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Abstract

This thesis is a tale of two halves. The first introduces the space of

unparameterised geometric rough paths and develops a notion of Lipschitz

function on this space. The second associates an expected signature to the

bilaplacian and culminates in an analogue of the Feynman-Kac formula for

high-order parabolic partial differential equations.
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1 Introduction

1.1 Motivation and overview

Part I: Chapters 2 and 3

We begin by interpreting rough path theory ([32], [33]) as a calculus of

sufficiently regular unparameterised paths with values in a truncated free

nilpotent Lie group. This interpretation is possible because many of the

fundamental operations in rough paths theory are independent of parame-

terisation.

More concretely, we shall call any increasing homeomorphism

τ : r0, 1s Ñ r0, 1s a reparameterisation. Then if g : r0, 1s Ñ GtpupV q is

a geometric p´rough path, g ˝ τ is also a geometric p´rough path with

}g}p´var “ }g ˝ τ}p´var. Furthermore, if α : V Ñ V ˚ is a smooth one-form,

then
ż

g
α “

ż

g˝τ
α.

Likewise, if A : V
lin
ÝÑ Vect8b pW q is a linear map into smooth, bounded vec-

tor fields on another vector space, W , and Y solves the differential equation

dY “ ApY qdg, Y0 PW,

then Y ˝ τ solves

dpY ˝ τq “ ApY ˝ τqdpg ˝ τq, pY ˝ τqp0q “ Y0 P V
1.
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Our motivation for studying unparameterised rough paths is twofold.

The first is mathematical simplicity and elegance. As alluded to above, the

main results of rough path theory [32] do not require a parameterisation

to be stated nor proved. The additional notation and clutter from fixing a

parameterisation is a hindrance to progress. The second is that there are

many real-world examples of data that have a natural order, but no natural

parameterisation: think of a stream of text in a book or of a handwritten

Chinese character [18]. Equally, ignoring the parameterisation of a data

stream – whilst retaining its order – could be efficient: see [28] and [25]

for unparameterised path techniques in the context of Econometrics and

Mental Health data, respectively. There is value, therefore, not only in

studying spaces of unparameterised rough paths, but also functions on these

spaces.

In Chapter 3, we develop a notion of Lipschitz function (in the sense of

E. Stein [41]) on unparameterised rough paths. Unlike Malliavin-Sobolev

functions on Wiener space, Lipschitz functions are a measure-free concept.

We shall see (Theorem 3.3.4) that these Lipschitz functions satisfy a type of

Martingale Representation Theorem: namely, that they can be represented

by integrating appropriate path-dependent one-forms. Further, analogously

to their Euclidean counterparts, these functions form a Banach algebra

(Proposition 3.4.9) and separate points (Lemma 3.5.5), suggesting that they

may form a core class of test functions for analysis on path space. Further,

a Whitney-type extension property (Theorem 3.5.2) is satisfied: this is
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of relevance in (theoretical) supervised Machine Learning or Econometrics

where one often has a function defined on some subset of data points which

one wants to extend to unseen points. We refer to [15] for a discussion

relating Whitney extension problems with the interpolation of data.

We have generalised the notion of Lipschitz function by moving away

from Euclidean space to unparameterised rough path space, and with co-

cyclic one-forms ([35]) playing the role of polynomial functions: locally

describing functions on unparameterised rough paths. Still on Euclidean

spaces, but in the context of locally subscritical singular stochastic partial

differential equations, M. Hairer ([19]) fruitfully generalised the notion of

Lipschitz function to so-called modelled distributions (or Dγ spaces). In

his Theory of Regularity Structures, modelled distributions are locally de-

scribed by objects tailor-made to the problem at hand and which are far

more general than polynomials.

Part II: Chapters 4 and 5

The connection between Brownian motion and the Laplacian is rich and

complex. One of the foundations of this relationship is that the heat semi-

group of the Laplacian induces measures on path space that converge to

Wiener measure. The solving of stochastic differential equations (SDEs) is

a complicated operation on path space which allows to associate measures

on path space to new differential operators of dissipative type. Indeed, a
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celebrated family of results in stochastic analysis describe the infinites-

imal generator of the solution to SDEs. Formally, the solution to the

Stratonovich SDE driven by Brownian motion and vector fields pViq has

the sum-of-squares generator: 1
2

ř

V 2
i (well-explained in the classical text

of N. Ikeda and S. Watanabe [23]). There are many benefits to this prob-

abilistic perspective of partial differential equations, for example: Markov

diffusions can be studied on fractals where classical PDEs have no meaning

– see [3] for a construction of “Brownian motion” and “Laplacian” on the

Sierpinski carpet which are invariant with respect to the local symmetries

of the carpet. Another example is in alternative numerical schemes to heat

equations of subelliptic operators (see [30] and the references therein).

However, a significant drawback of this classical probabilistic perspec-

tive on PDEs is that it is restricted to partial differential operators of order

at most two. The reason for this is that high-order (order above two) el-

liptic differential operators do not in general satisfy maximum principles.

Therefore, although the associated heat kernels integrate to one, they are

not positive functions and hence cannot be interpreted as the transition

functions of some Markov process.

Using ideas going back at least to V. Krylov ([26]), together with tech-

niques from rough path theory, D. Levin and T. Lyons ([27]) began a pro-

gramme to overcome this obstruction of signed heat kernels. We give now

an overview of their result and our generalisation of it.

Consider the operator ´∆2 on Rd – defined through Fourier analysis
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as having symbol ppξq “ ´16π4}ξ}4 – or more generally, a translation-

invariant operator whose symbol tends to ´8 off compact sets. For any

partition of time, D, the associated heat semigroup induces a family of

consistent signed measures on piecewise linear paths, which we denote by

PD. The total variation of these measures grows geometrically with #D

and they do not extend to a countably additive measure on the space of

continuous paths. In spite of this, Levin and Lyons showed that expected

coordinate signatures of the measures associated to the different partitions

do converge as the mesh tends to 0 (|D| Ñ 0) (Theorem 7.4 in [27]). In

a nutshell, that the expected values of core functions on unparameterised

rough paths have limits against these exploding measures. We mention and

address two of their conjectures (Section 8 in [27]):

Conjecture 1) The measures, PD, converge to a finite signed measure on

rough paths when one considers the filtration that ignores

parameterisation.

Conjecture 2) Suppose that pAiq are sufficiently regular vector fields, and

ΨA is the Itô-Lyons map taking paths in V to somewhere

else via

dY x “ ApY xqdγ, Y x
0 “ x.

For each partition of time, D, denote by ED the integral

5



with respect to PD. Then we can define

uDpt, xq :“ EDrfpY x
t qs

and ask if

lim
|D|Ñ0

uDpt, xq

exists for regular enough f and if the limiting function, u,

solved a PDE semigroup whose generator depends on the Ai

in analogy with results from classical stochastic analysis (see

[30]).

This first conjecture remains open, however it appears that a distribu-

tional limit “lim|D|Ñ0 PD “ P” does exist and we significantly generalise the

class of test functions on paths, φ, for which lim|D|Ñ0 EDrφs “: Erφs ex-

ists. More precisely, in Chapter 4 we consider a topological algebra, T̄ pV q,

containing signatures of all V´valued rough paths, where V is a finite-

dimensional Banach space. The topology on T̄ pV q is the coarsest such

that any continuous linear map A P LpV Ñ Bq into any Banach algebra,

B, uniquely extends to a continuous algebra homomorphism T̄ pV q Ñ B

(see Section 4.3 for the precise statements). The main result of Chapter 4,

Theorem 4.6.2, shows existence of the limit

lim
|D|Ñ0

EDrXs P T̄ pV q,

where Xpgq denotes the signature of the rough path g. In particular, if

φ P T̄ pV q˚ is in the continuous dual, φ induces a function on rough paths
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by

φpgq :“ xφ,XpgqyT̄ pV q˚ˆT̄ pV q

and lim|D|Ñ0xφ,PDy exists for all such φ P T̄ pV q˚. From this theorem, we

derive several corollaries that Levin and Lyons could not. For example,

Chevyrev and Lyons introduced a faithful Fourier transform on Borel mea-

sures on signatures ([9]). In Theorem 4.7.11, we show that lim|D|Ñ0
xPD “: pP

exists pointwise, where p̈ denotes Fourier transform. We therefore have a

candidate for the Fourier transform of this distribution, P, but it does not

seem straightforward to determine the existence or otherwise of a measure

with such a Fourier transform. Nonetheless, we think of P as the “Brown-

ian motion” associated to the bilaplacian – the reasons for this will become

more apparent when we discuss the contents of Chapter 5.

In Chapter 5 we prove Conjecture 2) for sufficiently regular vector fields

and initial data – see Theorem 5.4.37 for the precise statement. Loosely

speaking, suppose G is a compact Lie group equipped with the normalised

bi-invariant measure and pAiq are left-invariant vector fields on G then the

limit

lim
|D|Ñ0

EDrfpY x
t qs “: upt, xq

exists for all f P PpGq (“polynomials on G”: see Definition 5.4.10) and

forms a one-parameter semigroup in t. If, furthermore, the operator

L : C8pGq Ñ C8pGq, L “ ´

˜

ÿ

i

A2
i

¸2
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satisfies an appropriate L2´Poincaré inequality (see Corollary 5.4.21) then

u solves the PDE semigroup

$

’

&

’

%

Btu “ L u,

up0q “ f P PpGq Ă L2pGq,

where L is an appropriate closed extension of L to L2pGq. PpGq is dense

in L2pGq and etL |PpGq uniquely extends to a contractive C0´semigroup on

L2pGq. In fact, PpGq is a core for L , so we obtain a quasi-probabilistic

understanding of this high-order operator through

L fpgq “ lim
tÑ0

lim
|D|Ñ0

EDrfpY g
t qs ´ fpgq

t
.

Parts I and II are connected by a conjecture:

Conjecture 3) Let γ ą p ą 4 then there exists a constant C ą 0 such that

for all pf,∇∇fq P LipγpGppV qq,

sup
D
|EDrf s| ď C}pf,∇∇fq}Lipγ

and the limit

lim
|D|Ñ0

EDrf s

exists.
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1.2 Notation and basic facts

BThroughout, V and W shall be real, finite-dimensional Banach spaces.

Definition 1.2.1 (Projective tensor product). Let Vi, i “ 1, . . . , k, be real,

finite-dimensional Banach spaces. Define the projective norm on the alge-

braic tensor product } ¨ }π : V1 ba ¨ ¨ ¨ ba Vk Ñ r0,8q by

}v}π :“ inf

#

n
ÿ

i“1

}vi1} . . . }v
i
k} : v “

n
ÿ

i“1

vi1 b ¨ ¨ ¨ b v
i
k

+

.

We shall call the Banach space pV1 b ¨ ¨ ¨ b Vk, } ¨ }πq the projective tensor

product of V1, . . . , Vk. If Vi – V for all i, we shall denote the projective

tensor product simply by V bk.

}¨}π is indeed a norm. We refer to [40] for further details of tensor prod-

ucts of Banach spaces. We collect several properties of projective tensor

products required in the sequel.

Definition 1.2.2 (Cross norm). When V,W are Banach spaces, a cross

norm, } ¨ }, on the algebraic tensor product V baW is a norm satisfying

i) }v b w} “ }v}V ¨ }w}W

ii) }v˚ b w˚}˚ “ }v
˚}V ˚ ¨ }w

˚}W˚

for all v P V,w P W, v˚ P V ˚, w˚ P W ˚. Here } ¨ }˚ is the dual norm of the

cross norm } ¨ }.

Lemma 1.2.3. The projective tensor norm is a cross norm.
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Proof. See Proposition 2.1 in [40].

Definition 1.2.4 (Action of Sn on V bn). The action

Sn Ñ GLpV bnq, σpv1 b . . .b vnq :“ vσp1q b . . .b vσpnq

is a linear isometry for all σ P Sn, where Sn denotes the nth symmetric

group.

Definition 1.2.5. Let i1, . . . , ik ě 0 be natural numbers. Shpi1, . . . , ikq Ă

Si1`¨¨¨`ik is the subgroup of the pi1`¨ ¨ ¨` ikq
th symmetric group consisting

of permutations σ satisfying

σp1q ă ¨ ¨ ¨ ă σpi1q,

σpi1 ` 1q ă ¨ ¨ ¨ ă σpi1 ` i2q,

...

σpi1 ` ¨ ¨ ¨ ` ik´1 ` 1q ă ¨ ¨ ¨ ă σpi1 ` ¨ ¨ ¨ ` ikq.

Any σ P Shpi1, . . . , ikq induces a bounded linear map of Banach spaces

V bpi1`¨¨¨`ikq Ñ V bi1 b ¨ ¨ ¨ b V bik

given by

σpv1 b ¨ ¨ ¨ b vi1`¨¨¨`ikq

“
`

vσp1q b ¨ ¨ ¨ b vσpi1q
˘

b . . .b
`

vσpi1`¨¨¨`ik´1`1q b ¨ ¨ ¨ b vσpi1`¨¨¨`ikq
˘

.
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Definition 1.2.6 (Product map). Let A P LpV Ñ W q be a linear map.

Define tensor products of A

Ab0 ” Id : RÑ R,

and for k ě 1,

Abk P L
´

V bk ÑWb k
¯

, Abk : v1 b ¨ ¨ ¨ b vk ÞÑ Apv1q b ¨ ¨ ¨ bApvkq

all vi P V.

When W is an algebra Abk P L
`

V b k ÑW
˘

shall also denote the linear

map

Abk : v1 b ¨ ¨ ¨ b vk ÞÑ Apv1q . . . Apvkq.

A further property of the projective tensor norm is that its associated

operator norm is submultiplicative for tensor products of linear maps:

Lemma 1.2.7. Let V be a Banach space, B a Banach algebra and A P

LpV Ñ Bq. Then for all k P N,

}Abk}LpV bkÑBq ď }A}
k
LpVÑBq.

Proof. When k “ 0, the result is clear so we assume that k ě 1. Let

v P V bk with }v}π “ 1. For all ε ą 0, we can write

v “
n
ÿ

i“1

vi1 b ¨ ¨ ¨ b v
i
k, with

n
ÿ

i“1

}vi1} . . . }v
i
k} ď 1` ε.
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Then

}Abkv} “

›

›

›

›

›

n
ÿ

i“1

Apvi1q . . . Apv
i
kq

›

›

›

›

›

ď

n
ÿ

i“1

}A}kLpVÑBq}v
i
1} . . . }v

i
k}

ď p1` εq}A}kLpVÑBq.

The result follows by letting ε tend to 0.

Definition 1.2.8 (Extended tensor algebra). The extended tensor algebra

over V , denoted by T ppV qq, is defined to be the following Cartesian product:

T ppV qq “
8
ź

k“0

V bk.

It is endowed with two binary operations: an addition and a product. Let

a “ pa0, a1, . . . q, b “ pb0, b1, . . . q P T ppV qq where ai, bi P V
bi for all i ě 0.

Then

a` b “ pa0 ` b0, a1 ` b1, . . . q

and

ab “ pc0, c1, . . . q,

where for all n ě 0,

cn “
n
ÿ

k“0

ak b bn´k.

For all k ě 0, we denote by

πk : T ppV qq Ñ V bk, πk : a ÞÑ ak

12



the projection onto k´tensors.

The space T ppV qq endowed with these two binary operations and the

action of R λa “ pλa0, λa1, . . . q is a non-commutative (dimpV q ą 1) unital

algebra with unit 1 “ p1, 0, . . . q.

Definition 1.2.9 (Tensor algebra). Denote by T pV q Ă T ppV qq the subal-

gebra

T pV q “
8
à

k“0

V bk.

T pV q is a graded algebra, with, for all k P N, V bk the grade´k subspace.

ι : V Ñ T pV q is the canonical inclusion of V into T pV q. The tensor

algebra satisfies the universal property that any linear map A : V Ñ B into

a real algebra, B, can be uniquely extended to an algebra homomorphism

A : T pV q Ñ B as indicated by the following commutative diagram:

V T pV q

B

ι

A
A .

For each n ě 0 denote the linear subspace of T ppV qq

Bn “ ta P T ppV qq | a0 “ ¨ ¨ ¨ “ an “ 0u .

Bn is an ideal of T ppV qq.

13



Definition 1.2.10 (Truncated tensor algebra). Let n ě 1. The truncated

tensor algebra of order n over V is the quotient algebra

TnpV q :“ T ppV qq{Bn.

The quotient map T ppV qq Ñ TnpV q is denoted Π0,n.

TnpV q is canonically isomorphic to
Àn

k“0 V
bk equipped with the prod-

uct

pa0, a1, . . . , anqpb0, b1, . . . , bnq “ pc0, c1, . . . , cnq,

where ck “
řk
i“0 ai b bk´i for all 0 ď k ď n.

The dual of T ppV qq

Let pe1, . . . , edq be a basis for V and pe˚1 , . . . , e
˚
dq the corresponding dual

basis for V ˚. Let n ě 1. The tensors

teI “ ei1 b ¨ ¨ ¨ b ein | I “ pi1, . . . , inq P t1, . . . , du
nu

form a basis of V bn. We identify pV ˚qbn
–
ÝÑ pV bnq˚ by identifying the ba-

sis
 

e˚I “ e˚i1 b ¨ ¨ ¨ b e
˚
in
| I “ pi1, . . . , inq P t1, . . . , du

n
(

of pV ˚qbn with the

dual basis of pV bnq˚ as follows:

xe˚i1 b ¨ ¨ ¨ b e
˚
in , ej1 b ¨ ¨ ¨ b ejny “ δi1,j1 . . . δin,jn .

The action of pV ˚qbn on V bn extends to an action on T ppV qq by:

e˚I paq “ e˚I pπnpaqq.
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By letting n vary between 0 and 8, we obtain the action of

T pV ˚q “
À8

n“0pV
˚qbn on T ppV qq and in fact have T ppV qq˚ – T pV ˚q.

Definition 1.2.11 (Shuffle product). Let s, r P N, I “ pi1, . . . , irq P

t1, . . . , dur and J “ pj1, . . . , jsq P t1 . . . , du
s. Define their shuffle product

e˚I � e˚J by:

e˚I � e˚J :“
ÿ

σPShpr,sq

e˚kσp1q,...,kσpr`sq P T pV
˚q.

This extends to a commutative product on T pV ˚q.

Definition 1.2.12 (Grouplike elements). Denote by

G˚pV q “ ta P T ppV qqzt0u | e˚paqf˚paq “ e˚ � f˚paq, @e˚, f˚ P T pV ˚qu

the set of grouplike elements. For n P N,

Π0,n pG
˚pV qq “ GnpV q Ď TnpV q

is the step´n free nilpotent group over V .

Definition 1.2.13. Let a P T ppV qq then

exppaq “
8
ÿ

k“0

ak

k!
P T ppV qq.

Definition 1.2.14 (Free Lie algebra). Denote by r¨, ¨s the commutator on

the algebra T ppV qq. Consider the sequence pLpnqpV qqně0 of subspaces of

T ppV qq given by Lp0qpV q “ 0, Lp1qpV q “ V and

Lpn`1qpV q “
”

V,LpnqpV q
ı
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for all n ě 1.

gnpV q :“ Π0,n

`
Àn

i“0 L
piqpV q

˘

is the Lie algebra of GnpV q and

expn : gnpV q Ñ GnpV q, expn : a ÞÑ
n
ÿ

k“0

ak

k!

is a global diffeomorphism.

Thus, GnpV q is a Carnot group and we equip it with a symmetric,

subadditive homogeneous norm (Section 3 in [31]), | ¨ |GnpV q, and induced

metric.
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2 The Space of Unparameterised Geometric Rough

Paths

We begin this chapter by describing the metric space of unparameterised

p´rough paths, GppV q, together with various operations on this space. We

equip GppV q with a natural partial order: for g, h P GppV q, we will write

g Ď h if one can decompose h “ g ˚ h2, where h2 P GppV q and ˚ denotes

concatenation. We collect also some technical results required in the sequel,

where we shall describe and study Lipγ functions on unparameterised paths.

Many of the results in this chapter are well-known. In particular, Sec-

tion 2.2 largely reformulates aspects of classical rough integration theory –

as exposed in [32], [33], [35], [43] – to the unparameterised setting.

2.1 Preliminary definitions and notations

Definition 2.1.1. Let a ă b and G be a group. Given a path g : ra, bs Ñ G,

and real numbers s, t P ra, bs, we shall denote the increment

gs,t :“ g´1
s gt,

where ‚´1 indicates the inverse in G.

Definition 2.1.2 (Parameterised weakly geometric p´rough paths). Let

a ă b. Denote by WGΩppra, bs Ñ V q the set of continuous functions

g : ra, bs Ñ GtpupV q

17



of finite p´variation:

}g}pp :“ sup
D

ÿ

tiPD

ˇ

ˇgti,ti`1

ˇ

ˇ

p

GtpupV q
ă `8,

where the supremum is taken over all finite partitions,

D “ pa “ t0 ă ¨ ¨ ¨ ă tn “ bq,

of ra, bs.

This is a metric space under

dpg, hqp :“ sup
D

ÿ

tiPD

ˇ

ˇ

ˇ

`

gti´1,ti

˘´1 `
hti´1,ti

˘

ˇ

ˇ

ˇ

p

GtpupV q
.

Remark 2.1.3. Sometimes in the literature (e.g. [32, 33]), a p´rough path

is defined as a two-parameter object

x : tpu, vq : a ď u ď v ď bu Ñ GtpupV q

satisfying xs,u xu,t “ xs,t for all a ď s ď u ď t ď b together with a finite

p´variation condition. This is equivalent to our definition. Indeed, given

such a two-parameter object, x, we may define

g : ra, bs Ñ GtpupV q, gt :“ xa,t

and then g is a p´rough path in the sense of Definition 2.1.2. This per-

spective of viewing a rough path as a Lie-group valued path is not novel

(see Section 2.3 in [16] or Definition 4 in [43], for example) and will be

more suitable when we come to treating unparameterised rough paths in

the sequel.

18



Definition 2.1.4 (Canonical rough path lift). Let x : ra, bs Ñ V be a path

of bounded variation. Let N P N. The path gN pxq : ra, bs Ñ GN pV q Ď

TN pV q

gN pxqt “ 1`
N
ÿ

k“1

ż

4k
a,t

dxu1 b ¨ ¨ ¨ b dxuk ,

where 4k
a,t :“ ta ă u1 ă ¨ ¨ ¨ ă uk ă tu Ă Rk is the k´simplex on ra, ts, is

called the level´N canonical rough path lift of x. One can show that gN pxq

indeed is a p´rough path for any p P rN,N ` 1q.

As is common in the rough path literature, we sometimes denote

xks,t :“

ż

4k
s,t

dxu1 b ¨ ¨ ¨ b dxuk .

Theorem 2.1.5 (Lyons’ Extension theorem: Theorem 3.7 in [33]). Let

g P WGΩppra, bs Ñ V q be a rough path. Let N P N with N ą tpu. Then

there exists a unique N´rough path XďN pgq : ra, bs Ñ GN pV q such that

1. Π0,tpu

`

XďN pgqt
˘

“ gt, for all t P ra, bs;

2. XďN pgq has finite p´variation.

Furthermore, there exists a constant Bp ă `8 independent of k such that

}πkpXďN pgqs,tq} ď Bp
}g|rs,ts}

k{p
p

pk{pq!
.

This leads to the definition
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Definition 2.1.6 (Signature). Let g PWGΩppra, bs Ñ V q be a rough path.

Let N P N. We shall call XďN pgqa,b “ XďN pgq, as defined in Theorem

2.1.5, the level´N truncated signature of g. Let k ď N , we call Xkpgq “

πk
`

XďN pgq
˘

the level´k signature of g. And, finally,

Xpgq “ 1`
8
ÿ

k“1

Xkpgq P T ppV qq

the signature of g.

Definition 2.1.7 (Parameterised geometric p´rough paths). Let a ă b.

Denote by GΩppra, bs Ñ V q the closure of the set

tg PWGΩppra, bsq : g is the canonical lift of a smooth path ra, bs Ñ V u

in the metric space WGΩppra, bs Ñ V q. When ra, bs “ r0, 1s, we shall

denote this space simply by GΩppV q.

Definition 2.1.8 (The set of unparameterised geometric p´rough paths,

GppV q). Introduce the equivalence relation on GΩppV q, writing g „ h if and

only if there exists a strictly increasing homeomorphism τ : r0, 1s Ñ r0, 1s (a

“reparameterisation”) such that g˝τ “ h. Define the set of unparameterised

paths as the quotient set

GppV q :“ GΩppV q{ „ .

An unparameterised geometric p´rough path is then an equivalence class of

parameterised paths, rgs, which we shall often denote by choosing a repre-

sentative: g.
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Remark 2.1.9. Within GppV q, two paths differ if one cannot reparameterise

one of them to equal the other. This can be quite a subtle distinction. For

example consider the two 1´rough paths γ1, γ2 : r0, 1s Ñ R, γ1
t :“ t for all

t and

γ2
t :“

$

’

’

’

’

’

&

’

’

’

’

’

%

1.5t, t ă 1
3 ,

0.5, t P
“

1
3 ,

2
3

‰

,

1.5t´ 0.5, t ą 2
3 .

If one plots the curves t ÞÑ γ1
t and t ÞÑ γ2

t on the real line, one would not

be able to distinguish between the two. Indeed, they both monotonically

traverse the interval r0, 1s, but γ2 remains constant over a period; whereas,

γ1 does not. The signature fails to distinguish between these two paths:

a direct calculation shows that Xpγ1q “ Xpγ2q “
ř8
k“0

1
k! P T ppRqq. How-

ever, the two paths are different in G1pRq. Indeed, there does not exist an

increasing homeomorphism τ : r0, 1s Ñ r0, 1s such that γ1 “ γ2 ˝ τ.

In Chapter 3 we shall define Lipschitz functions on unparameterised

rough paths and we shall see (Lemma 3.5.5) that these functions are, unlike

signatures, rich enough to separate points in GppV q.

2.1.1 Operations on unparameterised paths.

When one quotients out parameterisations, one loses certain operations on

paths. For example, it is meaningless to evaluate an unparameterised path

at time t “ 1{2, or to add two unparameterised paths. We collect below
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some of the relevant operations that are well-defined on the quotient.

Define the initial and tail point of an unparameterised path

i, t : GppV q Ñ GtpupV q, iprgsq :“ gp0q, tprgsq :“ gp1q.

Concatenation. If g, h P GΩppV q are parameterised paths with g1 “

h0. Define their concatenation g ˚ h P GΩppV q by

pg ˚ hqt “

$

’

&

’

%

g2t, t P r0, 1{2s,

h2t´1, t P r1{2, 1s.

If rgs, rhs P GppV q are unparameterised paths with tpgq “ iphq define their

concatenation

rgs ˚ rhs :“ rg ˚ hs P GppV q.

Reversal of a path. Let g P GΩppV q. Define its reversal ÐÝg P GΩppV q

by

ÐÝgt :“ g1´t.

For an unparameterised path rgs P GppV q, define

ÐÝ
rgs :“ rÐÝg s.

Translation of a path. Let g P GΩppV q and κ P GtpupV q define the

left and right translations of g by κ as κg, gκ P GΩppV q

pκgqt :“ κpgtq, pgκqt :“ pgtqκ,
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respectively. And, for rgs P GppV q,

κrgs :“ rκgs, rgsκ :“ rgκs.

p´variation. Let rgs P GppV q, then define

}rgs}p :“ }g}p.

Definition 2.1.10 (Factorisation of an unparameterised path). Let g P

GppV q be an unparameterised geometric p´rough path and m ě 1.

Dg “
`

g0, . . . , gm
˘

Ă GppV q is a rough path factorisation of g (or simply:

a factorisation of g) provided

• gi P GppV q for all i “ 0, . . . ,m with tpgiq “ ipgi`1q for all

i “ 0, . . . ,m´ 1,

• g0 ˚ ¨ ¨ ¨ ˚ gm “ g,

• g0 is the constant path g0 ” ipgq.

Any such factorisation has a mesh:

|Dg| :“ max
j“0,...,m

}gj}p.

