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Abstract

This thesis is a tale of two halves. The first introduces the space of
unparameterised geometric rough paths and develops a notion of Lipschitz
function on this space. The second associates an expected signature to the
bilaplacian and culminates in an analogue of the Feynman-Kac formula for

high-order parabolic partial differential equations.
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1 Introduction

1.1 Motivation and overview
Part I: Chapters 2] and

We begin by interpreting rough path theory ([32], [33]) as a calculus of
sufficiently regular unparameterised paths with values in a truncated free
nilpotent Lie group. This interpretation is possible because many of the
fundamental operations in rough paths theory are independent of parame-
terisation.
More concretely, we shall call any increasing homeomorphism

7 :[0,1] — [0,1] a reparameterisation. Then if g : [0,1] — GPI(V) is
a geometric p—rough path, g o 7 is also a geometric p—rough path with

lglp—var = |g © T|p—var. Furthermore, if & : V' — V* is a smooth one-form,

f o= f a.
g gOT
lin

Likewise, if A : V — Vecty’ (W) is a linear map into smooth, bounded vec-

then

tor fields on another vector space, W, and Y solves the differential equation
dY = A(Y)dg, YoeW,
then Y o 7 solves

d(Y or) = A(Y o T)d(goT), (Y or)(0) = Ype V.



Our motivation for studying unparameterised rough paths is twofold.
The first is mathematical simplicity and elegance. As alluded to above, the
main results of rough path theory [32] do not require a parameterisation
to be stated nor proved. The additional notation and clutter from fixing a
parameterisation is a hindrance to progress. The second is that there are
many real-world examples of data that have a natural order, but no natural
parameterisation: think of a stream of text in a book or of a handwritten
Chinese character [I8]. Equally, ignoring the parameterisation of a data
stream — whilst retaining its order — could be efficient: see [28] and [25]
for unparameterised path techniques in the context of Econometrics and
Mental Health data, respectively. There is value, therefore, not only in
studying spaces of unparameterised rough paths, but also functions on these
spaces.

In Chapter 3] we develop a notion of Lipschitz function (in the sense of
E. Stein [4I]) on unparameterised rough paths. Unlike Malliavin-Sobolev
functions on Wiener space, Lipschitz functions are a measure-free concept.
We shall see (Theorem that these Lipschitz functions satisfy a type of
Martingale Representation Theorem: namely, that they can be represented
by integrating appropriate path-dependent one-forms. Further, analogously
to their Euclidean counterparts, these functions form a Banach algebra
(Proposition and separate points (Lemma, suggesting that they
may form a core class of test functions for analysis on path space. Further,

a Whitney-type extension property (Theorem [3.5.2)) is satisfied: this is



of relevance in (theoretical) supervised Machine Learning or Econometrics
where one often has a function defined on some subset of data points which
one wants to extend to unseen points. We refer to [I5] for a discussion

relating Whitney extension problems with the interpolation of data.

We have generalised the notion of Lipschitz function by moving away
from Euclidean space to unparameterised rough path space, and with co-
cyclic one-forms ([35]) playing the role of polynomial functions: locally
describing functions on unparameterised rough paths. Still on Euclidean
spaces, but in the context of locally subscritical singular stochastic partial
differential equations, M. Hairer ([I9]) fruitfully generalised the notion of
Lipschitz function to so-called modelled distributions (or DY spaces). In
his Theory of Regularity Structures, modelled distributions are locally de-
scribed by objects tailor-made to the problem at hand and which are far

more general than polynomials.

Part II: Chapters [4 and

The connection between Brownian motion and the Laplacian is rich and
complex. One of the foundations of this relationship is that the heat semi-
group of the Laplacian induces measures on path space that converge to
Wiener measure. The solving of stochastic differential equations (SDEs) is
a complicated operation on path space which allows to associate measures

on path space to new differential operators of dissipative type. Indeed, a



celebrated family of results in stochastic analysis describe the infinites-
imal generator of the solution to SDEs. Formally, the solution to the
Stratonovich SDE driven by Brownian motion and vector fields (V;) has
the sum-of-squares generator: %Z V2 (well-explained in the classical text
of N. Ikeda and S. Watanabe [23]). There are many benefits to this prob-
abilistic perspective of partial differential equations, for example: Markov
diffusions can be studied on fractals where classical PDEs have no meaning
— see [3] for a construction of “Brownian motion” and “Laplacian” on the
Sierpinski carpet which are invariant with respect to the local symmetries
of the carpet. Another example is in alternative numerical schemes to heat
equations of subelliptic operators (see [30] and the references therein).

However, a significant drawback of this classical probabilistic perspec-
tive on PDEs is that it is restricted to partial differential operators of order
at most two. The reason for this is that high-order (order above two) el-
liptic differential operators do not in general satisfy maximum principles.
Therefore, although the associated heat kernels integrate to one, they are
not positive functions and hence cannot be interpreted as the transition
functions of some Markov process.

Using ideas going back at least to V. Krylov ([26]), together with tech-
niques from rough path theory, D. Levin and T. Lyons ([27]) began a pro-
gramme to overcome this obstruction of signed heat kernels. We give now
an overview of their result and our generalisation of it.

Consider the operator —A? on R? — defined through Fourier analysis



as having symbol p(¢) = —167%|¢[|* — or more generally, a translation-
invariant operator whose symbol tends to —oo off compact sets. For any
partition of time, D, the associated heat semigroup induces a family of
consistent signed measures on piecewise linear paths, which we denote by
Pp. The total variation of these measures grows geometrically with #D
and they do not extend to a countably additive measure on the space of
continuous paths. In spite of this, Levin and Lyons showed that expected
coordinate signatures of the measures associated to the different partitions
do converge as the mesh tends to 0 (|D| — 0) (Theorem 7.4 in [27]). In
a nutshell, that the expected values of core functions on unparameterised
rough paths have limits against these exploding measures. We mention and

address two of their conjectures (Section 8 in [27]):

Conjecture 1) The measures, Pp, converge to a finite signed measure on
rough paths when one considers the filtration that ignores

parameterisation.

Conjecture 2) Suppose that (A;) are sufficiently regular vector fields, and
W, is the Ito-Lyons map taking paths in V' to somewhere

else via

daY?® = A(Y*)dy, Yy =u.

For each partition of time, D, denote by Ep the integral



with respect to Pp. Then we can define
uP(t, ) := Ep[f(Y)]

and ask if

lim u”(t,z
|D|—0 ( )

exists for regular enough f and if the limiting function, w,
solved a PDE semigroup whose generator depends on the A;
in analogy with results from classical stochastic analysis (see

[30]).

This first conjecture remains open, however it appears that a distribu-
tional limit “lim|p|oPp = P” does exist and we significantly generalise the
class of test functions on paths, ¢, for which lim p_oEp[¢] =: E[¢] ex-
ists. More precisely, in Chapter [4 we consider a topological algebra, T'(V),
containing signatures of all V —valued rough paths, where V is a finite-
dimensional Banach space. The topology on T(V) is the coarsest such
that any continuous linear map A € L(V — B) into any Banach algebra,
B, uniquely extends to a continuous algebra homomorphism T(V) — B
(see Section |4.3| for the precise statements). The main result of Chapter
Theorem shows existence of the limit

lim Ep|X]eT
Jim Ep[X] e 7(V)

where X(g) denotes the signature of the rough path g. In particular, if

¢ € T(V)* is in the continuous dual, ¢ induces a function on rough paths



by
d(g) = {&, X(9))7(v ) xT(v)

and lim| p|_,0{(¢, Pp) exists for all such ¢ € T(V)*. From this theorem, we
derive several corollaries that Levin and Lyons could not. For example,
Chevyrev and Lyons introduced a faithful Fourier transform on Borel mea-
sures on signatures ([9]). In Theorem we show that lim|p|_ Pp = P
exists pointwise, where ~ denotes Fourier transform. We therefore have a
candidate for the Fourier transform of this distribution, P, but it does not
seem straightforward to determine the existence or otherwise of a measure
with such a Fourier transform. Nonetheless, we think of P as the “Brown-
ian motion” associated to the bilaplacian — the reasons for this will become
more apparent when we discuss the contents of Chapter

In Chapter |5| we prove Conjecture 2) for sufficiently regular vector fields
and initial data — see Theorem [5.4.37] for the precise statement. Loosely
speaking, suppose G is a compact Lie group equipped with the normalised
bi-invariant measure and (A4;) are left-invariant vector fields on G then the
limit

Jim Ep[£(1)] = u(t.)

exists for all f € P(G) (“polynomials on G”: see Definition [5.4.10) and

forms a one-parameter semigroup in t. If, furthermore, the operator
2
L:C"(G) - C*(G), L=- <Z A?)
i

7



satisfies an appropriate L?—Poincaré inequality (see Corollary [5.4.21]) then

u solves the PDE semigroup

atu = gu,

u(0) = f € P(G) = L*(G),

where . is an appropriate closed extension of £ to L?(G). P(G) is dense
in L2(G) and €' |p(@) uniquely extends to a contractive Cp—semigroup on
L?(G). In fact, P(G) is a core for .£, so we obtain a quasi-probabilistic
understanding of this high-order operator through

50 = 1yt BRI = 1)

t—0 |D|—0 t

Parts I and II are connected by a conjecture:

Conjecture 3) Let v > p > 4 then there exists a constant C' > 0 such that
for all (f, Vf) e Lip?(G,(V)),

s%p [Ep[f1l < CI(f, V f)|Lip>

and the limit

|11)i\130 Epl[f]

exists.



1.2 Notation and basic facts
AThroughout, V' and W shall be real, finite-dimensional Banach spaces.

Definition 1.2.1 (Projective tensor product). Let V;,i = 1,...,k, be real,
finite-dimensional Banach spaces. Define the projective norm on the alge-

braic tensor product || - |z : Vi ®q -+ ®q Vi — [0,0) by

n . . n . .
[ollx := inf{Z foill ol s v = Evi@“@v%}-
i=1 i=1

We shall call the Banach space (Vi ® - ® Vi, | - ||x) the projective tensor
product of Vi,....Vi. If V; =V for all i, we shall denote the projective

tensor product simply by VOF.

| -]l is indeed a norm. We refer to [40] for further details of tensor prod-
ucts of Banach spaces. We collect several properties of projective tensor

products required in the sequel.

Definition 1.2.2 (Cross norm). When V,W are Banach spaces, a cross

norm, | - |, on the algebraic tensor product V.®, W is a norm satisfying
i) [v@w| = |vlv - [wlw
it) [o* @w* s = [[v*|[vx - [w*|w=

for allve Viwe Wv* e V¥ w* e W*. Here | - |« is the dual norm of the

cross norm || - |.

Lemma 1.2.3. The projective tensor norm is a cross norm.



Proof. See Proposition 2.1 in [40]. O
Definition 1.2.4 (Action of &,, on V&"). The action
6n i GL(V®n), O’(’Ul ®.. ®’Un) = va(l) ®.. .@’Uo.(n)

is a linear isometry for all o € &, where &, denotes the n'™® symmetric

group.

Definition 1.2.5. Let iy,...,i = 0 be natural numbers. Sh(iy,..., i) <
Siy4-tip 15 the subgroup of the (i3 + - -- +i5)™ symmetric group consisting

of permutations o satisfying

oliv+ - 4igq+1)<--<o(iy+ - +ig).
Any o € Sh(iy, ..., i) induces a bounded linear map of Banach spaces
V@(’i1+“'+ik) — ®i R -® V®ik
given by

o(V1 ® - QUi 4etip,)

= (%(1) ®---® UU(il)) ®...® (Uo(z‘1+~~-+z‘k_1+1) ®--® UU(i1+"'+ik)) :

10



Definition 1.2.6 (Product map). Let A € L(V — W) be a linear map.

Define tensor products of A
A =1d: R > R,
and for k =1,
A®* e L (V®k — W®k) ;A% 0 R QU — A() ® - ® Alvg)

all v; e V.
When W is an algebra A®* e L (V®]’C — W) shall also denote the linear
map

A®k:v1®~~-®vk '—>A(01>A(’l}k>

]

A further property of the projective tensor norm is that its associated

operator norm is submultiplicative for tensor products of linear maps:

Lemma 1.2.7. Let V be a Banach space, B a Banach algebra and A €
L(V — B). Then for all k € N,

HA®kH]L(V®k—>B) < HAH]IE(VHB)-
Proof. When k = 0, the result is clear so we assume that & > 1. Let

ve VO with |v||l; = 1. For all € > 0, we can write

n n
v=>Y 1@ - @uvj, with Y [oi]...Jvi] <1+e.
i=1 i=1

11



Then

| A%y = Z vk)

n
Z IAIE vy l0il - - vkl

<1+ E)HAH]L(VHB)'
The result follows by letting € tend to 0. O

Definition 1.2.8 (Extended tensor algebra). The extended tensor algebra
over V', denoted by T'((V')), is defined to be the following Cartesian product:

0

(V) =]V

k=0
It is endowed with two binary operations: an addition and a product. Let
a = (ag,ai,...), b= (by,b1,...) € T((V)) where a;,b; € V& for all i = 0.
Then

a+b=(ao+b0,a1+b1,...)

and

ab = (Co,Cl,...),

where for all n = 0,

n
Cpn = Z ap @ by
k=0

For all k = 0, we denote by
T T((V)) > VO mpia—a

12



the projection onto k—tensors.

The space T'((V')) endowed with these two binary operations and the
action of R Aa = (Aag, Aaq, . ..) is a non-commutative (dim(V) > 1) unital

algebra with unit 1 = (1,0,...).

Definition 1.2.9 (Tensor algebra). Denote by T'(V) < T((V)) the subal-

gebra
0

T(V) =@ Ve
k=0
T(V) is a graded algebra, with, for all k € N, V& the grade—k subspace.
LtV — T(V) is the canonical inclusion of V into T(V). The tensor
algebra satisfies the universal property that any linear map A : V — B into

a real algebra, B, can be uniquely extended to an algebra homomorphism

A :T(V) — B as indicated by the following commutative diagram.:

Vet T(V)

SOF

B

For each n > 0 denote the linear subspace of T'((V))
B,={acT(V))|ap="--+=a,=0}.

By, is an ideal of T'((V)).



Definition 1.2.10 (Truncated tensor algebra). Let n = 1. The truncated

tensor algebra of order n over V is the quotient algebra
(V) :=T((V))/Bn.
The quotient map T((V)) — T™(V') is denoted I1g,,.

T™(V) is canonically isomorphic to @;,_, V®k equipped with the prod-
uct

(ao,al, .. .,an)(bo,bl,. . ,bn) = (Co,cl, .. .,Cn),

where ¢, = Zf:o a; Qbg_; forall 0 < k < n.

The dual of T'((V))

Let (eq,...,eq) be a basis for V' and (ef,...,e}) the corresponding dual

basis for V*. Let n > 1. The tensors
{6126i1®"'®6in |I=(z’l,...,in)e{l,...,d}”}

form a basis of V&, We identify (V*)®* = (V®)* by identifying the ba-
sis {ef =ef ®---@ef |I=(i1,...,in) €{1,...,d}"} of (V*)®" with the

n

dual basis of (V®")* as follows:
<€;<1 K& 6;;, €4, ®---&® €jn> = 51'10‘1 ce 5’in7jn'
The action of (V*)®" on V®" extends to an action on T'((V)) by:
ej(a) = ej(m(a)).

14



By letting n vary between 0 and oo, we obtain the action of

T(V*) =@y o(V¥)®" on T((V)) and in fact have T((V))* = T(V*).

Definition 1.2.11 (Shuffle product). Let s,7 € N, I = (iy,...,iy) €
{1,...,d}" and J = (j1,...,Js) € {1...,d}*. Define their shuffle product
e7 e’ by:
Gweti= Y e €TV,
oeSh(r,s)

This extends to a commutative product on T'(V*).

Definition 1.2.12 (Grouplike elements). Denote by
G*(V) ={aeT((V))\{0} | e*(a)f*(a) = e* W f*(a), Ve* " e T(V*)}
the set of grouplike elements. For n € N,
Hon (G*(V)) = G"(V) = T*(V)

is the step—n free nilpotent group over V.

Definition 1.2.14 (Free Lie algebra). Denote by [, -] the commutator on
the algebra T((V)). Consider the sequence (£7(V))ns0 of subspaces of
T((V)) given by £O(V) =0, £D(V) =V and

(W) = |V, 20(v) |

15



for alln > 1.
g"(V) :=Topn (Do £ (V) is the Lie algebra of G*(V) and
no_k
o n :
) GV, ey a D

s a global diffeomorphism.

Thus, G™(V) is a Carnot group and we equip it with a symmetric,
subadditive homogeneous norm (Section 3 in [31]), | - |Gy, and induced

metric.

16



2 The Space of Unparameterised Geometric Rough
Paths

We begin this chapter by describing the metric space of unparameterised
p—rough paths, G,(V'), together with various operations on this space. We
equip G, (V) with a natural partial order: for g,h € G,(V), we will write
g < h if one can decompose h = g * hg, where hy € G,(V') and * denotes
concatenation. We collect also some technical results required in the sequel,
where we shall describe and study Lip” functions on unparameterised paths.

Many of the results in this chapter are well-known. In particular, Sec-
tion largely reformulates aspects of classical rough integration theory —

as exposed in [32], [33], [35], [43] — to the unparameterised setting.

2.1 Preliminary definitions and notations

Definition 2.1.1. Let a < b and G be a group. Given a path g : [a,b] — G,

and real numbers s,t € [a,b], we shall denote the increment
-1
Gsit = 9s Gt
where o~ ! indicates the inverse in G.

Definition 2.1.2 (Parameterised weakly geometric p—rough paths). Let
a < b. Denote by WGQ,([a,b] — V) the set of continuous functions

g:[a,0] » GPI(V)

17



of finite p—wvariation:

gl = sup Y |geitisalom oy < o0,
D t;eD

where the supremum is taken over all finite partitions,
D=(a=ty<- - <t,=0»b),

of [a,b].
This is a metric space under

p
Glel(vy

d(g7 h)p := sup Z ‘(gti—lati)il (hti—hti)
D tieD

Remark 2.1.3. Sometimes in the literature (e.g. [32,33]), a p—rough path

is defined as a two-parameter object
x:{(u,v):a <u<v<b — GP(V)

satisfying x, . Xy = Xs¢ for all a < s < u <t < b together with a finite
p—variation condition. This is equivalent to our definition. Indeed, given

such a two-parameter object, x, we may define
g: [CL, b] - GLDJ(V)’ gt ‘= Xa t

and then ¢ is a p—rough path in the sense of Definition [2.1.2 This per-
spective of viewing a rough path as a Lie-group valued path is not novel
(see Section 2.3 in [I6] or Definition 4 in [43], for example) and will be
more suitable when we come to treating unparameterised rough paths in

the sequel.

18



Definition 2.1.4 (Canonical rough path lift). Let x : [a,b] — V be a path
of bounded variation. Let N € N. The path g~ (x) : [a,b] — GN(V) <
(V)

N
gN(X)tzl—&-Zf dxy, ® - ® dxy,,
k=1 Ag,t

where AFi=f{a<u < <wup <t} c RF is the k—simplex on [a,t], is
called the level-N canonical rough path lift of x. One can show that g (x)
indeed is a p—rough path for any pe [N, N + 1).

As is common in the rough path literature, we sometimes denote

)

Xlsct::f dxy, @+ ®dxy, -
Ak

s,t

Theorem 2.1.5 (Lyons’ Extension theorem: Theorem 3.7 in [33]). Let
g € WGQy([a,b] — V) be a rough path. Let N € N with N > |p|. Then
there exists a unique N —rough path X<N(g) : [a,b] — GN (V) such that

1. T 1 (X<N(9):) = gi, for all t € [a,b];
2. XSN(g) has finite p—variation.
Furthermore, there exists a constant B, < 4+ independent of k such that

k
9157

Hﬂ'k<X<N(Q)s,t>H < BP (k/p)l

This leads to the definition

19



Definition 2.1.6 (Signature). Let g € WGQ,([a,b] — V') be a rough path.
Let N € N. We shall call XSV (g)ap = XSN(g), as defined in Theorem
the level— N truncated signature of g. Let k < N, we call Xk(g) =
Tk (XSN(g)) the level—k signature of g. And, finally,

X(9) =1+ Y, XMg) e T((V))
k=1

the signature of g.

Definition 2.1.7 (Parameterised geometric p—rough paths). Let a < b.
Denote by GQp([a,b] — V') the closure of the set

{g € WGQp([a,b]) : g is the canonical lift of a smooth path [a,b] — V'}
in the metric space WG, ([a,b] — V). When [a,b] = [0,1], we shall
denote this space simply by GQ,(V).

Definition 2.1.8 (The set of unparameterised geometric p—rough paths,
Gp(V)). Introduce the equivalence relation on GQ,(V'), writing g ~ h if and
only if there exists a strictly increasing homeomorphism 7 : [0,1] — [0,1] (a
“reparameterisation”) such that got = h. Define the set of unparameterised

paths as the quotient set
Gp(V) := G(V)/ ~ .

An unparameterised geometric p—rough path is then an equivalence class of
parameterised paths, [g], which we shall often denote by choosing a repre-

sentative: g.
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Remark 2.1.9. Within G,(V'), two paths differ if one cannot reparameterise
one of them to equal the other. This can be quite a subtle distinction. For
example consider the two 1—rough paths v1,4%: [0,1] — R, 4} := ¢ for all
t and

1.5t — 05, t> 2.

If one plots the curves ¢ — ~} and t — 72 on the real line, one would not
be able to distinguish between the two. Indeed, they both monotonically
traverse the interval [0, 1], but 72 remains constant over a period; whereas,
~! does not. The signature fails to distinguish between these two paths:
a direct calculation shows that X(v!) = X(72) = Y} 4 € T((R)). How-
ever, the two paths are different in G;(R). Indeed, there does not exist an
increasing homeomorphism 7 : [0,1] — [0, 1] such that 4! =42 o 7.

In Chapter [3| we shall define Lipschitz functions on unparameterised
rough paths and we shall see (Lemma that these functions are, unlike

signatures, rich enough to separate points in G,(V).

