (see

Subsection A.1.1) with one source (resp. either one source or one target), we denote

the obtained invariant by GRIp1,2q (resp. GRIp1,2q,p2,1q).

• the skyscraper invariant [52, 69]: when applied to Hppιq, this invariant is equiv-

alent to the decomposition of the spread-decomposable ladder persistence modules

pImHppιqxďyqyěx for every x P t0, 1u ˆ R.

Computability Another important question is to determine which of these invariants can

be computed efficiently. The existing software to compute the barcode of a filtered simplicial

complex can be adapted to the case of the six-pack diagram, leading to algorithms which

are in theory cubic in the number of simplices |L| of L, but are much faster in practice [95,

98]. In the case of ladder persistence, Jacquard developed [69] and implemented a matrix

reduction algorithm to compute the skyscraper invariant in time Op|L|4q. This algorithm

operates at the level of the module Hppιq, represented by matrices in fixed bases. It is

possible to obtain a quartic-time algorithm that works directly on the simplices of L by

decomposing, for every x P R, the zigzag persistence module which arises as the homology

of the sequence of simplicial complexes indexed by the zigzag

p1, xq

p0, xq

In general, the generalised rank invariant is hard to compute [74]. To the best of my

knowledge, there is no efficient implementation of the generalised rank invariant for the

case of ladder persistence.

Main result In this Appendix, we compare the discriminating power of certain invariants

in chromatic TDA.

Given an invariant I of inclusions of filtered simplicial complexes, we denote by undistpIq
the set of pairs of inclusions pι : K‚ ãÑ L‚, ι1 : K 1‚ ãÑ L1‚q such that Ipιq “ Ipι1q. We say

that two invariants I and I 1 are equivalent if undistpIq “ undistpI 1q. We say that I 1 is
stronger than I if undistpI 1q Ď undistpIq. This notion of strength defines a partial order ĺ
for invariants up to equivalence.
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Theorem (I). The partial order ĺ induced by the relative strength of the invariants intro-

duced in this Appendix is summarized by the following Hasse diagram.

GRIp1,2q,p2,1q 6-pack diagram

GRIp1,2q 5-pack diagram skyscraper invariant

4-pack diagram

3-pack diagram “ rank invariant

Here, there is a path from invariant I to invariant I 1 if and only if I 1 is stronger than I.

A.1 Preliminaries

A.1.1 Ladder persistence modules

Let P be a poset, a P -persistence module is a functor V from P to the category Vect of

finite-dimensional vector spaces over a fixed field F. We denote by VectP the category of

P -persistence modules.

A subset I of P is called a spread (or sometimes an interval) if it is:

– connected: for all u, v P I, there is a sequence pu “ u0, u1, . . . , uℓ “ vq in I such that

ui and ui`1 are comparable in P for each i; and

– convex: I contains the set tp P P | u ď p ď vu for each u ď v in I.

We denote by IpP q the set of spreads of P . We will often see a spread I P IpP q as a

subposet of P defined for x, y P I by x ď y in I whenever x ď y in P . The sources and

targets of I are the number of respectively minimal and maximal elements in I, seen as

a poset. Given two integers s, t ě 0, we denote by Ips,tqpP q, the set of spreads of P with

at most s sources and t targets. Given integers s1, . . . , sn ě 0 and t1, . . . , tn ě 0, we set

Ips1,t1q,...,psn,tnqpP q :“ Ť

i I
psi,tiqpP q.

The spread module of support I is the P -persistence IrIs whose spaces are given for

x P P by IrIsx “ F if x P I and IrIsx “ 0 otherwise; and whose maps between nonzero

spaces are identities. The restriction V|I of a P -persistence module V P VectP to a spread

I P IpP q is the composition V ˝ θ where θ : I ãÑ P is the inclusion of the subposets induced

by I.

If P is totally ordered, we will refer to P -persistence modules as (ordinary) persistence

modules. An ordinary persistence module V can be decomposed into a direct sum of spread
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modules [55]. The multiset of spreads in the decomposition V is called the persistence

diagram (or the barcode) of V , and will be denoted by BarpV q [46, 117].

