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Abstract

Correct modelling of embankment breach formation is essential for an accurate assess-
ment of the associated flood risk. Modelling breach formation due to overflow requires
a thorough understanding of the geotechnical processes in unsaturated soils as well as
erosion processes under supercritical flow conditions. This thesis describes 1D slope
stability analysis performed for unsaturated soils whose moisture content changes with
time. The analysis performed shows that sediment-laden gravity flows play an im-
portant role in the erosion behaviour of embankments. The thesis also describes a
practical, fast breach model based on a simplified description of the physical processes
that can be used in modelling and decision support frameworks for flooding. To pre-
dict the breach hydrograph, the rapid model distinguishes between breach formation
due to headcut erosion and surface erosion in the case of failure due to overflow. The
model also predicts the breach hydrograph in the case of failure due to piping. The
assumptions with respect to breach flow modelling are reviewed, and result in a new
set of breadth-integrated Navier—Stokes equations, that account for wall shear stresses
and a variable breadth geometry. The vertical 2D flow field described by the equations
can be used to calculate accurately the stresses on the embankment during the early
stages of breach formation. Pressure-correction methods are given for solving the 2D
Navier—Stokes equations for a variable breadth, and good agreement is found when

validating the flow model against analytical solutions.
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Chapter 1

Introduction

History shows that the consequences of flood events can be severe. The flooding of the
South-West of the Netherlands and South-East of England in 1953 resulted in a large
number of fatalities and substantial economic losses. More recent examples of floods
with large economic damage are the flooding of New Orleans in August 2005 (Seed
et al., 2006) , and that of Queensland Australia in January 2011 (ABC news, 2011).
Between 1998 and 2009, 213 floods occurred in Europe which caused for economic,
social, and environmental damage, and 1126 deaths (European Environment Agency,
2010). As an attempt to improve flood risk management the EU Floods Directive
2007/60/EC was developed and published in October 2007 (Parliament, 2007). The
aim of the EU Floods directive is to reduce and manage flood risk with respect to public
health, environment, cultural heritage, and economic activity. EU member states are
required to perform a preliminary assessment of areas at risk of flooding. Flood risk
maps will have to be completed for these areas by 2013, and prevention, protection and
preparedness plans have to be developed for these areas by 2015 (Parliament, 2007). To
assess the areas at risk of flooding and the possible severity of floods, flood spreading
models have been developed and included into river flow models and coastal models.
For accurate modelling of the spreading of a flood, the flow rate of water entering a
flood area needs to be accurately predicted. When failure of an embankment causes an
area to flood, the flow rate of inflowing water is determined by the size of the breach,
and the growth rate of the breach with respect to the rate of change of the water level
in the river. Empirical breach relationships have been developed using available data

on breaches (Verheij and Van der Knaap, 2002). However the large variety in loading
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conditions on embankments, embankment design, and failure modes, combined with
limited data available on failed embankments, make empirical models highly inaccurate.
Unfortunately developers of empirical models often do not comment on the inherent
inaccuracy of the models. Hence some studies related to the uncertainty in flood risk
(see e.g. De Moel (2012)) ignore the inherent inaccuracy of breach models and focus
solely on the impact of variation in input parameters on the accuracy of output values.
This then leads to the erroneous conclusion that breach models make only a small
contribution to the overall inaccuracy in flood risk, whereas the opposite could be
true. Although more accurate predictions of flood volumes could be obtained from
process-based breach models, it should be noted that model inaccuracies nevertheless
arise from a lack of understanding of the breach processes. This thesis focuses on the
development of process-based breach models. As a starting point, the next section
reviews the limits in understanding of breach processes and the way these processes

are currently modelled.

1.1 Limits in knowledge

Process-based models simulate reality by closely approximating the physical processes.
To produce an accurate model it is essential that model approximations are understood
and that the model is not applied outside sensible parameter limits. Nowadays, nearly
all breach models describe breach processes according to the simplified steps of breach
formation described by Morris et al. (2009a) and Visser (1998). Figure 1.1 shows
a typical breach hydrograph for embankment failures by overflow. In discussing the
stages, the embankment is described as having a waterside slope, a crest, and a landside
slope. The waterside slope is defined as the sloping face of the embankment at the side
of the river or coastal water. The landside slope is defined as the sloping face of the
embankment at the inland side. The following stages occur, with the possible exception

of Stage 3:
1. Embankment is stable and functions well. T5-73

2. Embankment starts to overflow and water percolates into the embankment. Ma-
terial is progressively removed and the landside slope retreats towards the water-

side slope. T}-T5
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Flow

(Q)

Bk T R

Figure 1.1: Generic breach hydrograph (After Morris et al. (2009b))

3. Erosion of the landside slope reaches the waterside slope and the flow slowly starts
to increase. The increased hydraulic head over the embankment leads to higher
flow velocities through the breach, and an increased horizontal flow contraction

besides the already present vertical flow contraction. T5-T3

4. Rapid increase in flow velocity with erosion of the waterside slope and simulta-

neous widening of the breach. Flow velocities are supercritical. T3-Ty

5. Breach flow becomes affected by the rise of the downstream water level, and/or
the fall of the upstream water level, and the breach flow starts to decrease to
the point that the flow velocities become so small that the erosion process stops.

T,-T5

These stages have been observed in several large- and small-scale breach experiments
(Morris et al., 2008). However, differences in breach behaviour have been found in the
rate, and manner of breach formation. The limits in knowledge relate to the lack of
complete understanding of why these differences occur as is exemplified by considering
the simple case of breach formation due to overflow of a trapezoidal-shaped flood
embankment protected by a grass layer. Water starts to overflow the embankment when
the level of water against the embankment exceeds the crest level. Grass protection
prevents erosion of the embankment soil for a period of time, during which the water
level may decrease again. To fully assess the breach process as a function of time, it is

thus necessary to understand how and when a grass protection layer fails.
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In The Netherlands, the Expert Network on Water Safety (ENW) performed several
tests on grass erosion under wave attack. ENW (Muijs, 1999) reported that evenly
distributed and healthy grass provides a cover layer that is highly resistant to erosion.
ENW found that grass strength is greatly influenced by the strength of the turf layer.
Grass roots of barely-fertilized grass were found to be more erosion resistant than
well fertilized grass. However no explanation is given by ENW on how grass erodes.
Nezu and Okamoto (2010) studied the profiles of flow over a grass layer, and found
that the vertical and horizontal turbulence intensities near the roots were minute,
indicating a negligibly small shear stress at the bed. Over the height of the stems, the
cumulative shear stress causes a normal tensile force in the stem which is transferred
to the soil. This could have a two-fold effect on erosion. First, the tension could cause
the stem to snap at the roots leading to a less protected bed. Second, the tension
could pull the roots out of the bed. Fluctuations in bed shear stress may thereby
loosen the turf layer. Pollen (2006) studied root reinforcement of streambanks. Pollen
measured the tensile strength and pull-out forces of grass roots and found that for
small diameter roots the breaking forces exceeded the pull-out forces. Larger diameter
roots were more likely to be pulled out of the soil. The threshold between the two
depends on the shear strength of the soil, the frictional bonds between the root and
the soil grains, and the plant-specific tensile strength. Pollen also found that the
tensile strength of roots is largely independent of soil moisture content. However, the
moisture content of the soil did have an effect on the threshold between roots being
pulled out of the soil and breaking of roots. It was observed that as the soil dried, the
frictional bonds between roots and soil became stronger because the apparent cohesion
increased with the matric suction of the soil, where matric suction is defined as the
suction present in the unsaturated soil matrix due the capillary effects of groundwater.
Pollen (2006) found that the root reinforcement by grass was lowest when the soil
moisture content was high and the soil shear strength was low. Richards (1931) found
a relationship between soil pore pressure and moisture content. When a soil dries out,
its pore pressure becomes progressively negative as the moisture content decreases,
positively affecting soil stability. The capillary effect of the soil matrix causes water
to flow from regions of high water content (or low matric suction) to regions of lower
water content (high matric suction). From the study by Pollen (2006) it is possible
to conclude that the matric suction of the soil directly affects the erodibility of grass.

When an embankment overflows, water percolates into the embankment, increasing the
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moisture content of the soil. The resistance of grass to erosion is therefore expected to
be dependent on time as well as grass quality. For accurate modelling of the breaching
of a grass-covered embankment it is not only necessary to address when the grass cover
fails but also where along the embankment perimeter it fails. Both the load on the
grass cover and the grass quality vary along the perimeter of the embankment, and so
the grass cover does not fail everywhere at once. The order in which the grass cover
fails influences the erosion process and hence the breach hydrograph profiles.

After failure of the grass cover, Stage 2 continues whereby two types of soil erosion
processes can occur. The first is surface erosion, the second headcut erosion (Morris
et al., 2009a). With surface erosion, the embankment erodes gradually, whereby sharp
gradients in the embankment profile are smoothed out. This behaviour was also found
by Sametz (1981) who performed scale overflow experiments on an embankment of
0.365m high and made out of non-cohesive material. The time stepping results are
given in Figure 1.2, which clearly shows the reduction in gradients in the embankment

profile. Headcut erosion is defined by Zhu et al. (2008) as “... a vertical or near vertical

—

Flow direction

Time increase

Figure 1.2: Dam profile development with time for a homogeneous scale embankment
consisting of non-cohesive material (After Broich (1996)).

drop in elevation occurring in rill, gully earth spillway and overtopped embankments”.
Zhu et al. (2011) performed scale experiments to breaching of embankments made up
out of a range of cohesive soils. Figure 1.3 shows the embankment profile development
with time for the erosion due to overflow of the test embankment constructed of the
most cohesive soil. The figure shows a much steeper landside slope gradient for the
cohesive embankment as is expected in the case of headcut erosion. Although many
studies have examined the physics behind headcut erosion, an understanding of the
dynamics of headcut erosion is still inadequate. Zhu et al. (2008) explain the formation

of headcuts as follows. When the decrease in crest height causes the flow over the
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Figure 1.3: Dam profile development with time for a homogeneous scale embankment
consisting of cohesive material (Flow direction is from left to right) (After Zhu et al.,
2011)

embankment to increase, the flow overshoots at the transition between the crest and
the landside slope, and forms an impinging jet. At the reattachment point of the jet
with the embankment, scour erosion processes cause the slope to steepen and a step to
form. The step formation process is repeated further along the landside slope due to

transitions between step bases and the landside slope (see figure 1.4). With increasing

=

Figure 1.4: Schematised headcut growth process

flow velocity and continuation of erosion of the headcuts, the step sizes increase until
the jet overshoots all steps. Scour under the landside slope then causes the embankment
to fail.

Why surface erosion prevails over headcut erosion, or vice versa, is explained by
studying the flow dynamics, sediment transport processes, and soil mechanics. When

an embankment overflows it acts as a broad-crested weir. Conservation of energy over
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the crest gives a lower water level over the crest, compared to the upstream water level,
and leads to correspondingly higher flow velocities. When the flow reaches the landside
end of the crest the sudden drop in channel bed causes the flow to behave according

to one of the following three flow types (See Figure 1.5).

1. The flow forms a free nappe when the pressure just after the landside end of the

crest is atmospheric.

2. A recirculating flow pattern arises under the main flow to the point where the

flow reattaches to the embankment.

3. The change in bed level is mild and the flow does not separate from the bed.

Flow type 1 Flow type 2 Flow type 3

Figure 1.5: Three possible types of flow behaviour

From a hydraulic point of view, each of the flow types results in a different erosion
behaviour. With flow type 1, the stresses along the landside slope are focused where
the free nappe reattaches to the embankment. The localized stresses lead to headcut
erosion. Where the cascade flow impacts on the embankment surface, the low disperses
and undercuts the embankment. The local erosion rate depends upon the energy with
which the flow hits the soil, and hence on the height of the cascades. Similarly flow
type 3 leads to surface erosion since the flow remains fully attached to the embankment
surface. For flow type 2 it is more difficult to predict the process by which the embank-
ment erodes since some erosion occurs before the reattachment point, while the stresses
are focused at the reattachment point (see Figure 1.5). The flow-induced stresses on
the embankment between the separation and the reattachment point determine the
type of erosion process from a flow perspective. Depending on the embankment geom-
etry, more than one flow type could occur simultaneously at different locations, causing
the embankment to erode according to a combination of erosion types. For example,

in the case of a horizontal berm halfway down the landside slope, the flow has more
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time to accelerate alongside the landside slope before reaching the berm. Separation
and reattachment of the flow after the berm would lead to flow type 1 irrespective of
how the flow behaves at the end of the crest.

Transport of embankment material is governed by sediment transport processes.
The flow accelerates along the landside slope and is thereby predominantly supercriti-
cal. For most embankments, the landside slope is not sufficiently long for equilibrium
flow conditions to be reached. Under the accelerating flow conditions, no equilibrium
transport conditions are obtained and the breach erodes due to live scour effects. To
the author’s knowledge, no transport equations have been developed that describe live
bed scour under supercritical flow conditions, and hence a practicable approximation
was instead established. Yang (2006) mentions shear stress and streampower to be use-
ful parameters by which to describe the erosion rate, since both parameters represent
the forces along the bed. The shear stress approach relates the erosion rate of sediment
to the shear stress acting on the bed. The streampower approach relates the erosion
rate to energy dissipated by turbulence. The shear stress based erosion equation for

the erosion rate, as used in breach models and rill erosion models, is given by

E=K.(t—71)" (1.1)

where E is the erosion rate, 7 the bed shear stress, 7. the critical bed shear stress
needed for the initiation of motion, K, is the soil erodibility factor, and m a power
index related to efficiency. When using the erosion equation, it is inherently assumed
that the flow dynamics are not influenced by the concentration of suspended sediment
present (Govindaraju and Kavvas, 1991). Besides this limitation, the erosion equation
is limited to subcritical flow conditions (Smith, 2006).

Unlike the shear stress approach, the streampower approach is also valid under
supercritical flow conditions. In developing the streampower approach Bagnold (1966)
related the transport rate of material to the rate of energy used in transporting mate-
rials. Bagnold’s relationship that relates streampower to the sediment transport rate

is given by
Vs —
g

Etana = 7Vey, (1.2)

where v, and 7 are respectively the specific weight of sediment and water, tana is the

ratio of the tangential to normal force, V' is the average flow velocity, and e, is an
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efficiency coefficient. Unlike Bagnold, who applied the streampower concept to a unit
bed area, Yang (1979) applied the power to the unit weight of water used to transport
sediment (Yang, 2006), thus directly relating the total sediment concentration or to-
tal bed material load to streampower. Between these equations the unit streampower
equations developed by Yang are less sensitive to a variation in Froude number and
are applicable to subcritical, transitional, and supercritical flow regimes (Smith, 2006).
Despite being valid for an extensive range of flow velocities, the sediment transport
equations based on the streampower approach are derived for equilibrium sediment
transport conditions. However, due to the continuous accelerating flow along the em-
bankment perimeter, equilibrium sediment transport conditions are not reached in
practice. Comparison between the erosion equation and the streampower relationship
shows that the erosion equation is a function of the shear stress 7, and the stream-
power equation is a function of the shear stress 7 multiplied by the mean velocity V.
With the shear stress approximated as a function of the velocity squared, the erosion
equation becomes similar to the streampower equation when a power of efficiency of
1.5 is applied. Hence the erosion equation is assumed to give a reasonably good ap-
proximation under supercritical flow conditions for m = 1.5. Cohesive sediments have
a lower degree of erodibility than non-cohesive sediments. Hence most of the energy
dissipated by turbulence is not used to transport sediment particles and a lower value
for the power m is expected. The power in the erosion equation is thus expected
to vary between 1 and 1.5, with a value of 1 more applicable to cohesive sediments,
and 1.5 more applicable to loose sediment. Both the streampower based method and
the shear stress based method use a factor of proportionality to calculate the actual
erosion rate as a function of soil erodibility, and hence location. In a homogeneous
soil, differences in erodibility are caused by compaction and the occurrence of negative
pore pressures. Sidorchuk (2002) stochastically modelled soil erosion and soil deposi-
tion using five characteristic stochastic variables: flow velocity, soil cohesion, aggregate
size of both native and deposited sediment, and soil consolidation. Sidorchuk (2002)
found a relatively low increase in erosion rate with respect to the flow velocity, when
the driving forces exceeded the stabilizing forces considerably. The influence of the
variability of soil properties like cohesion, aggregate size and soil consolidation was
also found to be less important in determining the erosion rate at high flow energy
events. These conclusions are valid for saturated soil conditions, and correspond with

the Shields Theory (Van Rijn, 1993). Shields showed that the dimensionless shear
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stress became independent of the particle Reynolds number for high particle Reynolds
numbers corresponding to high flow velocities or large particle sizes. The flow of water
in and out of the embankment affects the lift force on the particles and could therefore
influence surface erosion. Butt et al. (2001) studied the influence of swash infiltration
and exfiltration on beach sediment transport. They hypothesized that the outflow of
water from the beach causes fluidization of the top soil layer and hence increases beach
erosion. Although Butt et al. (2001) discovered that the pressures in the beach were
not high enough for fluidization to occur, they did observe a small increase in sediment
transport. This was linked to the outflow of water: (1) increasing the lift force on the
particles making them more susceptible to erosion, and (2) enhancing the thickness of
the laminar boundary layer, thus decreasing the shear forces on the particles. Butt
et al. (2001) found a decrease of 10.5% in wave uprush transport because of infiltration
and an increase of 4.5% in transport caused by exfiltration during downrush. From
the literature to date (and to the author’s knowledge), it is evident that the effects of
inflow and outflow on sediment erodibility and the erodibility of unsaturated soils are
still poorly understood. Thus far the analysis of erosion types has been restricted to
the possible effects of erosion due to flow. Due to an increase in flow velocities along
the slope in combination with non-equilibrium transport conditions, the embankment
slope is theoretically expected to steepen even if the flow does not separate from the
bed. A continuous steepening embankment slope leads to a geotechnically unstable
embankment shape. This is unrealistic for full scale embankments, especially when the
embankment is constructed from non-cohesive materials. Hence geotechnical failures
are expected to have a large impact on the overall erosion behaviour.

Based on visual observations of embankment breaches, micro-geotechnical failures
appear to dominate over the macro-geotechnical failures in limiting the landside slope
gradient. The matric suction inside unsaturated embankment soil increases the sta-
bility of the embankment and contributes to preventing major geotechnical failures
from occurring (Nearing et al., 1988). Initiation of groundwater flows parallel to an
overflowing landside embankment slope was the main cause of failure of embankments
with steep slopes in the 1953 flooding in the South-West of the Netherlands (Verruijt,
2001). Groundwater flows parallel to steep slopes initiate sediment-laden gravity flows
that prevent the slopes from steepening (Takahashi, 2009; Iverson et al., 1997). Hence
this could play an important role in breach formation. For an embankment constructed

of non-cohesive material, and with slopes sufficiently long to allow for a 1D analysis for
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the stability, the stability of the embankment slope is determined by the safety factor
F given by

_ tang
 tana’

F

(1.3)

where tan¢ is the gradient of internal friction of the soil, and tana the gradient of
the embankment slope. The safety factor F; reduces by (approximately) 50% in the
case of groundwater flow parallel to the embankment slope (Takahashi, 1981; Verruijt,
2001). Sediment-laden gravity flows increase the apparent erosion of the slope and
reduce the internal friction angle of the soil. A shear stress exerted by a flow over
the landside slope further reduces this factor of safety. Fox et al. (2007) found a
strong correlation between seepage flow and the occurrence of headcuts. Hence it is
assumed that headcuts only occur when (1) the cohesive properties of the soil under
saturated conditions prevent small-scale slope instabilities, or (2) the unsaturated soil
properties for the duration of the erosion process prevent sediment-laden gravity flows.
In the latter case, the embankment soil must have a low permeability. In cases where
sediment-laden gravity flows occur, their apparent smoothening effect by redistribution
of the embankment soil prevents the formation of headcuts. Hence embankments made
of non-cohesive and relatively porous material erode according to the surface erosion
process irrespective of the flow type. Even when small-scale slope failures are prevented,
the flow velocity over the crest must be high enough for a concentration of shear stresses
to occur at the landside slope in order for the headcut erosion process to initiate.

In the case of headcut erosion, the flow rate increases sharply when the retro-
grade erosion of the landside slope reaches the waterside slope, leading to Stage 3 and
subsequently Stage 4. In the case of surface erosion, sediment-laden gravity flows in
combination with erosion lead to a smoothed embankment profile and Stage 3 becomes
less distinguishable. Stage 4 initiates when the smoothed profile starts to affect the
waterside slope. Horizontal flow contraction causes a reduced pressure on the side
walls and this can result in flow separation from the side walls. When the flow sepa-
rates, the strong turbulent motions cause an increase in shear stress and lateral erosion.
Changes in the lateral breach dimensions are discontinuous in nature, and governed
by a combination of erosion and geotechnical failure mechanisms. Two distinguishable
geotechnical failure processes contribute to the shape of the breach sides (see Figure
1.6). The first failure mechanism is initiated by downward erosion of the breach invert

level. When the embankment soil is reasonably permeable, the phreatic water level in
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Figure 1.6: Types of breach side slope failure

the embankment lowers progressively along with the water level in the breach. In the
case of less permeable embankment material, the rate at which pore pressures reach a
new equilibrium is assumed to be smaller than the downward erosion rate of the breach
invert level. Groundwater flow from the breach side walls into the breach causes em-
bankment material to become unstable and to slump into the breach, narrowing the
breach (Rinaldi and Casagli, 1999). However the high flow velocity and transport
capacity of the flow lead to rapid removal of the slumped material. Increased flow ve-
locities through the breach can initiate a second failure mechanism whereby the breach
flow undercuts the embankment at the breach sides. The undercut sections slump into
the breach when their weight exceeds the stabilizing forces (Mohamed, 2002). The
rate at which the flow undercuts the side slopes is determined by the flow through the
breach and the degree of horizontal contraction. The breach continues to grow laterally
until the end of Stage 5 at which the breach flow is so small that the erosion process

stops.

1.2 Current methods for breach modelling

As explained in the previous section, the failure of a grass cover depends on time,
location, grass type, grass quality, and geotechnical properties such as the soil type and
pore pressure. Current breach models often simplify the failure process of a grass cover
by assuming instantaneous failure of the entire grass cover provided certain conditions
are met, making the failure of the cover independent of the location. The duration of
resistance against failure of a grass cover under certain flow conditions can be estimated

using the design chart from Technical Note 71 (Whitehead et al., 1976), as presented in
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Figure 1.7 . The given relationships are not presented as functions of the soil properties
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Figure 1.7: Critical velocities versus time to failure for 3 quality types of grass covers

(After Whitehead et al. (1976))

and hence the error bars corresponding to each of the relationships are expected to be
quite large (though are not provided in Technical Note 71). After failure of the grass
cover the actual breach model sets in. Extensive reviews of the history of breach models
are given by Morris et al. (2009a) , Mohamed (2002), and Visser (1998). Mohamed
classified breach models into non-physics based methods (data-based models), semi-
physics based methods (empirical models), and physics based methods. Mohamed and
Morris reported that the early physics based models by Cristofano (1965), Harris and
Wagner (1967), and Brown and Rogers (1981) used a broad-crested weir formula with a
fixed weir coefficient to calculate the flow over the embankment. Each of these physics
based models assumed a constant breach shape, which continuously grew to simulate
breach development. A shift in modelling strategy occurred during 1981 to 1984,
when the flow prediction was made using the shallow water equations with sediment
movement modelled using separate transport equations. These models were deficient in
assuming that no lateral erosion would occur after the peak outflow (Mohamed, 2002).
From 1984 to 1989 the modelling of breach flows reverted to use of the weir equation
with the erosion rate determined by sediment transport equations. Up to this time,
models used pre-defined breach shapes to account for the effects of geotechnical failures.
Over time, breach models became better able to predict the peak discharge and the

moment when this occurred, however they remained inaccurate in predicting breach
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dimensions. Mohamed reported that these models overestimated the lateral growth of
the breach. From 1989 to 1998, the models under development did not account for side
slope stability. However advances were made in the use of different sediment transport
formulae and in the development of empirical formulae for the erosion rate based on
data from small-scale experiments. For example, Visser (1998) used a combination
of 4 sediment transport formulae for the BRES model. Broich (1998) developed the
DEICH N1 and DEICH_N2 models in which the flow was modelled using the one-
dimension and 2D shallow water equations and sediment transport was calculated
using a combination of empirical formulae. This model still assumed a standardized
breach shape. After 1998, the primary goal of model development remained a proper
representation of the sediment transport rate. For this reason, further experiments were
performed on embankments constructed from cohesive and non-cohesive soils in order
to create a larger dataset for model validation. In recent years, breach modelling has
involved calibrating soil erodibility by finding the best fit to various different sediment
transport formulae, and typically the flow through the breach is modelled using the

broad-crested weir equation given by
U= cu\/29AH, (1.4)

where @ is the depth and breadth-averaged flow velocity through the breach as defined
in Chapter 4, ¢, is the weir coefficient, g is the acceleration due to gravity, and AH
is the head difference. Mohamed (2002) noted that the weir equation might perform
better than the 1D shallow water equations because it is possible to take flow curvature
into account by calibrating the weir coefficient in the broad-crested weir equation. The
problem however is that the weir coefficient ¢,, does not have a constant value in the
case of embankment breaching. Because of the changing shape of the embankment
during the breach, the weir coefficient should be constantly recalibrated. For an ide-
alised flow with minimum energy losses because of friction and contraction, the weir
coefficient has a value of 1 (Ackers et al., 1978; Nortier and De Koning, 1991). For
situations where high energy losses occur, such as at a long weir, this value can become
as low as 0.7 (Ackers et al., 1978; Nortier and De Koning, 1991). When the downstream

slope has eroded away and the resulting breach geometry corresponds to a short weir,



1.2 Current methods for breach modelling 15

the streamlines contract. The pressure distribution becomes lower than hydrostatic,
leading to increased flow discharge and velocity. In this case, the maximum increase
in the weir coefficient is 40% (Nortier and De Koning, 1991). The error in flow dis-
charge and hence velocity may therefore also be up to 40%. In practice, this problem
is still relatively small because the weir coefficient can be calibrated in such a way as
to compensate for the systematic error in estimating the discharge. However, the error
made in the estimate of sediment transport rate is more serious. In the case of a shear
stress based approach, the error in the calculated erosion rate is linearly dependent on
the error made in the calculation of the shear stress, which is approximately quadrat-
ically dependent on the flow velocity u. When the streampower method is used, any
error made in the calculation of the flow velocity is enhanced to a third power in the
calculation of the erosion rate.

As becomes clear from this brief historical review, the sophistication and predic-
tive capability of breach models has improved over the past half a century, although
such models still contain numerous assumptions with corresponding uncertainties. The
performance of breach models is often misinterpreted (Morris et al., 2009a). Morris
et al. (2008) mention that models are usually developed and calibrated against a single
dataset because of the lack of high quality datasets available for calibration purposes,
hence the ability of the model to reproduce the results of the dataset is inherently
quite good. Moreover, the assessment of model performance by comparing predicted
and measured flood hydrographs is also misleading because the flood volume is not
solely controlled by the rate and size of the breach growth. Currently models are able
to predict the peak discharge to within an accuracy of 25-30%. Model inaccuracy in
predicting the time at which the peak discharge takes place is even worse. In the early
stages of its development, the HR BREACH model (Mohamed, 2002) used a constant
weir coefficient. Nowadays, HR BREACH incorporates a changing weir coefficient,
based on the global shape of the embankment, the aim being to obtain a more accu-
rate calculation of the flow. Morris (2010) found that use of a variable, instead of a

constant weir coefficient led to a slight improvement in accuracy, but concluded that
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the primary source of error lay in the calibration of the soil erodibility, which was
solely dependent on the soil properties. Morris et al. (2009a) observed that material
texture, moisture content, and degree of compaction all influence soil erodibility. Of
these, material texture and compaction are both difficult to assess and model. How-
ever the influence of moisture content can be modelled reasonably well. Techniques for
modelling the effects of rainfall on the development of pore pressures in slopes can be
used to simulate the development of pore pressures in embankments. Recently Morris
(2010) further observed that the effects of the pore water pressure and other soil prop-
erties should not be neglected when breach processes are modelled; however this is the
case in many existing breach models.

The conclusions that can be drawn from the previous sections are

e Five stages can be identified in breach formation. In Stage 1, the embankment
functions well. In Stage 2, the landside slope retreats towards the waterside slope,
In Stage 3, the landside slope reaches the waterside slope and the flow increases,
In Stage 4, the flow rapidly increases with widening of the breach and further
erosion of the waterside slope. In Stage 5, the flow velocities decrease to the point

that the erosion process stops.

e The strength of a grass protection layer depends on the frictional forces between
the soil and the roots, and the tensile strength of the roots. The frictional forces
are a function of the moisture content of the soil. Hence the strength of a grass
protection layer is dependent on the soil parameters, grass characteristics, and
time. Failure relationships used in breach models to determine the failure of a

grass protection layer are expected to have large bands of uncertainty.

e Whether an embankment erodes due to surface erosion or headcut erosion de-
pends on the flow dynamics, sediment transport processes under supercritical
flow velocities, and the stabilizing and destabilizing processes in the embank-

ment soil. Soil erosion under continuous accelerating supercritical flow velocities



1.3 Aims and objectives 17

is best represented by
E=K. (r—71)", (1.5)

where m = 1.5 in the case of surface erosion and m = 1 in the case of headcut

erosion.

e The matric suction in unsaturated soils strongly influences the soil stability and
hence should be accounted for when determining the stability of a slope. Ground-
water flows parallel to the slope reduce the stability of the slope and induce

sediment-laden gravity flows.

e In the past, breach models have modelled flows with depth integrated flow models.
In some breach models flow contraction is accounted for by means of contraction
factors. Instead of improving the accuracy with which the flow is modelled,
recently the focus has been on improving the calculation of sediment transport

rates.

e The small number of good quality datasets available has caused misinterpreta-

tions in the performance of breach models.

1.3 Aims and objectives

Breach predictions form a key part in predicting the quantity of flood water released,
the rate at which it is released, the size of the breach, and the timing of the breach.
The quantity of flood water and the rate at which it is released are both used in
flood spreading models to assess the damage rising from a flood event. The size of
the breach and timing of the maximum breach discharge are used in the development
of evacuation plans and to assess the available time for emergency repairs. Ideally
a breach model needs to give a highly accurate, rapid breach assessment to form the
basis of the statistical analysis. Unfortunately model accuracy comes at a cost of model
speed. Whether the requirement of the model is speed or accuracy, the model should

also be able to simulate failure by surface erosion or headcut erosion correctly.
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1.3.1 Influence of geotechnical processes

Section 1.1 notes that groundwater flow parallel to the landside slope reduces the max-
imum achievable slope angle of the soil by approximately 50%. A flow over the landside
slope further reduces the maximum achievable slope angle and induces sedment-laden
gravity flows (Takahashi, 1981). For sediment-laden gravity flows, the instability in
the bed is not caused by the hydrodynamic forces of the fluid but because of a static
disequilibrium of the soil. When the failed material is distributed uniformly over the
depth of the fluid flow, a sediment-laden gravity flow is called a debris flow. In the case
of embankment failures this distinction is however of minor importance. What is of
importance is whether the occurrence of a sediment-laden gravity flow contributes to
the erosion process of an embankment. Insight into static disequilibrium of the land-
side embankment slope under overflow conditions could improve the understanding of
how the landside slope erodes and retreats through the embankment. The first aim
of this thesis is to develop some understanding of how geotechnical processes influence

embankment breaching, and how to model their effects.

