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Abstract

Over the last few decades, quantised excitations of the electromagnetic field have proven
to be an ideal system with which to investigate and harness quantum optical phenomena.
The techniques developed have enabled fundamental tests of quantum mechanics as well
as practical applications in quantum metrology and quantum information processing. Ad-
vancing to larger-scale entangled quantum systems will open up new regimes of quantum
many-body physics, allowing us to probe the limits of quantum mechanics and enabling
truly quantum-enhanced technologies. However, moving towards this goal will require fur-
ther experimental and theoretical innovations. The work described in this thesis focuses on
several different aspects of optical quantum information, but are ultimately all linked by
this long-term aim. The first part of this thesis describes a novel method for strain-based
active control of quantum optical circuits and a new method for the characterisation of high
efficiency detectors. Building on this, I discuss in detail two different fields of quantum
optics that stand to benefit from these techniques. I initially consider quantum-enhanced
metrology, including work aimed towards demonstrating a truly better-than-classical phase
measurement, and a theoretical exploration of multiple-phase estimation. Finally, I focus on
linear-optical quantum information processing, exploring in detail the use of time-frequency
encodings for quantum computing.
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Chapter 1
Introduction

Quantum mechanics allows for behaviours that have no classical analogue, including su-

perposition states [1], entanglement [2] and non-local correlations [3,4]. However, as shown by

our resolutely classical everyday experiences, controllably accessing this quantum world is

experimentally challenging. Over the last few decades, quantised excitations of the electro-

magnetic field have been shown to be an ideal system with which to investigate and harness

these phenomena. This is primarily due to their ease of manipulation and since they do

not interact easily with one another, minimising unwanted decoherence. These advantages

have motivated the development of the field of quantum optics, which is concerned with the

investigation and manipulation of non-classical states of light. The techniques developed

have enabled fundamental tests of quantum mechanics [5] as well as practical applications in

quantum metrology [6,7] and quantum information processing [8,9].

The currently achievable levels of few-photon entanglement have constrained many ap-

plications of quantum mechanics to proof-of-principle demonstrations. Taking the field

forward to larger-scale entangled quantum systems will open up new regimes of quantum

1



1.1 THESIS OUTLINE 2

many-body physics, allowing us to probe the limits of quantum mechanics and enabling

truly quantum-enhanced technologies. However, moving towards this goal will require fur-

ther experimental and theoretical innovations. The work described in this thesis focuses on

several different aspects of optical quantum information, but are ultimately all linked by

this long-term aim.

1.1 Thesis outline

After first introducing the necessary background and mathematical framework in this Chapter,

in Part I of this thesis I will discuss two experimental tools under development by our group.

In Chapter 2, I will initially focus on a novel method for low-loss and rapid phase control

using the strain-optic effect. Strain-optic phase shifting is three orders of magnitude faster

than thermo-optic phase shifting, the current workhorse of integrated optical experiments;

this increase in bandwidth allows for switching over time scales in which pulses can be easily

stored in a fibre-optical loop. Our approach could therefore enable near-term demonstrations

of the feed-forward protocols necessary in many areas of quantum computation.

I will then move on to a discussion of our work on high efficiency superconducting

transition-edge sensor detectors in Chapter 3. These cryogenic detectors have demonstrated

quantum efficiencies of up to 98% [10] and true photon-number resolution. With these ad-

vantages come additional challenges in detector characterisation; motivated by this, I have

explored how to effectively carry out detector tomography on such detectors.

Part II of this thesis will focus on quantum-enhanced metrology, one of the primary fields

that stands to benefit from high-efficiency detectors and low-loss phase elements. I will begin

by introducing the theoretical framework for metrology in Chapter 4. I will then move to
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a discussion of planned experiments for a truly quantum-enhanced phase measurement in

Chapter 5, showing that our recent experimental advances should be sufficient to enable us

to beat the so-called standard quantum limit in the near future. Finally, I will shift to a

more fundamental perspective, considering theoretically the problem of quantum-enhanced

multiple-phase estimation in Chapter 6.

Part III of the thesis will be concerned with the related field of linear-optical quantum

information processing. The challenge of building a universal quantum computer is formid-

able no matter which physical platform is considered, and optics is no exception. However,

the huge potential benefits of such a device are sufficient motivation to continue to develop

the building blocks for quantum information processing. Additionally, there are many in-

termediate goals of interest, from probing the behaviour of large entangled systems [2] to the

problem of Boson Sampling [11,12]. I will begin this part of the thesis by briefly introducing

the central ideas of quantum computer in Chapter 7. After this introduction, I will discuss in

detail the use of time-frequency encodings for linear-optical quantum computing. These en-

codings have the potential to significantly increase the size of Hilbert space available for the

encoding of quantum information in electromagnetic fields; a necessary innovation given the

number of modes likely to be necessary for fault-tolerant quantum computing. In Chapter 8

I will focus on a scheme for linear-optical quantum computing using single photons encoded

in time bins. This includes the first experimental demonstration of a time-bin encoded two

qubit gate. Finally, in Chapter 9, I will discuss a theoretical proposal for extending these

ideas to more general time-frequency encodings, finding that Raman quantum memories

can act as versatile elements for time-frequency-mode based optical quantum information

processing.
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1.2 Quantisation of the electromagnetic field

A quantum treatment of the electromagnetic field can be formulated in terms of the four-

vector potential Â [13]. In the Lorentz gauge, this potential must satisfy the wave equation

of motion

∇2Â =
1

c2
∂2Â

∂t2
. (1.1)

This wave equation can be solved by decomposing the potential into terms correspond-

ing to a set of orthogonal modes (here labelled by k), such that Â = Â+ + Â−, where

Â+ =
∑

k Akuk(r)α̂k(t), Â
− = (Â+)† and Ak =

√
~

2ωkε0
is a dimensional factor. With

this decomposition, the wave equation can be separated into Helmholtz equations for the

spatially-dependent components uk(r) of each mode and quantum harmonic oscillator equa-

tions for the time-varying components α̂k(t)
[14]. These time-varying components therefore

have the form α̂k(t) = âke
−iωkt, α̂†k(t) = â†ke

iωkt, where â and â† represent conventional

annihilation and creation operators respectively. These are endowed with the commutation

relations [âj , âk] = 0,
[
âj , â

†
k

]
= δjk. Combining these components gives the overall solution

for the vector potential

Â =
∑

k

√
~

2ωkε0

[
âkuk(r)e−iωkt + â†ku

∗
k(r)eiωkt

]
. (1.2)

In the eigenbasis of the field (which depends on the specific boundary conditions of the

problem considered), this solution for the vector potential allows the field Hamiltonian to
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be expressed as [14]

Ĥ =
∑

k

~ωk(â†kâk +
1

2
). (1.3)

This Hamiltonian has no coupling term between different modes, which means that the

Hilbert space is spanned by product states of the eigenstates for each mode. Therefore,

without loss of generality, we can temporarily focus on a single mode k.

The eigenstates for a given mode of the electromagnetic field are Fock states (each

labelled by a different value of nk)

|nk〉 =
1√
nk!

(â†k)
nk |0〉 , (1.4)

with associated energies

Ek(nk) = ~ωk(nk +
1

2
). (1.5)

Fock states have the usual properties that

â†k |nk〉 =
√
n+ 1 |(n+ 1)k〉 , (1.6)

âk |nk〉 =
√
n |(n− 1)k〉 . (1.7)

The vacuum state |0〉 is defined as the state for which âk |0〉 = 0. Successive eigenstates

of the field then correspond to the addition of a discrete quanta of energy to the previous

eigenstate. These quanta are typically thought of as photons - bosonic particles occupying

the field. The number operator n̂k = â†kâk therefore gives the photon number for mode k.
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1.2.1 Superpositions

The quantised electric field supports quantum behaviours with no classical analogue. At

the basis of many of these quantum phenomena is one of the most fundamental aspects of

quantum mechanics, which is the existence of superpositions of quantum states.

Due to the linearity of quantum mechanics, any normalised linear combination of eigen-

states will also be a valid solution to the equations of motion. This allows for superpositions

of different field mode excitations. For example, one can consider a superposition of photons

distributed across the modes a, b and c

|ψ〉 = α1 |n1a〉 ⊗ |n1b〉 ⊗ |n1c〉+ α2 |n2a〉 ⊗ |n2b〉 ⊗ |n2c〉+ α3 |n3a〉 ⊗ |n3b〉 ⊗ |n3c〉 , (1.8)

where αj are the complex valued weights of each term in the superposition, constrained

by
∑

j |αj |2 = 1. A condensed notation is often employed for product states of photons in

multiple modes, using a single state vector |na, nb, nc〉 to represent the occupation state of

all the modes. In this notation, the above state would be written

|ψ〉 = α1 |n1a, n1b, n1c〉+ α2 |n2a, n2b, n2c〉+ α3 |n3a, n3b, n3c〉 . (1.9)

An insight into the challenges of simulating quantum mechanical systems, but also the

potential of quantum information processing, can be gained by considering the wavefunction

of N different photonic excitations, each distributed across d modes. At its most general,

this wavefunction requires dN terms to fully describe its state. This exponential scaling

presents challenges for the classical simulation of quantum phenomena, since all of these

complex numbers must be kept track of at every stage in the evolution of the quantum
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state.1 However, these superposition states also seem to be an important part of the power

of quantum mechanics, with the potential to enable quantum technologies ranging from

quantum key distribution [16] to quantum enhanced metrology [17], and the ultimate goal of

universal quantum computing [8].

1.3 Continuous-variable quantum optics

So far we have considered the electromagnetic field from a discrete-variable (DV) perspective,

emphasising the quantisation of the field into discrete Fock states. While this representation

can provide many insights into the quantum behaviour of light, it will also be helpful to

introduce the alternative continuous-variable (CV) picture of an electromagnetic field mode.

This picture is formally equivalent to the photon-number representation, but provides a

different perspective that often reveals features that are less evident in the Fock basis. It

therefore lends itself to new ways of thinking about metrology and quantum information

processing, as I will explore in Chapters 5 & 9. Here I will initially give a brief introduction

to the CV quantum optics formalism, aiming to give a pedagogical overview of the field.

For further details, the interested reader is directed to the review papers by Braunstein

and van Loock [18] and Weedbrook et al. [19] along with the comprehensive introduction to

Gaussian states by Ferraro et al. [20].

I will start by returning to the initial electromagnetic mode Hamiltonian given in Eqn. 1.3,

Ĥ =
∑

k

~ωk(â†kâk +
1

2
).

1Although this is a significant challenge, continuing progress is being made in improving the efficiency of
classical simulations of quantum systems. For example, for many systems it is possible to use alternative
representations to dramatically reduce the number of terms that must be kept track of [15].
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Introducing the dimensionless position and momentum operators 2

x̂k =
1

2
(âk + â†k), (1.10)

p̂k = − i

2
(âk − â†k), (1.11)

the field Hamiltonian can be rewritten as

Ĥ =
∑

k

~ωk(x̂2k + p̂2k). (1.12)

These operators have the commutation relations [x̂j , x̂k] = 0, [p̂j , p̂k] = 0, [x̂j , p̂k] = i
2δj,k.

Here I will again initially focus on a single mode, and will therefore temporarily drop the

mode index k. I first note that, unlike the creation and annihilation operators, the position

and momentum operators are Hermitian operators, and therefore are observables of the

field. In fact, they are the observables for the electromagnetic field quadratures, as can be

seen by calculating the electric field associated with the vector potential (Eqn. 1.2) [13] at a

given location 3

E(t) =
1

2
E0 (â e−iωt + â† eiωt) (1.13)

= E0 (x̂ cos(ωt) + p̂ sin(ωt)). (1.14)

2The position and momentum operators get their names from the quantisation of a quantum harmonic
oscillator, in which case they actually represent the position and momentum of a particle. As will be discussed
below, here they simply represent orthogonal components of the electromagnetic field.

3The electric field form given here requires one to assume that uk is real, without loss of generality.
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1.3.1 Quadrature operators

It is possible to generalise x̂ and p̂ to define quadrature operators of the field

x̂φ =
1

2
(âe−iφ + â†eiφ), (1.15)

p̂φ = − i

2
(âe−iφ − â†eiφ). (1.16)

Notice that φ parametrises a continuous rotation of the quadrature basis


 x̂φ

p̂φ


 =


 cos(φ) sin(φ)

− sin(φ) cos(φ)




 x̂0

p̂0


 , (1.17)

and therefore that x̂π/2 = p̂0.

The quadrature operators have associated eigenstates x̂φ |xφ〉 = xφ |xφ〉 and p̂φ |pφ〉 =

|pφ〉. These eigenstates are orthogonal,
〈
xφ

∣∣∣ x′φ
〉

= δ(xφ − x′φ),
〈
pφ

∣∣∣ p′φ
〉

= δ(pφ − p′φ) and

complete

∫ ∞

−∞
|xφ〉 〈xφ| = 1, (1.18)

∫ ∞

−∞
|pφ〉 〈pφ| = 1, (1.19)

where 1 represents the identity operator.

Since x̂φ and p̂φ are conjugate operators, |xφ〉 and |pφ〉 are related by a Fourier trans-

formation

|pφ〉 = 1/
√
π

∫ ∞

−∞
e2ipφxφ |xφ〉dxφ. (1.20)
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These expressions highlight the continuous nature of these observables; unlike for photon

number, a field can take any value of xφ or pφ. However, in contrast to classical variables,

x̂φ and p̂φ are non-commuting observables, and it is therefore fundamentally impossible to

simultaneously assign values to xφ and pφ for a field mode with arbitrary precision due to

the uncertainty relation

〈
δx2φ
〉 〈
δp2φ
〉
≥ 1

4
|〈[x̂φ, p̂φ]〉|2 =

1

16
. (1.21)

Finally, I note that quadrature eigenstates can also be expressed in the photon number

basis as

|xφ〉 = e−x
2
φ

(
2

π

)1/4 ∞∑

n=0

Hn(
√

2x)

2n/2
√
n!
e−inφ |n〉 , (1.22)

where Hn(x) is the n-th Hermite polynomial [20].

1.3.2 Notation for multiple modes

In order to compactly manipulate expressions involving the quadratures of n modes, I will

employ the vector notation R̂ = (x̂1, p̂1, x̂2, p̂2, . . . , x̂n, p̂n) andα = (x1, p1, x2, p2, . . . , xn, pn).

Note that R̂ is a vector of quadrature operators, while α is a vector of real numbers. I further

define the covariance matrix Γ for a state, with elements given by

Γjk =
1

2
〈RjRk +RkRj〉 − 〈Rj〉 〈Rk〉 . (1.23)

Using this notation, the Heisenberg uncertainty relation translates to an inequality on
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Γ [18,20]

Γ +
i

4
Ω ≥ 0, (1.24)

where Ω is the skew symmetric matrix

Ω =
n⊕
ω, ω =


 0 1

−1 0


 . (1.25)

This inequality requires that the matrix sum on the left hand side has only positive eigen-

values, and expresses in a compact form the positivity of the density matrix for a system [20].

1.3.3 The Wigner function

As a complete basis, it is possible to express any wavefunction directly in terms of the

eigenstates of a quadrature operator. However, a useful alternative representation is in

terms of the Wigner function [18,20]. This is a “quasi-probability distribution” in the phase

space of x and p for each mode.

The Wigner function for a single mode with density operator ρ̂ is given by [18]

W [ρ̂](x, p) =
2

π

∫
dy e4 iyp 〈x− y| ρ̂ |x+ y〉 . (1.26)

For completeness, I will also give the most general form of the Wigner function for n

modes,

W [ρ̂](α) =

∫

R2n

d2nΛ

(2π)2n
eiΛ

TαTr[ρ̂ eiR
TΩΛ], (1.27)
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where R̂, Ω and α are the same as defined in Section 1.3.2.

The Wigner function is called a quasi-probability distribution because it shares many

features with a classical probability distribution. Specifically, it is normalised

∫
d2nαW [ρ̂](α) = 1, (1.28)

and gives the expected form for the quadrature marginal probability distributions

∫
d2nα δ(xk − x′k)W [ρ̂](α) =

〈
x′k
∣∣ ρ̂
∣∣x′k
〉
. (1.29)

The Wigner function also satisfies a trace rule for the expectation value of operators 4

Tr[ρ̂ Ô] = πn
∫

dα2nW [ρ̂](α)W [Ô](α). (1.30)

The utility of the Wigner function arises from this final property since, once the Wigner

function of a state is known, it is straightforward to calculate the expectation values and

variances of many observables of interest, such as the quadratures or the photon number.

An interesting aspect of the Wigner function is that, unlike a classical probability dis-

tribution, it can take negative values. Although this may initially seem unphysical, this is

because the Wigner function is not a joint probability distribution, even though its margin-

als are proper probability distributions [20]. Example Wigner functions for one-photon and

two-photon Fock states are plotted in Fig. 1.1.

4W [Ô](α) formally exists for any operator. However, it has a particularly simple form for symmetrically
ordered moments of the creation and annihilation operators, which include the quadrature operators [18,21].
This explains the particular utility of the Wigner function in continuous variables, as compared to other
equivalent distributions [18,20].
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a)

c)

b)

d)

Figure 1.1: Example Wigner functions for a) a one-photon Fock state and b) a two-photon Fock
state. Also plotted in blue are the marginal quadrature distributions for each state. Side views are
plotted in c) and d) to highlight the occurrence of negative values of the Wigner function for these
states. As an aside, it is interesting to note that the value of the Wigner function at the origin for
n photon Fock states is given by 2

π (−1)n. This is related to the useful observation that, for single
mode states, the Wigner function at the origin can be directly measured through photon-counting
measurements [22].

1.3.4 Gaussian states

Gaussian states are an important class of quantum states with Gaussian Wigner functions,

i.e. Wigner functions of the form

W [ρ̂](α) =
Exp

[
−1

2(α− ᾱ)TΓ−1(α− ᾱ)
]

(2π)n
√

Det[Γ]
. (1.31)

Here, ᾱ = Tr[ρ R̂] gives the expectation value of the quadratures R̂ of the state, and Γ

is the covariance matrix defined by Eqn. 1.23.

Gaussian states are therefore completely determined by the first and second moments

of the quadrature operators. They are particularly important experimentally since, as will

be further discussed below, they are the only states that can be generated solely by the
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linear-optical interaction Hamiltonian (Eqn. 1.34). Note that Gaussian states always have

completely positive Wigner functions.

The vacuum state |0〉 introduced in Section 1.2 is a Gaussian state with zero first order

moment ᾱ = (0, 0) and the balanced covariance matrix

Γvac =




1
4 0

0 1
4


 . (1.32)

This covariance matrix saturates the inequality in Eqn. 1.24, showing that the vacuum is a

minimum uncertainty state.

a) b)

Figure 1.2: Wigner functions for a) the vacuum state and b) a representative Gaussian state with
different variances in the x̂ and p̂ quadratures. Also plotted in blue are the marginal quadrature
distributions for each state.

Coherent states

Coherent states are Gaussian states that are eigenstates of the annihilation operator, â |α〉 =

α |α〉, where α ∈ C. In the Fock state basis, coherent states are given by

|α〉 = e−|α|
2/2
∑

n

αn√
n!
|n〉 . (1.33)
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Like the vacuum state, coherent states are minimum uncertainty states with balanced cov-

ariance matrices (as given in Eqn. 1.32). The importance of these states in quantum optics

stems from the fact that many classical light sources, including lasers, are well described as

coherent states, or as statistical mixtures of coherent states [23]. I will discuss these states

further in Section 1.4.2, when I introduce the displacement operation.

1.4 Modal interactions

I have now introduced the two main formalisms for the state of the electromagnetic field.

However, we have so far only considered the Hamiltonian for the electromagnetic field in

isolation. Any physical system will also consist of matter fields that will unavoidably couple

to the electromagnetic field. At its most general, this coupling can lead to extremely com-

plex light-matter dynamics requiring the full framework of quantum electrodynamics. For-

tunately, in quantum photonics we mostly work far off-resonance with any direct atomic

transition. Therefore, to a good approximation, our interactions do not lead to any change

in the quantum state of the medium and can be treated as effective modal interactions. By

understanding these effective interactions, we can develop techniques for the controllable

manipulation of quantum information encoded in the field modes.

Guided by the interactions that are experimentally accessible in a quantum-optics lab,

in this thesis I will only consider bi-linear Hamiltonians of the form [20]

Ĥ =
∑

k

g
(1)
k â†k +

∑

k,j

g
(2)
kj â

†
kaj +

∑

k,j

g
(3)
kj â

†
ka
†
j + h.c. (1.34)

It is helpful to consider the effects of this interaction Hamiltonian in the Heisenberg picture,
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in which it is the operators, as opposed to the state eigenvectors, that undergo unitary

evolution. This allows us to consider the effect of each term in a more transparent input-state

independent fashion. When working in the Heisenberg picture, and whenever considering

the unitary evolution corresponding to a given Hamiltonian, I will set ~ = 1 and will,

without loss of generality, incorporate the time over which the Hamiltonian is applied into

the effective interaction strength.

In the Heisenberg picture, the interaction Hamiltonian (Eqn. 1.34) can produce arbitrary

Bogoliubov transformations (plus linear displacements), the most general linear transform-

ation of creation and annihilation operators,

âk →
∑

j

Ajkâj +
∑

j

Bjkâ
†
j + wk. (1.35)

Directly implementing such a transformation can be experimentally challenging, since it

can be a function of an arbitrary number of modes. I will therefore focus in this thesis on

pair-wise modal interactions. However, I will then show in Section 1.4.3 that these pair-

wise interactions are in fact sufficient to implement any Bogoliubov transformation with a

number of operations that is only quadratic in the number of modes.

1.4.1 Photon-number conserving interactions

Interaction Hamiltonians with only terms of the form ĤLO =
∑

k,j g
(2)
kj â

†
kâj + g

(2)∗
kj â†j âk

preserve photon number and are the easiest to generate experimentally. I will first consider

cases in which j = k, before considering those in which j 6= k.
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Phase shifts

Evolution under the interaction Hamiltonian

ĤPS = φ â†kâk (1.36)

≡ φ
(
x̂2k + p̂2k −

1

2

)
(1.37)

has the same form as free evolution under the free space Hamiltonian (Eqn. 1.3), and

accordingly in the Schrödinger picture simply leads to phase evolution of the Fock states.

In the Heisenberg picture, the unitary phase shift operator P̂ (φ) = e−iĤPS (also known as

the rotation operator) induces the operator transformation

â†k → P̂ †(φ)â†kP̂ (φ) = eiφâ†k. (1.38)

Figure 1.3: Symbol for a phase shifter

Physically, this corresponds to a modification of the optical path length for a mode, for

example due to the addition of a material with a different index of refraction into the mode.

The symbol for a phase shifter is shown in Fig. 1.3.

The action of the rotation operator upon the quadrature operators is trivially equivalent

to a rotation of the quadrature basis such that x̂χ → x̂χ+φ (Eqn. 1.17). An example of the

effect of this rotation on a state’s Wigner function is plotted in Fig. 1.4.
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Figure 1.4: Contour plot of the Wigner functions for a Gaussian state before (red) and after (blue)
a π/3 phase shift. As can be seen, a phase shifter acts to rotate a state in phase space.

Beam splitters

The interaction Hamiltonian

ĤBS = i θ eiχ â†j âk − i θ e−iχ â†kâj (1.39)

≡ −2 θ ((x̂j x̂k + p̂j p̂k) sinχ+ (x̂j p̂k − x̂kp̂j) cosχ) (1.40)

couples two electromagnetic modes. The simplest example of an element that creates this in-

teraction is a partially reflective mirror; the incoming light can either be transmitted through

the mirror, or reflected by its surface. Elements that act to couple different electromagnetic

modes are often called beam splitters.
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The evolution of the creation operators â†j and â†k under this transformation is


 â†j

â†k


→ eiĤBS


 â†j

â†k


 e−iĤBS =


 cos θ e−iχ sin θ

−eiχ sin θ cos θ




 â†j

â†k


 . (1.41)

The typical convention in quantum optics is to set χ = 0 (as other values of χ simply

correspond to the addition of a relative phase shift on one mode before and after the beam

splitter). This gives


 â†j

â†k


→


 cos θ sin θ

− sin θ cos θ




 â†j

â†k


 . (1.42)

In rest of this thesis, beam splitter operations will always follow this convention, unless

otherwise noted. I will denote the operator associated with this conventional interaction

ÛBS(θ) = e−iĤBS . An equivalent notation is given by parameterising a beam splitter in

terms of the transmissivity η = cos2 θ; these will be used interchangeably. The symbol for

a beam splitter is shown in Fig. 1.5.

Figure 1.5: Symbol for a beam splitter
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The action of this conventional BS interaction on the quadrature operators is given by




x̂j

p̂j

x̂k

p̂k



→




cos θ 0 sin θ 0

0 cos θ 0 sin θ

− sin θ 0 cos θ 0

0 − sin θ 0 cos θ







x̂j

p̂j

x̂k

p̂k



. (1.43)

Homodyne measurement

Beam splitters enable the measurement of the quadrature observables using homodyne de-

tection, in which a given field mode, with annihilation operator âj , is interfered at a balanced

beam splitter with an intense local oscillator (LO) field mode with annihilation operator

âLO. This local oscillator establishes a shared reference frame (i.e. a phase reference).

For clarity, I will label the output modes of the beam splitter with indices 1 and 2. After

this beam splitter, the annihilation operators for the two output modes are given by

â1 =
1√
2

(âj + âLO), (1.44)

â2 =
1√
2

(−âj + âLO). (1.45)

We assume that the local oscillator is sufficiently intense that âLO can be well approxim-

ated by a classical amplitude αLO. Using photodiodes to measure the intensity observables

Îi = κ â†i âi (where κ is a constant) therefore gives

Î1 = κ (â†j âj + αLO â
†
j + α∗LO âj + |αLO|2)/2, (1.46)

Î2 = κ (â†j âj − αLO â
†
j − α∗LO âj + |αLO|2)/2. (1.47)
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The difference photocurrent is therefore

∆Î = Î1 − Î2 = κ(αLO â
†
j + α∗LO âj). (1.48)

The complex amplitude of the LO can be expressed as |αLO| eiθ, giving

∆Î = κ |αLO| (eiθâ†j + e−iθâj). (1.49)

This is simply the quadrature observable scaled by the amplitude of the LO. This allows

different quadratures to be measured based on the choice of θ. By systematically measuring

the quadrature amplitude as a function of θ, the complete phase space distribution of the

state can be determined [24].

N-mode U(N) transformations

The two optical components I have introduced so far, phase shifters and beam splitters, act

on one and two modes respectively. In combination they can generate any two mode trans-

formation from the group SU(2) [8]. This can be achieved through the sequential application

of a phase shifter, followed by a beam splitter, and a second phase shifter, as shown in

Fig. 1.6 [25].

Figure 1.6: Arbitrary single qubit operations can be implemented using two phase shifters and a
beam splitter.
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However, it is desirable to be able to build more complex optical circuits that transform

a set of input modes â†k based on any N -mode unitary mapping â†k →
∑N

j ujkâj (i.e. any

transformation from the group U(N)). This more general device is typically called an N-

port interferometer. Directly implementing such an N ×N transformation between optical

modes can be experimentally challenging [26], which might seem to limit the complexity of

optical experiments. Fortunately, Reck et al. [27] showed that it is possible to decompose

any N-port interferometer into a network of only N(N − 1)/2 beam splitters and phase

shifters. This decomposition underlies most approaches to generating such transformations

in quantum optics experiments to date [28].

1.4.2 Non-photon-number conserving interactions

While beam splitters and phase shifters are fundamentally important optical components,

with only these photon-number conserving interactions it is impossible to generate non-

classical states of light.5 Quantum-optical experiments must therefore exploit the non-

photon-number conserving terms in the interaction Hamiltonian given in Eqn. 1.34.

Here I will consider the effect of each of these additional terms in turn. I will primarily

focus on the effects of these terms without considering in detail their experimental imple-

mentations, while noting that they can be generated using several different methods [30].

However, I will return to this issue in Chapter 9, discussing a novel approach to generating

several of these interactions using Raman quantum memories.

5The most generally accepted definition of a non-classical quantum harmonic oscillator state is that it
cannot be expressed as a proper distribution of coherent states [29].
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Displacements

The displacement Hamiltonian is given by

ĤD = i(λ â†k − λ∗ âk) (1.50)

≡ −=(λ) x̂+ <(λ) p̂, (1.51)

where <(λ) and =(λ) represent the real and imaginary parts of λ respectively. The associated

displacement operator is given by D̂(λ) = e−iĤD .

In the Heisenberg picture, this Hamiltonian acts to displace the creation and annihilation

operators

âk → âk + λ, (1.52)

â†k → â†k + λ∗. (1.53)

For quadrature operators, the equivalent transformation is


 x̂k

p̂k


→


 x̂k

p̂k


+


 <(λ)

=(λ)


 . (1.54)

The effect of the displacement operation in phase space is shown in Fig. 1.7. As can

be seen, this operation only affects the first-order moments of the quadratures, displacing a

state without otherwise changing its Wigner function.

Since the vacuum state is an eigenstate of âk, any displaced vacuum state will also be

an eigenstate of âk. This can easily be seen using D̂†(λ)âkD̂(λ) = âk + λ (equivalent to
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Figure 1.7: Contour plot of the Wigner functions for a Gaussian state before (red) and after (blue)
a displacement operation. As can be seen, the displacement operator D̂(λ) acts to displace a state
in phase space.

Eqn. 1.52),

âkD̂(λ) |0〉 = D̂(λ)(âk + λ) |0〉 (1.55)

= λ D̂(λ) |0〉 . (1.56)

As discussed in Section 1.3.4, coherent states are defined as eigenstates of the annihilation

operator âk. Therefore displaced vacuum states must be coherent states, and any coherent

state can be expressed as a displaced vacuum state. Eqn. 1.52 further shows that the

displacement operation leaves a state’s covariance matrix Γ unchanged. This shows that

coherent states have the same covariance matrix as the vacuum state, and so are also

minimum uncertainty states with balanced covariance matrices, as was previously asserted

without proof.
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A common approach to implementing displacement operations is to mix the target state

on an highly unbalanced beam splitter with an ancillary coherent state. If the beam splitter

is sufficiently unbalanced, to a good approximation the state is displaced in the direction of

the first order moment of the coherent state [31].