2.1.1 Operations on unparameterised paths.

When one quotients out parameterisations, one loses certain operations on
paths. For example, it is meaningless to evaluate an unparameterised path

at time ¢t = 1/2, or to add two unparameterised paths. We collect below
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some of the relevant operations that are well-defined on the quotient.

Define the initial and tail point of an unparameterised path
it Gy(V) - GPI(V), i([g]) == 9(0), t([g]) == g(1).

Concatenation. If g,h € GQ,(V) are parameterised paths with g =
ho. Define their concatenation g * h € GQ,(V') by

92t, te [07 1/2]7

horor, te[1/2,1].

(g h) =

If [g], [h] € G,(V) are unparameterised paths with t(g) = i(h) define their

concatenation
[g] = [1] := [g = h] € Gp(V).

Reversal of a path. Let g € GQ,(V). Define its reversal ‘g € GQ,(V)
by

9 = g1

For an unparameterised path [g] € G,(V'), define

f9]:=[7].

Translation of a path. Let g € GQ,(V) and x € GI?/(V) define the
left and right translations of g by x as kg, gk € GQ, (V)

(kg)t :=k(gt), (9K)t := (9t)k,
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respectively. And, for [g] € G,(V),

klg] = [kgl, [g]k = [gK].

p—variation. Let [g] € G,(V), then define

Igll, := lglp-

Definition 2.1.10 (Factorisation of an unparameterised path). Let g €
Gp(V) be an unparameterised geometric p—rough path and m > 1.
D, = (go, . ,gm) c Gp(V) is a rough path factorisation of g (or simply:

a factorisation of g) provided
e gicGy(V) for alli=0,...,m with t(g;) = i(gi+1) for all
1=0,....m—1,
® GokHgm =0,
e go is the constant path gy =i(g).

Any such factorisation has a mesh:

Dyl = max._ gl

T

If m =1, then D, = (go,g). We call such a Dy the trivial factorisation of

g.

Definition 2.1.11 (Coarsening a factorisation). Let Dy = (go, . ,gm) be

a rough path factorisation of some g € Gp(V'). Fori =1,...,m, we may
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coarsen D,
Dg\{gi} = (907“"91'72’91'71 * iy Jit1s - .- 79m)'
Dy\{g:} is again a factorisation of g and satisfies |Dy\{gi}| = |Dy|.

2.1.2 A partial order on unparameterised paths

Definition 2.1.12. Let g,h € G,(V'). We write g = h if and only if there
exists hy € Gp(V') such that h = g * hs.

Lemma 2.1.13. Let g,h € G,(V). Then

gsh = |glp < [hlp-
Proof. Immediate from definition of p—variation. O
Lemma 2.1.14. If g,h € G,(V) such that

gch and |gl, = A,
then g = h.
Proof. Pick parameterisations of g and h,

g:[0,1] = G¥I(v), h:[0,2] - GPI(V)

such that g = hljg1) and write hy := hl[19;. The claim is equivalent to

showing that hy is a constant path.
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Suppose for a contradiction that hs is not a constant path, then s <
t € [1,2] such that

|]’L57t’p =:¢>0.

Since £/2 > 0, there exists a partition D = D(g/2) < [0,1] such that

Z |gti7ti+1 ’p = HQHZ - 5/2'
tiED

Define the partition of [0,2], Z := D u {s,t,2} then

T = o L= D VN e VP
t,€D tieD

> lglf /2 +¢

= |9l + /2.
This contradicts that |hll, = |gll,, completing the proof. O
Corollary 2.1.15. (G,(V),<) is a partially ordered set (poset).

Definition 2.1.16 (History of a path). Let g € G,(V') define the history
0f97 HiSt(g) < GP(V)7 by

Hist(g) :={ € Gp(V) : < g}.

Definition 2.1.17 (Metric on Hist(g)). Let g € G,(V') and choose a param-
eterisation g : [0,1] — GIP/(V)). For ay, ay € Hist(g), there exists s,t € [0, 1]

such that a1 = gljo.s] and az = gljo4- Define the metric, d, on S by

d(ala a2) = Hg’[sx\t,svt] Hp
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By parameter independence of p—wvariation, this metric is independent of

the choice of parameterisation for g.

Lemma 2.1.18. Let g € G, (V) then the set {a € G,(V) : a < g} is homeo-
morphic to a (possibly degenerate) closed, bounded interval in R. Further,

the homeomorphism can be taken to be increasing.
Proof. See Lemma in the Appendix for the proof. O

Definition 2.1.19. Let K < G,(V') be a nonempty set of paths. We say
that IC is bounded above (resp., below) if there exists g € Gp(V') such that,

k< g (resp., g S k) for allk € K. We call such a g an upper (resp., lower)
bound for K.

Lemma 2.1.20 (Supremum). Let S € G,(V) be nonempty and bounded
above. Then 'sup(S) € G, (V) satisfying

1. Forallge S, g < sup(S),
2. If 3g € G,(V') such that Vg€ S, g < g then sup(S) < g.

Proof. Uniqueness follows from (S, <) being a poset. As for existence, let
g € Gp(V) be an upper bound for S, I < R a closed, bounded interval
and ¢ : {a € G,(V) : a < g} — I an increasing homeomorphism. By the
completeness axiom in R, ¢(S) € I has a least upper bound, which we
denote u = sup(¢(9)) € I. Then, sup(S) := ¢ 1(u) € G,(V) satisfies the

desired properties. O
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Definition/Lemma 2.1.21 (The youngest common ancestor). Let g, h €

Gp(V) with i(g) = i(h). Define the youngest common ancestor of g and h
gAh=hnAng:=sup{{eGy(V):£<g, £<h}.
Note that g A h < g,h. We verify the operation A is well-defined.

Proof. S ={¢eGy(V): £ < g, £ < h} < Gp(V) is nonempty and bounded
above so 3!'sup(S) € G, (V). O

Remark 2.1.22. For g,h € G,(V) with i(g) = i(h), g A h € Gp(V) is the
unique path of maximal p—variation (“youngest”) such that g A h < g and

g A h € h “common ancestor”).
Definition/Corollary 2.1.23. Let g,h € G,(V) with i(g) = i(h).
g2(h) € Gyp(V)
s the unique path given implicitly by the equation
g = (g9 ~h)=ga(h).

2.1.3 A metric on unparameterised paths

Lemma 2.1.24 (p—variation inequalities). Suppose z,y € G,(V) with
i(y) = t(z) then the following hold:

1)z = ylp < lzlp + 1yl
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2) lz=ylp = lzlp + lylp,

1-p
3) Nz xylp =277 ([zp + lylp)-

Proof. See Lemma for the proof. O

The following metric reflects the type of path perturbations that we
shall be considering for previsible Lipschitz functions on paths. Loosely, two
paths z,y € G,(V') will be close if they share a significant common history:
namely, * = £ * x9 and y = & * yo with |22, [y2/, small. If z = y * xq, we
consider x a perturbation of y. This is a natural notion of perturbation for
paths and is very different from Cameron-Martin-type perturbations, which

make little sense in our parameter-independent, measure-free framework.

Definition 2.1.25 (The metric space of unparameterised geometric p—rough
paths). Let x,y € G, (V). Recall the decompositions from Definition

valid when i(z) = i(y)
z=(xry)=22(y), Y= (2 Ary)=*y2(z).
Define the function dy, : G,(V') x G,(V') — [0,00) by

, i(z) =i(y),

|7« (i(2) i(y) 'Y, + dary (). i), i(2) #i(y).

dp(x,y) := Hm " yZ(x)’p

See Lemma in the Appendix for the proof that d, is a metric.
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In order to show that (G,(V'), dp) is complete, we first collect some basic

technical results.

Definition 2.1.26. We say a sequence g, € G,(V) is increasing (resp.,

decreasing) if for alln € N g, S gny1 (T€Sp., gn+1 S gn)-

Lemma 2.1.27. Let g, € G,(V') be a bounded, increasing sequence. Then

gn converges.

Proof. Let g € G,(V) be an upper bound for {g, : n € N}, I < R a closed,
bounded interval and ¢ : {a € G,(V) : a < g} — I an increasing homeomor-
n—

phism. Then, since ¢(g,) € R is bounded and increasing, ¢(g,) —— ()

for some g € Gp(V') and hence g, iy O

Similarly, one has

Lemma 2.1.28. Let g, € G,(V) be a decreasing sequence. Then gy con-

verges.

Proof. Let I < R be a closed, bounded interval and ¢ : {a € G,(V) :
a € g1} — I be an increasing homeomorphism. Then, since ¢(g,) € R is

n—

bounded and decreasing, ¢(gn) ——> ¢(g) for some g € G,(V) and hence
9n e g. O
Lemma 2.1.29. Let g, € G,(V) be an increasing sequence with
U :=sup ||gnllp, < +c0.
n

Then g, converges.
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Proof. Choose a parameterised path g : [0,1) — GIP)(V) such that

[g|[0,1—1/n]] =Ggn, Yn=2.

Since p—variation of parameterised, continuous paths is lower semi-continuous
with respect to the topology of pointwise convergence (Proposition 1.8 in
133]),

hmlnf lgnlp < U < +0

so that g extends uniquely to a geometric p—rough path g : [0,1] —
GlPI(V).

Denote g = [g] € G,(V). We hope to show that g, “——> g in G,(V).
To this end, note that for all n we may factorise g = g, * (gn)2(g), where

9n = |8ljo,1-1/n1] and (9n)2(9) = [glp—1/n17]- Then,

n—o0

dp(gn- 9) = [(9n)2(9)lp = |gl1-1/n11], — 0,
as desired. O
Proposition 2.1.30. The metric space (G,(V'),d,) is complete.

Proof. Let gn € G,(V) be a Cauchy sequence. We intend to show that g,
converges. Consider the two cases.

Case 1) Suppose exists N € N such that for alln,m = N, i(gn) = i(gm)-
Fix M € N large so that sup,,> s dp(9ar, gn) < 1 then note the factorisation

gn = (g A gn) * (gr1)2(gn)
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hence

l9nllp < lgnely + dp(gnr, gn) < llgnrlp +1

and therefore U := sup,,cy |gn|p < +00. Denote for all large n
Sn =19 € Gp(V) | 9 i Vk > n) € Gy(V).

Note that i(g,,) € S, # & and that S,, is bounded above (by g;,). Therefore,

we may set
gn :=sup{g € Gp(V) | g S gi, Yk =n} e Gy(V).

Note that g, S gny1 and that |ga[, < |gn]p < U so that, by Lemma [2.1.29
there exists g € G,(V') such that g, — g.

We claim that d(gn, gn) 2%, 0. Assume for a contradiction that the
claim is false: there exists € > 0 such that d(gn, gn) = ¢ for infinitely many
n. Then, by the definition of g, and properties of sup, for each such n there
exists m > n such that g, S gm S gn and d(gm, gn) = /2, contradicting

the Cauchy property.

Finally, by the triangle inequality,

n—ao0

dp(gns 9) < dp (Gns gn) + dp (gnr g) — -

So that g, ——%> g, as desired.
Case 2) Suppose for all N € N there exist n,m = N such that

i(gn) # i(gm)-
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i(gn) € GP/(V) is a Cauchy sequence in a complete space. Denote
g = lim, 0 i(gn) € GPI(V). Then g, converges to the constant path 9,
completing the proof. O

2.2 Rough Integration

We briefly examine aspects of the recently developed rough integration
theory ([34], [35], [43]), making appropriate modifications so as to dovetail
with the space of unparameterised p—rough paths, G,(V). The reader
ought keep in mind that our eventual goal is to develop a class of scalar-
valued functions on paths analogous to Lipschitz functions on Euclidean
spaces. The emphasis here, therefore, is on viewing rough integration as an

operation from paths to scalars, as opposed to from paths to paths.

2.2.1 Polynomial and cocyclic integration

The integration of polynomial one-forms against rough paths is well un-
derstood, see for example [32]. Cocyclic one-forms generalise polynomial
one-forms and were introduced in [35]. They satisfy the property that the
integral of a cocyclic one-form against a rough path depends linearly on the
signature of said rough path. We review the integration of both polynomial
and cocyclic one-forms against rough paths. Cocyclic one-forms will be one
of the building blocks when defining the forthcoming Lipschitz functions
on Gp(V).
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Definition 2.2.1 (Fréchet derivatives). A map between Banach spaces f :
V. — W s called Fréchet differentiable if for all x € V, there exists a
(bounded) linear map V f(x) € L(V — W) such that

)~ J(@) — V@Rl

0.
h—0 A

The map
Vi:V-SLV->W), z-—Vf(r)

is then called the Fréchet derivative (or simply: derivative) of f. Forn = 2,

we define recursively

V=YV

whenever V"1 f is Fréchet differentiable. We say that f is n—times Fréchet
differentiable if V"L f is Fréchet differentiable. If f is n—times Fréchet

differentiable for all n, we say that f is Fréchet smooth.

Remark 2.2.2. A well-known and useful feature of tensor product spaces
is their ability to linearise multilinear maps. Indeed for finite-dimensional

Banach spaces Vi, ..., V,:
L(Vl - L(VQ — W)) = L(Vl () VQ — W)
and more generally

LVt > L(Va > ... L(V, > W)..) 2LV ® - QV, > W).
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A\ We shall make implicit use of such identifications in the sequel. For
example if f: V — W is n—times Fréchet differentiable, we shall view V" f

as taking values in linear maps V& — W:
V.V - LV - W).

Definition 2.2.3 (Polynomial functions). Let n € N. P)(V — W) de-
notes the vector space of degree at most n polynomial functions V.— W.
Namely, q € P(”)(V — W) if and only if q : V. — W is Fréchet smooth
with V" lq = ¢ = 0. If W = L(V — U) for some Banach space U,
we call ¢ a U—valued polynomial one-form (if U = R, simply: polynomial
one-form).
We further denote
PW — X) = PP (W - X) = | J PO - X).

n=0
If X =R, we simply write P (W) and P(W) = PP)(W) for
PO(W — X) and P(W — X), respectively.

Let zp € V then by multidimensional Taylor’s theorem (equation 1.7 in

133])
(z — 20)®F

(@) = Y, (a0
k=0 ’

Integrating polynomial one-forms against rough paths

Suppose that g(x) = 1+ ;_, x* is the canonical rough path lift onto G*(V')

of a piecewise smooth path x; € V. Suppose further that ¢ € P(”_l)(V —
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V*) is a polynomial one-form. We may compute the line integral

t - t _ ®k
[ o= [ atan = X dt [ 2222 wax,

= 2, " (m(g(x)s))mrr1(9(x)se) = Q9(x)s)g(X)s.1,

(2.2.1)

where for the equality (x) we used that ¢*(x,) is symmetric on k—tensors

and that Sym(xi‘?’u) = (xy — x5)®F /KL

Remark 2.2.4. The simple calculation ([2.2.1)) highlights several ideas, which
we informally discuss. A polynomial one-form, ¢, is not in general a closed
one-form. However, upon lifting the path x to a rough path g(x), and the

one-form ¢ to

Q: (V) - L(I"(V) - ),

satisfying for all a,b e G™(V)

n—1
Qa)b:= > ¢"(mi(a))my1(b),
k=0

we shall see (Definition [2.2.7]) that Q is a closed one-form, integrating rough

f szq
9(x) x
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The final observation we make from (2.2.1)) is that additivity of integra-

tion for concatenation of paths: Sg o+ Sh Q= S Q together with Chow’s

gxh
theorem (Theorem 7.28 in [I7]) imply

Q(a)b+ Q(ab)c = Q(a)be

for all a,b,c e G™(V'). The so-called cocyclic condition ([35]). O

Integrating cocyclic one-forms against rough paths

Definition 2.2.5 (Cocyclic one-forms, [35]). We say 5 is a W—wvalued

cocyclic one-form on G™(V) if
pGNV) > L(T(V) = W)
s a continuous function satisfying
B(a)b+ B(ab)c = B(a)be (2.2.2)
for all a,b,c € G™(V). We write f € Q(G™(V) — W).

Remark 2.2.6. A cocyclic one-form g : G"(V) — L(T"™(V) — W) is deter-
mined by its value at one point in space. Namely, if a € G™(V') then the
linear map [3(a) determines 3 (cf. a polynomial is determined by its value

and derivatives at a single point). Indeed, if g € Q(G™(V) — W), then the
algebraic condition ([2.2.2)) ensures

Blab)(e) = Bla) (ble — 1¢))
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for all a,b,c e G™(V). Further, Spang (G™(V)) = T"(V) (see Section 3.3.1.
in [35]) so that 3(a)|gn(v) determines $(a). From this we readily see that
if B(a) = 0 for some a, then in fact 5 = 0.

Conversely, given a covector v* € T™(V) and a € G"(V), there ex-
ists a unique cocyclic one-form g € Q(G™(V)) such that f(g) = v* (see

Proposition 7 in [35].

Definition 2.2.7 (Cocyclic integral). Let 8 € Q(G™(V) — W) be a cocyclic
one-form and g € G,(V') an unparameterised p-rough path with |p| = n.

Define the integral of B against g

J, 5= 600 (0 0))

Example 2.2.8. A simple consequence of Remark and Definition
is that one may represent linear functions on the signature of a rough
path through a cocyclic integral. Namely, if g € G,(V) and v* € TIP/(V),
then we may define 3 € Q(GI?/(V)) by B(i(g)) := v* and we have that

f 6= B(ilg)) (ile) " t(g) = v* (i(9) " () -
g

For the reader interested in the applications of linear functions on the
signature, we refer to [37, B6]. [37] shows that one may well-approximate
certain exotic financial derivatives by linear functions on the signature of
the underlying. This insight combined with tools from expected signa-
tures leads to novel methods of computing risk-neutral prices of derivatives.

The forthcoming work [36] builds on these ideas and shows that one may
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well-approximate dynamic hedges for exotic derivatives using certain linear

functions on the signature of the underlying.

Lemma 2.2.9. Let n € Nxi. Let ¢ € POV — L(V — W)) be a
W —walued polynomial one-form. Then there exists a unique cocyclic one-

form Q € Q(G™(V') — W) such that for all piecewise smooth paths t — x; €

v,
f q =J Q,
x g(x)

where g(x) is the canonical rough path lift of x to G™(V).

Proof.
Existence. Given g € P"")(V — L(V — W)), define Q € Q(G"(V) —
W) by

n—1

Q(a)b:= Z ¢ (m1(a))mpe1(b), forall a,be G™(V). (2.2.3)
k=0

Remark ensures that Q is well-defined. The calculation (2.2.1)) shows

that § ¢ = Sg(x) Q for all piecewise smooth paths, x, in V, as desired.

Uniqueness. Chow’s theorem (Theorem 7.28 in [I7]) ensures that for all
b € G™"(V) there exists a piecewise smooth path x : [0,1] — V whose
canonical rough path lift, g(x), onto G™(V) satisfies g(x); = b. This,
combined with Remark ensures that Q is uniquely determined by
223). 0

This Lemma suggests
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Definition 2.2.10 (Cocyclic lift of a polynomial one-form). Letq e P~ (V —
L(V — W)) be a polynomial one-form. We shall call Q € Q(G™(V) — W),
given by

n—1
Q(a)b := Z " (m1(a))mps1(b),  for all a,be GM(V)
k=0

the cocyclic lift of q.

2.2.2 Lipschitz and y—cocyclic integration

The W —valued cocyclic one-forms on G™ (V') form a finite-dimensional vec-
tor space and are quite restricted. There is a precise sense in which one
can allow a cocyclic one-form to vary slowly along the trajectory of a path
thereby arriving at a richer class of one-forms along a given unparame-
terised rough path. We call these v—cocyclic one-forms — they are greatly
influenced by time-varying cocyclic one-forms developed in [35] and build
upon the notion of Lip” function on Euclidean spaces, which we recall be-
low. See Definition 2 and the subsequent remarks in [34], and Chapter VI,
Section 2.3 in [41] for further details of the Euclidean theory.

Lipschitz functions on Euclidean spaces

We begin with a more classical definition of Lipschitz function on a subset
of a Euclidean space, used in the context of rough path theory. Following

this, we give our definition, which is much more in line with that given
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in Definition 2 of the recent work [34]. Our definition will better dove-
tail with the forthcoming definition of Lipschitz function on a subset of

unparameterised rough path space in Chapter

Definition 2.2.11 (Definition 1.21, [33]). Let n = 0 be an integer and
v € (n,n+1] be a real number. Let K =V be a closed set. For each integer
j=0,...nlet fi: K —L(V® — W) be a function which takes its values
in the space of symmetric j—linear mappings V&I — W. The collection
(fo, f1,---, fn) is an element of Lip? (X — W) if the following conditions

hold: there exists a constant M such that, for each j =0,...,n,

sup [ f7(z)| < M
zekl

and, for each x,y e K, j =0,...,n,

Z f]-i-l x)@l
The smallest constant M for which the inequalities hold is called the
Lip? (F)—norm of (for-- -, fu).

<My -z,

A\The above perspective on Lipschitz functions is not the one we shall
be taking in this work. The below shall be our working definition of Lips-
chitz function — the subsequent remarks will involve a discussion about the

relationship between the two.

Definition 2.2.12 (Lip” functions on Euclidean spaces). Let v > 1, and
K €V aclosed set. We say q € Lip? (KX — W) is a W —wvalued Lipschitz—~
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(Lip") function on K if
q: K- Pwv-w)

s a function satisfying

o = sup  max [Gen(@ R — (e + b
ip? - —

m,x+h€l€ k:O,,l'YJ HhH’Y_kJ
0<|h|<1 (2.2.4)

+sup max Hq’j(m)” < +00.
IEK k:07""L’7J

IfW =L(V - U), we call ¢ a U—valued Lip? one-form over K < V.
We supplement this definition with some remarks:

1.IfzeK,yeV and ke N, ¢, € Pl is a globally defined polynomial
and
a5 (y) = V™) ()

k‘th

denotes the derivative of ¢, at y.

2. Define f : K - W, f : 2z — gy(z). For all z € Int(K), g, is the
degree—|v| Taylor expansion of f about z. Indeed, f determines ¢

on open sets.