If m “ 1, then Dg “
`

g0, g
˘

. We call such a Dg the trivial factorisation of

g.

Definition 2.1.11 (Coarsening a factorisation). Let Dg “
`

g0, . . . , gm
˘

be

a rough path factorisation of some g P GppV q. For i “ 1, . . . ,m, we may
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coarsen Dg

Dgztgiu :“
`

g0, . . . , gi´2, gi´1 ˚ gi, gi`1, . . . , gm
˘

.

Dgztgiu is again a factorisation of g and satisfies |Dgztgiu| ě |Dg|.

2.1.2 A partial order on unparameterised paths

Definition 2.1.12. Let g, h P GppV q. We write g Ď h if and only if there

exists h2 P GppV q such that h “ g ˚ h2.

Lemma 2.1.13. Let g, h P GppV q. Then

g Ď h ùñ }g}p ď }h}p.

Proof. Immediate from definition of p´variation.

Lemma 2.1.14. If g, h P GppV q such that

g Ď h and }g}p “ }h}p

then g “ h.

Proof. Pick parameterisations of g and h,

g : r0, 1s Ñ GtpupV q, h : r0, 2s Ñ GtpupV q

such that g “ h|r0,1s and write h2 :“ h|r1,2s. The claim is equivalent to

showing that h2 is a constant path.
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Suppose for a contradiction that h2 is not a constant path, then Ds ă

t P r1, 2s such that

|hs,t|
p
“: ε ą 0.

Since ε{2 ą 0, there exists a partition D “ Dpε{2q Ă r0, 1s such that

ÿ

tiPD

|gti,ti`1 |
p ě }g}pp ´ ε{2.

Define the partition of r0, 2s, D :“ D Y ts, t, 2u then

}h}pp ě
ÿ

tiPD

|hti,ti`1 |
p ě

ÿ

tiPD

|gti,ti`1 |
p ` |hs,t|

p

ě }g}pp ´ ε{2` ε

“ }g}pp ` ε{2.

This contradicts that }h}p “ }g}p, completing the proof.

Corollary 2.1.15. pGppV q,Ďq is a partially ordered set (poset).

Definition 2.1.16 (History of a path). Let g P GppV q define the history

of g, Histpgq Ă GppV q, by

Histpgq :“ tξ P GppV q : ξ Ď gu .

Definition 2.1.17 (Metric on Histpgq). Let g P GppV q and choose a param-

eterisation g : r0, 1s Ñ GtpupV q. For a1, a2 P Histpgq, there exists s, t P r0, 1s

such that a1 “ g|r0,ss and a2 “ g|r0,ts. Define the metric, d, on S by

dpa1, a2q :“ }g|rs^t,s_ts}p.
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By parameter independence of p´variation, this metric is independent of

the choice of parameterisation for g.

Lemma 2.1.18. Let g P GppV q then the set ta P GppV q : a Ď gu is homeo-

morphic to a (possibly degenerate) closed, bounded interval in R. Further,

the homeomorphism can be taken to be increasing.

Proof. See Lemma A.1.2 in the Appendix for the proof.

Definition 2.1.19. Let K Ď GppV q be a nonempty set of paths. We say

that K is bounded above (resp., below) if there exists g P GppV q such that,

k Ď g (resp., g Ď kq for all k P K. We call such a g an upper (resp., lower)

bound for K.

Lemma 2.1.20 (Supremum). Let S Ď GppV q be nonempty and bounded

above. Then D! suppSq P GppV q satisfying

1. For all g P S, g Ď suppSq,

2. If Dḡ P GppV q such that @g P S, g Ď ḡ then suppSq Ď ḡ.

Proof. Uniqueness follows from pS,Ďq being a poset. As for existence, let

ḡ P GppV q be an upper bound for S, I Ă R a closed, bounded interval

and ϕ : ta P GppV q : a Ď ḡu Ñ I an increasing homeomorphism. By the

completeness axiom in R, ϕpSq Ď I has a least upper bound, which we

denote u “ suppϕpSqq P I. Then, suppSq :“ ϕ´1puq P GppV q satisfies the

desired properties.
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Definition/Lemma 2.1.21 (The youngest common ancestor). Let g, h P

GppV q with ipgq “ iphq. Define the youngest common ancestor of g and h

g ^ h “ h^ g :“ sup tξ P GppV q : ξ Ď g, ξ Ď hu .

Note that g ^ h Ď g, h. We verify the operation ^ is well-defined.

Proof. S “ tξ P GppV q : ξ Ď g, ξ Ď hu Ď GppV q is nonempty and bounded

above so D! suppSq P GppV q.

Remark 2.1.22. For g, h P GppV q with ipgq “ iphq, g ^ h P GppV q is the

unique path of maximal p´variation (“youngest”) such that g^ h Ď g and

g ^ h Ď h “common ancestor”).

Definition/Corollary 2.1.23. Let g, h P GppV q with ipgq “ iphq.

g2phq P GppV q

is the unique path given implicitly by the equation

g “ pg ^ hq ˚ g2phq.

2.1.3 A metric on unparameterised paths

Lemma 2.1.24 (p´variation inequalities). Suppose x, y P GppV q with

ipyq “ tpxq then the following hold:

1) }x ˚ y}p ď }x}p ` }y}p,
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2) }x ˚ y}pp ě }x}
p
p ` }y}

p
p,

3) }x ˚ y}p ě 2
1´p
p p}x}p ` }y}pq.

Proof. See Lemma A.1.5 for the proof.

The following metric reflects the type of path perturbations that we

shall be considering for previsible Lipschitz functions on paths. Loosely, two

paths x, y P GppV q will be close if they share a significant common history:

namely, x “ ξ ˚ x2 and y “ ξ ˚ y2 with }x2}p, }y2}p small. If x “ y ˚ x2, we

consider x a perturbation of y. This is a natural notion of perturbation for

paths and is very different from Cameron-Martin-type perturbations, which

make little sense in our parameter-independent, measure-free framework.

Definition 2.1.25 (The metric space of unparameterised geometric p´rough

paths). Let x, y P GppV q. Recall the decompositions from Definition 2.1.23

valid when ipxq “ ipyq

x “ px^ yq ˚ x2pyq, y “ px^ yq ˚ y2pxq.

Define the function dp : GppV q ˆGppV q Ñ r0,8q by

dppx, yq :“

$

’

&

’

%

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq

›

›

›

p
, ipxq “ ipyq,

›

›

ÐÝx ˚ pipxq ipyq´1yq
›

›

p
` dGtpupV q pipxq, ipyqq , ipxq ‰ ipyq.

See Lemma A.1.4 in the Appendix for the proof that dp is a metric.
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In order to show that pGppV q, dpq is complete, we first collect some basic

technical results.

Definition 2.1.26. We say a sequence gn P GppV q is increasing (resp.,

decreasing) if for all n P N gn Ď gn`1 (resp., gn`1 Ď gnq.

Lemma 2.1.27. Let gn P GppV q be a bounded, increasing sequence. Then

gn converges.

Proof. Let g P GppV q be an upper bound for tgn : n P Nu, I Ă R a closed,

bounded interval and ϕ : ta P GppV q : a Ď gu Ñ I an increasing homeomor-

phism. Then, since ϕpgnq P R is bounded and increasing, ϕpgnq
nÑ8
ÝÝÝÑ ϕpḡq

for some ḡ P GppV q and hence gn
nÑ8
ÝÝÝÑ ḡ.

Similarly, one has

Lemma 2.1.28. Let gn P GppV q be a decreasing sequence. Then gn con-

verges.

Proof. Let I Ă R be a closed, bounded interval and ϕ : ta P GppV q :

a Ď g1u Ñ I be an increasing homeomorphism. Then, since ϕpgnq P R is

bounded and decreasing, ϕpgnq
nÑ8
ÝÝÝÑ ϕpḡq for some ḡ P GppV q and hence

gn
nÑ8
ÝÝÝÑ ḡ.

Lemma 2.1.29. Let gn P GppV q be an increasing sequence with

U :“ sup
n
}gn}p ă `8.

Then gn converges.
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Proof. Choose a parameterised path g : r0, 1q Ñ GtpupV q such that

“

g|r0,1´1{ns

‰

“ gn, @n ě 2.

Since p´variation of parameterised, continuous paths is lower semi-continuous

with respect to the topology of pointwise convergence (Proposition 1.8 in

[33]),
›

›g|r0,1q
›

›

p
ď lim inf

nÑ8
}gn}p ď U ă `8

so that g extends uniquely to a geometric p´rough path g : r0, 1s Ñ

GtpupV q.

Denote g “ rgs P GppV q. We hope to show that gn
nÑ8
ÝÝÝÑ g in GppV q.

To this end, note that for all n we may factorise g “ gn ˚ pgnq2pgq, where

gn “
“

g|r0,1´1{ns

‰

and pgnq2pgq “
“

g|r1´1{n,1s

‰

. Then,

dppgn, gq “ }pgnq2pgq}p “
›

›g|r1´1{n,1s

›

›

p

nÑ8
ÝÝÝÑ 0,

as desired.

Proposition 2.1.30. The metric space pGppV q, dpq is complete.

Proof. Let gn P GppV q be a Cauchy sequence. We intend to show that gn

converges. Consider the two cases.

Case 1) Suppose exists N P N such that for all n,m ě N , ipgnq “ ipgmq.

Fix M P N large so that supněM dppgM , gnq ď 1 then note the factorisation

gn “ pgM ^ gnq ˚ pgM q2pgnq
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hence

}gn}p ď }gM}p ` dppgM , gnq ď }gM}p ` 1

and therefore U :“ supnPN }gn}p ă `8. Denote for all large n

Sn “ tg P GppV q | g Ď gk @k ě nu Ď GppV q.

Note that ipgnq P Sn ‰ H and that Sn is bounded above (by gn). Therefore,

we may set

gn :“ suptg P GppV q | g Ď gk, @k ě nu P GppV q.

Note that gn Ď gn`1 and that }gn}p ď }gn}p ď U so that, by Lemma 2.1.29,

there exists g P GppV q such that gn Ñ g.

We claim that dppgn, gnq
nÑ8
ÝÝÝÑ 0. Assume for a contradiction that the

claim is false: there exists ε ą 0 such that dpgn, gnq ě ε for infinitely many

n. Then, by the definition of gn and properties of sup, for each such n there

exists m ě n such that gn Ď gm Ď gn and dpgm, gnq ě ε{2, contradicting

the Cauchy property.

Finally, by the triangle inequality,

dppgn, gq ď dp
`

gn, gn
˘

` dp
`

gn, g
˘ nÑ8
ÝÝÝÑ .

So that gn
nÑ8
ÝÝÝÑ g, as desired.

Case 2) Suppose for all N P N there exist n,m ě N such that

ipgnq ‰ ipgmq.
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ipgnq P GtpupV q is a Cauchy sequence in a complete space. Denote

g “ limnÑ8 ipgnq P G
tpupV q. Then gn converges to the constant path g,

completing the proof.

2.2 Rough Integration

We briefly examine aspects of the recently developed rough integration

theory ([34], [35], [43]), making appropriate modifications so as to dovetail

with the space of unparameterised p´rough paths, GppV q. The reader

ought keep in mind that our eventual goal is to develop a class of scalar-

valued functions on paths analogous to Lipschitz functions on Euclidean

spaces. The emphasis here, therefore, is on viewing rough integration as an

operation from paths to scalars, as opposed to from paths to paths.

2.2.1 Polynomial and cocyclic integration

The integration of polynomial one-forms against rough paths is well un-

derstood, see for example [32]. Cocyclic one-forms generalise polynomial

one-forms and were introduced in [35]. They satisfy the property that the

integral of a cocyclic one-form against a rough path depends linearly on the

signature of said rough path. We review the integration of both polynomial

and cocyclic one-forms against rough paths. Cocyclic one-forms will be one

of the building blocks when defining the forthcoming Lipschitz functions

on GppV q.
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Definition 2.2.1 (Fréchet derivatives). A map between Banach spaces f :

V Ñ W is called Fréchet differentiable if for all x P V , there exists a

(bounded) linear map ∇fpxq P LpV ÑW q such that

lim
hÑ0

}fpx` hq ´ fpxq ´∇fpxqh}
}h}

“ 0.

The map

∇f : V Ñ LpV ÑW q, x ÞÑ ∇fpxq

is then called the Fréchet derivative (or simply: derivative) of f . For n ě 2,

we define recursively

∇nf :“ ∇p∇n´1fq

whenever ∇n´1f is Fréchet differentiable. We say that f is n´times Fréchet

differentiable if ∇n´1f is Fréchet differentiable. If f is n´times Fréchet

differentiable for all n, we say that f is Fréchet smooth.

Remark 2.2.2. A well-known and useful feature of tensor product spaces

is their ability to linearise multilinear maps. Indeed for finite-dimensional

Banach spaces V1, . . . , Vn:

LpV1 Ñ LpV2 ÑW qq – LpV1 b V2 ÑW q

and more generally

LpV1 Ñ LpV2 Ñ . . .LpVn ÑW q . . . q – LpV1 b ¨ ¨ ¨ b Vn ÑW q.
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BWe shall make implicit use of such identifications in the sequel. For

example if f : V ÑW is n´times Fréchet differentiable, we shall view ∇nf

as taking values in linear maps V bn ÑW :

∇nf : V Ñ LpV bn ÑW q.

Definition 2.2.3 (Polynomial functions). Let n P N. PpnqpV Ñ W q de-

notes the vector space of degree at most n polynomial functions V Ñ W .

Namely, q P PpnqpV Ñ W q if and only if q : V Ñ W is Fréchet smooth

with ∇n`1q “ qn`1 ” 0. If W “ LpV Ñ Uq for some Banach space U ,

we call q a U´valued polynomial one-form (if U – R, simply: polynomial

one-form).

We further denote

PpW Ñ Xq “ Pp8qpW Ñ Xq :“
ď

ně0

PpnqpW Ñ Xq.

If X – R, we simply write PpnqpW q and PpW q “ Pp8qpW q for

PpnqpW Ñ Xq and PpW Ñ Xq, respectively.

Let x0 P V then by multidimensional Taylor’s theorem (equation 1.7 in

[33])

qpxq “
n
ÿ

k“0

qkpx0q
px´ x0q

bk

k!
.

Integrating polynomial one-forms against rough paths

Suppose that gpxq “ 1`
řn
k“1 xk is the canonical rough path lift ontoGnpV q

of a piecewise smooth path xt P V . Suppose further that q P Ppn´1qpV Ñ
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V ˚q is a polynomial one-form. We may compute the line integral

ż

x |rs,ts

q “

ż t

s
qpxuqdxu “

n´1
ÿ

k“0

qkpxsq

ż t

s

pxu´xsq
bk

k!
bdxu

p‹q
“

n´1
ÿ

k“0

qkpxsq

ż t

s
xks,ubdxu

“

n´1
ÿ

k“0

qkpπ1pgpxqsqqπk`1pgpxqs,tq “: Qpgpxqsqgpxqs,t,

(2.2.1)

where for the equality p‹q we used that qkpxsq is symmetric on k´tensors

and that Sympxks,uq “ pxu´xsq
bk{k!.

Remark 2.2.4. The simple calculation (2.2.1) highlights several ideas, which

we informally discuss. A polynomial one-form, q, is not in general a closed

one-form. However, upon lifting the path x to a rough path gpxq, and the

one-form q to

Q : GnpV q Ñ LpTnpV q Ñ Rq,

satisfying for all a, b P GnpV q

Qpaqb :“
n´1
ÿ

k“0

qkpπ1paqqπk`1pbq,

we shall see (Definition 2.2.7) that Q is a closed one-form, integrating rough

paths such that
ż

gpxq
Q “

ż

x
q.
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The final observation we make from (2.2.1) is that additivity of integra-

tion for concatenation of paths:
ş

gQ`
ş

hQ “
ş

g˚hQ together with Chow’s

theorem (Theorem 7.28 in [17]) imply

Qpaqb`Qpabqc “ Qpaqbc

for all a, b, c P GnpV q. The so-called cocyclic condition ([35]).

Integrating cocyclic one-forms against rough paths

Definition 2.2.5 (Cocyclic one-forms, [35]). We say β is a W´valued

cocyclic one-form on GnpV q if

β : GnpV q Ñ LpTnpV q ÑW q

is a continuous function satisfying

βpaqb` βpabqc “ βpaqbc (2.2.2)

for all a, b, c P GnpV q. We write β P ΩpGnpV q ÑW q.

Remark 2.2.6. A cocyclic one-form β : GnpV q Ñ LpTnpV q Ñ W q is deter-

mined by its value at one point in space. Namely, if a P GnpV q then the

linear map βpaq determines β (cf. a polynomial is determined by its value

and derivatives at a single point). Indeed, if β P ΩpGnpV q ÑW q, then the

algebraic condition (2.2.2) ensures

βpabqpcq “ βpaq
´

bpc´ 1Gq
¯
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for all a, b, c P GnpV q. Further, SpanR pG
npV qq “ TnpV q (see Section 3.3.1.

in [35]) so that βpaq|GnpV q determines βpaq. From this we readily see that

if βpaq “ 0 for some a, then in fact β ” 0.

Conversely, given a covector v˚ P TnpV q and a P GnpV q, there ex-

ists a unique cocyclic one-form β P ΩpGnpV qq such that βpgq “ v˚ (see

Proposition 7 in [35].

Definition 2.2.7 (Cocyclic integral). Let β P ΩpGnpV q ÑW q be a cocyclic

one-form and g P GppV q an unparameterised p-rough path with tpu “ n.

Define the integral of β against g

ż

g
β :“ βpipgqq

´

ipgq´1tpgq
¯

.

Example 2.2.8. A simple consequence of Remark 2.2.6 and Definition

2.2.7 is that one may represent linear functions on the signature of a rough

path through a cocyclic integral. Namely, if g P GppV q and v˚ P T tpupV q,

then we may define β P ΩpGtpupV qq by βpipgqq :“ v˚ and we have that

ż

g
β “ βpipgqq

`

ipgq´1 tpgq
˘

“ v˚
`

ipgq´1 tpgq
˘

.

For the reader interested in the applications of linear functions on the

signature, we refer to [37, 36]. [37] shows that one may well-approximate

certain exotic financial derivatives by linear functions on the signature of

the underlying. This insight combined with tools from expected signa-

tures leads to novel methods of computing risk-neutral prices of derivatives.

The forthcoming work [36] builds on these ideas and shows that one may
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well-approximate dynamic hedges for exotic derivatives using certain linear

functions on the signature of the underlying.

Lemma 2.2.9. Let n P Ně1. Let q P Ppn´1qpV Ñ LpV Ñ W qq be a

W´valued polynomial one-form. Then there exists a unique cocyclic one-

form Q P ΩpGnpV q ÑW q such that for all piecewise smooth paths t ÞÑ xt P

V ,
ż

x
q “

ż

gpxq
Q,

where gpxq is the canonical rough path lift of x to GnpV q.

Proof.

Existence. Given q P Ppn´1qpV Ñ LpV Ñ W qq, define Q P ΩpGnpV q Ñ

W q by

Qpaqb :“
n´1
ÿ

k“0

qkpπ1paqqπk`1pbq, for all a, b P GnpV q. (2.2.3)

Remark 2.2.6 ensures that Q is well-defined. The calculation (2.2.1) shows

that
ş

x q “
ş

gpxqQ for all piecewise smooth paths, x, in V , as desired.

Uniqueness. Chow’s theorem (Theorem 7.28 in [17]) ensures that for all

b P GnpV q there exists a piecewise smooth path x : r0, 1s Ñ V whose

canonical rough path lift, gpxq, onto GnpV q satisfies gpxq1 “ b. This,

combined with Remark 2.2.6, ensures that Q is uniquely determined by

(2.2.3).

This Lemma suggests
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Definition 2.2.10 (Cocyclic lift of a polynomial one-form). Let q P Ppn´1qpV Ñ

LpV ÑW qq be a polynomial one-form. We shall call Q P ΩpGnpV q ÑW q,

given by

Qpaqb :“
n´1
ÿ

k“0

qkpπ1paqqπk`1pbq, for all a, b P GnpV q

the cocyclic lift of q.

2.2.2 Lipschitz and γ´cocyclic integration

The W´valued cocyclic one-forms on GnpV q form a finite-dimensional vec-

tor space and are quite restricted. There is a precise sense in which one

can allow a cocyclic one-form to vary slowly along the trajectory of a path

thereby arriving at a richer class of one-forms along a given unparame-

terised rough path. We call these γ´cocyclic one-forms – they are greatly

influenced by time-varying cocyclic one-forms developed in [35] and build

upon the notion of Lipγ function on Euclidean spaces, which we recall be-

low. See Definition 2 and the subsequent remarks in [34], and Chapter VI,

Section 2.3 in [41] for further details of the Euclidean theory.

Lipschitz functions on Euclidean spaces

We begin with a more classical definition of Lipschitz function on a subset

of a Euclidean space, used in the context of rough path theory. Following

this, we give our definition, which is much more in line with that given
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in Definition 2 of the recent work [34]. Our definition will better dove-

tail with the forthcoming definition of Lipschitz function on a subset of

unparameterised rough path space in Chapter 3.

Definition 2.2.11 (Definition 1.21, [33]). Let n ě 0 be an integer and

γ P pn, n`1s be a real number. Let K Ď V be a closed set. For each integer

j “ 0, . . . n let f j : K Ñ LpV bj Ñ W q be a function which takes its values

in the space of symmetric j´linear mappings V bj Ñ W . The collection

pf0, f1, . . . , fnq is an element of LipγpK Ñ W q if the following conditions

hold: there exists a constant M such that, for each j “ 0, . . . , n,

sup
xPK

}f jpxq} ďM

and, for each x, y P K, j “ 0, . . . , n,

›

›

›

›

›

f jpyq ´

n´j
ÿ

l“0

1

l!
f j`lpxqpy ´ xqbl

›

›

›

›

›

ďM}y ´ x}γ´j .

The smallest constant M for which the inequalities hold is called the

LipγpF q´norm of pf0, . . . , fnq.

BThe above perspective on Lipschitz functions is not the one we shall

be taking in this work. The below shall be our working definition of Lips-

chitz function – the subsequent remarks will involve a discussion about the

relationship between the two.

Definition 2.2.12 (Lipγ functions on Euclidean spaces). Let γ ě 1, and

K Ď V a closed set. We say q P LipγpKÑW q is a W´valued Lipschitz´γ
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(Lipγ) function on K if

q : KÑ P tγupV ÑW q

is a function satisfying

}q}Lipγ :“ sup
x,x`hPK
0ă}h}ď1

max
k“0,...,tγu

}qkx`hpx` hq ´ q
k
xpx` hq}

}h}γ´k

` sup
xPK

max
k“0,...,tγu

}qkxpxq} ă `8.

(2.2.4)

If W “ LpV Ñ Uq, we call q a U´valued Lipγ one-form over K Ă V .

We supplement this definition with some remarks:

1. If x P K, y P V and k P N, qx P P tγu is a globally defined polynomial

and

qkxpyq :“ ∇kpqxqpyq

denotes the kth derivative of qx at y.

2. Define f : K Ñ W , f : x ÞÑ qxpxq. For all x P IntpKq, qx is the

degree´tγu Taylor expansion of f about x. Indeed, f determines q

on open sets.

3. Our definition of Lipγ functions, in particular the perspective of said

functions taking values in polynomial functions, is almost identical to

that given in Definition 2, [34]. The difference being that our norm

(2.2.4) includes the additional terms involving suprema of derivatives:

supxPK }q
k
xpxq} for k “ 1, . . . , tγu.
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4. It is possible to go between the two given definitions (2.2.11, 2.2.12)

of Lipschitz function. Namely, given n P N, γ P R with tγu “ n and

pf0, . . . , fnq a LipγpKÑW q function in the sense of Definition 2.2.11,

define

q : KÑ P tγupV ÑW q, qxpyq :“

tγu
ÿ

k“0

fkpxq
py ´ xqbk

k!
,

then q is a LipγpKÑW q function in the sense of Definition 2.2.12.

Conversely, if q is a LipγpKÑW q function in the sense of Definition

2.2.12, define for j “ 0, 1, . . . tγu “ n,

f j : KÑ LpV bj ÑW q, f jpxq :“ qjxpxq,

then pf0, . . . , fnq is a LipγpKÑW q function in the sense of Definition

2.2.11.

BWe shall use the terms Lipschitz and Lipγ interchangeably.

Integrating Lipγ one-forms against rough paths

Definition 2.2.13 (Corollary 43, [35]). Let

tpu` 1 ě γ ą p ě 1 and K Ă V a closed set. Let

q : K ÝÑ P tγu´1pV Ñ LpV ÑW qq

be a W´valued Lipγ´1 one-form on K. Appealing to Definition 2.2.10, we

lift each polynomial one-form, qx, to a cocyclic one-form, Qx. Yielding

Q : KÑ ΩpGtpupV q ÑW q, Q : x ÞÑ Qx.
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Let g P GppV q such π1pgq P K and recall the notion of factorisation of an

unparameterised path from Definition 2.1.10. Define the (level´1) integral

of Q against g
ż

g
Q :“ lim

|Dg |Ñ0

ÿ

gjPDg

ż

gj`1

Qπ1ptpgjqq, (2.2.5)

whenever the limit exists.

Lemma 2.2.14. Let tpu ` 1 ě γ ą p ě 1, K Ă V a closed set and q a

W´valued Lipγ´1 one-form on K. Let g P GppV q such that π1pgq P K then

the limit (2.2.5) exists and coincides with the rough path integral
ş

qpguqdgu

as defined, for example, in Section 4.3 of [33].

Proof. See Corollary 43 in [35].

Definition 2.2.15 (γ´cocyclic one-form). Let tpu` 1 ě γ ą p ě 1 and let

g P GppV q. We say that

β : Histpgq ÝÑ ΩpGtpupV q ÑW q

is a W´valued, γ´cocyclic one-form along g if and only if the following

two conditions hold:

i)

}β}8 :“ sup
ξPHistpgq

}βpξqptpξqq} ă `8.

ii)

|β|γ :“ sup
ξ“g1˚g2˚g3PHistpgq

0ă}g2˚g3}pď1

ˇ

ˇ

ˇ

ş

g2
βpg1q `

ş

g3
βpg1 ˚ g2q ´

ş

g2˚g3
βpg1q

ˇ

ˇ

ˇ

}g2 ˚ g3}
γ
p

ă `8.
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Proposition 2.2.16 (Integration of γ´cocyclic one-forms along rough

paths). Let tpu ` 1 ě γ ą p ě 1. Let g P GppV q and β a γ´cocyclic

one-form along g. For each factorisation, Dg “ pg0, . . . , gmq, of g denote

ż

Dg

β :“
m´1
ÿ

i“0

ż

gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ giq.

Then the following limit exists

lim
|Dg |Ñ0

ż

Dg

β “:

ż

g
β

and is called the integral of β along g. Furthermore,
ˇ

ˇ

ˇ

ˇ

ˇ

ż

g
β ´

ż

tg0,gu
β

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cγ,p|β|γ}g}
γ
p

and consequently
ˇ

ˇ

ˇ

ˇ

ż

g
β

ˇ

ˇ

ˇ

ˇ

ď }β}8}g}p ` Cγ,p|β|γ}g}
γ
p ,

where Cγ,p ă `8 depends only on γ and p.

Proof. The proof of this proposition follows a commonly-used strategy in

rough path theory which goes back to L.C. Young ([44]) – see for example

Theorem 1.16 in [33]. The main ingredient of which is bounding
ˇ

ˇ

ˇ

ş

Dg
β
ˇ

ˇ

ˇ

independently of Dg. See Proposition A.1.6 for the proof.

Definition 2.2.17 (Lift of Lipγ´1 one-form to γ´cocyclic one-form). Let

tpu` 1 ě γ ą p ě 1 and K Ă V a closed set. Let q be a W´valued Lipγ´1

one-form on K and g P GppV q. Appealing to Definition 2.2.10, we define

βpqq : Histpgq Ñ Ω
´

GtpupV q ÑW
¯

, βpqq : ξ ÞÑ Qπ1ptpξqq.

44



We call βpqq the lift of q to a γ´cocyclic one-form.