When there is a totally ordered poset T such that P » t0, 1uˆT , P -persistence modules

are usually called ladder persistence modules [47]. In this Appendix, we restrict ourselves to

ladder persistence modules obtained as the homology of an inclusion of filtered simplicial

complexes. More precisely, the input for the invariants we study will be real numbers

r0 ă ¨ ¨ ¨ ă rn and inclusions of simplicial complexes

Lr0 Ă Lr1 Ă . . . Ă Lrn

Ă Ă Ă

Kr0 Ă Kr1 Ă . . . Ă Krn

(A.1)

We denote by InclFiltSimp the set of such inclusions of filtered simplicial complexes. The

p-th homology of the inclusion K‚ Ă L‚ in (A.1) is determined by the poset P “ t0, 1u ˆ
t0, 1, . . . , nu, the inclusion i P t0, 1, . . . , nu ÞÑ ri P R, and the P -persistence module

HppLr0q Ñ HppLr1q Ñ . . . Ñ HppLrnq

Ñ Ñ Ñ

HppKr0q Ñ HppKr1q Ñ . . . Ñ HppKrnq
For convenience, we will relabel the elements of the poset P as follows

x´
0

x`
0

x´
1

x`
1

. . .

. . .

x´
n´1

x`
n´1

xń

xǹ

(A.2)

Note that the results and algorithms in [95] are only defined for inclusions ι : K‚ ãÑ
L‚ such that simplices in K appear at the time in K‚ and in L‚. If this assumption is

not satisfied, we can consider rι P InclFiltSimp obtained from triangulating the inclusion

K‚ ˆ t0u ãÑ pL‚ ˆ t1uq Y pK‚ ˆ r0, 1qq. The inclusions ι and ι1 define homotopy equivalent

pairs, and hence the invariants defined in the introduction will give the same output for ι

and ι1. Moreover, the simplices in K‚ ˆ t0u appear at the same time in the domain and

codomain of rι.

A.1.2 Invariants

For the purpose of this appendix, an invariant is a map from InclFiltSimp to a countable

set P . When studying the discriminating power of an invariant I, it is enough to consider

the set of pairs of inputs that cannot be distinguished by I

undistpIq :“ ␣pι, ι1q P InclFiltSimp2 | Ipιq “ Ipι1q( .

An invariant I is said to be equivalent to (resp. stronger than) another invariant I 1 if

undistpIq “ undistpI 1q (resp. undistpIq Ď undistpI 1q).
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In this Subsection, we define the invariants appearing in Theorem (I). Apart from the

relative persistent homology, all these invariants factor through the homology functor. For

convenience, when an invariant is of the form

I : InclFiltSimp
HpÝÑ

ď

ną0

Vectt0,1uˆt0,1,...,nu ĨÝÑ P

we will refer to Ĩ as the invariant instead of Ĩ ˝ Hp. For this appendix, Ĩ will be either

(a restriction of) the GRI, the domain, codomain, image, kernel or cokernel persistent

homology, or the skyscraper invariant. We will see that all these invariants are additive.

Namely, the codomain P of I has a structure of abelian group; and given n ě 0 and

V,W P Vectt0,1uˆt0,...,nu, we have ĨpV ‘ W q “ ĨpV q ` ĨpW q. The discriminating power of

additive invariants of persistence modules has previously been studied in [14, 13, 48].

The Generalised Rank Invariant Let P be a poset. Kim and Mémoli [75] introduced

a generalised version of the rank invariant for P -persistence modules by studying their

restriction to spreads of P .

Definition A.1.1. The generalised rank invariant (GRI) of V P VectP if the assignment

for each spread I P IpP q of the rank of the limit-to-colimit map of V|I :

GRIV

"

IpP q ÝÑ Z
I ÞÝÑ rankplimÐÝV|I Ñ limÝÑV|Iq . △

One can restrict the GRI to subsets of IpP q. In this work, given integers s1, . . . , sn ě 0

and t1, . . . , tn ě 0, the restriction of GRI to Ips1,t1q,...,psn,tnqpP q is denoted GRIps1,t1q,...,psn,tnq.
When P is the product of two totally ordered posets, GRIps,tq can be computed using

zigzag persistence. More precisely, given V P VectP and I P IpP q, the integer GRIV pIq is the
multiplicity of the contour zigzag BI of I in BarpV|BIq [75, 42]. Moreover, GRIp1,1q is called
the rank invariant [31] and is equivalent to the invariant V P VectP ÞÑ prankVxďyqxďyPP .

