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Abstract

Although extensive work has been carried out on one-dimensional resonant oscil­ 

lations of both liquids in a tank (where the free surface varies in only one spatial 

dimension) and gases in a resonator, little is known about two-dimensional solu­ 

tions. This thesis aims to unite and extend the knowledge about one-dimensional 

solutions and also develop a theory for classifying two-dimensional motions and, as 

a consequence, understand the different types of responses that may be found in 

tanks and resonators of arbitrary geometry. To do this we focus on (i) the nonlin- 

earity and (ii) the geometry (and, hence, the nature of the spectrum) and ignore 

dissipation to lowest order although it is, in general, important. However, we can 

easily include dissipative effects a posteriori and its initial absence makes it easier 

to analyse the new two-dimensional effects. For reasons which will become appar­ 

ent, we will mainly consider cuboid-shaped geometries and perturb the sidewalls of 

such tanks and resonators, allowing for the gradual introduction of two-dimensional 

effects.

The thesis is split into two parts, underlying the differences between the prob­ 

lems that arise when the spectrum of the relevant linear problem is commensurate 

or non-commensurate. After a general introduction in Chapter 1 and a discussion 

of the model and governing equations in Chapter 2, the first part, comprising Chap­ 

ter 3, looks at oscillations in deep water where the response typically consists of a 

finite number of modes. The second part is more extensive, looking at shallow water 

sloshing and the analogies of this problem with acoustic oscillations, both of which 

have a spectrum containing an infinite set of commensurate frequencies and the 

solution is much more intricate. We develop the problem and its one-dimensional 

solutions in Chapter 4 and then extend these ideas to two-dimensions in Chapter 5. 

With all this in mind we then make some general remarks about oscillations in 

tanks and resonators of arbitrary geometry in Chapter 6.



Acknowledgements

I would like to thank my supervisors Dr John Ockendon and Dr Hilary Ockendon 

for their guidance and encouragement over the last three years. I would also like to 

acknowledge Prof. Bill Chester for many informative discussions during the course 

of my research and Prof. Dima Vasiliev for his help on inverse problems. For 

financial support I am grateful to the EPSRC for an earmarked award. On a more 

personal note, I am indebted to both my fiancee, Debbie Lawrance, and my parents 

for their love and support over the years. Last, but not least, I extend my gratitude 

to my friends and colleagues who have made my time in Oxford a pleasure. In 

particular, Linda Cummings, Dale Heron, James Lawry and Giles Richardson have 

contributed toward a lively and stimulating working environment.



Contents

1 Introduction 1

1.1 Literature review ............................ 4

1.2 Thesis structure ............................. 8

1.3 Statement of originality . ........................ 10

2 Basic equations 11

2.1 Fluid sloshing in a tank ........................ 11

2.1.1 Free surface conditions ..................... 12

2.1.2 Geometry of tank and boundary conditions . ......... 12

2.1.3 Natural frequencies and the effect of forcing ......... 13

2.1.4 Non-dimensional equations ................... 15

2.2 Acoustic resonators ........................... 17

I Resonant Oscillations In Deep Water 21

3 Deep water sloshing, h > 0(1} 22

3.1 Linear theory .............................. 23

3.1.1 Solution away from degeneracy ................ 26

3.1.2 Close to a square horizontal cross-section ........... 26

3.2 Nonlinear response ........................... 28

3.2.1 Solution away from degeneracy ................ 31

3.2.2 Close to a square horizontal-cross section ........... 33

3.2.3 A pair of coupled oscillators as a paradigm for degenerate

deep water sloshing ....................... 36

3.2.4 Resonance of higher modes ................... 36



3.3 Solution near a critical depth ..................... 38

3.4 Summary of results and surface tension effects ............ 42

3.4.1 Second eigenfrequency commensurate with first ....... 43

3.4.2 Third eigenfrequency commensurate with first ........ 46

II Shallow water sloshing and analogies with acoustic
oscillations 47

4 One-dimensional solutions of the problems of shallow water slosh­ 

ing and acoustics 48

4.1 Shallow water sloshing ......................... 51

4.1.1 Re-scalings ........................... 51

4.1.2 Shallow water model ...................... 52

4.2 Acoustic oscillations .......................... 55

4.3 Integro-differential equations for one-dimensional problems ..... 56

4.3.1 The Fredholm Alternative applied to an inhomogeneous wave

equation ............................. 56

4.3.2 Integro-differential equations .................. 57

4.4 Geometric effects in one dimension .................. 59

4.4.1 Basic solution .......................... 59

4.4.2 Geometrical effects ....................... 60

4.4.3 Proof that shocks must exist near A = 0 ........... 65

4.5 Stronger geometric variations ..................... 67

4.5.1 Acoustic oscillations in a resonator with varying sides .... 67

4.5.2 Fluid in a tank with a varying cross-section ......... 69

4.5.3 Other geometries ........................ 71

4.6 Dispersive effects ............................ 71

4.7 Summary ................................ 73

5 Two-dimensional solutions of shallow water sloshing and acoustics 75

5.1 Two-dimensional solutions when 6 = 1, vw ^ 0 ............ 77

5.1.1 The limit vw -+ 0 ........................ 81

5.1.2 The limits X,vw -> oo ...................... 86

11



5.1.3 Iteration scheme for vw ~ 0(1) ................ 89

5.1.4 Example, aw (x) = cos x ..................... 90

5.1.5 Transition between two- and one- dimensional solutions ... 98

5.2 Dispersive effects ............................ 100

5.3 Other two-dimensional responses ................... 101

5.3.1 Forcing at an angle ....................... 102

5.3.2 Resonance of higher modes ................... 103

6 Generalisations 108

6.1 Geometric imperfections ^> (^(e 1 /2 ) .................. 109

6.2 Spectra with other degeneracies .................... 113

7 Conclusions 117

7.1 Summary of results and conclusions .................. 118

A 126

A.I Shock considerations .......................... 126

A.1.1 Continuity of entropy ...................... 126

A.1.2 Stability of shock ........................ 127

B 129

B.I Surface tension effects ......................... 129

C 133

C.I Other aspects of one-dimensional resonant sloshing and acoustics . . 133

C.I.I Forcing near a higher frequency ................ 133

C.I.2 Evolution to a periodic response ................ 138

References 139

111



List of Figures

1.1 Duffing- type response showing amplitude against frequency. The

dashed curve shows the effect of damping. .............. 2

1.2 Sketches of two types of acoustic resonator with an oscillating piston 

at one end whose non-dimensional amplitude, e, is the ratio of the 

dimensional amplitude to the length of the resonator: (a) resonator 

with straight sides, (b) thin resonator with slowly varying sides. . . 6

2.1 The geometry of the tank. ....................... 13

2.2 Oscillations of a piston at one end of an acoustic resonator. ..... 18

3.1 Plot of A against A0 and i/^o showing the linear response when 6 = 1. 27

3.2 Change in the values of the natural frequencies of a tank of nearly-

square cross-section as VWQ increases. ................. 28

3.3 Classic Duffing-like response for (3.40). ................ 32

3.4 Nonlinear response when b ^ I, showing how A varies with \d and

vwd , given by (3.39). .......................... 33

3.5 Response diagram for the nonlinear solution in a tank with a nearly 

square horizontal cross section: (a) amplitude against vw& when \d — 
0 and (b) amplitude against A^ when vw& — 2 ............. 34

3.6 Linear and nonlinear responses for non-degenerate and degenerate 

responses. The dark lines represent free oscillations and the normal 

lines forced oscillations. ......................... 37

3.7 Response based on equation (3.14) showing the transition from soft

to hard spring. ............................. 41

3.8 Plot of the size of the first mode in the special case when the first

two modes interact. ........................... 45

IV



3.9 Plot of the size of the second mode in the special case when the first

two modes interact. ........................... 45

4.1 Continuous and discontinuous solutions of (4.52). .......... 61

4.2 Shock region and geometry when we approximate a'b = 2x with its 

first three even harmonics. The dotted line shows the corresponding 

shock region when we include just the first two even harmonics. . . 64

4.3 Shock region and geometry when only JM ^ 0. ............ 66

5.1 Intersecting shock waves ........................ 76

5.2 Plot of t\ against t^ where the shock is located at t* = tg + vwi\. . . 84

5.3 Plot of At for (a) vw = 0 and (b) vw = 0.2. .............. 85

5.4 Picture showing the emergence of the shock regions. ......... 93

5.5 Plot showing, for aw (x) = cos x, (a) the interface between shock and 

continuous solutions where there are shocks in the longitudinal di­ 

rection between the solid lines and shocks in the transverse direction 

between the dashed lines, and (b) the response where the dashed 

part of the curve indicates a shock in any direction. ......... 96

5.6 Plot of At for A = 0, vw = 1.3 and t = -ir/4. ............. 98

5.7 Transition between two- and one-dimensional solutions for a(x) —
7u,o cos x as 7u,o increases. ....................... 99

5.8 Top view of a tank being oscillated an an angle. ........... 102

5.9 Evolution of shocks when the (l,2)-mode is resonated: plot where 

the vertical axis is proportional to 770 for (i) t =   3?r/4, (ii) t = — vr/2 

and (iii) t = -ir/4. ........................... 106

5.10 Evolution of shocks when the (l,2)-mode is resonated: plot where 

the vertical axis is proportional to T/O for (i) t = Tr/4, (ii) t = Tr/2 

and (iii) t = 3x/4. ............................ 107

6.1 Shock region for the special case of one transverse mode. The region

between the dashed lines is where the transverse mode dominates. . 115

6.2 Shock region for 7^0 7^ 0. Shocks are found in between the solid lines

and the transverse mode dominates in between the dashed lines. . . 116



A.I Basic states before perturbing shock. ................. 128

B.I Plot showing how the solution (B.5) breaks down. The solid line 

corresponds to H(<r, h) = 0 whereas the other two lines show a res­ 

onance of higher modes. Also the response is like a soft spring in 

regions I and a hard spring in regions II. ............... 132

C.I One-shock and three-shock solutions at A = 0 when the forcing is

proportional to sin 32. .......................... 134

VI



List of Tables

3.1 Different parameter regimes for resonant sloshing. .......... 43

4.1 The one-dimensional problem for shallow water sloshing and acous­ 

tics where F(x, t) is quadratic in A. .................. 56

4.2 Geometries with known eigenvalues. .................. 72

7.1 Notation. ................................ 125

vn



Chapter 1 

Introduction

Who would have thought that liquid sloshing around in containers could 

be a problem? New Scientist 20 June 1992

The theory of oscillations within physical systems is a wide-ranging subject giv­ 

ing rise to extensive mathematical treatments. From simple classroom experiments 

concerning the motion of a pendulum to more complex systems, oscillatory be­ 

haviour exhibits observable phenomenon that are rich in mathematical structure. 

Little mathematical knowledge is needed to find, for instance, the frequency of the 

oscillations of a pendulum as long as one essential assumption is made. This is that 

the amplitude of the oscillation is small, as is the case in many physical problems. 

This key assumption allows a linearisation procedure that forms the first step in 

any mathematical treatment.

Linear theory, however, has its drawbacks. In particular, when the system, such 

as a pendulum, is forced near its natural frequency, undamped linear theory predicts 

an unbounded amplitude. This is the well known phenomenon of resonance and the 

key to understanding the size and form of oscillations near resonance may rely on 

the nonlinear terms which were neglected as a first approximation. Understanding 

how nonlinearity controls the resonant growth is a central issue of this thesis.

Perhaps the most famous example of this nonlinear behaviour can be seen in 

Buffing's equation 1 (named after Duffing for his work or circuit theory [24]) which 

can be written as

x + kx + (1 + AO)X + x3 = e cos t, (1-1)

xThis equation exhibits the same type of response as some of the problems discussed in this 
thesis.

1



where AQ and k > 0 measures how close the forcing frequency is to the natural 

frequency and damping respectively. Away from resonance, A0 ~ 0(1), and for 

k = 0, the nonlinear terms are negligible and x ~ e/AoCosi. As we approach 

the resonant frequency, A0 <tC 1, the nonlinearity can then be shown to control 

the growth of the oscillation and results in an amplitude of O(e1 ^3} when AO = 

A£2' 3 (A ~ 0(1))- Figure 1.1 shows the sort of response2 that emerges, where 

a; ~ e l/3Acost. Here the response is for a "soft spring" (decreasing amplitude 

with increasing frequency) as opposed to a "hard spring" (increasing amplitude 

with increasing frequency). When the damping k is 0(e1/3 ), the peaks in this 

response diagram are rounded as illustrated by the dashed part of Figure 1.1. A 

fuller account of this equation may be found, for example, in Jordan & Smith [34] 

or Stoker [66].

Figure 1.1: Duffing-type response showing amplitude against frequency. The 

dashed curve shows the effect of damping.

Throughout this thesis we are concerned with two infinite dimensional gener­ 

alisations of this situation; small amplitude gravity waves in a tank and acoustic 

oscillations of gas in a resonator of finite dimensions. Forcing the tank or resonator 

(by rocking from side to side for the tank or placing an oscillatory piston at one

2The term "response" is always taken to mean the modulus of the amplitude.



end of the resonator) near one of the natural frequencies3 causes the associated 

mode to be resonant. In the case of deep water4 waves, this is generally the end of 

the story as the other natural frequencies are non-commensurate with the forcing 

frequency (i.e. the other natural frequencies are not integer multiples of the forc­ 

ing frequency) and this criterion proves to be of great significance. In this case, 

third-order effects lead to a balance between the nonlinearity and the forcing in 

much the same way as for Buffing's equation. However, as the aspect ratio of the 

tank becomes small, shallow water theory applies and, for rectangular tanks, the 

natural frequencies become nearly commensurate with the forcing frequency. This 

is also the case for acoustic oscillations in a resonator with straight sidewalls and 

rectangular cross-section, and in both cases the type of response is much more 

complicated. The reason why the commensurability of the spectrum plays such 

a vital role can be seen from the following simple argument. Forcing either the 

tank or resonator near to its fundamental frequency causes the cos x sin t mode to 

be excited. The quadratic nonlinearity "doubles" this to create a feedback term 

cos 2x sin It. Hence if twice the fundamental frequency is also a natural frequency 

then this mode is also excited. This process continues ad infinitum if the whole 

spectrum is commensurate.

Although we wish to classify the types of response found in tanks or resonators of 

arbitrary geometry, we will see that taking a tank of rectangular cross-section leads 

to the most interesting scenario and, in general, we consider this geometry. This is 

because, as noted above, in the shallow water limit the number of commensurate 

frequencies becomes infinite. Also, if the ratio of tank breadth to length is rational 

then there is an infinite set of degenerate eigenfrequencies, i.e. frequencies with 

more that one associated eigenfunction.

One of the key aims of this thesis is to understand how small variations in the 

geometry of the tank affect the response. We will see that, for the resonators we will 

be considering (and probably only for them), even weak variations have startling 

effects, leading to intricate couplings between commensurate modes. By classifying 

the response for the rectangular tank and then gradually increasing geometrical

3In general, we will be concerned with oscillations near the lowest, or fundamental, frequency. 
4We use the phrase "deep water" to signify that the aspect ratio of the depth to length of the 

tank is 0(1) or greater.



variations (for instance, the curvature of the walls of the tank) we can make gen­ 

eral remarks about oscillations in tanks of any shape. We focus on the geometry 

(determining the linearised eigenfrequencies or causing slight perturbations to these 

frequencies), nonlinearity and the detuning (the difference between the forcing fre­ 

quency and the natural frequency) and pay less attention to the damping because 

its effects can be incorporated a posteriori whereas including damping from the 

start makes it difficult to appreciate the new two-dimensional effects that we are 

interested in.

Although much of this thesis is concerned with the sloshing problem, we ne­ 

glect, in general, dispersive effects when considering shallow water oscillations. This 

dispersion-free model is, of course, applicable to acoustic oscillations. There are, 

however, a few interesting differences between the two problems.

We next give a review of the literature to see how the problem has evolved, and 

then present a section outlining the structure of the rest of this thesis.

1.1 Literature review

Mathematical discussions on the oscillations in a tank of fluid considered to be deep 

really began in earnest with Penny & Prices's [59] work (which developed ideas dis­ 

cussed as early as 1880 by Stokes [68]) on stationary gravity waves. They found 

expressions, to fifth order, for the possible natural frequencies for fluid of an infinite 

depth. This work inspired Taylor [71] to carry out experimental work that verified 

Penny & Price's results and which also considered the resonance problem. This 

showed, for the first time, the Duffing-like response of the motion (see Figure 1.1). 

Equivalent results for fluid of a finite depth were found by Tadjbakhsh &; Keller [70] 

(analytically) and Fultz [29] (experimentally). Both works show a change from soft 

to hard spring behaviour near a critical depth. Further analytical results, deter­ 

mining the nonlinear corrections to the natural frequencies, were given by Concus 

[19] (for the problem incorporating surface tension) and Verma &; Keller [75] (for 

three-dimensional solutions). The work of Concus was extended by Vanden-Broeck 

[74] for a special case where the surface tension and depth reach a critical balance. 

In this case, the motion comprises not one but two resonant modes because the first 

two natural frequencies are commensurate. Finally, Bridges [9], [10] and Bias &



Bridges [23] have considered more general results when the linear eigenfrequencies 

are degenerate.

The first analytical work on the resonance problem came from Moiseyev [48] in 

1958. He suggested a way in which the nonlinearity contains the resonant growth 

and predicted the Duffing-type response observed by Taylor and Fultz. Moiseyev's 

general approach was specialised by Ockendon & Ockendon [54] for the case of 

a rectangular tank oscillated near its fundamental frequency, and they found the 

response changed form at a critical depth, in agreement with Tadjbakhsh & Keller. 

This depth corresponds to a breakdown in the solution procedure and requires 

terms of fifth order to be included in the analysis. Further results have extended 

these ideas; Tsai et al [73] found the resonant response when the forcing was near 

the nth natural frequency and Miles [43] derived similar results using a Lagrangian 

formulation.

There is a large body of literature concerned with the more intricate problems of 

shallow water sloshing and acoustic oscillations. It is well-known that the shallow 

water equations can be related to the acoustic equations and, to leading order, both 

problems satisfy the one-dimensional wave equation. We will see how this analogy 

applies to the resonance problems considered.

All previous work has been concerned with one-dimensional or quasi-one-dimen­ 

sional oscillations. The progress of this problem is best given by first considering 

the development of the acoustic problem.

  In 1964, Chester [14] published his classic paper on one-dimensional (see Fig­ 

ure 1.2(a)) oscillations that provides the starting block for most discussions on 

resonant acoustic oscillations. By developing a second-order theory, Chester 

showed that the leading-order velocity was given by u = g'(t + x) — g'(t — x) 

and that g satisfied

V(0 + (7 + 1)</W'(0 = -- si**, (1-2)
7T

where g(t) is 27T-periodic and has zero mean over one period, and 7 is the ratio 

of specific heats. The essential ingredient of this equation is the nonlinearity 

and, for A close to zero, this equation confirms the shock solutions observed 

experimentally by Sturtevant [69].



(a) -e sin t

(b) -*• x -»  esmt

Figure 1.2: Sketches of two types of acoustic resonator with an oscillating piston 
at one end whose non-dimensional amplitude, e, is the ratio of the dimensional 
amplitude to the length of the resonator: (a) resonator with straight sides, (b) thin 
resonator with slowly varying sides.

  Chester also considered the effect of damping (in the form of a viscous bound­ 

ary layer) on the shock wave response, showing that its effect is to round off 

the shock profile. Further work on this aspect has been done by Keller [35].

  In 1977 Keller [36] considered a thin resonator with slowly varying sidewalls 

(see Figure 1.2(b)) and showed that (1.2) is changed by the introduction in its 

right-hand side of a convolution term between g and the function determining 

the geometry of the sidewall. For a very simple form of this geometry, Keller 

showed how the occurrence of shocks is changed as the amplitude of this 

geometry is increased.

  Cox & Mortell [21] showed how the periodic solutions considered by Chester 

evolve from an initial state of rest.

  For acoustic oscillations in a sphere, Chester [17] has shown that a single-mode 

response arises whose amplitude satisfies a cubic equation, once again similar 

to the Duffing-type response. The analogue of this problem for oscillations in 

a cylindrical wedge has been given by Ellermeier [26].

  To bridge the gap between the Duffing-type response and the shock solutions, 

Peake [58] considered the problem of acoustic oscillations in the annulus be-



tween two spheres. By letting the radius of the inner sphere tend to either 

zero or the radius of the outer sphere he has shown the transition between the 

two cases. He also considered further the problem of a thin resonator with 

slowly varying sides as in Keller [36] and his work is summarised in Ockendon 

et al [57]. Taking the area variation across the resonator as 1 + ab(x), where 

cr is small, they show, for the case b'(x) = 2x, how the likelihood of the emer­ 

gence of shocks decreases as a increases and eventually vanishes for a large. 

Their work shows how the commensurability of the spectrum is inextricably 

linked to the type of response.

For the shallow water problem we must look further back to find the correct pa­ 

rameter regimes before we can begin to solve the problem. The work of Korteweg 

&; de Vries [37] first suggested the scalings leading to a balance between disper­ 

sion and nonlinearity, although we must not forget that the work was inspired by 

Boussinesq [7], as pointed out in Miles' essay on the Korteweg-de Vries equation 

[44]. These scalings were exploited by Ockendon & Ockendon [54] in deriving an 

ordinary differential equation similar to (1.2) for the function / (where the velocity 

potential is given by 4> ~ f(t + x) + f(t — x)) but with the inclusion of a higher 

fourth-order term representing dispersion. This term is slightly different to that 

suggested by Chester [15] for the same problem but has a similar effect. Miles [46] 

has also considered a similar problem using a Lagrangian formulation (although 

this necessitates truncating the Fourier series for the solution).

The introduction of dispersion has several consequences. Ockendon et al [56] 

showed that for small values of dispersion the shock solutions of (1.2) no longer arise 

and in fact the solution becomes multi-valued with the response diagram having 

many of the Duffing-like peaks of Figure 1.1 close to the fundamental frequency. 

Byatt-Smith [11] and Reynolds & Cox [61] have given further analyses of this prob­ 

lem. This non-uniqueness explains why Cox &; Mortell [22] predicted that a periodic 

response does not arise form a state of rest unless damping is included. The inclu­ 

sion of surface tension does, however, present a way of removing dispersive effects. 

Johnson [33] showed that when there is a critical balance between surface tension 

and depth (the "ripple depth") dispersion is negligible and the problems of shallow 

water theory and acoustic oscillations are comparable.



Both the dispersive and dispersion-free solutions have been demonstrated ex­ 

perimentally by Chester & Bones [16] with good agreement between experiment 

and theory.

There are two other areas of interest which have been covered in the literature, 

relevant to both the acoustic and sloshing problems. Firstly there is the problem 

of high-frequency oscillations. Although we are primarily concerned with the most 

practically important case of resonance near the fundamental frequency, the prob­ 

lem is more complex for high-frequency oscillations. Seymour & Mortell [63] have 

presented a theory for this case and a review of this is given in Appendix C.I.I.

Finally, an interesting class of problems arises by considering the following. One 

of the features of the straight-sided resonator or tank, both of rectangular cross- 

section, is that the spectrum is commensurate. Now, for an acoustic resonator of 

varying cross-section (where the sidewalls vary), Keller [36] showed that a special 

geometry exists where the spectrum is also commensurate. When the geometrical 

variations in the walls of the tank are large enough, the leading-order problem 

satisfies a non-constant coefficient wave equation. It is an interesting question 

to ask for which variations is the spectrum commensurate? This sort of inverse 

problem has been considered by, for example, Barcilon [2].

1.2 Thesis structure

To study oscillations in tanks or resonators and extend and add to the work dis­ 

cussed above, we first present a framework for such oscillations and the relevant 

equations governing the motion. This is done in Chapter 2, where we also demon­ 

strate how linear theory predicts the resonant growth when the tank is forced near 

its lowest (fundamental) frequency and where a non-degenerate eigenmode is ex­ 

cited. This chapter also introduces most of the physical parameters, the most 

important being the amplitude of the forcing, e, the detuning, A0 , and the ampli­ 

tude of the geometric variations, VQ. The final important parameter is the shallow 

water depth /c, introduced in Chapter 4. Because there are so many variables and 

parameters we have included a table of notation at the end of the thesis.

With these foundations in place, the rest of this thesis is split into two parts; 

the first part concentrates on oscillations in a nearly rectangular tank whose aspect

8



ratio of depth to length is O(l) or greater. The entirety of work done in this 

case is given in Chapter 3 and is concerned with the effects of four parameters, 

namely the depth, the breadth, the strength of the geometric imperfection and, to 

a limited extent, the surface tension. When the breadth is an integral multiple of 

the length, geometric variations in one wall of the tank lead to the excitation of 

a transverse mode (one that is perpendicular to the primary longitudinal motion) 

whose amplitude is coupled to that of the longitudinal mode. This interesting 

feature is due to the degeneracy of the spectrum, in which there is more than 

one mode associated with the fundamental frequency. This degeneracy and the 

resulting two-dimensional responses have received little attention in the literature 

and the classification of these responses provides one of the main challenges of this 

thesis.

After the comparatively straightforward analysis of deep water sloshing, the 

second part of this thesis is concerned with shallow water sloshing and acoustic 

oscillations. We split this part into three chapters. In Chapter 4 the shallow water 

scalings are given and the underlying models are derived. The rest of the chapter is 

concerned with one-dimensional solutions of both the sloshing and acoustic prob­ 

lems when no transverse motions are generated and the resonator is "thin". An 

integro-differential equation is derived and we give a review of the effects of differ­ 

ent physical parameters on the response. In particular, we extend previous work 

on the effect of base variations by considering more general forms of the geometry 

of this variation than those previously considered. Finally, when this variation has 

an amplitude of the same size as the depth of the fluid, the leading-order solution 

is shown to satisfy a non-constant coefficient wave equation and solutions of this 

equation are considered.