3. Our definition of Lip” functions, in particular the perspective of said
functions taking values in polynomial functions, is almost identical to
that given in Definition 2, [34]. The difference being that our norm

(2.2.4)) includes the additional terms involving suprema of derivatives:

sup,ex gk (2)] for b =1,....[y].
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4. Tt is possible to go between the two given definitions ([2.2.11} [2.2.12))

of Lipschitz function. Namely, given n € N, v € R with |y| = n and
(fos--., fn) aLip” (K — W) function in the sense of Definition [2.2.11
define

[ ARk
WKHPWV*WLQMW=Zﬁ@@k@,
k=0 ’

then ¢ is a Lip? (K — W) function in the sense of Definition [2.2.12

Conversely, if ¢ is a Lip? (K — W) function in the sense of Definition

deﬁneforj:O,l,...[’yJ:n,
K-> LV > W), fl(z):=gl(),

then (fo,..., fn)is a Lip? (X — W) function in the sense of Definition
2211

A\ We shall use the terms Lipschitz and Lip” interchangeably.

Integrating Lip” one-forms against rough paths

Definition 2.2.13 (Corollary 43, [35]). Let
lp|+1=v>p=1and KV a closed set. Let

q: K — POV S L(v - w))

be a W—valued Lip?~! one-form on K. Appealing to Definition|2.2.10, we

lift each polynomial one-form, q., to a cocyclic one-form, Q.. Yielding
Q:K - QGP(v)-w), Q:zw— Q,.
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Let g € Gp(V') such m1(g) € K and recall the notion of factorisation of an
unparameterised path from Definition . Define the (level—1) integral
of @ against g

J Q:= lim O (ey)): (2.2.5)

whenever the limit exists.

Lemma 2.2.14. Let |p| +1 >~y >p =1, K <V a closed set and q a
W —valued Lip*™! one-form on K. Let g € G,(V) such that m(g) € K then
the limit exists and coincides with the rough path integral § q(g,)dgy
as defined, for example, in Section 4.3 of [33].

Proof. See Corollary 43 in [35]. O
Definition 2.2.15 (y—cocyclic one-form). Let [p|+1 >~ >p > 1 and let
g€ G,(V). We say that

3 : Hist(g) — QGPI(V) - W)

is a W—walued, v—cocyclic one-form along g if and only if the following

two conditions hold:
i)
1Bl :="sup [IB(E)(t(E))] < +o0.

&eHist(g)

i)

< +00.

8 ‘S%ﬁ(gl) + {4, Blg1 = g2) —Sgg*gsﬁ(gﬂ‘
y = sup

i
E=g1*ga*g3eHist(g) HgQ * g3HP
0<]g2xgs|p<1
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Proposition 2.2.16 (Integration of y—cocyclic one-forms along rough
paths). Let [p| +1 > ~v > p > 1. Let g € Gp(V) and f a y—cocyclic

one-form along g. For each factorisation, Dy = (go, ..., 9m), of g denote

gi+1

m—1
Bi= Y| Blgox-xg).
Dy i=0
Then the following limit exists

lim B=:Lﬂ

|Dg|—0 Dy

and is called the integral of B along g. Furthermore,

Lﬂ - f{goﬁg}ﬁ
L/ﬁ

where C., , < +00 depends only on vy and p.

< CyplBlylglly

and consequently

< Bloligly + Crpl Blyllglp,

Proof. The proof of this proposition follows a commonly-used strategy in
rough path theory which goes back to L.C. Young ([44]) — see for example
Theorem 1.16 in [33]. The main ingredient of which is bounding ’SDQ B ’
independently of D,. See Proposition for the proof. O

Definition 2.2.17 (Lift of Lip”~! one-form to y—cocyclic one-form). Let
lp] +1=~v>p=1and K<V a closed set. Let q be a W—valued Lip”™*
one-form on K and g € G, (V). Appealing to Definition|2.2.10, we define

B(q) : Hist(g) — Q (GlpJ(V) - W) » B(q) €= Qe
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We call B(q) the lift of q to a v—cocyclic one-form.

Remark 2.2.18. y—cocyclic one-forms are more general than lifts of Lip?~*
one-forms. Indeed, ((q) depends only on the underlying path, &, only
through its end point. General y—cocyclic one-forms can fully depend on
the trajectory of the underlying path. This path dependence will be crucial

for the forthcoming calculus theorems in Section [3.4]

The following shows that a cocyclic one-form is a constant v—cocyclic

one-form (cf. a polynomial function is a constant Lip” function).

Lemma 2.2.19 (Consistency with cocyclic integration). Let a € Q(GIPI(V))
and g € G, (V). Define the constant function

8 Hist(g) — 2 (GVI(V)), Blg) == YgeGy(V).
Then for all v € (p,|p] + 1], B is a y—-cocyclic one-form and further

[~

Proof. Let Dy = (go, - .., gm) be a factorisation of g. Then

m—1
[ 0=S[ stower o
Dg i=0 Y9i+1

m—1

> o
=0

gi+1

ZLQ.

Hence Sg B =1limp, |0 SDg B = Sg o, as claimed. O
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Remark 2.2.20. The definition of y—cocyclic one-form should be compared
to that of time-varying cocyclic one-form in [35]. The two are closely related
— but different. Firstly, y—cocyclic one-forms make no reference to time nor
parameterisation. ~y—cocyclic one-forms also make explicit the previsible
dependence of 8 on the underlying rough path. This will be relevant in the
sequel when we study Lipschitz functions, which assign cocyclic one-forms
to collections of rough paths. We shall see also that v—cocyclic one-forms

are compatible with the metric, d,, on unparameterised path space.

46



3 Lipschitz Functions on Unparameterised Geo-

metric Rough Paths

In this chapter, v—cocyclic one-forms are used as building blocks in devel-
oping a Lipschitz function theory on unparameterised rough path space. We
shall see (Theorem that these Lipschitz functions can be realised as
previsible integrals of y—cocyclic one-forms. Further, analogously to their
Euclidean counterparts, these functions form a Banach algebra (Proposi-
tion , satisfy a Whitney-type extension property (Theorem and
separate points (Lemma [3.5.5).

Influence is drawn from Lipschitz function theory on Euclidean spaces
(as outlined for example in Chapter VI, Section 2.3 in [4I]) as well as the
recently-developed rough integration theory of cocyclic one-forms developed
in [35] and [43]. In [35], Lyons and Yang define cocyclic one-forms and their
integration against rough paths. This integration theory generalises that
of the seminal work [32] and, further, comes with a natural product rule.
Subsection in particular directly builds upon this preprint. Indeed, a
cocyclic one-form can only act one one rough path. Lipschitz functions on
unparameterised paths, however, have no such restriction and may act on
a family of rough paths. Further, they maintain the product rule prop-
erty of cocyclic one-forms, whilst enjoying various additional properties,
as outlined in the previous paragraph, namely: a fundamental theorem of

calculus, a Whitney-type extension property and they separate points in
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path space.

3.1 Lipschitz functions on Euclidean spaces

When doing analysis or statistics, it is judicious to find a core of real func-
tions on the space one is working on. Ideally this core should be an algebra
which separates points. We shall see that Lipschitz functions satisfy these
properties — both on Euclidean spaces and on unparameterised rough path
space (see Proposition and Lemma .

Further, an interesting and well-studied property of Lipschitz functions
on Euclidean spaces is the possibility of extending them to the whole space
in the spirit of the classical Whitney extension theorem. Such a property
is of particular relevance in (theoretical) supervised Machine Learning or
Econometrics where one often has a function defined on some subset of data
points which one wants to extend to unseen points. See [I5] for a discussion
relating Whitney extension problems with the interpolation of data. We
shall see that Lipschitz functions on unparameterised paths satisfy such
extension properties (see Theorem .

Making these remarks precise,

Proposition 3.1.1. Let B be a real Banach algebra, I — V a closed set
and v = 1. Then Lip? (K — B) is a Banach algebra.

Proof. See [§] for the definition of product and in particular Proposition

1.10 for the proof. O
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The following is an extension theorem for scalar-valued Lipschitz func-
tions on Euclidean spaces and has its analogue to unparameterised path

space in Theorem [|3.5.2

Theorem 3.1.2. Let K — V a closed set and v = 1. Then there exists a

continuous extension map
& : Lip”(K) — Lip?(V).
Proof. See Theorem 4, Section 2, Chapter VI in [41]. O

Remark 3.1.3. In anticipation of the forthcoming definition of Lipschitz
function on unparameterised path space, we provide an alternative descrip-
tion of Lipschitz functions on Euclidean spaces.

Let K < V be path-connected, v > 1 and ¢ : K — Pl7 J(V — W) be a
measurable function. For j < || and z € K denote fJ(z) := ¢l(z). Then
g € Lip?" (K — W) if and only if

|f*(z +h) — — S (02)" 1
sup max =

0<|h|<1

+sup max | f¥(z)| < M < +oo,
$€’Ck 07 7|.J

where hy is any continuous path in K joining x to  + h. As (¢.)**! is an
exact one-form, the above expression is independent of the choice of hy.
Furthermore, by choosing the optimal such M, one arrives at an equivalent

norm on Lip” functions.
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3.2 Lipschitz functions on unparameterised path space

Definition 3.2.1 (Closed under histories). We say that a set K < G,(V)
is closed under histories if for all g € K, Hist(g) < K.

AHenceforth, fix £ < G,(V) a nonempty set of paths closed under
histories. p,~y € R shall be constants satisfying p > 1 and v € (p, |p| + 1],
unless otherwise stated.

Recall that Q(G™(V)) is the linear space of R —valued cocyclic one forms
on G™(V) (Definition [2.2.5)).

Definition 3.2.2. Let |p| +1 > v > p = 1. Denote by Lip” (K — R) the

R —linear space of pairs of functions (f, V f)
FiKoR, VK- (GlPJ(V))

under pointwise addition and scalar multiplication, satisfying

1
* h) — - (v
VPl = sp SO IO -RYIOL
g,9%helC Hth
{o<hg3<1}
(g)=i(n)
2
17 = sup| f(g)]| < +o0,
gex
3.

IV flloo := Sup IV (g)(tg), )] < +o0.
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Define | (f, ¥ f)lLipr := |(f, VAL, + [ Flloo + [V [0
We emphasise that for g € IC, it holds that W f(g) € QG™(V)) and
hence WV f(g)(t(g),-) € T™(V)* by the definition of cocyclic one-form.

Example 3.2.3. Let p € [1,2) and x € G,(V). Let ¢ : V — R be a C112
function for some « € (p — 1,1]. Namely, ¢ is continuously differentiable

and V is uniformly a—Ho6lder continuous. Define

£ Hist(x) — R, f(x) = p(t(x)),
WV f : Hist(x) — QG'(V)), V/f(x):= Ve(t(x)).
Then the pair (f,Vf) is a Lip'™®—function. Indeed, boundedness of f

and V¥ f respectively follow from continuity of ¢ and V¢ together with the
fact that x has compact image in V. Further, if g,g * h € Hist(z) with

tlg) = i(h),
Fg=h) ~ flg) - f /(o)
= ‘so(f(h JVso
2 Ve (tg) + At(h) — H9)) - ((h) — H(9))
~ Velt(9)) - (t(h) ~ )|

< [Vela - [AER) = tg)[* - [ t(h) — t(9)]
= A Vela - | t(h) = tg) ]+

< A Vela - [Rl*,
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where A € (0, 1) arising in (%) is from the mean value theorem. Hence,

(£, V) |11a < |Ve|a < +o0 as desired.

See the forthcoming Example [3.4.17|for a more subtle example of a Lip”

function.

Remark 3.2.4. Condition 1. may be equivalently written

W) = S VI @ A ) = F(@) + 5,y VI A )
sup
geK dp(xy y)'y
z,y€B(g,1)
i(z)=i(y)

where B(g, 1) denotes the ball of radius 1 about g in (G,(V),dp).

< 400,

Condition 1 in Definition can be thought of as Holder—v uniformly
on balls of radius 1 — this together with boundedness of f and W f imply a
global Holder—~ condition:

Proposition 3.2.5. Let (f,V f) € Lip”(K — R) then

s [f(g=h)— flg)—§, Vf(g)|
{g,g*helC} HhH;

< max (|(f, V), 2 f o + [V Fleo) -

Ill>>0
t(g)=i(h)

Proof. When ||h[, < 1, the supremum is bounded by |(f, W f)|,. Suppose
that |[hl, > 1, then

|fg=h)—flg) =5, VI(g)
[hllp

[V fllo IRl
2]

< 2|flloo + IV £l

<2|flleo + 1V flleo

<2 fle +
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since 1 — < 0 and ||h[, > 1. O

We prove now that the | - |, seminorm of Lip functions is lower semi-

continuous with respect to the topology of pointwise convergence.

Lemma 3.2.6 (Lower semi-continuity). Let (f,, V f,)n=0 be a sequence

in Lip” (X — R) which converges pointwise to (f, VY f). Then

Proof. If liminf,, e |(fn, ¥ fy)|y = 400, there is nothing to show. Else
|(f, V)], < +00: choose € > 0 and let g, g = h € KC such that

|f(g=h)— flg)—§, Vi(g)
[

= ’(favf)H_E'

By pointwise convergence,

. ’fn(g*h)_fn(g>_ghwfn(g)’ |f(9*h)—f(g)—Sth(9)‘

lim =
n—>0 171 T
= |(f7vf)‘7 - &
The result follows by letting € — 0. O

Equipped with this lower semi-continuity result, we show completeness of

the space Lip? (K — R).
Proposition 3.2.7. Lip? (K — R) is a Banach space.

53



Proof. Let (fn, ¥V fn)n=0 € Lip?(K) be a Cauchy sequence. Then f, and
WV f, are uniformly Cauchy and hence converge uniformly to bounded func-

tions f: K = R, Vf: K — QGP/(V))

fo 5 £ V5

By the lower semi-continuity result in Lemma |3.2.6

|(frs Y fn) = (f; Vf)"y < lgn_)io%f |(fr, V fr) — (fmavfm)"w

which can be made arbitrarily small by taking n large. Therefore ||(f,, W f,)—
(f, Vf)|Lip» — 0, as desired. 0

Proposition 3.2.8 (Embeddings of Lip? spaces). Let p’ = p = 1 and
e @, ||+ 1],y e |p] + 1] with~y" = ~. Let K < Gp(V), K' < Gy (V)
with K = K'. The restriction map R : Lip” (K') — Lip"(K) is linear and
bounded.

Proof. Let (f,Vf) € Lip”(K'). Since K < K/, K < |If]ooxr and
IV floox <V f|ooxr- Let g€ K and h € K with t(g) = i(h) and |h[y <1
then

flgwh)— fvf ] 1eA 221 ™1
< £ PR3,

where for the last inequality we’ve used that [|h[, < k|, if ever p’ > p.

Hence |(f, W.f)|Lipr < |(f, W)
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3.3 Fundamental theorem of calculus

The main result in this section is Theorem Here, we demonstrate
that Lip” functions on unparameterised path space can be represented as
integrals against appropriate y—cocyclic one-forms. Namely, if f € Lip”(K)
and g € K < Gp(V) then there exists C' = C(go) and a y—cocyclic one-form,
B, such that

ﬂm=0+La

This result can be interpreted as a measure-free analogue of the celebrated
Martingale Representation Theorem to unparameterised rough paths. In-
deed, it demonstrates that one can represent f(g) by integrating a suitable

~v—cocyclic one-form along g.

The following technical lemma will allow to connect Lip” functions with

~v—cocyclic one-forms.

Lemma 3.3.1. Let (f,Vf) e Lip?”(K — R). Let g = g1 * g2 * g3 € K with

91,92,93 € Gp(V) and |g2 * g3|p < 1. Then

Vf(g1#g92) — | Vf(g1)

g3 g3

<3[(f, V)l ]g2 * g5

Proof. Recall |f(g=h)— f(9)—§, Vf(9)| < |(f,Vf),||h|} and that co-
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cyclic integration is additive for concatenation of paths. Then

Vf(g1#g92) — | Vf(g)

g3 g3

Vi g) + | Vi) - f V(o)

g3 g2 g2%9g3

V(g1 % g2) — (Flg1 % g2 % g5) — Flon s 92»\

g3

+

V(o) — (Flgs # gn) — f(gl))‘

g2

+ ‘(f(gl * g2+ g3) — f(g1)) — V f(g1)

g2%g3

<I(£, V) - (lgsly + g2l + g2 = gs]7)

<3[(f; V)l - g2 = g3l

as desired.
Let g € Gp(V). Recall the history of g
Hist(g) = {¢ € G,(V) : € < g}.
Corollary 3.3.2. Let (f,Vf)e Lip"(K - R) and g K. Then
Vi) + Hist(g) — @ (GI(V))
18 a y—cocyclic one-form along g.

In light of this Corollary,
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Definition 3.3.3. Let (f,Vf) € Lip"(K — R) and g € K. Appealing to
Proposition |2.2.16, we define

L v/ - L Y flisin(o

Theorem 3.3.4. Let [p| +1 > ~v>p =1, K < Gy(V) be closed under
histories and (f, VW f) € Lip” (K — R). Then for all g € K

£(9) = f(0) + f v
g

Proof. Introduce the notation Ers(g,g * h) := f(g * h) — -5, Vf(g
for the error term. And, note the bound |Ers(g, g * h)| < |(f, Vf)| Hth

Let g € K and DY = (go, ..., gm) a p—rough path factorisation of g with
go =1i(g). Then

f(g)=f(90)+2(f(go*"'*gz')—f(go*"'*giq))
fg0 +Z Vfgo* coxgin) + Y Brp(go % gina,go ek gi)-
i=1

Since v > p, the error terms vanish as one refines the partition:

"'*91'71,90*"'*91

m Dy |
<YV - gl =2 0.
i=1
And, from Definition [3.3.3
Dgy|—0
Z Vg fw
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Combining these

|Dg‘_’0

f(g) = Tim (flgo)+ Y | Vflgox---xgi1)
i=1v9i

+ > Ers(go* - * gio1,90 *"‘*gi))
=1

=f@ﬁ+LVﬂ

as claimed. O

Example 3.3.5. Taking ¢ : V — R a C*® function, x € G,(V) and
(f,Vf) € Lip!™ as in Example the above theorem reads like the

usual first fundamental theorem of calculus on Euclidean space:

p(t(x)) — (K f(x0)

X)) = f(x) —
[
= fx V.

The following is a partial converse to the above Integral Representation

Theorem [3.3.4]

Lemma 3.3.6. Let [p|+1 >~y >p =1, K < Gy(V) be closed under

histories and

Vf:K—QGPPv))
a function satisfying
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IV flloo := sup [V f(g)(t(9), )] < +e0,

gE

5, Vil g2) =5, Vf(0)
sup

g=g1%go%g3ek lg2 * g3”27/
0<[lg2#gsllp<1

< +00.

Appealing to Proposition[2.2.16], define the scalar function

f:K—->R, f(g9):= lim Z Vf(gg*---*gi)=JVf.
g

|Dg|—0 gi€D, ¥ Ji+1

Then, as a pair, |(f, V f)|, < +o0.

Remark 3.3.7. A pair (f, ¥V f) generated as above will not always be Lip?

as f may be unbounded.
Proof. Given g € K define

B : Hist(g) — QGPI(V)),  B(&) :== Vf(©)

£)=L6-

Conditions 1. and 2. ensure that 8 is a y—cocyclic one-form. Hence by

- Lﬁ(w)

C%p|ﬂ|v”yH;7

so that

Proposition [2.2.16

flasy) - jw

so that |(f, W f)], < +o0, as desired. O
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3.4 Differentiation theorems and algebraic properties
3.4.1 Algebraic preliminaries

We show that the Lipschitz functions on paths form a Banach algebra under
pointwise products and a perturbation (p > 2) of the Leibniz rule. We first

discuss some of the product structure of rough paths. Recall shuffles and

the shuffle product — Definitions [1.2.5| and [1.2.11}

Definition 3.4.1 (Shuffle product of projections). Given i € Nxg, recall
7 T((V)) — V® s the projection onto i-tensors. The shuffle product of
s a commutative, associative product yielding a

the progections m;,, ..., i,

linear map
Ty W W7rg, T((V)) - V®i1 & ®V®ik7

T W wm, ()= > gom i ()
UESh(il,...,ik)

The following Lemma tells us that we may linearly approximate
polynomials of the increment of a rough path up to high order. The forth-
coming maps .27 will play an instrumental role in the product and chain

rules for Lip” functions when v > 2.

Definition 3.4.2 (The linear maps ). For k,n € N> define the linear

map

AL TV) > T V)E, gl ive— Y m W Wiy, (v).

in 4o,
U1yl 21
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Lemma 3.4.3 (High-order linear approximations to products). Let p > 1

if a € GIPI (V) c TPV then

(a—1)®k—£%klpja = Z i (0)®...Qm,(a) € D VOIR. . .V
i1+ +ip>|p] i1+ +ig>|p)
1,1, <[ D) i1,k <|p]

where 1 € GIP)(V) denotes the unit in the group.

Proof. Let a € GIP(V) < TIP(V). If the covectors vie (VOUY* j =

1,...,k with iy + -+ + i, < |p| and i; > 1 for all j, then by the grouplike

property
vi(a)...vi(a) = (viw---wvy)(a).
Consequently,
iy (a) @ @, (a) = (my W--- W, )(a).
Therefore

|p]
@-1D% = > m(g® - @ma)

B1yeeylp=1
= ) (muwewm) @+ Y, m(a)®...®m,(a)
i1+-+ig<|p), 144> p)
1yt =1 i1yt <|P)
- k[pja—{- Z i (0)®...Qm, (a).
i1+ +ig>|p|

Rearranging this, we see

(a—1)®k—42fk[pja = Z i (0)®...Qm,(a) € P VOILR. . @V,
i1+ +ig>[p) i1t tip>[p)
i1yt <| D) 1,1 <[ D)
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as desired. n

Definition 3.4.4. Set for k,n > 1
Ck,n:Z#{(il,...,ik)ENk:il—i—'”-l-ik >N, U1y...,0% <n} < +00.