The skyscraper invariant For a general poset P , the skyscraper invariant of a P -

persistence module V is defined as the dimension vectors of certain filtrations of V [52]. In

the case of ladder persistence, it has a much simpler expression. Let P :“ t0, 1uˆt0, . . . , nu
and let V P VectP be a ladder persistence module. Fix x P P , the spanning submodule of

V at x is given for y P P by the subspace

SpanxpV qy :“
#

ImVxďy if x ď y

0 otherwise
.

Since all the maps of V|tyPP |yěxu are surjective, each spanning submodule SpanxpV q is

spread-decomposable [10].

Definition A.1.2. The skyscraper invariant δ assigns to a ladder persistence module V

indexed by P the spread decomposition of SpanxpV q for each x P P . △
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Six-pack diagram Let P be the poset defined by the Hasse diagram (A.2) and let

V P VectP be a ladder persistence module. By restricting V to the top and bottom rows, we

obtain two ordinary persistence modules, respectively V ` :“ pVx`
i

qi and V ´ :“ pVx´
i

qi. In

addition, one can build the following three ordinary persistence modules from the vertical

maps

kerV :“ pkerVx´
i ďx`

i
qi ImV :“ pImVx´

i ďx`
i

qi cokerV :“ pcokerVx´
i ďx`

i
qi.

Moreover, if V is induced by ι : K‚ ãÑ L‚ in InclFiltSimp, one can define the ordinary

persistence module HppL‚, K‚q given by the persistent relative homology of pL‚, K‚q.
Definition A.1.3 ([95]). For k P t3, 4, 5, 6u, the k-pack diagram of an inclusion ι : K‚ ãÑ L‚
in InclFiltSimp is the data of the persistence diagrams of the k first persistence modules

among

HppK‚q, HppL‚q, kerHpι, ImHpι, cokerHpι , and HppL‚, K‚q. △

A.2 Comparing invariants

We now demonstrate the main theorem of this Appendix.

Theorem A.2.1. The partial order ĺ induced by the relative strength of the skyscraper

invariant, the k-pack diagrams for k P t3, 4, 5, 6u, the rank invariant, the GRIp1,2q and the

GRIp1,2q,p2,1q is summarized by the following Hasse diagram.

GRIp1,2q,p2,1q 6-pack diagram

GRIp1,2q 5-pack diagram skyscraper invariant

4-pack diagram

3-pack diagram “ rank invariant

where there is a path from invariant I to invariant I 1 if and only if I 1 is stronger than I.

First, we prove that the claimed strength relations (i.e. we show the existence of the

arrows in the Hasse diagram). Then, we show that there are no other strength relations

between the invariants we consider. More precisely, we show the following strength relations

• Proposition A.2.2: the rank invariant is equivalent to the 3-pack diagram

• Proposition A.2.4: the skyscraper invariant is stronger than the 4-pack diagram
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• Proposition A.2.5: the GRIp1,2q,p2,1q is stronger than the 5-pack diagram and the

GRIp1,2q is stronger than the 4-pack diagram,

and the following absence of strength relations

• Example A.2.7: the 6-pack diagram and the skyscraper invariant are not stronger

than the GRIp1,2q

• Example A.2.8: the 6-pack diagram and the GRI are not stronger than the skyscraper

invariant.

• Example A.2.9: the skyscraper invariant and the GRIp1,2q are not stronger than the

5-pack diagram or the GRIp1,2q,p2,1q

• Example A.2.6: the 5-pack diagram and the GRI are not stronger than the 6-pack

diagram

• Example A.2.10: the 3-pack diagram is not stronger than the 4-pack diagram

The different components of the proof of Theorem A.2.1 are summarized in Figure A.1.

One can check that the partial order ĺ induced by the relative strength of the invariants

we consider is entirely determined by the arrows depicted in Figure A.1.

