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Abstract

The di↵usion of a particle from bulk solution is slowed as it moves close to an ad-

sorbing surface. A general model is reported which is easily applied by theoreticians

and experimentalists. Specifically, it is shown here that in general and regardless of the

space size, the magnitude of the e↵ect of hindered di↵usion on the flux is a property

of the di↵usion layer thickness. We quantify and explain the e↵ect. Predictions of

concentration profiles show that a ’hindered di↵usion layer’ is formed near the adsorb-

ing surface within the di↵usion layer, observed even when the particle radius is just a

0.1% of the di↵usion layer thickness. In particular we focus on modern electrochem-

istry processes involving with impact of particles with either ultra-small electrodes or

particles in convective systems. The concept of the ’hindered di↵usion layer’ is gener-

ally important for example in recent biophysical models of particles di↵usion to small

targets.
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Predicting the events of particles stochastically hitting a surface target by virtue of their

Brownian motion is important for understanding many biophysical and chemical processes.

Modeling such events is especially a growing interest in modern electrochemistry, where reac-

tions on electrodes can be utilised to detect individual particles impacting on electrodes.1–3

During the process, the particle di↵uses from bulk solution towards a tunneling zone lo-

cated at a short distance from electrode, where it may undergo a direct charge transfer

reaction or may mediate a reaction between the electrode and a solution phase species.4,5

The impact analysis enables the study and detection of many types of particles such as metal

nano-particles,6,7 bio-molecules8–10 including bacteria,11 and agglomerates.12,13

The transport of particles, from bulk solution to a reaction zone close to the surface of

a target such as an electrode is usually described by Brownian motion, and can be modeled

with the di↵usion equation.
@c

@t

= r · (D ·rc) (1)

In the bulk, particles have a characteristic di↵usion coe�cient D0, reflecting their size. The

Stokes-Einstein relation presents the bulk di↵usion coe�cient of a spherical particle in the

limit of low Reynolds numbers, providing a good estimation for D0 of particles even of only

few nano-metres in size:14

D0 =
k

B

T

6⇡⌘r
p

(2)

where ⌘ is the dynamic viscosity, k
B

is the Boltzmann constant, and T is the temperature.

When particles di↵use close to the wall their hydrodynamic mobility is reduced and therefore

their di↵usion is hindered. Brenner15 has calculated the corrections to the Stokes-Einstein

relation for the normal di↵usion coe�cients near a wall in the form of infinite series. Bevan

and Prieve have accurately approximated the analytical solution made by Brenner for a

sphere with a radius r
p

to the convenient form:

D(h) =
6h2 + 2r

p

h

6h2 + 9r
p

h+ 2r2
p

·D0 (3)
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where h is the separation distance between the wall and the closest point of the particle

surface. The expression was also found to agree well with optical measurements for a ratio

of separation (h) to the particle radius, h/r
p

= 40nm/3.5µm ⇠ 0.01.16,17

In the literature, the e↵ect of hindered di↵usion is usually discussed in the context of

confined spaces, and is therefore evident in porous media such as zeolites.18 It is also crucial

in biological systems19,20 such as for predicting the delivery of nano-medicine in the confined

zone of a tumour rich in collagen.21 In a non-confined space, when the particle di↵uses from

the bulk to a surface, this e↵ect is usually and legitimately disregarded. This is due to the

fact that the particle spends a negligible time close to a wall whilst searching the target for

most of the time, far away from any wall. For instance, in nano-impact experiments, the

observed mass transport of silver nano-particles showed a good agreement with free di↵usion

without any consideration of hindered di↵usion.22,23

However, we have recently shown that the e↵ect of hindered di↵usion is important for

calculating the steady-state flux or frequency of particles impact and the mean first passage

time towards a small electrodes or generally adsorbing targets of the order of a micrometre.

This e↵ect is seen regardless of the di↵usion space size24 and is due to the convergent di↵usion

field which arises in small targets. This observation supports the calculation of ‘impacts’

towards a wire target as an electrode and explains both the high number of particle impacts

detected despite the large size of the particles11 and the close fitting to pure Fickian di↵usion

with a bulk di↵usion coe�cient at a 5µm microdisc electrode.22

The e↵ect of hindered di↵usion is significant, because e↵ectively, the search of the particle

for the target is confined by the di↵usion layer � (A schematic example of a concentration

profile in a Nernst layer towards an electrode as a target is shown in figure 1). In more

detail, outside the di↵usion layer, the probability of a particle, starting at position x > �

to find the electrode at time t, is uniform (c ⇠ c0, the bulk concentration), and hence the

position of the particle is irrelevant for the searching time. Within the di↵usion layer x < �,

the position of the particle, becomes important and influences the searching time; the closer
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is the particle to the surface the shorter is the average time it takes for finding the target.