Corollary 3.4.5. Let h € G,(V') with |h], <1 and denote
a:=i(h)~'t(h) e GIP/(V). Then,

H%lpja —(a— 1>®k” < Crpy - By - [BIWY,

where Cy, |, is given as in Definition and B, < +o0 is a constant
dependent only on p.

Proof. Recall by Lyons’ Extension Theorem (Theorem [2.1.5) that

A1 :
Imia)[ver < BPW < Byhl,,

where B), < +0 is a constant dependent only on p. Then, by Lemma

H%ija —(a— 1)®kH - Yo m@)®...@m,(a)
i1+ i >|p)
i1,k <] p]

N

Z Bp . Hh”;ﬁ +ig

i1+ +ip>|p|
i1,...,ikS[pJ
< Crypy - By - [,

as claimed. ]
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The following is another technical lemma required for the forthcoming

product and chain rules for Lip” with v > 2.

Lemma 3.4.6 (Linearly approximating products of integrals). Let |p|+1 >
y>p=1,keNandB,...,0 € QGPI(V)) R—valued cocyclic one-
forms. Let h € G,(V') with ||hl, < 1. Denote

a:=i(h)~ t(h) e GIPI(V)

then
k k
‘(H |, /%) - (@wh))) ()| < 1Bl 1Bel - By - Ci I,
i=1 i=1
where |B; := HB,;(i(h))HL(TlpJ(V)_)R) and the constants By, Cy, |, are given

as in Corollary[3.4.5

Proof. First observe that if 3 € Q(GP(V)) then S(a)l = 0 for all a €
GIPI(V). Then, directly calculating

k
(]_[f &) = [51(i(1) ®- - ® Br(i(h))] (a — 1)®*

k
- <(>_<>5i<i<h>>) (a =1
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Hence, appealing to Corollary

(£10,%) - (&) ()
k

(@ @(i(h))) (e (a— 1)2%)
=1

<181l 18ell - By - Ci IR
< Bl 1Bkl - Bp - Cre 1],

as claimed. ]

3.4.2 The product rule

Definition 3.4.7 (Products of Lip” functions). Let |p|+1 >~y >p > 1 and
K < G,(V) be closed under histories. Let (f1,V f1), (f2, V f2) € Lip? (K —
R). Define their product: (f1- fa, ¥ (f1- f2))

fi-fo: K—=R, V(fi-f2): K- QG (V)

by for all g € K and v e TPI(V)

(f1f2)(9) := fi(9)f2(9)
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and

V(f1/2)(9)(t(9), )
= f1(9) - Y 1a(9) (t9),v)
+ fa(9) - V fi(g) (t(g), V)
+ [V i(9)(t(9).) ® Vha(g)(t(9), )] (")

where %LPJ - TNV — TN (V@2 s the linear map defined in Definition
[3-4-2

Remark 3.4.8. If 1 < p < 2, then |p] = 1, %' = 0 and the above product

rule reads like the usual Leibniz rule:

V(fif2) = iV fa+ f2V fi.

Proposition 3.4.9. Under the definition of product from Definition
the Banach space (Lip”(lC —R), |- Lipw> is a Banach algebra. Namely,
if

(/1. Vf1), (f2, ¥V f2) € Lip”(K — R)

then
(fl . f2, V(fl . fg)) € L1p7(/C - R)

Furthermore, there exists a constant C), > 0 dependent only on p such that

[CFr - fo, V(1 - ) [ipr < Gl (F1, VD) [Lipy - [ (f2, W f2) [ Lip7-
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Proof. Denote f := f1 - fo and Vf := V(f; - f2). Note that

[ flloo = sup|fi(g)f2(9)] < [l filloo] f2]lo0
gex

and

IV flloo = sup [V f(g)(t(g),-)|
gekl

< 1Al IV ol + 12l W frlo + |8 | 10 i 9

It remains to control |(f, Wf)|,. To this end, let g,g * h € K with
|h], <1 then appealing to Lemma (with k£ = 2) and the definition of

Lip” functions

‘f(g 1)~ 1(g)

— f1(g) - (fa(g * h) — fa(9))
— fa(g) - (fi(g = h) — f1(9))

- [vat)- | vmg)] < Ol (F1s ¥ ) g - (s W0 )i [

hence

'f(g «h) — f(g9) — LVf(g)‘ < Cpll(f1, Vf1) [Lip - [(f2, W f2) |Lipr |1}

and therefore |(f, V f)|, < Cpll(f1, Vf1)|Lip> - [(f2, ¥ f2)||Lip7, as desired.
O
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Lemma 3.4.10. Let B be an algebra with ¢ : B — [0,00) a norm such that
forall z,ye B

o(zy) < Co(x)o(y),

where C' > 0 is independent of x,y. Then there exists an equivalent norm,

/

o', such that

d (zy) < o' ()d ().

Proof. Define ¢ := Cop. O

Consequently, there exists an equivalent norm on Lip? (K) making it a

Banach algebra.

3.4.3 The chain rule

Definition 3.4.11 (Vector-valued Lip” functions). Let W be a finite-dimensional,
real Banach space. |p|+1 =~ >p > 1. Lip"(K — W) denotes the Banach

space of pairs
fiK—W, Vf:lC—»Q(G[pJ(V)—»W>
such that for all w* € W*,
(w* o f,w* o Wf) e Lip” (K — R).

The norm on Lip?" (K — W) is given as in Definition but with all

instances of | - |r replaced by | - ||w.
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Definition 3.4.12 (Post-composition with regular functions). Let |[p|+1 >
y>p=1and V,W, X be real, finite-dimensional Banach spaces. Let
u: W — X be |y|—times differentiable and let

FiK W, Vf:KHQ(G[pJ(V)HW>

be functions. Define the post-composition of (f, VW f) with u as the pair
(wo £, W (uo f)), where

wo fi1K—X, wuof:igeu(f(g)

and V(uo f): K —Q (G[pJ(V) — X)) with for all ge K and v € TlPl(v),

Rk
V(uo f)g) Z rul(o) 1 (VI H0) .
(3.4.1)
with szk[pj as defined in Definition .

Remark 3.4.13. If 1 < p < 2, then |p| = 1 and &' = Id. Therefore, the
above composition rule reads like the usual chain rule on locally Euclidean

spaces:

V(uo f)(g) = Vu(f(9))V f(g).

Definition 3.4.14. Denote by C?Y(W — X) by the Banach space of |y|—times
continuously differentiable with bounded derivatives and [’thh derivative

(v — |v])—Hélder continuous. This space has norm

1]
[ulorw—x) = Y IVl + [V0h|
=0 7=l
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where for a.€ (0,1], | - | denotes the a— Hélder seminorm.

Proposition 3.4.15 (Chain Rule). Let [p] +1=>~v>p>1and VW, X

be real, finite-dimensional Banach spaces. Let
FiK—wW, Vf:KHQ(GlpJ(V)HW)

satisfy |V fleo, |(f, Vf)|y < 400. Suppose u € CY(W — X) then under
the definition of composition (Definition ,

(uo f,V(uo f))eLip”"(K — X).
Furthermore, we have the following bounds
1 fuo fllo < fufo,
2 [W(wo e < N, V5l IV F1E ],

3. ’(uo fi¥W(uo f))’,y < Cpip) - Bo - (luller = [ulw)) - C(f), where

)

C(f) i= max (IV floo + (£, V), IV + (£, V).

In particular, there exists a constant Cp, < +00 dependent only on p such

that

[(wo £,¥ (w0 )y < Collulcrmax (1Nl +I(£, V1) IVFIL+HVHR).

Remark 3.4.16. In the above, we do not impose || f|o < +00.
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Proof. |uo fllo < |uleo < 400 is immediate. Likewise

v ®k
3 Vrulto) g (Vi@ ) e

k=1

[V (uo f)le = sup
ge

gl
1
< ) VP Ul |V A )] < 4o,
k=1 )

It remains to control ’(u o f, V(u o f))! . To this end, recall the nota-
tion Er¢(g,g*h) := f(g*h)— Sh W f(g) for the error term. And, the
bound [Exy(g, g h)| < |(/, wm B[ Then let g,g % h e K and |A], < 1

then by Taylor’s theorem

* h) — ®k
u(f(g*h)) Z VEu( (f(g )k' f(9))
' X
Clots,l L M@En) — f@)ly
h -1 ]!
_ ot L )+ Erpgig e )|
= Ve -l ! L 9 r7(9,9 .
_ 1

< Vl’YJu vl o1, W . (HVngo T ’(f, Vf)m)“huz

From the identity

f(g#h) — f(g) = fh Vf(g) + Ers(g, g+ h)

and the binomial theorem, we obtain the bound
k o
'(f(g en - 1)~ ([ w10
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Further, denote v = i(h)~! t(g), then, by Corollary

(L Vf(g))®k ~ V £(9)(t(9)®" "y

< IV 15 - Crypy - By - 1]}
Then, by the triangle inequality,

|79+ 1)=1(9)®* = W (9 (t(9), )]
< g By- (19510 + 1(.9)1,) - 1113

From which we see

1] % h) — k
ZVkU(f(g))(f(g h I —fhwof)(g)

k!
X
2 Vk: (g * h) Z vk f(g)(;$9)7 ')®k szklpJV
k=1
1] k :
Z By - [VFull o (I(ﬂ Vil + HVfoo> IRl (%)

Combining (*) and (%) using the triangle inequality, we find

H (f(g=h)—u(f fVuof
< Clypipl - By - Il max(r|w\\oo+|<f,w>|w VA + 1 HR) - bl

Set Cp = Cp|,|p| - Bp, then we see that

ICEFAICENIN
< Clpyip) - By lullem - max (I flo + (£, W )y IV A12 + (£ VHR)
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as desired. n

Example 3.4.17. Let A : V — C7"(W — W) be a linear map into C”
vector fields on W. Let g € GQ,([0,1] — V') be a geometric p—rough path
and yf € W the solution to the rough differential equation (in the sense of

Section 10.3 [17])

dyf = A(y{)dge, yg =xzeW.

Denote by m4)(+, ") the corresponding It6 map, namely 7(4)(z, gl[o,¢]) = ¥f
for all t € [0,1], x € W. T(A) (x,-) is parameter independent and so is well

defined on the quotient
Ty (2, ) 1 Gp(V) = CP77([0,1] = W)/ ~ .

We claim that if u € C7(W — R), then g — u(m4)(z,g)) can be made into
a Lip?(G,(V)) function.
Friz and Victoir (Corollary 10.15 in [I7]) assert that

|7y (25 gli0.9) — Ty (@, 9l[0,5]) — Eay (T(a) (@, gl[0,6])5 9s.0)]|

<C(,p) - A7 - llggs,g s

(3.4.2)

where the continuous, bounded map 4y : W — L(TP/ (V) — W) is the
high-order Euler scheme operator (Definition 10.1 in [17]).
Now, let w e C)/ (W — R) and define the pair

FiGy(V) >R, Vf:Gy(V)— QGPI(V))
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by

f(g) == u(ma (2, 9)),

7] oz a). \&F
Vf(g)(t(g),v) — Z vFEu (W(A)(l',g)) g(A) ( (A)kf‘ . 9)s ) JkalpJV
k=1 ’

The estimate together with boundedness of the high-order Euler
scheme operator &4 ensure that (f, W f) e Lip?(Gp(V)).

Since products of Lipschitz functions are again Lipschitz (Proposition
, we may build more exotic Lipschitz functions by considering prod-
ucts of solutions to rough differential equations, possibly composed with

smooth maps.

3.5 A Whitney-type extension theorem

In this section, we prove a Whitney-type extension property (Theorem
for Lip” functions on unparameterised paths. A corollary is that
Lip” functions separate points (Lemma .

The following technical lemma will be required in the proof of the forth-

coming extension theorem.

Lemma 3.5.1. Let K < G,(V) be topologically closed and closed under
histories. Let g € Gp(V') be a path such that the constant path i(g) € K.
Then

gAK:=sup{gnk|kek, i(k) =i(g)}

is well-defined and g A K € K.
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Proof. Denote S := {gnk | ke K, i(k) =1i(g)} < G,(V). Since gak < k for
all k € K and K is closed under histories, S < K. Further, i(g) € S # ¢ and
S is bounded above by g. Hence, by Lemma Isup S = gAK e G,(V).
And, since K is topologically closed, g A K € K, as claimed. O

Theorem 3.5.2 (An Whitney-type extension theorem). Let |p|+1 >y >
p =1, X a finite-dimensional Banach space and K = G,(V') be topologically

closed and closed under histories. Then there exists a map
€:Lip’ (K - X) — Lip"(Gp(V) - X),  &:(f,Vf)— (£, V(ES))
such that

ENle=1f and (V(ES)) |k =V

Furthermore, we have the bound

LT EN sy < - (mase (I VPl 1 V) ) +1).
where C = C(d,p) < + is a constant depending only on d = dim(X) and
p.

Proof. We construct the extension in two stages: first by building an un-
bounded extension (f, W f) and then appealing to the Chain Rule (Propo-
sition to appropriately cut off f so as to make it bounded.

Stage I. Define V£ : G,(V) — Q(GI?/(V) — X) by

Vf(gAK), ig) ek,

0, i(g) ¢ K.

Vfg):=
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Note that (Vf)|x = Vf, [Vf]|ex = [V f|x and that Vf satisfies the
hypotheses of Lemma [3.3.6] Consequently we may define

_ Vf, i K,
(g) = flgo) +§, V[, ilg)e
0, i(g) ¢ K

and |(f, Vf)|, < +o0. From Theorem flc=1f
Stage II. Since |f|s < +o0, set R := ||f||c + 1/2 and note that
Ball(0, R) = Image(f). Then choose some u € C*(X — X) such that

® uan(o,r) = IdBai(o,R)
o |uloo < [floo + 1,

o |ulotvi—lullw = ,L::JJIA IVFu| o < Cg, where the constant Cy < 400

depends only on d = dim(X).
Appealing to Proposition we define
(£.9(En) = (wo £¥(wo ) € Lip(Gy(1) - X)
and obtain the bounds
L fuo fleo < [fleo + 1,

2. [W(uo s < Ca- Clpyppy - max (W £, W12

3. ‘(uof,V(uof)‘7
< Clppip) - By - Camax (|V flloo + |(f, V1) 5, [V flI5 + 1(F, V) -
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And, since

u|1m(f) =Id & VU|Im(f) = Id,

we have that
ENlk=f & (V(Ef))Ik=VF,

so that (£f, V(€ f)) indeed extends (f, W f). This together with the bounds
1., 2., 3. yields the claimed result. ]

Next, we show that Lip” functions separate points, but we first present
two technical lemmas. Recall from Definition that X(g) e T((V))
denotes the signature of the rough path g € G, (V).

Lemma 3.5.3. Let g € G,(V') with X(g) = 1 and |g|, > O then there exists

a decomposition g = g1 * g2 with g1, g2 € Gp(V') such that X(g1),X(g2) # 1.

Proof. Pick a parameterisation of g. Then, since [g], > 0, there exists
t € (0,1) such that g; # go. Set & = [9|[o,t]]7 & = [g][m]]; we claim that
the factorisation g = £ = & satisfies the desired properties. Indeed, since
gt # 9o, X(&1) # 1. Further, since X(&;) X(&) = X(g) = 1, it holds that
X(&2) # 1, completing the proof. O

Lemma 3.5.4. Let N e N>y, 1 < p < N and a € QGN(V)) a cocyclic
one-form. For all g € G,(V'), define

B : Hist(g) — UGYI(V)),  BE)(H(E)) := at(E™)) vy
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Then 8 is a (|p| + 1)—cocyclic one-form along g and furthermore

Lﬁ:LNa.

Proof. See Lemma [A.T.7)in the Appendix. O

The following lemma demonstrates that Lipschitz functions separate
points in G,(V). The significance of this lies in the fact that the fun-
damental transform of rough path theory, the signature, fails to separate
points which differ by so-called tree-like pieces (see Theorem 1.1 in [6]).
Indeed, consider the 1—rough path

t, te[0,1],
x:[0,2] - R, x4 =

2 ¢, tell,2]
A direct calculation shows that x has trivial signature, namely X(x) = 1.

Therefore, the signature does not separate x from a constant path.

Lemma 3.5.5 (Lipschitz functions separate points). For all z,y € G, (V)
with © # y, there exists v > p and (f, V f) € Lip?(Gp(V) — R) such that

f(x) # f(y).
Proof. Suppose z,y € Gp(V') with  # y. By Theorem m, it suffices to
construct a Lipschitz function (f, W f) € Lip? (K — R), with K = Hist(x) u
Hist(y), such that f(x) # f(y).

If i(z) # i(y), define Wf = 0, f(i(x)) = 0, f(i(y)) = 1. Then f(z) #

f(y) and we are done.
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If i(z) = i(y) then without loss y 2 (z A y) and we can (Lemma |3.5.3)
factorise y = y; * yo such that y; 2 x A y and X(y2) # 1. Thus for
sufficiently large N € N, X<V (y5) — XSIPl(y5) # 0 s0 we may by the Hahn-

*

Banach Theorem choose a covector v* € TV (V)* such that V| 7ipi vy = 0

and v* (XgN(yQ)) = 1. Define the cocyclic one-form a € Q(GN(V)) by
a(i(yz)) := v* so that

JN a=v*(XSNV(p)) = 1.

Appealing to Lemma choose a (|p] + 1)—cocyclic one-form along ys,
(3, such that

f o= 5.
vy 2

HDeﬁHe V fluistz) = V fluist(y) = 0, Vf(y1 + &) = B(§) for all £ with
y1 *& Sy and f(g) = Sg WV f for all g € K. Then, by Lemma with
v = |p| + 1, the pair (f, V) € Lip” (K — R). Further, f(z) = 0 and

f(y):LVf:LM B () =1,

so that f(x) # f(y), as desired.
[

This final corollary of the chapter ties together several of the above

"This is well-defined at yi. Indeed, Wf(y:1)() = a()lpwiy = 0, since
a(t(y)|riervy = V¥lpeivyy = 0 and a cocyclic one-form which is zero at a point is

zero everywhere — Remark @
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results to show that Lipschitz functions are uniformly dense in continuous

functions on compact sets of unparameterised rough paths.

Corollary 3.5.6. Assume further that K < G,(V) is compact. Then
Lip7(K) is uniformly dense in the space of continuous functions C(K — R)
in the sense that for all e > 0 and F € C(K — R), there exists (f,Vf) €
Lip?(K) such that |F — | < €.

Proof. Lip”(K) contains constants, is an algebra (Proposition [3.4.9) and
separates points (Lemma [3.5.5]). Appealing to the Stone-Weierstrass theo-

rem, the result follows. O
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4 The Expected Signature of the Bilaplacian

Given a constant coefficient, elliptic operator on a finite-dimensional Ba-
nach space, V, Levin and Lyons ([27]) obtained the associated expected
signature through a convergent net of expected signatures in 7'((V)) =
[ Tien V@ under the product topology. We specialise to the operator
L = —A? and show convergence of the same net of expected signatures
in a stronger topology: see Theorem [1.6.2l The forthcoming Chapter
is devoted to understanding some of the implication of this result, culmi-
nating in quasi-probabilistic representations of some high-order parabolic

semigroups.

The reader shall see that the specialisation to —A? is for simplicity.
Indeed, the key properties of the constant coefficient operator elliptic op-
erator that are used in the proof of Theorem is the existence of
a Schwartz class translation invariant heat kernel, p(-,-), integrating to
1, with subexponential decay and the consequent sub-factorial moment
bounds on §®¥p(1,z)dr — see Lemma m Heat kernel bounds for high
order elliptic operators is a delicate topic, but simplifies in the constant
coefficient case. If L is a self-adjoint, constant coefficient elliptic operator
of order 2m on a d—dimensional Hilbert space with heat kernel p(-,-), one

expects small time (¢ < 1) bounds of the form

Ip(t, )| < c1exp <—c§ . HxH2m/(2m—1) _t—l/(2m—1)) .
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See Theorem 2 (d < 2m) in [II] and Theorem 1 (d > 2m) in [2] for the

precise statements.

4.1 Prerequisite material
4.1.1 Real harmonic analysis

Henceforth, we suppose further that V' is a (finite-dimensional) Hilbert
space with inner product -, -), norm ||-| = (-, Y%/2, d := dim(V') < +00 and
shall make implicit use of the standard Hilbert space identification V =~ V*.
As before, we equip tensor powers of V with the projective tensor norm.

We refer to [13] for further details on real harmonic analysis.

Definition 4.1.1. Ifa = (a1,...,aq) € N is a multi-index and ¢ : V — C,

a . 01 aq
then we define x% := z{" ... x," and

olaly

D% i = ———
14 oxit ... ozt

where |a| = aj + -+ + aq.

Definition 4.1.2. Let eq,...,eq be a basis for V.. The Schwartz space on
V, S (V), is the Fréchet space

FS(V)={peC®V - C):|¢las < +0V a, 8 € N},
where |]la,5 1= sup,ey [2*DPp(x)|.
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Definition 4.1.3. We denote by .#'(V) the space of tempered distribu-
tions. A linear map f: (V) — C is in 7' (V) if an only if

lim f(nk) =0 whenever lim n, =0 in L(V).
k—o0 k—o0
We denote the action of f € .7 (V) onne (V) in one of three ways:

fn) = (fomy = fv f(@yn()d.

Definition 4.1.4. Denote by I";%ly(V) the algebra of smooth functions f :
V — C for which there exist C, N > 0 such that |f(x)| < C(1 + |z|V).

Remark 4.1.5. Let dz denote the Lebesgue measure on V. We shall implic-

itly embed various function spaces into .#/(V').
X — (V)
o (0 [ et@staae), voe s,

where for example X = .7 (V), WFP(V,dz), C%

poly OF subspaces thereof.

Properties of .7 (V) and .7/ (V)
1. (V) is an ideal in C*

poly”

2. Let f € .7/(V) be a tempered distribution and p € C©

oty (V), we define
the product fpe .'(V) by

fo(®) = f(pp), Yoe s (V).
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3. Let f e ./ (V) and n € #(V) their convolution is the smooth function
fren:V —C, fan(e) =nxf(z)=f(mn),
where 7(y) := n(—y) and n(y) := n(z + y).