(a) Strength relations

GRIp1,2q,p2,1q 6-pack

GRIp1,2q 5-pack δ

4-pack

“
A.2.2

3-pack rank invariant

A.2.5

A.2.5 A.2.4

(b) Absence of strength relations

GRIp1,2q,p2,1q 6-pack

GRIp1,2q 5-pack δ

4-pack

3-pack

A.2.6

A.2.7

A.2.7

A.2.9

A.2.8

A.2.8

A.2.9
A.2.6

A.2.10

A.2.9

Figure A.1: Summary of the proof of Theorem A.2.1. (a) shows the strength relations

established in the proof, while (b) indicates the absence of strength relations. For k P
t3, 4, 5, 6u, ”k-pack” refers to the ”k-pack diagram”, and δ denotes the skyscraper invariant.

A.2.1 Strength relations

Since we are only comparing invariants that factor through the homology functor, we will

work directly with ladder persistence modules. Fix n ě 0 and let P be the poset defined

by the Hasse diagram (A.2). Let V be a P -persistence module.
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Proposition A.2.2. The 3-pack diagram is equivalent to the rank invariant.

Proof. Let n ě 0 and let V be a ladder persistence module indexed by the poset described

in (A.2). The persistence diagrams BarpV ´q and BarpV `q are equivalent to the ranks of

the maps of V along horizontal arrows. Given x ď y, we have

rankVx´ďy` “ dimpVx`ďy`pVx´ďx`pVx´qq
“ dimpVx`ďy`ppImV qxqq
“ rankpImV qxďy.

So BarpImV q is equivalent to the rank of non-horizontal maps in V .

The following dual statements will be useful to prove the remaining strength relations.

Lemma A.2.3. Let x ď y in tx0, . . . , xnu. Then,
1. rankpkerV qxďy is given by the multiplicity of the interval module Irx´, y´s in the de-

composition of the restriction of V to the zigzag

x` ÐÝ x´ ÝÑ ¨ ¨ ¨ ÝÑ y´ (Zx,y)

2. rankpcokerV qxďy is given by the multiplicity of the interval module Irx`, y`s in the

decomposition of the restriction of V to the zigzag

x` ÝÑ ¨ ¨ ¨ ÝÑ y` ÐÝ y´ (Z 1
x,y)

Proof. 1. Let V|Zx,y

ϕ» À

IPIpZx,yq IrIsdI be the decomposition of the restriction of V to

(Zx,y). We have as subspaces of ϕx´pVx´q

ϕx´pkerVx´ďx`q “
˜

à

wPrx,ys
Irx´, w´sdrx´,w´s

¸

x´

Hence we have,

rankpkerV qxďy “ dimVx´ďy´pkerVx´ďx`q
“ dimϕpV qx´ďy´pϕx´pkerVx´ďx`qq
“ drx´,y´s.

2. Let V|Z1
x,y

ϕ» À

IPIpZ1
x,yq IrIsdI be the decomposition of the restriction of V to (Z 1

x,y).

We have,

rankpcokerV qxďy “ dimϕy`pImVx`ďy`q ´ dimϕy`pImVy´ďy` X ImVx`ďy`q
“ pdrx`,y`s ` drx`,y`sYty´uq ´ drx`,y`sYty´u
“ drx`,y`s

Proposition A.2.4. The skyscraper invariant is stronger than the 4-pack persistence dia-

gram.
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Proof. By Theorem 3.3.5, the skyscraper invariant is stronger than the rank invariant

which by Proposition A.2.2 is equivalent to pBarpV ´q,BarpV `q,BarpImV qq. Let x ď y

in tx0, . . . , xnu, it is enough to show that the integer rankpkerV qxďy is determined by the

skyscraper invariant of V .

By Lemma A.2.3.1, rankpkerV qxďy is given by the multiplicity of the interval rx´, y´s
in BarpV|(Zx,y)q, which is also the multiplicity of rx´, y´s in BarpSpanxpV q|(Zx,y)q. The

skyscraper invariant of V at x is equivalent to the multiplicities in the decomposition

SpanxpV q “ À

IPIpP q IrIsdI . Restricting this decomposition to (Zx,y), we obtain

rankpkerV qxďy “
ÿ

IXZx,y“rx´,y´s
dI .

Finally, rankpkerV qxďy and hence the 4-pack diagram can be recovered from the skyscraper

invariant.