Objectives

In order to achieve this aim, the following objectives were set:

e To analyse the processes of saturation of an overflowing landside embankment

slope.
e To describe the process of saturation mathematically.

e To use the relationship between moisture content and matric suction to derive

how the pore pressures change during saturation of the soil.

e To derive a time dependent stability condition for a slope of unsaturated soil with

increasing moisture content.
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1.3.2 Rapid breach prediction

In the U.K. the research project Risk Assessment for flood and coastal defence for
Strategic Planning (RASP) (HR, Wallingford and University of Bristol, 2004) devel-
oped a framework for undertaking risk analysis. Within this framework, the perfor-
mance (reliability) of the system of flood defences is represented using fragility curves
that describe the likelihood of structural failure (breaching) under given hydraulic
loading conditions. This framework was adopted by the Environment Agency and has
been used to underpin its National Flood Risk Assessment (NaFRA) (Hall et al., 2003),
(Environment Agency, 2009). This method was further developed by Gouldby et al.
(2010), and then implemented within the Environment Agencys Modelling Decision
and Support framework (MDSF2).

Within NaFRA, and more recently MDSF2, breach size and flood volume is pre-
dicted using a simplified calculation based on crude assumptions (Hall et al., 2003).
Any error in predicting breach formation translates to an error in predicting the risk
of flooding of downstream areas. An improved method for predicting the flood volume
through a breach is needed for a more reliable assessment of different flood scenarios.
The flood volume prediction method needs to be fast since system risk approaches (as
used in MDSF2) require the calculations to be repeated numerous times with slightly
different parameters. The problem with breach predictions are that the hydrograph
shape depends on the river hydrograph, flood area, embankment shape, embankment
materials, and embankment protection type. Each of these parameters varies strongly
between embankment sections. Furthermore, the influence of each of these parameters
is different throughout the duration of the breach formation and describe often discon-
tinuous processes. An almost infinite number of combinations of breach conditions is
possible, and limited data are available on embankment breaches. Consequently statis-
tical methods and the use of equations to predict breach size, breach volume, and the
timing of a breach event, are highly inaccurate. The second main aim of this thesis is
to develop a fast, accurate embankment breach prediction tool for incorporation in the

system risk modelling strategy, capable of predicting both the flood volume and breach
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size. This model is referred to as AREBA (A Rapid Embankment Breach Assessment).

Objectives

In order to achieve this second aim, the following objectives are set:

e To describe the effects of the flow, and geotechnical properties, in a simplified

way.

e To develop analytical equations for calculating the rate of breach growth based

on the simplified description of the flow.

e To incorporate a simplified description of the geotechnical failures when solving

the equations
e To combine the different analytical equations in a rapid model
e To benchmark the AREBA model against HR BREACH

e To validate AREBA model against field data

1.3.3 New methods for modelling breach development

The mechanics of erosion of an embankment due to overflow is presently not fully
understood. The complex interactions of geotechnical and hydrodynamic processes
provide a challenge to modelling the formation of an embankment breach (Morris et al.,
2008). Only by accurate modelling of the interacting physical processes can a better
understanding of the breach behaviour be obtained.

State-of-the-art breach models use either a 1D or a depth-averaged 2D description
of breach flow. The inherent assumption of hydrostatic pressure limits these models
in their ability to model breach flow accurately. Due to averaging of the flow over the
depth and width, (1) the effects of turbulent motions on the erosion and energy balance
are ignored, and (2) the effects of non-hydrostatic pressures due to flow contraction are

either not, or incorrectly, accounted for. Inaccuracies in the description of the flow are
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amplified in the calculation of the bed shear stresses. Together with assumptions con-

cerning the erodibility of the soil, this provides an inaccurate prediction of the erosion

rate and hence the erosion behaviour of the embankment. Below, for breach Stages 2-5

Figure 1.8: Illustration of the three phases in breach flows (Photo’s by M. Morris
(2004))

methods are proposed for an accurate description of the flow and the physics. Figure
1.8a shows Stage 2 of a breach flow during which the embankment protection fails and
the landside slope retreats towards the waterside slope. During Stage 2, flow acceler-
ations are negligible in the horizontal direction transverse to the main flow direction.
The pressure distribution is non-hydrostatic where the flow contracts vertically over
the crest and accelerates along the landside slope. The start of Stage 3 is characterised
by both horizontal and vertical contracting streamlines, as is depicted in Figure 1.8b.
The horizontal contraction of the streamlines indicates that the horizontal flow accel-
erations normal to the main flow direction may no longer be neglected. In Stage 4,
depicted in Figure 1.8c, the embankment erodes over its full height and the stream-
lines contract both horizontally and vertically until the breach has grown over the full
height of the embankment. From that moment in Stage 4 onwards, including Stage 5,
the effects of vertical flow accelerations can be neglected. An important aspect is the
period of time during which the embankment is able to withstand the erosional forces
in Stage 2 in relation to the timing of the high water event. When the time scale of
the river hydrograph is smaller than the time scale of Stage 2, then Stage 3 is never
reached and the damage remains small. Hence the processes during Stage 2 determine
whether a full breach stage is reached or not. Once a full breach has been formed,

the flow velocities increase rapidly. The accuracy with which Stages 3-5 are modelled
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has a small impact on the overall flood volume released through the breach, though
it is important for an accurate calculation of the peak discharge. Since the processes
during Stage 2 determine whether a large breach forms and whether actions could be
taken to prevent this, the third main aim of this thesis is to develop methods for a

more accurate physical description of the failure processes operating during Stage 2.

Objectives

In order to achieve this aim, the following objectives were set:
e Derive a reduced set of equations that give an accurate description of the flow
e Develop a method to solve the reduced set of equations

e Validate the method against several test cases

1.4 Synopsis

In Chapter 2, a 1D analysis is given of how the stability of an overflowing slope changes
over time due to changes in matric suction with saturation of the embankment. A
time dependent safety factor is derived to arrive at an artificial erosion rate due to
sediment-laden gravity flows. In Chapter 3, constitutive equations are given for a rapid
breach model that has been developed to improve upon the calculation of flood volumes
through breach formation performed in the national flood risk assessment (NaFRA)
and applied in the modelling decision and support framework (MDSF2) (HR, Walling-
ford and University of Bristol, 2004). Chapter 3 gives the modelling methodologies
for failure by both headcut erosion and surface erosion. The rapid model is bench-
marked against the breach model HR, BREACH, and validated against experimental
data from the EU IMPACT project, under which extreme flood processes and uncer-
tainties were investigated, and data from the experiments performed by the US Depart-
ment of Agriculture-Agricultural Research Services (USDA-ARS). The model results
are compared against the method used in NaFRA and MDSF2. Chapter 4 presents
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the process of breadth integration applied to the Reynolds-Averaged Navier—Stokes
equations for incompressible flows, pressure Poisson equations, and eddy viscosity re-
lationship, to arrive at a new set of equations for a variable breadth flow geometry.
The resulting equations can be used to calculate the flow field in a vertical 2D plain for
flows with negligible horizontal contraction though with a varying breadth geometry.
In Chapter 5 several pressure correction methods are given which can be used to solve
the system of equations. The solution method for each of the different equations is
provided for one of the pressure correction methods. Results of the validation tests
used to test the equations and the solver are given in Chapter 6. In Chapter 7 both
the rapid breach model and the vertical 2D flow model are discussed. Conclusions and
recommendations are given in Chapter 8. A nomenclature can be found in the back of

the thesis.



Chapter 2

Slope stability analysis

Sediment-laden gravity flows and debris flows belong to the category of landslides,
which are defined here as the mass movement of material or debris down a slope. The-
oretical models predict the susceptibility of landslides by studying the conditions of
static disequilibrium of an infinitely long slope using the effective stress principle (Iver-
son, 2000). For example Takahashi (1981) analysed conditions for the mobilization
of a sediment-laden gravity flow by accounting for surface shear stresses in the soil
stability analysis, assuming the soil to be fully saturated. To study time dependent
changes of the (dis)equilibrium of a landside embankment slope under overflow con-
ditions, a similar analysis is performed here to that undertaken by Takahashi (1981),

while accounting for unsaturated soil conditions.

2.1 Problem description

As the starting point of the analysis, the landside embankment slope is idealised as
an infinitely long slope of uniform non-cohesive material over which water flows with
depth equal to the normal depth. This assumption of normal water depth is not entirely
correct. However in most cases, the effect of uncertainty due to limited knowledge of
the influence of local soil properties on the static equilibrium of the embankment is

expected to outweigh the effects of the slight error in the hydrodynamic boundary

24
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conditions. The static balance equation for an infinite slope is given by

do’! aTéC 8Pp
£ inow = 2.1
ag ac + ag + ’ysslna 07 ( )
or! oo’ OP,
¢ ¢¢ P _
and 9 + ac + ac + yscosar = 0,

where ¢ is a distance in the é-coordinate direction parallel to the slope, ( is the distance
in the f—coordinate direction normal to the landside slope into the soil, v, is the specific
weight of the soil, and « is the angle between the Z Cartesian coordinate direction
(pointing vertically upwards) and the (-coordinate direction (see Figure 2.1). o' refers
to the effective normal stress, 7" to the effective shear stress and P, to the local pore

pressure. The soil is assumed to be unsaturated when the flow over the slope first

™~

Sl

e

>

SN

Figure 2.1: Definition sketch for the coordinate system used in describing the flow over
and through the landside slope.

occurs. Capillary action in unsaturated soil causes a matric suction that enhances the
stability of the embankment, but reduces with time with saturation of the soil. Richards
(1931) studied the capillary behaviour of liquids in porous media. By combining the
continuity equation with Darcy’s law and by defining a capillary potential, Richards
(1931) mathematically described how the soil moisture content changes with time. In

the analysis that follows, the Richards equation is used in combination with Equation
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(2.1) to derive an expression for the stability of the slope, expressed as a safety factor

F, as a function of time, soil properties, and slope geometry.

2.2 Saturation of the soil
The time-dependent storage equation for the pore water concentration 6 is given by

@ n 00u, n dOw;
ot Oe o

0, (2.2)

where w, is the flow velocity in the f -direction, u, is the flow velocity in the é-direction,
and ¢ is time (See Figure (2.1)). It is assumed that the filling rate of the pores is

independent of the é-coordinate direction leading to the 1D storage equation given by

0 ey, (2.3)

- +
ot ¢
With a constant value for the concentration of saturated soil (), and by assuming a
constant value for the residual water content 6,, Equation (2.3) is rewritten in terms

of the normalised water content © as

89 6@w< o
wr + 8—( =0, (2.4)
where
0 —0,
— . 2.
S 0.4, (2.5)

McKee and Bumb (1984) suggested an exponential relationship between the normalised
water content © and matric suction ¥ near maximum desaturation or close to fully

saturated conditions. For positive suction the relationship is (Fredlund and Xing, 1994)

1

O = e

(2.6)
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For the intermediate range of saturation McKee and Bumb (1984) suggested

1
@ - m, (27)

where a and b are curve fitting parameters used to fit the relationship to the soil-water
characteristic curve. Rewriting the pressure as a function of the normalised water

content gives
1
U = —bln (6 — 1) + a. (2.8)

For fully saturated conditions ® = 1 and the capillary suction ¥ should be 0. To
fulfill this condition, the pressure is expressed in terms of the normalised water content

according to Equation (2.7) instead of (2.6), leading to
T = —0ln (O) +a. (2.9)

Figure (2.2) illustrates a possible pressure plot between the normalised water content
and the matric suction for a fine graded sandy soil for which a = 10, and b = 100
(Fredlund and Xing, 1994). In the case of finer soils the same moisture content gives
a higher matric suction and a and b increase. Similarly a and b decrease for a coarser
grained soil (Fredlund and Xing, 1994). An expression for the flow velocity w, is found

by reformulating Darcy’s law in terms of capillary suction, leading to
K ( ov
We =

—— =+ pwgcosa) , 2.10
pug \  OC (210)

where the degree of suction ¥ is positive, K is the hydraulic conductivity of the soil,
Pw is the density of water, and g is the acceleration due to gravity. In the case of a

fully saturated soil, we = 0 and

U= /pwgcosadC = pwgCcosa + C (2.11)

where C' is an arbitrary constant which is given by the boundary conditions. The
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Figure 2.2: Relationship between the capillary suction (V) and the normalised water
content (0), for a fine graded sandy soil for which @ = 10 and b = 100 (After McKee
and Bumb (1984))
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Figure 2.3: Two different initial suction profiles for unsaturated soils

left illustration in Figure 2.3 shows a possible pressure profile for an unsaturated soil
stratum lying above a saturated soil stratum with a negligibly thin layer of water
flowing over the soil surface. With the uppermost layer of the soil saturated, the

suction pressure in the soil becomes zero and Equation (2.9) is valid. However in
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the right illustration, the depth of water on the soil is significant. Since the water
infiltrates into the soil with a constant velocity w, the surface water on the soil does
not experience vertical acceleration and the pressure distribution of the water on the
soil is hydrostatic. However it is not possible to account for the hydrostatic pressure
on the soil by adding a constant pressure to the relationship between the water content
and the suction to satisfy the boundary condition at the soil surface for the case when
© = 0, since this violates the boundary condition at the interface between the saturated
and unsaturated soils, given by ¥|.—; = 0. In order to satisfy the boundary condition
due to the hydrostatic pressure at the soil surface as well as the condition of zero
pressure at the interface between the saturated and unsaturated soils, the relationship

between the moisture content and the pressure is modified as

U,, = —bln® + W)y — ¢ Yle=o (2.12)
o

for dp, > 0, and

U,, = —bn® + U|c_g (2.13)

for d,, = 0, where d,, is the distance below the landside slope at which the phreatic
surface is located, VU, indicates the modified equation, and ¥|,—y is the hydrostatic
pressure boundary condition at the soil surface where ( = 0. The assumed linear
increase in pore suction (or decrease in pore pressure), indicated by the last term in
Equation (2.12), was based on the reasoning that w, must remain constant between
¢ = 0 and ¢ = d to satisfy continuity. Inserting Equation (2.10) in terms of ¥,, in

Equation (2.4) leads to

00 9 [OK [ 0V, B
at ‘a—g{mu—g (‘a—ﬁpwg‘””ﬂ‘“’ .
or
00 0 |OK ov Ule—o\]
E‘a—q{m (‘a—ﬁpwgm“m)]—o’ 21
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where « is the angle that the é—coordinate direction makes with the vertically upward
z-coordinate direction (See Figure 2.1). This partial differential equation contains both

¥ and © and cannot be solved directly. With

6\Dm b@ (ID@) 8_@ qf’czo

_ = 2.1
¢ 00  0¢ dp, (2.16)
Equation (2.15) gives for K and b constant, and U|.—y = p,gd,cosa
00 Kb 9*© d, \ 0
—  — = K 1+-—|=6=0. 2.17
O g 00 cosa ( + dph) ¢ ( )

2.3 Solution of the 1D storage equation

Assuming that a flow over the embankment initiates at ¢t = tg with a depth equal to the
normal depth d,,, an analytical solution of Equation (2.17) is developed using Laplace

transforms.

2.3.1 Solution by Laplace transforms

The general Laplace transform is given by

F(s) = /OO e f(t)dt, (2.18)

0

where f(t) is defined in the domain ¢ > 0. Outside the domain f(¢) = 0. The Laplace

transform gives the following expression for a derivative

| eShia= [Tty [Taeen - [Tret= @)
— f(0%) —i—s/oooe“fdt =sF(s)— f(0").

Let

~

0= / Oc *dt, (2.20)
0



2.3 Solution of the 1D storage equation 31

then using Laplace transforms, Equation (2.17) is recast as giving the corresponding
ordinary differential equation
a6

dn, X
— Kcosa <1 + E) & +50 -0y =0. (2.21)

Kb d26
pwg dC?

The particular solution of this ordinary differential equation is 6= %. Assuming that

6= e, the differential equation gives

K
——b/\2 — Kcosa (1 + %> A+s=0. (2.22)
Pwd d

Solving for A\ gives

2
Kcosa <1+;—"h> +\/<Kcosa <1+C‘lj—"h>> +4PKTI;S
—2Kb ’

Al =puwg

2
Kcosa <1+C‘li—”h> — \/(Kcosa (1—1—;—1)) —1—4%3
—2Kb ’

and Ay =pug

The sum of the homogeneous and particular solutions of the ordinary differential equa-

tion gives the general solution
A _ ©o 19) A
0=— + e L4 Cot 2, (224)
s

To find the initial condition, the steady state solution is solved for an assumed ground-
water flow with the phreatic surface parallel to the landside slope at a depth d,),. For
the initial condition the embankment surface is assumed dry and hence d,, = 0. This

gives the boundary conditions

s

Oleco ==, (2.25)

>
w | =
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where A is an arbitrary water concentration in the soil at the boundary, and subscript
d,p, refers to the boundary condition at an arbitrary depth at which the soil is fully

saturated. Solving for ¢; and ¢y in Equation (2.24) for this set of boundary conditions

gives

~ A A-0 8)

CZO%@:EZ—( S O)+Cl+02—>01:—?0—62, (2.26)

- 1
=dpp =0 == % + cre®hM 4 cpedrniz)
S S

cp = |:(1 _ @O) -+ 60 _ Aedphk2:| / (edphkl _ edph)\2) 7

S S
and Cy = (A _ 60) — |:(1 _ 60) + (@0 — A) edph)\2:| / (edph)q - edph)\g) )

S S S

The solution is found by solving the inverse Laplace transform given by

1 c+1i00

f@———/ ¢ F(s)ds. (2.27)

270 ) eCing

Since this requires a complex integral to be solved. Due to the serious computa-
tional challenge associated with solving this complex integral, the solution has been
approached by multiplying Equation (2.24) with s, and afterwards replacing any s with
5 (Barends and Uffink, 2003). The solution is given by

C1

(1-60) + (8 — A) e

edph A1 edph A2

O =0 +

4+ (2.28)

Cc2
A
~ ~

(M_@w_u_@yw%—Aan)p2

edph)\l — 6dph A2



2.3 Solution of the 1D storage equation 33

with

Kcosa + \/(Kcoscx)2 + 4 Kb

2tpwyg

—2Kb ’

and

2 b
Kcosa — \/(Kcosa) + 42f;wg
—2Kb '

A2 = puwg

The steady state solution of Equation (2.28), forms the initial condition for Equation
(2.22) with ¢; and ¢, given by Equation (2.26). The steady state solution is found for
lim;_, o for which Ay = 0, and

cosq

AL = —Pud (2.30)

Substituting the expressions for A; and Ay in Equation (2.28) gives

1 - A Pw gcosa 1 - A
@ = @0 + < pwgdphcosa ) e_C b + (A - @0) - ( pwgdphcosoc ) Y (231)
_ cosa e —1

e b -1 b

1 — A w geosa
0=A4- ( pw gdyp cosa ) (eicp b - 1) . (232)
e 5 —1

For b = 100, a = 0, and the initial steady state boundary conditions

Olc—o =0.2, (2.33)

@‘Czl :1,

the initial condition is depicted in Figure 2.4. The figure clearly shows the limited effect
of the matric suction on the vertical uprise of water close to the phreatic surface. After
the initial condition is found, the boundary conditions describe the situation of the
phreatic surface at a depth d for groundwater flow parallel to the landside slope, and

flow over the embankment surface. The boundary conditions that need to be satisfied
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Figure 2.4: Initial condition for calculating the change in water content © with time t.

are

Of¢=0 = % (2.34)
and O|¢ma = %
Solving the values of ¢; and ¢y for the second set of boundary conditions gives
—0—> 0= 1:%+01+C2—>02 1_@0—01, (2.35)
¢= dph%@—EZ%—ircephh—l—ceP“?
o = [ (1 —0y) (1 d,\g)l (edp’“\l _ edph)\Q) 7
and ¢y = L= @0 { - edphh)} / (e — e®nr?)

Substitution of the expressions for ¢; and ¢, from Equation (2.35) into Equation (2.22),

and carrying out the approximation to the inverse Laplace transform gives

C1 Cc2
A A

Ta—0)@1—ew)] ] (1-0p) (1 —etne)]
(edph)\l _ edph)‘Q)

A
L= @0 - (edph)\l _ edph)\z) ] ec 27 (236)

O =0y+ 60\1—1—
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with

2
Kcosa <1+§T’;) +\/(Kcosa <1—|—5§T”h>> —1—425’%
—2Kb ’

2
Kcosa (1 + dT’;) — \/<Kcosa (1 + C%’;)) —1—4%

and A2 =pPwg KD

For the boundary conditions given by ©|c—g = O|c=1 = 1, d, = 0, and the initial
condition depicted in Figure 2.4, the change in water content with time is depicted

in Figure 2.5. One would expect a saturation front to move through the soil whereby

]

0.8}

0.6

0.4

Time progression

Normalised water content

0.2 =0

1

0 0.2 0.4 0.6 0.8 1

Distance below the landside slope surface in m
Figure 2.5: Change in water content with time for K = 0.0001 m/s,At = 2000 s,
b=100, and a =0

0

the gradient in saturation at the front becomes more diffusive with increasing depth.
However this behaviour is not well represented by the analytical solution that follows
from the Laplace transform under the boundary conditions applied. Despite further
diffusion of the saturation front with the depth, volume should be conserved and equal
to the volume of water entering the soil at the boundary. At the phreatic surface at a
depth d in the soil, the soil is fully saturated, and © = 1. The effect of this boundary

condition is that no more water can enter the soil at that depth. Hence the flow of
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water at the downstream boundary stops, causing an increase in the saturation rate of
the soil close to the downstream boundary. This description of the processes is used
below to arrive at a mass conservative analytical solution of the saturation of the soil

using error functions.

2.3.2 Solution by means of error functions

A general solution of the 1D diffusion equation

e D d%c

is given by the Gaussian distribution function

c(z,t) = \/éexp (;—;i) , (2.39)

which describes a Gaussian shape which broadens and decreases in height in such a
way that the mass under the graph is preserved. In a similar way the cumulative
distribution function corresponding to the Gaussian shape describes a diffusing front
(Barends and Uffink, 2003). When moving with a front of value 1 from left to right,

the diffusion of the front is given by Equation 2.38 to which the analytical solution is

c(a,t) = %erfc (\/%) , (2.40)

where erfc is the complementary error function. Figure (2.40) presents the close match
between the analytical and numerical solution of a diffusing front whereby the volume
under the graph is preserved. In an Eulerian representation of the passing front, the

diffusion equation becomes an advection diffusion equation given by

— +u——DZ— =0. (2.41)
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Figure 2.6: Comparison of the analytical solution of the diffusion equation (red line)

with the numerical solution (blue dots)

Since advection is solely responsible for the movement of the front towards the right
and does not influence the shape of the front, the analytical solution follows from

accounting for change in location of the front with the speed u, and is given by

o, 1) = %erfc (“i/%f) | (2.42)

The individual derivatives in Equation 2.41 are now given by

(al:—utﬁ)2
10 x — ut D (ut +z) e api
—— |erfc = , 2.43
20t { (V4Dt)} 2/7 (Dt)*? (243)
(sc—ut)2
10 x — ut 2uDt (ut + z) e bt
u-=— |erfc | — | | = , 2.44
20z { (~/4Dt)} 2ﬁ(Dt)3/2 (2.44)
1 02 r — ut (x — ut) e—(EZS?Q
and —D-——lerfc| — )| =—-D ) 2.45
2 0x? { (~/4Dt)} Zﬁ(Dt)s/z (2.45)

Adding (2.43), (2.44), and (2.45) gives 0, proving that Equation (2.42) is a solution of

the advection diffusion equation. The specific solution for the saturation of the soil is
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found by defining

d
u = —Kcosa (1 + —n> ; (2.46)
dyp,
and
p=10 (2.47)
Pwg
leading to
1 C—I—KCOSO&(l—}-:—’;)t
O(¢,t) = —erfe - : (2.48)
2 4 Kb 4
Pwg

in which d,, is the water depth on the soil, and d is the depth of the phreatic surface.
When the front reaches the part of the soil that is already saturated, the transmissivity

of the fluid through the soil becomes equal to zero and

00

— = 0. 2.49
i (2.49)
The erfc function does not satisfy this condition at the phreatic surface at d = 1. A

solution is however found by mirroring of the erfc function across the location of the

phreatic surface giving

1 §+Kcosoz<1—|—d—7“;>t
O(¢,t) = Og+= (1 — Oy) erfc - + (2.50)
2 4 Iby
Pwg

( — Kcosa (1 + iﬁ) t—2dy,
e
Pwg

where d,cosa is the water depth on the embankment, d,, is the distance below the

(1 —0y)erf

N | =

slope surface at which the phreatic surface is located, and ©y is independent of (. With
©p constant in time and space, Equation (2.50) does not account for an initial partial
saturation of the soil. However the initial water content profile only varies spatially
close to the phreatic surface (see Figure 2.4). Hence the error caused by ignoring a

spatially varying initial water content is negligible when studying the effects of water
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infiltration into the soil following the initial occurrence of a sediment-laden gravity
flow. A typical solution, for Oy = 0.2, is given in Figure (2.7)

1

0.1f

Normalised water content ©

O 1 1 1 1 1 1 1 1 1 J
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Distance below the landside slope surface in m

Figure 2.7: Results of the analytical solution for the change in normalised water content
O due to infiltration for a = 150, At = 100 s, b = 100 and K = 0.0006 m/s. The arrow
indicates the progression of time.

2.4 Unsteady solution for the matric suction

Substituting the resulting expression for ©((, t) in the modified distribution (Equation
(2.12)), as suggested for the relationship between the normalized water content and

suction, gives

U (C,t) = —bln |Og + % (1— ©y) erfe (C ;;z) + L eg)ert (w)}
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with
dn
u = — Kcosa (1 + —) ; (2.52)
dpn,
Kb
and D =—.
Pw9

The boundary condition for the pore pressure is given by the hydrostatic pressure on

the slope surface at ( = 0, given by
Ule—o = Ywdncosa. (2.53)

An additional condition is that under fully saturated conditions w; = 0. The equation
for the flow in the f—coordinate direction is given by
K (8\11

ﬂ a—c - pwgCOSOé> = 0. (254)

At the moment the soil is fully saturated, w; = 0, d,;, = 0 and hence
U = p,gCcosa + ¥lq—o. (2.55)

Figure 2.8 shows the change in capillary suction with time at a distance of 0.5 m below
the landside embankment slope surface, for d,, = 0, b = 100, a = 0, and the relationship
between the pressure and water content given by Figure 2.2. The figure clearly shows

how the suction correctly tends to 0 as the soil becomes saturated.
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Figure 2.8: Change in matric suction ¥ over time at a depth of 0.5m for K =
0.0006m/s, b =100, and a =0

2.5 Slope stability analysis for unsaturated soils

The Terzaghi stress principle gives that total stresses o are related to effective stresses
o' by o¢¢ = 0;p =V, and o.. = o, — V. The resulting expression for the pressure is

substituted in the balance equation for the effective stresses given by

do! 87_/@‘ oV
g€y & 77 _ ~dina = 2.
e + ac o vssina = 0, (2.56)
orl. 0o,
and ;;C - % — (?9_\? + yscosa = 0

With the pressure independent of the é-coordinate direction, the balance equations

become

8T£C )
ra vssina = 0 (2.57)
doie OV

and -4 yscosa = 0,

ac  aC
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or

Toe = / (vssinar) d, (2.58)

, ov
and O = a—CdC — / (7yscosar) dC.

Under equilibrium flow conditions, the pressure gradient driving the flow balances the
bed shear stress. Hence the shear stress boundary condition at the embankment surface
is

Te,(|C:0 = YwdnSina = 7, (259)

and the solution of the shear stress 7., becomes
Tl = YsCsina + yydysina. (2.60)

When accounting for hydrostatic pressures on the embankment slope, the total stress

in the é—coordinate direction is given by
occ = —sCeosa — Yy d,cosa. (2.61)

The effective stresses are given by ¢’ = o + W, with ¥ being the degree of suction.