Subsequently, the search is limited to only a short distance (within the di↵usion layer) and

thus the particle di↵usion can be hindered for a significant fraction of the particle searching

time and as function of the di↵usion layer thickness.

Figure 1: Illustration of a typical concentration profile along the cell (the surface is defined
at x = 0) for explaining the e↵ect of hindered di↵usion as function of the di↵usion layer
thickness.

The di↵usion layer thickness, can be in many cases a short distance from the surface. In

the context of small electrodes or adsorbing targets this is due to their typical convergent

di↵usion field which results in a steady di↵usion layer of the order of the target size.24

Alternatively, a thin convergent di↵usion layer can be observed by inclusion of a convec-

tion force. A typical example is the rotating disc electrode (RDE) where the di↵usion layer

is steady and its thickness can be in the order of a micrometre due to an additional velocity

field normal to a rotating electode surface.25 The e↵ect of hindered di↵usion in RDE systems

was also observed in a recent study.26

Moreover, the concept of the ”Nernst di↵usion layer” suggests that under non-forced

hydrodynamic conditions, microscopic (”natural”) convection in a cell causes the di↵usion

layer to be approximately finite and of the order of 0.01cm.25,27,28 Accordingly, the influ-

ence of hindered di↵usion can be observed even for particles di↵usion towards macro size

electrodes/targets without considering any additional force.
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This letter is inspired by studies of electrochemical processes of particles which are op-

timal for capturing and understanding di↵usion processes. It also has a broad significance

in other di↵usion problems of particle towards small targets. How viruses travel towards a

nuclear pore,29 exit rate through an ultra small domain in synapse regulation process,30 and

various nano-particle and macro-molecule attachment models;31,32 are all a few key models

which rely on di↵usion transport of particles towards a surface, and are particularly relevant

for a fundamental study of hindered di↵usion due to their convergent di↵usion layer property

as discussed above.

In this letter, we provide a general model that introduces the hindered di↵usion e↵ect on

the flux of particles towards electrodes or adsorbing surfaces. For hindered di↵usion modeling

it is also necessary to consider the reaction zone/adsorbing layer, in order to capture correctly

the e↵ect the hindered di↵usion.24,26 In the case of electrode, this is considered through a

tunneling probability density function (discussed below) which describes the electron transfer

reaction as function of distance from the electrode surface. Subsequently, the letter provides

the calculations for the general e↵ect of hindered di↵usion layer on flux as function of the

di↵usion layer and also as function of the tunneling layer size.

For simplicity and clarity, a one dimensional di↵usion problem is considered with an elec-

trode or a surface at x = 0. Therefore, the di↵usion equation for particles with concentration,

c and including hindered di↵usion becomes:

0 =
@c(x, t)

@t

= D(x)
@

2
c

@x

2
+

@D(x)

@x

@c

@x

� P (4)

D(x) is the hindered di↵usion coe�cient calculated in the normal direction. A sink term is

added for describing the adsorbing layer via a tunneling probability density function P . This

models the impact of a particle as a fast reaction in the tunneling zone close the surface.

The function follows an exponential fall o↵ of the tunneling probability with distance:

P = c(x)⌫e��x (5)
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⌫ is the tunneling rate (s�1) of the process. The exponential pre-factor can be varied. � is the

electron decay factor (m�1) which is solvent dependent and can be measured from scanning

tunneling microscope measurements. It is thought to be 1.59Å�1 in aqueous media.33,34 The

e↵ect of � dominates the adsorbing layer distance and is discussed in the analysis below.

Since we look for the e↵ect of hindered di↵usion in respect to a finite di↵usion layer, a

dimensionless analysis is carried out, where the x coordinate is normalised to the thickness

of the di↵usion layer �:

X = x/�, (6)

Accordingly, the particle radius is normalised to be:

R

p

= r

p

/� (7)

and the di↵usion coe�cient and concentrations are:

D

⇤(X) = D(X)/D0 (8)

C = c/c0 (9)

The normalisation results in the dimensionless form of the di↵usion problem:

0 = D

⇤(X)

✓
@

2
C

@X

2

◆
� P

⇤ (10)

where the dimensionless sink term is given as:

P

⇤ =
C�

2

D0
⌫e��

⇤
X (11)

and importantly �

⇤ = ��.