Proposition A.2.5. As invariants of ladder persistence modules

1. GRIp1,2q is stronger than the 4-pack persistence diagram; and

2. GRIp1,2q,p2,1q is stronger than the 5-pack persistence diagram.

Proof. Let V P VectP . By Proposition A.2.2, the triple pBarpV ´q,BarpV `q,Bar ImV q is

equivalent to the rank invariant which is equivalent to GRIp1,1q. By Lemma A.2.3, for x ď y,

the ranks rankpkerV qxďy and rankpcokerV qxďy are given by the multiplicities of respectively

the interval rx´, y´s in BarpV|(Zx,y)q and the interval rx`, y`s in rx´, y´s in BarpV|(Z1
x,y)

q.
Hence,

rankpkerV qxďy “ GRIV prx´, y´sq ´ GRIV pZx,yq
rankpcokerV qxďy “ GRIV prx`, y`sq ´ GRIV pZ 1

x,yq

Since rx´, y´s and Zx,y lie in Ip1,2qpP q, the invariant GRI
p1,2q
V is stronger than BarpkerV q,

and hence stronger than the 4-pack diagram. And since rx`, y`s and Z 1
x,y all belong to

Ip2,1qpP q, the invariant GRI
p2,1q,p1,2q
V is stronger than pBarpkerV q,BarpcokerV qq, and hence

stronger than the 5-pack diagram.

A.2.2 Absence of strength relations

The following example shows that no invariant that factors through ι P InclFiltSimp ÞÑ
Hppιq can be stronger than the relative persistent diagram pι : K‚ ãÑ L‚q ÞÑ HppL‚, K‚q.
Example A.2.6. Consider the following two inclusions in InclFiltSimp:

L‚

K‚

ãÑ ι : ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

and,
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L‚

K 1‚

ãÑ ι1 : ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

ãÑ

For each p ě 0, the ladder persistence modules Hppιq and Hppι1q are isomorphic. However,

the ordinary persistence modules H1pL‚, K‚q and H1pL‚, K 1‚q have a different persistence

diagram: unlike H1pL‚, K‚q, H1pL‚, K 1‚q has a 1-cycle that is born at the first step of the

filtration and never dies.

Example A.2.7. The example in Figure A.2 shows that the 6-pack diagram and the skyscraper

invariant are not stronger than the generalised rank invariant GRIp1,2q. Indeed, we will

Figure A.2: Two inclusions with the same six-pack diagrams but different GRIp1,2q. The

triangular prism is hollow, its 3 side faces are full, its front face is hollow, its back face is

hollow at step 1 and full at step 2. The six-pack computations use the algorithm from [98]

prove that the inclusions ι : K‚ ãÑ L‚ and ι1 : K 1‚ ãÑ L1‚ have the same six-pack diagrams

and skyscraper invariants, but different GRIp1,2q.
The underlying poset for the homology ι and ι1 is P :“ t0, 1u ˆ t0, 1, 2u, which we label

as per (A.2). Observe that for all p ‰ 1, we have Hppιq » Hppι1q. Let S be the spread

P z ␣x`
2

(

, we have

H1pιq “
F F 0

F F2 F

1

r 1
0 s r 1 0 s

1 r 1 1 s à

Ir␣x˘
1 , x

´
2

(s (A.3)

H1pι1q “ IrSsà Ir␣x˘
1

(sà Ir␣x´
1 , x

´
2

(s (A.4)

We first observe that H1pιq and H1pι1q have the same skyscraper invariants. Indeed,

these two ladder persistence modules have the same spanning submodules. We have, at x´
0 ,
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Spanx´
0

pH1pιqq » IrSs » Spanx´
0

pH1pι1qq, and at x´
1 ,

Spanx´
1

pH1pιqq » Irx˘
1 sà Irx´

1 , x
´
2 sà Irx˘

1 , x
´
2 s » Spanx´

1
pH1pι1qq.

We now check that the six-pack diagrams are the same for ι and ι1. By Proposition

A.2.4, we only need to check the cokernel and relative persistence diagrams. From (A.3),

we have cokerH1pιq “ 0 “ cokerH1pι1q. One can check that the quotient induced by ι and ι1

are both homotopic to the sequence

X‚ : ˚ ãÑ S2 ãÑ S2 _ S2

where the second ãÑ includes the sphere into one of the two spheres of S2 _ S2.