With Uy = yud,cosa, the effective stresses are now given by

o'¢c (¢,t) = —bln {@o + % (1 —0y) erfc (C ;gﬁ) + % (1 —Oy) erf (C T uiu_)fdph)}

P
—ﬁf — vsCcosa (2.62)

dy

with u = —Kcosa (1 + j—’;), D = pK—bg, cosa < 0, 75 = psg, and v, = png. Coulomb
D w

discovered that a critical shear stress 7; could be defined as a function of the internal

friction angle of the soil ¢ and the cohesive forces ¢ according to (Verruijt, 2001)

T = ¢+ o'tang. (2.63)
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whereby a slope stability factor F can be defined, given by the ratio of the strength
and the load, as (Verruijt, 2001)

T2e/O¢cIman
F,= % (2.64)
i/ ol

For the flow of water over a slope with unsaturated soil, the stability factor F§ is given

by

| [—'ySCCosa - %C —bln (O(¢, t)) | tang|
Fo= |(7s€ + Ywdn) sina ’ (2.65)

where @ is the internal friction angle of the soil, and the normalized water content

O((,t) is given by Equation (2.50), and

(2.66)

in which 6, is the residual water content and 6, is the saturated water content. Failure
is indicated when Fy < 1. By incorporating the water depth at the embankment slope
surface and shear stress over this surface, the failure depth becomes a function of the

slope angle a. The condition for failure is given by

|| —7sCcosa — %C — bln (@(C,t))] tang|

1> -
’(VSC + den) Sanz‘

, (2.67)

where 7, is the specific weight of water, and v, the specific weight of the soil. Figure
2.9 shows how the safety factor changes with time at varying depths compared with
the condition of failure indicated by the horizontal (red) line. Figure 2.9 clearly shows
the progression in failure depth with time. It should however be noted that in reality
the failure depth progresses faster since each time the stability limit is reached the top

layer of the soil will slide off, leading to a faster rate of saturation of the remaining soil.
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Figure 2.9: Change in the safety factor F; with time for K = 0.0006 m/s, b = 100,

d, = 0.2 m, At = 100s and a = 0 (blue), compared with the condition for failure (red).
The arrow indicates the progression of time

2.6 Sediment-laden gravity flows

With the specific weight of the soil v4 given by

Ys = g (e (Pp = Pw) + Pu) s (2.68)

where g is the gravitational constant, p, the density of a soil particle, p,, the density
of water, and ¢, the grain concentration, then for ¢ — oo and d,, = 0, Equation (2.67)
reduces to Equation (2.69), which is the condition for the occurrence of a sediment

gravity flow under fully saturated conditions as found by Takahashi (2009)

Cx (pp B pw) tangb (269)

1>
¢ (pp = pw) + pu tana

For p, ~ 2000kg/m?, p, ~ 1000kg/m3, ¢ ~ 30°, Equation (2.69) indicates that slope
gradients larger than 15° are unstable, leading to sediment gravity flows. Since em-
bankment slopes with larger slope gradients exist, sediment gravity flow processes are
likely to contribute to the manner in which non-cohesive embankments erode. Based on

the assumption that the operating shear stress and resisting shear stress are distributed
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linearly, as depicted in Figure 2.10, Takahashi (1981) obtains

1>

* s — Fw t
¢ (ps = puw) + puw (14 dna; ') tana

where a; is the depth at which the slope will fail. By replacing ¢ with a; in Equation

(2.67) the failure depth is given as a function of time. Using a similar approach to how

Figure 2.10: Occurrence of debris flow (Takahashi, 1981)

Takahashi calculated the conditions for sediment-laden gravity flows under saturated
soil conditions, the same conditions have been derived as a function of time for unsat-
urated soil conditions using Equation (2.67). From the corresponding Figure 2.9, the
predicted variation of failure depth with time is derived as presented in Figure 2.11,
which in turn can be used to derive an artificial erosion rate. For the chosen parameters
the artificial erosion rate is given by 0.3 mm/s. This is for a hydraulic conductivity K
of 0.0006 m/s. Alyamani and Sen (1993) found the empirical relationship between the

grain distribution and Hydraulic conductivity given by

K = 0.015 [Iy 4 25 (dso — dyo)]? (2.71)
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Figure 2.11: Change in failure depth with time for K = 0.0006 m/s, b = 100, d,, = 0.2
mand a =0

where Iy &~ Djgy, D1g is the grain diameter, which is exceeded by 90% of the grain sizes
in the grain distribution, and Dj is the median grain diameter. All diameters are in
m, and K is in m/s. A K-value of 6 x 107 m/s corresponds with D5y = 0.5 mm, and
D1y ~ 0.2 mm. This would indicate a moderately erodible soil. The erosion equation

given by Nearing et al. (1988) is
E=K.(1p—1)" (2.72)

where F is the erosion rate in m/s, K, is the soil erodibility in m®/Ns, 7. is the critical
bed shear stress needed for the initiation of motion in N/m?. With 7 >> 7. , 7, given
by Equation (2.59), and for K, = 1.7 x 10 —7 m?3/Ns for a moderately erodible soil, the
erosion equation gives an erosion rate of 0.26 mm/s (m = 1). This is of the same order
of magnitude as the artificial erosion rate found using the theory of sediment-laden
gravity flows developed above, which could indicate that the occurrence of sediment-
laden gravity flows might have been mistaken for erosion. However unlike the erosion
rate theory, the sediment-laden gravity flow theory explains how the landside slope of
an embankment is limited in steepness. The theory of sediment-laden gravity flows can

also be used to derive the hydraulic conductivity, and/or cohesive properties needed for



2.6 Sediment-laden gravity flows 47

the occurrence of headcut erosion. Although the 1D analysis performed here provides
insight into the role of sediment-laden gravity flows in embankment breach formation,
it is insufficient for practical modelling applications and hence it is necessary to extend
the analysis to two dimensions. In further analysis of the role of sediment-laden gravity
flows it is recommended to incorporate the effects of micro-scale slope failures as well.
The moment a slope failure occurs, a new soil surface is formed at which the soil is
fully saturated, which might speed up the saturation rate of the remaining soil and

hence cause higher values of the artificial erosion rate.



Chapter 3

The simplified breach model
AREBA

3.1 Modelling simplifications

The simplified breach model AREBA ( A Rapid Embankment Breach Assessment)
calculates a breach hydrograph shape for failure of an embankment due to overflow,
or internal erosion. The methodology used for modelling internal erosion failures has
been adopted from HR BREACH and is discussed in Appendix 1. The present chapter
focuses on the approach used for modelling breach formation due to overflow. As
an initial simplification the embankment geometry is assumed to be trapezoidal and
protected by a grass cover. Furthermore the breach is assumed to form according to
the different breach stages as identified in section 1.1.

As was mentioned in section 1.1 grass failure depends on time, geotechnical prop-
erties of the soil, and location. Despite there being an understanding of the reasons
for grass failure, a model has yet to be developed for rapid prediction of localized grass
failures. Hence for the purpose of modelling grass failure in AREBA, the grass cover
of the embankment is assumed to fail simultaneously everywhere when the critical flow
conditions are reached (as defined by Technical Note 71 (Whitehead et al., 1976)).

Whitehead et al. (1976) give relationships for the time to failure of three different

48
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quality grass covers as a function of the flow velocity. The flow velocity becomes max-
imum along the landside slope where the depth approaches the normal depth. Hence
for simplicity the flow velocity corresponding to the normal depth is used to determine

the moment of failure of the grass cover. This flow velocity is given by

U

Y

Swiv

.
SSIES

(3.1)

where @, is the breadth-averaged and depth-averaged flow velocity corresponding with
the normal depth, 4, is the embankment’s landside slope gradient, d,, is the normal
depth in m, and n is the Manning coefficient in s/m'/® (Nortier and De Koning, 1991).
Assuming a relatively shallow breach flow with a breadth b much larger than the depth

d, the normal depth follows from

(27

d, = <€12"2>0'3 (3.2)

where q is the breadth-averaged overflow discharge in m?/s. The critical flow velocity

for grass failure follows from

_ 5.333
g1 =2.385 — 0.0167In () + —=

_ 3.551

g =2.161 — 0.131In () + ~= (3.3)
_ 2.2767

g3 =1.889 — 0.236n () + =

which are empirical fits to data given by Whitehead et al. (1976), with w, being the
breadth-averaged and depth-averaged velocity in m/s at which the grass cover fails at
time 7" in hours. The subscripts 1,2, and 3 are quality indicators of the grass cover,
with indicator 1 referring to a high quality grass cover, indicator 2 to a medium quality
grass cover, and indicator 3 to a low quality grass cover (See Figure 1.7). A presence of
a clay outer layer on the embankment may both influence the critical velocities for grass
failure and influence the failure rate of the embankment. Further analysis in the effects

of a clay protection layer on the initiation of failure is recommended. When the grass
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cover fails, the embankment erosion process initiates. The embankment acts as a broad
weir. Flow velocities over the embankment largely exceed the infiltration rate of water
into the embankment; hence infiltration of water into the embankment is ignored in
the mass balance equation. The characteristic flow velocities U over the embankment
and, during a later stage, through the breach, are of the order of 1 m/s. Overflow over
an embankment is caused by extreme events with characteristic time scales T' of the
order of hours. During the flow through the breach, the boundary conditions do not
vary in time due to the small characteristic length scale of the breach L,. Because
UT >> Ly, the influence of local accelerations is neglected leading to a quasi-steady
state approach. The mass conservation equation for the flow down the landside slope
is given by

oQy
=2 =0 (3.4)

where ¢ is a coordinate in the é-coordinate direction parallel to the landside the slope
as indicated in Figure 3.1, and @y is the breach discharge in m3/s, which follows from

the broad weir equation given by
Qb = cubha/29(H — hy) (3.5)

where ¢, is the weir coefficient, b the breadth of the flow in m, hy the water level
over the crest in m, and H the height difference between the upstream water level and
the crest level in m. hy is assumed to be equal to %H for a non-drowning weir flow,
and equal to the difference between the downstream water level and the crest level for
a drowning weir flow (Nortier and De Koning, 1991). In Stage 2, during which the
landside slope erodes towards the waterside slope, the weir coefficient accounts for the
effects of vertical flow contraction. After the retrograde erosion reaches the waterside
slope, the weir coefficient accounts for both vertical and horizontal flow contraction.
Once the invert level reaches the foundation level of the embankment, the effects of
horizontal contraction are solely accounted for by the weir coefficient. Flow velocities

along the breach perimeter are calculated from the discharge, breadth, and local depth.
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m:

Figure 3.1: Definition sketch for the coordinate system

The flow depth is assumed to be equal to the critical depth d. at the transition from
the crest to the landside slope and to approach the normal depth d,, along the landside
slope. The hydraulic radius of the flow along the landside slope is approximated by

the normal depth. With this the critical depth d. follows from

. @) (36)

where ¢ is the breadth-averaged discharge over the embankment in m?/s (Nortier and
De Koning, 1991). The breadth of the breach is assumed as spatially constant. Once
the water level in the breach falls below the crest level of the embankment stretch ad-
jacent to the breach, the breach grows laterally and the breadth depends on the degree
of lateral erosion and the effects of the material slumping into the breach. Any erosion
below the foundation level of the embankment has not been accounted for in AREBA
since the effects on the breach hydrograph are negligible. Over the past, most breach
models have dealt with the lateral breach growth processes by assuming a predefined
breach shape which is rectangular, triangular, trapezoidal, or parabolic (Mohamed,

2002). The eventual breach geometry follows from the breach depth, and pre-defined
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breach shape. Other models deal with breach side slope stability in a simplified fash-
ion. Either the rate of lateral erosion is calculated and combined with a maximum
slope angle (BRES model, 1998) (Visser, 1998), or a simplified slope stability analysis
is made where it is assumed that the undercut soil volume is being transported in-
stantaneously when failure occurs (HR Breach 2002)(Mohamed, 2002). Matric suction
of the soil allows for slope angles on both sides of the breach to become larger than
the corresponding internal friction angle of the embankment soil. In AREBA the side
slope instability has been dealt with by assuming vertical breach sides which erode in
lateral direction as a function of the mean flow velocity. Since the breadth is assumed
as spatially constant, the flow over landside slope is assumed to be bounded by the
same rectangular profile as the breach.

The breach hydrograph shape is controlled by changes to the dimensions of the
hydraulic control and the water levels given by the boundary conditions. The height of
the hydraulic control is given by the breach invert level, here defined as the maximum
height of the breach profile relative to the embankment’s foundation, and is assumed
to be located where the crest meets the landside slope. Changes in the dimensions of
the hydraulic control depend on whether the embankment erodes according to surface
erosion or headcut erosion. Due to simplifications made in describing the flow, infor-
mation with regard to the flow type is lost and it is no longer possible to assess which
failure mechanism is dominant. Hence the failure mechanism is user-defined. The
change in dimensions of the hydraulic control is given below for both surface erosion

and headcut erosion

3.1.1 Surface erosion

Before the retrograde erosion of the landside slope reaches the waterside slope the
change in invert level follows from downward erosion of the crest. Once retrograde
erosion of the landside slope reaches the waterside slope, the rate at which the in-
vert level lowers, increases. Hence the timing of when the landside slope reaches the

waterside slope is of importance for an accurate breach hydrograph prediction. The
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erosion of the landside slope is affected by sediment laden gravity flows which limit
the steepness of the landside slope. The effects of sediment laden gravity flows are
accounted for by assuming that the gradient of the landside slope remains equal to
its initial value whereby the rate of the retreat is dependent on the average value for
the shear stresses along the landside slope. This assumption is based on a 1D slope
stability analysis under the assumption of an infinitely long slope, and improvement of
this assumption through a multi-dimensional analysis of the unsaturated soil mechan-
ics is recommended. The rate of retreat of the landside slope under its initial angle is
calculated with the erosion equation. Below, an analytical equation is derived for the
shear stress along the landside slope.

Assuming a constant breach width, a straight landside slope, and a critical depth
at the top of the landside slope, the depth profile along the landside slope follows from

the Bélanger equation (Battjes, 2002), given by
Ad(e) = Adyee==0)/L, (3.7)

where Ad is the difference between the normal depth and the local water depth in m,
Ady is the difference between the critical depth and the normal depth in m, e is the
base of the natural logarithm, ¢ the distance along the landside slope from the origin
given at the end of the crest to where the depth is calculated, g is the offset from the
origin, and L is the adaptation length in m, defined as the length along the slope where
Ad is equal to Adp/e. L follows from (Battjes, 2002)

1

1 d3
I = — — | d,. 3.8
(3@'1,7; BgnQ) (3.8)

This relationship is valid for variations from the normal depth. The ratio of the local

depth over the critical depth is

- n , (3.9)
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where d. is the critical depth and d,, the normal depth. For a constant breadth, mass
conservation gives that the increase in flow velocity along the landside slope is inversely
proportional to the increase in depth. The breadth-averaged and depth-averaged flow

velocity @ as a function of the distance along the landside slope e becomes

— 1 —

u(e) = — — Uy, (3.10)
dn € EO dn € SO
@ +e T — e L

where %, is the breadth-averaged and depth-averaged flow velocity corresponding to
the critical depth. The relationship between the flow velocity v in m/s and the shear
stress 7 1s
= pr2”_219, (3.11)
d;;
where d,, replaces the value of the hydraulic radius, and p,, is the density of water

in kg/m®. Substituting Equation (3.10) into Equation (3.11) leads to the following

expression for the shear stress as a function of &, given by

1 —on?
7€) = pu . ST (3.12)
(—a@TO —|—a—|—eT> dT?’L
where a follows from
o=9" (3.13)
dnig;
The erosion rate is calculated with
E=K.(t—71)" (3.14)

where 7 is the bed shear stress in N/m?, 7. the critical shear stress in N/m? K, the
erodibility coefficient in m3/Ns, ™ a coefficient of efficiency, and E the erosion rate in

m/s (Nearing et al., 1988). The coefficient of efficiency (m) was set to 1 for two reasons

1. The erosion equation is used to describe the rate of retreat of the slope due

to sediment-laden gravity flows. Under a constant slope angle, the slope fails
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when at a certain depth a degree of saturation is reached. Figure 2.7 in Chapter
2 shows that the rate with which the moisture content increases with depth is
mostly constant for a constant hydraulic conductivity. This indicates a linear
relationship between the shear stress and the erosion rate, and hence a coefficient

of efficiency of 1.

2. The erosion equation with a power of 1 is applied in the breach model HR
BREACH which is used for benchmarking the rapid model. HR BREACH has

been extensively tested and calibrated.

Substituting Equation (3.12) into Equation (3.14) gives the erosion rate as a func-
tion of the distance along the landside slope . The assumption that the gradient of
the landside slope remains equal to its initial value requires averaging of the erosion
rate along the landside slope. The mean erosion rate is obtained numerically from
Equations (3.12) and (3.14) because no analytical solution is available. The landside
slope erodes in the é—coordinate direction normal to the embankment slope surface.
By accounting for the landside slope angle, the rate at which the crest width reduces

(R.) is given by

R.=FE <i)2+1, (3.15)

Ui
where F is the numerical averaged erosion rate of the landside slope, and i, is the

landside slope gradient. The instant the landside slope reaches the waterside slope the

rate at which the invert level lowers is given by

1 = [/1V\°

Re=——=E\|— ) +1, (3.16)
Lo T 2 b

where 17, is the waterside slope gradient. Before the retreat of the landside slope

reaches the waterside slope, downward crest erosion reduces the net rate of retreat

of the landside slope towards the waterside slope. The rate at which the invert level

lowers is given by
2

E—K, (pwzz% _ Tc) | (3.17)

3
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where F is the rate of lowering of the invert level, and the velocity over the invert level

u follows from

U= cu\/29 (H — hy), (3.18)

where ¢, is the weir coefficient. The net reduction in the rate with which the crest
width reduces is obtained after accounting for the effects of the slope gradients by

multiplying the downward erosion rate (3.17) with the factor fg given by

1 1
Lbg Lbo

Vertical erosion of the embankment soil is assumed to stop once the invert level reaches
the foundation level of the embankment since further lowering of the invert level has
negligible effect on the breach discharge. The breadth is assumed not to vary along
the centre line of the breach. The lateral erosion rates are assumed to depend solely
on the mean flow velocities. With the downward erosion rate a function of the mean
flow velocity, it is reasonable to assume that the lateral erosion rate is a function of
the downward erosion rate. The breach widening rate is calculated with the empirical
relationship applied in HR BREACH, which states that the breach widening rate is 1.4
times the rate at which the crest lowers. When the invert level equals the embankment’s

foundation level, the rate of breach widening follows from

_om2
E, = 14K, <pw’dm—1g - Tc> : (3.20)

hs

where E,, is the breach widening rate.

3.1.2 Headcut erosion

Headcuts are formed under conditions of relatively high flow velocities over the crest
and an embankment soil with cohesive properties which prevents sediment laden gravity
flows from occurring. Due to flow overshoots a cascading flow forms which impacts

on the embankment surface, disperses, and undercuts the embankment soil. The local
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erosion rate depends upon the energy with which the flow hits the soil and therefore
on the height of the cascades. Once erosion causes the cascades to reach the waterside
slope, the flow rate increases rapidly due to the lowering of the invert level and an
increase in the horizontal contraction of the flow. Increase in flow leads to an increase
in the energy with which the flow impacts the soil. At the same time a reduction in crest
height reduces the height over which the flow drops before impacting on the soil and
reduces the flow energy. In AREBA, the headcut failure is modelled using the method
described by Temple et al. (2005). This method is based on observations of large-scale
breach experiments of cohesive clay embankments. The following assumptions made
by Temple et al. (2005) regarding the overall erosion process have been adopted for
the development of AREBA.

1. The crest level does not lower before the headcut has reached the upstream slope.
2. The cross-sectional breach shape is rectangular.

3. The foundation of the embankment is not erodible

4. Headcut initiates at the top of the landside slope.

The first assumption is valid when the downward erosion rate of the crest level is neg-
ligibly small. Hence either the soil erodibility is very small, or the critical shear stress
exceeds the shear stress exerted by the flow over the crest. Under other circumstances
the assumption made may lead to an inaccurate prediction of the flood hydrograph
since any downward erosion of the crest lowers the invert level and increases the breach
flow. However as mentioned above, field observations led Temple et al. (2005) to as-
sume that the downward erosion of the crest is negligible during the retreat of the
headcuts across the embankment. The observations can be explained by the effect of
cohesion on the critical shear stress of the soil or by the effects of a grass cover present
on the soil. Although it is assumed that a grass cover fails instantaneously, the grass
cover is likely to fail sooner where the headcut initiates. Headcuts could therefore grow

and move through the embankment while the remainder of the grass over at the crest
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prevents the invert level from falling. The second and third model assumptions have
been discussed in section 3.1.1. With regard to the fourth assumption; as discussed
in section 1.1 the bed slope transition where the crest meets the landside slope could
cause a free nappe to form or the flow to separate, leading to the headcut erosion
process when the soil properties prevent any geotechnical failures. However the flow
accelerates along the landside slope. Irregularities, present along the landside slope
could cause the flow to separate at a later stage and initiate headcut formation at any
location along the landside slope.

Temple et al. (2005) developed a simplified headcut erosion model (SIMBA) based
on empirical equations for the erosion rate and a 1D flow description. The headcut
erosion modelling technique was later also added to HR BREACH. In HR BREACH the
headcut is allowed to initiate at any location along the landside slope. Also the effects
of multiple headcuts are modelled by HR BREACH. In AREBA the headcut is assumed
to start where the crest meets the landside slope since the growth and progression of
this headcut determines the change in invert level when it reaches the waterside slope.
The effects of the formation and progression of other headcuts are therefore neglected
in AREBA leading to a faster model. Temple et al. (2005) identified the following four

stages in the headcut breach process:
e Stage A: Headcut formation on the downward slope
e Stage B: Headcut advance through the embankment crest
e Stage C: Breach formation as the headcut enters the reservoir
e Stage D: Breach expansion during reservoir drawdown

During Stages A and B the invert level does not significantly decrease. In AREBA,
the erosion rate E is calculated with Equation (3.14). Temple et al. (2005) calculate

the shear stress along the landside slope with

T = puwgd,S, (3.21)
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where S is the embankment slope defined as the Sine of the angle of the landside slope
with the horizontal, and d,, is the normal depth obtained from Equation (3.2). Stage A
ends when the calculated erosion depth exceeds the critical depth. During Stage B, the
headcut overfall height increases to a maximum of the embankment height relative to
its foundation level, while the headcut retreats through the embankment crest. Temple

et al. (2005) express the rate of headcut retreat by

dr _
dt

ol

—C (qhne)® (3.22)

where x is a distance from the origin in the 2-direction as indicated in Figure 3.1, C'
is the headcut parameter, ¢ is the breadth-averaged discharge in m?/s, hy,. is the step
height of the headcut in m, which when multiplied with ¢ represents the dissipation
of energy by the water landing on the headcut base. The downward erosion of the
headcut base is calculated using Equation (3.14), whereby 7 is given by the maximum

of the values following from Equations (3.21) and

h 0.582
T = pugd.0.011 ( d“) . (3.23)

(¢

Equation (3.21) is the relation for the shear stress due to flow down a slope, and (3.23)
is the relation for a plunging jet under the assumption of low tailwater (Temple et al.,
2005). During Stages A and B the hydraulic control, located at the most upstream
section of the crest, is not affected. When the headcut retreat reaches the waterside
slope Stages C and D commence and the breach erosion affects the hydraulic control.
The rate of change in invert level h. during Stage C follows from multiplying Equation

(3.22) with the negative of the waterside slope gradient and is given by

dh,
dt

ol

= 1poC (qhne)? (3.24)

where 7, is the waterside slope gradient. The increase in width of the hydraulic control

is assumed to be equal to the decrease in height (Temple et al., 2005). Once the invert
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level relative to the embankment’s foundation becomes smaller than the critical depth,

the headcut progress stops and the rate of change in crest height follows from

= K, (r—T), (3.25)

where K. is the erodibility coefficient, 7, the critical bed shear stress, and the bed shear

stress 7 is now obtained from

S Pw92n2 (hl - hz)

h . (3.26)
h3

The lateral growth rate of the breach is proportional to the rate at which the crest lowers
by a factor of 1.4 (Temple et al., 2005). Once the waterside slope has fully eroded, the
breach only grows laterally because a non-erodible embankment foundation is assumed.
The lateral growth rate is however still calculated with Equations (3.25) and (3.26) but

no new invert level is calculated.

3.2 Testing of AREBA

3.2.1 Benchmark tests

AREBA has been benchmarked against HR BREACH, which, together with SIMBA,
was selected by the Dam Safety Interest Group (DSIG) breach modelling project as
a model with potential for further development for industry use (Wahl et al., 2008).
Validation of HR BREACH against different datasets led to the incorporation of a
calibration coefficient of 1.6 for the downward erosion rate. This factor was based
on model performance for a range of material and structure types. To enable proper
comparison between AREBA and HR BREACH the same coefficient has been adopted
in AREBA. Table 3.2.1 lists the input parameters kept constant for all verification runs
with HR BREACH, and Table 3.2.1 lists the input parameters that were varied, where

Slope refers to the landside slope gradient. A box shaped reservoir with continuous
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inflow was chosen for the upstream boundary condition. The reservoir’s initial water
level was taken as 0.30 m below the crest level h...s. The initial breach depth was
assumed to be 0.25 m. Although the initial water level in the reservoir is below the
invert level of the breach, the inflow in the reservoir causes the reservoir level to rise
until a flow through the initial breach notch initiates (see Figure 3.2). An infinitely
large floodplain was chosen for the downstream boundary condition to eliminate the

effects of drowning and to facilitate a clear comparison between the two models.

Initial breach depth

% Inflow into reservoir Crest Width
27 b

Waterside slcp/
1 o

Landside slope

Crest height

Figure 3.2: Initial condition for benchmark tests

Parameter Present in AREBA Value Unit
Breach level v herest — 0.3 m
Crest width v 6 m
Discharge into reservoir v 1 m3/s
Surface area reservoir v 30000 m?
Initial breach depth v 0.25 m
Crest length v 200 m

Soil cohesion v 1x107° kN/m?
Soil tension strength - 1x107° kN/m?
Friction angle - 30 degrees
Porosity - 0.2 -

Dry unit weight v 16.8 kEN/m3
Critical shear stress v 1x107° N/m?
Manning coefficient v 0.035 s/m?
Weir coefficient v 1 -
Erosion rate factor v 1.6 -

Table 3.1: Fixed input parameters HR BREACH benchmark tests

In AREBA’s surface erosion mode, the landside slope gradient remains equal to its

initial value while it retreats towards the waterside slope. In HR BREACH unrealistic

landside slope gradients are prevented by averaging the erosion rate over the crest
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Run no.  Erodibility coefficient (K,) Crest height Slope
(m3/Ns) herest (m) m/m

1 5x 107° 12 1/3

2 5 x 10 6 1/3

3 5x 1076 9 1/6

4 5 x 1076 9 1/2

Table 3.2: Variable input parameters HR BREACH benchmark tests

and erosion rate near the top of the landside slope, and by averaging the erosion rate
near the bottom of the slope with the erosion rate of the embankment’s foundation.
The different approach to preventing unrealistic landside slope gradients is expected
to lead to different model outcomes. Figure 3.3 shows the results of Run 1, and Figure

3.4 shows the results of Run 2.  As is shown, the results from HR BREACH and
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Figure 3.3: Hydrograph output HR BREACH and AREBA: Run 1

AREBA are almost identical for Run 2. The input of Run 2 differs from that of
Run 1 in the ratio of the crest height over the crest width. In AREBA, the invert
level is assumed to erode downwards while the landside slope retreats towards the

waterside slope. For relatively high ratios of the crest width to the crest height, or
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Figure 3.4: Hydrograph output HR BREACH and AREBA: Run 2

relatively high values for the erodibility, the downward eroding invert level reaches the
foundation level before the retreat of the landside slope reaches the waterside slope.
The approach used in HR. BREACH for the prevention of unrealistic steep slopes is
empirical. In AREBA the approach is based on a 1D analysis of the unsaturated
soil mechanics. However due to limited validation data available, and without a full
2D analysis of the soil processes, it is not possible to state which assumption has
the lowest impact on the accuracy to which the physical process is represented. The
different approaches in limiting the steepness of the landside slope lead to differences
in model outcomes. These are evident by comparing the results from Runs 3 and 4,
which only differ in the steepness of the landside slope (see Figures 3.5 and 3.6).

Figure 3.6 shows a close fit between HR BREACH and AREBA for a landside slope
of 1: 2. Figure 3.5 shows a worse comparison for a landside slope of 1 : 6. The model
outcomes of AREBA are identical for the two landside slope gradients because the
downward erosion of the invert level reaches the embankment’s foundation before the
landside slope retreat reaches the waterside slope. Despite a discrepancy in the value
for the peak discharge, AREBA and HR BREACH do provide results that agree on the

overall shape of the hydrograph and the time of the peak discharge. To get a better
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Figure 3.5: Hydrograph output HR BREACH and AREBA: Run 3
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Figure 3.6: Hydrograph output HR BREACH and AREBA: Run 4



3.2 Testing of AREBA 65

estimate of the impact of the assumptions, AREBA has been validated against the
EU IMPACT project field experiments (IMPACT project, 2005) and the experiments
performed by the Agricultural Research Services of the US Department of Agriculture
(USDA-ARS)(Wahl, 2007).

3.2.2 Validation tests

A problem with validating embankment breach models is the overall lack in availabil-
ity of quality datasets. Consequently it is often the case that there are more unknown
model input values than validation data available. Several combinations of input pa-
rameters can be found that give a near perfect match with the validation data. This
does however not mean that the model represents the physical processes correctly.
Therefore, instead of calibrating the unknown model parameters to fit the experimen-
tal data, upper and lower limits are estimated for the input parameters based on the
data, reports, and empirical relationships. These limits form the boundaries of a uni-
form distribution from which input values are drawn. It is the strength of AREBA to
be able to rapidly perform these statistical analyses. A run time of the order of 0.1s
per run keeps the overall run time of the model low while providing a more extensive
analysis of the problem. After running AREBA 500 times for different combinations
of input parameters, envelopes are obtained between which the experimental results
are expected to lie. This gives the impact of the degree of uncertainty on the accuracy
of the prediction. After completing one run, the same process is repeated for half the
range of input values while maintaining the same mean value. The boundaries of the
full range are referred to a Lower bound and Upper bound. The boundaries of half this
range are referred to as Lower bound half and Upper bound half. The range in val-
ues for the input parameters of the Manning coefficient, and weir coefficients were the
same in all validation cases. Nortier and De Koning (1991) provide a range of Manning
coefficients based on different hydraulic conditions. The lowest Manning coefficient to
be used in case of a straight natural channel with good material conditions is 0.025

s/m'/3. The maximum value given for a curved natural channel with different depths is
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0.045 s/m'/3. These values are used as respectively the lower bound and upper bound.
The choice in weir coefficients also influences the erosion rate. AREBA requires the
input of three weir coefficients. The first weir coefficient, represents the influence of
the vertical contraction and friction and has an upper bound of 1.1 and a lower bound
of 0.9. The second weir coefficient is taken into account when the landside slope of
the embankment reaches the waterside slope. At this stage the combined horizontal
and vertical contraction leads to a higher weir coefficient with a maximum increase
in discharge coefficient of 40% for practical purposes (Nortier and De Koning, 1991).
Since horizontal contraction only influences the discharge positively, a lower bound of
1 and an upper bound of 1.4 are used. The third weir coefficient replaces the first and
second one when the invert level reaches the foundation level of the embankment. At
this stage the breach has already widened considerably. With all test cases the shapes
of the reservoir behind the embankment were longer than they were wide. The ratio in
breach width over reservoir width was considered to be insignificant to account for hor-
izontal contraction once the foundation level is reached, and the third weir coefficient
was kept at a value of 1. This leads to the range in values of the Manning coefficient

and weir coefficients as given in Table 3.3. AREBA was validated against the EU IM-

- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Manning 0.025 0.03 0.035 0.04 0.045

coefficient s/m?'/?

Weir coefficient 1 | 0.9 0.95 1 1.05 1.1

Weir coefficient 2 | 1 1.1 1.2 1.3 1.4

Table 3.3: Range of input parameters AREBA for all validation cases

PACT experiments and the USDA-ARS experiments. Data for all the validation cases
used here can be found in the report by Van Damme et al. (2012). The embankment
constructed for the EU IMPACT experiments had no grass cover. The embankment
tested in USDA-ARS experiments had a cover of young grass of very low quality and
Hanson (2012) recommended to ignore the presence of this grass cover for validation

purposes. Hence for both cases no grass was accounted for. The density of water was
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kept at 1000kg/m? for all test cases.

EU IMPACT minimum cohesive embankment validation case

Hassan and Morris (2009) studied the accuracy of the input and output values of the EU
IMPACT project field experiments and reported on inaccuracies in the data. Besides
present uncertainties in the values to use as input and output, several model input
parameters of AREBA were undefined and needed to be estimated. Table 3.4 gives the
input values which were kept constant during the different runs. The input hydrograph
followed directly from the data of the EU IMPACT experiment (Van Damme et al.,

2012). Besides the variation in Manning coefficient and weir coefficients, a range in

crest length 39 m
crest width 2 m
base width 18 m
crest height 5m
initial breach width 2 m

Table 3.4: Fixed input parameters embankment geometry for testing against the EU
IMPACT minimum cohesive embankment experiment

critical shear stress was estimated from actual sediment sizes and the Shields relation.
Hassan and Morris (2009) recommends the use of a Dsg of 4.75 mm for the mean
grain size. Since a coarsely graded soil was used, a variation in grain size between
2 and 8 mm is assumed. A grain size of 4.75 mm gives a critical shear stress of
4.2N/m?. Similarly grain sizes of 2 mm and 8 mm give critical shear stresses of 1.78
N/m? and 7.12 N/m?. Estimation of the erosion coefficient is more difficult to do. The
IMPACT test embankment was poorly constructed leading to a relatively high erosion
coefficient (Hassan and Morris, 2009). The lack of any further information regarding the
erodibility leads to a relatively large range in uncertainty. The HR BREACH support
file provides an approximate erosion coefficient based on the degree of erodibility. A
maximum value for the erodibility of 18 x 107% m3/Ns (for very erodible soil) and a
minimum value of 0.18 X 107% m?3/Ns (for moderately erodible soil) are chosen. Figure

3.7 displays the maximum and minimum values of the discharge found per run, whereby
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- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Critical shear 1.8 3 4.2 5.6 7.1

stress (N/m?)