Definition 4.1.6. The Fourier transform F : (V) — # (V) is a Fréchet

space isomorphism given by for all £ €'V

Fp(€) = fv ¢($)e—2wi<§,x>dx’

with dx indicating integration with respect to the Lebesgue measure on V.

The Fourier transform extends to tempered distributions:
F:7'V)— . 7(V)
by for fe S (V) and p € S (V)
Flop) =L{I,Fe).
The inverse Fourier transform F~1: (V) — # (V) is given by for €V,
(F7Lo) (&) = (Fp) (=€) and similarly extends to tempered distributions.
Properties of the Fourier transform
1. Let fe (V) and ne (V) then F(f *n) = F(f) - F(n).
2. T () = An(A~1) then F(ny)(€) = Fn(AE).
3. Denote the Gauss kernel g(z) = exp(—7|z|?) then g € .#(V) and

Fg(€) = exp(—m¢[?).
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4.1.2 Measure theory

Definition 4.1.7 (Pushforward measure). Let X : (Qq, F1,pu) — (Qq, F3)
be a measurable map from a signed measure space into a measurable space.

X induces a pushfoward measure on (g, Fy): for allU € Fy
px(U) =po XHU) = pflwe Q : X(w) eU}.
We refer to the measure p1o X' as the law of X.

Definition 4.1.8 (Independence). Let X,Y : (Qq, F1,pu) — (Q2, Fa) be
measurable maps from a signed measure space into a measurable space. We

say X and Y are independent if
po(X,Y) ™ = (uoX )@ (uovY ),
where (X,Y) :w— (X(w),Y(w)) € Q2 x Qo.

Let I be a nonempty set. Suppose we are given nonempty measurable
spaces (§2;, %), i € 1. For every nonempty F' < I, denote by Qp := [ [,cp
equipped with the product o—field Fr = ®jcr.%;.

Theorem (Kolmogorov extension). Suppose that for every finite set F' <
I, we are given a signed Radon measure pup on (Qp, Fp) with uniformly

bounded total variation

sup HNF”TV < +00
Fcl, |F|<+w
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and such that the measures are consistent. Namely, if 1 < Fy < I and
Tr—r  Qp, — Qp ts the natural projection, then pup, = pp, © Wf;gl,Fl'
Then, there is a signed measure | on the measurable space
<Q = HQz‘, F = ®ie1§z‘>
iel
such that if F < I is a finite set and 7y : Q — Qp the natural projection,

then pup = NOﬂ'I__I)F.

Proof. See Theorem 7.7.1. in [7]. O

4.1.3 The Bochner integral

Throughout, B will be a Banach space equipped with its Borel o —field and
(X, X, 1) a complete, signed, finite measure space unless stated otherwise.
With the exception of Proposition about independence, the material

in this subsection can be found in [12].

Definition 4.1.9. A function h : X — B is called simple if there exist
bi,....,bp € Band Er, ..., E, € ¥ such that h = " | bjlg,, where I, (z) =
lifxe E; andlg,(x) =0 if x ¢ E;.

A function f : X — B is called strongly u—measurable there exist a
sequence of simple functions (hy) with limy, |h, — f|lp = 0 p-almost every-
where.

A function f : X — B is called weakly p-measurable if for each b* € B*

the scalar function b* f is strongly p—measurable.
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Reference to the measure p may be suppressed when there is no chance

of ambiguity.

The results of the following proposition are well-known in the folklore
of vector measures; we include the proofs of those for which we lack precise

references.

Proposition 4.1.10. Suppose that a function f: X — B is u—essentially
separably valued, i.e. there exists N € X with ;(N) = 0 such that f (X\N)

is a separable subset of B, then the following are equivalent:

i) f is weakly p—measurable.
it) f is strongly p—measurable.

ii1) f is measurable.

Proof. i) <= ii): is the Pettis Measurability Theorem (Theorem 2, pp
42 [12]).

1) == 1i1): if f is strongly p—measurable, there exist simple functions
fn such that f =lim, .« f, pu—almost everywhere. Hence f is measurable
as simple functions are measurable.

ii1) == 1): suppose that f is measurable and let b* € B*. For k € Z,

n e N, define A} € ¥, A? := (b* o f)~' ([k/n, (k + 1)/n)). Then f, : X — R
2

fn = Z %HAE

k=—n?2

are simple functions and lim,_,o f, = {(f,b*), p-a.e. O
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Definition 4.1.11 (Bochner integrability and the Bochner integral). A
strongly measurable function f : (X, F,u) — B is called Bochner integrable

if there exists a sequence of simple functions (s,) such that

i, [ = salde =0,

n—aoo X
For such an f, SE fdu is defined for each E € F by

fdp = lim | s,du.

JE nooJp
Theorem. A strongly measurable f : (X, F,u) — B is Bochner integrable
if and only if § || flldp < +o0.
Proof. See Theorem 2 page 45 in [12]. O

Proposition 4.1.12. Suppose B is a separable Banach algebra. Let
fr9,fg: (X, F,u) = B be Bochner integrable, with fg denoting the point-
wise product and suppose that f and g are independent (Definition .
Then

JX fgdp = JX fdu JX gdp.

Proof. Suppose first that f and g are simple

f = ZHAiaia g = Z ]Iijj7
i=1 j=1
and so

n o m
f9=">. > 1a,npaib;

i=1j=1
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which is also simple. Integrating

JX fgdp =Y > n(As 0 Bj)aib;,

i=1j=1

([ ) (] ) - (2 <>) (2 <>)

and so the result will follow if we have pu(A; N Bj) = pu(A;)pu(Bj) for all 4, 5.
But 4; = f~'{a;} and B; = g~'{b;}, and so by independence

1(Ai 0 Bj) = pp.g)({ai} x {bj}) = ppfaitpg{b;} = p(Ai)u(Bj).
For the general case, since B is separable, f is strongly o( f)—measurable

(Lemma4.1.10)) so there exist o( f)—simple functions f,, with lim, o, fn, = f,
p-a.e. and § f = lim, § f,,. Multiplying by Iy, |<2|s|}, We may assume that

|fnl < 2|f|. Likewise, g = lim, o gn p—a.e. for o(g)—simple g, with

lgn] < 2]g]-

Note that f,g, — fg p—a.e. since multiplication is jointly continuous,

and that | fogn — fgl < 4 fg]. Since §y [ fllgldn = §x Ifldn{x lgldn <

+00, the scalar function | f||g]| is integrable, whence by dominated conver-

gence
| Fodu = tim [ fuguc

— lim mwf%w
n—0o0

= ffdufgdu-
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4.1.4 Fréchet spaces

Definition 4.1.13. A topological vector space, X, is a Fréchet space if and
only if the following hold:

1. X is Hausdorff;

2. there exists a countable family of seminorms on X, (|- ||x)aen, so that
the topology on X is the initial topology with respect to the functions
{|-—z|x: X > [0,00) | x € X, \ e N};

3. X is complete for (|| - |x)ren. Namely, if (xy,) is | - ||[x— Cauchy for all

AeN, then z, — x as n — o for some x € X.

Remark 4.1.14. There is no loss in generality in assuming that ||y < ||-|la+1
for all XA € N. Indeed, setting |- [ := 22:1 |- %, we see that |- [\ <[ -],

for all A € N and that (| - [}),oy induces the same topology on X'

Definition 4.1.15. Let X be a vector space together with an ordered count-
able family of seminorms (|| - |x)xen). We will define the associated metric

on X by, for allx,ye X,

[ee}
e =yl
d(z,y) = g A 1—__ZIA
DI e P

Remark 4.1.16. Suppose that (X, (| -|[x)ren) is a Fréchet space together
with a choice of an ordered countable family of seminorms as in Definition
4.1.13] Then d : X x X — [0,00), as defined in Definition [4.1.15] is a

complete, translation-invariant metric inducing the same topology on X.
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Lemma 4.1.17. Suppose that (X, (|| - ||x)ren) is a Fréchet space and the
metric, d, is given as in Definition[{.1.15 Then, for all X > 1 and x,y € X
with |z — y|x < 1, it holds that

l = ylx < 22 Hd(z, y).

Proof. Recall the inequality %r < (1:-7“) valid for r € [0,1]. Then, if

| — y|lx < 1, we have that

|z =yl

gle—vh < T < 2dlay)
and hence
lo —yly < 2 d(z,y),
as desired. n

Lemma 4.1.18. Let B be a real Banach space. Then a linear map
o (X, (|- I]a)ren) — B is continuous if and only if &7 is | - |x—bounded

for some \ € N.

Proof. The “if” direction is clear. As for the “only if” direction, suppose
for a contradiction that .o/ is unbounded for each | - |5 then there exists

(Un,)\)n,)\eN € X such that

1
lonalx =~ |@vanls =1,

but then the diagonal sequence v, , — 0 in X’ yet @/v, , - 0 in B, contra-

dicting continuity. d
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4.2 Historical remarks

4.2.1 A probability measure on continuous paths associated to

the Laplacian

We review some classical results in stochastic analysis associating Marko-
vian measures to second-order elliptic operators. In the sequel we explore

whether analogous associations exist for higher-order elliptic operators.

Definition 4.2.1. Define the Laplacian A : (V) — (V) and its as-
sociated heat semigroup et® : .7 (V) — ' (V), t = 0, through their multi-

pliers

F(Af) = —4x®| - |PFF,
F(eBf) = et Ul Fy,

Definition 4.2.2 (The Gauss kernel). Through properties of the Fourier

transform we have for t > 0 the identity
A= Fl <6_47T2H-H2t ) (]—"f))
=ge*f
for all f € S (V), where g, € (V) is the Gauss kernel

1 —4m22 1 el
gu(@) i= <]_- 1,42 | t) (z) = W@ Jo)?/4t

91



Note that for all ¢ > 0, g = 0 (in particular: real-valued) and

f g(2)dz = F~1 (@) (0)
.

= e 4mHER |y = 1,

so that g¢; is a probability density function.

Denote by #(V') the Borel sigma-field on V. For a collection of sigma-
fields (%;)ier on sets (X;)er, denote by ®;.%; the product sigma-field on
[ Tier Xi-

Definition 4.2.3. Given a measurable space, (2,.%), we shall denote by

Meas(2) the space of signed measures on (2, .F).

Definition 4.2.4. For 0 < s <t < 4w and x € V, define the cylinder set
measure on <V[S’t],®[s7t] %’(V)) by, for finite partitions D = (s = ty <
<tn,=1t) of [s,t], ,u[[s)’t];x € MeaS(V”H)

Uo n =0

where U; € B(V) are Borel sets, x_1 = x and t_1 = ty. go(y — x)dy =
0. (dy) denotes the Dirac measure centred at x.
The semigroup property g: * gs = gi+s ensures that for fized s,t,x, the
[s,t];x

measures [y, are consistent as one enlarges D and thus they induce an

a priori finitely additive measure, pl>t*  on Vs
plotl (X, e U; fori=0,...,n) = Eto] oy (Vo x oo x Uy),

where for u € [s,t], X, : VI8 - V is the coordinate map.
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Lemma 4.2.5. For0 < s <t andx eV, M[S’t];x 18 a countably additive

measure supported on the subspace of continuous paths C([s,t] — V).

Proof. Immediate from Kolmogorov extension and continuity theorems —

see Corollary 2.6 in [24]. O

Remark 4.2.6. The above construction of ul*# is classical. Indeed, plth®
is the law of V —valued Brownian motion (or Wiener process) starting at

at time s.

4.2.2 The Cauchy problem and a Feynman-Kac representation

That there was a relationship between Brownian motion and the Laplacian
was known in the early days of stochastic analysis. Below, we outline a
simple demonstrative result in the context of evolution equations on the
whole space.

Let t € [0,T], denote the coordinate process
B, :C([0,T] - V), Bi:w—w(t).

Then, under ploThe, (Bt)teo,r) 18 a V —valued Brownian motion starting

at x at time t = 0. Let f € L?(V), then the following identity holds:

f F(By)pl0 Tl (dw) = b2 f(2).
weC’([O,T]—»V)

This line of reasoning can be generalised in several directions (see for
example Theorems 6.12 and 6.15 in [5]). We consider only one such di-

rection. Namely, let Aq,..., Ag € C;°(V — V) be smooth bounded vector
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fields with d = dim(V'). Denote by Y;* the solution to the Stratonovich
SDE

AV =AY odB, Vi ==
and by
U5 :C([0,T] - V) — C([0,T] - V)
the associated Ito map. W9 is a measurable map and so induces a pushfor-
ward measure pl®1 o (U2)~1 = (0%, pl07].

Theorem. Let f € CP(V), then the following identity holds:

j F(Be) (%)l (dw) = et2 24 f(2).
weC([0,T]—V)

Proof. This is precisely equation (3.2) in [4]. O

In a nutshell, given the Laplace operator, one can build Brownian mo-
tion. Then, through solving SDEs driven by Brownian motion, one can
build new, related PDE semigroups. In subsection we show an anal-
ogous result for high-order PDE.

4.3 A universal topological algebra containing signatures

Recall that the tensor algebra, T'(V'), satisfies the universal property that
any linear map into an algebra A : V — B uniquely extends to an algebra

homomorphism A : T(V) — B:

94



In this section we introduce a topological algebra, T'(V'), which satisfies
the property that any continuous map A : V — B into a Banach algebra

extends uniquely to a continuous algebra homomorphism A : T(V) — B:

V—5T(V)

We shall see that one can take T(V) as a subalgebra of the extended ten-
sor algebra, T'((V')), and that T'(V') contains signatures of p—rough paths.
A similar construction also in the context of rough path theory can be

found in Section 2 of [9].

Definition 4.3.1. For all A = 1, define

o0

[ s V) = [0,00], ol o= D o lverA®
0

and

T\(V)={veT((V)):|v|r < 4o}
Lemma 4.3.2. The following hold:
1) T\(V) is a subalgebra of T((V)).
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2) (ITx(V),| - |ln) is a separable Banach algebra.

Proof. 1) It is clear that | - |5 is a norm on T»(V). Thus T)\(V') being a
subalgebra of T'((V')) follows from submultiplicativity of || - |, which we
now demonstrate. Recall the definition of product: if a,b € T'((V)) then
m(ab) = g mi(a)m,—s(b). For a,be Ty(V) < T((V)),
0
labllx = > A*l(ab)*[yer

k=0
0 k

< YN d e b e
k=0 =0

= llallAflo]x,

so that | - ||x is submultiplicative, as claimed.
2) Suppose now that (a,)nen is a Cauchy sequence in T)(V'), then for

all k e N, (afl)neN is a Cauchy sequence in the complete space V®* and so

k

. — a¥ e VO asn — o0. Given ¢ > 0, choose N so that n,m > N —

a

lan — am|x < e. Set a:= Y7 a* and let n > N, then
0
lan — alx = Y A¥laf; — a¥|
k=0
0
= Z lim inf A\¥[a® — af |
m—00
k=0
o0
< liminf Z Mlak —ak | <e.
m—00

k=0

Since € > 0 was arbitrary, we see that a, — a in T\(V') and thus complete-

ness holds.
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For separability note first that for x € T»(V'), limy, Iy ,(z) = z, where
o, (x) denotes the truncation to tensors of degree < n. Since VO is
separable for each k, there exists Qp < V®F countable and dense. Note

then that the countable set

Q = {Zn: dk ‘ne N, dk S Qk} C T(V) (4.3.1)

k=0

is dense in T (V). O

We shall see that the aforementioned universal topological algebra,

T(V), is given by a countable intersection of Banach algebras

T(V) = [ Ta(V).

AeN

T(V) will have the structure of a Fréchet space (see Section [4.1.4)).

Definition 4.3.3. Define

T(V) = {v e T((V)) : Jvlx i= D Mo lyer < +o0 for all A e N} :
k=0

Lemma 4.3.4. The following hold:
1) T(V) is a subalgebra of T((V)).

2) (T(V),(| - [\)aen) is a separable Fréchet space with jointly continuous

multiplication.
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Proof. 1) Noting that T(V) is an intersection of subalgebras of T'((V)) :

T(V) =[] Ta(V),

AeN
we see that T'(V) is a subalgebra of T((V)).

2) Completeness of (T(V), (|| - [x)aen) follows immediately from com-
pleteness of each (T(V),| - [x)-

Separability: recall that for all A € N and « € T)\(V'), limy, .« [|IIp n(x) —
x|y = 0, where Iy, (x) denotes the truncation to tensors of degree < n.
Since V®* ig separable for each k, there exists Q. — V®k countable and
dense. The countable set, first mentioned in equation (4.3.1)),

n
Q= {de:neN, dker}cT(V)

k=0
is dense in T(V).
Joint continuity of multiplication: since the topology on T(V) is first
countable, joint continuity of multiplication is equivalent to joint sequential
continuity of multiplication. Let a,, — a and b, — b as n — o in T(V).

Then for all A € N, by submultiplicativity of | - |,
lanbn — ablx < an — al[x[balx + [al[bn — b3 — 0,

so that a,b, — ab in T(V), as desired.

Remark 4.3.5. We note the strict inclusions

T(V)cT(V)cTy(V) c Tu(V) = T((V))
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whenever \ > p. O

Recall that any linear map A : V' — B from V to an algebra, B, uniquely
extends to an algebra homomorphism on the tensor algebra A : T'(V) — B.
The following proposition states that if B is further a Banach algebra, then
A uniquely extends to a continuous algebra homomorphism T'(V) — B.
We shall denote this extension by A or simply by A, when there is no risk
of confusion.

We refer to [42], [9] and the references therein for more information

about universal extensions to topological algebras.

Proposition 4.3.6 (Universal property of T(V)). Let B be a Banach alge-
bra and A € L(V — B) a continuous linear map. Then A uniquely extends

to a continuous algebra homomorphism A : T(V) — B.

Proof. Fix A € N with A > |A|Lw_p). Then for any v € T(V) with

vy =1

lAv|p =

o0
Z A®k )k
k=0
0
k
Z |A® ”]L V®k— B) ||U lyer

B

=
k
Z o lver = vlx =1

so that A : (T'(V),| - |l»)) — B is bounded. Recall that for all v,w e T'(V)

with |v — w|y < 1, we have that |v — w|y < 2**'d(v,w). Therefore,
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A : (T(V),d) — B is Cauchy continuous and thus extends uniquely to a

continuous map on the closure (V)d =T(V). O

Proposition 4.3.7. Let X be a Banach space and </ : T(V) — X a linear
map. For k € N, denote &% := o |yer : VE¥ — X the restricted function.
Suppose there exists C' > 0 such that for all k € N,

k k
| " [ verxy < CF.
Then </ has a unique continuous extension to T(V).

Proof. Let A = C and v € T(V) satisfy ||v|, = 1. Then

oo
Z o Fok

k=0

|v]x =

X

o0
< 3 CHet e
k=0

< [ollx,
so that <7 is | - [\—bounded and hence Cauchy continuous for d. O

The following proposition shows that T(V) < T((V)) contains signa-
tures of p—rough paths.

Proposition 4.3.8. Let p > 1, s <t and recall
X:GQp([s,t] > V) — T((V))

the signature map from Definition [2.1.6. Then Image(X) < T(V) and,

further, X is continuous as map into T(V).
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Proof. Lyons’ extension theorem (Theorem [2.1.5)) asserts that the signature
of ge GQp([s,t] = V), X(g) € T((V)), satisfies for all k € N the bound
Ck/p
< ;
ver = B(k/p)!
for some 8 = B(p), C = C(|glp—var) < +o. From this bound, we see that
forall A > 1

o)

Xl = 3 [5@)]o.

(CAP) (k/p)

< +00.
Bk/p)!

i

Hence, X(g) € T(V), as claimed.
Similarly, appealing to Theorem 2.2.2. [32], one may show that X is

continuous. 0
4.4 An approximation to the exponential in Banach alge-
bras

The results in this section are purely technical and straightforward. They

will only be required in the proof of convergence of expected signatures in

Section

Definition 4.4.1. Let B be a real unital Banach algebra with unit 1. Write

0¢]
exp(x Z
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The series is absolutely convergent for all x € B, and it holds that || exp(x)]|| <

exp([z]). For z,y € B with zy = yx

exp(r + y) = exp(x) exp(y).

It follows that exp(—x)exp(z) = 1.
Define, for ||z| < 1,

0 (_1)k+1 .
log(1+ z) := Z v
k=1
The series absolutely convergent if ||x|| < 1. For z € B,r > 0, denote by
B(z,r) < B the open ball of radius v centred at x. log(-) : B(1,1) —
log(B(1,1)) is a topological homeomorphism with inverse exp. Conse-

quently
log(zy) = log(z) + log(y)

if vy, x,y € B(1,1) with zy = yx.

Lemma 4.4.2 (An approximation to the exponential function in Banach
algebras). Let B be a Banach algebra, x € B and D = (s =ty < -+ < t, =

t) a partition of some interval [s,t] denote 7; := t; 1 — t; then

n

lim (1 + 7x) = exp((t — s)x).

Proof. First note the bound uniform in D

n

II(1+-ﬂm)

=1

<[ [ +mlzl) < ] [exp(rilla]) = exp ((t = s)a]).

i=1 i=1
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Introduce the notation expp(y) := [[i=,(1 + y). Given = € B choose

1 > 0 sufficiently small (n = A 1 would do) so that for all 0 <6 <7

N 2IIJEH

i) the power series log(1 + dz) := Y.1° = )Hl (6x)* converges absolutely;

ii) || log(1 + dx) — oz < 262,

Assume for now that ¢ — s < 7 then 7; < n for all ¢ and

Z log(1 + 7 i X
=1 =1
n

< D 2Amllal® <2-|D|- [t —s| - ]

i=1

llog(expp (x)) — (t = s)x| =

|2 ‘D|_’0

Since log(1 + -)|p(o,1) is @ homeomorphism onto its image, this proves the
result for small intervals.
Assume now that n < t — s < 2n, recall the identity valid in noncom-

mutative unital rings

then

ﬁ (1 + %m)g - H(l + 7x)

i=1 i=1

I
=
/
+
iy
)
+
NS
8,
N
=
—
+
A
8



and hence

ﬁ(lJr ) ﬁ(1+n

2
Z exp(n]z])=]* - K

k=1

71 |D|—0
-

0.
4

< exp(nllz])|z|* - |DI -

However, by the above result for intervals smaller than 7 and continuity of

the product,

(10 5 =110+ 3) 110+ )

i=1 i= =1

D=0 exp ( 5 Sx) - exp <2S$) =exp ((t — s)z),

proving the result for intervals smaller than 2 - 7. Iterating this procedure

for intervals smaller than 4-7,8-n,... yields the result for all intervals. [

Corollary 4.4.3. Let B be a Banach algebra, x € B and D = (s =ty <
-« < tp, = t) a partition of some interval [s,t] denote 7; := tiy1 — ;.