We finally check that GRIH1pιqpSq ‰ GRIH1pι1qpSq. The contour zigzag of S contains the

zigzag x`
0 Ñ x`

1 Ð x´
1 Ñ x´

2 . The restriction of H1pιq to this zigzag is
´

F 1Ñ F r 1 1 sÐ F2 r 1 0 sÑ F
¯

‘ Ir␣x˘
1 , x

´
2

(s
and the multiplicity of the full-length interval

␣

x`
0 , x

˘
1 , x

´
2

(

is zero, whence, GRIH1pιqpSq “ 0.

Moreover, by additivity of GRI, we have

GRIH1pι1qpSq “ GRIIrSspSq ` GRI
Irtx´

1 ,x´
2 uspSq ` GRI

Irtx˘
1 uspSq “ 1 ` 0 ` 0 “ 1.

Example A.2.8 ([14, Proposition 7.8]). The example in Figure A.3 shows that the 6-pack

diagram and the GRI are not stronger than the skyscraper invariant. For p ‰ 1, the

Figure A.3: Two inclusions with the same six-pack diagrams but different skyscraper in-

variants. The triangular prism is hollow, its 3 side faces are full, its front face is hollow, its

back face is hollow at step 1 and full at step 2.

inclusions ι : K‚ ãÑ L‚ and ι1 : K 1‚ ãÑ L1‚ have the same p-th homology. For p “ 1, we have

H1pιq “
F F 0

F F2 F

1

r 1 0 sT

1

r 1 0 s

r 1 1 s
à

Ir␣x˘
0 , x

´
1

(s
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and

H1pι1q » Ir␣x˘
0 , x

˘
1

(sà Ir␣x˘
0 , x

´
1 , x

´
2

(sà Ir␣x´
1

(s.
We first show that GRIH1pιq “ GRIH1pι1q. Let S :“ P z ␣x`

2

(

, one can check that for every

spread I Ĺ S of P , the modules H1pιq and H1pι1q are spread-decomposable and isomorphic.

Using the computations of A.2.7 and the additivity of GRI, we have GRIH1pιqpSq “ 0 “
GRIH1pι1qpSq. Hence, GRIH1pιq “ GRIH1pι1q.

Furthermore, by Proposition A.2.5.2, the 5-pack diagrams of ι and ι1 coincide. The

quotient induced by ι and ι1 are both homotopic to the sequence ˚ Ñ S2 _ S2 Ñ S2

where the second map sends the first sphere to S2 and the second sphere to a point. As a

consequence, ι and ι1 have the same 6-pack diagram.

Finally, we check that H1pιq and H1pι1q have different skyscraper invariants. We have

Spanx´
0

pH1pιqq » IrSs‘Ir␣x˘
0 , x

´
1

(s whereas Spanx´
0

pH1pι1qq » Ir␣x˘
0 , x

˘
1

(sÀ Ir␣x˘
0 , x

´
1 , x

´
2

(s.
Example A.2.9. The inclusions ι and ι1 depicted below have the same skyscraper invariant

and the same GRIp1,2q, but different 5-pack diagrams and GRIp1,2q,p2,1q.

L‚

K‚

ãÑ ι : ãÑ

ãÑ

ãÑ

ãÑ

L‚

K 1‚

ãÑ ι1 : ãÑ

ãÑ

ãÑ

ãÑ

Indeed, for p ‰ 1, we have Hppιq » Hppι1q. And using the labels of A.2 for the underlying

poset P of ι and ι1, we have H1pιq “ IrP z ␣x´
0

(s ‘ Ir␣x`
1

(s whereas H1pι1q “ Ir␣x`
0 , x

`
1

(s ‘
Ir␣x´

1 , x
`
1

(s. One can check that these two modules have the same spanning submodules

and the same GRIp1,2q, but that BarpcokerH1pιqq ‰ BarpcokerH1pι1qq. Finally, observe that

GRIH1pιqp
␣

x`
0 , x

´
1 , x

`
1

(q “ 1 ‰ 0 “ GRIH1pι1qp
␣

x`
0 , x

´
1 , x

`
1

(q. So H1pιq and H1pι1q have

different 5-pack diagrams and GRIp1,2q,p2,1q.