Erodibility 1.8 % 4.6 x 107° 9x107% | 1.35 x 107° 1.8 %

coefficient 1077 107°

(m?/Ns)

Waterside slope | 1/1.7 1/1.75 1/1.8 1/1.85 1/1.9

gradient

Landside slope 1/1.6 1/1.62 1/1.65 | 1/1.68 1/1.7

gradient

Initial breach 0.1 0.105 0.11 0.115 0.12

depth ((m))

Table 3.5: Range of input parameters AREBA for testing against the EU IMPACT
minimum cohesive embankment experiment.

for each run new variables are selected from a uniform distribution with the bounds
given by Tables 3.3 and 3.5. In the Figures Upper bound and Lower bound refer to

respectively the maximum and minimum value found for the discharge over 500 runs.

Figure 3.8 presents the bounds for the growth in breadth of the breach.
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Figure 3.7: Maximum and minimum discharge (per time step) predicted by AREBA
for 500 runs, compared with the IMPACT surface erosion field data. The lower bound,
and Lower bound half values coincide with the z-axis.
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Figure 3.8: Maximum and minimum breach width (per time step) predicted by AREBA
for 500 runs compared with the IMPACT surface erosion field data. The lower bound,
and Lower bound half values coincide with the z-axis.

IMPACT ’maximum cohesive’ embankment validation case

The clay embankment overflow experiment performed under the EU IMPACT project
forms one of the two breach experiments used to validate the headcut failure mode in
AREBA. A similar analysis of the input parameters as described under the previous
section was performed for validation of AREBA’s headcut failure mode. The fixed
input parameters of the embankment geometry are given in Table 3.6. The input

hydrograph was taken directly from the dataset. The headcut coefficient (C) in (s72/3)

crest length 39 m
crest width 2 m
base width 29.4 m
crest height 5.9 m

Table 3.6: Fixed input parameters embankment geometry for testing against the EU
IMPACT ’maximum cohesive’ embankment experiment.

was added to the analysis since this also influence the erosion rate in the case of headcut

erosion. The headcut coefficient followed from Equation 3.27 and the extreme values
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for the erodibility factor (K) of 1.7s7%/3 and 18s~%/3 such that
C =246 x 107*K (3.27)

The value 2.46 x 10~ follows from converting the given correlation in the HR BREACH

1/3

help file to SI standards and has units NS;,./ . Since the Shields curve does not account

m

for cohesive effects, the critical shear stress was estimated from the model assumption
that no downward crest erosion takes place due to flow over the crest (Temple et al.,
2005). For this assumption to be true, the critical shear stress should be higher than
the shear stress exerted by the flow on the structure. A hydraulic head of 0.2 m was
assumed to calculate the flow velocity over the crest. Extreme values for the critical
shear stress were calculated from the flow velocity and the upper and lower bound of
the Manning coefficient. This resulted in a critical shear stress of 20 N/m? as a lower
bound and a critical shear stress of 65 N/m? as an upper bound. Table 3.7 lists the
ranges of all input parameters used for validation. Figures 3.9, 3.10, and 3.11 present

the model outcomes together with the experimental data.
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Figure 3.9: Maximum and minimum discharge (per time step) predicted by AREBA
for 500 runs and compared with IMPACT surface headcut field data



3.2 Testing of AREBA 71

- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Critical shear 1.7 5.775 9.85 13.925 18

stress (N/m)?

Erodibility 1.7 x 5.775 x 107 | 9.85 x 1.393 x 107 | 1.8 x

coefficient 106 1076 1075

(m?/Ns)

Headcut 1.335 x | 4.536 x 10~ | 7.735 x | 1.1 x 1073 1.4 x

coefficient (s72/3) | 1074 1074 1073

Waterside slope 1/2 1/2.1 1/2.2 1/2.3 1/2.4

gradient

Landside slope 1/2 1/2.0625 1/2.125 | 1/2.1875 1/2.25

gradient

Initial breach 0.4 0.425 0.45 0.475 0.5

depth (m)

Initial breach 5.4 6.05 6.7 7.35 8

width (m)

Crest height (m) | 5.9 5.925 5.95 5.975 6

Table 3.7: Range of input parameters AREBA for testing against the EU IMPACT
maximum cohesive embankment experiment.
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Figure 3.10: Maximum and minimum water depth in the reservoir (per time step)
predicted by AREBA for 500 runs and compared with the IMPACT headcut erosion
field data
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Figure 3.11: Maximum and minimum breach widths (per time step) predicted by
AREBA for 500 runs compared with the IMPACT surface headcut field data

USDA-ARSI1 validation case

The fixed values used in AREBA for the test embankment constructed for the first
USDA-ARS experiment are given in Table 3.8. The reservoir storage parameters were

obtained from the dataset provided. The initial breach was trapezoidal in shape with

crest length 7.3 m
crest width 1.83 m
base width 15.24 m
crest height 2.225 m
Slope gradients 1/3
Initial breach depth 0.46 m

Table 3.8: Fixed input parameters embankment geometry USDA-ARS1 experiment

side slopes of 1/3. Since AREBA assumes a square breach shape, the input values for
the initial breach width have been varied. From the given headcut advance rate the
headcut coefficient was estimated using Equation 3.24. The overfall height h,. was
approximated with the crest height. The outflow hydrograph of the experiment gave
two values for the discharge, 0.56 m?®/s and 1.12 m3/s. From the discharges and overfall

height the headcut coefficients were estimated as presented in Table 3.9. In turn the
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derived headcut coefficient was used to obtain a range for the erodibility coefficients
using Equation 3.27. A 10% confidence interval was assumed when determining the
upper and lower bounds. The critical shear stress was set as a fixed value of 45 N/m?.

Figures 3.12, 3.13, and 3.14 present the match found between the model runs and the

- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Cohesion 20 31.25 42.5 53.75 65

(kN /m?)

Critical shear 1.7 5.775 9.85 13.925 18

stress (N/m?)

Erodibility 1.7 x 5.775 x 107° | 9.85 x 1.393 x 10 | 1.8 x

coefficient 1076 106 107°

(m?/Ns)

Headcut 1.335 x | 4.536 x 107* | 7.735 x | 1.1 x 1073 1.4 x

coefficient (s72/3) | 1074 10~ 1073

Initial breach 1.8288 2.501 3.20 3.8860 4.572

width (m)

Table 3.9: Range of input parameters AREBA for USDA-ARS1 headcut erosion vali-
dation case

field data.

USDA-ARS2 validation case

The parameters kept constant during validation against the second experiment per-
formed by the Agricultural Research Services of the US Department of Agriculture are
given in Table 3.10. Table 3.11 lists the input parameters which were varied and their

range in variation. The range of values in Table (3.11) have been derived according

crest length 7.3 m
crest width 1.83 m
base width 15.54 m
crest height 2.225 m
Slope gradients 1/3
Initial breach depth 0.46 m

Table 3.10: Fixed input parameters embankment geometry USDA-ARS2 experiment

to the same process as used for validating AREBA against the first ARS experiment.
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Figure 3.12: Maximum and minimum discharge (per time step) predicted by AREBA
for 500 runs and compared with the field data of the USDA-ARS1 experiment
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Figure 3.13: Maximum and minimum water depth in the reservoir (per time step)
predicted by AREBA for 500 runs and compared with the field data of the USDA-
ARSI experiment
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Since the embankment did not fail, no difference was found for the overflow discharge

- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Cohesion 4 4.5 5 5.5 6

(kN/m?)

Critical shear 12.5 13.25 14 14.75 15.5

stress (N/m?)

Erodibility 2x107% 2.1 x10°® 2.2 X 0.023 x 107% | 2.4 x

coefficient 1076 10-8

(m?®/Ns)

Headcut 325 x | 33x10° 3.35 x| 34x107° 3.45 x

coefficient (s72/3) | 107° 107° 107°

Initial breach 1.8288 2.501 3.20 3.8860 4.572

width (m)

Table 3.11: Range of input parameters AREBA for USDA-ARS1 Headcut erosion

validation case

between the upper and lower bound. For this reason only the overlapping outcome

for the range between Upper bound and Lower bound (Large range) has been given in

Figures 3.15 and 3.16.
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Figure 3.15: Maximum and minimum discharge (per time step) predicted by AREBA
for 500 runs and compared with the field data of the USDA-ARS2 experiment
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Figure 3.16: Maximum and minimum water depth in the reservoir (per time step)
predicted by AREBA for 500 runs and compared with the field data of the USDA-
ARS2 experiment
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3.3 Comparison of AREBA with the MDSF2 method

In the U.K. the research project Risk Assessment for flood and coastal defence for
Strategic Planning (RASP) developed a framework for undertaking risk analysis (HR,
Wallingford and University of Bristol, 2004) . Within this framework, the performance
of the system of flood defences is represented using fragility curves that describe the
likelihood of structural failure (breaching) under given hydraulic loading conditions.
The framework has been adopted by the Environment Agency and used to underpin its
National Flood Risk Assessment (NaFRA) (Hall et al., 2003). This method was further
developed and implemented within the Environment Agencys MDSF2 software system
(Mc. Gahey et al., 2011). Within NaFRA, and more recently MDSF2, breach size and
flood volume are predicted using a simplified calculation based on coarse assumptions
(Mc. Gahey et al., 2011). Any error in predicting breach formation translates to an error
in predicting the risk of flooding of downstream areas. AREBA has been developed to
improve the method for predicting the flood volume through a breach in order to obtain
a more reliable assessment of different flood scenarios. In this section a comparison of
the AREBA model with the method applied in NaFRA and MDSF2 is presented.
The equations used by MDSF2 for calculating breach dimensions and associated
volumes are detailed in Mc. Gahey et al. (2011) and summarised below. In NaFRA

and MDSF2 the volume entering the floodplain via a single asset follows from
V = 3600 - Hydmult-q-b-T, (3.28)

where V' is the volume of water in m?® entering the floodplain, Hydmult is a hydrograph
multiplier with a value of 0.55, ¢ is the breadth-averaged discharge in m?/s, b is the
breadth of the discharge in m, and T, is the duration of the flow across the asset in
hours. An asset is here defined as an artificial or natural structure that works as a flood

defence. The discharge ¢, in Equation (3.28) follows from the broad weir equation

g=1/—= (3.29)
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where ¢ is the acceleration due to gravity, and h the head difference. If the asset is in
an overflow state, then h = swl — ¢l, where swl is the still water level, and ¢l is the

crest level. If the asset is in a breached state, then h is approximated with
h = cp\/Ly + swl — cl. (3.30)
However, if (ch\/L_x) > (cl — gl), then
h = swl — gl, (3.31)

where ¢, is a head constant of 0.5 m, L, the ratio between the return period of the
extreme event and the standard of protection of the asset, and gl the ground level
immediately landward of the asset. When the asset overflows, the flow breadth b is
given by the length of the asset. In a breached state, for any extreme event that is

smaller than the standard of protection of the asset, b is given by
b= Cdeef, (332)

where Lge¢ is the defence length, and ¢, a breach constant with a value of 0.1 for hard
assets and a value of 0.2 for soft assets. If the return period of the breach event exceeds
the standard of protection of the asset, then the flow breadth b is in accordance with

the ratio of the load limited to the length of the asset, or

P
< 1 then (3.33)

if
! b SoP

RP
b = i L € 7L €
min (Cb_SOP defs Lud f)

where RP is the return period of the loading even in years, and SoP the standard of
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protection of the asset in years. The duration T is for fluvial assets given by
T =L, A%*cr, (3.34)

and for coastal assets given by

T = /(Ly)er, (3.35)

where A, is the size of the catchment area upstream of the asset in km? and cr a

duration constant following from Table 3.12. A test case is used to study the impact

Type Fluvial Fluvial Fluvial Steep | Tidal and
Shallow Average Coastal

Definition Gradients Gradients Gradients Based on
less than ranging from | greater than | semi-diurnal
1:5000 1:1000 to 1:1000 tidal cycle

1:5000
cr for RP < 50 0.6 0.4 0.6 3
cr for RP > 50 1.2 0.8 1.2 3

Table 3.12: Values for the duration constant cp

of applying the AREBA model over the existing breach assumptions discussed above.
The embankment used for the test case has a crest length of 2233.9 m, a crest level
of 218.0 m and a ground level of 214.6 m. The other input parameters for AREBA
were provided by a calibrated input file from HR BREACH and are listed in Table
3.13. The floodplain characteristics and river hydrograph used in the comparison are
given in Figure 3.17. The outcomes given by AREBA and the method from MDSF2
have been compared for a range of return periods. For each return period, a peak
water level was provided. Since these peak water levels did not correspond with the
peak water level given by the river hydrograph from Figure 3.17, the river hydrograph
was scaled to the peak water levels given per return period. If the peak water level
was smaller than the crest level, then AREBA was run in Piping mode (See Appendix
A), otherwise AREBA was run in Surface erosion mode. Table 3.14 gives the flood
volumes found with AREBA and the method used in MDSF2 for a range of return

periods and peak water levels. In all cases, the volume outputs from AREBA are
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Grass quality medium
Crest width 8.9 m
Initial breach width 2m
Initial breach height 0.2 m
Waterside slope gradient 1/6.5
Landside slope gradient 1/7

Pipe level

0.3 m above foundation level

Initial pipe diameter

0.3 m

Cohesion embankment soil 4.79kN /m?
Manning coefficient 0.02s/m?
D5 soil 0.6 mm
Critical shear stress 5 N/mm?
Erodibility soil 1.768cm? /s
All weir coefficients 1

Time step 300s

Table 3.13: Input parameters AREBA for comparison with the MDSF2 method
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Figure 3.17: River hydrograph and flood plain characteristics test case
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Return period | Peak water AREBA MDFS2
(years) level (m AD) | Volumes in m? Volumes in m?
45 214.73 4.41 x 10 0

50 214.82 2.77 x 10° 0

60 214.98 1.024 x 10* 0

70 215.11 1.10 x 10* 0

80 215.23 1.52 x 10* 0

90 215.33 2.04 x 10* 0

100 215.42 2.80 x 10* 0

125 215.60 9.80 x 10° 0

150 215.74 1.02 x 10° 0

175 215.87 104 x 10° 0

200 215.98 1.04 x 10° 0

250 216.16 1.04 x 10° 0

500 216.72 1.09 x 10° 0

750 216.89 1.10 x 10° 0

1000 217.02 1.11 x 10° 0

2500 217.51 1.12 x 10° 0

5000 218.01 2.79 x 108 6.86 x 10°
7500 218.31 6.87 x 10° 5.43 x 107
10000 218.52 1.21 x 107 1.25 x 10°
20000 219.03 3.01 x 107 4.34 x 108

Table 3.14: Flood volumes calculated with AREBA and MDSF2 for a range of return
periods and peak water levels.

quite different from those performed within the MDSF2 calculation. Within flood risk
analysis models these differences translate into different flood extents and depths and
hence ultimately flood risk. Given the simplistic nature of the existing MDSF2 breach
volume calculations and the favourable comparison of the AREBA model with field
data, a significant improvement in the accuracy of the risk calculations can be made

when using AREBA for the calculation of breach volumes.



Chapter 4

Modelling breach flow

In Section 1.3.3 the breach flow characteristics during Stage 2, Stage 3, and Stage 4 have
been discussed. During Stage 2, an accurate flow field can be obtained while neglecting
the horizontal momentum exchange normal to the main flow direction. To simulate
non-hydrostatic pressures and possible flow separation during Stage 2, a vertical 2D
flow model has been developed based on solving the breadth-integrated Navier—Stokes
equations. Several methods are available to solve the general Navier—Stokes equations,
which could also be applied to the breadth-integrated equations. Direct Numerical
Simulation numerically resolves all scales of the turbulent spectrum. This method
is the least approximate but requires the most computational effort. The other two
methods discussed here ignore the small scale physics. With Large eddy simulation
the range of length scales of the solution is reduced, leading to a saving in computa-
tional cost. The third method, which is applied here, involves solving a time averaged
(Reynolds-averaged) version of the Navier—Stokes equations. This method is the least
computationally intensive but also the most approximate (Congedo et al., 2012). Due
to the benefits of a relatively high computational speed while providing sufficient accu-
racy, a breadth-integrated version of the Reynolds averaged Navier—Stokes equations is
derived in this chapter. The high flow velocities over the embankment in combination
with the limited flow distance give a characteristic flow time of the order of seconds. In

the case of overflow the characteristic time scale of the upstream boundary conditions
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is minutes or hours. The characteristic time scale of erosion is also minutes or hours.
The larger order in the time scale of the erosion and the change in boundary conditions
for the flow therefore justify a quasi-steady approach, and hence justify the choice for
a time/Reynolds-averaged approach for solving the Navier—Stokes equations. Besides
the negligible horizontal momentum exchange normal to the main flow direction, the
curvature in water level is small. Hence the flow can be accurately simulated using
a combination of the breadth-integrated Reynolds-averaged Navier—Stokes momentum
equations, a breadth-averaged equation to account for the description of turbulent
viscosity, a breadth-integrated pressure Poisson equation, and a depth- and breadth
integrated mass balance equation.

The bottom boundary is assumed to consist of a solid surface. Hence the model
does not account for the formation of free nappes. Because the incorporation of effects
of entrapped air under the free nappe on the flow would complicate the calculations
that need to be performed. The time dependent behaviour of these physical processes
effects on the run-time of the model would render the model useless for modelling long
duration breach events. Future research could extend the present work to include the
analysis of nappe flows provided sufficient computational resources are available.

Section 4.1 deals with the integration of the mass balance equation, Section 4.2
with the integration of the momentum equations, Section 4.3 with the description of
the turbulent viscosity, and Section 4.4 with the breadth-integrated pressure Poisson
equation. Throughout the derivation of each of the equations, water is assumed to be
incompressible, and its density unaffected by the transport of sediment. Although this
assumption permits the elimination of density from the equations, density is retained
in the equations in order to describe accurately the change in density at the free surface

and bed when numerically approaching the solution of the equations. Three types of
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averaging are employed as given by

breadth-averaging :
depth-averaging : - (4.1)

time-averaging : ()

4.1 Mass balance equation
The three dimensional mass balance equation is (see e.g.Falconer (1993))

dp Opu  Opv  Opw
o " ox oy T os

—0, (4.2)

where p is the density, and u,v, and w are the velocity components in Cartesian
coordinates (see Figure (4.1)). Integration of Equation (4.2) over the breadth in the

y-direction gives

Y2 9p Y2 dpu Y2 9pv 2 9pw
—d —d —d —dy =0 4.3
n Ot y+/yl Oz y+/yl Oy y+/yl o= T 4

where y; is the right hand lateral boundary and ¥, is the left hand lateral boundary

Cross section Top view

™~

b

Y1 Y2

Figure 4.1: Coordinate system used for breadth-integration.

as depicted in Figure (4.1). The integral terms are worked out by applying the Leibniz
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rule giving

o Y2 83/1 0 y2 83/1

5 | ool b ot i [y = il S ol G
Iy

+2 / pudy — puly, 22+ el S+l — prly, =0 (1.4

For no-slip boundary conditions at the walls u|,, = ul,, = w|,, = w|,, = 0. Erosion of

the wall in the g-direction leads to the following boundary conditions for v

dy O Iy Oy O
vly, = %|y1 = (W tuo - rwos |y = Ebl (4.5)
,and
dys Oy Y2 Oy Oy
Vly, = %bz = (W TUuay T, |y = Ebz
Hence, Equation (4.4) becomes
E - p|y2 ot |y2 p|y1 ot |y1 W + Oz (46)
Y2 Oy
+P‘yz | p’y1 | v =0,
where b = y5 — y; and * denotes the breadth-average. Hence
1 Y2
-1 d
p b /y1 pay,
N 1 Y2
pu = - / pudy, (4.7)
b 1
_ 1 Y2
and pw = —/ pwdy.
b 1
Hence Equation (4.6) gives
opb  Opub  dpwb
R ) (4.8)

ot ox 0z
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Assuming (i) small curvature of the free surface and (ii) solid bottom boundary condi-

tion, Equation (4.8) can be integrated over the depth to give

2 0pb 2 Jpub 2 dpwb
—dz d dz = 4.
., Ot ., Ox ar /Z1 8. 0 (4.9)
which after applying the Leibniz rule becomes
a [*. _ 0z . 07
5 |z pb|zZa—|zz + pb@ﬁzl (4.10)

o [ _ N N
+a /Z1 pubdz — pUb|z2 o7 2|, +pu b|z1 pe L)t pwb|., — piod).,.

The boundary conditions at the free surface and the embankment surface are

822 — 8Z2

IOWb|Z2 pb‘22 8t | +pUb8_x|22
__ 0 .0
and  pwbl, =pbly, S, + b, (4.11)

Substituting the expressions for pwb|,, and pwb|,, in Equation (4.10) results in

dpbh  dpubh

=0 4.12
ot + Ox ’ (4.12)
where h is the water depth given by 2z, — 21,
J— %2
pb= [ pbdz,
s
and pub = pubdz. (4.13)

The overbar denotes depth-averaging. Equation (4.12) can be extended to

_oh . b _0mh — 0b
T4 D et | == O, 414
P +Phgy T gy T ruahg, =0 (4.14)
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The local rate of breach widening due to erosion of both banks is

ob
E,=—. 4.15
5 (4.15)
After depth-averaging,
— Ob
B, = —, 4.1
o (4.16)
where
_ 1 [
b:—/ bdh. (4.17)
hJ.,

Substituting Equation (4.15) into Equation (4.14) gives the final depth and breadth

integrated mass balance equation

_oh —— _ogh
5 SE 5
Pogy TPl P50

=0, (4.18)

where ¢, = bu.

4.2 Breadth-integrated momentum equations

This section describes the derivation of the breadth-averaged Reynolds-averaged Navier—
Stokes equations. Applying Newton’s law to an elemental fluid volume of size Az, Ay,

and Az and taking their limits to 0 gives the original Navier—-Stokes momentum equa-

tions
88ptu +uaap; +”aap: +w8;: =X+ 85;’” + 8529” + a;j, (4.19)
8aptv N u%va N vaapyv N w%pzv v 8aa;,y N 8(;;?, N 8;?’ (4.20)
and 000 O0w O O ) 00 One | O (4.21)

ot or "oy Vo 9z oy | oz’
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where X, Y, and Z represent the body forces on the flow element with dimensions dz,
dy and dz, o;; (i = x,y, z) indicates the normal stress components acting on the surface
of the element, and 7;; for (j = z,y, 2) and ¢ # j indicates the shear stress components
acting on the surface of the element. The normal stress is divided into a mean and

fluctuating component (Schlichting and Gersten, 1979) as

(4.22)

where & = (044 + 0yy + 0..) = —P (Falconer, 1993), where P is the pressure. The
Stokes relations and Stokes hypothesis (Schlichting and Gersten, 1979) give the rate
of strain as a function of the velocity gradients. Stokes hypothesised that the sum of
the normal stresses add up to 0 leading to a coefficient of —2/3u. Using the Stokes
equations, and Stokes hypthesis, the fluctuating components of the normal stresses and

shear stresses are written as a function of velocity gradients and the dynamic molecular
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viscosity p, giving

dpu dpu dpu dpu 0P
ot " Yar TVay TVar TN T

L0 [ 2 (0u v 0w\ 9 (v ou\ 0 (0w
o' |“or  3\or oy " 8- oyt \or "oy ) T 9" o
dpv opv dpv opv . 0P
ot " "or TVay Tz T T gy
L0 [y 2 (0w v dw\] L0 (0v ow\ O (0w
8yﬂ Jdy 3\0x Oy 0z oxr" \Odxr Oy 82“ oy
Jpw dpw dpw opw 0P

e T L T

_|_3 28_?1)_2 @_'_%_Fa_w _|_£ a_w_i_@ _|_2 @4_
a-" %82 ~ 3 \ox dy 0z dy" \ 0y 0z ox" \ 0z

du
0z )’

(4.23)

@
0z )’

(4.24)

a_w
or )~

(4.25)

The assumed incompressibility of the flow gives that the flow field is divergence free,

or V-u = 0, where V is the divergence operator, and u = (u, v, w). Application of the
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incompressibility assumption gives for an assumed constant molecular viscosity pu

dpu Jpu dpu opu X oP

o "or Uy TV T T o
Pu  0*u  *u
T (8902 * y? * 82’2) ’ (4.26)
dpu Opu dpu dpu oP
ot T Ty TV TY T %
Pv 0% %
i ( 5t Tt 822) , (4.27)
dpu Jpu dpu opu oP
and e bug e e =2
Pw  Pw  *w
. 4.2
T (W Tag T 822) (4.28)

A Reynolds decomposition is applied whereby the velocity vector u = iu + jv + kw
is split into a mean velocity vector and a fluctuating velocity vector, such that u =
(u) +u’ = ((u), (v),(w)) + (v, v/,w’), where (.) denotes the time average. The mean

velocity vector is given by

1 t+AL
W) = / udt. (4.29)
t

The fluctuating part is given by u’ = (u/,v’, w’), with the condition

| A
(u) = A_t/ u'dt = 0. (4.30)
t

The time integral of the velocity vector u is now given by

(u) = Ait/t (u) + u'dt. (4.31)

Splitting of the pressure term gives P = (P) + P’ whereby

= [ prera (.32
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Adding the divergence of the velocity components to the momentum equations and

rewriting them in terms of mean and fluctuating components, gives

Op(u) | Op(u)(u)  Op(u)(v) | Ip(u)(w) _ o(P)
o e T e W (4.33)
O?{u)  0*u)  0*u) Op{u'v'y  Op(u'v')y  Op{u'w')
+M( o2 y? M ) a ( or y T ) ’
pte) | Do) | Dple)le) | Dol _ 1, OLP) s
ot Ox oy 0z oy '
)  *w)y  9*(v) Ip(W'u'y  Op(v'v'y  Ip(v'w')
+,u( Oz * 0y? * 022 ) a ( ox - Jy * 0z )
Op(w) | Ipw){u)  Ipw)(v) = Ipw){w) _ o(P)
and 5 + e + 3y + 5, (Z) — 5 (4.35)
*(w)  *{w)  O*Hw) op(w'u)y — Ip(w'v')  dp{w'w’)
+M( oz Jy? e ) a < or T y L ) '

To close the equations in terms of mean velocity components, the fluctuating compo-

nents, representing the Reynolds stresses, are expressed by the Boussinesq approxima-
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tion as a function of the mean velocity gradients, such that

—p{u'u’) =n (% + %) - ;p/’a

(
o) =0 (G L) Fon s
o= (G 57),
pty = (52 %),
ol = (S ).

where k represents the turbulent kinetic energy and 71 the eddy viscosity (Schlichting
and Gersten, 1979). Section (4.3) provides further information on the calculation of
value of the the eddy viscosity 7. Due to the small spatial scale the Coriolis effects are
neglected. When it is furthermore assumed that at the air-water interface the shear
and normal stresses are zero, and that the effects of surface tension are negligible due
to the small water level curvature, the body forces (X), (Y), and (Z) in Equations
(4.33), (4.34), and (4.35) become

(Y =0, (4.37)
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The expressions containing the fluctuating velocity terms in Equations (4.33), (4.34),

and (4.35) are replaced with the expressions for the Reynolds stresses given in Equation

(4.36). Furthermore, throughout the main flow domain, the effect of the eddy viscosity

(n) is assumed to be much larger than that of the molecular viscosity (x) and hence the

terms preceded by (1) can be neglected. This gives the three-dimensional momentum

equations for incompressible flow in terms of mean velocity components as follows,
Opw) | Op{w)(u) | Op(u){v)  Op(u)w)

ot or oy T a:

2 S50
AP he )]

0 Ox 0 0z

et () = Seke o | (2 )]

Op(w) | Op{w)(u)  Ip(w){v) = Ip{w){w)

and o "o T oy o, M
(v

SIC R IR

Equations (4.38-4.40) are now integrated over the breadth. The boundary conditions
used for integration are given by Equation (4.5) and are summarised as ul|,, = ul,, =

wly, = wly, = 0. Integrating Equation (4.38) over the breadth and applying the Leibniz
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rule together with the boundary conditions gives for the left hand side:

% wdy+ 57 / w) dy + p(u) (V)ly, — p{u) ()|, + % /y y (p(u) (w)) dy =
) / aeg?d " / or [2" (M - %Pk] dy
+/yy 8% {" (%) * %)} W /yy 5 [” <8§Z> + aé?ﬂ dy. (4.41)
Denoting the breadth average as before by 7,
plu) = %/:2/)<U>dy,
=3 [ (4.42)
=3 [ oy
md ()= "y

Hence:

a@uaﬁ@w Op(u) >< b
ox
d

[0 [ 2 o (22) -2
[ (2 o [ [o(%2 42

The effective stresses originate from a velocity gradient and not a discharge gradient.