Remark 2.2.18. γ´cocyclic one-forms are more general than lifts of Lipγ´1

one-forms. Indeed, βpqq depends only on the underlying path, ξ, only

through its end point. General γ´cocyclic one-forms can fully depend on

the trajectory of the underlying path. This path dependence will be crucial

for the forthcoming calculus theorems in Section 3.4.

The following shows that a cocyclic one-form is a constant γ´cocyclic

one-form (cf. a polynomial function is a constant Lipγ function).

Lemma 2.2.19 (Consistency with cocyclic integration). Let α P ΩpGtpupV qq

and g P GppV q. Define the constant function

β : Histpgq Ñ Ω
´

GtpupV q
¯

, βpgq :“ α @g P GppV q.

Then for all γ P pp, tpu` 1s, β is a γ´cocyclic one-form and further

ż

g
β “

ż

g
α.

Proof. Let Dg “ pg0, . . . , gmq be a factorisation of g. Then

ż

Dg

β “
m´1
ÿ

i“0

ż

gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ giq

“

m´1
ÿ

i“0

ż

gi`1

α

“

ż

g
α.

Hence
ş

g β “ lim|Dg |Ñ0

ş

Dg
β “

ş

g α, as claimed.
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Remark 2.2.20. The definition of γ´cocyclic one-form should be compared

to that of time-varying cocyclic one-form in [35]. The two are closely related

– but different. Firstly, γ´cocyclic one-forms make no reference to time nor

parameterisation. γ´cocyclic one-forms also make explicit the previsible

dependence of β on the underlying rough path. This will be relevant in the

sequel when we study Lipschitz functions, which assign cocyclic one-forms

to collections of rough paths. We shall see also that γ´cocyclic one-forms

are compatible with the metric, dp, on unparameterised path space.
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3 Lipschitz Functions on Unparameterised Geo-

metric Rough Paths

In this chapter, γ´cocyclic one-forms are used as building blocks in devel-

oping a Lipschitz function theory on unparameterised rough path space. We

shall see (Theorem 3.3.4) that these Lipschitz functions can be realised as

previsible integrals of γ´cocyclic one-forms. Further, analogously to their

Euclidean counterparts, these functions form a Banach algebra (Proposi-

tion 3.4.9), satisfy a Whitney-type extension property (Theorem 3.5.2) and

separate points (Lemma 3.5.5).

Influence is drawn from Lipschitz function theory on Euclidean spaces

(as outlined for example in Chapter VI, Section 2.3 in [41]) as well as the

recently-developed rough integration theory of cocyclic one-forms developed

in [35] and [43]. In [35], Lyons and Yang define cocyclic one-forms and their

integration against rough paths. This integration theory generalises that

of the seminal work [32] and, further, comes with a natural product rule.

Subsection 3.4 in particular directly builds upon this preprint. Indeed, a

cocyclic one-form can only act one one rough path. Lipschitz functions on

unparameterised paths, however, have no such restriction and may act on

a family of rough paths. Further, they maintain the product rule prop-

erty of cocyclic one-forms, whilst enjoying various additional properties,

as outlined in the previous paragraph, namely: a fundamental theorem of

calculus, a Whitney-type extension property and they separate points in
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path space.

3.1 Lipschitz functions on Euclidean spaces

When doing analysis or statistics, it is judicious to find a core of real func-

tions on the space one is working on. Ideally this core should be an algebra

which separates points. We shall see that Lipschitz functions satisfy these

properties – both on Euclidean spaces and on unparameterised rough path

space (see Proposition 3.4.9 and Lemma 3.5.5).

Further, an interesting and well-studied property of Lipschitz functions

on Euclidean spaces is the possibility of extending them to the whole space

in the spirit of the classical Whitney extension theorem. Such a property

is of particular relevance in (theoretical) supervised Machine Learning or

Econometrics where one often has a function defined on some subset of data

points which one wants to extend to unseen points. See [15] for a discussion

relating Whitney extension problems with the interpolation of data. We

shall see that Lipschitz functions on unparameterised paths satisfy such

extension properties (see Theorem 3.5.2).

Making these remarks precise,

Proposition 3.1.1. Let B be a real Banach algebra, K ãÑ V a closed set

and γ ě 1. Then LipγpKÑ Bq is a Banach algebra.

Proof. See [8] for the definition of product and in particular Proposition

1.10 for the proof.
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The following is an extension theorem for scalar-valued Lipschitz func-

tions on Euclidean spaces and has its analogue to unparameterised path

space in Theorem 3.5.2.

Theorem 3.1.2. Let K ãÑ V a closed set and γ ě 1. Then there exists a

continuous extension map

E : LipγpKq Ñ LipγpV q.

Proof. See Theorem 4, Section 2, Chapter VI in [41].

Remark 3.1.3. In anticipation of the forthcoming definition of Lipschitz

function on unparameterised path space, we provide an alternative descrip-

tion of Lipschitz functions on Euclidean spaces.

Let K ãÑ V be path-connected, γ ě 1 and q : K Ñ P tγupV Ñ W q be a

measurable function. For j ď tγu and x P K denote f jpxq :“ qjxpxq. Then

q P LipγpKÑW q if and only if

sup
x,x`hPK
0ă}h}ď1

max
k“0,...,tγu

}fkpx` hq ´ fkpxq ´
ş

hx
pqxq

k`1}

}h}γ´k

` sup
xPK

max
k“0,...,tγu

}fkpxq} ďM ă `8,

where hx is any continuous path in K joining x to x` h. As pqxq
k`1 is an

exact one-form, the above expression is independent of the choice of hx.

Furthermore, by choosing the optimal such M , one arrives at an equivalent

norm on Lipγ functions.
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3.2 Lipschitz functions on unparameterised path space

Definition 3.2.1 (Closed under histories). We say that a set K Ď GppV q

is closed under histories if for all g P K, Histpgq Ď K.

BHenceforth, fix K Ď GppV q a nonempty set of paths closed under

histories. p, γ P R shall be constants satisfying p ě 1 and γ P pp, tpu ` 1s,

unless otherwise stated.

Recall that ΩpGnpV qq is the linear space of R´valued cocyclic one forms

on GnpV q (Definition 2.2.5).

Definition 3.2.2. Let tpu ` 1 ě γ ą p ě 1. Denote by LipγpK Ñ Rq the

R´linear space of pairs of functions pf,∇∇fq

f : KÑ R, ∇∇f : KÑ Ω
´

GtpupV q
¯

under pointwise addition and scalar multiplication, satisfying

1.

|pf,∇∇fq|γ :“ sup
#

g,g˚hPK
0ă}h}pď1
tpgq“iphq

+

ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ

}h}γp
ă `8,

2.

}f}8 :“ sup
gPK

|fpgq| ă `8,

3.

}∇∇f}8 :“ sup
gPK

}∇∇fpgqptpgq, ¨q} ă `8.
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Define }pf,∇∇fq}Lipγ :“ |pf,∇∇fq|γ ` }f}8 ` }∇∇f}8.

We emphasise that for g P K, it holds that ∇∇fpgq P ΩpGnpV qq and

hence ∇∇fpgqptpgq, ¨q P TnpV q˚ by the definition of cocyclic one-form.

Example 3.2.3. Let p P r1, 2q and x P GppV q. Let ϕ : V Ñ R be a C1`α

function for some α P pp ´ 1, 1s. Namely, ϕ is continuously differentiable

and ∇ϕ is uniformly α´Hölder continuous. Define

$

’

&

’

%

f : Histpxq Ñ R, fpxq :“ ϕptpxqq,

∇∇f : Histpxq Ñ ΩpG1pV qq, ∇∇fpxq :“ ∇ϕptpxqq.

Then the pair pf,∇∇fq is a Lip1`α´function. Indeed, boundedness of f

and ∇∇f respectively follow from continuity of ϕ and ∇ϕ together with the

fact that x has compact image in V . Further, if g, g ˚ h P Histpxq with

tpgq “ iphq,

ˇ

ˇ

ˇ
fpg ˚ hq ´ fpgq ´

ż

h
∇∇fpgq

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
ϕptphqq ´ ϕptpgqq ´

ż

h
∇ϕptpgqq

ˇ

ˇ

ˇ

p‹q
“

ˇ

ˇ

ˇ
∇ϕ

`

tpgq ` λptphq ´ tpgq
˘

¨ ptphq ´ tpgqq

´∇ϕptpgqq ¨ ptphq ´ tpgqq
ˇ

ˇ

ˇ

ď }∇ϕ}α ¨ }λptphq ´ tpgqq}α ¨ } tphq ´ tpgq}

“ λα}∇ϕ}α ¨ } tphq ´ tpgq}1`α

ď λα}∇ϕ}α ¨ }h}1`αp ,
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where λ P p0, 1q arising in p‹q is from the mean value theorem. Hence,

|pf,∇∇fq|1`α ď |∇ϕ}α ă `8 as desired.

See the forthcoming Example 3.4.17 for a more subtle example of a Lipγ

function.

Remark 3.2.4. Condition 1. may be equivalently written

sup
gPK

x,yPBpg,1q
ipxq“ipyq

ˇ

ˇ

ˇ
fpyq ´

ş

y2pxq
∇∇fpx^ yq ´ fpxq `

ş

x2pyq
∇∇fpx^ yq

ˇ

ˇ

ˇ

dppx, yqγ
ă `8,

where Bpg, 1q denotes the ball of radius 1 about g in pGppV q, dpq.

Condition 1 in Definition 3.2.2 can be thought of as Hölder´γ uniformly

on balls of radius 1 – this together with boundedness of f and ∇∇f imply a

global Hölder´γ condition:

Proposition 3.2.5. Let pf,∇∇fq P LipγpKÑ Rq then

sup
#

g,g˚hPK
}h}pą0
tpgq“iphq

+

ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ

}h}γp
ď max p|pf,∇∇fq|γ , 2}f}8 ` }∇∇f}8q .

Proof. When }h}p ď 1, the supremum is bounded by |pf,∇∇fq|γ . Suppose

that }h}p ą 1, then
ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ

}h}γp
ď 2}f}8 `

}∇∇f}8}h}p
}h}γp

ď 2}f}8 ` }∇∇f}8}h}1´γp

ď 2}f}8 ` }∇∇f}8
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since 1´ γ ď 0 and }h}p ą 1.

We prove now that the | ¨ |γ seminorm of Lip functions is lower semi-

continuous with respect to the topology of pointwise convergence.

Lemma 3.2.6 (Lower semi-continuity). Let pfn,∇∇fnqně0 be a sequence

in LipγpKÑ Rq which converges pointwise to pf,∇∇fq. Then

lim inf
nÑ8

|pfn,∇∇fnq|γ ě |pf,∇∇fq|γ .

Proof. If lim infnÑ8 |pfn,∇∇fnq|γ “ `8, there is nothing to show. Else

|pf,∇∇fq|γ ă `8: choose ε ą 0 and let g, g ˚ h P K such that

ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ

}h}γp
ě |pf,∇∇fq|γ ´ ε.

By pointwise convergence,

lim
nÑ8

ˇ

ˇfnpg ˚ hq ´ fnpgq ´
ş

h∇∇fnpgq
ˇ

ˇ

}h}γp
“

ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ

}h}γp

ě |pf,∇∇fq|γ ´ ε.

The result follows by letting εÑ 0.

Equipped with this lower semi-continuity result, we show completeness of

the space LipγpKÑ Rq.

Proposition 3.2.7. LipγpKÑ Rq is a Banach space.

53



Proof. Let pfn,∇∇fnqně0 P LipγpKq be a Cauchy sequence. Then fn and

∇∇fn are uniformly Cauchy and hence converge uniformly to bounded func-

tions f : KÑ R, ∇∇f : KÑ ΩpGtpupV qq

fn
}¨}8
ÝÝÑ f, ∇∇fn

}¨}8
ÝÝÑ ∇∇f.

By the lower semi-continuity result in Lemma 3.2.6

|pfn,∇∇fnq ´ pf,∇∇fq|γ ď lim inf
mÑ8

|pfn,∇∇fnq ´ pfm,∇∇fmq|γ ,

which can be made arbitrarily small by taking n large. Therefore }pfn,∇∇fnq´

pf,∇∇fq}Lipγ Ñ 0, as desired.

Proposition 3.2.8 (Embeddings of Lipγ spaces). Let p1 ě p ě 1 and

γ1 P pp1, tp1u` 1s, γ P pp, tpu` 1s with γ1 ě γ. Let K Ď GppV q, K1 Ď Gp1pV q

with K Ď K1. The restriction map R : Lipγ
1

pK1q Ñ LipγpKq is linear and

bounded.

Proof. Let pf,∇∇fq P Lipγ
1

pK1q. Since K Ď K1, }f}8,K ď }f}8,K1 and

}∇∇f}8,K ď }∇∇f}8,K1 . Let g P K and h P K with tpgq “ iphq and }h}p1 ď 1

then
ˇ

ˇ

ˇ

ˇ

fpg ˚ hq ´ fpgq ´

ż

h
∇∇fpgq

ˇ

ˇ

ˇ

ˇ

ď }pf,∇∇fq}γ1}h}γ
1

p1

ď }pf,∇∇fq}γ1}h}γp ,

where for the last inequality we’ve used that }h}p1 ď }h}p if ever p1 ě p.

Hence }pf,∇∇fq}Lipγ ď }pf,∇∇fq}Lipγ
1 .
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3.3 Fundamental theorem of calculus

The main result in this section is Theorem 3.3.4. Here, we demonstrate

that Lipγ functions on unparameterised path space can be represented as

integrals against appropriate γ´cocyclic one-forms. Namely, if f P LipγpKq

and g P K Ď GppV q then there exists C “ Cpg0q and a γ´cocyclic one-form,

β, such that

fpgq “ C `

ż

g
β.

This result can be interpreted as a measure-free analogue of the celebrated

Martingale Representation Theorem to unparameterised rough paths. In-

deed, it demonstrates that one can represent fpgq by integrating a suitable

γ´cocyclic one-form along g.

The following technical lemma will allow to connect Lipγ functions with

γ´cocyclic one-forms.

Lemma 3.3.1. Let pf,∇∇fq P LipγpK Ñ Rq. Let g “ g1 ˚ g2 ˚ g3 P K with

g1, g2, g3 P GppV q and }g2 ˚ g3}p ď 1. Then

ˇ

ˇ

ˇ

ˇ

ż

g3

∇∇fpg1 ˚ g2q ´

ż

g3

∇∇fpg1q

ˇ

ˇ

ˇ

ˇ

ď 3|pf,∇∇fq|γ}g2 ˚ g3}
γ
p .

Proof. Recall
ˇ

ˇfpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq
ˇ

ˇ ď |pf,∇∇fq|γ}h}γp and that co-
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cyclic integration is additive for concatenation of paths. Then

ˇ

ˇ

ˇ

ˇ

ż

g3

∇∇fpg1 ˚ g2q ´

ż

g3

∇∇fpg1q

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

g3

∇∇fpg1 ˚ g2q `

ż

g2

∇∇fpg1q ´

ż

g2˚g3

∇∇fpg1q

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

g3

∇∇fpg1 ˚ g2q ´ pfpg1 ˚ g2 ˚ g3q ´ fpg1 ˚ g2qq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż

g2

∇∇fpg1q ´ pfpg1 ˚ g2q ´ fpg1qq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

pfpg1 ˚ g2 ˚ g3q ´ fpg1qq ´

ż

g2˚g3

∇∇fpg1q

ˇ

ˇ

ˇ

ˇ

ď |pf,∇∇fq|γ ¨
`

}g3}
γ
p ` }g2}

γ
p ` }g2 ˚ g3}

γ
p

˘

ď 3|pf,∇∇fq|γ ¨ }g2 ˚ g3}
γ
p ,

as desired.

Let g P GppV q. Recall the history of g

Histpgq :“ tξ P GppV q : ξ Ď gu.

Corollary 3.3.2. Let pf,∇∇fq P LipγpKÑ Rq and g P K. Then

∇∇f |Histpgq : Histpgq Ñ Ω
´

GtpupV q
¯

is a γ´cocyclic one-form along g.

In light of this Corollary,
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Definition 3.3.3. Let pf,∇∇fq P LipγpK Ñ Rq and g P K. Appealing to

Proposition 2.2.16, we define

ż

g
∇∇f :“

ż

g
∇∇f |Histpgq.

Theorem 3.3.4. Let tpu ` 1 ě γ ą p ě 1, K Ď GppV q be closed under

histories and pf,∇∇fq P LipγpKÑ Rq. Then for all g P K

fpgq “ fpg0q `

ż

g
∇∇f.

Proof. Introduce the notation Erf pg, g ˚ hq :“ fpg ˚ hq ´ fpgq ´
ş

h∇∇fpgq

for the error term. And, note the bound |Erf pg, g ˚ hq| ď |pf,∇∇fq|γ }h}
γ
p .

Let g P K and Dg “ pg0, . . . , gmq a p´rough path factorisation of g with

g0 ” ipgq. Then

fpgq “ fpg0q `

m
ÿ

i“1

`

fpg0 ˚ ¨ ¨ ¨ ˚ giq ´ fpg0 ˚ ¨ ¨ ¨ ˚ gi´1q
˘

“ fpg0q `

m
ÿ

i“1

ż

gi

∇∇fpg0 ˚ ¨ ¨ ¨ ˚ gi´1q `

m
ÿ

i“1

Erf pg0 ˚ ¨ ¨ ¨ ˚ gi´1, g0 ˚ ¨ ¨ ¨ ˚ giq.

Since γ ą p, the error terms vanish as one refines the partition:

ˇ

ˇ

ˇ

ˇ

ˇ

m
ÿ

i“1

Erf pg0 ˚ ¨ ¨ ¨ ˚ gi´1, g0 ˚ ¨ ¨ ¨ ˚ giq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

m
ÿ

i“1

|pf,∇∇fq|γ ¨ }gi}γp
|Dg |Ñ0
ÝÝÝÝÝÑ 0.

And, from Definition 3.3.3

m
ÿ

i“1

ż

gi

∇∇fpg0 ˚ ¨ ¨ ¨ ˚ gi´1q
|Dg |Ñ0
ÝÝÝÝÝÑ

ż

g
∇∇f.
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Combining these

fpgq “ lim
|Dg |Ñ0

´

fpg0q `

m
ÿ

i“1

ż

gi

∇∇fpg0 ˚ ¨ ¨ ¨ ˚ gi´1q

`

m
ÿ

i“1

Erf pg0 ˚ ¨ ¨ ¨ ˚ gi´1, g0 ˚ ¨ ¨ ¨ ˚ giq
¯

“ fpg0q `

ż

g
∇∇f,

as claimed.

Example 3.3.5. Taking ϕ : V Ñ R a C1`α function, x P GppV q and

pf,∇∇fq P Lip1`α as in Example 3.2.3, the above theorem reads like the

usual first fundamental theorem of calculus on Euclidean space:

ϕptpxqq ´ ϕptpx0qq “ fpxq ´ fpx0q

“

ż

x
∇∇f

“

ż

x
∇ϕ.

The following is a partial converse to the above Integral Representation

Theorem 3.3.4

Lemma 3.3.6. Let tpu ` 1 ě γ ą p ě 1, K Ď GppV q be closed under

histories and

∇∇f : KÑ ΩpGtpupV qq

a function satisfying
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1.

}∇∇f}8 :“ sup
gPK

}∇∇fpgqptpgq, ¨q} ă `8,

2.

sup
"

g“g1˚g2˚g3PK
0ă}g2˚g3}pď1

*

ˇ

ˇ

ˇ

ş

g3
∇∇fpg1 ˚ g2q ´

ş

g3
∇∇fpg1q

ˇ

ˇ

ˇ

}g2 ˚ g3}
γ
p

ă `8.

Appealing to Proposition 2.2.16, define the scalar function

f : KÑ R, fpgq :“ lim
|Dg |Ñ0

ÿ

giPDg

ż

gi`1

∇∇fpg0 ˚ ¨ ¨ ¨ ˚ giq “

ż

g
∇∇f.

Then, as a pair, |pf,∇∇fq|γ ă `8.

Remark 3.3.7. A pair pf,∇∇fq generated as above will not always be Lipγ

as f may be unbounded.

Proof. Given g P K define

β : Histpgq Ñ ΩpGtpupV qq, βpξq :“ ∇∇fpξq

so that

fpξq “

ż

ξ
β.

Conditions 1. and 2. ensure that β is a γ´cocyclic one-form. Hence by

Proposition 2.2.16,
ˇ

ˇ

ˇ

ˇ

fpx ˚ yq ´ fpxq ´

ż

y
∇∇fpxq

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż

y
β ´

ż

y
βpxq

ˇ

ˇ

ˇ

ˇ

ď Cγ,p|β|γ}y}
γ
p ,

so that |pf,∇∇fq|γ ă `8, as desired.
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3.4 Differentiation theorems and algebraic properties

3.4.1 Algebraic preliminaries

We show that the Lipschitz functions on paths form a Banach algebra under

pointwise products and a perturbation (p ě 2) of the Leibniz rule. We first

discuss some of the product structure of rough paths. Recall shuffles and

the shuffle product – Definitions 1.2.5 and 1.2.11.

Definition 3.4.1 (Shuffle product of projections). Given i P Ně0, recall

πi : T ppV qq Ñ V bi is the projection onto i-tensors. The shuffle product of

the projections πi1 , . . . , πik is a commutative, associative product yielding a

linear map

πi1 � ¨ ¨ ¨� πik : T ppV qq Ñ V bi1 b ¨ ¨ ¨ b V bik ,

πi1 � ¨ ¨ ¨� πikp¨q :“
ÿ

σPShpi1,...,ikq

σ ˝ πi1`¨¨¨`ikp¨q.

The following Lemma 3.4.3 tells us that we may linearly approximate

polynomials of the increment of a rough path up to high order. The forth-

coming maps A n
k will play an instrumental role in the product and chain

rules for Lipγ functions when γ ě 2.

Definition 3.4.2 (The linear maps A n
k ). For k, n P Ně1 define the linear

map

A n
k : TnpV q Ñ TnpV qbk, A n

k : v ÞÝÑ
ÿ

i1`¨¨¨`ikďn,
i1,...,ikě1

πi1 � ¨ ¨ ¨� πikpvq.
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Lemma 3.4.3 (High-order linear approximations to products). Let p ě 1

if a P GtpupV q Ă T tpupV q then

pa´1qbk´A
tpu

k a “
ÿ

i1`¨¨¨`ikątpu

i1,...,ikďtpu

πi1paqb . . .bπikpaq P
à

i1`¨¨¨`ikątpu

i1,...,ikďtpu

V bi1b¨ ¨ ¨bV bik ,

where 1 P GtpupV q denotes the unit in the group.

Proof. Let a P GtpupV q Ă T tpupV q. If the covectors v˚j P pV
b ij q˚, j “

1, . . . , k with i1 ` ¨ ¨ ¨ ` ik ď tpu and ij ě 1 for all j, then by the grouplike

property

v˚1paq . . .v
˚
kpaq “ pv

˚
1 � ¨ ¨ ¨� v˚kqpaq.

Consequently,

πi1paq b ¨ ¨ ¨ b πikpaq “ pπi1 � ¨ ¨ ¨� πikqpaq.

Therefore

pa´ 1qbk “

tpu
ÿ

i1,...,ik“1

πi1pgq b ¨ ¨ ¨ b πikpaq

“
ÿ

i1`¨¨¨`ikďtpu,
i1,...,ikě1

pπi1 � ¨ ¨ ¨� πikq paq `
ÿ

i1`¨¨¨`ikątpu

i1,...,ikďtpu

πi1paqb . . .bπikpaq

“ A
tpu

k a`
ÿ

i1`¨¨¨`ikątpu

πi1paqb . . .bπikpaq.

Rearranging this, we see

pa´1qbk´A
tpu

k a “
ÿ

i1`¨¨¨`ikątpu

i1,...,ikďtpu

πi1paqb . . .bπikpaq P
à

i1`¨¨¨`ikątpu

i1,...,ikďtpu

V bi1b¨ ¨ ¨bV bik ,
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as desired.

Definition 3.4.4. Set for k, n ě 1

Ck,n :“ #
!

pi1, . . . , ikq P Nk : i1 ` ¨ ¨ ¨ ` ik ą n, i1, . . . , ik ď n
)

ă `8.

Corollary 3.4.5. Let h P GppV q with }h}p ď 1 and denote

a :“ iphq´1 tphq P GtpupV q. Then,

›

›

›
A

tpu

k a´ pa´ 1qbk
›

›

›
ď Ck,tpu ¨B

k
p ¨ }h}

tpu`1
p ,

where Ck,tpu is given as in Definition 3.4.4 and Bp ă `8 is a constant

dependent only on p.

Proof. Recall by Lyons’ Extension Theorem (Theorem 2.1.5) that

}πipaq}V bi ď Bp
}h}ip
pi{pq!

ď Bp}h}
i
p,

where Bp ă `8 is a constant dependent only on p. Then, by Lemma 3.4.3,

›

›

›
A

tpu

k a´ pa´ 1qbk
›

›

›
“

›

›

›

›

›

›

›

›

ÿ

i1`¨¨¨`ikątpu

i1,...,ikďtpu

πi1paqb . . .bπikpaq

›

›

›

›

›

›

›

›

ď
ÿ

i1`¨¨¨`ikątpu

i1,...,ikďtpu

Bk
p ¨ }h}

i1`¨¨¨`ik
p

ď Ck,tpu ¨B
k
p ¨ }h}

tpu`1
p ,

as claimed.
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The following is another technical lemma required for the forthcoming

product and chain rules for Lipγ with γ ě 2.

Lemma 3.4.6 (Linearly approximating products of integrals). Let tpu`1 ě

γ ą p ě 1, k P N and β1, . . . , βk P ΩpGtpupV qq R´valued cocyclic one-

forms. Let h P GppV q with }h}p ď 1. Denote

a :“ iphq´1 tphq P GtpupV q

then

ˇ

ˇ

ˇ

ˇ

ˇ

˜

k
ź

i“1

ż

h
βi

¸

´

˜

k
â

i“1

βipiphqq

¸

´

A
tpu

k a
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď }β1} . . . }βk} ¨Bp ¨ Ck,tpu}h}
γ
p ,

where }βi} :“ }βipiphqq}LpT tpupV qÑRq and the constants Bp, Ck,tpu are given

as in Corollary 3.4.5.

Proof. First observe that if β P ΩpGtpupV qq then βpaq1 ” 0 for all a P

GtpupV q. Then, directly calculating

˜

k
ź

i“1

ż

h
βi

¸

“ rβ1piphqq b ¨ ¨ ¨ b βkpiphqqs pa´ 1qbk

“

˜

k
â

i“1

βipiphqq

¸

pa´ 1qbk .
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Hence, appealing to Corollary 3.4.5,

ˇ

ˇ

ˇ

˜

k
ź

i“1

ż

h
βi

¸

´

˜

k
â

i“1

βipiphqq

¸

´

A
tpu

k a
¯ ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

˜

k
â

i“1

βipiphqq

¸

´

A
tpu

k a´ pa´ 1qbk
¯

ˇ

ˇ

ˇ

ˇ

ˇ

ď }β1} . . . }βk} ¨Bp ¨ Ck,tpu}h}
tpu`1
p

ď }β1} . . . }βk} ¨Bp ¨ Ck,tpu}h}
γ
p ,

as claimed.

3.4.2 The product rule

Definition 3.4.7 (Products of Lipγ functions). Let tpu`1 ě γ ą p ě 1 and

K Ď GppV q be closed under histories. Let pf1,∇∇f1q, pf2,∇∇f2q P LipγpKÑ

Rq. Define their product: pf1 ¨ f2,∇∇pf1 ¨ f2qq

f1 ¨ f2 : KÑ R, ∇∇pf1 ¨ f2q : KÑ ΩpGtpupV qq

by for all g P K and v P T tpupV q

pf1f2qpgq :“ f1pgqf2pgq
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and

∇∇pf1f2qpgqptpgq,vq

“ f1pgq ¨∇∇f2pgq ptpgq,vq

` f2pgq ¨∇∇f1pgq ptpgq,vq

` r∇∇f1pgqptpgq, ¨q b∇∇f2pgqptpgq, ¨qs
´

A
tpu

2 v
¯

,

where A
tpu

2 : T tpupV q Ñ T tpupV qb2 is the linear map defined in Definition

3.4.2.