Single-mode squeezing

Single-mode squeezing (SMS) of the mode k is induced by the Hamiltonian

ĤSMS = i eiχ
r

2
(â†k)

2 − i e−iχ
r

2
(âk)

2 (1.57)

≡ r cosχ(x̂kp̂k + p̂kx̂k)− r sinχ(x̂2k − p̂2k). (1.58)

In the Heisenberg picture, the associated squeezing operator Ŝ(r, χ) = e−iĤSMS leads to the

transformation

âk → µ âk + ν â†k, (1.59)

where µ = cosh r and ν = eiχ sinh r.

For the quadrature operators, the transformation is given by


 x̂k

p̂k


→ (µ 12 +N)


 x̂k

p̂k


 , (1.60)

where

N =


 <(ν) =(ν)

=(ν) −<(ν)


 . (1.61)
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If χ = 0, this simplifies to


 x̂k

p̂k


→


 er 0

0 e−r




 x̂k

p̂k


 . (1.62)

In this case, it is easy to see that
〈
δx̂2k
〉
→ e2r

〈
δx̂2k
〉

and
〈
δp̂2k
〉
→ e−2r

〈
δp̂2k
〉
. The single

mode squeezing operator acts to squeeze the mode in one quadrature, reducing its variance,

and anti-squeeze the mode in the other quadrature, increasing its variance proportionately

(Fig. 1.8). This allows the variance of one quadrature to be suppressed below the coherent

state uncertainty of
〈
δx2
〉

= 1
4 while still satisfying the Heisenberg uncertainty relation

(Eqn. 1.21). This suppression of the uncertainty in one quadrature is at the root of several

continuous-variable quantum technological applications, including quantum-enhanced phase

estimation [32] (as will be discussed further in Chapter 5).
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Figure 1.8: Contour plot of the Wigner functions for Gaussian states before and after single-mode
squeezing. The red initial state is a minimum-uncertainty coherent state (equivalent to displaced
vacuum). The blue state is squeezed in the x quadrature and anti-squeezed in the p quadrature,
while the orange state is squeezed in the opposite direction. Notice that, along with modifying the
covariance of a state, squeezing also correspondingly rescales the first-order moments of the state
quadratures (i.e. also acts to displace states with non-zero first order moments).

In the photon number basis, single-mode squeezed vacuum (SMSV) states have the
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form [20]

|ψ〉 =
1√
µ

∞∑

N=0

(
ν

2µ
)N
√

(2N)!

N !
|2N〉 (1.63)

=
1√

cosh r

∞∑

N=0

eiNχ
tanhN r

2N

√
(2N)!

N !
|2N〉 , (1.64)

and have average photon number n =
〈
â†kâk

〉
= sinh2 r.

As can be seen, SMSV states only consist of even photon number terms. This would be

expected from the form of the interaction Hamiltonian, as it can only create and annihilate

photons in pairs.

Two-mode squeezing

Two-mode squeezing (TMS) operations are associated with the interaction Hamiltonian

ĤTMS = ieiχrâ†j â
†
k − ie−iχrâj âk (1.65)

≡ 2r cosχ(x̂j p̂k + p̂j x̂k)− 2r sinχ(x̂j x̂k − p̂j p̂k). (1.66)

In the Heisenberg picture, this operation induces the mode transformation


âj
âk


→


µ 0

0 µ




âj
âk


+


0 ν

ν 0




â
†
j

â†k


 . (1.67)
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Again, this can be re-expressed in terms of quadrature operators




x̂j

p̂j

x̂k

p̂k



→


µ 12 N

N µ 12







x̂j

p̂j

x̂k

p̂k



, (1.68)

where µ and N are as defined in Section 1.4.2.

If we again set χ = 0, it is possible to gain an insight into how two-mode squeezing affects

the quadratures. By calculating the difference between the quadrature operators for the two

modes, we find that (x̂j−x̂k)→ e−r(x̂j−x̂k), and also that (p̂j−p̂k)→ er(p̂j−p̂k). It is easily

shown that
〈
δ(x̂j − x̂k)2

〉
→ e−2r

〈
δ(x̂j − x̂k)2

〉
and

〈
δ(p̂j − p̂k)2

〉
→ e−2r

〈
δ(p̂j − p̂k)2

〉
.

The quadratures of the two modes therefore become correlated under two-mode squeezing.

An experimentally important state is the two-mode squeezed vacuum (TMSV) state. In

the photon number basis, TMSV is given by [20]

|ψ〉 =
1√
µ

∞∑

N=0

(
ν

µ
)N |N,N〉 (1.69)

=
1√

cosh r

∞∑

N=0

eiNχ tanh rN |N,N〉 , (1.70)

and has average photon number n =
〈
â†j âj + â†kâk

〉
= 2 sinh2 r. Two-mode squeezed va-

cuum states are closely related to single-mode squeezed vacuum states. In fact, it can be

shown that mixing the two modes of a TMSV state on a balanced beam splitter gives two

uncorrelated, equally squeezed SMSV states at its output [20].

As can be seen from Eqn. 1.70, the two modes are exactly correlated in the photon

number basis. Therefore, by measuring the number of photons in one mode, it is possible
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to exactly determine (in the lossless case) the number of photons in the other mode without

disturbing it. This correlation underlies the workhorse sources of single photons in quantum-

optics labs, so-called spontaneous-parametric downconversion (SPDC) sources, in which the

detection of a single photon in one mode is used to herald the existence of a single photon

in the other mode.

Two-mode squeezed vacuum states are also highly entangled in the quadrature basis,

with a Wigner function given by [33]

WTMSV =
4

π2
exp

{
−e−2r

[
(xj + xk)

2 + (pj − pk)2
]
− e2r

[
(xj − xk)2 + (pj + pk)

2
]}
.

(1.71)

In the limit of r → ∞, the quadratures of the two states become perfectly correlated,

giving the maximally entangled EPR state [33,34]. This state has infinite energy and is

therefore unphysical, however TMSV states with finite squeezing represent a valuable source

of entanglement for many continuous-variable protocols [18], including quantum-enhanced

metrology. I will discuss two applications of two-mode squeezed vacuum states for quantum-

enhanced phase estimation in detail in Chapter 5.

Both single-mode and two-mode squeezing interactions are commonly induced by using

a suitable nonlinear material and a strong ancillary electromagnetic field, for example in

an optical-parametric oscillator [30]. As I will consider further in Chapter 9, interactions in

these materials are typically governed by Hamiltonians of the form

Ĥ = K â†i â
†
j âk +K∗ â†k âi âj , (1.72)
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where i,j and k label three different optical modes, andK is a material dependent parameter.

If we take the strong field limit of mode k, again replacing âk with the complex amplitude

αk, this is approximately

Ĥ ≈ Kαk â†i â
†
j +K∗α∗k âi âj , (1.73)

which is the two-mode squeezing Hamiltonian we desire. If modes j and k are instead the

same mode, this then corresponds to the single-mode squeezing Hamiltonian.

As a final practical note on squeezed states, I note that in experiments levels of squeezing

are often reported in the form t dB (decibels) as opposed to the interaction strength r. Both

quantities are best understood in terms of the reduction achieved in the variance of the

squeezed quadrature (with the other quadrature made correspondingly noisier). As I have

discussed, for SMSV states, the variance after squeezing is given by
〈
δp̂2k
〉
→ e−2r

〈
δp̂2k
〉
,

while for TMSV states, it is the difference between the quadratures of the two modes that

is squeezed, such that
〈
δ(p̂j − p̂k)2

〉
→ e−2r

〈
δ(p̂j − p̂k)2

〉
. For both SMSV and TMSV the

fractional reduction is given by e−2r. Expressed in decibels, the equivalent reduction for t

dB of squeezing is 10−t/10. These two quantities are therefore connected by the formula

r = loge(10)/20 t (1.74)

r ≈ 0.115 t. (1.75)
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1.4.3 Arbitrary Bogoliubov transformations

In this Chapter, I have only considered pair-wise Gaussian interactions. However, in general

we would like to be able to implement any arbitrary Bogoliubov transformation of the form

(reproduced from the start of this section)

âk →
∑

j

Ajkâj +
∑

j

Bjkâ
†
j . (1.76)

Braunstein observed [35] that the matrices A and B can be decomposed via the Bloch-

Messiah reduction into

A = UADV
†, B = UBDV

T , (1.77)

where U and V are unitary matrices and AD and BD are a pair of non-negative diagonal

matrices such that A2
D −B2

D = 1, with 1 the identity matrix.

The corollary of this observation is that any such Bogoliubov transformation can be

implemented with the combination of: a linear U(N) transformation, followed by a set

of parallel single-mode squeezing operations in each mode, and finally another linear U(N)

transformation. As I discussed in Section 1.4.1, these U(N) transformations can be efficiently

decomposed into beam splitter operations and phase shifting operations, requiring only

N(N −1)/2 beam splitter and phase shifter elements each. It therefore immediately follows

that any Bogoliubov transformation can be implemented using N(N−1) beam splitters and

phase shifters, along with N single-mode squeezing operations.
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Developing experimental tools
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Chapter 2
Strain-optic active control for quantum

integrated photonics

Most quantum optics experiments are composed of a combination of non-classical light

sources, modal interactions, and measurements of the resulting fields. The construction of

higher-complexity quantum optics experiments therefore rests on the further development

of these three technologies. In this part of the thesis I will discuss two separate projects that

I have been involved in to further the state-of-the-art in these areas. In this chapter I will

introduce a novel method for active control of quantum circuits based on the strain-optic

effect. Then, in the following chapter, I will discuss our efforts to set up a new laboratory

to run cryogenic single-photon-sensitive detectors. This will include recent work on detector

tomography of photon-number-resolving detectors.

33
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2.1 Integrated photonics

Historically, quantum optical experiments have used bulk optical components to couple

different spatial and polarisation modes. This approach was favoured as these optical com-

ponents are comparatively low loss, and can be re-used in many different experiments.

However, as these experiments have become more complex, this approach has become less

feasible. Bulk optics must be carefully manually aligned and are prone to drifting over time,

leading to imperfect modal overlap between modes (i.e. coupling to other unwanted modes).

Additionally, bulk optical interferometers must be actively phase stabilised, typically using

a reference laser and control electronics. As each two mode interferometer making up an

N -mode unitary must be individually stabilised, this quickly becomes challenging experi-

mentally.

Integrated optical waveguide circuits present a promising alternative to bulk quantum

optics [12,36–39]. Waveguides within a bulk substrate can be engineered to support only a

single spatial-mode [36,40] and are intrinsically phase stable, ensuring high fidelity quantum

interference. They require no alignment, and are much more compact than their bulk

equivalents, with optical components on the millimetre scale.

Our group has been heavily involved in furthering the state-of-the-art in integrated

quantum optical devices. This has been pursued in collaboration with our fabrication part-

ners at the University of Southampton and the Engineering Department at the University

of Oxford, with a focus on silica-based integrated waveguide circuits. For quantum optical

applications, two crucial requirements are total device efficiency and, for proof-of-concept

work in particular, ease of fabrication. These issues have put silica-based devices at the fore-

front of integrated QIP experiments. Silica photonic chips provide low propagation losses,
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efficient coupling to silica fibre - providing a robust and convenient ultra-low loss delay line,

and fabrication by direct laser writing [41].

Silica waveguides have been used as quantum light sources [42,43], quantum channels

connecting remote nodes [44] and integrated optical circuits as a means to generate the inter-

ference needed for computational protocols [12,45]. Using a silica waveguide chip, we recently

demonstrated both the first three-photon quantum interference [28], and the first quantum

teleportation on an integrated device [39]. We are currently working with our partners to

extend this technology to larger numbers of modes and more complex circuits.

The primary drawbacks of silica as a quantum optics platform are its comparative lack

of optical non-linearity as compared to materials such as lithium niobate [46] or potassium

titanyl phosphate (KTP) [47], and the low refractive index contrast achievable between the

waveguide core and the surrounding bulk material. This low refractive index contrast limits

the minimum bend radius of waveguides, and therefore constrains the minimum feature sizes

to around the millimeter level [48]. Silicon waveguides can achieve much smaller feature sizes,

but suffer from poor mode matching to fibre [49], unavoidable two-photon loss processes [50]

and typically require less flexible lithographic fabrication techniques.

2.2 Strain-optic phase control

An outstanding technical requirement for integrated optical quantum information pro-

cessing is low-loss, rapid active control of spatial and polarisation modes. Such active

control is necessary for a host of essential applications including multiplexing heralded light

sources [51–53], feed-forward control for linear-optical quantum computing [8] and quantum

communication [44]. Fast spatial and polarisation control with quantum light has been shown
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using the electro-optic effect in lithium niobate [54]. Unfortunately, relatively inefficient coup-

ling to silica fibres [55,56] and the complexity of fabrication processes currently present roadb-

locks to near-term quantum application. For standard silica devices the electro-optic effect is

non-existent, and instead, experiments to date have relied on thermo-optic control [57]. This

approach, however, offers no polarisation sensitivity, is inherently slow (on the ms timescale),

and is fundamentally incompatible with cryogenic detectors due to the associated heat load.

It is also incompatible with typical femtosecond-laser written devices [41] as typical substrates

are too thick, leaving these devices with no mechanism for active control. Another approach

recently demonstrated in silicon nitride uses nano-electromechanical structures [58] to achieve

sub-µs switching speeds. However, this requires relatively sophisticated fabrication and has

not been implemented in silica.

In this chapter I will introduce a technique for the active reconfiguration of quantum

photonic circuits using the strain-optic effect. In this approach, a stress is applied to the

region in which light propagates, creating a local change in the refractive index and an corres-

ponding phase shift for the guided waves. This effect has previously been employed to create

polarisation independent phase shifters on silica-on-silicon telecommunications devices [59].

We have extended this idea, capitalising on the fact that strain generally causes anisotropic

changes in refractive index, and thus results in birefringence aligned to the strain field [60].

The prototype unit uses a millimetre-scale actuator to achieve a polarisation-sensitive effect

that may be readily applied to common platforms, including direct laser-written waveguides

in silica. Operation is shown on the microsecond timescale, sufficient to implement feed-

forward control entirely within silica guided-wave devices. Our switching method introduces

no excess loss beyond the propagation loss associated with the silica substrate, allowing the
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realisation of low-loss polarisation switches. This approach is a promising near-term route

to achieving scalable reconfigurable quantum information processing channels, based on a

combination of polarisation, spatial and temporal encoding [61].
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Figure 2.1: a) Schematic of the strain-optic phase shifter. A force (red arrow) applied to a steel
ram (green box) by a charged piezoelectric element modifies the stress (theoretical contours shown)
at the location of a waveguide (white circle). b) Cross-section through the prototype stressing rig.
A piezo-electric element applies force to a steel ram positioned over a waveguide. A pre-tensioning
screw is used to place the piezo under initial tension.

The device, illustrated in Fig. 2.1, is described by a simple model using the well-known

photo-elastic effect. An external pressure is applied over a region of the chip’s surface,

resulting in an elastic stress, and corresponding strain, throughout the chip. At the location

of a buried waveguide, the change in the refractive index n along direction i, where i ∈

{x, y, z}, is given by δni =
∑

j −1
2n

3ρijσj/E, where E is the Young’s modulus, σj is the

stress along direction j, and ρ is the (polarisation dependent) strain-optic coefficient tensor.

By assuming that the ram is centred over the waveguide, and that the stress is therefore

vertically aligned (direction z), this can be simplified to δni = −1
2n

3ρiz σz/E. The result is

a change in the propagation constant of a guided mode compared to an unstrained guide.

For silica, ρxz = ρyz = 0.12 and ρzz = 0.26 [62]; it is this difference that creates a birefringent

effect.
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The stress required to induce a given phase shift θ is a function of the length l of the

stressed region, and is approximated by

σz =
Eθλ

πln3ρiz
. (2.1)

For example, in order to induce a phase shift of 2π for vertically polarised 830 nm light

in a silica waveguide with a stressed region of length 1 mm, a change in refractive index

of δn = 8.3 × 10−5 must be induced (much smaller than the waveguide index contrast of

δn ≈ 5 × 10−3). This corresponds to a stress of 14 MPa, roughly two orders of magnitude

less than the compressive strength of silica.

Strain-optic phase shifting was demonstrated using direct-written waveguides in a fused-

silica photonic chip (Lithosil Q1). These waveguides were fabricated using a regeneratively

amplified Ti:Sapphire source delivering 100 fs pulses at a repetition rate of 1 kHz. The beam

was focused with a 0.5 NA, 20× objective, and the fused silica substrate translated through

the focus at 25 µm/s perpendicular to the optic axis. Slit beam shaping was applied to con-

trol the structural cross-section of the waveguide [40]. The fabricated waveguides displayed

typical values for propagation loss <0.5 dB/cm, coupling loss to single mode fibre <0.5 dB

and birefringence <2×10−5 [63].

An external pressure is generated by pressing a steel ram with a contact surface 1 mm

long by 0.1 mm wide onto the surface of the silica above a waveguide. The force on the

ram is generated either by turning a screw in contact with its upper surface or by charging

a piezoelectric element positioned between the screw and ram. A force of only 20 N is

needed to create a stress of 14 MPa under the ram; this is readily generated by a 3x3x2 mm
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piezoelectric element (Physik Instrumente PICMA Chip Actuator). As shown in Fig. 2.1,

the stress at the location of a waveguide depends on its depth. Unless specified otherwise,

experiments were carried out on waveguides located 100µm from the silica surface, resulting

in a stress approximately 80% of that immediately under the ram.

2.2.1 Classical operation
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Figure 2.2: a) Schematic of the polarisation Mach-Zehnder interferometer built using the strain-
optic device sandwiched by two half-wave plates. Applying stress to the waveguide induces a bi-
refringence, leading to a relative phase shift between two polarisation components in the guide.
b) Equivalent mode representation where each polarisation is depicted as a spatial mode. c) The
normalised intensity of one polarisation output from the PMZI as a function of increased screw com-
pression. The inferred force was estimated from the birefringence that would be required to produce
the measured change in PMZI reflectivity. Sinusoidal modulation is observed, with a fringe visibility
of 97± 3%.

To construct a polarisation switch, we embedded the manipulated waveguide between

static waveplates, used to rotate the polarisation axes of the light by π/4. This was achieved
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with waveplates external to the chip, but these elements may alternatively be built directly

in guiding structures using static stresses [64–66]. The two waveplates create a polarisation

Mach-Zehnder interferometer (PMZI), as shown in Fig. 2.2a & b. A strain-induced modi-

fication to the waveguide, such that a phase shift of π radians is created in one polarisation

relative to the other, will switch the polarisation of the modes at the output of the PMZI.

The relative birefringent phase shift, and therefore the change in the PMZI output intensity

I induced by a stress σz, can be determined from

I = cos2(∆θ/2), where ∆θ = πn3(ρzz − ρxz)σzl/(Eλ). (2.2)

Control of the polarisation of classical light with a PMZI is shown in Fig. 2.2c. The

power at the output ports was recorded at certain screw positions as the screw compression

was increased by hand. The interference visibility was determined by manually positioning

the screw to maximise and minimise the reflectivities. A visibility of 97± 3% was recorded,

with the deviation from unit visibility likely primarily resulting from leakage through the

chip in non-guided modes and scatter from the guided mode into non-guided modes.

While absolute calibration of the reflectivity determined by a given screw position is

not feasible due to trial-to-trial variation in mechanical alignment, the estimated force on

the ram shown was calculated from the observed reflectivity and Eqn. 2.2. With the piezo-

electric element added between the screw and ram, as described above, 60 V corresponded

to a π phase shift, and arbitrary reflectivities were reproducible within 1%. With both drive

methods, reflectivity drifts of maximally 10% occur over a few hours of constant application.

It is suspected that this can be rectified through improvements to the mechanical rigidity
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Figure 2.3: a) An array of waveguides (white) was used to map out the relative phase shift induced
between vertical and horizontal polarisations in the region of the stressor. Shown are relative phase
shifts as a function of b) depth and c) transverse position, in units of the ram width w = 100µm.
The transverse measurements are from waveguides at depth w. The solid line shows data from a
finite-element calculation, scaled to match the data point at depth w and zero transverse position.

in the mounting of the piezoelectric above the waveguide. Further development will be

required to optimise the overall reliability and lifetime of active devices based on the strain-

optic effect. Commercially available thermo-optic and electro-optic switching devices can

have lifetimes measured in the billions of switching operations [67,68]. This level of reliability

is not required for initial quantum optics experiments, however, it is the level that would

be needed for strain-optic devices to become a commercially appealing technology.

The profile and extent of the stress field (Fig. 2.1) determines the effect of a strain-

optic controller on neighbouring waveguides, an important issue for multi-path integrated

architectures. To test the theoretical model, we measured the induced relative phase shift

for an array of guides written at different depths and horizontal positions relative to the

stressing element, as illustrated in Fig. 2.3a. The resulting relative phase shifts are shown in

Fig. 2.3b and Fig. 2.3c. As can be seen, the strain field transverse decay length (to 10% of

its initial value) is 2w, where w is the ram width, suggesting that the effect can be readily

localised.
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2.2.2 Non-classical Hong-Ou-Mandel interference

Importantly, for our stressor design the refractive index contrast δn � n, so there is no

scattering due to the induced strain. Therefore the overall transmission of the device is

unaffected by including the switching element. This is borne out by our experiments, in

which a variation in transmission of less than 1% is seen. This low loss makes the strain-

optic control method particularly well suited to quantum applications. We demonstrated

this by inputting heralded single photons from two spontaneous parametric down-conversion

(SPDC) sources (introduced in Section 1.4.2) to the PMZI, with one photon in each polar-

isation. At a fixed stress level, scanning the temporal delay between the photons produced

a non-classical Hong-Ou-Mandel (HOM) interference dip [69] in the photon detection coin-

cidences, as shown in Fig. 2.4a. I will discuss this effect further in Section 7.2.2, however,

in this context I simply note that HOM interference is a quantum interference effect that

manifests itself in the correlations between the light in the output modes of a beam splitter

when individual single photons are coupled into the two input modes. For a balanced beam

splitter, and indistinguishable single photon inputs, the two photons are always found in

the same output mode.

Setting the temporal delay between the photons to zero maximises the photon indis-

tinguishability and therefore the HOM interference. At this setting, applying stress modu-

lates the visibility of the HOM interference with a period half that of the classical fringes

(Fig. 2.4b). The maximum recorded HOM dip visibility is 0.90 ± 0.04; the deviation from

unity results from residual distinguishability between the two single photons. A visibility of

greater than 0.5 for HOMI dips in which the single photon rate is unaffected by delay (as

in this case) is an indication of non-classical interference [70].
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Figure 2.4: a) Quantum Hong-Ou-Mandel interference as a function of the relative temporal delay
between two single photons input to the PMZI. Three dips are shown for different PMZI reflectivities
R. Also given are the theoretical dip visibilities Vth assuming perfect quantum interference. b) A
modulation in the interference visibility (red) is seen as a function of the screw compression. For
reference the classical interference (Fig. 2.2) is also shown (blue).

2.2.3 Switching time

0 5 10 15
0

0.5

1

1.5

2

Time (μS)

Ph
ot

od
io

de
 S

ig
na

l

0 500 1000 1500
0

0.5

1

1.5

2

Time (μS)

Ph
ot

od
io

de
 S

ig
na

l

a)

b)

Figure 2.5: Demonstration of the switching time. A control signal (red dot-dashed line) initiates
the switch operation, leading to the discharge of a piezoelectric actuator. The transmission of each
polarisation component (blue solid line and green dashed line) through the PMZI shows a) a rise
time of 1.7 µs (with subsequent mechanical ringing) and b) a reset time of 1.5 ms due to this ringing.

To investigate switching time, we applied a current pulse to the piezoelectric actuator
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clamped above the ram. A single field-effect-transistor switch was gated by a low-voltage

square wave from a waveform generator to apply up to 70 V across the actuator. An example

of the PMZI output response is shown in Fig. 2.5. The switch response comprises a trigger-

to-switch delay time of 2 µs and rise time (10% to 90%) of 1.7 µs. The observed switch time

is limited by the fundamental resonance of the coupled piezoelectric-silica system, due to

undesired mechanical oscillations. In this simple configuration, the reset time for the switch

was approximately 1 ms because of the reflection of the acoustic wave induced by the pulsed

strain at the chip surface. This can be mitigated by appropriate impedance matching into

a damping material, such as aluminium [71]. The practical consequence of a non-negligible

reset time is a reduction in the repetition rate for a quantum optics experiment or the

effective clock rate of an optical information processor.

Even with our un-optimised design, the observed switch time is sufficient for immediate

use in proof-of-concept quantum information applications involving feed-forward control. A

few-microsecond optical delay can be achieved with a sub-km fibre path, which introduces

less than 0.2 dB loss (in addition to the pre-existing <0.5 dB coupling loss). The ultimate

limit to the switch rise time is determined by the velocity of sound, v, in the material. A

simple estimate is given by the time taken for a strain wave to propagate across the guided

mode; for v = 3000 m/s and a mode diameter of 10µm, this is 5 ns. This limit could in

principle be achieved with an impulse ram that strikes the chip surface, which is not the

case for our setup, in which the ram and chip begin in contact.
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2.3 Conclusions

In conclusion, we have demonstrated a method for polarisation-dependent active phase

control in silica waveguide photonic chips based on the strain-optic effect. This approach

is inherently low-loss, making it ideally suited to the stringent requirements of quantum

optical applications. This was shown by using stain-optic switching to control the on-chip

quantum interference of two single photons. Further, we demonstrated that the technique

allows rapid switching, which opens the door to new applications in feed-forward optical

quantum control.



Chapter 3
Transition-edge sensors

3.1 Single-photon sensitive detectors

Single-photon sensitive detectors are fundamentally important components of almost all

discrete-variable experiments, required for optical quantum information tasks ranging from

the heralding of photons from SPDC sources (Section 1.4.2) and other non-Gaussian state

creation protocols [72] to implementing the measurements required at every stage of many

optical quantum computing schemes [8].

For all of these applications, the system detection efficiency of the detectors is a critical

parameter. As the number of photons that need to be detected in a given protocol increases,

the likelihood of successfully detecting all of the photons is an exponentially decreasing

function of this quantum efficiency. Therefore small improvements in efficiency can have a

significant impact on experimental success rates.

Historically, high-quantum efficiency detectors have not been available for the telecom-

munications band around 1500 nm, at which losses in integrated silica devices are at their

lowest. This has forced quantum-optics experiments to be carried out in the 800 nm near-IR

46
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region, which has significantly higher associated losses. However, recently transition edge

sensor (TES) superconducting detectors have become available with unparalleled quantum

efficiencies of up to 98% [10,73], telecommunications wavelength compatibility and true photon

number sensitivity [73].

This step change in performance over traditional avalanche photodiode detectors [74] will

enable new regimes of complexity to be attained in quantum optical experiments. However,

this improvement comes at a cost; these detectors must run at cryogenic temperatures,

typically requiring a dilution refrigerator to cool them to tens of mK. During my PhD, I

have been involved in setting up these TES detectors in collaboration with Sae Woo Nam’s

group at NIST Boulder [73]. This involved commissioning an Oxford Instruments Kelvinox

dilution refrigerator, installing experimental wiring, and developing software to interface

with the detectors. Now that these detectors have been successfully brought online, it is

anticipated that this will enable higher photon number quantum optics experiments, along

with experiments that rely on the intrinsic photon number sensitivity of TES detectors [75–77].

In particular, these detectors should allow us to demonstrate a truly quantum enhanced

phase measurement in the near future, as will be discussed further in Chapter 5.

However, in order to be able to employ these detectors in experiments, it is first neces-

sary to be able to characterise their operation. Unlike other commonly used approaches

to pseudo-number-resolution based on linear-optical circuits and ‘click’ detectors (such as

time-multiplexed detectors [78]), the output of a TES detector is a time-dependent voltage,

with a non-linear dependence on the photon number. This signal must be deciphered with

minimal reliance on the inner workings of the detector. Efficiently extracting information

from a photon number resolving detector is therefore a problem of significant interest and
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challenge to the community [79–81]. In this chapter I will discuss a novel approach to detector

characterisation that we have developed for TES detectors. The methods developed should

also be widely applicable to other detectors with continuous outputs.

1 cm

Figure 3.1: Transition edge sensor detectors mounted for installation in a dilution fridge.

Figure 3.2: Oxford instruments Kelvinox dilution refrigerator, fully wired up to run TES detectors.
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3.2 Tomography of photon-number resolving

continuous-output detectors

The signal produced by a continuous-output detector is typically a time-dependent voltage

with some dependence on photon number which may in general be nonlinear, as shown in

Fig. 3.3a. A set of such output signals V = {vi(t)}, arising from a set of input states of the

incident light beam, can be represented using a set of basis functions {wj(t)}, such that

vi(t) =
n∑

j

sijwj(t). (3.1)

where sij represent the weighting components for each signal vi(t). These sij are each drawn

from their respective associated sample spaces Sj . In general, this implies that, in order to

capture the full output of the detector, it is necessary to determine the weighting components

sij for all of the n basis functions for each signal to be measured. For a truly continuous

signal, n is in principle infinite, but of course for any real experiment the upper limit to n is

set by the sampling record length of the detector. This is set by the ratio of the sampling time

window to the temporal resolution of the electronics. However, this finite signal still spans a

space of high dimension; in our work a single trace from a TES detector consists of 1024 16-

bit numbers. Directly analysing this signal is therefore impractical. This is particularly the

case for detector tomography, which is necessary to rigorously characterise the relationship

between input states and output signals [82,83]. Detector tomography requires a sufficiently

small space of outputs that the probability of a given outcome can be estimated precisely

from the measured data. For the full output space of our detector signal, I estimate the

probability of the same trace occurring twice (to within the resolution of the analogue-to-
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digital converter) in a data set of 105 traces, the maximum that can be recorded in one

second, to be on the order of 10−4. This renders tomography in this full space infeasible.

This motivates the development of an approach to the characterization of continous-output

detectors that enables accurate and precise signal analysis and detector tomography.
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Figure 3.3: a) Representative TES traces vi(t) from a data set of 180,000 total signals. b) Truncated
representation of the same traces using only the first two principal components w1(t) and w2(t). c)
Variance σj of the set of principal component scores {sij} as a function of the principal component
number j. d) Principal components w1(t) (blue) and w2(t) (green). e) Probability density function

p(s = S1| |α|2 = 3.1) for outcomes s in the space of S1, given a coherent-state input |α〉〈α| with a
mean of 3.1 photons per pulse.