(4.43)

Hence applying the Leibniz rule to the effective stress terms results in

/: % [277 (%) - g k] dy aax /y2 [2’7 (%) - gpk} dy —ay +as  (4.44)

—~

_ 0, 9{u)  20pkb
=00 T3 on

— a1 + as.
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where a; and ay are defined by
Ou) 2 Oya
a1 = 20— = = 2Pk |1y e (4.45)
O(uy 2 dy
and ag = (QnW — gpk) ]yla—; -
Applying the same procedure to the other effective stress terms gives
¥20 { (0(u> 8(1}))1
— n|l—=—+ dy = a3z — aa, (4.46)
/y1 oy dy ox
where
Ou)  9v)
—n| =22 4.4
a3 77( ay + ax |y2> ( 7)
_ (9w )
—77< 83/ + ax |y1>
and
¥29 du)y  O{w) 0 /” Ou)y  O{w)
— —t 4+ = =— — 4+ — — 4.48
/yl 82{”(82 * Oz A 0z Jy, T o2 * Oz dy—as+as (4.48)
_o |, (2l |, 9w
o [b” (W* o )| Tt
where
_ (9w Ow)\, Oy
as = 77 ( az + ax ’y2 82 ‘y27 (449)

and

(Ou) | Ow)\, In
“6 _77( 0z + ox I 0z -
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The breadth-integrated pressure gradient terms are derived noting the fact that a

breadth gradient by itself may not initiate a flow, hence

/ " op) dy :baéi ) (4.50)

1

The breadth-integrated Reynolds-averaged momentum equation in the z-direction is

then given by

< Op{u ><U>b L Optup(wid -, OLP)

0z Ox
2 8,0k‘b Ou) 2 Yo ou) 2 oy
( ) 3 Oz (27] or 3" )|y2 oz e+ 2 or 3" b) 5 oz z

e

) Ou)  Ow) o) o)\, Oy o)  Ow)\, Oy
bn(w*w)]ﬂ(w* ou )'yza b ¥ ”(W+ o1 )'waz'w

+_
Applying the same procedure to the momentum equation in the z-direction leads to

(4.51)

0z

apgtwb . ap@g; L ap<zg>z Wit b% (.52
0 O(u) | dw) o) dw)\, Oy o)  dw)\, Oy
+% b77< 9 + O )] _H(W_F O )’ZH%ZJZ +W(W+a—)’y1 O ‘yl
(w)

3 0), (08 82),
) )

0 (w 2 8pk;b (w) 2 Yo o{w) 2 oy
+az<b” oz > 3 0z <2’7 oz 3pk)|y2a w21, 5#F Jln g, I
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For mathematical simplicity, it is assumed that the geometry and flow are symmetrical

about the centre-line of the channel which allows the following simplifications

olu) 2 By Ofu) 2 Oy
<277W gpk) v gy I = <”W 37K )l gy

0z ox 0z 0z oxr 0z (4.53)

Y202 0z Y

(24 2), Py (%), 20, o

ox 'V

(224 280)1 1 - o (2 22), 2

Ofw) _ 2 Oys Ow) _ 2 Oy
d n—— — =pk ) |py=—lp. = — | 2n—— — =pk ) |y, =—|u-
o ( o, 3 ) 0z = oz 3" n Dz z
The terms in Equation (4.47) denote the shear stresses at the wall. Replacing these

with the original expression for the shear stress results in

_ (9w | O
Tywyz _77< 8y + or |y27

Tyay, =1 (%}O + %) lor (4.54)

_(9{w) | 9(v)
TyZyQ 77( ay + aZ |y27

o{w o(v
and Tyzy, =11 <(‘<9—y> + ;;) |y 5

which gives for the momentum equations in the z, and z-direction

Ip{wb  Ip(u)(w)b  dp(u){w)b _ I(P)
ot + Nax + 0z = ox N - (4.55)
0 o{u) 2 Opkb O(u)y  O{w)
+693 <2bn oz ) 3 Oz + Tywy, T Ty, T 0z bn( 0z + ox ’
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and

P —~—— —~— —~——— —_—

Ip(w)b  Ip(w){u)b  Ip(w){w)b o(P)
5% + B B N—I— ER =—pgb—"> P - (4.56)
0 O{u)  O{w) 0 O{w) 2 Opkb
+% bn ( 0z + ox + Tvz — Tuz * 0z 2br) 0z 3 0z

It should be noted that because of symmetry, the velocity gradients in the shear stress
terms in Equation (4.54) are of opposite sign. The shear stress terms should therefore
be summed in both the  and Z-direction momentum equations. The sum of the shear

stresses in  and Z-direction may be written as

~ ~

Tywys = Tymyy = —Crp(0) (W), (4.57)

and

Tz = Tyze = —Crp(w) (W), (4.58)

where ¢ is a drag coefficient, and the (—)sign on the right hand side follows logically
from the negative effect of the shear stress on the flow velocity. Replacing the wall shear
stresses with the expressions from Equations 4.57 and 4.58, the final breadth-integrated

momentum equations become

Op{wb | Op(up{wb | Op(up{w)b _ _, O(P)

ot Oz - 0z N ox N - (4.59)
i (amf) 32 o+ 5 o (24 20 |
and
o (24 202 | - ot + 3 (%) - 320
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—_—

To solve these equations, expressions for 7, /;:, b, and (P) are required. The formulation

of these expressions is discussed in Sections 4.3 and 4.4.

4.3 Eddy viscosity and turbulent energy

An eddy viscosity is applied in the momentum equations to account for turbulence
effects and to prevent unrealistic high flow velocities in the case of flows down a slope.
The eddy viscosity is dependent on the required accuracy with which the turbulent
motions need to be predicted, and so can be calculated with increasing accuracy ranging
from assuming a constant eddy viscosity to using a multiple equation full eddy viscosity
model. Constant values for the eddy viscosity are used for model testing. A typical
value is approximately 10Pa-s . A parabolic description of the eddy viscosity leads to
a small improvement in the accuracy with which the eddy viscosity is predicted. The
parabolic description is effective in calculating the horizontal momentum exchange but
gives unrealistic values for the vertical momentum exchange (Van Rijn, 1984). Further
improvement in accuracy is obtained with a zero-equation model in which the Reynolds

stresses are given by

, Ou,
plu'w’) = 068—<7 (4.61)

where u, is the velocity component parallel to the landside embankment slope, ( is the
coordinate in the f— coordinate direction perpendicular to the landside slope into the
embankment, and € is the kinematic eddy viscosity. Zero-equation models are based
on the assumption that the kinematic eddy viscosity (€) is of the same order as the

fluctuating velocities of the eddies. For a shear flow this results in the relationship

5 Ou.

e=—l

where [,,,; is some characteristic mixing-length scale. For a sufficiently high flow veloc-
ity over the embankment crest, the flow separates at the end of the crest and reattaches

again on the landside slope. Where the flow reattaches with the embankment slope, the
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velocity gradient close to the bed is du./0¢ = 0. Hence at the point of reattachment a
zero-equation model gives v = 0, and the theory fails. For a more accurate prediction
of the eddy viscosity, without making the breach model computationally much more
expensive, the Spalart—Allmaras one-equation model is recommended which gives rea-
sonably accurate predictions for a wide range of flow problems (Deck et al., 2002). The
Spalart—Allmaras model is based on empirical observations and dimensional analysis,
and requires a numerical solution of the transport equation (Deck et al., 2002)

@ + u@ + v@ + w@ = (4.63)

S’A_|_l ﬁ<+A>@+ @@
T o |V or Cb28x8m

_+_l £(+A)@+ @@ _+_l 2(4_“)@4_ @@
o | dy vy dy Cb?@y@y s\a: |V 5s 25, 02

AN 2
_Cwlfw (g) ) (464)

where © is the preserved Spalart—Allmaras quantity in m?/s. The first term on the right
hand side denotes the production term, whose magnitude depends on the vorticity of
the flow. The terms starting with 1/0 denote the diffusion of the Spalart—Allmaras
variable, and the last term is a sink term of the Spalart—Allmaras quantity and denotes
the destruction of kinetic energy (Deck et al., 2002). Spalart and Allmaras also defined
a damping function to ensure that o equals khu, in the log boundary layer, where « is
the Von Karman constant, h is the height above the bed in the negative f—coordinate
direction, and w, is the shear velocity (Deck et al., 2002),and (Van Rijn, 1993). The
damping function f,; is

(4.65)

with

(4.66)

R
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The vorticity magnitude of S is defined such that it maintains its log-layer behaviour

(Deck et al., 2002), and is given by

. 1%
S = /2094 fus + qu% (4.67)

where dy, is the distance to the free surface,

Cu2

fon = (1 + l>_3, (4.68)

fU3 _ (1 + Xfm))((l — fu2)7 (469)

and /2€2;;€2;; denotes the magnitude of the vorticity of the flow, where

0 —1<@—@+@—8—w Ov aw). (4.70)

ij_§ a. " 4.

oy Oxr 0z O + dz Oy

Spalart and Allmaras proposed the following model constants (Deck et al., 2002): ¢, =
0.1355, cpp = 0.622, 0 = 2/3, k = 0.41, cp1 = B + Haﬁ, w2 =03, cy3 =2, ¢, =71,
and c,» = 5. So far the analysis has been for smooth beds for which the boundary
conditions are given by 7 = 0. To mimic the roughness effects of the wall, the Dirichlet
boundary condition needs to be replaced by the Von Neumann boundary condition
(Aupoix and Spalart, 2003)

ov %

ac = (4.71)
where the negative é—direction is perpendicular to the embankment surface upwards.

In Cartesian coordinates this becomes

% :sinozg (4.72)
ov 1%
= — cosa—

0z d
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where d is the depth in the direction normal to the bed, and « is the angle between the
(-coordinate direction and the Cartesian 2-coordinate direction (See Figure 2.1). To
account for roughness, the depth d is increased. Aupoix and Spalart (2003) imposed
an offset on d given by

d == dmin -+ do, (473)

where d,;, is the depth, and dj is a function of the Nikuradse roughness coefficient k.

For rough surfaces, Aupoix and Spalart (2003) and Van Rijn (1993) give
dy = 0.03k,, (4.74)

where k, is the Nikuradse roughness coefficient. To predict the eddy viscosity correctly

in the case of smaller roughnesses Equation (4.66) becomes (Aupoix and Spalart, 2003).

X = ; + CR1—, (475)

with cg; = 0.5.

For mathematical consistency with respect to breadth-integrating the quadratic
gradient terms in Equation (4.63), the boundary conditions for Equation (4.63) are
given by 7|, = 1y, = 7 at the side walls. For small time steps, the sideways erosion
rate v becomes negligible and hence the boundary conditions for the velocity compo-
nents have been assumed to be 0 at the walls, or uy,, = uy, = 0. Integrating the

Spalart—Allmaras equation over the breadth gives for the local and advective terms

b Wb  Ow)ib
bE+ Ox * 0z

(4.76)

Assuming that © is constant over the breadth, the breadth integrated production term

is determined from integrating S over y, and is given by

o1 ST (4.77)
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where B
% ~— ~— b
S = fua\/ 2648 + wfza, (4.78)

with ﬁ; denoting the breadth-integrated vorticity terms, and f,o given by

for = (1 + i) 73, (4.79)

Cy2

with ¢, = 5 (Deck et al., 2002). The vorticity is caused by a gradient in velocity and

not a gradient in discharge. With fyyf vdy = 0, the breadth-integrated vorticity terms

are . o
Q;; = % <b% - b%) . (4.80)
Finally,
fug = LFXS) A= fra) (4.81)
X
with y given by )
X = S (4.82)

Integrating the diffusive terms of the Spalart—Allmaras equation (see Equation 4.63)

gives
b0 NE avor)| b [0 NE 9 0D
p {% (I/+ I/) P +Cb2%£} + - {@ (I/+ V) 5 +Cb2b$£} . (4.83)

Breadth-integration of the dissipation term leads to

—_—

N 2
et () (1.81)
where
148 1/6
fw pry ’y < w3 ) y (485)
g% + 0161)3
in which

Y=r—+cp (rf—r), (4.86)
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where

vb
r== :
Sk2d?
Here x denotes the Von Karman constant with a value of 0.41 (Van Rijn, 1993), and d

(4.87)

is the local depth. Hence for a constant molecular kinematic viscosity v the breadth-

integrated equation for the conserved Spalart—Allmaras quantity © is given by

P

o0 dluyib  Aw)dh = 2

ba—i- o + P = 1SV — Cu1bfuw y (4.88)
b N 9% 90| b N\ 0% i 0
= (”*”)@””C%—xa—x] 7|+ 7) gt 0 e g |

After solving the breadth-integrated Spalart—Allmaras equation, the eddy viscosity 7
is found by

0= pvfn. (4.89)

Although the Spalart—Allmaras equation gives a value for the eddy viscosity, the value
of the kinetic energy term k in Equations (4.59) and (4.60) still needs to be determined.
To estimate k without having to solve an additional differential equation the following
relationship between the kinetic energy and the eddy viscosity was used, as given by

Prandtl (Schlichting and Gersten, 1979)
0= Pkl (4.90)

where k denotes the kinetic energy. The turbulent length scale l,,;, is approximated

with the Prandtl mixing-length L, for L # 0, such that

FEac e

where (g, () is the 2D coordinate system with ¢ perpendicular to the wall. Hence for

more complicated geometries, the calculation of the mixing-length becomes cumber-

some. Prandtl assumed that n ~ (u),L, where (u) is here a turbulent velocity scale,
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and L a mixing-length. Prandtl furthermore postulated that

8l’j ’

(u); ~ L| (4.92)

leading to the mixing-length model given by (CHAM Limited, 2013)

_ 2 a@i a@i a@j
n = pL laiﬁj <0xj + oz, )] (4.93)

The breath-integrated form of Equation (4.93) is

n=pl? |2 (%) 42 (ag;)) n <a§:> n aé?) , (4.94)

from which follows that

ﬁfvl

1
~ 2 — 2 — —N 2|2
Ofu) O{w) ou) | Ow)
|:2(8x)+2(82>+<8z+8:0):|

, (4.95)

where 2 and f,; are obtained from the Spalart—Allmaras model. Using the eddy viscos-
ity from the Spalart—Allmaras model in combination with the Prandtl mixing-length
relationship for n leads to a value for the mixing-length which can also be applied in

more complicated flow geometries. The breadth-averaged kinetic energy k follows from

k=0fn |2 (%) +2 <%) + (% + %) : (4.96)

hence no additional differential equation for &£ needs to be solved.
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4.4 Pressure equation

The advantage of modelling the flow using a non-depth-averaged model is that the
non-hydrostatic pressure distribution is used to calculate accurately the flow field when
vertical accelerations occur. The expression for the pressure is derived from taking the
divergence of the momentum equations. The breadth-integrated Reynolds-averaged

momentum equations are given by

— —_— —~ —_— —

Ip{u)b  Ip(u)(u)b  Ip(u){w)b I(P)
ot + Nax +N 0z = b ox - - (4.97)
i () < 2t 2 o (%2422 .
and
s Gpl i , Gl 0(F) o

ot O 0z 0z N
()| e g (a2 55

Due to the assumed negligibly small flow accelerations in the g-direction, any pressure

L0
ox

gradient in the g-direction is neglected. The divergence of the momentum equations in
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the £ and 2 direction gives

O*P)  8(P)
b 8m2:/b8z2/v~ -
0 (9plu)p | dplu)(u)b  Dp{u) (w)b
awl\ " T e T a8 )

—_~—

0 (Optw)b  dp(w){uwd ap<w><w>b>

(4.99)

o\ Ta i 92

<2bn% 200 o)

Ow)\  20pkb —
0z \ 0z 21 8z>_§ 0z T )

o (o] [ow oww))]
—a—m{a _b”<W+ o )}
ool (ow 0w )] dpg
_E{%_bn<ﬁ+6_x)_}+b5

The breadth term is placed outside the divergence operator when taking the divergence

2 Opkb — )

of the breadth multiplied with the pressure gradient terms, given in Equations 4.97 and
4.98. Proof of this follows from integrating the divergence of the pressure gradient terms

in three dimensions, as

[ (555

i 0 0 Y2 _ ayg 8y1
o (5 [ Py PG+ 1, )
8 P> 8y2| 8<P> Oy

ax |y2 Y2 + ax |y18 | (4100)
8 0y o(P)
— (P >|y1§ + <P>|y1W
a?J2| 3<P> 8y1|

|y2

az |y1 a
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With the pressure boundary conditions given by

(P = (P),, = (P), (4.101)
dy oy ——0b
~(P) e + (Pl 5 = —(P) -,
0 0 —:0b
and  — (Pl + (Pl = —(P),

the integral on the left hand side of the = sign in Equation 4.100 becomes

[ e,
—% (baéi >) - agz; >% (4.102)
5 (%) - o
o

The divergence of the advective terms in the momentum equations are rewritten as

9 (p{upp  dpw)b\ 0 [~ (0plu)p  dplw)b\ | — du)  —— )
825( ox + 0z +0x {w) Ox + 0z +p{u)b ox + plw)b 0z
(4.103)
0 [~ (op(wp | dplwpp | - 0w)  —— 0(w)
+8z (w)( pe + 5 + p{u)b e + p{w)b 5 |
For an incompressible divergence free flow field
Ip(u)b | dp(w)b
<8x + ] =0, (4.104)

leaving

% (;@b% + Z@T)b%) + % (p@)b% + mb%) . (4.105)
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The expression for pressure now becomes

*P) _,&P) _
Ox? 0z?

o (st L) o 2 (i) o

- ( <_> L 20°pkb ezp(u)| ()
19)

—b

3 O0x2 or
P (g D)\ 20°PRD  cpplw)|{uw)]
822 8 3 022 0z

9 O(w) dpg
‘Qa—m{a [b” (W* oa )”* 9:

The breadth term is not included in the divergence of pgb since a gradient in breadth

would otherwise induce a pressure gradient and hence initiate a flow. Unlike the case
for a constant breadth, the diffusive terms may not be neglected in solving the pressure

Poisson equation.

4.5 Changes in flow geometry

Due to the continuous accelerating flow over the relatively short distance of the breach
no equilibrium sediment transport conditions are obtained. The erosion rate of the
embankment soil follows from the erosion equation, and the description of the sediment-
laden gravity flows. The effects of sediment transport on the eddying motions and
hence the flow shear stresses are assumed to be negligibly small compared to the errors
originating from the uncertainty in the values for the soil erodibility , and hence have
been disregarded. Due to the constant velocity with which soil saturates near the
surface, both the erosion cause by sediment-laden gravity flows, and the erosion caused

by the bed shear stresses, are represented by (Nearing et al., 1988)

E.=K(r—1)", (4.107)
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where E is the erosion rate in m/s in the (-coordinate direction (see Figure (2.1)), K is
the erodibility in m3/Ns, n is a coefficient with an expected value somewhere between
1 and 1.5, 7. is the critical shear stress in N/m? and 7 is the bed shear stress and
follows from the flow model. The embankment erodes in the direction perpendicular

to the surface. The erosion rate in the vertical Z-coordinate direction follows from

E, = (4.108)

where « is the angle between the (-coordinate direction and the Cartesian z-coordinate
direction (See Figure 2.1). For a low concentration of non-cohesive sediment whereby
the sediment does not influence the flow, the three dimensional mass balance equation

for the sediment concentration is given by

%+% <<u>c— e%) +a% (< Ve — 2—;) +% ((<w> — ws) ¢ — e%) =0, (4.109)

where c is the sediment concentration, € is the kinematic eddy viscosity (%), and w;

is the fall velocity of a sediment particle. Integrating over y gives

2 0c 29 Oc
— — — e— 4.110
/y th %—/y1 o ((u}c eax) dy ( )

+Zf%(ww—www«%)@+(ww—{%)w—mefgﬁmzo

Applying the Leibniz rule to the integral terms gives

0 Y2 3y1
a / Cdy - C‘yz |y2 + ’yl ‘ (4'111)
Y1

o [* Jc Oc 0o oc oy
v3 [ (e a)@—Q>CQa)wwm (e 52 )52l
o [ dc oc 0y
g [ (= we—e gt = (1) =)o eE )L B

(o == e 32l P+ (W= e ) = (e = e Yl 0.
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—~

Assuming that: ¢, = ¢y, = Cyau, that % = —% = vy, = —Uy,, and that (u), =

<U>y2 = (w>y1 = <w>y2 = 0 gives with F,, = Vy1 + Vyo

Qéb — Cwalle + 8<U>Cb 2 (6@ - ECwa”%) — (—6%) ’wall@ (4112)

ot dr Oz \ Oz O o oz
+£ [(@ —’L/I\J/> b5:| — 2 (E@> — 2EC ll@ + w C’ ll@ +E@’ ll@
0z ° 0z \ 0z 0z "0z T 0y 02" 0z
dc oc
_63_y|y2 + Ef)_y‘y 0
Neglecting the diffusion in the y-coordinate direction, for c,.; = 1, and for E, = %

the equation becomes

—_— —~—

p2C Ak dtuich 0 ( 80) 2 |:’LTJ;+€§:| —(1-0E,, (4.113)

T o T o O Ox

where

E, =K [Cfp\/ () + (Gwhl (a)l) —] (4.114)

The erosion rate of the embankment is perpendicular to the embankment surface in
the f—coordinate direction as defined in Figure 2.1. With the erosion rate parallel to

the embankment surface set to zero, this gives the following results

E, —cosa  —sino E.
— ) (4.115)
E, —sinc  cos E¢
With E. = 0 this becomes
E, = —sinaE;, (4.116)

and E, = cosaE.

With the equations derived in this chapter the flow during Stage 2 can be described

accurately. The next chapter describes a way of solving the momentum equations
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and pressure Poisson equation numerically. The description of the numerical methods
for solving the breadth-integrated Spalart-Allmaras equation, and the testing of the
derived relationship between the eddy viscosity and the kinematic energy fall outside

the scope of this thesis.



Chapter 5

Solver

This chapter gives the solution method for the breadth-integrated momentum equa-
tions. The breadth is thereby allowed to vary in space but is constant in time. To
accurately describe embankment erosion during Stage 2, during which the horizontal
acceleration in y-coordinate direction is negligibly small, the equations that need to be

solved are:

e The breadth-integrated and depth-integrated mass balance equation,

—0h

where pb, in kg/m?, is the density of water p multiplied with the breadth b, h the
water depth, and t the time.

e The momentum equations,

— —_— ~ —_— —_—

Op{ub  Op(u)(w)b  Ip{u)(w)b _  (P)
ot + Oz +N 0z = b ox N - (5:2)
i () 32 o 5 o (24 200 |

113
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and
ol OBl Ol _ O] 53

where ™ indicates the breadth-averaging, (u) and (w) are respectively the Reynolds-
averaged flow velocity components in Cartesian  and Z-coordinate directions, 7
is the viscosity in Pa-s, k is the kinetic energy, ¢y is a drag coefficient, g the ac-
celeration due to gravity, and (P) is the pressure corresponding to the Reynolds-

averaged accelerations.

The breadth integrated pressure Poisson equation

—_— —~

NP P

Ox? 9z* N - -
2 (p@)b%? + p/@)b%) v (@b% + @b%) (5.4)
{22
The eddy viscosity equation
7= pfin, (5.5)

where f,; is a damping function given by

53

for = 4/
& +C§1

(5.6)

Spalart and Allmaras give ¢,; = 7.1, and £ = 5 where v is the kinematic viscosity

of water. v is the breadth averaged Spalart—Allmaras variable which follows from
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the breadth integrated Spalart—Allmaras equation given by

oWy =
ba O + 02 = Cblsy — Cwlbfw ( ) (57)

<y+ )g; (1+Cb2>gzg]j]+g ( + 00 0

ov ov
where the vorticity magnitude S is given by Equation 4.67. A full explanation of

o o()b

Q.Iw

[

0*v
) 5o+ (L) -

b
+; 022 0z 0z

all the terms and coefficients in the breadth integrated Spalart—Allmaras equation

is given in section 4.3.

e The kinetic energy equation

—~\ 2 —\ 2 —~ 27 1/2
(Y O(u) O(w) Ou) , Ow)
k=v (ﬁ) fu1 |2 (W) + 2 (W) + <W + W) (5.8)

Commercial codes, like FLUENT, are available that accurately calculate free surface
flow in a vertical 2D plane. Some of these codes use pressure correction methods to
determine the divergence free solution of the momentum equations. However, thus far
the pressure correction methods have been limited to dealing with a constant breadth
geometry. This chapter focuses on how the pressure correction methods should be
altered to account for a variable breadth geometry. Section 5.1 focuses on the temporal
discretization of the equations and the order in which the equations are solved, and
Section 5.2 focuses on the spatial discretization. The modelling of the Eddy viscosity,
kinetic energy, or free surface fall outside the scope of this chapter. In Chapter 6, the

described methodology is tested for a series of laminar flow cases.
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5.1 Temporal discretization

Using Einstein’s summation convention, the momentum equations are given in matrix

vector format by

—~n+1 Tt TN
Pt (), L fuy, ni10(P) w1, Plui)d”
ot A (u)y AT () = e s e (59)

with ¢ = 1,2 referring to the Cartesian coordinate directions z and 2. A contains
the matrix coefficients that follow from the discretized momentum equations, with A,
containing the coefficients from the momentum equations which are independent of the
neighbouring velocity nodes, and A containing the coefficients of the terms dependent
on the neighbouring velocity nodes. Vector s contains the source terms and cross
derivative terms. The components of the discretized matrix that make up matrices A,
and Ay, and vector s are given in section 5.1.2. For the solution of the momentum
equations to be divergence free, the flow accelerations at ¢t = n+ 1 need to balance the

—n+1 —~n+1
pressure gradients at t = n + 1. However (P)  is unknown when calculating (u),

~n+1
and cannot be expressed as a function of (u), . Hence the equations are solved using
an iterative method. The increase in breadth per time step is small, and so b"*! is
calculated using the solution of the momentum equations at the previous time step, and

forms no part of the iteration process. The following section discusses several iterative

methods that solve Equation (5.9), and its spatial derivatives expressed as the Poisson

equation
2y s ey s Hs G G 6 plub
n puiu); o (W), 7" s; plu;
M) Oy O Ty O byt 0sE 0 plua)bn
o7 om ot ol AT St e

1

(5.10)
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5.1.1 Iterative solution methods

For all the Pressure correction methods considered, the first step of the iteration process
consists of solving
—~rl — ——
i

pb" 1 (u) e (wy; 7 16(P) plu)b"
Ap(u), + A (u), =—b" 7 11
St + p<u>z + f <U’>z 5-Tz + S + ot (5 )

where ("!) refers to the intermediate velocity, and ("°) refers to the result from the
previous iteration step. In the first iteration step the pressure gradient term follows

—~r0
from the pressure field at t = n. The velocity terms in A;m" , derived from linearizing

the advective terms and the cross-derivative terms in s/°

, are updated each iteration
step. After solving the momentum equations using the old pressure, a solution is
found which is corrected to arrive at a divergence-free solution in keeping with the
pressure Poisson equation. The pressure correction iterative methods discussed below

each arrive at a divergence-free solution of the momentum equations, though vary in

the rate of convergence.

SIMPLE

The SIMPLE method (Semi-Implicit Method for Pressure-Linked Equations) applies a
correction to the velocity field, obtained from Equation (5.11), that satisfies (Ferziger
and Peri¢, 2002)

—~r2 —_— —
P ), S @l 8P o plu)b”
St + Ap(u); + Af (u); =—b 5z, +s + 5t (5.12)

where ™ refers to the second iteration step, and (P) is the unknown pressure field at
the first iteration step. Recall that the pressure Poisson equation is derived by taking
the divergence of the momentum equation. Subtracting Equation (5.11) from (5.12),

and noting from continuity that
—~r2
opb™ T (u),

pr— .1
5 0, (5.13)
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leads to the velocity-correction equation given by

s((B) -17)")
dx; ’

b”"’l —~r2 —~rl
P ( (5.14)

ot <U>1 - (u)l > — _bn+1

The Poisson equation for the velocity correction now follows from taking the divergence

of Equation 5.14 and is given by

oz? - xy ot

52 /‘ﬁ/?"l B /‘ﬁ/’r‘o n+1NT1
W1«> H>iciﬂl) (5.15)

Equation (5.15) is solved with the known velocity field (u>: and used to correct the

velocity field with Equation (5.14) until a divergence-free velocity field is obtained.
—rl ——7r0
Pressure increment values given by (P) — (P) are added to the known pressure

—

0

field (P) , from the previous iteration, to arrive at a new estimate of the pressure
—rl

field (P) wused for the next iteration. It should be noted that in order to arrive at a

correct answer for the velocity field and pressure field at time step (n + 1), the initial

pressure field given by (P}n should correspond to the initial velocity field. Since A,,

—~r0

rl
and A;uh are still multiplied by the initial estimate (u) , the corrected velocity field
could differ considerably from the solution of the momentum equations and hence the
rate of convergence is small. A minor improvement could be made by updating the

velocity field to satisfy

—~r2 —l ——
pb"H(U)i —~r2 ;ZONH " S(P . plu; b
T + Ap{u); +A}> (u); =—b H% + 50+ <5t> ; (5.16)

in which A, is a diagonal matrix. Hence a minor computational cost is incurred per
iteration while the solution converges slightly faster to an answer that abides by the
momentum equations and is divergence-free. The velocity-correction equation is now

given by

—rl —

() @)= )




5.1 Temporal discretization 119

and the Poisson equation is given by

) (1 A, )15(@71*”) _ dpb {u)rt

bn+1_ s
ow; ot + pbrtl ox; ow;

(5.18)

SIMPLEC

Van Doormaal and Raithby (1984) increased the rate of convergence towards a divergence-

free solution of the momentum equations by incorporating the effects of the neighbour

—~r0
cells in A;w , leading to the SIMPLEC (SIMPLE consistent) method. In SIMPLEC
—~r0
the effects of ignoring A}w in solving the Poisson equation are reduced by using
—~r0 0

a weighed average of A§f‘> , here indicated by Af@i (Ferziger and Perié, 2002;
Van Doormaal and Raithby, 1984). Hence during the velocity correction step SIM-
PLEC solves

—~ 2 —rl —

bn-l—l . —~r —~ 72 P ; pr
1) P o, o)t

2 —

)

Since A, and Af<“>i are both leading diagonal matrices, the intermediate solutions
converge faster to the solution of Equation (5.9). The velocity-correction equation is

now given by

—rl ——10

(% A+ ﬁ@?) (@ - ') = et (P - it >, 520

and the Poisson equation by

n+l_~ = e
0x; ot + pbrtl ow; ow;

—~ 70 —1 —rl —n o
A RO W UR N TG0 | BT

Similarly to the SIMPLE method, in SIMPLEC the pressure increment values given
—r1 —r
by (P) —(P) are added to the known pressure (P) to arrive at a new estimate of

—_—

,
the pressure field (P) used for the next iteration. Due to the presence of non-linear
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terms in the momentum equations, Ay ()i contains velocity terms. In the case of large
velocity gradients ﬁ@m can become negative. For larger time steps, the influence of
ﬂ(f‘;:o on the terms between the brackets in (5.20) and (5.21) increases, and this in
turn could cause unrealistically high values to be computed for the velocity corrections

—~ 72 —~

given by (u) — (u) and hence induce instabilities in the model.

PISO

The PISO (Pressure Implicit Splitting Operators) method applies two correction steps
instead of one (Issa, 1986). The first correction step is identical to that of the SIMPLE
method. The second correction step is applied to obtain a closer approximation to the
solution of the momentum equations and improve convergence. The second correction
step consists of explicitly solving the momentum equations using the corrected velocity
as a predictor whereby the matrix coefficients A, and APTO has not been updated

(Issa, 1986). The second correction step is given by

—~r3 2 ——n
po" (), e (u);0 72 16(P) o, Plui) O"
i A ' Al =yt r _ 5.22
5 + Ap(u); + A" (u), 52, + 80+ 50 (5.22)
where (") indicates the result of the second correction step. With
5 bn+1<’-\/>7‘3
P u);
— =0 5.23
g, (5.23)
the pressure correction equation during the second correction step is
2Nr2 —~r2 (17)7,"0"“7"2 ——n
@) A AT ) ase 1 (plu) v 50
6r? Oz 0x; dx; Ot 0x; ' '

—

The pressure field (P) is used both to calculate the new velocity field explicitly using
Equation (5.22), and to calculate the new velocity field implicitly after updating the

r2
matrix coefficients of the momentum equations with (u), . When applying the PISO

method as described in the paper by Issa (1986), attention should be paid to the
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second correction step. When an initial velocity field is chosen with positive values for
the velocity components, then coefficients in the matrix A, used in the discretization
of the non-linear equations, are also positive. When the first correction step causes
components of <27) ’ to become negative, then this gives non-physical negative values
for the non-linear advective terms in the momentum equations, and a non-physical
input for the pressure Poisson equation. Although the method could converge to the

overall solution the answers obtained during the intermediate iteration steps would

have no physical meaning.

