


Abstract

Although extensive work has been carried out on one-dimensional resonant oscil-
lations of both liquids in a tank (where the free surface varies in only one spatial
dimension) and gases in a resonator, little is known about two-dimensional solu-
tions. This thesis aims to unite and extend the knowledge about one-dimensional
solutions and also develop a theory for classifying two-dimensional motions and, as
a consequence, understand the different types of responses that may be found in
tanks and resonators of arbitrary geometry. To do this we focus on (i) the nonlin-
earity and (ii) the geometry (and, hence, the nature of the spectrum) and ignore
dissipation to lowest order although it is, in general, important. However, we can
easily include dissipative effects a posteriori and its initial absence makes it easier
to analyse the new two-dimensional effects. For reasons which will become appar-
ent, we will mainly consider cuboid-shaped geometries and perturb the sidewalls of
such tanks and resonators, allowing for the gradual introduction of two-dimensional
effects.

The thesis is split into two parts, underlying the differences between the prob-
lems that arise when the spectrum of the relevant linear problem is commensurate
or non-commensurate. After a general introduction in Chapter 1 and a discussion
of the model and governing equations in Chapter 2, the first part, comprising Chap-
ter 3, looks at oscillations in deep water where the response typically consists of a
finite number of modes. The second part is more extensive, looking at shallow water
sloshing and the analogies of this problem with acoustic oscillations, both of which
have a spectrum containing an infinite set of commensurate frequencies and the
solution is much more intricate. We develop the problem and its one-dimensional
solutions in Chapter 4 and then extend these ideas to two-dimensions in Chapter 5.
With all this in mind we then make some general remarks about oscillations in

tanks and resonators of arbitrary geometry in Chapter 6.
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Chapter 1

Introduction

Who would have thought that liquid sloshing around in containers could
be a problem? New Scientist 20 June 1992

The theory of oscillations within physical systems is a wide-ranging subject giv-
ing rise to extensive mathematical treatments. From simple classroom experiments
concerning the motion of a pendulum to more complex systems, oscillatory be-
haviour exhibits observable phenomenon that are rich in mathematical structure.
Little mathematical knowledge is needed to find, for instance, the frequency of the
oscillations of a pendulum as long as one essential assumption is made. This is that
the amplitude of the oscillation is small, as is the case in many physical problems.
This key assumption allows a linearisation procedure that forms the first step in
any mathematical treatment.

Linear theory, however, has its drawbacks. In particular, when the system, such
as a pendulum, is forced near its natural frequency, undamped linear theory predicts
an unbounded amplitude. This is the well known phenomenon of resonance and the
key to understanding the size and form of oscillations near resonance may rely on
the nonlinear terms which were neglected as a first approximation. Understanding
how nonlinearity controls the resonant growth is a central issue of this thesis.

Perhaps the most famous example of this nonlinear behaviour can be seen in
Duffing’s equation' (named after Duffing for his work or circuit theory [24]) which

can be written as

i+ ki+ (1+ )z +2° =ccost, (1.1)

IThis equation exhibits the same type of response as some of the problems discussed in this
thesis.



where \g and k > 0 measures how close the forcing frequency is to the natural
frequency and damping respectively. Away from resonance, Ao ~ O(1), and for
k = 0, the nonlinear terms are negligible and = ~ &/Xgcost. As we approach
the resonant frequency, Ao < 1, the nonlinearity can then be shown to control
the growth of the oscillation and results in an amplitude of O(¢'/%) when )¢ =
Xe?® (X ~ O(1)). Figure 1.1 shows the sort of response’ that emerges, where
z ~ e/3Acost. Here the response is for a “soft spring” (decreasing amplitude
with increasing frequency) as opposed to a “hard spring” (increasing amplitude
with increasing frequency). When the damping & is O(e'/?), the peaks in this
response diagram are rounded as illustrated by the dashed part of Figure 1.1. A
fuller account of this equation may be found, for example, in Jordan & Smith [34]
or Stoker [66].

Al

pry =2 0 z 4 /\

Figure 1.1: Duffing-type response showing amplitude against frequency. The
dashed curve shows the effect of damping.

Throughout this thesis we are concerned with two infinite dimensional gener-
alisations of this situation; small amplitude gravity waves in a tank and acoustic
oscillations of gas in a resonator of finite dimensions. Forcing the tank or resonator

(by rocking from side to side for the tank or placing an oscillatory piston at one

2The term “response” is always taken to mean the modulus of the amplitude.
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3 causes the associated

end of the resonator) near one of the natural frequencies
mode to be resonant. In the case of deep water* waves, this is generally the end of
the story as the other natural frequencies are non-commensurate with the forcing
frequency (i.e. the other natural frequencies are not integer multiples of the forc-
ing frequency) and this criterion proves to be of great significance. In this case,
third-order effects lead to a balance between the nonlinearity and the forcing in
much the same way as for Duffing’s equation. However, as the aspect ratio of the
tank becomes small, shallow water theory applies and, for rectangular tanks, the
natural frequencies become nearly commensurate with the forcing frequency. This
is also the case for acoustic oscillations in a resonator with straight sidewalls and
rectangular cross-section, and in both cases the type of response is much more
complicated. The reason why the commensurability of the spectrum plays such
a vital role can be seen from the following simple argument. Forcing either the
tank or resonator near to its fundamental frequency causes the cos = sint mode to
be excited. The quadratic nonlinearity “doubles” this to create a feedback term
cos 2z sin 2¢t. Hence if twice the fundamental frequency is also a natural frequency
then this mode is also excited. This process continues ad infinitum if the whole
spectrum is commensurate.

Although we wish to classify the types of response found in tanks or resonators of
arbitrary geometry, we will see that taking a tank of rectangular cross-section leads
to the most interesting scenario and, in general, we consider this geometry. This is
because, as noted above, in the shallow water limit the number of commensurate
frequencies becomes infinite. Also, if the ratio of tank breadth to length is rational
then there is an infinite set of degenerate eigenfrequencies, i.e. frequencies with
more that one associated eigenfunction.

One of the key aims of this thesis is to understand how small variations in the
geometry of the tank affect the response. We will see that, for the resonators we will
be considering (and probably only for them), even weak variations have startling
effects, leading to intricate couplings between commensurate modes. By classifying

the response for the rectangular tank and then gradually increasing geometrical

3In general, we will be concerned with oscillations near the lowest, or fundamental, frequency.
4We use the phrase “deep water” to signify that the aspect ratio of the depth to length of the

tank is O(1) or greater.



variations (for instance, the curvature of the walls of the tank) we can make gen-
eral remarks about oscillations in tanks of any shape. We focus on the geometry
(determining the linearised eigenfrequencies or causing slight perturbations to these
frequencies), nonlinearity and the detuning (the difference between the forcing fre-
quency and the natural frequency) and pay less attention to the damping because
its effects can be incorporated @ posteriori whereas including damping from the
start makes it difficult to appreciate the new two-dimensional effects that we are
interested in.

Although much of this thesis is concerned with the sloshing problem, we ne-
glect, in general, dispersive effects when considering shallow water oscillations. This
dispersion-free model is, of course, applicable to acoustic oscillations. There are,
however, a few interesting differences between the two problems.

We next give a review of the literature to see how the problem has evolved, and

then present a section outlining the structure of the rest of this thesis.

1.1 Literature review

Mathematical discussions on the oscillations in a tank of fluid considered to be deep
really began in earnest with Penny & Prices’s [59] work (which developed ideas dis-
cussed as early as 1880 by Stokes [68]) on stationary gravity waves. They found
expressions, to fifth order, for the possible natural frequencies for fluid of an infinite
depth. This work inspired Taylor [71] to carry out experimental work that verified
Penny & Price’s results and which also considered the resonance problem. This
showed, for the first time, the Duffing-like response of the motion (see Figure 1.1).
Equivalent results for fluid of a finite depth were found by Tadjbakhsh & Keller [70]
(analytically) and Fultz [29] (experimentally). Both works show a change from soft
to hard spring behaviour near a critical depth. Further analytical results, deter-
mining the nonlinear corrections to the natural frequencies, were given by Concus
[19] (for the problem incorporating surface tension) and Verma & Keller [75] (for
three-dimensional solutions). The work of Concus was extended by Vanden-Broeck
[74] for a special case where the surface tension and depth reach a critical balance.
In this case, the motion comprises not one but two resonant modes because the first

two natural frequencies are commensurate. Finally, Bridges [9], [10] and Dias &



Bridges [23] have considered more general results when the linear eigenfrequencies
are degenerate.

The first analytical work on the resonance problem came from Moiseyev [48] in
1958. He suggested a way in which the nonlinearity contains the resonant growth
and predicted the Duffing-type response observed by Taylor and Fultz. Moiseyev’s
general approach was specialised by Ockendon & Ockendon [54] for the case of
a rectangular tank oscillated near its fundamental frequency, and they found the
response changed form at a critical depth, in agreement with Tadjbakhsh & Keller.
This depth corresponds to a breakdown in the solution procedure and requires
terms of fifth order to be included in the analysis. Further results have extended
these ideas; Tsai et al [73] found the resonant response when the forcing was near
the n*" natural frequency and Miles [43] derived similar results using a Lagrangian
formulation.

There is a large body of literature concerned with the more intricate problems of
shallow water sloshing and acoustic oscillations. It is well-known that the shallow
water equations can be related to the acoustic equations and, to leading order, both
problems satisfy the one-dimensional wave equation. We will see how this analogy
applies to the resonance problems considered.

All previous work has been concerned with one-dimensional or quasi-one-dimen-
sional oscillations. The progress of this problem is best given by first considering

the development of the acoustic problem.

o In 1964, Chester [14] published his classic paper on one-dimensional (see Fig-
ure 1.2(a)) oscillations that provides the starting block for most discussions on
resonant acoustic oscillations. By developing a second-order theory, Chester
showed that the leading-order velocity was given by u = ¢'(t + z) — ¢'(t — z)
and that g satisfied

A (1) + (v + g/ ()9 (t) = —= sint, (12)

where g(t) is 27-periodic and has zero mean over one period, and v is the ratio
of specific heats. The essential ingredient of this equation is the nonlinearity
and, for X close to zero, this equation confirms the shock solutions observed

experimentally by Sturtevant [69).






tween two spheres. By letting the radius of the inner sphere tend to either
zero or the radius of the outer sphere he has shown the transition between the
two cases. He also considered further the problem of a thin resonator with
slowly varying sides as in Keller [36] and his work is summarised in Ockendon
et al [57). Taking the area variation across the resonator as 1 + ob(x), where
o is small, they show, for the case b'(z) = 2z, how the likelihood of the emer-
gence of shocks decreases as o increases and eventually vanishes for o large.
Their work shows how the commensurability of the spectrum is inextricably

linked to the type of response.

For the shallow water problem we must look further back to find the correct pa-
rameter regimes before we can begin to solve the problem. The work of Korteweg
& de Vries [37] first suggested the scalings leading to a balance between disper-
sion and nonlinearity, although we must not forget that the work was inspired by
Boussinesq [7], as pointed out in Miles’ essay on the Korteweg-de Vries equation
[44]. These scalings were exploited by Ockendon & Ockendon [54] in deriving an
ordinary differential equation similar to (1.2) for the function f (where the velocity
potential is given by ¢ ~ f(t + z) + f(t — z)) but with the inclusion of a higher
fourth-order term representing dispersion. This term is slightly different to that
suggested by Chester [15] for the same problem but has a similar effect. Miles [46]
has also considered a similar problem using a Lagrangian formulation (although
this necessitates truncating the Fourier series for the solution).

The introduction of dispersion has several consequences. Ockendon et al [56]
showed that for small values of dispersion the shock solutions of (1.2) no longer arise
and in fact the solution becomes multi-valued with the response diagram having
many of the Duffing-like peaks of Figure 1.1 close to the fundamental frequency.
Byatt-Smith [11] and Reynolds & Cox [61] have given further analyses of this prob-
lem. This non-uniqueness explains why Cox & Mortell [22] predicted that a periodic
response does not arise form a state of rest unless damping is included. The inclu-
sion of surface tension does, however, present a way of removing dispersive effects.
Johnson [33] showed that when there is a critical balance between surface tension
and depth (the “ripple depth”) dispersion is negligible and the problems of shallow

water theory and acoustic oscillations are comparable.



Both the dispersive and dispersion-free solutions have been demonstrated ex-
perimentally by Chester & Bones [16] with good agreement between experiment
and theory.

There are two other areas of interest which have been covered in the literature,
relevant to both the acoustic and sloshing problems. Firstly there is the problem
of high-frequency oscillations. Although we are primarily concerned with the most
practically important case of resonance near the fundamental frequency, the prob-
lem is more complex for high-frequency oscillations. Seymour & Mortell [63] have
presented a theory for this case and a review of this is given in Appendix C.1.1.

Finally, an interesting class of problems arises by considering the following. One
of the features of the straight-sided resonator or tank, both of rectangular cross-
section, is that the spectrum is commensurate. Now, for an acoustic resonator of
varying cross-section (where the sidewalls vary), Keller [36] showed that a special
geometry exists where the spectrum is also commensurate. When the geometrical
variations in the walls of the tank are large enough, the leading-order problem
satisfies a non-constant coefficient wave equation. It is an interesting question
to ask for which variations is the spectrum commensurate? This sort of inverse

problem has been considered by, for example, Barcilon [2].

1.2 Thesis structure

To study oscillations in tanks or resonators and extend and add to the work dis-
cussed above, we first present a framework for such oscillations and the relevant
equations governing the motion. This is done in Chapter 2, where we also demon-
strate how linear theory predicts the resonant growth when the tank is forced near
its lowest (fundamental) frequency and where a non-degenerate eigenmode is ex-
cited. This chapter also introduces most of the physical parameters, the most
important being the amplitude of the forcing, €, the detuning, Ao, and the ampli-
tude of the geometric variations, 1. The final important parameter is the shallow
water depth &, introduced in Chapter 4. Because there are so many variables and
parameters we have included a table of notation at the end of the thesis.

With these foundations in place, the rest of this thesis is split into two parts;

the first part concentrates on oscillations in a nearly rectangular tank whose aspect



ratio of depth to length is O(1) or greater. The entirety of work done in this
case is given in Chapter 3 and is concerned with the effects of four parameters,
namely the depth, the breadth, the strength of the geometric imperfection and, to
a limited extent, the surface tension. When the breadth is an integral multiple of
the length, geometric variations in one wall of the tank lead to the excitation of
a transverse mode (one that is perpendicular to the primary longitudinal motion)
whose amplitude is coupled to that of the longitudinal mode. This interesting
feature is due to the degeneracy of the spectrum, in which there is more than
one mode associated with the fundamental frequency. This degeneracy and the
resulting two-dimensional responses have received little attention in the literature
and the classification of these responses provides one of the main challenges of this
thesis.

After the comparatively straightforward analysis of deep water sloshing, the
second part of this thesis is concerned with shallow water sloshing and acoustic
oscillations. We split this part into three chapters. In Chapter 4 the shallow water
scalings are given and the underlying models are derived. The rest of the chapter is
concerned with one-dimensional solutions of both the sloshing and acoustic prob-
lems when no transverse motions are generated and the resonator is “thin”. An
integro-differential equation is derived and we give a review of the effects of differ-
ent physical parameters on the response. In particular, we extend previous work
on the effect of base variations by considering more general forms of the geometry
of this variation than those previously considered. Finally, when this variation has
an amplitude of the same size as the depth of the fluid, the leading-order solution
is shown to satisfy a non-constant coefficient wave equation and solutions of this
equation are considered.

In Chapter 5 we tackle the more difficult problem of two-dimensional shallow wa-
ter sloshing and acoustic oscillations. Concentrating on the case when the breadth
and length of a rectangular tank or resonator are equal but one wall is non-planar,
we discuss the size and coupling of the doubly-infinite set of modes that are now
excited. This leads to a theory which suggests that the motion is well described
in terms of sets of longitudinal modes and transverse modes alone and we derive

the response for a special form of the geometrical variation in this instance. This



chapter also includes two other ways of generating two-dimensional motions; firstly
by oscillating the tank at an angle to its sides and secondly by forcing the tank
near a different natural frequency.

The second part of this thesis is completed in Chapter 6 where we make some
general remarks about oscillations in tanks and resonators of arbitrary shape. We
also consider a specially configured acoustic problem where there is an infinite set
of commensurate modes but just a finite set of degenerate modes.

Finally, in Chapter 7, we present some conclusions.

1.3 Statement of originality

All the work in Chapter 3 is original. Chapter 4 contains some review material
but the derivation of the shallow water model and resulting differential equation in
Sections 4.1.2 and 4.3.2 as well as the analysis in Sections 4.4.2, 4.4.3 and 4.5.2 are

all original. Finally, all of Chapters 5 and 6 are original work.

10



Chapter 2

Basic equations

2.1 Fluid sloshing in a tank

The motion considered is that of irrotational, inviscid, constant density fluid in a
container with a free surface that has negligible surface tension (although we will
discuss the effects of non-zero surface tension in later chapters). We denote the
fluids velocity, density and pressure by u, p and p respectively and take axes such
that Z is vertically upwards and X and Y are horizontal so that the free surface is
at Z = €.

The equations of motion for such a flow are just Euler’s equations (see, for

example, Acheson [1] or Stoker [67])

Vu = 0, (2.1)

ou _ _Vp

where g is gravity, which are the conservation of mass and momentum respectively.
As the fluid is irrotational, that is V,u = 0, we can find a potential ® such that
u = V® and, from (2.1), we have that

Vie =0, (2.3)
and (2.2) leads to Bernoulli’s equation
09 1

2 i ve)yr+gz+P =0 2.4
o5 (VO) 49z 4 (2.4

11



2.1.1 Free surface conditions

At the free surface there will be two conditions. Firstly there is the dynamic
condition which is just a balance between the pressure in the fluid interface and
the ambient pressure above the fluid which we will take to be zero. Hence p = 0

on the free surface and (2.4) gives

1
g+ &, + 5(V<1>)2 =0 on Z=¢ (2.5)
We also have a kinematic condition at the free surface which states that particles
in the free surface remain there (which is equivalent to the statement that the
velocity component of the fluid normal to the free surface is the same as the normal

velocity of the surface). If we write
F=7-¢X,Y,7),

so that the free surface is at F' = 0, then this kinematic condition just says that
the convective derivative of F is zero at the free surface, i.e.

oF

5 +(w.V)F=0 on F =0,

and this can be written in terms of the velocity potential as
by =€ +Pxéx +Pyéy on Z =¢. (26)

2.1.2 Geometry of tank and boundary conditions

We will be concerned with fluid contained in an almost rectangular container. It will
be seen that a small change in the geometry can dramatically change the solution
in certain cases so the geometry chosen is that shown in Figure 2.1. The depth of
the fluid in the tank is taken to be hL, the breadth b L and the length wL. The
sidewalls are flat except the back wall which is given by Y = b L[1 + vy0a.,(X/L)]
and the base which is given by Z = —hL[l + vyas(X/L)], where vy0,v50 < 1 and
aw(X/L),a,(X/L) have O(1) amplitude. Throughout this thesis the parameter vy
characterises the amplitude of geometric variations and the function a(z) the shape
of the variation. We use the added suffix w to mean the wall variation and b to

mean the base variation. For a tank at rest the boundary conditions on the walls
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A Y =brL[1 4 vea(X/L)]

Z = —hL[1 + poc(X/L)]

Figure 2.1: The geometry of the tank.

are just that there must be no velocity normal to each wall, i.e. u.n = 0 on the

fixed walls. In terms of the velocity potential this leads to

®x = 0 on X =0,7L, (2.7)
(X X

q)z = —I/bthXa,b (T) on Z = —hL [1 + VpoQp (T):I ’ (2.8)

®y = 0 on Y =0, (2.9)
(X X

Oy = vuobr®xa,, (f) on Y =0brL [1 + Vyoluw (f)] . (2.10)

2.1.3 Natural frequencies and the effect of forcing

To find the natural frequencies of the tank we consider the linearised form of (2.3),

(2.5), (2.6) and (2.7)—(2.10) and neglect the small geometric variations. That is we
solve
V=0, &x=0 on X =0,7L,
&y =0 on Y=0brl , ;=0 on Z =-—hL,
®7;-6=0=g{+9P, on Z=0,

13



which leads to

nX mY A
®,m = Apm cos cos cosh ==

L bL L

where A, . and oy, are arbitrary constants and the frequencies wy, ,, are given by

(Z + RL)sin(wpmT + Qnm),  (2.11)

2 _
wn,m -

Arn,m tanh(A, mh) (2.12)

b~

where

2
2 _,2, M

’\n,m =n‘+ ﬁ
We will be primarily concerned with the response of the tank near the fundamental
frequency w; o, so we first consider oscillating the tank in the X-direction, with an
amplitude a, so that the walls X = 0,7L are displaced to —acosQr and wL —
a cos 1. We begin by solving the linearised form of (2.3), (2.5), (2.6) and (2.8)-

(2.10) with the boundary conditions
Ox = aflsinQr on X = —acosQr,mL — acos (T, (2.13)

assuming that a/L = ¢ <« 1. The solution to this problem is

s 2
® ~ asinQr (QX+ E Agnt1 cOS (2n2— 1) X cosh ( n;— 1) (Z + hL))
n=0

to leading order, where

ALQ3
12 cosh(ih)[Q? — (g1/L) tanh(ih)]’

so that the solution grows large when

Ai=

P =w)0 n=01,.... (2.15)

As mentioned previously, we will be mainly concerned with the oscillations near

the fundamental frequency and so we write
g
L
where Xo (€ < do < 1) is the detuning, and hence Q° — w}y ~ O(X) and & ~

0% = wio(1+ do) = F(1 + Xo)tanh 2 (2.16)

O(e/Xo)- To see how the nonlinear terms can grow to stop this infinite growth at

resonance we now non-dimensionalise the equations.
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2.1.4 Non-dimensional equations
Typical length and time-scales for the problem are L and 1/ respectively so we

write

t
X=1L =L ==
xz |, a g T Q,

d=0L% , ¢=Ln.

Equations (2.3), (2.5), (2.6), (2.8)-(2.10) and (2.13) are now

Vi = 0, (2.17)

¢ = esint on = = —ecost,m —ecost, (2.18)

¢. = —uvhdrai(z) on 2z = —h[l+ veas(z)], (2.19)

¢y = 0 on y=0, (2.20)

¢y = vwobmdral,(z) on y=br[l+ au(z)], (2.21)

and, on z = 7,
¢ = M+ (¢l + Symy) (2.22)
1
n + (1+ X)tanhh [¢t +3 (¢x2 + ¢, + ¢22)] =0. (2.23)

In the undisturbed state, the free surface is at z = 0 and so, by conservation of

mass, (2.17) and (2.22), 7 has zero mean, i.e.

b pr
/ / ndzdy = 0. (2.24)
0 0

Finally, we seek solutions that have the same period as the forcing because any
damping will automatically act least on this lowest frequency mode whereas modes

with a higher frequency will be rapidly damped down. Hence we require
Vé(z,t) = Vo(x,t+ 2m), (2.25)
and this can be integrated to give
&z, t) = ¢(@,t + 2m) + &,(1). (2.26)

Notice that V¢ is taken to be periodic and not ¢, as taking ¢ to be periodic
contradicts with the statement that 7 has zero mean. This can be seen by integrat-

ing (2.23) over = and y, using (2.24) and noting that, in general, the term |V¢|?
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does not integrate to zero, whereas the ¢; term only gives a non-zero term when
$5(2) # 0.

The equations (2.17)—(2.25) provide the basic model for resonant sloshing. How-
ever, we can make rescalings of these equations depending on the depth. We see

from (2.14) that the linearised form of these equations gives
¢~ )‘iA cos z cosh(z + h)sint, (2.27)
0

for Ao > e. It is clear, however, that as A\g — 0 the linearisation breaks down.
The controlling mechanism is the nonlinear terms that were initially neglected.
To understand how these terms grow to balance with the leading-order term we
consider (2.23) which shows that the nonlinear terms feedback a term

2

)‘—(2;142 cos 2z cosh 2(z + h)sin 2¢ (2.28)
in to the solution. It is at this stage that we see the distinction between deep and
shallow water problems. As already remarked, the eigenvalues are nearly commen-
surate when h < 1 and (2.28) forces the second mode to be resonated and hence
(2.27) is modified to comprise the sum of the first two modes. This process con-
tinues (as discussed in the introduction) so that all the modes are resonated and
the nonlinear terms of O(2/)2) then balance with the detuning term in (2.23) of
O(Xod) = O(e) when Ao ~ O(e}/?) with ¢ growing to O(e*/?). We will return to
this parameter regime in the next section as well as in the shallow water work of
Section 4.1.