Detector tomography has been previously carried out for continuous-output PNRDs with

5% quantum efficiencies [80], in which the continuous-output problem was circumvented by
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‘binning’ the detector output based on the maximum amplitude of the signal. This approach

does not make optimal use of the information available. Furthermore, as I will discuss,

the numerical techniques for detector tomography used in the study are not effective in

the high detection-efficiency regime, which is now accessible with TES detectors. Another

recent work has explored algorithmic methods of interpreting the response of high detection-

efficiency PNRDs based on cluster analysis [81]. Although this may prove useful for rapid

characterisation of a detector, it is not a tomographic technique and is therefore unable to

provide a rigorous characterisation of the detector response.

3.2.1 Principal component analysis

I first consider the problem of efficiently extracting information from a high-dimensional de-

tector signal data set. This is achieved by employing a standard technique from multi-variate

statistics, namely principal component analysis [84]. For a given data set, this approach de-

termines the optimal set of ‘principal component’ basis functions {wj(t)} such that each

successive basis function captures the maximum amount of information possible from the

data set (as measured by the variance of the ‘principal component scores’ {sij}, given by

σj =
〈
s2ij
〉
−
〈
sij
〉2

), while maintaining orthogonality with the previous components. Cru-

cially, this implies that if the principal component basis is truncated to compress the data,

the maximum amount of the variance of the original data set will still be captured. In other

words, the truncated principal component basis will provide the most faithful reconstruction

of the data for a given number of components.

In an actual experiment, the signals vi(t) and therefore the basis functions wj(t) are

necessarily discretised due to the finite temporal resolution of the detector. In this case
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the set of signals V can be expressed as a matrix. It can be shown that the problem of

determining {wj(t)} for V is equivalent to finding the eigenvectors of the matrix ṼT Ṽ,

where Ṽ is the data set with the mean signal subtracted [84]. These eigenvectors can be

efficiently determined using singular value decomposition. Once wi(t) are known, sij can be

calculated from the detector signals vj(t) by sij =
∫
vj(t)wi(t)dt.

We applied principal component analysis to a data set of 180,000 TES traces, taken

with a range of 300 different coherent state inputs with average photon numbers spanning

from 0 to approximately 15 photons per pulse. We found that this size of data set was a

reasonable balance between ensuring that enough traces were sampled while minimising the

time required to acquire and process the signals. In Fig. 3.3a & b, example TES traces from

this data set are plotted both in their original form, and in a reduced form using only the first

two principal components w1(t) and w2(t). As can be seen, with just these two components,

most of the structure of the traces has been reproduced. This can be shown more formally by

comparing the variance σj of {sij} for different principal component numbers j, as plotted in

Fig. 3.3c. A larger variance shows that a given component is capturing more distinguishing

information between the traces in the data set. The variance σ1 is two orders of magnitude

greater than σ2, and this trend continues, with σj rapidly decreasing as a function of j.

Interestingly, as Fig. 3.3d shows, w1(t) is very close to the mean shape of the TES traces.

This would be expected theoretically in the small-signal limit, in which the TES trace height

simply scales linearly with the photon number [85]. This confirms that projecting onto the

mean trace shape, as used by Ref. [81], is a useful approach for distinguishing TES signals

in the few-photon limit using only a single parameter. Beyond providing a justification for

this choice of processing method, the higher order principal components that are revealed
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by our analysis can provide additional data with which to characterise the response of a

detector, particularly for higher photon numbers. For example, w2(t) captures the increase

in the pulse length with photon number (due to an increase in thermal recovery time), as

will be further discussed below.

3.2.2 Detector tomography

Detector tomography is necessary to determine the correspondence between the reduced

detector signals and the input number of photons [82]. The goal of detector tomography is to

determine the positive-operator-valued measure (POVM) {π̂(s) =
∑∞

n,m=0 θn,m(s) |n〉〈m|}

(written here in the Fock state basis) that fully characterises the detector response; this is

parameterised by the outcome s in the space of (S1, S2, . . . Sn). Once the POVM is known,

the probability density for detector outcome s, given input state ρ, is determined by the

Born rule

p(s|ρ) = Tr [ρ π̂(s)] . (3.2)

The standard approach to tomography consists of experimentally estimating the outcome

probability densities p(s|ρk) for a set of known probe basis states {ρk}. Using these estimated

probabilities, Eqn. 3.2 can then, in principle, be inverted to find π̂(s).

The set of probe states {ρk} must provide a sufficient basis for the operator space of

the POVM {π̂(s)}; in other words, it must be tomographically complete. This constraint is

satisfied by using a well established method [82] for tomography of PNRDs based on coherent

state probes |α〉〈α|. It is well known that coherent states form an over-complete basis for

an optical mode. Coherent states are also straightforward to generate in the lab and retain

Poissonian photon number statistics and the same functional form of Wigner distribution
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despite experimental losses during preparation, making them ideal probe states. Addition-

ally, as TES detectors are phase insensitive, their response depends only on the magnitude of

the coherent state parameter α, and not its phase. This significantly reduces the number of

probe states needed to form a tomographically complete set of basis operators and removes

the need for any phase reference in the experiment.

Calibrated light source

It is necessary to use a calibrated light source in order to produce coherent-state probes with

known energies for detector tomography. Since we do not have access to a source calibrated

to a radiometric standard, we built a calibrated source based on a Newport 918D-IG-OD3R

power meter, which provides a specified calibration accuracy of 2% of absolute power and

a linearity of better than 0.5%. This power meter was used to calibrate a series of fixed

attenuators to reduce the output from a pulsed laser to the single-photon level with a known

mean-photon number per pulse [86].

Our method uses a fibre beam splitter with a fixed fibre attenuator connected on one of

the output ports, as shown in Fig. 3.4a. As long as this attenuation is well within the linear

dynamic range of the power meter, we can obtain a calibration curve for the combined

splitter-attenuator device relating the power measured at port 1A to the power at port

1B. In our case, the attenuation required to reach the single photon level is much greater

than the dynamic range of the power meter. This forces us to use a second, calibrated

splitter-attenuator device in series with the first Fig. 3.4b. A weighted total least-squares

algorithm [87] was used to find the total attenuation taking account of the absolute power

errors in both variables. The total attenuation is given by the product of the two attenuators,
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Figure 3.4: Calibrated light source. Because the dynamic range of our power meter is insufficient
to span the attenuation required to reduce the coherent-state energy to the single-photon level, we
perform the calibration in two steps at the expense of increased error. We use the laser diode running
in CW mode to calibrate the attenuators, since the power meter is most accurate in this mode. a)
We first take a series of measurement of the output powers P1A and P1B for a range of input powers
to the fibre beam splitter. This allows the output power at port 1B to be determined from the power
at port 1A. b) A second fibre beam splitter is connected to the first one, along with an additional
attenuation. A series of measurements of P2A and P1A are made for a range of input powers. By
combining these results with those from the first step, we can calculate the output power at port 1B
for a given power at 2A. c) For the detector characterisation we switch the laser to pulsed operation
and attenuate the input light to the nanowatt level.

but the errors in the measurements add linearly since they are not independent. Thus our

final calibrated attenuation was found to be

ηatt = (2.10± 0.16)× 10−6. (3.3)

This relates the power measured at the monitor port 2A to the power at port 1B, such that

P2B = ηP1B (Fig. 3.4c). A variable attenuator is used to set the input power level before

the calibrated attenuator so that we can probe our detector with a variety of coherent state

amplitudes. We monitor the input power to the attenuator using port 2A and calculate the
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average photon number per pulse in port 1B which is coupled to the TES. The value of

ηatt also includes a correction to account for the Fresnel reflection from the unterminated

fibre when plugged into the monitor power meter, which leads us to underestimate the total

power that will be input when this fibre is instead directly coupled to the fibre leading to

the TES. Fibre specifications give this loss at about 3.3% but there is a 1% uncertainty in

this figure [88].

Detector tomography experiment

As for the principle component analysis, we measured the detector response to a set of 300

different probe energies equally spaced between 0 and 15 photons on average per pulse.

However, in this case, we acquired a larger data set of 49152 traces for each probe en-

ergy, since the tomography procedure is more sensitive to statistical noise than principle

component analysis. These measured signals were used to estimate the probability density

functions {p(s|αk)}.1 Fig. 3.3e shows an example measured probability density function for

outcomes s in the space of S1 given a probe state with a mean of 3.1 photons per pulse. In

Fig. 3.5 this is extended to plot example probability density functions for outcomes in the

two-dimensional output space of S1 and S2 given different coherent-state inputs. Additional

structure along S2 is visible, and could be incorporated into signal analysis to further distin-

guish input states. However, since the dominant contribution to the data variance is from

w1(t), particularly for the low photon numbers considered here, we choose to solely focus

on S1 for the remainder of the analysis. This slightly reduces the information available, but

significantly reduces the computational demands of our numerical methods. It is anticipated

1The probability density functions were calculated using Gaussian-kernel density estimation [89]. This
technique is better suited to this problem than using histograms, as it is not necessary to choose an arbitrary
binning of the data. Instead, this approach directly gives continuous-valued estimates of the functions.
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that this technical shortcoming can be overcome in future extensions of this work.

Figure 3.5: Example probability density functions for outcomes s in the space of S1 and S2 given
coherent-state probes with varying average photon numbers.

These probability density functions p(s|αk) are in fact a direct estimate of the Husimi

Q function for a given |αk|, and are therefore sufficient to fully characterise the operation

of the detector [82,90]. Although these measurements are sufficient, for many quantum optics

applications it is of interest to determine the response of the detector in the photon number

basis, for example, when heralding states produced in SPDC [91].

A phase insensitive detector will have POVM elements diagonal in the photon-number

basis; these can therefore be expressed as

π̂(s) =

∞∑

n=0

θn(s) |n〉〈n| . (3.4)
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Coherent-state probes are given in this basis by 2

|α〉 = exp(− |α|2 /2)
∞∑

n=0

αn√
n!
|n〉 . (3.5)

Inserting Eqns. 3.4 & 3.5 into the Born rule (Eqn. 3.2), we find that the probability density

for a given outcome is

p(s|α) =
∞∑

n=0

Fα,n θn(s). (3.6)

where Fα,n = |α|2n exp(−|α|2)
n! .

Using the set of probability density functions p(s|αk) associated with the input probe

states {|αk〉}, this relation can be numerically inverted to find the best solution for θn(s)

consistent with the physicality constraints

θn(s) ≥ 0, and

∫
θn(s) ds ≤ 1. (3.7)

It is well known that the problem of inverting Eqn. 3.2 to obtain π̂(s) is ill-conditioned [82].

We found that published methods of performing this numerical inversion based on con-

strained least squares techniques [80] did not give satisfactory results. This may be in part

due to the reduced overlap between the POVM elements for different photon numbers as

compared to previous studies, because of our much higher system detection efficiency. This

means that regularisation techniques designed to promote this overlap [82,83] do not work as

effectively.

2This assumes that the input state is a pure state, however this can easily be extended to mixed state
inputs [82] (for example, as resulting from classical uncertainties in α).
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Figure 3.6: Constrained least squares solutions for the Fock state POVM elements showing the
responses to vacuum and up to 17 photons. The solution shows discontinuous jumps in probability
density, particularly for higher photon numbers, that are inconsistent with our knowledge of the
detector operation

3.2.3 Maximum likelihood detector tomography routine

We used insights from the collected data to develop a novel detector tomography routine that

is effective for high quantum efficiencies. We adopted a model in which the detector response

to photon number n (in the space of S1) is given by the sum of n+1 Gaussians, with widths,

heights, and positions as free variables. This Gaussian-mixture model [92] is consistent with

detectors for which several different sources of noise contribute to the response of the detector

to a given photon number, leading to an overall Gaussian error as might be expected from

the central limit theorem. Our approach is readily extendable to higher order components

(S2, S3 . . . ), however, as previously discussed, we chose to focus on S1.

The Gaussian-mixture model gives the following expression for the POVM coefficients

for photon number n

θn,s =

n+1∑

j=1

βn,j N (s|µn,j , σn,j). (3.8)

where βn,j is a weighting factor for the Gaussian probability distribution N (s|µn,j , σn,j) in

the outcome space s, with mean µn,j , and standard deviation σn,j .

We imposed the constraint that µn,j = µn+1,j , i.e. that the Gaussians from different
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photon numbers should be aligned. This is physically motivated by the fact that the de-

tector cannot distinguish between cases where n photons were input and cases where n+ 1

photons were input and one photon was lost. Removing this constraint does not alter the

solution significantly, beyond leading to a slight jitter in the location of the peaks for each

photon number. However, this jitter complicates the additional analysis that we carried out,

particularly with regard to compensating for the uncertainty in the probe state energies (as

will be discussed in the next section). No constraint is placed on σn,j .

Substituting Eqn 3.8 into Eqn 3.6 gives

p(s|α, χ) =
∑

n,j

Fα,nβn,jN (s|µn,j , σn,j), (3.9)

where χ is used a shorthand to denote the set of all the parameters βn,j , µn,j , σn,j , in order

to make the dependence on the model explicit.

This expression gives the posterior probability density for the TES detector producing

an outcome s in our model, given an input coherent-state probe |α〉〈α|. This posterior

probability should be maximised for the measured data. Typically, maximum likelihood

estimation [92] is carried out based on a set of observed outcomes {si1}. In this case, the

quantity to be maximised is the log-likelihood

L = log

(∏

i

p(si1|αi, χ)

)

=
∑

i

log ( p(si1|αi, χ) ) . (3.10)

However, due to the large number of data points that we sample, evaluation of this sum

becomes impractical. Instead, we used our data set {si1} to estimate the outcome probability
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density q(s|αk) for each |αk〉〈αk|. We can use this distribution to rewrite Eqn. 3.10 as

L =
∑

k

∫
Nk q(s|αk) log ( p(s|αk, χ) ) ds, (3.11)

where Nk is the total number of samples measured at each value of αk. Since we measured

the same number of samples per coherent state value, we neglect this constant factor that

has no impact on the maximum likelihood estimation.

The full expression for the log-likelihood therefore becomes

L =
∑

k

∫
ds q(s|αk) log


∑

n,j

Fαk,n βn,j N (s|µn,j , σn,j)


 . (3.12)

In order to maximise this log-likelihood, we follow the standard approach [92] of taking

derivatives with respect to each parameter in the model. For example, differentiating with

respect to µn,j gives

∂L
∂µn,j

=
∑

k

∫
q(s|αk) γs,k,n,jσn,j(s− µn,j) ds, (3.13)

in which

γs,k,n,j =
Fαk,n βn,j N (s|µn,j , σn,j)∑
n,j Fαk,n βn,j N (s|µn,j , σn,j)

. (3.14)

Rearranging leads to the following expression for µn,j

µn,j =
1

Nn,j

∑

k

∫
q(s|αk) γs,k,n,j s ds, where Nn,j =

∑

k

∫
q(s|αk) γs,k,n,j ds. (3.15)
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Similarly we find that

σn,j =
1

Nn,j

∫
q(s|αk) γs,k,n,j (s− µn,j)2 ds, (3.16)

βn,j =
Nn,j

Nn
, where Nn =

∑

j

Nn,j . (3.17)

Note that these expressions for the parameters are dependent on γs,k,n,j , and therefore

do not form a closed-form solution. This means that the optimal solution cannot be found

analytically. However, it can be shown that a simple routine consisting of the repeated

application of two steps will converge to a solution [92]. In the first step, the current values

of the parameters are used to calculate γs,k,n,j . This is then used in the second step to

re-estimate the optimal values of the parameters using Eqns. 3.15, 3.16 & 3.17.

The results of this inversion are shown in Fig. 3.7a. The efficacy of this model-based

routine can be estimated by using the calculated POVM to reconstruct the original data set.

The L1 difference between this reconstruction and the original data (normalised by the L1

norm of the original data set) is 0.054 as compared to 0.047 for the unphysical reconstruction

given by a least-squares approach. This shows that this model equally effectively captures

the detector response (with only 0.7% lower overlap than the least squares approach) while

providing a fit that is more consistent with our knowledge of the detector operation.

Incorporating calibration uncertainty

As a final step, it is necessary to incorporate the uncertainty in the coherent-state probe

energies ηatt used to determine the coherent state probe energies. The POVM element coef-

ficient θn(s) gives the probability density p(s|n) that one will measure outcome s given n



3.2 TOMOGRAPHY OF PHOTON-NUMBER RESOLVING CONTINUOUS-OUTPUT
DETECTORS 63

0 1 2 3 4 5 6 7 9 10 11 12 13 14 15 16
8

17

0 1
2

3 4 5 6 7
9 10 11 12 13 14 15 16

8

17

a)

b)
S1

S 1

S 1

2

p(
s=

   
  |

 n
)

S 1
p(

s=
   

  |
 n

)

2

Figure 3.7: a) Fock state POVM elements θn(s) = p(s|n) determined from our parameterised
detector tomography routine. Note that these solutions are continuous functions in the space of S1,
and have not been arbitrarily binned into different ‘photon-number’ outcomes. b) Fock state POVM
elements after incorporating the uncertainty in the probe state energies.

input photons. This probability is actually p(s|n, ηatt) since ηatt is a variable in our tomo-

graphy calculations. Our uncertainty in ηatt must therefore be accounted for. Based on

our error analysis (and assuming normally distributed errors), we can estimate the prob-

ability density p(ηatt) for ηatt. Additionally, we can calculate p(s|n, ηatt) for different ηatt.

Combining these, we can incorporate this statistical uncertainty into our POVM using

p(s|n) =

∫
p(s|n, ηatt)p(ηatt)dηatt. (3.18)

The results of this analysis are shown in Fig. 3.7b. The higher photon-number POVM

elements are particularly sensitive to this uncertainty, and show correspondingly large de-

viations from their ideal values. This highlights the crucial importance of an accurately

calibrated probe state source for detector tomography. Our setup has a high calibration
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uncertainty of 8%, however, calibration uncertainties of less than 1% are achievable [86,93].

Since this shortcoming is not intrinsic to our detector, in the following analysis I will as-

sume such a 1% calibration uncertainty, as this better demonstrates the information that

our protocol can provide.

Detector quantum efficiency

The POVM elements that we calculate using detector tomography completely characterise

the detector response. Model-free detector tomography is obtained by treating the detector

as a black box, and so in principle does not contain information on the system detection

efficiency, i.e. the loss that occurs between the input and the detector.

However, the less general, but physically motivated model-based detector tomography

approach that we have adopted can allow us to make an estimate of this efficiency. As noted

above, we assume that the response of the detector to each photon number is composed

of several Gaussian elements. We can make the further assumption that these different

Gaussian elements occur due to the action of loss on an initial Fock state, leading to a

statistical mixture of photon numbers at the detector, with one Gaussian element per photon

number state detected. Therefore the heights of these elements should follow a binomial

distribution within each of the Fock state POVM elements. For a given system detection

efficiency, it is then possible to calculate the expected height of these Gaussian elements and

compare them to the actual tomography results. We used a numerical routine to find the

loss level that minimised the L2 norm between this predicted output and the tomography

data.

This analysis suggests that our system detection efficiency is 0.98 (+0.02/−0.08). 3 The

3The system detection efficiency is defined as the efficiency with which a photon in the fiber connected
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asymmetric uncertainty arises as the efficiency is upper bounded at 1.0. Additionally, we find

a strong agreement between the predicted photon number distribution and the tomography

data, as shown in Fig. 3.8, suggesting that our initial assumption is correct.

3.2.4 Application of tomography data

The above tomography procedure gives the probability density p(s|n) for a specific outcome

s given an n-photon input to the detector. However, in typical experiments, one is actu-

ally interested in the complementary probability density p(n|s) that the input contained n

photons given that the detector measured outcome s.

Calculating this requires Bayes’ theorem p(n|s) = p(s|n)p(n)/p(s) and thus depends on

the prior probability p(n) of an n-photon input. Here, as an example I consider two distinct

priors which might arise in applications. First, I consider a Poisson distribution p(n|α) =

e−|α|
2 |α|2n /n! which would result from a coherent state input. I also consider a thermal

distribution p(n|λ) = (1 − λ2)λ2n which describes a thermal state input and, importantly,

the single-mode marginal statistics of a spontaneous parametric down-conversion source. If

one mode of such a source is sent to a detector, p(n|s, λ) represents the statistical mixture

of photon numbers onto which the other mode is projected. Such information is extremely

important for quantum information and metrology applications.

Two example probability distributions p(n|s, α) and p(n|s, λ) are plotted in Fig. 3.9a & b.

As can be seen, the two priors lead to significant differences in the distributions. For

the thermal distribution, the thermal prior suppresses the overlap between the outcomes

associated with neighbouring photon numbers. This is because, for small λ, n + 1 input

photons will occur much less frequently than n photons. Therefore the predominant overlap

to the detector is detected [94].
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Figure 3.8: Estimating the system detection efficiency. One can assume that the different Gaussian
elements that make up the detector response to a given photon number are due to losses between
the input and the detection, leading to a reduced number of photons actually being detected. This
loss therefore leads to a binomial distribution of Gaussian response elements when an initial Fock
state is input to the detector. The relative weights of each of these Gaussian elements, as inferred
from our maximum likelihood estimation protocol, are plotted here in gold. From this data, we can
carry out a numerical routine to determine the detection efficiency most consistent with our data.
The predicted photon (and therefore Gaussian element) distribution resulting from this estimated
detection efficiency is shown in blue for comparison.
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Figure 3.9: Example distributions p(n|s) from our tomography data, which give the probability that
the input contained n photons given that the detector measured outcome s. The effect of the prior
input photon number probabilities can be seen in the difference between a) a thermal distribution

with λ2 = 0.1, and b) a Poisson distribution with |α|2 = 5.

contribution, due to an n + 1-photon input being detected in the space of outcomes most

associated with n input photons, occurs correspondingly less frequently than genuine n-

photon inputs.

The Poissonian prior plotted in Fig. 3.9b has the opposite effect as the thermal prior,

since for n less than the mean photon number, an input of n+ 1 photons is more probable

than an input of n photons, and therefore the overlap is promoted. It should be noted that

in both cases, due to the truncation of our detector tomography at 17 input photons, the

distributions p(n|s) become inaccurate in regions in which significant contributions would

be expected from photon numbers greater than this. In practice, this simply translates to an

operational requirement that detector tomography must be extended to include all photon

numbers that are expected to contribute in any given experiment.
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Characterising photon number resolution

Closely linked to determining p(n|s) is the problem of finding a quantitative measure of

the ‘photon-number resolution’ of the detector. Since p(n|s) only gives information on

the confidence with which a specific outcome s can determine the photon-number input, we

propose a measure that represents an average of this confidence, weighted by the probability

density for s given n input photons,

Cn =

∫ ∞

−∞
p(n|s)p(s|n) ds =

∫ ∞

−∞

p(s|n)2p(n)

p(s)
ds

=

∫ ∞

−∞

p(s|n)2p(n)∑
k p(s|k)p(k)

ds. (3.19)

Given an input of n photons, this confidence Cn represents the average probability ascribed

to the n photon component of the inferred state ρ(s) =
∑

n p(n|s) |n〉〈n|. More loosely, it

represents the probability that the detector gives the correct photon number. Additionally,

Cn is given by
∫
〈n| ρ(s) |n〉 p(s|n)ds, the average squared fidelity between the inferred de-

tected state and an n photon number state |n〉, weighted by the probability p(s|n). For

the detection of a heralding state from a spontaneous parametric down-conversion (SPDC)

source [91], this will therefore also be the fidelity of the heralded state with |n〉. Note that the

detector does not have information on the specific input photon-number n; however, a prior

distribution must be specified. This confidence is therefore a function of the distribution

chosen. Fig. 3.10a shows the confidence for different photon numbers as a function of the

SPDC source thermal prior distribution parameter λ2, where p(|n, n〉 |λ) = (1− λ2)λ2n.

In order to facilitate comparison between different detectors, it may be useful to determ-
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All outcomes

Figure 3.10: a) Calculated confidence Cn for different photon numbers as a function of the thermal
prior distribution parameter λ2. b) Calculated confidence for our detector given a flat prior, as
a function of photon number n (blue). Confidence for outcomes at the centres of the peaks in
p(s|n) (dashed yellow). Confidence for a time-multiplexed pseudo-number-resolving detector (dashed
green).

ine this confidence given a bounded flat prior for the photon number,

Cn =

∫ ∞

−∞

p(s|n)2∑
k p(s|k)

ds. (3.20)

This is plotted in Fig. 3.10b. As would be expected, our detector is extremely effective

at resolving vacuum and lower photon numbers, while for higher photon numbers, the

increasing effect of the detection inefficiency and gradual saturation of the detector leads
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to a reduced confidence in the outcomes. To demonstrate that this measure is widely

applicable to different PNRDs, the confidence for the time-multiplexed pseudo-number-

resolving detector with 8 time bins presented in [82] is also shown.

For certain applications [76], it is important to maximise the fidelity of the inferred de-

tected state with a photon number state (Cn). In these cases, the fidelity can be improved

using post-selection strategies in which only a subset of outcomes are accepted. This is

possible to explore using our detector tomography data since our treatment has explicitly

avoided any binning of outcomes.

2
S1

S=
s 1

p(
   

   
   

| n
)

Figure 3.11: Post-selecting on outcomes within windows centred on the peak maxima can be
employed to boost the confidence of detected photon states.

One strategy is to only consider outcomes within windows centred on the peak maxima

(Fig. 3.11). As would be expected, the highest confidence is obtained in the limit of the

window width tending to zero, in which case the number of accepted outcomes would also

tend to zero. This limit therefore upper bounds the performance of this strategy, and is

plotted in Fig. 3.7. For our detector, the increase in confidence as compared to using the

full space of outcomes is comparatively modest, since the overlap between different photon

number POVM elements is dominated by the detection efficiency. However, as the detection

efficiency of detectors improves, the intrinsic overlap between neighbouring Gaussian peaks

is expected to become increasingly important. In this case, this post-selection strategy
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should become more effective.

3.3 Conclusions

We have demonstrated a novel approach to detector characterisation. This has allowed

us to confirm the high quantum efficiency of our TES detectors, putting us in a position

to be able to employ these detectors for quantum optical experiments with higher photon

numbers than was previously achievable. In particular, we anticipate being able to apply

these detectors for quantum metrology experiments in the near future. I will discuss this

further in the next part of this thesis, which is focused on experimental and theoretical

aspects of quantum metrology.
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Chapter 4
Introduction to quantum metrology

Metrology is an extraordinarily wide ranging discipline, encompassing all forms of meas-

urement of quantities and phenomena. This breadth is reflected in its crucial importance

to the scientific process, since measurement forms the basis of all scientific investigations.

Surprisingly, despite this wide applicability, a strong theoretical basis for the fundamental

process of measurement has been developed that unifies the diverse branches of this field.

Based on these tools, it is possible to rigorously quantify the information that can be gained

through a given measurement process.

Any physical measurement process will unavoidably suffer from experimental imper-

fections. These will lead to statistical uncertainties in the results of the measurement.

Often these errors occur due to unwanted coupling to other systems, and can therefore in

principle be avoided through improved experimental design. However, there are also more

fundamental uncertainties in the state of the probe and the system due to their quantum

mechanical nature. These uncertainties imply that it is impossible, even theoretically, to

make a measurement with arbitrary precision.

73
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This is an important result in and of itself, however, it also motivates an even more

interesting question: Given these fundamental limits, is it possible to design non-classical

probe states and measurement schemes that can provide higher precision measurements

than their purely classical counterparts could ever, even theoretically, allow? This question

immediately leads to several others, including: a) what do we mean by non-classical?, and

b) how can we compare the precisions allowed by different measurement processes? These

questions underlie the nascent field of quantum metrology. In order to delve further into

this field, it will be helpful to briefly introduce some of the most commonly used theoretical

framework.

4.1 Single parameter estimation theory

For pedagogical clarity, I will initially consider the estimation of a single parameter (loosely

following the treatment in Ref. [17]), before extending the formalism to multiple parameter

estimation in Chapter 6. Developing further the initial notion of a measurement, one can

more precisely define the measurement process (Fig. 4.1a) as consisting of:

• Preparation of a probe state with density matrix ρ̂0.

• Evolution (not necessarily unitary) of the probe state under the action of a quantum

channel Φθ(ρ̂0) = ρ̂θ.

• Measurement of the state, as described by a positive-operator valued measure (POVM)

consisting of a set of operators {Π̂k}, each associated with a different possible outcome

k.
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Figure 4.1: a) A measurement process consists of the preparation of a probe state ρ, followed by
evolution under a quantum channel parametrised by θ and finally measurement, as described the set
of operators {Π̂k}. b) Measurements are typically repeated multiple times using n probe states. In
this case the most general measurements could consist of joint measurements of the output states.

A measurement is typically repeated multiple times using n probe states, in which case

it is useful to consider the overall evolution of the full set of probe states ρ̂⊗n0 (Fig. 4.1b).

This allows us to consider any possible measurement scheme for the n probes, including

those employing joint measurements of the probes. For a given measurement scheme, the

probability of obtaining the set of results k = (k0, k1, k2 . . . ) is determined by the Born rule:

pn(k|θ) = Tr[ρ̂⊗nθ Π̂
(n)
k ]. (4.1)

With suitable numerical techniques [17], k can be used to make an estimate ϕ of the

value of θ. However, there will generally be some uncertainty associated with the estimate

ϕ, which is captured by the distribution

p(ϕ|θ) =
∑

k

pest(ϕ|k) pn(k|θ), (4.2)



4.1 SINGLE PARAMETER ESTIMATION THEORY 76

where pest(ϕ|k) gives the probability density ascribed to ϕ given the results k.

A root mean square error (RMSE) for the estimate of θ can be calculated based on this

distribution

δθ =

√∑

ϕ

(ϕ− θ)2 p(ϕ|θ). (4.3)

It can be shown that this error is constrained by the Cramér-Rao bound (CRB) [95]:

δθ ≥ 1/
√
Fn(θ) (4.4)

where the Fisher information, Fn(θ), is defined as

Fn(θ) =
∑

k

[∂θpn(k|θ)]2
pn(k|θ) . (4.5)

This bound holds in the case of asymptotically locally unbiased estimators (estimators for

which ϕ→ θ in the limit of n→∞, which includes all non-pathological cases). The Fisher

information captures the amount by which the probability distribution over the measurement

outcomes changes as a function of the parameter θ to be measured. Intuitively, the more

sensitive the distribution is to θ, the lower the error will be on its estimated value.