SIMPLER

In the first step of the SIMPLER method (SIMPLE revised) the velocity field is cor-

rected as described in SIMPLE. However instead of using the pressure increment equa-
—~r2

tion to arrive at a new pressure field for the next iteration, (u),

; 1s used to update

the matrix coefficients of the momentum equations, and the pressure field for the next

iteration step is calculated from (Patankar, 1980; Ferziger and Perié¢, 2002)

2/—\—/7“2 —~7r2 5A<’17>:2NT2 r2 Nn n
_p Py oA 04y () o521 (M), (5.25)

o2 duy dx; Sx; Ot dx;

7

—~1r2 —1r2

where (u), is the corrected velocity from the previous iteration round, and (P) is
the pressure field used in the next iteration. Unlike the PISO method, the matrix
coefficients in Ay are updated before calculating the pressure. Hence positive values
for the non-linear advective terms are guaranteed and a more realistic representation of
the pressure field is obtained. During each iteration step the pressure field is calculated
with greater accuracy as would have been the case when correcting the pressure field,
and so convergence is improved (Jang et al., 1986). For the solution of the momentum
equations, the SIMPLER method was chosen because of its improved convergence rate
over the SIMPLE method and its prevention of unrealistic velocity corrections through
solving the full pressure Poisson equation using updated velocities for the matrix coef-

ficients. The total flow diagram of the solver is given in Figure 5.1.1.
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Initial and boundary conditions
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free?
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Figure 5.1: Flow chart of the SIMPLER method
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5.1.2 Matrix and vector coefficients of the temporally dis-
cretized momentum equations

The coefficients of the discretized momentum equations in matrix Ay contain those terms
which are dependent on the neighbouring velocity nodes and thus account for the normal
stresses, the shear stresses with exclusion of the cross-derivatives, and the advective terms.
In order to arrive at a system of linear equations with known matrix coefficients that converges
rapidly to the full non-linear solution of the momentum equations, the non-linear advective

terms in the momentum equations are linearized by defining (Ferziger and Perié, 2002)

@ = e (@ - @) (5.26)

n+ rl —rl ——r0
and bp(u), =bplu), + At <bp<u>i — bp(u), ) ,

— 0
where p(u), are the velocity components that follow from the previous iteration step. For the

r0 — rl
first iteration step p(u);, = p<u>zI Using this definition the non-linear terms of (p(u)z(u>J>

are rewritten as (Ferziger and Perié¢, 2002)

anrl <p/<\/u> <f1;/>>7‘1 _ bn+1 ‘p/<\/u>r0<f2;/>r1 n p/<\/u>7'1 @7‘0 _ mrﬂ@rﬂ n 5#;&(@@} ’

e () = [ T+ T = o T+ A,

(5.27)

e (o) = v+t o) G ol )+ 6T A |

—\rl —~— 70—l —1r] —— —~—1r0 /—\_//—\_/:|
)

b (plw)(w)) = b [p<w>’“ )"+ plwy ()" = plw) ) + 5t pA w) Afw)
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with

— —~ 1
Ala), = (<u>i - (5.28)

!’

o0 = (o) o).

and

The terms in Equation (5.27) containing §¢? are neglected because their order is equal to that
of the error made in the time discretization in the ADI method (Ferziger and Peri¢, 2002),
used to solve the momentum equations. When solving the Z-direction momentum equation,
(w)

1 rl
for linearization of respectively <p<u> <w>> and (p<w><u>> , it is assumed that

rl —~rl
is known when calculating (w)

is unknown. However, (u) but is uncorrected. Hence

(p(u)(w)

11—

rl —r r0
) =pw) ) (5.29)
and

—~7r0

(Plob(a))” = oy (u)

For pu; simplified as pu;, the terms in the temporally discretized momentum equations,

implicitly accounted for in Ay, are given in Table 5.1.2. A, is a diagonal matrix that contains

terms in the momentum equations in
Z-direction

terms in the momentum equations in
Z-direction

—~7r0—~rl
Spluy (u) bntt
2 . ox

rl b"H’l

mro
6z

rl
(2()"“7} 5; >
n 5u)”
Y (b +117 0z >

(u)

—r0——rl
Splw) (w) bt
2 . 0z

Jﬁmrl @Tobn+1

ox

ntl, 8w)
T 52 (2b +1 o0z )
1, 0(w)
Tz (b +177 dx >

Table 5.1: Terms in the momentum equations accounted for in the matrix Ay

the contribution of the drag coefficient. Just as for the advective terms, the side wall drag

is non-linear. However due to the relatively small contribution of the side wall drag on the
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convergence rate of the overall solution of the momentum equations, the side wall drag is

linearised as

—~ —~ rl —~7r]l —~
er (Pl ) = espu); Iu)™ (5.30)
The coefficients on the main diagonal of A, are given by
Ap = csplw)]"®, (5.31)

where 0t is the time step. Finally the source terms consist of the residual terms and are given

by
5 sy | 26pk 5 0 ~r0
6 | o) 26p 50—
51= 5 b 5 5 sa + 5xp(u> (u) (5.32)
5 sy 26kt 5 010
— bn+1 u _“ 14 TV T . bn+1.
52 ox g oz 3 0z + 5zp<w> (w) g

Now, all the terms in Eqn. (5.9) have been dealt with, except for the local acceleration term
and the pressure gradient term. A solution of the momentum equations is found by solving

A(u); = RHS where A is given by

~n+1

A= pTI+Ap+Af, (5.33)

I is the identity matrix, and RH.S is given by

—r0 —

o(P) p{ui)o"
_ 10\ 0 PO
RHS = =y =i s = (5.34)

5.2 Spatial discretization scheme

The Reynolds-averaged Navier—Stokes equations are solved on a staggered grid as shown in
Figure (5.2). The strong coupling between the velocity nodes and pressure nodes is used to

prevent convergence problems (Ferziger and Perié¢, 2002). The location of the pressure (P),

breadth b, and Eddy viscosity n are indicated by subscript (7, j), the location of the velocity
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Figure 5.2: 10x10 staggered grid. The right pointing arrows indicate (u), the upward

pointing arrows, indicate (w) and the circles indicate the location of the pressures,
breadth, and eddy viscosity. The coloured symbols indicate the boundary points.
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component <u~> by (z - %, j), and the location of the velocity component m by (i, J— %) In
order to correct the velocity @ at (%, j), whereby (—%, j), is the Dirichlet velocity boundary
condition at the left boundary, the pressure is calculated at (0, 7). This requires a right hand
side value for the Poisson equation at (0, j). With the right hand side of the Pressure Poisson
given by the divergence of the momentum equation, the momentum equation is solved at
(—%, j ) At the left and bottom boundaries a forward differencing scheme is used to solve the
discretized momentum equation in the Z and 2-directions, and at the right and top boundaries
a backward differencing scheme is used. These discretizations are solely used in determining

the right hand side of the pressure Poisson equation and do not contribute to solving the

momentum equations. The forward differencing schemes in horizontal direction are given by

¢
QAm%’_% = _3¢% + 4‘151% - (lszéy (5.35)
and
2
(Aw)Q%l_% = ¢1 = 2011 + o1, (5.36)

where ¢ is the value of interest. The backward differencing schemes in the horizontal direction

are given by

9¢

QAx%’bCRT-‘r% = g(bbCRT-i-% - 4¢bCRT—% + (bbCRT—l%’ (537)
and
0%¢
2
(A':U) W“cRT—F% = gbbcRT—F% - 2¢bCRT—% + QﬁbcRT—l%’ (538)

where begr refers to the right boundary location of the pressure field as shown by the upper-

most right row of circles in Figure 5.2.

5.2.1 Face addressing finite volume scheme

A face addressing finite volume scheme is used for the spatial discretization. In this scheme
the gradient over the centre of the cell is calculated from the difference over the cell faces,
divided by the spatial step size. Gradients at the cell faces, needed when solving the diffusive
terms, are calculated from the difference in centre cell values. Leonard (1991) developed a
high resolution finite volume discretization scheme based on normalized values for regular

grids (Jasak et al., 1999; Leonard, 1991). The scheme developed by Leonard (1991) abides



5.2 Spatial discretization scheme 128

by the convective boundedness criterion given by (Gaskell and Lau, 1988)

“Criterion. Define a continuous increasing function or union of piecewise con-
tinuous increasing functions f relating to the modelling normalized value ¢A5i—1 /2
to the normalized upstream nodal value ¢;_1, that is, ¢; ; p=1r (451-_1). Then a

finite difference approximation to ¢;_; /o is bounded if:
1. for ¢;—1 € [0,1], f is bounded below by the function qgi_l/Q = ¢i_1 and
above by unity and passes through the points (0,0) and (1, 1);
2. for ¢;_1 ¢ [0,1], f is equal to ¢;_1.”
The scheme uses the numerical diffusion of diagonally dominant first-order spatial discretiza-
tion schemes to avoid numerical dispersion errors where necessary, and uses a second-order
discretization scheme for higher accuracy where possible. The scheme developed by Leonard

(1991), is adopted in the flow model to arrive at bounded solutions for the convective terms,

and calculates the face values in the following two steps.

1. The direction of the flow is checked and the normalised value calculated from

s 9c— U

0= o ou (5.39)

where QAS is the normalised value, ¢ is the variable of interest, and subscripts p,c and

v refer respectively to values in the downstream, centre, or upstream cell.

2. Based on the normalised value QBC, the face values of the downstream cell face are

calculated from;

(a) for gc < 0 or ¢c >0

b5 = 9c, (5.40)

(b) for B < éc < 1
¢f = %(bc + %(ﬁD, and (5.41)

(c) for 0 < $c < By blending is applied as given by

by = (1 - ﬁg) bo — (ﬁg) ép. (5.42)
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Here the coefficient 3,, is kept as low as possible to ensure good resolution. Jasak et al.
(1999) provided the following range for the 3,,-value, with the upper limit being a hard

condition and the lower limit a recommendation.

< Bm < 5- (5.43)

N | —

1
10
Here f,, is set to 1/10. Due to the staggered grid configuration, at respectively the
left and bottom boundaries, the Western and Southern face values are given by the

boundary values. Similarly at the right and top boundary, the Eastern and Northern

face values are given by the boundary values.

When calculating the face values, ¢ is given by (Z> when solving the Z-direction momentum
equation, and by <fwv> when solving the Z-direction momentum equation. Gradients over the

cell faces of (u) are calculated from

oz BT Ax ’ (544)
and
8<u>| A <u>i—%,j+1 - <U>z—2,g
0z "2t Az
For @, gradients over the cell faces follow from
8<Aw/>| B <w>i+1,j—% - <w>z‘7j—% (5.45)
Or tziTz Az ’ '
and
8@‘ o <w>z,j+% - <w>i,j—§
oz " Az

5.2.2 Face values for the breadth, viscosity, and density

As shown in Figure 5.3, the values for the breadth b, and eddy viscosity 7, are defined in the
staggered grid configuration at the Eastern and Western faces in the case of @, and at the
Northern and Southern faces in the case of m For the calculation of the cross derivative

terms, n and b have to be defined at the Northern and Southern cell faces when solving for
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Figure 5.3: cell boundaries for (u) (green) and (w) (red)

<TL> and at the Easter and Western cell face when solving for @ For the calculation of

(u);_1 ;, the values for n, and b, 1
27

141 follow from averaging the values for n and b
27 2

1.,1
3:JT3?
at the locations (i,7), (i —1,7), (¢, + 1), and (i — 1,5 4+ 1). Similarly, for the calculation of

<w>i’j_%, the values for Mgl 1y and bi+% 1 follow from averaging the values for n and b

»J
at the locations (i,7), (i +1,7), (i,7 — 1), and (i+ 1,7 — 1).

In the main fluid domain, the density in the cell centre and at the cell faces is given by
the density of water. At the intersection with the bed, or the free surface, the flux through
the cell faces is calculated by accounting only for that fraction of the cell face which is part
of flow domain (Ubbink, 1997). Hence the density values at the cell faces near the bed or free
surface are altered. For calculation of @ and </wv>, the face values for the density follow from

density values at the location (i,7). For the first pressure correction step, the discretized

right hand side is given by

E G [ o W G P S D!
ot ox 0z

(5.46)

Thus for calculation and correction of @/) the density needs to be known at a vertical face
at (i,7), and (i + 1,7), and at a horizontal face at (i — 3,5 + 3). For calculation of ZZJ—S the
density needs to be known at the horizontal faces at (¢, 7) and (¢,7 + %), and at the vertical
face at (4,5 — %) Both the water level and bed level are calculated in one-dimension and then
converted into a 2D representation using density fractions according to the method given

below.

Figure (5.4) shows the transition between the bed and water over three cells, indicated by
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the solid thick horizontal lines per vertical column of cells. The face value for the bed level

\
X

<=
oy

i1 i i+1
Figure 5.4: Density fractions in the case of a flow down a slope

hpeq at location (z + %) follows from linearly interpolating between hpeq(i) and hpeq(i + 1).
The difference in shapes between the trangles above and below the thick solid lines in Figure
5.4 indicate the volumetric error introduced per cell due to linear interpolation. Hence after
calculating the bed levels at (i + %), the bed level at (i) is corrected for the volume error
using

Ahpeq(i) = hpea(i) — 3 (hiv1 — hy) — 3 (hi — hi—1) ], (5.47)

where hy,; refers to the bed level, corrected for the calculation of density at centre of the
cell. The fractions over the vertical faces at the locations (i) and (i + 1) follow from dividing
the bed height at those locations by the vertical grid spacing distance, leaving a real value in
the form of aa.bb. The integer aa refers to the number of cells with density 0 below the bed

level. The density at the vertical face at aa + 1, at for example i, is given by
p(iyaa + 1) = py (1 —bd), (5.48)

When applying the technique to the cells below the water level the integer aa refers to the
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number of cells with density equal to p,, and the density fraction at aa + 1 is given by
p(i,aa + 1) = py, (bb). (5.49)

After some simple geometric calculations, the gradients in bed level at (i + %) together with
the corrected bed levels at (i) provide the locations of the horizontal cell faces with a density
fraction other than p,, or 0, and their corresponding density fractions per half a spatial step.
The total process of density calculations in the case of a free surface and a bed level is given

by the following steps
1. Use linear interpolation to calculate the face values for the water levels.
2. Correct the value for the water level at ¢ in order to satisfy the volume balance
3. Using Equation (5.49) calculate the density over the vertical faces at i, and 7 4 %
4. Calculate the density over the horizontal faces at j and j + %
5. Use linear interpolation to calculate the face values for the bed levels.
6. Correct the value of the bed level at i to satisfy the volume balance.
7. Using Equation (5.48) calculate the density over the vertical faces at i, and ¢ + %

8. Calculate the density over the horizontal faces at j and j + %

5.2.3 Pressure calculations with a free surface

When solving the momentum equations in 2-direction, the spatial discretization presents a
challenge when a free surface is present. Figure 5.5 shows three possible density configurations
near the free surface. In the case of a still water level the pressure distribution is hydrostatic.
In all three cases depicted in Figure 5.5 the hydrostatic pressure at the second cell from the
top is 0. The locations of m are indicated by the upward pointing triangles. In each of the
cases depicted, the density at the centre triangle is equal to the density of water. However,

the values for the hydrostatic pressure at the locations below the centre triangle are different

in each case. When the momentum equation in 2Z-direction is solved for a horizontal water
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Figure 5.5: Pressure gradients at the free surface

level, then for the left and the right case in Figure 5.5, a non-zero value is found for

oP
—bpg — b—— .
pg — b5 (5.50)

and a vertical flow initiates. To induce a sharp gradient over the free surface, the terms in
Equation 5.50 have been rewritten as

8pwgdfs . baj

b 0z 0z’

(5.51)

where p,, is the density of water, and dy, is the distance below the free surface given at the
locations (1, j) and easily follows from the known location of the water level. Above the free

surface dys = 0. Similarly the pressure Poisson equation for a still water level becomes

(5.52)

9P n 9?pP . 0? (ngdfs)
or2 922 ) 072

Using this approximation, flows in 2-direction are prevented for any free surface configuration.
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5.2.4 Boundary conditions

The iterative solver should be able to account for Dirichlet and Von Neumann boundary con-
ditions for the velocity and pressure, and account for the free surface. The type of boundary
conditions applied for the Poisson equation is determined by the correction step of the scheme
and the type of velocity boundary conditions. In the first two sections below the boundary
conditions for the Poisson equation are discussed for the Dirichlet and Von Neumann velocity
boundary condition cases. The third section discusses how the free surface is accounted for

when solving the momentum equations and Poisson equation for the velocity correction.

Dirichlet boundary conditions for the velocity

In the first correction step a Poisson equation is solved to correct the velocity. According
to Gresho and Sani (1987), the Von Neumann boundary condition follows logically from
the velocity-correction equation and is always appropriate. The velocity field is corrected

according to

pb" <<u~>2 - <~u>1> _ _m, (5.53)

A Dirichlet boundary condition for the velocity
0 —~ 72 —~rl
5 (@7 -w") = (5.54)

leads to the boundary condition for the pressure Poisson equation given by

o(P)

where n is the normal direction to the boundary. In the second step of SIMPLER the Poisson
equation is solved to obtain a new pressure field. The right hand side of the pressure Poisson
equation now consists of the divergence of the momentum equations. In the case of a Dirichlet

boundary condition for the velocity, the local acceleration term in the momentum equations
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is 0 at the boundary, and the pressure gradients at the boundary follow from

a(]}/) 8p<u>r2 </-{L/>r2bn+1 8mr2@/>r2bn+l 9 2

<’7:L-’>7‘

_ - . n+1
b or Oz 0z * ox 20 Oz (5:56)
— —~r2 —
2 Opkb™t! ~r2 ~r2 9 | . [ Ou) O(w)
mi vl VAUV (U VR e vl LA/ B vl e :

for the left and right boundaries, and

— —1r2 ~—1r2 nt1 —1r2——172 na1 r2
2P 0plw) W e opt) w0 ol
0z ox 0z 0z 0z
(5.57)
2 2 20pR" D o o)
. T el £ 0pro— v TL+1
csp(w) |{w) 3 0z + Oz b 0z + Oz ’

for the top and bottom boundaries.

Von Neumann boundary conditions for the velocity

In the case of Von Neumann boundary conditions for both velocity components, the left
hand side of Equation (5.53) is no longer equal to 0 and it is therefore no longer possible to
assume a zero pressure gradient for the first correction step. Similarly the local acceleration
term is no longer zero at the boundary, and hence the pressure is defined at the boundary in
order to solve the pressure Poisson equation. A relationship for the pressure at the boundary
follows from integrating one of the momentum equations. However this requires one of the

velocity components to be defined at the boundary. With <fwv> defined at the boundary, ag?

is known, and so % follows from the condition of a divergence-free flow. With w, %,

and % defined at the left or right hand side boundary, an expression for the pressure is
derived by integrating the Z-direction momentum equation. For example, in the case of an
unidirectional flow and boundary conditions % = 0, and (717) = 0, the expression for the

pressure becomes

(P) =n——+C, (5.58)
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where C is the hydrostatic pressure distribution given by
C = max (pwgd — puwgz,0), (5.59)
in which d is the depth. With the pressure defined, the system of equations can be solved.

Free surface boundary conditions for the velocity

At the free surface it is assumed that the shear stresses are 0. Using 7 = bn aaue F‘; the velocity

boundary condition at the free surface is given by

Oue,

Se. =0 (5.60)

where e; is a coordinate in the €1-coordinate direction tangential to the free surface and ej is
a coordinate in the €3-coordinate direction perpendicular to the free surface. The right hand
side of the Poisson equation for the velocity correction during the first step in SIMPLER
consists of the continuity equation. The free surface boundary conditions in the continuity

equation are accounted for in two steps;

1. Calculate the velocity gradients at the free surface in the Cartesian coordinate system,

and convert them to the €1, €3 coordinate system with

—_

%ﬁ;ﬁ _ cos¢  sing cos¢  sing Ba@;) (5.61)
8gtz3> —sing cos¢ —sing cos¢ %

—_—

2. Set the value for ag;ée‘“’ = 0 and convert the system back into a Cartesian coordinate

system with

— —

68<Z> _ cos¢ —sing cos¢ —sing 8<8u:11> (5.62)
851;’) sing  cos¢ sing  cos¢ 0

When solving the discretized momentum equations, the density fractions are used to identify
the location of the free surface. In the case of zero density at the face of a cell which is part

of the free surface, the velocity gradients become 0 over that face.



5.2 Spatial discretization scheme 137

5.2.5 Solution method of the equations
Momentum equations

The momentum equations are solved with the Alternate Direction Implicit (ADI) method,
in which the solution is obtained by splitting the discretized momentum equations in terms
of directional derivatives, and by iterating the solutions of the unidirectional components.
The ADI method does not allow for cross-derivative terms to be accounted for implicitly
and hence these are accounted for explicitly and updated every outer iteration step. The
right hand sides f, and f, of the discretized & and 2- direction momentum equations, with

exception of the time derivative, are given by

—r0 —10 —~
0 4 Ow) g1 0(P) 2 Opkb 1
Ja = azb K b oz 3 9z ' (5.63)
and
) o) L LaP) 20pknt!
= L1 AW Gt et _z 64
! 0x "5z P9 0z 3 0z ' (5.64)

Time discretization based on the Crank-Nickelson method leads to an unconditionally stable
solver of the momentum equations (In 't Hout and Welfert, 2007), which is given in terms of

matrix vector operations by

pb [(=r1 ~—n 1 ~rl a0 —~rl a0~ rl
1 -~ n @TONTL @TONTL
+5 <Ap<u> + A, (w) +A4; (v >:fx’
and
pb it~ 1 ol Tl 0
&(<w> — (w) >+2 (Ap<w) + A wy + AN (w) (5.66)
1 —n GUSTON” @—S'rown
+5 (Ap<w> + AL (w) + AT (w) ) = I

where A contains the coefficients of the discretized momentum equation in respectively the
Z-direction, and Z-direction, and , and ; are used to refer to those matrix coefficients which
are respectively independent and dependent on the neighbouring velocity nodes, and given

in section 5.1.2. Subscripts , and . refer to components of Ay with respectively gradients in
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Z-direction, and Z-direction. Given that
A2, = 2(;; (;Ap + AQMJ) , (5.67)
A2, = 25p~tb <;Ap + A@T()) |
B2, ;ﬁtb <;Ap + A@TO) , (5.68)
and B2, = 26p~tb (;Ap + A@m) )
Equations (5.65) and (5.66) become
(I + A2, + A2,) (@) = (T — A2, — A2.) ()" + ;fo, (5.69)
and
(I + B2, + B2,)(w) = (I+ B2, + B2.)(w) + ngz (5.70)
These equations are split as
(I 4+ A2,) (I + A2) (@) = (I — A2,) (I — A2) ()" + ngz, (5.71)
and
(I + B2,)(I+B2,) (w) = (I+B2,)(+B2.)w) + ngz, (5.72)
leaving a residual error of respectively
o <1Ap + Afz> <1Ap + Afz> , (5.73)
4pb \ 2 2
and
jﬁ; (;Bp + fo) @ - sz) . (5.74)

These errors are of O(6t?) and thereby of the same order as the discretization error of the

Crank-Nickelson scheme, and hence are neglected. Peaceman and Rachford Jr (1955); Dou-

glas and Peaceman (1955) proposed an iterative method of solving the equations. After
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replacing A2 and B2 with their original expressions, the method is given by.

2pb 1 < > ~it+3 (1, ' it 2pb
2pb 1 () > O\ ~—it+1 (1, "\ it 2pb
<5T + oA+ AL (W) = §Ap Ayl ) T+ W(u) + fa

in which (") refers to the velocity field at the previous time step, and (%) refers to the
iteration round whereby for r = 1, <u>l = <u>n After completion of the iteration process

~rl ~itt1
(u) = (u) . Similarly for the 2-direction momentum equations this becomes.

2pb 1 <>7'0 Nz’t-l-%_ _1 B mro i Lb
<5T+ -A, +A (w) = 2Ap Ay, <w> + 50 (w) + /2 (5.76)

and

2pb 1 <>° ittt 1y it s 2pb—
<6T+ SAp + AY (wy = §Ap Ay ) (w) +W<w> + [z

—_— e~

At each iteration step the values of (u)¥ and (w)® are replaced by the solution of the previous

iteration given by (u)#*! and (u)it+1,

Pressure Poisson equation

When applying Dirichlet boundary conditions for the velocity, the Poisson equation is solved
with four Von Neumann boundary conditions. In theory this gives an infinite number of
solutions for the pressure. However the gradient field for every solution is the same, and so
any solution suffices. Ferziger and Peri¢ (2002) proposed to solve the matrix by anchoring
the solution. This involves replacing the Von Neumann boundary condition with a Dirichlet
one at a single cell in the computational domain. However instead of inverting the matrix,
the system of equations is rapidly solved using a Fourier transform method at the cost of
10(N?)logy N operations for a grid of size of N x N cells (Averbuch et al., 1998). The

discretized Poisson equation is given by

(Pic1j + Piy1j + Pijy1 + Pijo1 — 4Pij) = fA? (5.77)
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where the subscripts indicate the locations in the five point stencil given in Figure 5.6, A?
refers to the spatial step size for a square grid, P refers to the matrix locations of the pressure,

and f is the right hand side. Defining the Fourier series

i, j+1

i-1,] i, ] i+1,]

Figure 5.6: Five point stensil

I-1 J—
1 —2mkim —2mkjn
T S o1
and
| - A '
fi,j _ ﬁ Z Z —27rkzm/[e—27rkjn/J, (579)

where ¢ and j are the spectral frequencies. The number of spectral frequencies accounted
for is given by the grid size and indicated by I and J. Pmn and fmn contain the Fourier

coefficients. Equation (5.77) is rewritten as (Press et al., 1992)
P (627rkm/l 4o 2mkm/I | 2mkn/] y ~2mkn/] _ 4> _ fmnA2- (5.80)

After some manipulation this leads to

]5 — fmnA2
o (cos 2T 4 cos 27Lm - 2) '

(5.81)

For all Von Neumann boundary conditions, the Fourier Transform method reduces to the

Discrete Cosine Transform method whereby (Press et al., 1992; Agrawal et al., 2005, 2006)

I J . .
4 R Tm TN
P ;= 17 E E P,,nc08 i COS%, (5.82)

m=0n=0
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and

I J . .
4 p mm  Tn
fij = 17 g g fmncosTcosT. (5.83)

m=0n=0

Hence the numerical solver consists of the steps;
1. Adapt the right hand side f to account for the gradients at the boundaries
2. Calculate the Discrete Cosine Transform of f to obtain f
3. Compute P, from Equation (5.81)
4. Compute the inverse Discrete Cosine Transform to get P; ;

Disadvantages of the Discrete Cosine method are that all the boundary conditions have to
be given by Von Neumann boundary conditions, and that in its original form it is only
applicable on square grids. In the case of all Dirichlet boundary conditions, the solution
can be rapidly obtained from the Discrete sine transform instead. In the case of one or
more open boundary conditions for the velocity, some of the Pressure boundary conditions
are of the Dirichlet type and the equation is solved using Matlab built-in backslash solver.
It is recommended to further develop the Fourier Transform solver towards dealing with
varying boundary conditions and irregular grids, and towards expediting the solver using
cyclic reduction methods (Press et al., 1992).

Special attention should be paid to solving the Poisson equation when solving the breadth
averaged momentum equations for a variable breadth geometry. Integration of the pressure

term in the Z-direction momentum equations over the breadth gives

opr) 0 B Yo oy
[ an= 5 [Pray =Pl 2+ Pl (5.84)

Since a gradient in breadth does not initiate a flow,

b 0ya o1
P2 - _p,, 22 p, 2L .
81’ ’yz ax + ’yl 8.7] ) (5 85)

and

/ AP gy =200 (5.36)
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Similarly

o (o))  oxP)
o <b — ) S (5.87)

A discrepancy arises when applying these equations to the physical problem illustrated by
the following example. Consider a flow through a duct with a length L of 30 m, a height H

of 1 m, and a variable breadth geometry b(x) depicted in Figure 5.7, and given by

b(x) =2m for z < 3 m, (5.88)
b(x) = 1.5+ 0.5cos (@> for 3m >z <13m
L
,b(z) =1m for 13 m < x < 17m,
b(x) = 1.5 — 0.5cos (E> for 17 m > 2 < 27m
L
,b(z) =2m for 27 m < z < 30 m,

(5.89)

where L = 10 m and the domain of x = [0,30]. The flow velocity in the duct follows from

3

2.5¢ b

Breadth of channel

0.5} b

0 | | | | |
0 5 10 15 20 25 30
Distance from left boundary in m

Figure 5.7: Breadth profile along the length of the channel

the mass balance for an incompressible flow and is given by

(W) (z, 2) = % (5.90)
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where ¢ is the discharge in m?/s. For a steady state inviscid flow with (w) = 0, the Z-direction
momentum equation reduces to

o) o(P)
p{u)b e~V om (5.91)

In those sections of the duct where the breadth is constant, there are no flow accelerations
and the advective acceleration terms are zero. Analytical expressions for the different terms
of the momentum equation follow from substituting Equation (5.90) in Equation 5.91. In the

section where the duct narrows, the analytical expression of the advective term is given by

~ O0(u 2pq’sin (T2
p(u)b ({g; = m( L) 5 (5.92)
L (cos (%) +3)
and for the widening section this is
— () 2pq®sin (T
plu)b g: = (%) 5. (5.93)

L (cos (%) — 3)

Both b, and (P) are continuous functions in x and z. For an inviscid flow, %QTJ; follows from
dividing the advective terms of the momentum equations by b, differentiating by x, and then
multiplying by b again as is given for the narrowing section by

0 —~ 8<’uv) B cos (@) (cos (H) + 3) + 3sin® (ﬂ)
b9 <p<“>ax> =2 [ T (cos(WLx) 3)° - ] 6%

and for the widening section by

0 (p@a®> e, [ (%) (3 — cos (5)) — 3in? m] R

.. . q
ZANEE 12 (3= cos ()’
According to the physical assumptions 8% (baé]; >> =b <6;<3?> and hence these equations

should match the answers obtained from directly differentiating the advective terms as given

for the narrowing section by

— O(u) cos (%) (cos (7 sin? (£
9 (P(U>ba< >) = 212¢%p [ () (LZ ( ( L()ﬂ—::)?)_)i__;)i (% )] , (5.96)
cos (7

ox

Ox
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and for the widening section by

ox

ox

— 9(u) cos (£ — cos (T2)) — 2sin? (22
0 <p<u>ba< >> :_27r2q2p[ (L)(;)’2 (3_(3(02()7)?))2 (L) . (597)

The difference is given by %%—I: and since this is not equal to zero. Different results are found

when calculating the pressure field from

&*(P)
81’%

= RHS, (5.98)

where RHS either follows from dividing Equations (5.94) and (5.95) by b, or from dividing
Equations (5.96) and (5.97) by b. When the right hand side of the pressure Poisson equation
is obtained from Equations (5.94) and (5.95), then the Poisson equation for the velocity

correction becomes o 1
0*(P) _ 1 9p(u);
(91‘2 - 5t 61‘1 ’

7

(5.99)

which does not satisfy mass continuity. However when the right hand side follows from

Equations (5.94) and (5.95), then the Poisson equation for the velocity correction is given by

0, 0(P) _ 1 jfu); b

or Ox o6t Oz

(5.100)

> #* b(agg]?) and

and continuity is preserved. Since, mathematically speaking, 5% <baé}:>

Bé? is unknown for accelerating flows it is not possible to arrive at a Poisson equation of the
form -
0*(P)
= RHS. 5.101

Hence a new way of solving the Poisson equation is used that satisfies continuity. It is given

that b and (P) are both continuous functions in = and z. A function F'(z, z) is now defined

such that -
oF(z,z)  0(P)
oo = bt (5.102)
and -
OF(x,2) _,0tP) (5.103)
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The Poisson equation is now given by

2 2

%Jrg _ V.M (5.104)
where V is the divergence operator, M; contains the advective terms, shear stress terms,
and normal stress terms from respectively the Z-direction momentum equation (i = 1), and
Z-direction momentum equation (i = 2). Since F'(z, z) is an arbitrary function, the result of
the Poisson equation has no physical meaning. However the gradients in F' give the pressure
gradients multiplied with the breadth required to solve the momentum equations. Since the
F(x, z) has no physical meaning, it is not possible to derive Dirichlet boundary conditions

a(P)
ox; *

for the pressure Poisson equation. Hence the boundary conditions have to be given by b
The velocity boundary conditions therefore have to be of the Dirichlet type. As a preliminary

test, the equations have been solved for

b= cos <2L” (= + z)) , (5.105)

and

(P) = e+,

where [ is the length of the computational domain, and is 1 m for the test case considered.