In Chapter 5 we tackle the more difficult problem of two-dimensional shallow wa­ 

ter sloshing and acoustic oscillations. Concentrating on the case when the breadth 

and length of a rectangular tank or resonator are equal but one wall is non-planar, 

we discuss the size and coupling of the doubly-infinite set of modes that are now 

excited. This leads to a theory which suggests that the motion is well described 

in terms of sets of longitudinal modes and transverse modes alone and we derive 

the response for a special form of the geometrical variation in this instance. This



chapter also includes two other ways of generating two-dimensional motions; firstly 

by oscillating the tank at an angle to its sides and secondly by forcing the tank 

near a different natural frequency.

The second part of this thesis is completed in Chapter 6 where we make some 

general remarks about oscillations in tanks and resonators of arbitrary shape. We 

also consider a specially configured acoustic problem where there is an infinite set 

of commensurate modes but just a finite set of degenerate modes.

Finally, in Chapter 7, we present some conclusions.

1.3 Statement of originality

All the work in Chapter 3 is original. Chapter 4 contains some review material 

but the derivation of the shallow water model and resulting differential equation in 

Sections 4.1.2 and 4.3.2 as well as the analysis in Sections 4.4.2, 4.4.3 and 4.5.2 are 

all original. Finally, all of Chapters 5 and 6 are original work.

10



Chapter 2 

Basic equations

2.1 Fluid sloshing in a tank

The motion considered is that of irrotational, inviscid, constant density fluid in a 

container with a free surface that has negligible surface tension (although we will 

discuss the effects of non-zero surface tension in later chapters). We denote the 

fluids velocity, density and pressure by w, p and p respectively and take axes such 

that Z is vertically upwards and X and Y are horizontal so that the free surface is 

at Z = £.

The equations of motion for such a flow are just Euler's equations (see, for 

example, Acheson [1] or Stoker [67])

V.w = 0, (2.1) 

^ + («.V)« = -^-gkt (2.2)
OT p

where g is gravity, which are the conservation of mass and momentum respectively. 

As the fluid is irrotational, that is VA w = 0, we can find a potential $ such that 

u = V4> and, from (2.1), we have that

V2 $ = 0, (2.3) 

and (2.2) leads to Bernoulli's equation

£ = 0. (2.4)
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2.1.1 Free surface conditions

At the free surface there will be two conditions. Firstly there is the dynamic 
condition which is just a balance between the pressure in the fluid interface and 

the ambient pressure above the fluid which we will take to be zero. Hence p = 0 

on the free surface and (2.4) gives

g£ + $T + (V$)2 = 0 on Z = £. (2.5)
Zt

We also have a kinematic condition at the free surface which states that particles 

in the free surface remain there (which is equivalent to the statement that the 

velocity component of the fluid normal to the free surface is the same as the normal 

velocity of the surface). If we write

so that the free surface is at F = 0, then this kinematic condition just says that 

the convective derivative of F is zero at the free surface, i.e.

  + (w.V)F = 0 on F = 0, or

and this can be written in terms of the velocity potential as

3>z — £T + $x £,x + ®Y£Y on Z = £. (2-6)

2.1.2 Geometry of tank and boundary conditions

We will be concerned with fluid contained in an almost rectangular container. It will 

be seen that a small change in the geometry can dramatically change the solution 

in certain cases so the geometry chosen is that shown in Figure 2.1. The depth of 

the fluid in the tank is taken to be AL, the breadth birL and the length irL. The 

sidewalls are flat except the back wall which is given by Y — bnL[l + i/w0aw (X/L)] 
and the base which is given by Z — —hL[l + VbQa,b(X/L}], where vwo,Vbo <C 1 and 

aw (XI L), at,(XIL) have 0(1) amplitude. Throughout this thesis the parameter VQ 
characterises the amplitude of geometric variations and the function a(x) the shape 

of the variation. We use the added suffix w to mean the wall variation and b to 

mean the base variation. For a tank at rest the boundary conditions on the walls

12



Z = -hL[l+nac(X/L)]

Figure 2.1: The geometry of the tank.

are just that there must be no velocity normal to each wall, i.e. u.n = 0 on the 

fixed walls. In terms of the velocity potential this leads to

= 0 on
/ X\ r / x\ i

-Vboh$xa'b I—) on Z = ~hL * + Vb°a *> (y ) ' 

0 on F = 0,

Fi— on

(2.7)

(2.8)

(2.9) 

(2.10)

2.1.3 Natural frequencies and the effect of forcing

To find the natural frequencies of the tank we consider the linearised form of (2.3), 

(2.5), (2.6) and (2.7)-(2.10) and neglect the small geometric variations. That is we 

solve

V2$ = 0 , $x = 0 on X = Q,irL, 

$r = 0 on Y = Q,birL , $z = 0 on Z = -hL, 

$z-T = Q = + $T on Z = 0

13



which leads to

$n,m = An>m cos    cos    cosh -^-(Z + hL) sin(o;7l>mr + an,m), (2.11) 

where -An,m and an<m are arbitrary constants and the frequencies u>n>m are given by

<m = |An,m tanh(An,IB /») (2.12)

where

2
An,m =™2 + -52~-

We will be primarily concerned with the response of the tank near the fundamental 

frequency u^o, so we first consider oscillating the tank in the X-direction, with an 

amplitude a, so that the walls X = 0, irL are displaced to  a cos fir and irL — 

a cos fir. We begin by solving the linearised form of (2.3), (2.5), (2.6) and (2.8)- 

(2.10) with the boundary conditions

= afi sin J7r on X = — <zcosflr,7rL   a cos fir, (2.13) 

assuming that a/L = e <C 1. The solution to this problem is

$ ~ asinflr[QX+ £>2ri+ i cos (^7^)*cosh (*L±1\ (z + hL))
\ n=Q \ L J \ L J )

+ E«W (2.14)
n,m

to leading order, where

1 ~ 7rz 2 cosh(i/i)[fl2 - (gi/L)tanh(ih)Y 

so that the solution grows large when

As mentioned previously, we will be mainly concerned with the oscillations near 

the fundamental frequency and so we write

02 = w2 0(l + Ao) = |(1 + Ao) tanh h (2.16)

where A0 (e < A0 < 1) is the detuning, and hence fl2 - a;2 0 ~ O(A0 ) and $ ~ 

0(e/\o). To see how the nonlinear terms can grow to stop this infinite growth at 

resonance we now non-dimensionalise the equations.

14



2.1.4 Non-dimensional equations

Typical length and time-scales for the problem are L and 1/fi respectively so we 

write

X = Lx , a = Le , r =   ,
a L

Equations (2.3), (2.5), (2.6), (2.8)-(2.10) and (2.13) are now

VV = 0, (2.17)

<i>x = es'mt on x = — ecost, IT — ecost, (2.18)

(j>z = -Vboh<t>xa'b (x) on z = -h[l + t/&0a&(z)], (2.19)

0y = 0 on y = 0, (2.20)

<£y = ^o&7T0xa'w (x) on y = bx [1 + vw0aw(x)] , (2.21)

and, on z = ?y,

(2.22) 

77 + (1 + Ao) tanh h & + ^2 + (/>y 2 + 0Z 2 = 0. (2.23)

In the undisturbed state, the free surface is at z = 0 and so, by conservation of 

mass, (2.17) and (2.22), rj has zero mean, i.e.

I * ^ rjdxdy = 0. (2.24) 
Jo Jo

Finally, we seek solutions that have the same period as the forcing because any 

damping will automatically act least on this lowest frequency mode whereas modes 

with a higher frequency will be rapidly damped down. Hence we require

+ 27r), (2.25) 

and this can be integrated to give

^,(*). (2.26)

Notice that V<£ is taken to be periodic and not <£, as taking </> to be periodic 

contradicts with the statement that 77 has zero mean. This can be seen by integrat­ 

ing (2.23) over x and y, using (2.24) and noting that, in general, the term |Vc/>| 2

15



does not integrate to zero, whereas the <j>t term only gives a non-zero term when 

Mt) ± 0.

The equations (2.17)-(2.25) provide the basic model for resonant sloshing. How­ 

ever, we can make rescalings of these equations depending on the depth. We see 

from (2.14) that the linearised form of these equations gives

£(j) ~ —A cos x cosh(-2 + h) sin £, (2.27) 
AO

for AO ^ e. It is clear, however, that as A0   » 0 the linearisation breaks down. 

The controlling mechanism is the nonlinear terms that were initially neglected. 

To understand how these terms grow to balance with the leading-order term we 

consider (2.23) which shows that the nonlinear terms feedback a term

(2.28) 
O

in to the solution. It is at this stage that we see the distinction between deep and 

shallow water problems. As already remarked, the eigenvalues are nearly commen­ 

surate when h <C 1 and (2.28) forces the second mode to be resonated and hence 

(2.27) is modified to comprise the sum of the first two modes. This process con­ 

tinues (as discussed in the introduction) so that all the modes are resonated and 

the nonlinear terms of 0(£2 /A0) then balance with the detuning term in (2.23) of 

O(A00) = O(e) when A0 ~ O(e1/2 ) with </> growing to O(el/2 ). We will return to 

this parameter regime in the next section as well as in the shallow water work of 

Section 4.1.

However, for deep water (h > 0(1)), the second mode is not resonant and (2.28) 

will not balance with the detuning term. Hence, we look to third-order nonlinear 

effects when (2.27) interacts with (2.28) to give a (£3 /A^)A3 cosxcosh(z + h) sin t 
term. This balances with the detuning term when A0 ~ 0(e2/3 ) and </> and 77 grow 

to O(e 1 /3 ). Thus, for deep water, we rescale by

<t> = £ 1 /3<t>d , r1 = £ 1/3r1d , A0 = £2/3 A d , (2.29)

where \d ~ O(l) and the suffix d is always used to denote deep water. These are the 

scalings originally suggested by Moiseyev [48]. Water house [76] demonstrated that, 

for deep water, variations in the base of the tank provide no interesting features
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so, in the deep water model, we take i/(,0 = 0 and choose vw0 so the wall variations 

have an effect that balances with the detuning, i.e.

J/^o = e2/3vwd , vwd ~ O(l). (2.30)

Hence, substituting these scalings into (2.17)-(2.25), we now have our deep water 
model,

Va& = 0, (2.31) 

(<^d)i = £2 '3 s'mt on x = — ecost,TT — ecost, (2.32) 

(<t>d)z = 0 on z = -h, (2.33) 

My = 0 on y = 0, (2.34)

, (2.35)

/ 
Jo * = 0, (2.36) o

, 0 = V(t>d(x, t + 27T), (2.37)

and, on z =

My(rjd ) y ] , (2.38) 

) f + e^ ((<t>d ) 2x + (<t>d ) 2y + (4>dty = 0.(2.39)

2.2 Acoustic resonators

The motion of gas in a nearly rectangular resonator that has a piston oscillating 

at one end has much in common with the shallow water limit of the equations 

just derived, as discussed in the introduction. For this reason we will recount the 

equations governing acoustic oscillations so that we can compare the solution of 

this problem with that of the fluid problem. We will use a similar configuration 

to Ockendon et al [57] to describe the motion of the gas in a resonator such as 

that illustrated in Figure 2.2. In this configuration the sidewalls are given by 

Z = 0 and Z = h0 [l + vbo ab (X/L)], the front by Y = 0 and the back wall 1 by 

Y = 7rL[l + vwoaw(x/L}}, using the same notation for the geometrical imperfections 

as in the last section.

J The reason for varying the geometry in both the back wall and top will become clear in 
Chapter 6, and for one-dimensional considerations (see Chapter 4) we just set i/w0 =Q.
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Y = irL[l

cosu;r

Figure 2.2: Oscillations of a piston at one end of an acoustic resonator.

The gas is taken to be compressible and we assume it is inviscid. Also, if we 

assume that the gas is initially irrotational and homentropic then, in the subsequent 

motion, the flow remains homentropic in the absence of shocks. In the problems 

considered in this thesis all shocks that occur are weak and result in third-order 

changes in the entropy (see Appendix A.1.1) which are negligible within the general 

framework considered here. Hence the flow always remains homentropic and then, 

using Kelvin's circulation theorem, we have that the flow remains irrotational. The 

governing equations are then given by the conservation of mass, momentum and 

energy,

p(uT + (tt.

= o,
+ Vp = 0,- = (j

Po \t

(2.40)

(2.41)

(2.42)

where p, it, p and 7 denote the gases density, velocity, pressure and ratio of specific 

heats respectively and pQ and p0 are the values of pressure and density in the 

undisturbed gas. If we introduce the velocity potential defined by u = V$ then p 
and p can be eliminated to give (see, for instance, Ockendon & Tayler [55])
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r 2 / JK. \ 2i JK. r 2 / JK \*?T^t rO /i \*Ji^

^ "  "'), (2.43)

where

i}, (2.44)

and a2, = "fpo/po. The boundary conditions for the resonator illustrated in Fig­ 

ure 2.2 are then

$x = 0 on X = 0, (2.45)

= eLus'muT on X = nL — eLcosur, (2.46)

= 0 on y = 0, (2.47)

on Y = * L 1 + "«oa» l > (2-48)

= 0 on Z = 0, (2.49)
\, . * fX Y 
\(ab )x $x (j;,j;

on =

The natural frequencies found by linearising (2.43)-(2.50) are

, (2.51)

so there is an infinite set of frequencies commensurate with the fundamental u;i )0 ,o. 

The arguments at the end of the last section reveal that second-order nonlinear 

effects will contain the resonant growth associated with forcing the resonator close 

to its fundamental frequency. Hence, when we take u to be within O(e 1/' 2 ) of the 

fundamental by writing

(2.52) 

where A ~ 0(1), we find $ ~ O(e x /2 ) and hence we nondimensionalise with

= t , X = Lx , Y = Ly , Z = h0z. (2.53)

Equations (2.43)-(2.50) are now 

L2
~ Vtt =

o 2L2 L2
+--Vz¥zt + (7 - l)Vt(Vxx<Pm + -<fzz}} + 0(e), (2.54)
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and

(px = 0 on x = 0 , (f>x = e1/2 sin t on x = TT + 0(e),

£  = 0 on y = 0 , <p, = 0 on z = 0, (2.55)

Following Ockendon et al [57], we note that the boundary condition on the top, 

z = 1 + ftoa&(z,y), implies that (jpz ~ O(i/j0 /ioV/^2 ), so we write

fcg

where we take

/ *° a* *'" (f,dz = 0 

Jo

without loss of generality (by absorbing the integral of <p over z into 93). Then, 

under the assumption that fto^o/ L2 <g e 1 /2 (so the resonator is "thin"), equations 

(2.54)-(2.55) can be integrated from z = 0toz = l + i/wa^x, y) to give, correct to 

O(e1/'2 ), our fundamental nondimensional wave equation

[Ab (x, y}fx]x + [Ab (x, y}(fy]y — Ab (x, y)y>tt = e 1 ^ 2 [Ab (x, y){Ay»« + 2<f>x<pxt

+2<py (f>yt} + (7   l)<f>t {[Ab (x, y)(f>x]x + [Ab (x, y)v»]»}] 5 (2.56)

together with

(f>x = 0 on x = 0, (2.57)

(fx = e1/2 s'mt on x = TT, (2.58)

c^ = 0 on y = 0, (2.59)

<f>y = VwQivpxdJ^x} on y = n[l + vw0aw (x)], (2.60)

where

Ab (x, y) = 1 + vbo ab (x, y). 

Again, we look for solutions that are synchronous with the forcing so that

Vv?(x,y,*) = V<^(x,y,* + 27r). (2.61)

Equations (2.56)-(2.61) describe the basic model for non-dispersive resonance that 

we will study in Part II.
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Part I

Resonant Oscillations In Deep
Water
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Chapter 3

Deep water sloshing, h > O(l)

The theory of water waves in a rectangular tank where the ratio of the depth 

to the length is of 0(1) or greater has been widely studied. Many authors have 

been interested in the lowest frequency of a standing wave in such a tank and 

the effects of nonlinearity, depth and surface tension on the frequency predicted 

by linear theory. A discussion on the development of this problem was given in 

the introduction. In particular, we refer to the work by Penny & Price [59] and 

Tadjbakhsh & Keller [70] who calculated the possible frequencies for fluid of infinite 

and finite depths respectively. All the theoretical results were concerned with the 

lowest eigenfrequency.

We consider the problem of oscillating such a tank, as outlined in the last chap­ 

ter, and in such a way that the response is described by the fundamental eigen- 

mode. This will only happen if the other eigenfrequencies are non-commensurate 

(and hence do not have period 2?r), i.e. if

mh} ±tf V (n,m)^(l,0), (3.1)

where k is an integer, which will clearly almost certainly hold. We will see in 

Section 3.4 that introducing surface tension makes it easier for the second or third 

modes to be commensurate. For zero surface tension, Concus [20] has remarked 

that, for (n,m) large, (3.1) breaks down, but in this regime damping will cause this 

high-frequency mode to die down. Hence, in almost all cases in this chapter, it will 

be assumed that only the fundamental eigenmode (or modes if the fundamental 

frequency is degenerate) is excited to leading order.
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The main part of this chapter is concerned with the effect on this response of 

small geometric variations in the tank. Throughout, as we remarked at the end of 

Section 2.1, we concentrate on variations in the back wall of the tank and take a 

flat base (so I/JQ = 0) because any base variations were shown by Waterhouse [76] 

to have no novel effect for h > 0(1).

Hence we start in Section 3.1 with the linear solution showing how the solution 

changes form dramatically as the breadth approaches some integral multiple of the 

length, and to illustrate this change we concentrate on the case of a tank with a 

square horizontal cross-section. In Section 3.2 we then study how the nonlinearity 

alters this solution when A0 ~ 0(£2/3 ).

These two sections stress the importance of the possible degeneracy of the fun­ 

damental frequency. However, as an aside, we consider in Section 3.3 a special case 

that arises in the two-dimensional problem when the depth approaches a critical 

value and the deep water model, (2.31)-(2.37), breaks down.

Finally, in Section 3.4, we present a summary of the above situations and also 

remark on the effects of surface tension. In particular, we see that the possibility of 

the second or third modes being commensurate with the fundamental can change 

the leading-order solution. These special cases are useful in bridging the gap be­ 

tween the single mode responses considered in this chapter and the infinite mode 

responses of future chapters.

3.1 Linear theory

When AQ ~^> e2/3 we are away from the regime discussed at the end of Section 2.1 

where the nonlinear effects are important. Hence we can consider the model (2.17)- 

(2.25) with the nonlinear terms being neglected. In the absence of any geometrical 

variations (z/to = "wo = 0), Ockendon & Ockendon [54] used this model and, by 

applying the Fredholm Alternative at second order, found that the leading-order 

solution was the eigensolution

4e-       - 
A0 7r cosh h

which breaks down as A0 -» 0.

cos x cosh (z + A)sint, (3.2)
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In this section we consider how wall variations (i/^o ^ 0) alter this linear re­ 

sponse and shift the resonant frequency. The leading-order response is 0(e/A0 ) so 

we expand <£ and 77 in terms of AO,

s TJ =   T)0 + eiji +

and, for the geometrical variation to have a second-order effect, we take 

0(Ao). Substituting these expansions into equations (2.17)-(2.25) gives, to first 

order,

VVo = 0, (3.3)

<t>0x = 0 on z = 0,7r, (3.4)

4>0y = 0 on y = 0, &TT, (3.5)

(f>oz — 0 on z =  /i, (3-6)

(j)0z + tanh h 0o« = 0 on z = 0, (3-7)

,t). (3.8)

The boundary condition on y = bn and the conditions (3.7) and (3.8) mean that 

the form of the solution will depend on whether or not b is an integer. When b ^ / 

(/ G N) these two conditions can only be satisfied if <^0 is independent of y. If b — / 

the situation is very different and we have a degenerate eigenfrequency because 

u;1)0 = u>0 ,i, so that restriction (3.1) does not hold in the case (n,m) = (O,/). We 

thus work with the new parameter 60, defined by

6=1 + Ao&o, (3.9)

so that, by setting 60 = 0, we get the problem of a tank with a square horizontal 

cross-section1 and, by letting 60   > oo, we arrive at the solution away from 6=1. 

Using (3.9) the leading-order solution is simply

60 = A cos £ cosh (z + /i)sin(t + ai) + B cosy cosh (z + h)sm(t + /3i),( ,
JL I Jk \0.i\J) 

= 001 + 002

is is qualitatively the same as the cases 6 = I so we will only consider the 6 = 1 case.
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where </>0i is a longitudinal wave and <£02 a transverse wave and A, B > 0 and ai, ft 

are the unknown amplitudes and phases. The free surface profile can then be found 

from (2.23) to be

r/o = - sinh h[A cos x cos (t + cti) + B cos y cos (t + fii)].

We find the unknown constants by considering the O(e) terms in (2.17)-(2.25) 

which are

VVi = 0, (3.11)

^la: = sini on a; = 0, TT, (3.12)

= 0 on y = 0, (3.13)

on y = 7r,(3.14)

^i, = 0 on z = -h, (3.15)

+ tanh h<f>itt = — tanh/K^0t< on z = 0, (3.16)

z,*). (3.17)

The idea now is to find a solvability condition on the <f>i problem to determine A 

and B. We do this by using the Fredholm Alternative — we multiply (3.11) by all 

the solutions to the homogeneous problem (3.3)-(3.8) and then integrate over the 

whole domain; in other words we consider

/•27T rir i-O fir f sm £ ")

/ / / / V2</»i cos Z cosh (z + fcW \ dxdzdydt = 0. (3.18) 
Jo Jo J-hJo { cost \ y v '

Integration by parts and the use of (3.10) and (3.11)-(3.17) finally yields sinai = 

sin /?i = 0 and

4 COSC*! , VWQ-,... f*
——r—rA = 1 + -— G(h) I aw (x)cos2xdx 
TT cosh h AQTT Jo

sinh h + hsechh ( fv \ 2
I / aw (a;)cosxda;J , (3.19)

. Acosaii/u;o(sinh/i + /isech/i) [" , ^ , /„ nrtX 
Bcos3i = -—. . , ,——, . . . ,——;——TTTT / a^mcoszdx, (3.20) 

A07r[smhn + 6o(sinhn + nsechra)] Jo

where
/isech/i + sinh h
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Hence ai and /?i are either 0 or TT and are chosen so that A and B are always 
positive. The response (3.10), where A and B satisfy (3.19) and (3.20), is always 
similar to a generalised simple harmonic motion, i.e. <j> ~ f(x,y)smt/X0 for some 
function /.

We now consider the two limiting cases individually and write aw (x) as a Fourier 
series,

oo

aw(x) = y^ 7u,n cos no;, (3-21)
71=1

where, because we use (3.9), we have taken 7^0 = 0. 

3.1.1 Solution away from degeneracy

The solution away from b = 1 is found by letting 60 —> °° in (3.19) and (3.20) which 
yields

B — 0 , ——-— = cosh h + —^- (cosh h + hcosechh)^^ , sinai = 0.(3.22)

This is just the same linear response as when aw(x) is constant except that the 
resonant frequency is shifted from AQ = 0 to where

A0 cosh h + -^-(cosh h + /icosech/a^,^ = 0, (3.23)

so, unless b ~ /, any change in the geometry is equivalent to a shift in the funda­ 
mental frequency by 0(Ao).

3.1.2 Close to a square horizontal cross-section

For 60 ~ O(\], the leading-order solution consists of a longitudinal and a transverse 
mode of comparable amplitude. We take as a measure of the overall amplitude 
A = (A + B}/\Q and this is illustrated in the case 60 = 0 in Figure 3.1 for h = 1.5 
and a'w (x] = 2x. We see from (3.19) that the resonant growth in the figure is close 
to the spectral lines

(3.24)

and we note that this is independent of the choice of amplitude. For 60 ^ 0, we can 
picture the response in the following way. If we consider viewing the response in
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Figure 3.1: Plot of A against A0 and vwQ showing the linear response when 6=1.

Figure 3.1 from above we see an X-shape which we can think of as the combination 

of a left- and right-hand wedge. As 60 increases from zero the left-hand wedge 

moves away and the right-hand one starts to open out. Finally the left-hand wedge 

totally disappears, leaving the right-hand wedge perfectly straight, corresponding 

to the response (3.22). This is shown graphically in Waterhouse [76]. The lines of 

resonance can also be seen, from (3.19), to shift from (3.24) to (3.23) as 60 increases. 

The degeneracy of the spectra thus adds the novel feature that the resonant 

frequency shifts form one value (Ao = 0) to two values for VWQ non-zero. This result 

could have been anticipated if we had considered the perturbation to the linearised 

natural frequencies, (2.12), caused by the wall variations which would have given 

us a picture similar to Figure 3.2. This shows that all the natural frequencies split 

into two values as VWQ increases from zero. Note that the change in the value of 

each natural frequency and the slope of the lines in Figure 3.2 are dependent on the 

coefficients jwn - We can use as a paradigm for this phenomenon a pair of coupled 

Duffing-like oscillators and we will say more about this in Section 3.2.3.
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Natural 
Frequencies

Figure 3.2: Change in the values of the natural frequencies of a tank of nearly-square 
cross-section as VWQ increases.

3.2 Nonlinear response

As A0 —>• <9(£2/3) we found in Section 2.1 that the nonlinear terms contain the 

resonant growth witnessed in the last section. In this regime we use the model 

(2.31)-(2.39) and now expand the velocity potential and free surface height in 
powers of e 1/3 ,

<t>d = (3.25)

(3.26)

Substituting these expansions into (2.31)-(2.39) we again find that, to leading order, 

(f>o satisfies equations (3.3)-(3.8). To bridge the gap between tanks of square and 

non-square cross-section, we this time write

6=1+ e2/3bd ,

(so, from (3.9), bd = A d60 ) and so we again take 7^0 = 0. 