Remark 3.4.8. If 1 ď p ă 2, then tpu “ 1, A 1
2 ” 0 and the above product

rule reads like the usual Leibniz rule:

∇∇pf1f2q “ f1∇∇f2 ` f2∇∇f1.

Proposition 3.4.9. Under the definition of product from Definition 3.4.7,

the Banach space

ˆ

LipγpK Ñ Rq, } ¨ }Lipγ

˙

is a Banach algebra. Namely,

if

pf1,∇∇f1q, pf2,∇∇f2q P LipγpKÑ Rq

then
ˆ

f1 ¨ f2,∇∇pf1 ¨ f2q

˙

P LipγpKÑ Rq.

Furthermore, there exists a constant Cp ą 0 dependent only on p such that

}pf1 ¨ f2,∇∇pf1 ¨ f2qq}Lipγ ď Cp}pf1,∇∇f1q}Lipγ ¨ }pf2,∇∇f2q}Lipγ .

65



Proof. Denote f :“ f1 ¨ f2 and ∇∇f :“ ∇∇pf1 ¨ f2q. Note that

}f}8 “ sup
gPK

|f1pgqf2pgq| ď }f1}8}f2}8

and

}∇∇f}8 “ sup
gPK

}∇∇fpgqptpgq, ¨q}

ď }f1}8}∇∇f2}8 ` }f2}8}∇∇f1}8 `

›

›

›
A

tpu

2

›

›

›
}∇∇f1}8}∇∇f2}8.

It remains to control |pf,∇∇fq|γ . To this end, let g, g ˚ h P K with

}h}p ď 1 then appealing to Lemma 3.4.6 (with k “ 2) and the definition of

Lipγ functions

ˇ

ˇ

ˇ

ˇ

fpg ˚ hq ´ fpgq

´ f1pgq ¨ pf2pg ˚ hq ´ f2pgqq

´ f2pgq ¨ pf1pg ˚ hq ´ f1pgqq

´

ż

h
∇∇f1pgq ¨

ż

h
∇∇f2pgq

ˇ

ˇ

ˇ

ˇ

ď Cp}pf1,∇∇f1q}Lipγ ¨ }pf2,∇∇f2q}Lipγ }h}
γ
p

hence

ˇ

ˇ

ˇ

ˇ

fpg ˚ hq ´ fpgq ´

ż

h
∇∇fpgq

ˇ

ˇ

ˇ

ˇ

ď Cp}pf1,∇∇f1q}Lipγ ¨ }pf2,∇∇f2q}Lipγ }h}
γ
p

and therefore |pf,∇∇fq|γ ď Cp}pf1,∇∇f1q}Lipγ ¨ }pf2,∇∇f2q}Lipγ , as desired.
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Lemma 3.4.10. Let B be an algebra with % : B Ñ r0,8q a norm such that

for all x, y P B

%pxyq ď C%pxq%pyq,

where C ą 0 is independent of x, y. Then there exists an equivalent norm,

%1, such that

%1pxyq ď %1pxq%1pyq.

Proof. Define %1 :“ C%.

Consequently, there exists an equivalent norm on LipγpKq making it a

Banach algebra.

3.4.3 The chain rule

Definition 3.4.11 (Vector-valued Lipγ functions). Let W be a finite-dimensional,

real Banach space. tpu` 1 ě γ ą p ě 1. LipγpKÑW q denotes the Banach

space of pairs

f : KÑW, ∇∇f : KÑ Ω
´

GtpupV q ÑW
¯

such that for all w˚ PW ˚,

pw˚ ˝ f, w˚ ˝∇∇fq P LipγpKÑ Rq.

The norm on LipγpK Ñ W q is given as in Definition 3.2.2, but with all

instances of | ¨ |R replaced by } ¨ }W .
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Definition 3.4.12 (Post-composition with regular functions). Let tpu`1 ě

γ ą p ě 1 and V,W,X be real, finite-dimensional Banach spaces. Let

u : W Ñ X be tγu´times differentiable and let

f : KÑW, ∇∇f : KÑ Ω
´

GtpupV q ÑW
¯

be functions. Define the post-composition of pf,∇∇fq with u as the pair

pu ˝ f,∇∇pu ˝ fqq, where

u ˝ f : KÑ X, u ˝ f : g ÞÑ upfpgqq

and ∇∇pu ˝ fq : KÑ Ω
`

GtpupV q Ñ X
˘

with for all g P K and v P T tpupV q,

∇∇pu ˝ fqpgqptpgqqpvq “
tpu
ÿ

k“1

∇kupfpgqq 1

k!

ˆ

∇∇fpgqptpgqqp¨q
˙bk

A
tpu

k v,

(3.4.1)

with A
tpu

k as defined in Definition 3.4.2.

Remark 3.4.13. If 1 ď p ă 2, then tpu “ 1 and A 1
1 ” Id. Therefore, the

above composition rule reads like the usual chain rule on locally Euclidean

spaces:

∇∇pu ˝ fqpgq “ ∇upfpgqq∇∇fpgq.

Definition 3.4.14. Denote by CγpW Ñ Xq by the Banach space of tγu´times

continuously differentiable with bounded derivatives and tγu
th derivative

pγ ´ tγuq´Hölder continuous. This space has norm

}u}CγpWÑXq :“

tγu
ÿ

k“0

}∇ku}8 `
ˇ

ˇ

ˇ
∇tγuu

ˇ

ˇ

ˇ

γ´tγu
,
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where for α P p0, 1s, | ¨ |α denotes the α´Hölder seminorm.

Proposition 3.4.15 (Chain Rule). Let tpu ` 1 ě γ ą p ě 1 and V,W,X

be real, finite-dimensional Banach spaces. Let

f : KÑW, ∇∇f : KÑ Ω
´

GtpupV q ÑW
¯

satisfy }∇∇f}8, |pf,∇∇fq|γ ă `8. Suppose u P CγpW Ñ Xq then under

the definition of composition (Definition 3.4.12),

pu ˝ f,∇∇pu ˝ fqq P LipγpKÑ Xq.

Furthermore, we have the following bounds

1. }u ˝ f}8 ď }u}8,

2. }∇∇pu ˝ fq}8 ď
řtγu

k“1 }∇
ku}8

1
k!}∇∇f}

k
8}A

tpu

k },

3.
ˇ

ˇ

`

u ˝ f,∇∇pu ˝ fq
˘
ˇ

ˇ

γ
ď Ctpu,tpu ¨Bp ¨ p}u}Cγ ´ }u}8qq ¨ Cpfq, where

Cpfq :“ max
´

}∇∇f}8 ` |pf,∇∇fq|γ , }∇∇f}γ8 ` |pf,∇∇fq|γγ
¯

.

In particular, there exists a constant Cp ă `8 dependent only on p such

that

}pu ˝ f,∇∇pu ˝ fqq}Lipγ ď Cp¨}u}Cγ ¨max
´

}∇∇f}8`|pf,∇∇fq|γ , }∇∇f}γ8`|pf,∇∇fq|γγ
¯

.

Remark 3.4.16. In the above, we do not impose }f}8 ă `8.
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Proof. }u ˝ f}8 ď }u}8 ă `8 is immediate. Likewise

}∇∇pu ˝ fq}8 “ sup
gPK

›

›

›

›

›

›

tγu
ÿ

k“1

∇kupfpgqq 1

k!

ˆ

∇∇fpgqptpgqqp¨q
˙bk

A
tpu

k

›

›

›

›

›

›

ď

tγu
ÿ

k“1

}∇ku}8
1

k!
}∇∇f}k8}A

tpu

k } ă `8.

It remains to control
ˇ

ˇ

`

u ˝ f,∇∇pu ˝ fq
˘
ˇ

ˇ

γ
. To this end, recall the nota-

tion Erf pg, g ˚hq :“ fpg ˚hq´fpgq´
ş

h∇∇fpgq for the error term. And, the

bound }Erf pg, g ˚ hq} ď |pf,∇∇fq|γ }h}
γ
p . Then let g, g ˚ h P K and }h}p ď 1

then by Taylor’s theorem
›

›

›

›

›

›

upfpg ˚ hqq ´ upfpgqq ´

tγu
ÿ

k“1

∇kupfpgqqpfpg ˚ hq ´ fpgqq
bk

k!

›

›

›

›

›

›

X

ď

›

›

›
∇tγuu

›

›

›

Cγ´tγu
¨
}fpg ˚ hq ´ fpgq}γW

tγu!

“

›

›

›
∇tγuu

›

›

›

Cγ´tγu
¨

1

tγu!
¨

›

›

›

›

ż

h
∇∇fpgq ` Erf pg, g ˚ hq

›

›

›

›

γ

W

ď

›

›

›
∇tγuu

›

›

›

Cγ´tγu
¨ 2γ´1 ¨

1

tγu!
¨
`

}∇∇f}γ8 ` |pf,∇∇fq|γγ
˘

}h}γp . p‹q

From the identity

fpg ˚ hq ´ fpgq “

ż

h
∇∇fpgq ` Erf pg, g ˚ hq

and the binomial theorem, we obtain the bound
›

›

›

›

›

pfpg ˚ hq ´ fpgqqbk ´

ˆ
ż

h
∇∇fpgq

˙bk
›

›

›

›

›

ď

k´1
ÿ

j“0

ˆ

k

j

˙

}∇∇f}j8¨|pf,∇∇fq|k´jγ ¨}h}γp
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Further, denote v “ iphq´1 tpgq, then, by Corollary 3.4.5,
›

›

›

›

›

ˆ
ż

h
∇∇fpgq

˙bk

´∇∇fpgqptpgqqbkA tpu

k v

›

›

›

›

›

ď }∇∇f}k8 ¨ Ck,tpu ¨Bp ¨ }h}
γ
p .

Then, by the triangle inequality,

›

›

›
pfpg ˚ hq´fpgqqbk ´∇∇fpgqptpgq, ¨qbkA tpu

k v
›

›

›

ď Ck,tpu ¨Bp ¨
´

}∇∇f}8 ` |pf,∇∇fq|γ
¯k
¨ }h}γp

From which we see
›

›

›

›

›

›

tγu
ÿ

k“1

∇kupfpgqqpfpg ˚ hq ´ fpgqq
bk

k!
´

ż

h
∇∇pu ˝ fqpgq

›

›

›

›

›

›

X

“

›

›

›

›

›

›

tγu
ÿ

k“1

∇kupfpgqqpfpg ˚ hq ´ fpgqq
bk

k!
´

tγu
ÿ

k“1

∇kupfpgqq∇∇fpgqptpgq, ¨q
bk

k!
A

tpu

k v

›

›

›

›

›

›

X

ď

tγu
ÿ

k“1

Ck,tpu ¨Bp ¨ }∇ku}8
ˆ

|pf,∇∇fq|γ ` }∇∇f}8
˙k

}h}γp . p‹‹q

Combining p‹q and p‹‹q using the triangle inequality, we find

›

›

›
upfpg ˚ hq ´ upfpgqq ´

ż

h
∇∇pu ˝ fqpgq

›

›

›

X

ď Ctpu,tpu ¨Bp ¨ }u}Cγ ¨max
´

}∇∇f}8 ` |pf,∇∇fq|γ , }∇∇f}γ8 ` |pf,∇∇fq|γγ
¯

¨ }h}γp .

Set Cp “ Ctpu,tpu ¨Bp, then we see that

ˇ

ˇ

`

u ˝ f,∇∇pu ˝ fq
˘ˇ

ˇ

γ

ď Ctpu,tpu ¨Bp ¨ }u}Cγ ¨max
´

}∇∇f}8 ` |pf,∇∇fq|γ , }∇∇f}γ8 ` |pf,∇∇fq|γγ
¯

,
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as desired.

Example 3.4.17. Let A : V Ñ CγpW Ñ W q be a linear map into Cγ

vector fields on W . Let g P GΩppr0, 1s Ñ V q be a geometric p´rough path

and yxt PW the solution to the rough differential equation (in the sense of

Section 10.3 [17])

dyxt “ Apyxt qdgt, yx0 “ x PW.

Denote by πpAqp¨, ¨q the corresponding Itô map, namely πpAqpx, g|r0,tsq “ yxt

for all t P r0, 1s, x P W . πpAqpx, ¨q is parameter independent and so is well

defined on the quotient

πpAqpx, ¨q : GppV q Ñ Cp´varpr0, 1s ÑW q{ „ .

We claim that if u P CγpW Ñ Rq, then g ÞÑ upπpAqpx, gqq can be made into

a LipγpGppV qq function.

Friz and Victoir (Corollary 10.15 in [17]) assert that

›

›πpAqpx, g|r0,tsq ´ πpAqpx, g|r0,ssq ´ EpAqpπpAqpx, g|r0,ssq, gs,tq
›

›

ď Cpγ, pq ¨ }A}γ ¨ }grs,ts}
γ
p ,

(3.4.2)

where the continuous, bounded map EpAq : W Ñ LpT tpupV q Ñ W q is the

high-order Euler scheme operator (Definition 10.1 in [17]).

Now, let u P Cγb pW Ñ Rq and define the pair

f : GppV q Ñ R, ∇∇f : GppV q Ñ ΩpGtpupV qq
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by

fpgq :“ upπpAqpx, gqq,

∇∇fpgqptpgq,vq :“

tγu
ÿ

k“1

∇ku
`

πpAqpx, gq
˘ EpAq

`

πpAqpx, gq, ¨
˘bk

k!
A

tpu

k v.

The estimate (3.4.2) together with boundedness of the high-order Euler

scheme operator EpAq ensure that pf,∇∇fq P LipγpGppV qq.

Since products of Lipschitz functions are again Lipschitz (Proposition

3.4.9), we may build more exotic Lipschitz functions by considering prod-

ucts of solutions to rough differential equations, possibly composed with

smooth maps.

3.5 A Whitney-type extension theorem

In this section, we prove a Whitney-type extension property (Theorem

3.5.2) for Lipγ functions on unparameterised paths. A corollary is that

Lipγ functions separate points (Lemma 3.5.5).

The following technical lemma will be required in the proof of the forth-

coming extension theorem.

Lemma 3.5.1. Let K Ď GppV q be topologically closed and closed under

histories. Let g P GppV q be a path such that the constant path ipgq P K.

Then

g ^K :“ suptg ^ k | k P K, ipkq “ ipgqu

is well-defined and g ^K P K.
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Proof. Denote S :“ tg^k | k P K, ipkq “ ipgqu Ď GppV q. Since g^k Ď k for

all k P K and K is closed under histories, S Ď K. Further, ipgq P S ‰ H and

S is bounded above by g. Hence, by Lemma 2.1.20, D supS “ g^K P GppV q.

And, since K is topologically closed, g ^K P K, as claimed.

Theorem 3.5.2 (An Whitney-type extension theorem). Let tpu` 1 ě γ ą

p ě 1, X a finite-dimensional Banach space and K Ď GppV q be topologically

closed and closed under histories. Then there exists a map

E : LipγpKÑ Xq ÝÑ LipγpGppV q Ñ Xq, E : pf,∇∇fq ÞÑ pEf,∇∇pEfqq

such that

pEfq|K “ f, and p∇∇pEfqq |K “ ∇∇f.

Furthermore, we have the bound

}pEf,∇∇pEfqq}Lipγ ď C ¨
´

max
´

}pf,∇∇fq}Lipγ , }pf,∇∇fq}γLipγ

¯

` 1
¯

,

where C “ Cpd, pq ă `8 is a constant depending only on d “ dimpXq and

p.

Proof. We construct the extension in two stages: first by building an un-

bounded extension pf̄ ,∇∇f̄q and then appealing to the Chain Rule (Propo-

sition 3.4.15) to appropriately cut off f̄ so as to make it bounded.

Stage I. Define ∇∇f̄ : GppV q Ñ ΩpGtpupV q Ñ Xq by

∇∇f̄pgq :“

$

’

&

’

%

∇∇fpg ^Kq, ipgq P K,

0, ipgq R K .
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Note that
`

∇∇f̄
˘

|K “ ∇∇f , }∇∇f̄}8 “ }∇∇f}8 and that ∇∇f̄ satisfies the

hypotheses of Lemma 3.3.6. Consequently we may define

f̄pgq :“

$

’

&

’

%

fpg0q `
ş

g∇∇f̄ , ipgq P K,

0, ipgq R K

and |pf̄ ,∇∇f̄q|γ ă `8. From Theorem 3.3.4, f̄ |K “ f .

Stage II. Since }f}8 ă `8, set R :“ }f}8 ` 1{2 and note that

Ballp0, Rq Ě Imagepfq. Then choose some u P C8pX Ñ Xq such that

• u|Ballp0,Rq ” IdBallp0,Rq,

• }u}8 ď }f}8 ` 1,

• }u}Ctγu`1´}u}8 “
řtγu`1
k“1 }∇ku}8 ď Cd, where the constant Cd ă `8

depends only on d “ dimpXq.

Appealing to Proposition 3.4.15, we define

ˆ

Ef,∇∇pEfq
˙

:“

ˆ

u ˝ f̄ ,∇∇pu ˝ f̄q
˙

P LipγpGppV q Ñ Xq

and obtain the bounds

1. }u ˝ f̄}8 ď }f}8 ` 1,

2. }∇∇pu ˝ f̄q}8 ď Cd ¨ Ctpu,tpu ¨max
´

}∇∇f}8, }∇∇f}tγu
8

¯

,

3.
ˇ

ˇpu ˝ f̄ ,∇∇pu ˝ f̄q
ˇ

ˇ

γ

ď Ctpu,tpu ¨Bp ¨ Cd max p}∇∇f}8 ` |pf,∇∇fq|γ , }∇∇f}γ8 ` |pf,∇∇fq|γγq .
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And, since

u|Impfq ” Id & ∇u|Impfq ” Id,

we have that

pEfq|K “ f & p∇∇pEfqq|K “ ∇∇f,

so that pEf,∇∇pEfqq indeed extends pf,∇∇fq. This together with the bounds

1., 2., 3. yields the claimed result.

Next, we show that Lipγ functions separate points, but we first present

two technical lemmas. Recall from Definition 2.1.6 that Xpgq P T ppV qq

denotes the signature of the rough path g P GppV q.

Lemma 3.5.3. Let g P GppV q with Xpgq “ 1 and }g}p ą 0 then there exists

a decomposition g “ g1 ˚ g2 with g1, g2 P GppV q such that Xpg1q,Xpg2q ‰ 1.

Proof. Pick a parameterisation of g. Then, since }g}p ą 0, there exists

t P p0, 1q such that gt ‰ g0. Set ξ1 “
“

g|r0,ts
‰

, ξ2 “
“

g|rt,1s
‰

; we claim that

the factorisation g “ ξ1 ˚ ξ2 satisfies the desired properties. Indeed, since

gt ‰ g0, Xpξ1q ‰ 1. Further, since Xpξ1qXpξ2q “ Xpgq “ 1, it holds that

Xpξ2q ‰ 1, completing the proof.

Lemma 3.5.4. Let N P Ně1, 1 ď p ď N and α P ΩpGN pV qq a cocyclic

one-form. For all g P GppV q, define

β : Histpgq Ñ ΩpGtpupV qq, βpξqptpξqq :“ αptpξN qq|T tpupV q.
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Then β is a ptpu` 1q´cocyclic one-form along g and furthermore

ż

g
β “

ż

gN
α.

Proof. See Lemma A.1.7 in the Appendix.

The following lemma demonstrates that Lipschitz functions separate

points in GppV q. The significance of this lies in the fact that the fun-

damental transform of rough path theory, the signature, fails to separate

points which differ by so-called tree-like pieces (see Theorem 1.1 in [6]).

Indeed, consider the 1´rough path

x : r0, 2s Ñ R, xt “

$

’

&

’

%

t, t P r0, 1s,

2´ t, t P r1, 2s.

A direct calculation shows that x has trivial signature, namely Xpxq “ 1.

Therefore, the signature does not separate x from a constant path.

Lemma 3.5.5 (Lipschitz functions separate points). For all x, y P GppV q

with x ‰ y, there exists γ ą p and pf,∇∇fq P LipγpGppV q Ñ Rq such that

fpxq ‰ fpyq.

Proof. Suppose x, y P GppV q with x ‰ y. By Theorem 3.5.2, it suffices to

construct a Lipschitz function pf,∇∇fq P LipγpKÑ Rq, with K “ HistpxqY

Histpyq, such that fpxq ‰ fpyq.

If ipxq ‰ ipyq, define ∇∇f ” 0, fpipxqq “ 0, fpipyqq “ 1. Then fpxq ‰

fpyq and we are done.

77



If ipxq “ ipyq then without loss y Ľ px^ yq and we can (Lemma 3.5.3)

factorise y “ y1 ˚ y2 such that y1 Ě x ^ y and Xpy2q ‰ 1. Thus for

sufficiently large N P N, XďN py2q ´Xďtpupy2q ‰ 0 so we may by the Hahn-

Banach Theorem choose a covector v˚ P TN pV q˚ such that v˚|T tpupV q ” 0

and v˚
`

XďN py2q
˘

“ 1. Define the cocyclic one-form α P ΩpGN pV qq by

αpipy2qq :“ v˚ so that

ż

yN2

α “ v˚
`

XďN py2q
˘

“ 1.

Appealing to Lemma 3.5.4, choose a ptpu` 1q´cocyclic one-form along y2,

β, such that
ż

yN2

α “

ż

y2

β.

1 Define ∇∇f |Histpxq “ ∇∇f |Histpy1q ” 0, ∇∇fpy1 ˚ ξq “ βpξq for all ξ with

y1 ˚ ξ Ď y and fpgq :“
ş

g∇∇f for all g P K. Then, by Lemma 3.3.6 with

γ “ tpu` 1, the pair pf,∇∇fq P LipγpKÑ Rq. Further, fpxq “ 0 and

fpyq “

ż

y
∇∇f “

ż

y1

0`

ż

y2

β “ α
`

XN py2q
˘

“ 1,

so that fpxq ‰ fpyq, as desired.

This final corollary of the chapter ties together several of the above

1This is well-defined at y1. Indeed, ∇∇fpy1qp¨q “ αp¨q|T tpupV q ” 0, since

αptpy1qq|T tpupV q “ v˚|T tpupV q ” 0 and a cocyclic one-form which is zero at a point is

zero everywhere – Remark 2.2.6.
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results to show that Lipschitz functions are uniformly dense in continuous

functions on compact sets of unparameterised rough paths.

Corollary 3.5.6. Assume further that K Ď GppV q is compact. Then

LipγpKq is uniformly dense in the space of continuous functions CpKÑ Rq

in the sense that for all ε ą 0 and F P CpK Ñ Rq, there exists pf,∇∇fq P

LipγpKq such that }F ´ f}8 ď ε.

Proof. LipγpKq contains constants, is an algebra (Proposition 3.4.9) and

separates points (Lemma 3.5.5). Appealing to the Stone-Weierstrass theo-

rem, the result follows.
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4 The Expected Signature of the Bilaplacian

Given a constant coefficient, elliptic operator on a finite-dimensional Ba-

nach space, V , Levin and Lyons ([27]) obtained the associated expected

signature through a convergent net of expected signatures in T ppV qq “
ś

kPN V
bk under the product topology. We specialise to the operator

L “ ´∆2 and show convergence of the same net of expected signatures

in a stronger topology: see Theorem 4.6.2. The forthcoming Chapter 5

is devoted to understanding some of the implication of this result, culmi-

nating in quasi-probabilistic representations of some high-order parabolic

semigroups.

The reader shall see that the specialisation to ´∆2 is for simplicity.

Indeed, the key properties of the constant coefficient operator elliptic op-

erator that are used in the proof of Theorem 4.6.2 is the existence of

a Schwartz class translation invariant heat kernel, pp¨, ¨q, integrating to

1, with subexponential decay and the consequent sub-factorial moment

bounds on
ş

xbkpp1, xqdx – see Lemma 4.5.4. Heat kernel bounds for high

order elliptic operators is a delicate topic, but simplifies in the constant

coefficient case. If L is a self-adjoint, constant coefficient elliptic operator

of order 2m on a d´dimensional Hilbert space with heat kernel pp¨, ¨q, one

expects small time (t ď 1) bounds of the form

|ppt, xq| ď c1 exp
´

´c2
2 ¨ }x}

2m{p2m´1q ¨ t´1{p2m´1q
¯

.
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See Theorem 2 (d ă 2m) in [11] and Theorem 1 (d ě 2m) in [2] for the

precise statements.

4.1 Prerequisite material

4.1.1 Real harmonic analysis

Henceforth, we suppose further that V is a (finite-dimensional) Hilbert

space with inner product x¨, ¨y, norm }¨} “ x¨, ¨y1{2, d :“ dimpV q ă `8 and

shall make implicit use of the standard Hilbert space identification V – V ˚.

As before, we equip tensor powers of V with the projective tensor norm.

We refer to [13] for further details on real harmonic analysis.

Definition 4.1.1. If a “ pa1, . . . , adq P Nd is a multi-index and ϕ : V Ñ C,

then we define xa :“ xa11 . . . xadd and

Daϕ :“
B|a|ϕ

Bxa11 . . . Bxadd
,

where |a| “ a1 ` ¨ ¨ ¨ ` ad.

Definition 4.1.2. Let e1, . . . , ed be a basis for V . The Schwartz space on

V , S pV q, is the Fréchet space

S pV q “ tϕ P C8pV Ñ Cq : }ϕ}α,β ă `8 @ α, β P Ndu,

where }ϕ}α,β :“ supxPV
ˇ

ˇxαDβϕpxq
ˇ

ˇ .
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Definition 4.1.3. We denote by S 1pV q the space of tempered distribu-

tions. A linear map f : S pV q Ñ C is in S 1pV q if an only if

lim
kÑ8

fpηkq “ 0 whenever lim
kÑ8

ηk “ 0 in S pV q.

We denote the action of f P S 1pV q on η P S pV q in one of three ways:

fpηq “ xf, ηy “

ż

V
fpxqηpxqdx.

Definition 4.1.4. Denote by C8polypV q the algebra of smooth functions f :

V Ñ C for which there exist C,N ą 0 such that |fpxq| ď Cp1` }x}N q.

Remark 4.1.5. Let dx denote the Lebesgue measure on V . We shall implic-

itly embed various function spaces into S 1pV q.

X ãÑ S 1pV q

ϕ ÞÑ

ˆ

φ ÞÑ

ż

V
ϕpxqφpxqdx

˙

, @φ P S pV q,

where for example X “ S pV q, W k,ppV, dxq, C8poly or subspaces thereof.

Properties of S pV q and S 1pV q

1. S pV q is an ideal in C8poly.

2. Let f P S 1pV q be a tempered distribution and p P C8polypV q, we define

the product fp P S 1pV q by

fppφq “ fppφq, @φ P S pV q.
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3. Let f P S 1pV q and η P S pV q their convolution is the smooth function

f ˚ η : V Ñ C, f ˚ ηpxq “ η ˚ fpxq “ f pτxη̃q ,

where η̃pyq :“ ηp´yq and τxηpyq :“ ηpx` yq.

Definition 4.1.6. The Fourier transform F : S pV q Ñ S pV q is a Fréchet

space isomorphism given by for all ξ P V

Fϕpξq :“

ż

V
ϕpxqe´2πixξ,xydx,

with dx indicating integration with respect to the Lebesgue measure on V .

The Fourier transform extends to tempered distributions:

F : S 1pV q Ñ S 1pV q

by for f P S 1pV q and ϕ P S pV q

xFf, ϕy “ xf,Fϕy.

The inverse Fourier transform F´1 : S pV q Ñ S pV q is given by for ξ P V,

pF´1ϕqpξq “ pFϕqp´ξq and similarly extends to tempered distributions.

Properties of the Fourier transform

1. Let f P S 1pV q and η P S pV q then Fpf ˚ ηq “ Fpfq ¨ Fpηq.

2. If ηλpxq “ λ´dηpλ´1xq then Fpηλqpξq “ Fηpλξq.

3. Denote the Gauss kernel gpxq “ expp´π}x}2q then g P S pV q and

Fgpξq “ expp´π}ξ}2q.
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4.1.2 Measure theory

Definition 4.1.7 (Pushforward measure). Let X : pΩ1, F1, µq Ñ pΩ2, F2q

be a measurable map from a signed measure space into a measurable space.