The CRB provides a lower bound on the error achievable for a given measurement scheme

(as embodied by a particular choice of POVM). However, in order to compare different

strategies, we would ideally find the minimum error achievable with any possible physical

measurement. It can be shown mathematically that it is possible to maximise the Cramér-

Rao bound over all POVMs to give the quantum Cramér-Rao bound (QCRB) [17,95], which
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therefore bounds all CRBs from below

δθ ≥ 1/
√
Fn(θ) ≥ 1/

√
In(θ). (4.6)

The quantum Fisher information I(θ) is solely a function of the probe state ρ̂⊗nθ , and is

most generally given by

I(θ) = Tr[L̂θ((∂ρ̂θ/∂θ)
⊗n) ρ̂⊗nθ L̂θ((∂ρ̂θ/∂θ)

⊗n)]. (4.7)

In this expression, the symmetric logarithmic derivative (SLD) for an operator is

L̂θ(Ô) =
∑

j,k:λj+λk 6=0

(
2Oj,k |j〉 〈k|
(λj + λk)

)
(4.8)

where Oj,k are the elements of Ô expressed in the basis that diagonalises ρ̂⊗nθ (and therefore

ρ̂θ), such that ρ̂θ =
∑

j λj |j〉 〈j|.

Several important characteristics of the QFI deserve emphasis at this point. First, I note

that the quantum Fisher information is additive for product states, so that I(ρ̂⊗nθ ) = nI(ρ̂θ).

This additivity directly leads to an n−1/2 scaling in the QCRB, since therefore

δθ ≥ 1/
√
n I(θ). (4.9)

Remembering that the QCRB gives the maximal information available using any conceiv-

able POVM in the full space of ρ̂⊗n, this implies that unentangled (product state) probes

are bound to produce at best such an n−1/2 scaling in the precision of a measurement.

This fundamental constraint is termed the standard quantum limit (SQL). Another rami-



4.1 SINGLE PARAMETER ESTIMATION THEORY 78

fication of this additivity is that it must therefore be possible to saturate this bound using

local measurements of each probe and adaptive estimators. This implies that measurement

schemes based on entanglement of the probes (Fig. 4.2a) are not necessary to saturate this

bound [96]. Finally, it can be shown that I(θ) is convex, and therefore the minimum error is

always achieved by a pure state [97].

As an aside, I note that for such pure states ρ̂θ = |ψθ〉 〈ψθ|, the SLD and QFI simplify

significantly to

L̂pure
θ = 2

( ∣∣ψ′θ
〉
〈ψθ|+ |ψθ〉

〈
ψ′θ
∣∣ ), (4.10)

I(θ) = 4
(〈
ψ′θ
∣∣ ψ′θ

〉
−
∣∣〈ψθ

∣∣ ψ′θ
〉∣∣2
)
, (4.11)

where |ψ′θ〉 = ∂ |ψθ〉 /∂θ.

ρ θ Π̂k

ρ θ Π̂k

ρ θ Π̂k

ρ θ Π̂k

a)

ρ θ

ρ θ

ρ θ
ρ

θ

b)

Π̂k{n
δθ = 1/

√
n I(θ) δθ ∝ 1/n

Figure 4.2: a) Local measurements are sufficient to saturate the quantum Cramér-Rao bound given
unentangled probe states, giving a measurement error that scales with n−1/2 in the number of probes
n. b) However, entangling the probes before they interact with the system can lead to a measurement
advantage in some cases, potentially allowing a Heisenberg (n−1) scaling in the measurement error.

The standard quantum limit gives the fundamental bound to the precision of measure-

ments using unentangled probe product states. However, if the probes are entangled before

interacting with the system to be measured (Fig. 4.2b), it is possible to surpass this scaling
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and therefore achieve a higher measurement precision. As an example, I will consider one

of the most fundamental problems in quantum metrology, interferometric phase estimation.

I model this by assuming that a probe state input to the two modes a and b of an interfer-

ometer, with annihilation operators â and b̂ respectively, undergoes the unitary evolution

ei(â
†â−b̂†b̂)θ/2.

Given n total probes, one can consider strategies based on entangling a fixed number N

of these probe states into the state |ψ〉N before the interferometer, so that the total resource

is |ψ〉⊗MN , where n = MN . Given this constraint, it can be shown [98] that the optimal

strategy is to use N00N states, which are maximally entangled states of the form

|N00N〉 = 1/
√

2(|N, 0〉+ |0, N〉), (4.12)

where I have employed the notation |Na, Nb〉 to denote a state with Na photons in mode a

and Nb photons in mode b. Calculation of the QCRB for N00N states gives

δθ ≥ 1

N
√
M
, (4.13)

as opposed to

δθ ≥ 1√
NM

(4.14)

for the same number of unentangled probe states. Employing these entangled probe states

therefore allows for an N−1/2 enhancement in estimation error as compared to “classical”

strategies. This overall N−1 scaling of the error with increased entangled probe state size is
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known as the Heisenberg bound.1 Although this scaling can be achieved in the lossless limit,

it has been shown that, under lossy conditions, it is in general no longer possible to maintain

this scaling in the asymptotic limit of N → ∞ [100]. In fact, N00N states are particularly

sensitive to losses, since the loss of even a single photon is sufficient to remove all phase

information from the state. This has motivated the development of more robust quantum-

enhanced phase estimation strategies, as we will discuss further in the next chapter.

These results have motivated the development of the field of quantum metrology. Single

parameter estimation has been explored both theoretically [98,101,102] and experimentally,

with photonic systems as the leading platform [7,103–107]. The dominance of photonics stems

to the relative simplicity of experimental quantum optics implementations and the low

decoherence rate of photons as carriers of quantum information. Additionally metrology

is a particularly important problem in optics, since many sensing experiments, including

strain measurement, range finding and gravitational wave detection [32,107] can be performed

by optical phase estimation. Producing a quantum advantage in these measurements may

therefore have significant real-world applications.

In the following chapters I shall discuss two projects that I have pursued in quantum

metrology. In Chapter 5, I will introduce two proposed schemes for optical phase estima-

tion under realistic experimental conditions. This will show that our recent experimental

efforts should enable us to demonstrate a sub-SQL quantum enhanced measurement in the

near future. Following this, I will discuss a theoretical investigation on the simultaneous

estimation of multiple phases in Chapter 6.

1The Heisenberg bound is guaranteed to be asymptotically attainable as M → ∞ [17]. For finite M ,
attainability of this bound is more complex. However, recent work [99] suggests that although N00N states
are not able to obtain this bound asymptotically for large N and M = 1, a modified state is able to do so.



Chapter 5
Experimental quantum-enhanced

metrology

The primary goal of experimental quantum metrology is to design experiments that can beat

the standard quantum limit (SQL) in measurement precision. However, the exact meaning of

‘beating the standard quantum limit’ has often been ambiguous in the quantum metrology

literature. In particular, many studies have not properly accounted for the resources used

in a quantum protocol, often post-selecting on favourable outcomes [104,108,109].

To clarify the issue of quantum-enhancement in metrology, I propose the following test:

given that I send n probes per trial through my sample (or, depending on the experiment,

an average of n photons per trial), do I acquire more information on a given parameter

of interest than would ever be possible using n uncorrelated probe states? This is a subtly

different (and stronger) claim than beating the standard interferometric limit (SIL), in which

case more information is acquired than would be possible using n uncorrelated photons and

the same measurement apparatus. Importantly, given these definitions, post-selection (i.e.

81
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choosing not to analyse some trials) cannot improve quantum enhancement. To date, very

few experiments have shown quantum enhancement according to this criteria.

Squeezed light has been used to improve the sensitivity of both the GEO600 and LIGO

gravitational wave detectors, allowing sub-SIL measurements [107,110–112].1 Additionally,

there has been at least one experiment in which a proper accounting of resources suggests

that sub-SQL quantum enhancement has been achieved [7]. In this experiment, a single-mode

squeezed state was used to probe an optical phase, and was then measured using homodyne

detection. However, this requires a local oscillator to act as a phase reference, which must

be stabilised relative to the probe path - in effect, the local oscillator path is the second

arm of an interferometer with the probe state. This local oscillator was excluded from the

resource count in this experiment. Although there are some practical applications in which

this might not be a problem, there are many situations in which one might consider the

light in both arms of the interferometer to constitute a resource, for example, when probing

the relative phase induced by different regions of a delicate sample. Such cases would not

be compatible with a local-oscillator-based measurement.

5.1 Phase estimation using Holland-Burnett states

Alternative approaches based on photon-counting measurements can be shown to provide

sub-SQL precision without a local oscillator. For states with a definite number of photons N ,

the N00N states introduced in Section 4.1 provide the optimal precision for phase estimation

1In the case of the GEO600 detector experiment, careful analysis shows that the enhancements achieved
were on the order necessary to surpass the SQL [111]. However, without additional details on the exact losses
in the experiment it is not possible to definitively confirm this.
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in the lossless case [113], with a quantum Fisher information (QFI)

IN00N(θ) = N2. (5.1)

Unfortunately, these states are exponentially difficult to generate using linear optics and

are extremely sensitive to the losses present in any realistic experiment.2 Given a total

transmission efficiency of η, the QFI for N00N states is reduced to

IN00N(θ) = N2ηN . (5.2)

This reduction occurs because the loss of even a single photon from a N00N state removes

all phase information. The probability that no photons are lost during transmission is given

by the factor ηN appearing in the QFI [37].

Holland-Burnett states, denoted HB(K) [101], are more robust to loss, and can provide

near optimal precision for phase estimation [114]. These states are also comparatively straight-

forward to generate experimentally, by simply combining two K-photon Fock states on a

balanced beam splitter. This results in the state

|HB(K)〉 = ÛBS(1/2) |K,K〉 (5.3)

=
K∑

n=0

An |2n, 2K − 2n〉 , (5.4)

where An =

√
(2n)!(2K − 2n)!

2Kn!(K − n)!
.

The relative weights of these terms, as are shown for K = 10 in Fig. 5.1, can give an

2Although exact N00N states are experimentally challenging to generate, a promising approach to gener-
ating approximate N00N states is by mixing Fock states and coherent states on a beam splitter [105].
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intuition for the source of the quantum enhancement from using HB(K) states, as well as

their comparative robustness. As with N00N states, HB(K) states have terms with a large

difference in photon number between each mode, which will acquire large phase differences

in the interferometer. However, unlike for a N00N state, losing photons from HB(K) states

still leaves some of the initial superposition intact. This is because almost all of the terms

have at least one photon in both of the modes, and therefore less information is lost when

the missing photons are traced over.

� � � � � � � � � � �� �� �� �� �� �� �� �� �� �� ��
����
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Figure 5.1: Probabilities |〈n, 2k − n| HB(K)〉|2 associated with each superposition term in the
Holland Burnett HB(10) state, labelled by the photon number n in the first mode. As can be seen,
quantum interference encourages terms with a large difference in photon number between the two
modes (small and large n values).

In the lossless case, the QFI for phase estimation using HB(K) states (which consist of

N = 2K photons) is given by

IHB = N(N/2 + 1). (5.5)

As can be seen, this gives the same scaling with N as the N00N states, although with a

constant pre-factor that is half the size. Unfortunately, it is not possible to give an analytic

expression for the QFI in the presence of loss in both arms of the interferometer [76,115].
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Instead, here I will calculate the classical Fisher information for phase estimation using HB

states and photon-number resolving detection. I will show that this measurement scheme

can saturate the QCRB under lossless conditions.

In the Heisenberg picture, a balanced Mach-Zehnder interferometer (Fig. 5.2) implements

the modal transformations


 â†j

â†k


→ ei

θ
2


 cos θ2 i sin θ

2

i sin θ
2 cos θ2




 â†j

â†k


 . (5.6)

Using this relation, one can determine the evolution of initial Fock state inputs

|K,K〉 → 1

K!

(
cos

θ

2
â†j + i sin

θ

2
â†k

)K (
i sin

θ

2
â†j + cos

θ

2
â†k

)K
|0〉 (5.7)

=
(i cos θ2 sin θ

2)K

K!

K∑

x

K∑

y

(
K

x

)(
K

y

)
(i tan

θ

2
)y−x(â†j)

x+y(â†k)
2K−x−y |0〉 (5.8)

This sum can be evaluated to find that

|K,K〉 →
2K∑

x





(−i)K−x
√

x!
(2K−x)!P

K−x
K (cos θ) |x, 2K − x〉 : x ≤ K

(−i)x−K
√

(2K−x)!
x! P x−KK (cos θ) |x, 2K − x〉 : x ≥ K

(5.9)

where PK−xK (cos θ) represent the associated Legendre polynomials.

I now show that the QCRB is saturated for θ = 0, noting that it can further be shown that

it is also saturated for all other values of θ [76]. In this case, it is only necessary to consider

the outcome corresponding to detecting K photons in each mode, with completeness of

the set of outcomes enforced by simply grouping all other outcomes together into one. The

probability of detecting K photons in each mode is simply given by p(K,K|θ) = PK(cos θ)2.
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Therefore the total Fisher information for these two outcomes is given by (Eqn. 4.5)

FPNRD(θ) =
[∂θp(K,K|θ)]2
p(K,K|θ) +

[∂θ1− p(K,K|θ)]2
1− p(K,K|θ) (5.10)

=
4(K + 1)2(cot θPK(cos θ)− csc θPK+1(cos θ))2

PK(cos θ)2 − 1
(5.11)

In the limit of θ → 0, this gives F(0) = 2K(K + 1), proving equality with IHB (Eqn. 5.5).

5.1.1 Phase estimation under lossy conditions

Previous works have examined experimental phase estimation using HB(K) states under

lossy conditions [37,76,116]. Here I adopt a slightly different approach to these papers, focusing

on the effects of imperfect preparation efficiency ηp and detection efficiency ηd. I model the

effects of these efficiencies by inserting beam splitters to loss modes at appropriate points in

the protocol (Fig. 5.2). Notice that since these efficiencies are the same for each arm, it is in

fact possible to commute the losses through the phases and simply consider mathematically

one loss stage that combines the effect of all of the losses. However, I make a distinction

between the preparation efficiency and detection efficiency, since they contribute differently

to the classical limits.

In the proposed definition of quantum enhancement, we care about the number of

photons that interact with the sample. In the model, given N input photons, this will

be ηpN , and so it is fair to compare quantum strategies to the best classical strategies

that also send ηpN photons through the sample. In contrast, losses due to the detection

efficiency lead to a reduction in the information gained from the photons that interacted

with the sample, and so it is not fair to also add this inefficiency to the equivalent classical
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θ

PNRD

Prep. e�ciency (ηp) Det. e�ciency (ηd)

Probe state preparation Detection

|N〉

|N〉
1 2 3

Figure 5.2: Model for phase estimation using HB(N) states, including losses due to finite prepara-
tion efficiencies ηp and detector efficiencies ηd. Numbers in circles are used in the main text to refer
to the probe state at these points in the model.

strategy when calculating the SQL. In contrast, the related SIL is a weaker bound that gives

the lowest achievable error possible using classical probes and the same experimental setup.

Therefore, in this case it is possible to include the detection efficiency when calculating the

information that can be gained from a classical protocol.

Borrowing from Ref. [76], I will use the abbreviation

X̂ ◦ Ŷ ≡ X̂Ŷ X̂†. (5.12)

I will also employ ÛBS
ij (η) (as introduced in Section 1.4.1) to denote a beam splitter unitary

with transmissivity η between modes i and j.

The model starts (at point 1 in Fig. 5.2) with an initial state σ̂1 = ρ̂a ⊗ ρ̂b, where

ρ̂a,b = |K〉〈K|a,b are pure Fock states. Loss is incorporated by mixing each mode with

vacuum loss modes ϑ̂, labelled c and d respectively, and tracing over these modes. Note
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that I incorporate both ηp and ηd at once for simplicity. This gives (at point 2 in Fig. 5.2)

σ̂2 = Trcd

[
ÛBS
ac (ηpηd) ◦ ÛBS

bd (ηpηd) ◦ (σ̂1 ⊗ ϑ̂c ⊗ ϑ̂d)
]
. (5.13)

Next, the modes a and b are mixed on a balanced beam splitter, a phase is applied to

mode a with the rotation operator P̂a(θ) (along with the identity operation 1 to mode b),

and the modes a and b are mixed again. The final state is therefore (at point 3 in Fig. 5.2)

σ̂3 = ÛBS
ab (1/2) ◦ (P̂a(θ)⊗ 1b) ◦ ÛBS

ab (1/2) ◦ σ̂2. (5.14)

The probability of detecting m and n photons in modes a and b is then given by

〈m,n| σ̂3 |m,n〉 . (5.15)

These measurement probabilities can be used to calculate the classical Fisher information

using Eqn. 4.5. This is a complicated function of ηpηd, however, it is lower bounded by its

value at θ = 0,

FHB = N(N/2 + 1)(ηpηd)
N/2+1. (5.16)

As can be seen, this gives the same scaling with N as the N00N states, but with a square

root improvement in the rate of degradation due to losses. Using this relation, I calculated

the precision achievable using HB(1) and HB(2) states, and compared this to the SIL and

the SQL (Fig. 5.3).

As can be seen, the threshold efficiencies for a sub-SQL measurement are close to the
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a)a) b)

c) d)

Figure 5.3: Ratio between the achievable error using HB(1) states and a) the SIL and b) the SQL,
as a function of preparation efficiency ηp and detector efficiency ηd. The red line shows the contour
at which equality is achieved. Similar plots for HB(2) states are shown in c) and d).

current state-of-the-art. We have been working to develop the experimental tools necessary

to achieve this, including the high quantum efficiency TES detectors discussed in Chapter 3,

and high preparation efficiency sources [42]. It is anticipated that this will soon allow us to

demonstrate a HB(1) experiment with sub-SQL precision.
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5.2 Phase estimation using two-mode squeezed vacuum

Experimental phase estimation with HB(K) states requires two Fock-state sources and two

photon counting detectors. The most advanced approach for this achieving this would

use two SPDC sources in a heralded configuration, and four TES detectors in all - two for

heralding Fock states and two for the measurement. We do not as-of-yet have this capability;

however, I have recently developed an alternative experimental proposal for demonstrating

a sub-SQL phase measurement using only a single SPDC source and two photon-number-

resolving detectors. A theoretical model for this scheme is shown in Fig. 5.4.

θ

SP
D

C

PNRD

Prep. e�ciency (ηp) Det. e�ciency (ηd)

Probe state preparation Detection

1 2 3 4

Figure 5.4: Model for phase estimation using SPDC to generate two-mode squeezed vacuum.
Photon-number-resolving detectors (PNRD) are employed to measure the squeezed modes after the
phase. Numbers in circles are used in the main text to refer to the probe state at these points in the
model.

It is well known that it is possible to beat the SQL for phase estimation using the two-

mode squeezed vacuum (TMSV) states that were introduced in Section 1.4.2. These are

directly produced by SPDC sources. For Gaussian states such as TMSV, with first order

moments ᾱ covariance matrix Γ and Ω as defined in Section 1.3.2, it can be shown that the



5.2 PHASE ESTIMATION USING TWO-MODE SQUEEZED VACUUM 91

quantum Fisher information is given by [117]

I(θ) = 8 ∂θΓ̃
T (16 Γ⊗ Γ−Ω⊗Ω)−1∂θΓ̃ +

1

2
∂θᾱ

TΓ−1∂θᾱ, (5.17)

where Γ̃ gives Γ reshaped into the form of a vector.3

This expression gives the QFI for Gaussian states with non-singular ρ̂. However, many

states of interest are singular, including all pure states. Although a general solution cannot

be found for these states, a solution can be found for states that satisfy the relation

16 (Γ Ω)2 = −ν21, (5.18)

where 1 gives the identity matrix. This class of states (termed isothermal states by Mon-

ras [117]) conveniently includes pure states, and all of the states that I will consider here. For

these states, the QFI is given by

I(θ) =
1

2

ν2

1 + ν2
Tr
[
∂θΓΓ−1∂θΓΓ−1

]
+

1

2
∂θᾱ

TΓ−1∂θᾱ (5.19)

In order to use the formulae, I need to determine the covariance matrix Γ and first order

moments ᾱ for the state after application of the phase (and losses). The covariance matrix

3The differences between the expressions here and in previous work by Monras [117] are due to a difference
in the definition of the quadratures.
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for the initial TMSV state (at point 1 in Fig. 5.4) is given by

Γ1 =




1
4 cosh(2r) 0 1

2 cosh(r) sinh(r) 0

0 1
4 cosh(2r) 0 −1

2 cosh(r) sinh(r)

1
2 cosh(r) sinh(r) 0 1

4 cosh(2r) 0

0 −1
2 cosh(r) sinh(r) 0 1

4 cosh(2r)



,

(5.20)

while the elements of ᾱ are all zero.

Interestingly, after the first balanced beam splitter (at point 2 in Fig. 5.4, but neglect-

ing loss for the moment), the TMSV state is converted into two uncorrelated single-mode

squeezed vacuum states, with

Γ2 =




e−2r

4 0 0 0

0 e2r

4 0 0

0 0 e2r

4 0

0 0 0 e−2r

4



. (5.21)

It may be initially surprising that this unentangled state is useful for quantum metrology.

However, this result is in agreement with Ref. [118] and closely mirrors a recent work by

Lang et al. [119], in which it was shown that the government state for phase measurement

given two fixed mean photon-number input states is also made up of two unentangled single

mode squeezed states.

Finally, I add in the phase evolution and the coupling to loss modes. Since the losses

commute through the phase and beam splitters, I again incorporate the preparation and

detection efficiencies at the same time. Additionally, instead of applying the phase θ to

only one mode, as depicted in Fig. 5.4, I apply the phase θa to the first mode, and θb
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to the second mode. I then calculate the QFI for the relative phase θ = θa − θb. This

is physically equivalent to the situation shown in Fig. 5.4 (due to global phase freedom),

however, it ensures that the calculated QFI is for the relative phase between the modes. If

I instead calculate the QFI for θa, I find that it is double the QFI for θ. This is because

the QFI does not discriminate between measurements with and without an external phase

reference [120]. It would be possible to obtain this extra information on θa by measuring

using an external phase reference, while completely ignoring the second mode. Calculating

the QFI for θ = θa − θb therefore ensures that I am considering the measurement of the

relative phase of the two modes. Note that this is not an issue for fixed photon number

states, as they do not carry a phase. Therefore an external phase reference cannot provide

any information on the phase evolution, and it is only through the relative phase evolution

of the different components of a superposition state that phases are observable.

The covariance matrix for the probe state (at point 3 in Fig. 5.4) is now given by

Γ3 =




A−(θa) B(θa) 0 0

B(θa) A+(θa) 0 0

0 0 A+(θb) B(θb)

0 0 B(θb) A−(θb)




(5.22)

where

A±(θ) =
1

4
(ηpηd (cosh(2r)± cos (2θ) sinh(2r)) + (1− ηpηd)) , (5.23)

B(θ) = −1

4
ηpηd sin (2θ) sinh(2r). (5.24)
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Using Eqn. 5.19 and the expression for Γ3, I can calculate the QFI for θ [121],

ITMSV(θ) =
N(N + 2)(ηpηd)

2

1 +N(1− ηpηd)ηpηd
. (5.25)

The results of this calculation show that TMSV can in principle beat the standard

quantum limit (I = N). However, it is of course necessary to show that a feasible meas-

urement can saturate this bound, or at least still provide better-than-SQL performance.

In the lossless limit, it has been shown that parity detection can saturate the QCRB [122].

Unfortunately, this approach is extremely sensitive to loss, and cannot beat the SQL for

total system efficiencies of less than 90% [121]. Additionally, there is currently no simple

experimental scheme for parity detection (i.e. a scheme that just gives parity information).

I note that in the lossless limit, homodyne detection can also saturate the QCRB for

phase estimation [117]. However, as discussed previously, this requires a phase-stable local

oscillator, which must be counted as a resource for many metrological problems of interest.

In addition, an interesting observation for general metrological problems is that, under lossy

conditions, homodyne detection can no longer in general saturate the QCRB for parameter

estimation using Gaussian states [117]. For isothermal states with zero first order moments, it

can be shown that the maximum achievable classical Fisher information for any measurement

scheme consisting of a set of arbitrary Gaussian operations followed by homodyne detection

is given by

FHom(θ) =
1 + ν2

2ν2
I(θ). (5.26)
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For phase estimation using TMSV under lossy conditions, this gives

FHom(θ) =
N(N + 2)(ηpηd)

2

1 + 2N(1− ηpηd)ηpηd
. (5.27)

Our proposed scheme for phase estimation with TMSV employs photon-counting detec-

tion. I have analysed this scheme using a similar model experimental setup as for HB(K)

states (Fig. 5.4), in which losses in both preparation and detection are considered. This

scheme is not dissimilar to that considered by Ref. [123], although there the authors post-

selected on only a single detection outcome and neglected the effects of loss. In this more

general analysis, I consider all possible detection outcomes, and find that it should be pos-

sible to achieve a sub-SQL precision given a realistic loss budget, assuming the experimental

state of the art.

I start (at point 1 in Fig. 5.4) with the initial two-mode state (equivalent to Eqn. 1.70

with λ = tanh(r))

|ψ〉1 =
√

1− λ2
∞∑

N=0

λN |N〉a |N〉b . (5.28)

The corresponding density matrix is given by σ̂1 = |ψ〉1 〈ψ|. I now follow the same procedure

as for HB states in Section 5.1.1. Loss is incorporated by mixing each mode with vacuum

loss modes ϑ̂, labelled c and d respectively, and tracing over these modes. This gives (at

point 2 in Fig. 5.4)

σ̂2 = ÛBS
ab (1/2) ◦ Trcd

[
ÛBS
ac (ηpηd) ◦ ÛBS

bd (ηpηd) ◦ (σ̂1 ⊗ ϑ̂c ⊗ ϑ̂d)
]
. (5.29)
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Finally, adding the phase θ and the second beam splitter gives (at point 4 in Fig. 5.4) the

output state

σ̂4 = ÛBS
ab (1/2) ◦ (P̂a(θ)⊗ 1) ◦ σ̂2. (5.30)

The probability of detecting m and n photons in modes a and b is then given by

〈m,n| σ̂4 |m,n〉 . (5.31)

Fig. 5.5 shows the achievable error for the PNRD measurement scheme, given specified

preparation efficiencies ηp and detection efficiencies ηd (simple analytic expressions for the

classical Fisher information were not obtained). As shown in Chapter 3, our transition-edge

detectors have estimated quantum efficiencies of 98% (+2%/−8%). Additionally, SPDC

source preparation efficiencies above 80% have been demonstrated [42,47,91]. We are currently

working to integrate such a high-preparation-efficiency source based on Eckstein et al.’s

design [47] with our detectors. Comparing these efficiencies to the results of these calculations

therefore suggests that we may soon be in a position to be able to carry out a sub-SQL phase

estimation experiment using this scheme.
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a) b)

c) d)

Figure 5.5: a), b) Ratio of the achievable error for the PNRD measurement scheme to the SQL
for specified preparation efficiencies ηp and detection efficiencies ηd, plotted for different levels of
squeezing of the SPDC source (blue). The ratio is given such that such that a bigger ratio implies
a greater advantage. Also plotted are the ratios of the QFI to the SQL (orange), and for reference,
the FI for homodyne detection to the SQL (green dashed). As can be seen, under anticipated
experimental conditions, the quantum enhancement is largest for small squeezing levels. In c) and d)
the squeezing level is fixed at λ2 = 0.05. Plotted are the ratios between the achievable errors for our
scheme and a) the SIL and b) the SQL, as a function of the preparation efficiency ηp and detector
efficiency ηd. The red line shows the contour at which equality is achieved.



Chapter 6
Multi-parameter quantum metrology

Chapter 4 introduced the central framework of quantum enhanced metrology. For simplicity,

this initial discussion was restricted to the estimation of a single parameter. However,

almost all real world systems are characterised by many different variables, and it is often

of importance to be able to measure these parameters simultaneously. This is not a trivial

extension to single parameter estimation, and is more involved theoretically [124].

Several works have explored aspects of multiple parameter estimation from a quantum

information perspective. In the case of the estimation of parameters characterising a set of

non-commuting unitary operations, it was shown that entangled states and measurements

can attain the Heisenberg limit in the number of photons used in each probe state [125–127].

In the commuting case, the problem of estimating d phases with an ensemble of single-

photon probe states has been considered. A Bayesian approach showed that the cost of

estimation increases with the number of parameters involved [128], and a Fisher information

based approach showed that entangling two multi-level systems provides no advantage over

using a single multi-level system [129]. More recently, the error associated with estimating two

98
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phases using three and four mode interferometers (and three and four photons respectively)

has been investigated [130]. Finally, the simultaneous measurement of phase and loss [124],

and separately, phase and phase diffusion [131] have been studied.

6.1 Quantum imaging

One of the most important metrology problems to the wider research community is that of

microscopy and imaging. Producing a quantum advantage in imaging would be of significant

benefit in fields such as biology, particularly for the imaging of samples that are sensitive

to the total illumination. Various approaches to quantum imaging have been proposed,

typically exploring methods for increasing the diffraction limited resolution of optical ima-

ging systems [132–138]. A recent classical investigation of quantum enhanced imaging made

use of point estimation theory, quantifying differences between images by means of a single

parameter [139]. However, imaging is inherently a multi-parameter estimation problem, and

deeper insights can be gained by studying it as such.

As an initial exploration of quantum imaging, we have considered a simple discretised

model for phase imaging based on this approach. Phase imaging is a cornerstone of optical

microscopy (Fig. 6.1a), typically realised using the related techniques of phase contrast and

differential interference contrast imaging [140], that allows differences in refractive index to be

detected in otherwise transparent media. So far, the potential for quantum enhancements

to these techniques has yet to be explored. Our approach maps phase imaging onto the

problem of multiple simultaneous phase estimation (Fig. 6.1b).

As I will show, our results provide a strategy for the estimation of multiple phases

using correlated quantum states, in which the multi-parameter nature of the problem leads
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θ1 θ2 θ3 .....

a) b)

Figure 6.1: a) A phase contrast image (courtesy of wikipedia) b) A discretised model for phase
imaging consists of estimating a series of phases simultaneously.

to an intrinsic benefit when exploiting quantum resources. A surprising outcome of our

analysis is that our quantum strategy provides an O(d) advantage, where d is the number of

phases, over the optimal quantum individual estimation scheme of using N00N states [113].