Suppose Yi( " e B,n>1i=1,...,n with M := sup,, ||Yz(n)| < 4+ then

n

Jim [T (1 o+ rfyf")) ~ exp((t — 5)a).
=1
Proof. Set U := max(||z|,2M) then
11+ 7z, |1+ 7z + 12" < exp(Ur)

yielding the bound uniform in D

k-1 k—1
11 (1 + Tx + TZ-QYi(n)) exp (U . Z; 7'@'>
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Recalling the identity valid in noncommutative, unital rings

o) (1)

k=1 =1 i=k+1

and the fact that limp_o [ [;=; (1 + 7iz) = exp((t — s)x) (Lemma ,

we see that

n n

H(1+T1$+TY ) H 1+ 7mx)

i=1 i=1

D|—
<exp((t—s)U Z 2 1PI=0,

and therefore

n

lim H <1 + Tz + 71'2Yi(n)) = exp((t — s)x),

as desired. O

4.5 Signed measures on rough paths associated to the bi-

laplacian

Definition 4.5.1. Define the linear operator —A? : .7 (V) — . (V) and
its associated heat semigroup e~tAY L'(V)— S (V), t =0, through their

Fourier multipliers

F(=A%f) = =167 - |'F £,

F(eftAQf) _ 67167r4tH-H4Ff'
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Definition 4.5.2 (The heat kernel, p(t,z), for —A?). Fort > 0, we have
the identity

A = (e ()
=pexf

for all f € ' (V), where p; € (V) is the heat kernel for —AZ?:
p(t,x) = pila) i= (F1e 07 (),

Emulating the preceding probabilistic approach to the A—heat equation
(4.2), we attempt to interpret p as the transition densities of some Markov

process. However, there are several obstructions to doing so.

Definition 4.5.3. Let k € N. Define My, to be the k'™ moment of p(1,-),

namely:

My, = J 2®Fp(1, x)dz.
\%4

Lemma 4.5.4 (Properties of the heat kernel p(t,x)). For allt >0, x €V,
d = dim(V),

1. p(t,x) = =W p(1, xt=1/4).
2. §,p(t,x)de = 1.
3. My, =0, forn=1,2,3.
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®2
4. My = —4! <Z?:1 e; ®ej> , (e1,...,eq) any orthonormal coordi-

nates for V. This expression is invariant under orthonormal change

of coordinates.
5. |p(1, )] < Cexp(—|z|*3) some C > 0.

6. For allkeN,

3
HMkHV@“ <Cc,r (4(/{2 + d)) ,

where I' denotes the classical I' function.
Proof.
1. Making the change of variables & — ¢t~ 1/4¢,

p(t7$) — J 6716#4“5“4t627ri<£’x>d§
\4

_ f ¢ 167 e 2miCEat N —d/Aqe _ p=dfp () /).
1%

2. By inverse Fourier transform
va(t,:):)dx = (Jv p(t,$)62“i<§7x>dx> ‘g:o = 6_16W4H§H4t‘£:0 = 1.

3&4. Direct calculations similar to 1. and 2.

5. This is a special case of Theorem 2 (d < 4) in [II] and Theorem 1
(d=4)in [2].

107



. Using the heat kernel bound from 5. and the coarea formula:

f 2®Fp(1, z)dz
v

<Cu | lal* exp (<)o) s
\%

e}

=Cy rErd=1 exp (—r4/3) dr
0 3

=Cy | ritFdlexp(—r)dr
0

as claimed.

negative values on sets of nonzero Lebesgue measure hence

fv Ip(t,z)| dz > fv p(t,z)dz = 1.

O

Corollary 4.5.5. Let p be the heat kernel of —A? from Definition
then §, [p(t, )| dz > 1.

Proof. From Lemma parts 2. and 3., we see that p takes positive and

O]

We have established that p(t,-) is not a probability density function as
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still define, as in the Kolmogorov construction of Brownian motion (Def-
inition [4.2.4)), the signed cylinder set measure associated to p. This same

construction occurs in Section 5 of [27].

Definition 4.5.6 (Definition 5.1, [27]). For 0 < s <t <+, x €V and a

partition D = (s =ty < --- < t, =1t) of [s,t] define the measure U%’t];x

[TepV = Vi by

on

n
U[g’t];z(Ao X oo x Ap) = J J Hptrti_l(xi — xi—1)dx;,
Ao An =0
where A; € B(V') are Borel, x_1 = x and t_1 = ty. po(y — z)dy = §,(dy)
denotes the Dirac measure centred at x.
The semigroup property p; * ps = Pirs ensures that (U[Ds’t];x>Dc[s,t] is
a cylinder set measure on (V[S’t],®[s7t] %(V)) We denote the induced

finitely additive measure on (V[S’t]7 ®[57t] %’(V)) by vl Namely,
T (%, e Uy, i=0,...,n) = UEi]fftn}(Uo X - x Up),
where, foru € [s,t], x, : VI - V is the coordinate map.

One would hope that v[5% ig countably additive. However,

Lemma 4.5.7. Let 0 < s <t <+, x € V and define the partitions

Dy = (s+L(t—s):i=0,...,n) of [s,t]. Then

e

— 0 as n — o0,
TV

where | - | v denotes the total variation norm on signed measures.
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Proof. By 1. (scaling) of Lemma §y Ip(t,x)|dz = §,, [p(1, z)|dz for all

IR .
s

n+1
1:1:|d3:> — 0 as n — .

t > 0. Hence

I:s?t:l k)
Lo

O]

Kolmogorov’s extension theorem therefore does not apply. In fact, V.

Iz is not a countably additive measure on V/

Yu. Krylov asserts that v
([26]) for nondegenerate intervals, I. See also [22] and [27] for further
details.

We hope to find convergence of the vp in a weaker topology. Namely we
seek convergence lim, D|H0<v D, ¢y, for appropriate test functions, ¢, on path

space. Following [27], we first view each vp as a measure on continuous,

piecewise linear paths PL([0,T] — R?) thus

Definition 4.5.8 (Continuous piecewise linear paths). Let s < ¢, PL([s,t] —
V) < C([s,t] — V) denotes the subspace of continuous, piecewise linear
paths. v € PL([s,t] — V) iff v : [s,t] — V is continuous and there ex-
ists a finite partition D = (s =ty < -+ < ty, =t) of [s,t] such that for all
i=1,...,m the restriction ’7|[ti—1,ti] is an affine path. Such a path will be

called D—piecewise linear when we need to emphasise a particular partition.
Definition 4.5.9. Let D = (s =ty < --- < t,, = t) a finite partition of [s, ]
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and (vi,...,v,) € V. Define yp(v1,...,v,) € PL[s,t] to be the continuous

D—piecewise linear path interpolating (v, ..., vy):

(tj —tvj1+ (E—tj-1)v;
t]’ — tj—l

")/D(’Ul,...,’l)n)t = s te[t]‘_l,t]‘].

We may implicitly extend yp(vi,...,v,) to a larger interval [S,T] 2 [s, t]
by for t € [S,s], yp(v1,...,vn)t = v1 and for t € [t,, T], vp(v1,...,0n)¢ =

Un -

Definition 4.5.10 (Definition 5.3 [27]). Let 0 < s < t, z € V and D =
(s =ty <--- <ty =1t) a finite partition of [s,t]. Recall the measure U[E’t];x
on [l;,ep V' from Definition |4.5.6. Define }P’E;’t];x as the push-forward of

U%:t];m by D : HtieD V — PL[S,t]. Namely,

]P’[Ds’t];z € Meas(PL[s, t]), ]P’[Ds’t];z = Ug’t];w o5t

Remark 4.5.11. Recall for u € [s,t], x, : PL([s,t] = V) — V the coordi-

nate map. Then P[Ds’t];x satisfies

1. P o x21(dy) = 6.(dy);
2. foralli=1,...,n

it —
PE; ] ’ © Xtiil,ti (dy) = pti_ti—ldy;

. . St .
3. forall 1 <i<j<mn, x¢ 1 and x¢;_, 1. are IP’[; J —independent.
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This is analogous to the construction of Brownian motion from finite di-
mensional distributions outlined in Definition [£.2.4] Indeed, items 2. and
3. state that the increments of the quasi-process with law ]P’[Ds’t];x are in-
dependent and have distribution given by the heat kernel of —AZ2. This
is in parallel with the aforementioned construction from finite-dimensional

distributions of Brownian motion as the process which has independent

increments with distribution given by the heat kernel of A. O

Continuous piecewise linear paths are of bounded variation and there-
fore admit canonical rough path lifts. Recall that for a piecewise linear
path v € PL ([s,t] — V) and p > 1, we denote by gl?!(v) the canonical lift

of v to a p—rough path. The inclusion
g7 PL ([5,4] — V) = G, ([s,1] = V)
is a measurable map and therefore we define

Definition 4.5.12 (Measures on p—rough paths). Let 0 < s < t < +®
and x € V. We shall use the symbol ]P’[Ds’t];x to also denote the pushforward
measure on GQp([s,t] = V), Pg’t];x o(glPh—1.

4.6 Convergence of expected signatures

The following Theorem is the main result of this chapter. A conse-
quence is a weak convergence result for the measures <IP’E§’T];QC)
DeP([S,T])
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on GQ,([S,T] — V). Namely, £* € T(V)* induces a scalar-valued function

on p—rough paths, fy«, given by

fox 2 g = X)) 70y 7 (v)-

Then
i [ 1 (@) 0) = (00 (Y- 5) ).

|D|—0
This class of functions contains in particular coordinate signatures, thereby
extending the main result in [27]. We shall see (Corollary that this
class of functions also contains coordinate signatures of solutions to linear
equations. Chapter [5| is devoted to showing that Theorem [4.6.2] is strong
enough to allow for quasi-probabilistic representations of solutions to high-

order parabolic semigroups.

Remark 4.6.1. To help with intuition as to what functionals are contained
in the class T(V)*, let £¥ € (V®k)* be linear functionals for which there
exists C' > 0 such that

124 < C*.

Then ¢* = 37, ¢¥ is contained in T(V)* (see the forthcoming Proposition
for the proof). Namely, T(V)* contains linear functionals of arbi-
trary exponential growth — in particular, the above mentioned coordinate
signatures of solutions to linear equations.

A\To ease notation, we shall sometimes write Ep[f] := Sf(g)IP’g’T];w (dg)
for Bochner integrable f. Recall the Banach algebra T (V') from Definition
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and My the 4" moment of p(1,-) from Definition m

Theorem 4.6.2. Let x € V, 0 < S < T < +o then the following limit
exists in TX\(V) for all A > 1

. . M
lim | Xgr(g) P75 (dg) = exp <,4(T - S)> : (4.6.1)
ID|=0 Jgeca, 4l

where the integrals are T\(V')—wvalued Bochner integrals, taken over

ge GQ([S,T] = V).

Remark 4.6.3. It was shown in [14] that the expected signature of V —valued

Brownian motion over [S,T7] is:

exp <;(T _5) fv +%24(1, x)dx) ,

where ¢ denotes the heat kernel of A. So that equation[4.6.1]is indeed what

one would naively expect for the “expected signature” associated to —AZ.

Proof. We first verify Bochner integrability. Xg7 : GQu([S,T];V) —
T\(V) is continuous (Proposition and separably valued. Thus, for
each partition D = (S =ty < --- < t, = T), Xgr is ]P’E:‘?’T]w—strongly
measurable (Proposition . As for summability,

S, T];x
[ ixsrol P57 @
geGQp(V)

S, T];x
:ﬁ v | Xs7(g 071, - - v))| - 05T (doy, ..., doy)
Vl,...,Un )EVT

n
< J exp([lvr) ... exp(vnl) | | Ipr (vi — vie1)|dvs < +oo,
(v1y...,0n)EV™ i=0
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the final inequality following from better-than-exponential-decay heat ker-
nel bounds (Lemma {4.5.4). Therefore Xg 7 is IP’[ Th _Bochner integrable
for all D, as claimed.

By Chen’s relation we may factorise Xgr = Xg4, ...X;, | 7. Note that
for s <t < u < wve[ST], the T\(V)—valued functions X,; and X,
[S,T];x

are IPp,
Whence, by iterating Proposition [4.1.12] we have the identity Ep[Xg 1] =

[1,ep Ep[Xt, ;1] Recall (Definition [4.5.10) that the coordinate process,
[S,T];z

x, is P

—independent provided there exists r € D with t < r < wu.

—almost everywhere affine on the interval (¢;,¢;11) with incre-

ment distributed like IF’[g’T]; t“t,+1 (dy) = p(ti+1—ti,dy) and therefore has

S, T];x

signature X(g(x)) = exp(x¢;,t,,) € T(V), PE) " —almost everywhere.

Listiv1
Appealing to the heat kernel bound from Lemma and the dominated
convergence theorem for Bochner integrals, writing 7; := t;41 — ¢; and re-

calling Mj, := §,, v®Fp(1,v)dw,

Ep [XtiytiJrl] =Ep [eXp(Xt' tit1 )]

Sy
- p TZa U
k=0 k!
Rk

- Z J %Tfﬂ‘p(l,v)dv

k=0YV ™

0 k/4
- Z MkTZ;l

k=0

M, 0 7_ik/4
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We intend to appeal to Corollary with Banach algebra Ty (V),
D= (S=ty<---<ty,=T) a partition of [5,T] and

o e (k/4 2)
e= Mo RL
4l
To do so, we need only obtain the uniform bound sup; ,, Yi(n) \ < +00.

To this end, recall the moment bounds ||Mj[yer < Cql' (3(k +d)) from

Lemma then

(k/4—2)
vl S n
& !
© (k/4-2)
= > [ Milyer - XF - —
= k!

& S(k+d
< Z Cy (4(kl+ ) U Ti(k/4_2)

& T(3(k+d
<)) Cd(‘*(k, D e (1= )02 < 4op,

noting this final bound is independent of i and n, we obtain sup; ,, HYi(n) Ix <

+00, as desired. Therefore by Corollary
lim Ep[Xsr] = lin 1+ + Y72
|Dl|m D ST 1un H < Tz >

_ exp <J‘$ (T — S))

with the convergence taking place with respect to || - | . Noting that A > 1

was arbitrary, we see that the convergence takes place in T'(V). ]
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We shall denote

E[XS,T] = |él|r£0 ED[X&T].

Recall that for n € N, Iy, : T(V) — T"(V) denotes the projection onto

tensors of degree < n.
Proposition 4.6.4. (S,T) — Iy 4 E[Xg 7] is a 4—rough path.

Proof. Note the multiplicative property for S <U < T

Bl o] B3] = e (50 - 5)) oo (G- 0)
_ exp <J\44;1(T - 5)>
— E[Xs7].

Note also that (S,7) — My 4(E[Xs7]) = 1+ L52My € TW(V) has finite

4—variation. O

The following corollary is a consequence of pulling continuous linear

operators out of integrals and the convergence result of Theorem [4.6.2

Corollary 4.6.5. Let X be a finite-dimensional, real Banach space and

€ L(T(V) — X) a continuous linear map. Then o Xgr is IP’[DS’T] —integrable

and

|z1)i|mo Ep|e Xgr] = o E[Xs 7] = o exp <M4 (Tz; S)) '
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Proof. Choose A > 1 so that & is | - [y—bounded then
J|‘MXS,T H)\ d|PD| < Cf H Xs,T H)\ d“P)D| < 400

so that &/ Xg 7 is integrable. Then

* D|—0
Eple Xsr] Y o Ep[Xsr] 220% o B[Xs 1],

as claimed. The equality (*) — pulling the continuous linear map, <7, out
of the Bochner integral — is a consequence of Theorem 6, pp. 47 [12]. The

convergence is due to Theorem [4.6.2| and continuity of /. O

Remark 4.6.6. By taking X = R and o/ € (V®*)* in the above corollary,
we recover Theorem 7.4 in [27] which states that expectations of coordinate

signatures converge as |D| — 0.

4.7 Convergence of Fourier transforms

This section presents an application of Theorem which is not possible
using only the results in [27]. In [9], Chevyrev and Lyons study a generali-
sation of the Fourier transform to finite Borel measures on signatures and
show that the transform is faithful. We provide a brief overview of their
result. The only new result in this section is Theorem which asserts

[S,T];x

that the Fourier transforms of the measures <IP’D converge

) DeP([S,17)
pointwise as |D| — 0 and identifies the limit. The notation and definitions

of this section closely follow [9], to which we refer for further details.
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Definition 4.7.1. T(V) is a Hopf algebra with coproduct Av = v®uv for

k

all v € V and antipode a(vy ... vx) = (—=1)Fvp...v1 for all vy ... v, € VOF

([39] Chapter 1).

Chevyrev and Lyons ([9] Section 3) assert that A extends to a contin-

uous algebra homomorphism
N :T(V) - T(V)RT(V).

Here @/®% denotes the completion of the projective tensor product of the

locally convex spaces &, A.

Definition 4.7.2 (Grouplike elements). Define

G(V)={XeT(V)\{0} | AX =X®X}.

Lemma 4.7.3. G(V) is a topological group with the subspace topology and
is closed in T(V).

Proof. See Section 3 in [9]. O

Lemma 4.7.4 (Signatures are grouplike). Let p > 1, s < t and recall

(Proposition the signature map
X: GQ([s,t] > V) — T(V).
It holds that Image(X) < G(V).

Proof. See Subsection 5.1 in [9]. O
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Unitary representations

Let H be a finite-dimensional Hilbert space over C. Denote by
w(H), UH) c L(H)

the unitary Lie algebra and Lie group of linear operators on H respectively.
Proposition asserts that any A € L(V — u(H)) uniquely extends to a

continuous representation
A:T(V)—L(H)
of the topological algebra T'(V'). Furthermore,

Lemma 4.7.5. Let H be a finite-dimensional, complex Hilbert space and

AeL(V - u(H)). Then the restriction
Alguy : GV) - U(H)
is a continuous, unitary representation of the topological group G(V).

Proof. See Section 4 in [9]. O

Definition 4.7.6. Denote by A(V') the family of continuous, unitary rep-
resentations of G(V') arising as extensions of bounded linear maps
A e L(V — u(H)), where H ranges over all finite-dimensional Hilbert

spaces.
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Definition 4.7.7 (Page 13, Section 4, [9]). Let € Meas (G(V)) be a finite

Borel measure. Denote the Fourier transform of i by fi, where

A= | AGuAx)
XeG(V)

for all A e A(V).

Remark 4.7.8. Since U(H) is compact, fi is well-defined.

Remark 4.7.9. Let p,v be Borel measures on G(V). Corollary 4.12. in [9]

asserts that o = v if and only if u = v.

Definition 4.7.10 (Measures on signatures associated to —A?%). Let 0 <
S <T < 400, p =1 and recall the measures (]P)g’T])D on GQ([S,T] - V).

For each partition, D, of [S,T], the signature map

X : (Gﬂp([S, T - V), IP’E‘)g’T]) L GV)

induces a measure on G(V). We shall denote this pushforward measure

also by ]P’g’T] .

The following theorem states that the Fourier transforms of the mea-

sures (IP’[g’T]>D on G(V) converges pointwise as |D| — 0.

Theorem 4.7.11. Let H be a finite-dimensional Hilbert space and A €
L(V — u(H)) with extension A € A(V). Then

. [S,1] o ®4 T—-5
|j%1|20PD (A) = exp (A (My) 1 ) :
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Proof. Recall from Theorem {4.6.2| that Ep[Xg ] 1DI=0, exp (M4 TZES ) in
T(V). Then since A : T(V) — LL(H) is continuous and linear,

Pl (4)
[ ace)PE g
geGQ, (V)
D|—0 T-5
= AEp[Xg 7] |_|__> Aexp <M4 1 ) .
Finally,
T-8 & (T — S)*
_ ®4k Rk
Aexp <M4 1 ) —kZ]OA <M4 >T
& T — S)k
— Z (A®4(M4))®k ( o )
k=0 )
= exp (A®4(M4)T4‘ S) ,
as claimed. O

Remark 4.7.12. An interesting question is whether there exists a measure

PLST] € Meas(G(V)) such that

ﬁmpgﬂ:pwﬂ
D|—0

in an appropriate sense. This is currently unknown. One would expect that

if such a measure did exist, it would be supported on signatures of p—rough

paths with p € [4,5).
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5 Linear Differential Equations and High-Order

Parabolic Semigroups

5.1 Expected signatures of solutions to random linear equa-

tions

We recall aspects of linear rough differential equations and collect some
continuity results that will be required in the sequel. Theorem is a
further generalisation of the main theorem in [27]; we prove convergence
of the Pp—expected signatures of solutions to linear differential equations
and identify the limits.

We treat rough differential equations in the sense of Lyons and refer to

[33], in particular Chapter 4, for further details and terminology.

Definition 5.1.1. Let A € L(V — L(W)) and [0,1] - V, t — v a

piecewise O path. Then the equation

Yy (v) = A" (7)dv, Yo(y)=xeW (5.1.1)
is called a linear equation.

Recall that X ('y| 0.t ) = X(7)o+ € T(V) denotes the signature of the
path [ and that A : T(V

) — L(W) denotes the continuous, algebra
extension of A € L(V — L(W)).