Hence, as before,

(j)0 = [Acosxs'm(t + ai) + Bcosysin(t + f3i)]cosh(z + h), (3.27) 

rj0 = — s'mhh[A cos x cos (t + «i) + Bcosy cos(t + Pi)}, (3.28)
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where A, B > 0, but when we now proceed to O(e 1^), we have the homogeneous 
problem

VVi = 0, (3.29)

&* = 0 on x = 0, TT, (3.30)

<£i3, = 0 on t/ = 0,7r, (3.31)

&, = 0 on z= -/i, (3.32)

r [*riidxdy = 0, (3.33)
•/O «/0

V&(as,t + 27r) = V& (as,*). (3.34) 

together with

T)I -\- tanh h(f>n = — tanh ft(j7o<^otz -t" 'ztyox ~l~ o^oj/ ~H o^*02 )> (3.35) 

on 0 = 0. This has solution

4>i = [C cos xsin(t + o.^) + Dcosy sin(i + $2)] cosh (z + ft) 

+ [Ai cos 2x cosh 2(2 + ft) + ^3] sin 2(i + «i) 

+ [A2 cos 2y cosh 2(2: + ft) + ^4] sin 2(t + /?i) 

H-As cos a; cosy cosh v2(z + ft)[sin (t + QI) cos (t + 0i) 

+ sin (t + fa) cos (t + ai)] + ;

where
-3A2

. 2 , 2 . 2 , 3 —16 smh ft 16 smh ft 16
2 Aflsinhft(l-2sinh2 ft)= n 4sinh2 ft) A'16 ' \^ sinh \/2ft cosh ft — 4 cosh v^ft sinh ft ' 

(7, D, a-2 and /?2 are arbitrary constants, 771 can be determined from (3.35) and 
condition (3.33) implies that
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Examining the O(g2/3 ) terms leads to the inhomogeneous problem

V2 </>2 = 0,

fax = sini on a; = 0, TT,

^23, = 0 on y = 0,

fay = TTfcwoU^o* - *[bd + Vwdaw(x)]<j>oyy on y = 7T,(3.36)

faz = 0 on z = —/i,

and, on the linearised free surface z = 0,

faz = r\1t

772 + tanh hfat = - tanh h(qi^otz + |?7o</>ot

0z + <t>Qz<l>lz

We again employ the Fredholm Alternative on this problem and find sin a\ = 

sin /?i = 0 and

-tanh h - [vwdL(h)A + XdAsinhh + H(h)A3 + J(h}AB2]
7T

where

l , (3.37) 

0 = [bdM(h)B + \d Bsm}ih + H(h)B3 + J(h}BA2]cos(31

+vwdK(h)Acosal , (3.38)

H(h) = — sech2hcosedih(9 + 15sinh2 /i - 8sinh6 /»),

= sinh h + /isech/i,

8 (v/2 cosh h sinh -y/2^ — 4 sinh h cosh \/2/i) sinh h cosh3
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J(ft) = -29\/2\;osh5 ft sinh V2ft + 52cosh4ft cosh V2ft sinh ft 

+9>/2 cosh7 ft sinh \/2ft - 40 cosh v/2ft cosh2 ft sinh ft

-20 sinh ft cosh6 ft cosh \/2ft + 31\/2 sinh v/2ft cosh3 ft 

+8 cosh \/2ft sinh ft - 11 \/2 cosh ft sinh V^ft,

and we again have cti and /?i equal 0 or TT where the phase is determined by the 
requirement that A,B>Q. We now consider the two limiting cases separately.

3.2.1 Solution away from degeneracy

Letting b<i -> oo we find that sin c*i = 0 and

[ v d 1 4 Ad sinh ft + -^-(sinh ft + ftsechft^^ + H(h)A3 = - tanh ft cos QI. (3.39) 2 J 7T

In two dimensions, with i/wrj = 0, this equation becomes

4
- tanh ft cos <*i = A dA sinh ft + ff(ft) A3 , (3.40)
7T

which is the result found by Ockendon & Ockendon [54], and this response is of the 
same form as the response of the undamped Duffing equation, (1.1) with k = 0. 
The most notable feature of (3.39) is that H(h) changes sign at a certain depth 
(ft ~ 1.06), so the response looks like a hard spring when H < 0 and a soft spring 
when H > 0. This is shown in Figure 3.3 for the simplified response (3.40). A 
discussion of what happens when H(h) = 0 will be given in Section 3.3.

The response (3.39) can be visualised by plotting A against A^ and vwd as in 
Figure 3.4 where we have again taken ft = 1.5 and a'w (x) = 2x.

The stability of the branches in Figures 3.3 and 3.4 can be found by introducing 
a slow time-scale (in the same way as Cox & Mortell [22] did for shallow water) 
and seeing how small perturbations to the original response behave. It is easiest 
to consider the stability of the two-dimensional response (3.40) as the details for 
the stability of (3.39) will be the same but more convoluted. Hence we introduce 
the slow time-scale r = £2/3£ and consider a multiple time-scale solution of (2.31)- 
(2.39) with aw (x) = 0 and using the expansions (3.25) and (3.26). The leading-order 
problem is the same as before and the solution is now

)ett + A(r}e~lt } cos x cosh(z + ft), 
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Figure 3.3: Classic Duffing-like response for (3.40).

(so that when A is independent of r we have A = ^A(cosai — z'sino!!)). The 
second-order problem is again the same so the details will not be repeated and 
the third-order terms this time yield a solvability condition which is an evolution 
equation for A in terms of the slow time-scale r. The details of the calculation are 
the same as before and the result is

dA - 2 \dA sinh h - 2i—— sinh h + 4H(h)A2 A = - tanh h,
QT 7T

(3.41)

which is the same as (3.40) when A = |yl(cosai— isinai). To see whether solutions 
of (3.40) are stable we write A = \A(cos ai - i sin ox ) + SAi + O(82 ) (8 < 1) where 
A satisfies (3.40) and this results (to O(S)) in

..<Wi , , , H(h } *,*
dr 

This has growing solutions when

— o sinh h
(3.42)

Hence the portions AB and CD in Figure 3.3 are unstable. The corresponding 
instability in the response when geometrical effects are included will be along the
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Figure 3.4: Nonlinear response when b ^ /, showing how A varies with \d and 
given by (3.39).

underside of the branch in Figure 3.4. This instability is also seen experimentally 
in the work of Fultz [29] where the only experimental responses seen are the ones 
excluding portions AB and CD of Figure 3.3.

3.2.2 Close to a square horizontal-cross section

If we consider (3.37) and (3.38) with 6<f = 0 then the response is not as easy to 
plot. As an example we consider the case A^ = 0 and plot the response, A + B, 
against vwd for the case a'w(x) = 2x and h = 1.5 as shown Figure 3.5(a), where 
we have indicated the values of the phases a\ and /?i in this case. There are 
now two Duffing-like branches associated with the two 'planes' of Figure 3.1. The 
nonlinearity has the same effect as in the one-mode case, bending over the response 
close to the resonant frequency. The general response for any \d and v^ can hence 
be thought of as Figure 3.1 with each plane bending over on itself. Therefore, as 
\d —± oo, the two branches of Figure 3.5 move away but, as \d —^ — oo, they pass 
through each other and then move apart. Alternatively, we could fix vw& and plot 
the amplitude against A<f, and this is illustrated in Figure 3.5(b) for vwd = 2 where 
we again indicate the values of the phases. Again we can see the transition between 
the response when 6=1 and b ^ 1 by varying bj. Considering Figure 3.5(a), as 6^
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Figure 3.5: Response diagram for the nonlinear solution in a tank with a nearly 
square horizontal cross section: (a) amplitude against vwd when A<j = 0 and (b) 
amplitude against \d when i/wd = 2
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increases it is clear that the right-hand branch moves off and eventually disappears 
leaving the standard Duffing response of Figure 3.4. This can be seen graphically 
in Waterhouse [76].

To understand how the geometry causes a transverse wave in this case (and in a 
similar way in the linear problem of Section 3.1.2) we notice that the forcing in the 
horizontal direction of strength O(s) causes a resonant wave of amplitude O(e1 /3) in 
the rr-direction. This then interacts with the first Fourier component of aw(x). The 
geometric coupling is O(e2/3 ) which, coupled with the O(e x /3) longitudinal wave, 
provides an O(e) strength forcing term in the transverse direction. Thus, when 
6=1, both the transverse wave and longitudinal wave are excited and both with 
the same forcing strength.

Of course, this excitation of a transverse mode could simply have been induced 
by taking a tank with no geometrical variations and forcing it in the y-direction as 
well as in the z-direction. However, the interaction between the modes will not be 
noticeable in the linear case and we would lose the resonant structure of Figure 3.1 
where there are two lines of resonance. In the nonlinear case, if we took the forcing 
in each direction to have the same amplitude and phase, the solution would be

+ J(h)AB* = -tanh/i,
7T

+ J(h)BA2 = -tanh/i.
7T

However, we note that as h ->• 0, J(h)/smhh ->• —1/4 whereas H(h)/smhh —> 
— 9/(32/i2 ) so that the nonlinear interaction between the two modes is negligible 
compared to the other terms2 . The geometric variation, aw(x], provides a subtle 
way of exciting a transverse mode which is coupled non-trivially to the longitudi­ 
nal wave, and this coupling remains in the shallow water limit as we shall see in 
Chapter 5.

2The observation that it takes a cubic (as opposed to quadratic) nonlinearity to couple two 
modes that have a different direction will turn out to be crucial in our shallow water discussions 
of Chapter 5 where the nonlinearity is quadratic and these modes do not interact through the 
nonlinearity but through the geometric variation.
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3.2.3 A pair of coupled oscillators as a paradigm for degen­ 
erate deep water sloshing

When we are away from degeneracy, Buffing's equation, (1.1), acts as a paradigm 

model for the interactions between the detuning, nonlinearity and forcing that arise 

in deep water. Close to degeneracy, the simplest model that illustrates the results 

we have found are the pair of oscillators,

x + (1 + XQ)X + vwoy + x3 = s cos t, 

y + (1 -f- A0 )y + v^x + y3 = 0,

which could be written as one fourth-order equation in either x or y and have 

natural frequencies 1 + A0 ± vwo, indicating the degeneracy of the system for non­ 

zero VWQ. This pair exhibit the types of responses found in Sections 3.1.2 and 3.2.2 

in the regimes A0,^0 > £2/3 (x,y ~ O(£/A0 )) and A0 ,^o ~ £2/>3 (x,y ~ O(e1/3)) 

respectively. We can now distinguish between the non-degenerate and degenerate 

scenarios by taking VWQ = 0 and I/WQ non-zero respectively. Figure 3.6 summarises 

the possible responses of this system for free (dark lines) and forced (normal lines) 

oscillations in the linear and nonlinear regimes.

This picture helps to confirm the essential feature of the degenerate case which 

is the splitting of the resonant frequency into two distinct values as VWQ increases. 

The other features of the response mirror those of the non-degenerate case with the 

linear free and forced oscillations being bent over by the nonlinearity.

3.2.4 Resonance of higher modes

It is fairly straightforward to adapt the theory presented here to describe the exci­ 

tation of modes higher than the fundamental. To do this (2.16) would have to be 

changed to fi2 = (1 + Ao)^ m in order to elicit the (n,m)-mode and the equations 

would need to be rescaled. We could then generate the motion using a wavemaker 

at each end of the tank (see Section 5.3.2). However, the analysis presented for 

the fundamental mode will be qualitatively the same as for these other modes. 

Recalling Figure 3.2, we can see that when the frequency we are forcing close to 

is non-degenerate (or, equivalently, when VWQ = 0), there is a single Duffing- type 

branch whereas for a degenerate frequency we expect to see two branches as in the
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Non-degenerate (vw0 = 0) 

Amp.

Degenerate (0 < vwQ < 1) 

Amp.

Linear 
Oscillations

A0

Amp. Amp.

Nonlinear 
Oscillations

Figure 3.6: Linear and nonlinear responses for non-degenerate and degenerate re­ 
sponses. The dark lines represent free oscillations and the normal lines forced 
oscillations.
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above analysis. This has been seen for free, non-degenerate oscillations by Verma 

& Keller [75] (for b = 1 and (n,m) = (1,1)) and by Bridges [10]. Also Tsai et al 

[73] provided the solution for a forced tank in the special case of two-dimensional 

motions.

3.3 Solution near a critical depth

The solution (3.39) breaks down when H(h) = 0 (which occurs at h = h0 = 1.058) 

and as A^ — >• 0. For simplicity we take vwd = 0, as in Waterhouse [77], and 

concentrate on the effect of nonlinearity in this case. As h gets closer to ho it is 

necessary to re-scale the variables and pose new expansions for <j> and 77. To deduce 

the correct scalings in this case, we put

h = h0 + eah 1 , (3.43)

where a is a positive constant to be found. Substituting this into (3.40) means that 

A3ea ~ 0(1) together with X0£~2/3A ~ 0(1) for all the terms to balance. Hence 
A = e~a/3A and A0 ~ O(£ (a+2)/3 ) so that

<f, ~ £(l -a)/3A cos x cosh(z + h) sin (t + ai). (3.44)

For any expansion of 4> and 77 it is necessary that the nonlinear terms generate 

cos x sin t terms at 0(1) so that the boundary conditions (2.18) can be accom­ 

modated. This means that the 0(1) problem must involve odd powers of </>o, in 

other words the first term in an expansion for <j) must be of the form £ 1 /(2n+1 ) 

(n = 0, 1, 2, . . .). Coupling this with (3.44) shows that we must take (1 — a)/3 = 1/5 

or a = 2/5. Hence the scalings are

and A0£-4/5 ~ O(l), (3.45) 

where hi is 0(1), together with the expansions

<f> = e1/5 <f>0 + £2/% + £3/5^2 + e4/B& + £<k + • • • (3.46) 

and

77 = e 1 /5^ + e2/5^ + e3/5 772 + £4/5 773 + £774 + • • • , (3.47)
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so that near h0 the amplitude of the response grows from O(e 1 ^3) to O(e 1^}. Substi­ 

tuting (3.45), (3.46) and (3.47) into equations (2.17)-(2.25) and comparing O(el/5 ) 
terms leads to the same first-order problem as before, and so the leading-order 
solutions are

fa = Acosxcosh(z + h)sm(t + «i), (3.48) 

r)o = — A sinh /i cos a; cos (t + ai), (3.49)

but now to determine A it is necessary to find a solvability condition on the problem 
for 04 and 774. We omit the problems for 0i,02 and 03 and just give the results 
which are

01 =

02 = CCi sin (i + a3 ) + AB(0.93-0.23C2 ) sin 2(2 + 0:!)

+A3(-0.59Ci + 0.004C3 )sin3(i + ai) + 0.01 A3C3 sin (t + ai)

- (AB/4)t + Ahi cos x sinh(z + ho) sin (t + QI),

03 = DCi sin (i + a4 ) + ([0.26A4 - 0.2340 + 0.30/^A"2 - 0.1252]C2

+0.004A4C4 + [1.02^i A2 + 0.4652 + 0.60A4 + 0.93AC]) sin2(t + 

+A2 5(-1.76Ci + O.OlC3)sin3(* + at ) + A4 (0.001C4 + 0.15C2 

+0.13) sin 4(< + ai) + 0.03A2 fiC3 sin (* + ai)

-l-5/i! cos x sinh(2 + h0 ) sin (^ + «i)

-O-23/ii cos 2x sinh 2(z + /i0 ) sin2(^ + ai),

where B, (7, J9,a2 ,a3 and a4 are arbitrary constants and

Cn = cos nx cosh n(z + /IQ) n = 1,2, 3,4.

The 77; (z = 1,2,3) can then be found from equation (2.22). Next, considering the 

0(1) terms from (2.17)-(2.25), it is found that

V204 = 0, (3.50)

04a; = sin* on x = 0,7r, (3.51)

04* = ^i02*z on z = —/ID, (3.52)

04s + tanh /&o04« = F(x, t) on z = 0, (3.53)

(3.54)
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where F is a combination of fa and 77,- (i = 0, 1, 2, 3) given by
f\

F(x,t) = FjfoO.tJ-
n

and

+ Wl^Ox^O* + I^Ctez'yOx + ^Oxz^lx +

— ^o^i^o - •^'Ho&oz - f]i^\zz -

+'Hl<t>Oxz4>lx + •nifoxfaxz + ^l^Ox^lx + 

+ 2 rlo<t>0x

+<f>ix<t>2x

+r]l<t>0<f>l

T]0<t>lz</>lzz + IJofofaz + TlO&Ozfazz + <j>0z</>3

F3 (x, z, t) =

0z<t>0 + <l>Qz<t>lz-

Using the Fredholm Alternative on (3.50)-(3.54) gives the solvability conditions

9 /•27T /-TT 4
— / / F(z, *) cos a: sin idzdf- 0.62/11(7 = -tanh/i0 , (3.55)
7T 2 JO JO 7T

and sinai = 0. Substituting the expressions for fa and 77^, i = 0, 1,2,3, into F and 
using (3.55) finally yields

A0£~4/5Asinh^0 + A3hiH'(hQ ) + 1.80 A5 = - tanh ho cos aj . (3.56)
7T
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Figure 3.7: Response based on equation (3.14) showing the transition from soft to 
hard spring.
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Figure 3.7 shows plots of the response A against Ao£~4/5 for h\ ranging from 1 to 
—5. It is clear that close to either side of this critical depth the large amplitude 
response is like that of a soft spring. As hi decreases through -2.98 the number of 
solutions changes from 3 to 5 and the hard spring response begins to emerge. When 
hi is very large and negative the large amplitude branches move off to infinity and 

the response will look like Figure 3.3 for H < 0. This can also be seen by taking 

the limit of (3.40) as h ->• h0 . To do this we write h = h0 + e2/5hi in (3.40) to get

A0£-2/3A sinh h0 + 62/5A3hiH'(h0 ) + o(£2/5 ) = - tanh h0 cos QI ,
7T

which matches (3.56) as hi grows to O(e2/5 ) with A = £2/ 15A

3.4 Summary of results and surface tension ef­ 
fects

In this chapter we have concentrated on the resonant response due to the excitation 
of the fundamental eigenmode and, in particular, the change in this response when 

the fundamental frequency is degenerate. We considered three detuning ranges, 
namely AQ 3> £2/3 when we have a linear response, AQ ~ £2' 3 when the nonlinear 
terms contain the resonant growth and AQ ~ £4' 5 because the one-dimensional 
solution breaks down at a critical depth. These three cases represent the first five 

entries in Table 3.1 which summarises the different resonant regimes.

The other entries in the table pertain to the excitation of more than one longi­ 

tudinal mode. This is the situation we will now discuss and it is of interest because 

it provides a stepping stone towards the infinite mode responses encountered in 

Part II and, in particular, will be useful in the general discussions of Chapter 6.

For the eigenfrequencies 0*2,0 or u>3,o to be commensurate with the forcing fre­ 

quency we need to introduce surface tension into the problem. We discuss the effect 

of surface tension on the two-dimensional deep water model (where i/wci = 0) and 
derive the form of the response in Appendix B. We see that there is a breakdown 

in the solution procedure for values of a (where a measures the surface tension) 

given by (B.7) and (B.8) and, from (B.I), we see this corresponds to o>2 ,o = 2cjli0 

and u>3 o = 3wi,o respectively. We now discuss the form of the response when either
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Type of Wave

Longitudinal Wave0
Longitudinal 

and Transverse Wave6
Longitudinal Wave"

Longitudinal 
and Transverse Wave6
Longitudinal Waveoc
Longitudinal Wavesd
Longitudinal Wave-^
Longitudinal Waves3

Detuning Size

Ao » 0(e2/3 )
Ao » 0(e2/3 )

Ao ~ 0(£2/3)
Ao ~ 0(£2/3)

Ao ~ 0(e4'5 )
Ao ~ 0(e1/2 )
Ao ~ 0(e4' 5 )
Ao ~ 0(e2/3 )

Breadth 
6

±n
1

+ n
1

±n
+ n*
^n'
^n*

Amplitude

0(e/A0 )
0(e/Ao)

0(e1'3)
O^1'3)

O^1'5 )
0(e1/2 )
0(e2/5 )
0(e1'3 )

°^o = A cos a; cosh (z + ft) sin (< + ai).
Vo = (-A cos a; sin(i + c*i) + .Bcost/sin(< + /?i))cosh (z + h).
cCritical depth at h = 1.06 such that H(h) = 0.
d (j>o = A cos x cosh (z + h)sin(t + ai) + C cos 2x cosh 2(2; + ft) sin 2(t + a2)-
e Critical balance between depth and surface tension, 3<r = tanh A.
'^o = C cos 2a; cosh 2(z + h) sin 2(< + a2 ).
9 0o = A cos x cosh (z + /i)sin(t + «i) + D cos 3a: cosh 8(2 + ft)sin3(< + 03).
^Critical balance between surface tension and depth, a = (1 + Scoth ft)" 1 .

Table 3.1: Different parameter regimes for resonant sloshing.

of these conditions hold (Peake [58] carried out a similar calculation in the acoustic 
case).

3.4.1 Second eigenfrequency commensurate with first

When (B.7) holds3 , we have w2 ,o = 2wli0 and (3.1) is violated for (n,m) = (2,0). 
This is the well known "ripple" depth first noted by Wilton [78] in his analysis of 
standing waves4 . The leading-order response will be a combination of a sin t and 
a sin It term so that we only need to go to second order to generate sin t terms to 
balance with the forcing. Hence we consider the regime A0 ~ O(e1/2 ) and write

A0 = Ae 1 /2 , A

3Note, in practice, this happens only for small ft. For water, T = 0.074 N m" 1 , p = 1 g cm" 3 
and the dimensional depth hL is then approximately 0.15 cm regardless of the length. Hence the 
length to depth aspect ratio is only O(l) for tanks of short length.

4It is at this critical depth where dispersive and surface tension terms balance in the shallow 
water problem. This leads to the idea of a ripple-tank where the depth is chosen to be at this 
critical value and this can be exploited in experiments, where the ripple-tank is used to illustrate 
sound propagation (see, for example, Lighthill [40]). (Of course, as ft -»• 0, the leading-order 
solution comprises an infinite set if modes and not just the first two, as we shall see in the next 
chapter.)
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in (2.17)-(2.25), and expand <j> and r) in powers of e 1 /2 ,

r, =

The leading-order problem is the same as in previous sections, but this time the 
solution is

= A cos a; cosh (z + h)sm(t +

+C cos 2x cosh 2(z + h) sin 2(t + a2 ) (3.57)

(t + a2 ), (3.58)

where A, C > 0. Proceeding to the second order we retrieve (B.4) except that now 
0ij. = sin t on x = 0, TT and the penultimate equation becomes

(1 — <'/ f7i ~4~ tanh/i(0u + A0ot H~ *7o0ot2 ~(" 2(^01; "I" 00z)) ^ ^'Hoxx on z = 0.

The Fredholm Alternative then implies that sin c*i = sin 2a2 — 0 and

AC 4\A cos ai + -77- cos at cos 2a2 (l + 2 cosh2 /i) = ——— — -, (3.59) 
2 TT cosh /i

—A2
AC cos 2a2 = — —— ——(3 + 2 sinh2 h). (3.60) lo cosh zra

Figures 3.8 and 3.9 show plots of A against A and C against A respectively. There 
are some interesting features which arise due to the interaction of these two modes. 
Firstly, both responses exhibit the bending over reminiscent of the Duffing response 
and there are two branches as in the case of Section 3.2.2. More intriguing is what 
happens as A — > 0 and we force the tank at exactly the fundamental frequency. As 
A —t 0 the size of the first mode, A, approaches zero and the size of the second mode 
grows. Indeed as A — > 0, C ~ O(A~ 1/'3 ) and the solution will just contain the second 
mode. As C grows the term C3 will grow and eventually come into (3.60). When 
this happens we will need to balance A2 , C3 and \C and for this to be possible 
the leading-order response will be <9(£ 2/5 ) in the detuning range A0 ~ 0(e4/5 ). The 
result is expected to produce a Duffing-like effect on the solution C in this range 
so that the singular behaviour of C in Figure 3.9 is bent over by the nonlinearity.
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Figure 3.8: Plot of the size of the first mode in the special case when the first two 
modes interact.

C

Figure 3.9: Plot of the size of the second mode in the special case when the first 
two modes interact.
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3.4.2 Third eigenfrequency commensurate with first
When (B.8) holds the third mode is now commensurate with the first (u;3,o = 3wi )0 ) 
and the leading-order response will be

<t> ~ £1/3 ( A cos x cosh(2 + h) sin (t + ati) + D cos 3x cosh 3(z + h) sin 3(* + a3)),

in the detuning band A0 = £2/3\d- The solution will be of the form

4 (\dA + aiA3 + a2AD2 ) cos QI -f a3A2D cos 3a3 =
TT cosh h ' 

= 0,

where ai, . . . , a& depend on h only and sin aj = sin 3aa = 0.

The two cases considered in Sections 3.4.1 and 3.4.2 show that, as more eigenfre- 
quencies become commensurate with the fundamental, the leading-order solution 
may contain more than one mode. Indeed, if the first n eigenfrequencies are com­ 
mensurate then the response contains the modes associated with these frequencies 
with their amplitudes satisfying n coupled cubic equations. Clearly the type of re­ 
sponse becomes more complex and in Part II we will see how the response changes 
as n —> oo.