However, for deep water (h > O(1)), the second mode is not resonant and (2.28)
will not balance with the detuning term. Hence, we look to third-order nonlinear
effects when (2.27) interacts with (2.28) to give a (e°/A\3)A® cosz cosh(z + h)sint
term. This balances with the detuning term when Ao ~ O(¢%*3) and ¢ and 7 grow
to O(e'/3). Thus, for deep water, we rescale by

p=eps , n=ePn , =N, (2:29)

where Ay ~ O(1) and the suffix d is always used to denote deep water. These are the
scalings originally suggested by Moiseyev [48]. Waterhouse [76] demonstrated that,

for deep water, variations in the base of the tank provide no interesting features
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so, in the deep water model, we take v = 0 and choose Vyo so the wall variations

have an effect that balances with the detuning, i.e.
Vwo = 52/3de y Vwd ™~ 0(1) (230)

Hence, substituting these scalings into (2.17)~(2.25), we now have our deep water

model,

Vi = 0, (2.31)

($a)s = €¥®sint on z=—ccost,m —ecost, (2.32)

(#4): =0 on z=—h, (2.33)

(¢i)y =0 on y=0, (2.34)

(bd)y = vuwae®*bm(¢a)zal,(z) on y=bn [1+de€2/3aw(z)] , (2.35)

br pm

/0 /0 nadzdy = 0, (2.36)
Va(z,t) = Vy(z,t + 2m), (2.37)

and, on z = e!/3p,,

(¢a): = (ma)e + € [(a)a(na)e + (Sa)y(na)s] (2.38)
na + (1+¢%3)\;)tanhh [(¢d)t + -;-51/3 ((¢d)?: + (¢d)§ + (¢d)z)] = 0,(2.39)

2.2 Acoustic resonators

The motion of gas in a nearly rectangular resonator that has a piston oscillating
at one end has much in common with the shallow water limit of the equations
just derived, as discussed in the introduction. For this reason we will recount the
equations governing acoustic oscillations so that we can compare the solution of
this problem with that of the fluid problem. We will use a similar configuration
to Ockendon et al [57] to describe the motion of the gas in a resonator such as
that illustrated in Figure 2.2. In this configuration the sidewalls are given by
Z =0 and Z = ho[l + veoas(X/L)], the front by ¥ = 0 and the back wall! by
Y = wL[1+4vyoaw(x/L)], using the same notation for the geometrical imperfections

as in the last section.

1The reason for varying the geometry in both the back wall and top will become clear in
Chapter 6, and for one-dimensional considerations (see Chapter 4) we just set v,,0=0.
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Y = wL[1 + vyoaw(X/L)]

Z = ho[l -+ Vboab(X/L, Y/L)

Z wl

eLw coswt

> X

0 ml

Figure 2.2: Oscillations of a piston at one end of an acoustic resonator.

The gas is taken to be compressible and we assume it is inviscid. Also, if we
assume that the gas is initially irrotational and homentropic then, in the subsequent
motion, the flow remains homentropic in the absence of shocks. In the problems
considered in this thesis all shocks that occur are weak and result in third-order
changes in the entropy (see Appendix A.1.1) which are negligible within the general
framework considered here. Hence the flow always remains homentropic and then,
using Kelvin’s circulation theorem, we have that the flow remains irrotational. The

governing equations are then given by the conservation of mass, momentum and

energy,
pr+V.(pu) = 0, (2.40)
p(ur; + (u.Vu)j+ Vp = 0, (2.41)
i
LA (ﬁ) : (2.42)
Po Po

where p, u, p and v denote the gases density, velocity, pressure and ratio of specific
heats respectively and po and po are the values of pressure and density in the
undisturbed gas. If we introduce the velocity potential defined by u = V& then p

and p can be eliminated to give (see, for instance, Ockendon & Tayler [55])
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[a® — (2x)%|®xx + [a® — (®y)]®yy + [a® — (82)%]Pzz — 205Dy Dy
—20xP7Px7 — 20y DDy = %(‘I’T + |V(I)|2), (2.43)
where
a® = {af — (v — 1)(®, + 1|VO|H)}, (2.44)

and af = ypo/po. The boundary conditions for the resonator illustrated in Fig-

ure 2.2 are then

®x = 0 on X =0, (2.45)
®x = elwsinwr on X =wL—eLcoswr, (2.46)
&y = 0 on Y =0, (2.47)
0 (X X
oy = vyom®xal, (—L—) on Y=nalL [1 + Voo (—E)] , (2.48)
& = 0 on Z=0, (2.49)
XY XY
O; = howwo [(ab)x‘1>x (f’ f) + (ap)y Py (—L_’ f)]
XY
on Z = ho [1 + VpoQyp (f’ Z)] . (250)
The natural frequencies found by linearising (2.43)-(2.50) are
_a ,  K*L?
Wh g = Iz (n +m” + ) (2.51)

so there is an infinite set of frequencies commensurate with the fundamental w; g 0.

The arguments at the end of the last section reveal that second-order nonlinear
effects will contain the resonant growth associated with forcing the resonator close
to its fundamental frequency. Hence, when we take w to be within O(g'/?) of the

fundamental by writing

2
a,
w? = L_g(l +e'2)), (2.52)

where A ~ O(1), we find ® ~ O(e'/2) and hence we nondimensionalise with
&=cL%wp , wr=t , X=Lz , Y=Ly , Z=hez. (2.53)

Equations (2.43)—(2.50) are now

2
'Ef%azz + Puz + Pyy — Pte = 51/2()‘95& + 20: Pzt + 20y Pyt
0

2L% _ P L
+—hz—‘stozt + (7 - 1)‘Pt(90m‘19yy + 71—3-('0”)) + O(E)v (2-54)
0
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and

@-=0 on z=0 , @, =c"?sint on z =7 + O(e),
@y=0 on y=0 , @,=0 on z=0, (2.55)
By = VuomBal(@) on g =11+ ruoau(z))
2

_ h _ .
¢z = 075 ((0)oPx + (@)yy) on 2 =1+ woa(z,y).

Following Ockendon et al [57], we note that the boundary condition on the top,
z = 14 woas(z,y), implies that @, ~ O(vphep/L?), so we write

_ h} .
Y= (,0(37, yvt) + Vbo—L‘g“P(-’E,ya Z,t),

where we take
1+upoap(z,y) R
/0 pdz =0

without loss of generality (by absorbing the integral of ¢ over z into ¢). Then,
under the assumption that 140h2/L? < €'/? (so the resonator is “thin”), equations
(2.54)—(2.55) can be integrated from z = 0 to z = 1+ mpas(z,y) to give, correct to

O(e/?), our fundamental nondimensional wave equation

[Ab(x, y)(p-‘b‘]-’b‘ + [Ab(:v? y)%]y - Ab(:c? y)‘Ptt = el/Z[Ab(xa y){)“Ptt + 2‘P$‘P:vt
+20y0yt} + (v = Dol [As(2, ¥)pe)z + [As(z, y) o]y}, (2.56)

together with

2.57)
2.58)
2.59)
2.60)

e, = 0 on z=0, (
¢: = €Y?%sint on z=m, (
¢y = 0 on y=0, (
Oy = VwoTpgay(z) on y=m[l+vyau(z)), (
where
Ap(z,y) =1 + vpoas(z, y).

Again, we look for solutions that are synchronous with the forcing so that

Vo(z,y,t) = Vo(z,y,t + 2m). (2.61)
Equations (2.56)—(2.61) describe the basic model for non-dispersive resonance that

we will study in Part II.
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Part I

Resonant Oscillations In Deep
Water
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Chapter 3

Deep water sloshing, h > O(1)

The theory of water waves in a rectangular tank where the ratio of the depth
to the length is of O(1) or greater has been widely studied. Many authors have
been interested in the lowest frequency of a standing wave in such a tank and
the effects of nonlinearity, depth and surface tension on the frequency predicted
by linear theory. A discussion on the development of this problem was given in
the introduction. In particular, we refer to the work by Penny & Price [59] and
Tadjbakhsh & Keller [70] who calculated the possible frequencies for fluid of infinite
and finite depths respectively. All the theoretical results were concerned with the
lowest eigenfrequency.

We consider the problem of oscillating such a tank, as outlined in the last chap-
ter, and in such a way that the response is described by the fundamental eigen-
mode. This will only happen if the other eigenfrequencies are non-commensurate
(and hence do not have period 27), i.e. if

An,m tanh(A, mh)
tanh A

#k* Y (n,m) #(1,0), (3.1)

where k is an integer, which will clearly almost certainly hold. We will see in
Section 3.4 that introducing surface tension makes it easier for the second or third
modes to be commensurate. For zero surface tension, Concus [20] has remarked
that, for (n, m) large, (3.1) breaks down, but in this regime damping will cause this
high-frequency mode to die down. Hence, in almost all cases in this chapter, it will
be assumed that only the fundamental eigenmode (or modes if the fundamental

frequency is degenerate) is excited to leading order.
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The main part of this chapter is concerned with the effect on this response of
small geometric variations in the tank. Throughout, as we remarked at the end of
Section 2.1, we concentrate on variations in the back wall of the tank and take a
flat base (so 10 = 0) because any base variations were shown by Waterhouse [76]
to have no novel effect for & > O(1).

Hence we start in Section 3.1 with the linear solution showing how the solution
changes form dramatically as the breadth approaches some integral multiple of the
length, and to illustrate this change we concentrate on the case of a tank with a
square horizontal cross-section. In Section 3.2 we then study how the nonlinearity
alters this solution when Ao ~ O(%/3).

These two sections stress the importance of the possible degeneracy of the fun-
damental frequency. However, as an aside, we consider in Section 3.3 a special case
that arises in the two-dimensional problem when the depth approaches a critical
value and the deep water model, (2.31)—(2.37), breaks down.

Finally, in Section 3.4, we present a summary of the above situations and also
remark on the effects of surface tension. In particular, we see that the possibility of
the second or third modes being commensurate with the fundamental can change
the leading-order solution. These special cases are useful in bridging the gap be-
tween the single mode responses considered in this chapter and the infinite mode

responses of future chapters.

3.1 Linear theory

When )¢ > £%/3 we are away from the regime discussed at the end of Section 2.1
where the nonlinear effects are important. Hence we can consider the model (2.17)-
(2.25) with the nonlinear terms being neglected. In the absence of any geometrical
variations (140 = o = 0), Ockendon & Ockendon [54] used this model and, by
applying the Fredholm Alternative at second order, found that the leading-order

solution was the eigensolution

4e

~ p— cos z cosh (z + h) sint, (3.2)

¢

which breaks down as g — 0.
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In this section we consider how wall variations (1,0 # 0) alter this linear re-
sponse and shift the resonant frequency. The leading-order response is O(e/)o) so

we expand ¢ and 7 in terms of Ao,

b= Somtbemto,
0
€

no= yotemtr,
0

and, for the geometrical variation to have a second-order effect, we take v, o ~
O(Xo). Substituting these expansions into equations (2.17)-(2.25) gives, to first

order,

Vi = 0, (3.3)

¢por = 0 on z=0,m, (3.4)

¢oy = 0 on y=0,bm, (3.5)

¢ = 0 on z=-—h, (3.6)

¢o, +tanhh g = 0 on z=0, (3.7)
Véo(z,t+21) = Vo(z,t). (3.8)

The boundary condition on y = br and the conditions (3.7) and (3.8) mean that
the form of the solution will depend on whether or not b is an integer. When b # {
(I € N) these two conditions can only be satisfied if ¢ is independent of y. If b = [
the situation is very different and we have a degenerate eigenfrequency because
w10 = woy, so that restriction (3.1) does not hold in the case (n,m) = (0,1). We

thus work with the new parameter by, defined by
b =1+ Aobo, (3.9)

so that, by setting by = 0, we get the problem of a tank with a square horizontal
cross-section! and, by letting by — oo, we arrive at the solution away from b = 1.
Using (3.9) the leading-order solution is simply

do = Acoszcosh(z+h)sin(t+a;) + Bcosycosh(z+ h)sin(t+ p)

= do1 + bo2 (3-10)

1This is qualitatively the same as the cases b = I so we will only consider the b = 1 case.
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where ¢y is a longitudinal wave and ¢q; a transverse wave and A, B > 0 and a,, 8
are the unknown amplitudes and phases. The free surface profile can then be found
from (2.23) to be

no = —sinh A{A cos z cos (t + ) + B cosy cos (t + B1)].

We find the unknown constants by considering the O(e) terms in (2.17)—(2.25)

which are

V24, = 0, (3.11)

¢1 = sint on z =0,m, (3.12)

¢y, = 0 on y=0, (3.13)

b1y = n%‘w:oaiu(:v)%m——w[bo + %aw(m)]%yy on y=m,(3.14)

¢ = 0 on z=—h, (3.15)

¢1. + tanh hopy;; = —tanhhgoee on z2=0, (3.16)
Vi (z,t+21) = Voi(,t). (3.17)

The idea now is to find a solvability condition on the ¢; problem to determine A
and B. We do this by using the Fredholm Alternative — we multiply (3.11) by all
the solutions to the homogeneous problem (3.3)-(3.8) and then integrate over the

whole domain; in other words we consider

/:m/ / / V2¢, cos z cosh (2 + h) { } dzdzdydt = 0. (3.18)

Integration by parts and the use of (3.10) and (3.11)-(3.17) finally yields sina; =
sin 8; = 0 and

Aeoson 1y + iuﬂG(h)/ w(z)cos2zdz

mcoshh
V2 sinh A + hsechh

U

T 2
w0
YL G(h) w[sinh h + bo(sinh k + hsechh)] </0 au(2) cos :vd:v) » (3.19)

A cos o Uyo(sinh h + hsechh)

w( d )
B cos fr = Ao [sinh k + bo(sinh k + hsechh)] Jo a ) coszdz, (3:20)
where
hsechh + sinh h
h) =
G(h) sinh h
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Hence a; and 3, are either 0 or 7 and are chosen so that A and B are always
positive. The response (3.10), where A and B satisfy (3.19) and (3.20), is always
similar to a generalised simple harmonic motion, i.e. ¢ ~ f (z,y)sint/)\o for some
function f.

We now consider the two limiting cases individually and write a,,(z) as a Fourier
series,

o0

ay(z) = E ~Ywn COS NI, (3.21)

n=1

where, because we use (3.9), we have taken .0 = 0.

3.1.1 Solution away from degeneracy

The solution away from b = 1 is found by letting by — oo in (3.19) and (3.20) which
yields

doosan cosh h + M(cosh h + hcosechh)y,; , sina; = 0.(3.22)

B =
0 ’ TA 2/\0

This is just the same linear response as when a,(z) is constant except that the

resonant frequency is shifted from Ay = 0 to where
Ao cosh h +%(cosh h + hcosechh)yy,2 = 0, (3.23)

so, unless b ~ [, any change in the geometry is equivalent to a shift in the funda-

mental frequency by O(Xo).

3.1.2 Close to a square horizontal cross-section

For by ~ O(1), the leading-order solution consists of a longitudinal and a transverse
mode of comparable amplitude. We take as a measure of the overall amplitude
A= (A+ B)/Xo and this is illustrated in the case by = 0 in Figure 3.1 for A = 1.5
and a! (z) = 2z. We see from (3.19) that the resonant growth in the figure is close

to the spectral lines

4Xo — 2 2 \1/2
VwoG(h) - Yw2 :t (711/2 + 47w1) ? (324)

and we note that this is independent of the choice of amplitude. For by # 0, we can

picture the response in the following way. If we consider viewing the response in
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w10 W20 W30

Natural
Frequencies

Figure 3.2: Change in the values of the natural frequencies of a tank of nearly-square
cross-section as v, increases. '

3.2 Nonlinear response

As Mg — O(e*?) we found in Section 2.1 that the nonlinear terms contain the
resonant growth witnessed in the last section. In this regime we use the model

(2.31)—(2.39) and now expand the velocity potential and free surface height in

powers of /3,

bs = do+e3b +3hy -1, (3.25)
na = no+elPy+e Pt (3.26)

Substituting these expansions into (2.31)—(2.39) we again find that, to leading order,
¢o satisfies equations (3.3)—(3.8). To bridge the gap between tanks of square and

non-square cross-section, we this time write
b=1+ &3,

(so, from (3.9), by = Agbo) and so we again take vu0 = 0.

Hence, as before,

¢o = [Acoszsin(t+ a;)+ Bceosysin(t+ B1)]cosh(z + h), (3.27)
no = —sinhh[Acoszcos(t+ a1)+ Bcosycos(t+ f1)], (3.28)
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where A, B > 0, but when we now proceed to O(e'/3), we have the homogeneous

problem
Vi = 0, (3.29)
$1z = 0 on z=0,m, (3.30)
¢y = 0 on y=0,m, (3.31)
¢ = 0 on z=-—h, (3.32)
_/07r _/oﬂmdmdy = 0, (3.33)
Véi(e,t+2r) = V(e,t), (3.34)

together with

b1z = Mt + PozNozr + DoyMoy — NoPozz,
m + tanh h¢1t = —tanh h(770¢0tz + %¢0z2 + %¢0y2 + %¢0z2), (335)

on z = (. This has solution

¢$1 = [Ccoszsin(t+ az)+ D cosysin(t + B;)] cosh (z + k)
+ [A1 cos 2z cosh 2(z + k) + A3]sin 2(t + a;)
+ [Az cos 2y cosh 2(z + h) + A4]sin2(¢ + (1)
+As cos z cos y cosh V2(z + h)[sin (t + 1) cos (¢ + B;)
+sin (t + B1) cos (¢ + au)] + Bot,

where
—3A? —3B? A?
= a2 =———>— , Az="—=(1+4sinh’h
A= Toenb?h 2T T6emn’h 3= 7g (L +4sinhA),
B? . ABsinh h(1 — 2sinh? h)
Ay = —(1 +4sinh®h) , A= ,
‘T 16 (1+4sinh”h) ° V2 sinh v/2h cosh h — 4 cosh v/2h sinh h

C, D, a; and 3; are arbitrary constants, 7; can be determined from (3.35) and

condition (3.33) implies that

o = —é(A2+B2).
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Examining the O(¢?/®) terms leads to the inhomogeneous problem

Vi, 0,

¢2; = sint on z=0,m,

¢y = 0 on y=0,

b2y = TVwiay,(Z)Poz — T[ba + Vwatw(z)|doy, on y = m,(3.36)

¢2: = 0 on z=—h,

V¢2(€B,t + 27!') = V¢2(1§,t),
and, on the linearised free surface z = 0,

b2 = N2t + NoPozzNoz + NoPoyzNoy + PozThe + Pra7os
+doyy + G1yMoy — MPo — 2n5b0s — Nob1zz,
M2 + tanh hep;y = —tanh h(nidos: + 31gbor + Nobusz + NodosPoss
+ P01z + NoPoyPoy: + PoyP1y + MoPodo: + Po:P1: + Aadot).

We again employ the Fredholm Alternative on this problem and find sina; =
sin 8, = 0 and

4 tanhh = [vaL(h)A + MgAsinhh + H(h)A®+ J(R)AB?) cos oy
e
+vwa K (h)B cos G4, (3.37)
0 = [bgM(R)B + AgBsinhh + H(h)B? + J(h)BA? cos
+vya K(h)A cos ay, (3.38)
where
H(h) = ;—;sech2hcosechh(9 + 15sinh?h — 8sinh®h),
M(h
K(h) = —%'ﬁula
M(h
L(h) = #’Y’uﬂ’
M(h) = sinhh + hsechh,
1 J(h
Jh) = < (h)

8 (v/2 cosh A sinh V/2h — 4sinh h cosh \/§h) sinh A cosh® A’
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J(h) = —29v2cosh®hsinh v/2h + 52cosh*h cosh v/2h sinh h
+9v2 cosh” hsinh v/2h — 40 cosh v/2h cosh? A sinh k
—20 sinh h cosh® h cosh v/2h + 31v/2 sinh v/2h cosh® A
+8 cosh v/2h sinh A — 11/2 cosh h sinh v/2h,

and we again have oy and §; equal 0 or m where the phase is determined by the

requirement that A, B > 0. We now consider the two limiting cases separately.

3.2.1 Solution away from degeneracy

Letting by — oo we find that sina; = 0 and
A [,\d sinh h + %(sinhh + hsechh)m] + H(h)A® = % tanhhcoscy. (3.39)
In two dimensions, with 1,4 = 0, this equation becomes
% tanh h cos ay = AgAsinh h + H(h)A3, (3.40)

which is the result found by Ockendon & Ockendon [54], and this response is of the
same form as the response of the undamped Duffing equation, (1.1) with k& = 0.
The most notable feature of (3.39) is that H(h) changes sign at a certain depth
(h =~ 1.06), so the response looks like a hard spring when H < 0 and a soft spring
when H > 0. This is shown in Figure 3.3 for the simplified response (3.40). A
discussion of what happens when H(k) = 0 will be given in Section 3.3.

The response (3.39) can be visualised by plotting A against A\; and v,q as in
Figure 3.4 where we have again taken h = 1.5 and | (z) = 2z.

The stability of the branches in Figures 3.3 and 3.4 can be found by introducing
a slow time-scale (in the same way as Cox & Mortell [22] did for shallow water)
and seeing how small perturbations to the original response behave. It is easiest
to consider the stability of the two-dimensional response (3.40) as the details for
the stability of (3.39) will be the same but more convoluted. Hence we introduce
the slow time-scale 7 = €/3t and consider a multiple time-scale solution of (2.31)-
(2.39) with a,(z) = 0 and using the expansions (3.25) and (3.26). The leading-order

problem is the same as before and the solution is now
do = (A(7)e' + A(r)e™™) cos x cosh(z + k),
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Figure 3.3: Classic Duffing-like response for (3.40).

(so that when A is independent of 7 we have A = 1A(cosa; — isina;)). The
second-order problem is again the same so the details will not be repeated and
the third-order terms this time yield a solvability condition which is an evolution
equation for A in terms of the slow time-scale 7. The details of the calculation are
the same as before and the result is

AaAsinh h — Zi%é sinhh + 4H(h)A*A = —72; tanh A, (3.41)

which is the same as (3.40) when A = ] A(cos a; —isine; ). To see whether solutions

of (3.40) are stable we write 4 =  A(cosoy —isinay) + 8A; +0(8?%) (5 « 1) where

A satisfies (3.40) and this results (to O(d)) in

dA; H(h) o, =
22—87 = /\d-Al + mA (.A] + 2.A1)
This has growing solutions when
Agsinh A
—— < -1 4
S HR)Az < (3.42)

Hence the portions AB and CD in Figure 3.3 are unstable. The corresponding

instability in the response when geometrical effects are included will be along the
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Figure 3.5: Response diagram for the nonlinear solution in a tank with a nearly
square horizontal cross section: (a) amplitude against 2,4 when Ay = 0 and (b)
amplitude against Ay when v,q = 2
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increases it is clear that the right-hand branch moves off and eventually disappears
leaving the standard Duffing response of Figure 3.4. This can be seen graphically
in Waterhouse [76].

To understand how the geometry causes a transverse wave in this case (and in a
similar way in the linear problem of Section 3.1.2) we notice that the forcing in the
horizontal direction of strength O(¢) causes a resonant wave of amplitude O(¢*/3) in
the z-direction. This then interacts with the first Fourier component of ay(z). The
geometric coupling is O(€?/3) which, coupled with the O(¢!/3) longitudinal wave,
provides an O(g) strength forcing term in the transverse direction. Thus, when
b = 1, both the transverse wave and longitudinal wave are excited and both with
the same forcing strength.

Of course, this excitation of a transverse mode could simply have been induced
by taking a tank with no geometrical variations and forcing it in the y-direction as
well as in the z-direction. However, the interaction between the modes will not be
noticeable in the linear case and we would lose the resonant structure of Figure 3.1
where there are two lines of resonance. In the nonlinear case, if we took the forcing

in each direction to have the same amplitude and phase, the solution would be

4
MiAsinhh + H(R)A® + J(R)AB® = —tanhh,

4
M¢Bsinhh + H(k)B® + J(h)BA® = —tanhh.

T

However, we note that as A — 0, J(h)/sinhh — —1/4 whereas H(h)/sinhh —
—9/(32h?) so that the nonlinear interaction between the two modes is negligible
compared to the other terms®. The geometric variation, a,(z), provides a subtle
way of exciting a transverse mode which is coupled non-trivially to the longitudi-

nal wave, and this coupling remains in the shallow water limit as we shall see in

Chapter 5.