We further show that a resource advantage can be provided over the best classical phase

estimation schemes.

6.1.1 Framework for multi-parameter metrology

In order to tackle this problem, an extension of the formalism developed in Section 4.1

is required to incorporate multiple parameters. In this case, the precision with which it is

possible to measure the vector of parameters θ is governed by the covariance matrix Cov(θ),

defined as

[Cov(θ)] l,m =
∑

ϕ

(ϕl − θl)(ϕm − θm) p(ϕ|θ), (6.1)

where ϕ represents the estimated value of θ.
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The associated multi-parameter quantum Cramér-Rao bound [141] is then given by

Cov(θ) ≥ (MIθ)−1. (6.2)

Iθ is now the quantum Fisher information matrix while M remains as the classical contri-

bution from repeating the experiment M times.1 This is a d × d sized matrix inequality

which is satisfied when Cov(θ)− (MIθ)−1 is a positive matrix.

We choose to restrict ourselves to pure states, since, as discussed previously, it is known

that pure states maximise the quantum Fisher information. The QFI matrix is therefore

given by [141,142]

[Iθ] l,m =
1

2
〈ψθ| (L̂lL̂m + L̂mL̂l) |ψθ〉 . (6.3)

where the operator L̂m is the symmetric logarithmic derivative for the parameter θm as

defined for pure states in Eqn. 4.10.

Unlike in the single parameter case, saturation of the QCRB for all parameters simul-

taneously is not guaranteed. For pure states probes, in order for this bound to be saturated

the condition Im
[
〈ψθ| L̂l L̂m |ψθ〉

]
= 0 must be satisfied [143]. This is not always the case in

multi-parameter estimation problems [124].

6.2 Multiple-phase estimation

We aim to address the question of how to estimate d independent phases most efficiently

with N photons. In order to do this, we adopt a model consisting of a d+ 1-mode interfer-

ometer with a preparation, an interaction, and a measurement stage as in Fig. (6.2). The

1In this multi-parameter scenario, a single trial has to necessarily consist of an estimate of all d phases.
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preparation stage creates an arbitrary pure input state of the form

|ψ〉 =
D∑

k=1

αk |Nk,0, Nk,1, ..Nk,d〉 ≡
D∑

k=1

αk |Nk〉 . (6.4)

The distribution of photons in a given configuration k is expressed compactly by a vector

Nk, composed of individual components Nk,m that give the number of photons in mode m,

such that
∑d

m=0Nk,m = N . D = (N + d)!/N !d! is the number of distinct configurations

of distributing N photons across d + 1 modes. Exploiting the global phase freedom of the

problem, we choose the mode labelled 0 as our reference mode and therefore the modes

registering the phases are labelled {1, · · · , d}. To each of these configurations, we associate

a complex amplitude αk. The state is normalised by requiring that
∑D

k=1 |αk|2 = 1.

. . . . 
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Figure 6.2: We consider the simultaneous estimation of d phases using a setup consisting of state
preparation (green), independent phase application in each mode (blue) and state measurement
(purple).

The input state acquires a phase through the unitary transformation Ûθ = ei
∑d
m=1 N̂mθm ,

where θm is the phase accrued and N̂m the number operator for mode m. Denoting θ =

{θ1, · · · , θd}, the evolved state is given by

|ψθ〉 = Ûθ |ψ〉 =
D∑

k=1

αke
iNk.θ |Nk〉 . (6.5)
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6.2.1 Bounds for multiple-phase estimation

Given our expression for the probe state after application of the phases (Eqn. 6.5), we find

L̂θl = 2
∑

i,j

i(Ni,l −Nj,l) e
i (Ni−Nj).θαi α

∗
j |Ni〉 〈Nj | (6.6)

and

L̂θlL̂θm = −4
∑

i,j,k

(Ni,l −Nj,l)(Nj,m −Nk,m)ei (Ni−Nk).θαi |αj |2 α∗k |Ni〉 〈Nk| . (6.7)

We can use these expressions to calculate the QFI

[Iθ] l,m = 4
∑

i,j

(Ni,lNi,m −Ni,lNj,m) |αi|2 |αj |2

= 4
∑

i

Ni,lNi,m |αi|2 − 4
∑

i,j

Ni,lNj,m |αi|2 |αj |2 . (6.8)

This is more neatly expressed as

Iθ = 4
∑

i

|αi|2 NiN
T
i − 4

∑

i,j

|αi|2 |αj |2 NiN
T
j . (6.9)

Since we are interested in purely quantum enhancements, we henceforth set M = 1 in

Eqn. (6.2). Then taking the trace of both sides gives a lower bound on the total variance of

all the phases estimated

|∆θ|2 ≡
d∑

m=1

δθ2m ≡ Tr [Cov(θ)] ≥ Tr
[
I−1θ

]
. (6.10)
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Additionally, in order to determine whether it is possible to saturate this bound, we calculate

〈ψθ| L̂θlL̂θm |ψθ〉 = 4
∑

i,j

(Ni,lNi,m −Ni,lNj,m) |αi|2 |αj |2 . (6.11)

It is clear that this is real for all l,m and θ and thus the QCRB can be saturated for the

estimation of multiple phases simultaneously.

6.2.2 Optimal probe states

Here we consider three different scenarios in turn. We start with the case of simultaneous

multiple-phase estimation, before considering the estimation of each phase simultaneously.

Finally we consider the case of phase estimation using only classical resources.

Simultaneous quantum multiple-phase estimation

It is interesting to note that the diagonal elements [Iθ] l,l reduce to the variance in the

occupation of mode l:

[Iθ] l,l = 4
∑

i

N 2
i,l |αi|2 − 4 (

∑

i

Ni,l |αi|2) 2 (6.12)

= 4(
〈
N2
l

〉
− 〈Nl〉2). (6.13)

In the single-parameter case, this is the origin of the enhanced precision of N00N states, since

for these states this variance scales as N2. This suggests that states with a large photon

number variance in each mode should also be optimal for multiple phase estimation. Based

on this intuition, we consider a generalisation in which our quantum probe is a coherent

superposition of N photons in one of the modes and none in any of the other d modes.
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Due to the symmetry of our problem over the d modes in which we choose to estimate the

phases, we specifically consider the quantum probe

|ψ〉 = α (|0, N, 0, .., 0〉+ |0, 0, N, .., 0〉 ..+ |0, 0, .., N〉) + β |N, 0, 0, .., 0〉 (6.14)

with the constraint that dα2 + β2 = 1. For these states, the QFI matrix can be found using

Eqn. (6.9). As the QFI only depends on the amplitude of α and β, we assume that they

are real without loss of generality. Under this assumption, β is uniquely determined by the

normalisation condition and is therefore no longer an independent variable. We therefore

find that

[Iθ] l,m = 4N2 (δl,m α
2 − α4). (6.15)

The minimum total variance in Eqn. (6.10) can be found by minimising Tr
[
I−1θ

]
via

differentiation with respect to α, giving

|∆θs|2 =
(1 +

√
d)2 d/4

N2
(6.16)

for α = 1/
√
d+
√
d. We label the corresponding probe state as |ψs〉, which has the form

|ψs〉 = 1√
d+
√
d

(|0, N, 0.., 0〉+ |0, 0, N, .., 0〉 ..+ |0, 0, .., 0, N〉)

+ 1√
1+
√
d
|N, 0, 0, .., 0〉 . (6.17)
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Independent quantum multiple-phase estimation

This bound should now be compared to the variance of estimating the d phases θ using d

separate interferometers independently using optimal N00N states.

We first determine the best strategy for the estimation of two phases with an even total

number of photons 2n, using n − x and n + x photons for each phase to be estimated

respectively. Since, for a N00N state, the variance for estimating a single phase using m

photons is 1/m2, we find that the total variance for estimating the two independent phases

is

|∆θ|2 =
1

(n+ x)2
+

1

(n− x)2
. (6.18)

This has a minimum when

∂x |∆θ|2 = −2

(
1

(n+ x)3
− 1

(n− x)3

)
= 0

⇒ 3xn2 + x3 = 0. (6.19)

The only real root occurs when x = 0. Therefore the minimum error is achieved when the

number of photons used to estimate each phase is the same (n).

For an odd number 2n+ 1 of photons, using n− x and n+ x+ 1 photons for each mode

respectively, we find

|∆θ|2 =
1

(n+ x+ 1)2
+

1

(n− x)2
. (6.20)
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This has a minimum when

∂x |∆θ|2 = −2

(
1

(n+ x+ 1)3
− 1

(n− x)3

)
= 0

⇒ (1 + 2x)(x2 + x+ 3n2 + 3n+ 1) = 0. (6.21)

This only has a real root for x = −1/2. Therefore the minimum realisable error is achieved

when using n and n + 1 photons or symmetrically, n + 1 and n photons to estimate the

respective phases.

Since this is the case for the estimation of two phases, it can be seen that a similar

pairwise comparison could be carried out for different phases in a d > 2 phase estimation

problem. In each case, if there is an imbalance of more than 1 photon between the re-

sources employed to estimate each phase, a smaller error can be achieved by re-balancing

the resources between the phases. This will eventually lead to the optimal phase estimation

strategy in which the photons are divided as evenly as possible between all of the phases.

More specifically, if N photons are used, we define n as the quotient of N/d and r as the

remainder. The best strategy employs n + 1 photons to estimate each of r phases, and n

photons to estimate each of the other d− r phases. Therefore

|∆θ|2 =
d− r
n2

+
r

(n+ 1)2
. (6.22)

Here we show that the approximate expression given by assuming that N is divisible by

d, denoted here as |∆θapprox|2, always gives a better than (or equal to) estimate of the error
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achievable using N00N states as the exact derivation.

|∆θapprox|2 = d

(
d

N

)2

= d

(
d

nd+ r

)2

(6.23)

(|∆θapprox|2 − |∆θ|2) ∝ d3n2(n+ 1)2 − (nd+ r)2((n+ 1)2(d− r) + rn2)

= (r − d)(r + 2nr + 2nd+ 3n2d) (6.24)

∴ (|∆θapprox|2 − |∆θ|2) < 0, (6.25)

since r < d. Thus the approximate expression gives a better error than is actually achievable,

with equality if and only if N is exactly divisible by d. This lower bounds the total variance

for independent quantum multiple-phase estimation as

|∆θind|2 = d3/N2. (6.26)

Classical multiple-phase estimation

In a classical strategy where the probe is restricted to uncorrelated coherent states of the

form ⊗di=1 |αi〉, such that
∑d

i=1 〈αi| N̂i |αi〉 = N , a similar argument shows that the total

variance is bounded by

|∆θclas|2 = d2/N. (6.27)

Comparing simultaneous and individual strategies

As expected, both the quantum strategies follow the Heisenberg scaling in the total number

of photons for the total variance. However, the quantum simultaneous strategy has an
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Figure 6.3: Strategies for multiple phase estimation using N = 16 photons. The red line gives the
total variance |∆θs|2 for the quantum simultaneous strategy using the states |ψs〉, the blue dashed

line gives the variance |∆θind|2 achievable using N00N states, and the cyan dashed line gives the

variance |∆θclas|2 for an equivalent classical state.

additional advantage over the others. Comparing the three bounds, we find

|∆θs|2 ≤ |∆θind|2 ≤ |∆θclas|2 , (6.28)

where the first inequality is strict for d > 1, and the second for d < N. As typical instances

would consist of many more photons than the number of parameters to be estimated, we are

guaranteed that our strategy of simultaneous quantum estimation is better than individual

estimation. Furthermore, the advantage, shown in Fig. (6.3), over the best quantum strategy

of independent estimation improves linearly with the number of phases, scaling as 1/4d. This

is our main result.

The advantage of simultaneous quantum phase estimation using |ψs〉 (Eqn. 6.17) is O(d).

However, this linear advantage is not unique. For example, setting α = β = 1/
√
d+ 1

in Eqn. (6.14) provides a slightly different probe state |ψw〉 that has a total variance of

|∆θ|2 = d(d+ 1)/2N2, providing a scaling enhancement of 1/2d.

|ψw〉 = 1√
d+1

(|N, 0, 0.., 0〉+ |0, N, 0, .., 0〉 ..+ |0, 0, .., 0, N〉) (6.29)
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This state therefore preserves the O(d) scaling improvement over individual phase estima-

tion, and provides a total variance within a factor of 2 of that of the optimal state for large

d. In an actual experiment, it may be easier to produce this balanced probe state, in which

the phase and reference mode amplitudes are the same.

One might further wonder if |ψs〉 provides the maximum possible advantage that can be

obtained by quantum probes of the form Eqn. (6.4). We do not have an analytic proof that

this is the case, and numerical searches are hampered by the unfavourable scaling in the

number of state configurations D, since in the limit of large N, d, this is D ∼ 2(N+d)S , where

S is the binary Shannon entropy of d/(N + d). We have, however, performed a numerical

optimisation to find the states with the minimal total variance in the parameter ranges

d = 1 : 6, n = 1 : 6 and found that the optimal states are always |ψs〉.

The definition of a trial is central for a proper accounting of resources and therefore

for identifying any quantum advantages. We have defined a trial to consist of a complete

characterisation of all d phases using N photons. Alternative definitions can be considered,

such as when a trial simply consists of a single illumination of the sample with N photons,

with freedom to use these photons differently in each trial. In the latter case, an alternative

strategy of using all N photons to estimate a single phase in a given trial, switching through

the phases to be estimated in each trial, can also produce an O(d2) scaling in the variance.

Now, however, Nd photons are required in order to provide one set of estimates for the

phases, this will lead to d fewer trials per phase, and therefore a factor 1/d slower convergence

to the Cramér-Rao bound.
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6.2.3 Optimal measurements to saturate the QCRB

We now turn to the problem of identifying measurements that can realise quantum advant-

ages in multi-phase estimation. Although we know that the QRCB can be saturated in

principle, it is important to identify the measurements that allow us to do so in practise. As

in the single-parameter case (Eqn. 4.5), it is possible to evaluate the performance of different

measurement strategies through the calculation of the Fisher Information (FI) matrix [95]

[Fθ] l,m =
∑

k

∂θlp(k|θ) ∂θmp(k|θ)

p(k|θ)
. (6.30)

It is known that the single parameter QCRB, and the multi-parameter QCRB in a pure-

state model can always be saturated [95,143]. In the former case, the optimal measurements

are given by the SLDs, while in the latter case, Matsumoto [143] presented a POVM with

d+ 2 projectors that attains the QCRB. Here we present another method for finding a set

of POVM elements that saturates the QCRB at a specific point in the space of θ. This

requires a complete POVM {Π̂k} in which one element is a projector onto the output state

|ψθs〉 (Eqn. 6.5) associated with the arbitrarily chosen, but specific θs at which we want the

QCRB to be saturated.

To distinguish the initial POVM element associated with the probe eigenstate from the

others, we label it as the k = 1 element Π̂1 = |ψθs〉〈ψθs |. Our POVM is in fact a PVM

(projection-valued measure), and so the other elements Π̂k are also projectors, such that

Π̂k = |βk〉〈βk|. Therefore
∑

k Π̂k =
∑

k 6=1 |βk〉〈βk| + |ψθs〉〈ψθs | ≡ 1 where 1 is the identity

matrix. We further note that our proof will require that, for all of these k 6= 1 POVM

elements, Π̂k |ψθs〉 = 0, i.e. Π̂0 is orthogonal to all of the other Π̂k.
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We first note that, for a pure state, the quantum Fisher information (Eqn. 6.3) can also

be expressed as

[Iθ] l,m = 4 Re [〈∂θlψ| ∂θmψ〉 − 〈∂θl | ψ〉 〈ψ| ∂θm〉]. (6.31)

For a measurement using a given set of POVM elements {Π̂k}, the corresponding classical

Fisher information is given by

[Fθ] l,m =
∑

k

∂θlp(k|θ) ∂θmp(k|θ)

p(k|θ)
(6.32)

=
∑

k

∂θl 〈ψ| Π̂k |ψ〉 ∂θm 〈ψ| Π̂k |ψ〉
〈ψ| Π̂k |ψ〉

(6.33)

=
∑

k

(〈∂θlψ| Π̂k |ψ〉+ 〈ψ| Π̂k |∂θlψ〉)(〈∂θmψ| Π̂k |ψ〉+ 〈ψ| Π̂k |∂θmψ〉)
〈ψ| Π̂k |ψ〉

. (6.34)

Since {Π̂k} are Hermitian, this can be simplified to

[Fθ] l,m =
∑

k

4Re[〈∂θlψ| Π̂k |ψ〉] Re[〈ψ| Π̂k |∂θmψ〉]
〈ψ| Π̂k |ψ〉

. (6.35)

In order to calculate [Fθs ] l,m, we need to evaluate this expression at θs. We first consider

the component contributed by the element Π̂1 = |ψθs〉〈ψθs |. This is simply given by

4 Re[〈∂θlψθs | ψθs〉] Re[〈ψθs | ∂θmψθs〉]
1

. (6.36)

It is easy to show that Re[〈∂θmψ| ψ〉] = 0 for any parameter θl
[144], which implies that the

above expression also equals zero.

To evaluate the contributions of the other POVM elements as the phase tends to θs, we
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are forced to consider their limiting values, since the denominator of the components tends

to zero at θs. We therefore evaluate [Fθ] l,m for our probe state when the system phases

are displaced from θs by a small change in the phase δθj in an arbitrarily chosen mode j.

This allow us to express our state to first order as |ψ〉 = |ψθs〉+ δθj
∣∣∂θjψθs

〉
. We again note

that, for these k 6= 1 POVM elements, we require Π̂k |ψθs〉 = 0. Expanding our expression

for the FI, we find

[Fθs ] l,m = 4 lim
δθ→0

∑

k 6=1

4 δθiδθj Re[〈∂θlψθs | Π̂k |∂θiψθs〉] Re[〈∂θmψθs | Π̂k

∣∣∂θjψθs
〉
]

δθiδθj 〈∂θiψθs | Π̂k

∣∣∂θjψθs
〉 . (6.37)

Expanding Π̂k as |βk〉 〈βk|, a sufficient condition to saturate the bound is that for each

k, 〈∂θmψθs | βk〉 is either real for all m or imaginary for all m. We will demonstrate below

that this can always be satisfied. For the moment assuming that this is the case, the Fisher

information can be expressed as

[Fθs ] l,m = lim
δθ→0

∑

k 6=1

4 δθiδθj 〈∂θiψθs | βk〉 〈βk| ∂θlψθs〉 〈∂θmψθs | βk〉
〈
βk
∣∣ ∂θjψθs

〉

δθiδθj 〈∂θiψθs | βk〉
〈
βk
∣∣ ∂θjψθs

〉 . (6.38)

This can be trivially rearranged to

[Fθs ] l,m = lim
δθ→0

∑

k 6=1

4 δθiδθj 〈∂θmψθs | βk〉 〈βk| ∂θlψθs〉 〈∂θiψθs | βk〉
〈
βk
∣∣ ∂θjψθs

〉

δθiδθj 〈∂θiψθs | βk〉
〈
βk
∣∣ ∂θjψθs

〉 . (6.39)

Therefore

[Fθs ] l,m = 4
∑

k 6=1

〈∂θmψθs | βk〉 〈βk| ∂θlψθs〉 . (6.40)
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Using
∑

k 6=1 |βk〉〈βk| = 1− |ψθs〉〈ψθs |, this gives

[Fθs ] l,m = 4 Re[〈∂θlψθs | ∂θmψθs〉 − 〈∂θlψθs | ψθs〉 〈ψθs | ∂θmψθs〉]. (6.41)

Comparing this with Eqn. 6.31, we find that the expressions for the quantum and classical

Fisher information matrices for the specific set of phases θs are the same. Since this is the

case, as long as the condition on the commutativity of the SLDs is also satisfied, these

elements must be capable of saturating the QCRB at this point.

It is of course necessary to determine whether the constraint on 〈∂θmψθs | βk〉 can be

satisfied. Noting again that Re[〈∂θmψ| ψ〉] = 0 for any parameter θm
[144], |∂θmψθs〉 can be

expressed as
∑D

x=1 i γm,x αx,θs |Nx〉 where, as in Eqn. 6.4, |ψθs〉 is expanded in the number

state basis such that |ψθs〉 =
∑D

x=1 αx,θs |Nx〉, and where γm,x are real parameters.2

It is therefore straightforward to construct a suitable POVM set such that 〈∂θmψθs | βk〉

are either real or imaginary for all θm. This can be achieved by ensuring that |βk〉 =

∑D
x=1 βk,x e

− arg(αx,θs ) |Nx〉, where βk,x are also real (or imaginary, if real 〈∂θmψθs | βk〉 are

desired). The constraint that βk,x are real (or imaginary) can be satisfied for POVM sets

constructed through, for example, a Gram-Schmidt process.

One such construction, for the probe |ψw〉 (Eqn. 6.29) and θs = 0, is given by {Π̂k} =

{|βk〉〈βk|} where |βk〉 =
∑

m βk,x |N′m〉 and |N′m〉 is the configuration with N photons in

2Re[〈∂θmψ| ψ〉] = 0 must hold for any choice of initial state ψ = αx |Nx〉. This can only be the case
if each number state basis element in |ψθs〉 (after phase evolution), αx,θs |Nx〉, has only imaginary overlap
with the corresponding element in |∂θmψθs〉.
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mode x and no photons in any other mode. The component amplitudes are given by

βk,x =





√
(k−2)!
(k)! , x ≤ k − 1;

−
√

k−1
k , x = k;

0, x > k,

(6.42)

for k = 2, · · · , d + 1 and x = 1, · · · , d + 1. The additional k = 1 state is given by β1,x =

1/
√
d+ 1. An explicit construction for d = 3 is given in Table 6.1. A similar set of projectors

can also be obtained for |ψs〉 (Eqn. 6.17), this is shown in Table 6.2.

Table 6.1: Phase measurement projectors |βk〉 onto the d+1 basis state components of the balanced
|ψw〉, with βk,x as defined in the main text. The first mode is the reference mode. Shown here are the
projectors for measuring d = 3 phases, constructed so that the measurements saturate the QCRB
when θ = [0, 0, . . . , 0].

k βk,1 βk,2 βk,3 βk,4

1 1
2

1
2

1
2

1
2

2 − 1√
2

1√
2

0 0

3 − 1√
6
− 1√

6

√
2
3 0

4 − 1
2
√
3
− 1

2
√
3
− 1

2
√
3

√
3
2

Table 6.2: Equivalent optimal phase measurement projectors for the optimal state |ψs〉.

k βk,1 βk,2 βk,3 βk,4

1 1√
1+
√
3

1√
3+
√
3

1√
3+
√
3

1√
3+
√
3

2 −
√√

3−1
2

√
3−
√
3

2 0 0

3 −33/4
√√

3−1
3+
√
3

−
√

3(
√
3−1)

3+
√
3

√√
3− 1 0

4
√

1
2

(
3
√

3− 5
) √

1
6

(
9− 5

√
3
) √

1
6

(
9− 5

√
3
)
−
√

1
6

(
3 +
√

3
)

As can be seen, the probability pk(θ) =
∣∣∣〈ψw| Ûθ |βk〉

∣∣∣
2

associated with each outcome is
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transparently related to the phases, with p2 involving only θ1, p3 only θ1, θ2 and so on. This

suggests that an estimator could be easily created that would allow one to determine the

probability distribution for the phases given a set of experimental outcomes.

For these POVM sets, the saturation of the QFI stems from the strong contribution to

the Fisher information of outcomes with low probabilities, since the relative change in the

frequency of these outcomes can be much larger than for outcomes with high probability.

As θ tends to θs, the |ψs〉 〈ψs| element has an outcome probability that tends to unity, while

the other POVM elements give vanishing probabilities associated with their measurement

outcomes. This makes the outcome distribution especially sensitive to small displacements

from θs. There is however a caveat to this: although the proof only requires the POVM set to

consist of a minimum of two elements, one expects that d linearly independent measurement

outcomes are needed to estimate d parameters. For sets with fewer elements than this, there

is not enough information available to uniquely determine the values of each phase. Instead,

a hyper-surface is defined within the parameter space upon which each point is consistent

with the measured set of outcomes. The position of this hyper-surface can be known very

accurately (due to the high precision implied by the QFI), but it will be impossible to

determine where on the hyper-surface the system is. With sufficient POVM elements, this

degeneracy can be lifted so that this hyper-surface is reduced to a unique point in the

parameter space.

6.2.4 Realistic probes and measurements

The optimal probe states and measurements involve quantum correlated states that may be

challenging to implement in practise. In this section, we present examples of probe states
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that may be relatively easier to prepare, and show that the enhancements predicted earlier

are achievable using realistic measurements.

For single parameter estimation, it was shown that the Holland-Burnett (HB) state [76,101],

generated by interfering two pure N photon states on a 50/50 beam splitter, can also lead

to a 1/N2 Heisenberg scaling in estimation. This state is significantly easier to generate

than the ideal N00N state since it does not rely on the use of optical non-linear interactions

or quantum gates. Further, these states are also known to be close to optimal with respect

to losses in the quantum sensor.

We consider a multi-mode generalisation of these states, generated by means of Four-

ier multi-port devices that implement a (d + 1 dimensional) quantum Fourier transform

(QFT) [106,130,145]

âk → (d+ 1)−1/2
∑

m

ωmk âm,where ω = exp

(
i

2π

(d+ 1)

)
. (6.43)

For two modes a QFT is equivalent to a 50/50 beam-splitter. As in the creation of HB

states, n photons are input into each mode of the QFT device, leading to an N = n(d+ 1)

photon state output, that we denote HB(n, d). This state is then used for phase estimation.

Our results include as a special case recent work by Spagnolo et al. [130] which explored the

QFI associated with this device for the specific case of d = 2, 3 with n = 1.

Fig. (6.4) shows numerical calculations of the expected variance of estimation for these

states, calculated from the QCRB (Eqn. (6.10)). Our calculations suggest that the HB(1, d)

states give the closest performance to the probe |ψs〉 previously considered. As the number

of photons input into each mode is increased, the variance of estimation moves away from
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that achievable using |ψs〉 , and approaches the error for simultaneous phase estimation using

N00N states. The observed decrease in performance of the HB(n, d) state is because the

probability amplitude associated with the terms in which the photons are highly bunched

in one mode decreases significantly with n and d [146], and it is these terms that are most

sensitive to the phases in the interferometer. It is also this property, however, that ensures

that these states are robust against loss in the single phase case [76], something that is not

a property of the NOON states. The degree to which multi-phase estimation can be loss-

tolerant is not yet known.

Although HB(n, d) states do not perform as well as comparable |ψs〉 probe states, they

do at least as well as N00N states, which are just as challenging to prepare as |ψs〉 states.

The ease of experimental generation of multi-mode HB states may make them an attractive

candidate for multiple phase estimation protocols. This is particularly the case for n = 1

states, which could be produced using heralded single photons, and demonstrate the best

comparative performance over N00N states of the same photon number.

In addition to the challenges of optimal state preparation, the optimal measurements

involve projections onto complex multi-photon states, and thus they may not be experiment-

ally feasible. It is therefore important to show that an experimentally realistic measurement

scheme exists that can achieve or approach the QCRB. We calculated numerically the vari-

ance of the phase estimation given by the classical Fisher information for HB(n, d) states

using a detection scheme in which the different modes are combined using a balanced Four-

ier multi-port device, followed by ideal photon-number-resolving detectors (PNRD). Since

the probability of different combinations of detector outcomes depends on the phases, a

maximum likelihood scheme could in principle be used to estimate the phases given a set
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Figure 6.4: a) Realistic probes: The green line gives numerical calculations of the total variance
from the QCRB for the simultaneous estimation of 4 phases using HB(n, 4) states as a function of
n. For comparison, the blue and red dashed lines give the QCRB for equivalent N00N and |ψs〉
states respectively. b) Realistic measurements: The green dots show the total variance for the
simultaneous estimation of d phases using a HB(1, d) state and a measurement apparatus consisting
of a Fourier multi-port followed by PNRDs. The green line gives the QCRB variance error for the
same HB(1, d) state, while the blue and red dashed lines again give the QCRB for equivalent N00N
and |ψs〉 states respectively.

of measured detector outcomes. As the accuracy of estimation is dependent on the value

of θ, numerical optimisation over the phases was used determine the minimum possible er-

ror. Calculations were carried out for the multi-mode HB(1, d) states (the class of HB(n, d)

states that exhibited the best performance), and are shown in Fig. (6.4b). The calculated

variance is comparable to the QFI, and below that achievable using N00N states.
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6.3 Conclusions

Our analysis of imaging as a multi-parameter estimation problem presents an alternative

approach to the typical methods based on enhancing diffraction limits, and may be of

interest for other quantum enhanced imaging problems. In addition, our results should be

of wide interest as many problems, such as strain sensing, range finding and gravitational

wave detection can be recast as optical phase estimation [17].
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Chapter 7
Linear-optical quantum computing

The development of increasingly sophisticated techniques for coherent quantum control of

quantum systems has become synonymous with the tantalising prospect of building a uni-

versal quantum computer. This goal is a long term one, and it is still not clear which of

several potential systems will prove to be capable of realising universal quantum computa-

tion [147]. This motivates the continued development of different approaches in parallel, with

each standing to gain from the advances in techniques and understanding developed in the

others. In this chapter, I will briefly introduce the key ideas in quantum computing and

discuss different potential models for so-called linear-optical quantum computing, (LOQC)

which uses only electromagnetic fields and the interaction Hamiltonian introduced in Sec-

tion 1.4. This will lay the foundations for a more comprehensive discussion of LOQC using

time-frequency modes.

122
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7.1 The quantum circuit model

As is the case with classical computing, quantum computing is often framed in terms of a

circuit model. In this picture, specific controlled unitary interactions (quantum gates) are

applied to a specific set of input quantum states in order to implement a desired protocol.

After the full set of quantum gates has been applied, the results of the computation are

determined by measuring the output quantum states. Any realistic model for a quantum

computer will also require additional measurements to be made throughout the computation

process in order to correct errors that will inevitably arise due to imperfect operations.

In the quantum circuit model, information is most commonly encoded using the smallest

possible units of quantum information, quantum bits or qubits [25]. Qubits are a superpos-

ition of two logical states |0〉 and |1〉 (where I have used a bold font to distinguish the

notation for logical states and photon number states)

|ψ〉qubit = α |0〉+ β |1〉 . (7.1)

As a quantum state, the qubit has a global phase that cannot be measured; I can exploit

this phase freedom to make α real. With this convention, a useful method of visualising the

state of single qubits is as a vector on the Bloch sphere. This can be seen by parameterising

|ψ〉 as

|ψ〉qubit = cos(θ) |0〉+ eiφ sin(θ) |1〉 . (7.2)

With this parametrisation, θ and φ give the spherical polar coordinates of the state
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on the Bloch sphere, as shown in Fig. 7.1.1 Arbitrary single qubit operations therefore

correspond to rotations around this sphere.