Hence

oF 0</PV> _ 2e(%t2) 27 (x + 2) . (27 (z+2)\]
and -
OF 9Py etz 21 (z + 2) . (2m(z+2)\]
o b 5~ I Lcos — 71 )~ 27sin — )| (5.107)

Now the Poisson equation is solved whereby the right hand side follows from the divergence
of Equations (5.106) and (5.107). Figure 5.8 shows the comparison between the gradient field
given by Equation 5.106 and the gradient field obtained from differentiating the numerical
results for F. For a clear comparison the results have been manually offset by 80 N/m?2. The
close agreement between the two gradient fields shows that a divergence-free solution of the

momentum equations can be obtained.
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Figure 5.8: The top figure shows the result of Equation 5.106. The bottom figure shows
%—i after differentiation of the solution of the Poisson equation. The figures have been
offset by 80 N/m? for clarity.

The analysis of the different pressure correction methods, given in this chapter, has led
to the choice of the SIMPLER method for solving the momentum equations. In each itera-
tion step the velocity field is calculated with the unconditionally stable Alternate Direction
Implicit method. The velocity field is then corrected by solving the Poisson equation, and
after updating of the matrix coefficients, the pressure field is updated. For all Von Neumann
boundary conditions for the pressure, the Poisson equation is rapidly solved with the Discrete

Cosine Transform solver. Tests used for validating the solver are given in the Chapter 6.



Chapter 6

Validation of the 2D flow model

This chapter describes the test cases used to verify, and validate the numerical solver of the
breadth integrated Navier-Stokes equations for an incompressible flow and varying breadth
geometry. The test cases include a fully developed laminar flows in an inclined duct, a flow
in a duct containing a hump, a flow over a backward facing step, and a lid driven laminar
flow in a square cavity. In discussing the validation tests, the terminology used to describe

the location of the boundaries is:
e The left boundary (z = 0)
e The right boundary (z = L)
e The bottom boundary (z = 0)
e The top boundary (z = H)
e The near wall boundary (y = 0)
e The far wall boundary (y = B)

The z-axis is always taken along the center line of the channel from left to right, the z axis
perpendicular to the x-axis pointing upwards, and the y-axis perpendicular to both the x
and z axis pointing from the near wall to the far wall, also see Figure (4.1). In discussing the
pressure boundary condition, for clarity, purely the non-hydrostatic contribution is mentioned

indicated by (P) -

147
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6.1 Test cases for a constant breadth

6.1.1 Gravity driven laminar flow in an inclined duct with slip
boundary conditions at the near and far wall

The first test case is a gravity driven laminar flow in an inclined duct under a gradient of
1/100. The duct has a uniform breadth b of 1 m. The boundary conditions consist of open
boundaries in the Z-direction, an impenetrable no slip boundary conditions along the top and
bottom wall of the duct, and slip boundary conditions at the near and far wall of the duct.
The computational domain has a length L of 1 m and height H of 1 m, and is subdivided
into a grid of 101 x 101 grid points, giving a spatial step of 1 cm. The number of grid points
were determined via grid convergence tests with a grid of 20 x 20. Similar results were found.

The pressure gradient along the duct is given by

where the first gradient term on the right hand side follows from the calculation of the

Poisson equation with the non-hydrostatic contribution to the pressure boundary conditions

given by (P)ynyle=0 = (P)ypgle=r = 0, corresponding with (w)|,—0 = (w)|,=r = 0, and
%H:O = %H:L = 0. The second gradient term on the right hand side of Equation
(6.1) is the pressure that follows from the gradient of the duct ip, and is given by pygip.

The fluid’s dynamic viscosity n = 10 Pa-s, and the flow has zero turbulent kinetic energy.

The initial conditions are given by (u) = (w) = (P)yy = 0, and the test was run until a
steady state condition was obtained. For the flow described in this test case, the Reynolds-
Averaged Navier-Stokes equations reduce to the Navier-Stokes equations for laminar flow.
The analytical steady state solution is derived from the Z-direction momentum equation.

With <wN) = 0, % = 0, and constant values for both n and b, the Z-direction momentum

equation reduces to

2(u)
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With —% = pwYip, the analytical velocity profile is given by

(a)(z) = ;p“’;’ipz (= - D) (6.3)
where D is the height of the duct, 7, the slope gradient of the duct, which is negative for
a flow going right, and z is the distance above the duct invert level. Figure (6.1) shows
the excellent agreement between the analytical and numerical solution. This confirms that
the Z-direction momentum equation accounts for the viscous effects correctly, and that the

SIMPLER. method converges nicely to a steady state solution.
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Figure 6.1: Analytical solution (red line) and numerical solution (blue dots) of a pipe
flow.

6.1.2 Gravity driven laminar flow in an inclined duct with
drag boundary conditions at the near and far walls

The second test only differs from the first test by accounting for drag at the side walls. For
a drag coefficient ¢y of 0.015 at the near and far wall boundaries, the steady state parabolic
velocity profile is given in Figure 6.2. The effect of the drag coefficient on the flow is indicated
by the difference between the numerical result, and the analytical result for a laminar flow in
an inclined duct without sidewall drag, given by Equation (6.3). The additional wall shear

stress at the near and far wall extract energy from the flow leading to an overall reduction in
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Figure 6.2: Analytical solution of pipe flow with no side wall drag(red line), and
numerical solution of pipe flow with side wall drag (blue dots).

momentum transfer and hence a reduction in flow velocity over the height of the duct. The
effects of the side wall drag increases with the flow velocity which behaviour is represented

correctly by the numerical result in Figure 6.2.

6.1.3 Flow down a hump in a duct

To illustrate the density fraction method, the flow field was calculated for a laminar flow
down a hump in a duct with constant breadth. The computational domain has a height H
of 1 m and a constant breadth of 1 m. The length of the computational domain was set to
30 m to allow for the boundary layer to fully develop. The computational domain was split
up in a grid with 1501 x 50 grid points giving a spatial step size of 0.02 m. Tests with a finer
grid size gave similar results. The height of the hump above a horizontal reference level is

given by the bed height (See Figure 6.3) expressed as

hpeqg = 0.5 m for < 3 m, (6.4)
hied = 0.25 + 0.25cos(m(z — 3)/12) for 3 m < z < 15 m,

hpeq = 0 for z > 15 m,

The velocity boundary conditions upstream are given by
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Figure 6.3: Depth profile for the low down a hump test

w(2)|p=0 = —48(0.5 —2)(1 —2z) m/sfor 0.5 m<z<1m (6.5)

u(2)|z=0 =0for 0 < z<0.5m

and downstream by

u(2)|p=r = 6(2 — 2%) m/s (6.6)

At the near and far wall slip boundary conditions are assumed. The no-slip boundary con-
ditions at the top and bottom walls are given by @ = (Aw/> = 0. The results for the first 18
m of the flow domain are depicted in Figure 6.4. Although neither comparative tests, nor
analytical results are available for this test case, the results show that even under a shallow
slope with gradual changes in bed gradient, a flow with 7 = 10 Pa-s separates from the slope.
Falconer (1993) mentions that in the case of very simple eddy viscosity models a constant
eddy viscosity is used with a typical value of = 10 Pa-s. Hence this test case for a laminar

flow with n = 10 Pa-s indicates the necessity of using a 2D flow representation instead of a

1D representation when simulating flows over beds which significantly change in level.
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Figure 6.4: Velocity field for a flow down a hump

6.1.4 Laminar versus turbulent steady state free surface flow
over an inclined bed with constant depth

To show the model’s ability to deal with impenetrable surfaces, free surfaces, and variable
eddy viscosities within the computational domain, both the laminar and turbulent velocity
profiles are given for a gravity driven free surface flow over a 0.1 m high bed. The compu-
tational domain has a length L of 1 m, a height H of 1 m, and has been subdivided into
101 x 101 gridpoints giving a spatial step size of 0.01 m. Increase in spatial step sizes gave
the same results. The average flow velocity is 1 m/s, the breadth constant, the flow depth
0.7 m, and the slope gradient 1/100. The boundary conditions are given by @ =0 and
mzoa‘cx:Oandx:L,a@):mzomz:o, %E):Oatthefreesurface, and slip
boundary conditions at y = 0 and y = B. The non-hydrostatic contribution to the pressure

boundary conditions is given by (73/) NHlz=0 = </]\3/> ~plz=r = 0. The viscosity required for an

average flow velocity of 1 m/s is calculated from
T=—puwg (h— z)ip, (6.7)

and -
_O{w)
T = n—az , (6.8)
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where 7 is the shear stress, i, is the bed gradient, n is the viscosity in Pa-s, h is the water
depth, and z is the distance above the raised bed. After some manipulation this gives
pwgith
77 = ——

— )

3(u)

(6.9)

where (u) is the breadth and depth-averaged velocity. For a breadth- and depth-averaged
velocity of 1 m/s, n = 16.33 Pa-s. This leads to the parabolic shaped laminar velocity

profile indicated in red in Figure 6.5. A logarithmic velocity profile was created using the

Distance above reference level in m

0 0.2 0.4 0.6 0.8 1 1.2 14 1.6
Velocity in m/s

Figure 6.5: Turbulent (blue) and Laminar (red) velocity profiles for a free surface flow
over a horizontal plane

parabolic-constant eddy viscosity description for n given by (Van Rijn, 1984)

z z z 1
n= 45 (1 - %) Thmazx for E < 5, (610)
z 1
and 7 = Nmag fOr 7 > ok
Because of open boundaries in Z-direction, and no flow in 2-direction % = agl;b = 0. Hence

the turbulent kinetic energy k was ignored. Through numerical experimentation was found
that for a breadth and depth-averaged velocity of 1 m/s, 7max = 50Pa-s, leading to the blue

logarithmic velocity profile depicted in Figure 6.5. Both velocity profiles clearly show that
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the results of the model are consistent with the free surface boundary of a zero shear stress
over the free surface given by % = 0. The test case also shows that the model is able to

account correctly for a variable free eddy viscosity over the depth

6.1.5 Laminar flow over a backward facing step in a duct with
a constant breadth

The first test case for simulating rotating flows is that of a flow over a backward facing step
for an inflow Reynolds number of 100 (n = 10Pa-s) and an inflow Reynolds number of 8

(n = 125 Pa-s). For this test case the inflow Reynolds number is defined as

Re = PV (6.11)

Ui

where D is the height of the inlet channel, and V is the average inlet velocity which for
a laminar flow corresponds with two-thirds of the maximum inlet velocity (O’ Leary and
Mueller, 1969). The step height, and the height of the inlet region, are both equal to H/2,
the downstream channel has a unit height H and a constant breadth b. A channel length
of 30H is used to allow the boundary layer to develop fully before reaching the downstream
boundary with as boundary condition %Tj = 0, and @ = 0 (Gartling, 1990). The non-
hydrostatic contribution to the downstream pressure boundary condition is 0. The mean
flow velocity over the height of the computational domain is 1 m/s in both cases. The
computational domain for this test case is given by L =30 m, H =1 m, and B =1 m. The
computational has been spit up in a grid of 1501 x 51 grid points giving a grid size of 0.02
m. Grid refinement tests were performed and gave similar results. The boundary conditions
along the channel are given by a no-slip boundary condition at the top and bottom with
@ = <fwv> = 0, and slip boundary conditions for the side walls at y = 0 and y = B. The left
velocity boundary conditions consist of m = 0 everywhere, and </17> = 0 over the height of

the step. At the inlet, (u) is given by the parabolic velocity distribution

u(2)|z=0 = —48(0.5 —2)(1 —2z) m/s for 0.5 m < z <1 m. (6.12)
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Figure 6.6: Velocity profiles for a laminar flow over a backward facing step Re = 100

The predicted reattachment length for Re = 100 is validated against experimental data by
Armaly et al. (1983). Armaly et al. (1983) measured the reattachment length and velocity
distribution for Reynolds numbers in the range between 70 and 8000 to cover the laminar,
transitional and turbulent flow regime. Figure 6.6 shows how the flow profile over the depth
changes with location for a steady state flow over a backward facing step for Re = 100. The
obtained flow profiles match closely the experimental data by Armaly et al. (1983). The
results for Re = 8 were compared against the reattachment length found experimentally by
O’ Leary and Mueller (1969) and numerically by Rogers (2001)Rogers (2001). O’ Leary and
Mueller (1969) found a reattachment length of 1.55, where S is the step height for a flow with
a Reynolds no of 7.9. Rogers (2001) found a reattachment length of 1.295 trying to reproduce
the experimental results by O’ Leary and Mueller (1969) using a flow model with adaptive
quadtree grids. The present numerical results are shown in Figures 6.7 and 6.8; Figure 6.7
shows a reattachment length of .S, which is smaller than the values given by O’ Leary and
Mueller (1969) or Rogers (2001). Convergence tests performed with a smaller grid size give
identical results. The vector plots in Figure 6.8, and Figure 6.7 show that the velocity is very
small near the bed at x = S. Between x = S and z = 1.35 the magnitude of the velocity
is of the order or an order smaller than the spatial discretization error, which could account
for the discrepancy found with the results by Rogers (2001). Hence the comparison obtained

from the model was deemed sufficient.
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Figure 6.7: Velocity profiles for a laminar flow over a backward facing step Re = 8
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6.1.6 Lid driven cavity flow

The second test case for rotational flows is the lid driven cavity flow case. The problem
is described by a closed box, filled with fluid, whose lid moves to the right with a velocity
of 1 m/s. The dimensions of the computational domain are 1 x 1 m and the spatial step
following from grid convergence tests is 1 cm. The experiment was performed for Re = 100

and Re = 400, whereby by the Reynolds number Re is defined as

w zH
Re = PwtidZ (6.13)

Ui

where H is the height of the box and wuyg the velocity with which the lid moves to the right.
The velocity boundary conditions are given by @)]mzo = <uN>|$:L = @>| =0 = @Hx:o =
@/)|sz = (Tu/ﬂzzo = ZTZ\U-S|Z:H =0, and @‘z:H = 1 m/s. The results for the validation test
are compared against the model results from Ghia et al. (1982), who solved the 2D Navier-
Stokes equations using a stream-function vorticity-model. Figures 6.9 and 6.10 show the
velocity profiles through respectively the horizontal and vertical centerline of computational
domain together with the results given by Ghia et al. (1982) for Re = 100. Figures 6.11 and
6.12 show the comparisons for Re = 400. Figure 6.13 presents the with the velocity profiles

corresponding pressure distribution after subtracting the hydrostatic pressure distribution,

for Re = 100. Comparison of the velocity profiles with the velocity profiles from Ghia
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Figure 6.9: Horizontal flow velocity through the vertical center line for a lid driven
cavity flow of Re=100
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Figure 6.10: Vertical flow velocity through the horizontal center line for a lid driven
cavity flow of Re=100
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Figure 6.11: Horizontal flow velocity through the vertical center line for a lid driven
cavity flow of Re=400

et al. (1982) shows that, for both Re = 100 and Re = 400, the z-direction and 2-direction
momentum equations are solved correctly using the Alternate Direction Implicit solver, that
the Discrete Cosine Transform solver for the Poisson equation accurately calculates correct
pressure profiles for the case of all Von Neumann boundary conditions for the pressure, and
that the SIMPLER algorithm gives good convergence towards the overall steady state solution

for a constant breadth.
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Figure 6.12: Vertical flow velocity through the horizontal center line for a lid driven
cavity flow of Re=400
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Figure 6.13: Pressure profile minus the hydrostatic pressure for a lid driven cavity flow
of Re=100
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The results presented here show the ability of the model to solve accurately a variety of
test problems involving a constant breadth with or without accounting for side wall drag. The
solvers of the momentum equations and Poisson equations have been extensively tested and
the results are in acceptable agreement with the solutions. The following section discusses

the ability of the model to account for a variable breadth geometry.

6.2 Test cases for a variable breadth geometry

6.2.1 Couette flow in a horizontal duct with a breadth varying
over the height

To show how the variation in breadth influences the velocity distribution in the 2-direction,
the results of Couette flow in a duct with variable breadth geometry are compared against

their analytical solution. For a Couette flow the momentum equations reduce to

0. Ou)

=0 (6.14)

The test flow depth in the duct is H = 1 m and is confined at the bottom and the top by
impenetrable no slip boundary conditions. The top boundary moves in the Z-direction with a
velocity of 1 m/s. The computational domain has a length L = 1 m and height H of 1 m and

is subdivided into a grid of 50 x 50 grid points, which gave similar results to a grid of 20 x 20
grid points. The boundary conditions are given by % =0, and @:u/) =0atz=0andz =L,

(uy =(w)=0at z=0, (u) =1 m/s and (w) =0 at z = H, and slip boundary conditions at

y = 0 and y = B. The non-hydrostatic contribution to the pressure boundary conditions are

given by (P)ypla=0 = (P)npyls=z = 0. The initial flow velocities are (u) = (w) = 0. Two

cases were tested for.

1. In the first test case the breadth increases linearly with the distance above the bed
such that b|,—p = 1 m, and % = 0.1. The analytical steady state solution of the flow

profile follows from

0, o) _
55 =0, (6.15)
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or

(u)

b
naz

=C, (6.16)

where C is an arbitrary constant. For b =1 + 0.1z, and n = 10Pa-s,

ou)y  C
0z 10+ 102" (6.17)
With (u)|.—p =1 m/s
(u) = 1.4427 - In (1 + 2) (6.18)

The analytical solution for a duct with a breadth linearly increasing over the height is
given together with the numerical solution in Figure 6.14.

1r
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0.6
0.5
0.4r

0.3r

Height above bed in m

0.2r

0.1r

0 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1

Horizontal flow velocity in m/s
Figure 6.14: Analytical solution (red line) and numerical solution (blue dots) of a
Couette flow with a linearly increasing breadth geometry over the height.

2. In the second test case the breadth changes over the height according to

b(z) = 1 + 0.5cos <Z27;{> (6.19)

Solving Equation (6.14) for a breadth profile given by Equation 6.19 gives the analytical
solution

y =0.0184 - 17.32 - atan(0.57735 - tan(w(z — 0.5)/L)) + 0.5. (6.20)
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The analytical solution is given with the numerical solutions in Figure (6.15)

m

©c o 9

N o © Bk
T

Height above bed in
© o o o o
N w N (] [e)}

o
[E=Y
T

0 1 1 1 1 J
0 0.2 0.4 0.6 0.8 1

Horizontal flow velocity in m/s
Figure 6.15: Analytical solution (red line) and numerical solution (blue dots) of a
Couette flow with a breadth geometry changing over the height according to Equation
(6.19).

Both figures show a close approximation between the analytical and numerical results.
Hence the momentum equations account correctly for a linear increase in the breadth over
the height of a duct. However, since the breadth changes in the direction perpendicular to
the main flow direction, no conclusive statements can yet be made about how the Poisson
equation deals with the change in breadth. Hence an additional test is described in Section

6.2.2 whereby the breadth changes in the main flow direction.

6.2.2 Laminar flow in a duct with a varying breadth geometry
in 2-direction and slip boundary conditions at the near
and far walls

To test whether the pressure Poisson equation gives accurate results for a variable breadth

geometry in the main flow direction (Z-direction), consider a duct of a length L = 30 m,
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height H = 1 m, and variable breadth geometry b(x) given by

b(x) =2m for v < 3 m, (6.21)
b(x) = 1.5+ 0.5cos (%) for3m>z<13m

yb(x) =1m for 13 m < z < 17m,

b(x) = 1.5 — 0.5cos (%) for 17Tm > 2 <27 m

,b(z) =2 m for 27 m < z < 30 m,

as depicted in Figure 6.16. The computational domain is subdivided into a square grid with

3

2.51 1

Breadth of channel

0.5 4

0 | | | | |
0 5 10 15 20 25 30
Distance from left boundary in m

Figure 6.16: Breadth profile along the length of the channel

601 x 21 grid points with a spatial step of 0.02 m. A convergence test with a grid of 1501 x 51
gave matching results. For stability reasons the time step is set at 1 s. The flow and pressure
profile are obtained for Dirichlet boundary conditions at x = 0, and x = L. The initial

conditions are given by (w) = 0, and
~. . q
(u)(z) = (6.22)

where ¢ is the breadth integrated velocity (u). The first run was made for an inviscid flow. The
flow boundary conditions at the left and right boundary are given by q|,—0 = qlz—r, = 2 m?/s.

Since the test case concerns a steady state solution, the pressure gradients following from the
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momentum equations should match the outcome of the Poisson equation. For an inviscid flow

with a mean inflow velocity of 1 m/s the results of the pressure gradient multiplied by the

breadth are presented in Figure 6.17 as follows from the momentum equations, and Figure

An identical match was found for the pressure

6.18 as follows from the Poisson equation.
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Figure 6.18: Pressure gradients b

indicating that the Poisson equation leads to an accurate pressure profile for an inviscid flow.

The second test case was similar to the first test case, except that here a viscous flow was
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used. The boundary conditions are given by (w)|,—0 = (w)|z=r, = 0, furthermore

q=10z(z — D), (6.23)

and the initial condition follows from </1\U—S =0 and @ = {. The solution for b% as given

by the 2-direction momentum equation solver, is shown in Figure 6.19. The increasingly
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Figure 6.19: Pressure gradients b%’lj following from the z-direction momentum equa-
tion

high flow velocity closer to the center of the channel, combined with the changing breadth
give higher values for the pressure gradient closer to the centre of the channel than near
the bottom and top wall (see Figure 6.19). If the parabolic velocity distribution is to be
maintained then the pressure gradients will induce a flow in the vertical direction. However,
the initial conditions do not account for a vertical flow. Hence the pressure gradients at the

bottom and top boundary are solely given by %bnaé? and are negligibly small compared

to the pressure gradients following from the advective terms. The pressure gradients in the
Z-direction multiplied by the breadth that follow from the pressure Poisson equation are
presented in Figure 6.20. The pressure gradients following from the Poisson equation clearly
do not match the pressure profile shown in Figure 6.19. The calculated pressure profile leads
to incorrect flow velocities for @, and gives @S = 0. A possible reason for this problem

is that the initial pressure profile does not match the initial velocity profile. The pressure

gradient in the Z-direction should instigate a flow in the Z-direction which has to be accounted
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Figure 6.20: Pressure gradients b

equation

for. Hence changes in the breadth in the main flow direction make defining the initial flow

velocity profile and a matching pressure profile more of a challenge.

The tests shown in this chapter show that the model converges to a divergent free solution

of the momentum equations for several test cases with and without a varying breadth under

the condition that the initial pressure profile matches the initial velocity profile.



Chapter 7

Discussion

State-of-the-art embankment breach models use a simplified and incomplete description of
the physical processes involved, and the errors induced require additional empirically-based
assumptions in order to improve the accuracy of their simulations. The reason for the incom-
plete and simplified description lies in a lack of understanding of the physical processes, and
the need for a high modelling speed. In modelling the surface erosion process, pre-defined
breach shapes are often used to prevent the landside or side slope(s) of the embankment
developing unrealistically high gradients. The choice of pre-defined breach shape is based
on an overly simplified description of the geotechnical processes, whereby no distinction is
made between the behaviour of unsaturated soils and saturated soils. Also, the contribution
of possible groundwater flows is ignored and hence an incomplete description of the physical
processes is used. In AREBA (the model described in Chapter 3), a 1D soil stability analysis
forms the basis of the assumption that the steepness of the landside slope remains equal to
its initial value. The 1D slope stability analysis in Chapter 2 was performed to test the hy-
pothesis that unsaturated soil mechanics is responsible for limiting the landside embankment
slope gradient in the case of surface erosion. The analysis proves that sediment-laden gravity
flows prevent the landside embankment slope from steepening, and thereby contributes to a
better understanding of the surface erosion processes. The effects of the underlying assump-
tions made in the 1D soil stability analysis are in line with the theory that a steepening of
the landside embankment slope does not occur for slopes steeper than 15°. However em-

bankments with an infinitely long embankment slope and groundwater flows parallel to the

167



168

landside slope do not exist in reality. A flow over the embankment causes the embankment
soil to saturate from the top as well as from the landside slope. Hence the soil is more likely
to fail over a greater depth near the top than further down the landside slope. This leads to
diffusion of the cross-sectional embankment profile where the crest and landside slope meet.
In contrast, the higher flow velocities near the toe of the landside embankment slope suggest
a larger failure depth near the toe than near the top. However, this leads to an increase of
the landside slope gradient, and hence to failure of the slope above. The 1D slope stability
analysis proves the hypothesis that sediment-laden gravity flows contribute to embankment
erosion. However the 1D analysis in itself is insufficient to serve as the basis for an accurate
formulation of a pre-defined breach shape. The application of higher dimensional unsaturated
flow models for breach prediction is therefore recommended.

In AREBA, the erosion equation accounts for both the erosion processes of the soil,
and the artificial erosion due to sediment-laden gravity flows. The erosion rate is averaged
over the landside slope to prevent steepening. Another approach might have been to use
the derived shear stress relationship to calculate the bed shear stress at the bottom of the
landside slope under the assumption that any steepening of the landside slope is prevented
by the sediment-laden gravity flows. From the model runs, the difference between averaging
the shear stress and taking the maximum values was found to be small compared to the
accuracy with which the soil erodibility can be predicted. By averaging the shear stress
the assumptions used in AREBA were closer to those in HR BREACH, allowing for easier
comparisons in the benchmarking tests. The benchmark tests show that AREBA and HR
BREACH agree on the time at which the peak discharge occurs, though they differ in the peak
discharge prediction due to differences in assumptions with respect to limiting the landside
slope steepness. However correspondence between AREBA and HR BREACH on the time of
the peak discharge does mean that AREBA and HR BREACH agree on the estimate of the
flood volume through the breach. Figures 3.7 and 3.8 show that the hydrograph and final
breach widths obtained from field measurements are within the bounds of uncertainty arising
from possible variations in the input parameters. Since AREBA is volume conservative, it is
able to reproduce the outcome of the field data. However the degree of accuracy of the model
remains unknown as long as the true input values for the Manning coefficient and Erodibility

remain unknown. As with other breach models, the low quality of the limited number of
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datasets available makes it impossible to make a conclusive statement regarding the ability
of the AREBA model to simulate the physical processes of an embankment failure accurately.

Figures 3.9, 3.10, and 3.11 show the correspondence between the outcome from AREBA’s
headcut description and the EU IMPACT project experiments for a maximum cohesive em-
bankment. The actual breach occurs around ¢t = 15000 s where there is a jump in the
hydrograph. The hydrograph before the breach in Figure 3.9 and the stronger decrease in
water depth before the breach, shown in Figure 3.10, indicate that before the breach the
increase in discharge was higher in the experiments than was predicted by AREBA. The
differences illustrate the effect of assuming a non-downward eroding crest. The erodibility
of the clay used in the IMPACT experiments was relatively high, yet despite this the jump
in water level found during the experiments still falls within the bounds of uncertainty. The
final breach width found during the experiments also lies within the bounds of uncertainty
used in the model. This indicates that AREBA is able to reproduce the experimentally
measured hydrograph reasonably well. Since incorporation of downward crest erosion in the
headcut mode would affect the empirical relationships for the headcut retreat in an unquan-
tifiable way, it was decided not to change the headcut modelling method, though further
study is recommended to investigate the influence of downward erosion on the headcut pro-
cess. The larger difference between the lower bound and lower bound half than between the
upper bound and upper bound half, shown in Figures 3.10 and 3.11, can be explained by the
non-linear dependencies in the erosion equations.

The headcut mode of AREBA was also validated against the USDA-ARS field test data.
Figure 3.12 shows an experimental peak outflow which is higher than the predicted peak
outflow by AREBA. Despite the mismatch in peak discharge, the time at which the peak
outflow occurs is predicted reasonably well by AREBA. The higher peak value in the field
data is expected to have been caused by geotechnical failures which are not simulated by
AREBA. The hydrodynamic and hydrostatic forces exerted by the flow on the embankment
could cause part of the embankment to fail suddenly instead of being eroded gradually,
giving the sudden increase in discharge. Accurately predicting when this failure occurs is very
difficult to achieve in a simplified manner and has therefore not been incorporated in AREBA.
Figure 3.15 shows a close match between the second USDA-ARS data and the prediction

obtained from AREBA. In the second USDA-ARS experiment, the erosion resistance of the
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soil prevented failure from occurring. Hence the results of the experiment simply reflect an
overflow, which is simulated correctly by AREBA as shown by the close match between the
upper and lower bounds. As with the surface erosion mode, no conclusive remark can be
made regarding the ability of AREBA to model the headcut process accurately since input
parameters, such as the erodibility, still need to be estimated. However the analysis has shown
that the AREBA model is capable of reproducing the overall breach hydrograph shape and
change in water levels within the bounds of uncertainty following from the input parameters.