2The observation that it takes a cubic (as opposed to quadratic) nonlinearity to couple two
modes that have a different direction will turn out to be crucial in our shallow water discussions
of Chapter 5 where the nonlinearity is quadratic and these modes do not interact through the
nonlinearity but through the geometric variation.
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3.2.3 A pair of coupled oscillators as a paradigm for degen-
erate deep water sloshing

When we are away from degeneracy, Duffing’s equation, (1.1), acts as a paradigm
model for the interactions between the detuning, nonlinearity and forcing that arise
in deep water. Close to degeneracy, the simplest model that illustrates the results

we have found are the pair of oscillators,

4+ (1+ o)z +vwoy+22 = ecost,
G+ 1+ )y +rvwz+y® = 0,

which could be written as one fourth-order equation in either z or y and have
natural frequencies 1 + Ag &£ v,,0, indicating the degeneracy of the system for non-
Z€ro Vyuo. This pair exhibit the types of responses found in Sections 3.1.2 and 3.2.2
in the regimes Ao, vwo > €%/2 (z,y ~ O(¢/X0)) and Ao, vyo ~ €22 (z,y ~ O(e'/3))
respectively. We can now distinguish between the non-degenerate and degenerate
scenarios by taking v,6 = 0 and 1,0 non-zero respectively. Figure 3.6 summarises
the possible responses of this system for free (dark lines) and forced (normal lines)
oscillations in the linear and nonlinear regimes.

This picture helps to confirm the essential feature of the degenerate case which
is the splitting of the resonant frequency into two distinct values as v, increases.
The other features of the response mirror those of the non-degenerate case with the

linear free and forced oscillations being bent over by the nonlinearity.

3.2.4 Resonance of higher modes

It is fairly straightforward to adapt the theory presented here to describe the exci-
tation of modes higher than the fundamental. To do this (2.16) would have to be
changed to Q2 = (1 + Xo)w? ,, in order to elicit the (n,m)-mode and the equations
would need to be rescaled. We could then generate the motion using a wavemaker
at each end of the tank (see Section 5.3.2). However, the analysis presented for
the fundamental mode will be qualitatively the same as for these other modes.
Recalling Figure 3.2, we can see that when the frequency we are forcing close to
is non-degenerate (or, equivalently, when v, = 0), there is a single Duffing-type

branch whereas for a degenerate frequency we expect to see two branches as in the
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Non-degenerate (v, = 0) Degenerate (0 < vy < 1)

Amp. Amp.
A A
Linear
Oscillations
Ao > Ao
Amp. Amp.
Nonlinear
Oscillations
l Ao > )\o

Figure 3.6: Linear and nonlinear responses for non-degenerate and degenerate re-
sponses. The dark lines represent free oscillations and the normal lines forced
oscillations.
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above analysis. This has been seen for free, non-degenerate oscillations by Verma
& Keller [75] (for b = 1 and (n,m) = (1,1)) and by Bridges [10]. Also Tsai et al
[73] provided the solution for a forced tank in the special case of two-dimensional

motions.

3.3 Solution near a critical depth

The solution (3.39) breaks down when H(h) = 0 (which occurs at h = ho = 1.058)
and as Ay — 0. For simplicity we take 1,4 = 0, as in Waterhouse [77], and
concentrate on the effect of nonlinearity in this case. As h gets closer to ho it is
necessary to re-scale the variables and pose new expansions for ¢ and 7. To deduce

the correct scalings in this case, we put
h = ho + &%hy, (3.43)

where « is a positive constant to be found. Substituting this into (3.40) means that
A3e® ~ O(1) together with Age=?/3A ~ O(1) for all the terms to balance. Hence
A =¢e"2PA and Ao ~ O(e**D/3) s0 that

¢ ~ 13 A cos & cosh(z + h)sin (t + o). (3.44)

For any expansion of ¢ and 7 it is necessary that the nonlinear terms generate
cos zsint terms at O(1) so that the boundary conditions (2.18) can be accom-

modated. This means that the O(1) problem must involve odd powers of ¢y, in

other words the first term in an expansion for ¢ must be of the form e!/(2n+1)

(n=0,1,2,...). Coupling this with (3.44) shows that we must take (1—a)/3 = 1/5

or a = 2/5. Hence the scalings are
h=ho+e’5hy and Aee™® ~ O(1), (3.45)
where hy is O(1), together with the expansions
b = Y3 + e3¢y + €3¢y + e3¢s + ey + - - (3.46)
and
n =m0+ P +Pna + ePns +ena -, (3.47)
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so that near ho the amplitude of the response grows from O(£!/3) to O(e'/%). Substi-
tuting (3.45), (3.46) and (3.47) into equations (2.17)-(2.25) and comparing O(¢'/%)
terms leads to the same first-order problem as before, and so the leading-order

solutions are

$#o = Acoszcosh(z+ h)sin(t+ ay), (3.48)
no = —Asinhhcoszcos(t+ a), (3.49)
but now to determine A it is necessary to find a solvability condition on the problem
for ¢4 and n4. We omit the problems for ¢;,¢; and ¢3 and just give the results
which are
¢1 = BCisin (t+ az) + A*(0.46 — 0.12C;)sin2(t + o) — (A?%/8)t,
¢2 = CCysin(t+ a3) + AB(0.93 — 0.23C;)sin 2(t + o1)
+A3(—0.59C; + 0.004C3) sin 3(¢ + a;) + 0.01A3C; sin (t + o)
—(AB/4)t + Ah; cos z sinh(z + ho)sin (t + a1),
DC; sin (t + a4) + ([0.26A* — 0.23AC + 0.30h; A? — 0.12B%]C,
+0.004A%C, + [1.02h; A% + 0.46 B*> 4+ 0.60A* + 0.93AC)) sin 2(¢ + 1)
+A?B(—1.76C; + 0.01C3) sin 3(t + a1) + A*(0.001C4 + 0.15C,
+0.13) sin 4(¢ + a1) + 0.03A%BCsssin (t + o)
+ Bh; cos z sinh(z + ho) sin (¢ + o)

?s

—0.23h; cos 2z sinh 2(z + ho)sin2(t + ay),
where B,C, D, ay, a3 and a4 are arbitrary constants and
C. = cosnzcoshn(z+ hy) n=1,2,3,4.

The 7; (i = 1,2,3) can then be found from equation (2.22). Next, considering the
O(1) terms from (2.17)~(2.25), it is found that

Vi = 0, (3.50)

¢4z = sint on z=0,m, (3.51)

$s: = higa; on z=—ho, (3.52)

4, + tanh hodss = F(z,t) on z=0, (3.53)
Vos(z,2,t) = Vu(z,z,t+2m), (3.54)
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where F is a combination of ¢; and #; (i = 0,1, 2,3) given by
F(z,t) = F(z,0,t)—tanh ho%Fz(z, 0,1)
+h1(tanh2 ho - 1)%}7‘3(27, 0, t)
~4/5 2 2 62¢0
— tanh ho[)\oE + hl(tanh ho - 1)]7t2—($,0,t),
and

Fi(z,2,t) = n26osamos + nomidoznos + &M6%0z=T0z + M1 PozsTiz + M 1osToz
+ 370 PozMz + 3o P1zz20z + MoPozaTez + MoBazzToz + ToPresTis
+@3sMos + PozN3z + Pramez + Pazthz — N3bo — NoNa2bo. — 2020,
~3MMmPo = 3576 P0z — M2P1zz — MoM Plezs — 113 b1szze
—M1P222 — %U&‘ﬁzzu — NoP3z2,

Fy(z,2,t) = 3otz + nomador + 37 bot + nimdor: + Lndor + n2dbuss
Mo P12 + éﬂgdhmz + mea. + %ngcbzm + NoP3tz
+12P0:bocz + Mo Pag, + Nomde, + %Wg%xz%z
+MPoczP1z + Mbocbizz + SMePocbic + Nadbor:Pras
+ 216 PoePizzz + NoBrzProz + NoPozzP2e + MNoPozdazz: + PorPas
+¢12$22 + M2do.Po + MoMm P + Nom b, + 2 s dodo:
+Mmdod1: + Mbo:b122 + %U§¢0z¢1z + Nododras + %n§¢0z¢1zu
NoP1:P122 + MoPoP2z + NoBozb2zz + Po:P3z + D122z,

F3(z,z,t) = Mo + 3750t + Nod1ez + 2t + NoPozPozs
GozP12 + NoPozPo + Po. P12

Using the Fredholm Alternative on (3.50)—(3.54) gives the solvability conditions
2 2w . 4
— / F(z,t)coszsintdzdt — 0.62h;C = — tanh hy, (3.55)
2 Jo Jo m

and sin oy = 0. Substituting the expressions for ¢; and 7;, 7 = 0,1,2, 3, into F' and

using (3.55) finally yields

_ . 4
Xoe~4/® Asinh ho + ARy H'(ho) + 1.80A° = —tanh ho cos . (3.56)

40



15

0.5

—4/5

Figure 3.7: Response based on equation (3.14) showing the transition from soft to
hard spring.
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Figure 3.7 shows plots of the response A against Aoe~%/5 for h, ranging from 1 to
—95. It is clear that close to either side of this critical depth the large amplitude
response is like that of a soft spring. As h; decreases through —2.98 the number of
solutions changes from 3 to 5 and the hard spring response begins to emerge. When
hy is very large and negative the large amplitude branches move off to infinity and
the response will look like Figure 3.3 for H < 0. This can also be seen by taking
the limit of (3.40) as & — ho. To do this we write A = ko + €2/5h; in (3.40) to get

Xoe~ 3 Asinh ho + 2/ A3h, H'(ho) + o(e*/®) = 4 tanh ho cos a;,
m

which matches (3.56) as h; grows to O(e?/%) with A = g2/15A.

3.4 Summary of results and surface tension ef-
fects

In this chapter we have concentrated on the resonant response due to the excitation
of the fundamental eigenmode and, in particular, the change in this response when
the fundamental frequency is degenerate. We considered three detuning ranges,
namely Ao > ¢%/* when we have a linear response, Ay ~ £%/> when the nonlinear
terms contain the resonant growth and Ao ~ &¥° because the one-dimensional
solution breaks down at a critical depth. These three cases represent the first five
entries in Table 3.1 which summarises the different resonant regimes.

The other entries in the table pertain to the excitation of more than one longi-
tudinal mode. This is the situation we will now discuss and it is of interest because
it provides a stepping stone towards the infinite mode responses encountered in
Part II and, in particular, will be useful in the general discussions of Chapter 6.

For the eigenfrequencies wy o or wsp to be commensurate with the forcing fre-
quency we need to introduce surface tension into the problem. We discuss the effect
of surface tension on the two-dimensional deep water model (where v,q = 0) and
derive the form of the response in Appendix B. We see that there is a breakdown
in the solution procedure for values of o (where o measures the surface tension)
given by (B.7) and (B.8) and, from (B.1}, we see this corresponds to wzp = 2wi

and ws o = 3w10 respectively. We now discuss the form of the response when either
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Type of Wave Detuning Size | Breadth | Amplitude
b
Longitudinal Wave® | o> O(e?3) | #n O(e/Xo)
Longitudinal Xo > O(e%3) 1 O(e/ o)
and Transverse Wave®
Longitudinal Wave® | Ay ~ O(e?/?) #n O(e'/3)
Longitudinal do ~ O(£%/3) 1 O(e'/3)
and Transverse Wave®
Longitudinal Wave®® | X ~ O(e*/P) #n O(e'/5)
Longitudinal Waves? | A ~ O(c'/?) | #n® 0(61/ ?)
Longitudinal Wave’ | Xy ~ O(e¥/%) # n® O(e?®)
Longitudinal Waves? | Ao ~ O(e?/3) | # n® O(e'/3)

%¢o = Acosz cosh (z + h)sin (¢ + o).

b$o = (Acosz sin(t + a1) + B cosysin(t + £1)) cosh (z + k).

°Critical depth at k = 1.06 such that H(h) = 0.

4%y = Acosz cosh (z + k) sin (t + 1) + C cos 2z cosh 2(z + h) sin 2(t + as).
eCritical balance between depth and surface tension, 3¢ = tanh? h.

f¢o = C cos 2z cosh 2(z + h) sin 2(t + a).

9¢o = Acosz cosh (z + h)sin (¢t + a1) + D cos 3z cosh 3(z + k) sin 3(¢ + a3).
hCritical balance between surface tension and depth, o = (1 4 3 coth? k)~1

Table 3.1: Different parameter regimes for resonant sloshing.

of these conditions hold (Peake [58] carried out a similar calculation in the acoustic

case).

3.4.1 Second eigenfrequency commensurate with first

When (B.7) holds®, we have w9 = 2w; o and (3.1) is violated for (n,m) = (2,0).
This is the well known “ripple” depth first noted by Wilton [78] in his analysis of
standing waves®*. The leading-order response will be a combination of a sint and
a sin 2¢ term so that we only need to go to second order to generate sint terms to

balance with the forcing. Hence we consider the regime Aq ~ O(e/?) and write

o(1),

3Note, in practice, this happens only for small h. For water, I =0.074 Nm~!, p=1gcm™3
and the dimensional depth hL is then approximately 0.15 cm regardless of the length. Hence the
length to depth aspect ratio is only O(1) for tanks of short length.

41t is at this critical depth where dispersive and surface tension terms balance in the shallow
water problem. This leads to the idea of a ripple-tank where the depth is chosen to be at this
critical value and this can be exploited in experiments, where the ripple-tank is used to illustrate
sound propagation (see, for example, Lighthill [40]}. (Of course, as h — 0, the leading-order
solution comprises an infinite set if modes and not just the first two, as we shall see in the next

chapter.)

do = Aet? |
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in (2.17)~(2.25), and expand ¢ and 7 in powers of £!/2,

b = Mgoteqi+eos,
n = epotem+--.

The leading-order problem is the same as in previous sections, but this time the

solution is

¢o = Acoszcosh(z+ h)sin(t+ o)
+C cos 2z cosh 2(z + h) sin 2(¢ + o) (3.57)
Mo = —Acoszsinhhcos(t+ a;) — C cos2zsinh 2h cos 2(t + az), (3.58)

where A,C > 0. Proceeding to the second order we retrieve (B.4) except that now

¢1z =sint on ¢ = 0,7 and the penultimate equation becomes

(1 — o)m + tanh h(d1: + Ador + Mootz + %(¢gz + #2,)) = 0Noez on z=0.

The Fredholm Alternative then implies that sin oy = sin 2a3 = 0 and

AC 9 4
AAcosoy + —5 €08 a €S 203(1 + 2cosh”h) = p——— (3.59)
_A? L
/\C COS 2(12 = m(3 + 2 smh h) (360)

Figures 3.8 and 3.9 show plots of A against A and C against X respectively. There
are some interesting features which arise due to the interaction of these two modes.
Firstly, both responses exhibit the bending over reminiscent of the Duffing response
and there are two branches as in the case of Section 3.2.2. More intriguing is what
happens as A — 0 and we force the tank at exactly the fundamental frequency. As
A — 0 the size of the first mode, A, approaches zero and the size of the second mode
grows. Indeed as A = 0, C ~ O(A~1/3) and the solution will just contain the second
mode. As C grows the term C® will grow and eventually come into (3.60). When
this happens we will need to balance A%, C* and AC and for this to be possible
the leading-order response will be O(¢%/%) in the detuning range Ao ~ O(¢%/®). The
result is expected to produce a Duffing-like effect on the solution C in this range

so that the singular behaviour of C in Figure 3.9 is bent over by the nonlinearity.
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Figure 3.8: Plot of the size of the first mode in the special case when the first two
modes interact.
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Figure 3.9: Plot of the size of the second mode in the special case when the first
two modes interact.
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3.4.2 Third eigenfrequency commensurate with first

When (B.8) holds the third mode is now commensurate with the first (w30 = 3wi )

and the leading-order response will be
¢ ~ &'/3(A cos z cosh(z + h)sin (¢ + 1) + D cos 3z cosh 3(z + h) sin 3(¢ + az)),

in the detuning band A = €%/3),. The solution will be of the form

4

mwcoshh’
(MaD + a4D* + a5A2D) cos 3az + a6A%cosa; = 0,

(AgA + a, A% + azADZ) cosay + azA’D cos 303 =

where a,,...,as depend on h only and sin a; = sin 3a3 = 0.

The two cases considered in Sections 3.4.1 and 3.4.2 show that, as more eigenfre-
quencies become commensurate with the fundamental, the leading-order solution
may contain more than one mode. Indeed, if the first n eigenfrequencies are com-
mensurate then the response contains the modes associated with these frequencies
with their amplitudes satisfying n coupled cubic equations. Clearly the type of re-
sponse becomes more complex and in Part II we will see how the response changes
as n — 00.

Finally, we note that the effect of damping on all the responses listed in Table 3.1
will be to round of the resonant peaks in the same way as for Duffing’s equation

(see Figure 1.1).
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Part 11

Shallow water sloshing and
analogies with acoustic oscillations
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Chapter 4

One-dimensional solutions of the
problems of shallow water
sloshing and acoustics

We have seen in the last chapter that, when A > O(1) for a tank with a rectangular
cross-section, it is generally the case that only the fundamental eigenmode is excited
and at most, in certain special cases, two modes are excited. The key to why
only one or two modes are excited was seen to lie in the non-commensurability
of the spectrum. In this chapter we will consider what happens when A <« 1
and the fundamental observation in this case is that the number of commensurate
eigenvalues changes from one or two to an infinite number. This can be seen simply
by considering (2.12) which, for A < 1, gives

1
2\ 2
Wnm ~ (n2 + %—) w10 + o(k),

S0 wno are all commensurate with w; ¢ and, when b = [, all w, ,, such that
m2
n? + = integer?, (4.1)
are commensurate. Hence the shallow water problem is very different from the case
h > O(1).
Historically, water waves in shallow water have been of great interest. After

Scott Russell’s [62] observation of a solitary wave, Kortweg & de Vries [37] derived

the scalings which led to the famous Korteweg-de Vries equation that determines
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the evolution of one-dimensional! wave packets and predicted the solitary wave
observed by Russell [62]. Another interesting feature of shallow water theory is
that, under the assumptions that the mean depth is comparable to the amplitude
of the surface waves but small compared with the wavelength of the waves, Euler’s

equations can be written in the form
0 0
[—a—t' + (u :l: S)'g;] (u :f: 23) = 0,

(in dimensional form) where u is the velocity and s = /gf] (where 7j is the depth
of the fluid). This form of the equations is the same as for homentropic one-
dimensional gas dynamics if we identify s with the speed of sound, a, and set the
ratio of specific heats, v, to be 2 (see, for instance, Stoker [66] or Whitham [79]).
For small amplitude disturbances both problems thus satisfy the one-dimensional
wave equation. We have to go to second order to see the difference that dispersive
effects have on the shallow water problem and, even then, these effects can be
removed by introducing weak surface tension into the problem and considering the
“ripple depth” (see Lighthill [40]).

The resonance problem was tackled first by Chester [14] for one-dimensional
acoustic oscillations in a resonator with a piston at one end (see Figure 1.2(a)). He
showed that the leading-order velocity potential took the form g(t + z) + g(t — )

where g satisfies what is commonly referred to as Chester’s equation,
1.
A"+ (v +1)g'g" = —=sint, (4.2)
T

has period 27 and ¢’ has zero mean over one period. This equation provides the
fundamental building block for any analysis of either acoustic oscillations or shallow
water sloshing. The most interesting consequence of this equation is that, for
sufficiently small A, the solution contains a jump or shock. A unique solution is
found in this detuning range by considering a one-dimensional stability analysis of
the possible solutions (see Appendix A.1.2). This shows that perturbations to a

constant-velocity shock only die away when the shock is compressive, i.e. when ¢’

1Throughout the work on shallow water we will refer to solutions depending only on z and ¢
as one-dimensional and ones depending on &, y and ¢ as two-dimensional. Thus we regard one-
dimensional shallow water solutions as the limiting case of two-dimensional deep water solutions.
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decreases across the shock, and we use this condition for the shock solutions that
we will consider.

We can build additional physical mechanisms into this model. Dissipation can
be included through a viscous boundary layer in the walls of the resonator (Chester
[14]) or on the base of the tank (Chester [15]) in the form of a convolution term (see
Section 4.7). For shallow water (setting v = 2), Chester [15] included an integral
term representing dispersion but Ockendon & Ockendon [54] derived a generalised
form of (4.2) with a fourth-order derivative term representing dispersion and this is
identical to the highest-order term found in the Korteweg-de Vries equation. The
coeflicient of this fourth-order term, when weak surface tension effects are included,
was found by Johnson [33] to be o, — k%/3 (0, and & denoting the scaled surface
tension coefficient and depth respectively) and we regain Chester’s equation at the
ripple depth, o, = %/3.

The introduction of small area variations in the resonator was shown by Keller
[36] to introduce, on the right-hand side of (4.2), a convolution term between g and
the function representing cross-sectional area. The effect of this term on solutions
to (4.2) has been studied by Keller [36], Ockendon et al [57], Peake [58], Chester
[18] and Ellermeier [25], who all found that increasing the size of the area variation
decreases the ranges of A for which shock solutions occur. However, parameter
regimes emerged away from A = 0 where shocks were to be found. Ockendon et
al and Peake have shown how this ties in with the increasing destruction of the
commensurability of the spectrum as the area variation increases.

The goals for the rest of this thesis are thus as follows. Firstly, we wish to
carry out an analysis similar to that of Keller’s in the acoustic case to see how the
higher-order Chester equation derived by Ockendon & Ockendon for the shallow
water problem is altered by perturbing the base of a sloshing tank. Hence, in
Section 4.1, we formulate the shallow water limit of the problem given in Section 2.1.
The leading-order solution is found to satisfy the two-dimensional wave equation
and its form is determined by a solvability condition on the second-order problem.
However, when there are no variations in the back wall? (,0 = 0), we find that the

leading-order velocity potential is independent of y and is just f(t + z) + f(t — )

2We will consider the effect of wall variations in the next chapter.
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where f satisfies an integro-differential equation that we show to be equivalent to
Keller’s equation in the absence of dispersion.

We then concentrate on the nonlinear and geometric terms in this integro-
differential equation by ignoring dispersion. In Section 4.4 we recall the solutions of
Chester’s equation (found by setting 140 = 0) and then in Section 4.4.2 we analyse
the effect of geometric imperfections v0 ~ O(¢/?) on these solutions. The work
of Ockendon et al [57] suggests a finite mode response when v ~ O(1), but we
find in Section 4.5 that for special classes of geometry, the response still contains
an infinite number of modes.

In Section 4.6, we re-introduce dispersion and discuss its effects on the solutions
already found. Finally, in Section 4.7, we summarise the results in this chapter and

discuss the implications that dissipation may have on the solution.

4.1 Shallow water sloshing

4.1.1 Re-scalings

As we discussed in Section 2.1, the correct detuning regime when there are an infi-
nite number of commensurate eigenfrequencies is Ao ~ O(e'/2) where ¢ ~ O(e'/2)
(and the detuning balances with the nonlinearity and forcing at second order).

Hence we take
do= At A~ O(1). (4.3)
The correct depth scale can be found by considering the expression (2.16) for the
forcing frequency which, for b = ek (8 > 0), gives
02 = %eﬂn(l + Ae2)(1 + 2k2).
We choose 0 so that the dispersive term balances with the detuning, i.e. § = 1/4,

and we put

h=ke | Kk~ O() (4.4)
we also rescale z by writing z = €'/4z. The linearised free surface height is, from
(2.23) and (2.27),

n ~ (&/Xo)Asinhhcoszsint

~ e*Akcoszsint,
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in this regime and hence we scale ¢ and n by
¢p=e"2¢ , n=2¢%,

so that, in dimensional quantities, the surface height is O(¢%/*L) which is much
greater than the amplitude of the forcing which is O(¢L), but is less than the depth
of the water which is O(el/ 4L). Finally, we choose v and v so that the effect of
the back wall and base geometry comes in at the same order as dispersion. Hence

we write
vo = EY? | vwo = e? , wp v ~ O(1), (4.5)

although we could deal with stronger geometric effects and this will be discussed

in more detail in Sections 4.5 and 6.1.