X induces a pushfoward measure on pΩ2, F2q: for all U P F2

µXpUq “ µ ˝X´1pUq :“ µtω P Ω1 : Xpωq P Uu.

We refer to the measure µ ˝X´1 as the law of X.

Definition 4.1.8 (Independence). Let X,Y : pΩ1, F1, µq Ñ pΩ2, F2q be

measurable maps from a signed measure space into a measurable space. We

say X and Y are independent if

µ ˝ pX,Y q´1 “ pµ ˝X´1q b pµ ˝ Y ´1q,

where pX,Y q : ω ÞÑ pXpωq, Y pωqq P Ω2 ˆ Ω2.

Let I be a nonempty set. Suppose we are given nonempty measurable

spaces pΩi,Fiq, i P I. For every nonempty F Ă I, denote by ΩF :“
ś

iPF Ωi

equipped with the product σ´field FF :“ biPFFi.

Theorem (Kolmogorov extension). Suppose that for every finite set F Ă

I, we are given a signed Radon measure µF on pΩF ,FF q with uniformly

bounded total variation

sup
FĂI, |F |ă`8

}µF }TV ă `8
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and such that the measures are consistent. Namely, if F1 Ă F2 Ă I and

πF2ÑF1 : ΩF2 Ñ ΩF1 is the natural projection, then µF1 “ µF2 ˝ π
´1
F2,F1

.

Then, there is a signed measure µ on the measurable space
˜

Ω :“
ź

iPI

Ωi,F :“ biPIFi

¸

such that if F Ă I is a finite set and πIÑF : Ω Ñ ΩF the natural projection,

then µF “ µ ˝ π´1
IÑF .

Proof. See Theorem 7.7.1. in [7].

4.1.3 The Bochner integral

Throughout, B will be a Banach space equipped with its Borel σ´field and

pX,Σ, µq a complete, signed, finite measure space unless stated otherwise.

With the exception of Proposition 4.1.12 about independence, the material

in this subsection can be found in [12].

Definition 4.1.9. A function h : X Ñ B is called simple if there exist

b1, . . . , bn P B and E1, . . . , En P Σ such that h “
řn
i“1 biIEi, where IEipxq “

1 if x P Ei and IEipxq “ 0 if x R Ei.

A function f : X Ñ B is called strongly µ´measurable there exist a

sequence of simple functions phnq with limn }hn ´ f}B “ 0 µ-almost every-

where.

A function f : X Ñ B is called weakly µ-measurable if for each b˚ P B˚

the scalar function b˚f is strongly µ´measurable.
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Reference to the measure µ may be suppressed when there is no chance

of ambiguity.

The results of the following proposition are well-known in the folklore

of vector measures; we include the proofs of those for which we lack precise

references.

Proposition 4.1.10. Suppose that a function f : X Ñ B is µ´essentially

separably valued, i.e. there exists N Ď X with µpNq “ 0 such that f pXzNq

is a separable subset of B, then the following are equivalent:

i) f is weakly µ´measurable.

ii) f is strongly µ´measurable.

iii) f is measurable.

Proof. iq ðñ iiq: is the Pettis Measurability Theorem (Theorem 2, pp

42 [12]).

iiq ùñ iiiq: if f is strongly µ´measurable, there exist simple functions

fn such that f “ limnÑ8 fn µ´almost everywhere. Hence f is measurable

as simple functions are measurable.

iiiq ùñ iq: suppose that f is measurable and let b˚ P B˚. For k P Z,

n P N, define Ank P Σ, Ank :“ pb˚ ˝ fq´1
prk{n, pk ` 1q{nqq. Then fn : X Ñ R

fn :“
n2
ÿ

k“´n2

k

n
IAnk

are simple functions and limnÑ8 fn “ xf, b
˚y, µ-a.e.
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Definition 4.1.11 (Bochner integrability and the Bochner integral). A

strongly measurable function f : pX,F, µq Ñ B is called Bochner integrable

if there exists a sequence of simple functions psnq such that

lim
nÑ8

ż

X
}f ´ sn}dµ “ 0.

For such an f ,
ş

E fdµ is defined for each E P F by

ż

E
fdµ “ lim

nÑ8

ż

E
sndµ.

Theorem. A strongly measurable f : pX,F, µq Ñ B is Bochner integrable

if and only if
ş

X }f}dµ ă `8.

Proof. See Theorem 2 page 45 in [12].

Proposition 4.1.12. Suppose B is a separable Banach algebra. Let

f, g, fg : pX,F, µq Ñ B be Bochner integrable, with fg denoting the point-

wise product and suppose that f and g are independent (Definition 4.1.8).

Then
ż

X
fgdµ “

ż

X
fdµ

ż

X
gdµ.

Proof. Suppose first that f and g are simple

f “
n
ÿ

i“1

IAiai, g “
m
ÿ

j“1

IBjbj ,

and so

fg “
n
ÿ

i“1

m
ÿ

j“1

IAiXBjaibj

87



which is also simple. Integrating
ż

X
fgdµ “

n
ÿ

i“1

m
ÿ

j“1

µpAi XBjqaibj ,

ˆ
ż

X
fdµ

˙ˆ
ż

X
gdµ

˙

“

˜

n
ÿ

i“1

µpAiqai

¸˜

m
ÿ

j“1

µpBjqbj

¸

and so the result will follow if we have µpAiXBjq “ µpAiqµpBjq for all i, j.

But Ai “ f´1taiu and Bj “ g´1tbju, and so by independence

µpAi XBjq “ µpf,gqptaiu ˆ tbjuq “ µftaiuµgtbju “ µpAiqµpBjq.

For the general case, sinceB is separable, f is strongly σpfq´measurable

(Lemma 4.1.10) so there exist σpfq´simple functions fn with limnÑ8 fn “ f ,

µ-a.e. and
ş

f “ limn

ş

fn. Multiplying by It}fn}ď2}f}u, we may assume that

}fn} ď 2}f}. Likewise, g “ limnÑ8 gn µ´a.e. for σpgq´simple gn with

}gn} ď 2}g}.

Note that fngn Ñ fg µ´a.e. since multiplication is jointly continuous,

and that }fngn ´ fg} ď 4}fg}. Since
ş

X }f}}g}dµ “
ş

X }f}dµ
ş

X }g}dµ ă

`8, the scalar function }f}}g} is integrable, whence by dominated conver-

gence
ż

fgdµ “ lim
nÑ8

ż

fngndµ

“ lim
nÑ8

ż

fndµ

ż

gndµ

“

ż

fdµ

ż

gdµ.

88



4.1.4 Fréchet spaces

Definition 4.1.13. A topological vector space, X , is a Fréchet space if and

only if the following hold:

1. X is Hausdorff;

2. there exists a countable family of seminorms on X , p} ¨ }λqλPN, so that

the topology on X is the initial topology with respect to the functions

t} ¨ ´x}λ : X Ñ r0,8q | x P X,λ P Nu;

3. X is complete for p} ¨ }λqλPN. Namely, if pxnq is } ¨ }λ´Cauchy for all

λ P N, then xn Ñ x as nÑ8 for some x P X .

Remark 4.1.14. There is no loss in generality in assuming that }¨}λ ď }¨}λ`1

for all λ P N. Indeed, setting } ¨ }1λ :“
řλ
k“1 } ¨ }k, we see that } ¨ }1λ ď } ¨ }

1
λ`1

for all λ P N and that p} ¨ }1λqλPN induces the same topology on X .

Definition 4.1.15. Let X be a vector space together with an ordered count-

able family of seminorms p} ¨ }λqλPNq. We will define the associated metric

on X by, for all x, y P X,

dpx, yq :“
8
ÿ

λ“1

2´λ
}x´ y}λ

1` }x´ y}λ
.

Remark 4.1.16. Suppose that pX , p} ¨ }λqλPNq is a Fréchet space together

with a choice of an ordered countable family of seminorms as in Definition

4.1.13. Then d : X ˆ X Ñ r0,8q, as defined in Definition 4.1.15, is a

complete, translation-invariant metric inducing the same topology on X .
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Lemma 4.1.17. Suppose that pX , p} ¨ }λqλPNq is a Fréchet space and the

metric, d, is given as in Definition 4.1.15. Then, for all λ ě 1 and x, y P X

with }x´ y}λ ď 1, it holds that

}x´ y}λ ď 2λ`1dpx, yq.

Proof. Recall the inequality 1
2r ď

r
p1`rq valid for r P r0, 1s. Then, if

}x´ y}λ ď 1, we have that

1

2
}x´ y}λ ď

}x´ y}λ
1` }x´ y}λ

ď 2λdpx, yq

and hence

}x´ y}λ ď 2λ`1dpx, yq,

as desired.

Lemma 4.1.18. Let B be a real Banach space. Then a linear map

A : pX , p} ¨ }λqλPNq Ñ B is continuous if and only if A is } ¨ }λ´bounded

for some λ P N.

Proof. The “if” direction is clear. As for the “only if” direction, suppose

for a contradiction that A is unbounded for each } ¨ }λ then there exists

pvn,λqn,λPN P X such that

}vn,λ}λ “
1

n
, }A vn,λ}B ě 1,

but then the diagonal sequence vn,n Ñ 0 in X yet A vn,n Û 0 in B, contra-

dicting continuity.
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4.2 Historical remarks

4.2.1 A probability measure on continuous paths associated to

the Laplacian

We review some classical results in stochastic analysis associating Marko-

vian measures to second-order elliptic operators. In the sequel we explore

whether analogous associations exist for higher-order elliptic operators.

Definition 4.2.1. Define the Laplacian ∆ : S 1pV q Ñ S 1pV q and its as-

sociated heat semigroup et∆ : S 1pV q Ñ S 1pV q, t ě 0, through their multi-

pliers

Fp∆fq :“ ´4π2} ¨ }2Ff,

F
`

et∆f
˘

:“ e´4π2t}¨}2Ff.

Definition 4.2.2 (The Gauss kernel). Through properties of the Fourier

transform we have for t ą 0 the identity

et∆f “ F´1
´

e´4π2}¨}2t ¨ pFfq
¯

“ gt ˚ f

for all f P S 1pV q, where gt P S pV q is the Gauss kernel

gtpxq :“
´

F´1e´4π2}¨}2t
¯

pxq “
1

p4πtqd{2
e´}x}

2{4t.

91



Note that for all t ą 0, gt ě 0 (in particular: real-valued) and
ż

V
gtpxqdx “ F´1pgtp¨qqp0q

“ e´4π2t}ξ}2 |ξ“0 “ 1,

so that gt is a probability density function.

Denote by BpV q the Borel sigma-field on V . For a collection of sigma-

fields pFiqiPI on sets pXiqiPI , denote by bIFi the product sigma-field on
ś

iPI Xi.

Definition 4.2.3. Given a measurable space, pΩ,F q, we shall denote by

MeaspΩq the space of signed measures on pΩ,F q.

Definition 4.2.4. For 0 ď s ď t ă `8 and x P V , define the cylinder set

measure on
´

V rs,ts,
Â

rs,tsBpV q
¯

by, for finite partitions D “ ps “ t0 ă

¨ ¨ ¨ ă tn “ tq of rs, ts, µ
rs,ts;x
D P MeaspV n`1q

µ
rs,ts;x
D pU0 ˆ ¨ ¨ ¨ ˆ Unq :“

ż

U0

. . .

ż

Un

n
ź

i“0

gti´ti´1pxi ´ xi´1qdxi,

where Ui P BpV q are Borel sets, x´1 ” x and t´1 “ t0. g0py ´ xqdy “

δxpdyq denotes the Dirac measure centred at x.

The semigroup property gt ˚ gs “ gt`s ensures that for fixed s, t, x, the

measures µ
rs,ts;x
D are consistent as one enlarges D and thus they induce an

a priori finitely additive measure, µrs,ts;x, on V rs,ts

µrs,ts;xpXti P Ui for i “ 0, . . . , nq “ µ
rs,ts;x
tt0,...,tnu

pU0 ˆ ¨ ¨ ¨ ˆ Unq,

where for u P rs, ts, Xu : V rs,ts Ñ V is the coordinate map.
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Lemma 4.2.5. For 0 ď s ă t and x P V , µrs,ts;x is a countably additive

measure supported on the subspace of continuous paths Cprs, ts Ñ V q.

Proof. Immediate from Kolmogorov extension and continuity theorems –

see Corollary 2.6 in [24].

Remark 4.2.6. The above construction of µrs,ts;x is classical. Indeed, µrs,ts;x

is the law of V´valued Brownian motion (or Wiener process) starting at x

at time s.

4.2.2 The Cauchy problem and a Feynman-Kac representation

That there was a relationship between Brownian motion and the Laplacian

was known in the early days of stochastic analysis. Below, we outline a

simple demonstrative result in the context of evolution equations on the

whole space.

Let t P r0, T s, denote the coordinate process

Bt : Cpr0, T s Ñ V q, Bt : ω ÞÑ ωptq.

Then, under µr0,T s;x, pBtqtPr0,T s is a V´valued Brownian motion starting

at x at time t “ 0. Let f P L2pV q, then the following identity holds:
ż

ωPCpr0,T sÑV q
fpBtqµ

r0,T s;xpdωq “ et∆L2fpxq.

This line of reasoning can be generalised in several directions (see for

example Theorems 6.12 and 6.15 in [5]). We consider only one such di-

rection. Namely, let A1, . . . , Ad P C
8
b pV Ñ V q be smooth bounded vector
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fields with d “ dimpV q. Denote by Y x
t the solution to the Stratonovich

SDE

dY x
t “

ÿ

i

AipY
x
t q ˝ dBi

t, Y x
0 “ x

and by

Ψx
A : Cpr0, T s Ñ V q ÝÑ Cpr0, T s Ñ V q

the associated Itô map. Ψx
A is a measurable map and so induces a pushfor-

ward measure µr0,T s ˝ pΨx
Aq
´1 “ pΨx

Aq˚µ
r0,T s.

Theorem. Let f P C8c pV q, then the following identity holds:

ż

ωPCpr0,T sÑV q
fpBtqpΨ

x
Aq˚µ

r0,T spdωq “ et
1
2

ř

i A
2
i fpxq.

Proof. This is precisely equation (3.2) in [4].

In a nutshell, given the Laplace operator, one can build Brownian mo-

tion. Then, through solving SDEs driven by Brownian motion, one can

build new, related PDE semigroups. In subsection 5.4.5, we show an anal-

ogous result for high-order PDE.

4.3 A universal topological algebra containing signatures

Recall that the tensor algebra, T pV q, satisfies the universal property that

any linear map into an algebra A : V Ñ B uniquely extends to an algebra

homomorphism A : T pV q Ñ B:
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V T pV q

B

ι

A
A .

In this section we introduce a topological algebra, T̄ pV q, which satisfies

the property that any continuous map A : V Ñ B into a Banach algebra

extends uniquely to a continuous algebra homomorphism Ā : T̄ pV q Ñ B:

V T̄ pV q

B

ι

A
Ā

.

We shall see that one can take T̄ pV q as a subalgebra of the extended ten-

sor algebra, T ppV qq, and that T̄ pV q contains signatures of p´rough paths.

A similar construction also in the context of rough path theory can be

found in Section 2 of [9].

Definition 4.3.1. For all λ ě 1, define

} ¨ }λ : T ppV qq Ñ r0,8s, }v}λ :“
8
ÿ

0

}vk}V bkλ
k

and

TλpV q “ tv P T ppV qq : }v}λ ă `8u.

Lemma 4.3.2. The following hold:

1) TλpV q is a subalgebra of T ppV qq.
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2) pTλpV q, } ¨ }λq is a separable Banach algebra.

Proof. 1) It is clear that } ¨ }λ is a norm on TλpV q. Thus TλpV q being a

subalgebra of T ppV qq follows from submultiplicativity of } ¨ }λ, which we

now demonstrate. Recall the definition of product: if a, b P T ppV qq then

πkpabq “
řk
i“0 πipaqπk´ipbq. For a, b P TλpV q Ă T ppV qq,

}ab}λ “
8
ÿ

k“0

λk}pabqk}V bk

ď

8
ÿ

k“0

λk
k
ÿ

i“0

}ai}V bi}b
k´i}V bpk´iq

“ }a}λ}b}λ,

so that } ¨ }λ is submultiplicative, as claimed.

2) Suppose now that panqnPN is a Cauchy sequence in TλpV q, then for

all k P N, paknqnPN is a Cauchy sequence in the complete space V bk and so

akn Ñ ak P V bk as nÑ 8. Given ε ą 0, choose N so that n,m ě N ùñ

}an ´ am}λ ă ε. Set a :“
ř8
k“0 a

k and let n ě N , then

}an ´ a}λ “
8
ÿ

k“0

λk}akn ´ a
k}

“

8
ÿ

k“0

lim inf
mÑ8

λk}akn ´ a
k
m}

ď lim inf
mÑ8

8
ÿ

k“0

λk}akn ´ a
k
m} ď ε.

Since ε ą 0 was arbitrary, we see that an Ñ a in TλpV q and thus complete-

ness holds.
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For separability note first that for x P TλpV q, limn Π0,npxq “ x, where

Π0,npxq denotes the truncation to tensors of degree ď n. Since V bk is

separable for each k, there exists Qk Ă V bk countable and dense. Note

then that the countable set

Q :“

#

n
ÿ

k“0

dk : n P N, dk P Qk

+

Ă T pV q (4.3.1)

is dense in TλpV q.

We shall see that the aforementioned universal topological algebra,

T̄ pV q, is given by a countable intersection of Banach algebras

T̄ pV q “
č

λPN
TλpV q.

T̄ pV q will have the structure of a Fréchet space (see Section 4.1.4).

Definition 4.3.3. Define

T̄ pV q :“

#

v P T ppV qq : }v}λ :“
8
ÿ

k“0

λk}vk}V bk ă `8 for all λ P N

+

.

Lemma 4.3.4. The following hold:

1) T̄ pV q is a subalgebra of T ppV qq.

2)
`

T̄ pV q, p} ¨ }λqλPN
˘

is a separable Fréchet space with jointly continuous

multiplication.
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Proof. 1) Noting that T̄ pV q is an intersection of subalgebras of T ppV qq :

T̄ pV q “
č

λPN
TλpV q,

we see that T̄ pV q is a subalgebra of T ppV qq.

2) Completeness of
`

T̄ pV q, p} ¨ }λqλPN
˘

follows immediately from com-

pleteness of each pTλpV q, } ¨ }λq.

Separability: recall that for all λ P N and x P TλpV q, limnÑ8 }Π0,npxq´

x}λ “ 0, where Π0,npxq denotes the truncation to tensors of degree ď n.

Since V bk is separable for each k, there exists Qk Ă V bk countable and

dense. The countable set, first mentioned in equation (4.3.1),

Q “

#

n
ÿ

k“0

dk : n P N, dk P Qk

+

Ă T pV q

is dense in T̄ pV q.

Joint continuity of multiplication: since the topology on T̄ pV q is first

countable, joint continuity of multiplication is equivalent to joint sequential

continuity of multiplication. Let an Ñ a and bn Ñ b as n Ñ 8 in T̄ pV q.

Then for all λ P N, by submultiplicativity of } ¨ }λ,

}anbn ´ ab}λ ď }an ´ a}λ}bn}λ ` }a}λ}bn ´ b}λ ÝÑ 0,

so that anbn Ñ ab in T̄ pV q, as desired.

Remark 4.3.5. We note the strict inclusions

T pV q Ă T̄ pV q Ă TλpV q Ă TµpV q Ă T ppV qq
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whenever λ ą µ.

Recall that any linear map A : V Ñ B from V to an algebra, B, uniquely

extends to an algebra homomorphism on the tensor algebra A : T pV q Ñ B.

The following proposition states that if B is further a Banach algebra, then

A uniquely extends to a continuous algebra homomorphism T̄ pV q Ñ B.

We shall denote this extension by Ā or simply by A, when there is no risk

of confusion.

We refer to [42], [9] and the references therein for more information

about universal extensions to topological algebras.

Proposition 4.3.6 (Universal property of T̄ pV q). Let B be a Banach alge-

bra and A P LpV Ñ Bq a continuous linear map. Then A uniquely extends

to a continuous algebra homomorphism Ā : T̄ pV q Ñ B.

Proof. Fix λ P N with λ ě }A}LpVÑBq. Then for any v P T pV q with

}v}λ “ 1

}A v}B “

›

›

›

›

›

8
ÿ

k“0

Abkvk

›

›

›

›

›

B

ď

8
ÿ

k“0

}Abk}LpV bkÑBq}v
k}V bk

ď

8
ÿ

k“0

λk}vk}V bk “ }v}λ “ 1

so that A : pT pV q, } ¨ }λqq Ñ B is bounded. Recall that for all v, w P T pV q

with }v ´ w}λ ď 1, we have that }v ´ w}λ ď 2λ`1dpv, wq. Therefore,
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A : pT pV q, dq Ñ B is Cauchy continuous and thus extends uniquely to a

continuous map on the closure T pV q
d
“ T̄ pV q.

Proposition 4.3.7. Let X be a Banach space and A : T pV q Ñ X a linear

map. For k P N, denote A k :“ A |V bk : V bk Ñ X the restricted function.

Suppose there exists C ą 0 such that for all k P N,

}A k}LpV bkÑXq ď Ck.

Then A has a unique continuous extension to T̄ pV q.

Proof. Let λ ě C and v P T̄ pV q satisfy }v}λ “ 1. Then

}A v}X “

›

›

›

›

›

8
ÿ

k“0

A kvk

›

›

›

›

›

X

ď

8
ÿ

k“0

Ck}vk}V bk

ď }v}λ,

so that A is } ¨ }λ´bounded and hence Cauchy continuous for d.

The following proposition shows that T̄ pV q Ă T ppV qq contains signa-

tures of p´rough paths.

Proposition 4.3.8. Let p ě 1, s ă t and recall

X : GΩpprs, ts Ñ V q ÝÑ T ppV qq

the signature map from Definition 2.1.6. Then ImagepXq Ă T̄ pV q and,

further, X is continuous as map into T̄ pV q.
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Proof. Lyons’ extension theorem (Theorem 2.1.5) asserts that the signature

of g P GΩpprs, ts Ñ V q, Xpgq P T ppV qq, satisfies for all k P N the bound

›

›

›
Xkpgq

›

›

›

V b k
ď

Ck{p

βpk{pq!
,

for some β “ βppq, C “ Cp}g}p´varq ă `8. From this bound, we see that

for all λ ě 1

}Xpgq}λ “
8
ÿ

k“0

›

›

›
Xkpgq

›

›

›

V b k
¨ λk

ď

8
ÿ

k“0

pCλpqpk{pq

βpk{pq!
ă `8.

Hence, Xpgq P T̄ pV q, as claimed.

Similarly, appealing to Theorem 2.2.2. [32], one may show that X is

continuous.

4.4 An approximation to the exponential in Banach alge-

bras

The results in this section are purely technical and straightforward. They

will only be required in the proof of convergence of expected signatures in

Section 4.6.

Definition 4.4.1. Let B be a real unital Banach algebra with unit 1. Write

exppxq :“
8
ÿ

k“0

1

k!
xk.
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The series is absolutely convergent for all x P B, and it holds that } exppxq} ď

expp}x}q. For x, y P B with xy “ yx

exppx` yq “ exppxq exppyq.

It follows that expp´xq exppxq “ 1.

Define, for }x} ă 1,

logp1` xq :“
8
ÿ

k“1

p´1qk`1

k
xk.

The series absolutely convergent if }x} ă 1. For x P B, r ą 0, denote by

Bpx, rq Ă B the open ball of radius r centred at x. logp¨q : Bp1, 1q Ñ

logpBp1, 1qq is a topological homeomorphism with inverse exp. Conse-

quently

logpxyq “ logpxq ` logpyq

if xy, x, y P Bp1, 1q with xy “ yx.

Lemma 4.4.2 (An approximation to the exponential function in Banach

algebras). Let B be a Banach algebra, x P B and D “ ps “ t0 ă ¨ ¨ ¨ ă tn “

tq a partition of some interval rs, ts denote τi :“ ti`1 ´ ti then

lim
|D|Ñ0

n
ź

i“1

p1` τixq “ expppt´ sqxq.

Proof. First note the bound uniform in D
›

›

›

›

›

n
ź

i“1

p1` τixq

›

›

›

›

›

ď

n
ź

i“1

p1` τi}x}q ď
n
ź

i“1

exppτi}x}q “ exp ppt´ sq}x}q .
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Introduce the notation expDpyq :“
śn
i“1p1 ` τiyq. Given x P B choose

η ą 0 sufficiently small (η “ 1
2}x} ^ 1 would do) so that for all 0 ă δ ď η

i) the power series logp1` δxq :“
ř8

1
p´1qk`1

k pδxqk converges absolutely;

ii) } logp1` δxq ´ δx} ď 2δ2}x}2.

Assume for now that t´ s ď η then τi ď η for all i and

}logpexpDpxqq ´ pt´ sqx} “

›

›

›

›

›

n
ÿ

i“1

logp1` τixq ´
n
ÿ

i“1

τix

›

›

›

›

›

ď

n
ÿ

i“1

2|τi|
2}x}2 ď 2 ¨ |D| ¨ |t´ s| ¨ }x}2

|D|Ñ0
ÝÝÝÝÑ 0.

Since logp1 ` ¨q|Bp0,1q is a homeomorphism onto its image, this proves the

result for small intervals.

Assume now that η ă t ´ s ď 2η, recall the identity valid in noncom-

mutative unital rings

n
ź

i“1

ai ´
n
ź

i“1

bi “
n
ÿ

k“1

˜˜

k´1
ź

i“1

ai

¸

pak ´ bkq

˜

n
ź

i“k`1

bi

¸¸

then

n
ź

i“1

´

1`
τi
2
x
¯2
´

n
ź

i“1

p1` τixq

“

n
ź

i“1

ˆ

1` τix`
τ2
i

4
x2

˙

´

n
ź

i“1

p1` τixq

“

n
ÿ

k“1

˜˜

k´1
ź

i“1

1` τix`
τ2
i

4
x2

¸

ˆ

τ2
k

4
x2

˙

˜

n
ź

i“k`1

1` τix

¸¸
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and hence
›

›

›

›

›

n
ź

i“1

´

1`
τi
2
x
¯2
´

n
ź

i“1

p1` τixq

›

›

›

›

›

ď

n
ÿ

k“1

exppη}x}q}x}2
τ2
k

4

ď exppη}x}q}x}2 ¨ |D| ¨
η

4

|D|Ñ0
ÝÝÝÝÑ 0.

However, by the above result for intervals smaller than η and continuity of

the product,

n
ź

i“1

´

1`
τi
2
x
¯2
“

n
ź

i“1

´

1`
τi
2
x
¯

¨

n
ź

i“1

´

1`
τi
2
x
¯

|D|Ñ0
ÝÝÝÝÑ exp

ˆ

t´ s

2
x

˙

¨ exp

ˆ

t´ s

2
x

˙

“ exp ppt´ sqxq ,

proving the result for intervals smaller than 2 ¨ η. Iterating this procedure

for intervals smaller than 4 ¨η, 8 ¨η, . . . yields the result for all intervals.

Corollary 4.4.3. Let B be a Banach algebra, x P B and D “ ps “ t0 ă

¨ ¨ ¨ ă tn “ tq a partition of some interval rs, ts denote τi :“ ti`1 ´ ti.

Suppose Y
pnq
i P B, n ě 1, i “ 1, . . . , n with M :“ supi,n }Y

pnq
i } ă `8 then

lim
|D|Ñ0

n
ź

i“1

´

1` τix` τ
2
i Y

pnq
i

¯

“ expppt´ sqxq.