Example A.2.10. The inclusions ι and ι1 depicted below have the same 3-pack diagrams but

different 4-pack diagrams.

L‚

K‚

ãÑ ι : ãÑ

ãÑ

ãÑ

ãÑ

L‚

K 1‚

ãÑ ι1 : ãÑ

ãÑ

ãÑ

ãÑ

Indeed, for p ‰ 1, we have Hppιq » Hppι1q. And using the labels of A.2 for the underlying

poset P of ι and ι1, we have H1pιq “ IrP z ␣x`
1

(s ‘ Ir␣x´
0

(s whereas H1pι1q “ Ir␣x´
0 , x

´
1

(s ‘
Ir␣x´

0 , x
`
0

(s. One can check that these two modules have the same 3-pack diagrams., but

that BarpkerH1pιqq ‰ BarpkerH1pι1qq.
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Appendix B

Glossary of Notations

This glossary provides a list of notations used throughout the document, organized by

theme.

General notations

Symbol Description

Re, Im Real and imaginary parts of a complex number.

r s, t u The ceiling and floor functions

\ disjoint union

» or
„Ñ an isomorphism

signpxq the sign in t´1, 0, 1u of a number x P R
1S The indicator function of a subset S

1p The indicator function of an element p

F A field

∥ ∥8 The supremum norm

Vect The category of finite-dimensional vector spaces over F
rank, Im The rank and image of a linear map

ker, coker The kernel and cokernel of a linear map

In, 0n,m The n ˆ n identity matrix and the n ˆ m zero matrix

Q “ ps, t : Q1 Ñ
Q0q

A finite quiver defined by its source and target maps s

and t

ReppQq The category of representations of a quiver Q

ĺ A partial order on a set

_, ^ The join and meet from order theory

VectP or PerspP q The category pointwise finite-dimensional P -persistence

modules for a poset P

dimV The dimension vector of a quiver representation or a

persistence module V

Tx The translation by some element x in an euclidean space

RP Functions from P — seen as a set — to R
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limÐÝ, limÝÑ The categorical limit and colimit

Copp The opposite category of a category C
A An abelian category

KpAq The Grothendieck group of an abelian category A
rV s The Grothendieck class of an object V P A
Lanf pV q The left Kan extension of V P A along the functor f

O Worst-time complexity of an algorithm

, △ end of a proof and of a definition

Persistence

Let P be a poset and let V P VectP be a P -persistence module.

Symbol Description

Hi The homology functor in degree i

BarpV q The barcode of V (if P is totally ordered)

Iru, vs The interval module supported on the interval ru, vs
IrSs or FS The spread (or interval) module supported on S

ρV The rank invariant of V

GRIV The generalised rank invariant of V

dI The interleaving distance

dE The erosion distance

Harder-Narasimhan Filtrations and Stability

Let Z be a stability condition. If Z is standard and is determined by a weight vector α, we

replace Z by α in the following notations.

Symbol Description

µZpV q The Z-slope of V

HN‚
ZpV q The HN filtration of V along Z seen as a finite-length

filtration

xV, Zy‚ The HN filtration of V along Z seen as a Ropp-indexed

filtration

TrV ;Zs The HN type of V along Z

δV The skyscraper invariant of V

s‚
Z,V The HN filtered rank invariant of V along Z
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[110] Ž. Urbančič and J. Giansiracusa. “Ladder decomposition for morphisms of persis-

tence modules”. In: Journal of Applied and Computational Topology (2024), pp. 2069–

2109. doi: 10.1007/s41468-024-00174-9.

[111] O. Vipond. “Multiparameter persistence landscapes”. In: The Journal of Machine

Learning Research 21.1 (2020), pp. 2262–2299. url: https://jmlr.org/papers/

v21/19-054.html.

[112] O. Vipond, J. A. Bull, P. S. Macklin, U. Tillmann, C. W. Pugh, H. M. Byrne,

and H. A. Harrington. “Multiparameter persistent homology landscapes identify

immune cell spatial patterns in tumors”. In: Proceedings of the National Academy

of Sciences 118.41 (2021), e2102166118. doi: 10.1073/pnas.2102166118.