Finally, we note that the effect of damping on all the responses listed in Table 3.1 
will be to round of the resonant peaks in the same way as for Buffing's equation 
(see Figure 1.1).
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Part II

Shallow water sloshing and 
analogies with acoustic oscillations
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Chapter 4

One-dimensional solutions of the 
problems of shallow water 
sloshing and acoustics

We have seen in the last chapter that, when h > 0(1) for a tank with a rectangular 
cross-section, it is generally the case that only the fundamental eigenmode is excited 
and at most, in certain special cases, two modes are excited. The key to why 
only one or two modes are excited was seen to lie in the non-commensurability 
of the spectrum. In this chapter we will consider what happens when h <IC 1 
and the fundamental observation in this case is that the number of commensurate 
eigenvalues changes from one or two to an infinite number. This can be seen simply 
by considering (2.12) which, for h <S 1, gives

•*,-(»' + £)'«., + »(/,), 

so u}n Q are all commensurate with wi >0 and, when 6 = /, all un ,m such that

Tfln . 0 . .n 2 + — = integer2 , (4.1)

are commensurate. Hence the shallow water problem is very different from the case

h > 0(1).
Historically, water waves in shallow water have been of great interest. After 

Scott Russell's [62] observation of a solitary wave, Kortweg & de Vries [37] derived 
the scalings which led to the famous Korteweg-de Vries equation that determines
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the evolution of one-dimensional1 wave packets and predicted the solitary wave 

observed by Russell [62]. Another interesting feature of shallow water theory is 

that, under the assumptions that the mean depth is comparable to the amplitude 

of the surface waves but small compared with the wavelength of the waves, Euler's 

equations can be written in the form

(in dimensional form) where u is the velocity and s = \fg^ (where 77 is the depth 

of the fluid). This form of the equations is the same as for homentropic one- 

dimensional gas dynamics if we identify 5 with the speed of sound, a, and set the 

ratio of specific heats, 7, to be 2 (see, for instance, Stoker [66] or Whitham [79]). 

For small amplitude disturbances both problems thus satisfy the one-dimensional 

wave equation. We have to go to second order to see the difference that dispersive 

effects have on the shallow water problem and, even then, these effects can be 

removed by introducing weak surface tension into the problem and considering the 

"ripple depth" (see Lighthill [40]).

The resonance problem was tackled first by Chester [14] for one-dimensional 

acoustic oscillations in a resonator with a piston at one end (see Figure 1.2(a)). He 

showed that the leading-order velocity potential took the form g(t + x) + g(t — x) 

where g satisfies what is commonly referred to as Chester's equation,

7T
(4.2)

has period 2ir and g' has zero mean over one period. This equation provides the 

fundamental building block for any analysis of either acoustic oscillations or shallow 

water sloshing. The most interesting consequence of this equation is that, for 

sufficiently small A, the solution contains a jump or shock. A unique solution is 

found in this detuning range by considering a one-dimensional stability analysis of 

the possible solutions (see Appendix A. 1.2). This shows that perturbations to a 

constant-velocity shock only die away when the shock is compressive, i.e. when g'

1 Throughout the work on shallow water we will refer to solutions depending only on x and t 
as one-dimensional and ones depending on a;, y and t as two-dimensional. Thus we regard one- 
dimensional shallow water solutions as the limiting case of two-dimensional deep water solutions.
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decreases across the shock, and we use this condition for the shock solutions that 
we will consider.

We can build additional physical mechanisms into this model. Dissipation can 

be included through a viscous boundary layer in the walls of the resonator (Chester 

[14]) or on the base of the tank (Chester [15]) in the form of a convolution term (see 

Section 4.7). For shallow water (setting 7 = 2), Chester [15] included an integral 

term representing dispersion but Ockendon & Ockendon [54] derived a generalised 

form of (4.2) with a fourth-order derivative term representing dispersion and this is 

identical to the highest-order term found in the Korteweg-de Vries equation. The 

coefficient of this fourth-order term, when weak surface tension effects are included, 

was found by Johnson [33] to be aa — «2 /3 (crg and K denoting the scaled surface 

tension coefficient and depth respectively) and we regain Chester's equation at the 

ripple depth, ers = K2 /3.

The introduction of small area variations in the resonator was shown by Keller 

[36] to introduce, on the right-hand side of (4.2), a convolution term between g and 

the function representing cross-sectional area. The effect of this term on solutions 

to (4.2) has been studied by Keller [36], Ockendon et al [57], Peake [58], Chester 

[18] and Ellermeier [25], who all found that increasing the size of the area variation 

decreases the ranges of A for which shock solutions occur. However, parameter 

regimes emerged away from A = 0 where shocks were to be found. Ockendon et 

al and Peake have shown how this ties in with the increasing destruction of the 

commensurability of the spectrum as the area variation increases.

The goals for the rest of this thesis are thus as follows. Firstly, we wish to 

carry out an analysis similar to that of Keller's in the acoustic case to see how the 

higher-order Chester equation derived by Ockendon & Ockendon for the shallow 

water problem is altered by perturbing the base of a sloshing tank. Hence, in 

Section 4.1, we formulate the shallow water limit of the problem given in Section 2.1. 

The leading-order solution is found to satisfy the two-dimensional wave equation 

and its form is determined by a solvability condition on the second-order problem. 

However, when there are no variations in the back wall2 (iV) = 0), we find that the 

leading-order velocity potential is independent of y and is just f(t + x) + f(t - x)

2We will consider the effect of wall variations in the next chapter.
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where / satisfies an integro-differential equation that we show to be equivalent to 

Keller's equation in the absence of dispersion.

We then concentrate on the nonlinear and geometric terms in this integro- 

differential equation by ignoring dispersion. In Section 4.4 we recall the solutions of 

Chester's equation (found by setting I/JQ = 0) and then in Section 4.4.2 we analyse 

the effect of geometric imperfections I/JQ ~ O(e 1^} on these solutions. The work 

of Ockendon et al [57] suggests a finite mode response when i/to ~ 0(1), but we 

find in Section 4.5 that for special classes of geometry, the response still contains 
an infinite number of modes.

In Section 4.6, we re-introduce dispersion and discuss its effects on the solutions 

already found. Finally, in Section 4.7, we summarise the results in this chapter and 

discuss the implications that dissipation may have on the solution.

4.1 Shallow water sloshing 

4.1.1 Re-scalings

As we discussed in Section 2.1, the correct detuning regime when there are an infi­ 

nite number of commensurate eigenfrequencies is A0 ~ O(e 1^} where <f> ~ O(e 1 /'1 } 

(and the detuning balances with the nonlinearity and forcing at second order). 

Hence we take

, A~0(l). (4.3)

The correct depth scale can be found by considering the expression (2.16) for the 

forcing frequency which, for h = e^K ((3 > 0), gives

We choose j3 so that the dispersive term balances with the detuning, i.e. ft = 1/4, 

and we put

h = Ke 1 '4 , K~0(l); (4.4)

we also rescale z by writing z = £ 1/4z. The linearised free surface height is, from 

(2.23) and (2.27),

77 ~ (£/\0 )Asinhhcosxs'mt 

K cos x sin £,
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in this regime and hence we scale <f> and 77 by

so that, in dimensional quantities, the surface height is 0(e3/4 L) which is much 

greater than the amplitude of the forcing which is O(eL), but is less than the depth 
of the water which is O(el /4L). Finally, we choose vw0 and vbo so that the effect of 
the back wall and base geometry comes in at the same order as dispersion. Hence 
we write

vbo = i/b£ 1/2 , vwo = Vw£ 1/2 , 14,,1/u, ~ 0(1), (4.5)

although we could deal with stronger geometric effects and this will be discussed 

in more detail in Sections 4.5 and 6.1.

4.1.2 Shallow water model

With these scalings, (2.17)-(2.25) become

fe = -£1/2fc + 4/), (4-6) 

<j)x = £ 1/' 2 sini on x = — ecost,n — ecost, (4.7) 

4>y = 0 on y = 0, (4.8) 

^ = vw bne 1/24>xa'w (x) on y = bir[l + vwel/*aw(x]\, (4.9) 

^ = -vb Ke(j>xa'b (x) on z = -«[1 + vbe l/2ab (x)], (4.10)

(4.11)

and, on z = e 1/2 ??,

(4.12)

0. (4.13) 

We now proceed to expand <j> and fj in powers of £ 1/2 as

0 = 00 + £1/Vi+£<£2 + ---, (4.14) 

fj = 770 + £ 1/2r?i + erj2 + • • • , (4-15)

52



and look to find a solvability condition on the second-order problem, in much the 

same way as in Chapter 3. Hence we first consider the 0(1) terms arising from 
(4.6)-(4.13) when (4.14) and (4.15) are substituted in. These are

<t>QzS = 0,

<f>QS = 0 on z — —K,

<j>ox = 0 on x = 0, TT,

<f>oy = 0 on y = 0, bit,

TJQ = —K(j)0t on z = 0,

and have solution

<£o = A(z,y,<), (4.16) 

770 = -KAt , (4.17)

where A(x, y, t) is an unknown function which satisfies

Ax = 0 on z = 0,7r, (4.18) 

Ay = 0 on y = 0,&7r, (4.19)

(4.20)

At ^(e1 /2 ) equations (4.6), (4.10) and (4.11) yield

<t>lzz = ~(f>0xx — 4>0yyi 

<$>\z = 0 on z = — /c,

which can be solved to give

^ = -I (A^ + Ayy ] (z + /c) 2 + B(x, y, 0, (4.21)
Zt

where B(x,y,t) is an unknown function with

, y, 0 = VB(x, y, < + 27r). (4.22)
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Also, on z = 0, (4.12) gives at O(e1/2 )

>iz =

which, using (4.17) and (4.21), results in A satisfying the two-dimensional wave 
equation

AXX + Ayy = Att . (4.23)

Finally to O(e1/2 ) note that (4.7), (4.8) and (4.9) give

4>ix = sint on £ = 0, TT, (4.24)

fay = 0 on y = 0, (4.25)

(f>i y — bin/w [Axa'w (x] — Ayyaw(x)] on y = &TT, (4-26)

and, on z = 0, (4.13) gives

( 2\ 
A-yUot + ^L + <)=<). (4.27)

The O(e) terms in (4.6) and (4.10) are

on z = —

which imply that

t = ^ (AXXXX + 2Axxyy + Ayyyy) (Z + K)3 - (Bxx + Byy) (Z + K)

D

'b (x) + (Axx + Ayy )ab (x)}. (4.28) 

Also, from (4.12),

faz = 'nit + farfOx + foyfJOy ~ f]^\zz OH Z = 0, (4.29)

so combining (4.27) and (4.29),

<t>2z — —K<t>ltt
/c 2

6 /

+ (f>Qxr]ox + foy'nQy ~ Vofazz OR Z = 0.
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Using this with (4.16), (4.17), (4.21) and (4.28) we find that B satisfies the following 

non-homogeneous two-dimensional wave equation,
re2

BXX + Byy ——Bit = ———— —— (Axxxx + 2Axxyy + Ayyyy) + AtAtt

( K?\ 

+ A - ——— \Att + 1AxA

\ 6 1
-vb [a'h (x}Ax + ab(x)Att], (4.30)

1AyAyt

and conditions (4.24)-(4.26) and (4.22) become

Bx = sini on x = Q,ir, (4.31) 

By = 0 on y = 0, (4.32) 

By = i/wtm [Axa'w (x] - Ayyaw (x)] on y = bn, (4.33)

(4.34)

Hence, to determine the leading-order response, we need to find a solution of

Axx + Ayy = Att , (4.35) 

Ax = 0 on a; = 0,7r, (4.36) 

Ay = 0 on y = 0, for, (4.37)

(4.38)

such that a solution to (4.30)-(4.34) exists.

We will return to this fully two-dimensional problem in the next chapter but 

for the rest of this chapter we set i/w = 0, so that the problem is independent of y, 

and we have to solve the problem shown in Table 4.1 with

/c 2 / K2 \ F(x, t) = -—Axxxx + A - — \Att + 2Ax Axt
6 \ 6 )

+ AtAtt - vb [a'b (x)Ax + at (ar)A«], (4.39)

and /i = 1.

4.2 Acoustic oscillations

For the purpose of comparing the acoustic problem outlined in Section 2.2 with 

one-dimensional solutions of the shallow water sloshing problem, we consider a
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Homogeneous Problem
Axx - Att = 0 

AC = 0 on x = 0, TT

VA 27r-periodic in t

Inhomogeneous Problem
Bxx -Btt = F(x,t) 

Bx = fi sin t on x = 0 
#a; = sintf on x = IT 
VB 27r-periodic in t

Table 4.1: The one-dimensional problem for shallow water sloshing and acoustics 
where F(x,t) is quadratic in A.

simplified problem by taking VWQ = 0 and a\,(x,y} = ab (x) in (2.56)-(2.61). Then, 
putting

0(1), (4.40)

(4.41)

we arrive at the same problem as in Table 4.1, where F(x,t) is this time given by

as in the last section, and expanding <p as

F(x,t) = \Att + 2AxAxt + (7 - l)At Att - Vba'b (x (4.42)

and /x = 0.

4.3 Integro-differential equations for one-dimens­ 
ional problems

4.3.1 The Fredholm Alternative applied to an inhomoge- 
neous wave equation

The paradigm problem for one-dimensional resonant sloshing and acoustics has 
been shown to be given by the problems in Table 4.1. The solution for A(x,i) is 
determined by applying the Fredholm Alternative to the inhomogeneous problem 
for B(x,i). This is done, following the technique presented in Ockendon et al [57], 
by multiplying the wave equation for B(x, t) by all the solutions to the homogeneous 
problem for A(x,t), integrating by parts and using the boundary conditions to get

/27r+S 

Je
(4.43)
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for any 0. Summing (4.43) over all n and using the completeness relation (see 
Lighthill [39])

00 1 / 00

5^ cos nx cos n(t — 0) = —- + — I y] 8(x + t — 0 — 
n=i 2 2

)) , (4-44)
-00 /

for 0 <t - 9 < 27T, we find

/ t+7r rt+Zv 
F(s - t, s)ds + / F(t + 2ir- s, s)ds = -2(1 + /i) sin t. (4.45) 

Jt+ir

Peake (private correspondence) has shown conversely that starting from (4.45) it 

is possible to satisfy all the orthogonality conditions inferred from the Fredholm 

Alternative.

4.3.2 Integro-differential equations

We are now in a position to solve the problems for A(x,t) for both sloshing and 

acoustic problems.

Shallow water sloshing

The leading-order problem clearly has the solution

0o = A(x, t) = /+ + /_, (4.46)

where /± = f(t ± x) and / is 27r-periodic. Thus we find (4.39) can be written as

^2 ... ... / ^2\

+ /:')], (4.47)
and using (4.45) yields

-%- [W f(2s + t)[a'b (s) - a'b (n - s)]ds, (4.48) 
4?r Jo
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where / is 27r-periodic and, because 0 is a velocity potential, / is continuous or, by 
virtue of the periodicity, /' has zero mean over one period. Also, in the anticipation 
of shock solutions, we require /' to decrease across any shocks for the reasons given 
at the start of this chapter (see also Appendix A. 1.2). The detuning in (4.48) 

is shifted by an amount proportional to the average value of the base variation 

and this could have been predicted by the effect of small base variations on the 

linearised fundamental frequency. The effect of the average base variation can 

hence be removed by redefining A and from now on we assume this average is zero, 

although we will renew our interest in this term when we consider the case v\> ~ 0(1) 

in Section 4.5. We also note that the introduction of weak surface tension (see 
Appendix B) just results in (4.48) with K 2 /3 being replaced everywhere by K2 /3—as 

(where a = £ 1/r2 <rs measures the strength of surface tension) and dispersive effects 

are removed at the ripple depth, as = K 2 /3.

Acoustic oscillations

We write the leading-order solution as

x), (4.49)

where g is 27r-periodic and is used instead of / to discern between the two problems. 

A similar expression to (4.47) is found from (4.42) and (4.45) this time gives

\g" + (7 + l)g'g" + - sin* = £- f KW - afa - r)}g'(t + 2r)dr, (4.50) 
TT ZTT Jo

where g has period 27T, g' has zero mean over one period and decreases across any 

shocks. We refer to this as Keller's equation.
In the absence of dispersion, (4.48) and (4.50) are of the same form and we can 

transform between the two using

;f '
where the acoustic variables are on the left and the fluid variables are on the right. 

Hence all results for the sloshing problem in the absence of dispersion can be simply 

related to the acoustic problem.

58



4.4 Geometric effects in one dimension

We now focus our attention on the effect that the slowly varying geometry has on 
the type of solutions that arise. Hence we will defer consideration of dispersive 
effects until Section 4.6 by setting K = 0 in (4.48) (and hence we could be studying 
(4.50)). To see the effect of non-zero i/i, we first summarise the solutions found by 
taking z/j = 0 and then see how these solutions change as t>\, increases.

4.4.1 Basic solution

For I/;, = K = 0, (4.48) becomes

A/"(*) + 3/'(0/"(<) = -- sin*, (4.52)
7T

Chester's equation, where / is 27r-periodic, /' has zero mean over one period and 
decreases across any shocks. Solutions of this equation can readily be found by 
integrating (4.52) once and rearranging to give

where c is a constant depending on the value of A, chosen so that /' has zero mean. 
Thus, for continuous solutions, this is only possible for |A| > A* = ±(96/7r3 ) 1 /2 
(where A = ±A* corresponds to c — 0) because c must remain positive to ensure 
that the right-hand side of (4.53) is positive throughout the period. Hence, for 

|A| > A*, we have

'w-HsHH)*- (4-54)
where we take the positive root for A positive and vice versa. The condition that 

/' has zero mean then yields

where E is the complete elliptic integral of the second kind. Hence, given c we can 

find A from a table of elliptic integrals (e.g. Byrd & Friedman [12]).
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For |A| < A*, we fix c = 0 and construct a discontinuous solution, based on the 
work of Betchov [6], where

—COS-, t* < t < 7T,

and t* is determined from the zero mean condition to be

t* = 2 arcsin
2

(4.57)

Note that this unique solution has been found by enforcing the condition that /' 

decreases across a shock (see Appendix A. 1.2). Figure 4.1 shows plots of (/' + 

A/3) for various values of A. Shock solutions similar to those shown have been 
observed experimentally by Chester & Bones [16], Bridges [8] (for sloshing) and 
Sturtevant [69] (for acoustics).

4.4.2 Geometrical effects

Let us now consider (4.48) when K = 0 but i/b ^ 0, that is

A/"(<) + 3/'(i)/"(*) = -- sin t + ^- r f'(2s + t)[a'b ( S ) - a'b (ir - s)]ds, (4.58)
7T 47T JO

which is just Keller's equation (4.50) after the use of (4.51). The convolution term 
on the right-hand side of (4.58) is, in general, difficult to deal with. However, there 

are several cases when this equation simplifies and progress can be made.

(a) For an anti-symmetric base, a'b (x) = a'b (^ — x), (4.58) clearly reduces to 

Chester's equation and the geometry has no effect to this order.

(b) For a parabolic base, a'b (x} — 2x, (4.48) reduces to an ordinary differential 

equation,

This was solved numerically by Peake [58] to see where in the (A, i/6 )-plane 

shock solutions occured. When v\, = 0, we recall that the shock band is 

given by |A| < A*. As n increases this shock region changes and new shock 

regions, away from A = 0, emerge (as can be seen with forward reference to
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/' + A/3

r+ A/3

/' + A/3

Figure 4.1: Continuous and discontinuous solutions of (4.52).
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Figure 4.2). These shock regions take the form of "fingers" that get thinner as 
v\> increases. The final picture, indicating the shock/no-shock interface, looks 
like a finger centred on A = 0 with additional fingers attached to it, lying 
along the lines A = -i/6/(2n2 ), for all n = 1,2,.... These lines correspond to 
the resonant growth of a single mode in the solution as i/& -)• oo with A ~ i/j, 
as can be seen by writing, in this limit, / ~ i/f 1 /0 + i/f 3/i + • • • to get

2 48f ~

(c) If we write a\>(x} and f'(t) as Fourier series,

00

fj,(<r\ — V^-VL rncn-r (d. KtQ\t*(jl «!/ I —— 7 Jon ^"" llnJLf I ^.Uc7 J 

71=1

00

then (4.58) yields

O C\ OQ

A/' + -(/') 2 = c + -cos*- — Y] Anlb-in cos(nt + an ), (4.61)
^ 71=1

where c is a constant. Note that only the even harmonics of a&(:r) are im­ 
portant. This is because the boundary condition (4.33) has as its right-hand 
side terms of the form Axa'b (x) and the only resonant contribution from these 
terms is due to the even terms in the Fourier series for ai,(x). Progress can 
now be made by taking a finite number of even harmonics in the Fourier series 
for ai(x). Keller [36] considered the case 7(,2n = 0 (n ^ 1) and Chester [18] 
considered the case -y^n = 0 (n ^ 1,2). Both analyses showed the emergence 
of fingers in the (A,z/)-plane and a generalisation of the limiting argument 
given in (b) shows that these fingers lie close to the lines

A = -2^. (4.62) 

To illustrate this effect we extend the method of Chester [18] to the case
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Shock structure when 7fc2n = 0 for n ^ 1,2,3

We use the case where only the first three even harmonics of 0^(0;) do not vanish 

to illustrate how progress can be made analytically on (4.61) and to confirm the 

numerical predictions of Peake [58] and the asymptotic predictions of (4.62). Hence 

we aim to find where in the (A, i/;,)-plane the solution contains a shock. To do this 

we consider (4.61) which, in this instance, can be written as

( A\ 2 4 
//+ 3J = j^[c

sin (It + Q2 ) + 7(,6 A3 cos(3£ + <*3 )]. (4.63)

Clearly, as in the last section, continuous solutions can be found for a fixed value 

of 1/6 in detuning ranges determined by the condition that /' has zero mean and by 

varying c. However, there will again be situations where no continuous solution can 

be found and shock solutions occur. We have calculated these regions analytically 

using a method similar to Chester [18] but the details are very involved so we do 

not give them here. Instead, we illustrate the resulting shock pictures in two cases.

• We first confirm the numerical results of Peake [58] using a truncated Fourier 

series of a'b (x) = 2x. Hence we write

7 -"
—— 2~~ COS 

n=l U

(where we could include further odd harmonics). The resulting (A, i/t) picture 

is shown in Figure 4.2 along with the approximation for a,b(x). The region 

between the solid lines (in the same sense as Figure 4.3) shows where shocks 

occur. We also plot the result when 766 = 0 (the dotted line) to illustrate 

how the introduction of the third even harmonic alters the structure of the 

solution. The introduction of a third (thinner) finger can clearly be seen.

• Next we emphasise the decreasing importance of an increasing number of har­ 

monics in a,b(x) by considering the case 762 = 764 = 0 and we take 7&6 = 1 

without loss of generality and this leads to the shock picture given in Fig­ 

ure 4.3 (where shocks are found in the shaded region). This should be con­ 

trasted with Chester's [18] Figure 2(a) (only 762 non-zero) and Figure 2(b)
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Figure 4.2: Shock region and geometry when we approximate a'b = 2x with its first 
three even harmonics. The dotted line shows the corresponding shock region when 
we include just the first two even harmonics.
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(only 764 non-zero). The shock-finger gets increasingly thinner and the effect 
on the central shock region diminishes as we consider the cases 762,764 and 
766 being separately non-zero. The inclusion of higher harmonics in ab(x) 
clearly has weaker and weaker effects on the form of the shock region and the 
response. This will be seen again in the asymptotic analysis of Section 5.1.2.

In both cases, the location of the fingers can be seen to lie close to the lines (4.62).

4.4.3 Proof that shocks must exist near A = 0
Finally in this section, we note that it is very simple to see that, whatever 76n we 
choose, shocks always exist in a thin detuning band near A = 0 for MJO ~ O(e 1/2 ). 
The proof is straightforward if, considering (4.61), we note that any continuous 
solution must necessarily be of the form

/' = -^ ± [ c + - cos t - ̂  f; An762» cos(nt + an)} * . (4.64) 
3 V * 2 n=i /

Now, when A = 0, the zero mean condition implies that

, i£ 2 MJ °° 
+ - cos t - — V Anjb2n cos(nt + an )\ dt = 0.

* 2 n=l /

This is the integral of something which must be positive and hence only holds if 
the integrand vanishes almost everywhere. Hence we need the summation term 
and the forcing term to balance and in this case (4.64) gives /' = 0 which, from 
(4.60), implies that An = 0 and this is in contradiction with the summation/forcing 
balance. Hence, no continuous solutions exist near A = 0 regardless of the 74,1. 
However, it is also clear from (4.64) that, as i/b increases, the response will be 
O(l/i/b) for the geometric and forcing terms to balance. Hence, although shocks 
persist near A = 0 for any MJ, their strength diminishes as i/& grows.

It is also apparent from the last subsection that other shock-branches exist. In 
the special case a'b(x) = 2x we saw that more and more branches emerge as the 
number of harmonics in the geometry increases. It seems likely that this will also 
be the case in more general situations and that the inclusion of further harmonics 
in a,f,(x) will not remove these branches but increase the number of fingers in the 
(A, i/^)-plane.
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Figure 4.3: Shock region and geometry when only jbe ^ 0.
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4.5 Stronger geometric variations

As we remarked in Section 4.4.2, geometric variations of O^1/2 ) have no effect 
when we restrict ourselves to forms of geometry, a^x), such that a'b (x) = a'b (ir — 
x] and, for the sloshing problem we also require cn,(x) to have zero mean (see 
(4.48)). Ockendon et al [57] have considered larger geometric variations by taking 
no ~ 0(e1/r4) and again retrieve Chester's equation if a^x) satisfies a further set 
of restrictions. Hence, a special geometry, ai,(x), begins to emerge as //%o ->• (9(1) 
where the spectrum remains commensurate and the leading-order solution satisfies 
a Chester-like equation and may contain a shock in certain detuning ranges.