Z

X

Y

Figure 7.1: A single qubit can be represented as a point on the Bloch sphere

Vector notation

In addition to the Bloch sphere representation, it is often helpful to represent the state of

the (pure) qubit in Eqn. 7.1 as a vector


 α

β


 . (7.3)

1For pure states, the radial coordinate for the qubit is always one.
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This vector notation can be easily extended to multiple qubit states |ψ〉⊗n. For example,

the two-qubit state α00 |00〉+ α01 |01〉+ α10 |10〉+ α11 |11〉 is given by the state vector




α00

α01

α10

α11



. (7.4)

In this notation, unitary operations between logical states can be represented as matrices

operating on state vectors. I will employ this representation in the following chapters.

Single qubit operations

The Pauli matrices (together with the identity matrix) span the full vector space of 2 × 2

Hermitian matrices, and therefore often provide a useful basis in which to express single

qubit operations. Here I give these matrices, along with the conventional symbol used to

denote the operation in the quantum circuit notation, in which each qubit is denoted by a

different wire.

X : X


 0 1

1 0




Y : Y


 0 −i

i 0




Z : Z


 1 0

0 −1




(7.5)
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Exponentiating these matrices (directly equivalent to exponentiating a Hamiltonian op-

erator Ĥ to give a unitary evolution operator e−iĤt) gives the rotation operators, defined

as

X(θ) ≡ e−iθX/2 =


 cos( θ2) −i sin( θ2)

−i sin( θ2) cos( θ2)


 (7.6)

Y (θ) ≡ e−iθY/2 =


 cos( θ2) − sin( θ2)

sin( θ2) cos( θ2)


 (7.7)

Z(θ) ≡ e−iθZ/2 =


 e−i

θ
2 0

0 ei
θ
2


 (7.8)

These operators correspond to rotations around the X, Y and Z axes of the Bloch sphere

respectively.

7.1.1 Universality

Several questions naturally arise when considering any computational model. The first is

whether the quantum circuit model is universal. Universality is most generally defined as

being able to implement any unitary operation within a d-dimensional Hilbert space. For

the quantum circuit model, the input states are typically qubits; in this case an equivalent

statement of universality is being able to implement any unitary operation on n qubits.

It can be shown that the qubit quantum circuit model is universal with an appropriate

choice of quantum gates. In particular, the quantum circuit model is universal with arbitrary

single-qubit operations and an appropriate single choice of two-qubit gate [148]. The set of

arbitrary single-qubit operations consists of all operations in the SU(2) group of rotations,
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and can be decomposed in terms of the Pauli matrices as

U = Z(α)Y (β)Z(γ). (7.9)

Any such single qubit operation therefore also corresponds to a rotation around the Bloch

sphere.

Although it is possible to directly implement arbitrary single-qubit operations in many

quantum systems, arbitrary operations are incompatible with known quantum computing

error-correcting codes [25]. For fault tolerant quantum computing, it is therefore necessary

to restrict the allowed single-qubit gates to a discrete set. One possible set consists of the

Hadamard gate, the phase gate, and the π/8 gate.

Hadamard : H 1√
2


 1 1

1 −1




Phase : S


 1 0

0 i




π/8 : T


 1 0

0 eiπ/4




(7.10)

Note that the phase gate corresponds to two sequential π/8 gates, and is therefore not

required to implement arbitrary single-qubit operations. However, it is typically included

in the gate set, since it is needed in order to carry out fault-tolerant quantum computing

based on the stabilizer formalism [25].
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With this discrete set of gates, it is no longer possible to exactly implement any n qubit

unitary. Although this is the case, it can be shown that it is still possible to approximately

implement any unitary operation to an arbitrary accuracy. In this sense, this restricted

set of the Hadamard, phase, π/8 and a two-qubit gate are considered to be universal for

quantum computation.

It can be shown that almost any two-qubit gate allows for universal quantum computa-

tion [149]. However, a common choice of two-qubit gate is the controlled-not (CNOT) gate.

This gate is the quantum equivalent of the classical controlled-not gate, and simply acts to

flip the state of a target qubit if the control qubit is in the state |1〉, but leaves the target

qubit untouched if the control qubit is in the state |0〉. In the computational basis this

corresponds to the unitary matrix

UCNOT =




1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0



. (7.11)

Figure 7.2: The symbol for a CNOT gate in the circuit representation. The top line is the control
qubit. If this qubit is in the state |1〉, the state of the target qubit in the bottom rail is flipped.

A CNOT gate is equivalent to another important two-qubit gate, the controlled-Z gate

(CZ), with the addition of a Hadamard gate on one of the qubits before and after the CZ
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gate. The unitary matrix for the CZ gate in the computational basis is

UCZ =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1



. (7.12)

H H

a) b)

Figure 7.3: a) The symbol for a CZ gate in the circuit representation. b) A CZ gate between two
Hadamard gates is equivalent to a CNOT gate.

7.1.2 Efficiency

Although this set of gates is universal, and therefore any unitary can be implemented to

arbitrary accuracy, there exist unitaries that cannot be implemented efficiently - these unit-

aries require a number of gates that is exponential in the number of qubits n to approximate

to a given accuracy [25]. As with classical information theory, this implies the existence of

different complexity classes for quantum information protocols. A corollary of this result is

that there therefore exist Hamiltonians that cannot be efficiently simulated by a quantum

computer. An interesting open question is whether these Hamiltonians exist in nature,

since if they did, they could then in principle be used to perform computation beyond the

quantum circuit model [25].
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7.1.3 The DiVincenzo criteria

Any physical implementation of a quantum computer must provide the means to encode,

manipulate and measure quantum information. For the circuit model, these requirements

have been formalised into the DiVincenzo criteria [150], which state that any quantum com-

puter must provide: 2

i) A scalable physical system with well-characterised qubits;

ii) the ability to initialise the state of the qubits to a simple fiducial state, such as |0000 . . .〉;

iii) long relevant decoherence times, much longer than the gate operation time;

iv) a universal set of quantum gates;

v) a qubit-specific measurement capability.

Different potential physical implementations of a quantum computer each naturally excel

at some of these criteria; however, so far no system has been found that performs significantly

better than others in all of these respects. Quantum computers based on ions and atoms

allow for ready implementation of controlled particle interactions through electromagnetic

effects. The flip side of this is that, due to these strong mutual interactions, and through

interactions with their environment, they have historically suffered from decoherence and

problems in scalability [147]. In contrast, optical systems are appealing due to their compar-

ative resistance to dephasing, and due to the relative ease with which quantum information

can be encoded in different degrees of freedom of the electromagnetic field. Along with

these advantages comes a significant disadvantage: the resistance to dephasing from inter-

2The condensed wording of the criteria presented here is borrowed verbatim from Ref [151].
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actions with other field modes also means that it is challenging to implement the non-linear

interactions between modes that are necessary for universal quantum computation.

7.2 Discrete-variable linear-optical quantum computing

A single photon in a superposition across two modes will have the state vector

|ψ〉 = α |1, 0〉+ β |0, 1〉 . (7.13)

A qubit can be encoded in a single photon by associating the physical state |1, 0〉 with the

logical state |0〉, and the physical state |0, 1〉 with the logical state |1〉. This is termed a dual-

rail encoding for quantum information, since the logical state of the qubit is determined by

which mode the single photon occupies. Here I will discuss linear-optical quantum comput-

ing based on this encoding.3 I will consider an abstract set of electromagnetic field modes,

assuming the ability to implement phase shifter and beam splitter interactions without con-

cerning ourselves with the particular details of any given optical scheme. For this discussion,

I will also assume the ability to generate single photons as required, while noting that this

is a significant technical challenge in its own right [74].

7.2.1 Single qubit gates

In the dual-rail encoding, arbitrary single qubit operations can be implemented using two

phase shifters and a beam splitter (Section 1.4.1). Now that we have developed the appropri-

ate notation, it can be seen that this is because phase shifters correspond to Z(θ) rotations,

3It is also in principle possible to implement linear-optical quantum computing using a single-rail encoding,
in which vacuum represents |0〉 and 1 photon represents |1〉. In this case, two-qubit gates are trivial and
deterministic but single qubit gates require non-linear operations [8].
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while beam splitters correspond to Y (θ) rotations (up to global phase factors). It is there-

fore possible to implement arbitrary rotations using the decomposition Z(α)Y (β)Z(γ). This

enables straightforward application of all of the gates in the universal gate set introduced in

Section 7.1.1, bar the two-qubit gate. It might seem inefficient to restrict ourselves to these

operations when it is possible to implement arbitrary single-qubit operations. However, as

I previously discussed, it is necessary to restrict the gates used in order to employ known

fault-tolerant quantum computing schemes.

7.2.2 Two-qubit gates

Although single-qubit operations are easily implemented in this dual-rail encoding, two-

qubit operations are significantly more challenging since photons do not directly interact

with each other. It is, in principle, possible to induce effective two-qubit interactions through

the matter mediated nonlinear cross-Kerr effect (which induces the interaction Hamiltonian

HCK = (â†)2â2 ). However, creating a sufficiently strong nonlinear two-photon interaction

in a scalable, low-loss fashion has not proven possible to date. This is an area of active

research [152]. As an example of the state-of-the-art, Firstenberg et al. [153] used rubidium

atoms in highly excited Rydberg states as a non-linear medium, inducing a non-linear phase

shift between two single photons that exceeded one radian. However, this phase shift was

accompanied by significant absorption (of order 50%) and required a magneto-optical trap

to cool the rubidium vapour. Further work is therefore needed to extend this to transmission

levels at which quantum non-linear optics will become feasible.

For some time, the lack of a usable two-photon interaction seemed to be an insurmount-

able difficulty for universal photonic quantum computers. However, in 2001, Knill, Laflamme
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and Milburn (KLM) showed that it was in principle possible to create a two-photon gate

using only linear-optical elements and extra ancilla photons [154]. This is possible due to

quantum interference between indistinguishable photons that only manifests itself in their

correlation functions. The prototypical example of this effect is Hong-Ou-Mandel (HOM)

interference [69].

Hong-Ou-Mandel interference

I briefly introduced Hong-Ou-Mandel interference between single photons when discussing

the integrated strain-optic stressor in Section 2.2.2. Here I will explain this effect in more

detail.

Consider two field modes j and k coupled by a balanced beam splitter. As introduced in

Section 1.4.1, in the Heisenberg picture this leads to evolution of the annihilation operators


 âj

âk


→ 1√

2


 1 1

−1 1




 âj

âk


 . (7.14)

Consider a single photon input in mode j (using the state notation |nj , nk〉)

|1, 0〉 = â†j |0, 0〉 (7.15)

→ 1√
2

(â†j + â†k) |0, 0〉 (7.16)

=
1√
2

(|1, 0〉+ |0, 1〉). (7.17)

As would be expected, the photon exits the beam splitter in a superposition of the two

output modes. Similarly, a single photon in mode k will also exit in a superposition of the



7.2 DISCRETE-VARIABLE LINEAR-OPTICAL QUANTUM COMPUTING 134

two modes

|0, 1〉 → 1√
2

(|0, 1〉 − |1, 0〉). (7.18)

Now instead consider a single photon input in each mode of the beam splitter at the same

time. Classically, and if the photos are distinguishable in any of their degrees of freedom,

one would expect the output statistics to simply be the product of the output statistics for

the single input cases. However, quantum mechanically, one finds that

|1, 1〉 = â†j â
†
k |0, 0〉 (7.19)

→ 1

2
(â†j + â†k)(−â

†
j + â†k) |0, 0〉 (7.20)

=
1

2
(â†j â

†
k + â†2k − â

†2
j − â

†
kâ
†
j) |0, 0〉 (7.21)

=
1

2
(â†2k − â

†2
j ) |0, 0〉 (7.22)

=
1√
2

(|0, 2〉 − |2, 0〉). (7.23)

The photons always emerge from the beam splitter in the same output mode. This counter-

intuitive “interference without interaction” is due to quantum interference between the

amplitudes for the case in which both photons are reflected, and the case in which both

photons are transmitted. These two terms exactly cancel, leaving only the correlated output

terms. This is possible because of the fundamental indistinguishability of the photons; no

matter how I choose to measure the photon in the output mode, I can gain no information

on which input mode it came from, and therefore I have no way of distinguishing between

both being transmitted, and both being reflected.4 Notice that this effect is only apparent

4In a real experiment, it is necessary to ensure that the input modes couple only to each other, and that
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in the correlations between the photons: the first-order moments of the photon-number are

the same, and there is therefore the same expectation in the number of photons emitted

into each mode as in the distinguishable case.

Linear-optical two-qubit gates

These quantum interference effects can be harnessed to make a two-qubit gate. A useful

pedagogical example is the decomposition of a CZ operation using two non-linear sign shift

(NS) gates, as shown in Fig. 7.4. The NS gate acts on the photon number occupation of a

single mode. Its action, expressed in this photon number basis, is to map 5

α |0〉+ β |1〉+ γ |2〉 → α |0〉+ β |1〉 − γ |2〉 . (7.24)

Under this operation, vacuum and single photon inputs remain unchanged, while a two

photon input acquires a π phase shift.

NS

NS

Co
nt
ro
l

Ta
rg
et

Figure 7.4: A CZ gate can be decomposed in the dual rail encoding using a pair of beam splitters
and two nonlinear sign shift (NS) gates.

they therefore do not differ in polarisation, spatial-mode profile or spectral-temporal characteristics [155].
Alternatively, it can be sufficient to simply ensure that the ‘paths’ that the photons took to the detectors
are indistinguishable, for example by spectral filtering after the beam splitter, or by using a sufficiently fast
detector: this can even allow for HOM interference between photons with different central frequencies [156].

5Note that I neglect higher photon numbers as they do not arise in the circuit that we are considering.
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With this definition of a NS gate, one can now consider the action of the CZ circuit on

the different qubit input states:

• |0,0〉 - Clearly, if both photons are input in the |0〉 state, the state is trivially left

unchanged.

• |1,0〉& |0,1〉 - If one photon is in the |1〉 state, after the first beam splitter this photon

will be in a superposition across the two inner rails. Both terms of this superposition

will be left unchanged by the NS gates. Since two successive balanced beam splitters

leave a state unchanged, i.e. UBS(π/4)UBS(π/4) = 1, the photon will exit the second

beam splitter in the same rail as it started in. These input states therefore also remains

unchanged.

• |1,1〉 - If both qubits are in the state |1〉, two photons will be input into the first beam

splitter. Hong-Ou-Mandel interference will ensure that these photons exit the beam

splitter in the state |2, 0〉+ |0, 2〉. Both of these terms will acquire a π phase shift due

to the NS gates. This phase will not change the action of the final beam splitter, and

so the initial state will be output by the circuit, but with a π phase shift.

Comparing each of these possibilities with UCZ (Eqn. 7.12) shows that this circuit does

indeed implement the CZ operation for dual-rail encoded qubits.

Probabilistic NS gates

This decomposition provides a convenient remapping of the problem of implementing a CZ

operation into the problem of building non-linear sign shift gates. Unfortunately, this by

itself is not sufficient to allow for optical quantum computing, as it is not possible to build a
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deterministic NS gate with only linear-optical components. However, it is possible to build

a probabilistic NS gate based on post-selection.

Figure 7.5: Implementation of a probabilistic nonlinear sign shift (NS) gate using linear optics.

Consider the circuit shown in Fig. 7.5. The initial input state (α |0〉+β |1〉+γ |2〉)⊗|1〉⊗

|0〉 evolves under the action of the beam splitter elements to a complex entangled output

state. Upon the detection of a single photon in rail 2 and the detection of vacuum in rail 3,

it can be shown that the (unnormalised) output state in rail 3 is given by

(1− η1 + η1
√
η2)α |0〉+ (−2η1η2 + η1

√
η2 + η1 −

√
η2)β |1〉

+
√

2

(
√

2η1η
3/2
2 +

η1η
3/2
2√
2
− η1η2√

2
−
√

2η1
√
η2 +

η2√
2

)
γ |2〉 . (7.25)

Setting η1 = 1/(4− 2
√

2) and η2 = (3− 2
√

2), this simplifies to

1

2
(α |0〉+ β |1〉 − γ |2〉), (7.26)

which exactly corresponds to the input state after transformation by a NS gate.

As with all other linear-optical non-linear gates, this probabilistic-NS gate relies on

Hong-Ou-Mandel interference to entangle the state of the input photons. Since this HOM

interference is only apparent in the higher-order correlation functions of the photons, it

cannot change the marginal output statistics of |ψ〉. However, measuring the other photon
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gives access to this correlation information, which can be used to herald the probabilistic

non-linearity.

As can be seen, successful NS gate operation necessarily only occurs with probability

1/4. Therefore the CZ gate decomposition introduced in Fig. 7.4 will only succeed 1/16

of the time! Additionally, each NS gate requires an extra ancillary single photon resource.

This again seems at face value to be an insurmountable problem, since the probability of a

series of CZ gates succeeding will decrease exponentially as the number of gates increases.

The KLM scheme

The insight of Knill, Laflamme and Milburn [154] was to develop a method through which two-

qubit gates could be applied to comparatively cheap additional ancilla photons, and then,

upon success, near-deterministically mapped onto the photons encoding the computational

results. In this way, these precious photons could be protected from this probabilistic pro-

cess. By attempting the two-qubit gates upon a sufficiently large number of extra photons,

the probability of the gate succeeding on at least one pair could be brought arbitrarily

close to unity for only a polynomial increase in the number of photons needed. Therefore,

in principle, the probability of the entire computational protocol succeeding could also be

made near unity with a number of photons polynomial in the size of the problem. This

proved for the first time that efficient universal quantum computation with linear optics

was theoretically possible.

The KLM scheme still requires an extremely large overhead of photons for computa-

tion, with hundreds of thousands of single photons needed to implement a single CZ gate

with 95% probability even in completely idealised conditions [9]. Fortunately, this original
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proposal has inspired others to develop significantly more efficient protocols for LOQC.

These protocols require fewer resources, and can in principle provide full fault tolerance to

both computational errors and (crucially) photon loss. A full treatment of these different

protocols is beyond the scope of this thesis; for more information, the interested reader is

directed to a few of the review papers on this subject [8,9]. However, we will briefly introduce

an important class of protocols generally termed measurement-based quantum computing

(MBQC), and also often known as one-way quantum computing.

7.2.3 Measurement-based quantum computing

In the standard circuit model of quantum computing, an initial state is encoded on a set

of carriers of quantum information. Gates are then directly enacted upon these carriers in

an appropriate sequence, and the final state of the carriers is measured to determine the

results. As discussed above, this requires the ability to near-deterministically implement

two-qubit gates in order to ensure that the protocol succeeds with reasonable probability.

A promising alternative approach is measurement-based quantum computing [157,158]. In

order to understand how measurement-based quantum computing works, it is helpful to

consider two single qubits, the first in the arbitrary state |ψ〉 = α |0〉+β |1〉, and the second

in the state |0〉. These states are first entangled with a CNOT operation, giving the state

α |0,0〉+ β |1,1〉 . (7.27)
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If a Hadamard operation is applied to the first qubit, this is transformed to

1√
2

(α(|0,0〉+ |1,0〉) + β(|0,1〉 − |1,1〉)) (7.28)

=
1√
2

((α |0,0〉+ β |0,1〉) + (α |1,0〉 − β |1,1〉)) . (7.29)

Finally, the state of the first qubit is measured. Dependent on the outcome m (0 or 1) of

this measurement, the state of the second qubit will be projected onto

= Zm(α |0〉+ β |1〉). (7.30)

The unknown state of the first qubit has therefore been mapped onto the state of the

second qubit, modulo a known Z operation. For obvious reasons, this is often referred to as

a teleportation operation. It can be expressed as a quantum circuit:

|ψ〉 H “m”

|0〉 Zm |ψ〉

It is useful to be able to re-express this circuit using the CZ gate, as this is diagonal

in the computational basis. To do this, we can use the identity in Fig 7.3b, along with

HZ = XH. This allows us to rewrite the quantum circuit as

|ψ〉 H “m”

|+〉 HZm |ψ〉 = XmH |ψ〉

To see how this circuit is useful, consider the input state Z(α) |ψ〉
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Z(α) |ψ〉 H “m”

|+〉 XmHZ(α) |ψ〉

Since the CZ operation is diagonal in the computational basis, we can commute the Z(α)

operation through to give the equivalent circuit

|ψ〉 HZ(α) “m”

|+〉 XmHZ(α) |ψ〉

When written in this way, it becomes clear that we can reinterpret this circuit to show

that, by changing the basis in which we measure (as given by HZ(α)), we can implement an

arbitrary Z(α) operation on ψ. This is the concept underlying so-called measurement-based

quantum computing.

By adding additional entanglement links to further ancilla photons, it is possible to

extend this to encompass arbitrary single-qubit operations.

|ψ〉 HZ(α) “m”

|+〉 HZ(β) “l”

|+〉 HZ(γ) “k”

|+〉 XkHZ(γ)X lHZ(β)XmHZ(α) |ψ〉

Using Z(α)X = XZ(−α), along with our previous identities, we can manipulate the
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output of this circuit to give

= XkHX lZ((−1)lγ)HXmZ((−1)mβ)HZ(α) |ψ〉

= XkZ lHZ((−1)lγ)ZmHZ((−1)mβ)HZ(α) |ψ〉

= XkZ lXmHZ((−1)lγ)HZ((−1)mβ)HZ(α) |ψ〉

= XkZ lXmHZ((−1)lγ)X((−1)mβ)Z(α) |ψ〉 . (7.31)

This is equivalent to the single qubit transformation

|ψ〉 Z(α) X((−1)mβ) Z((−1)lγ) XkZ lXm

Note that the transformation induced by each measurement changes depending on the

previous measurement outcome. It is therefore not enough to simply keep track of all the

measurement results. Instead, each measurement basis must be adapted to compensate for

the previous results. This protocol therefore requires feed-forward control and defines a

definite direction for the quantum computation, hence it is often called one-way quantum

computing. This is very different from the standard quantum circuit model, in which each

operation is unitary and therefore reversible.

These circuits demonstrate that a chain of teleportation operations can implement ar-

bitrary single-qubit operations. By adding in entanglement links between these chains, it

is additionally possible to implement two-qubit gates. This follows trivially from the fact

that the entanglement links are equivalent to a CZ operation between two qubits. Therefore

any quantum circuit can be mapped into an appropriate series of measurements on a two-

dimensional grid of entangled qubits. This resource state is typically called a cluster state.6

6Sometimes the term cluster state is reserved for graphs with a regular structure, while the more general
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Cluster states are often represented as a graph, with qubits as nodes, and edges representing

entanglement between qubits (e.g. as shown in Fig. 7.6).

Figure 7.6: A 2D cluster-state of entangled qubits is universal for quantum computing.

Cluster-state quantum computing provides an appealing approach to LOQC, as the

burden is shifted from the near-deterministic implementation of gates to the preparation of

a large entangled resource state. It can be shown that this is significantly more resource

efficient than the KLM scheme [159]. Additionally, cluster states are naturally compatible

with highly efficient error-correcting schemes based on surface codes [160].

7.3 Continuous-variable quantum computing

So far, I have only discussed linear-optical quantum computing using discrete variable en-

codings. However, the continuous nature of the quadrature observables introduced in Sec-

tion 1.3 suggests an alternative paradigm for optical quantum information processing. In

continuous-variable quantum computing, instead of encoding quantum information in the

discrete occupation number of a field mode, it is instead encoded directly in the field quad-

ratures [18,19,161]. Anticipating the use of this approach in Chapter 9, here I will briefly

introduce the central concepts of CV quantum computing, loosely following the treatment

given in Ref. [18].

term graph state is used for any network topology. Here I choose to refer to any of these states as cluster
states.
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The continuous nature of the field quadratures allows for the encoding of ‘qumodes’,

which are a generalisation of the discrete-valued qubit to this infinite-dimensional Hilbert

space [18,20]

|ψqumode〉 =

∫ ∞

−∞
dxk ψ(xk) |xk〉 . (7.32)

This continuum of states poses a challenge when trying to define what is meant by

universality for a CV quantum computer. In the discrete-variable case (Section 7.1.1),

universality was defined as being able to approximate, to arbitrary accuracy, any unitary

operation in a given d-dimensional space with a finite number of operations. However,

as d tends to infinity, an infinite number of parameters are required to even specify a

particular unitary. For the continuous-variable case, we therefore restrict ourselves to a

subclass of operations for which we can define such a notion of universality. Motivated by

the forms of experimentally realisable operations, a common choice is the set of all unitary

operations that are a polynomial function of the quadrature operators [18]. A continuous-

variable quantum computer is then universal if it can implement any unitary of this form

with a finite number of operations.

From Section 1.4.3, we know that it is experimentally feasible to implement arbitrary

unitary transformations that are quadratic in the quadrature operators using only displace-

ment operations, phase-shifting operations, single-mode squeezing operations and beam

splitter operations. However, with only these quadratic operations, it is not possible to

construct any higher order polynomials. This set is therefore not sufficient for universal

continuous-variable quantum computing.
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Fortunately, the addition of any operator which is at least cubic in the quadrature op-

erators, i.e. any non-Gaussian operation, allows us to create arbitrary orders of polynomial

in the quadrature operators. I will not reproduce a general proof of this here, however an

insight can be gained by considering the commutation relations for operations that are cubic

in the quadrature operators:

[x̂3, x̂np̂m] =
3mi

2
x̂n+2p̂m−1 + additional lower order terms, (7.33)

[p̂3, x̂np̂m] =
−3ni

2
x̂n−1p̂m+2 + additional lower order terms. (7.34)

Therefore, if one can implement the operation [x̂3, x̂np̂m] or [x̂3, x̂np̂m], one can raise a

transformation from order n+m in the quadrature operators to order n+m+ 1. This can

be achieved by using the approximate identities for the application of two Hamiltonians Â

and B̂ for periods of duration δt� 1 (where as previously I have set ~ = 1), [149,162]

e−iÂδte−iB̂δteiÂδteiB̂δt = e[Â,B̂]δt2 +O(δt3), (7.35)

eiÂδteiB̂δteiB̂δteiÂδt = ei(Â+B̂)δt +O(δt3). (7.36)

With these approximate identities, it can be seen that a polynomial of any desired order in x̂

and p̂ can be constructed by repeated application of a cubic quadrature operation. This can

be extended to show that similar commutation relations exist for any operation that is at

least cubic in the quadrature operators, and hence any non-Gaussian operation is sufficient

for universal quantum computing [18,163]. This is analogous to the discrete-variable case, in

which it is sufficient to be able to implement only one form of two-qubit gate for universal

quantum computing (Section 7.1.1). A closely linked result was given in Ref. [164], in which
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it was shown that quantum circuits consisting only of Gaussian initial states and Gaussian

operations can be efficiently classically simulated.7

An alternative definition of universality follows from schemes in which a discrete-variable

system is embedded within a continuous-variable space. For example, in Ref. [161], a qubit

is encoded as a superposition of two continuous-variable states. In this case, it was found

that a set consisting of Gaussian operations along with the cubic phase gate eiγx̂
3

allows for

universal discrete-variable quantum computing.

As with any approach to linear-optical quantum computing, continuous-variable quantum

computing has its strengths and weaknesses. One significant advantage as compared to

discrete-variable optical implementations is that Gaussian states can be created on-demand,

and entanglement can be generated deterministically using beam splitters and squeezing op-

erations [18,20]. Additionally, all of the gates required to build a universal quantum computer

can in principle be implemented deterministically without requiring single photon level non-

linear interactions [161]. A substantial obstacle is that, in practice, it is challenging to imple-

ment the non-Gaussian operations, although there are some promising approaches based on

using the non-linearity of photon-number resolving detection [72,161,166–168]. An additional

drawback is that continuous-variable quantum computing is somewhat less developed the-

oretically than its discrete-variable counterpart, particularly with regard to error correction

and loss tolerance [169–171]. Even the question of how to implement a given Hamiltonian,

given a specific non-Gaussian operation, is an area of active research [163,172].

7More specifically, Ref. [164] proves that circuits in which both the initial states and operations can
be represented by positive Wigner functions can be efficiently classically simulated. For pure states, this
corresponds exactly to Gaussian states, while for mixed states, non-Gaussian states can also have positive
Wigner functions [165].
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7.3.1 Measurement-based continuous-variable quantum computing

As with DV quantum computing, a promising approach to CV quantum information pro-

cessing is through measurement-based quantum computing using cluster states [173–175] (Sec-

tion 7.2.3). The canonical model of continuous-variable cluster-state computing is a straight-

forward remapping of the discrete-variable approach to the CV regime. In this approach, |0〉

and |+〉 states are replaced with qumodes in the xk = 0 eigenstate |0xk〉 = 1/
√
π
∫∞
−∞ |pk〉dpk

and the pk = 0 eigenstate |0pk〉 = 1/
√
π
∫∞
−∞ |xk〉 dxk respectively. As with the DV case,

these states are therefore related by a basis rotation. Note that these quadrature eigenstates

are the infinitely-squeezed limit of a single-mode squeezed vacuum state, and therefore can

only be prepared approximately. This leads to errors that accumulate during protocols,

however, it has been shown that these can in principle be corrected for [171]. Continuing

the remapping, the DV CZ gate is replaced with its CV equivalent, which implements the

unitary operation ÛCZ = e2ix̂j x̂k [173,176]. Finally, Z measurements are replaced with xk

quadrature measurements.

In the discussion of this approach, I will employ the notation X(s) = e2isp̂ to denote

the operator for a displacement in the x̂ quadrature by the amount s, and Z(s) = e−2isx̂

for a displacement of s in the p̂ quadrature. Additionally, I note that the rotation operator

F = P̂ (π/2) (Eqn. 1.38), which maps x̂ → p̂, is equivalent to a Fourier transform of the

quadratures (Eqn. 1.20).