4.1.2 Shallow water model

With these scalings, (2.17)-(2.25) become

<l_552 - _51/2($:m: + &yy)a (46)
s = e*sint on z = —ccost,m —ecost, (4.7)
¢, = 0 on y=0, (4.8)
&y = Vwbﬂ'el/zq-sxa:u(m) on y=bnrll+ Vw51/2au.'($)]’ (49)
$: = —wkedgah(z) on Z = —k[l+ueay(z)], (4.10)
Vé(z,y,e*z,t) = Vé (z,y,ez,t + 27), (4.11)
and, on z = e'/?q,
&E = 51/2ﬁt + 5¢_’zﬁx + 5¢_’yﬁyv (4.12)
2
7+ K (1 -~ %61/2 + 0(5)) (1 + )\51/2)
_ 1¢- - -
(645 [+ {B+8)]) =0 (4.13)
We now proceed to expand ¢ and 7 in powers of el/? as
¢ = ¢otelPhteppt--, (4.14)
7 = no+elmtent- -, (4.15)
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and look to find a solvability condition on the second-order problem, in much the
same way as in Chapter 3. Hence we first consider the O(1) terms arising from
(4.6)—(4.13) when (4.14) and (4.15) are substituted in. These are

¢02§ = 0’
¢z = 0 on z=—k,
¢ = 0 on z=0,nw,
¢0y = 0 on y= O,bﬂ',
Mo = —kK¢gr on 2z =0,
V¢0(.’L‘, yaovt) = V(bo(:l?,y, O,t + 271'),
and have solution
¢0 = A(II}, Y, t)) (416)
m = —kKA;, (4.17)
where A(z,y,t) is an unknown function which satisfies
A; = 0 on z=0,m, (4.18)
A, = 0 on y=0,brm, (4.19)
VA(,yt) = VA(y,t+2m). (4.20)
At O(e'/?) equations (4.6), (4.10) and (4.11) yield
¢122 = —¢Oz:c - ¢0yy,
¢1z = 0 on zZ=—k,
V¢l(w7y’ 0’ t) = V¢1($’ y? 0’t+ 27r)’
which can be solved to give
1
¢ = -3 (Age + Ayy) (2 + n)2 + B(z,y,t), (4.21)
where B(z,y,t) is an unknown function with
VB(z,y,t) = VB(z,y,t + 27). (4.22)
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Also, on z = 0, (4.12) gives at O(¢'/?)

¢12 = Tot,

which, using (4.17) and (4.21), results in A satisfying the two-dimensional wave

equation
Azz + Ayy - Att- (4.23)

Finally to O(c'/?) note that (4.7), (4.8) and (4.9) give

¢1. = sint on z=0,m, (4.24)
$1y = 0 on y=0, (4.25)
dy = bruy[Azay(z) — Ayau(z)] on y=bn, (4.26)

and, on z = 0, (4.13) gives

Ii:2

m + ke + ()\ - ?) Pot + g (¢(2):c + ¢(2)y) =0. - (427)
The O(e) terms in (4.6) and (4.10) are

¢222 = "'¢1mm"‘¢1'yy,

b2z = Usk[Pozzas() — dosay(z)] on Z=—k,
which imply that
boe = 2 (Avase+ 2Asnyy + A) G+ 0 = (Bez + B) (24 )
— [ Apd(z) + (Azs + Ayy)as(z)]. (4.28)
Also, from (4.12),
$2z = Mt + Goztos + PoyToy — MoPrzz on 2 =0, (4.29)

so combining (4.27) and (4.29),

2

bz = —Kbra+ (% - )\) dott — KPozPoct
_K'¢Oy¢0yt + ¢0z770z + ¢0y770y - 770¢1zz on z=0.
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Using this with (4.16), (4.17), (4.21) and (4.28) we find that B satisfies the following

non-homogeneous two-dimensional wave equation,

K,z

3
2

+ ()\ - ?) Ap + 2A Az + 2A,Ay

—wlay(z) Az + ap(z) As), (4.30)

B:c:r: + Byy - Btt = - (Aa:z:vz + 2A.1:a:yy + Ayyyy) + AtAtt

and conditions (4.24)-(4.26) and (4.22) become

B, = sint on z=0,w, (4.31)
B, = 0 on y=0, (4.32)
B, = wbr|Aza,(z)— Ayau(z)] on y=bn, (4.33)
VB(z,y,t) = VB(z,y,t+2r). (4.34)

Hence, to determine the leading-order response, we need to find a solution of

Az + Ay = Ay, (4.35)
A, = 0 on z=0,m, (4.36)

A, = 0 on y=0,bm, (4.37)
VA(z,y,t) = VA(z,y,t+2r), (4.38)

such that a solution to (4.30)—(4.34) exists.
We will return to this fully two-dimensional problem in the next chapter but
for the rest of this chapter we set v, = 0, so that the problem is independent of y,

and we have to solve the problem shown in Table 4.1 with

K,2 K,2
F(x7t) = _?Amxm: + ()‘ - —3') Att + 2A1:Aa:t
+AtAtt - I/b[a;(SC)A;,; + ab(iIJ)Att], (439)

and fl =1.

4.2 Acoustic oscillations

For the purpose of comparing the acoustic problem outlined in Section 2.2 with

one-dimensional solutions of the shallow water sloshing problem, we consider a
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Homogeneous Problem | Inhomogeneous Problem
Az — A =0 Biz — By = F(-’B,t)
A:=0 on z=0,n | B, = fisint on z=0
B,=sint on z=m
V A 2r-periodic in ¢ V B 27-periodic in ¢

Table 4.1: The one-dimensional problem for shallow water sloshing and acoustics
where F(z,t) is quadratic in A.

simplified problem by taking v,0 = 0 and ay(z,y) = a(z) in (2.56)-(2.61). Then,
putting

o =wme? |y~ 0(1), (4.40)

as in the last section, and expanding ¢ as
¢ = A(z,t) + 2Bz, t) + - -, (4.41)
we arrive at the same problem as in Table 4.1, where F'(z,t) is this time given by
F(z,t) = My + 2A: A0 + (v — 1) AiAy — nhay(2) A, (4.42)

and f; = 0.

4.3 Integro-differential equations for one-dimens-
ional problems

4.3.1 The Fredholm Alternative applied to an inhomoge-
neous wave equation

The paradigm problem for one-dimensional resonant sloshing and acoustics has
been shown to be given by the problems in Table 4.1. The solution for A(z,t) is
determined by applying the Fredholm Alternative to the inhomogeneous problem
for B(z,t). This is done, following the technique presented in Ockendon et al [57],
by multiplying the wave equation for B(z,t) by all the solutions to the homogeneous
problem for A(z,t), integrating by parts and using the boundary conditions to get

2n460 pr
/ v / F(z,t) cosnz cos n(t — 0)dzdt = —(1 + f1)msin §3n,, (4.43)
8 0
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for any . Summing (4.43) over all n and using the completeness relation (see

Lighthill [39])

> cosnzcosn(t—0) = —%+%(25(m+t—9—2nﬂ')
n=1 -00
+> 6z —-t+06- 2n7r)) , (4.44)

for 0 <t — 0 < 2m, we find
t+m t+2r
/t F(s—t,s)ds + /+ F(t+2m —s,5)ds = —2(1 + f1)sint. (4.45)
t+m

Peake (private correspondence) has shown conversely that starting from (4.45) it
is possible to satisfy all the orthogonality conditions inferred from the Fredholm

Alternative.

4.3.2 Integro-differential equations

We are now in a position to solve the problems for A(z,t) for both sloshing and

acoustic problems.

Shallow water sloshing

The leading-order problem clearly has the solution
$o = A(z,t) = fr + f-, (4.46)

where fiy = f(t £ z) and f is 2r-periodic. Thus we find (4.39) can be written as

Flo,t) = (50 4 70 4 (A _ —) "+ )

3 3
+2(f4 = O = O+ (L + O+ f2)
—wvlay(z)(fiy — fL) + an()(fL + 2], (4.47)

and using (4.45) yields
£ ) + (— 3+ 2 [ aops) (0 =370 ) = sine

3
- / " (25 + )[ay(s) — dj(m — s)|ds,  (4.48)
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where f is 2r-periodic and, because ¢ is a velocity potential, f is continuous or, by
virtue of the periodicity, f’ has zero mean over one period. Also, in the anticipation
of shock solutions, we require f’ to decrease across any shocks for the reasons given
at the start of this chapter (see also Appendix A.1.2). The detuning in (4.48)
is shifted by an amount proportional to the average value of the base variation
and this could have been predicted by the effect of small base variations on the
linearised fundamental frequency. The effect of the average base variation can
hence be removed by redefining A and from now on we assume this average is zero,
although we will renew our interest in this term when we consider the case v, ~ O(1)
in Section 4.5. We also note that the introduction of weak surface tension (see
Appendix B) just results in (4.48) with x2/3 being replaced everywhere by «2/3— o0,
(where o = /20, measures the strength of surface tension) and dispersive effects

are removed at the ripple depth, o, = k2/3.

Acoustic oscillations

We write the leading-order solution as
wo = g(t +z) + g(t — ), (4.49)

where g is 2m-periodic and is used instead of f to discern between the two problems.

A similar expression to (4.47) is found from (4.42) and (4.45) this time gives

A" + (14 Dd'g" + —sint = 2% ["[ai(r) - aim = DI/t + 2r)dr,  (4.50)
T

where g has period 27, ¢’ has zero mean over one period and decreases across any

shocks. We refer to this as Keller’s equation.

In the absence of dispersion, (4.48) and (4.50) are of the same form and we can
transform between the two using
1 1 1
3\ (2£2)} y (2(7+1))2
—_ , A= —) A, me— —|——] , (451)
9 (2(7 + 1)) d 6 4 3
where the acoustic variables are on the left and the fluid variables are on the right.

Hence all results for the sloshing problem in the absence of dispersion can be simply

related to the acoustic problem.
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4.4 Geometric effects in one dimension

We now focus our attention on the effect that the slowly varying geometry has on
the type of solutions that arise. Hence we will defer consideration of dispersive
effects until Section 4.6 by setting x = 0 in (4.48) (and hence we could be studying
(4.50)). To see the effect of non-zero vj we first summarise the solutions found by

taking 14 = 0 and then see how these solutions change as v, increases.

4.4.1 Basic solution

For v, = k = 0, (4.48) becomes

M) + 1) F(2) = —% sint, (4.52)

Chester’s equation, where f is 2r-periodic, f’ has zero mean over one period and
decreases across any shocks. Solutions of this equation can readily be found by

integrating (4.52) once and rearranging to give

(f'(t) + %)2 = 3—8—7; (cosz-;- + c) , (4.53)
where c is a constant depending on the value of A, chosen so that f’ has zero mean.
Thus, for continuous solutions, this is only possible for |A| > X* = £(96/x%)!/?
(where A = £X* corresponds to ¢ = 0) because ¢ must remain positive to ensure
that the right-hand side of (4.53) is positive throughout the period. Hence, for
|A] = A*, we have

o=

fiit) = ——g + (38; [coszé + c]) ’ ) (4.54)

where we take the positive root for A positive and vice versa. The condition that

f' has zero mean then yields

%ézi (—3%)5/0" (cosz—;- + c)i dt or A=+ (%)2 (1 + ¢)E([1 + ¢]*/?), (4.55)
where E is the complete elliptic integral of the second kind. Hence, given ¢ we can

find ) from a table of elliptic integrals (e.g. Byrd & Friedman [12]).
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For |A| < A*, we fix ¢ = 0 and construct a discontinuous solution, based on the
work of Betchov [6], where

t
8\z | cos=, —wT<t<t*
)2 2 ’ (4.56)

A
)+ = (— ¢
3 3w —cos 3, tr<t<m,

and t* is determined from the zero mean condition to be

1 71,3 %
=2 inj-{— .
arcsin [4 ( 5 ) A} (4.57)

Note that this unique solution has been found by enforcing the condition that f’
decreases across a shock (see Appendix A.1.2). Figure 4.1 shows plots of (f' +
A/3) for various values of A\. Shock solutions similar to those shown have been
observed experimentally by Chester & Bones [16], Bridges [8] (for sloshing) and

Sturtevant [69] (for acoustics).

4.4.2 Geometrical effects

Let us now consider (4.48) when « = 0 but v, # 0, that is

AF"(E) + 37 "() = —sint+ 22 [7 (25 + )lal(s) — aim — $)ds, (4.58)

which is just Keller’s equation (4.50) after the use of (4.51). The convolution term
on the right-hand side of (4.58) is, in general, difficult to deal with. However, there

are several cases when this equation simplifies and progress can be made.

(a) For an anti-symmetric base, aj(z) = aj(m — z), (4.58) clearly reduces to

Chester’s equation and the geometry has no effect to this order.

(b) For a parabolic base, aj(z) = 2z, (4.48) reduces to an ordinary differential
equation,
2
A"+ 3"+ Zsint = fzif.
T

This was solved numerically by Peake [58] to see where in the (A, 14)-plane
shock solutions occured. When v, = 0, we recall that the shock band is
given by |A] < A*. As v increases this shock region changes and new shock

regions, away from A = 0, emerge (as can be seen with forward reference to
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F'+A/3

Fr+r/3

Figure 4.1: Continuous and discontinuous solutions of (4.52).
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(c)

Figure 4.2). These shock regions take the form of “fingers” that get thinner as
Vs increases. The final picture, indicating the shock /no-shock interface, looks
like a finger centred on A = 0 with additional fingers attached to it, lying
along the lines A = —1,/(2n?), for all n = 1,2,.... These lines correspond to
the resonant growth of a single mode in the solution as v, = oo with A ~
as can be seen by writing, in this limit, f ~ 5 fo+ 1,73 fi +--- to get

48

2
~N—_— . q] t
f @y ot 722X + 1,)2(8) + 1)

sin2t4---.

If we write ay(z) and f’(t) as Fourier series,

ay(z) = D Ymcosnz, (4.59)
n=1
fi(t) = Y Ancos(nt + o), (4.60)
n=1
then (4.58) yields
? 3 "n2 2 Vp ke
Af +§(f) =c+ —TFcost— EZAn'ywncos(nt+an), (4.61)
n=1

where c is a constant. Note that only the even harmonics of ay(z) are im-
portant. This is because the boundary condition (4.33) has as its right-hand
side terms of the form A,a}(z) and the only resonant contribution from these
terms is due to the even terms in the Fourier series for ay(z). Progress can
now be made by taking a finite number of even harmonics in the Fourier series
for ay(z). Keller [36] considered the case vy, = 0 (n # 1) and Chester [18]
considered the case 42, = 0 (n # 1,2). Both analyses showed the emergence
of fingers in the (A,v)-plane and a generalisation of the limiting argument

given in (b) shows that these fingers lie close to the lines

A= _7;2"1/,,. (4.62)

To illustrate this effect we extend the method of Chester [18] to the case
Yozn = 0 (n ‘_ié 1’273)

62



Shock structure when vy, = 0 for n #1,2,3

We use the case where only the first three even harmonics of ay(z) do not vanish
to illustrate how progress can be made analytically on (4.61) and to confirm the
numerical predictions of Peake [58] and the asymptotic predictions of (4.62). Hence
we aim to find where in the (), 1})-plane the solution contains a shock. To do this

we consider (4.61) which, in this instance, can be written as

A\? 4 v
(f' + 5) = 3—7r[c+cost] - Eb['ybzAl cos (t + o)
+v4 Az sin (2t + az) + YreAs cos(3t + as)). (4.63)

Clearly, as in the last section, continuous solutions can be found for a fixed value
of v, in detuning ranges determined by the condition that f’ has zero mean and by
varying ¢. However, there will again be situations where no continuous solution can
be found and shock solutions occur. We have calculated these regions analytically
using a method similar to Chester [18] but the details are very involved so we do

not give them here. Instead, we illustrate the resulting shock pictures in two cases.

e We first confirm the numerical results of Peake [58] using a truncated Fourier

series of aj(z) = 2z. Hence we write

(where we could include further odd harmonics). The resulting (A, 1) picture
is shown in Figure 4.2 along with the approximation for ay(z). The region
between the solid lines (in the same sense as Figure 4.3) shows where shocks
occur. We also plot the result when v = 0 (the dotted line) to illustrate
how the introduction of the third even harmonic alters the structure of the

solution. The introduction of a third (thinner) finger can clearly be seen.

o Next we emphasise the decreasing importance of an increasing number of har-
monics in ay(z) by considering the case v2 = Y4 = 0 and we take 16 = 1
without loss of generality and this leads to the shock picture given in Fig-

ure 4.3 (where shocks are found in the shaded region). This should be con-

trasted with Chester’s [18] Figure 2(a) (only b2 non-zero) and Figure 2(b)
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Figure 4.2: Shock region and geometry when we approximate a; = 2z with its first
three even harmonics. The dotted line shows the corresponding shock region when
we include just the first two even harmonics.
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(only 734 non-zero). The shock-finger gets increasingly thinner and the effect
on the central shock region diminishes as we consider the cases b2, Yea and
Yes being separately non-zero. The inclusion of higher harmonics in ay(x)
clearly has weaker and weaker effects on the form of the shock region and the

response. This will be seen again in the asymptotic analysis of Section 5.1.2.

In both cases, the location of the fingers can be seen to lie close to the lines (4.62).

4.4.3 Proof that shocks must exist near \ = 0

Finally in this section, we note that it is very simple to see that, whatever ;, we
choose, shocks always exist in a thin detuning band near A = 0 for Yo ~ O(e/?).
The proof is straightforward if, considering (4.61), we note that any continuous

solution must necessarily be of the form

1

. }\ 9 vy [>) 2
fl= -3 +lc+ = cost — 3 D" Anozn cos(nt + ay) | . (4.64)
n=1

Now, when A = 0, the zero mean condition implies that

1

r [ 2
/ (c + 2 cost — 22 Z A Yoon cos(nt + an)) dt = 0.
T 2 =

-

This is the integral of something which must be positive and hence only holds if
the integrand vanishes almost everywhere. Hence we need the summation term
and the forcing term to balance and in this case (4.64) gives f' = 0 which, from
(4.60), implies that A, = 0 and this is in contradiction with the summation/forcing
balance. Hence, no continuous solutions exist near A = 0 regardless of the Yor-
However, it is also clear from (4.64) that, as v increases, the response will be
O(1/w) for the geometric and forcing terms to balance. Hence, although shocks
persist near A = 0 for any v, their strength diminishes as v, grows.

It is also apparent from the last subsection that other shock-branches exist. In
the special case aj(z) = 2z we saw that more and more branches emerge as the
number of harmonics in the geometry increases. It seems likely that this will also
be the case in more general situations and that the inclusion of further harmonics

in ay(z) will not remove these branches but increase the number of fingers in the

(A, v )-plane.
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Figure 4.3: Shock region and geometry when only y6 # 0.
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4.5 Stronger geometric variations

As we remarked in Section 4.4.2, geometric variations of O(g!/ ?) have no effect
when we restrict ourselves to forms of geometry, as(z), such that aj(z) = ay(m —
z) and, for the sloshing problem we also require a;(z) to have zero mean (see
(4.48)). Ockendon et al [57] have considered larger geometric variations by taking
v ~ O(e* %) and again retrieve Chester’s equation if ay(z) satisfies a further set
of restrictions. Hence, a special geometry, ay(x), begins to emerge as vy — 0(1)
where the spectrum remains commensurate and the leading-order solution satisfies
a Chester-like equation and may contain a shock in certain detuning ranges.

In general, of course, for 149 ~ O(1), the spectrum is likely to be non-commens-
urate and we expect a single Duffing-like mode. The possibility of these special
geometries is, however, a more interesting situation and it is the search for these
geometries that we are concerned with in this section. Hence, we consider the one-
dimensional sloshing and acoustic problems for v4g ~ O(1) and we see how the two

problems now satisfy different wave equations to leading order.

4.5.1 Acoustic oscillations in a resonator with varying sides

Taking v ~ O(1) in (2.56)—(2.58) with as(z,y) = ay(z) yields, to O(1),

Aj(z)
® Ab(m)Lp Pt ( )
wz:=0 on z=0,m, (4.66)

where Ay(z) = 1 + vgoas(z). It will be useful to consider this as a Stiirm-Liouville

problem and we write

Or = ’U($) eiwnt’
Ap(z)
to give
2
4y - U@ =0, (4.67)
dz?
v=0 on .’c=0,ﬂ', (468)

where the potential U(z) is given by
_3(4) A
T4 A} 24

U(z) (4.69)
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We are now interested in the question of which U(z) yield w, = n. Vasiliev (private
communication) has brought to our attention the following argument proposed by

Prof. Kotlyarov. Consider the problems

(i) v+ =U@)v=0, (ii) v"+ (va—U(z)) =0,
v(0) = v(7) = 0, v(0) = v'(7) = 0.

We now appeal to Theorem 3.4.3 from Marchenko’s [41] monograph: the pair
{As}, {vn} uniquely define the potential U(z) if and only if

—o< <A <r<Ah<...< oo,
and satisfy the asymptotic formulae
1 2
Am=n—2A+a, , v, = (n—§> —2A+b,,
where A is an arbitrary number and
[= o] [oe]
doal<oo , Y bl <oo.
n=1 n=1

Now we can put w? = A, = n?, n =1,2,3,... and v, = (n — 1/2)% + b, (where
A = [fU(z)dz = 0). The numbers v, can be chosen arbitrarily subject to the

condition
o0
T8 < oo,
n=1

and each different set of v, yields a different U(z) by the theorem. An infinite
subset of these U(z) has been found by Pdschel & Trubowitz [60] (whose work was
brought to our attention by Dr A. Holst) and are given by

2 L ™
Upe(z) = —l—d—log (1 + (e - ) /z 2sin? qsds) , (4.70)

w2 dz?
where ¢ is an arbitrary positive integer and p is an arbitrary real number.
The simplest case is when b, =0 (n = 1,2,3,...) or p = 0 and U(z) = 0. For
other b, or p, U(z) will be non-zero and solving (4.69) for the area variation As(z)

will present a formidable challenge. Hence we only consider the case U(z) = 0

which yields
(4.71)



the special geometry considered by Keller (36], who also showed that in this case,
po = (az +d)[g'(t + ) + g'(t — 2)] + alg(t — ) — g(t + 2)),

where g satisfies a Chester-like equation.

Note that if we take d =1 and a to be small then
vpoas(z) ~ —2az + - -+,

and we can see that for a ~ O(e}/?), v ~ O(e'/?), putting ay(z) = —2z means

aj(z) is even about z = Z. It is clear that the restrictions discussed above are

satisfied in this case and it seems reasonable to assume that (4.71) evolves from an
infinite set of restrictions found as vy increases from O(¢'/?) to O(1).

Finally, we note that Poschel & Trubowitz [60] have also shown that the re-
striction U(m — z) = U(z) leads to U(z) = 0 being the unique potential that yields
wn = n. This result ties in with the restriction that aj(r — z) = @{(z) because

taking a;(z) to be even about 7 /2 yields U(r — z) = U(x).