In general, of course, for i>bQ ~ 0(1), the spectrum is likely to be non-commens­ 
urate and we expect a single Duffing-like mode. The possibility of these special 
geometries is, however, a more interesting situation and it is the search for these 
geometries that we are concerned with in this section. Hence, we consider the one- 
dimensional sloshing and acoustic problems for v>bo ~ 0(1) and we see how the two 
problems now satisfy different wave equations to leading order.

4.5.1 Acoustic oscillations in a resonator with varying sides

Taking i/60 ~ 0(1) in (2.56)-(2.58) with o6(ar,y) = ab (x) yields, to 0(1),

V* = ¥*, (4-65)

px = Q on x = 0, TT, (4.66)

where Ab(x) = 1 + Vboab(x). It will be useful to consider this as a Sturm-Liouville 
problem and we write

to give

^ + [ul - U(x)}v = 0, (4.67) 

v = 0 on x = 0, TT, (4.68)

where the potential U(x) is given by

"<«>-!¥-& (4 - 69)
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We are now interested in the question of which U(x) yield wn = n. Vasiliev (private 
communication) has brought to our attention the following argument proposed by 
Prof. Kotlyarov. Consider the problems

(i) v" + (\n -U(x))v = Q, (ii) v» + (vn -U(x))v = 0, 
w(0) = w(?r) = 0, w(0) = U'(TT) = 0.

We now appeal to Theorem 3.4.3 from Marchenko's [41] monograph: the pair 
{•^n}, {^n} uniquely define the potential U(x) if and only if

-co < i/! < AI < v2 < \2 < • • • < oo, 

and satisfy the asymptotic formulae

/ 1\ 2 an , j/n = {n - -J -\n = n2 - 2A + an , j/n = n - - - 2A + bn ,

where A is an arbitrary number and

n=l n=l

Now we can put u^ = \n = n2 , n — 1,2, 3, ... and vn = (n — 1/2) 2 -I- bn (where 
A = /Q U(x)dx = 0). The numbers z/n can be chosen arbitrarily subject to the 
condition

n=l

and each different set of vn yields a different U(x) by the theorem. An infinite 
subset of these U(x) has been found by Poschel & Trubowitz [60] (whose work was 
brought to our attention by Dr A. Hoist) and are given by

, (4.70)

where q is an arbitrary positive integer and p is an arbitrary real number.
The simplest case is when bn = 0 (n = 1,2,3, . . .) or p = 0 and U(x) = 0. For 

other bn or p, U(x] will be non-zero and solving (4.69) for the area variation Ab (x] 
will present a formidable challenge. Hence we only consider the case U(x) = 0 

which yields
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the special geometry considered by Keller [36], who also showed that in this case, 

¥>o = (ax + d)[g'(t + x) + g'(t - x)] + a(g(t - x) - g(t + x)],

where g satisfies a Chester-like equation.
Note that if we take d = 1 and a to be small then

Vbo<ib(x) ~ — lax + • • • ,

and we can see that for a ~ O(e1/2), vbo ~ O(e1/2 ), putting a6 (a;) = -2ar means 
a'b (x) is even about x = ^. It is clear that the restrictions discussed above are 
satisfied in this case and it seems reasonable to assume that (4.71) evolves from an 
infinite set of restrictions found as 1/7,0 increases from 0(e1^) to 0(1).

Finally, we note that Poschel & Trubowitz [60] have also shown that the re-
•

striction U(K — x) = U(x) leads to U(x) = 0 being the unique potential that yields 
u)n = n. This result ties in with the restriction that a£(?r — x) = a'b (x) because 
taking «&(#) to be even about ?r/2 yields U(TT — x} = U(x).

4.5.2 Fluid in a tank with a varying cross-section

In this case, with i/bo ~ O(l), we use the method of Section 4.1.2 to find that, to 
first order,

)<l>xx + A'f (x)<f>x = fat, (4.72) 

&. = 0 on X = O,TT, (4.73)

where A/(x) = 1 + Vb0a,b(x). We first write this in terms of ^(x] = Af(x)<j)xetWnt as

V>" + V(zV2 V> = 0, (4.74) 

^ = 0 on z = 0,7r, (4.75)

(V(x) = l/A/(x)) which is the same problem that arises for oscillations in a gas 
with an initially stratified density3 . This can then be turned into a Stiirm-Liouville 

problem by using the Liouville transformation

3This can be readily seen if we consider the one-dimensional equations (in dimensional form) 
governing the gas flow,

Pr + (pu)x - 0,
p(uT +UUX ) = -PX,
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where

to give

«"(0 + k - «(OM0 = 0, (4.76) 

«(0) = u (jTV'2(Od*) = 0, (4.77)

with

a(f\ = ^' - 
4V2 16V3 '

We again look for when un = n and consider the case q = 0 where

but we also need the boundary conditions to be at £ = 0, TT so that A and B, from 

(4.77), are related by

+ B) = l. (4.79) 

Hence,

(x} = (Ax + 5)4 — 1,

PT + UPX = a2 (pr +upx),

where a2 = ~yp/p. If we perturb this from an initial state including density stratification (Eller- 
meier [25]) by writing

u =
p -
p -
a — aQ (a0 (x)

where p0 is the average initial density, OQ = IPo/Po and u\ , po, etc. are all dimensionless quantities, 
and x = X/L and t = O.QT/L are non-dimensional variables. The O(e) terms in the equations of 
motion can then be shown to yield

1
dt 2 ~ p0 (x) 

so we can associate A/(x) with l/po(x).
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together with (4.79), and the leading-order solution will satisfy

where / is unknown and has period IK. Note also that writing

B=l + e^Bi + 0(e) 

gives, from (4.79),

7T

so that for weak variations

/ 2x\ Vboab(x) ~ 4e 1 /2 .0i f 1 — — ) .
\ 7T /

This gives vbo ~ O(e1/2), a6 (^) ~ (1 — 2ar/?r) which satisfies the condition a'b (x) is 
even about x = | and also the criterion that ab(x) has zero mean. Again, we see 
this special geometry evolving out of a set of restrictions.

4.5.3 Other geometries

For completeness we have included a list of geometries where the spectrum can be 
found explicitly (Table 4.2), although this is probably by no means a comprehensive 
list. This gives the geometry Ab (x] for the acoustic case (Section 4.5.1) and the 
corresponding eigenvalues, which are the roots of the equations given. The last 
entry in the table is a result that can be found in Titchmarsh [72]. Note that we 
can interpret these results in terms of the fluid case by calculating U(x) for each 
Ab(x), work out the corresponding q(£) (noting (4.67) and (4.76) are of the same 
form), and relate this back to A/(x) (bearing in mind that the boundary conditions 
must be at £ = 0, TT).

4.6 Dispersive effects

So far we have neglected the fourth-order dispersive term in (4.48). This term will, 
in reality, be important in the sloshing problem although, as we have already noted, 
it is negligible at the ripple depth (when surface tension is included).
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Ab(x)
1
1

(ax + d)2
X2

X

eax

sin a;

Eigenvalues
u;n = n
u)n -n

tano;n 7r = u;n 7r
Ji(un Tr) = 0

9 a* •>
"n = T + «2

u* = (n + l)(n + 2)

Table 4.2: Geometries with known eigenvalues.

For large values of re, the solution will be dominated by a single mode as can 
be seen by writing / ~ K2/3A*sint + O(K~2/3 ) with Are2/3 ~ 0(1) in (4.48); this 
solution matches the shallow water limit of the deep water solution (3.39). A more 
detailed analysis of this matching is given in Section 5.2 for the two-dimensional 
case.

The transition to this single mode response was discussed in detail in Ockendon 
et al [56] and Johnson [33] and we now give a brief outline of some of their results. 

We put

to get

- u2 ) 4 —
O7T

where c2 is a constant. The solution D2 = u2 corresponds to those discussed in 
Section 4.4.1. For K small, we can seek solutions close to D2 = u2 except when D" 

is large, and write t — tQ + KT so that,

Then as |r| -»• oo it is possible for D to approach the solution D = u that corre­ 
sponds to a saddle-point in the (D, DT )-phase plane. It is possible to construct a 
solution which for the most part is near u but takes a finite number of excursions 
away from this solution in the form of 'spikes' as seen on the slow timescale t. These 

inner spikes can be matched to the outer solution D = u as long as u' = 0 giving
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that the spikes can only occur at t = HIT. Ockendon et al [56] also showed that any 
number of spikes can occur at t = 0 but only 1 at t = TT.

These spike solutions lead to the possibility of multiple solutions in which the 
shocks found in Section 4.4.1 are no longer present. The response diagram consists 
of a collection of Duffing-like peaks centred around A = 0 and these peaks may 
be rounded off by including dissipation. This response is then in good agreement 
with Chester & Bones [16] (and, in particular, with their Figure 14). Further 
analytical work on these dispersive effects has been carried out by Byatt-Smith [11] 
and Reynolds &; Cox [61].

It is worth noting at this juncture that the above analysis explains well the ex­ 
perimental results found by Bridges [8] who considered one-dimensional oscillations 
of a tank containing water of a shallow depth. The dramatic variation in the type 
of solution he observed, by only a small change in his parameter values, could be 
due to the multiple solutions found for small dispersion.

4.7 Summary

We have formulated the model for two-dimensional shallow water sloshing that 
will be considered in detail in the next chapter. In this chapter, however, we have 
concentrated on one-dimensional solutions of this model and analogies with acoustic 
oscillations. We have been mainly interested in the effects of base variations in the 

tank on solutions of Chester's equation. In the regime z/to = ^b^^-, our analytical 
results for a truncated Fourier series representation for a\,(x] confirm the previous 
work of Peake [58] and show how the even harmonics of at,(x) relate to fingers 
in the (A, v\>} shock picture (which become progressively less significant for higher 
harmonics). We also see the emergence of a single-mode response as vb grows large 
and this fits in with our intuition that, for ubo ~ 0(1), the solution will just comprise 
a single mode because the spectrum is no longer nearly commensurate. However, 

an interesting class of tanks and resonators exist where, for t>bo ~ 0(1), the spectra 
remain commensurate and shock solutions are expected. These special geometries 

rely on solving an inverse eigenvalue problem and we have found, in Section 4.5, 

cases where this is possible.
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For all the solutions considered, we must, of course, bear in mind the effect 
of viscosity on the solutions. This will probably come in the form of a viscous 
boundary layer in the base of the tank or walls of the resonator, and was first 
considered by Chester [15] and later by Ockendon & Ockendon [54] who showed 
that, using the assumption that the equations in the boundary layer are linear, the 
boundary layer has thickness e3/4 (assuming that Re ~ e~3/2 ) and the resulting 
change in the governing equation introduces the term

ft rnt-u)^ (4go)

to the right-hand side of (4.48), where ft = e~3/4 (irRe)~ 1 /'2 . The boundary layer 
equations will not be linear in general and a correct analysis would require solving 
Prandtl's boundary layer equations but no attempt will be made to do this here. 
Using the expression (4.80) for dissipation does, however, give good quantitative 
results. In the absence of dispersion Chester [15] showed that the effect of this 
damping term was to introduce an oscillation behind the shock and this was val­ 
idated experimentally by Chester & Bones [16]. Ockendon et al [56] also showed 
this but did so by replacing the integral term by the more tractable term ftf" on 
the left-hand side of (4.48). When dispersion is included the effect of dissipation is 
to round off the Duffing-like peaks as noted in the previous section. Keller [35] has 
also given an account of the effect of viscosity on Chester's equation, using (4.80) 
to model viscous effects. Hence, in relating our results to any experiments, we must 
take into account these effects and, as we are mostly concerned with dispersive free 
problems, we expect our shocks solutions to be altered accordingly.

Finally, we note that two extensions to the models considered here are given 
in Appendix C where we consider acoustic oscillations close to a higher natural 

frequency and the evolution of the problem to a periodic response.
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Chapter 5

Two-dimensional solutions of 
shallow water sloshing and 
acoustics

In the last chapter we developed a model, (4.35)-(4.38) and (4.30)-(4.34), for two- 

dimensional oscillations in shallow water but considered only one-dimensional so­ 

lutions. In this chapter we will highlight some aspects of fully two-dimensional 

solutions in shallow water. To do this we let vw ^ 0 and ignore base variations by 

putting 1/6 = 0 as this adds no interesting differences. It is fairly clear from the anal­ 

ysis of Section 4.2 that a similar model arises for the acoustic oscillations described 

in Section 2.2 when i/bo — 0 and vwQ ~ O(el l2 }. The only differences between the 

two models are the higher-order dispersive terms found in the sloshing problem. 

However, as in the last chapter, we will be mainly concerned with dispersion-free 

solutions (K = 0) so that the solutions we consider are relevant to the acoustic 

problem. Indeed, as in the last chapter, a simple transformation relates the two 

problems.
The solution of (4.35)-(4.38) is, as with deep water, critically dependent upon 

the breadth b. Whereas for deep water the solution changed form for b close to a 

natural number, we now see that the general solution of (4.35)-(4.38) will consist 

of an infinite number of two-dimensional modes whenever b is close to a rational 

number, p/q. Note that, correct to O(e), we can always write 6 as a rational number 

but the extent to which two-dimensional solutions are excited will depend on the 

size of q. This is because, for b = p/q, the first transverse mode will be cos qy sin qt 

and, as we shall see later in this chapter, the amplitude of the mode diminishes
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as q increases. The largest amplitude case is when q = 1 and, as the form of the 

solution will then be the same for all p, we consider the case 6 = 1, for simplicity, 
from now on.

Hence, in Section 5.1, we consider the case 6=1 and obtain the form of the 

solution by first applying the Fredholm Alternative to the problem for 5, solving 

the resulting set of equations in the limits vw -» 0, A, vw ->• oo, and finally proposing 

an iteration scheme for vw ~ 0(1). In the latter case we solve the first step of this 

iteration scheme for the example aw (x) = cosx. All the resulting solutions neglect 

dispersive effects but we re-introduce dispersion in Section 5.2 to bridge the gap 

between the solutions found here and those of the deep water case.

Finally in this chapter, we present two other situations where two-dimensional 

solutions may arise, namely those of forcing the tank at an angle and forcing the 

tank near a higher frequency.

Before we proceed, however, we need to make one general remark about the 

solutions we will encounter in the rest of this chapter. This concerns the intersection 

of two two-dimensional planar shocks of different families. The general theory for 

intersecting shocks (Liepmann &; Roshko [38]; Illingworth [32]; Becker [5]) results 

in a picture similar to Figure 5.1 where we have taken a moving frame of reference 

so that the point P is at rest. For two shocks (Si and £2) of different strengths

Figure 5.1: Intersecting shock waves
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meeting at point P, the shocks are deflected as they pass through each other so 

that Si becomes £4 and 52 becomes 83. The angle through which they turn is 

dictated by the requirement that the flow in region 5 (due to flow from region 1 

passing through Si into region 2 and then through 83) and region 4 (flow in region 

1 passing through region 3 via £2 and 84) has the same pressure either side of PL 

and the same flow direction. However, the velocity and density either side of PL 

may not be the same and this line is thus referred to as a slipstream or vortex sheet. 

For weak shocks of strength C^e 1/2 ), two important points emerge. Firstly, 

as the physical quantities are only perturbed an O(e 1 /2 ) from their equilibrium 

state, the deflection of the shocks when they intersect each other will only need 

to be through an angle of O(e 1 ^2 ) for the pressures in regions 4 and 5 to match 

at PL. Hence the shock location is unaltered to leading order. Secondly, because 

the entropy changes across these shocks are of (9(e3/2 ) (see Appendix A.1.1), the 

continuity of pressure across PL ensures that density is also continuous to O(e 1 ' 2 ) 

and, hence, velocity does not change across PL (see (A.7)) to this order. Therefore, 

to leading order, the shock intersections that arise do so in such a way that the 

shocks pass through each other without change of form and without creating any 

new discontinuity.

5.1 Two-dimensional solutions when 6 = 1, vw ^ 0

Following the above discussion we concentrate on the case 6=1 when the solution 

to (4.35)-(4.38) can be written as a Fourier series in the form

A(x, y,t) = ^2 cospx cos qy(ap , q cos \p , q t + 6M sin Ap)9 i), (5-1)

where A 2 = p2 + (f and p, q are integers such that the AP)? are integers. It is 

convenient to re-write A as

where

. <• / , i I I 7 \ It. O\Aij = fi,j(t ± kjX ± ki,jy) (5.3) 
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are In periodic (in time) plane waves in the (±i,±j) directions, (z',j) denotes all 

the i, j such that i2 + j2 is the square of an integer and each pair (i,j) is coprime 
and

we have used the shorthand

fi ,j (t±lijjx±ki ,jy) = fi

+ fi,j (t - ItjX + ki tjy) + fa (t - litjx - k^y ) ,

where we refer to the fa as the "(z,j)-wavetrain". Thus

t), (5.4)
s=l
1 °°

/t,j(T ) = jl^(a«t>j- cos sA.-jT + &,;,„• sin sA,v,-T), (5.5) 
a «=i

and d = 2 for (i, j) = (1, 0) or (0, 1) or d = 4 otherwise.
The problem for 5, (4.30)-(4.34), can now be considered, using (5.2) for A. We 

consider all the orthogonality conditions inferred from the Fredholm Alternative 
applied to (4.30)-(4.34). In particular, we multiply (4.30) by the eigensolutions 

cosnpxcosmpyG(t'), where

G(t'} = cnptmp cos (\n ,mpt') + dnp ,mp sin (\n ,mptr),

and c/,jt, di,k are arbitrary constants. Then, integrating over the whole domain, 

using the boundary conditions and summing over p, we find

°°^ /-27T rir rir
y~] / / / F(x,y, t') cosnpx cosmpyG(t')dxdydt' 
~^ Jo Jo Jo

00 r2ir fir
= -^Snl Sm0d1>0 + £ / / By \ y=v ,t=t,(-iym coS pnxG(t')dxdt', (5.6) 

p=i Jo Jo

for each (n,m), where F(x,y,t) is the right-hand side of (4.30). The crucial ob­ 

servation is that the only part of the F(x, y, *') that produces terms which are not 

orthogonal to cos npx cos mpy sm(Xn ,mpt' + <*n,m) is the part containing only An>m , 

as we can show using the following proposition.
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Proposition 5.1 The conditions

III Aniimi An2m cosqn3xcosqm3y\ . 9 . ns 'm3 . / > dxdydt', Jo Jo Jo [ smgAn3im3 t J

where q = 1,2,... and the pairs (nj,m,-) are coprime are non-zero if and only if 
n\ = n-i — ns and mi = m^ = ma.

Proof. We see from (5.4) that the product Ani)m,An2i7n2 comprises four terms 

within a double summation. It is clear, however, that a similar proof follows for 

each of these four terms, so we just consider one of the four terms and so it is our 
aim to show that

/•2ir fir fit
III (cos mix cos sri2X cos qnzx}(c 

Jo Jo Jo
(cos r\it' cos sX-zt' cos q\3t')dxdydt' ',

(A? = nf + m?, and r, s,q are any positive integers) is non-zero if and only if 

n\ = n-i = ns and m\ = m<i = m^. This is only possible if

rn\ ± sn-i = ±qns , rmi ± sm^ = ±qm,3 , rAi ± sA2 =

Hence there are 64 different ways in which this can happen and we will demonstrate 

one possibility, the others following similar lines. Consider the case

rni + sn2 = q-n3 , (5.7)

rm\ + sm2 = qniz, (5-8)

rA! + s\2 = q\3 . (5.9)

Then, squaring (5.9) and using (5.7) and (5.8) gives

and squaring again finally yields

mi
= — using (5.7) and (5.8),

m3

and, as (n,-,m,-) are coprime, this means that m = n2 = n3 and m x = m2 = m3 

which completes the proof. D
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Thus, noting that most of the terms on the right-hand side of (4.30) have the 
same structure as A2 , we can appeal to Proposition 5.1 to prove the observation 
made above, and so we can replace F in (5.6) by Fn,m where

«2 / K?\ Fn,m (x,y,t) = —^(An<m )tttt + I A - — j (An,m )tt + 2(An,m )x (An ,m )xt

m )yt + (An,m)t(An,m)tt-

Hence, for vw = 0, only (5.6) with (n,m) = (1,0) is needed and the other orthog­ 
onality conditions are trivially satisfied, i.e. only Aifl is non-zero. For i/w ^ 0 the 
left-hand side of (5.6) can be integrated explicitly, and putting cnp ,mp = cos \n,mpt, 
dnp,mp = s'mXnimpt and, using the method of Section 4.3.1 to evaluate the sum in 
the left-hand side of (5.6). We finally find that the /n>m , which are periodic with 
period 2;r and zero mean satisfy

2 • ar r

^r£ f2" r R(x,t')(-l)pm cospnxcos P\ntm (t'-t)dxdt',(5.W)
7T ~i JO JO

for all (^m) 1 , where Gfn ,m is shorthand for

2j4x / 2\ 
/ar _ K Jn,m , / \ K \e/n ,m - -

the right-hand side is linear in /n>m with

R(x, t) = a'w (x}Ax(x, TT, t) - (aw(x) - >yw0)Ayy (x, TT, t), (5.12) 

A(x,y, t) is given by (5.3) and we recall (3.21)
00

aw (x) = V jwn cos nx.

The right-hand sides of (5.10), representing the coupling between the /n ,m 's, are 
not so easy to deal with, even though, as with the one-dimensional problem, the 
introduction of the functions /n , m reduces the dimensionality of the problem; we 
have changed from having to solve for the doubly-infinite set of coefficients an,m and 
bn,m (see (5.1)) to the singly-infinite set of equations (5.10). Evaluation of these

will use the expression "for all (n, m)" to mean the (n, m) that satisfy the conditions that 
n, m and Vra2 + m2 are integers, and n and m are coprime.
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right-hand sides is theoretically possible and, for example, for (n,m) = (1,0), the 
method of Section 4.3.1 yields

ll0 + sin* = - j[«> - 0 - a'w(t')](fl<0 (t + 2t'} + • • -]dt' 

~ T f «* - ' W + 0 - /o,i(* -0 + " "Id*1 ,
7T «/0

where only the first two wavetrains have been included in the integrals. These 

expressions simplify in several special cases:

(i) when a'w (x) = 2x, i.e. the back wall is parabolic, the equations reduce to a 
set of ordinary differential equations where, for example, (5.13) reduces to

2e/i,o = — sin t + vw (fuo + 4/0,1 + •••);
7T

(ii) when aw (x) has a finite number of Fourier components, a reduced, but still 
infinite number of /8-j occur on the right-hand side of (5.10);

(iii) when a'w (x) = a'w (TT — x), i.e. the back wall is anti-symmetric, we see, for, 

example, that (5.13) simplifies and, in general, the right-hand side of (5.10) 

will again contain a reduced number of /,-j.

For the rest of this section we ignore dispersive effects and set K = 0 in (5.10). 
There are several limiting cases of (5.10) that we first study before making some 

more general statements about these equations. We can immediately see from 

(5.10) that, as 7^0 gets large, fn ,m ~ 0(l/~fw0 ) for (n,m) ^ (1,0) and /1)0 satisfies 

Chester's equation to leading order.

5.1.1 The limit vw -» 0

When vw = 0, the right-hand sides of (5.10) are zero and the equations decouple 

leaving Chester's equation for /i,0 and all the other fn>m are zero. In this section 

we consider what happens for small i/w . When A ~ 0(1) we can see from (5.10) 

that /i,0 ~ 0(1) and fn,m ~ 0(vw ] for all other (n,m). Hence, we write

fn,m — OnlO
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and, to O(l), /f i(j satisfies (4.52) which has solutions given in Section 4.4.1 and, in 
particular, has discontinuous solutions for |A| < (96/Tr3 ) 1 /2 where

9> -JT<*«5,
\ (5.14
.^ i5<<<7r)

and

/96\5 . K , 
A=(-)sm|. (5.15)

Here we recall that we have used the fact that /Ii0 is periodic and continuous. To 
O(vw ) we get

Af(1)" + 3 ( fWfW" + ft 1 )' f(°n 8 ,8
'Vn.m ~ d \Jn,mJn,m T J n,mJn,m ) °nl° nmO

where #<°>(x,<) = [/{5V + z) - /iS'(* ~ x)]a'w(x). Note that the first term on 
the right-hand side of (5.10) has no effect at this order, so the solutions considered 
throughout this subsection are independent of the choice of 7^0- The effects of the 

geometry can now be considered in terms of

(i) the modulation of the one-dimensional solution described by the nonlinear 

equation (5.16) with (n,m) = (1,0) and

(ii) the excitation of "cross wavetrains" which are described by the linear equa­ 

tions (5.16) with (n,m) ^ (1,0).

To analyse the change in the one-dimensional solution, we write the shock lo­ 

cation as

r = t* + vwt\ + • • • ,
and solve a perturbed free boundary problem for f[ fl . The continuity condition 

[/i,o] = 0 implies

where square brackets denote jumps from t*0 - 0 to £„ + 0. To simplify matters, we 

consider the case a'w (x) = 2x (although, other a(x) could be considered, resulting

82



in more complicated, but qualitatively similar, results), and we can integrate (5.16) 

for (n,m) = (1,0) to give

and

f ~ 2*S Sin f + 2 COS , ** < * < 7T.

Hence /Ij0 is periodic if

d2 = I[2 cosf + (^ + 7r)sin
7T L Z

and we can use (5.17) to find t*. The result is plotted in Figure 5.2, in which the 

singularity as |A| — > A* reflects the fact that the shock regime in the (A, i/u,)-plane 

shifts slightly as vw increase from zero (see Figure 4.2). We can also see that the 

strength of the perturbed discontinuity in /} 0 + vw f± 0 decreases for A > 0 and 

increases for A < 0 in accordance with this shift in the shock regime.