Lemma 5.1.2. Let Aec L(V — L(W)) and [0,1] 3¢ — v, € V a piecewise
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C! path. Let Y*(v) solve (5.1.1)) then for all s <t

0

Y (7) = AX(Yps) Y () = D) ASXF () V() (5.1.2)
k=0

Remark 5.1.3. From (5.1.2) with s = 0, it is immediate that Y;*(v) is a

continuous linear function of X(v|[o)-

Recall the symmetric group acts isometrically Sy —~ VOK by
0:V1Q QUK = VUp(1) ® - @ Vg (k)-

Definition 5.1.4 (Ordered shuffles). Let k; e N*, i = 1,...,n, with K =
D ki. We denote by OS(k1,...,ky) the subgroup of elements o € Sy
satisfying

ol)<o(2)<---<o(k1), olki+1)<---<oalki+ka),...,

o(K—kp+1)<---<o(K), and o(k1) <o(ky +ke) < - <o(K).

Definition 5.1.5. Let A€ L(V — L(W)) and m € Nx1. Define the linear

map

Ay 1 T(V) > L(WO™) | Ay X [ > A9 M 6 (X).
ke(N*)m €08 (k)

Proposition 5.1.6. A, extends uniquely to a continuous map on T(V).

We shall denote this extension also by A,,).
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Proof. Each ordered shuffle o € OS(k) is a linear isometry
YOIk _, 1y®k R-® V®km
and by a straightforward combinatorial argument
#{0S(k) : ke (N*)™, |k| = K} <mf.
Consequently, the restriction of A, to VK < T(V) has at most expo-
nential growth:
K K K
[ Ao | v orgremy <™ - 1ALy oLw))
and therefore, by Proposition A,y uniquely extends to a continuous

map on T(V), as desired. O

Lemma 5.1.7. The solution, Y{*(y), of (5.1.1) has level—m signature given

by the formula
Yi()®™ = (Apny X(Vj0,)) 22,
Proof. This formula is equation (4.10) in [33]. O
The following corollary combined Lemma shows that the map

taking the full signature of a path v[[o ;) to the level—m signature of the
solution to ([5.1.1)) is the restriction of a continuous and linear map.
Corollary 5.1.8. Let Ae L(V — L(W)), x € W and m € N. The map
T(V) > W™, X > (Apm X) O™ (+)

1s continuous and linear.
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Proof. From Proposition we know the map
T(V) - LW®™), X Ay, X,

is continuous and linear. Also, for a fixed x € W, the evaluation map
L(W®™) — W®™ B Bx®",

is continuous and linear. Whence the map (*) is a composition of continuous

linear maps and is therefore continuous and linear, as desired. ]

Definition 5.1.9. Let f: (X, F,u) — T((W)) be a tensor series-valued func-
tion such that 7y, (f) is integrable for all m € N. Define § fdu € T((W))

ffdu = (Jﬂofd,u,fmfd,u,...,fﬂmfd,u,...>.

For a tensor series-valued sequence, (wy) € T((W)), we write w, — w

by

if and only if

Hﬂm(wn - w)HW®m —0 VmeN.

Remark 5.1.10. The above topology is the product topology on

T(W)) = [ [w®*

keN

As a countable product of metric spaces, the space is metrisable.

The following is a further generalisation of the main theorem in [27]. We
prove convergence of the Pp—expected signatures of solutions to linear

differential equations and identify the limits.
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Theorem 5.1.11. Let [0,1] 5t — ;€ V be a piecewise C path,
AeL(V - L(W)), x € W. Denote

Y (X(7l[0,11)) ZA X(yljo,11)2®™ € T((W))

m=0

the full signature of the solution to the linear equation (5.1.1). Then

|[1)1|m Ep[Y?(X Z A E[Xg 1]2®™. (5.1.3)

Remark 5.1.12. We stress that, unlike in Theorem [£.6.2] the integration

here is weak.

Remark 5.1.13. The substance of the above theorem is about interchanging

limits. Indeed, Y{(X(v[[0,17)) is given by the infinite series

YiX(lpy) = Jim ZA X (v]po,17)) =™

The theorem shows that one may interchange limy_,o and lim p o in

equation (|5.1.3]).

Proof. By our definition of tensor series-valued integration, it suffices to
prove the convergence for each level—m projection. To this end, fix m € N.

Then, appealing to Corollaries & and Theorem

Ep[mm (Y7 (Xo,1))] = Ep[¥;"" (Xo,1)]

D|—0
= A(m) ED [X()’l] ®m L) (m) E[X0’1]$®m,

as desired. n
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5.2 Polynomials in solutions to differential equations
5.2.1 Symmetric tensors and polynomial functions

Symmetric tensors are well-studied objects. See for example Section 3.2 in

[39]. We collect some basic facts that will be required in the sequel.

Definition 5.2.1. Let k € N. Define the symmetrisation map on W& as

the projection

Definition 5.2.2 (Symmetric k—tensors). Let k € N. Denote by Sym* (W) < W®*k
the 1—eigenspace of the symmetrisation map. Equivalently, w € Symk(W)
if and only if ow = w for all o € &y.

Forn e N, denote

S (W) = é Sym*(W).
k=0

Remark 5.2.3. S (W) < T™(W) is a linear subspace not to be confused
with the symmetric algebra.
Definition 5.2.4 (Exponential map). Let n € N. Define

noq )
exp,: W — SWW), exp,: w— Y —uw®.

1
=07’
Remark 5.2.5. Let n e N and p € P (W). By multidimensional Taylor’s
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theorem about 0 (equation 1.7 in [33]) we may represent

for all y e W.

Definition 5.2.6. The maps
PUW) = SWW*), pe > p/(0)
j=0

are linear isomorphisms for alln € N. More explicitly, for w = (wo, ..., w,) €

SM)(W) and p e P™(W), we have the dual pairing

{p,w)y = Y 97 (0)(wy).

§=0
We will implicitly make use of these isomorphismsﬂ
5.2.2 Polynomials in solutions of linear equations

Definition 5.2.7. Let A € L(V — L(W)) and j € N. Define the linear

vector fields on symmetric j—tensors

]_1 . .
g9 el (V — L(Symj<W)) ’ PALEE TN (Z Id%i ® A(v) ®Id%/(ﬂ_z_1)> 7
1=0

2This choice of isomorphism is arbitrary. Its usefulness for our purposes stems from
the fact that if ¥;* solves a linear equation driven by =, then (Y{*)®? also solves a linear

equation driven by 7. (Y — 50)®’, however, does not.

129



for j =1 and o =0

Lemma 5.2.8 (Monomials in solutions of linear equations). Let j € N,

t— 7y €V be a piecewise C1 path and Y*(v) € W solve (5.1.1)) with linear
vector fields A € L(V — L(W)) then (Y%(7))®7 solves the linear equation

AV (1)®) = /D (Y (1)) doy, Y5 ()7 = 2 & Sym (W),

Proof. Write Y; = Y;*(7y). Then by the chain rule

dY;®j _ Ey@)l dY;t ®Y®(J i—1)

Z Y ® (A(dy)Y;) @ YUY

_ O
as desired. O

Definition 5.2.9. Let ne N, Ae L(V — L(W)) and recall
D) e L(V — L(Sym? (W)) from Definition . Define
&n(A) e L (v - @@L (Symj(W))> . En(AV) =P (MJ')(V)).
j=0 Jj=0

Denote by

én(A) Qi—) (Sym? (W))

the extension of &,(A) to a continuous algebra homomorphism.
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Remark 5.2.10. &,(A) is a linear vector field on S (W) which preserves
tensor degree. Namely, for all j < n and v € V, Sym’(W) is an invariant

subspace for &,(4)(v).

Remark 5.2.11. M\ There is a consistency in n that we will explicitly employ

in the sequel. Namely, for allne N, v e V

St 1) (A) ()l L (symi () = Em) (A)(V).

Corollary 5.2.12 (Exponentials in solutions of linear equations). Let n €

N and recall

1 .
exp,: W — SWW), exp,:we— Y —w®.

Lett — v € V be a piecewise C' path and Y*(v) € W solve (5.1.1]) with
linear vector fields A € L(V — L(W)) then exp, (Y{") solves the linear

equation on symmetric tensors

dexp, (Y2 (7)) = En(A) (exp, (Vi (7)) ds,

exp,, (Y (7)) = exp,(x) € St (W).
Consequently,
€XPy, (}/tx(ﬁ)/)) = @(dn(A) [X(f”[[),t])] eXpn(x)'

Proof. This follows immediately from Lemma|5.2.8/and the Definition [5.2.9
of &,(A). O
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Corollary 5.2.13. Letx e W, Ae L(V — L(W)), v € V a piecewise C!
path and Y (v) the solution to (5.1.1). Then if p € P (W),

) = (Z pj(0)> En(A) [X(7lj0,9)] expn ().
j=0

Proof. By Taylor’s theorem about 0,

<ij )expn V().
And, by Corollary [5.2.12]
exp,, (Y7(7)) = 6u(A) [X(v][0.0)] expy ().
Putting these together yields the desired result. O

Proposition 5.2.14. Let x e W, Ae L(V — L(W)), v € V a piecewise
C" path and Y (v) the solution to (5.1.1). Then if p € P™ (W)

lim Ep[p (Zp] ) ) E[Xo,¢] exp,, ().

|D]|—0

Proof. Recall the formula from Corollary [5.2.13]

) = (Z pj(0)> En(A) [X(vl10,0)] expy (2),
j=0

from which we see that p (Y*(y)) is a continuous linear function of the

signature of 7[[g . We may therefore apply Corollary to obtain

‘ [1)1|IEOED <Z (0 ) ) E[Xo,¢] exp,, (z), (5.2.1)
as desired. n
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Remark 5.2.15. By the grouplike property, a polynomial function in the
solution to a differential equation may be realised as a linear function of

the signature of said solution. The substance of Proposition [5.2.14]is in the
formula ((5.2.1)).

5.3 High-order semigroups through signed measures on paths
We show that the equation (5.2.1]) defines a one-parameter semigroup.

Definition 5.3.1. Let z € W, Ae L(V — L(W)), v € V a piecewise C!
path, Y(v) the solution to (5.1.1), t = 0,n € N and p € P (W). In light

of formula (5.2.1)) in Proposition|5.2.14), define

fﬁwm:nmmmmm=(2ﬂw>&mmmmmmw.
j=0

|D|—0
Observe that for all n € N Pt(nH)\P(n)(W) = Pt(”).

Theorem 5.3.2. For alln € N, t > 0, P™ : POW) — PO (W) is

linear. Furthermore
(Rz0,+) — L(PW(W)), t— P

s a uniformly continuous one-parameter semigroup. Namely, the following

hold:
1) P{M =1d.
2) P o Pt(n) = Ps(ﬁ for all s,t > 0.

133



3) limyg HP}” - IdH ~ 0.

Proof. That Pt(") linearly maps P (W) to P (W) is immediate from its

definition. It remains to show the semigroup property.

Il

where 1 € T(V) is the unit and &,(A4)1
Pén) = Id, as desired.

Id € L(T™(W)). So that

2) For all s,t = 0, first note the identity

s
4

t t+s
E[Xo,s] E[Xo,] = exp ( M4> exp <4,M4> = exp < o M4> = E[Xot+s]-
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Then, since &,(A) is an algebra homomorphism,

AT G

A) (E[Xo,.]) expn>

_ ( Z ) BT (E[o,]) 0 B A) (B[Xo,0]) exp,
_ < S ) FalA) (E[Xo. E[o,.]) exp,
— <i ) &n(A) (E[Xo 145]) exp,,

v

+sp7

as desired.

3) Since dim (P(”)(W)) < 400, the strong operator topology is equivalent

to the operator norm topology. Hence, it suffices to show P( )p =0, D

for all p e P (W). To this end, first note that E[ngt] 2% 1in T(V),

then
Pt(n)p = (Z pj(O)) (gan(A) E[XOt expn (Z p] ) €xXpPy,, =D,
=0
as desired.

O]

We intend to show that Pt(n) coincides with a high-order linear partial
differential equation semigroup. We begin by studying its infinitesimal

generator.

135



The generator of Pt(")

Recall that Mj, = §,, 2®*p(1,z)dz the k™ moment of the heat kernel of
—AZ% at t = 1. Recall also the linear isomorphism P™ (W) = S (W*)
identifying a polynomial with its derivatives at the origin so that we may

view Pt(n) as a semigroup on S (W*).

Proposition 5.3.3. Let n € N. (Pt(n))t>0 has infinitesimal generator

L0 L (SOWH), L0 aac % (Ea(A)®* (M),

Proof. Denote by £(™ the generator of Pt(n). Since S (W*) is finite-
dimensional, Dom(£(™) = S (W*). Let a € S™ (W*) then

Pt(n)a —a=a0b,(A)E[Xo] —a

~ oo (&0 - a

4!
= a0 G (AT OM) + O()
Hence P, o .
LM = %ﬂ% ! ; = oo E(éan(A))@l(le)’
as claimed. m

Remark 5.3.4. Recall that if Wy, ..., W,, are linear spaces then (—D?:O L(W;)

denotes the linear space of maps

T:@Wjﬂ

Jj=0 J

W
0

n
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such that T'(W;) < W; for all j = 0,...,n. Namely, W; is an invariant
subspace of T for all j =0,...,n.

We remind the reader that

so that

(En(A)®*: VO (D L(Symd (W) < L(5™ ().

j=0
In particular, for all j < n and v € V®4, Sym’ (W) is an invariant subspace
for (&,(A)®* (v).
Understanding £(") as a differential operator

Definition 5.3.5. Let A € L(V — L(W)) and (e1,...,eq) orthonormal
coordinates for V.. Set A; := A(e;) € L(W). To each A; we associate the
vector field/derivation on W

D(A;) : C®(W) = C®(W), D(A)f(x) := 0 f(eix)]mo = (V (), Aiz) .

We shall denote this derivation simply by A; when there is no risk of con-

fusion.

Definition 5.3.6. Let Ay,..., Aqg € L(W). Denote the differential operator
d 2
L= — (Z D(Ak)2> :CP(W) — C®°(W).
k=1
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Recall that £(™ is the generator of Pt(”).
Proposition 5.3.7. Let n e N and pe P™(W) < C*(W) then
Lp = L'(”)p.

Proof. Let p € P (W) be of the form p(z) = a;z®, a; € Sym? (W*),
j < n. We hope to show Zp = £™p. To this end, recalling the formula

for My (Lemma [4.5.4)),

LM = [En(A)®H(My)] o 7

Q
<8

I
|

O
D~ |

a5 0 AL @ )

=
Il
u

I
|
=

aj o ;) (ex)* o 5 ().

=
I
—

On the other hand, since D(Ay) is a linear differential operator, D(Ax)x = Agz.
Then by the chain rule
j—1

D(Ak)x@ = Z 2% ® A ® ®U—i—1)
i=0

Jj—1 o A
= ( 4% ® A, ® Id%fj_z_l)> 2%
1=0

~ Ay (er)r®,
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Therefore,

d
Laja® = —aj | 3 D(AR)? 0 D(A)™ |
kl=1
d
= —Q; 0 Z ,Q{(])(ek)o OJMQ)(Q)OQ $®]
kl=1
= (L™ a;)z®7,

as desired. The result for general p(z) = 37 a;z®7 follows from linearity.

O

Remark 5.3.8. The above proposition allows for a quasi-probabilistic un-

derstanding of the operator . on P(W) through

Zp(z) = lim lim Ep[p(¥*)] — p(z)
tHO‘D‘_)O t

This is of particular interest when (an appropriate extension of) £ is a
closed operator and P (W) forms a core. In the following section, we replace
the linear state space, W, with a compact Lie group, G. And, P(W) with
a notion of polynomial on G, P(G) (see forthcoming Definition [5.4.10)). It
will turn out that P(G) will be a core for appropriate extensions of .Z to

various standard Sobolev spaces on G (see forthcoming Lemma |5.4.39)).
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5.4 The bilaplacian on Lie groups
5.4.1 Matrix Lie groups

We treat matrix Lie groups in the sense of [20], to which we refer for
further details. Recall that (over R or C) a compact Lie group (resp., finite-
dimensional Lie algebra) always has a faithful, finite-dimensional group
(resp., Lie algebra) representation.

AThe Lie groups considered shall be compact, connected, continuous
matrix groups. The compactness assumption is used to prove a spectral
gap property of A? in Corollary and to prove uniform density of
polynomials on Lie groups in Lemma [5.4.36

Compact Lie groups have a well-developed theory. Basic examples in-
clude torii, the special orthogonal and unitary groups, the compact sym-
plectic groups and compact forms of the exceptional Lie groups: Ga, Fy,

E6, E7, and ES.

Definition 5.4.1. A matriz Lie group is a group, G, together with a faithful

representation

o:G — GL(X)
such that o(Q) is topologically closed in GL(X).
Definition 5.4.2. To any matriz Lie group, G, we associate its Lie algebra
g={Ael(X)|exp(tA) e GVteR}
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The Lie bracket of g is given by the commutator of matrices [A, B] := AB — BA.
The dimension of G as a manifold is the dimension of the vector space g.

We identify elements A € g with vector fields on G by

Af(g) == 0uf (ge™) =,
where g€ G and f € C*(G — R).

Definition 5.4.3 (Universal enveloping algebra). Define the universal en-

veloping algebra of g to be the quotient space

U(g) =T(g)/7(9)

where Z(g) is the two-sided ideal of the tensor algebra T'(g) generated by
tensors of the form x @y —y @ x — [z,y] for all x,y € g.

Lemma 5.4.4 (Universal property of (U(g),¢) ). The canonical map
t: g — U(g) is injective. Any Lie map ¢ : g — B into a unital algebra

extends uniquely to an algebra homomorphism (JAS :U(g) > B

g —— Ulg)
B
Proof. Theorem 9.7 [20]. O

Definition 5.4.5 (U(g) as left-invariant differential operators on G). The

map

g~ L(C*(G)), A (f— Af)
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is a Lie map into a unital algebra. Its extension to U(g) identifies the
universal enveloping algebra of g with left-invariant differential operators

on G.
For our purposes a useful characterisation of U(g) is

Theorem (Poincaré-Birkhoff-Witt). Let (A1, ..., Aq) be a basis forg. Then
a basis for U(g) is given by the set of all Afll A{: where 11 < -+ < iy,

{il,...,ik}C{l,...,d} andjl,...,jkeN.

A\Henceforth, we shall equip g =~ T.G with an inner product making
it a Hilbert space. By transporting to all other tangent spaces using left

translation, we obtain a left-invariant Riemannian metric, p, on G.

Definition 5.4.6. Let (A1,...,Aq) be an orthonormal linear basis for
g. We define the Laplacian and bilaplacian on (G, p) to be the elements
A, A% eU(g) given by

d d 2
A=) A7 A2—AA—<2A§) :
i=1 1=1

A and A? are independent of the choice of orthonormal basis.

5.4.2 Random differential equations on matrix Lie groups

Remark 5.4.7. We implicitly embed ¢ : L(X) — L(L(X)) via left multipli-
cation:
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¢t is an algebra homomorphism.

Definition 5.4.8 (Flow equation). Let A:V — g be a linear map, g€ G

and vy € V a piecewise C path. Consider
dY? = A(Y?)dv, Y =g€eG. (5.4.1)

Here A(Y?)dvy; means the composition of operators A(dy)oY?. Employing
the embeddings g — L(IL(X)) and G — L(L(X)), (5.4.1)) is of the form of
the linear equation (5.1.1)) with solution space W = L(X).

Lemma 5.4.9. Let Ac L(V — g), g€ G and Y solve (5.4.1). Then
YPeG forallt=0.

Proof. We build a simple G—valued approximation to Y;’. Let ¢t > 0. For
each partition D = (0 =tg < --- < t,, =t) of [0,¢] set

Y;gl) — (H Aexp(%i_l,ti)> g

t,eD

To complete the proof, we consider the two claims
1) V2P € G for all partitions D.

. ,D
2) limypo Y"" =Y.

Notice first that, since G is closed, these two claims suffice to prove the

result. Addressing the claims:
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1). If v € V then, since A is a continuous algebra homomorphism and

Av € g, it holds that Aexp(v) = exp(Av) € G. Thus

vl = H exp(Av, , 1,) € G,
t,eD

as claimed.

2). Note the bounds uniform in D

H A X(’Y)tifl,tig

t,eD

= [AX(ogll = Y] < +o0

and

[T x4 y)

t,eD

[T Aew®O ) < exp (2| Af[7]e0)-

t,eD

Recall yit denotes the level—k signature of [[, 4. Then note also

o0
7t1 ti
2 A®k <7tz 17 ] >‘

HAX(V)Q—LQ AeXp Vti1 tl

k
o8]
A k k
; T 2 |yl [t — tial
= O(|t; — ti—1]?).

Putting these three estimates together,
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Y;tg - Y;‘g’D = (H AX('}/)tFl,ti - H Aexp(%%lii)) g
t

tiED

m Dkfl
= Z (H AX(’Y)M‘—LH) <AX(’Y)tk_17tk - Aexp(fytk—htk))'
H AexP(’ﬂi—l,h)) g

completing the proof. O

5.4.3 Polynomials on Lie groups

In this subsection, we define polynomials on G < L(X), P(G), as a certain
quotient of P(IL(X)). Formally, we identify two polynomials on L(X) if
and only if they coincide on G. We shall see that one may view elements of
P(G) as smooth functions G — R and further that this space of functions

is uniformly dense in C(G). Further, the semigroup P; is well-defined on

this quotient (Proposition [5.4.17]).
Definition 5.4.10 (Polynomials on G). Let G € (X)) be a set and n € N.

Denote
TE = {f e PYL(X)): fla =0}, Tg:={f e P(L(X)): fla =0}
Then define the quotient linear space

PI(G) 1= P (L(X))/ T
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and the quotient algebra
P(G) = PN G) = P(L(X))/Za-
Remark 5.4.11. Z¢ is an ideal in P(L(X)) hence P(G) is an algebra.

Definition 5.4.12. Let n € Nu{w}. We view elements of P (G) as

functions G — R wvia
[p] : g — p(9).

This is well-defined since Vf € I and g € G, f(g) = 0.

If G is a Lie group, elements P(™ (@) are in fact smooth functions G —

R.