Similarly to the discrete-variable case, the CZ gate can be used to teleport the state of

a qumode. Consider applying a CZ gate to an initial product state consisting of a general
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state |ψ〉 =
∫∞
−∞ dx′j ψ(x′j)

∣∣∣x′j
〉

and a qumode in the |0pk〉 state,

ÛCZ |ψ〉 ⊗ |0pk〉 (7.37)

= e2ix̂j x̂k 1/
√
π

∫ ∞

−∞

∫ ∞

−∞
dx′jdx

′
k ψ(x′j)

∣∣x′j
〉
⊗
∣∣x′k
〉

(7.38)

= 1/
√
π

∫ ∞

−∞

∫ ∞

−∞
dx′jdx

′
k e

2ix′jx
′
kψ(x′j)

∣∣x′j
〉
⊗
∣∣x′k
〉
. (7.39)

Evaluating the integral over x′k gives (from the definition of the Fourier transform in

Eqn. 1.20)

=

∫ ∞

−∞
dx′j ψ(x′j)

∣∣x′j
〉
⊗
∣∣(p′k = x′j)

〉
dxj (7.40)

If one now measures the p̂j quadrature, finding the result m, this projects the state into

=

∫ ∞

−∞
dx′j ψ(x′j)e

−2imx′j
∣∣(p′k = x′j)

〉
. (7.41)

This can be rewritten as

= X(m)

∫ ∞

−∞
dp′kψ(p′k)

∣∣p′k
〉
. (7.42)

The initial state |ψ〉 has therefore been teleported onto the other qumode, modulo a known

displacement of m in the p̂ quadrature and a Fourier transform. An equivalent circuit

representation is

|ψ〉 p = “m”

|0p〉 X(m)F |ψ〉
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If we act on the state |ψ〉 before the circuit with any operation D(x̂) that is diagonal

in the |x〉 basis, which includes any arbitrary polynomial in x̂, this operation will commute

with the CZ gate, and so we find that

|ψ〉 D(x̂) p = “m”

|0p〉 X(m)FD(x̂) |ψ〉

Concatenating this procedure twice allows for the implementation of a further trans-

formation, this time with an arbitrary operator diagonal in the p̂ quadrature. This follows

from the equivalence [174] of the following two expressions

X(m2)FD2(x̂)X(m1)FD1(x̂) |ψ〉 (7.43)

= X(m2)FX(m1)FD2(−p̂+m1)D1(x̂) |ψ〉 . (7.44)

The output state is therefore transformed by D1(x̂) and then D2(−p̂+m1). The additional

transformation X(m2)FX(m1)F can be accounted for by simply changing the final meas-

urement basis when the output state is read out. This shows that through a suitable series

of measurements on a one-dimensional cluster state, it is possible to implement unitaries in

x̂ and p̂ on the initial qumode.

Of course, in order to be able to implement a given unitary, it is necessary to be able

to make the measurement basis transformations given by D(x̂)T p̂D(x̂). For displacement

operations, the required measurement basis is p̂ + s, which trivially equates to measuring

in p̂, and then adding the desired displacement to the measured result. Similarly, imple-

menting a so-called shearing transformation of the form eisx̂
2

requires measuring in the basis

p̂+ sx̂. This can be achieved by phase shifting the mode, corresponding to a rotation of the
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quadrature basis in which it is measured. Further, it can be shown that in both of these

cases, it is possible to incorporate the effects of the outcomes m after the measurements have

already been made [174]. Therefore Gaussian transformations can be implemented without

any feed-forward elements in the cluster-state model of continuous-variable quantum com-

puting.

Unsurprisingly, this is not the case for non-Gaussian transformations. These still require

the ability to induce a non-Gaussian transformation on the state before measurement. It

can be shown, however, that it is possible to induce these gates by inserting appropriate non-

Gaussian resource states into the cluster [174]. This then shifts the burden from the active

implementation of non-Gaussian operations to the potentially easier off-line preparation of

non-Gaussian resource states [161].

As in the discrete-variable case, it is possible to extend this model of continuous-variable

cluster-state computing to implement arbitrary multi-mode Gaussian transformations. This

requires a two-dimensional cluster resource state of entangled qumodes [18,174]. As discussed

here, the addition of the capability to perform a single type of non-Gaussian operation on

this 2D cluster state then allows for universal quantum computing [161].

7.4 Conclusions

Here I have provided an outline of some of the most promising currently known techniques for

building a linear-optical quantum computer. However, even with these theoretical advances,

there are huge practical challenges that must be overcome in order to build a functional

universal quantum computer. This will require the combination of advances in non-classical

light sources, high efficiency detectors and schemes for the low-loss manipulation of optical
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quantum information. In the remaining two chapters of this thesis, I consider one small part

of this problem, developing novel techniques for the efficient encoding and manipulation of

quantum information in the time-frequency degrees of freedom of the electromagnetic mode.



Chapter 8
Linear-optical quantum computing in a

single spatial mode

As we have discussed in the previous chapter, in LOQC, logical gates can only be imple-

mented probabilistically. Several techniques have been proposed to circumvent this prob-

lem, including the original KLM scheme, and more efficient measurement-based quantum

computing schemes using cluster states. However, for all of these schemes, the overhead

necessary for near-deterministic quantum computing is still large [9], and this presents one

of the most significant challenges to the scalability of these approaches. To date, exper-

imental demonstrations of these schemes have mainly adopted spatial degrees of freedom

for the manipulation of quantum states [8,9,177–182]. Using this encoding, implementations of

even few-qubit protocols in LOQC will demand many spatial modes and complex routing

networks with active switches, necessary to implement feed-forward [51].

A similar need for ever-higher bandwidth encoding of information in optical fields has

spurred innovation in modern telecommunication technologies. State of the art wavelength-
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division-multiplexed systems can now provide terabytes per second of capacity in a single

fibre by leveraging sophisticated time-frequency (TF) encodings [183]. Adapting this ap-

proach for quantum information and communication protocols can naturally provide access

to high dimensional Hilbert spaces [184–187] while maintaining a compact device design, and

can leverage the existing classical communications technology base. Additionally, time-

frequency encodings benefit from a relative insensitivity to inhomogeneities in transmission

media [185,188]. These advantages have been recognised in works exploring the preparation of

time-frequency entangled states [189–192], including their use in the violation of Bell inequal-

ities [193,194], quantum key distribution [195], teleportation [44], and cluster states [196–200].

Quantum computing based on time-frequency encoding has received comparatively little

attention, but has become increasingly feasible with the advent of fast switchable integrated

phase controllers [54,201]. This was highlighted by a recent classical simulation of a quantum

random walk based on a time-bin encoding and fast polarisation switching [202]. Previous

studies have explored unitary operations for time [203,204] and frequency encodings [205], but

these implementations have relied on conversion from time-frequency to multiple spatial

modes for manipulation.

Here I present a concept for linear-optical quantum computing using time-bin encoded

qubits and only a single spatial mode. Time bins provide a practical solution for the manip-

ulation and detection of time-frequency modes with current technology. I outline methods

that provide a sufficient set of operations to allow for universal quantum computing with

both the KLM scheme and measurement-based quantum computing. In order to illus-

trate this scheme, we demonstrated experimentally the first implementation of a two-qubit

quantum gate in a single spatial mode and showed its high fidelity of operation.
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8.1 Encoding quantum information in time bins

Our scheme is based on a string of time-bin encoded qubits in a single spatial mode. The

polarisation degree of freedom is used to define a ‘register’ polarisation, in which qubits

are stored and transmitted, and a ‘processing’ polarisation in which specific time bins are

briefly manipulated. After each processing stage, all qubits are returned to the register

polarisation to ensure that a high degree of coherence is maintained between the time bins

during further transmission.

Register polarisation

Processing polarisation

Figure 8.1: Encoding scheme for quantum information processing using time-bin qubits. A register
polarisation (vertical) is used to store qubits; these qubits are rotated to the processing polarisation
(horizontal) for manipulation.

8.1.1 Manipulating time-bin encoded quantum information

Five basic operations are needed for our implementation, as shown in Fig. 8.1: a polarisation

rotation moves a time bin between register and processing polarisations; a displacement

operation moves a time bin in the processing polarisation forwards and backwards relative

to time bins in the register polarisation; a phase shift adds a specified phase between two

polarisations; a polarisation coupling operation is a partial polarisation rotation between two

orthogonally polarised time bins; and finally, a read-out operation measures the number

of photons in a specified bin. With the exception of read out, each of these operations

are equivalent to a relative phase shift between appropriate choices of polarisation axes.

However, it is convenient to consider them separately here for clarity.
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Polarisation Rotation

Displacement
Polarisation

Coupling

Read Out

Phase Shift

+ θ

Figure 8.2: The complete set of basic operations necessary for the manipulation of a string of time
bins in a single spatial mode.

Time-bin encoded single-qubit operations

Using this set of manipulations, I show in Fig. 8.3 how to perform arbitrary single-qubit

operations. The operation uses a polarisation coupling, equivalent to a variable beam-splitter

between the two polarisations, and two relative phase shifts applied to one polarisation. As

discussed in Section 1.4.1, this is sufficient to implement any single-qubit rotation.

+ θ1 + θ2

η
1.

2.

3.

4.

5.

6.

θ1 θ2

η

a) b)

Figure 8.3: a) Operations sufficient for arbitrary time-bin encoded single-qubit operations. For
brevity, the final displacement and rotation are implicit in the last line. b) Equivalent spatially
encoded single-qubit operation.

The minimal set of processing elements required to perform these arbitrary single-qubit
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operations is shown in Fig. 8.4. Since all of the time bins in a given spatial mode will pass

through these elements, they are sufficient to perform a different single qubit operation on

every qubit in the spatial mode.

Polarization
Rotation

Polarization
Rotation

Displacement

DisplacementCoupling

θ1

Phase Shift

θ2

Phase Shift

η

Figure 8.4: The minimal set of elements required to implement time-bin encoded single-qubit
operations.

CPhase gate for time-bin encoded qubits

In Fig. 8.5, I provide a sequence of operations to perform a time-bin heralded KLM-CPhase

gate [177,206] using two ancilla photons, sufficient to realise the entire KLM scheme in combin-

ation with single-qubit operations [154]. This can be trivially combined with local operations

to perform a heralded controlled-NOT gate. The proposed scheme could be implemented

using four of the sets of the elements in Fig. 8.4. Alternatively, since each stage of the oper-

ation returns the qubits to a single mode and polarisation, the string could simply be sent

through the same processing elements four times. In this way, the simple set of elements

shown could be used to enact arbitrary multi-gate operations.

Time-bin encoded cluster-state fusion gates

Our scheme is equally relevant to cluster state computing [8], as it also allows the implement-

ation of type-I and type-II fusion operations. Although I will not discuss these operations

in detail here, I note that these are extensively employed for the efficient construction of

graph states, and would therefore allow for the creation of time-bin encoded optical cluster
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b)

a)

c) 2 Ancilla Photons Qubit 1 Qubit 2

1

0 0

1

Qubit 2Qubit 1

1

0

1

0

NS

NS

1 0

Figure 8.5: a) As discussed in Section 7.2.2, it is possible to construct a CPhase gate using two
NS gates. Here we employ a simpler construction for a NS gate than shown in Fig. 7.5, but with an
only slightly lower probability of success P ≈ 0.23. The numbers on detectors represent the number
of photons detected in order to herald successful gate operation. b) Explicit dual-rail construction
for the CPhase gate in shown in a). c) Equivalent time-bin scheme for a CPhase gate. Displacement
and rotation operations are omitted for brevity. This set of operations could be enacted by four sets
of the elements shown in Fig. 8.2c, along with appropriate read-out elements.
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states [159]. In Fig. 8.6 I provide protocols for these fusion gates.

Qubit 1 Qubit 2

Qubit 1 Qubit 2

a) b)

c) d)

Figure 8.6: a) Protocol for the implementation of a type-I fusion operation. b) The equivalent
conventional polarisation encoded circuit is given for comparison. The blue square represents a
polarising beam splitter, while the purple optical elements represent π/4 polarisation rotations. c)
Protocol for type-II fusion with d) equivalent polarisation encoded circuit.

8.2 Practical implementation of time-bin operations

Here I elaborate on a specific practical implementation of our scheme and discuss its feas-

ibility within the current state of the art. As mentioned above, the basic logical operations

are equivalent to a relative optical path length difference between a suitable choice of po-
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larisation axes. The appropriate experimental approach to generating these path length

differences will depend on the specific time-bin structure that is used, as the bandwidth

of different photon sources, and thus the time-bin duration, can differ by several orders of

magnitude [74]. Here I will consider time bins with sub-ps duration; these are suitable for

heralded single photons from spontaneous parametric down-conversion pumped by a pulsed

laser. Bin-to-bin delay is set by the pump-pulse repetition period, which has been reduced

below 10 ps in a number of systems [207–209].

Polarisation rotation and polarisation coupling operations require a programmable bi-

refringent element that independently manipulates each time bin. The switching time for

this element must be less than the delay between consecutive time bins. A suitable integrated

optical switch based on cross-phase modulation in a fibre has demonstrated a switching win-

dow of 10 ps [201]. As cross-phase modulation is polarisation sensitive, this technique could

be adapted to create fast-switched birefringent elements.

The detector time resolution does not constrain the bin-to-bin delay since switching al-

lows arbitrary time-bin components to be moved to the processing polarisation or even to a

separate read-out spatial mode for detection. Therefore read out can be achieved with

standard photon-number resolving detectors, including spatially [210,211] and temporally-

multiplexed [78,212] single-photon detectors as well as transition edge sensors [213,214].

For a displacement operation, a simple approach is to use a birefringent element that

effects a polarisation-dependent path length difference equal to integer multiples of the

time-bin separation. A few-cm length of calcite would achieve a displacement of 10 ps.

Alternatively, a delay loop could be used, coupled to the main mode by a Mach-Zehnder

interferometer. A π phase shift created in this interferometer for only one polarisation
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would couple that polarisation into the delay line. The controllable phase shift could then

be set to keep this polarisation in the delay loop for an arbitrary integer number of loops,

delaying it with respect to the primary set of time bins. A 3 mm delay line, possibly imple-

mented on an integrated photonic chip, would create a 10 ps displacement. Although the

scheme is no longer entirely single spatial modal with the use of a delay line, the arbitrary

number of delay steps it allows may be desirable for faster processing. Finally, in the near

future, it should be possible to use a quantum memory to reorder time bins arbitrarily, as

demonstrated with classical pulses in a warm-vapour gradient echo memory [215]. This could

provide a significant reduction in the number of individual operations needed.

8.3 Experimental demonstration of a time-bin encoded

CPhase gate

In order to demonstrate the feasibility of our scheme, we have built an entirely single-

spatial-mode post-selected CPhase gate for time-encoded qubits. Our gate is equivalent in

principle to previous implementations [179,216] that use spatial encoding, often along with

a second degree of freedom such as polarisation. Preceding the gate is a polarisation-

to-time conversion stage, and following it a time-to-polarisation conversion stage allows for

measurement. The experimental layout is shown in Fig. (8.7). At the core of our experiment,

a single-spatial-mode two-qubit gate is enacted. In this proof-of-principle experiment, we

have replaced birefringent switches with passive beam splitters and a second spatial mode, as

this allows us to readily incorporate two-mode analogues of single-spatial-mode single-qubit
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rotations and displacement operations (Fig. 8.2).

8.3.1 Experimental details

Our experiment uses two spontaneous parametric down-conversion sources for the genera-

tion of heralded single photons. An 80MHz Ti:Sapphire oscillator (Mai-Tai, Spectra Phys-

ics) producing 100 fs pulses at 830nm (2.6W average power) is up-converted to 700mW of

415nm light via a 700µm BaB2O4 (BBO) crystal cut for type-I second-harmonic genera-

tion. This is split on a 50:50 beam splitter and used to pump two 8mm-long AR-coated

Potassium Dihydrogen Phosphate (KDP) crystals phase-matched for degenerate type-II

collinear parametric down-conversion. We spend time optimising the collection optics and

spatial mode-matching to achieve a coincidence count rate of 160kHz on each crystal with

a raw heralding efficiency of 28-30% without any filters. The source is designed to be spec-

trally factorable [155] so that the heralded photons remain in a pure state (purities of upwards

of 95% are achievable from this source without filtering). This is necessary to ensure high

quality HOM interference between the photons. Interference filters (Semrock, ∆λ = 3nm)

are used to further boost this purity with limited impact on the source brightness. With the

filters in place we achieve a four photon coincidence rate of 20 Hz when measured directly

from the sources.

Two heralded single photons from these sources are initially used to encode qubits in

the polarisation state of each photon using λ/2 and λ/4 waveplates. To provide a concise

mathematical description of the photon states, I will label them the ‘control’ and ‘target’
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a) Experimental Concept
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c) Experimental Implementation

Figure 8.7: a) Concept for a single-spatial-mode CPhase gate with preceding state-preparation
and following measurement stages. The photons are spectrally degenerate, and are colour coded
here for clarity. b) Schematic of the associated experimental layout. Waveplates are used to encode
polarisation states for both the target photon (green) and the control photon (red). The target photon
is delayed with respect to the control photon, and both are coupled into unbalanced interferometers
for conversion of polarisation encoding to time encoding. The photons are then combined into a
single spatial mode in which a two-qubit gate is implemented using a half-wave plate. Conversion
back to polarisation-encoding states again uses unbalanced interferometers. Finally, polarisation
tomography is carried out using four avalanche-photodiode (APD) detectors. c) Actual experimental
implementation. Two SPDC sources provide heralded single photons for the experiment, which
proceeds as described above, except that a single unbalanced interferometer is used instead of the
four separate unbalanced interferometers for conversion between polarisation-encoding and time-
encoding.
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photon respectively.

Control Photon: |ψC〉 = αC |H〉+ βC |V 〉

Target Photon: |ψT 〉 = αT |H〉+ βT |V 〉 (8.1)

The target photon is delayed with respect to the control photon, and then both are

coupled into the same polarising beam splitter (PBS). This is used to send the polarisation

components down different arms of a 1.5m unbalanced interferometer. Bringing the two

components back together using a balanced beam splitter finishes the polarisation to time-

encoding conversion. The final beam splitter can only recombine the time-bin components

probabilistically, although the failure modes come out of the wrong port of the beam splitter,

and so do not contaminate the rest of the experiment. This could be replaced by an active

switching element to deterministically recombine the time bins into a single spatial mode.

After this conversion, the two photons are orthogonally polarised along a common mode,

with the target photon delayed so that its first time bin coincides with the second time bin

of the control photon. Due to the interferometric technique used for polarisation to time

conversion, relative phases are acquired by different qubit components. These are denoted

by θC1 and θT1, where I have used the convention that the phase is applied to the delayed

component. The qubits are now in the state

|ψC〉 = αC |1H〉+ eiθC1βC |2H〉

|ψT 〉 = eiθT1αT |3V 〉+ βT |2V 〉 (8.2)

where, for example, |1H〉 denotes a photon in time-bin 1 and polarisation H, and the time
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bins are numbered sequentially from earliest to latest. This encoding allows the gate oper-

ation to be implemented using a single half waveplate as a variable beam splitter between

the two polarisations, creating Hong-Ou-Mandel interference [69] between the two coincident

time bins. When the axes of the waveplate are aligned with photon polarisations, the gate

operates with identity, while at 27.4 degrees, it implements a CPhase operation. The non-

overlapped time bins also couple with ancillary loss modes due to this polarisation beam

splitter, analogously to the coupling to spatial ancilla modes in a more conventional CNOT

gate. As with other implementations of this scheme, the gate only succeeds with probability

1/9. A successful operation maps

α1 |1H〉 |3V 〉+ α2 |1H〉 |2V 〉+ α3 |2H〉 |3V 〉+ α4 |2H〉 |2V 〉

→ α1 |1H〉 |3V 〉+ α2 |1H〉 |2V 〉+ α3 |2H〉 |3V 〉 − α4 |2H〉 |2V 〉 (8.3)

where α1 = eiθT1αCαT , α2 = αCβT , α3 = ei(θT1+θC1)αTβC , α4 = eiθC1βTβC .

After the gate, the photons are reinjected into the same unbalanced interferometer in the

other direction (with the components in the long arm again gaining relative phase terms,

this time denoted θC2 and θT2). This allows the time-bin encoding to be decoded back into

polarisation, after which polarisation tomography can be carried out to measure the state

of the qubits. This gives the output state

ei(θT1+θC2)
(
αCαT |2V 〉 |3V 〉+ ei(θT2−θT1)αCβT |2V 〉 |3H〉+ ei(θC1−θC2)αTβC |2H〉 |3V 〉 . . .

− ei(θT2−θT2+θC1−θC2)βTβC |2H〉 |3H〉
)
, (8.4)

where the polarisation qubits (in time bins 2 and 3 respectively) have been output in separate
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modes from the unbalanced interferometer (Fig. 8.7).

The reuse of the initial encoding interferometer creates an intrinsically phase stable

encoding and decoding. As can be seen in Eqn. (8.4), if θC1 − θC1 and θT2 − θT1 are

constant, the operation will be unaffected. This removes the need for phase stabilisation,

although slow drifts in the alignment of the paths must be corrected for in order to ensure

that the encoding is kept the same. Before each basis set measurement, we ensured that

input diagonally polarised photons were output in the diagonally polarised basis. This was

accomplished by using a λ/4, λ/2, λ/4 series of waveplates in the output paths to correct for

the relative phase between the horizontal and vertical polarisations. Diagonally-polarised

photons were input to the experiment, the λ/2 half waveplate was then adjusted to maximise

the ratio of diagonally-polarised single photon detections to anti-diagonally-polarised single

photon detections.

The output photons were detected using an array of four avalanche photodiode (APD)

single photon counting modules (PerkinElmer SPCM-AQ4C). Due to the loss modes and

non-deterministic decoding of the photons, the specific time bins of the output qubits must

be measured separately. Therefore the outputs from the APD modules were each split

into four different channels with different temporal delays, and monitored by a home-built

coincidence counting program loaded onto a commercially available FPGA development

board (Xilinx SP605) operating with a 2.86 ns coincidence window. This splitting was

necessary as the coincidence counting electronics did not have the ability to separately

process different time bins of the same input signal. The 16 possible combinations of 2-folds

of the register photons and two herald signals were recorded by the coincidence counter,

allowing the qubit state to be reconstructed.
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8.3.2 Results

Single-qubit polarisation-time-polarisation conversion results

In Fig. 8.8 I present data showing the high fidelity of the polarisation to time conversion. For

the control and target photons, process tomography for the mapping from input polarisation

state to output polarisation state gives a fidelity with the identity of 0.960 ± 0.001 and

0.936± 0.001 respectively. This shows that we can reliably create time-bin encoded qubits,

and maintain their coherence across the setup. The error in the fidelity is due to the slight

deviation of the non-polarising beam splitter away from its ideal reflectivity, and due to

differences in coupling and loss between the different time-bins.
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Figure 8.8: Single photon encoding and decoding performance. a) Real and b) imaginary parts of
single qubit polarisation state tomography data for the ‘control’ and ‘target’ input photons respect-
ively. Each shows a high fidelity with the identity.
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Time-bin encoded CPhase gate results

To characterise the two-photon operation of our gate, we initially input a control photon

with a horizontal (H) or vertical (V ) polarisation and a target photon with an anti-diagonal

(A) or diagonal (D) polarisation. For these inputs, the CPhase gate should swap the target

photon polarisation between A and D if the control photon is V polarised. The measured

gate outcomes are shown in Fig. (8.9), where the control and target photons are measured

in the H-V and A-D bases, respectively. For these bases, we define a classical fidelity

measure [217]

FHA = 1/4[P (HA|HA) + P (HD|HD)

+P (V D|V A) + P (V A|V D)] (8.5)

where, for example, P (V A|V D) represents the conditional probability of measuring outputs

V and A given input V and D for the control and target photons respectively. We measure

a classical fidelity of FHA = 0.84 ± 0.03. Changing the photon inputs to the control A-D

and target H-V bases and also measuring in these bases, equivalent to transforming the

bases by a Hadamard operation, allows us to measure a complementary fidelity FAH . For

this latter case, we measure a similar fidelity FAH = 0.84± 0.02.

Following Ref. [217], we use these fidelity measures to bound the quantum process fidelity.

The resulting bound of the gate process fidelity Fprocess

FAH + FHA − 1 ≤ Fprocess ≤ Min[FAH , FHA] (8.6)

is calculated to be 0.68±0.04 ≤ Fprocess ≤ 0.84±0.02, comparable to other optical two-qubit
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Figure 8.9: Two-qubit output state measurements: a) Input H-V and A-D bases for control and
target photons respectively, output H-V and A-D bases. The measured classical fidelity for this
operation is FHA = 0.84±0.03. b) Input A-D and H-V bases, output A-D and H-V bases, resulting
in FAH = 0.84 ± 0.02. c) Input A-D bases for both photons, output R-L bases for both photons,
resulting in FAA = 0.85 ± 0.06. Each row of the experimentally determined output state matrices
was determined from approximately 300 coincidence events, measured at a rate of 8 coincidences per
minute. Theoretical ideal outputs are shown for comparison.
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gate implementations [179,218].

An alternative measure of our gate fidelity demonstrates its non-classical operation. For

this, we consider an additional choice of bases with both inputs in the A-D basis, and both

outputs in the R-L (right-left) basis. We measure the classical fidelity for this operation

to be FAA = 0.85 ± 0.06. As shown in Ref. [219], since this measure, along with FHA and

FAH , are all greater than 2/3 the gate operation must be non-classical. Our gate exceeds

this criterion with 99.8% confidence.1

The gate fidelity is primarily limited by the spatial mode overlap of our photons. Due

to the long path length in the time-to-polarisation converter, this overlap is sensitive to the

slight changes in alignment caused by temperature variations and vibrations. This path

length is necessary to achieve a delay between consecutive time bins that is resolvable by

the coincidence counting electronics (2 ns resolution) and detectors; it could be significantly

reduced by using time-tagging electronics with few-hundred-ps temporal resolution [220]. We

modelled this effect by calculating the ideal gate operation on partially distinguishable in-

put photons in the states |ψ〉 and α |ψ〉 +
√

1− α2 |ψdisting.〉 respectively. We found that

α = 0.91 minimised the average L1 distance 〈L1〉 = 1
k

∑
j,k |pe(j|k)− pt(j|k)| between the

experimentally determined pe(j|k) and theoretical pt(j|k) probabilities for outcome j given

input k. The minimised 〈L1〉 was 0.18, as compared to 0.36 when assuming perfectly indis-

tinguishable photons (the L1 distance ranges from 0 for identical probability distributions

to 1 for completely orthogonal distributions). Other experimental imperfections include

higher-order photon number terms and residual photon impurity.

1The confidences (assuming Gaussian distributed errors) that FHA, FAH and FAA are each greater than
2/3 are 1− 2× 10−18, 1− 4× 10−9, and 0.998 respectively. Multiplying these gives the overall confidence of
0.998.
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8.4 Conclusions

In this chapter, I have presented a scheme for linear-optical quantum computing using time-

bin encoded qubits in a single spatial mode. I have shown how to implement arbitrary single-

qubit operations and a heralded CPhase gate as required for universal quantum computing

in the KLM scheme. In support of this concept, we demonstrated a novel post-selected

single-spatial-mode two-qubit CPhase gate. We measured an average classical gate fidelity

of 0.84± 0.07 across 3 different bases, confirming its non-classical operation.

Our scheme is well suited to exploit the readily accessible high dimensionality and ro-

bustness of time-frequency modes to environmental dephasing noise. Fast switchable ele-

ments can enact different transformations on multiple time bins in a single pass, poten-

tially allowing a substantial reduction in the required number of physical circuit elements.

These advantages suggest that this scheme would naturally complement near-deterministic

single photon sources [187,196], for which significant challenges exist in building many identical

sources. In this case, a single repetitive source would prepare the computational resource

state: a string of otherwise indistinguishable single photons in pure quantum states consist-

ing of multiple time bins of a single spatial mode. Our scheme then circumvents the com-

plexity and spatial requirements involved in converting many temporally encoded photons

into a spatial encoding. Further, combining temporal and spatial degrees of freedom may

enable a significant increase in information capacity [221].

Although this scheme presents a promising near-term route to significantly increasing the

channel capacity of quantum information processing protocols, it does not fully utilise the

available space of time-frequency modes, as we only consider modes with the same central

frequency. Additionally, our scheme is intrinsically one-dimensional (unless combined with
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another degree of freedom, such as spatial modes). This may increase the complexity of

information processing protocols, since the average distance between modes scales with the

total number of modes N . In the following chapter, I will present an alternative approach

to time-frequency quantum information processing that better exploits the full space of

time-frequency modes. As we will discuss, this approach also has the benefit of creating

an intrinsically two-dimensional encoding, in which the average distance between modes

therefore scales as N1/2.



Chapter 9
Continuous-variable quantum computing

using quantum memories

In the last chapter, I introduced a scheme for linear-optical quantum computing that exploits

the high dimensionality of time-bin modes. As previously noted, this encoding has also been

used for other quantum information schemes [61,197–199,203,215]. Additionally, other works

have exploited frequency encodings [222,223], in which information is encoded in different

central-frequency modes with the same temporal profile. Irrespective of which method is

chosen, both of these encodings can be visualised as a one-dimensional (1D) set of modes

in time-frequency (TF) space, as shown in Fig. 9.1a.

These schemes can lead to a significant increase in the information available in an optical

channel. However, they still use far fewer modes than the ultimate channel capacity. This

can be seen by considering an arbitrary mode in TF space; it is constrained by the Fourier

uncertainty principle, which defines a minimum area region occupied by each mode, δt δω ≥

1/2. Using a two-dimensional (2D) encoding in which these minimal area plaquettes are
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Figure 9.1: Quantum information can be encoded in a) central-frequency modes or time-bin modes.
However, the maximum channel capacity can be achieved by b) tiling minimum uncertainty TF modes
across the entire available encoding space.

tiled over the total available frequency bandwidth and time duration therefore achieves the

maximum channel capacity (Fig. 9.1b).1

In order to take full advantage of this large potential encoding space, methods must be

developed for the coherent generation, manipulation and measurement of TF encoded in-

formation. Here I will introduce such a scheme, discussing a method for continuous-variable

(CV) cluster-state computing using TF modes. This focus on CV quantum computing is

motivated by the applicability of the tools we develop to this model of quantum computing.

In particular, the large Hilbert space allows for the effective encoding of the large resource

state of entangled modes necessary for measurement-based quantum computing. However,

the methods that we develop should also be widely applicable to many other QIP tasks.