Now we consider the other fn ,m for (n,m) ^ (1,0) and the simplest case is 

aw (x] = cosx (where /1)0 is unaffected to O(v)). Once again, more general aw(x) 

can be considered and the results are qualitatively the same. We use the represen­ 

tation (5.5) and write

and, for A ~ 0(1), (5.16) gives

g cos 5t + 6$ sin 5*), (5.18)

and so on where /$, = 0 unless An ,m - n = 1. For continuous solutions for /{Jj, 

we have, as n2 + m2 -» oo, /^ ~ 0(A~^) and the lowest-order cross wavetrains 

are single mode responses with decreasing amplitudes for higher order wavetrains.
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Figure 5.2: Plot of t\ against <„ where the shock is located at t* = ijj + vwt\.

There is a more interesting regime in which the degeneracy has a dramatic 

effect, as can be discerned from (5.18). This is when A is so small that a rescaling 

of (5.10) is necessary in order to keep the nonlinearity in balance with the detuning. 

In fact we can see the existence of a fine detuning band near A = 0 on physical 

grounds by noting that the primary forcing of O(e) produces a primary response of 

O{\fe), and hence a cross wavetrain forcing (due to the interaction of the O(vw ^/e) 

geometry variation with this response) of 0(vw e)] then, because of the degeneracy 

of the fundamental, the cross wavetrain response is of 0(^/vwe). Indeed, inspection 

of (5.10) shows that we need to write

A = /n,m =

in order to retain the nonlinear terms in the limit i/w — >• 0. This leads to

(5.19)
1 °° r2ir rir , „

= -L£/ / R(°)(x ,t')(-iym coS pnxcos PXn ,m (t'-t}dxdt',
7T 2 ~^ JO JO

for all (n,m) ^ (1,0), with flfl given by (5.14) and, from (5.15),

,3\*
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We now have the possibility of a much more interesting cross wavetrain response, 
which we again illustrate in the case aw (x) = cosx. Then (5.14) and (5.19) give

\ (5.20)

and so one for the higher-order wavetrains, where GI, c^ are constants. Consideration 
of these expressions shows that discontinuous solutions for g^l occur for |A| < 1.95 
and for g[~£ when |A| < 0.24. To highlight this case with minimum algebraic 
complexity we consider the case A = 0, so

4

and so on, where the interaction of these shocks with that of the primary wave- 
train is negligible as we discussed at the start of this chapter. We illustrate this 
case, plotting At (which is proportional to the free surface height) at t = —w/4 in 
Figure 5.3(a) for vw = 0 and Figure 5.3(b) for i/w = 0.2 (with just the first three 
wavetrains). The /4>3-wavetrain can just be seen and the introduction of further 
wavetrains has a negligible effect.

A

x

Figure 5.3: Plot of At for (a) vw = 0 and (b) i/w = 0.2.

Consideration of other forms of aw (x) confirm that in all cases the primary 
wavetrains (/Ii0 and /0,i) are much larger than the higher-order wavetrains. This
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evidence will be useful in our discussions on the problem when vw ~ 0(1), in 

Section 5.1.3.

5.1.2 The limits \,vw — > oo

As vw tends to infinity in equations (5.10), the solution is O(l/vw ) or smaller for 

each fn<m to leading order and it is only when A ~ vw that a resonant response is 

possible. Away from resonance, with A ~ vw , we expand the /n , m as

f = — f(0) + — fW + — f( 2 > +...
J n,m J n,m ' 3 J n,m * 5 J n,m '

Elementary, but rather longwinded, calculations then give 

2(A + 27^01^) .
Ji,o — 

f7o,i -

, 1 _ am t,

3(7™27wi"™ ~ (A + 27^0^)3 )2* 2(A ~27:2 )!(A " s ''°^ ( " ~ 4'ol"" )(A ~ s'^]
7r(A — 5Q ]!/„,)( A — SQ jl^u,)

(5.21)

, _ -f-x(5.22)

. 2< 
?r - 5 )1 i/u; - SQ,! i"™ - -So, 2 ^u, - 5o >2 ^u,

fn,m = 0(vl-«*W l »), (5.23)

where

± _ ± -(27o + 72n)±[(27o-72n) 2 + 47^] 1/2
^n.O ~ ^O.n — r, ' (O.&i)

{ COS 77. .T I .
and it becomes apparent that the modes { } sin nt grow close to the spectral 1 K I cosny J
lines

A = <0^. (5.25)

More complicated expressions can be found for the other s* m but we do not pursue 

this. Instead, we can make the following remarks. In the one-dimensional case, 

where the lines of blow-up are along X + ^b2n^b/'2 = 0 (see Section 4.4.2), Peake [58] 

showed that these lines lie roughly along the fingers. Hence, by analogy, we expect 

similar shock fingers close to the lines (5.25) and a rather ad hoc way of determining 

the shock picture is then to plot these lines and draw the interface between shock
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and no-shock regimes around them. Chester's shock pictures can be fitted into this 
scheme as can the one-dimensional shock pictures found in Section 4.4.2. Clearly 
this method would give some indication of the shock structure but would not hint 
at where within these fingers shocks travelling in different directions occur.

Finding more terms in the expansion for, say, /i,0 introduces more s'mt terms 
and, as we approach the lines A = sft0i/w , these higher-order terms grow to balance 
with the leading-order sini term and our expansion breaks down. Higher-order 
terms balance with the growth witnessed at the other spectral lines but the outcome 
is different from case to case. This process emphasises the importance of the first 
few modes, and hence the primary wavetrains, and we summarise the details below, 
where we look close to A = s^0vw , although a similar analysis could be carried 
through when A ~ s~i0i/w .

1. A ~ S\IQVW . Here we find a detuning range of O(f~1/'3 ) where /i,o and /0>i 
grow to 0(vjJ3 ). Hence we write

A - sjoi/,,, = Ai/~1/3 , 

and

fQ , l = B^J3 Smt + 0(^- 1 /3 ).

To simplify the algebra, we consider the case 7^,0 = 0, although similar results 

can be found for 7^,0 ^ 0. In this case, it can be shown that

B = A, (5.26) 
s i,o

a DufEng-like response. (Notice that there is the possibility of the denomina­ 

tor of the coefficient of A3 vanishing — this corresponds to the second mode 
also growing and an analysis is possible in this case. This is reminiscent of
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the work done in Section 3.4.1.) On the upper branches of the Duffing curve, 

/i,o and /Oj i grow to O(vw ). Peake [58] has given a detailed analysis of the 

form of the solution along these upper branches in the one-dimensional case.

2. A ~ s%flvw . In this case the detuning band is O(v~ 5 /3 ) and /0 ,i and /i )0 are

3. A ~ s^0 i>w . Here, in the detuning range 0(i/y3 ), the leading-order response for 

both /0 ,i and/^o is a combination of sin t and sin3£ terms, both of amplitude
0(v~ 1 }.

4. For any other spectral line, the term in the expansion will not grow to be 

the same size as the leading-order terms in the f\$ and /o,i expansions — 

the nonlinear effects take over before the mode in question reaches a size of 

O(v~ l ). Hence, even though there is resonant growth of these higher-order 

modes, they never dominate the solution.

We conclude that the first three fingers are the most important. The other fingers 

are "subdominant" in that, because they are so thin, the strength of the shock is 

very weak and there is very little difference between the continuous regions and 

the shock regions in this case. So, for \,vw — > oo, we see that the leading-order 

response is either

4[(A -)- 2^/w0 i/w ) cos x + vw -fw i cos y] sin t
9 ~ ——————— 77 ——— + ——— 777 ——— = ——— : ————— i 

7T(A - S^0 VW )(\ ~ S lft Vw )

{ cos x I I cos 2x I> sini, < >cos y J [ cos 2y J
"l T* I> s'm3t. Hence, as in the limit vw — >• 0, we see that the primary 

cos3y J
wavetrains are of the most importance as the possible fingers related to the higher- 

order wavetrains can be seen from (5.23) to have a small amplitude asymptotically. 

In conclusion, both the limits vw small and vw large suggest that the two primary 

wavetrains are of the most importance and this suggests that in the regime vw ~ 

0(1) the same may also be true.
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5.1.3 Iteration scheme for vw ~ 0(1)

The limiting solutions found in Sections 5.1.1 and 5.1.2 have a recurring theme. 

In all cases modes associated with the two primary wavetrains, /i >0 and /o,i, have 

dominated the solution. Thus we propose the following iteration scheme to solve 

the set of equations (5.10) in the absence of dispersion; we write (5.10) as

+ mlMU-- (5.28)
n,m

v °° flir rir
+-T£/ / R(i} (^t'}(-l)p

7T _ * «/0 «/0

where /£^ is the (i + l) th approximation to /n,m and R^ is the expression found 

for R by using the approximations f$m for the fn ,m - We take as our initial approx­ 

imation to the solution Ax<,

so our starting values for the fn<m are

/£L=0 Km) ^(1,0) or (0,1), (5.29)

where /$ and /£? satisfy (5.10) with fn ,m = 0 ((n,m) ^ (1,0) or (0,1)) formally 

set to zero

A/JT + s/g'/iT = ~l sin ' +
+- f «:(T - f)[/!!f'(< - 0 - $?'(* + OK (5-30)

7T JO

A/!f + 3/<3'yif = v- r a'w (« - oiyJS'c* - 0 - $)( (* + 01^
7T •/ 0

/Sf. (5-31)

We may estimate the rate of convergence by noting that a k ,0 and a0,k are O(l/k3 ) 

for continuous solutions and 0(l/k"*) for shock solutions. Now consider the con­ 

tribution from /$ or /$ to the right-hand side of (5.28) for i = 0. This feed­ 

back term into the equation for /^ contains a term involving a(n2 +m2)i/2 i0 from 

the /{J-wavetrain. Hence, bearing in mind the definitions (5.5) for /„,„, and the 

size of the a fc)0 , it is consistent that /$, ~ O(A~5m ) for continuous solutions and 

~ OCA~4 } for shock solutions. This argument indicates that the higher-order
\ n,m 1
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wavetrains have an amplitude that is smaller numerically than the primary wave- 
trains by a factor of at least (n2 + m2 )~2 .

In the next section we consider the case aw (x) = cosx (so that 7^0 = 0) to 
demonstrate the effectiveness of this iterative procedure, leaving a discussion of the 
effect of non-zero 7^0 until Section 5.1.5. Finally note that, in the special case 
a'w = 2x with 7^,0 = 0, we would need to solve, for the first approximation, the 
system

which can be written as one fourth-order equation for either /i >0 or f0<l . No work has 
been done on this, but it is expected that a similar shock region picture to the one- 
dimensional case will emerge, with fingers along the lines \jvw = (— l±>/65)/(2n2 ) 
(see (5.25)).

5.1.4 Example, aw (x) =cosx

We now try to quantify some of the arguments given above by taking the simplest 
analytical case, aw (x) = cos x. We will present the mathematical detail in obtaining 
the solution in this case. This illustrates the way in which we solved for the shock 
regions in Section 4.4.2 and is based on the method of Chester [18]. The details are 
quite involved and the reader may wish to proceed to Figure 5.5 which summarises 

the results.
We consider the solution for /^ given by (5.30) and (5.31). Dropping the 

superscript (0) for the rest of this subsection and writing

-««), (5-32)

- #»), (5.33)

for simplicity (where, from (5.5), Am cosam = \mbm ,0 , Am sinam = |mam ,0 , 
Bm cos/5m = |m&0,m and Bm s'm/3m = |ma0)m), we get, after integrating,

( , \ 2 . 

/1,0+gJ = 3^

f/* 1 + -) = — [——AiOMaicosf-^Aisina^int + ca], (5.35) 
\ ' 3/ 3;r L 2
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where ci and c2 are constants. We can now proceed by first looking for continuous 
solutions of (5.34) and (5.35). Hence we first transform these equations by writing

= F2 sin02>

= — F22 cos02 ,

(5.36)

and

7T
2r2 = * + 02 -- , A = ±F2 A02 ,

(5.37)

to give, for continuous solutions,

> 0, (5.38)

> 0. (5.39)

If we use the new time variable, TI, in (5.32) and compare the resulting expression 

with (5.38) by multiplying each expression for f[ 0 by sin 2ri or cos 2ri and integrat­ 

ing over one period, we find (with similar results coming from the two expressions

for f0tl )

cos (a1 -01 ) = Q , cos(/?j - 02 ) = 0,

and

AA, AA,
siniai — t/i I = — -

where

Also, the zero mean condition gives

(5.40)

(5.41)

(5.42)

(5.43)
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For (5.40) and (5.41) to be consistent with (5.36) requires that c*i = ft = 0 and
7T

2
7T

2
7T

2
7T
O

1 + 

1 +

2

o

^wTT

2

2

A-

5i > 0,

BI <0,

> o, 2 ^r
CO, 2

1 I ^ D1+ 2 B,

r-A,
Ai i

and, recalling the expressions for FI and F2 in (5.37), gives, after some algebra,

7rAA 12 \ A 2

where

A2 L , 
•T- = ai I 1 +

= sgn

(5.44)

= sgn

Noting that 770(0, 0,^) is proportional to f[>0 (t) + fo,i(t), we will take as a guide to 

the amplitude the following definition

As = ^o - min/f i0 ) (5.45)

which is the same definition as the one used in Chapter 3. Hence, for continuous 

solutions, we have

flLI ^O
<5 -46>

Therefore we can vary c\ and c2 to determine A;0 and \n and hence determine A 

and vw from (5.44) and finally determine As from (5.46).

To determine the shock regimes we seek zeros of c\ or c2 . It becomes apparent 

that shocks emerge in the x- and y-directions at different places in the (\,vw )- 

plane. Therefore, we can fix c\ — 0 and vary c2 > 0 to give a line showing the 

interface between shock and no-shock regimes in the x-direction. Similarly, we can 

fix c-i = 0 and vary c\ > 0. This provides the picture given in Figure 5.4 where 

we have indicated which line represents the x-direction interface and which the y- 

direction interface between shock and no-shock regimes. Clearly we do not know, 

for example, where to the left of the ar-direction interface shocks in the y-direction 

start. To determine this, and also the response in the shock regions, we have to 

consider three scenarios, just shocks in the x-direction, just shocks in the y-direction 

and shocks in both directions.
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Shocks in the 
^-direction 
come in

Shocks in the 
^-direction 
come in

-4 -2

Figure 5.4: Picture showing the emergence of the shock regions.

Shock in one direction only

We will first consider the case when there is a shock in the x-direction and none in 
the y-direction. Hence we fix c\ = 0 and starting with (5.34) and (5.35) we use the 
same transformations (5.36) and (5.37) except we redefine A0i to be

A = ±(^VAOI FI , (5.47)
\7T3 /

to give

/' ( TI ) = -—[- + — cos TI , arcsin A0i < n < TT + arcsin A0i, (5.48)
1 6 L7T AOI J

where 0 < A0i < 1, and this has been chosen to satisfy the zero mean condition 
and have a compressive shock. Equation (5.39) for f^ remains the same. 

We again have

cos(/?! - 02 ) = 0 , - 02 ) = (5 - 49)

where A02 and A i2 are the same as before. Comparison of the expressions (5.32)

and (5.48) this time yields
A \

(5.50)4J_ 
9Aoi
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(5.51)

After some manipulation, (5.49)-(5.51) and (5.36) give 

r / . 2 _2 \ n 2 A A

where

Finally, we can use the expressions

„, 7T3 A 2

16
(5.52)

(5.53)

so that (5.52) and (5.53) represent two equations for A and vw linked through the 
parameters c2 and A0i- By now fixing c2 = 0 we can vary A0i to produce the 
y-direction interface between shock and no-shock regimes which lies inside the x- 
direction shock region. We now have enough information to determine the response 
in the region where there are shocks in the x-direction but continuous solutions in 
the y-direction. Using (5.45) we get

_A_
^02

{(1 + C2) ./2 _^} + ^{1 + (1 - (5.54)

We can complete a similar calculation for the region where there is just a shock 
in the y-direction. We will just give the results. Fixing c2 = 0 we again have (5.36) 
and (5.37) except now

2,

and

f ,fro) = - JQ,I\ n — — + — cos T-z , arcsin A02 < ?2 < K + arcsin A<j2, (5.55) 
6 LTT Ao2 J
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for 0 < A02 < 1 and f[ 0 satisfies (5.38). Then this time we find,

O ' (5 '57)

where AH and A0i are as in (5.42) and (5.43). Again, using expressions for FI and 
F2 , this represents two equations for A and vw linked through the parameters c\ 
and A02- As before, we can fix c\ = 0 and compute the interface between shock and 
no-shock regimes in the x-direction. The final picture is shown in Figure 5.5(a), the 
region between the solid lines (in the same sense as Figure 4.3) representing shocks 

in the x-direction and the region between the dotted lines shocks in the y-direction. 
Also, in this case, the amplitude is given by

^ {l + d-W}. (5.58)
02 l '

The shock picture, Figure 5.5(a), is different to its one-dimensional equivalent 
in that there are two fingers associated with the introduction of one harmonic into 
aw (x) rather than one. This is due to the coupling between the two wavetrains and 

we note that the symmetry about the line A = 0 in this case is just a consequence 
of taking aw (x) = cos x. For more general aw (x) we see from (5.25) that the fingers 

lie along lines that are not symmetric about A = 0.

Shocks in both directions

To complete the analysis we now consider the case when shocks occur in both 
directions. In the same way as in the last section we construct shock solutions from 

(5.34) and (5.35) by using (5.36) and (5.37) except now A0i and A02 are defined by

- A = iAoiFi = ±A02 F2 , (5.59) 
96

to give

f (TI } = — — — + — cos TI , arcsin A0i < r\ < TT + arcsin A0i , (5.60)
1/1 'ov ' 6 ITT AOI J

f' ( T2 ) = -— f- + T— cos r2 , arcsin A 02 < r2 < TT + arcsin A02 , (5.61)
°'1V x 6 LTT Ao2 J
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-2

Figure 5.5: Plot showing, for aw (x) = cos a;, (a) the interface between shock and 
continuous solutions where there are shocks in the longitudinal direction between 
the solid lines and shocks in the transverse direction between the dashed lines, 
and (b) the response where the dashed part of the curve indicates a shock in any 
direction.
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where 0 < A0i, A02 < 1. Comparison of these equations with (5.32) and (5.33) yields

A! cos(ai - 0i) = gn , AI s'm(ai - Oi) = g21 , 

Bl cos((3i - 02 ) = gn , BI sin(/?i - 02 ) = g22 .

Using (5.36) gives, after some consideration,

(5.62) 

\ . (5.63)

Finally, using expressions for FI and F2 from (5.59) we have two expressions for vw 
and A with parameters A0i and A02- In this case the amplitude is

AAs = 1 (5 - 64)
We now know the form of the response everywhere in the (A, ^)-plane and use this 
information to produce Figure 5.5(b) where we have plotted the amplitude (using 
(5.46), (5.54), (5.58) and (5.64)) against A for various vw . The two Duffing-type 
branches seen here correspond to the growth of the sin t term in the expansions for 
/lto and /o,i and the right-hand branch matches very well with the formula (5.27) 
despite vw being only 3.8.

We also plot, in Figure 5.6, At(x,y, t) for t = —ir/4 and A = 0, vw = 1.3 which 
can be compared to Figure 5.3 and we see the growth of the /0> i wavetrain and a 
change in its phase.

Iteration procedure

Proceeding to the next stage we have, from (5.28), /i°o = /i,o, /o°i = /o,i > /3,4 = 0 
and

(5.65)

and so on for the other ffy. For t = 1, (5.28) gives

C/g = - y («gl cos t + b$ smt + ^ [afj cos 5* + ftg sin 5t] + •

-2 Bin*, (5-66)
7T
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Figure 5.6: Plot of At for A = 0, i/w = 1.3 and t = -Tr/4.

C/ = - y (« cos * + sin * + .-.), 

C/g> = -(flfj cos 5< + 6$ sin 5< + • • •),

(5.67)

(5.68) 

.), (5.69)

and so on, where we have just included terms from the first four wavetrains as an 
illustration.

In theory we can solve these equations and carry on the iterative process; in 
practice, we solve (5.65) and (5.66)-(5.69) (although the details are very arduous so 
we do not present them here) and show that these solutions to the third step in the 
iteration differ only marginally from the original approximation. The most extreme 
case of the higher-order wavetrains growing was found close to A = 0 for i/w > 0 
but even in this case the contribution from the higher order wavetrains is small and 
there is no noticeable change in the shock locations in the primary wavetrains.

5.1.5 Transition between two- and one- dimensional solu­ 
tions

We can now relate the results of the last subsection to the one-dimensional Chester 
solution by varying the average of the back wall variation, 7^0- Hence we consider 
the case a(ar) = 7^0 + cos x and, in Figure 5.7, we draw the different shock pictures 
that are found by increasing the value of 7^0- The dashed lines correspond to the
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(a) 7^,0 = 0 (b) 7u,o = 7^0 > 0

(cj 7^,0 — 7u/o ^ Tu/o (*•*) TfO ~~^ oo

Figure 5.7: Transition between two- and one-dimensional solutions for a(x) 
7u,o cos x as JWQ increases.

spectral lines (5.25) and we have not indicated where within the solid lines shocks in 
either direction occur, so that Figure 5.7(a) is the same as Figure 5.4. However, we 
recall that, as -jw0 -»• oo, (5.10) implies that /i,0 ~ 0(l/7»o) so that the longitudinal 
wavetrain dominates by the time we arrive at Figure 5.7(d). Indeed, because we 
have chosen a(x) = 7^0 + cos x , we can see from the one-dimensional analysis (in 
particular (4.61)) that the one-dimensional solution is unaffected by this geometry 

and this is borne out by Figure 5.7(d).
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5.2 Dispersive effects

To tie in the shallow and deep water work we consider the limit of (5.10) as K ->• oo 

and show that it matches to the limit of the deep water response as h -» 0. To that 

extent, we consider (3.27), (3.37) and (3.38) with bd - 0 as h ->• 0, which gives

(j) ~ e1/s[Acosxs'm(t + at ) + 5 cos ys'm(t + ft)], (5.70)

with sin a\ = sin ft = 0 and

4/91 \
- = [\dA - -^-^ A3 - -AB2 + VudlwiAj cos ai - vwd^wl Bcos ft, (5.71)

0 = (AdB-^^-^A^cosft-^^iAcosaL (5.72) 

Using the shallow water scalings, (4.4)-(4.5) and scaling A and B as

yields

7T
cos ttl - z^K2/37tol £* cos ft, (5.73)

0 = A^/^-Bcosft-i/^Vi^cosai, (5-74)

plus O(e 1^K2 ) terms, where we have written Ad = As" 1 /6 , vwd = i/^e" 1/6 , relating 

(2.29) and (2.30) to (4.3) and (4.5). To consider the deep water limit of (5.10) as 

K -^ oo we recall that the shallow water depth is 0(e1/4 ) and the detuning range 

is A0 ~ O(e1/2 ). To match to the deep water scalings we require K ~ O(e~ 1/4) and 

A ~ O(e 1/6 ) (so that we are in the detuning range A0 ~ O(e2/3 )) and hence we take 

the limit as K -> oo with A«2/3 ~ 0(1). Similarly we require vw K2/3 ~ 0(1) for the 

correct scaling of VWQ and we expand the /n>m as

K-2/(2) +... V(n,m).
' J n,m ' " V ' /_

n,m — "' Jn,m

Then, to O(«8/3), we get

d4 f(0> d2
n 'm + n 'm = Q V(n,m), 

d^4 d^2 V

which has the solution

+ an ,m ) V(n,m). (5.75) 
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The 0(/c4/3) terms give

3 \fdF~ + -dlT-J = 3-di3~ dT V(n ' m) ' 

which, using (5.75), have solution
O

l = Cn ,m sin (t + (3n ,m ) + -A\m sin 2(* + an,m ) V(n, m). (5.76)

Finally, to 0(1),

"•"

2 +-
7T

Now the Fredholm Alternative states that for there to exist periodic solutions of 

period 2n for /^ then the right-hand side of these equations must be orthogonal 

to costf and sini. So, using the expressions for /^ and f^, these orthogonality 

conditions imply that sin an,m = 0 and

k5.77)

— = ( A/c2/3 — -A2 0
7T \ O '

0 = ( \K2/3A0t i — r^o,i ) cos ao,i — 1wi"wK 2/3Aifl cos 

An ,m = 0 (n,m)^(l,0)or(0,l). 

Finally, noting that the leading-order velocity potential is now

& ~ 2£1/2 [Ai,0 cos x sin (t + ai,0 ) + A0tl cos y sin (t + a0,i)],

we see that (5.77) matches (5.73) and (5.74) if we write 2Ali0 = A*, 2A0,i = 5*, 

#1,0 = Oil and a0,i = A-

5.3 Other two-dimensional responses

We can exploit the fact that different wavetrains do not interact through the nonlin- 

earity (Proposition 5.1) in two cases where we choose different forcing mechanisms 

to generate two-dimensional responses.
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5.3.1 Forcing at an angle

A simple two-dimensional response can be obtained if we force the tank at an angle 

to its sides as in Figure 5.8. The boundary conditions (2.18), (2.20) and (2.21) are

y
7T

X
0 7T

Figure 5.8: Top view of a tank being oscillated an an angle.

replaced with

<f>x = e cos 8 sin t on z = 0, TT , <f>y = esmOs'mt on y = 0, TT,

correct to O(s), so that the solution considered in Section 4.4.1 corresponds to 

0 = 0. Now we can proceed as in Chapter 4 and we will be left with the same 

problem for A and B as on page 55 except that (4.31), (4.32) and (4.33) become

Bx = cos 9 sin t on x = 0,7r, 

By = sin 6 sin t on y = 0,7r.