Proof. Set U :“ maxp}x}, 2Mq then

}1` τix}, }1` τix` τ
2
i Y

pnq
i } ď exppUτiq

yielding the bound uniform in D
›

›

›

›

›

k´1
ź

i“1

´

1` τix` τ
2
i Y

pnq
i

¯

›

›

›

›

›

ď exp

˜

U ¨
k´1
ÿ

i“1

τi

¸

.
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Recalling the identity valid in noncommutative, unital rings

n
ź

i“1

ai ´
n
ź

i“1

bi “
n
ÿ

k“1

˜˜

k´1
ź

i“1

ai

¸

pak ´ bkq

˜

n
ź

i“k`1

bi

¸¸

and the fact that lim|D|Ñ0

śn
i“1 p1` τixq “ expppt ´ sqxq (Lemma 4.4.2),

we see that

›

›

›

›

›

n
ź

i“1

´

1` τix` τ
2
i Y

pnq
i

¯

´

n
ź

i“1

p1` τixq

›

›

›

›

›

ď expppt´ sqUq ¨M ¨

n
ÿ

i“1

τ2
i
|D|Ñ0
ÝÝÝÝÑ 0

and therefore

lim
|D|Ñ0

n
ź

i“1

´

1` τix` τ
2
i Y

pnq
i

¯

“ expppt´ sqxq,

as desired.

4.5 Signed measures on rough paths associated to the bi-

laplacian

Definition 4.5.1. Define the linear operator ´∆2 : S 1pV q Ñ S 1pV q and

its associated heat semigroup e´t∆
2

: S 1pV q Ñ S 1pV q, t ě 0, through their

Fourier multipliers

Fp´∆2fq “ ´16π4} ¨ }4Ff,

Fpe´t∆2
fq “ e´16π4t}¨}4Ff.
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Definition 4.5.2 (The heat kernel, ppt, xq, for ´∆2). For t ą 0, we have

the identity

e´t∆
2
f “ F´1

´

e´16π4}¨}4t ¨ pFfq
¯

“ pt ˚ f

for all f P S 1pV q, where pt P S pV q is the heat kernel for ´∆2:

ppt, xq “ ptpxq :“
´

F´1e´16π4}¨}4t
¯

pxq.

Emulating the preceding probabilistic approach to the ∆´heat equation

(4.2), we attempt to interpret p as the transition densities of some Markov

process. However, there are several obstructions to doing so.

Definition 4.5.3. Let k P N. Define Mk to be the kth moment of pp1, ¨q,

namely:

Mk :“

ż

V
xbkpp1, xqdx.

Lemma 4.5.4 (Properties of the heat kernel ppt, xq). For all t ą 0, x P V ,

d “ dimpV q,

1. ppt, xq “ t´d{4pp1, xt´1{4q.

2.
ş

V ppt, xqdx “ 1.

3. Mn “ 0, for n “ 1, 2, 3.
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4. M4 “ ´4!
´

řd
j“1 ej b ej

¯b2
, pe1, . . . , edq any orthonormal coordi-

nates for V . This expression is invariant under orthonormal change

of coordinates.

5. |pp1, xq| ď C expp´}x}4{3q some C ą 0.

6. For all k P N,

}Mk}V bk ď CdΓ

ˆ

3

4
pk ` dq

˙

,

where Γ denotes the classical Γ function.

Proof.

1. Making the change of variables ξ ÞÑ t´1{4ξ,

ppt, xq “

ż

V
e´16π4}ξ}4te2πixξ,xydξ

“

ż

V
e´16π4}ξ}4e2πixξ,xt´1{4yt´d{4dξ “ t´d{4pp1, xt´1{4q.

2. By inverse Fourier transform

ż

V
ppt, xqdx “

ˆ
ż

V
ppt, xqe2πixξ,xydx

˙

ˇ

ˇ

ξ“0
“ e´16π4}ξ}4t|ξ“0 “ 1.

3&4. Direct calculations similar to 1. and 2.

5. This is a special case of Theorem 2 (d ă 4) in [11] and Theorem 1

(d ě 4) in [2].
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6. Using the heat kernel bound from 5. and the coarea formula:

›

›

›

›

ż

V
xb kpp1, xqdx

›

›

›

›

ď Cd

ż

V
}x}k exp

´

´}x}4{3
¯

dx

“ Cd

ż 8

0
rk`d´1 exp

´

´r4{3
¯

dr

“ Cd

ż 8

0
r

3
4
pk`dq´1 expp´rqdr

“ CdΓ

ˆ

3

4
pk ` dq

˙

,

as claimed.

Corollary 4.5.5. Let p be the heat kernel of ´∆2 from Definition 4.5.2,

then
ş

V |ppt, xq|dx ą 1.

Proof. From Lemma 4.5.4 parts 2. and 3., we see that p takes positive and

negative values on sets of nonzero Lebesgue measure hence

ż

V
|ppt, xq|dx ą

ż

V
ppt, xqdx “ 1.

We have established that ppt, ¨q is not a probability density function as

it takes negative values – this is unsurprising as generic high-order ellip-

tic operators do not satisfy maximum principles. Nevertheless, one may
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still define, as in the Kolmogorov construction of Brownian motion (Def-

inition 4.2.4), the signed cylinder set measure associated to p. This same

construction occurs in Section 5 of [27].

Definition 4.5.6 (Definition 5.1, [27]). For 0 ď s ď t ă `8, x P V and a

partition D “ ps “ t0 ă ¨ ¨ ¨ ă tn “ tq of rs, ts define the measure υ
rs,ts;x
D on

ś

tiPD
V – V n`1 by

υ
rs,ts;x
D pA0 ˆ ¨ ¨ ¨ ˆAnq :“

ż

A0

. . .

ż

An

n
ź

i“0

pti´ti´1pxi ´ xi´1qdxi,

where Ai P BpV q are Borel, x´1 ” x and t´1 “ t0. p0py ´ xqdy “ δxpdyq

denotes the Dirac measure centred at x.

The semigroup property pt ˚ ps “ pt`s ensures that
´

υ
rs,ts;x
D

¯

DĂrs,ts
is

a cylinder set measure on
´

V rs,ts,
Â

rs,tsBpV q
¯

. We denote the induced

finitely additive measure on
´

V rs,ts,
Â

rs,tsBpV q
¯

by υrs,ts;x. Namely,

υrs,ts;x pxti P Ui, i “ 0, . . . , nq “ υ
rs,ts;x
tt0,...,tnu

pU0 ˆ ¨ ¨ ¨ ˆ Unq,

where, for u P rs, ts, xu : V rs,ts Ñ V is the coordinate map.

One would hope that υrs,ts;x is countably additive. However,

Lemma 4.5.7. Let 0 ď s ă t ă `8, x P V and define the partitions

Dn :“
`

s` i
npt´ sq : i “ 0, . . . , n

˘

of rs, ts. Then

›

›

›
υ
rs,ts;x
Dn

›

›

›

TV
Ñ8 as nÑ8,

where } ¨ }TV denotes the total variation norm on signed measures.
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Proof. By 1. (scaling) of Lemma 4.5.4,
ş

V |ppt, xq|dx “
ş

V |pp1, xq|dx for all

t ą 0. Hence

›

›

›
υ
rs,ts;x
Dn

›

›

›

TV
“

ż

V
. . .

ż

V

n
ź

i“0

ˇ

ˇ

ˇ

ˇ

p

ˆ

t´ s

n
, xi ´ xi´1

˙ˇ

ˇ

ˇ

ˇ

dxi

“

ˆ
ż

V
|pp1, xq|dx

˙n`1

Ñ8 as nÑ8.

Kolmogorov’s extension theorem therefore does not apply. In fact, V.

Yu. Krylov asserts that νI;x is not a countably additive measure on V I

([26]) for nondegenerate intervals, I. See also [22] and [27] for further

details.

We hope to find convergence of the υD in a weaker topology. Namely we

seek convergence lim|D|Ñ0xυD, φy, for appropriate test functions, φ, on path

space. Following [27], we first view each υD as a measure on continuous,

piecewise linear paths PLpr0, T s Ñ Rdq thus

Definition 4.5.8 (Continuous piecewise linear paths). Let s ă t, PLprs, ts Ñ

V q Ď Cprs, ts Ñ V q denotes the subspace of continuous, piecewise linear

paths. γ P PLprs, ts Ñ V q iff γ : rs, ts Ñ V is continuous and there ex-

ists a finite partition D “ ps “ t0 ă ¨ ¨ ¨ ă tm “ tq of rs, ts such that for all

i “ 1, . . . ,m the restriction γ|rti´1,tis is an affine path. Such a path will be

called D´piecewise linear when we need to emphasise a particular partition.

Definition 4.5.9. Let D “ ps “ t0 ă ¨ ¨ ¨ ă tn “ tq a finite partition of rs, ts
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and pv1, . . . , vnq P V
n. Define γDpv1, . . . , vnq P PLrs, ts to be the continuous

D´piecewise linear path interpolating pv1, . . . , vnq:

γDpv1, . . . , vnqt :“
ptj ´ tqvj´1 ` pt´ tj´1qvj

tj ´ tj´1
, t P rtj´1, tjs.

We may implicitly extend γDpv1, . . . , vnq to a larger interval rS, T s Ě rs, ts

by for t P rS, ss, γDpv1, . . . , vnqt ” v1 and for t P rtn, T s, γDpv1, . . . , vnqt ”

vn.

Definition 4.5.10 (Definition 5.3 [27]). Let 0 ď s ă t, x P V and D “

ps “ t0 ă ¨ ¨ ¨ ă tn “ tq a finite partition of rs, ts. Recall the measure υ
rs,ts;x
D

on
ś

tiPD
V from Definition 4.5.6. Define Prs,ts;xD as the push-forward of

υ
rs,ts;x
D by γD :

ś

tiPD
V Ñ PLrs, ts. Namely,

Prs,ts;xD P MeaspPLrs, tsq, Prs,ts;xD :“ υ
rs,ts;x
D ˝ γ´1

D .

Remark 4.5.11. Recall for u P rs, ts, xu : PLprs, ts Ñ V q Ñ V the coordi-

nate map. Then Prs,ts;xD satisfies

1. Prs,ts;xD ˝ x´1
s pdyq “ δxpdyq;

2. for all i “ 1, . . . , n

Prs,ts;xD ˝ x´1
ti´1,ti

pdyq “ pti´ti´1dy;

3. for all 1 ď i ă j ď n, xti´1,ti and xtj´1,tj are Prs,ts;xD ´independent.
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This is analogous to the construction of Brownian motion from finite di-

mensional distributions outlined in Definition 4.2.4. Indeed, items 2. and

3. state that the increments of the quasi-process with law Prs,ts;xD are in-

dependent and have distribution given by the heat kernel of ´∆2. This

is in parallel with the aforementioned construction from finite-dimensional

distributions of Brownian motion as the process which has independent

increments with distribution given by the heat kernel of ∆.

Continuous piecewise linear paths are of bounded variation and there-

fore admit canonical rough path lifts. Recall that for a piecewise linear

path γ P PL prs, ts Ñ V q and p ě 1, we denote by gtpupγq the canonical lift

of γ to a p´rough path. The inclusion

gtpu : PL prs, ts Ñ V q ãÑ GΩp prs, ts Ñ V q

is a measurable map and therefore we define

Definition 4.5.12 (Measures on p´rough paths). Let 0 ď s ď t ă `8

and x P V . We shall use the symbol Prs,ts;xD to also denote the pushforward

measure on GΩpprs, ts Ñ V q, Prs,ts;xD ˝pgtpuq´1.

4.6 Convergence of expected signatures

The following Theorem 4.6.2 is the main result of this chapter. A conse-

quence is a weak convergence result for the measures
´

PrS,T s;xD

¯

DPPprS,T sq
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on GΩpprS, T s Ñ V q. Namely, `˚ P T̄ pV q˚ induces a scalar-valued function

on p´rough paths, f`˚ , given by

f`˚ : g ÞÑ x`˚,XpgqyT̄ pV q˚ˆT̄ pV q.

Then

lim
|D|Ñ0

ż

f`˚pgqP
rS,T s;x
D pdgq “

B

`˚, exp

ˆ

M4

4!
pT ´ Sq

˙F

.

This class of functions contains in particular coordinate signatures, thereby

extending the main result in [27]. We shall see (Corollary 5.1.8) that this

class of functions also contains coordinate signatures of solutions to linear

equations. Chapter 5 is devoted to showing that Theorem 4.6.2 is strong

enough to allow for quasi-probabilistic representations of solutions to high-

order parabolic semigroups.

Remark 4.6.1. To help with intuition as to what functionals are contained

in the class T̄ pV q˚, let `k P pV bkq˚ be linear functionals for which there

exists C ą 0 such that

}`k} ď Ck.

Then `˚ “
ř8
k“0 `

k is contained in T̄ pV q˚ (see the forthcoming Proposition

4.3.7 for the proof). Namely, T̄ pV q˚ contains linear functionals of arbi-

trary exponential growth – in particular, the above mentioned coordinate

signatures of solutions to linear equations.

BTo ease notation, we shall sometimes write EDrf s :“
ş

fpgqPrS,T s;xD pdgq

for Bochner integrable f . Recall the Banach algebra TλpV q from Definition

113



4.3.1 and M4 the 4th moment of pp1, ¨q from Definition 4.5.3.

Theorem 4.6.2. Let x P V , 0 ď S ă T ă `8 then the following limit

exists in TλpV q for all λ ě 1

lim
|D|Ñ0

ż

gPGΩp

XS,T pgq P
rS,T s;x
D pdgq “ exp

ˆ

M4

4!
pT ´ Sq

˙

, (4.6.1)

where the integrals are TλpV q´valued Bochner integrals, taken over

g P GΩpprS, T s Ñ V q.

Remark 4.6.3. It was shown in [14] that the expected signature of V´valued

Brownian motion over rS, T s is:

exp

ˆ

1

2
pT ´ Sq

ż

V
xb2qp1, xqdx

˙

,

where q denotes the heat kernel of ∆. So that equation 4.6.1 is indeed what

one would näıvely expect for the “expected signature” associated to ´∆2.

Proof. We first verify Bochner integrability. XS,T : GΩpprS, T s;V q Ñ

TλpV q is continuous (Proposition 4.3.8) and separably valued. Thus, for

each partition D “ pS “ t0 ă ¨ ¨ ¨ ă tn “ T q, XS,T is PrS,T s;xD ´strongly

measurable (Proposition 4.1.10). As for summability,

ż

gPGΩppV q
}XS,T pgq} ¨

ˇ

ˇ

ˇ
PrS,T s;xD

ˇ

ˇ

ˇ
pdgq

“

ż

pv1,...,vnqPV n
}XS,T pg ˝ γpv1, . . . , vnqq} ¨ |υ

rS,T s;x
D |pdv1, . . . ,dvnq

ď

ż

pv1,...,vnqPV n
expp}v1}q . . . expp}vn}q

n
ź

i“0

|pτipvi ´ vi´1q|dvi ă `8,
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the final inequality following from better-than-exponential-decay heat ker-

nel bounds (Lemma 4.5.4). Therefore XS,T is PrS,T s;xD ´Bochner integrable

for all D, as claimed.

By Chen’s relation we may factorise XS,T “ XS,t1 . . .Xtn´1,T . Note that

for s ď t ď u ď v P rS, T s, the TλpV q´valued functions Xs,t and Xu,v

are PrS,T s;xD ´independent provided there exists r P D with t ď r ď u.

Whence, by iterating Proposition 4.1.12, we have the identity EDrXS,T s “
ś

tiPD
EDrXti,ti`1s. Recall (Definition 4.5.10) that the coordinate process,

x, is PrS,T s;xD ´almost everywhere affine on the interval pti, ti`1q with incre-

ment distributed like PrS,T s;xD ˝x´1
ti,ti`1

pdyq “ ppti`1´ti, dyq and therefore has

signature Xpgpxqqti,ti`1 “ exppxti,ti`1q P T̄ pV q, P
rS,T s;x
D ´almost everywhere.

Appealing to the heat kernel bound from Lemma 4.5.4 and the dominated

convergence theorem for Bochner integrals, writing τi :“ ti`1 ´ ti and re-

calling Mk :“
ş

V v
bkpp1, vqdv,

EDrXti,ti`1s “ EDrexppxti,ti`1qs

“

8
ÿ

k“0

ż

V

vbk

k!
ppτi, vqdv

“

8
ÿ

k“0

ż

V

vbk

k!
τ
k{4
i pp1, vqdv

“

8
ÿ

k“0

Mk
τ
k{4
i

k!

“ 1`
M4

4!
¨ τi `

8
ÿ

k“8

Mk
τ
k{4
i

k!
.
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We intend to appeal to Corollary 4.4.3 with Banach algebra TλpV q,

D “ pS “ t0 ă ¨ ¨ ¨ ă tn “ T q a partition of rS, T s and

x “
M4

4!
, Y

pnq
i “

8
ÿ

k“8

Mk
τ
pk{4´2q
i

k!
.

To do so, we need only obtain the uniform bound supi,n

›

›

›
Y
pnq
i

›

›

›

λ
ă `8.

To this end, recall the moment bounds }Mk}V bk ď CdΓ
`

3
4pk ` dq

˘

from

Lemma 4.5.4, then

›

›

›
Y
pnq
i

›

›

›

λ
“

›

›

›

›

›

8
ÿ

k“8

Mk
τ
pk{4´2q
i

k!

›

›

›

›

›

λ

“

8
ÿ

k“8

}Mk}V bk ¨ λ
k ¨
τ
pk{4´2q
i

k!

ď

8
ÿ

k“8

Cd
Γ
`

3
4pk ` dq

˘

k!
¨ λk ¨ τ

pk{4´2q
i

ď

8
ÿ

k“8

Cd
Γ
`

3
4pk ` dq

˘

k!
¨ λk ¨ pT ´ Sqpk{4´2q ă `8,

noting this final bound is independent of i and n, we obtain supi,n }Y
pnq
i }λ ă

`8, as desired. Therefore by Corollary 4.4.3

lim
|D|Ñ0

EDrXS,T s “ lim
nÑ8

n
ź

i“1

ˆ

1`
M4

4!
τi ` Y

pnq
i τ2

i

˙

“ exp

ˆ

M4

4!
pT ´ Sq

˙

,

with the convergence taking place with respect to } ¨ }λ. Noting that λ ě 1

was arbitrary, we see that the convergence takes place in T̄ pV q.
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We shall denote

ErXS,T s :“ lim
|D|Ñ0

EDrXS,T s.

Recall that for n P N, Π0,n : T̄ pV q Ñ TnpV q denotes the projection onto

tensors of degree ď n.

Proposition 4.6.4. pS, T q ÞÑ Π0,4 ErXS,T s is a 4´rough path.

Proof. Note the multiplicative property for S ď U ď T

ErXS,U sErXU,T s “ exp

ˆ

M4

4!
pU ´ Sq

˙

exp

ˆ

M4

4!
pT ´ Uq

˙

“ exp

ˆ

M4

4!
pT ´ Sq

˙

“ ErXS,T s.

Note also that pS, T q ÞÑ Π0,4pErXS,T sq “ 1 ` T´S
4! M4 P T

p4qpV q has finite

4´variation.

The following corollary is a consequence of pulling continuous linear

operators out of integrals and the convergence result of Theorem 4.6.2.

Corollary 4.6.5. Let X be a finite-dimensional, real Banach space and

A P LpT̄ pV q Ñ Xq a continuous linear map. Then A XS,T is PrS,T sD ´integrable

and

lim
|D|Ñ0

EDrA XS,T s “ A ErXS,T s “ A exp

ˆ

M4
pT ´ Sq

4!

˙

.
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Proof. Choose λ ě 1 so that A is } ¨ }λ´bounded then

ż

}A XS,T }λ d|PD| ď C

ż

}XS,T }λ d|PD| ă `8

so that A XS,T is integrable. Then

EDrA XS,T s
p‹q
“ A EDrXS,T s

|D|Ñ0
ÝÝÝÝÑ A ErXS,T s,

as claimed. The equality p‹q – pulling the continuous linear map, A , out

of the Bochner integral – is a consequence of Theorem 6, pp. 47 [12]. The

convergence is due to Theorem 4.6.2 and continuity of A .

Remark 4.6.6. By taking X “ R and A P pV bnq
˚

in the above corollary,

we recover Theorem 7.4 in [27] which states that expectations of coordinate

signatures converge as |D| Ñ 0.

4.7 Convergence of Fourier transforms

This section presents an application of Theorem 4.6.2, which is not possible

using only the results in [27]. In [9], Chevyrev and Lyons study a generali-

sation of the Fourier transform to finite Borel measures on signatures and

show that the transform is faithful. We provide a brief overview of their

result. The only new result in this section is Theorem 4.7.11, which asserts

that the Fourier transforms of the measures
´

PrS,T s;xD

¯

DPPprS,T sq
converge

pointwise as |D| Ñ 0 and identifies the limit. The notation and definitions

of this section closely follow [9], to which we refer for further details.

118



Definition 4.7.1. T pV q is a Hopf algebra with coproduct 4v “ vb v for

all v P V and antipode αpv1 . . . vkq “ p´1qkvk . . . v1 for all v1 . . . vk P V
bk

([39] Chapter 1).

Chevyrev and Lyons ([9] Section 3) assert that 4 extends to a contin-

uous algebra homomorphism

4 : T̄ pV q Ñ T̄ pV qb̂T̄ pV q.

Here A b̂B denotes the completion of the projective tensor product of the

locally convex spaces A ,B.

Definition 4.7.2 (Grouplike elements). Define

ḠpV q “
 

X P T̄ pV qzt0u | 4X “ XbX
(

.

Lemma 4.7.3. ḠpV q is a topological group with the subspace topology and

is closed in T̄ pV q.

Proof. See Section 3 in [9].

Lemma 4.7.4 (Signatures are grouplike). Let p ě 1, s ă t and recall

(Proposition 4.3.8) the signature map

X : GΩpprs, ts Ñ V q ÝÑ T̄ pV q.

It holds that ImagepXq Ď ḠpV q.

Proof. See Subsection 5.1 in [9].
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Unitary representations

Let H be a finite-dimensional Hilbert space over C. Denote by

upHq, UpHq Ă LpHq

the unitary Lie algebra and Lie group of linear operators on H respectively.

Proposition 4.3.6 asserts that any A P LpV Ñ upHqq uniquely extends to a

continuous representation

A : T̄ pV q Ñ LpHq

of the topological algebra T̄ pV q. Furthermore,

Lemma 4.7.5. Let H be a finite-dimensional, complex Hilbert space and

A P LpV Ñ upHqq. Then the restriction

A |ḠpV q : ḠpV q Ñ UpHq

is a continuous, unitary representation of the topological group ḠpV q.

Proof. See Section 4 in [9].

Definition 4.7.6. Denote by ApV q the family of continuous, unitary rep-

resentations of ḠpV q arising as extensions of bounded linear maps

A P LpV Ñ upHqq, where H ranges over all finite-dimensional Hilbert

spaces.
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Definition 4.7.7 (Page 13, Section 4, [9]). Let µ P Meas
`

ḠpV q
˘

be a finite

Borel measure. Denote the Fourier transform of µ by pµ, where

pµpAq :“

ż

XPḠpV q
ApXqµpdXq

for all A P ApV q.

Remark 4.7.8. Since UpHq is compact, pµ is well-defined.

Remark 4.7.9. Let µ, ν be Borel measures on ḠpV q. Corollary 4.12. in [9]

asserts that pµ “ pν if and only if µ “ ν.

Definition 4.7.10 (Measures on signatures associated to ´∆2). Let 0 ď

S ă T ă `8, p ě 1 and recall the measures
´

PrS,T sD

¯

D
on GΩpprS, T s Ñ V q.

For each partition, D, of rS, T s, the signature map

X :
´

GΩpprS, T s Ñ V q, PrS,T sD

¯

ÝÑ ḠpV q

induces a measure on ḠpV q. We shall denote this pushforward measure

also by PrS,T sD .

The following theorem states that the Fourier transforms of the mea-

sures
´

PrS,T sD

¯

D
on ḠpV q converges pointwise as |D| Ñ 0.

Theorem 4.7.11. Let H be a finite-dimensional Hilbert space and A P

LpV Ñ upHqq with extension A P ApV q. Then

lim
|D|Ñ0

{PrS,T sD pAq “ exp

ˆ

Ab4pM4q
T ´ S

4!

˙

.
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Proof. Recall from Theorem 4.6.2 that EDrXS,T s
|D|Ñ0
ÝÝÝÝÑ exp

`

M4
T´S

4!

˘

in

T̄ pV q. Then since A : T̄ pV q Ñ LpHq is continuous and linear,

{PrS,T sD pAq

“

ż

gPGΩppV q
ApXpgqqPrS,T sD pdgq

“ AEDrXS,T s
|D|Ñ0
ÝÝÝÝÑ A exp

ˆ

M4
T ´ S

4!

˙

.

Finally,

A exp

ˆ

M4
T ´ S

4!

˙

“

8
ÿ

k“0

Ab4k
´

Mbk
4

¯

pT ´ Sqk

k!

“

8
ÿ

k“0

`

Ab4pM4q
˘bk pT ´ Sqk

k!

“ exp

ˆ

Ab4pM4q
T ´ S

4!

˙

,

as claimed.

Remark 4.7.12. An interesting question is whether there exists a measure

PrS,T s P MeaspḠpV qq such that

lim
|D|Ñ0

{PrS,T sD “ {PrS,T s

in an appropriate sense. This is currently unknown. One would expect that

if such a measure did exist, it would be supported on signatures of p´rough

paths with p P r4, 5q.
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5 Linear Differential Equations and High-Order

Parabolic Semigroups

5.1 Expected signatures of solutions to random linear equa-

tions

We recall aspects of linear rough differential equations and collect some

continuity results that will be required in the sequel. Theorem 5.1.11 is a

further generalisation of the main theorem in [27]; we prove convergence

of the PD´expected signatures of solutions to linear differential equations

and identify the limits.

We treat rough differential equations in the sense of Lyons and refer to

[33], in particular Chapter 4, for further details and terminology.

Definition 5.1.1. Let A P LpV Ñ LpW qq and r0, 1s Ñ V , t ÞÑ γt a

piecewise C1 path. Then the equation

dY x
t pγq “ ApY x

t pγqqdγt, Y x
0 pγq ” x PW (5.1.1)

is called a linear equation.

Recall that X
`

γ|r0,ts
˘

“ Xpγq0,t P T̄ pV q denotes the signature of the

path γ|r0,ts and that A : T̄ pV q Ñ LpW q denotes the continuous, algebra

extension of A P LpV Ñ LpW qq.

Lemma 5.1.2. Let A P LpV Ñ LpW qq and r0, 1s Q t ÞÑ γt P V a piecewise
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C1 path. Let Y x
t pγq solve (5.1.1) then for all s ď t

Y x
t pγq “ AXpγ|rs,tsqY x

s pγq “
8
ÿ

k“0

AbkpXkpγ|rs,tsqqY x
s pγq. (5.1.2)

Remark 5.1.3. From (5.1.2) with s “ 0, it is immediate that Y x
t pγq is a

continuous linear function of Xpγ|r0,tsq.

Recall the symmetric group acts isometrically SK ñ V bK by

σ : v1 b ¨ ¨ ¨ b vK ÞÑ vσp1q b ¨ ¨ ¨ b vσpKq.

Definition 5.1.4 (Ordered shuffles). Let ki P N˚, i “ 1, . . . , n, with K “

řn
i“1 ki. We denote by OSpk1, . . . , knq the subgroup of elements σ P SK

satisfying

σp1q ă σp2q ă ¨ ¨ ¨ ă σpk1q, σpk1 ` 1q ă ¨ ¨ ¨ ă σpk1 ` k2q, . . . ,

σpK ´ kn ` 1q ă ¨ ¨ ¨ ă σpKq, and σpk1q ă σpk1 ` k2q ă ¨ ¨ ¨ ă σpKq.

Definition 5.1.5. Let A P LpV Ñ LpW qq and m P Ně1. Define the linear

map

Apmq : T pV q Ñ L
`

Wbm
˘

, Apmq : X ÞÑ

¨

˝

ÿ

kPpN˚qm
Ab|k|

ÿ

σPOSpkq

σ

˛

‚pXq.

Proposition 5.1.6. Apmq extends uniquely to a continuous map on T̄ pV q.