4.5.2 Fluid in a tank with a varying cross-section

In this case, with v ~ O(1), we use the method of Section 4.1.2 to find that, to

first order,

¢:=0 on z=0,m, (4.73)

where Af(z) = 1 + vpoap(z). We first write this in terms of ¥ (z) = As(z)pze™mt as
" + V(z)wly =0, (4.74)

v=0 on z=0,m, (4.75)

(V(z) = 1/As(z)) which is the same problem that arises for oscillations in a gas

with an initially stratified density®. This can then be turned into a Stiirm-Liouville

problem by using the Liouville transformation

u(€) = VV/4(z)i(2),

3This can be readily seen if we consider the one-dimensional equations (in dimensional form)
governing the gas flow,

pr+(pu)x = 0,
p(ur +vux) = -px,
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where
¢= [(vira,
to give
u’(6) + [wr — g(6)]u(€) =0, (4.76)
u(0) = u ( A V1/2(t)dt> =0, (4.77)

with

Ve B(V)?
1) =37~ 1ev5

We again look for when w,, = n and consider the case ¢ = 0 where

1

but we also need the boundary conditions to be at £ = 0,7 so that A and B, from
(4.77), are related by

B(Am+ B) = 1. (4.79)
Hence,

vioas(z) = (Az + B)* — 1,

pr+upx = a*(pr +upx),

where a? = yp/p. If we perturb this from an initial state including density stratification (Eller-
meier [25]) by writing

ao(eur(z,t) + ),
o(po(z) +epr(z,t) + ),
(
ao(

1

ol +epr(z,t) + ),
= dy ao( )+6(11(1' t)+ )

8 W v 8
=

where pg is the average initial density, a2 = ypo/po and u1, po, etc. are all dimensionless quantities,
and z = X/L and t = Go7/L are non-dimensional variables. The O(¢) terms in the equations of

motion can then be shown to yield
aZU1 _ 1 62u1

ot2 ~ po(z) Oz2’

so we can associate Ay (z) with 1/po(z).
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together with (4.79), and the leading-order solution will satisfy
%o =;[f(t+—””— —f(t- 52
°" (Az + B)® B(Az + B) B(Az+B) )|’
where f is unknown and has period 2. Note also that writing
B=1+¢'"2B, + 0(e)
gives, from (4.79),

Ao _251/231

+ O(e),
so that for weak variations
1/2 2.’17
vyoas(z) ~ 4e'/2B, (1 — == .
T

This gives 130 ~ O(e'/?), ay(z) ~ (1 — 2z/) which satisfies the condition ay(z) is
even about z = 7 and also the criterion that a,(x) has zero mean. Again, we see

this special geometry evolving out of a set of restrictions.

4.5.3 Other geometries

For completeness we have included a list of geometries where the spectrum can be
found explicitly (Table 4.2), although this is probably by no means a comprehensive
list. This gives the geometry Ay(x) for the acoustic case (Section 4.5.1) and the
corresponding eigenvalues, which are the roots of the equations given. The last
entry in the table is a result that can be found in Titchmarsh [72]. Note that we
can interpret these results in terms of the fluid case by calculating U(z) for each
Ap(z), work out the corresponding ¢(£) (noting (4.67) and (4.76) are of the same
form), and relate this back to As(z) (bearing in mind that the boundary conditions

must be at £ = 0, 7).

4.6 Dispersive effects

So far we have neglected the fourth-order dispersive term in (4.48). This term will,
in reality, be important in the sloshing problem although, as we have already noted,

it is negligible at the ripple depth (when surface tension is included).
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Ap(z) Eigenvalues
1 Wy =N
1 . =
(az + d)? n=n
z? tanw,T™ = w,T
T Jl(wnw) =0
af
Pl w":.; =—+ nz
sinz Wwi=(n+1)(n+2)

Table 4.2: Geometries with known eigenvalues.

For large values of x, the solution will be dominated by a single mode as can
be seen by writing f ~ k?2A*sint + O(k/3) with Ak?3 ~ O(1) in (4.48); this
solution matches the shallow water limit of the deep water solution (3.39). A more
detailed analysis of this matching is given in Section 5.2 for the two-dimensional
case.

The transition to this single mode response was discussed in detail in Ockendon
et al [56] and Johnson [33] and we now give a brief outline of some of their results.

We put

, A K2
f ——§+3+D(t),

to get

k:D" = g(D2 —u?) , u= [:—;-l;(cost +c2)]2 ,

where ¢, is a constant. The solution D? = u? corresponds to those discussed in

2

Section 4.4.1. For k small, we can seek solutions close to D? = u? except when D"

is large, and write t = to + &7 so that,

D 9, ., 4.
P '2‘(D - u*(; cp))-
Then as || — oo it is possible for D to approach the solution D = u that corre-

sponds to a saddle-point in the (D, D;)-phase plane. It is possible to construct a

solution which for the most part is near u but takes a finite number of excursions
away from this solution in the form of ‘spikes’ as seen on the slow timescale t. These

inner spikes can be matched to the outer solution D = u as long as u’ = 0 giving
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that the spikes can only occur at ¢ = nw. Ockendon et al [56] also showed that any
number of spikes can occur at ¢ = 0 but only 1 at t = 7.

These spike solutions lead to the possibility of multiple solutions in which the
shocks found in Section 4.4.1 are no longer present. The response diagram consists
of a collection of Duffing-like peaks centred around A = 0 and these peaks may
be rounded off by including dissipation. This response is then in good agreement
with Chester & Bones [16] (and, in particular, with their Figure 14). Further
analytical work on these dispersive effects has been carried out by Byatt-Smith [11]
and Reynolds & Cox [61].

It is worth noting at this juncture that the above analysis explains well the ex-
perimental results found by Bridges [8] who considered one-dimensional oscillations
of a tank containing water of a shallow depth. The dramatic variation in the type
of solution he observed, by only a small change in his parameter values, could be

due to the multiple solutions found for small dispersion.

4.7 Summary

We have formulated the model for two-dimensional shallow water sloshing that
will be considered in detail in the next chapter. In this chapter, however, we have
concentrated on one-dimensional solutions of this model and analogies with acoustic
oscillations. We have been mainly interested in the effects of base variations in the
tank on solutions of Chester’s equation. In the regime vy = 14¢'/2, our analytical
results for a truncated Fourier series representation for a;(z) confirm the previous
work of Peake [58] and show how the even harmonics of ay(z) relate to fingers
in the (A, 1) shock picture (which become progressively less significant for higher
harmonics). We also see the emergence of a single-mode response as v}, grows large
and this fits in with our intuition that, for 15 ~ O(1), the solution will just comprise
a single mode because the spectrum is no longer nearly commensurate. However,
an interesting class of tanks and resonators exist where, for 140 ~ O(1), the spectra
remain commensurate and shock solutions are expected. These special geometries

rely on solving an inverse eigenvalue problem and we have found, in Section 4.5,

cases where this is possible.
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For all the solutions considered, we must, of course, bear in mind the effect
of viscosity on the solutions. This will probably come in the form of a viscous
boundary layer in the base of the tank or walls of the resonator, and was first
considered by Chester [15] and later by Ockendon & Ockendon [54] who showed
that, using the assumption that the equations in the boundary layer are linear, the
boundary layer has thickness e3/* (assuming that Re ~ £%/2) and the resulting
change in the governing equation introduces the term

—mfl/z I 0 —1) gy (4.80)

w2

to the right-hand side of (4.48), where i = £~%/4(7Re)~'/2. The boundary layer
equations will not be linear in general and a correct analysis would require solving
Prandtl’s boundary layer equations but no attempt will be made to do this here.
Using the expression (4.80) for dissipation does, however, give good quantitative
results. In the absence of dispersion Chester [15] showed that the effect of this
damping term was to introduce an oscillation behind the shock and this was val-
idated experimentally by Chester & Bones [16]. Ockendon et al [56] also showed
this but did so by replacing the integral term by the more tractable term gf"’ on
the left-hand side of (4.48). When dispersion is included the effect of dissipation is
to round off the Duffing-like peaks as noted in the previous section. Keller [35] has
also given an account of the effect of viscosity on Chester’s equation, using (4.80)
to model viscous effects. Hence, in relating our results to any experiments, we must
take into account these effects and, as we are mostly concerned with dispersive free
problems, we expect our shocks solutions to be altered accordingly.

Finally, we note that two extensions to the models considered here are given
in Appendix C where we consider acoustic oscillations close to a higher natural

frequency and the evolution of the problem to a periodic response.
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Chapter 5

Two-dimensional solutions of
shallow water sloshing and
acoustics

In the last chapter we developed a model, (4.35)-(4.38) and (4.30)—(4.34), for two-
dimensional oscillations in shallow water but considered only one-dimensional so-
lutions. In this chapter we will highlight some aspects of fully two-dimensional
solutions in shallow water. To do this we let v, # 0 and ignore base variations by
putting v, = 0 as this adds no interesting differences. It is fairly clear from the anal-
ysis of Section 4.2 that a similar model arises for the acoustic oscillations described
in Section 2.2 when vy = 0 and 1,0 ~ O(¢'/?). The only differences between the
two models are the higher-order dispersive terms found in the sloshing problem.
However, as in the last chapter, we will be mainly concerned with dispersion-free
solutions (k = 0) so that the solutions we consider are relevant to the acoustic
problem. Indeed, as in the last chapter, a simple transformation relates the two
problems.

The solution of (4.35)-(4.38) is, as with deep water, critically dependent upon
the breadth . Whereas for deep water the solution changed form for b close to a
natural number, we now see that the general solution of (4.35)-(4.38) will consist
of an infinite number of two-dimensional modes whenever b is close to a rational
number, p/q. Note that, correct to O(e), we can always write b as a rational number
but the extent to which two-dimensional solutions are excited will depend on the
size of ¢. This is because, for b = p/q, the first transverse mode will be cos gy sin gt

and, as we shall see later in this chapter, the amplitude of the mode diminishes
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as g increases. The largest amplitude case is when ¢ = 1 and, as the form of the
solution will then be the same for all p, w</=, consider the case b = 1, for simplicity,
from now on.

Hence, in Section 5.1, we consider the case b = 1 and obtain the form of the
solution by first applying the Fredholm Alternative to the problem for B, solving
the resulting set of equations in the limits »,, — 0, A, v, — 00, and finally proposing
an iteration scheme for v,, ~ O(1). In the latter case we solve the first step of this
iteration scheme for the example a,,(z) = cosz. All the resulting solutions neglect
dispersive effects but we re-introduce dispersion in Section 5.2 to bridge the gap
between the solutions found here and those of the deep water case.

Finally in this chapter, we present two other situations where two-dimensional
solutions may arise, namely those of forcing the tank at an angle and forcing the
tank near a higher frequency.

Before we proceed, however, we need to make one general remark about the
solutions we will encounter in the rest of this chapter. This concerns the intersection
of two two-dimensional planar shocks of different families. The general theory for
intersecting shocks (Liepmann & Roshko [38]; Illingworth [32]; Becker [5]) results
in a picture similar to Figure 5.1 where we have taken a moving frame of reference

so that the point P is at rest. For two shocks (S; and S;) of different strengths

S
'
1
2
P
S, =
\\\ 53
3 .5
4 .
L
Sa

Figure 5.1: Intersecting shock waves
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meeting at point P, the shocks are deflected as they pass through each other so
that S; becomes Sy and S; becomes S3. The angle through which they turn is
dictated by the requirement that the flow in region 5 (due to flow from region 1
passing through S into region 2 and then through S3) and region 4 (flow in region
1 passing through region 3 via Sz and S4) has the same pressure either side of PL
and the same flow direction. However, the velocity and density either side of PL
may not be the same and this line is thus referred to as a slipstream or vortex sheet.

For weak shocks of strength O(¢'/?), two important points emerge. Firstly,
as the physical quantities are only perturbed an O(e'/?) from their equilibrium
state, the deflection of the shocks when they intersect each other will only need
to be through an angle of O(c!/?) for the pressures in regions 4 and 5 to match
at PL. Hence the shock location is unaltered to leading order. Secondly, because
the entropy changes across these shocks are of O(e%/2) (see Appendix A.1.1), the
continuity of pressure across PL ensures that density is also continuous to O(e'/?)
and, hence, velocity does not change across PL (see (A.7)) to this order. Therefore,
to leading order, the shock intersections that arise do so in such a way that the
shocks pass through each other without change of form and without creating any

new discontinuity.

5.1 Two-dimensional solutions when b =1, v, #0

Following the above discussion we concentrate on the case b = 1 when the solution

to (4.35)-(4.38) can be written as a Fourier series in the form

A(z,y,t) = Z cos pz cos qy(@,.q €08 Ap gt + bpgsin Ay gt), (5.1)
P.g

where ’\zth = p? + ¢® and p,q are integers such that the A,, are integers. It is

convenient to re-write A as

A(:L', yat) = ZAi.j(xvyvt)a (5.2)

i,j
where

Aij = fij(t £ Lz £ kigy) (5.3)

(i



are 2m periodic (in time) plane waves in the (i, ) directions, (,) denotes all
the 4,5 such that 2 + ;2 is the square of an integer and each pair (2, ) is coprime

and
1,7 (Z'Z +j2)1/2 ] 1) T (12 +j2)l/21

we have used the shorthand

fii(txlethiy) = fi;j(t+he+kigy) + fii(t+ha—kijy)
+ fii(t=lijz+kizy) + fij(t—1iz—ki jy),

where we refer to the f;; as the “(i, j)-wavetrain”. Thus

o0
A;ij(z,y,t) = D cossiz cossjy(asisjcos st + byigisinshit),  (5.4)
1

Z(asi,sj CcoS SAi,jT + bs,"sj sin SAi,jT), (55)

s=1

w
[l

fii(r) =

S

and d = 2 for (4,7) = (1,0) or (0,1) or d = 4 otherwise.

The problem for B, (4.30)-(4.34), can now be considered, using (5.2) for A. We
consider all the orthogonality conditions inferred from the Fredholm Alternative
applied to (4.30)—(4.34). In particular, we multiply (4.30) by the eigensolutions

cos npz cos mpyG(t'), where
G(t") = Cnpmp €08 (AnmPt’) + dup,mp sin (Mg mpt’),

and ¢k, d;r are arbitrary constants. Then, integrating over the whole domain,

using the boundary conditions and summing over p, we find
ad 2r pw T
> / / / F(z,y,t") cos npz cos mpyG(t')dzdydt’
oo Jo Jo
ot 2T T
= —728,16mod1,0 + Z/o /0 Byly=rt=v(—1)P™ cos pnzG(t')dzdt’, (5.6)
p=1

for each (n,m), where F(z,y,t) is the right-hand side of (4.30). The crucial ob-
servation is that the only part of the F(z,y,t') that produces terms which are not
orthogonal to cos npz cos mpy sin(Anmpt’ + Qnm) is the part containing only Ay m,

as we can show using the following proposition.
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Proposition 5.1 The conditions

2T pm P ’
/(; [) L- Ay, my Ang m, COS qR3T COS gmizy { 008 g Arg my } dzdydt’,

sin qAng mst’
where ¢ = 1,2,... and the pairs (n;,m;) are coprime are non-zero if and only if

ny = ny =n3 and m; = my = ms.

Proof. We see from (5.4) that the product A, ., An,m, comprises four terms
within a double summation. It is clear, however, that a similar proof follows for
each of these four terms, so we just consider one of the four terms and so it is our

aim to show that

2r fmopT
/ / / (cos rnyz cos snyz cos gnaz )(cos rmy T cos smay cos gmay)
o Jo Jo

(cos rA;t’ cos sAqt’ cos gAst')dzdydt’,

(A2 = n? + m?, and r,s,q are any positive integers) is non-zero if and only if

ni = ng = ng and my; = m, = m3. This is only possible if
rny £ sne =xqng , rmyEsme=xgmsz , rA Esk =tqls.

Hence there are 64 different ways in which this can happen and we will demonstrate

one possibility, the others following similar lines. Consider the case

M +sny = qnas, (57)
rmy 4+ smy = qms, (5.8)
’I"Al + S)\z = (I)\3 (59)

Then, squaring (5.9) and using (5.7) and (5.8) gives
A1Az = ning + mymy,

and squaring again finally yields

mo_om
my  my
na R
= — using (5.7) and (5.8),
ms3

and, as (n;,m;) are coprime, this means that n; = n; = ng and m; = mg = m3

which completes the proof. [
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Thus, noting that most of the terms on the right-hand side of (4.30) have the
same structure as A?, we can appeal to Proposition 5.1 to prove the observation

made above, and so we can replace F in (5.6) by F,, . where

2 2
Fn,M(z’ y’ t) = —%(A’n,m)tttt + (A - %) (An,m)tt + 2(An,m).1:(A'n,m).1:t
+2(An,7n)y(An,m)yt + (An,m)t(An,m)tt-

Hence, for v, = 0, only (5.6) with (n,m) = (1,0) is needed and the other orthog-
onality conditions are trivially satisfied, i.e. only Ay, is non-zero. For v, # 0 the
left-hand side of (5.6) can be integrated explicitly, and putting cnpmp = €0S A mpt,
dnpmp = sin A, mpt and, using the method of Section 4.3.1 to evaluate the sum in
the left-hand side of (5.6). We finally find that the f, ., which are periodic with

period 27 and zero mean satisfy

2
2m Yol
2
A'n,m

Chom + = 5intbuidmo = — o
m
o 2r pm
+%pz=:1/0 /0 R(z,t")(—1)P™ cos pnz cos pA, m (¢’ —t)dzdt’, (5.10)

for all (n,m)!, where Cf, , is shorthand for

k2 d* frm 62\ d*fam o Afnm 42 fam
__Kdf, _K : ' ; 11
Clam=—3"an ¥ (’\ 3 ) az TTat de (5.11)
the right-hand side is linear in f, , with
R(z,t) = al,(2z)Az(z,7,t) — (aw(z) — Yuwo)Ayy(z, 7, 1), (5.12)

A(z,y,t) is given by (5.3) and we recall (3.21)

o0
ay(z) = Z ~Ywn COS NE.

n=0
The right-hand sides of (5.10), representing the coupling between the f,.’s, are
not so easy to deal with, even though, as with the one-dimensional problem, the
introduction of the functions f,,, reduces the dimensionality of the problem; we
have changed from having to solve for the doubly-infinite set of coefficients @, and

bnm (see (5.1)) to the singly-infinite set of equations (5.10). Evaluation of these

1We will use the expression “for all (n,m)” to mean the (rn, m) that satisfy the conditions that
n, m and vn2 + m? are integers, and n and m are coprime.
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right-hand sides is theoretically possible and, for example, for (n,m) = (1,0), the
method of Section 4.3.1 yields

€f1,0+—smt— L / [d,(r (N fl ot +2t') + --Jdt!

Vy

—? w(7" - t’)[fo 1(t + t’) - fo 1(t - t,) ot ']dt’, (5-13)

where only the first two wavetrains have been included in the integrals. These

expressions simplify in several special cases:

(i) when a(z) = 2z, i.e. the back wall is parabolic, the equations reduce to a

set of ordinary differential equations where, for example, (5.13) reduces to
2 .
Cfio= —;smt—{—r/w (fio+4fo1+-);

(ii)) when a,(z) has a finite number of Fourier components, a reduced, but still

infinite number of f;; occur on the right-hand side of (5.10);

(iii) when a!,(z) = al,(7 — z), i.e. the back wall is anti-symmetric, we see, for,
example, that (5.13) simplifies and, in general, the right-hand side of (5.10)

will again contain a reduced number of f; ;.

For the rest of this section we ignore dispersive effects and set £ = 0 in (5.10).
There are several limiting cases of (5.10) that we first study before making some
more general statements about these equations. We can immediately see from
(5.10) that, as Yo gets large, fom ~ O(1/7uw0) for (n,m) # (1,0) and fi satisfies

Chester’s equation to leading order.

5.1.1 The limit v, — 0

When v, = 0, the right-hand sides of (5.10) are zero and the equations decouple
leaving Chester’s equation for fi and all the other f,,, are zero. In this section
we consider what happens for small v,,. When A ~ O(1) we can see from (5.10)

that fio ~ O(1) and fum ~ O(w,) for all other (n,m). Hence, we write

fn,'m.: nlJmOf(O) +wa1£,}121+’
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and, to O(1), fl(g,) satisfies (4.52) which has solutions given in Section 4.4.1 and, in

particular, has discontinuous solutions for |A| < (96/7%)!/? where

t
o A 8\3| cosz, —-m<t<t,
03T (_> ’

(5.14)
—cos-, Hi<t<m,

and
- (%)2 sin 2, (5.15)
Here we recall that we have used the fact that f; ¢ is periodic and continuous. To
O(vy) we get
AN+ 3 (£ £ + £ FO) 618imo (5.16)

1 &, 2 gpr
= n2 Z/o /0 RO(z,¢")(—1)P™ cos pnz cos phnm (' — t)dzdt’.

p=1

where RO (z,t) = [fl(g))'(t +z) — l(f:))'(t — z)]al,(z). Note that the first term on
the right-hand side of (5.10) has no effect at this order, so the solutions considered
throughout this subsection are independent of the choice of 4,,0. The effects of the

geometry can now be considered in terms of

(i) the modulation of the one-dimensional solution described by the nonlinear

equation (5.16) with (n,m) = (1,0) and

(ii) the excitation of “cross wavetrains” which are described by the linear equa-

tions (5.16) with (n,m) # (1,0).

To analyse the change in the one-dimensional solution, we write the shock lo-

cation as
=t vt e,

and solve a perturbed free boundary problem for f],. The continuity condition

[f1,0] = 0 implies
17591 = —41£3], (5.17)

where square brackets denote jumps from ¢; — 0 to 5 + 0. To simplify matters, we

consider the case a’,(z) = 2z (although, other a(z) could be considered, resulting
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in more complicated, but qualitatively similar, results), and we can integrate (5.16)

for (n,m) = (1,0) to give

24\ .
(?) °°sz i = (”2‘t2)

+2(8 %(dt 2 cos - «
37r) 1(t+m) — 0085), - <t <t

and

24 W _ Ao g
<7r) Csz =5m %)

8 % t* t*
+2 (37) (d17r+d2t-4cos—2Q—2tgsin§9+2cos%), th<t<m.

Hence f;p is periodic if

tt N . 7
d, = [2cos§0+(t0—7r)51n50] ,

1

T

1 oo
dy = ;[2COS§0+(t0+7r)sm§0],

and we can use (5.17) to find ¢}. The result is plotted in Figure 5.2, in which the
singularity as |A\| — A* reflects the fact that the shock regime in the (), 2, )-plane
shifts slightly as v, increase from zero (see Figure 4.2). We can also see that the
strength of the perturbed discontinuity in fl(%)l + vy fl(}())l decreases for A > 0 and
increases for A < 0 in accordance with this shift in the shock regime.

Now we consider the other f,, for (n,m) # (1,0) and the simplest case is
aw(z) = cosz (where f1 is unaffected to O(v)). Once again, more general a,(z)
can be considered and the results are qualitatively the same. We use the represen-

tation (5.5) and write

79 = 1y =3 (ay (© )cosn7'+bfl(),s1nnr)

n=1

and, for A ~ O(1), (5.16) gives

1 . 1 (0) (0) o+
é,ll) = ﬁ(afg cost + bg?(), sint) §3) = 20/\ ——(ag5cos 5t + by osin5t), (5.18)

and so on where f,(ll)n = 0 unless A\, —n = 1. For continuous solutions for f1 05

we have, as n? + m? — oo, f{), ~ O(}},) and the lowest-order cross wavetrains

are single mode responses with decreasing amplitudes for higher order wavetrains.
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Figure 5.2: Plot of ¢] against t; where the shock is located at t* = {5 + vy t].

There is a more interesting regime in which the degeneracy has a dramatic
effect, as can be discerned from (5.18). This is when A is so small that a rescaling
of (5.10) is necessary in order to keep the nonlinearity in balance with the detuning.
In fact we can see the existence of a fine detuning band near A = 0 on physical
grounds by noting that the primary forcing of O(e) produces a primary response of
O(+/€), and hence a cross wavetrain forcing (due to the interaction of the O(,1/¢)
geometry variation with this response) of O(vy,€); then, because of the degeneracy
of the fundamental, the cross wavetrain response is of O(,/Vw€). Indeed, inspection

of (5.10) shows that we need to write

)\z,/ywj\ , fn,m=1/Vw 1(11,7)n+7

in order to retain the nonlinear terms in the limit v,, — 0. This leads to

Mgl + 390 o) (5.19)

i 27 pw
= % 2 [ [ BO@. (=17 cos poz cos pAam( - )dedt,
for all (n,m) # (1,0), with fio given by (5.14) and, from (5.15),
3\ 2
T -
== WA
e

84






evidence will be useful in our discussions on the problem when v,, ~ O(1), in

Section 5.1.3.

5.1.2 The limits \,v,, = o0

As v, tends to infinity in equations (5.10), the solution is O(1/1,,) or smaller for
each f, . to leading order and it is only when A ~ v, that a resonant response is

possible. Away from resonance, with A ~ v,,, we expand the f, . as

f f(O) f(l) f('—’)

Elementary, but rather longwinded, calculations then give

2 /\ w .
fio = A+ 2oy )_ sint (5.21)

m(A — stouw)()\ — S1.0Vw)

3(yw2¥e vy — (A + 27uovu)?)