(5.78)

(5.79)

The orthogonality conditions (5.6) then give An , m = 0 except for Alfl and AQ,I so 

that

Now, using the knowledge that the wavetrains AIJO and A0<1 are not coupled through 

the nonlinearity, we simply find that each of flfl and /0,i satisfy modified versions
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of the higher-order Chester equation, that is
t\ * O \

- Y/ff + (A - y J /('>0 + 3/^0 = -^cosflsinf, (5.81)

-y/ff+^-y^ + S/^ = -^sinflsin*, (5.82)

and hence, in the dispersion-free case, we find shocks are possible in the x-direction 

for |A| < A* and in the y-direction for |A| < A* where

Hence, depending on the values of 0 and A, it is possible to have one shock in either 

the x- or y-direction or two shocks crossing orthogonally to each other, where we 

have assumed that these shocks do not interact to first order, as was discussed at 

the start of this chapter.

5.3.2 Resonance of higher modes

We now consider a two-dimensional response caused by forcing a square tank (yw = 

0) not near the fundamental mode but near the (N, M)-mode. To do this, we write

ft2 = yAjv,Af(l + A£ 1/2)tanh(Ajv,M/0, 
Li

(Ajy M = N2 + M2 , (N, M) are coprime integers2 and XN,M is not too large so that 

we stay in the small rate limit discussed in Section C.I.I) instead of (2.16), where 

we non-dimensionalise with this new fi as in Section 2.1.4. We are thus trying 

to excite the cos NX cos My sin t mode and this will only happen if the boundary 

condition on the walls x = O,TT is proportional to cos My sin t. Hence, instead of 

oscillating the tank from side to side, we take wavemakers at x = 0, TT and, for 

simplicity, we choose the ends to be at x — —£ cos My cos t,ir — e cos My cos t. The 

only modifications to the shallow water model (4.6)-(4.13) are then that (4.13) 

becomes

2We take this condition so that there is no possibility of more than one shock per period. For 
(N, M) not coprime, we may be able to construct solutions with more that one shock per period 
in the same way as at the start of Section C.I.I.
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on z = e 1 ' 2?? and the boundary conditions (4.7) become

(j>x = e 1 /2 cos My sin t — eM<j>y sin My cos t on 

x = — e cos My cos <, TT — e cos My cos £.

We now proceed as before, expanding <j> and 77 using (4.14) and (4.15) and the 
calculation follows the same steps as in Section 4.1.2. We will omit the details 

and just provide the final problems for A(x,y,i) and #(z,y,f), where <t>0 = A and 

<f>i = -(l/2)(Axx + Ayy )(z + «) 2 + 5, which are

AXX + Ayy = X.N^MAttl (5.83)

Ax = 0 on z = 0,7r, (5.84)

Ay = 0 on y = 0, TT, (5.85)

= VA(x,y,t), (5.86)

and
2

Ayyyy

xt + Ay Ayt ) + X^MAtAtt , (5.87)

Bx = cos My sin t on x = 0, TT, (5.88)

By = 0 on y = 0,7r, (5.89)

VB(x,y,t) = VB(x,y,t + 2ir). (5.90)

The general solution to (5.83)-(5.86) is 

A = y^ cos px cos qy(ap ,q s'

where we sum over all p, <? such that jo2 + q2 = Up,q (N2 + M2 ) and up>q are integers. 

However, as the forcing only excites the mode cos NX cos My sin t and the nonlin- 

earity only couples this to the modes cos sNx cos sMy sin st as a consequence of 

Proposition 5.1, we see that only the ( N, M)-wavetrain is excited. Hence we can 

write

A = fN,M(t ±Nx± My}, (5.91) 
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/N,M (r) = - ̂ 2(asN,sM cos sr + bsNiSM sin ST).

where

We can now apply the Fredholm Alternative to the problem for B and, using a 

similar method to that of Section 4.3.1, we eventually find

2 / 2

(5.92)

where /N,M is 27r-periodic and has zero mean over one period. This is just a modified 

form of (4.48) (with i^ = 0) where the coefficients have been altered depending on 

which modes we are exciting. Note that we require N to be odd for a non-trivial 

solution.

The dispersion free case, K = 0, yields

2 t cos +

so that shocks occur in the range

a smaller detuning range than for the (1,0) case.

As an example, we consider the case (AT, M) = (1,2) when the governing equa­ 

tion becomes

+ lO/UOW) = - sin*. (5-93)

The shock structure can be seen most easily by considering the case A = 0, when

2 \'/2 I COS-, -7T < t <0,
't 

-COS-, 0 <t < TT.
2.' ' (5.94)

and, using the fact that 770 is proportional to At = f(a(t ±x± 2y), we can plot 

Figures 5.9 and 5.10 to show how the free surface evolves over one complete period, 

using increments of Tr/4 in time (t = -TT, 0 and ?r correspond to a flat free surface). 

The solution contains two shocks travelling in the (±1,±2) directions.
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0)

Figure 5.9: Evolution of shocks when the (l,2)-mode is resonated: plot where 
the vertical axis is proportional to rj0 for (i) t = —3;r/4, (ii) t = —n/2 and (iii)
t = -7T/4.
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Figure 5.10: Evolution of shocks when the (l,2)-mode is resonated: plot where the 
vertical axis is proportional to 770 for (i) t = ir/4, (ii) t = ?r/2 and (iii) t =
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Chapter 6 

Generalisations

So far in this thesis we have been concerned, very broadly speaking, with two 
classes of problems concerning nearly square resonators; firstly, in deep water, we 
have found that the leading-order response consisted of one or, exceptionally, two 
modes (those having a frequency equal to that of the forcing). In contrast to this 
the shallow water or acoustic problem has solutions containing an infinite number 
of modes (one-dimensional) or, loosely speaking (see (5.1)), a doubly-infinite set 
(two-dimensional).

We are now in a position to review the types of responses we expect to find 
in tanks or resonators of any shape. The determination of this response will be 
dictated by the spectrum of the tank or resonator. For most shapes we expect 
a non-commensurate, non-degenerate spectrum and hence a single-mode response. 
Several authors have considered problems that fall into this class. Chester [17] 
considered acoustic oscillations in a sphere, resulting in a single mode response 
that is very similar to the problem of acoustic oscillations in a two-dimensional 
wedge, as considered by Ellermeier [26]. Also, a single mode response emerges in 
any paraboloid tank as found by Bauer & Eidel [4]. This is also true for semicircular 
horizontal cylinders and half-full spheres (Evans & Linton [27]) and other cylindrical 
and spherical tanks (Mclver [42]).

There may also be spectra with a finite number of commensurate eigenfre- 
quencies but no degenerate eigenfrequencies and the response will comprise the 
associated modes (or, perhaps, just a subset of these modes depending on which 
eigenfrequencies are commensurate), with their amplitudes satisfying coupled cubic 
equations. This was seen in Sections 3.4.1 and 3.4.2 and by Peake [58] and Can

108



&; Askar [13] who considered oscillator models that are not necessarily realisable 

in a fluid resonance problem. When there are a finite number of commensurate 

and degenerate eigenfrequencies, we expect a generalisation of Section 3.2.2 where 

the amplitudes are again coupled, but this time we find two Duffing-type branches 
associated with each pair of degenerate eigenfrequencies.

For infinite sets of commensurate eigenfrequencies, we have the two possibilities 
considered in Chapters 4 and 5, corresponding to non-degenerate spectra and an 

infinite number of degenerate eigenfrequencies respectively, where there may be 

shocks in the longitudinal direction and/or in the transverse direction. However, 

by letting the amplitude of the wall variation get bigger, we can gradually move 

away from a tank or resonator of nearly square cross-section and see the emergence 

of a finite mode response as the eigenvalues become both non-commensurate and 

non-degenerate. This will be considered in Section 6.1.

There is also the possibility that there is simultaneously an infinite set of com­ 
mensurate eigenfrequencies and a finite number of degenerate eigenfrequencies and 

this will be considered in Section 6.2.

6.1 Geometric imperfections ^> O^1 /2 )

As the size of the geometric variations gets bigger, the eigenvalues are increasingly 

perturbed from their original values. Ockendon et al [57] studied the effect of this 

on the response in the nearly one-dimensional case. The same ideas can be carried 

through to the two-dimensional case.
Let us consider what happens when vw0 > e1/2 . The regime that is simplest 

to analyse that satisfies this condition is when vw0 ~ O(el/4 ) so that we have 

to expand <£ and fj in powers of e 1/4 and then the geometry has a second-order 

effect whereas the forcing and nonlinearity balance at third order. Hence, when 

we come to repeat the analysis of Section 4.1.2 in this regime, the leading-order 

problem remains the same, but the orthogonality conditions at second order now 

correspond to the right-hand sides of (5.10) being zero, that is

1 °° r2ir rir » /,/ ,\ i i./ 2'7wQ m rll //? -, \J- V / / R(x,t')(-l)pm cospnxcosp\n,m (t' - t)dxdt' = -^——/£m , (6.1)
7T 2 ±Tj -A) JO An,m
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for all (n, m). These integrals give

/»An,m 1 = 1,2,..., (6.2)
J

where An ,m is any integer given by A^m = n2 + m2 (n, m coprime integers) except 
•Vm = 1? together with more complex expressions coupling the other ap?g , and 
similar expressions for all the bp>q .

We can see from (6.2) that, in general, the non-vanishing of the Fourier co­ 
efficients of aw(x) will mean that the leading-order solution is zero as we are far 
from all of the resonant frequencies. However, if some of the ~/wn do vanish we may 
find a finite mode response to leading-order. We note that the type of response is 
critically dependent on jw0 . For 7^,0 ^ 0, we find that (6.1) are only satisfied when 
fn,m = 0, (n,m) ^ (1,0), and /i >0 may contain a number of modes depending on 
the other 7^ as in Ockendon et al [57]. For 7^0 = 0, however, it is possible to find 
a response containing a number of modes in wavetrains other than the longitudinal 
wavetrain when the other 7^,- are suitably chosen. This difference can be seen by re­ 
calling that i/tuoTwo is the average of the back variation and, whenever this quantity 
is greater than O^1 /2 ), we are away from the square tank when the eigenfrequen- 
cies are nearly degenerate and hence, to leading order, we have a one-dimensional 
response. We now classify the type of response possible when 7^0 = 0.

(a) Jwi 7^ 0. In this case the leading-order response is zero and <j> is 0(e1 '*). As 
Ockendon et al pointed out, this is because the fundamental frequency has 
shifted by O(e1/'4 ) and to obtain a resonant response we need to shift A by 
O(e 1 ^4 ). If we do this, it is equivalent to taking 7^1 = 0 and so we proceed 
with 7^1 = 0 from now on.

(b) 7™i = 0, 7w2 7^ 0. This case highlights how considering (6.2) alone can be 
rather misleading. It first seems, from (6.2), that we may choose alfl = 0, 
«o,i 7^ 0, 02,0 = 0 and a0,2 = 0 with the same for the corresponding bntTn , and 
it is possible to construct a solution

{ Asin*, (n,m) = (0,1),
« J.L0, otherwise.
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As we proceed to second and third order, the analysis becomes very compli­ 

cated and hence we will not provide the details but just the important features 

of the solution. We find, at second order, that the solvability conditions (6.1) 

are indeed satisfied but, at third order, we find that the second-order longitu­ 

dinal mode that would couple the forcing with the geometry to determine A 

does not do so because we have chosen 7^1 = 0, and this means that A = 0. 

Hence the leading-order response is again O(e 1/4) and we are effectively "away 

from resonance".

(c) 7ivi = 0, 7,^ = 0, 7W3 ^ 0, 7^4 ^ 0. In this case we see that a solution of the 

form

Jn,m — + Assin2i, (n,m) = (0,1),

0, otherwise,

is feasible and a very longwinded calculation, that we will not present here, 

yields complicated formulae for the Ai in terms of A and the ^wn . The reason 

for this three mode response is that, because 7^3 ^ 0, jW4 / 0, we have 

«2,o = «o,3 = «o,4 = 0 (together with the corresponding fen,TO 's) from (6.2), 

so that there is no interaction (through the quadratic nonlinearity at third 

order) between the first two longitudinal modes or the first/second transverse 

modes with the third/fourth transverse modes and hence no way to excite the 

third longitudinal mode or the fifth to eighth transverse modes. The disap­ 

pearance of the second longitudinal mode and the third and fourth transverse 

modes provides a "shielding" effect, stopping the other modes being excited. 

However, as in the one-dimensional case (Ockendon et al [57]), there is a nar­ 

row detuning range where the denominator in the A,-'s reaches zero. This is 

similar to the situation we found in Section 5.1.2 for the limit A, vw —> oo 

where the leading-order response was invalid close to the spectral lines (5.25). 

Likewise, we expect higher-order terms to grow and balance with the leading- 

order solution when we are in this detuning range and the solution will again 

contain an infinite number of modes.
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We can understand this situation by considering the perturbations to the 
natural frequencies caused by the wall geometry. In general, we find

where A£ TO = n? + m2 equals the square of an integer, ± denotes the split 
in the natural frequencies due to the degeneracy and c<j(* . . are functions of 
the Fourier coefficients jwi . For the choice of ^wn considered here, u£ 0)1 =
w(o,i)i = 0 an(^ ^e detuning may balance with the ^0^,o)2 and "^o^jo.i^ 
terms and this corresponds to the A{ growing large. However, the other u;£ m)l 
are non-zero and hence the other modes are not resonant.

Using this particular case we are guided to the following general statement:

(d) 7wi = 0, . ..,7u,t- = 0;7u,(i+ i) ^ 0, . ..,7^21 / 0. In general we expect the 
shielding process to force the solution to contain just a finite number of modes 
as in (c). If we assume that the leading-order solution contains just the 
/i,o and /o,i wavetrains, then (6.2) holds for all p and we can extend the 
argument of (c) to see that, for the first z of the 7«,;'s vanishing and the 
next i non-vanishing, the solution will comprise i longitudinal modes and 
(i -f 1) transverse modes (and this corresponds to ^in0\i = w(o n)i — 0 f°r 
n = l,...,z). In general, including all the wavetrains, we expect a similar 
shielding effect to be possible whereby each wavetrain will contain just a few 
modes, the number associated with the (rc,m)-wavetrain diminishing as An>m 
increases. However, it has not been possible to find a general hypothesis about 
which of the 7wi's should be zero/non-zero due to the complicated nature of 

the relations (6.1) for all (n,m).

For stronger variations, i/wQ » e1 /4 , this classification becomes more complex. 
For instance, when vwQ ~ O(e1/6 ), we will have to expand 0 and fj in powers of e 1 /6 
and not only will (6.1) need to hold but a further set of restrictions will emerge at 
third order (as the forcing and nonlinearity now come in at fourth order). Clearly, 
with more restrictions on the 7^, an,m and bn<m , we will find it increasingly difficult 
to find any special cases where the solution is non-trivial. In general, for vw0 ~ 0(1), 
we expect a single mode response where the forcing frequency is changed by an 0(1) 
amount so that we are still close to a natural frequency.
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6.2 Spectra with other degeneracies

We now consider the possibility of having only a few degenerate modes. This arises if 
we choose the geometry of the resonator in Figure 2.2 so that ab (x, y) = ab (y), HO ~ 
0(1) (so h0/L < e1 /2 ) and vwQ = e 1/2^ ~ O(e1 /a ). We will also use the Fourier

oo
series representation for the wall geometry aw (x), namely aw(x) = ^7™

n=0
Then, expanding <p as y = <p0 + e 1 /2^ + • • •, we have, from (2.56)-(2.61),

(6.4) 
¥>cte = 0 on x = 0, TT , if0y = 0 on y = 0, TT,

to O(l) and

+ Vlyy + -, , ^ 6 / N^ly = Vltt + Vo« + S^OrVOrt +

+(7 - l)<pot<f>ott, (6.5)

= 0 on x = 0, (6.6)

= sini on x = TT, (6-7)

= 0 on y = 0, (6.8)

on y = 7r,(6.9)

to (^(e 1 /2 ) where y>0 and </?i are 27r-periodic in time. Then (6.4) has the general 

solution
oo oo

¥>o = gi,o(t ± x) + ^ X) 9n,m(y) cos nx(cn<m sino;n)m < + rfnim cosu;nim <), (6.10)
n=0 m=l

where, as usual,

0i,o(r) = | XKa™.° cos nr + 6n'° sin nr)'
n

and 5rniTO satisfies

m - «2)ft.,« = ° (6 - n )
ay V

<m=0 on y = 0,7r. (6.12)

Now let us suppose we can select an O(,(y) such that u0t i — 1 and no other un ,m 

(n ^ 0) is commensurate with it. 1 Hence the only 27r-time-periodic eigenfunctions 

i Using a numerical method (NAGD02KAF [53]) we found that

1 + vbo ab (y) = [cos(1.04y + 3)]' 1
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are for m = 0 and (n, m) = (0, 1) and so

¥>o = 9i,o(t ±x) + (CQ.I cos t + d0i i smt)g0tl (y). 

and, applying the Fredholm Alternative to (6.5)-(6.9) gives

An" + ^v4-iW n" sin * ^9i9o,Mlwi^w f"9i,o + (.7 + 1)01,001,0 = —— — - —— '— —— —— (cli0 cos t + di t0 sin t)

tiflVb + WM-U* -*)]**, (6.13)

^,1 1 _ ________ Wwlwlto f fll.0 \

*,i / 2 A - iwftOr),^,,, I 61,0 / '2 (A - 

where

0o.iQr)[l_ _ 01 — "T^f ——————————— 5 52 — TT 
/ 5o,

JQ

We can only easily see what happens in the anti-symmetric case a'(x) = a'(7r — x) 
and we also consider 7^0 = 0, leaving a discussion of the behaviour when 7^0 7^ 0 
until later. In this case (6.13) has discontinuous solutions for

A 2 < 16(7 + 1)
7T3 6(7

±1 (6.15)

and we plot the shock regime in the (A, z/w )-plane in Figure 6.1.

We note there are three different classes of behaviour depending on the size of 
z/^/A. Firstly, when i/j, -C A, the rear wall geometry is weak and CQ,I and d0,i are 
negligible and we return to the one-dimensional response. When z/^ ~ A, both the 
longitudinal and transverse solutions are of the same order. However, for i/£ ^> A, 

we find a new possibility because, from (6.13) and (6.14), we find, regardless of 

whether we are in the shock or no-shock region, that

«i,o ~ 0 , 61,0 ~ ——% , CQ.I ~ 0 , c?0,i ~ ——,

so that, as A -> 0, the wavetrain <jfi,o is of O(A/i/w ) smaller that the lowest order 

transverse mode. This dominating single mode transverse response is due to the 

amplification of the small longitudinal wavetrain due to the wall variation aw (x).

yields wn ,m = 1 for the case n = 0 with the next few wn , m being non-commensurate and hence a 
function of this general shape may be a suitable example.

114



Figure 6.1: Shock region for the special case of one transverse mode. The region 
between the dashed lines is where the transverse mode dominates.

Thus, although there are some superficial similarities with the "fingers" of Fig­ 

ures 4.2, 4.3 and 5.5(a), the behaviour with zero detuning is very different from the 

case where all the longitudinal frequencies are degenerate.

Let us now remark on the effect of 7^0 being taken to be non-zero. In this case, 

we find that the transverse mode dominates close to the line A = <72<7o,i( 7r ) 7r7u'0*/u> 

instead of A = 0. Hence the transverse mode no longer causes the shock region near 

A = 0 to disappear but instead yields a picture similar to Figure 6.2 with a shock 

region near A = 0 and a region near A = <72<7o,i( 7r ) 7r7u>o*'w where the transverse mode 

dominates. It is the possibility of removing shocks near A = 0 that makes the case 

syw0 = 0 of especial interest.

For any other eigenvalue being degenerate (say (n,m) = (0,mi) instead of 

(0,1)), we find a similar response to (6.13) and (6.14) except that, when A -> 0, we 

find aOTli0 ,6mi,o -> 0. However, the other an ,0 and bnfl remain 0(1) and the shock 

locations in the (A, i/^)-plane will be reminiscent of the purely one-dimensional case.
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Figure 6.2: Shock region for 7^,0 7^ 0. Shocks are found in between the solid lines 
and the transverse mode dominates in between the dashed lines.

Finally, for acoustic oscillations, all the remarks in this chapter could be ex­ 

tended to three-dimensional oscillations. In particular, we expect shocks parallel to 

all the sides of an oscillated cube (with slowly varying sides) to be simultaneously 

possible.
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Chapter 7 

Conclusions

In this thesis we have tried to analyse and unify a wide range of resonance problems. 

Beginning with the simplest single-mode response, we have developed theories and 

solutions for more complicated and intricate scenarios. The results have been il­ 

lustrated using both sloshing in tanks of fluid and acoustic oscillations and, where 

appropriate, we have related the two problems.

This thesis has been presented in stages of increasing complexity. To summarise 

our findings, we first note that the geometry of the tank or resonator is crucial in 

determining the type of resonant response we find. This is because the spectrum of 

the tank or resonator is dictated by its shape and two properties of this spectrum 

are important.

(i) The commensurability of the spectrum. We have seen that the response to 

forcing near the fundamental depends critically upon whether or not any of 

the natural frequencies are integer multiples of the fundamental. When there 

are no commensurate frequencies then the solution is a single-mode; for n 

commensurate frequencies the solution may contain between 1 and n modes 

depending on which modes are commensurate and if the whole spectrum is 

commensurate then the solution contains all the modes.

(ii) The degeneracy of the spectrum. The occurrence of two-dimensional sloshing 

solutions (where the free surface varies in two spatial dimensions, and the 

velocity potential in three) and two-dimensional acoustic solutions has been 

shown to result from small geometric variations in situations where there is
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more than one independent mode associated with a particular natural fre­ 
quency. The change from one- to two-dimensional solutions as the spectrum 
becomes degenerate has been one of the central issues of this work.

In general, the determination of the response relies on a consideration of (i) and 
(ii) simultaneously.

Throughout our discussions we have concentrated on the effects of the small 
geometrical variations, nonlinearity and dispersion. In reality, dissipation will also 
play an important role and we have noted at the ends of Chapters 3 and 4 that 
viscosity will round off large amplitude branches in the response diagrams.

7.1 Summary of results and conclusions

The two physical problems under consideration were formally introduced in Chap­ 
ter 2. Horizontal oscillations of a nearly cuboid tank of liquid (see Figure 2.1) close 
to its fundamental frequency were first considered under the assumption that the 
liquid is inviscid and the motion irrotational. The natural frequencies are

= |X,m tanh(An», (7.1) 

/>«!, (7.2)

where A2 m = n2 + m2/62 . The difference between "deep" and "shallow" water can 
automatically be seen with reference to (i) above. Equation (7.1) suggests that only 
high frequency modes could ever be commensurate with the fundamental and in 
this case damping will prevent these modes from being excited. In stark contrast to 
this, as the depth becomes small, (7.2) shows that an infinite subset of the spectrum 
is commensurate and this property is in common with the other physical problem 
we have considered, namely acoustic oscillations in a two-dimensional resonator 
(see Figure 2.2 with i/(,0 = 0).

In Chapter 3 we concentrated on the deep water case and there are a variety of 
scenarios which we summarised in Table 3.1. The different cases represent our first 
step in understanding the roles of (i) and (ii) above.

(a) The simplest case is when the breadth is not an integer multiple of the length 
(6 ^ /) and (7.1) shows that the lowest frequency is not degenerate and the
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solution is just a single mode whose amplitude satisfies a cubic equation, 

(3.39), similar to a Duffing-type response, and this result is stable to small 

variations in geometry.

(b) The solution becomes more interesting when the breadth approaches an in­ 

teger multiple of the length. We focussed on the case 6=1, with small back 

wall variations, in Sections 3.1.2 and 3.2.2, where the response consists of one 

longitudinal mode and one transverse mode. Due to the degeneracy of the 

spectrum, the linear resonant frequency changes from A0 = 0 to two distinct 

values of A0 as the amplitude of the geometric variation (z/^o) increases. The 

responses (3.37) and (3.38) show that the amplitudes of the two modes sat­ 

isfy coupled cubic equations. A Duffing-type branch is associated with each 

resonant frequency so that this case is distinguished by the two branches of 

Figure 3.5 and these branches can be identified with the two "spectral lines".

(c) Although, in general, the motion in the deep water case contains only one 

longitudinal mode (with, maybe, one transverse mode, as above) there are 

certain special cases where this is not true. We saw this possibility emerge 

in Section 3.4 when surface tension was introduced and we concentrated on 

issue (i) alone by considering a perfectly rectangular tank. Although surface 

tension is likely to be negligible in most physically realistic cases and the 

boundary conditions (B.3) are controversial, from a theoretical point of view 

cases in which the second or third modes are commensurate are interesting. 

In Section 3.4 we saw that two critical balances between surface tension and 

the depth were possible where u2 ,o = 2u;1)0 or u>3jo = 3u;i )0 . In the first case, 

with A 0 ~ O(e 1 /2 )., we initially found that quadratic nonlinearity was enough 

to couple the first and second modes (of amplitude 0(e 1/2 )). However as 

\Q _». 0(g4/5 ) we found that the second mode dominated with the primary 

longitudinal mode being relegated to a lower order. This situation, also stud­ 

ied by Peake [58], is characterised by the second mode, and only the second 

mode, being commensurate with the fundamental.

When the third mode is commensurate, we found the two modes still satisfy 

coupled cubic equations but, in contrast to the previous case, the solution
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does not break down as AQ — > 0.