Definition 5.4.13. Let G < L(X) be a matriz Lie group and n € N. Recall

the Lie action of vector fields
g~ POL(X)),  Ap(g) = 2p(e'g)|i=o-
And, the algebra action
U(g) ~ P (IL(X)).

Lemma 5.4.14. Let n € Nu{oo} and G < L(X) a matriz group. The
action U(g) —~ PM(IL(X)) is well-defined on the quotient space P (G) =
P(L(X))/Z¢.
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Proof. By the Poincaré-Birkhoff-Witt Theorem, we need only check the
action g —~ P(Q) is well-defined. To this end, let A € g,g € G and
f €Zp then

(Af)(g) = &f (9¢"") li=0 = 0

since f|g =0 and ge! € G for all t. Hence A (I%) < I3, as desired. O

The following is a useful characterisation of smoothness for functions

on a Lie group.

Lemma 5.4.15. Let G < L(X) be a matrixz Lie group. Then a function
f:G —> R is smooth iff for allme N and X1,...,X;n € g,

g X1... Xmf(9)
is well-defined and continuous.
Proof. See Theorem 1.3.5. in [1]. O
Finally, we see that elements of P (G) are smooth functions:

Corollary 5.4.16. Let G < L(X) be a matriz Lie group. Then P™(G) is
a linear subspace of C*(G).

Proof. Immediate from Lemma [5.4.15 O

Proposition 5.4.17. Let G < L(X) be a matriz Lie group, A€ L(V — g)

and n € Nu{oo}. Then the semigroup
P pM(L(X)) —» PM(L(X))
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is well-defined on the quotient space P(”)(G).

Proof. We need only show P\ (Z%) < T. To this end, let f € T and
g € G then by Lemma [5.4.9

so that Pt(n) feZp, as desired. ]
In light of this, we define

Definition 5.4.18. Let G < L(X) be a matriz Lie group, A€ L(V — g)
and n € Nu{oo}. Recall from Definition the semigroup, Pt(n), on
PM(L(X)). From Proposition there is an induced semigroup on
the quotient space P(”)(G). We shall use the symbol Pt(n) to also denote

this induced semigroup.

5.4.4 Analysis of the bilaplacian

Our intention in this subsection is to build the heat semigroup associated to
the closure of the elliptic operator A2, = (Z?zl A?)Q on L?(G) via standard
techniques from the theory of elliptic/parabolic partial differential equa-
tions. Elliptic here meaning that for all g € G, Span(Al(g), e Ad(g)) =
T,G.

In Section [5.4.5, we shall see that this “analyst’s semigroup” we build

here in fact coincides with the semigroup we quasi-probabilistically build
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by developing (Pp)p—random paths onto G using the vector fields (A;); as
in Proposition
The material of this subsection is well-known and we refer to [38] and

[10] for more details.

Recall the operators A, A% on C®(G) from Definition

Lemma 5.4.19. Let G be compact and connected, and denote by p the
bi-invariant measure on G with u(G) = 1. A and A% are densely-defined,

symmetric operators on C*(G) n L3(G, ).

Proof. Left-invariance of the (4;)% ; and right-invariance of z ensures that

A and A? are symmetric operators. O

Lemma 5.4.20 (Spectral gap for A). Let (Ay,...,Aq) € g be an orthonor-
mal linear basis and A = Z?:I A2. Then there ezists a constant ¢ > 0 such

that for all u e C*(G) satisfying §,u(g)u(dg) =0,
HUH%?(G,H) < —c(u, AU>L2(G,M) .
Proof. See Lemma 3.8 page 24 in [21]. O

Corollary 5.4.21 (Spectral gap for A%). Let the constant c be as in Lemma
5.4.20. Then for all u e C*(Q) satisfying §, u(g)u(dg) = 0 it holds that

ul3 < ¢Cu, A%w).
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Proof. By the spectral gap for A and the Cauchy-Schwartz inequality
Julf < —cCu, Au)
< c|uf2f Aul2.
Dividing by |ull2 and squaring both sides
[ul3 < ¢ Aul3
= Au, A%u),
as desired. n

Definition 5.4.22 (Hilbert Sobolev spaces). For each k € N define a norm
[ llk2 on C*(G) by

1 £z = (T = AYF £, 5.

We denote by H*(G) the completion of C*(G) with the metric associated

to | - [k,2-

We shall further denote the closed linear subspace
HE(G) = {f e @) | [ - o}
and L3(G) := HY(G).

Remark 5.4.23. Note that H°(G) = L?(G) and that the spaces HY(G) are
unrelated to Dirichlet boundary conditions, in constrast to commonly-used

notation.
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Proposition 5.4.24. For all k € N the norm | - |2 is equivalent to

k d
AP =18+ D) 1A A fI3.
l

=1i1,ig=1

Proof. See Proposition 3.1.3. in [I]. O

Theorem (Rellich-Kondrachov). If k& < m, the inclusions H™(G) —
H*(@), HY(G) — HE(G) are compact.

Proof. See Theorem 3.1.4. in [IJ. O

Definition 5.4.25. Let u € H?(G), then there exists a sequence u, €
C*(G) such that limy, o |t — vl g2(q) = 0. Auy, is Cauchy in L*(G). We
extend A to H*(G) via
Au := lim Au, € L*(G).
n—00

Thus A is a closed, self-adjoint operator on L*(G) with Dom(A) = H*(G).

Remark 5.4.26. Similarly, one can show that A? is closable with closure

having domain H*(G).

Definition 5.4.27. For f € L4(G, 1), a (weak) solution to the PDE
A%y = f,
Seulg)p(dg) =0,

is a u € H3(G) such that for all ¢ € HZ(Q)

B(u, J Au(g)Ap(g)p(dg) = f (g dg). (5.4.2)
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Proposition 5.4.28. For all f € L3(G), there exists a unique solution
ue HZ(G) to (5.4.2). Furthermore, there exists a C > 0 independent of u
and f such that

lull 2y < ClLfl2-

Proof. B is a symmetric bilinear form and is bounded above for the | - |22
norm. By the spectral gap (Lemma , we see that B is coercive
(bounded below). Consequently, B is an inner product equivalent to (-, ) z2()-
Note that the RHS of , ¢ — { fodu, is a continuous linear functional
with norm bounded by | f]2. The result then follows from the Riesz repre-
sentation theorem applied on the Hilbert space (H&(G), B). O

Proposition 5.4.29. For all f € L3(G), denote by K f € H3(G) the solu-
tion to (5.4.2). Then K is compact as an operator LE(G) — LE(G).

Proof. Recall by the Rellich-Kondrachov theorem that HZ(G) embeds com-
pactly in L3(G). By Proposition [5.4.28) K : LZ(G) — HZ(G) is continuous.
Since the composition of a continuous and a bounded operator is compact,

the proof is complete. O

The follow special case of the spectral theorem will allow for a spectral

decomposition of K and AZ2.

Theorem (Hilbert-Schmidt theorem). Let K : H — H be a symmetric,
compact, injective operator on an infinite-dimensional Hilbert space. Then

there exists an orthonormal set (pg)ren consisting of eigenvectors of K with
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real eigenvalues uy such that |pg| 0, (pr) is an orthonormal basis for the
image of K and
o0
Kf = urlfsenyen
k=1

for all feH.

Lemma 5.4.30. The solution operator, K, to (5.4.2)) satisfies the hypothe-
ses of the Hilbert-Schmidt theorem and therefore has the spectral decompo-
sition

0¢]
K =" el on)en.
k=1
Positivity ensures that pg > 0.

Definition 5.4.31 (The closure of A2). Injectivity of K allows to define
1. Range(K) — L3(G).
Note

Range(K) = {u e 13(G): :2<u, on)? < +oo}

k=1""k
so that C*(G) n L3(G) < Range(K) and in fact K~ is the closure of AZ.

We shall use the symbol A% to also denote this closed operator with domain
o 1
Dom(A?) = {u e L3(G 2 —2 (u, pp)? < —i—oo} = H}(G).
=1 Mk
Set A\, = #ik Noting that

Kop = uppr <= A%pp = iy
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we obtain the spectral decomposition

0
A% = Nl orpr.
k=1
Definition 5.4.32. For allt = 0, set

o]
eTAIH(G) > L(G), e = Y e o
k=1

Proposition 5.4.33. (e_tM) . s a strongly continuous one-parameter
t>

semigroup of contractions on L§(G) with generator (—A?% Dom (A?)).

Remark 5.4.34. Note the orthogonal decomposition L?(G) = (1)@ L3(G).

We extend e~ *2% to a contractive Cp—semigroup on L?(G) by
e =1, —A?21=0.
Remark 5.4.35. u : [0,00) — L*(G), u(t) := e~"A%yo then solves the PDE

opu = —A%uy,

u(0) = ug € L*(G),
in the sense that
1. we CH((0,0) — L*(G)) n C°([0,0) — L*(G)).
2. For all t > 0, u(t) € Dom(—A?) and dyu(t) = —A2u(t).
3. limy—o |u(t) — uofr2 = 0.
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5.4.5 Quasi-probabilistic representations of high-order PDE semi-

groups

In this final subsection, we show that the semigroup, P;, constructed quasi-
probabilistically coincides with e~ tA? (see Theorem |5.4.37 for the precise

statement). Informally, the solution of
d 2 2
dru = — (Zi:l Ai) u,
u(0,-) = f(-) € L*(G)
has the representation

u(t,g) = lim lim Ep[p,(Y{)],

n—0o0 |D|4>O
where P(G) 3 p, === f in L*(Q).
Lemma 5.4.36. P(G) is dense in L*(G).

Proof. Since G is compact, this is immediate from the Stone-Weierstrass

theorem. O

Theorem 5.4.37. Let G — LL(X) be a compact, connected Lie group with
dim(G) = dim(V) =d and A : V — g a linear map such that (A1, ..., Aq)
is an orthonormal basis for g. Let A? denote the closure of (Z?:I A?)Q in
L?(G) (see Subsection in particular Definition . Recall P; the
semigroup on P(G) from Definition . Then for allt =0

A2
P =" p)-
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Proof. Let n € N and p € P (G) then

A2
Pipli—o = p = ¢ " plio.

AISO, 8tPtp = Ptﬁ(”)p and

d 2
ate—tA2p _ _e—tA2A2p _ e—tA2 (2 A?) p= e—tA2£(n)p.
i=1

By uniqueness of solutions to linear differential equations, P, = e~ tA? PG

O]

Corollary 5.4.38. With assumptions as in Theorem|5.4.37, P, : P(G) — P(Q)

uniquely extends to a contractive Co—semigroup on L*(G).
Corollary 5.4.39. P(G) is a core for —A?.

Proof. P(G) is dense in L?(G) and for all t > 0, P(P(G)) < P(G). By
Lemma[A.2.1] P(G) is a core for —AZ. O

Corollary 5.4.40. Let ug € L*(G) and P(G) 2 p, — ug in L*(G). Then

the function

uw:[0,0) x G >R, wu(t,g):= lim lim Ep[p,(Y7?)]

solves the PDE
ou = —A%u,

u(0) = ug € L*(Q),

in the sense that
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1. we C'((0,00) — L*(@)) n C°([0,0) — L*(G)).
2. For allt > 0, u(t) € Dom(—A?2) and oyu(t) = —A2u(t).

3. limyo |u(t) — uoll 2 = 0.
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A Appendix

Al

Definition/Lemma A.1.1 (Control functions). Let g : [0,1] — GPI(V)

be a p—rough path. Define the so-called control function
wi{(s,t)eR*:0<s<t<1} >R, w(s,t):= lgls,q b
Then w is a continuous function with w(t,t) = 0 for all t, it is non-
decreasing in t and non-increasing in s. Further, w is super-additive:
w(s,u) +w(u,t) <w(s,t) foralls<u<t. (A.1.1)

Proof. See Section 1.2.2 in [33]. O

Lemma A.1.2. Let g € G,(V) then the set {a € G,(V) : a < g} is homeo-
morphic to a (possibly degenerate) closed, bounded interval in R. Further,

the homeomorphism can be taken to be increasing.

Proof. Define ¢ : Hist(g) — [0,]gllp], ¢ : a — |a]p. We claim that ¢
is a homeomorphism. Choose a parameterisation g : [0,1] — GPI(V).

Surjectivity of ¢ follows from the intermediate value theorem applied to

the map [0,1] — [0, |gll,], t = lgljoqlp- As for injectivity, let ai,as €
Hist(g) with a1 # ag, then there exists s,t € [0,1] w.l.o.g. s <t such that
a; = g|[o75] and ay = g|[07t]. Then, since a; € a9 with a; # as, by Lemma

2114 it holds that
p(ar) = a1l # llaz]p, = p(a2)
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hence ¢ is injective.

Since Hist(g) is Hausdorff and [0, |g|,] is compact, continuity of ¢ fol-

1

lows from continuity of ¢™". 1

Thus, it remains only to show that ¢~ is
continuous. To this end, let (|gljos,1l)n € [0,]l9],] be a convergent se-

quence:

Hg‘[o,tn] Hp = H9|[o,t]

lp

and denote the control function

w(37 u) = Hg|[s,u] Hg

for 0 < s < uw < 1. Suppose for now that t, < ¢ for all n. Then, using

super-additivity of control functions (equation [A.1.1)) for inequality (*),

(e (lglals)s ¢~ (Il 1p))

= 9l lp

*) 1 n—
< (lglpalZ = gl ) 2 =25 0

i

completing the proof for the case t, < t for all n. The case where t < t,
follows an identical proof but with the roles of ¢,, and t exchanged. For the
general case, one may simply separately consider two subsequences of t,

corresponding to terms less than ¢ and terms greater than ¢. O

Lemma A.1.3 (Excursions increase p—variation). Let x,y, € € G,(V) such

that t(x) = i(y) = i(e) = t(e) then

[z % ylp < = €5 yllp.
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Proof. Immediate from definition of p—variation. O

Lemma A.1.4 (Proof of triangle ineq.). d, : G,(V) x G,(V) — [0,0)

given by

dp(,y) = HE@ " yz(w)’p

, i(z) = i(y),
|7 # (i(2) i(y) "), + gy ((2),i(y), ilz) # iy),

1S a metric.

Proof. Suppose that z,y,z € G,(V) with i(z) = i(y) = i(z). Since z A y,
z Az Sz, by Lemmal[AT2either s Ay Sz Azorz Az axAy. Assume

for now that x A y € & A z. Then note that we may factorise

22(y) * ya(@) * y2(2) * 22(y)

«—

= 29(2) * (x A 2)2(y) * y2(x A y) *y2(2) * (T A 2)a(x A Y) * 29(2),

from which we can see that xa(y) * ya(z) * y2(2) * 22(y) is xa(2) * 29(z) with

an excursion. Whence by Lemmas |[A.1.3| and [2.1.24]

dy(r,2) = [72(2) * 22(2)]|

22(y) * y2(x) * y2(2) * 22(y)

N

«—

2a0) * (a)| + () * 22(0)]

N

p

= dp(l’,y) + dp(ya Z)a
as desired.
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Suppose now instead that x A z € x A y. Idea of proof identical: find

a clever factorisation then use Lemmas [A.T.3]and [A~1.5] but here you need

to make two factorisations:

«—

wa(2) * 22(x) = w2(y) * (2 A Y)2(2) * 2(2)

and

z2(y) * y2(x) * y2(2) * 22(y)

= 22(y) * ya(x) * ya(x) * (2 A y)2(2) * 22(2).

Then

dy(z,2) = [22(2) * 22(2) Hp

= [220) + A ) » 22l0)]

«—

< |wa(y) = y2(x) = ya(z) * (& A y)a(2) * z2()

— —

= ||z2(y) * y2(x) * y2(z) * Z2(y)Hp

«—

2a(0) * 2(a)| + 123 * 22(0)]

N

p

= dp(ll’), y) + dp(ya Z)a
as desired. O

Lemma A.1.5 (p—variation inequalities). Suppose x,y € G,(V) withi(y) =
t(z) then the following hold:
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1)z =yl < lzlp + 1yl
2) |z ylp = lzlp + lylp,

1-p
3) Nz xylp =277 (lzlp + lylp)-
Proof. 1) Pick parameterisations of x and y on [0, 1] and [1, 2] respectively.
Define the continuous paths X,Y : [0,2] — TP/(V)

xy, te|0,1] 0, te[0,1]
X, =4 . Y-

L1, t€[1,2] Yt — 21, te[172]

Observe that X + Y = x * y so that
|z ylp = [ X + Yl <[X[p + [Y]p = llp + lyllp

by the triangle inequality on the Banach space of continuous 7'?! (V))—valued
paths with finite p—variation ([32]).

2) This is a well-known result in rough path theory: superadditivity of
control functions. See for example [29].

3) This is immediately obtained from 2) and the equivalence of ¢’ and

?! norms on R2. O

Proposition A.1.6 (Integration of y—cocyclic one-forms along rough paths).
Let [p| +1>~v>p=>1. Let g€ Gp(V) and 5 a y—cocyclic one-form along
g. For each factorisation, Dy = (go, . ..,9m), of g denote

[o=5] soneean
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Then the following limit exists

\Dlil\go ng r= L/B

and is called the integral of B along g. Furthermore,

Lﬁ - Lgo,g} g

< CyplBlylglly

and consequently

f ﬁ‘ < IBlollgly + CrplBlyllgl5,
g

where C , < +00 depends only on vy and p.

Proof. Suppose that m > 2 and write Dy = (go, e ,gm). By Lemma|2.1.24
part 2) and the pigeonhole principle, we may choose an i € {1,..., m} such

that

2
lgi—1* gill}) < m\\g\li-

Then

JDg . ng\{giﬁ}

B(go* - *gi—1) + ﬁ(go*"'*gi)—f B(go * -+ * gi—1)
gi gi+1 9i*gi+1

2

v/p
<Ioblacr »aly < 1910y (2)
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Iterating this procedure until the factorisation has only two points left, we

ng - J{go,g?

see

<2l (;) Bl

and

< 1Blolgly + 2777 (g) Bhlgln,

I,

where ¢ denotes the Riemann-zeta function. Set C.,,, = 27/7¢ (%) < +o0.

We obtain the uniform bounds

ng o Lgog

sup

< Oy 1815 9l (A1.2)
Dg

and

sup
g

< 1Blollgly + CrplBlyllglp,

J,,?

g

as desired.

As for existence of the limit, we hope to show that SDg B is Cauchy in
R. Suppose first that D, < D; in the sense that for all x; € Dy, there exist
Yjs - Yj+m € Dy such that x; = yj * -+ % yjim (we say that Dy refines

Dy). And, we denote Dy N {x;} = (v, ---,Yj+m) the rough path partition
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of x;. Then,

féﬁ—ng,B

=)

xiEDg

( )

< CyplBly D) laill)

:L'Z‘EDQ

Bly max ;[P D7 il
J :EiGDg

< C’Y,P

|—0

bl J=p| g p 1o
< CoplBly max [ Lglly = 0

(%) follows from the maximal inequality (A.1.2]) and (x%) from item 2 in
Lemma [A-TH
If it does not hold that Dy = Dy, we set Dy := Dy v Dy and the result

oAl 1

follows by noting

J;ﬁ_JDgﬁ

< +

O]

Lemma A.1.7. Let N e No1, 1 < p < N and a € QGN(V)) a cocyclic
one-form. For all g € G,(V'), define

B : Hist(g) — QGPI(V)),  BE)(#(E)) := a(t€™) |-

Then B is a (|p] + 1)—cocyclic one-form along g and furthermore

Lﬂ:LNa.
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Proof. Define for all £ € Hist(g)

BE)(t(€)) = alt(€™))Iztri (v

We show first that 8 is a (|p] + 1)—cocyclic one-form. To this end, let

& = g1 * g2 * g3 € Hist(g) then

5(91)+J B(g1 * g2) —f B(g1)

= B(g1)(t(g1))[XSP) (g2)] + B(g1 * g2) (t(g2)) [X=P) (g3)]
- 5(91)( (g ))[X\[p (92 * g3)]
92)] + a(t(gd )X (g5)]

—~
i
Q
—~
-~
/\
\_/
~
|—|
/\

(***

O(g2 * g3l P,

so that 8 is indeed (|p] + 1)—cocyclic and whence the integral Sg B makes
sense by Proposition [2.2.16] (%) holds by definition of «; (x*) is from

a satisfying the cocyclic property; and (x * ) follows from the fact that
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lg2llp- lgsllp < llg2 * g3]p and that | X™(g)|| < Cpmlg[3" for a p—rough path
g and m € N by Lyons’ Extension theorem for rough paths (Theorem [2.1.5)).
Finally, we show that Sg B = Sg ~ . Indeed,

fﬁz lim Blgo -+ * g;)
g

[Dg|—0 gieDgy Y 9i+1

= lim > a(t(g) XS (gip)]

D 0
|Dgl— 9i€Dg

= dim (3] at(gM) XN (gis1)]

Dy|—0
| g| gieDg

= 3 g (gis1) — XN (gi10)])
9i€Dy

= [ o fim ¥ Ogn )
g

Dgy|—0
|Ds] 9i€Dg

:f o,
gN

since |p| + 1 > p. O

A.2

Lemma A.2.1. Let (X,]-|) be a Banach space and P, : X — X a
Cp—semigroup with generator L. Suppose that P < Dom(L) is dense in X

and invariant under P, then P is a core for L.

Proof. Recall that Dom(L) is complete for the norm | f|lpom(z) :== |If] +
|Lf]. Denote by P the closure of P in Dom(L) with respect to || - [pom(z)-
We hope to show P = Dom(L).
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If f € Dom(L) then by density of P in X, there is a sequence p, € P

such that |f — pn| — 0. Since ¢t + Pyp, is continuous for || - |pem(r) and
P.(P) < P,
t
J P,f,du e P.
0
And,
t t
lim f P,ppdu —J P,fdu
n—00 0

0 Dom(L)

t
= lim J P.(pn, — f)du| + lim |Ppn —pn — BPof + f|
n—0o0 0 n—00
= O7
so that
t
J P,fdue P.
0
Note also
1 t
lim HJ P,fdu— f
=0t Jo Dom(L)
N L R T TN LAY
TS0t ), T Al A
=0,
so that f € P and P = Dom(L), as required. O
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