— sin2t + ---,
T22(0 = T o) ’(h — S10vu (A — S o) (N — Sz0v)
271111 Vw .
= t 5.22
fou W(A—Sg:ll/w)()\—sall/w) st ( )
2 2 1) 2
+ 3Vw(1w2(/\ + 27w0’jw) Vw7w1_£ + 7“’41/11/])_ SiIl ‘Zt _+_ s
2w (A — 30,1Vw)2(/\ - 30,1Vw)2(/\ - 30’21/1‘,)(/\ - 30,2’/w)
fori = O <V1—2(n2+m2)”2) ’ (5.23)
where
—(2 290 — Y2n)? + 472]"
CcOS NI )
and it becomes apparent that the modes { cosny } sinnt grow close to the spectral
lines
A= st (5.25)

More complicated expressions can be found for the other si,, but we do not pursue
this. Instead, we can make the following remarks. In the one-dimensional case,
where the lines of blow-up are along A +v42,15/2 = 0 (see Section 4.4.2), Peake [58]
showed that these lines lie roughly along the fingers. Hence, by analogy, we expect
similar shock fingers close to the lines (5.25) and a rather ad hoc way of determining

the shock picture is then to plot these lines and draw the interface between shock
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and no-shock regimes around them. Chester’s shock pictures can be fitted into this
scheme as can the one-dimensional shock pictures found in Section 4.4.2. Clearly
this method would give some indication of the shock structure but would not hint
at where within these fingers shocks travelling in different directions occur.
Finding more terms in the expansion for, say, fi0 introduces more sin¢ terms
and, as we approach the lines A = sfovw, these higher-order terms grow to balance
with the leading-order sint term and our expansion breaks down. Higher-order
terms balance with the growth witnessed at the other spectral lines but the outcome
is different from case to case. This process emphasises the importance of the first
few modes, and hence the primary wavetrains, and we summarise the details below,
where we look close to A = s} v, although a similar analysis could be carried

through when A ~ s; gv,,.

1. A ~ si"ouw Here we find a detuning range of O(v;'/?) where fio and fo;

grow to O(v/3). Hence we write
A— Stol/w = :\1/51/3,
and

fio= Aul/3smt + O(v, 1/3)
fo1 = Bul3sint + O(v3'?).

To simplify the algebra, we consider the case y,0 = 0, although similar results

can be found for 4,0 # 0. In this case, it can be shown that

B=Tuy, (5.26)

31,0

and

?

31 0 8 31 0 + ’7w431 0 -2y m

5A ( ’le) n 9A3 [’wa’YwZSl 0~ 31 o ’7w1(31 0+ Yws) + 87 0] 2
(5.27)

a Duffing-like response. (Notice that there is the possibility of the denomina-
tor of the coefficient of A3 vanishing — this corresponds to the second mode

also growing and an analysis is possible in this case. This is reminiscent of
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the work done in Section 3.4.1.) On the upper branches of the Duffing curve,
fi0 and fo; grow to O(vy). Peake [58] has given a detailed analysis of the

form of the solution along these upper branches in the one-dimensional case.

2. A ~ s§ovy. In this case the detuning band is O(v;%3) and fo; and fi o are

O(vz1/3).

w

3. A ~ sf,v,. Here, in the detuning range O(v}/?), the leading-order response for

both fo1 andfip is a combination of sint and sin 3¢ terms, both of amplitude

O(vh).

4. For any other spectral line, the term in the expansion will not grow to be
the same size as the leading-order terms in the f1o and fo, expansions —
the nonlinear effects take over before the mode in question reaches a size of
O(v;'). Hence, even though there is resonant growth of these higher-order

modes, they never dominate the solution.

We conclude that the first three fingers are the most important. The other fingers
are “subdominant” in that, because they are so thin, the strength of the shock is
very weak and there is very little difference between the continuous regions and
the shock regions in this case. So, for A,v,, — oo, we see that the leading-order
response is either

4[(N + 27u0Vw) €COS T + 14y Yy €Os Y] sint
(A — sfouw)(/\ — 81 0Vw)

¢~

]

cos T . cos 2x
or comprises one or more of the “sub-resonant” modes sin t,
cos y cos 2y

. cos 3z
sin 2t or {

cos 3y

wavetrains are of the most importance as the possible fingers related to the higher-

}sin 3t. Hence, as in the limit v, — 0, we see that the primary
order wavetrains can be seen from (5.23) to have a small amplitude asymptotically.

In conclusion, both the limits v, small and v, large suggest that the two primary
wavetrains are of the most importance and this suggests that in the regime v,, ~

O(1) the same may also be true.
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5.1.3 Iteration scheme for v, ~ O(1)

The limiting solutions found in Sections 5.1.1 and 5.1.2 have a recurring theme.
In all cases modes associated with the two primary wavetrains, fi and fo1, have
dominated the solution. Thus we propose the following iteration scheme to solve

the set of equations (5.10) in the absence of dispersion; we write (5.10) as

2m? 'ywo Vy

efr(:,:ll) + %Sin £0n10mo = — f(')" (5'28)

nm

X p27 ,
+%”2- Z / / R(’)(:v, t')(—1)P™ cos pnzx cos pAp,m (t' —t)dzd?’,
imiJo Jo

where f{it1) is the (i + 1)*h approximation to fnm and R® is the expression found
for R by using the approximations f(’) for the fn . We take as our initial approx-

imation to the solution A(z,y,t),
Ale,y,1) = i3t £ 2) + i (t %),
so our starting values for the f, ., are
f(o) =0 (n,m)# (1,0) or (0,1), (5.29)

where fl(g)) and fé?l) satisfy (5.10) with f,.m = 0 ((n,m) # (1,0) or (0,1)) formally

set to zero

MO+ 3501 = -gsint#‘ﬂ ) - al(m = 1T (¢ + 2
+2 ["a A o (r — ) (t = ¢') — £ (¢ + ))ar, (5.30)

ME 381 = 2 a0 - ) - AR+ )
290 [ (5.31)

We may estimate the rate of convergence by noting that axo and ag are O(1/k3)
for continuous solutions and O(1/k?) for shock solutions. Now consider the con-
tribution from fl(%) or é?l) to the right-hand side of (5.28) for i = 0. This feed-
back term into the equation for f(l) contains a term involving a(,z2;m2y1/2,0 from
the l(?o)—wa,vetrain. Hence, bearing in mind the definitions (5.5) for fnm and the
size of the ayp, it is consistent that f(l) ~ O(A;5,) for continuous solutions and

FU ~ O(A;4,) for shock solutions. This argument indicates that the higher-order
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wavetrains have an amplitude that is smaller numerically than the primary wave-
trains by a factor of at least (n? + m?)~2,

In the next section we consider the case ay(z) = cosz (so that y,0 = 0) to
demonstrate the effectiveness of this iterative procedure, leaving a discussion of the
effect of non-zero 7,0 until Section 5.1.5. Finally note that, in the special case
a,, = 2z with 7,0 = 0, we would need to solve, for the first approximation, the

system

2 .
Afio+ 3f{,of{',o = = sint + vy (fi0 +4fo.1),
)‘f(;’,1 + 3f('),1f6’,1 = 4wa1,0,

which can be written as one fourth-order equation for either fi o or fo,;. No work has
been done on this, but it is expected that a similar shock region picture to the one-
dimensional case will emerge, with fingers along the lines A/v,, = (—1£+/65)/(2n?)
(see (5.25)).

5.1.4 Example, a,(z) =cosz

We now try to quantify some of the arguments given above by taking the simplest
analytical case, a,(z) = cos z. We will present the mathematical detail in obtaining
the solution in this case. This illustrates the way in which we solved for the shock
regions in Section 4.4.2 and is based on the method of Chester [18]. The details are
quite involved and the reader may wish to proceed to Figure 5.5 which summarises
the results.

We consider the solution for f{°) given by (5.30) and (5.31). Dropping the

superscript (0) for the rest of this subsection and writing

f{,o = ZAm Ccos (mt+am), (532)
fox = 2 Bmcos(mt+fBn), (5.33)
for simplicity (where, from (5.5), Apcosan, = 3Mbmo, Amsina, = 3Mam,o,

B, cos B, = %mbo,m and B, sin(,, = %maoym), we get, after integrating,

2
(f{ ot %) = 31 [cost <1+Z;£Bl cos ﬂl) —V—;TBl sin By sint + cl] ,(5.34)
/ T

2 P S )
(fé,l + -;—) = % [V—;EAI cos oy cost — TAI sina; sint + C2] , (5.35)
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where ¢; and c; are constants. We can now proceed by first looking for continuous

solutions of (5.34) and (5.35). Hence we first transform these equations by writing

VyT

1_*__2_31(;05,3l = FZsin6,, )
VL;BI sinfy = —FZcosb,
Vl;r-Al cos o = F}sinb,, | o)
V—;ﬂ:/h sina; = —F2cosf;,, J

and

2Tl=t+01—'12r‘ ; AziFl)\OI,

5.37
2Ty =t + 0, — 'g' s A= i‘Fz)\og, ( )

to give, for continuous solutions,

Ao 8\?
flo(n) = o1 (—% + (3_7r> (cos” 1y +61)1/2) , a0, (5.38)

foa(m) = 4 (—’\—°2—+(3§;)5(cos2rz+c2)1/2), >0,  (5.39)

If we use the new time variable, 71, in (5.32) and compare the resulting expression
with (5.38) by multiplying each expression for f] , by sin 27y or cos 27; and integrat-

ing over one period, we find (with similar results coming from the two expressions

for f; (,),1 )

cos(a; —01) =0 , cos(f —¥8) =0, (5.40)
and
A : Al
(o — 6)) = — ;) = — , 5.41
sin(ay — 64) oA sin (31 — 03) B, (5.41)
where
1/2 .z
A = (2) /2 (cos® s + ¢;)'/2 cos 2sds. (5.42)
33 -z
Also, the zero mean condition gives
1/2 1
Ao = (Z‘é) / (cos? s + ¢;)*/%ds. (5.43)
7" -3
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For (5.40) and (5.41) to be consistent with (5.36) requires that a; = 8; = 0 and

(3 1+75B >0, o

o =132 . P =|1+%5B),
L —5 1+ '2—B1 <0,
' '721 Vi;r'Al >0, o

92 = { T VT 3 F22 = —;—Al ’
{ —-2— —2—A1 <0,

and, recalling the expressions for Fy and F; in (5.37), gives, after some algebra,
2 2
:—gl- =5 (1 + Ssz%%) , )‘A%; = 8189V WZ/\/\)(‘)il’ (5.44)

where
$1 = sgn (1 + MBI) , Sz =sgn (M-Al) .
2 2
Noting that 70(0,0,t) is proportional to f]4() + f3,(t), we will take as a guide to
the amplitude the following definition
A, = (maxf , —minf] o) + (maxfy, — minfy,), (5.45)

which is the same definition as the one used in Chapter 3. Hence, for continuous

solutions, we have
A

1/2
n= ()" [ By
3r Aoz Ao2

Therefore we can vary c¢; and c¢; to determine Ay and A;; and hence determine A
and v, from (5.44) and finally determine A, from (5.46).

To determine the shock regimes we seek zeros of ¢; or c;. It becomes apparent

{0 +e)? -} + {1+ )2 - c;/z}] . (5.46)

that shocks emerge in the z- and y-directions at different places in the (), v,)-
plane. Therefore, we can fix ¢; = 0 and vary ¢; > 0 to give a line showing the
interface between shock and no-shock regimes in the z-direction. Similarly, we can
fix ¢; = 0 and vary c¢; > 0. This provides the picture given in Figure 5.4 where
we have indicated which line represents the z-direction interface and which the y-
direction interface between shock and no-shock regimes. Clearly we do not know,
for example, where to the left of the z-direction interface shocks in the y-direction
start. To determine this, and also the response in the shock regions, we have to

consider three scenarios, just shocks in the z-direction, just shocks in the y-direction

and shocks in both directions.
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Figure 5.4: Picture showing the emergence of the shock regions.

Shock in one direction only

We will first consider the case when there is a shock in the z-direction and none in
the y-direction. Hence we fix ¢; = 0 and starting with (5.34) and (5.35) we use the
same transformations (5.36) and (5.37) except we redefine Ag; to be

96

1
2
y=+(5) dah, (5.47)

to give

, A [2 1 . .

fio(m) = —— |= + ~—cosmy|, arcsindo; <71 <m+arcsindg, (5.48)
! 6 ™ )\01

where 0 < Mgy < 1, and this has been chosen to satisfy the zero mean condition

and have a compressive shock. Equation (5.39) for fg, remains the same.

We again have

A
cos(By—02) =0 , sin(By —0;) = —/\ozgl’ (5.49)

where Aoz and Az are the same as before. Comparison of the expressions (5.32)
and (5.48) this time yields
4 )

Ajcos(ay — 1) = §X;(1 — A2)%2, (5.50)
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. 2 2
A1 sm(a1 - 01) = —gA (1 - 5)\31) . (551)

After some manipulation, (5.49)-(5.51) and (5.36) give

V2 2 2 4.4
22 VT W v,
[(Fl Fy - 4 921(12) Y+ 7921] =~ 16 911‘12( ¢’2) (5.52)
vin? Uy V2l
4 gh [1 - ——wﬁ] [ v Gnaz — FEF.}’] (1 —9?), (5.53)
where
4 A 2 2
G = 5/\—(1 =2, gu= -3 (1 - E)‘gi) ;
4 .
’(/):Sin02 4+1/7ra2 4F s a1~=—-)‘/\h_
dv,ma, Ao

Finally, we can use the expressions
3 )‘2 )\2
F 12 = ﬂ-__z' , F 22 =33
96 A3, A2,
so that (5.52) and (5.53) represent two equations for A and v, linked through the
parameters c; and Ao;. By now fixing c; = 0 we can vary )o; to produce the
y-direction interface between shock and no-shock regimes which lies inside the z-
direction shock region. We now have enough information to determine the response
in the region where there are shocks in the z-direction but continuous solutions in

the y-direction. Using (5.45) we get

8 \3%
As=(37)

We can complete a similar calculation for the region where there is just a shock

A

)\02 {(1 + 62)1/2 1/2} + =

M)} (5.54)

in the y-direction. We will just give the results. Fixing ¢, = 0 we again have (5.36)
and (5.37) except now

96\ 2
A== (;13) Aoz Fy,

and
TA[2
fé,l(T2) == 6 [

+ Xl_ cos 7'2] arcsin Aoz < T3 < 7 + arcsin Agg, (5.55)
02
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for 0 < M2 <1 and f1,0 satisfies (5.38). Then this time we find,

VT 2F2F2\? vin?
(—;—922 - leﬂ'aj ) =1- ngfz’ (5.56)
2/\2 /\4
o N (9 57

where A1 and Ag; are as in (5.42) and (5.43). Again, using expressions for F; and
F,, this represents two equations for A and v, linked through the parameters c;
and Agg. As before, we can fix ¢; = 0 and compute the interface between shock and
no-shock regimes in the z-direction. The final picture is shown in Figure 5.5(a), the
region between the solid lines (in the same sense as Figure 4.3) representing shocks
in the z-direction and the region between the dotted lines shocks in the y-direction.

Also, in this case, the amplitude is given by

8 \3
As-(37>

The shock picture, Figure 5.5(a), is different to its one-dimensional equivalent

A
X

{(1-{-C1)1/2 1/2}-{-

%2{L+U—A2Y”} (5.58)

in that there are two fingers associated with the introduction of one harmonic into
ay(z) rather than one. This is due to the coupling between the two wavetrains and
we note that the symmetry about the line A = 0 in this case is just a consequence
of taking a,(z) = cos z. For more general a,,(z) we see from (5.25) that the fingers

lie along lines that are not symmetric about A = 0.

Shocks in both directions

To complete the analysis we now consider the case when shocks occur in both
directions. In the same way as in the last section we construct shock solutions from

(5.34) and (5.35) by using (5.36) and (5.37) except now Aoy and Agg are defined by

b
(%)Azihﬂziwﬂ, (5.59)
to give
f{’o(fl) - 6 [: + oo cos 7'1] arcsin A\g; < 71 < T + arcsin Aoy, (5.60)
fir) = _-6— % + —1;; cos Tg] , arcsin Aoz < 72 < 7 + arcsin Agz, (5.61)
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10A

Figure 5.5: Plot showing, for a,(z) = cosz, (a) the interface between shock and
continuous solutions where there are shocks in the longitudinal direction between
the solid lines and shocks in the transverse direction between the dashed lines,
and (b) the response where the dashed part of the curve indicates a shock in any

direction.
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where 0 < Ao;, Aoz < 1. Comparison of these equations with (5.32) and (5.33) yields

A cos(oq —_ 91) =gu , A sin(a; - 91) = g2,
Bicos(By — 03) = g12 , Bisin(B — 0;) = gs,.

Using (5.36) gives, after some consideration,

vin?
o= AT g, (569

. Vot

U2 2 2
Fy - 1;6 (912921 + g11922)° = I:F12F22+WT(912911 "'921922)] . (5.63)

Finally, using expressions for F; and F, from (5.59) we have two expressions for v,

and A with parameters A\g; and Ag. In this case the amplitude is

T
A, =
i

We now know the form of the response everywhere in the (), v, )-plane and use this

™ {1+a-X)"}+ ‘ 22}{1+(1—,\32)l/2}). (5.64)

information to produce Figure 5.5(b) where we have plotted the amplitude (using
(5.46), (5.54), (5.58) and (5.64)) against A for various »,. The two Duffing-type
branches seen here correspond to the growth of the sin ¢ term in the expansions for
f1,0 and fo,1 and the right-hand branch matches very well with the formula (5.27)
despite v, being only 3.8.

We also plot, in Figure 5.6, Ai(z,y,t) for t = —m/4 and A =0, v,, = 1.3 which
can be compared to Figure 5.3 and we see the growth of the fo; wavetrain and a

change in its phase.

Iteration procedure

0) _ ¢(1) (0) (1) (1) _

Proceeding to the next stage we have, from (5.28), fis = fi 9, = fois fad =
and
ef(l) — 5:"' [ (© o cos 5t + bg o sin 5t] (5.65)

and so on for the other f{!). For i =1, (5.28) gives

1,0 =

e/ = 2 (afdcost+4flsint + 5 2 a3 cos 5t + B sin5t] + )

(5.66)

——sint,
T
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(b) Ywo =750 >0

Uy Ve

— Y

(€) Ywo = 7o > Tuo (d) Ywo = o0

Figure 5.7: Transition between two- and one-dimensional solutions for a(z)

~wo COS T a8 Yo INCreases.

spectral lines (5.25) and we have not indicated where within the solid lines shocks in
either direction occur, so that Figure 5.7(a) is the same as Figure 5.4. However, we
recall that, as 7,0 — 00, (5.10) implies that fy0 ~ O(1/vw0) so that the longitudinal
wavetrain dominates by the time we arrive at Figure 5.7(d). Indeed, because we
have chosen a(z) = Ywo + cos &, we can see from the one-dimensional analysis (in

particular (4.61)) that the one-dimensional solution is unaffected by this geometry

and this is borne out by Figure 5.7(d).
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5.2 Dispersive effects

To tie in the shallow and deep water work we consider the limit of (5.10) as k — oo
and show that it matches to the limit of the deep water response as A — 0. To that
extent, we consider (3.27), (3.37) and (3.38) with bg = 0 as A — 0, which gives

¢ ~ e'PlAcoszsin (t + a;) + Beosysin (t + ()], (5.70)

with sina; = sin8; = 0 and

4 9 1

2 - (,\dA — g A 7AB + ywdmA) €08 01 — Vwayer B cos B, (5.71)
9 1

0 = (z\dB ~ 3952 B3 — ZAZB> cos B — Vwd Vw1 A cos ay. (5.72)

Using the shallow water scalings, (4.4)—(4.5) and scaling A and B as
A= &2/381/614* , B= K2/3€1/GB*,
yields

= (/\fcz/sA* - %A*s + VwK,z/S’)’sz*) o8 g — Uk 241 B* cos B, (5.73)

o A

= (/\fﬁ2/3B* - %B*3> cos 3; — vk Py A cos oy, (5.74)

plus O(e'/?4?) terms, where we have written Ag = Ae~18 yg = v,e /8, relating
(2.29) and (2.30) to (4.3) and (4.5). To consider the deep water limit of (5.10) as
% — oo we recall that the shallow water depth is O(e'/%) and the detuning range
is Ao ~ O(&'/?). To match to the deep water scalings we require & ~ O(e~'/*) and
A ~ O(!/5) (so that we are in the detuning range Ao ~ O(*?)) and hence we take
the limit as & — oo with A&?® ~ O(1). Similarly we require vuk?® ~ O(1) for the

correct scaling of v and we expand the f,m as
fam = 8O0 A &L A KT e Y m),

Then, to O(xk*3), we get
A5 LA

i + dth’ =0 VY(n,m),
which has the solution
FO = A, nsin(t+ anm)  ¥(n,m). (5.75)
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The O(x*/3) terms give

1 /4% o 42 f(l) d2 f(O) d f(0)
§( A ) =3 —a Yum)
which, using (5.75), have solution
3
fO = Copmsin (t + Bam) + g Anm Sin2(t + anm)  V(m,m). (5.76)

Finally, to O(1),

1 (d‘*f,% dzf,(f)n) 3 (d2f‘°> dffh | & A0, dfE) )
- 2 L —_ n, +

3

dtt di? di2 dt dez  dt
vur?? m (df0) df, ,
e /0 ( (2 ) - = (t—2:1;)) al(z)dz
2 ) f(O)
+;5n15m0 sint + )\E2/3 dt2 .

Now the Fredholm Alternative states that for there to exist periodic solutions of
period 27 for f\2) (2) then the right-hand side of these equations must be orthogonal
to cost and sint. So, using the expressions for f(o) and f(l) these orthogonality

conditions imply that sin o, ,» = 0 and
2 23 9 42 2/3 2/3

- = AK —§A1’0+7w21/wn A0 €08 a1 g—Yu1 Yk “Ag1 cOs ag 1,

0

= ()\nz/?’Ao,l — %AS'J COS (g1 — Ywil vk Ay g cos ay g 5.77)

Apnm = 0 (n,m)#(1,0) or (0,1).
Finally, noting that the leading-order velocity potential is now

& ~ 2e?[ Ay cos z sin (¢ + o 0) + Ao,1 cosysin (t + ao,1)],

we see that (5.77) matches (5.73) and (5.74) if we write 24,0 = A", 2403 = B",

3o — Q1 and Qp,1 = ﬂl-

5.3 Other two-dimensional responses

We can exploit the fact that different wavetrains do not interact through the nonlin-

earity (Proposition 5.1) in two cases where we choose different forcing mechanisms

to generate two-dimensional responses.
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5.3.1 Forcing at an angle

A simple two-dimensional response can be obtained if we force the tank at an angle

to its sides as in Figure 5.8. The boundary conditions (2.18), (2.20) and (2.21) are

y

4\

Uy

0 T

Figure 5.8: Top view of a tank being oscillated an an angle.

replaced with
¢y =€ccosfsint on z=0,7 |, ¢, =esinfsint on y=0,m,

correct to O(g), so that the solution considered in Section 4.4.1 corresponds to
9 = 0. Now we can proceed as in Chapter 4 and we will be left with the same

problem for A and B as on page 55 except that (4.31), (4.32) and (4.33) become

B, = cosf@sint on z=0,m, (5.78)
B, = sinfsint on y=0,m. (5.79)

The orthogonality conditions (5.6) then give Anm = 0 except for Ay and Ao, so
that

A(x’y7t) = fl,O(t + :l:) + fO,l(t + y) (580)

Now, using the knowledge that the wavetrains A; o and Ag,1 are not coupled through

the nonlinearity, we simply find that each of fioand fo, satisfy modified versions
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of the higher—order Chester equation, that is

(W) A_ff " +3fl fll _ 2 Osint 5.81
3 1,0 3 1,0 10/ = TF cos v sin i, (5. )
n2 v 2 2

and hence, in the dispersion-free case, we find shocks are possible in the z-direction

for |A| < A7 and in the y-direction for |A| < A} where

1 1
. 96 cos 9 2 . 96sin 0 2
Az = ( 73 ) ) )‘y = ( 3 )

Hence, depending on the values of 6 and ), it is possible to have one shock in either

the z- or y-direction or two shocks crossing orthogonally to each other, where we
have assumed that these shocks do not interact to first order, as was discussed at

the start of this chapter.