In Chapter 3 we also studied the problem where the simple case of (a) is seen to 

break down near a critical depth when the response changes from "hard" to "soft" 

spring behaviour as the nonlinearity bends the response curve back on itself. This 

forced us to go to fifth order in the detuning range AQ ~ 0(£4/5 ) with <f> growing to

There is one omission in our analysis of deep water sloshing: we have not men­ 

tioned the possibility of so-called "cross- waves" . When a rectangular tank has a 

wavemaker oscillating at twice a transverse frequency an instability causes this 

transverse mode to be excited. This parametric resonance has been considered by 

Garrett [30], Miles [47] and Tsai et al [73] and is reminiscent of vertical oscillations 

of a tank (Faraday [28]; Ockendon & Ockendon [54]; Miles [45]). The effects of 

geometric variations in such a situation have not been considered and this presents 

an interesting avenue for future work.

Following on from these "dispersion-dominated" cases, we considered, in Chap­ 

ter 4, the shallow water limit of this problem and its analogies with acoustic oscil­ 

lations. As noted above, the spectrum is now found to contain an infinite number 

of commensurate eigenvalues which all become degenerate when the breadth ap­ 

proaches a rational multiple of the length. In fact, we found that the leading-order 

solution satisfies the two-dimensional wave equation with Neumann boundary data 

and is determined by a solvability condition on an inhomogeneous wave equation 

(rather that the inhomogeneous ordinary differential equations that were encoun­ 

tered in Chapter 3). The solution was only easily found when there are no transverse 

disturbances and we drew together the various aspects of the one-dimensional so­ 

lution in this chapter by taking a tank with a flat back wall and a slowly varying 

base. In this case we found <£0 = f(t + x) + f(t ~ x ) where

T/(fa) (0 + f T - A) A<) - 3/WCO = £ «n*
6 \6 J 7T

-£• r f'(2s + t)[a'b (s) - a'b (* - s)]ds. (7.3) 
4ir Jo

This includes the basic Chester solution (i/b = K = 0) which shows the emergence 

of a shock for |A| < A*, and we have given a review of the effects of dispersion
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and dissipation on this solution. Our main area of interest, however, was in the 

effects of the integral term in (7.3) and we concentrated on the dispersion-free 

case which also describes quasi-one-dimensional acoustic oscillations (cf. (4.50)). 

In Section 4.4.2, we took the first three even Fourier coefficients of ab (x) to be 

non-zero. This confirmed the work of Ockendon et al [57] and illustrated how the 

higher-order terms in the Fourier series for a\,(x] have a diminishing effect on the 

form of the solution (see Figure 4.3). We saw that each even Fourier term in the 

expression for a^(x) introduced a new "finger" into the shock pictures of Figures 4.2 

and 4.3.

An interesting class of problems arises when the amplitude of the area variation 

in the tank or resonator is taken to be of the same order as the depth of the liquid 

or the breadth of the resonator respectively. The leading-order problem now satis­ 

fies a modified wave equation, (4.65) or (4.72), as we found in Section 4.5 and, as 

shown there, the leading-order fluid and acoustic problems are no longer the same. 

In general, the spectrum is non-commensurate and there is a single mode response 

as in the deep water work. However, we found that there do exist special geome­ 

tries where the spectrum is commensurate as found from solving inverse eigenvalue 

problems in Section 4.5. These special geometries are also seen to emerge from an 

increasing number of restrictions as the amplitude of the area variation increases 

in the range 0 <C f&o -C 1.
The most complex scenario was then confronted in Chapter 5. When the tank 

breadth is a rational multiple of the length, the spectrum (7.2) contains not only an 

infinite number of commensurate modes but also an infinite number of degenerate 

modes and we concentrated on the case 6=1. The key to understanding how 

this doubly-infinite set of modes interact was the observation that the different 

wavetrains (infinite sets of modes propagating in the same direction) do not interact 

through the quadratic nonlinearity. This means that in a perfectly square tank 

or resonator we can single out individual wavetrains with a suitable forcing. We 

presented two examples of this; firstly, by oscillating such a tank or resonator 

at an angle, the wavetrains /i,0 and /0,i are both excited, satisfying uncoupled 

higher-order Chester equations; secondly, by forcing the motion with a suitably 

designed wavemaker oscillating near a higher frequency, we were able to pick out
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the wavetrain /N,M and again this satisfies a higher-order Chester equation, so 

shocks propagating in the (±AT, ±M) direction are possible (Figures 5.9 and 5.10). 

A more interesting consequence of the absence of nonlinear coupling between the 

wavetrains is that we can also simplify the analysis of oscillations in a square tank 

with small variations in the back wall. Indeed we found that the solution consists 

of an infinite set of wavetrains, /„,„,, where each /„,„, satisfies an equation similar 

to (7.3); however, the forcing only enters the equation for /i )0 and the integral term 

is replaced by a term coupling the wall variation, aw (x), with all the /n>m . The 

problem is thus reduced to an infinite set of coupled integro-differential equations. 

Our asymptotic analysis and study of this set of equations led to the following 

conclusions in the dispersion-free case.

• As vw —> 0, we retrieve the one-dimensional solution for /i,o and this is 

changed by a shift in both the strength and location of the shock as vw in­ 

creases and supplemented by the emergence of cross wavetrains that depend 

on two different parameter regimes for A. When A ~ 0(1) the wavetrains 

fn,m ((ra, m) 7^ (1,0)) are of O(vw ) and satisfy a linear equation. More inter­ 

estingly, for A ~ O(y^) the wavetrains grow to O(^Jv^) and shocks occur in 

very narrow detuning bands. In both cases the amplitudes of the wavetrains 

decrease as A n)7n increases.

• As vw —>• oo (with A ~ vw), the /n>m-wavetrain has amplitude 0(z/^~2 (n2+m2 ) ) 

except in narrow detuning ranges (lying close to lines \/vw = const.) that 

represent the growth of a single mode within the expressions for the fn ,m - 

However, this growth only reaches the same size as the leading-order term 

(O(\lvw } from fi t0 and /0,i) for the cases of the first three modes of /i,0 

and /0,i as discussed on page 88. Hence, for all A, vw large, these primary 

wavetrains dominate the solution. Close to these lines of growth, the other 

modes grow to balance with the leading-order term and shocks are possible. 

Hence we will see shock fingers in the (A,i/w )-plane close to these resonant 

lines.

Based on these limits we proposed an iteration scheme for vw ~ 0(1) using the ini­ 

tial approximation A(x,y, t) = f[°o(t±x) + f!$(t±y). This led to a solution such as
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Figure 5.5 which agrees well with the above asymptotic solutions. The solution, as 
vw and A increase, is a finite mode Duffing-type response purely in the longitudinal 
and transverse directions, except in narrow fingers where shocks occur in either of 

these directions. The existence of an infinite number of degenerate eigenmodes thus 

leads to the possibility of two-dimensional shock solutions. Finally, in this chapter, 

we saw how this shallow water solution matched with the shallow water limit of 

the deep water solution of Section 3.2 when we re-introduced dispersion.

To complete the picture we considered some generalisations in Chapter 6. In 

Section 6.1, we saw that, as the amplitude of the wall variation, VWQ, increased, the 

solution moved away from the infinite mode responses of Chapter 5 and a finite 

mode response emerged. More interesting is the possibility of an infinite number 

of commensurate eigenvalues but just a finite number of degenerate eigenvalues. 

We considered this in Section 6.2 where we saw the solution is a Chester-type 

equation coupled to a finite mode transverse motion. When the fundamental is 

degenerate and the average of the wall variation, aw (x), is zero, this transverse 

motion dominates in a certain detuning range and removes the possibility of shocks 

near A = 0.

We have encountered a wide variety of resonant responses characterised by the 

commensurability and degeneracy of the spectrum. The number of different sce­ 

narios is, of course, vast but we have tried to highlight the most interesting and 

important cases here. We hope our general theories can now be used to predict the 

resonant response within any bounded container and extended to three-dimensional 

acoustic oscillations (for example, in a cube where geometric imperfections will al­ 

low for shocks parallel to each wall of the cube).
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Notation

u
r/t

P 
P 
9

X/x

r/7

TrL

bnL
hL
Ao

Ad, A 

a
£

aw (x)

ab (x)

Fluid
Dimensional velocity 
Dimensional/non- 
dimensional time 
Pressure 
Density 
Gravity
Dimensional/non- 
dimensional velocity 
potential
Unsealed/scaled coordinates 
Dimensional/non- 
dimensional free surface 
height
Dimensional/non- 
dimensional surface tension 
coefficient
Scaled version of 7 given 
by 7 = 0"/(l ~ 0") 
Length of tank

Average breadth of tank 
Depth of tank 
Detuning

Different detuning
regimes
Amplitude of forcing
a/L
Variation in wall of tank
Strength of variation in wall
Variation in base geometry
of tank

u

P 
P
7

X/x
TtL

aw (x)

^60

UJ

A 
eL

Gas
Dimensional velocity 
Dimensional/non- 
dimensional time 
Pressure 
Density
Ratio of specific heats 
Dimensional/non- 
dimensional velocity 
potential
Unsealed/scaled coordinates 
Length and average breadth 
of resonator

Average height of resonator

Variation in top geometry of
resonator
Variation in back geometry of
resonator
Strength of variation in top
Strength of variation in back
Scaled version of i/bo for weak
variations
Scaled version of VWQ for weak
variations
Fundamental frequency
Detuning
Amplitude of forcing

Functional representation for 
one-dimensional problem
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A,B,C,

K

cn

A s*n,

Jn,m

Fluid
Strength of variation in base 
Different geometry parameter 
regimes
Scaled version of i/j0 for weak 
variations
Natural frequencies of oscilla­ 
tion where n is mode number 
in x-direction and m is mode 
number in y-direction 
Perturbation from tank of 
breadth TT
(i—l) th order term in expansion 
for (f>
(i—iyh order term in expansion 
for 77
Coefficients of Fourier series for 
aw (x)
Coefficients of Fourier series for 
a,b(x)
Amplitudes of deep water 
modes
Scaled version of a in shallow 
water problem 
Scaled shallow water depth 
Function determining response 
in one-dimensional shallow wa­ 
ter problem 
Amplitude/phase of 
shallow water modes for 
one-dimensional solutions 
'Packet' of modes in (n,m)- 
direction
Functional representation of 
A•rln,m _____________________

Table 7.1: Notation.
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Appendix A

A.I Shock considerations 

A.1.1 Continuity of entropy

Consider the one-dimensional gas flow equations,

p(ut + uux ) + — = 0,
7 

d /p\

(A.I) 

(A.2)

(A-3)

where we have non-dimensionalised velocity, pressure, density, time and the spatial 

variations with aoL, p0 , pa , 1/ao and L respectively. Here L is a typical length- 

scale, pa and pa are the values of pressure and density in the equilibrium state and 

O,Q = 'jpa/pa. The last two of these equations can be written in conservation form 

as

(pu) t + (pw2 + -) = 0,

where R is the gas constant, cv is the specific heat at constant volume and 7 = 

(cv + R)/R. Hence we find the jump conditions

V U/

V\p] = 

V[pu] =

Cvp] R
R

(A.4) 

(A.5)

(A.6)
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for a shock at x = Vt where [/] denotes the change in / across the shock. We 
now expand the variables, in accordance with the other expansions employed on 
the acoustic problems in the thesis, as

Then (A.4)-(A.6) give

to 0(1) and

u = e1/2u0 +

p =

p =

V =

\Po] = [«o] = -

+

+ V0u0 +

'^o^'

- tig + — ,

+

(A.7)

(A.8) 

(A.9)

(A.10)

to O(e 1^}. Elimination of HI and p\ between (A.9) and (A.10) then gives

^o = T:(PO ~ ^°) + "°' (A.ll)

where the bar denotes the average of the quantity across the shock. Now consider 
the quantity p/p7 which can be expanded to give

^ = 1 + £1/2 (Po - 7A)) + e (p, -

and, from (A.7), (A.8) and (A. 10), we find [p//o7 ] = 0 to O(e) and hence entropy is 
continuous across the shock to O(e).

A.1.2 Stability of shock

To show that the shocks we encounter are ones of compression we consider a per­ 
turbation to a shock at x = Vt. First we re-write (A.3) as pt + upx + "jpux = 0 and
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then write £ = x — Vt so that the governing equations are now

= 0,

+ ^

Pt + (« - Vfo + 7^ = 0.

p[ut + (u - Y)U(\ + ^ = 0, (A.14) 

(A.15)

We now perturb about the solution (u,p,p) = (w,p,/5) by writing

p

p

u =

where 8 <C 1 and the shock position is now at £ = &eat . Using these expressions in 

(A.13)-(A,15) yields that solutions are only possible if

(A.16)

where we choose the positive/negative value in (A.16) so that a = 0 when there 

is no change in p,p,u across the shock (i.e. a —>• 0 as e —» 0 in what follows). 

Now we consider the situation shown in Figure A.I so that, from (A.11), V = 

sgn(e) -h 5(7 + l)/4 and hence, to the left of the shock, a — ek(-j + l)/4. Hence, 

for decaying solutions, a < 0, A; > 0 we require e < 0. Likewise, to the right of the 

shock, cr = — ek(j + l)/4 and for a < 0, k < 0 we need £ < 0. So, in both regions, 

we require e < 0 for stable solutions, i.e. shocks must be compressive.

*• 1p=l

u-e

= I + |e|

Figure A.I: Basic states before perturbing shock.
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Appendix B

B.I Surface tension effects

In Section 3.4 we introduce surface tension effects into the two-dimensional problem 

(VWQ = 0, so the solution is independent of y). The dynamic condition (2.5) now 

becomes (see, for example, Batchelor [3])

on

and the linearised natural frequencies are now

m = *n,m tanh(An,m /0 l + -\l tm . (B.I)

Non-dimensionalising with the scaling suggested by Concus [19], F = pgL?a/(\ — 

(0 < cr < 1), then gives

o) tanh h [<t>t + \ (^ + 02 2)] = ^ 1+3/2 , (B.2)

on z = 0, instead of (2.23).

In general a will be small compared to the effects of gravity, but we consider the 

case a ~ 0(1) so we can study the possibility of the second or third modes being 

commensurate. The pursuit of the nonlinear response when a ^ 0 reveals how 

the single mode solution breaks down when one of these modes is commensurate. 

Hence we solve the nonlinear model (2.31)-(2.38) and (B.2) rescaled with (2.29), 

and we assume that the free surface makes an angle ir/2 with the walls x = 0, TT, so 

that

(rjd)x = Q on z = 0,7T. (B.3)
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(In reality, this boundary condition is likely to be much more complicated as dis­ 

cussed in Hocking [31]. However, we use this simplified model to study the impor­ 

tance of commensurability.) Hence, using expansions (3.25) and (3.26) we find

0o = -Acosxcosh(2-|-/i)sin(*-|-ai), , 770 = -Acoszsmh/icos(* + at ), 

where A > 0, and the 0(e2/3 ) terms are

V20i = 0 , <j>i x = 0 on x = 0, TT , 0iz = 0 on z = —h,

rjix = Q on x = 0, TT , 0l2 = rjn + rj0x (j>0x - r)0 (/)022 on z = 0, (B.4)

(1 - (7)771 + tanh h(<f>lt + r^fa, + |(^x + $,)) = trrilxx on z = 0,

f
*/0

which have solution

0i = flot + B cos x cosh(z + h) s'm (t + ai)

+[Ai + AI cos 2x cosh 2(z + h}] sin 2(t + c*i),

771 = — J5 cos x sinh/i cos (t + ai) — A2 cos 2x sinh 2/i cos 2(i +
A2 

+C cos 2x + — sinh h cosh h cos 2x cos 2(t + aj),

where
A2 , l2f , A 3A2 (l+2<rcosh2 /i)

AI = — (4smh h + 1) , A-2 = —-————5-;——. . 2 ,., 16 lit. 16 ^ 3<T cogh2 h _ gmn2 ^^

„ A2 tanhi

Going to the third order leads to the problem

V2</>2 = 0 , fax = s'mt on x = 0,TT , </>2* = 0 on z =-h,

^ 0 on x = 0,TT , 02z = ?72( -f- Fi(x,t) on 2; ^ 0,
3<T 2

(1 - (7)772 - 0-772^ + tanh n02 t = F2 (x, t) - — r)0xxr]0x

t on z = 0,

where

tanh /i (^(^(z + \rfl^ot + r/o0i<2 + rjo^ox^oxz + <f>ox<t>ix

0 + 002012) |2=0-
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We can now employ the Fredholm Alternative on this problem to arrive at the 

solvability conditions

,3 4XdA sinh h + U((r, h)A3 = - tanh h cos av , (B.5) 

and sin a\ — 0, where

n(<r, h)=\2-9 cosh2 h(i + 3<r2 ) + cosh4 h(24 + 18<r + 27<r2 - 81<r3)+ 

cosh6 h(-S + 27<r + 36<r2 + 81<r3 )] /[32 sinh h cosh2 /i(3<rcoth2 /i - l)(3<r + 1)].

(B.6)

Clearly for a = 0, H = H, and we return to equation (3.40). For cr ^ 0 this 

result agrees with Concus [19] who considered the problem of standing waves in 

a tank when surface tension effects were included. The response is again similar 

to that of the Duffing equation but now the hard/soft spring behaviour depends 

of whereabouts in the (h, <r)-plane we are. Figure B.I summarises the situation, 

showing regions I where 'H > 0 (soft spring) and regions II where H < 0 (hard 

spring), and is the same as Concus' Figure 1. Firstly, "H changes sign when the 

numerator of (B.6) passes through zero and this is shown by the solid line in Fig­ 

ure B.I, and the solution close to this line was found in Section 3.3 for a = 0. The 

second change is due to the denominator passing through zero (as can also be seen 

in the coefficient A-i) which corresponds to

<r = - tanh2 h, (B.7)
O

and is shown by the dashed line. Also, if we proceed to solve the <£2 problem we 

find that there is a term in <j>2 of the form 633 cos 3x cosh 3(z + h) sin It where 633 is 

proportional to [1 - <r(l + Scoth2 /*)]" 1 so when

1
a = (B.8)

3coth2 /i'

there is one other place in the (/i, cr)-plane where the solution breaks down. This 

is shown in Figure B.I by the dotted line. The solution breaks down when we are 

close to or on any of these lines.
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Figure B.I: Plot showing how the solution (B.5) breaks down. The solid line 
corresponds to %(<T, h) = 0 whereas the other two lines show a resonance of higher 
modes. Also the response is like a soft spring in regions I and a hard spring in 
regions II.
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Appendix C

C.I Other aspects of one-dimensional resonant 
sloshing and acoustics

In this appendix we discuss two other aspects of the problems considered in Chap­ 

ter 4 that are of interest, but that do not tie in with the general themes of this 

thesis.

C.I.I Forcing near a higher frequency

We can study oscillations generated when the forcing is close to a natural frequency 

other than the fundamental, i.e. when the ends of the tank are at — scoskt and 

TT — £ cos kt, by repeating the analysis of Sections 4.1 and 4.3 to give, in the absence 

of dispersion and geometric effects,

Oi.

A/"+ 3/7" = -— sin fct,
7T

where k must be even for the tank (due to the forcing on both ends, see (2.15)) 

but could be any natural number for the acoustic problem. As a point in case, we 

consider k = 3. Once again continuous solutions can be found for c > 0 and are

\ / R \^/

and these have period 2?r/3, the same period as the forcing. However in the shock 

region we can construct not only solutions with period 2?r/3 which contain three 

shocks in an interval 2?r, but also solutions with just one shock in a period 2?r. 

Figure C.I illustrates the two possibilities. The point to note is that the Fourier 

series of the three shock solutions contains only cos3nt (n = 1,2,...) modes and
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Figure C.I: One-shock and three-shock solutions at A = 0 when the forcing is 
proportional to sin3£.
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thus a subset of the spectrum only is excited. In the case of one shock, however, 

all modes are excited and the response contains terms which are subharmonic with 

respect to the forcing.
For oscillations at a higher frequency we must exhibit some caution and restrict 

ourselves to relatively small values of k because as k gets large and time derivatives 

grow large, our asymptotic analysis will eventually break down. Seymour & Mortell 

[63] have presented a method for solving the acoustic problem when the forcing 

frequency is close to any natural frequency. To show how (4.49) and (4.2) arise 

from their theory for low values of the forcing frequency we present an outline of 

their ideas, changing the scalings slightly to agree with our configuration.

Defining Lagrangian variables (£, T) by

where £ = x(0), then (2.40)-(2.42) become (for one-dimensional motion)

(C.I)U T + P(, — 0? 

IP = (1
after scaling velocity with a0 , pressure with p0 a%, density with p0 , length with L 
and time with L/a0 , where a2, = jp0/p0 and e = p - 1 < 1. As in Section 2.2 we 

take the ends of the resonator to be at x = 0 and x = TT — e cos ut so that

— •"»«•-; (c.2)
u = eu sin u;T on

We now define c(e) by

a ( 5 ) j_

= o,J
= 7T. J

where

a(e) = (1 + e) 2^ = (1 + e)^1 - 1 + Me + O(e2 ),

and M = (7 + l)/2, and this is the correct definition of c(e) as opposed to Seymour 
& Mortell's who had a(s)/(l + s) as the integrand, although the final results are 

the same. Equations (C.I) can now be rewritten as
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so that

on

= -2/2 (a) on -±

= -a(e), (C.3) 

(C.4)

where /i and /2 are arbitrary functions. Integrating these characteristics is the 

subtlest part of the calculation. An intuitive way of proceeding is to concentrate on 

either the a-wave or the /3-wave and hence consider the solution as a simple wave. 

Hence we might solve just (C.3) for a signal propagating along the a-characteristic 
to give

u-c = 2/1 (/3) on T + f 

or solve just (C.4) in the same way to give

= /10 (/3),

« + c=-2/2 (a) on T - £ - M£/2 (a) = /20(a),

where /io and fzo are arbitrary functions. In general, of course, the two signals pass 

through each other and interact. However, Mortell &; Varley [52] and Mortell & Sey­ 

mour [50] have shown that this interaction is negligible for small amplitude motions 

and we hence persist with the above formulae and parameterise the characteristics 

by a = ujT on £ = 0 and ft = uT on £ = TT to give

(C.5) 

(C.6)
U!

« = /i(/?)-/2 (a), 

(a) , £ = T + f - IT

We can now apply the boundary conditions (C.2) to give

fi('), J= s
(C.7)

and

( C - 8 )

If we now look near resonance so u ~ n by writing

u = n(\ + A0 ) 
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and define

r i \ , Afl
•MV*' ' M(l + Ao)' 

then (C.7) become

F(r}}-F(s) = en(l + Ao)sini7,

rj = s + 2nw + 2nMir(l + ) x "' x ' ^ ' '

This is essentially the functional equation derived by Seymour & Mortell and is 

often referred to as the "standard mapping". Its solutions have been thoroughly 

analysed by Seymour fe Mortell in [49]-[51] and [63]-[65]. We just note than in the 

so-called "small-rate" limit where we assume1 \2nMnF'\ -C 1 then (C.9) can be 

expanded to give

F(s) = F(r])-2mr(l + Ao)MF(i/)F'(i7)[l + 0(2nMnF% 

(bearing in mind that F(r) — 2mr) = F(rj)), and hence we find

2TrMF(r1)F'(rj) = e sin 77. (C.10) 

Now note that, in this limit, x = £ and (C.5), (C.6) and (C.8) give

u = fi(t + x-n}- fi(t -x-n).
£l/2

Hence, putting A0 = ^Ae 1 /2 (in agreement with (2.52)), fi(t - TT) = YT^s'^) so 

that
1/2

v, = -^—(g(t + x) + g(t-x)),
i + AO

(so that u = -^-} in agreement with (4.49) and the scaling for (p in (2.53), we see
ox 

from (C.10) that g satisfies

A/ + (7 + iy/ = ~«n<, 

i.e. we return to (4.2) — Chester's equation.

this restriction is equivalent to saying

as can be seen by writing F = F/lrnrM to give

F(rj)-F(s) = 2e 
77 = s +

and then 2nMen2 < 1 implies that \F'\ <C 1 and hence |2nAf7rF'| < 1.
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C.I.2 Evolution to a periodic response

Throughout Chapter 4 we must bear in mind the issue of whether or not a periodic 

motion evolves from an initial state of rest. This was first considered by Cox 

& Mortell [21] (for the acoustic problem) and [22] (for the fluid problem). We 

can arrive at a similar result by introducing a long timescale over which either a 

non-periodic or periodic response may develop. The necessary timescale in this 

case is T = ell2t and using the method of multiple timescales we can rework the 

calculations of Section 4.1 to find that <£0 = f(t + X;T} + f(t — x; T) where G(t ; T) = 

df(t;r)/dt satisfies

dG dG :

and G(t + 2?r; r) = G(t; r) and G has has zero mean over the interval 0 < t < 2n. 

This is just a forced Korteweg-de Vries equation which is the same as (4.48) when 

G is independent of T (periodic motion). Cox & Mortell [22] considered this as 

an initial value problem to see whether periodic motion arose and using numerical 

techniques reached the conclusion that no periodic response was possible unless a 

damping term similar to that in Section 4.7 was included. However, in the absence 

of dispersion, Cox & Mortell [21] discovered, by finding an analytical solution (using 

the method of characteristics), that the solution does tend to a periodic state, even 

in the absence of damping. Hence we see that the inclusion of dispersion causes an 

instability in the evolution process and this may be related to the non-uniqueness 

of the solution in this case (see Section 4.6). It seems likely that the solution moves 

between the different possible solution branches as the motion evolves. Also, the 

inclusion of dissipation reduces the number of possible solutions for a fixed detuning 

and hence reduces the chance of instability, so a periodic motion can evolve.
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