AREBA was developed to improve on the calculation method used in the UK national
flood risk assessment (NaFRA) and the modelling and decision support framework (MDSF2)
for the calculation of flood volume through a breach. The volume predictions from AREBA
are a close approximation to those of HR BREACH, which was selected by the dam safety
interest group (Wahl et al., 2008) as a model with the potential for further development.
Hence it can be concluded that with AREBA the prediction of flood volumes is improved.
However breach models remain the least accurate component within system risk models.
Besides errors in input parameters, breach model accuracy is influenced by the underlying
assumptions concerning erosion behaviour. For example, the shear stress is quadratically
dependent on the flow velocity. The impact of assuming 1D flow behaviour is therefore
quadratically amplified in the calculation of the shear stress. A summary is provided below
of all assumptions that are likely to influence the accuracy of the flow and erosion rate

calculations.

e Negligible horizontal flow accelerations perpendicular to the main flow direction during

the entire breach event.
e Negligible vertical flow accelerations (hydrostatic pressure distribution)

e Horizontal flow contraction commences only when the landside slope retreat has reached

the waterside slope.
e Flow velocities in the reservoir are negligible.
e The breach width is spatially constant.
e The flow depth on top of the landside slope is equal to the critical depth.

e The bed roughness is spatially constant .
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e The critical shear stress is spatially constant.

Other assumptions that could have an impact on the time of occurrence of the peak discharge

are:

e Grass protection fails instantaneously.

e No downward erosion of the crest in the case of headcut erosion due to flow over the

crest.

The assumptions listed above mostly originate from the objective to ensure a low model run-
time. This allows the user to use the model for statistical analyses for which numerous runs
are required. However like all breach models the assumptions do limit the ability of AREBA to
accurately simulate the underlying physics. The effect of the assumptions remains unknown
as long as highly accurate datasets are not available. The physics behind breaching is in
itself still relatively poorly understood which contributes to the inaccuracy of breach models.
The question as to how to change the assumptions for a more accurate description of the
physics is difficult to answer. For example, the Manning coefficient is known to vary along
the breach, but it is unknown where and by how much it varies, and is consequently assumed
as constant. Use of a vertical 2D model would eliminate the need for describing the roughness
using a Manning coefficient, though in this case the roughness needs to be incorporated in
the calculation of the eddy viscosity and so the problem repeats itself.

Another difficulty is that the soil parameters are often poorly known, and have to be
estimated with considerable uncertainty. In certain cases even the type of construction ma-
terial is unknown. The influence of soil parameters on modelling the breach process of an
embankment is therefore uncertain. In order to state that a breach model properly repre-
sents reality, accurate data from numerous field tests have to be available to validate the
model. Accurate modelling of unsaturated soil processes in combination with soil erosion
require full-scale experiments and hence the number of controlled experiments is likely to
remain small. Another approach would be to combine accurate flow models with accurate
geotechnical models to arrive at a breach model. The run time of such a breach model would
be long compared with the simpler models. However accurate modelling of the individual

processes will provide renewed insight into the impact of assumptions in the simpler models.
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One of the assumptions used in most breach models is that the flow can be adequately
described with a depth-averaged flow model. This assumption is inconsistent with the rapid
vertical flow accelerations at the transition between the crest and the landside slope, as can
be seen from Figure (6.4). Hence besides the need for a vertical 2D model to simulate the
unsaturated soil processes with greater accuracy, the flow over the embankment needs to be
modelled in the vertical plane to obtain an accurate description of the stresses exerted on the
embankment. During Stage 2 (see Figure 1.8a), horizontal contraction of the flow is negligible
and hence a vertical 2D model suffices. However commercially available vertical 2D models
do not account for a variable breadth geometry. In order to model the flow correctly in the
vertical 2D plane in the case of a variable breadth geometry, a new set of breadth-integrated
mass, momentum, and pressure equations has been derived in Chapter 4. The chapter also
gives guidelines on how to calculate the eddy viscosity for a variable breadth geometry, and
how to obtain the kinetic energy from the eddy viscosity model using mixing-length theory.

Solution methods for the 2D Navier—Stokes equations with variable breadth geometry are
given in Chapter 5. The SIMPLER method has been applied in the model and was tested
against several laminar flow test cases in Chapter 6. Tests for a constant breadth and slip
conditions at the near and far walls allowed comparison with datasets available for testing 2D
solutions of the Navier—Stokes equations for incompressible flow. These test cases included
a laminar duct flow, flow over a backward facing step inside a duct, and lid-driven cavity
flow. The predicted results for laminar duct flow showed a perfect match with the analytical
solution, and those for flow over a backward facing step compared well with the test results
by Armaly et al. (1983). As can be seen in Figures 6.12 and 6.11, an identical match is not
obtained between the flow model and the results from Ghia et al. (1982) for the lid driven
cavity flow. The discrepancies between the results may be due to the difference between
using a vorticity-driven model and a pressure-correction-based model. In a vorticity-driven
model, the vorticity defined at the boundary follows from a numerical approximation, since
physically the value for vorticity at the boundary is 0 (Ghia et al., 1982). The approximation
used in vorticity—stream function models could explain the differences in results observed.

In comparison with the 2D Navier—Stokes equations often solved in commercial models,
the first enhancement considered in Chapter 4 is the incorporation of drag at the near and

far walls. The predicted laminar flow through a duct with drag at the side walls has a lower
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mean velocity and lower peak velocity than the same flow through a duct without drag (see
Figure 6.2). The effects of the side wall drag are higher at the centre of the duct than near the
sides due to the higher flow velocities, and are associated with the flow velocity-dependent
expression for the side wall drag. The second enhancement is the ability of the equations
to deal with a variable breadth. Herein a duct flow with a variable breadth, and Dirichlet
boundaries on either side of the duct were used to test whether the equations and solution
method account for a variable breadth correctly. Horizontal Couette flows through a duct
with a variable breadth in the Z-direction show that the momentum equations are able to
account correctly for the change in breadth. When the breadth is changed in the main flow
direction, the higher values for the advective terms in the narrow part of the duct than in the
wider part were correctly accounted for under conditions of inviscid flow. For viscous flow,
the higher flow velocities in the centre of the duct, give higher pressure gradients in the centre
of the duct than near the walls. These pressure gradients induce a secondary flow which is
not accounted for in the initial conditions. Hence the initial velocity field does not match the
initial pressure field. This results in divergence from the solution of the momentum equations.
Further study is therefore recommended of the boundary conditions of the Poisson equation
for solving the Navier—Stokes equations with a variable breadth geometry.

Finally Chapter 4 provides a method for solving the eddy viscosity with the breadth-
integrated Spalart—Allmaras model, and gives a suggestion for calculating the kinetic energy
from the eddy viscosity by means of Prandtl’s mixing-length hypothesis. Validation of the
derived eddy viscosity model under variable breadth geometries against experimental data is
recommended. Studying the impact of deriving the turbulent kinetic energy from the eddy
viscosity instead of solving the energy balance equations is also recommended.

The work performed in this thesis shows that the processes behind embankment breach
formation are poorly understood. Breach models often contain too many simplifications to
arrive at an accurate prediction, yet the impact of the simplifications cannot be assessed
due to the limited amount of accurate experimental data available. The only way to arrive
at more accurate breach growth predictions is by focussing on correct modelling of all the
physical processes that contribute to a breach event. The insights into the physical processes
obtained from such accurate models could then be used to test and develop new rapid breach

modelling techniques.



Chapter 8

Conclusions and Future Work

8.1 General conclusions

This thesis provides an overview of the physical processes involved in embankment breach
formation due to overflow, and discusses current limitations and uncertainties involved in
modelling these processes.

A 1D slope stability analysis has been performed for an infinitely long slope overflowing
with water. An analytical solution of the Richards equations has been derived for an expo-
nential relationship between the moisture content and the degree of matric suction, and used
to explain how the depth at which a slope fails increases and how this depth relates to the
shear stress on the slope, the slope angle, and the rate of saturation of the slope. With this
analysis a contribution is made to the understanding of surface erosion processes by providing
a physical explanation of the processes that limit the steepness of the landside embankment
slope.

A fast breach model AREBA (A Rapid Embankment Breach Assessment) has been de-
veloped to predict the breach hydrograph for embankment failure due to piping or overflow.
In the case of failure due to overflow, the model distinguishes between breach formation due
to surface erosion, and breach formation due to headcut erosion. Analytical functions have
been derived for the shear stress along the landside slope, with which the erosion rate can
rapidly be calculated. AREBA produces a breach hydrograph which, in the timing of the
peak discharge, is in agreement with the breach model HR BREACH, the EU IMPACT field
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datasets, and the USDA-ARS field datasets. Given the volume-conservative nature of the
equations, and the correspondence between the predicted timing of the peak discharge and
observed values from field data and other breach models, the AREBA model improves on the
flood volume calculation method currently used in the UK National Flood Risk Assessment
and the Modelling and Decision Framework MDSF2.

For accurate simulation of breach formation, the shear stresses on the embankment need
to be calculated accurately. Based on standard allowable flow assumptions, a new set of
breadth-integrated Reynolds-averaged Navier—Stokes equations, pressure Poisson equation,
and a one-equation eddy viscosity model have been derived, which account for drag on the
side walls, and a variable-breadth geometry. A pressure-correction-based method has been
derived for solving the breadth-integrated Reynolds-averaged Navier—Stokes equations under
a free surface, which has been validated for laminar flows in a duct, with and without side
wall drag, laminar Couette flow for a variable breadth geometry, flow over a backward facing

step, flow down a hump, and a lid-driven cavity flow.

8.2 Detailed conclusions

8.2.1 Slope stability analysis on unsaturated soils

A shear stress needs to be defined on a slope surface to determine the depth at which the soil
material fails. In deriving the conditions for sediment-laden gravity flows, it is often assumed
that the flow exerts a shear stress and normal stress on the slope surface, and transports any
failed material. However conditions for sediment-laden gravity flows have only been derived
for fully saturated conditions and hence only exist for steady-state situations.

In this thesis, an unsteady analysis of the initiation of sediment-laden gravity flows has
been used to explain how such flows limit the steepness of the landside slope in the case of
surface erosion, and to show the importance of accounting for sediment-laden gravity flows in
embankment breach formation. The 1D analysis predicts a constant rate of saturation of the
soil, which gives a linear increase in failure depth with time. In the analysis, the progressive
failure of the slope itself has not been accounted for in calculation of the rate of saturation

of the soil. A further increase in the rate of saturation can be expected when accounting



8.2 Detailed conclusions 176

for slope failure. For the purpose of obtaining rapid breach model predictions, the effects of
sediment-laden gravity flows can be described by means of a modified erosion equation when
assuming one-sided infiltration. For accurate modelling of breach formation, water infiltrating
the embankment from the crest as well as the landside slope, the normal and shear stress
on the embankment crest by the slope, and the increase in shear stresses along the landside
slope due to the accelerating flow may not be neglected. Hence a multi-dimensional analysis
would be necessary in order to describe better how sediment-laden gravity flows influence

breach formation.

8.2.2 The Simplified breach model AREBA

The current UK National Flood Risk Assessment (NaFRA), and the Modelling and Decision
Support Framework (MDFS2) use very coarse assumptions in the calculation of flood volumes.
The AREBA model has been developed to improve the accuracy with which flood volumes are
predicted. The results calculated with AREBA correspond well with the results from more
physically-based models, like HR BREACH, in the calculation of flood volumes and hence an
improvement is made. Moreover the low run-time of AREBA allows it to perform statistical
analysis for which numerous runs are required. Nevertheless no statements can be made about
the degree of accuracy of AREBA and other breach models, since a perfect match against the
field data could be obtained by means of different combinations of input parameters. For the
same reason, empirical relationships describing breach are highly inaccurate. The dependence
of breach formation on soil parameters like hydraulic conductivity, and erodibility, and the
shear stresses and normal stresses induced by the flow over the embankment, make it difficult
to scale the problem down and hence large-scale experiments are required against which to
validate models. Accurate modelling of each of the physical processes contributing to breach
formation would give more insight into the allowable assumptions with respect to modelling
breach formation, while validation of each of the individual processes would partially eliminate

the requirement for numerous large scale experiments.
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8.2.3 Modelling breach flow

The time to the peak discharge, defined by Stage 2 of the breach formation, is the most
influential on the final shape of the breach hydrograph and the volume of flood water predicted
by the breach model. Breach models developed in the past used either 1D or depth-integrated
2D models to simulate breach flow during Stage 2. The rapid flow acceleration in the vertical
direction where the crest and the landside slope meet, and along the landside slope, do not
permit the vertical accelerations to be ignored.

In this thesis a new set of breadth-integrated Reynolds-averaged Navier—Stokes equations
is presented by which the breach flow during Stage 2 can be accurately modelled. When
solving the pressure field from the pressure Poisson equation in the case of a variable breadth
geometry, the viscous terms in the right hand side of the Poisson equation may no longer
be ignored. An analysis of the analytical solution of the Poisson equations for an inviscid
flow through a channel which varies in breadth along the channel axis, showed that the
Poisson equation can only be solved with Von Neumann boundary conditions. Modifications
to the pressure Poisson equation have been made to arrive at pressure gradients which satisfy
the mass-balance equation in the case of a variable breadth geometry. Numerical results
compared well against the analytical solution for an inviscid flow down a channel which varies
in breadth in the main flow direction. A good comparison was also found with analytical

pressure solutions for a Couette flow in a channel with a varying breadth over the height.

8.3 Future Work

The following recommendations follow from the research carried out for this thesis:

1. Field studies for an improved insight into breaching
A major challenge in embankment breach modelling is that the physcial processes
involved in breach formation are still poorly understood. Furthermore, information on
the design and construction materials of embankments is often lacking. Hence for a
better forensic understanding, field studies concerned with identifying the mechanisms
of breach initiation are recommended after embankment failures have occurred. Also,
improved documentation of embankment design and the properties of construction

materials are recommended.
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2. Study to the impact of assumptions in simplified breach models
Field data from the EU IMPACT experiments show that some downward erosion of the
crest occurs while the landside slope retreats towards the waterside slope. The shear
stresses induced by the high flow velocities at the crest are also expected to induce some
degree of erosion. However, in accordance with the empirical equations used to describe
the rate at which the headcut progresses through the embankment, it is assumed in
AREBA that no downward crest erosion occurs. Studies are recommended on the

impact of ignoring the downward crest erosion when modelling headcut formation.

3. Modelling of the failure of surface protection on embankments
Surface protections on an embankment are often assumed to fail everywhere instan-
taneously once a certain overflow condition is reached. The conditions for failure are
found experimentally. The large variety in grass quality and embankment soil lead
to a large range of uncertainty associated with the empirical relationships describing
the condition for failure of a grass cover. Furthermore, the higher stress levels over
the landside embankment slope than over the crest would suggest a more rapid failure
on the landside slope than at the crest. Further study on the failure mechanisms of
protection layers is strongly recommended in order to improve the accuracy to which

breach formation is modelled.

4. Study of the role of sediment-laden gravity flows
Slope stability analyses indicate that sediment-laden gravity flows play an important
role in surface erosion. A multidimensional groundwater flow model for unsaturated
soils is necessary to account accurately for the role sediment-laden gravity flows play
in breach formation. Hence development of such a multidimensional model with an
application to breaching is recommended. The multidimensional model could in turn
be used to define conditions under which headcut erosion would occur, and be used
in the development of a rapid and accurate method for limiting the steepness of the
landside slope when undertaking surface erosion modelling. Experimental studies are
recommended, not only for validation of the groundwater flow model, but also for
validation of the hypothesis that sediment-laden gravity flows play a role in breach

formation. Large-scale experiments, in which erosion of the soil is prevented by a
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geotextile but the bed shear stress is transferred to the subsoil directly under the
geotextile, could provide further insight into the role of sediment-laden gravity flows in

embankment breach formation, and hence are recommended.

Calculation of the kinetic energy in one-equation turbulence models

Chapter 4 of this thesis proposes a new method for calculating kinetic energy directly
from the eddy viscosity. This method is especially useful when applying a one-equation
eddy viscosity model because no additional balance equation for the kinetic energy
needs to be solved. Validation of this proposed method against a k-e turbulence model

is recommended.

Research on solving the pressure Poisson equation

It was shown that the momentum equations for a variable breadth can only be solved
for Dirichlet boundary conditions for the velocity, and hence Von Neumann boundary
conditions for the pressure Poisson equation. However, when extending the method
to account for a variable free surface, it becomes more difficult to define the velocity
at the downstream boundary, and hence a Von Neumann boundary condition for the
velocity is required. Further study is therefore recommended on how to solve the
pressure Poisson equation with Von Neumann boundary conditions. Since the Poisson
equation needs to be solved twice per iteration, the solver speed is of importance to
the performance of the overall low model. Further development of the discrete cosine

transform solver for the Poisson equation is therefore recommended.
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Appendix A
Piping in AREBA

Piping is defined here as the internal erosion of embankment material by seepage flow. Sell-
meijer (1988) reports that piping may stop once some erosion has taken place due to the larger
permeability of the embankment where the soil has eroded compared with the surrounding
soil. The increase in permeability reduces the hydraulic gradient that initiates the piping
process. Besides a hydraulic head over the embankment structure, burrowing animals may
also initiate pipe formation. Once an open connection between both sides of the embankment
is formed, erosion along the perimeter of the pipe causes the pipe diameter to increase to the
point that the soil above the pipe fails and slumps downs into the pipe (Mohamed, 2002).
Depending upon flow velocities through the pipe and the volume of soil slumping down, the
slumping material could either be transported instantaneously or could cause the pipe flow
to stop and the embankment crest to lower initiating an overflow failure. Soil properties like
cohesion, matric suction and internal friction angle determine when the material above the
pipe fails. Positive arching of the soil above the pipe, whereby part of the load above the

pipe is transferred to other soil prisms, reduces the load on the pipe.

A.1 Piping modelling methodology

AREBA models piping failure according to the method proposed by Mohamed (2002) and
applied in HR, BREACH. An open pipe connection is assumed between both sides of the
embankment, and the discharge through the pipe follows from multiplying the flow velocity
through the pipe u with the wet cross sectional area of the pipe A. The flow velocity follows
from Bernoulli’s energy equation is given by

2 u? L u?

u
2g T 005+ 5. =AM, (A1)
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where the terms on the left hand side are respectively the energy height, the contraction losses,
and the friction losses. AH is the head difference over the pipe. After some manipulation

the discharge follows from (Mohamed, 2002)

29AH
Qp = Ay ===, (4.2)
f
where h; is a head loss factor representing contraction and friction losses given by
L
hy =1.05+ JE (A.3)
Dy

where L is the pipe length in m, and D, is the pipe diameter in m. f is a friction coefficient

determined from

D5 o
£ =0.2162 (D) (A.4)

p

where Djq , is the grain diameter in m exceeded by 50% of the soil mass. Due to the long
straight pipe geometry, the energy losses are dominated by the wall friction and hence the
losses due to outflow from the pipe are neglected (Mohamed, 2002). The cross sectional area
of the pipe A is calculated assuming a circular shaped pipe that does not grow beyond the
embankment’s foundation level. Once the pipe bottom reaches the embankment’s foundation,
the pipe shape becomes that of a truncated circle. The surface area of the pipe then follows
from

1 L«

A=-7D

2 12
A ) Dy + hytana (A.5)

with
arccos (2hy)

a= — D, (A.6)

where h), is the distance between the centerline of the pipe and the foundation level of the

embankment. The pipe is assumed to grow uniformly along its length according to
E=Kc(r—1)" (A.7)

where K, is the soil erodibility in m3/Ns (for n = 1), 7 the wall shear stress in , 7. the critical

shear stress in, and " a coeflicient of efficiency. The wall shear stress 7 in the pipe is given by
T = pwgRiy (A.8)

where p,, is the density of water, and R the hydraulic radius of the pipe, which for a sub-

merged circular pipe is equal to D,/4, with D), representing the pipe diameter (Nortier and



188

De Koning, 1991). i, is the gradient in water level over the pipe and follows from

=[5 (Ag)

In AREBA the assumption has been adopted from Mohamed (2002) that the soil mass above
the pipe fails when the weight of the soil above the pipe exceeds the frictional forces in the
soil. AREBA accounts for soil cohesion in determining the frictional forces inside the soil,
and for arching in determining the weight of the soil above the pipe. Mohamed (2002) gives
the following relationship for the factor of safety (FOS).

CcA,

F =
oS W

(A.10)

where c is the cohesion of the soil in N/m?, and A, is the cross sectional area of the em-
bankment above the center line of the pipe in m?. For simplicity the weight of the soil W, is

purely determined for the soil above the top of the pipe from.
W = fapgDpAs (A.11)

where A is the cross sectional area of the embankment above the top of the pipe. Mohamed
(2002) uses an empirically based reduction factor to account for the effects of arching of the
soil, given by

2 = 0.0003759 + 0.00009867-2 — 0.0002918r (A.12)

where r represents the ratio of the distance from the top of the pipe to the crest, and the pipe
diameter. The ratio r has a lower limit of 0.1 and an upper limit of 1.6. For FOS < 1, the
pipe collapses, and the embankment crest is assumed to lower with a distance equal to the
height needed to fill the volume of the pipe. At the moment of failure, the grass protection
is assumed to have failed. From this time onwards the embankment’s failure mechanism

transfers to that of a surface erosion process as described in section 3.1.1

A.2 validation against the EU IMPACT piping test

Figure A.1 gives an overview of the test setup of the Piping field experiment performed
under the EU IMPACT project. Figure A.2 shows the inflow into the reservoir, outflow
from the pipe and the water level in the reservoir. Figure A.2 shows the inflow, and outflow
hydrograph from the piping experiment as undertaken in IMPACT (IMPACT project, 2005).
The technical report describing the experiments (IMPACT project, 2005) mentions a rapid

pipe failure after approximately 20 minutes. The moment of opening the pipe is estimated
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3m

4.5m

Moraine

Figure A.1: Test setup EU IMPACT piping experiment (IMPACT project, 2005)

from Figure A.2 and coincides with a sudden drop in water level. The exact moment at which
the pipe was opened, relative to the start time of the given inflow hydrograph, is however
unknown. Before the drop in water level the reservoir was filled slowly. The discharge into

the reservoir before opening of the pipe was estimated at 0.6 m?/s from curve fitting. During
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Figure A.2: Water level, inflow and outflow for EU IMPACT piping experiment (IM-
PACT project, 2005)

the experiment it was attempted to keep the upstream water level constant irrespective of the
outflow. The ability to control the upstream water level by accounting for the effects of the
outflow from the pipe had strongly been underestimated and caused for a rapid increase of
inflow into the reservoir. According to Figure A.2 the blue line represents the inflow. However
the drop in water level should be correlated with an increase in outflow from the reservoir.
The behaviour described in Figure A.2 can only be explained if the red line represents the
inflow and the blue line the outflow. AREBA was run for this situation. The range of

input parameters, given in Table A.2, was obtained from the available documentation on the
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experiment. Validation of AREBA against the field data was complicated due to the unknown
opening time of the pipe relative to the given inflow hydrograph, the unknown discharge into
the reservoir before opening the pipe, and the sudden increase in discharge into the reservoir
just after opening the pipe. Treating the relative opening time of the pipe as a statistical
variable in the analysis resulted in a very large uncertainty bounds since the sudden increase
in discharge just after opening the pipe resulted in widely varying outcomes in water level in
the reservoir for different initiation times. A similar problem was encountered with specifying
a wide range for the erodibility. The only solution was to limit the range for the erodibility,
the inflow before the pipe was opened, and the time at which the pipe opened by fitting
the data slightly to the found outcome. The range in erodibility is given in Table A.2, the
inflow before the pipe was opened was estimated at 0.6 m®/s. The opening time of the pipe
used in the model runs presented by Figures A.3 and A.4 was 13450 s. Due to the small

statistical range of the variables the piping case was only run for the wide range in data.
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Figure A.3: Outflow hydrograph wide range AREBA compared to data from the EU
IMPACT piping experiment.

Both Figures A.3 and A.4 show a second spike in the model outcomes which results from
the assumption that when the pipe fails the body of soil above the pipe fills up the volume
of the pipe. During the experiment the soil that slumped in the pipe was washed away
instantly. However since the instantaneous removal of slumped material is case dependent

the description of the physics by the model has not been changed.
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Figure A.4: Modelled water level in the reservoir following from AREBA compared to
data from the EU IMPACT piping experiment.
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- Lower | Lower Mean Upper Upper
bound | bound half bound half | bound

Manning 0.025 0.03 0.035 0.04 0.045

coefficient

(s/m')

Cohesion 18 19 20 21 22

(kN /m?)

Dry density 2000 2050 2100 2150 2200

(kg/m?)

Critical shear 0 2.5 5 7.5 10

stress (N/m?)

Erodibility 9x107°%]9.5x 107 1x107° ] 1.05 x 107° 1.1 x

coefficient 107°

(m? /Ns)

Weir coefficient 1 | 0.9 0.95 1 1.05 1.1

Weir coefficient 2 | 1 1.1 1.2 1.3 1.4

Waterside slope | 1/1.3 1/1.325 1/1.35 | 1/1.375 1/1.4

gradient

Landside slope 1/1.3 1/1.325 1/1.35 | 1/1.375 1/1.4

gradient

Pipe level above | 0.29 0.295 0.3 0.305 0.31

ref. (m)

Crest height (m) | 4.3 4.35 4.4 4.45 4.5

Crest width (m) | 2.8 2.85 2.9 2.95 3

Table A.1: Range of input parameters AREBA for testing against the EU IMPACT

piping experiment



Nomenclature

Latin Letters

Time-averaging

Depth-averaging

Breadth-averaging

Diagonal matrix where the terms on the diag-
onal are a weighed average of the coefficients
in Ay

cross sectional area of the embankment above
the center line of the pipe

Matrix containing the coefficients following
from the discretized momentum equations
which are dependent on the neighbouring
nodes

depth at which the slope will fail as defined by
Takahashi (1981)

Matrix containing the the coefficients follow-
ing from the discretized momentum equations
which are independent on the neighbouring
nodes

Cross sectional area of embankment above the
top of the pipe

Size of the catchment area upstream of the as-
set

Breadth of the flow

Headcut coefficient

Soil Cohesion

Grain concentration

Drag coefficient

Weir coefficient

Model coefficient in the Spalart—Allmaras
model

Difference between the normal depth and the
local water depth

Difference between the critical depth and the
normal depth

Local water depth measured normal to the bed
Critical depth

Normal depth
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kg/m?2s

kg/m?s

kg/m?2s

§—2/3

N/m?

1/m

=

5 B



hhc
Hydmult

Ldef
Lmi:c

Pipe diameter

Depth offset as a function of the Nikuradse
roughness coefficient

The grain diameter, which is exceeded by 90%
of the grain sizes in the grain distribution
Median grain diameter

Depth measured normal to the bed

distance to the free surface

Distance below the landside slope at which the
phreatic surface is located

Coordinate direction tangential to the free sur-
face

Coordinate direction perpendicular to the free
surface

numerical averaged erosion rate of the landside
slope

Erosion rate

Base of the natural logarithm

Breach widening rate

Erosion rate in the Z-coordinate direction
Erosion rate in é—coordinate direction

Slope stability factor

Factor accounting for the reduction in the rate
with which the crest width reduces due to
downward erosion of the invert level
Damping function

Acceleration due to gravity

Height difference between the upstream water
level and the crest level

Height above the bed, measured perpendicular
to the bed

Water level over the crest

Step height of the headcut

Hydrograph multiplier used in the national
flood risk assessment

Identity matrix

Landside slope gradient embankment
Waterside slope gradient

Hydraulic conductivity of the soil

Turbulent kinetic energy

Erodibility coefficient

Nikuradse roughness coefficient

Adaptation length, length along the slope
where Ad is equal to Adp/e

Ratio between the return period of the extreme
event and the standard of protection of the as-
set

Defence length

Prandtl mixing-length

8 B

B

BB BB

B B

m/s
m?/s?
m?/Ns

8 B
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Characteristic mixing-length

Manning coefficient

Time-averaged pressure

Pressure

Local pore pressure
breadth-averaged overflow discharge
breadth-averaged discharge over the embank-
ment

Breach discharge

Rate at which the crest width reduces

Return period of the loading event
Magnitude of the vorticity of the flow

Crest level

Sine of the angle of the landside slope with the
horizontal

vector containing the the cross derivative
terms following from the discretized momen-
tum equations, the contribution from the tur-
bulent kinetic energy, and the explicit terms
that follow from linearization of the advective
terms

Standard of protection of the asset

Still water level

Numerical time step

Time

Time

Vector of the time-averaged velocity compo-
nents, ((u), (v), (w))

Velocity vector (u,v,w)

Vector of the fluctuating velocity components,
(ul’ 'U/, w/)

Modulus of the velocity vector (u)
Breadth-averaged and depth-averaged flow ve-
locity corresponding with the normal depth
Critical flow velocity for grass failure of quality
i

Vector of breadth-averaged and time-averaged
velocity components, ((u), (v), (w))

Velocity vector ((u), (w))

Velocity component in the Cartesian 2-
direction

Shear velocity
Breadth-averaged and depth-averaged flow ve-
locity corresponding to the critical depth
Flow velocity in the é-direction

Volume of water entering the floodplain
Velocity component in the Cartesian g-
direction

s/m1/3
N/m?
N/m?
N/m?
m? /s
m? /s

m? /s

years
rad/s

rad

N/m?
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Weight of the soil above the pipe

Velocity component in the Cartesian 2-
direction

Flow velocity in the f—direction

Horizontal Cartesian coordinate direction in
line with the main flow

Horizontal coordinate direction from left to
right

Body forces in the Cartesian Z-direction
Coordinate in horizontal direction

Horizontal Cartesian coordinate direction per-
pendicular to the main flow

Body forces in the Cartesian y-direction
Location of the near wall

Location of the far wall

Vertical Cartesian coordinate direction per-
pendicular to z and y

Vertical coordinate direction upwards

Body forces in the Cartesian z-direction
Coordinate in vertical upwards direction

Greek Letters

Angle between the Z coordinate direction and
the é-coordinate direction

Kinematic eddy viscosity

Coordinate direction parallel to the landside
slope in downwards direction

Coordinate in the coordinate direction parallel
to the landside slope in downwards direction
Offset from the origin located where the crest
and landside slope meet

Internal friction angle of soil

Specific weight of the soil

Specific weight of water

Eddy viscosity

Von Karméan constant

Dynamic molecular viscosity

Preserved Spalart—Allmaras quantity
Divergence operator

Matric suction

matric suction following from a modified water
content suction relationship

density of water

variable in the Spalart—Allmaras equation re-
lated to diffusion or the Spalart—Allmaras
quantity

Effective normal stresses

N/m?3

N/m?3

N/m?3

rad

m? /s

rad
N/m?
N/m?3
Pa-s

Pa-s
m? /s
1/m
N/m?
N/m?

kg/m3

N/m?
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ol Effective normal stresses in the ¢ coordinate
direction
O‘éc Effective normal stresses in the é—coordinate
direction
Oce Normal soil pressure in the f coordinate direc-
tion
occ Normal soil pressure in the g—coordinate direc-
tion
o Effective shear stresses
© Normalised pore water concentration
0 Pore water concentration
O Initial normalised water content
0, Residual pore water concentration
0, Pore water concentration saturated soil
T bed shear stress
Te Critical shear stress needed for initiation of
erosion
Tf Critical shear stress for initiation of shear fail-
ure
f Coordinate direction normal to the landside
slope into the soil
¢ Coordinate in the coordinate direction normal
to the landside slope into the soil
Superscripts
ot New time step
Tt First iteration step

r2

Second iteration step

N/m?
N/m?
N/m?
N/m?

N/m?

N/m?
N/m?

N/m?
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