The ordinary di↵erential equation is solved with reflection boundaries condition atX = 0,

and at X = 1 and the convergent di↵usion layer is fulfilled with setting the concentration
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to C = 1. The dimensionless flux towards the target is then calculated via integration of P ⇤

over all the space: ˆ 1

0

P

⇤
dX (12)

Assuming a di↵usion layer of size �. Note that the flux can be return to dimensional units

by:

J

d

= J

D0c0

�

(13)

Numerical calculations for solving the ODE was carried out using second order one-dimensional

boundary value method with a non-uniform grid. The calculated dimensionless steady-state

flux is calculated as function of R
p

and is shown in figure 2. When the dimensionless flux is

Figure 2: The dimensionless steady-state flux as function of R
p

and for various �⇤. Then an
inset shows a zoom view into small values of R

p

.

close to unity the e↵ect of hindered di↵usion is negligible, and the flux can be approximated

as:

J ⇠ �C

�X

(14)
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It is worth mentioning that the above flux approximation is true only if the adsorbing layer

is negligible in respect to the di↵usion layer.

The strong e↵ect of the size of the particle relative to the size of the di↵usion layer (R
p

)

is observed clearly in figure 2, providing the important conclusion that hindered di↵usion

becomes dominant as the convergent di↵usion layer becomes small for a certain particle size.

This explains why the flux of particles towards small electrodes, or towards a rotating disc

will show a significant e↵ect on the relative flux, due to the importance of the hindered

di↵usion, regardless of the extent of the bulk solution. Even when considering a Nernst

di↵usion layer, which can be of the order of 100µm in size, the e↵ect of hindered di↵usion

may be seen for large particle sizes (micron-sized particles).

The e↵ect of the adsorbing layer �⇤ is also significant as can be seen for the various plots

in figure 2. When �

⇤ becomes larger the exponential decay of the adsorbing layer shrinks to

even shorter distances which requires the particles to di↵use even closer to the wall, before

a reaction occurs. Note that �

⇤ is given as ��, which suggests that larger di↵usion layers

actually reduce the flux for an invariant R

p

. It is also worth mentioning that for aqueous

media (� ⇠ 1.6 · 1010, �⇤ has a large range of values. For instance, a Nernst di↵usion layer

of the order of 100µm leads to �

⇤ in the order of 106, and for rotating disc electrode35 or

submicro targets,36 �

⇤ can be in the order of 103.

The concentration profiles for various R
p

but a constant �⇤ are plotted in figure 3. The

profiles shows the e↵ect of the hindered di↵usion on � and reveals ‘crowding’ of the con-

centration as R
p

increases. The e↵ect propagates through out the di↵usion layer thickness

(X=0 to 1).

We define the term ‘hindered di↵usion layer’ as an appropriate description for a di↵usion

layer where R

p

� 0.

Finally, the concentration profiles along X and as function of �⇤ are compared for the

values of R
p

= 0.1 and R

p

= 0.001 in figures 4 and 5. The inset figures shows the concen-

tration behaviour of the adsorbing layer very close to the surface. The results for various �⇤
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Figure 3: Concentration profiles as function of � for various R
p

. �⇤ = 4 · 104.
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shows how the ’hindered di↵usion layer‘ is highly influenced by the adsorbing zone through

out the di↵usion layer as observed for R
p

= 0.1 (4). The strong e↵ect is due to the decrease

of the di↵usion coe�cient as the adsorbing layer shrinks. In the case of R
p

= 0.001 (5), the

change to the ’hindered di↵usion layer‘ is small, however remains visible.

Figure 4: Concentration profiles as function of � for various �⇤. R

p

= 0.1. The inset shows
a close view of the adsorbing layer next to the electrode.
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Figure 5: Concentration profiles as function of � for various �⇤. R
p

= 0.001. The inset shows
a close view of the adsorbing layer next to the electrode.
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Conclusions

The hindered di↵usion layer plays an important role in calculating flux of particles from the

bulk towards an adsorbing layer next to targets. The model which is inspired by the impact

of particles at electrodes, show that the smaller are the di↵usion layer and adsorbing layers,

the stronger is the reduction of the calculated flux from a non-hindered case. This has a

direct consequences on the flux prediction of particles towards small target in di↵erent sizes,

convective systems such as the rotating disc electrode, and even in the limiting case of the

Nernst layer, often used as a simple model for transport in stationary solution. We have also

shown that the concentration profiles are influenced throughout the di↵usion layer,in the

case where the radius of a particle relative to the size of the di↵usion layer is non-negligible.
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