5.3.2 Resonance of higher modes

We now consider a two-dimensional response caused by forcing a square tank (v, =

0) not near the fundamental mode but near the (N, M)-mode. To do this, we write

02 = LAna(1 -+ A?) tanh (A arh),

(M mr = N?+ M?, (N, M) are coprime integers? and Ay as is not too large so that
we stay in the small rate limit discussed in Section C.1.1) instead of (2.16), where
we non-dimensionalise with this new Q as in Section 2.1.4. We are thus trying
to excite the cos Nz cos Mysint mode and this will only happen if the boundary
condition on the walls z = 0,7 is proportional to cos Mysint. Hence, instead of
oscillating the tank from side to side, we take wavemakers at z = 0,7 and, for
simplicity, we choose the ends to be at = —¢ cos My cost, m —ée cos My cost. The

only modifications to the shallow water model (4.6)~(4.13) are then that (4.13)

becomes

M3k
i+ Ak ( _&31\1’“_61/2 + O(e)) (1 + )\51/2)

(345 @+ {2 +8)]) =0

2We take this condition so that there is no possibility of more than one shock per period. For
(N M) not coprime, we may be able to construct solutions with more that one shock per period

in the same way as at the start of Section C.1.1.
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on z = /% and the boundary conditions (4.7) become

és = eY?cos Mysint — M@, sin Mycost on

T = —¢cos Mycost,m — ecos Mycost.

We now proceed as before, expanding ¢ and 7 using (4.14) and (4.15) and the
calculation follows the same steps as in Section 4.1.2. We will omit the details
and just provide the final problems for A(z,y,t) and B(z,y,t), where ¢ = A and
¢1 = —(1/2)(Azc + Ayy)(Z + &)? + B, which are

Az + Ay = My pAn, (5.83)
A, = 0 on z=0,m, (5.84)
A, = 0 on y=0,m, (5.85)
and
)2
Bxa,- + Byy - )\?V,MBtt = "?(Aw:cm: + 2A$$yy + Ayyyy)

2
0% (A - %,\?\,’M) Ap
+2A?V,M(A1’Azt + AyAyt) + A?V,MAtAth (5.87)

B, = cosMysint on z=0,mw, (5.88)
B, = 0 on y=0,m, (5.89)
VB(z,y,t) = VB(z,y,t+2m). (5.90)

The general solution to (5.83)—(5.86) is

A=Y cos pz cos qy(ap,q sinwp,gt +bp,q cOS Wy gt),
P
where we sum over all p, ¢ such that p? + ¢* = w2 (N? 4+ M?) and w,,q are integers.
However, as the forcing only excites the mode cos Nz cos Mysint and the nonlin-
earity only couples this to the modes cos sNz cos sMysin st as a consequence of

Proposition 5.1, we see that only the (N, M)-wavetrain is excited. Hence we can

write
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where

1
fam(r) = 1 E(asN,sM 08 8T + b,y sp Sin 7).

8

We can now apply the Fredholm Alternative to the problem for B and, using a

similar method to that of Section 4.3.1, we eventually find

I‘\',z 4 (iu) 2 K,2 2 "
—"3_)‘N,M Nar(t) + A% ar | A — —3‘)‘N,M Inm(t)

[1 - (=1)]sint
2 ’

+3X a8 v pe(8) = — (5.92)

where fy ar is 2m-periodic and has zero mean over one period. This is just a modified
form of (4.48) (with 4, = 0) where the coeflicients have been altered depending on
which modes we are exciting. Note that we require N to be odd for a non-trivial
solution.

The dispersion free case, & = 0, yields

f' n py 2 _ 2 (0032 E n c)
NMT 80, ) T 3mAhm 2 ’

so that shocks occur in the range

48\ 7
<)

a smaller detuning range than for the (1,0) case.

As an example, we consider the case (N, M) = (1,2) when the governing equa-

tion becomes
1 .
)\f{,,z(t) + 10f{,2(t) {'2(75) =5 sint. (5.93)
The shock structure can be seen most easily by considering the case A = 0, when

t
1(2>1/2 cos 5, - <t<0,

fialt) =3 (5.94)

Q. t
37 ~cos 5, 0o<t<m.

and, using the fact that no is proportional to A; = fi,(t £ = £ 2y), we can plot
Figures 5.9 and 5.10 to show how the free surface evolves over one complete period,

using increments of /4 in time (t = —,0 and 7 correspond to a flat free surface).

The solution contains two shocks travelling in the (£1,+2) directions.
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Chapter 6

(Generalisations

So far in this thesis we have been concerned, very broadly speaking, with two
classes of problems concerning nearly square resonators; firstly, in deep water, we
have found that the leading-order response consisted of one or, exceptionally, two
modes (those having a frequency equal to that of the forcing). In contrast to this
the shallow water or acoustic problem has solutions containing an infinite number
of modes (one-dimensional) or, loosely speaking (see (5.1)), a doubly-infinite set
(two-dimensional).

We are now in a position to review the types of responses we expect to find
in tanks or resonators of any shape. The determination of this response will be
dictated by the spectrum of the tank or resonator. For most shapes we expect
a non-commensurate, non-degenerate spectrum and hence a single-mode response.
Several authors have considered problems that fall into this class. Chester [17]
considered acoustic oscillations in a sphere, resulting in a single mode response
that is very similar to the problem of acoustic oscillations in a two-dimensional
wedge, as considered by Ellermeier [26]. Also, a single mode response emerges in
any paraboloid tank as found by Bauer & Eidel [4]. This is also true for semicircular
horizontal cylinders and half-full spheres (Evans & Linton [27]) and other cylindrical
and spherical tanks (Mclver [42]).

There may also be spectra with a finite number of commensurate eigenfre-
quencies but no degenerate eigenfrequencies and the response will comprise the
associated modes (or, perhaps, just a subset of these modes depending on which
eigenfrequencies are commensurate), with their amplitudes satisfying coupled cubic

equations. This was seen in Sections 3.4.1 and 3.4.2 and by Peake [58] and Can
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& Askar [13] who considered oscillator models that are not necessarily realisable
in a fluid resonance problem. When there are a finite number of commensurate
and degenerate eigenfrequencies, we expect a generalisation of Section 3.2.2 where
the amplitudes are again coupled, but this time we find two Duffing-type branches
associated with each pair of degenerate eigenfrequencies.

For infinite sets of commensurate eigenfrequencies, we have the two possibilities
considered in Chapters 4 and 5, corresponding to non-degenerate spectra and an
infinite number of degenerate eigenfrequencies respectively, where there may be
shocks in the longitudinal direction and/or in the transverse direction. However,
by letting the amplitude of the wall variation get bigger, we can gradually move
away from a tank or resonator of nearly square cross-section and see the emergence
of a finite mode response as the eigenvalues become both non-commensurate and
non-degenerate. This will be considered in Section 6.1.

There is also the possibility that there is simultaneously an infinite set of com-
mensurate eigenfrequencies and a finite number of degenerate eigenfrequencies and

this will be considered in Section 6.2.

6.1 Geometric imperfections > O(el/ 2)

As the size of the geometric variations gets bigger, the eigenvalues are increasingly
perturbed from their original values. Ockendon et al [57] studied the effect of this
on the response in the nearly one-dimensional case. The same ideas can be carried
through to the two-dimensional case.

Let us consider what happens when vy > €1/, The regime that is simplest
to analyse that satisfies this condition is when vwo ~ O('/*) so that we have
to expand @ and 7 in powers of ¢'/* and then the geometry has a second-order
effect whereas the forcing and nonlinearity balance at third order. Hence, when
we come to repeat the analysis of Section 4.1.2 in this regime, the leading-order

problem remains the same, but the orthogonality conditions at second order now

correspond to the right-hand sides of (5.10) being zero, that is

oo T P 27‘w m2
LSS [T Rl t)(—1™ cospnz cos phan (¢ = dadt = = f7, - (6.1)
s p=1 0 0 n,m
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for all (n,m). These integrals give

(—1)p7wp“p,0 = —2Yu000,

Yw2p@p,0 = —(=1)"Yupaop

} p#i)\n,m i=1,2,..., (62)

where A, is any integer given by A2, = n? 4+ m? (n, m coprime integers) except
Anm = 1, together with more complex expressions coupling the other a,,, and
similar expressions for all the b,,.

We can see from (6.2) that, in general, the non-vanishing of the Fourier co-
efficients of a,(z) will mean that the leading-order solution is zero as we are far
from all of the resonant frequencies. However, if some of the 7., do vanish we may
find a finite mode response to leading-order. We note that the type of response is
critically dependent on v,0. For 7,0 # 0, we find that (6.1) are only satisfied when
Jam =0, (n,m) # (1,0), and f1o may contain a number of modes depending on
the other 7,; as in Ockendon et al [57]. For 4,0 = 0, however, it is possible to find
a response containing a number of modes in wavetrains other than the longitudinal
wavetrain when the other v,,; are suitably chosen. This difference can be seen by re-
calling that v,07y.0 is the average of the back variation and, whenever this quantity
is greater than O(e'/2), we are away from the square tank when the eigenfrequen-
cies are nearly degenerate and hence, to leading order, we have a one-dimensional

response. We now classify the type of response possible when 7,0 = 0.

(a) Yw1 # 0. In this case the leading-order response is zero and ¢ is O(¢'/%). As
Ockendon et al pointed out, this is because the fundamental frequency has
shifted by O(e/%) and to obtain a resonant response we need to shift A by
O(e/*). If we do this, it is equivalent to taking y,; = 0 and so we proceed

with 9,1 = 0 from now on.

(b) Yu1 = 0, Yw2 # 0. This case highlights how considering (6.2) alone can be
rather misleading. It first seems, from (6.2), that we may choose a;0 = 0,
a0y # 0, azo = 0 and ag2 = 0 with the same for the corresponding b, and
it is possible to construct a solution

Asint, (n,m)= (0,1),
fn,m = { " "

0, otherwise.
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As we proceed to second and third order, the analysis becomes very compli-
cated and hence we will not provide the details but just the important features
of the solution. We find, at second order, that the solvability conditions (6.1)
are indeed satisfied but, at third order, we find that the second-order longitu-
dinal mode that would couple the forcing with the geometry to determine A
does not do so because we have chosen 7,3 = 0, and this means that A = 0.
Hence the leading-order response is again O(¢'/%) and we are effectively “away

from resonance”.

Ywi =0, Ywz = 0, Yuz # 0, Yuwsa # 0. In this case we see that a solution of the
form
Aysint, (n,m) = (1,0),
frnm =14 Azsint + Azsin2t, (n,m) = (0,1),

0, otherwise,

is feasible and a very longwinded calculation, that we will not present here,
yields complicated formulae for the A; in terms of A and the 4,,. The reason
for this three mode response is that, because vuz # 0, Yua # 0, we have
@20 = Go3 = Gos = 0 (together with the corresponding b, ’s) from (6.2},
so that there is no interaction (through the quadratic nonlinearity at third
order) between the first two longitudinal modes or the first /second transverse
modes with the third/fourth transverse modes and hence no way to excite the
third longitudinal mode or the fifth to eighth transverse modes. The disap-
pearance of the second longitudinal mode and the third and fourth transverse
modes provides a “shielding” effect, stopping the other modes being excited.
However, as in the one-dimensional case (Ockendon et al [57]), there is a nar-
row detuning range where the denominator in the A;’s reaches zero. This is
similar to the situation we found in Section 5.1.2 for the limit A, v, — o0
where the leading-order response was invalid close to the spectral lines (5.25).
Likewise, we expect higher-order terms to grow and balance with the leading-
order solution when we are in this detuning range and the solution will again

contain an infinite number of modes.
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(d)

We can understand this situation by considering the perturbations to the
natural frequencies caused by the wall geometry. In general, we find
+ +
g w (Yuwi) w (Vi)

Wnm = ZAnm |14V (n.m)1L }+l/2 (rym)2 +0(3 6.3

n,m J7 n,m [ 0{ w(n,m)1(7Wi) w0 w(n,m)2(71Ui) ( wO) ?( )
where ), = n? + m? equals the square of an integer, + denotes the split
in the natural frequencies due to the degeneracy and wa m); are functions of
the Fourier coefficients +,;. For the choice of “Ywn considered here, w(il o1 =
""(io,x)l = 0 and the detuning may balance with the Vﬁjowﬁ,o)z and Viowfg,l)z
terms and this corresponds to the A; growing large. However, the other wf:l m)1

are non-zero and hence the other modes are not resonant.

Using this particular case we are guided to the following general statement:

Yo = 0y %uwi = 05%uis1) # 0,..., w2 # 0. In general we expect the
shielding process to force the solution to contain just a finite number of modes
as in (c). If we assume that the leading-order solution contains just the
J10 and fo; wavetrains, then (6.2) holds for all p and we can extend the
argument of (c) to see that, for the first i of the 7,;’s vanishing and the
next i non-vanishing, the solution will comprise ¢ longitudinal modes and
(¢ + 1) transverse modes (and this corresponds to wi,o)l = wa“),n)l = 0 for
n = 1,...,7). In general, including all the wavetrains, we expect a similar
shielding effect to be possible whereby each wavetrain will contain just a few
modes, the number associated with the (n,m)-wavetrain diminishing as A,
increases. However, it has not been possible to find a general hypothesis about
which of the 7,,’s should be zero/non-zero due to the complicated nature of

the relations (6.1) for all (n,m).

For stronger variations, v,0 3> €'/4, this classification becomes more complex.

For instance, when v,,0 ~ O(e'/%), we will have to expand & and 7 in powers of ¢

1/6

and not only will (6.1) need to hold but a further set of restrictions will emerge at

third order (as the forcing and nonlinearity now come in at fourth order). Clearly,

with more restrictions on the vy, @y » and b, ., we will find it increasingly difficult

to find any special cases where the solution is non-trivial. In general, for v,0 ~ O(1),

we expect a single mode response where the forcing frequency is changed by an O(1)

amount so that we are still close to a natural frequency.
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6.2 Spectra with other degeneracies

We now consider the possibility of having only a few degenerate modes. This arises if
we choose the geometry of the resonator in Figure 2.2 so that a;(z,y) = as(y), vso ~
O(1) (so ho/L < €'/2) and vy = €/?v,, ~ O(e}/?). We will also use the Fourier

. 3 m
series representation for the wall geometry a,(z), namely a,(z) = E ~Ywn COS NT.
n=0

Then, expanding ¢ as ¢ = @o + £'/%p; + - - -, we have, from (2.56)(2.61),

Vbo @)
Poss + Poyy + 1—&%% = pou, 6.4
$oz:=0 on z=0,m , @ou=0 on y=0,m,
to O(1) and
Vboah(y)
Przz T Pryy T msﬂly = @11t + Apout + 200zP0zt + 2P0y Poyt

+(7 = Dgorpor, (6.5)
¢ =0 on z=0, (6.6)
Y1z = sint on z =, (6.7)
vy =0 on y=0, (6.8)
Py = VuT[Posa,(T) — Poyau(z)] on y=m(6.9)

to O(e'/?) where o and ¢; are 2m-periodic in time. Then (6.4) has the general

solution
[e o] o0
o= g1ot £2)+ > Y gnm(y)cosna(comsinwpmt + dnm cOSwWrmt), (6.10)
n=0m=1

where, as usual,
g1o(7) = % Z(an,o cosnT + b, gsinnT),
n

and g, ., satisfies

d d n,m
W ([1 + uboab<y>1§7) + 1+ ot ())(@im = n)gnm =0 (6.11)

gnm=0 on y=0,m. (6.12)

Now let us suppose we can select an ap(y) such that wp; = 1 and no other wnm

n 2 0) is commensurate with it.! Hence the only 27-time- eriodic eigenfunctions
Yy p g

1Using a numerical method (NAGDO2KAF [53]) we found that
1 + vpoas(y) = [cos(1.04y + 3)] "
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are for m = 0 and (n,m) = (0,1) and so

o = g1,0(t £ ) + (co,1 cos t + do,y sin t)go 1 (y).
and, applying the Fredholm Alternative to (6.5)-(6.9) gives

_sint _ ngg(l)l,l(ﬂ')')'wl V

/\g;’,o + (v + 1)91,091’,0 = (e1,0c08t + dyosint)

iy 2
+ 552 [ (20 + 0l (<) - aly(n - 2)lda, (613)
Co,1 TVwYw192 a0
- _ ok 6.14
{ dO,l } 2 ()‘ "'ng(’)’,l(r)W'YwOVw) { bl,O } ( )
where
1 + vyoas(m) 902 (m)[1 + vpoas(m)]

91 = —f= y 92 = % .
1+ vaoas(a)ley [ @)L+ vioas(w)ldy

We can only easily see what happens in the anti-symmetric case a/(z) = o/(7 — )
and we also consider 7,0 = 0, leaving a discussion of the behaviour when v, # 0

until later. In this case (6.13) has discontinuous solutions for

A< (6.15)

16(’7:' 1) [_ 7"373191929(')',1(”)’/5 + 1] ’
T 6(y+1)
and we plot the shock regime in the (A, v, )-plane in Figure 6.1.
We note there are three different classes of behaviour depending on the size of
vE/\. Firstly, when v? < ), the rear wall geometry is weak and ¢g; and do; are
negligible and we return to the one-dimensional response. When v2 ~ A, both the
longitudinal and transverse solutions are of the same order. However, for 2 > )
we find a new possibility because, from (6.13) and (6.14), we find, regardless of

whether we are in the shock or no-shock region, that

A d 1
al,O ~ 0 9 bl,O ~ ——2_ 9 CO,I ~ 0 ] 0,1 ™~ ——,
I/w w

so that, as A — 0, the wavetrain g is of O(A/v,,) smaller that the lowest order

transverse mode. This dominating single mode transverse response is due to the

amplification of the small longitudinal wavetrain due to the wall variation a,(z).

yields wpm =1 for the case n = 0 with the next few wn m being non-commensurate and hence a
function of this general shape may be a suitable example.
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Chapter 7

Conclusions

In this thesis we have tried to analyse and unify a wide range of resonance problems.
Beginning with the simplest single-mode response, we have developed theories and
solutions for more complicated and intricate scenarios. The results have been il-
lustrated using both sloshing in tanks of fluid and acoustic oscillations and, where
appropriate, we have related the two problems.

This thesis has been presented in stages of increasing complexity. To summarise
our findings, we first note that the geometry of the tank or resonator is crucial in
determining the type of resonant response we find. This is because the spectrum of
the tank or resonator is dictated by its shape and two properties of this spectrum

are important.

(i) The commensurability of the spectrum. We have seen that the response to

forcing near the fundamental depends critically upon whether or not any of
the natural frequencies are integer multiples of the fundamental. When there
are no commensurate frequencies then the solution is a single-mode; for n
commensurate frequencies the solution may contain between 1 and n modes
depending on which modes are commensurate and if the whole spectrum is

commensurate then the solution contains all the modes.

(ii) The degeneracy of the spectrum. The occurrence of two-dimensional sloshing

solutions (where the free surface varies in two spatial dimensions, and the
velocity potential in three) and two-dimensional acoustic solutions has been

shown to result from small geometric variations in situations where there is
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more than one independent mode associated with a particular natural fre-
quency. The change from one- to two-dimensional solutions as the spectrum

becomes degenerate has been one of the central issues of this work.

In general, the determination of the response relies on a consideration of (i) and
(ii) simultaneously.

Throughout our discussions we have concentrated on the effects of the small
geometrical variations, nonlinearity and dispersion. In reality, dissipation will also
play an important role and we have noted at the ends of Chapters 3 and 4 that

viscosity will round off large amplitude branches in the response diagrams.

7.1 Summary of results and conclusions

The two physical problems under consideration were formally introduced in Chap-
ter 2. Horizontal oscillations of a nearly cuboid tank of liquid (see Figure 2.1) close
to its fundamental frequency were first considered under the assumption that the

liquid is inviscid and the motion irrotational. The natural frequencies are

Wi, = %,\n,mtanh(,\n,mh), (7.1)
~ %,\g,mh h<l, (7.2)

where A2 = n? + m?/b%. The difference between “deep” and “shallow” water can
automatically be seen with reference to (i) above. Equation (7.1) suggests that only
high frequency modes could ever be commensurate with the fundamental and in
this case damping will prevent these modes from being excited. In stark contrast to
this, as the depth becomes small, (7.2) shows that an infinite subset of the spectrum
is commensurate and this property is in common with the other physical problem
we have considered, namely acoustic oscillations in a two-dimensional resonator
(see Figure 2.2 with v = 0).

In Chapter 3 we concentrated on the deep water case and there are a variety of
scenarios which we summarised in Table 3.1. The different cases represent our first

step in understanding the roles of (i) and (ii) above.

(a) The simplest case is when the breadth is not an integer multiple of the length
(b # 1) and (7.1) shows that the lowest frequency is not degenerate and the
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(b)

solution is just a single mode whose amplitude satisfies a cubic equation,
(3.39), similar to a Duffing-type response, and this result is stable to small

variations in geometry.

The solution becomes more interesting when the breadth approaches an in-
teger multiple of the length. We focussed on the case b = 1, with small back
wall variations, in Sections 3.1.2 and 3.2.2, where the response consists of one
longitudinal mode and one transverse mode. Due to the degeneracy of the
spectrum, the linear resonant frequency changes from )y = 0 to two distinct
values of )¢ as the amplitude of the geometric variation (10) increases. The
responses (3.37) and (3.38) show that the amplitudes of the two modes sat-
isfy coupled cubic equations. A Duffing-type branch is associated with each
resonant frequency so that this case is distinguished by the two branches of

Figure 3.5 and these branches can be identified with the two “spectral lines”.

Although, in general, the motion in the deep water case contains only one
longitudinal mode (with, maybe, one transverse mode, as above) there are
certain special cases where this is not true. We saw this possibility emerge
in Section 3.4 when surface tension was introduced and we concentrated on
issue (i) alone by considering a perfectly rectangular tank. Although surface
tension is likely to be negligible in most physically realistic cases and the
boundary conditions (B.3) are controversial, from a theoretical point of view
cases in which the second or third modes are commensurate are interesting.
In Section 3.4 we saw that two critical balances between surface tension and
the depth were possible where wy g = 2w; 0 Or W3 = 3wy 0. In the first case,
with Ao ~ O(g!/?), we initially found that quadratic nonlinearity was enough
to couple the first and second modes (of amplitude O(¢'/?)). However as
Xo — O(e*/®) we found that the second mode dominated with the primary
longitudinal mode being relegated to a lower order. This situation, also stud-
ied by Peake [58], is characterised by the second mode, and only the second

mode, being commensurate with the fundamental.

When the third mode is commensurate, we found the two modes still satisfy

coupled cubic equations but, in contrast to the previous case, the solution
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does not break down as Ao — 0.

In Chapter 3 we also studied the problem where the simple case of (a) is seen to
break down near a critical depth when the response changes from “hard” to “soft”
spring behaviour as the nonlinearity bends the response curve back on itself. This
forced us to go to fifth order in the detuning range \g ~ O(¢*/%) with ¢ growing to
O(e'/?).

There is one omission in our analysis of deep water sloshing: we have not men-
tioned the possibility of so-called “cross-waves”. When a rectangular tank has a
wavemaker oscillating at twice a transverse frequency an instability causes this
transverse mode to be excited. This parametric resonance has been considered by
Garrett [30], Miles [47] and Tsai et al [73] and is reminiscent of vertical oscillations
of a tank (Faraday [28]; Ockendon & Ockendon [54]; Miles [45]). The effects of
geometric variations in such a situation have not been considered and this presents
an interesting avenue for future work.

Following on from these “dispersion-dominated” cases, we considered, in Chap-
ter 4, the shallow water limit of this problem and its analogies with acoustic oscil-
lations. As noted above, the spectrum is now found to contain an infinite number
of commensurate eigenvalues which all become degenerate when the breadth ap-
proaches a rational multiple of the length. In fact, we found that the leading-order
solution satisfies the two-dimensional wave equation with Neumann boundary data
and is determined by a solvability condition on an inhomogeneous wave equation
(rather that the inhomogeneous ordinary differential equations that were encoun-
tered in Chapter 3). The solution was only easily found when there are no transverse
disturbances and we drew together the various aspects of the one-dimensional so-

lution in this chapter by taking a tank with a flat back wall and a slowly varying
base. In this case we found ¢ = f(t + z) + f(t — z) where

52 . Iijz 2 .
Lo+ (5 - ) 170 =347 1) = Zant
14
3 o

i f'(2s + t)[ay(s) — ay(m — s)]ds. (7.3)

This includes the basic Chester solution (v = & = 0) which shows the emergence

of a shock for |A| < X*, and we have given a review of the effects of dispersion
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and dissipation on this solution. Our main area of interest, however, was in the
effects of the integral term in (7.3) and we concentrated on the dispersion-free
case which also describes quasi-one-dimensional acoustic oscillations (cf. (4.50)).
In Section 4.4.2, we took the first three even Fourier coefficients of ap(z) to be
non-zero. This confirmed the work of Ockendon et al [57] and illustrated how the
higher-order terms in the Fourier series for a;(z) have a diminishing effect on the
form of the solution (see Figure 4.3). We saw that each even Fourier term in the
expression for a;(z) introduced a new “finger” into the shock pictures of Figures 4.2
and 4.3.