9.0.1 Requirement for time non-stationary elements

Time-frequency (TF) manipulation schemes require an operation that can displace a mode in

TF space from (ωi, ti) to (ωj , tj)
[224–226]. This can be decomposed into separate translations

1In Fig. 9.1, for ease of discussion and illustration, we depict a set of modes with well separated time and
central-frequency degrees of freedom. This modal decomposition can be made asymptotically orthogonal,
however, it should be noted that it does not achieve the theoretical maximum support in time-frequency
space. Modal decompositions such as Hermite-Gaussian modes are compatible with our scheme, and achieve
a higher channel capacity.
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in frequency and in time. Displacements in time are trivially achieved by, for example, using

a delay line. However, time non-stationary interactions are necessary to couple different

frequency modes. In the following, I briefly outline an argument demonstrating this.

For a linear interaction with an optical mode, the output field Eout is related to the

input mode Ein by

Eout(t) =

∫ ∞

−∞
R(t, t′)Ein(t′)dt′. (9.1)

If the response function R(t, t′) is time-stationary, it can only depend on the time dif-

ference (t− t′), giving

Eout(t) =

∫ ∞

−∞
R(t− t′)Ein(t′)dt′. (9.2)

This integral has the form of a convolution, and so the Fourier transform gives

Eout(ω) = χ(ω)Ein(ω), (9.3)

where the linear susceptibility χ(ω) is the Fourier transform of R(t). Therefore this time-

stationary response function cannot couple different frequencies.

9.1 Time-frequency manipulation using Raman interactions

Although time non-stationary elements have been demonstrated for purely frequency-encoded

quantum information [185,194,205], the dual requirement for both time and frequency sensitive

manipulation is more challenging to satisfy [224,225]. Here we propose a method for control-
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lably producing, manipulating and measuring TF encoded quantum states by exploiting

the powerful modal selectivity of Raman light-matter interactions. These interactions have

been demonstrated in diverse systems including alkali atom quantum memories [215,227–230],

bulk diamond [231] and opto-mechanical resonators [232].

We consider an electromagnetic field mode, with a central frequency ωi, that is tempor-

ally localised near local time τi = t−z/c, where z represents the position along the direction

of propagation (restricting ourselves to one spatial mode) and t is the laboratory time. We

define an annihilation operator âi for the mode. This field mode is coupled to a stationary

memory mode b̂ by an interaction Hamiltonian

Ĥ =Kij b̂
† â†j âi +K∗ij â

†
i âj b̂. (9.4)

The coupling is mediated by a control field mode with central frequency ωj , localised near

τj , with an associated annihilation operator âj . The intrinsic strength of the coupling is

determined by Kij , which is a property of the specific system considered. The creation and

annihilation operators for the modes obey the standard commutation relations [âi, â
†
j ] = δij ,

[âi, âj ] = [âi, b̂] = [âi, b̂
†] = 0, [b̂, b̂†] = 1.

This phenomenological Hamiltonian may be used to describe several useful physical

systems, and is the basis of Raman quantum memories, in which an electromagnetic mode

is coupled into a stationary mode, stored, and subsequently read out through appropriate

application of the control field.



9.1 TIME-FREQUENCY MANIPULATION USING RAMAN INTERACTIONS 176

9.1.1 Beam splitter operation

In the case when the control field is a bright coherent state, we can replace âj with a c-

number γj representing the field amplitude. In this case the effective Hamiltonian between

the electromagnetic and stationary modes takes the form of a beam splitter (BS) interaction

ĤBS = γjKij b̂
† âi + γ∗jK

∗
ij â
†
i b̂. (9.5)

Crucially, since the coupling, via γj(ωj , τj), is a function of ωj and τj , the control

field can be adjusted to coherently couple different TF modes with the stationary memory

mode [226,230,233]. This TF dependent beam splitter is exactly the time non-stationary ele-

ment that is required to carry out TF linear-optical quantum computing. This was recog-

nised in a recent paper on the implementation of linear unitaries between different central-

frequency modes using quantum memories [233]. In our scheme, we use this interaction to

couple arbitrary TF plaquettes (Fig. 9.1b). With this element, it is therefore possible to

implement TF versions of any linear-optical quantum computing scheme.

The Hamiltonian in Eqn 9.5 induces the modal transformation


âi
b̂


 =


1 0

0 ei θ




 cosφ sinφ

− sinφ cosφ




1 0

0 e−i θ




âi
b̂


 (9.6)

where we have made the substitution φ eiθ = i γiKij/~. Written in this form, it is evident

that this Hamiltonian produces a transformation equivalent to the application of a phase

shift of −θ to mode b̂, followed by a ‘standard’ (real coefficients) BS operation (as introduced

in Section 1.4.1), and a final phase shift of θ to the same mode (Fig 9.3a).
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|1
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|3

|1
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|3

a)  BS Interaction b)  TMS Interaction

δstokes δstokes

γ γ

Ĥ = γK b̂†â† + γ∗K∗ âb̂Ĥ = γK b̂†â+ γ∗K∗ â†b̂

Figure 9.2: An example off-resonant Raman memory scheme based on a three-level system. An
electromagnetic mode â is coupled to the transition b̂ between levels |1〉 and |2〉 through a Raman
transition to a virtual energy level detuned by ∆ from |3〉. By adjusting the frequency of the control
field-mode γ, both a) beam splitter interactions and b) two-mode squeezing interactions can be
generated between the modes. The BS operation can realise read in/out from the memory.

9.1.2 Two-mode squeezing operation

For continuous-variable quantum computing, the utility of Raman quantum memories ex-

tends beyond linear mode manipulations. If in Eqn. 9.4, the classical limit of the âi field-

mode is instead taken (for notational consistency with the BS interaction, we will also swap

âi and γi), two-mode squeezing (TMS) can be generated between the âj mode and the

stationary b̂ mode [167,230,234]

ĤTMS = γiKij b̂
† â†j + γ∗iK

∗
ij âj b̂. (9.7)

In this case, the electromagnetic mode that is coupled to the memory has changed.

However, in many physical systems, it is possible to adjust the frequency of the classical

field used so that the electromagnetic mode coupled is the same for BS and TMS operations.

In the Heisenberg picture, with the substitution r eiψ = −i γiKij/~, this operation in-
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duces a mode transformation


â
′
j

b̂′


 =


1 0

0 eiψ




µ 0

0 µ




1 0

0 e−iψ




âj
b̂


+


1 0

0 eiψ




0 ν

ν 0




1 0

0 eiψ




â
†
j

b̂†


 .

(9.8)

This Hamiltonian therefore produces a transformation equivalent to the application of a

phase shift of −ψ to mode b̂, followed by a ‘standard’ (real coefficients) TMS operation (as

introduced in Section 1.4.2), and then a final phase shift of ψ to the same mode (Fig. 9.3b).

BS operation

- φ

TMS operation

-ψ ψ

a)

b)

r

Figure 9.3: a) The Raman memory BS operation can be decomposed into a phase shift of −θ
to mode b̂, followed by a standard BS operation parametrised by φ, and a final phase shift of θ to
the same mode. The coefficients θ and φ are determined by the control field applied. b) The TMS

operation can be similarly decomposed into a phase shift of −ψ to mode b̂, followed by a standard
TMS operation parametrised by r, and a final phase shift of ψ to the same mode.

9.1.3 Arbitrary operations

More generally, for arbitrary linear-optical manipulations, it is desirable to be able to imple-

ment transformations consisting of the application of an arbitrary phase to each mode, fol-

lowed by either a standard BS or TMS squeezing operation, as shown in Fig. 9.4a & Fig. 9.4b.
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For the BS operation, this transformation corresponds to


â
′
i

b̂′


 =


 cosφ sinφ

− sinφ cosφ




e

i θ1 0

0 ei θ2




âi
b̂


 (9.9)

It can be seen that an equivalent transformation is given by


â
′
i

b̂′


 =


e

i θ1 0

0 ei θ2




 cosφ e−i (θ1−θ2) sinφ

−ei (θ1−θ2) sinφ cosφ




âi
b̂


 (9.10)

Therefore, by adjusting the phase of the control field so that θ′ = (θ1 − θ2), it is possible to

commute the phase shifts through the BS operation.

Similarly, for the TMS squeezing operation, the transformation in Fig. 9.4b corresponds

to


â
′
j

b̂′


 =


µ 0

0 µ




e

i θ1 0

0 ei θ2




âj
b̂


+


0 ν

ν 0




e
−i θ1 0

0 e−i θ2




â
†
j

b̂†


 (9.11)

An equivalent transformation with the phase shifts moved to after the TMS operation is

given by


â
′
j

b̂′


 =


e

i θ1 0

0 ei θ2




µ 0

0 µ




âj
b̂


+


e

i θ1 0

0 ei θ2




 0 e−i (θ2+θ1)ν

e−i (θ2+θ1)ν 0




â
†
j

b̂†




(9.12)

This can be achieved by adjusting the phase of the control field so that ψ′ = −(θ1 + θ2).

In this way a string of BS operations, TMS operations and phase shifts (Fig. 9.4c) can

be implemented between a stationary mode and near-arbitrary TF modes using the Raman

memory Hamiltonian. As shown in Fig. 9.4d, this is achieved by moving the desired phases
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Figure 9.4: a) A general two mode interaction consisting of the application of a phase to each mode,
followed by a standard BS transformation can be shown to be equivalent to a suitable Raman BS
operation (with θ′ = (θ1−θ2)) followed by the same phase shifts. b) Similarly, a two mode interaction
consisting of the application of a phase to each mode, followed by a standard TMS transformation
can be shown to be equivalent to a suitable Raman TMS operation (with ψ′ = −(θ1 + θ2)) followed
by the same phase shifts. c) Using these equivalences, an arbitrary string of phase shifts, BS and
TMS operations can be implemented using Raman memories. A final corrective phase shift for each
mode can simply be incorporated into a change of measurement basis when the mode is read out.

through each operation to the end of the chain. The final necessary corrective phases θI and

θII can then simply be incorporated into a change of measurement basis when each mode

is finally read out. Using this approach, Raman memories can therefore act as universal

time non-stationary elements. As I will show below, this enables the full generation and

manipulation of TF CV cluster states.
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9.2 CV cluster state generation

As introduced in Section 7.3.1, the resource state in the canonical model of CV cluster-state

computing is composed of a number of qumodes, each prepared in the |0pi〉 =
∫∞
−∞ |xi〉 dxi

eigenstate. These qumodes must be entangled with each other as required to create a given

cluster state geometry.

9.2.1 Two-qumode cluster

As a first step towards a full cluster state, we demonstrate how to use the TMS interaction

to create two-qumode TF encoded cluster states. These will function as primitives for our

full state. To do this, we note [175] that a two-mode canonical cluster state provides the same

correlations as a two-mode squeezed state under a rotation of the quadratures of one of the

modes, so that xi → pi and pi → −xi. Therefore application of the TMS interaction between

a vacuum electromagnetic mode and a memory initialised in its ground state will produce

a qumode in the memory entangled with a qumode in the field (Fig. 9.5). A subsequent BS

interaction can be used to ‘read out’ the memory qumode by coupling it into another TF

plaquette. This produces a two-qumode TF cluster state (equivalent to an EPR state [18]).

9.2.2 Implementing a controlled-Z operation

After creation, these two-qumode clusters must then be linked to create a 2D cluster state.

The canonical method for generating these links is to apply a so-called controlled-Z (CZ)

gate, which implements the unitary operation e2 i x̂ix̂j [173,176]. For this purpose, the TMS

operation can not substitute the CZ gate, as the qumodes are not initially in the vacuum.

The ability to implement the CZ gate also enables other cluster state computing schemes,



9.2 CV CLUSTER STATE GENERATION 182

control

2 qumode cluster state

Tim
e

a)

b)

c)

T

T + δt

T + 2δt

optical

matter

BS

TMS

Figure 9.5: a) Initial time-bin two-qumode cluster states can be produced by using a Raman
memory to create a TMS interaction between electromagnetic and memory vacuum modes. b) A BS
interaction is then used to read out the memory qumode into another TF plaquette, resulting in c)
a flying 2-TF mode cluster state.

such as the memory based cluster-state scheme described in [235]. Here I show that this

gate can be achieved using three Raman memory interactions between an electromagnetic

qumode and a memory qumode.

As I discussed in Section 1.4.3, all Gaussian operations can be decomposed into the

combination of a linear interferometer, followed by parallel single-mode squeezing operations,

and finally another linear interferometer. This is because, for the Bogoliubov transformation

âk →
∑

j

Ajkâj +
∑

j

Bjkâ
†
j , (9.13)

the matrices A and B can be decomposed via the Bloch-Messiah reduction into

A = UADV
†, B = UBDV

T . (9.14)
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Using this decomposition, the CZ Hamiltonian is given by 2

U =


 sinφ −i cosφ

i cosφ − sinφ


 , V =


 cosφ −i sinφ

i sinφ − cosφ


 ,

AD =



√
5
2 0

0
√
5
2


 , BD =




1
2 0

0 1
2


 (9.15)

where φ = 1
2 sin−1(2/

√
5) ≈ 31.72◦.

This cannot be directly implemented using Raman quantum memories, as they can only

implement TMS and BS operations. However, since the squeezing is the same for each mode,

it is possible to substitute a TMS operation and suitable linear-optical transformations

for the single mode squeezing [20]. A standard TMS operation, parametrised by µ and ν

(Eqn. 1.67), is given by

ATMS =


µ 0

0 µ


 , BTMS =


0 ν

ν 0


 . (9.16)

Applying a 50:50 beam splitter operation and π/2 phase transformation before and after

2The discrepancy with [35] is due to a slight difference in the definition of the CZ Hamiltonian.
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the squeezing operation, we find that

A′ =




1√
2

1√
2

i√
2
− i√

2




µ 0

0 µ






1√
2
− i√

2

1√
2

i√
2




=


µ 0

0 µ


 = AD

B′ =




1√
2

1√
2

i√
2
− i√

2




0 ν

ν 0






1√
2

i√
2

1√
2
− i√

2




=


ν 0

0 ν


 = BD. (9.17)

This is the desired parallel single-mode squeezing operation [20]. Combining this with the

CZ Bloch-Messiah reduction (Eqn. 9.15), the CZ operation can therefore be implemented

by A = U ′ATMSV
′†, B = U ′BTMSV

′T where

U ′ =


 cosφ′ − sinφ′

i sinφ′ i cosφ′


 , V ′ =


 cosφ′ sinφ′

−i sinφ′ i cosφ′


 ,

ATMS =



√
5
2 0

0
√
5
2


 , BTMS =


0 1

2

1
2 0


 (9.18)

and φ′ = π
4 − φ ≈ 13.28◦. This operation is equivalent to the sequence of two-mode trans-

formations shown in Fig. 9.6.

A straightforward protocol for implementing these transformations uses three successive

memories (Fig. 9.7). It should be noted that it is also possible to use only BS operations

to link qumodes [198,199] although, in this case, corrective displacement operations must be

physically implemented on each qumode between measurements. Additionally, an altern-

ative approach to creating cluster states requires only vacuum squeezing followed by linear
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Figure 9.6: a) The sequence of two-mode transformations necessary to implement a CZ operation,
with r = sinh−1(1/2), φ′ = π

4 − 1
2 sin−1(2/

√
5). b) Three Raman memory operations are sufficient

to implement this operation.

interactions [175]. However, the number of linear interactions required scales quadratically

with the number of qumodes in the cluster.

9.2.3 Building a 2D cluster state

In order to create a full 2D cluster state, we exploit the precise modal selectivity of the

Raman memory to controllably address different TF plaquettes. This allows us to imple-

ment the CZ operations required to entangle neighbouring initial two-qumode cluster states

(Fig. 9.8), creating the desired overall cluster topology. The modes within a time-bin that

are not being addressed by a given memory will pass straight through, allowing each link to

be created completely independently.

In this way, a linear chain of only 7d − 3 quantum memories is sufficient to generate

2D cluster states encoded in d different central-frequency modes. The cluster state can be

of significant temporal duration, since a given qumode is only stored in a memory for the

length of time δt required to implement a BS or TMS operation. This requires that the

coherence time of the memory tmem � δt. However, tmem can be significantly less than the

temporal extent of the entire cluster, so that tmem � n δt, where n is the number of time-bin
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Figure 9.7: Three separate two-qumode operations are required to create a CZ gate, in the sequence
BS, TMS, BS. Here we show the full protocol needed to implement such a gate between two qumodes
encoded in different time-frequency plaquettes (control fields are omitted for clarity, but colours used
to indicate the form of operation, with purple denoting BS operations and green denoting squeezing
operations). This can be achieved by using a set of three quantum memories. Only three operations
are used to implement the CZ gate (solid outlines), the other BS operations are simply required
to maintain the temporal separation of the two qumodes (dashed outlines). The two qumodes are
shaded in different colours for clarity, but do not necessarily have different central-frequencies.

modes. For a given δt and therefore δω, the number of different central-frequency modes

d is then constrained by the range of frequencies δfull that the memory can access. For

example, in memories based on alkali atoms we require δfull � δstokes (Fig. 9.2) to suppress

four-wave-mixing noise [236]. Therefore the maximum d is on the order of δfull/δω ≈ δfull δt,

which is the standard time-bandwidth-product figure of merit for quantum memories. Time-

bandwidth-products upwards of 1000 have been demonstrated [228,236].
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Figure 9.8: A linear chain of 7d− 3 quantum memories can generate 2D cluster states encoded in
d different central-frequency modes and a large number of time-bin modes. a) d quantum memories
are used to create two-qumode clusters encoded in plaquettes tiled across the available TF space, as
shown in I) (colours are used to denote different central-frequency plaquettes, with the colour of the
quantum memory corresponding to the central-frequency that it operates upon). b) Entanglement
links are generated between two qumode clusters with the same central frequency using CZ interac-
tions, as shown in II). This requires a further 3d memories. c) Entanglement is generated between
qumodes with different central-frequencies, requiring a final set of 3(d− 1) memories. This produces
the final 2D cluster state shown in III).

9.3 Measurements and non-Gaussian operations

Once the cluster state is successfully constructed, quantum information processing tasks

require the measurement of appropriate field quadratures for each qumode in the cluster.

Since different central-frequency qumodes are co-propagating in the same time bin, a method

of measuring each of these modes separately is needed. For this, we can again exploit the TF

selectivity of quantum memories. Consider embedding a memory in one arm of a balanced

Mach-Zehnder interferometer, with path lengths adjusted so that the qumodes are mapped

back into their original mode (Fig. 9.9a). A BS operation can be applied to one frequency

qumode that is sufficiently strong to read it in and then instantaneously read it out of the

memory. It can be easily shown that this will create a π phase shift in this mode and

therefore swap the output port from which it will exit. Homodyne detection can then be

carried out on this qumode without disturbing the others.

In order to carry out universal quantum computation, non-linear operations or non-

linear resource states are also needed [157,237] (Section 7.3). Direct implementation of non-
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Memory

Homodyne Measurement

-
Local Oscillator

Figure 9.9: Measurement of a frequency qumode by using a quantum memory embedded in a
balanced Mach-Zehnder interferometer. A BS operation is used to apply a π phase to the qumode
to be measured, changing the output port it exits from. An arbitrary quadrature of the qumode can
then be measured by using a local oscillator to carry out homodyne detection. This scheme may be
implemented in a signal spatial mode by using appropriate polarisation elements.

linear operations is experimentally challenging [238], therefore most proposed schemes have

been based on measurement-induced non-linearities [161,239]. Our method naturally provides

a convenient platform for probabilistic non-Gaussian state generation schemes, since the

qumodes are already stored in quantum memories at points of the protocol. The interval

between storage and read-out therefore provides a period in which multiple attempts can

be made at generating suitable non-linear states. The use of quantum memories to increase

the success rate of photon subtraction has been studied in recent papers on entanglement

distillation [167,234].

9.4 Cluster state generation with imperfect memories

The scheme I have presented has so far assumed ideal memories. Of course, in reality all

physical systems will be imperfect at some level. Here I briefly explore the effects of this on

our proposal.

The mode coupling BS transformations in the CZ operation (Fig 9.6b) require a beam

splitter coupling strength of 5.3%, and the TMS transformation requires 4.2 dB of squeezing.

This is compatible with current state-of-the-art Raman memories, which have achieved
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storage efficiencies of over 80% [240], and are estimated to be able to achieve a squeezing of

9.6 dB [167] (assuming that the modes for each transformation are similarly detuned from

resonance).

This current state-of-the-art squeezing is below the levels needed for fault-tolerant quantum

computing in the Menicucci scheme [171] (approximately 17-20 dB). However, in principle,

an increase of 80% in the mode coupling strength would be sufficient to provide this. With

this level of increase, it would also be theoretically possible to transfer modes between

electromagnetic field modes and the memory mode with unit efficiency.

In reality, all physical experimental implementations are imperfect at some level. For any

real quantum memory, it likely that it is not the coupling strength, but rather the imperfect

overlap between the input and output field modes, and other losses associated with field

propagation, that are likely to ultimately limit the storage efficiencies achievable. It should

be noted that these imperfections are obstacles in all quantum linear-optical schemes, and

as such are certainly not confined to memories as optical elements. However, in common

with other such schemes, our proposal is sensitive to these deviations from ideal operation.

Although a full treatment of the effects of these imperfections is beyond the scope of this

thesis, in the following section I present calculations as an initial exploration of their expected

impact.
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9.4.1 Fidelity of cluster state generation with imperfect memories

We model imperfect two-qumode cluster state generation by applying a non-ideal read-out

BS unitary (with a deviation from ideal operation parametrised by δη)



√

1− δη √
δη

√
δη

√
1− δη


 (9.19)

between the memory mode of the initial generated TMS state (Fig. 9.5) and a vacuum

electromagnetic field mode. We use the results of Ref. [241] to calculate the fidelity between

this state and the ideal state, which we find to be

4/

√(√
1− δη −

(√
1− δη − 1

)
cosh(2r) + 1

)4
(9.20)

where r = −1
2 log

(
10−

dB
10

)
and dB is the squeezing in decibels.

The fidelity gives a useful indication of the expected performance of this state for

quantum computing as it can be shown to be equal to the minimum overlap of the probabil-

ity distributions for the outcomes of any general measurement on the respective states [242].

It therefore gives a rough estimate of the probability that a measurement of the state will

give an erroneous result.

Fig. 9.10 shows a plot of this fidelity as a function of the desired squeezing level and

the deviation from unit efficiency δη of the read-out operation. As would be expected,

the fidelity is increasingly sensitive to δη as the squeezing increases. As an example, we

consider a 17.4 dB squeezed cluster-state resource, sufficient in principle for fault-tolerant

cluster-state computing if used with an error code able to tolerate gate error probabilities

of 10−3 [171]. In order to produce a two-qumode cluster with a corresponding 10−3 infidelity
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to the ideal state, it is necessary to be able to read out the state with 1−7×10−5 efficiency.
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Figure 9.10: The infidelity (1-fidelity) between the state generated by our two-qumode cluster state
protocol and an ideal TMS state with the same level of squeezing, as a function of the squeezing
desired and the deviation from unit memory efficiency for the read-out operation. Contours are
plotted on a logarithmic scale, with solid black lines at each order of magnitude.

This is beyond the current state of the art. However, it is likely that this situation

will be improved upon in the near future, both in terms of the requirements for fault tol-

erance, and in terms of the efficiencies that can be achieved. Specifically considering the

case of fault tolerance, it should be noted that Menicucci [171] considers in detail only one

specific continuous-variable scheme for encoding qubits [161]. Using this scheme, he estim-

ates the errors induced by finite squeezing and compares these with the error thresholds

of contemporary qubit error correction schemes, in order to show that fault tolerance is

in principle possible. However, this initial treatment explores only one small part of the

parameter space of possible encodings, computational approaches and fault tolerance meth-
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ods, suggesting that improvements may be possible. This is an important problem to the

continuous-variable community and one of active research [243,244].

9.4.2 Fidelity of outputs from an imperfect CZ operation

We additionally calculated the fidelity between the state output by an imperfect CZ opera-

tion used to entangle two uncorrelated single mode squeezed states and the equivalent ideal

state. This is not the operation that will be carried out in our protocol, as that consists

of linking two-qumode cluster state units. However, the additional complexity encountered

in dealing with at least four field modes made this full calculation outside of the scope of

this work. In our calculation, it is assumed that each of the BS operations that are used

to transfer a qumode between a field mode and the spin wave mode in the CZ protocol

(Fig. 9.7) deviates from perfect operation as defined in Eqn 9.19. This is equivalent to the

set of transformations depicted in Fig. 9.11.

TMS BSBS

Figure 9.11: Imperfect operation of the CZ operation protocol depicted in Fig. 9.7 is modelled by
inserting loss modes (black arrows) at the positions depicted. These loss modes are coupled to the
field modes by the BS unitary given in Eqn 9.19.
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Figure 9.12: The infidelity (1-fidelity) between the state generated by our CZ protocol and an
ideal entangled state with the same level of squeezing as a function of the squeezing desired and
the deviation from unit memory efficiency for the read-out operation. Contours are plotted on a
logarithmic scale, with solid black lines at each order of magnitude.

For this CZ operation, we find a fidelity between the ideal and imperfect states of

4/
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Fig. 9.12 shows a plot of this fidelity as a function of the desired squeezing level and

the deviation from unit efficiency δη of the BS operations. We consider again a 17.4 dB
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squeezed cluster-state resource as an example. In order to entangle two qumodes with a

corresponding 10−3 infidelity to the ideal state, we require BS operations with an efficiency

of 1− 10−5.

As can be seen from these calculations, the requirements for high fidelity operation at

these squeezing levels are stringent. This presents a strong technical challenge for all exper-

imental implementations of continuous-variable cluster state quantum computing schemes.

9.5 Conclusions

We have proposed novel active elements for TF linear-optical quantum computing based

on Raman quantum memories. These elements are able to implement time non-stationary

beam splitter and two mode squeezing interactions, providing a versatile toolbox for state

generation, manipulation and measurement. Our results suggest a useful route towards

maximising the space of encodings available for electromagnetic modes, and could also be

combined with other degrees of freedom, including polarisation and spatial encodings, in

order to obtain further increases in dimensionality. This may enable innovative approaches

to QIP [191,245].



Chapter 10
Conclusions

It is a testament to the vastly unfamiliar landscape of quantum mechanics that, almost a

century after its initial conception, vigorous debate still continues on its fundamental under-

pinnings. It is quite remarkable, for example, that no strong consensus yet exists as to what

exactly happens when a quantum system is measured, or even what measuring a quantum

system means [246]. Yet somehow, despite these shaky foundations, quantum mechanics

continues to remain in almost perfect agreement with all experimental evidence [247,248], no

matter how much it conflicts with our intuition [34,249].

In the past few decades, a close link has been formed between the abstract notions

of information science and the more physically motivated ideas in quantum theory, in the

guise of the new field of quantum information science. This link has pushed forward our

understanding of quantum correlations [2,250], stimulated progress on the unification of gen-

eral relativity and quantum mechanics [251] and may even provide insights into the origin of

space-time [252]. On a more practical level, quantum information science has underpinned

our understanding of quantum computational complexity [11,25] and has led to the develop-

195
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ment of novel approaches to manipulating quantum information that have steadily pushed

down thresholds for error tolerant quantum computing [160]. There are strong prospects for

progress on these and many other theoretical questions as the field of quantum information

science continues to grow.

Of course, theory requires experiment, and vice versa, with each stimulating progress in

the other. From the very beginnings of experimental investigations into quantum mechan-

ics, optics has played a leading role [5]. Unlike for matter-based systems, optical quantum

phenomena can be easily measured at room temperature and atmospheric pressures, and

often require little more than a laser light source, non-linear crystals, and sensitive detect-

ors. Optics is by far the dominant approach for the distribution of quantum information,

and still proves to be the best platform for many foundational tests. The ubiquity of op-

tical sensors also suggests that optics will continue to play an important part in quantum

enhanced metrology experiments, as I have explored in this thesis.

Unfortunately, for quantum information processing tasks, we are now reaching a stage

at which many of the most easily achieved experiments have been carried out, and for which

further progress will require the high-fidelity control of complex entangled states. Due to the

difficulty of generating entanglement between single photons, and the ever-present problem

of optical losses, this is a huge challenge for conventional discrete-variable linear optics in

the near to mid-term, even with the use of techniques such as those presented in this thesis.

This challenge has to be measured against the astonishing progress of matter-based systems

in terms of the quality of qubit control, suppression of decoherence, and the number of linked

interacting qubits [253,254]. It is therefore unclear whether linear optical quantum computing

will prove to be the most effective means of building a universal quantum computer.
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This is not to say that optics will not be integral to whichever solution eventually succeeds

at this hugely challenging task. Many of the most promising current ideas for matter-

based quantum computers employ a hybrid approach, in which matter qubits provide the

processing and memory cores, while flying optical qubits are used to link small units of cores

into a network suitable for large scale quantum computing [255,256]. In such an approach, it is

conceivable that the techniques developed for linear optical quantum computing will prove

useful for efficiently distributing entanglement, and perhaps even for some level of initial

processing, for example, by employing entanglement distillation protocols [234].

More speculatively, it is possible that a purely optical approach to quantum information

processing based on non-linear optics may make large strides forwards in the coming decades.

In the last few years, this possibility has moved from being broadly dismissed within the

community to a tantalisingly concrete prospect, with multiple experiments demonstrating

single-photon level non-linearities [152]. Many challenges remain, particularly with regard to

optical loss, but this approach seems to have significant potential. Another possibility stems

from the somewhat neglected continuous-variable approach to quantum optics. Unlike for

discrete-variable approaches, continuous-variable resource states and entanglement can be

generated straightforwardly and on-demand. The significant problem of producing non-

Gaussian operations has still not been satisfactorily solved, but it may prove that a hybrid

discrete/continuous-variable approach can leverage the best of both worlds [257]. Further

work on both the experimental and theoretical aspects of this possibility is needed to better

evaluate how promising this approach is.

In conclusion, quantum optics still has much to contribute. More broadly, considering

the whole field of quantum mechanics and quantum information science, it remains for
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me to note that if any lesson can be learnt from our remarkable progress in learning to

control quantum systems in the last half-century, it is that unanticipated leaps forward

can happen over periods of just a few years, as has been highlighted by the remarkable

recent improvement of superconducting qubits [253]. This provides a strong motivation and

justification for casting our nets as widely as possible in our continuing exploration of this

perplexing, yet always incredibly rich field. I am excited to see what new surprises the next

few decades will bring.
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