We shall denote this extension also by Apmq.
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Proof. Each ordered shuffle σ P OSpkq is a linear isometry

V b|k| Ñ V bk1 b ¨ ¨ ¨ b V bkm

and by a straightforward combinatorial argument

#tOSpkq : k P pN˚qm, |k| “ Ku ď mK .

Consequently, the restriction of Apmq to V bK Ď T pV q has at most expo-

nential growth:

›

›pApmqqK
›

›

LpV bKÑLpWbmqq
ď mK ¨ }A}KLpVÑLpW qq

and therefore, by Proposition 4.3.7, Apmq uniquely extends to a continuous

map on T̄ pV q, as desired.

Lemma 5.1.7. The solution, Y x
t pγq, of (5.1.1) has level´m signature given

by the formula

Ytpγq
x,m “

`

ApmqXpγ|r0,tsq
˘

xbm.

Proof. This formula is equation (4.10) in [33].

The following corollary combined Lemma 5.1.7 shows that the map

taking the full signature of a path γ|r0,1s to the level´m signature of the

solution to (5.1.1) is the restriction of a continuous and linear map.

Corollary 5.1.8. Let A P LpV Ñ LpW qq, x PW and m P N. The map

T̄ pV q ÑWbm, X ÞÑ
`

ApmqX
˘

xbm p‹q

is continuous and linear.

125



Proof. From Proposition 5.1.6, we know the map

T̄ pV q Ñ LpWbmq, X ÞÑ ApmqX,

is continuous and linear. Also, for a fixed x PW , the evaluation map

LpWbmq ÑWbm, B ÞÑ Bxbm,

is continuous and linear. Whence the map p‹q is a composition of continuous

linear maps and is therefore continuous and linear, as desired.

Definition 5.1.9. Let f : pX,F, µq Ñ T ppW qq be a tensor series-valued func-

tion such that πmpfq is integrable for all m P N. Define
ş

fdµ P T ppW qq

by
ż

fdµ :“

ˆ
ż

π0fdµ,

ż

π1fdµ, . . . ,

ż

πmfdµ, . . .

˙

.

For a tensor series-valued sequence, pwnq P T ppW qq, we write wn Ñ w

if and only if

}πmpwn ´ wq}Wbm Ñ 0 @ m P N.

Remark 5.1.10. The above topology is the product topology on

T ppW qq “
ź

kPN
Wbk.

As a countable product of metric spaces, the space is metrisable.

The following is a further generalisation of the main theorem in [27]. We

prove convergence of the PD´expected signatures of solutions to linear

differential equations and identify the limits.
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Theorem 5.1.11. Let r0, 1s Q t ÞÑ γt P V be a piecewise C1 path,

A P LpV Ñ LpW qq, x PW . Denote

Yx1pXpγ|r0,1sqq :“
8
ÿ

m“0

ApmqpXpγ|r0,1sqqxbm P T ppW qq

the full signature of the solution to the linear equation (5.1.1). Then

lim
|D|Ñ0

EDrYx1pXqs “
8
ÿ

m“0

Apmq ErX0,1sx
bm. (5.1.3)

Remark 5.1.12. We stress that, unlike in Theorem 4.6.2, the integration

here is weak.

Remark 5.1.13. The substance of the above theorem is about interchanging

limits. Indeed, Yx1pXpγ|r0,1sqq is given by the infinite series

Yx1pXpγ|r0,1sqq :“ lim
NÑ8

N
ÿ

m“0

ApmqpXpγ|r0,1sqqxbm.

The theorem shows that one may interchange limNÑ8 and lim|D|Ñ0 in

equation (5.1.3).

Proof. By our definition of tensor series-valued integration, it suffices to

prove the convergence for each level´m projection. To this end, fix m P N.

Then, appealing to Corollaries 5.1.8 & 4.6.5 and Theorem 4.6.2,

EDrπmpYx1pX0,1qqs “ EDrY x,m
1 pX0,1qs

“ Apmq EDrX0,1sx
bm |D|Ñ0

ÝÝÝÝÑ Apmq ErX0,1sx
bm,

as desired.
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5.2 Polynomials in solutions to differential equations

5.2.1 Symmetric tensors and polynomial functions

Symmetric tensors are well-studied objects. See for example Section 3.2 in

[39]. We collect some basic facts that will be required in the sequel.

Definition 5.2.1. Let k P N. Define the symmetrisation map on Wbk as

the projection

Wbk ÑWbk, w ÞÑ
1

|Sk|

ÿ

σPSk

σw.

Definition 5.2.2 (Symmetric k´tensors). Let k P N. Denote by SymkpW q ĎWbk

the 1´eigenspace of the symmetrisation map. Equivalently, w P SymkpW q

if and only if σw “ w for all σ P Sk.

For n P N, denote

SpnqpW q “
n
à

k“0

SymkpW q.

Remark 5.2.3. SpnqpW q Ď TnpW q is a linear subspace not to be confused

with the symmetric algebra.

Definition 5.2.4 (Exponential map). Let n P N. Define

expn : W Ñ SpnqpW q, expn : w ÞÑ
n
ÿ

j“0

1

j!
wbj .

Remark 5.2.5. Let n P N and p P PpnqpW q. By multidimensional Taylor’s
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theorem about 0 (equation 1.7 in [33]) we may represent

ppyq “
n
ÿ

j“0

pjp0q
ybj

j!

“

C

n
ÿ

j“0

pjp0q, expnpyq

G

SpnqpW˚qˆSpnqpW q

for all y PW.

Definition 5.2.6. The maps

PpnqpW q »ÝÑ SpnqpW ˚q, p ÞÑ
n
ÿ

j“0

pjp0q

are linear isomorphisms for all n P N. More explicitly, for w “ pw0, . . . , wnq P

SpnqpW q and p P PpnqpW q, we have the dual pairing

xp, wy “
n
ÿ

j“0

pjp0qpwjq.

We will implicitly make use of these isomorphisms.2

5.2.2 Polynomials in solutions of linear equations

Definition 5.2.7. Let A P LpV Ñ LpW qq and j P N. Define the linear

vector fields on symmetric j´tensors

A pjq P L
`

V Ñ LpSymjpW q
˘

, A pjq : v ÞÑ

˜

j´1
ÿ

i“0

Idb iW bApvq b Id
bpj´i´1q
W

¸

,

2This choice of isomorphism is arbitrary. Its usefulness for our purposes stems from

the fact that if Y xt solves a linear equation driven by γ, then pY xt q
bj also solves a linear

equation driven by γ. (Y xt ´ y0q
bj , however, does not.
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for j ě 1 and A p0q ” 0.

Lemma 5.2.8 (Monomials in solutions of linear equations). Let j P N,

t ÞÑ γt P V be a piecewise C1 path and Y x
t pγq PW solve (5.1.1) with linear

vector fields A P LpV Ñ LpW qq then pY x
t pγqq

b j solves the linear equation

dpY x
t pγqq

b j “ A pjq
`

Y x
t pγq

b j
˘

dγt, Y x
0 pγq

b j “ xb j P SymjpW q.

Proof. Write Yt “ Y x
t pγq. Then by the chain rule

dY b jt “

j´1
ÿ

i“0

Y b it b pdYtq b Y
bpj´i´1q
t

“

j´1
ÿ

i“0

Y b it b pApdγtqYtq b Y
bpj´i´1q
t

“

˜

j´1
ÿ

i“0

Idb iW bApdγtq b Id
bpj´i´1q
W

¸

pY b jt q

“ A pjqpdγtqY
bj
t ,

as desired.

Definition 5.2.9. Let n P N, A P LpV Ñ LpW qq and recall

A pjq P LpV Ñ LpSymjpW qq from Definition 5.2.7. Define

EnpAq P L

˜

V Ñ
n
à

j“0

L
`

SymjpW q
˘

¸

, EnpAqpvq :“
n
à

j“0

ˆ

A pjqpvq

˙

.

Denote by

EnpAq : T̄ pV q Ñ
n
à

j“0

L
`

SymjpW q
˘

the extension of EnpAq to a continuous algebra homomorphism.
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Remark 5.2.10. EnpAq is a linear vector field on SpnqpW q which preserves

tensor degree. Namely, for all j ď n and v P V , SymjpW q is an invariant

subspace for EnpAqpvq.

Remark 5.2.11. BThere is a consistency in n that we will explicitly employ

in the sequel. Namely, for all n P N, v P V

Epn`1qpAqpvq|Àn
j“0 LpSymjpW qq “ EpnqpAqpvq.

Corollary 5.2.12 (Exponentials in solutions of linear equations). Let n P

N and recall

expn : W Ñ SpnqpW q, expn : w ÞÑ
n
ÿ

j“0

1

j!
wbj .

Let t ÞÑ γt P V be a piecewise C1 path and Y x
t pγq P W solve (5.1.1) with

linear vector fields A P LpV Ñ LpW qq then expnpY
x
t q solves the linear

equation on symmetric tensors

$

’

&

’

%

d expnpY
x
t pγqq “ EnpAq

`

expnpY
x
t pγq

˘

dγt,

expnpY
x

0 pγqq “ expnpxq P S
pnqpW q.

Consequently,

expn pY
x
t pγqq “ EnpAq

“

Xpγ|r0,tsq
‰

expnpxq.

Proof. This follows immediately from Lemma 5.2.8 and the Definition 5.2.9

of EnpAq.
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Corollary 5.2.13. Let x P W , A P LpV Ñ LpW qq, γt P V a piecewise C1

path and Y x
t pγq the solution to (5.1.1). Then if p P PpnqpW q,

p pY x
t pγqq “

˜

n
ÿ

j“0

pjp0q

¸

EnpAq
“

Xpγ|r0,tsq
‰

expnpxq.

Proof. By Taylor’s theorem about 0,

ppY x
t pγqq “

˜

n
ÿ

j“0

pjp0q

¸

expnpY
x
t pγqq.

And, by Corollary 5.2.12,

expn pY
x
t pγqq “ EnpAq

“

Xpγ|r0,tsq
‰

expnpxq.

Putting these together yields the desired result.

Proposition 5.2.14. Let x P W , A P LpV Ñ LpW qq, γt P V a piecewise

C1 path and Y x
t pγq the solution to (5.1.1). Then if p P PpnqpW q

lim
|D|Ñ0

EDrppY x
t qs “

˜

n
ÿ

j“0

pjp0q

¸

EnpAqErX0,ts expnpxq.

Proof. Recall the formula from Corollary 5.2.13

p pY x
t pγqq “

˜

n
ÿ

j“0

pjp0q

¸

EnpAq
“

Xpγ|r0,tsq
‰

expnpxq,

from which we see that p pY x
t pγqq is a continuous linear function of the

signature of γ|r0,ts. We may therefore apply Corollary 4.6.5 to obtain

lim
|D|Ñ0

EDrppY x
t qs “

˜

n
ÿ

j“0

pjp0q

¸

EnpAqErX0,ts expnpxq, (5.2.1)

as desired.
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Remark 5.2.15. By the grouplike property, a polynomial function in the

solution to a differential equation may be realised as a linear function of

the signature of said solution. The substance of Proposition 5.2.14 is in the

formula (5.2.1).

5.3 High-order semigroups through signed measures on paths

We show that the equation (5.2.1) defines a one-parameter semigroup.

Definition 5.3.1. Let x P W , A P LpV Ñ LpW qq, γt P V a piecewise C1

path, Y x
t pγq the solution to (5.1.1), t ě 0, n P N and p P PpnqpW q. In light

of formula (5.2.1) in Proposition 5.2.14, define

P
pnq
t ppxq :“ lim

|D|Ñ0
EDrppY x

t qs “

˜

n
ÿ

j“0

pjp0q

¸

EnpAqErX0,ts expnpxq.

Observe that for all n P N P
pn`1q
t |PpnqpW q “ P

pnq
t .

Theorem 5.3.2. For all n P N, t ě 0, P
pnq
t : PpnqpW q Ñ PpnqpW q is

linear. Furthermore

pRě0,`q ÝÑ LpPpnqpW qq, t ÞÑ P
pnq
t

is a uniformly continuous one-parameter semigroup. Namely, the following

hold:

1) P
pnq
0 ” Id.

2) P
pnq
s ˝ P

pnq
t ” P

pnq
s`t for all s, t ě 0.
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3) limtÑ0

›

›

›
P
pnq
t ´ Id

›

›

›
“ 0.

Proof. That P
pnq
t linearly maps PpnqpW q to PpnqpW q is immediate from its

definition. It remains to show the semigroup property.

1)

P
pnq
0 p “

˜

n
ÿ

j“0

pjp0q

¸

EnpAqErX0,0s expn

“

˜

n
ÿ

j“0

pjp0q

¸

EnpAq1 expn

“

˜

n
ÿ

j“0

pjp0q

¸

expn ” p,

where 1 P T̄ pV q is the unit and EnpAq1 ” Id P LpTnpW qq. So that

P
pnq
0 ” Id, as desired.

2) For all s, t ě 0, first note the identity

ErX0,ssErX0,ts “ exp
´ s

4!
M4

¯

exp

ˆ

t

4!
M4

˙

“ exp

ˆ

t` s

4!
M4

˙

“ ErX0,t`ss.
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Then, since EnpAq is an algebra homomorphism,

P pnqs P
pnq
t p “ P pnqs

˜˜

n
ÿ

j“0

pjp0q

¸

EnpAq pErX0,tsq expn

¸

“

˜

n
ÿ

j“0

pjp0q

¸

EnpAq pErX0,tsq ˝ EnpAq pErX0,ssq expn

“

˜

n
ÿ

j“0

pjp0q

¸

EnpAq pErX0,tsErX0,ssq expn

“

˜

n
ÿ

j“0

pjp0q

¸

EnpAq pErX0,t`ssq expn

“ P
pnq
t`sp,

as desired.

3) Since dim
`

PpnqpW q
˘

ă `8, the strong operator topology is equivalent

to the operator norm topology. Hence, it suffices to show P
pnq
t p

tÑ0
ÝÝÑ p

for all p P PpnqpW q. To this end, first note that ErX0,ts
tÑ0
ÝÝÑ 1 in T̄ pV q,

then

P
pnq
t p “

˜

n
ÿ

j“0

pjp0q

¸

EnpAqErX0,ts expn
tÑ0
ÝÝÑ

˜

n
ÿ

j“0

pjp0q

¸

expn ” p,

as desired.

We intend to show that P
pnq
t coincides with a high-order linear partial

differential equation semigroup. We begin by studying its infinitesimal

generator.
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The generator of P
pnq
t

Recall that Mk :“
ş

V x
bkpp1, xqdx the kth moment of the heat kernel of

´∆2 at t “ 1. Recall also the linear isomorphism PpnqpW q »
ÝÑ SpnqpW ˚q

identifying a polynomial with its derivatives at the origin so that we may

view P
pnq
t as a semigroup on SpnqpW ˚q.

Proposition 5.3.3. Let n P N. pP
pnq
t qtě0 has infinitesimal generator

Lpnq P L
´

SpnqpW ˚q

¯

, Lpnq : α ÞÑ α ˝
1

4!
pEnpAqq

b4
pM4q.

Proof. Denote by Lpnq the generator of P
pnq
t . Since SpnqpW ˚q is finite-

dimensional, DompLpnqq “ SpnqpW ˚q. Let α P SpnqpW ˚q then

P
pnq
t α´ α “ α ˝ EnpAqErX0,ts ´ α

“ α ˝ exp

ˆ

t

4!
pEnpAqq

b4pM4q

˙

´ α

“ α ˝
t

4!
pEnpAqq

b4pM4q `Opt2q.

Hence

Lpnqα “ lim
tÑ0

P
pnq
t α´ α

t
“ α ˝

1

4!
pEnpAqq

b4pM4q,

as claimed.

Remark 5.3.4. Recall that if W0, . . . ,Wn are linear spaces then
Àn

j“0 LpWjq

denotes the linear space of maps

T :
n
à

j“0

Wj Ñ

n
à

j“0

Wj
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such that T pWjq Ď Wj for all j “ 0, . . . , n. Namely, Wj is an invariant

subspace of T for all j “ 0, . . . , n.

We remind the reader that

EnpAq : V Ñ
n
à

j“0

LpSymjpW qq Ď LpSpnqpW qq

so that

pEnpAqq
b4 : V b4 Ñ

n
à

j“0

LpSymjpW qq Ď LpSpnqpW qq.

In particular, for all j ď n and v P V b4, SymjpW q is an invariant subspace

for pEnpAqq
b4
pvq.

Understanding Lpnq as a differential operator

Definition 5.3.5. Let A P LpV Ñ LpW qq and pe1, . . . , edq orthonormal

coordinates for V . Set Ai :“ Apeiq P LpW q. To each Ai we associate the

vector field/derivation on W

DpAiq : C8pW q Ñ C8pW q, DpAiqfpxq :“ Btfpe
tAixq|t“0 “ x∇fpxq, Aixy .

We shall denote this derivation simply by Ai when there is no risk of con-

fusion.

Definition 5.3.6. Let A1, . . . , Ad P LpW q. Denote the differential operator

L :“ ´

˜

d
ÿ

k“1

DpAkq
2

¸2

: C8pW q Ñ C8pW q.
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Recall that Lpnq is the generator of P
pnq
t .

Proposition 5.3.7. Let n P N and p P PpnqpW q Ď C8pW q then

L p “ Lpnqp.

Proof. Let p P PpnqpW q be of the form ppxq “ αjx
bj , αj P SymjpW ˚q,

j ď n. We hope to show L p “ Lpnqp. To this end, recalling the formula

for M4 (Lemma 4.5.4),

Lpnqαj “ αj ˝
1

4!

“

EnpAq
b4pM4q

‰

˝ πj

“ ´

d
ÿ

k,l“1

αj ˝A b4
pjq pe

b2
k b eb2

l q

“ ´

d
ÿ

k,l“1

αj ˝Apjqpekq
˝2 ˝Apjqpelq

˝2.

On the other hand, sinceDpAkq is a linear differential operator, DpAkqx “ Akx.

Then by the chain rule

DpAkqx
bj “

j´1
ÿ

i“0

xbi bAkxb x
bpj´i´1q

“

˜

j´1
ÿ

i“0

IdbiW bAk b Id
bpj´i´1q
W

¸

xbj

“ Apjqpekqx
bj .
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Therefore,

L αjx
bj “ ´αj

¨

˝

d
ÿ

k,l“1

DpAkq
˝2 ˝DpAlq

˝2

˛

‚xbj

“ ´αj ˝

¨

˝

d
ÿ

k,l“1

Apjqpekq
˝2 ˝Apjqpelq

˝2

˛

‚xbj

“ pLpnqαjqxbj ,

as desired. The result for general ppxq “
řn
j“0 αjx

bj follows from linearity.

Remark 5.3.8. The above proposition allows for a quasi-probabilistic un-

derstanding of the operator L on PpW q through

L ppxq “ lim
tÑ0

lim
|D|Ñ0

EDrppY x
t qs ´ ppxq

t
.

This is of particular interest when (an appropriate extension of) L is a

closed operator and PpW q forms a core. In the following section, we replace

the linear state space, W , with a compact Lie group, G. And, PpW q with

a notion of polynomial on G, PpGq (see forthcoming Definition 5.4.10). It

will turn out that PpGq will be a core for appropriate extensions of L to

various standard Sobolev spaces on G (see forthcoming Lemma 5.4.39).
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5.4 The bilaplacian on Lie groups

5.4.1 Matrix Lie groups

We treat matrix Lie groups in the sense of [20], to which we refer for

further details. Recall that (over R or C) a compact Lie group (resp., finite-

dimensional Lie algebra) always has a faithful, finite-dimensional group

(resp., Lie algebra) representation.

BThe Lie groups considered shall be compact, connected, continuous

matrix groups. The compactness assumption is used to prove a spectral

gap property of ∆2 in Corollary 5.4.21 and to prove uniform density of

polynomials on Lie groups in Lemma 5.4.36.

Compact Lie groups have a well-developed theory. Basic examples in-

clude torii, the special orthogonal and unitary groups, the compact sym-

plectic groups and compact forms of the exceptional Lie groups: G2, F4,

E6, E7, and E8.

Definition 5.4.1. A matrix Lie group is a group, G, together with a faithful

representation

σ : G ãÑ GLpXq

such that σpGq is topologically closed in GLpXq.

Definition 5.4.2. To any matrix Lie group, G, we associate its Lie algebra

g “ tA P LpXq | expptAq P G @ t P Ru.
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The Lie bracket of g is given by the commutator of matrices rA,Bs :“ AB ´BA.

The dimension of G as a manifold is the dimension of the vector space g.

We identify elements A P g with vector fields on G by

Afpgq :“ Btfpge
Atq|t“0,

where g P G and f P C8pGÑ Rq.

Definition 5.4.3 (Universal enveloping algebra). Define the universal en-

veloping algebra of g to be the quotient space

Upgq “ T pgq{I pgq

where I pgq is the two-sided ideal of the tensor algebra T pgq generated by

tensors of the form xb y ´ y b x´ rx, ys for all x, y P g.

Lemma 5.4.4 (Universal property of pUpgq, ιq ). The canonical map

ι : g Ñ Upgq is injective. Any Lie map φ : g Ñ B into a unital algebra

extends uniquely to an algebra homomorphism φ̂ : Upgq Ñ B

g Upgq

B

ι

φ
φ̂

.

Proof. Theorem 9.7 [20].

Definition 5.4.5 (Upgq as left-invariant differential operators on G). The

map

gÑ LpC8pGqq, A ÞÑ pf ÞÑ Afq
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is a Lie map into a unital algebra. Its extension to Upgq identifies the

universal enveloping algebra of g with left-invariant differential operators

on G.

For our purposes a useful characterisation of Upgq is

Theorem (Poincaré-Birkhoff-Witt). Let pA1, . . . , Adq be a basis for g. Then

a basis for Upgq is given by the set of all Aj1i1 . . . A
jk
ik

where i1 ă ¨ ¨ ¨ ă ik,

ti1, . . . , iku Ă t1, . . . , du and j1, . . . , jk P N.

BHenceforth, we shall equip g – TeG with an inner product making

it a Hilbert space. By transporting to all other tangent spaces using left

translation, we obtain a left-invariant Riemannian metric, ρ, on G.

Definition 5.4.6. Let pA1, . . . , Adq be an orthonormal linear basis for

g. We define the Laplacian and bilaplacian on pG, ρq to be the elements

∆,∆2 P Upgq given by

∆ “

d
ÿ

i“1

A2
i , ∆2 “ ∆∆ “

˜

d
ÿ

i“1

A2
i

¸2

.

∆ and ∆2 are independent of the choice of orthonormal basis.

5.4.2 Random differential equations on matrix Lie groups

Remark 5.4.7. We implicitly embed ι : LpXq ãÑ LpLpXqq via left multipli-

cation:

A ÞÑ pB ÞÑ A ˝Bq .
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ι is an algebra homomorphism.

Definition 5.4.8 (Flow equation). Let A : V Ñ g be a linear map, g P G

and γt P V a piecewise C1 path. Consider

dY g
t “ ApY g

t qdγt, Y g
0 “ g P G. (5.4.1)

Here ApY g
t qdγt means the composition of operators Apdγtq˝Y

g
t . Employing

the embeddings g ãÑ LpLpXqq and G ãÑ LpLpXqq, (5.4.1) is of the form of

the linear equation (5.1.1) with solution space W “ LpXq.

Lemma 5.4.9. Let A P LpV Ñ gq, g P G and Y g
t solve (5.4.1). Then

Y g
t P G for all t ě 0.

Proof. We build a simple G´valued approximation to Y g
t . Let t ě 0. For

each partition D “ p0 “ t0 ă ¨ ¨ ¨ ă tm “ tq of r0, ts set

Y g,D
t :“

˜

ź

tiPD

A exppγti´1,tiq

¸

g.

To complete the proof, we consider the two claims

1) Y g,D
t P G for all partitions D.

2) lim|D|Ñ0 Y
g,D
t “ Y g

t .

Notice first that, since G is closed, these two claims suffice to prove the

result. Addressing the claims:
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1q. If v P V then, since A is a continuous algebra homomorphism and

Av P g, it holds that A exppvq “ exppAvq P G. Thus

Y g,D
t “

ź

tiPD

exppAγti´1,tiq P G,

as claimed.

2q. Note the bounds uniform in D

›

›

›

›

›

ź

tiPD

AXpγqti´1,tig

›

›

›

›

›

“ }AXpγq0,tg} “ }Y g
t } ă `8

and

›

›

›

›

›

ź

tiPD

A exppγti´1,tiq

›

›

›

›

›

ď

›

›

›

›

›

ź

tiPD

exppAγti´1,tiq

›

›

›

›

›

ď expp2}A}}γ}8q.

Recall γks,t denotes the level´k signature of γ|rs,ts. Then note also

›

›AXpγqti´1,ti ´ A exppγti´1,tiq
›

› “

›

›

›

›

›

8
ÿ

k“2

Abk

˜

γkti´1,ti ´
γbkti´1,ti

k!

¸›

›

›

›

›

ď

8
ÿ

k“2

}A}k

k!
¨ 2 ¨ }γ}k

Lip1 |ti ´ ti´1|
k

“ Op|ti ´ ti´1|
2q.

Putting these three estimates together,
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Y g
t ´ Y

g,D
t “

˜

ź

tiPD

AXpγqti´1,ti ´
ź

tiPD

A exppγti´1,tiq

¸

g

“

m
ÿ

k“1

˜

k´1
ź

i“1

AXpγqti´1,ti

¸

ˆ

AXpγqtk´1,tk ´ A exppγtk´1,tkq

˙

¨

¨

˜

n
ź

i“k`1

A exppγti´1,tiq

¸

g

|D|Ñ0
ÝÝÝÝÑ 0,

completing the proof.

5.4.3 Polynomials on Lie groups

In this subsection, we define polynomials on G Ď LpXq, PpGq, as a certain

quotient of PpLpXqq. Formally, we identify two polynomials on LpXq if

and only if they coincide on G. We shall see that one may view elements of

PpGq as smooth functions GÑ R and further that this space of functions

is uniformly dense in CpGq. Further, the semigroup Pt is well-defined on

this quotient (Proposition 5.4.17).

Definition 5.4.10 (Polynomials on G). Let G Ď LpXq be a set and n P N.

Denote

InG :“ tf P PpnqpLpXqq : f |G ” 0u, IG :“ tf P PpLpXqq : f |G ” 0u.

Then define the quotient linear space

PpnqpGq :“ PpnqpLpXqq{InG

145



and the quotient algebra

PpGq “ Pp8qpGq :“ PpLpXqq{IG.

Remark 5.4.11. IG is an ideal in PpLpXqq hence PpGq is an algebra.

Definition 5.4.12. Let n P NYt8u. We view elements of PpnqpGq as

functions GÑ R via

rps : g ÞÑ ppgq.

This is well-defined since @f P InG and g P G, fpgq “ 0.

If G is a Lie group, elements PpnqpGq are in fact smooth functions GÑ

R.

Definition 5.4.13. Let G Ď LpXq be a matrix Lie group and n P N. Recall

the Lie action of vector fields

g ñ PpnqpLpXqq, Appgq :“ Btppe
tAgq|t“0.

And, the algebra action

Upgq ñ PpnqpLpXqq.

Lemma 5.4.14. Let n P NYt8u and G Ă LpXq a matrix group. The

action Upgq ñ PpnqpLpXqq is well-defined on the quotient space PpnqpGq “

PpnqpLpXqq{InG.

146



Proof. By the Poincaré-Birkhoff-Witt Theorem, we need only check the

action g ñ PpnqpGq is well-defined. To this end, let A P g, g P G and

f P InG then

pAfqpgq “ Btf
`

getA
˘

|t“0 ” 0

since f |G ” 0 and getA P G for all t. Hence A pInGq Ă InG, as desired.

The following is a useful characterisation of smoothness for functions

on a Lie group.

Lemma 5.4.15. Let G Ď LpXq be a matrix Lie group. Then a function

f : GÑ R is smooth iff for all m P N and X1, . . . , Xm P g,

g ÞÑ X1 . . . Xmfpgq

is well-defined and continuous.

Proof. See Theorem 1.3.5. in [1].