An interesting class of problems arises when the amplitude of the area variation
in the tank or resonator is taken to be of the same order as the depth of the liquid
or the breadth of the resonator respectively. The leading-order problem now satis-
fies a modified wave equation, (4.65) or (4.72), as we found in Section 4.5 and, as
shown there, the leading-order fluid and acoustic problems are no longer the same.
In general, the spectrum is non-commensurate and there is a single mode response
as in the deep water work. However, we found that there do exist special geome-
tries where the spectrum is commensurate as found from solving inverse eigenvalue
problems in Section 4.5. These special geometries are also seen to emerge from an
increasing number of restrictions as the amplitude of the area variation increases
in the range 0 < vy < 1.

The most complex scenario was then confronted in Chapter 5. When the tank
breadth is a rational multiple of the length, the spectrum (7.2) contains not only an
infinite number of commensurate modes but also an infinite number of degenerate
modes and we concentrated on the case b = 1. The key to understanding how
this doubly-infinite set of modes interact was the observation that the different
wavetrains (infinite sets of modes propagating in the same direction) do not interact
through the quadratic nonlinearity. This means that in a perfectly square tank
or resonator we can single out individual wavetrains with a suitable forcing. We
presented two examples of this; firstly, by oscillating such a tank or resonator
at an angle, the wavetrains fio and fo1 are both excited, satisfying uncoupled
higher-order Chester equations; secondly, by forcing the motion with a suitably

designed wavemaker oscillating near a higher frequency, we were able to pick out
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the wavetrain fyar and again this satisfies a higher-order Chester equation, so
shocks propagating in the (£ N, +M) direction are possible (Figures 5.9 and 5.10).

A more interesting consequence of the absence of nonlinear coupling between the
wavetrains is that we can also simplify the analysis of oscillations in a square tank
with small variations in the back wall. Indeed we found that the solution consists
of an infinite set of wavetrains, f,m, where each f,,, satisfies an equation similar
to (7.3); however, the forcing only enters the equation for f; o and the integral term
is replaced by a term coupling the wall variation, a,(z), with all the f,,.. The
problem is thus reduced to an infinite set of coupled integro-differential equations.
Our asymptotic analysis and study of this set of equations led to the following

conclusions in the dispersion-free case.

e As v, — 0, we retrieve the one-dimensional solution for f;o and this is
changed by a shift in both the strength and location of the shock as v, in-
creases and supplemented by the emergence of cross wavetrains that depend
on two different parameter regimes for \. When A ~ O(1) the wavetrains
Jam ((n,m) # (1,0)) are of O(v,) and satisfy a linear equation. More inter-
estingly, for A ~ O(/v.) the wavetrains grow to O(,/74,) and shocks occur in
very narrow detuning bands. In both cases the amplitudes of the wavetrains

decrease as A, increases.

o Asv, — oo (with A ~ v,,), the fr n-wavetrain has amplitude O(Vi’2("2+m2)%)

except in narrow detuning ranges (lying close to lines A/v,, = const.) that
represent the growth of a single mode within the expressions for the fym.
However, this growth only reaches the same size as the leading-order term
(O(1/v,) from fio and fo1) for the cases of the first three modes of fi,0
and fo, as discussed on page 83. Hence, for all A, v, large, these primary
wavetrains dominate the solution. Close to these lines of growth, the other
modes grow to balance with the leading-order term and shocks are possible.

Hence we will see shock fingers in the (), v, )-plane close to these resonant

lines.

Based on these limits we proposed an iteration scheme for v, ~ O(1) using the ini-

tial approximation A(z,y,t) = l(?o)(tix) +fé?1)(t:i:y). This led to a solution such as
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Figure 5.5 which agrees well with the above asymptotic solutions. The solution, as
Vy and A increase, is a finite mode Duffing-type response purely in the longitudinal
and transverse directions, except in narrow fingers where shocks occur in either of
these directions. The existence of an infinite number of degenerate eigenmodes thus
leads to the possibility of two-dimensional shock solutions. Finally, in this chapter,
we saw how this shallow water solution matched with the shallow water limit of
the deep water solution of Section 3.2 when we re-introduced dispersion.

To complete the picture we considered some generalisations in Chapter 6. In
Section 6.1, we saw that, as the amplitude of the wall variation, v,g, increased, the
solution moved away from the infinite mode responses of Chapter 5 and a finite
mode response emerged. More interesting is the possibility of an infinite number
of commensurate eigenvalues but just a finite number of degenerate eigenvalues.
We considered this in Section 6.2 where we saw the solution is a Chester-type
equation coupled to a finite mode transverse motion. When the fundamental is
degenerate and the average of the wall variation, a,(z), is zero, this transverse
motion dominates in a certain detuning range and removes the possibility of shocks

near A = 0.

We have encountered a wide variety of resonant responses characterised by the
commensurability and degeneracy of the spectrum. The number of different sce-
narios is, of course, vast but we have tried to highlight the most interesting and
important cases here. We hope our general theories can now be used to predict the
resonant response within any bounded container and extended to three-dimensional
acoustic oscillations (for example, in a cube where geometric imperfections will al-

low for shocks parallel to each wall of the cube).
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Notation

Fluid Gas

u Dimensional velocity u Dimensional velocity

T/t Dimensional /non- T/t Dimensional /non-
dimensional time dimensional time

p Pressure P Pressure

P Density p Density

g Gravity 0% Ratio of specific heats

®/¢ | Dimensional/non- O/ Dimensional /non-
dimensional velocity dimensional velocity
potential potential

X/« | Unscaled/scaled coordinates | X /x Unscaled/scaled coordinates

&/n Dimensional /non- L Length and average breadth
dimensional free surface of resonator
height

['/y | Dimensional/non- h Average height of resonator
dimensional surface tension
coefficient

o Scaled version of v given ap(z,y) | Variation in top geometry of
by y=0c/(1—0) resonator

nL Length of tank ay(z) Variation in back geometry of

resonator

brL Average breadth of tank Vo Strength of variation in top

hL Depth of tank Vo Strength of variation in back

Ao Detuning vp Scaled version of 149 for weak

variations

Ai, A | Different detuning Vo Scaled version of v, for weak
regimes variations

a Amplitude of forcing w Fundamental frequency

€ a/L A Detuning

a,(z) | Variation in wall of tank el Amplitude of forcing

Va0 Strength of variation in wall

ay(z) | Variation in base geometry g(+) Functional representation for
of tank one-dimensional problem
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Fluid

Vwdy Vw
W

Wn,m

bO ’ bd
bi

i

An, an

Anm

frm

Strength of variation in base
Different geometry parameter
regimes

Scaled version of vy for weak
variations

Natural frequencies of oscilla-
tion where n is mode number
in z-direction and m is mode
number in y-direction
Perturbation from tank of
breadth =

(i—1)" order term in expansion
for ¢

(i—1)* order term in expansion
for n

Coeflicients of Fourier series for
ay(z)

Coeflicients of Fourier series for
ab(:z:)

Amplitudes of deep water
modes

Scaled version of o in shallow
water problem

Scaled shallow water depth
Function determining response
in one-dimensional shallow wa-
ter problem

Amplitude/phase of

shallow water modes for
one-dimensional solutions
‘Packet’ of modes in (n,m)-
direction

Functional representation of

Anm

Table 7.1: Notation.
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Appendix A

A.1 Shock considerations

A.1.1 Continuity of entropy

Consider the one-dimensional gas flow equations,

ptt(pu)e = 0, (A.1)
p(us + uug) + ‘%z = 0, (A.2)
I%: (/%) = 0, (A.3)

where we have non-dimensionalised velocity, pressure, density, time and the spatial
variations with aoL, pa, pa, 1/ao and L respectively. Here L is a typical length-
scale, p, and p, are the values of pressure and density in the equilibrium state and
a2 = 4yp,/p.. The last two of these equations can be written in conservation form
as

(pu>t+(pu2+§) _ o,

1 , ¢ep 1 (cv+R)p
ol &P - b BULY ¥ = 0
(2')“ +Rv>t+(u{2’m ' /4)), ’

where R is the gas constant, ¢, is the specific heat at constant volume and v =

(cy + R)/R. Hence we find the jump conditions

Vip] = [pu], (A4)
Vipu] = [pu2+§], (A.5)
V[%puz-i-%%] = [u{%puz-i-(cU;R) g}] (A.6)



for a shock at z = V't where [f] denotes the change in f across the shock. We
now expand the variables, in accordance with the other expansions employed on

the acoustic problems in the thesis, as

U = 51/2u0+5ul+...,

p = 1+ potep+---,

p = 1+e0+ep +---,
= 1+El/2‘/0+
Then (A.4)-(A.6) give
1
[po] = [uo] = ;[PO]’ (A.7)
to O(1) and
[o1 + Vopo] = [u1 + poua, (A.8)
[ul + ‘/()UQ + po’u,o] = [ug + %] ) (Ag)
v—1 1
(—2-2153 + ;(pl + Vopo)} = [u1 + uopo), (A.10)

to O(e'/?). Elimination of u; and p; between (A.9) and (A.10) then gives
1
Vo = 5(o — po) + to, (A.11)

where the bar denotes the average of the quantity across the shock. Now consider

the quantity p/p” which can be expanded to give

+1
}% =1+ ¢&"(po — 1p0) + ¢ (pl ~ Ypopo — vp1 + 7(72 )p[‘;) : (A.12)

and, from (A.7), (A.8) and (A.10), we find [p/p"] = 0 to O(¢) and hence entropy is

continuous across the shock to O(¢).

A.1.2 Stability of shock

To show that the shocks we encounter are ones of compression we consider a per-

turbation to a shock at z = V¢. First we re-write (A.3) as p; + up; + ypu, = 0 and
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then write ¢ = ¢ — Vt so that the governing equations are now

pe—Voe+ (pu)e = 0, (A.13)
plus + (u — V)ug] + % = 0, (A.14)
pet (u=V)pe +vpug = 0. (A-15)

We now perturb about the solution (u, p, p) = (4, p, p) by writing

p = p+dcettH
p = ﬁ+5626“+ke,

u = 1+ dege”t T

where § € 1 and the shock position is now at £ = §e”t. Using these expressions in
(A.13)-(A.15) yields that solutions are only possible if

a:k{f/-—ﬁi(g)%}, (A.16)

where we choose the positive/negative value in (A.16) so that & = 0 when there
is no change in p, 5,4 across the shock (i.e. ¢ — 0 as ¢ — 0 in what follows).
Now we consider the situation shown in Figure A.1 so that, from (A.11), V =
sgn(e) + e(y + 1)/4 and hence, to the left of the shock, ¢ = ek(y + 1)/4. Hence,
for decaying solutions, ¢ < 0,k > 0 we require ¢ < 0. Likewise, to the right of the
shock, 0 = —gk(y + 1)/4 and for 0 < 0,k < 0 we need £ < 0. So, in both regions,

we require £ < 0 for stable solutions, i.e. shocks must be compressive.

a=0 U=
p=1 p=1+7¢l
=Vt

Figure A.1: Basic states before perturbing shock.
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Appendix B

B.1 Swurface tension effects

In Section 3.4 we introduce surface tension effects into the two-dimensional problem
(vwo = 0, so the solution is independent of y). The dynamic condition (2.5) now

becomes (see, for example, Batchelor [3])

1 I &xx
&, + (VO =2 =
and the linearised natural frequencies are now
W = Ia tanh(unh) (14 —=22 ). (B.1)
n,m L 1 1 ng2 n,m

Non-dimensionalising with the scaling suggested by Concus [19], ' = pgL?c/(1—0)
(0 < 0 < 1), then gives
nl'l'
on z = 0, instead of (2.23).
In general o will be small compared to the effects of gravity, but we consider the
case o ~ O(1) so we can study the possibility of the second or third modes being

commensurate. The pursuit of the nonlinear response when o # 0 reveals how

the single mode solution breaks down when one of these modes is commensurate.
Hence we solve the nonlinear model (2.31)-(2.38) and (B.2) rescaled with (2.29),

and we assume that the free surface makes an angle 7/2 with the walls z = 0,7, so

that

(nd)s =0 on z=0,m. (B.3)
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(In reality, this boundary condition is likely to be much more complicated as dis-
cussed in Hocking [31]. However, we use this simplified model to study the impor-
tance of commensurability.) Hence, using expansions (3.25) and (3.26) we find

¢o = Acoszcosh(z + h)sin(t+o1), , mno = —Acoszsinhhcos(t+ o),
where A > 0, and the O(¢?/3) terms are
Vii=0 , ¢12=0 on z=0,7 , ¢,=0 on z=—h,
Mmz=0 on z=0,7 , ¢1,="m:+Norbor — Mooz on 2z=0, (B.4)
(1 —o)m +tanh h(dye + 70dos: + %(¢(2)z + #5.)) = 0Nee on z =0,
/OW mdz =0 , V¢ (z,2,t+271) = Vy(z,2,1),
which have solution

¢1 = Pot+ Bcoszcosh(z+ h)sin(t + a1)
+[A; + Az cos 2z cosh 2(z + h)]sin 2(t + ay),

m = —Bcoszsinhhcos(t+ ai)— Azcos2zsinh2hcos2(t + a1)
2
+C cos2z + %— sinh h cosh h cos 2z cos 2(t + o),

where
Az 3A2%(1 + 20 cosh® h)
= 2 4sinh’h 4+1) , A= ,
plsinh h+ 1) A= e Tk~ sinb? h)
A?tanh h A?
_Atanh g sk h41) , fo=—=
31 130y 2mh A+ D) . b

8
Going to the third order leads to the problem

Ay

C

V=0 , ¢y =sint on z=0,71 , ¢.=0 on z=—h,
e =0 on z=0,71 |, ¢2. = n2t + Fi(z,t) on z=0,

3o
(1= o) — OMaos + tanh by = Fa(2,1) = —Tlozao,
—Mgtanh hgp; on 2z =0,

v¢2(x727t+27r) = V¢2($’Z’t)v
where

Fl(z7t) = (nOnquSOa:z + ¢11:"70:c + ¢0.7:7711' - 770¢12z - 771¢0 - ';'77(2)¢Oz)lz=0,
Fy(z,t) = —tanhh (771¢0tz + 1nddo; + nodaiz + Nobosdos: + PorPiz

+770¢Oz¢0 + ¢Oz¢lz) |z=0-
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We can now employ the Fredholm Alternative on this problem to arrive at the

solvability conditions
AaAsinhh + H(o,h)A® = % tanh h cos ay, (B.5)
and sin oy = 0, where

H(o,h) = [2 — 9 cosh? (1 + 30?) + cosh® k(24 + 180 + 270% — 810%)+
cosh® h(—8 + 270 + 3602 + 8103)] /[32sinh k cosh? h(3acoth?h — 1)(30 + 1)).
(B.6)

Clearly for ¢ = 0, H = H, and we return to equation (3.40). For o # 0 this
result agrees with Concus [19] who considered the problem of standing waves in
a tank when surface tension effects were included. The response is again similar
to that of the Duffing equation but now the hard/soft spring behaviour depends
of whereabouts in the (h,o)-plane we are. Figure B.1 summarises the situation,
showing regions I where H > 0 (soft spring) and regions II where H < 0 (hard
spring), and is the same as Concus’ Figure 1. Firstly, H changes sign when the
numerator of (B.6) passes through zero and this is shown by the solid line in Fig-
ure B.1, and the solution close to this line was found in Section 3.3 for ¢ = 0. The
second change is due to the denominator passing through zero (as can also be seen

in the coefficient A;) which corresponds to
1 2
o=3 tanh® h, (B.7)

and is shown by the dashed line. Also, if we proceed to solve the ¢; problem we
find that there is a term in ¢, of the form b33 cos 3z cosh 3(z + h) sin 2t where b33 is
proportional to [1 — (1 + 3 coth® h)]~* so when

1

e — B.8
7 1+ 3coth? A’ (B.8)

there is one other place in the (k,o)-plane where the solution breaks down. This

is shown in Figure B.1 by the dotted line. The solution breaks down when we are

close to or on any of these lines.
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Figure B.1: Plot showing how the solution (B.5) breaks down. The solid line
corresponds to H(c,h) = 0 whereas the other two lines show a resonance of higher
modes. Also the response is like a soft spring in regions I and a hard spring in

regions II.
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Appendix C

C.1 Other aspects of one-dimensional resonant
sloshing and acoustics

In this appendix we discuss two other aspects of the problems considered in Chap-
ter 4 that are of interest, but that do not tie in with the general themes of this

thesis.

C.1.1 Forcing near a higher frequency

We can study oscillations generated when the forcing is close to a natural frequency
other than the fundamental, i.e. when the ends of the tank are at —&cos kt and
7 — € cos kt, by repeating the analysis of Sections 4.1 and 4.3 to give, in the absence

of dispersion and geometric effects,
2k
A" 4 3f f = ——sinkt,
s

where k must be even for the tank (due to the forcing on both ends, see (2.15))
but could be any natural number for the acoustic problem. As a point in case, we

consider k = 3. Once again continuous solutions can be found for ¢ > 0 and are

1/2 t 1
reg=2(z) (=3+9

and these have period 27 /3, the same period as the forcing. However in the shock
region we can construct not only solutions with period 27/3 which contain three
shocks in an interval 2w, but also solutions with just one shock in a period 2.
Figure C.1 illustrates the two possibilities. The point to note is that the Fourier

series of the three shock solutions contains only cos3nt (n = 1,2,...) modes and
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Figure C.1: One-shock and three-shock solutions at A = 0 when the forcing is
proportional to sin 3t.
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thus a subset of the spectrum only is excited. In the case of one shock, however,
all modes are excited and the response contains terms which are subharmonic with
respect to the forcing.

For oscillations at a higher frequency we must exhibit some caution and restrict
ourselves to relatively small values of k because as k gets large and time derivatives
grow large, our asymptotic analysis will eventually break down. Seymour & Mortell
[63] have presented a method for solving the acoustic problem when the forcing
frequency is close to any natural frequency. To show how (4.49) and (4.2) arise
from their theory for low values of the forcing frequency we present an outline of
their ideas, changing the scalings slightly to agree with our configuration.

Defining Lagrangian variables (£, T) by
z=z(T) , t=T,

where ¢ = z(0), then (2.40)—(2.42) become (for one-dimensional motion)
(L +e)r—u = 0,
ur +pe = 0, (C.1)
v = (I+e) -1,
after scaling velocity with ag, pressure with poad, density with po, length with L
and time with L/ao, where a2 = vypo/po and e = p —1 < 1. As in Section 2.2 we
take the ends of the resonator to be at z = 0 and £ = m — e coswt so that
u=0 on (=0, }

u=c¢ewsinwl on {=m.

(C.2)

We now define c(e) by

¢ a(s) _ 2
c(e) =/0 a +s)2d5 = e+ 0(e%),

where

a(e) = (14 P = (1+¢)™" = 1+ Me + O(¢),

and M = (y+1)/2, and this is the correct definition of c(e) as opposed to Seymour
& Mortell’s who had a(s)/(1 + s) as the integrand, although the final results are
the same. Equations (C.1) can now be rewritten as

(2 2u02) o=,
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so that

u—c=2f1(B) on g—g—, = —a(e), (C.3)
B
u+c=—-2f(a) on Ed% = a(e), (C.4)

where f; and f, are arbitrary functions. Integrating these characteristics is the
subtlest part of the calculation. An intuitive way of proceeding is to concentrate on
either the a-wave or the S-wave and hence consider the solution as a simple wave.
Hence we might solve just (C.3) for a signal propagating along the o-characteristic

to give

u—c=2fi(B) on T+ ¢+ MEF(B) = fio(B),

or solve just (C.4) in the same way to give
utc=-2fi(a) on T —¢{—ME{fa(a)= fr(a),

where fio and f; are arbitrary functions. In general, of course, the two signals pass
through each other and interact. However, Mortell & Varley [52] and Mortell & Sey-
mour [50] have shown that this interaction is negligible for small amplitude motions
and we hence persist with the above formulae and parameterise the characteristics

by o = wT on £ =0 and f = wT on { = 7 to give

u = fi(B)— faa), (C.5)
& _Tie+Mefo(a) g:T+£—7r+M(€—7r)f1(ﬁ)- (C.6)

w

We can now apply the boundary conditions (C.2) to give

filn) = fa(s) = ewsiny, } (C.7)
n = s+ 2wm + 2(»'-’]\47"]01(5)’

and
f(¢ +wr +wMn f($)) = fi()- (C.8)
If we now look near resonance so w ~ n by writing
w=n(1+ o)
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and define

Ao

F(y) = fi(y) + MO+ %)
then (C.7) become

F(n) — F(s) = en(l+ Xo)siny, }

C.9
n = s+2n7r+2nM7r(1 +)\0)F(s)’ ( )

This is essentially the functional equation derived by Seymour & Mortell and is
often referred to as the “standard mapping”. Its solutions have been thoroughly
analysed by Seymour & Mortell in [49]-[51] and [63]-[65]. We just note than in the
so-called “small-rate” limit where we assume! [2nMnF’| < 1 then (C.9) can be

expanded to give
F(s) = F(n)—2nm(14+ X)MF(n)F'(n)[1 + O(2n M= F")],
(bearing in mind that F(y — 2nm) = F(y)), and hence we find
2n M F(n)F'(n) = esinn. (C.10)
Now note that, in this limit, z = ¢ and (C.5), (C.6) and (C.8) give

u= fit+z—m)— filt —z—m).

1/2

€
Hence, putting Ao = 2Xe!/? (in agreement with (2.52)), fi(t — ) = g'(t) so

1+46
that

/2
= t t — 1)),
P =1 +/\O(g( +z) + g(t - 7))
(so that u = %) in agreement with (4.49) and the scaling for ¢ in (2.53), we see

from (C.10) that g satisfies
1
A"+ (v+1)gg" = ~—sint,

i.e. we return to (4.2) — Chester’s equation.

INote this restriction is equivalent to saying
IrMen? « 1,
as can be seen by writing F = F/2nwM to give

)= F(s) = 2en®mM(1+ Xo)sinn,
n = s+2nm+ (14 X)F(s),

and then 2rMen? < 1 implies that |F’] « 1 and hence |2nM7F'| < 1.
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C.1.2 Evolution to a periodic response

Throughout Chapter 4 we must bear in mind the issue of whether or not a periodic
motion evolves from an initial state of rest. This was first considered by Cox
& Mortell [21] (for the acoustic problem) and [22] (for the fluid problem). We
can arrive at a similar result by introducing a long timescale over which either a
non-periodic or periodic response may develop. The necessary timescale in this
case is T = €'/%t and using the method of multiple timescales we can rework the
calculations of Section 4.1 to find that ¢o = f(t+z;7)+ f(¢ —z;7) where G(t;7) =
af(t; 7)/ Ot satisfies

k2 PG k?\ 0G oG _o0G 2,
396 + ()\ — ?) s +3G5%- +2—é7 = --;smt,

and G(t + 2m;7) = G(t;7) and G has has zero mean over the interval 0 < t < 27.
This is just a forced Korteweg-de Vries equation which is the same as (4.48) when
G is independent of T (periodic motion). Cox & Mortell [22] considered this as
an initial value problem to see whether periodic motion arose and using numerical
techniques reached the conclusion that no periodic response was possible unless a
damping term similar to that in Section 4.7 was included. However, in the absence
of dispersion, Cox & Mortell [21] discovered, by finding an analytical solution (using
the method of characteristics), that the solution does tend to a periodic state, even
in the absence of damping. Hence we see that the inclusion of dispersion causes an
instability in the evolution process and this may be related to the non-uniqueness
of the solution in this case (see Section 4.6). It seems likely that the solution moves
between the different possible solution branches as the motion evolves. Also, the
inclusion of dissipation reduces the number of possible solutions for a fixed detuning

and hence reduces the chance of instability, so a periodic motion can evolve.
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