[113] L. Waas. Notes on abelianity of categories of finitely encoded persistence modules.

2024. arXiv: 2407.08666.

[114] C. A. Weibel. An introduction to homological algebra. 38. Cambridge university

press, 1994. doi: 10.1017/CBO9781139644136.

[115] C. A. Weibel. The K-book: An Introduction to Algebraic K-theory. Vol. 145. Amer-

ican Mathematical Soc., 2013. doi: doi.org/10.1090/gsm/145.

[116] L. Xian, H. Adams, C. M. Topaz, and L. Ziegelmeier. “Capturing dynamics of time-

varying data via topology”. In: Foundations of Data Science 4.1 (2022), pp. 1–36.

doi: 10.3934/fods.2021033.

[117] A. Zomorodian and G. Carlsson. “Computing persistent homology”. In: Proceedings

of the twentieth annual symposium on Computational geometry. 2004, pp. 347–356.

doi: 10.1145/997817.997870.

142

https://doi.org/10.1007/BF02566682
https://doi.org/10.1006/jabr.1997.7093
https://doi.org/10.1007/978-3-030-67829-6
https://doi.org/10.1007/978-3-030-67829-6
https://doi.org/10.1007/s10208-022-09563
https://doi.org/10.1007/s41468-024-00174-9
https://jmlr.org/papers/v21/19-054.html
https://jmlr.org/papers/v21/19-054.html
https://doi.org/10.1073/pnas.2102166118
https://arxiv.org/abs/2407.08666
https://doi.org/10.1017/CBO9781139644136
https://doi.org/doi.org/10.1090/gsm/145
https://doi.org/10.3934/fods.2021033
https://doi.org/10.1145/997817.997870

	Contents
	Introduction
	Setting and motivation
	Persistent homology
	Multiparameter persistent homology
	Harder-Narasimhan filtrations

	Main results
	Discriminating power of HN types
	The skyscraper invariant

	Readers guide

	Harder-Narasimhan filtrations and zigzag persistence: a motivating example
	Quiver representation preliminaries
	Harder-Narasimhan filtrations
	Indecomposables and barcodes
	Quivers of type A
	Affine quivers of type Ã

	The Euler stability condition
	HN filtrations of ordinary persistence modules
	General results for antitone slopes
	Specific results for Euler slopes

	Unwinding affine type Ã quivers
	HN filtrations of affine type Ã quivers

	Harder-Narasimhan filtrations of persistence modules: discriminating power
	Introduction
	HN types of quiver representations
	Quiver representations
	Harder-Narasimhan filtrations in abelian categories
	HN types of quiver representations
	Complete central charges

	The skyscraper and rank invariants
	Skyscraper invariant
	Rank invariant
	Generalised rank invariant

	HN types of zigzag persistence modules
	Zigzag persistence modules
	Characterising complete central charges

	HN types of multiparameter persistence modules
	Multiparameter persistence modules as equalised representations
	Rectangle-decomposable representations
	Interval-decomposable representations

	HN types of interval-decomposable ladder persistence modules
	Interval-decomposable representations of ladders
	A complete set of central charges


	Harder-Narasimhan filtrations of persistence modules: metric stability
	Preliminaries
	Persistence modules
	Discretisable persistence modules
	Grid functions
	Discretisable functions
	HN filtrations in abelian categories
	Pullback of stability conditions

	HN filtrations of persistence modules over finite posets
	Definition and properties
	The skyscraper invariant over finite posets
	The skyscraper invariant over finite grids

	HN filtrations of discretisable persistence modules
	Stability conditions for discretisable persistence modules
	Existence of HN filtrations of discretisable persistence modules
	Proof of Proposition 4.3.10
	HN filtered rank invariants

	Stability theorems
	Functoriality of HN filtrations
	Stability of HN filtered rank invariants
	Stability of HN filtered landscapes

	Examples and computations
	HN filtered rank invariants between spread-decomposable persistence modules
	Examples with two-parameter persistence modules

	Discreteness of HN filtered rank invariants
	Conclusions

	Invariants for ladder persistence
	Preliminaries
	Ladder persistence modules
	Invariants

	Comparing invariants
	Strength relations
	Absence of strength relations


	Glossary of Notations
	References