Finally, we see that elements of PpnqpGq are smooth functions:

Corollary 5.4.16. Let G Ď LpXq be a matrix Lie group. Then PpnqpGq is

a linear subspace of C8pGq.

Proof. Immediate from Lemma 5.4.15.

Proposition 5.4.17. Let G Ă LpXq be a matrix Lie group, A P LpV Ñ gq

and n P NYt8u. Then the semigroup

P
pnq
t : PpnqpLpXqq Ñ PpnqpLpXqq
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is well-defined on the quotient space PpnqpGq.

Proof. We need only show P
pnq
t pInGq Ď InG. To this end, let f P InG and

g P G then by Lemma 5.4.9

P
pnq
t fpgq “ lim

|D|Ñ0
EDrfpY g

t qs ” 0,

so that P
pnq
t f P InG, as desired.

In light of this, we define

Definition 5.4.18. Let G Ă LpXq be a matrix Lie group, A P LpV Ñ gq

and n P NYt8u. Recall from Definition 5.3.1 the semigroup, P
pnq
t , on

PpnqpLpXqq. From Proposition 5.4.17, there is an induced semigroup on

the quotient space PpnqpGq. We shall use the symbol P
pnq
t to also denote

this induced semigroup.

5.4.4 Analysis of the bilaplacian

Our intention in this subsection is to build the heat semigroup associated to

the closure of the elliptic operator ∆2
G “

´

řd
i“1A

2
i

¯2
on L2pGq via standard

techniques from the theory of elliptic/parabolic partial differential equa-

tions. Elliptic here meaning that for all g P G, Span
`

A1pgq, . . . , Adpgq
˘

“

TgG.

In Section 5.4.5, we shall see that this “analyst’s semigroup” we build

here in fact coincides with the semigroup we quasi-probabilistically build
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by developing pPDqD´random paths onto G using the vector fields pAiqi as

in Proposition 5.4.17.

The material of this subsection is well-known and we refer to [38] and

[10] for more details.

Recall the operators ∆, ∆2 on C8pGq from Definition 5.4.6.

Lemma 5.4.19. Let G be compact and connected, and denote by µ the

bi-invariant measure on G with µpGq “ 1. ∆ and ∆2 are densely-defined,

symmetric operators on C8pGq X L2
0pG,µq.

Proof. Left-invariance of the pAiq
d
i“1 and right-invariance of µ ensures that

∆ and ∆2 are symmetric operators.

Lemma 5.4.20 (Spectral gap for ∆). Let pA1, . . . , Adq P g be an orthonor-

mal linear basis and ∆ “
řd
i“1A

2
i . Then there exists a constant c ą 0 such

that for all u P C8pGq satisfying
ş

G upgqµpdgq “ 0,

}u}2L2pG,µq ď ´c xu,∆uyL2pG,µq .

Proof. See Lemma 3.8 page 24 in [21].

Corollary 5.4.21 (Spectral gap for ∆2). Let the constant c be as in Lemma

5.4.20. Then for all u P C8pGq satisfying
ş

G upgqµpdgq “ 0 it holds that

}u}22 ď c2xu,∆2uy.
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Proof. By the spectral gap for ∆ and the Cauchy-Schwartz inequality

}u}22 ď ´cxu,∆uy

ď c}u}2}∆u}2.

Dividing by }u}2 and squaring both sides

}u}22 ď c2}∆u}22

“ c2xu,∆2uy,

as desired.

Definition 5.4.22 (Hilbert Sobolev spaces). For each k P N define a norm

} ¨ }k,2 on C8pGq by

}f}k,2 :“ xpI ´∆qkf, fy
1{2
2 .

We denote by HkpGq the completion of C8pGq with the metric associated

to } ¨ }k,2.

We shall further denote the closed linear subspace

Hk
0 pGq :“

"

f P HkpGq |

ż

f “ 0

*

and L2
0pGq :“ H0

0 pGq.

Remark 5.4.23. Note that H0pGq “ L2pGq and that the spaces Hk
0 pGq are

unrelated to Dirichlet boundary conditions, in constrast to commonly-used

notation.
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Proposition 5.4.24. For all k P N the norm } ¨ }k,2 is equivalent to

}f}2 :“ }f}22 `
k
ÿ

l“1

d
ÿ

i1,...,il“1

}Ai1 . . . Ailf}
2
2.

Proof. See Proposition 3.1.3. in [1].

Theorem (Rellich-Kondrachov). If k ă m, the inclusions HmpGq ãÑ

HkpGq, Hm
0 pGq ãÑ Hk

0 pGq are compact.

Proof. See Theorem 3.1.4. in [1].

Definition 5.4.25. Let u P H2pGq, then there exists a sequence un P

C8pGq such that limnÑ8 }un´u}H2pGq “ 0. ∆un is Cauchy in L2pGq. We

extend ∆ to H2pGq via

∆u :“ lim
nÑ8

∆un P L
2pGq.

Thus ∆ is a closed, self-adjoint operator on L2pGq with Domp∆q “ H2pGq.

Remark 5.4.26. Similarly, one can show that ∆2 is closable with closure

having domain H4pGq.

Definition 5.4.27. For f P L2
0pG,µq, a (weak) solution to the PDE

$

’

&

’

%

∆2u “ f,

ş

G upgqµpdgq “ 0,

is a u P H2
0 pGq such that for all ϕ P H2

0 pGq

Bpu, ϕq :“

ż

G
∆upgq∆ϕpgqµpdgq “

ż

G
fpgqϕpgqµpdgq. (5.4.2)
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Proposition 5.4.28. For all f P L2
0pGq, there exists a unique solution

u P H2
0 pGq to (5.4.2). Furthermore, there exists a C ą 0 independent of u

and f such that

}u}H2
0 pGq

ď C}f}2.

Proof. B is a symmetric bilinear form and is bounded above for the } ¨ }2,2

norm. By the spectral gap (Lemma 5.4.20), we see that B is coercive

(bounded below). Consequently, B is an inner product equivalent to x¨, ¨yH2
0 pGq

.

Note that the RHS of (5.4.2), ϕ ÞÑ
ş

fϕdµ, is a continuous linear functional

with norm bounded by }f}2. The result then follows from the Riesz repre-

sentation theorem applied on the Hilbert space
`

H2
0 pGq,B

˘

.

Proposition 5.4.29. For all f P L2
0pGq, denote by Kf P H2

0 pGq the solu-

tion to (5.4.2). Then K is compact as an operator L2
0pGq Ñ L2

0pGq.

Proof. Recall by the Rellich-Kondrachov theorem that H2
0 pGq embeds com-

pactly in L2
0pGq. By Proposition 5.4.28, K : L2

0pGq Ñ H2
0 pGq is continuous.

Since the composition of a continuous and a bounded operator is compact,

the proof is complete.

The follow special case of the spectral theorem will allow for a spectral

decomposition of K and ∆2.

Theorem (Hilbert-Schmidt theorem). Let K : H Ñ H be a symmetric,

compact, injective operator on an infinite-dimensional Hilbert space. Then

there exists an orthonormal set pϕkqkPN consisting of eigenvectors of K with
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real eigenvalues µk such that |µk| Œ 0, pϕkq is an orthonormal basis for the

image of K and

Kf “
8
ÿ

k“1

µkxf, ϕkyϕk

for all f P H.

Lemma 5.4.30. The solution operator, K, to (5.4.2) satisfies the hypothe-

ses of the Hilbert-Schmidt theorem and therefore has the spectral decompo-

sition

K “

8
ÿ

k“1

µkx¨, ϕkyϕk.

Positivity ensures that µk ą 0.

Definition 5.4.31 (The closure of ∆2). Injectivity of K allows to define

K´1 : RangepKq Ñ L2
0pGq.

Note

RangepKq “

#

u P L2
0pGq :

8
ÿ

k“1

1

µ2
k

xu, ϕky
2 ă `8

+

so that C8pGq XL2
0pGq Ă RangepKq and in fact K´1 is the closure of ∆2.

We shall use the symbol ∆2 to also denote this closed operator with domain

Domp∆2q “

#

u P L2
0pGq :

8
ÿ

k“1

1

µ2
k

xu, ϕky
2 ă `8

+

“ H4
0 pGq.

Set λk “
1
µk

. Noting that

Kϕk “ µkϕk ðñ ∆2ϕk “ λkϕk
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we obtain the spectral decomposition

∆2 “

8
ÿ

k“1

λkx¨, ϕkyϕk.

Definition 5.4.32. For all t ě 0, set

e´t∆
2

: L2
0pGq Ñ L2

0pGq, e´t∆
2

:“
8
ÿ

k“1

e´tλkx¨, ϕkyϕk.

Proposition 5.4.33.
´

e´t∆
2
¯

tě0
is a strongly continuous one-parameter

semigroup of contractions on L2
0pGq with generator p´∆2,Dom

`

∆2q
˘

.

Remark 5.4.34. Note the orthogonal decomposition L2pGq “ x1y
À

L2
0pGq.

We extend e´t∆
2

to a contractive C0´semigroup on L2pGq by

e´t∆
2
1 ” 1, ´∆21 “ 0.

Remark 5.4.35. u : r0,8q Ñ L2pGq, uptq :“ e´t∆
2
u0 then solves the PDE

$

’

&

’

%

Btu “ ´∆2u,

up0q “ u0 P L
2pGq,

in the sense that

1. u P C1
`

p0,8q Ñ L2pGq
˘

X C0
`

r0,8q Ñ L2pGq
˘

.

2. For all t ą 0, uptq P Domp´∆2q and Btuptq “ ´∆2uptq.

3. limtÑ0 }uptq ´ u0}L2 “ 0.
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5.4.5 Quasi-probabilistic representations of high-order PDE semi-

groups

In this final subsection, we show that the semigroup, Pt, constructed quasi-

probabilistically coincides with e´t∆
2

(see Theorem 5.4.37 for the precise

statement). Informally, the solution of

$

’

&

’

%

Btu “ ´
´

řd
i“1A

2
i

¯2
u,

up0, ¨q “ fp¨q P L2pGq

has the representation

upt, gq “ lim
nÑ8

lim
|D|Ñ0

EDrpnpY g
t qs,

where PpGq Q pn
nÑ8
ÝÝÝÑ f in L2pGq.

Lemma 5.4.36. PpGq is dense in L2pGq.

Proof. Since G is compact, this is immediate from the Stone-Weierstrass

theorem.

Theorem 5.4.37. Let G ãÑ LpXq be a compact, connected Lie group with

dimpGq “ dimpV q “ d and A : V Ñ g a linear map such that pA1, . . . , Adq

is an orthonormal basis for g. Let ∆2 denote the closure of
´

řd
i“1A

2
i

¯2
in

L2pGq (see Subsection 5.4.4 in particular Definition 5.4.31). Recall Pt the

semigroup on PpGq from Definition 5.4.18. Then for all t ě 0

Pt “ e´t∆
2
|PpGq.
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Proof. Let n P N and p P PpnqpGq then

Ptp|t“0 “ p “ e´t∆
2
p|t“0.

Also, BtPtp “ PtLpnqp and

Bte
´t∆2

p “ ´e´t∆
2
∆2p “ e´t∆

2

˜

d
ÿ

i“1

A2
i

¸2

p “ e´t∆
2Lpnqp.

By uniqueness of solutions to linear differential equations, Pt “ e´t∆
2
|PpGq.

Corollary 5.4.38. With assumptions as in Theorem 5.4.37, Pt : PpGq Ñ PpGq

uniquely extends to a contractive C0´semigroup on L2pGq.

Corollary 5.4.39. PpGq is a core for ´∆2.

Proof. PpGq is dense in L2pGq and for all t ě 0, PtpPpGqq Ď PpGq. By

Lemma A.2.1, PpGq is a core for ´∆2.

Corollary 5.4.40. Let u0 P L
2pGq and PpGq Q pn Ñ u0 in L2pGq. Then

the function

u : r0,8q ˆGÑ R, upt, gq :“ lim
nÑ8

lim
|D|Ñ0

EDrpnpY g
t qs

solves the PDE
$

’

&

’

%

Btu “ ´∆2u,

up0q “ u0 P L
2pGq,

in the sense that
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1. u P C1
`

p0,8q Ñ L2pGq
˘

X C0
`

r0,8q Ñ L2pGq
˘

.

2. For all t ą 0, uptq P Domp´∆2q and Btuptq “ ´∆2uptq.

3. limtÑ0 }uptq ´ u0}L2 “ 0.
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A Appendix

A.1

Definition/Lemma A.1.1 (Control functions). Let g : r0, 1s Ñ GtpupV q

be a p´rough path. Define the so-called control function

ω : tps, tq P R2 : 0 ď s ď t ď 1u Ñ R, ωps, tq :“ }g|rs,ts}
p
p.

Then ω is a continuous function with ωpt, tq ” 0 for all t, it is non-

decreasing in t and non-increasing in s. Further, ω is super-additive:

ωps, uq ` ωpu, tq ď ωps, tq for all s ď u ď t. (A.1.1)

Proof. See Section 1.2.2 in [33].

Lemma A.1.2. Let g P GppV q then the set ta P GppV q : a Ď gu is homeo-

morphic to a (possibly degenerate) closed, bounded interval in R. Further,

the homeomorphism can be taken to be increasing.

Proof. Define ϕ : Histpgq Ñ r0, }g}ps, ϕ : a ÞÑ }a}p. We claim that ϕ

is a homeomorphism. Choose a parameterisation g : r0, 1s Ñ GtpupV q.

Surjectivity of ϕ follows from the intermediate value theorem applied to

the map r0, 1s Ñ r0, }g}ps, t ÞÑ }g|r0,ts}p. As for injectivity, let a1, a2 P

Histpgq with a1 ‰ a2, then there exists s, t P r0, 1s w.l.o.g. s ă t such that

a1 “ g|r0,ss and a2 “ g|r0,ts. Then, since a1 Ď a2 with a1 ‰ a2, by Lemma

2.1.14 it holds that

ϕpa1q “ }a1}p ‰ }a2}p “ ϕpa2q
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hence ϕ is injective.

Since Histpgq is Hausdorff and r0, }g}ps is compact, continuity of ϕ fol-

lows from continuity of ϕ´1. Thus, it remains only to show that ϕ´1 is

continuous. To this end, let p}g|r0,tns}qn P r0, }g}ps be a convergent se-

quence:

}g|r0,tns}p
nÑ8
ÝÝÝÑ }g|r0,ts}p

and denote the control function

ωps, uq :“ }g|rs,us}
p
p

for 0 ď s ď u ď 1. Suppose for now that tn ď t for all n. Then, using

super-additivity of control functions (equation A.1.1) for inequality p‹q,

dpϕ´1p}g|r0,ts}pq, ϕ
´1p}g|r0,tns}pqq

“ }g|rtn,ts}p

p‹q

ď
`

}g|r0,ts}
p
p ´ }g|r0,tns}

p
p

˘1{p nÑ8
ÝÝÝÑ 0,

completing the proof for the case tn ď t for all n. The case where t ă tn

follows an identical proof but with the roles of tn and t exchanged. For the

general case, one may simply separately consider two subsequences of tn

corresponding to terms less than t and terms greater than t.

Lemma A.1.3 (Excursions increase p´variation). Let x, y, ε P GppV q such

that tpxq “ ipyq “ ipεq “ tpεq then

}x ˚ y}p ď }x ˚ ε ˚ y}p.
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Proof. Immediate from definition of p´variation.

Lemma A.1.4 (Proof of triangle ineq.). dp : GppV q ˆ GppV q Ñ r0,8q

given by

dppx, yq :“

$

’

&

’

%

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq

›

›

›

p
, ipxq “ ipyq,

›

›

ÐÝx ˚ pipxq ipyq´1yq
›

›

p
` dGtpupV q pipxq, ipyqq , ipxq ‰ ipyq,

is a metric.

Proof. Suppose that x, y, z P GppV q with ipxq “ ipyq “ ipzq. Since x ^ y,

x^ z Ď x, by Lemma A.1.2 either x^ y Ď x^ z or x^ z Ď x^ y. Assume

for now that x^ y Ď x^ z. Then note that we may factorise

ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pzq ˚ z2pyq

“
ÐÝÝÝ
x2pzq ˚

ÐÝÝÝÝÝÝÝ
px^ zq2pyq ˚ y2px^ yq ˚

ÐÝÝÝ
y2pxq ˚ px^ zq2px^ yq ˚ z2pxq,

from which we can see that
ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pzq ˚ z2pyq is

ÐÝÝÝ
x2pzq ˚ z2pxq with

an excursion. Whence by Lemmas A.1.3 and 2.1.24

dppx, zq “
›

›

›

ÐÝÝÝ
x2pzq ˚ z2pxq

›

›

›

p

ď

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pzq ˚ z2pyq

›

›

›

p

ď

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq

›

›

›

p
`

›

›

›

ÐÝÝÝ
y2pzq ˚ z2pyq

›

›

›

p

“ dppx, yq ` dppy, zq,

as desired.
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Suppose now instead that x ^ z Ď x ^ y. Idea of proof identical: find

a clever factorisation then use Lemmas A.1.3 and A.1.5, but here you need

to make two factorisations:

ÐÝÝÝ
x2pzq ˚ z2pxq “

ÐÝÝÝ
x2pyq ˚

ÐÝÝÝÝÝÝÝ
px^ yq2pzq ˚ z2pxq

and

ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pzq ˚ z2pyq

“
ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pxq ˚

ÐÝÝÝÝÝÝÝ
px^ yq2pzq ˚ z2pxq.

Then

dppx, zq “
›

›

›

ÐÝÝÝ
x2pzq ˚ z2pxq

›

›

›

p

“

›

›

›

ÐÝÝÝ
x2pyq ˚

ÐÝÝÝÝÝÝÝ
px^ yq2pzq ˚ z2pxq

›

›

›

p

ď

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pxq ˚

ÐÝÝÝÝÝÝÝ
px^ yq2pzq ˚ z2pxq

›

›

›

p

“

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq ˚

ÐÝÝÝ
y2pzq ˚ z2pyq

›

›

›

p

ď

›

›

›

ÐÝÝÝ
x2pyq ˚ y2pxq

›

›

›

p
`

›

›

›

ÐÝÝÝ
y2pzq ˚ z2pyq

›

›

›

p

“ dppx, yq ` dppy, zq,

as desired.

Lemma A.1.5 (p´variation inequalities). Suppose x, y P GppV q with ipyq “

tpxq then the following hold:
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1) }x ˚ y}p ď }x}p ` }y}p,

2) }x ˚ y}pp ě }x}
p
p ` }y}

p
p,

3) }x ˚ y}p ě 2
1´p
p p}x}p ` }y}pq.

Proof. 1) Pick parameterisations of x and y on r0, 1s and r1, 2s respectively.

Define the continuous paths X,Y : r0, 2s Ñ T tpupV q

Xt “

$

’

&

’

%

xt, t P r0, 1s

x1, t P r1, 2s

, Yt “

$

’

&

’

%

0, t P r0, 1s

yt ´ x1, t P r1, 2s

.

Observe that X ` Y “ x ˚ y so that

}x ˚ y}p “ }X ` Y }p ď }X}p ` }Y }p “ }x}p ` }y}p

by the triangle inequality on the Banach space of continuous T tpupV q´valued

paths with finite p´variation ([32]).

2) This is a well-known result in rough path theory: superadditivity of

control functions. See for example [29].

3) This is immediately obtained from 2) and the equivalence of `p and

`1 norms on R2.

Proposition A.1.6 (Integration of γ´cocyclic one-forms along rough paths).

Let tpu` 1 ě γ ą p ě 1. Let g P GppV q and β a γ´cocyclic one-form along

g. For each factorisation, Dg “ pg0, . . . , gmq, of g denote

ż

Dg

β :“
m´1
ÿ

i“0

ż

gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ giq.
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Then the following limit exists

lim
|Dg |Ñ0

ż

Dg

β “:

ż

g
β

and is called the integral of β along g. Furthermore,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

g
β ´

ż

tg0,gu
β

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cγ,p|β|γ}g}
γ
p

and consequently

ˇ

ˇ

ˇ

ˇ

ż

g
β

ˇ

ˇ

ˇ

ˇ

ď }β}8}g}p ` Cγ,p|β|γ}g}
γ
p ,

where Cγ,p ă `8 depends only on γ and p.

Proof. Suppose that m ě 2 and write Dg “
`

g0, . . . , gm
˘

. By Lemma 2.1.24

part 2) and the pigeonhole principle, we may choose an i P t1, . . . ,mu such

that

}gi´1 ˚ gi}
p
p ď

2

m´ 1
}g}pp.

Then

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β ´

ż

Dgztgiu
β

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż

gi

βpg0 ˚ ¨ ¨ ¨ ˚ gi´1q `

ż

gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ giq ´

ż

gi˚gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ gi´1q

ˇ

ˇ

ˇ

ˇ

ˇ

ď |β|γ}gi´1 ˚ gi}
γ
p ď |β|γ}g}

γ
p

ˆ

2

m´ 1

˙γ{p

.
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Iterating this procedure until the factorisation has only two points left, we

see
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β ´

ż

tg0,gu
β

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2γ{pζ

ˆ

γ

p

˙

|β|γ}g}
γ
p

and
ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β

ˇ

ˇ

ˇ

ˇ

ˇ

ď }β}8}g}p ` 2γ{pζ

ˆ

γ

p

˙

|β|γ}g}
γ
p ,

where ζ denotes the Riemann-zeta function. Set Cγ,p “ 2γ{pζ
´

γ
p

¯

ă `8.

We obtain the uniform bounds

sup
Dg

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β ´

ż

tg0,gu
β

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cγ,p|β|γ}g}
γ
p (A.1.2)

and

sup
Dg

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β

ˇ

ˇ

ˇ

ˇ

ˇ

ď }β}8}g}p ` Cγ,p|β|γ}g}
γ
p ,

as desired.

As for existence of the limit, we hope to show that
ş

Dg
β is Cauchy in

R. Suppose first that Dg Ď D1g in the sense that for all xi P Dg, there exist

yj , . . . , yj`m P D1g such that xi “ yj ˚ ¨ ¨ ¨ ˚ yj`m (we say that D1g refines

Dg). And, we denote D1g X txiu “ pyj , . . . , yj`mq the rough path partition
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of xi. Then,
ˇ

ˇ

ˇ

ˇ

ˇ

ż

D1g

β ´

ż

Dg

β

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

xiPDg

ˇ

ˇ

ˇ

ˇ

ˇ

ż

D1gXtxiu
β ´

ż

tipxiq,xiu
β

ˇ

ˇ

ˇ

ˇ

ˇ

p‹q

ď Cγ,p|β|γ
ÿ

xiPDg

}xi}
γ
p

ď Cγ,p|β|γ max
j
}xj}

γ´p
p

ÿ

xiPDg

}xi}
p
p

p‹‹q

ď Cγ,p|β|γ max
j
}xj}

γ´p
p }g}pp

|Dg |Ñ0
ÝÝÝÝÝÑ 0

p‹q follows from the maximal inequality (A.1.2) and p‹‹q from item 2 in

Lemma A.1.5.

If it does not hold that Dg Ď D1g, we set D2g :“ Dg _D
1
g and the result

follows by noting
ˇ

ˇ

ˇ

ˇ

ˇ

ż

D1g

β ´

ż

Dg

β

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Dg

β ´

ż

D2g

β

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ż

D1g

β ´

ż

D2g

β

ˇ

ˇ

ˇ

ˇ

ˇ

.

Lemma A.1.7. Let N P Ně1, 1 ď p ď N and α P ΩpGN pV qq a cocyclic

one-form. For all g P GppV q, define

β : Histpgq Ñ ΩpGtpupV qq, βpξqptpξqq :“ αptpξN qq|T tpupV q.

Then β is a ptpu` 1q´cocyclic one-form along g and furthermore

ż

g
β “

ż

gN
α.
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Proof. Define for all ξ P Histpgq

βpξqptpξqq :“ αptpξN qq|T tpupV q.

We show first that β is a ptpu ` 1q´cocyclic one-form. To this end, let

ξ “ g1 ˚ g2 ˚ g3 P Histpgq then

ż

g2

βpg1q `

ż

g3

βpg1 ˚ g2q ´

ż

g2˚g3

βpg1q

“ βpg1qptpg1qqrXďtpupg2qs ` βpg1 ˚ g2qptpg2qqrXďtpupg3qs

´ βpg1qptpg1qqrXďtpupg2 ˚ g3qs

p‹q
“ αptpgN1 qqrXďtpupg2qs ` αptpg

N
2 qqrXďtpupg3qs

´ αptpgN1 qqrXďtpupg2 ˚ g3qs

“ αptpgN1 qqrXďN pg2qs ` αptpg
N
2 qqrXďN pg3qs

´ αptpgN1 qqrXďN pg2 ˚ g3qs

` αptpgN1 qqrXďtpupg2q ´ XďN pg2qs ` αptpg
N
2 qqrXďtpupg3q ´ XďN pg3qs

´ αptpgN1 qqrXďtpupg2 ˚ g3q ´ XďN pg2 ˚ g3qs

p‹‹q
“ αptpgN1 qqrXďtpupg2q ´ XďN pg2qs ` αptpg

N
2 qqrXďtpupg3q ´ XďN pg3qs

´ αptpgN1 qqrXďtpupg2 ˚ g3q ´ XďN pg2 ˚ g3qs

p‹‹‹q
“ Op}g2 ˚ g3}

tpu`1
p q,

so that β is indeed ptpu ` 1q´cocyclic and whence the integral
ş

g β makes

sense by Proposition 2.2.16. p‹q holds by definition of α; p‹‹q is from

α satisfying the cocyclic property; and p‹ ‹ ‹q follows from the fact that
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}g2}p, }g3}p ď }g2 ˚ g3}p and that }Xmpgq} ď Cp,m}g}
m
p for a p´rough path

g and m P N by Lyons’ Extension theorem for rough paths (Theorem 2.1.5).

Finally, we show that
ş

g β “
ş

gN α. Indeed,

ż

g
β “ lim

|Dg |Ñ0

ÿ

giPDg

ż

gi`1

βpg0 ˚ ¨ ¨ ¨ ˚ giq

“ lim
|Dg |Ñ0

ÿ

giPDg

αptpgNi qqrXďtpupgi`1qs

“ lim
|Dg |Ñ0

´

ÿ

giPDg

αptpgNi qqrXďN pgi`1qs

´
ÿ

giPDg

αptpgNi qqrXďtpupgi`1q ´ XďN pgi`1qs

¯

“

ż

gN
α` lim

|Dg |Ñ0

ÿ

giPDg

Op}gi`1}
tpu`1
p q

“

ż

gN
α,

since tpu` 1 ą p.

A.2

Lemma A.2.1. Let pX , } ¨ }q be a Banach space and Pt : X Ñ X a

C0´semigroup with generator L. Suppose that P Ď DompLq is dense in X

and invariant under Pt, then P is a core for L.

Proof. Recall that DompLq is complete for the norm }f}DompLq :“ }f} `

}Lf}. Denote by P̄ the closure of P in DompLq with respect to } ¨ }DompLq.

We hope to show P̄ “ DompLq.
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If f P DompLq then by density of P in X, there is a sequence pn P P

such that }f ´ pn} Ñ 0. Since t ÞÑ Ptpn is continuous for } ¨ }DompLq and

PupPq Ď P,
ż t

0
Pufndu P P̄.

And,

lim
nÑ8

›

›

›

›

ż t

0
Pupndu´

ż t

0
Pufdu

›

›

›

›

DompLq

“ lim
nÑ8

›

›

›

›

ż t

0
Puppn ´ fqdu

›

›

›

›

` lim
nÑ8

}Ptpn ´ pn ´ Ptf ` f}

“ 0,

so that
ż t

0
Pufdu P P̄.

Note also

lim
tÑ0

›

›

›

›

1

t

ż t

0
Pufdu´ f

›

›

›

›

DompLq

“ lim
tÑ0

›

›

›

›

1

t

ż t

0
Pufdu´ f

›

›

›

›

` lim
tÑ0

›

›

›

›

1

t
pPtf ´ fq ´ Lf

›

›

›

›

“ 0,

so that f P P̄ and P̄ “ DompLq, as required.
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